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Abstract

In this thesis we study two problems, of both theoretical and applicative nature, arising
in the context of statistics and stochastic modeling of complex systems.

The first research line deals with the upscaling problem, which is a classical prob-
lem in statistics and have applications ranging from ecology to linguistics. The goal is
to extract information at global scale starting from partial knowledge of the considered
datasets. The proposed method exploits the form-invariance property of the Negative
Binomial, the selected distribution to describe the frequency of frequencies.
The novelties presented in this part are essentially three. Firstly, we extend the param-
eters’ range of the Negative Binomial, allowing the distribution to display a Power Law
behavior of its tail. Secondly, we derive an estimator that, besides inferring the global
number of types in a database given a small random sample of it, also estimates how
the frequencies of the types change across scales. Lastly, we generalize our method to
accommodate the cases where we dispose only of presence/absence information of the
types, without knowing their abundances in the sample.

The second research line focuses on the asymptotic analysis of a random dynamics
in a disordered environment. The model can be described as a random walk with i.i.d.
heavy-tailed increments moving on an environment provided by a renewal point process
on the real line with i.i.d. heavy-tailed inter-distances. The interest in the model is
twofold: on one hand it extends the set of random walks on point processes to the
case in which the law of the random walk and the law of the points of the environment
have infinite variance or even infinite mean; on the other hand it provides a discrete-
time generalization of the Lévy-Lorentz gas, a process that well describes the motion in
inhomogeneous media with anomalous behavior. Our model displays a super-diffusive
behavior that can be tuned suitably through the choice of the parameters of the two
different heavy-tailed laws.
For all combinations of the parameters, we prove the annealed functional limit theorem for
the suitably rescaled process, relative to the optimal Skorokhod topology in each case.
When the limit process is not càdlàg, we prove convergence of the finite-dimensional
distributions. When the limit process is deterministic, we also prove a limit theorem for
the fluctuations, again relative to the optimal Skorokhod topology.
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Sommario

In questa tesi studiamo due problemi, sia di natura teorica sia con risvolti applicativi,
che emergono dal contesto statistico e di modellizzazione stocastica dei sistemi complessi.

La prima linea di ricerca riguarda il problema di upscaling, un problema classico in
statistica con applicazioni che spaziano dall’ecologia all’analisi del linguaggio. L’obiettivo
è quello di estrarre informazioni su scala globale a partire da una conoscenza parziale dei
datasets a disposizione. Il metodo proposto sfrutta la proprietà di invarianza di forma
della Binomiale Negativa, la distribuzione scelta per descrivere l’andamento delle fre-
quenze di frequenze.
Le novità presentate in questa parte sono essenzialmente tre. Per iniziare, abbiamo esteso
il range dei parametri della Binomiale Negativa; in questo modo le code della distribu-
zione decadono secondo una legge di potenza. Poi, abbiamo costruito uno stimatore che,
oltre a predire il numero totale di specie diverse nel database a partire da un campione
casuale, riesce anche a stimarne la variazione delle abbondanze in relazione alla scala.
Per finire, abbiamo generalizzato il nostro metodo al caso in cui siano disponibili solo
informazioni sulla presenza o assenza delle specie nei vari sotto-campioni, senza conoscere
la loro abbondanza.

La seconda linea di ricerca si concentra sull’analisi asintotica di dinamiche stocasti-
che in ambiente disordinato. Il modello che consideriamo può essere descritto come una
passeggiata aleatoria, i cui incrementi sono i.i.d. e presentano code pesanti, che si muove
su punti della retta real generati da un processo di rinnovamento tale che le distanze tra
punti vicini sono i.i.d. con code pensanti. L’interesse nel modello è duplice: da un lato
estende l’insieme di passeggiate aleatorie su processi di punto al caso in cui sia la legge
della passeggiata aleatoria sia quella del punti dell’ambiente hanno varianza infinita o
anche media infinita; dall’altro si può considerare come una generalizzazione a tempo
discreto del Lévy-Lorentz gas, un processo che ben descrive il moto in ambiente disomo-
geneo con comportamento anomalo.
Il nostro modello mostra un comportamento super-diffusivo che può essere opportuna-
mente regolato attraverso la scelta dei parametri delle due leggi che lo governano. A
seconda delle varie combinazioni dei parametri, abbiamo dimostrato teoremi limite per il
processo opportunamente riscalato, relativi alla topologia di Skorokhod ottimale a secon-
da dei casi. Quando il processo limite non è càdlàg, abbiamo dimostrato la convergenza
delle distribuzioni finito-dimensionali. Quando invece il processo limite è deterministi-
co, abbiamo provato anche un teorema limite per le fluttuazioni, sempre rispetto alla
topologia di Skorokhod ottimale.
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Introduction

The last decades have been witnessing a great development in probability theory, mainly
thanks to the incredible adaptability of this branch of mathematics to different fields of
science. From a little subclass of measure theory, probability gained its own status, being
the ideal bridge between pure mathematics and application to various areas, ranging
from statistical physics, chemistry, and computer science to economics, finance, and
biology. This interlacement of different research areas represented a stimulating boost
that produced new probabilistic methods borrowed and adapted from other branches of
mathematics. This mutual intertwining is responsible for increasing interest in the field.
The mathematical models we developed and exploited in this thesis find inspiration from
specific physical problems. Randomness is of course a natural feature of such models. It
is fundamental to ensure theoretical properties of the system when dealing with random
samples. On the other hand, when dealing with a scaling limit, it allows to capture the
cumulative effect of microscopic mechanism.
Usually a system is not completely observable, and even when it is, the computation
would be forbidding and hardly treatable if we consider all the variables that enter the
description. Hence the mathematical analysis requires the development of new powerful
probabilistic ideas, combined with inputs from other branches of mathematics. Some of
the techniques we presented here are ready to use, finding direct application to a large
class of datasets; whereas some other results, whilst bringing powerful insights, serve
as a more general descriptions of complex systems and would require a more detailed
characterization to take practical advantages in real world problems.

This thesis is about two different works both dealing with the analysis of complex
systems using probabilistic methods. The aim of this framework is to study regular pat-
terns emerging at large scales. The meaning of the word large is twofold.
As first, we can imagine a system consisting of a large number of coexisting particles,
possibly interacting between each other. Hence the term large is referred to the cardi-
nality of the ensemble. A usual line of investigation is on the microscopic interacting
mechanism leading to the macroscopical behavior arising only for large system size. Here
we focus on another crucial aspect: given a relatively small sample of the particles, we
infer information on the global distribution, i.e. on the distribution at the large scale.
In particular we aim at upscaling information concerning biodiversity. If we split the
particles into different types, we want to predict the total of existing types living at the
global scale, and the abundance of each of them.

vii
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On the other end, we can imagine a sequence of stochastic processes of scale index N .
For each fixed N we are able to give a precise description of the underlying principles
driving the motion. However, the resulting equations are often too detailed and hard
to handle. The stochastic-process limit, obtained as an approximation of large scale N ,
strip away unessential details and reveals key features of the motion. The term large
refers here to the scale index, and we focus on the scaling dynamics that allows regular-
ities to emerge. The results presented here will focus on stochastic process limits with
nonstandard scaling and nonstandard limit process. Analyzing these stochastic models,
we aim at establishing rigorous results on questions of fundamental nature, like scaling
limit and random fluctuations around a law of large numbers limit.
Hence, probability theory aims at explaining statistical regularity associated with a
macroscopic view of uncertainty. We will analyze the microscopic scale, be it a local
sample of data from a huge dataset or the key components that drive the dynamics of
stochastic processes, to characterize laws acting on a large scale.

Upscaling statistical patterns from reduced partial
information of big datasets in natural and social sciences

The first part of the thesis is devoted to present the results of two works both linked
with the upscaling problem, i.e. how to infer total biodiversity from the observation of
local samples.
The origin of this problem dates back to the early 1940s, when the British naturalist
and chemist Alexander Steven Corbet spent a couple of years in Malaya studying and
counting different species of butterflies [Cor41]. He wondered how many different species
existed in the region, given the observations he had. In particular, he noted down both
the number of different species and the number of butterflies of the same species he
observed. Day by day, increasing the sample, he observed an increasing number of but-
terflies belonging to popular species, and also some single butterflies of new species. Back
to England, its colleague Ronald Aylmer Fisher tried to estimate how many new species
he would have observed in a new travel to Malaya. The famous father of statistics was
only the first mathematician to tackle down this problem of species estimation at those
days [FCW43].
Since then, it has found huge application in different scientific fields, from ecology [CC94;
BF93; CB02] to bioscience [LL16; Hug+01; ILL09], leading to the development of a myr-
iad of estimators that try to cover all the different faces of this huge framework [GT56;
BMW03; CMC04; MC05; WL05; SH08; Kun+18; OSW16; CC16].
The challenge of biodiversity upscaling has attracted increasing interest in recent years,
producing a wide range of competing approaches. Such methods, if successful, could
have important applications to multi-scale biodiversity estimation and monitoring.

To start introducing the framework, we highlight from the beginning we are moving
towards a parametric estimator, leaving out every Bayesian consideration. This means
that we do not consider any a-priori knowledge on parameters of the distribution, even if
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we will actually assume to have a very specific parametric distribution. The explanation
is straightforward once we agree on the assumptions. We will see how some empirical
quantities, like the Relative Species Abundance (RSA), show a similar behavior in diverse
contexts. Hence we will impose that the object in question will follow a particular
parametric distribution, able to accommodate well every empirically observed behavior,
once the parameters are suitably tuned. The is no model selection, nor any a-posteriori
distribution.

Mathematical preliminaries In Chapter 1 we will properly introduce the Negative
Binomial distribution (NB) from a mathematical viewpoint. It will serve to capture the
Relative Species Abundance (RSA), i.e. the abundances’ distribution of the different
items of a datasets. To be precise, the core of our framework is a truncated version of
the Negative Binomial, obtained by removing the point {0} from the codomain, thus
preventing a species to be extinct (see Section 1.1). A truncated Negative Binomial with
parameters ξ ∈ (0, 1) and r ∈ (0,∞) reads as follows

P(n) =
1

1− (1− ξ)

(
n+ r − 1

n

)
ξn(1− ξ)r, n ≥ 1 (1)

In Section 1.2 we motivate the particular choice of the Negative Binomial, showing that it
emerges naturally as the steady state distribution of a particular birth and death process.
These kind of processes are able to describe the population dynamics, i.e. its growth and
decline, as driven by the birth and death rates of the different species.
This construction embrace the Neutral Theory [Hub01], and following this approach
we assume every species to be demographically equivalent. As a byproduct we obtain
that equation (1) describes the probability density function of every species; thus differ-
ent realizations of the same distribution (1) represents the different species’ abundances
forming the resulting empirical RSA at the global scale.
In Section 1.3 we show that the functional form of a Negative Binomial does not change
when sampling different fractions of areas. The fact that the RSA maintains the same
functional form at different scales will be central in our framework. We will refer to this
property as form-invariance. We remark that form-invariance should not be confused with
scale-invariance, where the latter holds for distributions f such that f(px) = g(p)f(x)
where g(p) is a multiplicative scale-dependent constant. In contrast, with form-invariant
we mean a distribution which maintains the same functional form under random sam-
pling. Indeed, if we assume to randomly sample a fraction p of the population, the
resulting empirical local RSA is again distributed according to a Negative Binomial,
with same parameter r and rescaled parameter ξp given by

ξp =
pξ

1− ξ(1− p) (2)

Section 1.4 is devoted to the extension of the domain of the parameter r, allowing it to
take values also in the negative interval (−1, 0). The negative value of r reflects in a
Power Law behavior of the RSA’s tail described in (1), with an exponential cutoff. This
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different trait permits to use the Negative Binomial to accommodate empirical RSA even
when their tails are not exponentially distributed, being able to capture Power Laws with
exponent 1− r.
Finally in Section 1.5 we explicit some relations between our truncated Negative Bino-
mial and the famous Log-series distribution, named after the great statistician Ronald
A.Fisher [FCW43], which has been for many years the reference distribution used to
describe RSA patterns in ecological communities.

Statistical models for upscaling from Negative Binomially distributed data
In Chapter 2 we derive our upscaling method, declining it accordingly to the requirements
of the different datasets. The key features of out method are explained in Section 2.1.
Form-invariance under different sampling efforts is at the core of our approach, allowing
for an analytical expression for how parameters of the distribution change across scales,
as described in equation (2). In particular we can derive the analytical expression for a
species not to be observed in the local sample, that is

P (species not observed at scale p) = 1− 1− (1− ξp)r
1− (1− ξ)r . (3)

On the other hand, if we denote by S the total number of existing species and by Sp the
number of different species observed in the local sample, we have that

Fraction of species not observed at scale p =
S − Sp
S

. (4)

Hence, comparing 3 with 4 and arranging the terms we obtain an estimator for S that
reads:

Ŝ = Sp
1−

(
1− ξp

p+ξp(1−p)

)r
1− (1− ξp)r

(5)

In a similar way we can derive an estimator Ŝq for the number of different species existing
at any scale q ∈ [0, 1], and hence we can obtain the Species Accumulation Curve (SAC).
In Section 2.2 we derive again an estimator for S, we but modify our method to deal
with the case of local samples of different nature. In particular we assume to dispose of a
collection of n disjoint local samples each containing only occurrences information. This
means that we know which species are present in every sample, but we do not access
to the information of their abundance. For simplicity of presentation, we assume that
the n samples are all of the same size and that, when combined together, they represent
a fraction p of the entire datasets. Under this conditions, we empirically compute the
number Ŝpk of different species at scale pk = k

np by averaging the number of observed
species when gathering k of the n different subsamples. We already described how to
express the theoretical SAC for values q = pk as a function of the two parameters (r, ξp).
Hence, by fitting the parametrical curve Spk(r, ξp) using the data points Ŝpk we can
obtain an estimation for the parameters r and ξp that describe the RSA at scale p. At
this point, we can apply the same method derived in the previous Section.
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In Section 2.3 we extend the upscaling method described in Section 2.1 to encompass
finest questions. Namely we can locally access to more information than just the number
of species Sp and their RSA. In this Section we analyze how to proper use the information
of the local abundance of every species to predict their global abundance. In details, we
derive an estimator Ŝ(pc)(K | L) to predict the number of species in the unseen fraction
of the population with abundance in a certain range K, given that their observed local
abundance fall in another certain range L. The key ingredient to construct this estimator
is a simple application of the Bayes formula. We indicate by n(q)

j the abundance of the
species j at the scale q, where q = p is the local observed scale, q = pc is the unobserved
scale 1− p and q = 1 is the global scale. We obtain

P
[
n

(pc)
j = k | n(p)

j = `
]

=
P
[
n

(p)
j = ` | n(1)

j = k + `
]
P
[
n

(1)
j = k + `

]
P
[
n

(p)
j = `

] (6)

This formula will help us to find the estimator Ŝ(pc)(k | `) for the species with abundance
k in the unobserved fraction 1− p of the population, given that they have abundance `
in the sample at observed scale p. Then, a simple sum over k ∈ K and over ` ∈ L allows
us to find the desired expression for Ŝ(pc)(K | L).

Inferring macro-ecological patterns from local species’ occurrences In Chap-
ter 3 we present the results of an application of our novel rigorous statistical framework
to upscale ecological biodiversity patterns from local information on species occurrence
data, as described in Section 2.2.
Section 3.1 motivates the need of an estimator able to upscale biodiversity only from in-
formation about the presence or absence of a species in different surveyed plots, without
specifying the number of individuals within them. In fact, many databases contain a
highly imprecise the information on abundances, if available at all, whereas we usually
dispose of the information on the presence/absence of species. Though different upscal-
ing approaches have been proposed in ecological literature, to the best of our knowledge,
most of them have not been generalized to the case of binary data.
In Section 3.2 we recall the key steps of our method and we linger on analogies and
differences of this method with the one based on abundance described in Section 2.1. In
particular we accurately describe the dataset assumption thus legitimating ourselves to
correctly apply the method. Moreover, we introduce a new quantity, the Relative Species
Occupancy (RSO), describing the distribution of the occurrences (number of occupied
cells) across species. Our framework gives directly all parameters of the RSO by solely
fitting the SAC curve, through which one can obtain the r and ξ parameters, which well
describe both the RSA and the RSO distributions at all spatial scales of interest.
Finally in Section 3.3 we proper present the results of this application. Firstly we apply
our method on four computer generated forests, varying the different datasets for the
distribution of their RSA (truncated Negative Binomially or Log Normal) and for the
the presence or absence of spacial correlation. Then we test our method on sub-samples
taken from two empirical forest data (BCI and Pasoh) for which we have informations
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on both species occurrence and abundances. We compare our results on species richness
obtained only from presence-absence data with the most popular non-parametric indica-
tors proposed in the literature, finding that our method outperforms all the others for
both BCI and Pasoh forests.

Upscaling human activity data: a case study with a statistical ecology ap-
proach Chapter 4 is again an application of our upscaling method, this time to four
datasets deriving from human activities. In Section 4.1 we give detailed description of
these datasets, namely concerning Email activity, Twitter posts, Wikipedia articles and
Gutenberg books. The interest on these datasets is twofold: firstly we are applying a
method coming from ecology to datasets of artificial origin; secondly, the RSAs of these
datasets display a Power Law behavior that differs from the usual exponential decay of
forests’ RSA. Hence we serve of the setting derived in Section 1.4, allowing the parameter
r to take values in the negative interval (−1, 0) thus reflecting in a Power Law behavior
of the Negative Binomial that we use to accommodate the RSA.
Sections 4.2 and 4.3 are dedicated to present the results we obtained when testing our
method on these datasets. For the first time we infer how the species’ abundances change
across scales, i.e. we applied the theoretical estimator derived in Section 2.3. Focusing on
Twitter, we tested the estimator for the change in popularity of hashtags from a portion
p of the observed tweets to the remaining 1 − p fraction of the unobserved tweets. By
means of the popularity of a hashtag we naively count the number of posts containing
it that come to circulate within the network thanks to other users’ tweets. In particular
we predict the the number S(pc)(K+ | L+) of species having abundance at least K at the
unobserved scale 1 − p given that they have abundance at least L at the sampled scale
p = 5%.
To conclude, we describe in Section 4.4 some possible application of our method, from
resource management to collective monitoring and language learning process.

Random walks in random environment: limit theorems for
heavy-tailed processes

The second part of the thesis will regard the study of a Lévy flight on a one-
dimensional Lévy random medium. With this expression we indicate a discrete random
walk Y that performs its jumps un the points of a random environment ω accordingly to
an underlying random walk S that drives the dynamics of Y on the Lévy medium.
In our model, the expression ‘Lévy random medium’ indicates a stochastic point process
ω on the real line, i.e. a collection of random points where the distances between nearby
points have heavy-tailed distributions. Processes of this kind have been receiving a surge
of attention, of late, both in the physical and mathematical literature; cf., respectively,
[BFK00; Sch02; BCV10; Bur+12; ZDK15] and [Bia+16; BLP20; MS18]. They model a
variety of situations that are of interest in the sciences. In particular, they are used as
supports for various kinds of random walks, in order to study phenomena of anomalous
transport and anomalous diffusion. An incomplete list of general or recent references on
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this topic includes [SZF95; KRS08; Cri+14; ZDK15; Art+18; Rad+19].
The underlying random walk S has i.i.d. heavy tailed increments that are independent
of ω. Our process of interest if Y , taht is defined as Yn := ωSn . This means that the
process Y performs the same jumps as S, but on the marked points ω instead of Z.
Term ‘Lévy flight’ usually indicates a discrete-time random walk with long-tailed instan-
taneous jumps. This is in contrast to a ‘Lévy walk’, which in general designates a per-
sistent, continuous- or discrete-time, random walk with long-tailed trajectory segments
that are run at constant finite speed [ZDK15]. A Lévy walk is often seen as an inter-
polation of a Lévy flight. Lévy walks are generalization of a system that first appeared
in the physical literature 20 years ago with the name Lévy-Lorentz gas [BFK00] (more
precisely, the Lévy-Lorentz gas is the case where the underlying random walk is simple
and the interpolation is performed with unit-speed). It was devised as a one-dimensional
toy model for the study of anomalous diffusion in porous media [Lev97; BFK00; BCV10].
There are several reasons to study our Lévy flight on random medium. The most self-
serving, on the part of the present authors, is to build a basis to investigate the properties
of the associated Lévy walk, as described above (see the proofs in [Bia+16; BLP20]).
Also, Y can be thought of as the limit of a continuous-time random walk with resting
times on the points ωk, when the ratio between the speed of the walker and the typical
resting time diverges. This can be used to model a variety of situations where a given
dynamics is very fast compared to its decision times, e.g. electronic signal on a network
whose nodes act as relatively slow processing stations, human mobility (assuming, as it
is often the case, that resting times are substantially longer than travel times), etc.
This particular model aside, there is no lack of general motivation for the study of ran-
dom walks on points processes, especially in light of the fact that the topic is regrettably
less developed than others in the field of random walks, with the exception perhaps of
random walks on percolation clusters et similia. For some interesting lines of research
see, e.g., [CF+09; CFP13; Kub13; BR15; Zhu15; Rou14] and references therein. A recent
paper which we extend with the present thesis is [MS18].

Ideas of weak convergence Chapter 5 is devoted to present the notion of weak con-
vergence. Of course this argument has been extensively treated in many monographs like
[Bil13; Whi02; Fel57; JS13] and the purpose of this Chapter is rather to highlight the
importance of this notion and to recall some crucial aspects.
The basic notion are gathered in Section 5.1. In particular, Portmanteau Theorem can be
considered as a formal definition of weak convergence. We give a small in depth analysis
of the class of measures in C([0, 1]), i.e. the space of continuous functions defined on
the unit interval, showing in particular that the finite-dimensional sets are a determining
class, but not a convergence determining class. Finally we characterize weak convergence
of measures by means of the Prohorov metric.
We then introduce the concept of random element in Section 5.2. In this way convergence
in distribution of random element is completely equivalent to weak convergence of the
laws induced by the random elements. For example, we say that the sequence (Xn)n∈N
of random variables defined on (Ω,F ,P) with values in (S,S) converges in distribution
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to a limit random variable X if the law P ◦X−1
n induced on the space (S,S) converges

weakly to P ◦X−1.
In Section 5.3 we give an insight on the compactness approach to show weak convergence.
Provided that the sequence of measures is relatively compact, then convergence of the
finite-dimensional distribution is enough to guarantee weak convergence. Relative com-
pactness is not usually easy to exhibit, however it is usually tantamount to the concept
of tightness. Another way to prove weak convergence is by using the mapping approach,
as described in Section 5.4. Basically, if we assume that Xn

d−→ X, then it holds that
also h(Xn)

d−→ h(X) for any continuous mapping h. Moreover, convergence holds even
if h is discontinuous but the probability that X takes values on discontinuity point of h
is negligible, i.e. if P(X ∈ Disc[h]) = 0. To conclude the chapter we recall in Section
5.5 the role of characteristic functions to determine weak convergence. Indeed it suffice
to have that the characteristic functions of a sequence of measure (Pn)n∈N to converge
pointwise to the characteristic function of P.

The càdlàg space D In Chapter 6 we introduce the càdlàg space D, i.e. the space of
functions that are right-continuous and with finite left limits at any point of the domain.
The basic notions of this space are listed in Section 6.1. In particular we show that the
space D([0, 1]) consists of piecewise continuous functions, defined on the unit interval,
with discontinuities of the first kind. Moreover, only finitely many jumps can exceed a
given threshold.
In Section 6.2 we endow the space D([0, 1]) with the J1-Skorokhod distance and we char-
acterize convergence with respect to the topology induced by the metric dJ1 . In particular
two functions x, y ∈ D are ε-close w.r.t. the metric J1 if they are ε-uniformly close over
[0, 1] after allowing continuous small perturbations of time (the function argument), i.e.

dJ1,[0,1](x, y) := inf
λ∈Λ[0,1]

max

{
sup
t∈[0,1]

|x ◦ λ(t)− y(t)| , sup
t∈[0,1]

|λ(t)− t|
}
< ε (7)

where Λ[0,1] is the set of strictly increasing functions λ mapping the domain [0, 1] onto
itself, such that both λ and its inverse λ−1 are continuous. In Section 6.3 we will show
that D([0, 1]) is complete under the metric dJ1 . Moreover we give a criterium to charac-
terize relative compactness and, similarly to what done for C([0, 1]) we analyze the role
of the finite-dimensional sets in D([0, 1]). Finally we give conditions under which the
convergence of the sum xn + yn → x+ y w.r.t. J1 is guaranteed.
In Section 6.4 we extend the notion of càdlàg space to any bounded interval I and also
to unbounded intervals. We also adapt the definition of the J1 distance and we char-
acterize convergence even for unbounded intervals. Finally we specify a less customary
space with càglàd trajectories in R−, that we are going to adopt for the results of Chap-
ter 9. In Section 6.5 we define processes with càdlàg trajectories and characterize some
approaches to show convergence, namely the continuous mapping and the compactness
one. The idea is to regard stochastic processes as random elements with values in the
space of trajectories, i.e. we consider random function with value in D. With this in
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mind, convergence of a sequence of stochastic processes naturally becomes convergence
of a sequence of probability measures on a space of functions. Our attention will then
be oriented to the function space D containing the sample paths and to its topology.
Section 6.6 is very important since we derive three additional topologies which we can
endow the space D with. In particular the J2 topology is similar to J1 with the only dif-
ference that the deformation of time λ can be a discontinuous bijection. For completeness
of treatment we include the definitions of the M1 and M2 metrics, that evaluate distance
of functions on the basis of their graphs. Finally Section 6.7 is devoted to the proof
of the continuity of the addition map with respect to the J2 topology. To the author’s
knowledge, it is the first time that such a proof is showed. It will be fundamental for our
results of Chapter 9.

Limit theorems for random walks Chapter 7 is a condensate of famous results on
the theory of random walks. A generic random walk S = (Sn)n∈N is defined in the
following way.

S0 = 0

Sn =

n∑
i=1

ξi, for n > 0. (8)

In general the random variables (ξi)i∈N can follow any general distribution. In Section
7.1 we adopt the usual hypothesis that the random variables (ξi)i∈N appearing in (8) are
independent and identically distributed (i.i.d.) according to a distribution with finite
moments at leas of order two. Under this assumption we can derive some of the most
famous theorems in probability theory, namely the Law of Large Numbers (LLN) and
the Central Limit Theorem (CLT). The latter reads

Sn − µn
σ
√
n

d−→ N (0, 1); (9)

where µ = E[ξ], σ2 = V[ξ] and N (0, 1) is the standard normal distribution. Furthermore,
we can build a continuous process, the normalized partial sum process, and show that is
converges weakly to the Brownian Motion. This is the content of the Donsker’s Theorem,
a functional and more powerful version on the CLT.
In Section 7.2 we deal with the case where the increments (ξi)i∈N are i.i.d. but their
distribution have infinite second moment. In particular we focus our analysis on the case
where the increments fall into the normal domain of attraction of a stable distribution of
a certain index α ∈ (0, 2). In this case, it is possible to prove that there exist a sequence
(mn)n∈N and a constant c such that it holds (Sn−mn)/cn1/α d−→ Sα, where Sα is a stable
random variable of index α. When α ∈ (1, 2) we are able to prove a LLN, and the stable
version of the CLT reads

Sn − µn
n1/α

d−→ Sα. (10)

Comparing equations (9) and (10) we can appreciate the different rescaling when dealing
with stable laws of infinite variance. In the case α ∈ (0, 1) the LLN does not hold, but
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the rescaled sum Sn/n
1/α converges weakly to Sα due to stability properties. Finally,

we prove a stable version of Donsker’s theorem, where the limit process is no longer the
Brownian Motion, but a Lévy stable process.

Dynamics on a Lévy random environment In Chapter 8 we set the notation and
prepare the field to describe our results. Here we no longer assume, as in Chapter 7, the
increments of the random walk to be i.i.d., introducing dependence between the steps.
We focus on a specific choice of dependence, considering the class of Random Walks in
Random Environment (RWRE).
As first, we introduce in Section 8.1 the class of renewal point processes on the real
line. In particular we set a point ω0 on the origin, and the rest of points (ωn)n∈Z are
distributed on R so that the distance between neighboring points belong to a common
distribution ξ. In this way ωn := ±∑n

i=±1 ζi, where the sign is + (resp. −) accordingly
to n > 0 (resp. n < 0). We will be interested on a point process ω where the distances
ζk := ωk+1−ωk between neighboring targets are i.i.d. variables in the normal domain of
attraction of a β-stable distribution, with β ∈ (0, 1) ∪ (1, 2).
We then consider in Section 8.2 generalization of the Lévy-Lorentz gas, namely a process
(Yn)n∈N constructed with the following rule. We consider a random walk S = (Sn)n∈N
on Z with S0 = 0 and i.i.d. increments (ξi)i∈N in the normal domain of attraction of an
α-stable variable, with α ∈ (0, 1) ∪ (1, 2). We refer to S as the underlying random walk
and we define our process Y , starting at the origin, as

Yn := ωSn , n >≥ 0. (11)

In other words, S drives the dynamics of Y on the point process ω. To conclude this
Chapter we briefly recall a couple of previous results in Section 8.3, where the authors
considered a simplified version of this setting.

Limit theorems for Lévy flights on a Lévy random medium Chapter 9 is devoted
to the presentation of the results and of their proof . In Section 9.1 we define in details
our model, adapting the general setting presented in Section 8.2 and specifying some
preliminary convergence.
The theorems are stated in Section 9.2 and proved in Section 9.3. The different statements
of the theorems depend on the values of α and β.

We give annealed limit theorems for Y in all cases α, β ∈ (0, 1)∪ (1, 2), identifying in
each case both the scale nγ , whereby(

Ybntc
nγ

, t ∈ [0,∞)

)
(12)

converges to a non-null limit, and the limit process. In all cases we prove the optimal, or
at least morally optimal, functional limit theorem, meaning that we show distributional
convergence of the process with respect to the strongest Skorokhod topology that applies
there.
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Af first we consider the cases with β ∈ (0, 1), i.e. when the distance between neigh-
boring targets of the point process have infinite mean. If α ∈ (0, 1), or α ∈ (1, 2) but
µ = E[ξ] = 0, then γ = 1/αβ and we can only prove convergence of the finite-dimensional
distributions of the suitably rescaled random walk in random environment. If, otherwise,
α ∈ (1, 2) and µ = E[ξ] 6= 0, then γ = 1/β we are able to prove convergence of the
suitable rescaled process with respect to the J2-Skorokhod topology.
Next we move to the case β ∈ (1, 2). Since the distance between neighboring targets
is a positive value, then its mean must be a positive number ν > 0. If α ∈ (0, 1), or
α ∈ (1, 2) but µ = E[ξ] = 0, then γ = 1/α and we can prove weak convergence of the
suitable rescaled sequence of processes with respect to the J1-Skorokhod topology. We
can obtain a similar result also if α ∈ (1, 2) and µ = E[ξ] 6= 0. In this latter case γ = 1
and the limit process is deterministic. Our last theorem states weak convergence of the
fluctuations around the limit process. In particular they are or order nmax{1/α,1/β}.
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Chapter 1

Mathematical preliminaries

The problem of inferring total biodiversity when only scattered samples are observed is a
long-story problem. The origin of this problem dates back to an ecology question, namely
one would like to infer total biodiversity after having observed local scattered samples.

We have already mention in the Introduction that the first person to ask himself such
a question, or at least the first person to ask it publicly, was Alexander Steven Corbet,
and consequently the first estimation was performed by Ronald Aylmer Fisher. Since
then 8 decades have passed and the challenge of biodiversity upscaling has attracted
increasing interest, producing a wide range of competing approaches.

Extrapolating species richness from the local samples is not straightforward as it may
appear. We start this journey from the upscaling problem in ecology, where the main
goal is to infer the global number of different species that populates a big forest, given
the observation available at small local places. Tropical forests have long been recognized
as one of the largest pools of biodiversity [Cro+15]. In fact, more than two-fifths of the
number of worldwide trees can be found either in tropical or sub-tropical forests, though
the surveyed and classified fraction is very small. Global patterns of empirical abundance
distributions show that tropical forests vary in their absolute number of species but
display surprising similarities in the distribution of individuals across species [Vol+05;
McG+07].

One way to tackle the problem is by describing specific patterns of different samples
with parametrical distributions. The class of distribution should be able to capture the
general behavior, while allowing specific fit by varying the values of the parameters.
A widespread statistical tool used to describe the commonness and rarity of species in
an ecological community is the Relative Species Abundance (RSA), which is a list of
the species present within a region along with the number of individuals per species
(or, equivalently, the relative abundance of that species among the population) [Mac60;
Mag13]. RSA is thus a key element to measure biodiversity, as it gives information
about how common or rare a species is relative to other species in a given location or
community. Note that RSA distributions are usually graphed as frequency histograms
("Preston plots";[Pre48]) or rank-abundance diagrams ("Whittaker Plots"; [Whi65]).
Throughout this thesis we will display RSA using frequency histograms, using a Log-

3
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Log scale in both axis to plot the results. This approach, where the mechanism driving
abundances is the competition between species for available resources, is referred as a
niche-based model. In this kind of model, the splitting of the resource "pie" among
different species is responsible for the number each species’s individuals populating the
community. To resume, the competition for the consumption of similar resources has
the direct consequence that species with access to abundant resources will have higher
carrying capacities than those with little access. In order to survive, each species needs to
provide itself a niche-space. Numerous niche apportionment models have been developed,
each making different assumptions about how species carve up niche-space. For example
it can be done by slicing up the resources’ pie into smaller pieces or by moving into a
vacant niche and exploiting newly available locations.

In this thesis we will not consider any niche-based model, rather our framework leans
on neutral theory approach. The Unified Neutral Theory of Biodiversity and Biogeog-
raphy (UNTB) [Hub01] is a special form of mechanistic model that takes an entirely
different approach to community composition than the niche apportionment models. In-
stead of species populations reaching equilibrium within a community, the UNTB model
is dynamic, allowing for continuing changes in relative species abundances through drift.
The best way to show the basics of Neutral Theory is perhaps by visualizing a community
of individuals as a grid with a certain number of spaces. Each space is occupied with
individuals of different species. The main assumptions are that the number of spaces
available in the grid are limited. Hence if a certain species increases its abundance, then
this lead to a decrease of the number of individuals other species in the grid. Hence the
distribution of abundances does not depend directly on apportionments of resources, i.e.
the model does not make any assumption or description of this process, rather it takes
into account birth, death, immigration, extinction and speciation to modify community
composition over time. They are the key drivers of change leading to the distribution of
biodiversity in the ecosystem.
We will describe in Section 1.2 the stochastic model leading to a steady state distribution
of abundances that we pick to sample the distribution. We will come back to this point
later. Now we want to give a closer look on how RSA data are empirically obtained.
Speaking about forests, typically the RSA is measured at local scales (e.g. in quadrats
or transects), in which the identities of all the individuals living in the area are known.
The sampled RSA can be fit to a given functional form at that scale. However, that form
may change at different spatial scales (see figure 1.1), thus hindering analytical treatment
[Aza+15]. For practical reasons, biodiversity is typically measured or monitored at fine
spatial scales. However, the key drivers of ecological change need to act at larger scales
[Ber+16]. Conservation issues, for example, apply to diversity at global, national or re-
gional scales. Hence we need to balance the opposite tendencies of focusing too much on
the small world and of disregarding little variations in local samples.

It is therefore fundamental to be able to specifically upscale globally the patterns,
like the RSA, that we are able to detect and measure locally. Many different biodiversity
estimators have been proposed since the Pandora’s box was open by Fisher almost 80
years ago. Even though they have been developed under different statistical frameworks,
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Figure 1.1: RSA at different scales. Relative Species Abundance at different spatial
scales for Barro Colorado Island, in Panama. The form of the RSA changes with the
scale.

most of them reflect the need of extrapolation from a local-regional scale extrapolation
rather than assuming sparse random sampling. The majority of estimators are sensitive
to the spatial distribution of different plants [Plo+00; Aza+16], to the sample coverage,
and to the specific sampling method used [Cha+09]. Notice finally that usually only
local scattered samples are available. For example, notice that Figure 1.2 displays the
different locations where a sample of a relatively small area is available. When dealing
with forests, it is common to have access to multiple separated areas, rather than a single
big one. Sparse datasets prevent from sampling errors, such as labeling as common a
single species only because it shows numerous specimens gathered in a small area.

To the point, the goal of this thesis appears very clear: we want to use a parametric
model to upscale local information to the global scale. The fundamental hypothesis of
our work is that the RSA is distributed as a Negative Binomial distribution. Throughout
this and the following Chapters we will construct our framework step by step and then
present our results.

1.1 The truncated Negative Binomial distribution

It’s time to properly introduce the truncated Negative Binomial distribution, that will
play a central role in this thesis. In this Section we give a brief excursus on the Negative
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Figure 1.2: The challenge of estimating global tropical species richness. A map
depicting 15 different forests for which the coordinates of each sampled subplot are known.
The upscaling goal is to deduce the species richness and abundances of each entire forest
on the basis of the very limited knowledge coming from the scattered samples in the
marked dots.

Binomial distribution, in order to clarify what regime of parameters we are going to
adopt and what are the implication of the truncation.
Originally this distribution was used to compute the number of expected failure before
obtaining a certain number of successes in a sequence of independent and identically
distributed Bernoulli trials. Indeed, the probability of obtaining n failures before having
the r-th success is given by the following probability, where p represents the probability
of failure of every independent copy of a Bernoulli random variable,

P(n failures before r-th success) =

(
n+ r − 1

n

)
pn(1− p)r n ≥ 0 (1.1)

The previous formula holds for any r ∈ N∗ and any n ∈ N, where N∗ = N \ {0}.
Note that equation (1.1) actually defines a probability density function. In facts, suppose
to define the following analytical function f by two equivalent expressions:

1

1− x =: f(x) :=

∞∑
k=0

xk x ∈ (0, 1). (1.2)
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Then, by differentiating (r− 1) times the function f , and repeating the calculus for both
expressions in (1.2), we obtain

(r − 1)!(1− x)−r = f (r−1)(x) =
∞∑
k=r

(k − 1)!

(k − r)!x
k−r =

∞∑
n=0

(n+ r − 1)!

n!
xn. (1.3)

Finally, dividing both sides by (r − 1)!(1− x)−r we get

1 =

∞∑
n=0

(n+ r − 1)!

n!(r − 1)!
(1− x)rxn =

∞∑
n=0

(
n+ r − 1

n

)
ξr(1− ξ)n (1.4)

where in the last passage we perform a change of variables ξ = 1− x.
We wish to extend the previous definition allowing r to take real positive values. To

do this, we need to specify the meaning of the binomial coefficient
(
s
m

)
when s ∈ R+.

We have (
s

m

)
:=

{
s(s−1)···(s−m+1)

m! if m ≥ 0
0 if m < 0

(1.5)

Note that we re-obtain the classical binomial coefficient when s ∈ N and m ∈ {0, .., s}.
However, when s is non-integer, then the expression above can not be interpreted com-
binatorially. It does not make sense to speak about choosing m things out of a set of s
items. However, the equation above does have mathematical validity and we will need
it to define our statistical framework. Note moreover that the definition above holds for
any integer m ∈ Z. The extension to negative integers is quite straightforward, since we
simply impose the coefficient to be zero. Note however that the definition stands also for
m > s, leading eventually to negative factors in the numerator.

The definition above suffices for our purposes. However, to conclude this excursus on
binomial coefficients, we give the following definition of binomial coefficient, holding for
any pair of complex numbers z, w.(

z

w

)
:= lim

u→z
lim
v→w

Γ(u+ 1)

Γ(v + 1)Γ(u− v + 1)
(1.6)

where Γ(·) is the famous Gamma function. We briefly want to show that the latter
definition reduces to the previous one when z = s ∈ R and w = m ∈ Z. Indeed, notice
that Γ(y + 1) = yΓ(y), hence Γ(s + 1)/Γ(s − m + 1) = s(s − 1) · · · (s − m + 1) and
Γ(m + 1) = m!, thus recovering exactly equation (1.5). Note that the limits in the
equation above are necessary to properly handle the cases where z or w are singularities
of the Γ function, i.e. points 0,−1,−2, etcetera. Singularities of the distributions will
play and important role, as we will see in Section 1.4.

We are now ready to define the Negative Binomial distribution.

Definition 1. We say that a random variable X with values on N is distributed like a
Negative Binomial if

PNB (X = n|r, ξ) =

(
n+ r − 1

n

)
ξn(1− ξ)r, n ≥ 0 (1.7)
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for some parameters ξ ∈ (0, 1) and r ∈ (0,∞). The binomial coefficient appearing in the
latter formula is defined as in (1.5).

Note that equation (1.7) actually represents a probability distribution, with discrete
density summing to 1. In facts, we have

∞∑
n=0

PNB(X = n|r, ξ) =
∞∑
n=0

(
n+ r − 1

n

)
ξn(1− ξ)r (1.8)

=
∞∑
n=0

Γ(n+ r)

n!Γ(r)
ξn(1− ξ)r

=
∞∑
n=0

∫∞
0 tn+r−1e−tdt

n!Γ(r)
ξn(1− ξ)r

=
1

Γ(r)
(1− ξ)r

∫ ∞
0

e−ttr−1
∞∑
n=0

tnξn

n!
dt

=
1

Γ(r)
(1− ξ)r

∫ ∞
0

e−ttr−1etξdt

=
1

Γ(r)

∫ ∞
0

(1− ξ)re−t(1−ξ)tr−1dt

=
1

Γ(r)

∫ ∞
0

(1− ξ)re−s sr−1

(1− ξ)r−1

ds

1− ξ

=
1

Γ(r)

∫ ∞
0

e−ssr−1ds

=
1

Γ(r)
Γ(r) = 1

Hence the Negative Binomial defined in (1.7) is a probability distribution on N.
We wish to slightly modify the previous definition to better accomodate our scopes.

Mathematically speaking, we want to exclude n = 0 from the codomain of the Nega-
tive Binomial defined above. We give here a brief motivation of this choice. Suppose
indeed there are S ∈ N different species in the population, each one labeled by an in-
dex i ∈ {1, .., S}, and denote by ηi the abundance of the i-th species, i.e. the number
of individuals belonging to that species. In the case of forests’ sample, ηi denotes the
number of plants of the given species i. By assumption, any species has strictly positive
abundance, since we are only considering existing species. Thus we want to impose the
probability of an existing species to have null abundance to be equal to zero. However,
we want here to hang on the mathematical point of view, leaving all the considerations
regarding the framework to the next Chapter.
We define the following truncated Negative Binomial distribution, obtained from (1.7)
by excluding n = 0 from the codomain and renormalizing the densities.

