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Abstract

This thesis treats the topic of Model-Based Design of Physical Systems.

Mathematical Modeling is a vast and multidisciplinary field which ranges dif-
ferent sciences and, depending on the application and the technique used, can be
interpreted in different ways. The approach we consider in this thesis combines
techniques from inverse and ill-posed problems, regularization and numerical linear
algebra, and applies them also to signal processing.

This thesis will address the case of models driven by known Physical Equations,
while the black-box (or data driven) case, which means models with structures
that do not arise from physical relations on the system, will only be mentioned.
Moreover, even if models are generally used for different purposes, the hidden aim
of the modeling problems treated in this thesis is the industrial application of virtual
prototypes and digital twins. This is the reason for using the term “Model-Based
design”, which refers to the process of describing an industrial plant, for example a
machine or a process, that needs to be controlled. The aim is to use mathematical
models to control and analyze the system.

The thesis will address different problems encountered during the three years of
the doctoral degree, with particular attention to two main topics that led to publi-
cations [22, 23]. When dealing with models, in some cases the structure is known
from physical hypothesis and only some parameters have to be deduced from data,
in other cases the model may be well known and used to denoise measurements.

The thesis will be divided in two parts corresponding to these two cases. The
tirst part will treat parameter estimation with different kinds of models (static and
dynamic, continuous and discrete) in linear and nonlinear cases. An overview of
different numerical methods will be proposed and then the problem of Unbiased Least
Squares (ULS) will be introduced and analyzed [23], which consists in the problem of
parameter estimation of a linear system in the case of unmodeled dynamics.

The second part will be based on numerical methods for the denoising of data
from a physical system, through the knowledge of the true physical model that de-
scribes the system. The case of input-output denoising of a DLTI (Discrete Linear
Time-Invariant) system with unknown noise covariance values is treated and the
algorithm WMC-MBD is proposed [22]. In the end, the last Chapter deals with the
extension to the nonlinear case at its current development status.

Note: The PhD scholarship was funded by the Company Electrolux spa, with title
“High Performance Calculation for Model Based Design applied to home appliances
design”. Because of privacy agreement with Electrolux spa, we decided not to include
in this thesis the projects and applications related to the research activity conducted
within the Company, but only the theoretical aspects of this research.



Sommario

Questa tesi tratta il problema del Model-Based Design di Sistemi Fisici. La Mod-
ellistica Matematica ¢ un campo molto vasto e multidisciplinare, che spazia diversi
campi delle scienze, e pu0 essere interpretata in modi diversi a seconda delle appli-
cazioni e delle tecniche utilizzate. L'approccio che utilizzeremo in questa tesi combina
tecniche di problemi inversi e mal-posti (ill-posed problems), regolarizzazione e alge-
bra lineare numerica che vengono applicati anche all’elaborazione dei segnali (signal
processing).

In questa tesi verranno trattati modelli retti da Equazioni Fisiche, mentre il caso
black-box (o data driven), termine col quale si intendono modelli la cui struttura
non emerge da relazioni fisiche del sistema, verranno solamente menzionati. Inoltre,
nonostante gli utilizzi dei modelli siano diversi, lo scopo sottostante ai problemi
di modellistica qui trattati e 'applicazione industriale di prototipi virtuali (virtual
prototypes) e digital twins. Questo ¢ il motivo per cui e stato utilizzato il termine
“Model-Based design”, che si riferisce al processo di descrizione di un sistema industri-
ale, ad esempio un macchinario o un processo fisico, che deve essere controllato. Lo
scopo e utilizzare modelli per controllare e analizzare il sistema.

In questa tesi verranno trattati diversi problemi incontrati durante i tre anni
di dottorato, con particolare attenzione a due temi principali che hanno portato
a pubblicazioni [22, 23]. Nel percorso di modellistica si possono verificare due
situazioni: in alcuni casi la struttura del modello € nota da ipotesi fisiche e solamente
alcuni parametri sono sconosciuti e da ricavare a partire dalle misure; in altri casi il
modello puo essere noto e utilizzato per togliere il rumore dalle misure e ricavare
delle stime dei segnali. La tesi sara suddivisa in due parti corrispondenti a questi
due casi. La prima parte sara focalizzata sulla stima di parametri con diversi tipi di
modelli (statici e dinamici, a tempo continuo o discreto) nei casi lineare e nonlineare.
Dopo una descrizione di diversi metodi numerici, introdurremo e analizzeremo il
problema degli “Unbiased Least Squares” (ULS) [23], ossia il problema di stima dei
parametri di un sistema lineare nel caso di dinamiche non modellate.

11 focus della seconda parte saranno i metodi numerici per il denoising dei dati

provenienti da sistemi fisici, ossia i metodi di rimozione del rumore, tramite la
conoscenza del vero modello fisico che descrive il sistema. Verra esposto il prob-
lema del denoising di input e output di un sistema DLTI (Discreto Lineare Tempo-
Invariante) con covarianze dei rumori ignote, assieme ad un algoritmo per la sua
risoluzione [22]. Infine, sara studiata I'estensione di questo problema al caso nonlin-
eare.
Note: La borsa di dottorato ¢ stata finanziata dall'industria Electrolux spa, con titolo
“Calcolo ad alte prestazioni per il Model-Based Design applicato alla progettazione
di elettrodomestici”. A causa dell’accordo di confidenzialita e riservatezza con Elec-
trolux spa, abbiamo deciso di non includere in questa tesi i progetti e le applicazioni
sviluppati in collaborazione con essa, e solamente gli aspetti teorici della ricerca sono
stati trattati.
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Introduction and motivations

Mathematical physical models are often used for the description of physical
phenomena and are essential in industrial applications for various aims, such as
control and estimation of unmeasurable variables and physical parameters.

We start with some applications to give the idea of the importance of mathematical
modeling in industry and justify the attention to the topic.

Examples of industrial applications The uses of models in industrial applications
are very different and are referred to with various expressions: predictive and adap-
tive control, model-based design and shape optimization, indirect measures and
virtual sensors, fault detection and predictive maintenance, virtual testing, parameter
estimation, digital twins and prototypes and lots of others. We describe for example
some of these cases:

1. Shape Optimization and Model-Based Design, are terms referred to the case in
which an analytical and numerical study on the shape of a certain object is done
through the optimization of mathematical equations to achieve certain desired
performances before building a physical prototype;

2. Indirect measures and Virtual Sensors are terms that indicate the calculation
of a certain quantity through physical equations, when it is not possible to
measure it with true sensors, for example when the environment has a too high
temperature or the sensor is too expensive;

3. The monitoring of the good functioning of a machine can be checked through
models and this is referred to as Fault Detection or Predictive Maintenance;

4. In general the simulation of a model that describes a machine is called Virtual
Testing, and it may be useful when the tests on the machine are expensive,
dangerous, or when the machine is not available (suppose for example that
workers are forced to smart-working at home for a certain time).

Experimental Physical Modelling As various the applications in which models are
used, as various are the mathematical models that can be chosen. The activity of
deriving a model from data is called with different terms, depending on the approach
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and the techniques used. Some examples are System Identification, Signal Estimation or
enhancement [12, 14], and Experimental Modelling, all of which indicate the techniques
used to extract the useful information of the system from the available measurement
corrupted with noise. The structure of these procedures has some basic common
concepts that can be pointed out. The process starts with the collection of some data
of the system under study, that comes with a measurement error. Sometimes it is also
possible to choose how to collect the data from the system (and this step is called
Experiment Design). Then, some physical information about the system and relations
among the measured (and also unmeasured) quantities can be collected. Among the
relations and details on the system, only the ones useful to the aim of the problem
must be considered.
The procedure can, in general, be divided in three steps.

1. In each case we choose a model structure to describe the system: the range
goes from simpler to more complex. We can divide them in the following
characterizations: linear or nonlinear, static or dynamic, with lumped or dis-
tributed parameters (Ordinary Differential Equations or Partial Differential
Equations), dynamic with continuous or discrete time. Another distinction is
the one between White Box models (i.e. governed by physical equations, in
which parameters have physical meaning) and Black Box ones (or data-driven,
in which parameters do not have physical meaning).

2. Secondly, we choose a criterion function to minimize, that represents our identifi-
cation problem. For example deterministic (square error, absolute error, ...) or
probabilistic (maximum likelihood error, ...). This criterion function is defined in
such a way that its minima represent a “good” choice of the model parameters,
i.e. the model simulation with those parameters gives results that are close to
some experimental data collected from the real physical system.

3. In the end, we have to choose the numerical algorithm to solve the minimization
of the criterion function (for example batch or recursive methods).

The choice of the model structure can be done following the main properties that
a good model should possess:

e generality: is the model still able to describe the system for little modifications
of the setting? For example the Hook’s law that describes a spring is valid for
springs with different stiffness factors;

e predictability: is the model able to describe the phenomena also in situations
that were not used in the creation of the model?

e simplicity: this is a really important point and can be summarized with the
Occam’s Razor principle, and described by the quotation: “Everything should
be made as simple as possible, but not simpler”, Albert Einstein. This means
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that in the description of the model, only useful information must be taken into
consideration, while non-useful details of the phenomena must be neglected.

The last one is a very important principle in modelling, and is the reason why
simple model equations are the most widespread and we will focus on them. We
will show different model structures, starting with Linear Least Squares for Linear
Systems and the Nonlinear case, following the three-step structure described above.
Consequently, we will introduce the State-Space form and the Discrete Linear Time
Invariant systems (DLTI).

Thesis Outline We list in more details the contents of this thesis. In the first part
the problem of model estimation is treated, following the previously mentioned
subdivision of the procedure in models, criterion function and algorithms. First some
model structures are introduced in Chapter 1 and some common formulation of the
identification problems are described in Chapter 2. Different numerical methods to
solve parameter estimation problems are explained in Chapter 3. After this overview
of general methods from literature, we treat one of the main contributions of the
thesis in Chapter 4 with the problem of unmodeled dynamics in the linear case, i.e.
Unbiased Least Squares (ULS) problem.

The second part of the thesis deals with the case in which the model is known and
is used to estimate the state and denoise the input and output signals of the system. In
Chapter 5 the problem in the case of unknown covariance values is introduced, which
is the second main contribution. In Section 5.2 the well known Kalman Algorithm is
explained as a starting point and in 5.5 the WMC-MBD algorithm is proposed. The
last Chapter 6 is the nonlinear extension of the previous one and concludes the thesis.






Part I

Model Estimation:
when the model is not known






Chapter 1

Model structures

1.1 Modeling noise

One of the starting concepts in signal processing is the difference between deter-
ministic signals, and random ones. The first are repeatable, i.e. repeated measurements
in the same conditions provide the same signal; while the second ones are not.

Since all the measures we obtain from real systems are corrupted with noise, the
purpose of signal processing is the one of extracting the real deterministic information
from the noisy ones. This is done thorough models and algorithms and hypothesis
on the noise.

The term “model-based” processing was used in literature [14, 12] to represent
the introduction of the description of noise inside the description of the system, to
exploit as much information as possible from the system.

We will talk mainly about deterministic models, those in which all the variables
are deterministic, and only briefly about stochastic models, in which some random
terms will be added to describe noise.

1.1.1 Probability preliminaries

We introduce some basic probability concepts ([41], [77] and [12, 13, 14]) to add
some noise terms in the models that will be introduced in the following Sections.

Consider a probability space (Q), S, P), i.e. the triplet with Q) the sample space, S a
o-algebra on it (the set of events), and P a probability measure, i.e. a measure with
P(Q)) = 1. Then a random variable with values in R" is a Borel measurable function
X :Q — R". If n > 1 we also refer to X as a random vector.

The random variable X defines a probability measure on (Q),S) by Px(B) =
P(X~1(B)) = P(X € B) with B € B" Borel sets of R".

The random variable X is said to be absolutely continuous if Px is absolutely
continuous w.r.t. the Lebesgue measure on IR”. Recall that, given two finite measures
i,V on a measurable space (M, M), we say y is absolutely continuous with respect
to v if whenever v(A) = 0 for A € M, then ;(A) = 0 and it is denoted u < v.
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Definition 1 (Probability density function (Radon-Nikodym theorem)). If X is an
absolutely continuous random variable, then there exists a function called probability density
function fx : R" — R such that

P(X € A) = Px(A) = /Afx(x)dx VA € B,

We recall the following definitions:

Expected value (mean): myx = E[X] :/ xfx(x)dx,

Cross-Correlation: Cxy = E[X Y],
Covariance: Ryxy = E[(X — mx)(Y —my)].

The definitions of mean and covariance for random vectors can be written more
explicitly as:

E[Xl] RX1,X1 te RXl/Xn
. . RXz,X1 RXZ,Xn
myx = : and covariance matrix Cx equal to Rx = : :
E[X
1] Rx,x; -+ Rx,x,

We will need the following particular case of random variable:

Definition 2. A one dimensional Gaussian (or normal) random variable X is defined by its
probability density function:

I {W—W
\/27TRXX P 2 RXX

with mean myx € R and covariance Rxx € RT.

fx(ﬂt) = } re. X~ N(Ti’lx, Rxx)

Definition 3. A Gaussian (or normal) random vector is a random vector X = (Xy,..., Xy)
with all the X; Gaussian random variables. Its probability density function is given by

1 1
fx(a) = 272 det(Ry) 12 exp {—2(1x —mx) TR (& — mx)}

with mean my € R" and covariance matrix Ry € IR™*™",

A Gaussian random vector where all the X; are Gaussian random variables with zero
mean and the same covariance Ry, is called White noise vector (or White Gaussian noise
vector) and its covariance matrix is a scaled identity Rx = Rx, I,

8



1.1.2 Time dependence

A Random Signal or Stochastic Process can be seen as a sequence of ordered in time
random variables, more precisely:

Definition 4. Let I C R. A family of random variables X = (X(t),t € I) (on (Q), S, P))
with values in (R", B") is called a stochastic process with index set (or time set) I and range
R™. When [ = [0, +00), it is called continuous-time stochastic process, while if I = N or
I = Z it is called discrete-time stochastic process.

Given a stochastic process X, fixed a time t € I, the function X(¢, -) is a random
vector, and each of its components X;(¢, -) is a one dimensional random variable.

We recall some useful definitions we will use from now on: given X, Y two random
signals, we define

Expected value (mean): mx(t) =E[X(t) :/

Auto-Correlation: Cxx(t k) =E
Cross-Correlation:  Cxy(t, k) = E[X(t)Y(k)],
Variance: Ryxx(t, k) = E[(X(t) —mx(t))(X(k) —mx(k))],
Covariance: Rxy(t, k) = E[(X(t) —mx(t))(Y (k) — my(k))]

A White Gaussian noise signal X with values in (R", B") is a Random Signal such
that mx(t) =0 fort k € Iand Cxx(t,k) =0 1,6;; fort k € I where

e 0 is the correlation value of each random variable X;(t) component of the
random vectors X (t) for each t € I,

e [, is the identity matrix in R"*",

e O is the Kronecker delta, defined such that 6,y = 1ift = kand 6;, = 0
otherwise.

1.2 Static models

We start with static models, which can be defined as models that represent a
phenomenon at a given point in time. These models describe the relation among
different quantities of a system at each fixed instant, hence, the variation of these
quantities in time is not taken into account. In the following subsections we describe
in more details linear and nonlinear static models.
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1.2.1 Linear models

Given a matrix A € R™*", vectors y € R”, and x € IR” we consider the linear
system

y = Ax. (1.1)

The “direct” and easier problem is the calculation of y, given A and x. We are
interested in the famous linear inverse problem of the calculation of x, given A and y.

Calling a; the columns of the matrix, and x; the components of the vector x, the
linear system above can be written also as

a1x1+"'+unxn:y

and we can see that y is a linear combination of the columns of the matrix A.

Usually, the linear system is built from data of a system as follows: we know that
an output variable y € R can be described by a known linear system y = Ax with
parameter vector x € R" and A € R™*". Moreover, the matrix A may be built from
an input variable u € R/, so that A = A(u). The problem of finding the parameter
vector from measurements of the variables of the system is called linear parameter
estimation.

Observation 1. Note that the assumption we are making here is that the model is linear in
the parameters. The matrix A may depend in a linear or nonlinear way on a vector of input
parameters u € R™ as A = A(u).

This is one of the most widespread and studied systems and arise in applications
from engineering, statistics, physics, economics, biology, medicine and others.

Although the linear model is very simple, it is sufficient to describe lots of different
situations.

Polynomial Fitting

Figure 1.1: Polynomial fitting or regression

Example 1 (Example of a static model: Polynomial regression). One of the basic exam-
ples is the polynomial regression or fitting, in which the aim is to describe the quantity y as a
polynomial in the variables u. In Figure 1.1 an example of a second order polynomial fitting is
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shown. Given measurements at samples of time t, . .., tn, we can build the linear system

1 u(ty) wulty)? y(to)
Lo ”({1)2 nl - ol (1.2)
i u(:éN) u(t.N)2 . y(l;N)

1.2.2 Nonlinear models

When a linear model is not sufficient to describe the system at hand, we must
consider a nonlinear model of the kind

y = flux) (13)

where y € R” and u € R! are vectors of measured quantities of which we know
the physical relation described by the nonlinear function f and we want to estimate a
set of parameters x € R" .

Example 2 (Example of a static model). In the static case we can consider a simple example
of Nonlinear exponential fitting, of which an example is shown in Figure 1.2.

Exponential Fitting

Figure 1.2: Exponential fitting

Given two quantities y and u, we want to describe the variable y with the exponential
function

y = fu) = me™

estimating the value of the parameter vector x = [x1,x2] € R

1.3 Dynamic models

1.3.1 Differential equations

Since most of the Physical Laws that describe Physical Systems assume the form
of Ordinary and Partial differential equations (ODE and PDE) we will analyze the
models given by these equations. First of all these equations relate variables and their
rate of change, usually in time and space.
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The common “direct” problem that arises from these equations is the one of
simulating the system given the initial conditions (and the boundary conditions in
the case of PDE). The inverse problem in this case consists in looking for the initial
conditions and/or the parameters of the model, given some measurements of the
variable y.

Note that the problem of estimating the initial condition of the differential equa-
tion, or the boundary conditions of the partial differential equations, can be seen as a
particular case of parameter estimation.

In the case of ODE, we will consider models described by ordinary differential
equations of the form

y(t) = fy(H),u(t),p) fort € [0,T] (14)
y(0) =yo |

where p € R" is the parameter vector, yo € IR is the initial condition, f is a function
which may not depend explicitly from the independent variable ¢, and u is an input
variable (u(t) € R!) that can be present or not.

Discretization methods Numerical methods for the discretization of ODEs of the
kind (1.4) are a well studied topic, that we are not going to treat here and we only
refer to the literature (for example [38, 11]).

In this work we will consider only Explicit Euler discretization, that we briefly
recall here.

Given the Cauchy problem

{]/(t) = f(t,y() (15)

fort € [ty, T] and y € R™.

We discretize the variable t with samples t,, = to + nh where h is the discretization
step, for t, € {to,...,ty = T}. The discretization methods give the approximated
vales y, ~ y(t,). The Explicit Euler scheme is

Yni1 = Yn +Hf (L yn). (1.6)

In the problems we will deal with in this thesis, we are going to neglect the
discretization error e, = y, — y(t,), always with the hypothesis of a discretization
step h sufficiently small.

Example 3 (Example of a dynamic model: the mechanical equation of a motor).
Consider the mechanical equation of a motor

Ty (8 + Buw(t) = T (1) = Ti (1),
with
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w the angular speed,

Jum the inertia of the motor,

By the coefficient of the friction term Bpw(t),
o Ty and Ty the mechanical and load torque values.

Suppose to know the measurements of Ty, T, w, %2 and to need the estimate of the parameters
Jm and Byy. We can write the problem as a linear system as follows

% (to)  wlto) Tam(to) — Ti(to)
() wt)| [u] | Tm(t) = Teltr)
: : {BM} B :
%(t]\]) w(tN) TM(tN) - TL(tN)
Example 4 (Example of a dynamic model:). The Lorentz model
W) = —pn(t) + pyalt),
() = (r=—ys()y(t) — ya(t), (17)

W) = yi(byat) - bys(t),

is nonlinear with respect to the parameters p,r (Prandtl and Rayleigh numbers) while b is
a known parameter. This system of equations has a peculiarity, indeed for high values of
the Rayleigh number the system is near to chaotic, i.e., for little perturbations of the initial
condition there are big variations in the dynamic.

We will see in Section 3.3.2 and 3.3.3 that this property of the system has important
consequences on the choice of the numerical method in the case of initial condition estimation,
problem that fall into the group of parameter estimation problems.

1.3.2 State-Space models

Until now, we considered models in which there were two sets of variables, an
independent variable vector u and a dependent vector y. These kinds of models are
called Input-Output.

A State-Space model is characterized by the presence of three main variables, not
only the input vector u and the output y, but also the state vector x. Usually, the state
is also called internal or hidden variable, because some of its components may be
not measurable. More precisely, the state of a system at time ¢ is the minimum set of
variables that, with the input, is sufficient to uniquely specify the dynamic system
behaviour for all ¢ over the interval [y, ).

The general time-variant formulations in the nonlinear and linear case are the
following: Continuous Nonlinear Time Variant State-Space Models

Nonlinear: {x(t) a(t, x(t)) +b(t,u(t))
y(t) = c(t, x(t)) +d(t, u(t))

(1.8)
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Continuous Linear Time Variant State-Space Models

Linear: 4 ¥(8) = Ac(t)x(t) + Be(t)u(t) (1.9)
y(t) = Cc(t)x(t) + Dc(t)u(t)

withx € R,y € R, u € R™, A, € R™*", B, €¢ R"»"*"™ C. € R"*" and
D, € R" >,

And a simpler case is the one with Time invariant parameters: Linear Time
Invariant (LTI) State-Space Models

¢(t) = Acx(t) + Bou(t
Linear: £(t) X(f) + Beu(t) (1.10)
y(t) = Cex(t) + Deu(t).
Some systems may arise directly in a discrete form, or the continuous ones can be
discretized to obtain the following discrete equations:
Discrete Linear State-Space Model

{x(k +1) = A(k)x(k) + B(k)u(k) (1.11)

y(k) = C(k)x(k) + D(k)u(k).

The simpler case that we are interested in is when the matrices A, B,C, D do not
depend on the time variable k, hence we have:
Discrete Linear Time-Invariant State-Space (DLTI) Models

{x(k +1) = Ax(k) + Bu(k) (1.12)

y(k) = Cx(k) + Du(k).

We note that the state representation of a system is not unique, there are more
states and matrices which give the same input-output relation. Given the state of
system (1.12) we can obtain another state x7(k) for each nonsingular matrix T, and
the relative system matrices (A, Br, Cr, Dr) in the following way

xp(k) =T 'x(k) and Ar=T 'AT, Br=T 1B, Cr=C!, Dr=D.

1.3.3 Discrete Linear Time-Invariant (DLTI) models

The importance and extensive use of DLTI models is due to the following aspects:

e DLTI models are a common structure for lots of physical phenomena, i.e., very
different systems (from mechanical to electrical, thermal, ...) can be described
with the same mathematical structure of equations, with different meaning of
the states and variables. This concept is called system analogy. The consequence
is that, from the mathematical point of view, the theory and the dynamics of
these systems can be studied independently of the application.
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e The other characterization is that system theory is well developed, a lot of
properties can be characterized and, in the deterministic case, the solution is
known explicitly.

e In the linear case, linear algebra problems can be solved in real-time, with small
computational effort.

e The most used controller systems are described by linear equations, hence
nonlinear models of the system to be controlled would be worthless in such
cases.

