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Riassunto

Questa Tesi è dedicata allo studio di alcuni operatori integrali della teoria del potenziale
parabolica rilevanti al fine di analizzare problemi al contorno per l’equazione del calore soggetti
a perturbazioni singolari del dominio con un approccio funzionale analitico già noto per i
problemi ellittici, e all’applicazione di metodi di teoria del potenziale allo studio di problemi
di perturbazione di tipo ellittico. La Tesi è divisa in due parti indipendenti. Nella prima parte
(Capitoli 1–3) dimostriamo nuovi risultati di teoria del potenziale parabolica e, in particolare,
studiamo le proprietà di alcuni operatori integrali associati ai potenziali di strato calorici,
mentre nella seconda parte (Capitolo 4) investighiamo il comportamento di un problema
al contorno ellittico rispetto a perturbazioni del dominio, utilizzando metodi di teoria del
potenziale.

La Tesi è organizzata come segue. Nel Capitolo 1 introduciamo uno spazio normato
di nuclei debolmente singolari che dipendono dalla variabile temporale, e proviamo alcuni
risultati di continuità per operatori integrali parabolici rispetto a variazioni sia del nucleo
nella classe di cui sopra, sia della funzione densità. Nel Capitolo 2 proviamo una formula
esplicita per le derivate tangenziali del potenziale di doppio strato calorico, e proviamo delle
proprietà di regolarizzazione per l’operatore integrale associato al potenziale di doppio strato
calorico. Nel Capitolo 3 consideriamo i potenziali di strato calorici periodici nello spazio, e
risolviamo alcuni problemi al contorno periodici per l’equazione del calore. Infine, il Capitolo
4 è dedicato allo studio del comportamento della permeabilità longitudinale di un materiale
periodicamente perforato rispetto a perturbazioni della struttura di periodicità e della forma
dei fori.

Alla fine della Tesi abbiamo incluso delle Appendici con alcuni risultati utilizzati.
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Abstract

This Dissertation is devoted to the study of some integral operators arising in parabolic
potential theory which are relevant in order to analyze boundary value problems for the heat
equation subject to a singular perturbation of the domain by exploiting a known functional
analytic approach for elliptic problems, and to the analysis of some elliptic perturbation
problems with a potential theoretic approach. The Dissertation is divided into two independent
parts. In the first part (Chapters 1–3) we produce new results in parabolic potential theory
and, in particular, we study the mapping properties of some integral operators associated
with layer heat potentials, while in the second part (Chapter 4) we investigate the behavior
of an elliptic boundary value problem under domain perturbation with a potential theoretic
approach.

The Dissertation is organized as follows. In Chapter 1 we introduce a normed class of time
dependent weakly singular kernels and we prove results of joint continuity of some parabolic
integral operators upon variation both of the kernel in the above class and of the density
function. Moreover we apply these results to some integral operators related to layer heat
potentials. In Chapter 2 we prove an explicit formula for the tangential derivatives of the
double layer heat potentials and we prove a regularizing property of the integral operator
associated with the double layer heat potential. In Chapter 3 we consider space-periodic layer
heat potentials and we solve some periodic boundary value problems for the heat equation.
Finally, Chapter 4 is devoted to the study of the behavior of the longitudinal permeability of
a periodic array of cylinders upon the perturbation of the periodicity structure and of the
cross sections of the cylinders.

At the end of the Dissertation we have enclosed some Appendices with some results that
we have exploited.
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Introduction

The Dissertation consists of two almost independent parts, which we now introduce.

First part

The first part of this Dissertation is mainly devoted to the study of integral operators arising
in parabolic potential theory which are relevant in order to analyze boundary value problems
for the heat equation subject to a singular perturbation of the domain by exploiting a known
functional analytic approach for elliptic problems, and it is contained in Chapters 1–3. We
introduce some notation in order to explain the content of this first part. Let

n ∈ N \ {0, 1}, α ∈]0, 1[, m ∈ N \ {0}, T ∈]−∞,+∞].

Let Ω be a bounded open subset of Rn of class Cm,α. We denote

ΩT ≡ ]−∞, T [× Ω, ∂TΩ ≡ ]−∞, T [× ∂Ω.

Let ν ≡ (νl)l=1,...,n denote the outward unit normal field to ∂Ω. Let Φn denote the fundamental
solution of the heat equation in R

1+n.
We are mainly interested in the mapping properties in parabolic Schauder spaces of the

boundary integral operator associated with the double layer heat potential, i.e., the operator
which takes a density function µ from ∂TΩ to C and maps it to the function w[∂TΩ, µ]|∂TΩ
defined by

w[∂TΩ, µ]|∂TΩ(t, x) ≡
∫ t

−∞

∫

∂Ω

∂

∂ν(y)
Φn(t− τ, x− y)µ(τ, y) dσydτ ∀ (t, x) ∈ ∂TΩ.

Layer heat potentials have been systematically exploited in the analysis of boundary value
problems for parabolic equations. Without being exhaustive we mention, e.g., Pogorzelski
[90] where the author, by means of layer heat potential, solves some basic boundary value
problems for the heat equation by solving the related integral equation with the Neumann
series method. Moreover, we mention the well-known monographs Ladyženskaja, Solonnikov
and Ural’ceva [58] and Friedman [38] where a large variety of parabolic problems are solved by
means of layer heat potentials. Miranda [80] has used the double layer heat potential to solve
the Dirichlet problem for the heat equation in a domain with a corner singularity. Baderko
[8] has solved the Dirichlet and the Neumann problems for a second order parabolic operator
in Schauder spaces defined on parabolic cylinders that can be unbounded in time. Fabes and
Rivière [34] has solved the Dirichlet and Neumann problems for the heat equation with data
in Lebesgue spaces in the case of C1 cylinders, and later on Brown [11, 12] has extended their
results to the case of Lipschitz cylinders. Costabel [17] has obtained the solvability of some
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boundary value problem for the heat equation on Lipschitz cylinders with data in anisotropic
Sobolev spaces. Hsiao and Saranen [49] solved an exterior Dirichlet boundary value problem
for the non-homogeneous heat equation in the case of n = 2. For time dependent Lipschitz
domains we mention the works of Lewis and Murray [73] and Hofmann and Lewis [46].

For this reason, many authors have investigated the properties of the integral operators
associated with layer heat potentials in several function space settings.

A first systematic treatment of the properties of layer heat potentials can be found in the
works of Gevrey [39, 40], where the author has studied the properties of heat potentials in
case n = 1.

Then Van Tun [104, 105, 106] has developed the work of Gevrey in a series of papers and
has obtained some results on the Schauder regularity of heat potentials, still in dimension
n = 1. In particular, Van Tun has proved that the integral operator associated with the
double layer heat potential defined on the boundary of a parabolic cylinder improves by 1/2
the Hölder exponent of the density.

In case m ∈ N and Ω is of class Cm,α, it has long been known that if the density µ is of

class C
m+α

2
;m+α(∂TΩ), then the restriction of the double layer potential to the set ΩT can be

extended to a function of C
m+α

2
;m+α(cl ΩT ) (cf., e.g., Ladyženskaja, Solonnikov and Ural’ceva

[58] and Appendix B).

In case m ∈ N and Ω is of class Cm+2,α, Kamynin [50, 51, 52, 53] has proved that the
integral operator associated with the double layer heat potential is bounded from the Schauder

space C
m+α

2
;m+α([0, T ]×∂Ω) to C

m+1+α′

2
;m+1+α′

([0, T ]×∂Ω) for all α′ ∈]0, α[, when T < +∞.

Properties of layer heat potentials have also been considered in the framework of Lebesgue
and Sobolev spaces. For example, Noon [87] and Arnold and Noon [7] have proved a coercivity
property for the single layer heat potential in anisotropic Sobolev spaces in case n = 3.
Costabel [17] has proved some mapping properties of layer heat potentials in anisotropic
Sobolev spaces on Lipschitz domains. Hofmann [45] has proved the boundedness in Lebesgue
spaces of parabolic singular integral operators of Calderòn type, which in particular include,
as a special case, the double layer heat potential. Moreover, Hofmann, Lewis and Mitrea [47]
have proved some spectral properties of layer heat potential in Lebesgue spaces on Lipschitz
cylinders.

Finally we mention the work of Konënkov [56], where the author has studied the mapping
properties of the double layer heat potential in Zygmund spaces and has applied these results
to prove the solvability in Zygmund spaces of the Dirichlet problem for the heat equation.

It is worth noting that layer potential methods have been extensively used also for solving
heat diffusion problems numerically, and accordingly they turn out to be a very useful tool also
in the applications. One of the main advantages of such an approach is to reduce the boundary
value problem to an integral equation on the boundary and thus reducing the dimension of
the problem by one unit. For example, without being exhaustive, we mention that McIntyre
[78] has developed a Galerkin method to solve numerically the boundary integral equation
corresponding to a mixed boundary value problem for the heat equation. Costabel, Onishi
and Wendland [19] have shown the stability and the convergence of a boundary element
collocation method for the Neumann problem for the heat equation in a piecewise smooth
cylinder. Costabel [17] has used the theory he has developed for layer potential in order to
obtain error estimates for various Galerkin boundary element methods, and he has applied
such results to the numerical solution of an eddy current problem. Hamina [42] has developed
a numerical method to solve an hypersingular integral equation of the first kind related to a
Neumann problem for the heat equation.

Our main result regarding the integral operator associated with the double layer heat
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potential is the following. If Ω is of class Cm,α and β ∈]0, α[, then

i) w[∂TΩ, ·]|∂TΩ is linear and continuous from C
m
2
;m(∂TΩ) to C

m+β
2

;m+β(∂TΩ);

ii) w[∂TΩ, ·]|∂TΩ is linear and continuous from C
m+β

2
;m+β(∂TΩ) to C

m+α
2

;m+α(∂TΩ).

These results are achieved exploiting two tools. The first tool consists in the results of Chapter
1 of this Dissertation, where we analyze a class of general weakly singular time dependent
integral operators. More precisely, in this chapter we introduce a normed space of time
dependent kernels Kγ,a, and we prove results of joint continuity for integral operators defined
on the boundary of parabolic cylinders of the form

u[∂TΩ,K, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
K(t, x, τ, y)µ(τ, y) dσydτ ∀ (t, x) ∈ ∂TΩ

upon variation both of the kernel K in Kγ,a and of the density function µ in L∞(∂Ω) and in
parabolic Hölder spaces. We want to stress the fact that, since the results of this chapter are
proved for integral operators with a general kernel in Kγ,a, they can be applied to prove new
mapping properties not only for the double layer heat potential but also for other integral
operators arising in parabolic potential theory, for instance layer potentials corresponding
to a general parabolic equation. Moreover, we note that these results are of joint continuity
upon variation both of the kernel and of the density, and accordingly they can be used in
order to study problems which involve a perturbation of the kernel. The second tool consists
in new explicit formula for the tangential derivatives of the double layer heat potential, which
allows us to exploit an inductive argument in order to reduce the proof of our main result to
the cases already implied by the results of Chapter 1. If 0 < T < +∞, the above mapping

properties i) and ii) also imply that the map w[∂TΩ, ·]|∂TΩ is compact in C
m
2
;m

0 (∂TΩ), and in

C
m+β

2
;m+β

0 (∂TΩ), and in C
m+α

2
;m+α

0 (∂TΩ), where the subscript 0 in the spaces means that
they are spaces of functions which vanish before 0.

Regularizing and compactness properties for layer potentials have been also considered in
the elliptic framework. Without being exhaustive, me mention the works of Schauder [97, 98]
and Miranda [79], where the authors prove that the double layer potential associated with
the fundamental solution of the Laplace equation is compact in C1,α(∂Ω) and is continuous
from C0(∂Ω) to C0,α(∂Ω), under the assumption that n = 3 and Ω is of class C1,α.

Moreover, Fabes, Jodeit and Rivière [35] have proved that if Ω is of the class C1, then
the double layer potential associated with the Laplace operator is compact in Lp(∂Ω) for all
p ∈]1,+∞[. Later, Hofmann, Mitrea and Taylor [48] have proved the same compactness result
under more general conditions on ∂Ω.

Wiegner [111] has proved that if γ ∈ N has odd length and Ω is of the class Cm,α, then
the integral operator with kernel (x− y)γ |x− y|−(n−1)−|γ| is continuous from Cm−1,α(∂Ω) to
Cm−1,α(cl Ω) (and a corresponding result holds for the exterior of Ω).

von Wahl [109] has considered the case of Sobolev spaces and proved that if Ω is of the
class C∞, then the double layer potential associated with the Laplace operator improves the
regularity by one unit on the boundary.

Maz’ya and Shaposhnikova [77] have proved that the double layer associated with the
Laplace operator is continuous in fractional Sobolev spaces under optimal regularity assump-
tions on the boundary of Ω.

Mitrea [81] has proved that the double layer potential associated with second order elliptic
equations and systems is compact in C0,β(∂Ω) for β ∈]0, α[ and bounded in C0,α(∂Ω) under
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the assumption that Ω is of the class C1,α. Then, by exploiting a formula for the tangential
derivatives such results have been extended in order to prove that corresponding compactness
and boundedness results holds also in C1,β(∂Ω) and in C1,α(∂Ω), respectively.

Finally, Dondi and Lanza de Cristoforis [32] have proved that if Ω is of class Cm,α, then
the double layer potential associated with a general second order elliptic operator is bounded
from Cm(∂Ω) to the generalized Schauder space Cm,ωα(∂Ω) of functions with m-th order
derivatives satisfying a ωα-Hölder condition with

ωα(r) ∼ rα| log(r)| as r → 0,

and is bounded from Cm,β(∂Ω) to Cm,α(∂Ω) for β ∈]0, α[. In this work the authors exploit a
formula for the tangential derivatives in order to prove the result by induction. In a sense,
the regularizing properties of w[∂TΩ, ·]|∂TΩ that we prove in this Dissertation can be seen as
a generalization of the results of [32] to the case of the double layer potential associated with
the heat equation. For a more complete exposition of the previous contribution in the elliptic
framework we refer to [32].

For what concerns periodic potential theory, there exists a quite vast literature for the
elliptic case. Indeed, periodic analogs of layer potentials have been successfully exploited to
analyze a large variety of elliptic boundary value problems in periodic domains. Instead, for
the parabolic case, to the best of our knowledge, far less is known.

For example in the elliptic framework Shcherbina [100] has introduced periodic layer
potentials to solve periodic boundary value problems for the Laplace equation. Ammari,
Kang and Touibi [6] have used periodic layer potentials for deriving the effective properties
of isotropic composite materials, while the anisotropic case is considered in Ammari, Kang
and Kim [3]. Potential theoretic methods to study singular perturbation problems for the
Laplace equation in periodically perforated domains have been used for example in Musolino
[82] and Lanza de Cristoforis and Musolino [67]. These methods have been extended also to
treat different partial differential equations: see, e.g., Ammari, Kang and Lim [5] and Dalla
Riva and Musolino [24] for the Lamé equations and Lanza de Cristoforis and Musolino [68]
for a quasi-linear differential equation.

Moreover, Lanza de Cristoforis and collaborators have investigated in some works new
properties of periodic potentials (see Lanza de Cristoforis and Musolino [65] for periodic layer
potentials associated with a general second order elliptic differential operators and Dalla Riva,
Lanza de Cristoforis and Musolino [22] for periodic volume potentials).

Periodic layer potentials are constructed by replacing the fundamental solution by a
periodic analog of the fundamental solution in the definition of classical layer potential.
Therefore, a key step is the definition of such an analog. For the Laplace equation, such a
function has been introduced in a seminal paper by Hasimoto [43] (see also Ammari and Kang
[4], Lanza de Cristoforis and Musolino [65], and Shcherbina [100]), whereas for the Lamé
equations we refer, for example, to Ammari, Kang, and Lim [5]. For our work on periodic
layer potentials for the heat equation we use the q-periodization of the heat kernel Φn, i.e.,
the function Φq,n defined by

Φq,n(t, x) ≡





∑
z∈Zn

1

(4πt)
n
2
e−

|x+qz|2

4t if (t, x) ∈]0,+∞[×R
n ,

0 if (t, x) ∈ (]−∞, 0]× R
n) \ ({0} × qZn) ,

where q is a n× n diagonal matrix with strictly positive entries in the diagonal.
Our aim is to introduce space-periodic layer heat potentials and to study their properties.

In particular, we are interested in proving the periodic analog of the mapping properties we
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have proved for the (non-periodic) double layer heat potential w[∂TΩ, ·]|∂TΩ. The boundary
integral operator corresponding to the q-periodic double layer heat potential is the map which
takes a function µ from ∂TΩ to C and maps it to the function wq[∂TΩ, µ]|∂TΩ defined by

wq[∂TΩ, µ]|∂TΩ(t, x) ≡
∫ t

−∞

∫

∂Ω

∂

∂ν(y)
Φq,n(t− τ, x− y)µ(τ, y) dσydτ ∀ (t, x) ∈ ∂TΩ.

We are able to prove that if Ω is of class Cm,α, then

j) wq[∂TΩ, ·]|∂TΩ is linear and continuous from C
m
2
;m(∂TΩ) to C

m+β
2

;m+β(∂TΩ);

jj) wq[∂TΩ, ·]|∂TΩ is linear and continuous from C
m+β

2
;m+β(∂TΩ) to C

m+α
2

;m+α(∂TΩ).

As before, the above mapping properties j) and jj) imply the compactness of wq[∂TΩ, ·]|∂TΩ in

C
m
2
;m

0 (∂TΩ), and in C
m+β

2
;m+β

0 (∂TΩ), and in C
m+α

2
;m+α

0 (∂TΩ), if 0 < T < +∞.
Finally, we show how to employ periodic layer heat potentials in order to solve some

initial-boundary value problems for the heat equation in the periodic setting.
We would like to point out the motivations of the work of this first part of the Dissertation.

From one side we continue the study of integral operators arising in parabolic potential theory,
which has an interest on its own since potential theory is a well established and important
part of mathematical analysis. From the other side, we would like to develop a sufficient set
of tools in order to consider singularly perturbed problems for the heat equation with the
Functional Analytic Approach (FAA) introduced by Lanza de Cristoforis and then developed
further by Lanza de Cristoforis and collaborators. This method makes use of potential theory
and of functional analysis, and has shown to be powerful to investigate the dependence of the
solution of elliptic boundary value problems upon regular and singular domain perturbations.
Therefore, we plan to extend it for the first time to parabolic problems, starting from the
heat equation. The results of this first part of the Dissertation are a first necessary step in
this direction.

Regarding this potential theoretic method for perturbation problems we mention the
analysis of a regular perturbation problem for the Laplace equation carried out in Lanza de
Cristoforis [59], and the analysis of a singular perturbation problem for the Laplace equation
in a domain with a small hole worked out in Lanza de Cristoforis [61]. This approach has been
also extended to singular perturbation problems with nonlinear boundary conditions (see,
e.g., Lanza de Cristoforis [60, 62] for a nonlinear Robin problem and a nonlinear transmission
problem in a domain with a small hole and Dalla Riva and Lanza de Cristoforis [21] for a
singularly perturbed nonlinear traction problem for linearized elastostatics), and to the Stokes
flow (see, e.g., Dalla Riva [20] for a singularly perturbed boundary value problem for the
steady state Stokes flow), and to singular perturbation problems in periodically perforated
domains (see, e.g., Musolino [82] for a singularly perturbed Dirichlet problem in a periodically
perforated domain, Dalla Riva and Musolino [24] for a nonlinear traction problem for linearized
elastostatics in a periodically perforated domain, Lanza de Cristoforis and Musolino [67, 68]
for a nonlinear Robin problem and for a quasi-linear transmission problem in periodically
perforated domains, and Pukhtaievych [93] for a transmission problem in a periodically
perforated domain), and to other geometric settings (cf., e.g., Dalla Riva and Musolino [25, 26]
for multiple holes shrinking to a point, and Costabel, Dalla Riva, Dauge and Musolino [18] for
a hole shrinking to a corner point of the boundary, and Bonnaillie-Noël, Dalla Riva, Dambrine,
and Musolino [10] for a hole shrinking to a regular point of the boundary).

The first part of the Dissertation is organized as follows. In Chapter 1 we introduce a
normed space of time dependent kernels for integral operators defined on the boundary of
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infinite parabolic cylinders. We prove results of joint continuity of such integral operators upon
variation both of the kernel and of the density function. Moreover, we apply these results to
some integral operators related to layer heat potentials. Chapter 2 is devoted to the mapping
properties in parabolic Schauder spaces of the integral operator associated with the double
layer heat potential. More precisely, we prove an explicit formula for the tangential derivatives
of the double layer heat potential and we prove some regularizing properties exploiting such a
formula together with the results of the previous Chapter 1. Finally, Chapter 3 is devoted
to space-periodic layer heat potentials. We prove basic properties and some regularizing
properties and we apply these results to solve some periodic boundary value problems for the
heat equation. More precisely, we consider a periodic Dirichlet problem, a periodic Neumann
problem, and a periodic non-ideal transmission problem. Finally, we have collected in the
Appendices A and B some results on layer heat potentials that we have exploited in this part
of the Dissertation. In particular, in the Appendix B we prove some regularity results for the
layer heat potentials which may be considered as folklore and for which we could not provide
a proper reference.

Note: Some of the results presented in this first part of the Dissertation have appeared
or will appear in papers by the author (see [75]), and by Lanza de Cristoforis and the author
(see [63, 64]).

Second part

The second part of the Dissertation is inserted in the framework of the Functional Analytic
Approach (FAA) developed by Lanza de Cristoforis and collaborators that we have discussed
above, and it is contained in Chapter 4. More precisely, this part of the Dissertation is devoted
to the study of the behavior of the longitudinal permeability of a periodic array of cylinders
upon perturbation of the shape of the cross section of the cylinders and upon perturbation
of the periodicity structure, when a Newtonian fluid is flowing at low Reynolds numbers
around the cylinders. The shape of the cross section of the cylinders is determined by the
image of a base domain through a diffeomorphism φ and the periodicity cell is a rectangle of
sides of length l and 1/l, where l is a positive parameter. We also assume that the pressure
gradient is parallel to the cylinders. Under such assumptions, the velocity field has only one
non-zero component which, by the Stokes equations, satisfies a Poisson equation. Then, by
integrating the longitudinal component of the velocity field, for each pair (l, φ), one defines
the longitudinal permeability KII [l, φ]. In this part of the Dissertation, we are interested in
studying the behavior of KII [l, φ] upon the pair (l, φ).

In the literature, the fluid flow through periodic structures has been studied by several
authors by exploiting different methods. For example, Hasimoto has investigated in [43] the
viscous flow past a cubic array of spheres and he has applied his results to the two-dimensional
flow past a square array of circular cylinders. His techniques are based on the construction
of a spatially periodic fundamental solution for the Stokes’ system and apply to specific
shapes (circular/spherical obstacles and square/cubic arrays). Schmid [99] has investigated
the longitudinal laminar flow in an infinite square array of circular cylinders. Sangani and Yao
[95, 96] have studied the permeability of random arrays of infinitely long cylinders. Mityushev
and Adler [85, 86] have considered the longitudinal permeability of periodic rectangular
arrays of circular cylinders. By means of complex variable techniques, they have transformed
the boundary value problem defining the permeability into a functional equation and then
they have derived a formula for the longitudinal permeability as a logarithmic term and
a power series in the radius of the cylinder. Finally, in Musolino and Mityushev [84] the
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asymptotic behavior of the longitudinal permeability of thin cylinders of arbitrary shape has
been considered.

Here, instead, we are interested into the dependence of the longitudinal permeability upon
the variation of the sides of the rectangular array and upon the variation of the shape of
the cross section of the cylinders. In particular, in contrast with other approaches in the
literature, we do not need to restrict ourselves to particular shapes, as circles or ellipses.

In our main result we prove that the map

(l, φ) 7→ KII [l, φ] (1)

is real analytic. Such a result implies, in particular, that if we have a one-parameter analytic
family of pairs (lδ, φδ)δ∈]−δ0,δ0[, then we can deduce the possibility to expand the permeability
as a convergent power series, i.e.,

KII [lδ, φδ] =

+∞∑

j=0

cjδ
j (2)

for δ close to zero. Moreover, by the analyticity of the map in (1), the coefficients (cj)j∈N in
(2) can be constructively determined by computing the differentials of KII [·, ·] (see Dalla Riva,
Musolino, and Rogosin [27] for the solution of the Dirichlet problem for the Laplace equation
in a planar domain with a small hole and Dalla Riva, Musolino, and Pukhtaievych [28] for the
effective conductivity of a periodic composites with small inclusions). Furthermore, another
important consequence of our high regularity result is that it allows to apply differential
calculus in order to find critical rectangle-shape pairs (l, φ) as a first step to find optimal
configurations.

In order to introduce in a more precise way the mathematical problem, we now set some
notation. For l ∈]0,+∞[, we define

Ql ≡ ]0, l[×]0, 1/l[ , ql ≡
(
l 0
0 1/l

)
.

Moreover, we find convenient to set

Q̃ ≡ Q1 , q̃ ≡ q1 .

We fix α ∈]0, 1[ and a bounded open connected subset Ω of R2 of class C1,α such that R2 \ cl Ω
is connected. Then we consider a class of diffeomorphisms AQ̃

∂Ω from ∂Ω into Q̃. If φ ∈ AQ̃
∂Ω,

the Jordan-Leray separation theorem ensures that R2 \φ(∂Ω) has exactly two open connected
components, and we denote by I[φ] the bounded open connected components of R2 \ φ(∂Ω).
Then we consider the following two periodic domains

Sql [qlI[φ]] ≡
⋃

z∈Z2

(qlz + qlI[φ]) ,

Sql [qlI[φ]]
− ≡ R

2 \ cl Sql [qlI[φ]] .

The set cl Sql [qlI[φ]] × R represents an infinite array of parallel cylinders. Instead, the
set Sql [qlI[φ]]

− × R is the region where a Newtonian fluid is flowing at low Reynolds number.
Then we assume that the driving pressure gradient is constant and parallel to the cylinders.
As a consequence, by a standard argument based on the particular geometry of the problem
(cf., e.g., Adler [1, Chapter 4], Sangani and Yao [96], and Mityushev and Adler [85, 86]), one
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reduces the Stokes system to a Poisson equation for the non-zero component of the velocity
field. Since we are working with dimensionless quantities, we may assume that the viscosity of
the fluid and the pressure gradient are both set equal to one. Accordingly, if l ∈]0,+∞[ and

φ ∈ AQ̃
∂Ω ∩C1,α(∂Ω,R2), we consider the following Dirichlet problem for the Poisson equation:





∆u = 1 in Sql [qlI[φ]]
− ,

u(x+ qlz) = u(x) ∀x ∈ cl Sql [qlI[φ]]
−, ∀ z ∈ Z

2 ,
u(x) = 0 ∀x ∈ ∂Sql [qlI[φ]]

− .
(3)

The solution of problem (3) in the space C1,α
ql (cl Sql [qlI[φ]]

−) of ql-periodic functions in
cl Sql [qlI[φ]]

− of class C1,α is unique and we denote it by u[l, φ]. From the physical point of
view, the function u[l, φ] represents the non-zero component of the velocity field. By means of
the function u[l, φ], we can introduce the effective longitudinal permeability KII [l, φ] which
we define as the integral of the opposite of the flow velocity over the unit cell, i.e.,

KII [l, φ] ≡ −
∫

Ql\qlI[φ]
u[l, φ](x) dx ∀ l ∈]0,+∞[, ∀φ ∈ AQ̃

∂Ω ∩ C1,α(∂Ω,R2),

and we pose the following question:

What can be said on the regularity of the map (l, φ) 7→ KII [l, φ]? (4)

Shape analysis of functionals related to partial differential equations or quantities of
physical relevance has been carried out by several authors and it is impossible to provide a
complete list of contributions. Here we mention, for example, the monographs by Henrot and
Pierre [44], by Novotny and Sokołowski [88], and by Sokołowski and Zolésio [101].

Most of the works in the literature deal with differentiability properties. Here, instead, we
are interested into proving higher regularity and we answer the question in (4) by showing
that KII [l, φ] depends analytically on (l, φ). Our analysis is based on the study of a boundary
value problem in a periodic domain by means of (periodic) potential theory. We now briefly
outline our strategy. First of all, by means of periodic potential theory, we convert our
boundary value problem into an integral equation defined on the (l, φ)-dependent boundary
qlφ(∂Ω). Next, we transform such an equation into an equivalent integral equation, which is
now defined on the fixed domain ∂Ω. Finally, we analyze the dependence of the solution of
the integral equation upon (l, φ) exploiting the Implicit Function Theorem for real analytic
maps in Banach spaces.

Finally, we want to mention also that boundary value problems in periodic domains have
been analyzed with the method of functional equations: see, e.g., Castro and Pesetskaya [13],
Castro, Pesetskaya, and Rogosin [14], Kapanadze, Mishuris, and Pesetskaya [54, 55], Rogosin,
Dubatovskaya, and Pesetskaya [94].

Note: Some of the results presented in this second part of the thesis will appear in a
paper by Musolino, Pukhtaievych and the author [76].

Acknowledgement: The author wishes to express his sincere gratitude to his advisor
Prof. Massimo Lanza de Cristoforis for the precious help and for the constant support during
all the three years of the Ph.D. program and during the preparation of this Dissertation.
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Notation

The symbol N denotes the set of natural numbers including 0, the symbol Z denotes the set
of integer numbers, the symbol R denotes the set of real numbers, and the symbol C denotes
the set of complex numbers. We fix once for all here and throughout all the Dissertation

n ∈ N \ {0, 1}

that will be the dimension of the space R
n. We denote by {e1, . . . , en} the canonical basis of

R
n. If A is a matrix, then we denote by At the transpose matrix of A, and by A−1 the inverse

matrix of A, and by Aij the (i, j) entry of A. Let k ∈ N \ {0}. We denote with (δi,j)i,j∈{1,...,k},
the Kronecker symbol, that is

δi,j ≡
{
1 if i = j,

0 otherwise .

We denote by Γ the Euler Γ-function (cf., e.g., Folland [37, p. 58].)
We denote the norm on a normed space X by ‖ · ‖X . Let X and Y be normed spaces. We

endow the space X × Y with the norm defined by

‖(x, y)‖X×Y ≡ ‖x‖X + ‖y‖Y ∀(x, y) ∈ X × Y

for all (x, y) ∈ X × Y, while we use the Euclidean norm for R
n. We denote by L(X ,Y) the

Banach space of linear and continuous maps of X to Y , equipped with the usual norm of the
uniform convergence on the unit sphere of X . We denote by I the identity operator from X
to X . For standard definitions of Calculus in normed spaces, we refer to Deimling [29].

Let s ∈ N \ {0}. Let D ⊆ R
s. Then clD denotes the closure of D, and ∂D denotes the

boundary of D, and diam(D) denotes the diameter of D. If f is a function from D to C, then

supp (f)

denotes the support of f in D. The inverse of an invertible function f is denoted by f (−1), as
opposed to the reciprocal of a complex-valued function g, which is denoted g−1.

In the case of time intervals ]t1, t2[, t1 ∈ [−∞,+∞[, t2 ∈]−∞,+∞], we will denote by

]t1, t2[

its closure. If x ∈ [0,+∞[, when there is no ambiguity using this notation, we denote by [x]
the integer part of x, that is

[x] ≡ max{l ∈ Z : l ≤ x},
and by {x} the fractional part of x, that is

{x} ≡ x− [x].

xv
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The symbol | · | denotes the Euclidean modulus in R
s or in C, while a dot ‘ · ’ denotes the

inner product in R
s. For all R ∈]0,+∞[, x ∈ R

s, xj denotes the j-th coordinate of x for all
j ∈ {1, . . . , s}, and Bs(x,R) denotes the ball {y ∈ R

s : |x− y| < R} and we set

Bs ≡ Bs(0, 1).

The symbols B(D,X ) and C0(D,X ) denote the space of bounded and continuous functions
from D to X , respectively. We endow B(D,X ) with the sup-norm and we set

C0
b (D,X ) ≡ C0(D,X ) ∩B(D,X ).

Let Ω be an open subset of Rn. We denote the exterior of Ω by

Ω− ≡ R
n \ cl Ω.

Let m ∈ N\{0}. The space of m times continuously differentiable complex-valued functions on
Ω is denoted by Cm(Ω,C), or more simply by Cm(Ω). We denote C∞(Ω) the set of functions
f such that f ∈ Ck(Ω) for all k ∈ N. Let f ∈ Cm(Ω). Then Df denotes the Jacobian matrix
of f . We set

|η|1 ≡
n∑

i=1

|ηi| ∀η ∈ Z
n.

If η ≡ (η1, . . . , ηn) ∈ N
n, then

Dηf ≡ ∂|η|1f

∂xη11 . . . ∂xηnn
,

η! ≡
n∏

i=1

ηi! ,

xη ≡
n∏

i=1

xi
η ∀x ∈ R

n.

The symmetric Hessian matrix of the second order partial derivatives of f is denoted D2f .
Moreover the subspace of Cm(Ω) of those functions f whose derivatives Dηf of order |η| ≤ m
can be extended with continuity to cl Ω is denoted Cm(cl Ω). The space Cm(cl Ω) endowed
with the norm

‖f‖Cm(cl Ω) ≡
∑

η∈Nn

|η|1≤m

sup
cl Ω

|Dηf | ∀f ∈ Cm(cl Ω),

is a Banach space. For the definition of open subsets of R
n of class Cm we refer, e.g, to

Gilbarg and Trudinger [41, pp. 94–95]. Moreover we denote by

νΩ

the outward unit normal to Ω, where it is defined. Sometimes, when there is no ambiguity,
we will drop the subscript Ω in νΩ. We denote by dσ the standard surface measure on a
manifold of codimension 1 of Rn. We will sometimes attach to dσ a subscript to indicate the
integration variable. If D is a measurable subset of Rn, and k ∈ N, the k-dimensional measure
of the set D is denoted by mk(D).

We retain the standard notation of Lp spaces. In particular, if Ω is a measurable nonempty
subset of Rn and 1 ≤ p < +∞ (resp. p = +∞), we write Lp(Ω) for the space of (equivalence



xvii

classes of) p-summable (resp. essentially bounded) measurable functions with complex values,
endowed with the usual norm. We denote by Lploc(Ω) the set of (equivalence classes of)
functions f of Ω to C such that f ∈ Lp(K) for each compact K ⊂ Ω.

We note that throughout the Dissertation ‘analytic’ means ‘real analytic’. For the
definition and properties of analytic operators, we refer to Prodi and Ambrosetti [92, p. 89]
and to Deimling [29].
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CHAPTER 1

Time dependent boundary norms for kernels and

time dependent integral operators

This chapter is mainly devoted to continuity and regularizing properties of some time dependent
integral operators defined on the boundary of infinite parabolic cylinders upon variation both
of the kernel and of the density (or moment) function. In addition, we apply these results in
order to recover some regularizing properties in Schauder spaces for certain integral operators
related to layer heat potentials.

First of all, in Section 1.1, we recall the definitions of the classical Schauder spaces and of
their parabolic counterpart, i.e., parabolic Schauder spaces. In Section 1.2 we collect some
certainly known preliminary inequalities that we will exploit in the present chapter. Then
in Sections 1.3 and 1.4 we prove some estimates for the fundamental solution of the heat
equation, its derivatives, and the kernel of the double layer heat potential. In Section 1.5
we introduce a class of function spaces and norms for time dependent kernels of integral
operators defined on the boundary of parabolic cylinders. Moreover, exploiting the results
of Sections 1.3 and 1.4, we verify that the kernel associated with the fundamental solution
of the heat equation, and its first order space and time derivatives, and the kernel of the
double layer heat potential belong to such classes. In Section 1.6, we estimate the norm of
an integral operator with kernel K applied to a density µ in terms of the norm of K in the
above classes and of the L∞-norm of µ, and in Section 1.7 we apply the results of Section 1.6
to some integral operators related to layer heat potentials. In Section 1.8 we consider the
case of integral operators acting on Schauder spaces. More precisely we estimate the norm
of an integral operator with kernel K applied to a density µ in terms of the norm of K in
the above classes and of the Hölder norm of µ. Finally, in Section 1.9 we apply the results of
Section 1.8 to some integral operators related to layer heat potentials.

The results of the present chapter will be also exploited in the next Chapter 2 in order to
recover certain regularizing properties of the double layer heat potential. We want to stress
the fact that, since the results of this chapter are proved for general time dependent integral
operators with kernels in the classes that we have defined, in further works we plan to apply
them to recover similar mapping properties for other integral operators arising in parabolic
potential theory, for instance layer potentials corresponding to a general parabolic equation.
Furthermore, we believe that the methods of Sections 1.6 and 1.8 may be applied to simplify
also the exposition of other classical proofs of properties of layer potentials. Finally, we note
that the type of results we prove in Sections 1.6 and 1.8 are of joint continuity upon variation
both of the kernel and of the density, and accordingly they can be used in order to study

3
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problems which involve a perturbation of the kernel.
The results contained in the present chapter can be found in a paper by Lanza de Cristoforis

and the author [63].

1.1 Classical and parabolic Schauder spaces

In this section we recall the definitions of classical Schauder spaces and of parabolic Schauder
spaces. Let ω be a function from ]0,+∞[ to itself such that

i) ω is increasing,

ii) lim
r→0+

ω(r) = 0,

iii) sup
(a,r)∈[1,+∞[×]0,+∞[

ω(ar)

aω(r)
< +∞, (1.1)

iv) sup
r∈]0,1[

r

ω(r)
< +∞.

Let s ∈ N \ {0}. If f is a function from a subset D of Rs to a normed space X , we set

|f : D|ω(·) ≡ sup

{‖f(x)− f(y)‖X
ω(|x− y|) : x, y ∈ D, x 6= y

}
.

If |f : D|ω(·) <∞, we say that f is ω(·)-Hölder continuous. Sometimes, we simply write |f |ω(·)
instead of |f : D|ω(·). We set

C0,ω(·)(D,X ) ≡ {f ∈ C0(D,X ) : |f : D|ω(·) < +∞}

to be the subspace of C0(D,X ) whose functions are ω(·)-Hölder continuous. The space

C
0,ω(·)
b (D,X ) ≡ C0,ω(·)(D,X ) ∩B(D,X )

endowed with the norm

‖f‖
C

0,ω(·)
b

(D,X )
≡ sup

D

‖f‖X + |f : D|ω(·)

is well known to be a Banach space. If X = C, we simply write C0(D), C0,ω(·)(D), C
0,ω(·)
b (D)

instead of C0(D,C), C0,ω(·)(D,C), C
0,ω(·)
b (D,C), respectively.

Particularly important is the case in which the modulus of continuity ω(·) is the function
rα for some fixed α ∈]0, 1]. One can easily check that with such a choice the conditions i)–iv)
on ω(·) in (1.1) hold. In this case, we simply write C0,α(D), C0,α

b (D), |· : D|α instead of

C0,rα(D), C0,rα

b (D), |· : D|rα , respectively.
Then we have the following remark of immediate verification, which shows that the

difficulty of estimating the Hölder quotient ‖f(x)−f(y)‖X
ω(|x−y|) of a bounded function f lies entirely

in case when |x− y| is small, that is in the case 0 < |x− y| < a for a fixed a ∈]0,+∞[.

Remark 1.1. Let s ∈ N \ {0}. Let ω satisfy conditions i)–iv) in (1.1). Let D be a subset of
R
s. Let X be a normed space. Let a ∈]0,+∞[ and f ∈ C0

b (D,X ). Then,

sup
x,y∈D

|x−y|≥a

‖f(x)− f(y)‖X
ω(|x− y|) ≤ 2

ω(a)
sup
D

‖f‖X .
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Moreover, it is known that the pointwise product in Hölder spaces is continuous. In
particular, the following result holds.

Lemma 1.2. Let s ∈ N \ {0}. Let D be a subset of Rs. Let ψ1, ψ2, ψ3 satisfy the conditions
i)–iv) in (1.1). Let

sup
j=1,2

sup
r∈]0,1[

ψj(r)ψ
−1
3 (r) < +∞.

Then the pointwise product is bilinear and continuous from C
0,ψ1(·)
b (D) × C

0,ψ2(·)
b (D) to

C
0,ψ3(·)
b (D).

Proof. Let f ∈ C
0,ψ1(·)
b (D) and g ∈ C

0,ψ2(·)
b (D). Let x, y ∈ D, x 6= y. Then

|f(x)g(x)−f(y)g(y)|
= |f(x)g(x)− f(x)g(y) + f(x)g(y)− f(y)g(y)|
≤ |f(x)||g(x)− g(y)|+ |g(y)||f(x)− f(y)|
≤ ‖f‖

C
0,ψ1(·)
b

(D)
‖g‖

C
0,ψ2(·)
b

(D)
ψ2(|x− y|) + ‖f‖

C
0,ψ1(·)
b

(D)
‖g‖

C
0,ψ2(·)
b

(D)
ψ1(|x− y|)

= ‖f‖
C

0,ψ1(·)
b

(D)
‖g‖

C
0,ψ2(·)
b

(D)
(ψ2(|x− y|) + ψ1(|x− y|)).

Accordingly, Remark 1.1 implies the validity of the statement.

Let m ∈ N \ {0}, α ∈]0, 1]. Let Ω be an open subset of Rn. The subspace of Cm(cl Ω)
whose functions have m-th order derivatives that are α-Hölder continuous is denoted

Cm,α(cl Ω).

Then Cm,αb (cl Ω) denotes the space of m-times continuously differentiable functions f in Ω
such that

‖f‖Cm,α
b

(cl Ω) ≡ ‖f‖Cm
b
(cl Ω) +

∑

|η|=m

|Dηf : Ω|α < +∞.

The space (Cm,αb (cl Ω), ‖ · ‖Cm,α
b

(cl Ω)) is well known to be a Banach space (see, e.g., Gilbarg

and Trudinger [41, pp. 52–53]). Obviously, if Ω is bounded then Cm,αb (cl Ω) = Cm,α(cl Ω)
(and in this case we always drop the subscript b). The subspace of Cm(cl Ω) of those functions
f such that f|cl(Ω∩Bn(0,R)) ∈ Cm,α(cl (Ω ∩ Bn(0, R))) for all R ∈]0,+∞[ is denoted

Cm,αloc (cl Ω).

For the definition of open subsets of Rn of class Cm,α for some α ∈]0, 1], we refer to Gilbarg
and Trudinger [41, pp. 94–95].

Let Ω be a bounded open subset of Rn of class Cm,α. By means of local parametrization
it is possible to define the normed space

(Cm,α(∂Ω), ‖ · ‖Cm,α(∂Ω)).

It is well known that Cm,α(∂Ω) is a Banach space (see, e.g., Gilbarg and Trudinger [41, pp.
94–95]).

Then we have the following well known extension result. For a proof, we refer to Troian-
iello [103, Theorem 1.3, Lemma 1.5] (see also Gilbarg and Trudinger [41, Lemma 6.38, p.
137]).
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Lemma 1.3. Let m ∈ N \ {0}, α ∈]0, 1], j ∈ {0, . . . ,m}. Let Ω be a bounded open subset of
R
n of class Cm,α. Let R ∈]0,+∞[ be such that cl Ω ⊆ Bn(0, R). Then there exists a linear and

continuous extension operator ‘ ·̃’ of Cj,α(∂Ω) to Cj,α(clBn(0, R)), which takes f ∈ Cj,α(∂Ω)
to a map f̃ ∈ Cj,α(clBn(0, R)) such that f̃|∂Ω = f and such that the support of f̃ is compact
and contained in Bn(0, R). The same statement holds by replacing Cm,α and Cj,α by Cm and
Cj, respectively.

Let Ω be a bounded open subset of R
n of class C1. We denote by ν ≡ (νl)l=1,...,n

the external unit normal field to ∂Ω. Let i, j ∈ {1, . . . , n}. Let f ∈ C1(∂Ω). Then the
Mij-tangential derivative of f is defined as

Mij [f ] ≡ νi
∂f̃

∂xj
− νj

∂f̃

∂xi
on ∂Ω, (1.2)

and the tangential gradient D∂Ωf of f is defined as

D∂Ωf ≡ Df̃ − (ν ·Df̃)ν on ∂Ω,

where f̃ is an extension of f of class C1 in an open neighborhood of ∂Ω as in Lemma 1.3. It is
easy to verify that Mij [f ] and D∂Ωf are independent on the specific choice of the extension f̃
of f . Moreover, a simple computation shows that the following formula for the r-th component
of D∂Ωf hold.

∂f̃

∂xr
− (ν ·Df̃)νr =

n∑

l=1

Mlr[f ]νl on ∂Ω, ∀ r ∈ {1, . . . , n}. (1.3)

We will need the following well known consequence of the Divergence Theorem.

Lemma 1.4. Let Ω be a bounded open subset of Rn of class C1. If f, g ∈ C1(∂Ω), then
∫

∂Ω
Mij [f ]g dσ = −

∫

∂Ω
fMij [g] dσ,

for all i, j ∈ {1, . . . , n}.

Let Ω be a bounded open subset of R
n of class Cm,α. We note that, exploiting the

definition of norm in Schauder spaces, it is possible to prove that the norm ‖ · ‖Cm,α(∂Ω) is
equivalent to the norm on Cm,α(∂Ω) defined by

‖f‖C0(∂Ω) +
n∑

i,j=1

‖Mij [f ]‖Cm−1,α(∂Ω) ∀ f ∈ Cm,α(∂Ω).

Next we turn to recall the definitions of parabolic Hölder spaces defined on cylindrical
domains. If T ∈]−∞,+∞] and if D is a subset of Rn, then we set

DT ≡ ]−∞, T [× D , ∂TD ≡ (∂D)T = ]−∞, T [× ∂D .

Clearly ]−∞, T [ =]−∞, T ] if T ∈ R and ]−∞, T [ =]−∞,+∞[ if T = +∞. We also note
that

(clD)T = clDT .
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Remark 1.5. As is well known, the map Ξ from the vector space C
DT of functions from DT

to C to the vector space (CD)]−∞,T [ of functions from ]−∞, T [ to C
D, which takes a function

f to the function Ξf from ]−∞, T [ to C
D which takes t to f(t, ·) is an isomorphism. As a

rule, we omit to write the canonical identification map Ξ.

We now introduce the definition of parabolic Hölder spaces, which are spaces of functions
with an anisotropy in the Hölder regularity with respect to the time direction and with respect
to the space direction.

Definition 1.6. Let α′, α′′ ∈]0, 1], T ∈]−∞,+∞]. Let D be a subset of Rn. Then

C0,α′;0,α′′
(DT )

denotes the space of bounded continuous functions u from DT to C such that

‖u‖C0,α′;0,α′′ (DT )
≡ sup

DT

|u|+ sup
t1,t2∈]−∞,T [

t1 6=t2

‖u(t1, ·)− u(t2, ·)‖C0
b
(D)

|t1 − t2|α′

+ sup
t∈]−∞,T [

|u(t, ·) : D|α′′ < +∞ .

It is well known that (C0,α′;0,α′′
(DT ), ‖ · ‖C0,α′;0,α′′ (DT )

) is a Banach space. By Remark 1.5,

u ∈ C0,α′;0,α′′
(DT ) if and only if the canonically identified map Ξu belongs to

C0,α′
(
]−∞, T [, C0

b (D)
)
∩B

(
]−∞, T [, C0,α′′

b (D)
)
.

In the parabolic setting, one is usually interested in the parabolic Hölder spaces where the
regularity in time is half of the regularity in space. In this case, in the literature it is common
to find another definition of the parabolic Hölder norm, which can be easily proved to be
equivalent to the previous one in the case of cylinders. More precisely, we have the following.

Proposition 1.7. Let α ∈]0, 1[, T ∈]−∞,+∞]. Let D be a subset of Rn. Then a function
u is in C0,α

2
;0,α(DT ) if and only if

‖u‖′
C0, α2 ;0,α(DT )

≡ sup
DT

|u|+ sup
(t1,x1),(t2,x2)∈DT
(t1,x1) 6=(t2,x2)

|u(t1, x1)− u(t2, x2)|
(|t1 − t2|

1
2 + |x1 − x2|)α

< +∞ .

Moreover the norms ‖ · ‖
C0, α2 ;0,α(DT )

and ‖ · ‖′
C0, α2 ;0,α(DT )

in C0,α
2
;0,α(DT ) are equivalent.

We now define spaces of functions with higher order derivatives in parabolic Hölder spaces,
i.e, parabolic Schauder spaces. For this purpose we set

C0,0;0,0(DT ) ≡ C0
b (DT ),

C0,α′;0,0(DT ) ≡ C0,α′

b

(
]−∞, T [, C0(D)

)
,

C0,0;0,α′′
(DT ) ≡ C0

b

(
]−∞, T [, C0,α′′

(D)
)
,

for all subset D of Rn.
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Definition 1.8. Let α′, α′′ ∈ [0, 1], T ∈]−∞,+∞]. Let Ω be an open subset of Rn. Then

C0, 1+α
′

2
;1,α′′

(cl ΩT ) denotes the space of bounded continuous functions from cl ΩT to C such
that ∂xiu is a bounded continuous function from ΩT to C which admits a continuous extension
to cl ΩT for all i ∈ {1, . . . , n}, and

‖u‖
C0, 1+α

′
2 ;1,α′′ (cl ΩT )

≡ sup
cl ΩT

|u|+
n∑

i=1

‖∂xiu‖
C0, α

′
2 ;0,α′′ (cl ΩT )

+ sup
t1,t2∈]−∞,T [,

t1 6=t2

‖u(t1, ·)− u(t2, ·)‖C0(cl Ω)

|t1 − t2|
1+α′

2

< +∞.

In particular, u ∈ C0, 1+α
′

2
;1,α′′

(cl ΩT ) if and only if ∂xiu ∈ C0,α
′

2
;0,α′′

(cl ΩT ) for all i ∈
{1, . . . , n} and u ∈ C

0, 1+α
′

2
b

(
]−∞, T [, C0

b (cl Ω)
)
.

Let m ∈ N \ {0, 1}. We recall that by [h], {h} we denote the integer and the fractional

parts of a real number h ∈ R, respectively. Then C [m
2
],{m

2
}+α′

2
;m,α′′

(cl ΩT ) denotes the space of
bounded continuous functions from cl ΩT to C such that ∂xiu and ∂tu are bounded continuous
from ΩT to C which admit a continuous extension to cl ΩT and

∂xiu ∈ C [m−1
2

],{m−1
2

}+α′

2
;m−1,α′′

(cl ΩT ) ∀ i ∈ {1, . . . , n},

∂tu ∈ C [m−2
2

],{m−2
2

}+α′

2
;m−2,α′′

(cl ΩT ).

Moreover we set

‖u‖
C[m2 ],{m2 }+α

′
2 ;m,α′′ (cl ΩT )

≡ sup
cl ΩT

|u|+
n∑

i=1

‖∂xiu‖
C[m−1

2 ],{m−1
2 }+α

′
2 ;m−1,α′′ (cl ΩT )

+ ‖∂tu‖
C[m−2

2 ],{m−2
2 }+α

′
2 ;m−2,α′′ (cl ΩT )

.

It is well known that (C [m
2
],{m

2
}+α′

2
;m,α′′

(cl ΩT ), ‖ · ‖
C[m2 ],{m2 }+α

′
2 ;m,α′′ (cl ΩT )

) is a Banach space.

We note that if m ∈ N \ {0} and if Ω is a bounded open subset of Rn of class Cm,α, then

one can define the space C [m
2
],{m

2
}+α′

2
;m,α′′

(∂TΩ) by means of local parametrizations. The
corresponding norm can be proved to be equivalent to the following norm

‖u‖
C0, 1+α

′
2 ;1,α′′ (∂TΩ)

≡ sup
∂TΩ

|u|+
n∑

i,j=1

‖Mij [u]‖
C0, α

′
2 ;0,α′′ (∂TΩ)

+ sup
t1,t2∈]−∞,T [

t1 6=t2

‖u(t1, ·)− u(t2, ·)‖C0(∂Ω)

|t1 − t2|
1+α′

2

∀u ∈ C0, 1+α
′

2
;1,α′′

(∂TΩ),

for m = 1, and

‖u‖
C[m2 ],{m2 }+α

′
2 ;m,α′′ (∂TΩ)

≡ sup
∂TΩ

|u|+
n∑

i,j=1

‖Mij [u]‖
C[m−1

2 ],{m−1
2 }+α

′
2 ;m−1,α′′ (∂TΩ)

+ ‖∂tu‖
C[m−2

2 ],{m−2
2 }+α

′
2 ;m−2,α′′ (∂TΩ)
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∀u ∈ C [m
2
],{m

2
}+α′

2
;m,α′′

(∂TΩ),

for m ∈ N \ {0, 1}.
For the sake of brevity, in the case α ∈ [0, 1[, we use the following notation.

C
m+α

2
;m+α(clΩT ) ≡ C [m

2
],{m

2
}+α

2
;m,α(clΩT )

(
= C [m+α

2
],{m+α

2
};m,α(clΩT )

)
,

C
m+α

2
;m+α(∂TΩ) ≡ C [m

2
],{m

2
}+α

2
;m,α(∂TΩ)

(
= C [m+α

2
],{m+α

2
};m,α(∂TΩ)

)
.

From the definition of the norms in parabolic Schauder spaces, one immediately has the
following.

Remark 1.9. Let α′, α′′ ∈ [0, 1], T ∈] −∞,+∞], m ∈ N \ {0}. Let Ω be a bounded open
subset of Rn. Let i, j ∈ {1, . . . , n}. Then the operators

∂xi : C
[m
2
],{m

2
}+α′

2
;m,α′′

(cl ΩT ) → C [m−1
2

],{m−1
2

}+α′

2
;m−1,α′′

(cl ΩT ),

∂t : C
[m
2
],{m

2
}+α′

2
;m,α′′

(cl ΩT ) → C [m−2
2

],{m−2
2

}+α′

2
;m−2,α′′

(cl ΩT ) if m ≥ 2,

are linear and continuous. Moreover, if Ω is of class Cm,α the operators

Mij : C
[m
2
],{m

2
}+α′

2
;m,α′′

(∂TΩ) → C [m−1
2

],{m−1
2

}+α′

2
;m−1,α′′

(∂TΩ),

∂t : C
[m
2
],{m

2
}+α′

2
;m,α′′

(∂TΩ) → C [m−2
2

],{m−2
2

}+α′

2
;m−2,α′′

(∂TΩ) if m ≥ 2,

are linear and continuous.

Finally, we note that parabolic Schauder spaces of higher order are continuously embedded
in the spaces with lower order.

Remark 1.10. Let T ∈]−∞,+∞]. Let Ω be a bounded open subset of Rn of class C1. We
note that, for parabolic Schauder spaces, the same embeddings as in the classical case hold

true. More precisely, if m′,m′′ ∈ N, α, β ∈ [0, 1], m′ + α > m′′ + β, then C
m′+α

2
;m′+α(cl ΩT )

is continuously embedded into C
m′′+β

2
;m′′+β(cl ΩT ). The same embeddings hold true for

parabolic Schauder spaces on ∂TΩ provided that Ω is of class Cm
′,α.

1.2 Preliminary inequalities

In this section we collect some inequalities that we exploit during the present chapter. We
start with the following elementary lemma, which collects either known inequalities or variants
of known inequalities, which we need in the sequel.

Lemma 1.11. Let s ∈ N \ {0}. The following statements hold.

(i)
1

2
|x′ − y| ≤ |x′′ − y| ≤ 2|x′ − y| ∀ y ∈ R

s \ Bs(x′, 2|x′ − x′′|) ,

for all x′, x′′ ∈ R
s, x′ 6= x′′.
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(ii) Let h ∈]−∞, 0]. Then
∣∣∣eh|x′−y|2 − eh|x

′′−y|2
∣∣∣ ≤ 2|h|ρ2,y(x′, x′′)ehρ

2
1,y(x

′,x′′)|x′ − x′′| ,

for all x′, x′′, y ∈ R
s, where

ρ1,y(x
′, x′′) ≡ min{|x′ − y|, |x′′ − y|} , ρ2,y(x

′, x′′) ≡ max{|x′ − y|, |x′′ − y|} .

(iii)

1

2
|x′ − y| ≤ ρ1,y(x

′, x′′) ≤ ρ2,y(x
′, x′′) ≤ 2|x′ − y| ∀ y ∈ R

s \ Bs(x′, 2|x′ − x′′|) ,

for all x′, x′′ ∈ R
s, x′ 6= x′′.

Proof. Statement (i) follows by the triangular inequality. Statement (ii) follows by applying
the Mean Value Theorem to the function ehs

2
of s ∈ [0,+∞[. Statement (iii) is an immediate

consequence of statement (i).

Then we have the following well known statement, that will be useful in order to estimate
the kernel of the double layer heat potential. For a proof we refer, e.g., to Colton and Kress
[16, Theorem 2.2, p. 35] for the case of Ω of class C2 and α = 1, or to Cialdea [15, Section 2,
p. 13] for the general case.

Lemma 1.12. Let α ∈]0, 1]. Let Ω be a bounded open connected subset of Rn of class C1,α.
Then there exists a constant cΩ,α ∈]0,+∞[ such that

|ν(y)t(x− y)| ≤ cΩ,α|x− y|1+α ∀x, y ∈ ∂Ω .

Next we introduce a list of classical inequalities which can be verified by exploiting the
local parametrizations of ∂Ω.

Lemma 1.13. Let Ω be a bounded open Lipschitz subset of Rn. Then the following statements
hold.

(i) Let γ ∈]−∞, n− 1[. Then

c′Ω,γ ≡ sup
x∈∂Ω

∫

∂Ω

1

|x− y|γ dσy < +∞ .

(ii) Let γ ∈]−∞, n− 1[. Then

c′′Ω,γ ≡ sup
x′,x′′∈∂Ω
x′ 6=x′′

|x′ − x′′|−(n−1)+γ

∫

Bn(x′,3|x′−x′′|)∩∂Ω

1

|x′ − y|γ dσy < +∞ .

(iii) Let γ ∈]n− 1,+∞[. Then

c′′′Ω,γ ≡ sup
x′,x′′∈∂Ω
x′ 6=x′′

|x′ − x′′|−(n−1)+γ

∫

∂Ω\Bn(x′,2|x′−x′′|)

1

|x′ − y|γ dσy < +∞ .

(iv)

civΩ ≡ sup
x′,x′′∈∂Ω

0<|x′−x′′|<1/e

| log |x′ − x′′||−1

∫

∂Ω\Bn(x′,2|x′−x′′|)

1

|x′ − y|n−1
dσy < +∞ .
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Finally, we have the following technical elementary lemma, which collects either known
inequalities or variants of known inequalities, which we need in the sequel.

Lemma 1.14.

(i) Let s ∈]1,+∞[. Let Fs be the function from ]0,+∞[ to itself defined by

Fs(ξ) ≡
∫ +∞

ξ
e−

1
uu−s du ∀ ξ ∈]0,+∞[ .

If γ ∈]0, s− 1], then
Ds,γ ≡ sup

ξ∈]0,+∞[
ξγFs(ξ) < +∞ .

(ii) Let s ∈]1,+∞[. Let F̃s be the function from ]0,+∞[ to itself defined by

F̃s(ξ) ≡
∫ ξ

0
e−

1
uu−s du ∀ ξ ∈]0,+∞[ .

If γ ∈]0,+∞[, then
D̃s,γ ≡ sup

ξ∈]0,+∞[
ξ−γF̃s(ξ) < +∞ .

(iii) Let s ∈]1,+∞[. Then Ms ≡
∫ +∞
0 e−

1
uu−s du < +∞.

(iv) Let b1 ∈]0,+∞[, b2 ∈]b1,+∞[, m ∈ N \ {0}. Then

C(b1, b2,m) ≡ sup
η∈]0,+∞[

e
η
b2

− η
b1

m∑

j=0

ηj < +∞ .

Proof. We first consider statement (i). Since s > 1, the function e−
1
uu−s is integrable in

]0,+∞[. The assumption γ > 0 implies that

lim
ξ→0+

ξγFs(ξ) = 0,

and the assumption γ ≤ s− 1 and de l’Hôpital rule imply that

lim
ξ→+∞

ξγFs(ξ) ∈ R.

Hence, statement (i) holds true.

Next we consider statement (ii). The integrability of function e−
1
uu−s in ]0,+∞[ and the

assumption γ > 0 imply that
lim

ξ→+∞
ξ−γF̃s(ξ) = 0

By de l’Hôpital rule, we have
lim
ξ→0+

ξ−γF̃s(ξ) = 0,

and thus statement (ii) follows.

Statement (iii) follows by the well known integrability of e−
1
uu−s in ]0,+∞[ when s > 1.

In order to prove statement (iv) it suffices to note that the argument of the supremum is
a continuous function in η and has limiting values 1 and 0 at 0 and +∞, respectively.



12 Time dependent boundary norms for kernels and integral operators

1.3 Preliminary inequalities for the fundamental solution of

the heat operator

The function Φn from R
1+n \ {(0, 0)} to R defined by

Φn(t, x) ≡





1

(4πt)
n
2
e−

|x|2

4t if (t, x) ∈]0,+∞[×R
n ,

0 if (t, x) ∈ (]−∞, 0]× R
n) \ {(0, 0)} ,

is well known to be the fundamental solution of the heat operator

∂t −∆

in R
1+n. It is well known that Φn is of class C∞(R1+n \ {(0, 0)}) and solves the heat equation

in R
1+n \ {(0, 0)} (see, e.g., Evans [33, pp. 45–49]). Moreover, for all η ∈ N

n and for all h ∈ N

there exists a constant Kη,h ∈]0,+∞[ such that the inequality

∣∣∣Dη
x∂

h
t Φn(t, x)

∣∣∣ ≤ Kη,ht
−n

2
−

|η|1
2

−he−
|x|2

8t , (1.4)

holds for all (t, x) ∈ R
n+1 \ {(0, 0)} (see Ladyzhenskaja, Solonnikov and Ural’ceva [58, p.

274]).

The fundamental solution of the heat equation Φn (and its derivatives) will be used as
the kernel of some integral operators related to layer heat potentials, then in this section we
collect some estimates fro Φn and its derivatives. We start with the following lemma.

Lemma 1.15. Let T ∈]−∞,+∞]. Let G be a nonempty subset of Rn. Then the following
statements hold.

(i)

C0,G ≡ sup
(t,x)∈]0,+∞[×Rn

|x|≤diam (G)

|Φn(t, x)|t
n
2 e

|x|2

4t < +∞ .

(ii)

C̃0,G ≡ sup

{
|Φn(t− τ, x′ − y)− Φn(t− τ, x′′ − y)| |t− τ |n2+1

|x′ − y| |x′ − x′′|e
|x′−y|2

16(t−τ) :

x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \ Bn(x′, 2|x′ − x′′|),

t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .

(iii) Let a ∈]8,+∞[. Then

C̃ ′
0,a,G ≡ sup

{
|Φn(t′ − τ, x− y)− Φn(t

′′ − τ, x− y)| |t
′ − τ |n2+1

|t′ − t′′| e
|x−y|2

a(t′−τ) :

x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,

τ < t′ − 2|t′ − t′′|
}
< +∞ .
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Proof. Statement (i) is an immediate consequence of the definition of Φn.

We now consider statement (ii). Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ G, x′ 6= x′′,
y ∈ G \ Bn(x′, 2|x′ − x′′|). Then Lemma 1.11 implies that

|Φn(t− τ, x′ − y)− Φn(t− τ, x′′ − y)|

=
1

(4π)
n
2 (t− τ)

n
2

∣∣∣∣e
−

|x′−y|2

4(t−τ) − e
−

|x′′−y|2

4(t−τ)

∣∣∣∣

≤ 1

2(4π)
n
2 (t− τ)

n
2
+1
ρ2,y(x

′, x′′)e
−
ρ21,y(x

′,x′′)

4(t−τ) |x′ − x′′|

≤ 1

2(4π)
n
2 (t− τ)

n
2
+1

2|x′ − y|e−
|x′−y|2

16(t−τ) |x′ − x′′| ,

and accordingly, (ii) follows.

Next we consider statement (iii). Let t′, t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′− 2|t′− t′′|, x, y ∈ G,
x 6= y. By the Mean Value Theorem there exists ξ ∈]t′, t′′[ such that

|Φn(t′ − τ, x− y)− Φn(t
′′ − τ, x− y)|

=
1

(4π)
n
2

∣∣∣∣
1

(t′ − τ)
n
2

e
−

|x−y|2

4(t′−τ) − 1

(t′′ − τ)
n
2

e
−

|x−y|2

4(t′′−τ)

∣∣∣∣

=
|t′ − t′′|
(4π)

n
2

∣∣∣∣
−n/2

(ξ − τ)
n
2
+1
e
−

|x−y|2

4(ξ−τ) +
1

(ξ − τ)
n
2

e
−

|x−y|2

4(ξ−τ)
|x− y|2
4(ξ − τ)2

∣∣∣∣ .

Then by Lemma 1.11 (i), and by the inequalities |t′ − τ | ≤ |ξ − τ | ≤ |t′′ − τ |, and by Lemma
1.14 (iv), we have

|t′ − t′′|
(4π)

n
2

∣∣∣∣
−n/2

(ξ − τ)
n
2
+1
e
−

|x−y|2

4(ξ−τ) +
1

(ξ − τ)
n
2

e
−

|x−y|2

4(ξ−τ)
|x− y|2
4(ξ − τ)2

∣∣∣∣

≤ |t′ − t′′|
(4π)

n
2

[
n/2

(t′ − τ)
n
2
+1
e
−

|x−y|2

4(t′′−τ) +
1

(t′ − τ)
n
2

e
−

|x−y|2

4(t′′−τ)
|x− y|2
4(t′ − τ)2

]

≤ |t′ − t′′|
(4π)

n
2

[
n/2

(t′ − τ)
n
2
+1
e
−

|x−y|2

8(t′−τ) +
1

(t′ − τ)
n
2

e
−

|x−y|2

8(t′−τ)
|x− y|2
4(t′ − τ)2

]

≤ (n/2)|t′ − t′′|
(4π)

n
2 (t′ − τ)

n
2
+1
C(8, a, 1)e

−
|x−y|2

a(t′−τ) ,

and thus statement (iii) holds true.

Next we consider the space gradient of the fundamental solution. One can easily check
that

DxΦn(t, x) ≡





−x

2(4π)
n
2 t

n
2 +1 e

−
|x|2

4t if (t, x) ∈]0,+∞[×R
n ,

0 if (t, x) ∈ (]−∞, 0]× R
n) \ {(0, 0)} .

(1.5)

We have the following lemma regarding the estimate of DxΦn.

Lemma 1.16. Let T ∈]−∞,+∞]. Let G be a nonempty subset of Rn. Then the following
statements hold.
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(i)

C0,1,G ≡ sup
(t,x)∈]0,+∞[×Rn

|x|≤diam (G)

|DxΦn(t, x)|
t
n
2
+1

|x| e
|x|2

4t < +∞ .

