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Abstract

This thesis contains results in abstract group theory, permutation group theory, and combi-
natorics.

In Chapter 2, we study invariants regarding the generation of finite groups. Let G be a
finite group with all the Sylow subgroups d-generated, then the expected number of elements
of G which have to be drawn, at random, with replacement before a set of generators is found,
e(G), is bounded above by d+ κ, where κ is an absolute constant that is explicitly described
in terms of the Riemann zeta function and best possible in this context. This result can be
extended to the case of finitely generated profinite groups. The above bound can be improved
under some additional assumptions on G. Moreover, if G is a permutation group of degree
n, then either G = Sym(3) and e(G) = 2.9 or e(G) ≤ bn/2c+ κ∗ and κ∗ is best possible.

We prove that if G is a soluble group having, for every prime divisor p of the order of G,
a subgroup Gp such that p does not divide |G : Gp| and e(Gp) ≤ d, then e(G) ≤ d+ 9. Gen-
eralizing the question to profinite groups, we prove that a finitely generated profinite group
G having the 2-Sylow subgroups finitely generated is positively finitely generated (PFG).
However, the following question is still open: Is it true that if a finitely generated profinite
group G contains a PFG closed subgroup with odd index, then G is PFG?

We compare the expected number of elements of the symmetric group of degree n which
have to be drawn at random, with replacement, before a set of generators of a transitive
subgroup is found and those of the alternating group.

We estimate m(G), that is the largest size of a minimal generating set of a finite group
G, in terms of a function of the minimal number of generators of the Sylow subgroups of G.

The Tarski irredundant basis theorem implies that for every k with d(G) ≤ k < m(G)
there exist a minimal generating set ω of size k, an element g in ω and x, y in G such that
ω∗ = (ω − {g}) ∪ {x, y} is again a minimal generating set of G. In this case, we say that
ω∗ is an immediate descendant of ω. There are several examples of minimal generating sets
of cardinality smaller than m(G) which have no immediate descendant, so it appears an
interesting problem to investigate under which conditions an immediate descendant exists.
We discuss this problem for finite soluble groups.

In Chapter 3 we focus on the theory of permutation groups. We prove that the base size
of a finite non large-base primitive permutation group of degree n is bounded above by the
maximum between 7 and dlogne + 1. Further, we show that there are infinitely many non-
large base primitive groups for which the base size is bigger than logn + 1, so our bound is
optimal.

We present a polynomial estimation of the number of maximal systems of imprimitivity
of a transitive permutation group of degree n given in terms of n. When the group is soluble
a much stronger result holds.

Finally, we classify the subgroups H of G such that the overgroup lattice of H in G, is
Boolean of rank at least 3 when G is a finite alternating or symmetric group. Besides some
sporadic examples and some twisted versions, there are two different types of such lattices.
One type arises by taking stabilizers of chains of regular partitions, and the other by taking
stabilizers of chains of regular product structures. As an application, in these cases, we prove
a conjecture on Boolean overgroup lattices related to a dual Ore’s theorem and to a problem
of Brown.

In Chapter 4 we are interested in the asymptotic enumeration of Cayley graphs. It has previ-
ously been shown that almost every Cayley digraph has the smallest possible automorphism
group: that is, it is a digraphical regular representation. We approach the corresponding
question for undirected Cayley graphs.



Riassunto

Questa tesi contiene risultati nella teoria dei gruppi astratti, nella teoria dei gruppi di per-
mutazione e in combinatoria.

Sia G un gruppo finito avente tutti i sottogruppi di Sylow d-generati, allora e(G), ovvero
il valore atteso del numero di elementi di G che devono essere estratti, casualmente e con
ripetizione, prima di ottenere un insieme di generatori, è superiormente limitato da d + κ,
dove κ è una costante assoluta che può essere esplicitamente determinata in termini della
funzione zeta di Riemann ed è ottimale in questo contesto. Tale risultato può essere esteso
al caso di gruppi profiniti finitamente generati. La suddetta stima è migliorabile ponendo
ulteriori ipotesi sul gruppo G. Inoltre se G è un gruppo di permutazione di grado n, allora
G = Sym(3) e e(G) = 2.9 oppure e(G) ≤ bn/2c+ κ∗ e κ∗ è ottimale.

Dimostriamo che, se G è un gruppo risolubile avente per ogni divisore primo dell’ordine di
G un sottogruppo Gp con indice non divisibile per p e tale che e(Gp) ≤ d, allora e(G) ≤ d+9.
Generalizzando ai gruppi profiniti, proviamo che un gruppo profinito finitamente generato
avente i 2-Sylow finitamente generati è positivamente finitamente generato (PFG). Tuttavia,
il seguente problema è ancora aperto: E’ vero che se un gruppo profinito finitamente generato
G contiene un sottogruppo chiuso di indice dispari e PFG, allora G è PFG?

Confrontiamo il numero atteso di elementi del gruppo simmetrico di grado n che devono
essere estratti, casualmente e con ripetizione, prima che si trovi un insieme di generatori di
un sottogruppo transitivo con quelli del gruppo alternato.

Stimiamo m(G), ovvero la cardinalità massima di un insieme minimale di generatori di un
gruppo finito G, in termini di una funzione del numero minimo di generatori dei sottogruppi
di Sylow di G.

Il teorema della base ridondante di Tarski implica che per ogni k con d(G) ≤ k < m(G),
esiste un insieme minimale di generatori ω di dimensione k, un elemento g in ω e x, y in
G tale che ω∗ = (ω − {g}) ∪ {x, y} è ancora un insieme minimo di generatori di G. In
questo caso, diciamo che ω∗ è un discendente immediato di ω. Esistono diversi esempi di
gruppi aventi generatori minimali di cardinalità inferiori a m(G) senza discendenti immediati,
quindi sembra interessante indagare sotto quali condizioni esiste un discendente immediato.
Discutiamo questo problema per gruppi risolubili finiti.

Nel Capitolo 3 ci siamo soffermati sulla teoria dei gruppi di permutazione. Dimostriamo che
la dimensione della base di un gruppo di permutazioni primitivo finito di base non ampia e di
grado n è al più il massimo tra 7 e dlogne+ 1. Inoltre, mostriamo che ci sono infiniti gruppi
primitivi di base non ampia la cui dimensione della base è maggiore di logn + 1, per cui la
nostra stima è ottimale.

Presentiamo una stima polinomiale del numero dei sistemi massimali di imprimitività di
un gruppo di permutazione transitivo di grado n data in termini di n. Se G è risolubile
otteniamo una stima migliore.

In fine, abbiamo classificato i sottogruppi H di G tali che il reticolo dei gruppi contenenti
H in G sia Booleano di rango almeno 3 quando G è un gruppo alterno o simmetrico finito.
Eccetto alcuni esempi sporadici o versioni intrecciate, ci sono due tipi distinti di tali reticoli.
Un tipo nasce prendendo gli stabilizzatori di catene di partizioni regolari e l’altro prendendo
gli stabilizzatori di catene di strutture prodotto regolari. Come applicazione, proviamo in
questi casi una congettura sui reticoli Booleani legati ad un problema duale di Ore e ad un
problema di Brown.

Nel Capitolo 4 siamo interessati all’enumerazione asintotica dei grafi di Cayley. Precedente-
mente è stato provato che quasi ogni digrafo di Cayley ha il più piccolo possibile gruppo di
automorfismi: cioè, esso è una rappresentazione digrafica regolare. Abbiamo approcciato la



corrispondente questione per grafi di Cayley indiretti.



Introduction

This thesis consists of four Chapter and contains themes regarding the theory of generation
and random generation of groups, the theory of permutation groups, and combinatorics. In
the first Chapter we summarize very briefly some tools and some famous results used through
the thesis.

Generation of groups

The problem of investigating generating sets for a finite group has a rich history. Let G be
a finitely generated group and let d(G) := min{|S| | G = 〈S〉} be the minimal number of
generators for G. The invariant d(G) has been deeply studied for many groups G. Gaschütz
[55] gave a formula to compute the minimal number of generators of a finite soluble group
in terms of certain ‘local’ and ‘global’ parameters associated to a chief series of the group.
On the other side, it follows from the classification of finite simple group (CFSG) that every
finite simple group can be generated by just two of its elements ([156], [7]). The classification
of finite simple groups is involved heavily and plays a central role in most general results on
generation of a finite group. The fact that every finite simple group can be generated by
just two of its elements leads naturally to a wide range of interesting questions concerning
the abundance of generating pairs and their distribution across the group. Burness’s survey
article [23] provides some of the more recent developments.

A well known result proved by Dixon [47], Kantor and Lubotzky [77], Liebeck and Shalev
[91] states that every sufficiently large finite simple group is 2-generated, without constructing
a pair of generators. Already from this result, it appear clear that, in the context of generation
of groups, a central role is played by probabilistic methods. For a review on the technique
and on recent results on the probabilistic method in group theory see [87].

We denote by e(G) the expected number of elements of G which have to be drawn at
random, with replacement, before a set of generators is found. In [64, 103], it was showed
that the invariants PG(t) and e(G) can be express by using the Möbius function on the
subgroup lattice of G (See Chapter 2 for more details on this). Hence these results are really
appealing when the subgroup structure of the group G is well known.

Pomerance [137] showed that if G is a nilpotent group, then e(G) ≤ d(G) + σ where the
constant σ ∼ 2.1185 is explicitly described in terms of the Riemann zeta function and is the
best possible. Whilst Kantor and Lubotzky proved that, for every positive real number ε
and every positive integer k, there exists a 2-generated finite group Gε,k with PGε,k(t) ≤ ε for
every t ≤ k. From this result, it is easy to deduce that e(G)− d(G) is unbounded in general
(in Chapter 2, we explain this more precisely). Others key estimation on e(G) can be found
in [44] and [96].

Here, we pass from the theory of random generation to a question regarding the theory of
minimal generation. A generating set X of a finite group G is said to be minimal if no proper
subset of X generates G. We denote by m(G) the largest size of a minimal generating set of G.
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First steps toward investigating m(G) have been taken in the context of permutation groups.
An exhaustive investigation has been done for finite symmetric groups [34, 163], proving that
m(Sym(n)) = n− 1 and giving a complete description of the independent generating sets of
Sym(n) having cardinality n−1. Partial results for some families of simple groups are in [152]:
it turns out that already in the case G = PSL(2, q), the precise value of m(G) is quite difficult
to obtain. Moreover, Apisa and Klopsch [1] classified the finite groups for which the equality
m(G) = d(G) holds. During the same period, Lucchini started in [104, 105] a systematic
investigation of how m(G) can be estimated for an arbitrary finite group G. Finally, there is
a nice result in universal algebra, known with the name of Tarski irredundant basis theorem
(see for example [29, Theorem 4.4]), which implies that G contains an independent generating
set of cardinality k, for every positive integer d(G) ≤ k ≤ m(G).

In this thesis, the Chapter 2 is devoted to the presentation of some results concerning the
generation of finite (and profinite) groups based on joint works with A. Lucchini and P. Spiga
[82], [107], [108], [109], [110], [113]. Before passing to the organization of this Chapter, it is
worth noting that the importance of the topics here presented can be conduct to an algorithm
in computational group theory, the Product Replacement Algorithm. Indeed, estimations on
e(G), m(G) and d(G) can be used to analyze the efficiency of this algorithm.

Section 2.1. [109] Let G be a finite group with all the Sylow subgroups of G d-generated.
In this Section, we proved that e(G) ≤ d + κ, where κ ∼ 2.752394 is an absolute constant
that is explicitly described in terms of the Riemann zeta function and best possible in this
context. This bound can be further improved under some additional assumptions on G. For
example, when G is not soluble, then e(G) ≤ d + 2.750065. A stronger result holds if |G| is
odd. Indeed, we show that e(G) ≤ d + κ̃ with κ̃ ∼ 2.148668. From the proof of this case, it
is possible to deduce that a precise estimation of e(G) for |G| odd would require a complete
knowledge of the distribution of the Fermat primes.

Moreover we proved that a permutation group G of degree n, then either G = Sym(3) and
e(G) = 2.9 or e(G) ≤ bn/2c+ κ∗ with κ∗ ∼ 1.606695. Let m = bn/2c and set Gn = Sym(2)m
if m is even, Gn = Sym(2)m−1×Sym(3) if m is odd. If n ≥ 8, then e(Gn)−m increases with
n and limn→∞ e(G)−m = κ∗, that is κ∗ is best possible.

Section 2.2. [82, 108] In this section we investigate the following question for a finite group
G. Assume that G has a family H1, . . . ,Ht of subgroups whose indices have no common
divisor and such that e(Hi) ≤ d for every 1 ≤ i ≤ d. Is it true that e(G) can be bounded in
term of d? To head towards this question we analyzed some invariants related to e(G), such
as

ν(G) := min
{
k ∈ N

∣∣∣∣ PG(k) ≥ 1
e

}
and M(G) := sup

n≥2

logmn(G)
logn

where e is the Nepero number, n is a natural number and mn(G) is the number of maximal
subgroups of G with index n. (Henceforth log denote the logarithm in base 2). As it was
noted in [96, Propositions 1.1, 1.2], e(G), ν(G), and M(G) are related in the following way:

1
e
· e(G) ≤ ν(G) ≤ e

e− 1 · e(G)

(M(G)− 3.5) · e− 1
e
≤ e(G) ≤ (M(G) + 2.02) · e. (0.0.1)

However the estimation in (0.0.1) leaves open the question whether |M(G)− e(G)| could be
arbitrarily large. In this section, we observed that the arguments used in [96] can be improved
and the following result can be obtained:

dM(G)e − 4 ≤ e(G) ≤ dM(G)e+ 3. (0.0.2)
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Using (0.0.1) we proved that if G is a finite soluble group having, for every p ∈ π(G), a
subgroup Gp such that p does not divide |G : Gp| and ν(Gp) ≤ d, then ν(G) ≤ d + 7. Here,
by means of (0.0.2) we were able to obtain the result we aimed for. Let G be a finite soluble
group. Assume that for every prime p dividing |G|, there exists Gp ≤ G such that p does not
divide |G : Gp| and e(Gp) ≤ ρ. Then e(G) ≤ ρ+ 9.

A natural question is whether there is an analogous of the previous theorem for arbitrary
finite groups. To prove such a result, we would need to deduce a bound on the number of
maximal subgroups of G of a given index from the following hypothesis.
For every p ∈ π(G) there exists Gp ≤ G such that p does not divide |G : Gp| and ν(Gp) ≤ d.

The difficult part is to find an efficient estimation on the numbers of the maximal sub-
groups M of G such that the socle of G/MG is a nonabelian group. We think that it could
be possible to use for this purpose the assumption ν(G2) ≤ d. An evidence that this could
work is that, in [98], it is showed that the number of such maximal subgroups having index n
can be bounded in terms of the smallest cardinality of a generating set of a Sylow 2-subgroup
of G. We would need a similar result, using a subgroup of odd index instead of a Sylow
2-subgroup.

Whether the role of a 2-Sylow subgroup can be played by an arbitrary subgroup of odd
index is a problem regarding a more wide class of groups. Let us explain how a similar
question also arises in the context of profinite groups. We proved that, if G is a finitely
generated profinite group and if the 2-Sylow subgroups of G are finitely generated, then G is
PFG. We do not know whether the previous result remains true if we only assume that there
is a closed subgroup of G which is of odd index and PFG. Therefore, the “ profinite version”
of our problem, that is
Is it true that if a finitely generated profinite group G contains a PFG closed subgroup of odd
index, then G is PFG?
is still open.

Section 2.3. [107] Let G be a transitive subgroup of Sym(n). Let PT (G, t) be the probabil-
ity that t randomly chosen elements of G generate a transitive subgroup of G. We denote by
eT (G) the expected number of elements of G which have to be drawn at random, with re-
placement, before a set of generators of a transitive subgroup of G is found. In this subsection
we prove that, for every natural number n ≥ 3, then

PT (Sym(n), t)− PT (Alt(n), t) =(−1)n+1(n− 1)!(2t − 1)
(n!)t , (0.0.3)

eT (Sym(n))− eT (Alt(n)) =(−1)n+1n!(n− 1)!
(n!− 1)(n!− 2) . (0.0.4)

Observe that eT (Sym(n))−eT (Alt(n)) tends to zero when n tends to infinity, and it is positive
if n is odd and negative otherwise. Further, we prove that, for n ≥ 3, the following hold

1. If n is odd, then 3
2 = eT (Alt(3)) ≤ eT (Alt(n)) < 2.

2. If n is even, then 2 < eT (Alt(n)) ≤ eT (Alt(4)) = 394
165 ∼ 2.3879.

Moreover, limn→∞ eT (Alt(n)) = 2.

Section 2.4 [113] Let p a prime divisors of the order of G, let dp(G), be the minimal
size of a generating set of a Sylow p-subgroup of G. If G is a finite nilpotent group, then
m(G) =

∑
p∈π(G) dp(G). For simplicity, we let

δ(G) :=
∑

p∈π(G)
dp(G).
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In a private communication to Lucchini, Keith Dennis has conjectured that m(G) ≤ δ(G),
for every finite group G. We proved that this is true for soluble groups. Despite this, Dennis’
conjecture is false if G is a symmetric group. Indeed studying the asymptotic behavior of
the function δ(Sym(n)), (see Subsection 2.4.4), we showed that δ(Sym(n)) = loge 2 ·n+ o(n)
for every n ≥ 2. Since m(Sym(n)) = n − 1 by [163], the difference m(Sym(n)) − δ(Sym(n))
goes to infinity with n and the inequality m(Sym(n)) ≤ δ(Sym(n)) is satisfied by only finitely
many values of n. We show by elementary means that, for every positive real number η > 1,
there exists a constant cη such that m(Sym(n)) = n − 1 ≤ cη(δ(Sym(n))η, for every n ∈ N.
This motivates the following conjecture, which can be seen as a natural generalization of
Dennis’ conjecture.

Conjecture 1. There exist two constants c and η such that m(G) ≤ c · δ(G)η for every finite
group G.

A crucial step towards a proof of Conjecture 1 is the following theorem proved in this
section. If G is a finite group and there are two constants σ ≥ 1 and η ≥ 2 such that
m(X) − m(X/S) ≤ σ · |π(S)|η, for every composition factor S of G and for every almost
simple group X with socX = S, then m(G) ≤ σ · δ(G)η.

Hence we reduces Conjecture 1 to the following conjecture on finite almost simple groups.

Conjecture 2. There exist two constants σ and η such that m(X, socX) ≤ σ · |π(socX)|η,
for every finite almost simple group X.

Conjecture 2 holds true, with η = 2, when socX is an alternating group or a sporadic
simple group. Hence, we deduce that there exists a constant σ such that, if G has no
composition factor of Lie type, then m(G) ≤ σδ(G)2. We observe that Conjecture 2 holds
true when G ∈ {PSL(2, q), SO(3, q),SU(3, q)}. These partial results lead us to conjecture
that, if soc(X) is a group of Lie type of rank n over the field with q = pr elements, then
m(X)−m(X/ socX) is polynomially bounded in terms of n and π̃(r). If this were true, then
Conjecture 2 would also be true.

Section 2.5 [110] The proof of the theorem of Tarski above mentionad relies on a clever
but elementary counting argument which implies also the following result: for every k with
d(G) ≤ k < m(G) there exists a minimal generating set {g1, . . . , gk} with the property that
there are 1 ≤ i ≤ k and x1, x2 in G such that ω̃ := {g1, . . . , gi−1, x1, x2, gi+1, . . . , gk} is
again a minimal generating set of G. Moreover x1, x2 can be chosen with the extra property
that gi = x1x2. Let ω := {g1, . . . , gk} be a minimal generating set of G with k < m(G).
We say that ω = (g1, . . . , gk) is extendible if there exist 1 ≤ i ≤ k and x1, x2 in G such
that ω̃ := {g1, . . . , gi−1, x1, x2, gi+1, . . . , gk} is a minimal generating set of G. In this case
we say that ω̃ is an immediate descendant of ω. Furthermore, if gi = x1x2, then we say
that ω̃ is a strong immediate descendant of ω. More in general, a minimal generating set
ω∗ of cardinality t (with t > k) is a (strong) descendant of ω if there exists a sequence
ω0, ω1, . . . , ωt−k where ω0 = ω, ω∗ = ωt−k and ωj is a (strong) immediate descendant of ωj−1
for every 1 ≤ j ≤ t − k. Finally we say that ω is (strongly) totally extendible if it has a
(strong) descendant of cardinality m(G).

There exist minimal generating sets that are not totally extendible. For example, let
G = Sym(4) and consider g1 = (1, 2, 3, 4) and g2 = (1, 3, 2, 4). Clearly G = 〈g1, g2〉. Assume,
by contradiction, that there exists x1 and x2 such that {x1, x2, gi} is a minimal generating set
of G, with j ∈ {1, 2}. For i ∈ {1, 2}, we have that 〈xi, gj〉 is a proper subgroup of G containing
gj , but this implies xi ∈ NG(〈gj〉): as a consequence 〈gj〉 is normal in G = 〈x1, x2, gj〉, but
this is false. Therefore {g1, g2} is not extendible. One can ask whether in a finite group G
there exists at least one generating set of cardinality d(G) which is totally extendible. We
prove in this subsection that this happens for finite soluble groups.
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We now say that G has the extension property if every minimal generating set of G
whose cardinality is strictly less than m(G) has an immediate descendant. In this section, we
investigated the structure of the finite groups satisfying the extension property. In the case
of finite nilpotent groups, a complete description can be easily obtained: a finite nilpotent
group G has the extension property if and only if either G is a p-group or G is cyclic and
|π(G)| = 2. Here, we characterize the finite soluble groups with the extension property. In
particular we proved that, a finite soluble group satisfies the extension property if and only
if one of the following occurs:

1. d(G) = m(G).

2. G/FratG = V o H where V is an irreducible H-module, d(H) = m(H) = 2 and
whenever {h1, h2} is a generating set of H, then there exists i ∈ {1, 2} such that
CV (hi) = {0}. In this case d(G) = 2 and m(G) = 3.

3. G is cyclic and |π(G)| = 2.

We deduce that, if G is finite soluble group with the extension property, then |π(G)| ≤ 3 and
m(G) ≤ d(G) + 1. Let H be the dicyclic group of order 12. This group has an action on the
2-dimensional vector space V over the field with 13 elements and this action is irreducible
and fixed-point-free: we may then consider the semidirect product G = V o H. Hence the
bound |π(G)| ≤ 3 is best possible.

Problems in permutation groups

The theory of permutation groups is an old subject, stretching all the way back to the origin of
group theory, with a long tradition and many applications. The modern notion of permutation
groups is extremely flexible and used thorough the maths. We focus on finite permutation
groups, which continues to be a very active area of current research. The concept of primitive
permutation group is central in permutation groups, since these groups can be viewed as the
basic building blocks of all permutation groups. Being a very powerful tool for studying finite
primitive permutation groups the O’Nan-Scott Theorem is an essential result in this context.
This theorem describe the structure finite primitive permutation and the action in terms of
the socle of the group, and usually it can be used to reduce a general problem to a much
more specific problem concerning almost simple groups. Already from this consideration it
appears evident that the Classification of finite simple group has revolutioned the study of
finite permutation groups.

In the 19th century, a problem that attracted a lot of attention was that of bounding the
order of a finite primitive permutation group. One of the earliest results in this direction is a
theorem of Bochert [17] from 1889, which states that if G is a primitive permutation group
of degree n not containing the alternating group Alt(n), then b(G) ≤ n/2.

Let G be a permutation group on Ω. A subset B of Ω is a base for G if the pointwise
stabilizer G(B) is trivial. The base size of G, b(G), is the minimal cardinality of a base for G.
Since the elements of G are uniquely determined by their effect on a base, then |G| ≤ |Ω|b(G).
So one can find an upper bound on the order of a permutation group by bounding the minimal
base size. The permutation group G is large base if there exist integers m and r ≥ 1 such
that Alt(m)r �G ≤ Sym(m)wr Sym(r), where the action of Sym(m) is on k-element subsets
of {1, . . . ,m} and the wreath product acts with product action. Note that this includes
the natural action of Alt(n) and Sym(n). Using the Classification of Finite Simple Groups
and building on earlier work by Cameron [31], Liebeck proved that if G is not large base
primitive permutation group of degree n, then b(G) ≤ 9 logn. Having interesting connections
to other areas of mathematics, such as representation theory and graph theory, the concept
of bases is crucial in permutation groups. Moreover, since the permutation groups can be
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seen as prototype to understand and model the different types of symmetry, the importance
of estimation on the base size can be mainly traced to the fact that the concept of bases is
an essential tool to capture these symmetries in a more affordable way.

Cameron in [30] proposed one other estimation in the theory of permutation groups.
Precisely, if G is a transitive permutation group of degree n, he asked for a polynomial esti-
mation, in terms of n, of the number of maximal system of imprimitivity of G. This question
extends naturally to the following question of Wall. In 1961, Wall [160] has conjectured that
the number of maximal subgroups of a finite group G is less than the group order |G|. Wall
himself proved the conjecture under the additional hypothesis that G is soluble. Nearly half
a century later, Liebeck, Pyber and Shalev proved [95, Theorem 1.3] a polynomial version of
Wall’s conjecture: there exists an absolute constant c such that, every finite group G has at
most c|G|3/2 maximal subgroups. Wall’s conjecture was disproved in 2012 by the participants
of an AIM workshop, see [63]. (To see how the Question of Cameron extends naturally the
question of Wall see Chapter 3)

Now, we briefly describe the motivation for this question. In [2], it was proved that for
a finite transitive permutation group G on Ω then: for any map a of rank 2, (that is, one
whose image has cardinality 2), the semigroup 〈G, a〉 \G is idempotent-generated if and only
if for every orbit O of G on 2-sets of Ω, and every maximal block of imprimitivity B for G
acting on O, the graph with vertex set Ω and edge set O \ B is connected. Since there are
exponentially many maps of rank 2, there are only a linear number of orbits O of G on 2-sets
of Ω, and connectedness is very fast to check a positive answer to the question of Cameron
would reveal that the above characterization in combinatorial terms is more convenient in
terms of involved calculation.

Moving a bit far, we consider a different problem. Let G be a finite group, let H be
a subgroup of G, and let OG(H) := {K | K subgroup of G with H ≤ K} be the set of
subgroups of G containing H. This is called the overgroup lattice of H in G. Detailed
information on the overgroups of a primitive subgroups of G was obtained independently by
Aschbacher [5, 6] and Liebeck, Praeger and Saxl [93, 140].

The problem of determining whether every finite lattice is isomorphic to some OG(H) for
a finite group G arose originally in universal algebra with the work of Pálfy-Pudlák [132]. In
1938, Ore proved that for a finite group G and a subgroup H of G such that the overgroup
lattice OG(H) is distributive, then there exists a coset Hg generating G [127, Theorem 7].
In [130], Palcoux obtained a dual version of Ore’s theorem. More precisely he proved that if
OG(H) is distributive, then there exists an irreducible complex representation V of G such
that G(V H) = H (where V H is the H-fixed points subspace of V ). In [131] it was proved that
for any subgroup H ⊂ G, if the dual Euler totient

ϕ̂(H,G) :=
∑

K∈OG(H)
µ(H,K)|G : K|,

is nonzero, then there is an irreducible complex representation V such that G(V H) = H. So
the dual Ore’s theorem appears as a natural consequence of the following conjecture.

Conjecture 3. [13, Conjecture 1.5] If OG(H) is Boolean, then ϕ̂(H,G) is nonzero.

A first step to attack Conjecture 3 could be to prove the case where G is a finite simple
group, hence as a preliminary aim one should try to classify the inclusions H ⊂ G when G
is finite simple group and OG(H) Boolean. We briefly say what was known in this direction
until some moths ago. In [13, Example 4.21] it is noticed that if H is the Borel subgroup of
a BN-pair structure (of rank `) on G, then OG(H) is Boolean (of rank `). Moreover if G is a
finite simple group of Lie type (over a finite field of characteristic p) then its absolute value
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ϕ̂(H,G) is the p-contribution in the order of G, which is at least p
1
2 `(`+1). Finally, Shareshian

suggested examples of boolean OG(H) of any rank when G is the alternating group, involving
stabilizers of non-trivial regular partitions, as shown in [8] for the rank 2.

In Chapter 3 we discuss some recent results in the theory of permutation groups regarding
the themes briefly introduced above and based on joint works with A. Lucchini, P. Spiga, S.
Palcoaux, and C. M. Roney-Dougal [112, 111, 122]. Precisely, this chapter is organized as
follows.

Section 3.1 [122] In this Section we prove that if G is primitive and not large base, then
b(G) ≤ max{7, dlogne + 1}. Furthermore, we show that there are infinitely many primitive
groups G that are not large base for which b(G) > logn+ 1, so our bound is optimal.

Section 3.2 [112] In this section we show that there exists a constant a such that, for every
subgroup H of a finite group G, the number of maximal subgroups of G containing H is
bounded above by a|G : H|3/2. In particular, a transitive permutation group of degree n has
at most an3/2 maximal systems of imprimitivity. When G is soluble we prove a much stronger
bound, that is, the number of maximal subgroups of G containing H is at most |G : H| − 1.

Section 3.3 [111] This Section provides a classification of the subgroups H of G such that
OG(H) is Boolean of rank at least 3, when G is a finite alternating or symmetric group. We
proved that, besides some sporadic examples and some twisted versions, there are two different
types of such lattices. One type arises by taking stabilizers of chains of regular partitions,
and the other type arises by taking stabilizers of chains of regular product structures. As
an application, we prove in this case Conjecture 3 related to the dual Ore’s theorem above
mentioned.

Asymptotic enumeration of Cayley graphs

A graph Γ is an ordered pair (V,E) with V a finite non-empty set of vertices, and E a
set of unordered pairs from V , representing the edges. An automorphism of a graph is a
permutation on V that preserves the set E. Let R be a group and let S be an inverse-closed
subset of R. The Cayley graph Γ(R,S) with connection set S, is the graph with V = R and
{r, t} ∈ E if and only if tr−1 ∈ S. When Γ(R,S) is a Cayley graph, the group R acts regularly
on the vertices as a group of graph automorphisms. A graphical regular representations, GRR
for short, for R is therefore a Cayley graph on R that admits no other automorphisms. The
problem of finding graphical regular representations (GRRs) for groups has a long history.
Mathematicians have studied graphs with specified automorphism groups at least as far back
as the 1930s, and in the 1970s there were many papers devoted to the topic of finding GRRs.
The main thrust of much of the work through the 1970s was to determine which groups admit
GRRs. This question was ultimately answered by Godsil. He showed that, except 13 small
groups, a group has graphical regular representation if and only if it is neither a generalised
dicyclic group nor an abelian group of exponent greater than 2. A corresponding result for
digraphical regular representation (DRR) by Babai was much simpler, requiring no excluded
families and finding only 5 exceptional small groups. Babai and Godsil conjectured that,
if R is not generalised dicyclic nor abelian of exponent greater than 2, then for almost all
inverse-closed subsets S of R, Γ(R,S) is a GRR. In this Chapter, we investigate the following
more specific formulation of the Babai and Godsil conjecture:

lim
r→∞

min
{
|{S ⊆ R : S = S−1, Aut(Γ(R,S)) = R}|

2c(R) : R admits a GRR and |R| = r

}
= 1,
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where 2c(R) is the number of inverse-closed subsets of R. The corresponding result for Cayley
digraphs (which does not require any families of groups to be excluded) was proved by Morris
and Spiga in [120]. The strategy used in [120] to prove that almost every Cayley digraph
is a DRR, involved three major pieces. Similarly to the results about existence of GRRs
and DRRs, the requirement that a connection set for a graph must be inverse-closed creates
complications that make the proof of the Babai-Godsil conjecture more difficult for graphs
than for digraphs. Hence it makes sense to divide the proof of the Babai-Godsil conjecture
for graph into the main pieces that were used to prove the DRR result, and attempt to show
each of these pieces for GRRs. The first piece of the proof of the Babai-Godsil conjecture
for graphs, showing that there are not many Cayley graphs admitting graph automorphisms
that are also group automorphisms (unless the group is generalised dicyclic or abelian of
exponent greater than 2) was accomplished by Spiga in [154]. In this Chapter, based on
joint work with J. Morris and P. Spiga [119], we try to accomplish the second pieces of the
proof, that is we show that the number of Cayley graphs on R that admit nontrivial graph
automorphisms that fix the vertex 1 and normalise some proper nontrivial normal subgroup
N of R, is vanishingly small as a proportion of all Cayley graphs on R.

As in the work on DRRs, this problem naturally divides into the cases where the normal
subgroup N is “large” or “small” relative to |R|. Furthermore in the case of graphs, it emerges
that we also need to consider separately graph automorphisms that fix or invert every element
of the group. This chapter is organized as follows.

Section 4.1 In this section we deal with graph automorphisms that fix or invert every element
of the group. This piece of our work applies whether or not R admits any proper nontrivial
normal subgroup.

Section 4.2 In this Section we prove that if R is a finite group and N is a non-identity
proper normal subgroup of R, then

|{S ⊆ R | S = S−1, R = NAut(Γ(R,S))(R), ∃f ∈ NAut(Γ(R,S))(N)

with f 6= 1 and 1f = 1}| ≤ 2c(R)− |N|96 +2 log2 |R|+(log2 |R|)2+3.

Moreover, if R is neither abelian of exponent greater than 2 nor generalised dicyclic, we may
drop the condition “R = NAut(Γ(R,S))(R)” in the definition of the set.

Section 4.3 In this Section we show that if R is a finite group and N is a non-identity proper
normal subgroup of R, then

|{S ⊆ R |S = S−1, R = NAut(Γ(R,S))(R), ∃f ∈ NAut(Γ(R,S))(N) with

f 6= 1 and 1f = 1, f fixes each N -orbit setwise}| ≤ 2c(R)− |R|
192|N|+(log2 |R|)2+3

.

Moreover, if R is neither abelian of exponent greater than 2 nor generalised dicyclic, we may
drop the condition “R = NAut(Γ(R,S))(R)” in the definition of the set.
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Chapter 1

Preliminaries

1.1 Group action

The definitions and results in this section are well known and we refer to [32], [48] as main
references. Let G be a group, and suppose that G acts on a set Ω. We will always assume
that Ω is finite, and we say that the degree of G is the size of Ω. Unless otherwise specified
we normally write ωg or ωg for the image of ω ∈ Ω under g ∈ G. The stabiliser of ω ∈ Ω,
denoted by Gω is the subgroup of G consisting of those elements that fix ω. The orbit of
ω ∈ Ω is ωG := {ωg | g ∈ G}. Then the orbit-stabiliser theorem asserts that, for a finite
group G, |G| = |Gω||ωG| for all ω ∈ Ω. The action of G is transitive if for every ω1, ω2 ∈ Ω
there exists g ∈ G for which ωg1 = ω2, that is ωG = Ω for any ω ∈ Ω. If there exists ω ∈ Ω
such that Gω = 1, then ωG is a regular orbit of G. When this occurs, by the orbit-stabiliser
theorem |G| = |ωG|. The action is faithful if the identity of G is the only element of G fixing
every element of Ω. The group G is a permutation group on Ω if G acts faithfully on Ω.

The setwise stabiliser of Γ ⊆ Ω, denoted by GΓ is the subgroup of G consisting of the
elements g ∈ G for which Γg = Γ where Γg := {γg | γ ∈ Γ}. The pointwise stabiliser of
Γ ⊆ Ω, denoted by G(Γ) is the subgroup of G consisting of the elements g ∈ G for which
γg = γ for any γ ∈ Γ. The set of fixed points in Ω of g ∈ G is denoted by fixΩ(g). A
permutation with no fixed points is fixed-point-free. The permutation groups G ≤ Sym(Ω)
and H ≤ Sym(Γ) are permutation isomorphic if there exist an isomorphism ψ : G→ H and
a bijection ϕ : Ω→ Γ such that (ωg)ϕ = (ωϕ)(gψ) for all ω ∈ Ω and g ∈ G. If H is a subgroup
of G, then we denote the left coset space by G \ H. Then a transitive action of G on Ω is
permutation isomorphic to the action of G by left multiplication on G \Gω for any ω ∈ Ω.

Let G be a transitive permutation group on Ω. A non-empty subset B of Ω is a block of
imprimitivity if, for every g ∈ G, either B ∩ Bg = ∅ or B = Bg. Each translate Bg is also
a block, and we say that {Bg | g ∈ G} is a block system or a system of imprimitivity (this
is a partition of Ω). The singleton {ω} ⊆ Ω, and the whole Ω are blocks of imprimitivity;
these are called trivial blocks, and any other block is nontrivial. The group G ≤ Sym(Ω) is
imprimitive if admits a nontrivial block of imprimitivity on Ω. Accordingly, G is primitive
if it admits only the trivial blocks. The notion of primitivity in permutation group theory
has a correspondence with abstract group theory. The relation arises from the following easy
result.

Proposition 1.1.1. Let G be a transitive group on Ω. Then, G is primitive if and only if
Gω is a maximal subgroup for some ω ∈ Ω.

Let G ≤ Sym(Ω) be an imprimitive permutation group. Let Σ = {Bg | g ∈ G} be a system
of imprimitivity. Note that G acts transitively on Σ, that is, the induced permutation group
GΣ ≤ Sym(Σ) is transitive. The system of imprimitivity Σ is maximal if GΣ is primitive.

1
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1.2 Crowns

The concept of a crown was introduced by Gaschütz in [56] for finite soluble groups, where
he analyses the structure of the chief factors of a soluble group G as G-modules. Later this
notion has been generalized to all finite groups (see for example [74], [84], and [43]).

In this section we start setting some notation by reviewing some basic results on G-groups,
on monolithic primitive groups and on crowns. For the first part we follow [43], for the second
part we follow [74] and for the third part we follow [11, Chapter 1] and [43].

Given a group G and a subgroup M we denote by

coreG(M) = MG :=
⋂
g∈G

Mg

the core of M in G.
An abstract group L is said to be primitive if it has a maximal subgroup with trivial

core. Note that this definition for primitivity is equivalent to that given in the previous
section. The socle (that is, the subgroup generated by the minimal normal subgroups) of a
primitive group L, soc(L), is either a minimal normal subgroup, or the direct product of two
non-abelian minimal normal subgroups. A primitive group L is said to be monolithic if the
first case occurs, that is, soc(L) is a minimal normal subgroup of L and hence (necessarily)
L has a unique minimal normal subgroup. The primitive group L is of type I (respectively
type II ) if it is monolithic and soc(L) is abelian (respectively non-abelian). Whilst L is of
type III if soc(L) is direct product of two non-abelian minimal normal subgroups.

Let L be a monolithic primitive group and let A := soc(L). For each positive integer k,
let Lk be the k-fold direct product of L. The crown-based power of L of size k is the subgroup
Lk of Lk defined by

Lk := {(l1, . . . , lk) ∈ Lk | l1 ≡ · · · ≡ lk (mod A)}.

Equivalently, if we denote by diag(Lk) the diagonal subgroup of Lk, then Lk = Akdiag(Lk).

Lemma 1.2.1. Let M be a normal subgroup of a crown-based power Lk with socle Nk. Then
either M ≤ Nk or Nk ≤M .

Proof. For each i ∈ {1, . . . , k}, we write Ni := {(n1, . . . , nk) ∈ Nk | nj = 1, ∀j ∈ {1, . . . , k} \
{i}}. In particular, N = N1 × · · · ×Nk.

Let M be a normal subgroup of the crown based power Lk with socle Nk and with
M � Nk. Let m ∈ M \ Nk. For each i ∈ {1, . . . , k}, since M does not centralize Ni, we
deduce 1 6= [M,Ni] ≤M ∩Ni. As Ni is one of the minimal normal subgroups of Lk, we must
have Ni ≤M . Therefore, Nk = N1 × · · · ×Nk ≤M .

Given a group G, a G-group is a group A together with a group homomorphism θ : G→
Aut(A). If no ambiguity is possible, for simplicity, we write ag for the image of a ∈ A under
the automorphism θ(g). Given a G-group A, we have the corresponding semi-direct product
AoθG (or simply AoG when θ is clear from the context), where the multiplication is given
by

g1a1 · g2a2 = g1g2a
g2
1 a2,

for every a1, a2 ∈ A and for every g1, g2 ∈ G. A G-group A is said to be irreducible if G
leaves invariant no non-identity proper normal subgroup of A.

Two G-groups A and B are said to be G-isomorphic, and we write A ∼=G B, if there exists
an isomorphism ϕ : A→ B such that

(ag)ϕ = (aϕ)g,
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for every a ∈ A and for every g ∈ G. Similarly, we say that A and B are G-equivalent ,and
we write A ∼G B, if there exist two isomorphisms ϕ : A→ B and Φ : AoG→ B oG such
that the following diagram commutes.

1 A AoG G 1

1 B B oG G 1

ϕ Φ

Being “G-equivalent” is an equivalence relation among G-groups coarser than the “G-
isomorphic” equivalence relation, that is, two G-isomorphic G-groups are necessarily G-
equivalent. (Indeed, if A and B are G-isomorphic via ϕ : A→ B, then they are G-equivalent
via Φ : AoG→ B oG defined by (ag)Φ := aϕg.)

Recall that if B is a G-group then a 1-cocycle between G and B is a map β : G → B
such that (gh)β = (gβ)hhβ for any g, h ∈ G. The set of 1-cocycles between G and B is
denoted by Z1(G,B). Note that, if β ∈ Z1(G,B), then the map ν : G → Aut(B) defined
by bν(g) := bgg

β = (gβ)−1bg(gβ) is a homomorphism which makes B a G-group. This will be
denoted by Bβ. Note that if B is abelian then Bβ ∼=G B.

Lemma 1.2.2. Let A, B be two G-groups. They are G-equivalent if and only if there exists
a 1-cocycle β ∈ Z1(G,B) such that A ∼=G Bβ.

Proof. If A ∼G B via ϕ : A → B and Φ : A o G → B o G, we define β ∈ Z1(G,B)
by gβ := g−1gΦ. Conversely, if β ∈ Z1(G,B) via ϕ : A → Bβ, we define Φ by setting
(ag)Φ = aϕggβ.

If A is a G-group denote by CG(A) the centralizer of A in G, that is

CG(A) := {g ∈ G | ag = a ,∀a ∈ A}.

Note for A, B two G-isomorphic groups then CG(A) = CG(B).
Let A = B be a non-abelian simple groups, and let G := A× B acts on A× {1} and on

{1} × B by conjugation. Then CG(A × {1}) = {1} × B, and CG({1} × B) = A × {1}, in
particular A× {1} � {1} ×B are not G-isomorphic. But defiyning

ϕ : A× {1} → {1} ×B, (a, 1) 7→ (1, a)
Φ : (A× {1})oG→ ({1} ×B)oG (a, 1)(x, y) 7→ (x, y)(1, y−1xa)
β : G→ {1} ×B, (x, y) 7→ (1, y−1x)

we get that β ∈ Z1(G, {1}×B), and so A×{1} ∼=G ({1}×B)β. That is, A×{1} ∼G {1}×B.
Let G be a group and let A := X/Y be a chief factor of G, where X and Y are normal

subgroups of G. Clearly, the action by conjugation of G endows A with the structure of G-
group and, in fact, A is an irreducible G-group. On the set of chief factors, the G-equivalence
relation is easily described. Indeed, it is proved in [74, Proposition 1.4] that two chief factors
A and B of G are G-equivalent if and only if either

• A and B are G-isomorphic, or

• there exists a maximal subgroup M of G such that G/coreG(M) has two minimal
normal subgroups N1 and N2 G-isomorphic to A and B respectively.

(The example in the previous paragraph witnesses that the second possibility does arise.)
From this, it follows that, for every monolithic primitive group L and for every k ∈ N, the
minimal normal subgroups of the crown-based power Lk are all Lk-equivalent.

Let X and Y be normal subgroups of G with A = X/Y a chief factor of G. Recall that
a complement U to A in G is a subgroup U of G such that

G = UX and Y = U ∩X.
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Further, recall that A = X/Y is a Frattini chief factor if X/Y is contained in the Frattini
subgroup of G/Y ; this is equivalent to saying that A is abelian and there is no complement
to A in G. The number δG(A) of non-Frattini chief factors G-equivalent to A in any chief
series of G does not depend on the series and hence δG(A) is a well-defined integer depending
only on the chief factor A.

We denote by LA the monolithic primitive group associated to A, that is,

LA :=
{
Ao (G/CG(A)) if A is abelian,
G/CG(A) otherwise.

If A is a non-Frattini chief factor of G, then LA is a homomorphic image of G. More
precisely, there exists a normal subgroup N of G such that

G/N ∼= LA and soc(G/N) ∼G A.

Consider now the collection NA of all normal subgroups N of G with G/N ∼= LA and
soc(G/N) ∼G A: the intersection

RG(A) :=
⋂

N∈NA

N

has the property that G/RG(A) is isomorphic to the crown-based power (LA)δG(A), that is,
G/RG(A) ∼= (LA)δG(A).

The socle IG(A)/RG(A) of G/RG(A) is called the A-crown of G and it is a direct product
of δG(A) minimal normal subgroups all G-equivalent to A ( where we set δG(A) = 0 when
RG(A) = IG(A)). If δG(A) ≥ 2 then any two different minimal normal subgroups of G/RG(A)
have a common complement, which is a maximal subgroup of G/RG(A). Every chief series of
G contains exactly δG(A) non-Frattini chief factors G-equivalent to A. In particular, in a chief
series passing through RG(A) and IG(A), the unique non-Frattini chief factors G-equivalent
to A are those between RG(A) and IG(A). If H/K is a non-Frattini chief factor of G then
H/K ∼G A if and only if KRG(A) ≤ HRG(A) ≤ IG(A).

We conclude this preliminary section with some technical lemmas.

Lemma 1.2.3. [11, Lemma 1.3.6] Let G be a finite group with trivial Frattini subgroup.
There exists a chief factor A of G and a non-identity normal subgroup D of G with IG(A) =
RG(A)×D.

Lemma 1.2.4. [43, Proposition 11] Let G be a finite group with trivial Frattini subgroup, let
IG(A), RG(A) and D be as in the statement of Lemma 1.2.3 and let K be a subgroup of G.
If G = KD = KRG(A), then G = K.

Note that
IG(A) := {g ∈ G | g induces an inner automorphism inA},

and for A = X/Y , we get that IG(A) = XCG(A). In particular, when A is abelian, then
IG(A) = CG(A). Now, the following corollary is immediate.

Corollary 1.2.5. Let G be a finite soluble group with trivial Frattini subgroup. There exists
a crown CG(A)/RG(A) and a non-identity normal subgroup D of G such that CG(A) =
RG(A)×D. Moreover, when K ≤ G is such that G = KD = KRG(A), then G = K.

Lemma 1.2.6. If G is not nilpotent, then we can assume that the irreducible G-module A
in the statement of Corollary 1.2.5 is a non-trivial G-module.
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Proof. Let U be a trivial G-module. Since FratG = 1, U has a complement, say H, in G.
Since the action ofG on U is trivial, thenG = H×U.Now, there exists a crown CH(B)/RH(B)
and a non trivial normal subgroup W of H such that CH(B) = RH(B) ×W. However we
have CG(B) = CH(B) × U and RG(B) = RH(B) × U , hence CG(B) = RG(B) ×W. This
means that we may consider B in place of U. It is possible that also B is a trivial G-module.
In that case we can take a complement K of U ×W in G and repeat the previous argument.
Continuing in this way, either G is abelian or we obtain a non-trivial irreducible G-module
satisfying our statement of G.

1.3 Zsigmondy primes

We state some useful results on the primitive prime divisors.

Definition 1.3.1. Let a and n be positive integers. A prime number p is called a primitive
prime divisor of an − 1 if p divides an − 1 and p does not divide ae − 1 for every integer
1 ≤ e ≤ n− 1. We denote an arbitrary primitive prime divisors of an − 1 by an.

Theorem 1.3.2 (Zsigmondy’s Theorem [164]). Let a and n be integers bigger than 1. There
exists a primitive prime divisor of an − 1 except in one of the following cases:

1. n = 2, a = 2s − 1 (i.e. a is a Mersenne prime), and s ≥ 2.

2. n = 6, a = 2.

Lemma 1.3.3. [80, Proposition 5.2.15] an ≡ 1 mod n.

1.4 Finite simple groups

The classification of finite simple groups is as follows, and for this we refer to [40].

Theorem 1.4.1. A finite simple group is isomorphic to one of the following.

1. A cyclic group Cp of prime order.

2. An alternating group Alt(n) of degree n at least 5.

3. A simple group of Lie type.

4. One of 26 sporadic simple groups.

The proof of this is spread throughout hundreds of papers. We shall use this result
throughout this thesis, and CFSG will mean “Classification of the Finite Simple Groups”.

1.5 The O’Nan-Scott Theorem

The modern key for analysing a finite primitive permutation group L is to study the socle
N of L. The socle of an arbitrary finite group is isomorphic to the non-trivial direct prod-
uct of simple groups; moreover, for finite primitive groups these simple groups are pairwise
isomorphic. The O’Nan-Scott theorem describes in details the embedding of N in L and
collects some useful information about the action of L. This theorem was stated indepen-
dently by O’Nan and Scott in the preliminary proceedings of the Santa Cruz Conference on
Finite Groups in 1979. Only Scott’s version made it into the final Proceedings [151]. Later,
Aschbacher pointed out the existence of another class of groups erroneously excluded in the
original version of the O’Nan-Scott Theorem. In [92], Liebeck, Praeger and Saxl gave a self-
contained proof, precisely five types of primitive groups are defined (depending on the group-
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Table 1.1: The primitive permutation groups.

Type Description

I (HA) Affine-type: G = V oG0 ≤ AGL(V ), G0 ≤ GL(V ) irreducible
II (AS) Almost simple: T ≤ G ≤ Aut(T )
III(a)(i) (SD) Diagonal-type: T k ≤ G ≤ T k.(Out(T ) × P ), P ≤ Sym(k) primitive
III(a)(ii) (HS) Diagonal-type: T 2 ≤ G ≤ T 2. Out(T )
III(b)(i) (PA) Product-type: G ≤ HwrP , H primitive of type II, P ≤ Sym(k) transitive
III(b)(ii) (CD) Product-type: G ≤ HwrP , H primitive of type III(a)(i), P ≤ Sym(k) transitive
III(b)(iii) (HC) Product-type: G ≤ HwrP , H primitive of type III(a)(ii), P ≤ Sym(k) transitive
III(c) (TW) Twisted wreath product

and action-structure of the socle), namely the Affine-type (HA), the Almost Simple (AS), the
Diagonal-type, the Product-type, and the Twisted Wreath product, and it is shown that every
primitive group belongs to exactly one of these types.

In [140] this division into types is refined further, namely the Diagonal-type is partitioned
in Holomorphic simple (HS), and Simple Diagonal (SD), and the Product-type is partitioned
into Holomorphic compound (HC), Compound Diagonal (CD), and Product action (PA).

Table 1.1 providing a rough description of the families of primitive groups that arise. In
Table 1.1, V is a vector space over a field Fp of prime order, T denotes a nonabelian simple
group, and T k is the direct product of k copies of T .

In what follows, when we refer to the O’Nan and Scott theorem, we will explicitly state
if we use the version presented in [92] or that in [140] depending on the occurrence.



Chapter 2

Generation of groups

From now on, if we do not say differently, G will be a finite group. We say that a subset X
of G is a generating set for G if every element of G can be express as a product of elements
of X ∪ X−1. In this case, we write G = 〈X〉, or G = 〈x1, . . . , xt〉 when X = {x1, . . . , xt}.
The elements of X are called generators of G, and we used to say that G is generated by
X or that X generates G. A group is said finitely generated if there exists a finite set that
generates it. Evidently, a finite group is finitely generated. Let

d(G) := min{|S| | G = 〈S〉}

be the minimal number of generators for G. We will say that G is d-generated if d(G) is at
most d.

The invariant d(G) has been deeply studied for many groups G. Gaschütz [55] gave a
formula to compute the minimal number of generators of a finite soluble group in terms of
certain ‘local’ and ‘global’ parameters associated to a chief series of the group. On the other
side, it follows from the CFSG that every finite simple group can be generated by just two
of its elements ([156], [7]). For example, it is easy to show that

Alt(n) =
{
〈(1, 2, 3), (1, 2, . . . , n)〉 if n is even
〈(1, 2, 3), (2, 3, . . . , n)〉 if n is odd.

For a finite group G, and a positive integer k, we define

PG(k) = |{(g1, . . . , gk) ∈ Gk | 〈g1, . . . , gk〉 = G}|
|G|k

to be the probability that k randomly chosen elements of G generate G. Since every finite
simple group is 2-generated, then PG(2) > 0 for all finite simple groups G. So, arises naturally
the idea to investigate the asymptotic behavior of PG(2) with respect to |G|. The problem
has a very early origin. Indeed, in 1882, Netto conjectured that almost all pairs of elements
of Alt(n) generate the whole group (see [123, page 90]). In probabilistic terms, Netto’s
conjecture can be states as: PAlt(n)(2) → 1 as n → ∞. This conjecture was proved by
Dixon [47] in 1967. In fact, Dixon proved more, showing that PAlt(n)(2) > 1 − 8

(loge loge n)2

for sufficiently large n. In the same paper, Dixon conjectured that all finite simple groups
are strongly 2-generated in the sense of Netto. In other words, he conjetured that for every
finite simple group G, then PG(2)→ 1 as |G| → ∞. The conjecture was proved for classical
groups by Kantor and Lubotzky in [77], and for exceptional groups of Lie type by Liebeck
and Shalev in [91]. The proof is based on the following observation.

7
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Lemma 2.0.1. Let G be a finite group, and let mn(G) be the number of index n maximal
subgroups of G. Then

1− PG(k) ≤
∑
n≥2

mn(G)
nk

. (2.0.1)

Proof. Observe that if x1, . . . , xk do not generate G, then they lie in a maximal subgroup M
of G. Given M , the probability that this happens (for random x1, . . . , xk) is |M |

k

|G|k = 1
|G:M |k .

Hence
1− PG(k) ≤

∑
M <
max

G

1
|G : M |k =

∑
n≥2

mn(G)
nk

.

Now, studying the maximal subgroups of a finite simple group of Lie type G, by using
powerful results on the subgroup structure of these groups, such as Aschbacher’s theorem [4]
for classical groups, one can show that 1−PG(2) tends to 0 as |G| tends to infinity. Therefore
PG(2)→ 1 as |G| → ∞ and Dixon’s conjecture follows.

This probabilistic argument shows that every sufficiently large finite simple group of Lie
type is 2-generated, without explicitly construct a pair of generators. This highlights that,
in the context of generation of groups, a central role is played by probabilistic methods. Let
us introduce more precisely the general setting.

Let G be a nontrivial finite group and let x = (xn)n∈N be a sequence of independent,
uniformly distributed G-valued random variables. We may define a random variable τG by

τG := min{n ≥ 1 | 〈x1, . . . , xn〉 = G}.

We denote by e(G) the expectation E(τG) of this random variable. Hence, e(G) is the expected
number of elements of G which have to be drawn at random, with replacement, before a set
of generators is found. Clearly τG > n if and only if 〈x1, . . . , xn〉 is a proper subgroup of G.
Hence we get that

P (τG > n) = 1− PG(n). (2.0.2)
Therefore,

e(G) =
∑
n≥1

nPG(τG = n) =
∑
n≥1

∑
m≥n

PG(τG = m)


=
∑
n≥1

PG(τG ≥ n) =
∑
n≥0

PG(τG > n) =
∑
n≥0

(1− PG(n)).
(2.0.3)

Let us consider some examples. Let G = Cp is a cyclic group of prime order p, then
τG is a geometric random variable with parameter p−1

p , so e(Cp) = p
p−1 . If G = D2p is the

dihedral group of order 2p, with p an odd prime: then 〈g1, . . . , gk〉 = G if and only if there
exist 1 ≤ i < j ≤ n such that gi 6= 1 and gj /∈ 〈gi〉. We may think that we are repeating
independent trials (choices of an element from G in a uniform way). The number of trials
needed to obtain a nontrivial element x of G is a geometric random variable with parameter
2p−1

2p : its expectation is equal to E0 = 2p−1
2p . With probability p1 = p

2p−1 , the nontrivial
element x has order 2: in this case the number of trials needed to find an element y /∈ 〈x〉 is
a geometric random variable with parameter 2p−2

2p and expectation E1 = 2p
2p−2 . On the other

hand, with probability p2 = p−1
2p−1 , the nontrivial element x has order p: here, the number of

trials needed to find an element y /∈ 〈x〉 is a geometric random variable with parameter 2p−p
2p

and expectation E2 = 2p
2p−p . This implies

e(D2p) = E0 + p1E1 + p2E2 = 2 + 2p2

(2p− 1)(2p− 2) .
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It appears evident from the second example that, when we consider a group G with a richer
subgroup structure, the computation of e(G) became more complicated. When the subgroup
structure of G is clear, the results proved in [64] and [103] became very appealing. Indeed, in
[64], respectively in [103] it was showed that PG(t), respectively e(G) can be computed only
by using knowledge about the subgroup structure of the group G. More precisely, defining
the Möbius function on the subgroup lattice of G by setting

µG(G) = 1 and µG(H) = −
∑

H<K≤G
µG(K), ∀H < G,

then

PG(t) =
∑
H≤G

µG(H)
|G : H|t , (2.0.4)

e(G) = −
∑
H<G

µG(H)|G|
|G| − |H|

. (2.0.5)

Here, arises naturally to asks how d(G) and e(G) are related. Surely d(G) ≤ e(G). But,
more in general, what we can say about e(G)− d(G)? Pomerance [137] studied the question
for the abelian groups. He showed that if G is an abelian group, then e(G) ≤ d(G) +σ where
the constant σ ∼ 2.1185 is explicitly described in terms of the Riemann zeta function and is
the best possible. Since e(G) = e (G/Frat(G)) and, when G is a nilpotent group, G/Frat(G)
is abelian, then the Pomerance’s result is true also for finite nilpotent group. Whilst Kantor
and Lubotzky proved that e(G)−d(G) is unbounded in general. Indeed, in [77], they showed
that for every positive real number ε and every positive integer k there exists a 2-generated
finite group Gε,k with PGε,k(t) ≤ ε for every t ≤ k. Hence, by (2.0.3),

e(Gε,k) ≥
∑

0≤t≤k
(1− PGε,k(t)) ≥ (k + 1)(1− ε),

and consequently
e(Gε,k)− d(Gε,k) ≥ (k + 1)(1− ε)− 2.

Others key estimation on e(G) can be found in [44] and [96].
At this point, we investigate how some hypotheses on the number of generators of sub-

groups of a specific family of subgroups of G impact on e(G). One of the first step towards
this investigation was to prove a probabilistic version of the following theorem, independently
proved by Guralnick [60] and Lucchini [100] in 1989.

Theorem 2.0.2. Let G be a finite group with all the Sylow subgroups d-generated. Then
d(G) ≤ d+ 1.

Precisely we proved the following theorem which improves a result in [99].

Theorem 2.0.3. [109, Theorem 1.1] Let G be a finite group. If all the Sylow subgroups of
G can be generated by d elements, then e(G) ≤ d+ κ where κ is an absolute constant that is
explicitly described in terms of the Riemann zeta function and best possible in this context.
Approximately, κ equals 2.752394.

This bound can be further improved under some additional assumptions on G. For
example, we proved that if all the Sylow subgroups of G can be generated by d elements and
G is not soluble, then e(G) ≤ d+ 2.750065 (Proposition 2.1.7). A stronger result holds if |G|
is odd.

Theorem 2.0.4. [109, Theorem 1.2] Let G be a finite group of odd order. If all the Sylow
subgroups of G can be generated by d elements, then e(G) ≤ d+ κ̃ with κ̃ ∼ 2.148668.
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In this case the constant κ̃ is probably not best possible. In particular, a precise estimation
would require a complete knowledge of the distribution of the Fermat primes.

If G is a p-subgroup of Sym(n), then G can be generated by bn/pc elements (see [83]),
so Theorem 2.0.3 has the following consequence: if G is a permutation group of degree n,
then e(G) ≤ bn/2c + κ. However this bound is not best possible and a better result can be
obtained.

Theorem 2.0.5. [109, Corollary 1.3] If G is a permutation group of degree n, then either
G = Sym(3) and e(G) = 2.9 or e(G) ≤ bn/2c+ κ∗ with κ∗ ∼ 1.606695.

The number κ∗ is best possible. Let m = bn/2c and set Gn = Sym(2)m if m is even,
Gn = Sym(2)m−1 × Sym(3) if m is odd. If n ≥ 8, then e(Gn) − m increases with n and
limn→∞ e(G)−m = κ∗.

We discuss the details of the proofs of Theorems 2.0.3, 2.0.4, 2.0.5 in Section 2.1.

In 1991, Kovács and Sim proved that if a finite soluble group G has a family of d-generator
subgroups whose indices have no common divisor, then G can be generated by d+1 elements
(see [82, Theorem 2]). The hypotheses on the family on d-generated subgroups is coarser
than that in Theorem 2.0.2. So, motivated by the result in Theorem 2.0.3, we searched for a
probabilistic version of the result of Kovács and Sim mentioned above. In order to move in
this direction let consider the following invariant, introduced by Pak:

ν(G) = min
{
k ∈ N

∣∣∣∣ PG(k) ≥ 1
e

}
,

where e is the Nepero number. As it was noticed by Pak (see for example [96, Proposition
1.1]), e(G) and ν(G) are related in the following way:

1
e
· e(G) ≤ ν(G) ≤ e

e− 1 · e(G). (2.0.6)

Now, assume that a finite soluble group G has a family H1, . . . ,Ht of subgroups whose
indices have no common divisor and such that ν(Hi) ≤ d for every 1 ≤ i ≤ d. Is it true that
ν(G) can be bounded in term of d? We proved that the answer is affirmative.

Theorem 2.0.6. [106, Theorem 1] Let G be a finite soluble group. Assume that for every
p ∈ π(G) there exists Gp ≤ G such that p does not divide |G : Gp| and ν(Gp) ≤ d. Then
ν(G) ≤ d+ 7.

As customary, we denoted by π(G) the set of prime divisors of the order of G.
To be more coherent with the statement of Theorem 2.0.3, we aimed to replaced in the

statement of Theorem 2.0.6 the invariants ν(G) and ν(Gp) with e(G) and e(Gp). In order to
do so, we need to introduce another invariant related to both e(G) and ν(G). For n ∈ N, let

M(G) = sup
n≥2

logmn(G)
logn

where we recall that mn(G) is the number of maximal subgroups of G with index n. (In this
thesis, log will denote the logarithm to base 2, unless otherwise indicated.)

Actually M(G) is the “polynomial degree” of the rate of growth of mn(G). This rate
has been studied for finite and profinite groups by Mann, Shalev, Borovik, Jaikin-Zapirain,
Liebeck, Pyber and more recently by Ballester-Bolinches, Esteban-Romero, Jiménez-Seral
and Hangyang Meng (see [18], [75], [114], [115], [12]). It is roughly equal to ν(G), indeed the
following holds true (see [96, Proposition 1.2]):

M(G)− 3.5 ≤ ν(G) ≤M(G) + 2.02. (2.0.7)
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The estimation for e(G) given by Lubotzky is obtained combining (2.0.6) and (2.0.7):

(M(G)− 3.5) · e− 1
e
≤ e(G) ≤ (M(G) + 2.02) · e. (2.0.8)

The proof of Theorem 2.0.6 relies on (2.0.7), to be precise it depend on the fact that |M(G)−
ν(G)| is bounded above by a constant. However the estimation in (2.0.8) leaves open the
question whether |M(G)− e(G)| could be arbitrarily large. We observed that the arguments
used in [96] can be improved and the following result can be obtained.

Theorem 2.0.7. [108, Theorem 1.1] Let G be a finite group. Then

dM(G)e − 4 ≤ e(G) ≤ dM(G)e+ 3.

With this theorem we were able to obtain the result we aimed for:

Theorem 2.0.8. [108, Theorem 1.5] Let G be a finite soluble group. Assume that for every
prime p dividing |G|, there exists Gp ≤ G such that p does not divide |G : Gp| and e(Gp) ≤ ρ.
Then e(G) ≤ ρ+ 9.

We proved Theorem 2.0.6, Theorem 2.0.7, and Theorem 2.0.8 in Section 2.2.
Observe that the proofs of the results we have seen so far, depend implicitly on the CFSG.

More precisely the proof of Theorem 2.0.3, 2.0.6, 2.0.7 require the following result proved by
Pyber.

Theorem 2.0.9. [96, Theorem 1.3] There exists a constant b such that for every finite group
G and every n ≥ 2, G has at most nb core-free maximal subgroups of index n. In fact, b = 2
will do.

While the proof of Corollary 2.0.5 uses a bound on the chief length of a permutation
group of degree n (see Proposition 2.1.13).

A generalization of the theorem (above mentioned) of Kovács and Sim to arbitrary finite
group is given in [101]: if a finite group G has a family of d-generator subgroups whose indices
have no common divisor, then G can be generated by d+2 elements. So a natural question is
whether there is an analogous of Theorem 2.0.6 for arbitrary finite groups. This is a difficult
question. Denote by Λp(G), or respectively Λnonab(G), the set of the maximal subgroups
M of G with the property that the socle of G/MG is an abelian p-group, or respectively a
nonabelian group. Assume that for every p ∈ π(G) there exists Gp ≤ G such that p does
not divide |G : Gp| and ν(Gp) ≤ d. In order to prove an analogous of Theorem 2.0.6 we
would need to deduce from this hypothesis a bound on the number of maximal subgroups of
G of a given index. Imitating the arguments of the proof of Theorem 2.0.6, the assumption
ν(Gp) ≤ d can be used to estimate the number of maximal subgroups in Λp(G) in terms of d,
but it remains the problem of getting an efficient estimation of the number of the maximal
subgroups in Λnonab(G). We think that it could be possible to use for this purpose the
assumption ν(G2) ≤ d. An evidence that this could work is that, in [98], it is showed that
the number of maximal subgroups in Λnonab(G) of index n in G can be bounded in terms
of d2(G) the smallest cardinality of a generating set of a Sylow 2-subgroup of G. We would
need a similar result, using a subgroup of odd index instead of a Sylow 2-subgroup.

Whether the role of a 2-Sylow subgroup can be played by an arbitrary subgroup of odd
index is a problem regarding a more wide class of groups. Let us explain how a similar
question also arises in the context of profinite groups. (Recall that a topological group G is
profinite if it is Hausdorff, compact, and totally totally disconnected.)
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Being a compact topological group, a profinite group G, can be seen as a probability space.
If we denote by µ the normalized Haar measure on G, so that µ(G) = 1, the probability that
k random elements generate (topologically) G is defined as

PG(k) = µ({(x1, . . . , xk) ∈ Gk|〈x1, . . . , xk〉 = G}),

where µ denotes also the product measure on Gk. A profinite group G is said to be positively
finitely generated, PFG for short, if PG(k) is positive for some natural number k. Not all
finitely generated profinite groups are PFG (for example if F̂d is the free profinite group of
rank d ≥ 2 then PF̂d(t) = 0 for every t ≥ d, see for example [77]). It is not difficult to prove
the following (see Subsection 2.2.5)

Proposition 2.0.10. [106, Proposition 1.3] Let G be a finitely generated profinite group. If
the 2-Sylow subgroups of G are finitely generated, then G is PFG.

We do not know whether the previous result remains true if we only assume that there is
a closed subgroup of G which is of odd index and PFG. Therefore, the “ profinite version” of
our problem, that is

Is it true that if a finitely generated profinite group G contains a PFG closed subgroup of odd
index, then G is PFG?

is still open.
Finally, observe that the definition of e(G) can be extended to the case of a (topologically)

finitely generated profinite group G. As it is proved for example in [100, Section 6],

e(G) = sup
N∈N

e(G/N),

whereN is the set of the open normal subgroups of G. This implies that Theorems 2.0.3, 2.0.7
still hold if G is a finitely generated profinite group. A profinite group G is said to have
polynomial maximal subgroup growth if there exist some constant α and σ such that mn(G) ≤
αnσ for all n. Note that the profinite version of Theorem 2.0.7 can be considered as a
quantitative version of the celebrated result of Mann and Shalev [115], saying that a profinite
group is PFG if and only if it has polynomial maximal subgroup growth.

Now, we analyze a different question in the context of random generation.

Question 1. Let n ∈ N. Suppose that there are two boxes, one is blue and one is red.
The balls in the blue box correspond to the elements of Sym(n), the balls in the red box
correspond to the elements of Alt(n). We choose one of the boxes, and then we extract balls
from the chosen box, with replacement, until a transitive permutation group of degree n is
generated. In order to minimize the number of extractions, is it better to choose the red box
or the blue one?

Let us formalize this question. Let G be a subgroup of Sym(n). Let PT (G, t) be the
probability that t randomly chosen elements of G generate a transitive subgroup of G. Let
G ≤ Sym(n) and let x = (xm)m∈N be a sequence of independent, uniformly distributed
G-valued random variables. We may define a random variable τG,n by setting

τG,n = min{t ≥ 1| 〈x1, . . . , xt〉 is a transitive subgroup of G}.

We denote by eT (G) the expectation of the random variable τG,n. Hence eT (G) is the expected
number of elements of G which have to be drawn at random, with replacement, before a set
of generators of a transitive subgroup of G is found. With arguments similar to that used for
τG, in Subsection 2.3.1, we proved that

P (τG,n > t) = 1− PT (G, t) and eT (G) =
∑
t≥0

(1− PT (G, t)). (2.0.9)
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The case G = Sym(n) has been studied in [46] and [103]. Let Πn be the set of partitions of
n, that is, the set of decreasing sequences of natural numbers whose sum is n, and let Π∗n be
the set of partitions of n into at least two parts. Given ω = (n1, . . . , nk) ∈ Πn with

n1 = · · · = nk1 > nk1+1 = · · · = nk1+k2 > · · · > nk1+···+kr−1+1 = · · · = nk1+···+kr ,

and k1 + · · ·+ kr = k, we define

µ(ω) := (−1)k−1(k − 1)!, ι(ω) := n!
n1! . . . nk!

, ν(ω) := k1!k2! . . . kr!.

It turns out (see [103, Theorem 9] and [46, Proposition 2.1]) that for every n ≥ 2,

PT (Sym(n), t) =
∑
ω∈Πn

µ(ω)ι(ω)
ν(ω)ι(ω)t

eT (Sym(n)) = −
∑
ω∈Π∗n

µ(ω)ι(ω)2

ν(ω)(ι(ω)− 1) .
(2.0.10)

We are interested in the case G = Alt(n). Since Alt(2) = {1} there are no possibilities to find
a transitive subgroup of Alt(2), so we study the problem for n ≥ 3. Let n = 3. The unique
transitive subgroup of Alt(3) is Alt(3) itself, therefore

P (τAlt(3),3 = t) = 1− 1
3t , and eT (Alt(3)) =

∑
t≥0

1
3t = 3

2 .

Whilst, (2.0.10) yield

P (τSym(3),3 = t) = 1− 3
3t + 2

6t , and eT (Sym(3)) = 21
10 .

Hence if n = 3 to find a transitive subgroup, it is more convenient to search in the alternating
group.

Let us analyze the case n = 4. The transitive subgroups of Alt(4) are the noncyclic
subgroups. Note that H = 〈x1, . . . , xt〉 is a transitive subgroup of Alt(n) if and only if there
exist 1 ≤ i < j ≤ t such that xi 6= 1 and xj /∈ 〈xi〉. The numbers of trials needed to obtain
x ∈ Alt(4) \ {1} is a geometric random variable with expectation E0 = 12

11 . With probability
p1 = 3

11 the element x has order 2. In this case, the number of trials needed to find an
element y /∈ 〈x〉 is a geometric random variable with expectation E1 = 12

10 . On the other
hand, with probability p2 = 8

11 the element x has order 3. In this second case, the number
of trials needed to find an element y /∈ 〈x〉 is a geometric random variable with expectation
E2 = 12

9 . Summing up we get that

eT (Alt(4)) = E0 + p1E1 + p2E2 = 394
165 .

Whilst, (2.0.10) yield
eT (Sym(4)) = 7982

3795 .

Therefore, to have a transitive subgroup it is more convenient to search in Sym(4). The
previous examples suggest us that the answer to the Question 1 depends on the parity of n.
We confirmed this proving the following result.

Theorem 2.0.11. [107, Theorem 1.1, Theorem 2.4] For every natural number n ≥ 3, then

PT (Sym(n), t)− PT (Alt(n), t) =(−1)n+1(n− 1)!(2t − 1)
(n!)t , (2.0.11)

eT (Sym(n))− eT (Alt(n)) =(−1)n+1n!(n− 1)!
(n!− 1)(n!− 2) . (2.0.12)
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Observe that eT (Sym(n)) − eT (Alt(n)) tends to zero when n tends to infinity, but it is
positive if n is odd and negative otherwise. To explain this behaviour notice that, if G ≤
Sym(n), then PT (G, 1) the probability that one randomly chosen element g in G generates a
transitive subgroup of Sym(n), coincide with the probability that g is a n-cycle: in particular

PT (Sym(n), 1) = 1
n

and PT (Alt(n), 1) =
{ 2
n , if n is odd
0, if n is even.

The details of the proof of Theorem 2.0.11 are discussed in Subsection 2.3.2.
In [103, Section 5], it is proved that limn→∞ eT (Sym(n)) = 2 and

2 = eT (Sym(2)) ≤ eT (Sym(n)) ≤ eT (Sym(4)) = 7982
3795 ∼ 2.1033.

A similar result can be obtained in the alternating case.

Theorem 2.0.12. [107, Theorem 1.2] Assume that n ≥ 3.

1. If n is odd, then 3
2 = eT (Alt(3)) ≤ eT (Alt(n)) < 2.

2. If n is even, then 2 < eT (Alt(n)) ≤ eT (Alt(4)) = 394
165 ∼ 2.3879.

Moreover limn→∞ eT (Alt(n)) = 2.

The proof of Theorem 2.0.12 is in Subsection 2.3.3.

Here, we pass from the theory of random generation to a question regarding the theory
of minimal generation. A generating set X of a finite group G is said to be minimal (or
independent) if no proper subset of X generates G. We denote by m(G) the largest size
of a minimal generating set of G. First steps toward investigating m(G) have been taken
in the context of permutation groups. An exhaustive investigation has been done for finite
symmetric groups [34, 163], proving thatm(Sym(n)) = n−1 and giving a complete description
of the independent generating sets of Sym(n) having cardinality n−1. Partial results for some
families of simple groups are in [152]: it turns out that already in the case G = PSL(2, q), the
precise value of m(G) is quite difficult to obtain. Moreover, Apisa and Klopsch [1] proposed a
natural “classification problem”: given a non-negative integer c, characterize all finite groups
G such that m(G) − d(G) ≤ c, where d(G) is the minimal size of a generating set of G. In
particular, they classified the finite groups for which the equality m(G) = d(G) holds. During
the same period Lucchini started in [104, 105] a systematic investigation of how m(G) can
be estimated for an arbitrary finite group G.

Minded the result obtained in Theorem 2.0.2, one may ask whether a similar result holds
also for m(G). More precisely, denote by dp(G) the minimal number of generators of a Sylow
p-subgroup of G. Is it possible to bound m(G) as a function of the numbers dp(G), with p
running through the prime divisors of the order of G?

It can be easily seen that, if G is a finite nilpotent group, then m(G) =
∑
p∈π(G) dp(G)

(see Proposition 2.4.1 for details). For simplicity, we let

δ(G) :=
∑

p∈π(G)
dp(G).

In a private communication to Lucchini, Keith Dennis has conjectured that m(G) ≤ δ(G),
for every finite group G. This conjecture is true for soluble groups.

Theorem 2.0.13. [113, Theorem 1.1] Let G be a finite soluble group. Then m(G) ≤ δ(G).
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Despite Theorem 2.0.13, Dennis’ conjecture is false if G is a symmetric group. We studied
the asymptotic behaviour of the function δ(Sym(n)) (see Subsection 2.4.4). In particular, the
following theorem holds true.

Theorem 2.0.14. [113, Theorem 5.1] For every n ≥ 2, we have δ(Sym(n)) = loge 2·n+o(n).

(See Subsection 2.4.4 for a proof of Theorem 2.0.14.) Since m(Sym(n)) = n− 1 by [163],
the difference m(Sym(n))−δ(Sym(n)) goes to infinity with n and the inequality m(Sym(n)) ≤
δ(Sym(n)) is satisfied by only finitely many values of n. Indeed, using the explicit upper
bound on δ(Sym(n)) in Theorem 2.4.10 and some calculations, we have

δ(Sym(n)) = n− 1 if and only if n ∈ {1, 2, 3, 4, 5, 8, 10, 11, 16, 17, 18, 19, 25, 30, 31},
δ(Sym(n)) = n if and only if n ∈ {6, 7, 12, 13, 20, 26, 42, 43, 48},
δ(Sym(n)) = n+ 1 if and only if n ∈ {14, 21, 44, 45},
δ(Sym(n)) = n+ 2 if and only if n ∈ {15, 22, 23, 24, 46, 47}.

For all the other values of n, we have δ(Sym(n)) < n− 1 = m(Sym(n)).

The proof of Theorem 2.4.10 is rather technical and uses some explicit bounds on the
prime counting function. However, in Lemma 2.4.8 we showed by elementary means that, for
every positive real number η > 1, there exists a constant cη such that m(Sym(n)) = n− 1 ≤
cη(δ(Sym(n))η, for every n ∈ N.

This motivates the following conjecture, which can be seen as a natural generalization of
Dennis’ conjecture.

Conjecture 4. There exist two constants c and η such that m(G) ≤ c · δ(G)η for every finite
group G.

Given a normal subgroup N of a finite group G, we let

m(G,N) = m(G)−m(G/N).

The following theorem is a crucial result towards a proof of Conjecture 4.

Theorem 2.0.15. [113, Theorem 1.4] Let G be a finite group. Assume that there exist two
constants σ ≥ 1 and η ≥ 2 such that m(X,S) ≤ σ · |π(S)|η, for every composition factor S of
G and for every almost simple group X with socX = S. Then m(G) ≤ σ · δ(G)η.

Observe that Theorem 2.0.15 reduces Conjecture 4 to the following conjecture on finite
almost simple groups.

Conjecture 5. There exist two constants σ and η such that m(X, socX) ≤ σ · |π(socX)|η,
for every finite almost simple group X.

Conjecture 5 holds true, with η = 2, when socX is an alternating group or a sporadic
simple group (Lemma 2.4.9). Therefore, we have the following corollary.

Corollary 2.0.16. [113, Corollary 1.6] There exists a constant σ such that, if G has no
composition factor of Lie type, then m(G) ≤ σδ(G)2.

Very little is known about m(G) when G is an almost simple group with socle a simple
group of Lie type. Saxl and Whiston in [152] proved that, if G = PSL(2, q) with q = pr

and with p a prime number, then m(G) ≤ max(6, π̃(r) + 2) where π̃(r) is the number of
distinct prime divisors of r. It follows from Zsigmondy’s Theorem that π̃(r) ≤ π̃(q + 1) ≤
|π(PSL(2, q))|. Therefore Conjecture 5 holds true when G = PSL(2, q). In his PhD thesis [78],
P. J. Keen found a good upper bound for m(SL(3, q)), when q = pr and p is odd. In
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preparation for this, he also investigated the sizes of independent sets in SO(3, q) and SU(3, q),
getting in all the cases a linear bound in terms of π̃(r). These partial results lead us to
conjecture that, if soc(X) is a group of Lie type of rank n over the field with q = pr elements,
then m(X, socX) is polynomially bounded in terms of n and π̃(r). If this were true, then
Conjecture 5 would also be true.

The proofs of Theorem 2.0.15 and Corollary 2.0.16 are in Subsection 2.4.3. These proofs
require two preliminary results, one concerning the prime divisors of the order of a finite
non-abelian simple group and the other about permutation groups, proved respectively in
Subections 2.4.1 and 2.4.2.

We have seen that the minimal and the maximal size of a minimal generating set of a
finite group G has been well studied for many groups G. So arises naturally to ask what
it is known on the (not necessarily minimal or maximal) size of a minimal generating set
of G. A nice result in universal algebra, due to Tarski and known with the name of Tarski
irredundant basis theorem (see for example [29, Theorem 4.4]), implies that G contains an
independent generating set of cardinality k, for every positive integer d(G) ≤ k ≤ m(G).

