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Abstract

This thesis is concerned with nonholonomic mechanical systems with affine
constraints in the velocities.

We introduce a class of examples which provide an affine generalization of
the nonholonomic problem of a convex body rolling without slipping on the
plane. We investigate dynamical aspects of the system such as existence of first
integrals, smooth invariant measure and integrability, giving special attention to
the cases in which the convex body is a dynamically balanced sphere or a body
of revolution.

We provide a framework which allows us to develop a rigorous modeling
of the ANAIS billiard [53] and its generalizations. The framework concerns
a class of hybrid systems (in which the constraints are piecewise smooth in
the velocities) and allows us to give a proof of the phenomenon observed in [53]
based on general results on existence of first integrals, reversibility and symmetry
of affine nonholonomic systems. We prove that analogous phenomena occur in
other examples.
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Introduction

This thesis concerns mechanical systems with constraints in the velocities which
cannot be reduced to constraints in the configuration variables. Such systems
are called nonholonomic systems. They arise, for instance, in mechanical systems
that involve rolling contact and are relevant in robotics and other engineering
applications. The main difficulty in the study of nonholonomic systems is that
their equations of motion do not arise from a variational principle and, as a
consequence, do not possess a Hamiltonian structure. Because of this, the current
understanding of several aspects of the dynamics, like the role of continuous
symmetries, the existence of an invariant measure, first integrals, reversibility,
integrability and/or chaotic behavior is quite poor, especially in comparison
with their Hamiltonian counterpart. These problems have been the subject of
extensive investigation in recent decades. Concrete mechanical examples have
shown to be quite helpful in this area, both illustrating and motivating the
research.

In the nonholonomic setting, systems with affine constraints have received less
attention than those with linear constraints, which has led to a less developed
knowledge of the dynamics’ features. In contrast with the linear case, in the
affine setting, there is no general class of examples to guide or illustrate such
investigations. We aim to bridge this gap by introducing and studying a broad
class of examples of affine nonholonomic rolling bodies, with the idea that
exhibiting a variety of dynamical phenomena could guide the development of
the theoretical aspects.

After recalling the necessary background and developing in detail some of the
(known) examples that we will use throughout the thesis in Part 0, we present
the original results in Parts I and II. The contents of these Parts is outlined below.

1



2 Introduction

Contents of Part I. In this part we introduce and study a wide class of examples
of affine nonholonomic systems which generalize the classical problem of a
convex body which rolls without slipping on the plane. The generalization
consists in the definition of a pair of smooth vector fields, one on the plane
where the rolling takes place, and another on the surface of the convex body, that
specify the velocity of the contact point of the body with the plane, as illustrated
in Figure 1. Special choices of these vector fields recover examples which have
been previously considered in the literature, for example [54, 63, 5, 6, 45].

Figure 1: Graphic representation of the vector fields V on the plane Π and W on the
surface S of the convex body.

The first results of the chapter concern the derivation of the equations of
motion in all generality and their reduction in the presence of a particular class
of symmetries. After this, the existence of a class of first integrals, termed moving
energies in [31], is analyzed in terms of the symmetry properties of the underlying
vector fields. The discussion then focuses on specific choices of the convex rigid
body as follows:

1. The case of a dynamical balanced ball, i.e. a sphere whose center of mass
coincides with its geometric center, is treated first. The resulting system
is a generalization of the celebrated Chaplygin sphere, which is a classic
integrable nonholonomic system [19]. We show that, regardless of the
choice of vector fields, the system always possesses three independent
first integrals. We then analyze the dynamics of the system for a simple
particular choice of vector fields. Moreover, we show that it is integrable
on the critical level sets of the integrals and instead, using an appropriate
Poincare map, we give numerical evidence that the dynamics is chaotic on
the generic regular level sets of the first integrals.

2. We next treat the case of a body of revolution. Assuming that the vector
field on the plane vanishes and the one on the body possesses the same axial
symmetry, we show that the dynamics is integrable by proving existence
of a sufficiently large number of first integrals and explicitly indicating the
symmetries and an invariant measure.

3. Finally, we consider the case in which the convex body is a homogeneous
sphere. After proving a general result giving sufficient conditions on
the vector fields on the plane and the sphere to guarantee existence of an
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invariant measure, we analyze in detail the dynamics for a simple particular
choice of vector fields, identifying both regular and chaotic behaviors on
the phase space.

A major portion of this part’s contents are contained in [22].

Contents of Part II. This part develops a geometric framework to explain a
surprising phenomenon reported by Lévy-Leblond [53] regarding the motion
of a homogeneous sphere that rolls without slipping on a plane with a circular
uniformly rotating platform, known as the ANAIS billiard phenomenon. If the
sphere is set to roll on the fixed part of the plane and towards the rotating
platform, it will go outside the platform and back to the fixed part of the plane
following a trajectory that is the exact prolongation of the initial one, see Figure
2.

Figure 2: Graphic representation of the ANAIS billiard phenomenon.

The modeling of the system is done extending the results of Part I by allowing
the vector field on the plane to be piecewise smooth. A critical issue is to
propose a reasonable postulate to model the discontinuities in the velocities on
the transition of the rolling regimes (the fixed part of the plane and the rotating
platform). Such postulate was already tacitly assumed in [53]. We provide a
justification for the postulate by taking smooth approximations of the system
and applying the results about the existence of first integrals described in Part
I. Specifically, the postulate assumes that the limit of the first integrals are first
integrals of the limit system. This reasoning allows us to formulate a more
general postulate that enables us to model a wide class of affine nonholonomic
systems with piecewise smooth constraints in the velocities.

We then proceed to formulate general results about the reversibility and sym-
metries of nonholonomic systems with affine constraints and, in particular, of
our class of examples. These results, combined with the specifics of the model
described above, allow us to identify the mechanisms responsible for the phe-
nomenon reported in [53] and to prove that it also holds for new concrete exam-
ples. This part of the thesis was inspired by Section 6 in [53]. A description of
[53] and how our work is related to it is given in Appendix D.
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1 Introduction to nonholonomic
systems

In this chapter, we will give a brief introduction into the most important concepts
in the nonholonomic systems. These arguments are well-known and can be
found, for example, in [8, 56, 23].

1.1 Configuration manifold and phase space

A configuration manifold, denoted by Q, is a smooth n-dimensional manifold
whose points label the possible positions of a mechanical system. A set of
coordinates (q1, . . . , qn) in Q are termed generalized coordinates. The tangent
bundle TQ of the configuration manifold Q, has induced bundle coordinates

(q, q̇) = ((q1, . . . , qn), (q̇1, . . . , q̇n)).

Here, the points q ∈ Q specify the positions and the vectors q̇ ∈ TqQ specify the
velocities of the system. The space TQ is called the velocity phase space of the
system.

1.2 Constraints

Some systems may have restrictions in positions and velocities, these are called
constraints. Mechanical systems that are subject to constraints on their positions
are known as holonomic systems. Instead, nonholonomic systems are those restricted
by constraints on the system’s velocities that do not arise from constraints in the
position. These types of constraints are called nonholonomic constraints. For
example, the length of the string of the simple pendulum is a holonomic con-
straint, while the constraint of a sphere rolling without slipping on the plane is

7



8 CHAPTER 1. INTRODUCTION TO NONHOLONOMIC SYSTEMS

a nonholonomic constraint.
The difference between holonomic and nonholonomic constraints can be inter-

preted geometrically in the following way. A curve in the system’s configuration
space represents a motion of the system, if the system is holonomic, then any
curve inQ specifies a motion of the system. However, this is not the case in non-
holonomic systems, by restricting the possible velocities of the system, we are
restricting the possible tangent vectors q̇ ∈ TqQ at each point q of the configura-
tion manifoldQ. If the constraints are linear and homogeneous in the velocities,
the set of possible tangent vector spans a subspace of the tangent space TqQ and
every curve that represents a motion of the system is tangent to that subspace.
The set of these subspaces is in fact an important geometrical object which we
define as follows.

Definition 0.1.1. Let Q be a smooth manifold. A regular distribution D on Q of
rank r is a subbundle of TQ of rank r.

A rank-r distribution may be described by specifying for each q ∈ Q a linear
subspace Dq ⊂ TqQ of dimension r, and letting D = ⋃q∈QDq. It follows that D is
a smooth distribution if and only if each point q ∈ Q has a neighborhood U on
which there are smooth vector fields X1, . . . ,Xr ∶ U → Q such that

span{X1(q), . . . ,Xr(q)} =Dq

for each q ∈ U . If a system has n − r independent constraints,

βaj (q)q̇
j
= 0 with a = 1, . . . , n − r, 1 (0.1.1)

then its constraint distribution can be written as

D = {(q, q̇) ∈ TQ ∶ (q, q̇) satisfy (0.1.1)},

and each fiber satisfies,

Dq = {q̇ ∈ TqQ ∶ β(q)q̇ = 0}, (0.1.2)

where β(q) denotes the (n− r)×nmatrix whose ath row has entries βaj (q). If the
constraints (0.1.1) can be integrated and expressed only in terms of the position,
then they are holonomic. In this case, they define a submanifold N on Q and
every point onN has tangent space TqN =Dq. We give the following definitions.

Definition 0.1.2. Let D ⊂ TQ be a smooth distribution. A nonempty immersed

1Unless otherwise stated, Einstein’s convention of sum over repeated indices holds.
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submanifold N ⊂M is called an integral manifold of D if TqN = Dq at each point
q ∈ N .

Definition 0.1.3. A distribution D on Q is said to be integrable if each point of Q
is contained in an integral manifold.

Nonholonomic constraints are constraints in the velocities which cannot be
integrated and expressed as constraints only on the positions. Therefore, non-
holonomic constraints are given by nonintegrable distributions.

1.3 Affine nonholonomic constraints

In the previous section we assumed that the constraints (0.1.1) were linear ho-
mogeneous in the velocities, but we can also consider nonholonomic constraints
that are nonhomogeneous or affine in the velocities, these can be written as

βaj (q)q̇
j
=Ka

(q) with a = 1 . . . , n − r. (0.1.3)

If the system has affine constraints, the velocities are restricted at each point q ∈ Q
to an affine, instead of linear, subspaceAq ⊂ TqQ. Hence, affine constraints deter-
mine an affine subbundle A of the tangent bundle TQ, which can be described
by

A = {(q, q̇) ∈ TQ ∶ (q, q̇) satisfy (0.1.3)}.

An affine distribution can be expressed as A = D + Z, where D ⊂ TQ is a
linear distribution that satisfies (0.1.2) and Z ∈ X(Q) is a vector field on the
configuration manifold Q such that

β(q)Z(q) =K(q). (0.1.4)

Each fiber of A satisfies
Aq =Dq +Z(q).

Notice that given D and A, then the vector field Z is determined up to sections
of D. Clearly, if Z(q) ∈Dq for every q ∈ Q, then A =D is a linear distribution.

1.4 The Lagrange-D’Alembert principle

The Lagrangian of a system is a function L = L(q, q̇) ∶ TQ → R, which we will
assume to be given by the kinetic minus the potential energy of the system. In
coordinates,

L(q, q̇) = T (q̇) − V (q) =
1

2
q̇TA(q)q̇ − V (q), (0.1.5)
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where the kinetic energy matrix A(q) is symmetric and positive definite. In sys-
tems with holonomic constraints, upon definition of an adequate configuration
manifold Q, the motion of the system can be described by the Euler-Lagrange
equations:

d

dt
(
∂L

∂q̇i
) −

∂L

∂qi
= 0, i = 1, . . . , n.

These equations are equivalent to a variational principle on a space of smooth
curves with fixed endpoints. Take a curve q ∶ [a, b] → Q that joins two fixed
points in Q over a fixed time interval [a, b]. Then q(t) is a solution of the Euler-
Lagrange equations if and only if it is a stationary point of an action functional.
Namely,

δ∫
b

a
L(q(t), q̇(t))dt = 0.

In nonholonomic systems, the constraints give rise to a reaction force R which
depends on positions and velocities, soR = (q, q̇), and so the equations of motion
are given by

d

dt
(
∂L

∂q̇i
) −

∂L

∂qi
= Ri(q, q̇) i = 1, . . . , n, (0.1.6)

where Ri are the components of the reaction force R of the nonholonomic con-
straints, and L is the Lagrangian defined in (0.1.5). To obtain an expression ofR,
we assume that the nonholonomic constraint satisfy a physical principle known
as the Lagrange D’Alembert principle of ideal constraints. It states that the reaction
force annihilates any possible displacement of the system. In other words, if
(q, q̇) ∈ D, then R(q, q̇) ⋅ q̇ = 0. Under this assumption, the reaction force R is
uniquely determined as a function of (q, q̇) ∈ D. In the following section, we
show how it can be obtained explicitly.

1.4.1 Determination of the reaction force

We follow [30, 40, 1] to give the coordinate description of the equations of motion
of a nonholonomic system with affine constraints. Suppose that the system has
n − r independent constraints that are affine on the velocities and are given by
(0.1.3). These constraints determine an affine constraint distribution A = D +Z,
where the linear distribution D is defined as (0.1.2) andZ ∈ X(Q) satisfies (0.1.4).

From the Lagrange-D’Alembert principle, R = R(q, q̇)must be a linear combi-
nation of the rows of β(q). Hence R = β(q)Tλ for a vector λ = λ(q, q̇) ∈ Rn−r that
we determine next. Differentiating (0.1.3) yields

β(q)q̈ + γ(q, q̇) − ξ(q, q̇) = 0, (0.1.7)
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where γ(q, q̇), ξ(q, q̇) ∈ Rn−r have components

γa(q, q̇) =
∂βak
∂qj

q̇j q̇k, ξa(q, q̇) =
∂Ka

∂qj
q̇j . (0.1.8)

Using the expression of the Lagrangian L in (0.1.5), we have

d

dt
(
∂L

∂q̇
) −

∂L

∂q
= A(q)q̈ + η(q, q̇) + V ′(q)

where the components of the vectors η(q, q̇), V ′(q) ∈ Rn are

ηi(q, q̇) = (
∂Aij

∂qk
(q) −

1

2

∂Ajk

∂qi
(q)) q̇j q̇k, V ′i (q) =

∂V

∂qi
(q). (0.1.9)

Therefore (0.1.6) becomes

A(q)q̈ + η(q, q̇) + V ′(q) = β(q)Tλ

Multiplying both sides of the equation by β(q)A−1(q) and using (0.1.7) yields

(β(q)A−1(q)β(q)T )λ = β(q)A−1(q)η(q, q̇) + β(q)A−1(q)V ′(q) − γ(q, q̇) + ξ(q, q̇).

The matrix β(q)A−1(q)β(q)T is invertible, since β has full rank. Therefore,

λ(q, q̇) =(β(q)A−1(q)β(q)T )−1(β(q)A−1(q)η(q, q̇)

+ β(q)A−1(q)V ′(q) − γ(q, q̇) + ξ(q, q̇)).

Introducing the (n − r) × (n − r)matrix

Σ(q) = (β(q)A−1(q)β(q)T )−1,

we obtain the following explicit expression for R(q, q̇):

R(q, q̇) = β(q)TΣ(q)(β(q)A−1(q)(η(q, q̇) + V ′(q)) − γ(q, q̇) + ξ(q, q̇)). (0.1.10)

The equations of motion become

A(q)q̈ + η(q, q̇) + V ′(q) = R(q, q̇), (0.1.11)

with R(q, q̇) given by (0.1.10), η(q, q̇) by (0.1.9), and γ(q, q̇) and ξ(q, q̇) by (0.1.8).
By construction, the constraint functions

ϕ̃a(q, q̇) = βai (q)q̇
i
−Ka

(q)
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are first integrals of (0.1.11). The restriction of (0.1.11) to the invariant manifold
determined by the constraints (0.1.3) gives our desired equations of motion

1.4.2 Invariance and reversibility properties of the equations of mo-
tion

Consider a nonholonomic system on a configuration manifoldQwith Lagrangian
L given by (0.1.5) and constraint distribution A = D + Z ⊂ TQ with D a linear
distribution and Z ∈ X(Q) a vector field. As explained above, the system has an
equation of motion given by the restriction to A of (0.1.11). Now let Ψ ∶ Q → Q

be a diffeomorphism on the configuration manifold Q and let us denote by
Ψ ∶ TQ→ TQ its tangent lift defined as

Ψ(q, q̇) = (Ψ(q),Ψ′(q)q̇),

with Ψ′ = ∂Ψ
∂q . Suppose that the Lagrangian L is invariant under Ψ and the linear

distribution D is invariant under Ψ, i.e.

L ○Ψ = L and TqΨ(Dq) =DΨ(q) for all q ∈ Q.

Suppose, moreover, that the vector field Z satisfies

Ψ∗Z = sZ, with s = ±1.

In other words, Z is Ψ-invariant if s = 1 and Ψ-reversible (see Chapter 3) if
s = −1. The following result, taken from [40], whose proof is given in Appendix
A, shows that if s = 1 then Ψ maps solutions into solutions of the nonholonomic
dynamics, and instead that the nonholonomic dynamics is Ψ-reversible if s = −1.

Theorem 0.1.4. Let Ψ ∶ Q → Q be a diffeomorphism such that its tangent lift Ψ

preserves the Lagrangian L and the linear distribution D. Assume that Ψ∗Z = sZ for
s = ±1. Suppose that t ↦ qt is a solution of the equations of motion (0.1.11) satisfying
(0.1.3) and let q̃t = Ψ(qt). Then,

1. for s = 1, the curve q̃t is a solution of (0.1.11) satisfying (0.1.3).

2. for s = −1 the curve q̂t = q̃−t is a solution of (0.1.11) satisfying (0.1.3).



2 Nonholonomic systems with
linear constraints

There are important differences between holonomic and nonholonomic systems.
We have mentioned that equations of motion of nonholonomic systems do not
come from a variational principle in the strict sense 1. The fact that nonholonomic
systems are nonvariational implies that they do not fit within the Hamiltonian
setting. This has consequences in the way nonholonomic systems behave in com-
parison to their holonomic counterpart. For instance, in nonholonomic systems,
symmetries do not always lead to conservation laws as with the classical Noether
theorem, therefore, even though there are some nonholonomic generalizations
of Noether’s theorem [51, 2, 8, 34, 32], the relationship between symmetries and
first integrals is more complicated. Moreover, unlike in the holonomic setting,
volume may not be preserved in the phase space of nonholonomic systems. This
may lead to asymptotic stability in some cases [10].

Some important examples of nonholonomic systems with linear constraints
regard rolling bodies. In the following section, we will restrict our attention to
the sphere rolling on a fixed plane, but other examples concern the motion of a
body rolling on a sphere [12] or the motion of a sphere rolling on a surface [13].

2.1 The sphere rolling on a fixed plane

The sphere rolling without slipping on a fixed plane is one of the most classical
examples of a nonholonomic system. The most general case is that of an unbal-
anced and nonsymmetric sphere, usually known as Chaplygin’s top, considered
in [11, 12]. This system is generally chaotic, but in the presence of additional

1The equations of motion of nonholonomic systems are obtained from the condition of mini-
mum of action with additional restrictions imposed on the variations.

13



14 CHAPTER 2. NONHOLONOMIC SYSTEMS WITH LINEAR CONSTRAINTS

symmetries it may be integrable. For instance, the case of an axially-symmetric
sphere with displaced center of mass, studied by Routh [59] and Chaplygin [19],
the case of a balanced sphere, studied by Chaplygin [20], and the case of the
homogeneous sphere, considered in [56], are well-known integrable cases. Here
we will present the most general system and then focus on the particular inte-
grable cases. The description of these systems, their first integrals and invariant
measures can be found in [12], where one can also find more historical references.

2.1.1 Description of the system

For this part, we follow the approach in [40]. Consider the motion of a sphere
of radius r and mass m rolling without slipping on a horizontal plane. We fix
a spatial frame Σs = {O;e1,e2,e3} such that the horizontal plane Π contains
the origin O and is spanned by the vectors e1,e2. We fix a body frame Σb =

{C;E1,E2,E3}whose origin is the center of mass C of the sphere and such that
the vectors Ei are aligned with its principal axes of inertia. We denote the inertia
tensor of the sphere with respect to our choice of body axis by

I =

⎛
⎜
⎜
⎝

I1 0 0

0 I2 0

0 0 I3

⎞
⎟
⎟
⎠

.

In the general case, the three moments of inertia of the sphere are different, i.e.
I1 ≠ I2 ≠ I3.