(ii) Let a ∈]16,+∞[. Then

C̃0,1,a,G

≡ sup

{
|DxΦn(t− τ, x′ − y)−DxΦn(t− τ, x′′ − y)| |t− τ |n2+1e

|x′−y|2

a(t−τ)

|x′ − x′′| :

x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \ Bn(x′, 2|x′ − x′′|) ,

t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .

(iii) Let a ∈]8,+∞[. Then

C̃ ′
0,1,a,G ≡

sup

{
|DxΦn(t

′ − τ, x− y)−DxΦn(t
′′ − τ, x− y)| |t′ − τ |n2+2

|x− y| |t′ − t′′|e
|x−y|2

a(t′−τ) :

x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,

τ < t′ − 2|t′ − t′′|
}
< +∞ .

Proof. Statement (i) is an immediate consequence of the formula (1.5) for DxΦn.
We now consider statement (ii). Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ G, x′ 6= x′′,

y ∈ G \ Bn(x′, 2|x′ − x′′|). By the triangular inequality, we have

|DxΦn(t− τ, x′ − y)−DxΦn(t− τ, x′′ − y)| (1.6)

=
1

2(4π)
n
2 (t− τ)

n
2
+1

∣∣∣∣(x
′ − y)e

−
|x′−y|2

4(t−τ) − (x′′ − y)e
−

|x′′−y|2

4(t−τ)

∣∣∣∣

≤ 1

2(4π)
n
2 (t− τ)

n
2
+1

{
e
−

|x′−y|2

4(t−τ) |x′ − x′′|

+|x′′ − y|
∣∣∣∣e

−
|x′−y|2

4(t−τ) − e
−

|x′′−y|2

4(t−τ)

∣∣∣∣
}
.

Now Lemma 1.11 implies that

∣∣∣∣e
−

|x′−y|2

4(t−τ) − e
−

|x′′−y|2

4(t−τ)

∣∣∣∣ (1.7)

≤ 2ρ2,y(x
′, x′′)

4(t− τ)
e
−
ρ21,y(x

′,x′′)

4(t−τ) |x′ − x′′| ≤ |x′ − y| |x′ − x′′|
(t− τ)

e
−

|x′−y|2

16(t−τ) .

Hence, Lemma 1.11 (i) and Lemma 1.14 (iv) imply that the right hand side of (1.6) is less or
equal than

e
−

|x′−y|2

16(t−τ)

2(4π)
n
2 (t− τ)

n
2
+1

{
|x′ − x′′|+ 2

|x′ − y|2
t− τ

|x′ − x′′|
}
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≤ C(16, a, 1)
e
−

|x′−y|2

a(t−τ)

(4π)
n
2 (t− τ)

n
2
+1

|x′ − x′′| ,

and thus statement (ii) holds true.

Next we consider statement (iii). Let x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,
τ < t′ − 2|t′ − t′′|. By the Mean Value Theorem, there exists ξ ∈]t′, t′′[ such that

|DxΦn(t
′ − τ, x− y)−DxΦn(t

′′ − τ, x− y)|

=
|x− y|
2(4π)

n
2

∣∣∣∣
1

(t′ − τ)
n
2
+1
e
−

|x−y|2

4(t′−τ) − 1

(t′′ − τ)
n
2
+1
e
−

|x−y|2

4(t′′−τ)

∣∣∣∣

=
|t′ − t′′| |x− y|

2(4π)
n
2

∣∣∣∣
−(n/2)− 1

(ξ − τ)
n
2
+2
e
−

|x−y|2

4(ξ−τ) +
1

(ξ − τ)
n
2
+1
e
−

|x−y|2

4(ξ−τ)
|x− y|2
4(ξ − τ)2

∣∣∣∣ .

Then by Lemma 1.11 (i), and by the inequalities t′ − τ ≤ ξ − τ ≤ t′′ − τ , and by Lemma 1.14
(iv), we have

∣∣∣∣
−(n/2)− 1

(ξ − τ)
n
2
+2
e
−

|x−y|2

4(ξ−τ) +
1

(ξ − τ)
n
2
+1
e
−

|x−y|2

4(ξ−τ)
|x− y|2
4(ξ − τ)2

∣∣∣∣ (1.8)

≤ n/2 + 1

(t′ − τ)
n
2
+2
e
−

|x−y|2

4(t′′−τ) +
1

(t′ − τ)
n
2
+1
e
−

|x−y|2

4(t′′−τ)
|x− y|2
4(t′ − τ)2

=
e
−

|x−y|2

4(t′′−τ)

(t′ − τ)
n
2
+2

(
n

2
+ 1 +

1

4

|x− y|2
t′ − τ

)

≤ e
−

|x−y|2

8(t′−τ)

(t′ − τ)
n
2
+2

(n
2
+ 1
)(

1 +
|x− y|2
t′ − τ

)

≤ C(8, a, 1)
e
−

|x−y|2

a(t′−τ)

(t′ − τ)
n
2
+2

(n
2
+ 1
)
,

and thus statement (iii) holds true.

Next, we consider the time derivative of the fundamental solution. One can easily check
that

∂tΦn(t, x) ≡





e−
|x|2

4t

(
−n

2
+ 1

4
|x|2

t

)

(4π)
n
2 t

n
2 +1 if (t, x) ∈]0,+∞[×R

n ,

0 if (t, x) ∈ (]−∞, 0]× R
n) \ {(0, 0)} .

(1.9)

We have the following lemma regarding the estimate of ∂tΦn.

Lemma 1.17. Let T ∈]−∞,+∞]. Let G be a nonempty subset of Rn.

(i) Let a ∈]4,+∞[. Then

C1,0,G ≡ sup
(t,x)∈]0,+∞[×Rn

|x|≤diam (G)

|∂tΦn(t, x)|t
n
2
+1e

|x|2

at < +∞ .
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(ii) Let a ∈]16,+∞[. Then

C̃1,0,a,G ≡

sup

{
|∂tΦn(t− τ, x′ − y)− ∂tΦn(t− τ, x′′ − y)| |t− τ |n2+2e

|x′−y|2

a(t−τ)

|x′ − y| |x′ − x′′| :

x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \ Bn(x′, 2|x′ − x′′|),

t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .

(iii) Let a ∈]8,+∞[. Then

C̃ ′
1,0,a,G ≡

sup

{
|∂tΦn(t′ − τ, x− y)− ∂tΦn(t

′′ − τ, x− y)| |t
′ − τ |n2+2

|t′ − t′′| e
|x−y|2

a(t′−τ) :

x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,

τ < t′ − 2|t′ − t′′|
}
< +∞ .

Proof. Statement (i) is an immediate consequence of the formula (1.9) for ∂tΦn and of Lemma
1.14 (iv).

We now consider statement (ii). Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ G, x′ 6= x′′,
y ∈ G \ Bn(x′, 2|x′ − x′′|). By the triangular inequality, we have

|∂tΦn(t− τ, x′ − y)− ∂tΦn(t− τ, x′′ − y)|

=
1

(4π)
n
2 (t− τ)

n
2
+1

∣∣∣∣e
−

|x′−y|2

4(t−τ)

(
−n
2
+

1

4

|x′ − y|2
t− τ

)
− e

−
|x′′−y|2

4(t−τ)

(
−n
2
+

1

4

|x′′ − y|2
t− τ

)∣∣∣∣

≤ e
−

|x′−y|2

4(t−τ)

(4π)
n
2 (t− τ)

n
2
+1

1

4(t− τ)

∣∣|x′ − y|2 − |x′′ − y|2
∣∣

+

n
2

(
1 + |x′′−y|2

4(t−τ)

)

(4π)
n
2 (t− τ)

n
2
+1

∣∣∣∣e
−

|x′−y|2

4(t−τ) − e
−

|x′′−y|2

4(t−τ)

∣∣∣∣ .

By the Mean Value Theorem and by Lemma 1.11 (iii), we have

∣∣|x′ − y|2 − |x′′ − y|2
∣∣ ≤ 2ρ2,y(x

′, x′′)|x′ − x′′| ≤ 4|x′ − y| |x′ − x′′| ,

and by Lemma 1.11 (ii), (iii), we have

∣∣∣∣e
−

|x′−y|2

4(t−τ) − e
−

|x′′−y|2

4(t−τ)

∣∣∣∣

≤ ρ2,y(x
′, x′′)

2(t− τ)
e
−
ρ21,y(x

′,x′′)

4(t−τ) |x′ − x′′| ≤ |x′ − y|
(t− τ)

e
−

|x′−y|2

16(t−τ) |x′ − x′′| .

Hence, Lemma 1.11 (i) and Lemma 1.14 (iv) imply that

|∂tΦn(t− τ, x′ − y)− ∂tΦn(t− τ, x′′ − y)|
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≤ e
−

|x′−y|2

4(t−τ)

(4π)
n
2 (t− τ)

n
2
+1

1

4(t− τ)
4|x′ − y| |x′ − x′′|

+

n
2

(
1 + |x′−y|2

t−τ

)

(4π)
n
2 (t− τ)

n
2
+1

|x′ − y|
(t− τ)

e
−

|x′−y|2

16(t−τ) |x′ − x′′|

≤ |x′ − y| |x′ − x′′|
(4π)

n
2 (t− τ)

n
2
+2

{
e
−

|x′−y|2

4(t−τ) + (n/2)C(16, a, 1)e
−

|x′−y|2

a(t−τ)

}
.

and thus statement (ii) holds true.

Next we consider statement (iii). Let x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,
τ < t′ − 2|t′ − t′′|. By the Mean Value Theorem, there exists ξ ∈]t′, t′′[ such that

|∂tΦn(t′ − τ, x− y)− ∂tΦn(t
′′ − τ, x− y)|

=
1

(4π)
n
2

∣∣∣∣∣∣∣

e
−

|x−y|2

4(t′−τ)

(
−n

2 + 1
4
|x−y|2

(t′−τ)

)

(t′ − τ)
n
2
+1

−
e
−

|x−y|2

4(t′′−τ)

(
−n

2 + 1
4
|x−y|2

(t′′−τ)

)

(t′′ − τ)
n
2
+1

∣∣∣∣∣∣∣

≤ 1

(4π)
n
2

∣∣∣∣∣∣
(n/2 + 1) e

−
|x−y|2

4(ξ−τ)

(ξ − τ)
n
2
+2

(
−n
2
+

1

4

|x− y|2
(ξ − τ)

)∣∣∣∣∣∣
|t′ − t′′|

+
1

(4π)
n
2

∣∣∣∣∣∣
e
−

|x−y|2

4(ξ−τ)

(ξ − τ)
n
2
+1

1

4

|x− y|2
(ξ − τ)2

(
−n
2
+

1

4

|x− y|2
(ξ − τ)

)∣∣∣∣∣∣
|t′ − t′′|

+
1

(4π)
n
2

∣∣∣∣∣∣
e
−

|x−y|2

4(ξ−τ)

(ξ − τ)
n
2
+1

(
−1

4

|x− y|2
(ξ − τ)2

)∣∣∣∣∣∣
|t′ − t′′| .

Then by Lemma 1.11 (i), and by the inequalities t′ − τ ≤ ξ − τ ≤ t′′ − τ , and by Lemma 1.14
(iv), we have

|∂tΦn(t′ − τ, x− y)− ∂tΦn(t
′′ − τ, x− y)|

≤ |t′ − t′′|
(4π)

n
2

{
(n/2 + 1) (n/2)e

−
|x−y|2

4(t′′−τ)

(t′ − τ)
n
2
+2

(
1 +

|x− y|2
t′ − τ

)

+
(n/2)|x− y|2e−

|x−y|2

4(t′′−τ)

4(t′ − τ)
n
2
+3

(
1 +

|x− y|2
t′ − τ

)
+

|x− y|2e−
|x−y|2

4(t′′−τ)

4(t′ − τ)
n
2
+3

}

≤ |t′ − t′′|
(4π)

n
2

3(n/2) (n/2 + 1)

(t′ − τ)
n
2
+2

[
1 +

|x− y|2
t′ − τ

+

( |x− y|2
t′ − τ

)2
]
e
−

|x−y|2

8(t′−τ)

≤ |t′ − t′′|
(4π)

n
2

3(n/2) (n/2 + 1)

(t′ − τ)
n
2
+2

C(8, a, 2)e
−

|x−y|2

a(t′−τ) ,

and thus statement (iii) holds true.



18 Time dependent boundary norms for kernels and integral operators

1.4 Preliminary inequalities on the kernel of the double layer

heat potential

In this section we prove some inequalities for the kernel of the double layer heat potential.
We do so by means of the following.

Lemma 1.18. Let α ∈]0, 1], T ∈]−∞,+∞]. Let Ω be a bounded open subset of Rn of class
C1,α. Then the following statements hold.

(i)

bΩ,α ≡ sup

{ ∣∣∣∣
∂

∂ν(y)
Φn(t− τ, x− y)

∣∣∣∣
|t− τ |n2+1

|x− y|1+α e
|x−y|2

4(t−τ) :

x, y ∈ ∂Ω, x 6= y, t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .

Here
∂

∂ν(y)
Φn(t− τ, x− y) ≡ −DxΦn(t− τ, x− y)ν(y) ,

where DxΦn denotes the gradient of Φn with respect to the (spatial) second variable.

(ii) Let a ∈]16,+∞[. Then

b̃Ω,α ≡ sup

{ ∣∣∣∣
∂

∂ν(y)
Φn(t− τ, x′ − y)− ∂

∂ν(y)
Φn(t− τ, x′′ − y)

∣∣∣∣

×|t− τ |n2+1e
|x′−y|2

a(t−τ)

|x′ − y|α|x′ − x′′| : x
′, x′′ ∈ ∂Ω, x′ 6= x′′,

y ∈ ∂Ω \ Bn(x′, 2|x′ − x′′|) , t, τ ∈ ]−∞, T [, τ < t

}
< +∞ .

(iii) Let a ∈]8,+∞[. Then

b̃′Ω,α ≡ sup

{ ∣∣∣∣
∂

∂ν(y)
Φn(t

′ − τ, x− y)− ∂

∂ν(y)
Φn(t

′′ − τ, x− y)

∣∣∣∣

× |t′ − τ |n2+2

|x− y|1+α |t′ − t′′|e
|x−y|2

a(t′−τ) :

x, y ∈ ∂Ω, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,

τ < t′ − 2|t′ − t′′|
}
< +∞ .

Proof. Let x, y ∈ ∂Ω, x 6= y, t, τ ∈ ]−∞, T [, τ < t. By Lemma 1.12, we have

∣∣∣∣
∂

∂ν(y)
Φn(t− τ, x− y)

∣∣∣∣ =

∣∣∣∣∣∣
(x− y)tν(y)e

−
|x−y|2

4(t−τ)

2(4π)
n
2 (t− τ)

n
2
+1

∣∣∣∣∣∣

≤ cΩ,α|x− y|1+αe−
|x−y|2

4(t−τ)

2(4π)
n
2 (t− τ)

n
2
+1

,
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and thus statement (i) holds true.

We now consider statement (ii). Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ ∂Ω, x′ 6= x′′,
y ∈ ∂Ω \ Bn(x′, 2|x′ − x′′|). Then the triangular inequality implies that

∣∣∣∣
∂

∂ν(y)
Φn(t− τ, x′ − y)− ∂

∂ν(y)
Φn(t− τ, x′′ − y)

∣∣∣∣ (1.10)

=
1

2(4π)
n
2 (t− τ)

n
2
+1

∣∣∣∣(x
′ − y)tν(y)e

−
|x′−y|2

4(t−τ) − (x′′ − y)tν(y)e
−

|x′′−y|2

4(t−τ)

∣∣∣∣

≤ e
−

|x′−y|2

4(t−τ)

2(4π)
n
2 (t− τ)

n
2
+1

∣∣(x′ − x′′)tν(y)
∣∣

+
|(x′′ − y)tν(y)|

2(4π)
n
2 (t− τ)

n
2
+1

∣∣∣∣e
−

|x′−y|2

4(t−τ) − e
−

|x′′−y|2

4(t−τ)

∣∣∣∣ .

By the inequality |x′ − x′′| ≤ |x′ − y|, and by the membership of ν ∈ C0,α(∂Ω), which is
implied by the fact that Ω is of class C1,α, and by Lemma 1.12, we have that

|(x′ − x′′)tν(y)| ≤ |(x′ − x′′)t(ν(y)− ν(x′))|+ |(x′ − x′′)tν(x′)|
≤ |x′ − x′′| |ν|α|x′ − y|α + cΩ,α|x′ − x′′|1+α

≤ |x′ − x′′| |x′ − y|α(|ν|α + cΩ,α) .

Moreover, Lemma 1.12 and Lemma 1.11 (i) imply that

|(x′′ − y)tν(y)| ≤ cΩ,α|x′′ − y|1+α ≤ cΩ,α2
1+α|x′ − y|1+α .

Accordingly, Lemmas 1.11 (i) and 1.14 (iv) and inequality (1.7) imply that the right hand
side of (1.10) is less or equal than

e
−

|x′−y|2

4(t−τ)

2(4π)
n
2 (t− τ)

n
2
+1

|x′ − x′′| |x′ − y|α(|ν|α + cΩ,α)

+
cΩ,α2

1+α|x′ − y|1+αe−
|x′−y|2

16(t−τ)

2(4π)
n
2 (t− τ)

n
2
+1

|x′ − y| |x′ − x′′|
(t− τ)

≤ max

{
(|ν|α + cΩ,α)

2(4π)
n
2

,
cΩ,α2

1+α

2(4π)
n
2

} |x′ − x′′| |x′ − y|αe−
|x′−y|2

16(t−τ)

(t− τ)
n
2
+1

×
{
1 +

|x′ − y|2
t− τ

}

≤ max

{
(|ν|α + cΩ,α)

2(4π)
n
2

,
cΩ,α2

1+α

2(4π)
n
2

}
C(16, a, 1)

|x′ − x′′| |x′ − y|αe−
|x′−y|2

a(t−τ)

(t− τ)
n
2
+1

,

and thus statement (ii) holds true.

Next we consider statement (iii). Let x, y ∈ ∂Ω, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′,
τ < t′ − 2|t′ − t′′|. By the Mean Value Theorem, there exists ξ ∈]t′, t′′[ such that

∣∣∣∣
∂

∂ν(y)
Φn(t

′ − τ, x− y)− ∂

∂ν(y)
Φn(t

′′ − τ, x− y)

∣∣∣∣
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=
|(x− y)tν(y)|

2(4π)
n
2

∣∣∣∣∣∣
e
−

|x−y|2

4(t′−τ)

(t′ − τ)
n
2
+1

− e
−

|x−y|2

4(t′′−τ)

(t′′ − τ)
n
2
+1

∣∣∣∣∣∣

=
|(x− y)tν(y)| |t′ − t′′|

2(4π)
n
2

×
∣∣∣∣
−(n/2)− 1

(ξ − τ)
n
2
+2
e
−

|x−y|2

4(ξ−τ) +
1

(ξ − τ)
n
2
+1
e
−

|x−y|2

4(ξ−τ)
|x− y|2
4(ξ − τ)2

∣∣∣∣ .

Then by Lemma 1.11 (i), and by Lemma 1.12, and by inequality (1.8), we have

∣∣∣∣
∂

∂ν(y)
Φn(t

′ − τ, x− y)− ∂

∂ν(y)
Φn(t

′′ − τ, x− y)

∣∣∣∣

≤ cΩ,α|x− y|1+α |t′ − t′′|
2(4π)

n
2

×
∣∣∣∣
−(n/2)− 1

(ξ − τ)
n
2
+2
e
−

|x−y|2

4(ξ−τ) +
1

(ξ − τ)
n
2
+1
e
−

|x−y|2

4(ξ−τ)
|x− y|2
4(ξ − τ)2

∣∣∣∣

≤ cΩ,α[(n/2) + 1]

2(4π)
n
2

C(8, a, 1)
|x− y|1+α|t′ − t′′|

(t′ − τ)
n
2
+2

e
−

|x−y|2

a(t′−τ) .

and thus statement (iii) holds true.

1.5 A special class of time dependent boundary kernels

For each subset A of R× R
n, we find convenient to set

∆A ≡ {(t, x, τ, y) ∈ A×A : t = τ, x = y} .

For each T ∈] − ∞,+∞] and G ⊆ R
n, we now introduce a normed space of functions on

(GT )
2 \∆GT which may carry a singularity as the variable tends to a point of the diagonal,

just as in the case of the kernels of integral operators corresponding to layer heat potentials.
This space will serve as the space of kernels of the integral operators that we will consider in
the following sections.

Definition 1.19. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let G be a nonempty subset of Rn. Let

γ ≡ (γ1, γ2, γ
′
1, γ

′
2, γ

′
l, γ

′′
1 , γ

′′
2 , γ

′′
l ) ∈ R

8 . (1.11)

We denote by Kγ,a(GT ) the set of continuous functions K from (GT )
2 \∆GT to C such that

K(t, x, τ, y) = 0 if (t, x, τ, y) ∈ (GT )
2 \∆GT , τ ≥ t ,

and such that

‖K‖Kγ,a(GT )

≡ sup

{
|K(t, x, τ, y)| |t− τ |γ1

|x− y|γ2 e
|x−y|2

a(t−τ) : x, y ∈ G, x 6= y, t, τ ∈ ]−∞, T [, τ < t

}

+sup

{ ∣∣K(t, x′, τ, y)−K(t, x′′, τ, y)
∣∣ |t− τ |γ′1e

|x′−y|2

a(t−τ)

|x′ − y|γ′2 |x′ − x′′|γ′l
:
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x′, x′′ ∈ G, x′ 6= x′′, y ∈ G \ Bn(x′, 2|x′ − x′′|) , t, τ ∈ ]−∞, T [, τ < t

}

+sup

{ ∣∣K(t′, x, τ, y)−K(t′′, x, τ, y)
∣∣ |t′ − τ |γ′′1
|x− y|γ′′2 |t′ − t′′|γ′′l

e
|x−y|2

a(t′−τ) :

x, y ∈ G, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′ − 2|t′ − t′′|
}
< +∞ .

One can easily verify that ‖ · ‖Kγ,a(GT ) is actually a norm and that (Kγ,a(GT ), ‖ · ‖Kγ,a(GT ))
is a Banach space.

The estimates we have proved in Lemmas 1.15, 1.16, 1.17 and 1.18 show that the functions

Φn(t− τ, x− y), ∂xrΦn(t− τ, x− y), ∂tΦn(t− τ, x− y),
∂

∂ν(y)
Φn(t− τ, x− y)

belong to the above class of kernels Kγ,a for some γ ∈ R
8 and for some a ∈]0,+∞[. More

precisely we have the following.

Remark 1.20. Let a ∈]16,+∞[, T ∈]−∞,+∞].

(i) Let G be a nonempty subset of Rn. Then Lemma 1.15 implies that the kernel

Φn(t− τ, x− y)

belongs to Kγ,a(GT ), with γ ≡ (γ1, γ2, γ
′
1, γ

′
2, γ

′
l, γ

′′
1 , γ

′′
2 , γ

′′
l ) and

γ1 =
n

2
, γ2 = 0 , γ′1 =

n

2
+ 1 , γ′2 = 1 , γ′l = 1 ,

γ′′1 =
n

2
+ 1 , γ′′2 = 0 , γ′′l = 1 .

(ii) Let G be a nonempty subset of Rn. Then Lemma 1.17 implies that the kernel

∂tΦn(t− τ, x− y)

belongs to Kγ,a(GT ), with γ ≡ (γ1, γ2, γ
′
1, γ

′
2, γ

′
l, γ

′′
1 , γ

′′
2 , γ

′′
l ) and

γ1 =
n

2
+ 1 , γ2 = 0 , γ′1 =

n

2
+ 2 , γ′2 = 1 , γ′l = 1 ,

γ′′1 =
n

2
+ 2 , γ′′2 = 0 , γ′′l = 1 .

(iii) Let G be a nonempty subset of Rn. Let r ∈ {1, . . . , n}. Then Lemma 1.16 implies that
the kernel

∂xrΦn(t− τ, x− y)

belongs to Kγ,a(GT ), with γ ≡ (γ1, γ2, γ
′
1, γ

′
2, γ

′
l, γ

′′
1 , γ

′′
2 , γ

′′
l ) and

γ1 =
n

2
+ 1 , γ2 = 1 , γ′1 =

n

2
+ 1 , γ′2 = 0 , γ′l = 1 ,

γ′′1 =
n

2
+ 2 , γ′′2 = 1 , γ′′l = 1 .
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(iv) Let α ∈]0, 1]. Let Ω be a bounded open subset of Rn of class C1,α. Then Lemma 1.18
implies that the kernel

∂

∂ν(y)
Φn(t− τ, x− y)

belongs to Kγ,a(∂TΩ), with γ ≡ (γ1, γ2, γ
′
1, γ

′
2, γ

′
l, γ

′′
1 , γ

′′
2 , γ

′′
l ) and

γ1 =
n

2
+ 1 , γ2 = 1 + α , γ′1 =

n

2
+ 1 , γ′2 = α , γ′l = 1 ,

γ′′1 =
n

2
+ 2 , γ′′2 = 1 + α , γ′′l = 1 .

1.6 Integral operators on the space of essentially bounded func-

tions

For each θ ∈]0, 1], we define the function ωθ(·) from ]0,+∞[ to itself by setting

ωθ(r) ≡
{
rθ| log r| if r ∈]0, rθ] ,
rθθ | log rθ| if r ∈]rθ,+∞[ ,

where
rθ ≡ e−

1
θ ∀ θ ∈]0, 1] .

Obviously, ωθ(·) satisfies the conditions i)–iv) of (1.1). We also note that if D is a subset of
R
n, then the following continuous embedding holds

C
0,ωθ(·)
b (D) ⊆ C0,θ′

b (D)

for all θ′ ∈]0, θ[. In this section we consider the mapping properties of an integral operator
with a kernel in the class Kγ,a(∂TΩ) and acting on the space of essentially bounded functions
on ∂TΩ. We start with the following proposition, regarding the Hölder continuity with respect
to the space variables of such an integral operator.

Proposition 1.21. Let a ∈]0,+∞[, T ∈] − ∞,+∞]. Let Ω be a bounded open Lipschitz
subset of Rn. Let γ ≡ (γ1, γ2, γ

′
1, γ

′
2, γ

′
l, γ

′′
1 , γ

′′
2 , γ

′′
l ) ∈ R

8. Then the following statements hold.

(i) Let γ1 > 1 and 2γ1 − γ2 − 2 < n − 1. If (K,µ) ∈ Kγ,a(∂TΩ) × L∞(∂TΩ), and if
(t, x) ∈ ∂TΩ, then the function K(t, x, ·, ·)µ(·, ·) is integrable in ∂TΩ and the function
u[∂TΩ,K, µ] from ∂TΩ to C defined by

u[∂TΩ,K, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
K(t, x, τ, y)µ(τ, y) dσydτ ∀ (t, x) ∈ ∂TΩ , (1.12)

is bounded. Moreover, the map from Kγ,a(∂TΩ) × L∞(∂TΩ) to B(∂TΩ), which takes
(K,µ) to u[∂TΩ,K, µ] is bilinear and continuous.

(ii) Let γ1 > 1 and 2γ1 − γ2 − 2 ∈ [n− 2, n− 1[. Moreover, let γ′1 > 1, γ′l ∈]0, 1], and

γ′l + (n− 1)− (2γ′1 − γ′2 − 2) > 0.

Let

ω(r) ≡





rmin{(n−1)−(2γ1−γ2−2),γ′l+(n−1)−(2γ′1−γ
′
2−2)} if 2γ′1 − γ′2 − 2 > n− 1 ,

max{r(n−1)−(2γ1−γ2−2), ωγ′
l
(r)} if 2γ′1 − γ′2 − 2 = n− 1 ,

rmin{(n−1)−(2γ1−γ2−2),γ′l} if 2γ′1 − γ′2 − 2 < n− 1 ,
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for all r ∈]0,+∞[. Then the map from Kγ,a(∂TΩ)× L∞(∂TΩ) to

B
(
]−∞, T [, C0,ω(·)(∂Ω)

)

which takes (K,µ) to u[∂TΩ,K, µ] is bilinear and continuous (cf. Remark 1.5.)

Proof. Let (t, x) ∈ ∂TΩ. Then we have
∣∣∣∣
∫ t

−∞

∫

∂Ω
K(t, x, τ, y)µ(τ, y) dσydτ

∣∣∣∣

≤
∫ t

−∞

∫

∂Ω
‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)

|x− y|γ2
|t− τ |γ1 e

−
|x−y|2

a(t−τ) dσydτ

= ‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)

∫

∂Ω

∫ +∞

0

|x− y|γ2+2a−1+γ1

uγ1 |x− y|2γ1 e−
1
u dudσy

= ‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)a
−1+γ1

∫ +∞

0
u−γ1e−

1
u du

∫

∂Ω

dσy
|x− y|2γ1−γ2−2

,

and the integrals in the right hand side converges for 2γ1 − γ2 − 2 < n− 1 and γ1 > 1. Then
Lemma 1.13 (i) implies the validity of statement (i).

Next we consider statement (ii). Let t ∈ ]−∞, T [, x′, x′′ ∈ ∂Ω. By statement (i) and
Remark 1.1, there is no loss of generality in assuming that 0 < |x′ − x′′| ≤ rγ′

l
. Then the

inclusion Bn(x
′, 2|x′ − x′′|) ⊆ Bn(x

′′, 3|x′ − x′′|) and the triangular inequality imply that

|u[∂TΩ,K, µ](t, x′)− u[∂TΩ,K, µ](t, x
′′)| (1.13)

≤ ‖µ‖L∞(∂TΩ)

{∫ t

−∞

∫

Bn(x′,2|x′−x′′|)∩∂Ω
|K(t, x′, τ, y)| dσydτ

+

∫ t

−∞

∫

Bn(x′′,3|x′−x′′|)∩∂Ω
|K(t, x′′, τ, y)| dσydτ

+

∫ t

−∞

∫

∂Ω\Bn(x′,2|x′−x′′|)
|K(t, x′, τ, y)−K(t, x′′, τ, y)| dσydτ

}

≤ ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫ t

−∞

∫

Bn(x′,2|x′−x′′|)∩∂Ω

|x′ − y|γ2
(t− τ)γ1

e
−

|x′−y|2

a(t−τ) dσydτ

+

∫ t

−∞

∫

Bn(x′′,3|x′−x′′|)∩∂Ω

|x′′ − y|γ2
(t− τ)γ1

e
−

|x′′−y|2

a(t−τ) dσydτ

+ |x′ − x′′|γ′l
∫ t

−∞

∫

∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2
(t− τ)γ

′
1
e
−

|x′−y|2

a(t−τ) dσydτ

}
.

Then by setting a(t− τ) = u|x′ − y|2, a(t− τ) = u|x′′ − y|2, a(t− τ) = u|x′ − y|2 in the first,
and second and third integrals in the right hand side of (1.13), respectively, we deduce that
the right hand side of (1.13) equals

‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫ +∞

0

∫

Bn(x′,2|x′−x′′|)∩∂Ω

|x′ − y|γ2+2a−1+γ1

uγ1 |x′ − y|2γ1 e−
1
u dσydu

+

∫ +∞

0

∫

Bn(x′′,3|x′−x′′|)∩∂Ω

|x′′ − y|γ2+2a−1+γ1

uγ1 |x′′ − y|2γ1 e−
1
u dσydu

+|x′ − x′′|γ′l
∫ +∞

0

∫

∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2+2a−1+γ′1

uγ
′
1 |x′ − y|2γ′1

e−
1
u dσydu

}
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≤ ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{
Γ(γ1 − 1)

a1−γ1

∫

Bn(x′,2|x′−x′′|)∩∂Ω

dσy
|x′ − y|2γ1−γ2−2

+
Γ(γ1 − 1)

a1−γ1

∫

Bn(x′′,3|x′−x′′|)∩∂Ω

dσy
|x′′ − y|2γ1−γ2−2

+
Γ(γ′1 − 1)

a1−γ
′
1

|x′ − x′′|γ′l
∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy

|x′ − y|2γ′1−γ′2−2

}

≤ ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{
2
Γ(γ1 − 1)

a1−γ1
c′′Ω,α|x′ − x′′|(n−1)−(2γ1−γ2−2)

+
Γ(γ′1 − 1)

a1−γ
′
1

|x′ − x′′|γ′l
∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy

|x′ − y|2γ′1−γ′2−2

}
,

where we have used Lemma 1.13 (ii). We now distinguish three cases. In case 2γ′1−γ′2−2 > n−1,
Lemma 1.13 (iii) implies that

|x′ − x′′|γ′l
∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy

|x′ − y|2γ′1−γ′2−2
≤ c′′′Ω,2γ′1−γ′2−2|x′ − x′′|γ′l+(n−1)−(2γ′1−γ

′
2−2) .

In case 2γ′1 − γ′2 − 2 = n− 1, Lemma 1.13 (iv) implies that

|x′ − x′′|γ′l
∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy

|x′ − y|2γ′1−γ′2−2
≤ |x′ − x′′|γ′lcivΩ

∣∣log |x′ − x′′|
∣∣ .

In case 2γ′1 − γ′2 − 2 < n− 1, Lemma 1.13 (i) implies that

|x′ − x′′|γ′l
∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy

|x′ − y|2γ′1−γ′2−2
≤ c′Ω,2γ′1−γ′2−2|x′ − x′′|γ′l .

Then the above inequalities imply the validity of statement (ii).

Next, we consider the time Hölder regularity of the same integral operator of Proposition
1.21. More precisely, the following proposition holds.

Proposition 1.22. Let a ∈]0,+∞[, T ∈] − ∞,+∞]. Let Ω be a bounded open Lipschitz
subset of Rn. Let γ ≡ (γ1, γ2, γ

′
1, γ

′
2, γ

′
l, γ

′′
1 , γ

′′
2 , γ

′′
l ) ∈ R

8. Let γ1 > 1, 2γ1− γ2− 2 < n− 1. Let

h ∈
]
0,

(n− 1)− (2γ1 − γ2 − 2)

2

[
∩]0, 1] .

Let γ′′1 > 1, γ′′l ∈]0, 1],

max

{
0,

(2γ′′1 − γ′′2 − 2)− (n− 1)

2

}
< min{γ′′1 − 1, γ′′l },

h′ ∈
]
max

{
0,

(2γ′′1 − γ′′2 − 2)− (n− 1)

2

}
,min{γ′′1 − 1, γ′′l }

]
.

Then the bilinear map from Kγ,a(∂TΩ) × L∞(∂TΩ) to C
0,min{h,γ′′l −h

′}

b

(
]−∞, T [, C0(∂Ω)

)
,

which takes (K,µ) to u[∂TΩ,K, µ] is continuous (cf. Remark 1.5).
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Proof. By Proposition 1.21 (i), it suffices to estimate the Hölder quotient of u[∂TΩ,K, µ] in
the time variable. Let x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′. By Remark 1.1 and Proposition 1.21
(i), there is no loss of generality in assuming that 0 < |t′ − t′′| ≤ 1/e. Then the inclusion of
intervals ]

t′ − 2|t′ − t′′|, t′ + 2|t′ − t′′|
[
⊆
]
t′′ − 3|t′ − t′′|, t′′ + 3|t′ − t′′|

[

and the triangular inequality imply that

|u[∂TΩ,K, µ](t′, x)− u[∂TΩ,K, µ](t
′′, x)| (1.14)

≤
∫ t′+2|t′−t′′|

t′−2|t′−t′′|

∫

∂Ω

∣∣K(t′, x, τ, y)−K(t′′, x, τ, y)
∣∣ |µ(τ, y)| dσydτ

+

∫ t′−2|t′−t′′|

−∞

∫

∂Ω

∣∣K(t′, x, τ, y)−K(t′′, x, τ, y)
∣∣ |µ(τ, y)| dσydτ

≤ ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫ t′

t′−2|t′−t′′|

∫

∂Ω

|x− y|γ2
|t′ − τ |γ1 e

−
|x−y|2

a(t′−τ) dσydτ

+

∫ t′′

t′′−3|t′−t′′|

∫

∂Ω

|x− y|γ2
|t′′ − τ |γ1 e

−
|x−y|2

a(t′′−τ) dσydτ

+

∫

∂Ω

∫ t′−2|t′−t′′|

−∞

|x− y|γ′′2
|t′ − τ |γ′′1

|t′ − t′′|γ′′l e−
|x−y|2

a(t′−τ) dσydτ

}
.

Then by setting a(t′ − τ) = u|x− y|2, a(t′′ − τ) = u|x− y|2, a(t′ − τ) = u|x− y|2 in the first,
and second and third integrals in the right hand side of (1.14), respectively, we deduce that
the right hand side of (1.14) equals

‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫

∂Ω

∫ 2a
|t′−t′′|

|x−y|2

0

|x− y|γ2+2aγ1−1

uγ1 |x− y|2γ1 e−
1
u du dσy

+

∫

∂Ω

∫ 3a
|t′−t′′|

|x−y|2

0

|x− y|γ2+2aγ1−1

uγ1 |x− y|2γ1 e−
1
u du dσy

+

∫

∂Ω

∫ +∞

2a
|t′−t′′|

|x−y|2

|x− y|γ′′2+2aγ
′′
1−1

uγ
′′
1 |x− y|2γ′′1

|t′ − t′′|γ′′l e− 1
u du dσy

}
.

Next we note that our assumptions of h and h′ imply that 2γ1 − γ2 − 2 + 2h < n − 1 and
that 2γ′′1 − γ′′2 − 2− 2h′ < n− 1. Then by Lemmas 1.13 (i) and 1.14 (i), (ii), the right hand
side of (1.14) is less or equal to

‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{∫

∂Ω
D̃γ1,ha

γ1−1

(
2a

|t′ − t′′|
|x− y|2

)h dσy
|x− y|2γ1−γ2−2

+

∫

∂Ω
D̃γ1,ha

γ1−1

(
3a

|t′ − t′′|
|x− y|2

)h dσy
|x− y|2γ1−γ2−2

+

∫

∂Ω
Dγ′′1 ,h

′

(
2a

|t′ − t′′|
|x− y|2

)−h′

aγ
′′
1−1|t′ − t′′|γ′′l dσy

|x− y|2γ′′1−γ′′2−2

}

≤ ‖µ‖L∞(∂TΩ)‖K‖Kγ,a(∂TΩ)

{
D̃γ1,ha

γ1−1(2a)hc′Ω,2γ1−γ2−2+2h

+D̃γ1,ha
γ1−1(3a)hc′Ω,2γ1−γ2−2+2h +Dγ′′1 ,h

′aγ
′′
1−1(2a)−h

′
c′Ω,2γ′′1−γ′′2−2−2h′

}
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×|t′ − t′′|min{h,γ′′l −h
′} ,

and thus the statement holds true.

We will also need to understand the behavior away from the boundary ∂TΩ of the integral
operators we are dealing with. For this reason, we prove the following lemma which concerns
an integral operator which is not necessarily defined on ∂TΩ.

Lemma 1.23. Let a ∈]0,+∞[, T ∈] −∞,+∞]. Let Ω be a bounded open Lipschitz subset
of R

n. Let G be a subset of R
n. Let γ ≡ (γ1, γ2, γ

′
1, γ

′
2, γ

′
l, γ

′′
1 , γ

′′
2 , γ

′′
l ) ∈ R

8. Let γ1 > 1,
2γ1 − γ2 − 2 < n− 1. Let K ∈ C0((GT × ∂TΩ) \∆∂TΩ) be such that

K(t, x, τ, y) = 0 if (t, x, τ, y) ∈ (GT × ∂TΩ) \∆∂TΩ, τ ≥ t ,

and such that

κγ1,γ2 ≡ sup

{
|K(t, x, τ, y)| |t− τ |γ1

|x− y|γ2 e
|x−y|2

a(t−τ) : (t, x, τ, y) ∈ (GT × ∂TΩ) \∆∂TΩ

}
< +∞ .

If µ ∈ L∞(∂TΩ), and if (t, x) ∈ GT , then the function K(t, x, ·, ·)µ(·, ·) is Lebesgue integrable
in ∂TΩ. Moreover, the function u][GT , ∂TΩ,K, µ] from GT to C defined by

u][GT , ∂TΩ,K, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
K(t, x, τ, y)µ(τ, y) dσydτ ∀ (t, x) ∈ GT ,

is continuous. If supx∈G
∫
∂Ω

dσy
|x−y|2γ1−γ2−2 < +∞, then the following inequality holds

|u][GT , ∂TΩ,K, µ](t, x)| (1.15)

≤ Γ(γ1 − 1)aγ1−1 sup
x∈G

∫

∂Ω

dσy
|x− y|2γ1−γ2−2

κγ1,γ2‖µ‖L∞(∂TΩ) ,

for all (t, x) ∈ GT .

Proof. Let (t, x) ∈ GT . Then we have

∫ t

−∞

∫

∂Ω
|K(t, x, τ, y)µ(τ, y)| dσydτ

≤ κγ1,γ2‖µ‖L∞(∂TΩ)

∫ t

−∞

∫

∂Ω

|x− y|γ2
|t− τ |γ1 e

−
|x−y|2

a(t−τ) dσydτ

= κγ1,γ2‖µ‖L∞(∂TΩ)

∫

∂Ω

∫ +∞

0

|x− y|γ2+2aγ1−1

uγ1 |x− y|2γ1 e−
1
u du dσy

= κγ1,γ2‖µ‖L∞(∂TΩ)a
γ1−1

∫ +∞

0
u−γ1e−

1
u du

∫

∂Ω

dσy
|x− y|2γ1−γ2−2

.

Our assumptions imply the convergence of the integrals in the right hand side and the validity
of inequality (1.15). The continuity of u][GT , ∂TΩ,K, µ] follows by the Vitali Convergence
Theorem.
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1.7 Applications to some integral operators related to layer

heat potentials with essentially bounded densities

In this section we apply the results of the previous Section 1.6 in order to obtain some mapping
properties for some integral operators related to layer heat potentials. The results of this
section will be applied in the next Chapter 2 in order to study the mapping properties of the
double layer heat potential. We start with the analysis of a class of integral operators which
we need to study the properties of an integral operator related to the kernel DxΦn(t−τ, x−y),
and we introduce the following two statements. The first one is needed to understand the
behavior of such a class of integral operators in the whole domain ΩT , whereas the second
one investigates the corresponding boundary integral operators.

Lemma 1.24. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset of
R
n. Let θ ∈]0, 1]. Let Z ∈ C0((cl ΩT × ∂TΩ) \∆∂TΩ) be such that

Z(t, x, τ, y) = 0 if (t, x, τ, y) ∈ (cl ΩT × ∂TΩ) \∆∂TΩ, τ ≥ t ,

and such that

ζ ≡ sup

{
|Z(t, x, τ, y)| |t− τ |n2+1

|x− y| e
|x−y|2

a(t−τ) :

(t, x, τ, y) ∈ (cl ΩT × ∂TΩ) \∆∂TΩ

}
< +∞ .

Let f ∈ C0,θ(cl Ω). Let H][Z, f ] be the function from (cl ΩT × ∂TΩ) \∆∂TΩ to C defined by

H][Z, f ](t, x, τ, y) ≡ (f(x)− f(y))Z(t, x, τ, y) ∀ (t, x, τ, y) ∈ (cl ΩT × ∂TΩ) \∆∂TΩ .

If µ ∈ L∞(∂TΩ) and if (t, x) ∈ cl ΩT , then the function H][Z, f ](t, x, ·, ·)µ(·, ·) is Lebesgue
integrable in ∂TΩ and the function Q][Z, f, µ] from cl ΩT to C defined by

Q][Z, f, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
H][Z, f ](t, x, τ, y)µ(τ, y) dσydτ ∀(t, x) ∈ cl ΩT ,

is continuous and bounded.

Proof. We plan to apply Lemma 1.23. By definition of ζ, and by the Hölder continuity of f ,
we have ∣∣∣H][Z, f ](t, x, τ, y)

∣∣∣ ≤ |f |θ|x− y|1+θ
|t− τ |n2+1

ζe
−

|x−y|2

a(t−τ)

for all (t, x, τ, y) ∈ (cl ΩT × ∂TΩ) \∆∂TΩ. Next we note that

(n/2) + 1 > 1 , 2 ((n/2) + 1)− (1 + θ)− 2 = n− 1− θ < n− 1 ,

and that the Vitali Convergence Theorem implies the continuity of the function
∫
∂Ω

dσy
|x−y|(n−1)−θ

in the variable x ∈ cl Ω and accordingly that supx∈cl Ω
∫
∂Ω

dσy
|x−y|(n−1)−θ < +∞. Then Lemma

1.23 implies the validity of the statement.

Next we have the following.
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Lemma 1.25. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset of
R
n. Let θ ∈]0, 1]. Let

γn ≡ ((n/2) + 1, 1, (n/2) + 1, 0, 1, (n/2) + 2, 1, 1) , (1.16)

γn,θ ≡ ((n/2) + 1, 1 + θ, (n/2) + 1, 1, θ, (n/2) + 2, 1 + θ, 1) ,

(cf. Remark 1.20 (iii)). Then the following statements hold.

(i) The map H from Kγn,a(∂TΩ) × C0,θ(∂Ω) to Kγn,θ,4a(∂TΩ), which takes (Z, g) to the
function H[Z, g] from (∂TΩ)

2 \∆∂TΩ to C defined by

H[Z, g](t, x, τ, y) ≡ (g(x)− g(y))Z(t, x, τ, y) ∀ (t, x, τ, y) ∈ (∂TΩ)
2 \∆∂TΩ ,

is bilinear and continuous.

(ii) Let θ1 ∈]0, θ[. The map Q from Kγn,a(∂TΩ)× C0,θ(∂Ω)× L∞(∂TΩ) to

B
(
]−∞, T [, C0,ωθ(·)(∂Ω)

)
∩ C0,

θ1
2

b

(
]−∞, T [, C0(∂Ω)

)
,

which takes (Z, g, µ) to the function Q[Z, g, µ] from ∂TΩ to C defined by

Q[Z, g, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
H[Z, g](t, x, τ, y)µ(τ, y) dσydτ ∀ (t, x) ∈ ∂TΩ , (1.17)

is trilinear and continuous (cf. Remark 1.5).

Proof. We first consider statement (i). Let x, y ∈ ∂Ω, x 6= y, t, τ ∈ ]−∞, T [, τ < t. The
membership of Z in Kγn,a(∂TΩ) and of g in C0,θ(∂Ω) implies that

|(g(x)− g(y))Z(t, x, τ, y)| ≤ |g|θ|x− y|θ‖Z‖Kγn,a(∂TΩ)
|x− y|

|t− τ |n2+1
e
−

|x−y|2

a(t−τ) . (1.18)

Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ ∂Ω, x′ 6= x′′, y ∈ ∂Ω \ Bn(x′, 2|x′ − x′′|). Lemma 1.11 (i)
and the membership of Z in Kγn,a(∂TΩ) and of g in C0,θ(∂Ω) imply that

∣∣(g(x′)− g(y))Z(t, x′, τ, y)− (g(x′′)− g(y))Z(t, x′′, τ, y)
∣∣

≤ |g(x′)− g(y)| |Z(t, x′, τ, y)− Z(t, x′′, τ, y)|+ |g(x′)− g(x′′)| |Z(t, x′′, τ, y)|

≤ |g|θ
|x′ − y|θ|x′ − x′′|

|t− τ |n2+1
e
−

|x′−y|2

a(t−τ) ‖Z‖Kγn,a(∂TΩ)

+
|x′ − x′′|θ|x′′ − y|

|t− τ |n2+1
e
−

|x′′−y|2

a(t−τ) |g|θ‖Z‖Kγn,a(∂TΩ)

≤ |g|θ‖Z‖Kγn,a(∂TΩ)

{ |x′ − y|θ
|t− τ |n2+1

|x′ − x′′|+ |x′ − x′′|θ 2|x′ − y|
|t− τ |n2+1

}
e
−

|x′−y|2

4a(t−τ) .

Since |x′ − x′′| ≤ |x′ − y|, we have |x′ − x′′|1−θ ≤ |x′ − y|1−θ. Hence,

|x′ − y|θ|x′ − x′′|+ |x′ − x′′|θ2|x′ − y|
≤ |x′ − y| |x′ − x′′|θ + |x′ − x′′|θ2|x′ − y| = 3|x′ − y| |x′ − x′′|θ ,

and accordingly
∣∣(g(x′)− g(y))Z(t, x′, τ, y)− (g(x′′)− g(y))Z(t, x′′, τ, y)

∣∣ (1.19)
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≤ |g|θ‖Z‖Kγn,a(∂TΩ)3
|x′ − y|

|t− τ |n2+1
|x′ − x′′|θe−

|x′−y|2

4a(t−τ) .

Now let x, y ∈ ∂Ω, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′ − 2|t′ − t′′|. The membership of Z
in Kγn,a(∂TΩ) and of g in C0,θ(∂Ω) implies that

∣∣(g(x)− g(y))Z(t′, x, τ, y)− (g(x)− g(y))Z(t′′, x, τ, y)
∣∣ (1.20)

≤ |x− y|θ|g|θ|Z(t′, x, τ, y)− Z(t′′, x, τ, y)|

≤ |g|θ‖Z‖Kγn,a(∂TΩ)|x− y|θ |x− y|
|t′ − τ |n2+2

|t′ − t′′|e−
|x−y|2

a(t′−τ) .

Inequalities (1.18), (1.19) and (1.20) imply the validity of statement (i).
Next we consider statement (ii). By Proposition 1.21 (ii) with γ = γn,θ, the map u[∂TΩ, ·, ·]

is bilinear and continuous from Kγn,θ,4a(∂TΩ)× L∞(∂TΩ) to

B
(
]−∞, T [, C0,max{rθ,ωθ(·)}(∂Ω)

)
.

Indeed,

γ1 = (n/2) + 1 > 1 ,

2γ1 − γ2 − 2 = 2((n/2) + 1)− (1 + θ)− 2 = (n− 1)− θ ∈ [n− 2, n− 1[ ,

γ′1 = (n/2) + 1 > 1 ,

γ′l = θ ∈]0, 1] ,
2γ′1 − γ′2 − 2 = 2((n/2) + 1)− 1− 2 = n− 1 ,

(n− 1)− (2γ1 − γ2 − 2) = (n− 1)− [2((n/2) + 1)− (1 + θ)− 2] = θ ,

γ′l + (n− 1)− (2γ′1 − γ′2 − 2) = θ + (n− 1)− (n− 1) = θ > 0 ,

and C0,max{rθ,ωθ(·)}(∂Ω) = C0,ωθ(·)(∂Ω).
Next we wish to apply Proposition 1.22 with γ = γn,θ. Clearly, γ1 = (n/2) + 1 > 1.

Moreover, we have seen above that 2γ1 − γ2 − 2 = (n− 1)− θ ∈ [n− 2, n− 1[. Then we can
choose

h ≡ θ1/2 ∈]0, θ/2[=
]
0,

(n− 1)− [(n− 1)− θ]

2

[
∩]0, 1] .

Next we observe that γ′′1 = (n/2) + 2 > 1, γ′′l = 1 and that

(2γ′′1 − γ′′2 − 2)− (n− 1)

2
=

2((n/2) + 2)− (1 + θ)− 2− (n− 1)

2
= 1− (θ/2) > 0,

γ′′1 − 1 = ((n/2) + 2)− 1 = (n/2) + 1 > 1 ,

min{γ′′1 − 1, γ′′l } = min{(n/2) + 1, 1} = 1 > 1− (θ/2) .

Since 1− (θ/2) < 1− (θ1/2) = 1− h < 1, we can choose

h′ ∈]1− (θ/2), 1[ ,

close enough to 1 − (θ/2) so that h′ < 1 − (θ1/2) = 1 − h, i.e., such that h < 1 −
h′. Then min{h, γ′′l − h′} = min{h, 1 − h′} = h. Accordingly, Proposition 1.22 im-
plies that the map u[∂TΩ, ·, ·] is bilinear and continuous from Kγn,θ,4a(∂TΩ) × L∞(∂TΩ)

to C
0,
θ1
2

b

(
]−∞, T [, C0(∂Ω)

)
. Hence, statement (i) implies the validity of statement (ii).
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Remark 1.26. Under the assumptions of the previous proposition, one can readily prove

that B
(
]−∞, T [, C0,ωθ(·)(∂Ω)

)
∩ C0,

θ1
2

b

(
]−∞, T [, C0(∂Ω)

)
is continuously embedded into

C
θ1
2
,θ1(∂TΩ).

Then Remark 1.20 (iii), Lemma 1.25 and Remark 1.26 immediately imply the validity
of the following theorem regarding the mapping properties of an integral operator with
∂xrΦn(t− τ, x− y) as kernel.

Theorem 1.27. Let T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset of Rn. Let
θ ∈]0, 1], θ1 ∈]0, θ[. Let r ∈ {1, . . . , n}. Then the map Q[∂xrΦn(t − τ, x − y), ·, ·] from

C0,θ(∂Ω)× L∞(∂TΩ) to C
θ1
2
,θ1(∂TΩ) which takes (g, µ) to the function

Q[∂xrΦn(t− τ, x− y), g, µ](t, x) (1.21)

=

∫ t

−∞

∫

∂Ω
(g(x)− g(y))∂xrΦn(t− τ, x− y)µ(τ, y) dσydτ ∀ (t, x) ∈ ∂TΩ ,

is bilinear and continuous (cf. Remark 1.5).

Next we turn to analyze a class of integral operators which we need to study the properties
of class of integral operators related to the kernel ∂tΦn(t− τ, x− y), and we introduce the
following two statements. Again, the first one is needed to understand the behavior of such a
class of integral operators in the whole domain ΩT , whereas the second one investigates the
mapping properties of the corresponding boundary integral operators.

Lemma 1.28. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset of
R
n. Let θ ∈]0, 1]. Let Z̃ ∈ C0((cl ΩT × ∂TΩ) \∆∂TΩ) be such that

Z̃(t, x, τ, y) = 0 if (t, x, τ, y) ∈ (cl ΩT × ∂TΩ) \∆∂TΩ, τ ≥ t ,

and such that

ζ̃ ≡ sup

{
|Z̃(t, x, τ, y)||t− τ |n2+1e

|x−y|2

a(t−τ) : (t, x, τ, y) ∈ (cl ΩT × ∂TΩ) \∆∂TΩ

}
< +∞ .

Let f ∈ C0,θ(cl Ω) and µ ∈ C
0, 1

2
b

(
]−∞, T [, C0(∂Ω)

)
. Let H̃][Z̃, f, µ] be the function from

(cl ΩT × ∂TΩ) \∆∂TΩ to C defined by

H̃][Z̃, f, µ](t, x, τ, y) ≡ (f(x)− f(y))Z̃(t, x, τ, y)(µ(τ, y)− µ(t, y))

∀ (t, x, τ, y) ∈ (cl ΩT × ∂TΩ) \∆∂TΩ .

If (t, x) ∈ cl ΩT , then the function H̃][Z̃, f, µ](t, x, ·, ·) is Lebesgue integrable in ∂TΩ and the
function Q̃][Z, f, µ] from cl ΩT to C defined by

Q̃][Z̃, f, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
H̃][Z̃, f, µ](t, x, τ, y) dσydτ ∀(t, x) ∈ cl ΩT ,

is continuous and bounded.

Proof. We plan to apply Lemma 1.23. By definition of ζ̃ and of H̃[Z̃, f, µ], we have

∣∣∣H̃][Z̃, f̃ ](t, x, τ, y)
∣∣∣ ≤

|f |θ‖µ‖
C

0, 12
b (]−∞,T [,C0(∂Ω))

|x− y|θ

|t− τ |n+1
2

ζ̃e
−

|x−y|2

a(t−τ) ,
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for all (t, x, τ, y) ∈ cl ΩT × ∂TΩ \∆∂TΩ. Next we note that

(n+ 1)/2 > 1 , 2((n+ 1)/2)− θ − 2 = n− 1− θ < n− 1 ,

and that Vitali Convergence Theorem implies the continuity of the function
∫
∂Ω

dσy
|x−y|(n−1)−θ

in the variable x ∈ cl Ω and accordingly that supx∈cl Ω
∫
∂Ω

dσy
|x−y|(n−1)−θ < +∞. Then Lemma

1.23 with µ ≡ 1 implies the validity of the statement.

Next we have the following.

Proposition 1.29. Let a ∈]0,+∞[, T ∈] − ∞,+∞]. Let Ω be a bounded open Lipschitz
subset of Rn. Let θ ∈]0, 1]. Let b ∈ [1/2, 1], b1 ∈]0, b[. If n = 2, then we further assume that
b < 1. Let

γ]n ≡ ((n/2) + 1, 0, (n/2) + 2, 1, 1, (n/2) + 2, 0, 1) , (1.22)

γ]n,θ,b ≡ ((n/2) + 1− b, θ, (n/2) + 1− b, 0, θ, (n/2) + 1− (b− b1), θ, b1) ,

(cf. Remark 1.20 (ii)). Then the following statements hold.

(i) The map H̃ from K
γ]n,a

(∂TΩ)×C0,θ(∂Ω)×C0,b;0,1(∂TΩ) to K
γ]
n,θ,b

,5a
(∂TΩ), which takes

(Z, g, µ) to the function H̃[Z, g, µ] from (∂TΩ)
2 \∆∂TΩ to C defined by

H̃[Z, g, µ](t, x, τ, y) ≡ (g(x)− g(y))Z(t, x, τ, y)(µ(τ, y)− µ(t, y)) ,

for all (t, x, τ, y) ∈ (∂TΩ)
2 \∆∂TΩ, is trilinear and continuous.

(ii) Let 2b+ θ ≤ 2. Let

ω̃b,θ(r) ≡
{
rθ if b ∈]1/2, 1] ,
ωθ(r) if b = 1/2 .

The map Q̃ from K
γ]n,a

(∂TΩ)×C0,θ(∂Ω)×C0,b;0,1(∂TΩ) to B
(
]−∞, T [, C0,ω̃b,θ(·)(∂Ω)

)

which takes (Z, g, µ) to the function Q̃[Z, g, µ] from ∂TΩ to C defined by

Q̃[Z, g, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
H̃[Z, g, µ](τ, y) dσydτ ,

for all (t, x) ∈ ∂TΩ, is trilinear and continuous.

(iii) The interval
]
max

{
0, 1−θ−2(b−b1)

2

}
,min{(n/2)− (b− b1), b1}

]
is not empty and the

map from K
γ]n,a

(∂TΩ)×C0,θ(∂Ω)×C0,b;0,1(∂TΩ) to C0,min{h,b1−b2}
b

(
]−∞, T [, C0(∂Ω)

)

which takes (Z, g, µ) to Q̃[Z, g, µ] is trilinear and continuous for all

h ∈
]
0,

2b+ θ − 1

2

[
,

b2 ∈
]
max

{
0,

1− θ − 2(b− b1)

2

}
,min{(n/2)− (b− b1), b1}

]
.

Proof. We first consider statement (i). Let x, y ∈ ∂Ω, x 6= y, t, τ ∈ ]−∞, T [, τ < t. Then we
have

|(g(x)− g(y))Z(t, x, τ, y)| |µ(τ, y)− µ(t, y)| (1.23)
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≤ |g|θ
|x− y|θ

|t− τ |n2+1
e
−

|x−y|2

a(t−τ) ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)|τ − t|b

= |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)

|x− y|θ
|t− τ |n2+1−b

e
−

|x−y|2

a(t−τ) .

Let t, τ ∈ ]−∞, T [, τ < t, x′, x′′ ∈ ∂Ω, x′ 6= x′′, y ∈ ∂Ω\Bn(x′, 2|x′−x′′|). Then Lemma 1.11
(i), and the definition of ‖Z‖K

γ
]
n,a

(∂TΩ), and the Hölder continuity of g, µ, and the triangular

inequality imply that

|(g(x′)− g(y))Z(t, x′, τ, y)(µ(τ, y)− µ(t, y)) (1.24)

−(g(x′′)− g(y))Z(t, x′′, τ, y)(µ(τ, y)− µ(t, y))|

≤
{
|g(x′)− g(y)| |Z(t, x′, τ, y)− Z(t, x′′, τ, y)|

+|g(x′)− g(x′′)| |Z(t, x′′, τ, y)|
}
|µ(τ, y)− µ(t, y)|

≤ |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)

{ |x′ − y|θ+1

|t− τ |n2+2
|x′ − x′′|e−

|x′−y|2

a(t−τ)

+
|x′ − x′′|θ
|t− τ |n2+1

e
−

|x′′−y|2

a(t−τ)

}
|t− τ |b .

Since |x′−x′′| ≤ |x′−y|, we have |x′−x′′|1−θ ≤ |x′−y|1−θ. Moreover, Lemma 1.11 (i) implies
that |x′′ − y| ≥ 1

2 |x′ − y|. Then Lemma 1.14 (iv) implies that the right hand side of (1.24) is
less or equal to

|g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)

{ |x′ − y|2|x′ − x′′|θ
|t− τ |n2+2

e
−

|x′−y|2

a(t−τ) (1.25)

+
|x′ − x′′|θ
|t− τ |n2+1

e
−

|x′−y|2

4a(t−τ)

}
|t− τ |b

≤ |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)

|x′ − x′′|θ
|t− τ |n2+1−b

{ |x′ − y|2
t− τ

+ 1

}
e
−

|x′−y|2

4a(t−τ)

≤ |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)

|x′ − x′′|θ
|t− τ |n2+1−b

C(4a, 5a, 1)e
−

|x′−y|2

5a(t−τ) .

Let x, y ∈ ∂Ω, x 6= y, t′, t′′ ∈ ]−∞, T [, t′ < t′′, τ < t′ − 2|t′ − t′′|. Then Lemma 1.11 (i) and
the triangular inequality imply that

|(g(x)− g(y))Z(t′, x, τ, y)(µ(τ, y)− µ(t′, y)) (1.26)

−(g(x)− g(y))Z(t′′, x, τ, y)(µ(τ, y)− µ(t′′, y))|
≤ |(g(x)− g(y))Z(t′, x, τ, y)| |(µ(τ, y)− µ(t′, y))− (µ(τ, y)− µ(t′′, y))|
+|µ(τ, y)− µ(t′′, y)| |(g(x)− g(y))Z(t′, x, τ, y)− (g(x)− g(y))Z(t′′, x, τ, y)|

≤ |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)

{ |x− y|θ|t′ − t′′|b
(t′ − τ)

n
2
+1

e
−

|x−y|2

a(t′−τ)

+
|τ − t′′|b|x− y|θ|t′ − t′′|

(t′ − τ)
n
2
+2

e
−

|x−y|2

a(t′−τ)

}

≤ |g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)|t′ − t′′|b1
{ |x− y|θ|t′ − t′′|b−b1

(t′ − τ)
n
2
+1
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+2b
|x− y|θ|t′ − t′′|1−b1

(t′ − τ)
n
2
+2−b

}
e
−

|x−y|2

a(t′−τ)

≤ 2|g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)|t′ − t′′|b1
{ |x− y|θ
(t′ − τ)

n
2
+1−(b−b1)

+
|x− y|θ

(t′ − τ)
n
2
+2−b−(1−b1)

}
e
−

|x−y|2

a(t′−τ)

≤ 4|g|θ‖Z‖K
γ
]
n,a

(∂TΩ)‖µ‖C0,b;0,1(∂TΩ)|t′ − t′′|b1 |x− y|θ
(t′ − τ)

n
2
+1−(b−b1)

e
−

|x−y|2

a(t′−τ) .

Then inequalities (1.23)–(1.26) imply the validity of statement (i).
We now prove statement (ii). We distinguish case b ∈]1/2, 1] and case b = 1/2 and we

first consider case b ∈]1/2, 1]. By Proposition 1.21 (ii) with γ = γ]n,θ,b, the map u[∂TΩ, ·, 1] is
linear and continuous from K

γ]
n,θ,b

,5a
(∂TΩ) to

B
(
]−∞, T [, C0,min{(n−1)−(n−2b−θ),θ}(∂Ω)

)

= B
(
]−∞, T [, C0,min{2b+θ−1,θ}(∂Ω)

)
= B

(
]−∞, T [, C0,θ(∂Ω)

)
.

Indeed, by our assumptions we have 1 < 2b+ θ ≤ 2 and

γ1 = (n/2) + 1− b > 1 , (1.27)

2γ1 − γ2 − 2 = 2[(n/2) + 1− b]− θ − 2

= n− 2b− θ = (n− 1)− (2b+ θ − 1) ∈ [n− 2, n− 1[ ,

γ′1 = (n/2) + 1− b > 1 ,

γ′l = θ ∈]0, 1] ,
γ′l + (n− 1)− (2γ′1 − γ′2 − 2) = θ + (n− 1)− (n− 2b) = θ − 1 + 2b > 0 .

Moreover, assumption b > 1/2 implies that

2γ′1 − γ′2 − 2 = 2((n/2) + 1− b)− 2 = n− 2b < n− 1 ,

and that
(n− 1)− (2γ1 − γ2 − 2) = 2b+ θ − 1 > θ = γ′l .

Hence, statement (i) implies the validity of statement (ii) for b ∈]1/2, 1]. Next we consider
the case b = 1/2. Since

2γ′1 − γ′2 − 2 = n− 1 , (n− 1)− (2γ1 − γ2 − 2) = θ ,

statement (i) and Proposition 1.21 (ii) imply the validity of statement (ii).
We now turn to prove statement (iii). We first note that the assumptions b ∈ [1/2, 1] and

θ > 0 imply that 1−θ−2(b−b1)
2 < b1 and that accordingly the interval

]
max

{
0,

1− θ − 2(b− b1)

2

}
,min{(n/2)− (b− b1), b1}

]

is not empty. Indeed, [1 − θ − 2(b − b1)]/2 < (n/2) − (b − b1). Next we plan to exploit

Proposition 1.22 with γ = γ]n,θ,b. By assumption and by the equalities in (1.27), we have

h ∈
]
0, (2b+ θ − 1)/2

[
=
]
0, [(n− 1)− (2γ1 − γ2 − 2)]/2

[
∩
]
0, 1
]
.
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Next we observe that γ′′1 = (n/2) + 1− (b− b1) > 1, γ′′l = b1 ∈]0, 1] and that

(2γ′′1 − γ′′2 − 2)− (n− 1)

2
=
n+ 2− 2(b− b1)− θ − 2− (n− 1)

2

=
(1− θ)− 2(b− b1)

2
< γ′′1 − 1 = (n/2) + 1− (b− b1)− 1

= (n/2)− (b− b1) > 0 ,

(2γ′′1 − γ′′2 − 2)− (n− 1)

2
=

(1− θ)− 2(b− b1)

2
< γ′′l = b1 > 0 .