Definition 2 (truncated NB). For any given choice of ξ ∈ (0, 1) and r ∈ (0,∞), we
say that a random variable X with values on N∗ is distributed like a truncated Negative
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Binomial of parameters r and ξ if

P(n) = c(r, ξ)PNB(n|r, ξ), n ≥ 1 (1.9)

where PNB(n|r, ξ) is the classical Negative Binomial distribution already defined in (1.7)
and the normalizing constant is given by

c(r, ξ) =

( ∞∑
n=1

PNB(n|r, ξ)
)−1

=
1

1− (1− ξ) (1.10)

Equation (1.9) plays a key role throughout this thesis. The next sections are devoted
to give some properties and extension of this distribution. In Section 1.2 we present
how this distribution emerges naturally as a steady state of a particular birth and death
process. In Section 1.3 we exhibit and prove the fundamental property of the Negative
Binomial, i.e. form invariance. In Section 1.4 we allow the parameter ξ to take negative
values in the interval (−1, 0) and we analyze the consequences. Finally in Section 1.5 we
relate our truncated NB with the famous Fisher Log-series.
We present these properties from a mathematical point of view, postponing the implica-
tion they have on our framework to Chapter 2.

1.2 Stochastic model leading to a Negative Binomial RSA

In this section, we want to tackle the Negative Binomial distribution from a different
point of view. The aim of this Section is to show that a Negative Binomially distributed
RSA emerges naturally as the steady state of a birth and death process. These kind of
processes lean at the bottom ground of the principles of biological processes. Indeed,
many frameworks model the growth and decline of a population by mean of such pro-
cesses. Let us assume that our ecological community consists of S different species, each
evolving independently from the others.

Let Pn,s(t) be the probability that, at time t, the species s consists of exactly n
individuals. Note that s ∈ {1, .., S} is just a label, and by independence the same holds
analogously for the other species. We assume that the population dynamics is driven
by a birth and death process, hence there will be constants bn,s and dn,s regulating the
behavior of a population. Note that these constants depend on the particular species and
on the actual abundance n. However, these models works with birth and death factors
that are homogeneous over time. We can thus derive the master equation governing the
evolution of Pn,s over time:

∂

∂t
Pn,s(t) = Pn−1,s(t)bn−1,s + Pn+1,s(t)dn+1,s − Pn,s(t)bn,s − Pn,s(t)dn,s (1.11)

The above equation holds for any n ≥ 0. Of course for n = 0 we must impose reflecting
boundary conditions, i.e. b−1,s = d0,s = 0. It is possible to derive the steady state
solution, that reads

Pn,s = P0,s

n−1∏
i=0

bi,s
di+1,s

(1.12)
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where the term P0,s is a normalizing constant which can by found by imposing that∑∞
n=1 Pn,s = 1. Thus we solved the system but the solution is uninformative, since it

depends on too many parameters. We want to relax the assumptions, imposing that the
birth and death rates depend on density dependent rates bs and ds, which represent the
pre-capita birth and death rates, and on the term rs, taking into account immigration
events and/or intraspecific interactions. Thus, our coefficients read

bn,s = bs(n+ rs) (1.13)
dn,s = dsn (1.14)

Setting ξs = bs/ds, and substituting the new terms into (1.12), we obtain

Pn,s = P0,s

(
n+ rs − 1

n

)
ξns (1.15)

The normalizing constant P0,s can by found by imposing

1 =
∞∑
n=1

Pn,s = P0,s

(
n+ rs − 1

n

)
ξns = P0,s[1− (1− ξs)rs ](1− ξs)−rs (1.16)

Therefore, the probability that the s-th species has n individual at equilibrium is given by
a truncated Negative Binomial with parameters (rs, ξs), where the normalization takes
into account the fact that any existing species must have non zero abundance, i.e.

Pn,s =
1

1− (1− ξs)rs
(
n+ rs − 1

n

)
ξns (1− ξs)rs (1.17)

Note that the previous equation depends on the index s. If we join the neutral theory,
then every species is demographically equivalent, meaning that the constants bs, ds, rs lose
their species dependence and become universal. Hence the abundance of every species
at equilibrium is drawn from the same truncated Negative Binomial distribution.

1.3 Self Similarity Property of Negative Binomial

Suppose we have a population distributed in different species according to a truncated
Negative Binomial distribution. This means that the abundance ηi of species i is neg-
ative binomially distributed according to (1.9) for every i ∈ {1, .., S}, with S being the
total number of different species. Assume that the population is spatially independent
distributed. Here the term spatially refers to the original application to forests, but for
the moment we can elevate it to a more abstract form. In facts, spatiality is linked to
the order in which individuals can be considered. If we assume that there is no prescript
order, then spatial assumption holds. At this point, we do not enter into real world
implication of this assumption. The reader only needs to keep in mind that there is no
order or any sort of link between the individuals.
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Suppose we want to sample a fraction p ∈ (0, 1) of the population. In real application,
p is small since the goal of this procedure is to infer global estimation without analyzing
all the dataset. However, taking p too small could affect sensitivity of the method to the
sampling scheme adopted.
If a certain species have abundance n in the total population, then the probability that
we observe exactly k individuals of that species at the local scale p is given by the classical
binomial formula

Pbinom(k|n, p) =

{ (
n
k

)
pk(1− p)n−k k ∈ {0, ..., n}

0 k > n
(1.18)

Recall that we are assuming that the overall abundance of the species at the global
scale follow the truncated Negative Binomial distribution (1.9). We strengthen the pre-
vious notation by indicating the global density by P(n|1), where the number 1 represent
the fraction of the population we are considering. With the same convention, P(k|p)
indicated the probability that a certain species has abundance k at the local scale p.
The following proposition states that the local abundance of species is again distributed
proportionally to a Negative Binomial.

We already introduce the meaning of the Relative Species Abundance (RSA). Some-
times the empirical of theoretical distribution of the species’ abundances is also referred
to as the Species Abundance Distribution. In the following, while considering these two
terminologies to be equivalent, we will make frequently use of the first notation, taking
its meaning for granted.

Proposition 1.3.1. (Self Similarity for the NB)
Let the Relative Species Abundance (RSA) at the global scale be distributed as

P(n|1) = c(r, ξ)PNB(n|r, ξ), (1.19)

with c(r, ξ) and PNB(n|r, ξ) defined as in (1.7) and (1.10). Denote by Pbinom(k|n, p) the
binomial sampling probability at a scale p, i.e. the conditional probability that a species
has abundance k at the subscale p, given that it has abundance n at the global scale, as
defined in (1.18). Then, the local RSA P(k|p) at the sample scale p is again distributed
proportionally to a Negative Binomial, with rescaled parameter ξp and same r:

P(k|p) =

{
c(r, ξ) · PNB(k|r, ξp) k ≥ 1
1− c(r, ξ)/c(r, ξp) k = 0

(1.20)

with

ξp =
pξ

1− ξ(1− p) . (1.21)

Proof. To compute the probability that a species in the subpopulation has abundance
k, for some strictly positive k, we need to condition on the fact that the species has
abundance n in the whole population, and then we sum over n.
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If k ≥ 1, this reduce to compute

P(k|p) =
∑
n≥k
Pbinom(k|n, p) · P(n|1) (1.22)

=
∑
n≥k

(
n

k

)
pk(1− p)n−k · c(ξ, r)

(
n+ r − 1

n

)
ξn(1− ξ)r

= c(ξ, r)

(
p

1− p

)k
(1− ξ)r

∑
n≥k

(
n

k

)(
n+ r − 1

n

)
[ξ(1− p)]n

= c(ξ, r)

(
p

1− p

)k
(1− ξ)r 1

k!Γ(r)

∑
n≥k

Γ(n+ r)

(n− k)!
[ξ(1− p)]n

= c(ξ, r)

(
p

1− p

)k
(1− ξ)r 1

k!Γ(r)
[ξ(1− p)]k

∑
n≥0

Γ(k + n+ r)

n!
[ξ(1− p)]n

= c(ξ, r)pkξk(1− ξ)r 1

k!Γ(r)

∑
n≥0

∫∞
0 e−ttn+k+r−1dt

n!
[ξ(1− p)]n

= c(ξ, r)pkξk(1− ξ)r 1

k!Γ(r)

∫ ∞
0

e−ttk+r−1
∑
n≥0

[tξ(1− p)]n
n!

dt

= c(ξ, r)pkξk(1− ξ)r 1

k!Γ(r)

∫ ∞
0

e−ttk+r−1etξ(1−p)dt

= c(ξ, r)pkξk(1− ξ)r 1

k!Γ(r)

∫ ∞
0

e−ssk+r−1 1

[1− ξ(1− p)]k+r
ds

= c(ξ, r)pkξk(1− ξ)r 1

k!Γ(r)

1

[1− ξ(1− p)]k+r
Γ(k + r)

= c(ξ, r)
Γ(k + r)

k!Γ(r)

(
ξp

1− ξ(1− p)

)k ( 1− ξ
1− ξ(1− p)

)r
= c(ξ, r)

(
k + r − 1

k

)
ξkp (1− ξp)r

= c(ξ, r) · PNB(k|r, ξp)

Finally, if k = 0 we have

P(0|p) = 1−
∑
k≥1

P(k|p) = 1− c(ξ, r)
∑
k≥1

PNB(k|r, ξp) = 1− c(ξ, r)

c(ξp, r)
. (1.23)

with ξp given in (1.21), thus concluding the proof.

The fact that the RSA maintains the same functional form at different scales will be
central in our framework. We denote this property by say the RSA is form-invariant,
and mathematically it corresponds to the self-similarity property showed above.
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Note that this form-invariance property holds also between two general subscales p
and q. Assume 0 < p ≤ q ≤ 1. We already analyzed the case q = 1 above, and the case
p = q reduce to identity. Applying Proposition 1.3.1 for both scales we obtain

ξp =
pξ

1− ξ(1− p) (1.24)

ξq =
qξ

1− ξ(1− q) (1.25)

By inverting equation (1.25) to explicit ξ as a function of ξq, and inserting the result in
(1.24), we want to obtain a formula for ξp which depends only on the information at the
larger scale q, but not on the global parameters we do not have access to.

ξp =
pξ

1− ξ(1− p) =
p

ξq
q+ξq(1−q)

1− ξq
q+ξq(1−q)(1− p)

=
pξq

q + ξq(1− q)− ξq(1− p)
(1.26)

=
pξq

q − ξq(q − p)
=

p
q ξq

1− ξq(1− p
q )

Note that equation (1.26) is a more general case of (1.24), that can be interpreted as the
particular case q = 1. Hence what really matters is the relative ratio of the two scales.

1.4 Power Law tails of the Negative Binomial depending on
parameters

Negative Binomial density function with parameters ξ and r > 0 results to capture
very well empirical RSA patterns in tropical forests [Tov+17; Tov+19a]. However, their
characteristic behavior displays exponential tails. When moving to different datasets,
especially with the human activity databases analyzed in the following, the RSAs are
characterized by heavy tails (see Figure 4.3). We postpone to Chapter 4 the discussion
on the origin of this different trait; however, it is a matter of fact that the observed RSAs
of some datasets can not be captured by a standard Negative Binomial distribution with
r ∈ R+. Nevertheless, power law behaviors can be accommodated when allowing the
clustering parameter r to take negative values, r ∈ (−1, 0), thus enabling us to adapt
and generalize the theoretical framework we will describe in Chapter 2 to portray regular
statistics for human activities and to use activity information on local scale to predict
hidden features of the human dynamics at the global scale.

The goal of this Section is to show the cruciality of this extension of the parameter
region, i.e. that negative values of r ∈ (−1, 0) reflect in a Power Law behavior of the
RSA’s tail with an exponential cutoff, which well describes the observed patterns in
human activities datasets. We point our that both parameters intervene in the shape of
the RSA, being r responsible for the power law tail with exponent α = 1 − r and ξ for
the position of the exponential truncation of the distribution. Note that this section is
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purely theoretical, nevertheless the predicted exponent α = 1− r matches very well our
findings when we empirically fit the data.

We start by recalling our truncated negative binomial distribution, already defined
in (1.9):

P(n) = c(r, ξ)

(
n+ r − 1

n

)
ξn(1− ξ)r (1.27)

The following Theorem belongs to a the class of the so called Tauberian Theorems [FS08].
It relates the tail’s decay of a probability density function to the behavior of its generating
function near singularities.

Theorem 1.4.1. Let Y (z) be the generating function of a discrete random variable with
density P , and denote by RY its dominant singularity. If

Y (z) ∼ cY (1− z/RY )β , for z → RY (1.28)

for some β ∈ R \ {0, 1, 2, ...}, then the distribution P (n) satisfies

P (n) ∼ cY n
−β−1R−nY
Γ(−β)

, as n→∞ (1.29)

where cY is a constant independent on n, and Γ is the Gamma function.

A proof of the previous Theorem can be found in [Wal+12] and [FS08].
We wish to apply this theorem to our truncated negative binomial distribution (1.27).

We start by examining the probability generating function:

Y (z) =

∞∑
n=0

P (n)zn (1.30)

Taking a closer look to (1.27), observe that the normalizing factor c(r, ξ) does not play
any significant role. This is due to the fact that we want to investigate the singularities of
Y (z) and the prefactor c(r, ξ) does not affect the result. Moreover, the tail of a truncated
Negative Binomial is exactly the same of a standard Negative Binomial, hence we simply
disregard the normalizing constant and conduct the analysis for a standard Negative
Binomial.

Since we aim at finding the lowest-norm singularity of the probability generating func-
tion Y (z), we proceed with the computation replacing P (n) with the standard Negative
Binomial PNB(n|r, ξ):

Y (z) =
∞∑
n=0

(
n+ r − 1

n

)
ξn(1− ξ)rzn (1.31)

=
∞∑
n=0

(
n+ r − 1

n

)
[zξ]n(1− zξ)r · (1− ξ)r

(1− zξ)r

=
(1− ξ)r
(1− zξ)r ·

∞∑
n=0

(
n+ r − 1

n

)
[zξ]n(1− zξ)r
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If now zξ < 1, i.e. for z < 1
ξ the sum converges to 1 as we are summing over N the

marginals of a Negative Binomial with parameters r and zξ.
Thus we are left with

Y (z) =
(1− ξ)r
(1− zξ)r = cY (1− zξ)−r (1.32)

It turns out that Y (z) has a singularity at z = 1/ξ.
A singularity of a complex function is a point in the complex plane where the function

is not analytic. A pole is the prime example, but a square-root branch point and a branch
cut are also singularities.

We now want to express Y (z) as in (1.28) to apply the theorem. But in our case

Y (z) = cY (1− zξ)−r = cY (1− z

RY
)β (1.33)

with β = −r and RY = 1
ξ . The theorem above provides a characterization of the tails of

the (truncated) Negative Binomial. The distribution, when n is very large, satisfies

P (n) ∼ cY n
r−1ξn

Γ(−β)
=

cY n
r−1en log(ξ)

Γ(−β)
. (1.34)

Note that ξ < 1 and r − 1 < −1 so we have the multiplication of exponential and power
law both approaching zero when n increase to infinity. Hence the distribution resembles
a Power Law until n is such that n ∼ −1/ ln(ξ). Note that this cutoff depends both on r
and on ξ. In particular, the Power Law range is greater for sharper slopes, i.e. for bigger
absolute values of r − 1, and for values of ξ approaching 1.

Note finally that we justified our decision to remove the prefactor c(r, ξ) from the
computation since the tails of a truncated Negative Binomial are not affected by the
truncation. However an explicit computation can be done directly for a truncated Neg-
ative Binomial in a similar way. We would obtain:

Y (z) = c(r, ξ)

∞∑
n=1

(
n+ r − 1

n

)
ξn(1− ξ)rzn (1.35)

=
1

1− (1− ξ)r
(1− ξ)r
(1− zξ)r ·

∞∑
n=1

(
n+ r − 1

n

)
[zξ]n(1− zξ)r

= cY
1− (1− zξ)r

(1− zξ)r
= cY (1− zξ)−r − cY

Now, with the convention RY = 1/ξ and β = −r, we have that

Y (z) ∼ cY (1− z/RY )β, for z → RY (1.36)

that again correspond to the requirement (1.28) allowing us to conclude exactly in the
same way we did for the standard Negative Binomial.
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1.5 Relation of NB with Log-series

Log-series is probably the most widespread distribution in ecology. In this brief Section
we want to relate it with our Negative Binomial. The Log-series distribution dates back
to 1943 when Fisher discovered it empirically while studying Corbet’s tables of butterflies.
As done for the Negative Binomial, it can be derived at the stationary solution of the
master equation of a birth and death process, with a different choice for the birth rate.
Assume now that the population dynamics in the community are governed by ecological
drift and random speciation instead of migration from metacommunity. Then one can
set the birth rate equal to

bn,s = bsn (1.37)
b0,s = ν (1.38)

In this case, the reflecting boundary condition b0,s = ν ensure that, whenever the species s
goes extinct, the community do not die forever, with a birth rate that is forced to remain
positive. This constraint models the speciation phenomenon, thus it is an acceptable
hypothesis even though it lose the interpretation of an extinct species giving birth to a
new individual.

Similarly to what done for the Negative Binomial, we want to substitute the specific
birth and death rates to the general solution of the master equation of a birth and death
process. We obtain

Pn,s = P0,s
ν

bs

xns
n

(1.39)

where, as always, the normalizing constant P0,s can be determined by imposing that

1 =

∞∑
n=1

Pn,s = P0,s
ν

bs

∞∑
n=1

xns
n

= P0,s
ν

bs
[− log(1− xs)] (1.40)

which leads to

Pn,s = − 1

log(1− xs)
xns
n
. (1.41)

If again we assume to join the neutral theory, which corresponds to consider all species
as demographically identical, we can drop the index s from all the terms of the above
derivation. We obtained that the global RSA is such that every species is such that
the probability to have abundance n is given by a (Fisher) Log-Series distribution with
parameter x = b/d, the odd between the birth and the death rates.

We want now to focus on the relation between the Log-Series distribution and the
Negative Binomial. The crucial point is that we can think of the Log-Series as a special
case of the Negative Binomial that can be obtained as a limit case when the parameter
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r approaches zero.

lim
r→0

c(r, ξ)PNB(n|r, ξ) = lim
r→0

(1− ξ)r
1− (1− ξ)r

(
n+ r − 1

n

)
ξn (1.42)

≈ lim
r→0

1 + r log(1− ξ)
−r log(1− ξ)

r

n
ξn

=
1

− log(1− ξ)
ξn

n
= PLS(n|ξ)

Hence we can view our Negative Binomial parametrization as an expansion of the
great original work of Fisher.
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Chapter 2

Statistical models for upscaling from
Negative Binomially distributed
data

In this Chapter we want to describe the Upscaling method we will use on our Datasets.
This Section will only concern the mathematical derivation of the framework we will use
to perform our analysis. In the following Chapter we try to convince the reader that the
choice of using this particular framework is actually valid.

First of all we want to set up some basic notation. Let N denote the number of
individuals at the global scale. The local scale consists of a fraction p of the population,
drawn completely at random. The parameter S indicates the number of different species
existing globally. We assume the Relative Species Abundance at the global scale to be
distributed as a truncated Negative Binomial distribution of parameters r and ξ, i.e.

P(n|1) = c(r, ξ)PNB(n|r, ξ) =
1

1− (1− ξ)r
(
n+ r − 1

n

)
ξn(1− ξ)r (2.1)

for any n > 0. Note that, if we embrace the neutral theory assumption of demographic
equivalence between species, then the abundance ηs of any species s ∈ {1, .., S} can be
thought as a different realization of the same truncated Negative Binomial distribution of
parameters ξ ∈ (0, 1) and r ∈ (−1, 0)∪(0,+∞), and hence equation (2.1) holds. We want
to emphasize the fact that by allowing r to take values in (−1, 0) we are able to extend
an existing framework to datasets which display a Power Law tail in their RSAs. Hence
this framework can accomodate different RSA behaviors. Moreover, we underline that
we are assuming independence between species. This means that, if such a population
has to be generated in silico, we can draw the species’ abundance from distribution (2.1),
leading to a total population of N = η1 + · · · + ηS individuals. This means that we are
not imposing any a-priori parameter N , rather it emerges naturally from this procedure.

The second step is to preform a sample at scale p. Intuitively, this means that we are
choosing at random a fraction p of individuals. This can be done in many ways. Built-in
algorithm solve the problem straightforwardly. What matters is that the individuals at

19
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the local scale remain independent. For example this can be done by selecting or leaving
out from the sample each individual with probability p. This leads to a local sample of
size n close to pN , but we do not impose perfect odds. In facts, we assume to compute
the sample fraction p′ = n/N after the sample is realized, and of course we expect to
have p′ ≈ p, that is actually what happens. In real application, one desires to obtain a
sample of size close to pN , and the parameter actually used for upscaling is the computed
p′. We point out this fact here at the beginning, to prevent incomprehension. In order
to avoid an abuse of notation, in what follows we assume without loss of generality that
the desired fraction p we claim for the sample actually corresponds to p′.

Definition 3. For every j = 1, ..., S, we indicate with η(p)
j , η

(pc)
j the abundance of the

species j in the observed (resp. unobserved) fraction p (resp. 1− p) of the population.

At the local scale p we have a total number of Sp ≤ S observed species. Note that
at scale p we can have η(p)

s = 0 for some species s. By a simple relabeling, we assume
that η(p)

s > 0 for s ∈ {1, .., Sp} and η(p)
s = 0 for s ∈ {Sp + 1, .., S}. Note finally that at

subscale p we only access information to η(p)
1 , ..., η

(p)
Sp

, with the parameter S remaining
unknown.

2.1 Estimator for the total number of species and SAC

The focus of this Section is to derive an estimator for the total number S of different
species in the global population, given the observations at the local scale p. The first
step consists on determining the relationship between the total number of species S in
the entire population and the number Sp of observed species at subscale p.

We denote by Sp(k) the number of species having exactly k individuals at the local
scale p, and analogously we use S(k) to indicate the number of species having exactly k
individuals at the global scale. The following simple relation indicates that the ratio of
the number of observed species with abundance k is clearly related to the probability of
a species to have abundance k at the local scale.

Sp(k)

Sp
≈ P(k|p), k ≥ 1 (2.2)

In a similar way, the empirical probability that a species of the existing S has null
abundance at scale p corresponds to the fraction of unsurveyed species, i.e.

Sp(0)

S
=
S − Sp
S

(2.3)

On the other hand, we formally obtained the theoretical probability of not observing a
species at the local scale, thus we can write that

P(k = 0|p) ' S − Sp
S

(2.4)
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where P(k = 0|p), that we abbreviate in P(0|p) in the following, was derived in (1.20)
and is given by

P(0|p) = 1− c(r, ξ)

c(r, ξp)
(2.5)

with ξp given by

ξp =
pξ

1− ξ(1− p) . (2.6)

Hence, rearranging suitably relation (2.4) in order to isolate S, we obtain the relation

S ' Sp
1− P(0|p) (2.7)

Note that we are assuming the global RSA to be distributed as a truncated Negative
Binomial of parameters r and ξ, whose value is unknown. However, in such a framework,
we derived in (1.20) the the abundances of the species observed at the local scale p follows
again a truncated Negative Binomial distribution with parameters r and ξp. Hence, we
are able to fit the parameters r̂ and ξ̂p from the observed local sample. We can also
derive an estimation of ξ̂ by inverting (2.6), thus having a value for every parameter. An
estimator for S can be derived by plugging this procedure into equation (2.7), i.e.

Ŝ
(2.7)
=

Sp
1− P(0|p) (2.8)

(2.5)
= Sp

1− (1− ξ̂)r̂
1− (1− ξ̂p)r̂

(2.6)
= Sp

1−
(

1− ξ̂p

p+ξ̂p(1−p)

)r̂
1− (1− ξ̂p)r̂

Proposition 2.1.1. The estimator Ŝ derived in (2.8) it theoretically unbiased and its
variance goes to zero as p→ 1.

Proof. Observe that

E
[
Ŝ
]

=

1−
(

1− ξ̂p

p+ ξ̂p(1− p)

)r
1− (1− ξ̂p)r

E [Sp] (2.9)

=

1−
(

1− ξ̂p

p+ ξ̂p(1− p)

)r
1− (1− ξ̂p)r

E

[
S∑
i=1

1{η(p)i >0)}

]

=

1−
(

1− ξ̂p

p+ ξ̂p(1− p)

)r
1− (1− ξ̂p)r

S∑
i=1

[
1− P(η

(p)
i > 0)

]
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=

1−
(

1− ξ̂p

p+ ξ̂p(1− p)

)r
1− (1− ξ̂p)r

S
1− (1− ξ̂p)r
1− (1− ξ̂)r

= S

hence Ŝ is an unbiased estimator of S. Note that the distribution of η(p)
i does not depend

on i because, at the global scale p = 1, η(1)
i , i = 1, ...S are i.i.d. according to P(·|1).

This estimator turns out to be unbiased if ξ̂p = ξp for every subsample, i.e. if for any
subsample we were able to recover the "real" local parameter ξp. This is not true in
our case, where ξ̂p exhibits a dependence on the finite size subsample. However the
dependence on the sample is negligible.
To conclude note that the variance of Ŝ can expressed as

Var
[
Ŝ
]

=

1−
(

1− ξ̂p

p+ξ̂p(1−p)

)r
1− (1− ξ̂p)r


2

Var [Sp] (2.10)

=

1−
(

1− ξ̂p

p+ξ̂p(1−p)

)r
1− (1− ξ̂p)r


2

Var

[
S∑
i=1

1{n(p)
i >0)}

]

=

1−
(

1− ξ̂p

p+ξ̂p(1−p)

)r
1− (1− ξ̂p)r


2

S

 1− (1− ξ̂p)r

1−
(

1− ξ̂p

p+ξ̂p(1−p)

)r

1− 1− (1− ξ̂p)r

1−
(

1− ξ̂p

p+ξ̂p(1−p)

)r


= S

1−
(

1− ξ̂p

p+ξ̂p(1−p)

)r
1− (1− ξ̂p)r


1− 1− (1− ξ̂p)r

1−
(

1− ξ̂p

p+ξ̂p(1−p)

)r


and it is easy to show that the expression in the last line goes tp 0 as p→ 1.

Thus we can use equation (2.8) to estimate the total number of species given a
subsample at scale p.
Note that we can do more. For any q ∈ (p, 1) we can apply the same chain of equations
with some slight modifications to estimate Ŝq. To be precise, for any q ≥ p we would
obtain

Ŝq = Sp

1−
(

1− ξp
p
q + ξp(1− p

q )

)r̂
1− (1− ξ̂p)r̂

= Sp

1−

 p
(

1− ξ̂p
)

p+ ξ̂p (q − p)

r̂

1− (1− ξ̂p)r̂
(2.11)

Hence, since for q ∈ (0, p) we can measure directly Sq by subsampling, we obtained an
explicit formula describing the behavior of the Species-Area-Curve (SAC) for every q ≤ 1.
This parametric curve describes the total number of different species that we can observe
when varying the sample size.
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Moreover we can recover the RSA at the global scale by plugging the estimated
parameters ξ̂ and r̂ into (2.1). i.e.

P(n|1) = c
(
r̂, ξ̂(p, ξ̂p)

)
PNB

(
n|r̂, ξ̂(p, ξ̂p)

)
(2.12)

=
1

1−
(

1− ξ̂p

p+ξ̂p(1−p)

)r̂(n+ r − 1

n

)(
ξ̂p

p+ ξ̂p(1− p)

)n(
1− ξ̂p

p+ ξ̂p(1− p)

)r̂

2.2 Upscaling from Occurrences Data

In this Section we modify our method in order to accomplish the same upscaling goal
when disposing of a different type of datas. In facts, many databases give no information
about the abundances of a species within an area, but only its occurrence in each of the
surveyed plots. We derive a method able to infer species richness and abundances at large
spatial scales in biodiversity-rich ecosystems when species presence/absence information
is available on various scattered samples, by using the same framework introduced above.

Recall once again that we assume the RSA to have a Negative Binomial functional
form, i.e.

P(n|1) = c(r, ξ)PNB(r, ξ) =
1

1− (1− ξ)r
(
n+ r − 1

n

)
ξn(1− ξ)r. (2.13)

where c(r, ξ) is the normalizing constant, taking into account that every of the S existing
species has a strictly positive abundance at the global scale. If we assume a certain
species to have abundance n at the global scale, and we sample globally at random a
fraction p of individuals, then, the probability to have k individuals of that species in
the sample is distributed according to a binomial distribution:

Pbinom(k|n, p) =

(
n

k

)
pk(1− p)n−k, k = 0, ..., n. (2.14)

As shown in Proposition 1.3.1, the local RSA at the sample scale p is again distributed
proportionally to a Negative Binomial, with rescaled parameter ξp and same r:

P(k|p) =

{
c(r, ξ) · PNB(k|r, ξp) k ≥ 1
1− c(r, ξ)/c(r, ξp) k = 0

(2.15)

with
ξp =

pξ

1− ξ(1− p) . (2.16)

Note that, as we showed in (1.26), we can derive the relation for any two different scales,
only thing that matters being their ratio.

We assume now to dispose of multiple small samples, where we can only access to the
presence/absence information for any species in any area. We indicate by p? the sample
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size, i.e. the fraction of individual we surveyed. In the following we will use S? as an
abbreviation for Sp? , the number of different species at the sample size p?. As always,
we label the different species with a different number s ∈ {1, ..., S?}.
Next, we split our sample into n subsamples, each of them consisting of the same number
of individuals. We assume to have presence/absence information for every species in any
of the n subsamples. Note that, in practice, the procedure works the other way round.
It happens to dispose of n different samples with presence/absence information, which
in turn will be gathered to form a single bigger sample. That is the reason lying behind
our assumption to actually have access to the presence/absence information in any of
the subsamples.

We build the binary matrix Ω =
(
ωis
)i=1,..,n

s=1,..,S?
, where the entry ωis gives information on

the presence/absence of the species s in the i-th subsample, i.e. ωis = 1 if and only if the
species s is present in the i-th subsample. At this point we define the subscales pk := k

np
?

for k = 1, ..., n; and we empirically compute the number of species at the subscale pk by
averaging the number of observed species when gathering k of the n different subsamples.
We obtain:

Ŝpk :=
1(
n
k

) ∑
I ⊆ {1, .., n}
|I| = k

S?∑
s=1

1

(∑
i∈I

ωis ≥ 1

)
, (2.17)

where 1(X) is the indicator function, which equals one when the random eventX happens
and it is zero otherwise.
Note that the RSA at scale pk is again proportional to a Negative Binomial, with same
r and rescaled ξpk that we can express as a function of ξp? as shown in (1.26), i.e.

ξpk =

pk
p? ξp?

1− ξp?(1− pk
p? )

=: U(pk | p?, ξp?) (2.18)

From our choice of pk, it turns out that pk/p? = k/n, but the function U defined in
(2.18) is well defined for general choice of p? and pk.

From our general framework we derived in (2.11) a relation linking the number of
existing species at different scales. Expressing this relation for our case, we obtain:

Spk = S?
1− (1− U(pk | p?, ξp?))r

1− (1− ξp?)r
. (2.19)

Note that the only unknown parameters at the right end side of the latter equation are
ξp? and r, hence we can think of Spk as a parametric curve depending on the parameters
r and ξp? . The idea is to fit this curve with the empirical values in (2.17). Once obtained
the empirical values for ξ̂p? and r̂, we can use them to depict the RSA at the local scale
p?. At this point we have all the ingredients to apply the general upscaling method
described at the beginning of this Chapter.

The key feature of the method is the possibility, given only presence/absence data,
to connect and infer different biodiversity patterns at the global scale. Indeed, we can
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predict, in addition to the SAC and the RSA, also the Relative Species Occurrence
(RSO). The RSO is another important pattern which gives the probability that a species
occupies a given number of cells at the global scale, given that the forest can be tiled
into a given number of M equal sized cells of a given area. This is a bit different to what
stated before, since we are introducing the concept of species occupying a given area. In
ecological application, it is very common to refer to areas surveyed rather than number
of individuals, since we are assuming, in homogeneous forests, the fraction of sampled
area to be proportional to the number of individuals observed. Moving away from this
ecological example, we can think of a cell as a subset of individuals of a given cardinality.

Assume now to split the global dataset into M different cells of equal size a. For any
v ≤M , the RSO returns the probability that a species occupies v cells at the global scale.
In order to find an expression for it, we firstly need the probability Qocc(v | n,M, 1) that
a species occupies v over M cells at the global scale p = 1, given that is has abundance
n. Under the mean field hypothesis, this is given by an hyper-geometric distribution

Qocc(v | n,M, 1) =

(
M
v

)(
n−1
v−1

)(
n+M−1
M−1

) (2.20)

The RSO distribution Q(v | M, 1) can thus be obtained by marginalizing with respect
to the abundance n:

Q(v |M, 1) =
∞∑
n=1

Qocc(v | n,M, 1)P(n|1), (2.21)

where P(n|1) is the global RSA given by equation (2.13).

2.3 Variation of popularity across scales

The second innovation that we are going to introduce in our work is a method to estimate
the variation of popularity. Until now we studied the distribution of the abundances of
the observed species at the local scale, but we estimated only the number of unseen
species, disregarding of their abundances. We can describe our upscaling method with
the following steps. As first we need to introduce a statistics, indicating the observed
species at sample scale p:

Sp =
S∑
j=1

1{η(p)j >0} (2.22)

Next, we compute the mean of the statistics:

E [Sp] = E

 S∑
j=1

1{η(p)j >0}

 =
S∑
j=1

E
[
1{η(p)j >0}

]
(2.23)
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=

S∑
j=1

P
(
η

(p)
j > 0

)
= S · P (k > 0|p) = S · [1− P (k = 0|p)]

Arranging the latter equation we isolated the quantity we are interested to estimate:

S =
E [Sp]

1− P (0|p) (2.24)

Finally, an estimator of S is obtained replacing the mean E [Sp] by the observable Ŝp:

Ŝ =
Ŝp

1− P (0|p) = Ŝp
1−

(
1− ξ̂p

p+ξ̂p(1−p)

)r̂
1− (1− ξ̂p)r̂

(2.25)

where we adopted the notation Ŝp to emphasize that the number of different species
observed locally depends on the specific sample. With no surprise, we recover the same
result as in (2.8). We want to stress that this new formulation allows us to push further
our investigation, when applying the same procedure to different statistics.

Note that (2.24) and (2.25) share the same term P(0|p). However the two probability
are different. To be precise, in (2.24) P(0|p) is given by formula (2.5) where ξ and r are
the real global parameters, and ξp is given by (2.6). On the other hand, in (2.25) we
assume to know no other information than what observed at the sample scale. Hence the
analytical form of P(0|p) is again given by formula (2.5), but the parameters are given by
ξ̂p and r̂ (fitted from the local data), and ξ̂ (obtained by inverting (2.6)). Hence in (2.25)
the parameters ξ̂p and r̂ that appear in the denominator correlate with Ŝp. Nevertheless,
ξ̂p and r̂ turn out to be really close to the real value ξp and r, for any random subsample.

2.3.1 Estimator for the "new" species

Recall that we are sampling Sp species at scale p from a pool consisting of N individuals
spread into S different species. If a species j is not observed in the sample at scale p,
we say that j is a "new" species. The meaning of this definition can be easily explained.
If you imagine to further sample your population, you can pick individuals belonging to
species already observed or you can discover indeed "new" species.
Consider then the following statistics for the new species:

S(pc)
new =

S∑
j=1

1{η(p)j =0,η
(pc)
j >0} (2.26)

The following chain of equality turns out to be meaningful in the following:

S(pc)
new =

S∑
j=1

1{η(p)j =0,η
(pc)
j >0} =

S∑
j=1

1{η(p)j =0,η
(1)
j >0} (2.27)

=

S∑
j=1

1{η(p)j =0} =

S∑
j=1

(
1− 1{η(p)j >0}

)
= S − Sp



2.3. VARIATION OF POPULARITY ACROSS SCALES 27

We can recover an estimator for the "new" species from the known estimator for S.
This remark seems trivial, and the chain of equation above appears redundant. Never-
theless it is crucial for the development of our work. We stress that the statistics S(pc)

new

in (2.26) uses both the information at the sample scale and the information contained
in the unseen fraction of the population, whereas the statistics for Sp in (2.22) considers
only the observed individuals.

Consider again the statistics (2.26) that represents the number of unobserved species
in the sample of size p, that are present in the remaining population of size 1− p.
We want to recover an estimator for the new species. We then compute the expected
value of the statistics:

E
[
S(pc)
new

]
= E

S∑
j=1

1{η(p)j =0,η
(pc)
j >0} = S · P

(
η

(p)
j = 0, η

(pc)
j > 0

)
(2.28)

= S · P
(
η

(p)
j = 0, η

(1)
j > 0

)
= S · P

(
η

(p)
j = 0

)
= S · P(0|p)

The expected value turns out to be a product of two factors: P (0|p) is a probability
that we know from (1.20) and hence we can compute, while S is an unknown quantity,
but again we can estimate it with Ŝ as derived in (2.25). Combining pieces together, we
derived the following estimator:

Ŝ(pc)
new =

Sp
1− P (0|p) · P (0|p) (2.29)

This procedure capture the techniques that we want to use to derive more estimators.
This turning point leads us to new statistics that consider also the popularity.

2.3.2 Estimator for the new species with popularity

We start from the statistics:

S(pc)(k) =
S∑
j=1

1{η(p)j =0,η
(pc)
j =k} (2.30)

representing the species that are not present in the local sampled population at scale p,
and having abundance k in the remaining part of the population. Note that if we obtain
this, then we can easily extend the result to the statistics that consider the local unseen
species with abundance at least k in the remaining part of the population, namely

S(pc)(k+) =
∑
j≥k

S(pc)(j) (2.31)

thus the previous section can be included here, simply noticing that:

S(pc)
new = S(1−p)(1+) =

∑
k≥1

S(pc)(k) (2.32)
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We proceed, as did in (2.28), by computing the expected value of (2.30):

E
[
S(pc)(k)

]
= E

 S∑
j=1

1{η(p)j =0,η
(pc)
j =k}

 (2.33)

= S · P
(
η

(p)
j = 0, η

(pc)
j = k

)
= S · P

(
η

(p)
j = 0, η

(1)
j = k

)
= S · P

(
η

(p)
j = 0 | η(1)

j = k
)
· P
(
η

(1)
j = k

)
where we used that P

(
η

(p)
j = x, η

(pc)
j = y

)
= P

(
η

(p)
j = x, η

(1)
j = x+ y

)
.

Equation (2.33) reduces to a product of three factors: P
(
η

(p)
j = 0 | η(1)

j = k
)

= (1− p)k,
from the binomial distribution (1.18); P

(
η

(1)
j = k

)
= P(k|1) is known and given by (2.1);

S is unknown, and we need an estimator for it.
We can use again the previous results (2.25) to define Ŝ, thus obtaining

Ŝ(pc)(k) = Ŝ · (1− p)k · P(k|1) =
Sp

1− P (0|p) · (1− p)
k · P(k|1) (2.34)

This is the estimator for the new species with abundance k.

2.3.3 Estimator for popularity change

In (2.34) we obtained an estimator for the popularity of the new species. This represent
a partial result, predicting the abundance of unseen species, i.e. species with abundance
zero at the sample scale. We want to extend this reasoning, aiming to predict the
abundance of species in the remaining part of the population, also for those species with
positive abundance ` > 0 in the observed sample.
We start from the statistics:

S(pc)(`→ k) =
S∑
j=1

1{η(p)j =`,η
(pc)
j =k} (2.35)

In this way, we are monitoring all the possible changes in popularity. Note that we can
compute also intervals of abundances by summing on different values of l and k. We
proceed by computing the expected value:

E
[
S(pc)(`→ k)

]
= E

 S∑
j=1

1{η(p)j =`,η
(pc)
j =k}

 (2.36)

= S · P
(
η

(p)
j = `, η

(pc)
j = k

)
= S · P

(
η

(p)
j = `, η

(1)
j = k + `

)
= S · P

(
η

(p)
j = ` | η(1)

j = k + `
)
· P
(
η

(1)
j = k + `

)
.
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As in (2.33), we reduce ourselves to a product of three factors: P
(
η

(p)
j = ` | η(1)

j = k + `
)

=(
k + `

`

)
p`(1− p)k, from the binomial distribution (1.18); P

(
η

(1)
j = k + `

)
= P(k+ `|1),

from (1.9); S is unknown, we need an estimator for it and we can use Ŝ from (2.25).
Hence we obtained

Ŝ(pc)(`→ k) = Ŝ · P
(
η

(p)
j = l|η(1)

j = k + l
)
· P(k + `|1) (2.37)

=
Sp

1− P(0|p) ·
(
k + `

`

)
p`(1− p)k · c(r, ξ)

(
k + `+ r − 1

k + `

)
ξk+`(1− ξ)r

The estimator Ŝ(pc)(`→ k) in (2.37) predicts the number of species with abundance
k in the unobserved fraction 1 − p of the population and abundance ` in the sample at
scale p. Note that this estimator is independent of the effective number of species with
abundance ` at scale p; indeed we are using the sample at scale p only to estimate the
parameters ξ̂p and r̂, that we need to predict Ŝ and to derive ξ̂. Hence we are using only
partial information of the local scale.

2.3.4 Conditional Estimator for popularity change

Since we can observe the sample at scale p, we want to take this information into account.
We want to build an estimator for the species with abundance k in the unobserved fraction
1−p of the population, given that they have abundance ` in the sample at observed scale
p. We want to take into account the information on the number of specie we observe
with abundance ` at local observed scale p. We define

Sp(`) :=

S∑
j=1

1{η(p)j =`}. (2.38)

that indicates the number of species with abundance ` at scale p. The Bayes’ formula
allows us to obtain explicit expressions of quantities that we will need in the following.

P
[
η

(pc)
j = k | η(p)

j = `
]

= P
[
η

(1)
j − η

(p)
j = k | η(p)

j = `
]

(2.39)

= P
[
η

(1)
j − ` = k | η(p)

j = `
]

= P
[
η

(1)
j = k + ` | η(p)

j = `
]

=
P
[
η

(p)
j = ` | η(1)

j = k + `
]
P
[
η

(1)
j = k + `

]
P
[
η

(p)
j = `

]
Note that we know the probabilities that appear in the latter formula, since:

• P
[
η

(p)
j = ` | η(1)

j = k + `
]

=

(
k + `

`

)
p`(1− p)k is the binomial distribution we al-

ready made repeatedly use of.
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• P
[
η

(1)
j = k + `

]
= P(k + `|1) = c(r, ξ)

(
k + `+ r − 1

k + `

)
ξk+`(1− ξ)r is the global

truncated Negative Binomial distribution as in (1.9).

• P
[
η

(p)
j = `

]
= P(`|p) = c(r, ξ)

(
`+ r − 1

`

)
ξ`p(1− ξp)r is again a truncated Negative

Binomial with rescaled parameter ξp as in (1.20).

We retrace the same steps used for the conditional estimator. We start from the
statistics

S(pc)(k | `) =
S∑
j=1

1{η(p)j =`}1{η(pc)j =k,η
(p)
j =`} =

Sp(`)∑
j=1

1{η(pc)j =k|η(p)j =`} (2.40)

where we assume that the species with abundance ` at scale p are exactly those with
label j ∈ {1, ..., Sp(`)}. We then proceed by computing the expected value

E
[
S(pc)(k | `)

]
= E

Sp(`)∑
j=1

1{η(pc)j =k|η(p)j =`}

 = Sp(l) · P
(
η

(pc)
j = k | η(p)

j = `
)

(2.41)

= Sp(`) ·
P
(
η

(p)
j = ` | η(1)

j = k + `
)
P
(
η

(1)
j = k + `

)
P
(
η

(p)
j = `

)
Note that empirically P

(
η

(p)
j = `

)
= Sp(`)/S, and we recover E

[
S(1−p)(`→ k)

]
.