A configuration of the system is defined by the position of the sphere on the
plane and the orientation of the sphere. Therefore, the configuration manifold
of the system is R2 × SO(3) and a configuration is specified by the pair (x,B),
where x = (x1, x2,0) ∈ R

3 is the vector from the origin O to the point of contact,
andB ∈ SO(3) is the attitude matrix that determines the orientation of the sphere
(B is the change of basis matrix between {ei} and {Ei} of R3).

Now we define the following points and vectors, illustrated in Fig. 2.1

• C ′ is the geometric center of the sphere
• C is the center of mass of the sphere
• O is the origin of the space frame
• P is the contact point

• u ∈ R3 are the coordinates of the vector Ð→OC, connecting the origin of the
spatial frame and the center of mass, with respect to the spatial frame Σs

• x ∈ R3 are the coordinates of the vector Ð→OP , connecting the origin of the
spatial frame and the contact point, with respect to the spatial frame Σs
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• ρ ∈ R3 are the coordinates of the vectorÐ→CP , connecting the center of mass
and the contact point, with respect to the body frame Σb

• γ = B−1e3 ∈ R
3 are the coordinates of the unitary vector normal to the

plane at the contact point P , with respect to the body frame Σb

Notice that the following relations are satisfied

ρ = −rγ − lE3, (0.2.1)

where l > 0 denotes the distance between the geometric center of the sphere C ′

and its center of mass C, and
x = u +Bρ. (0.2.2)

Figure 2.1

Moreover, we denote by ω = (ω1, ω2, ω3) ∈ R
3 the coordinates of the angular

velocity vector with respect to the spatial frame Σs and by Ω = (Ω1,Ω2,Ω3) ∈ R
3

the coordinates of the angular velocity vector with respect to the body frame Σb,
so they satisfy

Ω = B−1ω.

The space and body coordinate representations of the angular velocity ω and Ω

are respectively defined by the right and left trivializations

ḂB−1 = ω̂, and B−1Ḃ = Ω̂,

where for a ∈ R3, the notation â denotes the unique 3 × 3 skew-symmetric real
matrix such that a × b = âb for all b ∈ R3, i.e.

ω̂ =

⎛
⎜
⎜
⎝

0 −ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎞
⎟
⎟
⎠

, and Ω̂ =

⎛
⎜
⎜
⎝

0 −Ω3 Ω2

Ω3 0 −Ω1

−Ω2 Ω1 0

⎞
⎟
⎟
⎠

.
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It is convenient to embed the configuration manifold to R3 × SO(3) as the 5-
dimensional manifold

Q = {(u,B) ∈ R3
× SO(3) ∶ (0.2.2) is satisfied}.

The tangent bundle of the configuration manifold is the 10-dimensional manifold
described by TQ = R2×SO(3)×R2×R3, where we identify TSO(3)with SO(3)×

R3 by considering the left trivialization of the Lie algebra of SO(3). Therefore, a
point on TQ is given by (u,B, u̇,Ω).

The Lagrangian of the system L ∶ TQ→ R is given by

L(u,B, u̇,Ω) =
1

2
⟨IΩ,Ω⟩ +

m

2
∥u̇∥2 +mg⟨ρ,γ⟩, (0.2.3)

where g denotes the gravitational constant. To obtain the constraint of rolling
without slipping, we consider a material point on the sphereQ ∈ R3 with constant
coordinates in the body frame Σb. Its coordinates in the space frame Σs are given
by

q(t) = u(t) +B(t)Q,

differentiating with respect to time we get

q̇(t) = u̇(t) + Ḃ(t)Q.

The no slipping constraint imposes that the velocity at the contact point is zero,
so considering the point of contact Q = ρ, and enforcing q̇(t) = 0 gives

u̇ = −Ḃρ = −BB−1Ḃρ = −BΩ̂ρ = B(ρ ×Ω).

Thus, the constraint of rolling without slipping is given by

u̇ = B(ρ ×Ω). (0.2.4)

Notice that the third coordinate of (0.2.4) is given by

u̇3 = ⟨B(ρ ×Ω),e3⟩ = ⟨(−rγ − lE3) ×Ω,γ⟩ = −l⟨E3 ×Ω,γ⟩ = l⟨γ̇,E3⟩ = lγ̇3,

which can be obtained by differentiating the holonomic constraint of the sphere
staying on the plane,

u3 = −⟨ρ,γ⟩ = r + lγ3. (0.2.5)

Therefore, (0.2.4) describes two independent nonholonomic constraints (which
are linear in the velocities) and one holonomic constraint. These determine an
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8-dimensional phase space described by the linear rank 3 constraint distribution
D ⊂ TQ, defined as

D = {(u,B, u̇,Ω) ∈ TQ ∶ (0.2.4) and (0.2.5) are satisfied}. (0.2.6)

2.1.2 Equations of motion

In this section we will obtain the equations of motion of the system using the
Lagrange-D’Alembert principle introduced in Section 1.4. We introduce the
vector M ∈ R3 which is written in the body coordinates Σb and is defined as

M = IΩ +mρ × (Ω × ρ). (0.2.7)

The vector M is the angular momentum of the body about its contact point.
Notice that from equation (0.2.7) we can obtain an expression for Ω in terms of
M and γ,

Ω(M ,γ) = A(γ)(M −
m⟨M ,A(γ)ρ⟩

1 −m⟨ρ,A(γ)ρ⟩
ρ) , (0.2.8)

where A = (I +m∥ρ∥2id)−1, where id denotes the 3 × 3 identity matrix.

Proposition 0.2.1. [12] The equations of motion of the system are given by

Ṁ =M ×Ω +mρ̇ × (Ω × ρ) +mgρ × γ

u̇ = B(ρ ×Ω), (0.2.9)
Ḃ = BΩ̂,

where M = IΩ +mρ × (Ω × ρ).

Proof. In the absence of constraints, the equations of motion are

mü = −mge3, IΩ̇ = (IΩ) ×Ω.

Adding the reaction forces of the constraints we get

mü = −mge3 +R1, IΩ̇ = (IΩ) ×Ω +R2, (0.2.10)

for some R1, R2. The Lagrange D’Alembert principle says that if (u̇,Ω) satisfy
(0.2.4), then

⟨R1, u̇⟩ + ⟨R2,Ω⟩ = 0.

In this case,

⟨R1,B(ρ ×Ω)⟩ + ⟨R2,Ω⟩ = ⟨(B
−1R1) × ρ +R2,Ω⟩ = 0.
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Since it is valid for all Ω, this gives us an expression for R2

R2 = −(B
−1R1) × ρ.

On the other hand, differentiating the constraints (0.2.4) gives

ü = Ḃ(ρ ×Ω) +B(ρ̇ ×Ω) +B(ρ × Ω̇),

so, substituting in equation (0.2.10) we get an expression for R1,

R1 =mü −mge3 =m(Ḃ(ρ ×Ω) +B(ρ̇ ×Ω) +B(ρ × Ω̇) − ge3).

We may now use the expressions obtained for the reaction forces by using the
Lagrange-D’Alembert principle to obtain the equations of motion,

IΩ̇ = (IΩ) ×Ω − (B−1R1) × ρ

= (IΩ) ×Ω +mρ × (Ω × (ρ ×Ω)) +mρ × (ρ̇ ×Ω) +mρ × (ρ × Ω̇) −mgρ × γ.

Using the definition of the vector M introduced in (0.2.7) we obtain the first
equation of (0.2.9). This equation is complemented with the constraints (0.2.4)
and with Ḃ = BΩ̂.

2.1.3 Symmetries and first integrals

The system has an SE(2)-symmetry that corresponds to translations and rota-
tions of the plane Π. We denote an element (Rθ,a) ∈ SE(2)with

Rθ =

⎛
⎜
⎜
⎝

cos θ − sin θ 0

sin θ cos θ 0

0 0 1

⎞
⎟
⎟
⎠

, a = (a1, a2,0),

and consider the action Ψ of SE(2) on Q,

Ψ((Rθ,a), (u,B)) = (Rθu + a,RθB).

The tangent lift of this action Ψ ∶ SE(2) × TQ→ TQ is given by

Ψ((Rθ,a), (u,B, u̇,Ω)) = (Rθu + a,RθB,Rθu̇,Ω).
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Notice that u3, γ, ρ and Ω are invariant under this action. We can check that the
Lagrangian L given in (0.2.3) is invariant under this action, i.e. L ○Ψ = L,

L(Ψ(u,B, u̇,Ω)) =
1

2
⟨IΩ,Ω⟩ +

1

2
∥Rθu̇∥

2
+mg⟨ρ,γ⟩ = L(u,B, u̇,Ω).

Moreover, the distribution D given by (0.2.6) is also Ψ-invariant, i.e. Ψ(Dq) =

DΨ(q), since equations (0.2.4) and (0.2.5) are invariant under Ψ. Therefore, the
system may be reduced by this symmetry. First, we notice from expression
(0.2.8) that Ω and does not depend on u, so we can separate the constraints
(0.2.4) from the equations of motion (0.2.9). Moreover, the third equation in
(0.2.9) is equivalent to

γ̇ = γ ×Ω,

and we obtain a decoupled system for (M ,γ) ∈ R3 × S2. The reduced phase
space D/SE(2) is a 5-dimensional manifold diffeomorphic to R3 × S2 and may
be parametrized by M ∈ R3 and γ ∈ S2.

Proposition 0.2.2. The SE(2)-reduced equations of motion are

Ṁ =M ×Ω +mρ̇ × (Ω × ρ) +mgρ × γ

γ̇ = γ ×Ω,
(0.2.11)

where M = IΩ +mρ × (Ω × ρ).

Notice that the reduced system has the geometric first integral ∥γ∥2 = 1. More-
over, it can be checked that the energy, given by

E =
1

2
⟨M ,Ω⟩ −mg⟨ρ,γ⟩,

is a first integral of the system.

2.1.4 Dynamics

According to the Euler-Jacobi theorem [2], for the system to be integrable, we
would need two additional first integrals and a smooth invariant measure. In
the general case, without additional symmetries, there is no invariant measure
and no additional first integrals; the dynamics of the system is generally chaotic.
However, there are some known integrable cases, which are cases of the general
system with some additional symmetries.
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2.1.5 Integrable cases

Routh’s sphere

The case of the axially symmetric sphere was studied by Routh in 1884, [59] and
by Chaplygin in [19] and was proven to be integrable. Suppose that the sphere
is axially symmetric, i.e. I1 = I2 and with its center of mass C ≠ C ′ aligned with
the axis E3. Because of the additional symmetry on the sphere, the system has
an SO(2)-symmetry, which corresponds to rotations of the body frame Σb about
the axis E3.

In this case, the equations of motion remain as in (0.2.11). Besides the geomet-
ric integral ∥γ∥2 = 1 and the energy integral E, it can be checked that the system
has the additional first integrals

K1 = Ω2

√

I1I3 + I1mr2(1 − γ23) + I3m(rγ3 + l)
2, and K2 = ⟨M ,ρ⟩,

and smooth invariant measure µdMdγ with

µ =
1

√
I1I3⟨ρ, Iρ⟩

.

Hence, in view of the Euler-Jacobi theorem [2], this system is integrable.

The Chaplygin sphere

Another example of an integrable system is that of a dynamically balanced
sphere, i.e. a sphere with different moments of inertia in which the center of mass
coincides with the geometric center. This system is known as the Chaplygin sphere
and was proven to be integrable by Chaplygin in 1903, [20]. Other references of
the Chaplygin sphere are [8, 49, 26]. If the geometric center C coincides with the
center of mass C ′, then the relations (0.2.1) and (0.2.2) respectively become

ρ = −rγ, and x = u − re3.

The reduced equations of motion (0.2.11) therefore take the form

Ṁ =M ×Ω,

γ̇ = γ ×Ω,
(0.2.12)

with M = IΩ +mr2γ × (Ω × γ). From the first equation in (0.2.12), we have

d

dt
BM = ḂM +BṀ = BB−1ḂM +B(M ×Ω) = B(Ω ×M) +B(M ×Ω) = 0.
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So the vector M is constant with respect to the space frame Σs. Therefore, the
system has the additional first integrals

∥M∥, ⟨M ,γ⟩.

Moreover, it has a smooth invariant measure µdMdγ, where

µ =
1

√
1 −mr2⟨γ,Aγ⟩

,

with the matrix A = (I +mr2id)−1.

The homogeneous sphere

A particular case of those two integrable cases, is the homogeneous sphere, a
dynamically balanced sphere with equal moments of inertia, I = I1 = I2 = I3.
The reduced equations of motion of the system are given by (0.2.12) with M =

IΩ +mr2γ × (Ω × γ), and the constraints (0.2.4) take the form

ẋ = −rB(γ ×Ω).

The homogeneity of the sphere gives rise to an additional symmetry of the
system by SO(3), corresponding to the rotations of the sphere. This symmetry
can be reduced by working in the space reference frame Σs and decoupling the
equations of motion. Considering the vector m = BM , given by

m = Iω +mr2e3 × (ω × e3),

where ω̂ = ḂB−1, the first equation of (0.2.12) becomes

ṁ = 0.

So the vector m is constant and therefore, its coordinates,

m1 = (I +mr
2
)ω1, m2 = (I +mr

2
)ω2, m3 = Iω3

are first integrals of the system, which imply that the vector ω is constant. The
constraints may be rewritten using space coordinates as

ẋ = rω × e3,
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which in coordinates give

ẋ1 = rω2, ẋ2 = −rω1.

Since ω is constant, from these last equations we know that the trajectory of the
sphere on a plane follows a straight line.



3 Nonholonomic systems with
affine constraints

The main examples of nonholonomic systems with affine constraints consist of
rigid bodies rolling on moving surfaces. For example, in Section 3.2 we will
discuss the homogeneous sphere rolling on a rotating plane; but also, more
generally, one can consider the Chaplygin sphere [29] or convex body [5] rolling
on a rotating plane or a sphere rolling on a rotating surface of revolution [24, 35].
Other examples of nonholonomic systems with affine constraints can be found
in [54, 63, 6, 45].

In nonholonomic systems with linear constraints, the energy is preserved.
However, nonholonomic systems with affine constraints need not conserve the
energy. In [31], it was noticed that in nonholonomic systems with affine con-
straints, even if the energy is not conserved, one may find a modification of the
energy, called the moving energy, which is preserved. We introduce the main
concepts and results from [31] in the next section.

3.1 Moving energy

The idea is that given a nonholonomic system with affine constraints, under
some assumptions, through a general mechanism, one can find a modification
of the energy, which is conserved. These assumptions require that the affine
terms of the constraints correspond to the infinitesimal generator of a continuous
symmetry of the Lagrangian. To state this more precisely, we introduce some
notation following [31].

Consider a nonholonomic system on a configuration manifold Q, with La-
grangian L given by (0.1.5) and affine constraints that determine an affine con-

23
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straint distribution A ⊂ TQ, which we express as

A =D +Z

with D ⊂ TQ a linear distribution and Z ∈ X(Q) a vector field.
Now, let Ψ ∶ G × Q → Q be the action of a Lie group G on Q and let Ψ ∶

G × TQ → TQ be its tangent lift. Consider the Lie algebra g of G and take
ξ ∈ g. Let us denote by Yξ ∈ X(Q) the infinitesimal generator of the action of the
one-parameter subgroup generated by ξ, namely,

Yξ(q) =
d

dt
∣
t=0

Ψexp(tξ)(q),

and let us denote by Jξ ∶ TQ → R the momentum map of the one-parameter
subgroup generated by ξ,

Jξ ∶= q̇
TA(q)Yξ(q).

Then, the moving energy of the nonholonomic system defined by a Lagrangian
L, configuration manifold Q and affine constraint distribution A, relative to ξ is
the restriction to A of the function

EL,ξ = EL − Jξ,

where EL ∶ TQ→ R is the energy of L,

EL(q, q̇) =
1

2
q̇TA(q)q̇ + V (q).

With this notation in mind, we state the following.

Theorem 0.3.1. [31] Consider a (time-independent) nonholonomic system with La-
grangian L, configuration manifold Q and affine constraint distribution A = D + Z.
Consider the action Ψ of a Lie group G on Q and assume that

• L is Ψ-invariant, i.e. L ○Ψg = L for all g ∈ G,

• D is Ψ-invariant, i.e. TqΨg(Dq) =DΨg(q) for all g ∈ G and q ∈ Q,

• ξ ∈ g is such that Yξ −Z is a section of D.

Then, the moving energy
EL,ξ,A = EL∣A − Jξ ∣A,

is a (time-independent) first integral of the system.
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3.2 The homogeneous sphere rolling on a rotating plane

Consider a homogeneous sphere of radius r and massm rolling without slipping
on a horizontal plane which is rotating at constant angular speed η ∈ R, as shown
in Fig. 3.1. This is a well-known example and has been considered, for example,
in [27, 57, 56, 9, 21, 46, 31].

Figure 3.1: Sphere rolling on a rotating plane

We fix the space frame Σs in such a way that the plane is rotating about the e3
axis. The configuration manifold of the system is Q = R2 × SO(3). We use the
same notation as in Section 2.1, and since the sphere is homogeneous, we have
the following relations

u = x + re3 and ρ = −rγ.

To obtain the constraints, we consider a point on the sphere Q with constant
coordinates in the body frame Σb. In the space frame Σs its coordinates are
given by

q(t) = x(t) +B(t)Q,

differentiating with respect to time we get

q̇(t) = ẋ(t) + Ḃ(t)Q.

The constraint tells us that the velocity at the contact point is the velocity of the
plane at that point, i.e. at the point of contact Q = −rγ, we have q̇(t) = ηe3 ×x(t).

Therefore,

ẋ = rḂγ + ηe3 ×x = rBΩ̂γ + ηe3 ×x = rB(Ω × γ) + ηe3 ×x.
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Then, the constraints are given by

ẋ = rB(Ω × γ) + ηe3 ×x. (0.3.1)

Notice that, in this case, the constraints are not linear homogeneous in the
velocities, but instead affine linear. Again, the third coordinate of (0.3.1) is a
holonomic constraint that can be obtained by differentiating

x3 = 0. (0.3.2)

The constraint distribution is given by

A = {(x,B, ẋ,Ω) ∈ TQ ∶ (0.3.1) and (0.3.2) are satisfied}.

It is an 8-dimensional affine distribution, and it can be expressed as A = D + Z

with D the linear distribution and Z ∈ X(Q) a vector field. These can be taken as

D = {(x,B, ẋ,Ω) ∈ TQ ∶ ẋ = rB(Ω × γ) and (0.3.2) are satisfied },
Z(x,B) = (ηe3 ×x,0).

Equations of motion

Using the Lagrange-D’Alembert principle, one can get the equations of motion.
First, we introduce the vector M ∈ R3 defined by

M = IΩ +mr2γ × (Ω × γ) − ηB−1(x × e3). (0.3.3)

This definition gives us an expression for Ω in terms of M , B, and x

Ω(M ,B,x) =
1

I +mr2
(M +

mr2

I
⟨M ,γ⟩γ +mrηγ × ((B−1x) × γ)

Proposition 0.3.2. The equations of motion are given by

Ṁ =M ×Ω,

ẋ = rB(Ω × γ) + ηe3 ×x,

Ḃ = BΩ̂,

with M = IΩ +mr2γ × (Ω × γ) − ηB−1(x × e3).

Proof. Following an analogous procedure to the one we used for the case of the
sphere rolling on a fixed plane in Section 2.1, using the Lagrange-D’Alembert
principle, we find the equations of motion. In this case, in the absence of
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constraints, the equations of motion are

mẍ = 0, IΩ̇ = (IΩ) ×Ω = 0.

Adding the reaction forces of the constraints we get

mẍ = R1, IΩ̇ = R2,

for some R1, R2. The Lagrange-D’Alembert principle says that if (ẋ,Ω) satisfy
ẋ = rB(Ω × γ), then

⟨R1, ẋ⟩ + ⟨R2,Ω⟩ = 0.

In this case,

⟨R1,−rB(γ ×Ω)⟩ + ⟨R2,Ω⟩ = ⟨−r(B
−1R1) × γ +R2,Ω⟩ = 0,

Since it is valid for all Ω, this implies

R2 = r(B
−1R1) × γ.