Indeed, (1− θ)− 2(b− b1) < n− 2(b− b1) and (1− θ)− 2(b− b1) < 2b1. By assumption,

b2 ∈
]
max

{
0,

1− θ − 2(b− b1)

2

}
,min{(n/2)− (b− b1), b1}

]
.

Then the map u[∂TΩ, ·, 1] from K
γ]
n,θ,b

,5a
(∂TΩ) to C

0,min{h,b1−b2}
b

(
]−∞, T [, C0(∂Ω)

)
is linear

and continuous. Hence, statement (i) implies the validity of statement (iii).

Finally, we specialize the previous proposition to case in which the kernel Z of the integral
operator Q̃[Z, ·, ·] is exactly ∂tΦn(t− τ, x− y).

Theorem 1.30. Let T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset of Rn. Let
α ∈]0, 1[, β ∈]0, α[. Then the following statements hold.

(i) The map Q̃[∂tΦn(t− τ, x−y), ·, ·] from C0,α(∂Ω)×C0, 1+β
2

;0,1(∂TΩ) to C
α
2
;α(∂TΩ) which

takes (g, µ) to the function

Q̃[∂tΦn(t− τ, x− y), g, µ](t, x) (1.28)

=

∫ t

−∞

∫

∂Ω
(g(x)− g(y))∂tΦn(t− τ, x− y)(µ(τ, y)− µ(t, y)) dσydτ ,

for all (t, x) ∈ ∂TΩ, is bilinear and continuous.

(ii) The map Q̃[∂tΦn(t−τ, x−y), ·, ·] is bilinear and continuous from C0,α(∂Ω)×C0, 1
2
;0,1(∂TΩ)

to C
β
2
;β(∂TΩ).

(iii) The map Q̃[∂tΦn(t−τ, x−y), ·, ·] is bilinear and continuous from C0,1(∂Ω)×C0,1;0,1(∂TΩ)

to C
0, 1+α

2
b

(
]−∞, T [, C0(∂Ω)

)
.

Proof. Let a ∈]16,+∞[. Then Remark 1.20 (ii) implies that ∂tΦn(t − τ, x − y) belongs

to K
γ]n,a

(∂TΩ) with γ]n as in (1.22). We now prove statement (i). If β1 ∈]0, β], then

C0, 1+β
2

;0,1(∂TΩ) is continuously imbedded into C0,
1+β1

2
;0,1(∂TΩ). Thus there is no loss of

generality in assuming that α+ β < 1. Then we can apply Proposition 1.29 with

b =
1 + β

2
, θ = α, b1 ∈

]
α

2
,
α+ β

2

[
⊆
]
α

2
,
1 + β

2

[
.

Indeed, 2b+ θ = 1+β+α ∈]1, 2]. Proposition 1.29 (ii) implies that Q̃[∂tΦn(t− τ, x− y), ·, ·] is

bilinear and continuous from C0,α(∂Ω)× C0, 1+β
2

;0,1(∂TΩ) to B
(
]−∞, T [, C0,α(∂Ω)

)
. Then

we note that

h ≡ α

2
∈
]
0,

2b+ θ − 1

2

[
=

]
0,
α+ β

2

[
,
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and that

1 ≥ b− b1 ≥
1− α

2
,

(n/2)− [2−1(1 + β)− b1] ≥ (n/2)− 2−1(1 + β) + (α/2) ≥ (α/2)− (β/2),

and that accordingly
]
max

{
0,

1− θ − 2(b− b1)

2

}
,min{(n/2)− [b− b1], b1}

[

= ]0,min{(n/2)− [2−1(1 + β)− b1], b1}[⊇ ]0, 2−1(α− β)[ .

Since b1 > α/2, we can choose b2 ∈]0, 2−1(α − β)[ such that b1 − b2 > α/2, and thus
min{h, b1 − b2} = α/2, and Proposition 1.29 (iii) implies that Q̃[∂tΦn(t − τ, x − y), ·, ·] is

bilinear and continuous from C0,α(∂Ω)×C0, 1+β
2

;0,1(∂TΩ) to C
0,α

2
b

(
]−∞, T [, C0(∂Ω)

)
. Then

statement (i) holds true.
Next we consider statement (ii). We apply Proposition 1.29 (ii) with b = 1/2, θ = α. Then

the map Q̃[∂tΦn(t− τ, x− y), ·, ·] is bilinear and continuous from C0,α(∂Ω)×C0, 1
2
;0,1(∂TΩ) to

B
(
]−∞, T [, C0,ωα(·)(∂Ω)

)
. By the continuity of the embedding of C0,ωα(·)(∂Ω) into C0,β(∂Ω),

the same map is continuous from C0,α(∂Ω)×C0, 1
2
;0,1(∂TΩ) to B

(
]−∞, T [, C0,β(∂Ω)

)
. Then

we plan to apply Proposition 1.29 (iii) with b = 1/2, θ = α, b1 ∈]β/2, α/2[. We take

h ≡ β

2
∈
]
0,

2b+ θ − 1

2

[
=
]
0,
α

2

[
,

and we choose

b2 ∈
]
max

{
0,

1− θ − 2(b− b1)

2

}
,min{(n/2)− (b− b1), b1}

]

= ]max {0, b1 − α/2} ,min {(n− 1)/2 + b1, b1}]
=]0, b1[ ,

where we have exploited the membership of b1 in ]β/2, α/2[. We note that since b1 > β/2 we
can choose b2 ∈]0, b1[ such that b1 − b2 > β/2. Hence, Q̃[∂tΦn(t− τ, x− y), ·, ·] is bilinear and

continuous from C0,α(∂Ω)×C0, 1
2
;0,1(∂TΩ) to C

0,β
2

b

(
]−∞, T ], C0(∂Ω)

)
.Then we can conclude

that Q̃[∂tΦn(t − τ, x − y), ·, ·] is bilinear and continuous from C0,α(∂Ω) × C0, 1
2
;0,1(∂TΩ) to

C
β
2
,β(∂TΩ). Hence, statement (ii) holds true.
Next we turn to prove statement (iii). We plan to apply Proposition 1.29 (iii) with

b ∈]2−1(1 + α), 1[, θ = 1, b1 ∈]2−1(1 + α), b[. We note that

h ≡ 1 + α

2
∈
]
0,

2b+ θ − 1

2

[
= ]0, b[ ,

and that b− b1 ≤ 1− 2−1(1 + α) = 2−1(1− α), and that accordingly
]
max

{
0,

1− θ − 2(b− b1)

2

}
,min{(n/2)− [b− b1], b1}

[

= ]0,min{(n/2)− [b− b1], b1}[⊇ ]0,min{1− 2−1(1− α), b1}[
= ]0, 2−1(1 + α)[ .

Since b1 > 2−1(1 + α), we can choose b2 ∈]0, 2−1(1 + α)[ such that b1 − b2 > 2−1(1 + α) and
thus min{h, b1 − b2} = 2−1(1 + α). Hence, Proposition 1.29 (iii) implies that statement (iii)
holds true.
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1.8 Integral operators on the space of Hölder continuous func-

tions

Next we consider the action of the integral operator u[∂TΩ, ·, ·] on (K,µ), in case K is in the
class of kernels Kγ,a that we have introduced in Definition 1.19 and the functional variable
µ is Hölder continuous. We start with the following result which collects two statements.
The first one regards the Hölder regularity in space and the second one regards the Hölder
regularity in time of u[∂TΩ,K, µ].

Proposition 1.31. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset
of Rn. Let γ ∈ R

8 be as in (1.11). Let γ′l, γ
′′
l ∈]0, 1]. Let γ1 > 1, 2γ1 − γ2 − 2 ∈ [n− 2, n− 1[.

Then the following statements hold.

(i) Let η2 ∈]0, 1[. Let γ′1 − (η2/2) > 1, (n− 1)− (2γ′1 − γ′2 − 2− η2) + γ′l > 0. Let

ω(r) ≡





rmin{(n−1)−(2γ1−γ2−2),γ′l} if 2γ′1 − γ′2 − 2− η2 < n− 1 ,

max{r(n−1)−(2γ1−γ2−2), ωγ′
l
(r)} if 2γ′1 − γ′2 − 2− η2 = n− 1 ,

rmin{(n−1)−(2γ1−γ2−2),(n−1)−(2γ′1−γ
′
2−2−η2)+γ′l} if 2γ′1 − γ′2 − 2− η2 > n− 1 ,

for all r ∈]0,+∞[. Then there exists c1 ∈]0,+∞[ such that the function u[∂TΩ,K, µ]
defined by (1.12) satisfies the following inequality

|u[∂TΩ,K, µ](t, x′)− u[∂TΩ,K, µ](t, x
′′)| (1.29)

≤ c1‖K‖Kγ,a(∂TΩ)‖µ‖C η2
2 ;η2 (∂TΩ)

ω(|x′ − x′′|)

+‖µ‖L∞(∂TΩ)|u[∂TΩ,K, 1](t, x′)− u[∂TΩ,K, 1](t, x
′′)| ,

for all x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [, and for all (K,µ) ∈ Kγ,a(∂TΩ)× C
η2
2
;η2(∂TΩ).

(ii) Let η1 ∈]0, 2[, η2 ∈]0, η1]. Let

γ1 − (η2/2) > 1 ,

2γ1 − γ2 − 2 + (η1 − η2) < n− 1 ,

γ′′1 − (η2/2) > 1 ,

γ′′l < γ′′1 − 1 + 2−1(η1 − η2) ,

η1 < 2γ′′l ,

2γ′′1 − γ′′2 − 2− 2γ′′l + (η1 − η2) < (n− 1) .

Then there exists c2 ∈]0,+∞[ such that the function u[∂TΩ,K, µ] defined by (1.12)
satisfies the following inequality

|u[∂TΩ,K, µ](t′, x)− u[∂TΩ,K, µ](t
′′, x)| (1.30)

≤ c2‖K‖Kγ,a(∂TΩ)‖µ‖
C

0,
η2
2

b (]−∞,T [,C0(∂Ω))
|t′ − t′′|

η1
2

+|u[∂TΩ,K, µ(t′, ·)](t′, x)− u[∂TΩ,K, µ(t
′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (K,µ) ∈ Kγ,a(∂TΩ) ×
C

0,
η2
2

b

(
]−∞, T [, C0(∂Ω)

)
.
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Proof. We first consider inequality (1.29). Let x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [. By Remark 1.1
and by Proposition 1.21 (i), it suffices to consider case 0 < |x′ − x′′| < rγ′

l
. By the triangular

inequality and by the inclusion Bn(x
′, 2|x′ − x′′|) ⊆ Bn(x

′′, 3|x′ − x′′|), we have

|u[∂TΩ,K, µ](t, x′)− u[∂TΩ,K, µ](t, x
′′)| (1.31)

≤
∣∣∣
(
u[∂TΩ,K, µ](t, x

′)− µ(t, x′)u[∂TΩ,K, 1](t, x
′)
)

−
(
u[∂TΩ,K, µ](t, x

′′)− µ(t, x′)u[∂TΩ,K, 1](t, x
′′)
)∣∣∣

+|µ(t, x′)| |u[∂TΩ,K, 1](t, x′)− u[∂TΩ,K, 1](t, x
′′)|

≤
∫ t

−∞

∫

Bn(x′,2|x′−x′′|)∩∂Ω
|K(t, x′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ

+

∫ t

−∞

∫

Bn(x′′,3|x′−x′′|)∩∂Ω
|K(t, x′′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ

+

∫ t

−∞

∫

∂Ω\Bn(x′,2|x′−x′′|)
|K(t, x′, τ, y)−K(t, x′′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ

+‖µ‖L∞(∂TΩ)|u[∂TΩ,K, 1](t, x′)− u[∂TΩ,K, 1](t, x
′′)| .

We now estimate the sum of the first two terms in the right hand side of (1.31). By Lemma
1.13 (ii), we have

∫ t

−∞

∫

Bn(x′,2|x′−x′′|)∩∂Ω
|K(t, x′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ (1.32)

+

∫ t

−∞

∫

Bn(x′′,3|x′−x′′|)∩∂Ω
|K(t, x′′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ

≤ 2‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)

{∫ t

−∞

∫

Bn(x′,2|x′−x′′|)∩∂Ω

|x′ − y|γ2
|t− τ |γ1 e

−
|x′−y|2

a(t−τ) dσydτ

+

∫ t

−∞

∫

Bn(x′′,3|x′−x′′|)∩∂Ω

|x′′ − y|γ2
|t− τ |γ1 e

−
|x′′−y|2

a(t−τ) dσydτ

}

≤ 2‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)

×
{∫ +∞

0

∫

Bn(x′,2|x′−x′′|)∩∂Ω

|x′ − y|γ2+2a−1+γ1

|u|γ1 |x′ − y|2γ1 e−
1
u dσydu

+

∫ +∞

0

∫

Bn(x′′,3|x′−x′′|)∩∂Ω

|x′′ − y|γ2+2a−1+γ1

|u|γ1 |x′′ − y|2γ1 e−
1
u dσydu

}

≤ 4‖K‖Kγ,a(∂TΩ)‖µ‖L∞(∂TΩ)
Γ(γ1 − 1)

aγ1−1
c′′Ω,2γ1−γ2−2|x′ − x′′|(n−1)−(2γ1−γ2−2) .

We now consider the third term in the right hand side of inequality (1.31).

∫ t

−∞

∫

∂Ω\Bn(x′,2|x′−x′′|)
|K(t, x′, τ, y)−K(t, x′′, τ, y)| |µ(τ, y)− µ(t, x′)| dσydτ (1.33)

≤ ‖K‖Kγ,a(∂TΩ)

∫ t

−∞

∫

∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2
|t− τ |γ′1

|x′ − x′′|γ′le−
|x′−y|2

a(t−τ)

×
[
|µ(τ, y)− µ(τ, x′)|+ |µ(τ, x′)− µ(t, x′)|

]
dσydτ

≤ ‖K‖Kγ,a(∂TΩ)‖µ‖C η2
2 ;η2 (∂TΩ)
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×
{∫ +∞

0

∫

∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2+2+η2a−1+γ′1

uγ
′
1 |x′ − y|2γ′1

|x′ − x′′|γ′le− 1
u dσydu

+

∫ +∞

0

∫

∂Ω\Bn(x′,2|x′−x′′|)

|x′ − y|γ′2+2a−1+γ′1−(
η2
2
)

uγ
′
1−(

η2
2
)|x′ − y|2γ′1−η2

|x′ − x′′|γ′le− 1
u dσydu

}

≤ 2‖K‖Kγ,a(∂TΩ)‖µ‖C η2
2 ;η2 (∂TΩ)

|x′ − x′′|γ′l

×max

{
Γ(γ′1 − 1)

aγ
′
1−1

,
Γ(γ′1 − η2

2 − 1)

aγ
′
1−

η2
2
−1

}∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy

|x′ − y|2γ′1−γ′2−2−η2
.

At this point we distinguish three cases. If 2γ′1 − γ′2 − 2− η2 < n− 1, then Lemma 1.13 (i)
implies that

∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy

|x′ − y|2γ′1−γ′2−2−η2
≤
∫

∂Ω

dσy

|x′ − y|2γ′1−γ′2−2−η2
≤ c′Ω,2γ′1−γ′2−2−η2

,

and thus inequalities (1.31)–(1.33) imply that there exists c1 > 0 such that inequality (1.29)
holds with ω(r) as in statement (i). If 2γ′1− γ′2− 2− η2 = n− 1, then Lemma 1.13 (iv) implies
that ∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy

|x′ − y|2γ′1−γ′2−2−η2
≤ civΩ | log |x′ − x′′|| ,

and thus inequalities (1.31)–(1.33) imply that there exists c1 > 0 such that inequality (1.29)
holds with ω(r) as in statement (i). If 2γ′1−γ′2− 2− η2 > n− 1, then Lemma 1.13 (iii) implies
that

∫

∂Ω\Bn(x′,2|x′−x′′|)

dσy

|x′ − y|2γ′1−γ′2−2−η2
≤ c

′′′

Ω,2γ′1−γ
′
2−2−η2

|x′ − x′′|(n−1)−(2γ′1−γ
′
2−2−η2) ,

and thus inequalities (1.31)–(1.33) imply that there exists c1 > 0 such that inequality (1.29)
holds with ω(r) as in statement (i).

Next we consider statement (ii). Let x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′. By Remark 1.1
and by Proposition 1.21 (i), it suffices to consider case 0 < |t′ − t′′| < 1. By Lemma 1.11 (i),
and by the inclusion of intervals

]
t′ − 2|t′ − t′′|, t′ + 2|t′ − t′′|

[
⊆
]
t′′ − 3|t′ − t′′|, t′′ + 3|t′ − t′′|

[
,

we have

|u[∂TΩ,K, µ](t′, x)− u[∂TΩ,K, µ](t
′′, x)| (1.34)

≤
∣∣∣
(
u[∂TΩ,K, µ](t

′, x)− u[∂TΩ,K, µ(t
′, ·)](t′, x)

)

−
(
u[∂TΩ,K, µ](t

′′, x)− u[∂TΩ,K, µ(t
′, ·)](t′′, x)

)∣∣∣
+|u[∂TΩ,K, µ(t′, ·)](t′, x)− u[∂TΩ,K, µ(t

′, ·)](t′′, x)|

≤
∫ t′+2|t′−t′′|

t′−2|t′−t′′|

∫

∂Ω
|K(t′, x, τ, y)| |µ(τ, y)− µ(t′, y)| dσydτ

+

∫ t′′+3|t′−t′′|

t′′−3|t′−t′′|

∫

∂Ω
|K(t′′, x, τ, y)| |µ(τ, y)− µ(t′, y)| dσydτ

+

∫ t′−2|t′−t′′|

−∞

∫

∂Ω
|(K(t′, x, τ, y)−K(t′′, x, τ, y))(µ(τ, y)− µ(t′, y))| dσydτ
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+|u[∂TΩ,K, µ(t′, ·)](t′, x)− u[∂TΩ,K, µ(t
′, ·)](t′′, x)| .

We now estimate the first two summands in the right hand side of (1.34). By Lemmas 1.13 (i)

and 1.14 (ii), and by the elementary inequality |t′ − τ |
η2
2 ≤ |t′ − t′′|

η2
2 + |t′′ − τ |

η2
2 , we have

∫ t′+2|t′−t′′|

t′−2|t′−t′′|

∫

∂Ω
|K(t′, x, τ, y)| |µ(τ, y)− µ(t′, y)| dσydτ (1.35)

+

∫ t′′+3|t′−t′′|

t′′−3|t′−t′′|

∫

∂Ω
|K(t′′, x, τ, y)| |µ(τ, y)− µ(t′, y)| dσydτ

≤ ‖K‖Kγ,a(∂TΩ)‖µ‖
C

0,
η2
2

b (]−∞,T [,C0(∂Ω))

×
{∫ t′

t′−2|t′−t′′|

∫

∂Ω

|x− y|γ2
|t′ − τ |γ1 e

−
|x−y|2

a(t′−τ) |t′ − τ |
η2
2 dσydτ

+|t′ − t′′|
η2
2

∫ t′′

t′′−3|t′−t′′|

∫

∂Ω

|x− y|γ2
|t′′ − τ |γ1 e

−
|x−y|2

a(t′′−τ) dσydτ

+

∫ t′′

t′′−3|t′−t′′|

∫

∂Ω

|x− y|γ2
|t′′ − τ |γ1 e

−
|x−y|2

a(t′′−τ) |t′′ − τ |
η2
2 dσydτ

}

≤ ‖K‖Kγ,a(∂TΩ)‖µ‖
C

0,
η2
2

b (]−∞,T [,C0(∂Ω))

×
{∫

∂Ω

∫ 2a|t′−t′′|

|x−y|2

0

|x− y|γ2+2a−1+γ1−
η2
2

uγ1−
η2
2 |x− y|2γ1−η2

e−
1
u du dσy

+|t′ − t′′|
η2
2

∫

∂Ω

∫ 3a|t′−t′′|

|x−y|2

0

|x− y|γ2+2

uγ1 |x− y|2γ1 a
−1+γ1e−

1
u du dσy

+

∫

∂Ω

∫ 3a|t′−t′′|

|x−y|2

0

|x− y|γ2+2a−1+γ1−
η2
2

uγ1−
η2
2 |x− y|2γ1−η2

e−
1
u du dσy

}

≤ ‖K‖Kγ,a(∂TΩ)‖µ‖
C

0,
η2
2

b (]−∞,T [,C0(∂Ω))
max{a−1+γ1−

η2
2 , a−1+γ1}

×
{
2

∫

∂Ω
D̃γ1−

η2
2
,
η1
2

(
3a|t′ − t′′|
|x− y|2

) η1
2 dσy
|x− y|2γ1−γ2−2−η2

+|t′ − t′′|
η2
2

∫

∂Ω
D̃
γ1,

η1−η2
2

(
3a|t′ − t′′|
|x− y|2

) η1−η2
2 dσy

|x− y|2γ1−γ2−2

}

≤ ‖K‖Kγ,a(∂TΩ)‖µ‖
C

0,
η2
2

b (]−∞,T [,C0(∂Ω))
max{a−1+γ1−

η2
2 , a−1+γ1}

×
{
2D̃γ1−

η2
2
,
η1
2
(3a)

η1
2 c′Ω,2γ1−γ2−2+(η1−η2)

+(3a)
η1−η2

2 D̃
γ1,

η1−η2
2

c′Ω,2γ1−γ2−2+(η1−η2)

}
|t′ − t′′|

η1
2 .

We now estimate the third term in the right hand side of (1.34). By Lemmas 1.13 (i) and
1.14 (i), we have

∫ t′−2|t′−t′′|

−∞

∫

∂Ω
|(K(t′, x, τ, y)−K(t′′, x, τ, y))(µ(τ, y)− µ(t′, y))| dσydτ (1.36)

≤ ‖K‖Kγ,a(∂TΩ)‖µ‖
C

0,
η2
2

b (]−∞,T [,C0(∂Ω))
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×
∫ t′−2|t′−t′′|

−∞

∫

∂Ω

|x− y|γ′′2
|t′ − τ |γ′′1−

η2
2

|t′ − t′′|γ′′l e−
|x−y|2

a(t′−τ) dσydτ

≤ ‖K‖Kγ,a(∂TΩ)‖µ‖
C

0,
η2
2

b (]−∞,T [,C0(∂Ω))
|t′ − t′′|γ′′l

×
∫

∂Ω

∫ +∞

2a|t′−t′′|

|x−y|2

|x− y|γ′′2+2a−1+γ′′1−
η2
2

uγ
′′
1−

η2
2 |x− y|2γ′′1−η2

e−
1
u dσydu

≤ ‖K‖Kγ,a(∂TΩ)‖µ‖
C

0,
η2
2

b (]−∞,T [,C0(∂Ω))
Dγ′′1−

η2
2
,r|t′ − t′′|γ′′l a−1+γ′′1−

η2
2

×
∫

∂Ω

(
2a|t′ − t′′|
|x− y|2

)−r dσy

|x− y|2γ′′1−γ′′2−2−η2

≤ ‖K‖Kγ,a(∂TΩ)‖µ‖
C

0,
η2
2

b (]−∞,T [,C0(∂Ω))
Dγ′′1−

η2
2
,r|t′ − t′′|γ′′l −r

×(2a)−ra−1+γ′′1−
η2
2 c′Ω,2γ′′1−γ′′2−2−η2−2r ,

for all r ∈]0, γ′′1 − (η2/2)− 1[, provided that 2γ′′1 − γ′′2 − 2− η2 − 2r < (n− 1). We now wish
to select r so that γ′′l − r = η1/2, i.e., r = γ′′l − η1/2. To do so, we must verify that

0 < γ′′l − (η1/2) , γ′′l − (η1/2) < γ′′1 − (η2/2)− 1 , (1.37)

and that 2γ′′1 − γ′′2 − 2− η2 − 2r < (n− 1). We can rewrite inequalities (1.37) as

η1 < 2γ′′l , γ′′l < γ′′1 − 1 + 2−1(η1 − η2) .

and we observe that such inequalities hold by assumption. Moreover, if we set r = γ′′l − η1/2,
then our assumptions imply that

2γ′′1 − γ′′2 − 2− η2 − 2r = 2γ′′1 − γ′′2 − 2− η2 − 2γ′′l + η1 < (n− 1) ,

Hence, we conclude that we can choose r as above, and that accordingly inequalities (1.34)–
(1.36) imply the validity of statement (ii).

1.9 Applications to integral operators related to layer heat po-

tentials with Hölder continuous densities

In this last section of the present chapter, we apply the results of the previous Section 1.8 in
order to obtain some mapping properties for some integral operators related to layer heat
potentials. We start with the analysis of a class of integral operators which we need to study
the properties of an integral operator related to the kernel DxΦn(t−τ, x−y), and we introduce
the following statement.

Lemma 1.32. Let a ∈]0,+∞[, T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset of
R
n. Let α ∈]0, 1[, β ∈]0, α[. Let γn be defined as in (1.16). Then the following statements

hold.

(i) There exists a constant q1 ∈]0,+∞[ such that

|Q[Z, g, µ](t, x′)−Q[Z, g, µ](t, x′′)| (1.38)

≤ q1‖Z‖Kγn,a(∂TΩ)‖g‖C0,α(∂Ω)‖µ‖
C
β
2 ;β(∂TΩ)

|x′ − x′′|α
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+‖µ‖L∞(∂TΩ)|Q[Z, g, 1](t, x′)−Q[Z, g, 1](t, x′′)| ,

for all x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [, and for all (Z, g, µ) ∈ Kγn,a(∂TΩ) × C0,α(∂Ω) ×
C
β
2
;β(∂TΩ) (cf. (1.17)).

(ii) There exists a constant q2 ∈]0,+∞[ such that

|Q[Z, g, µ](t′, x)−Q[Z, g, µ](t′′, x)| (1.39)

≤ q2‖Z‖Kγn,a(∂TΩ)‖g‖C0,α(∂Ω)‖µ‖
C

0,
β
2

b (]−∞,T [,C0(∂Ω))
|t′ − t′′|α2

+|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (Z, g, µ) ∈ Kγn,a(∂TΩ)×C0,α(∂Ω)×
C

0,β
2

b

(
]−∞, T [, C0(∂Ω)

)
.

(iii) There exists a constant q3 ∈]0,+∞[ such that

|Q[Z, g, µ](t′, x)−Q[Z, g, µ](t′′, x)| (1.40)

≤ q3‖Z‖Kγn,a(∂TΩ)‖g‖C0,α(∂Ω)‖µ‖
C

0,
1+β
2

b (]−∞,T [,C0(∂Ω))
|t′ − t′′| 1+α2

+|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (Z, g, µ) ∈ Kγn,a(∂TΩ)×C0,α(∂Ω)×
C

0, 1+β
2

b

(
]−∞, T [, C0(∂Ω)

)
.

(iv) There exists a constant q4 ∈]0,+∞[ such that

|Q[Z, g, µ](t′, x)−Q[Z, g, µ](t′′, x)| (1.41)

≤ q4‖Z‖Kγn,a(∂TΩ)‖g‖C0,α(∂Ω)‖µ‖
C

0, 12
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|
1+β
2

+|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)|,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all (Z, g, µ) ∈ Kγn,a(∂TΩ)×C0,α(∂Ω)×
C

0, 1
2

b

(
]−∞, T [, C0(∂Ω)

)
.

Proof. We first consider statement (i). Let γn,θ, be defined as in (1.16) with θ = α. By
Proposition 1.31 (i) with γ = γn,θ, θ = α, η2 = β, there exists c1 > 0 such that inequality

(1.29) holds with ω(r) ≡ rα for all (K,µ) ∈ Kγn,α,4a(∂TΩ) × C
β
2
;β(∂TΩ). Indeed, γ′l = α,

γ′′l = 1,

γ1 = (n/2) + 1 > 1 ,

2γ1 − γ2 − 2 = 2((n/2) + 1)− (1 + α)− 2 = (n− 1)− α ∈ [n− 2, n− 1[ ,

γ′1 − (η2/2) = (n/2) + 1− (β/2) > 1 ,

(n− 1)− (2γ′1 − γ′2 − 2− η2) + γ′l

= (n− 1)− [2((n/2) + 1)− 1− 2] + α+ β = α+ β > 0 ,

2γ′1 − γ′2 − 2− η2 = 2((n/2) + 1)− 1− 2− β = (n− 1)− β < (n− 1) .

Then inequality (1.38) follows by Lemma 1.25 (i) with θ = α and by the equality

u[∂TΩ, H[Z, g], µ] = Q[Z, g, µ].
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Next we consider statement (ii). By Proposition 1.31 (ii) with γ = γn,θ, θ = α, η1 = α,
η2 = β, there exists c2 > 0 such that inequality (1.30) holds for all (K,µ) ∈ Kγn,α,4a(∂TΩ)×
C

0,β
2

b

(
]−∞, T [, C0(∂Ω)

)
. Indeed, γ′l = α, γ′′l = 1,

γ1 − (η2/2) = (n/2) + 1− (β/2) > 1 ,

2γ1 − γ2 − 2 + (η1 − η2) = (n− 1)− α+ (α− β) = (n− 1)− β < (n− 1) ,

γ′′1 − (η2/2) = (n/2) + 2− (β/2) > 1 ,

γ′′l − γ′′1 + 1− 2−1(η1 − η2)

= 1− ((n/2) + 2) + 1− 2−1(α− β) = −(n/2)− 2−1(α− β) < 0 ,

η1 − 2γ′′l = α− 2 < 0

2γ′′1 − γ′′2 − 2− 2γ′′l + (η1 − η2)

= 2((n/2) + 2)− (1 + α)− 2− 2 + (α− β) = (n− 1)− β < (n− 1) .

Then inequality (1.39) follows by Lemma 1.25 (i) with θ = α and by the equality

u[∂TΩ, H[Z, g], µ] = Q[Z, g, µ].

Next we consider statement (iii). Let γn,α be as in (1.16) with θ = α. By Proposition 1.31
(ii) with γ = γn,α, η1 = (1 + α), η2 = (1 + β), there exists c3 > 0 such that

|u[∂TΩ,K, µ](t′, x)− u[∂TΩ,K, µ](t
′′, x)| (1.42)

≤ c3‖K‖Kγn,α,4a(∂TΩ)‖µ‖
C

0,
1+β
2

b (]−∞,T [,C0(∂Ω))
|t′ − t′′| 1+α2

+|u[∂TΩ,K, µ(t′, ·)](t′, x)− u[∂TΩ,K, µ(t
′, ·)](t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all

(K,µ) ∈ Kγn,α,4a(∂TΩ)× C
0, 1+β

2
b

(
]−∞, T [, C0(∂Ω)

)
.

Indeed,

γ1 − (η2/2) = (n/2) + 1− 2−1(1 + β) > 1 ,

2γ1 − γ2 − 2 + (η1 − η2)

= 2((n/2) + 1)− 1− α− 2 + (1 + α)− (1 + β) = n− 1− α+ (α− β)

< (n− 1) ,

γ′′1 − (η2/2) = (n/2) + 2− 2−1(1 + β) > 1 ,

γ′′l − γ′′1 + 1− 2−1(η1 − η2)

= 1− ((n/2) + 2) + 1− 2−1(α− β) = −(n/2)− 2−1(α− β) < 0 ,

η1 − 2γ′′l = (1 + α)− 2 < 0 ,

2γ′′1 − γ′′2 − 2− 2γ′′l + ((1 + α)− (1 + β))

= 2((n/2) + 2)− 1− α− 2− 2 + ((1 + α)− (1 + β))

= (n− 1)− α+ (α− β) < (n− 1) .

Then inequality (1.40) follows by Lemma 1.25 (i) with θ = α and by inequality (1.42) and by
the equality

u[∂TΩ, H[Z, g], µ] = Q[Z, g, µ].
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Finally we consider statement (iv). We plan to apply Proposition 1.31 (ii) with η1 =
1 + β, η2 = 1, γ = γn,α. As above we can verify that all the assumption of Proposition 1.31
(ii) are satisfied and that accordingly there exists q4 > 0 such that

|u[∂TΩ,K, µ](t′, x)− u[∂TΩ,K, µ](t
′′, x)| (1.43)

≤ q4‖K‖Kγn,α,4a(∂TΩ)‖µ‖
C

0, 12
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|
1+β
2

+|u[∂TΩ,K, µ(t′, ·)](t′, x)− u[∂TΩ,K, µ(t
′, ·)](t′′, x)|,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all

(K,µ) ∈ Kγn,α,4a(∂TΩ)× C
0, 1

2
b

(
]−∞, T [, C0(∂Ω)

)
.

Then the inequality (1.41) follows by Lemma 1.25 (i) and by inequality (1.43) and by the
equality

u[∂TΩ, H[Z, g], µ] = Q[Z, g, µ].

Finally, we specialize the previous Lemma 1.32 in the case in which the kernel Z is exactly
∂xrΦn(t− τ, x− y) with r ∈ {1, . . . , n}, and we prove the following.

Theorem 1.33. Let T ∈]−∞,+∞]. Let α ∈]0, 1[, β ∈]0, α[. Let r ∈ {1, . . . , n}. Let Ω be a
bounded open subset of Rn of class C1,α. Then the following statements hold.

(i) The map Q[∂xrΦn(t− τ, x− y), ·, ·] from C0,α(∂Ω)× C
β
2
;β(∂TΩ) to C

α
2
;α(∂TΩ) which

takes (g, µ) to Q[∂xrΦn(t− τ, x− y), g, µ] is bilinear and continuous (cf. (1.21).)

(ii) The map Q[∂xrΦn(t − τ, x − y), ·, ·] from C0,α(∂Ω) × C
0, 1+β

2
b

(
]−∞, T [, C0(∂Ω)

)
to

C
0, 1+α

2
b

(
]−∞, T [, C0(∂Ω)

)
which takes (g, µ) to Q[∂xrΦn(t− τ, x− y), g, µ] is bilinear

and continuous.

(iii) The map Q[∂xrΦn(t − τ, x − y), ·, ·] from C0,α(∂Ω) × C
0, 1

2
b

(
]−∞, T [, C0(∂Ω)

)
to the

space C
0, 1+β

2
b

(
]−∞, T [, C0(∂Ω)

)
which takes (g, µ) to Q[∂xrΦn(t − τ, x − y), g, µ] is

bilinear and continuous.

Proof. Let Z(t, x, τ, y) ≡ ∂xrΦn(t − τ, x − y). Let a ∈]16,+∞[. We now prove state-
ment (i). By Theorem 1.27 the map Q[Z, ·, ·] is bilinear and continuous from C0,α(∂Ω) ×
C

0, 1
2

b

(
]−∞, T [, C0(∂Ω)

)
to C0(∂TΩ). By Remark 1.20 (iii), we have Z ∈ Kγn,a(∂TΩ) with

γn as in (1.16). Then Lemma 1.32 (i) implies that there exists a constant q1 > 0 such that

|Q[Z, g, µ](t, x′)−Q[Z, g, µ](t, x′′)| (1.44)

≤ q1‖Z‖Kγn,a(∂TΩ)‖g‖C0,α(∂Ω)‖µ‖
C
β
2 ;β(∂TΩ))

|x′ − x′′|α

+ ‖µ‖L∞(∂TΩ)|Q[Z, g, 1](t, x′)−Q[Z, g, 1](t, x′′)|,

for all x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [, and for all (g, µ) ∈ C0,α(∂Ω)× C
β
2
;β(∂TΩ). By performing

the change of variables (t− τ) = u|x− y|2, we have

Q[Z, g, 1](t, x) =

∫ t

−∞

∫

∂Ω
(g(x)− g(y))

∂

∂xr
Φn(t− τ, x− y) dσydστ (1.45)
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=

∫ t

−∞

∫

∂Ω
(g(x)− g(y))

xr − yr

2(4π)
n
2 (t− τ)

n
2
+1
e
−

|x−y|2

4(t−τ) dσydτ

=
1

2π
n
2

∫ +∞

0
u−

n
2
−1e−

1
u du

∫

∂Ω
(g(x)− g(y))

xr − yr
|x− y|n dσy

=
1

2π
n
2

Γ
(n
2

)∫

∂Ω
(g(x)− g(y))

xr − yr
|x− y|n dσy

=
1

sn

∫

∂Ω
(g(x)− g(y))

xr − yr
|x− y|n dσy

=−
∫

∂Ω
(g(x)− g(y))

∂

∂xr
Sn(x− y) dσy ∀ (t, x) ∈ ∂TΩ ,

where sn in the n− 1 dimensional measure of ∂Bn and Sn is the fundamental solution of the
Laplace equation (see Appendix A and in particular the definition (A.1) and the Lemmas A.3
and A.4). Then known properties of harmonic layer potentials imply that there exists q′1 > 0
such that

|Q[Z, g, 1](t, x′)−Q[Z, g, 1](t, x′′)| ≤ q′1|x′ − x′′|α, (1.46)

for all x′, x′′ ∈ ∂Ω, t ∈ ]−∞, T [ (cf. e.g. Schauder [97, Hilfsatz VII, p. 112], and Dondi and
Lanza de Cristoforis [32, §8]).

Next we turn to consider the time Hölder quotient. We apply Lemma 1.32 (ii), which
implies that there exists a constant q2 > 0 such that

|Q[Z, g, µ](t′, x)−Q[Z, g, µ](t′′, x)| (1.47)

≤ q2‖Z‖Kγn,a(∂TΩ)‖g‖C0,α(∂Ω)‖µ‖
C

0,
β
2

b (]−∞,T [,C0(∂Ω))
|t′ − t′′|α2

+|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)|,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all

(g, µ) ∈ C0,α(∂Ω)× C
0,β

2
b

(
]−∞, T [, C0(∂Ω)

)
.

By exploiting the same change of variables of (1.45) we note that

Q[Z, g, µ(t, ·)](t, x) =
∫ t

−∞

∫

∂Ω
(g(x)− g(y))

∂

∂xr
Φn(t− τ, x− y)µ(t, y) dσydτ

= −
∫

∂Ω
(g(x)− g(y))

∂

∂xr
Sn(x− y)µ(t, y) dσy ∀ (t, x) ∈ ∂TΩ ,

(see Appendix A and in particular the definition (A.1) and the Lemmas A.3 and A.4).
Accordingly,

|Q[Z, g, µ(t′, ·)](t′, x)−Q[Z, g, µ(t′, ·)](t′′, x)| = 0 , (1.48)

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′. Then by inequalities (1.44), (1.46), (1.47) and
equality (1.48), we conclude that statement (i) holds true.

Similarly, statement (ii) is a consequence of Lemma 1.32 (iii) and of equality (1.48), and
statement (iii) is a consequence of Lemma 1.32 (iv) and of equality (1.48).



CHAPTER 2

Regularizing properties of the double layer heat

potential

This second chapter of the Dissertation is devoted to the mapping properties in parabolic
Schauder spaces of the boundary integral operator associated with the double layer heat
potential and of a boundary integral operator related to the normal derivative of the single
layer heat potential.

Let

α ∈]0, 1[, m ∈ N \ {0}, T ∈]−∞,+∞].

Let Ω be a bounded open subset of Rn of class Cm,α. Let ν ≡ (νl)l=1,...,n denote the external
unit normal to Ω. Let µ ∈ L∞(∂Ω). Then the double layer heat potential is the map from
(Rn)T to C defined by

w[∂TΩ, µ](t, x) ≡
∫ t

−∞

∫

∂Ω

∂

∂ν(y)
Φn(t− τ, x− y)µ(τ, y) dσydτ ∀ (t, x) ∈ (Rn)T . (2.1)

Moreover we set

w∗[∂TΩ, µ](t, x) ≡
∫ t

−∞

∫

∂Ω

∂

∂ν(x)
Φn(t− τ, x− y)µ(τ, y) dσydτ ∀ (t, x) ∈ ∂TΩ. (2.2)

The boundary integral operator w∗[∂TΩ, ·] is an operator related the the normal derivative of
the single layer heat potential. As the main result of the present chapter we prove that, if
Ω is of class Cm,α and if β ∈]0, α[, then the following mapping properties for the operators
w[∂TΩ, ·]|∂Ω and w∗[∂TΩ, ·] hold (see Theorems 2.15 and 2.16 below).

i) w[∂TΩ, ·]|∂TΩ is linear and continuous from C
m
2
;m(∂TΩ) to C

m+β
2

;m+β(∂TΩ);

ii) w[∂TΩ, ·]|∂TΩ is linear and continuous from C
m+β

2
;m+β(∂TΩ) to C

m+α
2

;m+α(∂TΩ);

iii) w∗[∂TΩ, ·] is linear and continuous from C
m−1

2
;m−1(∂TΩ) to C

m−1+β
2

;m−1+β(∂TΩ);

iv) w∗[∂TΩ, ·] is linear and continuous from C
m−1+β

2
;m−1+β(∂TΩ) to C

m−1+α
2

;m−1+α(∂TΩ).

The mapping properties i)–iv) can be seen as the fact that the boundary integral operators
w[∂TΩ, ·]|∂Ω and w∗[∂TΩ, ·] have a regularizing effect. The proof of i) and ii) is mainly done

45
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exploiting two tools. The first consists in the results of the previous Chapter 1, which are used
in order to recover some regularizing properties for the double layer heat potential in lower
order parabolic Schauder spaces. The second tool is a new explicit formula for the tangential
derivatives of the double layer heat potentials, which allows us to deduce the general case by
an induction argument. The properties iii), iv) are instead deduced as a corollary of i), ii).

This chapter is organized as follows. In Section 2.1 we introduce the single and the double
layer heat potentials and we collect some of their classical properties, like continuity, regularity
and jump formulas. In order not to make the presentation of this chapter heavy, we postpone
parts of the proofs of these properties to the Appendix B. In Section 2.2 we exploit the results
of Chapter 1 in order to deduce the regularizing properties of w[∂TΩ, ·]|∂TΩ for the case m = 0,
and for the case m = 1 in the time variable. In Section 2.3 we introduce some auxiliary
integral operators, and we study their mapping properties. In Section 2.4 we prove a new
explicit formula for the tangential derivatives of the double layer heat potential (see (1.2) for
the definition of the Mij-tangential derivative). More precisely, we prove an explicit formula
for

Mij [w[∂TΩ, µ]|∂TΩ]− w[∂TΩ,Mij [µ]]|∂TΩ on ∂TΩ,

in terms of the auxiliary integral operators of Section 2.3 (see Theorem 2.13 below). Section
2.5 contains the main results of this chapter. By means of the formula for the tangential
derivatives, we can prove the regularizing properties i) and ii) mentioned above exploiting an
induction argument and the results of the previous sections. We note that with our strategy
we can avoid to flatten the boundary of Ω with parametrization functions as done by other
authors when they consider certain mapping properties of boundary integral operators. In
Section 2.6 we deduce, as a corollary of the previous results, the mapping properties iii)-iv)
mentioned above. Finally, in Section 2.7 we deduce some compactness results for the operators
w[∂TΩ, ·]|∂Ω and w∗[∂TΩ, ·], which are a consequence of the regularizing properties i)–iv).

The results contained in the present chapter can be found in two papers by Lanza de
Cristoforis and the author [63, 64].

2.1 Classical properties of layer heat potentials

In this section we collect some known properties about the double and single layer heat
potentials. We start with the following statement about the classical properties of the double
layer heat potential.

Theorem 2.1 (Properties of the double layer heat potential). Let α ∈]0, 1[. Let T ∈]−∞,+∞].
Let Ω be a bounded open subset of Rn of class C1,α. Then the following statements hold.

(i) If µ ∈ C0
b (∂TΩ), then the function w[∂TΩ, µ] defined by (2.1) is of class C∞((Rn \

∂Ω)T ) and solves the heat equation in (Rn \ ∂Ω)T . The restriction w[∂TΩ, µ]|ΩT can be
extended uniquely to a continuous function w+[∂TΩ, µ] from cl ΩT to C. The restriction
w[∂TΩ, µ]|Ω−

T
can be extended uniquely to a continuous function w−[∂TΩ, µ] from cl Ω−

T

to C. Moreover, the following jump formula holds.

w±[∂TΩ, µ](t, x) = ∓1

2
µ(t, x) + w[∂TΩ, µ](t, x), ∀ (t, x) ∈ ∂TΩ. (2.3)

(ii) Let m ∈ N\{0}. Let Ω be of class Cm,α. Let R ∈]0,+∞[ such that cl Ω ⊆ Bn(0, R). Then
the map from C

m+α
2

;m+α(∂TΩ) to C
m+α

2
;m+α(cl ΩT ) which takes µ to w+[∂TΩ, µ] is linear

and continuous. Moreover, the map from C
m+α

2
;m+α(∂TΩ) to C

m+α
2

;m+α((clBn(0, R) \
Ω)T ) which takes µ to w−[∂TΩ, µ]|(clBn(0,R)\Ω)T is linear and continuous.
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Proof. By the definition of double layer heat potential we have that

w[∂TΩ](t, x) =

∫ t

t−1

∫

∂Ω

∂

∂ν(y)
Φn(t− τ, x− y)µ(τ, y) dσydτ

+

∫ t−1

−∞

∫

∂Ω

∂

∂ν(y)
Φn(t− τ, x− y)µ(τ, y) dσydτ,

for all (t, x) ∈ R
n. We note that the second term in the right hand side of the previous

equality is an integral operator with a smooth kernel which does not display a singularity.
Then statement (i) follows by the properties of the fundamental solution Φn, by classical
differentiation theorems for integrals depending on a parameter, and by the jump formula for
the double layer heat potential which can be found, e.g., in Ladyženskaja, Solonnikov and
Ural’tseva [58, p. 407] or in Watson [110, Lemma 2.7, p. 41].

The proof of statement (ii), that is the proof of the Schauder regularity properties for
the double layer heat potential, is postponed to Appendix B, and in particular to Theorem
B.9 (ii) (see also Ladyženskaja, Solonnikov and Ural’tseva [58, Chapter 4.2], for the Schauder
regularity of the double layer heat potential in the case Ω is replaced by a half space).

Then we have a corresponding statement for the single layer heat potential.

Theorem 2.2 (Properties of the single layer heat potential). Let α ∈]0, 1[. Let T ∈]−∞,+∞].
Let Ω be a bounded open subset of Rn of class C1,α. Let R ∈]0,+∞[ such that cl Ω ⊆ Bn(0, R).
Then the following statements hold.

(i) Let n ≥ 3. Let µ ∈ C0
b (∂TΩ). Then the function v[∂TΩ, µ] from (Rn)T to C defined by

v[∂TΩ, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
Φn(t− τ, x− y)µ(τ, y) dσydτ ∀ (t, x) ∈ (Rn)T , (2.4)

i.e., the (n-dimensional) single layer heat potential, is continuous in (Rn)T , is of class
C∞((Rn \ ∂Ω)T ) and solves the heat equation in (Rn \ ∂Ω)T .

Let n = 2. Let µ ∈ C0
b (∂TΩ). Let x0 ∈ Ω. Then the function v[∂TΩ, µ] from (Rn)T to

C defined by

v[∂TΩ, µ](t, x) ≡
∫ +∞

−∞

∫

∂Ω
(Φn(t− τ, x− y)− Φn(0− τ, x0 − y))µ(τ, y) dσydτ, (2.5)

for all (t, x) ∈ (R2)T , i.e., the (2-dimensional) single layer heat potential, is continuous
in (R2)T , is of class C∞((Rn \ ∂Ω)T ) and solves the heat equation in (R2 \ ∂Ω)T .

Both in case n ≥ 3 and in case n = 2, we denote by v+[∂TΩ, µ] and v−[∂TΩ, µ] the
restriction of v[∂TΩ, µ] to cl ΩT and to cl Ω−

T , respectively.

(ii) Let m ∈ N \ {0} and r ∈ {1, . . . , n}. Let Ω be of class Cm,α. Then the map
from C

m−1+α
2

;m−1+α(∂TΩ) to C
m−1+α

2
;m−1+α(cl ΩT ) which takes µ to ∂

∂xr
v+[∂TΩ, µ]

is linear and continuous. Moreover, the map from the space C
m−1+α

2
;m−1+α(∂TΩ) to

C
m−1+α

2
;m−1+α((clBn(0, R)\Ω)T ) which takes µ to ∂

∂xr
v−[∂TΩ, µ]|(clBn(0,R)\Ω)T is linear

and continuous.

(iii) Let m ∈ N \ {0}. Let Ω be of class Cm,α. Then the map from C
m+α

2
;m+α(∂TΩ) to

C
m−1+α

2
;m−1+α(cl ΩT ) which takes µ to ∂

∂tv
+[∂TΩ, µ] is linear and continuous. Moreover,

the map from C
m+α

2
;m+α(∂TΩ) to C

m−1+α
2

;m−1+α((clBn(0, R) \ Ω)T ) which takes µ to
the restriction ∂

∂tv
−[∂TΩ, µ]|(clBn(0,R)\Ω)T is linear and continuous.
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(iv) Let n ≥ 3, m ∈ N\{0}. Let Ω be of class Cm,α. Then the map from C
m−1+α

2
;m−1+α(∂TΩ)

to C
m+α

2
;m+α(cl ΩT ) which takes µ to v+[∂TΩ, µ] is linear and continuous. Moreover,

the map from C
m−1+α

2
;m−1+α(∂TΩ) to C

m+α
2

;m+α((clBn(0, R) \ Ω)T ) which takes µ to
v−[∂TΩ, µ]|(clBn(0,R)\Ω)T is linear and continuous.

(v) Let µ ∈ C
α
2
;α(∂TΩ). Let r ∈ {1, . . . , n}. Then the following jump relations hold.

∂

∂ν(x)
v±[∂TΩ, µ](t, x) = ±1

2
µ(t, x) + w∗[∂TΩ, µ](t, x), (2.6)

∂

∂xr
v±[∂TΩ, µ](t, x) = ±1

2
µ(t, x)νr(x) +

∫ t

−∞

∫

∂Ω

∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ,

for all (t, x) ∈ ∂TΩ.

Proof. By the definition of single layer potential we have that

v[∂TΩ](t, x) =

∫ t

t−1

∫

∂Ω
Φn(t− τ, x− y)µ(τ, y) dσydτ (2.7)

+

∫ 0

t−1

∫

∂Ω
δ2,nΦn(−τ, x0 − y)µ(τ, y) dσydτ

+

∫ t−1

−∞

∫

∂Ω
(Φn(t− τ, x− y)− δ2,nΦn(−τ, x0 − y))µ(τ, y) dσydτ,

for all (t, x) ∈ (Rn)T . Where we recall that by (δi,j)i,j∈{1,...,n} we denote the Kronecher symbol.
We note that the second and the third term in the right hand side of equality (2.7) are integral
operators with smooth kernels which do not display singularities. Then statement (i) follows
by the properties of the fundamental solution Φn, by classical differentiation theorems for
integral depending on a parameter and by the continuity in (Rn)T of the first term in the
right hand side of the equality (2.7) (see, e.g., Friedman [38, Chapter 5, Section 2]).

The proof of statements (ii), (iii) and (iv) is postponed to Appendix B, in particular to
Theorem B.9 (i) (see also Ladyženskaja, Solonnikov and Ural’tseva [58, Chapter 4.2], for the
Schauder regularity of the single layer heat potential in the case Ω is replaced by a half space).

Statement (v) is a consequence of equality (2.7) and of the jump formula for the normal
derivative of the single layer heat potential, which can be found, e.g., in Ladyženskaja,
Solonnikov and Ural’tseva [58, p. 405] or in Friedman [38, Theorem 1, p. 137]

Remark 2.3. The above definition of single layer heat potential v[∂TΩ, µ] in the case n = 2
clearly depends on the choice of x0 ∈ Ω, even if we don’t make it explicit in the notation.
Indeed, a different choice would define a single layer which differs from that with x0 by a
constant. We have defined the single layer potential in such a way because, in case n = 2, the
kernel

Φn(t− ·, x− ·)
is not integrable in ]−∞,+∞[×∂Ω, instead the kernel

Φn(t− ·, x− ·)− Φn(0− ·, x0 − ·)

is integrable in ]−∞,+∞[×∂Ω.
However, we note that if T ∈]0,+∞] and supp (µ) ⊆ [0, T [×∂Ω (and this is the case when

one considers an initial-boundary value problem for the heat equation in [0, T [× cl Ω with
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zero initial condition at t = 0), then the single layer potential v[∂TΩ, µ] no longer depends on
x0, and

v[∂TΩ, µ](t, x) =

∫ t

0

∫

∂Ω
Φn(t− τ, x− y)µ(τ, y)dσydτ ∀ (t, x) ∈ [0, T [× R

2,

which is the classical definition of single layer heat potential (cf., e.g., Friedman [38, p. 136]).

2.2 Lower order regularizing properties of the double layer heat

potential

In this section we prove some regularizing properties for the integral operator w[∂TΩ, ·]|∂TΩ
acting on the spaces of essentially bounded functions and Hölder continuous functions on
∂TΩ. Such mapping properties are proved by applying the results of Chapter 1, when the
kernel K of the integral operator u[∂TΩ,K, ·] is the kernel of the double layer heat potential,
i.e, K(t, x, τ, y) = ∂

∂ν(y)Φn(t− τ, x− y). We start with the following theorem which regards
the double layer heat potential acting on the space of essentially bounded functions.

Theorem 2.4. Let α ∈]0, 1], β ∈]0, α[, T ∈]−∞,+∞]. Let Ω be a bounded open subset of
R
n of class C1,α.

(i) The operator from L∞(∂TΩ) to B
(
]−∞, T [, C0,max{rα,ω1(r)}(∂Ω)

)
which takes µ to

w[∂TΩ, µ]|∂TΩ is linear and continuous.

(ii) The operator from L∞(∂TΩ) to C
0,β

2
b

(
]−∞, T [, C0(∂Ω)

)
which takes µ to w[∂TΩ, µ]|∂TΩ

is linear and continuous.

(iii) The operator from L∞(∂TΩ) to C
β
2
;β(∂TΩ) which takes µ to w[∂TΩ, µ]|∂TΩ is linear and

continuous.

Proof. We first consider statement (i). Let a ∈]16,+∞[. We already know that the kernel
∂

∂ν(y)Φn(t− τ, x− y) belongs to Kγ,a(∂TΩ) with γ as in Remark 1.20 (iv). Clearly,

γ1 = (n/2) + 1 > 1 , 2γ1 − γ2 − 2 = (n− 1)− α ∈ [n− 2, n− 1[ ,

and

γ′1 = (n/2) + 1 > 1 , 2γ′1 − γ′2 − 2 = n− α

{
> (n− 1) if α < 1 ,
= (n− 1) if α = 1 .

γ′l + (n− 1)− (2γ′1 − γ′2 − 2) = 1 + (n− 1)− (n− α) = α > 0 , γ′l = 1 .

If α < 1, then Proposition 1.21 (ii) implies that w[∂TΩ, ·]|∂TΩ is linear and continuous from
L∞(∂TΩ) to

B
(
]−∞, T [, C0,min{(n−1)−[(n−1)−α],α}(∂Ω)

)

= B
(
]−∞, T [, C0,α(∂Ω)

)
= B

(
]−∞, T [, C0,max{rα,ω1(r)}(∂Ω)

)
.

If α = 1, then Proposition 1.21 (ii) implies that w[∂TΩ, ·]|∂TΩ is linear and continuous from
L∞(∂TΩ) to

B
(
]−∞, T [, C0,ω1(r)(∂Ω)

)
= B

(
]−∞, T [, C0,max{rα,ω1(r)}(∂Ω)

)
.
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Hence, statement (i) follows.
Next we consider statement (ii). We plan to apply Proposition 1.22. We note that γ1 > 1

and that ]
0,

(n− 1)− (2γ1 − γ2 − 2)

2

[
∩]0, 1] =]0, α/2[ .

Then we can choose h ≡ β/2. Next we note that γ′′1 > 1, γ′′l = 1 and that

(2γ′′1 − γ′′2 − 2) = n+ 1− α ,

(2γ′′1 − γ′′2 − 2)− (n− 1)

2
=

2− α

2
= 1− α

2
< 1 ,

min{γ′′1 − 1, γ′′l } = min{(n/2) + 1, 1} = 1 .

Next we choose h′ ≡ 1 − h = 1 − (β/2). Clearly h′ ∈]1 − (α/2), 1[. Then Proposition 1.22
implies that w[∂TΩ, ·] is linear and continuous from L∞(∂TΩ) to

C
0,min{h,γ′′l −h

′}

b

(
]−∞, T [, C0(∂Ω)

)
= C

0,β
2

b

(
]−∞, T [, C0(∂Ω)

)
,

and thus statement (ii) holds true.
Finally statements (i), (ii) and the continuity of the embedding of C0,,max{rα,ω1(r)}(∂Ω)

into C0,β(∂Ω), imply the validity of statement (iii).

Then we have the following statement regarding the double layer heat potential acting on
the space of Hölder continuous functions.

Theorem 2.5. Let α ∈]0, 1[, β ∈]0, α[, T ∈]−∞,+∞]. Let Ω be a bounded open subset of
R
n of class C1,α. Then the following statements hold.

(i) The operator from C
0,β

2
b

(
]−∞, T [, C0(∂Ω)

)
to C

0,α
2

b

(
]−∞, T [, C0(∂Ω)

)
which takes

µ to w[∂TΩ, µ]|∂TΩ is linear and continuous.

(ii) The operator from C
β
2
;β(∂TΩ) to C

α
2
;α(∂TΩ) which takes µ to w[∂TΩ, µ]|∂TΩ is linear

and continuous.

(iii) The operator from C
0, 1+β

2
b

(
]−∞, T [, C0(∂Ω)

)
to C

0, 1+α
2

b

(
]−∞, T [, C0(∂Ω)

)
which

takes µ to w[∂TΩ, µ]|∂TΩ is linear and continuous.

(iv) The operator from C
0, 1

2
b

(
]−∞, T [, C0(∂Ω)

)
to C

0, 1+β
2

b

(
]−∞, T [, C0(∂Ω)

)
which takes

µ to w[∂TΩ, µ]|∂TΩ is linear and continuous.

Proof. We first consider statement (i). By Theorem 2.4 (i), we already know that w[∂TΩ, ·]|∂TΩ
is linear and continuous from L∞(∂TΩ) to B

(
]−∞, T [, C0,α(∂Ω)

)
, and accordingly from

C
0,β

2
b

(
]−∞, T [, C0(∂Ω)

)
to B

(
]−∞, T [, C0,α(∂Ω)

)
.

Next we plan to apply Proposition 1.31 (ii) with η1 = α, η2 = β, a ∈]16,+∞[. By Remark
1.20 (iv), we already know that the kernel ∂

∂ν(y)Φn(t − τ, x − y) ∈ Kγ,a(∂TΩ), with γ as in

Remark 1.20 (iv). Then we observe that

γ1 − (η2/2) = (n/2) + 1− (β/2) > 1 ,

2γ1 − γ2 − 2 = 2((n/2) + 1)− (1 + α)− 2 = (n− 1)− α ∈ [n− 2, (n− 1)[ ,
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2γ1 − γ2 − 2 + (η1 − η2) = (n− 1)− α+ (α− β) = (n− 1)− β < (n− 1) ,

γ′′1 − (η2/2) = ((n/2) + 2)− (β/2) > 1 ,

γ′′l − γ′′1 + 1− 2−1(η1 − η2) = 1− ((n/2) + 2) + 1− 2−1(α− β) < 0 ,

η1 − 2γ′′l = α− 2 < 0 ,

2γ′′1 − γ′′2 − 2− 2γ′′l + (η1 − η2)

= 2((n/2) + 2)− (1 + α)− 2− 2 + (α− β) = (n− 1)− β < (n− 1) .

Then Proposition 1.31 (ii) implies the existence of a constant c2 > 0 such that

|w[∂TΩ, µ]|∂TΩ(t′, x)−w[∂TΩ, µ]|∂TΩ(t′′, x)| (2.8)

≤ c2

∥∥∥∥
∂

∂ν(y)
Φn(t− τ, x− y)

∥∥∥∥
Kγ,a(∂TΩ)

‖µ‖
C

0,
β
2

b (]−∞,T [,C0(∂Ω))
|t′ − t′′|α2

+ |w[∂TΩ, µ(t′, ·)]|∂TΩ(t′, x)− w[∂TΩ, µ(t
′, ·)]|∂TΩ(t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all µ ∈ C
0,β

2
b

(
]−∞, T [, C0(∂Ω)

)
. Lemma

A.4 of Appendix A, which says that the double layer heat potential with time independent
densities coincides up to a minus sign with the harmonic double layer potential, implies that

w[∂TΩ, µ(t
′, ·)]|∂TΩ(t, x) = −

∫

∂Ω

∂

∂ν(y)
Sn(x− y)µ(t′, y) dσy (2.9)

= w̃[∂Ω, µ(t′, ·)]|∂Ω(x),

for all x ∈ ∂Ω, t, t′ ∈ ]−∞, T [ and for all µ ∈ C
0,β

2
b

(
]−∞, T [, C0(∂Ω)

)
. We recall that Sn

is the fundamental solution of the Laplace equation, and w̃[∂Ω, ·] is the harmonic double layer
potential (see Appendix A for the definitions). Then the second summand in the right hand
side of (2.8) equals 0 and inequality (2.8) implies that statement (i) holds true.

Statement (ii) is an immediate consequence of statement (i) and of Theorem 2.4 (i).

We now consider statement (iii). Since C
0, 1+β

2
b

(
]−∞, T [, C0(∂Ω)

)
is continuously embed-

ded into L∞(∂TΩ), Theorem 2.4 (i) implies that w[∂TΩ, ·]|∂TΩ is linear and continuous from

C
0, 1+β

2
b

(
]−∞, T [, C0(∂Ω)

)
to B

(
]−∞, T [, C0,α(∂Ω)

)
. Next we plan to apply Proposition

1.31 (ii) with η1 = 1 + α, η2 = 1 + β, a ∈]16,+∞[, γ as in Remark 1.20 (iv). As above, we
can verify that all the assumptions of Proposition 1.31 (ii) are satisfied and that accordingly
there exists c̃2 > 0 such that

|w[∂TΩ, µ]|∂TΩ(t′, x)− w[∂TΩ, µ]|∂TΩ(t
′′, x)| (2.10)

≤ c̃2

∥∥∥∥
∂

∂ν(y)
Φn(t− τ, x− y)

∥∥∥∥
Kγ,a(∂TΩ)

‖µ‖
C

0,
1+β
2

b (]−∞,T [,C0(∂Ω))
|t′ − t′′| 1+α2

+ |w[∂TΩ, µ(t′, ·)]|∂TΩ(t′, x)− w[∂TΩ, µ(t
′, ·)]|∂TΩ(t′′, x)| ,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all µ ∈ C
0, 1+β

2
b

(
]−∞, T [, C0(∂Ω)

)
. Then

again by equality (2.9), we conclude that the second summand in the right hand side of (2.10)
vanishes and that accordingly statement (iii) holds true.

Finally, We consider statement (iv). Since C
0, 1

2
b

(
]−∞, T [, C0(∂Ω)

)
is continuously em-

bedded into L∞(∂TΩ), Theorem 2.4 (i) implies that w[∂TΩ, ·]|∂TΩ is linear and continuous from
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C
0, 1

2
b

(
]−∞, T [, C0(∂Ω)

)
to B

(
]−∞, , T [, C0,α(∂Ω)

)
. Next we plan to apply Proposition

1.31 (ii) with η1 = 1 + β, η2 = 1, a ∈]16,+∞[, γ as in Remark 1.20 (iv). As above, we can
verify that all the assumptions of Proposition 1.31 (ii) are satisfied and that accordingly there
exists ĉ2 > 0 such that

|w[∂TΩ, µ]|∂TΩ(t′, x)− w[∂TΩ, µ]|∂TΩ(t
′′, x)| (2.11)

≤ ĉ2

∥∥∥∥
∂

∂ν(y)
Φn(t− τ, x− y)

∥∥∥∥
Kγ,a(∂TΩ)

‖µ‖
C

0, 12
b (]−∞,T [,C0(∂Ω))

|t′ − t′′|
1+β
2

+ |w[∂TΩ, µ(t′, ·)]|∂TΩ(t′, x)− w[∂TΩ, µ(t
′, ·)]|∂TΩ(t′′, x)|,

for all x ∈ ∂Ω, t′, t′′ ∈ ]−∞, T [, t′ < t′′, and for all µ ∈ C
0, 1

2
b

(
]−∞, T [, C0(∂Ω)

)
. Then

again by equality (2.9), we conclude that the second summand in the right hand side of (2.11)
vanishes and that accordingly statement (iv) holds true.

2.3 Auxiliary integral operators

In order to compute the tangential derivatives of the double layer heat potential, we now
introduce some auxiliary integral operators and we analyze their mapping properties. We start
with the following statement about an integral operator related to the kernel ∂

∂xr
Φn(t−τ, x−y).

Lemma 2.6. Let T ∈]−∞,+∞]. Let r ∈ {1, . . . , n}. Then the following statements hold.

(i) Let Ω be a bounded open Lipschitz subset of Rn. Let θ ∈]0, 1]. If (f, µ) ∈ C0,θ(cl Ω)×
L∞(∂TΩ), then the function defined by

Q]r[f, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
(f(x)−f(y)) ∂

∂xr
Φn(t− τ, x−y)µ(τ, y) dσydτ ∀ (t, x) ∈ cl ΩT

is continuous and bounded.

(ii) Let α ∈]0, 1[, β, θ ∈]0, 1[. Let m ∈ N \ {0}. Let Ω be a bounded open subset of R
n

of class Cm,α. Then the map Q]r[·, ·] from Cm−1,θ(cl Ω) × C
m−1+β

2
;m−1+β(∂TΩ) to

C
m−1+min{θ,α,β}

2
;m−1+min{θ,α,β}(cl ΩT ) which takes (f, µ) to Q]r[f, µ] is bilinear and con-

tinuous.

Proof. By Remark 1.20 (iii), the kernel ∂
∂xr

Φ(t− τ, x− y) satisfies the assumptions of Lemma
1.24, which implies the validity of statement (i).

We now consider statement (ii). If (t, x) ∈ ΩT , then classical differentiations theorems for
integrals depending on a parameter implies that

Q]r[f, µ](t, x) = f(x)
∂

∂xr
v+[∂TΩ, µ](t, x)−

∂

∂xr
v+[∂TΩ, fµ](t, x),

where we recall that v+[∂TΩ, ·] is the interior single layer heat potential (see Theorem 2.2 (i)).
If (t, x) ∈ ∂TΩ, then the jump formula (2.6) for the derivatives of single layer heat potential
of Theorem Theorem 2.2 (v) implies that

Q]r[f, µ](t, x) = f(x)
∂

∂xr
v+[∂TΩ, µ](t, x)− f(x)

1

2
µ(x)νr(x)
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− ∂

∂xr
v+[∂TΩ, fµ](t, x) +

1

2
f(x)µ(x)νr(x)

= f(x)
∂

∂xr
v+[∂TΩ, µ](t, x)−

∂

∂xr
v+[∂TΩ, fµ](t, x).