The proof of this theorem relies on a clever but elementary counting argument which
implies also the following result: for every k with d(G) ≤ k < m(G) there exists a minimal
generating set {g1, . . . , gk} with the property that there are 1 ≤ i ≤ k and x1, x2 in G such
that ω̃ := {g1, . . . , gi−1, x1, x2, gi+1, . . . , gk} is again a minimal generating set of G. Moreover
x1, x2 can be chosen with the extra property that gi = x1x2.

Now, we introduce some definitions to conclude this chapter with some results in this
direction. Let ω := {g1, . . . , gk} be a minimal generating set of G with k < m(G). We
say that ω = (g1, . . . , gk) is extendible if there exist 1 ≤ i ≤ k and x1, x2 in G such that
ω̃ := {g1, . . . , gi−1, x1, x2, gi+1, . . . , gk} is a minimal generating set of G. In this case we say
that ω̃ is an immediate descendant of ω. Furthermore, if gi = x1x2, then we say that ω̃ is a
strong immediate descendant of ω. More in general, a minimal generating set ω∗ of cardinality
t (with t > k) is a (strong) descendant of ω if there exists a sequence ω0, ω1, . . . , ωt−k where
ω0 = ω, ω∗ = ωt−k and ωj is a (strong) immediate descendant of ωj−1 for every 1 ≤ j ≤
t− k. Finally we say that ω is (strongly) totally extendible if it has a (strong) descendant of
cardinality m(G).

There exist minimal generating sets that are not totally extendible. For example, let
G = Sym(4) and consider g1 = (1, 2, 3, 4) and g2 = (1, 3, 2, 4). Clearly G = 〈g1, g2〉. Assume,
by contradiction, that there exists x1 and x2 such that {x1, x2, gi} is a minimal generating set
of G, with j ∈ {1, 2}. For i ∈ {1, 2}, we have that 〈xi, gj〉 is a proper subgroup of G containing
gj , but this implies xi ∈ NG(〈gj〉): as a consequence 〈gj〉 is normal in G = 〈x1, x2, gj〉, but
this is false. Therefore {g1, g2} is not extendible. One can ask whether in a finite group G
there exists at least one generating set of cardinality d(G) which is totally extendible. We
prove that this happens for finite soluble groups.

Theorem 2.0.17. [110, Theorem 1.1] Let G be a finite soluble group. Then there exists a
strongly totally extendible generating set of cardinality d(G).

We now say that G has the extension property if every minimal generating set of G whose
cardinality is strictly less than m(G) has an immediate descendant. In [110], we investigated
the structure of the finite groups satisfying the extension property. In the case of finite
nilpotent groups, a complete description can be easily obtained: a finite nilpotent G has
the extension property if and only if either G is a p-group or G is cyclic and |π(G)| = 2
(see Proposition 2.5.3). There are also non nilpotent groups with the extension property, for
example the groups G with the property that d(G) = m(G) (classified in [1, Theorem 1.6]).
There exist also non nilpotent groups that satisfy the extension property but not the equality
d(G) = m(G). Consider for example the semidirect product G = V o Q, where Q is the
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quaternion group, V is an elementary abelian group of order 9 and the action of Q on V is
obtained by identifying Q with a Sylow 2-subgroup of SL(2, 3). We have d(G) = 2, m(G) = 3.
Moreover, if G = 〈x1, x2〉, then |x1| = |x2| = 4, and consequently there exists v ∈ V such
that 〈xv1, x2〉 is a Sylow 2-subgroup of G. Hence {xv1, x2, [v, x1]} is an immediate descendant of
{x1, x2}, and G has the extension property. We obtained a complete description of the finite
soluble groups with the extension property. In particular we proved the following statement.

Theorem 2.0.18. [113, Theorem 1.2] A finite soluble group satisfies the extension property
if and only if one of the following occurs:

1. d(G) = m(G).

2. G/FratG = V o H where V is an irreducible H-module, d(H) = m(H) = 2 and
whenever {h1, h2} is a generating set of H, then there exists i ∈ {1, 2} such that
CV (hi) = {0}. In this case d(G) = 2 and m(G) = 3.

3. G is cyclic and |π(G)| = 2.

By [1, Theorem 1.5], if d(G) = m(G), then π(G) ≤ 2, so we immediately deduce the
following corollary.

Corollary 2.0.19. [113, Corollary 1.3] If G is finite soluble group with the extension prop-
erty, then |π(G)| ≤ 3 and m(G) ≤ d(G) + 1.

The bound |π(G)| ≤ 3 in the previous corollary is best possible. Let H be the dicyclic
group of order 12. This group has an action on the 2-dimensional vector space V over the field
with 13 elements and this action is irreducible and fixed-point-free: we may then consider
the semidirect product G = V oH.

From the proofs of Theorem 2.0.18 and Proposition 2.5.3, we readily deduce the following.

Corollary 2.0.20. [113, Corollary 1.4] If a finite soluble group G satisfies the extension
property, then it also satisfies the strong extension property.

To prove Theorems 2.0.17, 2.0.18 other than heavily use the concept of crowns, we proved
some Lemmas in linear algebra (see Subsections 2.5.2, 2.5.3).
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2.1 A probabilistic version of a theorem of Guralnick and Luc-
chini

2.1.1 Preliminaries

Let G be a finite group and use the following notations:

• For a given prime p, dp(G) is the smallest cardinality of a generating set of a Sylow
p-subgroup of G.

• For a given prime p and a positive integer t, αp,t(G) is the number of complemented
factors of order pt in a chief series of G.

• For a given prime p, αp(G) =
∑
t αp,t(G) is the number of complemented factors of

p-power order in a chief series of G.

• β(G) is the number of nonabelian factors in a chief series of G.

Lemma 2.1.1. For every finite group G, we have:

1. αp(G) ≤ dp(G).

2. α2(G) + β(G) ≤ d2(G).

3. If β(G) 6= 0, then β(G) ≤ d2(G)− 1.

4. If α2,1(G) = 0, then α2(G) + β(G) ≤ d2(G)− 1.

5. If αp,1(G) = 0, then αp(G) ≤ dp(G)− 1.

Proof. (1), (2) and (3) are proved in [99, Lemma 4]. Now assume that no complemented chief
factor of G has order 2 and let r = α2(G) + β(G). There exists a sequence Xr ≤ Yr ≤ · · · ≤
X1 ≤ Y1 of normal subgroups of G such that, for every 1 ≤ i ≤ r, Yi/Xi is a complemented
chief factor of G of even order. Notice that β(G/Y1) = α2(G/Y1) = 0, hence G/Y1 is a
finite soluble group all of whose complemented chief factors have odd order, but then G/Y1
has odd order and consequently d2(G) = d2(Y1). Moreover, as in the proof of [99, Lemma
4], d2(Y1) ≥ d2(Y1/X1) + r − 1. Since |Y1/X1| 6= 2 and the Sylow 2-subgroups of a finite
nonabelian simple cannot be cyclic [144, 10.1.9], we deduce d2(Y1/X1) ≥ 2 and consequently
d2(G) = d2(Y1) ≥ r + 1. This proves (4). The proof of (5) is similar.

Using the notations introduced in [96, Section 2], we say that a maximal subgroup M of
G is of type A if soc(G/CoreG(M)) is abelian, of type B otherwise, and we denote by mA

n (G)
(respectively mB

n (G)) the number of maximal subgroups of G of type A (respectively B) of
index n. Given t ∈ N and p ∈ π(G), define

µ∗(G, t) =
∑
k≥t

∑
n≥5

mB
n (G)
nk

 , µp(G, t) =
∑
k≥t

∑
n≥1

mA
pn(G)
pnk

 .
Lemma 2.1.2. Let t ∈ N. Then e(G) ≤ t+ µ∗(G, t) +

∑
p∈π(G) µp(G, t).

Proof. By (2.0.3) and (2.0.1),

e(G) ≤ t+
∑
n≥t

(1− PG(n)) ≤ t+
∑
k≥t

∑
n≥2

mn(G)
nk

 .
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Lemma 2.1.3. Let t ∈ N. If β(G) = 0, then µ∗(G, t) = 0. If t ≥ β(G) + 3, then

µ∗(G, t) ≤ β(G)(β(G) + 1)
2 · 5t−4 · 1

4 .

Proof. The result follows from [99, Lemma 8] and its proof. In those proofs were used
Theorem 2.0.9; this explain the implicit dependence on CFSG of our results.

Lemma 2.1.4. Let t ∈ N and p ∈ π(G). If αp(G) = 0, then µp(G, t) = 0.

1. If α2(G) ≤ t− 1 and α2,u(G) ≤ t− 2 for every u > 1, then

µ2(G, t) ≤ 1
2t−α2(G)−1 .

2. Let p be an odd prime. If αp(G) ≤ t− 2 then

µp(G, t) ≤
1

pt−αp(G)−2
1

(p− 1)2 .

Proof. The result follows from [99, Lemma 7] and its proof.

Let G be a finite soluble group and let A be a set of representatives for the irreducible
G-modules that are G-isomorphic to some complemented chief factor of G. For every A ∈ A,
let δA be the number of complemented factors G-isomorphic to A in a chief series of G,
qA = |EndG(A)|, rA = dimEndG(A)(A), ζA = 0 if A is a trivial G-module, ζA = 1 otherwise.
Moreover, for every l ∈ N, let QA,l(s) be the Dirichlet polynomial defined by

QA,l(s) = 1− ql+rA·ζAA

qrA·sA

.

By [55, Satz 1], for every positive integer k we have

PG(k) =
∏
A∈A

 ∏
0≤l≤δA−1

QA,l(k)

 . (2.1.1)

For every prime p dividing |G|, let Ap be the subset of A consisting of the irreducible G-
modules having order a power of p and let

PG,p(k) =
∏
A∈Ap

 ∏
0≤l≤δA−1

QA,l(k)

 . (2.1.2)

Definition 2.1.5. For every prime p and every positive integer α let

Cp,α(s) =
∏

0≤i≤α−1

(
1− pi

ps

)
, Dp,α(s) =

∏
1≤i≤α

(
1− pi

ps

)
.

Lemma 2.1.6. Let G be a finite soluble group and let k be a positive integer.

1. If dp(G) ≤ d, then PG,p(k) ≥ Dp,d(k).

2. If p divides |G/G′|, then PG,p(k) ≥ Cp,d(k).

3. If αp,1(G) = 0, then PG,p(k) ≥ Cp,d(k).
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4. If d2(G) ≤ d, then PG,2(k) ≥ C2,d(k).

Proof. Suppose that Ap = {A1, . . . , At} and let qi = qAi , ri = rAi , ζi = ζAi and δi = δAi .
Recall that

PG,p(k) =
∏

1≤i≤t
0≤l≤δi−1

QAi,l(k). (2.1.3)

By Lemma 2.1.1, δ1 + δ2 + · · · + δt = αp(G) ≤ dp(G), hence the number of factors QAi,l(k)
in (2.1.3) is at most dp(G). We order these factors in such a way that QAi,u(k) precedes
QAj ,v(k) if either i < j or i = j and u < v. Moreover we order the elements of Ap in such a
way that A1 is the trivial G-module if p divides |G/G′|.
1) Since Dp,d(k) = 0 if k ≤ d, we may take k > d. To show that PG,p(k) ≥ Dp,d(k), it is
sufficient to show that the j-th factor Qj(k) = QAi,l(k) of PG,p(k) is greater than the j-th
factor

Dj(k) = 1− pj

pk

of Dp,d(k). If j ≤ δ1 then Qj(k) = QA1,l(k) with l = j − 1. If j > δ1 then Qj(k) = QAi,l(k)
for some i ∈ {2, . . . , t} and l ∈ {0, . . . , δi − 1}, thus

j = δ1 + δ2 + · · ·+ δi−1 + l + 1 ≥ l + 2.

In any case,
qriζii qli ≤ q

ri(l+1)
i ≤ qriji .

We have qi = pni for some ni ∈ N. Since j ≤ d < k, we deduce that

qriζii qli

qriki
≤ qriji
qriki

=
(
pj

pk

)rini
≤ pj

pk
.

But then

Qj(k) = 1− qriζii qli

qriki
≥ 1− pj

pk
= Dj(k).

2) Since Cp,d(k) = 0 if k < d, we may take k ≥ d. To show that PG,p(k) ≥ Cp,d(k), it is
sufficient to show that the j-th factor Qj(k) = QAi,l(k) of PG,p(k) is greater than the j-th
factor

Cj(k) = 1− pj−1

pk

of Cp,d(k). If i = 1, then, by the way in which we ordered the elements of Ap, we have
Qj(k) = Cj(k). Otherwise, as we have seen in the proof of (1), l + 2 ≤ j so riζi + l ≤
ri + j − 2 ≤ ri(j − 1). Since j ≤ d ≤ k, we deduce that

qriζii qli

qriki
≤ q

ri(j−1)
i

qriki
≤ pj−1

pk
and Qj(k) = 1− qriζii qli

qriki
≥ 1− pj−1

pk
= Cj(k).

3) Assume that no complemented chief factor of G has order p. By (5) of Lemma 2.1.1,
αp(G) ≤ dp(G) − 1 ≤ d − 1. But then, in the factorization of PG,p(k) described in (2.1.3)
the number of factors is at most d − 1 and, arguing as in the proof of (1), we conclude
PG,p(k) ≥ Dp,d−1(k) ≥ Cp,d(k)
4) We may assume α2(G) 6= 0 (otherwise PG,2(k) = 1). Since α2,1(G) 6= 0 if and only if 2
divides |G/G′|, the conclusion follows from (2) and (3).
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2.1.2 Proof of Theorem 2.0.3

Proposition 2.1.7. Let G be a finite group. If all the Sylow subgroups of G can be generated
by d elements and G is not soluble, then

e(G) ≤ d+ κ∗ with κ∗ ≤ 2.750065.

Proof. Let β = β(G). Since G is not soluble, β > 0, hence by (2) and (3) of Lemma 2.1.1, we
have 1 ≤ β ≤ d2(G)− 1 ≤ d− 1 and α2(G) ≤ d2(G)− β ≤ d− 1. We distinguish two cases:
a) β < d− 1. By Lemma 2.1.2, 2.1.3 and 2.1.4 and using a rather precise approximation of∑
p(p− 1)−2 given in [38], we conclude

e(G) ≤ d+ 2 + µ∗(G, d+ 2) + µ2(G, d+ 2) +
∑
p>2

µp(G, d+ 2)

≤ d+ 2 + 1
20 + 1

4 +
∑
p>2

1
(p− 1)2 ≤ d+ 2.675065.

b) β = d − 1. By (2) and (4) of Lemma 2.1.1, either α2(G) = 0 or α2(G) = α2,1(G) = 1. In
the first case µ2(G, d+ 2) = 0, in the second case mA

2 (G) = 1 and consequently

µ2(G, d+ 2) =
∑

k≥d+2

mA
2 (G)
2k ≤

∑
k≥d+2

1
2k ≤

∑
k≥4

1
2k ≤

1
8 .

By Lemma 2.1.2, 2.1.3 and 2.1.4, we conclude

e(G) ≤ d+ 2 + µ∗(G, d+ 2) + µ2(G, d+ 2) +
∑
p>2

µp(G, d+ 2)

≤ d+ 2 + 1
4 + 1

8 +
∑
p>2

1
(p− 1)2 ≤ d+ 2.750065.

The previous proposition reduces the proof of Theorem 2.0.3 to the particular case when
G is soluble. To deal with this case, we are going to introduce, for every positive integer
d and every set of primes π, a supersoluble group Hπ,d all of whose Sylow subgroups are
d-generated and with the property that e(G) ≤ e(Hπ,d) whenever G is soluble, π(G) ⊆ π and
the Sylow subgroups of G are d-generated.
Definition 2.1.8. Let π be a finite set of prime numbers with 2 ∈ π, and let d be a positive
integer. We define Hπ,d as the semidirect product of A with 〈y, z1, . . . , zd−1〉, where A is
isomorphic to

∏
p∈π\{2}C

d
p and 〈y, z1, . . . , zd−1〉 is isomorphic to Cd2 and acts on A via xy =

x−1, xzi = x for all x ∈ A and 1 ≤ i ≤ d− 1. Thus

Hπ,d
∼=

 ∏
p∈π\{2}

Cdp

o C2

× Cd−1
2 .

Theorem 2.1.9. Let G be a finite soluble group. If all the Sylow subgroups of G can be
generated by d elements, then e(G) ≤ e(Hπ,d), where π = π(G) ∪ {2}.
Proof. Let H = Hπ,d, p ∈ π and k ∈ N. Let A be a set of representatives for the irreducible
H-modules that are H-isomorphic to some complemented chief factor of H and let Ap be
the subset of A consisting of the irreducible H-modules having order a power of p. For every
p ∈ π, Ap contains a unique element Ap. Moreover |Ap| = p, δAp = d and ζAp = 1 if p 6= 2,
while ζA2 = 0. Hence, by (2.1.2), PH,p(k) = Dp,d(k) if p 6= 2, while PH,2(k) = C2,d(k). By
Lemma 2.1.6, PG,p(k) ≥ PH,p(k) for every p ∈ π(G). This implies

PG(k) =
∏

p∈π(G)
PG,p(k) ≥

∏
p∈π

PH,p(k) = PH(G)

and consequently e(G) =
∑
k≥0(1− PG(k)) ≤

∑
k≥0(1− PH(k)) = e(H).
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Definition 2.1.10. Let π be a finite set of prime numbers with 2 ∈ π, and let d be a positive
integer. We set ed = supπ e(Hπ,d) and κ = supd(ed − d).

Let π∗ = π \ {2}. Since PHπ,d(k) = 0 for all k ≤ d we have

e(Hπ,d) =
∑
k≥0

(
1− PHπ,d(k)

)
= d+ 1 +

∑
k≥d+1

1− C2,d(k)
∏
p∈π∗

Dp,d(k)


= d+ 1 +

∑
k≥d+1

1−
∏

1≤i≤d

(
1− 2i−1

2k

) ∏
p∈π∗

∏
1≤i≤d

(
1− pi

pk

)
= d+ 1 +

∑
t≥0

1−
∏

1≤i≤d

(
1− 2i−1

2t+(d+1)

) ∏
p∈π∗

∏
1≤i≤d

(
1− pi

pt+(d+1)

) .
We immediately deduce that e(Hπ,d)− d increases as d increases. Moreover we have

ed − d = sup
π

(e(Hπ,d)− d)

= 1 +
∑

k≥d+1

1−
(1− 1

2k )
(1− 2d

2k )

∏
p

∏
1≤i≤d

(
1− pi

pk

) .
For k = d+1 the double product tends to 0, while for k ≥ d+2 it tends to

∏
1≤i≤d ζ(k − i)−1,

where ζ denotes the Riemann zeta function. Hence we get

ed − d = 2 +
∑

k≥d+2

1−
(1− 1

2k )
(1− 2d

2k )

∏
1≤i≤d

ζ(k − i)−1


= 2 +

∑
j≥1

1−
(1− 1

2j+(d+1) )
(1− 1

2j+1 )
∏

1≤l≤d
ζ(j + l)−1


= 2 +

∑
j≥1

1−
(

2j+1 − 2−d

2j+1 − 1

) ∏
1+j≤n≤d+j

ζ(n)−1

 .
Let c =

∏
2≤n≤∞ ζ(n)−1. Since ed − d increases as d grows, we get

κ = lim
d→∞

ed − d

= 2 +
(

1−
(

22

22 − 1

)
c

)
+
∑
j≥2

1−
(

2j+1

2j+1 − 1

)
c
∏

2≤n≤j
ζ(n)


= 2 +

(
1− 4

3 · c
)

+
∑
j≥2

1−
(

1 + 1
2j+1 − 1

)
c
∏

2≤n≤j
ζ(n)

 .
Using the computer algebra system PARI/GP [133], we get

κ = 2 +
(

1− 4
3 · c

)
+
∑
j≥2

1−
(

1 + 1
2j+1 − 1

)
c
∏

2≤n≤j
ζ(n)

 ∼ 2.752395.

Combining this result with Proposition 2.1.7 and Theorem 2.1.9, we obtain the proof of
Theorem 2.0.3.
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2.1.3 Proof of Theorem 2.0.4

To prove Theorem 2.0.4 we need prove the preliminar result below.

Theorem 2.1.11. Let G be a finite soluble group. There exists a finite supersoluble group
H such that

1. π(H) = π(G),

2. PG(k) ≥ PH(k) for all k ∈ N,

3. dp(G) ≥ dp(H) for all p ∈ π(G),

4. π(G/G′) ⊆ π(H/H ′).

Proof. Let π(G) = {p1, . . . , pn} with p1 ≤ · · · ≤ pn. For i ∈ {1, . . . , n}, set πi = {p1, . . . , pi}.
We will prove, by induction on i, that for every i ∈ {1, . . . , n} there exists a supersoluble
group Hi such that π(Hi) = πi and, for every j ≤ i,

1. PHi,pj (k) ≤ PG,pj (k) for all k ∈ N,

2. dpj (Hi) ≤ dpj (G),

3. if Cpj is an epimorphic image of G, then Cpj is an epimorphic image of Hi,

4. πi ∩ π(G/G′) ⊆ π(Hi/H
′
i).

Assume that Hi has been constructed and set p = pi+1 and dp = dp(G). We distinguish two
different cases:
1) Either p divides |G/G′| or G contains no complemented chief factor of order p. We consider
the direct product Hi+1 = Hi × C

dp
p . Clearly PHi+1,pj (k) = PHi,pj (k) ≤ PG,pj (k) if j ≤ i.

Moreover, by (2) and (3) of Lemma 2.1.6, PHi+1,p(k) = Cp,dp(k) ≤ PG,p(k).
2) p does not divide |G/G′| but G contains a complemented chief factor which is isomorphic
to a nontrivial G-module, say A, of order p. In this case G/CG(A) is a nontrivial cyclic
group whose order divides p − 1. Let q be a prime divisor of |G/CG(A)| (it must be q = pj
for some j ≤ i). Since q divides |G/G′|, we have that q divides also |Hi/H

′
i|, hence there

exists a normal subgroup N of Hi with Hi/N ∼= Cq and a nontrivial action of Hi on Cp

with kernel N. We use this action to construct the supersoluble group Hi+1 = C
dp
p o Hi.

Clearly PHi+1,pj (k) = PHi,pj (k) ≤ PG,pj (k) if j ≤ i. Moreover, by (1) of Lemma 2.1.6,
PHi+1,p(k) = Dp,dp(k) ≤ PG,p(k).

We conclude the proof, noticing that H = Hn satisfies the requests in our statement.

Proof of Theorem 2.0.4. Let π = π(G). By Theorem 2.1.11, there exists a supersoluble group
H such that π(H) = π, dp(H) ≤ d for every p ∈ π and PG(k) ≥ PH(k) for every k ∈ N. In
particular e(G) =

∑
k≥0 (1− PG(k)) ≤

∑
k≥0 (1− PH(k)) = e(H).

Since H is supersoluble, if A is H-isomorphic to a chief factor of H, then |A| = p for some
p ∈ π and H/CH(A) is a cyclic group of order dividing p − 1. If p is a Fermat prime, then
H/CH(A) is a 2-group and, since |H| is odd, we must have H = CH(A). This implies that if
p ∈ π is a Fermat prime, then PH,p(k) = Cp,dp(H)(k) ≥ Cp,d(k). For all the other primes in
π, by (1) of Lemma 2.1.6 we have PH,p(k) ≥ Dp,d(k). Therefore, denoting by Λ the set of the
Fermat primes and by ∆ the set of the remaining odd primes, we get

PH(k) =
∏
p∈π

PH,p(k) ≥
∏
p∈Λ

Cp,d(k)
∏
p∈∆

Dp,d(k).
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It follows that

e(H) =
∑
k≥0

(1− PH(k))

≤
∑
k≥0

1−
∏
p∈Λ

∏
1≤i≤d

(
1− pi−1

pk

) ∏
p∈∆
p6=2

∏
1≤i≤d

(
1− pi

pk

)
= d+ 1 +

∑
k≥d+1

1−
∏
p∈Λ

∏
1≤i≤d

(
1− pi−1

pk

) ∏
p∈∆

∏
1≤i≤d

(
1− pi

pk

)
= d+ 1 +

∑
t≥0

1−
∏
p∈Λ

∏
1≤i≤d

(
1− pi−1

pt+(d+1)

) ∏
p∈∆

∏
1≤i≤d

(
1− pi

pt+(d+1)

) .
Let

κ̃d =
∑
t≥0

1−
∏
p∈Λ

∏
1≤i≤d

(
1− pi−1

pt+(d+1)

) ∏
p∈∆

∏
1≤i≤d

(
1− pi

pt+(d+1)

)+ 1.

It can be easily check that κ̃d increases as d increases. Let

b =
∏

1≤n≤∞

(
1− 1

2n
)−1

, c =
∏

2≤n≤∞
ζ(n)−1

and let Λ∗ = {3, 5, 17, 257, 65537} be the set of the known Fermat primes. Similar
computations to the ones in the final part of Subsection 2.1.2 lead to the conclusion

κ̃d ≤ 3− b · c2
∏
p∈Λ

p2

p2−1 +
∑
j≥2

1−b
∏

1≤n≤j

(
1− 1

2n
) ∏
p∈Λ

(
1+ 1

pj+1 − 1

)
c
∏

2≤n≤j
ζ(n)


≤ 3− b · c2

∏
p∈Λ∗

p2

p2−1 +
∑
j≥2

1−b
∏

1≤n≤j

(
1− 1

2n
) ∏
p∈Λ∗

(
1+ 1

pj+1 − 1

)
c
∏

2≤n≤j
ζ(n)

.
Let

κ̃ = 3− b · c2
∏
p∈Λ∗

p2

p2−1 +
∑
j≥2

1−b
∏

1≤n≤j

(
1− 1

2n
) ∏
p∈Λ∗

(
1+ 1

pj+1 − 1

)
c
∏

2≤n≤j
ζ(n)

 .
With the help of PARI/GP, we get that κ̃ ∼ 2.148668.

2.1.4 Proof of Theorem 2.0.5

It follows some necessary preliminary results.

Theorem 2.1.12. [83, Corollary] If G is a p-subgroup of Sym(n), then G can be generated
by bn/pc elements.

Theorem 2.1.13. [116, Theorem 10.0.5] The chief length of a permutation group of degree
n is at most n− 1.

Lemma 2.1.14. If G ≤ Sym(n) and n ≥ 8, then β(G) ≤ bn/2c − 3.

Proof. Let R(G) be the soluble radical of G. By [69, Theorem 2] G/R(G) has a faithful
permutation representation of degree at most n, so we may assume that R(G) = 1. In
particular soc(G) = S1× · · · ×Sr where S1, . . . , Sr are nonabelian simple groups and, by [51,
Theorem 3.1], n ≥ 5r. Let K = NG(S1) ∩ · · · ∩ NG(Sr). We have that K/ soc(G) is soluble
and that G/K ≤ Sym(r), so by Theorem 2.1.13, β(G/K) ≤ r − 1 (and indeed β(G/K) = 0
if r ≤ 4). But then β(G) ≤ 2r − 1 ≤ 2bn/5c − 1 if r ≥ 5, β(G) ≤ r ≤ bn/5c otherwise.
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Lemma 2.1.15. Suppose that G ≤ Sym(n) with n ≥ 8. If G is not soluble, then

e(G) ≤ bn/2c+ 1.533823.

Proof. Let m = bn/2c. By Theorem 2.1.12, d2(G) ≤ m. Since G is not soluble, we must
have β(G) ≥ 1. By Lemma 2.1.14, β(G) ≤ m − 3, hence, by Lemma 2.1.3, µ∗(G,m) ≤ 1/4.
By (2) and (4) of Lemma 2.1.1, α2(G) ≤ m − 1 and α2,u(G) ≤ m − 2 for every u > 1,
hence, by Lemma 2.1.4, µ2(G,m) ≤ 1. If p ≥ 5, then, by Theorem 2.1.12, m − αp(G) ≥
m− dp(G) ≥ m− bn/5c ≥ 3 so, by Lemma 2.1.4, µp(G,m) ≤ (p(p− 1)2)−1. Since n ≥ 8 we
have m− α3(G) ≥ m− bn/3c ≥ 2 if n 6= 9. On the other hand, it can be easily checked that
α3(G) ≤ 2 for every non-soluble subgroup G of Sym(9), so m− α3(G) ≥ 2 also when n = 9.
But then, again by Lemma 2.1.4, µ3(G,m) ≤ 1/4. It follows that

e(G) ≤ m+ µ∗(G,m) + µ2(G,m) + µ3(G,m) +
∑
p>3

µp(G,m)

≤ m+ 1
4 +1 + 1

4 +
∑
p≥5

1
p(p− 1)2 ≤ m+ 3

2 +
∑
n≥5

1
n(n− 1)2 ≤ m+1.533823.

Lemma 2.1.16. Suppose that G ≤ Sym(n) with n ≥ 8. If G is soluble and α2,1(G) < bn/2c,
then

e(G) ≤ bn/2c+ 1.533823.

Proof. Let α = α2,1(G), α∗ =
∑
i>1 α2,i(G) and m = bn/2c. Notice that α∗ ≤ m − 1 by

Lemma 2.1.1 (4). Set

µ2,1(G, t) =
∑
k≥t

mA
2 (G)
2k , µ2,2(G, t) =

∑
k≥t

∑
n≥2

mA
2n(G)
2nk

 .
We distinguish two cases:
a) α2,u(G) < m− 1 for every u ≥ 2. Since mA

2 (G) = 2α − 1, we have

µ2,1(G,m) ≤
∑
k≥m

2α

2k = 1
2m−α−1 ≤ 1.

Moreover, arguing as in the proof of [99, Lemma 7], we deduce that

µ2,2(G,m) ≤ 1
2m−α∗−1 ≤ 1.

Notice that if α = m− 1, then α∗ ≤ 1 and consequently µ2,2(G,m) ≤ 22−m ≤ 1/4. Similarly,
if α∗ = m − 1, then α ≤ 1 and µ2,1(G,m) ≤ 22−m ≤ 1/4. If follows that µ2(G,m) =
µ2,1(G,m) + µ2,2(G,m) ≤ 5/4. Except in the case when n = 9 and α3(G) = 3, arguing as
toward the end of the proof of Lemma 2.1.15, we conclude that

e(G) ≤ m+ µ2(G,m) + µ3(G,m) +
∑
p>3

µp(G,m)

≤ m+ 5
4 + 1

4 +
∑
p≥5

1
p(p− 1)2 ≤ m+ 1.533823.

It remains to deal with the case when G is a soluble subgroup of Sym(9) with α3(G) = 3.
This occurs only if G is contained in the wreath product Sym(3)wr Sym(3). In particular
α2(G) ≤ 3. If α2(G) ≤ 2, then, by Lemma 2.1.4,

e(G) ≤ 5 + µ2(G, 5) + µ3(G, 5) ≤ 5 + 1
4 + 1

4 = 5.5.
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We have α2(G) = α3(G) = 3 only in two cases:

Sym(3)× Sym(3)× Sym 3, 〈(1, 2, 3), (4, 5, 6), (1, 4)(2, 5)(3, 6), (1, 2)(4, 5)〉 × Sym(3).

In this two cases, G contains exactly 16 maximal subgroups, 7 of index 2 and 9 of index 3.
But then

e(G) ≤ 4 +
∑
k≥4

m2(G)
2k +

∑
k≥4

m3(G)
3k = 4 +

∑
k≥4

7
2k +

∑
k≥4

9
3k = 4 + 7

8 + 1
6 ∼ 5.041667.

b) α2,u(G) = m− 1 for some u ≥ 2. In this case mA
2 (G) ≤ 1, so

µ2,1(G,m+ 1) ≤
∑

k≥m+1

1
2k = 1

2m ≤
1
16 .

Moreover, by [99, Lemma 5], mA
2u(G) ≤ 2uα2,t(G)+u, hence

µ2,2(G,m+ 1) =
∑

k≥m+1

∑
n≥2

mA
2n(G)
2nk

 =
∑

k≥m+1

mA
2u(G)
2uk ≤

∑
k≥m+1

2uα2,t(G)+u

2uk

≤
∑

k≥m+1

2um

2uk = 1
2u − 1 ≤

1
3 .

If p ≥ 5, then m − αp(G) ≥ 3 so, by Lemma 2.1.4, µp(G,m + 1) ≤ (p(p − 1))−2. Moreover
m−α3(G) ≥ 2 (notice that there is no subgroup of Sym(9) with α3(G) = 3 and α2,u(G) = 3
for some u ≥ 2), so, again by Lemma 2.1.4, µ3(G,m+ 1) ≤ 1/12. It follows that

e(G) ≤ m+1 + µ2,1(G,m+ 1) + µ2,2(G,m+ 1) + µ3(G,m+ 1) +
∑
p>3

µp(G,m+ 1)

≤ m+1+ 1
16 + 1

3 + 1
12 +

∑
p≥5

1
p2(p− 1)2 ≤

71
48 +

∑
n≥5

1
n2(n− 1)2 ≤ m+1.484316.

When G ≤ Sym(n) and n ≤ 7, the precise value of e(G) can be computed by GAP [53]
using the formula (2.0.4). The crucial information is gathered in the following lemma.

Lemma 2.1.17. Suppose that G ≤ Sym(n) with n ≤ 7. Either e(G) ≤ bn/2c + 1 or one of
the following cases occurs:

1. G ∼= Sym(3), n = 3, e(G) = 29/10;

2. G ∼= C2 × C2, n = 4, e(G) = 10/3;

3. G ∼= D8, n = 4, e(G) = 10/3;

4. G ∼= C2 × Sym(3), n = 5, e(G) = 1181/330;

5. G ∼= C2 × C2 × C2, n = 6, e(G) = 94/21;

6. G ∼= C2 ×D8, n = 6, e(G) = 94/21;

7. G ∼= C2 × C2 × Sym(3), n = 7, e(G) = 241789/53130;

8. G ∼= D8 × Sym(3), n = 7, e(G) = 241789/53130.

Theorem 2.1.18. Let G be a permutation group of degree n 6= 3. If α2,1(G) = bn/2c, then
e(G) ≤ bn/2c+ ν, with ν ∼ 1.606695.
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Proof. Let m = bn/2c. We have that α2,1(G) = m if and only if Cm2 is an epimorphic image
of G. If Cm2 is an epimorphic image of G, then, by the main theorem in [?], the group G is
the direct product of its transitive constituents and each constituent is one of the following:
Sym(2), of degree 2, Sym(3), of degree 3, C2 × C2, D8, of degree 4, and the central product
D8 ◦D8, of degree 8. Consequently:

G/Frat(G) '
{
Cm2 if n = 2m,
Cm−1

2 × Sym(3) if n = 2m+ 1.

And so, by 2.1.1),

PG(k) = PG/Frat(G)(k) =
∏

0≤i≤m−1

(
1− 2i

2k

)(
1− 3

3k
)n−2m

.

Setting η = 0 if n is even, η = 1 otherwise, we have

e(G) =
∑
k≥0

(1− PG(k)) ≤
∑
k≥0

1−
∏

0≤i≤m−1

(
1− 2i

2k

)(
1− 3

3k
)η

= m+
∑
k≥m

1−
∏

0≤i≤m−1

(
1− 2i

2k

)(
1− 3

3k
)η

= m+
∑
j≥0

1−
∏

1≤l≤m

(
1− 1

2j+l
)(

1− 3
3j+m

)η .
Set

ωm,η =
∑
j≥0

1−
∏

1≤l≤m

(
1− 1

2j+l
)(

1− 3
3j+m

)η .
Clearly ωm,0 increase with m. On the other hand, if m ≥ 4 and j ≥ 0 then(

1− 1
2j+m+1

)(
1− 3

3j+m+1

)
≤
(

1− 3
3j+m

)
and so ωm,1 ≤ ωm+1,1 if m ≥ 4. Moreover

lim
m→∞

ωm,1 = lim
m→∞

ωm,0 ∼ 1.606695.

But then e(G) ≤ m+ 1.606695 whenever m ≥ 4. The value of e(G) when n is small is given
by the following table (that indicates also how fast e(G)−m tends to 1.606695).
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n e(G)

2 2

3 29
10 = 2.900000

4 10
3 ∼ 3.333334

5 1181
330 ∼ 3.578788

6 94
21 ∼ 4.476191

7 241789
53130 ∼ 4.550894

8 194
35 ∼ 5.542857

9 4633553
832370 ∼ 5.566699

10 7134
1085 ∼ 6.575115

11 3227369181
490265930 ∼ 6.582895

12 74126
9765 ∼ 7.590988

13 6399598043131
842767133670 ∼ 7.593554

14 10663922
1240155 ∼ 8.598862

15 70505670417749503
8198607229768494 ∼ 8.599713

From the information contained in this table, we deduce that e(G) ≤ m + 1.606695, except
when G = Sym(3).

Combining Lemmas 2.1.15, 2.1.16, 2.1.17, and Theorem 2.1.18, we obtain the proof of
Theorem 2.0.5.

2.2 A probabilistic version of a theorem of Kovács and Sim

2.2.1 Peliminaries

Let G be a soluble group. If M is a maximal subgroup of G, clearly soc(M/MG) is a chief
factor of G and, being G soluble, it is abelian. Further, M/MG is a complement of soc(M/MG)
in G. Let A(G) be a set of representatives of the irreducible G-modules that are G-isomorphic
to some chief factor of G having a complement and, for every V ∈ A(G), let ΣV (G) be the
set of maximal subgroups M of G with soc(G/MG) ∼=G V. Recall form Section 1.2 that the
V -crown of G, soc(G/RG(V )) = IG(V )/RG(V ) = CG(V )/RG(V ), is G-isomorphic to a direct
product of δG(V ) copies of V . Further, we recall that δG(V ) (the V -rank of G) coincides
with the number of complemented factors in any chief series of G that are G-isomorphic to
V . In particular G/RG(V ) ∼= V δG(V )oH, with H ∼= G/CG(V ). Now, set qG(V ) = |EndG V |,
εG(V ) = 0 if V is a trivial G-module, and εG(V ) = 1 otherwise. We have that

|ΣV (G)| =

(
qG(V )δG(V ) − 1

)
|V |εG(V )

qG(V )− 1 (2.2.1)

(see [56]).
For a finite soluble group X, denote by Σp(X) denotes the set of the maximal subgroups

of G whose index is a p-power. Now, let Ap(G) be the set of the irreducible G-modules
V ∈ A(G) whose order is a p-power, and let H be a subgroup of G containing a Sylow
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p-subgroup of G. We want to compare Σp(G) and Σp(H). Fix V ∈ Ap(G), let δ = δG(V ),
q = qG(V ), R = RG(V ). Moreover set G = G/R and H = HR/R. We have

G ∼= V δ oX with X ≤ AutV .

Since H contains a Sylow p-subgroup of G, V δ ≤ H and, by the Dedeking law,

H = G ∩H = V δX ∩H = V δ(X ∩H),

hence
H ∼= V δ o Y with Y = X ∩H.

Now let U be an irreducible H-module that can be obtained as an H-epimorphic image of V
(viewed as an H-module) and define

ΩU := {Z ≤H V | V/Z ∼=H U}, JU :=
⋂

Z∈ΩU

Z.

There exists t ∈ N such that V/JU ∼=H U t and δ∗ := δH(U) ≥ t · δ. Notice that if Z ∈ ΩU and
α ∈ F = EndG V, then Zαh = Zhα = Zα for every h ∈ H, i.e. Zα ≤H V. Moreover, if α 6= 0,
then the map

V/Z → V/Zα

v + Z 7→ vα + Zα

is an H-isomorphism, so V/Z ∼=H V/Zα and Zα ∈ ΩU . It follows that JU is F -invariant and
there is a ring homomorphism

F → EndH(V/JU ) ∼= EndH(U t) ∼= Mt×t(EndH U).

Let r = |EndH U | and suppose F ∗ = 〈a〉. We have that 〈a〉 ≤ GL(t, r) and this implies
|a| ≤ rt − 1. In particular

q ≤ rt. (2.2.2)
Notice that

|ΣU (H)| = rδ
∗ − 1
r − 1 |U |

εU ≥ rt·δ − 1
r − 1 |U |

εU + rb − 1
r − 1 |U |

εU (2.2.3)

where b := δ∗ − t · δ. Set

µV := |ΣV (G)|, µV,U := rt·δ − 1
r − 1 |U |

εU .

We have
µV
|V |

= (qδ − 1)|V |εV
(q − 1)|V | ≤

qδ − 1
q − 1 ≤ q

δ − 1 ≤ rδ·t − 1 ≤ (rt·δ − 1)|U |
r − 1 ≤ |U |µV,U . (2.2.4)

2.2.2 Proof of Theorem 2.0.6

Lemma 2.2.1. Let G be a finite soluble group, and let n ≥ 2. Then G has at most n core-free
maximal subgroups of index n.

Proof. We can assume that there exists M a core-free maximal subgroup of G of index
n. Hence G is a monolithic primitive group of type I. That is, G has a unique minimal
normal subgroup N . Clearly NM = G, and since N is abelian and minimal normal in
G, then N ∩ M = {1}. Now, the number of core-free maximal subgroups of index n is
equal to the number of complements of N in G. Since all core-free maximal subgroups of a
primitive soluble group are conjugate ([70, II, 3.2 and 3.3]), the number of complements of
N in G is equal to |G : NG(M)|, that is the number of conjugates of M in G. Evidently
|G : NG(M)| ≤ |G : M | = n, as required.
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Lemma 2.2.2. If G is a finite soluble group, then M(G) ≤ ν(G) + 2.5.

Proof. By [96, Proposition 1.2], there exists a constant γ such thatM(G) ≤ ν(G)+γ for every
finite group G (see 2.0.7 for the explicit value of γ). From the proof of [96, Proposition 1.2],
it turns out that γ ≤ b+log e, where b must be chosen such that, for every finite group X and
every n ≥ 2, X has at most nb core-free maximal subgroups of index n. As it is noticed in [96],
from Theorem 2.0.9, it is sufficient take b = 2. However, by Lemma 2.2.1 every finite soluble
group X and every n ≥ 2, X has at most n core-free maximal subgroups of index n. So in the
soluble case, we can take b = 1 and consequentlyM(G) ≤ ν(G) + 1 + log e ≤ ν(G) + 2.5.

Proof of Theorem 2.0.6. Set

aG(t) =
∑
n≥2

mn(G)
nt

, aG,p(t) =
∑
u≥1

mpu(G)
pu·t

, bp(t) =
∑
u≥1

mpu(Gp)
pu·t

.

For every V ∈ Ap(G), let U ∈ Ap(Gp) be an irreducible Gp-module that can be obtained as
a Gp-epimorphic image of V. By 2.2.4), for t ≥ 1, we have

aG,p(t) =
∑

V ∈Ap(G)

µV
|V |t

≤
∑

V ∈Ap(G)

|U |µV,U
|V |t−1 ≤

∑
V ∈Ap(G)

µV,U
|U |t−2 ≤ bp(t− 2).

By Lemma 2.2.2,
M(Gp) ≤ V(Gp) + γ ≤ d+ 2.5 = c.

It follows that
log(mpu(Gp))

log(pu) ≤ c,

and consequently
mpu(Gp) ≤ pu·c.

We deduce
aG(t) =

∑
p

aG,p(t) ≤
∑
p

bp(t− 2) ≤
∑
n

nc

nt−2 .

It follows that

1− PG(t) ≤
∑

M <
max

G

1
|G : M |t ≤

∑
n≥2

mn(G)
nt

= aG(t) ≤
∑
n≥2

nc+2−t.

Thus, if t ≥ c+ 4.02, we deduce that

1− PG(t) ≤
∞∑
n=2

1
n2.02 = ζ(2.02)− 1

which is smaller than e−1
e .

2.2.3 Proof of Theorem 2.0.7

For a real number η ≥ 1, let us define

νη(G) = min
{
k ∈ N

∣∣∣∣ PG(k) ≥ 1
η

}
.

The argument used by Lubotzky to bound ν(G) = νe(G), can be adapted to bound νη(G),
for an arbitrarily value of η. The proof is essentially the same, but for the sake of clarity, we
prefer to give the details.
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Lemma 2.2.3. νη(G) ≥M(G)− b− log η ≥M(G)− 2− log η.

Proof. Let {Ni} be an enumeration of all cores of maximal subgroups of G (each core occuring
only once). For each Ni choose a maximal subgroup Mi whose core is Ni. Let Cn(G) be the
number of the maximal subgroups of index n obtained in this way. The events Mk

i in Gk

are pairwise independent and from the quantitative version of the Borel-Cantelli lemma (see
appendix A.1), one deduces that

∞∑
n=2

Cn(G)n−k ≤ 1
Pk(G)

and in particular,

Cn(G) ≤ nk

Pk(G) .

Taking k = Vη(G) we get that
Cn(G) ≤ η · nVη(G).

Now, Theorem 2.0.9 implies that

mn(G) ≤ Cn(G)nb.

Hence, mn(G) ≤ η · nVη(G)+b. It follows that

M(G) = sup
n≥2

logmn(G)
logn ≤ Vη(G) + b+ log η.

The proof of Theorem 2.0.7 follows combining the following two Lemmas.

Lemma 2.2.4. dM(G)e − 4 ≤ e(G).

Proof. By Lemma 2.2.3, for every positive integer i, we have

V2i(G) ≥M(G)− b− log(2i) ≥M(G)− 2− i.

In particular if k = dM(G)e−3−i, then PG(k) < 2−i. Let m = dM(G)e. It follows from 2.0.3)
that

e(G) ≥
∑

0≤k≤m−4
(1− PG(k)) ≥

∑
0≤k≤m−4

(
1− 2k−(m−3)

)
= m− 3−

∑
1≤j≤m−3

2−j ≥ m− 3−
∑
j≥1

2−j = m− 4,

as required.

Lemma 2.2.5. e(G) ≤ dM(G)e+ 3.

Proof. Let m = dM(G)e and k = m + t with t a positive integer. As it is noticed in [97,
(11,6)] we have

1− PG(k) ≤
∑
n≥2

mn(G)
nk

≤
∑
n≥2

nM(G)

nk
≤
∑
n≥2

nm

nk
≤
∑
n≥2

1
nt
.

Hence
e(G) =

∑
k≥0

(1− PG(k)) ≤ m+ 2 +
∑

k≥m+2
(1− PG(k))

≤ m+ 2 +
∑
u≥2

∑
n≥2

n−u

 = m+ 2 +

∑
n≥2

∑
u≥2

n−u


= m+ 2 +

∑
n≥2

n

n2(n− 1) = m+ 2 +

∑
n≥1

1
n(n+ 1)

 = m+ 3.
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Corollary 2.2.6. If G is a finite soluble group, then

dM(G)e − 3 ≤ e(G) ≤ dM(G)e+ 3.

Proof. By Lemma 2.2.1, in Lemma 2.2.4, we are allowed to take b = 1.

2.2.4 Proof of Theorem 2.0.8

Lemma 2.2.7. Let G be a finite soluble group. There exists a prime divisor p of the order of
G and a positive integer a such that mpa(G) = pa·M(G). If H is a subgroup of G containing
a Sylow p-subgroup of G, then M(G) ≤M(H) + 3.

Proof. Let m = M(G). Since the maximal subgroups of G have prime-power indices, there
exists a prime divisor p of the order of G and a positive integer a such that mpa(G) = pa·m.
Let H be a subgroup of G containing a Sylow p-subgroup of G and let µ =M(H). It follows
from 2.2.4 that

pa·m = mpa(G) ≤
∑
b≤a

pa+bmpb(H) ≤
∑
b≤a

pa+bpb·µ ≤ p3·a+µ·a,

hence m ≤ 3 + µ.

Proof of Theorem 2.0.8. By Lemma 2.2.7, there exists a prime divisor p of G, such that
M(G) ≤M(Gp) + 3. But then we deduce from Corollary 2.2.6, that e(G) ≤ dM(G)e+ 3 ≤
dM(Gp)e+ 6 ≤ e(Gp) + 9.

2.2.5 Proof of Proposition 2.0.10

Let h = d2(G) be the smallest cardinaly of a (topologically) generating set of a 2-Sylow
subgroup of G. By Lemma 2.1.1(3) (indeed a consequence of the Tate’s p-nilpotency criterion
[70, page 431]), for every open normal subgroup N of G, a chief series of G/N contains at
most h−1 non-abelian factors. This implies that G is virtually pro-soluble, and consequently
G is PFG by [114, Theorem 10]. This concludes our proof.

2.3 Comparing the expected number of random elements from
the symmetric and the alternating groups needed to gen-
erate a transitive subgroup

2.3.1 Preliminaries

Let Λ = (X,≤) be a finite poset. Recall that the Möbius function µΛ on the poset Λ is the
unique function µΛ : X × X → Z, satisfying µ(x, y) = 0 unless x ≤ y and the recursion
formula ∑

x≤y≤z
µΛ(y, z) =

{
1 if x = z,

0 otherwise.

Let G ≤ Sym(n). Recall that, if x = (xm)m∈N is a sequence of independent, uniformly
distributed G-valued random variables, then

τG,n = min{t ≥ 1| 〈x1, . . . , xt〉 is a transitive subgroup of G} ∈ [0,+∞].
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Notice that τG,n > t if and only if 〈x1, . . . , xt〉 is not a transitive subgroup of G, so we have
that

P (τG,n > t) = 1− PT (G, t).

Recalling that eT (G) is the expectation of the random variable τG,n, we get that

eT (G) =
∑
t≥1

tP (τG,n = t) =
∑
t≥1

∑
m≥t

P (τG,n = m)


=
∑
t≥1

P (τG,n ≥ t) =
∑
t≥0

P (τG,n > t) =
∑
t≥0

(1− PT (G, t)).
(2.3.1)

Let XG be the set of intransitive subgroups of G, let IG be the set of subgroups of
G that can be obtained as the intersection of maximal element in the poset XG, and let
JG = IG ∪ {G}. In [46] it was proved that

PT (G, t) =
∑
H∈JG

µT ,G(H,G)
|G : H|t ,

where µT ,G denotes the Möbius function on the lattice LT (G) = XG ∪ {G}. So, in order to
compute the function PT (G, t) it is necessary to have information about the subgroups in
JG. Let Pn be the poset of partitions of {1, . . . , n} ordered by refinement. The maximum 1̂
of Pn is {{1, . . . , n}} and the minimum 0̂ is {{1}, . . . , {n}}. The orbit lattice of G is defined
as follows

Pn(G) = {σ ∈ Pn | the orbits of some H ≤ G are the parts of σ}.

If σ = {Ω1, . . . ,Ωk} ∈ Pn, then we define

G(σ) = (Sym(Ω1)× · · · × Sym(Ωk)) ∩G.

If σ ∈ Pn(G), then G(σ) is the maximal element in the lattice of those subgroups of G whose
orbits are precisely the parts of σ. Notice that H ∈ JG if and only if there exists σ ∈ Pn(G)
with H = G(σ); moreover µX (G(σ), G) = µPn(G)(σ, 1̂), so

PT (G, t) =
∑

σ∈Pn(G)

µPn(G)(σ, 1̂)
|G : G(σ)|t . (2.3.2)

2.3.2 Proof of Theorem 2.0.11

From now on, we assume n ≥ 3, we let P2,n be the subset of Pn consisting of the partitions
of {1, . . . , n} into n− 1 parts (one of size 2, the others of size 1) and we let P∗2,n = P2,n ∪{0̂}.
The following two lemmas are immediate but crucial in our computation.

Lemma 2.3.1. Pn(Sym(n)) = Pn and Pn(Alt(n)) = Pn \ P2,n.

Lemma 2.3.2. If σ ∈ Pn \ P∗2,n, then

1. µPn(Sym(n))(σ, 1̂) = µPn(Alt(n))(σ, 1̂) = µPn(σ, 1̂);

2. | Sym(n) : Sym(n)(σ)|=|Alt(n) : Alt(n)(σ)|.

Lemma 2.3.3. We have

1. µPn(Sym(n))(0̂, 1̂) = (−1)n−1(n− 1)!;
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2. µPn(Alt(n))(0̂, 1̂) = (−1)n−1(n− 1)! + (−1)n−2n!
2 .

Proof. We use the following known result (see for example [155], p. 128):

µPn({Ω1, . . . ,Ωk}, 1̂) = (−1)k−1(k − 1)!. (2.3.3)

This immediately implies µPn(Sym(n))(0̂, 1̂) = µPn(0̂, 1̂) = (−1)n−1(n− 1)!. Moreover

µPn(Alt(n))(0̂, 1̂) =−
∑

σ∈Pn(Alt(n))\{0̂}

µPn(Alt(n))(σ, 1̂) = −
∑

σ∈Pn\P∗2,n

µPn(σ, 1̂)

=−
∑

σ∈Pn\{0̂}

µPn(σ, 1̂) +
∑

σ∈P2,n

µPn(σ, 1̂)

=µPn(0̂, 1̂) +
∑

σ∈P2,n

µPn(σ, 1̂)

=(−1)n−1(n− 1)! +
(

n

n− 2

)
(−1)n−2(n− 2)!

=(−1)n−1(n− 1)! + (−1)n−2n!
2 .

Proof of 2.0.11) in Theorem 2.0.11. For every t ∈ N, let

η1(n, t) =
∑

σ∈P2,n

µPn(Sym(n))(σ, 1̂)
|Sym(n) : Sym(n)(σ)|t =

(
n

2

)
(−1)n−2(n− 2)!2t

(n!)t = (−1)n−2(n!)2t

2(n!)t ,

η2(n, t) =
µPn(Sym(n))(0̂, 1̂)

|Sym(n) : Sym(n)(0̂)|t
= (−1)n−1(n− 1)!

(n!)t ,

η3(n, t) =
µPn(Alt(n))(0̂, 1̂)

|Alt(n) : Alt(n)(0̂)|t
=
(

(−1)n−1(n− 1)! + (−1)n−2n!
2

)( 2
n!

)t
.

Note that to compute the values of η1, η2, η3 we used 2.3.3) and Lemma 2.5.7.
From 2.3.2), Lemma 2.3.1 and Lemma 2.3.2, we deduce that

PT (Sym(n), t) =
∑

σ∈Pn(Sym(n))

µPn(Sym(n))(σ, 1̂)
| Sym(n) : Sym(n)(σ)|t

=
∑

σ∈Pn(Alt(n))

µPn(Alt(n))(σ, 1̂)
|Alt(n) : Alt(n)(σ)|t +

∑
σ∈P2,n(Sym(n))

µPn(σ, 1̂)
|Sym(n) : Sym(n)(σ)|t

+
µPn(Sym(n))(0̂, 1̂)

|Sym(n) : Sym(n)(0̂)|t
−

µPn(Alt(n))(0̂, 1̂)
|Alt(n) : Alt(n)(0̂)|t

= PT (Alt(n), t) + η1(n, t) + η2(n, t)− η3(n, t)

= PT (Alt(n), t) + (−1)n(n− 1)!(2t − 1)
(n!)t .
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Proof of 2.0.11) in Theorem 2.0.11. Using equation 2.3.1) we obtain that

eT (Sym(n))− eT (Alt(n)) =
∑
t≥0

(PT (Alt(n), t)− PT (Sym(n), t))

=
∑
t≥0

(−1)n+1(n− 1)!(2t − 1)
(n!)t

= (−1)n+1(n− 1)!

∑
t≥0

( 2
n!

)t
−
∑
t≥0

( 1
n!

)t
= (−1)n+1(n− 1)!

(
n!

n!− 2 −
n!

n!− 1

)
= (−1)n+1n!(n− 1)!

(n!− 1)(n!− 2) .

2.3.3 Proof of Theorem 2.0.12

Lemma 2.3.4. Let ε = 0 if n is even, ε = 1 if n is odd. Then

eT (Alt(n)) ≤ 2− 2ε
n

+ 1
n− 1 + 2

n(n− 1)− 2 + 3n
n(n− 1)(n− 2)− 6 .

Proof. Since an element of Alt(n) generates a transitive subgroup if and only if it is a cycle of
length n, we have that PT (Alt(n), 1) = 2ε/n. Now, let t ≥ 2 and let Y = 〈x1 . . . , xt〉 ≤ Alt(n).
If Y is contained in an intransitive maximal subgroup, then Y is contained in a subgroup
conjugate to Sym(k) × Sym(n − k) for some 1 ≤ k ≤ bn−1

2 c. Let k ∈ {1, . . . , n − 1}. The
probability that Y is contained in a subgroup conjugate to Sym(k)× Sym(n− k) is bounded
by
(n
k

)1−t
. So

1− PT (Alt(n), t) ≤
∑

1≤k≤bn−1
2 c

(
n

k

)1−t

.

Notice that ∑
3≤k≤bn−1

2 c

(
n

k

)1−t

≤ n

2

(
n

3

)1−t

.

Hence

eT (Alt(n)) =
∑
t≥0

(1− PT (Alt(n), t))

= (1− PT (Alt(n), 0)) + (1− PT (Alt(n), 1)) +
∑
t≥2

(1− PT (Alt(n), t))

≤ 2− 2ε
n

+
∑
t≥2

n1−t +
(
n

2

)1−t

+ n

2

(
n

3

)1−t


= 2− 2ε
n

+ 1
n− 1 + 1(n

2
)
− 1 + n

2
1(n

3
)
− 1

= 2− 2ε
n

+ 1
n− 1 + 2

n(n− 1)− 2 + 3n
n(n− 1)(n− 2)− 6 .

Proof of Theorem 2.0.12. Let

f(n) = (−1)n+1n!(n− 1)!
(n!− 1)(n!− 2) .
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In [109, Section 5] it has been proved that limn→∞ eT (Sym(n)) = 2. This implies

lim
n→∞

eT (Alt(n)) = lim
n→∞

(eT (Sym(n))− f(n)) = lim
n→∞

eT (Sym(n))− lim
n→∞

f(n) = 2.

Moreover, again by [109, Section 5], if n ≥ 2, then

2 ≤ eT (Sym(n)) ≤ eT (Sym(4)) ∼ 2.1033. (2.3.4)

The values of eT (Alt(n)) and eT (Sym(n)) when n ∈ {3, 4} have been discussed in the in-
troduction. So we may assume n ≥ 5. Notice that |f(n)| is a decreasing function and that
f(n) < 0 if n is even, f(n) > 0 otherwise.

Assume that n is even:

eT (Alt(n)) = eT (Sym(n))− f(n) ≥ 2− f(n) > 2,
eT (Alt(n)) = eT (Sym(n))− f(n) ≤ eT (Sym(4))− f(4) = eT (Alt(4)).

Assume that n is odd: it follows immediately from Lemma 2.3.4, that eT (Alt(n)) < 2 if
n ≥ 9. Moreover

eT (Alt(5)) = 2205085
1170324 ∼ 1.8842, eT (Alt(7)) = 1493015628619946854486

779316363245447358045 ∼ 1.9158.

Finally

eT (Alt(n)) = eT (Sym(n))− f(n) ≥ 2− f(5) ≥ 2− 1440
7021 >

3
2 = eT (Alt(3)).

2.4 Maximal size of independent generating sets of finite groups

Proposition 2.4.1. Let G is a finite nilpotent group. Then m(G) =
∑
p∈π(G) dp(G)

Proof. Since G is a finite nilpotent group, then G = P1 × · · · × Pt where P1, . . . , Pt are the
Sylow subgroups of G. Since Pi is a pi-group and from [1] m(Pi) = d(Pi), the result follows
from the fact m(G) = m(P1) + · · ·+m(Pt) (see [105]).

Proof of Theorem 2.0.13. In [104], it is proved that m(G) =
∑
p∈π(G) αp(G), where αp(G) is

defined according with the notation of Subsection 2.1.1, Now, Lemma 2.1.1 yields αp(G) ≤
dp(G). Therefore m(G) ≤

∑
p∈π(G) dp(G) = δ(G).

2.4.1 A result on the order of a finite simple group

Theorem 2.4.2. Let S be a simple group of Lie type. There exist two different primes
dividing |S| but not |Out(S)|.

Proof. Let S = L(q) be a simple group of Lie type defined over the field with q elements,
where q = pt and p is a prime number. From Burnside’s theorem, |π(S)| ≥ 3. From [67], if
|π(S)| = 3, then

S ∈ {A1(5), A1(7), A1(8), A1(17), A2(9), A2(3), 2A2(3), 2A3(2)},

and for these groups the theorem holds by a direct inspection. Therefore, for the rest of the
proof we may suppose

|π(S)| ≥ 4. (2.4.1)

In particular, the result immediately follows when |π(Out(S))| ≤ 2 and hence we may suppose
|π(Out(S))| ≥ 3.
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The order of L(q) has the cyclotomic factorization in terms of q :

|L(q)| = 1
d
qh
∏
m∈Λ

Φm(q)rm ,

where Φm(q) is the m-th cyclotomic polynomial and Λ, d, h and rm are listed in Tables L.1,
C.1 and C.2 of [81].

Suppose that S 6= D4(q) and that S is untwisted. From [143, page 207], if l ≥ 2 and
m ≥ 1 are integers such that lm·t is a primitive prime divisor of (lt)m − 1, then lm·t divides
Φm(lt). From this and from Zsigmondy’s theorem, we conclude that, except for the six cases
listed below, there exist i, j ∈ Λ with 2 ≤ i < j such that x := pi·t and y := pj·t are distinct
primitive prime divisors. In particular, x and y are odd divisors of |S| and are relatively prime
to q − 1 because i ≥ 2. Moreover, by Lemma 1.3.3, x ≡ y ≡ 1 mod t and hence x and y are
relatively prime to t. In particular, x and y are our required primes. (The case S = D4(q)
is special in this argument because 3 is (potentially) an odd prime divisor of |Out(S)| not
arising from field automorphisms.)

We are going to analyze the groups for which the existence of x and y is not ensured from
the previous argument.

1. S = A2(q) and q is a Mersenne prime: in this case |Out(S)| = 2 · (q − 1, 3) is divisible
by at most 2 different primes, contradicting |π(Out(S))| ≥ 3.

2. S = A2(4) : in this case 5 and 7 are the required primes.

3. S = A1(q) : we may assume t ≥ 5, otherwise |π(OutS)| ≤ 2. Now, the existence of
x = pt and y = p2·t is ensured by Zsigmondy’s Theorem.

4. S = B2(q) with q a Mersenne prime: in this case |π(Out(S))| = 1, a contradiction.

5. S = B2(8): in this case 5 and 7 are the requested primes.

6. S = G2(q) with q a Mersenne prime: in this case |π(Out(S))| ≤ 2, a contradiction.

It remains to deal with the case S = D4(q) and with the twisted groups of Lie type.
Suppose S = D4(q). Since 3 divides |Out(S)|, the previous argument fails exactly when

the primitive prime divisor x or y is 3. The existence of x = p2·t, y = p4·t and z = p6·t is
ensured when q /∈ {2, 8} and when q is not a Mersenne prime. When q = 2, the result follows
since |Out(S)| = 6; when q = 8, we have that t = 3 does not divide y and z; therefore y and
z are prime numbers satisfying our statement . When q is a Mersenne prime, if q 6= 3, then q
and z are prime numbers satisfying our statement; if q = 3, then 5 and 7 are prime numbers
satisfying our statement.

Assume S ∈ {2B2(q), 2G2(q), 2F 4(q)}. In these cases we have |Out(S)| = t, so we may
assume that t is not a prime. Since the existence of x = pi·t and y = pj·t is ensured by
Zsigmondy’s Theorem, for two different elements i and j of Λ, we are done.

If S = 3D4(q) and q /∈ {2, 8} and q is not a Mersenne prime, then we can take x = p2·t
and y = p6·t (notice that |OutS| divides 3 · t). When q = 2 or q = 8 or q is a Mersenne
prime, then |Out(S)| is divisible only by 3, against our assumption.

If S = 2E6(q), then we can take x = p8·t and y = p12·t (notice that |Out(S)| divides 6 · t).
If S = 2Dn(q), then |Out(S)| divides 8 · t. So, when q = 2 or when q is a Mersenne prime,

the result holds since |Out(S)| has only one prime divisor. For the remaining cases, we can
take x = p4·t and y = p6·t.

Finally assumeS = 2An(q). In this case |Out(S)| = 2 · t · (n+ 1, q+ 1). If n ≥ 3 and q 6= 2,
then we can take x = p4·t and y = p6·t. When q = 2, we have |π(Out(2An(2)))| ≤ 2, which
is a contradiction. We remain with the case S = 2A2(q). The group S = 2A2(3) was already
analyzed, so we can suppose q ≥ 4. Now |Out(S)| = 2 · t · (3, q+ 1), so we may assume t 6= 1.
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If (3, q + 1) = 1, we may assume t 6= 2 and we can take x = p2·t and y = p6·t. Otherwise
(3, q + 1) = 3, so (3, q − 1) = 1 and in particular x = pt 6= 3. It follows that x = pt and
y = p6·t are the prime we are interested in.

2.4.2 An auxiliary result

Lemma 2.4.3. Let Q be a p-group, let P be a permutation p-group with domain ∆ and let
n∆(P ) be the number of orbits of P on ∆. Then

d(Qwr∆P ) = d(P ) + n∆(P )d(Q).

Proof. Let ∆1, . . . ,∆` be the orbits of P on ∆.
Replacing Q by Q/Frat(Q) if necessary, we may suppose that Q is an elementary abelian

p-group. Let B be the base group of the wreath product W := Qwr∆P .
Using the fact that B is an abelian normal subgroup of W and standard commutator

computations, we get [W,W ] = [B,P ][P, P ]. Given σ ∈ P and f ∈ B, we have

(σf)p = σpfσ
p−1

fσ
p−2 · · · fσf

= σp(fσp−1
f−1)(fσp−2

f−1) · · · (fσf−1) ∈ P p[B,P ]

and hence
Frat(W ) = [B,P ] Frat(P ). (2.4.2)

Consider V , the subspace of B consisting of all functions g : ∆→ Q with∏
δ∈∆i

g(δ) = 1, for every i ∈ {1, . . . , `}.

Given f ∈ B, σ ∈ P and i ∈ {1, . . . , `}, we have∏
δ∈∆i

[f, σ](δ) =
∏
δ∈∆i

(fσf−1)(δ) =
∏
δ∈∆i

f(δσ−1)f(δ)−1 =
∏
δ∈∆i

f(δσ−1)
∏
δ∈∆i

f(δ)−1

=

 ∏
δ∈∆i

f(δ)

 ∏
δ∈∆i

f(δ)

−1

= 1.

Hence, [B,P ] ≤ V . For each i ∈ {1, . . . , `}, fix δ̄i ∈ ∆i and let g ∈ V . For every i ∈ {1, . . . , `}
and δ ∈ ∆i \ {δ̄i}, we let fδ : ∆→ Q and hδ : ∆→ Q be the mappings defined by

fδ(δ′)=


g(δ) if δ′ = δ,

g(δ)−1 if δ′ = δ̄i,

1 if δ′ ∈ ∆ \ {δ, δ̄i},
hδ(δ′)=

{
g(δ)−1 if δ′ = δ,

1 if δ′ ∈ ∆ \ {δ}.

Since g ∈ V , with a computation, we obtain

g =
∏

δ∈∆\{δ̄1,...,δ̄`}

fδ.

For each i ∈ {1, . . . , `} and δ ∈ ∆i \ {δ̄i}, since δ and δ̄i are in the same P -orbit, there exists
σ ∈ P with δσ = δ̄i. For each δ′ ∈ ∆, we have

[hδ, σ](δ′) = h−1
δ (δ′)hσδ (δ′) = hδ(δ′)−1hδ(δ′σ

−1) =


g(δ) if δ′ = δ,

g(δ)−1 if δ′ = δ̄i,

1 if δ′ ∈ ∆ \ {δ, δ̄i}.
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It follows fδ = [hδ, σ] ∈ [B,P ] and hence g ∈ [B,P ]. So, V ≤ [B,P ]. Therefore

V = [B,P ]. (2.4.3)

From (2.4.2), (2.4.3) and from the fact that |B : V | = |Q|`, we obtain

|W : Frat(W )| = |BP : V Frat(P )| = |P : Frat(P )||B : V | = pd(P )|Q|`

= pd(P )pd(Q)` = pd(P )+n∆(P )d(Q).

Given a permutation group X on Ω and ω ∈ Ω, we let Xω := {x ∈ X | ωx = ω} the
stabilizer of ω in X. Let K be a transitive permutation group on a set Ω and let ω ∈ Ω. We
define tΩ(K) to be the maximum number t ∈ N of subgroups U1, . . . , Ut of K with

1. Kω = U1 ∩ · · · ∩ Ut, and

2. Kω 6=
⋂
j∈J Uj , for each proper subset J of {1, . . . , t}.

When (1) and (2) are satisfied (even if t is not necessarily the maximum), we say that
U1, . . . , Ut are independent subgroups of K. Moreover, let S be a finite non-abelian simple
group and let us denote by π∗(S) the set of primes dividing |S| but not |Out(S)|.

Theorem 2.4.4. Let K be a transitive permutation group on Ω, let S be a non-abelian simple
group and let G be a group with SwrΩK ≤ G ≤ (AutS)wrΩK. Then∑

p∈π∗(S)
dp(G) > tΩ(K).

Proof. For every p ∈ π∗(S), we have dp(G) = dp(SwrΩK) and hence, without loss of gener-
ality, we may assume G = SwrΩK. For simplicity, we write

f(S,Ω,K) :=
∑

p∈π∗(S)
dp(G).

We argue by induction on t := tΩ(K). When t = 1, from Theorem 2.4.2 we deduce

f(S,Ω,K) ≥ π∗(S) ≥ 2 > 1 = t.

Suppose then t > 1. Let ω ∈ Ω and let U1, . . . , Ut be t independent subgroups of K with

t⋂
i=1

Ui = Kω.

For each i ∈ {1, . . . , t}, we define

Ūi to be the intersection
⋂

j∈{1,...,t}\{i}
Uj ; (as Kω ≤ Ūi, the orbit ωŪi := {ωx | x ∈ Ūi} is a

block of imprimitivity for the action of K on Ω.)

Ωi to be the system of imprimitivity determined by the block of imprimitivity ωŪi ;

K̂i to be the permutation group induced by K on Ωi; (we also denote by σi : K → K̂i the
natural projection, so K̂i = σi(K).)

Gi to be the wreath product Gi := SwrΩiK̂i.
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Let i ∈ {1, . . . , t}. Since the point stabilizer σi(Ūi) of ωŪi ∈ Ωi in K̂i is defined as
the intersection of the t − 1 independent subgroups {σi(Uj) | j ∈ {1, . . . , t} \ {i}}, we have
tΩi(K̂i) ≥ t− 1. Moreover, from our inductive argument, we have∑

p∈π∗(S)
dp(Gi) = f(S,Ωi, K̂i) > tΩi(K̂i) ≥ t− 1. (2.4.4)

For each prime p ∈ π∗(S), let Πp be a Sylow p-subgroup of S and let P be a Sylow
p-subgroup of K. In particular, P̂i := σi(P ) is a Sylow p-subgroup of K̂i. From Lemma 3.3.7,
for every i ∈ {1, . . . , t}, we have

f(S,Ωi, K̂i) =
∑

p∈π∗(S)
(d(P̂i) + nΩi(P̂i)d(Πp)), (2.4.5)

where nΩi(P̂i) = nΩi(P ) denotes the number of orbits of P on Ωi. Observe that d(P ) ≥ d(P̂i).
In particular, using (2.4.4) and (2.4.5), we deduce

f(S,Ω,K) > t,

unless, for each i ∈ {1, . . . , t} and for each p ∈ π∗(S),

(a) d(P ) = d(P̂i),

(b) nΩ(P ) = nΩi(P ).

In particular, for the rest of the proof we may assume that (a) and (b) hold.
Since |π∗(S)| ≥ 2, we may choose p ∈ π∗(S) and i ∈ {1, . . . , `} such that |Ūi : Kω| is

not a power of p. Let δ̂1, . . . , δ̂s be a set of representatives of the orbits of P on Ωi, where
s := nΩi(P ). In other words, this means that

Ωi =
s⋃
j=1
{δ̂xj | x ∈ P}

and that this union is disjoint. For each j ∈ {1, . . . , s}, let δj ∈ δ̂j . As δ̂j ⊆ Ω is a block of
imprimitivity for the action of K on Ω, the union

s⋃
j=1
{δxj | x ∈ P} ⊆ Ω (2.4.6)

is made by pairwise disjoint P -orbits and hence nΩ(P ) ≥ s = nΩi(P ). Moreover, nΩ(P ) =
nΩi(P ) if and only if the equality in (2.4.6) is attained, which in turn happens, if and only
if, for each j ∈ {1, . . . , s}, the points in δ̂j ⊆ Ω are in the same P -orbit.

Since we are assuming that nΩ(P ) = nΩi(P ), the previous paragraph shows that the
stabilizer Pδ̂j of the block δ̂j is transitive on the points in δ̂j . Since P is a p-group, we deduce
|δ̂j | = |Ūi : Kω| is a power of p, contradicting our choice of i and p.

2.4.3 Proofs of Theorem 2.0.15 and Corollary 2.0.16

If N is a normal subgroup of a finite group G, we denote by m(G,N) the difference m(G)−
m(G/N). In the first part of this section we recall some results proved in [104, 105], estimating
the value of m(G,N) when N is a minimal normal subgroup of G.

Lemma 2.4.5. If N is an abelian minimal normal subgroup of G, then m(G,N) is either 0
or 1 depending on whether N ≤ Frat(G) or not.
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Proof. If follows from [104, Lemma 11 and Lemma 12].

Lemma 2.4.6. Assume that N is a non-abelian minimal normal subgroup of a finite group G.
There exist a non-abelian simple group S and a positive integer r such that N = S1×· · ·×Sr,
with S ∼= Si for each 1 ≤ i ≤ r. Let K be the transitive subgroup of Sym(r) induced by
the conjugacy action of G on the set {S1, . . . , Sr} of the simple components of N . As in
the previous section, let t(K) := t{1,...,r}(K) be the largest positive integer t such that the
stabilizer in K of a point in {1, . . . , r} can be obtained as an intersection of t independent
subgroups. Moreover let X be the subgroup of AutS1 induced by the conjugation action of
NG(S1) on the first factor S1 . Then

m(G,N) ≤ m(X, socX) + t(K).

Proof. If follows from [104, Lemma 13] and [105, Theorem 1].

Lemma 2.4.7. Let N be a minimal normal subgroup of a finite group G. If N 6≤ Frat(G),
then δ(G) ≥ δ(G/N) + |π(N)|.

Proof. It suffice to prove that dp(G) > dp(G/N) whenever p ∈ π(N). Let p ∈ π(N) and
let P be a Sylow p-subgroup of G. When N is abelian, there exists a maximal subgroup
H of G such that G = N o H. Hence N is complemented in P g for some g ∈ G. In
particular, N 6≤ Frat(P g), and dp(G/N) + 1 ≤ dp(G). Now, assume that N is non-abelian. If
P∩N ≤ Frat(P ), then Tate’s Theorem [70, p. 431] shows that N has a normal p-complement.
However, this is impossible because N is a direct product of non-abelian simple groups. Thus
P ∩N 6≤ Frat(P ), and consequently dp(G/N) + 1 ≤ dp(G).

Proof of Theorem 2.0.15. Clearly the statement is true if G is simple. Thus we suppose that
S is not a simple group and we proceed by induction on the order of G. We may assume
Frat(G) = 1. Let N be a minimal normal subgroup of G. If N is abelian, using Lemma 2.4.7
and the inductive hypotheses, we have

m(G) = m(G/N) + 1 ≤ σ(δ(G/N))η + 1 ≤ σ · (δ(G)− 1)η + 1 ≤ σ · δ(G)η.

(In the last inequality, we used the fact that σ ≥ 1 and η ≥ 2.) Assume that N is non-abelian.
Let K,X and S be as in the statement of Lemma 2.4.6. By Theorem 2.4.4, we have

t(K) <
∑

p∈π∗(S)
dp(G) ≤ δ(G).

Combining this with Lemmas 2.4.6 and 2.4.7, we conclude that

m(G) ≤ m(G/N) +m(X,S) + t(K) ≤ σ · δ(G/N)η + σ · |π(S)|η + δ(G)
≤ σ · δ(G/N)η + σ · |π(S)|η + σ · δ(G) ≤ σ(δ(G/N)η + |π(N)|η + δ(G))
≤ σ((δ(G/N)η + (δ(G)− δ(G/N))η + δ(G/N) + (δ(G)− δ(G/N)))
≤ σ · δ(G)η.

The last inequality follows from the fact that xη + yη + x + y ≤ (x + y)η, for every positive
integers x and y and for every η ≥ 2.

In order to prove Corollary 2.0.16, we first need the following lemma.

Lemma 2.4.8. For every positive real number η > 1, there exists a constant cη such that
n ≤ cηπ(n)η, where π(n) is the number of prime numbers less than or equal to n.

Proof. By [146, Theorem 29], if n ≥ 55, then π(n) > n
loge n+2 , so if suffices to notice that

limn→∞
nη−1

(loge n+2)η =∞.
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Lemma 2.4.9. There exists a constant ρ such that, if X is an almost simple group and
S = soc(X) is not a simple group of Lie type, then m(X,S) ≤ ρ · |π(S)|2.

Proof. First assume that S = Alt(n). By [163, Theorem 1], m(X,S) ≤ n−1. By Lemma 2.4.8,
there exists a constant c2 such that m(X,S) ≤ c2π(n)2 = c2 · |π(S)|2. Clearly there exists
a constant c such that m(X,S) ≤ c · |π(S)|2, for every sporadic simple group S. Taking
ρ = max{c, c2}, the result follows.

Proof of Corollary 2.0.16. It follows from Theorem 2.0.15 and Lemma 2.4.9.

2.4.4 Estimating δ(Sym(n))
In this section, we aim to bound, from above and from below, δ(Sym(n)) as a function of n.
By [163, Theorem 1], m(Sym(n)) = n− 1 while, by Kalužnin’s Theorem, if

a`(p,n)p
`(p,n) + a`(p,n)−1p

`(p,n)−1 + · · ·+ a1p+ a0

is the p-adic expansion of n, then

dp(Sym(n)) = a`(p,n)`(p, n) + a`(p,n)−1(`(p, n)− 1) + · · ·+ a1.

In order to make the notation less cumbersome, we set

dp(n) := dp(Sym(n)) = a`(p,n)`(p, n) + a`(p,n)−1(`(p, n)− 1) + · · ·+ a1

and
δ(n) :=

∑
p prime

dp(n) = δ(Sym(n)).

As in the previous sections we denote by π : R→ N the prime counting function, that is,
π(x) is the number of prime numbers less than or equal to x. As dp(n) ≥ 1 for every prime
p ≤ n, we have

π(n) ≤ δ(n).

From the Prime Number Theorem, π(n) is asymptotic to n/ loge n (that is, the ratio π(n)/(n/ loge n)
tends to 1 as n tends to infinity) and hence n/ loge n ∈ O(δ(n)). In this section, we actually
prove that δ(n) is asymptotic to a linear function.

Theorem 2.4.10. For every n ≥ 2, we have

n loge 2− 12n
loge n

≤ δ(n) ≤ n loge 2+ 19n
2 loge n

+ 137n
2 log2

e n
+ 4
√
n

loge n
+ 3
√
n

2 loge n ≤ n loge 2+ 112n
loge n

.

In particular, δ(n) = n loge 2 +O(n/ loge n).

Proof. We start by collecting some basic inequalities that we use throughout this proof. From
Theorem 1 and Theorem 2 in [147], we have

π(x) ≤ x

loge x

(
1 + 3

2 loge x

)
, ∀x > 1, (2.4.7)

π(x) ≥ x

loge x− 1/2 , ∀x ≥ 67. (2.4.8)

Given a prime number p with p ≤ n, `(p, n) ≤ blogp nc and hence

dp(n) ≤ (p− 1)(`(p, n) + (`(p, n)− 1) + · · ·+ 2 + 1)

= (p− 1)`(p, n)(`(p, n) + 1)
2 ≤ (p− 1)

logp n(logp n+ 1)
2 . (2.4.9)
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We define the two auxiliary functions

d′(n) :=
∑
p≤
√
n

dp(n); d′′(n) :=
∑

√
n<p≤n

dp(n).