Properties: Controllability, Reachability, Observability

Controllability, Reachability and Observability are properties of a system which
are important in Control Theory. When the model is used to control a certain system
it is crucial to know how the input can influence the dynamic. We recall here the
definitions [77].

Definition 5 (Controllability). The DLTI system (1.12) is controllable if, given any initial
state x(k,), there exists an input signal u(k) for k, < k < ky, such that x(k;,) = 0 for some
k.

Definition 6 (Reachability). The DLTI system (1.12) is reachable if for any two states x,
and xy, there exists an input signal u(k) for k, < k < ky, that will transfer the system from
the state x(k,) = x, to x(kp) = xp.

In few words, controllability means that the system state, through a certain input,
can always be brought to the origin, and reachability that it can always be moved
from one point to another.

Observability is the possibility to deduce univocally the state from the output
measurement. For a precise definition of observability we need the concept of re-
sponse of a system to a certain input, that can be calculated by recursion from the first
equation of (1.12): the response from time instant k to time instant k + j is given by

k=1 .
x(k+7j) = Afx(j) + Y A Bu(i + ).
i=0

1

The first part A¥x(j) is called zero-input response, since is equivalent to the response
of the system if the input is zero u = 0, and the second part is called zero-state
response. We can now introduce the definition of observability following [77]:

Definition 7 (Observability). The DLTI system (1.12) is observable if any initial state
x(kg) is uniquely determined by the corresponding zero-input response y (k) for k, < k < ky
with ky, finite.

It is easy to check these properties on DLTI systems, since two theorems hold:
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e reachability is equivalent to the matrix C, = [B AB ... A""!B] to be full
rank,

C
e observability is equivalent to the matrix O, = ) to be full rank.
C A‘nfl

These properties are unified in the following one, that is a common assumption
for a lot of theorems in system identification.

Definition 8 (Minimality). The DLTI system (1.12) is minimal if it is both reachable and
observable.

Given a minimal DLTI system, the dimension of its state vector x(k), is called the
order of the DLTI system.
Explicit formulas of the Solutions

The solution equations for the State-Space problems, given the initial conditions
on the state, have analytic expressions

e in the continuous deterministic LTI case (1.10) is:

t
{x(t) = DOy x(tg) + fto Dy o Beutgdu (1.13)

y(t) = Ceiyyx(to) + [, CcPraBettoda + Den(t)

with th,to = EAC(tito).

e in the discrete deterministic linear time variant case (1.11) is:

{x<k> (k,0)x(0) + =g @(k, ) B(i)ul(i) 114)
y(k) = C(k)D(k,0)x(0) + L=y C(5)(k, 1)B(i)u(i) + D(k)u(k)

with ®(k,i) = A(k—1)A(k—2)A(k—3)---A(i) for k > i, for a general
discrete linear time variant state-space; while in the time-invariant case, we
have ®(k,i) = A~/ for k > i for a DLTI state-space.
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Chapter 2

Estimation Criteria: formulation of
the identification problem

2.1 Linear Least Squares

Suppose we know that the relation between two set of variables called input and
output of our system is given by a linear model y = A(u)x as described in Section
1.2.1, with parameters x, and we have some measurements (1%, ") of these
quantities. We want to find the value of parameter vector £ such that the model
prediction § = A(u™*)% is “close” to the measured data y"*.

We will call for simplicity A = A(u™*) and b = y™**.

The two following facts holds:

e the problem has a solution if and only if b € Im(A) that is if the right-hand side
lies in the image of A, i.e. its column space. In this case the system is said to be
consistent;

e the solution is unique if and only if the kernel of the matrix is zero Ker(A) =0,
that is equivalent to asking that A € R™*" have full column rank rank(A) = n.

Hence the problem has a unique solution only if both conditions are satisfied.

In the particular case in which A is a square invertible matrix (hence full rank),
the solution can be written as x = A~!b and is unique.

What happens usually, is that the true data on the right hand side y, that belongs to
the image of A, is not known, and only a noisy measurement vector b = y"*** =y +e
is available, where e € IR" is the error vector, usually white noise.

In this case, an overdetermined linear system is built collecting a lot of mea-
surements from the physical system, so that the model parameters are calculated
exploiting the zero mean of the noise. Since the direct inversion of the system is not
possible, another criterion for the determination of the parameter vector must be
chosen.
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The matrix A, can be assumed known with or without error, and this leads to
different criteria for the calculation of the parameter vector. When it is supposed
known without error, the most common problem formulation is the least-squares
problem

% = argmin || Ax — b||3. (2.1)
X

We show an analytical formula for the solution of this problem (2.1). The cost
function of the problem can be written as

f(x) =|[Ax = b|5 = (Ax = b)"(Ax —b) = xTATAx — x"ATb — b Ax + b"b

and its gradient

) _paTax 24T
ox '

By imposing the gradient equal to zero we obtain the so called normal equation
ATAx = ATb (2.2)

which solutions are the same of the least-squares solutions of problem (2.1). More-
over, in the case in which A has full column rank, the unique solution is

£=(ATA)1ATD.

If we rewrite the normal equation (2.2) as AT (Ax — b) = 0 we can see that the
residual e = b — A#% is orthogonal to the range space of A.

2.1.1 Regularization

We recall that a linear problem is well-posed in the sense of Hadamard if it satisfies
the following three conditions:

e Existence: The problem must have a solution.
e Uniqueness: There must be only one solution to the problem.
e Stability: The solution must depend continuously on the data

Problems which are not well-posed are called ill-posed. In particular when the
stability property is not satisfied it means that a small error in the data determines a
big error in the solution of the problem.

Regularization of ill-posed problems consists in all the methods to stabilize it and
obtain new problems which are less sensitive to errors in the data.
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One-Parameter regularization

Tikhonov regularization is the most common regularization method for linear
ill-posed inverse problems. We do not treat other methods in this work, and we will
focus on this since it will be used in more than one context later.

The Tikhonov method consists in the addition of a term to the cost function of the
least-squares problem as follows

x, = argmin ||Ax — b||3 +a ||L x||3 (2.3)
X

where « is called the regularization parameter, and L is a matrix that is usually equal
to the identity or the discretization of a differentiation operator (commonly of the
first or second order). The explicit formula for the solution is

Xy = («LTL + ATA)1ATD (2.4)

where A% := («LTL + ATA) AT is called Tikhonov reqularized inverse.

The choice of the regularization parameter is a crucial point in the solution of the
new regularized problem (2.3). Various methods have been studied in literature and
are in general divided in two opposing cathegories: non-heuristic methods, which
assume the error magnitude (variance or norm) is known, and heuristic methods, or
noise level free rules. An overview of various methods can be found in [31, 35, 64], and
we give a brief summary in the following paragraphs.

Non-heuristic Non-heuristic rules are the ones that use information on the noise.One
principle that is based on this knowledge is called Discrepancy rule and consists in
choosing &« = app such that

| Axy — b2 = vaplle]|2,

where ¥, is the solution of (2.3) with regularization parameter «, and vy, > lis a
“safety factor”.

The discrepancy principle is often used because of its simplicity, but has the
disadvantage that the information it requires, i.e. the norm of the error ||e||», is not
often available. An estimate can be used, but the solution is very sensitive to this
quantity.

Heuristic Heuristic rules are the ones that do not use the norm of noise, also called
noise level-free rules. The most common heuristic methods [31, 32, 64] are

e L-curve, which is a log-log plot of the solution norm ||x, || versus the residual
norm || Ax, — b||> with « the parameter. The optimal parameter is chosen as the
one on the corner of this curve, i.e. the point that maximizes the curvature.
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e GCV (Generalized Cross Validation) which consists in choosing the parameter
as the solution of
 JAx - b3
o trace(l, — AA*)?’

where A" is the regularized inverse, defined by x.e = A*b and depends on the
chosen regularization method. In particular, in the case of Tikhonov method it
is equal to the Tikhonov regularized inverse already defined A* = A% = (aLTL +
ATA)1AT.

The idea at the origin of this method is to separate the measurements in two sets:
from the first an estimate of the solution is computed, that is used to simulate
the model on the data of the second set, on which the error is minimized to
obtain the best regularization parameter «. In the simpler case, the second
set consists of a single sample of the data: one row of the matrix A, and the
corresponding component of the right-hand side vector b are removed from the
original system to obtain a new system from which an estimate of the parameter
vector is computed, call it

x = argmin ||A®x — p™ |3
X

where A() is the matrix A without the row i and b is the vector b without
component i. Hence, a good estimate for the regularization parameter can be
obtain as .
1 ‘ i
min — ;(A(z, Dl — ;)2

where A(i, ) is the i-th row of the matrix A and b; the i-th component of vector
b, but in this way m different linear systems must be solved which determine a
big computational cost. For this reason the minimization is substituted with

1 AG )X — b\
min — Z <1 e

so that only one solution of the linear problem have to be computed, where
h;; are the diagonal elements of the matrix AA*. To get rid of the problem of
ordering, the value #;; is replaced with the average of the diagonal elements, to
obtain the first given formula.

e NCP (Normalized Cumulative Periodogram). The idea behind this method is
that the residual of the estimate of the least squares problem ,i.e. r = Ax, — b
should be comparable to white noise. The NCP of a signal r is defined as the
vector

NCP(I’)Z pp— (57‘)2 + (pr)S + _—:__ (p?’)i+1 forl- — 1, B .,q — \‘N/ZJ



where
pr =[N )2 NPT

is the power spectrum density and f, = dft(r) = [(f;)1, (fr)2, ..., (fr)n]T € CN
is the discrete Fourier transform of r. The NPC gives a way to check if the resid-
ual is comparable to white noise, in fact if the vector r consists of white noise,
by definition, the expected power spectrum is flat, i.e. E((py)2) = E((pr)3) =

- = E((pr)g+1), and the points on the expected NCP curve, E(NPC(r);) lie on
a straight line from the origin to the point (g,1). Hence, the method consists
in looking for the regularizing parameter « that minimizes the distance of the
NPC of the solution from this straight line.

Other rules are based on the residual ||A% — b||s, and consist in maximizing a
certain function. We list them below, following [63]. First call a the parameter to be
found and B, := a~!(al + AAT)1/2. Then we have:

Quasi-optimality rule Po(a) = Haa%“ Hz =a ! ||ATBZ(Ax, — D) ||,
Hanke-Raus rule wur(x) = a712||By(Ax, — )|,
Reginska rule Yre(a) = ||Axg — b, ||xly, T>1
2
Heuristic Monotone Error rule Yume(a) = a1 ZM
« o 2

Heuristic methods possess bad convergence properties, in fact they don’t converge
in the "worst case scenario”, i.e. it is not true that the regularized solution converges
to the least squares solution for every noise realization with noise level that tends
to zero. Although this result, called Bakushinskii veto [3], convergence results have
been demonstrated under appropriate conditions, that are usually satisfied in real
situations (see [45] and references therein).

Multi-Parameter regularization

In some cases more than one regularization term is added to the cost function to
obtain a solution with particular requested properties. We can consider the general
case

p
X, = argmin [|Ax — b3 + ) i [|Li x[3 (2.5)
x i=1
with 1, regularization terms and denote & = (a1, ..., 0 p) the vector of regularization
parameters. This problem is called multi-parameter regularization.

Also in this case the methods for the choice of the parameters are divided in
heuristic and non-heuristic.

Non-heuristic If the noise covariance is known (at least approximately), the param-
eters can be determined with the discrepancy principle, and in the multi-parameter
case with its generalization, introducing the discrepancy hypersurface D ([24], [54])
defined as

D={a cR"|a>0a#0, [Axy = bl2 = vay[le|2},
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that is the generalization of the discrepancy principle.

The optimal parameters are found on that hypersurface through the optimization
of a function of the parameters, for example the norm of the solution can be maximized
[24] or the quasi-optimality criterion (introduced in [73]) can be considered [21].

Heuristic Among heuristic methods for multi-parameter regularization, we can
find the generalizations of the L-curve, i.e. the L-hypersurface [7], of the Generalized
Cross Validation (GCV) [10], a balancing principle [39] and parameter learning for
denoising [47],[37].

2.2 Total Least Squares

Total Least Squares (TLS), first introduced in [25, 26], is a generalization of the
Least Squares problem for the case in which both data A and b of the linear system
Ax = b are perturbed with noise. The Total Least Squares (TLS) problem seeks to

min A6~ [A,Bl]r subjectto € Im(A) 26
[Ab]eRmx(n+1)

Once a minimizing [A, b] is found, then any x satisfying Ax = b is called TLS solution.
Note that the two errors on A and b are supposed of the same magnitude when the
TLS criteria is used.

The similarity with the least-squares problem is highlighted if we rewrite the LS
problem (2.1) in the following equivalent way

min ||b — b, subjectto b € R(A).
beR™

Once a minimizing b is found, then any x satisfying Ax = b is called LS solution.

It has been studied in various fields (such as statistics, system identification, signal
processing, numerical analysis) and is referred to with different names, for example
“orthogonal regression” or “error-in-variables regression” in statistics. As for the
ordinary linear least-squares problem, the fields of application of TLS are the most
various and range over all sciences.

A fundamental tool has been the singular value decomposition (SVD), which
allows to compute the solution in an easy way.

Example 5 (One dimensional case example). We describe the geometric interpretation
of TLS on the easy example of linear fitting: given the true model ax = b with a,b € R, we
suppose to know some couples of noisy measures collected on the two vectors a™**,b™** ¢
R™. We are looking for the value of the parameter x of the model. In Figure 2.1 the two
solutions with LS and TLS are shown.

The LS method minimizes the sum of the squared vertical distances from the data points
to the fitting line, i.e. finds the x that minimizes ||a™"x — b"e%||,.

22



The TLS method minimizes the sum of the squared orthogonal distances from the data
points to the fitting line, i.e. finds [a’; b'] that minimizes

H [a/l b/] _ [ameus; meS] HZ

and such that a’'x = b'.

5 Geometrical interpretation: LEAST SQUARES %eometrical interpretation: TOTAL LEAST SQUARES

Real solution Real solution

1.5 O Data with error 15+ O Data with error
—#—LS sol

TLS sol

1t

o 0 £ 0
-0.5 -05 L
]
-1 1 o
15 15
-2 2
2 1 0 1 2 2 1 0 1 2
a a

Figure 2.1: Comparison between the solution of the LS and TLS problem for a one
dimensional example

The closed-form expression of the basic TLS solution can be calculated in the
following way. Call o7 > --- > 0, > 0y,41 the singular values of the augmented
matrix [A b}, and 0 > - > 0, the singular values of A. If 0], > 0,41 (condition
for the existence of the TLS solution), then

xrps = (ATA 02 ) 1ATD.

Observation 2. This formulation is similar to the Tikhonov regularized solution (2.4) for
the LS problem, but with negative a and for this reason the new matrix (AT A — o2, I) has
a larger condition number than AT A. So for Ill-Posed Problems this method does not lead to

a better formulation but to a worse one, hence reqularization of the problem is needed.

Regularization for Ill-Posed Problems: The same regularization methods intro-
duced in the linear least-squares problem can be used in this case.

2.3 Nonlinear Least Squares

A criterion to find the solution of nonlinear problems of the kind (1.3) is the
generalization of the linear case, called nonlinear least squares. It consists in minimizing
the norm of the error between the measured vector yy"*** and the vector y estimated
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through the model. For this reason it is also called the prediction error method (PEM),
and consists in the following problem

meusH% meusH% —

j— . 1
= minzlly—y
st. yv=f(ux)

m;'n F(x) = %Hf(u,x) -y

. 1 N meas\2
=min = ) (yi = yi"“")*
i=0
st yi=f(u,x;) Vi
The residual vector is defined as

[ folu, x) — yg* ]

r(x) = | filu,x) — g @7)

LN (%) =y

so that the function F(x) = 3rT (x)r(x) and the matrix

or
J(x) = & (x) 8
is called the sensitivity matrix. The gradient of the cost function is then
oF
VE() = 5 (1) = ] (x)r(x) (2.9)
and the Hessian matrix
0*F oJTr T Or 9JT T oJT
H(x) = 55 (x) = == (x) = ] (x) 52 (x) + == (0)r(x) = ] 7 ()] (x) + == (20)r(x)
(2.10)
is the sum of two terms.
More in general we can write it in the form
min F(x) = 3y~ y™*|3
x 2 2 (2.11)

s.t. M(y,u,x) =0

where M (y, u, x) = 0 is the nonlinear model that gives the relationship between
the variables y and 1 and the parameter vector x.
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Chapter 3

Numerical methods and algorithms

3.1 Linear Least Squares

The solution of the linear system is given analytically by the normal equations
(2.2), however, this formula can not be used for the numerical computation of the
solution because of its instability [8, 50, 32]. The most common methods for the batch
solution of the Linear Least-Squares problem 2.1 are the QR factorization A = QR
and the SVD decomposition A = UZVT.

We just introduce the two factorization here and refer to literature for a more
detailed description.

OR factorization We recall that the QR factorization of an m — by — n matrix A is
given by A = QR where Q € R"*™ is orthogonal and R € R"*" is upper triangular.
While the decomposition A = Q(:,1: n)R(1 : n,1 : n) is referred to as the thin QR
factorization.

The computation of this factorization can be done with different methods like
Householder, Givens transformations and Gram-Schmidt orthogonalization process.

Assume that rank(A) = n, and hence the solution to the least-squares problem
is unique and given the QR factorization, the normal equations (2.2) simplifies to
become

Rx=Q"b

that is an upper-triangular system that can be efficiently solved by back substitution.
The solution of this linear system is either the solution of Ax = b or the least-squares
solution depending on wether or not Ax = b is consistent [60].

For a recursive estimation of the solution, the QR factorization can be efficiently
updated ([27] Sec. 12.5.3) every time a new measurement is available, moreover a
forgetting factor that weights exponentially the rows of the linear system can be used
to give more importance to the last ones.

SVD decomposition Let us now recall the definition of the SVD decomposition.
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Theorem 1 (Singular Value Decomposition (Theorem 2.5.2 of [27]). If Aisareal m X n
matrix, then there exist orthogonal matrices

U=luy,...,.uy) € R™™ andV =lvy,...,0,] € R™"

such that

U' AV = diag(ay,...,0,) € R™" p = min(m,n)

where oy > 03 > -+ > 0, > 0.

The o; are called singular values, and the columns of the matrices U and V are the
left and right singular vectors respectively.

The SVD decomposition is fundamental for the calculation of the least-squares

z O} VT, the

solution of problem (2.1). Given the SVD decomposition A = U [ 0 0

Moore-Penrose inverse is

where 7 is the rank of A and ¥ = diag(cy, . ..,0;). Moreover,

is the least-squares solution of (2.1) of minimum 2-norm.

3.2 Total Least Squares

The solution of the TLS problem 2.6 can be calculated rewriting the problem from
Ax=bto

A 8| %] =0

and through the SVD decomposition of the augmented matrix [A b] . The solution
is given by Algorithm 1.
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Algorithm 1 TLS: Basic solution
1: Calculate the SVD

[A b] =UsVT = Udiag(ey, ..., 00, 0041) [01,- -, 0ns1]

2: If 0,11 # 0 there is no exact solution and hence we must consider the rank n
approximation of the matrix [A b], i.e. the one obtained imposing

0ny1 = 0  (Eckart-Young-Mirsky Theorem)

[A b] =ULVT = Udiag(cy,...,04,0) [o1,. ..,vnH]T

3: The solution of the new problem [A B] £ = 0 is given by the vector £ = v, 1.
The TLS solution is obtained by scaling this vector to obtain —1 as last entry

—1
XTLS = —Un+1
Z)n+1,n+1
where v, 11,41 is the last entry of vector v, 1.
4: If 0,11 = 0 and 0, > 0 then the solution above is the exact solution.

3.3 Nonlinear Least Squares: Local and Global optimization
methods

The optimization methods that can be used to solve the nonlinear least-squares
problem are various, and can be divided in local and global optimization methods.
Among the local methods, which finds a local minima of the cost function, the most
common are Gauss-Newton and Levenberg-Marquardt methods.

For completeness we write here the formulation of the iterative Gauss-Newton
method for the solution of (2.11): with the notation already introduced the scheme is
the following

Yt — yi 1 gy (3.1)

{ J7 ()] (x)ox = =] (x)r

and is obtained by neglecting the second term of the Hessian formula (2.10), i.e with
the approximation

H(x) ~ JT(x)](x). 3.2)

Note that the resolution of a nonlinear optimization problem is iterative and
computationally more difficult than the solution of the linear case. Moreover, the
problem of local minima may require the use of global optimization algorithms.

We will use the brute-force optimization in Chapter 5, that consists in the compu-
tation of the cost function F = 1|r||3 of the minimization (2.11) on a predefined grid
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of points.

3.3.1 Computation of the gradient

In this section we show different ways to compute numerically the gradient
VF(x) = g—;(x) = J(x)Tr(x), following mainly [42]. This is a bottleneck in the
resolution of the nonlinear inverse problem (2.11), especially when the number of

parameters to be calculated is high.

Finite Differences

The simpler method for the computation of the gradient is to approximate it by
finite differences. This method is not recommended and not used in real applications
but gives a way to validate the code implementation of other methods. The reasons
are that its computational cost is high, proportional to the number of parameters of
the problem, and it gives approximated results with low precision.

The gradient calculated with finite differences has the following form

9F _ F(x+Hh)—F(x)

P 7 , i=1,...,n (3.3)

where x is the parameter vector with components x; and #; is the discrete step for the
i—th component.
Sensitivity/Variational equations

Given the continuous ODE

y(t) = f(t,py(p)) (3.4)

with p parameters, assumed constants, and f the continuous nonlinear function
(or “field”), if y is twice differentiable and applying the Schwarz theorem we have

d dy 9y of
%$(t) - ﬁ(t) = %(W’y(rﬂ))

and the following sensitivity or variational differential equation holds

0= 5 0p D0 Fpyp) win 3| <o

In the case in which the initial condition is not known we can impose p = y(0),
and the previous equation becomes

_9f , _
m(t) = @(t/ P/y(P))ayT(f) with (0) im0 — L.



More compactly the two previous equations can be written as

dt[Dy(c, p;t)] = Depf - Dy m (3.5)

where ¢ = y(0) is the initial condition, and p are the parameters to be estimated.
The previous equation can be rewritten in a more explicit form as

AN y

dyo 9dpo T IpN
u ) [ o o) |0 T 0
ayolapol'”’apN ayolapol'”,apN :
0o 0 O 1
Solving this differential equation through a discretization, we obtain %(k),

% (k) for all k, for all i. Then, § =~ y neglecting the approximation error, as already
said at the beginning.
At each iteration of the Gauss-Newton minimization (3.1) on

pi = [y(0),p(0),..., p(N —1)]

we need to calculate the Jacobian | = g—i (pi)- To do so we must solve the variational
equations calculated in p;.

The calculation of the gradient of the cost function F = 3 ||r[| with the sensitivity
equations has a cost proportional to the number of parameters to be estimated.

Adjoint methods

For a theoretical and accurate description of adjoint methods we refer to [16], and
to [42] for a more applied approach. We will follow here the formulation of [48] for
the discrete case since it will be applied later.