Accordingly,

Q]r[f, µ](t, x) = f(x)
∂

∂xr
v+[∂TΩ, µ](t, x)−

∂

∂xr
v+[∂TΩ, fµ](t, x) ∀ (t, x) ∈ cl ΩT ,

for all (f, µ) ∈ Cm−1,θ(cl Ω) × C
m−1+β

2
;m−1+β(∂TΩ). Then the statement follows by the

mapping properties of the single layer heat potential of Theorem 2.2 (ii) and by the continuity
of pointwise product in Schauder spaces.

Then we have a corresponding lemma concerning an integral operator related to the kernel
∂
∂tΦn(t− τ, x− y).

Lemma 2.7. Let T ∈]−∞,+∞]. Then the following statements hold.

(i) Let Ω be a bounded open Lipschitz subset of R
n. Let θ ∈]0, 1]. If (f, µ) belongs to

C0,θ(cl Ω)× C
0, 1

2
b

(
]−∞, T [, C0(∂Ω)

)
, then the function defined by

Q̃]t[f, µ](t, x) ≡
∫ t

−∞

∫

∂Ω
(f(x)− f(y))

∂

∂t
Φn(t− τ, x− y)(µ(τ, y)− µ(t, y)) dσydτ,

for all (t, x) ∈ cl ΩT , is continuous and bounded.

(ii) Let α ∈]0, 1[, β, θ ∈]0, 1[. Let m ∈ N \ {0, 1}. Let Ω be a bounded open subset of
R
n of class Cm,α. Then the map Q̃]t[·, ·] from Cm−1,θ(cl Ω) × C

m+β
2

;m+β(∂TΩ) to

C
m−1+min{θ,α,β}

2
;m−1+min{θ,α,β}(cl ΩT ) which takes (f, µ) to Q̃]t[f, µ] is bilinear and con-

tinuous.

Proof. By Remark 1.20 (ii), the kernel ∂
∂tΦ(t− τ, x− y) satisfies the assumptions of Lemma

1.28, which implies the validity of statement (i).

Now we consider statement (ii). Let (t, x) ∈ ΩT . Lemma A.5 of Appendix A implies that

Q̃]t[f, µ](t, x) =

∫ t

−∞

∫

∂Ω
(f(x)− f(y))

∂

∂t
Φn(t− τ, x− y)(µ(τ, y)− µ(t, y)) dσydτ (2.12)

=f(x)
∂

∂t
v+[∂TΩ, µ](t, x)−

∂

∂t
v+[∂TΩ, fµ](t, x),

for all (f, µ) ∈ Cm−1,θ(cl Ω)×C
m+β

2
;m+β(∂TΩ). Theorem 2.2 (iii) implies that the right hand

side of equality (2.12) defines a continuous function of (t, x) ∈ cl ΩT . By statement (i) the left
hand side of (2.12) is also continuous in (t, x) ∈ cl ΩT . Hence, the above equality must hold
in cl ΩT . More precisely,

Q̃]t[f, µ](t, x) =f(x)
∂

∂t
v+[∂TΩ, µ](t, x)−

∂

∂t
v+[∂TΩ, fµ](t, x) ∀ (t, x) ∈ cl ΩT .

Accordingly, the statement follows by the mapping properties of the single layer heat potential
of Theorem 2.2 (iii) and by the continuity of the pointwise product in Schauder spaces.
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We now prove explicit formulas for time and tangential derivatives of the boundary integral
operators Q[∂xrΦn(t− τ, x− y), ·, ·] and Q̃[∂tΦn(t− τ, x− y), ·, ·] (for the definitions see (1.17)
and (1.21), respectively). In order to shorten the notation, from now on we use the following
abbreviations

Qr[·, ·] ≡ Q[∂xrΦn(t− τ, x− y), ·, ·],

for all r ∈ {1, . . . , n}, and

Q̃t[·, ·] ≡ Q̃[∂tΦn(t− τ, x− y), ·, ·]. (2.13)

It is immediate from the definitions that the operators Qr[·, ·] and Q̃t[·, ·] are nothing more

than the restrictions on ∂TΩ of the operators Q]r[·, ·] and Q̃]t[·, ·] of Theorems 2.6 and 2.7,
respectively. More precisely

Q]r[·, ·]|∂TΩ = Qr[·, ·], (2.14)

and

Q̃]t[·, ·]|∂TΩ = Q̃t[·, ·]. (2.15)

Then we have the following lemma about an explicit formula for the tangential derivatives of
Qr[·, ·].

Lemma 2.8. Let α ∈]0, 1[, T ∈] −∞,+∞]. Let r ∈ {1, . . . , n}. Let Ω be a bounded open
subset of Rn of class C2,α. Let g ∈ C1,α(∂Ω) and µ ∈ C

1
2
;1(∂TΩ). Then Qr[g, µ](t, ·) ∈ C1(∂Ω)

for all t ∈ ]−∞, T [. Moreover, the following formula holds.

Mij [Qr[g, µ]](t, x) (2.16)

= νi(x)Qr

[
∂g

∂xj
− (Dg · ν)νj , µ

]
(t, x)− νj(x)Qr

[
∂g

∂xi
− (Dg · ν)νi, µ

]
(t, x)

+νi(x)Qr

[
g,

n∑

h=1

Mhj [νhµ]

]
(t, x)− νj(x)Qr

[
g,

n∑

h=1

Mhi[νhµ]

]
(t, x)

+νi(x)

{
n∑

s=1

Qs [νj ,Msr[g]µ] (t, x) +

n∑

s=1

Qs [g,Msr[νjµ]] (t, x)

}

−νj(x)
{

n∑

s=1

Qs [νi,Msr[g]µ] (t, x) +
n∑

s=1

Qs [g,Msr[νiµ]] (t, x)

}

+νi(x)Q̃t [g, νrνjµ] (t, x)− νj(x)Q̃t [g, νrνiµ] (t, x),

for all (t, x) ∈ ∂TΩ and for all i, j ∈ {1, . . . , n}.

Proof. Let R ∈]0,+∞[ be such that cl Ω ⊆ Bn(0, R). Let ‘ ·̃ ’ be an extension operator as in
Lemma 1.3, defined on C1,α(∂Ω).

First we fix β ∈]0, α[ and we prove formula (2.16) under the additional assumption that

µ ∈ C
1+β
2

;1+β(∂TΩ).

By Lemma 2.6 (ii) we already know that Q]r[g̃, µ](t, ·) belongs to C1(cl Ω) for all t ∈ ]−∞, T [.
We find convenient to introduce the notation

M ]
ij [f ](x) ≡ ν̃i(x)

∂f

∂xj
(x)− ν̃j(x)

∂f

∂xi
(x), (2.17)
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for all f ∈ C1(cl Ω) and for all x ∈ cl Ω, i, j ∈ {1, . . . , n}. If necessary, we write M ]
ij,x to

emphasize that we are taking x as variable of the differential operator M ]
ij . Next we fix

(t, x) ∈ ΩT and we compute

M ]
ij [Q

]
r[g̃, µ]](t, x) = ν̃i(x)

∂

∂xj
Q]r[g̃, µ](t, x)− ν̃j(x)

∂

∂xi
Q]r[g̃, µ](t, x).

By classical differentiation theorems for integrals depending on a parameter, we have

∂

∂xi
Q]r[g̃, µ](t, x) =

∫ t

−∞

∫

∂Ω

∂g̃

∂xi
(x)

∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

+

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂2

∂xi∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ .

Since
∑n

h=1 ν
2
h = 1 on ∂Ω, we have

∂

∂xi
Q]r[g̃, µ](t, x) (2.18)

=

∫ t

−∞

∫

∂Ω

∂g̃

∂xi
(x)

∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

−
∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

n∑

h=1

ν2h(y)
∂

∂yi

(
∂

∂xr
Φn(t− τ, x− y)

)
µ(τ, y) dσydτ

=

∫ t

−∞

∫

∂Ω

∂g̃

∂xi
(x)

∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

−
∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

n∑

h=1

[(
νh(y)

∂

∂yi
− νi(y)

∂

∂yh

)(
∂

∂xr
Φn(t− τ, x− y)

)]

× µ(τ, y)νh(y) dσydτ

−
∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

n∑

h=1

[
νh(y)

∂

∂yh

(
∂

∂xr
Φn(t− τ, x− y)

)]

× νi(y)µ(τ, y) dσydτ.

By Lemma 1.4 on the consequence of the Divergence Theorem for the tangential derivatives,
the second integral in the right hand side of formula (2.18) takes the following form

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

n∑

h=1

[(
νh(y)

∂

∂yi
− νi(y)

∂

∂yh

)(
∂

∂xr
Φn(t− τ, x− y)

)]

× µ(τ, y)νh(y) dσydτ

=−
n∑

h=1

∫ t

−∞

∫

∂Ω
Mhi,y [(g̃(x)− g̃(y))µ(τ, y)νh(y)]

∂

∂xr
Φn(t− τ, x− y) dσydτ

=

n∑

h=1

∫ t

−∞

∫

∂Ω
Mhi,y[g̃(y)]

∂

∂xr
Φn(t− τ, x− y)µ(τ, y)νh(y) dσydτ

−
n∑

h=1

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂xr
Φn(t− τ, x− y)Mhi,y[µ(τ, y)νh(y)] dσydτ.
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Accordingly, we have

∂

∂xi
Q]r[g̃, µ](t, x)

=
∂g̃

∂xi
(x)

∫ t

−∞

∫

∂Ω

∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

−
n∑

h=1

∫ t

−∞

∫

∂Ω
Mhi,y[g̃(y)]

∂

∂xr
Φn(t− τ, x− y)µ(τ, y)νh(y) dσydτ

+
n∑

h=1

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂xr
Φn(t− τ, x− y)Mhi,y[µ(τ, y)νh(y)] dσydτ

−
∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂xr

(
∂

∂ν(y)
Φn(t− τ, x− y)

)
νi(y)µ(τ, y) dσydτ.

Thus,

M ]
ij [Q

]
r[g̃, µ]](t, x) (2.19)

=M ]
ij [g̃](x)

∫ t

−∞

∫

∂Ω

∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

+
n∑

h=1

∫ t

−∞

∫

∂Ω
{−ν̃i(x)Mhj,y[g̃(y)] + ν̃j(x)Mhi,y[g̃(y)]}

× ∂

∂xr
Φn(t− τ, x− y)µ(τ, y)νh(y) dσydτ

+

n∑

h=1

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂xr
Φn(t− τ, x− y)

× {ν̃i(x)Mhj,y[µ(τ, y)νh(y)]− ν̃j(x)Mhi,y[µ(τ, y)νh(y)]} dσydτ

+

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂xr

(
∂

∂ν(y)
Φn(t− τ, x− y)

)

× {ν̃j(x)νi(y)− ν̃i(x)νj(y)}µ(τ, y) dσydτ .
We now consider the first two terms in the right hand side of formula (2.19). By the obivious
identity

M ]
ij [g̃] = ν̃i

(
∂g̃

∂xj
− (Dg̃ · ν̃)ν̃j

)
− ν̃j

(
∂g̃

∂xi
− (Dg̃ · ν̃)ν̃i

)
in cl Ω, (2.20)

and by the identity
n∑

h=1

{−ν̃i(x)Mhj,y[g̃(y)]+ν̃j(x)Mhi,y[g̃(y)]}νh(y) (2.21)

=− ν̃i(x)

(
∂g̃

∂xj
(y)− (Dg̃(y) · ν̃(y))ν̃j(y)

)

+ ν̃j(x)

(
∂g̃

∂xi
(y)− (Dg̃(y) · ν̃(y))ν̃i(y)

)
∀ y ∈ ∂Ω,

which follows by formula (1.3), we rewrite the sum of the first two terms in the right hand
side of (2.19) in the following form

M ]
ij [g̃](x)

∫ t

−∞

∫

∂Ω

∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ (2.22)
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+
n∑

h=1

∫ t

−∞

∫

∂Ω
{−ν̃i(x)Mhj,y[g̃(y)] + ν̃j(x)Mhi,y[g̃(y)]}

× ∂

∂xr
Φn(t− τ, x− y)µ(τ, y)νh(y) dσydτ

=

∫ t

−∞

∫

∂Ω

∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

× ν̃i(x)

(
∂g̃

∂xj
(x)− (Dg̃(x) · ν̃(x))ν̃j(x)

)

−
∫ t

−∞

∫

∂Ω

∂

∂xr
Φ(t− τ, x− y)µ(τ, y) dσydτ

× ν̃j(x)

(
∂g̃

∂xi
(x)− (Dg̃(x) · ν̃(x))ν̃i(x)

)

− ν̃i(x)

∫ t

−∞

∫

∂Ω

(
∂g̃

∂xj
(y)− (Dg̃(y) · ν̃(y))ν̃j(y)

)

× ∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

+ ν̃j(x)

∫ t

−∞

∫

∂Ω

(
∂g̃

∂xi
(y)− (Dg̃(y) · ν̃(y))ν̃i(y)

)

× ∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

=ν̃i(x)

∫ t

−∞

∫

∂Ω

[(
∂g̃

∂xj
(x)− (Dg̃(x) · ν̃(x))ν̃j(x)

)

−
(
∂g̃

∂xj
(y)− (Dg̃(y) · ν̃(y))ν̃j(y)

)]
∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

− ν̃j(x)

∫ t

−∞

∫

∂Ω

[(
∂g̃

∂xi
(x)− (Dg̃(x) · ν̃(x))ν̃i(x)

)

−
(
∂g̃

∂xi
(y)− (Dg̃(y) · ν̃(y))ν̃i(y)

)]
∂

∂xr
Φn(t− τ, x− y)µ(τ, y) dσydτ

=ν̃i(x)Q
]
r

[
∂g̃

∂xj
− (Dg̃ · ν̃)ν̃j , µ

]
(t, x)− ν̃j(x)Q

]
r

[
∂g̃

∂xi
− (Dg̃ · ν̃)ν̃i, µ

]
(t, x).

We now consider the third term in the right hand side of formula (2.19). Namely,

n∑

h=1

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂xr
Φn(t− τ, x− y) (2.23)

×
{
ν̃i(x)Mhj,y[µ(τ, y)νh(y)]− ν̃j(x)Mhi,y[µ(τ, y)νh(y)]

}
dσydτ

=ν̃i(x)Q
]
r

[
g̃,

n∑

h=1

Mhj [νhµ]

]
(t, x)− ν̃j(x)Q

]
r

[
g̃,

n∑

h=1

Mhi[νhµ]

]
(t, x).

Next we consider the last integral in the right hand side of formula (2.19). Since Φn solves
the heat equation in R× R

n \ {(0, 0)}, if (t, x) ∈ ΩT is fixed as above and (τ, y) ∈ ∂TΩ, we
have that
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∂

∂xr

(
∂

∂ν(y)
Φn(t− τ, x− y)

)
=

n∑

s=1

(
νs(y)

∂

∂yr
− νr(y)

∂

∂ys

) ∂

∂xs
Φn(t− τ, x− y) (2.24)

− νr(y)
∂

∂t
Φn(t− τ, x− y).

Accordingly, equality (2.24), and the consequence of the Divergence Theorem for the tangential
derivatives of Lemma 1.4, and Lemma A.5 imply that

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂xr

(
∂

∂ν(y)
Φn(t− τ, x− y)

)
(2.25)

× {ν̃j(x)νi(y)− ν̃i(x)νj(y)}µ(τ, y) dσydτ

=−
∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

[
n∑

s=1

(
νs(y)

∂

∂yr
− νr(y)

∂

∂ys

)
∂

∂xs
Φn(t− τ, x− y)

]

×
{
ν̃i(x)(νj(y)− ν̃j(x)) + ν̃j(x)(ν̃i(x)− νi(y))

}
µ(τ, y) dσydτ

+

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))νr(y)

∂

∂t
Φn(t− τ, x− y)

× {ν̃i(x)νj(y)− ν̃j(x)νi(y)}µ(τ, y) dσydτ

= ν̃i(x)

∫ t

−∞

∫

∂Ω
(ν̃j(x)− νj(y))

∂

∂xs
Φn(t− τ, x− y)Msr[g](y)µ(τ, y) dσydτ

+ ν̃i(x)

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂xs
Φn(t− τ, x− y)Msr[νjµ](y) dσydτ

− ν̃j(x)

∫ t

−∞

∫

∂Ω
(ν̃i(x)− νi(y))

∂

∂xs
Φn(t− τ, x− y)Msr[g](y)µ(τ, y) dσydτ

− ν̃j(x)

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂xs
Φn(t− τ, x− y)Msr[νiµ](y) dσydτ

+ ν̃i(x)Q̃
]
t [g̃, νrνjµ] (t, x)− ν̃j(x)Q̃

]
t [g̃, νrνiµ] (t, x)

= ν̃i(x)

{
n∑

s=1

Q]s[ν̃j ,Msr[g]µ](t, x) +

n∑

s=1

Q]s[g̃,Msr[νjµ]](t, x)

}

− ν̃j(x)

{
n∑

s=1

Q]s[ν̃i,Msr[g]µ](t, x) +
n∑

s=1

Q]s[g̃,Msr[νiµ]](t, x)

}

+ ν̃i(x)Q̃
]
t [g̃, νrνjµ] (t, x)− ν̃j(x)Q̃

]
t [g̃, νrνiµ] (t, x).

Then by combining formulas (2.19), (2.22), (2.23) and (2.25), we obtain that the following
formula

M ]
ij [Q

]
r[g̃, µ]](t, x) (2.26)

= ν̃i(x)Q
]
r

[
∂g̃

∂xj
− (Dg̃ · ν̃)ν̃j , µ

]
(t, x)− ν̃j(x)Q

]
r

[
∂g̃

∂xi
− (Dg̃ · ν̃)ν̃i, µ

]
(t, x)

+ν̃i(x)Q
]
r

[
g̃,

n∑

h=1

Mhj [νhµ]

]
(t, x)− ν̃j(x)Q

]
r

[
g̃,

n∑

h=1

Mhi[νhµ]

]
(t, x)
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+ν̃i(x)

{
n∑

s=1

Q]s [ν̃j ,Msr[g]µ] (t, x) +
n∑

s=1

Q]s [g̃,Msr[νjµ]] (t, x)

}

−ν̃j(x)
{

n∑

s=1

Q]s [ν̃i,Msr[g]µ] (t, x) +

n∑

s=1

Q]s [g̃,Msr[νiµ]] (t, x)

}

+ν̃i(x)Q̃
]
t[g̃, νrνjµ](t, x)− ν̃j(x)Q̃

]
t[g̃, νrνiµ](t, x),

holds for all (t, x) ∈ ΩT . Now, under our assumptions, the first argument of the terms Q]r, Q
]
s,

Q̃]t, which appear in the right hand side of formula (2.26) belongs to C0,α(cl Ω), and the second

argument of the terms Q]r, Q
]
s, which appear in the right hand side of formula (2.26) belongs

to L∞(∂TΩ), and the second argument of the terms Q̃]t, which appear in the right hand side of

formula (2.26) belongs to C
1+β
2

;1+β(∂TΩ). Then Lemma 2.6 (i) and Lemma 2.7 (i) imply that
the right hand side of formula (2.26) defines a continuous function of the variable (t, x) ∈ cl ΩT .

Since Ω is of class C2,α and g̃ ∈ C1,α(cl Ω), and since we are assuming that µ ∈ C
1+β
2

;1+β(∂TΩ),

Lemma 2.6 (ii) implies that M ]
ij [Q

]
r[g̃, µ]] ∈ C0(cl ΩT ). Hence, the equality of formula

(2.26) must hold for all (t, x) ∈ cl ΩT and thus in particular for all (t, x) ∈ ∂TΩ. Clearly

M ]
ij [·]|∂Ω = Mij [·]. Moreover Q]r[·, ·]|∂TΩ = Qr[·, ·] and Q̃]t[·, ·]|∂TΩ = Q̃t[·, ·] (cf. equalities

(2.14) and (2.15), respectively). Then we can conclude that formula (2.16) holds under the

assumption that µ ∈ C
1+β
2

;1+β(∂TΩ).

Now let µ ∈ C
1
2
;1(∂TΩ). We consider only the case T = +∞. Indeed the case T < +∞

can be treated similarly. We fix t ∈ ]−∞, T [ and we consider

η1, η2, η3 ∈ C∞
b (R)

such that

i)
∑3

i=1 ηi = 1;

ii) 0 ≤ ηi ≤ 1 for all i = 1, 2, 3;

iii) supp (η1) ⊆]−∞, t− 1[, supp (η2) ⊆]t− 2, t+ 2[ and supp (η3) ⊆]t+ 1,+∞[.

Then we set
µi(τ, x) = µ(τ, x)ηi(τ) ∀ (τ, x) ∈ ∂TΩ, ∀ i = 1, 2, 3.

Clearly
µ(τ, x) = µ1(τ, x) + µ2(τ, x) + µ3(τ, x) ∀ (τ, x) ∈ ∂TΩ.

We denote by Pijr[g, µ] the right hand side of (2.16). We now show that the weak Mij-
derivative of Qr[g, µ2] coincides with Pijr[g, µ2]. Since µ2 has compact support, by considering

an extension of µ2 of class C
1
2
;1 with compact support in R

n+1 (see Ladyženskaja, Solonnikov
and Ural’ceva [58, Chapter 1.1, pp 9–10]) and by considering a sequence of mollifiers of such
an extension, and by taking the restriction to ∂TΩ, we conclude that there exists a sequence
of functions {µ2l}l∈N in C1;2(∂TΩ) such that µ2l converges to µ2 in C

1
2
;1(∂TΩ). Next we note

that Remarks 1.9, 1.10 and Theorems 1.27 and 1.30 (ii) and the continuity of the pointwise
product in Schauder spaces, imply that the operators Qr[g, ·] and Pijr[g, ·] are continuous from

C
1
2
;1(∂TΩ) to C0

b (∂TΩ). Moreover we note that (2.16) holds for µ2l. Then, if ψ ∈ C1(∂Ω), we
have that

∫

∂Ω
Qr[g, µ2](t, y)Mij [ψ](y) dσy
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= lim
l→∞

∫

∂Ω
Qr[g, µ2l](t, y)Mij [ψ](y) dσy

=− lim
l→∞

∫

∂Ω
Mij [Qr[g, µ2l]](t, y)ψ(y) dσy

=− lim
l→∞

∫

∂Ω
Pijr[g, µ2l](t, y)ψ(y) dσy

=−
∫

∂Ω
Pijr[g, µ2](t, y)ψ(y) dσy.

Hence Pijr[g, µ2](t, ·) coincides with the weak Mij-derivative of Qr[g, µ2](t, ·) for all i, j ∈
{1, . . . , n}. Since both Pijr[g, µ2] and Qr[g, µ2] are continuous functions, it follows that
Qr[g, µ2](t, ·) ∈ C1(∂Ω) and that Mij [Qr[g, µ2]](t, ·) = Pijr[g, µ2](t, ·) classically on ∂Ω.

Moreover Mij [Qr[g, µ1]](t, ·) = Pijr[g, µ1](t, ·) on ∂Ω. Indeed, µ1(τ, ·) = 0 for all τ ∈
]t− 1,+∞[ and then the integral operators involved show no singularities and then formulas
(2.18)–(2.26) hold with µ replaced with µ1 by classical differentiation theorems for integral
depending on a parameter.

Finally, since µ3(τ, ·) = 0 for all τ ∈] − ∞, t + 1[ the definition of Qr[·, ·] and Q̃t[·, ·]
implies that Mij [Qr[g, µ3]](t, ·) = Pijr[g, µ3](t, ·) = 0 on ∂Ω. Accordingly, we can conclude
that Mij [Qr[g, µ]] = Pijr[g, µ] on ∂TΩ.

Then we have the following lemma about the time derivative of Qr[·, ·].

Lemma 2.9. Let α ∈]0, 1[. Let T ∈]−∞,+∞]. Let r ∈ {1, . . . , n}. Let Ω be a bounded open
subset of Rn of class C2. Let g ∈ C0,α(∂Ω) and µ ∈ C1;2(∂TΩ). Then Qr[g, µ] is continuously
differentiable with respect to t and the following formula holds.

∂

∂t
Qr[g, µ](t, x) = Qr [g, ∂tµ] (t, x) ∀ (t, x) ∈ ∂TΩ. (2.27)

Proof. We note that

Qr[g, µ](t, x) =

∫ t

−∞

∫

∂Ω
(g(x)− g(y))

∂

∂xr
Φn(t− τ, x− y)µ(τ, y)dσydτ

=

∫ +∞

0

∫

∂Ω
(g(x)− g(y))

∂

∂xr
Φn(τ, x− y)µ(t− τ, y)dσydτ,

for all (t, x) ∈ ∂TΩ. Lemma 1.16 (i) implies that

C0,1,∂Ω = sup
(t,x)∈]0,+∞[×Rn

|x|≤diam (∂Ω)

|DxΦn(t, x)|
t
n
2
+1

|x| e
|x|2

4t < +∞ ,

and thus
∣∣∣∣(g(x)− g(y))

∂

∂xr
Φn(τ, x− y)∂tµ(t− τ, y)

∣∣∣∣

≤C0,1,∂Ω‖g‖C0,α(∂Ω)‖∂tµ‖C0
b
(∂TΩ)|x− y|1+ατ−n

2
−1e−

|x−y|2

4τ ,

for all (t, x) ∈ ∂TΩ, and for all (τ, y) ∈]0,+∞[×∂Ω. Moreover, the change of variable
u|x− y|2 = 4τ implies that

∫ +∞

0

∫

∂Ω
|x− y|1+ατ−n

2
−1e−

|x−y|2

4τ dσydτ
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=4
n
2

∫ +∞

0
u−

n
2
−1e−

1
udu

∫

∂Ω

1

|x− y|n−1−α
dσy,

for all x ∈ ∂Ω. Accordingly, Lemma 1.13 implies that there exists a constant c′Ω,n−1−α > 0
such that

∫ +∞

0

∫

∂Ω
|x− y|1+ατ−n

2
−1e−

|x−y|2

4τ dσydτ ≤ 4
n
2 Γ
(n
2

)
c′Ω,n−1−α ,

for all x ∈ ∂Ω. Then the statement follows by classical differentiation theorems for integrals
depending on a parameter.

Now we prove a lemma which contains an explicit formula for the tangential derivatives of
Q̃t[·, ·] (for the definition, see (1.28) and (2.13)).

Lemma 2.10. Let α ∈]0, 1[. Let T ∈] − ∞,+∞]. Let Ω be a bounded open subset of R
n

of class C2,α. Let g ∈ C1,α(∂Ω) and µ ∈ C1;2(∂TΩ). Then Q̃t[g, µ](t, ·) ∈ C1(∂Ω) for all
t ∈ ]−∞, T [. Moreover, the following formula holds.

Mij [Q̃t[g, µ]](t, x) (2.28)

= νi(x)Q̃t

[
∂g

∂xj
− (Dg · ν)νj , µ

]
(t, x)− νj(x)Q̃t

[
∂g

∂xi
− (Dg · ν)νi, µ

]
(t, x)

+νi(x)Q̃t

[
g,

n∑

h=1

νhMhj [µ]

]
(t, x)− νj(x)Q̃t

[
g,

n∑

h=1

νhMhi[µ]

]
(t, x)

−νi(x)g(x)Q̃t
[

n∑

h=1

Mhj [νh], µ

]
(t, x) + νj(x)g(x)Q̃t

[
n∑

h=1

Mhi[νh], µ

]
(t, x)

+νi(x)Q̃t

[
n∑

h=1

Mhj [νh], gµ

]
(t, x)− νj(x)Q̃t

[
n∑

h=1

Mhi[νh], gµ

]
(t, x)

+νi(x)

n∑

h=1

Mhj [νh](x)Q̃t[g, µ](t, x)− νj(x)

n∑

h=1

Mhi[νh](x)Q̃t[g, µ](t, x)

−νi(x)
n∑

s=1

Qs

[
g, νsνj

∂µ

∂t

]
(t, x) + νj(x)

n∑

s=1

Qs

[
g, νsνi

∂µ

∂t

]
(t, x),

for all (t, x) ∈ ∂TΩ and for all i, j ∈ {1, . . . , n}.
Proof. Let R ∈]0,+∞[ be such that cl Ω ⊆ Bn(0, R). Let ‘ ·̃ ’ be an extension operator as in
Lemma 1.3, defined on C1,α(∂Ω).

First we fix β ∈]0, α[ and we prove formula (2.28) under the additional assumption that

µ ∈ C
2+β
2

;2+β(∂TΩ).

By Lemma 2.7 (ii) we already know that Q̃]t[g̃, µ](t, ·) belongs to C1(cl Ω) for all t ∈ ]−∞, T [.
Next we fix (t, x) ∈ ΩT and we compute

M ]
ij [Q̃

]
t[g̃, µ]](t, x) = ν̃i(x)

∂

∂xj
Q̃]t[g̃, µ](t, x)− ν̃j(x)

∂

∂xi
Q̃]t[g̃, µ](t, x) ,

(see (2.17) for the definition of M ]
ij [·]). First we note that Lemma A.5 of Appendix A implies

that ∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂t
Φn(t− τ, x− y)µ(t, y) dσydτ = 0 .
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Accordingly, by classical differentiation theorems for integrals depending on a parameter, we
have

∂

∂xi
Q̃]t[g̃, µ](t, x) (2.29)

=

∫ t

−∞

∫

∂Ω

∂g̃

∂xi
(x)

∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

+

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂2

∂xi∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ.

Since
∑n

h=1 ν
2
h = 1 on ∂Ω, we have

∂

∂xi
Q̃]t[g̃, µ](t, x)

=

∫ t

−∞

∫

∂Ω

∂g̃

∂xi
(x)

∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

−
∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

n∑

h=1

ν2h(y)
∂

∂yi

(
∂

∂t
Φn(t− τ, x− y)

)
µ(τ, y) dσydτ

=

∫ t

−∞

∫

∂Ω

∂g̃

∂xi
(x)

∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

−
∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

n∑

h=1

[(
νh(y)

∂

∂yi
− νi(y)

∂

∂yh

)(
∂

∂t
Φn(t− τ, x− y)

)]

× µ(τ, y)νh(y) dσydτ

−
∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

n∑

h=1

[
νh(y)

∂

∂yh

(
∂

∂t
Φn(t− τ, x− y)

)]

× νi(y)µ(τ, y) dσydτ.

By the consequence of the Divergence Theorem of Lemma 1.4, the second integral in the right
hand side takes the following form

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

n∑

h=1

[(
νh(y)

∂

∂yi
− νi(y)

∂

∂yh

)(
∂

∂t
Φn(t− τ, x− y)

)]

× µ(τ, y)νh(y) dσydτ

=

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

n∑

h=1

Mhi,y

[
∂

∂t
Φn(t− τ, x− y)

]
µ(τ, y)νh(y) dσydτ

=
n∑

h=1

∫ t

−∞

∫

∂Ω
Mhi,y[g̃(y)]

∂

∂t
Φn(t− τ, x− y)µ(τ, y)νh(y) dσydτ

−
n∑

h=1

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂t
Φn(t− τ, x− y)Mhi,y [µ(τ, y)νh(y)] dσydτ.

Accordingly, we have that

∂

∂xi
Q̃]t[g̃, µ](t, x)
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=
∂g̃

∂xi
(x)

∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

−
n∑

h=1

∫ t

−∞

∫

∂Ω
Mhi,y[g̃(y)]

∂

∂t
Φn(t− τ, x− y)µ(τ, y)νh(y) dσydτ

+

n∑

h=1

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂t
Φn(t− τ, x− y)Mhi,y[µ(τ, y)νh(y)] dσydτ

−
∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂t

(
∂

∂ν(y)
Φn(t− τ, x− y)

)
νi(y)µ(τ, y) dσydτ.

Thus,

M ]
ij [Q̃

]
t[g̃, µ]](t, x) (2.30)

=M ]
ij [g̃](x)

∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

+
n∑

h=1

∫ t

−∞

∫

∂Ω
{−ν̃i(x)Mhj,y[g̃(y)] + ν̃j(x)Mhi,y[g̃(y)]}

× ∂

∂t
Φn(t− τ, x− y)µ(τ, y)νh(y) dσydτ

+

n∑

h=1

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂t
Φn(t− τ, x− y)

×
{
ν̃i(x)Mhj,y[µ(τ, y)νh(y)]− ν̃j(x)Mhi,y[µ(τ, y)νh(y)]

}
dσydτ

+

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂t

(
∂

∂ν(y)
Φn(t− τ, x− y)

)

× {ν̃j(x)νi(y)− ν̃i(x)νj(y)}µ(τ, y) dσydτ.

By the identities (2.20) and (2.21) we rewrite the sum of the first two terms in the right hand
side of (2.30) in the following form

M ]
ij [g̃](x)

∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ (2.31)

+
n∑

h=1

∫ t

−∞

∫

∂Ω
{−ν̃i(x)Mhj,y[g̃(y)] + ν̃j(x)Mhi,y[g̃(y)]}

× ∂

∂t
Φn(t− τ, x− y)µ(τ, y)νh(y) dσydτ

=

∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

× ν̃i(x)

(
∂g̃

∂xj
(x)− (Dg̃(x) · ν̃(x))ν̃j(x)

)

−
∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

× ν̃j(x)

(
∂g̃

∂xi
(x)− (Dg̃(x) · ν̃(x))ν̃i(x)

)

− ν̃i(x)

∫ t

−∞

∫

∂Ω

(
∂g̃

∂xj
(y)− (Dg̃(y) · ν̃(y))ν̃j(y)

)
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× ∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

+ ν̃j(x)

∫ t

−∞

∫

∂Ω

(
∂g̃

∂xi
(y)− (Dg̃(y) · ν̃(y))ν̃i(y)

)

× ∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

=ν̃i(x)

∫ t

−∞

∫

∂Ω

[(
∂g̃

∂xj
(x)− (Dg̃(x) · ν̃(x))ν̃j(x)

)

−
(
∂g̃

∂xj
(y)− (Dg̃(y) · ν̃(y))ν̃j(y)

)]

× ∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

− ν̃j(x)

∫ t

−∞

∫

∂Ω

[(
∂g̃

∂xi
(x)− (Dg̃(x) · ν̃(x))ν̃i(x)

)

−
(
∂g̃

∂xi
(y)− (Dg̃(y) · ν̃(y))ν̃i(y)

)]

× ∂

∂t
Φn(t− τ, x− y)µ(τ, y) dσydτ

=ν̃i(x)Q̃
]
t

[
∂g̃

∂xj
− (Dg̃ · ν̃)ν̃j , µ

]
(t, x)− ν̃j(x)Q̃

]
t

[
∂g̃

∂xi
− (Dg̃ · ν̃)ν̃i, µ

]
(t, x).

Now we consider the third term in the right hand side of formula (2.30).

n∑

h=1

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂t
Φn(t− τ, x− y) (2.32)

× {ν̃i(x)Mhj,y[µ(τ, y)νh(y)]− ν̃j(x)Mhi,y[µ(τ, y)νh(y)]} dσydτ

=ν̃i(x)Q̃
]
t

[
g̃,

n∑

h=1

Mhj [νhµ]

]
(t, x)− ν̃j(x)Q̃

]
t

[
g̃,

n∑

h=1

Mhi[νhµ]

]
(t, x).

Next we consider the first term in the right hand side of (2.32) and we note that

ν̃i(x)Q̃
]
t

[
g̃,

n∑

h=1

Mhj [νhµ]

]
(t, x)

=ν̃i(x)Q̃
]
t

[
g̃,

n∑

h=1

Mhj [νh]µ

]
(t, x) + ν̃i(x)Q̃

]
t

[
g̃,

n∑

h=1

Mhj [µ]νh

]
(t, x)

− ν̃i(x)

n∑

h=1

M ]
hj [ν̃h](x)Q̃

]
t[g̃, µ](t, x) + ν̃i(x)

n∑

h=1

M ]
hj [ν̃h](x)Q̃

]
t[g̃, µ](t, x),

and that the definition of Q̃]t[·, ·] implies that

ν̃i(x)Q̃
]
t

[
g̃,

n∑

h=1

Mhj [νh]µ

]
(t, x)− ν̃i(x)

n∑

h=1

M ]
hj [ν̃h](x)Q̃

]
t[g̃, µ](t, x)

=− ν̃i(x)g̃(x)Q̃
]
t

[
n∑

h=1

M ]
hj [ν̃h], µ

]
(t, x) + ν̃i(x)Q̃

]
t

[ n∑

h=1

M ]
hj [ν̃h], gµ

]
(t, x),
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and that corresponding equalities can be written for the second term in the right hand side of
(2.32). Hence, we deduce that the right hand side of formula (2.32) equals

ν̃i(x)Q̃
]
t

[
g̃,

n∑

h=1

νhMhj [µ]

]
(t, x)− ν̃j(x)Q̃

]
t

[
g̃,

n∑

h=1

νhMhi[µ]

]
(t, x) (2.33)

− ν̃i(x)g̃(x)Q̃
]
t

[
n∑

h=1

M ]
hj [ν̃h], µ

]
(t, x) + ν̃j(x)g̃(x)Q̃

]
t

[
n∑

h=1

M ]
hi[ν̃h], µ

]
(t, x)

+ ν̃i(x)Q̃
]
t

[ n∑

h=1

M ]
hj [νh], gµ

]
(t, x)− ν̃j(x)Q̃

]
t

[ n∑

h=1

M ]
hi[ν̃h], gµ

]
(t, x)

+ ν̃i(x)

n∑

h=1

M ]
hj [ν̃h](x)Q̃

]
t[g̃, µ](t, x)− ν̃j(x)

n∑

h=1

M ]
hi[ν̃h](x)Q̃

]
t[g̃, µ](t, x).

Next we consider the last integral in the right hand side of formula (2.30). By integration by
parts, we have

∫ t

−∞

∫

∂Ω
(g̃(x)− g̃(y))

∂

∂t

(
∂

∂ν(y)
Φn(t− τ, x− y)

)
(2.34)

× {ν̃j(x)νi(y)− ν̃i(x)νj(y)}µ(τ, y) dσydτ

=ν̃j(x)
n∑

s=1

Q]s[g̃, νsνi∂tµ](t, x)− ν̃i(x)
n∑

s=1

Q]s[g̃, νsνj∂tµ](t, x).

Then by combining formulas (2.30), (2.31), (2.33) and (2.34), we obtain that the formula

M ]
ij [Q̃

]
t[g̃, µ]](t, x) (2.35)

= ν̃i(x)Q̃
]
t

[
∂g̃

∂xj
− (Dg̃ · ν̃)ν̃j , µ

]
(t, x)− ν̃j(x)Q̃

]
t

[
∂g̃

∂xi
− (Dg̃ · ν̃)ν̃i, µ

]
(t, x)

+ ν̃i(x)Q̃
]
t

[
g̃,

n∑

h=1

νhMhj [µ]

]
(t, x)− ν̃j(x)Q̃

]
t

[
g̃,

n∑

h=1

νhMhi[µ]

]
(t, x)

− ν̃i(x)g̃(x)Q̃
]
t

[
n∑

h=1

M ]
hj [ν̃h], µ

]
(t, x) + ν̃j(x)g̃(x)Q̃

]
t

[
n∑

h=1

M ]
hi[ν̃h], µ

]
(t, x)

+ ν̃i(x)Q̃
]
t

[
n∑

h=1

M ]
hj [ν̃h], gµ

]
(t, x)− ν̃j(x)Q̃

]
t

[
n∑

h=1

M ]
hi[ν̃h], gµ

]
(t, x)

+ ν̃i(x)

n∑

h=1

M ]
hj [ν̃h](x)Q̃

]
t[g̃, µ](t, x)− ν̃j(x)

n∑

h=1

M ]
hi[ν̃h](x)Q̃

]
t[g̃, µ](t, x)

− ν̃i(x)

n∑

s=1

Q]s[g̃, νsνj∂tµ](t, x) + ν̃j(x)

n∑

s=1

Q]s[g̃, νsνi∂tµ](t, x),

holds for all (t, x) ∈ ΩT . Now, under our assumptions, the first argument of the terms Q̃]t, Q
]
s,

which appear in the right hand side of formula (2.35) belongs to C0,α(cl Ω), and the second

argument of the terms Q]s, which appear in the right hand side of formula (2.35) belongs

to C
β
2
;β(∂TΩ), and the second argument of the terms Q̃]t, which appear in the right hand
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side of formula (2.26) belongs to C
1+β
2

;1+β(∂TΩ). Then Lemma 2.6 (i) and Lemma 2.7 (i)
imply that the right hand side of formula (2.35) defines a continuous function of the variable
(t, x) ∈ cl ΩT . Since Ω is of class C2,α and g̃ ∈ C1,α(cl Ω), and since we are assuming that

µ ∈ C
2+β
2

;2+β(∂TΩ), Lemma 2.7 (ii) implies that M ]
ij [Q̃

]
t[g̃, µ]] ∈ C0(cl ΩT ). Hence, formula

(2.35) must hold for all (t, x) ∈ cl ΩT and thus in particular for all (t, x) ∈ ∂TΩ. Clearly

M ]
ij [·]|∂Ω = Mij [·]. Moreover Q]r[·, ·]|∂TΩ = Qr[·, ·] and Q̃]t[·, ·]|∂TΩ = Q̃t[·, ·] (cf. equalities

(2.14) and (2.15), respectively). Then we can conclude that (2.28) holds under the assumption

that µ ∈ C
2+β
2

;2+β(∂TΩ) .
Now let µ ∈ C1;2(∂TΩ). We consider only the case T = +∞. Indeed the case T < +∞

can be treated similarly. We fix t ∈ ]−∞, T [ and we consider

η1, η2, η3 ∈ C∞
b (R)

such that

i)
∑3

i=1 ηi = 1;

ii) 0 ≤ ηi ≤ 1 for all i = 1, 2, 3;

iii) supp (η1) ⊆]−∞, t− 1[, supp (η2) ⊆]t− 2, t+ 2[ and supp (η3) ⊆]t+ 1,+∞[.

Then we set
µi(τ, x) = µ(τ, x)ηi(τ) ∀ (τ, x) ∈ ∂TΩ, ∀ i = 1, 2, 3.

Clearly
µ(τ, x) = µ1(τ, x) + µ2(τ, x) + µ3(τ, x) ∀ (τ, x) ∈ ∂TΩ.

We denote by P̃ijt[g, µ] the right hand side of (2.28). We now show that the weak Mij-
derivative of Q̃t[g, µ2] coincides with P̃ijt[g, µ2]. Since µ2 has compact support, by considering
an extension of µ2 of class C1;2 with compact support in R

n+1 (see Ladyženskaja, Solonnikov
and Ural’ceva [58, Chapter 1.1, pp 9–10]) and by considering a sequence of mollifiers of
such an extension, and by taking the restriction to ∂TΩ, we conclude that there exists a

sequence of functions {µ2l}l∈N in C
2+α
2

;2+α(∂TΩ) such that µ2l converges to µ2 in C1;2(∂TΩ).
Next we note that Remarks 1.9, 1.10 and Theorems 1.27 and 1.30 (ii) and the continuity of
the pointwise product in Schauder spaces, imply that the operators Q̃t[g, ·] and P̃ijt[g, ·] are
continuous from C1;2(∂TΩ) to C0

b (∂TΩ). Moreover we note that (2.28) holds for µ2l. Then, if
ψ ∈ C1(∂Ω), we have that

∫

∂Ω
Q̃t[g, µ2](t, y)Mij [ψ](y) dσy

= lim
l→∞

∫

∂Ω
Q̃t[g, µ2l](t, y)Mij [ψ](y) dσy

=− lim
l→∞

∫

∂Ω
Mij [Q̃t[g, µ2l]](t, y)ψ(y) dσy

=− lim
l→∞

∫

∂Ω
P̃ijt[g, µ2l](t, y)ψ(y) dσy

=−
∫

∂Ω
P̃ijt[g, µ2](t, y)ψ(y)dσy.

Hence P̃ijt[g, µ2](t, ·) coincides with the weak Mij-derivative of Q̃t[g, µ2](t, ·) for all i, j ∈
{1, . . . , n}. Since both P̃ijt[g, µ2] and Q̃t[g, µ2] are continuous functions, it follows that
Q̃t[g, µ2](t, ·) ∈ C1(∂Ω) and that Mij [Q̃t[g, µ2]](t, ·) = P̃ijt[g, µ2](t, ·) classically on ∂Ω.
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Moreover Mij [Q̃t[g, µ1]](t, ·) = P̃ijt[g, µ1](t, ·) on ∂Ω. Indeed µ1(τ, ·) = 0 for all τ ∈
]t− 1,+∞[ and then the integral operators involved show no singularities and accordingly
formulas (2.29)–(2.35) hold with µ replaced with µ1 by classical differentiation theorems for
integrals depending on a parameter.

Finally, since µ3(τ, ·) = 0 for all τ ∈] − ∞, t + 1[ the definition of Qr[·, ·] and Q̃t[·, ·]
implies that Mij [Q̃t[g, µ3]](t, ·) = P̃ijt[g, µ3](t, ·) = 0 on ∂Ω. Accordingly, we can conclude
that Mij [Q̃t[g, µ]] = P̃ijt[g, µ] on ∂TΩ.

Then we have the following lemma about the time derivative of Q̃t[·, ·].

Lemma 2.11. Let α ∈]0, 1[. Let T ∈]−∞,+∞]. Let Ω be a bounded open subset of Rn of
class C3. Let g ∈ C0,α(∂Ω) and µ ∈ C

3
2
;3(∂TΩ). Then Q̃t[g, µ] is continuously differentiable

with respect to t and the following formula holds.

∂

∂t
Q̃t[g, µ](t, x) = Q̃t[g, ∂tµ](t, x) ∀ (t, x) ∈ ∂TΩ. (2.36)

Proof. We note that

Q̃t[g, µ](t, x)

=

∫ t

−∞

∫

∂Ω
(g(x)− g(y))

∂

∂t
Φn(t− τ, x− y)(µ(τ, y)− µ(t, y)) dσydτ

=

∫ +∞

0

∫

∂Ω
(g(x)− g(y))

∂

∂t
Φn(τ, x− y)(µ(t− τ, y)− µ(t, y)) dσydτ,

for all (t, x) ∈ ∂TΩ. Lemma 1.17 (i) implies that

C1,0,∂Ω = sup
(t,x)∈]0,+∞[×Rn,
|x|≤diam (∂Ω)

|∂tΦn(t, x)|t
n
2
+1e

|x|2

8t < +∞ ,

and thus
∣∣∣∣(g(x)− g(y))

∂

∂t
Φn(τ, x− y)(∂tµ(t− τ, y)− ∂tµ(t, y))

∣∣∣∣

≤C1,0,∂Ω‖g‖C0,α(∂Ω)‖∂tµ‖C 1
2 ;1(∂TΩ)

|x− y|ατ−n+1
2 e−

|x−y|2

8τ ,

for all (t, x) ∈ ∂TΩ, and for all (τ, y) ∈]0,+∞[×∂Ω. Moreover, the change of variable
u|x− y|2 = 4τ implies that

∫ +∞

0

∫

∂Ω
|x− y|ατ−n+1

2 e−
|x−y|2

8τ dσydτ

=8
n−1
2

∫ +∞

0
u−

n+1
2 e−

1
udu

∫

∂Ω

1

|x− y|n−1−α
dσy,

for all x ∈ ∂Ω. Accordingly, Lemma 1.13 (i) implies that there exists a constant c′Ω,n−1−α > 0
such that

∫ +∞

0

∫

∂Ω
|x− y|ατ−n+1

2 e−
|x−y|2

8τ dσydτ ≤ 8
n−1
2 Γ

(
n− 1

2

)
c′Ω,n−1−α ,

for all x ∈ ∂Ω. Then the statement follows by classical differentiation theorems for integrals
depending on a parameter.
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Exploiting the lower order mapping properties of the operators Qr[·, ·] and Q̃t[·, ·] of
Theorems 1.27, 1.30 and 1.33, and the formulas for their time and tangential derivatives (2.16),
(2.27), (2.28) and (2.36), we can prove the following result about the mapping properties
in parabolic Schauder spaces of the operators Qr[·, ·] and Q̃t[·, ·]. The proof is based on an
induction argument.

Theorem 2.12. Let r ∈ {1, . . . , n}. Let α ∈]0, 1[, β ∈]0, α[, m ∈ N \ {0}, T ∈] −∞,+∞].
Let Ω be a bounded open subset of Rn of class Cm,α. Then the following statements hold.

(i) The operator Qr from Cm−1,α(∂Ω)× C
m−1

2
;m−1(∂TΩ) to C

m−1+β
2

;m−1+β(∂TΩ), which
takes (g, µ) to Qr[g, µ], is bilinear and continuous.

(ii) The operator Q̃t from Cm−1,α(∂Ω)× C
m
2
;m(∂TΩ) to C

m−1+β
2

;m−1+β(∂TΩ), which takes
(g, µ) to Q̃t[g, µ], is bilinear and continuous.

(iii) The operator Qr from Cm−1,α(∂Ω) × C
m−1+β

2
;m−1+β(∂TΩ) to C

m−1+α
2

;m−1+α(∂TΩ),
which takes (g, µ) to Qr[g, µ], is bilinear and continuous.

(iv) The operator Q̃t from Cm−1,α(∂Ω)× C
m+β

2
;m+β(∂TΩ) to C

m−1+α
2

;m−1+α(∂TΩ), which
takes (g, µ) to Q̃t[g, µ], is bilinear and continuous.

Proof. We first prove both statement (i) and statement (ii) at the same time. We proceed by
induction on m. The case m = 1 for the operator Qr follows from Theorem 1.27, and for the
operator Q̃t follows from Theorem 1.30 (ii).

We now consider case m = 2. The continuity of Qr follows by the continuity of Qr with
values into C0

b (∂TΩ) which follows by case m = 1, and by the continuity of the operator

Qr with values in C
0, 1+β

2
b (]−∞, T [, C0(∂Ω)) which follows by Theorem 1.33 (iii), and by

the continuity of Mij [Qr] with values in C
β
2
;β(∂TΩ), which follows by the formula (2.16) of

Lemma 2.8, and by case m = 1 for Qr and Q̃t and by the continuity of the pointwise product
in Schauder spaces and by Remarks 1.9 and 1.10. By the same arguments, the continuity
of the pointwise product in Schauder spaces, Remarks 1.9 and 1.10, Theorem 1.30 (iii), and
formula (2.28) of Lemma 2.10 and case m = 1 imply the validity of the statement for the
operator Q̃t.

We now prove that if statements (i) and (ii) hold for all m′ ≤ m and m ≥ 2, then they
hold for m+ 1. It suffices to prove that the following three statements hold.

(j) Qr is continuous from Cm,α(∂Ω)× C
m
2
;m(∂TΩ) to C0

b (∂TΩ) and Q̃t is continuous from

Cm,α(∂Ω)× C
m+1

2
;m+1(∂TΩ) to C0

b (∂TΩ).

(jj) Mij [Qr] is continuous from Cm,α(∂Ω) × C
m
2
;m(∂TΩ) to C

m−1+β
2

;m−1+β(∂TΩ), and

Mij [Q̃t] is continuous from Cm,α(∂Ω)×C
m+1

2
;m+1(∂TΩ) to C

m−1+β
2

;m−1+β(∂TΩ) for all
i, j ∈ {1, . . . , n}.

(jjj) ∂
∂tQr is continuous from Cm,α(∂Ω)× C

m
2
;m(∂TΩ) to C

m−2+β
2

;m−2+β(∂TΩ), and ∂
∂tQ̃t is

continuous from Cm,α(∂Ω)× C
m+1

2
;m+1(∂TΩ) to C

m−2+β
2

;m−2+β(∂TΩ).

Statement (j) holds by statements (i), (ii) with m = 1 and by Remark 1.10. We now consider
statement (jj). The continuity of the pointwise product in Schauder spaces, Remarks 1.9 and
1.10, Lemma 2.8 and inductive assumption imply the validity of the statement (jj) for the
operator Qr. By the same argument, the continuity of the pointwise product in Schauder
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spaces, Remarks 1.9 and 1.10, Lemma 2.10 and the inductive assumption imply the validity
of the statement (jj) for the operator Q̃t.

Next we consider statement (jjj). Remarks 1.9 and 1.10 and Lemma 2.9 imply the validity
of statement (jjj) for the operator Qr. By the same argument, Remarks 1.9 and 1.10 and
Lemma 2.11 imply the validity of statement (jjj) for the operator Q̃t. Accordingly the proof
of statements (i) and (ii) is complete.

The proof of statements (iii) and (iv) follows the line of the proof of statements (i) and
(ii), by replacing the use of Theorems 1.27, 1.33 (iii), 1.30 (ii) by that of Theorems 1.33 (i),
1.33 (ii), 1.30 (i), respectively.

2.4 Tangential derivatives of the double layer heat potential

In this section we prove a new explicit formula for the tangential derivatives of the double
layer heat potential, in terms of the operators Qr[·, ·] and Q̃t[·, ·]. Such a formula enables to
exploit an induction argument in order to show the regularizing properties for w[∂TΩ, ·]|∂TΩ
that we prove in the next section.

Theorem 2.13. Let α ∈]0, 1[, T ∈]−∞,+∞]. Let Ω be a bounded open subset of Rn of class
C1,α. Let µ ∈ C

1
2
;1(∂TΩ). Then w[∂TΩ, µ]|∂TΩ(t, ·) ∈ C1(∂Ω) for all t ∈ ]−∞, T [. Moreover

the following formula holds.

Mij [w[∂TΩ, µ]|∂TΩ](t, x) =
n∑

r=1

{
Qr[νi,Mjr[µ]](t, x)−Qr[νj ,Mir[µ]](t, x)

}
(2.37)

+ νi(x)Q̃t[νj , µ](t, x)− νj(x)Q̃t[νi, µ](t, x)

+ w[∂TΩ,Mij [µ]]|∂TΩ(t, x),

for all (t, x) ∈ ∂TΩ and for all i, j ∈ {1, . . . , n}.

Proof. Let R ∈]0,+∞[ be such that cl Ω ⊆ Bn(0, R). Let ‘ ·̃ ’ be an extension operator as in
Lemma 1.3, defined on C1,α(∂Ω).

First we fix β ∈]0, α[ and we prove formula (2.37) under the additional assumption that

µ ∈ C
1+β
2

;1+β(∂TΩ).

We first note that by Theorem 2.1 (ii) we have that w+[∂TΩ, µ] ∈ C
1+β
2

;1+β(cl ΩT ). Next we
fix (t, x) ∈ ΩT and we compute

M ]
ij [w

+[∂TΩ, µ]](t, x) = ν̃i(x)
∂

∂xj
w+[∂TΩ, µ](t, x)− ν̃j(x)

∂

∂xi
w+[∂TΩ, µ](t, x).

By formula (2.24), by the consequence of the Divergence Theorem of Lemma 1.4 and by
classical differentiation theorems for integrals depending on a parameter, we have that

∂

∂xi
w+[∂TΩ, µ](t, x) =

n∑

r=1

∂

∂xr
v+[∂TΩ,Mir[µ]](t, x)−

∂

∂t
v+[∂TΩ, νiµ](t, x).

Then by the obvious identity

−ν̃i(x)νj(y) + ν̃j(x)νi(y) = ν̃i(x)(ν̃j(x)− νj(y))− ν̃j(x)(ν̃i(x)− νi(y)),
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for all y ∈ ∂Ω, and by Lemma A.5, we have that

M ]
ij [w

+[∂TΩ, µ]](t, x) (2.38)

=

n∑

r=1

{
ν̃i(x)

∂

∂xr
v+[∂TΩ,Mjr[µ]](t, x)− ν̃j(x)

∂

∂xr
v+[∂TΩ,Mir[µ]](t, x)

}

+ ν̃i(x)Q̃
]
t[ν̃j , µ](t, x)− ν̃j(x)Q̃

]
t[ν̃i, µ](t, x).

Now under our assumptions, Theorems 2.1 (ii), 2.2 (ii), (iii) and Lemma 2.7 (i) imply that
both sides of (2.38) define continuous functions in cl ΩT and then (2.38) must hold for all
(t, x) ∈ cl ΩT . In particular (2.38) holds for all (t, x) ∈ ∂TΩ. Now we fix (t, x) ∈ ∂TΩ. Then
the jump relation (2.3) for the double layer heat potential and equality (2.38) in ∂TΩ imply
that

Mij [w[∂TΩ,µ]|∂TΩ](t, x)

=
1

2
Mij [µ](t, x) +Mij [w

+[∂TΩ, µ]](t, x)

=
1

2
Mij [µ](t, x)

+
n∑

r=1

{
νi(x)

∂

∂xr
v+[∂TΩ,Mjr[µ]](t, x)− νj(x)

∂

∂xr
v+[∂TΩ,Mir[µ]](t, x)

}

+ νi(x)Q̃t[νj , µ](t, x)− νj(x)Q̃t[νi, µ](t, x).

Then the jump relation (2.6) for the derivatives of the single layer heat potential implies that

Mij [w[∂TΩ,µ]|∂TΩ](t, x) = (2.39)

=
1

2
Mij [µ](t, x) +

1

2

{ n∑

r=1

Mjr[µ](t, x)νr(x)νi(x)−
n∑

r=1

Mir[µ](t, x)νr(x)νj(x)
}

+

n∑

r=1

{
νi(x)

∫ t

−∞

∫

∂Ω

∂

∂xr
Φn(t− τ, x− y)Mjr[µ](τ, y)dσydτ

− νj(x)

∫ t

−∞

∫

∂Ω

∂

∂xr
Φn(t− τ, x− y)Mir[µ](τ, y)dσydτ

}

+ νi(x)Q̃t[νj , µ](t, x)− νj(x)Q̃t[νi, µ](t, x).

We now consider the second term in the right hand side of formula (2.39).

n∑

r=1

Mjr[µ](t, x)νr(x)νi(x)−
n∑

r=1

Mir[µ](t, x)νr(x)νj(x) (2.40)

=

n∑

r=1

[
νj(x)

∂µ̃

∂xr
(t, x)νr(x)νi(x)− ν2r (x)

∂µ̃

∂xj
(t, x)νi(x)

− νi(x)
∂µ̃

∂xr
(t, x)νr(x)νj(x) + ν2r (x)

∂µ̃

∂xi
(t, x)νj(x)

]

=−Mij [µ](t, x).

Next consider the third term in the right hand side of formula (2.39). We observe that

νi(x)Mjr[µ](τ, y)−νj(x)Mir[µ](τ, y)
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=
(
νi(x)Mjr[µ](τ, y)− νi(y)Mjr[µ](τ, y)

)

+
(
νi(y)Mjr[µ](τ, y)− νj(y)Mir[µ](τ, y)

)

+
(
νj(y)Mir[µ](τ, y)− νj(x)Mir[µ](τ, y)

)
,

for all (τ, y) ∈ ∂TΩ. Moreover

νi(y)Mjr[µ](τ, y)−νj(y)Mir[µ](τ, y)

=νi(y)νj(y)
∂µ̃

∂yr
(τ, y)− νi(y)νr(y)

∂µ̃

∂yj
(τ, y)

− νi(y)νj(y)
∂µ̃

∂yr
(τ, y) + νj(y)νr(y)

∂µ̃

∂yi
(τ, y)

=− νr(y)Mij [µ](τ, y),

for all (τ, y) ∈ ∂TΩ. Then

n∑

r=1

{
νi(x)

∫ t

−∞

∫

∂Ω

∂

∂xr
Φn(t− τ, x− y)Mjr[µ](τ, y)dσydτ (2.41)

− νj(x)

∫ t

−∞

∫

∂Ω

∂

∂xr
Φn(t− τ, x− y)Mir[µ](τ, y)dσydτ

}

=
n∑

r=1

{Qr[νi,Mjr[µ]](t, x)−Qr[νj ,Mir[µ]](t, x)}

+ w[∂TΩ,Mij [µ]](t, x).

Then equalities (2.39), (2.40) and (2.41) imply that

Mij [w[∂TΩ,µ]|∂TΩ](t, x) (2.42)

=
n∑

r=1

{
Qr[νi,Mjr[µ]](t, x)−Qr[νj ,Mir[µ]](t, x)

}

+ νi(x)Q̃t[νj , µ](t, x)− νj(x)Q̃t[νi, µ](t, x)

+ w[∂TΩ,Mij [µ]|∂TΩ](t, x),

and then (2.37) holds true for µ ∈ C
1+β
2

;1+β(∂TΩ).

Now let µ ∈ C
1
2
;1(∂TΩ). We consider only the case T = +∞. Indeed case the T < +∞

can be treated similarly. We fix t ∈ ]−∞, T [ and we consider

η1, η2, η3 ∈ C∞
b (R)

such that

i)
∑3

i=1 ηi = 1;

ii) 0 ≤ ηi ≤ 1 for all i = 1, 2, 3;

iii) supp (η1) ⊆]−∞, t− 1[, supp (η2) ⊆]t− 2, t+ 2[ and supp (η3) ⊆]t+ 1,+∞[.

Then we set

µi(τ, x) = µ(τ, x)ηi(τ) ∀ (τ, x) ∈ ∂TΩ, ∀ i = 1, 2, 3.
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Clearly
µ(τ, x) = µ1(τ, x) + µ2(τ, x) + µ3(τ, x) ∀ (τ, x) ∈ ∂TΩ.

We denote by Rij [µ] the right hand side of (2.37). We note that by Theorem 1.27, Theorem

1.30 (ii) and Theorem 2.4 (iii), Rij [·] and w[∂TΩ, ·] are continuous from C
1
2
;1(∂TΩ) to C0

b (∂TΩ).
We now show that the weak Mij-derivative of w[∂TΩ, µ2]|∂TΩ coincides with Rij [µ2]. Since µ2

has compact support, by considering an extension of µ2 of class C
1
2
;1 with compact support

in R
n+1 (see Ladyženskaja, Solonnikov and Ural’ceva [58, Chapter 1.1, pp 9–10]) and by

considering a sequence of mollifiers of such an extension, and by taking the restriction to ∂TΩ,

we conclude that there exists a sequence {µ2l}l∈N in C
1+α
2
,1+α(∂TΩ) such that µ2l converges

to µ2 in C
1
2
;1(∂TΩ). Moreover we note that (2.37) holds for µ2l. Then if ψ ∈ C1(∂Ω), we

have that
∫

∂Ω
w[∂TΩ, µ2]|∂TΩ(t, y)Mij [ψ](y) dσy

= lim
l→∞

∫

∂Ω
w[∂TΩ, µ2l]|∂TΩ(t, y)Mij [ψ](y) dσy

=− lim
l→∞

∫

∂Ω
Mij [w[∂TΩ, µ2l]|∂TΩ](t, y)ψ(y) dσy

=− lim
l→∞

∫

∂Ω
Rij [µ2l](t, y)ψ(y) dσy

=−
∫

∂Ω
Rij [µ2](t, y)ψ(y) dσy.

Hence Rij [µ2](t, ·) coincides with the weak Mij-derivative of w[∂TΩ, µ2]|∂TΩ(t, ·) for all i, j ∈
{1, . . . , n} on ∂Ω. Since both Rij [µ] and w[∂TΩ, µ] are continuous functions, it follows that
w[∂TΩ, µ]|∂TΩ(t, ·) ∈ C1(∂Ω) and that Mij [w[∂TΩ, µ]|∂TΩ](t, ·) = Rij [µ](t, ·) classically on ∂Ω.

Moreover Mij [w[∂TΩ, µ1]|∂TΩ](t, ·) = Rij [µ1](t, ·) in ∂Ω. Indeed µ1(τ, ·) = 0 for all
τ ∈]t − 1,+∞[ and thus the integral operators involved show no singularities and then
formulas (2.38)–(2.42) hold with µ replaced with µ1 by classical differentiation theorems for
integrals depending on a parameter.

Finally, since µ3(τ, ·) = 0 for all τ ∈]−∞, t+ 1[, the definitions of w[∂TΩ, ·]|∂TΩ, Qr[·, ·]
and Q̃t[·, ·] imply that Mij [w[∂TΩ, µ3]|∂TΩ](t, ·) = Rij [µ3](t, ·) = 0 in ∂Ω. Accordingly, we can
conclude that Mij [w[∂TΩ, µ]|∂TΩ] = Rij [µ] on ∂TΩ.

Finally, we have also the following lemma regarding the time derivative of w[∂TΩ, ·]|∂TΩ.

Theorem 2.14. Let α ∈]0, 1[. Let T ∈]−∞,+∞] and let Ω be a bounded open subset of Rn

of class C2. Let µ ∈ C1;2(∂TΩ). Then

∂

∂t
w[∂TΩ, µ]|∂TΩ(t, x) = w[∂TΩ, ∂tµ]|∂TΩ(t, x) ∀ (t, x) ∈ ∂TΩ.

Proof. We note that

w[∂TΩ, µ]|∂TΩ(t, x) =

∫ t

−∞

∫

∂Ω

∂

∂ν(y)
Φn(t− τ, x− y)µ(τ, y)dσydτ

=

∫ +∞

0

∫

∂Ω

∂

∂ν(y)
Φn(τ, x− y)µ(t− τ, y)dσydτ,

for all (t, x) ∈ ∂TΩ.
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Lemma 1.18 (i) implies that there exists a constant bΩ,α > 0 such that

∣∣∣∣
∂

∂ν(y)
Φn(τ, x− y)∂tµ(t− τ, y)

∣∣∣∣ ≤ ‖∂tµ‖C0
b
(∂TΩ)bΩ,α|x− y|1+ατ−n

2
−1e−

|x−y|2

4τ ,

for all (t, x) ∈ ∂TΩ, and for all (τ, y) ∈]0,+∞[×∂Ω. Moreover, the change of variable
u|x− y|2 = 4τ implies that

∫ +∞

0

∫

∂Ω
|x− y|1+ατ−n

2
−1e−

|x−y|2

4τ dσydτ

=4
n
2

∫ +∞

0
u−

n
2
−1e−

1
udu

∫

∂Ω

1

|x− y|n−1−α
dσy,

for all x ∈ ∂Ω. Accordingly, Lemma 1.13 (i) implies that there exists a constant c′Ω,n−1−α > 0
such that

∫ +∞

0

∫

∂Ω
|x− y|1+ατ−n

2
−1e−

|x−y|2

4τ dσydτ

≤4
n
2 Γ
(n
2

)
c′Ω,n−1−α,

for all x ∈ ∂Ω. Then the statement follows by classical differentiation theorems for integrals
depending on a parameter.

