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Abstract

Quantum systems are inevitably influenced by the environments in which they are em-
bedded. From molecular and nanoscale systems interacting with complex surroundings,
to engineered platforms for quantum technologies subject to control imperfections and
external noise, the interplay between coherent dynamics and environmental effects is un-
avoidable. Accurately modeling such interactions is therefore essential not only for un-
derstanding fundamental processes such as charge and energy transfer, but also for the
reliable operation of quantum devices, where decoherence directly impacts performance.
When environmental fluctuations deviate from idealized white-noise assumptions, captur-
ing their effects becomes both conceptually and computationally challenging.

In this thesis, we contribute to the investigation of the dynamics of open quantum
systems interacting with structured and time-correlated environments, with a particular
emphasis on stochastic formulations and their connection to reduced dynamics. After re-
viewing the main approaches to quantum master equations and their microscopic deriva-
tion, we develop and compare stochastic unraveling strategies, with a particular focus
on stochastic Hamiltonian methods and numerical simulation strategies. We extend these
approaches to correlated noise and process models, leading to non-Markovian master equa-
tions that require trajectory-based numerical treatments. Within this setting, we analyze
the dynamical consequences of time-correlated environments, highlighting regimes exhibit-
ing multi-timescale relaxation, long-lived coherences, and nontrivial stationary behavior.
To obtain a practical closed description and physical intuition, we introduce a Redfield-
inspired perturbative closure for these correlation terms, providing an effective master
equation for the mean dynamics and leading to the definition of an alternative version
of the Redfield tensor. To further characterize such dynamics, we introduce a trajectory-
based densification measure and associated descriptors, which extract information from
stochastic ensembles that is not accessible at the level of the reduced density matrix
alone. Finally, we connect stochastic Hamiltonian formulations to the simulation of open
quantum dynamics on digital quantum computers, analyzing a quantum trajectory-based
algorithm and establishing its convergence properties and clarifying the role of quantum

measurement statistics in its performance.
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Mathematics knows no races or geographic boundaries; for mathematics, the cultural
world is one country.

— D. Hilbert

The more progress physical sciences make, the more they tend to enter the domain of
mathematics, which is a kind of center to which they all converge. We may even judge

the degree of perfection to which a science has arrived by the facility with which it may be
submitted to calculation.

— A. Quetelet, 1828

We have to remember that what we observe is not nature in itself but nature exposed to
our method of questioning

— W. K. Heisemberg, 1955

La realta rovina i modelli (Reality spoils models)
— P. Pravatto, 2020
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Chapter 1

Introduction

One century has passed since what is unanimously considered the beginning of quan-
tum mechanics [1-3], from the groundbreaking work of W. Heisenberg [4], the famous E.
Schrodinger proposal of the equation rightfully known as Schrédinger Equation [5] 6] -
which will play a central role throughout the whole body of this dissertation - and other
seminal contributions. The first years and the pioneering generation at the beginning of
the quantum era established a formal quantum-mechanical description of physical reality,
paving the way to the subsequent quantum revolutions.

Quantum mechanics provided a deeper understanding of the behavior of particles,
nanoscaled systems, and molecules, proving to be a powerful theory capable of both
explaining and predicting natural phenomena. Building upon the knowledge developed
within this new branch of physics enabled major technological breakthroughs, often re-
ferred to as the first quantum revolution, which are now an integral part of everyone’s daily
life. Lasers, magnetic resonance imaging, light-emitting diodes, and even GPS-based nav-
igation are among the many technologies whose operation relies on quantum-mechanical
principles.

From quantum mechanics as a theoretical framework to the effective realization of
quantum technologies, we are witnessing the convergence of an exceptionally broad range
of fields, not just physics, but also mathematics, chemistry, and various branches of en-
gineering, in collaborations that are growing increasingly widespread and active. The
advances in practical engineering of specific quantum systems, together with the devel-
opment of increasingly refined protocols of control enabling the direct manipulation of
quantum states and their evolution, combined with information science approaches, have
brought us into the midst of the fervent second quantum revolution |2} 7, |8, some already

envisioning the future revolutions that may follow [9].



Chapter I. Introduction

Among the numerous advances that emerged from the dawn of the 21st century - such
as quantum sensors and quantum cryptography - quantum computing stands out as the
most prominent and extensively explored, attracting substantial investment from research
institutions and national initiatives worldwide. Quantum computers (QC) are regarded
as promising platforms capable of outperforming classical solutions for specific classes of
problems, theoretically proven to be capable of solving NP-hard problems, and recently
supported by experimental proof-of-concept demonstrations [10-14]. At the same time,
advances in theoretical understanding and the development of new classical algorithms
have led to valuable insights regarding regimes of “classical advantage” |15-17], highlight-
ing the nuanced boundaries between quantum and classical computational capabilities.

Despite these rapid advances, the theoretical models underlying quantum technologies
often rely on idealized systems — particularly the qubit, which represents an ideal two-
level quantum system. In practice, however, physical implementations inevitably deviate
from this idealization. This realization motivates two central directions explored in this
work: first, the need to address the pervasive influence of noise and decoherence; and
second, we can exploit the intrinsic properties of both idealized quantum registers and
realistic ones to design algorithms to simulate quantum system dynamics and problems
that can be mapped to such architectures.

In moving from ideal, unperturbed quantum systems toward more realistic descrip-
tions, one must necessarily consider the presence of external influences and interactions.
Quantum systems are never fully isolated. Molecules and nano-structures, both natural
and artificial, are embedded in some medium, such as solid-state matrices or fluids. Even
almost-isolated systems in high vacuum, such as the neutral atoms and trapped ions used
in quantum computing architectures, interact with the control apparatus and external
fields. The surroundings and all the secondary degrees of freedom are part of the so-called
environment of the system.

The unavoidable interactions with the environment can strongly influence the behavior
of a system by changing its energy landscape and dynamics, modifying the expected
ideal behavior of quantum systems, inducing decoherence and dissipation [18| |19], as
they cannot be considered closed systems any longer. One first important example is in
quantum computing, where quantum coherence is exploited for computational purposes
and dissipation is almost always detrimental. Controlling environmental noise can allow
achieving error mitigation and correction in the most common digital architectures [20-22].
On the other hand, opportunely tuned system-environment interactions can be exploited
for less-known dissipative quantum computation strategies [23-28]. In other cases, the
interplay between coherent contributions and environment-induced dephasing can enhance
the efficiency of certain processes, such as quantum energy transport in chromophore
aggregates of some photosynthetic organisms 29| 30|, with application in photosynthetic
mimicking [31].

In this context, theoretical models serve as essential tools for understanding natural
phenomena and proposing engineered systems-environment interactions for useful applica-

tions. An effective treatment of open quantum systems (OQS) then requires shifting from



I.1. Isolated and closed quantum systems

the unitary evolution of a wavefunction to a density matrix description, whose evolution
does not follow a universal equation of motion but instead depends on the approximations
and modeling strategies that one employs.

The present dissertation is devoted to the study of quantum systems subject to stochas-
tic and environmental influences, and to the development of models and simulation strate-
gies that bridge the gap between theoretical idealizations and experimentally accessible
regimes. By combining analytical approaches from open quantum systems theory with
numerical and quantum-simulation methodologies, this work aims to provide insight into
how randomness, decoherence, and control interact in realistic quantum dynamics.

The remainder of this introduction outlines background preliminaries and conceptual
foundations relevant to the discussion of open quantum systems and quantum computing.
Revising the fundamental postulates of quantum mechanics, we introduce the derivation of
open quantum systems from scratch, starting from the dynamics of isolated systems, their
composition rules, and introducing the density matrix formalism. Defining the properties
and interpretation of these objects naturally leads to the definition of mixed states and
reduced states, which describe the physics of a portion of the whole composite system —

the effective open system of interest in our work.

I.1 Isolated and closed quantum systems

We briefly recall and introduce isolated and closed quantum systems, as necessary pre-
liminaries and as foundational building blocks of ideal quantum computing architectures.
We start with the first few postulates of quantum mechanics in the wavefunction formal-
ism (32, [33], while the others will be introduced in the following section and eventually
translated to the more general density matrix formalism [34], showing how open quantum
systems theory naturally arises.

The first postulate of quantum mechanics, or state space postulate, asserts that “to

every quantum system is associated a Hilbert space”,

H=C", (1.1)
equipped with an inner product
d
(v|w) = Zv;wj = cyw € C, (1.2)
j=1

where we make use of the bra-ket notation, so that the ket |v) denotes a vector v in a
complex vector space and the bra (v| = (|v))! denotes the adjoint, i.e., the transposed
Hermitian conjugate, of the vector v.

Physically acceptable quantum states are described by statevectors, or wave functions,



Chapter I. Introduction

which are linear combinations of states of the basis set composing the Hilbert spaceE

d
W(t)) = ZCj(t)\qﬁj) .Yy eHa=Cl {l0)) L Hatio (I3)

such that their Lo-norm is unitary,
d
Welve) = Nz, =D lei (O =1 (I.4)
j=1

Under this constraint, the coefficient ¢;j(t) € C are interpreted as probability amplitudes:
the probabilistic nature of quantum mechanics depends on the meaning of the square norm
of the amplitudes of the state vectors.

Before discussing the time evolution of quantum systems, we briefly recall the defini-
tion of measuring a quantum state, further clarifying the probabilistic nature of quantum
mechanics. The fourth postulate of quantum mechanics states that “when a quantum sys-
tem is measured, its state instantaneously collapses, transforming from a superposition of
possible states to a single definite eigenstate corresponding to the measured value, with a
probability determined by the absolute square of its probability amplitude coefficient”. Take

the expression of the wavefunction in eq. ([.3)), and a set of measurements given by the

d

projection to each basis state subspace {II; = [¢;)(¢;]}7_;, the outcome of measurement

of the system in state |¢y) is

) ;%'@” = |n) (1.5)
with probability
pr = P(meas. @) = ([IIlg|v) = [{e]v)]* = |ck|*. (1.6)

For a generic measure, these two equations constitute the so-called Born rule. Then, we
can summarize the physical meaning and interpretation of the vectors we deal with in the
wavefunction formalism as follows. The components of the wavefunction ¢ describe prob-
ability amplitudes, and their modulus squared |1|? is a discrete probability distribution on
the basis vector used to represent . Furthermore, rather than states, we might want to
investigate physical quantities associated with the quantum system, one simple example
being the polarization of a system. The second part of the fourth postulates states that “to
every physical measurable quantity is associated an observable, i.e. an Hermitian operator
A”. Thanks to the Hermiticity of A, physical observables admit a spectral decomposition
A =3, A|a)(a]. The eigenvalues of the operator are A\, € R, and the set of their eigen-
vectors is an orthonormal basis set, each associated with a projector II, = |a){a|, the set
of projectors constituting a set of measurements. By egs. and , we obtain the

state obtained after a measurement A\, of the observable and its associated probability p,.

!where, as an arbitrary but convenient choice, the basis set is chosen to be an orthonormal (1') basis of
the Hilbert space.
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What we can actually measure is the expectation value of an observable, defined as

<A> = Z AaPa (I'7a)

= > Aa(¥|Maly) (L7b)
= @] (3, Aalla) [¥) (L7¢)
= (I Al). (L7d)

This consideration returns the probabilistic meaning of the interpretation of quantum
mechanics: the averaging of identical measures on a set of identical replicas of the system

returns the value measured instrumentally.

I.1.1 Unitary dynamics

The time evolution of a closed quantum system, i.e., a system that evolves under the action

of unitary operators, is given by the time-dependent Schrodinger equation [6], which reads

d i
She(®) =~ HIp() (18)

where H is the Hermitian operator known as the Hamiltonian. For simplicity, we set A = 1
in the following, and throughout the thesis when not specified otherwise. The solution of
this differential equation returns the third postulate of quantum mechanics, namely that

“there exists a unitary operator U(t) such that the time evolution of a state is given by

[(8) = U@®)4(0)) , (1.9)

or, equivalently, that the statevector satisfies the Schréidinger equation” Indeed, in the
simpler case when the Hamiltonian is time-independent, the solution of this differential

equation reads
(U (t)) = e (0)), (L.10)

where the unitary operator takes the form U(t) = e~#t with initial condition U(0) = 1,
and is commonly referred to as the propagator. The propagation operator has the special
property of being unitary, meaning that its inverse exists and it corresponds to its adjoint
operator (U~1(t) = U'(t)), so that UT(¢)U(t) = 1 holds. Because of this relation, the
evolution of a system according to the SE is time-reversible, hence it can always be inverted
to recover a valid past state. In this kind of systems, there is no exchange of energy and
matter (hence, of information), and they are properly referred to as isolated. In closed
systems, we allow interaction with external fields, e.g., a classical electromagnetic field;
thus, their dynamics are described by a time-dependent Hamiltonian H (t). The integration
of eq. leads then to the following solution for the propagator,

Ut) = Toe o HOAT (L11)
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where T, represents the time-ordering operator. The implication of such a description
will be discussed in later Chapters, and, for the time being, we will discuss only time-
independent Hamiltonians governing our systems.

One important remark is the following. These kinds of evolutions are the ones gov-
erning ideal qubits dynamics, as in ideal conditions, all qubits of a QC form a closed
quantum system that interacts only with the control apparatus (the time-dependent com-
ponent of the Hamiltonian), and evolve according to their own Hamiltonians when controls
are turned off (the time-independent component of the Hamiltonian). This means that

quantum gates are all unitary propagators, which encode unitary dynamics.

I.1.2 Composition of quantum systems

The wavefunction |¢) lives in a d-dimensional space, and could then describe a system
of any dimensionality. In many applications, it can be beneficial to view the space as a
composition of different systems. A clear example is a quantum register, a collection of
interacting qubit systems, further discussed in section

By the second postulate of quantum mechanics, “given two quantum systems with
respective spaces Ha and Hp, the composite system is associated to the Hilbert space given
by H = Ha®@Hp, where ® denotes the tensor product”. For two generic state vectors
|) € Ha and |@) € Hp, respectively of dimensions dim(H 4) = n and dim(Hpg) = m, the

state of the composite system |¥) is the following, defining the the tensor product as

11
(01 P1 :
Ho)Rlp) =] : [® = | Yiom | - (1.12)
Un ©m :
Unm

Take two operators A and B acting respectively on each subspace; these can act indepen-
dently of each other, so we write A ® 1 and 14 ® B, or they act as a bilinear coupling

so that V = A ® B. One sees that each operator acts on its subspace, so

(A@ 1)) @lp) = Al) ®[p) (I.13a)
(14 @ B)[) @[p) = |1) @) (L13b)
(A® B)l¢) ®lp) = Al) ® Blp) . (I.13¢)

1.2 From isolated to open quantum systems

The notions and settings introduced hitherto provide a sufficient basis for dealing with
isolated and closed quantum systems: we know what the wavefunction of the system
describes, how to measure it to obtain physically relevant information, and how to describe
its evolution in time; finally, we know how to compose closed systems into one. The last

point is fundamental for allowing interactions among systems and is mandatory in this
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formalism in order to describe any system interacting with another. We can foresee the
avalanche effect of such a notion, as no quantum system is truly isolated and is bound to
interact with adjacent systems, which in turn interact with their surroundings. In other
words, it s bound to be disturbed by the environment in which it is naturally embedded
and with which it inevitably interacts - a statement we introduced in the very beginning,

and clarified in the following.

I.2.1 Density matrix

Because of the probabilistic nature of quantum mechanics, as stated above, the observ-
ables of any quantum system can be obtained only by a statistical average of repeated
measurements on copies of the system, which is the same as measuring an ensemble of
independent systems described by the same statevector. Importantly, the individual sys-
tems composing the ensemble can assume different states, and this is equivalent to saying
that the state of a system is not always perfectly known.

It is then convenient to introduce the density matrix formalism when dealing with
ensembles of quantum systems, and we will rephrase the postulates of quantum mechanics
in this formalism.

We start from a state of the system that is not known a priori. So, let us take a W,
not known, but we know its probability pi to be in the state |1;), and the probability of
being any of the states normalized to 1, >, pr = 1, meaning that we are describing all
possible states of the system. Then we can write the density matrix of the ensemble as

the sum of the projectors to each state subspace, weighted by their probability,
P =" prltr) (Wil (1.14)
k

If the state of the system is known, the density matrix is defined as the outer product of the
wavefunction of the system with itself, and that describes a pure state, p = |¢)(¥)|. Note
that this is equivalent to setting one probability pr = 1 in the definition above. Otherwise,
the state is said to be a mized state of the system, as it describes a combination of possible
states.

We can recast the postulates of quantum mechanics for this more general object, and
this helps clarify its properties and the strength of its use compared to the wavefunction.

Then, the first postulate of quantum mechanics is modified so that the state of the
system is described by linear operators p that are positive semidefinite self-adjoint linear

operators acting on H with unit trace:

p=> prlvr)(Wkl, k) €H, Trp)=1, pyel0,1], peL(H), (1.15)
k

where Tr[-] is the trace operator, summing over all diagonal elements of a matrix, and
L(H) =H @ H* is the space of linear operators acting on the H space.

We comment on the meanings and interpretations of this object. First, we remark that
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the set

d
p= {pk : pke[O,l],Zpkzl} (1.16)
k=1

is a probability distribution of a pure states ensemble. This is composed of the diagonal
term of the density matrix, and its elements are referred to as populations of the system.
Conversely, the off-diagonal elements, when in a non-diagonal basis, are named coherences,
representing superposition of states. Note then that the density matrix is, at the same
time, (i) a state of the system by definition, (ii) a (or a sum of) projection operator(s),
and (iii) a probability density.

The trace operator (Tr : £L(H) — C) acts then as an average. For the sole density
matrix, this is the sum of the probabilities, therefore normalized. Given an observable
A =3, A\dla){a|, a Hermitian operator, now A, the outcomes of a measure, we can now

directly compute the expectation value of A for the system p, as
(A), = Z AaDa = Tr[Ap]. (I.17)

This returns the recasting of the fourth postulate of quantum mechanics.
In this representation, the dynamics of the system are given by the Liouville-Von

Neumann equation, which reads:

d ,
Sp(t) = —ilH, p(0) (118)
where [A, B] is the commutator AB — BA. Easily derived from the SE solution and the

definition of the density matrix p, it has the formal solution:

p(t) = U(t)p(0)U(t) = Uy[p(0)] (L.19)

where U,[-] is the dynamical map of the evolution. Again, the evolution of the system is

unitary.

1.2.2 Combining system and environment

What we have discussed so far are the closed dynamics of a single system. Let us first
recast the composition postulate of quantum mechanics in the density matrix formalism
and elaborate on its effect on the objects at hand. We will then pose the fundamental
question leading to the open quantum systems theory, which we will begin supporting
with some useful mathematical tools.

Let us now consider a more complex setting, a total system composed of two parts, with
respective spaces H4 and Hp. Given two orthonormal basis sets for the two subsystems,
namely {|a) ! Ha}Y and {|u) 12 Hp}}, from the second postulate of quantum mechanics,

it follows that the total Hilbert space associated with the composite system is

H=Hs®Hp =span{|a)4 @ |u)p} . (1.20)
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We can define any pure states ensemble of the composite system as

W}k> EH,pr : ‘wk> = ch;a,u‘a>A ®’M>B 5 Zpk =1, (IQl)
) k

where the coefficients cyq,, are the products of the coefficients of each basis |a) and |u) in

each pure wavefunctuion |¢). The associated generic density matrix can then be written

p= Zpk\wk YWkl = Aapyula) (bla @) (vlB, (1.22)
abuv
where
Aab,ul/ = Zpkck;a,ucz;by : (123)
k

On the one hand, the wavefunction describes coherent states, which are captured by
the coherence terms of a pure-state density matrix. On the other hand, for composite
systems, with the coefficients Ay, we can describe classical correlation (and its absence)
and entanglement, a specific characteristic of correlation of quantum systems.

With the example of the bipartite system presented above, we say that it is uncorrelated
if the global density matrix can be written a single tensor product of the subsystems density

matrices, i.e.,
p=pa®pp, (1.24)

equivalent to say that the system in eq. is a specific state k, with pr = 1 and that
its coefficient factorize as Agpu = )\fb)\fy = Ck;auCZ;bu for the one specific k. In all other
cases, the two systems are correlated.

Classical correlation can be seen when the system, which we can define as a separable

system, can be decomposed as a convex combination of factorized contributions,

p= ZpkpA @5 =33 cranciawla) (bla @l (vl (1.25)
k abuv

where the coefficients are themselves a linear combination of factorized contributions.
Correlation exists, but it is of a classical nature, depending on the ignorance of which k
system we are dealing with.

Finally, two subsystems are said to be entangled if they cannot be expressed in either
eqs. and form, i.e., if the system is not separable. An interesting way to write
such systems, which gives an intuitive picture that will come in handy later, is to write

the system as

p= "ol @ oy + o, (1.26)
k

a sum of a separable state plus an operator accounting for the pure quantum correlation
between the system, which, to preserve the physical validity of the state, must be a traceless

operator.
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Example 1.1 | Bipartite system correlation and entanglement

Take two identical two-level systems, with space H 4 and Hp each with basis
set {[0)a,|1)a}a=ap. Let’s construct three simple examples of uncorrelated,
classically correlated, and entangled composite systems.

Uncorrelated system (product state). Let the two subsystems be inde-
pendent and, for the sake of simplicity, we define the states to be |¢p4) = [0) 4
and [1g) = |1)p. The composite system wavefunction is

(W) = [¥a) ® [¢¥B) =10)4 @ [1)5,

that we can write for simplicity as |01), referencing in order (from left to right)
to the systems A and B, and the density matrix is then

pre = 10)(0la @ [1) (15,

clearly a product state of the two density matrices. In matrix form, expandend
in the basis {|00), |01), |10), |11)}, reads

uncorr __

o O o O
o O = O
o O o O
o O O O

Classically correlated system (separable state). Consider now an
ensemble of two possible global wavefunctions |¥;) and |¥s), each with equal

probability p = %, namely the set

{jws) =100}, 192) = 103 1 =2 = 3}

The density matrix now reads
C—COorITr 1 1
p = 5100)(00] + S |11)(11],
2 2
which can be written as the convex combination of factorized states

pc—corr — ;(|O><O|A R |0><0|B + |1><1|A ® |1><1|B) )

10
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and that in matrix form reads

c—corr

N
o O o O
o O o O
_ o O O

o O O

Then, the systems are correlated, as when the system A is in its state |0), that
is also true for the system B. But this correlation depends only on the initial
(and classical) ignorance of not knowing which system of the ensemble we are

dealing with.

Quantum and classically correlated system (entangled state). Fi-
nally, consider the composite system to live in a superposition, defined by one

of the so-called Bell states, namely

W) = \}i(mm +111)).

The associated density matrix takes the form
1
Py 2<yoo><ooy +100)(11] + [11)(00] + |11><11|> |

which we cannot decompose into a convex combination of products, and they
rather take the peculiar form

b

1
Aty = { L (a,b,1,v) € {(0,0,0,0), (1,0,1,0), (0,1,0,1), (1,1,1,1)}

0 otherwise

that, expanding the density matrix, leads to

1001
1|00 00
=210 0 0 0

1001

One feature of quantum correlation can be clearly appreciated in this form,

as the coherence term of the composite system are not null, and we can rec-

) & pg) + 0%, the sum expressing the classi-

ognize the form p = >, pkp(:
cally correlated state in the example above and the correlation operator to be

0™ = 5(|00) (11| + [11)(00]).

Now, we are able to compose systems, describe their dynamics, and measure their

observables. Still, we are working with closed dynamics, and with the composite system

11
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as a whole. This begs the question: what if we are only interested in a small portion of
the composite system?

Let us consider the typical case when studying molecular processes, a realistic situation.
One is interested in the specific behavior of one of the subsystems, which is generally
much smaller compared to the other one. An interesting case study is the transfer of
energy quanta in coupled molecular aggregates [35, [36]. During the excitation process,
for instance, due to the interaction with an electromagnetic field (a light source such as
a laser in lab experiments, or sunlight for natural photosynthetic complexes), delocalized
states are formed, known as excitons |37, 38]. Then, the excited states on the basis of the
sites of the aggregates, or on the basis of the new delocalized states, are the subsystems
of interest. This component is the effective open, or reduced, system, and we will refer to
it for simplicity as the system S&. All the remaining degrees of freedom of the aggregates,
such as molecular vibrations, and of all the surroundings, such as the solvent degrees of
freedom and external fields, are part of the subsystem that we refer to as the environment,
or bath, B. We refer to the whole composite system of open system S and environment B
as the universe system. A commonly used schematic representation for the clarification of
this composition is in Figure [[.1}

Since we are interested in the properties of the open system and not of the whole
universe, we need to recover that information, reducing the description to the smaller
component. To do so, we introduce the partial trace operator, which is a linear operator
that maps from the total Liouville space L£(H) of the composite system to the subspace
L(Hs) of the reduced system of interest, i.e., Trg : L(H) — L(Hs). Given a generic
separable operator acting on the total statevector, A = As® Ap, we define its partial

trace over the bath degrees of freedom as

TI"B[A] = TI"B[AS & AB] (I.27a)
= > (ullAs © Ag]|u) (1.27b)
HEHB
= As Y (ulAs|w) (L.27¢)
HEHB
= As Tr[Ag] = As, (1.274d)

where |p) are an orthonorml basis for the environment Hilbert space, {|u) 1! Hg}. We
remark on a few fundamental aspects before showing its use for density matrices. The
sum in eq. ([.27b)), whose elements are partial matrix elements, defines a working route
for computing a partial trace independent of the form of the global operator, practical in
theory but possibly not feasible, as we will show shortly. The step in eq. explains
the name of the operator, as its effect is the trace over only one of the subspaces, eventually
weighting the matrix elements of the operator acting on the intended subspace, eq. .

When the operator we act on is the universe density matrix, we exploit notions and
properties of density matrices. Take again, for simplicity, an uncorrelated density ma-

trix p = ps @ pg. On the one hand, we recognize that the trace on the environment

12
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(S+B,H§®H[5,ﬁ)

> (S, Hs,ps) €—>

System

(Bv HBa PB)

Environment

Figure I.1: A common schematic representation of an open quantum system, composed of
a system of interest S (the open system itself), surrounded by an environment system B,
interacting, composing the universe system S + B.

subspace equals one, by definition. Moreover, in the probabilistic interpretation of these
objects, while the trace operator acts as an average, the partial trace returns the marginal

distributions

Tralps ® psl = ps Tr[ps] = ps (I.28a)
Trs(ps ® ps] = ps Tr[ps] = ps - (I.28b)

This is always true, regardless of the degree of correlation between the two subsystems.
We can apply the definition to the density matrix of the last system in Example and
by simple computation, one obtains that p4 = 14/2, and the same for the secondary
identical system, pp = ]lB/2E|

Using the definition of the generic density matrix for a bipartite system, in eq. ,

we can write the partial trace operation as

Teglp] = Y (Wl | D Aabuwla)(bls @ ) (v]s | |w) (1.29)

weEHB abuv

= > (e la)(bls @ | Y (wlp)sviw) (1.30)

abuv weEHB

where, assuming |w), |u), and |v) to be orthonormal, the sum over the environment sub-

space becomes Y, (w|u)(v|w) = >, duwpdiw, and leads to

Teglp] = D Aala)(b] = ps , (L.31)
ab

where A\ = D Aabww-

While normally the dimension of the Hilbert space of the system § is quite small, more

2Note that, computing the partial traces of the density matrix of the example, the decomposition into
classically correlated component plus quantum correlation is different. We can write now an uncorrelated
state pa ® pp = (1a ® 1g)/4 = 1a+p/4, and by the definition we can recover the correlation matrix

0°°"™ = p — pa ® pB, that now contains all the correlation terms.

13
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generally, it has a finite dimension dim(Hs) = d, the environment should, in principle,
be taken large enough to include all the interactions necessary to describe the universe
system. On the one hand, this allows us to regard the universe as a closed system, thereby
describing its dynamics with the Liouville-von Neumann equation, eq. . Then, ap-
plying the partial trace on the time-evolved p(t), we recover the system density matrix
at each time. This procedure corresponds to the upper red branch of the commutative

diagram in Figure [[.2] and to the following equation

ps(t) = Trslp(t)] = Trslth[p(0)]) (1.32)

On the other hand, several problems with this approach are evident. As we men-
tioned, this route may not be feasible on most occasions. Including all environmental
degrees of freedom means including all system-environment couplings, as well as within
all environmental particles and, cascading, to all other interactions. Usually, then, the
dimension of the environment tends to infinity! It is clear that a numerical solution to
this problem is unfeasible, let alone its dynamical evolution, due to the dimension of the
environment subspace. That would mean, first, knowing the orthonormal basis set of the
entire environment, and secondly, being able to compute an infinite sum.

Hence, until this moment, what we have written would be the exact description of the
dynamics of a system. In this regard, we must make assumptions about the system we

are investigating and, eventually, make approximations.

1.2.3 Describing the reduced dynamics

In realistic situations, we therefore cannot simulate the whole universe system; different
methodologies and theoretical frameworks to describe the dynamics of the sole system of
interest have been proposed over the last several decades by communities of physicists,
theoretical and physical chemists, mathematicians, and information scientists. Despite
their differences, all the methods rely on the density matrix formalism, and we present
their common features in the following.