Differentiating the constraints (0.3.1) gives

ẍ = −rḂ(γ ×Ω) − rB(γ̇ ×Ω) − rB(γ × Ω̇) + ηe3 × ẋ,

so
R1 =mẍ = −mr(Ḃ(γ ×Ω) +B(γ̇ ×Ω) +B(γ × Ω̇)) +mηe3 × ẋ.

Therefore,

IΩ̇ = r(B−1R1) × γ

=mr2γ × (Ω × (γ ×Ω) + (γ̇ ×Ω) + (γ × Ω̇)) −mrηγ ×B−1(e3 × ẋ).

Using the vector M defined by (0.3.3) it becomes

Ṁ =M ×Ω.

This equation is complemented with the constraints (0.3.1) and with equation
Ḃ = B−1Ω̂.

Symmetries and first integrals

The system has an SO(3)-symmetry corresponding to rotations of the sphere and
an SO(2)-symmetry corresponding to rotations of the plane about the e3 axis.
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We do the reduction of the system by the first of these symmetries by considering
the space coordinates of the vector M and using the angular velocity written on
the space frame Σs, i.e.

m = BM = Iω +mr2e3 × (ω × e3) − ηx × e3, and ω = BΩ.

Then, the constraints (0.3.1) can be written as

ẋ = −re3 ×ω − ηx × e3.

Since neither of these equations depend on the matrix B, we can decouple the
system. The SO(3)-reduced system can be written in terms ofm ∈ R3 andx ∈ R2.

Proposition 0.3.3. The SO(3)-reduced equations of motion are given by

ṁ = 0

ẋ = −re3 ×ω − ηx × e3,
(0.3.4)

where m = Iω +mr2e3 × (ω × e3) − ηx × e3.

From the reduced equations of motion, it can be seen that the reduced system
has first integrals

m1 = (I +mr
2
)ω1−mrηx1, m2 = (I +mr

2
)ω2−mrηx2, m3 = Iω3. (0.3.5)

It can be seen that the energy is not conserved. Nevertheless, as noted in [31],
the moving energy,

Emov =
I

2
⟨Ω,Ω⟩ +

mr2

2
∥γ ×Ω∥2 −

m

2
η2∥x∥2,

is a first integral of the system.

Dynamics

The reduced phase space A/SO(3) has dimension 5 and the system has four
first integrals, so the system is integrable and, in fact, periodic. From the first
integrals (0.3.5), we may obtain an expression for ω in terms of x

ω1 =
m1 +mrηx1
I +mr2

, ω2 =
m2 +mrηx2
I +mr2

, ω3 =
m3

I
.

Substituting in equation (0.3.1) we get

ẋ1 =
1

I +mr2
(rm2 − Iηx2), ẋ2 =

1

I +mr2
(−rm1 + Iηx1),
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which can be rewritten as

(
ẋ1
ẋ2
) =

1

I +mr2
((

0 −Iη

Iη 0
)(
x1
x2
) + r (

m2

−m1
)) . (0.3.6)

The general solution of the above linear inhomogeneous ODE is

(
x1(t)

x2(t)
) = (

cosωt − sinωt

sinωt cosωt
)(
a

b
) +

r

Iη
(
m1

m2
) ,

where a, b ∈ R and ω = Iη
I+mr2

. Therefore, the trajectories of the sphere on the
plane are circles with center ( rm1

Iη ,
rm2

Iη ).
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1 Introduction

The role of symmetries in the reduction [47, 9, 17, 48, 16], existence of first inte-
grals [9, 34, 30, 33, 3], invariant measures [7, 50, 62, 18, 66, 36], and integrability
[37, 44, 4, 28] of nonholonomic systems with linear constraints in the veloci-
ties has been an active field of research in the last decades. Concrete examples
have been very useful to illustrate, and often guide, such investigations. In
this regard, the approach of Borisov, Mamaev et al. [12, 13, 14] has been very
valuable. In these papers, the authors consider general rolling problems and
investigate dynamical aspects as a function of the parameters entering the shape
and mass distribution of the bodies, reporting a hierarchy of behaviors ranging
from integrable to chaotic.

The dynamics of nonholonomic systems whose constraints are affine, instead
of linear, in the velocities is much less developed. A general mechanism, arising
from symmetries, which leads to existence of an energy type integral, termed
moving energy, was only recently discovered in [31, 29] (see also [15]). On the
other hand, the existence of momentum type integrals is treated in [33] but
more extensive investigations remain to be done. To the best of our knowledge,
general existence conditions of an invariant measure for nonholonomic systems
with affine constraints are unknown.

In contrast with the linear case described above, there is no general class of
examples to illustrate or guide such investigations in the affine setting. The
purpose of this paper is to attempt to fill this gap by introducing a general class
of examples providing affine generalizations of the classical problem of a convex
body rolling without slipping on the plane. Mathematically, the systems that
we propose are obtained by taking as given a vector field W on the surface of
the body S and a vector field V on the plane Π, which determine the velocity
of the contact point as illustrated in Fig 1.1. As we explain in Chapter 2, such
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system can be mechanically realized for specific vector fields V and W and for
certain body shapes. In fact, our proposed system provides a general framework
for specific examples which had been considered previously in the literature
[54, 63, 5, 6, 45].

Figure 1.1: Graphic representation of the vector fields V on the plane Π and W on the
surface S of the convex body. The nonholonomic constraint enforces the velocity of the
contact point to be equal to the sum of both vectors at that point.

1.1 Structure

We begin by introducing the system in detail in Chapter 2, describing its kine-
matics in Section 2.1 and deriving the equations of motion for general vector
fields V,W in Section 2.2. We also indicate the corresponding SE(2)-reduction
in the case where the vector field V on the plane vanishes. We then proceed to
identify some special cases of existence of a preserved moving energy in Section
2.4. In Chapter 3 we focus on the case in which the convex body is a dynamically
balanced sphere (i.e. a Chaplygin sphere) and we extend some results of [5, 6, 45]
giving several dynamical contributions. Chapter 4 focuses on the case in which
the convex body is a solid of revolution and we show that the system is integrable
for V = 0 and a specific choice of W (consistent with the symmetry). Finally, in
Chapter 5 we treat the case in which the convex body is a homogeneous sphere,
we prove a general result on existence of an invariant measure and analyze the
dynamics in detail for specific choices of V and W . We finally mention that the
results of this chapter are contained in [22].



2 Description of the system

We consider the motion of a convex rigid body, with smooth surface S, on the
infinite horizontal plane Π ∶= R2 × {0} ⊂ R3 subject to the following constraints:

C1. The body surface S and the plane Π are in contact at a unique point at all
time.

C2. The velocity of the material point of the body in contact with the plane
equals the sum Vx +Wρ, where Vx,Wρ, are prescribed horizontal vectors
(i.e. tangent to Π) which respectively depend on the specific position x ∈ Π
of the contact point, and on the specific material point ρ ∈ S which is in
contact with the plane.

The first condition imposes a standard holonomic constraint on the system.
The second condition is a generalization of the nonholonomic constraint of
rolling without slipping, which is illustrated in Fig 1.1, and is convenient to
restate as:

C2′. We assume that there are two given vector fields, V ∈ X(Π) and W ∈ X(S),
which determine the ‘slipping’ velocity of the contact point via the sum
of their evaluations at the specific spatial point of contact x ∈ Π and the
specific material point of contact ρ ∈ S.

If both vector fields V and W vanish, we recover the classical problem of
rolling without slipping on the plane. On the other hand, we have the following
two particular cases that are worth pointing out, can be physically realized, and
will be analyzed in detail at several points of the thesis.

1. The uniformly rotating plane. If W = 0 and

V (x) = ηx × e3,
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we recover the model for the rolling of a convex body on a plane that rotates
with constant angular velocity η (see Fig 2.2a). Here x ∈ Π ⊂ R3 is expressed
with respect to a fixed spatial frame, the vector e3 is normal to Π and ‘×’ denotes
the vector product in R3. This problem has received great attention when the
convex body is a homogeneous sphere [27, 57, 56, 54, 9, 31], but also in more
generality [29, 5].

2. The cat’s toy mechanism. To the best of our knowledge, the case W ≠ 0

has received very little attention. Assuming V = 0 for simplicity, a mechanical
realization, considered recently by Bizyaev, Borisov and Mamaev [6], is obtained
as follows: suppose that an arbitrary rigid body is fastened inside a spherical
shell with its center of mass C located at the geometric center of the shell, and
suppose that the body is set and kept in motion about an axis passing through
C with constant angular speed σ, by means of some device, see Fig 2.1. If
the moments of inertia tensor of the spherical shell are negligible compared to
the rigid body’s, and the shell is put to roll without slipping on the plane, the
resulting system is modelled by our framework. Indeed, in this case the body
surface S is a sphere and the vector field W ∈ X(S) is

W (ρ) = σρ ×E3.

Here ρ ∈ S ⊂ R3 are coordinates on the surface of the sphere with respect to a
frame centered at C and fixed in the body (so ∥ρ∥ = r, where r > 0 is the radius
of the shell) and E3 is the unit vector in the direction of the axis of rotation, see
Fig 2.1.

rotating device
shell
rigid body

Figure 2.1: Graphic representation of the realization of the cat’s toy mechanism. The
center of mass C of the rigid body coincides with the geometric center of the spherical
shell.

Several mechanical devices, similar to the one described above, are available
in the market as toys for pets, especially cats. The idea is that the cat would
amuse itself chasing the unevenly rolling spherical shell around the living room.
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Inspired by this, we shall refer to the system described above as a sphere with a
cat’s toy mechanism.

A natural generalization, easily accounted for in our setup, is to assume that the
shell is axially-symmetrical instead of spherical. To better align the presentation
with our framework, it is convenient to think that the rigid body is steadily
fastened to the shell, and it is the shell, instead of the rigid body, which is kept
rotating with constant angular speedσ about its symmetry axis by means of some
device, see Fig. 2.2b. We will also use the terminology “cat’s toy mechanism" to
refer to this case.

(a) Convex body rolling on a rotating plane. (b) The cat’s toy mechanism.

Figure 2.2: Particular instances of our framework (see text for details).

Our motivation to consider the problem in its full generality (i.e. for arbitrary
convex body and arbitrary vector fields V and W ) is to illustrate dynamical
phenomena that could guide the development of the theory for existence of
invariant measures, existence of first integrals, integrability and chaotic behavior
of mechanical systems with affine nonholonomic constraints which have received
far less attention than their linear counterpart.

We mention that general possibilities for the vector field V are suggested in
[53, 63] when the body is a homogeneous sphere. We also mention [45] where the
authors consider the motion of a dynamically balanced ball on a vibrating plane
corresponding to a non-autonomous vector field V . However, the systematic
treatment of the problem that we present appears to be new.

2.1 Kinematics

We fix a spatial frame Σs = {O;e1,e2,e3} such that the horizontal plane Π

contains the origin O and is normal to e3. We also fix a body frame Σb =

{C;E1,E2,E3}whose origin is the center of mass C of the convex body. Unless
otherwise specified, we will assume that the vectors Ei are aligned with the
body’s principal axes of inertia.
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The configuration of the body is specified by a pair (B,x) ∈ SO(3)×R3 where
x ∈ R3 are the coordinates of the vector Ð→OP from the origin O to the contact
point P (see Fig 2.3) with respect to the spatial frame Σs, and the attitude matrix
B ∈ SO(3) determines the orientation of the body (i.e. it is the change of basis
matrix between the bases {ei} and {Ei} of R3).

The constraint C1 that the body surface S and the plane Π are in contact at all
time at a unique point leads to the holonomic constraint

x3 = 0, (I.2.1)

so for the rest of the thesis we write

x = (x1, x2,0) ∈ Π ⊂ R
3.

It will be convenient to think of the vector field V ∈ X(Π) in constraint C2′ as
the restriction to Π ⊂ R3 of a vector field on R3 which is tangent to Π. For this
reason, for each x ∈ Π, we will write

Vs(x) = (V1(x), V2(x),0) ∈ R
3, (I.2.2)

as the coordinate expression of the vector field V with respect to the spatial
frame Σs. In particular, for the rotating plane with constant angular velocity η
about the origin O illustrated in Fig 2.2a, we have

Vs(x) = ηe3 ×x. (I.2.3)

Similarly, it will be convenient to think of the vector field W ∈ X(S) as the
restriction toS ⊂ R3 of a vector field onR3 tangent toS. The coordinate expression
for this vector field with respect to the body frame Σb is then given by

Wb(ρ) = (W1(ρ),W2(ρ),W3(ρ)) ∈ R
3, (I.2.4)

where the tangency condition

⟨Wb(ρ),nb(ρ)⟩ = 0, (I.2.5)

holds for all ρ ∈ S ⊂ R3. In the above expressions, ρ ∈ R3 are the coordinates of
the vectorÐ→CP , connecting the center of mass and the contact point, with respect
to the body frame Σb (see Fig 2.3), nb(ρ) is the outward unitary normal vector
to S at ρ ∈ S expressed in the body frame Σb, and ⟨⋅, ⋅⟩ is the Euclidean scalar
product in R3. In particular, for the cat’s toy mechanism described in Chapter 2
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and depicted in Fig 2.2b, we have

Wb(ρ) = σρ ×E3, (I.2.6)

where the third axis of the body frame Σb is chosen along the direction of the
shell’s axis of symmetry1.

We emphasize that the coordinate expressions for the vector fields V and W

in (I.2.2) and (I.2.4) are given in distinct reference frames. V is naturally written
in the space frame Σs whereas W is naturally written in the body frame Σb.

We now define a collection of vectors which will be useful to describe the
system and write the equations of motion ahead. This list may provide a conve-
nient reference for the reader to come back to when needed, so we include the
definition of the vectors x and ρ given above. Some of the vectors are illustrated
in Fig 2.3.

● x ∈ R3 are the coordinates of the vector Ð→OP , connecting the origin of the
spatial frame and the contact point, with respect to the space frame Σs.

● ρ ∈ R3 are the coordinates of the vectorÐ→CP , connecting the center of mass
and the contact point, with respect to the body frame Σb.

● α,β,γ ∈ R3 are the Poisson vectors, whose components are the coordinates
of the vectorse1,e2,e3 with respect to the body frameΣb. They are pairwise
orthogonal unit vectors forming the rows of the attitude matrixB and given
by

α = B−1e1, β = B−1e2, γ = B−1e3. (I.2.7)

● u = (u1, u2, u3) ∈ R
3 are the coordinates of the vector Ð→OC, connecting the

origin of the spatial frame and the center of mass, with respect to the spatial
frame Σs.

● U = (U1, U2, U3) ∈ R
3 are the coordinates of the vector Ð→OC with respect to

the body frame Σb (so U = B−1u).

● ω ∈ R3 are the coordinates of the angular velocity vector with respect to
the spatial frame Σs.

● Ω ∈ R3 are the coordinates of the angular velocity vector with respect to
the body frame Σb (so Ω = B−1ω).

We recall (see e.g. [55]) that the space and body coordinate representations of
the angular velocity are defined by the left and right trivializations:

B−1Ḃ = Ω̂, ḂB−1 = ω̂,

1Note that, in general, this choice of third axis may be incompatible with the assumption that
{Ei} are aligned with the principal axes of inertia.
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where, for a ∈ R3, the notation â stands for the unique 3 × 3 skew-symmetric
real matrix such that âb = a× b for all b ∈ R3. It is well-known that the mapping
ˆ∶ (R3,×) → so(3) is a Lie algebra isomorphism. The first of the above identities
is in fact equivalent to the following well-known evolution equations for the
Poisson vectors

α̇ = α ×Ω, β̇ = β ×Ω, γ̇ = γ ×Ω. (I.2.8)

Figure 2.3: Graphic representation of the vectors ρ,γ ∈ R3 (which are written with
respect to the body frame Σb = {C;E1,E2,E3}) and x,u ∈ R3 (which are written with
respect to the spatial frame Σs = {O;e1,e2,e3}).

The relation
x = u +Bρ, (I.2.9)

follows from the definitions of the vectorsx, u and ρ. Taking scalar product with
e3 on both sides, shows that the holonomic constraint x3 = 0 may be rewritten as

u3 = −⟨ρ,γ⟩. (I.2.10)

Following the approach of previous references [23, 12], throughout this thesis,
we use the Gauss map nb ∶ S → S2 ⊂ R3 of the surface of the body to obtain a
functional relation between ρ and γ:

nb(ρ) = −γ, ρ = n−1b (−γ). (I.2.11)

The validity of these relations follows from our assumption that the surface S of
the body is smooth and convex, since it guarantees that the Gauss map nb is a
diffeomorphism. Note that the tangency condition (I.2.5) implies

⟨Wb(ρ),γ⟩ = 0.

Now, the velocity of the material point in contact with the plane, written in
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the space frame Σs, is given by u̇ +B(Ω × ρ). Therefore, imposing C2′ leads to
the nonholonomic constraint:

u̇ = B(ρ ×Ω) +Vs(x) +BWb(ρ), (I.2.12)

where x is expressed in terms of u, B and ρ by (I.2.9).
Using the kinematic condition2 ⟨ρ̇,γ⟩ = 0, and the properties of Vs and Wb

mentioned above, it is an exercise to show that the third component of (I.2.12)
is the time derivative of (I.2.10). Therefore, (I.2.12) defines two independent
nonholonomic constraints.

We now specify in more detail the geometry of the constraints. It is convenient
to embed the configuration space Q of our problem in R3 × SO(3) as the 5-
dimensional submanifold

Q = {(u,B) ∈ R3
× SO(3) ∶ equation (I.2.10) holds}.

In the above definition of Q, and in what follows, the vectors γ and ρ should
be understood as functions of the attitude matrix B via the relations (I.2.7)
and (I.2.11). The nonholonomic constraints (I.2.12) determine a rank 3 affine
distribution A ⊂ TQ which is the phase space of our system and is convenient
to embed inside T (R3 × SO(3)) = TR3 × TSO(3) = R3 ×R3 × SO(3) ×R3, where
the identification TSO(3) = SO(3) × R3 is done using the left trivialization.
Specifically, we have

TQ = {(u, u̇,B,Ω) ∈ R3
×R3
×SO(3) ×R3

∶

(I.2.10) and the third component of (I.2.12) hold},

and

A = {(u, u̇,B,Ω) ∈ R3
×R3

× SO(3) ×R3
∶ equations (I.2.10) and (I.2.12) hold}.

As a manifold, the affine distribution A has dimension 8. It will be convenient to
express A = D +Z where D ⊂ TQ is the model linear distribution and Z ∈ X(Q)
is a vector field. These can be taken as

D = {(u, u̇,B,Ω) ∈ R3
×R3

× SO(3) ×R3
∶ u̇ = B(ρ ×Ω) and (I.2.10) holds},

(I.2.13a)

Z(u,B) = (Vs(x) +BWb(ρ),0), (I.2.13b)

2Here and in what follows, ρ̇ is shorthand for −Dn−1b (−γ)(γ ×Ω), which follows from (I.2.11)
and (I.2.8).
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where, as usual, x is expressed in terms of u, B and ρ by (I.2.9).

2.2 Equations of motion

The Lagrangian L ∶ TQ → R is the sum of the kinetic energies of rotation
and translation minus the gravitational potential energy. Working with the
conventions of the previous section, we have

L(u,B, u̇,Ω) =
1

2
⟨IΩ,Ω⟩ +

m

2
∥u̇∥2 +mg⟨ρ,γ⟩, (I.2.14)

where I = diag(I1, I2, I3) is the inertia tensor of the body, m > 0 is its total mass,
and g > 0 is the gravitational constant.

We introduce the following vector M ∈ R3, which is written in the body frame
Σb, and is a generalization of the angular momentum of the body about its
contact point:

M = IΩ +mρ × (Ω × ρ −B−1Vs(x) −Wb(ρ)), (I.2.15)

where, according to (I.2.9), we have x = u +Bρ. The dependence of M on the
angular velocity Ω is affine linear, depending parametrically on u and B, and
may be inverted to obtain

Ω(M ,u,B) = A(γ)(M + ζ(B,u) +
m⟨M + ζ(B,u),A(γ)ρ⟩

1 −m⟨A(γ)ρ,ρ⟩
ρ) , (I.2.16)

where the 3 × 3 matrix A(γ) and the vector ζ(B,u) ∈ R3 are given by

A(γ) = (I+m∥ρ∥2id)−1 and ζ(B,u) =mρ×(B−1Vs(x)+Wb(ρ)), (I.2.17)

where id denotes the 3 × 3 identity matrix. To make sense of the matrix A as
a function of γ recall that ρ is expressed as a function of γ by (I.2.11). On the
other hand, we think of the vector ζ as a function of (B,u), since x may be
expressed as a function ofB and u by (I.2.9) (and ρ is a function ofB through its
dependence on γ = B−1e3). Considering that Ω in (I.2.16) is written as a function
of (M ,u,B) it would have been slightly more appropriate to write A = A(B) in
(I.2.16) but the notationA = A(γ) is useful in the analysis of the equations below.