To obtain an estimator for S(pc)(k | `), we replace the right hand side of the latter formula
(2.41) with the probabilities computed by using the parameters obtained from the fitting,
i.e.

Ŝ(pc)(k | `) = Sp(`) ·

(
k + `

`

)
p`(1− p)k · c(r, ξ̂)

(
k + `+ r − 1

k + `

)
ξ̂k+`(1− ξ̂)r

c(r, ξ̂)

(
`+ r − 1

`

)
ξ̂`p(1− ξ̂p)r

(2.42)

Proposition 2.3.1. The estimator Ŝ(pc)(k|`) derived in (2.42) it theoretically unbiased.

Proof. Observe that

Ŝ(pc)(k | `) = Sp(`) ·

(
k + `

`

)
p`(1− p)k · c(r, ξ̂)

(
k + `+ r − 1

k + `

)
ξ̂k+`(1− ξ̂)r

c(r, ξ̂)

(
`+ r − 1

`

)
ξ̂`p(1− ξ̂p)r

(2.43)

We need to verify that:
E
[
Ŝ(pc)(k|`)

]
= E

[
S(pc)(k|`)

]
(2.44)
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Note that since the object Ŝ(pc)(k|`) is a random variable, we are testing if mean of our
estimator reflects the mean of S(pc)(k|`).
From the computation above, we know that:

E
[
Ŝ(pc)(k|`)

]
= E

Sp(`) ·
(
k + `

`

)
p`(1− p)k · c(r, ξ̂)

(
k + `+ r − 1

k + `

)
ξ̂k+`(1− ξ̂)r

c(r, ξ̂)

(
`+ r − 1

`

)
ξ̂`p(1− ξ̂p)r


(2.45)

E
[
S(pc)(k|`)

]
= S ·

(
k + l

l

)
pl(1− p)k · c(r, ξ)

(
k + l + r − 1

k + l

)
ξk+l(1− ξ)r (2.46)

So we are left to prove that the following equality holds true:

E

 Sp(`)

c(r, ξ̂)

(
`+ r − 1

`

)
ξ̂`p(1− ξ̂p)r

 = S. (2.47)

But this is true, indeed we have that

E [Sp(`)] = E

 S∑
j=1

1{n(p)
j =`}

 =
S∑
j=1

P
(
n

(p)
j = `

)
(2.48)

= S · P(`|p) = S · c(r, ξ̂)
(
`+ r − 1

`

)
ξ̂`p(1− ξ̂p)r

Note that, again, we can pass from punctual estimation to cumulative ones. In order
to estimate the number of species with abundance in a certain range [kmin, kmax], given
that they have abundance in the range [`min, `max] in the observed sampled scale, we
only need to sum over k ∈ [kmin, kmax] and over ` ∈ [`min, `max] the terms on the right
hand side of (2.42). For example we can define

Ŝ(pc)(K+ | L+) =
∑
`≥L

∑
k≥K

Ŝ(pc)(k | `) (2.49)

and this is exactly the estimator we are going to test on our databases in Chapter 4.
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Chapter 3

Inferring macro-ecological patterns
from local species’ occurrences

3.1 Biodiversity estimators from presence/absence local data

The problem of inferring total biodiversity when only scattered samples are observed is
a long-standing problem. Recently, for instance, a semi-analytical method has been pro-
posed to upscale species richness assuming a Fisher Log-series as the species-abundance
distribution (RSA) [Sli+15]. The Log-series distribution is often used to describe RSA
patterns in many different ecological communities, characterized by high biodiversity
[Aza+16]. Thanks to the availability and reliability of the species abundance data
in forests (given by systematic and periodic field campaigns and high detectability of
species), this method has been typically applied to tropical forests. The robustness of
the upscaling method relies on the stability property of Fisher’s α parameter, usually
named the diversity index, which it ought not to depend on the forest sample size.

The method proposed in [Sli+15] is composed of three main steps: 1) Fisher’s α is
calculated assuming that the species have a Log-series distribution, and using as input
the observed species Sp and number of trees Np. 2) The total number of stems N for the
whole area of interest is extrapolated (this is not a trivial task and there is no consensus on
the best methods to implement it. Generally, constant average stem density is assumed
[Sli+15], so that Np = Np). 3) Estimate the number of species at the largest scale using
the formula S = α ln(1 +N/α) [FCW43].

On the basis of theoretical and computational analysis as well as using data from 15
tropical forests located all over the globe, it has been shown in [Tov+17] that the Log-
series method described above suffers from important limitations. The RSA, especially
at large scales or with increasing sampling effort [Chi07], often displays an interior mode
[Aza+16], which a Log-series cannot capture. Indeed, the Fisher’s distribution is not
flexible enough [Aza+15] to describe different RSA patterns found in tropical forests
[Mag05; Vol+07; Mag13; Aza+16].

The observed RSA at the sample scale is a common input for many analytical meth-
ods have been proposed to upscale species richness. These methods have been proved

33
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to typically perform better than non-parametric estimators of biodiversity [Cha05]. In
contrast with the former, non-parametric approaches do not assume a specific family of
probability distributions. In particular, non-parametric methods do not make any as-
sumption on the RSA distribution and they thus perform no fit of empirical patterns,
rather they only take into account rare species, which are intuitively assumed to carry
all the needed information on the undetected species in a sample.
Nevertheless, all the aforementioned methods need abundance data in order to infer bio-
diversity at larger scale. However, in many open-access databases (e.g. species abundance
data obtained from metagenomics) this information is highly imprecise, if available at
all. Indeed, there are lots of datasets which give only information about the presence
or absence of a species in different surveyed plots, without specifying the number of in-
dividuals within them. Some non-parametric approaches have been generalized to infer
species richness from this presence-absence data [Cha05; CC16].

Table 3.1 summarizes the most popular estimators and for each one details the pre-
dicted biodiversity as a function of the input data. However, most of them have the
strong limitation that they do not have an explicit dependence of the observation scale,
leading to poor estimates of the number of species at the global scales. Moreover, with
the exception of Chaowor, in all the methods listed in Table 3.1 the prediction for Ŝ, given
the observed sample at scale p, does not converge to the actual value of S as p→ 1. This
is due to the fact that the methods do not have an explicit dependence on the surveyed
area, rather they give an upscaled biodiversity estimate only based on the number of
singletons or doubletons (see Figure 3.2).

The only estimator which takes into account the ratio between the surveyed area
and the global one is the one introduced by Chao [Cha05; Cha+09; CC16] and denoted
here as Chaowor (see Table 3.1). This method takes into account the number of species
detected in one sample only and those detected in exactly two samples observed at the
sample scale to infer the total species richness at the whole forest scale. However, it
has been shown that Chao’s method, although giving reliable species estimates, it does
not properly capture the empirical Species Accumulation Curve (SAC) [Tov+17], which
describes how the number of species changes across spatial scales.
Moreover, both parametric and non-parametric methods proposed in the literature do
not give any insights on the species abundance at both local or larger scales. Indeed the
problem of relating occupancy data with information on species abundance is a relevant
issue in theoretical ecology [RN03; Eli+06]. In particular, given the information on the
presence or absence of a species in different scattered plots, one would like to infer its
population size or, more generally, the RSA distribution of the forest.

The first line of Table 3.1 is referred to our method based on the Negative Bino-
mial parametrization for the RSA. This flexible analytical method provides, from local
presence/absence information, robust estimates of species richness and important macro-
ecological patterns of biodiversity (SAC, RSA, RSO), as tested in both in-silico generated
and two rainforests. The method is not specific for forests, and it may be applied to any
database in the form of a binary matrix, where presence/absence features (tree species
in our case) are detected across different samples.
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Estimator Predicted S Details

NB S∗
1− (1− ξ)r

1− (1− ξ̂p∗)r
(ξ, r) NB parameters at p = 1

(ξ̂p∗ , r) NB parameters at p∗

Chao2 S∗ +


M∗ − 1

M∗
Q2

1

2Q2
Q2 > 0

M∗ − 1

M∗
Q1(Q1 − 1)

2
Q2 = 0

Qi = number of species
detected in i plot
at the scale p∗

iChaoi2 SChao2 +
M∗-3
4M∗

Q3

Q4

(
Q1-

(M∗-3)Q2Q3

2(M∗-1)Q4

)+ SChao2 = S predicted by
Chao2 method

Chaowor S∗ +
Q2

1
M∗

M∗−12Q2 + p∗

1−p∗Q1

Jacknife1 S∗ +
M∗ − 1

M∗
Q1

Jacknife2 S∗ +
2M∗ − 3

M∗
Q1 −

(M∗ − 2)2

M∗(M∗ − 1)
Q2

Turing S∗abun +
S∗rare
Ĉrare

S∗abun =
∑

n>10Qn
S∗rare =

∑10
n=1Qn

Ĉrare = 1−Q1/
∑10

n=1 nQn

ICE STuring +
Q1

Ĉrare
γ̂2
rare

γ̂2
rare = (γ − 1)+, where

γ =
S∗rareCrare

Ĉrare(Crare − 1)
Q

Q =

∑10
n=1 n(n− 1)Qn

(
∑10

n=1 nQn)(
∑10

n=1 nQn-1)
Crare = # of samples with

at least 1 rare species

Table 3.1: Summary table of the most popular biodiversity estimators for pres-
ence/absence data. In formulas, M∗ is the total number of sampled cells. See [Cha05;
CC16] for more details about non-parametric methods.
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3.2 Implementation of the framework

In this work we proposed and tested a novel rigorous statistical framework to upscale
ecological biodiversity patterns from local information on species occurrence data. In-
deed, many databases give no information about the abundances of a species within an
area, but only its occurrence in each of the surveyed plots. We introduced in Section 2.2
the analytical framework which we will exploit to infer species richness and abundances
at large spatial scales in biodiversity-rich ecosystems when species presence/absence in-
formation is available on various scattered samples.
The underlying hypotheses that we need in order to perform these estimates is that
the RSA at a given scale is distributed according to a Negative Binomial, a simple and
versatile distribution that depending on its parameters can display an interior mode or
Log-series like behavior, i.e. it can accommodate different RSA shapes. Therefore we
can use the same RSA function to reproduce different ecosystems’ RSA, as those typi-
cally observed in real ecosystems [Mag05; Vol+07; Chi07; Mag13; Aza+16]. Even more
generally, by using mixtures of Negative Binomials, a case for which our framework still
works, we could fit more complex RSA shapes [Tov+17].

The upscaling method is based on the form-invariance property of the Negative Bino-
mial, as described in Section 2.2. Our approach allows to infer and link within a unique
framework important and well-known biodiversity patterns of ecological theory, such as
the Species Accumulation Curve (SAC) and the Relative Species Abundance (RSA) as
well as a new emergent pattern, which is the Relative Species Occupancy (RSO). In facts,
by solely fitting the SAC curve, we can directly obtain the r and ξ parameters, which
well describe both the RSA and the RSO distributions at all spatial scales of interest.
The RSO is a new descriptor/measure of biodiversity within an ecological community
which describes the distribution of species occurrences in scattered plots. Its distribu-
tion displays a fat tail, indicating that many species typically occupies only few scattered
plots, while only very few species are pervasive and are found in most of the plot. Our
prediction is that this property is not particular for the dataset here considered, rather
it is another emergent patterns [Suw+13; Aza+16] pervasive in highly biodiverse ecosys-
tems.

By using our framework, we are able to generate accurate and robust predictions
for computer-generated forests and for 2 empirical tropical forests. We demonstrate the
accuracy of our predictions using data from two well-studied forest stands. Moreover,
we compared our results with other popular methods proposed in the literature to infer
species richness from presence-absence data and we showed that our framework gives
better estimates. Our framework is also able to give a quantitative estimate of the
sampling effort needed for achieving species richness predictions with error bars below
approximately 5% (this percentage was arbitrarily chosen as an illustration and our ap-
proach can be straightforwardly used for any other percentage of error). These estimates
have been obtained through Monte Carlo simulations that test the self-consistency of the
Negative Binomial method and allow us to infer these critical sampling thresholds.

Before illustrating the details, we want to highlight differences and similarities be-
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tween the present work and the method derived in Section 2.1. Both approaches are
based on the form-invariance property of the Negative Binomial distribution but, in-
stead of using population estimates at local scales, here we require only the knowledge
of species’ occurrences at multiple local scales. In other words, the loss of information at
one local scale (i.e. for each sample we know if a species is present, but not the number of
its individuals) is balanced by the presence-absence information on multiple local scales.
Such a generalization is useful when empirical datasets provide information only on the
presence/absence of species. We will show that this will be enough to infer population’s
distribution as well.

The proposed method is, under the ‘well mixed’ hypothesis, general and not limited to
tropical forests. We recall here a key feature of the theoretical framework we introduced
in Section 2.2. If we assume that the RSA at the global scale is distributed according
to a truncated Negative Binomial, then, the form-invariance property ensure that any
local sample RSA is again proportional to a Negative Binomial with same parameter r
and rescaled ξ. In details, if the RSA at a given scale p∗ is distributed according to a
(truncated) NB of parameters r and ξp∗ , i.e.

P(n|p∗) = c(r, ξp∗)

(
n+ r − 1

n

)
ξnp∗(1− ξp∗)r (3.1)

then the RSA at a different scale p is again proportional to a Negative Binomial, with
same parameter r and rescaled parameter ξp, given by

ξp =

p
p∗ ξp∗

1− ξp∗(1− p
p∗ )

=: U(p | p∗, ξp∗) (3.2)

Remark 1. For forests, spatial independence reduce to assume that a certain species of
trees is uniformly distributed among all the surface of the forests. This is usually not true,
since plants likely arise in proximity of another plant of the same species. However, we
need to keep in mind that we are not sampling too small areas, so that an high presence
of a certain species is likely linked to a high abundance on the whole forest. Moreover,
we do not analyze a single sample, rather we take several scatter samples of multiple
small areas distributed all over the forest, leading to a reduction of spatial correlation in
observed data.

From our general framework derived in Section 2.2, the following relation links the
number of existing species at different scales.

Sp = Sp∗
1− (1− U(p | p∗, ξp∗))r

1− (1− ξp∗)r
. (3.3)

Note that by taking p > p∗ we can predict biodiversity at a larger scale than the observed
one. However, the parameters of the distribution are still unknown. The basic idea is to
use the previous equation to compare theoretical biodiversity at subscales p ≤ p∗ with
empirical values obtained from subsampling. This procedure allows us to better describe
the information we gather at the sampled level. Hence, starting from the empirical
presence/absence data from scattered local samples we will be able to:
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1. infer species richness at larger scales, thus the SAC up to the whole forest scale;

2. obtain information on species abundances in order to construct the RSA at both
local and global scales;

3. introduce and infer the Relative Species Occupancy (RSO), i.e. the distribution of
the occurrences (number of occupied cells) across species, at both local and global
scales. This biodiversity pattern is a prediction of our modelling framework. It
can be measured empirically and may be of ecological relevance as it proxies the
distribution of species ranges (the area where a particular species can be found) in
the ecosystem.

The key feature of the method is the possibility, given only presence/absence data, to con-
nect and infer different biodiversity patterns at the global scale. We tested our framework
on in-silico generated forests and on the two well-studied tropical forests of Barro Col-
orado Island and Pasoh. We finally compared the global estimates with the abundance-
based method proposed in Section 2.1.

Operatively speaking, we performed the following steps (see Figure 3.1):

• First, given a set of scattered samples, list the species in it.
In formulae, sample C = {c1, . . . , cM∗}, M∗ ≥ 2, cells covering a fraction p∗ of the
whole forest in which S∗ species are observed. To each cell ci, associate a vector
Ω(ci) = {ωi1, . . . , ωiS∗}, with ωis ∈ {0, 1}, s ∈ {1, . . . , S∗}, i ∈ {1, . . . ,M∗}. The
entry ωis of vector Ω(ci) gives information on the presence/absence of the species s
in the cell ci, i.e. ωis = 1 if species s is present in cell ci, ωis = 0 otherwise.

• Compute the empirical species-area curve as follows. From now on, let us suppose
that all the M∗ cells are of equal size a. This assumption does not affect the
general framework but it simplifies the computation of the SAC. Call A the area
of the whole forest, so that p∗ = M∗a/A. At each sub-sampling scale pk = ka/A,
with k ∈ {1, . . . ,M∗}, compute the average number of observed species as

Ŝpk =
1(
M∗

k

) ∑
I⊆{1,...,M∗}
|I|=k

S∗∑
s=1

1

(∑
i∈I

ωis ≥ 1

)
, (3.4)

where 1(X) is the indicator function, which equals one when the random event X
happens and it is zero otherwise.
By equation (3.4) we are computing, for every scale pk ≤ p∗, the empirical average
of number of the species observed in all subsets of k cells.
Since computing all subsets of k cells among M∗ is numerically expensive for large
M∗, in the analyses we computed the average among 100 randomly chosen subsets.
We underline here that, computing the species accumulation curve through the
empirical average of the number of species in k random selected cells, we are ne-
glecting any spatial information. Let us stress once again that null or small spatial
correlation is required for a rigorous derivation of our estimates.
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• Fit the empirical species accumulation curve data (3.4) with the theoretical equa-
tion (3.3), evaluated in p = pk, i.e.

Ŝpk ≈ Spk = Sp∗
1− (1− U(p̃k|1, ξp∗))r

1− (1− ξp∗)r
(3.5)

and obtain the parameters (r̂, ξ̂p∗) which best describe the empirical curve Ŝpk .
These are the parameters of the NB relative species abundance distribution at the
sample scale p∗. This protocol allows us to capture some spatial effects in the
effective parameters.

• As showed in Section 2.1, under the hypotheses of absence of strong spatial correla-
tions due to both inter-specific or intra-specific interactions, strong environmental
gradients and abundances distributed according to a Negative Binomial at the
whole forest scale, the RSA distributions at different scales have the same func-
tional form of the RSA at the scale p∗, and only the values of the parameter ξp
changes as a function of the scale p. Thus we obtain an analytical form of the
upscaled RSA at any scale p given we know it at scale p∗ in term of the equation
(3.2), relating ξp = ξ(p) to p, p∗ and ξp∗ = ξ(p∗). Therefore we can predict the
total number of species, S, at the whole forest scale, p = 1.

3.3 Results

3.3.1 Tests on in-silico databases

We test our presence/absence upscaling method on four computer generated forests with-
out and with spatial correlations. Indeed, we expect that in the first case our framework
will give more accurate estimates, and we wish to test how the introduction of correla-
tions affect the reliability of our results.
As RSA we choose a Negative Binomial (NB forest) of parameters r = 0.8 and ξ = 0.999
and a Log-Normal (LN forest) with parameters µ = 5 and σ = 1. Once generated the
abundance of every species (S = 4974 for the NB forest and 5000 for the LN forest), we
distribute the individuals within the forest area, here set equal to a square of 4900×4900
units, according to two different processes: at random or according to a modified Thomas
process [Tov+16] with a clustering radius of 15 units.
We then divide each forest generated as described above into M = 98 × 98 units cells
and compute the M ×S presence/absence matrix, thus forgetting the information about
the species distribution. Finally, we sub-sample the 5% of the cells (corresponding to a
fraction p = 0.05 of the total forest area) and apply our method to infer the total number
of species in each of the four in-silico forests.

We also compared our results to those obtained by accounting for the data on species
populations with an abundance-based upscaling framework developed and tested in Sec-
tion 2.1. In the case of the NB forest, the two methods performed very well for both
the random and the clumped distribution (i.e. individuals distributed on the space
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Figure 3.1: Schematic presentation of our theoretical upscaling framework. It
consists of three steps. (A) We start from a dataset in the form of a binary matrix giving
information on the presence or absence of S∗ species within each of the M∗ surveyed
plots. (B) We perform the best fit of the empirically SAC computed via (3.4). (C) Using
the best-fit parameters obtained in (B) and using our upscaling equations (2.11), (2.12)
and (2.21), we predict the species richness S of the whole forest and three important
macro-ecological patterns: the SAC, the RSA and the RSO.

according to a Thomas point process) with an average prediction error below 1% in
absolute value (see Table3.2). In the Thomas distributed forests, the error increased,
although remaining around 3% for the presence/absence method and around 7.5% for
the abundance-based one (using maximum likelihood methods. The latter percentage
error can be improved using calibrated statistical method for the single fit).

Thus, with respect to the degree of individuals’ clustering, the new framework seems
to give more robust estimates than the second one. This is due to two main reasons,
Firstly, for the presence-absence case, we fit the empirical SAC, which has a very smooth
functional shape, and it is easy to describe through our analytical SAC. On the other
hand, the RSA displays a more complex and variable shape and thus fitting it with the
NB is a more delicate task (indeed we find sensible differences on the accuracy using
different statistical methods for the fit). Secondly, binary data on which the empirical
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Forest RSA
Spatial Distribution

Random Thomas

P/A RSA P/A RSA

Log-normal 3.1± 0.51 7.6± 0.52 2.5± 1.8 7.2± 3.1
Negative binomial −0.50± 0.34 −0.52± 0.28 −0.81± 1.6 −0.60± 1.7

Table 3.2: Predictive error for three generated forest (characterized by a log-normal and
a negative binomial RSA) having individuals distributed according to a high clustering
Thomas process and at random. Tests were performed by sampling a fraction p = 0.05
of each forest and by applying our framework (P/A columns) and the abundance-based
method (RSA columns) to predict the true number of species S (5000 for the LN forest
and 4974 for the NB forest). For each estimated Spred, the average relative percentage
error (Spred − S)/S · 100 between the true number of species and the predicted one is
shown together with the corresponding standard deviation. Results are relative to 100
iterations.

SAC is based are less sensitive to sampling fluctuations.

3.3.2 Tests on natural forests

We finally test our method on sub-samples taken from two empirical forest data for
which we have informations on both species occurrence and abundances. In particu-
lar we extract abundances of tree species observed in 50ha of rainforests from Pasoh
(Malaysia) and Barro Colorado Island (Panama) together with the spatial locations of
each of their individual. The Pasoh and Barro Colorado Island datasets are provided by
the Center of Tropical Research Science of the Smithsonian Tropical Research Institute
(https://stri.si.edu/).
Firstly, we divide both forest data into a grid consisting of M = 800 equal-sized cells
of area 625 m2 and we derive the M × S∗ presence/absence matrix for the S∗ observed
species (S∗ = 927 for Pasoh forest and 301 for BCI). We then sub-sample species oc-
currence for different fractions 0 < p < p∗ of the cells and apply our framework to
infer the number of species and other biodiversity patterns (RSA, RSO and SAC) at
the corresponding largest empirically-observable scale p∗, for which we know the ground
truth.

We compared our results on species richness obtained only from presence-absence
data with the most popular non-parametric indicators proposed in the literature [Cha05;
CC16], which are summarized in Table3.1. We found that our method outperforms all
the others for both BCI and Pasoh forests, as shown in Figure 3.2. We also remark
that all these methods have the further limitation that they can only infer the total
species richness, without allowing for an estimate of the abundances’ and occurrences’

https://stri.si.edu/
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Figure 3.2: Test from different scales for Pasoh and BCI. For each forest we
sub-sample a fraction p of p∗ of the available spatial cells and apply different popular
upscaling methods based on presence/absence data (see Table 3.1) and our method to
predict the true number of species, S∗ (dashed line) , observed in our data. While our
(P/A NB) and Chaowor methods do converge at Sp∗ as p goes to p∗, all the others have a
monotonically increasing behaviour due to the independence, in their predictions, of the
scale p∗. We can see that for both rainforests, our method outperforms all the others.
Bottom panels show the relative percentage error (Spred − S∗)/S∗ · 100 obtained with
our framework between the predicted number of species Spred and S∗. We find that the
method underestimated the true number of species of at most 5%. The larger the sample
area, the smaller the relative error.

distributions, i.e the shape of the RSA and the RSO. Indeed, as shown in Figure 3.4, from
the local presence-absence data, we can reconstruct, among the SAC, the RSA at the
whole tropical forest scale, thus relating species occurrence data with information on the
abundances. In particular we can see that the inferred RSA are statistically comparable
with the empirical ones obtained by using all the information on species’ abundances
which we deleted before applying our method.

Another biodiversity pattern that we can infer from our framework is the RSO. As
shown in Figure 3.4, we find that, as for the RSA, this pattern seems to have a universal
form which can be well described and correctly inferred through our neutral approach.
Also, our finding suggests that, when spatial effects are negligible, the RSO distribution
has a wide range of values in which it is well approximated by a universal power law,
regardless of the details of the populations’ dynamics. One may assume that this latter is
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driven by a simple stochastic process with constant per capita birth and death rates. Such
a slow decay of Q(v|M, 1) indicates that species in real systems exhibit huge variations
in their occurrences, which may be weakly correlated to species’ habitat preferences
or environmental heterogeneities. We should expect strong asymmetries among their
occurrences: for instance, if we tile up a landscape into M = 1, 000 elementary cells,
then about a third of all species should live in less than 1% of them; whereas about 1.5%
of the species should be found in more than 90% of the total cells (see Figure 3.4).

We highlight that the SAC (green line), the RSA (red line) and RSO (blue line) pre-
dicted patterns in Figure 3.4 have not been obtained through the fit of some parameters,
but they have been analytically predicted through our upscaling equations (2.11), (2.12)
and (2.21). The only fitting occurs at the scale p = 0.1p∗ using the empirical SAC to
parametrize eq. (3.4). In other words, by fitting species occurrence data at the sample
scale, our framework allows to estimate: 1) The RSA at the sample scale; 2) The SAC,
the RSA and the RSO at larger scales. We provide an open source R code that performs
the above estimates giving as input only the presence-absence matrix data.
After testing our model on controlled computer generated data and real forest sub-
samples, we apply our framework to predict the species richness of the two tropical forests.
Moreover, we compare our results to those obtained with the upscaling framework based
on RSA pattern previously developed and tested in [Tov+17] using the method described
in Section 2.1.
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Figure 3.3: SAC predicted for Pasoh and BCI using abundance method versus
presence/absence method. Using all the available data for both tropical forests, we
compare the prediction for the SAC curve obtained by the abundance method with the
results obtained with the presence/absence framework presented here. At the whole
forests’ scale p = 1, the two predictions are 3σ compatible (Sabund
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Figure 3.4: Test on ecological macro-patterns for Pasoh and BCI. For each forest
we sub-sample a fraction p = 0.1 of the available spatial cells and apply our framework
to predict three important ecological pattern at the largest scale at which we have in-
formation, p∗. In the first row we see the prediction for the SAC curve, which describes
how the number of observed species increases with the sampled area, from p = 0.1 to 1,
corresponding to p∗ in these tests. In the second row we plot the cumulative empirical
RSA, the distribution of abundances across species against the framework prediction in
logarithmic scale. Finally, we test the ability of the model to capture the empirical RSO,
i.e. the distribution of the occurrences (number of occupied cells) across species, with
the third row panel showing, in logarithmic scale, the comparison between the predicted
and observed cumulative distributions. For both forests, all the three patterns result to
be well described by our framework.

We therefore predict, through the presence/absence method, the species richness at
the whole forest scale (p = 1) for BCI and Pasoh tropical forests. Figure 3.3) shows
the prediction of the overall (and unknown) SAC for a scale ranging from 50 to 14000
hectares for the Pasoh (p∗ ≈ 0.0036) and to 1560 for the BCI (p∗ ≈ 0.032). The blue
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curves represent the prediction obtained only using presence-absence data whereas red
curves are the SAC inferred by exploiting also the information about species’ population
through the abundance-based method.
We find that the two methods give comparable results for both the databases, a confirm
of the robustness of the theoretical framework.

3.4 Conclusion

Our key goal was to expand the ability to upscale species richness and obtain abundance
distributions from presence-absence data. We proposed and tested a parametric method
on two forests’ datasets, where we also disposed of data on abundances. Since the results
are comparable (see Figure 3.3), we think that such a method could be exploited in many
contexts, where abundance information are not available or trustable.
This is particularly true for microbial or marine (e.g. plankton) ecological data obtained
from metagenomics [MNK16] and 16S ribosomal gene sequences [Soe+12]. The use of
sequence-based taxonomic classification of environmental microbes has exploded in re-
cent years and these approaches are becoming a standard method for characterizing the
biodiversity of both prokaryotes and eukaryotes. Thanks to advance in high throughput
sequencing we begin to be able quantifying the vast number of microbes in our envi-
ronments, expanding our knowledge on microbial diversity. However, large fractions of
the sequence reads remain unclassified and also species abundance estimated have a very
high uncertainty. Thus, being able to estimated species richness and abundance distri-
butions from species occurrence data may lead to a big step-forward in the taxonomic
classification of microbial ecosystems.
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Chapter 4

Upscaling human activity data: a
case study with a statistical ecology
approach

4.1 Datasets deriving from human activities

In ecology one of the most studied emerging patterns is the Relative Species Abundance
(RSA), that gives the fraction of species with the same number of individuals. To deter-
mine large scale RSA features from the distribution of species abundances within a small
random sample is a major challenge in ecology and we already mentioned that through
years plenty of methods have been proposed [GT56; HSS09; CC14; Sli+15; OSW16]. The
success of such methods depends on the following notable fact: different ecosystems like
tropical forests or coral reefs [Vol+03; Vol+07; Sli+15; Tov+17], despite their disparate
locations and different evolutionary history, share a common log-series shape of the em-
pirical RSA which implies that the number of different species grows as the logarithm
of the population size (see Figure 4.1). In the present work we adopted and extended
a statistical framework which was firstly designed in ecology to get new insights into
human activities databases with the aim of inferring global statistics of a dataset from a
random sample of it.

Indeed, we consider four databases concerning human activities: emails, Twitter,
Wikipedia and Gutenberg. Here we give a brief description of the data and we set the
correspondence between species and individuals within each dataset. For further details,
see [For+14] for email dataset and [Mon+17] for Twitter, Wikipedia and Gutenberg data.

1. Email communication: This dataset is a collection of almost 7 millions emails,
that corresponds to the activity of a Department of the Università degli Studi
di Padova during two years: 2012 and 2013. The collected data are in the form
{sender, receiver, timestamp}. For our analysis, we selected the first column of the
table. Here we define a sender identity to label a species and the number of sent

47
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emails to be the number of individuals pertaining to a species;

2. Twitter posts: Our dataset consists of a table where each row is of the form
{timestamp, hashtag, user}. For our purposes, we selected the second column
of the table. Here hashtags play the role of species and the number of different
tweets containing a certain hashtag represents its population size;

3. For Wikipedia articles: Our data represents all words contained in a collection of
Wikipedia pages. We label each different word with a different number. Note that
the same word always maintain its correspondence to the same number, regard-
less of the Wikipedia page it belongs. Each word is a different species while its
abundance is given by the number of occurrences of the word in the dataset;

4. Gutenberg books: Our data represents all words contained in a collection of book
from the Gutenberg archive. we used the same setting as for Wikipedia.

Once defined, as we did above, what correspond to species and individuals, the RSA of
each dataset displays a Zipf tail [Mon+17] and the rate at which new elements appear
shows a sublinear power-law growth, signature of the Heaps law (see also Figure 4.1).
Statistical regularities in human dynamics have been widely observed in many different
contexts and a variety of models have been proposed to understand such recurrent pat-
terns [Bar05; Mal+09; Lor+11; LMT12; YSK12; Tör+13; Dev+16; YHM17; KJK18;
Maz+18]. In particular, Zipf’s laws have been observed since decades in computational
linguistic and many models generating such laws have been proposed (see [Baa02] and
[Kor07] for a review). However, in the present work we focus on inference, not modeling.
We adopt the statistical framework described in Section 2.3 that gives reliable estimates
for the number of users, hashtags, and words from a random sample of mails, posts and
word occurrences (see Table 4.1).
Moreover, our framework predicts how the number of users/hashtags/words grows with
the recorded activity (mails/posts/pages/books) (see Figure 4.2). Hence we infer how
the abundance of a species may change across scales (see Table 4.2). This for example
means that, observing a small portion of tweets and the popularity of a given hashtag
among them, we can predict whether it will remain popular or not in the unseen part of
the network.

In our statistical model we make the hypothesis the RSA distributions of the four
human activity datasets can be described by Negative Binomials, each with a clustering
coefficient r in the range (−1, 0) (see Section 1.4). This choice, justified by the heavy tail
of the observed RSAs (see Figure 4.3), has the major consequence that the RSA is form-
invariant, as shown in Section 1.3. Form-invariance should not be confused with scale-
invariance, a property only satisfied by power-laws. We recall that by form-invariance
we mean that, when a portion of individuals are randomly sampled, the resulting RSA is
still Negative-Binomially distributed with a heavy tail showing the same exponent as of
the whole dataset (see Figure 4.3 and Section 1.3). Form-invariance property of the RSA
allows us to build reliable estimators for the number of new features (new email users,
new hashtags, new words) at each scale of the dataset starting from random samples of
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Figure 4.1: From Ecology to Human Activities. The figure depicts the correspon-
dence between species/individuals in a natural ecosystem and users/sent emails, hash-
tags/posts, words/occurrences in each one of the four datasets considered in the paper.
Once the proper correspondence is established, it turns out that both natural and ar-
tificial RSAs can be well described by a negative binomial distribution. As exemplified
in the fourth column, all human activity RSA curves can be accommodated by with a
negative value of r in the interval (−1, 0), whereas natural ecosystems prefer r > 0. In
the last column, typical shapes of the SAC curves in log-log scale are shown for both
kind of systems.

the whole databases. Our framework encompasses both the natural and artificial worlds
in terms of frequencies of abundances: the relative species abundances in the natural
world (ecology) and the popularity of human activities (social sciences) such as email,
hashtags and words.

Our approach brings two main novelties/advantages. First, the choice to model the
frequency of frequencies distribution according to a Negative Binomial distribution. In
particular, the idea of exploiting its form-invariance property to obtain an effective yet
simple estimator which explicitly depends on the scale is new in the field of distribu-
tions with Power Law behavior. Actually, to our knowledge, upscaling has never been
investigated for email communication and Twitter datasets whereas in linguistic different
parametric and non parametric statistical models has been used to infer how the number
of types grows as new samples are added [Baa02].
Second, within our framework we also derive an estimator for how the type abundances
change across scales (see Section 2.3). This problem, as far as we know, has not been
previously investigated although it could be of interest when interpreting abundances of
types as a measure of popularity in social network data.
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4.1.1 Application of our upscaling method

We start by illustrating our approach, its potentiality and the kind of results it can
provide as applied to e-mail communication. We consider the senders activity network
where each node is a user and a directed link from node A to node B represents an email
issued from user A to user B. We set the identity of a sender to label the species and the
number of sent emails to be the individuals pertaining to a species. Thus, for instance,
if user A has sent n emails we say that species A has n individuals. Suppose an observer
have access to a small sample of sent emails, or, equivalently, to partial information on
links and nodes of the email communication network. Our approach allows to infer the
number of nodes (i.e. the number of users) and the link statistics of the whole network,
thus revealing features previously unknown to the observer (see Figure 4.2).
Correspondence between species/individuals and human activities can be set similarly
for the remaining datasets (see Figure 4.1).

Our statistical ecology approach gives the following results:

• RSA universality and form-invariance. In each activity the RSA of the whole
dataset turns out to be heavy tailed with an exponent between -1.8 and -1.4 (see
Figure 4.3). Moreover, this exponent is maintained at different scales (see also
Figures 4.4), supporting our choice of modeling the RSA by means of a form-
invariant distribution that keeps fixed the tail exponent through scales.

• Inference of unseen human activities. On the scale invariance property of the
RSA we build a statistical framework which gives robust and accurate estimates
for the number of email senders, Twitter hashtags, words of Wikipedia pages and
Gutenberg books from a random sample of sent mails, posts and word occurrences
(see Table 4.1). Moreover, our framework allows to reconstruct the growth of the
number of users/hashtags/words with the recorded activity (mails/posts/pages/books),
which represents another well known pattern in ecological theory called the Species-
Accumulation Curve (SAC) (see Figure 4.2).

• Popularity in social networks. In Twitter and in social networks in general,
popularity is known to be relevant, for instance, to manipulate mass opinion or
to share information. One naive way to measure the popularity of a hashtag is
to count the number of times it appears in other users’ tweets. In our ecological
interpretation, a hashtag represents a species, while the number of posts associated
to it, gives the species’ abundance. Within our framework, we can infer how the
abundance of a species changes across scales (see Table 4.2), thus allowing to mon-
itor whether a locally popular hashtag will remain popular also in the undetected
part of the network or not.

4.2 Upscaling the number of different types

In the following we recall the key steps of our upscaling framework. Denote with N the
population size and with S the number of species (i.e. senders, hashtags, words) of the
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Figure 4.2: Sketch of our theoretical framework. Consider the email senders’ net-
work where each node is a sender and a directed link from node A to node B is an email
issued from user A to user B. We set the identity of a sender to be the species and a sent
email to be an individual of that species. For instance, if the user A has sent n emails,
then the species A has n individuals. If an observer has access to a fraction p∗ of the
sent emails, s/he can partially recover the network (top-left) and the RSA curve at the
local scale p (bottom-left). Within our framework, this information suffices to infer the
number of species and the RSA curve at the global scale p = 1 (bottom-right). In terms
of the network, the number of species corresponds to the number of users or nodes and
the RSA gives the degree statistics. In this sense, our method reveals network features
pertaining to the whole community activity initially unknown to the observer (top-right).
Moreover, we can predict how the number of users increases with the number of links
recorded, (i.e. the SAC curve in ecology), an information that may be used to optimize
network design forecasting its growth.

whole database. Given a scale p∗ ∈ (0, 1), consider a random sample of size p∗N in
which we recover Sp∗ ≤ S species. Denote by Sp∗(n)/Sp∗ the fraction of species with n
individuals at scale p∗, i.e. the sampled RSA. We assume that, at the global scale p = 1,
the theoretical RSA P(n|1) is proportional to a truncated Negative Binomial distribution,
PNB(n|r, ξ), with parameters r ∈ (−1, 0) and ξ ∈ (0, 1):

P(n|1) = c(r, ξ)PNB(n|r, ξ) for n ≥ 1 (4.1)

where the normalizing factor c(r, ξ) = 1/(1 − (1 − ξ)r) takes into account that each of
the S species consists of at least one individual at the global scale.
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Figure 4.3: Universality and form-invariance of the empirical RSAs. Empirical
RSA curves at the global scale (p = 1) and the local scale (p = 5%) are shown. The
patterns result scale-free in all the analyzed datasets, with a heavy-tailed form maintained
through the different human activities and scales. This scale-invariance property of the
RSAs allows for a successful implementation of our theoretical framework. In particular,
our model predicts that the heavy-tail exponent α is related to the clustering parameter
r of the RSA negative binomial distribution via the relation α = 1 − r (see Materials
and Methods and Supplementary Section S1.3). In each plot, for a visual inspection, we
inserted a black line with slope −α = −1 + r̂, where r̂ have been obtained by fitting the
local patterns at p = 5% through a negative binomial (see also Table 4.1). We can see
that such lines describe very well the heavy-tail regime of the empirical RSAs at both
local and global scale in all four cases. For the RSA fitting curves and predicted patterns,
see Figure 4.4.

RSAs given in (4.1) have the following features:

1. values of r ∈ (−1, 0) reflect in a heavy-tailed behavior of the RSAs. More precisely,
the right tail of (4.1) has the form nr−1 exp(n log ξ) (see Section 1.4), where the
exponential cut-off disappears in the limit ξ → 1. In this latter case (4.1) describes
a pure power-law tail behavior. Such heavy-tailed behavior well describes the
observed RSA patterns in human activities (see 4.4). Moreover, the exponent
α = 1− r matches very well with the empirical data.

2. Distribution (4.1) is form-invariant, meaning that the RSA P(n|p) maintains the
same functional form at different scales p (see Section 1.3), a property observed
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Figure 4.4: Best-fit and predicted patterns from a local sample scale p∗ = 5%.
Empirical RSA curves at global scale (p = 1) and local scale (p∗ = 5%) are shown. In
each panel, coloured lines over the local RSAs represent the distribution obtained via a
best-fit of the empirical pattern with a negative binomial having r ∈ (−1, 0). Lines over
the global RSA distributions represent our prediction for the RSAs at the global scales
obtained via our upscaling equations for both the parameters and the biodiversity. In
each panel, insets showing the corresponding global cumulative RSA (both empirical and
predicted) are added.

in the empirical RSAs of all the four databases (see Figure 4.3). In mathemati-
cal terms, the RSA at any scale p is again proportional to a Negative Binomial
distribution with the same r and a rescaled parameter

ξp = pξ/(1− ξ(1− p)). (4.2)

Properties 1) and 2) are the building blocks of our predictive statistical framework.
Our goal is to infer the total amount of species S (senders, hashtags, words) present in
the entire database given the number of species Sp∗ observed in a sample at the local
scale p∗ and their corresponding abundance (number of mails, posts, occurrences). From
this limited information, we can construct the empirical values of the RSA at scale p∗,
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and fit it to obtain the estimates r̂ and ξ̂p∗ of the parameters that best capture the
behavior of the sampled data. Finally, thanks to the form-invariance property, one can
obtain the value of the global parameter ξ̂ via eq. (4.2) (henceforth we will denote with
·̂ our estimation of any quantity ·).

Our upscaling method, derived in Section 2.1 leads to the following formula to esti-
mate the total number of different species present at the global scale

Ŝ ' Sp∗
1−

(
1− ξ̂p∗

p∗+ξ̂p∗ (1−p∗)

)r̂
1− (1− ξ̂p∗)r̂

(4.3)

To test the reliability of estimator (4.3), we extracted, from each dataset, ten sub-
samples each covering a fraction p∗ = 5% of the databases’ individuals (sent emails,
posted hashtags, occurrences of words). We then inferred the total number of species
(email senders, posted hashtags in Twitter data and different words in Wikipedia pages
and Gutenberg books) from the empirical RSA constructed at p∗ = 5%. The average
relative upscaling error is small in all four cases: about 0.1% for sent emails, 3% for
Twitter hashtags, 6% for Wikipedia words and -2% for Gutenberg words. In Table 4.1
we report the average values of the fitted parameters together with the average relative
percentage error between the predicted number of species, Ŝ, and the true one, S (mean
and standard deviation are displayed for all datasets). See also the Supplementary Ma-
terial of our article [Tov+19b] for the results obtained by considering a different fraction
p∗ = 3% of the four datasets as starting information.