We aim to obtain explicit bounds on d′(n) and d′′(n) as functions of n. We start with d′(n).
From (2.4.9), we get

d′(n) ≤ log2
e n

2
∑
p≤
√
n

p− 1
log2

e p
+ loge n

2
∑
p≤
√
n

p− 1
loge p

. (2.4.10)

For every k ∈ N with k ≥ 1, we denote by pk the kth prime number. Using [147, Corollary,
page 69], we have

k loge k < pk < k(loge k + loge loge k),

where the first inequality is valid for every k ≥ 1 and the second inequality is valid for every
k ≥ 6.

This shows that, for every k ≥ 6,

pk − 1
loge pk

≤ k(loge k + loge loge k)
loge(k loge k) = k. (2.4.11)

An explicit computation yields that (2.4.11) is also valid when k ∈ {2, 3, 4, 5}.
Therefore, for n ≥ 11, (2.4.7) and (2.4.11) yield:

∑
p≤
√
n

p− 1
loge p

= 1
loge 2 +

∑
2<p≤

√
n

p− 1
loge p

= 1
loge 2 +

π(
√
n)∑

k=2

pk − 1
loge pk

≤ 1
loge 2 +

π(
√
n)∑

k=2
k

= 1
loge 2 + π(

√
n)(π(

√
n) + 1)

2 − 1 = 1
loge 2 − 1 + π(

√
n)2

2 + π(
√
n)

2

≤ −1 + 1
loge 2 + 1

2

( √
n

loge
√
n

(
1 + 3

2 loge
√
n

))2

+
√
n

2 loge
√
n

(
1 + 3

2 loge
√
n

)

= −1 + 1
loge 2 + 1

2

(
4n

log2
e n

+ 36n
log4

e n
+ 24n

log3
e n

)
+
√
n

loge n
+ 3
√
n

log2
e n

≤ 2n
log2

e n
+ 24n

log3
e n

.

In fact, we only require n to be at least 11 for the last inequality above. Thus, using this,
together with direct inspection for the cases 2 ≤ n ≤ 10, we have:∑

p≤
√
n

p− 1
loge p

≤ 2n
log2

e n
+ 24n

log3
e n

, (2.4.12)

for every n > 1.
Arguing in a similar manner, for every k ≥ 6, we obtain

pk − 1
log2

e pk
≤ k(loge k + loge loge k)

log2
e(k loge k)

= k

loge k + loge loge k
. (2.4.13)

An explicit computation yields that (2.4.13) is also valid when k ∈ {2, 3, 4, 5}. Therefore,
using (2.4.13), we have

∑
p≤
√
n

p− 1
log2

e(p)
≤ 1

log2
e(2)

+
π(
√
n)∑

k=2

k

loge k + loge loge k
.
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For every t ∈ N with t ≥ 2, write f(t) :=
∑t
k=2 k/(loge k+ loge loge k). When k > 2, we have

k/(loge k + loge loge k) ≤ k. Moreover, when k ≥
√
t, we have

k

loge k + loge loge k
≤ k

loge
√
t+ loge loge(

√
t)

= k

loge t/2 + loge(loge t)− loge 2

≤ 2k
loge t

,

where the last inequality holds for t ≥ 8. Therefore, for every t ≥ 8, we have

f(t) = 2
loge 2 + loge loge 2 +

∑
2<k≤

√
t

k

loge k + loge loge k
+

∑
√
t<k≤t

k

loge k + loge loge k

≤ 2
loge 2 + loge loge 2 +

∑
2<k≤

√
t

k +
∑
√
t<k≤t

2k
loge t

≤ 2
loge 2 + loge loge 2 +

√
t(
√
t+ 1)
2 − 3 + t(t+ 1)

loge t
≤ t2

loge t
+ t,

where the last inequality follows with some elementary computations. A direct computation
with 2 ≤ t < 8 shows that the same upper bound for f(t) holds. Therefore, applying this
upper bound with t := π(

√
n), we get

∑
p≤
√
n

p− 1
log2

e(p)
≤ 1

log2
e 2

+ f(π(
√
n)) ≤ 1

log2
e 2

+ π(
√
n)2

loge π(
√
n) + π(

√
n). (2.4.14)

Now, for every n ≥ 672, using (2.4.7) and (2.4.8), we see that the right hand side of (2.4.14)
is bounded above by

1
log2

e 2
+

( √
n

loge
√
n

(
1 + 3

2 loge
√
n

))2

loge
( √

n
loge
√
n−1/2

) +
√
n

loge
√
n

(
1 + 3

2 loge
√
n

)
. (2.4.15)

The second summand of (2.4.15) is at most

4n
log2

e n

(
1 + 3

loge n

)2

loge(
√
n/ loge

√
n) .

Now, we have loge(
√
n/ loge

√
n) > loge n/4. Thus the second summand of (2.4.15) is at most

16n
log3

e n
+ 96n

log4
e n

+ 144n
log5

e n
≤ 16n

log3
e n

+ 114n
log4

e n
,

where the last inequality follows with a computation using the fact that n ≥ 672. For the
first and third summand of (2.4.15), we have

1
log2

e(2)
+ 2

√
n

loge(n) + 6
√
n

log2
e(n)

<
3
√
n

loge(n) ,

where this inequality follows again with some elementary computations using the fact that
n ≥ 672. Summing up, for every n ≥ 672, we have

∑
p≤
√
n

p− 1
log2

e p
≤ 16n

log3
e n

+ 114n
log4

e n
+ 3
√
n

loge n
. (2.4.16)

A direct inspection shows that this bound is also valid for the natural numbers n with n ≤ 672.
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Summing up, from (2.4.10), (2.4.12) and (2.4.16), we get

d′(n) ≤ 8n
loge n

+ 57n
log2

e n
+ 3

2
√
n loge(n) + n

loge n
+ 12n

log2
e n

= 9n
loge n

+ 69n
log2

e n
+ 3

2
√
n loge n.

(2.4.17)

We now start working on the function d′′(n) =
∑√

n<p≤n dp(n). Here we are interested in
a lower bound and in an upper bound for d′′(n). First we obtain an upper bound for d′′(n).
As p >

√
n, the p-adic expansion of n is simply n := a1(p, n)p+a0 and hence dp(n) = a1(p, n).

Now we refine further d′′(n). For every i ∈ {1, . . . , b
√
nc − 1}, we let

gi(n) :=
∑

n/(i+1)<p≤n/i
a1(p, n)

and we let
gb
√
nc(n) :=

∑
√
n<p≤n/b

√
nc
a1(p, n).

When i ∈ {1, . . . , b
√
nc}, we have a1(p, n) = i and hence gi(n) equals i times the number of

prime numbers in the interval (n/(i+ 1), n/i]. Therefore, when i ∈ {1, . . . , b
√
nc − 1},

gi(n) = i(π(n/i)− π(n/(i+ 1)))

and

gb
√
nc(n) = b

√
nc(π(n/b

√
nc)− π(

√
n)).

Since every prime p, with
√
n < p ≤ n, lies in one of the intervals (n/(i + 1), n/i], for some

i ∈ {1, . . . , b
√
nc − 1}, or in the interval (

√
n, n/b

√
nc], we have

d′′(n) =
b
√
nc∑

i=1
gi(n) =

b
√
nc−1∑
i=1

i(π(n/i)− π(n/(i+ 1))) + b
√
nc(π(n/b

√
nc)− π(

√
n)) (2.4.18)

=
b
√
nc∑

i=1
π(n/i)− b

√
ncπ(

√
n).

Using (2.4.7), we have

b
√
nc∑

i=1
π(n/i) ≤

b
√
nc∑

i=1

n/i

loge(n/i)

(
1 + 3

2 loge(n/i)

)
(2.4.19)

=
b
√
nc∑

i=1

n/i

loge(n/i)
+ 3

2

b
√
nc∑

i=1

n/i

log2
e(n/i)

.

The function x 7→ (n/x)/ loge(n/x) is decreasing in the interval (0, b
√
nc] and hence we obtain

for the first summand the estimate

b
√
nc∑

i=1

n/i

loge(n/i)
= n

loge n
+
b
√
nc∑

i=2

n/i

loge(n/i)
≤ n

loge n
+
∫ b√nc

1

n/x

loge(n/x)dx (2.4.20)

= n

loge n
+ [−n loge(loge(n/x))]b

√
nc

1

= n

loge n
− n loge loge(n/b

√
nc) + n loge(loge n).
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For the second summand observe that the function x 7→ (n/x)/ log2
e(n/x) is decreasing in the

interval (0, b
√
nc] and hence we obtain the estimate

3
2

b
√
nc∑

i=1

n/i

log2
e(n/i)

= 3n
2 log2

e n
+ 3

2

b
√
nc∑

i=2

n/i

log2
e(n/i)

(2.4.21)

≤ 3n
2 log2

e n
+ 3

2

∫ b√nc
1

n/x

log2
e(n/x)

dx

= 3n
2 log2

e(n)
+ 3

2

[
n

loge(n/x)

]b√nc
1

= 3n
2 log2

e(n)
+ 3n

2 loge(n/b
√
nc) −

3n
2 loge n

.

Further, for n ≥ 672, we get

b
√
ncπ(

√
n) ≥ (

√
n− 1)

√
n

loge
√
n− 1/2 = 2n

loge n− 1 −
2
√
n

loge n− 1 (2.4.22)

= 2n
loge n

+ 2n
( 1

loge n− 1 −
1

loge n

)
− 2

√
n

loge n− 1

≥ 2n
loge n

+ 2n
loge n(loge n− 1) −

2
√
n

loge n/2

≥ 2n
loge n

+ 2n
log2

e n
− 4
√
n

loge n
.

Thus, from (2.4.18), (2.4.19), (2.4.20), (2.4.21) and (2.4.22), for every n ≥ 672, we have that

d′′(n) ≤ n loge(loge n)− n loge(loge(n/b
√
nc))− n

2 loge n
+ 3n

2 log2
e n

+ 3n
2 loge(n/b

√
nc)

− 2n
loge n

− 2n
log2

e n
+ 4
√
n

loge n
.

First of all, as n/b
√
nc ≥

√
n, we get loge(n/b

√
nc) ≥ loge

√
n = loge(n)/2 and hence

− n

2 loge n
+ 3n

2 loge(n/b
√
nc) −

2n
loge n

≤
(
−1

2 + 3− 2
)

n

loge n
= n

2 loge n
.

Moreover,

n loge(loge n)− n loge(loge(n/b
√
nc)) ≤ n loge loge n− n loge loge(

√
n)

= n loge
( loge n

loge
√
n

)
= n loge 2.

Summing up, for every n ≥ 672,

d′′(n) ≤ n loge 2 + n

2 loge n
− n

2 log2
e n

+ 4
√
n

loge n
. (2.4.23)

An explicit computation with the positive integers n with 2 ≤ n < 672 shows that the same
upper bound remains true when n ≤ 672.

Using the upper bounds (2.4.17) and (2.4.23), for every n ≥ 2, we deduce

δ(n) = d′(n) +d′′(n) ≤ n loge 2 + 19n
2 loge n

+ 137n
2 log2

e n
+ 4
√
n

loge n
+ 3
√
n

2 loge n ≤ n loge 2 + 112n
loge n

,
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where the last inequality follows with some computation.
Now, we use the argument above to obtain also a lower bound for d′′(n) and hence for

d′′(n). Using (2.4.8) and (2.4.18), we have

d′′(n) =
b
√
nc∑

i=1
π(n/i)− b

√
ncπ(

√
n) ≥

b
√
nc∑

i=1

n/i

loge(n/i)− 1/2 − b
√
ncπ(

√
n)

≥
b
√
nc∑

i=1

n/i

loge(n/i)
−
√
nπ(
√
n).

The function x 7→ (n/x)/ loge(n/x) is decreasing in the interval (0, b
√
nc] and hence we obtain

the estimate

b
√
nc∑

i=1

n/i

loge(n/i)
≥
∫ b√nc

1

n/x

loge(n/x)dx = [−n loge(loge(n/x))]b
√
nc

1

= −n loge loge(n/b
√
nc) + n loge(loge n) = n loge

( loge n
loge(n/b

√
nc)

)
= n loge

( loge n
loge n− loge(b

√
nc)

)
= n loge

( loge n
loge n− loge

√
n− loge(b

√
nc/
√
n)

)
= n loge

( loge n
(loge n)/2− loge(b

√
nc/
√
n)

)
≥ n loge 2,

where in the last inequality we used the fact that b
√
nc/
√
n ≤ 1 and hence loge(b

√
nc/
√
n) ≤

0. Furthermore, from (2.4.7), we have

√
nπ(
√
n) ≤ n

loge
√
n

(
1 + 3

2 loge
√
n

)
= 2n

loge n

(
1 + 3

loge n

)
≤ 12n

loge n
,

where the last inequality follows from an easy computation. Summing up,

δ(n) = d′(n) + d′′(n) ≥ d′′(n) ≥ n loge 2− 12n
loge n

.

2.5 The Tarski Irredundant basis theorem and the finite sol-
uble groups

2.5.1 Preliminaties

We start by reviewing some results of [39] that we will use in our proofs.
Let V be a finite dimensional vector space over a finite field of prime order. Let H be

a linear soluble group acting irreducibly and faithfully on V . For a positive integer δ we
consider the semidirect product G = V δ oH where H acts in the same way on each of the δ
direct factors. We set F = EndH(V ).

Proposition 2.5.1. [39, Proposition 2.1] Let H = 〈h1, . . . , ht〉 and wi = (v1,i, . . . , vδ,i) ∈ V δ

with 1 ≤ i ≤ t. The following are equivalent.

1. G 6= 〈h1w1, . . . , htwt〉;

2. there exist λ1, . . . , λδ ∈ F and w ∈ V with (λ1, . . . , λδ, w) 6= (0, . . . , 0, 0) such that∑
1≤j≤δ λjvj,i = w − whi for each i ∈ {1, . . . , t}.
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Let n be the dimension of V over F . We may identify H = 〈h1, . . . , ht〉 with a subgroup of
GL(n, F ). In this identification hi becomes an n×n matrix Ai with coefficients in F . Let wi =
(vi,1, . . . , vi,δ) ∈ V δ. Then every vi,j can be viewed as a 1×n matrix. Denote the δ×n matrix
with rows vi,1, . . . , vi,δ by Xi. By Proposition 2.5.1, the elements h1w1, . . . , htwt generate a
proper subgroup of G if and only if there exists a non-zero vector (λ1, . . . , λδ;µ1, . . . , µn) in
F δ+n such that

(λ1, . . . , λδ)Xi = (µ1, . . . , µn)(1−Ai) for each 1 ≤ i ≤ t.

This implies that 〈h1w1, . . . , htwt〉 = G if and only if

rank
(

1−A1 · · · 1−At
X1 · · · Xt

)
= n+ δ. (2.5.1)

From this it follows that G cannot be generated by t elements if n + δ > nt. Notice also
that the fact that h1, . . . , ht generates H implies that the linear map α : Fn → (Fn)t,
w 7→ (w(1 − A1), . . . , w(1 − At)) is injective. Therefore the matrix

(
1−A1 . . . 1−At

)
has

rank n, so it is possible to find X1, . . . , Xt satisfying (2.5.1) whenever n + δ ≤ nt. Hence
d(V δ oH) ≤ t whenever δ ≤ n(t− 1).

2.5.2 Proof of Theorem 2.0.17

To prove Theorem 2.0.17 we need an elementary lemma in linear algebra. Denote by Mr,s(F )
the ring of the r × s matrices with coefficients in the field F.

Lemma 2.5.2. Assume that A1, . . . , At ∈ Mn,n(F ) and that rank(A1 · · ·At) = n. If δ ≤
n(t− 1), then there exist vj,i ∈M1,n, with 1 ≤ j ≤ δ, and 1 ≤ i ≤ t, such that

rank


A1 . . . At

v1,1 . . . v1,t
...

. . .
...

vδ,1 . . . vδ,t

 = n+ δ.

Moreover, we may choose the vectors vj,i in such a way that for every j ∈ {1, . . . , δ}, there
exists a unique i ∈ {1, . . . , t} such that vj,i 6= 0.

Proof. We describe how the vectors vj,i can be chosen. First let n1 = rank(A1) and let
r1 = n− n1. We choose v1,1, . . . , vr1,1 is a such a way that

rank


A1

v1,1
...

vr1,1

 = n

and we set vj,1 = 0 if j > r1. Now let

rank


A1 A2

v1,1 0
...

vr1,1 0

 = n2
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and let r2 = n− n2. We choose vr1+1,2, . . . , vr1+r2,2 is a such a way that

rank



A1 A2

v1,1 0
...

...

vr1,1 0
0 vr1+1,2
...

...

0 vr1+r2,2


= 2n

and we set vj,2 = 0 if j > r1 + r2. Continuing in this way we get the result.

Proof of Theorem 2.3.1. We work by induction on |G|. Clearly we may assume FratG = 1.
So let A,R = RG(A), D,C = CG(A) as in Corollary 1.2.5. There exists a positive integer
δ such that D ∼=G Aδ. Moreover, there exists a complement H of D in G with R ≤ H. Let
d = d(G),m = m(G), a = d(H) and b = m(H). By [104, Theorem 2], m(G) coincides with
the number of non-Frattini factors in a chief series of G, hence m = b+δ. By induction, there
exists a generating set {h1, . . . , ha} for H which is strongly totally extendible.
To prove our statement it is enough to prove that the following is true.

(∗) There exist a generating set ω of G of cardinality d and u1, . . . , uδ ∈ D
such that {h1, . . . , ha, u1, . . . , uδ} is a strong descendant of ω.

Indeed, since {h1, . . . , ha} is a strongly totally extendible generating set of H, there is a
sequence of strong immediate descendants from {h1, . . . , ha} to a generating set {k1, . . . , kb}
of H of maximal cardinality. We can use this sequence, to construct a sequence of strong
immediate descendants from {h1, . . . , ha, u1, . . . , uδ} to {k1, . . . , kb, u1, . . . , uδ}.

Now we want to prove (∗). We have C/R = DR/R ∼= D ∼= Aδ and either A ∼= Cp is a trivial
G-module and G/R ∼= (Cp)δ, or G/R ∼= C/RoH/R where H/R acts in the same say on each
of the δ factors of C/R ∼= Aδ and this action is faithful and irreducible. We denote by G the
quotient group G/R and, for every g ∈ G, we set g = gR. By Corollary 1.2.5, if (u1, . . . , ud) ∈
Dd, then G = 〈h1u1, . . . , haua, ua+1, . . . , ud〉 if and only if G = 〈h1u1, . . . , haua, ua+1, . . . , ud〉.
Further, in this case, {h1u1, . . . , haua, ua+1, . . . , ud} is a minimal generating set if and only if
〈h1u1, . . . , haua, ua+1, . . . , uj−1, uj+1, . . . ud〉 6= G for any a+ 1 ≤ j ≤ d.

First assume that A ∼= Cp is a trivial G-module. In this case H = R, G = D × R.
Hence G = D ∼= D is a vector space of dimension δ over the field Fp with p-elements and
d = max{δ, a}. More precisely, G = 〈x1, . . . , xd〉 where xi = hiui when i ≤ ρ = min{δ, a},
whilst for i > ρ, then xi = hi when ρ = δ and xi = ui when ρ = a. For 1 ≤ i ≤ a, we have
that

{h1, . . . , hi, xi+1, . . . , xd, u1, . . . , ui}

is an immediate strong descendant of

{h1, . . . , hi−1, xi, . . . , xd, u1, . . . , ui−1}.

This implies that {h1, . . . , ha, u1, . . . , uδ} is a strong descendant of {x1, . . . , xd} and so (∗)
has been proved when A is a trivial G-module.

Now assume that A is a non-trivial G-module, let F = EndGA and n = dimF A. We
may identify H with a subgroup of GL(n, F ). We denote by Ai the matrix 1− hi. We write
D = V1 × · · · × Vδ with Vi ∼=G A . Let u1, . . . , ut ∈ D, with t ≥ a, and write ui in the form
ui =

∑
1≤j≤δ vj,i with vj,i ∈ Vj (for D we use the additive notation). It follows from the



CHAPTER 2. GENERATION OF GROUPS 50

results in Subsection 2.5.1 that {h1u1, . . . , haua, ua+1, . . . , ut} is a minimal generating set of
G if and only if

rank


A1 · · · Aa 0 · · · 0
v1,1 · · · v1,a v1,a+1 · · · v1,t
...

. . .
...

...
. . .

...

vδ,1 · · · vδ,a vδ,a+1 · · · vδ,t

 = n+ δ

and, for every a < i ≤ t,

rank


A1 · · · Aa 0 · · · 0 0 · · · 0
v1,1 . . . v1,a v1,a+1 · · · v1,i−1 v1,i+1 · · · v1,t
...

. . .
...

...
. . .

...
...

. . .
...

vδ,1 · · · vδ,a vδ,a+1 · · · vδ,i−1 vδ,i+1 · · · vδ,t

 < n+ δ.

We can find vectors vj,i with this property if and only if δ ≤ n(t − 1). This implies in
particular that

d = max
{
a,

⌈
δ

n
+ 1

⌉}
.

Moreover, by Lemma 2.5.2, there exist d elements of D, say ui =
∑

1≤j≤δ vj,i, 1 ≤ i ≤ d, such
that

1. {h1u1, . . . , haua, ua+1, . . . , ud} is an independent generating set of G;

2. for every j ∈ {1, . . . , δ}, there is a unique i ∈ {1, . . . , d} such that vj,i 6= 0.

We claim that there exist w̃1, . . . , w̃δ ∈ U such that {h1, . . . , ha, w̃1, . . . , w̃d} is a strong
descendant of ω = {h1u1, . . . , haua, ua+1, . . . , ud}. Indeed, let us assume that there exists
i ≤ a such that ui 6= 0, let i be the smallest integer with this property and let Ωi = {j1, . . . , jr}
be the subset of {1, . . . , δ} characterized by the fact that vj,i 6= 0 if and only if j ∈ Ωi. We
obtain the following sequence of strong immediate descendants of ω = {h1, . . . , hi−1, hi(vj1,i+
· · ·+ vjr,i), hi+1ui+1, . . . , haua, ua+1, . . . , ud} :

ω1 = {h1, . . . , hi−1, hi(vj2,i + · · ·+ vjr,i), hi+1ui+1, . . . , ud, vj1,i} ,
ω1 = {h1, . . . , hi−1, hi(vj3,i + · · ·+ vjr,i), hi+1ui+1, . . . , ud, vj1,i, vj2,i} ,
· · · · · · · · · · · · · · · · · · · · ·

ωr−1 =
{
h1, . . . , hi−1, hivjr,i, hi+1ui+1 . . . , ud, vj1,i, · · · , vjr−1,i

}
,

ωr = {h1, . . . , hi−1, hi, hi+1ui+1, . . . , ud, vj1,i, · · · , vjr,i} .

We repeat this argument until there exists k ≤ a with uk 6= 0. In this way we can find
w1, . . . , wr ∈ D, with wi =

∑
1≤j≤δ zj,i, such that ω∗ = {h1, . . . , ha, w1, . . . , wr} is a strong

descendant of ω and, for every j ∈ {1, . . . , δ}, there is a unique i ∈ {1, . . . , d} with zj,i 6= 0.
For i ∈ {1, . . . , r}, let ∆i = {j | zj,i 6= 0}. Assume that, for some i, the set Ωi = {j1, . . . , jr}
contains more than one element. Then

{h1, . . . , ha, w1, . . . , wi−1, wi − zjr,i, wi+1, . . . , wr, zjr,i}

is an extension of ω∗. Repeating this argument we can find w̃1, . . . , w̃s with the properties
that ω∗∗ = (h1, . . . , ha, w̃1, . . . w̃s) is a strong descendant of ω∗ and for each 1 ≤ j ≤ δ there
exists and is unique i ∈ {1, . . . , s} with w̃i ∈ Vj : this implies in particular s = δ. Thus (∗)
has been proved also in this case.
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2.5.3 The strong extension property

In this section we investigate the structure of the finite soluble groups with the strong exten-
sion property. First we consider the nilpotent case.

Proposition 2.5.3. A finite nilpotent G has the extension property if and only if either G
is a p-group or G is cyclic and |π(G)| = 2.

Proof. If G is a p-group, then d(G) = m(G) so obviously G has the (strong) extension
property.

On the other hand, if G = 〈g〉 has order paqb, with p and q distinct primes, then {gpa , gqb}
is a (strong) descendant of {g}, so G has the (strong) extension property. We now prove the
converse. It is not restrictive to assume FratG = 1, so that G is a direct product of cyclic
groups of prime order. Assume that |G| is divisible by at least three different primes p, q,
r and let a, b, c be elements of G of order, respectively, p, q, r. There exists H ≤ G such
that G = 〈abc〉 × H and m(G) = m(H) + 3. Let t = m(H), let {h1, . . . ht} be a minimal
generating set of H and consider the generating set ω := {ab, ac, h1, . . . , ht} of G. It can
be easily seen that, for every y ∈ ω, the subset ω \ {y} generates a maximal subgroup of
G so the cardinality of a minimal generating set of G containing ω \ {y} coincides with the
cardinality of ω. This implies that ω has no immediate descendant. Finally assume that p
and q are the unique prime divisor of |G|. If the Sylow p-subgroup of G is not cyclic, than
there exists a1, a2, b such that |a1| = |a2| = p, |b| = q and 〈a1, a2, b〉 has order p2q. We have
G = 〈a1, a2, b〉×H and m(G) = m(H) + 3. Let H = 〈h1, . . . , ht〉 with t = m(H) and consider
the generating set ω := {a1b, a2b, h1, . . . , ht}. As in the previous case, if we delete an element
from ω, the remaining elements generate a maximal subgroup of G, and this implies that ω
has no immediate descendant.

In order to study the soluble but not nilpotent groups with the extension property, we
first need some lemmas.

Lemma 2.5.4. Assume that F is a field with q elements and let A1, A2, A3 ∈ Mn,n(F ). If
qn > 2, then there exists (x1, . . . , x3n) ∈ F 3n with the following properties:

1. (x1, . . . , xn, xn+1, . . . , x2n) does not belong to F -subspace of F 2n spanned by the rows of
the matrix (A1 A2).

2. (x1, . . . , xn, x2n+1, . . . , x3n) does not belong to F -subspace of F 2n spanned by the rows
of the matrix (A1 A3).

3. (xn+1, . . . , x2n, x2n+1, . . . , x3n) does not belong to F -subspace of F 2n spanned by the
rows of the matrix (A2 A3).

Proof. For 1 ≤ i < j ≤ 3, let ∆ij be the F -subspace of F 2n spanned by the rows of the
matrix (Ai Aj). Let

Ω12 = {(y1, . . . , y3n) ∈ F 3n | (y1, . . . , yn, yn+1, . . . , y2n) ∈ ∆12},
Ω13 = {(y1, . . . , y3n) ∈ F 3n | (y1, . . . , yn, y2n+1, . . . , y3n) ∈ ∆13},
Ω23 = {(y1, . . . , y3n) ∈ F 3n | (yn+1, . . . , y2n, y2n+1, . . . , y3n) ∈ ∆23}.

Since dimF ∆ij ≤ n, we have |Ωij | ≤ q2n. Moreover, (0, . . . , 0) ∈ Ω12 ∩ Ω13 ∩ Ω23, so |Ω12 ∪
Ω13 ∪ Ω23| ≤ |Ω12| + |Ω13| + |Ω23| − |Ω12 ∩ Ω13 ∩ Ω23| < 3q2n. If qn > 2, then |F 3n| = q3n ≥
3q2n > |Ω12 ∪ Ω13 ∪ Ω23|, so there exists (x1, . . . , x3n) ∈ F 3n \ (Ω12 ∪ Ω13 ∪ Ω23).

Definition 2.5.5. A minimal generating set Ω of G of cardinality m(G) is called stable if
the following holds: for every g ∈ Ω and every ∆ ⊆ G, if G = 〈Ω \ {g},∆〉, then there exists
x ∈ ∆ such that G = 〈Ω \ {g}, x〉.
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Lemma 2.5.6. A finite soluble group contains at least one stable minimal generating set.

Proof. We procede by induction on |G|. Clearly we may assume FratG = 1. So let A,R =
RG(A), D,C = CG(A) as in Corollary 1.2.5. There exists a positive integer δ such that
D ∼=G Aδ. Moreover, there exists a complement H of D in G with R ≤ H. Let d = d(G),
a = d(H) and b = m(H). Recall that, by [104, Theorem 2], m(G) = m = b + δ. We write
D = V1× · · ·×Vδ with Vi ∼=G A. By induction, H contains a generating set Λ of size b which
satisfies the statement of the Lemma. For 1 ≤ i ≤ δ, let vi be a non trivial element of Vi
and let Ω = Λ ∪ {v1, . . . , vδ}. Clearly Ω is a minimal generating set of G. We claim that Ω
satisfies the requested property. Let g ∈ Ω and ∆ ⊆ G and assume G = 〈Ω \ {g},∆〉. We
distinguish two cases. First assume that g ∈ Λ and denote by π the projection G → H.
By induction there exists x ∈ ∆ such that H = 〈Λ \ {g}, π(x)〉. It can be easily seen that
G = 〈Ω \ {g}, x〉. Finally assume g = vi, for some 1 ≤ i ≤ δ. In this case M = 〈Ω \ {g}〉 is a
maximal subgroup of G (it is a complement of Vi) and ∆ must contain an element x /∈ M.
Clearly G = 〈Ω \ {g}, x〉.

Notice that not all the minimal generating sets of cardinality m(G) are stable. Consider
for example the following group of order 20: G = 〈a, b | a5 = 1, b4 = 1, ab = a2〉. We have
m(G) = 2 and G = 〈b, b2a3〉. We also have that G = 〈b2a3, a, ba〉, however 〈b2a3, a〉 = 〈b2, a〉 6=
G and, since b2a3 = (ba)2, 〈b2a3, ba〉 = 〈ba〉 6= G.

Lemma 2.5.7. Let G be a soluble non-nilpotent group with FratG = 1 and choose A,R =
RG(A), D,C = CG(A) as in Corollary 1.2.5. If G has the extension property, then m(G/D) ≤
2

Proof. There exists a positive integer δ such that D ∼=G Aδ, and, from Lemma 1.2.6, A can
be choose to be non-trivial. Moreover, there exists a complement H of D in G with R ≤ H.
Let d = d(G),m = m(G), a = d(H) and b = m(H). As usual, by [104, Theorem 2], m(G)
coincides with the number of non-Frattini factors in a chief series of G, hence m = b+ δ.

We are going to prove that if b ≥ 3, then G does not satisfy the extension property.
Assume that b ≥ 3 and let {h1, . . . , hb} be a stable generating set of H. We have C/R =
DR/R ∼= D ∼= Aδ and G/R ∼= C/RoH/R where H/R acts in the same say on each of the δ
factors of C/R ∼= Aδ and this action is faithful and irreducible. We denote by G the quotient
group G/R and, for every g ∈ G, we set g = gR.

Let F = EndGA and n = dimF A. We may identify H with a subgroup of GL(n, F ). We
denote by Ai the matrix 1− hi. We write D = V1 × · · · × Vδ with Vi ∼=G A. Any u ∈ D can
be written in the form u =

∑
1≤j≤δ vj with vj ∈ Vj , so it may be identified with the δ × n

matrix

u =


v1
...

vδ

 .
Since A is a non-trivial G-module, |A| = qn 6= 2, so we may choose x1, . . . , x3n so that A1,
A2, A3 and (x1, . . . , x3n) satisfy the statement of Lemma 2.5.4. Let

w1 :=


x1 · · · xn

0 · · · 0
...

. . .
...

0 · · · 0

 , w2 :=


xn+1 · · · x2n

0 · · · 0
...

. . .
...

0 · · · 0

 , w3 :=


x2n+1 · · · x3n

0 · · · 0
...

. . .
...

0 · · · 0

 ,
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u1 :=



0 0 · · · 0
1 0 · · · 0
0 0 · · · 0
...

...
. . .

...

0 0 · · · 0


, u2 :=



0 0 · · · 0
0 0 · · · 0
1 0 · · · 0
...

...
. . .

...

0 0 · · · 0


, . . . , uδ−1 :=



0 0 · · · 0
0 0 · · · 0
0 0 · · · 0
...

...
. . .

...

1 0 · · · 0


.

Consider ω := {h1w1, h2w2, h3w3, h4, . . . , hb, u1, . . . , uδ−1}. Since the matrix

X =
(
A1 A2 A3 A4 · · · Ab 0 · · · 0
w1 w2 w3 0 · · · 0 u1 · · · uδ−1

)
=



A1 A2 A3 A4 · · · Ab 0 · · · 0
x1 . . . xn xn+1 . . . x2n x2n+1 . . . x3n 0 · · · 0 0 · · · 0

0 0 0 0 . . . 0 1 . . . 0 . . . 0
...

...
...

...
. . .

...
...

. . .
...

0 0 0 0 . . . 0 0 . . . 1 . . . 0


has rank n + δ, we deduce that ω is a generating set for G. Moreover if we remove the
columns corresponding to uj with j ∈ {1, . . . , δ − 1} from the block matrix X we obtain a
matrix of lower rank, and this implies that ω is a minimal generating set. We claim that ω
has no immediate descendant. Assume that we may obtain a new minimal generating set
ω̃ by replacing y ∈ ω by two elements g1 and g2. We may write g1 = k1v1, g2 = k2v2, with
k1, k2 ∈ H and v1, v2 ∈ D. Let ω∗ = ω\{y}. First assume y = uj for some 1 ≤ j ≤ δ−1. Since
ω∗ contains h1w1, h2w2, h3w3, h4, . . . , hb, we have that 〈ω∗〉D = G. Thus a subset containing
ω∗ generates G if and only if the matrix X∗ obtained from X by deleting the columns
corresponding to y and adding the columns corresponding to the other generators has rank
n+δ. But X∗ has rank n+δ−1, so if we add the columns corresponding to gi (for 1 ≤ i ≤ 2),
then either the rank remains the same (in which case gi is a redundant generator) or the rank
is n + δ and in this case ω∗ ∪ {gi} is already a generating set. This means that ω̃ is not a
minimal generating set. Now assume y = hj for 1 ≤ j ≤ b. Since ω̃ generates G, we must
have H = 〈h1, . . . , hj−1, hj+1, . . . , hb, k1, k2〉. Since h1, . . . , hb have been chosen satisfying the
statement of Lemma 2.5.6, we may assume H = 〈h1, . . . , hj−1, hj+1, . . . , hb, k1〉. Our choice
of x1, . . . , x3n ensures that in this case the matrix the matrix X∗ obtained from X by deleting
the columns corresponding to y has still rank n + δ and this implies that g2 is a redundant
generator.

Lemma 2.5.8. Assume that G is a finite soluble group with d(G) = m(G) = 2.

1. If N �G and G/N is cyclic, then there exists a stable generating set {x, y} in G with
the property that x ∈ N.

2. Let V be an irreducible G-module. If there exists a generating pair {g1, g2} of G with
the property that CV (g1) 6= 0 and CV (g2) 6= 0, then there exists also a stable generating
pair with the same property.

Proof. Let G = G/FratG and for g ∈ G set g = g FratG. Since d(G) = m(G) = 2, then, by
[1, Theorem 1.4], either G is an elementary p-group of rank 2 or G = P o Q where P is an
elementary abelian p-group which is a non-trivial irreducible Q-module and Q is a non-trivial
cyclic q-group. If G is a p-group then all the generating pairs are stable and there is nothing
to prove. So we may assume G = P o Q, with P an elementary p-group and |Q| = qa for
some positive integer a. If G/N is cyclic, then G/(N FratG) is cyclic, and this implies that N
contains the Sylow p-subgroup of G. As a consequence there exists x ∈ N such that |x| = p.
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Choose y such that |y| = qa. We claim that {x, y} is a stable generating pair. To see this
it suffices to show that {x, y} is a stable generating pair of G. Notice that if g ∈ G, then
|g| either divides p or divides qa and any generating set of G contains at least an element
of order qa. If ∆ ⊆ G and 〈x,∆〉 = G then ∆ contains at least one elements g of order qa,
hence 〈x, g〉 = G. On the other hand if ∆ ⊆ G and 〈y,∆〉 = G, then ∆ contains at least one
elements g /∈ 〈y〉, hence 〈y, g〉 = G (since 〈y〉 is a maximal subgroup of G). This proves (1).
Now we want to prove (2), in the case when G is not a p-group. Suppose that the generating
pair {g1, g2} has the property that CV (g1) 6= 0 and CV (g2) 6= 0. As we notice before, we may
assume |g1| = qa. Choose x /∈ NG(〈g1〉). It can be easily seen that G = 〈g1, g

x
1 〉 and clearly

|CV (gx1 )| = |CV (g1)| 6= 0. Arguing as before, it can be easily seen that {g1, g
x
1} is a stable

generating set.

Lemma 2.5.9. Let H be a finite soluble group with m(H) = 2 and let V be a non-trivial
irreducible H-module. Moreover assume δH(V ) = 0. Let F = EndH(V ) and n = dimF (V ).
Consider the semidirect product G = V δ o H. If G has the extension property, then the
following hold.

1. H is not cyclic.

2. δ = 1.

3. if {h1, h2} is a minimal generating set of H, then there exists i ∈ {1, 2} such that
CV (hi) = {0}.

Proof. Write V δ = V1 × · · · × Vδ and let H = H/CH(V ) ≤ GL(n, q) and, for every h ∈ H,
set h = hCH(V ). The assumption δH(V ) = 0 implies that CG(V ) = V δCH(V ) and RG(V ) =
CH(V ). By Corollary 1.2.5, if 〈h1, h2〉 = H and u1, u2 ∈ D = V δ, then 〈h1u1, h2u2〉 = G if
and only if 〈h1u1, h2u2〉CH(V ) = G.

Suppose that H = 〈h〉 is cyclic. For 1 ≤ i ≤ δ, let vi be a non trivial element of Vi. The set
ω = {h, hv1, v2, . . . , vδ} is a minimal generating set of G and |ω| = δ+ 1 < m(G) = δ+ 2. On
the other hand if we remove one element from ω, the remaining elements generate a maximal
subgroup of G. So ω has no immediate descendent and G cannot satisfy the extension
property. This proves (1).

We now prove (2). First, we assume n 6= 1. Let {h1, h2} be a stable minimal generating
set of H (its existence is ensured by Lemma 2.5.6). Now, choose x1, . . . , x2n ∈ F such
that (x1, . . . , x2n) do not belong to the subspace of F 2n spanned by the rows of the matrix(
A1 A2

)
, where Ai = 1 − hi. Assume that (y1, . . . , yn) and (z1, . . . , zn) are two F -linearly

independent elements of Fn. If δ ≥ 2, then define

w1 :=


x1 · · · xn

0 · · · 0
...

. . .
...

0 · · · 0

 , w2 :=


xn+1 · · · x2n

0 · · · 0
...

. . .
...

0 · · · 0

 ,

u1 :=



y1 y2 · · · yn

z1 z2 · · · zn

0 0 · · · 0
...

...
. . .

...

0 0 · · · 0


, u2 :=



0 0 · · · 0
0 0 · · · 0
1 0 · · · 0
...

...
. . .

...

0 0 · · · 0


, . . . , uδ−1 :=



0 0 · · · 0
0 0 · · · 0
0 0 · · · 0
...

...
. . .

1 0 · · · 0


.

As in the proof of Lemma 2.5.7, it can be noticed that ω := {h1w1, h2w2, u1, . . . , uδ−1} is a
minimal generating set of G. Assume that we may obtain a new minimal generating set ω̃ by
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replacing y ∈ ω by two elements g1 and g2. We write g1 = k1v1, g2 = k2v2, with k1, k2 ∈ H
and v1, v2 ∈ D. If y = ui for some i ∈ {1, . . . , δ − 1}, then ω \ {y} generated a maximal
subgroup of G (indeed a complement of Vi+1), so it must be y ∈ {h1w1, h2w2}. Assume for
example y = h1w1. Since 〈ω̃〉 = G, we must have H = 〈h2, k1, k2〉. Since 〈h1, h2〉 is a stable
generating set, we may assume H = 〈h2, k1〉. Let B1 = 1 − k1. Our choice of u1, . . . , uδ−1
ensures that in this case the matrix

X∗ =
(
B1 A2 0 · · · 0
v1 w2 u1 · · · uδ−1

)

has still rank n + δ and this implies that g2 is a redundant generator. Thus (2) has been
proved when n > 1. Suppose now n = 1. In particular H/CH(V ) ≤ GL(1, F ) is cyclic and
so, by Lemma 2.5.8, we can find a stable generating pair {h1, h2} such that H = 〈h1, h2〉,
h1 /∈ CH(V ), h2 ∈ CH(V ). Assume δ > 1 and for 1 ≤ i ≤ δ, let vi be a non trivial element of
Vi (so that vi corresponds to a matrix in Mδ,1(F ) with 0 everywhere, except in the i-th row).
We claim that the set ω = {h1, h2v1, . . . , h2vδ} is a minimal generating set with no immediate
descendent. Assume that we may obtain a new minimal generating set ω̃ by replacing y ∈ ω
by two elements g1 and g2. We write g1 = k1w1, g2 = k2w2, with k1, k2 ∈ H and w1, w2 ∈ D.
For every 1 ≤ i ≤ δ, the subset ω \ {h2vi} generates a complement of Vi in G, so we must
have y = h1. Since {h1, h2} is stable, we may assume H = 〈h2, k1〉. Since V is a non-trivial
H-module and h2 = 1, we have 1− k1 6= 0. Thus the matrix

X∗ =
(

1− k1 0 · · · 0
w1 v1 · · · vδ

)

has still rank 1 + δ and this implies that g2 is a redundant generator. So G does not satisfies
the extension property.

Now we may prove (3), under the additional assumption δ = 1. We want to prove that if
there exists a generating set {h1, h2} such that CV (h1) 6= 0 and CV (h2) 6= 0 then G cannot
satisfies the extension property. By Lemma 2.5.8, we may assume that {h1, h2} is a stable
generating set. We identify H with a subgroup of GL(n, F ). Choose (x1, . . . , xn) which
does not belong to the vector space spanned by the rows of the matrix A1 = 1 − h1 and
(xn+1, . . . , x2n) which does not belong to the vector space spanned by the rows of the matrix
A2 = 1− h2. Define w1 = (x1, . . . , xn) and w2 = (xn+1, . . . , x2n). The set ω := {h1w1, h2w2}
is a minimal generating set of G. Assume that we may obtain a new minimal generating
set ω̃ by replacing y ∈ ω by two elements g1 and g2. We write g1 = y1v1, g2 = y2v2, with
y1, y2 ∈ H and v1, v2 ∈ D. Assume for example y = h1w1. Since 〈ω̃〉 = G, we must have
H = 〈h2, y1, y2〉. Being {h1, h2} stable, we may assume H = 〈h2, y1〉. Let B1 = 1− y1. Since
H = 〈h2, y1〉, we have rank

(
B1 A2

)
= n. Moreover, our choice of xn+1, . . . , x2n ensures that

rank
(
B1 A2

v1 w2

)
= n+ 1.

This implies that G = 〈g1, h2w2〉 and so g2 is a redundant generator. This completes the
proof of (3).

Proof of Theorem 2.0.18. If G is nilpotent, then the statement follows from Proposition 2.5.3.
Assume that G is soluble, non-nilpotent, finite group with the extension property. Clearly

G/FratG satisfies also the extension property so, by Lemma 2.5.7, G/FratG = V δ o H,
where m(H) ≤ 2 and V is a non-trivial irreducible H-module. If m(H) = 1, then d(G) =
d(G/FratG) = δ + 1 = m(G/FratG) = m(G). If m(H) = 2, then δ = 1 by Lemma 2.5.9. In
this case d(G) = d(G/FratG) = 2 and m(G) = m(G/FratG) = 3.
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Now, we want prove that if G satisfies either (1) or (2) then G has the extension property.
Clearly the statement is true if d(G) = m(G). Since G satisfies the extension property if and
only if G/FratG satisfies the extension property, to conclude our proof, we have to prove
that if G = V oH is a semidirect product with the properties described in (2), then every
generating pair (g1, g2) of G has a strong immediate descendant. Let g1 = h1v1 and g2 = h2v2,
with h1, h2 ∈ H and v1, v2 ∈ V. It is not restrictive to assume CV (h1) = 0. In particular, the
set {hw1 | w ∈ V } has size |V : CV (h1)| = |V |, and consequently {hw1 | w ∈ V } = {h1w | w ∈
V }. That is, there exists w ∈ V such that g1 = hw1 . We have that g2 = hw2 [w, h2]v2 and that
{hw1 , hw2 , [w, h2]v2} is a minimal generating set of G.



Chapter 3

Problems in permutation groups

Let the permutation group G act on a set Ω of size n. A subset B of Ω is a base for G if the
pointwise stabilizer G(B) is trivial. The base size of G is the minimal cardinality of a base
for G, and we denote this by b(G,Ω), or just b(G) when the meaning is clear. Equivalently,
b(G) is the minimal cardinality of a set of conjugates of a pointstabiliser H such that their
intersection is trivial. Determining the base size of a given permutation group is a classical
problem in permutation group theory, with a long tradition and many applications.

In the 19th century, a problem that attracted a lot of attention was that of bounding
the order of a finite primitive permutation group. Since the elements of G are uniquely
determined by their effect on a base, then

|G| ≤ |Ω|b(G). (3.0.1)

So one can find an upper bound on the order of a permutation group by bounding the
minimal base size. One of the earliest results in this direction is a theorem of Bochert [17]
from 1889, which states that if G is a primitive permutation group of degree n not containing
the alternating group Alt(n), then b(G) ≤ n/2. The permutation group G is large base if
there exist integers m and r ≥ 1 such that Alt(m)r � G ≤ Sym(m)wr Sym(r), where the
action of Sym(m) is on k-element subsets of {1, . . . ,m} and the wreath product acts with
product action. Note that this includes the natural action of Alt(n) and Sym(n). Using the
Classification of Finite Simple Groups and building on earlier work by Cameron [31], Liebeck
proved the following remarkable result.

Theorem 3.0.1 (Liebeck, [86]). Let G be a primitive permutation group of degree n. If G
is not large base, then b(G) ≤ 9 logn.

From (3.0.1) it follows that b(G) ≥ log |G|/ logn for every permutation group of degree n.
On the other hand, in 1993, Pyber [138] asked whether there exists a universal constant c such
that b(G) ≤ c log |G|/ logn for any primitive group G of degree n. This question generalizes
the Cameron–Kantor conjecture [32, 35], which asserts that there exists an absolute constant
c such that b(G) ≤ c for all finite almost simple groups G in faithful primitive nonstandard
actions (non-standard actions are defined in Definition 3.1.20). In [26, Theorem 1.3], Liebeck
and Shalev proved the Cameron–Kantor conjecture, but without specifying the absolute
constant c. In a series of papers [22, 27, 25], Burness and others proved that b(G) ≤ 7, with
equality if and only if H is the largest Mathieu group M24 in its 5-transitive action of degree
24; that is, the Cameron-Kantor conjecture is true with the constant c = 7. Despite the
great attention, Pyber’s conjecture remained open until very recently. Starting on earlier
work of Benbenishty [15], Burness et al. [22, 27, 25, 28], Fawcett [52], Gluck and Magaard
[54], Halasi and Maróti [66], Liebeck and Shalev [89, 90], and Seress [150], it is shown in
[50] that there exists a universal constant c such that b(G) ≤ 45(log |G|/ logn) + c, for every

57
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primitive permutation group G of degree n. Much more recently, Liebeck, Halasi and Maróti
showed in [65, Proof of Corollary 1.3] that for almost all non-large base primitive groups,
b(G) ≤ 2blognc + 26; then Roney-Dougal and Siccha noted in [145] that this bound applies
to all primitive groups that are not large base. In [122], we prove a better estimation for the
base size of a non-large base primitive groups. Precisely the following result holds.

Theorem 3.0.2. Let G be a primitive permutation group of degree n. If G is not large base
then b(G) ≤ max{7, dlogne + 1}. Furthermore, there are infinitely many such groups G for
which b(G) > logn+ 1.

Notice that if G is the largest Mathieu group M24 in its 5-transitive action of degree 24
then b(G) = 7 > dlogne+1. We shall prove in Proposition 3.1.33 that if G = Sp2m(2), acting
on the cosets of the maximal subgroup GO−2m(2), then b(G) = dlogne + 1 > logn + 1. In
Section 3.1 we prove Theorem 3.0.2 using the version of the O’Nan-Scott theorem presented
in [92] (see Section 1.5).

In computational group theory, the elements of G ≤ Sym(Ω) are stored as |Ω|-tuples;
hence, from (3.0.1), it follows that the element of G can be stored as b(G)-tuples. Clearly it
is more convenient to store b(G)-tuples, rather than |Ω|-tuples; whence Theorem 3.0.2 and
bounds on the base size in general are not only appealing for their own sake, but can also be
used for practical applications (see [149, Chapter 4] for further details).

Another question motivated by computational interest in permutation group theory is the
following.

Question 2. [30] Is the number of maximal blocks of imprimitivity through a point for a
transitive group G of degree n bounded above polynomially in terms of degree n?

This question was firstly asked by Cameron (see [30] for the motivation for this question),
and extends naturally an old question. Let us explain this better. In 1961, Wall [160] has
conjectured that the number of maximal subgroups of a finite group G is less than the group
order |G|. Wall himself proved the conjecture under the additional hypothesis that G is
soluble. The first remarkable progress towards a good understanding of Wall’s conjecture is
due to Liebeck, Pyber and Shalev [95]; they proved that all, but (possibly) finitely many,
simple groups satisfy Wall’s conjecture. Actually, Liebeck, Pyber and Shalev proved [95,
Theorem 1.3] a polynomial version of Wall’s conjecture: there exists an absolute constant
c such that, every finite group G has at most c|G|3/2 maximal subgroups. Based on the
conjecture of Guralnick on the dimension of certain first cohomology groups [62] and on some
computer computations of Frank Lübeck, Wall’s conjecture was disproved in 2012 by the
participants of an AIM workshop, see [63].

To see that Question 2 extends naturally the question of Wall we fix some notation. Given
a finite group G and a subgroup H of G, we denote by

max(H,G) := |{M |M maximal subgroup of G with H ≤M}|,

the number of maximal subgroups of G containing H. Now, if Ω is the domain of a transitive
permutation group G and ω ∈ Ω, then there exists a one-to-one correspondence between the
maximal systems of imprimitivity of G and the maximal subgroups of G containing the point
stabiliser Gω and hence Question 2 asks for a polynomial upper bound for max(Gω, G) as a
function of n = |G : Gω|. When n = |G|, that is, G acts regularly on itself, the question of
Cameron reduces to the question of Wall and [95, Theorem 1.3] yields a positive solution in
this case, with exponent 3/2. In [112] we gave a positive solution to Question 2.

Theorem 3.0.3. [112, Theorem 1.2] There exists a constant a such that, for every finite
group G and for every subgroup H of G, we have max(H,G) ≤ a|G : H|3/2. In particular, a
transitive permutation group of degree n has at most an3/2 maximal systems of imprimitivity.
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In the case of soluble groups we actually obtain a much tighter bound, which extends the
result of Wall [160, (8.6), page 58] for soluble groups on his own conjecture.

Theorem 3.0.4. [112, Theorem 1.3] If G is a finite soluble group and H is a proper subgroup
of G, then max(H,G) ≤ |G : H| − 1. In particular, a soluble transitive permutation group of
degree n ≥ 2 has at most n− 1 maximal systems of imprimitivity.

With the use of the crowns 1.2 we prove Theorems 3.0.3, 3.0.4 in Section 3.2

Finally, in [111], we analyzed a problem quite different in permutation group theory. Let
us introduce the general setting. Let G be a finite group, let H be a subgroup of G, and let

OG(H) := {K | K subgroup of G with H ≤ K}

be the set of subgroups of G containing H. Clearly, OG(H) is a lattice under the operations of
taking “intersection” and taking “subgroup generated”; it is called the overgroup lattice. The
problem of determining whether every finite lattice is isomorphic to some OG(H) for a finite
group G arose originally in universal algebra with the work of Pálfy-Pudlák [132]. In 1938,
Ore proved that a finite group is cyclic if and only if its subgroup lattice is distributive [127,
Theorem 4]. Further he proved that for a finite group G and a subgroup H of G such that
the overgroup lattice OG(H) is distributive, then there exists a coset Hg generating G [127,
Theorem 7]. In [130], Palcoux obtained a dual version of Ore’s theorem, more precisely, he
proved that if OG(H) is distributive then there exists an irreducible complex representation
V of G such that G(V H) = H (where V H is the H-fixed points subspace of V ). Let G be a
finite group, the Euler totient of G, ϕ(G), is the number of elements g such that 〈g〉 = G.
Then ϕ(G) is nonzero if and only if G is cyclic, and when G = Cn is the cyclic group of order
n, ϕ(Cn) coincides with the usual Euler’s totient function ϕ(n). For a subgroup H ⊂ G, the
Euler totient ϕ(H,G) is the number of cosets Hg such that 〈Hg〉 = G. Hall [64] described
ϕ(H,G) in terms of the Möbius function µ on the overgroup lattice OG(H), precisely he
showed that

ϕ(H,G) =
∑

K∈OG(H)
µ(K,G)|K : H|.

Note that ϕ(H,G) is nonzero (if and) only if there is a coset Hg generating G. In [131] it
was proved that for any subgroup H ⊂ G, if the dual Euler totient

ϕ̂(H,G) :=
∑

K∈OG(H)
µ(H,K)|G : K|,

is nonzero then there is an irreducible complex representation V such that G(V H) = H (in
particular, if ϕ̂(G) := ϕ̂(1, G) is nonzero then G is linearly primitive, that is G admits a
faithful irreducible complex representation).

So the dual Ore’s theorem appears as a natural consequence of the following conjecture:

Conjecture 6. [13, Conjecture 1.5] If OG(H) is Boolean, then ϕ̂(H,G) is nonzero.

(See Subsection 3.3.1 for the definition of boolean lattice.) In [13, page 58], the authors
asked whether the lower bound ϕ̂(H,G) ≥ 2` holds when OG(H) is Boolean of rank ` + 1.
As they pointed out, if the lower bound is correct, then it is optimal because ϕ̂(S1×S`2, S2×
S`3) = 2`. To highlight previous progress on this context, let us consider the (reduced) Euler
characteristic:

χ(H,G) = −
∑

K∈OG(H)
µ(K,G)|G : K|.

The Euler characteristic is an invariant related to ϕ̂(H,G) in the following sense: when
K ∈ OG(H), and OG(H) is Boolean of rank `, then µ(K,G) = (−1)`µ(H,K), so that



CHAPTER 3. PROBLEMS IN PERMUTATION GROUPS 60

χ(H,G) = ±ϕ̂(H,G). It follows that Conjecture 6 reduces to investigation of the non-
vanishing of χ(H,G). The problem of studying whether χ(G) := χ(1, G) is nonzero for every
finite group G is mentioned as open in [152, page 760] and attributed to Brown. It was first
approached by Gaschütz, who showed in [55] that χ(G) 6= 0 when G is a solvable group.
Later, Patassini proved that χ(G) 6= 0 for many almost simple groups G in [134, 135], and
obtained further results for some groups with minimal normal subgroups that are products of
alternating groups in [136]. Despite these results, it is still unknown whether χ(G) is nonzero
for every finite group G.

A first step to attack Conjecture 6 could be to prove the case where G is a finite simple
group, hence as a preliminary aim one should try to classify the inclusions H ⊂ G when G is
finite simple group and OG(H) Boolean. In [13, Example 4.21] it is noticed that if H is the
Borel subgroup of a BN-pair structure (of rank `) on G, then OG(H) is Boolean (of rank `),
and χ(H,G) is nonzero, moreover if G is a finite simple group of Lie type (over a finite field
of characteristic p) then its absolute value ϕ̂(H,G) is the p-contribution in the order of G,
which is at least p

1
2 `(`+1). Further, Shareshian suggestes us examples of boolean OG(H) of any

rank when G is the alternating group, involving stabilizers of non-trivial regular partitions,
as shown in [8] for the rank 2. In [111] not only we proved the existence of these examples
for G alternating (or symmetric), but mainly we showed that (besides some sporadic cases)
there is just one other infinite family of examples arising from stabilizers of regular product
structures. As a consequence, Conjecture 6 holds true in this case (together with the expected
lower bound).

Let G be an almost simple group with socle an alternating group Alt(n), for some n ∈ N.
When n ≤ 5, nothing interesting happens: the largest Boolean lattice of the form OG(H)
has rank at most 1. Moreover, when G = Alt(6), the largest Boolean lattice has rank 2
and it is of the form (D4,Sym(4), Sym(4)) or (D5,Alt(5),Alt(5)). When G is PGL2(9), M10
or PΓL2(9), the largest Boolean lattice has rank 1. When G = Sym(6) ∼= PΣL2(9), the
largest Boolean lattice has rank 2 and it is of the form (D4 × C2, 2. Sym(4), 2. Sym(4)) or
(C5oC4,Sym(5),Sym(5)). Hence for the rest of this chapter we can assume that G is either
Alt(Ω) or Sym(Ω), for some a finite set Ω of size bigger than 7. The statement of the following
theorem contains terms which are defined in Section 3.3.

Theorem 3.0.5. [111, Theorem 1.2] Let Ω be a finite set, let G be Alt(Ω) or Sym(Ω), let H
be a subgroup of G and suppose that the lattice OG(H) = {K | H ≤ K ≤ G} is Boolean of
rank ` ≥ 3. Let G1, . . . , G` be the maximal elements of OG(H). Then one of the following
holds:

1. For every i ∈ {1, . . . , `}, there exists a non-trivial regular partition Σi with Gi =
NG(Σi); moreover, relabeling the index set {1, . . . , `} if necessary, Σ1 < · · · < Σ`.

2. G = Sym(Ω). Relabeling the index set {1, . . . , `} if necessary, G` = Alt(Ω), for every
i ∈ {1, . . . , ` − 1}, there exists a non-trivial regular partition Σi with Gi = NG(Σi);
moreover, relabeling the index set {1, . . . , `− 1} if necessary, Σ1 < · · · < Σ`−1.

3. |Ω| is odd. For every i ∈ {1, . . . , `}, there exists a non-trivial regular product structure
Fi with Gi = NG(Fi); moreover, relabeling the index set {1, . . . , `} if necessary, F1 <
· · · < F`.

4. |Ω| is an odd and G = Sym(Ω). Relabeling the index set {1, . . . , `} if necessary, G` =
Alt(Ω), for every i ∈ {1, . . . , `− 1}, there exists a non-trivial regular product structure
Fi with Gi = NG(Fi); moreover, relabeling the index set {1, . . . , ` − 1} if necessary,
F1 < · · · < F`−1.

5. |Ω| is an odd prime power. Relabeling the index set {1, . . . , `} if necessary, G` is maximal
subgroup of O’Nan-Scott type HA, for every i ∈ {1, . . . , `−1}, there exists a non-trivial
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regular product structure Fi with Gi = NG(Fi); moreover, relabeling the index set
{1, . . . , `− 1} if necessary, F1 < · · · < F`−1.

6. |Ω| is odd prime power and G = Sym(Ω). Relabeling the index set {1, . . . , `} if necessary,
G` = Alt(Ω) and G`−1 is a maximal subgroup of O’Nan-Scott type HA, for every i ∈
{1, . . . , `−2}, there exists a non-trivial regular product structure Fi with Gi = NG(Fi);
moreover, relabeling the index set {1, . . . , `− 2} if necessary, F1 < · · · < F`−2.

7. ` = 3, G = Sym(Ω) and, relabeling the index set {1, 2, 3} if necessary, G1 is the stabilizer
of a subset Γ of Ω with 1 ≤ |Γ| < |Ω|/2, G2 is the stabilizer of a non-trivial regular
partition Σ with Γ ∈ Σ and G3 = Alt(Ω);

8. ` = 3, G = Sym(Ω) and, relabeling the index set {1, 2, 3} if necessary, G1 is the stabilizer
of a subset Γ of Ω with |Γ| = 1, G2 ∼= PGL2(p) for some prime number p, |Ω| = p+ 1
and G3 = Alt(Ω);

9. ` = 3, G = Alt(Ω), |Ω| = 8 and the Boolean lattice OG(H) is in Figure 3.2.

10. ` = 3, G = Alt(Ω), |Ω| = 24, and, relabeling the index set {1, 2, 3} if necessary, G1 is
the stabilizer of a subset Γ of Ω with |Γ| = 1, G2 ∼= G3 ∼= M24.

In Subsection 3.3.6 we prove Theorem 3.0.5. In Subsection 3.3.7, we show that the cases
in Theorem 3.0.5 (1) and (2) do occur for arbitrary values of `. In Subsection 3.3.8, we
show that there exist Boolean lattices of arbitrary large rank whose maximal elements are
stabilizers of regular product structures.

Finally, Section 3.3.9 is dedicated to the proof of the following theorem where (4) is a
consequence of Theorem 3.0.5, and where the proof for (5) was already mentioned above.

Theorem 3.0.6. [111, Theorem 1.3] Let G be a finite group and H a subgroup such that
the overgroup lattice OG(H) is Boolean of rank `. Then the lower bound on the dual Euler
totient ϕ̂(H,G) ≥ 2`−1 holds in each of the following cases:

1. ` ≤ 3,

2. OG(H) group-complemented,

3. G solvable,

4. G alternating or symmetric,

5. G of Lie type and H a Borel subgroup.

As a consequence, the reduced Euler characteristic χ(H,G) is nonzero.

3.1 Base size of primitive permutation group

The proof is divided in various steps, and for this proof we use the version of the O’Nan-Scott
theorem presented in [92] (see 1.5).

The bulk of the proof is the the almost simple case, hence we analyze this case in various
subsections. In Subsection 3.1.1 we estimate the base of an almost simple group G acting on a
G-orbit of (totally singular or non-degenerate of a fixed isometry type) one- and two-subspace
of the natural module V in terms of the dimension of V . In Subsection 3.1.2 we give the
Definition 3.1.20 of a standard action of an almost simple group, and we deal with the almost
simple groups in non-standard actions. In Subsection 3.1.3 we analyze the case when the
group is an alternating or a symmetric group acting on partitions. Then in Subsection 3.1.4
we deal with subspace actions. Finally, in Subsection 3.1.5 we prove Theorem 3.0.2.

The following easy result is used throughout this Section.
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Lemma 3.1.1. To bound the base size of the primitive groups G that are not large base,
it suffices to bound the base size of those primitive groups G that are maximal amongst the
non-large-base groups G.

Proof. Let H ≤ G ≤ Sym(n), and let B be a base for G. Then H(B) ≤ G(B) = 1, so B is a
base for H. Hence b(H) ≤ b(G).

3.1.1 One- and Two-dimensional subspaces

Let G be an almost simple classical group G with natural module V . In this section we
analyze the action of G acting on a G-orbit of totally singular or non-degenerate one- or two-
dimensional subspaces of V . We start by collecting some preliminaries results and Definitions.

Notation 1. Let A ∈ GLd(q). If A is block diagonal, of the form

A =


A1 0 · · · 0
0 A2 · · · 0
...

...
. . .

...

0 0 · · · At


with Ai ∈ GLdi(q) for 1 ≤ i ≤ t, then we write A = Diag(A1, A2, . . . , At). If di = 1 for all i,
then we also write A = Diag(α1, . . . , αd).

We write F∗ for the nonzero elements of the finite field F.

Lemma 3.1.2. Let V = Fdq and let G = GLd(q). Let v1, . . . , vd be linearly independent
elements of V , and let S = {〈v1〉, . . . , 〈vd〉}.

(1) G(S) is conjugate to a group of diagonal matrices, and is trivial when q = 2.

(2) For all µ := (µ1, . . . , µd) ∈ (F∗q)d, let S(µ) = S ∪ {〈µ1v1 + · · ·+ µdvd〉}. Then G(S(µ)) =
Z(GLd(q)).

Proof. (1) Let g ∈ G(S), then there exist λ1, . . . , λd ∈ Fq such that vig = λivi, for 1 ≤ i ≤ m.
Hence with respect to the basis v1, . . . vd the group G(S) consists of diagonal matrices. The
second claim is immediate.

(2) Let g ∈ GS(µ). By Part (1), with respect to the basis v1, . . . , vd the matrix g is equal
to Diag(λ1, . . . , λd). Furthermore, there exists an α ∈ F∗q such that

(µ1v1 + · · ·+ µdvd)g = λ1µ1v1 + · · ·+ λdµdvd = α(µ1v1 + · · ·+ µdvd),

and consequently λ1 = · · · = λd = α.

Lemma 3.1.3. Let B be a non-degenerate sesquilinear form on V = Fd, with d > 2. Let
F = Fq if B is bilinear, and F = Fq2 otherwise. Let u, v ∈ V be such that 〈u, v〉 is non-
degenerate. Let g be an isometry of V such that ug = αu for some α ∈ F∗.

1. Assume that vg = βv, for some β ∈ F∗, and that there exist a nonzero w ∈ 〈u, v〉⊥,
γ1, γ3 ∈ F∗, and γ2 ∈ F, such that g stabilizes 〈γ1u + γ2v + γ3w〉. Then wg = αw.
Furthermore, if γ2 6= 0 then β = α, and if, in addition, B(u, v) 6= 0 then α = α−q.

2. Assume that B is symmetric, and that (u, v) satisfy B(u, u) = B(v, v) = 0 and B(u, v) =
1. If g stabilizes 〈u, v〉, then vg = α−1v.
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Proof. (1). Since 〈u, v〉 is non-degenerate, we can write V = 〈u, v〉⊕〈u, v〉⊥. Let {u, v, w,w4 . . . , wd}
be a basis of V such that w,w4, . . . , wd is a basis of 〈u, v〉⊥. Since g stabilizes 〈u, v〉, the
matrix g also stabilises 〈u, v〉⊥. In particular, there exist λ0, λ4, . . . , λd such that wg =
λ0w +

∑d
i=4 λiwi. Further, there exists µ ∈ Fq such that

µ(γ1u+ γ2v + γ3w) = (γ1u+ γ2v + γ3w)g = γ1αu+ γ2βv + γ3(λ0w +
d∑
i=4

λiwi).

Hence µ = α = λ0 and λi = 0 for 4 ≤ i ≤ d. Furthermore, if γ2 6= 0 then µ = β. The final
claim is clear.
(2). There exist β, γ ∈ F∗, such that vg = βu+ γv. Since

0 = B(v, v) = B(vg, vg) = B(βu+ γv, βu+ γv) = 2βγ,

either β or γ is 0. Furthermore,

1 = B(ug, vg) = αγ

yields that γ = α−1 6= 0. Consequently β = 0.

Lemma 3.1.4. Let G = GLd(q) and let Ω be the set of 2-spaces of V = Fdq . Let d = 2a+ r
with 0 ≤ r ≤ 1 and let V = V1 ⊕ · · · ⊕ Va ⊕ U = X ⊕ U be any direct sum decomposition
with dimVi = 2 for all 1 ≤ i ≤ a and dimU = r. For 1 ≤ i ≤ a, let vi,1, vi,2 be linearly
independent vectors in Vi.

(1) Let g ∈ G(V1,...,Va). Then with respect to any basis beginning v1,1, v1,2, . . . , va,1, va,2 the
restriction g |X= Diag(X1, . . . , Xa), with Xi ∈ GL2(q) for every 1 ≤ i ≤ a.

(2) Let I ⊆ {1, . . . , a}, let w1 =
∑
i∈I vi,1, let w2 =

∑
i∈I vi,2, and let W = 〈w1, w2〉. Let

g ∈ G(V1,...,Va,W ). Then g |X= Diag(X1, . . . , X1), with X1 ∈ GL2(q).

Proof. (1) Since Vig = Vi, there exist αi, βi, γi, δi ∈ Fq such that vi,1g = αivi,1 + βivi,2, and
vi,2g = γivi,1 + δivi,2.

(2) For 1 ≤ i ≤ a the matrix Xi =
(
αi βi
γi δi

)
. Since Wg = g, there exist α, β, γ, δ ∈ Fq

such that

w1g =
∑
i∈I

(αivi,1 + βivi,2) = αw1 + βw2,

w2g =
∑
i∈I

(γivi,1 + δiivi,2) = γw1 + δw2.

Hence αi = α, βi = β, γi = γ and δi = δ, for all i ∈ I.

Lemma 3.1.5. Let G be a finite almost simple primitive permutation group on Ω with socle
G0 that is not an alternating group, and let G0 � G1 ≤ G. If G/G1 has a normal series of
length k with all quotients cyclic, then b(G,Ω) ≤ b(G1,Ω) + k.

Proof. By [59, Theorem 1.1] each element of G has a regular cycle. It follows that stabilising
one point for each cyclic quotient suffices to extend a base for G1 to one for G.

Definition 3.1.6. We fix some notation that we will use for the remainder of this paper. Let
F = Fq2 in the unitary case, and F = Fq otherwise, and let σ the automorphism of F mapping
x 7→ xq. Let V = Fd.

We fix the following standard forms on V = F. Our standard unitary form B has basis{
{e1, . . . , em, fm, . . . , f1} if d = 2m,
{e1, . . . , em, x, fm, . . . , f1} if d = 2m+ 1,
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where for all i and j we set B(ei, ej) = B(fi, fj) = 0, B(ei, fj) = δi,j, B(ei, x) = B(fi, x) = 0,
and B(x, x) = 1.

Our standard symplectic form B has basis

{e1, . . . , em, fm, . . . , f1}

where d = 2m and for all i and j we set B(ei, ej) = B(fi, fj) = 0, B(ei, fj) = δi,j.
Our standard quadratic form Q, with symmetric bilinear form B = BQ, has basis

{e1, . . . , em, fm, . . . , f1} d = 2m, Q is of + type,
{e1, . . . , em, x, y, fm, . . . , f1} d = 2m+ 2, Q is of − type,
{e1, . . . , em, x, fm, . . . , f1} d = 2m+ 1,

where for all i and j we set Q(ei) = Q(fi) = 0, B(ei, fj) = δi,j, B(ei, x) = B(fi, x) =
B(ei, y) = B(fi, y) = 0, Q(x) = B(x, y) = 1 and Q(y) = ζ, where X2 + X + ζ ∈ F[X] is
irreducible. We remark that will work, at times, with orthogonal groups of odd dimension in
characteristic 2, and that that this is our standard form in this case as well: see, for example,
[157, p139] for more information.

A pair (u, v) of vectors is a hyperbolic pair if B(u, u) = B(v, v) = 0, Q(u) = Q(v) = 0 in
the orthogonal case, and B(u, v) = 1.

A pair (u, v) of vectors is an elliptic pair if Q(u) = 1, Q(v) = ζ, for some ζ ∈ F such that
X2 +X + ζ is irreducible, and B(u, v) = 1.

Definition 3.1.7. If d = 2m, q is odd and Q is of − type we work sometimes with the slightly
modified basis form

{e1, . . . , em, x
′, y′, fm, . . . , f1},

where for all i and j we set Q(ei) = Q(fi) = 0, B(ei, fj) = δi,j, B(ei, x′) = B(fi, x′) =
B(ei, y′) = B(fi, y′) = 0, Q(x′) = 1, B(x′, y′) = 0 and Q(y′) = α, where X2 + α ∈ F[X] is
irreducible (that is −α is a non-square in F).

Totally singular

Here, we consider the unitary, symplectic and orthogonal groups G, and let S(G, k) be a
G-orbit of totally singular k-spaces of V = Fd, with k ∈ {1, 2}. Note that the actions of the
groups G with PSLd(q) �G� PΓLd(q) on one- and two- spaces are included here.

Note that in all but socG = PΩ+
2k(q), the set S(G, k) contains all the totally singular

k-spaces of V .

Lemma 3.1.8. Let G = Gd(q) be one of PGUd(q),PSpd(q),PGOε
d(q). Let D = {3, 4} if

G is unitary, D = {6} if G = PGO±d (q), and D = {4, 5} otherwise. Let a ∈ D such that
d = 2k + a, with k ∈ N. Then b(G,S(G, 1)) ≤ b(Ga(q),S(Ga(q), 1)) + 2k.

Proof. We proceed by induction on k. If k = 0 the result is clear, so assume that k > 0, and
that the result holds for k − 1.

For all n, let Hn denote the linear group corresponding to Gn(q), so that Hn ∈ {GUn(q),
Spn(q),GOε

n(q)}. Let U = 〈e2, . . . , f2〉. Then U is non-degenerate, so by the inductive
hypothesis, there exists a set T of b(Ga(q)) + 2(k − 1) one-dimensional subspaces of U such
that (Hn−2)(A) acts as scalars on U . Up to conjugacy, we may assume that 〈e2〉, 〈f2〉 ∈ A.

Let B = T ∪ {〈e1 + e2〉, 〈f1 + f2〉}. We shall show that B is a base for H. Let h ∈ H(B).
We first apply Lemma 3.1.3(1), with (e2, f2, e1) here in place of (u, v, w) there to see that
there exist α, β ∈ F∗ such that e2h = αe2, f2h = βf2 and e1h = αe1. We then apply
Lemma 3.1.3(1) to (e2, f2, f1) to deduce that f1h = βf1. Now h stabilises 〈e1, f1〉, and so
stabilises U . Hence, by our assumption on A, the group H induces scalars on U . Therefore
in particular, α = β and so H(B) consists of scalars, as required.
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Lemma 3.1.9. Let d ≥ 3, and let G ∈ {PGUd(q),PSpd(q)}. Then b(G,S(G, 1)) ≤ d.

Proof. Let B be our standard unitary or symplectic form, from Definition 3.1.6, let F = Fq2

for the unitary case, let F = Fq for the symplectic case, and let U = 〈e1, f1〉.
Since Fq2 is perfect, the trace map

tr
Fq2
Fq : a ∈ Fq2 7→ a+ aq ∈ Fq

is surjective, and so there exists µ ∈ Fq2 such that µq + µ + 1 = 0. Hence for d odd (and so
B unitary), B(e1 + x + µf1, e1 + x + µf1) = µq + 1 + µ = 0, so the vector e1 + x + µf1 is
singular. Hence for odd d we may let

B3 = {〈e1〉, 〈f1〉, 〈e1 + x+ µf1〉},

and let g ∈ GU3(q)(B3). Apply Lemma 3.1.3(1), with (e1, f1, x) in place of (u, v, w), to see
that g is scalar. Hence b(PGU3(q)) ≤ 3.

Let
B4 = {〈e1〉, 〈f1〉, 〈e1 + e2〉, 〈f2 + e1〉} ⊆ S(G, 1),

and let g ∈ GU4(q)(B4) or g ∈ Sp4(q)(B4) Apply Lemma 3.1.3(1), first to (e1, f1, e2) and then
to (e1, f1, f2), to see that g = Diag(α, α, α, β), for some α, β ∈ F. Then from B(αe2, αf2) = 1
we see that α = α−q, and from B(αe1, βf1) = 1 we see that αβq = 1, so β = α−q = α. Hence
g is scalar, and so b(PGU4(q)) ≤ 4 and b(PSp4(q)) ≤ 4.

The result now follows for all d ≥ 3 by Lemma 3.1.8.

Lemma 3.1.10. Let d ≥ 5, let ε ∈ {+,−, ◦}, and let G = PGOε
d(q). Then b(G,S(G, 1)) ≤

d− 1.

Proof. Throughout, Q denotes our standard quadratic form, from Definition 3.1.6.
First, let d be odd, let

B5 = {〈e1〉, 〈f1〉, 〈−e1 + x+ f1〉, 〈e1 + e2〉} ⊆ S(G, 1),

and let g ∈ GO◦5(q)(B5). We apply Lemma 3.1.3(1), first with (e1, f1, x) for (u, v, w), and then
with (e1, f1, e2), to see that g|〈e1,e2,x,f1〉 = Diag(α, α, α, α), for some α = α−1 ∈ Fq. Applying
Lemma 3.1.3(2) to {e2, f2} yields f2g = αf2. Hence g is scalar, and so b(PGO◦5(q)) ≤ 4.

Next, let Q be of minus type, let

B−6 = {〈e1〉, 〈f1〉, 〈e1 + e2〉, 〈−e1 + x+ f1〉, 〈−ζe1 + y + f1〉} ⊆ S(G, 1),

and let g ∈ GO−6 (q)(B6). We apply Lemma 3.1.3(1), first with (e1, f1, x) for (u, v, w), then
with (e1, f1, y), and finally with (e1, f1, e2), to deduce that g|〈e1,e2,x,y,f1〉 = Diag(α, α, α, α, α),
for some α = α−1 ∈ Fq. Applying Lemma 3.1.3(2) to (e2, f2) shows that g is scalar, and so
b(PGO−6 (q)) ≤ 5.

Finally, let Q be of plus type, let

B+
6 = {〈e1〉, 〈f1〉, 〈e1 + e2〉, 〈f2 + e1〉, 〈e2 + e3〉} ⊆ S(G, 1),

and let g ∈ GO+
6 (q)B6 . Let W = 〈e1, e2, f2, f1〉. We apply Lemma 3.1.3(1), first to (e1, f1, e2),

and then to (e1, f1, f2), to see that g|W = Diag(α, α, α, α−1), for some α = α−1 ∈ Fq. Next,
we apply Lemma 3.1.3 to (e2, f2, e3) to see that e3g = αe3. Now W⊥ = 〈e3, f3〉 is stabilised
by g, so Lemma 3.1.3(2) applied to {e3, f3} shows that g is scalar. Hence b(PGO+

6 (q)) ≤ 5.
The result now follows for all d ≥ 5 by Lemma 3.1.8.

We shall prove that the bound in Lemma 3.1.10 is tight.
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Lemma 3.1.11. Let d ≥ 6 be even, let ε ∈ {+,−}, and let G = PGOε
d(q). Then b(G,S(G, 1)) =

d− 1.

Proof. Let V be the natural module for H = GOε
d(q), and let A = {〈v1〉, . . . , 〈vd−2〉} be a set

of d− 2 totally singular 1-spaces. Let W be any d− 2-dimensional space containing the span
of the 1-spaces in A, and let H(W ) denote the subgroup of H that acts as scalars on W . We
shall show that there exists a nonscalar element of H(W ), from which the result will follow.

If W is non-degenerate, then H(W ) contains a subgroup which acts as GO(W⊥) on W⊥,
so the result is immediate. Thus we may assume that W is degenerate, so U := Rad(W ) =
W ∩W⊥ is a non-zero subspace of W .

First assume that there exists a u ∈ U such that Q(u) 6= 0. This implies that q is even, so
H has a single orbit on non-singular 1-spaces, and without loss of generality we can assume
that u = e1 +f1. Notice that e1, f1 6∈W , since BQ(u, e1) = BQ(u, f1) 6= 0. We define a linear
map g by

e1g = f1, f1g = e1, xg = x for all x ∈ 〈e1, f1〉⊥.

Let v1, v2 ∈ V , then for i = 1, 2 we can write vi = αie1 + βif1 + xi, for some αi, βi ∈ Fq and
xi ∈ 〈e1, f1〉⊥. Then

Q(v1g) = Q(α1f1 + β1e1 + x1) = α1β1 +Q(x1) = Q(v1)
BQ(v1g, v2g) = BQ(α1f1 + β1e1 + x1, α2f1 + β2e1 + x2)

= α1β2 + β1α2 +BQ(x1, x2)
= BQ(v1, v2),

so g ∈ H. Furthermore, if w ∈W then BQ(w, e1 +f1) = 0, so we can write w = x+αe1 +αf1,
for some x ∈ 〈e1, f1〉⊥ and α ∈ Fq. Hence wg = w, so g ∈ H(W ), as required.

Next assume that Q(u) = 0 for all u ∈ U , so that U is totally singular. If dim(U) = 1
then we can write W = 〈u〉 ⊥ W ′, with Rad(W ′) = 0, when q is even this contradicting
the fact that dimW = d − 2 is even. So, when dim(U) = 1, we can assume that q is odd.
Then there exists a u′ ∈ V \W such that BQ(u, u′) 6= 0. Let W1 = 〈W,u′〉. Then W1 is
non-degenerate, and dim(W1) = d − 1, so dim(W⊥1 ) = 1. Let x be a basis vector for W⊥1 ,
and define g ∈ GL(V ) from V to V by

w1g = w1, ∀w1 ∈W1, and xg = −x.