The unavoidable interactions with the environment influence the expected ideal be-
havior of quantum systems, inducing decoherence and dissipation phenomena [18| [19].
Therefore, while the dynamics of the universe are described by a unitary map, the map-
ping of the reduced system is described by a non-unitary mapping, generally a contractive

map,

ps(t) = Etlps(0)]. (L.33)

This is the mapping in the central branch of the commutative diagram in Figure [[.2]
Further, we know that the system, if considered isolated, would evolve according to its own
coherent dynamics, dictated by the system Hamiltonian Hg in a Liouville-von Neumann
equation. At the price of losing some generality, both on the form of the dissipator and the
conditions of the initial state, in this case mandatorily a factorized state, it is convenient

to look at this map in its differential form as a quantum master equation (QME), which

14
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LHs®HE) > ps(0)® ps(0) Lﬁi ot
©pB(0) || Trgl] Trg[]
LHs)>  ps(0) o) ps(t)
B ||
Hs >

Figure 1.2: A conceptual map as a commutative diagram, illustrating different strategies
to describe the subsystem state ps(t) evolution in time, the dynamical maps, the operation
to move from one description to another, and the spaces these objects live in.

reads

< ps(t) = ~ilHs, ps(t)] + Dlps(1) (134)
where the description of the dynamic of the system as if isolated from the environment is
captured by the first term on the r.h.s., and the second term is a superoperator called the
dissipator. This term models the effect of the relaxations and dephasing of the open system
due to its interaction with the environment [18| |19, |39], addressing exchange of energy
and information from the system to the environment (and, for more complex systems,
also vice versa). Because of this operator, the information initially contained in the open
system can be lost, either partially or totally, and the dynamics of the system is no longer
reversible, the resulting map is non-unitary as stated above. A simple example of the effects
of a dissipator on a two-level system dynamics is depicted in Figure The dissipator
contracts the space of accessible states of the reduced system, and in the example figure,
one can appreciate this effect to the dynamics of the reduced density matrix populations,
the accessible values decreasing from the whole [0, 1] to a single point p;; = %

We said, at the price of losing generality. Indeed, the dissipator does not need to be
an operator acting neither linearly nor time-locally on the reduced density matrix, and
eq. defines a specific class of dynamics. In the following Chapters of this work, we
start from different and more general assumptions, clarifying this concept, and eventually
expanding the diagram of Figure

To treat effectively the dynamics of the open system, meaning practically obtain the
dynamical map &; or the underlying QME, two complementary perspectives are commonly
adopted. In the first one, the density matrix describing the system of interest results from
the partial trace over the environmental degrees of freedom and evolves deterministically
under a quantum master equation. This approach requires starting from a microscop-
ically explicit model of the environment and its interactions with the system, followed
by either numerically-intensive reduction schemes, such as the hierarchical equations of

motion (HEOM) or the time-evolving density matrix using the orthogonal polynomials
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Figure 1.3: Example of the effect of dissipation of the dynamics and the contraction (grey
enveloping line) of the space for a two-level quantum system with coupled states. For
comparison, the dynamics of the closed system are in transparent dashed lines.

algorithm (TEDOPA) [40-45], or clear-cut approximations on the interaction strength
and timescale separation, as in the seminal derivation of the reduced dynamics proposed
by Redfield |46, 47]. The most approximate version of the Redfield formulation leads
to Lindblad-form master equations [48-50], an algebraically derived form that would ad-
mit only purely phenomenological application, if not derived from a Redfield approach.
These are approaches that model around the upper branch of the commutative diagram
in Figure [[.2]

In the second approach, the density matrix dynamics of the system is understood as the
statistical averaging over an ensemble of stochastic pure-state trajectories. This is com-
monly referred to as unraveling of the dynamics, reflected in the lower (orange) branch in
Figure [[.2] a graphical example in Figure [[.4 There exist many different formulations of
this approach. In stochastic Hamiltonians (SH), environmental influence is represented by
time-dependent random fluctuations of system parameters, which are inserted directly into
the Hamiltonian. This framework offers a physically intuitive and computationally versa-
tile route to include environmental effects in the dynamics, and has proven particularly
powerful in the interpretation of spectroscopic observables where noise-induced dephasing
and spectral diffusion play a central role and are reflected in the spectral lineshape [51-55]
and, more recently, to the development of sophisticated techniques to control and drive
the quantum state for information processing in the context of noisy intermediate-scale
quantum (NISQ) devices [56-63]. Another common framework is that of the stochastic
Schrodinger Equation (SSE) [64, 65]. The stochastic Schrodinger equation is a more gen-
eral formalism in which the pure state of an open quantum system evolves according to
a stochastic differential equation driven by noise terms, the interaction of the system of

interest with the environment is modeled as a stochastic time-dependent fluctuation of op-

16



1.2. From isolated to open quantum systems
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Figure 1.4: Example of the unraveling of an open system dynamics of a two-level system
in terms of stochastic trajectories. The average dynamics of the population of the density
matrix are in solid blue and orange lines, and a swarm of 50 trajectories is in gray trans-
parency lines.

erators acting on the system space [6671]. These noise terms are interpreted as specific
environment models and in connection with specific measurement protocols, “quantum
jumps” or continuous measurement back-action [18, 65, 72]. The SH and SSE approaches
introduced are of a phenomenological nature. This is conceptually different from the
exact treatment of open quantum dynamics starting from a microscopically defined envi-
ronment, another interesting route for stochastic approaches to open quantum dynamics,
which we will not deal with in this dissertation. In this case, the elimination of the en-
vironment’s degrees of freedom leads to specific stochastic forms like those originating
from the Feynman-Vernon (path-integral) formalism |73} |74], non-Markovian quantum
state diffusion (NMQSD) [75-77], the hierarchy of pure states (HOPS) [78], the HEOM
approach[40-42], the generalized Langevin equations (GLE) [79-81] and others [82-84].
Averaging over realizations recovers the mixed-state dynamics of an open system, con-
verging, in the large-number limit, to a quantum master equation. The numerical effort
of these methods scales with O(d?) rather than O(d*) with the associated density matrix,
being d the dimension of the system’s Hilbert space. Considering the necessity of running
a large number N of independent trajectories, the total scaling is O(d2N), which can
always be parallelized to speed up the computation. Because of this, renewed interest in
this method has recently emerged in diverse fields, and trajectory approaches are often
used to simulate large systems, where computing the density-matrix evolution is often

prohibitive, as is, for instance, the case in molecular modeling [85) 86].
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I.3 Basics of quantum computing

The first clear proposal of using quantum systems to simulate other quantum systems was
advanced by Feynman in 1981, in his famous talk [87], the famous quote “Nature isn’t
classical, dammit, and if you want to make a simulation of Nature, you’d better make it
quantum mechanical”. Just a couple of years later, D. Deutsch formalized universal quan-
tum computing, introducing the Deutsch-Church-Turing principle [88, 89|, by extension
of the Church-Turing principle [90} 91]. A couple of years before, russian mathematician
Y. Manin [92] emphasized the exponential scaling of simulating many-body physics, high-
lighting the different dimensions of the spaces of quantum systems compared to those of
classical ones. The problem of the dimension of the variable space is at the core of the
idea of quantum computation. The dimensions of quantum many-body systems scale ex-
ponentially [92} 93], as we need to account for all the superpositions of linear combinations
that can describe the system - i.e., all the coherent and entangled states - while classical
systems, such as classical computers, scale linearly with their dimensions. Take a simple
n-particle system, each described by k levels; the space required to store its wavefunction
is k™. To then evolve and operate on this object, we would need to write a k" x k™ matrix,
and then exponentiate it to propagate the system!

Therefore, the core idea is to use controllable quantum systems to simulate the dy-
namics of other systems under investigation. The common protocol is to accurately map
the target quantum system to another, both the state and its Hamiltonian, and therefore
to initialize it to a specific state and control the evolution of the system. Then, the sys-
tem is measured, and the quantities of interest are traced back to the reference system.
Two main routes, paradigms, of quantum computing can be followed to achieve this task:
analog and digital quantum computing. For those interested, we refer to an accessible and
gentle, even if dated, overview in ref. [94]. Analogue quantum simulators (AQS) are highly
controllable quantum systems that exploit mathematical similarities between the problem
to solve and the AQS to mimic its evolution [94-98]. Mathematical similarities beckon
physical similarity, and AQS are dedicated devices for the solution of their restricted class
of problems, a drawback for a possible general usage, and therefore it will not be discussed
in this work.

A digital quantum computer (DQC, QC for the sake of brevity) is a system composed
of a set of, ideally identical and independent, two-level quantum systems, named qubits,
which can be initialized, coherently manipulated and measured, the devices needed to
perform such operations and an interface with a classical computer to control remotely the
operations and to collect the data (the backbone of this protocol is depicted in Figure.A
key strength of the DQC approach to quantum computing is its universality, meaning that
choosing the correct mapping and algorithm, any quantum system can be simulated [99].

In analogy with classical computing, the basis of the qubits is defined {|0), |1)}, where
1 0

=[], H={"]. 1.35

w=(;). w-()) (1.35)
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Figure [.5: A graphical scheme of the quantum simulation of a target system with a digital
quantum computer. From the study of a physical system, we derive a theoretical model
to describe its properties and dynamics. Then, the problem is mapped to the quantum
computing architecture, and a quantum algorithm is designed to reproduce the propaga-
tion of the system in terms of unitary propagators (gates) and projective measurements.
The algorithm is translated to “high-level” code on a classical computer, a researcher’s
personal laptop, and the instructions are sent to a control apparatus that translates them
into physical operations (e.g., voltage, electromagnetic pulse, and so on) performed on
the quantum processor (the secondary physical system). The state of the composition of
qubits is sampled through measurements and sent back to the user as a classical register,
which has to be elaborated and mapped back to the target system to obtain the results of
the computation.

While a classical two-level system can encode only a binary integer (a bit of information),
either 0 or 1, a qubit is a two-level quantum system, whose Hilbert space is H = C2, and
whose state is described by eq. (I.3), namely

lg) = |0) + B[1), (1.36)

and it encodes a continuum of 2 complex numbers such that |«|? + |8]> = 1. A useful
tool to visualize the state of a qubit, and stress the difference with a classical bit, is the
Bloch sphere . This is a geometrical representation of any two-level system state
as a three-dimensional real vector, which enables us to visualize it in the usual Cartesian
space. Starting from the wavefunction defined in eq. , we can write the coefficients

in such a way that they can be interpreted as a spherical coordinate system, namely
i 0 io . O
lg) = € ( cos §\O> + e'¥sin 5]1) (1.37)

where v,0,0 € R. We can ignore the phase factor in front as it bears no observable
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effects, and recognize 6 and ¢ to define a point on a unit three-dimensional sphere, called
the Bloch sphere. The qubit state can then be visualized as a vector of unit norm on the
sphere, see Figure At the pole of the sphere, we have the original basis states, which
we refer to as the computational basis, but we remark the other particular orthogonal basis
states marked on the sphere in the figure. Identifying the vertical axis as the z axis, on the

basis on the z axis is formed of states {|4), |—)} delocalized on the original basis, namely

_ L (N _ o+ L1y o) -1

and on the y axis, its complex version {|+i), |—i)}

S LNy 1 (1) 0 -iln
|+z>—ﬂ<i>— 5 >—\/§<_i>— N (L.39)

The choice of the axis is not accidental. Moving to the density matrix formalism
enables us to clarify this choice, introduce fundamental operators in quantum computing,
and expand the description to include mixed states. First, we can write the pure qubit

state equivalently as the density matrix

o= (ba 1 fa> (L.40)

thanks to Hermicity and constant unitary trace properties, and recognizing a = |a|? and,

for the pure state, b = o*. This can be parametrized and decomposed in a form

1 1/1 —1
p=r5 (]l + Ujvj) =3 ( et wy) (L41)

ez v +ivy 1 -,

where o; are Pauli matrices, and we can recognize the Cartesian coordinates of the vector
describing the qubit state, defining ¥ = (vg, vy, v,) € R3 the Bloch vector. The norm of
this reflects the purity of the state, so that when the system is pure ||v|| = 1 and the vector
points to the surface of the sphere. When the state is mixed, then ||v|| < 1, and the loss
of purity leads to the vector pointing inside the volume of the sphere.

Pauli matrices are a set of Hermitian, traceless, involutory matrices, in the following,

0 1 0 —2 1 0
Oy = . oy =|. ! , 0,= ) (1.42)
1 0 7 0 0 -1

with commutation relationship [0}, o%] = 2i€jx107, where €y is the Ricci-Curbastro symbol
(also referred to as the Levi-Civita symbol). Throughout the manuscript, we will indicate
them as shown above, as they are commonly indicated in quantum physics, and for clarity,
we recall that in quantum information science they are often indicated together with the
identity as {I, X, Y, Z} while in mathematics as {og, 01,02, 03}.

Pauli matrices are of clear importance as, together with the unity matrix and up to
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)

Figure 1.6: Bloch sphere representation for a qubit state. A generic pure state is repre-
sented on the sphere by the vector .

multiplication with a constant 1/1/2 factor, they form an orthogonal basis of the qubit
Liouville space L£(H), where the eigenvectors of each matrix are the orthogonal basis sets
{+), 1)}, {|+9),]—4)} and {|0),|1)}, and since they are a complete set of Hermitian
matrices, they span the space of observables of the qubit.

Importantly, we can also notice that when multiplied by the imaginary factor i they
form a set of generators of unitary rotations on the Bloch sphereE| We can therefore write

unitary rotation operators as

0 _igin?
Rx(0) = e #o=/2 = [ @2 - 7O (1.43a)
—17 81N 5 COS 5
0 _gin?
Ry (8) = e~#0ou/> = (“°2 702 (1.43b)
sing  cosg
)
. —i5
Rp(0) = e i0o:/2 — [¢ 7 °) (1.43c)
0 e 2

These will serve as one of the foundations to describe the evolution of the qubit system
and the way to implement Hamiltonian dynamics.

Using the qubit as the building block, we can define the quantum computing unit, the
quantum register, as the composition of multiple qubits, exploiting the second postulate
of quantum mechanics introduced in eq. . Then, the wavefunction of the quantum

register is

n—1
W) = Q)lgs) (L44a)
j=0
=[gn-1) ® |gn—2) ® -+ ® |@1) ® |q0) (1.44D)
=Yl rtolln-tln—z...lilo), 1=0,1 (I.44c)
l;

3Pauli matrices are generators of a representation of the Lie algebra su(2), isomorphic to so(3), and
are a representation of the Clifford algebra CI(R?®). After multiplication by the imaginary factor and
exponentiation, they represent the basis of SU(2) and the rotations of SO(3).



Chapter I. Introduction

where we show commonly used equivalent representations of the quantum register. The
overall Hilbert space of the quantum computer is then H = (C?)®" for a register of n
qubits, and the dimension of the computational base is 2", all the possible combination of
|ln—1...1lo), each weighted by its complex coefficient ¢;, , ., eventually storing a total of

their 2" amplitudes.

qn—1 q1 q0
— [1p-1) — [11) — [1o)
- |On—1> 7 ‘01> o |OO>
0p_y --- 0 --- 010p)
0p—1 -+ 0 -+ 011 computational
: basis states
0p_y -+ 1; - 01 00)
. . : 2™ states
Tney -+ 1, - 15 1)

Now that we have defined the quantum system we are acting on, we need to be able
to manipulate its state and to retrieve the results of our computation. The “instructions”
to the DQC are quantum gates, in analogy to the logical gates in classical computing.
These gates are linear unitary operators acting on the quantum register, and they are one
of the two building blocks to transpose a quantum algorithm to a quantum circuit, the
ordered sequence of gates applied to each qubit of the register. In theory, we can write
our circuit with n-qubit gates, for example a unitary acting on the whole register or a
simultaneous rotation of multiple qubits, yet in practice only one- and two-qubits gates
are implemented: those that can be physically executed, and particularly those that form
a set of universal gates. The circuit itself is therefore transpiled, i.e., rewritten in terms of
executable gates and adapted to the topology of the specific quantum device.

The last element required to complete a quantum computation is a measurement.
Measurements are projective operators, and they can be inserted in the quantum circuit
as an element of the algorithm, and they are the only non-unitary operation allowed in a
QC. Most importantly, they are the conclusion of any quantum circuit: the state of the
whole quantum register is measured, and it represents the solution of the algorithm.

To conclude, we remark and expand the discussion on several key points. In quan-
tum computing, we exploit intrinsic features that are not shared by classical information:
randomness, uncertainty, and entanglement. In what follows, we will set aside the second
peculiar feature and focus on the first and the last. The former underlies the ideas we will
exploit and introduce, and can be either seen as a resource or as a problem to overcome.
In many applications - such as quantum random number generation |104, [105], quantum

cryptography [106, 107], and quantum key distribution [108},|109] - the randomness of the
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projective outcome is a key feature exploited fruitfully.

In contrast, for other applications involving the characterization of some quantity en-
coded in the register - such as the study of quantum systems and their dynamics - the
randomness of the measurement outcome, which collapses the register, is detrimental. Due
to the probabilistic nature of quantum mechanics, we need to perform multiple measure-
ments and repetitions of the circuit to recover statistical information about the density
matrix; eventually, if one wants to know the state completely (a procedure known as
quantum state tomography), this leads to the problem of requiring an exponential scaling
number of measurements O(4") to sample correctly all the states of the register [110, 111].

Entanglement, on the other hand, is the key strength allowing for quantum computa-
tions. Indeed, if we were to use only separable states, only 2n complex numbers can be
stored, therefore scaling as a classical computer. It is only through highly entangled states,
spanning the full computational basis of the register, that we can access the Hilbert-space
structure enabling the exponential scaling needed for QC speed-up.

However, soon after the earliest proposals for quantum computing, P. Benioff concerned
himself about the issue of decoherence and dissipation in quantum systems, phenomena
that destroy coherences and entanglement, thereby undermining the functioning of quan-
tum processors [112, [113]. This problem has been discussed and emphasized later, most
notably by R. Landauer [114-116] and others [117] 11§], and remains an open problem
[119} [120] despite substantial progress [12, |58|, 121-124].

Today’s QCs are known as noisy intermediate-scale quantum (NISQ) devices [56-58],
as they are limited to a maximum of a few hundred qubitsﬁ with incomplete connec-
tivity, preventing arbitrary pairs of qubits from being directly entangled, and they have
a non-negligible interaction with their environment, causing dissipation and limiting the
coherence time of the quantum processor. Nevertheless, NISQ devices have already shown
some notable results and promises of further real-life applications |12, |56, [125-129]. A wide
variety of experimentally controllable systems have been proposed for realizing qubits and
quantum registers [94, [130], from the most used superconducting circuits [131} [132], to
arrays of trapped ions [133-135], atoms in optical lattices and atoms in arrays of cavities
[136-138], photons [139-142], and many others [94, 143-{145].

These constraints pose significant challenges for both physicists and engineers, who aim
to develop architectures and control strategies capable of mitigating noise and enabling
scalable quantum computation.

For theorists, this motivates the development of models and methodologies that address
noise at a fundamental level as a fundamental component of the dynamics, improving the
theoretical understanding and the effective description of open quantum system dynamics,
and their controlled manipulation, either by exploiting its structure or by systematically

counteracting its effects.

4The latest IBM quantum processor, Nighthawk, is composed of 120 qubits, while the previous version,
Heron, of 156 qubits but with less connectivity. Note that larger processors exist, such as IBM Condor
(1121 qubits), Atom Computing AC1000 (1125 qubits), but connectivity and control limitations render
their practical performance comparable to, or below, that of smaller architectures.

23



Chapter I. Introduction

1.4 Structure of the thesis

The thesis structure can be organized along two complementary lines: as the ordinary
sequence of Chapters and a conceptual map linking non-adjacent Chapters through shared
ideas and applications.

Chapters [[] and [[I] provide the general introduction and preliminaries. After the gen-
eral introduction given in this Chapter, Chapter [I[I) is dedicated to the description of the
reduced dynamics of open quantum systems, presenting an overview of the main forms
of quantum master equations, and the routes to obtain them. This chapter further es-
tablishes the language and notation, highlighting the signatures of each form and the
approximations underlying them. The subsequent Chapters [[TI] and [[V] main focus is on
the use of stochastic approaches to the dynamics of open quantum systems.

In Chapter [l1I| (adapted from our publication [146]), we discuss the family of stochastic
Hamiltonian methods, showing how different approaches and frameworks can be recast as
stochastic Hamiltonians, and how each formulation naturally maps to distinct numerical
workflows, amenable to efficient classical trajectory integration or to quantum-algorithmic
implementations, providing a useful toolkit for the simulation of open-system.

Chapter (based on our paper [147]), extends on the unraveling of correlated quan-
tum master equations, employing a generalization of stochastic Schrédinger equations and
introducing memory effects via a non-standard noise drive. This generalization leads to
open-form master equations, in particular to a correlated QME, whose solutions require
numerical integration over ensembles of trajectories and their averages. Using a two-level
system as an example, we show how a cross-correlation term arising in the correlated mas-
ter equation affects the coherence relaxation time. We observe the emergence of multiple
dissipation time scales and the formation of a robust coherent steady state, depending
on the noise correlation time, intensity, and the system’s symmetry properties. While
Chapter [[V] naturally follows Chapter [[TI} the interpretation of the nontrivial features of
the dynamics is addressed by reconnecting to the microscopic derivation of master equa-
tions introduced in Chapter [[Il We propose and analyze a microscopic-inspired model for
the correlation contributions appearing in the SSE formulation. The resulting link be-
tween the Redfield-like derivation and the colored SSE allows us to provide a microscopic
interpretation of the dynamics obtained from direct numerical simulations of the latter.

Chapter [V hinges on the stochastic approach to the open quantum dynamics to recover
additional information about their characteristic properties. Along with a comparison
of known metrics and descriptors, we show how we access information encoded in each
realization, and building on a correct metric of the quantum state space, we propose
quantitative descriptors inferred from the stochastic unraveling.

Finally, in Chapter [VI|we exploit the formalism discussed in Chapter [[I] to discuss the
implementation of open quantum dynamics in digital quantum computers, showing how
stochastic Hamiltonian dynamics naturally map onto quantum simulators. We formally
analyze the convergence of a quantum algorithm in terms of computational effort, demon-
strating how the intrinsic probabilistic nature of quantum measurements is not detrimental

for this class of algorithms.
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I.4. Structure of the thesis

Beyond the immediate Chapter sequence, we can connect the arguments of this thesis
conceptually beyond the immediate chapter sequence, see Figure [.[7] Chapters [[T] and [[T]]
establish the basis of the theory of open quantum systems underlying the subsequent
discussions. Chapters [[TI|and [VI|follow the line of thought of quantum computers for open
quantum systems, using quantum computers to simulate open-system dynamics within a
trajectory-based framework that explicitly avoids Hilbert space dilation and naturally
allows for structured environments driving. On the other hand, Chapters [[V] and [V] focus
on non-standard environments and their effect to the dynamics, showing how the study
and characterization of such environments can lead to strategies improving coherence

robustness for quantum computing implementations.
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Figure 1.7: Graphical structure of the thesis and thematic connections between Chapters.
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1.5 Publications

Part of the research presented in this thesis has appeared in peer-reviewed publications,
while additional results are currently in preparation or are intended to form the basis
of future papers. This section provides a concise overview of these works, their current
status, and the author’s specific contributions.

The material contained in Chapter [I[TI]and in the first Section of Chapter [VI|have been
published in “On the Noisy Road to Open Quantum Dynamics: The Place of Stochastic
Hamiltonians”, Annalen der Physik 538, ¢00482 (2026) |146]. The results discussed in
Chapter [[V]are reported in the manuscript "Quantum trajectories and reduced dynamics in
time-correlated environments”, available as a preprint on the ArXiv [147], submitted to the
Journal of Chemical Physics and currently under review. Overall, these works arise
directly from the doctoral research and collectively represent its main scientific outcomes.
Where published material is included in the thesis, it has been adapted and expanded to
ensure coherence of presentation, and clearly referenced.

Beyond these published and submitted works, further developments presented in this
thesis are the basis for ongoing and future research outputs. In particular, the final part of
Chapter [[V]is being developed and extended into a manuscript currently in preparation.
Chapter 5 presents a broader framework whose results are expected to lead to at least
one dedicated publication, currently under investigation with Prof. B. Fresch and Dr. F.
Campaioli. Additionally, selected aspects of Chapter 6 are being considered for inclusion
in future articles, potentially in combination with further developments.

Regarding individual contributions, the author was responsible for developing the the-
oretical framework, implementing the numerical methods, and analyzing and interpreting
the results across all works described above. The co-authors contributed through concep-
tual guidance, discussion of the results, and revision of the manuscripts.

In addition, the research carried out in this thesis led to the development of compu-
tational tools and algorithms for SSE implementation, QME limits and closure models,
and the analysis of the results. These implementations are publicly available at [148§], to

support reproducibility and further applications.
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Chapter 1I

Quantum Master Equations

The purpose of this Chapter is to establish the language that will be use thereafter, in-
troducing the main forms of quantum master equations and providing an overview of
common non-unitary mappings of the reduced density matrix of an open quantum sys-
tem. Rather than presenting new results, the emphasis is placed on highlighting the
approximations introduced in and underlying these descriptions, their characteristic sig-
natures, and the limitations they entail, discussing well-known “variants”. As anticipated
in Chapter quantum master equations (QME) may take different forms,
and provide a general, approximate description of the reduced system dynamics. Two
main routes leading to tractable QME forms will be discussed, corresponding to distinct
theoretical perspectives: the Lindblad form and the Redfield microscopic approach. These
approaches rely on different modeling assumptions for the environment and on different
conceptual frameworks, yet both yield master equations that are linear and time-local in
the system density matrix. Examining the domain of validity and the structural assump-
tions of these reduced models is instructive, as it highlights directions toward more general
descriptions, which will be discussed using stochastic formulation extensions beyond the

strictly Markovian regime, developed and exploited in the subsequent Chapters.

II.1 Completely positive trace preserving maps

Consider the total system, in the Hilbert space H = Hs ® Hg, with unitary evolution
described by the unitary propagator U(t), the dynamics of the universe system is

p(t) = U0)p(0)U'(2), (IL1)
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Chapter II. Quantum Master Equations

and tracing out the environment, as in eq. (.32)), the dynamics of the open system is

ps(t) = Tes{U@pO)UT (O} = 3 (WlU@®)p(0)U (1)]1) (IL.2)

HEHB

where {|u) 1! Hp} is an orthonormal basis for the bath Hilbert space. This expression
requires full knowledge of the universe, and we need to simplify the description, introducing
assumptions and approximations.

We start assuming that the initial state of the universe is a product state, the sys-
tem and the environment completely decoupled, p = ps(0) ® pp(0). Whilst it is not an
approximation by itself, we are either narrowing the range of physical systems we are
describing, or we need to consider it as an actual approximation of a larger set of systems.
Now, by definition, the environment density matrix admits a spectral decomposition in an

orthonormal basis with non-negative eigenvalues,

= 3 A (IL3)

veEHR

and substituting the factorized state with the decomposed environment, we obtain

ps(t) = (ul |U © > MU0 |n) (I.4a)

WEHB veHR

= > VAU®))ps0) (| (1) m)v/A, (IT.4D)

,U«,VGHB

= > Kuw(t)ps(0)KL,(t) (I14c)
wVEHR

where we can identify environment-averaged operators driving the dynamics of the system,

the Kraus operators,

K (t) = VA (ulU#) ), (IL5)

and eq. ([I.4c)) is called the Kraus operator sum representation (OSR) [149].
Hence, with just one assumption about the initial state of the universe system, we have
derived a simple form for the system’s evolution. Therefore, the OSR representation is a

map £(-) of the system’s evolution, possibly exact.

£ L(Hs) — E(Hg)

11.6

ps(0) = pslt ZK K(t) (1L.6)
This formulation holds important properties, and for an in-depth discussion and the
formal proofs of the following statements, we refer to ref. [34] and the references therein.

By linearity and the cyclic property of the trace operatOIH these maps are linear and

'Tr(ABC) = Tr(CAB) = Tr(BCA)
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II.1. Completely positive trace preserving maps

p5(0) @ pi(0) “ (1)

A =®pp(0) Trg

ps(0) ps(t)

Figure II.1: Commutative diagram of the Kraus OSR as a composition of three maps, a
recasting of the uppen branches of that presented in Figure @

preserve the trace of the state
Tr[E(ps)] = Tr [Z Ka@)psKL(t)] — T [Z Kg<t>Ka<t>ps] ~Trlps]  (IL7)

where the closure property >°, K1 (t)K,(t) = 1 of the Kraus operators comes from their
definition. The map is also positive, mapping positive operators to positive operators. This
property is fundamental, because it means that we are describing valid quantum states.
Furthermore, this map is completely positive. This means that, composing the system
with another auxiliary system {K, Hic, px} of any dim(Hx) = k and in an arbitrary state
0 € Hs @ Hy, and acting with the map £ ® 1 on the composite state, the resulting state
is still a positive state, so (€ @ 1x)(p’) > 0.

These properties result to be sufficient and necessary conditions for a map to have a

Kraus OSR, leading to the following theorem.

Theorem 1 (Choi-Kraus theorem). A linear map € : L(H) — L(H) is completely positive

and trace-preserving (CPT) if and only if it has a Kraus operator sum representation:
E[ = Ka(®)[Ka(t)!
«

with the operator Ko(t) € L(H) such that 3, Kl (1)Ko (t) = 1.

The proof of the theorem can be found in |[149-151], and in a more synthetic way in
[18, 134, |50% |152]. In particular, Choi’s theorem gives sufficient conditions for a map to be
completely positive [151], and Kraus’s theorem adds the condition for trace preservation
and formalizes the operator sum representation [149]. Maps that admit a Kraus OSR are
usually referred to as quantum maps, or quantum channels.

We can see that a Kraus OSR is a composition of three maps,

E=Trgold o A, (IL.8)

b

where the first map A is an “assignment” map which associates to the system its envi-
ronment, the composed system is then propagated with its unitary mapping and then the
system state at time t is recovered via the partial trace, see Figure In this sense, this

map can still be an exact description of the evolution of the system, from an initial time %g
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Chapter II. Quantum Master Equations

&
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L ee) )

to t

Y

Figure I1.2: A graphical note on temporal continuity, divisibility condition of Markovian
contractive maps, and the differences in these properties of differently mapped evolutions.

when we either know or assume that the system is fully decoupled from its environment,
i.e, the system satisfies the factorization condition, to a final time ¢. The important remark
is that this still implies the assumption of knowing the propagator for the universe and an
orthonormal decomposition for the environment, for an exact propagation.

These are quantities that we do not know, and even if we did, we can not start in an
intermediate time ty < t; < t, as we would not be in a factorized condition anymore, see
Figure Further assumptions and approximations are then needed to have a structured

and solvable description of the dynamics.

I1.2 Gorini-Kossakowski-Sudarshan-Lindblad Form

One of the most common approaches to open quantum dynamics is the use of the Gorini-
Kossakowski-Sudarshan-Lindblad form of master equations, independently proposed by
G. Lindblad [48] and V. Gorini, A. Kossakowski, and E.C. Sudarshan [49| fifty years ago,
and is one of the most influential results in the theory of open quantum systems. Its
advantage is that it allows for the description of CPT maps that undergo a Markovian
dynamics, and therefore are valid at all times of the propagation, indicated in Figure
with the approximate mapping £(£). Markov processes, in probability theory, are processes
whose future values depend only on the current state of the system. This means that we
expect the following composition law to hold,

Efrto = EvhEnrdo (IL9)
i.e., the map £X) is a contraction semigroup, and the composition above is known as
divisibility condition. The key element of a semigroup is its generator, which we can

identify by the solution of the first-order ODE for the dynamics of the system

ps(t) = Lips(t)] =  ps(t) = e“ps(0) = £ ps(0)]. (IL.10)

The generator of the semigroup, and therefore the master equation and mapping, can
be obtained through different routes |18} 34} [152-154]. Except for the derivation from a
series of subsequent approximations that is presented in section as a particular case of
the Redfield approach, these start from the Choi-Kraus theorem, Theorem|I} and introduce

the Markovian approximation. For example, one can expand the density matrix around
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I1.2. Gorini-Kossakowski-Sudarshan-Lindblad Form

t = 0 for the infinitesimal time d¢ and obtain the derivative of the density matrix at the
initial time. Then, to obtain the generator, we need to assume that the expression derived
is valid at all times ¢, exactly a Markovian approximation of the system, meaning that
the memory of the system is reset at each timestep dt, i.e., it is memoryless. This implies
that, since the condition at the initial time is the factorization of the system-environment
density matrix, the universe system remains factorized at all times, and the system and
the bath are never coupled, either quantum mechanically or classically.

The form of the master equation obtained is generally referred to as the Lindblad form

(or GKSL), for simplicity, and reads in the following theorem.

Theorem 2 (Lindblad '76; Gorini, Kossakowski, Sudarshan ’76). The generator of any

quantum operation satisfying the semigroup property must have the form

dps(t)
dt

— —ilHs.ps(t) + S w[LupsOLL - 5 {Lallops(0}] vy
k

where v > 0 are relaxation rates, Ly are Lindblad operators and {-,-} is the anticommu-

tator.

Since this form is derived from the Kraus OSR as a starting point, which by Theorem
defines the requirement for a map to be CPT, and by this theorem we define the only form
admitting a generator, it follows that the QMFE in the form of eq. are all and only
admitting the CPT properties of the map, if not by invoking non-Markovianity and various

techniques leading to complex and usually not solvable forms.

I1.2.1 Signatures and limits of Lindblad QME

The Lindblad QME is an algebraically derived form, and its application to physical sys-
tems is therefore phenomenological. This poses the first limitation of the Lindblad forms.
The structure of the generator is fixed by construction and requirements, without the con-
nection to a physical system. As a consequence, the Lindblad operators must be chosen
a priori, according to the phenomena one aims to describe, and the coefficients are intro-
duced as effective parameters, typically inferred from experimental evidence or physical
intuition.

Then, we need to acknowledge the Markovian approximation. Since Lindblad forms
are CPT, we do not have evident signals of the unphysicality of a dynamics, and we need
to be careful using them to describe systems that can be approximated by this form.
Heuristically, the Markovian approximation is valid under two main conditions. First, the
environment correlation time needs to be much shorter than the system relaxzation time.
Then, the evolution maps can be endowed with the divisibility property, as the correlation
time of the environment is simplified to a J-correlation, meaning that it affects only single
time moments. Secondly, the environment state is assumed to be stationary in time,
meaning that it does not change significantly during the dynamics and can be considered
at equilibrium. The equilibrium condition ensures that we do not need to consider the time

evolution of the environment, which would otherwise alter the map as time progresses.
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Chapter II. Quantum Master Equations

Moreover, this implies that the interaction between the system and the environment is
weak, and that the environment space is much larger than the system itself, according
to the reason why a theory of open systems is required. These two constraints will be
clearly discussed and their nature explained in the two main approaches used in this work,
in section and in Chapter [T} Lindblad forms allow for the description of completely
positive and trace preserving dynamics; therefore, by CPT property, they ensure that
we are mapping between valid states. Nevertheless, signatures of unphysicality due to
the approximated nature of this approach persist. One problem is the stationary state,
the dynamics leading to an equilibrium state independent of the system-bath coupling
strength, accuracy issues effectively leading to a wrong steady state [155-159].

Another problem, intrinsic and easy to detect, is an unphysical non-zero velocity a
the inversion of populations. In particular, as the mapping is contractive, we refer to the
presence of a non-zero derivative at tg. Then, with the initial hypothesis of the system
being factorized and therefore null correlations, it is unphysical to have a non-null velocity,
as if the environment is already dissipating the system dynamics. One can debate that
this behavior accounts for the fact that the factorization approximation is, most of the
time, indeed, an approximation. Yet, the Lindblad master equation fails to describe the

short-time dynamics correctly.