Emails Twitter Wikipedia Gutenberg
Species 752, 299 6, 972, 453 673, 872 554, 193

Individuals 6, 914, 872 34, 696, 973 29, 606, 116 126, 289, 661
r −0.795 −0.824 −0.543 −0.426
ξp∗ 0.9999 0.9991 0.9985 0.9997

Relative Error 0.112 ± 0.385% 3.33 ± 0.17% 6.11 ± 0.118% -2.30 ± 0.23%

Table 4.1: Predicted relative errors. Upscaling results for the number of species
of the four analyzed datasets from local samples covering a fraction p∗ = 5% of the
corresponding global dataset. For each human activity, we display the number of species
(users, hashtags, words) and individuals (sent mails, posts, occurrences) at the global
scale together with the fitted RSA distribution parameters at the sampled scale and the
relative percentage error (mean and standard deviation) between the true number of
species and the one predicted by our framework. See Figure 4.4 for the corresponding
fitting curves and predicted global RSA patterns.
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4.2.1 Local Analysis

Before using our method to infer information at the global scale, we conduct some in-
vestigations on its properties, as some kind of empirical justification in order to proceed
and use it.
As first we consider our sample and observe the plot of the its Relative Species Abun-
dance. Despite the different origin of data, all the four datasets’ samples display a similar
behavior. The Power Law decay of the RSAs in the different cases suggest us to use our
upscaling method with Negative clustering parameter r ∈ (−1, 0). Before performing it,
we explore a bit our samples. For each of the four human activity samples, we consider
further subsamples at subscales qj = j

10 , j = 1, ..., 9. Hence at the subscale qj (also
generically called p∗∗ to rely on the usual notation) we are considering a fraction qj of
the original sample at scale p∗ = 5%. Once we get this subsamples we apply our method
to estimate, at each subscale qj , the number of species at the "global" scale p∗.
Clearly this work leads to an estimate of a quantity that we already knew from obser-
vation. So why is that important? Our method applies if our random sample is indeed
random. It can happen that the way we sample is not actually random, due to hidden
correlations which we are not aware of. Hence, testing our method on our sample inform
us that there is no evidence of errors in the sampling procedure. Thus we rely more on
the fact that the final estimate succeeds to be close to the real value.
In Figure 4.5 we show the error we commit when testing the method at subscales qj to
predict the number of species present at the "global" scale p. Note that qj is not an
absolute value, but a fraction of p.
In the bottom panels, we displayed the relative percentage error graphs between the true
number of species, S∗, and the one predicted from the local information at the different
sub-scales p∗∗. We see that, for all datasets and sub-scales, our method always led to an
error below 5%. Moreover, it displays an intuitive decreasing behavior as the available
information increases, a desirable property for an estimator. We performed the same
analysis also starting from a sample at the scale p∗ = 3%, obtaining comparable results.

4.3 Upscaling hashtags’ popularity in Twitter database

The second novelty that we introduce in our work is a method to estimate the varia-
tion of popularity, a fundamental concept arising naturally when investigating human
dynamics [She+14; Zha+15; Sin+16]. Indeed, until now we exploited the information
on the abundance of the observed species at the local scale only to estimate the number
of unseen species, disregarding of their abundances. Instead, abundance information can
be used to predict, for example, the most active users of the email network, the com-
monest words in a book or, having in mind more topical applications, the popularity of
a hashtag in Twitter database. In particular, focusing on Twitter, various sophisticated
measures of popularity based on semantic analyses have been proposed. Here, by mean
of the popularity of a hashtag we naively count the number of posts containing it that
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Figure 4.5: Relative percentage errors at different sub-scales from p∗ = 5%.
Starting from a sample at p∗ = 5% of each human activity database, we sub-sampled
it at different spatial sub-scales p∗∗ ∈ {10%, . . . , 90%} of p∗ and computed the relative
percentage error between the number of predicted species, Ŝ∗, and the true number of
species, S∗, observed in the sample at p∗, here considered as the global scale (p∗ = 1).

come to circulate within the network thanks to other users’ tweets. This information is
encompassed within the RSA pattern. Indeed, hashtags posted a low number of times
are those positioned in the left side of the curve, whereas hashtags with high popularity
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are located in its right tail. Our goal now is to derive an estimator for the change in
popularity of hashtags from a portion p∗ of the observed tweets to the remaining 1− p∗
fraction of the unobserved tweets.
Let us thus denote by L a fixed threshold of posts above which we consider a hashtag
popular at the sampled scale p∗ and let us indicate with Sp∗(L+) the number of different
hashtags having abundance at least L in the surveyed collection of posts. We wish to
check whether these (locally) popular species result to be popular also in the unseen
fraction of the network, 1− p∗. Let us then denote by K the fixed popularity threshold
at the unsurveyed scale. We are looking for an estimator of the number of species hav-
ing popularity at least K in the 1 − p∗ unseen part of the tweets, given that they have
popularity at least L at scale p∗. From our theoretical framework (equation (2.49) in
Section 2.3), we derive an estimator Ŝ(p∗c)(K+|L+) of such a quantity. These species are
therefore globally popular within the network.

We first derived the estimator Ŝ(p∗c)(k|`) for the number of species having popularity
exactly k at scale 1−p∗ given that they have popularity exactly l at scale p∗. (see Section
2.3 for details).

Ŝ(p∗c)(k|`) = Sp∗(l) ·
(
k+l
l

)
p∗l(1− p∗)k

(
k+l+r̂−1
k+l

)
ξ̂k+l(1− ξ̂)r̂(

l+r̂−1
l

)
ξ̂lp∗(1− ξ̂p∗)r̂

(4.4)

The estimator for Ŝ(p∗c)(K+|L+) can thus be obtained by summing up (4.4) for all
k ≥ K and for all ` ≥ L as did in (2.49) thus obtaining

Ŝ(p∗c)(K+ | L+) =
∑
`≥L

∑
k≥K

Ŝ(p∗c)(k | `) (4.5)

We tested the above estimator by fixing the (arbitrary) value of the threshold L equal
to 10, 25, 40, 55 and varying the value of K in a arbitrary range for ten sub-samples
of Twitter database. The values of K are selected so that k̄ = argmaxk∈N Ŝ

(p∗c)(k|L)
and then ki = i+1

4 k̄ for i = 1, ..., 5. The average errors obtained in the predictions are
displayed in Table 4.2. For all the considered cases, we achieved very good estimates,
with an average relative percentage error below 0.2% in absolute value.

4.4 Discussions

To conclude, we showed how our statistical ecology framework could be successfully
applied to human activities. We tested our method in four databases: email senders
activity, Twitter hashtags, words in Wikipedia pages and Gutenberg books. Once set the
correspondence to what we consider species and individuals of a species, our approach
reveals that the RSA is scale-free in each mentioned dataset with a heavy-tailed form
maintained at different scales - with roughly the same exponent - through the different
human activities considered (see Figure 4.3). This form-invariant property allows for a
successful implementation of our predictive statistical framework. However, the heavy
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L K S(p∗c)(K+|L+) Ŝ(p∗c)(K+|L+) Avg % Error Variance
10 77 14266 14274 −0.0029 0.0012
10 115 14113 14106 0.0534 0.0151
10 154 13551 13545 0.2457 0.0428
10 192 12509 12584 0.4679 0.0731
10 231 11305 11367 0.5372 0.0965

25 219 5977 5976 0.0018 ≈ 0
25 329 5943 5950 0.0448 0.0110
25 439 5667 5689 0.0896 0.0610
25 548 5064 5056 −0.1793 0.0878
25 658 4295 4321 0.2010 0.1853

40 362 3749 3749 −0.0001 ≈ 0
40 543 3742 3742 0.0393 0.0058
40 724 3591 3579 −0.0715 0.0668
40 905 3096 3091 0.0368 0.0660
40 1086 2600 2583 −0.5634 0.0370

55 504 2673 2673 ≈ 0 ≈ 0
55 756 2672 2671 −0.0141 0.0013
55 1008 2569 2568 −0.0978 0.0565
55 1260 2195 2199 0.0023 0.0557
55 1512 1806 1820 0.1286 0.2070

Table 4.2: Percentage errors for popularity change predictions in Twitter
database. For L = 10, 25, 40, 55 (first column) and different values of K(second
column), we estimated, from ten different Twitter sub-samples (p∗ = 5%), the number
of species having abundance at least K at the unobserved scale 1− p∗ = 95% given that
they have abundance at least L at the sampled scale p∗ via estimator (4.5). The average,
among the ten sub-samples, of the true number of species, S(p∗c)(K+|L+), and predicted
one by our method, Ŝ(p∗c)(K+|L+), are displayed in the third and fourth columns, re-
spectively. Finally, in the last two columns, we inserted the mean and the variance of
the relative error obtained in the ten predictions.

tail of the observed RSAs cannot be captured by a standard negative binomial distribu-
tion with r ∈ R+. Nevertheless, such behaviors can be accommodated when allowing the
clustering parameter r to take negative values, r ∈ (−1, 0) (see Section 1.4 and Figure
4.4). This allows us to exploit the form-invariance property of the negative binomial
distribution to propose an estimator for the statistics of the unseen human activity from
small random samples. In particular, from the activity (sent emails per senders, posts per
hashtags, word occurrences) in a small random samples, we infer the number of species
(senders, hashtags, words) at the global scale.
Moreover, we predict how the popularity of species changes with the scale, an issue of
evident importance when thinking of social networks like Twitter. Finally, we compare
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our estimates with the true known values and in all the considered databases the rel-
ative error is small (see Table 4.1 and Table 4.2). This result confirms the ability of
our theoretical method to capture hidden quantities of the human dynamics when only
random samples are available. Our results pave the way for new applications in upscaling
problems beyond statistical ecology.

Indeed, our findings may have applications in different situations, spreading from
resource management in emails to collective attention monitoring in Twitter and to lan-
guage learning process in word databases. Let us see one example for each aforementioned
context of how our framework could help in decision making processes related to different
aspects of social activity networks.
Let us start from the resource managing application. Suppose an internet/email provider
starts a campaign to increase customers; for instance the provider wishes to double the
number of subscribers. Now, in order to predict if more resources (e.g. number of
servers in the email example) are necessary to supply the newly entered subscribers, the
provider needs to infer the total amount of activity bursting thanks to these new users.
Our method provides a possible solution to this inference problem. Indeed, by inverting
equation (4.3), which represents the well-known species-accumulation curve in theoretical
ecology, one obtains an analytical link between the total amount of activity (e.g. number
of sent emails) and the number of users. In particular, the activity does not grow linearly
with the users, as one may naively guess.
Thus, the information our framework provides on the species-accumulation curve may
help the provider to decide how many further resources are needed for the expected num-
ber of new users. Clearly, this knowledge is useful either to avoid money waste in case no
further resources are required, or to provide new structures/servers in advance in order
to safely support the user activity and not to loose unsatisfied customers. Moreover,
being aware of how many new structures are needed also helps balance their costs of
installation, managing and maintenance with the profit coming from subscriptions.

A second application regards attention monitoring and information spreading. Nowa-
days social networks constitutes a fundamental source for spreading information and
disinformation as well. They have being exploited to influence the mass opinion and
attention in many different social contexts, from politics to economy. It is enough to
think about the influencer phenomenon arising in almost all social networks. In Twitter,
popularity of a user may be read from the number of times a hashtag s/he initiated
appears in other users’ tweets.
In our ecological interpretation, a hashtag represents a species, while the number of posts
associated to it gives the species’ abundance. Therefore, if the species s/he represents
comes to be part of the right tail of the RSA distribution, it constitutes one of the com-
munity dominant species and thus we can say s/he is popular, whereas if it comes to fall
at the left tail of the RSA, it is a hyper-rare species, thus not having received the desired
attention. Therefore, in order to control someone’s position within the global network,
it is necessary to have access to the RSA at the whole community scale.
However, this datum is usually not provided by the social network managing organi-
zation. Twitter, for example, only releases information on the total number of tweets
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posted across time. Nevertheless, there are other services as the Sample Tweets APIs
or the Decahose stream service which provide the clients with real-time random samples
covering small percentages (up to 10%) of the total tweets. With this information, our
framework offers the possibility to fully reconstruct the global RSA as well as to monitor
how the number of popular hashtags scales from the monitored sample up to the whole
activity network.
This latter information may also be useful for governments or public administrations
in general to communicate important news (health information, emergency procedures,
elections etc...) to the citizens. In particular, our method allows to know the number of
further tweets one eventually needs to effectively spread the information, thus allowing
to undertake the proper measures (a bigger publicity campaign to obtain more followers,
the development of bot applications, etc.) to achieve the goal.

Finally, our theoretical framework may also be exploited in language learning process
monitoring. For example, let us suppose one is learning a foreign speech. S/he may then
be interested in the number of books that are needed s/he needs to read in order to be
sure to expand her/his own vocabulary in order for it to cover a fixed percentage of all
the speech words. The species-accumulation curve emerging in this context thanks to
our ecological correspondence between words/species and occurrences/abundances can
thus be interpreted in a broader sense as a learning curve, with the total number of
words encountered during the learning process (by dialogue experience, frontal lectures
or personal readings) in the x-axis and the number of different words s/he manages to
properly exploit in her/his speech in the y-axis.
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Chapter 5

Ideas of weak convergence

The notion of weak convergence is the building block of a large class of limit theorems
in probability theory. We reserve this chapter for a proper introduction to the notion
of weak convergence. The motivation for such a general treatment is dual. The first
reason s that weak convergence is the building block of a large class of limit theorems
in probability theory, and as such it can’t be neglected or relegated to a minor section.
Secondly, every novel result of this thesis is based on weak convergence, and since we will
make extensively use of it, we agreed that this chapter is essential.

Let’s start with some motivation and consider a context in which weak convergence
arises naturally. Take a sequence (Fn)n∈N of distribution functions on the real line. Recall
that a distribution function is a non decreasing, right continuous function F : R 7→ [0, 1]
that satisfies lim

x→−∞
F (x) = 0 and lim

x→+∞
F (x) = 1. We say that the sequence (Fn)n∈N

converge weakly to some limit distribution function F , and we denote it by Fn
w−→ F , if

the following limit holds for every continuity point of F .

lim
n→∞

Fn(x) = F (x) (5.1)

Consider now the probability measures (Pn)n∈N and P, defined on the class od Borel
subsets of the real line, uniquely determined by the following requirements

Pn(−∞, x] = Fn(x) P(−∞, x] = F (x) (5.2)

Note that the condition that x is a continuity point for F translate to the set {x} having
P-measure 0. Hence we can think to extend the notion of weak convergence to probability
measures by expressing condition (5.1) in the language of probability measures. We are
tempted to say that the sequence (Pn)n∈N converges weakly to P if the following limit
holds for every point {x} of P-measure 0.

lim
n→∞

Pn(−∞, x] = P(−∞, x] (5.3)

It turns out that actually convergence on particular sets of the form (−∞, x] is enough
to guarantee weak convergence of the probability measures on all B(R). We skip this
critical aspect for the moment, taking (5.3) as a definition.

63
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Let’s proceed now to illustrate how to extend the latter relation to a generic proba-
bility space S. Consider the probability measures (Pn)n∈N and P defined on B(S), the
class of the Borel subsets of S. Inspired by (5.3), we are lead to say that the sequence
(Pn)n∈N converge weakly to P if the following limit holds for every Borel set A ⊂ B(S)
such that P(∂A) = 0.

lim
n→∞

Pn(A) = P(A) (5.4)

The previous equation established the meaning of weak convergence for probability mea-
sures in a very general sense. This may appear very linear, but, when facing real problems,
an assertion like (5.4) is very hard to prove directly. Hence it emerges a gap between the
concept of weak convergence and its application. Actually, most of the times is not even
possible to show that (5.4) holds. This is very disappointing and that’s why we need a
deep look into the concept of weak convergence.

5.1 Definitions and basic properties

As first we want to set the notation. Let S indicate a generic metric space and S = B(S)
the Borel σ-algebra on S, i.e. the σ-algebra generated by the open subsets of S. Note
that we are assuming that S is a topological space endowed with a topology T . The
topology T is a collection of subsets of S, called open sets, satisfying certain axioms.
In particular, a topology is any collection of subsets, including the whole set S and the
empty set ∅, that is closed under arbitrary unions and finite intersections. Every metric
d determines a topology generated by the open balls B(d)

r (x) = {y ∈ S : d(x, y) < r}, for
x ∈ S and r > 0, but not every topology can be induced by a metric. We will primarily
be concerned with metrizable topologies, the ones that can be induced by a metric. We
usually drop the index (d) on open balls when it is clear which metric we are dealing
with. For metric spaces, the notation (S, d) often replaces (S,S), meaning that S is the
σ-algebra on S generated by the topology induced by the metric d.
In this introductory section we don’t need to specify which topology we are using, but this
will be crucial in the following. Unless specified, every measure treated in the following
will be defined on the general space (S,S). We are interested in probability measures,
i.e. in the subclass of measures on S that are non-negative, countably additive and such
that they give measure 1 to the whole space S. The elements of S = B(S) are called
measurable sets. It’s essential to mention that measurability is guaranteed on every
element of S, whereas in general is not true that every subset of S id measurable. The
notion of tightness is the relation we need to link compactness and probability measures.

Definition 4. A probability measure P on (S,S) is tight if, for every ε > 0 the exists a
compact set K such that P(K) > 1− ε.

The notion of tightness is one of the cornerstones of weak convergence, but the previ-
ous definition is not very ready to be used. However, there exists some characterization
for tightness. Before moving on, note that until now we only considered metrizable
topological space. Often, one would like to impose two additional regularity properties:
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separability and completeness. Recall that a topological space is separable if it has a
countable dense subset. We say that a metric space (S, d) is complete if every Cauchy
sequence converge to a limit in S, where a sequence (xn)n∈N satisfies the Cauchy re-
quirement if, for every ε > 0, the exists n̄ ∈ N such that d(xn, xm) < ε for every m,n
greater than n̄. Completeness is useful for characterizing compactness, because a closed
subset of a complete metric space is compact if and only if it is totally bounded. We
will often work with metrics that are not complete, nevertheless it is usually possible
to construct a topologically equivalent metric under which the space becomes complete.
We will refer to this property as topologically completeness, meaning that even if the
space is not complete under the metric that we are considering, we can make the space
complete using a different metric that generates the same topology.

Proposition 5.1.1. If the space (S,S) is separable and complete, then every probability
measure P on (S,S) is tight.

We will come back later on to the concept of tightness. We only want to highlight
that one usually works with Polish spaces, i.e. complete separable metric spaces, hence
the assumptions of the previous theorem are usually guaranteed. We will be interested
in tightness of family of probability measure, and again separability and completeness
will play a fundamental role.

We want now to focus our attention on probability measures. In particular, one may
asks whether there exists a characterization to uniquely determine a measure, that is,
if there exists a certain condition satisfied by two measure, then the two measure are
indeed the same measure. This characterization involves determining class.

Definition 5. We say that V ⊂ S if a determining class for (S,S) if V generates S and,
whenever two probability measures P1 and P2 take equal, finite values on every element
of V, then P1 ≡ P2.

Of course there are conditions that allows us to show that a given V is a determining
class for (S,S). For example, a sufficient conditions for V to be a determining class are
that S is a countable union of elements of V and that V is a semiring: that is, ∅ ∈ V
and for any pair of sets A,B ∈ V, we have that A∩B ∈ V and A \B is a finite union of
disjoint elements of V. Using these conditions it can be shown that a measure defined on
the finite-length half-open intervals of R has a unique extension to the Borel sets of R.
Let’s now define the set of real bounded and continuous functions on S

Cb(S) := {f : S 7→ R | f bounded and continuous }. (5.5)

This set will be crucial to establish many properties of probabilities on S. The next
theorem shows how to use Cb(S) to uniquely determine a probability measure on S. It
states that the values of

∫
S fdP for f ∈ Cb(S) completely determine the values of P.

Theorem 5.1.1. Let P1 and P2 be two probability measure on (S,S). Then, P1 ≡ P2 if
and only if ∫

S
fdP1 =

∫
S
fdP2 ∀f ∈ Cb(S). (5.6)
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The idea of the proof consists of two steps. Firstly, we need to show that the class
of closed set is a determining class, meaning that every probability P is determined by
the values of P(C) for closed sets C ∈ S. (This comes as a consequence of the fact
that every probability measure P on S is regular, where by regular we mean that, given
A ∈ S, for every ε > 0 there exist a closed set C ⊆ A and an open set O ⊇ A such that
P(O \C) < ε.) Secondly, we need to show that every indicator function 1C of closed set
C ∈ S can be approximated by elements of Cb(S).

From this theorem, the possibility to define weak convergence by means of integrals
of functions in Cb(S) should appear more clear. If (Pn)n∈N is a sequence of probability
measures on (S,S), we are led to say that the sequence converge weakly to a limit
probability P if the following limit holds for all f ∈ Cb(S)

lim
n→∞

∫
S
fdPn =

∫
S
fdP. (5.7)

We are tempted to require more. For example that the previous relation holds for a
different class of measurable function consisting of all indicator functions. The previous
equation would become

lim
n→∞

Pn(A) = P (A) ∀A ∈ S. (5.8)

But the latter condition is too strong. Consider, for example, the probability measures
(Pn)n∈N,P that give unit mass to the points (xn)n∈N,x in S. If xn → x with xn 6= x for
all n, we have P ({x}) = 1 by definition, but Pn({x}) = 0 for all n, hence the required
convergence fails. The reason of this failure lies behind the nature of the set A = {x}. We
need to avoid setA with positive P -measure on boundaries. The equivalence of an integral
definition to the more natural relation (5.4) is exactly the statement of Portmanteau
Theorem, as stated in the following theorem.

Theorem 5.1.2. [Portmanteau] Let (Pn)n∈N and P be probability measures on (S,S).
The following conditions are equivalent:

1. Pn
w−→ P, i.e. Pn converges weakly to P;

2. limn→∞
∫
S fdPn =

∫
S fdP ∀f ∈ Cb(S);

3. lim supn Pn(C) ≤ P(C), for every closed set C ∈ S;

4. lim infn Pn(O) ≥ P(O), for every open set O ∈ S;

5. limn Pn(A) = P(A), for every set A ∈ S such that P(∂A) = 0.

The previous theorem provides useful conditions equivalent to weak convergence.
Every condition could be taken as definition. We emphasize in particular the second
and the last conditions, commonly used as definition of weak convergence of probability
measures. Note that from Theorem 5.1.1 we have that the integrals

∫
S fdP completely

determine P. Hence, since the sequence (Pn)n∈N cannot converge to different limits at
the same time, this uniquely determines the limit probability measure P.
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Using Theorem 5.1.2 as a definition of weak convergence, we can easily obtain as
a by product the notion of weak convergence in (R,B(R)). On this space, the general
probability P has distribution function F defined by

F (x) := P(y : y ≤ x) x ∈ R (5.9)

It follows from the definition above that F is non decreasing. The function F is continuous
from the right since, for every x ∈ R, we have

F (x+) = lim
δ→0+

F (x+ δ) =
⋂
δ>0

P(y : y ≤ x+ δ) = P(y : y ≤ x) = F (x) (5.10)

Hence F is continuous at x if and only if it is continuous from below, i.e. if F (x−) = F (x).
But we have, for every x ∈ R, that

F (x−) = lim
δ→0+

F (x− δ) =
⋃
δ>0

P(y : y ≤ x− δ) = P(y : y < x) (5.11)

To conclude, we have that F is continuous at x if and only if P(y : y ≤ x) = P(y : y < x),
i.e. if and only if the interval (−∞, x] is a P-continuity set. Thus weak convergence
of probability measures on (R,B(R)) implies the ordinary convergence of distribution
functions expressed in (5.1). Also the converse is true, but we need to introduce the
notion of convergence determining class. It results to be very useful to prove weak
convergence by showing that Pn(A)→ P(A) for some special class of sets A.

Definition 6. We say that U ⊂ S is a convergence determining class for the sequence
(Pn)n∈N if the following convergence

Pn(A)→ P(A) ∀A ∈ U (5.12)

implies that Pn
w−→ P.

The following Proposition allows us to characterize a convergence determining class

Proposition 5.1.2. If U ⊂ S is such that:

• U is closed under finite intersections;

• each open set of S can be obtained as a finite or countable union of elements of U ;

then U is a convergence determining class for (Pn)n∈N.

Remark 2. If S is separable, then the second condition of the previous proposition can
be replaced by requiring that, for every x ∈ S and every ε > 0, there exists A ∈ U such
that x ∈ A \ ∂A and A ⊂ Bε(x), where Bε(x) denotes the open ball of radius ε centered
at x.
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Going back to our distributions functions, let U be the class of intervals (a, b] for which
the extremes points have P-measure 0. We have that U is a convergence determining class.
In facts, U is closed under finite intersections and, since only countably many points can
have positive P-measure, it verifies the condition expressed in remark 2. Note that every
extreme point of an interval in U is a continuity point for F . Therefore, since Fn

w−→ F
implies that Pn((a, b]) → P((a, b]) holds for every (a, b] ∈ U , and U is a convergence
determining class, we showed that, in (R,B(R)), Fn

w−→ F is equivalent to Pn
w−→ P.

5.1.1 Measures on [0, 1]

This serves only as a simple example. The next case we want to describe is S = C =
C([0, 1]), the space of continuous functions on the unit interval, endowed with the uniform
metric d(x, y) = supt∈[0,1] |x(t)− y(t)|. As first we want to define the class of projection
maps. For any k ∈ N and any {t1, ..., tk} ∈ [0, 1]k we define the map

πt1,..,tk : C([0, 1]) 7→ Rk

x→ (x(t1), ..., x(tk)) (5.13)

Varying k ∈ N and the points {t1, ..., tk} ∈ [0, 1]k, the sets of the form π−1
t1,..,tk

(H) for
H ∈ B(Rk) are called finite-dimensional sets. Note that πt1,..,tk is continuous and the
finite-dimensional sets belong to B(C), the Borel σ-algebra of C([0, 1]), and they form a
finitely additive field. We want to show that the finite-dimensional sets generates the
σ-algebra B(C). Note that

Br(x) =
⋂

t∈Q∩[0,1]

{y ∈ C : |y(t)− x(t)| ≤ r} (5.14)

hence we can write the closed ball of radius r > 0 and center x ∈ C as a result of a count-
able intersection of finite-dimensional sets. Then, we can generate open balls through
countable union of closed balls, and open sets as countable union of open balls. Hence
the finite-dimensional sets generates B(C). Since they form a field, the finite-dimensional
sets are a determining class.
The same result can be formalized by mean of the Kolmogorov extension theorem. In-
deed, the finite-dimensional distributions uniquely determine a probability distribution
on C, endowed with the Kolmogorov σ-algebra generated by the coordinate projections.
Moreover, the Borel σ-algebra on C with the uniform norm coincides with the Kolmogorov
σ-algebra generated by the coordinate projections. Hence the finite-dimensional distri-
butions also determine the distribution of a stochastic process with sample paths in C.

Now, let’s consider the functions x ≡ 0 and xn given by

xn(t) :=


nt if t ∈ [0, 1/n]
2− nt if t ∈ [1/n, 2/n]
0 if t ∈ [2/n, 1]

(5.15)

The piecewise linear trajectory of xn starts in 0, then reach the peak value of 1 at time
1/n, then at time 2/n it comes back to 0 and here it stays. Let P be the probability
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measure that assign unit mass to x, meaning that P (A) is 1 or 0 depending on x lying
in A or not. In a similar way, define, for n ∈ N, Pn to be the unit mass at point xn. We
can have weak convergence Pn

w−→ P if and only if we have uniform convergence of xn to
x, i.e. if we have convergence in the topology of C. But we have that

sup
t∈[0,1]

|xn(t)− x(t)| = 1 ∀n ∈ N. (5.16)

Hence weak convergence of (Pn)n∈N is not possible. However, for any finite-dimensional
set of the form A = π−1

t1,..,tk
(H) we have that Pn(A) = P (A) whenever n is big enough so

that 2/n < inf{t1, .., tk}. Hence the finite-dimensional sets are a determining class, but
not a convergence determining class.

For any given probability P on C, The various measures P ◦ π−1
t1,..,tk

on the spaces
Rk are called the finite-dimensional distributions of P. Since finite-dimensional sets
are a determining class, then the finite-dimensional distributions uniquely determine
a measure. On the other hand, we showed that the finite-dimensional sets are not a
convergence determining class, hence convergence of finite-dimensional distributions is
not enough to exhibit weak convergence. The difficulty, interest and usefulness of weak
convergence in C all spring from the fact that it involves considerations that goes beyond
the convergence finite-dimensional distributions. We will come back to the space C of
continuous function in the following.

5.1.2 Prohorov convergence

Recall the (S, d) is our reference metric space, and we defined probability measures on
it. We change now our perspective by considering the space P = P(S) of all probability
measures on the metric space S. We define the Prohorov metric π on P as the one
induced by the metric d on the space S. For any P1, P2 ∈ P(S) we have

π(P1, P2) := inf {ε > 0 : P1(A) ≤ P2(Aε) + ε, P2(A) ≤ P1(Aε) + ε ∀A ∈ B(S)}
(5.17)

where we denoted by Aε := {y ∈ S : d(y,A) < ε} the open ε-neighborhood of a set
A ∈ S. It can be shown that π is a metric, being non-negative by definition, satisfying
the triangular inequality and the symmetry property. Thus (P, π) is a metric space, and
it turns out that is separable and complete.

A sequence of probability measures (Pn)n∈N in the metric space (P, π) converges to
the limit P ∈ P if, for all ε > 0, there exists an integer n̄ such that π(Pn,P) < ε for all
n ≥ n̄. This is the classical notion of convergence in metric spaces. The next theorem
claim equivalence of this latter definition with the weak convergence.

Theorem 5.1.3 (Prohorov convergence). For any separable metric space (S, d), the
function π on P(S), defined as in (5.17), is a separable metric. If (Pn)n∈N is a sequence
of probability measures on the space (S,S), convergence π(Pn,P)→ 0 on the space P(S)
is equivalent to weak convergence Pn

w−→ P as stated in Theorem 5.1.2.
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The topology induced by the Prohorov metric is quite complicated, but we can by-
pass this problem. This is done by means of random elements. In facts, we are primarily
interested in weak convergence Pn

w−→ P, and random elements manage to relate conver-
gence of the probability measure the problem to another convergence easier to handle,
as we will see further on.

We now want to give other characterization of weak convergence. A sequence (xn)n∈N
of points in a metric space converge to a limit x if and only if every subsequence xnk has
a further subsequence xnki converging to x. The same can be said for weak convergence,
as stated in the following proposition.

Proposition 5.1.3. We have weak convergence Pn
w−→ P if and only if every subsequence

Pnk has a further subsequence Pnki that converges weakly to P.

Hence we can characterize weak convergence through converging subsequence. This
should suggest that compactness enter the game. In a metric space, a subsetK is compact
if every sequence (xn)n∈N of elements of K has a convergent subsequence with limit in
K. It is possible to define compactness even in topological spaces, without using any
metric. Recall that an open cover of a set K is a collection of open sets such that K
is contained in the union of those sets. A subset K of a topological space is compact if
each open cover of K has a finite subcover. It turns out that compactness plays a crucial
role for proving weak convergence, as we will see in Section 5.3.

5.2 Convergence in distribution

In this section we want to relate weak convergence to the more known theory of con-
vergence in distribution. It turns out that it is the same concept stated in different
terms. Thus, many results can be borrowed from distributional convergence theory with-
out any effort. We introduce for the first time the concept of random elements, which
we specialize in the following to be random variables or random functions.

Definition 7. A random element X is a measurable mapping from a probability space
(Ω,B,P) to a metric space (S,S), where S is the topology induced by the metric of S.

In the underlying probability space, Ω is a set, B is a σ-algebra and P is a probability
measure. With reference to the spaces introduced in the previous section, if S = R we
call X a random variable, whereas if S = C we refer to X a stochastic process. We define
the distribution P of the random element X on the space (S,S) a the push-forward of
the probability measure P through X, i.e. P := P ◦X−1. Hence, we have

P (A) = P(X−1(A)) = P(ω ∈ Ω : X(ω) ∈ A) = P(X ∈ A), ∀A ∈ S (5.18)

When dealing with random elements, we are primarily interested on their distributions,
hence the underlying probability P is usually left unspecified. The probability space
(Ω,B,P) is indeed arbitrary, whereas the probability P is always defined on a metric
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space. In the case S = R we can recover the distribution function defined in (5.9), and
we obtain the following relation

F (x) = P (y : y ≤ x) = P(X ≤ x) x ∈ R. (5.19)

The distribution induced by a random element allows us to easily compute certain quan-
tities like expectations. Computation of integrals with respect to a general probability
measure reduce, thank to a simple change of variables, to a more treatable form:

E[h(X)] :=

∫
Ω
h(X(ω))dP(ω) =

∫
S
h(x)dP (x). (5.20)

Note that each probability measure on a metric space can be obtained as the distribution
if some random element on some probability space, just take the random element to
be the identity function on the space itself. Hence the class of distributions coincide
with the class of probability measures on metric spaces. Nevertheless, we reserve to
call a probability measure on a metric space a distribution only when it is properly a
distribution of some random element already under discussion.

Some results can be stated in the new language of convergence in distribution. For
example, we say that a sequence of random elements (Xn)n∈N convergence in distribution
to a random element X if and only if the sequence od distributions (Pn)n∈N induced by
(Xn)n∈N converges weakly to the distribution P induced by X. In formula:

Xn
d−→ X ⇐⇒ Pn

w−→ P (5.21)

As the reader probably already understood, we can also rewrite Portmanteau Theorem
with the language of convergence in distribution. We call a set A ∈ S an X−continuity
set if P(X ∈ ∂A) = 0. We have the equivalence of the following conditions:

1. Xn
d−→ X, i.e. Xn converges in distribution to X;

2. limn→∞ E[f(Xn)] = E[f(X)] ∀f ∈ Cb(S);

3. lim supn Pn(Xn ∈ C) ≤ P(X ∈ C), for every closed set C ∈ S;

4. lim infn Pn(Xn ∈ O) ≥ P(X ∈ O), for every open set O ∈ S;

5. limn Pn(Xn ∈ A) = P(X ∈ A), for every X- continuity set A ∈ S.

Note that, in order to make sense, we need that (Xn)n∈N and X all take values in the
same metric space S, whereas it is not important on which particular probability space
they are defined. In facts, the only things that matter are the distributions Pn and P
induced on (S,S). To be formal, the correct notation would say that X is defined on a
probability space (Ω,B,P) and each of the Xn is defined on a different probability space
(Ωn,Bn,Pn). Thus we should write Pn(Xn ∈ A) or En[f(Xn)] meaning that the integral∫

Ωn
f(Xn)dPn is with respect to the probability measure Pn on Bn. Nevertheless, thanks

to (5.18) and (5.20) we can always refer to and compute this quantities using the induced
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distributions Pn defined on (S,S). Hence, the spaces (Ωn,Bn,Pn) don’t play any role
and we are allowed to omit their specification. Hence, since we make no specific mention
to the structure of these probability spaces, we can suppress some notation and write
P(Xn ∈ A) for Pn(Xn ∈ A) and E[f(Xn)] for En[f(Xn)], unless we need to specify the
actual spaces.

In subsection 5.1.2 we established equivalence between weak convergence Pn
w−→ P

in a metric space (S, d) and convergence in the Prohorov space (P(S), π). Now, if we
think the weakly converging measures P, (Pn)n∈N to be the laws of random elements
X, (Xn)n∈N, we can state that we have convergence in distribution Xn

d−→ X. The
following Theorem says something more. We write d

= to indicate that two objects have
the same distribution.

Theorem 5.2.1. [Skorokhod representation theorem] Suppose that Xn
d−→ X in a sepa-

rable metric space S. Then there exist other random elements (X̃n)n∈N, X̃ defined on a
common probability space (Ω,F ,P) and with values in S, such that

X̃
d
= X, X̃n

d
= Xn for n ∈ N (5.22)

and
P
(

lim
n→∞

X̃n = X̃
)

= 1. (5.23)

Hence from a sequence of weak converging laws in a metric space we are able to build
a sequence of random elements, with the same laws, that converges almost surely to
the same limit. Note that w can also prove sure convergence rather than merely almost
sure convergence. It is not surprising that this is possible, since changing the value of
all the Xn on a set with measure zero does not affect the conditions for convergence in
distribution.

5.3 Compactness Approach

We have seen how to prove weak convergence using mappings between spaces. We want
now to proceed and investigate other techniques that help us to show weak convergence.
The notion of relative compactness turns out to be essential.

Definition 8. A family Π of probability measures on (S,S) is relatively compact if every
sequence of elements of Π contains a weakly convergent subsequence.

Thus, if Π is relatively compact, then every sequence (Pn)n∈N has a subsequence
(P ′n)n∈N weakly convergent to some limit Q. Note that Q is a probability measure on
S but not necessarily an element of Π. Before moving on, we want to highlight the
importance of relatively compactness. Suppose that we have a sequence of probability
measure (Pn)n∈N on the space C of continuous functions such that their finite-dimensional
distributions converge weakly to those of P . We know that this condition is not sufficient
to imply weak convergence of the sequence itself, since the finite-dimensional distributions
on C are a determining class, but not a convergence determining class. Assume also that
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the sequence (Pn)n∈N is relatively compact. We want to show that, under this additional
assumption, the actual sequence (Pn)n∈N converge weakly to P .

Starting from the definition, we have that every subsequence (P ′n)n∈N has a further
subsequence (P ′′n )n∈N converging weakly to some limit Q. Since P ′′n

w−→ Q, then also the
finite-dimensional distributions of P ′′n converge weakly to those of Q. Then, the finite-
dimensional distributions of Q must coincide to those of P , since we know that the finite-
dimensional distributions of Pn converge weakly to those of P , and any weakly convergent
subsequence (P ′′n )n∈N must converge to the same weak limit of the original sequence
(Pn)n∈N. Using the fact that a probability measure on C is completely determined by
its finite-dimensional distributions, we conclude that we must have P ≡ Q. Hence, we
showed that any subsequence (P ′n)n∈N contains a further subsequence (P ′′n )n∈N that is
weakly convergent to P . It follows from Proposition 5.1.3 that Pn

w−→ P .
This idea is a powerful technique to prove weak convergence in C and other functional
spaces. As first we have to prove that the finite-dimensional distributions converge weakly
to some limit and we have to identify the limit. Next we have to prove that the sequence
(Pn)n∈N is relatively compact. Note that we only require the sequence (Pn)n∈N to be
relatively compact and, for any k ∈ N and any (t1, ..., tk), we ask Pn ◦π−1

t1,..,tk
to converge

weakly to some probability measure µt1,..,tk on (Rk,B(Rk)). We are not assuming a
priori that µt1,..,tk are the finite-dimensional distributions of a probability measure P .
However, it still follows that each subsequence (P ′n)n∈N has a further subsequence (P ′′n )n∈N
that converges weakly to some limit. The limit is unique, since every limit must have
µt1,..,tk as its finite-dimensional distributions, and the finite-dimensional distributions
completely characterize a probability measure. Hence, using this procedure to prove
weak convergence of the sequence (Pn)n∈N, we obtain as a byproduct the limit P to
which it converges.
To use this method we need an effective criterion for relative compactness. The notion
of tightness plays a central role.

Definition 9. A family of probability measure Π on the metric space (S,S) is said to
be tight if, for every ε > 0, there exists a compact set K such that P(K) > 1 − ε for
every P ∈ Π.

Note that if the class Π consists of single measure P, this definition reduces to Defi-
nition 4. The following theorem, due to Prohorov, will relate tightness to relative com-
pactness for a family Π of probability measures.

Theorem 5.3.1 (Prohorov). Let Π be a family of probability measures on the metric
space (S,S).

• If Π is tight, then it is relatively compact.

• Assume S to be separable and complete. If Π is relatively compact, then it is tight.

Hence, provided the space S to be separable and complete, tightness is a sufficient
condition to show relative compactness. We do not treat here any criteria to show
tightness, but the reader can find reference for example in [Whi02, sec 11.6].
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5.3.1 Compactness approach in C
We already introduced the compactness approach for probability measure on a metric
space. In this section we want to analyze the specific case of the space C of continuous
functions on R. In the thesis we deal with the space D, functions whose trajectories are
càdlàg . The techniques we need are adjustments from the same techniques one uses in C,
hence this section should be regarded as a guided commented example, where the ideas
already introduced are carried out using the same stochastic process notation we will use
for D. In particular, we want to describe the standard approach to establish stochastic
process limits based on compactness.

Let’s start from some consideration on the space C([0, 1)) of the real-valued continuous
functions defined on the unit interval. This serves as a motivation, and the considerations
done here can be extended to more general domains-codomains. As first we want to
introduce the modulus of continuity, for a generic function x ∈ C([0, 1)). There are
different notations in literature, and here we basically refer to a simplified version, the
least we need in order to make some consideration on the nature of D.

For any given function x ∈ C([0, 1]) and any δ > 0, we define the modulus of continuity
w as follows

w(x, δ) := sup
|t−s|<δ

|x(t)− x(s)| (5.24)

A necessary and sufficient condition for x to be uniformly continuous over [0, 1] is

lim
δ→0

w(x, δ) = 0 (5.25)

The latter condition is satisfied by every x ∈ C([0, 1)). The Ascoli-Arzelá theorem uses
the modulus of continuity w to completely characterize relative compactness in C([0, 1)).

Theorem 5.3.2. (Ascoli-Arzelá in C) The set A ⊂ C([0, 1]) is relatively compact with
respect to the uniform topology if and only if the two following conditions are satisfied:

sup
x∈A
|x(0)| ≤ ∞ (5.26)

lim
δ→0

sup
x∈A

w(x, δ) = 0 (5.27)

From this theorem it is possible to establish conditions to determine tightness for a
sequence of probability measures on C.
Proposition 5.3.1. The sequence (Pn)n∈N of probability measures on C is tight if and
only if the following two conditions hols:

1. For each positive ε and η, the exists M and n̄ such that

Pn(x : |x(0)| > M) ≤ η, ∀n ≥ n̄ (5.28)

2. For each positive ε and η, the exists δ ∈ (0, 1) and n̄ such that

Pn(x : w(x, δ) ≥ ε) ≤ η, ∀n ≥ n̄ (5.29)

Finally, note the relation between the uniform norm (6.3) and the modulus of conti-
nuity defined in (5.24).
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5.4 Weak convergence and mappings

In the previous sections we gave definitions and characterizations of weak convergence.
However, they are difficult to use directly in order to effectively prove weak convergence
of a sequence. In various cases, we will use some strategies that allow us to ensure weak
convergence without showing it directly. The continuous-mapping approach exploits
previously established weak convergence and the continuous-mapping theorem to obtain
weak convergence of new quantities of interest. Alternative approaches are the already
mentioned compactness approach and various stochastic approaches which exploit special
structures, such as Markov and martingale structure, which we do not mention in this
thesis. Let h be a mapping between two metric spaces

h : (S,S) 7→ (S′,S ′) (5.30)

Suppose that, on the space (S,S) the sequence of probability measure (Pn)n∈N converges
weakly to the probability measure P . We know that the mapping h induces the distri-
butions (Pn ◦ h−1)n∈N and P ◦ h−1 on the space (S′,S ′). We would like to state that
Pn ◦ h−1 w−→ P ◦ h−1. However this is not verified in general, unless the mapping h satis-
fies certain constraints. For example everything works fine if h is continuous. In facts, a
necessary and sufficient condition to show weak convergence is that∫

S′
f(y)Pn ◦ h−1(dy)→

∫
S′
f(y)P ◦ h−1(dy) ∀f ∈ Cb(S′) (5.31)

Note that the previous equation, upon a change of variables, is equivalent to∫
S
f ◦ h(x)Pn(dx)→

∫
S
f ◦ h(x)P (dx) ∀f ∈ Cb(S) (5.32)

and this is true since Pn
w−→ P and f ◦ h ∈ Cb(S). As an example, take h to be the

projection πt1,..,tk from C([0, 1]) to Rk al ready defined in (6.24) for any choice of k ∈ N
and {t1, ..., tk} ∈ [0, 1]k. The function is continuous, hence weak convergence Pn

w−→ P
implies weak convergence of the finite-dimensional distributions Pn◦π−1

t1,..,tk

w−→ P ◦π−1
t1,..,tk

.
Recall that the converse fails because, as shown by counterexample, the class on finite-
dimensional set is not convergence determining. Of course we can state the same result
also in the language of convergence in distribution

Theorem 5.4.1. (continuous mapping theorem) If Xn
d−→ X in (S,S) and h : (S,S) 7→

(S′,S ′) is continuous, then

h(Xn)
d−→ h(X) in (S′,S ′) (5.33)

It’s possible to weaken the continuity assumption, provided that the discontinuities
are under control. Let h : (S,S) 7→ (S′,S ′) be a measurable function. We do not
require continuity for h, and we call Disc[h] the set of its discontinuities. Suppose we
have sequence (Pn)n∈N, P of probability measures on (S,S) converging weakly to P .
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We would like to know under which conditions on h, convergence Pn
w−→ P imply weak

convergence of Pn ◦h−1 w−→ P ◦h−1. It turns out that it suffices h to have discontinuities
occurring on a set of P -measure 0. The power of this result is immediately clear when
stated with the language of convergence in distribution.