2.5 Regularizing properties of the double layer heat potential

w[∂TΩ, ·]|∂TΩ
Now, we are ready to prove the regularizing properties of w[∂TΩ, ·]|∂TΩ in parabolic Schauder
spaces. The strategy is to start from Theorem 2.5, which we use as the base case, and then
exploit the formulas for the derivatives of Theorems 2.13, 2.14, together with the mapping
properties of Qr[·, ·] and Q̃t[·, ·] of Theorem 2.12 in order to invoke an induction argument.

Theorem 2.15. Let α ∈]0, 1[, β ∈]0, α[, m ∈ N \ {0}, T ∈]−∞,+∞]. Let Ω be a bounded
open subset of Rn of class Cm,α. Then the following statements hold.

(i) The operator from C
m
2
;m(∂TΩ) to C

m+β
2

;m+β(∂TΩ) which takes µ to w[∂TΩ, µ]|∂TΩ is
linear and continuous.

(ii) The operator from C
m+β

2
;m+β(∂TΩ) to C

m+α
2

;m+α(∂TΩ) which takes µ to w[∂TΩ, µ]|∂TΩ
is linear and continuous.

Proof. We first prove statement (i). We proceed by induction on m. The case m = 1 follows
by the continuity of the pointwise product in Schauder spaces, by Remarks 1.9 and 1.10 on the
continuity of the differential operators and of the embeddings in parabolic Schauder spaces,
by formula (2.37) of Theorem 2.13 and by Theorems 2.4 (iii), 2.5 (iv) and 2.12 (i),(ii).

We now prove that if statement (i) holds for all m′ ≤ m and m ≥ 1, then it holds for
m+ 1. It suffices to prove that the following three statements hold.

(j) w[∂TΩ, ·]|∂TΩ is continuous from C
m+1

2
;m+1(∂TΩ) to C0

b (∂TΩ).

(jj) Mij [w[∂TΩ, ·]|∂TΩ] is continuous from C
m+1

2
;m+1(∂TΩ) to C

m+β
2

;m+β(∂TΩ) .
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(jjj) ∂
∂tw[∂TΩ, ·]|∂TΩ is continuous from C

m+1
2

;m+1(∂TΩ) to C
m−1+β

2
;m−1+β(∂TΩ).

Statement (j) holds by case m = 1 and by Remark 1.10 on the continuity of the embeddings in
parabolic Schauder spaces. We now consider statement (jj). The continuity of the pointwise
product in Schauder spaces, Remarks 1.9 and 1.10 on the continuity of the differential operators
and of the embeddings in parabolic Schauder spaces, Theorems 2.13, 2.12 (i),(ii) and the
inductive assumption imply the validity of the statement (jj). Next we consider statement (jjj).
Remarks 1.9 and 1.10 on the continuity of the differential operators and of the embeddings in
parabolic Schauder spaces, Theorem 2.14, and the inductive assumption imply the validity of
statement (jjj). Accordingly the proof of statement (i) is complete.

The proof of statement (ii) follows the line of the proof of statement (i), by replacing the
use of Theorems 2.4 (iii), 2.5 (iv) and 2.12 (i),(ii) by that of Theorems 2.5 (ii), 2.5 (iii), 2.12
(iii),(iv), respectively.

2.6 Regularizing properties of the integral operator w∗[∂TΩ, ·]
We now consider the regularizing properties of the operator w∗[∂TΩ, ·] (for the definition, see
(2.2)).

Theorem 2.16. Under the assumptions of Theorem 2.15, the following statements hold.

(i) The operator from C
m−1

2
;m−1(∂TΩ) to C

m−1+β
2

;m−1+β(∂TΩ) which takes µ to w∗[∂TΩ, µ]
is linear and continuous.

(ii) The operator from C
m−1+β

2
;m−1+β(∂TΩ) to C

m−1+α
2

;m−1+α(∂TΩ) which takes µ to
w∗[∂TΩ, µ] is linear and continuous.

Proof. First we note that

w∗[∂TΩ, µ](t, x) =

∫ t

−∞

∫

∂Ω

∂

∂ν(x)
Φn(t− τ, x− y)µ(τ, y)dσydτ (2.43)

=
n∑

i=1

∫ t

−∞

∫

∂Ω
νi(x)

∂

∂xi
Φn(t− τ, x− y)µ(τ, y)dσydτ

=
n∑

i=1

∫ t

−∞

∫

∂Ω
(νi(x)− νi(y))

∂

∂xi
Φn(t− τ, x− y)µ(τ, y)dσydτ

−
n∑

i=1

∫ t

−∞

∫

∂Ω
νi(y)

∂

∂yi
Φn(t− τ, x− y)µ(τ, y)dσydτ

=
n∑

i=1

Qi[νi, µ](t, x)− w[∂TΩ, µ]|∂TΩ(t, x),

for all (t, x) ∈ ∂TΩ.

We now consider statement (i). Case m = 1 follows by Theorems 2.12 (i), 2.4 (iii) and by
the previous formula (2.43). Case m > 1 follows by Theorems 2.12 (i), 2.15 (i) and by the
previous formula (2.43).

The proof of statement (ii) follows the lines of the proof of statement (i), by replacing the
use of Theorems 2.12 (i), 2.4 (iii), 2.15 (i) by that of Theorems 2.12 (iii), 2.5 (ii), 2.15 (ii)
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2.7 Compactness results for w[∂TΩ, ·]|∂Ω and w∗[∂TΩ, ·]
As a consequence of the regularizing properties of Theorem 2.15 and 2.16, in this section
we prove some compactness results for w[∂TΩ, ·]|∂TΩ and for w∗[∂TΩ, ·]. We start with the

following definition of a subspace of C
m+α

2
;m+α(∂Ω).

Let m ∈ N, α ∈]0, 1[, T ∈]0,+∞]. Let Ω be a bounded open subset of Rn of class Cm,α.
We set

C
m+α

2
;m+α

0 (∂TΩ) ≡
{
u ∈ C

m+α
2

;m+α(∂TΩ) : u(t, x) = 0 for all t ∈]−∞, 0], x ∈ ∂Ω
}
,

(2.44)

which we regard as a Banach subspace of C
m+α

2
;m+α(∂TΩ). The following compactness results

is a well known consequence of the Ascoli-Arzelà Theorem.

Lemma 2.17. Let m ∈ N, α ∈]0, 1[, β ∈ [0, α[, T ∈]0,+∞[. Let Ω be a bounded open subset

of Rn of class Cm,α. Then the embedding of C
m+α

2
;m+α

0 (∂TΩ) in C
m+β

2
;m+β

0 (∂TΩ) is compact.

Finally, we have the following immediate corollary of Theorems 2.15 and 2.16 and of
Lemma 2.17.

Corollary 2.18. Let α ∈]0, 1[, β ∈]0, α[, m ∈ N \ {0}, T ∈]0,+∞[. Let Ω be a bounded open
subset of Rn of class Cm,α. Then the following statements hold.

i) The linear operator w[∂TΩ, ·]|∂TΩ is compact from C
m
2
;m

0 (∂TΩ) to itself, and from

C
m+β

2
;m+β

0 (∂TΩ) to itself, and from C
m+α

2
;m+α

0 (∂TΩ) to itself.

ii) The linear operator w∗[∂TΩ, ·] is compact from C
m−1

2
;m−1

0 (∂TΩ) to itself, and from

C
m−1+β

2
;m−1+β

0 (∂TΩ) to itself, and from C
m−1+α

2
;m−1+α

0 (∂TΩ) to itself.
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CHAPTER 3

Periodic layer heat potentials

This Chapter is devoted to the study of space-periodic layer heat potentials and to the
application to the solution of some initial-boundary value problems for the heat equation
in parabolic cylinders defined as the product of a bounded time interval and an unbounded
periodically perforated domain.

In order to explain in more details the content of the present chapter we introduce some
notation. We fix once for all an n-tuple of positive real numbers

(q11, . . . , qnn) ∈ ]0,+∞[n

and we define the periodicity cell Q as

Q ≡
n∏

j=1

]0, qjj [.

Let D
+
n denotes the space of n× n diagonal matrices with entries in ]0,+∞[. Moreover, we

denote by q the element of D+
n defined by

q ≡




q11 0 · · · 0
0 q22 · · · 0
...

...
. . .

...
0 0 · · · qnn


 ,

and by mn(Q) the measure of the fundamental cell Q. Clearly

qZn ≡ {qz : z ∈ Z
n}

is the set of vertices of a periodic subdivision of Rn corresponding to the fundamental cell Q
(see Figure 3.1). Then we take

α ∈]0, 1[, m ∈ N \ {0}, T ∈]−∞,+∞],

and a bounded open subset Ω of Rn of class Cm,α such that

cl Ω ⊆ Q .

77
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q22

q11

Q

qZ2

Figure 3.1: The set qZn and the periodicity cell Q, in case n = 2.

Before defining the space-periodic layer heat potentials, we need a periodic analog of the
fundamental solution of the heat equation. To this aim, we introduce the function Φq,n from
(R× R

n) \ ({0} × qZn) to R defined by

Φq,n(t, x) ≡





∑
z∈Zn

1

(4πt)
n
2
e−

|x+qz|2

4t if (t, x) ∈]0,+∞[×R
n ,

0 if (t, x) ∈ (]−∞, 0]× R
n) \ ({0} × qZn) ,

(3.1)

and we refer to Theorem 3.5 (i) below for the convergence of the series. As it is known, Φq,n
represents a q-periodic analog of the (classical) fundamental solution for the heat equation
Φn (see, e.g., Pinsky [89, Chapter 4.2] for the case n = 1 and Bernstein, Ebert and Sören
Kraußhar [9] for n ≥ 2).

Then we are in the position to introduce the q-periodic in space layer heat potentials. Let
x0 ∈ Ω, then we set

vq[∂TΩ, µ](t, x) ≡
∫ +∞

−∞

∫

∂Ω
(Φq,n(t− τ, x− y)− Φq,n(0− τ, x0 − y))µ(τ, y) dσydτ (3.2)

∀ (t, x) ∈ (Rn)T ,

and

wq[∂TΩ, µ](t, x) ≡
∫ t

−∞

∫

∂Ω

∂

∂νΩ(y)
Φq,n(t− τ, x−y)µ(τ, y) dσydτ ∀ (t, x) ∈ (Rn)T , (3.3)

and

wq,∗[∂TΩ, µ](t, x) ≡
∫ t

−∞

∫

∂Ω

∂

∂νΩ(x)
Φq,n(t− τ, x− y)µ(τ, y) dσydτ ∀ (t, x) ∈ ∂TΩ,

(3.4)
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where the density (or moment) µ is a function in L∞(∂Ω).
The functions vq[∂TΩ, µ] and wq[∂TΩ, µ] are the q-periodic in space single and double layer

heat potential with density µ, respectively. The function wq,∗[∂TΩ, µ] is instead a function
related to the normal derivative of the q-periodic in space single layer potential vq[∂TΩ, µ].

Remark 3.1. We note that the above definition of single layer heat potential vq[∂TΩ, µ]
clearly depends on the choice of x0 ∈ Ω, even if we don’t make it explicit in the notation.
Indeed, a different choice would provide a single layer which differs from that with x0 by a
constant. We have defined the single layer potential in such a way because the kernel

Φq,n(t− ·, x− ·)

is not integrable in ]−∞, t]× ∂Ω, instead the kernel

Φq,n(t− ·, x− ·)− Φq,n(0− ·, x0 − ·)

is integrable in ]−∞, t]× ∂Ω.
However, we note that if T ∈]0,+∞] and suppµ ⊆ [0, T [ × ∂Ω (and this is the case

when one considers an initial-boundary value problem for the heat equation with zero initial
condition at t = 0), then the q-periodic single layer heat potential vq[∂TΩ, µ] no longer depends
on x0 and

vq[∂TΩ, µ](t, x) =

∫ t

0

∫

∂Ω
Φq,n(t− τ, x− y)µ(τ, y) dσydτ ∀ (t, x) ∈ [0, T [× R

n,

that is the periodic analog of the classical definition of single layer heat potential.

This chapter is organized as follows. In Section 3.1 we provide the definition of parabolic
Schauder spaces of space-periodic functions and the definition of some subspaces that we
need in our analysis. In Section 3.2 we prove a characterization for parabolic Schauder
spaces made of space-periodic functions. Section 3.3 is devoted to the q-periodic fundamental
solution of the heat equation Φq,n and we prove some properties of Φq,n. In Section 4 we
consider the q-periodic layer heat potentials vq[∂TΩ, ·] and wq[∂TΩ, ·], and we prove some
properties which are the periodic analog of the corresponding properties for classical layer heat
potentials, like continuity, Schauder regularity and jump relations. More precisely we prove an
analog of Theorems 2.1 and 2.2 in the periodic setting. Moreover, as the main result of this
section, we prove a regularizing property of wq[∂TΩ, ·]|∂TΩ and of wq,∗[∂TΩ, ·] on ∂TΩ under
the assumption that Ω is of class Cm,α. Such mapping properties are the periodic analog of
the regularizing properties we have proved in Chapter 2 for w[∂TΩ, ·]|∂TΩ and for w∗[∂TΩ, ·]
(see Theorems 2.15 and 2.16). As a corollary, in Section 3.5 we deduce some compactness
results for wq[∂TΩ, ·]|∂TΩ and for wq,∗[∂TΩ, ·] under the assumption that T < +∞. Finally,
in Section 3.6 we apply the results of the previous sections in order to solve three types of
boundary value problems for the heat equation in an unbounded periodic domain. More
precisely we consider the periodic version of a Dirichlet problem, of a Neumann problem, and
of a non-ideal transmission problem.

Some of the results of this chapter can be found in a paper by the author [75].

3.1 Parabolic Schauder spaces of periodic functions

We now introduce two subspaces of parabolic Schauder spaces that are useful in order
to consider initial-boundary value problems with zero initial condition at time t = 0. If
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T ∈]0,+∞], m ∈ N, α ∈ [0, 1[, and Ω is a subset of Rn, then we set

C
m+α

2
;m+α

0 (cl ΩT ) ≡
{
u ∈ C

m+α
2

;m+α(cl ΩT ) : u(t, x) = 0 for all t ∈]−∞, 0], x ∈ cl Ω
}
,

which we regard as a Banach subspace of C
m+α

2
;m+α(cl ΩT ). Moreover, as we have already

introduced in (2.44), we recall that if Ω is of class Cm,α, then

C
m+α

2
;m+α

0 (∂TΩ) ≡
{
u ∈ C

m+α
2

;m+α(∂TΩ) : u(t, x) = 0 for all t ∈]−∞, 0], x ∈ ∂Ω
}
,

which we regard as a Banach subspace of C
m+α

2
;m+α(∂TΩ).

Let D be a subset of Rn such that

x+ qei ∈ D ∀x ∈ D, ∀i ∈ {1, . . . , n},

where {e1, . . . , en} denotes the canonical basis of Rn. In this case we say that the set D is
q-periodic. We say that a function u from DT to C is q-periodic in space, or simply q-periodic,
if

u(t, x) = u(t, x+ qei) ∀ (t, x) ∈ DT , ∀ i ∈ {1, . . . , n}.

Let Ω be a bounded open subset of Rn such that cl Ω ⊆ Q. We now introduce two q-periodic
sets (see Figures 3.2, 3.4). We set

Sq[Ω] ≡
⋃

z∈Zn

(qz +Ω) = qZn +Ω.

Then we have that

Sq[Ω]
− = R

n \ cl Sq[Ω].

q22

q11

Q

Sq[Ω]

Figure 3.2: In gray the periodic set Sq[Ω] in case n = 2.
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q22

q11

QSq[Ω]
−

Figure 3.4: In gray the periodic set Sq[Ω]− in case n = 2.

q22

q11

Q∂S[Ω]

Figure 3.3: In gray the periodic set ∂Sq[Ω] in case n = 2.

Since we will consider space-periodic problems, we introduce the following subspaces of
parabolic Schauder spaces. Let T ∈]−∞,+∞], m ∈ N, and α ∈ [0, 1[. We set

C
m+α

2
;m+α

q (cl Sq[Ω]T ) ≡
{
u ∈ C

m+α
2

;m+α(cl Sq[Ω]T ) : u is q-periodic in space
}
, (3.5)
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which we regard as a Banach subspace of C
m+α

2
;m+α(cl Sq[Ω]T ), and

C
m+α

2
;m+α

q (cl Sq[Ω]
−
T ) ≡

{
u ∈ C

m+α
2

;m+α(cl Sq[Ω]
−
T ) : u is q-periodic in space

}
, (3.6)

which we regard as a Banach subspace of C
m+α

2
;m+α(cl Sq[Ω]

−
T ). If T ∈]0,+∞], then we can de-

fine C
m+α

2
;m+α

0,q (cl Sq[Ω]T ) and C
m+α

2
;m+α

0,q (cl Sq[Ω]
−
T ) replacing the spaces C

m+α
2

;m+α(cl Sq[Ω]T )

and C
m+α

2
;m+α(cl Sq[Ω]

−
T ) in the right hand side of (3.5) and (3.6), by C

m+α
2

;m+α

0 (cl Sq[Ω]T )

and C
m+α

2
;m+α

0 (cl Sq[Ω]
−
T ), respectively.

3.2 A characterization of parabolic Schauder spaces of periodic

functions

In this section we prove two auxiliary results concerning the q-periodic parabolic Schuader

spaces C
m+α

2
;m+α

q (cl Sq[Ω]T ) and C
m+α

2
;m+α

q (cl Sq[Ω]
−
T ). In the first lemma we prove that

when dealing with q-periodic Schauder functions in cl Sq[Ω]T , it suffices to consider Schauder
functions in cl ΩT . Next we prove a corresponding lemma for q-periodic Schauder functions
in cl Sq[Ω]

−
T . More precisely we show that when dealing with q-periodic Schauder functions

in cl Sq[Ω]
−
T , it suffices to work in a cylinder with as base a suitable neighborhood of the

periodicity cell Q. We start with the following.

Lemma 3.2. Let α ∈ [0, 1[, T ∈]−∞,+∞], m ∈ N. Let Ω be a bounded open subset of Rn of
class Cm,α such that cl Ω ⊆ Q. Then the restriction operator induces a linear homeomorphism

from C
m+α

2
;m+α

q (cl Sq[Ω]T ) onto C
m+α

2
;m+α(cl ΩT ).

Proof. The case m = 0, α = 0 is an obvious consequence of the q-periodicity of the functions
in the space C0;0

q (cl Sq[Ω]T ) and of the Open Mapping Theorem.

Next we consider the case m = 0, α ∈]0, 1[. Obviously if u ∈ C
α
2
;α

q (cl Sq[Ω]T ), then its
restriction u|cl ΩT belongs to C

α
2
;α(cl ΩT ). Conversely, if v ∈ C

α
2
;α(cl ΩT ) then there exists a

unique q-periodic function u from cl Sq[Ω]T to C such that v = u|cl ΩT and

|u(t1, x)− u(t2, x)| ≤ ‖v‖
C
α
2 ;α(cl ΩT )

|t1 − t2|
α
2 ∀ t1, t2 ∈ ]−∞, T [, ∀x ∈ cl Ω,

|u(t, x1)− u(t, x2)| ≤ ‖v‖
C
α
2 ;α(cl ΩT )

|x1 − x2|α ∀ t ∈ ]−∞, T [, ∀x1, x2 ∈ cl Ω.

Next we set

d ≡ inf{|x− y| : (x, y) ∈ cl Ω× (Rn \Q)}.

Clearly d > 0. By the q-periodicity of u we have that

|u(t1, x)− u(t2, x)| ≤ ‖v‖
C
α
2 ;α(cl ΩT )

|t1 − t2|
α
2 ∀ t1, t2 ∈ ]−∞, T [, ∀x ∈ cl Sq[Ω].

Moreover

|u(t, x1)− u(t, x2)| ≤ max{2d−α sup
cl ΩT

|v|, ‖v‖
C
α
2 ;α(cl ΩT )

}|x1 − x2|α

∀ t ∈ ]−∞, T [, ∀x1, x2 ∈ cl Sq[Ω].
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Accordingly u ∈ C
α
2
;α

q (cl Sq[Ω]T ). Hence the restriction operator from C
α
2
;α

q (cl Sq[Ω]T ) to
C
α
2
;α(cl ΩT ) is a continuous bijection. Then the Open Mapping Theorem implies that it is a

homeomorphism.

Next we consider the case m = 1, α ∈ [0, 1[. Obviously if u ∈ C
1+α
2

;1+α
q (cl Sq[Ω]T ),

then its restriction u|cl ΩT belongs to C
1+α
2

;1+α(cl ΩT ). Conversely, if v ∈ C
1+α
2

;1+α(cl ΩT )
then there exists a unique q-periodic function u from cl Sq[Ω]T to C such that v = u|cl ΩT .
Moreover, following the same lines of the proof of the previous case one can prove that

∂xiu ∈ C
α
2
;α

q (cl Sq[Ω]T ) for all i ∈ {1, . . . , n}, and that

|u(t1, x)− u(t2, x)| ≤ ‖v‖
C

1+α
2 ;1+α(cl ΩT )

|t1 − t2|
1+α
2 ∀ t1, t2 ∈ ]−∞, T [, ∀x ∈ cl Sq[Ω].

Accordingly, the restriction operator from C
1+α
2

;1+α
q (cl Sq[Ω]T ) to C

1+α
2

;1+α(cl ΩT ) is a contin-
uous bijection. Then the Open Mapping Theorem implies that it is a homeomorphism.

The general case follows by the previous cases and by an inductive argument.

Then we have a corresponding lemma for q-periodic functions on Sq[Ω]
−
T .

Lemma 3.3. Let α ∈ [0, 1[, T ∈]−∞,+∞], m ∈ N. Let Ω be a bounded open subset of Rn

of class Cm,α such that cl Ω ⊆ Q. Let V be an open bounded connected subset of Rn such that

clQ ⊆ V, clV ∩ (qz + clΩ) = ∅ ∀ z ∈ Z
n \ {0}.

Let W = V \ cl Ω. Then the restriction operator induces a linear homeomorphism from

C
m+α

2
;m+α

q (cl Sq[Ω]
−
T ) onto the subspace

C
m+α

2
;m+α

q (clWT ) ≡
{
v ∈ C

m+α
2

;m+α(clWT ) :

∃u ∈ C
cl Sq [Ω]−T such that u is q-periodic, v = u|clWT

}
,

of C
m+α

2
;m+α(clWT ).

Proof. The case m = 0, α = 0 is an obvious consequence of the q-periodicity of the functions
in the space C0;0

q (cl Sq[Ω]
−
T ) and of the Open Mapping Theorem.

Next we consider the case m = 0, α ∈]0, 1[. Obviously if u ∈ C
α
2
;α

q (cl Sq[Ω]
−
T ), then its

restriction u|clWT
belongs to C

α
2
;α

q (clWT ). Conversely, if v ∈ C
α
2
;α

q (clWT ) then there exists a

unique q-periodic function u from cl Sq[Ω]
−
T to C such that v = u|clWT

and

|u(t1, x)− u(t2, x)| ≤ ‖v‖
C
α
2 ;α(clWT )

|t1 − t2|
α
2 ∀ t1, t2 ∈ ]−∞, T [, ∀x ∈ clW,

|u(t, x1)− u(t, x2)| ≤ ‖v‖
C
α
2 ;α(clWT )

|x1 − x2|α ∀ t ∈ ]−∞, T [, ∀x1, x2 ∈ clW.

Next we set
d ≡ inf{|x− y| : (x, y) ∈ clQ× (Rn \ V )}.

Clearly d > 0. By the q-periodicity of u we have that

|u(t1, x)− u(t2, x)| ≤ ‖v‖
C
α
2 ;α(clWT )

|t1 − t2|
α
2 ∀ t1, t2 ∈ ]−∞, T [, ∀x ∈ cl Sq[Ω]

−.

Moreover

|u(t, x1)− u(t, x2)| ≤ max{2d−α sup
cl ΩT

|v|, ‖v‖
C
α
2 ;α(clWT )

}|x1 − x2|α
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∀ t ∈ ]−∞, T [, ∀x1, x2 ∈ cl Sq[Ω]
−.

Accordingly u ∈ C
α
2
;α

q (cl Sq[Ω]
−
T ). Hence the restriction operator from C

α
2
;α

q (cl Sq[Ω]
−
T ) to

C
α
2
;α

q (clWT ) is a continuous bijection. Then the Open Mapping Theorem implies that it is a
homeomorphism.

Next we consider the case m = 1, α ∈ [0, 1[. Obviously if u ∈ C
1+α
2

;1+α
q (cl Sq[Ω]

−
T ),

then its restriction u|clWT
belongs to C

1+α
2

;1+α(clWT ). Conversely, if v ∈ C
1+α
2

;1+α
q (clWT )

then there exists a unique q-periodic function u from cl Sq[Ω]
−
T to C such that v = u|clWT

.
Moreover, following the same lines of the proof of the previous case one can prove that

∂xiu ∈ C
α
2
;α

q (cl Sq[Ω]
−
T ) for all i ∈ {1, . . . , n}, and that

|u(t1, x)− u(t2, x)| ≤ ‖v‖
C

1+α
2 ;1+α(clWT )

|t1 − t2|
1+α
2 ∀ t1, t2 ∈ ]−∞, T [, ∀x ∈ cl Sq[Ω]

−.

Accordingly, the restriction operator from C
1+α
2

;1+α
q (cl Sq[Ω]

−
T ) to C

1+α
2

;1+α(clWT ) is a con-
tinuous bijection. Then the Open Mapping Theorem implies that it is a homeomorphism.

The general case follows by the previous cases and by an inductive argument.

3.3 The periodic fundamental solution

As we have already said, in order to construct periodic layer potentials we need a periodic
analog of the fundamental solution of the heat equation. Therefore this section is devoted to
the q-periodic fundamental solution of the heat equation Φq,n (cf. (3.1)).

We will need the following trivial lemma.

Lemma 3.4. Let a, b ∈]0,+∞[. Then there exists a constant K̃a,b > 0 such that

ξae−bξ ≤ K̃a,b, ∀ ξ ∈ [0,+∞[.

In the following Theorem we collect some known properties and variants of known properties
of the q-periodic fundamental solution Φq,n. Moreover we introduce the function Rq,n defined
by

Rq,n(t, x) ≡ Φq,n(t, x)− Φn(t, x), ∀ (t, x) ∈ (R× R
n) \ ({0} × qZn), (3.7)

that is the difference between the periodic and the classical fundamental solution, and we
study such a function.

Theorem 3.5. Let Φq,n be the function defined in (3.1). Then the following statements hold.

(i) The generalized series in (3.1), which defines Φq,n, converges uniformly on the compact
subsets of ]0,+∞[×R

n.

(ii) Let K be a compact subset of Rn such that K ∩ qZn = ∅. Then

lim
t→0+

Φq,n(t, x) = 0,

uniformly with respect to x ∈ K.

(iii) Φq,n is q-periodic and Φq,n ∈ C∞ ((R× R
n) \ ({0} × qZn)). Moreover Φq,n solves the

heat equation in (R× R
n) \ ({0} × qZn).
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(iv) Let f ∈ C0(Rn) such that f is q-periodic. Let u be the function from ]0,+∞[×R
n to C

defined by

u(t, x) ≡
∫

Q
Φq,n(t, x− y)f(y) dy ∀ (t, x) ∈]0,+∞[×R

n.

Then u belongs to C∞(]0,+∞[×R
n), solves the heat equation in ]0,+∞[×R

n, is q-
periodic and

lim
t→0+

u(t, x) = f(x) ∀x ∈ R
n.

(v)

Φq,n(t, x) =
∑

z∈Zn

1

mn(Q)
e−4π2|q−1z|2t+2πi(q−1z)·x ∀ (t, x) ∈]0,+∞[×R

n (3.8)

(vi) Let a ∈]0,+∞[, η ∈ N
n, h ∈ N such that |η|1 + h ≥ 1. Then there exist two constants

Cη,h,a, cη,h ∈]0,+∞[ such that

|∂ht DηΦq,n(t, x)| ≤ Cη,h,ae
−cη,ht ∀ (t, x) ∈]a,+∞[×R

n.

(vii) The function Rq,n can be extended by continuity in (R× R
n) \ ({0} × q(Zn \ {0})) and

Rq,n ∈ C∞((R× R
n) \ ({0} × q(Zn \ {0}))).

Proof. We first consider statement (i). Let t1, t2 ∈]0,+∞[, t1 < t2, R ∈]0,+∞[. It suffices
to show the uniform convergence of the series in (3.1) in M ≡ [t1, t2] × clBn(0, R). We fix
(t, x) ∈M and z ∈ Z

n such that |qz| > R. Then

|x+ qz|n+2 ≥ (|qz| − |x|)n+2 ≥ (|qz| −R)n+2 > 0.

Lemma 3.4 implies

1

(4πt)
n
2

e−
|x+qz|2

4t =
1

(4πt)
n
2

(
4t

|x+ qz|2
)n

2
+1( |x+ qz|2

4t

)n
2
+1

e−
|x+qz|2

4t

≤ 4

π
n
2

K̃n
2
+1,1

t

|x+ qz|n+2
≤ 4

π
n
2

K̃n
2
+1,1

t2
(|qz| −R)n+2

.

Hence

∑

z∈Zn

1

(4πt)
n
2

e−
|x+qz|2

4t =
∑

z∈Zn

|qz|≤R

1

(4πt)
n
2

e−
|x+qz|2

4t +
∑

z∈Zn

|qz|>R

1

(4πt)
n
2

e−
|x+qz|2

4t

≤
∑

z∈Zn

|qz|≤R

1

(4πt)
n
2

e−
|x+qz|2

4t +
4

π
n
2

K̃n
2
+1,1

∑

z∈Zn

|qz|>R

t2
(|qz| −R)n+2

,

and the right hand side of the previous inequality is bounded by a constant independent of
(t, x) ∈M .

Next we consider statement (ii). Let R ∈]0,+∞[ such that K ⊆ Bn(0, R). Since

I ≡ inf{|x+ qz|2 : x ∈ K, z ∈ Z
n, |qz| ≤ R} > 0,



86 Space-periodic layer heat potentials

we have

∑

z∈Zn

1

(4πt)
n
2

e−
|x+qz|2

4t =
∑

z∈Zn

|qz|>R

1

(4πt)
n
2

e−
|x+qz|2

4t +
∑

z∈Zn

|qz|≤R

1

(4πt)
n
2

e−
|x+qz|2

4t

≤ 4

π
n
2

K̃n
2
+1,1

∑

z∈Zn

|qz|>R

t

(|qz| −R)n+2
+
∑

z∈Zn

|qz|≤R

1

(4πt)
n
2

e−
I
4t ,

and accordingly, (ii) follows.

The q-periodicity of Φq,n in (iii) follows by its definition. We now prove that Φq,n ∈
C∞ ((R× R

n) \ ({0} × qZn)). Exploiting the estimate for the derivatives of the classical
fundamental solution of the heat equation (1.4) and arguing as in (i) one can prove that the
generalized series ∑

z∈Zn

∂ht D
ηΦn(t, x+ qz),

converges uniformly on the compact subsets of ]0,+∞[×R
n for all h ∈ N, η ∈ N

n. Indeed,
exploiting the estimate (1.4) and Lemma 3.4 we have that

∣∣∣∂ht DηΦn (t, x+ qz)| (3.9)

≤ Kη,ht
−n

2
−

|η|1
2

−he−
|x+qx|2

8t

= Kη,ht
−n

2
−

|η|1
2

−h

(
t

|x+ qz|2
)n

2
+

|η|1
2

+h+1( |x+ qz|2
t

)n
2
+

|η|1
2

+h+1

e−
|x+qx|2

8t

≤ Kη,hK̃n
2
+

|η|1
2

+h+1, 1
8

t

|x+ qz|n+|η|1+2h+2
∀ (t, x) ∈]0,+∞[×R

n,

for all h ∈ N, η ∈ N
n, and then we can conclude following the same line of the proof of

statement (i). Moreover, exploiting once more (1.4) and arguing as in (ii), one can prove that
if K is a compact subset of Rn such that K ∩ qZn = ∅, then

lim
t→0+

∑

z∈Zn

∂ht D
ηΦn(t, x+ qz) = 0,

uniformly with respect to x ∈ K. Indeed, inequality (3.9) and estimate (1.4) implies that

∑

z∈Zn

∂ht D
ηΦn(t, x+ qz)

≤Kη,hK̃n
2
+

|η|1
2

+h+1, 1
8

∑

z∈Zn

|qz|>R

t

|x+ qz|n+|η|1+2h+2
+Kη,h

∑

z∈Zn

|qz|≤R

1

t
n
2
+

|η|1
2

+h
e−

|x+qx|2

8t ,

for all (t, x) ∈]0,+∞[×R
n, and accordingly we can conclude following the same line of the

proof of statement (ii). Then Φq,n ∈ C∞ ((R× R
n) \ ({0} × qZn)). Finally, Φn solves the heat

equation in (R×R
n) \ {0, 0} and then Φq,n solves the heat equation in (R×R

n) \ ({0}× qZn).
Accordingly, (iii) follows.

Next we consider statement (iv). Statement (iii) and classical differentiation theorems for
integrals depending on a parameter imply that u belongs to C∞(]0,+∞[×R

n) and solves the
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heat equation in ]0,+∞[×R
n. The q-periodicity of u follows by the q-periodicity of Φq,n. By

the q-periodicity of f and by the Fubini-Tonelli Theorem, we have

u(t, x) =

∫

Q
Φq,n(t, x− y)f(y) dy

=

∫

Q

∑

z∈Zn

1

(4πt)
n
2

e−
|x−y+qz|2

4t f(y) dy

=
∑

z∈Zn

∫

Q

1

(4πt)
n
2

e−
|x−y+qz|2

4t f(y) dy

=
∑

z∈Zn

∫

−qz+Q

1

(4πt)
n
2

e−
|x−y|2

4t f(y + qz) dy

=
∑

z∈Zn

∫

−qz+Q

1

(4πt)
n
2

e−
|x−y|2

4t f(y) dy

=

∫

Rn

1

(4πt)
n
2

e−
|x−y|2

4t f(y) dy

=

∫

Rn

Φn(t, x− y)f(y) dy,

for all (t, x) ∈]0,+∞[×R
n. Then by classical properties of Φn and by the membership of f in

C0(Rn) ∩ L∞(Rn), (iv) follows (see Evans [33, Theorem 1, p. 47]).
We now consider statement (v). It i well known that

Fx
[
e−

|x|2

4t

]
(ξ) = (4πt)

n
2 e−4π2|ξ|2t ∀ (t, ξ) ∈]0,+∞[, (3.10)

where Fx denotes the classical Fourier transform with respect to the space variables, which
we recall is defined by

F [g](ξ) ≡
∫

Rn

g(x)e−2πiξ·x dx ∀ g ∈ L1(Rn), ∀ ξ ∈ R
n.

Let now g ∈ C0(Rn) be such that there exist two constants C, ε ∈ [0,+∞[ such that

|g(x)| ≤ C(1 + |x|)−n−ε, |F [g](ξ)| ≤ C(1 + |ξ|)−n−ε ∀x, ξ ∈ R
n.

Then the Poisson summation formula says that

∑

z∈Zn

g(x+ qz) =
∑

z∈Zn

1

mn(Q)
Fx[g](q−1z)e2πi(q

−1z)·x ∀x ∈ R
n, (3.11)

(see, e.g., Folland [37, p. 254]). Then combining (3.10) and (3.11) we obtain formula (3.8).
Next we consider statement (vi). By differentiating term by term formula (3.8), which

can be done by the computations below, we have that

|∂ht DηΦq,n(t, x)| =

∣∣∣∣∣∣

∑

z∈Zn\{0}

(−4π2|q−1z|2)h(2πiq−1z)η

mn(Q)
e−4π2|q−1z|2t+2πi(q−1z)·x

∣∣∣∣∣∣

≤ (2π)2h+|η|1

mn(Q)

∑

z∈Zn\{0}

|q−1z|2h+|η|1e−4π2|q−1z|2t,
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for all (t, x) ∈]0,+∞[×R
n. We note that there exist two constants d1, d2 ∈]0,+∞[ such that

d1|z|1 ≤ |q−1z| ≤ d2|z|1 ∀ z ∈ Z
n.

Then

|∂ht DηΦn(t, x)| ≤
(2πd2)

2h+|η|1

mn(Q)

∑

z∈Zn\{0}

|z|2h+|η|1
1 e−4π2d21|z|

2
1t (3.12)

≤ (2πd2)
2h+|η|1

mn(Q)

∑

z∈Zn\{0}

|z|2h+|η|1
1 e−4π2d21|z|1t,

for all (t, x) ∈]0,+∞[×R
n. Now let r ∈ N \ {0}. The number of elements of the set

Ar ≡ {z ∈ Z
n : |z|1 = r}

can be estimated by

2n
(
n+ r − 1

r

)
.

Indeed (
n+ r − 1

r

)
=

(r + 1)(r + 2) · · · (r + n− 1)

(n− 1)!
,

is known to be the number of monomials of fixed degree r in n variables. Then there exists a
constant C ′

n ∈]0,+∞[ which does not depend on r such that

card(Ar) ≤ C ′
nr
n−1. (3.13)

Let a ∈]0,+∞[. Inequality (3.13) and Lemma 3.4 imply that
∑

z∈Zn\{0}

|z|2h+|η|1
1 e−4π2d21|z|1t ≤ C ′

n

∑

r∈N\{0}

r2h+|η|1+n−1e−4π2d21rt (3.14)

= C ′
n

∑

r∈N\{0}

r2h+|η|1+n−1e−2π2d21rte−2π2d21rt

≤ C ′
n

∑

r∈N\{0}

r2h+|η|1+n−1e−2π2d21rte−2π2d21ra

≤ C ′
nK̃2h+|η|1+n−1,2π2d21a

∑

r∈N\{0}

e−2π2d21rt,

for all t ∈]a,+∞[. Moreover there exists a constant C ′′ ∈]0,+∞[ such that

∑

r∈N\{0}

e−2π2d21rt =
e−2π2d21t

1− e−2π2d21t
≤ C ′′e−2π2d21t, (3.15)

for all t ∈]a,+∞[. Then statement (vi) follows combining (3.12), (3.14) and (3.15).
Finally we consider statement (vii). Since

Rq,n(t, x) = Φq,n(t, x)− Φn(t, x) =
∑

z∈Zn\{0}

1

(4πt)
n
2

e−
|x+qz|2

4t ,

for all (t, x) ∈ (R×R
n) \ ({0} × qZn), then Rq,n can be extended by continuity in (R×R

n) \
({0} × q(Zn \ {0})). Moreover, arguing as in the proof of statements (i), (ii) and (iii), one
proves that Rq,n ∈ C∞((R× R

n) \ ({0} × q(Zn \ {0}))).
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By Theorem 3.5 (vii) the map Rq,n and its derivatives are non-singular in the origin
(0, 0) ∈ R × R

n. Hence, we can prove the following statement regarding the mapping
properties of an integral operator with the derivatives of Rq,n as kernel.

Lemma 3.6. Let T ∈]−∞,+∞]. Let Ω be a bounded open Lipschitz subset of Rn such that
cl Ω ⊆ Q. Let h ∈ N, η ∈ N

n be such that |η|1 + h ≥ 1. Let V be a bounded open connected
subset of Rn of class C∞ such that

clQ ⊆ V, clV ∩ (qz + clΩ) = ∅ ∀ z ∈ Z
n \ {0}.

Let µ ∈ L∞(∂TΩ). Let u[∂TΩ, ∂ht D
ηRq,n, µ] be defined by

u[∂TΩ, ∂
h
t D

ηRq,n, µ](t, x) ≡
∫

∂Ω

∫ t

−∞
∂ht D

ηRq,n(t− τ, x− y)µ(τ, y) dσydτ ∀ (t, x) ∈ clVT .

Then u[∂TΩ, ∂
h
t D

ηRq,n, ·] is linear and continuous from L∞(∂TΩ) to C
m
2
;m(clVT ) for all

m ∈ N \ {0}.

Proof. We first note that if x ∈ clV and y ∈ ∂Ω, then

x− y /∈ qZn \ {0}.

Indeed if by contradiction x− y ∈ qZn \ {0}, then x ∈ ∂Ω+ (qZn \ {0}) and thus there exists
z ∈ Z

n \ {0} such that clV ∩ (qz + ∂Ω) 6= ∅ which cannot be. Hence

clV − ∂Ω ⊆ (Rn \ qZn) ∪ {0}.

Then the statement follows by Theorem 3.5 (vi), (vii) and by classical differentiation theorems
for integrals depending on a parameter.

3.4 Properties of periodic layer potentials

In this section we consider the q-periodic layer heat potentials associated with the fundamental
solution Φq,n. First we prove those properties which are also known to hold for classical layer
heat potentials. Namely Schauder regularity in cl Sq[Ω]T and in cl Sq[Ω]

−
T , and jump formulas

(Theorems 3.7 and 3.8 below). Then we prove a regularizing property of the integral operators
wq[∂TΩ, ·]|∂TΩ and wq,∗[∂TΩ, ·] on ∂TΩ (Theorems 3.9 and 3.10 below). The key consideration
in order to prove such properties is to write the periodic layer potentials, by means of the map
Rq,n, as a sum of the corresponding classical layer heat potential and of an integral operator
with the smooth kernel Rq,n. We note that this idea stems from a similar idea which has been
exploited in the elliptic case (see, e.g, Ammari and Kang [4, p. 57] and Lanza de Cristoforis
and Musolino [65]).

We start with the following Theorem concerning the q-periodic single layer heat potential
vq[∂TΩ, ·] (for the definition, see (3.2)).

Theorem 3.7. Let α ∈]0, 1[, T ∈]−∞,+∞]. Let Ω be a bounded open subset of Rn of class
C1,α such that cl Ω ⊆ Q. Then the following statements hold.

(i) Let µ ∈ L∞(∂TΩ). Then vq[∂TΩ, µ] is continuous, q-periodic in space and vq[∂TΩ, µ] is of
class C∞((Rn\∂Sq[Ω])T ). Moreover vq[∂TΩ, µ] solves the heat equation in (Rn\∂Sq[Ω])T .
We denote by v+q [∂ΩT , µ] and v−q [∂ΩT , µ] the restriction of vq[∂ΩT , µ] to cl Sq[Ω]T and
cl Sq[Ω]

−
T , respectively.
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(ii) Let m ∈ N \ {0}, i ∈ {1, . . . , n}. Let Ω be of class Cm,α. Then the map from

C
m−1+α

2
;m−1+α(∂TΩ) to C

m−1+α
2

;m−1+α
q (cl Sq[Ω]T ) which takes µ to ∂

∂xi
v+q [∂TΩ, µ] is

linear and continuous. The same statement holds with ∂
∂xi
v+q [∂TΩ, µ] and cl Sq[Ω]T

replaced by ∂
∂xi
v−q [∂TΩ, µ] and cl Sq[Ω]

−
T , respectively.

(iii) Let m ∈ N \ {0}. Let Ω be of class Cm,α. Then the map from C
m+α

2
;m+α(∂TΩ) to

C
m−1+α

2
;m−1+α

q (cl Sq[Ω]T ) which takes µ to ∂
∂tv

+
q [∂TΩ, µ] is linear and continuous. The

same statement holds with ∂
∂tv

+
q [∂TΩ, µ] and cl Sq[Ω]T replaced by ∂

∂tv
−
q [∂TΩ, µ] and

cl Sq[Ω]
−
T , respectively.

(iv) Let m ∈ N \ {0}. Let Ω be of class Cm,α. Let T ∈]0,+∞[. Then the map from

C
m−1+α

2
;m−1+α

0 (∂TΩ) to C
m+α

2
;m+α

0,q (cl Sq[Ω]T ) which takes µ to v+q [∂TΩ, µ] is linear
and continuous. The same statement holds with v+q [∂TΩ, µ] and cl Sq[Ω]T replaced by
v−q [∂TΩ, µ] and cl Sq[Ω]

−
T , respectively.

(v) Let µ ∈ C
α
2
;α(∂TΩ). Let r ∈ {1, . . . , n}. Then the following jump relations hold.

∂

∂νΩ(x)
v±q [∂TΩ, µ](t, x) =± 1

2
µ(t, x) + wq,∗[∂TΩ, µ](t, x), (3.16)

∂

∂xr
v±q [∂TΩ, µ](t, x) =± 1

2
µ(t, x)νΩ,r(x)

+

∫ t

−∞

∫

∂Ω

∂

∂xr
Φq,n(t− τ, x− y)µ(τ, y) dσydτ,

for all (t, x) ∈ ∂TΩ.

Proof. First we fix a bounded open connected subset V of Rn of class C∞ such that

clQ ⊆ V, clV ∩ (qz + clΩ) = ∅, ∀ z ∈ Z
n \ {0}.

Now we consider statement (i). Since Φq,n is q-periodic, then vq[∂TΩ, µ] is easily seen to
be q-periodic. Moreover, the definition of Rq,n (cf. (3.7)) implies that

vq[∂TΩ, µ](t, x) =

∫ +∞

−∞

∫

∂Ω
(Φn(t− τ, x− y)− Φn(0− τ, x0 − y))µ(τ, y) dσydτ (3.17)

+

∫ +∞

−∞

∫

∂Ω
(Rq,n(t− τ, x− y)−Rq,n(0− τ, x0 − y))µ(τ, y) dσydτ,

for all (t, x) ∈ clVT . The continuity in clVT of the first term in the right hand side of equality
(3.17) follows by the continuity of the classical single layer heat potential of Theorem 2.2
(i) (see also Friedman [38, p. 136]), and the continuity in clVT of the second term in the
right hand side of equality (3.17) follows by Theorem 3.5 (vi), (vii) and by the Dominated
Convergence Theorem. Hence, the continuity of vq[∂TΩ, µ] in (Rn)T follows by the q-periodicity
of vq[∂TΩ, µ]. Next we note that

x− y /∈ qZn ∀ (x, y) ∈ (Rn \ ∂Sq[Ω])× ∂Ω.

Indeed, if by contradiction (x, y) ∈ (Rn \ ∂Sq[Ω])× ∂Ω and x− y ∈ qZn, then x ∈ ∂Ω+ qZn =
∂Sq[Ω], contrary to our assumption on x. Then Theorem 3.5 (iii) and standard differentiation
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theorems for integrals depending on a parameter imply that vq[∂TΩ, µ] is in C∞((Rn\∂Sq[Ω])T )
and that solves the heat equation in (Rn \ ∂Sq[Ω])T .

Next we consider statement (ii). The definition of Rq,n (cf. (3.7)) and classical differentia-
tion theorems for integrals depending on a parameter imply that

∂

∂xi
v+q [∂TΩ, µ] =

∂

∂xi
v+[∂TΩ, µ] + u[∂TΩ, ∂xiRq,n, µ] in cl ΩT , (3.18)

and

∂

∂xi
v−q [∂TΩ, µ] =

∂

∂xi
v−[∂TΩ, µ] + u[∂TΩ, ∂xiRq,n, µ] in (clV \ Ω)T . (3.19)

Here v+[∂TΩ, µ] and v−[∂TΩ, µ] are respectively the restrictions to cl ΩT and to (clV \ Ω)T
of the single layer heat potential associated with the fundamental solution of the heat
equation Φn (see Theorem 2.2 (i)) and u[∂TΩ, ∂xiRq,n, ·] is the map defined in Lemma
3.6. By known properties of classical layer potentials ∂

∂xi
v+[∂TΩ, ·] is linear and continuous

from C
m−1+α

2
;m−1+α(∂TΩ) to C

m−1+α
2

;m−1+α(cl ΩT ) and ∂
∂xi
v−[∂TΩ, ·]|(clV \Ω)T is linear and

continuous from C
m−1+α

2
;m−1+α(∂TΩ) to C

m−1+α
2

;m−1+α((clV \ Ω)T ) (see Theorem 2.2 (ii)).
Then equalities (3.18), (3.19), and Lemma 3.6, and the continuity of the embedding of

C
m
2
;m(clVT ) into C

m−1+α
2

;m−1+α(clVT ), imply that ∂
∂xi
v+q [∂TΩ, ·]|cl ΩT is linear and continuous

from C
m−1+α

2
;m−1+α(∂TΩ) to C

m−1+α
2

;m−1+α(cl ΩT ) and ∂
∂xi
v−q [∂TΩ, ·]|(clV \Ω)T is linear and

continuous from C
m−1+α

2
;m−1+α(∂TΩ) to C

m−1+α
2

;m−1+α((clV \ Ω)T ). Then the q-periodicity
of ∂

∂xi
v+q [∂TΩ, ·] and of ∂

∂xi
v−q [∂TΩ, ·] and Lemmas 3.2, 3.3 imply the validity of the statement

for ∂
∂xi
v+q [∂TΩ, ·] and ∂

∂xi
v−q [∂TΩ, ·], respectively.

Statement (iii) and (iv) can be proved following the same lines of the proof of statement
(ii) exploiting the properties of the classical single layer heat potential of Theorem 2.2.

Finally we consider statement (v). The jump formulas (3.16) follow from equalities (3.18),
(3.19), from Lemma 3.6 and from the classical jump formulas for the normal derivative and
for the xi-derivative of the single layer heat potentials v±[∂TΩ, ·] (see Theorem 2.2 (v)).

Next we prove similar properties for the q-periodic double layer heat potential wq[∂TΩ, ·]
(cf. (3.3)). Namely, we have the following.

Theorem 3.8. Under the same assumptions of Theorem 3.7, the following statements hold.

(i) Let µ ∈ L∞(∂TΩ). Then wq[∂TΩ, µ] is q-periodic in space, wq[∂TΩ, µ] ∈ C∞((Rn \
∂Sq[Ω])T ), and wq[∂TΩ, µ] solves the heat equation in (Rn \ ∂Sq[Ω])T .

(ii) Let m ∈ N \ {0}. Let Ω be of class Cm,α. Let µ ∈ C
m+α

2
;m+α(∂TΩ). Then the

restriction wq[∂TΩ, µ]|Sq [Ω]T can be extended uniquely to an element w+
q [∂TΩ, µ] ∈

C
m+α

2
;m+α

q (cl Sq[Ω]T ) and the restriction wq[∂TΩ, µ]|Sq [Ω]−T
can be extended uniquely to

an element w−
q [∂TΩ, µ] ∈ C

m+α
2

;m+α
q (cl Sq[Ω]

−
T ). Moreover the following jump formulas

hold.

w±
q [∂TΩ, µ](t, x) = ∓1

2
µ(t, x) + wq[∂TΩ, µ](t, x), (3.20)

∂

∂νΩ(x)
w+
q [∂TΩ, µ](t, x)−

∂

∂νΩ(x)
w−
q [∂TΩ, µ](t, x) = 0, (3.21)

for all (t, x) ∈ ∂TΩ.
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(iii) Let m ∈ N \ {0}. Let Ω be of class Cm,α. The operator from C
m+α

2
;m+α(∂TΩ) to

C
m+α

2
;m+α

q (cl Sq[Ω]T ) which takes µ to the function w+
q [∂TΩ, µ] is linear and continu-

ous. The operator from C
m+α

2
;m+α(∂TΩ) to C

m+α
2

;m+α
q (cl Sq[Ω]

−
T ) which takes µ to the

function w−
q [∂TΩ, µ] is linear and continuous.

Proof. First we fix a bounded open connected subset V of Rn of class C∞ such that

clQ ⊆ V, clV ∩ (qz + clΩ) = ∅, ∀ z ∈ Z
n \ {0}.

We consider statement (i). The q-periodicity of wq[∂TΩ, µ] follows by the q-periodicity of Φq,n.
Next we note that

x− y /∈ qZn ∀ (x, y) ∈ (Rn \ ∂Sq[Ω])× ∂Ω.

Indeed if by contradiction (x, y) ∈ (Rn \ ∂Sq[Ω])× ∂Ω and x− y ∈ qZn, then x ∈ ∂Ω+ qZn =
∂Sq[Ω], contrary to our assumption on x. Then Theorem 3.5 (iii) and standard differentiation
theorems for integrals depending on a parameter imply that wq[∂TΩ, µ] is in C∞((Rn\∂Sq[Ω])T )
and solves the heat equation in (Rn \ ∂Sq[Ω])T .

Next we consider statement (ii). The definition of Rq,n (cf. (3.7)) implies that

wq[∂TΩ, µ](t, x) = w[∂TΩ, µ](t, x)−
n∑

i=1

u[∂TΩ, ∂xiRq,n, νΩ,iµ](t, x) ∀ (t, x) ∈ clVT .

(3.22)
Here w[∂TΩ, ·] is the double layer heat potential associated with the fundamental solution
Φn (see [64, Theorem 2.8 (i), p.9]). By classical results in potential theory we know that

w[∂TΩ, µ]|ΩT can be uniquely extended to an element w+[∂TΩ, µ] ∈ C
m+α

2
;m+α(cl ΩT ) and

w[∂TΩ, µ]|(V \cl Ω)T can be uniquely extended to an element w−[∂TΩ, µ] ∈ C
m+α

2
;m+α((clV \

Ω)T ) (Theorem 2.1 (i), (ii), see also Watson [110, Lemma 2.7, p. 41]). Then equality
(3.22) and Lemma 3.6 imply that wq[∂TΩ, µ]|ΩT can be uniquely extended to an element in

C
m+α

2
;m+α(cl ΩT ). Accordingly, the q-periodicity of wq[∂TΩ, µ] and Lemma 3.2 imply that

wq[∂TΩ, µ]|Sq [Ω]T admits a unique extension w+
q [∂TΩ, µ] in C

m+α
2

;m+α
q (cl Sq[Ω]T ). Similarly

equality (3.22) and Lemma 3.6 imply that wq[∂TΩ, µ]|(V \cl Ω)T can be uniquely extended to an

element in C
m+α

2
;m+α((clV \Ω)T ). Accordingly, the q-periodicity of wq[∂TΩ, µ] and Lemma 3.3

imply that wq[∂TΩ, µ]|Sq [Ω]−T
admits a unique extension w−

q [∂TΩ, µ] in C
m+α

2
;m+α

q (cl Sq[Ω]
−
T ).

The jump formulas (3.20), (3.21) follow immediately by equality (3.22), and by Lemma 3.6
and by the classical jump formulas for w[∂TΩ, µ] (see, e.g., Theorem 2.1 (i)).

Finally, the continuity of the operators in (iii) follows by equality (3.22), and by the
continuity properties of the interior and exterior double layer heat potential w+[∂TΩ, ·] and
w−[∂TΩ, ·]|(clV \Ω)T (see Theorem 2.1 (ii)), and by Lemmas 3.2, 3.3 and by Lemma 3.6.

Now, exploiting the regularizing effect of the integral operators associated with the
(non-periodic) layer heat potentials w[∂TΩ, ·]|∂TΩ and w∗[∂TΩ, ·] of Theorems 2.15 and 2.16,
respectively, we are ready to prove that the integral operators wq[∂TΩ, ·]|∂TΩ and w∗,q[∂TΩ, ·]
(cf. (3.3), (3.4)) have the same smoothing effect on the parabolic boundary ∂TΩ.

Theorem 3.9. Let α ∈]0, 1[, β ∈]0, α[, T ∈] − ∞,+∞],m ∈ N \ {0}. Let Ω be a bounded
open subset of Rn of class Cm,α such that cl Ω ⊆ Q. Then the following statements hold.

(i) The operator from C
m
2
;m(∂TΩ) to C

m+β
2

;m+β(∂TΩ) which takes µ to wq[∂TΩ, µ]|∂TΩ is
linear and continuous.
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(ii) The operator from C
m+β

2
;m+β(∂TΩ) to C

m+α
2

;m+α(∂TΩ) which takes µ to wq[∂TΩ, µ]|∂TΩ
is linear and continuous.

Proof. We first consider statement (i). As we have already seen in the proof of Theorem 3.8,
we have

wq[∂TΩ, µ](t, x) = w[∂TΩ, µ](t, x)−
n∑

i=1

u[∂TΩ, ∂xiRq,n, νΩ,iµ](t, x) ∀ (t, x) ∈ ∂TΩ

Let V be a bounded open subset of Rn as in the statement of Lemma 3.6. Then Lemma 3.6
implies that the operator u[∂TΩ, ∂xiRq,n, νΩ,i·] is linear and continuous from C

m
2
;m(∂TΩ) to

C
m+1

2
;m+1(clVT ). Since the restriction operator is linear and continuous from C

m+1
2

;m+1(clVT )

to C
m+1

2
;m+1(∂TΩ), then the operator u[∂TΩ, ∂xiRq,n, νΩ,i·]|∂TΩ is linear and continuous from

C
m
2
;m(∂TΩ) to C

m+1
2

;m+1(∂TΩ). Then the continuity of the embedding of C
m+1

2
;m+1(∂TΩ)

in C
m+β

2
;m+β(∂TΩ), and the continuity of the operator w[∂TΩ, ·]|∂TΩ from C

m
2
;m(∂TΩ) to

C
m+β

2
;m+β(∂TΩ) imply the validity of statement (i) (see Theorem 2.15 (i)) .

Statement (ii) can be proved following the same lines of the proof of statement (i) by
replacing the use of Theorem 2.15 (i) by that of Theorem 2.15 (ii).

Next we consider the mapping properties of the operator w∗,q[∂TΩ, ·]. The proof of the
following Theorem follows the same lines of that of Theorem 3.9 replacing the use of Theorem
2.15 by that of Theorem 2.16

Theorem 3.10. Under the assumptions of Theorem 3.9 the following statements hold.

(i) The operator from the space C
m−1

2
;m−1(∂TΩ) to C

m−1+β
2

;m−1+β(∂TΩ) which takes µ to
w∗,q[∂TΩ, µ] is linear and continuous.

(ii) The operator from the space C
m−1+β

2
;m−1+β(∂TΩ) to C

m−1+α
2

;m−1+α(∂TΩ) which takes
µ to w∗,q[∂TΩ, µ] is linear and continuous.

3.5 Compactness results for wq[∂TΩ, ·]|∂TΩ and w∗,q[∂TΩ, ·]
As a consequence of the regularizing properties of Theorem 3.9 and 3.10, in this section we
deduce some compactness results for wq[∂TΩ, ·]|∂TΩ and for w∗,q[∂TΩ, ·]. More precisely, we
have the following immediate corollary of Theorems 3.9 and 3.10 and of Lemma 2.17 about
the compactness of the embedding of parabolic Schauder spaces.

Corollary 3.11. Let α ∈]0, 1[, β ∈]0, α[, m ∈ N \ {0}, T ∈]0,+∞[. Let Ω be a bounded open
subset of Rn of class Cm,α. Then the following statements hold.

i) The linear operator wq[∂TΩ, ·]|∂TΩ is compact from C
m
2
;m

0 (∂TΩ) to itself, and from

C
m+β

2
;m+β

0 (∂TΩ) to itself, and from C
m+α

2
;m+α

0 (∂TΩ) to itself.

ii) The linear operator w∗,q[∂TΩ, ·] is compact from C
m−1

2
;m−1

0 (∂TΩ) to itself, and from

C
m−1+β

2
;m−1+β

0 (∂TΩ) to itself, and from C
m−1+α

2
;m−1+α

0 (∂TΩ) to itself.
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3.6 Applications to periodic boundary value problems

In this section we show how to apply the results of the previous sections in order to solve
some boundary value problems for the heat equation in a periodic setting. More precisely,
we consider an initial-Dirichlet problem and an initial-Neumann problem in the unbounded
space-periodic domain cl Sq[Ω]

−
T (see Subsections 3.6.1 and 3.6.2 below). Moreover we consider

also a non-ideal transmission problem (see Subsection 3.6.3 below).

Throughout this section we fix

α ∈]0, 1[, T ∈]0,+∞[, m ∈ N \ {0}.

We observe that the main tool that we use in order to solve the Dirichlet, the Neumann
and the non-ideal transmission problem by means of space-periodic layer heat potentials is

the compactness of the operators wq[∂TΩ, ·]|∂TΩ and wq,∗[∂TΩ, ·] in C
m+α

2
;m+α

0 (∂TΩ) and in

C
m−1+α

2
;m−1+α

0 (∂TΩ), respectively, which is a consequence of the regularizing properties of
Theorems 3.9 and 3.10, and is proved in Corollary 3.11.

3.6.1 A periodic Dirichlet problem

Let Ω be a bounded open subset of R
n of class Cm,α such that cl Ω ⊆ Q. Let f ∈

C
m+α

2
;m+α

0 (∂TΩ). We consider the following Dirichlet problem for the heat equation in
]0, T ]× Sq[Ω]

−.





∂tu−∆u = 0 in ]0, T ]× Sq[Ω]
−,

u(t, x+ qei) = u(t, x) ∀ (t, x) ∈ [0, T ]× cl Sq[Ω]
−, ∀ i ∈ {1, . . . , n},

u = f on [0, T ]× ∂Ω,

u(0, ·) = 0 in cl Sq[Ω]
−.

(3.23)

We start by the following consequence of the classical maximum principle for the heat
equation, which will imply the uniqueness of the solution of problem (3.23).

Proposition 3.12. Let T ∈]0,+∞[. Let Ω be a bounded open subset of Rn such that cl Ω ⊆ Q
and such that Rn \ cl Ω is connected. Let u ∈ C0([0, T ]× cl Sq[Ω]

−) be one time continuously
differentiable with respect to the time variable and two times continuously differentiable with
respect to the space variables in ]0, T ]× Sq[Ω]

−, and such that

u(t, x+ qei) = u(t, x),

for all (t, x) ∈ [0, T ]× cl Sq[Ω]
− and for all i ∈ {1, . . . , n}, and such that

∂tu(t, x)−∆u(t, x) = 0,

for all (t, x) ∈]0, T ]× Sq[Ω]
−. Then the following statements hold.

(i) If there exists a point (t0, x0) ∈]0, T ]× Sq[Ω]
− such that

u(t0, x0) = max
[0,T ]×cl Sq [Ω]−

u,

then u is constant in [0, t0]× cl Sq[Ω]
−.



3.6 Applications to periodic boundary value problems 95

(ii) If there exists a point (t0, x0) ∈]0, T ]× Sq[Ω]
− such that

u(t0, x0) = min
[0,T ]×cl Sq [Ω]−

u,

then u is constant in [0, t0]× cl Sq[Ω]
−.

(iii) u attains its maximum and its minimum in ({0} × cl Sq[Ω]
−) ∪ (]0, T ]× ∂Sq[Ω]).

Proof. Statement (iii) clearly follows from statements (i) and (ii). Moreover, statement (ii)
follows from statement (i) applied to the function −u.

Therefore it suffices to consider statement (i). Let V be a bounded open connected subset
of Rn such that

clQ ⊆ V, clV ∩ (qz + clΩ) = ∅, for all z ∈ Z
n \ {0}.

If (t0, x0) ∈]0, T ]× Sq[Ω]
− is a maximum point for u, then the periodicity of u implies that

there exist a point x̄0 ∈ clQ \ cl Ω such that (t0, x̄0) ∈]0, T ] × (clQ \ cl Ω) is a point of
maximum for u. Then the classical maximum principle for the heat equation (see e.g. Evans
[33, Theorem 4 p.54]) applied to u|[0,T ]×(clV \Ω) implies that u is constant in [0, t0]× (clV \Ω).
Indeed, clQ \ cl Ω ⊆ V \ cl Ω. Finally the periodicity of u implies the validity of statement
(i).

Since we plan to find a solution of problem (3.23) in the form of a space-periodic double
layer heat potential, we need to solve the related boundary integral equation. We do so by
means of the following.

Lemma 3.13. Let α ∈]0, 1[, T ∈]0,+∞[, m ∈ N \ {0}. Let Ω be a bounded open subset of

R
n of class Cm,α such that cl Ω ⊆ Q. Let f ∈ C

m+α
2

;m+α

0 (∂TΩ). Then the integral equation

1

2
µ+ wq[∂TΩ, µ]|∂TΩ = f on ∂TΩ, (3.24)

has a unique solution µ in C
m+α

2
;m+α

0 (∂TΩ).

Proof. By Corollary 3.11 (i), the operator wq[∂TΩ, ·]|∂TΩ is compact from C
m+α

2
;m+α

0 (∂TΩ)
to itself. Accordingly, the Fredholm Alternative Theorem (see, e.g., Kress [57, Theorem 4.17])
implies that, in order to conclude the proof, it suffices to show that the integral equation

1

2
µ+ wq[∂TΩ, µ]|∂TΩ = 0 on ∂TΩ, (3.25)

has the unique trivial solution µ = 0 in C
m+α

2
;m+α

0 (∂TΩ). If µ ∈ C
m+α

2
;m+α

0 (∂TΩ) solves
(3.25), then Theorem 3.8 (i), the jump formula (3.20) for the q-periodic double layer heat
potential and the maximum principle of Proposition 3.12 imply that

w−
q [∂TΩ, µ] = 0 in [0, T ]× cl Sq[Ω]

−. (3.26)

Formula (3.21) implies that

∂

∂νΩ(x)
w+
q [∂TΩ, µ](t, x) =

∂

∂νΩ(x)
w−
q [∂TΩ, µ](t, x) = 0 ∀ (t, x) ∈ [0, T ]× ∂Ω.
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Then the function w+
q [∂TΩ, µ] solves the Neumann problem





∂tu−∆u = 0 in ]0, T ]× Ω,
∂
∂νΩ

u = 0 on [0, T ]× ∂Ω,

u(0, ·) = 0 in cl Ω.

By the uniqueness of the classical Neumann problem, we have that also

w+
q [∂TΩ, µ] = 0 in [0, T ]× cl Ω. (3.27)

Finally, by summing the two jump formula in (3.20) for the interior and exterior q-periodic
double layer heat potential, and by equalities (3.26) and (3.27), we have that

µ = w−
q [∂TΩ, µ]− w+

q [∂TΩ, µ] = 0 on [0, T ]× ∂Ω.

Accordingly, the statement follows.

Now we are ready to prove the following result concerning problem (3.23).

Theorem 3.14. Let α ∈]0, 1[, T ∈]0,+∞[, m ∈ N \ {0}. Let Ω be a bounded open subset of

R
n of class Cm,α such that cl Ω ⊆ Q. Let f ∈ C

m+α
2

;m+α

0 (∂TΩ). Then there exists a unique

function u in C
m+α

2
;m+α

0,q (cl Sq[Ω]
−
T ) which is one time continuously differentiable with respect

to the time variable and two times continuously differentiable with respect to the space variables
in ]0, T ]× Sq[Ω]

− and which solves problem (3.23). Moreover

u = w−
q [∂TΩ, µ] in cl Sq[Ω]

−
T , (3.28)

where µ is the unique solution in C
m+α

2
;m+α

0 (∂TΩ) of the integral equation (3.24).