The above expression for Ω allows us to give the following alternative para-
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metrization of the affine distribution A:

A = {(u, u̇,B,M) ∈ R3
×R3
×SO(3) ×R3

∶

(I.2.10) and (I.2.12) hold with Ω =Ω(M ,u,B) }.

Proposition I.2.1. The equations of motion of the problem are the restriction of

Ṁ =M ×Ω +mρ̇ × (Ω × ρ) +mgρ × γ

+m(B−1Vs(x) +Wb(ρ)) × (ρ̇ +Ω × ρ), (I.2.18a)
Ḃ = BΩ̂, (I.2.18b)
u̇ = B(ρ ×Ω) +Vs(x) +BWb(ρ), (I.2.18c)

to the invariant set defined by (I.2.10) where Ω = Ω(M ,u,B) as in (I.2.16), and, in
accordance with (I.2.9), we have x = u +Bρ.

Note that (I.2.18a) is a momentum balance equation and instead (I.2.18b) and
(I.2.18c) are kinematic relations that follow from the considerations in section
2.1.

Proof. As mentioned above, (I.2.18b) and (I.2.18c) are given by the definition of
Ω and the constraints (I.2.12). In order to obtain (I.2.18a), we begin by writing
the equations of motion as

mü = −mge3 +R1, IΩ̇ = IΩ ×Ω +R2, (I.2.19)

where R1,R2 are the nonholonomic reaction forces. According to the Lagrange-
d’Alembert principle,

⟨R1, u̇⟩ + ⟨R2,Ω⟩ = 0

for all u̇ and Ω satisfying the linear nonholonomic constraint specified by D in
(I.2.13a), namely, u̇ = B(ρ ×Ω). This implies

⟨R1,B(ρ ×Ω)⟩ + ⟨R2,Ω⟩ = 0 for all Ω.

So we get
R2 = ρ × (B

−1R1). (I.2.20)

On the other hand, differentiating the constraints (I.2.12) gives

ü = Ḃ(ρ ×Ω +Wb(ρ)) +B(ρ̇ ×Ω + ρ × Ω̇ +W
′
b(ρ)ρ̇) +V

′
s (x)ẋ.
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And from equation (I.2.19), we have B−1R1 =mB
−1ü +mgγ, so

B−1R1 =mΩ×(ρ×Ω+W (ρ))+m(ρ̇×Ω+ρ×Ω̇+W ′
b(ρ)ρ̇)+B

−1
(V ′s (x)ẋ)+mgγ.

Using this expression and (I.2.20) to expressR2 and then substituting in equation
(I.2.19) gives

IΩ̇ = IΩ ×Ω +mρ × (Ω × (ρ ×Ω)) +mρ × (ρ̇ ×Ω) +mρ × (ρ × Ω̇) +mgρ × γ

+mρ × (Ω ×Wb(ρ)) +mρ × (W ′
b(ρ)ρ̇) +mρ × (B−1V ′s (x)ẋ).

Starting with the definition (I.2.15) of M , some elementary calculations show
that the above equation is equivalent to (I.2.18a).

2.3 The case V = 0

IfV = 0, the system (I.2.18) has an SE(2)-symmetry corresponding to translations
and rotations of the plane Π. Denoting elements in SE(2) as (Rθ,a)with

Rθ =

⎛
⎜
⎜
⎝

cos θ − sin θ 0

sin θ cos θ 0

0 0 1

⎞
⎟
⎟
⎠

, a = (a1, a2,0)
T ,

and group operation

(Rθ,a)(Rθ̃, ã) = (Rθ+θ̃,Rθã + a),

then the action of SE(2) on Q is the restriction to Q of the following action of
SE(2) on R3 × SO(3)

(Rθ,a) ⋅ (u,B) = (Rθu + a,RθB). (I.2.21)

It is immediate to check that u3,γ and ρ are invariant under this action so, in
view of (I.2.10), the action indeed restricts fromR3×SO(3) toQ. The lifted action
of SE(2) on TQ is given by

(Rθ,a) ⋅ (u,B, u̇,Ω) = (Rθu + a,RθB,Rθu̇,Ω).

It is not difficult to see that the Lagrangian L, given by (I.2.14), and the linear
distribution D, given by (I.2.13a), are invariant under this lifted action. If V =
0 then also A is invariant and the equations (I.2.18) may be reduced by this
symmetry. The reduced phase space A/SE(2) is diffeomorphic to R3 × S2 and
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may be parametrized by M ∈ R3 and the Poisson vector γ ∈ S2. To obtain the
reduced equations, note that the constraints (I.2.12) simplify to

u̇ = B(ρ ×Ω) +BWb(ρ),

whose right-hand side is independent of u. Also, the expression (I.2.16) for Ω

is independent of u. Moreover, since the dependence of ρ on B is only through
the Poisson vector γ, we may write

Ω(M ,γ) = A(γ)(M +
m⟨M +mρ ×Wb(ρ),A(γ)ρ⟩

1 −m⟨A(γ)ρ,ρ⟩
ρ −mρ ×Wb(ρ)) ,

(I.2.22)
which leads to a decoupled system for (M ,γ) ∈ R3 × S2. We give the reduced
equations on A/SE(2) as the following.

Proposition I.2.2. The reduced equations on A/SE(2) are the restriction of

Ṁ =M ×Ω +mρ̇ × (Ω × ρ) +mgρ × γ +mWb(ρ) × (ρ̇ +Ω × ρ), (I.2.23a)
γ̇ = γ ×Ω, (I.2.23b)

to the invariant set ∥γ∥2 = 1 where Ω =Ω(M ,γ) is given by (I.2.22).

2.4 Moving energy

It is well-known that nonholonomic systems with affine constraints do not in
general preserve the energy. However, as first noticed in [31] (see also [15] and
[29]), if the affine terms correspond to the infinitesimal generator of a continuous
symmetry of the Lagrangian, then a modification of the energy, which we term
moving energy in accordance with [31, 29], arises as a first integral. Below, we
discuss some instances of existence of a preserved moving energy in our problem.

2.4.1 The case W = 0

As mentioned above, for a general convex body, the Lagrangian L is invariant
under the lifted SE(2) action on TQ given by (I.2.21). If W = 0 and V ∈ X(Π)

coincides with the infinitesimal generator of the SE(2) action on Q, given by
(I.2.21), then the system possesses a conserved moving energy. There are two
possibilities for such infinitesimal generator. The first one is a steady rotation
with angular frequency η ∈ R about a fixed point on the plane Π that can be
taken as our origin O, namely

Vs(x) = ηe3 ×x,
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which is precisely the form of Vs given in (I.2.3) for the uniformly rotating plane.
In this case, the conserved moving energy Emov ∶ A → R was found in [29] and
is given by

Emov =
1

2
⟨IΩ,Ω⟩+

m

2
∥ρ×Ω∥2−mg⟨ρ,γ⟩+η⟨IΩ−mρ×(Ω×ρ),γ⟩+

1

2
mη2(∥ρ∥2−∥u∥2).

The second possibility is that of a steady linear translation; namely,

Vs(x) = v = (v1, v2,0), (I.2.24)

for constant v1, v2 ∈ R. In this case, following the prescription in [15, 31, 29], one
computes the conserved moving energy to be

Emov =
1

2
⟨IΩ,Ω⟩ +

m

2
∥ρ ×Ω∥2 −mg⟨ρ,γ⟩.

2.4.2 The case of an axially symmetric rigid body

A further symmetry of the Lagrangian arises when the body possesses an axial
symmetry, and is hence a body of revolution. Assuming that the symmetry axis
is aligned with the third axis E3 of the moving frame Σb, then we consider the
SO(2) action on Q given by

Rϕ ⋅ (u,B) = (u,BR
−1
ϕ ), (I.2.25)

where

Rϕ =

⎛
⎜
⎜
⎝

cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1

⎞
⎟
⎟
⎠

.

It is immediate to check that under this action γ transforms to Rϕγ. Moreover,
for an axisymmetric body, the Gauss map is equivariant and ρ transforms to
Rϕρ. It follows from (I.2.12) that (I.2.25) determines a well-defined SO(2) action
on Q. The associated lifted action to TQ is

Rϕ ⋅ (u,B, u̇,Ω) = (u,BR
−1
ϕ , u̇,RϕΩ).

Our assumption that the body is axisymmetric implies I1 = I2 and it can be
checked that the Lagrangian L is invariant.

Assume for simplicity that V = 0. If the vector field W ∈ X(S) is chosen as an
infinitesimal generator of the action (I.2.21), namely, if

Wb(ρ) = σρ ×E3,
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for σ ∈ R, thenWb coincides with the expression (I.2.6) for a cat’s toy mechanism.
So the system under consideration corresponds to the one depicted in Fig 2.2b
with the additional assumption that the internal rigid body has the same axial
symmetry as the shell. This system will be studied in more detail in Chapter 4
ahead. Following the prescription in [15, 31, 29], one finds a conserved moving
energy given by

Emov =
1

2
⟨I(Ω + σE3),Ω + σE3⟩ +

m

2
∥ρ × (Ω + σE3)∥

2
−mg⟨ρ,γ⟩. (I.2.26)

This moving energy (I.2.26) is actually also a first integral of the system when Vs
is a nonzero constant vector field (given by (I.2.24)).

Finally, we indicate that, when the axisymmetric body with a cat’s toy mech-
anism rolls on a uniformly rotating plane (i.e.Vs is given by (I.2.3) and Wb by
(I.2.6)), one may combine the SE(2) and SO(2) symmetries to derive the con-
served moving energy:

Emov =
1

2
⟨IΩ,Ω⟩ + ⟨IΩ,−ηγ + σE3⟩ +

m

2
∥ρ × (Ω + σE3)∥

2

−mη⟨ρ × (Ω + σE3),ρ × γ⟩ +
mη2

2
(∥ρ∥2 − ∥u∥2) −mg⟨ρ,γ⟩.

(I.2.27)





3 A dynamically balanced sphere

Throughout this chapter we consider the special case in which the surface of the
convex body is spherical, with radius r > 0, and the center of mass coincides with
the geometric center. If both V andW vanish, we recover the classical Chaplygin
ball problem [19]. Other cases previously considered for non-vanishing V,W

are found in [6, 45, 5]. Here we consider the general case.
The relation (I.2.11) between ρ and γ is

ρ = −rγ, (I.3.1)

and (I.2.9) becomes
x = u − re3. (I.3.2)

In view of (I.3.1), we have γ ×ρ = 0 and ρ̇ = ρ×Ω, so equation (I.2.18a) simplifies
to

Ṁ =M ×Ω, (I.3.3)

where in this case M = IΩ +mr2γ × (Ω × γ) +mrγ × (B−1Vs(x) +Wb(ρ)). This
remarkable simplification implies that the vector M , as seen in the spatial frame
Σs is constant. As a consequence, we have.

Proposition I.3.1. For any V ∈ X(Π) and W ∈ X(S), the system has first integrals

⟨M ,α⟩, ⟨M ,β⟩ and ⟨M ,γ⟩,

where α,β, and γ are given by (I.2.7).

The proof is an immediate consequence of (I.3.3) and (I.2.7). The existence of
these first integrals for some particular vector fields V ∈ X(Π) andW ∈ X(S) had

49



50 CHAPTER 3. A DYNAMICALLY BALANCED SPHERE

been indicated in previous references [53, 63, 5, 6]. Their existence for general
vector fields is actually an instance of a result which we develop on appendix B.
As may be verified, the linear distribution D and the Lagrangian L simplify (up
to the addition of a constant term in the Lagrangian that may be discarded) to

D = {(u, u̇,B,Ω) ∈ R3
×R3

× SO(3) ×R3
∶ u̇ = −r(e3 ×ω) and (I.2.10) holds},

L(u,B, u̇,Ω) =
1

2
⟨IΩ,Ω⟩ +

m

2
∥u̇∥2.

The above expressions for D and L do not explicitly depend on u and B. This
independence is due to a very special type of symmetry: if we interpret our con-
figuration spaceQ as a Lie group (isomorphic to the direct product R2 ×SO(3)),
then the distribution D is right invariant, and the Lagrangian L is left invariant.
Therefore, the underlying linear problem is an LR system [65]. Proposition B.3
in the appendix is a robust result on the existence of first integrals of affine
generalizations of LR systems which provides an explanation of the mechanism
responsible for the validity of Proposition I.3.1.

Below, we consider additional aspects of the dynamics for particular choices
of V and W .

3.1 The case V = 0

As stated in Section 2.3, when V = 0 the system has an SE(2)-symmetry and we
can consider the reduced system. The reduced equations of motion are

Ṁ =M ×Ω, γ̇ = γ ×Ω, (I.3.4)

with M = IΩ+mr2γ ×(Ω×γ)+mrγ ×Wb(ρ). As a consequence of Proposition
I.3.1, the reduced system (I.3.4) has first integrals

∥M∥2, ⟨M ,γ⟩ and ∥γ∥2 = 1. (I.3.5)

These first integrals are insufficient to conclude integrability of (I.3.4), for in-
stance, using the Jacobi last multiplier theorem [2] (which would require exis-
tence of an additional independent first integral and a smooth invariant mea-
sure).

Below we only consider the simplest non-zero choice ofW ∈ X(S), correspond-
ing to a cat’s toy mechanism (described in Chapter 2). Moreover, we will assume
that the axis of rotation of the mechanism is aligned with the third principal
axis of the sphere (see Fig 3.1). The corresponding form of Wb is given by (I.2.6)
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which in view of (I.3.1) becomes

Wb(ρ) = −rσγ ×E3.

For future reference we note that in the case under consideration, we may use
(I.2.16) to write Ω =Ω(M ,γ) as

Ω(M ,γ) = A(M + ζ(γ) +
mr2⟨M + ζ(γ),Aγ⟩

1 −mr2⟨Aγ,γ⟩
γ) , (I.3.6)

where the matrix A is constant

A = (I +mr2id)−1, (I.3.7)

and the vector ζ only depends on γ by

ζ(γ) =mr2σγ × (γ ×E3).

Figure 3.1: Dynamically balanced sphere with a cat’s toy mechanism. It is assumed that
the axis of rotation of the shell is a principal axis of inertia of the sphere.

The analysis that we present below treats separately the case in whichM andγ

are parallel. Interestingly, in this special case the reduced dynamics is integrable
(actually periodic), whereas in the general case it appears to be chaotic.

3.1.1 The case M parallel to γ

Since both M and γ are body representations of vectors that are fixed in space,
if they are initially parallel they will remain parallel for all time. As we prove
below, the dynamics restricted to these initial conditions is integrable and in fact
periodic.

It is not hard to see that those (M ,γ) ∈ R3×S2 for which M and γ are parallel
are critical points of the first integrals (I.3.5). The connected components of their
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joint level sets are diffeomorphic to S2 and may be parametrized by γ by putting

M = ±∥M∥γ. (I.3.8)

Writing λ = ±∥M∥, we may use (I.3.6) to write Ω as a function of γ depending
parametrically on λ,

Ω(γ;λ) = A(λγ + ζ(γ) +
mr2⟨λγ + ζ(γ),Aγ⟩

1 −mr2⟨Aγ,γ⟩
γ) ,

with ζ(γ) = mr2σγ × (γ × E3). The restriction of (I.3.4) to the 2-dimensional
invariant submanifold determined by the condition M = λγ is described by the
equation

γ̇ = γ ×Ω(γ;λ). (I.3.9)

Below we exhibit a smooth first integral and an invariant measure depending on
the value of λ ∈ R. It follows that all non-equilibrium solutions γ(t) of (I.3.9) are
periodic. Therefore, in view of (I.3.8), we also conclude that the generic solutions
of (I.3.4) with the initial conditions under consideration are periodic.

Let ε be the non-dimensional number

ε ∶=
∥M∥

mr2∣σ∣
. (I.3.10)

If
ε >

I3
I3 +mr2

, (I.3.11)

then the quantity λ(I3 +mr2) +mr2σI3γ3 is nonzero for all γ3 ∈ [−1,1], and

f(γ) =
∣λ(I3 +mr

2) +mr2σI3γ3∣
−mr2

I3

√
1 −mr2⟨γ,Aγ⟩

, (I.3.12)

with A given by (I.3.7), is a smooth function of γ ∈ S2 which can be checked to
be a first integral of (I.3.9). Furthermore, also under the assumption (I.3.11), one
can directly check that µ(γ)dγ with

µ(γ) = ∣λ(I3 +mr
2
) +mr2σI3γ3∣

−1,

is an invariant measure (with smooth positive density).
If the complementary inequality of (I.3.11) holds, namely if

ε ≤
I3

I3 +mr2
,
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then f as defined by (I.3.12) is no longer a smooth function on S2 since the
expression inside the absolute value vanishes along the parallel of S2 given by

γ3 = −
λ

mr2σ
(
I3 +mr

2

I3
) ∈ [−1,1]. (I.3.13)

Using (I.3.9) it is easy to show that this parallel is invariant. Actually, its internal
dynamics is given by

γ̇1 = −κγ2 γ̇2 = κγ1,

with κ = mr2σ
I3+mr2

. In this case, we may use f to construct a smooth first integral
g ∶ S2 → R by

g(γ) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

exp(−f(γ)) if γ3 ≠ − λ
mr2σ

( I3+mr
2

I3
) ,

0 if γ3 = − λ
mr2σ

( I3+mr
2

I3
) .

By construction, the invariant parallel (I.3.13) is the zero level set of g. A smooth
invariant measure in this case is given by ν(γ)dγ where

ν(γ) =

⎧⎪⎪⎪
⎨
⎪⎪⎪⎩

g(γ)µ(γ) if γ3 ≠ − λ
mr2σ

( I3+mr
2

I3
) ,

0 if γ3 = − λ
mr2σ

( I3+mr
2

I3
) .

We notice that the density ν is smooth and non-negative onS2 but vanishes along
the invariant parallel (I.3.13) which has measure zero. The relevance of this kind
of invariant measures in nonholonomic mechanics was recently indicated in [39].

3.1.2 The general case (M and γ not parallel)

In this case, the first integrals (I.3.12) are independent and their level sets are
3-dimensional submanifolds of the phase space R3 × S2. The dynamics can be
numerically investigated using a 2-dimensional Poincaré map. Below we present
some numerical experiments assuming ⟨M ,γ⟩ = 0 which lead us to conjecture
that the dynamics is chaotic.

Poincaré map
We borrow techniques from [5, 12] to construct our Poincaré section. We begin

by restricting the system to the four-dimensional level manifold M4 of the first
integrals ⟨M ,γ⟩ and ∥γ∥2,

M4 = {(M ,γ) ∈ R3
×R3

∶ ⟨M ,γ⟩ = 0and ∥γ∥2 = 1}.
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In this way, we obtain a four-dimensional system with first integral ∥M∥2 = G2.
To parametrize M4, we use the Andoyer-Deprit variables (L,G, l, g) defined by

M1 =
√
G2 −L2 sin l, M2 =

√
G2 −L2 cos l, M3 = L

γ1 =
L

G
cos g sin l + sin g cos l, γ2 =

L

G
cos g cos l − sin g sin l, γ3 = −

√

1 −
L2

G2
,

where l, g ∈ [0,2π) and L,G satisfy the inequality −1 ≤ L
G ≤ 1. The system

determines a three-dimensional flow on the fixed level set of the first integral
∥M∥2 = G2. We take the set g = 0 as a section of this flow to obtain a two-
dimensional Poincaré map, which we parametrize by the variables (l, LG).

The Poincaré map, shown in Fig 3.2 for different values of ε (defined by
(I.3.10)), resembles the Poincaré map of a non-integrable Hamiltonian system;
we observe coexistence of chaotic regions and stability islands typical of KAM
theory. These numerical experiments suggest that the system is non-integrable
at the level ⟨M ,γ⟩ = 0. We note that the experiments seem compatible with the
existence of a smooth invariant measure, but we were unable to find it.