Theorem 5.4.2. Let (Xn)n∈N, X be random elements taking values in S, and suppose
that Xn

d−→ X. Let the function h : (S,S) 7→ (S′,S ′) be measurable, and denote by Disc[h]

the set of its discontinuity points. If P (X ∈ Disc[h]) = 0, then h(Xn)
d−→ h(X).

Hence, if we have a sequence of random elements (Yn)n∈N obtained applying a mea-
surable transformations h to another converging sequence (Xn)n∈N, then proving con-
vergence in distribution of Yn = h(Xn) simply reduce to check whether h satisfies the
discontinuity condition of the previous theorem. In particular, Theorem 5.4.2 extends
the continuous mapping theorem to settings where we dispose of measurable functions
that are only continuous almost everywhere.
To conclude, we give another version the the continuous mapping theorem, extending the
result to the situation where we have a sequence of such measurable functions converging
to a limit function and we ask the conditions under which hn(Xn)

d−→ h(X). We claim
that it suffices to have hn(xn)→ h(x) whenever xntox for a subset E ⊆ S of limit points
such that P (X ∈ E) = 1.

Theorem 5.4.3. [generalized continuous-mapping theorem] Let h and (hn)n∈N be mea-
surable functions mapping the separable metric space (S,S) into the metric space (S′,S ′).
Let E be the set of x ∈ S such that hn(xn)→ h(x) fails for some sequence (xn)n∈N with
xn → x. If Xn

d−→ X and P(X ∈ E) = 0, then hn(Xn)
d−→ h(X).

Proof. Note that, if gn ≡ g for all n, then E = Disc[h], so that Theorem 5.4.3 contains
both Theorems 5.4.1 and 5.4.2 as special cases.

This generalization is an application of the Skorokhod representation Theorem 5.2.1.
Starting with the convergence in distribution Xn

d−→ X, we use Skorokhod representation
theorem to obtain the copies (X̃n)n∈N and X̃ with the same distribution of (Xn)n∈N and
such that X and X̃n → X̃ almost surely. We have that P(X̃ ∈ E) = 0, since X̃ d

= X
and P(X ∈ E) = 0. It follows that also hn(X̃n) → h(X̃) almost surely. It is well know
that almost sure convergence implies convergence in distribution, hence hn(X̃n)

d−→ h(X̃).
Finally, observe that hn(X̃n)

d
= hn(Xn) for all n ∈ N, and analogously h(X̃)

d
= h(X).

Thus, the desired convergence in distribution is proven.

5.5 Characteristic functions

Suppose now we have a probability P defined on the space (Rk,B(Rk)). Its characteristic
function p is defined as follows

p(t) = E
[
eit·x

]
=

∫
Rk
eit·xP(dx) t ∈ Rk. (5.34)
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The characteristic function of a probability measure is a really important quantity, since
it defines the measure. We have the following result:

Theorem 5.5.1. Let P,Q be two probability measures on (Rk,B(Rk), and let p, q be the
respective characteristic functions. If p(t) = q(t) for all t ∈ Rk, then P ≡ Q.

Note that the function f(x) = eit·x ∈ Cb(Rk). Hence the previous theorem refines
Theorem 5.1.1, that asserts that a probability measure P is determined by the values
of
∫
fdP for f ∈ Cb(S). Characteristic functions are also useful to deal with weak

convergence. Suppose that (Pn)n∈N and P are probability measures on (Rk,B(Rk)) with
characteristic functions (pn)n∈N and p. The following theorem states that convergence of
the characteristic functions is equivalent to weak convergence of the probability measure.

Theorem 5.5.2. The sequence of probability measures (Pn)n∈N converges weakly to P if
and only if, for every t ∈ Rk the sequence (pn(t))n∈N converge pointwise to p(t).

Of course necessity follows from the fact that f(x) = eit·x ∈ Cb(Rk). We want
to convince the reader that convergence of pn(t) → p(t) for all t is indeed sufficient
to prove Pn

w−→ P . Suppose for a moment that the sequence (Pn)n∈N is tight. Let
g(t) := limn→∞ pn(t). Prohorov Theorem says that if (Pn)n∈N is tight, then it is rela-
tively compact. It means that every subsequence (P ′n)n∈N contains a further subsequence
(P ′′n )n∈N weakly convergent to some limit, whose characteristic function must be the limit
limn→∞ pn(t) = g(t). This limit is unique, and Theorem 5.5.1 allows us to identify the
probability measure P has the only one that has g for characteristic function. This argu-
ment is really similar to the one we used to show that a sequence of probability measure
in C converges weakly if and only if it is tight and the finite-dimensional distributions
converge weakly. However, the theorem above do not require tightness for the sequence
(Pn)n∈N. It is possible to show that continuity of the limit function g(t) = limn→∞ pn(t)
at t = 0 is a sufficient condition to obtain tightness for the family (Pn)n∈N. Finally, note
that any characteristic function g of a probability measure P is continuous by construc-
tion.

To conclude this section we want to highlight analogies and differences between finite-
dimensional distributions on (C,B(C)) and characteristic functions on (Rk,B(Rk)). Note
that they are difficult type of objects, but they play a similar role when speaking about
weak convergence. Let (Pn)n∈N and P be probability measures defined on (Rk,B(Rk)),
and let (pn)n∈N and p be the respective characteristic functions. We know that the
characteristic function p completely determine the probability measure P , and the same
holds for pn. Let (Pn)n∈N and P be probability measures on the space (C,B(C)), and,
for any choice of k ∈ N and t1, ..., tk positive real numbers, let (Pn ◦ π−1

t1,..,tk
)n∈N and

P ◦ π−1
t1,..,tk

be the respective finite-dimensional distributions. Analogously to what seen
for the characteristic functions, the finite-dimensional distributions P◦π−1

t1,..,tk
completely

determine the measure P. We saw through a counterexample that weak convergence
of finite-dimensional distribution does not necessarily imply weak convergence of the se-
quence of probability measures (Pn)n∈N. However, if (Pn)n∈N is tight and (Pn◦π−1

t1,..,tk
)n∈N

weakly converges to some µt1,..,tk , then also (Pn)n∈N converges weakly to some P. The
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same kind of results hold for characteristic functions. In facts, if (pn(t))n∈N converges
weakly to some g(t) for each t and if (Pn)n∈N is tight, then (Pn)n∈N converges weakly
to some P , but the previous statement fails without tightness. However, tightness is
ensured whenever g(t) := limn→∞ pn(t) is continuous at t = 0. If we assume now that
g(t) = p(t) is the characteristic function of P , then we can state that pointwise conver-
gence limn→∞ pn(t) = p(t) for all t implies weak convergence Pn

w−→ P . On the other
hand, assuming that, for any k ∈ N and any t1, ..., tk, µt1,..,tk = P ◦ π−1

t1,..,tk
are the finite-

dimensional distributions of P, we have that weak convergence of the finite-dimensional
distributions Pn ◦ π−1

t1,..,tk

w−→ P ◦ π−1
t1,..,tk

, together with tightness of (Pn)n∈N, implies weak
convergence of the probability measures Pn

w−→ P.



Chapter 6

The càdlàg space D

The Brownian motion (see Definition 16 below) is a well known process worth for many
applications in different fields, spanning from finance to evolutionary biology, from molec-
ular diffusion to current flow. Due to its independent gaussian increments, it suits a
variety of different problems, accommodating the need to model uncertainty with rela-
tively easy computations. There are a vast class of processes that can be obtained as
modification of an underlying Brownian motion. However, many other processes do not
belong to this class. It is the case, for example, of counting processes, like the Poisson
process (see Section 8.1.1). The space C is unsuitable for the description of processes
containing jumps. In this chapter we want to describe the natural space where processes
with jumps live, and we want to study weak convergence in this space that contains
certain discontinuous functions.
We now focus on the underlying function space of possible sample paths for the stochas-
tic processes we want to study. We deal with stochastic processes with discontinuous
trajectories, but not too irregular, allowing only discontinuities of the first kind, usually
called jumps.

We consider the space D of all right-continuous Rd-valued functions with left limits,
defined on a sub interval of the real line. To be precise, we will denote by D(I,Rd)
the spaces of Rd-valued functions defined on a subinterval I ⊆ R such that, for every
f ∈ D(I,Rd) we have

lim
x→x+0

f(x) = f(x0) ∀x0 ∈ I (6.1)

lim
x→x−0

f(x) = f(x−0 ) <∞ ∀x0 ∈ I (6.2)

Usually the domain I is the unit interval [0, 1], or the open/closed interval from 0 to T , or
the positive semiaxis [0,∞). When d = 1 we will usually drop the codomain, shortening
D(I,R) by D(I). Finally, we will use the simple notation D when the domain is clear
from the context, or when doing general considerations holding for any interval domain
I ⊆ R. With very little change, the theory can be extended to functions taking values in
metric spaces other than Rd. The space D is also known as the space of càdlàg functions,

79



80 CHAPTER 6. THE CÀDLÀG SPACE D

an acronym for the French continue à droite, limitée à gauche. The space D includes
all continuous functions and the discontinuous functions with jump-discontinuity. Hence
functions in D are bounded in any compact set K ⊆ I. If f ∈ D, we denote by f(x) the
value of f at point x. Note that the domain I ⊆ R represents the time of our process,
hence we often use letters s, t to indicate time points, while we reserve letters x, y for
elements of D. We denote by x(t−) the left hand limit at time t, and by ∆x(t) the vales
of the jump x(t)− x(t−).
We also use the abbreviations D+ ≡ D(R+) and D ≡ D(R). Lastly, we denote by D0

and D+
0 the subspaces of nondecreasing functions of D and D+, respectively.

6.1 Definitions

We start by considering the space D([0, 1]), i.e. by assuming that the domain is the unit
interval [0, 1] and the range is R. In Section 6.4 we will see how to adapt the results for
a generic interval I rather then [0, 1], and for codomain Rd with d > 1.
The reference metric is the uniform metric || · ||, defined in terms of the uniform norm

||x|| := sup
t∈[0,1]

|x(t)|. (6.3)

On the subspace C the uniform metric works well, but it does not on D. Using the
uniform metric, a necessary condition for two functions to be close is that corresponding
jumps occur exactly at the same times. We want to relax this requirement, allowing
corresponding jumps to occur at close points. Appropriate topologies were introduced
by Skorokhod in [Sko56]. The general idea is to define a new metric that consider two
functions close if they are uniformly close over [0, 1] after allowing small perturbations of
time. This is the basic intuition undergoing the J1-Skorokhod topology on D([0, 1]). It
brings enormous advantages, but it does not tackle all the problems. That’s why one need
to endow the space D with one of the four topologies introduced by Skorokhod . We will
define all of them, and explicit the relation between them. It turns out that some of them
are comparable, being stronger or weaker if they contain or they are contained in another
Skorokhod topology, but a general classification fails. Moreover, we will introduce a fifth
topology, a primer up the the writer’s knowledge, that is needed to prove one of our
results.

We want now to equip the space D with a topology, such that: the space is Polish (so
we can apply classical limit theorems on Polish spaces); the Borel σ-algebra is exactly
the σ-algebra generated by all evaluation maps of functions in D (because the "law" of
a process is precisely a measure on this σ-algebra).

We would like to repeat the considerations done for the space C. However, any
function in D \ C does not satisfies condition (5.25) if we take as modulus of continuity
the one defined in (5.24). Hence we need to modify the definition for càdlàg functions.
For any x ∈ D([0, 1]) and any δ > 0 we define

w′(x, δ) := inf
t1,..,tr

{
max
i≤r

w(x, [ti−1, ti)) : inf
i≤r
|ti − ti−1| ≥ δ

}
(6.4)



6.1. DEFINITIONS 81

where w(x, I) = sup
s,t∈I
|x(t)− x(s)| and the points are such that 0 = t0 < · · · < tr = 1.

The following Lemma gives the corresponding uniformity idea of (5.25) for càdlàg func-
tions.

Lemma 6.1.1. For any x ∈ D([0, 1]) and any ε > 0, there exist points t0, .., tr such that

0 = t0 < t1 < · · · < tr = 1 (6.5)
w(x, [ti−1, ti)) < ε ∀i = 1, ..., r (6.6)

The proof contains no bright ideas. However, we decided to include it here, since
it suggests that the extreme points {0, 1} of the domain do not play any specific role.
Hence the theorem can be adapted to a generic interval and, passing to the limit, to
unbounded intervals. Therefore, we will make use of this results even when dealing with
other domains than the unit interval.

Proof. Let t̄ be the supremum of those t ∈ [0, 1] for which we can decompose the interval
[0, t̄) into finitely many subintervals [ti−1, ti) satisfying (6.6). We want to show that t̄
must be equal to 1 (or, in general, to the right extreme point). In facts, it must be
t̄ > 0 since any function x ∈ D([0, 1]) is continuous from the right at 0. Since x(t̄−)
exists, also [0, t̄) can be decomposed. Suppose t̄ < 1. Since x ∈ D([0, 1]), we would have
x(t̄) = x(t̄+), and hence there would exists η > 0 such that w(x, [t̄, t̄ + η)) < ε. But
this would be in contrast with our hypothesis that t̄ is the supremum, hence it must be
t̄ = 1.

This Lemma is important not only to guarantee the existence of a set of points
{t0, ..., tr}, but also for a sequence of consequences that will help us to better understand
the natura of D. It follows that there can be at most finitely many points ti at which the
jump |x(ti)− x(t−i )| exceeds a given positive number; therefore, any x ∈ D has at most
countably many discontinuities. Moreover, it follows that x is bounded and it can be
uniformly approximated by simple functions constant over intervals, so that it is Borel
measurable.

Consider our modulus w′(x, δ) defined in (6.4). Similarly to (5.25) we can state, by
Lemma 6.1.1, that, for every x ∈ D,

lim
δ→0

w′(x, δ) = 0. (6.7)

Note that the definition of w′(x, δ) makes sense even if x does not lie in D. Just as
(5.25) is necessary and sufficient for an arbitrary function x on [0, 1] to lie in C, (6.7) is
necessary and sufficient for x to lie in D. We want to compare w(x, δ) with w′(x, δ). The
first, obvious relation is

w′(x, δ) < w(x, 2δ) (6.8)

since [0, 1) can be split into subintervals [ti−1, ti) satisfying δ < ti−ti−1 < 2δ. There is no
general inequality in the opposite direction since, for any x ∈ D\C, we have that w(x, δ)
does not go to 0 for δ → 0, whereas w′(x, δ) do. However, even if x ∈ D, the supremum
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supt∈(0,1] |x(t)− x(t−)| is achieved because only finitely many jumps can exceed a given
positive number. Hence we have

w(x, δ) ≤ 2w′(x, δ) + sup
t∈(0,1]

|x(t)− x(t−)| (6.9)

We don’t focus on the proof of the previous equation, but simply observe that, when
x ∈ C, the relation above reduce to

w(x, δ) ≤ 2w′(x, δ) if x ∈ C. (6.10)

Hence, the moduli w(x, δ) and w′(x, δ) are essentially the same for continuous functions
x. The crucial role played by w′ is to characterize compact subsets of D, and we can
derive an analogous of Theorem 5.3.2 for the space D, as we will see with Theorem 6.3.1.

6.2 The J1-Skorokhod topology

We are now ready to introduce a primer topology on the space D. Note that the uniform
topology can be selected also for the space D, but it brings many problems naturally
connected with its nature. When functions have discontinuities, we do not want to insist
that corresponding jumps occur exactly at the same times in order for the functions to
be close. But this is inevitable when dealing with the uniform topology. Two functions
x and y are near one another with respect to the uniform topology if the graph of z can
be carried onto the graph of y by a uniformly small perturbation of the ordinates, with
the abscissas kept fixed. We want now to allow also a uniformly small deformation of
the time scale. Pausing for a moment from this abstract mathematical derivation, the
physical interpretation and motivation reflects the recognition that we cannot measure
time with perfect accuracy any more than we can position.

Let Λ denote the class of continuous, strictly increasing mappings from [0, 1] into
itself. Note that this implies that every mapping in this class keeps fixed the extreme
points 0 and 1. Moreover, if λ ∈ Λ, then also λ−1 ∈ Λ, hence Λ can also be thought as
the class of homeomorphism in [0, 1]. To be precise we should denote Λ by Λ[0,1] and in
general adopt the notation ΛI . However, we assume that the domain is clear from the
context, hence we always drop the subscript of the interval in the following.
We will refer to a function λ ∈ Λ as a change of time, as it can be see as an accelera-
tion/slow down of the usual time scale. Note that every change of time λ is continuous
and increasing, starting at the origin and such that λ(1) = 1. Let id be the identity
map, in this case on [0, 1], i.e. id(t) = t for t ∈ [0, 1]. Then, the standard J1 metric on
D = D([0, 1],R) is given by the following definition.

Definition 10. For any x, y ∈ D([0, 1]), we denote

dJ1,[0,1](x, y) := inf
λ∈Λ[0,1]

max

{
sup
t∈[0,1]

|x ◦ λ(t)− y(t)| , sup
t∈[0,1]

|λ(t)− t|
}
, (6.11)

This defines a distance on D([0, 1]), which we refer to as the J1 or J1([0, 1]) distance.
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Note the dJ1 is actually a metric. To see that it’s finite just consider λ = id. Then,
it’s clearly positive by definition of || · ||-norm. If dJ1(x, y) = 0 then we must have that
||λ − id|| = 0 and ||x ◦ λ − y|| = 0. This means that it must happens that, for every
t ∈ [0, 1], x(t) = y(t) or x(t) = y(t−), which in turns lead to the conclusion that x = y.
The other direction is straightforward. Observe that

sup
t∈[0,1]

|λt− t| = sup
t∈[0,1]

|t− λ−1t| (6.12)

sup
t∈[0,1]

|x(λt)− y(t)| = sup
t∈[0,1]

|x(t)− y(λ−1t)| (6.13)

hence symmetry follows easily. We showed above that the inverse of any function in the
class Λ still belong to Λ. The same holds for the composition of any λ1.λ2 ∈ Λ. The
triangular inequality follows from

||λ1λ2 − id|| ≤ ||λ1λ2 − λ2||+ ||λ2 − id|| = ||λ1 − id||+ ||λ2 − id|| (6.14)
||x ◦ λ1λ2 − y|| ≤ ||x ◦ λ1λ2 − z ◦ λ2||+ ||z ◦ λ2 − y|| = ||x ◦ λ1 − z||+ ||z ◦ λ2 − y||

(6.15)

This metric dJ1 defines the J1-Skorokhod topology, which renders D a Polish space.

6.2.1 Characterization of J1 Convergence

This metric induces a topology and a notion of limit in D([0, 1]). The following propo-
sition characterize the mood of convergence for elements xn of D to a limit x in the
J1-Skorokhod topology.

Proposition 6.2.1. A sequence (xn)n∈N of elements of D converges to x ∈ D w.r.t. the
J1-Skorokhod topology, and we write

fn → f in (D([0, 1]), J1), (6.16)

as n → ∞, if and only if there exists a sequence (λn)n∈N ⊂ Λ of increasing homeomor-
phisms such that

lim
n→∞

sup
t∈[0,1]

|xn ◦ λn(t)− x(t)| = 0, (6.17)

lim
n→∞

sup
t∈[0,1]

|λn(t)− t| = 0. (6.18)

Note that J1-Skorokhod convergence of the proposition above implies that xn(t) →
x(t) holds for continuity points t of x and hence for all but countably many t. We can say
more. The J1-Skorokhod topology restricted to the space C coincides with the uniform
topology there. In facts we have that

|xn(t)− x(t)| ≤ |xn(t)− x(λnt)|+ |x(λnt)− x(t)| (6.19)

thus it follows that, if x is uniformly continuous on all t ∈ [0, 1], the J1-Skorokhod
convergence implies uniform convergence.
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Proposition 6.2.2. The J1-Skorokhod topology is weaker than the (local) uniform topol-
ogy. Moreover, if x is a continuous function, a sequence (xn)n∈N converges to x with
respect to the J1-Skorokhod topology if and only if it converges to x (locally) uniformly.

The local uniform topology coincides with the uniform topology in any bounded do-
main. We are dealing with functions defined in [0, 1], hence the adjective local may appear
redundant. However, every consideration made here can be extended to unbounded do-
main, as we will see later on, and that’s why we explicitly include the local information
at this point.
Note that uniform convergence in D implies that there exists a number n̄ such that the
discontinuity points of fn coincide with the discontinuity points of f for every n > n̄. This
requirement is hard to satisfy. However, the J1-Skorokhod topology relax this constraint,
allowing the jumps in a limit function to be unmatched in the converging functions.
Remark 3. It is a known and easy-to-prove fact that, if I0 ⊆ [0, 1] is an interval at positive
distance from the discontinuities of f , and fn → f in (D([0, 1]), J1), then supt∈I0 |fn(t)−
f(t)| → 0.

6.3 Some properties

6.3.1 Completeness of (D, J1)

The space D is not complete under the metric dJ1 defined in (6.11). This is more a tech-
nical issue. The space D is Polish under the J1-Skorokhod topology, hence there exists
another metric d?J1 , equivalent to dJ1 , under which the space D is complete. Equivalence
between the two metrics means that they both generates the same topology. The addi-
tional idea of d?J1 is to require not only the homeomorphism λ to be close to the identity
as in (6.12), but also the slope of λ to be close to 1, thus avoiding any growth close to
the coordinate directions. We define

||λ||? = sup
s<t

∥∥∥∥log
λt− λs
t− s

∥∥∥∥ . (6.20)

If ||λ||? is bounded, we have that the actual slope of λ is bounded away from 0 and +∞.
If λ is such that λ(0) = 0, λ(1) = 1, and ||λ||? is finite, then the slope of the chords of
λ are bounded away from 0 and infinity and therefore it is both continuous and strictly
increasing and hence is a member of Λ. The converse is not true, however, since there
exists functions in Λ that do not satisfy boundedness of (6.20). We want to define the
equivalent metric d?J1 by replacing the quantity in (6.12) with ||λ||?. In other words

d?J1(x, y) = inf
λ∈λ
{||x ◦ λ− y|| ∨ ||λ||?} . (6.21)

We showed that the metric dJ1 is incomplete, but, since the topology is topologically
complete, there exists a topologically equivalent metric d?J1 that is complete. Complete-
ness facilitates characterizing the compact sets. From now on, we drop the superscript
? in the notation. We are interested in topology, hence the use of the metric (6.11) or
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(6.21) is interchangeable since they are topologically equivalent. We simply write dJ1
and assume that the space is complete.
Hence there is equivalence between the fact that dJ1(xn, x) → 0 and the existence of a
sequence (λn)n∈N ⊂ Λ such that ||λn||? is bounded for every n and ||xn ◦ λn − x|| → 0.

The space (D, J1) is separable with respect to the J1-Skorokhod topology; for example
the set consisting of the piecewise constant, rational valued, functions with only finitely
many discontinuities, all at rational time points of the domain, is countable and dense.
Thus the space (D, J1) is Polish.

6.3.2 Compactness in D
The following theorem helps us to characterize relative compactness in D.
Theorem 6.3.1. (Ascoli-Arzelá in D) The set A ⊂ D([0, 1]) is relatively compact for
the J1-Skorokhod topology if and only if the two following conditions are satisfied:

sup
x∈A

sup
t
|x(t)| ≤ ∞ (6.22)

lim
δ→0

sup
x∈A

w′(x, δ) = 0 (6.23)

The important part of the theorem is the sufficiency of the two condition to have
relative compactness, an essential requirement when dealing with weak convergence.

6.3.3 Finite-dimensional sets

Finite-dimensional sets play in D the same role they do in C. Recall that we want to
use convergence of the finite-dimensional sets to determine convergence of the entire
path. When dealing with processes, we wish to use convergence of finite-dimensional
distribution as a key ingredient for proving convergence of processes. For the moment,
we stick on finite-dimensional sets without involving any stochasticity.
For k ∈ N, and 0 ≤ t1 ≤ · · · ≤ tk ≤ 1, we can define the natural projection as usual:

πt1,..,tk : D 7→ Rk (6.24)
πt1,..,tk(x) = (x(t1), ..., x(tk))

The finite-dimensional sets are defined as sets of the form π−1
t1,..,tk

H, for H ⊂ Rk.
We want to analyze measurability and continuity of the projection (6.24). We can

reduce to a single time point t, since a mapping into Rk is measurable if each component
of the mapping is measurable. Similarly we investigate continuity.
As first, notice that π0 and π1 are continuous. If facts, every y ∈ D is ε-close to x ∈ D with
respect to the J1-Skorokhod topology if and only if the exists λ ∈ Λ such that ||λ||? < ε
and ||x◦λ−y|| < ε. But every λ ∈ Λ fixes 0 and 1, hence |π0(x)−π0(y)| = |x(0)−y(0)| < ε
and the same holds for π1.
Consider now a time point t ∈ (0, 1). If points xn converge to x in the J1-Skorokhod
topology and x is continuous at t, then xn(t) → x(t), as shown in (6.19). Suppose now
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that x is discontinuous at t. Consider the situation in which xn ≡ x ◦ λn, where λn is
the element of Λ that carries t to t− 1/n and is linear on [0, t) and (t, 1]. Then we have
convergence of xn to x with respect to the J1-Skorokhod topology, but xn(t) 9 x(t).
Therefore, we can conclude that πt is continuous at x if and only if x is continuous at t.

As for measurability, we consider for any fixed t the function hε(x) = ε−1
∫ t+ε
t x(s)ds.

We have that hε is continuous in the J1-Skorokhod topology, since limn hε(xn) = hε(x)
whenever xn → x with respect to the J1-Skorokhod topology. In facts, every function
in D is bounded, and xn(s) → x(s) for continuity points of x and hence for points s
outside a set o Lebesgue measure 0. Now, since x is right continuous we have that
hm−1(x)→ x(t) = πt(x) for each x as m→∞. Therefore each πt is measurable.
We can say more on the finite-dimensional sets.

Proposition 6.3.1. Suppose that T ⊂ [0, 1] is a dense subset of time points containing
1. Let σ[πt : t ∈ T ] be the σ-algebra generated by real functions πt for t ∈ T ; and let
p[πt : t ∈ T ] be the class of sets π−1

t1,..,tk
H, where k is arbitrary, ti ∈ T , H ⊂ Rk.

Then σ[πt : t ∈ T ] = D and p[πt : t ∈ T ] is a separating class.

6.3.4 Convergence of the sum

Note that linear combinations ax + by of function x, y in D are again càdlàg , hence D
is a vector space. However, D is not a topological vector space (and thus not a Banach
space) because those structures require addition to be continuous.
Indeed we may have that xn → x and yn → y with respect to the J1-Skorokhod topology,
and yet xn + yn not converging to x+ y with respect to the same topology.

In applications of the continuous-mapping approach to establish stochastic-process
limits, we will often want to add or subtract two functions. Thus it is very important
that addition can be made to preserve convergence. It turns out that addition on D×D
is measurable and it is continuous at limits in a large subset of D ×D.

We need to require something. For example continuity of y is sufficient to guarantee
convergence of the sum. However, this is usually a strong requirement, and we usually
deal with proper discontinuous trajectories. The next proposition ensures convergence
of the sum, conditional of the existence of a common time sequence for convergence.

Proposition 6.3.2. Let xn → x and yn → y with respect to the J1-Skorokhod topology.
Assume that for each t > 0 there exists a sequence (tn)n∈N converging to t, such that
∆xn(tn)→ ∆x(t) and ∆yn(tn)→ ∆y(t). Then xn + yn → x+ y with respect to J1.

Note that if t is a continuity point both for x and for y, i.e. ∆x(t) = 0 and ∆y(t) = 0,
then it suffices to take tn ≡ t for n great enough to obtain the desired sequence (tn)n∈N.
The problem of finding a sequence is engaging when t is a discontinuity point. Suppose
that t is a discontinuity point for x. From the definition of J1-Skorokhod convergence
there must exists a sequence (tn)n∈N so that tn → t and ∆xn(tn) → ∆x(t). If t is a
continuity point for y, then convergence ∆yn(tn) → ∆y(t) holds naturally, otherwise it
is not guaranteed. This fact suggests that the previous Proposition can be reformulated
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in terms of discontinuity points. This is exactly the object of the following Theorem,
which provide an easier to check condition to ensure convergence of the sum.

Theorem 6.3.2. Let x, (xn)n∈N and y, (yn)n∈N be such that xn → x in J1 and yn → y
in J1. If Disc[x]∩Disc[y] = ∅ then xn + yn → x+ y in with respect to the J1-Skorokhod
topology.

We point out that the previous theorem can be extended to theM -Skorokhod topolo-
gies (see Section 6.6). We extended it also to the J2-Skorokhod topology (See Section
6.7). Up to the author’s knowledge, this is the first time that an explicit proof of the
result appears in the literature.

6.4 Extension of D
We want now to modify the space D([0, 1],R) in two ways. Firstly we want to allow the
domain to be any interval I ⊆ R rather than just the uni interval [0, 1]. Secondly we
want to extend the range of the functions from R to Rd for any d ≥ 1. Finally we want
to describe a slight modification of the trajectory that we will adopt in this thesis.

6.4.1 Domain extension

Note that in all our definitions, the unit interval [0, 1] can be replaced by any bounded
interval I with no particular effort.
For example we can take the interval I = [0, t] and everything works exactly the same.
Then, if we consider unbounded intervals like [0,+∞), it is natural to characterize con-
vergence of a sequence (xn)n∈N in D([0,∞)) = D+ through the convergence of the re-
strictions of xn to the subintervals [0, t] in the space D([0, t]).
However, we could encounter some troubles. For example, if we consider the function
x = 1[t,∞) as the limit function of the sequence (xn)n∈N where xn = 1[tn,∞) with
tn = t + 1/n, we would like to state that xn → x in D+. However, for every n ∈ N
the restriction of xn to [0, t] is the zero function, whereas the restriction of x is not.
Nevertheless, the restriction of 1[t+1/n,∞) converges to 1[t,∞) in D([0, s]) for any s 6= t.
Thus, we say that a sequence (xn)n∈N converges to x in D+ if the correspondent restric-
tions to [0, t] converge in D([0, t]) for all t > 0 that are continuity points of x.

Definition 11. If I ⊂ R is a half-line, say I = [a,+∞), and (xn)n∈N, x are functions
of D(I), we say that xn → x in (D(x), J1), for n → ∞, if, for all T > a such that x is
continuous at T ,

xn → x in (D([a, T ]), J1). (6.25)

The analogous definition is given for I = (a,+∞) or I = (−∞, a], etc. If I = R, we say
that fn → f in (D, J1) if, for all T > 0 such that f is continuous at T and −T ,

fn → f in (D([−T, T ]), J1). (6.26)
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The above definition defines a J1 topology on D(I), in all cases where I is a half-line
or the entire R. It is easy to write a metric that generates the J1(I) topology (see [Whi80,
Section 2]).
For example we can define directly a metric d∞ on D([0,∞),R) by

d∞(x, y) :=

∫ ∞
0

e−t
[
d(t)(x, y) ∧ 1

]
dt (6.27)

Remark 4. The definition of limit in (D([a,+∞)), Ji) (i = 1, 2) amounts to checking that
fn → f in (D([a, T ]), Ji), for all T > a such that f is continuous at T , see (6.25). It
is easy to see that this is tantamount to checking that fn → f in (D([a, T )), Ji), for all
T > a such that f is continuous at T . In the remainder (see for example Section 9.3.3)
we will liberally switch between the two conditions, as is more convenient.

6.4.2 Trajectories in Rd

In order to go from dimension 1 to d, the ideas is, as always, to define a metric on the
components and then upscale it to all the dimensions. We have two principal ways to do
it. The first way is to replace the norm | · | on R with a corresponding norm on Rd such
as the maximum norm:

||x|| := max
i∈{1,..,d}

|xi| (6.28)

In this way, we obtained the standard (strong) topology on D([0, 1],Rd). Another pos-
sibility is to use the product topology on Dd, under which we have convergence of a
sequence (xn)n∈N to x if every coordinate variables is converging, i.e. x1

n → xi for all
i ∈ {1, ..., d}. The product topology on Dd is induced by the metric

dp(x, y) :=
d∑
i=1

d(xi, yi) (6.29)

where d is the metric on D, for example d = dJ1 . Since convergence in the strong topology
implies convergence in the product topology, we also call the product topology the weak
topology. As abstract spaces, one may of course identifyD(Rd) with the cartesian product
D(R)d. But as topological spaces, for the Skorokhod topology, the topology of D(Rd) is
strictly finer than the product topology of D(R)d.

6.4.3 Càglàd trajectories

If I is an interval or a half-line intersecting (−∞, 0), or I = R, we consider a less
customary function space: D(I) is the space of all functions x : I −→ R such that
s 7→ x(s) is càdlàg for s ≥ 0 and s 7→ x(−s) is càdlàg for s ≥ 0. In other words, the
restriction of x to I ∩ (−∞, 0] is càglàd). Notice that this implies that x is continuous
at 0.
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Remark 5. Although there are good reasons of convenience for using spaces of functions
that are càdlàg on R+ and càglàd on R− (see Section 9.3), some readers may find this
choice odd and prefer to always work with càdlàg functions, even for domains I inter-
secting (−∞, 0). Clearly, to any x ∈ D(I) as defined earlier there corresponds a unique
càdlàg version

xcadlag(t) := lim
s→t+

x(s). (6.30)

For any bounded I, it is easy to see that dJ1,I(xcadlag, ycadlag) = dJ1,I(x, y).

Remark 6. In this paper the only two cases in which we work with I intersecting (−∞, 0)
are I = [−M,M ] and I = R. In both cases we only deal with functions f such that
x(0) = 0. It is easy to see that, under such additional condition, it is no loss of generality
to require that the homeomorphism λ fixes 0, i.e., λ(0) = 0. This makes it clear that, in
such cases, xn → x in (D([−M,M ]), J1) if and only if both xn → x and xn(−·)→ x(−·)
in (D([0,M ]), J1). Here x(− ·) denotes the function t 7→ x(−t).

6.5 Processes on D
Throughout this thesis we will focus on convergence of processes with càdlàg trajectories.
The starting point is to define random functions on D. If (Ω,F ,P) is a probability space,
a random element of D is a F-measurable function X mapping Ω into D.
Note that Xt(ω) = πt(X(ω)) defines a random variable, that can be interpreted as the
position of the process at time t.
We want to observe the converse relation. We already saw how the projection map (6.24)
generates the finite-dimensional sets of the form π−1

t1,..,tk
H. Given a probability measure P

on D, the finite-dimensional distributions are defined as the pull back measures P ◦π−1
t1,..,tk

.
We have seen in 6.3.3 that the projections are not everywhere continuous on D, hence
weak convergence Pn

w−→ P does not always imply that Pn ◦π−1
t1,..,tk

w−→ P ◦π−1
t1,..,tk

weakly.
We want now to consider R valued càdlàg processes. Let X be such a process, defined

on a triple (Ω,F ,P). Then it may be considered as a random variable taking its values
in the Polish space D, supposedly equipped with the J1-Skorokhod topology.

Let us define

J(X) := {t : P(∆Xt 6= 0) > 0} (6.31)
U(X) := {u > 0 : P(|∆Xt| = u for some t) > 0} (6.32)

It is possible to show that the sets J(X) and U(X) are at most countable.
With no surprise, we can relate the notion of convergence in distribution of stochastic
processes to the weak convergence of their law.

Definition 12. Consider now a sequence (Xn)n∈N of Rd-valued càdlàg processes, each
Xn defined on some space (Ωn,Fn,Pn). We say that Xn converge in distribution to X,
and denote it by

Xn
d−→ X (6.33)
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if the law of Xn converge weakly to the law of X, ad we denote it by

L(Xn)
w−→ L(X), (6.34)

where the law of a stochastic process is the distribution induced on the arrival metric
space by the probability measure on the domain, i.e. L(X) = P ◦X−1.

As for processes with continuous trajectories, there are different approach to prove
convergence in distribution (6.33) of a sequence of processes with trajectories in D. The
continuous mapping approach is applicable also in the space D, and Theorem 5.4.2 applies
also in this case. It reads

Theorem 6.5.1. [Countinuous Mapping] Let (Xn)n∈N, X be stochastic processes with
values in Dd, and suppose that Xn

d−→ X w.r.t. the J1-Skorokhod topology. Let the
function h : (Dd, J1) 7→ (Dk, J1) be measurable, and denote by Disc[h] the set of its
discontinuity points. If P (X ∈ Disc[h]) = 0, then h(Xn)

d−→ h(X).

6.5.1 Compactness approach in D
We wish to relate now convergence in distribution of processes with the convergence of
its finite dimensional distributions. In the space C we showed that weak convergence of
the sequence of processes imply convergence of the finite-dimensional distribution. The
converse holds only if we provide tightness of for the sequence of processes, i.e. if the
sequence of the laws of the processes is tight. We wish to apply the same compactness
approach also in the space D. However, things are a bit different, due to the lack of
continuity of the trajectories.

Proposition 6.5.1. If Xn
d−→ X, then we have convergence of the finite-dimensional

distributions only ad continuity points, i.e. for any k ∈ N and t1, .., tk ∈ [0, 1] \ J(X) we
have

(Xn(t1), ..., Xn(tk))
d−→ (X(t1), ..., Xn(t)) (6.35)

We want now to consider the question of proving that Xn
d−→ X. The most common

method proceeds through the following procedure:

1. Prove that (Xn)n∈N is tight.

2. Prove that L(X) is the only possible limit for the sequence L(Xn)n∈N

Note that this two points are enough to ensure weak convergence of the sequence of
processes (Xn)n∈N. Condition 1. is equivalent to require that the sequence L(Xn)n∈N
is relatively compact. The usual way to satisfy condition 2. is by mean of the finite-
dimensional distributions.

Lemma 6.5.1. Let T be a dense subset of [0, 1], and X,Y be two càdlàg processes
satisfying (Xt1 , ..., Xtk)

d
= (Yt1 , ..., Ytk) for all k ∈ N, ti ∈ T . Then L(X) = L(Y ).
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Hence condition 2. can be replaced by proving that we have convergence of the finite-
dimensional distributions at time points in a dense subset T ⊂ [0, 1]. The idea is to relate
this dense subset to the set of points where the process is continuous. Let

TX := {t > 0 : P(t ∈ Disc[X]) = 0} ∪ {1}. (6.36)

Note that the set TX contains 0 and 1, and its complement in [0, 1] is at most countable.

Theorem 6.5.2. There is convergence in distribution Xn
d−→ X in D with respect to J1,

if
(Xn(t1), ..., Xn(tk))

d−→ (X(t1), ..., X(tk)) (6.37)

holds for all ti ∈ TX and (Xn)n∈N is tight with respect to J1.

This approach is similar to the one in C, except that we want to require convergence of
the finite-dimensional distributions only for time points t that are almost surely continu-
ity points of the limit process X. Also the proof of the previous theorem follows similarly.
The idea is to show that, whenever a subsequence (Xnk)k∈N converges in distribution to
some Y , then Y must coincide with X. By assumption of the theorem we have that
(Xnk(t1), ..., Xnk(tm))

d−→ (X(t1), ..., X(tm)) whenever t1, .., tm lie in TX ; also by Proposi-
tion 6.5.1 er have that (Xnk(t1), ..., Xnk(tm))

d−→ (Y (t1), ..., Y (tm)) whenever t1, .., tm lie
in TY . Hence (X(t1), ..., X(tm)) = (Y (t1), ..., Y (tm)) for any t1, .., tm ∈ TX ∩ TY . But
TX ∩ TY contains 0 and 1 and its complement is at most countable, therefore Y ≡ X.

To conclude this section, one should explicit some criteria to show tightness. Since
we don’t make explicit use of any of them in this thesis, we completely skip this part.
The reader can find good references in [Bil13].

6.6 The four Skorokhod topologies

In this section we introduce three additional notions of distance/topology that turn out
to be crucial in the following. A complete treatment of these topologies can be found,
e.g., in [Whi02, Sections 3.3. & 11.5].

We already stressed the importance of the space D to represent trajectory with jump
discontinuities. We endowed the space D with the J1-Skorokhod topology, that allows
us to consider close two functions whose corresponding jumps occurs at close times, even
if no exactly the same. We introduced a continuous perturbation of the time, uniformly
close to the identity. This solution solves many problems, but there are other cases that
require something different. To be more clear, consider the function x = 1[1/2,1]. This
trajectory has a jump of size 1 at time t = 1/2, hence x ∈ D. We want to consider
different sequences of functions in D and investigate over its convergence to x. The
sequence (xn)n∈N given by

xn(t) =


0 t ∈

[
0,

1

2

)
1 +

1

n
t ∈

[
1

2
, 1

] (6.38)
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converge uniformly to x, since lim
n→∞

sup
t∈[0,1]

|xn(t)− x(t)| = 0. In this case the uniform

metric works fine, and we do not even need a time change.
Suppose now that the sequence of functions (xn)n∈N are now defined as follows

xn(t) =


0 t ∈

[
0,

1

2
− 1

n

)
1 +

1

n
t ∈

[
1

2
− 1

n
, 1

] (6.39)

The novelty here is that the jump of xn occurs at time t = 1/2− 1/n, which is different
for any n ∈ N. However, Using the J1-Skorokhod topology and the notion of conver-
gence expressed in Proposition 6.2.1 we can affirm that xn → x with respect to the
J1-Skorokhod topology.