Let v ∈ V , then we can write v1 = α1w1 + β1x and v2 = α2w2 + β2x, for some αi, βi ∈ Fq
and wi ∈W1. Hence

Q(v1g) = Q(α1w1 − β1x) = α2Q(w1) + (−β)2Q(x) = Q(v1)
BQ(v1g, v2g) = BQ(α1w1 − β1x, α2w2 − β2x)

= α1α2BQ(w1, w2) + β1β2BQ(x, x)
= BQ(v1, v2),

so g ∈ H. Since W ⊆W1, then wg = w so g ∈ H(W ), as required.
Hence we can assume dim(U) = 2, and we may let u1, u2 be a basis for U . There exists

a vector w1 ∈ V such that BQ(u1, w1) = 1, Q(w1) = 0 and (replacing u2 by another element
of U if necessary) BQ(u2, w1) = 0. Then u2 ∈ 〈u1, w1〉⊥, so there exists w2 ∈ 〈u1, w1〉⊥ such
that BQ(u2, w2) = 1 and Q(w2) = 0. Then w1, w2 6∈ W , so each v ∈ V can be written as
x+ αw1 + βw2 for some α, β ∈ Fq and x ∈W . We define an element g ∈ GL(V ) by

w1g = w1 + u2, w2g = w2 − u1 xg = x for all x ∈W.
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For i = 1, 2, let vi = αiw1 + βiw2 + xi, with xi ∈W . Then

Q(v1g) = Q(α1(w1 + u2) + β1(w2 − u1)) +Q(x1) +BQ(α1(w1 + u2) + β1(w2 − u1), x1)
= −α1β1 + α1β1 +Q(x1) +BQ(α1w1 + β1w2, x1) = Q(v1)

BQ(v1g, v2g) = BQ(α1(w1 + u2) + β1(w2 − u1) + x1, α2(w1 + u2) + β2(w2 − u1) + x2)
= BQ(x1, x2) = BQ(v1, v2),

so g ∈ H. It is then clear that BQ, so g ∈ H(W ), as required.

We shall make repeated use of the following observation in the proof of this Section so
record it as a lemma.

Lemma 3.1.12. Let v1, . . . , vd be a basis for a vector space V = Fd, and let u =
∑n
i=1 αivi

and v =
∑n
i=1 βivi. Let T = 〈u, v〉, and let g ∈ GL(V ) be such that Tg = T . If there exists a

j ∈ {1, . . . , n} such that βj 6= 0, and each nonzero vector in 〈vig : αi 6= 0〉 has vj coefficient
0, then there exists η ∈ F∗ such that ug = ηu.

Lemma 3.1.13. Let H = PGLd(q). If d ≥ 5 then b(H,S(H, 2)) ≤ dd2e + 2. If d = 4 then
b(H,S(H, 2)) ≤ 5.

Proof. Let G = GLd(q) and let v1, . . . , vd be a basis for Fdq . Let a = dd/2e, and let

Vi := 〈v2i−1, v2i〉, for 1 ≤ i ≤ a (if d is odd, set vd+1 = v1)
W1 := 〈v1 + v3 + · · ·+ v2a−1, v2 + v4 + · · ·+ v2a−2〉.

First assume that d ≥ 5, and let

W2 := 〈v1, v3 + v2a−2 + vd〉.

We will show that B = {Vi,W1,W2 | 1 ≤ i ≤ dd/2e} is a base for H. Let g ∈ G(B) and let
X = V1 ⊕ · · · ⊕ Va−1. Then g stabilises W1 ∩X = 〈v2 + v4 + · · ·+ v2a−2〉. Hence there exists
β ∈ Fq such that

v2jg = βv2j , for 1 ≤ j ≤ a− 1. (3.1.1)

Furthermore, g stabilises V1 ∩W2 = 〈v1〉, and hence v1g = αv1 for some α ∈ F . Now, this
and the fact that g stabilizes V2 ⊕ · · · ⊕ Va−1 = 〈v3, v4, . . . , v2a−3, v2a−2〉 means that we may
apply Lemma 3.1.12, with T = W1, u = v1 + v3 + · · ·+ v2a−1 and j = 2 to deduce that

v2i−1g = αv2i−1, for 1 ≤ i ≤ a.

In particular, notice that vdg ∈ 〈vd−1, vd〉, irrespective of whether d is even or odd. Now we
may apply Lemma 3.1.12, with T = W2, u = v3 + v2a−2 + vd and j = 1 yields α = β and
vd = αvd. That is, g is scalar. The result follows.

Next let d = 4. We will show that

B = {V1, V2,W1,W3 = 〈v2, v4〉,W4 = 〈v1 + v2, v3〉}

is a base for H in its action on 2-spaces, so let g ∈ G(B). Since g ∈ G(V1,V2,W1), so Lemma 3.1.4
implies that g = Diag(X1, X1) with X1 ∈ GL2(q). Since g stabilises V1 ∩W3 = 〈v2〉, there
exists β ∈ F such that v2g = βv2, and hence v4g = βv4. Similarly, since g stabilises V2∩W3 =
〈v3〉, there exists α ∈ F such that v3g = αv3, and hence v1g = αv1. Applying Lemma 3.1.12,
with T = W4, u = v1 + v2 and j = 3 we see that α = β, and so g is scalar, as required.

Proposition 3.1.14. Let G ∈ {PGUd(q),PSpd(q),PGOε
d(q)}, and let b = b(G,S(G, 2)). If

d ≥ 7 then b ≤ dd2e. If G = PGU4(q) then b ≤ 5, whilst if G ∈ {PGU5(q),PGU6(q),
PSp4(q),PSp6(q)} then b ≤ 4.
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Proof. Let B be either our standard unitary or symplectic form, or the polar form of our
standard quadratic form Q, from Definition 3.1.6. Let F = Fq2 for the unitary case, and let
F = Fq otherwise. Let a = dd/2e, and notice that if d ≥ 7 then a ≥ 4.

We first define some useful subspaces, and fix some notation. Let

V1 = 〈e1, e2〉, V2 = 〈f1, f2〉, Wi = 〈e1 + ei, e2 − f1 + fi〉, for 3 ≤ i ≤ a.

It is straightforward to verify that V1, V2 and Wi are in S(G, 2). Let g ∈ G stabilise V1 and
V2. Then for i ∈ {1, 2} there exist αi, βi, γi, δi ∈ F such that

e1g = α1e1 + α2e2, e2g = β1e1 + β2e2

f1g = γ1f1 + γ2f2, f2g = δ1f1 + δ2f2,
(3.1.2)

Furthermore, let U = V1 ⊕ V2, and let W = U⊥. Since U is non-degenerate and Ug = U , it
follows that W g = W .

We shall deal with the cases where d ≤ 6 at the end of the proof, so assume for now that
d ≥ 7 and let

A := {V1, V2,Wi | 3 ≤ i ≤ a− 1} ⊆ S(G, 2).

Let g ∈ G(A), and let X = 〈A〉. We shall first show that there exist α, β ∈ F such that

g|X = Diag(α, β, α, . . . , α, β, . . . , β, α, β). (3.1.3)

For 3 ≤ i ≤ a− 1, the element g stabilises Ui := 〈V1, V2,Wi〉, and so stabilises Ui ∩W =
〈ei, fi〉. Hence for 3 ≤ i ≤ a− 1 there exist αi, βi, γi, δi ∈ F such that

eig = αiei + βifi, fig = γiei + δifi. (3.1.4)

By Lemma 3.1.12, with T = Wi and vj = f1, we deduce from (3.1.2) that (e1 + ei)g =
η(e1 + ei) = α1e1 + α2e2 + αiei + βifi. Hence, α1 = αi and α2 = βi = 0. That is,

eig = α1ei, for i ∈ {1, 3, 4, . . . , a− 1}. (3.1.5)

Similarly, for 3 ≤ i ≤ a− 1, there exist η, ρ ∈ F such that

(e2 − f1 + fi)g = η(e1 + ei) + ρ(e2 − f1 + fi)
= β1e1 + β2e2 − γ1f1 − γ2f2 + γiei + δifi.

Equating coefficients, we deduce that γ2 = 0, β1 = γi and β2 = γ1 = δi. Consequently, for
3 ≤ i ≤ a− 1

f1g = β2f1, fig = β1ei + β2fi. (3.1.6)

For i ∈ {1, 2}, let Ui = 〈ei, fi〉. From (3.1.5) and (3.1.6) we see that Ug1 = U . Hence g
stabilises U⊥1 ∩U = U2, and so (V1∩U2)g = 〈e2〉g = 〈e2〉, and (V2∩U2)g = 〈f2〉g = 〈f2〉. From
(3.1.2) it follows that e2g = β2e2 and f2g = δ2f2, that is, β1 = δ1 = 0. Then, from (3.1.6) we
deduce that fig = β2fi, for 3 ≤ i ≤ a− 1.

Finally, B(e1g, f1g) = B(e2g, f2g) = 1 yields

α1 = β−q2 , and β2 = δ−q2 ,

and hence α1 = δ2. Setting α = α1 and β = β2 yields (3.1.3).

We shall now extend A to a base for G/Z(G), but the additional subspace depends on
the type of G.
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Odd dimensions Let G be GU2a−1(q), or GO◦2a−1(q). In the unitary case, let λ ∈ F satisfy
λq + λ = 1 (this element exists because Fq2 is perfect, and the trace map tr

Fq2
Fq : a ∈ Fq2 7→

a+ aq ∈ Fq is surjective), otherwise let λ = 1. Let

T3 = 〈−e1 + x+ λf1, f2 + e3〉.

Then a short calculation shows that T3 ∈ S(G, 2). We will show that

B := A ∪ {T3} ⊆ S(G, 2),

is a base for G/Z(G).
Let g ∈ G(B). By (3.1.3) we have (X⊥)g = X⊥, that is, there exists ξ ∈ F such that

xg = ξx. Since g|X is as in (3.1.3), we deduce from Lemma 3.1.12, with T = T2 and vj = f2,
that

(−e1 + x+ λf1)g = η(−e1 + x+ λf1) = −αe1 + ξx+ λβf1.

Hence α = β = ξ, and g = αId, as required.

Orthogonal groups of minus type. Let G = GO−2a(q), and let

U3 = 〈−e1 + x+ f1 + e2,−ζe1 + y + f1 + ζf2〉.

Then a short calculation shows that U3 ∈ S(d, 2). We claim that B := A ∪ {V3} ⊆ S(G, 2),
is a base for PGO−d (q).

Let g ∈ G(B). Since 〈x, y〉g = 〈x, y〉, there exist αa, βa, γa, δa ∈ F such that xg = αax+βay
and yg = γax+δay. Then we deduce from (3.1.3) and Lemma 3.1.12, with T = U3 and vj = f2,
that

(−e1 + x+ f1 + e2)g = η(−e1 + x+ f1 + e2) = −αe1 + αax+ βay + βf1 + βe2.

Hence βa = 0 and α = β = αa.
Similarly, setting vj = e2, we see that

(−ζe1 + y + f1 + ζf2)g = η(−ζe1 + y + f1 + ζf2) = −ζαe1 + γax+ δay + αf1 + ζαf2.

Consequently γa = 0, and α = δa. That is, g is scalar.

The remaining large groups Let G be one of PGU2a(q),PSp2a(q), or PGO+
2a(q). Let

V3 := 〈e1 + ea, e2 − ea − f1 + f2 + fa〉.

Then a short calculation shows that V3 ∈ S(G, 2). Let B := A ∪ {V3} ⊆ S(G, 2). We shall
show that B is a base for G/Z(G).

Let g ∈ G(B). Since g is as in (3.1.3) and V g
3 = V3, it follows that there exist αa, βa, γa, δa ∈

F such that eag = αaea + βafa and fag = γaea + δafa. Then, by Lemma 3.1.12, with T = V3
and vj = e2, we deduce that

(e1 + ea)g = η(e1 + ea) = αe1 + αaea + βafa.

Hence βa = 0 and αa = α, that is eag = αea. Moreover, setting vj = e1 we see that

(e2 − ea − f1 + f2 + fa)g = η(e2 − ea − f1 + f2 + fa) = βe2 − αea − βf1 + αf2 + γaea + δafa.

Consequently
α = β = δa = α− γa

and so γa = 0, and g is scalar.
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Table 3.1: Bases in small dimension for S(G, 2): V1 = 〈e1, e2〉, V2 = 〈f1, f2〉

G B Notes
PGU4(q) {V1, V2, 〈e1 + µf1, e2 + µf2〉, 〈e1, f2〉, 〈e1 − e2, f1 + f2〉} µq + µ = 0
PSp4(q) {V1, V2, 〈e1 + f1 + f2, e2 + f1〉, 〈e1 + f2, e2 + f2 + f1〉} q even

{V1, V2, 〈e1 + f1 + f2, e2 + f1〉, 〈e1 + f2, e2 + f1〉} q odd
PGU5(q), {V1, V2, 〈−e2 + x+ λf2, f1〉, 〈−e1 + x+ λf1, f2〉} λq + λ = 1
PSp6(q), PGU6(q) {V1, V2, 〈e1 + e3, e2 − f1 + f3〉, 〈e1 − e2, f1 + f2〉}

Non-degenerate

In this subsection we consider the unitary and symplectic groups G, and let N (G, k) be a
G-orbit of non-degenerate one- and two-dimensional spaces of V = Fdq . Further, we consider
the orthogonal groups G on N (G, 1) a G-orbit non-degenerate one-spaces of V , unless k = 1
and q is even, in which case it will denote a G-orbit of non-singular 1-spaces. Finally, we
consider the orthogonal groups G on N±(G, k) a G-orbit of non-degenerate two-spaces of +
or −type.

Lemma 3.1.15. Let d ≥ 3, let G = PGUd(q), and let N = N (G, 1). Then b(G,N ) ≤ d.

Proof. Let {v1, . . . , vd} be an orthonormal basis of the natural module V for G.
First assume that either d is odd or q > 2. For µ ∈ F∗q , let v = v(µ) = v1 + · · ·+vd−1 +µvd.

Let α be a primitive element of F∗q . Then β(v(µ), v(µ)) = d − 1 + µq+1, so for at least one
value of µ in {α, α−1, α2} the vector v(µ) is non-degenerate. Fix this value of µ, and let

B = {〈v1〉, . . . , 〈vd−1〉, 〈v(µ)〉} ⊆ N

Let g ∈ GUd(q)(B) and U = 〈v1, . . . , vd−1〉. Since U is non-degenerate, (U⊥)g = 〈vd〉g = 〈vd〉.
That is g stabilizes d linearly independent vectors, so g is diagonal by Lemma 3.1.2(1). Then
since g also stabilises 〈v(µ)〉, Lemma 3.1.2(2) yields that g is scalar, and the result follows.

When q = 2 and d is even, let

B = {〈v1〉, 〈v2〉, 〈vi + v1 + v2〉 | 3 ≤ i ≤ d} ⊆ N ,

let g ∈ GUd(q)(B), and let U = 〈v1, v2〉. Since U is non-degenerate we have (U⊥)g =
〈v3, . . . , vd〉g = 〈v3, . . . , vd〉. Now, we are in the position to apply Lemma 3.1.3(1) to (v1, v2, vi),
for 3 ≤ i ≤ d, to see that g is scalar, and so b(G,N ) ≤ d.

For the next result we use the following notation. Let G = GO◦2a+1(q), and letN±(G, 1) be
the G-orbit corresponding to the non-degenerate one-spaces of V = Fdq having as orthogonal
complement a 2a-dimensional orthogonal space of ±type. Furthermore, when G± = GO±2a(q)
we recall that N (G±, 1) denotes a G±-orbit of non-degenerate (respectively non-singular)
one-spaces of V . Note that, when q is odd, there are two isometry classes of such spaces (but
only one similarity class). The two orbits can be distinguished by considering the discriminant
of the restriction of the underlying quadratic form on V . Since the actions of G± on the two
orbits are equivalent, it is enough to consider one of them.

Lemma 3.1.16. Let d ≥ 4, let H = PGOε
d(q) be almost simple, and let N be an H-orbit of

non-degenerate (q odd) or non-singular (q even) 1-spaces. If (d,N ) 6= (4,N (H, 1)), (5,N−(H, 1))
then b(H,N ) ≤ d− 1. In addition b(PGO−4 (q),N ) ≤ 4 and b(PGO◦5(q),N ) ≤ 5.
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Table 3.2: Bases in small dimension for N (G, 1) and N±(G, 1)

G Notes B
PGO−4 (q) q even {〈x〉, 〈y〉, 〈e1 + x+ y〉}
PGO−4 (q) q odd, form from Definition 3.1.7 {〈y′〉, 〈e1 + y′〉, 〈f1 + y′〉, 〈f1 + (α− 1)e1 + x′〉}
PGO◦5(q) N+(G, 1) {〈x〉, 〈e1 + x〉, 〈x+ f1〉, 〈e2 + x〉}
PGO◦5(q) N−(G, 1), let −α? and {〈e1 − α?f1〉, 〈e1 − α?f1 + e2〉, 〈e1 − α?f1 + f2〉,

1− β? be non-squares in F 〈e2 − α?f2 + e1〉, 〈e2 − β?f2 + x+ f1〉}

Proof. When ε = − and q is odd, let Q be the form defined in Definition 3.1.7; otherwise let
Q be our standard quadratic form for H. Let G = GOε

d(q,Q) preserve Q.
For d = 4 we list a base of the specified size in Table 3.2, so assume d ≥ 6. We first

consider the orbits of type N (G, 1) and N+(G, 1). Let

B+ := {〈e1 + f1〉, 〈e1 + f1 + ei〉, 〈e1 + f1 + fj〉, 〈e1 + e2 + f2〉 | 2 ≤ i ≤ a, 2 ≤ j ≤ a− 1},

B− :=
{
{〈x〉, 〈y〉, 〈ei + x〉, 〈y + fj〉, | 1 ≤ i ≤ a, 1 ≤ j ≤ a− 1}, q even
{〈y′〉, 〈ei + y′〉, 〈y′ + fj〉, 〈f1 + (α− 1)e1 + x′〉 | 1 ≤ i ≤ a, 1 ≤ j ≤ a− 1}, otherwise

B◦ := {〈x〉, 〈ei + x〉, 〈x+ fj〉 | 1 ≤ i ≤ a, 1 ≤ j ≤ a− 1}.

If either ε = + or ε = − and q is even, we see that Q(w) is a square for all 〈w〉 ∈ B,
so Bε ⊆ N (G, 1). Similarly, if ε = − and q is odd then Q(w) = α for all 〈w〉 ∈ B−, so
Bε ⊆ N (G, 1). It is straightforward to verify that 〈v〉⊥ is of + type for each 〈v〉 in B◦, so
B◦ ⊆ N+(G, 1). We shall show that Bε is a base for H, so let g ∈ G(Bε) .

We first consider ε = ◦, and ε = − when q is even, and show that g acts as ±I on
〈v : 〈v〉 ∈ B〉. Let U := 〈x, y〉 if ε = −, and U := 〈x〉 otherwise. Since Ug = U and U is
non-degenerate, we deduce that (U⊥)g = U⊥ = 〈e1, . . . , ea, f1, . . . , fa〉. In particular, there
exist µ, ψ ∈ F∗q and ui, vj ∈ U⊥ for 1 ≤ i ≤ a and 1 ≤ j ≤ a− 1 such that xg = µx, yg = ψy
if ε = −, eig = ui and fig = vi. Now, for 1 ≤ i ≤ a there exists νi ∈ F∗q such that

(ei + x)g = νi(ei + x) = ui + µx.

Equating coefficients shows that eig = νiei = µei, for 1 ≤ i ≤ a. For ε = ◦ we consider x+ fj
to see that fjg = µfj for 1 ≤ j ≤ a−1. For ε = − we consider y+fj to deduce that fjg = ψfj
for 1 ≤ j ≤ a− 1. It follows from Q((e1 + f1)g) = Q(xg) = 1 that µ = ψ−1 = ψ ∈ {±1}.

Now, we consider the case ε = − and q odd. Here, we have that d ≥ 6, that is
a ≥ 2. Since y′g = µy′ and 〈y′〉 is non-degenerate, we deduce that (〈y′〉⊥)g = 〈y′〉⊥ =
〈e1, . . . , ea, x

′, f1, . . . , fa〉. In particular, there exist ui, vj ∈ 〈y′〉⊥ for 1 ≤ i ≤ a and 1 ≤ j ≤
a− 1 such that eig = ui and fig = vi.

Now, for 1 ≤ i ≤ a there exists νi ∈ F∗q such that

(ei + y′)g = νi(ei + y′) = ui + µy′.

Equating coefficients shows that eig = νiei = µei, for 1 ≤ i ≤ a. In the same way we deduce
that fjg = µfj for 1 ≤ j ≤ a− 1. In particular, we deduce that

(〈e1, . . . , ea−1, y
′, f1, . . . , fa−1〉⊥)g = 〈ea, x′, fa〉g = 〈ea, x′, fa〉,

and consequently we have that x′g = u′ for some u′ ∈ 〈ea, x′, fa〉.
Moreover, there exists ψ ∈ F such that (e1+(α−1)f1+x′)g = ψ(e1+(α−1)f1+x′) = µ(e1+

(α − 1)f1) + u′. Equating coefficients shows that x′g = µx, and Q((e1 + f1)g) = Q(xg) = 1
yields that µ = ±1.
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For ε = +, let (e1 + f1)g = µ(e1 + f1). For 2 ≤ i ≤ a, there exists νi ∈ Fq such that

(e1 + f1 + ei)g = νi(e1 + f1 + ei) = µ(e1 + f1) + eig.

Hence eig = (νi − µ)(e1 + f1) + νiei, and Q(eig) = 0 yields νi = µ, so eig = µei for i ≥ 2.
Similarly, fig = µfi for 2 ≤ i ≤ a−1, and from Q((e2 +f2)g) = 1 we see that µ ∈ {±1}. Since
〈(e2+f2)+e1〉 ∈ B, we deduce in the same way that e1g = µe1, and then (e1+f1)g = µe1+f1g
yields f1g = µf1, as required.

Now, let ε and q be arbitrary. The space 〈ea, fa〉⊥ is non-degenerate and stabilised by g,
so 〈ea, fa〉g = 〈ea, fa〉. Lemma 3.1.3, applied with (u, v) = (ea, fa), yields fag = µfa. That is
g = ±I, as required.

Now, we have to find a base for the action of G = GO◦d(q) on N = N−(G, 1). Let α, β ∈ F,
such that −α and 1− β are non-squares in F.

When d = 5 we list a base of the specified size in Table 3.2, so assume d ≥ 7. Let

B := {〈e1 − αf1〉, 〈e1 − αf1 + ei〉, 〈e1 − αf1 + fj〉, 〈e2 − αf2 + e1〉,
〈e2 − βf2 + x+ f1〉 | 2 ≤ i ≤ a, 2 ≤ j ≤ a− 1} .

First of all we shall show that B ∈ N−(G, 1).
Since 〈e1 − αf1〉⊥ = 〈e1 + αf1, x〉 ⊕ 〈e2, . . . , ea, fa, . . . , f2〉, from [80, Lemma 2.5.11(ii)],

we deduce that 〈e1 − αf1〉⊥ has −type if and only if 〈e1 + αf1, x〉 has −type. By [80,
Propositions 2.5.10, 2.5.13] we get that 〈e1 + αf1, x〉 has −type if and only if either the
determinant of the Gram matrix of the (induced) bilinear form on 〈e1 + αf1, x〉 is a non-
square or q−1

2 is odd. If q ≡ 3 (mod 4), there is nothing to prove, hence we can assume that
q ≡ 1 (mod 4). We claim that, when q ≡ 1 (mod 4), we can choose α to be a non-square.

Assuming the claim holds true, since the determinant of the Gram matrix of the (induced)
bilinear form on 〈e1 +αf1, x〉 is 4α and we can choose α to be a non-square, then 〈e1 +αf1, x〉
has −type and consequently 〈e1 − αf1〉 ∈ N−(G, 1). Now, let us prove the claim. Since
q ≡ 1 (mod 4), then the Jacobi symbol the Jacobi symbol

(
−1
q

)
is 1. Since q may be

not a prime, then −1 may be a non-square. First, note that, since the set of the square
(F∗)2 is a subgroup of (F∗) and since −α is a non-square, when −1 is a square, then α is
a non-square. Whilst if −1 is non-square, then then the Legendre symbol

(
−1
p

)
is −1, and

consequently
(
α
p

)
= −

(
−α
p

)
= 1. That is α is a square. Thus −α ≡ −1 (mod (F∗)2),

and since |F∗ /(F∗)2| = 2, there exists α? ∈ F∗ such that both α? and −α? are non-square.
Replacing α with α? the claim follows.

From [80, Lemma 2.5.11(ii)], since

〈e1−αf1+ei〉⊥ = 〈e1+αf1, x, f1−fi, ei〉⊕〈e2, . . . , ei−1, ei+1, . . . , ea, fa, . . . , fi+1, fi−1, . . . , f3〉,

we deduce that 〈e1 − αf1 + ei〉⊥ has −type if and only if 〈e1 + αf1, x, f1 − fi, ei〉 has −type.
By [80, Propositions 2.5.13] we get that〈e1 + αf1, x, f1 − fi, ei〉 has −type if and only if the
determinant of the Gram matrix of the (induced) bilinear form on 〈e1 + αf1, x, f1 − fi, ei〉 is
a non-square. Being the determinant of the Gram matrix equal to −4α and being 4 always
a square, from our choice of α, we deduce that〈e1 + αf1, x, f1 − fi, ei〉 ∈ N−(G, 1). With the
same argument one can prove that 〈e1−αf1 + ei〉, 〈e1−αf1 + fj〉, 〈e2−αf2 + e1〉 ∈ N−(G, 1)
for 3 ≤ i ≤ a, 2 ≤ j ≤ a− 1

Observe that 〈e2−βf2 +x+f1〉⊥ = 〈e2 +βf2, x−2e1, f1, x−2f2〉⊕〈e3, . . . , ea, fa, . . . , f3〉.
Now, since the determinant of the Gram matrix of the (induced) bilinear form on 〈e2 +
βf2, x − 2e1, f1, x − 2f2〉 is 16(1 − β), that is a non-square according with our choice of β,
form [80, Propositions 2.5.11(ii), 2.5.13], we deduce that 〈e2 − βf2 + x+ f1〉 ∈ N−(G, 1).
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Table 3.3: Bases in small dimension for N (G, 2) and N+(G, 2): V1 = 〈e1, f1〉

G B Notes
PGU(5, q), PGO◦5(q) {V1, 〈e1 + e2, f2〉, 〈f2 + x, e2 + f1〉}
PSp6(q),PGU6(q), {V1, 〈e1 + f2, f2〉, 〈e3 + f1, e2 + f3〉, 〈e1 + e2, e2 + f1 + f3〉} q odd

PGO+(6, q) {V1, 〈e1 + f2, f2〉, 〈e3 + f1, e2 + f3〉, 〈e1 + e3 + f2, e2 + f3 + f1〉} q even
PGO−6 (q) {V1, 〈e2, f2〉, 〈e1 + x− f1, e2 + y − ζf2〉

Here, we shall show that B is a base for H, so let g ∈ G(B). Since V1 := 〈e1 − αf1〉 is
non-degenerate, then (V ⊥1 )g. In particular, eig, fjg ∈ V ⊥1 , and so there exist ui, vj ∈ V ⊥1 such
that eig = ui and fjg = vj , for 2 ≤ i ≤ a, and 2 ≤ j ≤ a− 1. Now, for 1 ≤ i ≤ a there exists
νi, ν

?
j ∈ F∗q such that

(e1 − αf1 + ei)g = νi(e1 − αf1 + ei) = µ(e1 − αf1) + ui,

(e1 − αf1 + fj)g = ν?j (e1 − αf1 + fj) = µ(e1 − αf1) + vj .

Equating coefficients shows that eig = νiei = µei, and fjg = ν?j fj = µfj for 1 ≤ i ≤ a, and
2 ≤ j ≤ a− 1. Here, with a similar argument applied to V2 := 〈e2 − αf2 + e1〉, it is possible
to deduce that e1g = µe1.

Since 〈e2, . . . , ea−1, fa−1, . . . f2〉 is stable, hence 〈e2, . . . , ea−1, fa−1, . . . f2〉⊥ = 〈e1, ea, x, fa, f1〉
is stable. Hence f1g = w, for some w ∈ 〈e1, ea, x, fa, f1〉. Consequently

(e1 − αf1)g = µ(e1 − αf1) = µe1 − αw,

that is f1g = µf1. Now, since (〈e1, . . . , ea−1, fa−1, . . . f1〉⊥)g = 〈ea, x, fa〉, then xg = w2
w2 ∈ 〈ea, x, fa〉. Thus

(e2 − βf2 + x+ f1)g = ξ(e2 − βf2 + x+ f1) = µ(e2 − βf2 + f1) + w2,

and equating the coefficient we get that xg = µx. Here, the space 〈ea, fa〉⊥ is non-degenerate
and stabilised by g, so 〈ea, fa〉g = 〈ea, fa〉. Lemma 3.1.3, applied with (u, v) = (ea, fa), yields
fag = µfa. That is g = ±I, as required.

Proposition 3.1.17. Let d ≥ 5, let ε ∈ {+,−, ◦}, let H ∈ {PGUd(q),PSpd(q),PGOε
d(q)}.

Let N be N (H, 2) when H is unitary or symplectic, and be N+(H, 2) when H is orthogonal.
Let b = b(H,N ). If d 6= 6 then b ≤ dd2e, whilst if d = 6 then b ≤ 4.

Proof. Let G be the classical group such that G/Z(G) = H, and let B be the sesquilinear
form of G. Let F = Fq2 for the unitary case, and let F = Fq otherwise. Let ζ = Q(y) for
GO−d (q). For d ≤ 6 we list a base of the specified size in Table 3.3, so assume d ≥ 7, let
a = dd/2e, and notice that a ≥ 4.

We first define some useful subspaces. Let

V1 = 〈e1, f1〉, V2 = 〈e1 + e2, f2〉, Wi = 〈ei + f1, e2 + fi〉, for 3 ≤ i ≤ a− 1.

One can check that
A := {V1, V2,Wi | 3 ≤ i ≤ a− 1} ⊆ N .

Let g ∈ G(A), and let X = 〈A〉 = 〈e1, . . . , ea−1, fa−1, . . . , f1〉. We claim that there exist
α, β ∈ F such that

g|X = Diag(α, α, β, . . . , β, α, . . . , α, β, β). (3.1.7)
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To see this, first notice that V g
1 = V1, and V1 is non-degenerate, so (V ⊥1 )g = 〈e2, . . . , f2〉g =

〈e2, . . . , f2〉. Thus applying Lemma 3.1.12, with T = V2 and vj = e1, we deduce that f2g =
δ2f2, for some δ2 ∈ F . From V1, V2 ∈ B, we see that

(e1 + e2)g = µ(e1 + e2) + νf2 = αe1 + α2f1 + e2g

for some α, α2, µ, ν ∈ F . Since e2g ∈ V ⊥1 , equating coefficients yields

e1g = αe1, and e2g = αe2 + νf2. (3.1.8)

Let U = V1 ⊕ V2, and let W = U⊥, so that W g = W . For 3 ≤ i ≤ a − 1, the element g
stabilises Ui := 〈U,Wi〉, and so stabilises Ui ∩W = 〈ei, fi〉. Hence for 3 ≤ i ≤ a − 1 there
exist αi, βi, γi, δi ∈ F such that

eig = αiei + βifi, fig = γiei + δifi. (3.1.9)

By Lemma 3.1.12, with T = Wi and vj = f1, we deduce from (3.1.8) and (3.1.9) that
(e2 + fi)g = η(e2 + fi) = α1e2 + νf2 + γiei + δifi. Hence, α = δi and ν = γi = 0. That is,

e2g = αe2, fig = αfi for 3 ≤ i ≤ a− 1. (3.1.10)

Now notice that V g
1 = V1 also implies that

f1g = γe1 + βf1, (3.1.11)

for some γ1, β ∈ F. From Lemma 3.1.12, with T = Wi and vj = e2, we deduce from (3.1.11)
and (3.1.9) that there exists η ∈ F such that (ei+f1)g = η(ei+f1) = αiei+βifi+γ1e1 +βf1.
Hence, αi = β and βi = γ1 = 0. That is,

eig = βei, f1g = βf1 for 3 ≤ i ≤ a− 1. (3.1.12)

Finally, B(e1g, f1g) = B(e2g, f2g) = 1 yields

α = β−q, and α = δ−q2 ,

and hence δ2 = β, as required.

We now let V3 be as in Table 3.4 and let B = A ∪ {V3}. A short computation shows
in each case that V3 ∈ N . We shall show in each case that B is a base for G/Z(G), so let
g ∈ G(B). It follows immediately from (3.1.7) that

(X⊥)g = X⊥. (3.1.13)

Let v1 = x and v2 = y for GO−d (q), and v1 = ea and v2 = fa for the remaining even-
dimensional cases. Then from (3.1.13), we deduce that there exist αa, βa, γa, δa ∈ F such that
v1g = αav1 +βav2 and v2g = γav1 +δav2. We shall now repeatedly apply Lemma 3.1.12, with
T = V3 and various choices of vj .

Case G = GO−d (q). By setting (u, vj) ∈ {(e1 +x−f1, f2), (ζe2 +y−f2, e1)}, we deduce that
there exist η, ξ ∈ F such that

(e1 + x− f1)g =η(e1 + x− f1) = αe1 + αax+ βay − βf1,

(ζe2 + y − f2)g =η(ζe2 + y − f2) = αζe2 + γax+ δay − βf2.

Hence βa = γa = 0 and α = αa = δa = β, so g is scalar.
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Table 3.4: The final 2-space

G V3 Notes
GO−d (q) 〈e1 + x− f1, ζe2 + y − f2〉
GU2a(q),Spd(q),GO+

d (q) 〈e1 + ea, e2 + fa + f1〉 q odd
〈e1 + ea + f2, e2 + fa + f1〉 q even

GU2a−1(q),GO◦d(q) 〈λe1 + x− f1, λe2 + x− f2〉 tr(λ) = 1 if G unitary,
λ = 1 otherwise.

Table 3.5: Bases in small dimension for N−(H, 2)

H B Notes
PGO5(q) {〈x+ f1, e1 + ζf1〉, 〈x+ f2, e2 + ζf2〉, 〈x+ f2 + f1, ζx+ f2〉}
PGO+

6 (q) {V1, V2,W3} , the Vis are defined in the proof of Proposition 3.1.18 q odd
{〈e1 + e2 + e3 + f1, ζe2 + f3 + f2 + f1〉, 〈e2 + f2, ζe1 + f3 + f2 + f1〉, q even
〈e1 + ζf2 + f1, e1 + e2 + f3 + ζf1〉, 〈e1 + ζe3 + f3, e2 + f2 + f1〉} ,

PGO−6 (q) {〈x, y〉, 〈e1 + x, e2 + y + f1〉, 〈e2 + x, e1 + y + f2〉} q odd
{〈x, y〉, 〈e1 + x, e1 + y + f2〉, 〈e2 + x, e2 + y + f2〉 q even

Case G ∈ {GU2a(q), Sp2a(q),GO+
2a(q)}. By setting vj = e1, we see that there exists η ∈ F

such that

(e2 + f1 + fa)g = η(e2 + f1 + fa) = αe2 + βf1 + γaea + δafa.

Hence α = β = δa, and γa = 0. Then by setting vj = f1 we deduce that there exist η, ξ ∈ F
such that

(e1 + ea)g = η(e1 + ea) = αe1 + αaea + βafa q odd,
(e1 + ea + f2)g = ξ(e1 + ea + f2) = αe1 + αaea + βafa + αf2 q even.

Hence βa = 0 and αa = α, and so g is scalar.

Case G ∈ {GU2a−1(q),GO◦d(q)} By (3.1.13), there exists ξ ∈ F such that xg = ξx.
Lemma 3.1.12, with T = V3 and vj = e2, shows that there exists η ∈ F such that

(λe1 + x− f1)g =η(λe1 + x− f1) = λαe1 + ξx− βf1.

Hence α = β = ξ, so g is scalar.

Proposition 3.1.18. Let d ≥ 7 and let H = PGOε
d(q), with ε ∈ {◦,+,−}. Then b(H,N−(H, 2)) ≤

dd2e.

Proof. Let Q and B be as in Definition 3.1.6, and let F = Fq. Let a = dd/2e, and notice that
a ≥ 4. Let ζ = Q(y) if ε = −, and let ζ be such that X2 + X + ζ is irreducible otherwise,
noting that ζ = 1 if q = 2.

We first define some useful subspaces. Let

V1 = 〈e1 + f1, e2 + ζf2 + f1〉,
V2 = 〈e2 + f2 + f1, e1 + ζf1〉, if ζ 6= 1

= 〈e2 + f2, e1 + f2 + f1〉, if ζ = 1
Wi = 〈e1 + f1 + ei, e2 + ζei + fi〉, for 3 ≤ i ≤ a− 1.
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It is straightforward to verify that the basis vectors of each of these subspaces are an elliptic
pair, so

A := {V1, V2,Wi | 3 ≤ i ≤ a− 1} ⊆ N−(G, 2).

Let g ∈ G(A), and let X = 〈Wi | 3 ≤ i ≤ a − 1〉. We shall show next that there exists
α = α−1 ∈ F such that

vg = αv for v ∈ {e2, . . . , ea−1, fa−1, . . . , f3, (e1 + f1)}. (3.1.14)

Let U = 〈V1, V2〉 = 〈e1, e2, f2, f1〉, and W = U⊥. Since Ug = U , and U is non-degenerate,
it follows that W g = W. For 3 ≤ i ≤ a − 1, the element g stabilises Ui := 〈U,Wi〉, and so
stabilises Ui ∩W = 〈ei, fi〉. Hence for 3 ≤ i ≤ a− 1 there exist αi, βi, γi, δi ∈ F such that

eig = αiei + βifi, fig = γiei + δifi. (3.1.15)

Since V1 ∈ B there exist µ, ν ∈ F such that

(e1 + f1)g = µ(e1 + f1) + ν(e2 + ζf2 + f1).

Then, for 3 ≤ i ≤ a− 1, the fact that Wi ∈ A yields

(e1 + f1 + ei)g = µi(e1 + f1 + ei) + νi(e2 + ζei + fi)
= µ(e1 + f1) + ν(e2 + ζf2 + f1) + αiei + βifi

for some µi, νi ∈ F . Looking at f2, we see that ν = 0. Hence νi = 0, and consequently βi = 0,
and αi = µ. That is,

(e1 + f1)g = µ(e1 + f1), and eig = µei, for 3 ≤ i ≤ a− 1.

We now apply Lemma 3.1.3(2) with (u, v) = (ei, fi) to see that

fig = µ−1fi, for 3 ≤ i ≤ a− 1.

Again, since Wi ∈ A, there exist ηi, θi ∈ F such that

(e2 + ζei + fi)g = ηi(e1 + f1 + ei) + θi(e2 + ζei + fi)
= e2g + µζei + µ−1fi.

Hence, from e2g ∈ U, we get that µζ = ηi + θiζ, µ−1 = θi and e2g = ηie1 + ηif1 + µ−1e2.
Furthermore, Q(e2g) = 0 implies ηi = 0, that is e2g = µ−1e2, and finally (e2 + ζei + fi)g =
θi(e2 + ζei+ fi) yields µ = θi = µ−1. Setting α = µ yields (3.1.14).

Now we prove that there exists α1, θ1 ∈ F such that

e1g = α1e1 + (α− α1)f1 + θ1e2, f1g = (α− α1)e1 + α1f1 − θ1e2. (3.1.16)

From e1g, f1g ∈ U , together with B(e1g, e2g) = B(e1g, αe2) = 0, and B(f1g, e2g) =
B(f1g, αe2) = 0, we deduce that there exist α1, β1, γ1, δ1, θ1, µ1 ∈ F such that

e1g = α1e1 + β1f1 + θ1e2, f1g = γ1e1 + δ1f1 + µ1e2.

Now from (e1 + f1)g = α(e1 + f1) we deduce that

f1g = (α− α1)e1 + (α− β1)f1 − θ1e2.

From Q(e1g) = 0 we see that α1β1 = 0, and from Q(f1g) = 0 we see that (α−α1)(α− β1) =
α2−α(α1 +β1) +α1β1 = 0. Setting α1β1 = 0, and using the fact that α 6= 0, we deduce that
β1 = α− α1 so (3.1.16) follows.
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We now add one further subspace, depending on the form type. Let V3 be

〈e1 + e2 + f2 + fa, f1 + e3 + ζf3〉 if ε = +, 〈e1 + x− e3, f1 + y + f3〉 if ε = −,
〈x+ e2 + f1, e3 + ζf3 + e1〉 if ε = ◦.

Then in each case the given basis vectors form an elliptic pair, so V3 ∈ N−(G, 2). Let
B := A ∪ {V3}. We shall show that B is a base for G/Z(G), so let g ∈ G(B). Let W = 〈A〉.
From W g = W , it follows that g stabilises W⊥. Notice that if we can show that 〈e1, f1〉g =
〈e1, f1〉 then it will follow from Ug = U that 〈e2, f2〉g = 〈e2, f2〉. Hence, it will follow from
Lemma 3.1.3(2), with (u, v) = (e2, f2) that f2g = α−1f2 = αf2. Hence, to show that g is
scalar it suffices to show that vg = αv for v = e1, f1 and for whichever of v ∈ {ea, fa, x, y} is
required for the case.

Case ε = +. First notice that V3 ∩W = 〈f1 + e3 + ζf3〉, so it follows from (3.1.14) that
f1g = αf1, and hence from (3.1.16) that e1g = αe1. Next, we apply Lemma 3.1.12 with
T = V3, and vj = fa to see that fag = αfa. Finally, Lemma 3.1.3, applied to (fa, ea), yields
that g is scalar.

Case ε = ◦. By Lemma 3.1.12 applied with T = V3 and vj = x, respectively vj = e3, we
deduce from (3.1.16) that there exist η, ξ ∈ F such that

(x+ e2 + f1)g = η(x+ e2 + f1) = ξx+ αe2 + (α− α1)e1 + α1f1 − θ1e2.

Hence α = ξ = α1, and θ1 = 0. That is f1g = f1e2 and xg = αx, so from (3.1.16) we see that
e1g = αe1, and so g is scalar.

Case ε = −. There exist αa, βa, γa, δa such that xg = αax+βay and yg = γax+δay. Then
Lemma 3.1.12, applied twice to T = V3, with vj = e3 and vj = f3, combines with (3.1.16) to
yield

(e1 + x− e3)g = α(e1 + x− e3) = α1e1 + (α− α1)f1 + θ1e2 + αax+ βay,

(f1 + y + f3)g = α(f1 + y + f3) = (α− α1)e1 + α1f1 − θ1e2γax+ δay + αf3.

Equating coefficients shows that g is scalar.

3.1.2 Non-standard actions of almost simple groups

Definition 3.1.19. Let G be an almost simple group with socle G0, a classical group with
natural module V over a field of characteristic p. A subgroup H of G not containing G0 is
a subspace subgroup if for each maximal subgroup M of G0 containing H ∩ G0 one of the
following holds:

(1) M = GU for some proper nonzero subspace U of V , where U is either totally singular,
or non-degenerate, or, if G is orthogonal and p = 2, a nonsingular 1-space (U is any
subspace if G0 = PSL(V ));

(2) G0 = Sp2m(q), with p = 2 and M ∩G0 = GO±2m(q).

A transitive action of G is a subspace action if the point stabiliser is a subspace subgroup
of G.

Definition 3.1.20. Let G be an almost simple group with socle G0. A transitive action of
G on Ω is standard if, up to equivalence of actions, one of the following holds:

1. G0 = Alt(`) and Ω is an orbit of subsets or partitions of {1, . . . , `};
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2. G is a classical group in a subspace action.

Otherwise, a transitive action is non-standard.

Since the definition of standard is only up to permutation equivalence, we must be careful
with exceptional isomorphisms between simple groups. In particular, it follows from the
precise statement of [22, Theorem 1.1, Remark 1.1 and Table 1] that the orthogonal groups
have standard actions in dimension four, five and six, as well as in dimension greater than
six.

Cameron and Kantor conjectured in [32, 35] that there exists an absolute constant c such
that b(G) ≤ c for all finite almost simple groups G in faithful primitive nonstandard actions.
In [26, Theorem 1.3], Liebeck and Shalev proved the Cameron–Kantor conjecture, but without
specifying the absolute constant c. Later, in a series of papers [22, 27, 25], Burness and others
proved that b(G) ≤ 7, with equality if and only if H is the largest Mathieu group M24 in
its 5-transitive action of degree 24; that is, the Cameron-Kantor conjecture is true with the
constant c = 7. The following is now immediate.

Lemma 3.1.21. Let G be an almost simple primitive permutation group, with a non-standard
action. Then Theorem 3.0.2 holds for G.

In particular, this explains the constant 7 in Theorem 3.0.2, since 7 > dlog 24e+ 1.

3.1.3 Action on partitions

In this section, we consider Alt(`) and Sym(`) acting on partitions of {1, . . . , `} into s > 1
subsets of size t = `/s > 1. We show that Theorem ?? holds for these permutation groups.
Notice that the degree n of G is `!/(t!)ss!.

Theorem 3.1.22. Let G be Sym(st), acting on the collection of partitions of {1, 2, . . . , st}
into s ≥ 2 subsets of size t.

(i) If t = 2 then b(G) = 3.

(ii) If s ≥ t ≥ 3, then b(G) ≤ 6.

(iii) If s < t and t ≥ 3 then b(G) ≤ dlogs te+ 3.

Proof. Part (i) is noted in [25, Remark 1.6(ii)]. Parts (ii) and (iii) are [16, Theorem 4].

Theorem 3.1.23. Let s ≥ 2 and t ≥ 2, with ` := st ≥ 5, and let G be Sym(`), acting on
the collection of partitions of {1, 2, . . . , `} into s subsets of size t. Let n be the degree of the
action. Then b(G) ≤ logn+ 1, and in particular Theorem 3.0.2 holds for G.

Proof. First assume that t = 2, so that s ≥ 3 and n ≥ 6!
23·3! = 15. Then b(G) = 3 by

Theorem 3.1.22(i), so b(G) < logn.
Next assume that s ≥ t ≥ 3. Then n ≥ 9!

(3!)33! = 280, whilst b(G) ≤ 6 by Theo-
rem 3.1.22(ii), so b(G) < logn.

For the remaining cases, by Theorem 3.1.22(iii)

b(G) ≤ dlogs te+ 3 ≤ logs t+ 4 = logs(`/s) + 4 = logs `+ 3. (3.1.17)

Next, consider s = 2, so that t ≥ 3. We check directly in Magma that for t = 3, 4,
5 the base size of G is at most 4, 5 and 5, respectively, whilst n = 10, 35, 126. Hence
b(G) ≤ logn+ 1 in each case. Assume therefore that ` ≥ 12. Then

n = `!
2((`/2)!)2 = (`)(`− 1) . . . (`− `/2 + 1)

2(`/2)! = (`)(`− 1) . . . (`/2 + 2)(`/2 + 1)
(`/2)(`/2− 1) . . . 2 · 2 ≥ 2t = 2`/2.
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In particular, since ` ≥ 12, we deduce from (3.1.17) that

b(G) ≤ log `+ 3 ≤ `

2 + 1 ≤ logn+ 1.

Next, let s = 3. We may assume that t > s, so ` ≥ 12. Then, reasoning as for s = 2, we
deduce that n ≥ 2`/3 · 3`/3 = 6`/3 > 22`/3. Hence logn > 2`/3, so (3.1.17) yields

b(G) ≤ log `+ 3 ≤ 2`
3 + 1 ≤ logn+ 1,

as required.
We are therefore left with 4 ≤ s < t, so that ` ≥ 20. Notice that

logs ` = log `
log s ≤

log `
2 ≤ log `− 2.

For all `, the groups Alt(`) and Sym(`) have no core-free subgroups of index less than `, since
any such subgroup corresponds to a faithful permutation representation of degree less than
`. Hence ` ≤ n, and from (3.1.17) we deduce that

b(G) ≤ logs `+ 3 ≤ log `+ 1 ≤ logn+ 1.

3.1.4 Subspace actions

In this section we analyze the base size for primitive almost simple classical group in a
subspace action. Hence, here G ≤ Sym(Ω) is a primitive almost simple classical group over Fq
with point stabiliser a subspace subgroup H. Here, Ω is a G-orbit of (either non-degenerate,
totally singular, non-singular or arbitrary subspace in case G0 = PSL(V )) k-dimensional
subspace of (the natural module) V , for some natural number k. When dimV = d and U ∈ Ω,
by replacing U with U⊥ if necessary or, in the case where G0 = PSL(V ), by considering the
equivalent action of G on (d−k)-dimensional subspaces, we can always assume that k ≤ d/2.
We refear to [24, Table 4.1.1, Remark 4.1.3] for a detailed description of these actions and to
[24, Table 4.1.2] for the corresponding degrees.

Lemma 3.1.24. [65, Proof of Theorem 3.3] Let G0 a simple classical group, acting on an
orbit of k-spaces with k ≥ 3. Then the following hold true.

(i) Either (G0, k) = (PΩ+
2m(q),m) and b(G0,S(G,m)) ≤ 9 or b(G0,S(G, k)) ≤ d/k + 10.

(ii) b(G0,N (G, k)) ≤ d/k + 11.

Proposition 3.1.25. Let G be an almost simple group with classical socle G0 = PSLd(q)
with d ≥ 2 and q ≥ 4 when d = 2. Let Ω be the set of k-dimensional subspaces of Fdq , let
n = |Ω|, and assume that G acts primitively on Ω. Then b(G,Ω) < logn+ 1.

Proof. The degree of the action is

n = |S(G, k)| =
∏d
i=d−k+1(qi − 1)∏k

i=1(qi − 1)
. (3.1.18)

First let k = 1. By Lemma 3.1.2 and Lemma 3.1.5, since G does not contain a graph
automorphism, we deduce that

b := b(G,S(G, 1)) ≤ d+ 2
≤ d+ 1 when q is prime or (q − 1, d) = 1
≤ d when q = 2

(3.1.19)
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If d = 2 then n = q + 1 and q ≥ 4. If q is prime or even then log(q + 1) + 1 ≥ 3 = b.
Otherwise, q ≥ 9 so log(q + 1) + 1 > 4 = b. Hence we may assume that d ≥ 3.

If q = 2 then logn+1 > d = b, whilst if q = 3 then logn+1 ≥ (d−1) log 3+1 > d+1 = b,
for d ≥ 4, logn + 1 = log(13) + 1 > 4 for d = 3. If q ≥ 4 then we deduce from (??) and
(3.1.19) that

logn+ 1 ≥ (d− 1) log q + 1 ≥ d

2 log 4 + 1
2 log 4 + 1 = d+ 2 ≥ b.

Next let k = 2. Then n > |S(G, 1)|. Let b = b(G,S(G, 2)). If d ≥ 6 then G does not
contain the graph automorphism, so it follows from Lemma 3.1.13 and Lemma 3.1.5 that
b ≤ dd/2e+ 3 ≤ d, so the result follows as for k = 1.

If d = 4, by Lemma 3.1.13 and Lemma 3.1.5, then b ≤ 5, when q ≤ 3, and b ≤ 6, when
q ≥ 4. Hence immediately follows from n ≥ q4. If d = 5 then b ≤ 6, whilst n > 26.

Next assume that k ≥ 3, so that d ≥ 6. Now,

n = qd − 1
q − 1 ·

qd−1 − 1
q2 − 1 · q

d−2 − 1
q3 − 1

k−3∏
i=1

(qd−k+i − 1)
(qi+3 − 1) > q(d−1)+4 = qd+3. (3.1.20)

It is shown in the proof of [65, Theorem 3.3] that b(G0) ≤ d/k + 5. Hence, by Lemma 3.1.5
we deduce that

b(G,S(G, k))) ≤ 10 when k = d/2
≤ d

k + 8 when k < d/2
(3.1.21)

Combining (3.1.20) with (3.1.21), we see that logn+ 1 ≥ d+ 4 ≥ b(G,S(G, k)) for all d ≥ 6
and all q.

Proposition 3.1.26. Let G be an almost simple group with classical socle G0 = PSUd(q),
with d ≥ 3 and (d, q) 6= (3, 2). Let Ω be the set of k-dimensional totally singular or non-
degenerate subspaces of Fdq2, and let n = |Ω|. Then b(G,Ω) < logn+ 1.

Proof. First we let Ω be the set of totally singular k-spaces. The degree of the action is

n =
∏d
i=d−2k+1(qi − (−1)i)∏k

i=1(q2i − 1)
=

k∏
i=1

(qd−2k+2i−1 − (−1)d+i)(qd−2k+2i − (−1)d+i+1)
q2i − 1 (3.1.22)

≥
k∏
i=1

(qd−2k+2i−1 + 1) ≥ q(d−1)+(d−3)+(d−5) = q3d−9. (3.1.23)

If k = 1 then from Lemma 3.1.9 and Lemma 3.1.5 we deduce that b(G,Ω) ≤ d + 1. Hence
from (3.1.22) with k = 1 we see that

logn+ 1 ≥ d log q + 1 ≥ d+ 1 ≥ b(G)

as required.
Next let k = 2. If d = 4 then from (3.1.22) we see that n > q4. If q = 2 one may check

the result using MAGMA , whilst it follows from Proposition 3.1.14 that b(G,Ω) ≤ 6 for all
q ≥ 3, so the result follows. If d = 5 then n = (q5 + 1)(q3 + 1) > q8, whilst it follows from
Proposition 3.1.14 that b(G,Ω) ≤ 5, so the result is immediate. If d ≥ 6 then we deduce from
Lemma 3.1.5 and Proposition 3.1.14 that b(G,Ω) ≤ dd/2e + 2 < d, whilst from (3.1.22) we
see that n > |S(G, 1)|. The result now follows immediately from the case k = 1.

Next we consider k ≥ 3. For (d, q) ∈ {(6, 2), (6, 3), (7, 2)} it is straightforward to check
in Magma [19] that the base size of G is at most 8, and the result follows. Otherwise, we
deduce from Lemma 3.1.24(i) that

b(G,S(G, k)) ≤ d

k
+ 12. (3.1.24)
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For (d, q) = (7, 3) the result follows from n = 14948416 > 223. Ler d ≥ 8 and q ≤ 2 then

logn+ 1 ≥ (3d− 9) + 1 = 3d− 8 ≥ d

3 + 12 ≥ b(G,S(G, k)),

≥ 3d log 3− 9 log 3 + 1 ≥ 9
2d− 17 ≥ d

3 + 12 ≥ b(G,S(G, k)),

as required. If q ≥ 4 and d ≥ 6, then we deduce from (3.1.23) and (3.1.24) that

logn+ 1 ≥ (3d− 9) log q + 1 = d log q + (2d− 9) log q + 1

≥ d log q + 3 log q + 1 ≥ 2d+ 7 ≥ d

3 + 12 ≥ b(G,S(G, k)).

Now let Ω = N (G, k). Then

n =
qk(d−k)∏d

i=d−k+1(qi − (−1)i)∏k
i=1(qi − (−1)i)

.

If k ≤ 2, then |Ω| > |S(G, k)|. Our upper bound b(PGUd(q),N (G, 1)) ≤ d from Lemma 3.1.15
agrees with that for b(G,S(G, 1)), so the result follows. Arguing as for totally singular
subspaces, our upper bound b(PGUd(q),N (G, 2)) ≤ dd/2e+ δ6d < d from Proposition 3.1.17
now yields the result for k = 2.

For k ≥ 3, since d ≥ 2k + 1 ≥ 7, we get
∏d
i=d−k+1(qi − (−1)i) ≥ (qd − (−1)d)

∏k
i=1(qi −

(−1)i). Hence n ≥ qk
2+k(qd − (−1)d) ≥ qd+11, By Lemma 3.1.5 and Lemma 3.1.24(i), we

have b(G,N (G, k)) ≤ d/k + 13, and consequently logn + 1 ≥ (d + 11) log q + 1 ≥ d + 12 ≥
d/3 + 13 ≥ b(G,N (G, k)).

Proposition 3.1.27. Let G be an almost simple group with classical socle G0 = PSpd(q),
with d ≥ 4 and (d, q) 6= (4, 2). If d = 4 then assume that G does not induce the exceptional
graph automorphism. Let Ω be the set of k-dimensional totally singular or non-degenerate
subspace of Fdq , and let n = |Ω|. Then b(G,Ω) < logn+ 1.

Proof. First assume that Ω consists of totally singular k-spaces, and let b = b(G,Ω). Then

n =

∏ d
2
i= (d−2k)

2 +1
(q2i − 1)∏k

i=1(qi − 1)
=

k∏
i=1

qd−2k+2i − 1
qi − 1 . (3.1.25)

If k = 1 then from Lemma 3.1.9 and Lemma 3.1.5 we deduce that

b ≤ d+ 2
≤ d+ 1 when q is even or prime
≤ d when q = 2.

(3.1.26)

Comparing (3.1.26) and (3.1.19), and noting that if q is even then (q− 1, d) = 1, we see that
the result follows in the same way as for G0 = PSLd(q).

If k = 2 we see from Proposition 3.1.14 that if d ≥ 6 then b(G0,Ω) ≤ d− 2, so b(G) ≤ d,
and the result follows immediately from the case k = 1. If d = 4 then b(G,Ω) ≤ 6 <
log 40 + 1 ≤ logn+ 1.

If k ≥ 3 then we use Lemma 3.1.24(i), and argue as in the proof of [65, Theorem 3.1] to
deduce that

b(G,S(d, k)) ≤ d

k
+ 12, (3.1.27)

and that b(G,S(G, k)) ≤ d
k + 11 when q is prime or a power of 2.
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First suppose that d − 2k ≥ 2, so that d ≥ 8. Then the degree of G is greater than the
degree of PΩ±d (q), acting on singular k-spaces, whilst the upper bound on b(G,S(d, k)) is less
than the corresponding bound for the orthogonal groups. Hence except for (d, q) = (8, 2), the
estimation follows from 3.1.29. It therefore suffices to check only (d, q) = (8, 2), since these
are the only cases that were calculated directly for the orthogonal groups: we calculate in
Magma that if (d, q) = (8, 2) then b(G,S(G, 3)) ≤ 6, so the result follows in this case too.

We may therefore assume that k = d
2 , so that b(G) ≤ 14 in general, b(G) ≤ 13 if q is an

odd prime or a power of 2 bigger than 2, and b(G) ≤ 12 if q = 2. In this case the degree is

n =
d
2∏
i=1

(qi + 1) ≥
d
2∏
i=1

qi = q
d(d+2)

8 . (3.1.28)

Hence logn+ 1 ≥ d(d+2)
8 log q + 1. If d ≥ 10 then the result is therefore immediate.

If d = 6 then n ≥ qd. It is straightforward to calculate in Magma [19] that if q ≤ 3 then
b(G,S(G, 3)) ≤ 6, so we may assume that q ≥ 4. If 4 ≤ q ≤ 7, then logn+ 1 ≥ 6 log 4 + 1 =
13 ≥ b(G). Whilst when q ≥ 8, then log q ≥ 3. So logn + 1 ≥ d log q + 1 ≥ b(G,S(G, 3)). If
d = 8 then for q ≥ 3 we deduce that

logn+ 1 ≥ 10 log q + 1 ≥ 16 ≥ b(G).

For q = 2, notice that n = 3 · 5 · 9 · 17, so logn+ 1 ≥ 12 = b(G,S(G, 4)).
Next assume that Ω = N (G, k), so that k is even and 2 ≤ k ≤ n/2− 1. Then

n =
q
k(d−k)

2
∏ d

2
i= d−k+2

2
(q2i − 1)∏ k

2
i=1(q2i − 1)

.

If k = 2 then notice from (3.1.25) that n > |S(G, 2)|, whilst we have the same upper bound
on b(G,Ω). Hence the result follows from that for S(G, 2).

If k ≥ 4, since d ≥ 2k + 2, we have
∏ d

2
i= d−k+2

2
(q2i − 1) ≥ (qd − 1)q2∏ k

2
i=1(q2i − 1), and

consequently n ≥ q
k2
2 +k(qd − 1)q2 ≥ qd+13. By Lemma 3.1.5 and Lemma 3.1.24(ii), we get

that b(G,N (G, k)) ≤ d
k + 13. Hence logn + 1 ≥ (d + 13) log q + 1 ≥ d + 14 ≥ d/4 + 13 ≥

b(G,N (G, k)).

Lemma 3.1.28. Let G be an almost simple group with classical socle G0 one of PΩ−4 (q),
PΩ5(q), PΩ±6 (q). Let Ω be a G-orbit of 1-spaces that are non-degenerate when q is odd and
non-singular when q is even. If G0 = PΩ−4 (q) then assume that q > 3. Then b(G,Ω) <
log |Ω|+ 1.

Proof. First let d = 4, so that PGO−d (q) ∼= PSL2(q2).2, and q ≥ 4. From Table 3.2 and
Lemma 3.1.5, we deduce that b(G,Ω) ≤ 6. Moreover,

|Ω| = q(q2 + 1)
(q − 1, 2) > 26.

The result is therefore immediate.
Next let d = 5, so that q is odd and PGOd(q) ∼= PSp4(q).2. Then Aut(PΩ5(q))/PGO5(q)

is cyclic, so from Table 3.2 and Lemma 3.1.5, we deduce that b(G,N ) ≤ 6, whilst

n = |N±(G, 1)| = q2(q4 − 1)
2(q2 ∓ 1) ≥ 36 > 25,

so the result follows.
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Finally, let d = 6, so that PGO+
d (q) ∼= PSL4(q).2 and PGO−d (q) ∼= PSU4(q).2. From

Lemma 3.1.16 and Lemma 3.1.5, we deduce that b(G,N ) ≤ 5 if q = 2, and is at most 7 for
q > 2. Moreover,

|Ω| = q2(q3 ∓ 1)
(q − 1, 2) >

{
24 if q = 2
26 if q ≥ 3.

The result follows.

Proposition 3.1.29. Let G be an almost simple group with classical socle G0 = PΩ±d (q), with
d ≥ 8. Let Ω be a G-orbit of k-dimensional totally singular, non-degenerate, non singular
(for k = 1 and q even) subspaces of Fdq , and let n = |Ω|. Assume that G acts primitively on
Ω. Then b(G,Ω) < logn+ 1.

Proof. Let ε ∈ {+,−}. We first consider the action on S(PΩε
d(q), k), so that 1 ≤ k ≤ d/2,

and k < d/2 if ε = −. Let δ = 1 if k = d/2 and ε = +, and let δ = (q
d−2k

2 + ε1) The degree
of the action is

n = |S(PΩε
d(q), k)| =

δ(q
d
2 − ε1)

∏ d
2−1
i= d−2k

2 +1(q2i − 1)∏k
i=1(qi − 1)

. (3.1.29)

If δ = 1 then 2k < d and we bound this as follows

n ≥ δ(q
d
2 − ε1)(qd−2 − 1)

q − 1)

k∏
i=2

(qi + 1) ≥ q
d
2 + d−2k

2 −1
k∏
i=2

qi ≥ qd−1−kq
∑k

i=2 i = qd−2+ k(k−1)
2 .

(3.1.30)

When k = 1 (3.1.30) yields n ≥ qd−2. By Lemma 3.1.10 and Lemma 3.1.5 we deduce that

b(G) ≤ d+ 1
≤ d when q is even or prime
≤ d− 1 when q = 2.

If q = 2 then logn+ 1 = (d− 2) log q + 1 = d− 1 ≥ b(G). If q = 3 then logn+ 1 > 3
2d− 3 >

d ≥ b(G). If q ≥ 4 then log q ≥ 2, and the result follows easily.
Next consider k = 2. Then n > |S(G, 1)|, whilst we deduce from Lemma 3.1.5 and

Proposition 3.1.14 that the base size is at most dd/2e + 2 < d − 1. The result now follows
immediately from the case k = 1.

Next, consider k = d/2, hence ε = + and δ = 1 in (3.1.30). Then (3.1.30) simplifies to

n =
d
2∏
i=1

(qi + 1) ≥
d
2∏
i=1

qi = q
d(d+2)

8 . (3.1.31)

From Lemma 3.1.24 we have that b(G0) ≤ 9, so (noting that the triality automorphism does
not preserve 4-spaces in dimension 8) we deduce that b(G) ≤ 10 when q = 2, and b(G) ≤ 12
otherwise. Hence the result follows.

We are left with 3 ≤ k ≤ d/2−1, for which we shall use the bound b(G0,Ω) ≤ d/k+10 from
Lemma 3.1.24(i). First assume q ≤ 3. We calculate in Magma that for (d, k, q) = (8, 3, 2) then
b(G,Ω) ≤ 4, whilst the degree is at least 765. For (d, k, q) = (8, 3, 3) we use the exact values
of n from (3.1.29), and the fact that G/G0 ≤ D8, to see that logn+ 1 > 15 ≥ b(G,S(8, 3)).
For d ≥ 10 and k = 3, we see from (3.1.29) that

n ≥ (q
d
2 ∓ 1)(q

d−6
2 ± 1)

q − 1 (q4 + 1)(q2 + 1)(q3 + 1) > qd−4q4+3+2 ≥ qd+5.
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Hence if q = 2 then logn + 1 ≥ d + 6 ≥ d
3 + 11 ≥ b(G,S(G, 3)), and if q = 3 then logn +

1 ≥ 3
2(d + 5) + 1 ≥ d

3 + 13 ≥ b(G,S(G, 3)). If k ≥ 4 then from (3.1.30) we see that
logn+ 1 ≥ (d+ 4) log q + 1 ≥ b(G,S(G, k)).

We may therefore assume that q ≥ 4. From (3.1.30) we deduce that

logn+ 1 ≥ log(d− 2 + k) log q + 1 ≥ (d+ 1) log q + 1 ≥ 2d+ 3 ≥ d

3 + 13 ≥ b(G,S(G, k)).

Next we consider the action of G on Ω a G-orbit of k-spaces that are non-degenerate of ε′-
type, with ε′ ∈ {+,−, ◦}-type, or non-singular, when k = 1 and q is even. First let k = 1,
then Ω = N (G, 1). From Lemma 3.1.16 and Lemma 3.1.5, we deduce that b(G,N (G, 1)) =
b(G,S(G, 1)). Moreover,

n = N (G, 1) = q
d
2−1(q

d
2 − ε1)

(q − 1, 2) ≥ qd−2

Hence the result follows from that for |S(G, 1)|. We can assume that k ≥ 2. Now let
ε′ ∈ {+,−}, and let G acts on Ω = N ε′(G, k) be a G-orbit of non-degenerate k-spaces of ε′
type. Note that we are implicitely assuming that k is even. When ε = + we can assume that
k ≤ d

2 − 1, whilst when ε = − we have to analyze even the case k = d/2 (see [80, Table 3.5.F]
for details.)

When G0 = PΩ+
d (q), the degree of the action is

n =
q
k(d−k)

2 (q
d
2 − 1)

∏ d
2−1
i= d−k

2
(q2i − 1)

2(q
k
2 − ε′1)(q

d−k
2 − ε′1)

∏ k
2−1
i=1 (q2i − 1)

Whilst when G0 = PΩ−d (q), the degree of the action is

n =
q
k(d−k)

2 (q
d
2 + 1)

∏ d
2−1
i= d−k

2
(q2i − 1)

2(q
k
2 − ε′1)(q

d−k
2 + ε′1)

∏ k
2−1
i=1 (q2i − 1)

.

If k = 2 then it follows from (3.1.29) that n > |S(G, 1)|, whilst from Propositions 3.1.17, 3.1.18
and Lemma 3.1.5 we get b(G,Ω) ≤ d/2 + 2 < d − 1. Hence the result follows from that for
|S(G, 1)|.

Hence we can assume that k ≥ 4. Let first consider the case G0 = PΩ−8 (q) and k = d/2.
Since ∏ d

2−1
i= d

4
(q2i − 1)∏ k

2−1
i=1 (q2i − 1)

≥ (qd−2 − 1)(q2 + 1),

we deduce that

n =
q
d2
8 (q

d
2 + 1)

∏ d
2−1
i= d

4
(q2i − 1)

2(q
d
4 − 1)(q

d
4 + 1)

∏ d
4−1
i=1 (q2i − 1)

≥ q
d2
8 (qd−2 − 1)

2 ≥ q2d−3

2 .

When q ≥ 3, then logn + 1 ≥ (2d − 3) log q = d log q + (d − 3) log q ≥ d log 3 + 5 log 3 ≥
3
2d + 7 ≥ d

4 + 15 ≥ b(G,N (G, k)), where the last inequality follows from a combination of
Lemma 3.1.5 and Lemma 3.1.24(ii). When q = 2, form Lemma 3.1.5 and Lemma 3.1.24(ii),
we deduce that b(G,Ω) ≤ d

4 +12. Hence for d ≥ 12 we deduce that logn+1 ≥ (2d−3) log q =
2d − 3 ≥ d

4 + 12 ≥ b(G,Ω). A direct inspection using the exact value of n shows that for
logn+ 1 ≥ d

4 + 12 ≥ b(G,Ω) also when d = 8.
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Hence from now on, we can consider in both cases G0 = PΩ±d (q) that d ≥ 2k + 2. Since
k ≥ 4, and d ≥ 2k+ 2, we have

∏ d
2−1
i= d−k

2 +1(q2i− 1) ≥
∏ k

2−1
i=1 (q2i− 1), hence in all the cases we

get that

n ≥
q
k(d−k)

2 (q
d
2 − 1)

∏ d
2−1
i= d−k

2
(q2i − 1)

2(q
k
2 + 1)(q

d−k
2 + 1)

∏ k
2−1
i=1 (q2i − 1)

≥ q
k(d−k)

2 (q
d
2 − 1)(qd−k − 1)

2(q
k
2 + 1)(q

d−k
2 + 1)

≥ q
k(d−k)

2 (q
d
2 − 1)(q

d−k
2 − 1)

2(q
k
2 + 1)

≥ q
k(k+2)

2 (q
d
2 − 1)(q

d−k
2 − 1)

2(q
k
2 + 1)

≥ q
k2
2 +kq

d
2−1q

d−k
2 −1

4q
k
2

≥ q
k2
2 +d−2

4 ≥ qd+6

4 .

Let q ≥ 3. Then logn + 1 ≥ (d + 6) log q − 1 ≥ 3
2d + 8 ≥ d

4 + 15 ≥ b(G,Ω), where the
last inequality follows from a combination of Lemma 3.1.5 and Lemma 3.1.24(ii). Let q = 2.
Now, from Lemma 3.1.5 and Lemma 3.1.24(ii), it follows that b(G,Ω) ≤ d

k + 12, hence
logn+ 1 ≥ (d+ 6) log 2− 1 = d+ 5 ≥ d

4 + 12 ≥ b(G,Ω).
Now, let G0 = PΩ±d (q), and let G acts on Ω a G-orbit of k-spaces of ◦ type. The degree of
the action is

n =
q

(dk−k2−1)
2 (q

d
2 ∓ 1)

∏ d
2−1
i= d−k+1

2
(q2i − 1)

2
∏ k−1

2
i=1 (q2i − 1)

Since k ≥ 3, and d ≥ 2k + 2, we have
∏ d

2−1
i= d−k+1

2
(q2i − 1) ≥ (q3 + 1)

∏ k−1
2

i=1 (q2i − 1). This and
the fact that q has to be odd in this case yield

n ≥ q
(dk−k2−1)

2 (q
d
2 ∓ 1)(q3 + 1)
2 ≥ q

(k(2k+2)−k2−1)
2 (q

d
2 ∓ 1)(q3 + 1)

2

≥ q
(k2+2k−1)

2 (q
d
2−1 + · · ·+ q + 1)(q − 1)(q3 + 1)

2 ≥ q
d
2 +9.

Since q ≥ 3 we deduce that

logn+ 1 ≥
(
d

2 + 9
)

log q + 1 > d+ 18 > 3
4d+ 14 ≥ d

3 + 15 ≥ b(G,N (G, k)),

where the last inequality follows from a combination of Lemma 3.1.5 and Lemma 3.1.24(ii).

Proposition 3.1.30. Let G be an almost simple group with classical socle G0 = PΩ◦d(q),
with d ≥ 7. Let Ω be a G-orbit of k-dimensional totally singular or non-degenerate subspaces
of Fdq , and let n = |Ω|. Assume that G acts primitively on Ω. Then b(G,Ω) < logn+ 1.

Proof. First let Ω = S(G, k).Then

n =

∏ d−1
2

i= d−2k+1
2

(q2i − 1)∏k
i=1(qi − 1)

= (qd−1 − 1)(qd−3 − 1) . . . (qd−2k+1 − 1)
(qk − 1) . . . (q − 1) (3.1.32)

(3.1.33)
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If k = 1 then this yields n = (qd−1 − 1)/(q − 1) > qd−2, and from Lemma 3.1.10 and
Lemma 3.1.5 we deduce that b(G) ≤ d when q = 3, and b(G) ≤ d+ 1 otherwise. Now

logn+ 1 > (d− 2) log(3) + 1 > d ≥ b(G).

Next consider k = 2. Then n > |S(G, 1)|, whilst we deduce from Lemma 3.1.5 and
Proposition 3.1.14 that the base size is at most dd/2e + 1 < d − 1. The result now follows
immediately from the case k = 1.

Next let 3 ≤ k < d
2 − 1, so that d ≥ 9 and

n ≥ (qd−1 − 1)
(q − 1) · (q2k − 1) . . . (q4 − 1)

(qk − 1) . . . (q2 − 1) ≥ q
d−2q

∑k

i=2 i = qd−3+ k(k+1)
2 ≥ qd+3. (3.1.34)

Since q ≥ 3, it follows from Lemma 3.1.24(i) that

logn+ 1 ≥ (d+ 3) log q + 1 ≥ 3
2d+ 11

2 ≥
d

3 + 12 ≥ b(G).

Finally, assume that k = d−1
2 , so that (3.1.32) simplifies to

n =
d−1

2∏
i=1

(qi + 1) ≥ q
d−1

4 ( d+1
2 ) = q(d2−1)/8, (3.1.35)

We calculate in Magma that if (d, q) = (7, 3) then b(G,S(G, 3)) ≤ 4, whilst n = 1120. For
all other d and q, it follows from Lemma 3.1.24(i) that

b(G,S(G, (d− 1)/2)) ≤ d
d−1

2
+ 10 + 2 ≤ 3 + 12 = 15.

If (d, q) = (7, 5) then logn + 1 = log(6 · 26 · 126) + 1 > 15. For all other d and q the result
follows from logn ≥ ((d2 − 1)/8) log q. Note that if (d, q) 6= (7, 3), (7, 5) then this is greater
than 214.

We now let Ω = N±(G, k) for k even, with 2 ≤ k < d/2. The degree of the action is

n =
q
k(d−k)

2
∏ d−1

2
i= d−k+1

2
(q2i − 1)

2(q
k
2 ∓ 1)

∏ k
2−1
i=1 (q2i − 1)

.

For k ≥ 4, since d ≥ 2k + 1, we have
∏ d−1

2
i= d−k+1

2
(q2i − 1) ≥ (qd−1 − 1)q3∏ k

2−1
i=1 (q2i − 1), and

consequently

n ≥ q
k2
2 + k

2 (qd−1 − 1)q3

2(q
k
2 ∓ 1)

≥ q
k2
2 +3+d−2

4 ≥ qd+9

4 .

Since q ≥ 3, combining Lemma 3.1.5 and Lemma 3.1.24(ii), we deduce logn + 1 ≥ (d +
9) log q − 1 ≥ 3d/2 + 12 ≥ d/4 + 13 ≥ b(G,N±(G, k)).

Similarly, |N±(G, 2)| ≥ |S(G, 2)|, whilst b(PGOd(q),N±(PGOd(q), 2) ≤ dd/2e by Propo-
sitions 3.1.17 and 3.1.18. This is the same bound as we found in Proposition 3.1.14 for
b(G,S(G, 2)), so the result for N±(G, 2) follows immediately from that for S(G, 2).

Let G acts on non-degenerate k-spaces of ◦ type. Here, k is odd, d ≥ 2k + 1, and the
degree is

n =
q
k(d−k)

2
∏ d−1

2
i= k+1

2
(q2i − 1)

2(q
d−k

2 ∓ 1)
∏ d−k

2 −1
i=1 (q2i − 1)

.
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When k = 1, then

n = q
(d−1)

2 (qd−1 − 1)
2(q

d−1
2 ∓ 1)

≥ q
(d−1)

2 (q
(d−1)

2 − 1)
2 ≥ qd−2

2 .

From Lemma 3.1.5 and Lemma 3.1.16 we deduce that b(G,N (G, 1)) ≤ d − 1 if q is a prime
and b(G,N (G, 1)) ≤ d otherwise. When q = 3 we have that logn + 1 ≥ (d − 2) log q ≥
3/2d− 4 ≥ d− 1 ≥ b(G,N (G, 1)), whilst for q ≥ 5 we deduce that logn+ 1 ≥ (d− 2) log q ≥
d/2 log 5 + (d/2 − 2) log 5 > d ≥ b(G,N (G, 1). We can assume that k ≥ 3. We have that∏ d−1

2
i= k+1

2
(q2i − 1) ≥ (qd−1 − 1)q2∏ d−k

2 −1
i=1 (q2i − 1), and consequently

n ≥ q
k(d−k)

2 q2(qd−1 − 1)
2(q

d−k
2 ∓ 1)

≥ q
k(d−k)

2 q2(qd−1 − 1)
4q

d−k
2

= q
(k−1)(d−k)

2 q2(qd−1 − 1)
4 ≥ q4q2qd−2

4 = qd+4

4 .

It follows that logn+ 1 ≥ (d+ 4) log q− 1 ≥ 3d/2 + 5 ≥ d/3 + 13 ≥ b(G,N (G, k)) ( as usual,
the last disequality follows combining Lemma 3.1.5 and Lemma 3.1.24(ii)).

Case (2)

Let G be an almost simple group with classical socle Sp2m(2f ), and let M = GO±2m(2f ). In
this section we will analyze the action of G on M/G the set of right cosets of M in G.

Lemma 3.1.31. Let g ∈ GOε
d(2f ), with ε ∈ {+,−}, and let v be a non-singular vector (that

is Q(v) 6= 0 ). If 〈v〉g = 〈v〉, then vg = v.

Proof. There exists β ∈ F∗ such that zg = βz. Hence Q(z) = Q(zg) = Q(βz) = β2Q(z), and
consequently β2 = 1. Since F has even characteristic, then β = 1.

Proposition 3.1.32. Let G = Sp2m(2) with 2m ≥ 6, and let M = GO±2m(2). Then b(G,M/G) =
2m.

Proof. We work by using the equivalent action of GO±2m(2) on the two orbits of non degenerate
2m-dimensional subspaces of V of ± type.

Let H = GO◦2m+1(2) with standard quadratic form Q of Witt index m and let N± be the
set of 2m-dimensional subspace of V of type ±. Let us first consider the action of H on N+.
Let

T := 〈e1, . . . , em, fm, . . . , f1〉,
Vi := 〈e1, . . . , e2i, e2i+1 + x, e2i+2, . . . , em, fm, . . . , f1〉,
Wj := 〈e1, . . . , em, fm, . . . , f2j+2, f2j+1 + x, f2j , . . . , f1〉,

and let B := {T, Vi,Wj | 1 ≤ i ≤ m, 1 ≤ j ≤ m − 1}. It is straightforward to show that
B ∈ N+, and we shall show that B is a base for H. Let g ∈ H. Note that ⋂

1≤i≤m−1
(Vi ∩Wi)

g = 〈em, fm〉g = 〈em, fm〉,Vm ∩ ⋂
1≤i≤m−1

(Vi ∩Wi)

g = 〈fm〉g = 〈fm〉.
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Using this and Lemma 3.1.3 we deduce that emg = αmem, fmg = α−1
m fm. Consequently(

T ∩ 〈em, fm〉⊥
)g

= 〈e1, . . . , em−1, fm−1, . . . f1〉g = 〈e1, . . . , em−1, fm−1, . . . f1〉 = Tm.