Limit cases of the dynamics
The numerical experiments in Fig 3.2 suggest that the dynamics is approxi-

mately integrable when the non-dimensional parameter ε is taken sufficiently
large or small. Below we give an explanation of this phenomenon. We begin by
writing

Ω =Ωl +Ωa, (I.3.14)

where Ωa is the contribution to Ω due to the presence of the cat’s toy mechanism
(i.e. if σ = 0 then Ωa = 0 and Ω =Ωl ). Explicitly we have

Ωl = A(M +
mr2⟨M ,Aγ⟩

1 −mr2⟨Aγ,γ⟩
γ) , (I.3.15)

and
Ωa =mr

2σA(γ × (γ ×E3) +
mr2⟨γ × (γ ×E3),Aγ⟩

1 −mr2⟨Aγ,γ⟩
γ) . (I.3.16)

Introducing the non-dimensional time parameter τ = σt the equations (I.3.4)
may be written as

M ′
= ε(

mr2

∥M∥
M ×Ωl) +M × Ω̃a, γ′ = ε(

mr2

∥M∥
γ ×Ωl) + γ × Ω̃a,

where Ω̃a ∶=
1
σΩa and ′ = d

dτ .
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(a) ε = 12 (b) ε = 4

l

L/G

l

L/G

(c) ε = 2 (d) ε = 0.4

l

L/G

l

L/G

(e) ε = 0.2 (f) ε = 0.04

l

L/G

l

L/G

Figure 3.2: Poincaré map for the dynamically balanced sphere with a cat’s toy mech-
anism for different values of ε given by (I.3.10). The system parameters were taken as
I1 = 0.5, I2 = 2.5, I3 = 3, m = 1, r = 5, σ = 10, and the first integral ⟨M ,γ⟩ = 0.



56 CHAPTER 3. A DYNAMICALLY BALANCED SPHERE

On the one hand, if ε ≫ 1, then, neglecting the term with Ω̃a, which encodes
the effect of the cat’s toy mechanism, we recover the vector field of the classical,
integrable, Chaplygin sphere problem [19] multiplied by the overall factor εmr2

∥M∥

which is constant along the flow.

On the other hand, if ε≪ 1, then, neglecting the term of order ε we obtain the
equations

M ′
=M × Ω̃a γ′ = γ × Ω̃a. (I.3.17)

In addition to the first integrals (I.3.5), we now show that this system possesses an
additional smooth first integral and a smooth invariant measure and is therefore
integrable in virtue of Jacobi’s last multiplier theorem [2]. To give the explicit
form of these invariants, we proceed in analogy with the analysis in Section
3.1.1. We first observe that the set of points (M ,γ) ∈ R3 × S2 such that γ3 = 0 is
invariant. Actually, the dynamics along this set is simply harmonic. This follows
from the observation that Ω̃a equals −κe3, with κ = mr2σ

I3+mr2
, when γ3 = 0 (which

can be deduced from the expression for Ωa in (I.3.16)). The additional smooth
first integral of (I.3.17) only depends on γ and is given by:

k(γ) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

exp
⎛

⎝

∣γ3∣
−
mr2

I3
√
1−mr2⟨γ,Aγ⟩

⎞

⎠
if γ3 ≠ 0,

0 if γ3 = 0.

The smooth invariant measure is χ(γ)dMdγ with

χ(γ) =

⎧⎪⎪
⎨
⎪⎪⎩

k(γ)∣γ3∣
−1 if γ3 ≠ 0,

0 if γ3 = 0.

The density of this invariant measure is nonnegative and only vanishes along a set
of measure zero and therefore also falls within the class of measures considered
in [39].

3.2 The case W = 0

The equations of motion are

Ṁ =M ×Ω, α̇ = α ×Ω, β̇ = β ×Ω, γ̇ = γ ×Ω,

u̇ = −rB(γ ×Ω) +Vs(x),
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with x given by (I.3.2) and

Ω(M ,B,u) = A(M −mrγ ×B−1Vs(x) +
mr2⟨M −mrγ ×B−1Vs(x),Aγ⟩

1 −mr2⟨Aγ,γ⟩
γ) .

(I.3.18)
Under the assumption that the vector field Vs is divergence free, the system

possesses an invariant measure. We state this as the following proposition whose
proof is a direct calculation using equations (I.2.18c), (I.3.3) and (I.2.12).

Proposition I.3.2. Suppose divR2Vs = 0. Then

1
√
1 −mr2⟨γ,Aγ⟩

dM dudαdβ dγ

is an invariant measure.

The existence of this invariant measure was already known in some particular
cases. In [5] it was found forVs corresponding to the uniformly rotating plane (i.e.
given by (I.2.3)) and in [45] for the non-autonomous vector fieldVs corresponding
to a vibrating plane.

Assuming distinct moments of inertia, Ij , and non-zero Vs, we do not expect
existence of additional first integrals, and we believe that the dynamics is chaotic.
In fact, the papers [5] and [45] perform numerical explorations for the particular
vector fields Vs mentioned above and reach this conclusion.





4 A body of revolution with a
cat’s toy mechanism

This chapter considers the cat’s toy mechanism described in Chapter 2 and
illustrated in Fig 2.2b under the additional assumption that the fastened rigid
body possesses an axial symmetry along the axis of rotation of the shell. This
situation puts us in the framework of Section 2.4.2. Therefore, assuming that V =
0 and that the axis E3 of the body frame Σb is aligned with the aforementioned
symmetry axis, we have

Wb(ρ) = σρ ×E3,

as in (I.2.6). In particular, the system possesses the moving energy integral
(I.2.26). If σ = 0, one recovers the classical problem of a solid of revolution
rolling on the plane. This problem is well-known to be integrable in virtue of
the existence of two first integrals J1, J2 and an invariant measure found by
Chaplygin [19] (see [12] for historical details).

In Section 4.2 below, we indicate that for any σ ∈ R the system possesses an
invariant measure whose form is identical to the one found by Chaplygin in the
caseσ = 0. Furthermore, in Proposition I.4.2 we show that a suitable modification
of J1 and J2 are first integrals of the system for any σ ∈ R. The existence of these
integrals, the invariant measure and the moving energy allow us to conclude
that the system is integrable by Jacobi’s last multiplier theorem [2].

This situation is reminiscent of the (integrable) problem of a homogeneous
sphere rolling without slipping on a surface of revolution. If the surface rotates
about its axis of symmetry at constant, but arbitrary angular speed, modifications
of the first integrals and the invariant measure persist, and the problem remains
integrable [15, 31].
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4.1 Preliminaries

Given that the shell S is a body is of revolution, the relation (I.2.11) between ρ

and γ given by the Gauss map, may be described by (see e.g. [12, 23]):

ρ(γ) = −n−1b (γ) = (f1(γ3)γ1, f1(γ3)γ2, f2(γ3)), (I.4.1)

where f1, f2 are real functions determining the shape of S, which satisfy the
differential equation

f ′2(γ3)γ3 = f1(γ3)γ3 − (1 − γ
2
3)f

′
1(γ3).

The function f1 is strictly positive, its value being equal to a principal radius of
curvature of S (see [38]). On the other hand, the symmetric distribution of mass
of the body implies that the first two moments of inertia are equal so

I = diag(I1, I1, I3).

From Proposition I.2.2, we have that the SE(2)-reduced equations of motion
(I.2.23) are the restriction of

Ṁ =M ×Ω +mρ̇ × (Ω × ρ) +mgρ × γ +mσ(ρ ×E3) × (ρ̇ +Ω × ρ), (I.4.2)
γ̇ = γ ×Ω,

to the invariant set ∥γ∥2 = 1, where

Ω(M ,γ) = A(γ)(M +
m⟨M +mσρ × (ρ ×E3),A(γ)ρ⟩

1 −m⟨A(γ)ρ,ρ⟩
ρ −mσρ × (ρ ×E3)) ,

(I.4.3)
and A(γ) is given by (I.2.17). Equations (I.4.2) have an extra SO(2)-symmetry
corresponding to the rotations about the axis of symmetry of the body. This
corresponds to the transformation

M ↦ RϕM , γ ↦ Rϕγ with Rϕ =

⎛
⎜
⎜
⎝

cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1

⎞
⎟
⎟
⎠

. (I.4.4)

It can be checked from (I.4.1) and (I.4.3) that ρ and Ω accordingly transform as
ρ↦ Rϕρ, Ω↦ RϕΩ and it is immediate to see that equations (I.4.2) are invariant.
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4.2 Existence of an invariant measure

When σ = 0, the system possesses the following invariant measure found by
Chaplygin [19] (see also [12]),

1

µ(γ3)
dMdγ, (I.4.5)

where

µ(γ3) =
√
I1I3 +m⟨ρ, Iρ⟩

=

√

I1I3 +mI1f1(γ3)2(1 − γ23) +mI3f2(γ3)
2.

(I.4.6)

One can check that the term proportional to σ in (I.4.2) has zero divergence (with
respect to M ) and that the terms in Ω(M ,γ) in (I.4.3) proportional to σ vanish
when taking the divergence with respect to M ,γ. As a consequence, we have
the following.

Proposition I.4.1. The measure (I.4.5) is invariant by the system (I.4.2) for any value
of σ ∈ R.

4.3 First integrals

A convenient approach to investigate the reduced dynamics by the SO(2) sym-
metry defined by (I.4.4) is working with coordinates on R3 × S2 ∋ (M ,γ) that
are invariant under the action. Following the approach of Borisov and Mamaev
[12] for the case σ = 0, we consider the evolution of the quantities

K1(M ,γ) =
⟨M ,ρ⟩

f1(γ3)
, K2(M ,γ) = µ(γ3)Ω3(M ,γ),

where µ(γ3) is defined by (I.4.6) and Ω3(M ,γ) is the third component of
Ω(M ,γ) given by (I.2.22). One can easily check thatK1,K2 are SO(2) invariant,
and a calculation shows that they satisfy the following equations

(
K̇1

K̇2
) = γ̇3 (G(γ3)(

K1

K2
) + σ b(γ3)) , (I.4.7)
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where the 2 × 2 matrix G(γ3) and the vector b(γ3) ∈ R2 are given by

G(γ3) = −
1

µ

⎛
⎜
⎝

0 I3 (1 − (
f2
f1
)
′

)

mf1(f1 − f
′
2) 0

⎞
⎟
⎠
,

b(γ3) = −
1

µ
(

0

−mf1I1(f1γ3 − (1 − γ
2
3)f

′
1)
) ,

(I.4.8)

where the dependence of f1, f2, f ′1, f ′2 and µ on γ3 has been omitted.
The structure of the system (I.4.7) allows us to apply the approach followed by

Dalla Via, Fassò and Sansonetto in [24, Section 3.1] to prove the existence of first
integrals. Specifically, let Y (γ3) ∈ GL(2) be the solution of the (non-autonomous,
linear, homogeneous) 2 × 2 matrix differential equation

dY

dγ3
= G(γ3)Y, Y (0) = id2, (I.4.9)

and y(γ3) ∈ R
2 the solution of the (non-autonomous, linear, inhomogeneous)

differential equation

dy

dγ3
= G(γ3)y + b(γ3), y(0) = 0. (I.4.10)

In analogy with Proposition 2 in [24] (its second statement), we have.

Proposition I.4.2. The two components J1, J2 of the map J ∶ R3 × S2 → R2 given by

J(M ,γ) = Y −1(γ3)((
K1(M ,γ)

K2(M ,γ)
) − σy(γ3))

are first integrals of (I.4.2).

The proof is a direct calculation relying on the definitions of Y (γ3), y(γ3) and
(I.4.7).

Remark I.4.3. Equations (I.4.7) and our observations about the invariant mea-
sure made in 4.2 resemble some aspects of the discussion in Borisov and Mamaev
[12] about the gyrostatic generalization of the problem of a solid of revolution
rolling without slipping on the plane. This may suggest the possibility of con-
jugating such problem with the one treated here via a (time-dependent) change
of coordinates.
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4.4 Routh’s sphere with a cat’s toy mechanism

As a particular example, we consider a sphere in which the center of mass O
does not coincide with the geometrical center of the sphere C, but is along the
axis E3, as illustrated in Fig. 4.1. In this case, the relation between γ and ρ is
given by

ρ = −rγ − lE3,

where l is the distance between the geometric center C of the sphere and the
center of mass O. In this case, the functions f1, f2 are given by

Figure 4.1: Routh’s sphere with a cat’s toy mechanism. It is assumed that the axis of
rotation of the shell is aligned with E3.

f1(γ3) = −r and f2(γ3) = −rγ3 − l.

Then the matrix G(γ3) and the vector b(γ3) as defined in (I.4.8), in this case,
become

G(γ3) = (
0 0

0 0
) , b(γ3) =

1

µ
(

0

mr2I1γ3
) ,

where µ = µ(γ3) is given by (I.4.6). Taking Y (γ3) ∈ GL(2) as the solution of the
matrix differential equation (I.4.9) and y(γ3) ∈ R

2 the solution of the differential
equation (I.4.10), we have Y = id and

y(γ3) =
⎛

⎝
0,

I1I3
√
m

(I1 − I3)3/2
tan−1

⎛

⎝

µ′(γ3)

r
√
m(I1 − I3)

⎞

⎠
−

I1
I1 − I3

µ(γ3)
⎞

⎠
.

Hence, the map J ∶ R3 × S2 → R2 takes the form

J(M ,γ) = Y −1 ((
K1

K2
) − ηy(γ3)) = (

K1

K2
) − ηy(γ3).
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and the first integrals can be expressed in explicit form as

J1 = −
1

r
⟨M ,ρ⟩,

J2 − σy2(γ3) = µΩ3 + σ
⎛

⎝

I1I3
√
m

(I1 − I3)3/2
tan−1

⎛

⎝

µ′

r
√
m(I1 − I3)

⎞

⎠
−

I1
I1 − I3

µ
⎞

⎠
.

The first integral J1 is a Jellet integral, [43].



5 A homogeneous sphere

We now assume that our convex body is a homogeneous sphere which puts us
in the framework of Chapter 3 with the additional hypothesis of equal moments
of inertia

I ∶= I1 = I2 = I3.

The equations of motion (I.2.18) may be rewritten as

Ṁ =M ×Ω, α̇ = α ×Ω, β̇ = β ×Ω, γ̇ = γ ×Ω, (I.5.1)
u̇ = −rB(γ ×Ω) +Vs(u) +BWb(γ),

where the Poisson vectors α, β, γ are the rows of the attitude matrix B ∈ SO(3)
and we have used equations (I.3.1) and (I.3.2) to write Vs and Wb as functions of
u and γ. The expression (I.2.16) for the angular velocity Ω simplifies to

Ω(M ,u,B) =
1

I +mr2
(M −mrγ × (B−1Vs(u) +Wb(γ)) +

mr2

I
⟨M ,γ⟩γ) .

(I.5.2)
The following proposition gives sufficient conditions for Vs and Wb to guar-

antee the existence of an invariant measure whose form coincides with the one
of the linear system (obtained when both Vs and Wb vanish). In the statement,
divR2 and divS2 denote the standard divergence of vector fields with respect to
the Euclidean distance in R2 and the induced distance on S2 from the ambient
Euclidean metric on R3.

Proposition I.5.1. Suppose that divR2Vs(x) and divS2W (γ) identically vanish, then
the system (I.5.1) possesses the invariant measure dMdudαdβdγ.

The proof follows from a direct computation and relies on the following ob-

65
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servation:

divS2W (γ) = Tr(W ′
(γ)) − γTW ′

(γ)γ, γ ∈ S2.

On the left-hand side of the above relation W is a vector field on the unit sphere
S2, whereas on the right it should be interpreted as a smooth extension of W
to R3. The formula is valid independently of the extension and may be verified
using, for example, spherical coordinates on S2.

5.1 A homogeneous sphere in space coordinates

For future reference, we mention that, when working with the homogeneous
sphere, sometimes it is more convenient to work in the space frame Σs. This
can be done by working with the space representation ω = BΩ of the angular
velocity and the space representation of the vector M , which we will write as
m = BM , and is given by

m = Iω +mr2e3 × (ω × e3) +mre3 × (Vs(x) +BWb(γ)). (I.5.3)

Notice that the first equation of (I.5.1) becomes

ṁ = 0, (I.5.4)

and that the constraints can be written as

ẋ = −re3 ×ω +Vs(x) +BWb(γ), (I.5.5)

where, since the sphere is dynamically balanced, we have the following relations

x = u − re3 and ρ = −rγ.

Therefore, we may write Wb as a function of γ and the constraints in terms of
ẋ. The system is completed with equation ḂB−1 = ω̂. An advantage of working
in the space frame, is that we can give explicit expressions of the first integrals
whose existence is guaranteed by Proposition I.3.1, which tells us that the vector
M is constant in space coordinates, therefore, the coordinates of m are first
integrals of the system. These are given by

m1 = (I +mr
2
)ω1 −mr(V2(x) + (BWb(γ))2),

m2 = (I +mr
2
)ω2 +mr(V1(x) + (BWb(γ))1), (I.5.6)

m3 = Iω3,
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whereV1(x), V2(x) are the first components of the vector fieldVs(x), i.e. Vs(x) =
(V1(x), V2(x),0), and (BWb(γ))1, (BWb(γ))2 are the first components of the
vector defined by the product BWb(γ).

Remark I.5.2. As follows from (I.5.6) the vertical component ω3 of the angular
velocity is a first integral. Therefore, the restriction of the general system to the
zero level set of this integral coincides with the dynamics of the problem in the
presence of an additional rubber constraint which forbids spinning of the sphere
about the vertical axis. In particular, the integrable problem discussed in section
5.2 remains integrable if one adds a rubber (no-spin) constraint.

5.2 A homogeneous sphere with a cat’s toy mechanism
rolling on a fixed plane

We consider the problem of a homogeneous sphere with a cat’s toy mechanism
of angular speed σ ∈ R rolling on a fixed plane. In this case, the vector m in
(I.5.3) takes the form

m = Iω +mr2e3 × (ω × e3) +mr
2σe3 ×B(γ ×E3), (I.5.7)

and equations (I.5.4) and (I.5.5) become

ṁ = 0,

ẋ = −re3 ×ω − rσB(γ ×E3).
(I.5.8)

These equations should be complemented with the evolution equations for the
attitude matrixB (or the Poisson vectorγ). However, due to theSO(2)-symmetry
corresponding to rotations of the body frame Σb about the E3 axis, it is more
convenient to introduce the vector

τ = BE3,

which specifies space coordinates of the axis of rotation of the cat’s toy mecha-
nism. Its evolution is governed by the kinematic condition

τ̇ = ω × τ . (I.5.9)

Notice that (I.5.7) and (I.5.8) may be rewritten as

m = Iω +mr2e3 × (ω × e3) +mr
2σe3 × e3 × τ ,
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and

ṁ = 0,

ẋ = −re3 ×ω − rσ(e3 × τ ).
(I.5.10)

Let us now analyze the motion of the system for a fixed value of the momentum
vector m. It is convenient to introduce the vector

m =m +mr2ω3e3,

whose components are easily seen to be integrals of motion from (I.5.6). Notice
that for a fixed value of m, one may determine ω as a function of τ by the
relations

ω1 =
m1

I +mr2
−

rσ

I +mr2
τ2,

ω2 =
m2

I +mr2
−

rσ

I +mr2
τ2, (I.5.11)

ω3 =
m3

I +mr2
.

Therefore, for a fixed value of m (or m), the evolution of τ reduces to the
following system on S2 (since ∥τ ∥ = 1)

τ̇ = ∇Fm(τ ) × τ , (I.5.12)

where
Fm(τ ) =m1τ1 +m2τ2 +m3τ3 +

mr2

2
στ23 .

Notice that once τ has been determined by (I.5.12),ω is given by (I.5.11) and the
position x of the sphere on the plane can be obtained from (I.5.10) by a simple
quadrature. The possibility to reduce the study of the dynamics to equation
(I.5.12) is a consequence of the SE(2) × SO(2)-symmetry of the problem.

Obviously, the system (I.5.12) has Fm as first integral and is integrable. Let
us explain in more detail the mechanism leading to the integrability of the
dynamics. As mentioned above, the system is SE(2) × SO(2) invariant, so the
reduced phase spaceA/(SE(2)×SO(2)) is four dimensional. The moving energy
Emov in (I.5.25) and the third component m3 of m are SE(2) × SO(2)-invariant
and pass to the quotient (in fact, Fm coincides, up to addition of a constant
with the restriction of Emov to the level sets of m). On the other hand, m1

and m2 are SE(2)-invariant and SO(2)-equivariant with respect to the action
of SO(2) by rotations on the m1 −m2 plane. Therefore, the invariant functions,
such as m2

1 +m
2
2, descend as an additional first integral to the quotient manifold
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A/(SE(2) × SO(2)). The reduced dynamics on A/(SE(2) × SO(2)) constitute a
system possessing 3 independent first integrals in a 4-dimensional space.