We describe the discrete adjoint method for the computation of the solution of the
discretized problem

. 1N\ i
min F(x,y,p) = 5 3, vily(xi) = 5(t))* (3.6)
i=0
s.t. fz’+1 = f(xiﬂ,xi, ti+1,fi,p) =0 fori= 0,. . .,N -1 (3.7)
Xp given (3.8)

where
e p € R is the vector of parameters to identify,

e ty,...,tn € R the given times of the discretization,
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e x € IR" the state vector that satisfy the differential equation

x(t) = f(t,x,p)

and x; the state calculated at the discretization times that satisfy the discretized
equations
f(xl-+1,xi,ti+1,t,-,p) =0 for iZO,...,N—l

e v; weighting factors,

e y(x;) the system output vector calculated in the state state x; and 7(t;) the
measurement vector at the discretization times ¢;.

We extend the cost function with some zero terms to obtain the Lagrangian function
L that has the following form

N-1 . q V.
L= {Evi(y(xi) = ¥i)"+ A f (xiv1, xi, fi+1,fi,P)} (3.9)
i=0

where A; are the adjoint variables. Since we are imposing the state equation to hold as
constraints of problem (3.9), the additive terms are zero for any choice of the variables
A;, i.e. it holds

Foy p) = Ly, p.Ai) VA

and so we can differentiate the relationship obtaining
oF oL daL dy 5

——0p = =—0p+

55" = 3 3y ap°"" (3.10)

The aim is the computation of the gradient of the cost function w.r.t the parameters
to be identified. The bottleneck of this formula is the computation of a—%, since
it requires the solution of the sensitivity equations, which are proportional to the
number of parameters, as seen above. Since the equation (3.10) holds for any choice
of the adjoint variables, it is possible to choose them such that the second term of

(3.10) is zero and it becomes
oF oL

—0p=35-0 3.11
5% = 3,07 (311)
that gives a simple expression for the gradient of the cost function F.
The variation of the cost function, equal to the variation of the Lagrangian, is the

following

N—-1 a]/ af af 1 af
i;O l(yl y( 1)) axi 1 i+1 aXiJrl i+1 axi i ap p

(3.12)
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and reformulating it in terms of éx; and ép we obtain

? ) )
oL = (A{fl + (Yo — y(to))TyO> 5xo + ATJ;(Sp

F) 9x0 P
0 0 0
+ Z [( 7)) 5 +ATaf’ +ALH§“>6 + Al f;;lép (3.13)

+ Al fN

Adjoint variables and the variables to estimate satisfy the following optimality
conditions at the optimal point:

Jo=0 fori=0,...,.N—1
gg_o fori=0,...,N—1 (3.14)
gfi—O fortzO,...,N—l

where the first equation is the system equation, given by the constraints of (3.9).
The second term is the sensitivity of the Lagrangian function w.r.t the parameters and
equals to the sensitivity of the cost function w.r.t. the parameters that correspond to
the minimization of the cost function.

Finally, the third equation of (3.14) is the adjoint equation, from which the adjoint
variables are computed.

From this condition, we can impose equal to zero the terms in the brackets relative
to the Jx;. Note that, since the value of xy is given, the term Jx is already equal to
zero. We obtain the so called adjoint equations:

3.15)
o\ T - i 2\ T (
(3) A= —uETwi—gt) — (%) A
In the matrix notation we see this is a bidiagonal linear system
[9f1  Of: ] - d - .
an ? a(} 0 A —Vl(gﬁ)T(yl—y(tl))
0 3% % - 0 Az —12(52) (2 — §(h2))
My D '
e | M | e (G T e — ()
0 0o x| LA 0
] e _ (3.16)
With this condition the equation of the variation of the Lagrangian becomes simpler
N-1 T
ofi OF
T i+1
= = - .17
se= 1 (Mt ov=(55) o 617)
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and the sensitivity of the cost function w.r.t the parameters is

OF  N=lrofia\T
e Yy ( Q;) Ait1. (3.18)
i=0

The adjoint-state algorithm is summarized in Algorithm 2.

Algorithm 2 “Solution of the nonlinear problem with the adjoint-state method”

1:
2:
3:
4:
5

6:

7
8:

Initialization: initial value of the parameters p
fork=1,...,Kuxiter do

0) given the parameters p* of the k-th iteration of the optimization

1) solve the discretized dynamical system to obtain the values of §

2) solve the system (3.15) arising from the third equation of (3.14), and obtain
the adjoint variables A;

3) use the values of 7 and the adjoint variables A; to compute the gradient

with (3.18)

4) calculate the new parameters for the next iteration p¥*! of the optimization
end for

Comparison between the calculation of the gradient with the sensitivity equation
and the adjoint method Following [42] we summarize some considerations on the
two methods just seen.

1. The additional cost for the computation of the gradient with the sensitivity

approach is proportional to the number of the parameters, while in the adjoint
method it does not depend on it. Hence, for problems with a high number of
parameters the adjoint method is recommended.

. The sensitivity approach results in the calculation of the Jacobian matrix of the
residual r,ie. | = g—;, from which it is possible to calculate the gradient of the

cost function as g—’; = JTr; while the adjoint method yield only the gradient g—’;.

3.3.2 Multiple Shooting method for chaotic dynamical systems

First we introduce the classical Multiple shooting method [2, 1], which is a method

for the resolution of Boundary Value Problems (BVP) in the linear and nonlinear cases.
Then, we will show how this method can be used as a parameter and initial condition
identification method for chaotic dynamical systems [30].
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Multiple Shooting for the solution of BVP linear problems
Consider the general linear Boundary Value Problem (BVP)

y'(t): A)y+q(t), a<t<b (3.19a)
ay(a) +Bpy(b) =B (3.19b)

with y € R", t € R the independent variable, A(t) € R"*", a known term q(t) € R",
a,b € R the endpoints of the interval on which the differential equation is defined,
and the boundary condition with B,, B, € R"*", B € R.

We divide the interval [g, b] in subintervals [t;, t;11], with 1 < i < N on which the
general solution of (3.19a) can be written as

y(t) =Yi(t)si+pi(t), ti<t<tiy (3.20)

where Y; € R"*" is the fundamental solution, s; is a parameter vector in R” and p;
is a particular solution in IR”. For each subinterval the fundamental and particular
solutions are described by the following IVPs

{w AD)Y, t<t<tin {p;:A<t)pi+q(t), EStStin o)

Yi(ti) = F pi(ti) = a;

and in this case we will consider F; = I, a; = 0 for all i, and g is the term independent
from y of equation (3.19a). More details can be found in [2].

The vectors s; in (3.20), called shooting points, are chosen to satisfy the continuity
conditions that guarantee the continuity of the approximate solution at the mesh
points:

Yi(tiyr) si + pi(tizn) = Yiqa(tiva) sig1 + pisa(tin), i=12,...,N—-1. (3.22)
Substituting the initial conditions
—Yi(tiy1)si + Fip1siv1 = pi(tivr) —wip1, 1<i<N-—-1 (3.23)

and combining these equations (3.23) with the boundary conditions (3.19b) we obtain
the square linear system

—Y1(t2) b 5 pi(t2) — a2
—Y5(t3) B 55 pa(ts) — a3
—YNfl(tN) Fn S;\] PNfl(tN) — &N
Bu Fl Bb YN(b) ‘B — Ba N — Bh pN(b)

(3.24)
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and with the assumptions on F;, «;

-Y1(t2) I s p1(t2)
—Yz(i’g,) I S; PZ(t3)
_YN—i(tN) I SE pN—l.(tN)
B, By, Yn(b) N B — By pn(b)

(3.25)
Note that this matrix is in R"N*" N,
The shape of this system is called Bordered Almost Block Diagonal (BABD). It
reduces to an ABD system if the initial and final conditions are separated [1].

Multiple Shooting for BVP problems in short:

1) | solve the ODEs (3.21) for the general and particular solutions in each
subinterval to obtain the diagonal values of the matrix in (3.25)

2) solve the linear system (3.25) to obtain the shooting nodes s;

Table 3.1: Multiple Shooting for BVP problems in short

Multiple Shooting for the solution of BVP Nonlinear problems
We generalize the previous section to the case of a nonlinear BVP problem
y(t)=f(ty), a<t<b (3.26a)
g(y(a),y(b)) = 0. (3.26b)
Consider the subdivision of the interval [, b] as before and the IVP problems in

each of the subintervals given by

!/ . .
vi=f(ty), t<t<tig (3.27)
vi(ti) = si.

Now the unknowns are the shooting nodes s;, that must be chosen to satisfy the
continuity conditions

yiltiv) = sin (3.28)
and the boundary conditions
g(s1,yn(b,sn)) = 0. (3.29)
We define the residual function
s2 — y1(t2, s1)

Tms(S) = : (3.30)
SN — Yn—1(tN,SN=1)
g(s1,yn(b,sn))
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The system we obtain from imposing this residual function equal to zero is a set of
n N equations in the same number of unknowns. If we use the Newton method to
solve this system of nonlinear algebraic equations we obtain a Jacobian matrix exactly
of the form of (3.23), where the diagonal values are obtained as the solution of the
linearized ODE problems

(3.31)

Y =AY, t<t<ti,
Yi(t;)) = F;

where A(t) := % (t,y(t,s)).

Multiple Shooting for Parameter Estimation

Consider now the problem of the estimation of the initial condition and/or pa-
rameters of a linear ODE of the form (3.19a). The aim is to estimate the unknown
values minimizing the distance of the obtained trajectory of the ODE system with
some noisy measured data points, i.e. the aim is to approximate some noisy data
points with a trajectory of the ODE, obtaining the PEM formulation

min [r(t,c, )3

st. y'(t)=f(typ), a<t<b
yla) =c

where c is the initial condition, p is the parameter vector and r is the residual
function given by the difference of the measured data samples d; fori =1,..., M at
times t,,;. The residual function has the following form

y(to, ¢, p;tm) — dq

to,c, p;tin) —d
| Yo P 2) ~ (3.32)

y(to, ¢, p; tmm) — dm

Remark: the mesh subdivision of the measures is in general different from the mesh
of the multiple-shooting nodes; the two meshes can coincide, share some points or
neither of these two options.

We apply now the multiple-shooting method as done in the previous section. In
this case continuity equations (3.28) remain the same, but the boundary conditions
are not defined, hence the residual function is not the same as in (3.30). The continuity
conditions are not sufficient to determine the multiple shooting nodes in a unique
way, hence we add the minimization of the residual function (3.32) given from the
observations and we obtain an extended residual vector that is a system of M + (N —
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1) equality conditions:

7/'WIS(CI p/ S) -

Yis(to, ¢, p; tin) — da
You(ts, 54, i tu2) — dao

YM*(t*/ Sx, P; th) —dum
s2 — y1(t2,51)

SN — YN—1(tN, SN-1)

(3.33)

Note that the trajectory values in the observation errors are chosen in the respective
interval of the Multiple-shooting mesh.
We can solve this Least Squares problem by the Gauss-Newton method and obtain

the linear system:

]r (S[C,p,s] — _rms(cr pr S)

(3.34)

where J, is the Jacobian of the extended residual function with respect to the initial
conditions, parameters and shooting nodes.

The matrix J, is in R*M+N)x#N+m, Moreover it has a block structure of the following

form: )
JS
0

where

0O --- 0 ]g i
Sl o0 ];
0 < Ty
o --- 0 Onxn},
In e 0 Onxnp
0 e In Onxnp_

(3.35)

o Ji= % € R™i*n where we called M; the number of measurement relative to
the interval i. Note that if we choose the shooting grid equal to the measure-

ments grid, we obtain M; = 1 for all i and hence square blocks in R"*",

° ];} — alp! e R™ ",

e [, are the identity matrices in R"*" and

® 0yxn, are the zero matrices in R"*"»

Remark: The multiple shooting method for parameter estimation is important in
the case in which the trajectory is sensitive to initial conditions or parameters: if small
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variations of parameters or initial conditions cause a big difference in the trajectories
this can cause the estimated trajectory to diverge if a single-shooting method is used
(for example chaotic systems).

3.3.3 The Lorentz model example

Recall the example of the Lorentz model of Example 4:

WL1) = —pya(6) + paa(t) (3:36)
W2(1) = (r — g5 (6) — ya®) 6:37)
5 (1) = ya(O)alt) — bys(t) (6:39)

in the original formulation, these equations described a hydrodynamic dissipative
flux with forcing term, and the parameters p and r the Prandtl and Rayleigh numbers
respectively.

We will show the solution of parameter and initial condition estimation in two
cases, with small values of p and r and for bigger values of them. In this second
case we will notice that the classical PEM formulation is not sufficient to retrieve
good estimates when the initial guess of the unknown values is not sufficiently good.
Instead, the Multiple-shooting method allow us to regularize the problem.

As opposed to Multiple-shooting, the PEM formulation of the estimation problem
is also called in this context Single-shooting.

In Figure 3.1 we can see the real trajectory of the system with parameters p = 8§,
r =10,b = 8/3, and initial condition y0 = [—8.0969, —6.9108, 28.0485]. The system
is solved by the Explicit Euler method with time step dt = 0.01 in the interval [0,2.7].

Trajectory of the Lorentz model

—— Real trajectory
% ® Measurements

Figure 3.1: Real trajectory

First we try to retrieve the parameters p, r and the initial condition, starting from a
guess of [p, 7] * 0.9 and y0 * 1.1, the result with the Single shooting (PEM) formulation
is in Figure 3.2.

Then we try with an initial guess more distant from the true solution, i.e. with
y0 % 1.2, and solving it with the Single shooting method, the optimization of the library
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— Realtrajectory — Realtrajectory
== Estimated trajectory === Estimated trajectory

& Measurements e & Measurements

00 05 10 15 20 25 30 00 05 10 15 20 25 30
time. time.

Figure 3.2: Single Shooting, convergent case

scipy is not able to retrieve the solution, as we can see in Figure 3.3. This is due to
the fact that the system is near to chaotic and the solution explode during the iterative
steps of the optimization. Multiple-shooting is able to handle this situation, in fact
dividing the interval of time in more little subintervals, the cumulative error in the
integration are smaller since the time of its propagation is smaller: the conditioning
of the problem is less severe. The solution corresponding to the Multiple-shooting
formulation is shown in Figure 3.4.

1192

— Real trajectory
--- Estimated trajectory
® Measurements

— Real trajectory o
-~ Estimated trajectory
® Measurements

time. time

Figure 3.3: Single Shooting, not convergent case, chaotic example

Trajectory of the Lorentz model INITIAL Trajectory of the Lorentz model OPTIMIZED
— Real trajectory — Real trajectory
=== Estimated trajectory === Estimated trajectory
& Measurements 0 & Measurements
® Shooting points ® Shooting points

00 os 10 15 20 25 10 00 os 10 15 20 25 10
time time

Figure 3.4: Multiple Shooting, chaotic case

3.4 Subspace methods for DLTI models

Subspace methods ([77], [76], and various extensions such as [51] ) are a class of
methods to solve the problem of identifying an LTI state-space model from input-
output data through some structured block Hankel matrices. These methods are
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based on linear algebra techniques such as SVD, QR factorization and least-squares
solutions.

These methods are divided in the case with deterministic DLTI system and the
one for the stochastic case, in which the DLTI system with both measurement and
model white noises is used [76]

x(k+1) = A(k)x(k) + BR)u(k) + w(k)
y(k) = C(k)x(k) + D(k)u(k) + v(k)

with the process noise w(k) and measurement noise v(k) assumed to be zero mean
white-noise sequences with joint covariance matrix

e [ o w01 = [0 Reh | av-n e

with Ry, (k) > 0 and where A(k) is the unit pulse.

In general the problem we are interested in is to find the parameters of an LTI
system, i.e. to identify state-space models, on the basis of measured data. This
problem can be solved with the Subspace methods, that we will introduce in this
Section, but also with a PEM formulation.

The PEM method has a simpler formulation and consist in the constrained opti-
mization problem where the variables are the unknown parameters of the model and
the initial state, and the objective function is the difference between the measured
data and the predictions obtained from the model:

(3.39)

. 1 )
2 3.40
(A,B,ISIDI},X(O) 2 Hy Ymeas Hz ( )

o {x(k+ 1) = Ax(k) + Bu(k)
h y(k) = Cx(k) + Du(k)

This approach does not exploit the linear structure of the model and requires a
high computational cost to be solved.

The Subspace method instead, uses linear algebra methods such as the QR and
SVD factorizations to solve the above problem. This method, however, finds only a
suboptimal solution which is usually used as an initial condition for the PEM method.

(3.41)

Subspace methods for deterministic DLTI systems

We treat here only the subspace identification problem of DLTI systems in the
deterministic case, to give an idea of the structure at the basis of these methods.

Problem 1. Given a minimal (reachable and observable) DLTI system

{x(k +1) = Ax(k) + Bu(k) (3.42)
y(k) = Cx(k) + Du(k)
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with x(k) € R*, u(k) € R™ and y(k) € R, and given a finite number of measured
samples of input and output signals u and y, the problem is to determine the system matrices
(A, B,C, D) and the initial state vector x(0) up to a similarity transformation.

The first step for the resolution of this problem is to build the data equation that
relates the measured input and output data and the matrices in one unique equation.
We recall that the state of the system with initial state x(0) is given by

x(k) = AFx(0) + ZAk “lBu(i)  Vk>0 (3.43)
i=0
and from the second equation of the system (3.42) we have

y(k+1) =Cx(k+1)+ Du(k+1) =
= CAx(k) + CBu(k) + Du(k+1)

:C(Ak+1 +2A’”13u ) + Du(k+1)
+

i=

:CAk+l +ZCAk i— 1BM(
i=0

u(k+1).

Considering a batch of data with samples k = 0, ...,s — 1, with s a finite positive
integer, we have the system

y(0) u(0)
Lo+ | |, (3.44)
y(s—1) u(s —1)
where
D 0 0 0
cA CB D 0 0
0, = : and 7T = .
a1 : : L :
cA CA*2B CA*3B ... CB D

The matrix O is called extended observability matrix and the lower block triangular

Toeplitz matrix 7; contains the Markov parameters of the system, i.e. (D,CB,CAB, C A2?B ..

Since the system is time-invariant, we can consider time shifts of the previous equal-
ity, and extend the equation. For this, we need Hankel matrices, that are matrices
characterized by constant block anti-diagonals. We define the s/ x N matrix

y(z) y(1:+1) y(i+‘N—1)
Yoy = y(l?Ll) y(ljr2) y(lﬂ:LN) (3.45)
y(i+s—1) y(i+s) ... y(i+N+s—2)
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and analogously the sm x N matrix U; s y built from the input signal u(k). With these
matrices we can write
Yos,n = OsXon + Tslos,n (3.46)

where
Xon = [x(0),...,x(i+ N —1)]

and n < s < N with N the number of samples.

We want to use this equation to compute matrices (A, B, C, D) up to a similarity
transform, from measurement input-output data. The first step will be to compute
the column space of O, from which the matrices A, C are derived and then from these
the remaining values (x(0), B, D) will be determined.

Column space of O; The data equation is multiplied on the right by the projection
matrix Hfh)s . Which is the orthogonal projection on the column space of Up,s,n

Hﬁo,s,N =INn— uOT,s,N(UO,S,N uoT,s,N) _1u0,s,N
and satisfies Up, NHJljo v = 0. After this multiplication the data equation becomes

1 _ 1
YO'SrN Hu(),s,N = 0sX O,N HUO/S/N'

This step requires a rank condition on Uy, n: the matrix must be full row rank, i.e.
Uo,s,N UOT’ 5,y must be full rank. This means that not all input signals are admitted, the
condition of persistency of excitation is used to characterize the valid input signals that
can be used to identify the system.

Definition 9 (Persistency of excitation, [77] pag. 358). The input sequence u(k) € R™ is
persistently exciting of order n if and only if there exists an integer N such that the matrix

u(0) u(l) ... u(N—-1)
Uy N = u(:l) u(:2) u(:N) (3.47)
u(n—1) u(n) u(N+n-2)

has full rank n * m.

Moreover, it holds that, under certain hypothesis on the input u(k), YOrS'NHéOS N
has the same column space of Os, more precisely (Lemma 9.1 of [77]) if

rank (

XoN | _ L ) _
uO,s,N] > =n+sm then rank (YQ,S,NHUO,S,N =n

and
range(YOrs,NHéolslN) = range(Os).
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For efficiency purposes, usually it is considered the QR factorization

[wmy{mlo ﬂ Qi

Yo,5,N Ry1 Ry O Q2
Qs

with Ry; € R R,y € R¥*! and Ry; € R%5™. This gives another estimate
for the range of O;: from Theorem 9.1 of [77] it holds range(Os) = range(Ry). In this
way the computation of the product YO,S,NHﬁOg .~ which implies big matrices due to
the big number of samples N, is avoided.

System Realization The next step is the computation of the matrices (A, B,C, D)
up to a similarity transformation, hence the system realization problem. First the
matrices A, C are computed from the estimate of the range of O, that we know to be
Ry, from the QR decomposition Given the SVD decomposition

Ry = U0, V,]

we have that U, = O,T for some similarity matrix T . Hence the matrix C equals, up
to a similarity transformation, the first / rows of U,, and the matrix A can be computed
by solving the overdetermined linear system

U,(1:(s=1),:)A=U,(I+1:5sl,:).

Then the estimates B, D and x(0) are the solution of the linear least-squares problem

N+s—2 k-1
(B,D, x(0)) = argmin :Z(:) |CA*x(0) + ;}(CAk_i_lBu(i)) + Du(k) —y(k)|)5.
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Chapter 4

Parameter Estimation with
unmodeled dynamics

4.1 Model Error Modeling

The application of System Identification for control purposes has been one of the
most important applications of the subject since its birth [71]. In the recent years, the
interest has been on Robust Identification that consists in the estimation not only of
a nominal model for the system but also of the uncertainty associated with it. The
uncertainty is usually divided in two components, that are unmodeled dynamics
and noise on the available data, and when some structure for its modelization is
considered it is called Model Error Model. Various approaches have been studied
depending on the situation and the aim, which are summarized for example in
[52, 65]. In this context, the focus is on the validation of the nominal model, which is
intended to be used as it is, if validated, and not improved with the estimated model
error model to obtain a more complex model. Our concern however is different,
and consists in the physical meaning of the parameter estimation when unmodeled
dynamics are present.

In fact, if some dynamics of a system are neglected, the fitting of a nominal
physical model (white box model) on the real data, will not give the true parameters
because of the error in the model. In the approach we propose (to deal with this
problem) we are not interested in creating a model for the uncertainty, but instead to
retrieve an estimate for the true physical parameters of the nominal model.
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4.2 Unmodeled dynamics and the Unbiased Least Squares
(ULS)

4.2.1 Introduction

The well known least-squares problem [8], very often used to estimate the pa-
rameters of a mathematical model, assumes an equivalence between a matrix-vector
product Ax on the left, and a vector b on the right hand side: the matrix A is produced
by the true model equations, evaluated at some operating conditions, the vector x
contains the unknown parameters and the vector b are measurements, corrupted
by white, Gaussian noise. This equivalence cannot be satisfied exactly, but the least-
squares solution yields a minimum variance, maximum likelihood estimate of the
parameters x, with a nice geometric interpretation: the resulting predictions Ax are
at the minimum Euclidean distance from the true measurements b and the vector of
residuals is orthogonal w.r.t. the subspace of all possible predictions.