Let 1 ≤ i ≤ m− 1. HenceTm ∩ Vi ⋂
1≤k≤m−1,k 6=i

(Vk ∩Wk)

g = 〈fi〉g = 〈fi〉,Tm ∩Wi

⋂
1≤k≤m−1,k 6=i

(Vk ∩Wk)

g = 〈ei〉g = 〈ei〉,

that is eig = αiei, fi = α−1fi, for 1 ≤ i ≤ m − 1. Further, observe that (T⊥)g = 〈x〉g = 〈x〉.
Consequently, from Lemma 3.1.31, we deduce that xg = x. Now, from Lemma 3.1.12, applied
with (u, vj) = (ei+x, fi), we deduce that (ei+x)g = ν(ei+x) = αiei+x, that is ν = αi = 1.
Hence g = I, as required.

Here, we analyze the action of H on N−. We can assume d ≥ 7. First, we define some
useful subspaces.

Let Ak := 〈ek, fk〉 for 1 ≤ k ≤ m, let 2 ≤ i ≤ m, let 2 ≤ j ≤ m− 1, and let

T := 〈e1 + x, f1 + x〉 ⊕A2 ⊕ · · · ⊕Am,
Ui := 〈e1 + x, f1 + x〉 ⊕A2 ⊕ · · · ⊕Ai−1 ⊕ 〈ei, fi + x〉 ⊕Ai+1 ⊕ · · · ⊕Am
U?j := 〈e1 + x, f1 + x〉 ⊕A2 ⊕ · · · ⊕Ai−1 ⊕ 〈ei + x, fi〉 ⊕Ai+1 ⊕ · · · ⊕Am
U?m := 〈e1, f1〉 ⊕ 〈e2 + x, f2 + x〉 ⊕A3 ⊕ · · · ⊕Am
W := 〈e1, f1 + x〉 ⊕ 〈e2 + x, f2 + x〉 ⊕A3 ⊕ · · · ⊕Am.

Let B := {T,Ui, U?i ,W | 2 ≤ i ≤ m}. Since each subspaces is written as an orthogonal direct
sum of non-degenerate 2-spaces, one can observe that B ∈ N−. We shall show that B is a
base for H.

Let g ∈ H, and let 2 ≤ i ≤ m. Note that T +Ui = V, hence dim(T ∩Ui) = 2m− 1, and so

T ∩ Ui = 〈e1 + x, f1 + x〉 ⊕A2 ⊕ · · · ⊕Ai−1 ⊕Ai+1 ⊕ · · · ⊕Am ⊕ 〈ei〉.

The radical Rad(T ∩ Ui) = 〈ei〉, and since (T ∩ Ui)g = (T ∩ Ui), we deduce that

(Rad(T ∩ Ui))g = 〈ei〉g = 〈ei〉,

that is eig = ei for 2 ≤ i ≤ m. Similarly we deduce that fjg = fj , for 2 ≤ j ≤ m− 1. Since
A2 ⊕ · · · ⊕Am−1 is non-degenerate and this is fixed by g, we deduce that

((A2 ⊕ · · · ⊕Am−1)⊥)g = (A1 ⊕ 〈x〉 ⊕Am)g = A1 ⊕ 〈x〉 ⊕Am.

Now, since (U?m)g = U?m, we get that (U?m ∩ (A1 ⊕ 〈x〉 ⊕ Am))g = (A1 ⊕ Am)g = A1 ⊕ Am.
From this and from W g = W , we deduce that ((A1⊕Am)∩W )g = (〈e1〉⊕Am)g = 〈e1〉⊕Am.
Consequently, (Rad(〈e1〉⊕Am))g = 〈e1〉g = 〈e1〉, that is e1g = e1. Moreover, (〈e1〉⊕Am)∩T =
Agm = Am. Hence, since emg = em, from Lemma 3.1.3 with (u, v) = (em, fm), we deduce
that fmg = fm. Consequently, (A⊥m ∩ (A1 ⊕ Am))g = A1, and applying Lemma 3.1.3 with
(u, v) = (e1, f1), we deduce f1g = f1. Since 〈x〉g = 〈x〉, we get that g = I, as required.

LetH := GO2m+1(2) and let V be the natural module forH, so that Rad(V ) = 〈x〉. Hence
BQ induces a non-degenerate alternating form B̄ on the quotient space V̄ := V/Rad(B) =
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V/〈x〉, and H naturally acts on V̄ as G := Sp2m(2). Now, let B := {T, V1, . . . , V2m−2} be a
set containing 2m − 1 different non-degenerate 2m-subspaces of the same type (either + or
−) in V ; we want to show that H(B) 6= 1. Note that the stabiliser in H of T is HT = GOε

2m(2)
and HT acts on T as the subgroup GO−2m(2) of Sp2m(2), whilst fixing 〈x〉.

Since T ∩ Vi has dimension 2m− 1, the restriction of BQ to T ∩ Vi is degenerate, and so
T ∩Vi has one-dimensional radical 〈vi〉, and so the 2-point stabiliser in G of T and Vi stabilises
vi ∈ T . Furthermore, dim(v⊥i ∩ T ) = 2m − 1, so T ∩ Vi = T ∩ v⊥i . Furthermore, since the
action of G on the cosets of M is 2-transitive (see, for example, [48]), we may assume that
Q(vi) = 0 also. Hence the stabiliser of B in H is equal to the stabiliser of 2m − 1 totally
singular 1-spaces in GOε

2m(2). This group is nontrivial by Lemma 3.1.11.

Proposition 3.1.33. Let q = 2f , and let G be an almost simple group with socle Spd(q)
where d ≥ 4. Assume that if d = 4 then q > 2. Let M = GOε

d(q) and Ω the set of right cosets
of M in G, and let |Ω| = n. If ε = − and q = 2 then logn+ 1 < b(Spd(2),Ω) = dlogne+ 1.
Otherwise, b(G,Ω) ≤ logn+ 1.

Proof. Let d = 2m so that m ≥ 2. Then n = qm(qm − ε1)/2. If q = 2 by Proposition 3.1.32
we deduce that b(G) = 2m If ε = +, then n ≥ q2m−1, hence logn+ 1 ≥ (2m− 1) log 2 + 1 =
2m = b(G). If ε = − then dlogne+ 1 = 2m = b(G).

Assume that q ≥ 4. It is proved in [65] that b(soc(G),Ω) ≤ 2m + 1, so (since q is even),
it follows from Lemma 3.1.5 that the base size of G is at most 2m+ 2. Therefore

logn+ 1 ≥ log
(
q2m−1

2

)
+ 1 ≥ (2m− 1) log q ≥ m log q + (m− 1) log q

≥ m log q + log q ≥ 2m+ 2 ≥ b(G).

Novelty

Let G ≤ Sym(Ω) be an almost simple classical group over Fq with socle G0, with natural
module V . It remains to deal with certain novelty subgroups H of G, where H0 = H ∩G0 is
non-maximal in G0. In particular, one of the following holds:

(i) G0 = PSLd(q), d ≥ 3 and G contains graph or graph-field automorphisms;

(ii) G0 = PSp4(q), q even and G contains graph-field automorphisms;

(iii) G0 = PΩ+
8 (q) and G contains triality automorphisms.

Case (i) Let G0 = PSLd(q) with d ≥ 3, and let

S1(G, k) := {{U,W} | U ⊂W, dimU = k, dimW = d− k}
S2(G, k) := {{U,W} | V = U ⊕W, dimU = k < d/2}.

Proposition 3.1.34. Let G be an almost simple group with socle G0 = PSLd(q), d ≥ 3,
containing a graph or graph-field automorphisms, let i ∈ {1, 2}, and let ni := |Si(G, k)|. Then
b(G,Si(G, k)) ≤ logni + 1.

Proof. Recall that, S(G, k) denoted the set of k-dimensional subspaces of V .
Let Ki = G(U,V ) be the stabilizers of the pairs U, V in Si(G, k), and let U ∈ S(G, k). Then

Ki ∩G0 is a subgroup of H = (G0)U .
There exist b conjugates of H whose intersection is trivial. Here, by Lemma 3.1.5 we have

that
bi := b(G,Si(G, k)) ≤ b+ c, (3.1.36)
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with c = 1 when q = 2, c = 2 when q = 3, and c = 3 when q ≥ 4. Denoting by n = |S(G, k)|,
it is not difficult to observe that

n ≤ (ni/2c) (3.1.37)

Now, from Proposition 3.1.25 and (3.1.36), (3.1.37) we deduce

bi ≤ b+ c ≤ logn+ 1 + c ≤ log(ni/2c) + 1 + c = logni + 1,

as desidered.

Case (ii) Let G0 = PSp4(q), q = 2e ≥ 4, then Ω = G/H is the set of right cosets of
H = [q4] .GL1(q)2.

Proposition 3.1.35. Let G be an almost simple group with socle G0 = PSp4(q), q = 2e ≥ 4,
containing graph-field automorphisms, and let ñ = |Ω| Then b(G,Ω) ≤ log ñ+ 1.

Proof. Let U ∈ S(G, 1). Then H ∩G0 is a subgroup of K = (G0)U . There exist b conjugates
of H whose intersection is trivial. Here, by Lemma 3.1.5 we have that b(G,Ω) ≤ b + 2.
Note that n ≤ (ñ/4), where n = |S(G, 1)|. Hence, from Proposition 3.1.27, we deduce that
b(G,Ω) ≤ b+ 2 ≤ logn+ 1 + 2 ≤ log(ñ/4) + 1 + 2 = log ñ+ 1, as required.

Case (iii) Let G0 = PΩ+
8 (q), then we have to consider the action of G on Ω = G/H the set

of right cosets of H = [q11] :
[

q−1
(2,q−1)

]2
. 1
(2,q−1) GL2(q) .d2.

Proposition 3.1.36. Let G be an almost simple group with socle G0 = PΩ+
8 (q), containing

triality automorphisms, and let ñ = |Ω|. Then b(G,Ω) ≤ log ñ+ 1.

Proof. Let U ∈ S(G, 1), and let n = |S(G, 1)|. Then H ∩ G0 = [q11] .GL2(q)GL1(q)2 is a
subgroup of K = (G0)U . From Proposition 3.1.29, we deduce that there exist b ≤ logn + 1
conjugates of K whose intersection is trivial. Now, by Lemma 3.1.5 we have that b(G,Ω) ≤
b + 5. Note that n < (ñ/32). Hence we deduce that b(G,Ω) ≤ b + 5 ≤ logn + 1 + 5 ≤
log(ñ/32) + 1 + 5 = log ñ+ 1, as required.

3.1.5 Proof of Theorem 3.0.2

In this section, we prove Theorem 3.0.2.

Theorem 3.1.37. Let G ≤ Sym(Ω) be an almost simple group of degree n, and assume that
G is not large base. Then b(G) ≤ dlogne+ 1. Moreover if b(G) > dlogne+ 1, then G = M24,
n = 24 and b(G) = 7.

Proof. Let G0 = soc(G). First notice that the only non-large-base almost simple groups of
degree at most 8 are the actions of Alt(5) and Sym(5) on 6 points, of PSL3(2) on 7 points,
and of PSL2(7) and PGL2(7) on 8 points, all of which have base size 3, which is less than
logn+ 1. Hence the result holds for n ≤ 8, and for b(G) ≤ 3.

Since the groups PSL2(q) are isomorphic to many other simple groups, we shall consider
them next. Let G be an almost simple group with socle PSL2(q) for q ≥ 5, and let Ω be
the right cosets of some maximal subgroup H of G. We work through the choices for H, as
described in [20, Table 8.1]. The result for H ∈ C1 follows from Proposition 3.1.25. Burness
shows in [22, Table 3] that b(G) ≤ 3 for the majority of the remaining choices of H. More
precisely, he shows that b(G) ≤ 3 if H ∈ C2 ∪ C3, or if H ∈ C5 and the index [q : q0] is odd; or
if H ∈ C6 and q > 7; or if H ∈ C9 and q 6= 9. We therefore need consider only the exceptions.
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If H ∈ C5 and [q0 : q] = 2 then the action of G0 on Ω is equivalent to that of PΩ−4 (q0) on
non-degenerate 1-spaces. If q0 ∈ {2, 3} then G0 ∼= Alt(5),Alt(6), respectively, and the action
is equivalent to the (large base) action on 2-sets. Hence we can assume that q ≥ 4, and the
result follows from Lemma 3.1.28. If H ∈ C6 and q = 5 then G is large base; if q = 7 then
the action of G0 on Ω is equivalent to that of PSL3(2) on 1-spaces, so the result follows from
Proposition 3.1.25. Finally if H ∈ C9 and q = 9 then G is large base. Thus for the remainder
of the proof we shall assume that G0 6∼= PSL2(q).

Next, assume that the action of G is not standard. Burness, Guralnick and Saxl show in
[25] that if G0 ∼= Alt(n) then b(G) ≤ 3. For classical groups, Burness shows in [22, Theorem
1.1] that either b(G) ≤ 4 or G = U6(2).2, H = U4(3).22 and b(G) = 5. Looking at the
primitive groups of degree at most 15 with classical socle, not isomorphic to PSL2(q), we
find only standard actions, whilst the degree of the given action of U6(2).2 is 1408, so the
result follows for classical G. For the exceptional groups G, it is shown by Burness, Liebeck
and Shalev that b(G) ≤ 6 for all faithful primitive actions; since the smallest degree of a
faithful primitive representation of an exceptional group is 65 (see, for example, [48, Table
B.2]), the result follows. Finally, Burness, O’Brien and Wilson show in [27] that if G is an
almost simple sporadic group, then either b(G) ≤ 5, or G is one of five specific exceptions.
The sporadic groups with faithful primitive actions on at most 32 points are M11 on 11 or
12 points, with base size 4 ≤ log 11 + 1, and the natural actions of M12, M23 and M24. Since
b(M12) = 5 ≤ dlog 12e + 1, b(M23) = 6 ≤ dlog 23e + 1, and b(M24) = 7 ≤ dlog 24e + 1, the
result holds. The remaining actions, namely the actions of Co3, Co2 and Fi22.2, have base
size 6 and very large degree.

If Alt(`) ≤ G ≤ Sym(`), then Ω is an orbit of partitions of {1, . . . , `}, so b(G) ≤ logn+ 1
by Theorem 3.1.23. Hence we may assume that G is a classical group in a subspace action.

If G0 = PSLd(q) and the action is on k-dimensional subspaces, then the result follows
from Proposition 3.1.25.Otherwise, the orbit is on pairs of subspaces, and the result follows
from Proposition 3.1.34.

If G0 = PSpd(q) then we may assume that d ≥ 4, and (d, q) 6= (4, 2), since PSp4(2)′ ∼=
PSL2(9). If the action is on k-dimensional subspaces then the result follows from Proposi-
tion 3.1.27. If q is even, and the action of G0 is on the cosets of GO±d (q), then the result
follows from Proposition 3.1.33. If the action is on the cosets of a novelty maximal subspace
subgroup, then the result follows from Proposition 3.1.35.

If G0 = PSUd(q), then we may assume that d ≥ 3. If the action is on k-dimensional
subspaces then the result follows from Proposition 3.1.26. Consulting [80, Table 3.5.B] and
[20] we see that there are no novelty maximal subspace subgroups.

If G0 = PΩε
d(q) then d ≥ 5, as G0 6∼= PSL2(q). If d ≤ 6 and the action is on totally

singular subspaces, then the action of G0 on G0∩H is equivalent to that of PSp4(q), PSL4(q)
or PSU4(q) on totally singular subspaces. If d ≤ 6 and the action is on non-degenerate
2-dimensional spaces, then the action of G0 is equivalent to that of PSp4(q), PSL4(q) or
PSU4(q) on their maximal subgroups in Class C2 or C3, and b(G) ≤ 3 by [22, Table 3]. Thus
for 5 ≤ d ≤ 6 we may assume that the action is on an orbit of non-degenerate 1-spaces,
and the result follows from Lemma 3.1.28. If d ≥ 7 and H ∩ G0 is the stabiliser in G0 of
a k-dimensional subspace then the results follow from Proposition 3.1.29 for d even, and
Proposition 3.1.30 for d odd. Thus it remains only to consider the case of H a novelty
maximal subgroup, and here the result follows from Proposition 3.1.36.

Diagonal-type

Proposition 3.1.38. Let G be a primitive diagonal-type group of degree n. Then b(G) ≤
max{4, log(logn)}. In particular, b(G) ≤ logn, and Theorem 3.0.2 holds for G.

Proof. Let soc(G) = T k, where T is a non abelian simple group and k ≥ 2. Then n = |T |k−1
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and it suffices to assume that G = T k.(Out(T )× Sym(k)).
If k = 2, then it is shown in [52] that b(G) ∈ {3, 4}. Since n ≥ 60 the result follows.

Hence we can assume that k ≥ 3. It is shown in [52] that

b(G) ≤
⌈ log k

log |T |

⌉
+ 2. (3.1.38)

If 3 ≤ k ≤ |T | then b(G) ≤ 3 and the result follows, so assume that k > |T | ≥ 60. Then
n ≥ 607, so log logn > 5, and hence

b(G) ≤ log k
log 60 + 3 ≤ log logn

5 + 3 ≤ log logn.

For the final claim, notice that n ≥ 60, so logn > 4.

Product action type

We recall the general set-up for product action type groups. Let H ≤ Sym(Γ) be a primitive
group of almost simple or diagonal type.

Let k ≥ 2 be an integer and consider the wreath product W = H o Sym(k). This group
has a natural product action on the Cartesian product Ω = Γk, given by

(γ1, . . . , γk)(h1,...,hk)p−1 = (γh1p
1p , . . . , γhk

p

kp ) (3.1.39)

Let T := soc(H) and B := soc(W ), so B = T k. Following [92], a subgroup G ≤W is primitive
product-type group if

(1) B ≤ G; and

(2) G induces a transitive group PG ≤ Sym(n) acting by conjugation on the k factors of B.

In particular, note that
soc(G) = T k ≤ G ≤ H o PG.

Bases for primitive groups of product type were studied by Burness and Seress in [28].
By Lemma 3.1.1 we may suppose that G = H oSym(k), and this assumption G = H oSym(k)
simplify the general discussion. For the sake of clearness, we repeat some of the arguments
of [28] in our simplified general setting.

Lemma 3.1.39. Let G = Hwr Sym(k), where H ≤ Sym(Γ) is a primitive group of almost
simple or diagonal type. Let a :=

⌈
log k

⌉
and r :=

⌊
log |Γ|

⌋
. Then there exists a collection of

points {α1, . . . , αda/re} in Ω with the property that an element g = (1, . . . , 1)p ∈ G fixes each
αi if and only if p = 1.

Proof. This is essentially [28, Lemma 3.8]. To see that the value of a is as stated there,
notice that it is shown in the proof of [28, Proposition 3.2] that there exists a set of dlog ke
2-partitions of {1, . . . , k}, such that the intersection in Sym(k) of the stabilizers of these
partitions is trivial.

Lemma 3.1.40. Let G = H o Sym(k) ≤ Sym(Ω) be primitive of product action type, with
H ≤ Sym(Γ), and let m = |Γ|. Then

b(G,Ω) ≤
⌈ ⌈log k

⌉⌊
logm

⌋⌉+ b(H,Γ).
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Proof. Let {γ1, . . . , γb} ⊆ Γ be a base of minimal size for the action of H on Γ. Let α′i :=
(γi, . . . , γi) ∈ Γk = Ω for 1 ≤ i ≤ b. Let {α1, . . . , αda/re} be the set given in Lemma 3.1.39.
As noted in [28, Equation (13)], the set

B := {α1, . . . , αda/re} ∪ {α′1, . . . , α′b}

is a base for G. Indeed, given g = (h1, . . . , hk)σ−1 ∈ G(B), for 1 ≤ i ≤ b

α′gi = (γh1σ
i , . . . , γhk

σ

i ) = (γi, . . . , γi)

if and only if γhji = γi for 1 ≤ j ≤ k. That is hj ∈
⋂

1≤i≤b
Hγi = 1, and hence g = (1, . . . , 1)σ−1.

Now, the result follows by the choice of {α1, . . . , αda/re} and Lemma 3.1.39.

Proposition 3.1.41. Let G = H o Sym(k) ≤ Sym(Ω) be a primitive permutation group of
product-type of degree n, with H ≤ Sym(Γ) either an almost simple group in a non-large-base
action or a group of diagonal type of degree m. Then b(G,Ω) ≤ logn + 1. In particular,
Theorem 3.0.2 holds for G.

Proof. From Theorem 3.1.37 and Proposition 3.1.38, we see that either b(H,Γ) ≤ dlogme+
1 ≤ logm+ 2, or H = M24 and m = 24.

We deal first with H = M24. Here m = 24 and b(H,Γ) = 7, so for all k ≥ 2, by
Lemma 3.1.40,

b(G) ≤
⌈ dlog ke⌊

logm
⌋⌉+ b(H,Γ) ≤

(1 + log k
4 + 1

)
+ 7 < k log(24) + 1.

We now consider the general case, and assume first that k ≤ 4, so that in particular
dlog ke ≤ blogmc. Then by Lemma 3.1.40

b(G,Ω) ≤ 1 + b(H,Γ) ≤ (2 + logm) + 1 < 2 logm+ 1 ≤ k logm+ 1 = logn+ 1.

If instead k ≥ 5, then

b(G,Ω) ≤
⌈ dlog ke
blogmc

⌉
+ dlogme+ 1 ≤ 1 + log k

blogmc + logm+ 3 ≤
(1 + log k

2 + 2
)

+ logm+ 1

< (k − 1) + logm+ 1 < k logm+ 1 = logn+ 1.

as required.

Twisted wreath product

Let G ≤ Sym(Ω) be a primitive twisted wreath product group with socle T k, where T is a
non-abelian simple group and k ≥ 6. Note that T k is a regular normal subgroup of G. Let
P = Gω be the stabilizer of a point ω ∈ Ω. Then G = T kP is a semidirect product, and the
top group P is a transitive subgroup of Sym(k). In terms of degree, the smallest primitive
group of this type arises when T = Alt(5) and k = 6, in which case |Ω| = 606.

Proposition 3.1.42. Let G ≤ Sym(Ω) be a primitive group of degree n and of twisted wreath
product type, then b(G) ≤ logn+ 1. In particular, Theorem 3.0.2 holds for G.

Proof. As explained in [140, Section 3.6], we can embed G in a primitive group L ≤ Sym(Ω)
of product-type, where L = T 2 o P = (T 2)k . P . To be precise L = H o P is of product-type
with base group H of diagonal-type. Hence the result follows combining Proposition ?? and
Lemma 3.1.1.
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Affine type

Proposition 3.1.43. Let G ≤ AGL(V ) be a primitive permutation group of affine-type,
where V is a vector space of dimension n over a field Fp of prime order p. Then b(G) ≤
logn+ 1. In particular, Theorem 3.0.2 holds for G.

Proof. By Lemma 3.1.1 we can assume G = AGL(V ). We claim that b(G) = b(GL(V )) + 1.
Let B be a base of minimal size of GL(V ). For every w ∈ B, if v ∈ V \ {0} then v + w 6= w,
therefore b(G) ≥ b(GL(V )) + 1. Now, G0 be the stabiliser in G of the trivial vector coincides
with GL(V ). Hence {0} ∪ B is a base for G and b(G) = b(GL(V )) + 1. Let B = {v1, . . . , vn}
be a basis of the vector space V . Then GL(V )(B) = 1 and b(GL(V )) ≤ n. Now, we show that
GL(V )(A) is nontrivial for every A ⊂ V of size n− 1. Let g ∈ GL(V ). If g stabilizes w, then
zg = z, for every z ∈ 〈w〉. So, without loss of generality, we can assume that G stabilizes
pointwise {v1, . . . , vn−1}. The map fixing pointwise {v1, . . . , vn−1} and mapping vn in vn+v1
is a nontrivial element of GL(V ), hence b(GL(V )) ≥ n, and the statement follows.

3.2 A polynomial bound for the number of maximal systems
of imprimitivity of a finite transitive permutation group

3.2.1 Preliminaries

We need some basic terminology, which we borrow from [141, Sections 4.3 and 4.4].
Let κ be a positive integer and let A be a direct product S1 × · · · × Sκ, where the

Si are pairwise isomorphic non-abelian simple groups. We denote by πi : A → Si the
natural projection onto Si. A subgroup X of A is said to be a strip, if X 6= 1 and, for each
i ∈ {1, . . . , κ}, either X ∩ Ker(πi) = 1 or πi(X) = 1. The support of the strip X is the set
{i ∈ {1, . . . , κ} | πi(X) 6= 1}. The strip X is said to be full if πi(X) = Si, for all i in the
support of X. Two strips X and Y are disjoint if their supports are disjoint. A subgroup X
of A is said to be a subdirect subgroup if πi(X) = Si, for each i ∈ {1, . . . , κ}.

Scott’s lemma (see for instance [141, Theorem 4.16]) shows (among other things) that if
X is a subdirect subgroup of A, then X is a direct product of pairwise disjoint full strips of
A.

Lemma 3.2.1. Let Lk′ be a crown-based power of L of size k′ having non-abelian socle Nk′

and let H ′ be a core-free subgroup of Lk′ contained in Nk′. Then |Nk′ : H ′| ≥ 5k′.

Proof. We argue by induction on k′. If k′ = 1, then the result is clear because Nk′ = N has no
proper subgroups having index less then 5. Suppose that k′ ≥ 2 and write N := N1×· · ·×Nk′ ,
where N1, . . . , Nk′ are the minimal normal subgroups of Lk′ contained in Nk′ . For each
i ∈ {1, . . . , k′}, we denote by πi : Nk′ → Ni the natural projection onto Ni.

Suppose that there exists i ∈ {1, . . . , k′} with πi(H ′) < Ni. Then, NiH
′/Ni is a core-

free subgroup of Lk′/Ni
∼= Lk′−1 and is contained in Nk′/Ni. Therefore, by induction,

|Nk′ : H ′Ni| = |Nk′/Ni : H ′Ni/Ni| ≥ 5k′−1. Furthermore, |H ′Ni : H ′| = |Ni : H ′ ∩ Ni| ≥ 5
because Ni has no proper subgroups having index less then 5. Therefore, |Nk′ : H ′| ≥ 5k′ .

Suppose that, for every i ∈ {1, . . . , k′}, πi(H ′) = Ni. Since N is non-abelian, we may
write Ni = Si,1 × · · · × Si,`, for some pair-wise isomorphic non-abelian simple groups Si,j of
cardinality s. For each i ∈ {1, . . . , k′} and j ∈ {1, . . . , `}, we denote by πi,j : Nk′ → Si,j
the natural projection onto Si,j . Since πi(H ′) = Ni, we deduce πi,j(H ′) = Si,j , for every
i ∈ {1, . . . , k′} and j ∈ {1, . . . , `}. In particular, H ′ is a subdirect subgroup of S1,1×· · ·×Sk′,`
and hence (by Scott’s lemma) H ′ is a direct product of pairwise disjoint full strips. Since no
Ni is contained in H ′, there exist two distinct indices i1, i2 ∈ {1, . . . , k′} and j1, j2 ∈ {1, . . . , `}
such that (i1, j1) and (i2, j2) are involved in the same full strip of H ′. If we now consider the
projection πi1,i2 : Nk′ → Ni1 × Ni2 , we obtain |Ni1 × Ni2 : πi1,i2(H ′)| ≥ s ≥ 60 ≥ 52. The
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inductive hypothesis applied to Ker(πi1,i2) ∩H ′ yields |Ker(πi1,i2) : Ker(πi1,i2) ∩H ′| ≥ 5k′−2

and hence |Nk′ : H ′| ≥ 5k′ .

The following Theorem 3.2.2 is an improvement of [115, Corollary 2].

Theorem 3.2.2. [95, Theorem 1.4]There exists a constant c such that every finite group has
at most cn3/2 core-free maximal subgroups of index n.

We warn the reader that the statement of Theorem 3.2.2 is slightly different from that of
Theorem 1.4 in [95]: to get Theorem 3.2.2 one should take into account Theorem 1.4 in [95]
and the remark following its statement.

3.2.2 Proofs of Theorems 3.0.3 and 3.0.4
In this section we prove Theorems 3.0.3 and 3.0.4. Note that in the proofs of Theorem 3.0.3
and 3.0.4, we use without mention Lemma 1.2.1. Our proofs are inspired from some ideas
developed in [42]. Moreover, our proofs have some similarities and hence we start by deducing
some general facts holding for both.

We start by defining the universal constant a. Observe that the series
∑∞
u=1 u

−3/2 con-
verges. We write

a′ :=
∞∑
u=1

1
u3/2 .

Let c be the universal constant arising from Theorem 3.2.2. We define

a := 11ca′

1− 1/23/2 .

Recall that max(H,G) is the number of maximal subgroups of G containing H. For
the proofs of Theorems 3.0.3 and 3.0.4 we argue by induction on |G : H| + |G|. The case
|G : H| = 1 for the proof of Theorem 3.0.3 is clear because max(H,G) = 0. Similarly, the
case that H is maximal in G for the proof of Theorem 3.0.4 is clear because max(H,G) = 1.
In particular, for the proof of Theorem 3.0.3, we suppose |G : H| > 1 and, for the proof of
Theorem 3.0.4, we suppose that H is not maximal in G.

Consider
H̃ :=

⋂
H≤M<G

M max. in G

M.

Observe that max(H,G) = max(H̃,G). In particular, when H < H̃, we have |G : H̃| < |G :
H| and hence, by induction, we have max(H,G) = max(H̃,G) ≤ a|G : H̃|3/2 < a|G : H|3/2.
Moreover, when G is soluble, we have max(H,G) = max(H̃,G) ≤ |G : H̃| − 1 < |G : H| − 1.
Therefore, we may suppose H = H̃, that is,

H is an intersection of maximal subgroups of G. (3.2.1)

Suppose that H contains a non-identity normal subgroup N of G. Since max(H,G) =
max(H/N,G/N) and |G/N | < |G|, by induction, we have max(H,G) = max(H/N,G/N) ≤
a|G/N : H/N |3/2 = a|G : H|3/2. Moreover, when G is soluble, we have max(H,G) =
max(H/N,G/N) ≤ |G/N : G/N | − 1 = |G : H| − 1. Therefore, we may suppose

coreG(H) = 1. (3.2.2)

Let F be the Frattini subgroup ofG. From (3.2.1), we have F ≤ H and hence, from (3.2.2),
F = 1. In particular, we may now apply Lemma 1.2.3 to the group G.
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Choose I, R and D as in Lemma 1.2.3. By (3.2.1), we may write

H = X1 ∩ · · · ∩Xρ ∩ Y1 ∩ · · · ∩ Yσ,

where X1, . . . , Xρ are the maximal subgroups of G not containing D and Y1, . . . , Yσ are the
maximal subgroups of G containing D. We define

X := X1 ∩ · · · ∩Xρ and Y := Y1 ∩ · · · ∩ Yσ.

Thus H = X ∩ Y .
For every i ∈ {1, . . . , ρ}, since D � Xi, we have G = DXi and hence Lemma 1.2.4 (applied

with K := Xi) yields R ≤ Xi. In particular,

R ≤ X. (3.2.3)

Since R = RG(A) for some chief factor A of G, Section 1.2 yields

G/R ∼= Lk,

for some monolithic primitive group L and for some positive integer k. We let N denote the
minimal normal subgroup (a.k.a. the socle) of L. From the definition of I and R, we have
I/R = soc(G/R) ∼= soc(Lk) = Nk. Finally, let T := X ∩ I. In particular,

T

R
= X

R
∩ I

R
.

We have

H ∩D = (X ∩ Y ) ∩D = X ∩ (Y ∩D) = X ∩D = X ∩ (I ∩D) = (X ∩ I) ∩D = T ∩D.

It follows
|G : HD| = |G : H|

|HD : H| = |G : H|
|D : H ∩D| = |G : H|

|D : T ∩D| .

If D ≤ T , then D ≤ X and hence D ≤ X ∩ Y = H because D ≤ Y . However this is
a contradiction because D 6= 1 and hence, from (3.2.2), D 6≤ H. Therefore D � T and
|D : T ∩D| > 1.

Applying our inductive hypothesis, we obtain

σ = max(HD/D,G/D) ≤ a|G/D : HD/D|3/2 = a|G : HD|3/2

= a

( |G : H|
|D : D ∩ T |

)3/2
≤ a

23/2 |G : H|3/2.
(3.2.4)

Moreover, when G is soluble and HD is a proper subgroup of G, we obtain

σ = max(HD/D,G/D) ≤ |G/D : HD/D| − 1 = |G : HD| − 1

= |G : H|
|D : D ∩ T | − 1 ≤ |G : H|

2 − 1.
(3.2.5)

(Observe that, when G is soluble and G = HD, we have σ = 0 and hence the inequality
σ ≤ |G : H|/2− 1 is valid also in this degenerate case.)

From (3.2.3), we deduce ρ ≤ max(HR,G). If R � H, then |G : HR| < |G : H| and hence,
applying our inductive hypothesis, we obtain

ρ ≤ max(HR,G) ≤ a|G : HR|3/2 = a

( |G : H|
|HR : H|

)3/2
≤ a

23/2 |G : H|3/2. (3.2.6)
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Moreover, when G is soluble and HR is a proper subgroup of G, we obtain

ρ ≤ max(HR,G) ≤ |G : HR| − 1 = |G : H|
|HR : H| − 1 ≤ |G : H|

2 − 1. (3.2.7)

(As above, when G is soluble and G = HR, we have ρ = 0 and hence the inequality ρ ≤ |G :
H|/2− 1 is valid also in this degenerate case.)

Now, from (3.2.4) and (3.2.6), we have

max(H,G) = σ + ρ ≤ 2a
23/2 · |G : H|3/2 < a|G : H|3/2.

Similarly, when G is soluble, from (3.2.5) and (3.2.7), we have

max(H,G) = σ + ρ ≤ |G : H|
2 − 1 + |G : H|

2 − 1 < |G : H| − 1.

In particular, for the rest of the proof, we may assume that R ≤ H. Now, (3.2.2) yields
R = 1 and hence G ∼= Lk and D = I. Therefore, we may identify G with Lk and D with Nk.

Set
C := {coreG(Xi) | i ∈ {1, . . . , ρ}}

and, for every C ∈ C, set

MC := {Xi | i ∈ {1, . . . , ρ}, C = coreG(Xi)}.

For the rest of our argument for proving Theorems 3.0.3 and 3.0.4, we prefer to keep the
proofs separate.

Proof of Theorem 3.0.3. In this proof, we distinguish two cases.
Case 1: Suppose that N is non-abelian.
Since N is non-abelian, the group G = Lk has exactly k minimal normal subgroups. We
denote by N1, . . . , Nk the minimal normal subgroups of G. In particular, I = Nk = N1 ×
N2 × · · · ×Nk.

First, we claim that, for every i ∈ {1, . . . , ρ}, there exist x, y ∈ {1, . . . , k} such that
N` ≤ Xi, for every ` ∈ {1, . . . , k} \ {x, y}, that is, Xi contains all but possibly at most two
minimal normal subgroups of G.

We argue by induction on k. The statement is clearly true when k ≤ 2. Suppose then
k ≥ 3 and let C := coreG(Xi). If C = 1, then Xi is a maximal core-free subgroup of
G and hence the action of G on the right cosets of Xi gives rise to a faithful primitive
permutation representation. Since a primitive permutation group has at most two minimal
normal subgroups [32, Theorem 4.4] and since G has exactly k minimal normal subgroups,
we deduce that k ≤ 2, which is a contradiction. Therefore C 6= 1.

Since N1, . . . , Nk are the minimal normal subgroups of Lk, we deduce that there exists
` ∈ {1, . . . , k} with N` ≤ C. Now, the proof of the claim follows applying the inductive
hypothesis to G/N`

∼= Lk−1 and to its maximal subgroup Xi/N`.
The previous claim shows that, for every C ∈ C, C contains all but possibly at most two

minimal normal subgroups of Nk = I. Therefore,

|C| ≤ k2.

Let C ∈ C and let M ∈MC . The reader might find it useful to see Figure 3.1, where we
have drawn a fragment of the subgroup lattice of G relevant to our argument.

Let k′ be the number of minimal normal subgroups of G contained in M . In particular,
I ∩M ∼= Nk′ . Observe that I ∩ H is contained in I ∩M and is core-free in G. Applying
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Figure 3.1: Subgroup lattice for G

Lemma 3.2.1 (with H ′ replaced by I ∩H in a crowned-based group isomorphic to Lk′), we
get |I ∩M : I ∩H| ≥ 5k′ . As k′ ≥ k − 2, we deduce t ≥ 5k−2.

Now, M/C is a core-free maximal subgroup of G/C. From Theorem 3.2.2, when C =
coreG(M) and z = |G : C| are fixed, we have at most cz3/2 choices for M . As t ≥ 5k−2, we
have z ≤ |G : H|/5k−2. Thus

ρ =
∑
C∈C
|MC | ≤

∑
C∈C

∑
z||G:H|

z≤|G:H|/5k−2

cz3/2 ≤ ck2 ∑
z||G:H|

z≤|G:H|/5k−2

z3/2

= ck2
( |G : H|

5k−2

)3/2 ∑
z||G:H|

z≤|G:H|/5k−2

(
5k−2z

|G : H|

)3/2

.

Therefore,

∑
z||G:H|

z≤|G:H|/5k−2

(
5k−2z

|G : H|

)3/2

≤
∞∑
u=1

1
u3/2 = a′.

Finally, it is easy to verify that, for every k, k2/53(k−2)/2 ≤ 11. Summing up,

ρ ≤ 11ca′|G : H|3/2. (3.2.8)

From (3.2.4), (3.2.8) and from the definition of a, we have

max(H,G) = σ + ρ ≤ a

23/2 |G : H|3/2 + 11ca′|G : H|3/2 = a|G : H|3/2.

Case 2: Suppose that N is abelian.
As N is abelian, the action of L by conjugation on N endows N with the structure of an
L-module. Since L is primitive, N is irreducible. Set q := |EndL(N)|. Now, N is a vector
space over the finite field Fq with q elements, and hence |N | = qk

′ , for some positive integer
k′.

Let C ∈ C and let M ∈ MC . By Lemma 1.2.1, C ≤ I. Now, the action of G/C on the
right cosets of M/C is a primitive permutation group with point stabilizer M/C. Observe
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that in this primitive action, I/C is the socle of G/C. In particular, G/C acts irreducibly as a
linear group on I/C and hence C is a maximal L-submodule of I. Since I is the direct sum of
k pairwise isomorphic irreducible L-modules, we deduce that we have at most (qk−1)/(q−1)
choices for C. Moreover, |G : M | = |G/C : M/C| = |N | = qk

′ . From Theorem 3.2.2, when C
is fixed, we have at most c|G : M |3/2 = c(qk′)3/2 choices for M ∈MC . This yields

ρ ≤ |C| ·max
C∈C
|MC | ≤

qk − 1
q − 1 · cq

3k′/2 < cqk+3k′/2. (3.2.9)

As we have observed above, M ∩ I = C is an L-submodule of G. Since an intersection of
L-submodules is an L-submodule, we deduce that

H ∩ I = (X1 ∩ · · · ∩Xρ) ∩ I

is an L-submodule of G and hence H ∩ I�G. Since H is core-free in G, we deduce H ∩ I = 1
and hence |I| = |N |k = qkk

′ divides |G : H|. In particular, |G : H| ≥ qkk
′ . Therefore,

from (3.2.9), we obtain
ρ ≤ c|G : H|

k+3k′/2
kk′ .

When k 6= 1 or when (k, k′) 6= (2, 1), we have k+3k′/2
kk′ ≤ 3

2 . When k = 1, by refining (3.2.9),
we obtain the sharper bound ρ ≤ cq3k′/2 ≤ c|G : H|3/2. When (k, k′) = (2, 1), we may again
refine (3.2.9): ρ ≤ c(q+1)q3/2 ≤ c ·2q ·q3/2 = 2cq5/2 ≤ 2c|G : H|5/4 ≤ 2c|G : H|3/2. Summing
up, in all cases we have

ρ ≤ 2c|G : H|3/2. (3.2.10)

From (3.2.4) and (3.2.10), we have

max(H,G) = σ + ρ ≤ a

23/2 |G : H|3/2 + 2c|G : H|3/2 < a|G : H|3/2,

as desired.
The rest of the proof of Theorem 3.0.4 follows the same idea as in Case 2 above, but

taking in account that the whole group G is soluble.

Proof of Theorem 3.0.4. Since G = Lk and I = Nk, we may write G = I oK, where K is a
complement of N in L. As in the proof of Theorem 3.0.3 for the case that N is abelian, we
have that the action of L by conjugation on N endows N with the structure of an L-module.
Since L is primitive, N is irreducible. Set q := |EndL(N)|. Now, N is a vector space over the
finite field Fq with q elements, and hence |N | = qk

′ , for some positive integer k′.
Let C ∈ C and let M ∈ MC . As we have observed above (for the proof of Case 2),

M ∩ I = C is a maximal L-submodule of G, H ∩ I = 1 and |I| = |N |k = qkk
′ divides |G : H|.

In particular, |G : H| = `qkk
′ , for some positive integer `.

Since G is soluble and since M is a maximal subgroup of G supplementing I, we have
M = C o Kx, for some maximal L-submodule C of I and some x ∈ I. Arguing as in the
proof of Theorem 3.0.3 for the case that N is abelian, we deduce that we have at most
(qk − 1)/(q − 1) choices for C. Moreover, we have at most |I/C| = |G : M | = |N | = qk

′

choices for x. This yields

ρ ≤ qk − 1
q − 1 q

k′ . (3.2.11)

Now, (3.2.5) gives σ ≤ |G : H|/|D : D ∩ T | − 1: recall that D = I = Nk and D ∩ T =
D ∩H = I ∩H = 1. Thus σ ≤ |G : H|/|D| − 1 = |G : H|/qkk′ − 1 = `− 1. Therefore,

max(H,G) = σ + ρ ≤ `− 1 + qk − 1
q − 1 q

k′ . (3.2.12)
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When ` ≥ 2, a computation shows that the right-hand side of (3.2.12) is less than or
equal to `qkk

′ − 1 = |G : H| − 1. In particular, we may suppose that ` = 1. In this case,
|G : H| = qkk

′ = |I| and hence G = IH = IoH. Moreover, σ = 0. Since H is not a maximal
subgroup of G (recall the base case for our inductive argument), k ≥ 2.

Assume also k′ = 1. Since |EndL(N)| = q = |N |, we deduce that L/N is isomorphic to a
subgroup of the multiplicative group of the field Fq and hence |L : N | is relatively prime to
q. Therefore |G : I| is relatively prime to q and hence so is |H|. Therefore, replacing H by
a suitable G-conjugate, we may suppose that K = H. Using this information, we may now
refine our earlier argument bounding ρ. Let C ∈ C and let M ∈ MC . Since G = I o H is
soluble, M is a maximal subgroup of G supplementing I and H ≤M , we have M = C oH,
for some maximal L-submodule C of I. We deduce that we have at most (qk − 1)/(q − 1)
choices for C and hence we have at most (qk − 1)/(q − 1) choices for M . This yields

max(H,G) = σ + ρ = ρ ≤ qk − 1
q − 1 ≤ q

k − 1 = |G : H| − 1,

and the result is proved in this case.
Assume k′ ≥ 2. A computation (using ` = 1 and k, k′ ≥ 2) shows that the right-hand

side of (3.2.12) is less than or equal to qkk′ − 1 = |G : H| − 1.

3.3 Boolean lattices in finite alternating and symmetric groups

3.3.1 Notation, Terminology and basic facts

Since we need fundamental results from the work of Aschbacher [5, 6], we follow the notation
and the terminology therein. We let G be the finite alternating group Alt(Ω) or the finite
symmetric group Sym(Ω), where Ω is a finite set of cardinality n ∈ N. Given a subgroup H
of G, we write

OG(H) := {K | H ≤ K ≤ G}

for the set of subgroups of G containing H. We let

OG(H)′ := OG(H) \ {H,G},

that is, OG(H)′ consists of the lattice OG(H) with its minimum and its maximum elements
removed. Given a group X, we denote by F∗(X) the generalized Fitting subgroup of X.
Observe that, when X is a primitive subgroup of Sym(Ω), F∗(X) coincides with the socle of
X. We write

OG(H)′′ := {M ∈ OG(H) | F∗(G) �M}

and we denote by

MG(H) the set of maximal members of OG(H)′′.

We start by familiarizing the reader with this terminology.

• When G = Alt(Ω), F∗(G) = G and hence OG(H)′′ is simply OG(H) with its maximum
element G = Alt(Ω) removed. ThereforeMG(H) consists of the maximal subgroups of
G = Alt(Ω) containing H.

• When G = Sym(Ω) and Alt(Ω) � H, OG(H)′′ is obtained from OG(H) by removing
G = Sym(Ω) only, because if M ∈ OG(H) and Alt(Ω) = F∗(G) ≤ M , then Sym(Ω) =
HF∗(G) ≤ M and M = Sym(Ω). Therefore, also in this case MG(H) consists simply
of the maximal subgroups of G = Sym(Ω) containing H.
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• When G = Sym(Ω) and H ≤ Alt(Ω), OG(H)′′ is obtained from OG(H) by removing
Sym(Ω) and Alt(Ω). ThereforeMG(H) consists of two types of subgroups: the maximal
subgroups of G = Sym(Ω) containing H and the maximal subgroups M of Alt(Ω)
containing H and that are not contained in any other maximal subgroup of Sym(Ω)
other then Alt(Ω). For instance, when H := M12 in its transitive action of degree
12, we have H ≤ Alt(12), OSym(12)(M12) = {M12,Alt(12), Sym(12)}, OSym(12)(H)′ =
{Alt(12)}, OSym(12)(M12)′′ = {M12} and MSym(12)(M12) = {M12}.

Some of the material that follows can be traced back to [5, 6] or [93, 140]. However, we
prefer to repeat it here because it helps to set some more notation and terminology. Using
the action of Sym(Ω) on the domain Ω, we can divide the subgroups X of Sym(Ω) into three
classes:

Intransitive X is intransitive on Ω,

Imprimitive X is imprimitive on Ω, that is, X is transitive but it is not primitive on Ω,

Primitive X is primitive on Ω.

In particular, every maximal subgroup M of G can be referred to as intransitive, imprimitive
or primitive, according to the division above.

In what follows we need detailed information on the overgroups of a primitive subgroup of
G. This information was obtained independently by Aschbacher [5, 6] and Liebeck, Praeger
and Saxl [93, 140]. Both investigations are important in what follows.

Intransitive subgroups

A maximal subgroup M of G is intransitive if and only if it is the stabilizer in G of a subset
Γ of Ω with 1 ≤ |Γ| < |Ω|/2 (see for example [93]), that is,

M = G ∩ (Sym(Γ)× Sym(Ω \ Γ)).

Following [5, 6], we let NG(Γ) denote the setwise stabilizer of Γ in G, that is,

NG(Γ) := {g ∈ G | γg ∈ Γ, ∀γ ∈ Γ}.

More generally, given a subgroup H of G, we let NH(Γ) = NG(Γ) ∩ H denote the setwise
stabilizer of Γ in H.

The case |Γ| = |Ω|/2 is special because NG(Γ) is not maximal. Indeed, NG(Γ) is a
subgroup of the stabilizer in G of the partition {Γ,Ω \ Γ}. This is an imprimitive group and
we analyze the imprimitive groups later.

Summing up, we have the following fact.

Fact 3.3.1. Let Γ be a subset of Ω with 1 ≤ |Γ| < |Ω|/2. Then, the intransitive subgroup
NG(Γ) of G is a maximal subgroup of G. Moreover, every intransitive maximal subgroup of
G is of this form.

Regular partitions and imprimitive subgroups

The collection of all partitions of Ω is a poset, with the reverse refinement order: given
two partitions Σ1 and Σ2 of Ω, we say that Σ1 ≤ Σ2 if Σ2 is a refinement of Σ1, that
is, every element in Σ1 is a union of elements in Σ2. For instance, when Ω := {1, 2, 3, 4},
Σ1 := {{1, 3, 4}, {2}} and Σ2 := {{1}, {2}, {3, 4}}, we have Σ1 ≤ Σ2.

A partition Σ of Ω is said to be regular or uniform if all parts in Σ have the same
cardinality. Following [5, 6], we say that the partition Σ is an (a, b)-regular partition if Σ
consists of b parts each having cardinality a. In particular, n = |Ω| = ab.
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Alt(8)

Alt(8) ∩ (Sym(4)wr Sym(2))AGL3(2) AGL3(2)

Alt(8) ∩ (Sym(2)wr Sym(4))23 o Sym(4) 23 o Sym(4)

Alt(8) ∩ (Sym(2)wr Sym(2)wr Sym(2))

Figure 3.2: The Boolean lattice of largest cardinality in Alt(8)

A partition Σ of Ω is said to be trivial if Σ equals the universal relation Σ = {Ω} or if Σ
equals the equality relation Σ = {{ω} | ω ∈ Ω}.

We let
NG(Σ) := {g ∈ G | Γg ∈ Σ,∀Γ ∈ Σ}

denote the stabilizer in G of the partition Σ. Moreover, when H is a subgroup of G, we write
NH(Σ) := NG(Γ) ∩H.

Let M be a maximal subgroup of G. If M is imprimitive, then M is the stabilizer in G
of a non-trivial regular partition. Therefore, there exists an (a, b)-regular partition Σ with
a, b ≥ 2 and with M = NG(Σ). From [93, 140], we see that when G = Sym(Ω) the converse
is also true. That is, for every non-trivial (a, b)-regular partition Σ, the subgroup NG(Σ) is a
maximal subgroup of Sym(Ω). When G = Alt(Ω), the converse is not quite true in general.
We summarize what we need in the following fact.

Fact 3.3.2. Let Σ be a non-trivial regular partition of Ω. Except when G = Alt(Ω), |Ω| = 8
and Σ is a (2, 4)-regular partition, the imprimitive subgroup NG(Σ) of G is a maximal
subgroup of G.

The case G = Alt(Ω), |Ω| = 8 and Σ is a (2, 4)-regular partition is a genuine exception
here. Indeed, NG(Σ) < AGL3(2) < Alt(Ω), where AGL3(2) is the affine general linear group
of degree 23 = 8. (This was already observed in [93].) The case G = Alt(n) and n = 8 is
combinatorially very interesting: the largest Boolean lattice in Alt(8) has rank 3 and it is
drawn in Figure 3.2.
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Regular product structures and primitive subgroups

For what follows it is convenient to use the version of O’Nan-Scott Theorem presented in [140]
(see Section 1.5). It follows from the results in [93, 140] that, if M is a maximal subgroup of
G and M is primitive, then M has O’Nan-Scott type HA, AS, SD or PA.

Since an overgroup of a primitive group is still primitive, the analogue of Facts 3.3.1
and 3.3.2 is obvious.

Fact 3.3.3. A primitive subgroup M of G is maximal if and only if M is maximal among
the primitive subgroups of G.

We recall the definition of a regular product structure on Ω from [6, Section 2]. Let m and
k be integers with m ≥ 5 and k ≥ 2. There are two natural ways to give this definition. First,
a regular (m, k)-product structure on Ω is a bijection f : Ω→ ΓI , where I := {1, . . . , k} and
Γ is an m-set. The function f consists of a family of functions (fi : Ω → Γ | i ∈ I) where
f(ω) = (f1(ω), . . . , fk(ω)), for each ω ∈ Ω. There is a more intrinsic way to define it. Let
F := {Ωi | i ∈ I} be a set of partitions Ωi of Ω into m blocks of size mk−1, let [ω]i be the
block of Ωi containing the point ω, and let F(ω) := {[ω]i | i ∈ I}. The set F is a product
structure if, for each pair of distinct points ω, ω′ ∈ Ω, we have F(ω) 6= F(ω′). Clearly the
two definitions are equivalent. Indeed, given a function f : Ω → ΓI , we let F(f) be the set
of partitions of Ω defined by f , where the ith partition Ωi := {f−1

i (γ) | γ ∈ Γ} consists of the
the fibers of fi. The product structure F can also be regarded as a chamber system in the
sense of Tits [158].

Following [5], we let NG(F) denote the stabilizer of a regular (m, k)-product structure
F = {Ω1, . . . ,Ωk} in G, that is,

NG(F) := {g ∈ G | Ωg
i ∈ F ,∀i ∈ {1, . . . , k}}.

More generally, given a subgroup H of G, we let NH(F) := NG(F)∩H denote the stabilizer
of Γ in H. Clearly,

NSym(Ω)(F) ∼= Sym(m)wr Sym(k),

where Sym(m)wr Sym(k) is endowed of its primitive product action of degree mk. Moreover,
NSym(Ω)(F) is a typical primitive maximal subgroup of Sym(Ω) of PA type according to the
O’Nan-Scott theorem.

Let F(Ω) be the set of all regular product structures on Ω. The set F(Ω) is endowed of
a natural partial order. Let F := {Ωi | i ∈ I} and F̃ := {Ω̃j | j ∈ Ĩ} be regular (m, k)- and
(m̃, k̃)-product structures on Ω, respectively. Set I := {1, . . . , k} and Ĩ := {1, . . . , k̃}, and
define F ≤ F̃ if there exists a positive integer s with k̃ = ks, and a regular (s, k)-partition
Σ = {σi | i ∈ I} of Ĩ, such that for each i ∈ I and each j ∈ σi, Ω̃j ≤ Ωi, that is, the partition
Ωi is a refinement of the partition Ω̃j . From [5, (5.1)], the relation ≤ is a partial order on
F(Ω).

We conclude these preliminary observations on regular product structures by recalling [6,
(5.10)].

Lemma 3.3.4. Let M = NSym(Ω)(F) be the stabilizer in Sym(Ω) of a regular (m, k)-product
structure on Ω and let K be the kernel of the action of M on F . Then

1. K ≤ Alt(Ω) if and only if m is even;

2. M ≤ Alt(Ω) if and only if m is even and either k > 2, or k = 2 and m ≡ 0 (mod 4);

3. if k = 2 and m ≡ 2 (mod 4), then M ∩Alt(Ω) = K, so M ∩Alt(Ω) is not primitive on
Ω (and hence M ∩Alt(Ω) is not a maximal subgroup of Alt(Ω)). Otherwise M ∩Alt(Ω)
induces Sym(F) on F .
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Preliminary lemmas

A lattice L is said to be Boolean if L is isomorphic to the lattice of subsets of a set X, that
is, L ∼= P(X), where P(X) := {Y | Y ⊆ X}. We also say that |X| is the rank of the Boolean
lattice L.

Lemma 3.3.5. Let X be a subgroup of Y . If OY (X) is Boolean of rank `, then every maximal
chain from X to Y has length `. In particular, if |Y : X| is divisible by at most ` primes
(counting these primes with multiplicity), then OY (X) is not Boolean of rank `.

Proof. This is clear.

Lemma 3.3.6. Let H be a subgroup of G with OG(H) Boolean. If every maximal element
in OG(H) is transitive, then either H is transitive or OG(H) contains the stabilizer of a
(|Ω|/2, 2)-regular partition.

Proof. Suppose that H is intransitive and let Γ be an orbit of H of smallest possible car-
dinality. Assume 1 ≤ |Γ| < |Ω|/2. Then M := G ∩ (Sym(Γ) × Sym(Ω \ Γ)) is a maximal
element of OG(H) and M is intransitive, which is a contradiction. This shows that H has two
orbits on Ω both having cardinality |Ω|/2. In particular, M := NG({Γ,Ω \ Γ}) is a member
of OG(H).

Lemma 3.3.7. Let H be a subgroup of G with OG(H) Boolean. If every maximal element
in OG(H) is primitive, then either H is primitive, or G = Alt(Ω), |Ω| = 8, H = NG(Σ) for
some (2, 4)-regular partition Σ and OG(H) has rank 2.

Proof. From Lemma 3.3.6, H is transitive. Suppose that H is imprimitive and let Σ be a
non-trivial regular partition with H ≤ NG(Σ). If NG(Σ) is a maximal subgroup of G, we
obtain a contradiction. Thus NG(Σ) is not maximal in G. This implies G = Alt(Ω), |Ω| = 8,
Σ is a (2, 4)-regular partition and OG(H) has rank 2: see Fact 3.3.2 and Figure 3.2.

Lemma 3.3.8 is needed in Remark 3.3.11 and Lemma 3.3.9 is needed in Theorem 3.3.26.

Lemma 3.3.8. Let Ω be the set of all 2-sets from a finite set ∆. Then, in the permutation
representation of Sym(∆) on Ω, Sym(∆) ≤ Alt(Ω) if and only if |∆| is even.

Proof. It is an easy computation to see that, if g is a transposition of Sym(∆) (for its action
on ∆), then g is an even permutation in its action on Ω if and only if |∆| is even. Therefore,
the proof follows.

Lemma 3.3.9. Let H be a transitive permutation group on Ω, let ω ∈ Ω and let Hω be the
stabilizer of the point ω in H. Then {ω′ ∈ Ω | ω′g = ω′, ∀g ∈ Hω} is a block of imprimitivity
for H. In particular, if H is primitive, then either Hω = 1, or ω is the only point fixed by
Hω.

Proof. This is an exercise, see [48, Exercise 1.6.5, page 19].

3.3.2 Results for almost simple groups

In this section we collect some results from [5, 6] on primitive groups. Our ultimate goal is
deducing some structural results on Boolean lattices OG(H), when H is an almost simple
primitive group

We start with a rather technical result of Aschbacher on the overgroups of a primitive
group which is product indecomposable and not octal . We prefer to give only a broad descrip-
tion of these concepts here and we refer the interested reader to [5, 6]. These deep results have
already played an important role in algebraic combinatorics; for instance, they are the key
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results for proving that most primitive groups are automorphism groups of edge-transitive
hypergraphs [153].

A primitive group H ≤ G is said to be product decomposable if the domain Ω admits the
structure of a Cartesian product (that is, Ω ∼= ∆`, for some finite set ∆ and for some ` ∈ N
with ` ≥ 1) and the group H acts on Ω preserving this Cartesian product structure. We
are allowing ` = 1 here, to include the case that H is almost simple. Moreover, for each
component L of the socle of H one of the following holds:

(i) L ∼= Alt(6) and |∆| = 62,

(ii) L ∼= M12 and |∆| = 122,

(iii) L ∼= Sp4(q) for some q > 2 even and |∆| = (q2(q2 − 1)/2)2.

We also refer to [141] for a recent thorough investigation on permutation groups admitting
Cartesian decompositions, where each of these peculiar examples are thoroughly investigated.

Following [5, 6], a primitive group H is said to be octal if each component L of the socle
of H is isomorphic to PSL3(2) ∼= PSL2(7), the orbits of L have order 8 and the action of L on
each of its orbits is primitive. For future reference, we report here that a simple computation
reveals that, when H = PSL3(2) is octal, OAlt(8)(H) is Boolean of rank 2, whereas OSym(8)(H)
is a lattice of size 6.

Theorem 3.3.10. [6, Theorem A] Let Ω be a finite set of cardinality n and let H be an
almost simple primitive subgroup of Sym(Ω) which is product indecomposable and not octal.
Then all members of OSym(Ω)(H) are almost simple, product indecomposable, and not octal,
and setting U := F∗(H), one of the following holds:

1. |MSym(Ω)(H)| = 1.

2. U = H, |MSym(Ω)(H)| = 3, Aut(U) ∼= NSym(Ω)(U) ∈ MSym(Ω)(U), NSym(Ω)(U)
is transitive on MSym(Ω)(H) \ {NSym(Ω)(U)} and U is maximal in V , where K ∈
MSym(Ω)(H)\{NSym(Ω)(U)} and V = F∗(K). Further (U, V, n) is one of the following:

(a) (HS,Alt(m), 15400), where m = 176 and n =
(m

2
)
.

(b) (G2(3),Ω7(3), 3159).
(c) (PSL2(q),Mn, n), where q ∈ {11, 23}, n = q + 1 and Mn is the Mathieu group of

degree n.
(d) (PSL2(17), Sp8(2), 136).

3. U ∼= PSL3(4), n = 280, |MSym(Ω)(U)| = 4, Aut(U) ∼= NSym(Ω)(U) ∈ MSym(Ω)(U),
NSym(Ω)(U) is transitive on MSym(Ω)(U) \ {NSym(Ω)(U)} and K ∈ MSym(Ω)(H) \
{NSym(Ω)(U)} is isomorphic to Aut(PSU4(3)).

4. U ∼= Sz(q), q = 2k, n = q2(q2+1)/2,MSym(Ω)(U) = {K1,K2} where Ki = NSym(Ω)(Vi) ∼=
Aut(Vi), V1 ∼= Alt(q2 + 1), V2 ∼= Sp4k(2) and NSym(Ω)(U) ∼= Aut(U) is maximal in V1.

5. H ∼= PSL2(11), n = 55, PGL2(11) ∼= NSym(Ω)(H) andMSym(Ω)(H) = {NSym(Ω)(H),K,Kt},
t ∈ NSym(Ω)(H) \ H, where K ∼= Sym(11) and OK(H) = {H < L < V < K}, with
L ∼= M11 and V ∼= Alt(11).

Remark 3.3.11. 1. In Case (1), sinceMG(H) contains only one element, we deduce that
the lattice OSym(Ω)(H) is not Boolean, unless it has rank 1.
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2. In Case (2) (a), all elements in MSym(Ω)(H) are maximal subgroups of Alt(Ω). This is
because the permutation representations of Aut(HS) = HS.2 and of Sym(m) of degree(m

2
)

are the natural permutation representations on the 2-sets of a set of cardinality m.
Since m = 176 is even, these permutation representations embed in Alt(

(m
2
)
) = Alt(Ω),

see Lemma 3.3.8. From this, we deduce that OSym(Ω)(H) is not Boolean because Alt(Ω)
is the only maximal element of OSym(Ω)(H). When G = Alt(Ω), OG(H) has three
maximal elements and one of these maximal elements is Aut(H) ∼= HS.2. If OG(H) is
Boolean, then it has rank 3 and hence OHS.2(HS) is Boolean of rank 2: however this
is a contradiction because |Aut(HS) : HS| = |HS.2 : HS| = 2, see Lemma 3.3.5.
In Case (2) (b), the group Aut(Ω7(3)) ∼= Ω7(3).2 has no faithful permutation represen-
tations of degree 3159. Since |MSym(Ω)(H)| = 3, we deduce MSym(Ω)(H) contains two
subgroups isomorphic to Ω7(3) which are contained in Alt(Ω) and Aut(U) ∼= G2(3).2
which is not contained in Alt(Ω) (the fact that G2(3).2 � Alt(Ω) can be easily verified
with the computer algebra system MAGMA [19]). When G = Sym(Ω), we obtain
that OG(H) is not Boolean. When G = Alt(Ω), we were not able to determine whether
OG(H) is Boolean, but if it is Boolean, then it has rank 2 having maximal elements
two subgroups isomorphic to Ω7(3).
In Case (2) (c) and n = 12, we see that M12 .2 does not admit a permutation repre-
sentation of degree 12. Therefore, as above, since |MSym(Ω)(H)| = 3, we deduce that
MSym(Ω)(H) contains two subgroups isomorphic to M12 which are contained in Alt(Ω)
and Aut(U) ∼= PGL2(11) which is not contained in Alt(Ω). Therefore, OSym(Ω)(H) is
not Boolean. When G = Alt(Ω), we have verified with the help of a computer that
OG(H) is indeed Boolean of rank 2. In Case (2) (c) and n = 24, we see that Aut(M24) =
M24. Therefore, since |MSym(Ω)(H)| = 3, we deduce MSym(Ω)(H) contains two sub-
groups isomorphic to M24 which are contained in Alt(Ω) and Aut(U) ∼= PGL2(23) which
is not contained in Alt(Ω). Therefore, OSym(Ω)(H) is not Boolean. When G = Alt(Ω),
we have verified with the help of a computer that OG(H) is indeed Boolean of rank 2.
In Case (2) (d), we see that Aut(Sp8(2)) = Sp8(2). Therefore, since |MSym(Ω)(H)| = 3,
we deduce that MSym(Ω)(H) contains two subgroups isomorphic to Sp8(2) which are
contained in Alt(Ω) and Aut(U) ∼= PGL2(17) which is not contained in Alt(Ω). There-
fore, OSym(Ω)(H) is not Boolean. When G = Alt(Ω), we were not able to determine
whether OG(H) is Boolean, but if it is Boolean, then it has rank 2.

3. In Case (3), we use a computer to deal with this case. None of the four elements
in MSym(Ω)(U) is contained in Alt(Ω). Therefore, if OSym(Ω)(H) is Boolean, then it
has rank 4. Moreover, the intersection of these four subgroups is H and we see that
|H : U | = 2. As |Aut(PSL3(4)) : PSL3(4)| = 12, we deduce |NSym(Ω)(U) : H| = 6 =
2 · 3. Therefore ONSym(Ω)(H)(H) cannot be a rank 3 Boolean lattice (see Lemma 3.3.5),
contradicting the fact that we assumed OSym(Ω)(H) to be Boolean. Assume then G =
Alt(Ω). Define M0 := NAlt(Ω)(U) and let M1,M2,M3 be the intersections with Alt(Ω)
of the three maximal subgroups of Sym(Ω) isomorphic to Aut(PSU4(3)). Assume that
OAlt(Ω)(H) is Boolean. If H < M0, then OAlt(Ω)(H) is Boolean of rank 4 and hence
OM0(H) is Boolean of rank 3. However this is impossible because |M0 : U | = 6 = 2 · 3.
Therefore H = M0 = NAlt(Ω)(U). However this is another contradiction because M0 is
maximal in Alt(Ω).

4. In Case (4), k is odd and hence H is a subgroup of Alt(Ω). The action under consider-
ation arises using the standard 2-transitive action of Sz(q) of degree q2 + 1. Now, the
action of degree q2(q2 + 1)/2 is the action on the 2-sets of the set {1, . . . , q2 + 1}. Here,
K1 � Alt(Ω) because q2+1 is odd, see Lemma 3.3.8. Moreover, Aut(Sp4k(2)) = Sp2k(2)
and K2 = V2, hence V2 ≤ Alt(Ω). From this we deduce that the maximal elements in
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OSym(Ω)(H) are K1 ∼= Sym(q2 + 1) and Alt(Ω). However this lattice is not Boolean
because H 6= K1∩Alt(Ω) = V1 ∼= Alt(q2 +1). When G = Alt(Ω), the maximal elements
in OG(H) are V1 ∼= Alt(q2 +1) and V2 ∼= Sp4k(2). Therefore, if OG(H) is Boolean, then
its rank is 2.

5. In Case (5), OSym(Ω)(H) is not Boolean because OK(H) is not Boolean. When G =
Alt(Ω), OAlt(Ω)(H) contains two maximal elements V and V t both isomorphic to
Alt(11). Therefore, if OAlt(11)(H) were Boolean, then OAlt(Ω)(H) would have rank
2. However this is not the case because OV (H) = {H < M < V } and OV t = {H <
M t < V t} with M ∼= M t ∼= M11. Therefore OAlt(Ω)(H) is not Boolean.

Corollary 3.3.12. Let H be an almost simple primitive subgroup of G which is product
indecomposable and not octal. If OG(H) is Boolean, then it has rank at most 2.

Proof. This follows from Theorem 3.3.10 and Remark 3.3.11.

3.3.3 Boolean intervals OG(H) with H primitive

Lemma 3.3.13. Let M be a maximal subgroup of G of O’Nan-Scott type SD and let H be a
maximal subgroup of M acting primitively on Ω. Then M and H have the same socle.

Proof. This follows from [140, Theorem] (using the notation in [140], applied with G1 := M ,
see also [140, Proposition 8.1]).

Lemma 3.3.14. Let H be a primitive subgroup of G with OG(H) Boolean of rank `. Suppose
that there exists a maximal element M ∈ OG(H) of O’Nan-Scott type SD. Then ` ≤ 2.

Proof. Let V be the socle of M . From the structure of primitive groups of SD type, we
deduce V ∼= T κ and |Ω| = |T |κ−1, for some non-abelian simple group T and for some integer
κ ≥ 2.

If ` = 1, then we have nothing to prove, therefore we suppose ` ≥ 2 and we let M ′ ∈
OG(H) be a maximal element with M ′ 6= M . Set H ′ := M∩M ′. Since OG(H) is Boolean, H ′
is maximal in M and since H ≤ H ′, H ′ acts primitively on Ω. From Lemma 3.3.13 applied
with H there replaced by H ′ here, we obtain that H ′ has socle V . From the O’Nan-Scott
theorem and in particular from the structure of the socles of primitive groups, we deduce
that H ′ has type HS or SD, where the type HS can arise only when κ = 2. Now, from [140,
Proposition 8.1], we obtain that either M ′ is a primitive group of SD type having socle V ,
or M ′ = Alt(Ω). In the first case, M ′ = NG(V ) = M , which is a contradiction. Therefore
M ′ = Alt(Ω). Thus G = Sym(Ω) and Alt(Ω) and M are the only maximal members in
OG(H). This gives ` = 2.

Lemma 3.3.15. Let M be a maximal subgroup of G of O’Nan-Scott type HA with socle V
and let H be a maximal subgroup of M acting primitively on Ω. Then either

1. V ≤ H, or

2. |Ω| = 8, G = Alt(Ω), H ∼= PSL2(7) and M ∼= AGL3(2).

Proof. Here, n = |Ω| = pd, for some prime number p and some positive integer d. The result
is clear when n ≤ 4 and hence we suppose n ≥ 5. In what follows, we assume V � H and we
show that n = 8, G = Alt(Ω), H ∼= PSL2(7) and M ∼= AGL3(2).

The maximality of H in M yields V H = M . Since V ∩ H � 〈V,H〉 = M , we deduce
V ∩H = 1, that is, H is a complement of V in M and hence H ∼= M/V . Since NSym(n)(V ) ∼=
AGLd(p), we deduce M/V and H are isomorphic to GLd(p) or to an index 2 subgroup of
GLd(p).
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Since H acts primitively on Ω, we deduce Z(H) = 1 or Z(H) = H. Clearly, the second
case cannot arise here because M/V is non-abelian being n ≥ 5. Suppose then Z(H) = 1.

If G = Sym(Ω), then M/V ∼= GLd(p) has trivial centre only when p = 2. It is easy to
verify (using the fact that GLd(2) is generated by transvections) that AGLd(2) is contained in
Alt(Ω), when d ≥ 3. Thus M < Alt(Ω) < G, contradicting the hypothesis that M is maximal
in G. This shows that G = Alt(Ω). In particular, when p = 2, we have M/V ∼= GLd(2) and
when p > 2, M/V is isomorphic to a subgroup of GLd(p) having index 2.

Since GLd(p) has centre of order p − 1 and since Z(H) = 1, we deduce that either
p = 2 or (p − 1)/2 = 1, that is, p ∈ {2, 3}. In both cases, a simple computation reveals
that M = ASLd(p) and hence H ∼= M/V ∼= SLd(p). Observe that, when p = 3, d is odd
because 1 = |Z(H)| = |Z(SLd(3))| = gcd(d, 2). In particular, in both cases, H ∼= M/V ∼=
SLd(p) ∼= PSLd(p) is a non-abelian simple group. Given ω ∈ Ω, |H : Hω| = pd is a power
of the prime p and hence, from [61, (3.1)], we deduce (d, p) = (3, 2). Thus n = pd = 8,
H ∼= SL3(2) ∼= PSL2(7).

Lemma 3.3.16. Let H be a primitive subgroup of G with OG(H) Boolean of rank `. Suppose
that there exists a maximal element M ∈ OG(H) of O’Nan-Scott type HA. Then, every
maximal element M ′ in OG(H) with M ′ 6= M is either Alt(Ω) or the stabilizer in G of a
regular product structure on Ω.

Proof. If ` = 1, then we have nothing to prove, therefore we suppose that ` ≥ 2 and we let
M ′ ∈ OG(H) be a maximal element of OG(H) with M ′ 6= M . Set H ′ := M ∩M ′. Since
OG(H) is Boolean, H ′ is maximal in M and since H ≤ H ′, H ′ acts primitively on Ω. From
Lemma 3.3.15 applied with H replaced by H ′, we obtain that either H ′ contains the socle
V of M , or n = 8, G = Alt(Ω), H ′ ∼= PSL2(7) and M ∼= AGL3(2). In the second case, a
computer computation reveals that the largest Boolean lattice OAlt(8)(H) with H primitive
has rank 2. Therefore, for the rest of the proof, we suppose V ≤ M ′. In particular, M ′
is a primitive permutation group containg an abelian regular subgroup. Thus M ′ is one of
the groups classified in [85, Theorem 1.1]: we apply this classification here and the notation
therein.

Assume M ′ is as in [85, Theorem 1.1 (1)], that is, M ′ is a maximal primitive subgroup
of G of O’Nan-Scott type HA. Let V ′ be the socle of M ′. From Lemma 3.3.15, we deduce
V ′ ≤ M and hence V V ′ ≤ H ′. Since V �M and V ′ �M ′, we deduce that V V ′ � H ′. As
H ′ acts primitively on Ω, we deduce that V V ′ is the socle of H ′ and hence |V V ′| = |V |.
Therefore V = V ′. Thus M ′ = NG(V ) = M , which is a contradiction. Therefore M ′ is one
of the groups listed in [85, Theorem 1.1 (2)].

Suppose first that l = 1 (the positive integer l is defined in [85, Theorem 1.1]). An
inspection in the list in [85, Theorem 1.1 (2)] (using the maximality of M ′ in G) yields

1. M ′ ∼= M11, n = 11 and G = Alt(Ω), or

2. M ′ ∼= M23, n = 23 and G = Alt(Ω), or

3. M ′ ∼= NG(PSLd′(q′)) for some integer d′ ≥ 2 and some prime power q′ with n = p =
(q′d′ − 1)/(q′ − 1), or

4. M ′ = Alt(Ω) and G = Sym(Ω).

A computer computation shows that in (1) and (2), M = NG(V ) ≤ M ′, which is a contra-
diction. Assume that M ′ is as in (3). Write q′ = r′κ

′ , for some prime number r′ and for some
positive integer κ′. Then V is a Singer cycle in PGLd′(q′). As H ′ = M ∩M ′ = NG(V )∩M ′ =
NM ′(V ), we obtain

|H ′ : V | =
{
d′κ′, when NSym(p)(PGLd′(q′)) ≤ G,
d′κ′/2, when NSym(p)(PGLd′(q′)) � G.
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We claim that d′ is prime. If d′ is not prime, then d′ = d1d2, for some positive integers
d1, d2 > 1. Thus H ′ < NG(PSLd1(q′d2)) < M ′, contradicting the fact that H ′ is maximal in
M ′. Therefore, d′ is a prime number. Moreover, since H ′ is maximal in M and since M/V
is cyclic (of order p− 1 or (p− 1)/2), we deduce that s′ := |M : H ′| is a prime number.

Let M ′′ be a maximal element in OG(H) with M 6= M ′′ 6= M ′ and let H ′′ := M ∩M ′′.
Arguing as in the previous paragraph (with M ′ replaced by M ′′), M ′′ cannot be as in (1) or
as in (2). Suppose that M ′′ is as in (3). Thus M ′′ ∼= NG(PSLd′′(q′′)) for some integer d′′ ≥ 2
and some prime power q′′ with n = p = (q′′d′′ − 1)/(q′′ − 1). Write q′′ = r′′κ

′′ , for some prime
number r′′ and for some positive integer κ′′. Arguing as in the previous paragraph, we obtain
that d′′ and s′′ := |M : H ′′| are prime numbers. Now, M ′ ∩M ′′ acts primitively on Ω with
n = |Ω| = p prime and hence, from a result of Burnside, M ′ ∩M ′′ is either solvable (and
V �M ′ ∩M ′′) or M ′ ∩M ′′ is 2-transitive. In the first case, M ∩M ′ = NM ′(V ) ≥M ′ ∩M ′′;
however, this contradicts the fact that OG(H) is Boolean. Therefore M ′ ∩M ′′ is 2-transitive
and non-solvable. From [76, Theorem 3], we deduce that one of the following holds:

1. M ′ ∩M ′′ = PSL2(11) and n = p = 11, or

2. M ′ ∩M ′′ = M11 and n = p = 11, or

3. M ′ ∩M ′′ = M23 and n = p = 23, or

4. M ′ ∩M ′′ �M ′ and M ′ ∩M ′′ �M ′′.

The last case cannot arise because M ′ ∩M ′′ � 〈M ′,M ′′〉 = G implies M ′ ∩M ′′ = 1, which
is a contradiction. Also none of the first three cases can arise here because p is not of the
form (q′d′ − 1)/(q′ − 1). This final contradiction shows that, if M ′′ is a maximal element of
OG(H) with M ′′ /∈ {M,M ′}, then M ′′ = Alt(Ω). Thus ` = 3, |Ω| = p, G = Sym(Ω) and the
maximal elements in OG(H) are Alt(Ω), AGL1(p) and PΓLd′(q′).

Since M ∼= AGL1(p), |H ′ : V | = d′κ′ and |M : H ′| = s′ is prime, we obtain

q′
q′d
′−1 − 1
q′ − 1 = p− 1 = |M : V | = |M : H ′||H ′ : V | = s′d′κ′. (3.3.1)

Suppose first that d′ = 2 and hence p = q′ + 1 = r′κ
′ + 1. We get the equation r′κ

′ = 2s′κ′
and hence r′ = 2. Therefore 2κ′−1 = s′κ′. Therefore, s′ = 2 and hence 2κ′−2 = κ′. Thus
κ′ = 4 and hence n = p = 17. A computer computation shows that this case does not arise
because Alt(17) ∩AGL1(17) = AGL1(17) ∩ PΓL2(16). Suppose now d′ > 2.

Assume κ′ = 1. Then (3.3.1) yields s′ = 2 because p − 1 is even. A computation shows
that the equation

q′
q′d
′−1 − 1
q′ − 1 = 2d′

has solution only when d′ = 3 and q′ = 2. Thus n = p = 7. A computer computation shows
that this case does not arise because Alt(7)∩AGL1(7) ≤ Alt(7)∩PGL2(7). Therefore κ′ > 1.

Now, we first show d′ 6= r′. To this end, we argue by contradiction and we suppose d′ = r′.
Then, (3.3.1) yields

q′

r′
q′d
′−1 − 1
q′ − 1 = s′κ′. (3.3.2)

Since q′/r′ = r′κ
′−1 and (q′d′−1 − 1)/(q′ − 1) are relatively prime and since s′ is prime, we

have either s′ = r′ or s′ divides (q′d′−1 − 1)/(q′ − 1). In the first case,

q′

r′2
q′d
′−1 − 1
q′ − 1 = κ′,
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hence, for d′ > 3, κ′ ≥ (q′d′−1−1)/(q′−1) ≥ q′2 = r′2κ
′ , which is impossible. It is not difficult

to observe that (3.3.2) is not satisfied also for d′ = 3. In the second case, κ′ ≥ q′/r′ = r′κ
′−1,

which is possible only when κ′ = 2. When κ′ = 2, (3.3.2) becomes

r′
(r′d−1 − 1)(r′d−1 + 1)

r′2 − 1 = 2s′,

which has no solution with s′ prime. Therefore d′ 6= r′.
Since d′ is a prime number and since d′ 6= r′, from Fermat’s little theorem we have

q′d
′−1 ≡ 1 (mod d′), that is, d′ divides q′d′−1 − 1. If q′ ≡ 1 (mod d′), then

p = q′d
′ − 1

q′ − 1 = q′d
′−1 + q′d

′−2 + · · ·+ · · ·+ q′ + 1 ≡ 0 (mod d′)

and hence p = d′, however this is clearly a contradiction because p > d′. Thus d′ does not
divide q′− 1. This proves that d′ divides (q′d′−1− 1)/(q′− 1) and hence (q′d′−1− 1)/d′(q′− 1)
is an integer. From (3.3.1), we get

q′
q′d
′−1 − 1

d′(q′ − 1) = κ′s′.

Since s′ is prime and q′ > κ′, this equality might admit a solution only when (q′d′−1 −
1)/(d′(q′− 1)) = 1, that is, q′d′−1− 1 = d′(q′− 1). This happens only when q′ = 2 and d′ = 3,
but this contradicts κ′ > 1.

For the rest of the argument we may suppose l ≥ 2. In particular, from [85, Theorem 1.1],
we obtain that either M ′ = Alt(Ω), or M ′ is the stabilizer in G of a regular product structure
on Ω. Since this argument does not depend upon M ′, the result follows.