We want now to illustrate other similar cases in which this type of convergence fails,
even if our intuition suggests that the trajectories are close. In the next example we
consider trajectories that coincide with x = 1[1/2,1] except in a small left neighborhood
of the jump time t = 1/2. Consider the sequence of functions (xn)n∈N are now defined
as follows

xn(t) =



0 t ∈
[
0,

1

2
− 1

n

)
n ·
(
t− 1

2
+

1

n

)
t ∈

[
1

2
− 1

n
,
1

2

)
1 t ∈

[
1

2
, 1

] (6.40)

Note that xn is continuous for every n ∈ N. It’s evident that ||xn − x|| = supt |xn(t) −
x(t)| = 1. A bit less straightforward is that also dJ1(xn, x) 9 0 as n→∞. In facts, for
any n ∈ N, we have that any λn ∈ Λ is such that there exists tλn such that xn(λn(tλn)) =
1/2, whereas x(tλn) equals 0 or 1. Thus supt |xn ◦ λn(t) − x(t)| ≥ 1/2 for every λn,
allowing us to conclude that dJ1(xn, x) ≥ 1/2 for every n ∈ N. The problem here is that
xn assumes values that are far from the values of x. This occurs in a small time interval
shrinking to 0 as n → ∞, leading to pointwise convergence xn(t) → x(t) for every t.
This example exhibits the need of a new topology with respect to which the sequence
(xn)n∈N defined in (6.40) converges to the limit function x = 1[1/2,1]. TheM1-Skorokhod
topology will solve this problem, by considering two functions close if their respective
complete graph is close. We want now to show another example, which will require the
introduction of a third topology in order to converge.
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Consider the sequence of functions (xn)n∈N are now defined as follows

xn(t) =



0 t ∈
[
0,

1

2
− 2

n

)
1 t ∈

[
1

2
− 2

n
,
1

2
− 1

n

)
0 t ∈

[
1

2
− 1

n
,
1

2

)
1 t ∈

[
1

2
, 1

]
(6.41)

The function xn defined in (6.41) consists of multiple jumps going back and forth from 0
to 1 near the jump point t = 1/2. Contrary to (6.41) this time the values taken by xn are
close to those of x, actually they are the same, and again we have pointwise convergence
xn(t)→ x(t) for every t. However, we still have that ||x− xn|| = 1 for every n ∈ N, and
the J1-Skorokhod distance is again ineffective since dJ1(xn, x) = 1 for every n ∈ N. This
motivates the introduction of a third Skorokhod topology, where we enlarge the class Λ
of homeomorphism to include also bijections of the unitary interval that are close to the
identity. This is the goal of the J2-Skorokhod topology, as we will see later on.

Note that both topologies J2 and M1 are weaker than J1. Convergence with respect
to the J1-Skorokhod topology implies convergence with respect to both J2 and M1. A
direct comparison between J2 and M1 fails. As an example, notice that the sequence in
(6.40) is not converging with respect to the J2-Skorokhod topology, and conversely the
sequence in (6.41) is not converging with respect to the M1-Skorokhod topology.

To conclude this tracking shot of examples, we consider another sequence of functions
(xn)n∈N defined as

xn(t) =



0 t ∈
[
0,

1

2
− 3

n

)
n ·
(
t− 1

2
+

3

n

)
t ∈

[
1

2
− 3

n
,
1

2
− 2

n

)
n ·
(

1

2
− 2

n
− t
)

t ∈
[

1

2
− 2

n
,
1

2
− 1

n

)
n ·
(
t− 1

2
+

1

n

)
t ∈

[
1

2
− 1

n
,
1

2

)
1 t ∈

[
1

2
, 1

]
(6.42)

The function xn defined in (6.42) is constantly 0 until t = 1/2− 3/n, then it is piecewise
linear touching the value 1 at t = 1/2 − 2/n, the coming back to 0 at t = 1/2 − 1/n
and growing to 1 at t = 1/2, where it stays. Neither J2-topology nor M1-topology can
accomodate convergence of (6.42). To accomplish this goal we need to introduce a fourth
topology on D, the M2-Skorokhod topology, which is weaker both than J2 and M1. This
examples serve as a motivation to the introduction of different topologies on the space D.
When proving convergence, one wants to select the strongest topology with respect to
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which convergence holds. Through this example we hope to give familiarity to concept
we are rigorously introducing.

We want now to give the proper definitions of all the different topologies we just
mentioned. To start with, we need to definition of the complete graph of a function.

Definition 13. The complete graph of a function x ∈ D([0, 1],R) is the following set

Γx := {(z, t) ∈ R× [0, 1] : z = αx(t−) + (1− α)x(t) for some α ∈ [0, 1]} (6.43)

In other words, the complete graph of a function x is given by the collection of all
convex combinations of x(t−) and x(t) for any t in the domain of x. Note that if x is
continuous at t, then x(t−) = x(t). Hence the complete graph of a function x consists of
all the points of the original graph, together with the vertical segments connecting the
jumps. The completed graph is thus a connected subset of the plane R2 containing the
graph and the line segments joining (t, x(t−)) and (t, x(t)) for all discontinuity points t.
The second step concerns giving a parametric representation of the complete graphs. As
first we need to establish an order between points. Given two points (t1, z1) and (t2, z2)
belonging to Γx, we say that (t1, z1) ≤ (t2, z2) if either (i) t1 < t2 or (ii) t1 = t2 and
|x(t−1 )− z1| ≤ |x(t−2 )− z2|. It means that we are ordering the points with the same logic
if we imagine to draw the complete graph from left to right with a continuous line. With
this order in mind, we can build parametric representations of Γx. The set Π(x) of all
parametric representations of Γx consists of the functions t 7→ (s(t), z(t)) from [0, 1] to
Γx that are nondecreasing with respect to the order we defined above on the complete
graph Γx.
The M1 metric is defined as follows

dM1(x1, x2) = inf
(s1,z1)∈Π(x1)
(s2,z2)∈Π(x2)

{||s1 − s2|| ∨ ||z1 − z2||} (6.44)

The metric dM1 is complete and generate the M1-Skorokhod topology. Note that, as
soon as we take a limit continuous limit function x, then dM1(xn, x) → 0 is completely
equivalente to ||xn−x|| → 0, similarly to what happen in J1. Consider the example (6.40)
above. We want to descrive explicit parametric representations of x and xn in order to
prove convergence with respect to the M1-Skorokhod topology. We build t 7→ zn(t)
and t 7→ z(t) in such a way that zn(t) ≡ z(t). (Note that this is possible since every
parametric representation of Γxn and Γx in increasing in the spatial component and is
such that zn(0) = z(0) = 0 and zn(1) = z(1) = 1. ) As for the time representation we
select, for example, the following one, for any fixed 0 < a < b < 1:

sn(t) =



1
a t · (1

2 − 1
n)

(1
2 − 1

n) + 1
b−a(t− a) · 1

n

1
2 + 1

1−b(t− b) · 1
2

s(t) =



1
a t · 1

2 t ∈ [0, a)

1
2 t ∈ [a, b)

1
2 + 1

1−b(t− b) · 1
2 t ∈ [b, 1]

(6.45)
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In words, in the interval [0, a) the time parametrization sn grows linearly from 0 to
1/2 − 1/n whereas s grows linearly from 0 to 1/2; then in the interval [a, b) sn grows
linearly till 1/2 while s stays constant; finally in the interval [b, 1] they both grows linearly
from 1/2 to 1. Using this parametrization, we have that ||sn − s|| = 1/n. Hence

dM1(xn, x) ≤ {||sn − s|| ∨ ||zn − z||} = 1/n→ 0 as n→∞. (6.46)

Unlike J1, the M1-Skorokhod topology, the one induced by the metric (6.44), can not be
extended by allowing the range to be an arbitrary Polish space, because the completed
graphs require linear structure.

We continue the discussion on the topologies in the functions space D by introducing
the J2-Skorokhod topology. For the discussion here, we assume again that the functions
are real-valued and that the function domain is [0, 1]. We will see later on how to extend
the same definitions and proof to a general bounded or unbounded interval domain I.
The idea behind the J2-Skorokhod topology is to define a metric in a similar way to
what done for J1. The main difference with respect to dJ1 is that we replace the set Λ
of increasing homeomorphism of [0, 1] with the larger class Λ′ consisting of all bijections
on the set [0, 1], without requiring any continuity.

Definition 14. For any x, y ∈ D([0, 1]), the J2 or J2(I) distance dJ2(x, y) is defined as
in the r.h.s. of (6.11), but with the infimum taken over all bijections λ ∈ Λ′, i.e.

dJ2(x, y) := inf
λ∈Λ′
{||x ◦ λ− y|| ∨ ||λ− id||} . (6.47)

Clearly we have Λ ⊂ Λ′ and thus dJ2(x, y) ≤ dJ1(x, y). The notions of J2-convergence
in all cases of I are derived as seen earlier for J1. The basic innovation brought by the
J2 topology is that we can consider close functions that reach close discontinuity values
in a different order, provided that the close values are attained at close points.

We now want to introduce the last of the four topologies introduced by Skorokhod in
[Sko56]. We saw before the centrality of the complete graph Γx of a function x ∈ D to
define theM1-distance. With no surprise, theM2-Skorokhod topology will still make use
of the complete graph, but relaxing the conditions on the parametric representation that
was crucial in the definition of dM1 . As first, we need to introduce the Hausdorff metric
between compact subsets of a metric space. We define the Hausdorff distance between
two compact subsets K1 and K2 of the metric space Rk as follows

dH(K1,K2) := sup
x1∈K1

d(x1,K2) ∨ sup
x2∈K2

d(x2,K1) (6.48)

The Hausdorff distance indicates the supremum over all distances between a point be-
longing to one of two sets and the other set. Thus, even in the situation of a compact set
properly contained in another compact set, the result is a positive Hausdorff distance.
Note now that, if x ∈ D([0, 1],Rk) then its complete graph Γx is a compact subset of
Rk+1. For any x1, x2 ∈ D, we defined the M2 metric on D as

dM2(x1, x2) := dH (Γx1 ,Γx2) . (6.49)
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The metric dM2 induces the M2-Skorokhod topology on D, which is weaker than M1

because it does not require any order due to the parametric representation. To be precise,
the M2-Skorokhod topology can be derived similarly to what done for M1 after changing
the definition of a parametric representation. Instead of requiring that t → (s(t), z(t))
be nondecreasing, using the order on the completed graphs, we only require the time
component function z to be nondecreasing. With that definition, it is evident that theM1

topology is stronger than the M2 topology, i.e. M1 convergence implies M2 convergence.

6.7 Continuity of the addition map in J2

In this Section we want to extend Theorem 6.3.2 to the J2-Skorokhod topology. This
result is important on its own since, up to the author’s knowledge, this is the first time
that an explicit proof of the result appears in the literature. Moreover, we need it for
proving our findings (see Chapter 9).

Theorem 6.7.1. Let I be a (closed, open or half-open) bounded interval. The addition
map ` : D(I) × D(I) −→ D(I) defined by `(x, y) := x + y is measurable and it is J2-
continuous at all pairs (x, y) such that

Disc(x) ∩Disc(y) = ∅. (6.50)

The latter assertion amounts to the claim that dJ2,I(xn, x)→ 0 and dJ2,I(yn, y)→ 0, as
n→∞, imply dJ2,I(xn + yn, x+ y)→ 0.

Proof. We follow the same line of arguments as in the proof of [Whi80, Theorem 4.1].
In fact, the measurability of ` is proved exactly as in the referenced theorem. As for
the continuity claim, we fix I := [a, b), which is the case needed in Section 9.3.4. The
other three cases, I = [a, b], I = (a, b] or I = (a, b), are proved exactly in the same way.
Without loss of generality, we also assume to work with càdlàg functions (as opposed
to functions that have a càdlàg and a càglàd restriction). This case happens, e.g., if
0 ≤ a < b.

For a fixed ε > 0, we must show that exists n̄ ∈ Z+ and, for all n ≥ n̄, bijections
λn : [a, b) −→ [a, b) such that

sup
t∈[a,b)

|λn(t)− t| < ε, (6.51)

sup
t∈[a,b)

|(xn + yn) ◦ λn(t)− (x+ y)(t)| < ε. (6.52)

Since x, y are càdlàg, by [Bil13, Chapter 3, Lemma 1] there exist two finite sets of points

Px = {a = t0, t1, ..., tn, tn+1 = b} (6.53)
Py = {a = s0, s1, ..., sm, sm+1 = b} (6.54)
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such that, for all i = 1, . . . , n+ 1 and j = 1, . . . ,m+ 1,

sup
q1,q2∈[ti−1,ti)

|x(q1)− x(q2)| < ε

8
, (6.55)

sup
q1,q2∈[si−1,si)

|y(q1)− y(q2)| < ε

8
. (6.56)

From this construction we have that the discontinuity points of x (respectively y) with
jump size bigger than ε/8 are contained in Px (respectively Py). By hypothesis these
two sets of points are disjoint. Moreover, we can select the other points of Px and Py
so that Px ∩ Py = {a, b}. Let 4δ be the distance between the closest pair of points of
P := Px ∪ Py. For i = 1, . . . , n and j = 1, . . . ,m, we construct closed intervals J (x)

i and
J (y)
j such that

[ti − δ, ti + δ] ⊂ int
(
J (x)
i

)
⊂ J (y)

j ⊂ (ti − 2δ, ti + 2δ), (6.57)

[sj − δ, sj + δ] ⊂ int
(
J (x)
i

)
⊂ J (y)

j ⊂ (sj − 2δ, sj + 2δ). (6.58)

This implies in particular that these intervals are pairwise disjoint.
Now let us assume that there exist n̄ ∈ Z+ and bijections µn, νn : [a, b) −→ [a, b) so

that, for all n ≥ n̄,

sup
t∈[a,b)

|µn(t)− t| < min{ε, δ}, sup
t∈[a,b)

|xn ◦ µn(t)− x(t)| < ε

4
, µn(J (x)

i ) = J (x)
i (6.59)

sup
t∈[a,b)

|νn(t)− t| < min{ε, δ}, sup
t∈[a,b)

|yn ◦ νn(t)− y(t)| < ε

4
, νn(J (y)

j ) = J (y)
j (6.60)

for all i = 1, . . . , n and j = 1, . . . ,m. The first and second conditions in both (6.59) and
(6.60) can be satisfied by the hypotheses xn → x, yn → y in (D([a, b)), J2). We postpone
for a moment the proof that µn, νn can be found to satisfy the third conditions as well.
Let us construct the bijection λn : [a, b) −→ [a, b) as follows:

λn(t) :=


µn(t) for t ∈ J (x)

i with i = 1, . . . , n,

νn(t) for t ∈ J (y)
j with j = 1, . . . ,m,

t otherwise.
(6.61)

We have the following estimates:

sup
t∈J (x)

i

|xn ◦ λn(t)− x(t)| = sup
t∈J (x)

i

|xn ◦ µn(t)− x(t)| < ε

4
, (6.62)
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by (6.59), and

sup
t∈J (y)

j

|xn ◦ λn(t)− x(t)| (6.63)

= sup
t∈J (y)

j

|xn ◦ νn(t)− x(t)|

≤ sup
t∈J (y)

j

|xn ◦ νn(t)− x ◦ µ−1
n ◦ νn(t)|+ sup

t∈J (y)
j

|x ◦ µ−1
n ◦ νn(t)− x(t)|

≤ sup
u∈[a,b)

|xn ◦ µn(u)− x(u)|+ sup
t∈J (y)

j

|x(µ−1
n ◦ νn(t))− x(t)|

<
ε

4
+
ε

8
=

3ε

8
.

In the first term of the final estimate of (6.63) we have renamed u := µ−1
n ◦ νn(t) and

used (6.59). For the second term we have observed that, by (6.59)-(6.60), the bijection
µ−1
n ◦ νn is closer to the identity than 2δ. Since t ∈ J (y)

j this implies, by (6.58), that
t and µ−1

n ◦ νn(t) belong to the same interval [ti−1, ti), for some i. Thus we have used
(6.55). Lastly, if we denote J :=

(⊔n
i=1 J

(x)
i

)
t
(⊔m

j=1 J
(y)
j

)
,

sup
t∈[a,b)\J

|xn ◦ λn(t)− x(t)| (6.64)

= sup
t∈[a,b)\J

|xn(t)− x(t)|

≤ sup
t∈[a,b)\J

|xn(t)− x ◦ µ−1
n (t)|+ sup

t∈[a,b)\J
|x ◦ µ−1

n (t)− x(t)|

≤ sup
u∈[a,b)

|xn ◦ µn(u)− x(u)|+ sup
t∈[a,b)\J

|x(µ−1
n (t))− x(t)|

<
ε

4
+
ε

8
=

3ε

8
,

where we have used the same arguments as for (6.63): observe in fact that if t 6∈ J then,
by (6.57)-(6.58), t is at distance larger than δ from P \ {a, b}. By (6.59) |µ−1

n (t)− t| < δ
and so t and µ−1

n (t) belong to the same interval [ti−1, ti), for some i, triggering (6.55).
From (6.62)-(6.64) we have that supt∈[a,b) |xn ◦ λn(t) − x(t)| < ε/2, and the same

obviously holds for y, whence

sup
t∈[a,b)

|(xn + yn) ◦ λn(t)− (x+ y)(t)| (6.65)

≤ sup
t∈[a,b)

|xn ◦ λn(t)− x(t)|+ sup
t∈[a,b)

|yn ◦ λn(t)− y(t)| < ε,

giving (6.52). The inequality (6.51) follows from definition (6.61) and (6.59)-(6.60) and
so Theorem 6.7.1 is proved.

It remains to show that the bijections µn, νn can be chosen to satisfy the rightmost
conditions of (6.59)-(6.60), for a suitable choice of the intervals {J (x)

i }ni=1, {J
(y)
j }mj=1. We

proceed by explicitly constructing µn, as the construction of νn is completely analogous.
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The hypothesis dJ2,[a,b)(xn, x)→ 0 amounts to the existence of bijections ρn : [a, b) −→
[a, b) such that, for n ≥ n̄,

sup
t∈[a,b)

|ρn(t)− t| < 1

2
min{ε, δ}, (6.66)

sup
t∈[a,b)

|xn ◦ ρn(t)− x(t)| < ε

8
. (6.67)

For i = 1, . . . , n, set [ai, bi] := [ti − δ, ti + δ] and

J (x)
i := [a′′i , b

′′
i ] :=

[
inf
(
{ai} ∪ ρn([ai, bi])

)
− δ

2
, sup

(
{bi} ∪ ρn([ai, bi])

)
+
δ

2

]
. (6.68)

By construction |a′′i − ti| < 2δ and |b′′i − ti| < 2δ. Hence the intervals J (x)
i satisfy (6.57).

The bijection µn : [a, b) −→ [a, b) is defined with the following structure:

µn(t) :=

{
µ

(i)
n (t) for t ∈ J (x)

i with i = 1, . . . , n,

t otherwise,
(6.69)

where µ(i)
n : J (x)

i −→ J (x)
i are bijections that we construct in several steps as follows.

First, on [ai, bi] ⊂ J (x)
i , we define µ(i)

n |[ai,bi] := ρn|[ai,bi]. In light of (6.68) and applying
(6.66) to t ∈ [ai, bi], we see that

µ(i)
n ([ai, bi]) = ρn([ai, bi]) ⊂ (a′′i , b

′′
i ) ⊂ J (x)

i . (6.70)

Denote Ai := [a′′i , ti)\µ
(i)
n ([ai, bi]) and Bi := [ti, b

′′
i ]\µ

(i)
n ([ai, bi]). These are, respectively,

the lower and upper parts of [a′′i , b
′′
i ] = J (x)

i that have not yet been assigned as image
points of µ(i)

n (which is only partially defined at this stage). Using the fact that the
inequality (6.66) is strict, we can find η with 0 < η < min{ε, δ}/2 such that

inf µ(i)
n ([ai, bi]) > ai − η , supAi < ai + η , (6.71)

supµ(i)
n ([ai, bi]) < bi + η , inf Bi > bi − η. (6.72)

Set a′i := ai − η and b′i := bi + η. We have a′′i < a′i < ai < bi < b′i < b′′i . The inequalities
(6.71) show that the yet-to-be-assigned image set Ai can we written as

Ai = [a′′i , a
′
i] t (Ai ∩ (a′i, ai + η)), (6.73)

where Ai∩(a′i, ai+η) has the cardinality of the continuum because, by the first inequality
of (6.71), there exists σ > 0 such that (a′i, a

′
i + σ) ⊂ Ai ∩ (a′i, ai + η). By reasons of

cardinality, then, there exists a bijection φ−i : (a′i, ai) −→ Ai∩(a′i, ai+η). By construction,
since a′i = ai − η,

sup
t∈(a′i,ai)

|φ−i (t)− t| ≤ 2η < min{ε, δ}. (6.74)
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We define µ(i)
n |(a′i,ai) := φ−i and µ(i)

n |[a′′i ,a′i] := id. Analogously, the inequalities (6.72) give

Bi = (Bi ∩ (bi − η, b′i)) t [b′i, b
′′
i ] (6.75)

and there exists a bijection φ+
i : (bi, b

′
i) −→ Bi ∩ (bi − η, b′i) for which the analogue of

estimate (6.74) holds. Finally, we define µ(i)
n |(bi,b′i) := φ+

i and µ
(i)
n |[b′i,b′′i ] := id. This

completes the definition of µ(i)
n as a bijection of J (x)

i .
By (6.66), (6.74) and its analogue for φ+

i , we see that

sup
t∈J (x)

i

|µ(i)
n (t)− t| < min{ε, δ}. (6.76)

Also, by the definition of µ(i)
n |[ai,bi] and (6.67),

sup
t∈[ai,bi]

|xn ◦ µ(i)
n (t)− x(t)| < ε

8
. (6.77)

Furthermore,

sup
t∈J (x)

i \[ai,bi]
|xn ◦ µ(i)

n (t)− x(t)| (6.78)

≤ sup
t∈J (x)

i \[ai,bi]
|xn ◦ µ(i)

n (t)− x ◦ ρ−1
n ◦ µ(i)

n (t)|+ sup
t∈J (x)

i \[ai,bi]
|x ◦ ρ−1

n ◦ µ(i)
n (t)− x(t)|

≤ ε

8
+
ε

8
=
ε

4
.

The above estimates are derived in a way similar to that used in (6.63): for the first
term we use (6.67) after the change of variable u := ρ−1

n ◦ µ(i)
n (t); for the second term we

use (6.55) and the fact that t and ρ−1
n ◦ µ(i)

n (t) belong to the same interval [tk−1, tk), for
some k (this is because, due to (6.66) and (6.76), t ∈ J (x)

i and |ρ−1
n ◦µ(i)

n (t)− t| < 3δ/2).
Moreover, denoting J (x) :=

⊔n
i=1 J

(x)
i , it is now easy to use (6.67), (6.57) and (6.55) to

estimate

sup
t∈[a,b)\J (x)

|xn ◦ µn(t)− x(t)| (6.79)

= sup
t∈[a,b)\J (x)

|xn(t)− x(t)|

≤ sup
t∈[a,b)\J (x)

|xn(t)− x ◦ ρ−1
n (t)| + sup

t∈[a,b)\J (x)

|x ◦ ρ−1
n (t)− x(t)|

<
ε

8
+
ε

8
=
ε

4
.

Finally, the definition (6.69) of µn and the inequalities (6.76)-(6.79) yield (6.59) and
conclude the proof of Theorem 6.7.1.
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Remark 7. One can define a new topology of the Skorokhod type in the same way as
Definitions 10 and 14 but taking the infimum in (6.47) over all piecewise increasing and
continuous (PIC) bijections λ : I −→ I. A PIC bijection λ : I −→ I is one such that I
can be partitioned into a finite number of intervals, on each of which λ is increasing and
continuous. Observe that in this case λ−1 is also a PIC bijection. For want of a better
name, let us call this topology J3/2. Evidently, J3/2 is weaker than J1 and stronger than
J2. It is not hard to see that Theorem 6.7.1 can be proved as well with the J3/2-distance
in place of the J2-distance. Furthermore, in the proofs of Theorems 9.2.2 and 9.2.4, every
time we needed to construct a sequence of bijections in order to prove a J2-convergence,
we have indeed produced a sequence of PIC bijections. Therefore, all assertions in this
paper that are stated for the topology J2, see (9.22), (9.30), (9.32), hold for the topology
J3/2 as well.
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Chapter 7

Limit theorems for random walks

Introduction Random Walks are used very often in probability theory and in every-
day’s life. Suppose that we are repeatedly tossing a fair coin. We start with zero points
and, after every toss, we gain a point if the outcome is Head, whereas we lose a point in
case of Tail. Many questions arise in this very simple framework. How many points will
we have after n tosses? If we fix a winning value W > 0, how long does it take before
we reach (if ever) W? If we fix also a losing value L < 0, what is the probability to
reach the winning values W before the losing value L? These are some basic questions
that we might ask during this tossing game. It turns out that there exists an object,
called Random Walk, that is perfectly suitable to model this situation. Moreover, the
mathematical description we acquaint by using random walk is so powerful that we can
answer to many more questions than the simple ones pointed above. The centrality of
random walks in probability theory relies on the abundance of applications we can deal
with by a model focused on a random walk. We start now by giving proper definition.

Definition 15. Let (ξi)i∈N be a sequence of random variables with values in the same
metric space. The random walk S = (Sn)n∈N is defined as follows

S0 = 0

Sn =

n∑
i=1

ξi n > 0. (7.1)

Note that in general the random variables (ξi)i∈N can follow any general distribution.
However, in many cases, we require some assumption in order obtain a model that is close
to the situation we want to describe. We refer to the increments ξi as the steps of our
random walk. Hence, suppose that a walker is moving according to the steps (ξi)i∈N. A
possible assumption is that every step is independent from the others. This is reasonable
in the case of multiple coin tossing, or in the case where the back-forth direction of each
step is based on a fair dice roll. We can decide ξi to equals 1 if the dice displays a
number smaller than 5, otherwise ξ1 = −1. From this example it appears clearly that
the positive direction is privileged, even though the steps are independent. Suppose now
that we want to model the motion of a random driver in a city. Every time he encounters

103
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a road crossing, he choses one of the ways with uniform probability. This situation can
be modeled again as a random walk. Note, however, that the possible directions depend
strictly on the road map of the particular city we are considering. To conclude this series
of examples, think about the day-by-day trend of a stock price in stock markets. In
this situation we can reach any level and there are no physical constraints for the price.
However, some stocks display a strong correlation of the steps, i.e. some stocks are likely
maintain the trend the day after. This is a different situation with respect to the one
with the dice explained above since here the probability of a particular direction is not
fixed, but depends on the previous steps. We just gave a glance of some possibilities
among the vast amount of scenarios we can face by using a random walk.

7.1 Increments with finite variance

We start this section by analyzing some properties of the random walk in a simple
scenario: we assume now that the increments (ξi)i∈N are independent and identically
distributed (i.i.d.), with finite second moment.

7.1.1 Law of Large Numbers

One of the main results in probability theory is the Law of Large Numbers. We use this
terminology to indicate any theorem stating that 1

nSn converges in some sense. There
are many results of this kind, and the convergence can be in probability or almost sure.
In this latter case, the theorem is denoted by the Strong Law of Large Numbers.

Theorem 7.1.1 (Strong Law of Large Numbers). Let (ξn)n∈N be a sequence of inde-
pendent and identically distributed (i.i.d.) random variables defined on the same space
(Ω,F ,P). Let

µ = E[ξi] <∞ and σ2 = Var[ξi] <∞ (7.2)

Define the random walk (Sn)n∈N as in (7.1). Then

lim
n→∞

Sn
n

= lim
n→∞

1

n

n∑
i=1

ξi = µ (7.3)

where convergence is intended almost surely and in L2.

Suppose that we are observing a realization ω ∈ Ω of the sequence of n random vari-
ables, then we refer to 1

n

∑n
i=1 ξi(ω) as the empirical mean, and we denote it by µ̄. This

is linked to experiments and statistics. Suppose that we are performing an experiment
repeatedly and independently, then µ̄ represents the average value of the outcome of the
experiments. Then µ̄ is called an estimator for the mean µ of the distribution of the
random variables. Usually we are interested to study when µ̄ converges to µ as n→∞.

The utility of this theorem is enormous. Jut to give an examples, think about Mon-
tecarlo approximation, where the Law of Large Numbers (LLN) is used to estimate the
quantity

∫
f(x)dx that can be difficult to compute analytically. Making the story short,
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the idea lies behind the fact that integrals can be thought as expectations, thus we can
approximate E[f(ξ)] by the empirical average 1

n

∑n
i=1 f(ξi).

Moreover, one may ask how large n needs to be in order to obtain high levels of
confidence when estimating the usually unknown true value µ using the empirical average
µ̄. The Central Limit Theorem is the right answer to this and other questions.

7.1.2 Central Limit Theorem

With the LLN in mind, a new question arises naturally. How fast µ̄ converges to µ?
How big should n be to sure that | µ̄ − µ |< εn ? In other words, we know that
1
nSn → µ and we want to say something more on its distribution. The CLT states that
Sn ∼ N (nµ, nσ2), where µ = E[ξ] and σ2 = Var[ξ]. The Central Limit Theorem is
one of the most impressive achievements of probability theory. Note that the hypothesis
required are really minimal. In facts, we only require the random variables to have finite
variance σ2, without any specific constraint on the distribution. Central limit theorems
have played a paramount role in probability theory. There are many different and more
complicated versions of this theorem, as we want to relax the i.i.d. hypothesis of the
random variables. We cite here the classical and easier version.

Theorem 7.1.2 (Central Limit Theorem). Let (ξi)i∈N be a sequence of i.i.d. random
variables with E[ξi] = µ and Var[ξi] = σ2 <∞. Let (Sn)n∈N be defined as in (7.1). Then

Yn :=
Sn − nµ
σ
√
n

d−→ N (0, 1). (7.4)

As you may guess from the theorem, the term "central" refers to the pervasive,
although non unique, role of the normal distribution as a limit of the normalized sum of
(classically independent, like in Theorem 7.1.2) random variables.

Note that in (7.4) we defined a sequence (Yn)n∈N of random variables converging to a
standard normal. We highlight once again that every Yn is a random variable, obtained
from a suitable rescaling of the sum of the n random variables ξ1, .., ξn.

7.1.3 Invariance principle

We want now to say something more about the random walk S = (Sn)n∈N. The idea is
to build a stochastic process whose trajectories are obtained by interpolating the discrete
steps of the random walk S. After a suitable rescaling, we want to prove convergence
of this process. This is the goal of the Donsker’s Theorem (also known as invariance
principle), which we want to state paying attention on the notation, recalling the notions
of weak convergence stated in Chapter 5.

In a few words, Donsker’s theorem is a Functional Central Limit Theorem (FCLT)
generalizing the CLT above. Theorem 7.1.2 is a limit theorem for Sn, the n-th partial
sum, as n → ∞; instead the FCLT is a limit theorem for the entire sequence of partial
sums. We express it via the normalized partial-sum process

S(n)(t) :=
Sbntc − µnt

σ
√
n

, t ∈ [0, 1], (7.5)
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where b·c denotes the integer part of a number, i.e. bntc = m if m is the biggest integer
such that m ≤ nt. Note that S(n) is a process with value in D, where t ∈ [0, 1] is the
time index, whereas (n) is an index for the sequence of processes.

Theorem 7.1.3 (Donsker’s Theorem). Let (ξi)i∈N be a sequence of i.i.d. random vari-
ables with E[ξi] = µ and Var[ξi] = σ2 <∞. Let (Sn)n∈N be as in (7.1), and S(n) be the
normalized partial-sum processes defined in (7.5). Then

S(n) d−→ B in (D, J1), (7.6)

where B = (B(t), t ∈ [0, 1]) is the standard Brownian motion.

The Brownian Motion is a process with a lot of nice properties. Among them, a non
trivial one is that it really exists. In facts, the usual way to introduce the Brownian
Motion is to give properties that we want to be satisfied, and the difficult part is to
show that there actually exists a process with those properties. However, existence is a
consequence of Donsker’s Theorem, meaning that the Brownian Motion can be defined
as the limit process obtained in (7.6), once we checked that the limit for the normalized
partial sums (7.5) exists. We give here a definition of the standard univariate Brownian
Motion.

Definition 16. The Brownian Motion is a process (B(t), t ≥ 0) that satisfies the follow-
ing properties

1. B(0) = 0 with probability 1.

2. Trajectories are almost surely continuous.

3. It has independent increments, i.e. for any 0 ≤ s < t < ∞, B(t) − B(s) is
independent from the σ-algebra generated by {B(s′), s′ ≤ s}.

4. It has gaussian increments, i.e. for any 0 ≤ s < t <∞, B(t)−B(s) ∼ N (0, t− s).

Note that both the Brownian Motion and the sequence of processes (S(n))n∈N have
continuous trajectories, hence Donsker’s Theorem holds in the space C of continuous
function. However, the statement in D we gave above allows us to define the sequence
of processes (S(n))n∈N without introducing any interpolating term. However, Donsker’s
theorem is usually formulated in C, with convergence of the processes

S(n)(t, ω) :=
1

σ
√
n

(
Sbntc − µbntc+

1

n
(nt− bntc)(ξbntc+1(ω)− µ)

)
, t ≥ 0 (7.7)

to the Brownian Motion with respect to the uniform topology.
Stochastic processes with stationary and independent increments are called Lévy pro-
cesses; hence the Brownian Motion is a particular case of a Lévy process with continuous
sample path.

From Definition 16 we can infer an important property of self-similarity, namely that
the distribution of the process (B(ct), t ≥ 0) is the same of the one of (

√
cB(t), t ≥ 0),
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for any constant c > 0. In the case of Brownian Motion, taking out the square root of a
positive constant c does not affect the distribution of the process. This is a special case
of self-similarity, whose general description is the content of the next definition.

Definition 17. We say that an Rd-values stochastic process {Z(t), t ≥ 0} is self-similar
with index H > 0 if, for all constants c ∈ R+, we have

{Z(ct), t ≥ 0} d
= {cHZ(t), t ≥ 0}. (7.8)

The scaling exponent H is often called the Hurst parameter.

Note that we necessarily have Z(0) = 0 with probability. According to the previous
definition, the Brownian Motion is self similar with index H = 1/2. Graphically, self
similar processes are such that the plots are identical (same shape, but different scale)
at any time scale.

We want to spend some more comment on Donsker’s theorem. Note that, if we assume
as in Theorem 7.1.3 that (ξi)i∈N is a sequence of i.i.d. random variables with E[ξi] = µ
and Var[ξi] = σ2 < ∞, and defining Sn =

∑n
i=1 ξi, then using the CLT Theorem 7.1.2

we have that
Sn − µn
σ
√
n

d−→ N (0, 1) (7.9)

The idea of Theorem 7.1.3 is to formulate a refinement of the CLT by proving weak
convergence in distribution of a certain functional of the partial sum Sn. Equation (7.6)
can be reformulated in terms of weak convergence in the following way

Pn
w−→W as n→∞, (7.10)

where, for each n ∈ N, Pn is the law of the process S(n), i.e. Pn(A) = P(ω : S(n)(ω) ∈ A),
whereas W is the Wiener measure, the law on the space C induced by the Brownian
Motion. We want to highlight once more that (7.6) is more powerful than the classical
CLT. This should be clear from Chapter 5, still we want to mark this point. If we denote
by A = {x ∈ C : x(1) ≤M} for some M ∈ R then we obtain that

Pn(A) = P
[
ω :

Sn(ω)− µn
σ
√
n

≤M
]
, (7.11)

Since S(n)(t = 1) = (Sn(ω) − µn)/σ
√
n. Moreover, we have that W (∂A) = 0, hence

(7.10) implies that

P
[
ω :

Sn(ω)− µn
σ
√
n

≤M
]
→W [x : x(1) ≤M ] =

1√
2π

∫ x

−∞
e−u

2/2du, (7.12)

so the CLT stated in (7.4) is a simple consequence of the Donsker’s Functional CLT. In
facts, Theorem 7.1.3 says that the entire path of the continuously interpolated random
walk S(n) during the first n steps is, for n large, distributed approximately as the path up
to time t = 1 of a Brownian Motion, whereas the CLT only states that the distribution
of the final position of the normalized partial-sum process (7.5) is close to those of a
Brownian Motion at time t = 1.
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7.2 Increments with infinite variance

During this Chapter we recalled some classical results of probability theory under the
usual assumption that the increments (ξi)i∈N of the random walk follow a distribution
with finite mean and variance. Without going deep into this derivation, we can say that
the random variables (ξi)i∈N have finite q-th moment, for some index q ≥ 2. We want
now to investigate how the world change if we drop the finite second moment condition.
Note that, when the second moments are infinite, there still may be limits, but the limits
are very different. The existence of a limit depends critically on the regular behavior of
the tails of the underlying probability distribution.
This is a very broad topic, and we seriously risk to spend too many pages without even be
comprehensive of the minimal aspects of this field, hence we decided from the beginning
to make a specific choice of random variables. However, regularity of the tails is very
natural to assume. Throughout this thesis we will use random variables that are stable
according to the definitions we give in this section. We will be focused on the case
where the new limit processes have discontinuous sample path, so the space D become of
central importance, and convergence can not be showed in C like in Theorem 7.1.3. To
start with, assume here to deal with a sequence (ζi)i∈N id i.i.d. random variables with
infinite second moment. Again, we are interested in the partial sum Sn = ζ1 + · · · ζn for
n ≥ 1, with S0 = 0.

We may wonder which particular infinite variance distribution is the best to choose
for our random walk. Definition 18 and Theorem 7.2.1 clarify why our choice of stable
distribution is natural.

Definition 18. Let µ be a nontrivial distribution on R. The domain of attraction of µ
is the set of all the random variables X with the property that there exists a sequence
of numbers (mn)n∈N and (cn)n∈N such that

Sn −mn

cn

d−−→ µ. (7.13)

Theorem 7.2.1. Let µ be a nontrivial distribution on R. The domain of attraction of µ
is non-empty if and only if µ is a stable distribution.

A proof of the previous Theorem can be found in [Kle08, Theorem 16.23].
Paraphrasing the previous Theorem, if we want our partial sum, eventually centered and
rescaled, to converge to a non trivial limit, we need the increments to fall in a domain
of attraction of a stable law. Therefore, we first dedicate a few pages introducing this
class of random variables, and then we state the analogous of the results of the previous
Section when dealing with stable distributions.

7.2.1 Stable Laws

In what follows we will deal with stable laws. Before moving on, we give the precise
definition and some basic properties.
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Definition 19. A random variable X is said to have a stable law if, for any a1, a2 ∈ R
there exists b ∈ R and c ∈ R+ such that

a1x1 + a2X2
d
= b+ cX, (7.14)

where X1, X2 are independent copies of X. A stable law is strictly stable if b ≡ 0.

A very important property of stable laws is that the constant c = c(a1, a2) is such
that it holds

cα = aα1 + aα2 (7.15)

for some constant α that is called the index of the stable law. The relation above implies
that, if we take a1 ≡ 1 we obtain, for any n ∈ N,

X1 +X2 + · · ·Xn
d
= n1/αX + bn (7.16)

where again X1, .., Xn are independent copies of X. Definition 19 is very clear, but still
difficult to handle.

Property (7.14) is simple to check in order to state if a particular variable is stable,
however it does not give significant insight of the behavior of a stable random variable. We
want to characterize a stable distribution by giving some explicit form of its distribution.

The parametrization we give now comes from the work of [ST94] and it gives us an
explicit parametrization of α-stable random variables on the real line. It depends on four
parameters. The stability index α ∈ (0, 2] is the main index of the distribution; in the
following we will always refer to this index-parameter, except when stated differently. The
other three parameters give information on other characteristics of the distribution: the
scale parameter σ > 0; the skewness parameter β ∈ [−1, 1]; and the location parameter
µ ∈ R. Note that, while the scale and skewness parameters have connection with their
role of characterizing amplitude and asymmetry, the location (or shift) parameter µ can
be interpreted as the mean of the distribution if and only if α ≥ 1. In facts, if α < 1,
the mean is infinite. Denoting a generic α-stable distribution by Sα(σ, β, µ), then the
logarithm of its characteristic function is

logE
[
eiθSα(σ,β,µ)

]
=


−σα|θ|α(1− iβsgn(θ) tan(πα2 ) + iµθ, α 6= 1

−σ|θ|(1 + iβ 2
θsgn(θ) log |θ|) + iµθ, α = 1

(7.17)

We point out again that the case α = 1 is special, with special properties and particular
formulas. This happens because it is a boundary case. In this thesis we deal with
α ∈ (0, 1) and α ∈ (1, 2), without investigating the singular case α = 1. Note that
we exclude from our treatment also α = 2, the gaussian case. If α = 2 then µ is the
mean, 2σ2 the variance, and the value of β is irrelevant since tan(π) = 0. If we combine
expression (7.17) with property (7.16) we obtain that, if X1, .., Xn are i.i.d. random
variables distributed as Sα(σ, β, µ),

X1 + · · ·+Xn
d
=


n1/αX1 + µ(n− n1/α), α 6= 1

nX1 + 2
πσβn log(n), α = 1.

(7.18)
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The previous equation will be central when dealing with random walks, since we can use
(7.18) to approximate the behavior of the partial sum Sn for n large. To conclude this
introduction on stable random variables, we want to highlight that the nonGaussian (i.e.
α < 2, that are the variables we are interested in) stable laws have power law tails. For
α ∈ (0, 2) we have that

P(Sα(σ, β, µ) > x) ∼ x−αCα
1 + β

2
σα, as x→∞ (7.19)

It is possible to show that an α-stable random variable have finite p-moments for every
p < α, i.e.

E [|Sα(σ, β, µ)|p] <∞ ⇐⇒ p ∈ (0, α) (7.20)

In light of this fact we can view equation (7.18) under a new light. When α ∈ (1, 2)
then the rescaled partial sum Sn/n converges to µ, where µ is the mean of X1 that exists
finite due to (7.20). In this case, it is possible to derive a LLN kind of result, as we will
see. However, when α ∈ (0, 1), such a rescaling is no longer possible. We obtain a new
kind of limit that characterizes stable laws, leading the rescaled sum Sn/n

1/α to converge
in distribution to an α-stable random variable distributed as Sα(σ, β, µ). Finally, back to
the case α ∈ (1, 2), we will derive a CLT type of result, i.e. observing that the centered
sum Sn − µ, rescaled by n1/α, converges in the limit to a stable random variable. We
want now to make these statements clear.

We saw above the characterization of stable laws. Similar results holds for random
variables that fall in the domain of attraction of a stable law Sα(σ, β, µ). With respect to
Definition 18, we specify that a random variable X is said to fall in the normal domain
of attraction of a stable random variable Sα(σ, β, µ) if we can chose cn = c · n1α and mn

such that the limit stable law has µ = 0 and σ = 1, i.e. if

Sn −mn

cn1/α

d−−→ Sα(1, β, 0), (7.21)

The main difference with respect to a proper stable law is that equation (7.21) is true
only in the limit, whereas for a proper stable law the equality in distribution holds for
any fixed n ∈ N.