Unfortunately, each violation of these assumptions produces in general a bias
in the estimates. Various modifications have been introduced in the literature to
cope with some of them: mainly, colored noise on b and/or A due to model error
and/or colored measurement noise. The model error is often assumed as an additive
stochastic term in the model, e.g., error-in-variables [74, 69], with consequent solution
methods like Total Least-Squares [75] and Extended Least-Squares [62], to cite a few.
All these techniques let the model to be modified to describe, in some sense, the
model error.

Here, instead, we assume that the model error depends from deterministic vari-
ables in a way that has not been included in the model, i.e., we suppose to use a
reduced model of the real system, as it is often the case in applications. We propose a
method to cope with the bias in the parameter estimates of the approximate model
by exploiting the geometric properties of least-squares and using small additional
a-priori information about the norm of the modelled and un-modelled components
of the system response, available with some approximation in most applications. To
eliminate the bias on the parameter estimates we perturb the right-hand-side without
modifying the reduced model, since we assume it describes accurately one part of the
true model.

4.2.2 Model Problem

In applied mathematics, physical models are often available, usually rather precise
at describing quantitatively the main phenomena, but not satisfactory at the level
of detail required by the application at hand. Here we refer to models described by
differential equations, with ordinary and/or partial derivatives, commonly used in
engineering and applied sciences. We assume, therefore, that there are two mod-
els at hand: a true, unknown model M and an approximate, known model M,.
These models are usually parametric and they must be tuned to describe a specific
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physical system, using a-priori knowledge about the application and experimental
measurements. Model tuning, and in particular parameter estimation, is usually done
with a prediction error minimization criterion that makes the model response to be a
good approximation of the dynamics shown by the measured variables used in the
estimation process. Assuming that the true model M is linear in the parameters that
must be estimated, the application of this criterion brings to a linear least-squares
problem:

% = argmin || Ax’ — f||?, 4.1)
x'eR?
where, from here on, || - || is the Euclidean norm, A € R™*" is supposed full rank,

i.e. rank(A) = n,m > n, ¥ € R"™1, Ax are the model response values and f is the
vector of experimental measurements. Usually the measured data contain noise, i.e.,
we measure f = f + ¢, with € a certain kind of additive noise (e.g., white Gaussian).
Since we are interested here in algebraic and geometric aspects of the problem, we
suppose € = 0 and set f = f. Moreover, we assume ideally that f = A% holds exactly.
Let us consider also the estimation problem for the approximate model M,:

xIl = argmin || A.x" — f|?, (4.2)
x' €RMa

where A, € R™ ", x| € R%*! with n, < n. The choice of the notation for x/ is
to remind that the least-squares solution satisfies A,x| = P4 (f) =: fl, where fl is
the orthogonal projection of f on the subspace generated by A,, and the residual
Aqxll — f is orthogonal to this subspace. Let us suppose that A, corresponds to the
first n, columns of A, which means that the approximate model M, is exactly one
part of the true model M, i.e., A = [A;, A,] and so the solution X of (4.1) can be
decomposed in two parts such that

Xy

Ax = [Aqg, Ad] |: J—Cu :| = ApXy + AyXy = jf (4.3)

This means that the model error corresponds to an additive term A,%, in the
estimation problem.

Note that the columns of A, are linearly independent since A is supposed to be of
full rank. We do not consider the case in which A, is rank-deficient, because it would
mean that the model is not well parametrized. Moreover, some noise in the data is
sufficient to determine a full rank matrix.

For brevity, we will call .4 the subspace generated by the columns of A and A,,
A, the subspaces generated by the columns of A,, A, respectively. Note that if A,
and A, were orthogonal, decomposition (4.3) would be orthogonal. However, in the
following we will consider the case in which the two subspaces are not orthogonal,
as it commonly happens in practice. Oblique projections, even if not as common as
orthogonal ones, have a large literature, e.g. [60, 33].

45



Before introducing the definitions of orthogonal projections and projectors, we
recall some basic definitions: linear transformations and operators, and range and
null space of a linear function.

Definition 10 (Linear Transformations and operators , from [60] pag 238 ). Let U and
V be vector spaces over a field F (R or C for us).

o A linear transformation from U and V is defined to be a linear function T mapping U
intoV. That is, T(ax +y) = aT(x) + T(y) forall x,yecU,ac F.

o A linear operator on U is defined to be a linear transformation from U into itself—i.e.,
a linear function mapping U back into U.

For a linear function f mapping R" into R™, let R(f) denote the range of f. That
is, R(f) = {f(x)|x € R"} C R™ is the set of all “images” as x varies freely over R",
moreover it is a subspace of R”.

While the set of vectors that are mapped to 0, i.e. N(f) = {x|f(x) = 0}, is called
the nullspace of f (or kernel of f ).

We can introduce here the definitions of orthogonal and oblique projections as in
[60]:

Definition 11 (Orthogonal Projection [60], pag 429 ). Forv € V, let v = m + n, where
me Mandn € M*.

o m is called the orthogonal projection of v onto M.
e The projector Py onto M along M is called the orthogonal projector onto M.
e P, is the unique linear operator such that Py (v) = m.

Definition 12 (Projectors [60], pag 386). Let X and ) be complementary subspaces of a
vector space V so that each v € V can be uniquely resolved as v = x +y, where x € X and
y € Y. The unique linear operator P, defined by Pv = x is called the projector onto X
along Y, and P has the following properties.

e P2 = P ( P is idempotent).

e [ — P is the complementary projector onto ) along X .

R(P) = {x|Px = x} (the set of “fixed points” for P ), with R(P) the range space of P.

R(P) = N(I —P) = X and R(I — P) = N(P) = ), where N(f) is the nullspace of
the linear operator f.

I 0
00

IfV = R" or C", then P is given by P = [X|0] [X|Y]~! = [X]Y] [ ] X|Y] 4,

where the columns of X and Y are respective bases for X and ).
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Now, it is well known and easy to demonstrate that, when we solve problem (4.2)
and A, is not orthogonal to A,, we get a biased solution, i.e., x|l # Xy

Lemma 1. Given A € R™" withn > 2and A = [A,, Ay] , and given b € R™*! ¢
Zn(Ay), call x the least-squares solution of (4.2) and X = [X,, X, the solution of (4.1)
decomposed as in (4.3). Then

(i) ifA, L A,thenx!l =z,
(i) if Ay L A, then xl # x,.

Proof. The least-squares problem Ax = f boils down to finding x such that Ax =
P4, (f). Let us consider the unique decomposition of f on A, and A} as f = fll + f+
with fl = Py (f) and f*+ = P, (f). Call f = fo + fu the decomposition on A, and
Ay, hence there exist two vectors x, € R™,x, € R" " such that f, = Ax, and
fu = Aux,. If A, L A, then the two decompositions are the same, hence f I = faand
so xl = %,. Otherwise, for the definition of orthogonal projection ([60], third point of
Def at page 429), it must hold x/l # %,. O

This and the following three Lemmas are preliminary results to a more general
one shown in Theorem 2.

4.2.3 Analysis of the Parameter Estimation Error

The aim here is to propose a method to decrease substantially the bias of the
solution of the approximated problem (4.2), with the smallest additional information
about the norms of the model error and of the modelled part responses.

In this subsection we will introduce sufficient conditions to remove the bias and
retrieve the true solution in a unique way, as summarized in Lemma 4. Let us start
with a definition.

Definition 13 (Intensity Ratio). The intensity ratio Iy between modelled and un-modelled
dynamics is defined as

[ | AaXall

! [ Auxul”

In the following we assume that a good approximation of this intensity ratio is
available and that its magnitude is sufficiently big, i.e., we have an approximate
model that is quite accurate. This information about the model error will be used to
reduce the bias, as shown in the following subsections. Moreover we will consider
also the norm Ny = || A;x,]| (or, equivalently, the norm || A,x,||).

The Case of Exact Knowledge about Iy and Ny

Here we assume, initially, to know the exact values of I ¢ and N [z ie.,

Nf - Nf - HAufﬂH,
{I B SR N (4.4)
f f Azl *
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This ideal setting is important to figure out the problem also with more practical
assumptions. First of all, let us show a nice geometric property that relates x, and f,
under a condition like (4.4).

Lemma 2. The problem of finding the set of x, € R" that gives a constant, prescribed value
for Iy and Ny is equivalent to that of finding the set of fo = Agxq € A, of the decomposition
f = fa+ fu (introduced in the proof of Lemma 1) lying on the intersubsection of A, and the
boundaries of two n-dimensional balls in R". In fact, it holds:

Ny = [|Agxal| € 0B,(0,N ‘ N\ 2
{ f || Aaxal| < fﬂ n( f)) with Tf — (If) —HfLHZ-

Iy = 1zl fa € 3Bu(f1, Ty
(4.5)
Proof. For every x, € R™ it holds,
Nf = HfaH = ||Anxa”
{1 _ Il —  Np Ny _ Ny — (4.6)
PR T A VI = A2 AP+ AT —fa 12

15l = Ny "
2 .
71— £l = ()~ st =7

where we used the fact that f, = i + fi- with fi- = Py (fu) = fL,fL'll = Pu,(fu) =
A dx, = fH — Auxg, and dx, = (xH — x,). Hence the equivalence (4.5) is proved. [J

Given I and Ny, we call the feasible set of accurate model responses all the f, that
satisfy the relations (4.5). Now we will see that Lemma 2 allows us to reformulate
problem (4.2) in the problem of finding a feasible f, that, replaced to f_ in (4.2), gives
as solution an unbiased estimate of x,. Indeed, it is easy to note that A,x, belongs
to this feasible set. Moreover, since f, € A,, we can reduce the dimensionality of
the problem and work on the subspace A, which has dimension n,, instead of the
global space A of dimension n. To this aim, let us consider U, the matrix of the SVD
decomposition of A,, A, = U,S, VaT, and complete its columns to an orthonormal
basis of R" to obtain a matrix U. Since the vectors f,, f| € R" belong to the subspace
A,, the vectors f,, fl € R" defined such that f, = Uf, and fl = Ufll must have
zeros on the last n — n, components. Since U has orthonormal columns, it preserves
the norms and so ||| = ||| and || fs|| = || fall. If we call f,, I € R" the first n,
components of the vectors f,, f| (which have again the same norms of the full vectors
in IR") respectively, we have

fu € 0By, (0, Ny), 8
fg c aBnﬂ (f“, Tf)
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In this way the problem depends only on the dimension of the known subspace,
i.e., the value of n,, and does not depend on the dimensions m > n, and n > n,.
From (4.8) we can deduce the equation of the (1, — 2)-dimensional boundary of an
(n, — 1)-ball to which the vector f, = A,x, must belong. In the following we discuss
the various cases.

Case n, = 1. In this case, we have one unique solution when both conditions on
Iy and Ny are imposed. When only one of these two is imposed, two solutions are
found, shown in Figure 4.1a and Figure 4.1c. Figure 4.1b shows the intensity ratio If.

Intensity Ratio value wrtx_a

101

05

- L1
Aum u f Auru f
S 0.0
T T T T T T
T-— -100 =50 1] 50 100 159
— A,z xa

(a) (b)

Ay, =

(c)

Figure 4.1: Case n, = 1. (a): Case n, = 1, m = n = 2. Solutions with the condition
on Ny. In the figure: the true decomposition obtained imposing both the conditions
(blue), the orthogonal decomposition (red), another possible decomposition (green)
that satisfy the same norm condition N Iz but different I Iz (b): Case n, = 1. Intensity
Ratio value w.r.t the norm of the vector A,x,: given a fixed value of Intensity Ratio
there can be two solution, i.e. two possible decomposition of f as sum of two
vectors with the same Intensity Ratio; (c): Case n, = 1, m = n = 2. Solutions
with the condition on I¢. In the figure: the true decomposition obtained imposing
both the conditions (blue), the orthogonal decomposition (red), another possible
decomposition (green) with the same intensity ratio I, but different N¢.
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Casen, = 2. Consider the vectors f,, f| € R"=2 as defined previously, in particular
we are looking for f, = [¢1,¢2] € IR%. Hence, conditions (4.8) can be written as

Frflr-2la+(F)P -2l =N -13,

(4.9)
where the right equation is the (1, — 1) = 1-dimensional subspace (line) F obtained
subtracting the first equation to the second. This subspace has to be intersected
with one of the beginning circumferences to obtain the feasible vectors f,, as can be
seen in Figure 4.2a and its projection on A, in Figure 4.2b. The intersubsection of
the two circumferences (4.5) can have different solutions depending on the value of
(N =1l f ) = Tr. When this value is strictly positive there are zero solutions, this
means that the estimates of Iy and Ny are not correct: we are not interested in this
case because we suppose the two values to be sufficiently well estimated. When the
value is strictly negative there are two solutions, that coincide when the value is zero.

{§%+é’% = N}
(€1 —f}”l)z + (62 _]%HQ)Z =T}

! e oo '
quJ:’;h.:"._ iy ) !’
€ “ - L
OBMUE T SN . : -7
Pl . A P
Ao 9By, (0, Ny) “ ) C)Hnu (O \f)

(@) (b)

Figure 42: Case n, = 2. (a): Casen, = 2, m = n = 3, with Ayx, =
[Aa(1)A4(2)][xa(1)x4(2)]T. In the figure: the true decomposition (blue), the orthogo-
nal decomposition (red), another possible decomposition of the infinite ones (green);
(b): Case n, = 2, m = n = 3. Projection of the two circumferences on the subspace
A,, and projections of the possible decompositions of f (red, blue and green).

When there are two solutions, we have no sufficient information to determine
which one of the two solutions is the true one, i.e., the one that gives f, = A,%,;: we
cannot choose the one that has minimum residual, neither the vector f, that has the
minimum angle with f, because both solutions have the same values of these two
quantities. However, since we are supposing the linear system to be originated by an
input/output system, where the matrix A, is a function also of the input and f are the
measurements of the output, we can take two tests with different inputs. Since all the
solution sets contain the true parameter vector, we can determine the true solution
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from their intersubsection, unless the solutions of the two tests are coincident. The
condition for coincidence is expressed in Lemma 3.

Let us call A,; € R"*" the matrix of the test i = 1,2, to which correspond a
vector f;. The line on which lie the two feasible vectors f, of the same test i is F; and
Si = A;f/l-]-"i is the line through the two solution points. To have two tests with non-
coincident solutions, we need that these two lines S, S, do not have more than one
common point, that in the case n, = 2 is equivalent to S; # S, , i.e,, AZ,l}—l =+~ AZ,Z.FQ,
ie., F1 # Aa,lAZ,zj:Z =: F12. We represent the lines F; by means of their orthogonal

. \ .
vector from the origin fo'' = lort,im, where lo;1; = [|f"']|. We introduce the
matrices C,;, C fr C fp such that l
Au,2 = CuAa,l
fa  =Cth
[ _ [
2 =Cpphi

and k; such that || £ | = k¢ || £ ||

Lemma 3. Consider two tests i = 1,2 from the same system with n, = 2 with the above
notation. Then it holds Fy = Fip if and only if C, = Cp).

Proof. From the relation fl“ =P, (fi) = Ani(Al;Ani) 1AL fi, we have

) = A4 (AT Aun) AT, fo = CaAat (AL CTCu A1) AL CICsfr. (4.10)

It holds Fy = Fjp <= fortl = fortd2 .= A, AT, f'2, hence we will show this
second equivalence. We note that [,,1» = k floym and calculate

|
fort,lz — Aa,lAjz-,Zfort’Z — Aa,lAZ,lcz (lort,ZHf2|H> =
) (4.11)

C, fl
= A1 AZ,l C;r <kflort,l f7”|1> = A1 AZ,l C;rcfpfort,l‘
kel fi

Now let us call 5! the vector such that %! = A, 15°""!, then, using the fact that
C, = Cfp we obtain
for? = Mg A1 CICry Ag1s”™! = Ag1 (AL Ag1)s = Agys”™! (4.12)

where the last equality is given by the fact that AZ,1Aa,1 = I,.
Hence we have

Fio=TF1 <= A AL CaCrpfot = o' = CiCp, = I
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Case 1, > 3. More generally, for the case 1, > 3, consider the vectors f,, fl € R"
as defined previously, in particular we are looking for f, = [G1,...,8s,] € R™.
Conditions (4.8) can be written as

Z?il Ci = IA\ljf N F- nzﬂ((fH)2 _ Zf”él) _ N]% _ TZ, (413)
Y @G- fo)? =T? =it

where the two equations on the left are two (1, — 1)-spheres, i.e., the boundaries
of two n,-dimensional balls. Analogously to the case 1, = 2, the intersubsection of
these equations can be empty, one point or the boundary of a (1, — 1)-dimensional
ball (with the same conditions on (Ny — || f ) — T¢). The equation on the right
of (4.13) is the (1, — 1)-dimensional subspace F on which lies the boundary of the
(n, — 1)-dimensional ball of the feasible vectors f,, and is obtained subtracting the
tirst equation to the second one. In Figure 4.3a the graphical representation of the

decomposition fl = f, + szI for the case n, = 3 is shown, and in Figure 4.3b the
solution ellipsoids of 3 tests whose intersubsection is one point. Figure 4.4a shows

the solution hyperellipsoids of 4 tests whose intersubsection is one point, in the case
n, = 4.

Case na = 3. Intersection of the solution sets of 3 tests

04

02

0.0

-02

-0.4

-0.2
—_ testl
— test 2
— test3 10

(@) (b)

Figure 4.3: Case n, = 3. (a) Case n, = 3, m = n = 4, n — n, = 1: in the picture f“,
i.e. the projection of f on A,. The decompositions that satisfies the conditions on I¢
and N rare the ones with f, that lies on the red circumference on the left. The spheres
determined by the conditions are shown in yellow for the vector f, and in blue for
the vector fl — a,. Two feasible decompositions are shown in blue and green; (b)
Case 1, = 3. Intersubsection of three hyperellipsoids, set of the solutions x, of three
different tests, in the space R"a=3,
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Case na = 4. Intersection of the solution sets of 4 tests

Figure 4.4: Case n, > 3. (a) Case n, = 4. Intersubsection of four hyperellipsoids, set of
the solutions x, of four different tests, in the space R"=*%; (b) Case n, = 3. Example of
three tests for which the solution has an intersubsection bigger than one single point.
The three (1, — 1)-dimensional subspaces F1, Fip, Fi3 in the space generated by A, 1
intersect in a line and their three orthogonal vectors are not linearly independent.

We note that, to obtain one unique solution x, we must intersect the solutions of
at least two tests. Let us give a more precise idea of what happens in general. Given
i=1,...,n, tests we call, as in the previous case, f orti the vector orthogonal to the
(n, — 1)-dimensional subspace F; that contains the feasible f,, and S; = AL»]-"{. We
project this subspace on A, and obtain F1; = A, AL-]—} that we describe through its
orthogonal vector fo" = A, A}, £ 1f the vectors for', fortA2, . fortdne are Jin-
early independent, it means that the (1, — 1)-dimensional subspaces Fi, F1a, . . . Fin,
intersect themselves in one point. In Figure 4.4b it is shown an example in which, in
the case 1, = 3 the vectors o1, fort12 fort13 are not linearly independent. The three
solution sets of this example will intersect in two points, hence, for n, = 3, three tests
are not always sufficient to determine a unique solution.

Lemma 4. For all n, > 1, the condition that, giveni = 1,...,n, tests, the n, hyperplanes
Si = A;l-]-"i previously defined have linearly independent normal vectors is sufficient to
determine one unique intersubsection, i.e., one unique solution vector x,, that satisfies the
system of conditions (4.4) for each test.

Proof. The intersubsection of 11, independent hyperplanes in IR™ is a point. Given a
testiand S; = AL}} the affine subspace of that test
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Si:Ui—i-Wi:{Ui-i-ZUG]Rn” : W‘niZO}:{XERH” : nl-T(x—vl-):O},

where n; is the normal vector of the linear subspace and v; the translation with respect
to the origin.

The conditions on §; relative to 1, tests correspond to a linear system Ax = b,
where n; is the i-th row of A and each component of the vector b given by b; = niTv,-.
The matrix A has full rank because of the linear independence condition of the vectors
n;, hence the solution of the linear system is unique.

The unique intersubsection is due to the hypothesis of full column rank of the
matrices A, ;: this condition implies that the matrices A,; map the surfaces F; to
hyperplanes S; = A, i F;. ]

For example, with n, = 2 (Lemma 3) this condition is equal to considering two
tests with non-coincident lines Sj, S, i.e., two non-coincident 7, Fis.

The Case of Approximate Knowledge of I; and Ny Values

Let us consider N tests and call I1;, N¢; and Ty, the values as defined in Lemma
2, relative to test i. Since the system of conditions

{Nf,i =l {Nf,i = || Agixll 19)
Au,ixu :
Iri = =, Tps = |If = Agial

is equivalent, as shown in Lemma 2, we will take into account the system on the right
for its simplicity: the equation on Ty ; represents an hyperellipsoid, translated with
respect to the origin.

In a real application, we can assume to know only an interval in which the true
values of Iy is contained and, analogously, an interval for Ny values. Supposing we
know the bounds on I ¥ and N Iz then the bounds on Tf can be easily computed. Let
us call these extreme values N?”x, N}”i”, T}”‘zx, T}”i”, we will assume it always holds

N}nux 2 maxi(Nf,i), and T}mzx 2 maxi(Tfli), (4 15)
N}nin S mini(Nf,i), T}nin S minl-(Tf,i), '
for each i-th test of the considered seti =0,..., N.
Condition (4.4) is now relaxed as follows: the true solution X, satisfies
lAniall < Npor, [l A= £ < TP, o
1A il > N, | Agia — £ > TP,

for each i-th test of the considered seti = 0,..., N.
Assuming the extremes to be non-coincident (N}’“” #+ N}”“" and TJ’}“” #+ T}"”x),
these conditions do not define a single point, i.e., the unique solution %, (as in (4.4)
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of subsection 4.2.3), but an entire closed region of the space that may be even not
connected, and contains infinite possible solutions x different from %,.

In Figure 4.5 two examples, with 1, = 2, of the conditions for a single test are
shown: on the left in the case of exact knowledge of the N¢; and Ty values, and on
the right with the knowledge of two intervals containing the right values.

0.00

-0.05 005

-0.10

-0.15

004 -003 -002 -001 000 001 002 003 004

(@) (b)

Figure 4.5: Examples of the exact and approximated conditions on a test with n, = 2.
In the left equation the two black ellipsoids are the two constraints of the right
system of (4.14), while in the right figure the two couples of concentric ellipsoids
are the borders of the thick ellipsoids defined by (4.16) and the blue region Z,, is
the intersubsection of (4.18) and (4.19). The black dot in both the figures is the true
solution. (a) Exact conditions on Ny and T§; (b) Approximated conditions on Ny and
Ty.