Lemma 3.3.17. Let M be a maximal subgroup of G of O’Nan-Scott type AS with M 6= Alt(Ω)
and let H be a maximal subgroup of M acting primitively on Ω. Then

1. M and H have the same socle, or

2. H has O’Nan-Scott type AS and the pair (H,M) appears in Tables 3–6 of [93], or

3. H has O’Nan-Scott type HA and the pair (H,M) appears in Table 2 of [140].

Proof. Suppose that H and M do not have the same socle. It follows from [140, Proposi-
tion 6.2] that either H has O’Nan-Scott type AS and the pair (H,M) appears in Tables 3–6
of [93], or H has O’Nan-Scott type HA and the pair (H,M) appears in Table 2 of [140].

Lemma 3.3.18. Let H be a primitive subgroup of G with OG(H) Boolean of rank `. Suppose
that there exists a maximal element M ∈ OG(H) of O’Nan-Scott type AS with M 6= Alt(Ω).
Then ` ≤ 2.

Proof. If ` ≤ 2, then we have nothing to prove, therefore we suppose ` ≥ 3. Since M is a
maximal element in OG(H) of O’Nan-Scott type AS and M 6= Alt(Ω), from Lemma 3.3.16,
we deduce that no maximal element in OG(H) is of O’Nan-Scott type HA. Similarly, from
Lemma 3.3.14, no maximal element in OG(H) is of O’Nan-Scott type SD. As H acts primi-
tively on Ω, all elements in OG(H) are primitive and hence, the maximal elements in OG(H)
have O’Nan-Scott type AS or PA. Since ` ≥ 3, we let M ′ ∈ OG(H) be a maximal element
with Alt(Ω) 6= M ′ 6= M . Moreover, we let M ′′ be any maximal element in OG(H) with
M 6= M ′′ 6= M ′. Set H ′ := M ∩M ′ and H ′′ := M ∩M ′ ∩M ′′. See Figure 3.3.

Since OG(H) is Boolean, H ′ is maximal in M and hence we are in the position to apply
Lemma 3.3.17 with H there replaced by H ′ here. We discuss the three possibilities in turn.
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G

MM ′ M ′′

H ′M ′ ∩M ′′ M ∩M ′′

M ∩M ′ ∩M ′′

Figure 3.3: The Boolean lattice in the proof of Lemma 3.3.18

Suppose first that H ′ has O’Nan-Scott type HA and let V ′ be the socle of H ′. Since
in OG(H) there are no maximal members of HA type, NG(V ′) is not a maximal subgroup
of G. It follows from [93, Theorem] that n ∈ {7, 11, 17, 23} and G = Alt(Ω). A computer
computation shows that none of these cases gives rise to a Boolean lattice of rank 3 or larger.

Suppose now that H ′ and M have the same socle, or that the pair (H ′,M) appears in
Tables 3–6 of [93]. In these cases, H ′ has O’Nan-Scott type AS. Since OG(H) is Boolean, H ′′
is maximal in H ′ and hence, from Lemma 3.3.17, either

• H ′′ and H ′ have the same socle,

• or H ′′ has O’Nan-Scott type AS and the pair (H ′′, H ′) appears in Tables 3–6 of [93],

• or H ′′ has O’Nan-Scott type HA and the pair (H ′′, H ′) appears in Table 2 of [140].

Suppose first that H ′′ has O’Nan-Scott type HA and let V ′′ be the socle of H ′′. Since in
OG(H) there are no maximal members of HA type, NG(V ′′) is not a maximal subgroup of
G, as above. It follows from [93, Theorem] that n ∈ {7, 11, 17, 23} and G = Alt(Ω). The
same computer computation as above shows that none of these cases gives rise to a Boolean
lattice of rank 3 or larger. Therefore, H ′′ has O’Nan-Scott type AS.

As OG(H ′′) has rank 3 and H ′′ has type AS, Corollary 3.3.12 implies that H ′′ is either
product decomposable or octal. If H ′′ is octal, then n = 8 and H ′′ ∼= PSL2(7), however the
largest Boolean lattice containing H ′′ has rank 2. Thus H ′′ is product decomposable.

From [93, Table II], one of the following holds:

1. n = 36, H ′′ = Alt(6).2,

2. n = 144, H ′′ = M12.2,

3. n = q4(q2 − 1)2/4 and F∗(H ′′) = Sp4(q), where q > 2 is even.

When n = 144 and H ′′ = M12.2, we see that H ′ cannot have the same socle as H ′′ because
H ′′ ∼= Aut(M12) and hence (H ′′, H ′) is one of the pairs in Tables 3–6 of [93]. However, there
is no such pair satisfying n = 144 and F∗(H ′′) ∼= M12. When n = 36 and H ′′ = Alt(6).2, we
see with a computer computation that NSym(36)(H ′′) = H ′′ and hence H ′ cannot have the
same socle as H ′′. Therefore (H ′′, H ′) is one of the pairs in Tables 3–6 of [93]. However, there
is no such pair satisfying n = 36 and F∗(H ′′) ∼= Alt(6). Finally, suppose n = q4(q2 − 1)2/4
and F∗(H ′′) = Sp4(q), where q > 2 is even. Since there is no pair (H ′′, H ′) in Tables 3–6
of [93] satisfying these conditions for n and F∗(H ′′) as above, we deduce that H ′′ and H ′

have the same socle. Therefore F∗(H ′) = Sp4(q), with q > 2 even.
Summing up, we have two inclusions H ′ ≤M and H ′ ≤M ′, with H ′ maximal in both M

and M ′, with F∗(H ′) = Sp4(q) and with n = q4(q2−1)2/4. Using again Tables 3–6 of [93], we
deduce that both M and M ′ must have the same socle of H ′. However, this is a contradiction
because G = 〈M,M ′〉 ≤ NG(F∗(H ′)).
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Corollary 3.3.19. Let H be a primitive subgroup of G with OG(H) Boolean of rank ` ≥ 3
and let G1, . . . , G` be the maximal members in OG(H). Then one of the following holds:

1. n = |Ω| is odd. For every i ∈ {1, . . . , `}, there exists a non-trivial regular product struc-
ture Fi with Gi = NG(Fi); moreover, relabeling the index set {1, . . . , `} if necessary,
F1 < · · · < F`.

2. n = |Ω| is odd and G = Sym(Ω). Relabeling the index set {1, . . . , `} if necessary,
G` = Alt(Ω), for every i ∈ {1, . . . , ` − 1}, there exists a non-trivial regular product
structure Fi with Gi = NG(Fi); moreover, relabeling the index set {1, . . . , ` − 1} if
necessary, F1 < · · · < F`−1.

3. n = |Ω| is an odd prime power. Relabeling the index set {1, . . . , `} if necessary, G` is
maximal subgroup of O’Nan-Scott type HA, for every i ∈ {1, . . . , ` − 1}, there exists
a non-trivial regular product structure Fi with Gi = NG(Fi); moreover, relabeling the
index set {1, . . . , `− 1} if necessary, F1 < · · · < F`−1.

4. n = |Ω| is an odd prime power and G = Sym(Ω). Relabeling the index set {1, . . . , `}
if necessary, G` = Alt(Ω) and G`−1 is a maximal subgroup of O’Nan-Scott type HA,
for every i ∈ {1, . . . , `− 2}, there exists a non-trivial regular product structure Fi with
Gi = NG(Fi); moreover, relabeling the index set {1, . . . , `− 2} if necessary, F1 < · · · <
F`−2.

Proof. As ` ≥ 3, from Lemmas 3.3.14, 3.3.16 and 3.3.18, all the elements in {G1, . . . , G`} are
stabilizers of regular product structures, except possibly that one of these elements might
be Alt(Ω) or a maximal subgroup of type HA. Relabelling the index set {1, . . . , `}, suppose
that {G1, . . . , Gκ} are stabilizers of regular product structures, that is, Gi := NG(Fi). Thus
κ ≥ `− 2.

Observe that, for every i, j ∈ {1, . . . , κ} with i 6= j, Gi ∩ Gj is a maximal subgroup of
both Gi and Gj . It follows from [6, Section 5] that either Fi < Fj or Fj < Fi. Therefore
{F1, . . . ,Fκ} forms a chain. Relabeling the index set {1, . . . , κ} if necessary, we may suppose
F1 < F2 < · · · < Fκ.

Assume that Fi is a regular (mi, ki)-product structure. Since Fi ≤ Fi+1, there exists an
integer si > 1 with mi = msi

i+1 and ki+1 = kisi. From [6, (5.12)], OG(NG(Fi)∩NG(Fi+1)) is
Boolean of rank 2 only when

(†) mi+1 is odd, or si = 2 and mi+1 ≡ 2 (mod 4).

Suppose that κ ≥ 3. Applying the previous paragraph with i := κ − 1, we deduce that,
if mκ is even, then sκ−1 = 2 and mκ ≡ 2 (mod 4). In turn, since mκ−1 = m

sκ−1
κ is even, we

have sκ−2 = 2 and mκ−1 ≡ 2 (mod 4). However, mκ−1 = m
sκ−1
κ ≡ 0 (mod 4), contradicting

the fact that mκ−1 ≡ 2 (mod 4). Therefore, when κ ≥ 3, mi is odd, for every i ∈ {1, . . . , κ},
that is, n = |Ω| is odd. In particular, when κ = `, we obtain part (1).

Suppose that G = Sym(Ω), κ = `− 1 and G` = Alt(Ω). If |Ω| is odd, we obtain part (2).
Suppose then n = |Ω| is even. In particular, κ = ` − 1 ≤ 2 and hence ` = 3. Clearly, m2 is
even and hence (†) applied with i = 1 yields s1 = 2. Thus m1 = ms1

2 = m2
2 ≡ 0 (mod 4).

Lemma 3.3.4 (2) yields G1 ≤ Alt(Ω) = G3, which is a contradiction.
Suppose that κ = `− 1 and G` is a primitive group of HA type. If |Ω| is odd, we obtain

part (3). Suppose then n = |Ω| is even, that is, n = 2d, for some positive integer d ≥ 3. In
particular, κ = ` − 1 ≤ 2 and hence ` = 3. Clearly, m2 is even and hence (†) applied with
i = 1 yields m2 ≡ 2 (mod 4). Therefore m2 = 2, however this contradicts the fact that in a
regular (m, k)-product struction we must have m ≥ 5.

Finally suppose that κ = `− 2, G = Sym(Ω), G` = Alt(Ω) and G`−1 is a primitive group
of HA type. If |Ω| is even, then |Ω| = 2d for some d ≥ 3. As G2 ∼= AGLd(2) ≤ Alt(Ω) = G3,
we obtain a contradiction. Therefore |Ω| is odd and we obtain (4).
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3.3.4 Boolean intervals containing a maximal imprimitive subgroup

The scope of this section is to gather some information on Boolean lattices OG(H) containing
a maximal element that is imprimitive. Our main tool in this task is a result of Aschbacher
and Shareshian [8, Theorem 5.2].

Hypothesis 3.3.20. Let G be either Sym(Ω) or Alt(Ω) with n := |Ω|, let Σ be a non-trivial
regular partition, let G1 := NG(Σ), let G2 be a maximal subgroup of G distinct from Alt(Ω)
and let H := G1 ∩G2. Assume that

• OG(H) is a Boolean lattice of rank 2 with maximal elements M1 and M2, and

• H acts transitively on Ω.

Theorem 3.3.21. [8, Theorem 5.2] Assume Hypothesis 3.3.20. Then one of the following
holds:

1. For every i ∈ {1, 2}, there exists a non-trivial regular partition Σi with Gi = NG(Σi);
moreover, for some i ∈ {1, 2}, Σi < Σ3−i. Further, n ≥ 8 and, if n = 8, then
G = Sym(Ω).

2. G = Alt(Ω), n = 2a+1 for some positive integer a > 1, G2 is an affine primitive group,
V = F∗(G2) ≤ H, VΣ is a hyperplane of V , the elements of Σ are the two orbits of VΣ
on Ω, and H = NG2(VΣ).

3. G = Alt(Ω), n ≡ 0 (mod 4), n > 8 and, for every i ∈ {1, 2}, there exists a non-trivial
regular partition Σi such that

(a) Gi = NG(Σi),
(b) Σ1 and Σ2 are lattice complements in the poset of partitions of Ω, and
(c) one of Σ1, Σ2 is (2, n/2)-regular and the other is (n/2, 2)-regular.

(Observe that two partitions Σ1 and Σ2 of Ω are lattice complements if, the smallest
partition Σ of Ω with Σ1 ≤ Σ and Σ2 ≤ Σ and the largest partition Σ′ of Ω with Σ′ ≤ Σ1
and Σ′ ≤ Σ2 are the two trivial partitions of Ω. Futher VΣ denote the poitwise stabilizer of
Σ in V .)

Hypothesis 3.3.22. Let G be either Sym(Ω) or Alt(Ω) with n := |Ω|, let Σ be a non-trivial
regular partition, let G1 := NG(Σ), let G2 and G3 be maximal subgroups of G and let
H := G1 ∩G2 ∩G3. Assume that

• OG(H) is a Boolean lattice of rank 3 with maximal elements G1, G2 and G3, and

• H acts transitively on Ω.

Theorem 3.3.23. Assume Hypothesis 3.3.22. Then one of the following holds:

1. For every i ∈ {1, 2, 3}, there exists a non-trivial regular partition Σi with Gi = NG(Σi);
moreover, relabeling the index set {1, 2, 3} if necessary, Σ1 < Σ2 < Σ3.

2. G = Sym(Ω). Relabeling the index set {1, 2, 3} if necessary, G3 = Alt(Ω) and, for every
i ∈ {1, 2}, there exists a non-trivial regular partition Σi with Gi = NG(Σi), moreover,
for some i ∈ {1, 2}, Σi < Σ3−i.

3. G = Alt(Ω), |Ω| = 8 and the Boolean lattice OG(H) is in Figure 3.2.
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Proof. If none of G1, G2 and G3 is Alt(Ω) and if G = Sym(Ω), then the result follows directly
from Theorem 3.3.21 and we obtain (1). Suppose G = Sym(Ω) and one of G2 or G3 is Alt(Ω).
Without loss of generality we may assume that G3 = Alt(Ω). Now, the result follows directly
from Theorem 3.3.21 applied to {G1, G2}; we obtain (2).

It remains to consider the case G = Alt(Ω). In particular, we may apply Theorem 3.3.21
to the pairs {G1, G2} and {G1, G3}. Relabeling the index set {1, 2, 3} if necessary, we have
to consider in turn one of the following cases:

case A Theorem 3.3.21 part (1) holds for both pairs {G1, G2} and {G1, G3};

case B Theorem 3.3.21 part (1) holds for {G1, G2} and Theorem 3.3.21 part (2) holds for
{G1, G3};

case C Theorem 3.3.21 part (1) holds for {G1, G2} and Theorem 3.3.21 part (3) holds for
{G1, G3};

case D Theorem 3.3.21 part (2) holds for both pairs {G1, G2} and {G1, G3};

case E Theorem 3.3.21 part (2) holds for {G1, G2} and Theorem 3.3.21 part (3) holds for
{G1, G3};

case F Theorem 3.3.21 part (3) holds for both pairs {G1, G2} and {G1, G3}.

Case A: In particular, G2 and G3 are stabilizers of non-trivial regular partitions and hence
we are in the position to apply Theorem 3.3.21 also to the pair {G2, G3}. It is not hard to see
that Theorem 3.3.21 part (1) holds for {G2, G3} and that the conclusion (1) in the statement
of Theorem 3.3.23 holds.
Case B: Since G1 is the stabilizer of a non-trivial regular partition and since {G1, G3}
satisfies Theorem 3.3.21 part (2), we deduce that G3 is an affine primitive group and Σ1 is
an (n/2, 2)-regular partition.

Since G2 is the stabilizer of the non-trivial regular partition Σ2, we deduce that we may
apply Theorem 3.3.21 to the pair {G2, G3}. In particular, as G3 is primitive, Theorem 3.3.21
part (2) must hold for {G2, G3} and hence G2 is the stabilizer of an (n/2, 2)-regular partition.
However, this contradicts the fact that {G1, G2} satisfies Theorem 3.3.21 part (1), that is,
Σ1 < Σ2 or Σ2 < Σ1.
Case C: We have either

(a) Σ1 < Σ2, Σ1 is a (2, n/2)-regular partition, Σ3 is a (n/2, 2)-regular partition and Σ1, Σ3
are lattice complements, or

(b) Σ2 < Σ1, Σ1 is a (n/2, 2)-regular partition, Σ3 is a (2, n/2)-regular partition and Σ1, Σ3
are lattice complements.

In case (b), Σ2 < Σ1 and hence Σ1 is a refinement of Σ2; however, as Σ1 is a (n/2, 2)-regular
partition, this is not possible. Therefore, case (b) does not arise. As G2 and G3 are stabilizers
of non-trivial regular partitions of Ω, we are in the position to apply Theorem 3.3.21 also to
the pair {G2, G3}. If Theorem 3.3.21 part (1) holds for {G2, G3}, then either Σ2 < Σ3 or
Σ3 < Σ2. However, both possibilities lead to a contradiction. Indeed, if Σ2 < Σ3 and (a)
holds, then Σ1 < Σ2 < Σ3, contradicting the fact that Σ1 and Σ3 are lattice complements.
The argument when Σ3 < Σ2 is analogous. Similarly, if Theorem 3.3.21 part (3) holds for
{G2, G3}, then Σ2 and Σ3 are lattice complements and either

(a)’ Σ2 is a (2, n/2)-regular partition and Σ3 is a (n/2, 2)-regular partition, or

(b)’ Σ2 is a (n/2, 2)-regular partition and Σ3 is a (2, n/2)-regular partition.
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However, an easy case-by-case analysis shows that (a)’ and (b)’ are incompatible with (a).
Case D: In particular, G2 and G3 are both primitive groups of affine type. Let V2 be the
socle of G2 and let V3 be the socle of G3. From Lemma 3.3.7 applied to OG(G2 ∩ G3), we
deduce that either G2 ∩G3 is primitive, or G = Alt(Ω), |Ω| = 8 and G2 ∩G3 is the stabilizer
of a (2, 4)-regular partition. In the latter case, we see with a direct computation that part (3)
holds. Suppose then that G2 ∩G3 is primitive. From Lemma 3.3.15 applied to the inclusions
G2 ∩G3 < G2 and G2 ∩G3 < G3, we deduce that either

(a)” G2 ∩G3, G2 and G3 have the same socle, or

(b)” n = 8, G2 ∩G3 ∼= PSL2(7) and G2 ∼= G3 ∼= AGL3(2).

In the former case, we have V2 = V3 and hence G2 = NG(V2) = NG(V3) = G3, contradicting
the fact that G2 6= G3. In the latter case, we have checked with the invaluable help of the
computer algebra system MAGMA [19] that OAlt(8)(PSL2(7)) = {PSL2(7) < AGL3(2) <
Alt(8)}, contradicting the fact that it is a Boolean lattice.
Case E: In this case, Σ1 is a (n/2, 2)-regular partition, Σ3 is a (2, n/2)-regular partition and
Σ1, Σ3 are lattice complements. As G3 is the stabilizer of a non-trivial regular partition,
we are in the position to apply Theorem 3.3.21 to the pair {G2, G3}. As G2 is primitive,
we see that Theorem 3.3.21 part (2) holds for {G2, G3} and hence Σ3 is a (n/2, 2)-regular
partition, which implies (n/2, 2) = (2, n/2), that is, n = 4. However this contradicts a > 1
in Theorem 3.3.21 part (2).
Case F: In particular, both Σ2 and Σ3 are either (n/2, 2)-regular partitions or (2, n/2)-
regular partitions. As G2 and G3 are stabilizers of non-trivial regular partitions, we may
apply Theorem 3.3.21 also to the pair {G2, G3}. Clearly, none of parts (1), (2) and (3) in
Theorem 3.3.21 holds for {G2, G3}, which is a contradiction.

Corollary 3.3.24. Let H be a transitive subgroup of G and suppose that OG(H) is Boolean
of rank ` ≥ 3 and that OG(H) contains a maximal element which is imprimitive. Let
{G1, . . . , G`} be the maximal elements of OG(H). Then one of the following holds:

1. For every i ∈ {1, . . . , `}, there exists a non-trivial regular partition Σi with Gi =
NG(Σi); moreover, relabeling the index set {1, . . . , `} if necessary, Σ1 < · · · < Σ`.

2. G = Sym(Ω). Relabeling the indexed set {1, . . . , `} if necessary, G` = Alt(Ω), for every
i ∈ {1, . . . , `− 1}, there exists a non-trivial regular partition Σi with Gi = NG(Σi), and
Σ1 < · · · < Σ`−1.

3. G = Alt(Ω), |Ω| = 8, ` = 3 and the Boolean lattice OG(H) is in Figure 3.2.

Proof. It follows arguing inductively on `; the base case ` = 3 is Theorem 3.3.23.

3.3.5 Boolean intervals containing a maximal intransitive subgroup

The scope of this section is to gather some information on Boolean lattices OG(H) containing
a maximal element that is intransitive. Some of the material in this section can be also traced
back to the PhD thesis [14].

Hypothesis 3.3.25. Let G be either Sym(Ω) or Alt(Ω) with n := |Ω|, let Γ be a subset
of Ω with 1 ≤ |Γ| < |Ω|/2, let G1 := NG(Γ), let G2 be a maximal subgroup of G and let
H := G1 ∩G2. Assume that OG(H) is Boolean of rank 2 with maximal elements G1 and G2.

Theorem 3.3.26. Assume Hypothesis 3.3.25. Then one of the following holds:

1. G = Sym(Ω) and G2 = Alt(Ω).
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2. G2 is an imprimitive subgroup having Γ as a block of imprimitivity.

3. G = Alt(Ω), n = 7, |Γ| = 3 and G2 ∼= SL3(2) acts primitively on Ω.

4. |Γ| = 1 and one of the following holds:

(a) G = Alt(Ω), G2 ∼= AGLd(2) with d ≥ 3;
(b) G = Alt(Ω), G2 ∼= Sp2m(2) and |Ω| ∈ {2m−1(2m + 1), 2m−1(2m − 1)};
(c) G = Alt(Ω), G2 ∼= HS and |Ω| = 176;
(d) G = Alt(Ω), G2 ∼= Co3 and |Ω| = 276;
(e) G = Alt(Ω), G2 ∼= M12 and |Ω| = 12;
(f) G = Alt(Ω), G2 ∼= M24 and |Ω| = 24;
(g) G = Sym(Ω), G2 ∼= PGL2(p) with p prime and |Ω| = p+ 1;
(h) G = Alt(Ω), G2 ∼= PSL2(p) with p prime and |Ω| = p+ 1.

Proof. Suppose that G2 is intransitive. Thus G2 = G ∩ (Sym(Γ′) × Sym(Ω \ Γ′)), for some
subset Γ′ ⊆ Ω with 1 ≤ |Γ′| < |Ω|/2. In particular,

H = G1 ∩G2 = G ∩ (Sym(Γ ∩ Γ′)× Sym(Γ \ Γ′)× Sym(Γ′ \ Γ)× Sym(Ω ∪ (Γ ∪ Γ′))).

Thus H is contained in

• G ∩ (Sym(Γ ∩ Γ′)× Sym(Ω \ (Γ ∩ Γ′))),

• G ∩ (Sym(Γ \ Γ′)× Sym(Ω \ (Γ \ Γ′))),

• G ∩ (Sym(Γ′ \ Γ)× Sym(Ω \ (Γ′ \ Γ))),

• G ∩ (Sym(Γ ∪ Γ′)× Sym(Ω \ (Γ ∪ Γ′))).

Since the only overgroups of H are H,G1, G2 and G, each of the previous four subgroups must
be one of H,G1, G2 and G. This immediately implies G = G∩(Sym(Γ∩Γ′)×Sym(Ω\(Γ∩Γ′))),
that is, Γ ∩ Γ′ = ∅. However, G ∩ (Sym(Γ ∪ Γ′) × Sym(Ω \ (Γ ∪ Γ′))) is neither H, nor G1,
nor G2, nor G, because 1 ≤ |Γ|, |Γ′| < |Ω|/2.

Suppose that G2 is imprimitive. In particular, G2 is the stabilizer of a non-trivial (a, b)-
regular partition of Ω, that is, G2 is the stabilizer of a partition Σ2 := {X1, . . . , Xb} of the
set Ω into b parts each having cardinality a, for some positive integers a and b with a, b ≥ 2.
Thus

G2 = NG(Σ2) and NSym(Ω)(Σ2) ∼= Sym(a)wr Sym(b).

The group H = G1 ∩ G2 is intransitive. Since G1 is the only proper overgroup of H that is
intransitive, we deduce that H has only two orbits on Ω, namely Γ and Ω \ Γ. From this it
follows that, for every i ∈ {1, . . . , b}, either Xi ⊆ Γ or Xi ⊆ Ω \ Γ. Let Σ′2 := {X ∈ Σ2 | X ⊆
Γ} and Σ′′2 := {X ∈ Σ2 | X ⊆ Ω \ Γ}. Therefore

H = G1 ∩G2 = G ∩ (NSym(Γ)(Σ′2)×NSym(Ω\Γ)(Σ′′2)),
NSym(Γ)(Σ′2) ∼= Sym(a)wr Sym(b1),

NSym(Ω\Γ)(Σ′′2) ∼= Sym(a)wr Sym(b2),

where b1 is the number of parts in Σ′2 and b2 is the number of parts in Σ′′2. Therefore, H is
contained in subgroups isomorphic to

(†) G ∩ (Sym(Γ)×NSym(Ω\Γ)(Σ′′2)) and G ∩ (NSym(Γ)(Σ′2)× Sym(Ω \ Γ)).
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H = G1 ∩G2

KaKb

Ka Kb

Ka ∩Kb = 1

Sym(Γ) ∼= ∼= Sym(Ω \ Γ)

Figure 3.4: Structure of H = G1 ∩G2

Since H and G1 are the only intransitive overgroup of H, we deduce that the two subgroups
in (†) are H or G1. However this happens if and only if b1 = 1. In other words, this happens
if and only if Γ ∈ Σ2 and we obtain part (2).

Suppose that G2 is primitive. We divide our analysis in various cases.
Case 1: |Γ| ≥ 3, or |Γ| = 2 and G = Sym(Ω).
Now, H = G1 ∩ G2 is a maximal subgroup of G1. Moreover, G1 = Sym(Γ) × Sym(Ω \ Γ)
when G = Sym(Ω) and G1 = Alt(Ω) ∩ (Sym(Γ) × Sym(Ω \ Γ)) when G = Alt(Ω). Consider
πa : G1 → Sym(Γ) and πb : G1 → Sym(Ω \ Γ) the natural projections. Oberve that these
projections are surjective.

Assume πa(G1 ∩ G2) is a proper subgroup of Sym(Γ). Then, from the maximality of
G1 ∩G2 in G1, we have

G1 ∩G2 = G ∩ (πa(G1 ∩G2)× Sym(Ω \ Γ)).

As |Ω \ Γ| ≥ 3, we deduce that G1 ∩ G2 contains a 2-cycle or a 3-cycle. In particular, the
primitive group G2 contains a 2-cycle or a 3-cycle. By a celebrated result of Jordan [48,
Theorem 3.3A], we obtain Alt(Ω) ≤ G2. Thus G = Sym(Ω) and G2 = Alt(Ω) and we obtain
part (1). Suppose then πa(G1 ∩G2) = Sym(Γ) and let Ka := Ker(πa) ∩G1 ∩G2.

If πb(G1∩G2) is a proper subgroup of Sym(Ω\Γ), using the same argument of the previous
paragraph we obtain part (1).

Suppose then πb(G1 ∩G2) = Sym(Ω \ Γ) and let Kb := Ker(πb) ∩G1 ∩G2. In the rest of
the proof of this case the reader might find useful to see Figure 3.4.

Now, KaKb is a subgroup of G1∩G2, moreover (G1∩G2)/(KaKb) is an epimorphic image
of both Sym(Γ) and Sym(Ω \ Γ). Assume |Ω \ Γ| ≥ 5. Then the only epimorphic image
of both Sym(Γ) and Sym(Ω \ Γ) is either the identity group or the cyclic group of order 2.
Therefore |G1 ∩ G2 : KaKb| ≤ 2. Moreover, KaKb/Kb

∼= Ka/(Ka ∩Kb) = Ka is isomorphic
to either Alt(Ω \ Γ) or to Sym(Ω \ Γ). In both cases, Alt(Ω \ Γ) ≤ Ka ≤ G2 and hence G2
contains a 3-cycle. As above, this implies G = Sym(Ω) and G2 = Alt(Ω) and part (1) holds.
Assume |Ω \Γ| ≤ 4. As 1 ≤ |Γ| < |Ω|/2, we deduce |Ω| ≤ 7. When |Γ| = 3, we obtain |Ω| = 7
and we can verify with a direct analysis that part (1) holds when G = Sym(Ω) and part (3)
holds when G = Alt(Ω). Finally, if |Γ| = 2, we have |Ω| ∈ {5, 6} and G = Sym(Ω). A direct
inspection in each of these cases reveals that every maximal subgroup of G1 contains either
a 2-cycle or a 3-cycles. Therefore G2 = Alt(Ω) and part (1) holds.
Case 2: |Γ| = 2 and G = Alt(Ω).
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In this case, G1 = Alt(Ω) ∩ (Sym(Γ)× Sym(Ω \ Γ)) ∼= Sym(Ω \ Γ).
Assume thatH = G1∩G2 acts intransitively on Ω\Γ and let ∆ be one of its smallest orbits.

In particular, H fixes setwise Γ, ∆ and Ω \ (Γ ∪∆). Now, Alt(Ω) ∩ (Sym(Γ ∪∆)× Sym(Ω \
(Γ ∪∆))) is a proper overgroup of H which is intransitive and is different from G1, which is
a contradiction. Therefore H acts transitively on Ω \ Γ. Suppose that H acts imprimitively
on Ω \ Γ. Since H is maximal in G1 ∼= Sym(Ω \ Γ), we deduce H = NG1(Σ), where Σ is a
non-trivial (a, b)-regular partition of Ω \ Γ. If a ≥ 3, then H contains a 3-cycle and hence so
does G2. Since G2 is primitive, we deduce from [48, Theorem 3.3A] that G2 = Alt(Ω) = G,
which is a contradiction. If a = 2, then H contains a permutation that is the product of
two disjoint transpositions. Since G2 is primitive, we deduce from [48, Theorem 3.3D and
Example 3.3.1] that either G2 = Alt(Ω) = G or |Ω| ≤ 8. The first possibility is clearly
impossible and hence |Ω| ∈ {6, 8}. However, a computation in Alt(6) and in Alt(8) reveals
that no case arises. Therefore H acts primitively on Ω \ Γ.

Let Γ = {γ, γ′}. As |Γ| = 2, the group (G1∩G2)γ = Hγ has index at most 2 in G1∩G2 = H
and hence Hγ �H. Since H acts primitively on Ω \ Γ and Hγ �H, Hγ acts transitively on
Ω \ Γ or Hγ is trivial. The second possibility is clearly a contradiction because it implies
|H| = 2 and hence |Ω| = 4. Thus Hγ acts transitively on Ω \ Γ and the orbits of Hγ on Ω
are {γ}, {γ′},Ω \ Γ and have cardinality 1, 1, |Ω| − 2. Since G2 is primitive and not regular,
from Lemma 3.3.9, we deduce that γ is the only fixed point of (G2)γ . Since Hγ is a subgroup
of (G2)γ from the cardinality of the orbits of Hγ , we deduce that (G2)γ acts transitively on
Ω \ {γ}, that is, G2 is 2-transitive. Similarly, since Hγ ≤ (G2)γ ∩ (G2)γ′ , we deduce also that
G2 is 3-transitive.

From the classification of the finite 3-transitive groups, we deduce that

1. G2 equals the Mathieu group Mn and n = |Ω| ∈ {11, 12, 22, 23, 24}, or

2. G2 = M11 and |Ω| = 12, or

3. F∗(G2) = PSL2(q) and |Ω| = q + 1.

Using this information, a computation with the computer algebra system MAGMA shows
that the cases (1) and (2) do not arise because OG(H) is not Boolean of rank 2. In case (3),
from the structure of PSL2(q), we deduce that G1 ∩ G2 is solvable and hence G1 ∩ G2 is a
solvable group acting primitively on |Ω| − 2 points. This yields that q − 1 is a prime power,
say q − 1 = xy, for some prime x and for some positive integer y. Write q = pf , for some
prime power p and some positive integer f . Since pf − 1 is a power of a prime, we deduce
that pf − 1 has no primitive prime divisors. Zsigmondy’s theorem 1.3.2 yields

(a) f = 1, x = 2 and q − 1 = 2y, or

(b) q = 9, x = 2 and y = 3 or

(c) p = 2, f is prime and q − 1 = 2f − 1 = x is a prime.

We can now refine further our argument above. Indeed, recall that G1 ∩ G2 is a maximal
subgroup of G1 ∼= Sym(Ω\Γ). Since G1∩G2 is solvable, we deduce that G1∩G2 is isomorphic
to the general linear group AGLy(x) and hence |G1 ∩ G2| = xy|GLy(x)| = (q − 1)|GLy(x)|.
Since G2 = NAlt(q+1)(PSL2(q)) and |Aut(PSL2(q))| = fq(q2 − 1), we deduce that |G1 ∩G2|
divides 2f(q − 1). Therefore |GLy(x)| divides 2f . Cases (a) and (b) are readily seen to
be impossible and in case (c) we have |GL1(x)| = 2f − 2 = 2(2f−1 − 1) divides 2f , which
is possible only when f = 3. A computation reveals that in this latter case OG(H) has 5
elements and hence it is not Boolean.
Case 3: |Γ| = 1.
We assume that the conclusion in part (1) of this lemma does not hold and hence G2 is a
primitive subgroup of G with Alt(Ω) � G2.
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Assume thatH = G1∩G2 acts intransitively on Ω\Γ and let ∆ be one of its smallest orbits.
In particular, H fixes setwise Γ, ∆ and Ω \ (Γ ∪∆). Now, Alt(Ω) ∩ (Sym(Γ ∪∆)× Sym(Ω \
(Γ ∪∆))) is a proper overgroup of H which is intransitive and is different from G1, which is
a contradiction. Therefore H acts transitively on Ω \ Γ. Suppose that H acts imprimitively
on Ω \ Γ. Since H is maximal in G1 ∼= Sym(Ω \ Γ), we deduce H = NG1(Σ), where Σ is a
non-trivial (a, b)-regular partition of Ω \ Γ. If a ≥ 3, then H contains a 3-cycle and hence so
does G2. Since G2 is primitive, we deduce from [48, Theorem 3.3A] that Alt(Ω) ≤ G2, which
is a contradiction. If a = 2, then H contains a permutation that is the product of two disjoint
transpositions. Since G2 is primitive, we deduce from [48, Theorem 3.3D and Example 3.3.1]
that either Alt(Ω) ≤ G2 or |Ω| ≤ 8. The first possibility is clearly impossible. In the second
case, as a = 2, we have that |Ω \ Γ| is even and hence |Ω| ∈ {5, 7}. However, a computation
in Alt(5), Sym(5), Alt(7) and Sym(7) reveals that no case arises. Therefore

H acts primitively on Ω \ Γ.

In particular, G2 is 2-transitive on Ω. One of the first main applications on the Classifica-
tion of the Finite Simple Groups is the classification of the finite 2-transitive groups, see [32].
These groups are either affine or almost simple. For the rest of the proof we go through this
classification to investigate G2 further; we assume that the reader is broadly familiar with
this classification and for this part we refer the reader to Section 7.7 in [48].
Case 3A: G2 is affine.
Since G2 is a maximal subgroup of G, we deduce that G2 ∼= G ∩ AGLd(p), for some prime
number p and some positive integer d. Now, G1∩G2 ∼= G∩GLd(p) and the action of G1∩G2
on Ω \ Γ is permutation isomorphic to the natural action of a certain subgroup of index at
most 2 of the linear group GLd(p) acting on the non-zero vectors of a d-dimensional vector
space over the field with p-elements. Clearly, this action is primitive if and only if d = 1 and
p − 1 is prime, or p = 2. Indeed, if V is the d-dimensional vector space over the field Fp
with p elements, then GLd(p) preserves the partition {{av | a ∈ Fp, a 6= 0} | v ∈ V, v 6= 0} of
V \ {0}. This partition is the trivial partition only when p = 2 or d = 1. When d = 1, the
group GL1(p) is cyclic of order p − 1 and it acts primitively on V \ {0} if and only if p − 1
is a prime number. Since the only two consecutive primes are 2 and 3, in the latter case we
obtain |Ω| = 3 and no case arises here. Thus p = 2.

If d ≤ 2, then Alt(Ω) ≤ G2, which is a contradiction. Therefore d ≥ 3. With a compu-
tation (using the fact that GLd(2) is generated by transvectoins for example) we see that,
when d ≥ 3, the group AGLd(2) consists of even permutations and hence AGLd(2) ≤ Alt(Ω).
This implies G = Alt(Ω) and we obtain one of the examples stated in the theorem, namely
part (4) (a).
Case 3B: G2 ∼= Sp2m(2) and |Ω| = 2m−1(2m + 1) or |Ω| = 2m−1(2m − 1).
The group G1 ∩ G2 is isomorphic to either O+

2m(2) or to O−2m(2) depending on whether
|Ω| = 2m−1(2m+1) or |Ω| = 2m−1(2m−1). Since G2 is a simple group, we deduce G2 ≤ Alt(Ω)
and hence G = Alt(Ω). We obtain part (4) (b).
Case 3C: F∗(G2) ∼= PSU3(q) and |Ω| = q3 + 1.
Let q = pf , for some prime number p and for some positive integer f . Observe that G1∩G2 is
solvable, it is a maximal subgroup of G1 and it acts primitively on Ω\Γ. From this we deduce
that G1 ∩ G2 is isomorphic to G ∩ AGL3f (p). Since |Aut(PSU3(q))| = 2f(q3 + 1)q3(q2 − 1)
and |Ω| = q3 + 1, we deduce that G1 ∩ G2 has order a divisor of 2fq3(q2 − 1). Therefore
|AGL3f (p)| = q3|GL3f (p)| divides 4fq3(q2−1) (observe that the extra “2” in front of 2fq3(q2−
1) takes in account the case that G = Alt(Ω) and G ∩ AGL3f (p) has index 2 in AGL3f (p)).
Therefore |GL3f (p)| divides 4f(q2 − 1). However the inequality |GL3f (p)| ≤ 4f(p2f − 1) is
never satisfied.
Case 3D: F∗(G2) ∼= Sz(q), q = 2f for some odd positive integer f ≥ 3 and |Ω| = q2 + 1.
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Since Aut(Sz(q)) ∼= Sz(q).f and since f is odd, we deduce G2 ≤ Alt(Ω). In particular,
G = Alt(Ω). As in the case above, G1 ∩G2 is solvable, G1 ∩G2 is a maximal subgroup of G1
and G1 ∩ G2 acts primitively on Ω \ Γ. From this we deduce that G1 ∩ G2 is isomorphic to
G∩AGL2f (2). Since |Aut(Sz(q))| = f(q2+1)q2(q−1) and |Ω| = q2+1, we deduce that G1∩G2
has order a divisor of fq2(q − 1). Therefore |AGL2f (2)| = q2|GL2f (2)| divides 4fq2(q − 1).
Therefore |GL2f (2)| divides 4f(q−1). However the inequality |GL2f (2)| ≤ 4f(2f−1) is never
satisfied.
Case 3E: F∗(G2) ∼= Ree(q), q = 3f for some odd positive integer f ≥ 1 and |Ω| = q3 + 1.
Since Aut(Ree(q)) ∼= Ree(q).f and since f is odd, we deduce G2 ≤ Alt(Ω). In particular,
G = Alt(Ω). As in the case above, G1 ∩ G2 is solvable, G1 ∩ G2 is a maximal subgroup of
G1 and G1 ∩G2 acts primitively on Ω \ Γ. From this we deduce that G1 ∩G2 is isomorphic
to G ∩ AGL3f (3). Since |Aut(Ree(q))| = f(q3 + 1)q3(q − 1) and |Ω| = q3 + 1, we deduce
that G1 ∩G2 has order a divisor of fq3(q − 1). Therefore |AGL3f (3)| = q3|GL3f (3)| divides
4fq3(q − 1). Therefore |GL3f (3)| divides 4f(q − 1). However the inequality |GL3f (3)| ≤
4f(3f − 1) is never satisfied.
Case 3F: (G2, |Ω|) ∈ {(HS, 176), (Co3, 276), (Alt(7), 15), (PSL2(11), 11), (M11, 12)}.
Since PSL2(11) < M11 in their degree 11 actions, Alt(7) < PSL4(2) in their degree 15
actions and M11 < M12 in their degree 12 actions, we see that PSL2(11), Alt(7) and M12
are not maximal in G and hence cannot be G2. Therefore, we are left with (G2, |Ω|) ∈
{(HS, 176), (Co3, 276)}. We obtain part (4) (c) and (d).
Case 3G: (G2, |Ω|) ∈ {(M11, 11), (M12, 12), (M22, 22), (M22 .2, 22), (M23, 23), (M24, 24)}.
With a computer computation we see that when G2 ∼= M11 the lattice OG(H) is not Boolean.
The cases M22 and M22.2 do not arise because in these two cases G1 ∩ G2 is isomorphic to
either PSL3(4) (when G = Alt(Ω)) or to PΣL3(4) (when G = Sym(Ω)). However, these two
groups are not maximal subgroups of G1 because they are contained respectively in PGL3(4)
and in PΓL3(4). Therefore, we are left with (G2, |Ω|) ∈ {(M12, 12), (M23, 23), (M24, 24)}. The
case (G2, |Ω|) = (M23, 23) also does not arise because with a computation we see that OG(H)
consists of five elements. Thus we are only left with part (4) (e) and (f).
Case 3I: F∗(G2) ∼= PSLd(q) for some prime power q and some positive integer d ≥ 2 and
|Ω| = (qd − 1)/(q − 1).
Since the group G2 is acting on the points of a (d − 1)-dimensional projective space, we
deduce that G1 ∩ G2 acts primitively on Ω \ Γ only when G2 is acting on the projective
line, that is, d = 2. (Indeed, consider the action of X := PΓLd(q) on the points of the
projective space P, consider a point p of P and consider the stabilizer Y of the point p
in X. Then Y preserves a natural partition on P \ {p}, where two points p1 and p2 are
declared to be in the same part if the lines 〈p, p1〉 and 〈p, p2〉 are equal. This partition is
trivial only when P is a line, that is, d = 2.) Let q = pf , for some prime number p and
for some positive integer f . Observe that G1 ∩ G2 is solvable, it is a maximal subgroup of
G1 and it acts primitively on Ω \ Γ. From this we deduce that G1 ∩ G2 is isomorphic to
G ∩ AGLf (p). Since |Aut(PSL2(q))| = f(q2 − 1)q and |Ω| = q + 1, we deduce that G1 ∩G2
has order a divisor of f(q−1)q. Therefore |AGLf (p)| = q|GLf (p)| divides 2f(q−1)q (observe
that the extra “2” in front of fq(q − 1) takes in account the case that G = Alt(Ω) and
G∩AGLf (p) has index 2 in AGLf (p)). Therefore |GLf (p)| divides 2f(q− 1). The inequality
|GLf (p)| ≤ 2f(pf − 1) is satisfied only when f = 1 or p = f = 2. When p = f = 2, we have
|Ω| = 5 and hence G2 = Alt(Ω), which is not the case. Thus q = p and f = 1. In particular,
F∗(G2) = PSL2(p), for some prime number p. Now, we obtain part (g) and (h) depending
on whether G = Sym(Ω) or G = Alt(Ω).

Hypothesis 3.3.27. Let G be either Sym(Ω) or Alt(Ω), let Γ be a subset of Ω with 1 ≤ |Γ| <
|Ω|/2, let G1 := NG(Γ), let G2 and G3 be maximal subgroups of G and let H := G1∩G2∩G3.
Assume that OG(H) is Boolean of rank 3 with maximal elements G1, G2 and G3.
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Theorem 3.3.28. Assume Hypothesis 3.3.27. Then, relabeling the indexed set {1, 2, 3} if
necessary, one of the following holds:

1. G = Sym(Ω), G2 is an imprimitive group having Γ as a block of imprimitivity and
G3 = Alt(Ω).

2. G = Sym(Ω), |Γ| = 1, G3 = Alt(Ω), G2 ∼= PGL2(p) for some prime p and |Ω| = p+ 1.

3. G = Alt(Ω), |Γ| = 1, G2 ∼= G3 ∼= M24 and |Ω| = 24.

Proof. A computation shows that the largest Boolean lattice in Alt(Ω) when |Ω| = 7 has
rank 2. Hence, in the rest of our argument we suppose that |Ω| 6= 7; in particular, part (3)
in Theorem 3.3.26 does not arise.

We apply Theorem 3.3.26 to the pairs {G1, G2} and {G1, G3}. Relabeling the indexed
set {2, 3} if necessary, we have to consider in turn each of the following cases:

case A G2 and G3 are imprimitive (hence G2 and G3 are stabilizers of non-trivial regular
partitions having Γ as one block);

case B G2 is imprimitive and G3 is primitive;

case C G2 and G3 are primitive.

Case A: Since OG(G2 ∩ G3) is Boolean of rank 2, from Lemma 3.3.6, we deduce that
either G2 ∩G3 is transitive or G2 or G3 is the stabilizer of a (|Ω|/2, 2)-regular partition. As
|Γ| 6= |Ω|/2, we deduce that G2 ∩G3 is transitive. Therefore, we are in the position to apply
Theorem 3.3.21 to the pair {G2, G3}. However, none of the possibilities there can arise here
because both G2 and G3 have Γ as a block of imprimitivity and 1 ≤ |Γ| < |Ω|/2.
Case B: From Theorem 3.3.26, we have that Γ is a block of imprimitivity for G2. If
G3 = Alt(Ω), then we obtain (1). Suppose then G3 6= Alt(Ω). As |Γ| 6= |Ω|/2, Lemma 3.3.6
implies thatG2∩G3 is transitive and hence we may apply Theorem 3.3.21 to the pair {G2, G3}.
In particular, Theorem 3.3.21 part (2) holds and hence G3 is an affine primitive group and
G2 is the stabilizer of a (n/2, 2)-regular partition. Thus |Γ| = |Ω|/2, which is a contradiction.
Case C: Suppose that either G2 or G3 equals Alt(Ω). Relabeling the indexed set {2, 3}
if necessary, we may suppose that G3 = Alt(Ω). In particular, G = Sym(Ω). Now, Theo-
rem 3.3.26 implies that |Γ| = 1, G2 ∼= PGL2(p) for some prime p and |Ω| = p+ 1. Therefore,
we obtain (2).

It remains to consider the case that G2 and G3 are both primitive and both different from
Alt(Ω). As |Ω| 6= 7, Theorem 3.3.26 implies that |Γ| = 1, G2 and G3 are one of the groups
described in part (4). Now, G1 ∼= Sym(Ω \ Γ) or G1 ∼= Alt(Ω \ Γ), depending on whether
G = Sym(Ω) or G = Alt(Ω). Moreover, OG(G2 ∩ G3) is a Boolean lattice of rank 2 having
G2 and G3 as maximal elements. From Lemma 3.3.7, we deduce that either G2 ∩ G3 acts
primitively on Ω, or G = Alt(Ω), G2 ∩ G3 = NG(Σ) for some (2, 4)-regular partition Σ. In
the latter case, we see with a computation that the lattice OG(G1 ∩G2 ∩G3) is not Boolean
(see also Figure 3.2). Therefore

G2 ∩G3 acts primitively on Ω.

Consider then H := G1 ∩ G2 ∩ G3 and suppose that H is intransitive on Ω \ Γ. Since
|Ω\Γ| = |Ω|−1, H has an orbit ∆ ⊆ Ω\Γ with 1 ≤ |∆| < |Ω|/2. Then NG(∆) ∈ OG(H) and
NG(∆) is a maximal element of OG(H), contradicting the fact that G1 is the only intransitive
element in OG(H). Thus H is transitive on Ω \ Γ. Therefore

G2 ∩G3 acts 2-transitively on Ω. (3.3.3)
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Suppose that G2 is as in Theorem 3.3.26 (4) (a), that is, G2 ∼= AGLd(2) for some d ≥ 3.
Let V2 be the socle of G2. From Lemma 3.3.15 applied with applied with H there replaced
by G2 ∩ G3 here , we have either V2 ≤ G2 ∩ G3 or |Ω| = 8, G = Alt(Ω) and G2 ∩ G3 ∼=
PSL2(7). In the second case, G1 ∩ G2 ∩ G3 ∼= C7 o C3; however, a computation yields that
OAlt(8)(C7 o C3) is not Boolean of rank 3. Therefore, V2 ≤ G2 ∩ G3. The only primitive
groups in Theorem 3.3.26 (4) with |Ω| a power of a prime are AGLd(2) or PSL2(p) when
p + 1 = 2d. In particular, either G3 ∼= AGLd(2), or G3 ∼= PSL2(p) and p + 1 = 2d. In the
second case, since the elementary abelian 2-group V2 is contained in G2∩G3, we deduce that
PSL2(p) contains an elementary abelian 2-group of order 2d, which is impossible. Therefore,
G3 ∼= AGLd(2). Let V3 be the socle of G3. From Lemma 3.3.15, we deduce V3 ≤ G2 ∩G3. In
particular, V2 �G2 ∩G3 and V3 �G2 ∩G3. Since G2 ∩G3 is primitive, we infer V2 = V3 and
hence G2 = NG(V2) = NG(V3) = G3, which is a contradiction.

Suppose that G2 is as in Theorem 3.3.26 (4) (b), that is, G2 ∼= Sp2m(2). To deal with both
actions simultaneously we set Ω+ := Ω when |Ω| = 2m−1(2m + 1) and Ω− := Ω when |Ω| =
2m−1(2m − 1). We can read off from [95, Table 1], the maximal subgroups of G2 transitive
on either Ω+ or Ω− (this is our putative G2 ∩G3). Comparing these candidates with the list
of 2-transitive groups, we see that none of these groups is 2-transitive, contradicting (3.3.3).

Suppose that G2 is as in Theorem 3.3.26 (4) (c), that is, G2 ∼= HS. The only maximal
subgroup of G2 primitive on Ω is M22 in its degree 176 action. Thus G2 ∩ G3 ∼= M22 in its
degree 176 action. However, this action is not 2-transitive, contradicting (3.3.3).

Suppose that G2 is as in Theorem 3.3.26 (4) (d), that is, G2 ∼= Co3. From [95, Table 6],
we see that Co3 has no proper subgroup acting primitively on Ω. Therefore this case does
not arise in our investigation.

Suppose that G2 is as in Theorem 3.3.26 (4) (e), that is, G2 ∼= M12. In particular,
G1 ∩ G2 ∼= M11. Up to conjugacy, there are five maximal subgroups of M11 (see [40]): one
of them is our putative G1 ∩ G2 ∩ G3. For each of these five subgroups, with the help of
a computer, we have computed the orbits on Ω. Observe that one of this orbit is Γ. If
G1∩G2∩G3 was intransitive on Ω\Γ, then OG(H) contains a maximal intransitive subgroup
which is not G1, contradicting our assumptions. Among the five choices, there is only one
(isomorphic to PSL2(11)) which is transitive on Ω\Γ. Thus G1∩G2∩G3 ∼= PSL2(11). Next,
we have computed OAlt(12)(PSL2(11)) and we have checked that it is not Boolean (it is a
lattice of size 6).

Suppose that G2 is as in Theorem 3.3.26 (4) (f), that is, G2 ∼= M24. The only maximal
subgroup ofM24 acting primitively is PSL2(23). ThusG2∩G3 ∼= PSL2(23), andG1∩G2∩G3 ∼=
C23 o C11. Now, OG1(G1 ∩ G2 ∩ G3) ∼= OAlt(23)(C23 o C11). Since OG1(G1 ∩ G2 ∩ G3) is
Boolean of rank 2, so is OAlt(23)(C23oC11). We have checked with the help with a computer
that OAlt(24)(C23 o C11) is Boolean of rank 3 and this gives rise to the marvellous example
in (3).

Using the subgroup structure of PSL2(p) and PGL2(p) with p prime, we see that PSL2(p)
does not contain a proper subgroup acting primitively on the p+1 points of the projective line,
whereas the only proper primitive subgroup of PGL2(p) acting primitively on the projective
line is PSL2(p). Thus part (4) (h) in Theorem 3.3.26 does not arise and if part (4) (g) in
Theorem 3.3.26 does arise, then G2 ∩G3 ∼= PSL2(p). However this is impossible because this
implies that G2 ∩G3 ≤ Alt(Ω) and hence Alt(Ω) must be a maximal element of OG(H), but
we have dealt with this situation already.

Corollary 3.3.29. Let H be a subgroup of G and suppose that OG(H) is Boolean of rank
` ≥ 3 and that OG(H) contains a maximal element which is intransitive. Then ` = 3;
moreover, relabeling the indexed set {1, 2, 3} if necessary, G1 = NG(Γ) for some Γ ⊆ Ω with
1 ≤ |Γ| < |Ω|/2 and one of the following holds:
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1. G = Sym(Ω), G2 is an imprimitive group having Γ as a block of imprimitivity and
G3 = Alt(Ω).

2. G = Sym(Ω), |Γ| = 1, G3 = Alt(Ω), G2 ∼= PGL2(p) for some prime p and |Ω| = p+ 1.

3. G = Alt(Ω), |Γ| = 1, G2 ∼= G3 ∼= M24 and |Ω| = 24.

Proof. Let G1, G2, . . . , G` be the maximal elements of OG(H). Relabeling the indexed set if
necessary, we may suppose that G1 = NG(Γ), for some Γ ⊆ Ω with 1 ≤ |Γ| < |Ω|/2. From
Theorem 3.3.28 applied to OG(G1∩G2∩G3), we obtain that G1, G2, G3 satisfy one of the cases
listed there. We consider these cases in turn. Suppose G3 = Alt(Ω) and G2 is an imprimitive
group having Γ as a block of imprimitivity. If ` ≥ 4, then we may apply Theorem 3.3.28 to
{G1, G2, G4} and we deduce that G4 = Alt(Ω) = G3, which is a contradiction. Suppose then
|Γ| = 1, G3 = Alt(Ω), G2 ∼= PGL2(p) for some prime p and |Ω| = p + 1. If ` ≥ 4, then we
may apply Theorem 3.3.28 to {G1, G2, G4} and we deduce that G4 = Alt(Ω) = G3, which is
a contradiction.

Finally, suppose that G = Alt(Ω), |Ω| = 24, |Γ| = 1, G2 ∼= G2 ∼= M24. If ` ≥ 4, then
we may apply Theorem 3.3.28 to {G1, G2, G4} and we deduce that G4 ∼= M24. In particular,
OG1(G1 ∩ G2 ∩ G3 ∩ G4) is a Boolean lattice of rank 3 having three maximal subgroups
G1 ∩G2, G1 ∩G3, G1 ∩G4 all isomorphic to M23. Arguing as usual G1 ∩G2 ∩G3 ∩G4 acts
transitively on Ω\Γ. Therefore, M23 has a chain M23 > A > B > C with C maximal in B, B
maximal in A, A maximal in M23, with C transitive. However, there is no such a chain.

3.3.6 Proof of Theorem 3.0.5
We use the notation and the terminology in the statement of Theorem 3.0.5. If, for some
i ∈ {1, . . . , `}, Gi is intransitive, then the proof follows from Corollary 3.3.29. In particular,
we may assume that Gi is transitive, for every i ∈ {1, . . . , `}. If, for some i ∈ {1, . . . , `}, Gi
is imprimitive, then the proof follows from Corollary 3.3.24. In particular, we may assume
that Gi is primitive, for every i ∈ {1, . . . , `}. Now, the proof follows from Corollary 3.3.19.

3.3.7 Large Boolean lattices arising from imprimitive maximal subgroups

In this section, we prove that G admits Boolean lattices OG(H) of arbitrarily large rank,
arising from Theorem 3.0.5 part (1). Let ` be a positive integer with ` ≥ 2 and let Σ1, . . . ,Σ`

be a family of non-trivial regular partitions of Ω with

Σ1 < Σ2 < · · · < Σ`.

For each i ∈ {1, . . . , `}, we let

Mi := NG(Σi) = {g ∈ G | Xg ∈ Σi,∀X ∈ Σi}

be the stabiliser of the partition Σi in G. More generally, for every I ⊆ {1, . . . , `}, we let

MI :=
⋂
i∈I

Mi.

When I = {i}, we have M{i} = Mi. Moreover, when I = ∅, we are implicitly setting
G = M∅. We let H := M{1,...,`}.

Here we show that, except when |Ω| = 8 and G = Alt(Ω),

OG(H) = {MI | I ⊆ {1, . . . , `}} (3.3.4)

and hence OG(H) is isomorphic to the Boolean lattice of rank `. As usual, the case |Ω| = 8
and G = Alt(Ω) is exceptional because of Figure 3.2. To prove (3.3.4), it suffices to show
that, if M ∈ OG(H), then there exists I ⊆ {1, . . . , `} with M = MI .
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We start by describing the structure of the groups MI , for each I ⊆ {1, . . . , `}. Let
i ∈ {1, . . . , `}. Since Mi is the stabilizer of a non-trivial regular partition Σi, we have

Mi
∼= G ∩ (Sym(n/ni)wr Sym(ni)),

where Σi is a (n/ni, ni)-regular partition. (Strictly speaking, we are abusing our notation in
the displayed equation above: indeed, the group Sym(n/ni)wr Sym(ni) is only defined as an
abstract group and it is not defined as a subgroup of Sym(Ω). In order to be mathematically
rigorous we pay the price of having to use cumbersome notation. Therefore, for this proof and
for the of this Subsection, we have preferred to adopt a less precise notation when it should
not cause any misunderstanding or confusion.) Since {Σi}`i=1 forms a chain, we deduce that
ni divides ni+1, for each i ∈ {1, . . . , ` − 1}. Now, let i, j ∈ {1, . . . , `} with i < j. The group
M{i,j} = NG(Σi) ∩NG(Σj) is the stabiliser in G of Σi and Σj . Since Σi < Σj , we deduce
that

M{i,j} ∼= G ∩ (Sym(n/nj)wr Sym(nj/ni)wr Sym(ni)) .

The structure of an arbitrary element MI is analogous. Let I = {i1, . . . , iκ} be a subset of I
with i1 < i2 < . . . < iκ. Since Σi1 < Σi2 < · · · < Σκ, we deduce that

MI
∼= G ∩

(
Sym(n/niκ)wr Sym(niκ/niκ−1)wr · · ·wr Sym(ni2/ni1)wr Sym(ni1)

)
.

In particular,

H ∼= G ∩ (Sym(n/n`)wr Sym(n`/n`−1)wr · · ·wr Sym(n2/n1)wr Sym(n1)) .

Before proceeding with our general argument we prove a preliminary lemma.

Lemma 3.3.30. The only non-trivial systems of imprimitivity for H are Σ1, . . . ,Σ`, or
G = Alt(Ω) and |Ω| = 4.

Proof. Let Σ := {X1, . . . , Xκ} be a non-trivial system of imprimitivity for H. Set Σ` =
{Y1, . . . , Yι}. From the structure of H, it is clear that the action induced by NH(Yi) on Yi
is that of Sym(Yi), for each i ∈ {1, . . . , ι}. Let i ∈ {1, . . . , ι} and let j ∈ {1, . . . , κ} with
Yi ∩ Xj 6= ∅. Since Σ and Σ` are H-invariant, we have |Xj ∩ Yi| = 1 or Yi ⊆ Xj . We
investigate a little further the first alternative. Since Σ is non-trivial and since |Yi| ≥ 2, there
exists j′ ∈ {1, . . . , κ} \ {j} with Xj′ ∩ Yi 6= ∅. Therefore, we again have the two alternatives:
|Xj′ ∩ Yi| = 1 or Yi ⊆ Xj′ . Suppose that Yi ⊆ Xj′ . It is readily seen from the structure
of H that NH(Xj) ∩NH(Xj′) acts transitively on Xj . However, since Σ is H-invariant and
Yi ⊆ Xj′ , we deduce that NH(Xj)∩NH(Xj′) fixes setwise Yi. Therefore, NH(Xj)∩NH(Xj′)
fixes the singleton Xj ∩Yi, contradicting the fact that NH(Xj)∩NH(Xj′) is transitive on Xj

or the fact that Σ` is non-trivial.
Therefore |Xj′∩Yi| = 1. Write Xj∩Yi = {x}. Now, let (NH(Xj))x be the stabilizer of the

point x in NH(Xj). If G = Sym(Ω), or κ ≥ 3, or |Xj | ≥ 3, then from the structure of H we
deduce that (NH(Xj))x is transitive on Xj′ . However, since Σ` is H-invariant, x ∈ Yi ∈ Σ`, we
deduce that (NH(Xj))x fixes setwise Yj , contradicting the fact that |Xj′ ∩Yi| = 1. Therefore,
G = Alt(Ω), ι = 2 and |Xj | = 2, that is, |Ω| = 4 and we have the first possibility in the
statement of this lemma.

The previous paragraph shows that, for every j ∈ {1, . . . , κ} and for every i ∈ {1, . . . , ι}
with Xj ∩ Yi 6= ∅, we have Yi ⊆ Xj . That is Σ ≤ Σ`. Now, the proof follows by induction
on `: replacing Ω with Σ`, G with Sym(Σ`) and H with the permutation group induced by
H on Σ`.

We now continue with our construction and we show (3.3.4) arguing by induction on `.
When ` = 1, H = M1 = NG(Σ1) and OG(H) = {H,G} because H is a maximal subgroup
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of G by Fact 3.3.2 (recall that we are excluding the case G = Alt(Ω) and |Ω| = 8 in the
discussion here). For the rest of the proof, we suppose |Ω| > 4 and ` ≥ 2.

Let M ∈ OG(H). Suppose M is primitive. As H ≤ M , we deduce that M contains a 2-
cycle or a 3-cycle (when G = Sym(Ω) or when n/n1 ≥ 3), or a product of two transpositions
(when G = Alt(Ω) and n/n1 = 2). From [48, Theorem 3.3D and Example 3.3.1], either
Alt(Ω) ≤M or |Ω| ≤ 8. In the first case, M = M∅. When |Ω| ∈ {6, 8}, we see with a direct
inspection that no exception arises (recall that we are excluding the case G = Alt(Ω) and
|Ω| = 8 in the discussion here). Therefore, M is not primitive.

Since M is imprimitive, H ≤M and Σ1, . . . ,Σ` are the only systems of imprimitivity left
invariant by H, we deduce that M leaves invariant one of these systems of imprimitivity. Let
i ∈ {1, . . . , `} be maximum such that M leaves invariant Σi, that is, M ≤ Mi. Fix X ∈ Σi

and consider NM (X) = {g ∈M | Xg = X}. Consider also the natural projection

π : NMi(X)→ Sym(X) ∼= Sym(n/ni).

This projection is surjective. For each j ∈ {1, . . . , `} with i < j consider Σ′j := {Y ∈ Σj |
Y ⊆ X}. By construction Σ′j is a non-trivial regular partition of X and

Σ′i+1 < Σ′i+2 < · · · < Σ′`.

Moreover,
π(NMj (X)) = NSym(X)(Σ′j).

In particular, as ∩`j=i+1NSym(X)(Σ′j) = π(NH(X)) ≤ π(NM (X)), by induction on `,

π(NM (X)) =
⋂
j∈I′

NSym(X)(Σ′j),

for some I ′ ⊆ {i+ 1, . . . , `}. Now, if I ′ 6= ∅, then the action of NM (X) on X leaves invariant
some Σ′j , for some j ∈ I ′. Since Σi < Σj and since M leaves invariant Σi, it is not hard to see
that M leaves invariant Σj . However, as i < j, we contradict the maximality of i. Therefore
I ′ = ∅ and hence

π(NM (X)) = Sym(X).

Let H(Ω\X) and M(Ω\X) be the pointwise stabilizer of Ω \X in H and in M , respectively.
Thus H(Ω\X) ≤ M(Ω\X) ≤ Sym(X). From the definition of H and from the fact that X is a
block of Σi, we deduce

H(Ω\X) ∼=
{

Sym(n/n`)wr Sym(n`/n`−1)wr · · ·wr Sym(ni+1/ni) when G = Sym(Ω),
Alt(n/ni) ∩ (Sym(n/n`)wr Sym(n`/n`−1)wr · · ·wr Sym(ni+1/ni)) when G = Alt(Ω).

We claim that
Alt(X) ≤M(Ω\X). (3.3.5)

When i = `, this is clear because in this case Alt(X) ≤ H(Ω\X) from the structure of
H(Ω\X). Suppose then i ≤ ` − 1. Assume first that either n/n` ≥ 3 or n/ni = |X| ≥ 5.
From the description of H(Ω\X) and from i ≤ ` − 1, it is clear that H(Ω\X) contains a
permutation g which is either a cycle of length 3 or the product of two transpositions. Define
V := 〈gm | m ∈ NM (X)〉. As H ≤ M , we deduce that g ∈ M(Ω\X) and hence V ≤ M(Ω\X).
Since π(NM (X)) = Sym(X), we get V � Sym(X) and hence V = Alt(X). In particular,
our claim is proved in this case. It remains to consider the case that n/n` = 2 and |X| < 5.
As i ≤ ` − 1, this yields i = ` − 1, n/n` = n`/n`−1 = 2 and |X| = 4. Observe that in this
case, the group V has order 4 and is the Klein subgroup of Alt(X). When G = Sym(Ω),
H(Ω\X) contains a transposition and hence we may repeat this argument replacing g with
this transposition; in this case, we deduce M(Ω\X) = Sym(X) and hence our claim is proved
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also in this case. Assume then G = Alt(Ω), i = ` − 1, n/n` = n`/n`−1 = 2 and |X| = 4.
Among all elements h ∈ NM (X) with π(h) a cycle of length 3, choose h with the maximum
number of fixed points on Ω. Assume that h fixes pointwise X ′, for some X ′ ∈ Σi. From
the structure of H, we see that H contains a permutation g normalizing both X and X ′,
acting on both sets as a transposition and fixing pointwise Ω\ (X ∪X ′). Now, a computation
shows that g−1h−1gh acts as a cycle of length 3 on X and fixes pointwise Ω \ X, that is,
g−1h−1gh ∈ M(Ω\X). In particular, Alt(X) ≤ M(Ω\X) in this case. Therefore, we may
suppose that h fixes pointwise no block X ′ ∈ Σi. Assume that h acts as a cycle of length
3 on three blocks X1, X2, X3 ∈ Σi, that is, Xh

1 = X2, Xh
2 = X3 and Xh

3 = X1. From the
structure of H, we see that H contains a permutation g normalizing both X and X1, acting
on both sets as a transposition and fixing pointwise Ω\ (X ∪X1). Now, a computation shows
that g−1h−1gh acts as a cycle of length 3 on X, as a transposition on X1, and fixes pointwise
Ω\ (X ∪X1). In particular, (g−1h−1gh)2 acts as a cycle of length 3 and fixes pointwise Ω\X.
Thus (g−1h−1gh)2 ∈ M(Ω\X) and Alt(X) ≤ M(Ω\X) also in this case. Finally, suppose that
h fixes set-wise but not pointwise each block in Σi. In particular, for each X ′ ∈ NM (X), we
have X ′h = X ′ and h acts as a cycle of length 3 on X ′. Let X ′ ∈ Σi with X ′ 6= X. From the
structure of H, we see that H contains a permutation g normalizing both X and X ′, acting
on both sets as a transposition and fixing pointwise Ω\ (X ∪X ′). Now, a computation shows
that g−1h−1gh acts as a cycle of length 3 on X and on X ′ and fixes pointwise Ω \ (X ∪X ′).
As h was choosen with the maximum number of fixed points with π(h) having order 3, we
deduce that Ω = X ∪X ′, that is, n = 8. In particular, we end up with the exceptional case
in Figure 3.2, which we are excluding in our discussion. Therefore, (3.3.5) is now proved.

Let Ki be the kernel of the action of Mi on Σi. Thus

Ki = G ∩
∏
X∈Σi

Sym(X).

From (3.3.5), we deduce
Alt(n/ni)ni ∼=

∏
X∈Σi

Alt(X) ≤M.

As H ≤M , we obtain Ki = H(
∏
X∈Σi Alt(X)) ≤M .

Since Σ1 < Σ2 < · · · < Σi, for every j ∈ {1, . . . , i}, we may consider Σj as a regular
partition of Σi. More formally, define Ω′′ := Σi and define Σ′′j := {{Y ∈ Σi | Y ⊆ Z} | Z ∈
Σj}. Thus Σ′′j is the quotient partition of Σj via Σi. Clearly, Mj/Ki = NMi(Σ′′j ). Applying
our induction hypothesis to the chain Σ′′1 < · · · < Σ′′i , we have M/Ki = MI/Ki, for some
subset I of {1, . . . , i}. Since Ki ≤M , we deduce M = MI .

3.3.8 Large Boolean lattices arising from primitive maximal subgroups

Lemma 3.3.31. Let Σ be a (c, d)-regular partition of Ω. Given a transitive subgroup U
of Sym(d), we identify the group X = Sym(c)wrU with a subgroup of NSym(Ω)(Σ). If X
normalizes a regular partition Σ̃ of Ω, then Σ̃ ≤ Σ.

Proof. Let A and Ã be blocks, respectively, of Σ and Σ̃ with A ∩ Ã 6= ∅ and let a ∈ A ∩ Ã.
Then, for every z ∈ A \ {a}, the transposition (a, z) ∈ X fixes at least one element of Ã and
therefore (a, z) normalizes Ã and consequently z ∈ Ã. Therefore, either A ⊆ Ã or Ã ⊆ A.
From this, it follows that either Σ ≤ Σ̃ or Σ̃ ≤ Σ. We can exclude the first possibility, because
NX(A) acts on A as the symmetric group Sym(A).

Since we aim to prove that there exist Boolean lattices of arbitrarily large rank of the
type described in Thereom 3.0.5 (3), we suppose n = |Ω| is odd. Let ` be an integer with
` ≥ 3 and let

F1 < · · · < F`
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be a chain of regular product structures on Ω. In particular, F` is a regular (a, b)-product
structure for some integers a ≥ 5 and b ≥ 2 with a odd and n = ab. From the partial order in
the poset of regular product structures, we deduce that we may write b = b1 · · · b` such that,
if we set di := bi · · · b` and ci := b/di, then F`+1−i is a regular (aci , di)-product structure, for
every i ∈ {1, . . . , `}.

Let Mi := NSym(Ω)(Fi) ∼= Sym(aci)wr Sym(di) and let H := M1 ∩ · · · ∩M`. We have

H := Sym(a)wr Sym(b1)wr Sym(b2)wr · · ·wr Sym(b`)

as a permutation group of degree n. Moreover, if I is a subset of {1, . . . , `}, we let MI :=
∩i∈IMi, where we are implicitly setting M∅ = Sym(n). In particular, if I = {r1, . . . , rs},
then MI is isomorphic to

Sym(ab1···br1−1)wr Sym(br1 · · · br2−1)wr · · ·wr Sym(brs · · · b`).

For proving that OG(H) is Boolean of rank `, we need to show that, for every K ∈ OG(H),
there exists I ⊆ {1, . . . , `} with K = MI .

We may identity H with the wreath product Sym(a)wrX with

X = Sym(b1)wr Sym(b2)wr · · ·wr Sym(b`),

where X has degree b and is endowed of the imprimitive action of the itereted wreath product
and Sym(a)wrX is primitive of degree n = ab and is endowed of the primitive action of the
wreath product.

Lemma 3.3.32. If H normalizes a regular product structure F , then F ∈ {F1, . . . ,F`}.

Proof. The group H = Sym(a)wrX is semisimple and not almost simple. Since the com-
ponents of H are isomorphic to Alt(a) and a is odd, according with the definition in [6,
Section 2], H is product indecomposable. From [6, Proposition 5.9 (5)], we deduce F(H) is
isomorphic to the dual of OH(J) \ {H}, where J := NH(L) is the normalizer of a component
L of H. Since F∗(H) = (Alt(a))b, we have

J = Sym(a)× (Sym(a)wrY ) = Sym(a)× (Sym(a)b−1 o Y ),

with Y the stabilizer of a point in the imprimitive action of X of degree b. In particular
OH(J) \ {H} ∼= OX(Y ) \ {X}.

The proper subgroups of X containing the point-stabilizer Y are in one-to-one corre-
spondence with the regular partitions Σ of {1, . . . , b} normalized by X and with at least two
blocks. Notice that, for any i ∈ {1, . . . , `}, there is an embedding of X in Sym(ci)wr Sym(di),
and therefore X normalizes a regular (ci, di)-partition, which we call it Σ`+1−i. An iterated
application of Lemma 3.3.31 implies that Σ1 < · · · < Σ` are the unique non-trivial regular
partitions normalized by X.

Theorem 3.3.33. If H ≤ K ≤ Sym(n), then K = MI for some subset I of {1, . . . , `}.

Proof. Clearly, without loss of generality we may suppose that H < K < Sym(n). We apply
[140, Proposition 7.1] to the inclusion (H,K). Since H has primitive components isomorphic
to Alt(a), with a odd, only cases (ii,a) and (ii,b) can occur.

Assume that (H,K) is an inclusion of type (ii,a). In this case we have H < K ≤
Sym(a)wr Sym(b). Since Sym(a)b ≤ H ≤ K we deduce that K = Sym(a)wrY ; with
X ≤ Y ≤ Sym(b). So it suffices to notice that the only subgroups of Sym(b) containing X
are those of the kind Sym(b1 · · · bt1)wr Sym(bt1+1 · · · bt2)wr · · ·wr Sym(bts+1 · · · b`}, for some
subset {t1, . . . , ts} of {1, . . . , `}. Indeed, this fact follows from Subsection 3.3.7.



CHAPTER 3. PROBLEMS IN PERMUTATION GROUPS 128

Assume that (H,K) is an inclusion of type (ii,b). (In what follows, the precise meaning
of the term “blow up” can be found in [140, Section 2] and we refer the reader to that paper
for details. Here we do not give a full account because we are only interested in a particular
consequence.) In this case, following the terminology in [140, Section 2 and 7], n = ab = αγδ,
H is a blow-up of a subgroup Z of Sym(αγ) and (H,K) is a blow up of a natural inclusion
(Z,L) where Alt(αγ) ≤ L ≤ Sym(αγ). From this we immediately deduce that H normalizes
a regular (αγ , δ)-product structure F . By Lemma 3.3.32, we have F ∈ {F1, . . . ,F`}. In par-
ticular, αγ = aci and δ = di and Z = Sym(a)wr Sym(b1)wr Sym(b2)wr · · ·wr Sym(bi). Since
a is odd, Z 6≤ Alt(aci) so L = Sym(aci) and (Sym(aci))di ≤ K ≤ Sym(aci)wr Sym(di). If H
is maximal in K, then i = 1 and K = Sym(ab1)wr Sym(b2)wr · · ·wr Sym(b`) = M{1,...,`−1};
otherwise, we can proceed by induction on `.

3.3.9 Application to Brown’s problem

In this section we will prove Theorem 3.0.6 (where (4) is a direct application of Theorem
3.0.5) which, in these cases, proves Conjecture 6.

Some general lemmas

Let G be a finite group and H a subgroup such that the overgroup lattice OG(H) is Boolean
of rank `, and let M1, . . . ,M` be its coatoms. For any K in OG(H), let us note K{ its
lattice-complement, i.e. K ∧K{ = H and K ∨K{ = G.

Lemma 3.3.34. If OG(H) is Boolean of rank 2 and if H is normal in Mi (i = 1, 2), then
|M1 : H| 6= |M2 : H|.

Proof. As an immediate consequence of the assumption, H is normal in M1 ∨M2 = G, but
then G/H is a group and L(G/H) is Boolean, so distributive, and G/H is cyclic by Ore’s
theorem, thus |M1/H| 6= |M2/H|.

Lemma 3.3.35. If OG(H) is Boolean of rank 2 then (|M1 : H|, |M2 : H|) 6= (2, 2).

Proof. If (|M1 : H|, |M2 : H|) = (2, 2) then H is normal in Mi (i = 1, 2). This contradicts
Lemma 3.3.34.

Lemma 3.3.36. If OG(H) is Boolean of rank ` ≤ 2. Then ϕ̂(H,G) ≥ 2`−1.

Proof. If ` = 1 then

ϕ̂(H,G) = |G : H| − |G : G| ≥ 2− 1 = 2`−1.

If ` = 2, by Lemma 3.3.35, there is i with |Mi : H| ≥ 3. Then

ϕ̂(H,G) = |G : H| − |G : M1| − |G : M2|+ |G : G|
= |G : H|(1− |M1 : H|−1 − |M2 : H|−1) + 1
≥ 6(1− 1/3− 1/2) + 1 = 2`−1.

Remark 3.3.37 (Product Formula). Let A be a finite group and let B,C be two subgroups.
Then |B| · |C| = |BC| · |B ∩ C|, so

|B| · |C| ≤ |B ∨ C| · |B ∧ C| and |B : B ∧ C| ≤ |B ∨ C : C|.

Lemma 3.3.38. Let A be a finite group and let B,C be two subgroups. If |A : C| = 2 and
B 6⊆ C then |B : B ∧ C| = 2.

Proof. By Product Formula, 2 ≤ |B : B ∧ C| ≤ |A : C| = 2 because A = B ∨ C.
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Lemma 3.3.39. Let A be an atom of OG(H). If K1,K2 ∈ OA{(H) with K1 < K2, then

|K1 ∨A : K1| ≤ |K2 ∨A : K2|.

Equivalently, if K1,K2 ∈ OG(A) with K1 < K2, then

|K1 : K1 ∧A{| ≤ |K2 : K2 ∧A{|.

Moreover if |G : A{| = 2 then |K ∨A : K| = 2, for all K in OA{(H).

Proof. By Product Formula,

|K1 ∨A| · |K2| ≤ |(K1 ∨A) ∨K2| · |(K1 ∨A) ∧K2|

but K1 ∧K2 = K1, K1 ∨K2 = K2 and A ∧K2 = H, so by distributivity

|K1 ∨A| · |K2| ≤ |K2 ∨A| · |K1|.

Finally, A{ ∨A = G, so if H ≤ K ≤ A{ and |G : A{| = 2, then

2 ≤ |K ∨A : K| ≤ |A{ ∨A : A{| = 2.

It follows that |K ∨A : K| = 2.

Lemma 3.3.40. If OG(H) is Boolean of rank 2, then |M1 : H| = 2 if and only if |G : M2| = 2.

Proof. If |G : M2| = 2 then |M1 : H| = 2 by Lemma 3.3.38. Now if |M1 : H| = 2 then
H / M1 and M1 = H t Hτ with τH = Hτ and (Hτ)2 = H, so Hτ2 = H and τ2 ∈ H.
Now M2 ∈ (H,G), then τM2τ

−1 ∈ (τHτ−1, τGτ−1) = (H,G), so by assumption τM2τ
−1 ∈

{M1,M2}. If τM2τ
−1 = M1, then M2 = τ−1M1τ = M1, contradiction. So τM2τ

−1 = M2.
Now τ2 ∈ H < M2, so M2τ

2 = M2. It follows that G = 〈M2, τ〉 = M2 t M2τ , and
|G : M2| = 2.

Lemma 3.3.41. If there are K,L ∈ OG(H) such that K < L and |L : K| = 2, then there is
an atom A such that L = K ∨A and |G : A{| = 2.

Proof. By the Boolean structure and because K is a maximal subgroup of L, there is an
atom A of OG(H) such that L = K ∨A. Let

K = K1 < K2 < · · · < Kr = A{

be a maximal chain from K to A{. Let Li = Ki ∨A, then the overgroup lattice OLi+1(Ki) is
Boolean of rank 2, now |L1 : K1| = 2, so by Lemma 3.3.40

2 = |L1 : K1| = |L2 : K2| = · · · = |Lr : Kr| = |G : A{|.

Note that for an index 2 subgroup B of A, if |B| is odd then A = B oC2, but this is not
true in general if |B| is even.