Example I1.1 | Pauli two-level decay model

Consider the spontaneous emission of a two-level system, which basis is
{lg),le)}, from the excited state |e) to the ground state |g). The Hamilto-
nian of the system is

H = e4]g)(g] + ecle)(e]. (IL.12)

To describe a decay from the excited state, the Lindblad operator is o_ =
19){e], its adjoint o7 = o, = |e){g|, and the corresponding Lindblad equation,

known as a Pauli master equation,

d

) 1
=il p)+7 (o-po = 5 oo pi}) (IL13)

The equations of motion of the populations read

P99 — o) — (1 _ pggg)) ’ (I1.14)

showing that the derivative of the density matrix at ¢ = 0 is not zero, as the
normalization and trace preservation | p,ggg ) + pﬁ“’) > = 1. Indeed, the solution

(99)

P =1 — plle

, (I1.15)

meaning an exponential decay of the excited state population with rate ~.
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I1.3. Redfield master equation

I1.3 Redfield master equation

The Bloch-Redfield master equation, Redfield master equation for brevity, is another mile-
stone in the theory of open quantum system dynamics, one of the most used and useful,
independently developed by A. G. Redfield [46] and F. Bloch [160] in 1957. Many different
forms of equations are referred to as Redfield equation, stemming from different moment

in its derivation StepsE] one of the most common forms is the following,

%ps(t) = —i[Hs, ps()] = > > Ta(w’) ([SH(), Suw)ps(t)| @~ 4 he.), (1116)

kil ww!

where h.c. indicates the hermitian conjugate of the term inside the parentheses. We can
note that this is a Markovian QME, a linear and time-local mapping of the density matrix,
but we also immediately see that it is not in Lindblad form, and therefore is not a CP
mapping either. Then, why is it so common and important?

The Redfield master equation is a Markovian master equation that, unlike the Lindblad
form, is derived starting from the full definition of the system-environment Hamiltonian,
applying assumptions and approximations along the way. This allows for precise physical
assumptions, specifying conditions of validity and choosing which and how to apply them,
until a distinct form is obtained; this is extremely useful for providing information on the
dynamics and rationalization of occurring phenomena.

In particular, the Redfield equation stems from a second-order truncation on the
system-environment interaction, considered as a perturbation of the system dynamics, the
factorization assumption, and the Born and Markov approximations. Eventually, further
approximations can be applied and will be introduced in the following, most notably the

secular approximation that allows for the recovery of a Lindblad form.

I1.3.1 A bottom-up microscopic derivation

On the Hilbert space of the composite universe system H = Hs ® Hpg, starting point is
the microscopic definition of the global Hamiltonian in terms of the system, bath, and

interaction Hamiltonians as
H=Hs®1z+1s® Hg+ Hy, (11.17)

where Hg, Hg describe the two isolated subsystems and the interaction Hamiltonian H; €
H is defined as
Hp =) S, ® By. (I1.18)
k

where Sy, € L(Hs), Br, € L(Hp) are interaction operators acting in the respective Hilbert
spaces. From now on, we explicit A to clarify and distinguish terms and their relative

weights, and we recall that its use is required for the numerical simulation of real ex-

2To cite some examples, Petruccione [18], Lidar [34], Vacchini [19] consider for example the integral form of
the partial trace, Rivas |[152], Gaspard and Nagaoka [161], the more explicit formulation - or for simplicity,
mathematicians and theoretical physicists tend to relate to the first more implicit formulation, applied
physicists and physical chemists to the more explicit one.
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Chapter II. Quantum Master Equations

periments. The associated Liouville-Von Neumann equation of the universe system then
reads

| |
So(t) =~ [Hs ©1+ 1.6 Hy + Hy, p(t)] (IL.19)

and we transform to the so-called interaction picture, or Dirac picture,
p(t) = enHsTHB)t (1) o= (HsTHp)t (I1.20)

hence to a co-moving frame to the the free-evolution of the universe non-interacting sys-
tem. The interaction Hamiltonian is transformed similarly, becoming a time-dependent

Hamiltonian. The formal solution obtained by integration is

I~

p(0) = 90) — + [1F110), p(0) (1121)
0

and substituting in the original Liouville-Von Neumann equation, we obtain the following

open integrodifferential equation for the universe evolution

d 1.~

S0 =~ (1), 7(0)] — 3y [ [Fa(o), [, 5] (11.22)

)i

o

To obtain the system evolution, we trace out the bath degrees of freedom,

S s(t) =~ Tus {[H10).2(0)]} — 5 [ T {[F1200), [Fr(8), 0] e, (1023)
0

a recasting of the original equation that describes the exact evolution of the system. Now,
we need to introduce approximations to obtain a solvable form, i.e., a closed form with

respect to the system density matrix, and eventually obtain the Redfield form of the QME.

(R1) The first assumption, common to almost all approaches to OQS and already intro-
duced above, is to consider the factorization of the initial density matrix in a product

state
p(0) = ps(0) ® p5(0) = ps(0) @ pig' (I1.24)

and we continue to assume the environment is at thermal equilibrium, defined p%q =
exp (—HpB)Z~!, where B = (kgT)~! is the inverse of the temperature and Z =
Tr(exp (—Hpf)) is the partition function.

For the free evolution of the bath, this is a stationary condition, as [Hp, pjz'] = 0. Substi-
tuting the factorized state eq. (I1.24]) and the interaction Hamiltonian definition eq. (II.18))
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I1.3. Redfield master equation

in the first term on the r.h.s. in eq. ([L.23),
T { [H1(1), 7(0)] } = Z Trg { [Sk(t) @ B(t), ps(0) @ 5| } (IL.25a)
= Z (80, 25(0)] Tos { Be(t)75'} (11.25b)
= ij [ } (Bi)eq (I1.25¢)

one gets a mean-field effect of the environment on the interaction energy, and one can
account for it by redefining the system and interaction Hamiltonians, or more generally,
one gets (Bg)eq = 0. Then, the dynamics can be rewritten considering only the second
term in the r.h.s. of eq. , the first term vanishing.

(R2) For couplings between system and environment small enough, we can consider a weak
coupling and a perturbative interaction, the environment negligibly modified by its
interaction with the system. We can apply the Born approximation, an application
of perturbation theory, expanding the total density matrix at time ¢ as the series

p(t) = ps(t) @ pg + O(N), and neglecting the higher order terms.

This is a central approximation of the Redfield approach to open quantum systems. It
explicitly states the choices that were left implicit in the Lindblad approach, section [[I.2.1],
the system weakly coupled to a thermalized and much larger environment.

Substituting the approximated universe state and the interaction Hamiltonian in the
nested commutator in eq. , we get

;t = hQZ / (T {Be() Bi(t)pig } [S0(t), Si(t)ps(t)] +hc. )t (11.26)
0

where, without loss of generality, we assume the operators By Hermitian. The trace of
the combinations of bath operators acting at different times on the environment at its

equilibrium is its stationary two-time correlation function

T { By () Bu(t)p } = <Bk(t)B,(t')>eq = Cu(t,1). (I1.27)

Here, we can evaluate different environment models and their interaction Hamiltonian,
either from physical assumptions or starting from microscopic approximated models of
the surrounding environment. Well-known example of the first case is the choice of a
d-correlated environment, very fast correlation times w.r.t. the system evolution, we fall
back to the Markovian assumption, which will eventually lead to the Lindblad equation.
On the other hand, one can derive the correlation function from models, such as the well-
known Caldeira-Leggett modeling of a set of independent quantum oscillators [162], or
from overdamped Brownian oscillators, and many others.

By its construction, the stationary correlation function depends on the time difference

between the time variables 7 = ¢ — t/, and by the choice of Hermitian bath operators
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the additional symmetry C};(7) = Cip(—7), the complex conjugate since quantum envi-
ronments are in general complex valued. The resulting equation is an integrodifferential

non-Markovian master equation,

jtps hQZ / Cualt = 1) [S1(8), S1(#)ps(¥)] + huc.) . (I1.28)

as it depends on the pg at all previous times ¢’ < ¢, and the correlatation function too.
Then, two further approximations are required to obtain a form in the Makovian frame-
work. Let us change the integration variable in eq. to t —t' = 7, allowing us
to express the evolution of pg(t) in terms of pg(t — 7), where 7 measures the memory

backward in time from the current instant ¢,

;t 2 Z/ Ckl k() Si(t — 7)ps(t — 7)} + h.c.) dr. (I1.29)

(R3) The first Markov approximation is to assume that pg(t) varies more slowly than the

decay of the correlation of the bath, allowing us to change

ps(t’) dt’ — ps(t) dt’
in eq. (II.28)), equivalent to approximate pg(t — 7) ~ pg(t).

The equation we obtain is now a time-local master equation known as the Redfield equation
with time-dependent coefficients, the integration affecting now only correlation function

and time-dependent operators S, (¢'), hence time-local w.r.t. the system density matrix.

(R4) The second Markov approximation to remove the time dependency of the coefficients
in the nested commutator. To do so, we follow the same reasoning as above, and
consider that, as pg decays slowly with respect to the correlation function of the bath,

the kernel decays fast enough to extend the integration upper bound to infinity.

We have finally obtained an equation that is time-local and closed for the system dynamics,
the Redfield QME in the rotated frame

jt =2 Z / Ckl k(t), Si(t — T)ps(t )} + h.c.) dr. (I1.30)

Expanding the operators S, on the eigenbasis of the system Hamiltonian Hg and moving

back to the Schrédinger picture we can evaluate the action of eTillst on the eigenstates,

Sy = > (alSu(®)b)la)(b] (IL.31a)

a,beigenHg
= Y (alerstSpem w5t b)) (b) (IL.31b)
a,beigenHg
= Z et Sy (w), (I1.31c)
W=Wgq—Wp
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where efls|a) = eFe|a), E,/h = w,, and w = w, — wy, are the transition frequencies (or

energy gaps) of the system. Finally, we obtain the original formulation of the Redfield
presented in eq. (I1.16]),

 ps(t) =~ Hs, ps(0)] — 15 3 3 Tale) ([SL), Sulwhps()] = +hc),

kil ww!

(11.32)
where the coefficients I'y;(w) are now clearly defined, particularly as the half-sided Fourier

transform of the bath correlation function, evaluated at the system frequency w,
Ta(w / Cha(r)e™™ dr, (I1.33)

and form the elements of the Redfield relaxation tensor.

I1.3.2 Spectral and dispersion functions and spectral density

From eqgs. and we can appreciate that, within Redfield theory, the relax-
ations occur on the basis of the system eigenstates, and the environment influence on
the dynamics is defined by its correlation function through its one-sided Fourier trans-
form. For practical reasons of computation and to introduce further consideration and
approximations, it is convenient to define the environment effect through its full Fourier

transform, its spectral function,

e / Cha(r)e™T dr = T(w) + Th(w), (IT.34)

where, by symmetry of Cx;(7), we have Jy;(w) Hermitian. As for the correlation function,
the spectral function satisfies the Kubo-Martin-Schwinger (KMS) condition [18], which
reads

Jik(—w) = e T (w), (IL.35)

where [ is again the inverse of the temperature. Then, the spectral function at a finite
temperature is not symmetric w.r.t the system frequencies w, and we can split it into two

components, a symmetric and an antisymmetric part,
Jr(w) = szm( )+ Jamt1 (W), (11.36)

where

14 e wh

W) = =

J(w), JEPHTI () = Ji(w) (I1.37)

The antisymmetric component is the correct spectral density of the environment. There
are two important considerations to note, and will be further remarked in the following
Chapter [[V] For high-temperature baths, we can approximate the temperature as tending

to infinity, and as the exponential tends to 1, the antisymmetric component vanishes.
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Therefore, in the infinite temperature limit, the spectral density and spectral function
coincide. Then note that if the correlation is classical, i.e., when a real stochastic process
is used to approximate the environment, the correlation function is real-valued and even,
and by linearity of the Fourier transform, so is the spectral function.

We can further split the components of the Redfield tensor into a Hermitian and an
anti-Hermitian part,

Tha() = 3 () + 5idu(), (I1.38)

where the spectral function is the Hermitian part and iAg(w) is the anti-Hermitian com-
ponent. The matrix A(w) is then a Hermitian matrix, the dispersion function of the

environment, connected through the Kramers-Kronig relation

/
J(w(j, dw’, (I1.39)

w —

Aw) = 73/

where P indicates the Cauchy principal value of the integral [163], and to the Redfield

tensor by

“+o00

M) = [ [Culr)e” — Ci(re] dr
0

_ Lp(w) —ka(w)

1.4
57 (IL.40)

11.3.3 Secular Redfield equation

Further assumptions can be considered, and approximations can be applied, leading to
different recastings of this form. The most notable example is the recovery of a Lindblad
form from this microscopic approach by applying the secular approximation [18, 34, |50,
164}, 1165], commonly known also as the rotating wave approximation (RWA).

This approximation consists of neglecting the fast oscillating terms in eq. , mo-
tivated by a choice of coarse-graining [166-169], which is somehow implicit in the Markov
approximationsand and further refined. As the system evolves slowly compared
to the environment, the oscillations due to the terms e “~+") for w # w’ are considered fast
and cancel out during the integration. Then, the timescale that we can use to observe the
dynamics must be larger than the inverse of the minimal system energy separation, which,

together with the considerations for the Markov approximations, leads to the condition
Tr 3> T3> T, A max hEy — Byt (I1.41)
a7

where 7. is the characteristic timescale of the system relaxation, 7 is the dynamics timescale
and 7,, is the characteristic correlation timescale of the environemt.

Then, the Redfield tensor is split into the dispersion and spectral components; the
first one renormalizes the system Hamiltonian, accounting for the interaction with the
environment, and the second one reduces to the matrix of relaxation rates of the quantum
channels. Finally, the Lindblad form is recovered, ensuring CPT properties.

This is the strongest approximation that we can apply to the Redfield equation. How-

ever, conversely to the direct use of a Lindblad form, the operators in the dissipator and
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the relaxation rates are derived from a microscopic model, retaining the characteristic
quantities of a microscopic derivation [170H172]. Furthermore, one can avoid applying a
full secular approximation and rather perform partial secular approximations. One ap-
proach is clustering sets of frequencies, and then the secular approximation is applied at
the cluster level, in a frequency coarse-graining [173|. Another is to remove only the faster
oscillating terms, but keep others |167, 168, 174, [175].

Whilst the secular approximation ensures positivity of the map by yielding a Lindblad
form, we conclude by noting that the non-positivity of the Redfield equation can be a
useful indicator |[176], signaling conditions that are incompatible with the assumptions and
approximations underlying the derivation. Rather than attempting to recover positivity a
posteriori, given that Lindblad and Redfield forms rely on the same range of validity, see
section [[T.2.1] such behavior should be taken as an indication that other approaches are

required.

I1.3.4 Redfield tensor without imaginary component

Another approximation that can be applied, softer than the secular, consists in neglecting
the imaginary component of the Redfield relaxation tensor I'. This approach has been
proposed in the context of light-harvesting molecular complexes, most notably the Fenna-
Matthews-Olson complex [177], and has been further studied in different scenarios [171}
178]. Within this approximation, the dispersive contribution to the Redfield tensor in
eq. ([1.38)) is neglected by setting Ag;(w) = 0. These terms constitute the anti-Hermitian
part of I' and give rise to an effective correction Hamiltonian, known as the Lamb shift
Hamiltonian Hrg, which acts as a renormalization of the system’s energy levels. Specif-
ically, non-degenerate levels are shifted, while degenerate levels may be split. Therefore,
neglecting this contribution amounts to disregarding environment-induced energy shifts.

This reasoning applies to the secularized form of the Redfield equation, where the
Lamb shift term is clearly identified, but additional care is required when dealing with
alternative forms, as we discuss in further detail in section
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Chapter III

Stochastic Derivation of Open

Dynamics

An alternative family of approaches to the description of open quantum system dynamics
is the use of stochastic methods to understand, efficiently compute, and derive quantum
master equations. As introduced in section there are two main routes one can fol-
low: an effective description of the system, of phenomenological nature, or a microscopic
treatment that starts from the definition of a quantum environment and its subsequent
elimination. Two formalisms are central to effective description approaches, namely the
stochastic Hamiltonian (SH) and a more general formulation, the stochastic Schrédinger
equation (SSE). The first one offers the possibility of a description of random fluctuation in
the parameters of the system Hamiltonian, either modeling the effects of the physical sur-
roundings of the system and its hidden degrees of freedom, or its interaction with external
apparatuses. Recently, a wide range of sophisticated techniques have been developed to
control and drive the quantum state for information processing, and when the control field
is described within a semiclassical framework, the inclusion of fluctuations in the driving
protocol directly maps onto a stochastic Hamiltonian description. This perspective is es-
pecially relevant in the context of NISQ devices [56-58|, where unavoidable imperfections
and control noise manifest as stochastic perturbations of the system Hamiltonian, thereby
shaping both dynamics and computational fidelity [59H62]. The second formalism, the
stochastic Schrodinger equation, is more general, and allows more than the insertion of
random fluctuation in the Hamiltonian, allowing for a wider range of descriptions.

In this Chapter, we aim to provide a clear analysis of these methods by uncovering
and elaborating on their common roots in the basic concepts of stochastic calculus. Our

main interest is in dynamics governed by stochastic Hamiltonians (SH), which we show
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Figure III.1: A schematic example of various of the possible contributions to the stochas-
ticity of an open system, proposed as a two-spin system, or two molecules interacting
through their dipoles. In green and labeled A, particles of the surrounding (a solvent, a
fluid, a solid matrix), oscillating and changing at each time the potential embedding of
the spin. This affects the second spin through the coupling J. In orange, we consider the
different oscillations of the particle, not included in the system’s full quantum description.
In the red ¢, we point at the different orientations that the spins (dipoles) can have with
respect to each other at each time, the difference precession frequencies, and so on. In
blue, if interacting with an external field, for example an electromagnetic field E(t), that
carries its own randomness and instrumental error.

can be identified as a constrained instance of the stochastic Schrodinger equation (SSE)
for pure states and of the stochastic Liouville equation (SLE) for generally mixed states.

We present a unified perspective that bridges methodological developments using
stochastic Hamiltonians across chemical physics and quantum information science. We
trace how different choices in the formalism determine implementation pathways: numer-
ical quadrature of stochastic trajectories versus random-unitary maps, the latter being
well-suited for integration into quantum algorithms. Therefore, we do not intend to pro-
vide a comprehensive review of all the stochastic approaches to open quantum systems;
rather, to assemble selected tools and results known from specific applications and draw
explicit connections among them within a single stochastic-calculus framework, providing
a self-contained synthesis that clarifies foundations, equivalences, and computational con-
sequences, yielding a practical toolkit for simulating open-system dynamics with stochastic
Hamiltonians. To this end, we will make use of the two main interpretations of stochastic
calculus, named after It6 and Stratonovich, presented in section [[II.2] and point out ex-
plicitly the difference between a stochastic process and a noise. We further show how each
formulation naturally maps to distinct numerical workflows, amenable to efficient classical
trajectory integration or to quantum-algorithmic implementations.

This Chapter is based on the results originally developed by the author in Ref. [146].
The material is here primarily contextualized within the scope of the thesis, while several
aspects are further expanded in Chapters [[V] and [VI]
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Figure II1.2: A schematic map of the two mathematical frameworks and relative workflows
for the stochastic Hamiltonian applied to a wavefunction dynamics, based on the Ito (up-
per green branch) and Stratonovich (lower blue branch) interpretations. The Stratonovich
pathway connects stochastic Hamiltonians to direct simulations of the density matrix dy-
namics through random unitary gates, while the Ito pathway provides the correct formu-
lation for analytically obtaining quantum master equations (QME). The random ordinary
differential equation (RODE) case appears as a special limit when dealing with continuous
stochastic processes as Hamiltonian fluctuations.

I1I.1 Modeling of the stochastic Hamiltonian

Let us start from the dynamics induced by a stochastic Hamiltonian [53| |54, 179], as it
provides a particularly direct and versatile route to model environmental effects without
the need for a complete microscopic model of the underlying system-environment dynam-

ics. In this framework, the effective Hamiltonian Hfff is composed of the bare system

Hamiltonian H plus a randomly fluctuating term H"*| so that we can write
HE = H 4+ g = H + ZR (ITL.1)

where R is a Hermitian operator in the system space that defines the interaction with the
environment, and (Z;);>0 is either a continuous stochastic process or a discontinuous noise
that models the effect of the environment on the system. Since the specific form of the
system Hamiltonian H is not relevant to our discussion, we will consider it as a generic
time-independent Hermitian operator, but our conclusions can be easily generalized to the
time-dependent case.

In the following, we show how this description arises from the classicization of the
bath under some assumptions, and then we employ different mathematical frameworks to

obtain specific descriptions.

I11.1.1 Classicization of the environment

Many elegant rationalizations have been proposed that justify the approximation of an
environment with some stochastic model [180+185]. The first works using these approaches
were related to the stochastic behavior of the reduced density matrix |52} (54} 186, [187],

and then formulated for wavefunction dynamics [66, 67} 70, [71].
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Figure I11.3: Example of the effect of a stochastic fluctuation at a time ¢ on the Hamiltonian
energy levels in site basis for the single-exciton manifold of a system of two degenerate
sites, i.e. &g = €1, indicated by the central dotted line. The vertical blue lines indicate
the variance of the stochastic energy fluctuation, the red lines the instantaneous energy of
each level at a time ¢, namely &; + d¢;(t). The two levels are coupled by a term of constant
2, shown as a black line.

We start from a system-environment interaction Hamiltonian of the type
Hie = cSB + st B (IIL.2)

where S acts on the system and B is the operator acting on the environment. Choosing

B Hermitian, we can write

Hi = (cS+¢"ST) B. (I11.3)

To confine the description within the Hilbert space of the system only, the environ-
ment operator B must be replaced with a function B;. This is the first step of numerous
embedding schemes, where the environment is reflected in a possibly time-dependent po-
tential. Notice that when such a potential has a stochastic character, the expected change
of the purity of the system state, typical of open quantum systems, can be recovered by
averaging over different trajectories [180, 188§].

In some cases, the stochastic field can be considered as a surrogate environment, orig-
inating from the coupling Hamiltonian and the state of the original microscopic environ-
ment [181-183]. A prominent example used in triplet exciton dynamics is the replacement
of a wide-bandwidth bosonic bath in the high-temperature limit with Gaussian white
noise, which acts as a genuine surrogate field [54]. More commonly, the use of stochastic
fluctuations in the Hamiltonian is postulated to represent the dominant environmental
influence, with no reference to a microscopically defined environment.

The fluctuating interaction Hamiltonian, now acting on the system subspace only,
becomes

Hivt — 7.5 + 77 st (I11.4)

where
Zt = CBt. (1115)

For real interaction coefficients ¢, we obtain real processes Z;, allowing us to identify the
operator
R=S+5T, (I11.6)

and retrieve eq. ([1I.1)).

The dynamics of the reduced system, which originates from the evolution of the system
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plus environment under the Hamiltonian H' = H + H;,, unravels in terms of trajectories
evolving according to the effective Hamiltonian in eq. (I11.1]). We can write the Schrédinger

equation for a system with the stochastic Hamiltonian as
d trj . trj
&z/zt =—i(H+ ZiR) ", (II1.7)

where the superscript acknowledges the random nature of the single evolution, a trajec-

tory. Depending on the formal structure of Z; and the target implementation, different

formalisms should be used to ensure that eq. is well defined, as we show below.
The reduced density matrix of the open system is obtained as the averaged density

matrix over all the possible trajectories, that is
pr=E [pf3] = E [}, (IIL8)

where pirj is the density matrix of the system along a trajectory and E[-] indicates the ex-
pected value of the argument, obtained as the ensemble average. In any practical case, the

average over the ensemble of all possible trajectories is approximated by a finite averaging

E[pi"] = lim e i pgn) o~ 1 i\f: pgn) . (I11.9)
meeem o N =

Note that the averaged density matrix, eq. , does not describe a pure state, but
rather the mixed state of an ensemble where dissipative effects stem from the fluctuations
induced by the stochastic component. Importantly, the average maps are completely
positive and trace-preserving (CPT) [189] by construction, as the mean dynamics derives
from the average of pure quantum states.

To exemplify the formalisms introduced above and the further development in the
following sections, we will consider examples of quantum two-level systems. In what
follows, we recall the stochastic Hamiltonian formulation of coherence decay between two
excited states, originally proposed in the context of triplet exciton dynamics by Haken
and Strobl [54].

Example III.1 | Haken-Strobl

Let the system basis be composed of two sites {|0), |1)}, with energy ¢y and ¢y,
respectively, and let them interact by a coupling €2 that coherently switches
between the sites. The total Hamiltonian, H in eq. (I1I.1)), is then

H = £0[0)(0] + ea 1)(1] + Q(|0)}{1] + [1)(0]) . (111.10)

A stochastic fluctuation, modeled as white noise (see Appendix [[II.A]), is ap-
plied to the site energies to replicate the effect of a rapid Markovian environ-
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ment, Figure [[II.3] We can therefore write the fluctuation Hamiltonian as

~_fluct

™ = 620(£)]0)(0] + de1(£)[1) (1] - (IIL.11)

From a comparison with eq. (III.1)), we can identify two noise variables
Zp(t) = 0eo(t) and Z,(t) = 0e1(t), and the two associated operators Ry = |0)(0]
and Ry = |1)(1|. This setting reflects a Haken-Strobl model [54], the prototypi-
cal description of site dephasing in a quantum system. The trajectory dynamics
are computed according to eq. , the formal explanation for this choice
will become clear in section [[II.3] and the mean dynamics is obtained as the
average over trajectories, see eq. . It is well known (see section for
the details) that the average dynamics of this model is exactly the solution
of a Lindblad equation, reported in Appendix [[IL.B] In Figure [[II.4] a swarm
of trajectories is depicted, showing the random character of each realization,
and the effect of the different sizes of the sample space is highlighted in the
two panels by comparison with the exact solution of the associated Lindblad
master equation. Note that, differently from the average behavior, each trajec-
tory maintains the coherent (oscillating) character typical of pure states. The
system parameters used for the example are reported in Appendix [[II.B]

(a) (b)
1.0 . 7
1) TR Ntra' =10
0 -—- Lindblad
\‘ ‘ a\ LN
Z 05 - ‘
QU
0.0 1 B
0 2 4 6 8 10 0 2 4 6 8 10
Time Time

Figure II1.4: Stochastic trajectories and average dynamics of the population pﬁ“) =

(1|p¢|1) for the Haken—Strobl model presented in the text, computed with the
stochastic Hamiltonian approach. (a) Individual realizations of a small ensemble
of 102 trajectories (grey lines in transparency), one single trajectory highlighted
(blue line), and their average (green line). In panel (b), the average over 103 trajec-
tories (black line) is compared with the exact solution of the corresponding Lindblad
master equation (red dashed line), showing agreement between the stochastic and
the master equation descriptions.

60




II1.2. Stochastic calculus tools

I11.2 Stochastic calculus tools

Introducing stochastic potentials to model random contributions to a system’s dynamics
naturally calls for the use of stochastic calculus tools. Within this section, we provide a
brief review of essential concepts. We recall the differences between the approaches by Ito
[190] and Stratonovich [191] to stochastic calculus as they will be central to appreciate the
application-oriented analysis of the following sections.

We introduce the definitions of stochastic differential and stochastic integral, needed
to formalize the definitions of stochastic process and noise, in the two main frameworks
that we need in the following. For a comprehensive and accessible introduction to the
topic, we refer the reader to Ref. |192].

We define a stochastic differential equation (SDE) as the formal expression
dZ, = f(t, Zy) dt + g(t, Z;) AW, (T11.12)

where dZ; is the stochastic differential of the process Z;, f(t,Z;) and g(t, Z;) are either
functionals of the process or simple functions of time, W; is a Brownian motion (Wiener
process), and dW; its differential with scaling dW; ~ Vdt, see Appendix for more
details. Indeed, this type of notation is needed because the time derivative of the Wiener
process is not a well-defined function; hence, the same is true for the time derivative of

the generic process Z;.
Eq. [[TI.12]is a shorthand notation for the integral equation

t t
Zy = Zy + / f(s,Zs)ds + / g(s, Zs) AW, (II1.13)
0 0

implying that we need to find a way to define an integral of the form

T
/ 9(t, Zy) AW, (II1.14)
0

that cannot be understood as an ordinary integral.
Expressing the integral as its Riemann-sum approximation on a partition of m elements

of the time interval [0, 7], we write

m—1

[ o2 aWen S g2 OW 152) —~ W (t) (ITL.15)
k=0

where 73 is a point that lies within the subinterval [tg, tx4+1], i.e.
T = )\tk+1 + (1 — )\)tk AE [0, 1]. (HI.IG)

The choice of the parameter A defines different integral interpretations, introducing dif-
ferent frameworks [192, (193].

Ito’s integration is identified by A =0, which corresponds to setting 7 = t, the left-
hand point of each subinterval. This choice means that we do not need previous knowledge

of the function at future values, in agreement with the idea that the stochastic potential
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Chapter III. Stochastic Derivation of Open Dynamics

provides unpredictable random perturbations to the system. In this interpretation of the
stochastic differentials, the product rule for the differentials is not the ordinary one, but
Ito’s product rule: for two differentials of the form dZ; = F; dt + G; dW4, the differential
of the product is

d(Z123) = Zo dZy + Z1 dZy + G1G2 dt, (I11.17)

where, compared to ordinary calculus, we find the additional term G1Godt due to the
scaling (dW)? ~ dt.

Alternatively, among the infinite other possible choices, setting A\ = % leads to the
Stratonovich integral definition. In this definition, the integral is time-symmetric, with
both the function and the Wiener differential “sticking out toward the future” and the
functional g(Z,t) being now anticipating, or non-adapted. This means that the informa-
tion at any time ¢ depends on some future-time values, but it agrees with the notion of a
mid-point rule. Thus, in the differential Stratonovich notation, commonly identified by a

circle before the stochastic differential o dW, we can write
od(Z1Z2) = Z10dZy + Zy0dZ; (I11.18)

where the usefulness of restoring the basic rules of differential calculus justifies the tricky
anticipatory nature of this interpretation. A fundamental point now is the definition of
the o symbol we used to indicate the Stratonovich differential as an actual multiplication,
known as the symmetric Q-multiplication [193] which, for two time-dependent random
variables Y; and Z;, is

YiodZ; :=Y;dZ; + %dZt dY; (I11.19)

with the differential on the r.h.s. now expressed in the Ito interpretation. Then, by

combinations, and possibly iteration, of eqs. (III.18) and (III.19) we can transform a
Stratonovich SDE into an Ito SDE.

Hereforth, we define a stochastic process as the integrated form of any Ito stochastic
differential equation,
Zy = /dZt, (I11.20)

that is the solution of eq. ([11.13)). The term noise corresponds instead to the formal time
derivative of the stochastic process in a distributional sense,

Zy = dz;/ dt. (I11.21)

Therefore, in the SDE formulation, we define noise-inducing the stochastic differential
dZ; itself. This definition can be understood by formally dividing eq. (II1.12)) by the time
differential d¢ and obtaining a Langevin-like form, where the presence of a noisy drive is

evident in the equation of motion for the process.
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I11.3 Unitary propagation under stochastic Hamiltonians

Looking for the solution of eq. (IIL.7]), under ordinary calculus rules, we expect to be able

to write a formal propagator of the form

t
Upty = Ts exp {—i / He ds} (I11.22)
to

where 75 is the time-ordering operator, leading to solutions of the wavefunction evolution

in the form

Yt = Uttgto (I11.23)

with initial value 1)y, meaning that we should be able to propagate each trajectory through
this unitary. As anticipated in section [[II.1}, we want to write eq. (II1.7]) in a formally
correct way. We start writing the random potential as a noise, for simplicity the common

white noise & of intensity -, by setting

dW;

Zr=8& =73 (IT1.24)

where dW; is a proper stochastic differential and the formal time derivative is a dis-
tribution, the white noise distribution. Substituting this definition into eq. (II1.7) and
multiplying both sides by d¢, we obtain a mathematically correct formulation of the equa-
tion:

dipy = —iHapy dt — iy Ry o AW, (I11.25)

The choice of the Stratonovich interpretation of the differential is fundamental, as it
allows us to write the analytical solution to eq. (I11.25)), since in this formalism the rules
of ordinary calculus are indeed valid. As for the solution of the Schrédinger equation, we

obtain . .
Py = T exp {—z/ Hdt—1i+y | Ro th} Uty (I11.26)
to

to

where we recognize in the time-ordered exponential the propagator of the dynamics, mean-
ing that each trajectory can be propagated through this unitary. These solutions, proposed
using white noise for the sake of clarity, can be easily generalized for colored noise, paying
attention to the correct integration of the deterministic and stochastic parts. We point
out, in the following section [[IT.4] that this is not always the case in the Ito formalism,
and further constraints must be introduced.

Care must be used in the description of the dynamics of the mean density matrix of the
open system, whose equation cannot be obtained by adhering to this formalism. Indeed,
while eq. holds true, if we take the product differential d(@btib;r ) and we average,

E [d(gep])| = i [H,pupf] dt = ivE ([R, vi0f] 0 dW,) (I11.27)

we do not directly obtain the expected form of the master equation, a Lindblad form in
the case of white noise stochastic driving. We refer to section [[II.4] for the computation of
the QME, for which one needs to work with Ito calculus.
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Chapter III. Stochastic Derivation of Open Dynamics

II1.3.1 Advantages of the Stratonovich interpretation

In this framework, we obtain the expression of the propagator as a unitary operator,
ensuring norm preservation trajectory-wise. We can obtain the numerical solution for the

evolution in the time interval [0, 7], discretizing time into S small time steps 7 =T/

S
U =[] Usr(s—1)r (IT1.28)
s=1
and approximating at each time step the time-ordered unitary propagator with a first-order

Magnus expansion [194} 195]:

Usr (s-1yr ~ exp{ _ i/ST Har—iv [ Ro dWT}. (I11.29)
(s—1)T (s—=1)T

This allows for the numerical integration of every trajectory solution, keeping the unitary

character of the propagators. We highlight that the choice of a small time step is important

for convergence to the exact time-ordering solution. Higher-order Magnus expansions can

also be employed to achieve better convergence.