Given a single test, the conditions (4.16) on a point x can be easily characterized.
Given the condition

[ fall = [|Aaxall = Ny,

we write x, = ) x;v; with v; the vectors of the orthogonal basis, given by the columns
V of the SVD decomposition A, = USVT. Then

fa = Aaxq = USVT(ZXiUz‘) = US(ZXiei) = U(Zsi?(z’ei) = ZSiXiui-

Since the norm condition || ;|| = Y;(sixi)? = N} holds, then we obtain the
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equation of the hyperellipsoid for x, as :

2
Y (sixi)* = ; ()f_’)z = N;. (4.17)

1

1

The bounded conditions hence gives the region inside the two hyperellipsoids
centered in the origin:

Npin < Y AL < e, (4.18)
i

We can proceed in an analogous way for the condition on x given by the system
on the right of (4.16)

TP < lfa = fU < TP

If we write fIl in the coordinates of the columns of the matrix U of the SVD de-

composition of A,, as we have done for f,, we obtain f I = Y l',‘l.ui. Now, we can
see that the bounded conditions on Tf describe the region inside the two translated
hyperellipsoids

. 2
T < Y (s fl) < T
1

and in a more explicit form

LU 2
)
T < ZT < TP (4.19)
1

Given a test i, each of the conditions (4.18) and (4.19), constrain %, to lie inside a
thick hyperellipsoid, i.e., the region between the two concentric hyperellipsoids. The
intersubsection of these two conditions for test i is a zero-residual region that we call
7,

Z, = {x € R™ | (4.18) and (4.19) hold }. (4.20)

It is easy to verify that if Ny, is equal to the assumed N}”i” or N¢*™, or Ty, is equal
to the assumed T"" or T, the true solution will be on a border of the region Z,,,
and if it holds for both N¢; and Ty it will lie on a vertex.

When more tests i = 1,..., N are put together, we have to consider the points that
belong to the intersubsection of all these regions Z,, i.e.,

L= () Z. (4.21)
i=0,...,N
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These points minimize, with zero residual, the following optimization problem:

min Z min (0, || Agix|| — Nm’” + Z max (0, || Ag x| — N’””x) +
= = (4.22)
+ 2 min(0, || Agix — f| — T2 + 2 max(0, || Agix — £ — Tp)2,
= i=1

It is also easy to verify that, if the true solution lies on an edge/vertex of one of
the regions Z,,, it will lie on an edge/vertex of their intersubsection.

The intersected region I, tends to monotonically shrink in a way that depends
from the properties of the added tests. We are interested to study the conditions that
make it reduce to a point, or at least to a small region. A sufficient condition to obtain
a point is given in Theorem 2.

Let us first consider the function that, given a point in the space R", returns the
squared norm of its image through the matrix A;:

N{(x) = [[Aax|7 = [UZVTx|[7 = [EVTx]Z = (ZVT0)T(ZVTx) = 2T (VETZVT)x =

ool x

203 x ||| = 2(0Tx)? + o2(olx) + ...,

2
(4.23)

where v; are the columns of V and x = [x(1) x(2) ..., x(n,)].
The direction of maximum increase of this function is given by its gradient

2020l xv1 (1) + 20301 x0, (1) + - - - + 202 0] xv,,, (1)
VN3(x) = 2(VE2VT)x = 2020l xv1(2) + 2030  x02 (2) + - - - + 202 ﬂv X0, (2)

(4.24)

Analogously, define the function T}(x) as

T (x) = || Asx = fIB = JU=VTx — £ = [2VTx — fI)3 =
= (ZVTx— f)T(EVTx - f) = 2V )T (@VTx) =22V T Tl 4+ (7T (A1)
= 2(VEPVT)x —2(x)TVEfl 4 (F)T () =
o1o] x ?
0203x | — £l

2
(4.25)
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with gradient
VTH(x) = 2(vE2VT)x —2vefl =

20201 xv1 (1) + 2030 xvy (1) + - - - + 202 0] xV,,(1) 202y fl(i)v; (1)
2(7101 x01(f) +2c7202xvz(]) 4 +2U,%”v£axvna(j) B —2(71-2 Zif” ()i ()
(4.26)

Definition 14. (Upward/Downward Outgoing Gradients) Take a test i, and the functions

Nj%(x) and T]%(x) as in (4.23) and (4.25), with the formulas of the gradient vectors of these

two functions V Ny, (x), VTy;(x) as in (4.24) and (4.26). Given the two extreme values
N}"i”/ " and T}”i"/ "X for each test, let us define

o the downward outgoing gradients as the set of gradients calculated on the points on the
minimum hyperellipsoid

{=VNgi(x) | Npi(x) = Nf™} o and - {=VTyi(x) | Tri(x) = TP} (427)
they point inward to the region of the thick hyperellipsoid.

o the Upward Outgoing Gradients as the set of negative gradients of points on the maxi-
mum hyperellipsoid

{VNgi(x) | Npi(x) = N} and - {VTyi(x) | Tpi(x) = T/} (4.28)

they point outward the region.

Note that the upward /downward outgoing gradient of function N J%( x) (or Tj%(x))
on point x is the normal vector to the tangent plane on the hyperellipsoid on which
the point lies. Moreover, these vectors point outward the region defined by Equation
(4.18) (and (4.19) respectively). In Figure 4.6, an example of some upward /downward
outgoing gradients of function Nj%(x) is shown.

Theorem 2. Given N tests with values I¢; and Ny, in the closed intervals [I}”i", I}"“x]
and [N}"i”, N}"‘“‘], take the set of all the upward/downward outgoing gradients of functions
N},i(x) and TJ%,l.(x) calculated in the true solution %, , i.e.,

{VNy,i(%,) for i N | Ngi(%,) = N} U

U {VNgi(x )frz—l N | Ngi(%) = N”“”}U
U {VTyi(x,) fori=1,..., N | Ty;(%) = T} U
U {VTsi(%) fori=1,...,N | Tf;(%:) = ml” .

(4.29)
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Figure 4.6: In the figure some upward/downward outgoing gradients are shown:
the blue internal ones are downward outgoing gradients calculated on points x on
the internal ellipsoid with Ny ;(x) = N}”i”, while the external red ones are upward
outgoing gradients calculated on points x on the external ellipsoid with N¢;(x) =
N,

If there is at least one outgoing gradient of this set in each orthant of R", then the
intersubsection region I, of Equation (4.21) reduces to a point.

Proof. What we want to show is that given any perturbation J, of the real solution %,
there exists at least one condition among (4.18) and (4.19) that is not satisfied by the
new perturbed point X, + 6.

Any sufficiently small perturbation 6, in an orthant in which lies an up-
ward/downward outgoing gradient (from now on ”"Gradient”), determines an in-
crease/decrease in the value of the hyperellipsoid function relative to that Gradient,
that makes the relative condition to be unsatisfied.

Hence, if the Gradient in the orthant considered is upward, it satisfies N f,i(fa) =

Ng™* (or analogously with Ty ;) and for each perturbation d, in the same orthant we

obtain

Ny,i(%a + 6x) > Nyi(%q) = Nf*™

(or analogously with Ty ;). In the same way, if the Gradient is downward we obtain

Nf,i(xu + 5x) < Nf,i(xa) - N}nin

(or analogously with Ty ).

When in one orthant there are more than one Gradient, it means that more than
one condition will be unsatisfied by the perturbed point ¥, + 6, for a sufficiently
small ¢, in that orthant. O
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4.2.4 Problem Solution

The theory previously presented allows us to build a solution algorithm that can
deal with different a-priori information. We will start with the ideal case, i.e., with
exact knowledge of Iy and N¢. Then, we generalize to a more practical setting, where
we suppose to know an interval that contains the Ty values of all the experiments
considered and an interval for the N [ values. Hence, the estimate solution will satisfy
Equations (4.18) and (4.19). In this case we describe an algorithm for computing an
estimate of the solution, that we will test in subsection 4.2.5 against a toy model.

Exact Knowledge of [y and N¢

When the information about I f and N ¢ is exact, with the minimum amount
of experiments indicated in subsection 4.2.3 we can find the unbiased parameter
estimate as the intersubsection I, of the zero-residual sets Z;, corresponding to each
experiment. In principle this could be done also following the proof of Lemma 4, but
the computation of the v; vectors is quite cumbersome. Since this is an ideal case,
we solve it by simply imposing the satisfaction of the various Ny and Ty conditions
(equation (4.14)) as an optimization problem:

N N
minF(x) with  F(x) = Y (| Agixl| = Npo)? + L ([ Agix = £l = Tp)% - (430)
i=1 i=1

The solution of this problem is unique when the tests are in a sufficient number
and satisfies the conditions of Lemma 4.

This nonlinear least-squares problem can be solved using a general nonlinear
optimization algorithm, like Gauss-Newton method or Levenberg-Marquardt [61].

Approximate Knowledge of [ and Ny

In practice, as already pointed out in subsection 4.2.3, it is more realistic to know
the two intervals that contain all the Ny ; and If; values for each test i. Then, we know
that within the region I, there is also the exact unbiased parameter solution x,, that
we want at least to approximate. We introduce here an Unbiased Least-Squares (ULS)
Algorithm 3 for the computation of this estimate.

In general, the zero-residual region Z,, of each test contains the true point of the
parameters vector, while the estimated iterates with the local optimization usually
start from a point outside this region and converge to a point on the boundary of the
region.

The ULS estimate can converge to the true solution in two cases:

1. the true solution lies on the border of the region I, and the estimate reach the
border on that point;
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Algorithm 3 An Unbiased Least-Squares (ULS) algorithm.
1: Given a number 74,5 Of available tests, indexed with a number between 1 and

Niests, and two intervals, {I?“”, I}”‘”‘ } and {N}””’, N?mx} , containing the I ¥ and N i
values of all tests.

2: At each iteration we will consider the tests indexed by the interval [1,i;]; set
initially i; = n,.

3. while it S Ntests do

4: 1) compute a solution with zero residual of the problem (4.22) with a nonlinear
least-squares optimization algorithm,

5: 2) estimate the size of the zero-residual region as described below in (4.31),
6: 3) increment by one the number i; of tests.
7: end while

8: Accept the final solution if the estimated region diameter is sufficiently small.

2. the region I, reduces to a dimension smaller than the required accuracy, or
reduces to a point.

The size of the intersubsection set I,,, of the zero-residual regions Z,., is estimated
in the following way.
Let us define an index, that we call region shrinkage estimate, as follows:

$(x) =min{n | Y 15 (x+pu"6) >0}, (4.31)
oeP
where we used y = 1.5in the experiments below, P = {6 € R™ | §(i) € (—1,0,1) Vi =
1,...,n,} and 1y, is the indicator function of the subset I, of the set, i.e. the function
1., : I, CR™ — {0,1} such that

1 ifxel,,

1, (x) = { (4.32)

0 otherwise.

4.2.5 Numerical Examples

Let us consider a classical application example, the equations of a DC motor
with a mechanical load, where the electrical variables are governed by the following
ordinary differential equation

{Lj(t) — —Kw(t) = RI(t) + V() — fu(t) (4.33)
I(ty) =1y,
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where [ is the motor current, w the motor angular speed, V the applied voltage, and
fu(t) a possible unmodeled component

fu(t) = _merrcos(npolese(t))/ (4.34)

where 1,5 is the number of poles of the motor, i.e., the number of windings or
magnets , 1., the magnitude of the error model and 6 the angle, given by the system

{w(t) = 0(t)

4.35
W(to) = wy. ( )

Note that the unknown component f,, of this example can be seen as a difference
in the potential that is not described by the approximated model. We are interested in
the estimation of parameters [L, K, R]. In our test the true values were constant values
[L = 0.0035,K = 0.14,R = 0.53].

We suppose to know the measurements of I and w at equally spaced times
to, ..., ty with step h, such that t, = to + kh, and t;1 = t; + h. In Figure 4.7 we see
the plots of the motor speed w and of the unknown component f,, for this experiment.

We compute the approximation of the derivative of the current signal i (tx) with
the forward finite difference formula of order one

(k) = M for tp=t,... by

with astep i = 4 x 10~%. The applied voltage is held constant to the value V() = 30.0
To obtain a more accurate estimate, or to allow the possibility of using higher step

size values , finite differences of higher order can be used, for example the fourth
order difference formula

2 I(tk—2h>—81(tk—h)+81(tk+h)—I(tk+2]’l)
I(t) = 2 ,

for tk = t2,..‘,tN_2.
With the choice of the finite difference formula, we obtain the discretized equations

2

LI(tk) = —K(U(tk) — RI(tk) + V(tk) — fu(tk), for tp=ty,..., ty. (4.36)

We will show a possible implementation of the method explained in the previous
subsections, and the results we get with this toy-model example. The comparison
is made against the standard least-squares. In particular, we will show that when
the information about I ¥ and N i is exact, we have an exact removal of the bias. In
case this information is only approximate, which is common in a real application, we
will show how the bias asymptotically disappears when the number of experiments
increases.

62



wit)

100 W
50

time {sec)
(@)

futt

time {sec)

(b)
Figure 4.7: The plots of (a) w(t) and (b) f,(t) in the experiment.

We build each test taking the Equation (4.36) for n samples in the range t1, ..., tg,
obtaining the linear system

2

) w(te)  I(k) fu(ti) V(tx)

j(tk‘+1) w(t{<+1) I(tk‘+1) IL< n fu(t‘k+1) _ V(t{c+1) (4.37)
: : : R : :

(ten) @(tirn) I(tesn) wlteen) ] LV (tien)

so that the first matrix in the equation is A, € R"*" with n, = 3, the number of
parameters to be estimated.

To measure the estimation relative error é,,; we will use the following formula,
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where £, is the parameter estimate:

5 [[£a (i) — %a(7) |2
. 4.38
Cre] = g ZZ;, Hxa H2 ( )

Note that the tests that we built in the numerical experiments below are sim-
ply small chunks of consecutive data, taken from one single simulation for each
experiment.

The results have been obtained with a Python code developed by the authors, us-
ing NumPy for linear algebra computations and scipy.optimize for the nonlinear
least-squares optimization.

Exact Knowledge of [y and Ny

As analyzed in subsection 4.2.4, the solution of the minimization problem (4.30) is
computed with a local optimization algorithm.

Here the obtained results show an error é,,; with an order of magnitude of 10~/
in every test we made. Note that it is also possible to construct geometrically the
solution, with exact results.

Approximate Knowledge of [ and Ny

When I and Ny are known only approximately, i.e., we know only an interval that
contains all the I ¥ values and an interval that contains all the N f values, we lose the
unique intersubsection of Lemma 4, that would require only 7, tests. Moreover, with
a finite number of tests we cannot guarantee in general to satisfy the exact hypotheses
of Theorem 2. As a consequence, various issues open up. Let’s start by showing
in Figure 4.8 that when all the four conditions of (4.15) hold with equality, the true
solution lies on the boundary of the region I, as already mentioned in 4.2.3. If this
happens, then with the conditions of Theorem 2 on the upward /downward outgoing
gradients, the region I, is a point. When all the four conditions of (4.15) hold with
strict inequalities, the true solution lies inside the region I, (Figure 4.8b). From a
theoretical point of view this distinction has a big importance, since it means that the
zero-residual region can or cannot be reduced to a single point. From a practical point
of view it becomes less important, for the moment, since we cannot guarantee that
the available tests will reduce I, exactly to a single point and we will arrive most
of the times to an approximate estimate. This can be more or less accurate, but this
depends on the specific application, and this is out of the scope of the present work.

To be more precise, when the conditions of Theorem 2 are not satisfied, there is
an entire region of the parameters space which satisfies exactly problem (4.30), but
only one point of this region is the true solution ¥,. As more tests are added and
intersected together, the zero-residual region I, tends to reduce, simply because
it must satisfy an increasing number of inequalities. In Figure 4.9 we can see four
iterations taken from an example, precisely with 3, 5, 9 and 20 tests intersected and
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Figure 4.8: Two examples of (zero-residual) intersubsection regions I, C R® with
different location of the true solution: inside the region or on its border. For graphical
reasons the region has been discretized and the dots are the grid nodes; the bigger
ball (thick point) is the true solution. (a) The true solution (ball) is on the border of ,;
(b) The true solution (ball) is internal to I,.

merr = 19. With only three tests (Figure 4.9a), there is a big region I, (described by
the mesh of small dots), and here we see that the true solution (thick point) and the
current estimate (star) stay on opposite sides of the region, as accidentally happens.
With five tests (Figure 4.9a) the region has shrunk considerably and the estimate is
reaching the boundary (in the plot it is still half-way), and even more with nine tests
(Figure 4.9¢c). The convergence arrives here before the region collapses to a single
point, because accidentally the estimate has approached the region boundary at the
same point where the true solution is located.

In general, the zero-residual region Z,, (4.20) of each test contains the true solution,
while the estimate arrives from outside the region and stops when it bumps the border
of the intersubsection region I, (4.21). For this reason we have convergence when
the region that contains the true solution is reduced to a single point, and the current
estimate £, does not lie in a disconnected sub-region of I, different from the one
in which the true solution lies. Figure 4.10 shows an example of an intersubsection
region I, which is the union of two closed disconnected regions: this case creates a
local minimum in problem (4.30).

In Figure 4.11 we see the differences N/*** — N}"i” and T}”“X — T}"i" VS Mepr. The

differences are bigger for higher values of the model error. It seems that this is the
cause of a more frequent creation of local minima.
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Figure 4.12 synthesizes the main results that we have experienced with this new
approach. Globally it shows a great reduction of the bias contained in the standard
least-squares estimates; indeed, we had to use the logarithmic scale to enhance the
differences in the behaviour of the proposed method while varying m,,,. In particular,

e with considerable levels of modelling error, let us say m,,, between 2 and 12,
the parameter estimation error é,, is at least one order of magnitude smaller
that that of least-squares; this is accompanied by high levels of shrinkage of the
zero-residual region (Figure 4.12b);

e  with higher levels of m,,,, we see a low shrinkage of the zero-residual region and
consequently an estimate whose error is highly oscillating, depending on where
the optimization algorithm has brought it to get in contact with the zero-residual
region;

e atm,, = 18 we see the presence of a local minimum, due to the falling to pieces
of the zero-residual region as in Figure 4.10: the shrinkage at the true solution is
estimated to be very high, while at the estimated solution it is quite low, since it
is attached to a disconnected, wider sub-region.

e the shrinking of the zero-residual region is related to the distribution of the
outgoing gradients, as stated by Theorem 2: in Figure 4.12d we see that in the
experiment with m,,, = 18 they occupy only three of eight orthants, while in
the best results of the other experiments the gradients distribute themselves in
almost all orthants (not shown).

It is evident from these results that for lower values of modelling error m,,,, it
is much easier to produce tests that reduce the zero-residual region to a quite small
interval of R"*, while for high values of m,,, it is much more difficult and the region
I, can even fall to pieces, thus creating local minima. It is also evident that a simple
estimate of the I, region size, like (4.31), can reliably assess the quality of the estimate
produced by the approach here proposed, as summarized in Figure 4.12c.

4.2.6 Future work

We have analyzed the bias commonly arising in parameter estimation problems
where the model is lacking some deterministic part of the system. This result is
useful in applications where an accurate estimation of parameters is important, e.g.,
in physical (grey-box) modelling typically arising in the model-based design of multi-
physical systems, see e.g., the motivations that the authors did experience in the
design of digital twins of controlled systems [6, 5, 4] for virtual prototyping, among
an actually huge literature.

At this point, the method should be tested in a variety of applications, since the
ULS approach here proposed is not applicable black-box as Least-Squares are. Indeed,
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it requires some additional a-priori information. Moreover, since the computational
complexity of the method here presented is relevant, efficient computational methods
must be considered and will be a major issue in future investigations.

Another aspect that is even worth to deepen is also the possibility to design tests
that contribute optimally to the reduction of the zero-residual region.
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Figure 4.9: The intersubsection region I, C R? at different number of tests involved.
For graphical reasons the region has been discretized and the dots are the grid nodes;
the bigger ball is the true solution and the star is the current estimate in the experiment.
(a) 3 tests; (b) 5 tests; (c) 9 tests; (d) 20 tests.
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(a) (b)

Figure 4.10: The intersubsection region I, C IR at different number of tests involved.
On the left a few tests have created a single connected region while, on the right,
adding more tests have splitted it into two subregions. For graphical reasons the
region has been discretized and the dots are the grid nodes; the bigger ball is the true
solution and the star is the current estimate in the experiment. (a) A (portion of a)
connected region I,,; (b) A region I, split into two not connected sub regions.
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Figure 4.11: The three plots show the values assumed by the extreme values
(4.15) as a function of m.,. (a) {I}"’”,I}"“x } vs mey; (b) {NJZ’””, N}”‘” } vs Mepy; (€)
{T}"i”, T}"’”} VS Meyy.
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Figure 4.12: The plots summarize the results obtained by the ULS approach to param-
eter estimation no the model problem explained at the beginning of this subsection.
(a) The relative estimation error (4.38) vs m,,; (b) The I, region shrinkage estimate
(4.31) vs mgp; (c) The relative estimation error (4.38) vs the estimate of the I, region
shrinkage, considering the experiments with m,,, € [2,20]; (d) A three dimensional
view of the Outgoing Gradients at the last iteration of the experiment with ., = 18.
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Part 11

Model-Based Denoising;:
when the model is known
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Chapter 5

Denoising of 1/O signals of DLTI
Models

5.1 Introduction

It is well known that experimental measurements generally contain noise that
corrupts the (usually deterministic) real quantities to be measured. Many denoising
algorithms have been proposed and analyzed in the literature, and differ from each
other for the hypothesis on signal and noise properties and for the prior knowledge
required about them [12]. Comparisons on these methods have been carried out, for
example in [53] for signal denoising and [55] for image denoising, and different kind
of noisy data and functions for the measure of denoising results have been considered.
Some of the most important techniques are: moving average filters, linear filters,
nonlinear filters, Fourier decomposition, Wavelet decomposition, Total Variation
Minimization, Neural Networks (e.g. [17]).

Denoising methods are mainly studied for individual signals, isolated from the
system from which they arise. When more variables are measured from the same
physical dynamical system, the noise not only corrupts each single quantity but also
the causal (input-output) relation between the data. Therefore, applying the methods
previously mentioned separately to each noisy signal is not sufficient to recover the
correct input-output relations: this work aims at introducing a new algorithm that
satisfies this requirement. In particular, we will consider the simultaneous denoising
of input-output signals from a physical dynamical system, that we suppose can be
modeled by a discrete linear time-invariant (DLTI) system. Taking into account the
system relations we will obtain a linear denoising method that we therefore classify
as "DLTI model-based denoising”.

The availability of data with a precise input-output relation is of fundamental
importance in real-life applications, e.g. when quantities of interest derived from
input/output variables (like the mechanical/electric power) are required, or in the
resolution of computational inverse problems. In such a context the use of a mathemat-
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ical model of the system allows to recover unknown (and not measurable) quantities,
for example model parameters and boundary conditions for distributed parameters
systems [19], [56]. In particular, good input-output algebraic relations in the data are
required to estimate continuous system parameters from discrete measures [4], [57].

The term Model-Based in the image and signal processing literature, is often used to
refer not only to physical models, but also to (abstract) mathematical model structures.
This is the case of Candy, who develops in [12] a general model-based approach to
signal processing for different kinds of problems, using not only physical-based models
but also “black-box” ones.

In this work, published in [22], we focus on model-based denoising where models
arise from the physical equations that describe the system. Studies in this direction
are, for example [78], where a "Physically Consistent Denoising” is described and an
algorithm for the denoising and “missing data recovery” of 2D physically plausible
vector fields is introduced, and [67], where a Model-Based Image Reconstruction that
satisfies the physical Cahn-Hilliard equation is presented.

We will consider signals corrupted by additive noise, also called in literature
"Error-in-variables (EIV) framework” [28].

The studies in [20] and [58], [59], where the “noisy I/O problem” is introduced,
are the nearest to the approach of this work. In this setting, the matrices of a DLTI
system are supposed known, and the aim is the denoising of input-output data. The
method is based on the a-priori knowledge of mean and covariances of the noise
signals added to the inputs and the outputs. Unlike this approach, we are interested
in the more general case in which these quantities are unknown, as it happens in
many applications [28].