Proof. We first note that the maximum principle of Proposition 3.12 implies that problem
(3.23) has at most one solution. Then we only need to show that the function defined
by (3.28) is a solution of problem (3.23). By Lemma 3.13 there exists a unique solution

µ ∈ C
m+α

2
;m+α

0 (∂TΩ) of the integral equation (3.24). Then by Theorem 3.8 and by the

equation (3.24) the function defined by (3.28) is a q-periodic function in C
m+α

2
;m+α

0 (cl Sq[Ω]
−
T )

which solves the heat equation and which satisfies the Dirichlet boundary condition in (3.23),
and thus is a solution of problem (3.23).

3.6.2 A periodic Neumann problem

Let Ω be a bounded open subset of R
n of class Cm,α such that cl Ω ⊆ Q. Let g ∈

C
m−1+α

2
;m−1+α

0 (∂TΩ). We now consider the following Neumann problem.




∂tu−∆u = 0 in ]0, T ]× Sq[Ω]
−,

u(t, x+ qei) = u(t, x) ∀ (t, x) ∈ [0, T ]× cl Sq[Ω]
−, ∀ i ∈ {1, . . . , n},

∂
∂νΩ

u = g on [0, T ]× ∂Ω,

u(0, ·) = 0 in cl Sq[Ω]
−.

(3.29)

In order to apply an energy argument to prove the uniqueness of the solution of problem
(3.29), we need the following approximation result for the set Ω. For a proof we refer to
Verchota [107, Teorem 1.12, p. 581], where the author considers the more general case of a
Lipschitz domain.
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Lemma 3.15. Let Ω be a bounded open subset of R
n of class C1. Then the following

statements hold.

(i) There exist a sequence (Ωj)j∈N of bounded open subsets of Rn of class C∞ such that
cl Ω ⊆ Ωj for all j ∈ N, and a sequence of homeomorphisms (Λj)j∈N from ∂Ω to ∂Ωj
such that

lim
j→+∞

sup
x∈∂Ω

|x− Λj(x)| = 0.

(ii) For all j ∈ N there exists a function ωj ∈ L∞(∂Ω) such that
∫

∂Ω
(h ◦ Λj(s))ωj(s) dσs =

∫

Λj(∂Ω)
h(y) dσy =

∫

∂Ωj

h(y) dσy, ∀h ∈ C(∂Ωj).

Moreover, ωj converges to 1 in Lp(∂Ω) as j tends to +∞, for all p ∈ [1,+∞[.

(iii) νΩj ◦ Λj converges to νΩ in (Lp(∂Ω))n as j tends to +∞, for all p ∈ [1,+∞[.

The same statement of Lemma 3.15 holds with a sequence (Ω′
j)j∈N of approximating sets

from the inside of Ω. We are now ready to prove the following uniqueness result for problem
(3.29).

Proposition 3.16. Let T ∈]0,+∞[. Let Ω be a bounded open subset of Rn of class C1 such

that cl Ω ⊆ Q. Let u ∈ C
1
2
;1

0,q (cl Sq[Ω]
−
T ) be one time continuously differentiable with respect to

the time variable and two times continuously differentiable with respect to the space variables
in ]0, T ]× Sq[Ω]

− and be such that




∂tu−∆u = 0 in ]0, T ]× Sq[Ω]
−,

u(t, x+ qei) = u(t, x) ∀ (t, x) ∈ [0, T ]× cl Sq[Ω]
−, ∀ i ∈ {1, . . . , n},

∂
∂νΩ

u = 0 on [0, T ]× ∂Ω,

u(0, ·) = 0 in cl Sq[Ω]
−.

Then u = 0 in [0, T ]× cl Sq[Ω]
−.

Proof. We apply Lemma 3.15 to the set Ω. Let Ωj , Λj , ωj for all j ∈ N be as in Lemma 3.15.
We can clearly assume that cl Ωj ⊆ Q for all j ∈ N. Moreover, as a consequence of Lemma
3.15 (i), we have that

lim
j→+∞

1Q\cl Ωj (x) = 1Q\cl Ω(x) ∀x ∈ Q \ cl Ω. (3.30)

Let e and ej be the functions from [0, T ] to [0,+∞[ defined by

e(t) ≡
∫

Q\cl Ω
(u(t, y))2 dy, ∀ t ∈ [0, T ],

ej(t) ≡
∫

Q\cl Ωj

(u(t, y))2 dy ∀ t ∈ [0, T ], ∀ j ∈ N.

By the Dominated Convergence Theorem, e, ej ∈ C0([0, T ]) for all j ∈ N. In addition, the
Dominated Convergence Theorem and (3.30) imply that

lim
j→+∞

ej(t) = e(t) ∀ t ∈ [0, T ].
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We now note that classical differentiation theorems for integral depending on a parameter
imply that ej ∈ C1(]0, T [) for all j ∈ N and, exploiting the Divergence Theorem, we have that

d

dt
ej(t) = 2

∫

Q\cl Ωj

u(t, y)∂tu(t, y) dy (3.31)

= 2

∫

Q\cl Ωj

u(t, y)∆u(t, y) dy

= − 2

∫

Q\cl Ωj

|Du(t, y)|2 dy + 2

∫

∂Q
u(t, y)

∂

∂νQ(y)
u(t, y) dσy

− 2

∫

∂Ωj

u(t, y)
∂

∂νΩj (y)
u(t, y) dσy

= − 2

∫

Q\cl Ωj

|Du(t, y)|2 dy − 2

∫

∂Ωj

u(t, y)
∂

∂νΩj (y)
u(t, y) dσy,

for all t ∈]0, T [ and for all j ∈ N. Indeed, the q-periodicity of u implies that
∫

∂Q
u(t, y)

∂

∂νQ(y)
u(t, y) dσy = 0, ∀ t ∈]0, T [.

Now we turn to consider the second integral in the right hand side of (3.31). Lemma 3.15 (ii)
implies that

∫

∂Ωj

u(t, y)
∂

∂νΩj(y)
u(t, y) dσy

=

∫

∂Ωj

u(t, y)Du(t, y) · νΩj (y) dσy

=

∫

∂Ω
u(t,Λj(s))Du(t,Λj(s)) · νΩj (Λj(s))ωj(s) dσs

for all t ∈]0, T [ and for all j ∈ N. We note that Lemma 3.15 and the membership of u in

C
1
2
;1

0,q (cl Sq[Ω]
−
T ) imply that u(t,Λj(·)) converges to u(t, ·) in C0(∂Ω) as j tends to +∞, and

Du(t,Λj(·)) converges to Du(t, ·) in (C0(∂Ω))n as j tends to +∞, both uniformly in t ∈ [0, T ].
We now fix p ∈]0,+∞[ and we set p′ ≡ p

p−1 ∈]1,+∞[. Lemma 3.15 (ii), (iii) implies that ωj

converges to 1 in Lp(∂Ω) as j tend to +∞, and νΩj (Λj(·)) converges to νΩ in (Lp
′
(∂Ω))n as j

tends to +∞. Then the Hölder inequality implies that

u(t,Λj(·))Du(t,Λj(·)) · νΩj (Λj(·))ωj
converges to

u(t, ·)Du(t, ·) · νΩ
in L1(∂Ω) as j tends to +∞, uniformly in t ∈ [0, T ]. In particular we have that

lim
j→+∞

∫

∂Ω
u(t,Λj(s))Du(t,Λj(s)) · νΩj (Λj(s))ωj(s) dσy

=

∫

∂Ω
u(t, y)

∂

∂νΩ(y)
u(t, y) dσy = 0,

uniformly in t ∈ [0, T ]. Moreover, we note that
∣∣∣∣
∫

Q\cl Ω
|Du(t, y)|2 dy −

∫

Q\cl Ωj

|Du(t, y)|2 dy
∣∣∣∣
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≤ sup
[0,T ]×(Q\cl Ω)

|Du|2
∫

Q\cl Ω
|1Q\cl Ω(y)− 1Q\cl Ωj (y)| dy ∀t ∈ [0, T ], ∀j ∈ N.

Accordingly, the Dominated Convergence Theorem and (3.30) imply that

lim
j→+∞

∫

Q\cl Ωj

|Du(t, y)|2 dy =

∫

Q\cl Ω
|Du(t, y)|2 dy, uniformly in t ∈ [0, T ].

Accordingly, e ∈ C1(]0, T [) and

d

dt
e(t) = −2

∫

Q\cl Ω
|Du(t, y)|2 dy ∀ t ∈]0, T [. (3.32)

Equality (3.32) implies that d
dte ≤ 0 in ]0, T [. Since e(0) = 0 and e ≥ 0 in [0, T ], then e = 0

for all in [0, T ]. Accordingly, u = 0 in [0, T ]× clQ \ Ω and thus the q-periodicity of u implies
the validity of the statement.

Since we plan to find a solution of problem (3.29) in the form of a space-periodic single
layer heat potential, we need to solve the related boundary integral equation. We do so by
means of the following.

Lemma 3.17. Let α ∈]0, 1[, T ∈]0,+∞[, m ∈ N \ {0}. Let Ω be a bounded open subset of Rn

of class Cm,α such that cl Ω ⊆ Q. Let g ∈ C
m−1+α

2
;m−1+α

0 (∂TΩ). Then the integral equation

− 1

2
µ+ wq,∗[∂TΩ, µ] = g in ∂TΩ, (3.33)

has a unique solution µ in C
m−1+α

2
;m−1+α

0 (∂TΩ).

Proof. By Corollary 3.11 (ii), the operator w∗,q[∂TΩ, ·] is compact from C
m−1+α

2
;m−1+α

0 (∂TΩ)
to itself. Accordingly, the Fredholm Alternative Theorem (see, e.g., Kress [57, Theorem 4.17])
implies that, in order to conclude the proof, it suffices to show that the integral equation

− 1

2
µ+ wq,∗[∂TΩ, µ] = 0 on ∂TΩ, (3.34)

has the unique trivial solution µ = 0 in C
m−1+α

2
;m−1+α

0 (∂TΩ). If µ ∈ C
m−1+α

2
;m−1+α

0 (∂TΩ)
solves (3.34), then Theorem 3.7 (i), (iv), the jump formula (3.16) for the normal derivative
of the q-periodic single layer heat potential and Proposition 3.16 on the uniqueness of the
Neumann problem in [0, T ]× cl Sq[Ω]

− imply that

v−q [∂TΩ, µ] = 0 in [0, T ]× cl Sq[Ω]
−.

The continuity of the q-periodic single layer heat potential (cf. Theorem 3.7 (i)) implies that
also v+q [∂TΩ, µ] = 0 in [0, T ]× ∂Sq[Ω]. Hence, v+q [∂TΩ, µ] solves the Dirichlet problem





∂tu−∆u = 0 in ]0, T ]× Ω,
u = 0 on [0, T ]× ∂Ω,
u(0, ·) = 0 in Ω.

By the uniqueness of the classical Dirichlet problem, we have that also

v+q [∂TΩ, µ] = 0 in [0, T ]× cl Ω.
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Hence

∂

∂νΩ
v+q [∂TΩ, µ] =

∂

∂νΩ
v−q [∂TΩ, µ] = 0 on [0, T ]× ∂Ω. (3.35)

Finally, by summing up the two jump formulas (3.16) for the normal derivative of the interior
and exterior q-periodic single layer heat potential, and by equality (3.35), we have that

µ =
∂

∂νΩ
v+q [∂TΩ, µ]−

∂

∂νΩ
v−q [∂TΩ, µ] = 0 on [0, T ]× ∂Ω.

Accordingly, the statement follows.

Now we are ready to prove the following result concerning problem (3.29).

Theorem 3.18. Let α ∈]0, 1[, T ∈]0,+∞[, m ∈ N \ {0}. Let Ω be a bounded open subset

of Rn of class Cm,α such that cl Ω ⊆ Q. Let g ∈ C
m−1+α

2
;m−1+α

0 (∂TΩ). Then there exists a

unique function u in C
m+α

2
;m+α

0,q (cl Sq[Ω]
−
T ) which is one time continuously differentiable with

respect to the time variable and two times continuously differentiable with respect to the space
variables in ]0, T ]× Sq[Ω]

− and which solves problem (3.29). Moreover

u = v−q [∂TΩ, µ] in cl Sq[Ω]
−
T , (3.36)

where µ is the unique solution in C
m−1+α

2
;m−1+α

0 (∂TΩ) of the integral equation (3.33).

Proof. Proposition 3.16 implies that problem (3.29) has at most one solution. Then we
only need to show that the function defined by (3.36) is a solution of problem (3.29). By

Lemma 3.17 there exists a unique solution µ ∈ C
m−1+α

2
;m−1+α

0 (∂TΩ) of the integral equation
(3.33) and then by Theorem 3.7 and by equation (3.33) the function defined by (3.36) is a

q-periodic function in C
m+α

2
;m+α

0 (cl Sq[Ω]
−
T ) which solves the heat equation and which satisfies

the Neumann boundary condition in (3.29), and thus it is a solution of problem (3.29).

3.6.3 A periodic non-ideal transmission problem

Finally we consider a periodic transmission problem, which models a heat diffusion in a
two-composite material with thermal resistance at the interface. Let λ+, λ−, γ ∈]0,+∞[ and

let f, g ∈ C
m−1+α

2
;m−1+α

0 (∂TΩ). We consider the following non-ideal transmission problem.





∂tu
+ −∆u+ = 0 in ]0, T ]× Sq[Ω],

∂tu
− −∆u− = 0 in ]0, T ]× Sq[Ω]

−,
u+(t, x+ qei) = u+(t, x) ∀ (t, x) ∈ [0, T ]× cl Sq[Ω], ∀ i ∈ {1, . . . , n},
u−(t, x+ qei) = u−(t, x) ∀ (t, x) ∈ [0, T ]× cl Sq[Ω]

−, ∀ i ∈ {1, . . . , n},
λ+ ∂

∂νΩ
u+ + γ(u+ − u−) = f on [0, T ]× ∂Ω,

λ− ∂
∂νΩ

u− − λ+ ∂
∂νΩ

u+ = g on [0, T ]× ∂Ω,

u+(0, ·) = 0 in cl Sq[Ω],
u−(0, ·) = 0 in cl Sq[Ω]

−.

(3.37)

The fifth condition of system (3.37) is the non-ideal transmission (or imperfect contact)
condition, which models the thermal resistance at the interface. In particular this condition
says that the temperature field at the interface displays a jump proportional to the normal



3.6 Applications to periodic boundary value problems 101

heat flux. This discontinuity of the temperature field is a well know phenomenon in physics
which has been studied since the work of Kapitza in 1941, in which the author has studied for
the first time the thermal interface behavior in liquid helium (see, e.g., Swartz and Pohl [102],
Lipton [74] and references therein). We mention also the works of Donato and Jose [30], [31]
for the study of the asymptotic behavior of the approximate control of a similar parabolic
transmission problem and the work of Dalla Riva and Musolino [23] in which the authors
consider a singularly perturbed stationary version of this transmission problem in order to
study the effective conductivity of a periodic composite.

We have the following uniqueness result for the problem (3.37).

Proposition 3.19. Let T ∈]0,+∞[. Let λ+, λ−, γ ∈]0,+∞[. Let Ω be a bounded open subset

of Rn of class C1 such that cl Ω ⊆ Q. Let u+ ∈ C
1
2
;1

0,q (cl Sq[Ω]T ), u
− ∈ C

1
2
;1

0,q (cl Sq[Ω]
−
T ) be one

time continuously differentiable with respect to the time variable and two times continuously
differentiable with respect to the space variables in ]0, T ]×Sq[Ω] and ]0, T ]×Sq[Ω]

−, respectively.
Moreover, we assume that





∂tu
+ −∆u+ = 0 in ]0, T [×Sq[Ω],

∂tu
− −∆u− = 0 in ]0, T [×Sq[Ω]

−,
u+(t, x+ qei) = u+(t, x) ∀ (t, x) ∈ [0, T ]× cl Sq[Ω], ∀ i ∈ {1, . . . , n},
u−(t, x+ qei) = u−(t, x) ∀ (t, x) ∈ [0, T ]× cl Sq[Ω]

−, ∀ i ∈ {1, . . . , n},
λ+ ∂

∂νΩ
u+ + γ(u+ − u−) = 0 on [0, T ]× ∂Ω,

λ− ∂
∂νΩ

u− − λ+ ∂
∂νΩ

u+ = 0 on [0, T ]× ∂Ω,

u+(0, ·) = 0 in cl Sq[Ω],
u−(0, ·) = 0 in cl Sq[Ω]

−.

(3.38)

Then u+ = 0 in [0, T ]× cl Sq[Ω] and u− = 0 in [0, T ]× cl Sq[Ω]
−.

Proof. Let (u+, u−) ∈ C
1
2
;1

0,q (cl Sq[Ω]T )× C
1
2
;1

0,q (cl Sq[Ω]
−
T ) be a solution of problem (3.38). Let

Ωj , Λj , ωj for all j ∈ N be as in Lemma 3.15 associated with an approximation of Ω from the
outside, and let Ω′

j , Λ
′
j , ω

′
j for all j ∈ N be as in Lemma 3.15 associated with an approximation

of Ω from the inside. We can clearly assume that cl Ωj ⊆ Q for all j ∈ N. Moreover, as a
consequence of Lemma 3.15 (i), we have that

lim
j→+∞

1Q\cl Ωj (x) = 1Q\cl Ω(x) ∀x ∈ Q \ cl Ω, (3.39)

lim
j→+∞

1Ω′
j
(x) = 1Ω(x) ∀x ∈ Ω.

Let e+, e−, e+j , e
−
j be the functions from [0, T ] to [0,+∞[ defined by

e+(t) ≡
∫

Ω
(u+(t, y))2 dy, ∀ t ∈ [0, T ],

e−(t) ≡
∫

Q\cl Ω
(u−(t, y))2 dy, ∀ t ∈ [0, T ],

e+j (t) ≡
∫

Ω′
j

(u+(t, y))2 dy ∀ t ∈ [0, T ], ∀ j ∈ N,

e−j (t) ≡
∫

Q\cl Ωj

(u−(t, y))2 dy ∀ t ∈ [0, T ], ∀ j ∈ N.
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By the Dominated Convergence Theorem, e+, e−, e+j , e
−
j ∈ C0([0, T ]) for all j ∈ N. In addition,

the Dominated Convergence Theorem and (3.39) imply that

lim
j→+∞

ej(t) = e+(t) ∀ t ∈ [0, T ],

lim
j→+∞

ej(t) = e−(t) ∀ t ∈ [0, T ].

We now note that classical differentiation theorems for integral depending on a parameter
imply that e+j , e

−
j ∈ C1(]0, T [) for all j ∈ N and, exploiting the Divergence Theorem, we have

that

d

dt
e+j (t) =2

∫

Ω′
j

u+(t, y)∂tu
+(t, y) dy = 2

∫

Ω′
j

u+(t, y)∆u(t, y) dy (3.40)

=− 2

∫

Ω′
j

|Du+(t, y)|2 dy + 2

∫

∂Ω′
j

u+(t, y)
∂

∂νΩ′
j
(y)

u+(t, y) dσy,

for all t ∈]0, T [ and for all j ∈ N. Moreover, in a similar way, exploiting another time the
Divergence Theorem we have that

d

dt
e−j (t) =2

∫

Q\cl Ωj

u−(t, y)∂tu
−(t, y) dy = 2

∫

Q\cl Ωj

u−(t, y)∆u(t, y) dy (3.41)

=− 2

∫

Q\cl Ωj

|Du−(t, y)|2 dy + 2

∫

∂Q
u−(t, y)

∂

∂νQ(y)
u−(t, y) dσy

− 2

∫

∂Ωj

u−(t, y)
∂

∂νΩj (y)
u−(t, y) dσy

=− 2

∫

Q\cl Ωj

|Du−(t, y)|2 dy − 2

∫

∂Ωj

u−(t, y)
∂

∂νΩj (y)
u(t, y) dσy,

for all t ∈]0, T [ and for all j ∈ N. Indeed, the q-periodicity of u implies that
∫

∂Q
u−(t, y)

∂

∂νQ(y)
u−(t, y) dσy = 0, ∀ t ∈]0, T [.

Next, we turn to consider the second integral in the right hand side of (3.40). Lemma 3.15 (ii)
implies that

∫

∂Ω′
j

u+(t, y)
∂

∂νΩ′
j(y)

u+(t, y) dσy

=

∫

∂Ω′
j

u+(t, y)Du+(t, y) · νΩ′
j
(y) dσy

=

∫

∂Ω
u+(t,Λj(s))Du

+(t,Λ′
j(s)) · νΩ′

j
(Λ′

j(s))ω
′
j(s) dσs

for all t ∈]0, T [ and for all j ∈ N. We note that Lemma 3.15 and the membership of u+ in

C
1
2
;1

0,q (cl Sq[Ω]T ) imply that u+(t,Λ′
j(·)) converges to u+(t, ·) in C0(∂Ω) as j tends to +∞,

and Du+(t,Λ′
j(·)) converges to Du+(t, ·) in (C0(∂Ω))n as j tends to +∞, both uniformly

in t ∈ [0, T ]. We now fix p ∈]0,+∞[ and we set p′ ≡ p
p−1 ∈]1,+∞[. Lemma 3.15 (ii), (iii)

implies that ω′
j converges to 1 in Lp(∂Ω) as j tend to +∞, and νΩ′

j
(Λ′

j(·)) converges to νΩ in

(Lp
′
(∂Ω))n as j tends to +∞. Then the Hölder inequality implies that

u+(t,Λ′
j(·))Du+(t,Λ′

j(·)) · νΩ′
j
(Λ′

j(·))ω′
j
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converges to
u+(t, ·)Du+(t, ·) · νΩ

in L1(∂Ω) as j tends to +∞, uniformly in t ∈ [0, T ]. In particular we have that

lim
j→+∞

∫

∂Ω
u+(t,Λ′

j(s))Du
+(t,Λ′

j(s)) · νΩ′
j
(Λ′

j(s))ω
′
j(s) dσy

=

∫

∂Ω
u+(t, y)

∂

∂νΩ(y)
u+(t, y) dσy,

uniformly in t ∈ [0, T ]. Moreover, we note that
∣∣∣∣
∫

Ω
|Du+(t, y)|2 dy −

∫

Ω′
j

|Du+(t, y)|2 dy
∣∣∣∣

≤ sup
[0,T ]×Ω

|Du+|2
∫

Ω
|1Q\cl Ω(y)− 1Q\cl Ω′

j
(y)| dy ∀t ∈ [0, T ], ∀j ∈ N.

Accordingly, the Dominated Convergence Theorem and (3.39) implies that

lim
j→+∞

∫

Ω′
j

|Du+(t, y)|2 dy =

∫

Ω
|Du+(t, y)|2 dy, uniformly in t ∈ [0, T ].

Accordingly equality (3.40) implies that e+ ∈ C1(]0, T [) and

d

dt
e+(t) = −2

∫

Ω
|Du+(t, y)|2 dy + 2

∫

∂Ω
u+(t, y)

∂

∂νΩ(y)
u+(t, y) dσy ∀ t ∈]0, T [. (3.42)

Next, we consider the second integral in the right hand side of (3.41). Lemma 3.15 (ii) implies
that

∫

∂Ωj

u−(t, y)
∂

∂νΩj(y)
u−(t, y) dσy

=

∫

∂Ωj

u−(t, y)Du−(t, y) · νΩ′
j
(y) dσy

=

∫

∂Ω
u−(t,Λj(s))Du

−(t,Λj(s)) · νΩj (Λj(s))ωj(s) dσs

for all t ∈]0, T [ and for all j ∈ N. We note that Lemma 3.15 and the membership of u− in

C
1
2
;1

0,q (cl Sq[Ω]
−
T ) imply that u−(t,Λj(·)) converges to u−(t, ·) in C0(∂Ω) as j tends to +∞,

and Du−(t,Λj(·)) converges to Du−(t, ·) in (C0(∂Ω))n as j tends to +∞, both uniformly
in t ∈ [0, T ]. Now we fix p ∈]0,+∞[ and we set p′ ≡ p

p−1 ∈]1,+∞[. Lemma 3.15 (ii), (iii)
implies that ωj converges to 1 in Lp(∂Ω) as j tend to +∞, and νΩj (Λj(·)) converges to νΩ in

(Lp
′
(∂Ω))n as j tends to +∞. Then the Hölder inequality implies that

u−(t,Λj(·))Du−(t,Λj(·)) · νΩj (Λj(·))ωj

converges to
u−(t, ·)Du−(t, ·) · νΩ

in L1(∂Ω) as j tends to +∞, uniformly in t ∈ [0, T ]. In particular we have that

lim
j→+∞

∫

∂Ω
u−(t,Λj(s))Du

−(t,Λj(s)) · νΩj (Λj(s))ωj(s) dσy
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=

∫

∂Ω
u−(t, y)

∂

∂νΩ(y)
u−(t, y) dσy,

uniformly in t ∈ [0, T ]. Moreover, we note that
∣∣∣∣
∫

Q\cl Ω
|Du−(t, y)|2 dy −

∫

Q\cl Ωj

|Du−(t, y)|2 dy
∣∣∣∣

≤ sup
[0,T ]×(Q\cl Ω)

|Du−|2
∫

Q\cl Ω
|1Q\cl Ω(y)− 1Q\cl Ωj (y)| dy ∀t ∈ [0, T ], ∀j ∈ N.

Thus, the Dominated Convergence Theorem and (3.39) imply that

lim
j→+∞

∫

Q\cl Ωj

|Du−(t, y)|2 dy =

∫

Q\cl Ω
|Du−(t, y)|2 dy uniformly in t ∈ [0, T ].

Accordingly, equality (3.41) implies that e− ∈ C1(]0, T [) and

d

dt
e−(t) = −2

∫

Q\cl Ω
|Du−(t, y)|2 dy − 2

∫

∂Ω
u−(t, y)

∂

∂νΩ(y)
u−(t, y) dσy ∀ t ∈]0, T [.

(3.43)

Then, if we set e ≡ λ+e+ + λ−e−, equalities (3.42), (3.43) and the transmission boundary
conditions in problem (3.38) imply that

d

dt
e(t) =− 2

(
λ+
∫

Ω
|Du+(t, y)|2 dy + λ−

∫

Q\cl Ω
|Du−(t, y)|2 dy

)

+ 2λ+
∫

∂Ω
u+(t, y)

∂

∂νΩ(y)
u+(t, y) dσy − 2λ−

∫

∂Ω
u−(t, y)

∂

∂νΩ(y)
u−(t, y) dσy

=− 2

(
λ+
∫

Ω
|Du+(t, y)|2 dy + λ−

∫

Q\cl Ω
|Du−(t, y)|2 dy

)

+ 2λ+
∫

∂Ω
u+(t, y)

∂

∂νΩ(y)
u+(t, y) dσy − 2λ+

∫

∂Ω
u−(t, y)

∂

∂νΩ(y)
u+(t, y) dσy

=− 2

(
λ+
∫

Ω
|Du+(t, y)|2 dy + λ−

∫

Q\cl Ω
|Du−(t, y)|2 dy

)

+ 2λ+
∫

∂Ω
(u+(t, y)− u−(t, x))

∂

∂νΩ(y)
u+(t, y) dσy

=− 2

(
λ+
∫

Ω
|Du+(t, y)|2 dy + λ−

∫

Q\cl Ω
|Du−(t, y)|2 dy

)

− 2

γ

∫

∂Ω

(
λ+

∂

∂νΩ(y)
u+(t, y)

)2

dσy ∀ t ∈]0, T [.

Hence d
dte ≤ 0 in ]0, T [. Since e(0) = 0 and e ≥ 0 in [0, T ], then e = 0 for all in [0, T ]. Then

u+ = 0 in [0, T ]× cl Ω, u− = 0 in [0, T ]× clQ \Ω and thus the q-periodicity of u+, u− implies
the validity of the statement.

Since we plan to solve the problem (3.37) with two space-periodic single layer heat
potentials, we need to solve the related boundary integral equation. We do so by means of
the following.
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Lemma 3.20. Let α ∈]0, 1[, T ∈]0,+∞[, m ∈ N\{0}. Let Ω be a bounded open subset of Rn of

class Cm,α such that cl Ω ⊆ Q. Let J ≡ (J1, J2) be the operator from (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2

to (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2 defined by

J1[µ
+, µ−] ≡λ+

(
1

2
µ+ + wq,∗[∂TΩ, µ

+]

)
+ γ(v+q [∂TΩ, µ

+]|∂TΩ − v−q [∂TΩ, µ
−]|∂TΩ), (3.44)

J2[µ
+, µ−] ≡λ−

(
−1

2
µ− + wq,∗[∂TΩ, µ

−]

)
− λ+

(
1

2
µ+ + wq,∗[∂TΩ, µ

+]

)
,

for all (µ+, µ−) ∈ (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2. Then J is a linear homeomorphism.

Proof. Let J̃ ≡ (J̃1, J̃2) be the linear operator from the space (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2 to

(C
m−1+α

2
;m−1+α

0 (∂TΩ))
2 defined by

J̃1[µ
+, µ−] ≡λ

+

2
µ+,

J̃2[µ
+, µ−] ≡− λ−

2
µ− − λ+

2
µ+,

for all (µ+, µ−) ∈ (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2. Clearly J̃ is a linear homeomorphism.

Moreover, let J̄ ≡ (J̄1, J̄2) be the linear operator from the space (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2

to (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2 defined by

J̄1[µ
+, µ−] ≡λ+wq,∗[∂TΩ, µ+] + γ(v+q [∂TΩ, µ

+]|∂TΩ − v−q [∂TΩ, µ
−]|∂TΩ),

J̄2[µ
+, µ−] ≡λ−wq,∗[∂TΩ, µ−]− λ+wq,∗[∂TΩ, µ

+],

for all (µ+, µ−) ∈ (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2. By Corollary 3.11 (ii), the operator w∗,q[∂TΩ, ·] is

compact from C
m−1+α

2
;m−1+α

0 (∂TΩ) to itself. By Theorem 3.7 (iv), the map v+q [∂TΩ, ·] is linear

and continuous from C
m−1+α

2
;m−1+α

0 (∂TΩ) to C
m+α

2
;m+α

0 (cl Sq[Ω]T ) and the map v−q [∂TΩ, ·]
is linear and continuous from C

m−1+α
2

;m−1+α

0 (∂TΩ) to C
m+α

2
;m+α

0 (cl Sq[Ω]
−
T ). Then, by the

linearity and continuity of the trace operators from C
m+α

2
;m+α

0,q (cl Sq[Ω]T ) to C
m+α

2
;m+α

0 (∂TΩ)

and from C
m+α

2
;m+α

0,q (cl Sq[Ω]
−
T ) to C

m+α
2

;m+α

0 (∂TΩ), and by the compactness of the em-

bedding of C
m+α

2
;m+α

0 (∂TΩ) into C
m−1+α

2
;m−1+α

0 (∂TΩ), which is a consequence of Remark
1.10 and of Lemma 2.17, the operators v+q [∂TΩ, ·]|∂TΩ and v−q [∂TΩ, ·]|∂TΩ are compact in

C
m−1+α

2
;m−1+α

0 (∂TΩ). Then the operator J̄ is compact in (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2. Since

compact perturbation of linear homeomorphism are Fredholm operators of index 0, we have
that

J = J̃ + J̄

is a Fredholm operator of index 0. Hence, in order to show that J is a linear homeomorphism,

it suffices to show that J is injective. Let (µ+, µ−) ∈ (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2 such that

J [µ+, µ−] = (0, 0). By Theorem 3.7 the functions v+q [∂TΩ, µ
+] and v−q [∂TΩ, µ

−] satisfy the
assumptions of Proposition 3.19 and then

v+q [∂TΩ, µ
+] = 0 in [0, T ]× cl Sq[Ω]
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and

v−q [∂TΩ, µ
−] = 0 in [0, T ]× cl Sq[Ω]

−.

By the continuity of the single layer heat potential we have also that v+q [∂TΩ, µ
−] = 0 in

[0, T ]× ∂Sq[Ω] (see Theorem 3.7 (i)). Hence, v+q [∂TΩ, µ
−] solves the Dirichlet problem





∂tu−∆u = 0 in ]0, T ]× Ω,
u = 0 on [0, T ]× ∂Ω,
u(0, ·) = 0 in cl Ω.

The uniqueness of the classical Dirichlet problem implies that also

v+q [∂TΩ, µ
−] = 0 in [0, T ]× cl Ω.

Hence

∂

∂νΩ
v+q [∂TΩ, µ

−] =
∂

∂νΩ
v−q [∂TΩ, µ

−] = 0 on [0, T ]× ∂Ω.

The two jump formulas for the normal derivative of the interior and exterior q-periodic single
layer potential of Theorem 3.7 (v) implies that

µ− =
∂

∂νΩ
v+q [∂TΩ, µ

−]− ∂

∂νΩ
v−q [∂TΩ, µ

−] = 0 on [0, T ]× ∂Ω.

Using another time the continuity of the single layer heat potential we have that v−q [∂TΩ, µ
+] =

v+q [∂TΩ, µ
+] = 0 in [0, T ]× ∂Sq[Ω] (see Theorem 3.7 (i)). Accordingly, v−q [∂TΩ, µ

+] solves the
periodic Dirichlet problem





∂tu−∆u = 0 in ]0, T ]× Sq[Ω]
−,

u(t, x+ qei) = u(t, x) ∀(t, x) ∈ [0, T ]× cl Sq[Ω]
−, ∀i ∈ {1, . . . , n},

u = 0 on [0, T ]× ∂Ω,
u(0, ·) = 0 in cl Sq[Ω]

−.

Hence, the maximum principle of Proposition 3.12 implies that also

v−q [∂TΩ, µ
+] = 0 in [0, T ]× cl Sq[Ω]

−.

Hence
∂

∂νΩ
v−q [∂TΩ, µ

+] =
∂

∂νΩ
v+q [∂TΩ, µ

+] = 0 on [0, T ]× ∂Ω.

Finally, the two jump formulas for the normal derivative of the interior and exterior q-periodic
single layer potential of Theorem 3.7 (v) implies that

µ+ =
∂

∂νΩ
v+q [∂TΩ, µ

+]− ∂

∂νΩ
v−q [∂TΩ, µ

+] = 0 on [0, T ]× ∂Ω,

and the statement follows.

Finally we are ready to prove the following result concerning the non-ideal transmission
problem (3.37).
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Theorem 3.21. Let α ∈]0, 1[, T ∈]0,+∞[, m ∈ N \ {0}. Let Ω be a bounded open subset of

R
n of class Cm,α such that cl Ω ⊆ Q. Let f, g ∈ C

m−1+α
2

;m−1+α

0 (∂TΩ). Then problem (3.37)

has a unique solution (u+, u−) ∈ C
m+α

2
;m+α

0,q (cl Sq[Ω]T )× C
m+α

2
;m+α

0,q (cl Sq[Ω]
−
T ). Moreover

u+ = v+q [∂TΩ, µ
+] in cl Sq[Ω]T , (3.45)

u− = v−q [∂TΩ, µ
−] in cl Sq[Ω]

−
T ,

where (µ+, µ−) is the unique solution in (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2 of the system of integral

equations

J [µ+, µ−] = (f, g) on ∂TΩ. (3.46)

Proof. Proposition 3.19 implies that problem (3.37) has at most one solution. Then we only
need to show that the pair (u+, u−) defined by (3.45) is a solution of problem (3.37). Lemma

3.20 implies that there exists a unique solution (µ+, µ−) in (C
m−1+α

2
;m−1+α

0 (∂TΩ))
2 of the

system of integral equations (3.46). Then by Theorem 3.7 and by the definition (3.44) of the
operator J , the functions u+, u− defined by (3.45) are q-periodic functions which solve the
heat equation and which satisfy all the transmission conditions in (3.37), and thus the pair
(u+, u−) is a solution of problem (3.37).
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CHAPTER 4

Shape analysis of the effective longitudinal

permeability of a periodic array of cylinders

This chapter is devoted to the analysis of the behavior of the longitudinal permeability of a
periodic array of cylinders upon perturbation of the shape of the cross section of the cylinders,
and of the periodicity structure, when a Newtonian fluid is flowing at low Reynolds numbers
around the cylinders.

The shape of the cross section of the cylinders is determined by the image of a base domain
through a diffeomorphism φ and the periodicity cell is a rectangle of sides of length l and
1/l, where l is a positive parameter. We also assume that the pressure gradient is parallel to
the cylinders. Under such assumptions, the velocity field has only one non-zero component
which, by the Stokes equations, satisfies a Poisson equation (cf. problem (4.6)). Then, by
integrating the longitudinal component of the velocity field, for each pair (l, φ), one defines
the longitudinal permeability KII [l, φ] (cf. equality (4.7)). Here, we are interested in studying
the behavior of KII [l, φ] upon the pair (l, φ), which we think as a point in a suitable Banach
space.

This chapter is organized as follows. Section 4.1 is where we introduce some notation
and some preliminaries. In particular we recall the definition of periodic Schauder spaces
and we introduce the class of diffeomorphisms that we use in order to model the shape of
our domains. In Section 4.2 we introduce the Roumieu spaces, which are normed spaces of
analytic functions, and we introduce also their periodic version. Moreover, we state a result
due to Preciso [91] about the real analyticity of a superposition operator. In Section 4.3 we
introduce the periodic version of the layer potentials associated with the Laplace operator
and the periodic version of the volume potentials, and we present some properties of these
maps. Section 4.4 is where we explain the problem that we study in the present chapter and
where we define the longitudinal permeability. Next, in Section 4.5, we introduce an auxiliary
function in order to reduce our Poisson problem (4.6) to a nonhomogeneus Dirichlet problem
for the Laplace equation, and we study the regularity of such an auxiliary function in Section
4.6. Finally, in Section 4.7 we prove our main result about the behavior of the longitudinal
permeability with respect to the variation of the periodicity structure and of the shape of the
cross section of the cylinders. More precisely, we prove that the map

(l, φ) 7→ KII [l, φ],

is real analytic when l varies in ]0,+∞[ and φ varies in a suitable class of diffeomorphisms (cf.
Theorem 4.23).
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Some of the results of this chapter can be found in Musolino, Pukhtaievych and the author
[76].

4.1 Notation and preliminaries

Through all this chapter we retain some of the notation of the previous Chapter 3, in the
specific case of n = 2. In particular we recall that D

+
2 is the space of 2× 2 diagonal matrices

with entries in ]0,+∞[. Moreover, if

(q11, q22) ∈ ]0,+∞[2,

we set the periodicity cell to be the rectangle defined by

Q ≡ Π2
j=1]0, qjj [, (4.1)

and we denote by q the 2× 2 diagonal matrix

q ≡
(
q11 0
0 q22

)
, (4.2)

and by m2(Q) the 2–dimensional measure of the periodicity cell Q, and by νQ the outward
unit normal to ∂Q, where it exists. Clearly,

qZ2 = {qz : z ∈ Z
2}

is the set of vertices of a periodic subdivision of R2 corresponding to the periodicity cell Q
(see Figure 3.1).

We recall that we say that a subset D of R2 is q-periodic provided that

x+ qei ∈ D ∀x ∈ D, ∀ i ∈ {1, 2},

where {e1, e2} denotes the canonical basis of R2. Let D be a q-periodic subset of R2. We say
that a function f from D to C is q-periodic provided that

f(x+ qei) = f(x) ∀x ∈ D, ∀ i ∈ {1, 2}.

Let Ω be an open subset of R2 such that cl Ω ⊆ Q. We recall that we have set

Sq[Ω] ≡
⋃

z∈Z2

(qz +Ω) = qZ2 +Ω,

and then

Sq[Ω]
− = R

2 \ cl Sq[Ω].
Clearly, Sq[Ω] and Sq[Ω]

− are q-periodic subsets of R2. Let k ∈ N, α ∈]0, 1]. We set

Ck,αq (cl Sq[Ω]) ≡
{
u ∈ Ck,αb (cl Sq[Ω]) : u is q-periodic

}
,

which we regard as a Banach subspace of Ckb (cl Sq[Ω]), and

Ck,αq (cl Sq[Ω]
−) ≡

{
u ∈ Ck,αb (cl Sq[Ω]

−) : u is q-periodic
}
,
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which we regard as a Banach subspace of Ck,βb (cl Sq[Ω]
−).

In order to consider shape perturbations, we have to introduce a class of admissible
diffeomorphisms of a fixed base domain. The perturbation of the shape will be made by
perturbing the diffeomorphism in such a class. Let α ∈]0, 1[ and let Ω be a bounded open
subset of R2 of class C1,α. We denote by

Acl Ω

the set of functions of class C1(cl Ω,R2) which are injective and whose differential is injective
at all points x ∈ cl Ω. Moreover, we denote by

A∂Ω

the set of functions of class C1(∂Ω,R2) which are injective and whose differential is injective
at all points x ∈ ∂Ω. One can verify that A∂Ω and Acl Ω are open in C1(∂Ω,R2) and in
C1(cl Ω,R2), respectively (cf., e.g., Lanza de Cristoforis and Rossi [72, Lemma 2.2, p. 197]
and Lanza de Cristoforis and Rossi [71, Lemma 2.5, p. 143]). Then we find convenient to set

AQ
∂Ω ≡ {φ ∈ A∂Ω : φ(∂Ω) ⊆ Q},

AQ
cl Ω ≡ {Φ ∈ Acl Ω : Φ(cl Ω) ⊆ Q}.

Let now suppose, in addition, that the set Ω is connected and such that R2 \ cl Ω is connected.
In this case, if φ ∈ AQ

∂Ω, the Jordan-Leray separation theorem ensures that R
2 \ φ(∂Ω) has

exactly two open connected components, one bounded and one unbounded. We denote by

I[φ] (4.3)

the bounded open connected component of R2 \ φ(∂Ω), and by

E[φ] (4.4)

the unbounded open connected component of R
2 \ φ(∂Ω). Since φ(∂Ω) ⊆ Q, a simple

topological argument shows that Q \ cl I[φ] is also connected.

4.2 The Roumieu spaces

First of all we recall the definition of regular sets in the sense of Whitney. We need such a
notion in order to state a regularity results of a superposition operator. For every bounded
open connected subsets Ω of Rn, we set

c[Ω] ≡ sup

{
λ(x, y)

|x− y| : x, y ∈ Ω, x 6= y

}
,

where

λ(x, y) ≡ inf

{∫ 1

0
|ξ′(s)| ds : ξ ∈ C1([0, 1],Ω), ξ(0) = x, ξ(1) = y

}
.

If c[Ω] < +∞, then we say that Ω is regular in the sense of Whitney. It is of immediate
verification that if Ω is a bounded open connected subset of Rn of class C1, then Ω is regular
in the sense of Whitney.
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Next, we turn to introduce the Roumieu spaces. For all bounded open subsets Ω′ of Rn

and for all ρ ∈]0,+∞[, we set

C0
ω,ρ(cl Ω

′) ≡
{
u ∈ C∞(cl Ω′) : sup

γ∈Nn

ρ|γ|1

|γ|1!
‖Dγu‖C0(cl Ω′) < +∞

}
,

and

‖u‖C0
ω,ρ(cl Ω

′) ≡ sup
γ∈Nn

ρ|γ|1

|γ|1!
‖Dγu‖C0(cl Ω′) ∀u ∈ C0

ω,ρ(cl Ω
′).

As is well known, the Roumieu space
(
C0
ω,ρ(cl Ω

′), ‖ · ‖C0
ω,ρ(cl Ω

′)

)
is a Banach space. By

definition, a function u belongs to C0
ω,ρ(cl Ω

′) if and only if it can be expanded into a
convergent Taylor series around each point of cl Ω′ and the radius of convergence of the Taylor
series can estimated from below by means of ρ, uniformly at all points of cl Ω′.

In this chapter, we resort to Roumieu spaces because they are a natural class of functions
which generates analytic superposition operators in Schauder spaces. Indeed, the following
slight variant of Preciso [91, Proposition 1.1, p. 101] on the real analyticity of a composition
operator holds (see also Lanza de Cristoforis and Musolino [66, Proposition 5.2] and the slight
variant of the argument of Preciso of the proof of Lanza de Cristoforis [59, Proposition 9, p.
214]).

Theorem 4.1. Let α ∈]0, 1], ρ ∈]0,+∞[. Let Ω1, Ω′ be two bounded open subsets of
R
n. Let Ω′ be regular in the sense of Whitney. Then the composition operator T from

C0
ω,ρ(cl Ω1)× C1,α(cl Ω′,Ω1) to C1,α(cl Ω′) defined by

T [u, v] ≡ u ◦ v, ∀ (u, v) ∈ C0
ω,ρ(cl Ω1)× C1,α(cl Ω′,Ω1),

is real analytic.

Let Q and q be as in (4.1) and (4.2), respectively. We now introduce Roumieu spaces of
q-periodic function. Let Ω be an open subset of R2 such that cl Ω ⊆ Q. We set

C0
q,ω,ρ(cl Sq[Ω]) ≡

{
u ∈C∞(cl Sq[Ω]) :

u is q-periodic and sup
γ∈N2

ρ|γ|1

|γ|1!
‖Dγu‖C0

q (cl Sq [Ω]) < +∞
}
,

and

‖u‖C0
q,ω,ρ(cl Sq [Ω]) ≡ sup

γ∈N2

ρ|γ|1

|γ|1!
‖Dγu‖C0

q (cl Sq [Ω]) ∀u ∈ C0
q,ω,ρ(cl Sq[Ω]) .

Similarly, we set

C0
q,ω,ρ(cl Sq[Ω]

−) ≡
{
u ∈C∞(cl Sq[Ω]

−) :

u is q-periodic and sup
γ∈N2

ρ|γ|1

|γ|1!
‖Dγu‖C0

q (cl Sq [Ω]−) < +∞
}
,

and

‖u‖C0
q,ω,ρ(cl Sq [Ω]−) ≡ sup

γ∈N2

ρ|γ|1

|γ|1!
‖Dγu‖C0

q (cl Sq [Ω]−) ∀u ∈ C0
q,ω,ρ(cl Sq[Ω]

−) .

Then we have the following lemma which shows that, when dealing with q-periodic functions
in Roumieu spaces on cl Sq[A]

−, it is sufficient to work on a suitable neighborhood of the
periodicity cell.
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Lemma 4.2. Let ρ ∈]0,+∞[. Let Q and q be as in (4.1) and (4.2), respectively. Let A be an
open connected subset of R2 such that R2 \ clA is connected and such that

clA ⊆ Q.

Let W be a bounded open connected subset of R2 such that

clQ ⊆W and clW ∩ (qz + clA) = ∅ ∀ z ∈ Z
2 \ {0}.

Then the restriction operator from C0
q,ω,ρ(cl Sq[A]

−) onto the subspace

C0
q,ω,ρ(clW \A) ≡

{
v ∈ C0

ω,ρ(clW \A) :

∃u ∈ C
cl Sq [A]− such that u is q-periodic, v = u|clW\A

}
,

of C0
ω,ρ(clW \A) induces a linear homeomorphism

Proof. If u ∈ C0
q,ω,ρ(cl Sq[A]

−), then by definition of Roumieu spaces its restriction u|clW\A

belongs to C0
q,ω,ρ(clW \A). Indeed, by the q-periodicity of u we have that

sup
γ∈Nn

ρ|γ|1

|γ|1!
‖Dγu‖C0(clW\A) = sup

γ∈Nn

ρ|γ|1

|γ|1!
‖Dγu‖C0(clQ\A).

Conversely let v ∈ C0
q,ω,ρ(clW \ A), then there exists a unique q-periodic function u from

cl Sq[A]
− to C such that v = u|clW\A and clearly u ∈ C0

q,ω,ρ(cl Sq[A]
−). Then the restriction

operator is a bijection from C0
q,ω,ρ(cl Sq[A]

−) to C0
q,ω,ρ(clW \A). Since it is clearly linear and

continuous, then the Open Mapping Theorem implies the validity of the statement.

Finally, we prove the following elementary lemma which shows that, possibly taking a
smaller ρ in the target space, the differential operators are linear and continuous in periodic
Roumieu spaces on cl Sq[Ω]

−. Corresponding results hold also for classical Roumieu spaces
and for periodic Roumieu spaces in cl Sq[Ω]. However, we only state the result that we exploit
in this chapter.

Lemma 4.3. Let ρ ∈]0,+∞[ and ρ1 ∈]0, ρ[. Let Q and q be as in (4.1) and (4.2), respectively.
Let Ω be an open subset of R

2 such that cl Ω ⊆ Q. Let η ∈ N
2 such that |η|1 = 1. If

u ∈ C0
q,ω,ρ(cl Sq[Ω]

−), then Dηu ∈ C0
q,ω,ρ1(cl Sq[Ω]

−). Moreover, the operator which takes u to
Dηu is linear and continuous from C0

q,ω,ρ(cl Sq[Ω]
−) to C0

q,ω,ρ1(cl Sq[Ω]
−).

Proof. Let u ∈ C0
q,ω,ρ(cl Sq[Ω]

−). Then we have

sup
γ∈N2

ρ
|γ|1
1

|γ|1!
‖DγDηu‖C0

q (cl Sq [Ω]−)

= sup
γ∈N2

ρ
|γ|1
1

|γ|1!
(|γ|1 + 1)!

ρ|γ|1+1

ρ|γ|1+1

(|γ|1 + 1)!
‖Dγ+ηu‖C0

q (cl Sq [Ω]−)

= sup
γ∈N2

1

ρ1

(
ρ1
ρ

)|γ|1+1

(|γ|1 + 1)
ρ|γ|1+1

|γ|1 + 1
‖Dγ+ηu‖C0

q (cl Sq [Ω]−)

≤ 1

ρ1
sup
γ∈N2

{(
ρ1
ρ

)|γ|1+1

(|γ|1 + 1)

}
sup
γ∈N2

{
ρ|γ|1+1

|γ|1 + 1
‖Dγ+ηu‖C0

q (cl Sq [Ω]−)

}
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≤ 1

ρ1
sup
γ∈N2

{(
ρ1
ρ

)|γ|1+1

(|γ|1 + 1)

}
‖u‖C0

q,ω,ρ(cl Sq [Ω]−).

Since ρ1 < ρ, we have that

sup
γ∈N2

{(
ρ1
ρ

)|γ|1+1

(|γ|1 + 1)

}
< +∞,

and, accordingly, the statement follows.

4.3 Periodic potentials for the Laplace operator

In this section we introduce the periodic layer potentials associated with the Laplace operator
and the periodic volume potential associated with the Laplace operator.

Let Q and q be as in (4.1) and (4.2), respectively. As is well known, there exists a
q-periodic tempered distribution Sq,2 such that

∆Sq,2 =
∑

z∈Z2

δqz −
1

m2(Q)
,

where δqz denotes the Dirac measure with mass in qz. The distribution Sq,2 is determined up
to an additive constant, and we can take

Sq,2(x) = −
∑

z∈Z2\{0}

1

m2(Q)4π2|q−1z|2 e
2πi(q−1z)·x ,

in the sense of distributions in R
2 (cf., e.g., Ammari and Kang [4, p. 53], Lanza de Cristoforis

and Musolino [65, Section 3]). Moreover, Sq,2 is even, and real analytic in R
2 \qZ2, and locally

integrable in R
2 (cf., e.g., [65, Section 3]). The tempered distribution Sq,2 is said to be a

{0}-analog of a q-periodic fundamental solution of the Laplace operator (cf., e.g., [65, p. 84]).
We are now ready to introduce the q-periodic layer potentials associated with the Laplace

operator. Let Ω be a bounded open subset of R2 of class C1,α for some α ∈]0, 1[ such that
cl Ω ⊆ Q. Let µ ∈ L∞(∂Ω). We set

vq[∂Ω, µ](x) ≡
∫

∂Ω
Sq,2(x− y)µ(y) dσy ∀x ∈ R

2 ,

and

wq[∂Ω, µ](x) ≡
∫

∂Ω

∂

∂νΩ(y)
Sq,2(x− y)µ(y) dσy

= −
∫

∂Ω
νΩ(y) ·DSq,2(x− y)µ(y) dσy ∀x ∈ R

2 ,

and

wq,∗[∂Ω, µ](x) ≡
∫

∂Ω

∂

∂νΩ(x)
Sq,2(x− y)µ(y) dσy

=

∫

∂Ω
νΩ(x) ·DSq,2(x− y)µ(y) dσy ∀x ∈ ∂Ω
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The functions vq[∂Ω, µ] and wq[∂Ω, µ] are called the q-periodic single and double layer potential
with density µ, respectively. The function wq,∗[∂Ω, µ] is instead a function related the normal
derivative of the q-periodic single layer potential vq[∂Ω, µ]. We now state two known theorems
regarding the basic properties of the functions vq[∂Ω, µ] and wq[∂Ω, µ]. We start with the
following assertion concerning the single layer potential. For a proof we refer, e.g., to Lanza
de Cristoforis and Musolino [65, Theorem 3.5, p. 87], where the authors consider the more
general case of periodic layer potentials associated with a general second order elliptic operator
with constant coefficients.

Theorem 4.4. Let α ∈]0, 1[, m ∈ N \ {0}. Let Q and q be as in (4.1) and (4.2), respectively.
Let Ω be a bounded connected open subset of R2 of class Cm,α such that R2 \ cl Ω is connected
and such that cl Ω ⊆ Q. Then the following statements hold.

i) If µ ∈ L∞(∂Ω), then the function vq[∂Ω, µ] is continuous in R
2, q-periodic, and of class

C∞ in Sq[Ω] ∪ Sq[Ω]
−. Moreover,

∆vq[∂Ω, µ](x) = − 1

m2(Q)

∫

∂Ω
µ(y) dσy ∀x ∈ R

2 \ ∂Sq[Ω].

We set v+q [∂Ω, µ] ≡ vq[∂Ω, µ]|cl Sq [Ω] and v−q [∂Ω, µ] ≡ vq[∂Ω, µ]|cl Sq [Ω]−

ii) If µ ∈ Cm−1,α(∂Ω), then the function v+q [∂ΩQ, µ] belongs to Cm,αq (cl Sq[Ω]) and the
function v−q [∂Ω, µ] belongs to Cm,αq (cl Sq[Ω]

−). Moreover, the operator from Cm−1,α(∂Ω)
to Cm,αq (cl Sq[Ω]) which takes µ to v+q [∂Ω, µ] is linear and continuous, and the operator
from Cm−1,α(∂Ω) to Cm,αq (cl Sq[Ω]

−) which takes µ to v−q [∂Ω, µ] is linear and continuous

iii) Let µ ∈ Cm−1,α(∂Ω). Then the following jump formula holds.

∂

∂νΩ(x)
v±q [∂Ω, µ](x) = ∓1

2
µ(x) + wq,∗[∂Ω, µ](t, x) ∀x ∈ ∂Ω.

Furthermore, we have the corresponding result for the q-periodic double layer potential.
For a proof we refer, e.g, to Lanza de Cristoforis and Musolino [65, Theorem 3.18, p. 92].

Theorem 4.5. Under the same assumptions of Theorem 4.4, the following statements hold.

i) If µ ∈ L∞(∂Ω), then the function wq[∂Ω, µ] is q-periodic and of class C∞ in Sq[Ω] ∪
Sq[Ω]

−. Moreover,

∆wq[∂Ω, µ](x) = 0 ∀x ∈ R
2 \ ∂Sq[Ω].

ii) If µ ∈ Cm,α(∂Ω), then the restriction wq[∂Ω, µ]|Sq [Ω] can be extended uniquely to an
element w+

q [∂Ω, µ] of Cm,αq (cl Sq[Ω]) and the restriction wq[∂Ω, µ]|Sq [Ω]− can be extended
uniquely to an element w−

q [∂Ω, µ] of Cm,αq (cl Sq[Ω]
−). Moreover, the following jump

formula holds.

w±
q [∂Ω, µ](x) = ±1

2
µ(x) + wq[∂Ω, µ](t, x) ∀x ∈ ∂Ω.

iii) The operator from Cm,α(∂Ω) to Cm,αq (cl Sq[Ω]) which takes µ to w+
q [∂Ω, µ] is linear

and continuous, and the operator from Cm,α(∂Ω) to Cm,αq (cl Sq[Ω]
−) which takes µ to

w−
q [∂Ω, µ] is linear and continuous
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Next we introduce the exterior periodic volume potential. Let Q and q be as in (4.1) and
(4.2), respectively. Let A be an open subset of R2 such that clA ⊆ Q. Let ϕ ∈ L∞(Q \ clA).
Then we define the exterior periodic volume potential P−

q [A,ϕ] by

P−
q [A,ϕ](x) ≡

∫

Q\clA
Sq,2(x− y)ϕ(y) dy ∀x ∈ R

2.

We have the following result on some properties of the exterior periodic volume potential
P−
q [A,ϕ] that we need in the following sections.

Proposition 4.6. Let Q and q be as in (4.1) and (4.2), respectively. Let A be an open subset
of R2 such that clA ⊆ Q. Then the following statements hold.

i) If ϕ ∈ L∞(Q \ clA), then P−
q [A,ϕ] is q-periodic and of class C1(R2).

ii) If ϕ ∈ C0,α(clQ \A), then P−
q [A,ϕ] ∈ C2(Q \ clA) and

∆P−
q [A,ϕ](x) = ϕ(x)−

∫

Q\clA
ϕ(y) dy ∀x ∈ Q \ clA, (4.5)

Proof. Statement i) is a consequence of Dalla Riva, Lanza de Cristoforis and Musolino [22,
Proposition 3.6 (v), Proposition 3.16 (iv)]), where the authors consider a volume potential with
a general periodic kernel in some classes of weakly singular functions, and of [22, Section 4]),
where it is shown that the kernel Sq,2 belongs to the right class of weakly singular functions.

Statement ii) can be proved following the argument of the proof of Lanza de Cristoforis
and Musolino [69, Proposition A.1], and is a consequence of known properties of the classical
volume potential (cf., e.g., Gilbarg and Trudinger [41, Lemma 4.2, p. 55]).

Finally, we have the following proposition regarding the mapping properties in Roumieu
spaces of the exterior periodic volume potential.

Proposition 4.7. Let α ∈]0, 1[. Let Q and q be as in (4.1) and (4.2), respectively. Let A be
a bounded open Lipschitz subset of R2 such that clA ⊆ Q. Let A1 be an open subset of R2

such that
clA ⊆ A1 ⊆ clA1 ⊆ Q.

Then there exists ρ0 ∈]0,+∞[ such that for all ρ ∈]0, ρ0[ and for all ϕ ∈ C0
q,ω,ρ(cl Sq[A]

−), the
restriction of P−

q [A,ϕ|Q\clA] to cl Sq[A1]
− belongs to the space C0

q,ω,ρ(cl Sq[A1]
−). Moreover,

the map from C0
q,ω,ρ(cl Sq[A]

−) to C0
q,ω,ρ(cl Sq[A1]

−) which takes ϕ to P−
q [A,ϕ|Q\clA]|cl Sq [A1]−

is linear and continuous.

Proof. The statement follows by Dalla Riva, Lanza de Cristoforis and Musolino [22, Theorem
3.40 (ii)], which holds for exterior periodic volume potentials with a general periodic kernel in
some classes of weakly singular functions, and by [22, Section 4]), where it is shown that the
kernel Sq,2 belongs to the right class of weakly singular functions.

4.4 The problem

In order to introduce the mathematical problem, we take l ∈]0,+∞[ and we choose

(q11, q22) ≡ (l, 1/l).



4.4 The problem 119

In this case, the periodicity cell is the rectangle

Ql ≡ ]0, l[×]0, 1/l[,

and the periodicity matrix is the 2× 2 diagonal matrix

ql ≡
(
l 0
0 1/l

)
.

We emphasize that we restrict ourself to the case of a periodic structure induced by ql in
order to have that the area m2(Ql) of the periodicity cell Ql is equal to one for all l ∈]0,+∞[.
This choice helps making the computations simpler and the exposition clearer and it is of
course physically meaningful. However, this restriction is not necessary and we could consider
a more general periodic structure and a more general perturbation of the periodic structure.

We will often consider the case in which the periodic structure is induced by l = 1. Thus,
for us it is convenient to set

Q̃ ≡ Q1 , q̃ ≡ q1 .

Then, we fix α ∈]0, 1[ and Ω to be a bounded open connected subset of R2 of class C1,α

such that R
2 \ cl Ω is connected. Moreover we fix a diffeomorphism

φ ∈ AQ̃
∂Ω ∩ C1,α(∂Ω,R2),

(see Figure 4.1).

1

1

Q̃
φ(∂Ω)

I[φ]

∂Ω

φ

Figure 4.1: In red the diffeomorphism φ ∈ AQ̃
∂Ω ∩ C1,α(∂Ω,R2) of ∂Ω onto φ(∂Ω)

and in gray the set I[φ].

We recall that I[φ] denotes the bounded open connected component of R2\φ(∂Ω), and E[φ]
denotes the unbounded open connected component of R2 \ φ(∂Ω) (cf. (4.3), (4.4)). Clearly
cl qlI[φ] ⊆ Ql (see Figure 4.2). Under this assumptions, the set

cl Sql [qlI[φ]]× R

represents an infinite array of parallel cylinders. Instead, the set

Sql [qlI[φ]]
− × R
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1

1

Q̃
φ(∂Ω)

I[φ]

1/l

l

Qlqlφ(∂Ω)

qlI[φ]

ql

Figure 4.2: The transformation induced by ql.

represent the region where, in our model, a Newtonian fluid is flowing at low Reynolds number.
Then, we also assume that the driving pressure gradient is constant and parallel to the axis of
the cylinders. As a consequence, by a standard argument based on the particular geometry of
the problem (cf., e.g., Adler [1, Chapter 4], Sangani and Yao [96], and Mityushev and Adler
[85, 86]), one reduces the Stokes system for the fluid flowing in Sql [qlI[φ]]

− × R to a Poisson
equation in Sql [qlI[φ]]

− for the non-zero component of the velocity field (see Figure 4.3).

1/l

l

QlSql [qlI[φ]]
−

qlφ(∂Ω)

Figure 4.3: In gray and red the (l, φ)-dependent sets Sql [qlI[φ]]
− and qlφ(∂Ω), respectively.

Since we are working with dimensionless quantities, we may assume that the viscosity of
the fluid and the pressure gradient are both set equal to one. For a more complete discussion
on spatially periodic structures, we refer to Adler [1, Chapter 4]. Accordingly, we consider the
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following Dirichlet problem for the Poisson equation:





∆u = 1 in Sql [qlI[φ]]
− ,

u(x+ qlz) = u(x) ∀x ∈ cl Sql [qlI[φ]]
− , ∀ z ∈ Z

2 ,
u(x) = 0 ∀x ∈ ∂Sql [qlI[φ]]

− .
(4.6)

As it is well known, there exists a unique solution in C1,α
ql (cl Sql [qlI[φ]]

−) of problem 4.6 (for a
proof we refer, e.g., to Musolino [83, Proposition 2.2, p. 276]). We denote such a solution by

u[l, φ]

From the physical point of view, the function u[l, φ] represents the non-zero component of
the velocity field of the fluid flowing in Sql [qlI[φ]]

− × R (cf. Mityushev and Adler [85, Section
2]). By means of the function u[l, φ], we can introduce the effective permeability KII [l, φ]
which we define as the integral of the opposite of the flow velocity over the unit cell (cf. Adler
[1], Mityushev and Adler [85, Section 3]), i.e.,

KII [l, φ] ≡ −
∫

Ql\qlI[φ]
u[l, φ](x) dx, (4.7)

and we pose the following question:

Q) What can be said about the regularity of the map (l, φ) 7→ KII [l, φ]? (4.8)

Most of the works in the literature deal with differentiability properties. Here, instead,
we are interested into proving higher regularity and we answer the above question (4.8) by
showing that KII [l, φ] depends analytically on (l, φ). Such a result is contained in our main
Theorem 4.23 and implies, in particular, that if we have a one-parameter analytic family of
pairs (lδ, φδ)δ∈]−δ0,δ0[, then we can deduce the possibility to expand the permeability as a
power series, i.e.,

KII [lδ, φδ] =
+∞∑

j=0

cjδ
j (4.9)

for δ close to zero. Moreover, by the analyticity of the map in (4.8), the coefficients (cj)j∈N in
(4.9) can be constructively determined by computing the differentials of KII [·, ·]. Furthermore,
another important consequence of our high regularity result is that allows to apply differential
calculus in order to find critical rectangle-shape pairs (l, φ) as a first step to find optimal
configurations.

4.5 An auxiliary boundary value problem

In this section we transform our Poisson problem (4.6) into a nonhomogeneus Dirichlet problem
for the Laplace equation by means of an auxiliary function.

Since analyticity is a local property, in order to prove the analyticity of the map in (4.8),
we can work locally. Therefore, we find convenient to introduce the following lemma, which is

an immediate consequence of the fact that the norm in AQ̃
∂Ω ∩ C1,α(∂Ω,R2) is stronger then

the uniform norm.

Lemma 4.8. Let α ∈]0, 1[. Let φ0 ∈ AQ̃
∂Ω ∩ C1,α(∂Ω,R2). Let A0 be an open connected

Lipschitz subset of R2 such that R
2 \ clA0 is connected and such that clA0 ⊆ I[φ0]. Then
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there exist an open connected subset A1 of R2 such that R2 \ clA1 is connected, and an open

neighborhood U0 of φ0 in AQ̃
∂Ω ∩ C1,α(∂Ω,R2) such that

clA0 ⊆ A1 ⊆ clA1 ⊆ I[φ] ∀φ ∈ U0.

In order to transform the Dirichlet problem for the Poisson equation (4.6) in a Dirichlet
problem for the Laplace equation, we need a function B such that

∆B = 1.

We introduce such a function in the following lemma, which is an immediate consequence of
Musolino [82, Thm. 2.1].

Lemma 4.9. Let l ∈]0,+∞[, α ∈]0, 1[. Let φ0, A0 and U0 be as in Lemma 4.8. Let p0 ∈ A0.
Let Bp0,l be the function from R

2 \ (qlp0 + qlZ
2) to R defined by

Bp0,l(x) ≡ −Sql,2(x− qlp0) ∀x ∈ R
2 \ (qlp0 + qlZ

2).

Then

(i) Bp0,l|cl Sql [qlI[φ]]−
∈ C1,α

ql (cl Sql [qlI[φ]]
−) for all φ ∈ U0.

(ii) ∆Bp0,l = 1 in Sql [qlI[φ]]
− for all φ ∈ U0.

By means of Lemma 4.9, we can convert problem (4.6) for the Poisson equation into a
nonhomogeneous Dirichlet problem for the Laplace equation. Let l ∈]0,+∞[. Let φ0, A0 and
U0 be as in Lemma 4.8. Let p0 ∈ A0. Let φ ∈ U0. We note that Lemma 4.9 (i) implies that

Bp0,l|∂Sql [qlI[φ]]−
∈ C1,α(∂Sql [qlI[φ]]

−).

Accordingly, it is well know that there exists a unique solution in C1,α
ql (cl Sql [qlI[φ]]

−) of the
following auxiliary boundary value problem.