Lemma 3.3.42. If there is i such that for all K in OMi(H), |K ∨M{
i : K| = |M{

i : H| then

ϕ̂(H,G) = (|M{
i : H| − 1)ϕ̂(H,Mi).

Proof. By assumption we deduce that ϕ̂(H,Mi) = ϕ̂(M{
i , G), but by definition, ϕ̂(H,G) =

|M{
i : H|ϕ̂(H,Mi)− ϕ̂(H,Mi). The result follows.

Lemma 3.3.43. If there is i such that |M{
i : H| = 2 then ϕ̂(H,G) = ϕ̂(H,Mi).
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Proof. By assumption and Lemma 3.3.41, |G : Mi| = 2, so by Lemma 3.3.39, if H ≤ K ≤Mi

then |K ∨M{
i : K| = 2. Thus, by Lemma 3.3.42, ϕ̂(H,G) = (2− 1)ϕ̂(H,Mi).

Lemma 3.3.44. Let G be a finite group and H a subgroup such that the overgroup lattice
OG(H) is Boolean of rank `, and let A1, . . . , A` be its atoms. If |Ai : H| ≥ 2i then ϕ̂(H,G) ≥
2`−1.

Proof. Let I be a subset of {1, . . . , `} and let AI be
∨
i∈I Ai. Then OG(H) = {AI | I ⊆

{1, . . . , `}} and
ϕ̂(H,G) =

∑
I⊆{1,...,`}

(−1)|I||G : AI |.

By assumption and Lemma 3.3.39, if j 6∈ I then |G : AI | ≥ 2j |G : AI ∨Aj |. It follows that

|G : AJ | ≤
1
|J |

∑
j∈J

2−j |G : AJ\{j}|

from which we get that

ϕ̂(H,G) ≥
∑
|I| even

|G : AI | −
∑
|I| odd

1
|I|
∑
i∈I

2−i|G : AI\{i}|

=
∑
|I| even

|G : AI |(1−
∑
i 6∈I 2−i

|I|+ 1 )

=
∑
|I| even

|G : AI |
|I|+ 2−` +

∑
i∈I 2−i

|I|+ 1

≥ |G : A∅|2−` = 2−`|G : H|

≥ 2−`
∏̀
i=1

2i = 2`(`−1)/2 ≥ 2`−1.

Lemma 3.3.45. Let G be a finite group and H a subgroup such that the overgroup lattice
OG(H) is Boolean of rank `, and let A1, . . . , A` be its atoms. If |Ai : H| ≥ ai > 0 then
ϕ̂(H,G) ≥ (1−

∑
i a
−1
i )

∏
i ai.

Proof. It works exactly as for the proof of Lemma 3.3.44.

Proof of Theorem 3.0.6 (1)

Proof. The case ` ≤ 2 is precisely Lemma 3.3.36. It remains to consider the case ` = 3.
If there is i such that |M{

i : H| = 2, then by Lemma 3.3.35 and the Boolean structure,
for all j 6= i, |M{

j : H| ≥ 3, and by Lemma 3.3.43, ϕ̂(H,G) = ϕ̂(H,Mi). As in the proof of
Lemma 3.3.36, we have that

ϕ̂(H,Mi) ≥ 9(1− 1/3− 1/3) + 1 = 2`−1.

Otherwise, for all i we have |M{
i : H| ≥ 3. Then (using Lemma 3.3.39)

ϕ̂(H,G) = |G : H| −
∑
i

|G : M{
i |+

∑
i

|G : Mi| − |G : G|

≥ |G : H|(1−
∑
i

|M{
i : H|−1) +

∑
i

|M{
i : H| − 1

≥ 27(1−
∑
i

1/3) +
∑
i

(3)− 1 = 8 > 2`−1.
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Proof of Theorem 3.0.6 (2)(3)

Let M1, . . . ,M` be the coatoms of OG(H).
The Boolean lattice OG(H) is called group-complemented if KK{ = K{K for every K ∈
OG(H).

Lemma 3.3.46. If the Boolean lattice OG(H) is group-complemented then ϕ̂(H,G) =
∏
i(|G :

Mi| − 1).

Proof. By assumption, KK{ = K{K which means that KK{ = K ∨K{ = G. Further, by
Product Formula, it follows that |G : K| = |K{ : H|. Then by Lemma 3.3.39, for all i and for
all K in OG(M{

i ), |K : K ∧Mi| = |G : Mi|. Now, for all K in OG(H) there is I ⊆ {1, . . . , `}
such that K = MI =

∧
i∈IMi, it follows that |G : K| =

∏
i∈I |G : Mi| and then

ϕ̂(H,G) = (−1)`
∑

I⊆{1,...,`}
(−1)|I||G : MI | = (−1)`

∑
I⊆{1,...,`}

∏
i∈I

(−|G : Mi|) =
∏
i

(|G : Mi|−1).

Theorem 3.0.6 (2) follows from Lemmas 3.3.46 and 3.3.35. Moreover, if G is solvable and
if OG(H) is Boolean then it is also group-complemented by [102, Theorem 1.5] and the proof
of Lemma 3.3.46, hence Theorem 3.0.6 (3) follows.

Proof of Theorem 3.0.6 (4)

Proof. By Theorem 3.0.6 (1), we are reduced to consider ` ≥ 4 on the cases (1)-(6) of Theorem
3.0.5.

1. Let G = Sym(Ω). By Subsection 3.3.7, the rank ` Boolean lattice OG(H) is made of

MI
∼= Sym(n/ni1)wr Sym(ni1/ni2)wr · · ·wr Sym(niκ−1/niκ)wr Sym(niκ),

with I = {i1, i2, . . . , iκ} ⊆ {1, . . . , `}. Now,

|MI | =
(
n

ni1
!
)ni1 (ni1

ni2
!
)ni2

· · ·
(
niκ−1

niκ
!
)niκ

niκ !

In particular, with n0 = n, n`+1 = 1, H = M{1,...,`} and Ai = M{
i , we have that

|H| =
∏̀
i=0

(
ni
ni+1

!
)ni+1

, |Aj | =
(
nj−1
nj+1

!
)nj+1 ∏

i 6=j,j+1

(
ni
ni+1

!
)ni+1

.

It follows that

|Aj : H| =

(
nj−1
nj+1

!
)nj+1(

nj−1
nj

!
)nj ( nj

nj+1
!
)nj+1 =


(
nj−1
nj+1

!
)

(
nj−1
nj

!
) nj
nj+1

(
nj
nj+1

!
)

nj+1

≥ 3nj+1 .

Take the atom Bi := A`+1−i and mi := n`+1−i, then

|Bi : H| ≥ 3mi+1 ≥ 32i−1
> 2i.

It follows by Lemma 3.3.44 that ϕ̂(H,G) ≥ 2`−1.
Next, if Bi ⊆ Alt(Ω) then H ⊆ Alt(Ω). Clearly |Alt(Ω) ∩ Bi : Alt(Ω) ∩H| = |Bi : H|.
Otherwise, by Lemma 3.3.38, |Bi : Alt(Ω) ∩ Bi| = 2. Now, |H : Alt(Ω) ∩H| = 1 or 2
whether H ⊆ Alt(Ω) or not. In any case,

|Alt(Ω) ∩Bi : Alt(Ω) ∩H| ≥ |Bi : H|/2 > 32i−1−1,

and we can also apply Lemma 3.3.44.
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2. Let A` = M{
` , then |A` : H| = 2. Next, we can order, as above, the remaining atoms

A1, . . . , A`−1 such that |Ai : H| ≥ 32i−1 because by assumption |A` : Alt(Ω) ∩ A`| = 2.
The result follows by Lemma 3.3.45 because

1− (1
2 +

`−1∑
i=1

3−2i−1) ≥ 1
2 −

`−1∑
i=1

3−i =
∞∑
i=`

3−i = 3
23−`.

3. Following the notations of Subsection 3.3.8, for I = {r1, r2, . . . , rs} we have that

|MI | = (ab1···br1−1 !)br1 ···b`
s∏
i=1

((bri · · · bri+1−1)!)bri+1 ···b` .

The atom Ai = M{
i is of the form M{i}{ , whereas, H = M{1,...,`}, then (with b0 = 1)

|H| = (a!)b1···b`
∏̀
i=1

(bi!)bi+1···b` and Aj = (ab
δ1,j
1 !)b

−δ1,j
1

∏
i
bi((bj−1bj)!)δ1,jbj+1···b`

∏
i 6=j−1,j

(bi!)bi+1···b` .

Let j > 1, it follows that

|Aj : H| =
[

(bj−1bj)!
((bj−1)!)bjbj !

]bj+1···b`
and |A1 : H| =

[
ab1 !

(a!)b1b1!

]b2···b`
.

The rest is similar to (1).

4. Similar to (2).

5. Here n = ab is a prime power pd so that a = pd
′ with bd′ = d, b = b1 · · · b`−1 and

G` = AGLd(p). We can deduce, by using [5, Theorem 13 (3)], that

AGLd(p) ∩ (Sym(ab1···br1 )wr Sym(br1+1 · · · br2)wr · · ·wr Sym(brs+1 · · · b`−1))

= AGLd′b1···br1 (p)wr Sym(br1+1 · · · br2)wr · · ·wr Sym(brs+1 · · · b`−1).

But |AGLk(p)| = pk
∏k−1
i=0 (pk − pi). The rest is similar to (3).

6. Similar to (2).



Chapter 4

Asymptotic enumeration of Cayley graphs

In this chapter, we consider only finite groups and graphs. A graph (digraph) Γ is an ordered
pair (V,E) with V a finite non-empty set of vertices, and E a set of unordered (ordered) pairs
from V , representing the edges. An automorphism of a graph (digraph) is a permutation on
V that preserves the set E.

Definition 4.0.1. Let R be a group and let S be a subset of R. The Cayley digraph Γ(R,S)
with connection set S, is the digraph with with V = R and {r, t} ∈ E if and only if tr−1 ∈ S.
When S = S−1 is an inverse-closed subset of R, then Γ(R,S) is the Cayley graph with
connection set S.

The problem of finding graphical regular representations (GRRs) for groups has a long
history. Mathematicians have studied graphs with specified automorphism groups at least
as far back as the 1930s, and in the 1970s there were many papers devoted to the topic of
finding GRRs (see for example [9, 68, 71, 72, 73, 124, 125, 126, 161]), although the “GRR”
terminology was coined somewhat later.

Definition 4.0.2. A graphical (respectively, digraphical) regular representation, GRR (re-
spectively DRR) for short, for a group R is a graph whose full automorphism group is the
group R acting regularly on the vertices of the graph.

It is an easy observation that when Γ(R,S) is a Cayley graph (digraph), the group R acts
regularly on the vertices as a group of graph (digraph) automorphisms. A GRR (DRR) for
R is therefore a Cayley graph (digraph) on R that admits no other automorphisms.

The main thrust of much of the work through the 1970s was to determine which groups
admit GRRs. This question was ultimately answered by Godsil in [57].

Theorem 4.0.3 (Godsil, [57]). A group has a graphical regular representation if and only if
it is not one of:

• a generalised dicyclic group (see Definition 4.0.8);

• an abelian group of exponent greater than 2; or

• one of 13 small groups (of order at most 32).

A corresponding result for DRRs by Babai was much simpler, requiring no excluded
families and finding only 5 exceptional small groups.

Babai and Godsil made the following conjecture.

Conjecture 7 ([10]; Conjecture 3.13, [58]). If R is not generalised dicyclic or abelian of
exponent greater than 2, then for almost all inverse-closed subsets S of R, Γ(R,S) is a GRR.

133
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The details of this conjecture are somewhat imprecise; we are interested in the following
more specific formulation:

lim
r→∞

min
{
|{S ⊆ R : S = S−1, Aut(Γ(R,S)) = R}|

2c(R) : R admits a GRR and |R| = r

}
= 1,

where 2c(R) is the number of inverse-closed subsets of R. (The value c(R) is defined explicitly
in Definition 4.0.7.)

From Godsil’s theorem, as r →∞, the condition “R admits a GRR” is equivalent to “R
is neither a generalised dicyclic group, nor abelian of exponent greater than 2.”

The corresponding result for Cayley digraphs (which does not require any families of
groups to be excluded) was proved by Morris and Spiga in [120].

The strategy used in [120] (which was based on previous work in [10] by Babai and Godsil)
to prove that almost every Cayley digraph is a DRR, involved three major pieces. One piece
was to show that there are not many Cayley digraphs admitting digraph automorphisms
that are also group automorphisms. A second piece of the proof involved considering the
possibility that the group R has a proper nontrivial normal subgroup N , and there is a
digraph automorphism that fixes every orbit of N setwise. This piece itself naturally divides
into two parts. If |N | is relatively small in comparison with |R|, then showing that roughly
2|R|/|N | digraphs do not admit a particular type of automorphism is significant, while if |N |
is relatively large (for example if |N | = |R|/c for some constant c) this sort of bound is not
useful for our purposes. Conversely, if |N | is relatively large then showing that roughly 2|N |
digraphs do not admit a particular type of automorphism is significant, but such a bound is
not useful if |N | is relatively small. So we need to combine bounds of each type to come up
with an overall bound. The third and final piece of the proof involved considering the possible
existence of digraph automorphisms that do not fix all orbits of any normal subgroup N of
R.

While the second piece may not seem entirely natural, it is important to consider because
it covers a possibility that does not readily succumb to induction. If a graph only admits
automorphisms that fix every orbit of N setwise, then the quotient graph on the orbits of N
may be in fact a GRR. The induced subgraph on a single orbit may very well also be a GRR,
so an inductive argument will reduce a non-GRR to two smaller GRRs, making induction
virtually impossible to use effectively.

Similarly to the results about existence of GRRs and DRRs, the requirement that a
connection set for a graph must be inverse-closed creates complications that make the proof
of the Babai-Godsil conjecture more difficult for graphs than for digraphs.

The first piece of the proof of the Babai-Godsil conjecture for graphs, showing that there
are not many Cayley graphs admitting graph automorphisms that are also group automor-
phisms (unless the group is generalised dicyclic or abelian of exponent greater than 2) was
accomplished by Spiga in [154]. Some of the main results from that work are also used in
here, and we have included them as Theorem 4.0.12 and Proposition 4.0.13.

The goal of [119] was to complete the second piece of the proof: that is, to show that
the number of Cayley graphs on R that admit nontrivial graph automorphisms that fix the
vertex 1 and normalise some proper nontrivial normal subgroup N of R, is vanishingly small
as a proportion of all Cayley graphs on R.

As in the work on DRRs, this problem naturally divides into the cases where the normal
subgroup N is “large” or “small” relative to |R|. Our main results are Theorem 4.0.4 and
Theorem 4.0.5, which we prove in Sections 4.2 and 4.3, respectively. In the case of graphs,
it emerges that we also need to consider separately graph automorphisms that fix or invert
every element of the group. We deal with these in Section 4.1, and this piece of our work
applies whether or not R admits any proper nontrivial normal subgroup.
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Theorem 4.0.4. [119, Theorem 1.5] Let R be a finite group and let N be a non-identity
proper normal subgroup of R. Then, the set

{S ⊆ R | S = S−1, R = NAut(Γ(R,S))(R), ∃f ∈ NAut(Γ(R,S))(N) with f 6= 1 and 1f = 1},

has cardinality at most 2c(R)− |N|96 +2 log2 |R|+(log2 |R|)2+3. Moreover, if R is neither abelian of ex-
ponent greater than 2 nor generalised dicyclic, we may drop the condition “R = NAut(Γ(R,S))(R)”
in the definition of the set.

Theorem 4.0.5. [119, Theorem 1.6] Let R be a finite group and let N be a non-identity
proper normal subgroup of R. Then, the set

{S ⊆ R |S = S−1, R = NAut(Γ(R,S))(R), ∃f ∈ NAut(Γ(R,S))(N) with
f 6= 1 and 1f = 1, f fixes each N -orbit setwise}

has cardinality at most 2c(R)− |R|
192|N|+(log2 |R|)2+3. Moreover, if R is neither abelian of exponent

greater than 2 nor generalised dicyclic, we may drop the condition “R = NAut(Γ(R,S))(R)” in
the definition of the set.

By distinguishing the cases that |N | ≥
√
|R| and |R : N | ≥

√
|R|, we obtain the following

corollary.

Corollary 4.0.6. [119, Corollary 1.7] Let R be a finite group and let N be a non-identity
proper normal subgroup of R. Then, the set

{S ⊆ R |S = S−1, R = NAut(R,S)(R), ∃f ∈ NAut(Γ(R,S))(N) with
f 6= 1 and 1f = 1, f fixes each N -orbit setwise}

has cardinality at most 2c(R)−
√
|R|

192 +2 log2 |R|+(log2 |R|)2+3. Moreover, if R is neither abelian of
exponent greater than 2 nor generalised dicyclic, we may drop the condition “R = NAut(Γ(R,S))(R)”
in the definition of the set.

Prior to launching into the pieces of the proof mentioned above, we provide some addi-
tional background and introductory material.

4.0.1 General notation

Definition 4.0.7. Given a finite group R and x ∈ R, we let o(x) denote the order of the
element x and we let

I(R) := {x ∈ R | o(x) ≤ 2}

be the set of elements of R having order at most 2. Given a subset X of R, we write
I(X) := X ∩ I(R). Given an inverse-closed subset X of R, we let

c(X) := |X|+ |I(X)|
2 .

Definition 4.0.8. Let A be an abelian group of even order and of exponent greater than
2, and let y be an involution of A. The generalised dicyclic group Dic(A, y, x) is the group
〈A, x | x2 = y, ax = a−1,∀a ∈ A〉. A group is called generalised dicyclic if it is isomorphic to
some Dic(A, y, x). When A is cyclic, Dic(A, y, x) is called a dicyclic or generalised quaternion
group.

We let ῑA : Dic(A, y, x) → Dic(A, y, x) be the mapping defined by (ax)ῑA = ax−1 and
aῑA = a, for every a ∈ A. In particular, ῑA is an automorphism of Dic(A, y, x). The role of
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the label “A” in ῑA seems unnecessary, however we use this label to stress one important fact.
An abstract group R might be isomorphic to Dic(A, y, x), for various choices of A. Therefore,
since the automorphism ῑA depends on A and since we might have more than one choice of
A, we prefer a notation that emphasizes this fact.

It follows from [121, Section 2.1 and 4] that, if D = Dic(A, x, y) is generalized dicyclic
over A, then either A is characteristic in D, or D ∼= Q8 × C`2 for some ` ∈ N. In particular,
when D is not isomorphic to Q8 × C`2, the automorphism ῑA is uniquely determined by D.

When D = Q8 × C`2, the group D is generalized dicyclic over three distinct abelian
subgroups; namely, if Q8 = 〈i, j〉, then D is generalized dicyclic over 〈i〉 × C`2, 〈j〉 × C`2 and
〈ij〉 × C`2. In particular, we have three distinct options for the automorphism ῑA: one for
each of these abelian subgroups. For simplicity, we denote by ῑi, ῑj and ῑk the corresponding
automorphisms. It is not hard to check that ῑk = ῑiῑj and hence 〈ῑi, ῑj〉 is elementary abelian
of order 4.

Definition 4.0.9. Let A be an abelian group. We let ιA : A→ A denote the automorphism
of A defined by xιA = x−1 ∀x ∈ A. Very often, we drop the label A from ιA because this
should cause no confusion.

In what follows we use the following facts repeatedly.

Remark 4.0.10. Let X be a finite group. Since a chain of subgroups of X has length at
most log2(|X|), X has a generating set of cardinality at most blog2(|X|)c ≤ log2(|X|).

Any automorphism of X is uniquely determined by its action on the elements of a gener-
ating set for X. Therefore |Aut(X)| ≤ |X|blog2(|X|)c ≤ 2(log2(|X|))2 .

Lemma 4.0.11. Let R be a finite group and let X be an inverse-closed subset of X. The
number of inverse-closed subsets S of X is 2c(X). In particular, R has 2c(R) inverse-closed
subsets.

Proof. Given an arbitrary inverse-closed subset S of X, S ∩ I(X) is an arbitrary subset of
I(X) whereas in S ∩ (X \ I(X)) the elements come in pairs, where each element is paired up
to its inverse. Thus the number of inverse-closed subsets of X is

2|I(X)| · 2
|X\I(X)|

2 = 2c(X).

The last statement follows using X = R.

The following important results by the third author deal with the case where there is a
graph automorphism that is also a group automorphism of R.

Theorem 4.0.12 ([154], Lemma 2.7). Let R be a finite group and let ϕ be a non-identity
automorphism of R. Then, one of the following holds

1. the number of ϕ-invariant inverse-closed subsets of R is at most 2c(R)− |R|96 ,

2. CR(ϕ) is abelian of exponent greater than 2 and has index 2 in R, R is a generalized
dicyclic group over CR(ϕ) and ϕ = ῑCR(ϕ),

3. R is abelian of exponent greater than 2 and ϕ is the automorphism of R mapping each
element to its inverse.

Proposition 4.0.13 ([154], Proposition 2.8). Let R be a finite group and suppose that R
is not an abelian group of exponent greater than 2 and that R is not a generalized dicyclic
group. Then the set

{S ⊆ R | S = S−1, R < NAut(Γ(R,S))(R)}

has cardinality at most 2c(R)−|R|/96+(log2 |R|)2.
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Notation 2. With R a finite group that is neither abelian of exponent greater than 2 nor
generalised dicyclic, we define

SN = {S ⊆ R | S = S−1, ∃f ∈ NAut(Γ(R,S))(N) with f 6= 1 and 1f = 1},

so that |SN | is a value we aim to bound to prove Theorem 4.0.4. We divide SN into three
subsets:

S1
N := {S ∈ SN | R < NAut(Γ(R,S))(R)},
TN := {S ∈ SN \ S1

N | ∃x ∈ R and ∃f ∈ NAut(Γ(R,S))(N) with 1f = 1 and xf /∈ {x, x−1}},
UN := SN \ S1

N \ TN .

so
SN = S1

N ∪ TN ∪ UN .

Observe that

UN = {S ∈ SN \ S1
N | ∀f ∈ NAut(Γ(R,S))(N) with 1f = 1 we have xf ∈ {x, x−1}∀x ∈ R}.

Proposition 4.0.13 already provides us with a bound for |S1
N |. In the next section, we will

show that |UN | = 0.

4.1 Graph automorphisms that fix or invert every group ele-
ment

The bulk of this section consists of a long lemma in which we show that if a nontrivial
permutation that fixes or inverts every element of a group exists, then the normaliser of R
in the appropriate group is in fact larger than R. This means that any connection sets that
could arise in UN have actually already arisen in S1

N , and therefore do not appear in UN .

Lemma 4.1.1. Let G be a subgroup of Sym(R) with R < G and with the property that
rg ∈ {r, r−1}, for every r ∈ R and for every g ∈ G1. Then NG(R) > R.

Proof. We argue by contradiction and, among all groups satisfying the hypothesis of this
lemma, we choose G with |R||G| as small as possible and with

R = NG(R).

In this proof, we denote by rg the image of the point r ∈ R via the permutation g and we
denote by rιg := g−1rg the conjugation of r via g.

Let M be a subgroup of G with R < M . For every r ∈ R and for every x ∈M1 = M ∩G1,
rx ∈ {r, r−1}, and, from the modular law,

R = M ∩R = M ∩NG(R) = NM (R).

Therefore, by the minimality of our counterexample, we get M = G. As M was an arbitrary
subgroup of G with R < M , we deduce

R is a maximal subgroup of G. (4.1.1)

Let K be the core of R in G, that is, K :=
⋂
g∈GR

g.
We claim that

the core of R in G is 1. (4.1.2)
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To prove this claim we argue by contradiction and we suppose that K 6= 1. Let Ḡ be
the permutation group induced by G on the action on K-orbits. Moreover, we let ¯ : G→ Ḡ
denote the natural projection.

Let H be the kernel of .̄ Thus H is the largest subgroup of G fixing each K-orbit setwise
and H ≤ G1K. Since R is a maximal subgroup of G and R ≤ RH ≤ G, we have that either
R = RH or G = RH.

In the first case, H ≤ R and, since H ≤ G1K, from the modular law we obtain H ≤
R∩G1K = (R∩G1)K = K, that is, H = K. Moreover, as H = K ≤ R, we have R̄ = NḠ(R̄).
Now, R̄ is a regular subgroup of Ḡ ≤ Sym(R̄) and, for every r̄ ∈ R̄ and for every ḡ ∈ Ḡ1,
we have r̄ḡ ∈ {r̄, r̄−1}. Using our assumption that K 6= 1, we get that |R̄| < |R|, and by
the minimality of our couterexample we have that Ḡ = G/K = R/K = R̄. That is, G = R
contradicting the fact that R is a proper subgroup of G.

So the second case holds, and G = RH, so G1 acts trivially on K-orbits. In other words,
G1 fixes each K-orbit setwise. Thus H = KG1, and consequently

KG1 �G. (4.1.3)

Suppose there exist x ∈ G1 and r ∈ R such that rx = r−1 and o(rK) ≥ 3. Then
rx = r−1 ∈ r−1K = (rK)−1 6= rK, contradicting the fact that G1 fixes each K-orbit. This
shows that,

for every x ∈ G1 and for every r ∈ R either rx = r or o(rK) ≤ 2. (4.1.4)

Let L be the subgroup of R fixed pointwise by G1, that is, L := {r ∈ R | Gr = G1}. (The
set L is indeed a subgroup of R, because it is a block of imprimitivity for the action of G on
R containing the point 1.) Clearly, L < R, because G1 6= 1. Now, from (4.1.4), we deduce
that, for every r ∈ R \ L, o(rK) ≤ 2. Hence,

every element in R

K
\ KL
K

is an involution. (4.1.5)

Now, by (4.1.5), we must have 〈xK ∈ R/K | x2 /∈ K〉 ≤ L/K. Since either |R/K : 〈xK ∈
R/K | x2 /∈ K〉| = 2 or R/K is a 2-group, we deduce that one of the following holds

1. R/K is an elementary abelian 2-group,

2. R = KL,

3. |R : KL| = 2 and every element in R/K \KL/K is an involution.

In what follows, we analyze these three alternatives.
Case (1)
Since R/K and G1 are elementary abelian 2-groups, we deduce that G/K is a 2-group. From
R/K < G/K, it follows that NG/K(R/K) > R/K. So NG(R) > R, but this contradicts our
choice of G and R.
Case (2)
Let f ∈ G1 with f 6= 1. Now, as G1 normalizes K, the action of f on the points in K
coincides with the action of f by conjugation on K. Thus, kιf = kf ∈ {k, k−1}, for every
k ∈ K. In particular, ιf is a non-trivial automorphism of K with the property that it maps
each element to itself or to its inverse (so every inverse-closed subset of K is invariant under
ιf ). Therefore using Theorem 4.0.12 only one of the following holds true:

• K is abelian of exponent greater than 2 and ιf = ι is the automorphism inverting each
element of K,
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• K is generalised dicyclic over an abelian subgroup A of exponent greater than 2 and
ιf = ῑA,

• K ∼= Q8 × C`2, for some ` ≥ 0, and ιf ∈ {ῑi, ῑj , ῑk}.

Since R = KL and since G1 fixes L pointwise, the action of g ∈ G1 on R is uniquely
determined once the action of g on K is determined. Since we have at most four choices for
the action of g ∈ G1 on K, we deduce that |G1| divides 4. If |G1| = 2, then |G : R| = 2 and
hence R�G, which contradicts R = NG(R). Thus 4 = |G1| = |G : R| and K ∼= Q8 ×C`2, for
some ` ≥ 0.

Since |G : R| = 4, the transitive action of G on the right cosets of R gives rise to a
permutation group of degree 4 and hence G/K is isomorphic to a transitive subgroup of
Sym(4). As R/K = NG/K(R/K), we deduce that G/K is isomorphic to either Sym(4) or
Alt(4).

If R/K were a 2-group, we reach a contradiction using the same argument as in Case (1).
So R/K is a maximal subgroup of G/K which is not a 2-group, hence R/K isomorphic to
either Sym(3) or Alt(3).

Let C be a Sylow 3-subgroup of R. Thus C = 〈c〉 is a cyclic group of order 3. Since K
is a 2-group and R = KL, replacing C by a suitable R-conjugate, from Sylow’s theorem, we
can assume that C ≤ L. Let k ∈ K with k /∈ L. As k is not fixed by each element of G1,
there exists x ∈ G1 such that kx = k−1 6= k. Now, as cx−1 = c, we obtain

(ck)x = ckx = cx
−1kx = ck

ιx = ck
−1 = ck−1. (4.1.6)

On the other hand, (ck)x ∈ {ck, (ck)−1}. If (ck)x = ck, then we deduce k = k−1, contradicting
the fact that kx 6= k. If (ck)x = (ck)−1, we deduce k−1c−1 = ck−1 and hence k−1 = ck−1c =
c2(k−1)ιc . Again we obtain a contradiction because k and kιc belong to K but c2 /∈ K.
Case (3)
Before proceeding with this case, we collect some information on G/K. Observe that in this
case, R/K is a generalized dihedral group over the abelian group KL/K. Consider the set
Ω of the right cosets of R/K in G/K. By (4.1.1) R/K is a maximal subgroup of G/K. So
G/K is a primitive permutation with generalised dihedral point stabilisers.

These groups were classified in [49, Lemma 2.2]. Using this and the fact that G1 is 2-
elementary abelian group, the only possibility that can occur is that G/K is a primitive
group of affine type of degree |R : K| = |G1|. Since G = G1R and R ∩ G1 = 1, G1K/K
acts regularly on Ω. Moreover, as KG1 � G by (4.1.3), G1K/K is the socle of G/K. Since
every element of G1 is an involution (it fixes or inverts each element of R), then G1K/K is
an elementary abelian 2-group.

Now, R/K acts by conjugation irreducibly as a linear group over the elementary abelian
2-group G1K/K. Let `K ∈ LK/K\{K}. Since LK/K is abelian, then CG1K/K(`K) = {aK ∈
G1K/K | `−1a`K = aK} is stable under the conjugation by uK, for every uK ∈ LK/K.
Further, since R/K = 〈rK,LK/K〉 , where rK = r−1K, and r−1`rK = `−1K, for every
`K ∈ LK/K, then CG1K/K(`K) is stable under the conjugation by xK. In other words, we
proved that CG1K/K(`K) is a proper R-submodule of the irruducible R-module G1K/K, and
consequently CG1K/K(`K) is trivial. Summing up, KL/K is abelian and CG1K/K(`K) is
trivial for every `K ∈ LK/K \ {K}. Thus KL/K is a cyclic group of odd order. Moreover,
as the socle G1K/K has even order, |KL/K| must be odd. We let t := |KL/K|. At this
point, the reader might find it useful to consider Figure 4.1. Since KL/K is cyclic, there
exists c ∈ L with 〈c〉K = KL and with o(cK) = t.

Suppose now that K � L and let k ∈ K \ L. As k is not fixed by each element of G1,
there exists x ∈ G1 with kx = k−1 6= k. Now, since x fixes c, we are in position to use the
same argument as in Case (2). That is (4.1.6) holds, and consequently either k = k−1 or
c2 ∈ K. Since k 6= k−1 and o(cK) = t is odd, in both cases we get a contradiction.
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Figure 4.1: Local structure of Ḡ

We conclude that K ≤ L. (For the proof here, it might be useful again considering
Figure 4.1.) In particular, KL = L. Fix r ∈ R \ L. As |R : L| = 2, we have R = L ∪ rL.
Now, LG1 fixes L and rL setwise. The action induced by LG1 on L is the regular action of
L because G1 fixes L pointwise. As LG1 �G, we must also have that the action of LG1 on
rL is simply the regular action of L. In particular, for every x ∈ G1, there exists `x ∈ L with
the property that

(r`)x = r``x, ∀` ∈ L.

The set {`x | x ∈ G1} forms a subgroup of L, which we denote by T . As G1 is elementary
abelian, so is T .

Summing up, we have

`x = `, (r`)x = r``x, ∀x ∈ G1,∀` ∈ L.

Using this and the fact that T is a group we see that, if x ∈ G1 fixes some point in rL, then
`x = 1 and consequently x fixes all points in rL. Further, x fixes all points in L, hence x = 1.
Therefore, each element in G1\{1} acts fixed-point-freely on rL. Now, let x ∈ G1\{1}. Since
(r`)x ∈ {r`, (r`)−1} for each ` ∈ L we deduce that (r`)x = (r`)−1 for every ` ∈ L. Hence
G1 \ {1} = {x}. Therefore, |G1| = 2 and |G : R| = 2 contradicting the fact that NG(R) = R.

We have shown that none of the three alternatives is possible. Therefore, we obtain a
contradiction, and the contradiction has arisen from assuming K 6= 1. Hence K = 1, which
is our original claim (4.1.2).

Now, as R is maximal in G and as R is core-free in G, we may view G as a primitive
permutation group on the set Ω = G\R of right cosets of R in G. Observe that in this action
G1 acts as a regular subgroup and it is an elementary abelian 2-group which itself is core-free
in G.

The primitive permutation groups containing an abelian regular subgroup have been
classified by Li in [85]. Applying this classification [85, Theorem 1.1] to our group G in its
action on Ω and to its elementary abelian regular subgroup G1, we deduce that one of the
following holds:

1. G is an affine primitive permutation group,

2. the set Ω admits a Cartesian decomposition Ω = ∆` (for some ` ≥ 1) and the primitive
group G preserves this cartesian decomposition; moreover, T̃ ` ≤ G ≤ T̃wr Sym(`),
where the action of T̃ o Sym(`) on ∆` is the natural primitive product action. The
group T̃ is either Alt(∆) or Sym(∆), G1 = G1,1 ×G1,2 × · · · ×G1,` with G1,i ≤ T̃ and
with G1,i acting regularly on ∆, for each i.
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Now, we shall see that neither of these two alternatives is possible.
Case (1)
Let V be socle of G. Thus V �G and V is an elementary abelian 2-group. Observe that

G = V R = G1R,

where the first equality follows from the fact that V acts transitively on Ω with point stabiliser
R and the second equality follows because G acts also transitively on R with point stabilizer
G1. Moreover,

V ∩R = 1 = G1 ∩R,

where the first equality follows because V acts regularly on Ω with point stabilizer R and the
second equality follows because R acts regularly on itself with point stabilizer G1.

Since G1 is a regular subgroup of the affine group G, from [36, Corollary 5 (1)], we deduce

V ∩G1 6= 1. (4.1.7)

Let
N := NG(V ∩G1) and let Q := NR(V ∩G1).

Since G1 is abelian, we have G1 ≤ N and hence

N = N ∩G = N ∩RG1 = (N ∩R)G1 = QG1.

Similarly, since V is abelian, we have V ≤ N and hence

N = N ∩G = N ∩RV = (N ∩R)V = QV.

Thus
N = QG1 = QV. (4.1.8)

Let r ∈ R and let v ∈ V ∩G1. We recall that rv ∈ {r, r−1}.
If rv = r, then 1r = r = rv = 1rv and hence rvr−1 ∈ G1. If rv = r−1, then 1r−1 =

r−1 = rv = 1rv and hence rvr = r2(r−1vr) ∈ G1. As V � G, we have r−1vr ∈ V and
hence r2V ∈ G1V/V . Since all the elements of G1V/V have order at most 2, it follows that
r4V = V , that is r4 ∈ V ∩ R = 1. This shows that, if o(r) 6= 4, then r−1vr ∈ V ∩ G1.
Therefore, all elements of R of order different from 4 normalise V ∩G1 and hence they all lie
in Q.

This shows that R \Q is either empty, or contains only elements of order 4. In the first
case (4.1.8) yields NG(V ∩ G1) = N = QV = RV = G, that is V ∩ G1 � G. Since V is
the unique minimal normal subgroup of G and since V ∩G1 6= 1 by (4.1.7), we deduce that
V = V ∩ G1, that is, V ≤ G1. However, this contradicts the fact that G1 is core-free in G.
Thus

Q < R and every element in R \Q has order 4.

For every r ∈ R \Q, r2 does not have order 4, so r2 ∈ Q. This shows that Q contains the
square of each element of R, hence

Q�R (4.1.9)

and R/Q is an elementary abelian 2-group.
Let x ∈ G1 and let r ∈ R. If rx = r, then rxr−1 ∈ G1 ≤ G1Q = N . If rx = r−1, then

rxr ∈ G1 and hence rxr = r2(r−1xr) ∈ G1 ≤ G1Q = N . Since r2 ∈ Q, we deduce that
r−2 · r2(r−1xr) = r−1xr ∈ N . We have shown that,

for every r ∈ R, r−1G1r ≤ N. (4.1.10)
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From (4.1.9) and (4.1.10), we deduce that R normalises G1Q = N . Since G1 also normal-
izes N , we have that RG1 = G normalises N , that is,

QV = QG1 = N �G. (4.1.11)

Since Q � R and since R is a maximal subgroup of G by (4.1.1), we deduce that either
NG(Q) = G or NG(Q) = R. If NG(Q) = G, then Q is a normal subgroup of G contained in
the core-free subgroup R. Therefore Q = 1. From (4.1.8), we have G1 = QG1 = N = QV =
V , contradicting the fact that G1 is core-free in G. Thus

NG(Q) = R. (4.1.12)

When G is viewed as a permutation group on R, QG1 is the setwise stabilizer in G of
Q ⊆ R, hence we can consider the permutation group induced by N = QG1 in its action
on Q. From (4.1.12), we have NN (Q) = N ∩ R = QG1 ∩ R = Q(G1 ∩ R) = Q. Let H
be the kernel of the permutational representation of N on Q. Note that H ≤ G1. Now,
QH/H is a regular subgroup of N/H ≤ Sym(Q) and, for every rH ∈ QH/H and for every
gH ∈ G1/H, we have rgH ∈ {rH, r−1H}. If NN/H(QH/H) = QH/H, from the minimality
of our counterexample, we deduce that either N = G or G1 acts trivially on Q. In the first
case, G = N = NG(V ∩G1), that is G1∩V is a normal subgroup of G. Since V is the unique
minimal subgroup of G, and since V ∩ G1 6= 1 by (4.1.7), we deduce that V = V ∩ G1, and
consequently, V = G1. However, this contradicts the fact that G1 is core-free in G. Therefore
G1 fixes Q pointwise, that is, G1 is the kernel of the action of N = QG1 on Q and hence

G1 �N = QG1 = V G1. (4.1.13)

Let
U := 〈Gg1 | g ∈ G〉.

Observe that U �G. From (4.1.11), for every g ∈ G, we have Gg1 ≤ Ng = N, that is U ≤ N.
Moreover, for every g ∈ G, from (4.1.13), we have Gg1 �Ng = N . Since G1 is an elementary
abelian 2-group, then each Gg1 is a normal 2-subgroup of N , for every g ∈ G. Consequently
U is a normal 2-subgroup of G. In particular, U ∩R is a normal 2-subgroup of R.

Since V is an irreducible F2R-module and U ∩ R � R, we deduce that V is completely
reducible F2(U ∩ R)-module by Clifford’s theorem. Since V has characteristic 2 and since
U ∩R is a 2-group, this can happen only when

U ∩R = 1.

Since V is the unique minimal normal subgroup of G and since U�G, we have V ≤ U. Further,
U = U ∩G = U ∩G1R = (U ∩R)G1 = G1 and hence V = G1. This is a contradiction because
V is normal in G but G1 is core-free in G.

Therefore we can assume that NN/H(QH/H) > QH/H. That is, there exists a non-
identity element g ∈ G1 normalizing QH/H. Hence, for every r ∈ Q, g−1rg = uh, for some
u ∈ Q and for some h ∈ H. Since g ∈ G1, and rg ∈ {r, r−1}, we get u = uh = 1uh =
1g−1rg = rg. This means that g−1rgH ∈ {rH, (rH)−1} for every r ∈ Q, and consequently ιg
is a non-identity automorphism of QH/H with the property that (rH)ιg ∈ {rH, (rH)−1},
for every rH ∈ QH/H. Thus from Theorem 4.0.12, Q ∼= QH/H is either an abelian group
of exponent greater than 2 or a generalized dicyclic group.

Since V is an irreducibly F2R-module and O2(Q) � R, we deduce that V is completely
reducible F2(Q)-module by Clifford’s theorem. Since V has characteristic 2 and since O2(Q)
is a 2-group, this can happen only when

O2(Q) = 1. (4.1.14)
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If Q is a generalised dicyclic group, that is, Q = Dic(A, y, x), with A an abelian group of even
order and of exponent greater than 2, and y an involution in A, then 〈y〉 is a characteristic
subgroup of order 2, which contradicts (4.1.14). Thus Q is an abelian group, and Q has odd
order by (4.1.14). Since N = QV = QG1 by (4.1.11), and since V �N , then V is the unique
Sylow 2-subgroup of N . As |G1| = |V | and G1 ≤ N , we get G1 = V . This contradicts the
fact that G1 is core-free in G.
Case (2)
We identify Ω with ∆`, and we recall that Alt(∆)` ≤ G ≤ Sym(∆)wr Sym(`). Let δ1 ∈ ∆
and let ω = (δ1, . . . , δ1) ∈ Ω. Since R is a maximal subgroup of G, replacing R by a suitable
conjugate we may suppose that R = Gω. Now, Alt(∆ \ {δ1})` ≤ R. Further, recall that
G1 = G1,1 ×G1,2 × · · · ×G1,`, where G1,i ≤ Sym(∆) is an elementary abelian 2-subgroup of
acting regularly on ∆, for each i. Let δ2 ∈ ∆ \ {δ1}. As G1,1 ≤ Sym(∆) is transitive on ∆,
there exists g ∈ G1,1 such that δg1 = δ2 and, since G1,1 is a 2-group, rearranging the points
from δ3 onwards if necessary, we can assume

g = (δ1 δ2)(δ3 δ4)(δ5 δ6)(δ7 δ8) · · · .

(Observe that |∆| ≥ 8 because |∆| is a power of 2 larger than 5.) Let consider the 3-cycle
r = (δ2 δ3 δ4) and observe that it lies in R because it fixes the point δ1 and R = Gω.

In this new setting, to look at the original action of G on R, we have to identify the set
R with the set of right cosets of G1 in G. In particular,

G1r = G1(δ2 δ3 δ4)

is such a point. We have

G1rg = G1(δ2 δ3 δ4)(δ1 δ2)(δ3 δ4)(δ5 δ6)(δ7 δ8) · · · = G1(δ1 δ2 δ4)(δ5 δ6)(δ7 δ8) · · · .

Since neither rgr−1 ∈ G1 nor rgr ∈ G1, then G1rg /∈ {G1r,G1r
−1}. This contradicts our

hypotheses.
We have shown that neither of the alternatives is possible. Therefore, we have contradicted

the existence of such G and R.

This is sufficient to show that UN is empty.

Corollary 4.1.2. When R is neither abelian of exponent greater than 2 nor generalised
dicyclic, UN = ∅.

Proof. Recall from Notation 2 that when R is neither abelian of exponent greater than 2 nor
generalised dicyclic

SN = {S ⊆ R | S = S−1, ∃f ∈ NAut(Γ(R,S))(N) with f 6= 1 and 1f = 1},

while
S1
N = {S ∈ SN | R < NAut(Γ(R,S))(R)},

and

UN = {S ∈ SN \ S1
N | ∀f ∈ NAut(Γ(R,S))(N) with 1f = 1 we have xf ∈ {x, x−1}∀x ∈ R}.

Notice that the set of all elements of Aut(Γ(R,S)) that fix the vertex 1 and fix or invert every
other element of R is a subgroup of Aut(Γ(R,S)). By Lemma 4.1.1 with G being generated
by R and the set of all such elements, we have UN = ∅. This is because every set that could
lie in UN must appear in S1

N .
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4.2 Groups with a “large” normal subgroup

We begin this section with a lovely little general result showing that in a non-abelian group,
there cannot be a group automorphism α such that the result of computing nnα is constant
for more than 3/4 of the group elements (and in fact in an abelian group, this can only
happen if α is the automorphism that inverts every group element). For the special case
where α is trivial and the constant is 1, our proof relies on (so does not replace) classical
work by Liebeck and MacHale [88].

Lemma 4.2.1. Let N be a group, let α be an automorphism of N and let t ∈ N . Then one
of the following holds:

1. |{n ∈ N | nnα = t}| ≤ 3|N |/4,

2. N is abelian, t = 1 and nα = n−1 ∀n ∈ N .

Proof. We let S := {n ∈ N | nnα = t}. Suppose |S| > 3|N |/4. Observe that, for every
n ∈ S, we have nα = n−1t.

As |S| > 3|N |/4, we have Sα−1∩S 6= ∅. Let n ∈ Sα−1∩S, so that n, nα ∈ S. Then nnα = t
because n ∈ S, and nα(nα)α = t because nα ∈ S. Therefore, t = nα(nα)α = (nnα)α = tα,
that is, t = tα.

As |S| > 3|N |/4, we have |S ·t∩S| = |S ·t|+|S|−|S ·t∪S| > 3|N |/4+3|N |/4−|N | = |N |/2.
Let n ∈ S · t ∩ S. Then n = mt, for some m ∈ S. Therefore

t−1m−1 · t = n−1t = nα = (mt)α = mαtα = m−1t · t.

From this we obtain mt = t−1m, that is, tm = t−1. As n = mt, we also have tn = t−1.
We have shown that, for every n ∈ S · t ∩ S, we have tn = t−1. For every two elements
n1, n2 ∈ N with tn1 = t−1 = tn2 , we have n1n

−1
2 ∈ CN (t). Therefore, we deduce that

|N |/2 < |S · t ∩ S| ≤ |CN (t)|. Thus N = CN (t) and t ∈ Z(N). Moreover, for every
n ∈ St∩ S, we have tn = t−1 and, as t ∈ Z(N), we have tn = t. Thus t2 = 1. Summing up, t
is a central element of N of order at most 2.

Suppose that t = 1. Then S = {n ∈ N | nα = n−1}. In particular, α is an automorphism
inverting more than 3|N |/4 of the elements of N . From a classical result of Liebeck and
MacHale [88], we deduce that N is abelian and α is the automorphism inverting each element
of N , that is, nα = n−1 ∀n ∈ N .

Suppose that t 6= 1. Since t ∈ Z(N) and since tα = t, we may consider the group
N̄ := N/〈t〉 and the induced automorphism ᾱ : N̄ → N̄ . In particular, in N̄ , the set S
projects to the set S̄ = {n̄ ∈ N̄ | n̄ᾱ = n̄−1}. Since this set has cardinality larger than
3|N̄ |/4, applying again the theorem of Liebeck and MacHale, we deduce that N̄ is abelian
and n̄ᾱ = n̄−1 ∀n̄ ∈ N̄ . It follows that, for every n ∈ N , nα ∈ 〈t〉n−1 = {n−1, tn−1}.

Set S ′ := {n ∈ N | nα = n−1}. In particular, {S,S ′} is a partition of N and |S ′| =
|N \ S| < |N |/4.

Suppose that N is not abelian. As |N \ Z(N)| ≥ |N |/2 and |S| > 3|N |/4, there exists
n ∈ (N \ Z(N)) ∩ S. Since N̄ is abelian, we have [N,N ] = 〈t〉, from which it follows that
|N : CN (n)| = 2. For every m ∈ CN (n) ∩ S, we have (nm)α = nαmα = n−1t · m−1t =
n−1m−1t2 = m−1n−1 = (nm)−1 and hence nm ∈ S ′. This shows that n(CN (n) ∩ S) ⊆ S ′.
Now,

|S ′| ≥ |n(CN (n) ∩ S)| = |CN (n) ∩ S| = |CN (n)|+ |S| − |CN (n) ∪ S|

≥ |CN (n)|+ |S| − |N | = |S| − |N |2 >
|N |
4 ,

contradicting the fact that |S ′| < |N |/4. This contradiction has arisen assuming that N is
not abelian and hence N is abelian.
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Now, for every n,m ∈ S, we have (nm)α = n−1t ·m−1t = n−1m−1t2 = (nm)−1 and hence
nm ∈ S ′. Therefore, S · S ⊆ S ′, but this is impossible because |S ′| < |S|. This contradiction
has arisen from assuming t 6= 1 and hence t = 1 and the proof is now complete.

We will also require a similar result that considers when inversion is applied after the
automorphism.

Lemma 4.2.2. Let N be a group, let α be an automorphism of N and let t ∈ N . Then one
of the following holds:

1. |{n ∈ N | n(nα)−1 = t}| ≤ 3|N |/4,

2. t = 1 and nα = n ∀n ∈ N .

Proof. The proof of this is very similar to the proof of Lemma 4.2.1, so we omit some of the
repeated details.

We let S := {n ∈ N | n(nα)−1 = t}. Suppose |S| > 3|N |/4. Observe that, for every
n ∈ S, we have nα = t−1n.

As before, by taking some n ∈ Sα−1 ∩ S, we can conclude that t = tα.
As |S| > 3|N |/4, we can argue as before that |S−1t∩S| > |N |/2. Let n ∈ S−1t∩S. Then

n = mt, for some m ∈ S−1; that is, m−1 ∈ S. Notice that this means (m−1)α = t−1m−1, so
mα = mt. Therefore

t−1(mt) = t−1n = nα = (mt)α = mαtα = (mt)t.

From this we obtain mt = t−1m, that is, tm = t−1. As n = mt, we also have tn = t−1. We
have shown that, for every n ∈ S−1t ∩ S, we have tn = t−1. As before, this implies that
|N |/2 < |S−1t ∩ S| ≤ |CN (t)|. Thus N = CN (t) and t ∈ Z(N). As before, this implies that
t2 = 1. Summing up, t is a central element of N of order at most 2.

Suppose that t = 1. Then S = {n ∈ N | nα = n}. In particular, α is an automorphism
fixing more than half of the elements of N . Since the set of fixed points of an automorphism
is a subgroup of N , we deduce that α = 1; that is, nα = n ∀n ∈ N .

Suppose that t 6= 1. Since t ∈ Z(N) and since tα = t, we may consider the group
N̄ := N/〈t〉 and the induced automorphism ᾱ : N̄ → N̄ . In particular, in N̄ , the set S
projects to the set S̄ = {n̄ ∈ N̄ | n̄ᾱ = n̄}. Since this set has cardinality larger than |N̄ |/2,
again we see that n̄ᾱ = n̄ ∀n̄ ∈ N̄ . It follows that, for every n ∈ N , nα ∈ 〈t〉n = {n, tn}.

Set S ′ := {n ∈ N | nα = n}. In particular, {S,S ′} is a partition of N and |S ′| = |N \S| <
|N |/4.

Now, for every n,m ∈ S, we have (nm)α = (tn)(tm) = (nm)t2 = nm since t is central of
order 2, and hence nm ∈ S ′. Therefore, S · S ⊆ S ′, but this is impossible because |S ′| < |S|.
Again this contradiction completes our proof.

Our next few results show that except in some very special cases, if we have a group T
with an index-2 subgroup N and a permutation of T that has a very specific sort of action
on every element of the nontrivial coset of N in T , then the number of subsets of T that are
closed under both inversion and this permutation is vanishingly small relative to the number
of Cayley graphs on T .

Lemma 4.2.3. Let T be a finite group, let N be a subgroup of T having index 2, let γ ∈ T \N ,
let t ∈ N and let αt : T → T be any permutation defined by

nαt ∈ N and (γn)αt = γtn, ∀n ∈ N.

Then one of the following holds:

1. |{X ⊆ T | X = X−1, Xαt = X}| ≤ 2c(T )− |N|16 ,
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2. T ∼= C4 × C`2 for some ` ∈ N, t is the only non-identity square in T and N is an
elementary abelian 2-group,

3. o(t) = 2, t = γ2 and T = Dic(N, γ2, γ),

4. t = 1.

In parts (2), (3) and (4), if nαt ∈ {n, n−1} for every n ∈ N , then we have xαt ∈ {x, x−1}
∀x ∈ T .

Proof. If t = 1, then we obtain part (4). Thus, for the rest of the argument, we assume t 6= 1.
Observe that αt fixes N setwise and induces on T \N a permutation which is the product

of disjoint cycles each of whose lengths is o(t). For simplicity, we let S := {X ⊆ T | X =
X−1, Xαt = X}.

If o(t) ≥ 3, then

|S| ≤ 2c(N)+ |T\N|3 = 2c(N)+ |N|3 = 2
|N|+|I(N)|

2 + |N|3 ≤ 2
|N|+|I(T )|

2 + |N|3 ≤ 2c(T )− |N|6

and hence part (1) follows.
The only remaining possibility is o(t) = 2. Consider H := 〈αt, ι〉, where ι : T → T is the

mapping defined by xι = x−1 ∀x ∈ T . Clearly, S ∈ S if and only if S is H-invariant. The
orbits of H on T \ N have even cardinality because o(αt) = o(t) = 2 and αt has no fixed
points on T \ N . There are only two possibilities for H having an orbit of cardinality 2 on
T \N :

• this orbit is {γn, γtn} where both γn and γtn are involutions (in this case ι fixes both
γn and γtn),

• this orbit is {γn, γtn} and (γn)−1 = γtn (in this case (γn)αt = (γn)ι).

Let n0 be an element in N with o(γn0) = o(γtn0) = 2. As o(γn0) = 2, we have n0γ = γ−1n−1
0

and hence
1 = (γtn0)2 = γtn0γtn0 = γtγ−1n−1

0 tn0.

Therefore t(γ−1n−1
0 )t = γ−1n−1

0 . Since o(t) = 2, we deduce (n0γ)t = n0γ, that is, n0γ ∈
CT (t). As γn0 = (n0γ)γ−1 ∈ CT (t)γ

−1
= CT (tγ−1), the elements of the first type are in the

set
A := I([T \N ] ∩CT (tγ−1)) = I(CT\N (tγ−1)).

Let n1 be an element in N with (γn1)−1 = γtn1. Let n ∈ N and suppose that γn1n ∈ T \N
also satisfies (γn1n)−1 = γtn1n. This means n−1γtn1 = γtn1n, that is, n(γtn1)−1 = n−1.
Therefore, the elements of the second type are in the set

B := γn1{n ∈ N | nγtn1 = n−1}.

Observe that A or B might be the empty set: A = ∅ when there is no involution in
CT\N (tγ−1), B = ∅ when there is no element n1 ∈ N with (γn1)−1 = γtn1. Observe also
that A ∩ B = ∅: indeed, if γn ∈ A ∩ B, then (γn)2 = 1 and (γn)−1 = γtn, that is t = 1,
which is a contradiction.

Since X ∈ S if and only X is a union of orbits of H, we get

|S| ≤ 2c(N)+ |A∪B|2 + |T\N|−|A∪B|4 = 2c(N)+ |A∪B|4 + |T\N|4 = 2
|N|+|I(N)|

2 + |A∪B|4 + |N|4

= 2
|T |+|I(N)|

2 + |A∪B|4 − |N|4 = 2
|T |+|I(N)|

2 + |A|4 + |B|4 −
|N|
4 = 2

|T |+|I(N)∪A|
2 − |A|4 + |B|4 −

|N|
4 ≤ 2c(T )− |A|4 + |B|4 −

|N|
4 .

If |B| ≤ 3|N |/4, then
|S| ≤ 2c(T )+ 3|N|

16 −
|N|
4 = 2c(T )− |N|16
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and part (1) follows. Suppose now that |B| > 3|N |/4, that is, |{n ∈ N | nγtn1 = n−1}| >
3|N |/4. This means that the action of γtn1 by conjugation on N inverts more than 3/4 of
the elements of N . From [88], N is abelian and the action of γtn1 by conjugation on N
inverts each element of N . Therefore B ⊃ γN and hence γ ∈ B. Therefore γ−1 = γt, that is,
t = γ2 (since o(t) = 2). When N is an elementary abelian 2-group, we deduce T ∼= C4 × C`2
for some ` ∈ N and hence part (2) holds. When N has exponent greater than 2, we deduce
T = Dic(N, γ2, γ) and hence part (3) holds.

The hypotheses of the next lemma look much like the previous one, with the additional
assumption that N is abelian (of exponent greater than 2), and a different action on the
nontrivial coset of N . The exceptional cases and the proof are quite different, though.

Lemma 4.2.4. Let T be a finite group, let N be an abelian subgroup of T having index 2 and
exponent greater than 2, let t ∈ N , let γ ∈ T \N , let αt : T → T be any permutation defined
by

nαt ∈ N and (γn)αt = γtn−1, ∀n ∈ N.

Further suppose that either o(γ) = 2, or (γn)αt = γn whenever o(γn) = 2. Then one of the
following holds:

1. |{X ⊆ T | X = X−1, Xαt = X}| ≤ 2c(T )− |N|24 ;

2. T is abelian and t = γ−2;

3. T ∼= Q8 × C`2 and N ∼= C4 × C`2 for some ` ∈ N;

4. t = γ2, T ∼= 〈x, y | x4 = y4 = (xy)4, x2 = y2〉 ×C`2 and N ∼= C4 ×C`+1
2 for some ` ∈ N.

(The group with presentation 〈x, y | x4 = y4 = (xy)4, x2 = y2〉 has order 16.)

In parts (2), (3) and (4), if nαt ∈ {n, n−1} for every n ∈ N , then we have xαt ∈ {x, x−1}
∀x ∈ T .

Proof. We let ι : T → T the permutation defined by xι = x−1 ∀x ∈ T . Since N is abelian,
for every n ∈ N , we have

(γn)α2
t = ((γn)αt)αt = (γtn−1)αt = γt(tn−1)−1 = γtnt−1 = γn.

Thus αt is a permutation having order 2. Clearly, ι has also order 2. For simplicity, we let
S := {X ⊆ T | X = X−1, Xαt = X}. In particular, X ∈ S if and only if X is 〈αt, ι〉-invariant,
that is, X is a union of 〈αt, ι〉-orbits.

Observe that n−1γ−1 = γ · (γ−1n−1γ−1) and γ−1n−1γ−1 ∈ N because |T : N | = 2.
Therefore

(n−1γ−1)αt = (γ · γ−1n−1γ−1)αt = γtγnγ. (4.2.1)

We divide the proof in two cases.
Case (γn)αt = γn whenever o(γn) = 2.
Note that

c(T ) = |T |2 + |I(T )|
2 = |T |2 + |I(N)|

2 + |I(T \N)|
2 = c(N) + |N |2 + |I(T \N)|

2 .

So c(N) = c(T )− |N |/2− |I(T \N)|/2.
Given n ∈ N , the 〈ι〉-orbit containing γn is {γn, n−1γ−1}. Now there are only two

possibilities for αt not fusing this 〈ι〉-orbit with another 〈ι〉-orbit. The first possibility is
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when αt fixes both γn and n−1γ−1; the second possibility is when (γn)αt = (γn)ι, that is,
γtn−1 = n−1γ−1. Let

A := {n ∈ N | (γn)αt = γn, (n−1γ−1)αt = n−1γ−1},
B := {n ∈ N | γtn−1 = n−1γ−1}.

Given n ∈ A, we have γtn−1 = (γn)αt = γn and, from (4.2.1), γtγnγ = (n−1γ−1)αt =
n−1γ−1. The first equality yields n2 = t. The second equality yields

t = γ−1n−1γ−2n−1γ−1 = γ−1n−2γ−3 = γ−1t−1γ−3,

where in the second equality we have used that γ2 ∈ N and that N is abelian. Therefore,
if n ∈ A, then n2 = t and t = γ−1t−1γ−3. Observe that the second condition does not
depend on n any longer. This means that we have two possibilities for A; either A = ∅,
or A = n0Ω2(N) where Ω2(N) := {n ∈ N | o(n) ≤ 2} and where n0 ∈ N satisfies n2

0 = t.
Summing up

A =
{
∅ if there is no n ∈ N with n2 = t, or if t 6= γ−1t−1γ−3,

n0Ω2(N) where n0 ∈ N satisfies n2
0 = t and t = γ−1t−1γ−3.

Given n ∈ B, we have t = γ−1n−1γ−1n = γ−1n−1γnγ−2 = [γ, n]γ−2 (using γ2 ∈ N in
the second equality). This means that we have two possibilities for B; either B = ∅, or
B = n1CN (γ) where n1 ∈ N satisfies t = [γ, n1]γ−2. Summing up

B =
{
∅ if there is no n ∈ N with t = [γ, n]γ−2,

n1CN (γ) where n1 ∈ N satisfies t = [γ, n1]γ−2.

We claim that A ∩ B = {n ∈ N : o(γn) = 2}. Certainly if o(γn) = 2 then by the case
we are in, (γn)αt = γn = (γn)−1 and therefore n ∈ A ∩ B. Conversely, if n ∈ A ∩ B then
(γn)αt = γn and (γn)αt = (γn)−1, so o(γn) = 2. Therefore |A ∩ B| = |I(T \N)|.

Using the sets A and B we are ready to estimate |S|. Indeed, we have

|S| ≤ 2c(N)+ |γN\(γA∪γB)|
4 + |γA\γ(A∩B)|

2 + |γB\γ(A∩B)|
2 +|γ(A∩B)| (4.2.2)

= 2c(N)+ |γN|4 + |A|4 + |B|4 = 2c(T )− |N|2 + |γN|4 + |A|4 + |B|4 −
|I(T\N)|

2 = 2c(T )− |N|4 + |A|4 + |B|4 −
|A∩B|

2 .

If A = B = ∅, then part (1) follows immediately. Suppose then A and B are not both
empty. If A = ∅, then part (1) follows as long as N 6= CN (γ). If N = CN (γ), then [γ, n1] = 1
and hence t = γ−2. Thus, we obtain part (2). If B = ∅, then part (1) follows as long as
N 6= Ω2(N). However, since we are assuming that N has exponent greater than 2, we cannot
have N = Ω2(N). Thus we have finished discussing the case A = ∅ or B = ∅. We now
assume A 6= ∅ 6= B. In particular, |N : CN (γ)| ≥ 2 and |N : Ω2(N)| ≥ 2. If |N : CN (γ)| ≥ 3
or if |N : Ω2(N)| ≥ 3, then from (4.2.2) we have

|S| ≤ 2c(T )− |N|4 + |A|4 + |B|4 ≤ 2c(T )− |N|4 + |N|12 + |N|8 = 2c(T )− |N|24

and part (1) follows.
It remains to deal with the case that |N : Ω2(N)| = 2 = |N : CN (γ)|, so A and B

are both cosets of an index 2 subgroup of N . If A ∩ B 6= ∅ then since both are cosets of
index-2 subgroups of N , it is straightforward to see that their intersection has cardinality at
least |N |/4, and part (1) follows. If A ∩ B = ∅, we obtain that A and B are both cosets
of the same index 2 subgroup of N . Therefore, CN (γ) = Ω2(N) and N ∼= C4 × C`2 for
some ` ∈ N. Let us call this index-2 subgroup of N , M . Therefore, we have either A = M
and B = N \ M , or A = N \ M and B = M . In the first possibility, we have n2

0 = 1,
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A = Ω2(N), γ4 = 1 and γ2 = [γ, n1] = γ−1n−1
1 γn1. From this it follows γ−1 = n−1

1 γn1.
Since n2

1 = γ2 is the unique involution that is a square in N , we get part (3). In the second
possibility, γ−2 = t = n2

0. If we also have (γn0)2 = t, then T = Dic(N, γ2, γ) and we obtain
again part (3). If (γn0)2 6= t, then 〈γ, n0〉 has order 16 and is isomorphic to the group with
presentation 〈x, y | x4 = y4 = (xy)4 = 1, x2 = y2〉 and we obtain part (4).
Case o(γ) = 2. For every n ∈ N , from (4.2.1) (and using o(γ) = 2), we have

(γn)αtιαtι = (γtn−1)ιαtι = ((tn−1)−1(γ)−1)αtι = (γtγ(tn−1)γ)ι = (γttγ(n−1)γ)ι

= nγ(ttγ)−1γ = (ttγ)−1nγγ = (tγ)−1t−1γn = γ(tγt)−1n = γ(ttγ)−1n.

Moreover, nαtιαtι ∈ N ∀n ∈ N . Define z := (ttγ′)−1 and δ : T → T by

nδ = nαtιαtι and (γn)δ = γzn, ∀n ∈ N.

In particular, δ = αtιαtι.
Recall that X ∈ S if and only if X is 〈αt, ι〉-invariant. Since δ ∈ 〈αt, ι〉, we deduce that

X is also 〈ι, δ〉-invariant.
Subcase o(z) ≥ 3.
Since the orbits of δ on T \N have all length o(z) ≥ 3, we have

|S| ≤ 2c(N)+ |N|3 = 2
|N|+|I(N)|

2 + |N|2 −
|N|
6 = 2

|T |+|I(N)|
2 − |N|6 ≤ 2c(T )− |N|6

and part (1) follows.
Subcase o(z) = 2.
For every n ∈ N , we have

(γn)ιδιδ = (n−1γ)διδ = (γ(n−1)γ)διδ = (γz(n−1)γ)ιδ = (nγzγ)δ = (γnzγ)δ = (γzγn)δ = γzzγn.

Define δ′ : T → T by
nδ
′ = nδ and (γn)δ′ = γzzγn, ∀n ∈ N.

If X ∈ S, then X is 〈δ, ι〉-invariant and hence X is also 〈δ, δ′〉-invariant. Suppose zγ 6= z.
Since the orbits of 〈δ, δ′〉 on T \N have all length |〈z, zγ′〉| ≥ 4, we have

|S| ≤ 2c(N)+ |N|4 = 2
|N|+|I(N)|

2 + |N|2 −
|N|
4 = 2

|T |+|I(N)|
2 − |N|4 ≤ 2c(T )− |N|4

and part (1) follows.
Suppose o(z) = 2 and zγ = z. For every n ∈ N , we have

(γn)ιδ = (n−1γ)δ = (γ(n−1)γ)δ = γz(n−1)γ = zγ(n−1)γ = zn−1γ = (γzn)ι = (γn)δι.

This shows that ιδ = δι in its action on T \N and hence 〈ι|T\N , δ|T\N 〉 is an elementary abelian
2-group of order 1, 2 or 4. (Here we are denoting by ι|T\N and by δ|T\N the restrictions of ι
and of δ to T \N .) This group cannot have order 1 because o(z) = 2 and hence δ|T\N is not
the identity permutation.

If this group has order 2, then ι|T\N must be either δ|T\N or the identity permutation.
Suppose that ι|T\N = δ|T\N . Then for every n ∈ N we have n−1γ = γzn, so nγ = zn−1 and
hence nnγ = z. But since z 6= 1, Lemma 4.2.1 implies that we cannot have z = nnγ for every
n ∈ N .

So we must have ι|T\N being the identity permutation, that is, n−1γ = (γn)ι = γn, so
nγ = n−1 ∀n ∈ N . In particular, c(γN) = |N | and c(T ) = c(N) + |N |. Since the orbits of
〈δ〉 on T \N have all length o(z) = 2, we have |S| ≤ 2c(N)+|N |/2 = 2c(T )−|N |/2 and part (1)
follows.
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It remains to consider the case that 〈ι|T\N , δ|T\N 〉 has order 4. By the orbit counting
lemma, the number of orbits of 〈ι〉 on T \N is

1
2(|T \N |+ |FixT\N (ι)|) = 1

2(|T \N |+ |I(T \N)|) = c(T \N). (4.2.3)

Also, by the orbit counting lemma, the number of orbits of 〈ι|T\N , δ|T\N 〉 on T \N is

1
4
(
|N |+ |FixT\N (ι)|+ |FixT\N (δ)|+ |FixT\N (ιδ)|

)
= c(T \N)− |N |4 −

|FixT\N (ι)|
4 +

|FixT\N (δ)|
4 +

|FixT\N (ιδ)|
4

= c(T \N)− |N |4 −
|FixT\N (ι)|

4 +
|FixT\N (ιδ)|

4

≤ c(T \N)− |N |4 +
|FixT\N (ιδ)|

4 ,

where in the first equality we have used (4.2.3) and in the second equality we have used the
fact that δ has no fixed points on T \N . Now, γn ∈ FixT\N (ιδ) if and only if γn = (γn)ιδ =
γz(n−1)γ , that is, z = nnγ . From Lemma 4.2.1, we deduce |FixT\N (ιδ)| ≤ 3|N |/4 because
z 6= 1. Thus

|S| ≤ 2c(N)+c(T\N)− |N|4 + 3|N|
16 = 2c(T )− |N|16

and part (1) follows.
Subcase o(z) = 1.
In this case, ttγ = z = 1 and tγ = t−1. In this case, for every n ∈ N , we have

(γn)ιαt = (γ(n−1)γ)αt = γtnγ = t−1γnγ = t−1nγ = (γtn−1)ι = (γn)αtι.

This shows that ιαt = αtι on T\N , and hence (in particular) 〈ι|T\N , (αt)|T\N 〉 is an elementary
abelian 2-group of order 1, 2 or 4. If (αt)|T\N is the identity mapping, then γn = (γn)αt =
γtn−1, for every n ∈ N . In particular, γt = γtt−1 which implies t = 1. This means that for
every n ∈ N , γn = (γn)αt = γn−1, so that N is an elementary abelian 2-group, contradicting
our hypothesis that N has exponent greater than 2.

If ιT\N is the identity mapping, then c(γN) = |N | and hence c(T ) = c(N)+ |N |. Observe
that

FixT\N (αt) := {γn | t = n2}.
Let n2

0 = t, an easy computation shows that

FixT\N (αt) = γn0Ω2(N),

hence |FixT\N (αt)| = |Ω2(N)| ≤ |N |/2. This shows that 〈(αt)|T\N 〉 has at most |N |/2 +
(|N |/2)/2 = 3|N |/4 orbits on T \N . Therefore

|S| ≤ 2c(N)+ 3|N|
4 = 2c(T )−|N |+ 3|N|

4 = 2c(T )− |N|4

and part (1) follows. So we can assume that ιT\N is not the identity.
Since γ2 = 1, when ι|T\N = (αt)|T\N , then t−1γ = (γt)ιT\N = (γt)αt = γ, so t = 1.

Further, n−1γ = (γn)ιT\N = (γn)αt = γn−1, for every n ∈ N , that is T is abelian, and
part (2) holds.

It only remains to consider the case that 〈ι|T\N , (αt)|T\N 〉 has order 4.
By the orbit counting lemma, the number of orbits of 〈ι, αt〉 on T \N is

1
4
(
|N |+ |FixT\N (ι)|+ |FixT\N (αt)|+ |FixT\N (ιαt)|

)
(4.2.4)

= c(T \N)− |N |4 −
|FixT\N (ι)|

4 +
|FixT\N (αt)|

4 +
|FixT\N (ιαt)|

4 ,
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where the equality between the two members follows by (4.2.3). If |FixT\N (αt)| ≤ |N |/3 and
|FixT\N (ιαt)| ≤ |N |/2, or |FixT\N (αt)| ≤ |N |/2 and |FixT\N (ιαt)| ≤ |N |/3, then we imme-
diately obtain part (1). Therefore we suppose that this does not hold. An easy computation
reveals that

FixT\N (ιαt) := {γn | t−1 = [n, γ]}.

As (αt)|T\N and (ιαt)|T\N are not the identity mappings, we deduce

• FixT\N (αt) = γn0Ω2(N), n2
0 = t and |N : Ω2(N)| = 2,

• FixT\N (ιαt) = γn1CN (γ), t−1 = [n1, γ] and |N : CN (γ)| = 2,

• |FixT\N (αt)| = |N |/2 = |FixT\N (ιαt)|.

If Ω2(N) 6= CN (γ) or if FixT\N (αt) = FixT\N (ιαt), we have |FixT\N (ι)| ≥ |N |/4, be-
cause FixT\N (ι) contains both γ(Ω2(N) ∩ CN (γ)) and FixT\N (αt) ∩ FixT\N (ιαt). Hence,
from (4.2.4), the number of orbits of 〈ι, αt〉 on T \N is at most

c(T \N)− |N |4 −
|N |
16 + |N |8 + |N |8 = c(γN)− |N |16

and part (1) follows again. Assume, at last, Ω2(N) = CN (γ) and FixT\N (αt) 6= FixT\N (ιαt).
Set M := Ω2(N) = CN (γ). Then FixT\N (αt) = γM and FixT\N (ιαt) = γ(N \ M), or
FixT\N (αt) = γ(N \ M) and FixT\N (ιαt) = γM . If FixT\N (αt) = γM , then t = 1 and
1 = t−1 = [γ, n1]. Thus n1 ∈ CN (γ) = M and hence FixT\N (ιαt) = γM , contradicting
FixT\N (ιαt) = γ(N \ M). Thus FixT\N (αt) = γ(N \ M) and FixT\N (ιαt) = γM . As
FixT\N (ιαt) = γM = γCN (γ), we have n1 ∈ CN (γ) and hence t−1 = [γ, n1] = 1. Then n2

0 =
t = 1 and hence FixT\N (αt) = γΩ2(N) = γM , contradicting FixT\N (αt) = γ(N \M).

The next lemma again has a similar flavour. This time we are assuming that the index-2
subgroup N of T is generalised dicyclic, and we need to assume that our permutation fixes
each of the cosets of the abelian subgroup A of N setwise.

Lemma 4.2.5. Let T be a finite group, let N = Dic(A, y, x) be a generalised dicyclic subgroup
of T having index 2, let t ∈ N , let γ ∈ T \N , let αt : T → T be any permutation defined by

aαt ∈ A, (xa)αt ∈ xA,∀a ∈ A, and (γn)αt = γtnῑA , ∀n ∈ N.

Recall that ῑA is given in Definition 4.0.8. Then one of the following holds:

1. |{S ⊆ T | X = X−1, Xαt = X}| ≤ 2c(γN)− |N|24 ,

2. γ2 = y = t and aγ = a−1 ∀a ∈ A,

3. t = 1, 〈γ,A〉 is abelian, and T = Dic(〈γ,A〉, y, x).

In parts (2) and (3), if nαt ∈ {n, n−1} for every n ∈ N , then we have zαt ∈ {z, z−1} ∀x ∈ T .

Proof. We let ι : T → T the permutation defined by zι = z−1 ∀z ∈ T . For simplicity, we let
S := {X ⊆ T | X = X−1, Xαt = X}. Observe that, for every a ∈ A, we have aαt ∈ A and

(γa)αt = γtaῑA = γta. (4.2.5)

Suppose o(t) ≥ 3. Then the orbits of 〈αt〉 on γA all have length o(t) ≥ 3 and hence

|S| ≤ 2c(T\(γA∪γ−1A))+ |γA|3 ≤ 2c(T )− |A|2 + |A|3 = 2c(T )− |A|6 = 2c(T )− |N|12
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and part (1) follows in this case. In particular, for the rest of the proof we may suppose that
o(t) ≤ 2. Since N is generalised dicyclic and t ∈ N , we obtain t ∈ A. Now, for every a ∈ A,
we have (γa)αt = γta ∈ γA and hence γA is αt-invariant. Therefore αt has |A|/o(t) cycles
on γA. This also means that γxA is αt-invariant.

Suppose that γ2 /∈ A, that is, γA 6= γ−1A. Then T/A is a cyclic group and N = 〈γ2, A〉.
If o(t) 6= 1, then

|S| ≤ 2c(T\(γA∪γ−1A))+ |A|2 = 2c(T )−|A|+ |A|2 = 2c(T )− |A|2 = 2c(T )− |N|4

and part (1) follows in this case. Suppose then t = 1. In this case αt fixes γA pointwise. For
every a ∈ A, we have

(γ−1a)αt = (γ(γ−2a))αt = γ(γ−2a)ῑA = γγ2a = γ3a. (4.2.6)

As 〈γ2, A〉 = N = Dic(A, y, x) and as all elements in N \A have order 4, we deduce o(γ2) = 4
and o(γ) = 8. In particular, γ3 6= γ−1 and from (4.2.6) we deduce that αt has no fixed points
on γ−1A. Hence αt has at most |A|/2 cycles on γ−1A. Therefore

|S| ≤ 2c(T\(γA∪γ−1A))+ |A|2 = 2c(T )−|A|+ |A|2 = 2c(T )− |A|2 = 2c(T )− |N|4

and part (1) follows in this case.
Henceforth we may assume that γ2 ∈ A. Then 〈γ,A〉 is a group having a subgroup A of

index 2. Furthermore, since both N = 〈x,A〉 and 〈γ,A〉 are index-2 subgroups of T , we must
have (γx)2 ∈ N ∩ 〈γ,A〉 = A. Also, since γ and x both normalise A, so does γx. So 〈γx,A〉
is a group having a subgroup of index 2 and αt restricts to a permutation of 〈γx,A〉. Since
t ∈ A and o(t) ≤ 2 we see that x and t commute, so for every a ∈ A we have

(γxa)αt = γt(xa)ῑA = γtx−1a = γx−1ta = γx(x2t)a. (4.2.7)

So we can apply Lemma 4.2.3 to the group 〈γx,A〉 and the permutation (αt)|〈γx,A〉 with γx
taking the role of the “γ” in that lemma, and x2t taking the role of “t.”

If part (1) in Lemma 4.2.3 holds, then

|S| ≤ 2c(T\〈γx,A〉)+c(〈γx,A〉)− |A|16 = 2c(T )− |N|32

and conclusion (1) holds.
If part (2) in Lemma 4.2.3 holds, then A is an elementary abelian 2-group, but this

contradicts our definition of a generalised dicyclic group together with our hypothesis that
N is such a group.

So either part (3) in Lemma 4.2.3 holds, so that o(x2t) = 2, x2t = (γx)2, and 〈γx,A〉 =
Dic(A, (γx)2, γx); or part (4) holds, so that x2t = 1, meaning x2 = t. We postpone further
consideration of these cases briefly.

We can also apply Lemma 4.2.3 to the group 〈γ,A〉 and the permutation αt. In this case
γ takes the role of “γ” in the lemma, and t takes the role of “t”.

If part (1) in Lemma 4.2.3 holds, then

|S| ≤ 2c(T\〈γ,A〉)+c(〈γ,A〉)− |A|16 = 2c(T )− |N|32

and conclusion (1) holds.
If part (2) in Lemma 4.2.3 holds, then A is an elementary abelian 2-group, again a

contradiction.
So either part (3) in Lemma 4.2.3 holds, so that o(t) = 2, t = γ2, and 〈γ,A〉 = Dic(A, t, γ);

or part (4) of Lemma 4.2.3 holds, so that t = 1.
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We have now applied Lemma 4.2.3 to two different subgroups of T , and have completed
the proof except in the cases where parts (3) or (4) arise from both applications. We now
consider these final four possible outcomes individually.

It is not possible that part (4) holds in both applications, since this would imply that
t = 1 and x2 = t, contradicting o(x) = 4 from the definition of a generalised dicyclic group.

If part (3) holds in both applications, then 〈γx,A〉 = Dic(A, (γx)2, γx) implies that
aγx = ax = a−1, so aγ = a for every a ∈ A. But 〈γ,A〉 = Dic(A, t, γ) implies that aγ = a−1

for every a ∈ A. Taken together, these imply that A is an elementary abelian 2-group, again
a contradiction.

If part (3) holds in the first application and part (4) holds in the second, then we
have t = 1, (o(x2t) = 2), x2t = (γx)2, and 〈γx,A〉 = Dic(A, (γx)2, γx). Since 〈γx,A〉 =
Dic(A, (γx)2, γx), we see that aγx = ax = a−1, so aγ = a for every a ∈ A, and 〈γ,A〉 is
abelian. Since x2t = x2 = (γx)2, we have γx = γ−1, so T = Dic(〈γ,A〉, y, x). This is
conclusion (3).

Finally, if part (4) holds in the first application and part (3) holds in the second, then we
have y = x2 = t, o(t) = 2, t = γ2, and 〈γ,A〉 = Dic(A, t, γ). This is conclusion (2).

With these preliminary results in hand, we are ready to prove bounds on the number of
connection sets that admit various types of graph automorphisms. Recall Notation 2. We
already have bounds on |S1

N | and on |UN |. Our goal in this section is to bound |TN | when
|N | is relatively large. In order to do this, we need to further subdivide TN .