This numerical scheme may not be efficient for implementation on classical computers,
as it requires computing matrix exponentials at every time step. Nonetheless, ensuring
the norm-preservation trajectory-wise allows, on one hand, for a clear geometrical inter-
pretation that we can exploit to visualize the state dynamics and gain information from,
see Chapter [V] Furthermore, it directly allows for the construction of quantum algorithms

in digital quantum computer architectures, as we will discuss in Chapter [V,

III.4 Stochastic Schrodinger Equations: recovery of Quan-

tum Master Equations

In this section, we present two different routes to obtain the equation that regulates the
average dynamics. First, we show that the definition of stochastic Schrédinger equations
(SSE) is based on Ito’s calculus. We start with a general way to formulate the SSE,
pointing out along the way the more general descriptions that this method allows for.
We then rewrite the Stratonovich SDE in its equivalent Ito’s form, the way we need to
go to recover the Lindblad master equation, therefore showing the equivalence of the
two methods if we impose constraints on the SSE. We refer then to section for the
derivation of more complicated open-form and correlated master equations starting from
this stochastic framework.
A simple and general way to formulate the SSE is with a linear stochastic differential
equation
dyy = Ay dt + By dZy (I11.30)

where the operator A contains the deterministic (Hamiltonian) evolution of the system
and B is the operator setting the structure of the stochastic fluctuations encoded by the

Ito’s differential dZ; of a stochastic process Z;. This allows for a great variety of models

64



IIT.4. Stochastic Schrédinger Equations: recovery of Quantum Master Equations

depending on the choice of the process and of the operators |59} 62, |147] [196] 197].
Linear SSEs do not, in principle, ensure the preservation of the norm of the state
vector during a trajectory. In this framework, normalization can be obtained by ensuring
the martingale property on the norm of the wavefunction, meaning that the norm of the
wavefunction at any time is constant as an average over the ensemble. This gives the

condition

E [[[al2] = B [llvw|?] =1 = E[d@{v)| =0. (I1L.31)

Recalling Ito’s product rule, eq. ([I1.17)), and writing in braket notation, the condition

above translates to

E[(wrl (AT + A)[ge) dt + (i (BT + B) ) dZ,
(I11.32)
(| BUB|) (42,)° + O(d*) + O(dt dZ)] =0,

where the second-order term w.r.t. dZ; depends on the specific process (Z;)>o and terms
of order O(dt*/?) and higher are neglected. We note explicitly that these definitions do
not make any assumptions on the stochastic process. Therefore, Equation imposes
constraints on the forms of operators A and B depending on the SDE of the noise d X;.
We briefly comment on an alternative approach to the normalization, leading to a
different description of the system under continuous measurement. The wavefunction
can be normalized as an a posteriori state, by the action of the measure, introducing
Y = /||| for each trajectory realization. This leads to the study of nonlinear SDE,
thoroughly discussed in Ref. [65], an approach that will not be considered further in this

work.

II1.4.1 Unraveling of Lindblad forms

We now focus the discussion on white-noise-driven systems for the sake of clarity and for

a later comparison with the Stratonovich SDE. We let the generic noise of the SSE in
eq. (II1.30) be a white noise by setting

When applying the normalization condition, first we have to expand the derivative of the

inner product,

d(Wfve) = (e + o] d@wn) +dw]) d() (I11.34)
that, thanks to Ito product rule in eq. ([I11.17]), and eq. (I11.32]), reads

d(Wfahr) = ] Aty dt 4+ v Bl AW, + o] Ay dt + ] Bayy dW,

) (111.35)
+ 42 BT By, dt .
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Chapter III. Stochastic Derivation of Open Dynamics

In the usual braket notation, the argument of the average can be written d((¢¢|¢)), and

the condition can be written equivalently as

(el ) = (e AT|e) At + (3| BT o) AW,
+ (| Alape) At + (| Blaby) AWy (I11.36)
+ 72 (| BYBlyy) dt

from which it is easier to see the following recasting of the expression for the differential,

and then the normalization condition as
E [d((aftn))] = E (¢ AT+ A+ 2B Bly) dt| + 9B (] BY + Bl dWy| . (1TL.37)

Thanks to the properties of white noise, the second term vanishes, averaging to zero, see
Appendix and Ref. [192]. To ensure the normalization at all times ¢, we must impose
the term in dt to be zero, and it follows that the total operator acting within the braket
must be null,

AT+ A+~*B'B =0. (I11.38)

Since the operator A must contain the Hamiltonian of the system, so that the deterministic

Schrédinger equation can be recovered in the absence of noise, we define it as

A= —%H +C, (I11.39)

where the operator C' is the correction term needed for the normalization. We reintroduce
in this section the explicit use of ki for the numerically oriented nature of this method,
where different powers of A not set to unity would lead to incorrect results. Substituting
the definition of A above, the Hamiltonian terms cancel out, and since it is always true
that BfB = (BTB)T, the renormalization operator reads

1
C = —§VQBTB, (I11.40)
leading to
' 1
A= —%H -57°B'B, (ITL.41)

where we stress again that (BfB) is always Hermitian, even when B is not. To keep the
units consistent, we set B = L/ V.
The normalized SSE, for a system driven by white noise, is then
dep; = (—iH - 172LTL> b dt + — Laby, AW, (IT.42)
t 7 o7 t NG t AWy, .

the form that allows us to numerically compute the stochastic dynamics of the system
state. Using Ito’s product rule, eq. (II1.17), for the differential d(yyf) = d(ptV), we

can write the corresponding equation for the evolution of the trajectory density matrix,
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IIT.4. Stochastic Schrédinger Equations: recovery of Quantum Master Equations

sometimes referred to as the quantum stochastic master equation (QSME), as

. 2
rj ? ] v rj
d(py") = = 5 [H.p}" dt = - {LL, pi"} dt

h ) (II1.43)
8 trj | trjpt g iy
+ —=(Lp;" +p, ' L"YdW + —Lp, L' dt
e+ o L) AW+ Ly
where [-, -] is the commutator and {-, -} the anti-commutator. Finally, taking averages as
in eq. (IIL.8]), we obtain the associated QME in the form
d 1 r 1
—p = —— ([t _ It
=7 [H, pi] + 5 <L pL 5 {L L,Pt}> ; (IIL.44)

which is a generic Lindblad form with a single relaxation channel characterized by a
constant dissipation rate I' = 42. This is easily generalized to multiple dissipation channels
(L, v) using additive noise sources in eq. [65, [198].

Since there are no constraints on the operator L, rightfully renamed L as a Lindblad (or
jump) operator, this SSE describes a wide class of open system dynamics, wider than the
stochastic Hamiltonian, as we clarify in the following section. In particular, when L does
not commute with the Hamiltonian, the dissipative dynamics include transitions between
the eigenstates of the Hamiltonian. Furthermore, when L is not Hermitian, upwards and
downwards transitions in energy can occur with different rates, leading to non-uniform

stationary states.

Example III.2 | Spontaneous emission

As an example of dissipative dynamics that can be described with a simple SSE
but not with a stochastic Hamiltonian, we consider the spontaneous emission
of a two-level system, as proposed in Example , from the excited state |e) to
the ground state |g). The Hamiltonian of the system is H = £,|g)(g]| +¢.|e){e].
The operator for the stochastic component of the evolution is not Hermitian
and takes the form B = o_ = |g)(e|. This is the jump operator that, in the
corresponding Lindblad dissipator, describes the transition from the excited
to the ground state. The associated normalized SSE that we can propagate

numerically is
1
duy — (—z’H _ 272@0) by dt + vy AW, | (IT1.45)

where o, = O‘T_, and the corresponding Lindblad equation for the average
dynamics reads

d

. 1
= [H,p) + T (apﬂn By {o40_, pt}> : (I11.46)
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In terms of ground state population one obtains

d ee
o =T, (111.47)
with the solution
p? =1 p{e Tt (II1.48)

meaning an exponential decay of the excited state population with rate I', as
it can be observed in Figure [[IL.5] Note that, as the normalization is ensured
on average in the stochastic formulation, in this case we can clearly observe

that the single trajectories are not individually normalized.

Lindblad

= pCﬁ

Time

Figure II1.5: Spontaneous emission dynamics of a two-level system simulated via

stochastic Schrodinger equation (SSE) trajectories. The population of the excited

state pgee) (blue line) and the ground state pggg ) (black line) are obtained as averages

over an ensemble of 10? stochastic realizations, shown for pggg) (grey transparency

lines). The averages show agreement with the exact solution of the Lindblad master
equation (red dashed line).

I11.4.2 The stochastic Hamiltonian as a stochastic Schrodinger equation
subclass

Since every Lindblad form can be obtained from an SSE using white noise by an appropri-
ate choice of the operator B, it is natural to wonder whether the stochastic Hamiltonian
can be regarded as a specific case, a subclass, of this stochastic approach. Comparing
the stochastic Hamiltonian formulation of eq. with the general form of eq. ,
one may relate the two noise coupling operators as B = iR, where we set again h = 1
for the sake of clarity of visualization. Notice that the stochastic Hamiltonian needs the
additional constraint R = R, to preserve the hermiticity of the effective Hamiltonian.
However, this form prevents us from simply deriving the exponential solution as done pre-
viously in section [[II.3] Indeed, the incorrect exponentiation would lead to real negative

contributions, causing the loss of wavefunction norm at each time step. This is due to
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the interpretation of the stochastic differential, which does not allow for ordinary calculus
rules. Therefore, to be able to obtain the correct unitary map eq. , we need to
change the interpretation of the stochastic differential from the Ito form (dW;) to the
Stratonovich one (o dWy).

Here, we show how to move from Stratonovich to Ito for the stochastic Hamiltonian
class, hence recovering the Lindblad master equation, and showing the equivalence of the
two methods.

Starting from the stochastic Hamiltonian definition in the Stratonovich formalism in
eq. (II1.25)), using the definition of the Q-multiplication in eq. , we can write for

the stochastic component in the wavefunction differential
—iyRyy o dWy = —iyReyp AW, — %YR dv, AW, (I11.49)
where we insert back the definition eq. of the differential di; to obtain
—iyRipy o AWy =—iyRpy AWy — %R(—ihﬁ/}t dt — iyRypy o dW) AW, (IT1.50)

To avoid the inconsistency of dealing with mixed Ito and Stratonovich differential terms,
we need to apply again eq. (I1.49) to the Stratonovich term in the parentheses above

obtaining, for the r.h.s. of eq. ([11.50)),

—iyRipy AW — Z;R{ — iHy, dt — iyR x
(IIL51)
1
X {wt AW, + 5 (=iHy dt — ivRi o th)} } dws,

where the terms of order O(dt3/ 2) and higher ['| can be neglected. Then, the only terms
that survive are the ones in dW; and (dW;)?:

2
—iyRipy o AW, = —iy Rapy AW, — %R% dt. (I11.52)

Notice that the last term, proportional to v2, corresponds indeed to the normalization term
required in the SSE approach using the Ito formalism. In the Stratonovich formalism for
a stochastic Hamiltonian, the normalization is implied a priori, and does not need to be
enforced, as it comes with the formalism, and the normalization term arises when rewriting
into the Ito formalism.

The one additional constraint to be imposed for the normalized SSE in Ito formal-
ism, eq. , to be equivalent to the Stratonovich stochastic Hamiltonian dynamics,
eq. (I1I1.25)), is that the operator R must be Hermitian, eq. , together with the
identification B = iR anticipated at the beginning of this section. With this constraint,

substituting eq. ([11.52) into eq. ([11.25)), we obtain the norm-preserving SSE, eq. (I11.42)),

LO(dtdW) = O(dt*/?), O(dtdt) = O(dt?), and since O(dtdW o dW) > O(dt?), any terms arising from a
further expansion are evidently of order higher than O(dt3/ ).
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and then by usual Ito’s calculus we obtain again QMEs in Lindblad form. Notice that the
additional condition on B, which is required to be anti-Hermitian in this case, defines a
specific subclass of Lindblad dynamics, those unraveled by stochastic unitaries. Notable
examples are pure decoherence dynamics and population transfer in the high temperature
limit |183].

We conclude that, within this specific subclass of the SSE, one can use one mathe-
matical formalism or the other to their convenience. Using Stratonovich for deriving a
stochastic evolution in the form of a closed standard Hamiltonian dynamics and admitting
fluctuations in the Hamiltonian, leads to a structure more immediate to understand, and
that allows for direct quantum computing implementation. The construction from Ito
formalism, leading to the SSE, is otherwise used for the analytical derivation of quantum
master equations, and allows an efficient numerical implementation as further explained
in the following. As long as the constraints presented for the equivalence of the two for-
mulations hold, the transformation between them is well-defined, and one can use the

description most suited to their needs.

I11.4.3 Advantages of the Ito framework

The first clear advantage of the SSE approach and the Ito interpretation is that it allows
the formal derivation of the associated QMEs. This is true independently of the form
of the operators. Indeed, we can obtain a variety of dynamics much wider than the sole
stochastic Hamiltonian class. Restricting ourselves to this smaller class, we still have
flexibility with the choice of the noise-inducing differential dZ;, and we can generalize to
non-linear SSE, and to various measurement interpretations [65].

As of today, with quantum computations not yet living up to their full potential, the
other important advantage of the SSE framework is that it allows efficient implementa-
tion schemes on classical computing architectures, avoiding the necessity to implement
matrix exponentiation at each timestep of propagation and relying on efficient linear
algebra schemes. These schemes are based on finite-difference integration, such as the
Euler-Maruyama method [199} |200], the extension to SDE of the Euler finite difference

methods,

; 2
[ T gt 0
Pnt1 = Pn <hH + 558 B) A+ \/EB¢tAWn. (I11.53)

Other integration schemes are the Milstein method, which adds a correction to the
strong order of convergence [201], O(At) instead of O(v/At) but maintaining the weak
order of convergence, and Runge-Kutta methods, less used in the stochastic setting as
their complexity rapidly increases with the order of the method [202-206].

We should point out that quantum computing implementation of the dynamics ob-
tained in the SSE method is still possible, but with some caveats. The implementa-
tion through stochastic unitaries, discussed in detail in Chapter [VI] is possible as long
as the system can be described as a stochastic Hamiltonian, and therefore recast in its
Stratonovich equivalent. Otherwise, different schemes must be used and relevant examples
can be found in refs. [207-211].
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I1I.5 Random Ordinary Differential Equations

In the sections above, we used two definitions of stochastic differentials, Itc and Stratonovich,
to introduce the effect of noise on the quantum dynamics. On the other hand, the fluctua-
tion in the Hamiltonian in eq. can also be a stochastic process, namely a continuous
function that solves its own SDE. In this case, Z; in eq. (IIL.1) is a well-defined continuous
function and not a distribution, therefore eq. can be treated as an ordinary dif-
ferential equation (ODE) with random and fluctuating coefficients (RODE), without the
need to resort to the stochastic differential equation frameworks.

This is equivalent to setting to zero the stochastic differential terms in egs.
and and letting random fluctuations appear in the operator A, which now becomes
random and time-dependent. In this way, we obtain precisely a Schrédinger equation with
the stochastic Hamiltonian in eq. ([IL.7). The evolution of the system wavefunction is then
well defined, continuous, and at least one time differentiable. This special case allows for
the use of random processes in the effective Hamiltonian, such as the Ornstein-Uhlenbeck
process (OU) [212, [213], and not their noisy increments [147, 214]. The OU process is a
Gaussian stochastic process with zero mean characterized by a two-time correlation func-
tion decaying exponentially, discussed in further details in section This process
has been used to study memory effects in excitation transport in chromophore aggregates
[214H216], and to describe random modulation of the spin Hamiltonian in magnetic res-
onant experiment [187]. We return to this latter application in the illustrative example
below.

Since the problem of the dynamics is well posed, the numerical implementation in-
herits the advantages of both methods discussed above: it can be discretized in time and
integrated wvia finite-difference schemes to be optimized in classical computers. It also
admits the unitary propagator, as long as the constraints of the stochastic Hamiltonian

hold, which allows quantum computing implementation via unitary gates.

Example II1.3 | Spin-; molecular tumbling

Continuing with the use of a two-level system and prototypical examples, let
us consider the description of spin relaxation channels, relevant in magnetic
resonance experiments such as NMR (nuclear magnetic resonance) and EPR
(electron paramagnetic resonance). Take a single %—Spin system in a static
magnetic field @y along the z-axis direction. This system, in the absence of
molecular motions, is described by the Hamiltonian

Hy =20, (I11.54)

where wg o« @y is the Larmor frequency of the system. In liquid solutions,

the molecule undergoes translational and rotational diffusion. These motions
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imply random modulations of the spin Hamiltonian that can be modeled by a
real stochastic process. To account for a finite correlation time, the Ornstein-
Uhlenbeck model mentioned above is often used [217-219], which we denote
here as X;. The final effective Hamiltonian takes then the form

e = %02 I o (IT1.55)

where o = (0, 0y, 0) is a vector of Pauli matrices for the three axis and X; =
(Xt(m), xXw, Xt(z)) is a vector of OU processes representing the fluctuation of the
local field experienced by the spin due to the rotational diffusion. The system
evolution is solved as an RODE, propagated with finite-difference numerical
methods, either by linearization with Euler method, Runge-Kutta methods,
or, with the analytical exponential, eq. , by time-discretization in either
classical or quantum computers. The solution for the average spin populations
is shown in Figure [[T[.6] for parameters wy = 1, v =0.75, 0 = 1, and h = 1.

1.0 )
pEODE

0.8 P{RlODE

0.6
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4 6 8 10
Time (0t)

o 4
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Figure II1.6: Relaxation of the population of a %—spin populations along the z-
axis, obtained by averaging over 10 trajectories computed in the RODE stochastic
Hamiltonian approach (an ensemble of 10? trajectories is shown in gray transparency
lines). The average for the two populations is shown in solid red and black lines.

II1.6 Stochastic Hamiltonian in Liouville Equations

The previous sections rely on and exploit the use of stochastic state vectors. This allows, on
the one hand, to use non-Hermitian operators in the case of [to SDE formalism and obtain
any QME in Lindblad form, and on the other hand, using Stratonovich interpretation, to
obtain unitary evolutions of pure states which can be implemented on digital quantum
computing architectures. The common feature, they exploit the favourable scaling O(d?N)
of the wavefunction-based methods rather than O(d?*) with the associated density matrix,
where dim Hs = d and N is the number of trajectories needed to converge to the correct

average.
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fluct  graj E 4, numerical
[H t Pt } dt
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Figure II1.7: A schematic map of the stochastic Liouville equation (SLE) framework, where
averaging the commutator dynamics yields the exact evolution of the density matrix (upper
branch), which can be solved numerically, while approximate models provide analytical
solutions (lower branch).

In a further framework, one can directly work with the system density matrix and
insert stochastic fluctuations into its dynamics. This can be done for various purposes,
allowing for both different descriptions and different numerical implementations on either
classical computers, at the cost of the worse scaling O(d4N ), or quantum computers, at
the cost of dilating the simulation Hilbert space [220-222] and the decomposition into
Kraus OSR maps [|149} 207210, [223].

The relevance of this framework becomes apparent in the following respects. In a
first instance, to conclude the methods that falls under the stochastic Hamiltonian class.
Additionally, the results obtained from this derivation will be used as a starting point in
Chapter [[V] to further comment and understand the results presented for time-correlated
environment, which will link different stochastic approaches to the Redfield master equa-
tion.

Several works have explored the SLE approach, producing interesting results [224-
227). However, the derivations are often presented concisely, with some assumptions and
intermediate steps left implicit for the reader. This can lead to differing results, due to
tacit approximations. In what follows, we aim to complement these contributions by pro-
viding a detailed derivation of different master equations, starting from the Liouville—von
Neumann form with a stochastic component, and by clarifying the role of assumptions
and approximations.

First, we obtain non-Markovian forms of the master equations and then, through
different approximations, we obtain the Redfield master equation. Finally, we show how
further approximations lead to Lindblad forms. A graphical outline of our presentation of
the SLE approach, highlighting its main directions, is shown in fig. [[IT.7]

For the stochastic Hamiltonian of eq. , we can write the stochastic Liouville
equation (SLE) as

d gy

o = i ) = —ilH, o)) — il ZiR, 97, (I11.56)

of which we can take the average to obtain the mean dynamics given by
d . . '
v = —ilH, pi) — iR E(Zpi") (111.57)

where, thanks to Z; being a real-valued one-dimensional process and R a deterministic
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operator, we can bring the average on the product th:rj inside the commutator. Since
this term depends on the explicit average of the trajectory-wise product over the entire
sample space, eq. , E(Zt,oirj) is an open term that must be treated carefully. Due
to its presence, eq. is not a closed-form master equation in terms of p; only, but
explicitly depends on pi™ and Z;.

As the stochastic density matrix is a functional p*J[Z;] of the random variable Z,
under the important assumption that Z; is Gaussian, we can apply Novikov’s theorem

[228, 229] which, for the quantities above, gives

B(Zp!") = E(Z)E() + [ B(Z.2)F (5@2]) ds (I1L58)

to S

where, for zero-mean processes, the first term on the r.h.s. vanishes and the first term
in the integral is the covariance of the process, Cz(t,s) = E(Z;Zs). It now remains to

compute the functional derivative in the integrand. First, we write the formal solution of

eq. (LI1.56) as
. . t .
A= ol —i [ 11+ 2R ar (11.59)
to

and then we take the functional derivative to obtain

aia_
0Zs to

where d(s — r) is the Dirac delta function and O(r — s) is the Heaviside function for the
shifted time. Due to the definition

6ptH[Z]
57,

H+ Z.R,

O(r —s)

+8(s — 1) R, piM] > dr,  (ITL.60)

0
o(r —s) = { 1 : i j (IIL61)

trj

") does not depend on its future, and we can change the

the functional derivative of p

inferior limit of the integral and arrive at

5/);1;[82] — _; [R, pgrj} B i/st

It seems that we have replaced one problem with another. Yet, taking the time deriva-

trj
H+ 2R, . Z[Z]] dr. (I11.62)

tive, we can write

d 9p™[Z] : 3p;" (2]

— =—i|H+ZR I11.63

at o7, 7 (IIL.63)
where we can recognize the form of a Liouville differential equation, A = —i[HteH, A], where

A is the functional derivative of the trajectory density matrix. From this recasting, we
thus obtain a known form of the solution, A, = UAoUT, with the unitary time-evolution

operator defined by
t
Uto = Ty exp {—i / (H + Z/R) dr} : (I11.64)

to

The initial condition is obtained by evaluating eq. (I11.62)) at the initial time (which is s)
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and corresponds to the first term in eq. ([11.62]), as the integral vanishes when computed

at a single time. Finally, we can write

512
07,

s

= Uss(— i [ R, o] UL, = =i [UsRU, p}7] (I1L.65)

where the propagator is distributed in the commutator and acts on the density matrix,
evolving it from the initial time s to the final time ¢. This shows that the propagation
can be dealt with as a time-local evolution with respect to the trajectory density matrix,

a time-convolutionless (TCL) evolution [225]. We can now take the average and combine

with eqs. ([I1.57) and (II1.58)), yielding

d

qPt = ilH p - /0 t Cy(t,s) [R,IE ([Ut,SRUtﬁS, pi”'])} ds (I11.66)

as the evolution equation for the mean density matrix. It is still in an open integro-
differential and non-Markovian form for a generic noise or process (Z;), and solvable only
numerically through a swarm of trajectories and their average. One exception is the case
of white noise, for which there are further simplifications. On the other hand, for different
sources of randomness of the Hamiltonian, such as colored processes and noises, one has to
rely either on the numerical implementation, or on the use of perturbative approximation
schemes, the latter discussed in depth in section [[V.6.6]

I11.6.1 Recovery of the Lindblad form from the SLE

In the particular case of Z; a Gaussian white noise, one can obtain a closed form master
equation in a straightforward way, as the correlation function is now a delta function. In
fact, the integral term greatly simplifies: substituting Cz(t,s) = d(t, s), the integral is

evaluated at time ¢,

d

Pt = —ilH. ] — /0 t 5(t, s) [R, E ([Ut,SRUJ . ,o;rj})} ds (IIL.67a)

= —ilH, pi] — [R.E ([thBd], 017 )| (IIL67b)

where the propagator effects vanish as U;; = Y, therefore the operator R loses the ran-
domness feature due to the propagation, and the average then acts only on the stochastic
density matrix, giving the mean p;, time-local and undergoing a Markovian evolution. As
expected, this leads to the Lindblad form

d

apt = _i[Ha pt] - [R7 [R, pt” : (11168)

Commenting on the particular form of the dissipator obtained from this approach,
using a stochastic Hamiltonian, on can note that it is not the most general Lindblad

dissipator. Indeed, we obtain a double commutator, as R = R'. This can be recast in the
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more familiar Lindblad form.,

(R, [R, pil] = [R, Rpy] — [R, prRT)
— R'Rp; — RptR' — Rp,R' + p,R'R (II1.69)

-2 (RptRT - % {RTR, ,0,5})

where we exploited the identity R = R’ at our convenience for visualization purpose.
Hence, the stochastic Hamiltonian with white noise fluctuations yields a subset of the

family of Lindblad generators, characterized by symmetric dissipation.

II1.6.2 Advantages of implementing density matrix dynamics

Although simple systems with only a stochastic Hamiltonian could be propagated more
efficiently through wavefunction methods, the SLE methods allow for a wider range of
system dynamics. They allow us to consider the effects of stochasticity on general mixed
states and implement systems undergoing different non-unitary irreversible dynamics. In
a general form as follows,

d S rj rj rj
oo =il o)+ Dl + Flp (ITL.70)

we can consider D[p;| a different dissipator acting on the trajectory density matrix, in
Lindblad or Redfield form, or any other, and F [pirj] to be any filtering, measurement
schemes, and any other component we want to study in a particular and complex dy-
namics. It also allows us to perform these general dynamics on systems and then trace
out part of it, allowing for three different layers of interactions: a purely non-Markovian
one (the component that is traced out), irreversible dissipation and measurements on the
trajectories, stochasticity on the Hamiltonian of the single realizations leading to different

dissipators in the mean dynamics.

Appendices

III.A  White noise properties

White noise &; is an idealization of interactions with environments with correlation times
much shorter than the characteristic time of the system, which can therefore be considered
memoryless. It can be heuristically defined as the formal derivative of the Wiener process
W, (Brownian motion) & = vdW;/dt. This is a distribution, as W} is not differentiable.

This noise has the following properties:
(i) its mean is null, E[¢] = 0, and

(ii) it is d-correlated in time, E[£,&5] = v25(t — ),
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where 7 is the intensity of the noise and §(¢t — s) is the Dirac delta at different times.
Its properties, and those of the differential dW;, follow from the definition of the Wiener
process Wy, a real-valued Gaussian stochastic process with independent and stationary
increments, with zero mean and variance proportional to the time t. Equivalently, W} is

bestowed with the following properties:
(i) Wo =0 as.,
(il) Wy — Ws =N (0,t —s) Vt > s > 0, and
(iii) (Wi — Ws) is independent of (W5 — W,) ¥Vt > s > r > 0.
We can write for its differential the following useful properties,
(i) dWi ~ N(0,dt),
(ii) E[dW;] =0, and
(iii) E[dW;?%] = dt,

that are used throughout the whole thesis. The definition of white noise comes from the
spectral density of the process, i.e., the Fourier transform of its autocorrelation function,
which is constant, meaning that all the frequencies of the environment are contained in

and contribute equally to the correlation function.

II1.B Solution of the Haken-Strobl model

The Lindblad master equation representing the exact solution of the Haken-Strobl model
discussed in Example [[TT.] is

1
g = il p+ S ()1 5 0l o) ) (A1)
i=
where I'; = E[§e?(t)] are the dephasing rate associated with site i. We recall that the noisy
components, oscillation of the sites energies, are intended as white noises de;(t) = &(t).
This serves as an exact reference for the convergence of the density matrix obtained
by averaging over a finite sample space. While the Hamiltonian term of the equation
drives the coherent oscillations between the sites, the effect of the dephasing term is to
destroy such coherences. As a result, the off-diagonal terms of the density matrix decay

exponentially

d on _ . an 0y  To+T1 (o
aft = 12 (Pt Pt ) a9 Pt (A2)

where the superscript (ij) indicates the density matrix element, and the populations on

the sites slowly equilibrate due to the effect of coherence loss, p,(foo),pgn) — pgf),

d (00) .o/ .(01) (10 _ (01)
a’t = —if) (Pt — P )—2QIm {Pt } : (A3)

For the example reported in Figure [[I[.4] we used the following system parameters:
e0=0,e1=1,Q=2 Ty =TI =0.5, and setting h = 1.
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Chapter IV

Unraveling of Correlated

Quantum Master Equation

The assumption of white noise, and the resulting Markovian dynamics, is often inadequate
in molecular sciences and emerging quantum technologies, where environments exhibit
finite correlation times, structured spectral densities, and nontrivial back-action effects.
Motivated by the recent ability to experimentally engineer and control environmental
noise [62, 230], this Chapter explores the effect of different noise profiles on the dynamics
of a two-level system. In particular, we consider a direct generalization of the white
noise stochastic Schrodinger equation, in which memory effects are introduced in the SSE
dynamics by an explicit colored noise, using the differential of an exponentially correlated
Ornstein—Uhlenbeck (OU) process [196], replacing white-noise increments. By considering
the OU differential, we define an effective correlated noise, whose properties analyzed and
used to construct a colored-noise SSE unraveling of its associated open-form quantum
master equation.

The average dynamics generated by the colored SSE is analyzed through a direct
comparison with the analog dynamics generated by the standard white noise SSE and a
stochastic Hamiltonian defined through the related OU process. Using colored noise and
processes as stochastic potentials leads to master equations that are open-form and not of
Lindblad type, yet are positive definite by construction due to the averaging over pure-state
trajectories. This paves the way for using SSE as more than an efficient numerical strategy
for known QMEs, but also as a framework for formulating non-trivial effective descriptions
in regimes where a closed master equation may be difficult — or impossible — to derive
explicitly. As a consequence of the interaction with different environments, we observe

how, in a particular setting of correlated noise source and operator, different dissipation
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Chapter IV. Unraveling of Correlated Quantum Master Equation

timescales can be obtained, even reaching coherent robust steady states, according to the
symmetry of the system.

Recently, the same formal setting has been elaborated with a more application-oriented
focus in Ref. [59] where the origin of the colored noise is identified with the random fluc-
tuations of qubit driving fields. Together with subsequent works 231}, [232], these studies
further underline the significance and practical relevance of the theoretical framework (and
results) presented, highlighting the suitability of this investigation approach to address un-
conventional noise sources.

To gain insight into the peculiar features of colored-noise-induced dynamics, we intro-
duce an approximate closure for the open correlation terms appearing in the ensemble-
averaged QME. This is a microscopically-inspired model for the correlation contributions,
based on the perturbative treatment of the system—environment interaction commonly
done in the Redfield theory, as discussed in Chapter [T} With this construction, we build a
transparent cause—effect intuition connecting the noise statistics to the non-Markovian dy-
namics of the open quantum system. We further investigate the approximations employed
and their effects connecting to the results obtained in the previous Chapter, comparing
the structure and properties of the open correlation terms arising from different modeling
strategies, with particular emphasis on cross-correlations and temporal nonlocality.

This Chapter builds upon results originally developed by the author in Ref. [147], and
extends the analysis introduced in the previous Chapter, providing additional develop-

ments beyond those presented in Ref. [146].

IV.1 Stochastic modeling of the environment

Aiming to characterize the environments stochastically, it is important to describe the
mean, variance, and covariance of the stochastic process driving the SSE. Many examples
of different phenomenological baths can be found in the literature.[18] 54, [162} 233, 234]
The use of d-correlated noise, i.e. white noise, is one of the most frequent, as it can be used
to unravel Markovian QMEs in Lindblad form, as we discussed in the previous chapter.
Considering instead a colored noise is one straightforward way to introduce memory effects
into the open system’s dynamics, computationally more efficient than other approaches

that require computing memory kernels for the complete density matrix dynamics.