5.2.1 Analysis of the reduced dynamics

The system (I.5.12) is a Hamiltonian system on S2 equipped with the standard
area form and Hamiltonian −Fm. The orbits of the system (I.5.12) are contained
in the intersections of the level sets of the first integral Fm (which are parabolic
cylinders) and the unit sphere ∥τ ∥2 = 1. Generically, these are periodic orbits.
Now we will classify the equilibrium points to describe the global dynamics.

Let us first notice that we may restrict our attention to the case m1 = 0 and
m2 ≠ 0 by the SO(2)-equivariance of m1, m2 described above. The equilibrium
points of (I.5.12) correspond to critical points ofFm ∶ S2 → R. SinceS2 is compact,
Fm must reach its maximum and its minimum. Therefore, Fm has at least two
critical points.

The explicit expression of (I.5.12) when m1 = 0 is

τ̇ = (−
m3τ2 −m2τ3 +mr

2στ2τ3
I +mr2

,
(m3 +mr

2στ3)τ1
I +mr2

,−
m2τ1
I +mr2

) .

Therefore, critical points satisfy τ1 = 0 and

m3τ2 −m2τ3 +mr
2στ2τ3 = 0, (I.5.13)

together with
τ22 + τ

2
3 = 1. (I.5.14)

So critical points constitute the intersection of the unit circle (I.5.14) and the
hyperbola (I.5.13) in the plane m2 −m3. This implies that there are at most 4
equilibrium points.

We will see that there are open subsets of the plane m2 −m3 for which the
system has 2 or 4 equilibrium points (illustrated in Fig. 5.1). The boundary of
these regions corresponds to the values ofm2,m3 for which one of the solutions
of (I.5.13)-(I.5.14) is a tangential point. To determine this boundary, we look for
m2 and m3 such that the normal vectors of the hyperbola (I.5.13) and the circle
(I.5.14) are parallel at the point of intersection. In other words, we look for m2

and m3 such that

det(
m3 +mr

2στ3 −m2 +mr
2στ2

τ2 τ3
) = 0, (I.5.15)
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(a) 2 equilibrium elliptic points. (b) 4 equilibrium points (3 elliptic and 1
hyperbolic).

Figure 5.1: Phase space of the system (I.5.12) on S2.

at the points that satisfy (I.5.13) and (I.5.14). Notice that (I.5.15) is equivalent to

m2τ2 +m3τ3 +mr
2σ(−τ22 + τ

2
3 ) = 0. (I.5.16)

Multiplying equation (I.5.13) by τ3 and subtracting the product of equation
(I.5.16) by τ2 we obtain

−m2(τ
2
2 tau

2
3) +mr

2στ32 = 0,

which in view of (I.5.14) yields

τ2 = (
m2

mr2σ
)
1/3

. (I.5.17)

A similar procedure, multiplying (I.5.13) by τ2 and subtracting the product of
(I.5.16) by τ3, gives

τ3 = (
m3

mr2σ
)
1/3

. (I.5.18)

Substituting (I.5.17) and (I.5.18) in (I.5.14), we come to the conclusion that the
boundary between the regions with 2 and 4 equilibrium points in the plane
m2 −m3 is determined by the equation

(
m2

mr2σ
)
2/3

+ (
m3

mr2σ
)
2/3

= 1,

whose graph is shown in Figure 5.2.
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Figure 5.2: Curve on the planem2−m3 separating the regions where (I.5.14) and (I.5.13)
have two and four intersections.

The above observations lead to the following theorem.

Theorem I.5.3. Consider the closed surface of revolution

S =

⎧⎪⎪
⎨
⎪⎪⎩

(m1,m2,m3) ∈ R
3
∶ (

m2
1 +m

2
2

(mr2σ)2
)

1/3

+ (
m3

mr2σ
)
2/3

= 1

⎫⎪⎪
⎬
⎪⎪⎭

,

depicted in Figure 5.3. If (m1,m2,m3) lies inside S (i.e. ( m
2
1+m

2
2

(mr2σ)2
)
1/3

+( m3

mr2σ
)
2/3
< 1)

then the system (I.5.12) has exactly 4 equilibrium points, 3 of which are elliptic and 1
is hyperbolic, as illustrated in Fig. 5.1b. If instead (m1,m2,m3) lies outside S, (i.e.

(
m2

1+m
2
2

(mr2σ)2
)
1/3

+( m3

mr2σ
)
2/3
> 1), then the system (I.5.12) has exactly 2 elliptic equilibrium

points, as illustrated in Fig. 5.1a.

Figure 5.3: SurfaceS on the spacem1,m2,m3 separating the regions in which the system
(I.5.12) has 2 and 4 equilibrium points.
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Remark I.5.4. Given that the dependence of ω is affine linear, the property that
(m1,m2,m3) lies outside S may be physically interpreted as a condition on the
magnitude of angular velocity ω to predominate over σ. In other words, the
inertial motion of the sphere dominates the effect of the cat’s toy mechanism.

5.3 A homogeneous sphere with a cat’s toy mechanism
rolling on a uniformly rotating plane

For the rest of the chapter we consider the problem of a homogeneous sphere
with a cat’s toy mechanism of angular speed σ ∈ R rolling on a uniformly
rotating plane at angular velocity η ∈ R as depicted in Fig 5.4. The corresponding
expressions for Vs and Wb are given by (I.2.3) and (I.2.6). Considering that for a
spherical body x = u − re3 and ρ = −rγ, we may write

Vs(u) = −ηu × e3 and Wb(γ) = −rσγ ×E3.

Hence, equations (I.5.1) take the form

Ṁ =M ×Ω, α̇ = α ×Ω, β̇ = β ×Ω, γ̇ = γ ×Ω, (I.5.19)
u̇ = −rB(γ ×Ω) − rσB(γ ×E3) − ηu × e3,

with

M = IΩ +mr2γ × (Ω × γ) −mrγ × (rσγ ×E3 + ηB
−1
(u × e3)).

The expression (I.5.2) for Ω takes the form

Ω(M ,u,B) =
1

I +mr2
(M +

mr2

I
⟨M ,γ⟩γ +mrη γ × ((B−1u) × γ)

+mr2σγ × (γ ×E3)).

(I.5.20)

If η = 0 the system admits the SE(2)-symmetry described in Section 2.3 and
the reduced system is integrable since it falls within the framework of Chapter 4.
On the other hand, if σ = 0 we recover the classical problem of a homogeneous
sphere rolling on a uniformly rotating plane, which is also well-known to be
integrable. For the rest of the chapter, we analyze the dynamics for nonzero
values of η and σ. We will prove that is integrable if the generalized momentum
M is vertical (i.e. parallel to γ) and exhibit numerical evidence that it is chaotic
otherwise.
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Figure 5.4: Homogeneous sphere with a cat’s toy mechanism of angular speed σ rolling
without slipping on a uniformly rotating plane with angular speed η.

5.3.1 Symmetries, reduction and first integrals

The system possesses two different, and commuting, SO(2)-symmetries corre-
sponding to rotations of the space frame Σs about the e3 axis and rotations of the
body frame Σb about the E3 axis. The first of these symmetries may be reduced
by working with the body frame representation U of the vectorÐ→OC. This vector
satisfies u = BU and, hence, the third equation in (I.5.19) yields,

U̇ = −r(γ ×Ω) +U ×Ω − rσ(γ ×E3) − η(U × γ).

Moreover, the expression (I.5.20) implies that Ω may be written as a function of
(M ,γ,U) in the form

Ω =Ω(M ,γ,U) =
1

I +mr2
(M +

mr2

I
⟨M ,γ⟩γ +mrη γ × (U × γ)

+mr2σγ × (γ ×E3)).

(I.5.21)

The expressions given above are independent of the row vectors α and β of the
attitude matrix B. Therefore, we may extract from (I.5.19) the following closed
system for (M ,γ,U) ∈ R3 ×R3 ×R3,

Ṁ =M ×Ω,

γ̇ = γ ×Ω,

U̇ = −r(γ ×Ω) +U ×Ω − rσ(γ ×E3) − η(U × γ),

(I.5.22)

with Ω given by (I.5.21). The system possesses the geometric first integrals ∥γ∥
and ⟨U ,γ⟩ and its restriction to the 7-dimensional manifold

M7 = {(M ,γ,U) ∈ R3
×R3

×R3
∶ ∥γ∥ = 1, and ⟨U ,γ⟩ = r}
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defines a flow isomorphic to the reduced system on A/SO(2). This flow has the
following set of equilibrium points

M
eq
7 = {M = (0,0,M3), γ = (0,0,±1), U = (0,0,±r) ∶ M3 ∈ R},

which correspond to motions where the sphere is uniformly spinning without
rolling, positioned at the originO of the plane Π and with the E3-axis of the cat’s
toy mechanism aligned vertically (at these configurations the vector fieldsVs and
Wb vanish). In what follows we shall restrict our attention to the complementary
part of the phase space M7 which we denote by M̃, namely,

M̃ =M7 ∖M
eq
7 .

Obviously, M̃ is an open dense subset of M7 which is invariant by the dynamics.
The additional SO(2)-symmetry described above, corresponding to rotations

of the body frame about the E3-axis, results in the invariance of the manifold M̃

and the equations (I.5.22) under the action,

M ↦ RϕM , γ ↦ Rϕγ, U ↦ RϕU with Rϕ =

⎛
⎜
⎜
⎝

cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1

⎞
⎟
⎟
⎠

.

(I.5.23)
The invariance of (I.5.22) is readily verified since, as follows from (I.5.21), the
angular velocity Ω also transforms as Ω ↦ RϕΩ. Hence, the system may be
reduced to the quotient space that we denote as

R6 = M̃/SO(2),

which is a smooth 6-dimensional manifold (since the action (I.5.23) is free on M̃).
Additionally, the system (I.5.22) possesses the momentum first integrals

∥M∥2, ⟨M ,γ⟩, (I.5.24)

and the preserved moving energy Emov given by (I.2.27). In our case, using that
∥x∥2 = ∥U − rγ∥2 = ∥U∥2 − r2 along M7, this may be written as

Emov =
I

2
⟨Ω + σE3,Ω + σE3⟩ +

mr2

2
∥γ × (Ω + σE3)∥

2
−
m

2
η2∥U∥2. (I.5.25)

It is easily seen that the momentum fist integrals (I.5.24), as well as the pre-
served moving energy (I.5.25), are invariant under the action (I.5.23) and there-
fore descend as first integrals of the reduced system on R6.
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Finally, since divS2Wb = 0 and divR2Vs = 0, by Proposition I.5.1, the system
(I.5.19) has invariant measure dMdudαdβdγ. It can be checked that dMdγdU

is an invariant measure for the reduced system (I.5.22). By general results on
free actions of compact groups (e.g. Lemma 3.4 in [37]), this invariant measure
descends to a smooth invariant measure for the reduced system on R6.

Summarizing, the reduced dynamics on the 6-dimensional reduced manifold
R6 possesses 3 first integrals (I.5.24) and (I.5.25), and a smooth invariant measure.
Below, we argue that these invariants lead to the integrability of the dynamics
for initial conditions with M and γ parallel, and we exhibit numerical evidence
indicating that the dynamics is chaotic otherwise.

5.3.2 The case M parallel to γ

It is not hard to see that initial conditions on M̃ with M parallel to γ are critical
points of the momentum first integrals (I.5.24). By an argument similar to the
one given in Section 3.1.1, it is seen that their level sets are 4-dimensional smooth
submanifolds of M̃ and hence project to 3-dimensional submanifolds of the orbit
spaceR6. The reduced dynamics restricted to these 3-dimensional submanifolds
possesses the moving energy integral (I.5.25) and an invariant measure, and
hence it is integrable by Jacobi’s last multiplier theorem [2].

5.3.3 The general case (M and γ not parallel)

Initial conditions where M and γ are not parallel are regular points of the
joint map from M̃ to R3 whose components are the momentum first integrals
(I.5.24) and the moving energy (I.5.25). As a consequence, their level sets are
4-dimensional submanifolds of M̃. These project to 3-dimensional invariant
submanifolds of the orbit space R6 on which the dynamics can be investigated
using a 2-dimensional Poincaré map.

In order to construct the Poincaré map we borrow ideas of Bizyaev, Borisov,
Mamaev [5] and introduce the following scalar functions on M̃ which are invari-
ant under the action (I.5.23):

L =M3, s1 = U1γ1 +U2γ2, s2 = U1γ2 −U2γ1,

G = ∥M∥, f = ⟨M ,γ⟩, g = arctan(
G(M2γ1 −M1γ2)

fL −G2γ3
) .

Then (L, s1, s2,G, f, g) are local coordinates on the reduced space R6 with the
property that G and f are first integrals of the reduced dynamics. The ex-
plicit form of the reduced system and the moving energy integral Emov in these
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(a) Emov = −20 (b) Emov = −10

s2

L

s2

L

(c) Emov = −8 (d) Emov = −7

s2

L

s2

L

(e) Emov = −6 (f) Emov = −5

s2
L

s2

L

Figure 5.5: Poincaré map of the homogeneous sphere with a cat’s toy mechanism rolling
on a uniformly rotating plane for different values of the moving energy Emov . The
system parameters were taken as I = 1, η = 1, σ = 1, m = 1, r = 2. The momentum first
integrals were fixed as G = ∥M∥ = 2, f = ⟨M ,γ⟩ = 0 and the section was defined putting
g = π

4
.
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variables may be computed using the following formulae.

M1 =
√
G2 −L2 sin l, γ1 = − cos l sin g +

L sin l cos g

G
,

M2 =
√
G2 −L2 cos l, γ2 = sin l sin g +

L cos l cos g

G
,

M3 = L, γ3 = −

√
G2 −L2 cos g

G
,

and

U1 =
G(L cos g(s2 cos l + s1 sin l) +G sin g(−s1 cos l + s2 sin l))

L2 cos2 g +G2 sin2 g
,

U2 =
G(L cos g(s1 cos l − s2 sin l) +G sin g(s2 cos l + s1 sin l))

L2 cos2 g +G2 sin2 g
,

U3 =
Gs1

(G2 −L2) cos g
.

The resulting expressions for the reduced system and the moving energy Emov
are independent of the angle l in virtue of the SO(2)-symmetry (I.5.23) (actually,
the action (I.5.23) fixes (L, s1, s2,G, f, g) and shifts l ↦ l + ϕ).

We constructed a family of Poincaré sections (for the parameter values indi-
cated in the caption of Fig 5.5) by setting the values of the first integrals G = 2,
f = 0, fixing the value of g = π

4 and considering different level sets of Emov. The
resulting Poincaré map, projected to the plane s2-L, is illustrated in Fig 5.5. We
observe a transition from integrable to chaotic motion typical of KAM theory for
Hamiltonian systems as the value of the moving energy is varied.
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A theoretical framework for the
ANAIS billiard
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1 Introduction

The ANAIS billiard experiment [53] consists of a table with a rotating circular
region and a ball which is set to roll on the table and towards the rotating part.
An interesting phenomenon is observed: while the ball is rolling on the fixed
part of the table it follows a straight line, but its initial rectilinear trajectory is
deflected when the ball goes into the rotating part; nevertheless, the ball comes
out of the circular region following the exact prolongation of the initial trajectory
as illustrated in Figure 2.6 below and may be visualized in YouTube [25]. This
phenomenon occurs regardless of the mass and radius of the ball, its initial
velocity, and the angular velocity of the rotating disc.

In [53], Lévy-Leblond studied the ANAIS billiard and explained that the phe-
nomenon is due to the symmetries and time-reversibility of the system. The
presence of these attributes is outstanding, since general affine nonholonomic
systems do not possess them. Our work frames the explanations given by Lévy-
Leblond within the general theoretic framework of affine nonholonomic systems
and clarifies which are the symmetries of the Lagrangian and the constraints that
are responsible for the phenomenon.

We can think of the ANAIS billiard system as a nonholonomic hybrid system
comprised of two subsystems: one with linear constraints and one with affine
constraints. Both of those subsystems fit within the framework introduced in
Part I, but in order to study the system as a whole and to explain the observed
phenomenon, we need to understand the transition between the regimes.

In this part of the thesis, we will develop a geometrical framework with which
we can describe the ANAIS billiard system and obtain generalizations. This
general framework consists on allowing the vector fields on the plane and on the
surface of the sphere to be piecewise smooth, instead of smooth, which further
extends the class of examples introduced in Part I. Within this framework, we
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will prove the aforementioned phenomenon on the trajectories of the system and
prove that analogous phenomena occur for other generalizations. Moreover, we
will use the ANAIS billiard as a motivation to study the role of reversibility and
symmetries in this extended class of examples.

Reversibility plays an important role in mathematical physics and dynamical
systems (e.g. [60, 58]) and provides useful information on the properties of the
dynamics of a system. Although there has been some research regarding the role
of time-reversibility in nonholonomic systems with linear constraints [41], the
understanding of reversibility in nonholonomic systems with affine constraints
is much less developed. We attempt to make a step forward in this direction.

1.1 Structure

We begin by giving a detailed description of the ANAIS billiard in Section 2.1 and
proceed to model this example as a hybrid system by determining the change in
the velocities at points where the transition between the regimes takes place in
Section 2.2 and describing its geometry in Section 2.3. In Section 2.4, we introduce
a class of hybrid systems and, in particular, we introduce the generalizations of
the ANAIS billiard, which we will consider in the sequel. At the end of Chapter
2, in Section 2.6, we give a precise statement of the ANAIS billiard phenomenon
as Theorem II.2.10 and a generalization stated as Theorem II.2.11 that are proved
in Chapter 5 once the necessary tools are developed.

In Chapter 3, we focus on the role of reversibility in nonholomic systems with
affine constraints and, more in particular, in the ANAIS billiard and its general-
izations. In Chapter 4 we will restrict our attention to the role of symmetries in
nonholonomic affine and hybrid systems and in particular, we describe the sym-
metries that are present in our examples. Finally, in Chapter 5 we will use the
reversibility and symmetry properties of the systems to prove the ANAIS billiard
phenomenon and prove that analogous phenomena occur in the generalizations.

1.2 Convention

In Part I we mainly used the left trivialization of TSO(3). Throughout this next
part, tangent vectors to SO(3) will be represented in the right trivialization. A
fundamental role will therefore be played by the vector ω ∈ R3 whose compo-
nents are the coordinates of the angular velocity vector with respect to the space
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frame Σs. In other words, ω̂ = ḂB−1 where

ω̂ =

⎛
⎜
⎜
⎝

0 ω3 ω2

ω3 0 −ω1

−ω2 ω1 0

⎞
⎟
⎟
⎠

.

Therefore, when we write
v = (ẋ,ω) ∈ TQ,

we mean v ∈ T(x,B)Q with ẋ ∈ TxR
2 and vB ∈ TBSO(3) such that TBR−1B (vB) =

ω̂ ∈ so(3). Moreover, from now on, we will only work with the homogeneous
sphere and most vectors will be expressed in the space reference frame Σs, more
precisely, we will use the setting introduced in Section 5.1 of Part I.





2 The ANAIS billiard and its gen-
eralizations

2.1 The ANAIS billiard

The ANAIS billiard concerns the motion of a homogeneous sphere rolling on a
plane with a circular platform that rotates uniformly, as illustrated in Fig. 2.1.

Figure 2.1: The ANAIS billiard.

The configuration manifold is given by Q = R2 × SO(3) and the Lagrangian of
the system is given by L ∶ TQ→ R

L(x,B, ẋ,ω) =
I

2
∥ω∥2 +

m

2
∥x∥2, (II.2.1)

where I is the inertia of the sphere and m is the mass of the sphere. Fixing the
spatial reference frameΣs at the center of the rotating disc, the rolling constraints
are given by

ẋ = r(ω × e3) +V
A
s (x), (II.2.2)
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where r is the radius of the sphere andV A
s ∈ X(Π) is the piecewise smooth vector

field defined by

V A
s (x) =

⎧⎪⎪
⎨
⎪⎪⎩

0 if ∥x∥ > R,

ηe3 ×x if ∥x∥ < R,
(II.2.3)

where R > 0 is the radius of the rotating platform and η is its uniform rotating
speed.