In the literature, a more general topic has also been investigated, in the case
of additive noise with known properties: the denoising of input-output data and
simultaneous identification of the DLTI system that links them. This problem shows
a certain affinity with the Total Least Squares (TLS) problem, see e.g. [70], [69],
[74]. Moreover, the problem of denoising of the input-output data used for the
identification of the model that relates them, has been studied with optimization
methods, more precisely the minimization of the nuclear-norm of a matrix generated
by data and model predictions, see e.g. [51].

The approach presented here differs from the ones in the literature because it
assumes a DLTT physical model to be available and aims at denoising the input-output
signals, of which only noisy measurements are available with unknown values of
means and variances, i.e. we generalize the problem of [58] and [59] in the case in
which the statistical properties of the input and output noises are unknown. This
comes at the price of a bigger computational effort that makes its applicability to
real-time not straightforward, since we use global optimization and smoothing.

It is worth noticing that this generalization is important in applications; for exam-
ple, when these properties are constant but good estimates of them are not available,
or when the sensors (or estimators) generate noises with non constant properties,
which variability cannot be described a-priori by a model.
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We will show that in these cases the approach of [58] is not optimal and we will
see in more details which are the additional conditions required when the estimates
of noise means and covariances are unknown. In this work we propose a method
based on the resolution of a linear system generated by the model equations (that
we want to be satisfied precisely), and four other parameterized regularization terms
(that are not required to be satisfied exactly). Hence, the problem is reduced to the
choice of the regularization parameters of a multi-parametric linear system. With this
approach, several methods have been presented in the literature and are divided in
two categories: methods that use the noise variance value and, viceversa, heuristic
methods also called noise level free rules. If the noise covariance is known (at least
approximatively), the parameters can be determined with the discrepancy principle,
and in the multi-parameter case with its generalization, introducing the discrepancy
hypersurface ([24], [54]). The optimal parameters are found on that hypersurface
through the optimization of a function of the parameters, for example the norm of
the solution can be maximized [24] or the quasi-optimality criterion (introduced in
[73]) can be considered [21].

On the other side, heuristic methods possess bad convergence properties. In fact,
they don’t converge in the “worst case scenario”, i.e. it is not true that the regularized
solution converges to the true one for every noise realization with noise level that
tends to zero. Although this result, called Bakushinskii veto [3], convergence results
have been demonstrated under appropriate conditions, that are usually satisfied in
real situations (see [45] and references therein). Among heuristic methods for multi-
parameter regularization, we can find the generalizations of the L-curve [7], of the
Generalized Cross Validation (GCV) [10], a balancing principle [39] and parameter
learning for denoising [47],[37].

Since we suppose the noise means and variances to be unknown, we rely upon an
additional criterion based on other statistical properties of the noise. More precisely,
we will use the Normalized Cumulative Periodogram (NCP), also known as Bartlett
test, to measure the whiteness of the estimated noises, a well known method for the
one-parameter regularization choice ([34], [32]).

The organization of this Chapter is as follows. In Section 5.2 we introduce the
Kalman filter, used for the estimation of the DLTI state, but also for the denoising of
ouput measurements. This is important for us because we will see that a reformulation
of the input/output denoising problem with known covariances can be reduced to
the Kalman filter problem. In Section 5.3 we will define the problem and the proposed
approach to solve it; in Section 5.4 some general issues are discussed. In Section 5.5
an algorithm for the selection of parameters will be introduced and in Section 5.6
some numerical results will be shown. Concluding remarks and possible future work
are provided in Section 5.7.
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5.2 Kalman filter as output measurement denoising

With the probabilistic concepts recalled in Section 1.1.1, in particular the defini-
tions of Gaussian and White Gaussian noises, we can introduce noise in the DLTI
model (1.12). The most common formulation is the one in which some error in the
model and in the output measure y is added, while the input measure u is supposed
exact, with no noise.

Definition 15 (DLTI State-Space Models with process and measure noise).

y(K) = Cx(k) + Du(k) + (k) 0) ~ N(ORy) OV

{x(k +1) = Ax(k) + Bu(k) +o(k) {v(k) ~ N (0, Roo)
where v(k) is the process or model noise and w(k) is the measurement noise, and both v (k)
and w(k) are White Gaussian noises.

The problem we want to solve in this Section is to recover a state estimate of (5.1)
using both the information of the model and the measurements. Since models are
inaccurate and sensors have errors, we must take into consideration the noise values.
The Kalman Filter gives us the right way (in a sense we will define) to weight both the
information, i.e. it gives us the weights for the combination of the two information.
It is a very famous algorithm since its successful use in the navigation systems for
the Apollo mission. From its discover, the applications for which it has been used
cover different fields like signal processing, voice recognition, video stabilization, and
automotive, control, global positioning, computer vision and lots more. Moreover,
various generalizations of this method have been studied and are still open problems.

The term filtering is referred to the fact that it is an online algorithm, i.e. it works
one discrete instant at a time, in contrast to the offline procedures, which are called
smoothing. More precisely, at each time instant k we have an estimate of the state at
that instant, calculated with the model, and the measurements up to the previous
time instant. In Figure 5.1 the prediction-correction procedure is shown.

Let us define the Kalman Problem more precisely [77, 12].

Problem 2 (Kalman Filter Problem). We are given the signal-generation model

(5.2)

{x(k +1) = A(k)x(k) + B(k)u(k) + w(k)
y(k) C(k)x(k) + D(k)u(k) + o(k)

with the process noise w (k) and measurement noise v(k) assumed to be zero mean white-noise
sequences with joint covariance matrix
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Figure 5.1: Kalman Filter iteration of predictor-corrector form, where x(k|k — 1) is the
estimate of state x at time k with known measurements up to time k — 1, and x(k|k) is
the estimate of state x at time k with known measurements up to time k.

with Ry (k) > 0and where A(k) is the unit pulse. At time instant k — 1, we have an estimate
of x(k), which is denoted by % (k|k — 1) with properties

Elx(k)] = E[#(klk —1)],

E[(x(k) — 2(klk — 1)) (x(k) — £(k|k = 1))"] = P(k|k — 1) > 0.

This estimate is uncorrelated with the noise w(k) and v(k). The problem is to determine a
linear estimate of x (k) and x(k + 1) based on the given data u(k), y(k), and £ (k|k — 1), such
that both estimates are minimum variance unbiased estimates:

minimum variance

min E[(£(k) — £(k[k)) (x(k) — £(k[K))T], (5.3)
min E[(x(k+ 1) — 2(k + 1]k)) (x(k + 1) — £(k + 1]k))7], '

unbiased

E[#(k|k)] = E[x(K)], E[2(k+1]k)] = E[x(k+1)]. (5.4)

Note that, with the condition of the mean, for the unbiased estimate, asking for the
minimum variance of the error is equivalent to asking the minimum cross-correlation
of the error, and the minimum variance of the solution. The conditions on means
and variances of the errors give the right Kalman weights for the combination of the
measurements.

There are lots of formulations and derivation of this result, we will present here
the “conventional Kalman filter”.

Predictor-Corrector form:
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#(klk—1) = A(k—1)&(k—1/k—1) + B(k — Du(k 1) diet
P(klk—1) = A(k—1)PP(k — 1k — 1) A (k— 1) + Ruw(k —1) T oot
{e(k) =y(k) — 9(klk — 1) = y(k) — C(k)2(k|k — 1)
Ree(k) = C(k)B(k|k — 1)C'(k) + Roo(k)
K(k) = B(klk — 1)C' (k)R (k)
{x(k;k) = 2(klk — 1) + K(k)e(k) corrector
B(klk) = [I—K(K)C(k)]B(k|k —1)

where K(k) is called Kalman gain or weight, that gives us exactly that correct combina-
tion of the two information we started with. The equations of the algorithm descend
directly from the conditions on means (5.3) and covariances (5.4).

Note that the Kalman filter can be seen not only as a state estimation algorithm,
but also as an output denoising algorithm. We will see in the following Sections the
problem of denoising both input and output for particular DLTI models and how it is
related to the Kalman filter problem.

5.3 DLTI Model-Based denoising

Consider a linear dynamical system with deterministic and measurable input and
output, described by a discrete linear time-invariant (DLTI) system [40] in state-space
form:

{X(k+1) =Ax()+Bulk) o N-1 (5.5)

y(k) = Cx(k) + Du(k).
where x(k) € R%*1, u(k) € R™*!, y(k) € R™»*!, and A, B,C,D are the system

matrices, Ac IR”"X”X, Bc ]Rnxxnu’ Ce ]Rnyxnx, D € R"M*"
The following definitions will be useful

U= [MT(O)'--uT(N—l)]T e RNmx1
y=[y"0) -y (N-1]T  eRMWH (5.6)
x:=[xT(0)---xT(N)|T c RIN+Dmyx1

and the superscript notation will be used to denote the components of the signals, i.e.
for example u (k) = [u'(k),...,u™(k)]" and u’ = [u*(0) - - - u!(N —1)] .

In this work we will consider the common choice of D = Onyxnu and a more
restrictive, but often acceptable, condition that the matrix C be invertible so that the
system reduces to

y(k+1) =CAC 'y(k) +CBu(k), k=0,...,N—2. (5.7)
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We suppose to know only noisy measurements of input and output signals u,, v,
(defined in the same way as (5.6)), corrupted with white noise

{ue(k) u(k) + ey (k)
ye(k) = y(k) +ey (k)

where the error vectors relative to each component of input and output signals ¢,, ¢,
are White Gaussian noise vectors that satisfy

(5.8)

IE{eyi} =0

fori =1 n
T 2 s My
E{e, ey,-} =l

{E{Eui} =0

ST 2
E{e,e,} =021

fori=1,...,n,, {

(5.9)

In the following we will consider also a more general hypothesis in which e,

and e, are biased noises with mean values different from zero, i.e. we will consider
Gaussian noises with biases i, # 0, jt,,; 7 0, Vi (hence not White noises):

IE{eyi} = Heyi

fori=1,...,n,.
Ty _ 2 ety
IE{eyieyi} = 0,

{]E{eui} = Heui

E{e,el} =02 1

eu?

fori=1,...,n,, {

(5.10)
We observe that the noisy measurements 1., y. do not satisfy the model constraints.
Hence, any other quantity calculated from them will be corrupted, even nonlinearly,
by input/output noise. This fact motivates the need of an additional requirement for
the denoising algorithm: it must be model-based, i.e. the denoised data must satisfy
the deterministic model.
Our approach for the model-based denoising problem is the following: we impose
the model constraints, together with other additional conditions on input-output
data, as described in the following subsections.

5.3.1 Problem formulation

Model-based constraining We define the fundamental constraint of model-based
denoising in the following problem, that by itself is ill-posed and has infinitely many
solutions, as will be shown later:

Problem 3 ("model-based constraining”). Given the vectors y.(k), u.(k) with k =
0,1,...,N — 1, measures of signals with white (5.9) or Gaussian (5.10), additive noise
(5.8), determine vectors §j(k), it(k) that satisfy the model (5.7).

Following [59], we can impose model equations (5.7) writing them in matrix form



where the matrices A € RIN-DmxNty and B € RIN-Dm N are the following

CAC™! -1, 0 0 CB e 0
0 CAC! —I,, ... 0 0 CB ... 0

N
Il
oo]]
Il

0 0 CAC! —1I, 0 ... 0 CB
We write the system with respect to noise variables, recalling (5.8), and substituting u
with u, — e, and y with y, — e, so that we obtain the system:

(A B] [?] =d (5.11)
where
i—[A B m
Calling

G = [A BJ c ]R(Nfl)ﬂny(nwanu) and z = |:€y:| c lRN(nernu)xl

€y

we obtain the linear system
Gz =d.

Since this system is underdetermined, and infinitely many solutions £ exist, we
can consider the least-squares solution

zj, = argmin |z||3 = GT(GGT)d
z
st. Gz=d

that is the minimum norm solution. It is worth noticing that, if the variances
of the noise signals ¢, and e, are unitary and their covariance as well as the means
Heuis Meyi Vi are zero, then zj is the solution of the problem given by equation (5) of
[59] (reported in subsection 5.3.3, Problem 4), therein demonstrated to be optimal. We
will deal with the case of unknown and not necessarily unitary variances and not
necessarily zero means.

White noise and bias separation Since we are interested not only in the case of
white noise (5.9), but also Gaussian one (5.10), we reformulate the problem separating
the noisy signals in the sum of a zero mean signal (that we will call &, (k)) and its
mean (&y,y):

éy(k) = &y (k) + &,
{éz(k) éyu(k) —H?yu. (5.12)
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Because of this separation we must add to the system the zero mean conditions
on the vectors ¢,; and &, for every i :

N-1 N-1
Y e,(k)=0, fori=1,...,my, Zéyf(k):o, fori=1,...,n,.
k=0 k=0

We call the new unknown vector
= s 5 = =T
z= [eu; €y, €y, ey]

and consider the new system with respect to the new variables and call it with the

same notation
Gz=d (5.13)

where now G € RNy 1)< (N+1)(ny+1m4) and g € RNmy+m) <1,

5.3.2 Regularization

The considered system (5.13) is underdetermined, and the minimum norm solu-
tion is not able to determine a sufficiently good denoising, as we will see in subsection
5.3.3. In fact, the optimal solution is the weighted least squares solution with weights
that depends on the covariance values, as explained in [59] and recalled in subsection
5.3.3. Therefore, since we are assuming unknown values of variances, and bad esti-
mates of these values can produce bad denoised signals, the minimum norm solution
(obtained assuming unitary variances) is not optimal.

For these reasons, we must consider additional conditions that regularize the
problem, in order to obtain a good, unique denoised solution. Since there are no
other known conditions to be minimized exactly, we must add adequately weighted
regularization terms.

Single Signal Denoising One of the main signal denoising methods is based on
the Tikhonov regularization ([32], [43], [9]): given a signal u, & RN*1 corrupted with
white noise, the denoised signal ## € RN*! is given by

= min [|u —ue|[3 + | ALul3 (5.14)

for a certain value of the regularization parameter A, with L a regularization
matrix that represent the discrete approximation of a derivative operator. In the case
of the second derivative, the matrix L is

L= o ER(N_2)><N



and the obtained method is called Hodrick-Prescott filter [36] in economics and
statistics, and is used for trend estimation of time series.

This technique is used for many applications, e.g. for the denoising of ECG signals
[68]. In that work in particular, it is shown how the parameter A is linked with
the value of the variance of the noise signal: if its value is known it is possible to
determine the optimal parameter A with eq. (30) of that paper.

As pointed out in [44], the solution of problem (5.14) is smooth with respect to the
regularization parameter A that varies in the interval [0, 00):

e for A that tends to zero, the solution tends to the measured signal u,,

e for A that tends to infinity, the solution converges to the affine subspace that
best approximate the time series ("ba”= best affine):

uba(t) — lxbu —|—‘3bat.

Now we generalize the problem above to multiple signals with u € RN"*1
defined as in subsection 5.3:

we=[u"(0)---u"(N-1)]" RV,
In this case the matrix L becomes

Ly, —2L,, I,

I, —21,, I,

L = ., . . E]R(Nfz)nuanu
L, —21I,, I,

I, 21, I

u

u

and we must consider n, parameters A,,, ..., Ay, , one for each input variable, so
that the minimization problem (5.14) becomes

l = argmin |lu — |3 + || A Lul3 (5.15)
u

with the matrix A € RIN-2mx(N=2)m 55 follows
diag(Auy, .-y Auy,) - 0
A = Iyp@diag(Au,, ..., Au,,) = : ' :
0 . diag(Auy, - Au,)

where ® is the Kronecker product.
We note also that, since ¢, = 1, — u from the definitions above, problem (5.15) is
equivalent to the following problem

é, = argmin ||e,||3 + [|A L (1, —e,)|3 (5.16)

ey

which is in the form we will use in the following.
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DLTI Model-Based Denoising In this paragraph we apply the regularization just
considered to the underdetermined model-based denoising problem (5.13).
Differently from the previous case, we must add two regularization terms for each
input and output signal, and we obtain:

min (/G2 — dlff + [|A%" &l + | A% 15 + | AS™ L, (1te — )|} + | AG™ L, (ve — &) 13)

4 (5.17)
where ¢, ¢,,é,,¢, are defined as in (5.12), the matrices AZZ‘}E’;ﬁrw have the form of
diagonal matrices, as described in the multiple signal case of previous subsection,
more precisely

min Nn,xNn min Nny,xNn
A ¢ RNmoxNme Apin g RNmyNny,

AU IR(N—Z)nux(N—Z)nu’ Ag;trv c IR(N—Z)nyX(N—2)ny

eu 4

and where L,,, € RIN=2)mxNmu and Ly, € RN=2)m %Ny are rectangular matrices gen-
erated by the discretization of the second derivative operator, as defined previously.
Note that the terms of equation (5.17) have the following meaning

e the first term weights the model residual,

e the second and third terms weight the “distance” of the estimated denoised i/0
signals to the measured ones,

o the last two terms weight the curvatures of the input-output denoised signals.

We can rewrite the least-squares regularized problem (5.17) as a least-squares
problem as
£ = argmin ||GregZ — dreg|3

that in more explicit form is

G i d 2
Almin 0 0 0 Cu 0
Z* = argmin 0 AZ;“ 0 0 Zy — 0
AL, 0 ASL, . AL, 1,
0 AWTL, 0 ASTL, y AL Lyye ] |,
(5.18)

The matrix of the linear system, that we will use for the analysis in Section 5.4, is

| G
Amin 0 0 0
Greg = 0 A 0 0 € R'6*"G (5.19)
Aei"* L, 0 Ao Lo, 0

0 AWTL, 0 ASTL,
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with number of rows and columns respectively

ng
mg

while the well-known term is

(N(ny +ny,) + N(ny +ny) + (N —=2)(n, +ny)) = (3N —2)(n, + n,)
(N+1)(n, +ny)

d
0
dreg = 0 c R"
NG Ly, te
Ag;tranyye
and the solution z* = [¢}, &}, &;, €] € R™¢.
We give now a simplification of problem (5.17) in the case of single input-single
output (SISO), i.e. the scalar case withn, =n, =1, A=a € R, B = b € R, which
allow us a more precise analysis: in that case we obtain

min (HGZ — |3+ |A%"eull3 + 1A% eyll3 + [IAGH Ly, (e — &) 113 + [1AGy ™ L, (ve — éy)||§) :
(5.20)

Analogously to the single signal denoising case, we can highlight the following
cases:

eu' ’
will be trivially zero. In this case the model is not satisfied since the denoised

signals u},,, ., coincide with the measured signals but for additive constants

e for AMir AZ’;’}” — 00 Vi, ] the vectors ¢}, and &}, of the solution Z* of the problem

A% —%

o _ s o _ s
Ugen = Ue — €y = Ue — €y, Yaen = Ye — €y = Ye — €y

e for AEZ{ v, Ag;‘f Y — oo Vi, j the solution Z* of the problem is such that the denoised
signals are

u:;en - aba + ﬁbut’ y:!en - [Xbu + leat

i.e. are the best affine approximations of the time series. Hence the noise signals

estimates tend to

* * x *
€y = Ue — Ugey, ey = Ye = Yden-

In this case, likewise the previous one, the model constraints are not satisfied.

o for A071" =0, Ag;‘j”’ = 0 Vi, j and parameters /\?Zﬂ,eyi> sufficiently small so that
the model constraints are accurately satisfied, the problem is equivalent to the
problem in [58, 59] in the case in which the covariance of the input and output
noise is zero: the parameters /\@?ﬁ,ep have the same role of the variances of the
two noise signals.
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e for )\Z;fi” =0, )\Z;i]-” = 0Vi,jand A" eyi> sufficiently small so that the model
constraints are accurately satisfied, we obtain a regularized problem that doesn’t

have conditions on the norm of the solution that could explode.

Although each single regularization term makes the problem determined or
overdetermined, they are not sufficient to generate an acceptable solution. Therefore,
it is necessary to find the right trade-off of the parameters and consider a method for
this multi-parameter choice problem.

The parameters cannot be determined by the minimization of the residual of
problem (5.17), because that condition gives bad parameters of the kind listed above.
This happens because the real solution is not the one that gives the minimum of the
objective function in (5.17). For this reason we consider the Normalized Cumulative
Periodogram ([34], [32]), also known as Bartlett test, as the quantity to be minimized.
We use this method to test the whiteness of the vectors ¢}, and ¢j, i.e. the distance
of these vectors from white noises, as are supposed to be in this work. None of the
degenerate cases listed above gives a good value of whiteness of the solution, hence
this method is able to keep the solution away from those critical situations and find
acceptable solutions.

We propose an iterative algorithm that minimizes the residual and the whiteness
of the solution of (5.17), with iterative optimizations on single parameters )\zﬂ’fef;?iw
We will call this algorithm “Whiteness and Minimum-Curvature Model-Based De-
noising” (WMC-MBD) and we will describe it in detail in subsection 5.5.

5.3.3 Comparison with previous works

In [58] and [59] a deterministic DLTI system in state-space form is considered
(analogous to (5.5)) with noisy inputs and outputs, and is referred to as “noisy 1/O
model”. The problem of estimating the state and the denoised input and output
signals is then addressed, in the online and offline cases, defined respectively filtering
and smoothing problems. In our case we are interested in the second of these problems
that we quote here:

Problem 4 (“Optimal noisy I/O smoothing problem”). Call i, j measurement errors
random, centered, normal, uncorrelated and white, with known covariance matrices

cov(it) =: Vy(t), cov(y) =: Vy(t)

A

and suppose that the initial condition xo = £(0) is known. Then, given the matrices
A, B, C, D, the optimal noisy 1/O smoothing problem is defined as

2 (5.21)



The optimal smoothed state estimate £(-, tf) is the solution of (5.21).

In the notation of this work ¢ = N. The estimate £(-, ¢) is the optimal smoothed
state estimate with a time horizon t¢, i.e. with the input and output signals supposed
known in all the time instants. Hence, in this case, the resolution of the underdeter-
mined system given by the model equations is found imposing the minimum of a
weighted norm of the solution.

We observe here that our formulation have the model-constraining equations in
common with the more general one considered in [59]. On the other hand we are
assuming a particular case of the problem with C invertible and D = 0 and we are not
interested in the state estimation. Moreover, in the approach of [59] the regularization
terms considered are the norms of the noises, weighted with the covariance matrices
known values. In this work, we don’t suppose variance values to be known and we
add regularization terms based on the curvature of these signals (second derivative).

5.4 General issues

5.4.1 Uncertainty of the noise bias values

Equations of system (5.13) only determine the ratio of the biases ¢,, ¢,, but not

their independent values. In particular, every couple (ey, ., €u,.,,) such that

eyaffset - MO eunffscf = O (522)

satisfies the model equations (5.11), where M), is the static gain of the model (steady-
state value of the unit step response): My = (I — A)f1 B (where we recall that we are
considering the case C = [ and D = 0).

Moreover, none of the regularization terms introduced in paragraph 5.3.2 gives
any additional information to resolve this uncertainty, that remains in the regularized
problem (5.17). This situation can be dangerous since the bias estimates calculated
can explode, especially when the conditioning number of the regularized matrix G,g
obtained from (5.17) is big.

For this reason, we introduce an additional constraint equation, that weights the
proximity of the bias ¢, to an a-priori estimate of it, obtained with the truncated SVD
method applied to the regularized matrix Gyeg.

In fact, the bias of the noise e, can be estimated as follows. Solving the regularized
system with zero AZ7/,, - values and relatively big Aﬁé’;/ew values, truncating at the

first singular value, i.e. considering only the first principal component, the solution
éu, €y is almost constant (i.e. &, &, are almost zero).