If X is in the normal domain of attraction on an α-stable law, then

P(|X| > x) ∼ Ax−α as x→∞ (7.22)

In the following we will consider a sequence (Xn)n∈N of i.i.d. random variables
whose distribution fall in the normal domain of attraction of a stable random variable
Sα(σ, β, µ). Then we define the random walk S = (Sn)n∈N as follows:

S0 = 0

Sn =

n∑
i=1

ξi n > 0. (7.23)
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7.2.2 Law of Large Numbers

If α ∈ (1, 2), then equation (7.20) ensure that the first moment is finite, and the mean

too. Hence, if µ = E[X] 6= 0, we have that Sn
d≈ nE[X], and we can derive a Law of

Large Numbers kind of convergence.

Theorem 7.2.2. Let (Xi)i∈N be i.i.d. random variables whose distribution is a stable
random variable Sα(σ, β, µ) with stable index α in the range (1, 2). Let S = (Sn)n∈N be
defined as in (7.23). Then the following limit holds.

Sn
n

a.s.−−→ E[X] as n→∞. (7.24)

Note that, if E[X] 6= 0, then the limit is actually µ = E[X]. On the other hand, if
E[X] = 0, then the limit above is meaningless and we need to analyze a different mode
of convergence. The correct leading order to proper rescale Sn becomes n1/α (note that
1/α < 1 since α ∈ (1, 2)), driving to

Sn

n1/α

d−−→ cSα(σ = 1, β, µ = 0) as n→∞. (7.25)

A similar result can be obtained in the case α ∈ (0, 1). In this case the increments
(Xi)i∈N have infinite mean, hence clearly Sn/n→∞ and we need to use a power higher
than 1 to obtain a non trivial convergence. Again, the suitable exponent turns out to
be 1/α (note that this time 1/α > 1 since α ∈ (0, 1)), leading us again to a result that
reads exactly like (7.25), with the exception that this time Sα(σ = 1, β, µ = 0) is a stable
distribution with a different value of α.

7.2.3 Stable Central Limit Theorem

Note that equation (7.21) can be interpreted as a stable version of the Central Limit
Theorem. The parameter mn is responsible for the centering, and n1/α is the suitable
rescaling. We will always deal with variables belonging to the normal domain of attraction
of stable laws (note that proper stable laws are in their own domain of attraction), hence
the stable CLT reads as stated in the following Theorem.

Theorem 7.2.3. Let (Xi)i∈N be i.i.d. random variables whose distribution falls in a
normal domain of attraction of a stable random variable Sα(σ, β, µ) with stable index α
in the range (1, 2). Let S = (Sn)n∈N be defined as in (7.23). Then the following limit
holds.

Sn − µn
n1/α

d−−→ Sα(σ, β, µ = 0) as n→∞. (7.26)

Theorem 7.2.3 allows us to appreciate the difference between n1/α, the usual rescaling
of stable laws, and

√
n, the rescaling used in the classical Central Limit Theorem.
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7.2.4 Stable invariance principle

In the same spirit to what done for "classical" random variables, i.e. for random variables
with finite second moment, we want to state a functional central limit theorem, involving
the continuous process associated with the partial sum. Hence we form the normalized
process by the following rule

S(n)(t) := c−1
n

(
Sbntc −mnnt

)
, t ≥ 0 (7.27)

where (mn)n∈N and (cn)n∈N are deterministic sequences with cn → ∞ as n → ∞, so
that S(n) takes values in D. Usually we have mn ≡ µ, and in all cases contained in this
thesis we will assume it for simplicity, and cn = cn1/α if we assume that the steps of the
discrete random walk fall in the normal domain of attraction of a α-stable distribution.
The only case in which the translation constants (mn)n∈N need to properly depend on
n is when the stable index is α = 1. We will introduce α-stability soon, giving the basic
definitions also for the special case α = 1; however, when deriving results, we will always
deal with α 6= 1, hence we skip every consideration involving this spacial case. Back to
our sequence (7.27), we will see how the common case is cn = n1/α for α ∈ (0, 2), where
the index α depends on the asymptotic behavior of the tail probability P(|ξ| > t) as
t→∞. If we assume every natural regular condition, then the normalized sum S(N) in
(7.27) will converge in (D, J1) to a stable Lévy Motion.
A Stable Process is a stochastic process whoso finite-dimensional distributions are stable
laws. For example the Gaussian processes are stable since their finite-dimensional dis-
tributions are gaussian. However, Gaussian distributions are stable but they have finite
second moment. We will be interested in stable processes whose finite-dimensional distri-
butions are stable with infinite second moment. These nonGaussian stable distributions
have heavy tails, meaning that exceptionally large increments are likely to happen.

We want now to derive a Functional (Stable) CLT when the increments of the un-
derlying random walk are given by stable laws (or variables in the normal domain of
attraction of stable laws). The limit process will be a stable Lévy motion, a particu-
lar case in the general class of Lévy processes. A Lévy process is a stochastic process
L ≡ (L(t), t ≥ 0) with trajectories in the càdlàg space D, such that L(0) = 0 almost
surely, and it has stationary and independent increments. An α-stable Lévy motion is a
Lévy process S ≡ (S(t), t ≥ 0) such that the increments have stable laws, i.e.

S(t+ s)− S(s)
d
= Sα(t1/α, β, 0)

d
= t1/αSα(1, β, 0) (7.28)

for any s ≥ 0 and t > 0. The last formula implies that the stable Lévy motion has
stationary increments. Note that if α = 2, then we recover the Brownian Motion, i.e.
this definition comprehends as a particular case the Brownian Motion. However, we
will deal with proper stable Lévy motions, being interested in the cases αin(0, 1) and
α ∈ (1.2). In those scenarios, stable Lévy motion is self-similar with index H = 1/α, i.e.

(S(ct), t ≥ 0)
d
= (c1/αS(t), t ≥ 0). (7.29)
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Again, note that for the Brownian Motion we obtained a similar self-similarity property
with Hurst-parameter H = 1/2. Still, for α ∈ (1, 2), the stable Lévy Motion, like
the Brownian Motion, has trajectories with unbounded total variation in each bounded
interval.

Though there are similarities, there are also many differences between the Brownian
Motion and the stable Lévy Motion with α < 2. For example the Lévy Motion, except
for its deterministic drift, is a pure-jump process. It has infinitely many discontinuities
in any finite interval with probability 1. However, there exists a version of the stable
Lévy Motion with trajectories in D and we will consider that version. We consider for a
moment the case β = 1: for α < 1, the stable Lévy Motion has nondecreasing trajectories,
whereas for α ≥ 1 the jumps of the stable Lévy Motion are only positive, but the process
has a negative drift.

We give now the statement of the functional CLT in the case where the summands
are i.i.d. stable random variables. Note the differences with the correspondent classical
FCLT in the case of finite variance random variables. Stability of the increments is
reflected in the limit Lévy Motion, and the infinite-second moment is responsible for
discontinuity of trajectories.

Theorem 7.2.4. (stable invariance principle) Let (Xn)n∈N be an i.i.d. sequence of real-
values random variables whose distribution belongs to the normal domain of attraction of
Sα(σ, β, µ) for α ∈ (0, 1) ∪ (1, 2). Let S = (Sn)n∈N be defined as in (7.23). Then, if we
define, for any n ∈ N, the associated normalized process

S(n)(t) :=
Sbntc −mnt

cn1/α
, t ≥ 0, (7.30)

then the following convergence in distribution holds

S(n) d−→ S in (D, J1), (7.31)

where the limit process S is the standard α-stable Lévy Motion such that

S(t)
d
= t1/αSα(1, β, 0). (7.32)

Note that mn can be selected so that

mn =

{
0 if α ∈ (0, 1)
nE[X] if α ∈ (1, 2)

(7.33)

In this Chapter we start by considering sums of i.i.d. random variables with finite
variance. We derived classical results for this situation, showing in particular LLN, CLT,
and Donsker’s theorem. Then we relaxed some assumptions, restricting our analysis to
the class of α-stable random variables, giving explicit expression of their distribution
and focusing on the cases α ∈ (0, 1) and α ∈ (1, 2). We considered sums of i.i.d. stable
random variables, analyzing how similar results can be obtained, focusing in particular
on the differences. We recover a Law of Large Numbers for α ∈ (1, 2), and a Central
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Limit Theorem where the rescaling is n1/α. Finally, we obtained an invariance principle,
the analogous of Donsker’s theorem for stable laws, where the limit process is a stable
Lévy Motion, and convergence holds in the càdlàg space D.

One may asks what happens if we drop the independence requirement of the random
variables generating the sum. The situation we obtain is quite general and difficult to
analyze. If we admit dependence between the steps of the sum, then we do not obtain
general results holding for any kind of dependence. In Chapter 8 we introduce some
preliminary studies that will help us to understand the motivation for the particular type
of dependence we will analyze. Then we give detailed description of the framework where
our results take place. Namely, we will concentrate to the case where the environment
in which the motion takes place is responsible for the correlation between the steps.



Chapter 8

Dynamics on a Lévy random
environment

In this Chapter we want to deepen what happens when we do not require independence
between the steps of the random walk. There are many ways to introduce dependence and
we will focus on the particular case of random walks in random environment (RWRE),
where the environment plays a crucial role in the correlation of the steps. In particular
we deal with the specific case where the environment is a Point Process on R. The sake
for this model is twofold:

• the analysis of a Random Walk whose steps are correlated, due to the presence of
a random environment. This particular model falls in the large reign of RWRE
which consists of a great literature that goes beyond our purposes. There are many
left over problems, which we do not even mention. We simply look at RWRE as a
source of inspiration.

• the motion we are going to describe offers a simple model for a process in inhomo-
geneous environment, and this simple hypothesis is able to explain its anomalous
behavior. Hence we exhibit mathematically treatable features of a framework that
leads to non diffusive regime.

The study of anomalous processes is far more recent with respect to processes with
diffusive rescaling. We are therefore interested on these anomalous diffusive processes,
where the variance of a moving particle has a super- or sub-linear growth in time.

In the physical literature, such anomalous behavior has been observed in many sys-
tems: Lorentz gases with infinite horizon, rotating flows, intermittent dynamical systems,
etc. Several models have been put forth to describe such situations. These models need
to balance the amount of ingredients that allow anomalous diffusion to arise, but they
usually brea heavy drawbacks as their lack of mathematical tractability, which prevent
the flourish of deep analysis. Among them, the simplest are the homogeneous random
walks whose transition probabilities have an infinite second moment (and possibly an in-
finite first moment too) [GK68]. Especially in the physical literature, they are sometimes
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dubbed Lévy flights. To define them properly, Lévy flights are discrete random walks
with i.i.d steps whose distribution is an infinite variance stable law, i.e.

Xn :=
n∑
i=1

ξi ξi ∼ Sα(σ, β, µ) (8.1)

It is a well known fact that Lévy flights easily break normal diffusion. However their
defining feature is also their most serious limitation, meaning that the variance of the
walker’s position is infinite at all times, failing to reproduce the superlinear time depen-
dence that is typical of many systems of interest, such as those mentioned earlier.

The analysis of anomalous diffusion proceed by considering other more realistic mod-
els, such as the Lévy walks, that can be thought as the continuous interpolation of Lévy
walks. The jumps are still picked from a long-tailed distribution, as in the Lévy flights,
but the walker needs a certain time to complete a jump; typically constant speed is as-
sumed, hence the time required to perform the jump turns out to be proportional to the
length of the jump [Cri+14; ZDK15]. The lack of mathematical structure in Lévy Walks
is perhaps the main reason to explain their side role in the field of anomalous transport.
Their naive model results unsatisfactory to depict the features that are responsible for
anomalous diffusion. It seems natural that this particular rescaling should depend on
the environment, whereas Lévy walks incorporate it as an intrinsic particle feature.
Hence, we came to the conclusion that our model of interest should heavily rely on
the environment, the latter being responsible for anomalous diffusion. Indeed, in many
real-world applications (in statistical physics, optics, epidemics, etc.), the long inertial
segments, or ballistic flights, that cause superdiffusion are not due to an anomalous mech-
anism that governs the dynamics of the agent (a particle, a photon, an animal, etc.) but
rather to the complexity of the medium in which the motion occurs. An example is
molecular diffusion in porous media (see the reference lists of [Lev97; BFK00; BCV10]
for more examples).

The importance of correctly modeling the environment where the motion takes place
appears clear. In many interesting situations the walker moves in a complex and/or
disordered environment and in this framework the theory of homogeneous random walk,
though phenomenal for modeling transport in regular media, fails to represent the dynam-
ics. In facts, spatial inhomogeneities induce strong correlations that can have a strong
impact on the transport properties, which cannot be simulated by a simple homogenous
model [Gra80; Bei82; BS83].

The centrality of this aspect led to the definition of a class of processes called random
walks in random environment (RWRE), where the transition probabilities are themselves
random functions of space (see [Zei06] for a review).
This rich class of walks is typically studied from two different viewpoints: that of the
quenched processes, where one focuses on the dynamics for a typical fixed environment,
and that of the annealed (or averaged) processes, where the interest is on the effect of
averaging over the environments.

A primer example of RWRE is represented by random conductance models (RCM).
Basically they can be represented as a random walk in Zd, where the conductance Cxy
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can be interpreted as the "cost" to pay if we want to move from a certain point x to
another specific point y. In details, let Ed be the set of non-oriented nearest neighbor
bonds, {Ce}e∈Ed be a sequence of i.i.d. non-negative random variables, and (Ω,F ,P) be
the probability space that governs the randomness of the conductance. For each ω ∈ Ω,
let {Xω

n }n≥0 be a discrete time random walk whose transition probabilities are given by
Pω(Xn+1 = y | Xn = x) = Cxy/Zx, where Zx :=

∑
y∼xCxy, and y ∼ x if and only if

{x, y} ∈ Ed. Conductance {µx}x∈Zd plays a fundamental role when dealing to continuous
time random walks (CTRW) associated to the discrete one described above. Depending
on time parametrization, two natural CTRW arise. In both of them, the walker waits a
proper holding time on the site before jumping instantaneously to the next site, according
to the discrete random walk.

1. Constant speed random walk, where the holding time at time x is i.i.d. exponen-
tially distributed with mean 1 for all x ∈ Zd;

2. Variable speed random walk, where the holding time at x is exponentially dis-
tributed with mean 1/Zx.

Random conductance models are an example of random walks where the environment
in which we are moving plays a significant role. Without further dwelling on details
of RCM, we want to highlight the fact that, when random walk is influenced by the
environment, its steps can not be independent any more. There are many other ways
to introduce dependence between the steps of a random walk. For example by letting
the jump distribution depend in some way on the previous steps. Here we want to deal
with a different case. The previous steps matters because they brought the walker on
a particular position, but the jump distribution does not depend on the previous steps,
rather on the particular position the walker is occupying. In other words, the lattice
where the random walk is performed is not independent under space translations.

Recently two models [BFK00; Sch02], though rather different from one another, both
proposed a system where standard dynamics are performed on an anomalous environ-
ment, which forces long jumps and is therefore responsible for the anomalous behavior.
This new approach is motivated by many physical situation such as human mobility, epi-
demics or network routing. Even more, a surge of interest in this topic has lately come
from the physics of materials, since a new glassy material has been devised, through which
light exhibits anomalous properties that can be experimentally controlled [BBW08]. Here
the complexity of the underlying network is responsible for anomalous diffusion. The
starting point of our investigation is the Lévy-Lorentz Gas, which was firstly introduced
in [BFK00] as a representative model for this kind of dynamics. In particular, the design
of this so-called Lévy glass suggests an interpretation of the motion of light in it by way
of a Lévy walk in a disordered environment, as studied in [BGA09; GAB12; BBV11;
BCV10; Bur+12] (with varying degrees of approximation).

Taking enormous inspiration from this papers, where no rigorous proof is given, we
expand their work deriving some analytical properties.
In the following we will then focus on a modified version of the Lévy-Lorentz gas, i.e. a
specific case of RWRE where the random environment is given by a Point Process on the



118 CHAPTER 8. DYNAMICS ON A LÉVY RANDOM ENVIRONMENT

real line. The idea consists on having a Point Process, whose realization determines the
positions of the scattered targets, and then perform a Random Walk on these targets.

8.1 Point Processes on R

A point process on a set S is a random element whose value is a countable subset of
points x ∈ S that has no accumulation points.
In the following, we will take R as the reference measurable space S, endowed with the
usual Borel σ-algebra B = B(R). The extension to higher dimensions is straightforward
for some definitions, but the difficulty grows very quickly when proving some results.
Since our goal is to define the framework of our research, we restrict this introduction to
the case d = 1.

A point process on R is thus a collection of points that follow a specific pattern.
Hence we need a description of the distribution of the points in the real line.
Consider a probability space (Ωen,F , P ), and a mapping p : Ωen × B(R) 7→ N such that

1. For every ω ∈ Ωen, p(ω, ·) is a locally finite measure on B(R);

2. For every B ∈ B(R), p(·, B) is a random variable over N.

We can think of p as defining a mapping which maps ω ∈ Ωen into a measureM(B(R)),
whereM(B(R)) is the set of all locally finite measures on B(R). If we endowM(B(R))
with the minimal σ-algebra so that all evaluation maps of the form πB : µ 7→ µ(B),
where B ∈ B(R) is relatively compact, are measurable. Then, p defined above is a
random element and, for every ω ∈ Ωen, pω is a locally finite measure over B(R).
This construction allows us to define an event of a point process as

p =
n∑
i=1

δXi (8.2)

where δ denotes the Dirac measure, n is a random variable with support in N ∪+{∞},
and Xi are random elements of R. Moreover, we can easily derive the following counting
measure over any interval (t1, t2]

N(t1, t2) =

∫ t2

t1

p(t)dt. (8.3)

8.1.1 Renewal Point Processes

We interrupt here the description of a general point process on R. From the plenty of
possible choices available, we restrict ourselves to a very intuitive one. In the following we
consider the particular class of renewal point processes, that can be described by simply
given the common distribution of the distance between neighboring points. To describe
a generic renewal point process, we need first to introduce the counting processes.
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Definition 20. A stochastic process {N(t), t ≥ 0} is said to be a counting process if
N(t) represents the total number of "events" that occur by time t.

Hence N(t) ∈ N and the trajectories of N are piecewise linear. From the previous
definition, it also follows that a counting process {N(t), t ≥ 0} is nondecreasing, i.e.
N(s) ≤ N(t) for every s < t. Moreover, the difference N(t) − N(s) indicated the
number of events that occur in the interval (s, t]. If the number of events that occur in
disjoint intervals are independent, then the counting process is said to have independent
increments, whereas if the distribution of the number of events that occur in any interval
depends only on the length of the interval, then the counting process is said to possess
stationary increments.
For example, the counting process {N(t), t ≥ 0} is said to be a Poisson process with rate
λ > 0, if it satisfies the following properties

(i) N(0) = 0.

(ii) The process has independent increments.

(iii) For any t ≥ 0, the number of events in any interval of length t is Poisson distributed
with mean λT . That is, for all s, t,≥ 0,

P[N(t+ s)−N(s) = n] = e−λt
(λt)n

n!
, n ∈ N. (8.4)

Note that condition (iii) implies that a Poisson process has stationary increments and
also that E[N(t)] = λt. Finally, observe that the times between successive events are
independent and identically distributed exponential random variables. This brings us to
the following Definition

Definition 21. Consider a sequence (Xn)n≥1 of random variables taking values in R+.
Let {N(t), t ≥ 0} be a counting process such that the time between the (n − 1)st and
the nth event is given by Xn. If the random variables (Xn)n≥1 are independent and
identically distributed, then he counting process {N(t), t ≥ 0} is said to be a renewal
process.

For a renewal process with inter-arrival times given by (Xn)n≥1, let

S0 = 0, Sn =
n∑
i=1

Xi, n ≥ 1; (8.5)

so that Sn denotes the time of the nth renewal. Using equation (8.5), N(t) can be written
as

N(t) = max{n : Sn ≤ t}. (8.6)

Assume that E[Xi] = µ for some µ > 0. Then, by the strong law of large numbers it
follows that, with probability 1,

Sn
n
→ µ as n→∞. (8.7)
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Hence Sn must be going to infinity as n goes to infinity. Thus, for any fixed t > 0, Sn
can be less than or equal to t for at most a finite number of values of n and hence by
equation (8.6) N(t) must be finite. This is a direct confirmation that the renewal point
process do not contain any accumulation point.
Note that we could obtain the same result even dropping the assumption of the mean of
the Xn to be finite. Moreover it is possible to show that N(t)→∞ as t→∞, since the
event {Xn =∞} has probability 0.

A more interesting question that arises is to determine the rate at which N(t) goes
to infinity. The answer is given by the next proposition.

Proposition 8.1.1. Let {N(t), t ≥ 0} be a renewal point process with inter-arrival times
give by the sequence (Xn)n≥1. Assume E[Xn] = µ, with µ ∈ R+ ∪ ∞. Then, with
probability 1,

N(t)

t
→ 1

µ
as t→∞. (8.8)

Proof. Let us consider the random variable SN(t), representing the time of last renewal
prior to or at time t. Similarly SN(t)+1 indicates the time of the first renewal after time
t. We have the following chain of inequalities

SN(t)

N(t)
≤ t

N(t)
≤
SN(t)+1

N(t)
(8.9)

However, from the strong law of large numbers, it follows that SN(t)/N(t) =
∑N(t)

i=1 Xi/N(t)
is the average of N(t) i.i.d. random variables, and hence SN(t)/N(t)→ µ as N(t)→∞.
But since N(t)→∞ when t→∞, we obtain

SN(t)

N(t)
→ µ as t→∞. (8.10)

It is not difficult to prove that also SN(t)+1/N(t) → ∞ as t → ∞, and hence the result
follows by equation (8.9).

Note that if µ =∞, then N(t) goes to infinity at a superlinear rate.
Until now we implicitly assume that P(Xn = 0) < 1, otherwise we would obtain a
collection of coinciding points of any practical interest. From now on, we will assume the
previous distribution to have probability 0, i.e. we assume the support of the distribution
for the distance between neighboring points to be (0,+∞), since we want to consider
two coinciding points as one. As a historical remark, we point out that the first point
processes had the real half line [0,∞) as their state space. In this situation, the support
was usually interpreted as time, and the points represented the time when determined
events occurred.
To conclude the list of constraints of the point process we are considering in this work,
we assume that a point is always present at the origin. In this way, we are not analyzing
a stationary point process.
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Although for us the time interpretation fails, we are actually building our point
process on R by concatenating two independent renewal processes on the positive and
negative half real line, and by imposing a point to be always present at the origin.
The point process obtained in such way is not strictly stationary, i.e. for any t > 0 the
distribution of N(s+ t)−N(s) is independent on s provided that the interval (s, s+ t]
does not intersect the origin.

8.2 Random walk in a Lévy random medium

The expression Lévy random medium indicates a stochastic point process, in some space,
where the distances between nearby points have heavy-tailed distributions. Processes
of this kind have been receiving a surge of attention, of late, both in the physical and
mathematical literature; cf., respectively, [BFK00; Sch02; BCV10; Bur+12; ZDK15]
and [Bia+16; BLP20; MS18]. They model a variety of physical nature situations of
scientific interest. In particular, they are used as supports for various kinds of random
walks, in order to study phenomena of anomalous transport and anomalous diffusion.
An incomplete list of general or recent references on this topic includes [SZF95; KRS08;
Cri+14; ZDK15; Art+18; Rad+19; VBB19].

The random medium that we consider in this paper is perhaps the most natural choice
for a Lévy random medium in the real line: a sequence of random points ω = (ωk, k ∈ Z),
where ω0 = 0 and the nearest-neighbor distances ζk = ωk+1 − ωk are i.i.d. variables in
the normal domain of attraction of a β-stable variable, with β ∈ (0, 1)∪ (1, 2). Here β is
the index of the stable distribution, not the skewness parameter, which equals 1 because
ζk > 0.

A random walk Y = (Yn, n ∈ N) takes place on ω according to the following rule.
Independently of ω, there exists a random walk S = (Sn, n ∈ N) on Z with S0 = 0
and i.i.d. increments in the normal domain of attraction of an α-stable variable, with
α ∈ (0, 1) ∪ (1, 2). We define Yn := ωSn . This means that the process Y performs the
same jumps as S, but on the marked points ωk instead of Z. For example, if a realization
of S is (0, 3,−1, . . .), the process Y starts at the origin of R, then jumps to the third
marked point to the right of 0, then to the first marked point to the left of 0, and so on.
In other words, S drives the dynamics of Y on the Lévy medium. For this reason we call
it the underlying random walk.

Our process of interest is Y . We may describe it as a Lévy flight on a one-dimensional
Lévy random medium. This phrase is borrowed from the physical literature, where the
term ‘Lévy flight’ usually indicates a discrete-time random walk with long-tailed instanta-
neous jumps. This is in contrast to a ‘Lévy walk’, which in general designates a persistent,
continuous- or discrete-time, random walk with long-tailed trajectory segments that are
run at constant finite speed [ZDK15]. A Lévy walk is often seen as an interpolation of
a Lévy flight. For example, an important process from the standpoint of applications is
X := (X(t), t ∈ [0,+∞)), the unit-speed interpolation of Y . This means that, for any
realization of Y , a trajectory of X starts at the origin and visits all the points Yn in the
given order, traveling between them with velocity 1 or −1, depending on Yn+1 being to
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the right or to the left of Yn, respectively.
The walk X is a generalization of a system that first appeared in the physical literature 2
decades ago with the name Lévy-Lorentz gas [BFK00] (more precisely, the Lévy-Lorentz
gas is the case where the underlying random walk is simple).

There are several reasons to study our Lévy flight on random medium. The most
self-serving, on the part of the present authors, is to build a basis to investigate the
properties of the associated Lévy walk, as described above (see the proofs in [Bia+16;
BLP20]). Also, Y can be thought of as the limit of a continuous-time random walk with
resting times on the points ωk, when the ratio between the speed of the walker and the
typical resting time diverges. This can be used to model a variety of situations where
a given dynamics is very fast compared to its “decision times”, e.g., electronic signal
on a network whose nodes act as relatively slow processing stations; human mobility
(assuming, as it is often the case, that resting times are substantially longer than travel
times); etc. This particular model aside, there is no lack of general motivation for the
study of random walks on points processes, especially in light of the fact that the topic
is regrettably less developed than others in the field of random walks, with the exception
perhaps of random walks on percolation clusters et similia. For some interesting lines of
research see, e.g., [BR15; CF+09; CFP13; Kub13; Zhu15; Rou14] and references therein.
A recent paper which we extend with the present work is [MS18].

In this paper we give annealed limit theorems for Y in all cases α, β ∈ (0, 1) ∪ (1, 2),
identifying in each case both the scale nγ whereby(

Ybntc
nγ

, t ∈ [0,+∞)

)
(8.11)

converges to a non-null limit, and the limit process. In all cases we prove the optimal, or
at least morally optimal, functional limit theorem, meaning that we show distributional
convergence of the process with respect to (w.r.t.) the strongest Skorokhod topology
that applies there. There are cases in which there can be no convergence in the J1 or M1

topologies: in such cases we prove convergence w.r.t. J2. When the limit process is not
càdlàg (or càglàd) we show convergence of the finite-dimensional distributions. Finally,
in the cases where the limit of (8.11) is deterministic, we prove a functional limit theorem
for the corresponding fluctuations, again relative to the optimal topology.

8.2.1 Notation

In this Section we fix the notation holding also for Chapter 9, where we present the results
of our work. Moreover, we mention here a couple of previous results that motivated and
fueled our research.

Random medium. The random medium that we consider in this paper is perhaps the
most natural choice for a Lévy random medium in the real line: a sequence of random
points ω = (ωk, k ∈ Z), where ω0 = 0 and the nearest-neighbor distances ζk = ωk+1−ωk
are i.i.d. variables in the normal domain of attraction of a β-stable variable, with β ∈
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(0, 1) ∪ (1, 2). We will denote a generic random variable with distribution ζi as ζ. Here
β is the index of the stable distribution, not the skewness parameter, which equals 1
because ζ > 0.

Consider now the sequence (ζi)i∈Z\0 of i.i.d. positive random variables describing the
inter-distances of our point process. In the case β ∈ (0, 1), this means that, as n→ +∞,

1

n1/β

n∑
i=1

ζi
d−−→ Z

(β)
1 , (8.12)

where Z(β)
1 is a stable variable of index β and skewness parameter 1.

In the case β ∈ (1, 2) we have instead

1

n1/β

n∑
i=1

(ζi − ν)
d−−→ Z̃

(β)
1 , (8.13)

for a stable variable Z̃(β)
1 of index β. In this case, necessarily, ν is the expectation of ζ.

The random medium associated to (ζi)i∈Z\0 is defined to be:

ω0 = 0, ωk =


∑k

i=1 ζi if k > 0,

0 if k = 0,

−∑−1
i=k ζi if k < 0.

(8.14)

This determines a point process ω := (ωk, k ∈ Z) on R that we call Lévy random medium
to emphasize the fact that the distribution of ζ has a heavy tail. Each point ωk will
be called a target. In other words, the distances between neighboring targets are drawn
according to independent random variables ζi. We denote the set of all possible environ-
ments by Ωen, and the law on it by P .

Underlying random walk. Independently of ω, there exists a Z-valued random walk
S := (Sn)n∈N with S0 = 0 and i.i.d. increments ξi := Si − Si−1 that are independent of
ζ (and thus of ω). In other words, S is given by

S0 = 0, Sn =
n∑
i=1

ξi for n ∈ Z+. (8.15)

We will refer to S as the underlying random walk and denote by Q the distribution on
the space ΩRW of all its realizations.

Random walk on the random medium. The random walk on the random medium
Y := (Yn)n∈N takes place on ω according to the following rule:

Yn := ωSn , n ∈ N. (8.16)
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Figure 8.1: Top: A realization of the underlying random walk S on Z. Middle: A
realization of the random medium ω, with inter-distances given by ζi. Bottom: The
corresponding process Y jumps between the targets ω according to the walk S.

In other words, Y performs the same jumps as S, but on the points of ω; see Figure
8.1 for a hands-on explanation. With reference to the example in Figure 8.1, if S =
(0,−1, 2, 3, 1,−2, ...) is a realization of the underlying random walk, the corresponding
random walk on the point process will be Y = (ω0, ω−1, ω2, ω3, ω1, ω−2, . . .).

In the following we will focus on a particular case of underlying random walk, where
the i.i.d increments (ξi, i ∈ N) belongs to the normal domain of attraction of an α-
stable variable, with α ∈ (0, 1) ∪ (1, 2). Our main results consist on the derivation of
the asymptotic law of Y , under suitable scaling, with respect to the probability measure
P := P × Q governing the entire system (medium and dynamics). This is sometimes
referred to as the annealed or averaged law of Y . This and other results are the core of
Chapter 9.

To conclude this Section, we want to analyze a couple of previous results that inspired
our work. Indeed, we generalized the results contained in [Bia+16] and [BLP20], where
they considered a modified version of the Lévy-Lorentz Gas, namely a Random Walk on
a Point Process on the real line, where the distance between targets was given by a stable
distribution of index β.

8.3 Previous Results

Inspired by the Lévy-Lorentz Gas, in [Bia+16] the system under examination is a random
walk on a Point Process. A random array of points, called targets, were given on the real
line, such that the distances between two neighboring targets are i.i.d. with finite mean;
they are, however, allowed to have infinite variance, which is the reason why the game
gained interest. This long-tailed choice includes all random variables with distribution
in the basin of attraction of a β-stable distribution, when the stable index β falls in the
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range (1, 2). A particle moves with unit speed between the targets, driven by a random
walk that is independent of all the rest. The underlying random walk S was assumed to
be symmetric and to have finite second moment.
More in detail, they assumed the origin to be always a target and the starting point
of the motion at initial time t = 0. According to the sequence of steps ξ1, ξ2, ξ3, ... of
the underlying random walk, the particle, after reaching the ξi-th target, starts to travel
towards the ξi+1-th target with unit speed. This is therefore a continuous-time random
walk (X(t), t ≥ 0), whose trajectories have long inertial segments due to a random envi-
ronment, which is why they speak of a random walk in a Lévy random environment.
The results in [Bia+16] regards the continuous-time process X and the discrete-time
random walk on the point process Y . As first, the quenched random walk on the point
process was studied, proving a quenched CLT and the convergence of all the accordingly
rescaled moments. For the latter discrete-time process Y , a quenched CLT and the con-
vergence of all the normally rescaled moments to those of a suitable Gaussian were proven.
Then the attention was directed to the continuous-time motion, the constant-speed in-
terpolation of a symmetric random walk on the marked points, leading, by comparison,
to the derivation of the quenched CLT for the continuous-time process. These results
imply the annealed normal CLT for both the continuous- and discrete-time walks.
Hence, for the regime β ∈ (1, 2) of the β-stable Point Process where we move, for a.e.
realization ω ∈ Ωen of the medium, the continuous-time process t−1/2Xω(t) converges,
as t→∞, to a Gaussian variable independent of ω. This confirmed and added on some
of the predictions of [BCV10]for the Lévy-Lorentz gas.

In this second article [BLP20], the authors considered a similar setting to the one
analyzed above. Again, the process under observation is a Random Walk on a random
medium on the real line. The random medium is given by a marked point process in
which the distances between consecutive points are i.i.d. variables taken in the basin of
attraction of a β-stable distribution, with β ∈ (0, 1). The underlying random walk is
assumed to be have finite moment of order γ > 2/β, hence it has at list finite variance.
As before, the objects of interests are the discrete time random walk Y of the point
process, and its constant speed interpolation X.
Since the distances between targets are fat-tailed variables (their first moment is infinite),
the trajectories of the process occasionally experience extremely long inertial segments,
leading one to believe that the process is superdiffusive. By that we mean that it scales
like a power of time with exponent bigger than 1/2. The purpose of the paper is to show
this in a very specific sense. More precisely, if X(t) ≡ Xω(t) denotes the continuous-time
process, with the label ω representing the random medium, they proved that the finite-
dimensional distributions of (n−1/(α+1)X(nt), t ≥ 0), w.r.t. both the random medium
and the random dynamics, converge to those of a certain process which they explicitly
identify (Theorem 2.1). In other words, an annealed generalized CLT for the finite-
dimensional distributions of (X(t), t ≥ 0) is proven.

The importance of [BLP20] lies in the fact that superdiffusion for the limit process
was explicitly shown, representing a primer for random walks in Lévy random media.
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The obtained scaling is also in agreement with the one that has been identified recently
for a related model [Art+18].

Chapter 9 is completely devoted to the presentation of our results. We exploit the
powerful framework of RWRE, designing a Lévy-Lorentz Gas type of motion, where not
only the random medium is set according to a stable point process as in [Bia+16; BLP20],
but also the jump distribution of the underlying random walk consists of heavy tailed
stable Lévy steps.



Chapter 9

Limit theorems for Lévy flights on a
Lévy random medium

In this Chapter we want to present our results, contained in [Sti+20]. The general frame-
work where we move is a generalization of the one described in Section 8.2. Our journey
started in Chapter 7 where we illustrated some basic feature of random walks and more
general processes with i.i.d. increments. Then, in Chapter 8 we introduced dependence
and in particular we stick to the case in which dependence is a direct consequence of the
fact that the medium where the process lives is not homogeneous. Taking inspiration
from the Lévy-Lorentz gas, we analyze the case of random walk on a point process in
the real line. The marked point process consists of scattered points whose distance be-
tween neighboring targets is drawn from a β-stable distribution. Firstly, the case with
β ∈ (1, 2), i.e. with infinite variance but finite mean, was studied [Bia+16], then the
results were extended to the case β ∈ (0, 1), i.e. the distribution of the distance between
neighboring targets has infinite mean [BLP20].
Not much work has been done on systems that combine long-tailed jumps and disordered
media. To the authors’ knowledge, the first such examples are the Lévy flights perturbed
by random drift fields introduced in [Fog94]. In this case the cause of the anomalous dif-
fusion is the distribution of the jumps. The only examples of long-tailed random walks
in random environment these authors have found in the rigorous mathematical literature
are the long-range walks on point processes studied in [BR15; CF+09; CFG+09; Rou15].

Now we are ready to combine the effects of heavy-tailed distribution of the jumps
of the underlying random walk, with the heavy-tailed distribution of the distance be-
tween neighboring targets of the marked point process where the motion takes place. In
particular, for the random environment we keep the same choice of β-stable distribution
adopted in Section 8.2, whilst adding the hypothesis that the underlying random walk
are drawn from a stable distribution of index α ∈ (0, 1) ∪ (1, 2). This combination of
heavy-tailed stable distributions open further scenarios for the limit process we want to
analyze.

127
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9.1 The Model

9.1.1 Setup

As mentioned in the previous Chapter, the Lévy flight on random medium that we
consider is a random walk performed over the points of a certain random point process.
We proceed to define all the necessary constructions.

Random medium. Let ζ := (ζi)i∈Z be a sequence of i.i.d. positive random variables.
We assume that the law of ζ belongs to the normal basin of attraction of a β-stable
distribution, with β ∈ (0, 1) ∪ (1, 2). We refer to Section 8.2 for a complete treatment of
the random environment.

We recall that the associated point process ω := (ωk, k ∈ Z) on R, that we call Lévy
random medium to emphasize the fact that the distribution of ζ has a heavy tail, is
determined by the following relation:

ω0 = 0, ωk =


∑k

i=1 ζi if k > 0,

0 if k = 0,

−∑−1
i=k ζi if k < 0.

(9.1)

Underlying random walk. We consider a Z-valued random walk S := (Sn)n∈N, with
S0 = 0 and i.i.d. increments ξi := Si − Si−1 that are independent of ζ (and thus of ω).
We will denote a generic random variable with distribution ξi as ξ. In other words, S is
given by

S0 = 0, Sn =

n∑
i=1

ξi for n ∈ Z+. (9.2)

The law of ξ belongs to the normal basin of attraction of an α-stable distribution,
with α ∈ (0, 1) ∪ (1, 2). This is the main difference of our framework with respect to
those of Section 8.3. Analogous convergences to those given in (8.12) and (8.13) apply
to the ξi. Hence, the underlying random walk S obeys the following stable limits. In the
case α ∈ (0, 1), we have that, as n→ +∞,

1

n1/α

n∑
i=1

ξi
d−−→W

(α)
1 , (9.3)

where W (α)
1 is a stable variable of index α. In the case α ∈ (1, 2) we have instead

1

n1/α

n∑
i=1

(ξi − µ)
d−−→ W̃

(α)
1 , (9.4)

for another stable variable W̃ (α)
1 of index α. In this case, necessarily, µ is the expectation

of ξi and the skewness parameter of W̃ (α)
1 is 0.
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Note that, when the mean of the steps µ equals zero, the centering of the previous
equation seems redundant. However, when µ 6= 0, the non-centered sum leads to a LLN
type of limit, with rescaling 1/n and almost sure convergence to the mean µ itself (see
Section 7.2).

Random walk on the random medium. As in the previous Chapter, the random
walk on the random medium Y := (Yn, n ∈ N) is defined to be:

Yn := ωSn , n ∈ N. (9.5)

In the following we will focus on the derivation of the asymptotic law of Y , under suitable
scaling, with respect to the probability measure P governing the entire system (medium
and dynamics). This is sometimes referred to as the annealed or averaged law of Y .

9.1.2 Limit processes for ω and S

We now recall some elementary functional limit theorems for suitable rescalings of the
processes ω and S, cf. (9.1) and (9.2).
By definition, for all k ∈ Z, ωk is a sum of |k| i.i.d. random variables ζi in the normal
domain of attraction of a β-stable distribution. We first deal with the case β ∈ (0, 1).
For every s ∈ R we define

ω̂(n)(s) :=


ωbnsc
n1/β

if s ≥ 0,

ωdnse
n1/β

if s < 0.

(9.6)

Let (Z
(β)
± (s), s ≥ 0) be two i.i.d. càdlàg Lévy β-stable processes such that Z(β)

± (0) = 0

and Z(β)
± (1) is distributed like Z(β)

1 , as introduced in (8.12) (these two conditions uniquely
determine the common distribution of the processes). Set

Z(β)(s) :=

{
Z

(β)
+ (s) if s ≥ 0,

−Z(β)
− (−s) if s < 0.

(9.7)

Then (see, e.g., [Whi02, Section 4.5.3]), as n→∞,

ω̂(n) d−−→ Z(β) in (D, J1). (9.8)

When β ∈ (1, 2), the average distance ν := E[ζi] between successive targets is finite
and positive by assumptions. So, at first order, a Strong Law of Large Numbers holds.
More in detail, setting

ω̄(n)(s) :=


ωbnsc
n

if s ≥ 0,

ωdnse
n

if s < 0,

(9.9)
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we have
ω̄(n) a.s.−−−→ ν id in (D, J1), (9.10)

as n→∞. Here and in the rest of the paper id denotes the identity function, on whatever
domain it is defined. Furthermore, a functional convergence similar to (9.8) holds for the
fluctuations around this Law of Large Numbers. More explicitly, for s ∈ R, define

ω̃(n)(s) :=


∑bnsc

i=1 (ζi − ν)

n1/β
if s ≥ 0,

−∑−1
i=dnse(ζi − ν)

n1/β
if s < 0.

(9.11)

Then, as n→∞,
ω̃(n) d−−→ Z̃(β) in (D, J1), (9.12)

where the process Z̃(β) is defined similarly to Z(β), cf. (9.7), but with Z̃(β)
± (1) distributed

like Z̃(β)
1 , introduced in (8.13).

Analogous limit theorems hold for the continuous-time rescaled versions of the un-
derlying random walk S. By definition, Sn is a sum of n i.i.d. random variables ξi in
the normal domain of attraction of an α-stable distribution. We distinguish two regimes,
depending on the values of α and µ := E[ξi] (when applicable).

The first regime corresponds to the cases α ∈ (0, 1), or α ∈ (1, 2) with µ = 0. In
these situations, the drift of the underlying random walk is either undefined or null. In
either case, it does not affect the convergence of the process

Ŝ(n)(t) :=
Sbntc
n1/α

, (9.13)

which we define for t ≥ 0. In fact, letW (α) denote a Lévy α-stable process withW (α)(0) =

0 andW (α)(1) distributed likeW (α)
1 , where the latter has been defined after (9.3). Then,

as n→∞,
Ŝ(n) d−−→W (α) in (D+, J1). (9.14)

When α ∈ (1, 2) and µ 6= 0, set, for t ≥ 0,

S̄(n)(t) :=
Sbntc
n

. (9.15)

By the functional version of the Strong Law of Large Numbers,

S̄(n) a.s.−−−→ µ id in (D+, J1), (9.16)

as n→∞. As for the fluctuations, defining

S̃(n)(t) :=

∑bntc
i=1 (ξi − µ)

n1/α
, (9.17)
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we get
S̃(n) d−−→ W̃ (α) in (D+, J1). (9.18)

where W̃ (α) is a Lévy α-stable process with W̃ (α)(0) = 0 and W̃ (α)(1) distributed like
W̃

(α)
1 (defined as in (9.4)).

9.2 Results

We now present our convergence results for the Lévy flight Y which, as we shall see,
strongly depend on the values of α and β. All theorems are stated using the notation
established in the previous section.