IV.1.1 Ornstein-Uhlenbeck process

One possible generalization from white noise to correlated (colored) processes is the use
of the Ornstein-Uhlenbeck (OU) process. It is often used in the stochastic Hamiltonian
approach to describe finite-memory effects induced by an overdamped environment whose
relaxation time is comparable to the characteristic timescale of the system [187], [214-216),
235, a practical example of its application proposed in the previous chapter in Exam-
ple The OU process is the random real-valued process (X;);>o that satisfies the
following SDE:

dX; = —0X;dt + ~dW, 0,v>0 (IV.1)

84



IV.1. Stochastic modeling of the environment
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Figure IV.1: A swarm of 50 different stochastic trajectories (grey lines in transparency)
and the average (black solid line) for the two stochastic processes in the left panels, Wiener
W; (a) and Ornstein-Uhlenbeck X; (c), and their two underlying noises on the right, white
noise & (b) and Ornstein-Uhlenbeck correlated noise Y; (d). In panels (a,b) 0 is set to 1.

where 0 is the inverse of the correlation time of the process, v is the amplitude of the
random fluctuation and W; is a Wiener process. The explicit solution for the OU process

is

t
X; = Xoe % 4+ 4 / e~ t=slqw, (IV.2)
0
Then, (X¢)i>0 is a Gaussian-Markov process, endowed with the following statistical prop-
erties:

E(X;) = Xoe % 1220 (IV.3)

2 2

_ 0 20t t—oo VT
var(X,) = o (1—e2) =2 5 (IV.4)

and, introducing At =t — s for notation convenience,

72 —0| At —0(2t+At)\ t—oo 72 —0| At
cov( Xy, Xgy ay) = 2 (e —e ) — 29 (IV.5)

where the t — oo while At is kept constant in the limit represents the stationary process,
i.e., when the environment is at its equilibrium. Therefore, under this hypothesis for the
environment, it is natural to define the initial value Xy as a random variable itself, in
particular a Gaussian with zero mean and the same variance as the stationary process.

This process is characterized by a two-time correlation function decaying exponentially,
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eq. (IV.5)), related to a Lorentzian spectral density, see Figure in the form

+o0 . ~?
JOU(OJ) = Coul(t, to)ezm dt =

B m . (IV-6)

IV.1.2 Ornstein-Uhlenbeck noise

The OU process as described above can be used in the stochastic Hamiltonian approach,
in the RODE implementation, see section However, we note that its SDE, eq. ,
can also be used as stochastic potential to drive our SSE, from the general form in
eq. . In this way, dX; is noise-inducing term, and we have to deal with a new
noise, which is the derivative of the OU process, in analogy with what was done previ-
ously for the white noise and the Wiener process, see Appendix [[IL.A]

We can give a firm formal definition of this noise as the time derivative of (X¢), in the

distribution sense, dividing by d¢ and expressing the integral form of (X;):
T =X, = —0Xpe ! 97/ 0(t=3) qw, + ~vE; (IV.7)

The mean of (1) is again zero, as the stochastic terms average to zero, and we consider

the noise to be constructed over the stationary OU process. We have
E[Y:] = —fe "'E[X(] = 0 for Xo ~ N(0,x), t — oo. (IV.8)

To evaluate the covariance of the OU noise we have to test the two-time average against

two test functions, ¢, € CF. We first write the covariance in terms of derivatives of (X;),
cov(Ys, Ts) = B[y, Ts] = E[X4, X4, (IV.9)

and now we test it in the double-integral, which can be recast by integration by parts

twice into:

//_+oo (X4, X ](btwsdtds—//Jroo (X X]byb, dt ds (IV.10)

We have obtained a known quantity, the covariance of the Orstein-Uhlenbeck process, and

by integrating one last time by parts,

//+°° cov(Xy, X))y dtds-//oo dt( (cov(Xt7 ))) d1ps dt ds (IV.11)

—00

we find a way to obtain the covariance of the new noise. Then, we start by computing the

double derivative,

d (d [+*
cov(Ty, Ts) = dt (ds (;Q (e_e‘t_5| o 6_0(t+8))>> (Iv-12)
2
_ 7 d oy ol N 0(t+s)
= 55 s fe~ sign(t — s) + fe” ) (IV.13)
2
- ;7 (—92679|t*s‘sign2(t — ) + 0 5lgign’ (t — ) — 92679@“)) . (IV.14)
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The expression of the covariance of the noise is obtained by recalling that this is valid
upon the integration, therefore we consider that the square of the sign is one, as the single
point in zero brings no contribution, and the derivative of the sign function can be written
as sign(z) = 20(z) — 1, where O(x) is the Heaviside function. Then its derivative is not
simply a Dirac’s delta function, but twice that: sign’(z) = 2§p(z). Finally, we obtained

the covariance of the OU-noise, which reads
70
cov(Yy, Ty) = —76_9‘t_5| +925(t — s). (IV.15)

It is interesting to note that the correlation function includes both the characteristic
d-function of the white noise and the exponential decay of the OU process. Therefore, the
spectral density Jy consists of a constant background suppressed by a negative Lorentzian

dip centered at zero frequency, namely

400 . 2 2,2
Jr(w) = /_Oo cov(Y,)e™t dt = _Ggwffm +92 = wzifm (IV.16)
converging asymptotically to 1 at infinity and collapsing to 0 at low frequencies, Fig-
ure This particular form of the spectral density has consequences on the system
dynamics, as we will discuss in the next sections, both analytically and with numerical
implementations.

To conclude, in Box the statistical properties of the processes and noises consid-
ered are summarized, and their spectral density is depicted graphically. We recall that, for

real-valued (classical) stochastic processes, spectral function and spectral density coincide.

Box IV.1 | Noises and processes features

Mean E[e] Variance E[e?] Covariance E[e;e0,]
W, 0 t sSAt
& 0 7280 7280(t — 5)
Xy 0 % ;Lze—e\t—ﬂ
Teo 0 =By 2Rt —s) — B (el e tit)

Table 1: Comparison of the properties of the four stochastic processes and noises
(distributions) used to model the environment effects. The properties of the Wiener
process are included for sake of completeness. The mean of the processes is set
to zero as they can all be rescaled to satisfy this condition, and the variance and
covariance are considered at infinite time ¢ — oo and (¢t — s) < oo, i.e., for the
stationary process.
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Figure IV.2: Spectral densities of white noise (§, dotted line), OU process (X,
dashed line) and Yoy-noise (T, solid line). Pay attention to the different physical
dimensions associated to each J/v?: [J¢] =1, [Jx]| =%, and [Jy] =1, seem

IV.1.3 Pauli, projection, commuting and noncommuting noises

The last ingredient to describe the system-environment interaction in the general SSE
approach is the definition of the noise operator B, meaning that operator that defines
the action of the noise on the system. In the subframe of stochastic Hamiltonians, we
showed that it needs to be an anti-Hermitian operator B = ¢R, narrowing to the possible
choices of the Hermitian operator R. As we will do for all the results presented, unless
stated differently, we will, from now on, refer to two-level systems, being the minimal
model relevant both in quantum information processing (qubit) and in modeling internal
relaxation and energy transfer in molecular systems [236], 237].

We distinguish between two macro families of operators according to their commuting
properties with respect to the system Hamiltonian, and further between three classes of
noise operators [59], and they will be used to further describe the noise in the SSE.

Projection noises are characterized by projection noise operators, so
R'R=R, R=|a)al (IV.17)

and they are commonly used to describe energy fluctuations on the chosen basis; see,
for instance, Example modeling a Haken-Strobl system [54], as well as recent works
using this type of noise to describe disordered molecular networks [214} 238]. Indeed, these
operators are the ones used for the first proofs of environment-assisted quantum transport
(ENAQT) [29, 30, [239) 240]. Describing energy fluctuations, they can also be used to
describe frequency random variation in control fields [59, 232]E] In this particular case,

the projection noise is also a commuting noise.

! As the qubit Hamiltonian before any control or gate applied is usually described by H, = Ao, where A
is a tunable energy difference between the two qubit levels, then [H, R] = 0.
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Another class can be referred to as Pauli noise, as characterized by the use of Pauli

operators to apply the noise, so
R'R=1, R=o; (IV.18)

where o; is a Pauli matrix. These, too, can be either commuting or non-commuting with
the Hamiltonian. Commuting Pauli noises satisfies the relation [H,o;] = 0.

When the system Hamiltonian and the noise operator are defined by different Pauli
matrices, such as the case of a generic Hamiltonian, the noise is a non-commmuting Pauli
noise,

|H, R] = 2iejyoy, R'R=1, R=o0,0;¢H. (IV.19)

In this case, it is worth noting that the effect of a R = o, is similar to that of a projection
noise. Indeed, for a qubit system, one can write the projection noises operator as |0)(0| =
(140,)/2and |1)(1| = (1—0,)/2. Moreover, we can imagine using only the o, operator as
the application of a half-intensity noise on one site (one projector noise) and its opposite
on the other. These result in two effective channels that are perfectly anti-correlated
on the two energy levels, the fundamental difference being the application of a single o,
Pauli noise versus two channels via two projection noises, yet with negligible effects on the
dynamics of the two-level system investigated in the following.

Since the effects of projection noise are well-known and have been intensively stud-
ied, and are somehow a restrictive choice, we will focus on the use of Pauli noises, both
commuting and non-commuting. We then further differentiate between diagonal noise,
i.e., the noise applied on the diagonal of the Hamiltonian in the chosen representation,
representing physical fluctuation of the “sites” energies, and can be applied either by a
Pauli o, or a projection noise, and coupling noise, a Pauli noise acting on the off-diagonal

elements of the Hamiltonian.

IV.2 Correlated QME from Ornstein-Uhlenbeck-driven SSE

In section we showed how we can recover any Lindblad QME using white noise
as stochastic drive in a SSE. To introduce memory effects in the dynamics, we can use
a different noise source. Starting from the general non-normalized SSE, eq. (II1.30)), we

consider the system

(IV.20)

Ay = Ay dt + By dX
dX, = —0X,dt + vdW,

where we can substitute the Ornstein-Uhlenbeck SDE, eq. ([V.1)), as the noise source of

the system dynamics. Then, the non-normalized SSE is
dipy = (A = 0X;B)ipy dt + By dW; (IV.21)

Then, in the normalization, eq. (I11.32)), the martingale condition eq. (I11.31)) is satisfied
when

(] [AT + A~ 0X,(B + B) + 4B B [y)dt = 0. (IV.22)
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Chapter IV. Unraveling of Correlated Quantum Master Equation

Compared to the white noise case, to keep operators A and B deterministic and time-
independent, we need to impose further constraints on the B operator, which must be
an anti-Hermitian operator of the form B = —iR/ Vvh with R = R, see Appendix m
for more detail. To avoid this constraint, one would have to change the description of
the dynamics using non-linear versions of the SSE [196], shifting at the same time the
attention to a different response of the system [65]. Maintaining our focus on stochastic
Hamiltonian dynamics, this choice does not introduce new constraints.

Then, substituting the noise operator in eq. , we obtain the same correction
term in A obtained in the white noise case, eq. , since the sum of anti-Hermitian
operators cancels out. The linear normalized OU-driven SSE is then

dv=(~1H - 5

Vh Vi

In this, we clearly see the addition of a term proportional to the colored noise process

eXtR¢t dt — ’yRT/}t th, (IV23)

L g
- 2h'yRR>1/)tdt+

X;. Taking the derivative of the outer product of the wavefunction, we first obtain the

quantum stochastic master equation (QSME) associated with a single trajectory as

i - 2 . i y
WARCE pi] dt*;*[Rv [R, 0] dt=—7=1(R, P dWr. (IV.24)

By averaging over the trajectories, the mean density matrix dynamics is governed by

Tj { Tj
d(pi") = = [H, p”] dt+

. 9 .
%Pt = —%[H, pi] + % (RptRT - %{RTR, Pt}) + j/% [R,E (tiirj)} : (IV.25)

The dynamic evolution presents itself with three distinct terms. The first one is the
Hamiltonian dynamics of the system. The second one, proportional to 72, is a Lindblad
dissipator. The last term, proportional to 6, features the correlation E(X, pirj) between the
system evolution and the process associated to the colored noise modeling the environment.

Due to this cross-correlation between the single realization of the OU process and each
trajectory, eq. (IV.25) is not in a closed form in terms of the mean density matrix py,
let alone a Lindblad form, and we have to rely on stochastic unraveling for its numerical
solution. This term affects the long-time dynamics in a way that is not immediately evident
or easily predictable, owing to the open-form nature of the equation. In section we
derive an approximate closure model that helps in understanding the role of the correlation
term. A striking example of the importance of the correlation term in eq. can be
seen by considering its stationary state. Because the operators R are constrained to
be Hermitian when introducing colored noise (see Appendix , by considering only
the Lindblad dissipator, we would expect to reach a distribution with equally populated
eigenstates. We will show in the following that this prediction is not always true when the

open cross-correlation term is present.
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IV.3. Stochastic Hamiltonian with Ornstein-Uhlenbeck fluctuations

IV.2.1 Element-wise EOM from the correlated QME

To appreciate the immediate impact of replacing white noise with a colored source in the
SSE, let us look at the simplest case of a two-dimensional Hilbert space spanned by the
basis vectors {|0),|1)}. We consider two resonant states and set to zero the deterministic
part of the interaction Hamiltonian. We choose R = o, to obtain a correlated version of

the Pauli master equation with symmetric decay rates. The resulting QME reads

d N Yy 16 trj
apt 7 (UthUx —pt) + ﬁ [UzyE (tit )} ) (IV~26)

2 would be the relaxation rate of the channel in the absence of memory effects.

where v = o

The variables of the system are the four elements of the density matrix. By normaliza-
tion, the populations are such that poo+ p11 = 1 and by hermiticity the coherences satisfy
po1 = Plo- So we can describe the system just by computing the time derivatives of two

variables, poo and p19. The equation of motion (EOM) for one population is

. o v 20 trj
poo = 3 (1 = 2poo) = EE [thm(Plo)} (Iv.27)

and the coherence term is

Pro = —%Im(Plo) + Zj%E {tigroj] — 0E(X) (IV.28)
where we know the mean of the OU process, E(X;) = Xoe %l  conditioned on the
initial value Xj,.

In this simple case, we see that the effect of the cross-correlation term is to mix
trajectory-wise the equations of motion of population and coherence terms. Populations
are affected by the correlation of the single trajectory coherences with the OU process.
This is an effective correlation of the system coherences with the environment, correlation
that is usually neglected in the microscopic derivation of quantum master equations, when
assuming the factorized form of the total density matrix in terms of system and bath
density matrices at all times (the decoupling imposed by the Born approximation). The
last term in eq. is also responsible for the possible deviation of the asymptotic

value of populations from equipartition and for non-vanishing steady-state coherences.

IV.3 Stochastic Hamiltonian with Ornstein-Uhlenbeck fluc-

tuations

Within the framework of effective stochastic Hamiltonian [146], the Ornstein-Uhlenbeck
process (X¢)i>0 is often used as a random potential (not its noisy increments), imple-
menting it in a RODE, see section As mentioned in section this describes
the interaction with an environment of overdamped oscillators, a setting that is known
to give induce non-Markovian signatures and can exhibit such effects depending on the

parameters [214].
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Chapter IV. Unraveling of Correlated Quantum Master Equation

Then, with the effective Hamiltonian
Her = H + VRROX;, (IV.29)

where the parameter 6 is necessary to keep consistent units, see Appendix [V.A] and
consider Box the dynamics of the system becomes

7

dipp = —+

(H +0VARX,) gy dt. (IV.30)

The average Liouville equation associated with this dynamics reads

%pt = —%[H, pil = j/o% [R.E (Xip,7)] . (IV.31)

Here, we do not find a Lindblad-form dissipator term. The only term in addition to the
closed-system Liouvillian is the correlation term we observed in eq. (IV.25)), albeit with
opposite sign.

We can adopt a similar approach using any other random continuous function as the
fluctuation. A straightforward example, in the same fashion of using OU process X; and
its noise T4, would be the use of the Wiener process W; associated with the white noise
&. This leads again to a non-Lindblad dynamics,

d ) Z’y trj
FTia _ﬁ[Ha pt] — NG [R,E (tht )} : (Iv.32)
Proposing again the example dynamics investigated in section [[V.2.1] the EOM of the

populations reads, for a generic stochastic process fluctuation Z;,
poo = —aE [ ZIm(p])] , (IV.33)

the factor a accounting for the different coefficients obtained according to the specific
process. The dissipation on the population now depends only on the cross-correlation of

the process and the coherence of the trajectory-wise propagation.

IV.4 Nature of the dissipator components

We can now identify a correspondence between components of the correlation function and
terms of the dissipator in the map of the mean dynamics. The average of the SSE with
white noise potential, purely d-correlated, leads to Lindblad dissipators, eq. . The
correction term arising from the normalization through the martingale property accounts
for the anticommutator term of the Lindblad dissipator {RTR, p;}. This is the term that
accounts for the irreversible coherence loss and dissipation in the open dynamics. On the
other hand, the term proportional to dWW;, the noise component, leads to the (Rp;R')

term in the Lindblad dissipator, accounting for the coherent part of the dissipation. This
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originates from the additional term in Ito differentials product rule, eq. ([I11.17)).

dp = —iHdt |+ ARG AW, 1 L2RIRpdr
o 1 L o
dar ! iH,p] T ! V2 RpRf v A RIR, p} !

The Xy process is exponentially correlated, eq. , and the dissipator is a single term
that explicitly depends on the correlation with the environment, eq. . Since there
are no explicit terms proportional to dW, there is no additional term, and not being an
SDE to be normalized but a purely stochastic Hamiltonian dynamics with a continuous
potential, no renormalization term is required either. Then the only term of the dissipator
is the cross-correlation term.

The QME obtained as the average of the SSE driven by Yoy colored noise, the corre-
lation of which has both components, eq. , presents both the Lindblad dissipator
and a correction accounting for the environment memory, eq. (IV.25)). The nature of each
term originates from the same considerations above, and can be related to the different

terms in the correlation functions.

dy = —iHydt |+ Ry AW, - | 3PRIRY At 1+ i0X Rypdt
dp 1 L o L |
a0 TUH.l ST PReRT T L2(RIR p} 1 T O[RE(Xop)]

________________

IV.5 Numerical results

In this section, we analyze the numerical results with a focus on the Yoy colored-noise
SSE, in comparison with the evolutions driven by white noise and the OU process.
Let us consider a two-level system, as we did for the examples in Chapter [[TI} defined

by the Hamiltonian in the generic form
1
H.q = —5E0: + Qo (IV.36)

We refer to the eigenstates of o, as the observable basis, {|0),|1)} which, for example,
can be thought of as the computational states of a qubit or two local sites in a transfer
problem, such as exciton or charge transfer. Therefore, we will denote different systems
by setting the parameters € and 2 as follows: two states that are energy-degenerate and
not interacting (Ho,0), coupled degenerate levels (Ho ), a two-level system which is not
interacting through Hamiltonian dynamics (H. o) or the most general case of two coupled

states at different energies (H. ). The system Hamiltonian parameters are kept constant
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Figure IV.3: Comparison of the mean and trajectories evolution of the system under
different driving stochastic processes. Swarms of 50 different stochastic trajectories (grey
lines in transparency), the evolution of single trajectories (red lines) and the averaged
evolution of the pgy population - the observable under investigation. The stochastic force
for each unraveling: in the upper left panel (a) Wiener process fluctuations, lower left (c)
OU process fluctuations, upper right white noise SSE and lower right OU noise-driven
SSE. Example for the the generic Hamiltonian H, , system with non-commuting Pauli
noise operator R = o,.

throughout the numerical analysis, setting ¢ = hf and 2 = 2h6.

The initial state of the system is set to be a pure state localized on |1), meaning
|1/J(()n)> = |1) for each trajectory n.

The results are obtained by averaging over 2 - 10* to 10° trajectories realization for
each dynamics, computed using the Euler—-Maruyama method , introduced in sec-
tion with time increments such as to ensure convergence of the noise realizations
(At =1077).

The effects of different stochastic sources will be compared, the intensity of the white
noise component is set at v = 0.7v/h0 unless stated differently, while the memory param-
eter 6 is kept constant at § = 1 (the convergence to the white noise limit as § — 0 for
the Toy-noise dynamics is reported in Appendix . The effect of changing the noise
intensity, from 0.04 to 3 v/Af, can be observed in Appendix

IV.5.1 Typicality of the trajectories and short-time evolution

We want to highlight the typicality of single-trajectory evolution in Figure [V.3] The
systems whose dynamics is modeled by a stochastic Hamiltonian with a random process as
the drive, namely the Wiener process W; and the OU process X3, egs. (IV.31)) and (IV.32),
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Figure IV.4: Comparison of the short-time evolution of the system under different driving
stochastic processes, both at the trajectory level in panel (a) and the mean behavior in
panel (b). To emphasize the difference, the plots are displayed for a stronger noise of
intensity v = 0.87v/A#. The dynamics are displayed with the following color code: driven
by the white noise & in solid black lines, by OU noise Y, in solid green lines, by OU
process Xy in solid red lines, and by Wiener process W, in solid blue lines.

are smooth, continuous, and at least one-time derivable. On the other hand, the dynamics
deriving from the solution of actual SDEs, i.e., constructed on stochastic noises, even
if belonging to the stochastic Hamiltonian family, show a different trajectory behavior.
As the noises are generalized functions, meaningful only upon integration (which again
happens in the generator in the solution), the trajectories’ dynamics are continuous but
not nowhere differentiable. Indeed, they appear properly noisy.

Further, we want to comment on the differences in the short-time evolution of the
systems under different driving stochastic potentials. The effect on the short-time dy-
namics due to Lindblad dissipators, i.e., by white noise driving, is known and discussed
in section [[T.2.1] Then, one would expect the different environment correlation in colored
processes to affect mainly the short-time dynamics of the system. Indeed, this is what
happens using the OU process, Figure[[V.4] in all the instances of the Hamiltonian of the
system (see Figure . In contrast, the dynamics with Y-driven dissipation start with a
transient similar to that of the &-driven one, displayed in Figure for a stronger noise
of intensity v = 0.87 to emphasize the difference. The noisy dynamics are characterized by
the presence of a d-correlation component, resulting in a Lindblad dissipator in the mean
dynamics, and therefore they share the exponential decay issue at short times. Processes-
driven realizations, on the other hand, do not suffer from this, as the dissipation depends
on the dampening of the coherences, see for instance eq. , which need to build up
to begin with. While at the trajectory level the short-time behavior is less evident, there
are further signatures that show the effect of driving the system with noise instead of a
process. The noisy realizations are characterized by a random initial velocity, and the

overall noisy behavior is an indicator of this common feature.
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Figure IV.5: Dynamics of the system described by the Hamiltonian Hy  in panel (a) and
by the Hamiltonian H, o in panel (b), with the stochastic forces applied through the Pauli
0, operator. The dynamics are displayed with the following color code: driven by the
white noise &; in solid black lines, by OU noise T; in solid green lines, and by OU process
X in solid red lines. In light grey, the closed-system Schrédinger equation evolution as
the reference of the coherent beating frequency of the population.

IV.5.2 Diagonal non-commuting noise

When the noise is on the diagonal of the Hamiltonian in the local state, i.e., R = o0, it
physically represents fluctuations in the local state energies associated with the instan-
taneous configurations of the bath. The rationale for this model is that bath-induced
coupling between different local states is small relative to the interstates coupling €2, and
the bath affects mainly the local configurations.

The average dynamics of the system affected by the different stochastic sources are
shown in Figure We chose parameters corresponding to slow relaxation so that
coherent oscillations of the site population can be observed.

In this setting, the Xguy-driven dynamics show a slower relaxation of the beating,
decaying with a single timescale. The behavior of the Yoy-driven system is similar to
the white noise one, with a slightly better robustness of the coherent oscillations to the
relaxation. This small effect gets more evident as the intensity of the noise increases
(see Appendix . A second observation concerns the change in oscillation frequency,
compared to the close system dynamics. While the £-driven mean dynamics does not show
any frequency change, the T oy-driven systems show a slower oscillation. In contrast, the
Xoyu-driven mean dynamics is characterized by a higher oscillation frequency, increasing
with the noise intensity.

As a final comment, we observe that the initial time dynamics is characterized by a
null derivative at time zero, which is expected as the physically correct behaviors of a
system interacting with an environment. This happens when the noise coupling operator

is purely local, as in the present case, while it is not guaranteed in other cases.
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IV.5.3 Pauli coupling noise

Within the setting of the noise on the off-diagonal elements of the site-basis frame, R = o,
we can work with a null Hamiltonian (Hy = 0). This peculiar case of commuting Pauli
noise allows us to study the effect of the sole dissipators, free of the intrinsic dynamics
of the system, as in the example in section Using white noise as the source, the
evolution with the noise applied through the Pauli o, unravels a Pauli Master Equation.
The use of the other colored process and noise changes the dynamics. In this setting, we

clearly see the peculiar effect of the OU Y;-noise as the driving of the dissipation channel.

@) H, (b) Hgq

0.5

0.4

0.3 1

£00

0.2 A

0.1 4

0.0

© H. (d H. q

0.5 1

0.4

0.3 4

oo

0.2 4

0.1 A

0.0 1
T T T T T T T T

0 2 4 6 8 10 0 2 4 6 8 10
Time (6t) Time (6t)

Figure IV.6: Dynamics of the system described by the different Hamiltonians, with the
stochastic forces applied through the Pauli o, operator. The dynamics are displayed with
the following color code: driven by the white noise & in solid black lines, by OU noise Yy
in solid green lines, and by OU process X; in solid red lines.

In Figure , the mean dynamics described by eq. (IV.25), in particular in the
form eq. , is shown together with the mean dynamics resulting from the &-driven
process, leading to a Lindblad dissipator, and to the OU stochastic Hamiltonian dynamics,
which bears only the term of correlation with the environment, without Lindblad-like
components, eq. . The noteworthy result is that the process driven by the YTou-
noise reaches a different stationary state, while the other propagation reaches the expected
equipartite distribution over the two sites. The dynamics starts by following the same
short-time behavior of the white noise case, but the stationary value of the site populations
depends on the intensity of the white noise component, see Appendix [[V.D]

In Figure we show a similar behavior in the resonant coupled system (Hpq),
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Chapter IV. Unraveling of Correlated Quantum Master Equation

hence still in a commuting Pauli noise setting. In this case, the long-time populations are
not constant, and an oscillating steady state is reached.

One could expect the environment correlation to affect mainly the short-time dynamics
of the system. Indeed, this is what happens using the OU process in all the instances of the
Hamiltonian of the system. In contrast, the dynamics with Yoy-driven dissipation starts
with a transient similar to that of the &-driven one and then settles to a different stationary
state. On the other hand, the Xgy process-driven dynamics start with a null derivative
at time zero, typical of a purely Hamiltonian dynamics, This is particularly evident in
the Hyo system, but the same effect is present in all the dynamics using R = o,. The
different initial time behavior of the two noise-driven dissipation can be explained by the
common Lindblad dissipator in the corresponding QMEs, remarking what was previously
commented in section This dissipator underlines an actual SDE component and
not simply a stochastic process in the Hamiltonian, and clearly induces an exponential
decay even at .

Up to this point, the two cases we have considered (Figure and b) are character-
ized by a commuting Pauli noise, i.e., by a symmetric Hamiltonian which commutes with
the coupling operator to the stochastic component, Hy being the trivial case.

When we consider a system where the two sites are not degenerate, Figure [[V.6f, or
the principal directions of the Hamiltonian are changed by a coupling term, Figure [[V.6{,
thus breaking the symmetry of the system, the dynamics change, as the noise is now
Pauli non-commuting. The common and most important difference is that all dynamics in
these cases reach the equipartite distribution; however, they do so following quite different
transient dynamics.

Let us first consider the simple addition of an energy asymmetry, the Hamiltonian
H. o, where the two sites are not coupled directly but through the interaction with the
environment. For the dynamics of the observable at short time, the same considerations
made above on the derivative at time zero and the similar behavior among the noise-driven
and process-driven systems hold. Then, for longer times, in Figure for the selected
noise intensity, the dynamics of the Toy-driven system becomes comparable to the Xoy-
driven one, eventually reaching equidistribution of the populations. Depending on the
intensity of the white noise component, different dynamics can be observed, see Appendix
IV.D] At low intensity, the growth of the observable of the Toy-driven system is slower
than the Xou-driven one, yet closing in as 7 increases, see Figure [A.IV.D.4] For higher
noise intensity the Ygy-driven system resembles more and more the £-driven system at
short time and Xgy-driven system at longer time. For v > 1, the white noise component
prevails and the dissipation profile becomes indistinguishable from the Lindblad evolution.

When we add the coupling into the system Hamiltonian, the coherent evolution is
characterized by two different relaxation regimes, a faster decay at short times and then
a slower decay (Figure ), eventually driving the system to equipartition. The cor-
relation term seems to enhance the robustness of the coherent oscillations with respect
to the noise, contrasting the Lindblad term of the dissipator. As a result, the coherent

oscillations are long-lived.
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IV.6 Modeling with the Redfield microscopic approach

Our intent in this section is to explicitly derive a closed model master equation for the
systems under investigation, interacting with colored environments. To do so, we elaborate
on the relation between the stochastic approach and the microscopic derivation of the
quantum master equation in the form due to Redfield |19} 46, 164], presented in sectionm

Let us start by summarizing the main points of the Redfield derivation to identify
the underlying assumptions and approximations explicitly, and their relation with the
stochastic approach used up to now. With this aim, let us consider again a two-level
system with a single dissipation channel.

The starting point is the microscopic definition of the global Hamiltonian as in eq. ,

H=Hs®1z+1s® Hg+ Hy, (IV.37)

where the system Hamiltonian is that described in eq. , and the interaction Hamil-
tonian is H; = Si ® By.

Rotating to the interaction picture, indicated by a tilde over the objects, we focus
only on the evolution due to the interaction Hamiltonian, now time-dependent. We derive
the system evolution by writing the Liouville equation, integrating it, and inserting the
integrated density matrix into the initial equation. Then, we trace out the bath from
the resulting integro-differential equation, a recasting that preserves the exact dynamic
description. Then, as we showed in section [[I.3.1], approximations are needed to obtain
a closed and solvable equation. The initial factorization, and Born approximation,
are inherently assumed in the stochastic approach; the initial condition of the system
is either calibrated (a pure state) or drawn from a distribution (associated with a mixed
state); nevertheless, it is uncorrelated to the state of the environment, as the stochastic
potential is independent of the system. The assumption of thermalization of the bath, in
the case of (Gaussian) colored noise and processes, is ensured by considering the stationary
properties, i.e., drawing the value at ty from a (Gaussian) with variance at infinite time
for the process, eq. E|

Then, without the addition of any further approximation, we obtain the integrodiffer-
ential form of eq. , where we identify the correlation function of the environment,
eq. (I1.27). We can therefore write,

%ps(t) = —% /Ot (C(tyt/)[g(t), Stps()] +C{t,t)[ps(t)S(t), S(t)]) dt  (IV.38)

where we did not have to assume the operators of the bath to be Hermitian, as both S
and B are assumed to be so in the beginning, see section [[I.T.1and the constraint for the
colored-noise SSE to be linear, section and Appendix [V.C|

This is clearly a non-Markovian QME, as that presented in eq. . Therefore,
further approximations must be considered, in addition to those already implicit in the

SSE approach.

2The variance of the process is the one that needs to be used also in the case of colored noise, such as the
YTou noise, as pure noises are characterized by a diverging variance, table
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Chapter IV. Unraveling of Correlated Quantum Master Equation

First, let us consider explicitly the system studied above, driven by the YT noise, re-
casting the equation accordingly. We can identify the operators acting on the system by
setting S = VhR.

We identify the correlation function of the environment with the correlation function
of the stochastic noise, in particular Y, therefore C(t,t') = C(Yy, Ty) = C(t — t'), what
we computed in eq. . In the purely Redfield approach, the correlation function
depends only on the time difference (¢t —t') by virtue of the commutation properties of the
bath operators and density matrix with the bath Hamiltonian. In this case, we can look
at the correlation function itself to assert that it holds, at its stationarity, see egs.
and . Moreover, since the stochastic process is classical, we can recognize that the
additional symmetry C'(t—t') = C(t —t) holds. In this setting, eq. (IV.38]) can be written

%ﬁ(t) = —% /0 t C(t 1) ([R(t), RE)p(t')] +hc.) dt (IV.39)

In this form, we need to introduce further the first Markov approximation, We
change the integration variable for simplicity with the time difference 7 = t — ¢, as done in
Chapter [[Il We let the equation be local in time for the system density matrix, changing
its dependence to be on ¢ and not the integration variable 7, p(t — 7) =~ p(t). This
is equivalent to assuming that the system evolves slowly compared to the environment.
What is obtained is the Redfield equation with time-dependent coefficients

%p(t) = —% /0 t C(r) ([R@), R(t = )p(®)] + boc.) dr (IV..40)

a time-local QME, yet with a component still depending on the dynamical history of the
bath. This is sometimes described as a non-Markovian equation [50], as we are not yet
enforcing the second Markovian approximation Indeed, to recover what is typically
intended as the Redfield equation, the upper limit of the time integral should be extended
to infinity, a full Markovian approximation that we do not invoke here.