When ∥x∥ > R, the sphere is rolling on the fixed part of the plane, outside
of the disc. If we restrict our attention to this part of the system, we recover
the classical problem of the sphere rolling on the plane, which is a well-known
mechanical system with linear nonholonomic constraints. As mentioned in
Part 0, Section 2.1, the trajectory of the sphere on the plane is a straight line.
On the other hand, when ∥x∥ < R, the sphere is rolling on the rotating disc.
Restricting our attention to this part of the system, we recover the problem of the
homogeneous sphere rolling on a rotating plane, discussed in Part 0, Section 3.2
(see also [27, 57, 56, 9, 21, 31]). In this case, the system has affine nonholonomic
constraints and the trajectory of the contact point on the plane traces out a
circumference.

The most delicate issue in the modeling of the system is determining a rea-
sonable transition between the two rolling regimes. This is what we do next,
inspired by the results of Part I.

2.2 Modeling the ANAIS billiard as a hybrid system

The crucial point in the modeling of the ANAIS billiard is determining the
velocity jump when the sphere exits the fixed part of the plane and enters the
rotating disc and vice versa. In fact, the equations of motion of the system
are smooth outside the submanifold N of the phase space, consisting of the
configurations where the contact point of the sphere lies on the boundary of the
rotating disc. As integral curves cross N , it is necessary to define a jump on the
velocities to satisfy (II.2.2) which, due to the discontinuity ofV A

s , accounts for the
different nature of the constraints. The necessity to introduce this velocity jump
is the reason why we use the term hybrid in the title of this section and in what
follows. Note that the jump concerns only the velocities since the configuration
of the sphere, determined by its position on the plane and its orientation, is
continuous during the transition.

We begin by noticing that the ANAIS billiard system almost fits the framework
of Part I (assuming that the convex body is a homogeneous sphere and setting
Vs = V

A
s and Wb = 0) except for the fact that the vector field V A

s is not smooth.
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To deal with this difficulty, we approximate the ANAIS billiard system by a
family of smooth affine nonholonomic systems which may be described within
the framework of Part I, and converge to the ANAIS billiard in the limit.

With the above idea in mind, we define the smooth vector fields V ε
s ∈ X(Π)

parameterized by small positive ε > 0 given by

V ε
s (x) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

0 if ∥x∥ > R + ε
2 ,

fε(∥x∥)(ηe3 ×x) if R − ε
2 ≤ ∥x∥ ≤ R +

ε
2 ,

ηe3 ×x if ∥x∥ < R − ε
2 ,

where fε ∶ R → R is supported on the interval (R − ε
2 ,R +

ε
2) and smoothly

interpolates 1 and 0 as shown in figure 2.2.1 The vector fields V ε
s are smooth for

all ε > 0 and pointwise (almost everywhere) converge to V A
s .

1

R-ε/2 R+ε/2R

r

Figure 2.2: Graph of fε.

Now consider the problem of a homogeneous sphere of radius r rolling on the
plane subject to the nonholonomic constraints

ẋ = r(ω × e3) +V
ε
s (x).

It is easily seen that this system is an approximation of the ANAIS billiard table
in which we have introduced a transition region between the two rolling regimes
given by an annulus of width ε. However, in contrast with the ANAIS billiard,
due to the smoothness of V ε

s , the system falls within our standard framework
and is a particular case of the systems treated in Section 5.1 of Part I. In particular,
by Proposition I.3.1, it has three independent first integrals, which in view of
(I.5.6) are given by

mε
1 = (I +mr

2
)ω1 −mrV

ε
2 (x),

mε
2 = (I +mr

2
)ω2 +mrV

ε
1 (x),

mε
3 = Iω3,

(II.2.4)

1A closed form for fε is given in Appendix C.
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where V ε
1 (x) and V ε

2 (x) are the first components of V ε
s (x) (i.e. V ε

s (x) =

(V ε
1 (x), V

ε
2 (x),0).

Our approach to the modeling of the transition between the two rolling
regimes for the ANAIS billiard (the fixed part of the plane and the rotating
disc) is that the limit of the integrals of motion (II.2.4) as ε → 0 produces inte-
grals of motion of the hybrid system. In other words, we postulate that the
jump in the velocities should be such that the following quantities remain
constant:

mA
1 = (I +mr

2
)ω1 −mrV

A
2 (x),

mA
2 = (I +mr

2
)ω2 +mrV

A
1 (x),

mA
3 = Iω3.

(II.2.5)

This condition, together with the nonholonomic constraints, uniquely deter-
mines the velocity jump.

Example: Consider the motion of the sphere that begins by rolling on the
fixed part of the plane and enters the rotating disc at some time t0. The
coordinates of the point of contact at such time, x(t0), therefore satisfy
∥x(t0)∥ = R. Let us indicate by t−0 and t+0 the one-sided limits as time
approaches t0. At time t−0 , the sphere is on the fixed part of the plane and
at time t+0 it is on the rotating part. The condition that the integrals (II.2.5)
remain constant through the transition implies

(I +mr2)ω1(t
−
0) = (I +mr

2
)ω1(t

+
0) −mrηx1(t0),

(I +mr2)ω2(t
−
0) = (I +mr

2
)ω2(t

+
0) −mrηx2(t0),

Iω3(t
−
0) = Iω3(t

+
0).

Therefore, the “jump" on the angular velocity is given by

ω(t+0) = ω(t
−
0) +

mrη

I +mr2
x(t0),

(with our usual convention that the third component of x vanishes). On
the other hand, using the above expressions together with the constraints
(II.2.2), determines the “jump" on the linear velocity:

ẋ(t+0) = ẋ(t
−
0) − η (

I

I +mr2
)x(t0) × e3.

�

The above discussion and example motivate the precise statement of our pos-
tulate on the velocity jump for trajectories that change rolling regime.
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Postulate II.2.1. Suppose that q∗ = (x∗,B∗) ∈ Q is a configuration of the system
such that ∥x∗∥ = R. Assume that (ẋη,ωη) and (ẋ0,ω0) respectively denote the
velocities inside and outside the rolling platform at the instant in which the
configuration is q∗. These velocities are not equal but are related by the jump
condition:

ẋη = ẋ0
− η (

I

I +mr2
)x∗ × e3, ωη = ω0

+
mrη

I +mr2
x∗.

The above postulate is tacitly assumed in [53], as we will make explicit in
Appendix D. The theory developed in Part I and more precisely in Proposition
I.3.1 provides a theoretical groundwork for the mathematical correctness of this
approach. A discussion of the physical limitations was given in [42, 63].

Remark II.2.2. This approach can be generalized for the Chaplygin sphere using
the first integrals of Proposition I.3.1. However, for more general bodies, there
is no clear way to model an analogous transition.

2.3 Geometry and flow of the ANAIS billiard as a hybrid
system

Let U0, Uη ⊂ Q respectively denote the configurations corresponding to the fixed
and rotating parts of the plane, i.e.

U0 = {(x,B) ∈ Q ∶ ∥x∥ > R }, Uη = {(x,B) ∈ Q ∶ ∥x∥ < R }, (II.2.6)

and let B be the set of configurations which divides these two regions,

B = {(x,B) ∈ Q ∶ ∥x∥ = R }. (II.2.7)

The phase space AA of the system may be expressed as AA = D + ZA, where
D ⊂ TQ is the linear distribution defining the constraints of rolling without
slipping,

D = {(x,B, ẋ,ω) ∈ TQ ∶ ẋ = rω × e3}, (II.2.8)

and ZA ∈ X(Q) is the piecewise smooth vector field

ZA(x,B) = (V A
(x),0). (II.2.9)

Note that ZA is smooth on U0 and Uη but has a discontinuity along B corre-
sponding to the change of regime. As a consequence, AA is a piecewise smooth
affine subbundle of TQ. To write things in a notation that is convenient for
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the generalizations of the system that we develop below, we consider the vector
fields V 0,V η ∈ X(Π)

V 0
(x) = 0, (II.2.10)

V η
(x) = ηe3 ×x, (II.2.11)

and the vector fields Z0, Zη ∈ X(Q) defined as

Z0
(x,B) = (V 0

(x),0) = (0,0), (II.2.12)
Zη(x,B) = (V η

(x),0) = (ηe3 ×x,0), (II.2.13)

and define the smooth affine subbundles A0,Aη ⊂ TQ as

A0
q =Dq +Z

0
(q), Aη

q =Dq +Z
η
(q).

With the above definitions, we may write

AA
q =

⎧⎪⎪
⎨
⎪⎪⎩

A0
q if q ∈ U0,

A
η
q if q ∈ Uη.

(II.2.14)

Now, since A0 and Aη are smooth affine subbundles, there is a well-defined non-
holonomic dynamics determined by the Lagrange-D’Alembert principle. This
dynamics is described by the flow of vector fields on these subbundles, which
we denote as

X0
∈ X(A0

) and Xη
∈ X(Aη

).

The dynamics of our system is determined by piecing together trajectories of
these vector fields in a way that we make precise below. Consider the vector
field XA ∈ X(AA) defined by

XA
(z) =

⎧⎪⎪
⎨
⎪⎪⎩

X0(z) if q ∈ U0,

Xη(z) if q ∈ Uη,
(II.2.15)

where we have written z = (q, v) ∈ TQ. ThenXA is smooth on both of the smooth
components of AA. The dynamics of our problem is then described by the flow
of XA on each of the smooth components complemented with Postulate II.2.1
which determines the transition at the discontinuity points. In order to explain
how this transition takes place, we introduce the following jump functions. Let
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q∗ = (x∗,B∗) ∈ B, inspired by Postulate II.2.1, we define

J
η
0 ∶ A

0
q∗ → A

η
q∗ , J

η
0(x

∗,B∗, ẋ,ω) = (ẋ,ω) +
η

I +mr2
(Ie3 ×x

∗,mrx∗),

J0η ∶ A
η
q∗ → A0

q∗ , J0η(x
∗,B∗, ẋ,ω) = (ẋ,ω) −

η

I +mr2
(Ie3 ×x

∗,mrx∗),

(II.2.16)

where we have omitted the base point (x∗,B∗) on the tangent vectors on the
right hand side of the equation.

2.3.1 Flow of the ANAIS billiard system

We define the flow ΦA ∶ R × AA → AA as follows. Let Φ0 and Φη respectively
denote the flows of the vector fields X0 ∈ X(A0) and Xη ∈ X(Aη). Consider an
initial condition z0 = (q0, v0) ∈ Aq0 .

1. If z0 = (q0, v0) ∈ A0
q0 we consider the curve z(t) = Φ0

t (z0) and write it as
z(t) = (q(t), v(t)).

(a) If q(t) ∈ U0 for all t ∈ [0, T ) then we define ΦAt (z0) = Φ0
t (z0) in this

interval.
(b) If q(t) ∈ U0 for all t ∈ [0, T ) and q(T ) ∈ B, we define

ΦAt (z0) = {
Φ0
t (z0) if 0 < t < T,

Φηt (J
η
0(z(T ))) for t ∈ [T,T + ε], for some small ε > 0.

2. If z0 = (q0, v0) ∈ Aη
q0 we consider the curve z(t) = Φηt (z0) and write it as

z(t) = (q(t), v(t)).

(a) If q(t) ∈ Uη for all t ∈ [0, T ) then we define ΦAt (z0) = Φηt (z0) in this
interval.

(b) If q(t) ∈ Uη for all t ∈ [0, T ) and q(T ) ∈ B, we define

ΦAt (z0) = {
Φηt (z0) if 0 < t < T,
Φ0
t (J

0
η(z(T ))) for t ∈ [T,T + ε] for some small ε > 0.

The value of ΦAt (z0) for arbitrary t ∈ R is determined from the above prescrip-
tions requiring that the flow condition ΦAt+s(z0) = Φ

A
t (Φ

A
s (z0)) holds.

Remark II.2.3. In item 1b the small number ε > 0 is chosen small enough so that
q(t) does not leave Uη. Namely, z(t) = Φηt (J

η
0(z(T ))) satisfies q(t) ∈ Uη for all

t ∈ (T,T + ε]. Such ε always exist unless the trajectory in the fixed part of the
plane traces out a straight line which touches the rotating platform tangentially.
In such case there is no real change of regime and there is no need to introduce
a jump. We have avoided mentioning this kind of trajectories in the definition of
ΦA for ease of presentation. Analogous remarks apply for item 2b.
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The above prescription gives a well-defined flow ΦA ∶ R × AA → AA which
adequately describes the dynamics of the problem. We emphasize that ΦA

possesses the first integrals (II.2.5).

2.4 Generalizations of the ANAIS billiard

In the next sections, inspired by [53] and [63], we will consider a series of gen-
eralizations of the ANAIS billiard. These concern the motion of a homogeneous
sphere of radius r on the plane subject to the nonholonomic constraints,

ẋ = −re3 ×ω +Vs(x) +BWb(γ), (II.2.17)

where the vector fields Vs ∈ X(Π) and Wb ∈ X(S) are piecewise smooth and are
allowed to have discontinuities. For simplicity, we will assume that only one of
the vector fieldsVs ∈ X(Π) orWb ∈ X(S) is piecewise smooth and assume that the
other one is smooth. Furthermore, we will assume that the set of discontinuities
of the piecewise smooth vector field is comprised of a finite number of smooth
curves, each of which separates two open sets on which the vector field is smooth.
Some examples of admissible vector fields on Π and S are illustrated in figure
2.3.

As for the ANAIS billiard above, the modeling of such systems requires a
postulate to model the velocity jumps introduced by the discontinuities on the
constraints. Due to these velocity jumps, we will also use the terminology hybrid
for these systems.

2.4.1 Planar generalizations

Let us first consider the case in which W is smooth and Vs ∈ X(Π) is piecewise
smooth and is allowed to have discontinuities. Let UΠ

1 , . . . , U
Π
n ⊂ Π denote the n

open sets in which the vector field Vs is smooth. Then, Vs(x)may be written as

Vs(x) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

V 1(x) if x ∈ UΠ
1 ,

⋮

V n(x) if x ∈ UΠ
n ,

for certain smooth vector fields V i ∈ X(Π), i = 1, . . . , n.
Suppose that UΠ

i and UΠ
j share a piece of boundary (i.e. (∂UΠ

i )⋂(∂U
Π
j ) ≠ ∅),

we denote by BΠ
ij the curve on the plane Π that describes the boundary between

UΠ
i and UΠ

j , i.e. BΠ
ij = (∂U

Π
i )⋂(∂U

Π
j ).
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(a) (b) (c)

(d) (e)

Figure 2.3: Examples of admissible vector fields on the plane Π (2.3a, 2.3b and 2.3c) and
on the surface of the sphere S (2.3d, 2.3e).

Example: In the ANAIS billiard, the plane Π is divided in two regions
UΠ
0 = {x ∈ Π ∶ ∥x∥ > R} and UΠ

η = {x ∈ Π ∶ ∥x∥ < R} where the vector field
V A
s defined in (II.2.3) is smooth. The boundary BΠ ⊂ Q between these two

regions is given by BΠ = {x ∈ Π ∶ ∥x∥ = R}.

�

Inspired by the discussion above for the ANAIS billiard, we formulate the
following.

Postulate II.2.4. Let q∗ = (x∗,B∗) ∈ Q be a configuration such that x∗ is a point
of discontinuity of the vector field Vs(x) ∈ X(Π), i.e. x∗ ∈ BΠ

ij for some i, j.
Assume that (ẋi,ωi) and (ẋj ,ωj) respectively denote the velocities in UΠ

i and
UΠ
j at the instant in which the configuration is q∗. These velocities are not equal

but are related by the jump:

ẋi = ẋj +
I

I +mr2
(V i
(x∗) − V j

(x∗)),

ωi = ωj +
mr

I +mr2
(V i
(x∗) − V j

(x∗)) × e3.
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By construction, the Postulate II.2.4 guarantees that the hybrid system pos-
sesses the first integrals (I.5.6) which we rewrite below for convenience

m1 = (I +mr
2
)ω1 −mr(V2(x) + (BWb(γ))2),

m2 = (I +mr
2
)ω2 +mr(V1(x) + (BWb(γ))1), (II.2.18)

m3 = Iω3,

whereV1(x) andV2(x)denote the components ofVs(x). As a consequence of the
existence of these first integrals, we have the following result stated previously
in [53, 63].

Proposition II.2.5. Consider a nonholonomic affine hybrid system on the configuration
space Q = R2 × SO(3) with Lagrangian (II.2.1) and constraints (II.2.17), where W = 0
and the vector field Vs is piecewise smooth and may have discontinuities. Suppose
moreover that Vs(x) = 0 for all x ∈ UΠ

0 for some non-empty open set UΠ
0 ⊂ R

2. Then
the linear velocity ẋ(t) and the angular velocity ω(t) are constant for all t such that
x(t) ∈ UΠ

0 .

Proof. Considering that W = 0 and Vs(x(t)) = 0 if x(t) ∈ UΠ
0 then the first

integrals (II.2.18) take the form

m1 = (I +mr
2
)ω1(t), m2 = (I +mr

2
)ω2(t), m3 = Iω3(t), (II.2.19)

so the vector ω = ω(t) is constant. In view of the constraints (II.2.17), we have

ẋ1(t) = rω2, ẋ2(t) = −rω1, ẋ3(t) = 0. (II.2.20)

so the vector ẋ = ẋ(t) is constant as well.

2.4.2 Spherical generalizations

We now consider the case in which the vector field on the plane V is smooth and
the vector field on the sphere Wb(γ) is piecewise smooth and may have discon-
tinuities. In this case, we assume that Wb is smooth in n regions US

1 , ..., U
S
n ⊂ S

of the surface of the sphere S and that there are no points on S which simulta-
neously belong to the boundary of three or more regions. If two regions US

i and
US
j have shared boundary, then we denote by BS

ij the curve on the sphere that
describes the boundary, i.e. BS

ij = (∂U
S
i )⋂(∂U

S
j ). In analogy to the previous
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case, the vector field Wb(γ)may be written as

Wb(γ) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

W 1(γ) if γ ∈ US
1 ,

⋮

Wn(γ) if γ ∈ US
n,

for certain W i ∈ X(S), i = 1, . . . , n. In this case, we state the following.

Postulate II.2.6. Let q∗ = (x∗,B∗) ∈ Q be a configuration such that γ∗ = (B∗)−1e3
is a point of discontinuity of the vector field Wb(γ) ∈ X(S), i.e. γ∗ ∈ BS

ij for some
i, j. Assume that (ẋi,ωi) and (ẋj ,ωj) respectively denote the velocities in US

i

and US
j at the instant in which the configuration is q∗. These velocities are not

equal but are related by the jump:

ẋi = xj +
I

I +mr2
B(W i

(γ0) −W
j
(γ0)),

ω̇i = ωj +
mr

I +mr2
B(W i

(γ0) −W
j
(γ0)) × e3.

In analogy to Proposition II.2.5, we have the following result whose proof is
identical.

Proposition II.2.7. Consider a nonholonomic affine hybrid system on the configuration
space Q = R2 × SO(3) with Lagrangian (II.2.1) and constraints (II.2.17), where V = 0
and the vector field Wb is piecewise smooth and may have discontinuities. Suppose
moreover that Wb(γ) = 0 for all γ ∈ US

0 for some non-empty open set US
0 ⊂ S

2. Then
the linear velocity ẋ(t) and the angular velocity ω(t) are constant for all t such that
γ(t) ∈ US

0 .