Notation 3. For what follows, R is a group that is neither generalised dicyclic, nor abelian
of exponent greater than 2. We let N be normal subgroup of R and we let

T 1
N := {S ∈ SN \ S1

N | ∃x ∈ R and ∃f ∈ NAut(Γ(R,S))(N) with
1f = 1 and (xN)f /∈ {xN, x−1N}},

T 2
N := {S ∈ SN \ S1

N \ T 1
N | ∃f ∈ NAut(Γ(R,S))(N) \CAut(Γ(R,S))(N) with 1f = 1 and N is

neither abelian of exponent greater than 2 nor generalised
dicyclic, or N is abelian of exponent greater than 2 and
nf 6= n−1 for some n ∈ N, or N = Dic(A, y, x) 6∼= Q8 × C`2
and nf 6= nῑA for some n ∈ N, or N ∼= Q8 × C`2 and
nf /∈ {nῑi , nῑj , nῑk} for some n ∈ N},

T 3
N := {S ∈ SN \ S1

N \
2⋃
`=1
T `N | ∃x ∈ R and ∃f ∈ NAut(Γ(R,S))(N) with 1f = 1, (xN)f 6= xN

and either N is non-abelian or there exists n ∈ N with
(xn)f 6= (xn)−1},

T 4
N := {S ∈ SN \ S1

N \
3⋃
`=1
T `N | ∃x ∈ R and ∃f ∈ NAut(Γ(R,S))(N) with 1f = 1 and

xf /∈ {x, x−1}}.

It should be clear from this definition that

TN =
4⋃
`=1
T `N .

We will bound the cardinality of each of these sets. Most of the bounds we find will only
be vanishingly small relative to 2c(R) if |N | is relatively large compared to |R|. Specifically,
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they will all work if |N | ≥ 9 log2 |R|. In order to create the best possible bound, however, we
will want to balance |N | against |R/N |, so we will use these bounds only when |N | ≥

√
|R|.

The first bound is only useful if |N |/2 dominates 2 log2 |R|. In particular, it will be useful
if |N | ≥ 5 log2 |R|.

Proposition 4.2.6. We have |T 1
N | ≤ 2c(R)− |N|2 +2 log2 |R|−log2 |N |+(log2 |N |)2+2.

Proof. Let S ∈ T 1
N and set GS := NAut(Γ(R,S))(N). Say, (xN)f = yN , for some xN, yN ∈

R/N with yN /∈ {xN, x−1N} and for some f ∈ GS with 1f = 1. Now, xf = yt, for some
t ∈ N . Observe that

(xn)f = xnf = xf(f−1nf) = ytnιf , (4.2.8)

where we are denoting by ιf : N → N the automorphism induced by the conjugation via f
on N . Observe that we have at most |Aut(N)| ≤ 2(log2 |N |)2 choices for the automorphism
ιf . Therefore, as t ∈ N , given xN and yN , we deduce from (4.2.8) that we have at most
|N |2(log2 |N |)2 choices for the permutation f|xN : xN → yN restricted to xN .

We consider various possibilities:

(i) o(xN) = o(yN) = 2, or

(ii) o(xN) > 2 and o(yN) > 2, or

(iii) o(xN) = 2 and o(yN) > 2, or

(iv) o(xN) > 2 and o(yN) = 2.

We consider these cases in turn: we let Bi,Bii,Biii,Biv be the subsets of S2
N satisfying,

respectively, (i), (ii), (iii) or (iv). In the first case, the number of inverse-closed subsets of
R \ (xN ∪ yN) is 2c(R)−c(xN)−c(yN) and the number of inverse-closed f -invariant subsets T
of xN ∪ yN is at most 2c(xN), because once T ∩ xN has been chosen the set T ∩ yN must
equal (T ∩ xN)f . Therefore

|Bi| ≤ |N |2(log2 |N |)2 |R/N |22c(R)−c(xN)−c(yN) · 2c(xN)

= 2c(R)−c(yN)+2 log2 |R|−log2 |N |+(log2 |N |)2 ≤ 2c(R)− |N|2 +2 log2 |R|−log2 |N |+(log2 |N |)2
.

In the second case, the number of inverse-closed subsets of R\(xN∪yN∪x−1N∪y−1N) is
2c(R)−2|N | and the number of inverse-closed f -invariant subsets T of xN ∪yN ∪x−1N ∪y−1N
is at most 2|N |, because once T ∩xN has been chosen we must have T ∩x−1N = (T ∩xN)−1,
T ∩ yN = (T ∩ xN)f and T ∩ y−1 = ((T ∩ xN)f )−1. Therefore

|Bii| ≤ |N |2(log2 |N |)2 |R/N |22c(R)−2|N | · 2|N | = 2c(R)−|N |+2 log2 |R|−log2 |N |+(log2 |N |)2
.

In the third case, the number of inverse-closed subsets of R \ (xN ∪ yN ∪ y−1N) is
2c(R)−c(xN)−|N | and the number of inverse-closed f -invariant subsets of xN ∪ yN ∪ y−1N is
at most 2|N |, because once we choose a subset of xN all the others are uniquely determined.
Therefore

|Biii| ≤ |N |2(log2 |N |)2 |R/N |22c(R)−c(xN)−|N | · 2|N | ≤ 2c(R)− |N|2 +2 log2 |R|−log2 |N |+(log2 |N |)2
.

The fourth case is similar to the third case and we have |Biv| ≤ 2c(R)− |N|2 +2 log2 |R|−log2 |N |+(log2 |N |)2
.

The proof now follows by adding the contribution of the four sets Bi, Bii, Biii and Biv.

Our second bound is useful whenever |N | grows with |R|.

Proposition 4.2.7. We have |T 2
N | ≤ 2c(R)− |N|96 +(log2 |N |)2.
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Proof. Given S ∈ T 2
N , we let GS := NAut(Γ(R,S))(N). Given f ∈ (GS)1, we let ιf : N → N

denote the automorphism induced by the action of conjugation of f on N . Let f ∈ (GS)1 \
C(GS)1(N) witnessing that S ∈ T 2

N , that is,

• N is neither an abelian group of exponent greater than 2 nor a generalised dicyclic
group, or

• N is an abelian group of exponent greater than 2 and ιf 6= ι (where ι : N → N is
defined by xι = x−1, for every x ∈ N), or

• N = Dic(A, x, y) 6∼= Q8 × C`2 and ιf 6= ῑA (where ῑA is given in Definition 4.0.8), or

• N ∼= Q8 × C`2 and ιf /∈ {ῑi, ῑj , ῑk} (where ῑi, ῑj , ῑk are given in Definition 4.0.8).

In each of these cases, by Theorem 4.0.12 applied to N , we deduce that the number of
f -invariant inverse-closed subsets of N is at most 2c(N)−|N |/96. In particular,

|T 2
N | ≤ 2c(R\N) · 2c(N)− |N|96 |Aut(N)| ≤ 2c(R)−|N |/96+(log |N |)2

,

where the first factor accounts for the number of inverse-closed subsets of R \N , the second
factor accounts for the number of inverse-closed f -invariant subsets of N and the third factor
accounts for the number of choices of ιf .

For our third bound to be useful, we need |N |/8 to dominate log2 |R|. In particular, it
will be useful if |N | ≥ 9 log2 |R|.

Proposition 4.2.8. We have |T 3
N | ≤ 2c(R)− |N|8 +log2 |R|+(log2 |N |)2.

Proof. Given S ∈ T 3
N , we let GS := NAut(Γ(R,S))(N). Given any element κ ∈ GS , we let

ικ : N → N denote the automorphism induced by the action of conjugation of κ on N . Let
x ∈ R and let f ∈ (GS)1 \C(GS)1(N) with o(xN) > 2 and assume either

• N is non-abelian, or

• N is abelian and there exists n ∈ N with (xn)f 6= (xn)−1.

As S /∈ T 1
N , we have (xN)f ∈ {xN, x−1N} and hence (xN)f = x−1N . Thus xf = x−1t, for

some t ∈ N . Observe that

(xn)f = xnf = xf(f−1nf) = x−1tnιf . (4.2.9)

From (4.2.9), we deduce that we have at most |Aut(N)||N | ≤ 2(log2 |N |)2+log2 |N | choices for
the restriction f|xN : xN → x−1N of f to xN . Let β : xN → xN be the permutation
obtained by composing first f|xN and then ι : x−1N → xN , where ι is defined by (x−1n)ι =
(x−1n)−1 = n−1x ∀n ∈ N . Thus, from (4.2.9), we have

(xn)β = ((xn)f )ι = (x−1tnιf )−1 = (n−1)ιf t−1x = x(n−1)ιfx(t−1)ιx .

Since S is inverse-closed and f -invariant, we deduce that S ∩ xN is β-invariant.
Let β′ : N → N the permutation defined by nβ

′ = (n−1)ιfx(t−1)ιx ∀n ∈ N . An easy
computation reveals that n ∈ FixN (β′) if and only if n−1(n−1)ιfx = tιx . In particular, we are
in the position to apply Lemma 4.2.1 (with α = ιfx and with the element t there replaced by
tιx here ). From Lemma 4.2.1, we have two possibilities:

• |FixN (β′)| ≤ 3|N |/4, or

• N is abelian, t = 1 and nιfx = n−1 ∀n ∈ N .
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If the second possibility holds, then N is abelian, ιf = ιx−1ι and from (4.2.9) we get (xn)f =
x−1(nιx−1 )−1 = x−1xn−1x−1 = (xn)−1 for every n ∈ N ; however, this contradicts the fact
that S ∈ T 3

N . Therefore, |FixN (β′)| ≤ 3|N |/4.
The definition of β′ and the previous paragraph yield that β has at most

3|N |
4 +

|N | − 3|N |
4

2 = 7|N |
8

orbits. Since S ∩ xN is β-invariant, the number of choices for S ∩ xN is at most 27|N |/8. By
taking in account the contributions of ιf , xN and t, we obtain

|T 3
N | ≤ 2(log2 |N |)2 |N ||R/N |2c(R\(xN∪x−1N))2

7|N|
8 = 2c(R)− |N|8 +log2 |R|+(log2 |N |)2

.

Our fifth bound is again useful whenever |N | grows with |R|.

Proposition 4.2.9. We have |T 4
N | ≤ 2c(R)− |N|24 +log2 |R|+2.

Proof. Given S ∈ T 4
N , we let GS := NAut(Γ(R,S))(N). Given any element κ ∈ GS , we let

ικ : N → N denote the automorphism induced by the action of conjugation of κ on N . Let
γ ∈ R and let f ∈ (GS)1 with γf /∈ {γ, γ−1}. Furthermore, if possible we will choose γ so
that o(γ) = 2. Therefore we may assume that if o(γ) 6= 2, then (γ′)f = γ′ for every γ′ ∈ R
with o(γ′) = 2. (This will be important when we apply Lemma 4.2.4.)

We now consider various possibilities depending on the behaviour of γN , but first, we
state the fact that the set S does not lie in T 2

N in a manner tailored to our current needs:
Case A (GS)1 = C(GS)1(N), or
Case B N is abelian of exponent greater than 2 and, for every f ∈ (GS)1 \ C(GS)1(N) we
have nf = n−1 ∀n ∈ N , so |(GS)1 : C(GS)1(N)| = 2, or
Case C N = Dic(A, y, x) 6∼= Q8 × C`2, for every f ∈ (GS)1 \C(GS)1(N), A = CN (f) and the
automorphism ιf induced by f on N is ῑA, or
Case D N = Q8 × C`2, |(GS)1 : C(GS)1(N)| ∈ {2, 4}, for every f ∈ (GS)1 \C(GS)1(N), the
automorphism ιf induced by f on N is one of ῑi, ῑj , ῑk.

In particular, in cases B, C, and D, nιf ∈ {n, n−1} ∀n ∈ N .
Suppose that γ ∈ N . Since 1f = 1 and since f normalises N , we have γf = γιf ∈

{γ, γ−1}. For the rest of the proof, we may suppose that γ /∈ N . Since S /∈ T 1
N , we have

(γN)f ∈ {γN, γ−1N}.
Suppose (γN)f 6= γN . Since S /∈ T 3

N , we have (γn)f = (γn)−1 ∀n ∈ N and hence, in
particular, γf = γ−1. Therefore, for the rest of the proof, we may suppose that (γN)f = γN .

Since γf ∈ γN , there exists t ∈ N with γf = γt. Now,

(γn)f = γnf = γf ·f
−1nf = (γt)n

ιf = γtnιf , ∀n ∈ N. (4.2.10)

Suppose now that γN 6= γ−1N . Then (γn)−1 ∈ γ−1N 6= γN for every n ∈ N . Since
(γN)f = γN , we cannot have (γn)−1 = (γn)f . Thus the orbits of f fuse orbits of the inverse
map on γN ∪ γ−1N unless f has any fixed points on γN ; that is, unless (using (γn)f = γn
in (4.2.10)) there exists some n ∈ N with

t = n(nιf )−1. (4.2.11)

Note that (4.2.10) with n = 1 together with γf 6= γ implies that t 6= 1. So applying
Lemma 4.2.2 to N with nα = nιf implies that the number of fixed points of f in γN is at
most 3|N |/4. Therefore the action of f on γN together with the action of the inverse map
on γN ∪ γ−1N results in at least |N |/4 orbits of length at least 4 and all other orbits having
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length at least 2. So when f|γN is given, the number of choices for S ∩ (γN ∪ γ−1N) is at
most 2(3|N |/4)/2+(|N |/4)/4 = 27|N |/16. Therefore

|T 4
N | ≤ 3|N ||R/N |2c(R)−c(γN∪γ−1N)27|N |/16 ≤ 22+log2 |R|2c(R)−|N |+7|N |/16 = 2c(R)−9|N |/16+log2 |R|+2

(where 3|N | is the number of choices for the restriction fγN : γN → γN of f to γN , and
|R/N | is the number of choices for γN ∈ R/N).

For the remainder of the proof we may assume that γN = γ−1N , meaning that N is an
index-2 subgroup of 〈γ,N〉.

Suppose that f ∈ CGS (N). Then, (4.2.10) becomes nf = n and (γn)f = γtn, ∀n ∈ N .
When f|γN is given, from Lemma 4.2.3, we deduce that the number of choices for S∩〈γ,N〉 is
at most 2c(〈γ,N〉)− |N|16 (recall that the other cases cannot arise since γf /∈ {γ, γ−1}). Therefore

|T 4
N | ≤ |N ||R/N |2c(R)−c(〈γ,N〉)2c(〈γ,N〉)− |N|16 ≤ 2c(R)− |N|16 +log2 |R|.

(where |N | is the number of choices for the restriction fγN : γN → γN of f to γN , and
|R/N | is the number of choices for γN ∈ R/N). Therefore, for the rest of the proof we may
suppose that f /∈ CGS (N). In particular, only Case B, C or D may arise.

Suppose that Case B holds. Then, (4.2.10) becomes nf = n−1 and (γn)f = γtn−1,
∀n ∈ N , so nιf = n−1 for every n ∈ N . As already observed at the beginning, if γ cannot be
chosen with o(γ) = 2, then for every γn ∈ γN with o(γn) = 2, we have (γn)f = γn. So we
may apply Lemma 4.2.4 with f|〈γ,N〉 taking the role of αt.

When f|γN is given, from Lemma 4.2.4, we deduce that the number of choices for S∩〈γ,N〉
is at most 2c(〈γ,N〉)− |N|24 (again, the other cases cannot arise since γf /∈ {γ, γ−1}). Therefore

|T 4
N | ≤ |N ||R/N |2c(R)−c(〈γ,N〉)2c(〈γ,N〉)− |N|24 ≤ 2c(R)− |N|24 +log2 |R|

(again, |N | is the number of choices for the restriction fγN : γN → γN of f to γN , and
|R/N | is the number of choices for γN ∈ R/N).

Cases C and D can be dealt with simultaneously. Here, (4.2.10) becomes nf = nῑA and
(γn)f = γtnῑA , ∀n ∈ N . When f|γN is given, from Lemma 4.2.5, we deduce that the number
of choices for S ∩ 〈γ,N〉 is at most 2c(〈γ,N〉)− |N|24 (again, the other cases cannot arise since
γf /∈ {γ, γ−1}). Therefore

|T 4
N | ≤ 3|N ||R/N |2c(R)−c(〈γ,N〉)2c(〈γ,N〉)− |N|24 ≤ 2c(R)− |N|24 +log2 |R|+2

(where 3|N | is the number of choices for the restriction fγN : γN → γN of f to γN , and
|R/N | is the number of choices for γN ∈ R/N).

Combining these results, we are able to bound |TN |.

Proof of Theorem 4.0.4. Since the initial statement excludes S1
N , its proof follows by adding

the bounds produced in Propositions 4.2.6, 4.2.7, 4.2.8 and 4.2.9 for |T iN |, for each 1 ≤ i ≤ 4.
If we drop the condition R = NAut(Γ(R,S))(R), then we must also add the bound produced
in Proposition 4.0.13 for S1

N (which has no effect on the bound we have given). Using
Proposition 4.0.13 requires us to exclude groups that are either abelian of exponent greater
than 2, or generalised dicyclic.



CHAPTER 4. ASYMPTOTIC ENUMERATION OF CAYLEY GRAPHS 158

4.3 Groups with a “small” normal subgroup

We begin this section with a counting result that we will need. The flavour of this result is
quite distinct from most of the rest of the chapter and we have placed it in advance of the
introduction of the notation and situational information that we will be using for the rest of
this section.

Lemma 4.3.1. Let X be a set and let f and g be permutations of X. Then either

1. |{S ⊆ X | |S ∩ Sf | = |S ∩ Sg|}| ≤ 3
4 · 2

|X|, or

2. there exists a subset I ⊆ X such that

• I is f - and g-invariant (that is, If = I and Ig = I),
• f|I = g|I ,
• f|X\I = (g−1)|X\I .

Proof. We denote by F and by G the permutation matrices of f and g, respectively. There-
fore, F and G are |X| × |X|-matrices with {0, 1} entries, with rows and columns indexed by
the set X and such that

Fx,y =
{

1 if xf = y,

0 otherwise,
Gx,y =

{
1 if xg = y,

0 otherwise.

Let A := F −G. For any S ⊆ X, let δS ∈ ZX be the “indicator” vector of the set S, that is,

(δS)x :=
{

1 if x ∈ S,
0 otherwise.

Finally, let 〈·, ·〉 : QX × QX → Q be the standard scalar product and let (ex)x∈X be the
canonical basis of QX .

With the notation above, for every subset S of X, we have

|S ∩ Sf | = 〈δS , F δS〉 and |S ∩ Sg| = 〈δS , GδS〉.

Therefore,

{S ⊆ X | |S∩Sf | = |S∩Sg|} = {S ⊆ X | 〈δS , F δS〉 = 〈δS , GδS〉} = {S ⊆ X | 〈δS , AδS〉 = 0}.

For simplicity, we write ∆ : {0, 1}X → Q for the mapping defined by δ 7→ ∆(δ) = 〈δ, Aδ〉, for
every δ ∈ {0, 1}X .

Suppose first that, there exist i, j ∈ X with i 6= j and Ai,j + Aj,i 6= 0. Fix δx ∈ {0, 1}
arbitrarily for every x ∈ X \ {i, j}, and let η :=

∑
x∈X\{i,j} δxex. By restricting ∆, we define

the function ∆′ : {0, 1} × {0, 1} → Q by setting

(δi, δj) 7→ ∆′(δi, δj) := ∆(η + δiei + δjej) = 〈η + δiei + δjej , A(η + δiei + δjej)〉
= 〈η,Aη〉+ δi〈η,Aei〉+ δj〈η,Aej〉+ δi〈ei, Aη〉+ δj〈ej , Aη〉
+δ2

i 〈ei, Aei〉+ δ2
j 〈ej , Aej〉+ δiδj〈ei, Aej〉+ δiδj〈ej , Aei〉.

A computation yields

∆′(0, 0) + ∆′(1, 1)−∆′(1, 0)−∆′(0, 1) = Ai,j +Aj,i 6= 0.

In particular, at least one out of the four choices (δi, δj) ∈ {(0, 0), (0, 1), (1, 0), (1, 1)} gives
rise to a non-zero value for ∆(η+ δiei + δjej). Therefore, for every choice of δx ∈ {0, 1} with
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x ∈ X \{i, j}, we have at most three more choices for δi, δj ∈ {0, 1}, for constructing a vector
δ ∈ {0, 1}X with ∆(δ) = 0. Therefore,

{S ⊆ X | 〈δS , AδS〉 = 0} ≤ 2|X|−2 · 3 = 3
4 · 2

|X|

and (1) holds.
Suppose that, for every i, j ∈ X with i 6= j, we have Ai,j +Aj,i = 0. In this case,

δ :=
∑
x∈X

δxex 7→ ∆(δ) =
∑
x∈X

Ax,xδx.

If Ai,i 6= 0 for some i ∈ X, then we may use the same argument as in the previous paragraph
by fixing δx ∈ {0, 1} arbitrarily for every x ∈ X \ {i}, and by considering the restriction of ∆
as a function ∆′(δi) of δi ∈ {0, 1} only. In this case, we see that one of the two choices for δi
gives rise to a vector δ ∈ {0, 1}X with ∆(δ) = 0. Therefore,

{S ⊆ X | 〈δS , AδS = 0〉} ≤ 2|X|−1 · 1 ≤ 3
42|X|

and (1) holds.
Suppose now that, for every i, j ∈ X with i 6= j, we have Ai,j + Aj,i = 0 and Ai,i = 0,

that is, A is antisymmetric. Let I be the set of rows of A = F −G that are zero. From the
fact that A is antisymmetric and from the definition of A, we see that I is f - and g-invariant,
f|I = g|I and f|X\J = g−1

|X\J . In particular, (2) holds.

Incidentally, we observe that, if (2) holds in Lemma 4.3.1, then |S ∩ Sf | = |S ∩ Sg|,
for every subset S of X. We find this quite interesting on its own. For instance, f :=
(1 2 3 4 5)(6 7 8)(9 10 11 12) and g := (1 5 4 3 2)(6 7 8)(9 12 11 10) have the property that |S ∩
Sf | = |S ∩ Sg|, for every subset S of {1, . . . , 12}.

4.3.1 Specific notation

Henceforth, let R be a finite group of order r acting regularly on itself via the right regular
representation: here, we identify the elements of R as permutation in Sym(R). Let N denote
a non-identity proper normal subgroup of R. We let b := |R : N | and we let γ1, . . . , γb be
coset representatives of N in R. Moreover, we choose γ1 := 1 to be the identity in R. Observe
that R/N defines a group structure on {1, . . . , b} by setting ij = k for every i, j, k ∈ {1, . . . , b}
with γiNγjN = γkN .

Write v0 := 1 where v0 has to be understood as a point in the setR. For each i ∈ {1, . . . , b},
set Oi := v0

γiN = γiN = Nγi. Observe that the Ois are the orbits of N on R, the group N
acts regularly on Oi and |Oi| = |N |.

For an inverse-closed subset S of R, we let Γ(R,S) be the Cayley graph of R with con-
nection set S, and we denote by FS the largest subgroup of Aut(Γ(R,S)) under which each
orbit of N is invariant. In symbols we have

FS := {g ∈ Aut(Γ(R,S)) | Ogi = Oi, for each i ∈ {1, . . . , b}}.

(The subscript S in FS will make some of the later notation cumbersome to use, but it
constantly emphasizes that the definition of “F” depends on S.) Similarly, we define

BS := FS ∩NAut(Γ(R,S))(N).

As above, let S be an inverse-closed subset of R. For a vertex u of Γ(R,S) in Oi,

let σ(S, u, j) denote the neighbours of v0 and u lying in Oj .
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v0 uO1 Oi

Oj
σ(S, u, j)

Figure 4.2: The definition of σ(S, u, j)

See Figure 4.2. It is clear that

σ(S, u, j) = S ∩ Sgu ∩ Oj = (S ∩ Oj) ∩ Sgu = Sj ∩ Sgu ,

where gu ∈ R with vgu0 = u. Since u ∈ Oi, we have u = vγiku0 , for some ku ∈ N . In particular,
gu = γiku. Let s ∈ S with sgu ∈ Sj . Then sgu ∈ Oj = v

γjN
0 = v

Nγj
0 and sguγ

−1
j ∈ vN0 = O1.

Since gu maps the element v0 of O1 to the element u of Oi, we see that gu ∈ γiN and
s ∈ Oγjg

−1
u

1 = v
Nγjγ

−1
i

0 = v
γjγ
−1
i N

0 = Oji−1 . This shows

σ(S, u, j) = Sj ∩ Sguji−1 = Sj ∩ Sγikuji−1 . (4.3.1)

For two distinct vertices u, v ∈ Oi and j ∈ {1, . . . , b}, let

Ψ({u, v}, j) := {S ⊆ R | S = S−1 and |σ(S, u, j)| = |σ(S, v, j)|}.

In the results that follow, we use the notation that we have established here. Our aim with
the next few results is to show that |Ψ({u, v}, j)| is at most 3

4 ·2
c(R). This will subsequently be

used to bound the number of graphs admitting automorphisms that fix the vertex 1 and also
fix each Oi setwise while mapping u to v. We generally end up with some other possibilities
that we gradually eliminate by introducing additional assumptions.

Proposition 4.3.2. Let i ∈ {2, . . . , b}, let u and v be two distinct vertices in Oi and let
j ∈ {1, . . . , b} \ {1, i}. Then, one of the following holds:

1. |Ψ({u, v}, j)| ≤ 3
4 · 2

c(R),

2. j2 = i, γi = γ2
j ȳ for some ȳ ∈ N , ku = ȳ−1γ−1

j ȳkvγj, kv = ȳ−1γ−1
j ȳkuγj and γikv, γiku

centralize N ,

3. o(ji−1) > 2, o(j) = 2, o(i) is even, o(γj) = 4, γ2
j = k−1

v ku = k−1
u kv, N is abelian and

yγj = y−1 for every y ∈ N ,

4. o(ji−1) = 2, o(j) > 2, o(i) is even, o(γji−1) = 4, γ2
ji−1 = k−1

v ku = k−1
u kv, N is abelian

and yγji−1 = y−1 for every y ∈ N ,

5. o(ji−1) = o(j) = 2
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Proof. We divide the proof in various cases.
Case j2 = i.
Observe that, if S ⊆ R is inverse-closed, then Sj−1 = S−1

j . As ji−1 = j−1, from (4.3.1), we
obtain

|σ(S, u, j)| = |Sji−1 ∩ Sk
−1
u γ−1

i
j | = |Sj−1 ∩ Sk

−1
u γ−1

i
j |, (4.3.2)

|σ(S, v, j)| = |Sji−1 ∩ Sk
−1
v γ−1

i
j | = |Sj−1 ∩ Sk

−1
v γ−1

i
j |.

Let ι : Nγ−1
j → Nγj be the mapping defined by x 7→ xι = x−1 for every x ∈ Nγ−1

j and set

f := k−1
u γ−1

i ι : Nγj → Nγj and g := k−1
v γ−1

i ι : Nγj → Nγj

as permutations of Nγj . Now, (4.3.2) yields

|σ(S, u, j)| = |Sιj ∩ S
k−1
u γ−1

i
j | = |Sj ∩ S

k−1
u γ−1

i ι
j | = |Sj ∩ Sfj |, (4.3.3)

|σ(S, v, j)| = |Sιj ∩ S
k−1
v γ−1

i
j | = |Sj ∩ S

k−1
v γ−1

i ι
j | = |Sj ∩ Sgj |.

From (4.3.3), we see that we are in the position to apply Lemma 4.3.1 with X := Oj . If
Lemma 4.3.1 (1) holds, then the number of subsets Sj ⊆ Oj satisfying (4.3.3) is at most
3
4 · 2

|N |. Therefore

|Ψ({u, v}, j)| ≤ 3
42|N | · 2c(R)−|N |,

observe that 2c(R)−|N | counts the number of inverse-closed subsets of R \ (γjN ∪ γ−1
j N).

Thus (1) is proved in this case.
Therefore, we may suppose that Lemma 4.3.1 (2) holds. Therefore, there exists an f - and

g-invariant subset I of Nγj such that f|I = g|I and f|Nγj\I = (g−1)|Nγj\I . If I 6= ∅, then
there exists x ∈ I and hence

xk
−1
u γ−1

i ι = xf = xg = xk
−1
v γ−1

i ι.

Simplifying ι and γ−1
i , we obtain xk−1

u = xk−1
v . This yields ku = kv, contradicting the fact

that u 6= v. Therefore I = ∅ and hence f = g−1.
This means that, for every x ∈ Nγj , we have

x = xfg = xk
−1
u γ−1

i ιk−1
v γ−1

i ι = (xk−1
u )γ

−1
i ιk−1

v γ−1
i ι = (xk−1

u γ−1
i )ιk

−1
v γ−1

i ι = (γikux−1)k
−1
v γ−1

i ι

(4.3.4)

= (γikux−1k−1
v )γ

−1
i ι = (γikux−1k−1

v γ−1
i )ι = γikvxk

−1
u γ−1

i .

As j2 = i, there exists ȳ ∈ N with
γi = γ2

j ȳ. (4.3.5)

When x = γj , (4.3.4) gives
γ−1
i γjγi = kvγjk

−1
u .

Using (4.3.5), we obtain γ−1
i γjγi = ȳ−1γj ȳ. Therefore

ku = ȳ−1γ−1
j ȳkvγj . (4.3.6)

From (4.3.4), (4.3.5) and (4.3.6), we obtain

x = γikvxγ
−1
j k−1

v ȳ−1γ−1
j , ∀x ∈ Nγj .

By writing x = yγj with y ∈ N , we deduce

y = (γikv)y(γikv)−1, ∀y ∈ N.
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Since y is an arbitrary element ofN , we get that γikv centralizesN . From this and from (4.3.5)
and (4.3.6) we see that (2) holds. �

For the rest of the proof, we suppose j2 6= i. From (4.3.1), we obtain

|σ(S, u, j)| = |Sji−1 ∩ Sk
−1
u γ−1

i
j | and |σ(S, v, j)| = |Sji−1 ∩ Sk

−1
v γ−1

i
j |. (4.3.7)

From (4.3.7), we see that the condition “|σ(S, u, j)| = |σ(S, v, j)|” imposes no constraint on
Sx, for x /∈ {j, ji−1, j−1, (ji−1)−1}. Observe that

{j, j−1} 6= {ji−1, (ji−1)−1},

because we are assuming j2 6= i. As usual, there is one implicit condition on the set S: it
is inverse-closed. This suggests a natural decomposition of S. Write Rj,i := γjN ∪ γ−1

j N ∪
γji−1N ∪ γ−1

ji−1N and Rcj,i := R \Rj,i. We have

c(Rj,i) =


2|N | if o(j) > 2 and o(ji−1) > 2,
|N |+ c(γjN) if o(j) = 2 and o(ji−1) > 2,
|N |+ c(γji−1N) if o(j) > 2 and o(ji−1) = 2,
c(γjN) + c(γji−1N) if o(j) = o(ji−1) = 2.

(4.3.8)

Observe that Rj,i and Rcj,i are inverse-closed; moreover, we may write S := Sj,i ∪ Scj,i, where
Sj,i ⊆ Rj,i and Scj,i ⊆ Rcj,i.

Using this decomposition of the inverse-closed subsets, we get

|Ψ({u, v}, j)| = A · 2B,

where 2B is the number of inverse-closed subsets Scj,i ⊆ Rcj,i and A is the number of inverse-

closed subsets Sj,i ⊆ Rj,i such that |Sji−1 ∩ Sk
−1
u γ−1

i
j | = |Sji−1 ∩ Sk

−1
v γ−1

i
j | with S := Sj,i ∪ Scj,i.

We deduce
B = c(R)− c(Rj,i). (4.3.9)

Case o(ji−1) > 2.

When o(j) > 2, let t1 be the number of subsets Sj of Oj with Sk
−1
u
j = Sk

−1
v
j . When o(j) = 2,

let t1 be the number of inverse-closed subsets Sj of Oj with Sk
−1
u
j = Sk

−1
v
j . In both cases, let

t2 = 2c(γjN∪γ−1
j N) − t1.

Observe that for every subset S ⊆ R with Sk
−1
u
j = Sk

−1
v
j , we have S ∈ Ψ({u, v}, j) because

S
k−1
u γ−1

i
j = S

k−1
v γ−1

i
j and hence |Sji−1 ∩ Sk

−1
u γ−1

i
j | = |Sji−1 ∩ Sk

−1
v γ−1

i
j |. (In other words, when

Sk
−1
u
j = Sk

−1
v
j , we have no constraint on Sji−1 .) If Sk

−1
u
j = Sk

−1
v
j , then Sj = Sk

−1
v ku
j and hence

Sj is a union of 〈k−1
v ku〉-orbits. As N acts regularly on Oj , we have

t1 ≤ 2
|N|

o(k−1
v ku) . (4.3.10)

Next let S ∈ Ψ({u, v}, j) and suppose Sj is a subset of Oj with Sk
−1
u
j 6= Sk

−1
v
j . Here to

estimate the number of inverse-closed subsets S of R with |Sji−1∩Sk
−1
u γ−1

i
j | = |Sji−1∩Sk

−1
v γ−1

i
j |,

we estimate the number of subsets satisfying the weaker (but easier to handle) condition

|Sji−1 ∩ Sk
−1
u γ−1

i
j | ≡ |Sji−1 ∩ Sk

−1
v γ−1

i
j | mod 2.



CHAPTER 4. ASYMPTOTIC ENUMERATION OF CAYLEY GRAPHS 163

Now S
k−1
u γ−1

i
j and S

k−1
v γ−1

i
j are two distinct subsets of Oji−1 of the same size a, say. Let

b be the size of Sk
−1
u γ−1

i
j ∩ Sk

−1
v γ−1

i
j . Observe that a − b > 0 because Sk

−1
u
j 6= Sk

−1
v
j . A

subset Sji−1 of Oji−1 with |Sji−1 ∩ Sk
−1
u γ−1

i
j | ≡ |Sji−1 ∩ Sk

−1
v γ−1

i
j | mod 2 can be written as

X ∪ Y , where X is an arbitrary subset of Oji−1 \ (Sk
−1
v γ−1

i
j \ Sk

−1
u γ−1

i
j ) and Y is a subset of

S
k−1
v γ−1

i
j \ Sk

−1
u γ−1

i
j of size having parity uniquely determined by the parity of |X|. Therefore

we have 2|N |−(a−b)2(a−b)−1 = 2|N |−1 choices for Sji−1 . Altogether we have

A ≤ t1 · 2|N | + t2 · 2|N |−1 = t12|N | + (2c(γjN∪γ−1
j N) − t1)2|N |−1 = 2|N |+c(γjN∪γ−1

j N)−1 + t12|N |−1

As o(ji−1) > 2, from (4.3.8), we have |N |+c(γjN ∪γ−1
j N) = c(Rj,i) and hence, from (4.3.10)

(noting that if o(j) > 2 then c(γjN ∪ γ−1
j N) = |N |, and otherwise γjN ∪ γ−1

j N = γjN), we
get

A ≤ 2c(Rj,i)−1 + t12|N |−1 ≤ 2c(Rj,i)−1 + 2
|N |+ |N|

o(k−1
v ku)

−1

= 2c(Rj,i)

1
2 + 1

2
1+c(Rj,i)−|N |− |N|

o(k−1
v ku)

 (4.3.11)

= 2c(Rj,i)

1
2 + 1

2
1+c(γjN∪γ−1

j N)− |N|
o(k−1

v ku)

 .
When c(γjN ∪ γ−1

j N) > |N |/o(k−1
v ku), (4.3.11) yields

A ≤ 2c(Rj,i) ·
(1

2 + 1
22

)
= 3

4 · 2
c(Rj,i)

and hence (1) holds in this case. Assume c(γjN ∪ γ−1
j N) ≤ |N |/o(k−1

v ku), that is,

|N |
o(k−1

v ku)
≥
{ |Nγj |+|Nγj∩I(R)|

2 when o(j) = 2,
|N | when o(j) > 2.

As k−1
v ku 6= 1, we have o(k−1

v ku) ≥ 2 and hence o(j) = 2. Thus

|N |
o(k−1

v ku)
≥ |Nγj |+ |Nγj ∩ I(R)|

2 .

Since the left-hand side is at most |N |/2 and since the right-hand side is at least |N |/2, this
implies o(k−1

v ku) = 2 and

0 ≥ |Nγj ∩ I(R)|
2 .

Therefore Nγj ∩ I(R) = ∅, Nγj contains no involutions and c(γjN) = |N |/2. Under these
strong conditions we refine the upper bound in (4.3.11) by first improving our upper bound
in (4.3.10).

As o(j) = 2, Nγj is inverse-closed. Recall that t1 is the number of inverse-closed subsets
Sj ⊆ Nγj with Sk

−1
v ku
j = Sj . Consider the permutation ι : γjN → γjN defined by mapping

γjy 7→ (γjy)−1 = y−1γ−1
j ,

for each y ∈ N , and consider the permutation δ : γjN → γjN defined by mapping

γjy 7→ γjyk
−1
v ku,
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for each y ∈ N . Observe that ι and δ are involutions with no fixed points: ι has no fixed
points because γjN contains no involutions and δ is an involution because o(k−1

v ku) = 2. In
this new setting,

t1 = 2o,

where o is the number of orbits of 〈ι, δ〉 ≤ Sym(γjN). Each orbit of 〈ι, δ〉 has even length,
because ι has order 2 and has no fixed points. Suppose 〈ι, δ〉 has at least one orbit of length
greater then 2. Then o ≤ |N |/2 − 1 (the upper bound is achieved when 〈ι, δ〉 has |N |/2 − 2
orbits of length 2 and one of length 4). Thus, in this case,

t1 ≤ 2
|N|
2 −1.

Using this slight improvement on x and c(γjN) = |N |/2, we obtain

A ≤ t1 · 2|N | + t2 · 2|N |−1 = t12|N | + (2
|N|
2 − t1)2|N |−1 = 2

3|N|
2 −1 + t12|N |−1

≤ 2
3|N|

2 −1 + 2
3|N|

2 −2 = 3
4 · 2

3|N|
2 .

As c(Rj,i) = |N |+ c(γjN) = 3|N |/2 (see (4.3.8)), we obtain

A ≤ 3
4 · 2

c(Rj,i). (4.3.12)

In particular, from (4.3.9) and (4.3.12), we see that (1) holds.
It remains to suppose that each orbit of 〈ι, δ〉 has length 2; this means ι = δ, that is,

(γjy)ι = (γjy)δ, ∀y ∈ N.

In other words, y−1γ−1
j = γjyk

−1
v ku, for every y ∈ N . Set z := k−1

v ku. Applying this
equality with y = 1, we get γ−1

j = γjz and hence γ2
j = z because z has order 2. Thus we

have y−1γ−1
j = γjyγ

−2
j and hence γjyγ−1

j = y−1. This shows that the element γj acts by
conjugation on N inverting each of its elements. Therefore, N is abelian.

To complete this case, we need to show that o(i) is even. Observe that since o(j) = 2
we have j = (i−1)(ij) = ((i−1)(ij))−1 = (ij)−1i. Therefore, i2j = (i)(ij) = (ij)−1i−1 = ji−2

has order 2. Since o(ij) = o(ji−1) > 2, we cannot have i ∈ 〈i2〉, so o(i) must be even. In
particular, (3) holds. �
Case o(ji−1) = 2 and o(j) > 2.

This case can be reduced to the case above. Set u′ := vg
−1
u

0 and observe that g−1
u = k−1

u γ−1
i

and hence u′ ∈ Oi−1 . From (4.3.1), we have

|σ(S, u, j)| = |Sj ∩ Sguji−1 | = |Sg
−1
u
j ∩ Sji−1 | = |Sji−1 ∩ Sg

−1
u
j | = |σ(S, u′, ji−1)|.

Similarly, |σ(S, v, j)| = |σ(S, v′, ji−1)|, where v′ := vg
−1
v

0 . In particular, |σ(S, u, j)| = |σ(S, v, j)|
if and only if |σ(S, u′, ji−1)| = |σ(S, v′, ji−1)|. Thus |Ψ({u, v}, j)| = |Ψ({u′, v′}, ji−1)|. As
o(j) > 2 and o(ji−1) = 2, this case follows by applying the previous case to Ψ({u′, v′}, ji−1).
We obtain that either (1) or (4) holds.
Case o(ji−1) = o(j) = 2. This is the only remaining option.

For three distinct vertices u, v, w ∈ Oi and j ∈ {1, . . . , b}, let

Ψ({u, v, w}, j) := {S ⊆ R | S = S−1 and |σ(S, u, j)| = |σ(S, v, j)| = |σ(S,w, j)|}.

Proposition 4.3.3. Let i ∈ {2, . . . , b}, let u, v, and possibly w be distinct vertices in Oi and
let j ∈ {1, . . . , b} \ {1, i}. Then unless o(j) = o(ji−1) = 2, we can conclude that:
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• if o(i) is odd, then |Ψ({u, v}, j)| ≤ 3
4 · 2

c(R) or j2 = i; and

• if w exists, then |Ψ({u, v, w}, j)| ≤ 3
4 · 2

c(R).

Proof. Assume that we do not have o(j) = o(ji−1) = 2.
We apply Proposition 4.3.2 to {u, v}. If o(i) is odd, we see immediately that Propo-

sition 4.3.2 parts (3), (4), and (5) cannot arise. Parts (1) and (2) are the conclusions we
desire.

We also apply Proposition 4.3.2 for the pairs {v, w} and {w, u}. If Proposition 4.3.2
part (1) holds for one (or more) of the three pairs, then the result immediately follows. There-
fore, we suppose that none of the pairs {v, w}, {v, u} and {w, u} satisfies Proposition 4.3.2
part (1).

Assume that there exists a pair satisfying Proposition 4.3.2 part (2). Then j2 = i. It
follows that o(j) > 2 and o(ji−1) > 2. In particular, each pair satisfies Proposition 4.3.2
part (2). However, by applying Proposition 4.3.2 part (2) to the pairs {u, v} and {w, v}, we
get

ku = ȳ−1γ−1
j ȳkvγj = kw,

contradicting the fact that u 6= w. Therefore, none of the pairs {v, w}, {v, u} and {w, u}
satisfies Proposition 4.3.2 part (2).

Now, it is readily seen that, if one of the pairs satisfies Proposition 4.3.2 part (3) (respec-
tively, part (4)), then all pairs satisfy Proposition 4.3.2 part (3) (respectively, part (4)). In
particular, we deduce

k−1
v kw = γ2

j = k−1
v ku,

contradicting the fact that u 6= w. (The argument when the pairs satisfy Proposition 4.3.2
part (4) is similar.)

For two distinct vertices u, v ∈ Oi, let

Ψ({u, v}) :=
⋂

j∈{1,...,b}\{1,i}
Ψ({u, v}, j).

Similarly, for three distinct vertices u, v, w ∈ Oi and j ∈ {1, . . . , b} \ {1, i}, let

Ψ({u, v, w}) :=
⋂

j∈{1,...,b}\{1,i}
Ψ({u, v, w}, j).

Our next result further refines these possibilities.

Proposition 4.3.4. Let i ∈ {2, . . . , b}, and let u, v, and possibly w be distinct vertices in Oi.

• If o(i) is odd, then |Ψ({u, v})| ≤ 2c(R)−0.02· |R||N| .

• If w exists and R/N is not an elementary abelian 2-group, then |Ψ({u, v, w})| ≤
2c(R)−0.02· |R||N| .

Proof. If o(i) is odd, then R/N is not an elementary abelian 2-group, so we may assume this
throughout the proof.

We define an auxiliary graph X: the vertex-set of X is {{j, j−1} | j ∈ R/N} and the
vertex {j, j−1} is declared to be adjacent to

{ji−1, ij−1}, {ij, j−1i−1}, {j−1i, i−1j} and {ji, i−1j−1}.

In particular, X is a graph with c(R/N) vertices and where each vertex has valency at
most 4. Observe that some vertex {j, j−1} might have valency less than four, because the
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elements {ji−1, ij−1}, {ij, j−1i−1}, {j−1i, i−1j} and {ji, i−1j−1} are not necessarily distinct.
Moreover, some vertex {j, j−1} might have a loop: indeed, it is easy to check that {j, j−1}
has a loop if and only if j2 ∈ {j, j−1}.

Let Y be the subgraph induced by X on R/N \ I(R/N). Since R/N is not an elementary
abelian 2-group, by a result of Miller [118], we get |R \ I(R/N)| ≥ |R/N |/4. Now, a classical
graph theoretic result of Caro-Turán-Wei [37, 159, 162] yields that Y has an independent set,
I say, of cardinality at least

∑
{j,j−1}
o(j)>2

1
degX({j, j−1}) + 1 ≥

|R/N |/4
5 = |R|

20|N | .

Thus I = {{j1, j−1
1 }, . . . , {j`, j

−1
` }}, for some ` ≥ |R|/20|N |. The independence of I

yields that, for every two distinct vertices {ju, j−1
u } and {jv, j−1

v } in I, the neighbourhood of
{ju, j−1

u } and {jv, j−1
v } are disjoint. Therefore, (4.3.1) yields that the events Ψ({u, v}, j) and

Ψ({u, v}, j′) are independent, and likewise (if w exists) that the events Ψ({u, v, w}, j) and
Ψ({u, v, w}, j′) are independent.

Furthermore, if o(i) is odd and one of these ` vertices corresponds to the unique j with
j2 = i then the same vertex corresponds to j−1, and (j−1)2 = i−1 6= i since o(i) is odd, so
we may choose the event Ψ({u, v}, j−1) instead of Ψ({u, v}, j), avoiding the possibility that
part (2) of Proposition 4.3.2 arises.

Thus, it follows from Proposition 4.3.3 for either Ψ = Ψ({u, v}) or Ψ = Ψ({u, v, w}) as
appropriate, that

Ψ ≤
(3

4

)`
· 2c(R) ≤

(3
4

) |R|
20|N|

· 2c(R) = 2c(R)−log2(4/3)( |R|20|N| ) < 2c(R)−0.02· |R||N| .

We now use the bounds we have achieved, to show that the number of graphs admitting
automorphisms that fix every orbitOk setwise, but act nontrivially on someOi is a vanishingly
small fraction of the 2c(R) Cayley graphs on R, as long as either o(i) is odd, or the orbit on
Oi has length at least 3. Actually, these formulas only produce results that are vanishingly
small if |N | is small enough relative to |R| that |R|/|N | grows with |R|, so this is the point
at which it starts to become clear that we need to be assuming that |N | is relatively small,
in order to apply the results in this section. The result involving an orbit of length 3 does
not work in the case that R/N is an elementary abelian 2-group; this case will need to be
handled separately.

Lemma 4.3.5. Let

S := {S ⊆ R | S = S−1, there exists i ∈ {2, . . . , b} with o(i) odd such that
(FS)v0 has a nontrivial orbit on Oi}.

Furthermore, if R/N is not elementary abelian 2-group, let

S ′ := {S ⊆ R | S = S−1, there exists i ∈ {2, . . . , b} such that
(FS)v0 has an orbit of cardinality at least 3 on Oi}.

Then |S| ≤ 2c(R)−0.02 |R||N|+log2(|R||N |/2) and |S ′| ≤ 2c(R)−0.02 |R||N|+log2(|R||N |2/6).

Proof. For each i ∈ {2, . . . , b} with o(i) odd, let Si be the subset of S defined by

Si := {S ⊆ R | S = S−1, (FS)v0 has a nontrivial orbit on Oi}.

If o(i) is even then define Si = ∅. Clearly, S =
⋃b
i=2 Si.
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Similarly, for each i ∈ {2, . . . , b}, let S ′i be the subset of S ′ defined by

S ′i := {S ⊆ R | S = S−1, (FS)v0 has an orbit of cardinality at least 3 on Oi}.

Clearly, S ′ =
⋃b
i=2 S ′i.

Let i ∈ {2, . . . , b}, let S ∈ Si with o(i) odd, or S ∈ S ′i (as appropriate) and let u, v, and
possibly w be distinct vertices of Oi in the same (FS)v0-orbit. In particular, there exists
f ∈ (FS)v0 with u = vf , and if w exists then there exists f ′ ∈ (FS)v0 with uf

′ = w. Since f
(and f ′ if it exists) is an automorphism of Γ(R,S) fixing each N -orbit setwise, we deduce

σ(S, v, j)f = σ(S, vf , j) = σ(S, u, j), and if w exists then
σ(S, v, j)f ′ = σ(S, vf ′ , j) = σ(S,w, j),

for every j ∈ {1, . . . , b} \ {1, i}. Hence, |σ(S, u, j)| = |σ(S, v, j)|(= |σ(S,w, j)|) and S ∈
Ψ({u, v}, j) or Ψ({u, v, w}, j). Since this holds for each j ∈ {1, . . . , b} \ {1, i}, we get S ∈
Ψ({u, v}) or S ∈ Ψ({u, v, w}).

The argument in the previous paragraph shows that

Si ⊆
⋃

{u,v}⊆Oi
u6=v

Ψ({u, v}) or Si ⊆
⋃

{u,v,w}⊆Oi
|{u,v,w}|=3

Ψ({u, v, w}).

From Proposition 4.3.4, we deduce that

|S| ≤ (b− 1)
(
|N |
2

)
2c(R)−0.02· |R||N| ≤ |R|

|N |
|N |2

2 2c(R)−0.02· |R||N|

and
|S ′| ≤ (b− 1)

(
|N |
3

)
2c(R)−0.02· |R||N| ≤ |R|

|N |
|N |3

6 2c(R)−0.02· |R||N| .

Our next result deals specifically with the case that R/N is an elementary abelian 2-group.
(We refer to Section 4.3.1 for the definition of BS .)

Lemma 4.3.6. (Recall the notation in Section 4.3.1.) Suppose R is not an abelian group
of exponent greater than 2, that R is not a generalized dicyclic group and that R/N is an
elementary abelian 2-group. Then

|{S ⊆ R | S = S−1, (BS)v0 6= 1}| ≤ 2c(R)− |R|192 +(log2 |R|)2+2.

Proof. Let S := {S ⊆ R | S = S−1, (BS)v0 6= 1}. Observe that the definition of BS
immediately yields BS � Aut(Γ(R,S)). In particular, RBS is a group of automorphisms of
Γ(R,S) acting transitively on the vertex set R and normalizing N . Since R is also transitive
on the vertex set, the Frattini argument gives RBS = R(BS)v0 .

Let
S ′ := {S ∈ S | R < NRBS (R)} and S ′′ := S \ S ′.

Since R is not an abelian group of exponent greater than 2 and since R is not a generalized
dicyclic group, Proposition 4.0.13 yields

|{S ⊆ R | S = S−1, R < NAut(Γ(R,S))(R)}| ≤ 2c(R)− |R|96 +(log2 |R|)2
.

In particular, |S ′| ≤ 2c(R)− |R|96 +(log2 |R|)2 .
For each S ∈ S ′′, choose GS a subgroup of RBS with R < GS and with R maximal in

GS . Observe that NRBS/N (R/N) = R/N , because NRBS (R) = R.
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Let K be the core of R in GS . Then

K =
⋂
g∈GS

Rg ≥
⋂
g∈GS

Ng = N.

Since R is maximal in GS , GS/K acts primitively and faithfully on the set of right cosets of
R in GS . The stabilizer of a point in this action is R/K. As N ≤ K, we deduce that R/K
is an elementary abelian 2-group. From [121, Lemma 2.1], we deduce |GS : R| = |(GS)v0 | is
a prime odd number and |R : K| = 2.

We now partition the set S ′ further. We define

C := {S ∈ S ′′ | (GS)v0 does not act trivially by conjugation on K},
C′ := S ′′ \ C = {S ∈ S ′′ | (GS)v0 ≤ CGS (K)}.

In what follows, we obtain an upper bound on the cardinality of C and C′.
For each S ∈ C, let πS : (GS)v0 → Aut(K) the natural homomorphism given by the

conjugation action of (GS)v0 on K. For each ϕ ∈ Aut(K) \ {idK}, let Cϕ := {S ∈ C | ϕ ∈
πS((GS)v0)}. In other words, Cϕ consists of the connection sets S such that (GS)v0 contains
an element acting by conjugation on K as the automorphism ϕ. With this new setting,

C ⊆
⋃

ϕ∈Aut(K)\{idK}
Cϕ.

Since |(GS)v0 | is odd, then ϕ ∈ πS((GS)v0) has odd order. Using this and applying Theo-
rem 4.0.12 to the group K, we deduce that

|{S ∩K | S ∈ Cϕ}| ≤ 2c(K)− |K|96 ,

for every ϕ ∈ Aut(K) \ {idK}. In particular, as |K| = |R|/2, we have

|Cϕ| ≤ 2c(K)− |K|96 · 2c(R\K) = 2
|K|+|I(K)|

2 − |R|192 + |R\K|+|I(R\K)|
2 ≤ 2

|R|+|I(R)|
2 − |R|192 = 2c(R)− |R|192 .

Since |Aut(K)| ≤ 2(log2 |K|)2 , we deduce

|C| ≤ 2c(R)− |R|192 +(log2 |R|)2
.

Let S ∈ C′ and let ηS be a generator of (GS)v0 : recall that (GS)v0 is a cyclic group of
order pS , where pS is an odd prime number. Suppose that ηS fixes some vertex x ∈ R \K.
Then xηS = x, that is, vxηS0 = vx0 . This yields xηSx−1 ∈ (GS)v0 and x ∈ NGS ((GS)v0). Since
(GS)v0 centralizes K, we get 〈K,x, (GS)v0〉 ≤ NGS ((GS)v0). As GS = 〈K,x, (GS)v0〉, we
deduce (GS)v0 � GS , which is a contradiction because (GS)v0 is core-free in GS . Therefore,
ηS fixes no vertex in R \K. Fix x ∈ R \K. Then xηS = xk, for some k ∈ K \ {1}. Observe
that, for each k′ ∈ K, the image of xk′ under ηS is uniquely determined because

(xk′)ηS = xk
′ηS = xηSk

′ = (xηS )k′ = (xk)k = xkk′.

Applying this equality with k′ = k, we deduce o(k) = pS and hence k ∈ N , because R/N is an
elementary abelian 2-group. This shows that the mapping ηS is uniquely determined by the
image of one fixed element x ∈ R \K, which has to be of the form xk for some k ∈ N . Thus
we have at most |N | choices for ηS . Once that ηS is fixed, we have at most 2|R|/2pS ≤ 2|R|/6
choices for an ηS-invariant subset of R \K. We deduce

|C′| ≤ 2c(K) · |N | · 2
|R|
6 ≤ 2c(R)− |R|12 +log2 |N | ≤ 2c(R)− |R|192 +(log2 |R|)2+1.
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We end this section by pulling together the above results. We are able to show that for all
but a small number of connection sets, every connection set S for every group R containing a
nontrivial proper normal subgroup N is covered in one of the previous two results. However,
we may have to substitute a larger normal subgroup K > N of R for N , which may mean
that the bound we achieve is not useful. These situations can be covered by the results from
Section 4.2.

Proof of Theorem 4.0.5. We use the notation established in Section 4.3.1. Let

S := {S ⊆ R | S = S−1, ∃f ∈ NAut(Γ(R,S))(N) with f 6= 1 and 1f = 1, f fixes each N -orbit setwise}.

Observe that, for every S ∈ S, we have (BS)v0 6= 1. We divide the set S futher:

S1 :={S ∈ S | R < NAut(Γ(R,S))(R)},
S2 :={S ∈ S \ S1 | ∃i ∈ {2, . . . , b} with o(i) odd such that

(FS)v0 has a nontrivial orbit on Oi},
S3 :={S ∈ S \ (S1 ∪ S2) | R/N not an elementary abelian 2-group,

∃i ∈ {2, . . . , b} such that (FS)v0 has
an orbit of cardinality at least 3 on Oi},

S4 :={S ∈ S \ (S1 ∪ S2 ∪ S3) | R/N is an elementary abelian 2-group, (BS)v0 6= 1},
S5 :=S \ (S1 ∪ S2 ∪ S3 ∪ S4).

From Proposition 4.0.13, Lemma 4.3.5 and Lemma 4.3.6, we have explicit bounds for S1, S2,
S3 and S4, and hence we may consider only the set S5.

Let S ∈ S5. Since S /∈ S4, R/N is not an elementary abelian 2-group. Since S /∈ S3,
(FS)v0 has orbits of cardinality at most 2, and so does (BS)v0 . Therefore, (FS)v0 and (BS)v0

are elementary abelian 2-groups.
Now let LS = {γj : (FS)v0 is trivial on Oj}. Notice that LS is in fact a group. Since

(FS)v0 is nontrivial, then LS is a proper subgroup of R. Since S /∈ S2, γi ∈ LS for every i
with o(i) odd. Therefore NLS contains all elements of R of odd order. Let

K :=
⋂

g∈RBS

(NLS)g

be the core of NLS in RBS . Since all conjugates of NLS in R also contain all elements of R
of odd order, we deduce that K also contains all elements of R of odd order and hence R/K
is a 2-group. As (BS)v0 is also a 2-group, we obtain that RBS/K is a 2-group. Therefore
NRBS/K(R/K) > R/K. However, this implies that NRBS (R) > R, but this contradicts the
fact that S /∈ S1. This shows that S5 = ∅. Now, adding the bounds produced for Si for each
1 ≤ i ≤ 4, we get the result. Indeed, using the first bound in Lemma 4.3.5 and the fact that
|R| ≥ 2|N | ≥ 4, we get

|S2| ≤ 2c(R)− |R|
192|N|+log2 |R|+log2 |N |−1 ≤ 2c(R)− |R|

192|N|+(log2 |R|)2−2
.

Further, if |R| < 8, then |R| 6= 7 (because N is a nontrivial proper subgroup), that is |R| ≤ 6.
Consequently,

log2(|R||N |2/6) ≤ 2 log2 |R| − 2 ≤ (log2 |R|)2 − 2.
If |R| ≥ 8, then

log2(|R||N |2/6) ≤ log2 |R|+ 2 log2 |N | ≤ 3 log2 |R| − 2 ≤ (log2 |R|)2 − 2.

Using these, and the second bound in Lemma 4.3.5 we get

|S3| ≤ 2c(R)− |R|
192|N|+log2(|R||N |2/6) ≤ 2c(R)− |R|

192|N|+(log2 |R|)2−2
.
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This together with Proposition 4.0.13, and Lemma 4.3.6, yields

|S| ≤2c(R)− |R|
192|N|+(log2 |R|)2

(1 + 2−2 + 2−2 + 22) ≤ 2c(R)− |R|
192|N|+(log2 |R|)2+3

,

as required.
As in the proof of Theorem 4.0.4, we do not need to include the bound from Proposi-

tion 4.0.13 if we include the condition R = NAut(Γ(R,S))(R). If we omit this condition, then
we include this extra piece (which does not affect the overall bound as we have stated it)
but must not allow groups that are either abelian of exponent greater than 2, or generalised
dicyclic.



Chapter A

Appendix

A.1 Quantitative version of Borel-Cantelli Lemma

Let P be a set with a positive, countable-additive measure µ such that µ(P ) = 1. Denoting
with (Xn)n∈N a sequence of events, we say that the events are pairwise independent if µ(Xi∩
Xj) = µ(Xi)µ(Xj) for every i 6= j. Fix the notations

pk := µ(Xk), Xc
k := P \Xk.

Theorem A.1.1 (Borel-Cantelli Lemma). Let (Xk)k∈N be a sequence of events.

1. If
∑

1≤k≤∞ pk is convergent, then

µ

⋂
k∈N

 ⋃
k≤n≤∞

Xn

 = 0.

2. Assume that the events Xk are pairwise independent. If the series
∑

1≤k≤∞ pk is diver-
gent, then

µ

⋂
k∈N

 ⋃
k≤n≤∞

Xn

 = 1.

See [97, Propositions 16.4.1, 16.4.2] for a proof of Lemma A.1.1. A slightly stronger form
is proved in [142, Chapter VII §5]. We want to show that, for any n ∈ N, the following holds.

Lemma A.1.2 (Quantitative version of Borel-Cantelli Lemma). Let (Xk)k∈N be a sequence
of pairwise independent events. Then

µ

 ⋂
1≤k≤n

Xc
k

 ≤ 1∑
1≤k≤n pk

(A.1.1)

The proof need some preliminaries. For any n ∈ N, let αn : P → {0, 1} be the character-
istic function of Xn, that is,

αn(x) :=
{

1, if x ∈ Xn

0, otherwise.

Note that, αn is a measurable function on P , and pn = µ(Xn) =
∫
P αn. Define

Fn(x) :=
∑

1≤k≤n
(αk(x)− pk).

The expectation of this random variable is E(Fn) = 0.
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Lemma A.1.3. [97, Lemma 16.4.3] For each n, the variance of Fn can be computed as
follows:

var(Fn) =
∑

1≤k≤n
pk(1− pk) ≤

∑
1≤k≤n

pk.

Observe that, the proof of Lemma A.1.3 required the pairwise independency of the se-
quence of events {Xk}k∈N.

Lemma A.1.4 (Chebyshef’s inequality, [97, Lemma 16.4.4]). Let f be a measurable function
on P. For λ > 1 put

Bλ =
{
x ∈ P : (f(x)− E(f))2 > λ · var(f)

}
.

Then
µ(Bλ) ≤ 1/λ.

Proof of Theorem A.1.2. We may suppose
∑

1≤k≤n pk > 1 (otherwise the inequality is triv-
ial). For each n, define

Yn := {x ∈ P | Fn(x) < −ε ·
∑

1≤k≤n
pk}, with 0 < ε < 1.

For every x ∈ Yn, we get that

(Fn(x)− E(Fn))2 > ε2 ·

 ∑
1≤k≤n

pk

2

= λ · var(Fn),

where

λ =
ε2 ·

(∑
1≤k≤n pk

)2

var(Fn) ≥ ε2 ·

 ∑
1≤k≤n

pk

.
(Note that the inequality above follows form Lemma A.1.3.)

We know that
∑

1≤k≤n pk > 1, thus
∑

1≤k≤n pk > 1 + δ, for some δ > 0. Taking ε∗ =
1√

(1+δ)
, for every ε ∈ (ε∗, 1), we get that

ε2 ·

 ∑
1≤k≤n

pk

 > 1.

Hence, form Lemma A.1.4, with f = Fn, we deduce that

µ(Yn) ≤ 1
ε2 ·

(∑
1≤k≤n pk

) .
However, for every x ∈

⋂
1≤k≤nX

c
k, we have that

Fn(x) = −
∑

1≤k≤n
pk < −ε ·

∑
1≤k≤n

pk.

Therefore,
µ(

⋂
1≤k≤n

Xc
k) ≤ µ(Yn) ≤ 1

ε2 ·
(∑

1≤k≤n pk
) .

Taking the limit as ε go to 1 we get (A.1.2).



Glossary

In this section, we list some definitions and notations used throughout the thesis. First,
we list some symbols or acronyms and juxtapose the description. Then the other lists are
organized as follow: we have what should be defined on the left, a definition on the middle
and the symbol or the acronym (if necessary) on the right. If we do not say differently, in
what follows G will be an abstract group.

Symbol or Acronym Description

CFSG Classification of finite simple group.
PFG Positively finitely generated.
c(G) The number of inverse-closed subsets of G

CG(ϕ) {x ∈ G | xϕ = x}, where ϕ is an automorphism of G.
d(G) The minimal size of a generating set of a finitely gener-

ated group G.
dp(G) The minimal number of generators of a Sylow p-

subgroup of a finite group G.
e(G) The expected number of elements of a (pro)finite group

G which have to be drawn at random, with replacement,
before a set of generators is found.

eT (G) The expected number of elements of a permutation
group G ≤ Sym(n) which have to be drawn at ran-
dom, with replacement, before a set of generators of a
transitive subgroup of G is found.

F∗(G) Generalized Fitting subgroup of G
log x Logarithm in base 2 of x.
loga x Logarithm in base a of x.
m(G) the largest size of a minimal generating set of G.

m(G,N) m(G) − m(G/N) where N is a normal subgroup of a
finite group G.
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Symbol or Acronym Description

mn(G) number of maximal subgroups of index n in G.
max(H,G) |{M | M maximal subgroup of G with H ≤ M}|,

where H is a subgroup of a finite group G.

M(G) supn≥2 lognmn(G).
MG(H) The set of maximal members of OG(H)′′.
OG(H)′ OG(H)\{H,G}, where H is a subgroup of a finite group

G.

OG(H)′′ {M ∈ OG(H) | F∗(G) �M}, where H is a subgroup of
a finite group G.

o(x) or |x| The order of the element x in G

P(X) {Y | Y ⊆ X}, for some set X.
PG(k) Probability that k randomly chosen elements of a

(pro)finite group G generate G.
PT (G, k) Probability that k randomly chosen elements of a per-

mutation group G ≤ Sym(n) generate a transitive sub-
group of G.

δ(G)
∑
p∈π(G) dp(G).

δG(A) The number of non-Frattini chief factors G-equivalent
to A in any chief series of G.

χ(G) χ(1, G).
ν(G) min{k ∈ N | PG(k) ≥ 1/e}, where e is the Nepero num-

ber
π(G) The set of prime divisors of the order of a finite group

G.
π̃(r) The number of distinct prime divisors of r.
π(x) The number of prime numbers less than or equal to x.

0̂ The minimum of a (finite) lattice L.
1̂ The maximum of a (finite) lattice L.
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Definition Notation

(a, b)- regular parti-
tion

A partition Σ ofa set Ω is an (a, b)-regular par-
tition when it consists of b parts each having
cardinality a.

Atom of a lattice An atom of a finite lattice L is an element t ∈ L
covering 0̂, that is 0̂ ≤ t and [0̂, t] = {0̂, t}.

Base A subset B of Ω is a base for a permutation
group G ≤ Sym(Ω) if the pointwise stabilizer
G(B) is trivial.

Base size The base size a permutation group G ≤ b(G,Ω) or
Sym(Ω) is the minimal cardinality of a base b(G) when
for G Ω is clear

Block of imprimitiv-
ity

A block of imprimitivity of a transitive group
G ≤ Sym(Ω) is a non-empty subset B of Ω
such that, for every g ∈ G, either B ∩Bg = ∅
or B = Bg.

Block system or Sys-
tem of imprimitiv-
ity

Let B be a block of of a transitive group G ≤
Sym(Ω), the set {Bg | g ∈ G} is a block system

Boolean lattice A lattice L is said to be Boolean if L is isomor-
phic to the lattice of subsets of a set X, that
is, L ∼= P(X).

BN-pair A BN -pair in G is a pair (B,N) of subgroups
of G such that

1. B and N generates G and H := N ∩ B
is normal in N,

2. The group W = N/H = 〈S〉 where all
the elements of S have order 2,

3. For every s ∈ S and w ∈ W , then sBw
is contained in the union of BswB and
BwB,

4. No generator s normalizes B.

Centralizer If A is a G-group the centralizer of A in G is
{g ∈ G | ag = a ,∀a ∈ A}.

CG(A)

Coatom of a lattice A coatom of a finite lattice L is an element
s ∈ L that 1̂ covers, that is s ≤ 1̂ and [s, 1̂] =
{s, 1̂}.

Complemented lat-
tice

A lattice L with 0̂ and 1̂ is complemented if for
all s ∈ L there is a t ∈ L such that s ∧ t = 0̂
and s ∨ t = 1̂.
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Definition Notation

Cayley digraph and
Cayley graph

Let R be a group and let S be a subset of
R. The Cayley digraph with connection set S,
is the digraph (V,E) with with V = R and
{r, t} ∈ E if and only if tr−1 ∈ S. When
S = S−1 is an inverse-closed subset of R, then
(V,E) is the Cayley graph with connection set
S.

Γ(R,S)

Chief factor A chief factor of a finite group G is a quotient
H/K where K is a normal subgroup of G and
H/K is a minimal normal subgroup of G/K.

Complemented
chief factor

A chief factor X/Y of G is complemented if
there exists a subgroup U , called complement,
such that G = UX and Y = U ∩X.

Core The core of a subgroup M of G is the group
∩g∈Gg−1Mg. This is the largest subgroup of
M that is normal in G.

coreG(M) or MG

Crown Let A be a non-Frattini chief factor of G,
NA := {N / G | G/N ∼= LA and soc(G/N) ∼G
A} and let RG(A) :=

⋂
N∈NA N . Then

G/RG(A) is isomorphic to the crown-based
power (LA)δG(A). The A-crown of G is the so-
cle of G/RG(A).

IG(A)/RG(A)

Crown-based power The crown-based power of G of size k is the
subgroup of the group Gk defined by

{(l1, . . . , lk) ∈ Gk | l1 ≡ · · · ≡ lk(mod soc(G))}.

Gk

d-generated group A d-generated group is a finitely generated
group G such that d(G) ≤ d

Distributive lattice A lattice L is distributive lattices when the
distributive laws are satified. That is, for all
s, t, u ∈ L, the following are verified

s ∨ (t ∧ u) = (s ∨ t) ∧ (s ∨ u)

s ∧ (t ∨ u) = (s ∧ t) ∨ (s ∧ u).

(Either of these laws implies the other.)
Dicyclic or gener-
alised quaternion
group

A group is called dicyclic or generalised
quaternion group if it is isomorphic to some
Dic(A, y, x) with A a cyclic group
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Definition Notation

Dual Euler totient
of H in G

For a subgroup H of G, the dual Euler totient
of H in G is defined as follows:∑

K∈OG(H)
µ(H,K)|G : K|.

ϕ̂(H,G)

Euler totient of G Let G be a finite group, the Euler totient of G
is the number of elements g such that 〈g〉 = G.

ϕ(G)

Euler totient of H in
G

For a subgroup H of G, the Euler totient of
H in G is the number of cosets Hg such that
〈Hg〉 = G.

ϕ(H,G)

Fixed-points-free
permutation

A permutation g ∈ G ≤ Sym(Ω) with no fixed
points.

Fixed points set of a
permutation

The set of points in Ω fixed by g ∈ G ≤
Sym(Ω).

fixΩ(g)

Frattini chief factor A Frattini chief factor of G if is a chief fac-
tor X/Y contained in the Frattini subgroup of
G/Y

Frattini subgroup The Frattini subgroup of G is the intersection
of all the maximal subgroups of G

Frat(G)

G-group A G-group is a group A together with a group
homomorphism θ : G→ Aut(A).

G-isomorphic
groups

Two G-groups A and B are said to be G-
somorphic if there exists an isomorphism ϕ :
A → B such that (ag)ϕ = (aϕ)g, for every
a ∈ A and for every g ∈ G.

A ∼=G B

G-isomorphic
groups

Two G-groups A and B are G-equivalent if
there exist two isomorphisms ϕ : A → B and
Φ : A o G → B o G such that the following
diagram commutes.

1 A AoG G 1

1 B B oG G 1

ϕ Φ

A ∼G B,

Generalised dicyclic
group

Let A be an abelian group of even order and
of exponent greater than 2, and let y be an
involution of A. The generalised dicyclic group
is the group 〈A, x | x2 = y, ax = a−1,∀a ∈
A〉. A group is called generalised dicyclic if
it is isomorphic to some 〈A, x | x2 = y, ax =
a−1,∀a ∈ A〉.

Dic(A, y, x)

Generating set and
generators

We say that a subset X of G is a generating set
for G if every element of G can be express as a
product of elements of X∪X−1. The elements
of X are called generators

G = 〈X〉
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Definition Notation

Graph (Digraph) A graph (digraph) Γ is an ordered pair (V,E)
with V a finite non-empty set of vertices, and
E a set of unordered (ordered) pairs from V ,
representing the edges.

Graph (Digraph)
automorphism

An automorphism of a graph (digraph) (V,E)
is a permutation on V that preserves the set
E.

Graphical (Di-
graphical) regular
representation

A graphical (digraphical) regular representa-
tion for a group R is a graph (digraphical)
whose full automorphism group is the group R
acting regularly on the vertices of the graph.

GRR (DRR)

Group-
complemented
boolean lattice

A lattice L is called group-complemented if
ss{ = s{s for every s ∈ L.

Imprimitive group A transitive permutation group G ≤ Sym(Ω)
is imprimitive if it admit a non-trivial block.

Intervals of a poset An interval with extremes s, t ∈ P of a poset
(P,≤) is the set {u ∈ P | s ≤ u ≤ t}

[s, t]

Irreducible G-group A G-group A is said to be irreducible if G
leaves invariant no non-identity proper normal
subgroup of A.

Large base permu-
tation group

The permutation group G is large base if there
exist integers m and r ≥ 1 such that Alt(m)r�
G ≤ Sym(m)wr Sym(r), where the action of
Sym(m) is on k-element subsets of {1, . . . ,m}

Lattice-complement A lattice-complement of a element s in com-
plemented lattice L is an element t ∈ L such
that s ∨ t = 1̂ and s ∧ t = 0̂

s{

Maximal system of
imprimitivity

A system of imprimitivity Σ of a transitive
group G ≤ Sym(Ω) is maximal if the induced
permutation group GΣ ≤ Sym(Σ) is primitive.

Minimal or Inde-
pendent generating
set

A generating set X of a group G is said to be
minimal if no proper subset of X generates G.

Möbius function on
a poset

Let Λ = (X,≤) be a finite poset. The Möbius
function on the poset Λ is the unique function
µΛ : X ×X → Z, satisfying µ(x, y) = 0 unless
x ≤ y and the recursion formula

∑
x≤y≤z

µΛ(y, z) =
{

1 if x = z,

0 otherwise.

µΛ

Orbit Let G ≤ Sym(Ω). The orbit of ω ∈ Ω is the
set {ωg | g ∈ G}

ωG

Overgroup lattice The overgroup lattice of a subgroup H of G is
the set of subgroups of G containing H

OG(H)
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Definition Notation

Open intervals of a
poset

An open interval with extremes s, t ∈ P of a
poset (P,≤) is the set {u ∈ P | s < u < t}

(s, t)

Normalizer The normalizer of a subgroup H of G is the set
{g ∈ G | g−1Hg = H}

NG(H)

Partial order in the
set of all regular
product structures

Let F := {Ωi | i ∈ I} and F̃ := {Ω̃j | j ∈ Ĩ} be
regular (m, k)- and (m̃, k̃)-product structures
on Ω, respectively. Set I := {1, . . . , k} and
Ĩ := {1, . . . , k̃}, and define F ≤ F̃ if there
exists a positive integer s with k̃ = ks, and a
regular (s, k)-partition Σ = {σi | i ∈ I} of Ĩ,
such that for each i ∈ I and each j ∈ σi, Ω̃j ≤
Ωi, that is, the partition Ωi is a refinement of
the partition Ω̃j .

Primitive group An abstract group G is said to be primitive if
it has a maximal subgroup with trivial core.
A transitive permutation group G ≤ Sym(Ω)
is primitive if it admits only the trivial blocks.
Note that the two definition are equivalent.

Primitive mono-
lithic group

A primitive group G is said to be monolithic if
soc(L) is a minimal normal subgroup of G.

G is of type I when soc(L) is abelian

G is of type II when soc(L) is nonabelian

Primitive mono-
lithic group asso-
ciated to a chief
factor

The monolithic primitive group associated
to the chief factor A of G is defined A o
(G/CG(A)) when A is abelian or G/CG(A)
otherwise.

LA

Pointwise stabilizer The pointwise stabilizer in G ≤ Sym(Ω) of
Γ ⊆ Ω is the subgroup of G consisting of the
elements g ∈ G for which γg = γ for any γ ∈ Γ.

G(Γ)

Rank of a Boolean
lattice

The rank of a Boolean lattice L ∼= P(X) is the
size of X

Reduced Euler
characteristic H in
G

For a subgroupH ofG, the reduced Euler char-
acteristic H in G is defined as follows:

−
∑

K∈OG(H)
µ(K,G)|G : K|.

χ(H,G)
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Definition Notation

Regular (m, k)-
product structure

A regular (m, k)-product structure on Ω is a
bijection f : Ω → ΓI , where I := {1, . . . , k}
and Γ is an m-set. The function f consists
of a family of functions (fi : Ω → Γ | i ∈ I)
where f(ω) = (f1(ω), . . . , fk(ω)), for each ω ∈
Ω. The following is an equivalent definition.
Let F := {Ωi | i ∈ I} be a set of partitions
Ωi of Ω into m blocks of size mk−1, let [ω]i
be the block of Ωi containing the point ω, and
let F(ω) := {[ω]i | i ∈ I}. The set F is a
product structure if, for each pair of distinct
points ω, ω′ ∈ Ω, we have F(ω) 6= F(ω′).

Regular orbit A regular orbit of G ≤ Sym(Ω) is a orbit hav-
ing a point ω such that Gω = 1

Refinement of a par-
tition

A refinement of a partition Σ1 of a set Ω is a
partition Σ2 of Ω such that every element in
Σ1 is a union of elements in Σ2.

Σ1 ≤ Σ2

Regular or uniform
partition

A partition Σ of a set Ω is said to be regu-
lar or uniform if all parts in Σ have the same
cardinality.

Semi-direct product Given a G-group A, we have the corresponding Aoθ G
semi-direct product where the multiplication AoG when θ

is given by g1a1 · g2a2 = g1g2a
g2
1 a2, for every

a1, a2 ∈ A and for every g1, g2 ∈ G.
is clear

Setwise stabilizer The setwise stabilizer in G ≤ Sym(Ω) of Γ ⊆ Ω
is the subgroup of G consisting of the elements
g ∈ G for which γg ∈ Γ for every γ ∈ Γ.

GΓ or NG(Γ)

Socle The socle of a group G is the subgroup gener-
ated by the minimal normal subgroups.

soc(G)

Stabilizer or point
stabilizer

Let G ≤ Sym(Ω). The stabiliser of ω ∈ Ω
the subgroup of G consisting of those elements
that fix ω.

Gω

Stabilizer of a parti-
tion

Let Σ be a partition of a set Ω. The stabilizer
of the partition Σ consisting of the elements
g ∈ G for which Γg ∈ Σ for every part Γ of Σ.

NG(Σ)

Stabilizer of a reg-
ular (m, k)-product
structure

Let F = {Ω1, . . . ,Ωk} be a (m, k)-product
structure on Ω. The stabilizer of F consist-
ing of the elements g ∈ G for which Ωg

i ∈ F ,
for every i ∈ {1, . . . , k}.

NG(F)

(strongly) ex-
tendible generating
set

An extendible generating set of a finite group
G is a minimal generating set having a (strong)
immediate descendant
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Definition Notation

(strong) immediate
descendant of a gen-
erating set

An extendible generating set of a finite
group G is a minimal generating set ω :=
{g1, . . . , gk} for which there exist 1 ≤
i ≤ k and x1, x2 in G such that ω̃ =
{g1, . . . , gi−1, x1, x2, gi+1, . . . , gk} is a minimal
generating set of G. If gi = x1x2, then we say
that ω̃ is a strong immediate descendant of ω.

(strong) descendant
of a generating set

A minimal generating set ω∗ of cardinality t
(with t > k) is a (strong) descendant of ω if
there exists a sequence ω0, ω1, . . . , ωt−k where
ω0 = ω, ω∗ = ωt−k and ωj is a (strong) im-
mediate descendant of ωj−1 for every 1 ≤ j ≤
t− k.

(strongly) totally
extendible generat-
ing set

A (strongly) totally extendible extendible gen-
erating set of a finite group G is a minimal gen-
erating set having a (strong) descendant m(G).

Transitive group An abstract group G is said to be transitive
if it admits a subgroup with trivial core. A
permutation group G ≤ Sym(Ω) is transitive
if ωG = Ω, for any ω ∈ Ω. Note that the two
definition are equivalent.

Trivial blocks The singleton {ω} ⊆ Ω and the whole Ω are
the trivial blocks of every transitive group G ≤
Sym(Ω).

Trivial partitions A partition Σ of Ω is said to be trivial if Σ =
{Ω} or if Σ = {{ω} | ω ∈ Ω}.

Wreath product Let H ≤ Sym(Γ) and K ≤ Sym(n) be permu-
tation groups with |Γ|, n ≥ 2. Let Hn be the
direct product of n copies of H. The group
K acts on Hn by permuting the coordinates.
Specifically π ∈ K acts on Hn by setting:

(x1, . . . , xn)π = (x1π−1 , . . . , xnπ−1 ).

The wreath product of H and K is the cor-
responding semidirect product HnK, so the
group operation is defined as follows:

(a1, . . . , an)σ · (b1, . . . , bn)τ = (a1b1σ , . . . , anbnσ )στ

The direct product Hn is the base group and
K is the top group of the wreath product

HwrK or H oK
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(Proc. Colloq. Balatonfüred, 1969, Budapest, 1970, 651–656.

[73] W. Imrich, On graphs with regular groups, J. Combinatorial Theory Ser. B. 19
(1975), 174–180.
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