We can now express the operator R on {|a),|b)} eigenbasis of Hs and make explicit
iHsT

the time dependence of the coupling operators. The action of e in this basis is easily

evaluated. For instance, we have

|a)(a| R(t)[b)(b] = |a)(aler s Re~ Hst|b) (b

. (IV.41)
= @)l a) (a| RIb) (b,

where % = wy and wp, = Wp — Wg = —wgep- This structure suggests the decomposition of

the coupling operator according to the energy gaps (transition frequencies) of the system,
forming the set G = {0, 0, wap, wpy }, that is

R(t) = Z R(w)e ™t (IV.42a)
weG
= 2R(0) + e~ R(wpy) + e~ et R(wyy), (IV.42b)

where the tilde indicates the operators in the interaction picture, its absence the Schrodinger
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picture, and the dependence of R(w) indicates that the operator is that of the w transition
frequency of the system. With these definitions, eq. (IV.40) can be rewritten as

d .

i) = _72 ( / C(r)e ) drei@= ([RH(w), RW)p(®)] +he.),  (IV.43)

where the integral defines a half-sided finite-time Fourier transformation. Upon explicit
integration, using the analytical form for the covariance of the T oy noise, we obtain time-

and frequency-dependent coefficients

, t it 72 eliw'=0)t _ 4

Rotating back to the Schrodinger picture, we finally obtain

%p(t) - L He, p(t)] — & Z I, ) (R (@), RW)p(®)] +hee.) . (IV.45)

IV.6.1 Closure model for colored environments

We are now in the position of formulating an approximation of the cross-correlation term
arising from the SSE unraveling. Comparing the two QMEs, from the SSE eq. (V.25
and the Redfield eq. (IV.45)), the following relation between the dissipators emerges

7; (Rp(t)RT - % {R'R, p(t)}> + f/%[ﬁf,la(xptrj ()] ~ (IV.46a)
~ _% g P, 1) ([RH @), R@)p(®)] +huc.) (IV.46b)

By inserting the explicit form of the coefficients from eq. (IV.44)), eq. (IV.46b)) becomes

2 e(iw’—@)t _
o (1 - ew_e1> (2R@)p(OR) ~ {R@)RW), p(0}) = (IV.ATa)
-7 > (2R@)p()R(W) = {R(w) R(w), p(t)} (IV.47D)
2h
7 2 _ pliw' =0t
* ;71 Z = i — 0 (2Rw)p( R = {RW)IRW), p(1)}). (IV.47c)

The first term, eq. (IV.47b)), is just the Lindblad dissipator where the jump operators
are expressed in the rotated basis of Hamiltonian eigenstates. By rotating back to the
original frame, such Lindbladian terms are equivalent to those emerging from the SSE,

first term in eq. (IV.46a]). Therefore, the approximate equivalence becomes

(R E(XpM Z Lo (aR@ipRW) - (R@) R, p(0)
Vh h iw' — P P ’

(IV.48)

101



Chapter IV. Unraveling of Correlated Quantum Master Equation

This gives the approximate expression of the cross-correlation term as a tensorial func-
tion, based on a rotated and operator-wise weighted generator, linear in the system density
matrix p(t), effectively producing a closure model for the correlation term in eq. .
This term (with opposite sign) is the same appearing in the Xgy-driven QME, allowing
for a closure model of eq. as well.

These Redfield equations allow us to understand in a more familiar format the addi-
tional correlation terms to the simple Liouvillian and Lindblad dynamics derived in the
previous sections, and their unusual behavior captured by the numerical implementation
shown in section [V.5l

The rationale of stationary densities prediction in the case of commuting Pauli noise, as
well as the two different relaxation time scales for non-commuting noises, is presented for
the prototypical example of a two-level system in the following section. Before drawing
considerations from the numerical results, it is important to remark on one important
difference between the two methods, as we shall recall again in section[[V.6.3] The Redfield
derivation returns a model for the QME obtained by the stochastic approaches, not the
same QME, a closure model, with one immediate important difference. Since the model
QME forms are not Lindblad, we cannot guarantee a priori the positivity of the maps.
In contrast, the dynamics obtained by the average of stochastic trajectories are always
positive by construction. Indeed, the Redfield model is intended as a closure model for
the SSE-derived QME, within the usual considerations of the range of validity of the
approximations required in the Redfield derivation. For strong couplings (i.e., large noise
intensity) and for high values of the parameter 6, this model becomes less and less effective,

as we move outside of the range of validity of the Redfield model.

IV.6.2 Redfield relaxation channels for the two-level system driven by
T ouy-noise

The microscopic derivation of the quantum master equation provides an explicit link be-
tween the rates of different relaxation processes and the environment dynamics as described
by its correlation function. Notably, the available relaxation channels are determined by
the structure of the coupling, i.e., by the system operators R coupling with the bath, see
eq. (IV3).

When R commutes with the system Hamiltonian Hg, there is no energy exchange
between the system and the environment, and the only irreversible channel is decoherence
of the energy eigenbasis. The pure decoherence model corresponds to a coupling operator R
with components only for w = 0 in eq. . Conversely, when the coupling operator
does not commute with Hg, it presents components at different frequencies, triggering
transitions between eigenstates of different energies with rates that are determined by the
environment through I'(w, ¢) defined in eq. (IV.44)).

We now illustrate the implication of this relaxation structure applied to the specific
case of the frequency- and time-dependent transition rates associated with the YT gy-noise,
for the two-level system described by the Hamiltonian form in eq. .

Evaluating the system operators and the time-dependent rates for each frequency leads
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Figure IV.7: Time-dependent coefficients of the Redfield equation computed for the differ-
ent Hamiltonians, computed for v = 0.45v/%6 and 6 = 1. The real part is on panel (a) and
the imaginary part on panel (b). Negative frequency coefficients are not shown as they
are the complex conjugate of the positive ones. The null frequency coefficient contribution
is equal for all the Hamiltonians and labeled “pure decoherence”. The characteristic fre-
quencies of the different Hamiltonians are in different line styles as depicted in the legend.

to different results about active relaxation channels and consequent stationary state, de-
pending on the system Hamiltonian and the noise operator, Figure Let us consider
two degenerate states coupled by the Hamiltonian, Hyq, and the noise operator as the
Pauli o, operator. This is a pure decoherence setting where the coupling to the noise
commutes with the Hamiltonian of the system. The frequencies of the system obtained
by diagonalizing the Hamiltonian are (€2,2), but the noise coupling operator, R, does not
connect different eigenstates, i.e., Ry ;+ = 0, nullifying the contribution of the coefficient
I'(w # 0). On the other hand, the zero-frequency component of R is not zero. and the
contribution of the coefficient I'(w = 0) is real and exponentially decaying in time, solid
line in Figure[[V.7] Physically, this describes a decoherence channel which is active only at
early times while the decoherence rate vanishes at longer time. This correctly predicts the
peculiar stationary state obtained numerically from the SSE implementation, presented in
section [[V.5] where we observe only partial decoherence of the initial state. The result is
an asymptotic mixed state that can maintain some coherent behavior, depending on the
timescale of the system and the intensity of the noise.

In the case of a non-coupled and non-degenerate system, the eigenstates of the Hamil-
tonian H o correspond to the observable basis; therefore, the o, coupling to the noise only
induces transitions between the eigenstates. Pure decoherence due to the zero-frequency
term is null, whilst the components at non-zero frequency matter. These coefficients have
the same value as the zero-frequency coefficient at the initial time. However, they are
complex, and after a few oscillations they converge to a non-zero absolute value, lower
than the initial one. Because these coefficients weigh the upward and downward transi-

tions equally, we should expect a stationary state reflecting the equipartition of population
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Chapter IV. Unraveling of Correlated Quantum Master Equation

between the states, which is indeed what we observe numerically (see Figure m)

In the case of the generic Hamiltonian H, o, the o, noise operator has both a pure
dephasing component and finite frequency components inducing transitions. Specifically,
if V' is the unitary transformation diagonalizing the Hamiltonian, the weight of the pure
dephasing and finite frequency contributions are given by the diagonal and off-diagonal

elements of the transformed coupling operator, namely

; s+\/sg22+492 %
R Vo, Vi = - : £+ VEZEITE (IV.49)

The two different main time scales for the dissipation can then be clearly seen and esti-
mated. In the short time, the system decay is due to the effects of both the zero-frequency
and the 2w’ coefficients. For a longer time, the decay is due only to the coefficients at
non-zero frequencies. When e < €2, the resulting relaxation can be much slower than the
oscillation frequency of the system, resulting in long-lived coherent transfer between the
two sites.

On the other hand, when noise is applied on the site basis with the Pauli o, (the diago-
nal Pauli noise), the major contribution is by the non-zero frequency coefficients (the only
for the degenerate coupled system), which converges to a non-zero finite value, and ex-

plains the expected infinte temperature steady state reached in the numerical propagation,

see Figure

IV.6.3 Comparison with Redfield dynamics

In this section, the numerical solution of the Redfield model dynamics is investigated, and
it shows good agreement with the SSE results for the observable under study.

In the simplest case of a null Hamiltonian, only the channel at zero frequency con-
tributes to the relaxation. We recall that the associated rate vanishes at long time as
shown in Figure [V.7h. Looking at Figure [V.8h, we see that this approach correctly
predicts the dynamics of the null Hamiltonian system, the absolute error is shown in Fig-
ure [V.8d and it fluctuates with an amplitude that depends on the noisiness of the SSE
trajectories average. This is also true for coupled resonant systems.

When an energy difference is introduced in the system, like in the generic Hamilto-
nian H. o, the difference between the Redfield dynamics and the average obtained from
the SSE accumulates at early times because of slightly detuned coherent oscillations, Fig-
ure[[V.8b. At longer times, both dynamics converge to the same stationary states reaching
equidistribution of populations.

The difference in the oscillation frequency is even more noticeable in the case of noise
on the sites (R = 0,), see Figure [V.8c and [[V.8f. The Redfield equation shows a slight
speed-up of the oscillation, while the Yoy-derived QME slows them down depending on
the intensity of the noise, see also Figure

As a final remark, we comment on the positivity of the dynamics, as pointed out in

section Although good agreement is observed in the comparison of the numerical

results, we want to stress that the Redfield model does not ensure positivity of the dynam-
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Figure IV.8: (a-c) Comparison of the pgg dynamics, for the Hy and H, o Hamiltonians. The
dynamics computed by stochastic averaging are displayed as dashed bold black lines, and
the Redfield model in red lines. (d-f) Absolute errors w.r.t. the SSE-obtained population.
The noise is applied through o, in (a,d) and (b,e), and through o, in (c,f).

ics. For all parameters considered here (see Appendix for a wider range), including
strong noise intensities v, the numerical solution remains positive. The situation changes
when the parameter 6 becomes large, as the memory of the environment is well out of the
regime of validity of the Redfield approach. In this case, and somewhat counterintuitively,
the breakdown of positivity occurs at longer times rather than at short times, in the case
of systems described by the generic Hamiltonian H, . This behavior is due to oscillations

of the eigenvalues of p(Red) (SSE)

around the reference value obtained from p , as shown in
Figure The amplitude of these oscillations increases in time and, for sufficiently large

0 values, eventually leads to negative eigenvalues.

IV.6.4 Partial secular approximation and complete Markovianity

When the time scale used to propagate the dynamics is larger than the inverse of the

system frequency separation, eq. ([1.41)), the rapid oscillating terms in eq. ([V.43)) can be
neglected, approximated to zero as vanishing by long-time averaging. Then, only terms

with w’ = w survives, leading to

%p(t) _ —%[Hg, ()] — % 3D, t) ([RI (@), R@)p()] + hec.) (IV.50)

w

which is not in Lindblad form only because the coefficients I'(w, t) are time dependent.
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Figure IV.9: Comparison of the dynamics of the first eigenvalue eg(t) of p; for the three
different Hamiltonians (Hq, H., H. o), and noise operator R = 0.

If we were to complete the Markov approximation, extending the integration upper
limit to infinite time, we would recover the Lindblad master equation. This cannot be
done because of the particular Yoy colored noise correlation function, as it would wrongly
lead to a white noise situation, estimating the wrong stationary state. This is due to
the term asymptotically decreasing to zero, valid for each Hamiltonian, i.e., for the null
frequency w = 0. The picture can be recovered partially by applying the second Markov
approximation to the terms of frequency w # 0, so that

INw,t) =

{ S Cr)e mdr =y, w#0 1V 51)

fot C(r)dr w=0

IV.6.5 Real time-dependent Redfield tensor

Complete Markovianity and the recovery of a Lindblad form are not, in general, the
appropriate remedies for the non-positivity of eq. . The former does not guarantee
positivity, while the latter — although ensuring complete positivity — fails to reproduce
the correct master equation and the associated mean dynamics.

Instead, we investigate the use of a real Redfield tensor as a means to address the pos-
itivity issue of Redfield-approximated dynamics and, crucially, to suppress the unphysical
oscillatory features observed in the eigenvalue evolution. We emphasize that the possible
non-positivity of the Redfield dynamics is not any property of the underlying physical sys-
tem, but rather a consequence of spurious oscillations introduced by the approximation
itself, which are absent in the actual dynamics being modeled.

Among the different variants of the Redfield equation discussed in this Chapter and in
Chapter [, a formulation of the Redfield tensor without imaginary components has been
introduced in section[[T.3.4] with the caveat that additional care is needed when applied to
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Figure IV.10: Comparison of the dynamics of the first eigenvalue eg(t) of p; for the Hamil-
tonian H. o and noise operator R = o0,, computed from the mean open-form correlated
QME obtained from the SSE approach, with the full Redfield tensor and with the real
Redfield tensor dynamics.

other Redfield tensor versions. Indeed, for time-dependent Redfield tensors I'(¢,w), even
in the case of an environment modeled as classical stochastic potentials, the half-sided
Fourier transform produces complex functions for the coefficients, see eq. and
Figure [V.7 To gain an understanding of this phenomenon, we can rewrite the integral
defining the coefficients, identifying clearly the real and imaginary components, as well as

two oscillatory terms,

/Ot O(r)e™T dr = /Ot C(7) cos(wr)dr +1 /Ot C(7)sin(wt)dr (IV.52a)

= Re[['(¢t,w)] + Im[I'(t,w)] (IV.52b)

The imaginary component is clearly oscillating, and there is no direct correspondence to a
Lamb shift term. Restoring the second Markovian approximation by extending the
integration upper limit to infinity, one would recover real coefficients and I'(w) € R, as
expected from a real-valued stochastic process modeling the environment.

Here, we introduce another version of the Redfield tensor, real and time-dependent.
We associate the imaginary component of the time-dependent coefficients with a transient
memory term, accounting for transient memory-induced shifts.

Numerically, we observe that this is the term inducing the spurious oscillation of the
eigenvalues, see Figure

We want to stress that this procedure does not directly correspond to the removal of
the dispersive component, as we cannot, in general, write the imaginary component of the
dissipator as a commutator with some ¢Hrg. Indeed, the dissipator in eq. mixes
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terms of different frequencies of the system, operators R(w) and R(w'),
Z/I’(w’, t) ([ R (@), R)p(t)] +he.) = Z Re[[(w', )] (| R (w), R(w)p(t)] +hc.)
+i 2Im[F(w A1 ([Bf @), R@)p®)] +he.),
| (IV.53)

and focusing only on the imaginary component, we cannot write a commutator. Only
after secular approximation, imposing w = w’, one can write the imaginary component of

each term as

m(T (w, t)] ([Rf(w), R(w)p(t)} + h.c.) = ilm([T(w, )] (p(t)RT(w)R(w) - RT(w)R(w)p(t))

(IV.54)
and therefore, for all frequencies w, reorganize into a commutator
—i [Z Im[[(w, t)]RT (W) R(w), p(t)] = —i [His(t), p(t)] - (IV.55)
where we identify a time-dependent Lamb shift
Higl(t Zlm w, )] RT(w)R(w). (IV.56)

IV.6.6 Use of Novikov theorem to close correlated QME

In section we introduced the use of SLE in the framework of the stochastic Hamil-
tonian, and the use of the Novikov theorem to address terms of the form E(thzrj), where
Zy; is a Gaussian variable.

Our aim in this section is twofold. Exploiting the results obtained, we show another
route to the closure model of the correlated QME, leading to the same Redfield equation,
and from that gaining further insights into the nature of the transient memory shifts
introduced in the section above.

Let us start from the open form eq. , obtained at the end of the section, repro-

duced here for clarity of visualization,

%pt —i[H, py] / Cy(t,s) [R E ([UtsRUts,p“Jm ds. (IV.57)

Without invoking complete Markovianity, falling back to Lindblad forms, we can adopt
softer approximations to close the equation. Using a perturbative approach, a closed de-
terministic master equation can be obtained, where the propagator is simplified according

to

t
Uts = T4 exp {—z/ (H+ Z.R) dr}

S
t
~ exp{—i/ HdT} = UthIS,
S
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where the fluctuation is considered as a small perturbation of the system Hamiltonian
and approximated to zero. The resulting propagator is now a deterministic operator

. . H
acting on the system. As a consequence, we can write R; s = UESRUt ST,

which is likewise
deterministic and independent of the stochastic process, and therefore unaffected by the
averaging operation.

This allows us, by linearity of the average, to insert the averaging operator E[-] in
the commutator in eq. to act solely on the ensemble of stochastic density matrix
trajectories p™ and thereby close the equation in terms of the average trajectory, as
E[Pirj] = Pt

Evaluating the action of the approximated two-times propagator on the noise operator,
one obtains a QME with time-dependent coefficients identical to what is obtained while
applying a Redfield approach in section and in Ref. [147]:

d | t
v —ilH, ] /0 Cy(t, s) [R, [Res, pr]) ds. (IV.59)

To appreciate that the form is exactly the same obtained above, one has to move to the
interaction picture, noting that the operators R and R; s bring different time dependence,

using

R; = ¢t Re~H! (IV.60a)

Rs _ ethRtVSefth — ethef’iH(tfs)ReiH(tfs)efth _ eiHsRefiHS. (IV60b)

Then, we can rewrite eq. ([V.59)) as

d

Ch=- /0 Ot 5) [Res [Ros]] ds, (IV.61)

indeed the same form of eq. . Then, assuming stationary noise, we continue with
the same steps proposed in section obtaining the usual Redfield form, clearly showing
the dependence on the frequencies of the system.

The Redfield form obtained, identical to that obtained before, suffers the same issue of
spurious oscillation of the eigenvalues. Contrary to the case of the microscopic derivation,
where it is solved a posteriori, we can pinpoint where in the SLE derivation the issue
arises, and compare our findings to the original correlated QME and to the previous
Redfield model.

First, we remark that eq. is an “exact” recasting of the correlated QME derived
from the SSE approach. Derived in a different framework, it relies on the same assumptions
on the system-environment interactions and is modeled as a stochastic Hamiltonian. It is
sufficient to substitute the Ornstein-Uhlenbeck noise T; in eq. , and eq. is
obtained.

Then, there is only one step, the perturbative approximation in eq. , removing

positivityﬂ and introducing oscillations in the mean density matrix eigenvalues. The effect

3Recall that, as QME derived from stochastic Hamiltonians approaches are the linear average of valid pure
states, the maps obtained are at CPT, see section m
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of approximating the propagator is to neglect an oscillatory term in the form of
¢
UStOCh = exp {—iR/ Zy dr} , (Iv.62)
S

where we need to assume that we can write U; s = UL Ui StOCh, i.e., a first-order Suzuki-
Trotter decomposition [241] 242|, see step eq. (and section .

The stochastic propagator Uy stoch can again be considered as a transient memory term,
yet different from that obtained in eq. . Indeed, its removal causes the eigenvalues
to oscillate, and one might then consider it as the intrinsic correction present in the open
form.

To conclude, we can compare the features of the different derivations. Let us recast
eq. (IV.57)) in the interaction picture to compare it to the non-Markovian master equa-
tion eq. obtained by microscopic derivation and the correlated Master equation
obtained from the SSE approach.

Sh=— [ Cott.9) [Bu (Ui 5i7]) (1V.63a)

t ~ .t . . Lt
— / Cy(t,s) {Rt,]qu_’fg H+RZ dr it o —itit i ], H+RZrd7",~§meds (IV.63b)

/ CZ + 5) {Rt, <{ —iH(t—s) —ZRf Zy dr cHt pe—iHt zH(t s) zRf Zydr ~trj}>}
(IV.63c)

- /0 Cyt,s) [ B, B ([URe RUTY™M, 577]) | ds. (IV.63d)

We can further substitute Z; with the OU noise Ty and Cyz(t, s) with its covariance,
eq. (IV.15). Then, the d-component of the covariance will give rise to the Lindblad dis-
sipator term, in both approaches. This term is not a concern, and we can focus on the
equivalences between the open term and its models.

Then, before further approximations, other than the common initial factorization and
the Born approximation, the different terms are presented in the following, where we use
the interaction picture frame for simplicity, and the main differences that can be observed
are highlighted.

In the correlated QME from the SSE approach, we obtained

i0 [Rt, E (X{”Jﬂ , (IV.64)

and the equation is open due to the average operator, acting on the trajectory-wise product
of the stochastic density matrix and the associated noise realization. Although this term
seems to be time-local, we can apply Novikov’s theorem, eq. , and, following the
derivation as in the SLE approach, show the time dependence and non-Markovianity of

this term. Indeed, the term arising from the SLE derivation is

gl

5 Ot e s Ry, B (et Ry ™, pi ) )| ds, (IV.65)
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where, although the trajectory density matrix ,b';rj depends only on time ¢, it still cannot
be moved outside of the integral. In eq. , the stochasticity now does not depend
on the process X;, a component of the T; noise, but on the stochastic propagator of the
noisy component of the Hamiltonian. Then, this form shows both time non-locality and
stochastic components.

On the other hand, from the Redfield microscopic approach, which is a mean-field
approach, we can stop before introducing the first Markovian approximation, which would
otherwise lead to the closure model presented in section Then, in addition to the

white noise component, we have

PO [ o=l [}, (7. 2
. /0 e (B[R, | ds, (IV.66)
which is an open term arising solely from the explicit time non-locality of the reduced
density matrix, without explicit stochastic degrees of freedom, as these have already been
averaged out in the reduction inherent to the microscopic approach.

These terms seem to have a different nature, yet they all relate to the openness of
the QME, non-Markovianity of the system, and correlation of the system with the envi-
ronment. A natural question arises, left for future research: can we formally relate these

terms, arising from different approaches?
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Appendices

IV.A A note on units consistency

In this Appendix, we remark on the units of measure of the stochastic processes and noise,
the operators used in the SSE and the Redfield approach.

White noise. In the white noise case, the stochastic source dZ; = o dW;, with dimension
[dW;] = V/t, by definition, and we recognize [y] = V/E, a square of energy, as it is a
fluctuation of the Hamiltonian system. Then, to have dimensionless operators, we can
substitute the operator B with B = L/V/h.

OU noise. In the SDE of the OU process, eq. , the units of the noise are

[0] = t_l’ [v] = \/E) [dW;] = \/%, [dX] =VE-t (A1)

to keep consistency. Then, as above, we need to identify B = iR/ v/l in the SSE associated
with this noise-inducing term.

OU process. In the stochastic Hamiltonian with OU process fluctuations X;, where
[X:] = VE - 1, and with the same identification of the operator R/v/h, we would have

1

7
diyy = —=Hp dt —
{0 - (o N

RX, dt, (A2)

where looking only at the units, is

0= 5] B0+ | =] [VE 1= 0+ (A3)
where [0] indicates the absence of physical units, showing that we need to use a weighted
process Z; = 0X; to have consistent units, removing the time on the r.h.s. above. This
fixes the inconsistency of physical dimensions in Box

Redfield. In the Redfield derivation, each Hamiltonian component carries the units of
an energy. Then, in eq. we need to substitute S, = VAR, to reconcile the operators
with the ones used in the SSE approach.

IV.B Ornstein-Uhlenbeck updating formula

According to the Ornstein-Uhlenbeck SDE in eq. (IV.1)), each X; trajectory can be com-
puted using the Euler-Maruyama scheme. Alternatively, an exact updating formula has

been proposed by D. Gillespie in [213], namely

2

Xt+At = Xte—eAt + X\/;e (1 _ 6—26'At) (A4)

where X ~ N(0,1) is a random number drawn from a normal unitary distribution, and
X is the initial value, again a random value obtained for each trajectory drawing from a

Gaussian distribution with the same variance as the stationary process.
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IV.C Constraint due to the normalization condition

Proposition 1. Using the stochastic differential dX; of an Ornstein-Uhlenbeck process

(Xt)t>0, defined in eq. (IV.1), as the noise source in the SSE eq. (111.30) with deterministic
operators A and B, the martingale property of the norm is ensured if and only if the B

operator is an anti-Hermitian operator given by B = iR, with Rt = R.

Proof.
(«) If B =14R, we compute the term to set to zero
AT+ A—0X,(—iR+iR)++*RTR=0 (A5)

that simplifies to AT+ A+~2RTR = 0 and the normalization term is obtained in the
same fashion as for the white noise-driven SSE, eqs. ([11.38]) and ([[11.41)),

Az%H—f%ﬁR (A6)

(—) Given (X¢)i>0 € R,C Gaussian r.v. with E[X;] = 0, then Vw3t = t. : X, = 0.

Then, Vw, ¥Vt = t. the condition of normalization becomes again
AT+ A++°B'B=0 (A7)

leading to the same normalization term as in eq. ([11.41]). Since this normalization

must hold true at all times, then

Yt #te,X; #0 then 0X,(B'+ B)=0 — B'=-B (A8)

O]
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IV.D Dynamics of the populations for different noise inten-
sities

In this section, we present additional numerical results illustrating the system dynamics
driven by white noise &, the Ornstein—Uhlenbeck process Xou, and Yoy noise, with
the intensity of the noise component varied in the range 0.04-1.3v/A6. The Hamiltonian
parameters are kept fixed, and each figure refers to a different Hamiltonian system. In
consistency with the main text, the dynamics are displayed with the following color code:
driven by the white noise & in solid black lines, by OU process X; in solid red lines, and

by OU noise T; in solid green lines.
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0 10 0 10 0 10 0 10
Time (6t) Time (6t) Time (6t) Time (60t)

Figure A.IV.D.1: Few selected dynamics of the system described by the Hamiltonian H, g,
with the stochastic forces applied through the Pauli o, operator.
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Figure A.IV.D.2: Few selected dynamics of the system described by the Hamiltonian Hy g
with the stochastic forces applied through the Pauli o, operator.
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Figure A.IV.D.3: Few selected dynamics of the system described by the Hamiltonian Hy o
with the stochastic forces applied through the Pauli o, operator.
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Figure A.IV.D.4: Few selected dynamics of the system described by the Hamiltonian H, o
with the stochastic forces applied through the Pauli o, operator.
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Figure A.IV.D.5: Few selected dynamics of the system described by the Hamiltonian H, g,
with the stochastic forces applied through the Pauli o, operator.
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IV.E Convergence to white noise dynamics
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Figure A.IV.E.1: Convergence to the white-noise dynamics as the € value decrease to
zero. (a) Dynamics of the population pgy of the H. o system with o, noise operator,
obtained averaging over Tgy-driven SSE trajectories, for noise intensity v = 1.3 and
0 € {0.1,0.2,0.5,1} (colored solid lines) and the white noise dynamics (bold dashed gray
line). (b) Trace distance of the density matrix for the dynamics driven by colored noise
with different 6 parameter with respect to the white-noise limit dynamics.

IV.F Comparison with Redfield dynamics for different noise

intensities

Additional numerical results illustrating the comparison of the numerical solution of the
Redfield with time-dependent coefficients and the ensemble-averaged dynamics of the SSE
drive by the Y ou-noise, for different noise intensity, varied in the range 0.04-1.3v/76.

In all figures of this section, the noise intensity is indicated by the color code in each
legend. Solid lines represent dynamics obtained by averaging T oy-driven SSE trajectories,
whereas bold dashed grey lines denote the corresponding results from the Redfield equation

with time-dependent coeflicients.
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Figure A.IV.F.1: (a) Dynamics of the population pgg of the Hp o system with o, noise
operator. (b) Absolute error in the population dynamics.
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Figure A.IV.F.2: (a) Dynamics of the population pgg of the Hyq system with o, noise
operator. (b) Absolute error in the population dynamics.
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Figure A.IV.F.3: (a) Dynamics of the population pgg of the H. o system with o, noise
operator. (b) Absolute error in the population dynamics.
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Figure A.IV.F.4: (a) Dynamics of the population pgy of the H, o system with o, noise
operator. (b) Absolute error in the population dynamics.
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Figure A.IV.F.5: Convergence to the equipartite stationary state. (a) Dynamics of the
population pgg of the H, o system with o, noise operator, obtained averaging over Toy-
driven SSE trajectories (bold dashed line), from the Redfield with time-dependent coeffi-
cients (red line), and using white noise (light gray line), for noise intensity v = 1.3 and
6 = 1. (b) Absolute error in the population dynamics.
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Chapter V

Densification of Stochastic

Trajectories

In this Chapter, we discuss different quantitative descriptors of the properties of open
quantum systems. Within the framework of stochastic unravelings of open system dynam-
ics, we show that trajectory-based methods can provide access to additional information
with respect to quantum master equations, on quantities that are not directly accessible
from the mean evolution alone. Indeed, while the master equations offer an effective de-
scription of the mean dynamics, they inherently reduce the information in the average
step, discarding the information encoded in individual stochastic realizations.

Building on this perspective, we propose two quantitative descriptors that, to the best
of our knowledge, have not been previously studied.

The first descriptor is a dynamical measure that quantifies the extent to which stochas-
tic trajectories exhibit collective behavior during their evolution within a given unraveling.
Although this concept bears intuitions of some sort of “synchronization” among stochastic
trajectories, the term synchronization is commonly used to refer to a phenomenon that has
been intensively studied in reference to the mean dynamics of coupled systems 174} 175
243247, mostly two-qubit systems. The setting considered here is fundamentally differ-
ent, as we consider a single quantum system and investigate one property arising solely
from the structure of its stochastic unraveling. To avoid confusion with established notions
of synchronization, we refer to this quantity as a densification measure, emphasizing its
relation to the geometrical visualization of the states of a single qubit.

From this measure, we further introduce a second descriptor, the re-densification char-
acter of the unraveling and of the corresponding averaged map. Rather than constituting

a rigorous classification of dynamical maps, this quantity is meant to provide qualitative
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insight into the relationship between stochastic trajectories, and their associated mean
evolution, employing a quantitative descriptor.

Before introducing these new measures, we review some of the most well-known and
used quantitative descriptors for the dynamics of open quantum systems. These will
serve as a methodological foundation underlying the construction of the new measures
developed, and as a basis of reference for the considerations that can be drawn from our
construction.

We then construct the densification measure, the re-densification character, and illus-
trate its behavior for a simple single-qubit model. We conclude by proposing an extension

to n-dimensional systems, valid both for n-qubit systems and d-level n-site systems.

V.1 Quantitative descriptors for quantum systems

There are many different ways to observe and describe a quantum system, its properties
and dynamics. For instance, in the previous Chapters, we focused on the dynamics of
the populations of the mean density matrix expressed on the o, basis. The dynamics of
the population pgg is, up to an affine transformation, equivalent to the observable <Jz>.EI
Another quantity of interest we investigated to understand the dynamics of the systems,
the dynamics of the density matrix eigenvalues, in particular eg.

To obtain concise information on certain phenomena, we can define quantitative de-
scriptors, extracting knowledge from the whole dynamics of the systems. We start from
basic quantities in the theory of open quantum systems, borrowing from information and
quantum information theory. One central question for information theorists regarding
quantum systems is how states can be distinguished, knowledge that is fundamental to
understanding how information is preserved, transferred, and lost during a process. One
clear way to do it is the definition and use of metrics and distances.

We will discuss the use of the trace distance and of quantum fidelity and descriptors
that we can derive from them, in relation to two questions: is an open evolution Markovian,
and if not, by what degree? How close are two density matrices during an evolution, and

how sharp is the distribution of the pure state processes unraveling their dynamics?

V.2 Purity of a state

We introduced the concept of purity of a state in section and thereafter it has been
recalled when discussing the origin of mixed states in Chapter [[II} Here, we briefly recall
its more formal definition, and discuss the use of the purity of a density matrix as an
indicator of environment-induced decoherence of the system. The purity of a quantum

system is defined as
0= T[p?] (V.1)

'Recall that an affine transformation is a linear rescaling with a shift, and indeed, we can write (0,) =
Tr(p:o=) = poo — p11 = 2poo — 1.
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V.2. Purity of a state

Figure V.1: Representation of two Bloch vectors associated with the two density matrices
p1 and po, in blue and red. Their trace distance is proportional to the Euclidean distance
between the vectors, orange line, and the angle « related to the quantum fidelity of the
two states, in green. The purity of the two states is indicated by the length of the Bloch
vectors.

taking value in o € [%, 1], where ¢ = 1 for pure states (i.e., that can be described by a
statevector), o < 1 for mixed states, with the lower bound % for the maximally mixed
state. From the geometrical point of view, it is related to the length of the Bloch vector
representing the state, presented in section in eq. .