5.4.2 Singular values and ill-conditioning

; ; ; curv min ;
If we consider small regularization parameters, A2, - and AZ{) ., -, the singular

values of the regularized matrix G, have a constant trend for different kind of noise
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signals. As shown in Figure 5.2, this trend is characterized by some singular values
of bigger amplitude, relative to the model-constraining, a gap, a group of smaller
singular values, another gap, and a group of nearly zero singular values; this last
group is the responsible for the uncertainty on the bias estimation of subsection 5.4.1.
The condition number of the matrix with small values of the regularization param-
eters is high and for this reason the matrix is numerically singular, in double precision.
Since regularization parameters are chosen a-posteriori, with a criterion based on
the whiteness of the estimated noise vector, it is necessary to solve the least-squares
problem derived from (5.17) with a regularization approach to remain in the dynamic
range of double precision, in particular we choose the Truncated SVD (TSVD).

10

10°

bl

10°*

10T

10719 10719

0 ) 100 150 200 0 ) 100 150 200

Figure 5.2: Singular values of the regularized matrix Gy for different values of the
regularization parameters: increasing A" (left) we see, going from the solid to the
dashed line, a Tikhonov effect on singular values, while increasing A’ (right) we
notice that the condition number remains the same.

5.5 The WMC-MBD algorithm

We propose here a denoising algorithm based on the considerations of subsection
5.4.

5.5.1 Iterative Algorithm

We consider an algorithm in which we iterate single-parameter optimizations to
maximize the whiteness of the estimated noise signals. Given an estimated noise
signal e, we minimize its deviation from white noise using the following measure of
whiteness loss:

Definition 16 (Whiteness Loss). Given an estimated noise signal e € RN, we call White-
ness Loss of e

we := ||l — NCP(e)| 2 (5.23)

where | € RN is the vector of equispaced values from 0 to 1 and NCP(e) is the Normalized

87



Cumulative Periodogram of the signal e, defined (see [32]) as the vector

o (pe)2t (Pe)s -+ (pe)iva or i — _
NCP(e):= (Pe)a+ (Pe)s+ -+ (Pe)gi1 J Loq=IN/2

where
pe = [[(Fnl% [(fe)2l% o [ (FINIPTT

is the power spectrum density and f, = dft(e) = [(fe)1, (fo)2,---, (fo)N]T € CN is the
discrete Fourier transform of e.

Definition 17 (Curvature). Given a signal u € RN*1, we call curvature of u the signal
Lu c IR(N—Z) x1

where

L= Lo ElR(N*Z)XN‘

In the iterative algorithm we will use definition (5.23) as a distance measure of
the estimated noise signals from white noise. Hence, we will consider the functions

{w = ||l = NCP(eu) |2
Weyi = Hl - NCP(e]/Z)”2

where eu, ey are obtained from solving problem (5.17) for certain values of the pa-
rameters. The algorithm aims at finding such parameters Azgfj;;gr” that produce
estimated noise signals with a minimum value of the whiteness loss.

We can now introduce the “Whiteness and Minimum Curvature Model-Based
Denoising” algorithm:

where w,, and w,, are respectively the functions that calculate the whiteness loss

values (equation (5.23)) of the estimated signals ¢, and e, obtained from solving (5.17)

with the current parameters Ajg,’j;';gf”? The variables 7., and r,, are respectively the

ratios between the parameters of each signal of input and output

curv curv
)‘eu Aey

=, Tey = =i
/\Zi/llﬂ /\Z]l/lﬂ

Teu =

We consider adaptive grids to perform each global minimization in Algorithm 4.
This is because the whiteness loss function is not a convex function of the parameters,
hence an optimization algorithm (such as scipy.optimize.minimize of the Scipy
library for Python) can easily stop on local minima.
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Algorithm 4 "Whiteness and Minimum Curvature Model-Based Denoising” (WMC-
MBD)
1: A-priori estimate of the input noise bias ¢, as described in subsection 5.4.1

) e s . . : min o
2: Initialization of the current regularization parameters A et eyi>r T<el ey

curov

oul eyl e ey . . in* in* o ey
—4> and initial guess of their optimal values r* ;, A" ¢* A" t0 the initial
Ar<mni i eu’” " “eu! ey'” " ey

eul ey

mid-range value 10~7
3 fork=1,..., Kiaxiter do

4: fori=1,...,n,do
Poui = argmin w,,
Teui
where eu, ey are the solutions of (5.17) with the
: : min o
current regularization parameters A” eui eyi>r T <eui eyi>
5: end for
6: fori=1,...,n,do
AT = argmin w,,,
Amin
eut
where eu, ey are the solutions of (5.17) with the
: : min o
current regularization parameters A” et eyi>1 T <eul eyi>
7: end for

8: fori=1,...,n,do

Fo,i = argmin w

ey’
Tyl
where eu, ey are the solutions of (5.17) with the
current regularization parameters /\Z’Z‘li, eyisr T <eui eyi>
9: end for

10: fori:1,...,nydo

Ay, = argmin w,

Amin
eyt

}/i

where eu, ey are the solutions of (5.17) with the
current regularization parameters AT i i, 7 <o eyis

11: end for

12: Curvature check: if the curvature of both I/O denoised signals is less than the
previous iteration, update the optimal values 77 ;, /\ZLZ,"*, r;‘yi, /\Z”yl,-”* to their current
values 89

13: end for




We consider grids obtained in the following way: at each iteration we calculate
the grid by multiplying the actual value of the considered parameter to the following

vector
l l 1 1 1

1 1 ]
21’22/23/”-/2]'/ ,2j+1,"',2]'max+1
where keyp = (Kypaxiter + 1 — k) for each iteration k, Kyqyirer is the maximum number

10%e « [1,

of iterations, and jux = lo gz(lokm‘l’*(*k”ﬁ)) so that this vector span values from 10kexy
to 10~%e». Moreover, such grids are restricted so that the values considered are only
the ones for which the parameters belong to the interval [107'°,1072]: on one hand
the value of the parameters must be sufficiently bigger than machine precision, on
the other hand a value of the parameters too big would compromise the model
constraints.

After each group of four kinds of minimizations, the optimal parameters are con-
ditionally updated, so that the tuple that generates a solution of minimum curvature
among the ones obtained during the iteration is kept as the final solution. This is done
because among the tuples that minimize the whiteness function, we are interested
in the smoothest one, and it allows us to exclude over-whitened solutions which
curvature can be high.

As already introduced, the assumption of unknown value of the norm of the noise
implies that the proposed method belongs to the heuristic class. Moreover as we
observed, the true signals do not satisfy the minimum of the regularization terms of
equation (5.17). Therefore Algorithm 4 can reach satisfying denoised signals but not,
in general, the original ones.

At each grid point of the optimization the following computations are performed:
an SVD of matrix Gyg, the TSVD solution of the system and one FFT for the calculation
of the whiteness loss, with a total computational cost

O (min(n1reg m%eg/ ”3eg Myeg)) + O(N log(N))

where we call 71y¢q, 17 the dimensions of matrix Gyeg.

In the end, we observe that, in this work, both biases and variances of the noise
signals are supposed to be unknown. However, in case these quantities are available,
the algorithm can take advantage of that. In fact, if one of the biases of the noises is
known, there’s no need to calculate the a-priori estimate of the input bias. Moreover,
if one of the variance values is available, it is possible to determine the ratio between
the parameters r<ey,ey> = AZg0 0/ )\@Z‘WP as in [68] and skip the calculation of these
parameters in Algorithm 4.

5.6 Numerical experiments

In this subsection we will see the numerical comparison between the denoising
carried out with the “modified Kalman filter” of [59] and the WMC-MBD (4). We will
show the effectiveness of algorithm 4 through a Monte Carlo simulation, likewise
[20].
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5.6.1 Results and numerical comparisons of algorithms

We will show in the first two paragraphs the results for two particular examples,
with sinusoidal and piecewise constant input, and after these we will show the results
obtained for a bigger group of tests. For ease of presentation, to test the proposed
method we reduce to the single input-single output (SISO) case, hence n, = n, =1,
A=acR,B=bekR

Example 1: sinusoidal input In this example we consider a sinusoidal input u(t) =
Asin(3t) with amplitude A, = 10, sampled with sampling time dt = 0.1 in the
interval [0,10]. The additive Gaussian noises of this example have the following
statistical properties: standard deviations op, = 5, 0p; = 10, and means e, =
0, ey = 1, and are generated with the Python function

numpy . random.normal (bias, std, size=N) from the Numpy library.

In Figure 5.3 we can see the noisy Input and Output signals and the signal obtained
as their product, that is an example of a quantity of interest derived from the system
I/O signals. In these graphs the sinusoidal trends are altered and difficult to recognize.

In Figures 5.4a, 5.4b and 5.4c we show the noisy and denoised input, output and
product signals respectively, as follows:

e in the left figures the noisy signal (dashed line), and the comparison of the
true signal with the denoised signal from algorithm 4 (WMC-MBD), in which
the statistical properties of the noise are supposed unknown. For this test 8
iterations of the proposed algorithm are used;

e in the right figures the noisy signal (dashed line), and the comparison of the
true signal with the denoised signal with the “modified Kalman filter” of [59],
in the case in which correct variances values are used, but biases are assumed
zero (since it is an assumption of the method).

Input signal u Output signal y - Product signal u*y

——- '3 E————
g 1 , uetye

--- Ue

E

100

100
-200

Figure 5.3: Example 1: Noisy Input, Output and Product signals.

Example 2: piecewise constant input In our second example we consider a piece-
wise constant input, with additive Gaussian noises with the same properties as the
previous example. Analogously to the previous case we show in Figure 5.6a, 5.6b
and 5.6¢ respectively the results for the input, output and product signals. As in the
previous example, eight iterations of the proposed algorithm are used K,sxiter = 8.
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(b) Output signals comparison
Product signal u*y - Product signal u*y
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u*y uty
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o
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(c) Product signals comparison

Figure 5.4: Comparison of the Input, Output and product signals for Example 1
respectively in figures 5.4a, 5.4b and 5.4c: in the left figures the noisy signal (dashed
line), and the comparison of the true signal with the denoised signal from algorithm 4
(WMC-MBD), in which the statistical properties of the noise are supposed unknown;
in the right figures the noisy signal (dashed line), and the comparison of the true
signal with the denoised signal with the “modified Kalman filter” of [59], in the casein
which correct variances values are used, but biases are assumed zero (since it is an
assumption of the method).

We considered this example since for these kind of signals other type of norms
and regularizations are usually preferred, for example Total Variation ([29], [66], [79],
[15]). However the obtained results show that this method is able to perform a useful
denoising also in this critical situation. In Figure 5.5 we can see the noisy Input,
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Output and product signals, in which the discontinuous trend is altered and difficult
to recognize.

Input signal u Output signal y Product signal u*y

-— ue === uerye

n
10
of 1V

-10
1 [ 2 4 6 8 1

Figure 5.5: Example 2: Noisy Input, Output and Product signals.

Numerical results of the comparisons In this paragraph we show the results of the
algorithm 4 on a total of 100 tests for different kinds of input signals and different
values of variances and biases of I/O signals.

We consider 4 different kinds of input signals: a sinusoid, a piecewise constant
signal (as in the two previous examples) and other two kinds of sum of two sinusoids
with different amplitude and frequency values.

The couple of standard deviation values (square root of the variances) considered
are the following

(Cou, 02y) = [(5,10), (5,12), (2.5,15), (2.5,7), (1.5,10)].

For each of these, the following couples of biases have been tested:

(Heus pey) = 1(0,0),(0,1), (1,0), (1, =1), (=2,3)].

Hence 25 kinds of input-output noises have been tested for each of the 4 input signals.
In Tables 5.1, 5.2, 5.3 and 5.4, the values of mean and standard deviation of the
relative errors for input and output signals are shown, for each type of input:

ly — v
, re, = < 1.
Y [yl

Relative errors are shown in order for noisy measurements (“Noisy”), for I/O
signals obtained with the “modified Kalman filter” of [59], in the case in which
the variances are supposed known ("KAL exact vars”) and unknown with hypo-
thetic unitary values ("KAL vars=1"), and for I/O signals denoised with algorithm 4
("WMC-MBD”). As in the previous examples, 8 iterations of the proposed algorithm
are used.

Table 5.5 contains the results for all the tests in which the noise biases are zero, for
all the four kinds of inputs. From these results, it is possible to compare the denoising
obtained with the “modified Kalman filter” with known and unknown variances
values. In this second case we suppose hypothetic unitary values, and the results
show that the denoising errors in this case are higher.
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Figure 5.6: Comparison of the Input, Output and product signals for Example 2
respectively in figures 5.4a, 5.4b and 5.4c: in the left figures the noisy signal (dashed
line), and the comparison of the true signal with the denoised signal from algorithm 4
(WMC-MBD), in which the statistical properties of the noise are supposed unknown;
in the right figures the noisy signal (dashed line), and the comparison of the true
signal with the denoised signal with the “modified Kalman filter” of [59], in the case
in which correct variances values are used, but biases are assumed zero (since it is an
assumption of the method).

5.7 Conclusions

We have presented a new algorithm, called “Whiteness Minimum-Curvature

Model-Based Denoising” (WMC-MBD), for the denoising of data affected by white
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data re, mean | re, std || re, mean | re, std
Noisy 0.493 0.194 0.515 0.126
KAL (exact vars) 0.484 0.157 0.216 0.059
KAL (vars=1) 0.743 0.166 0.293 0.073
WMC-MBD 0.231 0.109 0.197 0.07

Table 5.1: Sinusoid Input Comparisons of relative errors re

data re, mean | rey, std || re, mean | re, std
Noisy 0.462 0.189 0.338 0.09
KAL (exact vars) 0.432 0.157 0.141 0.036
KAL (vars=1) 0.671 0.166 0.189 0.05
WMC-MBD 0.286 0.104 0.139 0.045

Table 5.2: Sum of sinusoids (1 = (A, /2)sin(6t) + Ay sin(t)) Input Comparisons of
relative errors re

data re, mean | rey std || re, mean | re, std
Noisy 0.442 0.168 0.532 0.139
KAL (exact vars) 0.433 0.14 0.229 0.063
KAL (vars=1) 0.66 0.15 0.309 0.079
WMC-MBD 0.308 0.104 0.242 0.085

Table 5.3: Sum of sinusoids (1 = A, sin(6t) + (A, /2) sin(t)) Input Comparisons of
relative errors re

data re, mean | rey, std || re, mean | re, std
Noisy 0.525 0.196 0.349 0.086
KAL (exact vars) 0.508 0.17 0.151 0.039
KAL (vars=1) 0.791 0.187 0.201 0.048
WMC-MBD 0.246 0.104 0.132 0.053

Table 5.4: Discontinuous Input Comparisons of relative errors re

data (y<eyey> = 0) || re, mean | re, std || re, mean | re, std
Noisy 0.454 0.198 0.424 0.143

KAL (exact vars) 0.462 0.168 0.182 0.064
KAL (vars=1) 0.71 0.193 0.242 0.084
WMC-MBD 0.255 0.098 0.169 0.076

Table 5.5: Comparisons of relative errors re for the tests with zero bias noises (ye, =
0, pey = 0) for all the different kind of signals
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Gaussian noise whose statistical description, in terms of mean and variance, is not
known. The algorithm produces denoised data that satisfies the input/output rela-
tions of the model used to describe the physical system.

The algorithm has been tested with success on various kind of signals: sinusoids,
sums of sinusoids at distant frequencies and discontinuous signals as well.

There are two main questions that are difficult to solve and still open because of
the complexity of the algorithm:

e it is not clear if (or under which conditions) there exists a set of parameters
A<min,curv>

Zewey>  for which problem (5.17) gives the real signals;
e the properties of the whiteness functions are difficult to analyse, in particular the
existence-uniqueness of a global minimum of the four whiteness minimizations
inside the loop of Algorithm 4.

Natural extensions of this work could be to consider different norms used for
the regularization. For example, the norms used to regularize u and y could be
different: u may be discontinuous, therefore the Total Variation could attain better
results than the 2-norm, while y may be substantially smoother, being the system’s
output. Moreover, in the case of discontinuous signals it could be more useful to
consider norms ¢, with 0 < p < 1 and, therefore, methods that approximate such
norms, like the Iterative Reweighting Least Squares or the Robust Least Squares.

The analysis of the extension to the case of nonlinear models is treated in the next
Chapter.
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Chapter 6

Denoising of I/0 signals of
Nonlinear Dynamic Models

6.1 Introduction

What we are going to tackle in this Chapter is the nonlinear extension of the
problem of input and output denoising of a dynamical system treated in the previ-
ous Chapter 5, in which the model is known and the covariances of the noises are
unknown.

As seen in the previous Chapter, the Kalman Problem (Problem 2 of Section 5.2)
is related to the denoising of input-output signals, since the latter problem can be
reduced to a particular case of the first one. The nonlinear extension of the Kalman
problem has been studied in literature and is still an open field of research [12], even
in the case with known covariances of the two noise terms.

Other related problems, similar to the one we are considering, are for example
the unknown input estimation and the nonlinear noise reduction [18, 46], which,
however, are different in the formulation.

We start this Chapter with the setting of the nonlinear denoising problem in
Section 6.2, and then present two different formulations in Sections 6.3 and 6.4. The
second formulation is the one we will analyse more in detail and of which we will
give some numerical results in Subsection 6.4.4, followed by conclusions and future
work.

6.2 Problem setting

Given the continuous ODE

y(t) = fuc(u(t), y(t)) (6.1)
with f§;; a nonlinear function, we call fy;, the nonlinear map of the discrete system
y(k+1) = fnr(u(k), y(k)) (6.2)
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and we suppose that the discretization error is small and negligible w.r.t. the scope
of this analysis. Therefore, at discrete time, u(k) is the true input and y(k) the true
solution withk =0,..., N — 1.

The following definitions will be useful

wi=[uT () uT(N-1)]" e RNmix1

6.3
Y= [yT(O) .. ]/T(N)]T c ]R(N+1)ny><1 ( )

Given some noisy measures i, Y,

{ue(k) u(k) + ey (k)
ye(k) = y(k) +ey (k)

with e, e, Gaussian noises with biases ,,; # 0, u,,i # 0, Vi:
y .ueu Vey

{E{eui} = Heyi fori=1,...,mn, {E{eyi} = .”eyi

ST 2 STV g2
E{e,e,} = 07,1 IE{eyley,} =gl

fori=1,...,n,.

(6.4)
Our aim in general is to obtain denoised signals 7,  minimizing the norm of the
model residual vector given by:

9(1) = fne(9(0),2(0))

r@,0) = | 96) — fan(@l—1),a6-1) | € RN (65)

9(N) — fun(9(N —1),a(N — 1))

i.e. we are looking for estimates of input/output that satisfy the model. The related

estimates of the noise are
{éu (k) =8y (k) + ey (6 6)

where ¢, &, are the white gaussian noises (with zero mean), and ¢,, ¢, are constants,
estimated means of the input/output noises. Hence the denoised signals 7, §j are
related to the estimates of the noise in the following way

{ﬁ(k) = e (k) — éu(k) (6.7)

Hence, we obtain a nonlinear problem, which is ill-posed since there may be more
solutions: we have not introduced yet the minimization of the residual with respect
to the measured values.
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Let us call
5 — [éuzéy/ 2., Ey] e Rn,,N+ny(N+1)+nu+ny:nl,(N+1)+ny(N+2)::nz
the vector of error variables.

In the linear case, treated in the previous Section, the linear system (5.13) given
by the model constraint was under-determined and its solution was unique up to
multiplicative terms. We added four regularization terms to the least-squares problem
generated by the linear system, to control the smoothness of the input and output
variables. After choosing the weight of each regularization term, it was possible to
calculate the unique optimal input/output signals that solve the regularized linear
least squares optimization problem (5.17).

We would like to extend Algorithm 4 to include the nonlinear case: with the same
structure of the algorithm, we want to substitute at each step of the iterations the
resolution of the linear problem (5.17) with a nonlinear formulation of it.

We will analyze two formulations (or criteria) of this problem as optimizations
with respect to two different sets of variables: the error variables and the initial
condition on y and input variables. The first formulation is the direct consequence
of the one used in the previous Section for the linear case, but has a number of
parameters higher than the second one, on which methods introduced in Section 3.3.1
can be used as we will see.

6.3 Formulation 1: Optimization w.r.t the error variables

We first study the direct generalization of the WMC-MBD of the previous Section
to the nonlinear case.

In the nonlinear case, the minimization of the residual (6.5) gives multiple solu-
tions, so we still need some regularization terms to obtain smooth signals. Note that,
in contrast to the linear case, the solutions of the non-regularized problem here are

not related by a multiplicative term.
If we add the regularization terms as in the linear case we obtain:

min (Ilr(ﬁﬁ)\lﬁ + A EulIZ + 1A% &y l13 + |G L, (e — eu) 17+ | AG™ Lu, (e — éy)\l%)

(6.8)
where
e we recall that the regularization matrices A are of the form:
diag(Auy, ... s Auy,) - 0
A =I...®diag(Ay, ..., Ay, ) = : ' :
0 . diag(Ay,, ..o, Au,,)

where 1.~ is Iy in the case of A™" and Iy_j in the case of A®? and with
Agr;m c IRN””XN”“, Ag;zn c R(N+1)ny><(N+l)ny, Agzrv c IR(N72)n,,><(N72)nu’ and

Ag;trv c R(N=1)nyx (Nfl)ny,
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e and the matrices L,, and Ly, have the following form
Iy, —21In, I,
I, —21,, I,
L, = .. . . ElR(N—Z)nuanu
Iy, —21I,, I,
I, —21,, I

u

u

and analogously L,, € R(N-1Dmx(N+1)ny,

Moreover, we recall that, as in the linear case, the terms have the following
meaning:

1. the first term ||7||5 weights the model residual,

2. the second and third terms weight the “distance” of the denoised input/output
signals to the measured ones,

3. the last two terms weight the curvatures of the input/output denoised signals.
If we define
r(#, 9)
Allne,
A (]? ﬁ) _ A%inéy e anyNJrnuNJrnu(N72)+ny(N+1)+ny(Nfl)><1
NG L, (e — &4)
Agy"La, (Ve —éy)
the previous problem (6.8) is equivalent to

min |[ra(2)[13 (6.9)

that we can solve with Gauss-Newton iterations
JH(E) () 62 = =] (Z) ra(2) (6.10)
FHl =zl 4 o5 (6.11)

where | is the Jacobian of the residual vector 75

e R(nyN+2n1((N71)+2nyN) X1y
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r ar

0z
I(Az"ey)
0Z
]_ aT’A . a(Agff”éy) o
A o -

0z

0z

Jar

08,
(A" en)

02,

0

(AL Ly (e —éu))
¢,

0

(A Ly (ue—éu))

a(Aglwany (ye—¢y))

3,
0

a(Ag",)
3,

0

a(AgﬁwLny (ye—2éy))

92y

O(AG Ly (e —éu))
92y

Jar

92,

0

0

0

Jar

a(A%"any (ye—¢éy))

0

0
0

92y

(6.12)

(6.13)

We show the explicit formulation of the partial derivatives in the following.