∆u = 0 in Sql [qlI[φ]]
−,

u(x+ qlz) = u(x) ∀x ∈ cl Sql [qlI[φ]]
−, ∀ z ∈ Z

2,

u(x) = −Bp0,l(x) ∀x ∈ ∂Sql [qlI[φ]]
−.

(4.10)

(cf., e.g., Musolino [83, Proposition 2.2, p. 276] and Proposition 4.16). We denote such a
solution of (4.10) by

u#[l, φ].

Accordingly, one can immediately verify that

u[l, φ] = Bp0,l + u#[l, φ] in cl Sql [qlI[φ]]
−,

where u[l, φ] is the unique solution in C1,α
ql (cl Sql [qlI[φ]]

−) of problem (4.6). Thus, we can
rewrite the longitudinal permeability in the following form.

KII [l, φ] = −
∫

Ql\qlI[φ]
Bp0,l(x) dx−

∫

Ql\qlI[φ]
u#[l, φ](x) dx. (4.11)
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4.6 Analyticity of the integral of the auxiliary function Bp0,l

In this section, we will investigate the analyticity of the first summand in the right hand side
of formula (4.11), namely of the map

(l, φ) 7→ −
∫

Ql\qlI[φ]
Bp0,l(x) dx

In order to achieve this objective, we need the following two technical extension results.
For a proof we refer to Lanza de Cristoforis and Rossi [72, Section 2] .

Lemma 4.10. Let α ∈]0, 1]. Let Ω be a bounded connected subset of R2 of class C1,α such that
R
2 \ cl Ω is connected. Let β ∈ C1,α(∂Ω,R2) be such that |β(x)| = 1 and β(x) · νΩ(x) > 1/2

for all x ∈ ∂Ω. Then the following statements hold.

(i) There exists δΩ ∈]0,+∞[ such that for all δ ∈]0, δΩ[ the sets

Ωβ,δ ≡ {x+ tβ(x) : x ∈ ∂Ω, t ∈]− δ, δ[},
Ω+
β,δ ≡ {x+ tβ(x) : x ∈ ∂Ω, t ∈]− δ, 0[},

Ω−
β,δ ≡ {x+ tβ(x) : x ∈ ∂Ω, t ∈]0, δ[}

are connected and of class C1,α, and

∂Ωβ,δ ≡ {x+ tβ(x) : x ∈ ∂Ω, t ∈ {−δ, δ}},
∂Ω+

β,δ ≡ {x+ tβ(x) : x ∈ ∂Ω, t ∈ {−δ, 0}},
∂Ω−

β,δ ≡ {x+ tβ(x) : x ∈ ∂Ω, t ∈ {0, δ}},

and
Ω+
β,δ ⊆ Ω, Ω−

β,δ ⊆ R
2 \ cl Ω.

(ii) Let δ ∈]0, δΩ[. If Φ ∈ Acl Ωβ,δ , then φ ≡ Φ|∂Ω ∈ A∂Ω.

(iii) If δ ∈]0, δΩ[, then the set

A′
cl Ωβ,δ

≡ {Φ ∈ Acl Ωβ,δ : Φ(Ω
+
β,δ) ⊆ I[Φ|∂Ω]}

is open in Acl Ωβ,δ and Φ(Ω−
β,δ) ⊆ E[Φ|∂Ω] for all Φ ∈ A′

cl Ωβ,δ
.

(iv) If δ ∈]0, δΩ[ and Φ ∈ A′
cl Ωβ,δ

∩C1,α(cl Ωβ,δ,R
2), then both Φ(Ω+

β,δ) and Φ(Ω−
β,δ) are open

sets of class C1,α, and

∂Φ(Ω+
β,δ) = Φ(∂Ω+

β,δ), ∂Φ(Ω−
β,δ) = Φ(∂Ω−

β,δ).

Lemma 4.11. Let α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class C1,α such
that R2 \ cl Ω is connected. Let φ∗ ∈ A∂Ω ∩ C1,α(∂Ω,R2). Let β, δΩ as in Lemma 4.10. Then
the following statements hold.

(i) There exist δ∗ ∈]0, δΩ[ and Φ∗ ∈ A′
cl Ωβ,δ∗

∩ C1,α(cl Ωβ,δ∗ ,R
2) such that φ∗ = Φ∗|∂Ω.
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(ii) Let δ∗, Φ∗ be as in (i). Then there exist an open neighborhood W∗ of φ∗ in A∂Ω ∩
C1,α(∂Ω,R2), and a real analytic extension operator

E∗[·]

of C1,α(∂Ω,R2) to C1,α(cl Ωβ,δ∗ ,R
2) which maps W∗ to A′

cl Ωβ,δ∗
∩C1,α(cl Ωβ,δ∗ ,R

2) and
such that E∗[φ∗] = Φ∗ and E∗[φ]|∂Ω = φ, for all φ ∈ W∗.

We also need the following technical lemma about the real analyticity upon the diffeo-
morphism φ of some maps related to the change of variables in the integrals and to the outer
normal field (for a proof we refer to Lanza de Cristoforis and Rossi [71, p. 166], and to Lanza
de Cristoforis [59, Proposition 1]).

Lemma 4.12. Let α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class C1,α such
that R2 \ cl Ω is connected. Then the following statements hold.

(i) For each φ ∈ A∂Ω ∩ C1,α(∂Ω,R2), there exists a unique map σ̃[φ] ∈ C0,α(∂Ω) such that
σ̃[φ] > 0 and

∫

φ(∂Ω)
w(s) dσs =

∫

∂Ω
w ◦ φ(y)σ̃[φ](y) dσy, ∀ω ∈ L1(φ(∂Ω)).

Moreover, the map σ̃[·] of A∂Ω ∩ C1,α(∂Ω,R2) to C0,α(∂Ω) is real analytic.

(ii) The map of A∂Ω∩C1,α(∂Ω,R2) to C0,α(∂Ω,R2) which takes φ to νI[φ] ◦φ is real analytic.

We are now ready to prove the following theorem, where we show the analyticity of the
map

(φ,G) 7→
∫

Q̃\I[φ]
Gdx,

where φ is in a suitable class of diffeomorphisms and G is in a Roumieu space of q̃-periodic
functions.

Theorem 4.13. Let α ∈]0, 1[. Let ρ ∈]0,+∞[. Let Ω be a bounded connected subset of R2 of
class C1,α such that R2 \ cl Ω is connected. Let φ0, A0 and U0 be as in Lemma 4.8. Then the
map of U0 × C0

q̃,ω,ρ(cl Sq̃[A0]
−) to R which takes (φ,G) to

∫
Q̃\I[φ]

Gdx is real analytic.

Proof. We first note that, if (φ,G) ∈ U0 × C0
q̃,ω,ρ(cl Sq̃[A0]

−), equality (4.5) for the Laplace
operator applied to the exterior volume potential implies that

∫

Q̃\I[φ]
G(x) dx =

∫

Q̃\I[φ]
∆P−

q̃ [A0, G|Q̃\clA0
](x) dx+

∫

Q̃\I[φ]

∫

Q̃\clA0

G(y) dy dx. (4.12)

We now consider the two integrals in the right hand side of equality (4.12) separately. We
start with the second one. By the Divergence Theorem, we have

∫

Q̃\I[φ]

∫

Q̃\clA0

G(y) dy dx =

∫

Q̃\I[φ]
dx

∫

Q̃\clA0

G(y) dy

=

(
1−

∫

I[φ]
dx

)∫

Q̃\clA0

G(y) dy

=

(
1− 1

2

∫

φ(∂Ω)
x · νI[φ](x) dσx

)∫

Q̃\clA0

G(y) dy.
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We note that the map from C0
q̃,ω,ρ(cl Sq̃[A0]

−) to L1(Q̃ \ clA0) which takes G to G
|Q̃\clA0

is linear and continuous, and that the map from L1(Q̃ \ clA0) to R which takes f to∫
Q̃\clA0

f(y) dy is linear and continuous. Accordingly, the map from C0
q̃,ω,ρ(cl Sq̃[A0]

−) to R

which takes G to
∫
Q̃\clA0

G(y) dy is linear and continuous, and thus real analytic. Moreover,

by Lemma 4.12 (i), we have that
∫

φ(∂Ω)
x · νI[φ](x) dσx =

∫

∂Ω
φ(y) · (νI[φ] ◦ φ(y))σ̃[φ](y) dσy.

Then, taking into account that the map from (C0,α(∂Ω,R2))2 to C0,α(∂Ω) which takes
(f, g) to f · g is bilinear and continuous, that the embedding of C0,α(∂Ω) in L1(∂Ω) is
linear and continuous, and that the map from L1(∂Ω) to R which takes h to

∫
∂Ω h dσ is

linear and continuous, Lemma 4.12 implies that the map from U0 to R which takes φ to∫
φ(∂Ω) x · νI[φ](x) dσx is real analytic. Accordingly, the map from U0 × C0

q̃,ω,ρ(cl Sq̃[A0]
−) to R

which takes the pair (φ,G) to
∫
Q̃\I[φ]

∫
Q̃\clA0

G(y) dy dx is real analytic.

Next, we consider the first integral in the right hand side of equality (4.12). Proposition
4.6 implies that the periodic exterior volume potential P−

q̃ [A0, G|Q̃\clA0
] is of class C1(R2).

Accordingly, the Divergence Theorem implies that
∫

Q̃\I[φ]
∆P−

q̃ [A0, G|Q̃\clA0
](x) dx

=

∫

∂Q̃
D(P−

q̃ [A0, G|Q̃\clA0
](x)) · ν

Q̃
(x) dσx −

∫

φ(∂Ω)
D(P−

q̃ [A0, G|Q̃\clA0
](x)) · νI[φ](x) dσx

=−
∫

φ(∂Ω)
D(P−

q̃ [A0, G|Q̃\clA0
](x)) · νI[φ](x) dσx.

Indeed the q̃-periodicity of P−
q̃ [A0, G|Q̃\clA0

] (cf. Proposition 4.6 (i)) implies that

∫

∂Q̃
D(P−

q̃ [A0, G|Q̃\clA0
](x)) · ν

Q̃
(x) dσx = 0

Next, we set
δ0 ≡ δ∗ , W0 ≡ W∗ , E0 ≡ E∗ ,

where δ∗, W∗, E∗, and β are as in Lemma 4.11, with φ∗ = φ0. Let

U ≡ U0 ∩W0.

Let A1 be as in Lemma 4.8. Then, in particular, we have that

clA0 ⊆ A1 ⊆ clA1 ⊆ I[φ] ⊆ Q̃ ∀φ ∈ U .

Possibly shrinking δ0 we can assume that

clE0[φ0](Ωβ,δ0) ⊆ Q̃ \ clA1.

Moreover, possibly shrinking U we can assume that

clE0[φ](Ωβ,δ0) ⊆ Q̃ \ clA1 ∀φ ∈ U .

By Corollary 4.7, there exists ρ′ ∈]0, ρ[ such that the map from C0
q̃,ω,ρ′(cl Sq̃[A0]

−) to

C0
q̃,ω,ρ′(cl Sq̃[A1]

−) which takes F to P−[F
|Q̃\clA0

]|cl Sq̃ [A1]− is linear and continuous. By the
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linearity and continuity of the embedding of C0
q̃,ω,ρ(cl Sq̃[A0]

−) into C0
q̃,ω,ρ′(cl Sq̃[A0]

−), the

map from C0
q̃,ω,ρ(cl Sq̃[A0]

−) to C0
q̃,ω,ρ′(cl Sq̃[A1]

−) which takes G to P−
q̃ [A0, G|Q̃\clA0

]|cl Sq̃ [A1]−

is linear and continuous. Thus thanks to Lemma 4.3, possibly taking a smaller ρ′, we can
verify that the map from C0

q̃,ω,ρ(cl Sq̃[A0]
−) to C0

q̃,ω,ρ′(cl Sq̃[A1]
−) which takes G to

∂

∂xj
P−
q̃ [A0, G|Q̃\clA0

]|cl Sq̃ [A1]−

is linear and continuous and then real analytic, for all j ∈ {1, 2}. Moreover, we note that the
restriction operator from C0

q̃,ω,ρ′(cl Sq̃[A1]
−) to C0

ω,ρ′(cl Q̃ \A1) is linear and continuous and
then real analytic. Thus, by Lemma 4.11 on the real analyticity of the extension operator E0

and by Theorem 4.1 on the real analyticity of a superposition operator in Schauder spaces,
the map of U × C0

q̃,ω,ρ(cl Sq̃[A0]
−) to C1,α(cl Ωβ,δ0) which takes the pair (φ,G) to

∂

∂xj
P−
q̃ [A0, G|Q̃\clA0

] ◦ E0[φ]

is real analytic, for all j ∈ {1, 2}. Then we note that
∫

φ(∂Ω)
D(P−

q̃ [A0, G|Q̃\clA0
](x)) · νI[φ](x) dσx

=

∫

∂Ω

(
DP−

q̃ [A0, G|Q̃\clA0
] ◦ E0[φ](x)

)
· (νI[φ] ◦ φ(x))σ̃[φ](x) dσx.

=
2∑

j=1

∫

∂Ω

∂

∂xj
P−
q̃ [A0, G|Q̃\clA0

] ◦ E0[φ](x)(νI[φ] ◦ φ(x))j σ̃[φ](x) dσx.

By Lemmas 4.11, 4.12, and by the linearity and continuity of the trace operator from
C0,α(cl Ωβ,δ0) to C0,α(∂Ω), and by the linearity and continuity of the embedding of C0,α(∂Ω)
in L1(∂Ω), and by the linearity and continuity of the map from L1(∂Ω) to R which takes
f to

∫
∂Ω f dσ, we have that the map from U × C0

q̃,ω,ρ(cl Sq̃[A0]
−) to R which takes the pair

(φ,G) to
∫
φ(∂Ω)D(P−

q̃ [A0, G|Q̃\clA0
](x)) · νI[φ](x) dσx real analytic. Thus, the validity of the

statement follows.

We recall Bp0,l is the function defined in Lemma 4.9. We are now ready to analyze the
regularity of the map

(l, φ) 7→
∫

Ql\qlI[φ]
Bp0,l(x) dx,

when l is in ]0,+∞[ and φ is a suitable class of diffeomorphisms.

Proposition 4.14. Let φ0, A0 and U0 be as in Lemma 4.8. Let p0 ∈ A0. Then the map from
]0,+∞[×U0 to R, which takes the pair (l, φ) to

∫
Ql\qlI[φ]

Bp0,l(x) dx, is real analytic.

Proof. Since real analyticity is a local property, we can work locally. Accordingly, we fix

l0 ∈]0,+∞[.

Let
L0

be a bounded open subset of ]0,+∞[ containing l0. We set

Q0 ≡ {ql ∈ D
+
2 : l ∈ L0}.
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Clearly, Q0 is a bounded open subset of D+
2 (R), and

clQ0 ⊆ D
+
2 (R).

Now, we note that

∫

Ql\qlI[φ]
Bp0,l(x) dx =

∫

Q̃\I[φ]
Bp0,l(qlx) dx = −

∫

Q̃\I[φ]
Sql,2(ql(x− p0)) dx (4.13)

for all (l, φ) ∈ ]0,+∞[×U0. Then we take a bounded open connected subset W of R2 of class
C∞ such that

cl Q̃ ⊆W and W ∩ (z + clA0) = ∅ ∀ z ∈ Z
2 \ {0}.

By Lanza de Cristoforis and Musolino [70, Theorem 8], there exists ρ ∈]0,+∞[ such that
the map from Q0 to C0

ω,ρ(clW \A0 − p0), which takes q̂ to the function Sq̂,2(q̂ ·)|clW\A0−p0 ,
is real analytic. Since the translation operator from C0

ω,ρ(clW \A0 − p0) to C0
ω,ρ(clW \A0)

which takes f to f(· − p0) is linear and continuous, then the map from Q0 to C0
ω,ρ(clW \A0),

which takes q̂ to the function Sq̂,2(q̂(· − p0)), is real analytic. Then, taking into account the
real analyticity of the map from ]0,+∞[ to D

+
2 (R) which takes l to ql, we deduce that the

map from Q0 to C0
ω,ρ(clW \A0), which takes l to Sql,2(ql(· − p0)), is real analytic.

Then, due to the Lemma 4.2, we can apply Theorem 4.13 to the last integral in equality
(4.13), and the validity of the statement follows.

4.7 Analyticity of the effective longitudinal permeability

In this section we prove our main result about the real analyticity of the longitudinal
permeability. By the previous sections, this aim is reduced to the study of the behavior of the
second integral in (4.11), that is the map

(l, φ) 7→ −
∫

Ql\qlI[φ]
u#[l, φ](x) dx, (4.14)

when l is in ]0,+∞[ and φ is in a suitable class of diffeomorphisms.

In order to achieve this objective, we exploit some of the results of Musolino [82], where
the behavior of a (singularly) perturbed Dirichlet problem for the Laplace equation has been
studied by means of periodic potentials.

As we shall see, we want to reduce the analysis of the solution u#[l, φ] of our Dirichlet
problem (4.10) to that of a related integral equation. To do so, we start with the following
result on a boundary integral operators. For a proof, we refer to Musolino [82, Proposition
A.3].

Lemma 4.15. Let l ∈]0,+∞[, α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class

C1,α such that R2 \ cl Ω is connected. Let φ ∈ AQ̃
∂Ω ∩ C1,α(∂Ω,R2). Let M [·] be the map from

C1,α(ql∂I[φ]) to itself, defined by

M [µ] ≡ −1

2
µ+ wql [ql∂I[φ], µ] ∀µ ∈ C1,α(ql∂I[φ]).

Then M [·] is a linear homeomorphism from C1,α(ql∂I[φ]) to C1,α(ql∂I[φ]).
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Then, we have the following result where we establish a correspondence between the
solution of a Dirichlet problem and the solution of an integral equation.

Proposition 4.16. Let l ∈]0,+∞[, α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of

class C1,α such that R2 \ cl Ω is connected. Let φ ∈ AQ̃
∂Ω∩C1,α(∂Ω,R2). Let Γ ∈ C1,α(ql∂I[φ]).

Then the following boundary value problem




∆u = 0 in Sql [qlI[φ]]
−,

u(x+ qlz) = u(x) ∀x ∈ cl Sql [qlI[φ]]
−, ∀ z ∈ Z

2,

u(x) = Γ(x) ∀x ∈ ql∂I[φ].

(4.15)

has a unique solution u in C1,α
ql (cl Sql [qlI[φ]]

−). Moreover,

u(x) = w−
ql
[ql∂I[φ], µ](x) ∀x ∈ cl Sql [qlI[φ]]

−, (4.16)

where µ is the unique solution in C1,α(ql∂I[φ]) of the following integral equation

− 1

2
µ(x) + wql [ql∂I[φ], µ](x) = Γ(x) ∀x ∈ ql∂I[φ] (4.17)

Proof. By the Maximum Principle for periodic functions in cl Sql [qlI[φ]]
−, problem (4.15) has

at most one solution (cf. Musolino [82, Prop. A.1]). As a consequence, we only need to prove
that the function defined by (4.16) solves problem (4.15). By Lemma 4.15 there exists a
unique solution µ ∈ C1,α(ql∂I[φ]) of the integral equation (4.17). Then by the properties of
the periodic double layer potential the function defined by (4.16) solves problem (4.15) (cf.
Theorem 4.5).

By Propostion 4.16, we know that the solution u#[l, φ] of our Dirichlet problem (4.10) can
be written in terms of a double layer potential. As a consequence, in the following two lemmas
we study the dependence upon l and φ of some integral operators related to the double layer
potential. We start with the following result.

Lemma 4.17. Let α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class C1,α such
that R2 \ cl Ω is connected. Let β and δΩ be as in Lemma 4.10. Let

A′Q̃
cl Ωβ,δ

≡ A′

cl Ωβ,δ
∩ AQ̃

cl Ωβ,δ
∀ δ ∈]0, δΩ[.

Let η ∈]0, 1[. Then there exists δη ∈]0, δΩ[ such that for all δ ∈]0, δη[ the map which takes

(l,Φ, θ) ∈]0,+∞[×
(
A′Q̃

cl Ωβ,δ
∩ C1,α(cl Ωβ,δ,R

2)
)
× C1,α(∂Ω)

to the function W+[l,Φ, θ], which is defined as the continuous extension to cl Ω+
β,δ of the

function

−
∫

qlΦ(∂Ω)
DSql,2(qlΦ(x)− s) · νqlI[Φ](s)(θ ◦ Φ(−1) ◦ q−1

l )(s) dσs ∀x ∈ Ω+
β,δ,

is real analytic from O(η)× Uη,δ × C1,α(∂Ω) to C1,α(cl Ω+
β,δ), where

O(η) ≡
{
l ∈]0,+∞[ : max{l−2, l2} < η−1

}
,

Uη,δ ≡
{
Φ ∈ A′Q̃

cl Ωβ,δ
∩ C1,α(cl Ωβ,δ,R

2) : sup
cl Ωβ,δ

|det(DΦ)| < η−1

}
.
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Proof. First of all, let δ ∈]0, δΩ[. Our plan is to follow the proof of Corollary 5.7 of Lanza de
Cristoforis and Musolino [65]. To do so, we first need to rewrite the operators W+, ∂

∂x1
W+

and ∂
∂x2

W+ in terms of single layer potentials. Let R ∈]0,+∞[ such that

R > sup
x∈Ω∪Ωβ,δ

|x|

Let F be a linear and continuous extension operator from C1,α(∂Ω) to C1,α(B2(0, R)), such
that F [θ]|∂Ω = θ for all θ ∈ C1,α(∂Ω) (see, e.g., Troianiello [103, Theorem. 1.3 and Lemma
1.5]). Then, by using [65, equalities (5.8) and (5.9), p. 109], with Φ replaced by ql ◦ Φ, we
obtain that

W+[l,Φ, θ] = −
2∑

i,j=1

∂

∂xi

(
V + [l,Φ,nj [ql ◦ Φ]θ]

) (
(D(ql ◦ Φ))−1

)
ij

(4.18)

and

∂

∂xk

(
W+[l,Φ, θ]

)
(4.19)

=

2∑

r=1

∂(ql ◦ Φ)r
∂xk

2∑

j,t=1

∂

∂xt

(
V + [l,Φ,Mrj [l, ql ◦ Φ, θ]]

) (
(D(ql ◦ Φ))−1

)
ij

+
2∑

r=1

∂(ql ◦ Φ)r
∂xk

∫

∂Ω
nj [ql ◦ Φ](y)θ(y)σ̃[ql ◦ Φ](s)dσs

for all k ∈ {1, 2}, where

Mrj [l, ql ◦ Φ, θ] ≡ |(D(ql ◦ Φ))−t · νΩ|−1

×
[(

2∑

i=1

(
(D(ql ◦ Φ))−1

)
ir
(νΩ)i

)(
2∑

i=1

∂(F [θ])

∂xi

(
(D(ql ◦ Φ))−1

)
ij

)

−
(

2∑

i=1

(
(D(ql ◦ Φ))−1

)
ij
(νΩ)i

)(
2∑

i=1

∂(F [θ])

∂xi

(
(D(ql ◦ Φ))−1

)
ir

)]
,

and,

nj [ql ◦ Φ] ≡
(

(D(ql ◦ Φ))−t · νΩ
|(D(ql ◦ Φ))−t · νΩ|

)

j

,

and,

V + [l,Φ, µ] (·) =
∫

qlΦ(∂Ω)
Sql,2(qlΦ(·)− s)

(
µ ◦ Φ(−1) ◦ q−1

l

)
(s)dσs ∀µ ∈ C1,α(∂Ω) .

By the chain rule, we have

(D(ql ◦ Φ))ij = (ql)ii(DΦ)ij ∀ i, j ∈ {1, 2}, (4.20)

((D(ql ◦ Φ))−1)ij =
1

(ql)ii
((DΦ)−1)ij ∀ i, j ∈ {1, 2},

(D(ql ◦ Φ))−t = q−1
l · (DΦ)−t.
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Next, we consider V + and we note that

V + [l,Φ, µ] (x) =

∫

qlΦ(∂Ω)
Sql,2(qlΦ(x)− s)

(
µ ◦ Φ(−1) ◦ q−1

l

)
(s)dσs

=

∫

Φ(∂Ω)
Sql,2(ql(Φ(x)− s))

(
µ ◦ Φ(−1)

)
(s)dσs

for all µ ∈ C0,α(∂Ω) and for all x ∈ Ω+
β,δ. Then we set

S̃q̃,l,2(x) ≡ Sql,2(qlx) ∀x ∈ R
2 \ Z2 . (4.21)

We note that the q̃-periodic function S̃q̃,l,2 is a q̃-periodic {0}-analog of the fundamental
solution of the operator

1

l2
∂2

∂x21
+ l2

∂2

∂x22
.

Namely, it is a tempered distribution such that

( 1

l2
∂2

∂x21
+ l2

∂2

∂x22

)
S̃q̃,l,2 =

∑

z∈Z2

δq̃z − 1 ,

in the sense of distributions (cf. Lanza de Cristoforis and Musolino [65, Section 1]). Then we
can write

∫

Φ(∂Ω)
Sql,2(ql(Φ(x)− s))

(
µ ◦ Φ(−1)

)
(s)dσs (4.22)

=

∫

Φ(∂Ω)
S̃q̃,l,2(Φ(x)− s)

(
µ ◦ Φ(−1)

)
(s)dσs

≡ Ṽ +
q̃ [l,Φ, µ] (x) ∀x ∈ Ω+

β,δ,

for all (l,Φ, µ) ∈]0,+∞[×Uη,δ × C0,α(∂Ω). Now, one can rewrite the operators W+, ∂
∂x1

W+

and ∂
∂x2

W+ using the single layer potential Ṽ +
q̃ . More precisely, equalities (4.18), (4.19)

together with the three equalities in (4.20) and with equality (4.22) imply that

W+[l,Φ, θ] = −
2∑

m,i,j=1

∂

∂xi

(
Ṽ +
q̃ [l,Φ, ñj [l,Φ]θ]

) 1

(ql)ii

(
DΦ)−1

)
im

(4.23)

and

∂

∂xk

(
W+[l,Φ, θ]

)
=

2∑

r=1

∂Φr
∂xk

(ql)rr

2∑

m,j,t=1

∂

∂xt

(
Ṽ +
q̃

[
l,Φ, M̃rj [l,Φ, θ]

]) 1

(ql)ii

(
(DΦ)−1

)
im

(4.24)

+

2∑

r=1

∂Φr
∂xk

(ql)rr

∫

∂Ω
ñj [l,Φ](y)θ(y)σ̃[ql ◦ Φ](s)dσs

for all k ∈ {1, 2}, where

M̃rj [l,Φ, θ] = |q−1
l · (DΦ)−t · νΩ|−1×
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×
[(

2∑

i=1

(
DΦ)−1

)
ir

1

(ql)ii
(νΩ)i

)(
2∑

i=1

∂(F [θ])

∂xi

(
DΦ)−1

)
ij

1

(ql)ii

)

−
(

2∑

i=1

(
DΦ)−1

)
ij

1

(ql)ii
(νΩ)i

)(
2∑

i=1

∂(F [θ])

∂xi

(
DΦ)−1

)
ir

1

(ql)ii

)]
,

and,

ñj [l,Φ] =

(
q−1
l · (DΦ)−t · νΩ

|q−1
l · (DΦ)−t · νΩ|

)

j

.

Now we note that

• the map from ]0,+∞[ to D
+
2 which takes l to

a(l) ≡
(
l−2 0
0 l2

)

is real analytic.

Moreover, by Lanza de Cristoforis and Musolino [70, Theorem 7] and by Lanza de Cristoforis
and Musolino [65, Section 3]

• the map from ]0,+∞[×(R2 \ q̃Z2) to R which takes the pair (l, x) to S̃q̃,l,2(x) = Sql,2(qlx)
is real analytic. Moreover, for all l ∈]0,+∞[, the map S̃q̃,l,2(·) is a q̃-periodic function in

L1
loc(R

2) such that
(

1
l2

∂2

∂x21
+ l2 ∂2

∂x22

)
S̃q̃,l,2 =

∑
z∈Z2 δq̃z − 1 in the sense of distributions.

Accordingly, one can readily verify that the assumptions of Lanza de Cristoforis and Musolino
[65, (1.8), pp. 78, 79] are satisfied and thus we can apply the results of [65]. Thus, [65,
Proposition 5.6, pp. 105, 106] implies that there exists δη ∈]0, δΩ[ such that for all δ ∈]0, δη[
the map Ṽ +

q̃ [·, ·, ·] is real analytic from

O(η)× Uη,δ × C0,α(∂Ω) to C1,α(cl Ω+
β,δ).

Then, if δ ∈]0, δη[, by the real analyticity of the pointwise product in Schauder spaces, and by
the real analyticity of the map which takes an invertible matrix with Schauder entries to its
inverse, and by the real analyticity of the linear and continuous extension operator F [·] and
of the trace operator, and by identities (4.23) and (4.24), we conclude that the operators

W+[·, ·, ·], ∂

∂x1
W+[·, ·, ·], ∂

∂x2
W+[·, ·, ·]

are real analytic from

O(η)× Uη,δ × C1,α(∂Ω) to C0,α(cl Ω+
β,δ).

Accordingly, the operator W+[·, ·, ·] is real analytic from

O(η)× Uη,δ × C1,α(∂Ω) to C1,α(cl Ω+
β,δ),

and thus the statement follows.
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Then we have the following lemma where we prove the analyticity of the trace of the
periodic double layer potential upon the periodicity parameter, the shape, and the density.

Lemma 4.18. Let α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class C1,α such

that R2 \ cl Ω is connected. Then the map from ]0,+∞[×(AQ̃
∂Ω ∩C1,α(∂Ω,R2))×C1,α(∂Ω) to

C1,α(∂Ω) which takes a triple (l, φ, θ) to the function

W [l, φ, θ](x) ≡ −
∫

qlφ(∂Ω)
DSql,2(qlφ(x)− s) · νqlI[φ](qls)(θ ◦ φ(−1) ◦ q−1

l )(s) dσs ∀x ∈ ∂Ω,

is real analytic.

Proof. Since analyticity is a local property, it is suffices to show that if

(l∗, φ∗, θ∗) ∈ ]0,+∞[×(AQ̃
∂Ω ∩ C1,α(∂Ω,R2))× C1,α(∂Ω),

then W [·, ·, ·] is real analytic in a neighborhood of (l∗, φ∗, θ∗).
Let β, δ∗, E∗, W∗ be as in Lemma 4.11. Possibly shrinking W∗, we can assume that there

exists η ∈]0, 1[ such that

sup
φ∈W∗

sup
x∈cl Ω+

β,δ

| det(DE∗[φ](x))| < η−1 and l∗ ∈ O[η],

where O[η] is as in Lemma 4.17. Possibly shrinking δ∗ and W∗, we can also assume that

E∗[φ](cl Ωβ,δ∗) ⊆ Q̃ ∀φ ∈ W∗.

Then we note that the jump formula for the double layer potential implies that

W [l, φ, θ] = −1

2
θ +W+ [l,E∗[φ], θ] on ∂Ω, (4.25)

for all (l, φ, θ) ∈ O[η] × W∗ × C1,α(∂Ω), where W+ is as in Lemma 4.17 for some δ ∈
]0,min{δ∗, δη}[. Then, by equality (4.25), and by Lemma 4.11 for the real analyticity of the
extension operator E∗, and by Proposition 4.17 about the real analyticity of the operator
W+[·, ·, ·], and by the linearity and continuity of the trace operator from C1,α(cl Ω+

β,δ) to

C1,α(∂Ω), we have that the operator W [·, ·, ·] is real analytic from

O[η]×W∗ × C1,α(∂Ω) to C1,α(∂Ω),

and, accordingly, the statement follows.

By Proposition 4.16, the Dirichlet problem (4.10) can be converted into the following
integral equation.

−1

2
µ(x) + wql [ql∂I[φ], µ](x) = Sql,2(x− qlp0) ∀x ∈ ql∂I[φ] .

Therefore, the first thing that we have to do in order to study the dependence of the solution
u#[l, φ] of problem (4.10) upon (l, φ) is to study the dependence upon the same pair of
the solution of the integral equation above. On the other hand, since the above integral
equation is defined on the (l, φ)-dependent domain ql∂I[φ], in the following lemma we provide
a reformulation on the fixed domain ∂Ω.
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Lemma 4.19. Let l ∈]0,+∞[, α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class
C1,α such that R2 \ cl Ω is connected. Let A0, φ0 and U0 be as in Lemma 4.8. Let p0 ∈ A0

and φ ∈ U0. Then the function θ ∈ C1,α(∂Ω) solves the equation

− 1

2
θ(t)−

∫

φ(∂Ω)
DSql,2(ql(φ(t)− s)) · νqlI[φ](qls)(θ ◦ φ(−1))(s)dσs − Sql,2(ql(φ(t)− p0)) = 0,

(4.26)
for all t ∈ ∂Ω, if and only if the function µ ∈ C1,α(ql∂I[φ]), with µ delivered by

µ(x) = (θ ◦ φ(−1) ◦ q−1
l )(x) ∀x ∈ ql∂I[φ], (4.27)

solves the equation

− 1

2
µ(x) + wql [ql∂I[φ], µ](x) = Sql,2(x− qlp0) ∀x ∈ ql∂I[φ] . (4.28)

Moreover, equation (4.26) has a unique solution in C1,α(∂Ω).

Proof. The equivalence of equation (4.26) in the unknown θ and of equation (4.28) in the
unknown µ, with µ delivered by (4.27), is a straightforward consequence of the Theorem of
change of variables in integrals. Then the existence and uniqueness of a solution of equation
(4.26) in C1,α(∂Ω), follows from Lemma 4.9 and from Lemma 4.15 applied to equation (4.28),
and from the equivalence of equations (4.26), (4.28).

Now, our aim is to prove the analytic dependence of the function θ which solves equation
(4.26) upon (l, φ) by exploiting the Implicit Function Theorem for real analytic maps in
Banach spaces. To do so, inspired by the previous Lemma 4.19, we introduce the map

Λ : ]0,+∞[×U0 × C1,α(∂Ω) → C1,α(∂Ω)

by setting

Λ[l, φ, θ](t) ≡ −1

2
θ(t)−

∫

φ(∂Ω)
DSql,2(ql(φ(t)− s))·νqlI[φ](qls)(θ ◦ φ(−1))(s) dσs (4.29)

− Sql,2(ql(φ(t)− p0)) ∀t ∈ ∂Ω,

for all (l, φ, θ) ∈]0,+∞[×U0 × C1,α(∂Ω), where U0 and p0 are as in Lemma 4.9. In order to
apply the Implicit Function Theorem for real analytic maps to the equation

Λ[l, φ, θ] = 0 ,

we need to understand the regularity of Λ. The analyticity upon (l, φ, θ) of the second term
in the right hand side of (4.29) is shown in Lemma 4.18. Accordingly, in order to show the
analyticity of the map Λ, it remains to show that the map which takes (l, φ) to the function
Sql,2(ql(φ(·)− p0)) is real analytic.

Lemma 4.20. Let α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class C1,α such
that R2 \ cl Ω is connected. Let φ0, A0 and U0 be as in Lemma 4.8. Let p0 ∈ A0. Then the
map from ]0,+∞[×U0 to C1,α(∂Ω) which takes a pair (l, φ) to the function Sql,2(ql(φ(·)− p0))
is real analytic.
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Proof. Since real analyticity is a local property, we can work locally. Accordingly, we fix

l0 ∈]0,+∞[.

Let
L0

be a bounded open subset of ]0,+∞[ containing l0. We set

Q0 ≡ {ql ∈ D
+
2 : l ∈ L0}.

Clearly, Q0 is a bounded open subset of D+
2 (R), and

clQ0 ⊆ D
+
2 (R).

We take a bounded open connected subset W of R2 of class C∞ such that

cl Q̃ ⊆W and W ∩ (z + clA0) = ∅ ∀z ∈ Z
2 \ {0}.

By Lanza de Cristoforis and Musolino [70, Theorem 8], there exists ρ ∈]0,+∞[ such that the
map from Q0 to C0

ω,ρ(clW \A0 − p0), which takes q̂ to the function Sq̂,2(q̂ ·), is real analytic.
Since the translation operator from C0

ω,ρ(clW \A0 − p0) to C0
ω,ρ(clW \A0) which takes f to

f(· − p0) is linear and continuous, then the map from Q0 to C0
ω,ρ(clW \A0), which takes q̃

to the function Sq̃,2(q̃(· − p0)), is real analytic. Now we set

δ0 ≡ δ∗ , W0 ≡ W∗ , E0 ≡ E∗ ,

where δ∗, W∗, E∗, and β are as in Lemma 4.11, with φ∗ = φ0. Let

U ≡ U0 ∩W0.

Let A1 be as in Lemma 4.8. Then, in particular, we have that

clA0 ⊆ A1 ⊆ clA1 ⊆ I[φ] ⊆ Q̃ ∀φ ∈ U .

Possibly shrinking δ0 we can assume that

clE0[φ0](Ωβ,δ0) ⊆ Q̃ \ clA1.

Moreover, possibly shrinking U we can assume that

clE0[φ](Ωβ,δ0) ⊆ Q̃ \ clA1 ∀φ ∈ U .

Thus, by the real analyticity of the map from L0 to Q0 which takes l to ql, and by Lemma
4.11 on the real analyticity of the extension operator E0, and by Lemma 4.1 on the real
analyticity of a superposition operator in Schauder spaces, we have that the map from L0 ×U
to C1,α(cl Ωβ,δ0) which takes (l, φ) to Sql,2(ql(· − p0)) ◦ E0[φ] is real analytic. Accordingly,
the map from ]0,+∞[×U0 to C1,α(cl Ωβ,δ0) which takes (l, φ) to Sql,2(ql(· − p0)) ◦ E0[φ] is
real analytic. Finally, the linearity and continuity of the trace operator from C1,α(cl Ωβ,δ0) to
C1,α(∂Ω) implies the validity the statement.

We are now ready to show that the solution of the integral equation (4.26) depends
analytically on (l, φ). The proof is based on the Implicit Function Theorem for real analytic
maps in Banach spaces.
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Proposition 4.21. Let α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class C1,α

such that R2 \ cl Ω is connected. Let φ0, A0 and U0 be as in Lemma 4.8. Let p0 ∈ A0. Then
the following statements hold.

(i) For each (l, φ) ∈]0,+∞[×U0, there exists a unique θ in C1,α(∂Ω) such that

Λ[l, φ, θ] = 0 on ∂Ω,

and we denote such a function by θ[l, φ].

(ii) The map θ[·, ·] from ]0,+∞[×U0 to C1,α(∂Ω) which takes (l, φ) to θ[l, φ] is real analytic.

Proof. Statement (i) is a straightforward consequence of Lemma 4.19.
Next we turn to consider statement (ii). We first observe that by Lemmas 4.18 and 4.20,

Λ[·, ·, ·] is a real analytic map from ]0,+∞[×U0 × C1,α(∂Ω) to C1,α(∂Ω). Since analyticity is
a local property, we fix (l1, φ1) in ]0,+∞[×U0 and we show that θ[·, ·] is real analytic in some
neighborhood of (l1, φ1) in ]0,+∞[×U0. By standard calculus in normed spaces, the partial
differential

∂θΛ[l1, φ1, θ[l1, φ1]]

of Λ at (l1, φ1, θ[l1, φ1]) with respect to the variable θ is delivered by

∂θΛ[l1,φ1, θ[l1, φ1]](ψ)(t)

=− 1

2
ψ(x)−

∫

φ(∂Ω)
DSql1 ,2(ql1(φ(t)− s)) · νql1 I[φ](ql1s)(ψ ◦ φ(−1))(s) dσs ∀ t ∈ ∂Ω,

for all ψ ∈ C1,α(∂Ω). By Lemma 4.15 and by the proof of Lemma 4.19, we deduce that
∂θΛ[l1, φ1, θ[l1, φ1]] is a linear homeomorphism of C1,α(∂Ω) onto C1,α(∂Ω). Accordingly, we
can apply the Implicit Function Theorem for real analytic maps in Banach spaces (see, e.g.,
Prodi and Ambrosetti [92, Theorem 11.6] and Deimling [29, Theorem 15.3]), and we deduce
that θ[·, ·] is real analytic in a neighborhood of (l1, φ1) in ]0,+∞[×U0 to C1,α(∂Ω). Thus, the
statement follows.

Now we are ready to consider the second integral in the right hand side of (4.11), that is
the map in (4.14).

Theorem 4.22. Let α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class C1,α such
that R2 \ cl Ω is connected. Let φ0, A0 and U0 be as in Lemma 4.8. Let p0 ∈ A0. Then the
map from ]0,+∞[×U0 to R which takes the pair (l, φ) to

∫
Ql\qlI[φ]

u#[l, φ] dx is real analytic.

Proof. We first note that by Proposition 4.16, by Lemma 4.19 and by Proposition 4.21 we
have that

u#[l, φ](x) = w−
ql
[ql∂I[φ], θ[l, φ] ◦ φ(−1) ◦ q−1

l ](x) ∀x ∈ cl Sql [qlI[φ]]
−,

for all (l, φ) ∈]0,+∞[×U0, where θ[l, φ] is defined in Proposition 4.21 (i). Accordingly,
∫

Ql\qlI[φ]
u#[l, φ] dx =

∫

Ql\qlI[φ]
w−
ql
[ql∂I[φ], θ[l, φ] ◦ φ(−1) ◦ q−1

l ] dx, (4.30)

for all (l, φ) ∈]0,+∞[×U0. We note that by classical differentiation theorems for integrals
depending on a parameter we have that

w−
ql
[ql∂I[φ], θ[l, φ] ◦ φ(−1) ◦ q−1

l ](x)
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=

∫

qlφ(∂Ω)

∂

∂νqlI[φ](y)
Sql,2(x− y)(θ[l, φ] ◦ φ(−1) ◦ q−1

l )(y) dσy

=−
∫

qlφ(∂Ω)
DSql,2(x− y) · νqlI[φ](y)(θ[l, φ] ◦ φ(−1) ◦ q−1

l )(y) dσy

=−
2∑

j=1

∂

∂xj

∫

ql∂φ(Ω)
Sql,2(x− y)(νqlI[φ](y))j(θ[l, φ] ◦ φ(−1) ◦ q−1

l )(y) dσy

=−
2∑

j=1

∂

∂xj
v−ql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ

(−1) ◦ q−1
l )](x), ∀x ∈ Sql [qlI[φ]]

−,

for all (l, φ) ∈]0,+∞[×U0. Then
∫

Ql\qlI[φ]
w−
ql
[ql∂I[φ], θ[l, φ] ◦ φ(−1) ◦ q−1

l ](x) dx (4.31)

=−
2∑

j=1

∫

Ql\qlI[φ]

∂

∂xj
v−ql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ

(−1) ◦ q−1
l )](x) dx,

for all (l, φ) ∈]0,+∞[×U0. We now fix j ∈ {1, 2}. Lemma 4.12 (i), The Divergence Theorem,
and the continuity in R

2 of the single layer potential (see Theorem 4.4 (i)) imply that
∫

Ql\qlI[φ]

∂

∂xj
v−ql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ

(−1) ◦ q−1
l )](x) dx (4.32)

=

∫

∂Ql

v−ql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ
(−1) ◦ q−1

l )](x)(νQl(x))j dσx

−
∫

qlφ(∂Ω)
v−ql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ

(−1) ◦ q−1
l )](x)(νqlI[φ](x))j dσx

= −
∫

qlφ(∂Ω)
v−ql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ

(−1) ◦ q−1
l )](x)(νqlI[φ](x))j dσx

= −
∫

∂Ω
v−ql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ

(−1) ◦ q−1
l )](qlφ(x))((νqlI[φ])j ◦ qlφ)(x)σ̃[φ](x) dσx

= −
∫

∂Ω
vql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ(−1) ◦ q−1

l )](qlφ(x))((νqlI[φ])j ◦ qlφ)(x)σ̃[φ](x) dσx,

for all (l, φ) ∈]0,+∞[×U0. Indeed, the periodicity of the periodic single layer potential (cf.
Theorem 4.4 (i)) implies that

∫

∂Ql

v−ql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ
(−1) ◦ q−1

l )](x)(νQl(x))j dσx = 0.

Now we note that if Sq̃,l,2 is the q̃-periodic {0}-analog of the fundamental solution of the
operator

1

l2
∂2

∂x21
+ l2

∂2

∂x22
,

defined as in (4.21) (cf. Lanza de Cristoforis and Musolino [65, Section 1]), we have

vql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ(−1) ◦ q−1
l )](qlφ(x))

=

∫

qlφ(∂Ω)
Sql,2(qlφ(x)− y)(νqlI[φ](y))j(θ[l, φ] ◦ φ(−1) ◦ q−1

l )(y) dσy
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=

∫

φ(∂Ω)
Sql,2(ql(φ(x)− y))(νqlI[φ](qly))j(θ[l, φ] ◦ φ(−1))(y) dσy

=

∫

φ(∂Ω)
S̃q̃,l,2(φ(x)− y)(νqlI[φ](qly))j(θ[l, φ] ◦ φ(−1))(y) dσy

≡ ṽl,q̃[∂I[φ], (((νqlI[φ])j ◦ qlφ)θ[l, φ]) ◦ φ(−1))](φ(x)) ∀x ∈ ∂Ω,

for all (l, φ) ∈]0,+∞[×U0. Here

ṽl,q̃[∂I[φ], ·]

is the q̃-periodic single layer potential associated with the analog S̃q̃,l,2 (cf. Lanza de Cristoforis
and Musolino [65, Thorem 3.7, pp. 87–89]). Now we note that

• the map from ]0,+∞[ to D
+
2 which takes l to

a(l) ≡
(
l−2 0
0 l2

)

is real analytic.

Moreover, by Lanza de Cristoforis and Musolino [70, Theorem 7] and by Lanza de Cristoforis
and Musolino [65, Section 3]

• the map from ]0,+∞[×(R2 \ q̃Z2) to R which takes the pair (l, x) to S̃q̃,l,2(x) = Sql,2(qlx)
is real analytic. Moreover, for all l ∈]0,+∞[, the map S̃q̃,l,2(·) is a q̃-periodic function in

L1
loc(R

2) such that
(

1
l2

∂2

∂x21
+ l2 ∂2

∂x22

)
S̃q̃,l,2 =

∑
z∈Z2 δq̃z − 1 in the sense of distributions.

Accordingly, one can readily verify that the assumptions of Lanza de Cristoforis and Musolino
[65, (1.8), pp. 78, 79] are satisfied and thus we can apply the results of [65]. Moreover, we note
that map from ]0,+∞[×U0 to A∂Ω ∩ C1,α(∂Ω,R2) which takes (l, φ) to qlφ is real analytic
and then Lemma 4.12 (ii) implies that the map from ]0,+∞[×U0 to C0,α(∂Ω) which takes
(l, φ) to (νqlI[φ])j ◦ qlφ is real analytic. Taking into account Proposition 4.21 (ii), Lanza de
Cristoforis and Musolino [65, Theorem 5.10 (i)] implies that the map from ]0,+∞[×U0 to
C1,α(∂Ω) which takes (l, φ) to

Ṽq̃[l, φ, ((νqlI[φ])j ◦ qlφ)θ[l, φ])] ≡ ṽl,q̃[∂I[φ], (((νqlI[φ])j ◦ qlφ)θ[l, φ]) ◦ φ(−1))] ◦ φ

is real analytic. Then Lemma 4.12 (i), the linearity and continuity of the map from L1(∂Ω)
to R which takes f to

∫
∂Ω f dσ, and equality (4.32) imply that the map from ]0,+∞[×U0 to

R which takes (l, φ) to

∫

Ql\qlI[φ]

∂

∂xj
v−ql [ql∂I[φ], (νqlI[φ])j(θ[l, φ] ◦ φ

(−1) ◦ q−1
l )](x) dσx,

is real analytic. Accordingly, equality (4.31) implies that the map from ]0,+∞[×U0 to R

which takes (l, φ) to

∫

Ql\qlI[φ]
w−
ql
[ql∂I[φ], θ[l, φ] ◦ φ(−1) ◦ q−1

l ](x) dx,

is real analytic and then, by equality (4.30), we can conclude that the map from ]0,+∞[×U0

to R which takes the pair (l, φ) to
∫
Ql\qlI[φ]

u#[l, φ] dx is real analytic.
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Combining Proposition 4.14 and Theorem 4.22 together with the representation formula
(4.11) for KII [l, φ], we can finally deduce our main result regarding the real analyticity of the
longitudinal permeability KII [l, φ] upon (l, φ).

Theorem 4.23. Let α ∈]0, 1[. Let Ω be a bounded connected subset of R2 of class C1,α such

that R2 \ cl Ω is connected. Then the map from ]0,+∞[×
(
AQ̃
∂Ω ∩ C1,α(∂Ω,R2)

)
to R which

takes a pair (l, φ) to KII [l, φ] is real analytic.

As already mentioned, one of the consequences of the previous Theorem 4.23 is that if
we have a one-parameter analytic family of pairs (lδ, φδ)δ∈]−δ0,δ0[, then we can deduce the
possibility to expand the longitudinal permeability as a power series, i.e.,

KII [lδ, φδ] =
+∞∑

j=0

cjδ
j (4.33)

for δ close to zero. Once an expansion of this type is shown, for practical applications it
is of interest to compute the coefficients {cj}j∈N. Dalla Riva, Musolino, and Rogosin [27]
developed a completely constructive method to compute the coefficients for the solution of
the Dirichlet problem for the Laplace equation in a planar domain with a small hole. The
computation is based on the solutions of systems of integral equations. This type of approach
can be exploited also in our case for the longitudinal permeability, in order to obtain an
explicit expression for all the coefficients {cj}j∈N in the series (4.33). This could be the object
of future investigations and the present chapter of the Dissertation provides the theoretical
background for this aim.
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APPENDIX A

Harmonic layer potentials and relation with layer

heat potentials

In this appendix we recall the definitions and we collect some know properties of the harmonic
layer potentials. Moreover we show some relations between harmonic layer potentials and
layer heat potentials.

A.1 Harmonic layer potentials

The fundamental solution of the Laplace equation is well known to be the function Sn from
R
n \ {0} to R defined by

Sn(x) ≡
{

1
sn

log |x| ∀x ∈ R
n \ {0}, if n = 2,

1
(2−n)sn

|x|2−n ∀x ∈ R
n \ {0}, if n ≥ 3,

(A.1)

where

sn ≡ 2π
n
2

Γ
(
n
2

)

denotes the (n− 1) dimensional measure of ∂Bn. Let Ω be a bounded open Lipschitz subset
of Rn. If µ ∈ L∞(∂Ω), we set

ṽ[∂Ω, µ](x) ≡
∫

∂Ω
Sn(x− y)µ(y) dσy

=

{∫
∂Ω

1
sn

log |x− y|µ(y) dσy if n = 2,∫
∂Ω

1
(2−n)sn

|x− y|2−nµ(y) dσy if n ≥ 3,
∀x ∈ R

n.

The map ṽ[∂Ω, µ] is the harmonic single layer potential with density µ. We collect in the
following statement some known properties of the harmonic single layer potential. For a
proof we refer, e.g., to Miranda [79], Wiegner [111], Dondi and Lanza de Cristoforis [32] and
references therein.

Theorem A.1. Let α ∈]0, 1[, m ∈ N \ {0}. Let Ω be a bounded open subset of Rn of class
Cm,α. Then the following statements hold.

141



142 Harmonic layer potentials and relation with layer heat potentials

i) Let µ ∈ C0(∂Ω). Then the function ṽ[∂Ω, µ] is continuous in R
n, is of class C∞(Rn\∂Ω),

and is harmonic in R
n\∂Ω. Let ṽ+[∂Ω, µ] ≡ ṽ[∂Ω, µ]|cl Ω denote the restriciton of ṽ[∂Ω, µ]

to cl Ω, and ṽ−[∂Ω, µ] ≡ ṽ[∂Ω, µ]|cl Ω− denote the restriction of ṽ[∂Ω, µ] to cl Ω−.

ii) If µ ∈ Cm−1,α(∂Ω), then the function ṽ+[∂Ω, µ] belongs to Cm,α(cl Ω), and the function
ṽ−[∂Ω, µ] belongs to Cm,αloc (cl Ω−). Moreover the map which takes µ to ṽ+[∂Ω, µ] is contin-
uous from Cm−1,α(∂Ω) to Cm,α(cl Ω), and the map which takes µ to ṽ−[∂Ω, µ]|clBn(0,R)\Ω

is continuous from Cm−1,α(∂Ω) to Cm,α(clBn(0, R) \ Ω) for all R ∈]0,+∞[ such that
cl Ω ⊆ Bn(0, R).

iii) Let r ∈ {1, . . . , n}. If µ ∈ C0,α(∂Ω), then the following jump relations hold.

∂

∂xr
ṽ±[∂Ω, µ](x) = ∓1

2
µ(x)νr(x) +

∫

∂Ω

∂

∂xr
Sn(x− y)µ(y) dσy ∀x ∈ ∂Ω,

where the integral in the right hand side exists in the sense of the principal value.

Then we turn to the harmonic double layer potential. Let α ∈]0, 1[. Let Ω be a bounded
open subset of Rn of class C1,α. If µ ∈ L∞(∂Ω), we set

w̃[∂Ω, µ](x) ≡
∫

∂Ω

∂

∂ν(y)
Sn(x− y)µ(y) dσy

=−
∫

∂Ω

(x− y)tν(y)

sn|x− y|n µ(y) dσy ∀x ∈ R
n.

The map w̃[∂Ω, µ] is the harmonic double layer potential with density µ. We collect in the
following statement some known properties of the harmonic double layer potential. For a
proof we refer, e.g., to Miranda [79], Wiegner [111], Dondi and Lanza de Cristoforis [32] and
references therein.

Theorem A.2. Let α ∈]0, 1[, m ∈ N \ {0}. Let Ω be a bounded open subset of Rn of class
Cm,α. Then the following statements hold.

i) Let µ ∈ C0(∂Ω). The function w̃[∂Ω, µ] is of class C∞(Rn \ ∂Ω) and is harmonic in
R
n \ ∂Ω. Moreover the restriction w̃[∂Ω, µ]Ω can be extended uniquely to a continuous

function w̃+[∂Ω, µ] from cl Ω to C, and the restriction w̃[∂Ω, µ]Ω− can be extended
uniquely to a continuous function w̃−[∂Ω, µ] from cl Ω− to C. Moreover the following
jump formula hold.

w̃±[∂Ω, µ](x) = ±1

2
µ(x) + w̃[∂Ω, µ](x) ∀x ∈ ∂Ω.

ii) If µ ∈ Cm,α(∂Ω), then the function w̃+[∂Ω, µ] belongs to Cm,α(cl Ω), and the function
w̃−[∂Ω, µ] belongs to Cm,αloc (cl Ω−). Moreover the map which takes µ to w̃+[∂Ω, µ] is con-
tinuous from Cm,α(∂Ω) to Cm,α(cl Ω), and the map which takes µ to w̃−[∂Ω, µ]|clBn(0,R)\Ω

is continuous from Cm,α(∂Ω) to Cm,α(clBn(0, R) \ Ω) for all R ∈]0,+∞[ such that
cl Ω ⊆ Bn(0, R).

A.2 Relation between harmonic and heat layer potentials

In this section we show that if the density µ is time independent, i.e. is a function from ∂Ω
to C, then harmonic layer potentials coincide up to a minus sign with the corresponding layer
heat potentials. We start with the following concerning the single layer potential.
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Lemma A.3. Let T ∈]∞,+∞]. Let Ω be a bounded open Lipschitz subset of R
n. Let

µ ∈ L∞(∂Ω). Then

v[∂TΩ, µ](t, x) = −(ṽ[∂Ω, µ](x)− δ2,nṽ[∂Ω, µ](x0)) ∀ (t, x) ∈ (Rn)T ,

(for the definition of v[∂TΩ, µ] see (2.4) and (2.5)).

Proof. We first consider the case n = 2. We fix (t, x) ∈ (Rn)T . Then

v[∂TΩ, µ](t, x)

=

∫ +∞

−∞

∫

∂Ω
[Φn(t− τ, x− y)− Φn(−τ, x0 − y)]µ(y) dσydτ

= lim
h→+∞

∫ +∞

−h

∫

∂Ω
[Φn(t− τ, x− y)− Φn(−τ, x0 − y)]µ(y) dσydτ

= lim
h→+∞

{∫ t

−h

∫

∂Ω
Φn(t− τ, x− y)µ(y) dσydτ

−
∫ 0

−h

∫

∂Ω
Φn(−τ, x0 − y)µ(y) dσydτ

}
.

By the changes of variable t− τ = |x−y|2

4ξ and −τ = |x0−y|2

4ξ in the first and second integrals in
the right hand side of the previous equality, respectively, we have

v[∂TΩ, µ](t, x)

= lim
h→+∞

{∫

∂Ω

∫ +∞

|x−y|2

4(t+h)

1

4πξ
e−ξµ(y) dξdσy −

∫

∂Ω

∫ +∞

|x0−y|
2

4h

1

4πξ
e−ξµ(y) dξdσy

}

= lim
h→+∞

∫

∂Ω

∫ |x0−y|
2

4h

|x−y|2

4(t+h)

1

4πξ
e−ξµ(y) dξdσy.

Let g be the function from R to R defined by

g(ξ) ≡
{
e−ξ−1
−ξ if ξ 6= 0,

1 if ξ = 0.

It is easy to see that g is continuous in R and that

ξ−1e−ξ = ξ−1 − g(ξ) ∀ ξ ∈ R \ {0}

Accordingly, the Dominated Convergence Theorem implies that

v[∂TΩ, µ](t, x)

= lim
h→+∞

{∫

∂Ω

∫ |x0−y|
2

4h

|x−y|2

4(t+h)

1

4πξ
dξ µ(y)dσy −

∫

∂Ω

∫ |x0−y|
2

4h

|x−y|2

4(t+h)

g(ξ)

4π
dξ µ(y)dσy

}

= lim
h→+∞

{∫

∂Ω

1

4π
log

∣∣∣∣
|x0 − y|2

4h

4(t+ h)

|x− y|2
∣∣∣∣µ(y) dσy

−
∫

∂Ω

∫ |x0−y|
2

4h

|x−y|2

4(t+h)

g(ξ)

4π
dξ µ(y)dσy

}
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=

∫

∂Ω

1

4π
log

( |x0 − y|2
|x− y|2

)
µ(y) dσy

=

∫

∂Ω

1

2π
log(|x0 − y|)µ(y)dσy −

∫

∂Ω

1

2π
log(|x− y|)µ(y)dσy

=− (ṽ[∂Ω, µ](x)− ṽ[∂Ω, µ](x0)),

which proves the statement in the case n = 2.
Next we turn to consider the case n ≥ 3. We fix (t, x) ∈ (Rn)T . By the change of variable

|x− y|2u = 4(t− τ) we have that

v[∂TΩ, µ](t, x) =

∫ t

−∞

∫

∂Ω
Φn(t− τ, x− y)µ(y) dσydτ

=

∫ t

−∞

∫

∂Ω

1

(4π(t− τ))
n
2

e
−

|x−y|2

4(t−τ)µ(y) dσydτ

=
1

4π
n
2

∫ +∞

0
u−

n
2 e−

1
u du

∫

∂Ω

1

|x− y|n−2
µ(y) dσydτ

=
1

4π
n
2

Γ
(n
2
− 1
)∫

∂Ω

1

|x− y|n−2
µ(y) dσydτ

=
1

2π
n
2 (n− 2)

Γ
(n
2

)∫

∂Ω

1

|x− y|n−2
µ(y) dσydτ

=
1

(n− 2)sn

∫

∂Ω

1

|x− y|n−2
µ(y) dσydτ

= − ṽ[∂Ω, µ](x),

which proves the statement in the case n ≥ 3.

Then we turn to consider the case of the double layer potential.

Lemma A.4. Let α ∈]0, 1[. Let T ∈]∞,+∞]. Let Ω be a bounded open subset of Rn of class
C1,α. Let µ ∈ L∞(∂Ω). Then

w[∂TΩ, µ](t, x) = −w̃[∂Ω, µ](x) ∀ (t, x) ∈ (Rn)T ,

(for the definition of w[∂TΩ, µ] see (2.1)).

Proof. We fix (t, x) ∈ (Rn)T . By the change of variable |x− y|2u = 4(t− τ) we have that

w[∂TΩ, µ](t, x) =

∫ t

−∞

∫

∂Ω

∂

∂ν(y)
Φn(t− τ, x− y)µ(y) dσydτ

=

∫ t

−∞

∫

∂Ω

(x− y)tν(y)

2(4π)
n
2 (t− τ)

n
2
+1
e
−

|x−y|2

4(t−τ)µ(y) dσydτ

=
1

2π
n
2

∫ +∞

0
u−

n
2
−1e−

1
u du

∫

∂Ω

(x− y)tν(y)

|x− y|n µ(y) dσy

=
1

2π
n
2

Γ
(n
2

)∫

∂Ω

(x− y)tν(y)

|x− y|n µ(y) dσy

=
1

sn

∫

∂Ω

(x− y)tν(y)

|x− y|n µ(y) dσy

= − w̃[∂Ω, µ](x).

Accordingly, the statement follows.
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Finally we have the following immediate corollary of lemma A.3 and of classical differenti-
ation theorems for integrals depending on a parameter.

Corollary A.5. Let T ∈]∞,+∞]. Let Ω be a bounded open Lipschitz subset of R
n. Let

µ ∈ L∞(∂Ω). Then

∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x− y)µ(y) dσydτ = 0 ∀ (t, x) ∈ (Rn \ ∂Ω)T .
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APPENDIX B

Schauder regularity of heat potentials in cl ΩT

In this appendix we prove some regularity results for layer heat potentials that we have
exploited in the Dissertation which may be considered as folklore and for which we could not
provide a proper reference. For the definitions of single and double layer heat potentials see
(2.4), (2.5) and (2.1).

B.1 Derivatives of layer heat potentials

As a first step, we prove some formulas for time and space derivatives for the single and the
double layer heat potentials. We start with the following easy consequence of differentiation
under integral sign.

Lemma B.1. Let α ∈]0, 1[, T ∈]−∞,+∞]. Let Ω be a bounded open subset of Rn of class
C1,α. Let µ ∈ L∞(∂TΩ). Then

w[∂TΩ, µ](t, x) =−
n∑

j=1

∂

∂xj
v[∂TΩ, νjµ](t, x) ∀ (t, x) ∈ (Rn \ ∂Ω)T . (B.1)

Proof. We note that

∂

∂ν(y)
Φn(t− τ, x− y) =−

n∑

j=1

∂

∂xj
Φn(t− τ, x− y)νj(y)

=−
n∑

j=1

∂

∂xj

(
Φn(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)

)
νj(y)

for all t, τ ∈ ]−∞, T [, x ∈ R
n \ ∂Ω, y ∈ ∂Ω. Then the statement follows by the definition of

layer heat potentials and by classical differentiation theorems for integrals depending on a
parameter. �

Next, we prove the following formula which describes the space derivatives of the double
layer heat potential in terms of space and time derivatives of the single layer heat potential.

Lemma B.2. Let α ∈]0, 1[, T ∈]−∞,+∞], i ∈ {1, . . . , n}. Let Ω be a bounded open subset
of Rn of class C1,α. Let µ ∈ C

1
2
;1(∂TΩ). Then

∂

∂xi
w[∂TΩ, µ](t, x) (B.2)

147
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=
n∑

j=1

∂

∂xj
v[∂TΩ,Mij [µ]](t, x)−

∂

∂t
v[∂TΩ, νiµ](t, x) ∀ (t, x) ∈ (Rn \ ∂Ω)T .

Proof. First we note that

w[∂TΩ, µ](t, x) =

∫ t

−∞

∫

∂Ω

n∑

j=1

∂

∂yj
Φn(t− τ, x− y)νj(y)µ(τ, y) dσydτ,

for all (t, x) ∈ (Rn \ ∂Ω)T . Since Φn solves the heat equation we have that

∂

∂xi

[ n∑

j=1

νj(y)
∂

∂yj
Φn(t− τ, x− y)

]

=

n∑

j=1

[
νj(y)

∂

∂yi
− νi(y)

∂

∂yj

](
∂

∂xj
Φn(t− τ, x− y)

)

− νi(y)
∂

∂t
Φn(t− τ, x− y)

=
n∑

j=1

Mji,y

[
∂

∂xj

(
Φn(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)

)]

− νi(y)
∂

∂t

(
Φn(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)

)
,

for all t, τ ∈ ]−∞, T [, x ∈ R
n \ ∂Ω, y ∈ ∂Ω. Then classical differentiation theorems for

integrals depending on a parameter and the consequence of the Divergence Theorem for the
tangential derivatives of Lemma 1.4 imply that

∂

∂xi
w[∂TΩ, µ](t, x)

=

∫ t

−∞

∫

∂Ω

n∑

j=1

Mji,y

[
∂

∂xj

(
Φn(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)

)]
µ(τ, y) dσydτ

−
∫ t

−∞

∫

∂Ω

∂

∂t

(
Φn(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)

)
νi(y)µ(τ, y) dσydτ

=

n∑

j=1

∫ +∞

−∞

∫

∂Ω

∂

∂xj

(
Φn(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)

)
Mij,y[µ](τ, y) dσydτ

−
∫ +∞

−∞

∫

∂Ω

∂

∂t

(
Φn(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)

)
νi(y)µ(τ, y) dσydτ

=

n∑

j=1

∂

∂xj
v[∂TΩ,Mij [µ]](t, x)−

∂

∂t
v[∂TΩ, νiµ](t, x),

for all (t, x) ∈ (Rn \ ∂Ω)T . Accordingly, formula (B.2) is proved.

In the following lemma we turn to consider the space derivatives of the single layer heat
potential.