We first analyze the case β ∈ (0, 1), corresponding to an infinite expected distance
between the targets of the random medium

Theorem 9.2.1. Let β ∈ (0, 1) and assume that either α ∈ (0, 1) or α ∈ (1, 2) with
µ = 0. For t ∈ R+ define

Ŷ (n)(t) := ω̂(n) ◦ Ŝ(n)(t) =
Ybntc
n1/αβ

, (9.19)

where ω̂(n) and Ŝ(n) have been introduced, respectively, in (9.6) and (9.13). Then the
finitedimensional distributions of Ŷ (n) converge to those of Z(β) ◦ W (α), i.e., for any
m ∈ Z+ and t1, . . . , tm ∈ R+,(

Ŷ (n)(t1), . . . , Ŷ (n)(tm)
)

d−−→
(
Z(β)(W (α)(t1)), . . . , Z(β)(W (α)(tm))

)
, (9.20)

as n→∞.

Theorem 9.2.1 is rather weak, in that it only proves convergence of the finite-dimensional
distributions of the process Ŷ (n) defined in (9.19). Observe, however, that the limit pro-
cess Z(β) ◦ W (α) has trajectories that are not càdlàg with positive probability (see for
example the explanation around (2.9) of [BLP20]). Therefore, a functional limit theorem
w.r.t. a Skorokhod topology is not the natural result to expect. On the other hand, when
α ∈ (1, 2) and µ 6= 0, the assertion can be strengthened as follows.

Theorem 9.2.2. Let β ∈ (0, 1) and α ∈ (1, 2) with µ 6= 0. For t ∈ R+ define

Ŷ (n)(t) := ω̂(n) ◦ S̄(n)(t) =
Ybntc
n1/β

, (9.21)

cf. (9.6) and (9.15). Then, as n→∞,

Ŷ (n) d−−→ sgn(µ) |µ|1/β Z(β)
+ in (D+, J2). (9.22)

Remark 8. Since Z(β)
+

d
= Z

(β)
− , one could put either process in the r.h.s. of (9.22), irre-

spectively of the sign of µ.
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Remark 9. The convergence (9.22) fails in the topology J1, or even M1 [Whi02, Section
3.3]. The topology J2 is thus the strongest among the classical Skorokhod topologies
with respect to which the convergence holds.

To justify the claim, observe that, in general, S̄(n) is a wildly oscillating function
around µ id, and Z(β) is almost surely discontinuous. More in detail, assume that µ > 0

and let s ∈ R be a discontinuity point of Z(β)
+ with a jump, say, of order 1 in n. Since,

for n→∞, ω̂(n) is very close to Z(β)
+ in J1, there exists a discontinuity point sn of ω̂(n),

very close to s, with a jump of order 1. Now, if we exclude the case where the underlying
random walk S is deterministic, S̄(n)(t) is a non-monotonic function of t ∈ I, for every
interval I ⊂ R+ and n large enough, depending on I (this is an elementary Brownian-
bridge result). So one can find a small interval I such that, as t runs through I, S̄(n)(t)
oscillates many times around sn. Therefore ω̂(n) ◦ S̄(n)(t) has many back-and-forth jumps
of order 1. This prevents convergence both in J1 and in M1, cf. [Whi02, Figure 11.2].
What allows for J2-convergence is that the fluctuations of S̄(n) around µ id vanish, as
n → ∞. This means that the oscillations of S̄(n)(t) around sn, and therefore the large
oscillations of ω̂(n) ◦ S̄(n)(t), occur only in a vanishing interval In ⊂ I. Therefore one
can find a non-continuous change of the coordinate t, say ρn : [0, T ) −→ [0, T ), which is
globally close to the identity and “reorders” the points in In in the sense that ω̂(n)◦S̄(n)◦ρn
only has one jump of order 1. The problem thus reduces to the much easier problem
of showing the J1-convergence of the latter process. See the proof of Theorem 9.2.2 for
the rigorous arguments. Lastly, we observe that all the results presented in this paper
involving the J2 topology could in fact be stated for a stronger Skorokhod -type topology.
We refer the interested reader to Remark 7 in Section 6.7.

Next we consider the case β ∈ (1, 2), where the inter-distances of the random medium
have finite mean.

Theorem 9.2.3. Let β ∈ (1, 2) and recall the notation (9.9), (9.13) and (9.15).

1. Assume α ∈ (0, 1), or α ∈ (1, 2) with µ = 0. For t ∈ R+ set

Ŷ (n)(t) := ω̄(n) ◦ Ŝ(n)(t) =
Ybntc
n1/α

. (9.23)

Then, as n→∞,
Ŷ (n) d−−→ νW (α) in (D+, J1). (9.24)

2. Assume α ∈ (1, 2) and µ 6= 0. Setting

Ȳ (n)(t) := ω̄(n) ◦ S̄(n)(t) =
Ybntc
n

(9.25)

one has
Ȳ (n) d−−→ νµ id in (D+, J1). (9.26)

As stated in point 2. above, when α ∈ (1, 2) and µ 6= 0, the sequence of processes
Ȳ (n) converges to a multiple of the identity function. The next theorem gives the explicit
asymptotics of the fluctuations of Ȳ (n) around its deterministic limit.
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Theorem 9.2.4. Let α, β ∈ (1, 2) with µ 6= 0, and let Ȳ (n) be the process defined in
(9.25).

1. If α < β define

Ỹ (n)(t) :=
n(Ȳ (n)(t)− νµt)

n1/α
. (9.27)

Then, when n→∞,

Ỹ (n) d−−→ νW̃ (α) in (D+, J1), (9.28)

where W̃ (α) has been defined after (9.18).

2. If α > β define

Ỹ (n)(t) :=
n(Ȳ (n)(t)− νµt)

n1/β
. (9.29)

Then, when n→∞,

Ỹ (n) d−−→ sgn(µ) |µ|1/β Z̃(β)
+ in (D+, J2), (9.30)

where Z̃(β)
+ has been defined after (9.12).

3. If α = β define

Ỹ (n)(t) :=
n(Ȳ (n)(t)− νµt)

n1/α
. (9.31)

Let Z̃(α)
+ and W̃ (α) be two independent α-stable processes, as previously defined. As

n→∞,

Ỹ (n) d−−→ sgn(µ) |µ|1/β Z̃(α)
+ + νW̃ (α) in (D+, J2). (9.32)

Remark 10. The same considerations as in Remark 9 apply to the optimality of the J2

topology in the limits (9.30) and (9.32).

9.3 Proofs

9.3.1 Proof of Theorem 9.2.1: Convergence of finite-dimensional dis-
tributions

We establish the assertion by extending the proof of [BLP20, Theorem 2.2]. We first
prove the following:
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Lemma 9.3.1. Let ω̂(n) and Ŝ(n) be the processes defined in (9.6) and (9.13), respectively.
Then, when n→∞,

(ω̂(n), Ŝ(n))
d−−→ (Z(β),W (α)) in (D ×D+, J1 ⊗ J1) , (9.33)

where J1 ⊗ J1 denotes the product topology on the product space D ×D+.

Proof. From (9.8) and (9.14) we have that ω̂(n) d−−→ Z(β) in (D, J1) and Ŝ(n) d−−→W (α) in
(D+, J1). Since ω̂(n) and Ŝ(n) are independent, the result follows from [Whi02, Theorem
11.4.4].

By virtue of the Skorokhod Representation Theorem (see Theorem 5.2.1), we may
assume that the convergence in the statement of Lemma 9.3.1 holds almost everywhere.
If this is not the case, there exists a probability space where it does, and since the specifics
of the probability space are irrelevant for the next discussion, we avoid here to change
the notation for the processes in the new space. Notice also that since Z(β) is a β-stable
process, it is almost surely continuous at s, for any s ∈ R, and similarly W (α) is almost
surely continuous at t, for any t ∈ R+. In particular, by the independence of the two
processes, the event that W (α) is continuous at t and Z(β) is continuous at W (α)(t) has
probability 1, for any t ∈ R+. Therefore the hypotheses of the next lemma hold almost
surely.

Lemma 9.3.2. Fix t > 0 and consider a realization (ω, S) of the random medium and
of the underlying random walk such that W (α) is continuous in t and Z(β) is continuous
at W (α)(t). Then we have

lim
n→∞

ω̂(n)(Ŝ(n)(t)) = Z(β)(W (α)(t)). (9.34)

Proof. Let ε ∈ (0, 1) and η ∈ (0, ε) be such that

sup
s:|s−W (α)(t)|<2η

|Z(β)(W (α)(t))− Z(β)(s)| < ε

2
. (9.35)

Also choose ς ∈ (0, η) so that

sup
u:|u−t|<ς

|W (α)(t)−W (α)(u)| < η

2
. (9.36)

Let n be large enough so that dJ1,[0,t+1](Ŝ
(n),W (α)) < ς/2, see (6.11). In other words,

there exists an increasing homeomorphism ϕn of [0, t+ 1] such that, for all u ∈ [0, t+ 1],

|u− ϕn(u)| < ς

2
, (9.37)

|Ŝ(n)(u)−W (α)(ϕn(u))| < ς

2
. (9.38)
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Hence, using (9.38) and (9.36) we get

|Ŝ(n)(t)−W (α)(t)| (9.39)

≤ |Ŝ(n)(t)−W (α)(ϕn(t))|+ |W (α)(ϕn(t))−W (α)(t)|
<
ς

2
+
η

2
< η,

since |ϕn(t)− t| < ς/2. Assume moreover that n is large enough so that

dJ1,[0,|W (α)(t)|+1]

(
ω̂(n), Z(β)

)
<
η

2
, (9.40)

dJ1,[0,|W (α)(t)|+1]

(
ω̂(n)(− ·), Z(β)(− ·)

)
<
η

2
, (9.41)

where the notation in the l.h.s. of (9.41) was introduced in Remark 6. Then there exists
an increasing homeomorphism ψn of [−|W (α)(t)|−1, |W (α)(t)|+1], with ψn(0) = 0, such
that, for all s ∈ [−|W (α)(t)| − 1, |W (α)(t)|+ 1],

|s− ψn(s)| < η

2
, (9.42)

|ω̂(n)(s)− Z(β)(ψn(s))| < η

2
. (9.43)

Note also that (9.39) ensures that Ŝ(n)(t) ∈ [−|W (α)(t)| − 1, |W (α)(t)| + 1], so that by
(9.42) and (9.39),

|ψn(Ŝ(n)(t))−W (α)(t)| ≤ |ψn(Ŝ(n)(t))− Ŝ(n)(t)|+ |Ŝ(n)(t)−W (α)(t)| (9.44)

<
η

2
+ η < 2η ,

and from (9.43) we obtain

|ω̂(n)(Ŝ(n)(t))− Z(β)(ψn(Ŝ(n)(t)))| < η/2. (9.45)

Finally, using (9.45), (9.35) and (9.44), we obtain:

|ω̂(n)(Ŝ(n)(t))− Z(β)(W (α)(t))| (9.46)

≤ |ω̂(n)(Ŝ(n)(t))− Z(β)(ψn(Ŝ(n)(t)))|+ |Z(β)(ψn(Ŝ(n)(t)))− Z(β)(W (α)(t))|
≤ η

2
+
ε

2
< ε.

This shows (9.34).

Proof of Theorem 9.2.1. Let m ∈ N+ and t1, . . . , tm ∈ [0,+∞). With probability one
W (α) is continuous at t1, . . . , tm and Z(β) is continuous atW (α)(t1), . . . ,W (α)(tm). When
restricting to such realizations, using Lemma 9.3.2 with t = ti, we have that n−1/αβ Ybn tic =

ω̂(n)(Ŝ(n)(ti)) converges almost surely to Z(β)(W (α)(ti)), for all i ∈ {1, . . . ,m}. On the
intersection of these events of probability one, the joint convergence for all i ∈ {1, . . . ,m}
holds. This implies the desired distributional convergence.
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9.3.2 Proof of Theorem 9.2.3: Limit theorems for β ∈ (1, 2)

Although Theorem 9.2.3 was stated after Theorem 9.2.2, we give the proof of the former
first, because it is simpler and somehow preliminary to the proof of the latter. As a
matter of fact, we only prove assertion 1. Assertion 2 is carried out similarly with no
additional effort.

Lemma 9.3.3. The composition map h : D0 × D+ −→ D+ (see Chapter 6 for the
definitions of D0 and D+) defined by

h(w, s) := w ◦ s (9.47)

is measurable and it is J1-continuous on (C∩D0)×D+, where C is the space of continuous
functions on R. More precisely, the continuity is intended w.r.t. the topology J1 ⊗ J1 on
the domain of h and J1 on its target space.

Proof of Lemma 9.3.3. As the measurability of h is easy, we concentrate on the continuity
statement. Assume that, as n → ∞, (wn, sn) → (w, s) in (D0 × D+, J1 ⊗ J1), with
w ∈ C ∩ D0 and s ∈ D+. This means that, for all M,T > 0,

wn → w in (D([−M,M ]), J1), (9.48)
sn → s in (D([0, T ]), J1). (9.49)

In particular, if we fix T > 0, there exists a sequence (λn)n∈N of homeomorphisms of
[0, T ] such that

sup
t∈[0,T ]

|λn(t)− t| → 0, (9.50)

sup
t∈[0,T ]

|sn ◦ λn(t)− s(t)| → 0. (9.51)

We have

sup
t∈[0,T ]

|wn ◦ sn ◦ λn(t)− w ◦ s(t)| (9.52)

≤ sup
t∈[0,T ]

|wn ◦ sn ◦ λn(t)− w ◦ sn ◦ λn(t)|+ sup
t∈[0,T ]

|w ◦ sn ◦ λn(t)− w ◦ s(t)|

≤ sup
u∈[−M,M ]

|wn(u)− w(u)|+ sup
t∈[0,T ]

|w ◦ sn ◦ λn(t)− w ◦ s(t)|,

where M = M(T ) := supn supv∈[0,T ] |sn(v)|. This quantity is finite because s ∈ D+, and
thus it is bounded on [0, T ], and from (9.49).

Now, the first of the last two terms of (9.52) vanishes by (9.48) and Remark 3. The
second term vanishes by (9.51) and the uniform continuity of w on [−M,M ]. Finally,
(9.50), (9.52) and the arbitrariness of T show that h(wn, sn) = wn ◦sn → w◦s = h(w, s),
which is what we sought to prove.
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Proof of assertion 1 of Theorem 9.2.3. As defined in (9.23), Ŷ (n) := ω̄(n)◦Ŝ(n). Denoting
by h the composition map as in the previous lemma, we set out to prove that

Ŷ (n) = h(ω̄(n), Ŝ(n))
d−−→ h(ν id,W (α)) = νW (α) in (D+, J1), (9.53)

as n → ∞. We do so by applying the following extension of the Continuous Mapping
Theorem, see e.g. [Bil13, Theorem 5.1]: if h : S −→ S ′ is a measurable function between
two metric spaces, which are also regarded as measure spaces w.r.t. the respective Borel
σ-algebras, (Xn)n∈N and X are S-valued random variables with Xn

d−−→ X, and P(X ∈
Disc(h)) = 0, where Disc(h) ⊂ S denotes the set of discontinuities of h, then h(Xn)

d−−→
h(X).

Note that the topological spaces D0 and D+, and thus D0 ×D+, are metrizable; see
the comment after (6.26). From the independence of ω̄(n) and Ŝ(n), and by (9.10), (9.14),
and the definition of product topology,

(ω̄(n), Ŝ(n))
d−−→ (ν id,W (α)) in (D0 ×D+, J1 ⊗ J1). (9.54)

To apply the theorem and obtain (9.53) it remains to prove that the probability that
(ν id,W (α)) hits a discontinuity of h is zero. But (ν id,W (α)) ∈ (C ∩ D0)×D+, where h
is continuous by Lemma 9.3.3.

9.3.3 Proof of Theorem 9.2.2: Limit theorems for β ∈ (0, 1)

In comparison with the proof of Theorem 9.2.3, the main technical hurdle here is that
in the composition Ŷ (n) = ω̂(n) ◦ S̄(n), cf. (9.21), the inner function (also referred to as
random time change) is not increasing and one cannot use [Bil13, Theorem 5.1]. We
shall only prove Theorem 9.2.2 in the case µ > 0, as the other case is all but identical.

In view of Remark 4, we need to show that, for any T > 0, which we consider fixed
throughout this proof, the restriction of Ŷ (n) to [0, T ) converges in (D([0, T )), J2) to the
restriction of W (α) ◦ µ id to [0, T ). By a double use of the Skorokhod Representation
Theorem, there exist two probability spaces (Ω1,P1) and (Ω2,P2), and processes

ω̂(n) : Ω1 → D,
Z(β) : Ω1 → D,
S̄(n) : Ω2 → D+,

S̃(n) : Ω2 → D+,

W̃ (α) : Ω2 → D+,

(9.55)

with, respectively, the same distributions as ω̃(n), Z(β), S̄(n), S̃(n), W̃ (α), such that the
distributional convergences (9.8), (9.16) and (9.18) become almost sure convergences in
the suitable spaces:

ω̂(n) a.s.−−−→ Z(β) on (Ω1,P1) in (D, J1)

S̄(n) a.s.−−−→ µ id on (Ω2,P2) in (D+, J1),

S̃(n) a.s.−−−→ W̃ (α) on (Ω2,P2) in (D+, J1).

(9.56)
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Since ω̂(n) and S̄(n) are independent, we regard the processes (9.55) as defined on (Ω1 ×
Ω2,P1 × P2), so all the joint distributions of processes in boldface type are the same
as for the corresponding processes in regular type. Also, in the interest of readability
and confident there will be no confusion, we slightly abuse the notation and write the
boldface processes in regular type.

Let us denote by Ω′1 the set of realizations γ1 ∈ Ω1 such that ω̂(n)[γ1]→ Z(β)[γ1], as
n → ∞, in (D, J1). In particular P1(Ω′1) = 1. Similarly, let us denote by Ω′2 the set of
realizations γ2 ∈ Ω2 such that S̃(n)[γ2]→ W̃ (α)[γ2] in (D+, J1). Again P2(Ω′2) = 1. Since
S̃(n) = (nS̄(n) − µbn ·c)/n1/α converges almost surely to a Lévy stable process, whose
trajectories are bounded when restricted to [0, T ) (though not uniformly bounded in γ2),
it is easy to see that, for any η ∈ (0, 1), there exist Cη > 0 and n̄η ∈ N such that the
event

Bη :=
{
γ2 ∈ Ω′2 : sup

t∈[0,T )

n|S̄(n)[γ2](t)− µt|
n1/α

≤ Cη for n ≥ n̄η
}

(9.57)

has probability P2(Bη) > 1− η. Observe that Cη and n̄η depend on T as well. Our goal
for the rest of the proof will be to show that, for all realizations (γ1, γ2) ∈ Ω′1 ×Bη,

ω̂(n) ◦ S̄(n) −→ Z(β) ◦ µ id in (D([0, T )), J2), (9.58)

as n→∞. This easily implies that the above convergence holds almost surely in (Ω1 ×
Ω2,P1×P2). In fact, it holds on Ω′1×

⋃
k∈NBηk , where (ηk)k∈N is some vanishing sequence

of numbers in (0, 1), and

P2

(⋃
k∈N

Bηk

)
≥ lim sup

k→∞
P2(Bηk) ≥ lim sup

k→∞
(1− ηk) = 1. (9.59)

Now, almost sure converges implies distributional converge (for the boldface processes
and thus for the original processes). Finally, since Z(β)

± are β-stable and having assumed
that µ > 0, we observe that Z(β) ◦ µ id = µ1/βZ

(β)
+ , thus proving (9.22).

So we are left with proving (9.58). We first give a plan of the proof, warning the
reader that all the involved quantities depend in general on (γ1, γ2) ∈ Ω′1 × Bη, but we
often omit this dependence. As per Definition 14, we will need to construct bijections
τn : [0, T ) −→ [0, T ) such that, when n→∞,

sup
t∈[0,T )

|ω̂(n) ◦ S̄(n) ◦ τn(t)− Z(β)(µt)| → 0, (9.60)

sup
t∈[0,T )

|τn(t)− t| → 0. (9.61)

1. As a first step to obtain (τn)n∈N, we construct bijections ρn : [0, T ) −→ [0, T ) such
that

sup
t∈[0,T )

|ρn(t)− t| −→ 0 (9.62)

S̄(n) ◦ ρn ∈ Dpc([0, T )) ∩ D0([0, T )), (9.63)

S̄(n) ◦ ρn −→ µ id in (D([0, T )), J1), (9.64)
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Figure 9.1: Upper panel: representation of ρn in [0, T ). Lower panel: sample path of
S̄(n) in [0, T ) (left) and the nondecreasing composition S̄(n) ◦ ρn (right).

where Dpc([0, T )) denotes the set of càdlàg piecewise constant functions of [0, T )
and D0([0, T )) denotes the set of càdlàg nondecreasing functions of [0, T ). See
Figure 9.1 (upper panel) for an example of ρn associated to a given realization of
S̄(n).

2. Since ω̂(n) −→ Z(β) in (D, J1) for any γ1 ∈ Ω′1, we can apply [Whi80, Theorem
3.1], which gives sufficient conditions for the composition of two càdlàg functions
to be continuous in the J1 topology. Using (9.63)-(9.64) we will get

ω̂(n) ◦ S̄(n) ◦ ρn −→ Z(β) ◦ µ id in (D([0, T )), J1), (9.65)

for any (γ1, γ2) ∈ Ω′1× Bη. By definition of J1-convergence, there exists a sequence
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of homeomorphisms λn of [0, T ), such that, as n→∞,

sup
t∈[0,T )

|λn(t)− t| → 0, (9.66)

sup
t∈[0,T )

|ω̂(n) ◦ S̄(n) ◦ ρn ◦ λn(t)− Z(β)(µt)| → 0. (9.67)

3. Note that (9.67) is exactly (9.60) for the bijection τn := ρn ◦ λn. Therefore, it will
remain to establish (9.61), that is,

sup
t∈[0,T )

|ρn ◦ λn(t)− t| → 0. (9.68)

We now fill the gaps in the steps above.

Construction of ρn. We begin by constructing the bijection ρn : [0, T ) −→ [0, T ).
Since S̄(n)(t) = Sbntc/n for t ∈ [0, T ) and γ2 ∈ Bη, we have that

|Sbuc − µu| ≤ Cηn1/α, (9.69)

uniformly for u ∈ [0, nT ). Without loss of generality, we assume that nT ∈ N. If not,
one can take T ′ slightly larger than T , with nT ′ ∈ N, and work in [0, T ′]. Let p(·) be a
permutation of {0, 1, . . . , nT − 1} such that Sp(0) ≤ Sp(1) ≤ · · · ≤ Sp(nT−1). We define
ρn as follows:

ρn(t) := t− i

n
+
p(i)

n
, t ∈

[ i
n
,
i+ 1

n

)
, i ∈ {0, . . . , nT − 1}. (9.70)

Clearly, ρn is a bijection that maps [i/n, (i + 1)/n) affinely onto [p(i)/n, (p(i) + 1)/n).
By construction of p(·), S̄(n) ◦ ρn is nondecreasing. The next proposition shows that ρn
is uniformly close to the identity.

Proposition 9.3.1. For all γ2 ∈ Bη,

sup
i∈{0,...,nT−1}

|i− p(i)| ≤ 2Cη
µ

n1/α + 1. (9.71)

Proof. To better explain the proof we refer to Figure 9.2, which shows a sample path of
u 7→ Sbuc and the corresponding upper and lower bounds given by (9.69).

We establish (9.71) by estimating from below the cardinality of the sets

Li := {j ∈ {0, . . . , nT − 1} : Sp(i) ≥ Sj}, (9.72)

Ui := {j ∈ {0, . . . , nT − 1} : Sp(i) ≤ Sj}. (9.73)

Let us begin with a lower bound for |Li|. To this end, consider the interval Bi :=
[0, bi,n] ⊆ [0, nT ), where bi,n := p(i) − 2Cηn

1/α/µ. This set was introduced because it
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p(i) nTCηn
1/α

µ

l1(u)

l2(u)

Cηn1/α

µu

AiBi

u

Sbuc

Figure 9.2: A sample path of Sbuc and the corresponding upper and lower bounds given
by (9.69) and represented by the graphs of the functions l1(u) = µu + Cηn

1/α and
l2(u) = µu − Cηn1/α. The horizontal and verticals sizes of the strip are, respectively,
2Cηn

1/α/µ and 2Cηn
1/α. The sets Bi,Ai are defined in the body of the text.

has the property that, for all u ∈ Bi, Sbuc ≤ Sp(i), see Figure 9.2. Observe that, for small
values of p(i), Bi might be empty. These considerations show that

|Li| ≥ |Bi ∩ Li| = |Bi ∩ Z| = max{bbi,nc+ 1, 0}. (9.74)

On the other hand, since Sp(i) is the (i + 1)-th smallest value of the set {Sj}nT−1
j=0 , we

know that |Li| = i+ 1. From the above inequality, then,

i ≥ bbi,nc =
⌊
p(i)− 2

Cηn
1/α

µ

⌋
≥ p(i)− 2

Cηn
1/α

µ
− 1. (9.75)

We proceed analogously to produce a lower bound for |Ui|. Set Ai := [ai,n, nT ),
where ai,n = p(i) + 2Cηn

1/α/µ. Figure 9.2 shows that Sbtc ≥ Sp(i) for all t ∈ Ai, whence
|Ai ∩Ui| = bnT − ai,nc+ 1. On the other hand, |Ui| = nT − i+ 1. Since |Ui| ≥ |Ai ∩Ui|
we get

nT − i ≥ bnT − ai,nc ≥ nT − ai,n − 1, (9.76)

and so

i ≤ ai,n + 1 = p(i) + 2
Cηn

1/α

µ
+ 1, (9.77)

concluding the proof.
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J2-convergence on Ω′1 × Bη. To derive (9.65) we first notice that, for any γ2 ∈ Bη,

S̄(n) ◦ ρn → µ id in (D([0, T )), J1), (9.78)

as n→∞. This is in fact a consequence of the following uniform convergence:

sup
t∈[0,T )

|S̄(n) ◦ ρn(t)− µt| (9.79)

= sup
i∈{0,...,nT−1}

sup
t∈[i/n,(i+1)/n)

∣∣∣S̄(n)
(
t− i− p(i)

n

)
− µt

∣∣∣
≤ sup

i∈{0,...,nT−1}
sup

t∈[i/n,(i+1)/n)

∣∣∣S̄(n)
(
t− i− p(i)

n

)
− µ

(
t− i− p(i)

n

)∣∣∣
+ sup
i∈{0,...,nT−1}

∣∣∣ i− p(i)
n

∣∣∣
= Cη

n1/α

n
+

2Cη
µ

n1/α

n
+

1

n
,

which vanishes for n → ∞. Now the plan is to once again apply [Whi80, Theorem 3.1]
to show that (9.78) and the limit ω̂(n) → Z(β) in (D, J1), which holds because γ1 ∈ Ω′1,
imply (9.65).

There is a problem, however. The theorem cannot be applied tout court because
neither ω̂(n) nor Z(β) are càdlàg functions, cf (9.6)-(9.7). On the other hand, we can use
the considerations of Remark 5 to show that ω̂(n)

cadlag → Z
(β)
cadlag in (D, J1) and thus, by

[Whi80, Theorem 3.1],

ω̂
(n)
cadlag ◦ S̄(n) ◦ ρn −→ Z

(β)
cadlag ◦ µ id in (D([0, T )), J1). (9.80)

But the restrictions of Z(β)
cadlag and Z(β) to [0, µT ) coincide, so will obtain (9.65) when we

prove that ω̂(n)
cadlag ◦ S̄(n) ◦ρn is asymptotic to ω̂(n) ◦ S̄(n) ◦ρn in (D([0, T )), J1), as n→∞.

We will show more, namely that, for some C > 0,

sup
t∈R+

∣∣∣ω̂(n)
cadlag ◦ S̄(n) ◦ ρn(t)− ω̂(n) ◦ S̄(n) ◦ ρn(t)

∣∣∣ ≤ C

n1/β
. (9.81)

In fact, with the help of (9.1) and (9.6) observe that

ω̂
(n)
cadlag(s)− ω̂(n)(s) =


ζj

n1/β
if s =

j

n
, j ∈ Z−

0 otherwise
, (9.82)

where the numbers ζj , for j ∈ Z−, are fixed, as the realization γ1 ∈ Ω′1 of the medium is
fixed. Now, the realization γ2 ∈ Bη of the underlying random walk is also fixed. Since
the drift µ is positive, Sn < 0 occurs only for a finite number of times n. The values
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of these excursions below zero and their times are contained in this chain of inequalities
Sp(0) ≤ Sp(1) ≤ . . . ≤ Sp(m−1) < 0 ≤ Sp(m), for some m ∈ N. Thus

sup
t∈[0,p(m)/n)

∣∣∣ω̂(n)
cadlag ◦ S̄(n) ◦ ρn(t)− ω̂(n) ◦ S̄(n) ◦ ρn(t)

∣∣∣ ≤ max{ζj}−1
j=Sp(0)

n1/β
. (9.83)

Since the expression on the above l.h.s. is identically 0 for t ≥ p(m)/n, we have proved
(9.81), thus (9.65), thus (9.66)-(9.67).

We are left to prove that τn = ρn ◦ λn satisfies (9.68). We do so with the help of
Proposition 9.3.1:

sup
t∈[0,T )

|ρn ◦ λn(t)− t| = sup
s∈[0,T )

|ρn(s)− λ−1
n (s)| (9.84)

= sup
i∈{0,...,nT−1}

sup
s∈[i/n,(i+1)/n)

∣∣∣s− i− p(i)
n

− λ−1
n (s)

∣∣∣
≤ sup

s∈[0,T )
|s− λ−1

n (s)|+ sup
i∈{0,...,nT−1}

∣∣∣p(i)− i
n

∣∣∣,
which converges to 0 as n→∞ by (9.66) and (9.71). This finally shows that ω̂(n)◦S̄(n) →
Z(β) ◦ µ id in (D([0, T )), J2) for all (γ1, γ2) ∈ Ω′1 × Bη, concluding the proof of Theorem
9.2.2.

9.3.4 Proof of Theorem 9.2.4: Limit theorems for the fluctuations

Once again, we only prove the theorem in the case µ > 0. Using definitions (9.11) and
(9.17) we write

n(Ȳ (n) − µν id) = n1/βω̃(n) ◦ S̄(n) + n1/ανS̃(n) + νµ(bn idc − n id). (9.85)

The asymptotic behavior of (9.85) depends crucially on the ratio α/β, hence we distin-
guish three cases. Observe that since (bn idc − n id) is bounded, the last term of the
above r.h.s. vanishes in the limit, whether we divide it by n1/α or by n1/β .

Case α < β. Substituting ω̂(n) with ω̃(n) and Z(β) with Z̃(β), cf. (9.12), in the proof of
Theorem 9.2.2 shows that, for β ∈ (1, 2) and n→∞,

ω̃(n) ◦ S̄(n) d−−→ µ1/βZ̃
(β)
+ in (D+, J2). (9.86)

Since in this case 1/α > 1/β, we obtain

ω̃(n) ◦ S̄(n)

n1/α−1/β

d−−→ 0 in (D+, J1), (9.87)

where we have observed that we can pass from J2-convergence to J1-convergence because
both convergences reduce to uniform convergence when the limit function is continuous,
cf. Remark 3. Finally, by (9.85), (9.87) and (9.18),

n(Ȳ (n) − µν id)

n1/α

d−−→ νW̃ (α) in (D+, J1), (9.88)
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which amounts to (9.28), as desired.

Case α > β. Since in this case 1/β > 1/α, the leading order term in (9.85) is the first
term, whose limit has been identified in (9.86). We conclude that

n(Ȳ (n) − µν id)

n1/β

d−−→ µ1/β Z̃
(β)
+ in (D+, J2), (9.89)

i.e., (9.30) holds for the case µ > 0.

Case α = β. Except for certain complications, the proof of this case will follow the
same ideas as that of Theorem 9.2.2 in Section 9.3.3. We will detail the parts that need
a new argument and describe quickly those that are proved exactly as done earlier.

In view of (9.85), we rewrite our process of interest as

Ỹ (n) = ω̃(n) ◦ S̄(n) + νS̃(n) + δn = `
(
h
(
ω̃(n), S̄(n)

)
, νS̃(n)

)
+ δn, (9.90)

where h(x, y) := x ◦ y is the composition map from D×D+ to D+ and `(x, y) := x+ y is
the addition map from D+×D+ to D+. Also δn := νµ(bn idc−n id)/n1/α is a negligible
term, as n → ∞, in any relevant distance. As was done in Section 9.3.3, we use the
Skorokhod Representation Theorem twice to obtain two probability spaces (Ω1,P1) and
(Ω2,P2), and processes

ω̃(n) : Ω1 → D,
Z̃(α) : Ω1 → D,
S̄(n) : Ω2 → D+,

S̃(n) : Ω2 → D+,

W̃ (α) : Ω2 → D+,

(9.91)

with respectively the same distribution as ω̃(n), Z̃(α), S̄(n), S̃(n) and W̃ (α), and such that

ω̃(n) a.s.−−−→ Z̃(α) on (Ω1,P1) in (D, J1)

S̄(n) a.s.−−−→ µ id on (Ω2,P2) in (D+, J1)

S̃(n) a.s.−−−→ W̃ (α) on (Ω2,P2) in (D+, J1)

(9.92)

Once again, since the processes relative to the medium and those relative to the
dynamics are independent, it is correct to regard all boldface processes as defined on
(Ω1 × Ω2,P1 × P2). Again we simplify the notation and use the regular typeset for all
processes (9.91). Let us define

Ω′1 := {γ1 ∈ Ω1 : ω̃(n)[γ1]→ Z̃(α)[γ1] in (D, J1)}, (9.93)

Ω′2 := {γ2 ∈ Ω2 : S̃(n)[γ2]→ W̃ (α)[γ2] in (D+, J1)}. (9.94)

These are full-measure sets in their respective spaces. Notice that (essentially by the
definition of S̃(n)) S̄(n)[γ2] → µ id, for all γ2 ∈ Ω′2. Now let us fix T > 0. We already
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know that for any η ∈ (0, 1), there exist Cη > 0 and n̄η ∈ N (both numbers depending
on T as well) such that the set

Bη :=
{
γ2 ∈ Ω′2 : sup

t∈[0,T )

n|S̄(n)[γ2](t)− µt|
n1/α

≤ Cη for n ≥ n̄η
}

(9.95)

has measure P2(Bη) > 1− η. Now one proceeds as in the proof of Theorem 9.2.2, using
ω̃(n) and Z̃(α) in place of ω̂(n) and Z(β), respectively. The fact that now β = α ∈ (1, 2)
causes no breaks in the proof. One obtains that, for all (γ1, γ2) ∈ Ω′1 ×Bη,

h(ω̃(n), S̄(n)) = ω̃(n) ◦ S̄(n) → Z̃(α) ◦ µ id in (D([0, T )), J2). (9.96)

By construction of Bη, νS̃(n) → νW̃ (α) in (D([0, T )), J2) for all γ2 ∈ Bη. If we are
able to prove that, for all (γ1, γ2) ∈ Ω′1 × Bη, the addition map ` is continuous at
(Z̃(α) ◦ µ id, νW̃ (α)) in the space D([0, T )), J2), we obtain by (9.90) that

lim
n→∞

Ỹ (n) = lim
n→∞

`
(
h
(
ω̃(n), S̄(n)

)
, νS̃(n)

)
= Z̃(α) ◦ µ id + νW̃ (α), (9.97)

for all realizations (γ1, γ2) ∈ Ω′1×Bη. Since η ∈ (0, 1) is arbitrary, the above limit extends
to an almost sure limit in (Ω1 ×Ω2,P1 × P2). Passing to distributional convergence and
(freely) varying the choice of T , we finally achieve (9.32) for the case µ > 0. This ends
the proof of Theorem 9.2.4.

It remains to produce a continuity result for the addition map of two càdlàg functions
w.r.t. the J2 topology. For a general space of càdlàg functions, Whitt proves that `
is continuous, relative to the topologies J1, M1 or M2, at all pairs (x, y) such that
Disc(x)∩Disc(y) = ∅ (see [Whi80, Theorem 4.1] and [Whi02, Corollaries 12.7.1 & 12.11.5],
respectively). In Theorem 6.7.1 of the Appendix we extend this statement to the topology
J2. As for its applicability to our case, notice that we can indeed assume that, for all
(γ1, γ2) ∈ Ω′1 ×Bη,

Disc(Z̃(α) ◦ µ id) ∩Disc(νW̃ (α)) = ∅, (9.98)

because Z̃(α) and W̃ (α) are independent α-stable processes and one can always remove
from Ω′1 × Ω′2 the null set of realizations for which (9.98) does not hold.
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Conclusions

In this thesis we faced two main problems, dealing with statistics and stochastic modeling
of complex systems. In both cases, we analyzed the microscopic scale, be it a local sample
of data from huge datasets or the key components that drive the dynamics of stochastic
processes, to characterize laws acting on a large scale.

The first part of the thesis dealt with the biodiversity problem, i.e. estimating the
species richness of a large area from scattered local surveys within it. Biodiversity pro-
vides support for life, vital provisions, regulating services and it has positive cultural
impacts. It is therefore important to have accurate methods to measure biodiversity,
in order to safeguard it when we discover it to be threatened. For practical reasons,
biodiversity is usually measured at fine scales whereas diversity issues (e.g. conservation)
interest regional or global scales. Moreover, biodiversity may change across spatial scales.
It is therefore a key challenge to be able to translate local information on biodiversity
into global patterns.
Our framework (see Chapter 2) is grounded on the form-invariance property of the Neg-
ative Binomial distribution. The Negative Binomial is a simple and versatile distribution
that depending on its parameters can display an interior mode or Log-series like behavior
or a Power Law behavior, i.e. it can accommodate different RSA shapes. Therefore we
used the same RSA function to reproduce different ecosystems’ RSA, as those typically
observed in real ecosystems and in datasets derived from human activities.
Expanding the ability to upscale species richness and obtain abundance distributions from
presence/absence data is of fundamental importance in many contexts, where abundance
information are not available or trustable.

In Chapter 3, we presented a general analytical framework to extrapolate species
richness and other relevant biodiversity patterns at the whole forest scale from local in-
formation on species presence/absence.
Furthermore, we introduce a new descriptor/measure of biodiversity within an ecological
community, the RSO, which describes the distribution of species occurrences in scattered
plots. The RSO distribution displays a fat tail, indicating that many species typically
occupies only few scattered plots, while only very few species are pervasive and are found
in most of the plot. Our prediction is that this property is not particular for the dataset
here considered, rather it is another emergent pattern pervasive in highly biodiverse
ecosystems.
To summarize, this flexible analytical method provides, from local presence/absence in-
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formation, robust estimates of species richness and important macro-ecological patterns
of biodiversity (SAC, RSA, RSO), as tested in both in-silico generated and two rain-
forests. The method may be applied to any database in the form of a binary matrix,
where presence/absence features (tree species in our case) are detected across different
samples.

Our second work (see Chapter 4) consists on an application of our upscaling method
on four different "artificial" datasets coming from human dynamics (email communica-
tion, Twitter posts, Wikipedia articles and Gutenberg books). Big data require new
techniques to handle the information they come with, and we think that our upscaling
method can bring a different insight in this field.
More precisely, we infer the number of senders, hashtags and words of the whole dataset
and how their abundances (i.e. the popularity of a hashtag) change through scales from
a small sample of sent emails per sender, posts per hashtag and word occurrences. Our
approach is grounded on statistical ecology as we map inference of human activities into
the unseen species problem in biodiversity. Our findings may have applications to re-
source management in emails, collective attention monitoring in Twitter and language
learning process in word databases.
Note that this work goes beyond the application of our method to datasets of different
source. In facts, as far as we know, the problem of estimating how abundances vary
through scales has not been previously investigated and it could be of interest when in-
terpreting abundances of types as a measure of popularity in social network data.

The second part of the thesis deal with limit theorems for a specific class of ran-
dom walk in random environment. Indeed, although classical results in the theory of
random walks are widely used to model a wide range of transport processes in diverse
fields as physics, chemistry and biology, in many interesting situations the walker moves
in a complex and/or disordered environment, and the correlations induced by spatial
inhomogeneities can have a strong impact on the transport properties.
We thus described a process that belongs to the class of random walks in random environ-
ment (RWRE), and in particular we described a Lévy flight on a one-dimensional Lévy
random medium. The interest of this process is twofold. As first, our work deepened the
knowledge random walks whose steps are correlated, due to the presence of a random
environment. Secondly, our process is a simple model for a process in inhomogeneous en-
vironment, and this simple hypothesis is able to explain its anomalous behavior. Indeed,
recent years have witnessed a growing interest around anomalous diffusive processes,
where the variance of a moving particle has a super- or sub-linear growth in time. In the
physical literature, such anomalous behavior has been observed in many systems, such
as Lorentz gases with infinite horizon, rotating flows or intermittent dynamical systems.
Though several models have been put forth to describe such situations, not much work
has been done on systems that combine long-tailed jumps and disordered media. Such
kind of models are representative of the many physical situations (human mobility, epi-
demics, network routing, etc.) in which anomalous diffusion is caused by the complexity
of an underlying network.
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With this work we hope to push forward the research in this field. We proved annealed
limit theorems for Y. The scaling limit is a power of n that depends of the range of both
parameters α, β ∈ (0, 1) ∪ (1, 2), the stable indexes of the distribution of the steps of
underlying random walk and of the distances between targets of the random environment
respectively.
To the authors’ knowledge, this is the first time that heavy tailed distribution are chosen
both for S and for ω. Future lines of investigations must consider the Lévy walk X
associated to the the process Y , i.e. a continuous interpolation performed with constant
speed.

Currently, there is an ongoing work aiming at characterizing the asymptotic behavior
of the first passage time (FPT) in the positive semiaxis. The FPT plays a key role
when dealing with many fundamental questions in the theory of stochastic processes and
finds applications among different fields of the natural sciences and economics, from the
meeting time of two molecules in diffusion-controlled chemical reactions to the price of a
stock reaching a specific value and the ruin problem of actuarial science.

In the framework of random walks in one dimension, a remarkable result is the Sparre-
Andersen theorem [And54; Fel71] that shows the universality of the ubiquitous first-
passage-time distribution. In particular, it states that the probability distribution of the
number of steps needed to land on the positive semiaxis for a walker starting at the
origin does not depend on the details of the jump-distribution of the walker (provided
this distribution to be symmetric and continuous) and decays as n−3/2.
However, we want to focus on the time needed for the FTP, rather than on the number
of steps. To deal with such cases, a modification of the Sparre-Andersen proof has been
made in [Art+14], assuming rather general situations in which the time variable correlates
with the step variable. Still, their findings do not apply to our case, since they maintain
the i.i.d. steps’ assumption for the random walk, whereas in our model the length of the
steps is correlated due to the presence of the Lévy random environment.

Currently we manage to characterize the asymptotics of the FPT only for a simple
symmetric underlying random walk in the usual Lévy random medium ω of stable index
β. To be precise, we accomplished it only when β ∈ (1, 2), whereas for β ∈ (0, 1) we
provide unmatching estimates. When dealing with more general cases, the difficulty of
the treatment increases exponentially. We can derive some relation, but not a closed
formula. However, this research looks promising a possibly helpful for the development
of this field.
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