The partial derivative w.r.t the vector of white noise ey is

[ 99D _ 9fne(9(0),4(0))

aey
992 _ ofne(9(1).a(1))

cy _

9%,

29(N) _ 2fur(9(N-1)a(N-1))

| "o,

98y

L (9(0),2(0)  $2F

9,(1)

— o (9(0),8(0)  ~ 1,

0
(N=1),a(N ~1))

0
(N=1),8(N 1))

where the last equality comes from the substitution of (6.6) in (6.7).
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The partial derivative w.r.t the mean ¢, is

99(1) _ 9fni(9(0).4(0)) _ . _ 9fne(#(0),1(0))
o %, y %,
Py 99(2) _ ofne(9(1)4(1)) 1, — ug1)a))
e I B I e RN

9(N) _ afui(§(N-1),a(N-1))
ae’y 8éy

(6.15)

The partial derivatives w.r.t &, and &, can be computed analogously.
Recalling that &, € R™N and A" € R"N*"N we have the following matrices

dimensions '
min z
I(Ag"eu)

S = A DN = A € RN, (6.16)
u
curo 7
I(AG " Lu, ) [a(A@ L., 0) AL Ly M) _ _ acurop o Rru(N-2)xmN
92, w0 an(N-T)

(6.17)
and the last one is a band matrix, more precisely a block tridiagonal matrix.

The optimization of equation (6.9) is to be embedded in a brute-force optimization

on the values of Azg,”;;gm as in Algorithm 4, i.e. has to be done for a grid of values

of each AZ;,5""” to find the correct values that minimize the whiteness function.

6.4 Formulation 2: Optimization w.r.t the initial condition
and input

In this second formulation we will write the input/output denoising problem as
a constrained optimization problem. In this case the unknown vector of variable to
estimate is made of the input signals (k) and the initial output value $7(0), and the
constraints are the state equations of the nonlinear model.

Let us call the variables to estimate

= [9(0),2(0), ..., (N ~1),3,,8,] € R¥HN+1m=me
and impose the discrete system equations

gk+1) — fyL(a(k), (k) =0  for k=0,...,N—1 (6.18)

i.e. from the initial condition y(0) and the input u(k) we can deduce the remaining
denoised vector (k). For simplicity we will call

Fer(@(k+1),9(k),4(k)) = 9(k+1) — far(a(k),9(k))  for k=0,...,N—1.
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The problem we are going to consider is

min

w=[7(0),2(0),...,A(N),&y,e] (
s.t. frr1(yk+1),y(k),u(k)) =0  for k=0,...,N—1

IAZ" (e — (i + &) 13 + | A%y (ve — (9 + ) |3 + I|AG™ L, 13 + IIAC”’”Lny?I\ﬁ)

(6.19)

where the Nonlinear Least-Squares residual is the second term [|A};" (y. — (7 + &) 3
and the remaining are regularization terms.

Observation 3. Note that problem (6.19) is equivalent to the following problem

. Amin~ 2+ Amin~ 2+ Acuroy _2\112 Acurop 2 \2
0y 0PI gy (ARGl A% 13+ [IAG Lo, (e = )| + 15 L, (v = &) 3)
s.t. frr1(y(k+1),y(k),u(k))=0  for k=0,...,N—1

Note that, if we consider the input samples u(k) as parameters, we can see this
problem as the identification of initial condition and parameters of the continuous
ODE (6.1), that is a Nonlinear Least Squares Inverse Problem which is well studied
[16], [42], [30]. With respect to the classical formulation (for example the problem in
[30]) in our case two regularization terms are added and we have a Nonlinear Least
Squares Inverse Problem regularized with the Tikhonov regularization method.

Calling the residual vector

(Agnui'n(“e — (d+eu))

(A% (ve — (9 +2y)) € RPNy (N1 (N=2) 1y (N~1)=2n,(N—1) 420, N=zng

q/\(w) = (Acurv )

(AcuranyyA)
(6.20)

problem (6.19) is equivalent to
- 2
min w
w=[§(0),1(0),....A(N),2y,2u] laatm)lz (6.21)
s.t. frra(y(k+1),y(k),u(k)) =0 for k=0,...,N—1
on which we can apply again Gauss-Newton iterations:

JH (') ] (w')sw' = —]T (w')ga (w') (6.22)
wt! = w' 4 su (6.23)

where | = J(w) = %2 (w) € RM*"e,
Note that the number of parameters to estimate in this second formulation is
(2n, + (N + 1)n,), smaller than in the first formulation (1n,(N + 2) 4 n,(N +1)).
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Hence, the Jacobian matrix of this case is smaller. It is calculated on w at each of the
iterations of the optimization method, and has the following form

(A (u,—(01+¢,))
ow

(A" (ye—(9+2y))

]: an — Jw —
Jw A(ALTL,, 1)
Jw
(AL Luy )
Jw
0 (AL (ue—(A+2,)) (AN (ue—(A+e,)) (AL (ue—(A+e,)) AN (ue—(i+e,))
on(0) T on(N—1) 02, 02,
AN (ye—(7+8)) (AL (ve—(9+8y)) AL (ve—(7+ey)) (AL (ye—(9+¢y)) (AL (ye—(9+8y))
97(0) o1(0) e on(N—-1) 02, 02,
0 O(AG Ly 1) O(AG "Ly, 1) O(AG Ly, 1) O(AG Ly, 1)
01(0) T on(N—1) 02, 02,
(AL Luy 1) (AL Lu, ) (A Ln, ) (A L, §) (AL, 7)
97(0) 24(0) on(N—1) 02, 02,
(6.24)

Extended form of the Jacobian components We give here an extended formulation
of the components of the Jacobian matrix (6.24) for each row.

First row
. n _ . . _ . 0 .
a(Ame(ue - (L[ + u)) _ a(AZz[m(ue - (M + Eu)) ol _ _Amin Inulxnu c IRnuNXI’l,,
o1 (i) on o1 (i) “ o i
ny(N—1—i)xny
(6.25)
since Ain ¢ RNm> N,
Second row:
AN (e = (7)) _ AL (e~ (9+8) 39w 90 puineen
a3 (0) oj a977(0) < 99(0)

) (6.26)
since AZ;“ e RWN+Dnyx(N+1ny and where a;(yo) is calculated with the variational
equations below.

NG e = (9+8)) _ AAE" W= T+2) 39\ in 3 pouiveiyen,
9i1(i) o7 911 (i) v on(i)
(6.27)
Third row:
N N N 0, ;
a(Anganuu) _ a(Anganuu) on _ Acur'(JL Inulxnu c IRnl,(N—Z)xnu
on(i) o o1 (i) e 0 e
ny(N—1—i)xn,
(6.28)
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since AGW? € RIN=2mx(N=2)mu and [, € RIN=2)mxNm,
Fourth row

curv 5 curv 5 "
a(AgyA Lnyy) _ a(Aey ALnyy) ?]/ — Ag;rany |: Inyxny :| c Rny(N—l)Xny (629)
97(0) oy a97(0) O, Noxn,

since Ag;”’ c RIN-Dnyx(N=1)ny a4 L, € R(N=1)nyx (N+1)n,

a(A%i”"LnyE” :a(Asz;l”iLnyy) ?]2 :Aguran ?yA G]Rny(N—l)xnu. (6.30)
o1 (i) a7 o1 (i) YT oa(i)

6.4.1 Sensitivity equations for the computation of the Jacobian

In the previous Section we wrote the entries of the matrix | as functions of the

partial derivatives gggg% and 3{‘((’3

For the calculation of these derivative terms we use in this paragraph the sensitiv-
ity equations introduced in Section 3.3.1.

The procedure is the same as in [30], but the residual function g (w) defined in
Equation (6.20) has more entries due to the regularization terms.

Inour case p = w = [y(0),u(0),..., u(N —1),&,¢é,].

From the equation

9 9y W 9y 9| _
dyo’ g’ dun_1’ 92, e, |

r9y 9y 9y 9y 97

dyo  dug duy_1 0, 08,

0 1 0 0 O
6.31
C[ofw e O Ot i) (©31

ay ! auo "."auN_ll ae_y ! aéu
L0 0 0 0 1]
we can compute
%Y % Yy %y 9y

Z = 120,21,.--,2 = = —
[O/ 1, 7 N+3] |:ay01 auol ,aUNfll aéy, ae_u

in the discrete points z(k) fork = 0,..., N, hence at each k we can calculate

P)
¢ ay(%) (k)

dy

* ()

(k) forj=0,...,N—1,
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. %(k) and - (k).

At each iteration of the Gauss-Newton minimization (6.23) on w; = [#(0), i#(0), ..., 4

1),é,,&,] we need to calculate the Jacobian J(w;). To do so we must solve the varia-
tional equations with

4 dy dy dy dy dy
2(wi) = oo dug” " dun_1" 9¢,” 98, (i),

i.e. calculated in wj;, the i-th iteration of the optimization.

The initial conditions of the variable equation (6.31) are always [1,0,...,0].

This is to be done for each value of the grid on the A’s for the brute-force opti-
mization, as in Algorithm 4.

6.4.2 Optimization with the adjoint-state method

We recall that we already introduced the adjoint-state method for the computation
of the gradient in Section 3.3.1; here we will apply that approach to our problem.

We start from the formulation of [49] and then generalize it to our problem. The
general basic formulation of the problem is

1
min  F(x, p) Z i (s(x;) = 5(t:))" = 5|l
(6.32)
st fxi1, X, ti+1,ti,p) =0 fori=0,1,..., N—1,
X0 given .
In our case, with the notation of [49] and with
w = [7(0),a(0),...,4(N - 1),¢,,&,] € R"™
as already defined above, we have
1 5 N " N-1 -
min  F(w) = 2 laalB = 3 { LB, ()7 + L (Alie(i)+
i=0 i=0
+ Z Aey™ (i1 — 20i + Jis1) P+
=1
= (6.33)
+ ) [Meu(itig —240; + ﬁi+1))}2}
i=1
s.t. fri1 =9k +1) —g(k) —h=* fn(9(k),4(k)) =0 fork=0,...,N—1.
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The Lagrangian function is

Ly, w) = F(y,w) + ;Aiﬁ(y(i)/y(i —1),u(i—1)) (6.34)

where A; are the adjoint variables.

We write more explicitly the components in the case of scalar input-output signals
(SISO case), so that Ai;’;’/’;ﬂrw = AZZ,’%%’ v= Lenn,>

N1 N .
L=5 ) (Ag"ey(D)* + ) (Aa"eu(i))*+
i=0 i=0
N-1

+ ) A (Bim1 = 20 + Ji1) P+
(6.35)
+ Y AL (g — 24 + i) )P+

+ ) A fii (94 1),4(0), §(0)).-

The variation of the cost function (and of the Lagrangian) in this case is

N

OF = 6L =2 % % ;) [(A;";")Z (ve(i) —9(i) — &))" (—o9(i) — 5@)} ™
N-1 . T
T (AZ")? (i) — (7) — )" (~00() — d2) | +

(6.36)
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We can reformulate this as

ap NiZ {]a?(ﬁi)w(i) + ailé)dﬁ(i)}—i—
+£féﬂ)+£ﬁfﬂn+%6fﬂfﬂNU*aﬁszNH
+ agé)m(o) + ag(ﬁl)éﬁ(l) + Ma\,ﬁ_néﬁ(N -+
+ gééé + g_ﬁééu

(6.37)

We recall from Section 3.3.1 that the adjoint equations are obtained from imposing

oL

,\7:0 forizl,...,N.
a9 (i)

We give now the explicit formulations of the partial derivatives. The derivatives

with respect to the mean of the noisy signals are

N . T
aey ; (AT (ye(i) — 9(i) — &)
a?f 2 (A2 (u(i) — (i) — &)
Fori=2,...,N —2itholds
OL 1\ min 1 —99(i)
%ﬂi‘“ P () = 90 =) oo+
+(AGP [0 —2) =293 — 1) +9(i)) =2 (9(i — 1)
+ (@) =29+ 1) +9(i+2)) |+
afz afl-l—l
i M agc)
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while for the remaining derivatives (i = 0,1, N — 1, N)

aE min\2 curov A ~ ~ af

57— — (B8 (0) + (AG)2(0(0) = 20(1) + 9(2) + AT 3ol

9L (Amn2,(1) + (AL — 2(9(0) — 20(1) + 9(2))+

ag(r) ~ M) o
+ (9(1) = 29(2) + 9(3)) ]+

of af
M
ay(zﬁ_ 5 =~ (A" (N = 1)+
(A2 [(9(N —3) — 2(N — 2) + §(N — 1))+
—2(§(N —2) — 29(N — 1) + 9(N))] +
“Megin =+ o
aE mlﬂ

T+ (AS2(G(N — 2) — 29(N — 1) + 9(N))+
“fT“a;{zﬁ)

Analogously for the partial derivatives with respect to the input signal iI we have
fori=2,...,N—3

oL in T ()
S =LA (i) — i) — &) oo+
+ (AL (A(i —2) —2a(i — 1) + 0(i)) — 2 (4(i — 1) — 24(i) + A(i + 1)) +
+ (a(i) —20(i+1)+a(i+2)) ]+
o)

and the remaining derivatives (i = 0,1, N —2,N — 1)
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+ (AS) [ = 2((N — 3) —2a(N —2) + (N — 1))+
(A(N —4) —2a(N -3) +a(N —2))]+

+ (A2 (g(N —3) —20(N — 2) + (N — 1))+

oL
211(0)
oL min\2 5
8@(1) = (Aeu )zeu(1)+
+(8(1) —24(2) +4(3))]
ol
aﬁ(la\]ﬁ—z) =— (AL"?eu(N = 1)+
of
+A{,WN_1)
aﬁ(ifﬁ_l) =— (Apm2e,(N — 1)+
+A§8A(%N_ 5

Unlike the problem of [48], in our case Y is not given, hence 67(0) is not zero.

Note that this approach allows to avoid the computation of the partial derivative

9() that was instead calculated in the sensitivity equations approach.

an(i)

Recalling the equation of the Lagrangian function as in (6.34), the adjoint equations

in this case can be written as

ey
(o)

1

A
A

that are N equations in N unknowns Ay, ..

i (ayfz')
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In the matrix notation we see this is a bidiagonal linear system

[ 9fs of 0 C AT r OF
() ag(l 1 ~ 30
y(() ) gl((z) 9fs Ao _ %(Fl)
a9(2)  99(2) As a9(2)

- L Cl=1 (6:41)
At mee | | — SN
(N—1 (N1 N—-1 YN —
) ___dF
I 0 g | LAn | N

The Jacobian matrices of the adjoint equation depend on the solution of the system,

hence there are two steps, first the solution of the system and then the solution in
reverse order of the linear adjoint equations, as summarized in Algorithm 5.

For this optimization, authors in [49] and [72] use quasi-Newton methods, the
first approximating the Hessian with BFGS formula and the second with Davidon-
Fletcher-Powell (DFP) method.

Algorithm 5 Solution of the nonlinear problem (6.33) with the Adjoint-state method

. <min,curv>
for fixed values of A2, i~

1: Initialization of the parameters wy = [y(0), u(0), ..
2: fork =1,...,Kuxiter do

L u(N—1),¢ey,¢é,]

3: 0) given the parameters wy_; of the (k — 1)-th iteration of the optimization

4: 1) solve the discretized dynamical system to obtain the values of §

5 2) solve the bidiagonal linear system (6.41) and obtain the adjoint variables
Ao AN

6: 3) use the values of § and the adjoint variables A; to compute the gradient

7: 4) calculate the new parameters for the new iteration wy of the optimization

8: end for

6.4.3 Comparison between the calculation of the gradient with the sensi-
tivity equation and the adjoint method

e We recall that the additional cost for the computation of the gradient with the
sensitivity approach is proportional to the number of the parameters, while
in the adjoint method it does not depend on it. Hence, for problems with a
high number of parameters the adjoint method is recommended. The denoising
problem here considered has a big number of parameters (the value of the input
variables for each time step), and so the adjoint method provide a solution with
a smaller computational cost.

e Moreover, the sensitivity approach results in the calculation of the Jacobian
matrix of the residual g5 from which it is possible to calculate the gradient of the

cost function as 3—5) = JTga; while the adjoint method yields only the gradient

oF
Jw*
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6.44 Numerical experiments

We do not present a complete set of tests as in the linear case of the previous
Chapter 5, since the extension of Algorithm 4 as it is, for nonlinear models did not
give good results in all cases and the computation cost was heavy. Hence, more work
is needed to obtain a satisfying method.

However, we show the results on a fixed example, with regularization parameters
fixed a-priori.

For the example we chose the nonlinear equation

frr(wy) = —y* + 40+ u?

and integrated the ODE y = f§; (v, u) with Explicit Euler with time step 1 = 0.0001
for N = 40 time samples. The discrete input signal is

u(k) = sin(0.01 * k)

The noisy input/output measurements have been created adding a white noise
term with standard deviation ¢ = 0.4. In this example the noises are supposed
zero-mean white noises and the means ¢,, &, are removed from the unknown vector
of problem (6.19), which is now simplified to

w = [y(0),u(0),...,u(N—1)].
We will compare the results for two set of parameters fixed equal to

(/\;nuin’ )LZ;”, Agzrv’ Ag;trv) — (1’ 1/50[1)

and

(Apuin, Amin pgure, ASUur©) = (1,1,10,1)

to show that the optimal set of parameters is the one that gives the best recovering of
the true signals.

The initial value wy is initialized with the measured values of input and output
signals for each case, i.e.

wo — [ymeuS(O), umeas (0)/ e, um@ﬂS(N _ 1)]

We will compare three methods for the computation of the denoised signals, fixed
the two sets of parameters A:

e Gauss-Newton method with | calculated with the finite difference method
the gradient grad = J'g, and the approximated Hessian H = J'] as in the
definition of the Gauss-Newton method (equations (3.1) and (3.2)),

e Gauss-Newton method with | calculated with the sensitivity equations, the gra-
dient grad = JTg, and the approximated Hessian H = J'] as in the definition
of the Gauss-Newton method (equations (3.1) and (3.2)),
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¢ Gauss-Newton method with the gradient calculated with the adjoint method
and the hessian calculated with BEGS method.

The methods for gradient computation of sensitivity equations and adjoint method
for this problem have been implemented in Python, following the derivations ob-
tained in the previous Sections, and validated with the finite difference method.

Solution with the GN method with finite differences
iter =0 iter = 10
2 == ixest 2
— ureal
=== U meas 1

— uest
— ureal
=== umeas

[

=]
=]

i - yest

" . — yreal 15
! === y meas

R 10

— yest
— yreal
=== Yy meas

H 05

iter = 10

— uest 2
—— ureal
=== umeas £k

— uest
— ureal
=== umeas

— yest
— yreal 15
=== y meas

— yest
— yreal
=== Yy meas

15

10 10

05 05

(© d

Figure 6.1: Results obtained with fixed parameters (A", A(’};i”, A C Ag0) =
(1,1,50,1). (a) Initial condition with guess wy = [y"**(0), u™**(0), ..., u™**(N — 1)]
coincident with the measured values of input and initial condition of the output; (b)
Iteration 10 of Gauss-Newton optimization method with finite differences for the
calculation of J; (c) Iteration 10 of Gauss-Newton optimization method with sensitiv-
ity equations for the calculation of J; (d) Iteration 10 of Gauss-Newton optimization
method with Adjoint method for the calculation of | and BFGS for the calculation of
the Hessian.

We can see from the results that both methods, starting from an initial guess of
the unknown parameter vector wy = [y™**(0), u™**(0), ..., u™*(N — 1)], are able
to find an estimate of the input/output signals near the true values. However, the
performance of the result depends on the chosen parameters A, and can be improved.

In the Tables 6.1 and 6.2 the comparisons of relative errors and whiteness values
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Solution with the GN method with finite differences

iter =0 iter = 10
2 — st 2 — uest
— ureal — ureal
1 === U meas g === | meas
o o
T T T T T T T T T
0 5 10 15 20 5 n 35 40
|’I h i — yest — yest
15 A ! v - I{'I [AY y real 15 — yreal
LA A Lot “.'“‘. i att | ’ === ymeas === y meas
10 = T — T 10
VATV A U VA
~ v il 1 ¥
v v ¥
05 ' [] 05
T T T T T T T T T T
o 5 10 15 20 25 30 35 40 o 5 10 15 20 25 30 3B 40
(@) (b)
Solution with the Adjoint method and BFGS
Selution with Sensitivity Equations iter = 10 iter = 10
2 _,l. — irest 2 — uest
I — ureal — ureal
1 : === umeas g === | meas
0 o
"\ . 5 - N — yest l'\ . ‘ ey I — vyest
15 WA N O PN | Tyl 15 A VA, AT V| vl
AN i o | W N H === ymeas x ot CENL \“}"‘ o E J ===y meas
10 =T RV 10 R T Ty Y
ot Yoy o4 uovh Wy el MY
W vy 1] ¥ SN vy W ¥
[ Ll
05 L] 05 v
T T T T T T T T T T T T T T T
o 5 10 15 20 25 30 35 40 o 5 10 15 20 25 30 3B 40
(© (d)

Figure 6.2: Results obtained with fixed parameters (A", Ag;i”, A C Ag) =
(1,1,10,1). (a) Initial condition with guess wy = [y"**(0), u™**(0), ..., u™**(N —1)]
coincident with the measured values of input and initial condition of the output; (b)
Iteration 10 of Gauss-Newton optimization method with finite differences for the
calculation of J; (c) Iteration 10 of Gauss-Newton optimization method with sensitiv-
ity equations for the calculation of J; (d) Iteration 10 of Gauss-Newton optimization
method with Adjoint method for the calculation of | and BFGS for the calculation of
the Hessian.

of the noise signals are shown for the true noise vector and the estimated ones, for
the two choices of fixed parameter values respectively. Moreover, we can see that in
the second case, the relative errors of the estimated input/output values are smaller
and the whiteness functions are closer to the true values.
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data rey rey Wey Wey

Real signals 0.603 | 0.337 || 0.485 | 0.288
estimate GN FD || 0.324 | 0.052 || 0.354 | 0.294
estimate SE 0.324 | 0.052 || 0.354 | 0.294

estimate AD] BFGS || 0.329 | 0.052 || 0.361 | 0.293

Table 6.1: Comparisons of relative errors re of the input/output signals and whiteness
functions of the input/output noises for the case with AZ;" = 50. The values are
computed for the real noise, and the estimated values with 10 iterations of the three
methods described: Gauss-Newton with Finite Differences (GN FD), Gauss-Newton
with Sensitivity Equations (SE) and Gauss-Newton with Adjoint method and BFGS

(ADJ BEGS).

data rey rey Wey Wey
Real signals 0.603 | 0.337 || 0.485 | 0.288
estimate GN FD || 0.218 | 0.052 || 0.523 | 0.294
estimate SE 0.218 | 0.052 || 0.523 | 0.294
estimate ADJ BFGS || 0.219 | 0.075 || 0.523 | 0.290

Table 6.2: Comparisons of relative errors re of the input/output signals and whiteness
functions of the input/output noises for the case with A%’” = 10. The values are
computed for the real noise, and the estimated values with 10 iterations of the three
methods described: Gauss-Newton with Finite Differences (GN FD), Gauss-Newton
with Sensitivity Equations (SE) and Gauss-Newton with Adjoint method and BFGS
(AD] BFGS).

6.4.5 Conclusions and future work

As already said, the problem is still open and the algorithm for the optimization
of the parameters A should be improved, to give a complete set of tests for different
ODEs examples. Moreover, the same open problems of the linear case, highlighted in
the conclusions of Chapter 5, should be studied for this problem.
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