Lemma B.3. Let α ∈]0, 1[, T ∈]−∞,+∞], i ∈ {1, . . . , n}. Let Ω be a bounded open subset
of Rn of class C1,α. Let µ ∈ C

1
2
;1(∂TΩ). Then

∂

∂xi
v[∂TΩ, µ](t, x) (B.3)
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=−
n∑

j=1

v[∂TΩ,Mij [µνj ]](t, x)− w[∂TΩ, µνi](t, x)

+ δ2,n

∫ 0

−∞

∫

∂Ω

n∑

j=1

Mij,y[Φn(−τ, x0 − y)]νj(y)µ(τ, y) dσydτ ∀ (t, x) ∈ (Rn \ ∂Ω)T

Proof. Since
∑n

j=1 ν
2
j = 1, then

∂

∂yi
Φn(t− τ, x− y)

=

n∑

j=1

ν2j (y)
∂

∂yi
Φn(t− τ, x− y)

=

n∑

j=1

ν2j (y)
∂

∂yi
Φn(t− τ, x− y)−

n∑

j=1

νi(y)νj(y)
∂

∂yj
Φn(t− τ, x− y)

+
n∑

j=1

νi(y)νj(y)
∂

∂yj
Φn(t− τ, x− y)

=−
n∑

j=1

Mij,y[Φn(t− τ, x− y)]νj(y) +
n∑

j=1

νi(y)νj(y)
∂

∂yj
Φn(t− τ, x− y),

for all (t, x) ∈ (Rn \ ∂Ω)T , τ ∈ R, y ∈ ∂Ω. Then the consequence of the Divergence Theorem
for the tangential derivatives of Lemma 1.4 and classical differentiation theorems for integrals
depending on a parameter imply that

∂

∂xi
v[∂TΩ, µ](t, x)

=

∫ t

−∞

∫

∂Ω

∂

∂xi
Φn(t− τ, x− y)µ(τ, y) dσydτ

=−
∫ t

−∞

∫

∂Ω

∂

∂yi
Φn(t− τ, x− y)µ(τ, y) dσydτ

=

∫ +∞

−∞

∫

∂Ω

n∑

j=1

Mij,y[Φn(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)]νj(y)µ(τ, y) dσydτ

+

∫ 0

−∞

∫

∂Ω

n∑

j=1

Mij,y[δ2,nΦn(−τ, x0 − y)]νj(y)µ(τ, y) dσydτ

−
∫ t

−∞

∫

∂Ω

n∑

j=1

∂

∂yj
Φn(t− τ, x− y)νj(y)νi(y)µ(τ, y) dσydτ

=−
n∑

j=1

v[∂TΩ,Mij [µνj ]](t, x)− w[∂TΩ, µνi](t, x)

+ δ2,n

∫ 0

−∞

∫

∂Ω

n∑

j=1

Mij,y[Φn(−τ, x0 − y)]νj(y)µ(τ, y) dσydτ,

for all (t, x) ∈ (Rn \ ∂Ω)T , and then the statement follows.

Finally, we consider the time derivatives of the single and the double layer heat potentials.
We can prove the following easy consequence of integration by parts.
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Lemma B.4. Let T ∈]−∞,+∞], α ∈]0, 1[. Let Ω be a bounded open subset of Rn of class
C2,α. Let µ ∈ C1;2(∂TΩ). Then the following statements hold.

(i)

∂

∂t
v[∂TΩ, µ](t, x) (B.4)

= v[∂TΩ, ∂tµ](t, x)

− δ2,n

∫ 0

−∞

∫

∂Ω

∂

∂τ
Φn(−τ, x0 − y)µ(τ, y)dσy dτ ∀ (t, x) ∈ (Rn \ ∂Ω)T .

(ii)
∂

∂t
w[∂TΩ, µ](t, x) = w[∂TΩ, ∂tµ](t, x) ∀ (t, x) ∈ (Rn \ ∂Ω)T . (B.5)

Proof. We first consider statement (i). By classical differentiation theorems for integrals
depending on a parameter and by integration by parts we have that

∂

∂t
v[∂TΩ, µ](t, x)

=

∫ +∞

−∞

∫

∂Ω

∂

∂t

(
Φ(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)

)
µ(τ, y)dσy dτ

=−
∫ +∞

−∞

∫

∂Ω

∂

∂τ

(
Φ(t− τ, x− y)− δ2,nΦn(−τ, x0 − y)

)
µ(τ, y)dσy dτ

− δ2,n

∫ 0

−∞

∫

∂Ω

∂

∂τ
Φn(−τ, x0 − y)µ(τ, y)dσy dτ

= v[∂TΩ, ∂tµ](t, x)− δ2,n

∫ 0

−∞

∫

∂Ω

∂

∂τ
Φn(−τ, x0 − y)µ(τ, y)dσy dτ,

for all (t, x) ∈ (Rn \ ∂Ω)T , which proves statement (i).
Next we consider statement (ii). Another time by classical differentiation theorems for

integrals depending on a parameter and by integration by parts we have

∂

∂t
w[∂TΩ, µ](t, x)

=

∫ t

−∞

∫

∂Ω

∂

∂t

∂

∂ν(y)
Φ(t− τ, x− y)µ(τ, y)dσy dτ

=−
∫ t

−∞

∫

∂Ω

∂

∂τ

∂

∂ν(y)
Φ(t− τ, x− y)µ(τ, y)dσy dτ

= w[∂TΩ, ∂tµ](t, x)

for all (t, x) ∈ (Rn \ ∂Ω)T , which proves statement (ii).

B.2 Regularity of layer heat potentials

Ladyzheskaia, Solonnikov and Ural’tseva in [58, Chapter 4.2] prove the Schauder regularity of
the layer heat potentials v[∂TΩ, µ] and w[∂TΩ, µ] with respect to the Schauder regularity of
the density function µ when the domain Ω is the half-space

R
n
+ = R

n ∩ {xn > 0}.
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In this Section we will adapt the treatment of [58] to the case in which the domain Ω is a
bounded open subset of Rn of class Cm,α. We plan to prove first the result for Schauder spaces
of lower order, and then deduce the general case by induction, by exploiting the formulas for
the derivatives we have stated in the previous section.

The results contained in this section can be considered as mathematical folklore, that is,
they are known results, however, to the best of our knowledge, it is not possible to find a
complete exposition in the literature. In this direction we mention, in addition to the already
cited Ladyzheskaia, Solonnikov and Ural’tseva [58], also the work of Baderko [8, Theorem
3.4] where the author proves that the single layer heat potential is bounded from C

α
2
;α(∂TΩ)

to C
1+α
2

;1+α(cl ΩT ) under the assumption that Ω is of class C1,α, and the series of works by
Kamynin [50], [51], [52], [53] where the author proves results in the same spirit but under
stronger regularity assumption on Ω.

Let α ∈]0, 1[, m ∈ N. Let Ω be a bounded open subset of Rn of class Cm,α. The definition
of sets of class Cm,α implies that for all P ∈ ∂Ω there exists an open neighborhood WP of
P in R

n, and a diffeomorphism φP ∈ Cm,α(clBn,R
n) of Bn onto WP such that φP (0) = P ,

φP ({x ∈ Bn : xn = 0}) =WP ∩ ∂Ω, and φP ({x ∈ Bn : xn < 0}) =WP ∩ Ω. We set

VP ≡WP ∩ ∂Ω,

which is an open set in ∂Ω. By the compactness of ∂Ω there exist r ∈ N\{0} and P1, . . . , Pr ∈
∂Ω such that

∂Ω =

r⋃

j=1

VPj .

Let {ηi}j=1,...,r be a partition of unity of ∂Ω of class Cm,α subordinate to the open covering

{VPj}j=1,...,r of ∂Ω. We note that if µ ∈ C
h+β
2

;h+β(∂TΩ), where β ∈]0, 1[, h ∈ N, and
h+ β ≤ m+ α, then

µ(t, x) =
r∑

j=1

ηj(x)µ(t, x) ∀ (t, x) ∈ ∂TΩ,

and

(i) ηjµ ∈ C
h+β
2

;h+β(∂TΩ) for all j = 1, . . . , r,

(ii) supp(ηjµ) ⊆ (VPj )T for all j = 1, . . . , r.

Then, if we want to estimate the Schauder norm of a layer heat potential with density µ it
suffices to estimate the Schauder norm of the same layer heat potential with density ηjµ,
which has support in (VPj )T , for all j = 1, . . . , n. Accordingly, without loss of generality we
can suppose that all the density functions have support in the infinite cylinder with basis
equal to the domain VP of a local parametrization around a point P ∈ ∂Ω. More precisely, in
all the proofs we can suppose that all density functions µ are such that

supp (µ) ⊆ (VP )T .

Up to rotation and translation of the domain we can further assume that P is the origin, i.e.,
P = 0, and that there exists ψP ∈ Cm,α(clBn−1) such that

φP (x1, . . . , xn−1, 0) = (x1, . . . , xn−1, ψP (x1, . . . , xn−1)) ∀ (x1, . . . , xn) ∈ clBn−1.
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From now on if x = (x̄, xn) ∈ R
n, x̄ denotes the vector of the first n − 1 components of x.

Moreover, for m ∈ N \ {0}, we set

J(y) ≡
√
1 + |DψP (y)|2 ∀ y ∈ clBn−1.

We note that clearly
CJ ≡ sup

y∈clBn−1

J(y) < +∞.

We are ready to start considering the Schauder regularity of layer heat potentials. We start
with the following lemma on the time regularity of the single layer heat potential.

Lemma B.5. Let α ∈]0, 1[, T ∈]−∞,+∞]. Let Ω be a bounded open subset of Rn of class
C1,α. Then the following statements hold.

(i) Let n ≥ 3. Then the map from C
α
2
b

(
]−∞, T [, C0(∂Ω)

)
to C

1+α
2

b

(
]−∞, T [, C0(cl Ω)

)

which takes µ to v+[∂TΩ, µ] is linear and continuous. Moreover, the map from the space

C
α
2
b

(
]−∞, T [, C0(∂Ω)

)
to C

1+α
2

b

(
]−∞, T [, C0(cl Ω−)

)
which takes µ to v−[∂TΩ, µ] is

linear and continuous.

(ii) Let n = 2. Then the map from C
α
2
b

(
]−∞, T [, C0(∂Ω)

)
to C

1+α
2

(
]−∞, T [, C0(cl Ω)

)

which takes µ to v+[∂TΩ, µ] is linear and continuous. Moreover, the map from the space

C
α
2
b

(
]−∞, T [, C0(∂Ω)

)
to C

1+α
2

(
]−∞, T [, C0(cl Ω−)

)
which takes µ to v−[∂TΩ, µ] is

linear and continuous.

Proof. First we consider statements (i) and (ii) for the interior single layer heat potential

v+[∂TΩ, ·] together. Let µ ∈ C
α
2
b

(
]−∞, T [, C0(∂Ω)

)
. As already pointed out at the beginning

of this section, we can assume that supp (µ) ⊆ (VP )T .
If n ≥ 3, Lemma 1.15 (i) implies that the kernel Φn satisfies the assumptions of Lemma

1.23, which implies that the map v+[∂TΩ, ·] is bounded from C
α
2
b

(
]−∞, T [, C0(∂Ω)

)
to

C0
b (cl ΩT ).

Now let n ≥ 2. We note that

v+[∂TΩ, µ](t, x) = v+[∂TΩ, µ− µ(t∗, ·)](t, x) + v+[∂TΩ, µ(t
∗, ·)](t, x) (B.6)

for all (t∗, x), (t, x) ∈ ΩT . Now we fix (t′, x), (t′′, x) ∈ ΩT , with t′ < t′′. The equality (B.6)
implies that

v+[∂TΩ, µ](t
′′, x) = v+[∂TΩ, µ− µ(t′, ·)](t′′, x) + v+[∂TΩ, µ(t

′, ·)](t′′, x),

and
v+[∂TΩ, µ](t

′, x) = v+[∂TΩ, µ− µ(t′, ·)](t′, x) + v+[∂TΩ, µ(t
′, ·)](t′, x).

We now note that Lemma A.3 implies that

v+[∂TΩ, µ(t
′, ·)](t′′, x) = v+[∂TΩ, µ(t

′, ·)](t′, x) = −(ṽ[∂Ω, µ(t′, ·)](x)− δ2,nṽ[∂Ω, µ(t
′, ·)](x0)).

Then

v+[∂TΩ, µ](t
′′, x)− v+[∂TΩ, µ](t

′, x) (B.7)

= v+[∂TΩ, µ− µ(t′, ·)](t′′, x)− v+[∂TΩ, µ− µ(t′, ·)](t′, x)
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=

∫ t′′

t′′−2|t′′−t′|

∫

∂Ω
Φn(t

′′ − τ, x− y)(µ(τ, y)− µ(t′′, y)) dσydτ

−
∫ t′

t′′−2|t′′−t′|

∫

∂Ω
Φn(t

′ − τ, x− y)(µ(τ, y)− µ(t′, y)) dσydτ

+

∫ t′′−2|t′′−t′|

−∞

∫

∂Ω
(Φn(t

′′ − τ, x− y)− Φn(t
′ − τ, x− y))(µ(τ, y)− µ(t′, y)) dσydτ

+

∫

∂Ω
(µ(t′′, y)− µ(t′, y))

∫ 2|t′′−t′|

0
Φn(τ, x− y) dτdσy.

First we consider the first term in the right hand side of (B.7).
∣∣∣∣
∫ t′′

t′′−2|t′′−t′|

∫

∂Ω
Φn(t

′′ − τ, x− y)(µ(τ, y)− µ(t′′, y)) dσydτ

∣∣∣∣

≤
∫ t′′

t′′−2|t′′−t′|

∫

∂Ω
Φn(t

′′ − τ, x− y)|µ(τ, y)− µ(t′′, y)| dσydτ

=

∫ t′′

t′−2|t′′−t′|

∫

VP

Φn(t
′′ − τ, x− y)|µ(τ, y)− µ(t′′, y)| dσydτ

≤
‖µ‖

C
α
2
b (]−∞,T [,C0(∂Ω))

(4π)
n
2

∫ t′′

t′′−2|t′′−t′|

∫

VP

(t′′ − τ)−
n
2 e

−
|x−y|2

4(t′′−τ) (t′′ − τ)
α
2 dσydτ

=

‖µ‖
C
α
2
b (]−∞,T [,C0(∂Ω))

(4π)
n
2

∫ t′′

t′′−2|t′′−t′|
(t′′ − τ)

α−n
2

∫

Bn−1

e
−

|x̄−ȳ|2

4(t′′−τ) e
−

(xn−ψP (ȳ))2

4(t′′−τ) J(ȳ) dȳdτ

≤
CJ‖µ‖

C
α
2
b (]−∞,T [,C0(∂Ω))

(4π)
n
2

∫ t′′

t′′−2|t′′−t′|
(t′′ − τ)

α−1
2

{
1

(t′′ − τ)
n−1
2

∫

Rn−1

e
−

|x̄−ȳ|2

4(t′′−τ) dȳ

}
dτ.

Then
∣∣∣∣
∫ t′′

t′′−2|t′′−t′|

∫

∂Ω
Φn(t

′′ − τ, x− y)(µ(τ, y)− µ(t′′, y)) dσydτ

∣∣∣∣

≤
CJ‖µ‖

C
α
2
b (]−∞,T [,C0(∂Ω))√

4π

∫ t′′

t′′−2|t′′−t′|
(t′′ − τ)

α−1
2 dτ

=

2
α+3
2 CJ‖µ‖

C
α
2
b (]−∞,T [,C0(∂Ω))

(α+ 1)
√
4π

(t′′ − t′)
1+α
2 .

The second term in the right hand side of (B.7) can be estimated in the same way, by switching
the roles of t′′ and t′. Next we consider the third term in the right han side of (B.7). Let
τ ∈] − ∞, t′′ − 2|t′ − t′′|[ and y ∈ ∂Ω. Then Lemma 1.15 (iii) implies that there exists a
constant C̃ ′

0,16,cl Ω ∈]0,+∞[ such that

|Φn(t′′ − τ, x− y)− Φn(t
′ − τ, x− y)| ≤ C̃ ′

0,16,cl Ω(t
′′ − t′)

e
−

|x−y|2

16(t′−τ)

(t′ − τ)
n
2
+1
,

for all τ < t′′ − 2|t′ − t′′|, y ∈ ∂Ω. Then
∣∣∣∣
∫ t′′−2|t′′−t′|

−∞

∫

∂Ω
(Φn(t

′′ − τ, x− y)− Φn(t
′ − τ, x− y))(µ(τ, y)− µ(t′, y)) dσydτ

∣∣∣∣
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≤ C̃ ′
0,16,cl Ω‖µ‖C α

2
b (]−∞,T [,C0(∂Ω))

(t′′ − t′)

∫ t′′−2|t′′−t′|

−∞

∫

VP

(t′ − τ)
α−n
2

−1e
−

|x−y|2

16(t′−τ) dσydτ

≤ (16π)
n−1
2 C̃ ′

0,16,cl ΩCJ‖µ‖C α
2
b (]−∞,T [,C0(∂Ω))

(t′′ − t′)

∫ t′′−2|t′′−t′|

−∞
(t′ − τ)

α−3
2 dτ

=

2(16π)
n−1
2 C̃ ′

0,16,cl ΩCJ‖µ‖C α
2
b (]−∞,T [,C0(∂Ω))

(1− α)
(t′′ − t′)

1+α
2 .

Finally we consider the fourth term in the right hand side of (B.7).
∣∣∣∣
∫

∂Ω
(µ(t′′, y)− µ(t′, y))

∫ 2|t′′−t′|

0
Φn(τ, x− y)dτdσy

∣∣∣∣

≤‖µ‖
C
α
2
b (]−∞,T [,C0(∂Ω))

(t′′ − t′′)
α
2

∫ 2|t′′−t′|

0

∫

VP

Φn(τ, x− y) dσydτ

=

‖µ‖
C
α
2
b (]−∞,T [,C0(∂Ω))

(t′′ − t′)
α
2

(4π)
n
2

∫ 2|t′′−t′|

0

∫

VP

τ−
n
2 e−

|x−y|2

4τ dσydτ

≤
CJ‖µ‖

C
α
2
b (]−∞,T [,C0(∂Ω))

(t′′ − t′)
α
2

(4π)
n
2

∫ 2|t′′−t′|

0
τ−

1
2

{
τ−

n−1
2

∫

Rn−1

e−
|x̄−ȳ|2

4τ dȳ
}
dτ

=

CJ‖µ‖
C
α
2
b (]−∞,T [,C0(∂Ω))

(t′′ − t′)
α
2

√
4π

∫ 2|t′′−t′|

0
τ−

1
2 dτ

=

2
√
2CJ‖µ‖

C
α
2
b (]−∞,T [,C0(∂Ω))√
4π

(t′′ − t′)
1+α
2 .

Thus we can conclude that statements (i) and (ii) hold for v+[∂TΩ, ·].
The proof of statement (i) and (ii) for v−[∂TΩ, ·] follows exactly the same lines.

Next we consider the following lemma about the regularity of the map ∂
∂xi
v+[∂TΩ, ·].

Lemma B.6. Let α ∈]0, 1[, T ∈]−∞,+∞], i ∈ {1, . . . , n}. Let Ω be a bounded open subset
of Rn of class C1,α. Let R ∈]0,+∞[ such that cl Ω ⊆ Bn(0, R). Then the map from C

α
2
;α(∂TΩ)

to C
α
2
;α(cl ΩT ) which takes µ to ∂

∂xi
v+[∂TΩ, µ] is linear and continuous. Moreover, the map

from C
α
2
;α(∂TΩ) to C

α
2
;α((clBn(0, R) \ Ω)T ), which takes µ to ∂

∂xi
v−[∂TΩ, µ], is linear and

continuous.

Proof. We first prove the statement for ∂
∂xi
v+[∂TΩ, ·]. Let µ ∈ C

α
2
;α(∂TΩ). As already pointed

out at the beginning of this section, we can assume that supp (µ) ⊆ (VP )T . Clearly

∂

∂xi
v+[∂TΩ, µ](t, x) =

∂

∂xi
v+[∂TΩ, µ− µ(t, ·)](t, x) + ∂

∂xi
v+[∂TΩ, µ(t, ·)](t, x), (B.8)

for all (t, x) ∈ ΩT . Lemma A.3 implies that

∂

∂xi
v+[∂TΩ, µ(t, ·)](t, x) = − ∂

∂xi
ṽ+[∂Ω, µ(t, ·)](x),

for all (t, x) ∈ ΩT . Then, the classical regularity properties of the harmonic single layer
potential of Theorem A.1 imply that

∥∥∥∥
∂

∂xi
ṽ[∂Ω, µ(t, ·)]

∥∥∥∥
C0,α(cl Ω)

≤ ‖µ(t, ·)‖C0,α(∂Ω)

∥∥∥∥
∂

∂xi
ṽ[∂Ω, ·]

∥∥∥∥
L(C0,α(∂Ω);C0,α(cl Ω))

,



B.2 Regularity of layer heat potentials 155

for all t ∈ ]−∞, T [. Taking the supremum over t in ]−∞, T [, we have

∥∥∥∥
∂

∂xi
ṽ+[∂Ω, µ]

∥∥∥∥
B(]−∞,T [;C0,α(cl Ω))

≤ ‖µ‖
C
α
2 ;α(∂Ω)

∥∥∥∥
∂

∂xi
ṽ+[∂Ω, ·]

∥∥∥∥
L(C0,α(∂Ω);C0,α(cl Ω))

.

Thus, to estimate the L∞-norm and the space Hölder quotient of ∂
∂xi
v+[∂TΩ, µ], we only need

to consider the first term in right hand side of equality (B.8). The time Hölder continuity of
µ and Lemma 1.16 (i) imply that there exists a constant C0,1,Rn ∈]0,+∞[ such that

∣∣∣∣
∂

∂xi
Φn(t− τ, x− y)(µ(τ, y)− µ(t, y))

∣∣∣∣ ≤ C0,1,Rn‖µ‖C α
2 ;α(∂Ω)

|x− y|
(t− τ)

n
2
+1−α

2

e
−

|x−y|2

4(t−τ) ,

for all (t, x) ∈ cl ΩT , (τ, y) ∈ ∂TΩ, τ < t. Accordingly, Lemma 1.23 implies that the map
which takes µ to the function

∂

∂xi
v+[∂TΩ, µ− µ(t, ·)](t, x) ∀ (t, x) ∈ cl ΩT , (B.9)

is bounded from C
α
2
;α(∂TΩ) to C0

b (cl ΩT ).
Next we consider the space Hölder quotient of the function in (B.9). We fix x′, x′′ ∈ Ω,

t ∈ ]−∞, T [. Classical differentiation theorems for integrals depending on a parameter imply
that

∂

∂xi
v+[∂TΩ, µ− µ(t, ·)](t, x′)− ∂

∂xi
v+[∂TΩ, µ− µ(t, ·)](t, x′′) (B.10)

=

∫ +∞

0

∫

∂Ω

[
∂

∂xi
Φn(τ, x

′ − y)− ∂

∂xi
Φn(τ, x

′′ − y)

]
[µ(t− τ, y)− µ(t, y)] dσydτ

=

∫ |x′−x′′|2

0

∫

VP

∂

∂xi
Φn(τ, x

′ − y)[µ(t− τ, y)− µ(t, y)] dσydτ

−
∫ |x′−x′′|2

0

∫

VP

∂

∂xi
Φn(τ, x

′′ − y)[µ(t− τ, y)− µ(t, y)] dσydτ

+

∫ +∞

|x′−x′′|2

∫

VP

[
∂

∂xi
Φn(τ, x

′ − y)− ∂

∂xi
Φn(τ, x

′′ − y)

]
[µ(t− τ, y)− µ(t, y)] dσydτ

First we consider the first integral in the right hand side of (B.10). By the estimate (1.4) for
the derivatives of the fundamental solution Φn, there exists a constant Kei,0 ∈]0,+∞[ such
that

∣∣∣∣
∫ |x′−x′′|2

0

∫

VP

∂

∂xi
Φn(τ, x

′ − y)[µ(t− τ, y)− µ(t, y)] dσydτ

∣∣∣∣

≤
∫ |x′−x′′|2

0

∫

VP

∣∣∣∣
∂

∂xi
Φn(τ, x

′ − y)

∣∣∣∣ |µ(t− τ, y)− µ(t, y)| dσydτ

≤ Kei,0‖µ‖C α
2 ,α(∂TΩ)

∫ |x′−x′′|2

0

∫

VP

τ−
n−α+1

2 e−
|x′−y|2

8τ dσydτ

≤ Kei,0CJ‖µ‖C α
2 ,α(∂TΩ)

(8π)
n−1
2

∫ |x′−x′′|2

0
τ
α
2
−1 dτ

=
2Kei,0CJ‖µ‖C α

2 ,α(∂TΩ)
(8π)

n−1
2

α
|x′ − x′′|α.
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The second integral in the right hand side of (B.10) can be estimated in the same way, by
switching x′ with x′′. Next we consider the last term in the right hand side of (B.10). By
the Fundamental Theorem of Calculus and by inequality (1.4) for the derivatives of the
fundamental solution of the heat equation there exists a constant Kei+ej ,0 ∈]0,+∞[ such that

∣∣∣∣
∫ +∞

|x′−x′′|2

∫

VP

[
∂

∂xi
Φn(τ, x

′ − y)− ∂

∂xi
Φn(τ, x

′′ − y)

]
[µ(t− τ, y)− µ(t, y)] dσydτ

∣∣∣∣

≤ ‖µ‖
C
α
2 ,α(∂TΩ)

∫ +∞

|x′−x′′|2

∫

VP

∣∣∣ ∂
∂xi

Φn(τ, x
′ − y)− ∂

∂xi
Φn(τ, x

′′ − y)
∣∣∣τ

α
2 dσydτ

≤ ‖µ‖
C
α
2 ,α(∂TΩ)

n∑

j=1

|x′j − x′′j |

×
∫ 1

0

∫ +∞

|x′−x′′|2
τ
α
2

∫

VP

∣∣∣ ∂2

∂xj∂xi
Φn(τ, λx

′ + (1− λ)x′′ − y)
∣∣∣ dσydτdλ

≤ ‖µ‖
C
α
2 ,α(∂TΩ)

n∑

j=1

Kei+ej ,0|x′j − x′′j |

×
∫ 1

0

∫ +∞

|x′−x′′|2
τ
α−3
2

∫

VP

e−
|λx′+(1−λ)x′′−y|2

8τ

τ
n−1
2

dσydτdλ

≤ n
n∑

j=1

Kei+ej ,0CJ‖µ‖C α
2 ,α(∂TΩ)

(8π)
n−1
2 |x′ − x′′|

∫ +∞

|x′−x′′|2
τ
α−3
2 dτ

=
2n
∑n

j=1Kei+ej ,0CJ‖µ‖C α
2 ,α(∂TΩ)

(8π)
n−1
2

1− α
|x′ − x′′|α,

for all j ∈ {1, . . . , n}. Thus, the map from C
α
2
;α(∂TΩ) to B(]−∞, T [, C0,α(cl Ω)) which takes

µ to ∂
∂xi
v+[∂TΩ, µ] is linear and continuous.

Now we turn to consider the time Hölder quotient of ∂
∂xi
v+[∂TΩ, µ]. We fix x ∈ Ω,

t′, t′′ ∈ ]−∞, T [. We can assume that |t′′ − t′| < 1. Lemma B.5 and interpolation estimates
(cf., e.g., von Wahl [108, p. 255] and Agmon, Douglis and Niremberg [2, p. 657]) imply that
there exist two constants d1, d2 ∈]0,+∞[ such that

∥∥∥∥
∂

∂xi
v+[∂TΩ, µ](t

′, ·)− ∂

∂xi
v+[∂TΩ, µ](t

′′, ·)
∥∥∥∥
C0(cl Ω)

≤ d1

∣∣∣∣
∂

∂xi
v+[∂TΩ, µ](t

′, ·)− ∂

∂xi
v+[∂TΩ, µ](t

′′, ·) : cl Ω
∣∣∣∣

1
1+α

α

× ‖v+[∂TΩ, µ](t′, ·)− v+[∂TΩ, µ](t
′′, ·)‖

α
1+α

C0(cl Ω)

+ d2‖v+[∂TΩ, µ](t′, ·)− v+[∂TΩ, µ](t
′′, ·)‖C0(cl Ω)

Then Lemma B.5 implies that there exists c1 ∈]0,+∞[ such that
∥∥∥∥
∂

∂xi
v+[∂TΩ, µ](t

′, ·)− ∂

∂xi
v+[∂TΩ, µ](t

′′, ·)
∥∥∥∥
C0(cl Ω)

≤ 2
1

1+α c1d1

∥∥∥∥
∂

∂xi
v+[∂TΩ, µ]

∥∥∥∥
1

1+α

B(]−∞,T [,C0,α(cl Ω))
|t′ − t′′|α2 + c1d2|t′ − t′′| 1+α2
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≤ max

{
2

1
1+α c1d1

∥∥∥∥
∂

∂xi
v+[∂TΩ, µ]

∥∥∥∥
1

1+α

B(]−∞,T [,C0,α(cl Ω))
, c1d2

}
|t′ − t′′|α2 .

Accordingly, the map from the space C
α
2
;α(∂TΩ) to C

α
2
b

(
]−∞, T [, C0(cl Ω)

)
which takes µ

to ∂
∂xi
v+[∂TΩ, µ] is linear and continuous. Thus the statement for ∂

∂xi
v+[∂TΩ, ·] holds true.

The statement for ∂
∂xi
v−[∂TΩ, ·] can be proved following exactly the same lines.

Next we consider the following lemma about the regularity of the map ∂
∂tv

+[∂TΩ, µ].

Lemma B.7. Let α ∈]0, 1[, T ∈] −∞,+∞] . Let Ω be bounded open subset of Rn of class

C1,α. Let R > 0 such that cl Ω ⊆ Bn(0, R). Then the map from C
1+α
2

b

(
]−∞, T [, C0(∂Ω)

)

to C
α
2
,α(clΩT ) which takes µ to ∂

∂tv
+[∂TΩ, µ] is linear and continuous. Moreover, the map

from C
1+α
2

b

(
]−∞, T [, C0(∂Ω)

)
to C

α
2
,α((clBn(0, R) \ Ω)T ) which takes µ to ∂

∂tv
−[∂TΩ, µ] is

linear and continuous.

Proof. We first consider the statement for ∂
∂tv

+[∂TΩ, ·]. Let µ ∈ C
1+α
2

b

(
]−∞, T [, C0(∂Ω)

)
.

As already pointed out at the beginning of this section, we can assume that supp (µ) ⊆ (VP )T .
Lemma A.5 implies that

∂

∂t
v+[∂TΩ, µ](t, x) =

∂

∂t
v+[∂TΩ, µ− µ(t∗, ·)](t, x) + ∂

∂t
v+[∂TΩ, µ(t

∗, ·)](t, x) (B.11)

=
∂

∂t
v+[∂TΩ, µ− µ(t∗, ·)](t, x)

=

∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x− y)(µ(τ, y)− µ(t∗, y)) dσydτ,

for all t, t∗ ∈ ]−∞, T [, x ∈ Ω. In particular, by taking t∗ = t in the equality (B.11), we have
that

∂

∂t
v+[∂TΩ, µ](t, x) =

∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x− y)(µ(τ, y)− µ(t, y)) dσydτ, (B.12)

for all (t, x) ∈ ΩT . The time Hölder continuity of µ and Lemma 1.17 (i) imply that there
exists a constant C1,0,cl Ω ∈]0,+∞[ such that

∣∣∣∣
∂

∂t
Φn(t− τ, x− y)(µ(τ, y)− µ(t, y))

∣∣∣∣ ≤ C1,0,cl Ω‖µ‖
C

1+α
2

b
(]−∞,T [,C0(∂Ω))

1

(t− τ)
n+1−α

2

e
−

|x−y|2

8(t−τ) ,

for all (t, x) ∈ cl ΩT , (τ, y) ∈ ∂TΩ, τ < t. Accordingly, Lemma 1.23 implies that the map

which takes µ to ∂
∂tv

+[∂TΩ, µ] is bounded from C
1+α
2

b

(
]−∞, T [, C0(∂Ω)

)
to C0

b (cl ΩT ).

Next we consider the space Hölder quotient. We fix x′, x′′ ∈ Ω, t ∈ ]−∞, T [. The equality
(B.12) implies that

∂

∂t
v+[∂TΩ, µ](t, x

′)− ∂

∂t
v+[∂TΩ, µ](t, x

′′) (B.13)

=

∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x′ − y)(µ(τ, y)− µ(t, y)) dσydτ

−
∫ t

−∞

∫

∂Ω

∂

∂t
Φn(t− τ, x′′ − y)(µ(τ, y)− µ(t, y)) dσydτ



158 Schauder regularity of heat potentials in cl ΩT

=

∫ |x′−x′′|2

0

∫

VP

∂

∂τ
Φn(τ, x

′ − y)[µ(t− τ, y)− µ(t, y)] dσydτ

−
∫ |x′−x′′|2

0

∫

VP

∂

∂τ
Φn(τ, x

′′ − y)[µ(t− τ, y)− µ(t, y)] dσydτ

+

∫ +∞

|x′−x′′|2

∫

VP

[
∂

∂τ
Φn(τ, x

′ − y)− ∂

∂τ
Φn(τ, x

′′ − y)

]

× [µ(t− τ, y)− µ(t, y)] dσydτ.

Now we consider the first term in the right hand side of equality (B.13). By inequality (1.4)
on the derivatives of the fundamental solution of the heat equation there exists a constant
K0,1 ∈]0,+∞[ such that

∣∣∣∣
∫ |x′−x′′|2

0

∫

VP

∂

∂τ
Φn(τ, x

′ − y)[µ(t− τ, y)− µ(t, y)] dσydτ

∣∣∣∣

≤
∫ |x′−x′′|2

0

∫

VP

∣∣∣ ∂
∂τ

Φn(τ, x
′ − y)

∣∣∣|µ(t− τ, y)− µ(t, y)| dσydτ

≤ K0,1‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))

∫ |x′−x′′|2

0

∫

VP

τ−
n
2
−1e−

|x′−y|2

8τ τ
1+α
2 dσydτ

= K0,1CJ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))
(8π)

n−1
2

∫ |x′−x′′|2

0
τ
α
2
−1 dτ

=

2K0,1CJ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))
(8π)

n−1
2

α
|x′ − x′′|α.

The second integral in the right hand side of equality (B.13) can be estimated in the same
way by switching the role of x′ and x′′. Next we consider the third integral in the right hand
side of equality (B.13). By the Fundamental Theorem of Calculus and by inequality (1.4) on
the derivatives of the fundamental solution of the heat equation there exists Kej ,1 ∈]0,+∞[
such that
∣∣∣∣
∫ +∞

|x′−x′′|2

∫

VP

[
∂

∂τ
Φn(τ, x

′ − y)− ∂

∂τ
Φn(τ, x

′′ − y)

]
[µ(t− τ, y)− µ(t, y)] dσydτ

∣∣∣∣

≤
∫ +∞

|x′−x′′|2

∫

VP

∣∣∣∣
∂

∂τ
Φn(τ, x

′ − y)− ∂

∂τ
Φn(τ, x

′′ − y)

∣∣∣∣ |µ(t− τ, y)− µ(t, y)| dσydτ

≤ ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))

n∑

j=1

|x′j − x′′j |

×
∫ 1

0

∫ +∞

|x′−x′′|2
τ

1+α
2

∫

VP

∣∣∣ ∂2

∂xj∂τ
Φn(τ, λx

′ + (1− λ)x′′ − y)
∣∣∣ dσydτdλ

≤ CJ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))

n∑

j=1

Kej ,1|x′j − x′′j |
∫ 1

0

∫ +∞

|x′−x′′|2
τ
α−3
2

× τ−
n−1
2

∫

VP

e−
|λx′+(1−λ)x′′−y|2

8τ dσydτdλ

= CJ‖µ‖
C

1+α
2

b
(]−∞,T [,C0(∂Ω))

(8π)
n−1
2

n∑

j=1

Kej ,1|x′j − x′′j |
∫ +∞

|x′−x′′|2
τ
α−3
2 dτ
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≤
2CJ‖µ‖

C
1+α
2

b (]−∞,T [,C0(∂Ω))
(8π)

n−1
2

1− α

n∑

j=1

Kej ,1|x′j − x′′j ||x′ − x′′|α−1

≤
2nCJ‖µ‖

C
1+α
2

b (]−∞,T [,C0(∂Ω))
(8π)

n−1
2
∑n

j=1Kej ,1

1− α
|x′ − x′′|α.

Next we turn to consider the time Hölder quotient of ∂
∂tv[∂TΩ, µ]. We fix (t′, x), (t′′, x) ∈

ΩT , t′ < t′′. Equality (B.11) with t∗ = t′ implies

∂

∂t
v+[∂TΩ, µ](t

′′, x) =

∫ t′′

−∞

∫

VP

∂

∂t
Φn(t

′′ − τ, x− y)(µ(τ, y)− µ(t′, y)) dσydτ,

and
∂

∂t
v+[∂TΩ, µ](t

′, x) =

∫ t′

−∞

∫

VP

∂

∂t
Φn(t

′ − τ, x− y)(µ(τ, y)− µ(t′, y)) dσydτ.

Accordingly, we have

∂

∂t
v+[∂TΩ,µ](t

′′, x)− ∂

∂t
v+[∂TΩ, µ](t

′, x) (B.14)

=

∫ t′′

−∞

∫

VP

∂

∂t
Φn(t

′′ − τ, x− y)(µ(τ, y)− µ(t′, y)) dσydτ

−
∫ t′

−∞

∫

VP

∂

∂t
Φn(t

′ − τ, x− y)(µ(τ, y)− µ(t′, y)) dσydτ

=

∫ t′′

t′′−2|t′′−t′|

∫

VP

∂

∂t
Φn(t

′′ − τ, x− y)(µ(τ, y)− µ(t′′, y)) dσydτ

−
∫ t′

t′′−2|t′′−t′|

∫

VP

∂

∂t
Φn(t

′ − τ, x− y)(µ(τ, y)− µ(t′, y)) dσydτ

+

∫ t′′−2|t′′−t′|

−∞

∫

VP

(
∂

∂t
Φn(t

′′ − τ, x− y)− ∂

∂t
Φn(t

′ − τ, x− y)

)

× (µ(τ, y)− µ(t′, y)) dσydτ

+

∫

VP

[µ(t′′, y)− µ(t′, y)]

∫ 2(t′′−t′)

0

∂

∂τ
Φn(τ, x− y) dτdσy.

First we consider the first term in the right hand side of (B.14). By inequality (1.4) on the
derivatives of the fundamental solution of the heat equation there exists K0,1 > 0 such that

∣∣∣∣
∫ t′′

t′′−2|t′′−t′|

∫

VP

∂

∂t
Φn(t

′′ − τ, x− y)(µ(τ, y)− µ(t′′, y)) dσydτ

∣∣∣∣

≤ K0,1‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))

∫ t′′

t′′−2|t′′−t′|

∫

VP

(t′′ − τ)−
n
2
−1e

|x−y|2

8(t′′−τ) (t′′ − τ)
1+α
2 dσydτ

≤ K0,1CJ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))
(8π)

n−1
2

∫ t′′

t′′−2|t′′−t′|
(t′′ − τ)

α−2
2 dτ

=

2K0,1CJ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))
(8π)

n−1
2

α
(t′′ − t′)

α
2 .



160 Schauder regularity of heat potentials in cl ΩT

The second integral in the right hand side of (B.14) can be estimated in the same way by
swapping the role of t′ and t′′. Next we consider the third term in the right hand side of
(B.14). Lemma 1.17 (iii) implies that there exists a constant C̃ ′

0,1,16,cl Ω ∈]0,+∞[ such that

∣∣∣∣
∂

∂t
Φn(t

′′ − τ, x− y)− ∂

∂t
Φn(t

′ − τ, x− y)

∣∣∣∣ ≤ C ′
1,0,16,cl Ω

|t′ − t′′|e−
|x−y|

16|t′−τ |

|t′ − τ |n2+2
,

for all y ∈ ∂Ω, τ ∈]−∞, t′′ − 2|t′ − t′′|[. Accordingly,

∣∣∣∣
∫ t′′−2|t′′−t′|

−∞

∫

VP

(
∂

∂t
Φn(t

′′ − τ, x− y)− ∂

∂t
Φn(t

′ − τ, x− y)

)
(µ(τ, y)− µ(t′, y)) dσydτ

∣∣∣∣

≤ C̃ ′
0,1,16,cl Ω‖µ‖

C
1+α
2

b (]−∞,T [,C0(∂Ω))
(t′′ − t′)

×
∫ t′′−2|t′′−t′|

−∞

∫

VP

(t′ − τ)−
n
2
−2e

−
|x−y|2

16(t′−τ) (t′ − τ)
1+α
2 dσydτ

= (16π)
n−1
2 C̃ ′

0,1,16,cl ΩCJ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))
(t′′ − t′)

∫ t′′−2|t′′−t′|

−∞
(t′ − τ)

α
2
−2 dτ

=

2
α
2 (16π)

n−1
2 C̃ ′

0,1,16,cl ΩCJ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))

2− α
(t′′ − t′)

α
2 .

Next we consider the last term in the right hand side of (B.14).

∣∣∣∣
∫

VP

[µ(t′′, y)− µ(t′, y)]

∫ 2(t′′−t′)

0

∂

∂τ
Φn(τ, x− y) dτdσy

∣∣∣∣

=

∣∣∣∣
∫

VP

[µ(t′′, y)− µ(t′, y)]Φn(2(t
′′ − t′), x− y) dσy

∣∣∣∣

≤ ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))
(t′′ − t′)

1+α
2

∫

VP

Φn(2(t
′′ − t′), x− y) dσy

≤
‖µ‖

C
1+α
2

b (]−∞,T [,C0(∂Ω))

(8π)
n
2

(t′′ − t′)
α
2

∫

VP

(t′′ − t′)−
n−1
2 e

−
|x−y|2

8(t′′−t′) dσy

=

CJ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))√
8π

(t′′ − t′)
α
2 .

By the above computations, the statement for ∂
∂tv

+[∂TΩ, ·] holds true.

The statement for ∂
∂tv

−[∂TΩ, ·] can be proved following exactly the same lines.

Next we consider the following lemma about the regularity of the double layer heat
potential w[∂TΩ, ·].

Lemma B.8. Let α ∈]0, 1[, T ∈]−∞,+∞]. Let Ω be a bounded open subset of Rn of class C1,α.

Let R ∈]0,+∞[ be such that cl Ω ⊆ Bn(0, R). Then the map from C
1+α
2

b

(
]−∞, T [, C0(∂Ω)

)

to C
1+α
2

b

(
]−∞, T [, C0(cl Ω)

)
which takes µ to w+[∂TΩ, µ] is linear and continuous. Moreover,

the map from C
1+α
2

b

(
]−∞, T [, C0(∂Ω)

)
to C

1+α
2

b

(
]−∞, T [, C0(clBn(0, R) \ Ω)

)
which takes

µ to w−[∂TΩ, µ] is linear and continuous.
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Proof. Let µ ∈ C
1+α
2

b

(
]−∞, T [, C0(∂Ω)

)
. With the same change of variable of Lemma A.4

one can easily see that

∫ t

−∞

∫

∂Ω

∣∣∣∣
∂

∂ν(y)
Φn(t− τ, x− y)

∣∣∣∣ dσydτ =

∫

∂Ω

∣∣∣∣
∂

∂ν(y)
Sn(x− y)

∣∣∣∣ dσy ∀ (t, x) ∈ ΩT .

Moreover, by Folland [36, Lemma 3.20] there exists a constant C ∈]0,+∞[ such that

∫

∂Ω

∣∣∣∣
∂

∂ν(y)
Sn(x− y)

∣∣∣∣ dσy ≤ C ∀x ∈ Ω.

Accordingly,

|w[∂TΩ, µ](t, x)| ≤ ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))

∫ t

−∞

∫

∂Ω

∣∣∣∣
∂

∂ν(y)
Φn(t− τ, x− y)

∣∣∣∣ dσydτ

= ‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))

∫

∂Ω

∣∣∣∣
∂

∂ν(y)
Sn(x− y)

∣∣∣∣ dσy

≤ C‖µ‖
C

1+α
2

b (]−∞,T [,C0(∂Ω))
,

for all (t, x) ∈ ΩT . Thus, w+[∂TΩ, ·] is bounded from C
1+α
2

b

(
]−∞, T [, C0(∂Ω)

)
to C0

b (cl ΩT ).

Next we turn to consider the time Hölder quotient. We fix t′, t′′ ∈ ]−∞, T [, x ∈ Ω. Then

|w[∂TΩ, µ](t′, x)− w[∂TΩ, µ](t
′′, x)|

≤
∫ +∞

0

∫

∂Ω

∣∣∣∣
∂

∂ν(y)
Φn(τ, x− y)

∣∣∣∣ |µ(t
′ − τ, x)− µ(t′′ − τ, x)| dσydτ

≤ ‖µ‖
C

1+α
2 (]−∞,T [,C0(∂Ω))

|t′ − t′′| 1+α2
∫ +∞

0

∫

∂Ω

∣∣∣∣
∂

∂ν(y)
Φn(τ, x− y)

∣∣∣∣ dσydτ

≤ C‖µ‖
C

1+α
2 (]−∞,T [,C0(∂Ω))

|t′ − t′′| 1+α2 .

This implies that the statement for w+[∂TΩ, ·] holds true.
The statement for w−[∂TΩ, ·] can be proved following exactly the same lines.

We are now ready to state the following result about the regularity of the single and
double layer potential in cl ΩT and in cl Ω−

T with respect the regularity of the density function.

Theorem B.9. Let α ∈]0, 1[, T ∈] − ∞,+∞], m ∈ N \ {0}, i ∈ {0, . . . , n}. Let Ω be a
bounded open subset of Rn of class Cm,α. Let R ∈]0,+∞[ be such that cl Ω ⊆ Bn(0, R). Then
the following statements hold.

(i) The map from the space C
m−1+α

2
;m−1+α(∂TΩ) to C

m−1+α
2

;m−1+α(cl ΩT ), which takes µ
to ∂

∂xi
v+[∂TΩ, µ], is linear and continuous. Moreover, the map from C

m+α
2

;m+α(∂TΩ)

to C
m−1+α

2
;m−1+α(cl ΩT ), which takes µ to ∂

∂tv
+[∂TΩ, µ], is linear and continuous.

If n ≥ 3, then the map from C
m−1+α

2
;m−1+α(∂TΩ) to C

m+α
2

;m+α(cl ΩT ), which takes µ
to v+[∂TΩ, µ], is linear and continuous.

The same statements hold for v−[∂TΩ, ·], ∂
∂xi
v−[∂TΩ, ·], and ∂

∂tv
−[∂TΩ, ·], replacing

cl ΩT with (clBn(0, R) \ Ω)T .
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(ii) The map from C
m+α

2
;m+α(∂TΩ) to C

m+α
2

;m+α(cl ΩT ), which takes µ to w+[∂TΩ, µ], is
linear and continuous.

The same statement holds for w−[∂TΩ, ·], replacing cl ΩT with (clBn(0, R) \ Ω)T .

Proof. We first prove statements (i) and (ii) for v+[∂TΩ, ·] and w+[∂TΩ, ·]. We proceed by
induction on m. The case m = 1 for ∂

∂xi
v+[∂TΩ, ·] follows by Lemma B.6, and for ∂

∂tv
+[∂TΩ, ·]

follows by Lemma B.7. Next we consider the case m = 1 for v+[∂TΩ, ·]. It suffices to prove
that

(j) v+[∂TΩ, ·] is continuous from C
α
2
;α(∂TΩ) to C

1+α
2

b

(
]−∞, T [, C0(cl Ω)

)
.

(jj) ∂
∂xl
v+[∂TΩ, ·] is continuous from C

α
2
;α(∂TΩ) to C

α
2
;α(cl ΩT ) for all l ∈ {1, . . . , n}.

Statement (j) follows by Lemma B.5 (i) and statement (jj) follows by B.6. Next we consider
the case m = 1 for w+[∂TΩ, ·]. It suffices to prove that

(ji) w+[∂TΩ, ·] is continuous from C
1+α
2

;1+α(∂TΩ) to C
1+α
2

b

(
]−∞, T [, C0(cl Ω)

)
.

(jji) ∂
∂xl
w+[∂TΩ, ·] is continuous from C

1+α
2

;1+α(∂TΩ) to C
α
2
;α(cl ΩT ) for all l ∈ {1, . . . , n}.

Statement (ji) follows by Lemma B.8. Statement (jji) follows by formula (B.2) of Lemma B.2
and by Lemmas B.6, B.7. Indeed, the membership of νi ∈ C0

b (∂Ω), implies that the map from

C
α
2
;α(∂TΩ) to C

1+α
2

b

(
]−∞, T [, C0(∂Ω)

)
which takes µ to νiµ is linear and continuous, for

all i ∈ {1, . . . , n}.
Next we consider the case m = 2. First we consider the statement for ∂

∂xi
v+[∂TΩ, ·]. It

suffices to prove that

(jii) ∂
∂xi
v+[∂TΩ, ·] is continuous from C

1+α
2

;1+α(∂TΩ) to C0
b (cl ΩT ).

(jjii) ∂
∂xi
v+[∂TΩ, ·] is continuous from C

1+α
2

;1+α(∂TΩ) to C
1+α
2

(
]−∞, T [, C0(cl Ω)

)
.

(jjjii) ∂2

∂xl∂xi
v+[∂TΩ, ·] is continuous from C

1+α
2

;1+α(∂TΩ) to C
α
2
;α(cl ΩT ) for all l ∈ {1, . . . , n}.

Statement (jii) follows by the case m = 1 and by the continuity of the embedding of

C
1+α
2

;1+α(∂TΩ) into C
α
2
;α(∂TΩ). Then we consider statement (jjii). By formula (B.3) of

Lemma B.3 we have that if µ ∈ C
1+α
2

;1+α(∂TΩ) then

∂

∂xi
v+[∂TΩ, µ](t, x) (B.15)

=−
n∑

j=1

v+[∂TΩ,Mij [µνj ]](t, x)− w+[∂TΩ, µνi](t, x)

+ δ2,n

∫ 0

−∞

∫

∂Ω

n∑

j=1

Mij,y[Φn(−τ, x0 − y)]νj(y)µ(τ, y) dσydτ,

for all (t, x) ∈ ΩT . We point out that the second term in the right hand side of formula (B.15)
is a constant. Then statement (jjii) follows by equality (B.15), by Lemma B.5 and by the
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case m = 1 for w+[∂TΩ, ·]. Next we consider statement (jjjii). By equality (B.15) we have if

µ ∈ C
1+α
2

;1+α(∂TΩ) then

∂2

∂xl∂xi
v+[∂TΩ, µ](t, x) (B.16)

=−
n∑

j=1

∂

∂xl
v+[∂TΩ,Mij [µνj ]](t, x)−

∂

∂xl
w+[∂TΩ, µνi](t, x),

for all l ∈ {1, . . . , n} and for all (t, x) ∈ ΩT . Then statement (jjjii) follows by equality (B.16)
and by case m = 1 for ∂

∂xl
v+[∂TΩ, ·] and w+[∂TΩ, ·]. Next we consider ∂

∂tv
+[∂TΩ, ·]. It suffices

to prove that

(jiii) ∂
∂tv

+[∂TΩ, ·] is continuous from C
2+α
2

;2+α(∂TΩ) to C0
b (cl ΩT ).

(jjiii) ∂
∂tv

+[∂TΩ, ·] is continuous from C
2+α
2

;2+α(∂TΩ) to C
1+α
2

(
]−∞, T [, C0(cl Ω)

)
.

(jjjiii) ∂2

∂xl∂t
v+[∂TΩ, ·] is continuous from C

2+α
2

;2+α(∂TΩ) to C
α
2
;α(cl ΩT ) for all l ∈ {1, . . . , n}.

Statement (jiii) follows by the case m = 1 and by the continuity of the embedding of

C
2+α
2

;2+α(∂TΩ) into C
1+α
2

;1+α(∂TΩ). Next we consider statement (jjiii). By formula (B.4) of

Lemma B.4 we have that if µ ∈ C
2+α
2

;2+α(∂TΩ) then

∂

∂t
v+[∂TΩ, µ](t, x) =v

+[∂TΩ, ∂tµ](t, x) (B.17)

− δ2,n

∫ 0

−∞

∫

∂Ω

∂

∂τ
Φn(−τ, x0 − y)νk(y)µ(τ, y)dσy dτ,

for all (t, x) ∈ ΩT . We point out that the second term in the right hand side of formula (B.17)
is a constant. Then statement (jjiii) follows by equality (B.17) and by Lemma B.5. Next we

consider statement (jjjiii). By formula (B.4) we have that if µ ∈ C
2+α
2

;2+α(∂TΩ) then

∂2

∂xl∂t
v+[∂TΩ, µ](t, x) =

∂

∂xl
v+[∂TΩ, ∂tµ](t, x), (B.18)

for all l ∈ {1, . . . , n} and for all (t, x) ∈ ΩT . Then statement (jjjiii) follows by equality (B.18)
and by the case m = 1 for ∂

∂xl
v+[∂TΩ, ·]. Next we consider v+[∂TΩ, ·]. It suffices to prove that

(jiv) v+[∂TΩ, ·] is continuous from C
1+α
2

;1+α(∂TΩ) to C0
b (cl ΩT ).

(jjiv) ∂
∂xl
v+[∂TΩ, ·] is continuous from C

1+α
2

;1+α(∂TΩ) to C
1+α
2

;1+α(cl ΩT ) and ∂
∂tv

+[∂TΩ, ·]
is continuous from C

1+α
2

;1+α(∂TΩ) to C
α
2
;α(cl ΩT ), for all l ∈ {1, . . . , n}.

Statement (jiv) follows by the case m = 1 and by the continuity of the embedding of

C
1+α
2

;1+α(∂TΩ) into C
α
2
;α(∂TΩ). Statement (jjiv) follows by the case m = 2 for ∂

∂xl
v+[∂TΩ, ·]

and by the case m = 1 for ∂
∂tv

+[∂TΩ, ·], respectively. Next we consider w+[∂TΩ, ·]. It suffices
to prove that

(jv) w+[∂TΩ, ·] is continuous from C
2+α
2

;2+α(∂TΩ) to C0
b (cl ΩT ).

(jjv) ∂
∂xl
w+[∂TΩ, ·] is continuous from C

2+α
2

;2+α(∂TΩ) to C
1+α
2

;1+α(cl ΩT ) and ∂
∂tw

+[∂TΩ, ·]
is continuous from C

2+α
2

;2+α(∂TΩ) to C
α
2
;α(cl ΩT ), for all l ∈ {1, . . . , n}.
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Statement (jv) follows the casem = 1 and by the continuity of the embedding of C
2+α
2

;2+α(∂TΩ)

into C
1+α
2

;1+α(∂TΩ) . Next we consider statement (jjv) for ∂
∂xl
w+[∂TΩ, ·]. It suffices to prove

that

(kv) ∂
∂xl
w+[∂TΩ, ·] is continuous from C

2+α
2

;2+α(∂TΩ) to C0
b (cl ΩT ).

(kkv) ∂
∂xl
w+[∂TΩ, ·] is continuous from C

2+α
2

;2+α(∂TΩ) to C
1+α
2

(
]−∞, T [, C0(cl Ω)

)
.

(kkkv) ∂2

∂xk∂xl
w+[∂TΩ, ·] is continuous from C

2+α
2

;2+α(∂TΩ) to C
α
2
;α(∂TΩ), for all k ∈ {1, . . . , n}.

Statement (kv) holds by the case m = 1 and by the continuity of the embedding of

C
2+α
2

;2+α(∂TΩ) into C
1+α
2

;1+α(∂TΩ). Then we consider statement (kkv). By formula (B.2) of

Lemma B.2 and formula (B.4) of Lemma B.4 we have that if µ ∈ C
2+α
2

;2+α(∂TΩ) then

∂

∂xl
w+[∂TΩ, µ](t, x) =

n∑

j=1

∂

∂xj
v+[∂TΩ,Mlj [µ]](t, x)−

∂

∂t
v+[∂TΩ, νlµ](t, x) (B.19)

=

n∑

j=1

∂

∂xj
v+[∂TΩ,Mlj [µ]](t, x)− v+[∂TΩ, νl∂tµ](t, x)

+ δ2,n

∫ 0

−∞

∫

∂Ω

∂

∂τ
Φn(−τ, x0 − y)νl(y)µ(τ, y)dσy dτ,

for all (t, x) ∈ ΩT . We point out that the second term in the right hand side of formula
(B.19) is a constant. Then statement (kkv) follows by equality (B.19), by the case m = 2 for
∂
∂xj

v+[∂TΩ, ·], and by Lemma B.5. Next we consider statement (kkkv). By formula (B.19) we

have that if µ ∈ C
2+α
2

;2+α(∂TΩ) then

∂2

∂xk∂xl
w+[∂TΩ, µ](t, x) =

n∑

j=1

∂2

∂xk∂xj
v+[∂TΩ,Mlj [µ]](t, x) (B.20)

− ∂

∂xk
v+[∂TΩ, νl∂tµ](t, x),

for all k ∈ {1, . . . , n} and for all (t, x) ∈ ΩT . Then statement (kkkv) follows by equality
(B.20), and by the cases m = 1 and m = 2 for ∂

∂xi
v+[∂TΩ, ·]. Thus we have proved statement

(jjv) for ∂
∂xl
w+[∂TΩ, ·]. Next we consider statement (jjv) for ∂

∂tw
+[∂TΩ, ·]. By formula (B.5)

of Lemma B.4 and formula (B.1) of Lemma B.1 we have that if µ ∈ C
2+α
2

;2+α(∂TΩ) then

∂

∂t
w+[∂TΩ, µ](t, x) = w+[∂TΩ, ∂tµ](t, x) = −

n∑

j=1

∂

∂xj
v+[∂TΩ, νj∂tµ](t, x), (B.21)

for all (t, x) ∈ ΩT . Then the statement follows by equality (B.21) and by the case m = 1 for
∂
∂xj

v+[∂TΩ, ·].
Now we prove that if statements (i) and (ii) hold for all m′ ≤ m and m ≥ 2, the they hold

for m+ 1. First we consider the statement for ∂
∂xi
v+[∂TΩ, ·]. It suffices to prove that

(jvi) ∂
∂xi
v+[∂TΩ, ·] is continuous from C

m+α
2

;m+α(∂TΩ) to C0
b (cl ΩT ).
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(jjvi) ∂2

∂xl∂xi
v+[∂TΩ, ·] is continuous from the space C

m+α
2

;m+α(∂TΩ) to C
m−1+α

2
;m−1+α(cl ΩT )

for all l ∈ {1, . . . , n}, and ∂2

∂t∂xi
v+[∂TΩ, ·] is continuous from the space C

m+α
2

;m+α(∂TΩ)

to C
m−2+α

2
;m−2+α(cl ΩT ).

Statement (jvi) follows by the case m = 1 and by the continuity embedding of C
m+α

2
;m+α(∂TΩ)

into C
α
2
;α(∂TΩ). Statement (jjvi) for ∂2

∂xl∂xi
v+[∂TΩ, ·] follows by equality (B.16) and by the

inductive assumptions. Next we consider statement (jjvi) for ∂2

∂t∂xi
v+[∂TΩ, ·]. By formula

(B.4) of Lemma B.4 we have that if µ ∈ C
m+α

2
;m+α(∂TΩ) then

∂2

∂t∂xi
v+[∂TΩ, µ](t, x) =

∂

∂xi
v+[∂TΩ, ∂tµ](t, x), (B.22)

for all (t, x) ∈ ΩT . Then statement (jjvi) for ∂2

∂t∂xi
v+[∂TΩ, ·] follows by formula (B.22) and by

the inductive assumptions. Next we consider ∂
∂tv

+[∂TΩ, ·]. It suffices to prove that

(jvii) ∂
∂tv

+[∂TΩ, ·] is continuous from C
m+1+α

2
;m+1+α(∂TΩ) to C0

b (cl ΩT ).

(jjvii) ∂2

∂xl∂t
v+[∂TΩ, ·] is continuous from C

m+1+α
2

;m+1+α(∂TΩ) to C
m−1+α

2
;m−1+α(cl ΩT ) and

∂2

∂t2
v+[∂TΩ, ·] is continuous from C

m+1+α
2

;m+1+α(∂TΩ) to C
m−2+α

2
;m−2+α(cl ΩT ), for all

l ∈ {1, . . . , n}.

Statement (jvii) follows by the case m = 1 and by the continuity of the embedding of

C
m+1+α

2
;m+1+α(∂TΩ) into C

1+α
2

;1+α(∂TΩ). Statement (jjvii) for ∂2

∂xl∂t
v+[∂TΩ, ·] follows by

formula (B.22) and by the inductive assumptions. Next we consider statement (jjvii) for
∂2

∂t2
v+[∂TΩ, ·]. By formula (B.4) of Lemma B.4 we have that if µ ∈ C

m+1+α
2

;m+1+α(∂TΩ) then

∂2

∂t2
v+[∂TΩ, µ](t, x) =

∂

∂t
v+[∂TΩ, ∂tµ](t, x), (B.23)

for all (t, x) ∈ ΩT . Then statement (jjvii) for ∂2

∂t2
v+[∂TΩ, ·] follows by (B.23) and by the

inductive assumptions. Next we consider v+[∂TΩ, ·]. It suffices to prove that

(jviii) v+[∂TΩ, ·] is continuous from C
m+α

2
;m+α(∂TΩ) to C0

b (cl ΩT ).

(jjviii) ∂
∂xl
v+[∂TΩ, ·] is continuous from the space C

m+α
2

;m+α(∂TΩ) to C
m+α

2
;m+α(cl ΩT ) for

all l ∈ {1, . . . , n}, and ∂
∂tv

+[∂TΩ, ·] is continuous from the space C
m+α

2
;m+α(∂TΩ) to

C
m−1+α

2
;m−1+α(cl ΩT ).

Statement (jviii) follows by the casem = 1 and by the continuity embedding of C
m+α

2
;m+α(∂TΩ)

into C
α
2
;α(∂TΩ). Statement (jjviii) follows by case m for ∂

∂tv
+[∂TΩ, ·] and by case m+ 1 for

∂
∂xl
v+[∂TΩ, ·]. Finally we consider w+[∂TΩ, ·]. It suffices to prove that

(jix) w+[∂TΩ, ·] is continuous from C
m+1+α

2
;m+1+α(∂TΩ) to C0

b (cl ΩT ).

(jjix) ∂
∂xl
w+[∂TΩ, ·] is continuous from the space C

m+1+α
2

;m+1+α(∂TΩ) to C
m+α

2
;m+α(cl ΩT ) for

all l ∈ {1, . . . , n}, and ∂
∂tw

+[∂TΩ, ·] is continuous from the space C
m+1+α

2
;m+1+α(∂TΩ)

to C
m−1+α

2
;m−1+α(cl ΩT ).
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Statement (jix) follows by the case m = 1 and by the continuity of the embedding of

C
m+1+α

2
;m+1+α(∂TΩ) into C

1+α
2

;1+α(∂TΩ). Next we consider statement (jjix) for ∂
∂xl
w+[∂TΩ, ·].

It suffices to prove that

(kix) ∂
∂xl
w+[∂TΩ, ·] is continuous from C

m+1+α
2

;m+1+α(∂TΩ) to C0
b (cl ΩT ).

(kkix) ∂2

∂xk∂xl
w+[∂TΩ, ·] is continuous from C

m+1+α
2

;m+1+α(∂TΩ) to C
m−1+α

2
;m−1+α(cl ΩT ) for

all k ∈ {1, . . . , n}, and ∂2

∂t∂xl
w+[∂TΩ, ·] is continuous from C

m+1+α
2

;m+1+α(∂TΩ) to

C
m−2+α

2
;m−2+α(cl ΩT ).

Statement (kix) holds by the case m = 1 and by the continuity of the embedding of

C
m+1+α

2
;m+1+α(∂TΩ) into C

1+α
2

;1+α(∂TΩ). Statement (kkix) for ∂2

∂xk∂xl
w+[∂TΩ, ·] follows

by equality (B.20), and by case m for ∂
∂xk

v+[∂TΩ, ·] and by case m + 1 for ∂
∂xj

v+[∂TΩ, ·].
Then we consider statement (kkix) for ∂2

∂t∂xl
w+[∂TΩ, ·]. By formula (B.5) of Lemma B.4 we

have that if µ ∈ C
m+1+α

2
;m+1+α(∂TΩ) then

∂2

∂t∂xl
w+[∂TΩ, µ](t, x) =

∂

∂xl
w+[∂TΩ, ∂tµ](t, x), (B.24)

for all (t, x) ∈ ΩT . Then statement (kkix) for ∂2

∂t∂xl
w+[∂TΩ, ·] follows by equality (B.24) and

by case m for ∂
∂xl
w+[∂TΩ, ·]. Thus we have proved statement (jjix) for ∂

∂xl
w+[∂TΩ, ·].

The corresponding statements for v−[∂TΩ, ·], ∂
∂xi
v−[∂TΩ, ·], ∂

∂tv
−[∂TΩ, ·] and w−[∂TΩ, ·]

can be proved in the same way.
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3. (Russian), Teor. Funktsĭı Funktsional. Anal. i Prilozhen. No.
45 (1986), 132–139; translation in J. Soviet Math., 48, no. 4, (1990) 484–490.

[101] J. Sokołowski and J.P. Zolésio, Introduction to shape optimization. Shape sensitivity
analysis. Springer Series in Computational Mathematics, 16. Springer-Verlag, Berlin,
1992. ii+250 pp.

[102] E. T. Swartz and R. O. Pohl, Thermal boundary resistance, Rev. Mod. Phys., 61 (1989),
pp. 605–668.

[103] G.M. Troianiello, Elliptic Differential Equations and Obstacle Problems. The Univesrity
Series in Mathematics. Plenum Press, New York, 1987. xiv+353 pp.

[104] Van Tun. Theory of the heat potential. I. Level curves of heat potentials and the inverse
problem in the theory of the heat potential. (Russian) Ž. Vyčisl. Mat. i Mat. Fiz. 4 1964
660–670.

[105] Van Tun. Theory of the heat potential. II. Smoothness of contour heat potentials.
(Russian) Ž. Vyčisl. Mat. i Mat. Fiz. 5 1965 474–487.



174 Bibliography

[106] Van Tun. A theory of the thermal potential. III. Smoothness of a plane thermal potential.
(Russian) Ž. Vyčisl. Mat. i Mat. Fiz. 5 1965 658–666.

[107] G. Verchota, Layer potentials and regularity for the Dirichlet problem for Laplace’s
equation in Lipschitz domains. J. Funct. Anal. 59 (1984), no. 3, 572-611.

[108] W. von Wahl, Gebrochene Potenzen eines elliptischen operators und parabolische differ-
entialgleichungen in Räumen Hölderstetiger funktionen, Nachr. Ak. d. Wiss Göttingen,
II Mathem. Physik. Klasse, (1972) 231-258.

[109] W. von Wahl, Abschätzungen für das Neumann-Problem und die Helmholtz-Zerlegung
von Lp. (German) Nachr. Akad. Wiss. Göttingen Math.-Phys. Kl. II 1990, no. 2, 29 pp.

[110] N. A. Watson, Introduction to heat potential theory. Mathematical Survays and Mono-
graphs, 182. American Mathematical Society, Providence, RI, 2012. xiv+266 pp.

[111] M. Wiegner, Schauder estimates for boundary layer potentials, Math. Methods Appl.
Sci., 16 (1993), no. 12, 877-894.