This descriptor then gives immediate information on these particular aspects of the
average dynamics: starting on a localized deterministic pure state, we start with the
maximum purity, which decreases due to the effects of the dissipator D, but can still
possibly increase if we transfer irreversibly to a particular state. In Figure we show
the purity of the states for the dynamics presented in Examples and Both are
strictly contractive dynamics, purely Markovian, but the sole purity of the states can not
distinguish properties of the maps. In the first example, the Haken-Strobl, Figure [V.2h,
the system reaches the maximally mixed state, related to infinite temperature of the bath,
and we can immediately recognize the contraction induced by the dissipator. In the second
example, Figure [V.2p, we investigate the spontaneous emission of an exited state to the
ground state. The purity reaches a minimum when pgy = p11, and then starts increasing
again as we transfer populations to the lowest energy level, eventually reaching a pure
state localized on |0).

Indeed, this descriptor is limited to the description of the average dynamics of one
density matrix, depending only on its state at a precise given time, and alone bears no
information on the change of p with respect to an initial state p(0) or another state p, nor

gives information on the pure state trajectories.
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Figure V.2: Dynamics of the two-level systems of Examples and [[II.1] depicted by
their populations pgg and p11 in red and blue solid lines, and the purity of the mean density
matrix in black solid line.

V.3 Trace distance and non-Markovianity measure

We introduce here a proper metric to define the distance between different density matrices

associated to the same Hilbert space. We define the trace distance as [248]

1
D(p1,p2) = 5”01 — p2(l1 (V.2)

where ||A||; = VAT A is the trace norm of the matrix A, in this case the difference of the
two states’ density matrices. The trace distance is a proper distance, as D is positive
semidefinite, bounded D € [0, 1], namely is zero if the states are identical, D(p1, p2) = 0 if
and only if p; = p2, and it is maximal if and only if the states are orthogonal, D(p1, p2) = 1
iff p1 L pa.

The geometric interpretation of this distance, in the framework of quantum computing,
is immediate. Take two states of a qubit and represent them on a Bloch sphere; it is easy
to see that the Fuclidean distance of the two vectors is twice the trace distance of the two
matrices, see Figure

The physical interpretation of this distance is related to the ability to distinguish
states, quantifying it, and can be thought of as the probability of identifying one state
by an optimal measurement. The limital cases are orthogonal and identical states. The
distance is maximal for orthogonal states, and to distinguish which of the two is present,
we need only one projective measure, while for completely identical states, we cannot tell
which one we are observing. It can be thought of in a way as a generalization of the
classical trace, L1, or Kolmogorov distance for probability distributions. In fact, if the
states commute [p1, p2] = 0, we can express p; and pg in their diagonal form in the same
basis; this can be looked at as a classical distribution, and the quantum trace distance
and the Kolmogorov distance are equal [24§].

Many results and properties related to this distance are discussed in detail in Ref. [24§].
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V.3. Trace distance and non-Markovianity measure

Here, we focus on the results that are relevant for open quantum systems, namely the con-
nection between trace-distance contractivity, completely positive trace-preserving (CPTP)
dynamics, and quantitative notions of Markovianity.

A fundamental result, see Theorem 9.2 in [248], states that any CPTP map is a con-
traction with respect to the trace distance metric. In particular, given a CPTP map &,

for instance those generated by a Lindbladian £, then

D(Eclpi), Eclps]) < Dipr, p2). (V.3)

Then, by the semigroup property Eq(t + 7) = Ex(t)Ec(7) it is straightforward to see that
DEL i) €8 p2)) < DEL [1]. €L 2] (V.4)

showing that, for all quantum dynamical semigroups &£, the trace distance is monotonically
decreasing in time, the two states becoming less distinguishable at each subsequent time,
a progressive loss that is characteristic of Markovian open-system dynamics.

In Figure the behavior of the trace distance for the two-level system driven by
the different stochastic fluctuations previously investigated in Chapter [[V] The dynamics
driven by white noise, leading to a Lindblad QME and therefore a CPTP map, is charac-
terized by a strictly monotonic decrease of the trace distance, as expected by eq. .
When correlated fluctuations drive the system, the results change. The trace distance for
Xou-driven system shows its typical null derivative at time zero, recall section [[V.5.1] and
then exhibits a slower decay that still leads to a null trace distance as the system reaches
the maximally mixed state stationarity. On the other hand, in the presence of correlated
Tou-noise, the trace distance reaches an asymptotically non-null value, as the orthogonal

realizations reach different stationary states.

V.3.1 BLP non-Markovianity measure

The inequality of eq. gives one condition allowing us to determine, possibly, the
Markovianity of a map, as it is a condition valid for CPTP maps.

This is not always true for non-Markovian processes. At certain times, the distinguisha-
bility of states undergoing a non-Markovian evolution due to a map ® may increase, a
phenomenon that can be interpreted as a backflow of information from the environment
to the system. This can be appreciated by observing the trace distance as a function of

time, and stated formally by defining the rate of change of the trace distance,

G151, p2) = 3D (1 (0), p2(1) (V.5

where p;(t) = ®4,pi(to) is the density matrix propagated from its initial condition to the
time ¢ by the map ®.

The time intervals where eq. is not valid are therefore characterized by positive
values of the rate dg¢(t; p1,p2), and we can define a quantum process as non-Markovian

if, for a pair pj, p2 and a time ¢, such that d(t.; p1,p2) > 0. From these considerations,
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Figure V.3: Trace distance of the mean density matrices for the dynamics of a two-level
system defined by Hamiltonian Hg o, driven respectively by white noise, black line, OU
process, red line, and OU noise, green line. The trace distance is computed between two
mean density matrices obtained by realizations of the processes starting from orthogonal
initial states.

H. Breuer, E. Laine, and J. Piilo (BLP) proposed a quantitative measure of the degree of

non-Markovianity [249| 250]. For a single propagator, we can write

N (®; p1, ps) = /5 ot pr.pa) . (V.6)
>

which ascertains whether a specific single realization under study exhibits non-Markovian
features. The integral is restricted over the time intervals satisfying d(t¢; p1,p2) > 0, so
N (®; p1,p2) > 0, with strictly positive values indicating non-Markovian features.

To characterize the non-Markovianity of the dynamical map ® itself, rather than of a
realization starting from a particular pair of initial states, the dependence on p; and po
must be removed. This is achieved by maximizing the quantity in eq. over all possible

pairs of initial states p1(to), p2(to), obtaining the BLP measure of non-Markovianity,

N(®)= max / 8(t; p1,p2)dt > 0. (V.7)
p1(to),p2(to) J5>0

We note that the definition of this measure of non-Markovianity requires strict pos-
itivity of the rate of change of the trace distance. Imagine a scenario as depicted in
Figure [V4] the measure N does not distinguish between the behavior of curves in panel
(a) and (b). While the first is clearly Markovian, the peculiar deviation from the expected
monotony in (b) would not be noted. Indeed, this is the scenario that we observe in
Figure The presence of the cross-correlation term with the environment-dependent

process, eq. ([V.64), and the incomplete perturbation or Markovian approximations, re-

sulting in the terms in eqs. (IV.65)) and (IV.66]), are not distinguished by this measure.

Therefore, by this descriptor, all dynamics observed should be classified as Markovian.
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t t t

Figure V.4: Three conceptual examples of trace distance for three different maps &, &’
and ®. (a) The propagation through the Markovian map £ shows clearly the monotonic
decrease of distinguishability of the states. (b) The propagation through a different map
E" which is not in Lindblad form shows a slightly different behavior, never increasing but
showing a plateau for a certain amount of time, highlighted in transparent blue. (c¢) The
propagation through a non-Markovian map ® shows a temporary increase in trace distance,
highlighted in transparent red, showing backflow of information from the environment to
the system.

We conclude remarking that the concept and definition of non-Markovianity in quan-
tum processes can be controversial, and it is an active field of study to this day [251-254],
with many different definitions and descriptors, the most famous other than the BLP mea-
sure, the RHP measure [255], based on CP-divisibility, and the LFS measure [256], based

on correlation revival.

V.4 Quantum fidelity

Quantum fidelity is another descriptor used to determine if two quantum states are similar,
often in the context of discussing quantum computing operations [248]. Unlike the trace
distance, quantum fidelity is not a proper distance, as it does not satisfy the triangle
inequality. Yet, it is a useful indicator for the properties of an evolving quantum state.

The fidelity is defined, for states defined by density matrices, as

F(p1,p2) = [TT< \/07102\/?1>r- (V.8)

It is possible to simplify eq. ([V.8)), according to the nature of the states that we are dealing
with. First, we can calculate the fidelity between a generic mixed state p to a pure state

|1}, thanks to the cyclic property of the trace, hence write

Fil).p) = 15 (ool )|

(V.9)
= (¥lpl)
which further simplifies for pure state dynamics
F(t; 1), [9)) = [ (@)l (®))]? . (V.10)

Different variants of fidelity-based descriptors can be constructed, depending on how
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Figure V.5: Different fidelity measures of the mean density matrices for the dynamics
of a two-level system defined by Hamiltonian H. o, driven respectively by white noise &;
in panel (a) and Yoy noise in panel (b). The fidelity with respect to the deterministic
dynamics is depicted in blue lines, with respect to the initial state in orange. In analogy
to the trace distance measure, the fidelity with respect to the dynamics starting from an
orthogonal initial state is depicted in green lines.

fidelity is defined and employed. Here, we briefly point out two representative examples.
In Ref. [227], A. Chenu et al. express the fidelity as

F(t) = T [o(0)p(1)] (V.11)

a different quadratic version of what was stated above. Its peculiarity is that it quantifies
the distance from the initial state rather than the distance from another state or an
ideally behaving copy, characterizing the study of an intrinsic feature of the dynamics of
the system rather than its fidelity to a desired state. It can be related to the notion of
quantum speed of physical processes [227] 257, 258], relying on the distance traveled during
the evolution. Another interesting example is the extensive use of quantum fidelity in the
recent work of R.J. De Keijzer et al. [59], where the quantity of interest is the pure state
fidelity, eq. , between a stochastic driven wavefunction and an ideal (deterministic)
evolution of the system, i.e. in the absence of a disturbing environment.

In Figure[V.5] we compare the investigation of different versions of fidelity in two limit-
ing cases of a system described by the generic Hamiltonian H, o, driven with either white
noise & or colored noise Yoy. The fidelity of the system with respect to a pure noiseless
dynamics of the system, blue lines, behaves similarly to the trace distance measure, but
returns different information. The systems start localized on the same deterministic initial
state and, as the systems relax due to the effect of the dissipators, are less and less close
to unperturbed evolution. The measure in eq. , proposed in Ref. [227], returns little
information. As we compute the fidelity with respect to the initial state, we observe that
the fidelity returns the dynamics of one population of the system, in the case of a two-level
system, losing information on all other elements of the density matrix. In analogy with

the analysis of the trace distance, we can compute the fidelity between two realizations
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of the mean dynamics according to the same map but with orthogonal initial states. The
initial fidelity is then correctly zero at tg, and increases as the systems relax, eventually

maximizing as the systems reach the mixed state distributions.

V.5 Densification of Bloch vectors

The analysis of the open dynamics has been focused so far on the mean dynamics of
specific quantities, in particular the eigenstates of o, and the eigenstates of the mean
density matrix.

Leveraging on the stochastic unraveling approach, we can access the pure state tra-
jectory dynamics and further investigate their behavior. Here, our focus is motivated by
the geometric interpretation that can be obtained from the fidelity of two quantum states.
This is directly related to the cosine of the angle between the Bloch vectors representing
the states p; and ps, see Figure Investigating two-level systems as the case study, the
visualization of the dynamics of the state on the Bloch sphere is straightforward. More-
over, we are interested in the unraveling of the states and their dynamics when governed
by stochastic Hamiltonians, so the definition of fidelity for pure states, eq. , provides
a natural and convenient starting point.

In Figure we plot the mean dynamics and the trajectories dynamics of a swarm
of 50 trajectories of the processes in egs. and for the generic Hamiltonian
H.q. In Figure and Figure , the stochastic trajectories of the states on the
sphere are depicted by colored transparency lines, and the Bloch vectors of the associ-
ated states at time t = 10 as black arrows. Similar information to that discussed before
in section [[V.5| about the dynamics can be obtained from such plots, in particular from
Figure [V.6h. In addition, these plots allow us to clearly visualize the occurrence of a
phenomenon reminiscent of synchronization in the Ygy-driven dynamics. Indeed, com-
paring Figure with Figure [V.6b, we can observe an evident densification of the Bloch
vectors, pointing to a restricted region of the sphere surface when the system is driven by

the correlated Y oy noise.

V.5.1 Angular spread of trajectory vectors on the Bloch sphere

We aim to define a clear quantifier for this behavior, enabling us to describe the empirical
observations obtained by observing the dynamics over time. We start by defining a correct

metric based on the fidelity [248], defined by the angle between two states as

a(p1, p2) = arccos (F(p1,p2)) - (V.12)

We can appreciate that « is a non-negative measure, the distance o = 0 only if the two
states are identical p; = p2 and maximized when orthogonalﬂ and the triangular inequality
is valid, see Ref. [248| for the proof. Then, the angle « is a metric on the space of the

valid states.

?Note that the visualization in the Bloch sphere can be deceiving, since orthogonal states, such as the
basis {|0),]1)}, are at opposite poles of the sphere.
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(a) (b) (©)

)

Figure V.6: Visualization of the dynamics of the H. o system driven by white noise,
depicted in blue, and Yoy noise, depicted in orange, on the Bloch sphere. The Bloch
spheres are oriented with the x axis pointing towards the reader for better visualization of
the mean dynamics and the densification phenomenon. In panel (a), the mean dynamics
are depicted in solid lines, the Bloch vector associated with the density matrix at the
final time ¢ty = 10 in solid matching arrows. In panels (b,c), a swarm of 50 stochastic
trajectories, respectively for white and correlated noises, is depicted in color transparency
lines, the Bloch vectors associated with each trajectory at the final time ¢ as black arrows.

Then, we can compute the angle between all unique couples of trajectory vectors, from
the fidelity computed according to eq. (V.10)), as

g () = arccos (F(t, [17), [07))) (V.13)

By averaging over the entire set of trajectories, we obtain a descriptor for the spread of

the states in the Bloch sphere. Specifically, we define the densification measure as

B ) 1 N N
alt)y=1- N Dx ;gaij(t) (V.14)

where the normalization by 7~ is to bound the measure in [0, 1], and we subtract the mean
normalized angle measure to 1, so that increasing &(t) values correspond to increasing
densification phenomenon rather than the ensemble angular dispersion.

This densification measure, at present, should be regarded as a heuristic purely geo-
metric descriptor rather than a contraction metric or classifier of dynamical dissipative
maps. This measure is intended as a quantifier of observable collective features that emerge
from the stochastic unravelings of open dynamics. Physically, an increase in densification
indicates that the distinct stochastic realization explores, at a given time, similar regions
of the state space despite their noisy nature. We remark that this behavior should not
be interpreted as synchronization as per its usual meaning, but rather as the similarity
in the behavior of realizations of the ensemble, showing further evidence of the effects of
environmental correlations on the collective behavior.

In Figure [V.7] a comparison of different descriptors for the dynamics of a two-level

system described by the H. o Hamiltonian and driven by the correlated Yoy noise is
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Figure V.7: Comparison of different descriptors, trajectory-based and averaged, of the
open dynamics of a two-level system defined by Hamiltonian H, o, driven by Toy noise.
For a swarm of 50 trajectories, the individual trajectory fidelities with respect to the
unperturbed coherent dynamics are depicted as gray transparency lines, their ensemble
average corresponding to the fidelity of the mean density matrix in a blue solid line. The
densification measure is depicted in a black solid line, the trace distance with respect to
an orthogonal realization in orange, and the highest eigenvalue of the mean density matrix
in green.

presented, highlighting the complementary information provided. Focusing first on the
fidelity analysis, the light gray lines show the fidelity associated with individual trajectories
compared to the unperturbed dynamics. This depiction has the advantage of showing only
the variations arising solely from the stochastic trajectory behavior, without displaying the
unnecessary information of the pure Hamiltonian dynamics. The average of the fidelity,
depicted in a blue line, returns the expected behavior as in Figure [V.5b, the observable
fluctuation and noisy character are due to the limited dimension of the finite ensemble size
(only 50 trajectories). Interestingly, it closely follows the behavior of the higher eigenvalue
of the mean density matrix, depicted in a green line, returning the same information. The
black curve corresponds to the densification measure a(t), which quantifies the angular
spread of the unraveling vectors on the Bloch sphere, and the trace distance is reported as
an additional reference and comparison. Again, the visible fluctuations of the densification
measure are a consequence of the finite number of trajectories.

The densification measure shows a similar behavior to the average fidelity. To some
extent, this is expected, as the densification measure is constructed from the angular dis-
tance induced by the fidelity. However, the fidelity average is constructed as (F(¢; Pt ©)),
on trajectories compared to the unperturbed deterministic dynamics of |p;), whereas the
densification measure is induced from the angle between all pairs of stochastic trajectories,
eq. (V.13)), without reference to a deterministic dynamics. One can also argue that a com-
parable monotonic decay can be observed for the trace distance. Despite the similarities,

these are three different measures, differing in their numerical values, nature - only two are
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correct metrics, and only two are inferred from the stochastic unraveling - and the type
of information they encode and convey. The trace distance characterizes the contraction
nature of the map, the fidelity quantifies the similarity to the ideal unperturbed dynamics
(and, indirectly, to the spectral properties of the density matrix), and the densification
probes the structure of the stochastic unraveling, providing a contour to the spread of
trajectories in the fidelity space.

Taken together, these descriptors provide complementary perspectives on the open-
system evolution, highlighting different dynamical features that are not accessible from

any single measure alone.

V.5.2 Derived measure of re-densification

In analogy with the BLP measures of non-Markovianity, in egs. and , and in
the same spirit of the proposal of other measures of non-Markovianity [255, [256} 259],
we propose and define a measure of the re-densification behavior of a system. By the
definition of the densification measure, eq. , we can appreciate that for a process
starting localized on a specific initial state, the densification measure is a decreasing, but

not necessarily monotonically decreasing, function of time. We then define the rate

n(t) = %a(t) (V.15)

which is a function of time, positive for densification of the trajectories, negative for when
the angular spreading of the ensemble increases, and null when the average spread is
stationary.

Then, for a given SSE, i.e., given fluctuations, operators, and initial state, its ensem-
ble realizations and the associated QME, we define the measure of the re-densification

descriptor of the process as

5= [7 RIORT (V.16)

and the re-densification character of the family of processes as

§= max /77 . (V.17)
the maximum over the possible choices of initial states {1y, } and of parameters ©, for
instance © = {~, 0} for the Yoy-driven SSE.

We conclude that, in the cases investigated throughout this dissertation, the re-densification
measure does not seem to provide additional knowledge on the system non-Markovianity
features, but we remark that it is obtained through different quantities than usual, and it
should be considered a complementary measure. Further study is required to assess the
relevance of this descriptor and its connection to other metrics, known synchronization

problems, and experimentally accessible quantities.
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Chapter VI

Quantum Simulation of

Open-System Dynamics

In this Chapter, we aim to show how the stochastic Hamiltonian formulation, as investi-
gated in the Stratonovich formalism in section enables the quantum simulation of
open quantum dynamics in digital quantum computers (QC) through a simple but effec-
tive implementation. As a way to overcome the limitation that quantum gates are unitary
operations, one can exploit averages over stochastic ensembles to implement intrinsically
non-unitary dynamics of the mean density matrix, showing how the use of stochastic
trajectories-based approaches to open quantum systems is gaining more and more interest
for quantum simulation with digital quantum computers [99, 207} 211}, 260].

In particular, we show, through an exemplifying simple quantum algorithm, how to
implement both Lindblad and non-Markovian dynamics, discussing how constraints such
as the hermiticity of the operators associated with the stochastic potential enable us to
implement each trajectory as a unitary evolution of the system and thus be mapped
into a quantum circuit. Moreover, we show how, with digital quantum computers, the
parallelization of the ensemble of N trajectories is accounted for by the intrinsic need for
many runs of quantum circuits [214, 238|, which would be de facto also required by other
approaches based, e.g., on the dilation of the Hilbert space [207-210]. In this regard, we
show a formal convergence and error analysis in terms of the computational cost evaluated
in terms of trajectory evolutions. Finally, we conclude by revising an algorithmic procedure
proposed to parallelize quantum trajectories, and comment on the efficiency of this scheme

and its operational limits.
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Chapter VI. Quantum Simulation of Open-System Dynamics

VI.1 Propagation of quantum dynamics in quantum com-

puters

The first step in the quantum simulation of a system’s dynamics is the encoding of the
system’s Hilbert space into a quantum register, defined as the collective state of the qubits
constituting the computational unit, see eq. . We refer the reader to Ref. [261] for
different approaches to Hamiltonian mappings. However, the investigation of the quantum
algorithm arising from the stochastic Hamiltonian is, per se, independent of the mapping.
For the sake of completeness, we discuss the mapping of the minimal two-level model
considered in the previous Chapters. Considering a two-level system, the mapping is
straightforward and requires a single qubit. Indeed, the computational basis {|0),[1)}
identify the two levels, and the Hamiltonian H, g, eq. (IV.36)), encodes the closed dynamics
of the system. However, even for simple extensions such as a two-site donor—acceptor
model, multiple encodings are possible. In this case, we consider two sites, and each site is
modeled as a two-level system, interacting by sharing and transferring excitation. Then,
the same problem can be thought of as a two-site exciton single excitation manifold, in

physical mapping on the site basis {|e;) = |01),|e2) = |10)}, its Hamiltonian

H™= 3 aliyl+ Y Qulal (VL)

726{61762} inje{el»eQ}vj#i

that we want to express in terms of Pauli operators, and then in one-qubit gates. Further-
more, in the complete Hilbert space {|g) = |00),|e1) = |01),|e2) = [10),|2¢) = [11)} and
redefinig so the Hamiltonian in eq. , we can access directly also the vacuum state
and the double-excitation manifold. One can appreciate that these different mappings are
physically equivalent for a two-level 1-excitation manifold, but lead to different circuits,
with different depths and measurement efficiencies. These different mappings serve only to
exemplify how we can think about simulating quantum systems, and the simplest mapping
will serve hereafter as the example for the quantum algorithm.

As a last note to the mapping of the open quantum system, we remark that this is the
only mapping step required in the scheme that will be presented. Other approaches, more
commonly implemented [207-211], require a dilation of the Hilbert spaceﬂ to accommodate
and map environment-modeling auxiliary qubits. In the dilated space, the contractive
dynamics are embedded in unitary Hamiltonian dynamics that can be evolved in a QC,
and the open dynamics recovered through the partial trace of the additional qubits. Using
a stochastic Hamiltonian, we deal, by construction, with trajectories that undergo unitary
propagations, ensuring that the mapping can remain the same both for a closed evolution

and for an open evolution.

VI.1.1 Writing the Hamiltonian in terms of gates

Once the mapping is established, the time evolution generated by a deterministic Hamil-

tonian must be approximated through a sequence of elementary gates using standard

!Thanks to Stinespring [220] and Sz.-Nagy [221] theorems.
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VI.1. Propagation of quantum dynamics in quantum computers

decomposition techniques.

The first step is to discretize the evolution in time, as anticipated in section [[II.3.1] a
necessary step for any numerical implementation, not only for the construction of quan-
tum algorithms. For a generic time-dependent Hamiltonian H;, the unitary propagator

describing the dynamics can be written as

.t
—zftOHsds’

Ut = T+€ (VIQ)
where T represents the Dyson time-ordering operator
S ) (n) L [ T
v=Y0", U™ =i [an [ Cdty - / dt, [ H(t). (V1.3)
n to to to i=1

which has the problem of requiring explicit monitoring of the time-ordered expansion of
nested integrals. A common alternative approach to obtain a numerically solvable form
is to use instead a Magnus expansion [194] |195]. Magnus expansion provides that, for a
differential equation

d
—Y; = ALY, V1.4
FTR t Yt ( )

we can find a matrix function €, ; such that

t
Toeho ™y, = exp{Q(t, 1)} Vs, (VL5)

where € 4, is the solution of its own differential equation [194} |195], from which one can
construct the generator as the infinite series Q4 = >.7° Qi (¢, %0), and generate the first

terms of the expansion. The first two terms of the expansion are

QA (Eto) = [ Auds,  Qa(A)(tito) = % /t t /t (A, A] dr ds (VL6)

to

For a sufficiently small time step, considering that
71_1_1}1%)[14,5, AtJrT] == 0, (VI?)

we can truncate the expansion at the first order, highlighting the importance of choosing
a small time step for convergence to the exact time-ordering solution. This way, we
are effectively ignoring the time ordering requirements. Higher-order Magnus expansions
can also be employed to achieve better convergence, but one can note that, to include
the second term and compute it numerically, the time step 7 would have to be further
discretized into a finer grid, eventually forcing the use of a smaller time step 7 < 7.
Indeed, it is usual to stop at a first-order truncation, with few works on the use of the
second-order term in the case of highly oscillating systems [262-264]. Then, we consider
a finite time interval [0, 7], discretize it into S small time steps 7 = T'/.S, and write the

overall propagator as
S

U = H UST,(S*I)T? (VIS)

s=1
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qo: — Rz(0:) ] -

a) qo:— Rz(0:) — Rx(0q) — D) Rxx(0a) Ryy(6q)
q1 . — RZ(—H

[SII0)
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Figure VI.1: Two simple mappings of a Magnus-Suzuki-Trotter circuit block for step
evolution for a system with Hamiltonian H. o. (a) A mapping that is both physical and
logical for a qubit, or a logical mapping for a two-site exciton l-excitation manifold. (b)
Physical mapping circuit block for a two-site exciton 1-excitation manifold system.

where the propagator at each time step is

Usr (s—1)r = €xp {—i /ST H, dr} . (VL.9)
(s—=1)7

For numerical implementation in classical computers, this approximation scheme is
sufficient. Translating it into the language of quantum gates, the unitary operations
representing the building blocks of quantum circuits, is ensured by the unitary character
of the Magnus expansion, yet requires another expansion and truncation. The generic
Hamiltonian H, o proposed for the two-level system is composed of two Pauli terms, which
are implemented by two different gates, the rotation introduced in eq. . The energies
of the levels, defined in terms of the Pauli operator o, enter the system dynamics as a
phase change due to the unitary rotation U = efést, which is implemented by the gate
RZ(0) = e_%‘%zt, a single-qubit rotation about the Z axis of the Bloch sphere representing
the qubit. The same goes for the coupling, implemented by the RX (¥) = eféﬁ"zt, a single-
qubit rotation about the X axis. The propagator in eq. must then be split in terms

A+B A_B

of gates. In general terms, the classical exponential rule e = e“e” is not valid for non-

commuting operators and it is instead replaced by the Baker—Campbell-Hausdorff formula
265], eteP = eZ where Z = A+ B+1/2[A, B] +1/12([A, [A, B]] + [B, [B, A]]) +. .., with
increasingly nested commutator terms.

Here, for illustrative purposes, we show the famous first-order Suzuki-Trotter decom-
position [241] 242|, allowing us to separate the Hamiltonian components into a series of

gates,
. . ET Qr "
U; = exp{—ieTo, — iQr0,} =~ [exp {—znaz} exp {—znamH (VI.10)

where, in general, the larger n the better the convergence. However, due to the choice of a
small time step dictated by the Magnus expansion, eq. (VI.7]), good results can be obtained
even with a small n (e.g., n = 1, a single time step block-propagation in Figure [VI.1]).

VI.1.2 Quantum classical-noise algorithm

The construction presented serves as the backbone of the algorithm construction, by gen-
eralization to include stochastic contributions to the Hamiltonian. Here, these are treated

as time-dependent classical parameters. The noise is computed a priori in a classical com-
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VI.1. Propagation of quantum dynamics in quantum computers

puter, and the fluctuation is applied as a random rotation of the gate implementing the
Hamiltonian, the random fluctuation value to either of the gates, or using a different one
depending on the action of the noise operator R. The step propagator obtained by the
extension of eq. , for a white noise increment YAW.. applied through the operator
R = 0,, would then be

UQONA — exp {—ieTo.} exp {—i(Qr + yAW, o, } . (VL11)

where we set n = 1 in the Suzuki-Trotter decomposition.

This allows us to implement each trajectory in terms of unitary evolutions, and these
can be simulated in a quantum register. The non-unitary evolution typical of an open
system is recovered by averaging over all different realizations of the circuit. This results
in the quantum classical-noise algorithm (QCNA), an effective procedure to investigate
open system dynamics through quantum simulation, presented in the following algorithm
scheme, alg. and graphically depicted in Figure The choice of the following
parameters is required: the total number of trajectories IV, the time step 7 and the total
number of steps S, the time step of measurement of the circuits in terms of m7 (measure
every m finite step evolution), and the total number of shot samples K performed by the
quantum computer. In the following section we investigate further the specific
choice of the last parameter. Then, the algorithm follows this scheme, where we utilize
labels [C] and [Q] to indicate whether a step is performed in a classical or quantum

architecture:
Algorithm 1: QCNA
1 for n=1 to N do

2 [C] Draw the initial state |t¢p) from the initial distribution
3 [Q] Initialize the quantum register to the initial state (circuit A)
4 for s=1 to S do
5 [C] Compute the random fluctuation(s) Z(s7)
6 [Q] Apply the unitary gate U,y (s—1),
7 if smod,, = 0 then
8 [Q] Create a copy of the circuit A to an auxiliary circuit B
9 [Q] Append measurements to circuit B and perform K measurement
shots
10 [C] Discard circuit B
11 end
12 end
13 end

where we recall that step 2 is optional, depending on whether we want the initial state to

be in a pure deterministic state |¥g) or a mixed state pg = E([1g7) (1hi]).
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Figure VI.2: Graphical depiction of QCNA (alg. . The last circuit By can be avoided
by performing the measure on the lead circuit A.

It is important to note that executing copies of the lead circuit A and measuring on
these clones is of utmost importance, as measurements collapse the quantum register,
destroying coherence and changing its state. Avoiding measurements on the lead circuit
guarantees the correct evolution of each trajectory. Then, step 7 is important for efficiency
reasons: since we need to generate, run, and discard a new circuit for every measurement
we want to perform, we sample every n steps of evolution performed. Carefully choosing
the parameter m, we can avoid measuring every step, and, based on the knowledge of
the deterministic system Hamiltonian, we can also measure uneven steps, allowing a finer
measurement grid at the inversion points of the oscillations and a coarser grid otherwise.

This algorithm then suffers from a “classical” overhead, due to the necessity to con-
struct different circuits for each trajectory, computing the classical noise increments, and
requiring the creation of further copies of the circuits for each timestep. As a result, a
total of (NSK/m) circuits are required to execute the algorithm. On the other hand, this
approach avoids the introduction of auxiliary qubits to reproduce non-unitary reduced
state dynamics, as commented above. Methods based on enlarged Hilbert spaces do not
explicitly require the simulation of multiple trajectories; however, these are de facto re-
quired implicitly in all quantum-computing procedures. In section we demonstrate
that within the QCNA the effect of K measurements is negligible, and the convergence
scaling is dominated by N. This is not true for mean state dynamics, as the value at each

time must be reconstructed from an explicit ensemble of K measurements.

VI.1.3 Implementation of a subclass of the Redfield equation

Another advantage of the classical noise algorithm is that it can be adapted to any model
of classical stochastic modulation of the Hamiltonian, not only white noise, but correlated
processes and noise as well, allowing the investigation of different environment models.

This is not the general case for mean dynamics approaches, since the equation for the
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VI.1. Propagation of quantum dynamics in quantum computers

density matrix is not known a priori, as we have shown in Chapter [[V}

In example the results obtained with the QCNA for a Xgy-driven stochastic
Hamiltonian dynamics are analysed. It is interesting to note that, from the results in
section in particular the closure model in section and the positivity recovery
in section we can consider the correlated SSEs to be effective unravelings of the

closure Redfield equations. This has been shown analytically for the T oy-driven SSE, and

can be derived in the same fashion for the Xgy process in the stochastic Hamiltonian.

Then, the QCNA approach allows us to perform quantum simulation of these partic-

ular forms of Redfield equations, implementing non-Markovian correlated open quantum

dynamics.

Example VI.1 | QCNA spin-% molecular tumbling

In Example [[T1.3] a stochastic Hamiltonian dynamics driven by an OU process
is proposed as a model to describe the molecular tumbling of a spin—%. We can
map the same problem to a QCNA, where each step propagator is

(wo + 2X, . :
UBCNA =expl — Z(WOQt)TJZ exp ¢ —i(Qr + Xy7)o, pexpq —iXyToy
A total of N = 8000 trajectories are simulated, and measured every 500 time
steps. In Figure the comparison of the QCNA and the classically com-

puted dynamics is presented.

(@ (b)
8000
6000 -
S 4000 -
@)
2000 -
T T T T T T 0 T T
0 2 4 6 8 10 0 2 4 6 8 10
Time (t0) Time (t6)

Figure VI.3: Relaxation of the population of a %—spin populations along the z-axis. In

panel (a), the average for the two populations, obtained from the averaged RODE
stochastic Hamiltonian approach, is shown in solid red and black lines, while the
results of the quantum algorithm realization are depicted in empty dots, in matching
color. In panel (b), for 8000 trajectories, the counts of the measures resulting in ‘0’,
black, or ‘1’, red, as bars summing to the total of measurements.
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VI.2 Trajectory measurements and error bounds

One problem arising in the discussion of the QCNA is the collapsing effect of the mea-
surement on the trajectory evolution, and the requirement of multiple shots to retrieve
the information stored in the quantum register. While classical bits can be examined to
determine their state and retrieve information, leaving them intact, in there is no such
possibility for quantum bits. We can only acquire information on the state by measuring
it. This has the effect of collapsing the state (i.e., projecting it on a smaller subspace) and
allows only for possibly partial retrieval of information, which is converted to a classical
bit, one bit of information. Measuring on the computational basis implies that we can
only measure directly observables that are diagonal in this basis, for example o, and the
identity 1, and their compositions. So, when the qubit is measured, it returns a classical
bit ‘0’ or ‘1’ as the measurement result, with probability |a|? and |3|?, where the qubit
wavefunction is defined |¢)) = @|0) 4 (|1) as in eq. ([.36)), in the o basis.

1) 5y 1o |y =10) with probability py = <1/)|HI)HO|1/);€> = |a|?, return classical bit ‘0’

3

) LA lel |y = |1) with probability py = <¢|H§H1|1/)k> = |B|?, return classical bit ‘1’.
(VL12)

5

Therefore, we can formalize the act of measurement with respect to its result as a Bernoulli

trial b, with success probability |3|?, defined in the process
B, ~ 18 0 P =1) =B (VL13)

Since the measurement of a qubit returns only either ‘0’ or ‘1’, multiple measurements, also
referred to as “shots”, are required. Take the |4+) = 271/2(|0) + 1)), a single measurement
on this state behaves exactly as a coin toss. From that single measurement, one would not
be able to identify the state or any observable associated to it. Indeed, multiple measures
are required; the results from 1024 measurements for this state are depicted in Figure[VI.4]

In the following, we establish the minimal measurement requirements for the QCNA

scheme and analyze the convergence speed and error bounds for different scenarios.

400

Counts

0 1
Measurement outcome

Figure VI.4: Histogram of the results of an ensemble of 1024 measurements on a
|+) = 271/2(|0) + |1)) state of a single qubit.
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VI.2. Trajectory measurements and error bounds

VI.2.1 Equivalence of measurement schemes

For dynamics obtained as the stochastic average over an ensemble of trajectories, we define
the exact expectation value of an observable P(t), in our case the population of the level
|1), as the limit

P(t) = Al}tril E [p,(t = sAt)] = Alllglo J\;gnoo —= Z Puw(sAL), (VI.14)

where p,(t = sAt) is the population value for the trajectory w, which is the probability
of measuring the qubit in the state |1), at time sA¢. We can drop the limit on the time
discretization, as the results are independent of it.

In the QC implementation, the observed value of P is an average itself, the average
of the outcomes of the measurement (shots) on qubits. Then, the exact expectation is
obtained by the limits

N
.1
Pemov 2 (Klzn EZ’% pw) VL1
where K is the number of measurements and by (p,,) are the measurement outcomes in the

form of Bernoulli trials as defined in eq. (VI.13)), with probability p,,.

Proposition 2. In the limit of infinite trajectories, sampling a trajectory K times, eq. (V1.15)),

s equivalent to performing a single measure per trajectory,

P= lim — I.1
Ngnoo Zb pw (V 6)
Proof. Take the limit
1Y 1Y
D (S SITR) BN it i

where the measurement process (by(p,))E_; is a Bernoulli process with probability

{ Bl =1)=ny vk (VL18)

P(kaO):l—pw

By dominated convergence theorem, we can invert the limits order

o1& N
gy 2 (e ) = i 3 (i w0 =2 (0

S0, now, the first limit to compute is for an infinite number of Bernoulli trials independently

not-identically distributed (b, x))_,, also referred to as Poisson trials [266], converging to
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e by(p,)

Figure VI.5: The probability spaces of the three setups for a fixed time. On the right, the
space of the classical SSE implementation, each point the true probability value p,, their
average converging to the open system probability P, i.e. (Ogsg, Pg = P). In the QC
setting with multiple measurements per trajectory, this is obtained as the average of K
measures of the Bernoulli trials by (p,, ), which for each trajectory form a subspace w of i.i.d.
random variable with law p,,, then the space is ( ot = U(w, pw), PQ&:"")' Alternatively,
drawing one measure for each subspace, we can construct the space for the single-shot
setting, a single measure described by a Bernoulli trial b(p,,) for each trajectory, setting
the space ( SQ%, ]P’@alg) converging in law to the same probability P@sQréL — P.

the sum of probabilities py,, >_,, Pm, and their average to the desired quantity P,

1 1 g
Jim_ N;bk(m = Jim_ N;pw =P (VI1.20)

O

A graphical schematic of the probability spaces for the three situations, the classical

average and the QCNA implementation for multiple and single measurements, is depicted

in Figure

VI.2.2 Single-shot convergence and error bounds

Now that we have proved that, in the infinite trajectories limit, the result obtained using
a single measurement per trajectory converges to the correct expectation value, we inves-
tigate the convergence rate and error bounds associated with this procedure. We start by

defining the stochastic process
n

w=1

the sum of the measurements up to the n-th trajectory, and

1 1 &

the estimator process for P, given by the average results, such that Py — P for N — oo,
and bounding the process for any N.

We want to compute the speed of convergence in probability, rate of convergence in
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distribution, and in expectation, i.e., the error. Since each element of the sum is the
classical outcome of the measurement of a qubit, b, (p,) € {0,1}, the average returns a
probability bounded in [0,1] and we can use Hoeffding’s inequality [267] to bound from

above the probability of deviation from the true average,

P(|Py — P| > €) <2exp {—362]\72} = 2¢ 2N (VI1.23)
20 (bi — aq)

where a; = 0 and b; = 1 are the bounds of the random variable. This shows the convergence

in probability is exponentially fast w.r.t. the total number of trajectories V.

As N increases, in the limit of large NV, this process approaches that of the binomial
distribution, and we can use the generalized Lindeberg-Feller central limit theorem [268],
and obtain the rate of convergence in distribution of the process, (’)(\/Lﬁ), and the conver-
gence in expectation is given by the variance of the process, i.e. its standard deviation,

converging in (’)(%)

VI1.2.3 Multiple-shots convergence and error bounds

We now want to understand how multiple measurements improve the convergence, how
the bounds change, and whether the choice of performing a single shot is convenient.

As one can appreciate in Figure VL5 there is a hierarchical structure of the full process
returning P, due to the two-stage averages, the first one at the w subspaces level, i.e., the
average on the value of a single trajectory realization. We are then required to deal with

both effects. The two processes are

1
Bux = 22 2 b (po) (V1.24)
k
the inner average on each subspace, and
_ 1 M
Py = i %: Bk (VI.25)

the outer average on the finite K < co measurements average, recovering the estimator

for the limit form in eq. (VI.15)).

The convergence in probability can be computed for both processes, inner and outer,

using Hoeffding’s inequality as above,
P (|Buic — pol > €) < 2e7 2K, (VI.26)

and
P(|1Pa— P >¢) <2072, (VL.27)

It is clear that the internal processes converge to their own average p,, and that the
convergence on the expectation value is dominated by the exponential decay of the outer

average.
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Let us set the effective number of trajectories to be performed as @), so that for the
single measurement process N = @) and for the multiple measurements methods M K = Q.
This fixes the computational cost, and we choose () as the number of trajectories s.t.
the classical convergence is ensured, eq. . Then, substituting M = N/K, we
show that we expect to converge faster to the true average P for the single measurement

implementation,
P(|Py = P|>¢) < 272N <P (|Py — P| > ¢) < 272K, (V1.28)

as for the same fixed computational cost @), the two-step process shows a weaker tail decay
since K > 1 reduces the maximum number of outer averages M = Q/K.

This result can be appreciated by the error bounds as well, starting from a limiting
(and absurd) example. As above, set @ fixed and @ = N = MK. If K = 1, we fall
into the case of single measurements, converging to P by Proposition [2l On the opposite
case, if M = 1, we are choosing a single subspace of measurements, on a single “parent”
trajectory w, and for the same computational cost Q = K and with the same bounds, we
converge to p, # P.

Therefore, in addition to the rate of convergence in probability, it is important to
consider convergence in expectation, explicitly accounting for the additional error arising
from the shift of the central probability mass associated with the bias of the limiting

distribution. We can write

E(Py — P) = %E (Buxc = po)?] +E [(p — P)?]. (VL.29)

Then, we have the scaling to the average of M K Bernoulli trials, grouped in M groups of
K trials with the same laws, scaling as discussed above O (ﬁ), and the shift error scaling
as O(Var(py)/M).

Therefore, one must first set Qq.ss according to the convergence threshold for the
classical implementation. A single-shot simulation scheme then requires at least N > Qclass
to ensure convergence, while in the multiple-measurements setup, one similarly needs
M Z Qclass- Hence, for N = M, the average on the w subspaces in the two-step average
process translates as the presence of a noise averaging layer, consistent with the intended
role of such averaging in QC experiments, at the expense of an increased computational
cost by the factor K. This approach can be advantageous when the p, are clustered,
i.e., when the noise is a very small perturbation, and the trajectories do not differ much
from one another. In this regime, the process yields lower errors in variance, reducing
the effective error at the cost of a weaker tail bounds decay and increased computational
effort.

An exemplifying numerical comparison of these different approaches and their conver-

gence to the reference classically computed dynamics is presented in Figure
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Figure VI.6: Comparison of the classical and quantum computed evolution of the dynamics
of the system described by the Hamiltonian H, o and driven by a white noise of intensity
v = 0.43V/h0. The reference SSE computed dynamics is depicted in a solid black line,
and the different QCNA estimates obtained with different values of (N, M, K) and total
computational cost ) are depicted in dotted lines with markers.

VI.3 Quantum forking for parallel quantum evolutions

One can note that, in the analysis above, we assumed the computational cost of trajectory
implementations and of shot measurements to be the same. This is due to the no-cloning
theorem (Park, Ghirardi, Wootters, Zurek, Dieks ), which ensures that, without
a priori complete knowledge of the state to measure, we cannot duplicate (clone) it.
As a consequence, each shot measurement requires us to replicate the whole trajectory,
executing K identical circuits.

A possible workaround to this issue has been proposed by D.K. Park and F. Petruccione
, from the question of whether a complex quantum state can instead be “copied”,
devising a strategy to circumvent the limitations imposed by the no-cloning theorem.
The strategy proposed is the quantum forking (QF) procedure. In the original works of
Park and Petruccione, the QF procedure is proposed for the construction of qRAM ,
and then for the parallelization of classical stochastic processes , . Then, its use
to simulate OQS dynamics has been proposed, with a different application of the QF
procedure from the original work. An algorithm for single-qubit Markovian dynamics was
proposed a few years later in Ref. , and an approach based on the QDRIFT algorithm
, still limited to Markovian dynamics, was proposed in . From this last work, the
connection of the QF procedure to an efficient implementation of the QDRIFT algorithm

for unitary Hamiltonian simulation in [279], in combination with the linear combinations
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Figure VI.7: Quantum forking circuit. The target state |i), here represented in a single
qubit for simplicity, is forked to a total of d independent processes (the initial state plus
d—1 auxiliary). Each control on the qudit ¢|o;) acts on the a;-th state for each internal
basis state of the parent state [1)).

of unitaries (LCU) method [280]. We further mention that an approach to non-Markovian
classical stochastic processes has been proposed in [281], and then improved in [282, 283],
on a similar basis as the QF, the ¢g-sample state, yet it does not implement QF nor analyse
quantum stochastic processes.

In this last section, we refer to the original proposal, that we revise here, describing
the circuit for constructing forked states, showing how it could be used as a protocol to
implement and parallelize open quantum dynamics, independently of their Markovian or
non-Markovian character, referring to the QCNA proposed above. We comment on the
efficiency of such implementations,

The fundamental idea of QF is to prepare a target state |1), an hypothetically complex-
to-prepare initial state, and create an entangled state [¥qr) in a quantum computer
register (QR), allowing for the state |¢) to undergo d independent unitary evolutions.
The procedure in the following requires the addition of auxiliary qubits and either one
control qudit or multiple control qubits. Qudits are the multidimensional equivalent of
qubits, so that their Hilbert space is C? instead of C2, hence their computational basis is
{10y, |1),...,|d)} [261] [284-287]. For the sake of brevity, we will use the qudit scheme in
the following, recalling that we have to consider the different scaling in two-qubit gates
when translating to the use of solely qubits.

The QC state is prepared as a mapping of the initial target state with the QF circuit,
depicted in Figure For d total copies of the initial target state, we need to enlarge
the total Hilbert space by adding at least d — 1 auxiliary qubits, which store the copies of
the state, and a d-dimensional qudit, its states defined in the following by the weighted
|a;), which must all be equal if we want equally weighted copies, for example to obtain
a fair average, or can be prepared according to the specific needs, the easiest way by
preparing a mixed state. The target state is then copied using d controlled-swap (CSWAP
or Fredkin [288]) gates, each controlled by the qudit i-th state [289]. Let us define the

quantum register |\118%> as

d d—1
o) = (Z\a») Qi) (V1.30)
=0

=1
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and, state before forking, the state |¢) is encoded in the qubit in position 0, therefore
(in) d d—1
Wor) = (Z\%)) @ [1) Qo). (VI.31)
i=1 j=1

Then, the construction of the forked state |\IJ§QQRF )> on the quantum is

] i—2 d—1
Wiy s (w0 z\az i) (®|¢j>) 1Y) <®|¢k>>
j=1 k=i

= lan)|t) @ [¢1)|¢2) - -+ |da—1)+

+ [o2)|d1) ® [) @ [d2) - -+ |Pa—1)+ (V1.32)
+ [as)|d2) ® |¢1) ® [1)) @ |¢3) -+ - [da—1)+

+ o) [@3) @ |¢1)[d2) @ |¢)) @ [da) - -+ |Pa-1)+

+ [aa)|da—1) @ |d1)P2) - -+ |Pa—2) ® |¢))

where we can note how the CSWAP gates essentially create d “copies” of |¢) in all the
d — 1 positions of the auxiliary register, their state arbitrary and therefore identified by
the states |¢;), without violating the no-cloning theorem.

Applying different unitaries U; at each addressed qubit, the final state |\Ifg§n)> becomes

k=i

d i2 d-1
|\I!é2 ) [Wgn Jin)y — > lai)Utli—1) (@Uj+1|¢j>) Uily) <® Uk+1|¢k)>
i=1 j=1

= |a1)Up[0)) @ Us|dp1)Us|da) - - - Ug|dg—1)+
+ |a)Us|¢1) ® Us|ih) ® Us|pa) - - - Uglba_1)+ (V1.33)

+ |as)Ut|p2) @ Ua|p1) @ Us|tp) @ Us|g3) - - - Ug|g—1)+

+ |ag)Ut|pa—1) ® Uz|p1)Us|g2) - - - Ug—1|pa—2) @ Uqlt))

showing that, as each qubit undergoes all possible unitaries, we are evolving the state [¢),

encoded in every auxiliary qubit, under all d different unitaries.

VI.3.1 Expectation values and coherent averaging in quantum forking

In the work of D.K. Park et al. [273], a powerful yet concise method to implement
general power summations on a QC was introduced, and in general, for expectation value

measurements, of the form

d q
(M) = Zpi T35 (V1.34)
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where p; are non-negative real numbers s.t. Zfl 1pi = 1, i.e., probabilities, ¢ is a posi-
tive integer that indicates the power of the summation, and (M;;) are observables. It is
then proposed for composite Lindblad mappings in [273] and used for classical stochastic
processes in [275).

Since our interest is in summing the probability of measuring the state in one of the
computational basis, we focus on linear summation (¢ = 1). We illustrate the procedure
for the minimal example, averaging measurement with equal weights of one target state
|1)¢, encoded in a single qubit, using one auxiliary qubit |¢), and requiring only one
additional control qubit |0).. The implementation of d independent processes on a target
state, through a register prepared as in eq. , and their linear average according to

eq. (VL.34)), is shown in Figure

First, we initialize the control qubit to a superposition state via a Hadamard gate,

[0)e +1)e
H|0). = —F+——, VI.35
o) = P2 (VL35)
so that the CSWAP gate returns the register state
0 C a 1 C a

V2

where the weights of the two superpositions of the target state are equal. We can now

evolve the two copies independently under different unitaries, U; and Us, according to

eq. (VL33).
(0)cU1[9):Uz9)a + [1)cU1|9)i V2]t )a

V2
By reversing the forking, using a second ladder of CSWAP gates, see Figure the

circuit yields the final state

oy = (VL.37)

|\If (fin) > . | >cU1|w>tU2|¢>a + |1>cU2|¢>tUl|¢>a
\/§ )

clearly showing the target state, encoded in the sole target qubit, virtually undergoing

(V1.38)

both unitary evolutions.

Measuring an observable M, the expectation value on the target qubit is

in) ’]1 ®M®]1 |\If fzn)>

(M) =

(¥
= & (00U NIT [0)BIUfT16) + (N USRI (6IUTT110))  (VL39)
= LM} + (M)s),

the average of the two propagations. This scheme is readily implementable for d indepen-
dent processes at the cost of using a d-dimensional qudit, initialized in a superposition with
equal weights for each state, each acting as control of a CSWAP on a different auxiliary
qubit.

Using this procedure, an interesting point is that the states |¢;) of the auxiliary qubits
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Figure VI.8: Quantum circuit implementing a quantum average, by linear summation,
employing the quantum forking procedure.

can be arbitrary, even unknown; one can use any state without having to initialize the
whole register to a known state. Hence, we avoid the cost of preparing the d — 1 states,
using the states that are already available - the thermal state of the qubits or leftovers from
the previous run. Then, implementing multiple times the circuit becomes less expensive
in terms of auxiliary costs, i.e., the time-consuming and non-negligible energetic cost of
“refrigerating” the qubits to return to their |0) state [290-292]. On the other hand, the
thermodynamic cost is moved to the initialization of the qudit, first cooling and then using
a d-dimensional Hadamard gate, egs. and , and to the operations required to
implement the CSWAP ladder [293]. Then, if the cost of initializing the auxiliary qubits is
negligible, we can avoid the unforking step, and apply the measure to all addressed qubits,
as long as the expectation values on the auxiliary qubits are known, see Figure In
the three-qubit example proposed above, that is by applying the operators (1. ® M® 1,)
and (1.®1;® M) to the state in eq. . The averages obtained are

(M) = 3 (AU B0 ) + (iU} 8101 6)) (VL400)

(M) = 3 ((WIUINIU ) + (GIUSHIU:10)) (VL40b)

where we can recover the correct expectation only if we know a priori the values of
<<;5|U1»T]\A/[ Uil¢). When dealing with stochastic trajectories of the state, this quantity might
be beyond or inaccessible to our knowledge. A slightly different method can be adapted for
implementing this average based on multiple measures. Instead of applying the unitaries
to the different qubits, we control the application of the different unitaries depending on
the state of the control qubit (qudit). Under this activation control, the final state yielded

is, with the example of only one auxiliary qubit,

|0>CU1W>t|¢>a + ’1>C|¢>tU2|¢>a
ﬂ )

o) = (V1.41)
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Figure VI.9: Quantum forking for the implementation of multiple trajectories, without
repeating the whole circuit describing the unitary Uy, at the expense of performing multiple
measurements and controlled unitaries.

so that the unitary evolutions affect only the states [¢) in the different qubits. Applying
simultaneous measurements to target and auxiliary qubits, we obtain the expectation of
the average system weighted by the expectation on the auxiliary qubit. In the two-copies

system, the measurement (1.® M ® M) returns:
(fin) o ey — 1 0 0 0 T
(@2 1. 51 @ S0 = L ((010) U1 510: [0} (015116) + (111 (613116) (wIU} K102 )
= £ (M) (1] R0 ) + (UL B U1
1
= S (M) (M) + (M2))

where, since we are leaving unchanged the state of the auxiliary qubits, we can initialize
their states such that (¢|M|¢) = 1, and we can obtain the correct average without further

corrections.

VI1.3.2 Sampling complexity and operational limits

The underlying idea of quantum forking is to perform averages through a full quantum
procedure, exploiting quantum interference without relying on classical post-processing.
The last part of this statement can be misleading at first, as the intuition is formally
correct only at the level of expectation value. It should not be interpreted as implying
that the average is directly accessible from a single measurement outcome. Indeed, in
particular referring to unraveling schemes for open quantum dynamics, the use of QF
does not translate into a reduction of the sampling complexity or measurement cost.
Quantum forking “computes” linear combinations at the Hilbert space level, a coherent
averaging, yet in each experimental run, the system collapses onto only one state. In the
scheme with the unforking step, eq. (VI.38)) and Figure when we perform a single
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measurement on the qubit representing the target state, projecting on the computational
basis, that is a single Bernoulli trial, yielding a classical bit either 0 or 1, with the averaged
probability of the different trajectories as its law. Similarly, in the multiple simultaneous
measurements on the register, eq. and Figure we collapse on one of the d
possible states of the superposition, where only one qubit contains the information about
the target state v, effectively testing only one possible trajectory of the set implemented in
the whole register. In both cases, we must recall that the measurement outcomes remain
single-shot random variables, and sampling over multiple shots is still required to obtain
a distribution and the correct average. Then, for a set of d trajectories implemented in a
single quantum register, the circuit must be repeated and measured at least K > d times,
showing how quantum forking does not improve the sampling complexity.

The effect of QF is to reduce the number of distinct circuits required to encode multiple
evolutions, without reducing the number of measurements required to estimate expecta-
tion. For N trajectories and a d-dimensional register, we need to write [ N/d] circuits that
need to be optimized and transpiled only once, reducing the number of transpilations by
an order O(d). This improvement comes at the cost of introducing a d-dimensional qudit,
initializing it, implementing O(d) CSWAP gates, and dealing with a highly entangled state
(maximally with respect to the control qudit).

The conclusion, in relation to the stochastic unraveling of OQS dynamics and its sim-
ulation on a quantum computer, is that quantum forking should not be regarded as a
replacement or improved method for the stochastic sampling scheme proposed in the pre-
vious Section. Its requirement for the addition of hardware overhead and QC coherence
time makes it not relevant for NISQ, and its applicability is limited to scenarios where
circuit synthesis dominates over measurement cost. Rather, it should be regarded as an in-
teresting concept to be investigated in future works, considering it a basis for new research

and for schemes to be implemented in future, fault-tolerant, error-free architectures.
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Chapter VII

Conclusions

Accounting for the open nature of quantum systems necessarily requires describing the
environment in which they are embedded, and its effects on the system’s dynamics. As
quantum science advances, the practical control and application of quantum systems re-
quire a deeper understanding of the environment beyond the white-noise approximation,
as well as the development of strategies to simulate their dynamics, both on classical and
quantum computers. Throughout this work, we primarily employed stochastic methods
to describe open quantum system dynamics, connecting them to mean density matrix dy-
namics, ranging from well-established forms to less common formulations. The inclusion
of a non-standard time correlated noise model for the environment is central, along with
its comparison with standard white noise and a standard colored process.

Part of the results presented in this work appeared in our publications, and in the
context of this thesis are systematically connected and extended.

In Chapter [[TT, we provide a unified and detailed description of different trajectory-
based modeling techniques connected to the rich and flexible framework of stochastic
Hamiltonians, a deliberately phenomenological approach that serves as a direct model-
ing tool for capturing environmental effects without reference to an explicit microscopic
derivation. We traced how different formulations, such as the direct insertion of stochas-
tic fluctuations into the systems’ Hamiltonians and the stochastic Schrodinger (SSE) and
Liouville (SLE) equations, can be related and systematically interpreted. The stochastic
Hamiltonian formulation, in the Stratonovich formalism, allows us to write the propagator
of the dynamics in analogy with the closed-system Schrodinger equation. Being a unitary
operator, it yields unitary evolutions, ensuring norm preservation trajectory-wise, a result
that is the foundation of the algorithm investigated in Chapter [VI On the other hand,

within the Ito interpretation, we can derive the associated quantum master equations
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(QME), which govern the observed mean dynamics of the open system. Furthermore,
it allows us to describe beyond the stochastic Hamiltonian formulation, overcoming its
limitations, by providing the example of the unraveling of all QMEs of Lindblad form.
Indeed, the stochastic Hamiltonian emerges as one specific subclass of linear SSE. Within
this framework, although this method does not ensure norm-preservation for each trajec-
tory, but only on average, it allows for efficient numerical integration schemes on classical
architectures. Additionally, we discussed the use of random ordinary differential equations
(RODEs) as a special case where the Hamiltonian includes continuous stochastic processes,
and the stochastic Liouville equation. We show how to formally move between different
interpretations of the stochastic terms and the related method, and how these methods,
together, offer a versatile toolkit for modeling and simulating open quantum systems.

In Chapter we study a colored-noise extension of the SSE based on an Orn-
stein—Uhlenbeck noise drive (1), and benchmark its ensemble-averaged dynamics against
the standard white-noise SSE and against a fluctuating OU random Hamiltonian. Using
colored noise and processes as stochastic potentials, we obtained master equations that are
open-form and not in Lindblad form, yet are positive definite by construction due to the
averaging over pure-state trajectories. This paves the way for using SSE as more than an
efficient numerical strategy for known QMEs, but also for writing new non-trivial QMEs
and exploring situations where an explicit QME cannot even be written. We presented the
normalized linear SSE driven by this noise as the unraveling of its open-form correlated
QME. In addition, we showed that different terms in the dissipator of the average dynam-
ics correspond either to a Lindblad form unraveled by white-noise SSE or to correlation
terms analogous to those obtained for the average dynamics of a stochastic Hamiltonian
with Ornstein—Uhlenbeck fluctuations. This way, we shed light on how different dissi-
pative terms in a generic QME arise from the nature of the stochastic potentials in the
environment models, in particular the terms that appear in their correlation functions.
The analysis of the dynamics of a two-level system driven by colored SSE highlights im-
portant features. When the environment is described as a Y;-noise applied through the
Pauli o, operator to the interaction between the levels, a strong effect on the coherence
time is observed. When the system’s Hamiltonian commutes with the noise operator, a
different asymptotic density matrix is reached, and the system does not reach equipar-
tition of populations. The steady state can be either static, for a null Hamiltonian, or
an oscillating steady state for coupled levels. The coherences are therefore maintained
for these symmetric systems. The introduction of an asymmetry in the system, as an
energy difference between the two levels, results in reaching the equipartite distribution
expected using symmetric relaxation operators. However, the coherences are long-lived,
the dynamics showing two different regimes of relaxation with different time scales, i.e., a
faster initial decay followed by a slower relaxation.

Through the Redfield derivation, we gained insights into the peculiarity of the dynam-
ics obtained using Yoy-colored noise, obtaining a closure model for the correlation open
term of the system with the environment in the QME corresponding to the colored SSE.
Although not analytically derivable from the SSE unraveling, the presence of different
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time scales is well explained by the Redfield master equation with time-dependent coef-
ficients. The Redfield model also rationalizes the different stationary states and provides
an insightful intuition on the effect of the noise in the system dynamics. The insights
obtained from this formulation come at the cost of losing the complete positivity en-
sured by averaging over an ensemble of pure, valid states. This positivity issue in the
Redfield model and the spurious oscillations observed in the dynamics of the reduced den-
sity matrix eigenvalues are addressed by investigating the construction of the relaxation
tensor, introducing another version of the Redfield tensor to the wide range of Redfield
approaches. Using another route, building on the stochastic approach to density matri-
ces introduced in Chapter [T, we investigated the perturbative approximation leading
to the time-dependent Redfield form, gaining further insights into the nature of the cor-
relation term in the QME and its non-Markovian feature, as well as to the removal of
the oscillatory terms. Finally, though the SSE unravels a precise, but open form, master
equation, we can think about the forms of Redfield QME obtained as approximate models
for it—an effective QME for the SSE unraveling. Then, we obtain a correct unraveling of
particular forms of Redfield dynamics. Unlike other approaches, which suffer from various
unphysicalities, these colored-noise SSE provide a positive unraveling of time-dependent
frequency-resolved Redfield equations without imaginary component.

In Chapter [V a new measure stemming from stochastic unravelings is derived—the
densification measure—, which describes signatures related to non-Markovianity inferred
from ensemble-average behavior. An associated character descriptor is constructed in
analogy to the BLP measure of non-Markovianity. We show that stochastic unravelings,
and more generally, trajectory-based methods, provide access to information that is not
available at the density matrix level. From this perspective, these novel descriptors should
be regarded as complementary tools for analysis and interpretation of complex dynamics
when unraveled by an ensemble of trajectories.

Finally, in Chapter [VI| we connected the stochastic Hamiltonian approaches discussed
in Chapter [T to the implementation of quantum algorithms in a simple and effective way.
The resulting algorithm (QCNA) is not introduced here as a novel proposal; rather, this
work complements it in several aspects. We give a formal proof of convergence to the
correct expectation value in the limit of one projection measurement (a Bernoulli trial)
per trajectory, yielding a Poisson (trials) process. Furthermore, we define error boundaries
and convergence rates in the single-shot and multiple-shot scenarios. In this regard, an
open yet concrete challenge is the definition of the optimal allocation of trajectories and
measurement shots. This will require defining and setting suitable metrics and cost func-
tions, tailored to the objectives of interest—such as the distance to the reference evolution,
the smoothness of the solution, its variance, or, most importantly, avoiding the need for
an explicit reference solution. Connecting further to the results in Chapter [[V] we can
appreciate that the constraint required for the normalization of the linear SSE for colored
noise restricts the admissible dynamics to the class of stochastic Hamiltonian evolutions.
Within this setting, the QCNA naturally enables the implementation of correlated open

dynamics beyond the Markovian assumptions, naturally allowing for colored noises and
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processes as models of environmental interactions. Moreover, since a particular Redfield
form reproducing the exact open-system quantum master equation is derived, dynamics
governed by this restricted class of Redfield tensors can likewise be unraveled and im-
plemented on a quantum computer. A novel quantum computing procedure, quantum
forking, is analyzed critically as a possible conceptual extension of trajectory-based meth-
ods. We show how its use, in regard to the QCNA algorithm, is limited at present by the
physical constraints of available NISQ qubit architectures, as the asymptotical sampling
complexity is not reduced, the only clear advantage is in the scaling of unique-circuit
construction, which comes at the cost of highly entangled large quantum registers and
additional entangling-gate layers. Even if this scheme might be useful only in future quan-
tum computers, it remains appealing as an innovative strategy and as a catalyst for future

developments in the quantum simulation of open-system dynamics.

In closing, this thesis emphasizes the usefulness of stochastic trajectory-based ap-
proaches as versatile and effective tools for the study of open quantum dynamics, com-
plementing more traditional formulations rather than serving merely as technical devices.
By providing a unifying framework that consistently connects phenomenological models,
ensemble descriptions, microscopic derivations and reduced dynamics, we offer a coherent
perspective across traditionally separated levels of description. Within this framework, we
have identified dynamical regimes characterized by long-lived coherences, nontrivial sta-
tionary states-including oscillatory ones—and relaxation processes occurring on multiple
time scales, with direct implications for the understanding of dissipative charge and en-
ergy transfer, as well as for noise-aware control protocols and digital quantum-simulation
strategies. From this standpoint, the use of non-standard environments emerges not only
as a feature to be characterized, but as a resource that can be engineered and exploited.
Furthermore, we show how the study of the trajectories ensemble can provide access to
gain more physical insights, encoding information that is inaccessible at the level of the
reduced density matrix alone. Taken together, these elements converge toward quantum
computing applications, where, on the one hand, the stochastic Hamiltonian formalism
provides a useful tool for simulating open-system dynamics, and, on the other hand, could

be useful for implementing noise-resistant quantum operations and controls.
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Still there?

Go on, move to the next question.

“The important thing is not to stop questioning. Curiosity has its own reason for
existing.” - A. Einstein
“You’re still here? It’s over, go home. Oh, you’re expecting a teaser for Deadpool 2.

Well, we don’t have that kind of money.” - Deadpool
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