2.4.3 Geometry of the generalizations

The phase space A of a nonholonomic system onQwith constraints (II.2.17) may
be expressed as A = D + Z where D ⊂ TQ is the linear distribution defined in
(II.2.8) and Z ∈ X(Q) is a vector field defined by

Z(x,B) = (Vs(x) +BWb(γ),0). (II.2.21)

If either Vs(x) or Wb(γ) are piecewise smooth, instead of smooth, then the
vector fieldZ is piecewise smooth and A ⊂ TQ defines a piecewise smooth affine
subbundle. Let us denote by U1, . . . , Un ⊂ Q the n regions in which Z is smooth
and by Bij the boundary between the regions Ui and Uj . Then, if q = (x,B), we
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may write

Z(q) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

Z1(q) if q ∈ U1,

⋮

Zn(q) if q ∈ Un,
(II.2.22)

for certain smooth vector fields Zi ∈ X(Q). Moreover, we can define the affine
subbundles Ai ⊂ TQ as Ai

q =Dq +Z
i(q) for all i = 1, . . . , n and write

Aq =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

A1
q if q ∈ U1,

⋮

Anq if q ∈ Un.
(II.2.23)

We denote by Xi ∈ X(Ai) the vector fields determined by the equations of
motion of the nonholonomic system defined on Q = R2 × SO(3) with constraint
distribution Ai =D+Zi and Lagrangian L given by (0.2.3). The dynamics of the
whole system is determined by the (piecewise smooth) vector field X ∈ X(A)

defined for z = (q, v) ∈ TQ by

X(z) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

X1(z) if q ∈ U1,

⋮

Xn(z) if q ∈ Un.
(II.2.24)

together with postulates II.2.4 and II.2.6, which determine the transition at the
discontinuities. We define the jump functions Jji ∶ A

i
q → A

j
q on q ∈ Bij by

J
j
i (x,B, ẋ,ω) = (ẋ,ω) +

1

I +mr2
(I(V i

(x) − V j
(x)),mr(V i

(x) − V j
(x)) × e3)

+
1

I +mr2
(IB(W i

(γ) −W j
(γ)),mrB(W i

(γ) −W j
(γ)) × e3),

(II.2.25)

The dynamics are determined by the flow

ΦX ∶ R ×A→ A,

specified in the next subsection.

2.4.4 Flow ΦX of the generalizations

We denote by Φi ∶ R × Ai → Ai the flows of the vector fields Xi ∈ X(Ai) for
i = 1, . . . , n, and we define the flow ΦX ∶ R×A→ A as follows. If zi = (qi, vi) ∈ Ai,
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we consider z(t) = Φit(zi) and write it as z(t) = (q(t), v(t)). If q(t) ∈ Ui for all
t ∈ [0, T ) then

ΦXt (zi) = Φ
i
t(zi) for all t ∈ [0, T ).

If q(t) ∈ Ui for t ∈ [0, T ) and q(T ) ∈ Bij , then

ΦXt (zi) =

⎧⎪⎪
⎨
⎪⎪⎩

Φit(zi) if 0 < t < T,
Φjt(J

j
i (z(T ))) if t ∈ [T,T + ε] for small ε.

We consider ε to be small enough so that Φjt(J
j
i (z(T ))) ∈ Uj for all t ∈ (T,T + ε]

(a remark similar to Remark II.2.3 applies for tangential trajectories). Enforcing
the flow condition ΦXt+s = Φ

X
t ○Φ

X
s and repeating the same prescription any time

q(t) changes region, we get a flow that describes the dynamics of the system.

Remark II.2.8. There is a slight ambiguity in the definition of ΦX for the tra-
jectories which meet the boundaries Bij tangentially. Our convention is not to
introduce a jump in this case.

We again emphasize that the flow ΦX possesses the first integrals (II.2.18).

2.5 Examples

We introduce the main examples with which we will work throughout this part.

2.5.1 A vector field on a stripe of the plane

We consider a generalization of the ANAIS billiard which was described in [53]
and is as follows: the points of a vertical strip of the plane move according to
a vector field which is reversible with respect to a reflection with respect to the
vertical axis, and outside this strip the plane is fixed, as illustrated in figure 2.4.

Figure 2.4: Generalization of the ANAIS billiard phenomenon with a symmetric vector
field.
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The system is described by settingW = 0 and considering the sets UΠ
0 , U

Π
1 ⊂ Π

as
UΠ
0 = {x ∈ Π ∶ ∣⟨x,e1⟩∣ > A}, UΠ

1 = {x ∈ Π ∶ ∣⟨x,e1⟩∣ < A},

with A > 0. Then, we denote by

BΠ
01 = {x ∈ Π ∶ ∣x∣ = A},

the set where the transition between the regimes occurs. We define the vector
field V G

s ∈ X(Π) as

V G
s (x) =

⎧⎪⎪
⎨
⎪⎪⎩

V 0(x) if x ∈ UΠ
0 ,

V 1(x) if x ∈ UΠ
1 ,

(II.2.26)

with V 0(x) = 0 and we assume that the vector field V 1 on the plane satisfies

ΣV 1
(x) = V 1

(−Σx), with Σ as in (II.3.5). (II.2.27)

Remark II.2.9. Notice that, in coordinates, the property (II.2.27) gives

⎛
⎜
⎜
⎝

V 1
1 (x1, x2,0)

−V 1
2 (x1, x2,0)

0

⎞
⎟
⎟
⎠

= Σ

⎛
⎜
⎜
⎝

V 1
1 (x1, x2,0)

V 1
2 (x1, x2,0)

0

⎞
⎟
⎟
⎠

=

⎛
⎜
⎜
⎝

V 1
1 (−Σ(x1, x2,0))

V 1
2 (−Σ(x1, x2,0))

0

⎞
⎟
⎟
⎠

=

⎛
⎜
⎜
⎝

V 1
1 (−x1, x2,0)

V 1
2 (−x1, x2,0)

0

⎞
⎟
⎟
⎠

,

and in particular

V 1
2 (0, x2,0) = −V

1
2 (0, x2,0) = 0 for every x2 ∈ R.

Now, the sets U0, U1,B10 ⊂ Q are defined as

U0 = U
Π
0 × SO(3) ⊂ Q, U1 = U

Π
1 × SO(3) and B01 = B

Π
01 × SO(3).

We define the smooth vector fields Z0, Z1 ∈ X(Q) as

Z0
(x,B) = (0,0),

Z1
(x,B) = (V 1

(x),0),
(II.2.28)

and the piecewise smooth vector field ZG ∈ X(Q) as

ZG(q) =

⎧⎪⎪
⎨
⎪⎪⎩

Z0(q) if q ∈ U0,

Z1(q) if q ∈ U1.

Following the notation introduced in Section 2.4.3, we will denote by A0, A1 the
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affine distributions defined by A0 = D + Z0 and A1 = D + Z1. Moreover, the
piecewise smooth affine distribution AG is defined as

AGq =

⎧⎪⎪
⎨
⎪⎪⎩

A0
q if q ∈ U0,

A1
q if q ∈ U1.

We denote by X0 ∈ X(A0) and X1 ∈ X(A1) the vector fields defined by the
equations of motion of the systems determined by Q, L and A0 or A1; while
XG ∈ X(AG) is the vector field defined by

XG
(q, v) =

⎧⎪⎪
⎨
⎪⎪⎩

X0(q, v) if q ∈ U0,

X1(q, v) if q ∈ U1.

Finally, Φ0 and Φ1 respectively denote the flows of X0 and X1, while ΦG is the
flow defined by piecing together Φ0 and Φ1 (with the jump functions J10,J

0
1) as

defined in Section 2.4.4 for this specific example.

2.5.2 The Janus sphere

As the main example of the spherical generalizations, we will consider a sphere
with a particular kind of cat’s toy mechanism (described in Part I, Chapter 2) in
which only one part of the shell is rotating along the E3 axis and the rest of the
shell is fixed. We assume that the curve between the fixed and the rotating part
of the sphere is a circular section which is perpendicular to the rotation axis at
a constant height a ∈ (−r, r) with respect to the center of the sphere, see Figure
2.5. We will call this example Janus sphere after the Roman god Janus2.

Figure 2.5: The Janus sphere.

This system can be described within our framework by setting V = 0 and

2we are thankful to Jair Koiller for suggesting this name.
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letting WC
b ∈ X(S) be the piecewise smooth vector field defined by

WC
b (γ) =

⎧⎪⎪
⎨
⎪⎪⎩

W 0(γ) if γ ∈ US
0 ,

W σ(γ) if γ ∈ US
σ ,

with
W 0
(γ) = 0 and W σ

(γ) = −rσ(γ3)(γ ×E3), (II.2.29)

where σ ∈ R the angular velocity of the rotating part of the shell, and the sets
US
0 , U

S
σ ⊂ S are defined as

US
0 = {γ ∈ S

2
∶ γ3 < a}, US

σ = {γ ∈ S
2
∶ γ3 > a}, (II.2.30)

where a is the height of the transition. The boundary B0σ ⊂ S between US
0 and

US
1 is described by

B0σ = {γ ∈ S
2
∶ γ3 = a}.

For future reference, we write the explicit form of the constraints:

ẋ =

⎧⎪⎪
⎨
⎪⎪⎩

−re3 ×ω − rσ(γ ×E3) if γ3 > a,
−re3 ×ω if γ3 < a.

(II.2.31)

Now, we denote by U0, UσB0σ ⊂ Q the sets

U0 = R
2
×US

1 ⊂ Q, Uσ = R
2
×US

σ ⊂ Q and B0σ = R
2
×BS

0σ.

In this case, the vector smooth fields Z0, Zσ ∈ X(Q) are given by

Z0
(x,B) = (0,0),

Zσ(x,B) = (BW σ
(γ),0),

(II.2.32)

and the piecewise vector field ZC ∈ X(Q) by

ZC =

⎧⎪⎪
⎨
⎪⎪⎩

Z0(x,B) if q ∈ US
0 ,

Zσ(x,B) if q ∈ US
1 .

(II.2.33)

Following the notation introduced in Section 2.4.3, we will denote the corre-
sponding affine distributions Ai, vector fields Xi and flows Φi with indices
0, σ,C where the flow ΦC is defined as in Section 2.4.4 with the jump functions
J
j
i with i, j = 0, σ defined as in (II.2.25) for this specific example.
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2.6 The ANAIS billiard phenomenon and its generaliza-
tions

The ANAIS billiard phenomenon, illustrated in Fig 2.6 (for a video see [25]), was
observed at the Nice Exploratory, and has been considered in [53, 42, 64, 63].
Below, we state it as a theorem that we will prove in Chapter 5.

Figure 2.6: The ANAIS billiard phenomenon.

Theorem II.2.10. [53] Consider the ANAIS billiard system described in section 2.1
above. Suppose that the sphere is set to roll on the fixed part of the plane and goes into
the rotating disc. When the sphere goes out of the disc and back to the fixed part of the
plane, it will follow a trajectory that is the exact prolongation of the initial one.

The proof of Theorem II.2.10 that we present formalizes some aspects of the
discussion of Lévy-Leblond [53]. Furthermore, it will allow us to show that
similar rolling phenomena hold for appropriate generalizations of the system.
In particular, our approach will allow us to prove that a similar phenomenon
occurs for the rolling Janus sphere, as stated in the following theorem and
illustrated in figure 2.7.

Theorem II.2.11. Suppose that the Janus sphere, described in Section 2.4.2 above, is
set to roll on the table in such a way that the fixed part of the sphere is in contact with
the plane and that at some instant the moving part of the shell goes into contact with
the plane. If the fixed part of the sphere comes back into contact with the plane at a later
time3, it will follow the exact prolongation of the initial trajectory.

Notice that for Theorems II.2.10 and II.2.11, Proposition II.2.5 already proves
that the trajectories of the ball before and after it crosses the rotating parts of
the system are along parallel lines. The conclusion that the path of the sphere

3the proof of Theorem II.2.11 given in Section 5.2.2 below shows, in particular, that the
condition that the fixed part of the sphere comes into contact with the plane at a later time is
verified by generic solutions of the system.
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Figure 2.7: The ANAIS billiard phenomenon for the Janus sphere.

is the exact prolongation follows from further symmetry considerations of the
problem that will be analyzed in the next chapters. A fundamental role will be
played by the reversibility of the system with respect to suitable involutions of
the phase space.

Remark II.2.12. In the spirit of Remark I.5.2, we observe that sinceω3 is a constant
of motion, the phenomena in the statements of Theorems II.2.10 and II.2.11
remain valid in the presence of an additional rubber (i.e. no-spin) constraint.



3 Reversibility

3.1 Reversible systems

We recall the notions of reversible systems that we will need ahead. Some of the
contents of this section may be found, for instance, in [41, 52, 58]. We begin by
recalling that an involution κ on a manifold M is a diffeomorphism κ ∶ M → M

such that κ2 = idM and proceed to define a reversible system.

Definition II.3.1. Let κ ∶ M → M be an involution on the manifold M . A
complete vector field X ∈ X(M) is called reversible with respect to κ or κ-reversible
if its flow Φ ∶ R ×M →M satisfies

κ ○Φt(m) = Φ−t ○ κ(m) = Φ
−1
t ○ κ(m) for all t ∈ R and m ∈M. (II.3.1)

In this case, κ is called a reversing symmetry.

The infinitesimal version of the above condition is

κ∗X = −X.

Identity (II.3.1) implies one of the most important properties of reversible sys-
tems: if Φt(m) is a solution of the system, then κ(Φ−t(κ(m))) is also a solution
of the system. Moreover, from identity (II.3.1) we may see that the involution κ
maps an orbit of X to another orbit of X , reversing the time direction. In partic-
ular, if the orbit goes through a point m ∈M such that κ(m) = m, then it maps
the orbit to itself, reversing time parametrization. In fact, the fixed point set of
an involution κ will play an important part in the study of reversible systems;

103
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we will denote it by

Fix(κ) ∶= {m ∈M ∶ κ(m) =m}.

Definition II.3.2. An integral curve t ↦ z(t) of the vector field X ∈ X(M) is
symmetric with respect to an involution κ on M if there exists an s ∈ R such that for
every t ∈ R,

z(s + t) = κ(z(s − t)).

Proposition II.3.3. Let X ∈ X(M) be a reversible vector field with respect to the
involution κ and let z(t) be an integral curve ofX . Then z(t) is symmetric with respect
to κ if and only if there exists s ∈ R such that z(s) ∈ Fix(κ).

Proof. Suppose z(s) =m ∈ Fix(κ). Then z(s+ t) = Φt(m) and z(s− t) = Φ−t(m) =
Φ−t(κ(m)). Using (II.3.1) we have κ(z(s + t)) = z(s − t) which is equivalent to
z(s+ t) = κ(z(s− t)). Conversely, if z(s+ t) = κ(z(s− t)), for all t then evaluation
at t = 0 gives z(s) = κ(z(s)).

Finally, we mention a property of symmetric integral curves which can be
immediately proved.

Lemma II.3.4. Let X ∈ X(M) be a vector field reversible by an involution κ ∶M →M

and let f ∶M → R be a κ-invariant function. If z(t) is a symmetric integral curve of X
such that for z(s) ∈ Fix(κ) for s ∈ R, then

f(z(s − t)) = f(z(s + t)).

3.1.1 Reversible systems with symmetries

Suppose now that there is a Lie group action Ψ ∶H ×M →M of the Lie groupH
on the phase manifold M . Suppose that the complete vector field X ∈ X(M) is
reversible with respect to the involution κ ∶M →M and, moreover, H-invariant.
This means that, apart from (II.3.1), the flow Φ of X satisfies

Ψh ○Φt = Φt ○Ψh, for all h ∈H , t ∈ R. (II.3.2)

Let us fix h ∈H and consider the map

κh ∶= Ψ
−1
h ○ κ ○Ψh ∶M →M. (II.3.3)

It is straightforward to check that κ2h = idM so it is an involution. Moreover, as
the following proposition shows, X is also κh-reversible.
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Proposition II.3.5. Under the hypothesis given above,X is κh-reversible for all h ∈H .
Moreover,

Fix(κh) = Ψh−1(Fix(κ)). (II.3.4)

Proof. Take h ∈ H , m ∈M and κh ∶M →M as in (II.3.3). Then, by κ-reversibility
and Ψ-invariance of Φ,

κh ○Φt(m) = Ψ
−1
h ○ κ ○Ψh ○Φt(m)

= Ψ−1h ○ κ ○Φt(Ψh(m))

= Ψ−1h ○Φt(κ ○Ψh(m))

= Φ−t ○Ψ
−1
h ○ κ ○Ψh(m) = Φ−t ○ κh(m).

Therefore, Φ is reversible with respect to κh. To prove (II.3.4), note that m ∈
Fix(κh) if and only if

κh(m) = Ψh−1 ○ κ ○Ψh(m) =m,

if and only if κ ○ Ψh(m) = Ψh(m) if and only if Ψh(m) ∈ Fix(κ) if and only if
m ∈ Ψh−1(Fix(κ)).

3.2 Reversibility of affine nonholonomic systems

It is well known that nonholonomic systems with linear constraints are time-
reversible, but the presence of affine nonholonomic constraints usually destroys
time-reversibility. However, in the following theorem we will see that, under
some conditions, affine nonholonomic systems may be reversible as well.

Theorem II.3.6. Consider a nonholonomic system described by a configuration manifold
Q, a Lagrangian L ∶ TQ → R and an affine constraint distribution A, which can be
expressed as A =D+Z, with D ⊂ TQ the linear constraint distribution and Z ∈ X(Q).
Let λ ∶ Q → Q be an involution on Q such that the Lagrangian L and the linear
distribution D are λ-invariant (i.e. L ○ Tλ = L and Tλ(D) = D). If Z ∈ X(Q) is
reversible with respect to λ (i.e. λ∗Z = −Z), then κ ∶= ι ○ Tλ ∶ TQ → TQ, with
ι(q, v) = (q,−v) for (q, v) ∈ TQ, satisfies

1. κ(A) = A,

2. κ∣A ∶ A→ A is an involution,

3. κ∗X(Q,A,L) = −X(Q,A,L),

whereX(Q,A,L) ∈ X(A) denotes the vector field defined by the equations of motion of the
nonholonomic system defined by Q, A and L.
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Proof. To prove item 1, we notice that κ is a vector bundle homomorphism.
Considering that Aq =Dq +Z(q), we have

κ(Aq) = κ(Dq) + κ(Z(q)) = −Tλ(Dλ(q)) − Tλ(Z(λ(q)))

= −Dλ(q) +Z(λ(q)) =Dλ(q) +Z(λ(q)) = Aλ(q),

where we have used the λ-invariance of D, the property λ∗Z = −Z and the fact
that D is a linear distribution.

To prove item 2, we first write an explicit expression for κ,

κ(q, v) = ι ○ Tλ(q, v) = ι(λ(q), Tqλ(v)) = (λ(q),−Tqλ(v)).

Now, we see that since λ2 = idQ and (Tqλ)2 = idTqQ are involutions,

κ2(q, v) = (λ2(q), (−Tqλ)
2
(v)) = (q, v).

Finally, to prove item 3 we use Theorem 0.1.4 which is proved in Appendix
A. We notice that λ satisfies the hypothesis of Theorem 0.1.4 for s = −1. So the
vector field XQ,A,L ∈ X(A) is reversible with respect to κ.

3.3 A useful involution

In what follows, we will use Theorem II.3.6 to derive reversibility properties of
the ANAIS billiard and the class of hybrid systems described in Section 5.2 with
a specific choice of involution. Let λ ∶ Q→ Q, with Q = R2 × SO(3) be given by

λ ∶ (x,B) ↦ (−Σx,ΣBΣ), where Σ =

⎛
⎜
⎜
⎝

1 0 0

0 −1 0

0 0 −1

⎞
⎟
⎟
⎠

∈ SO(3). (II.3.5)

Note that λ2 = idQ, so it is an involution on the configuration spaceQ. For future
reference, we note that the fixed points of λ are

Fix(λ) = {(x,B) ∈ Q ∶ x1 = 0 and ΣB = BΣ}. (II.3.6)

The tangent map of λ is given by

Tλ ∶TQ→ TQ

(x,B, ẋ,ω) ↦ (−Σx,ΣBΣ,−Σẋ,Σω).
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With the above expression it is a routine calculation to check that the following
proposition holds.

Proposition II.3.7. The Lagrangian L given by (II.2.1) and the linear distribution D

given by (II.2.8) are λ-invariant, namely L = L ○ Tλ and Tλ(Dq) =Dλ(q).

In view of Theorem II.3.6, if Z ∈ X(Q) is reversible by λ (i.e. λ∗Z = −Z)
then, denoting A = D + Z, the vector field X = X(Q,A,L) ∈ A is reversible by
κ = ι ○ Tλ ∶ TQ→ TQ, which in our case is given by

κ(x,B, ẋ,ω) = (−Σx,ΣBΣ,Σẋ,−Σω). (II.3.7)

Because of this, it is useful to give conditions on the vector fields Vs ∈ X(Π) and
Wb ∈ X(S)which guarantee that Z is λ-reversible.

Proposition II.3.8. Suppose that Z ∈ X(Q) is given by Z(x,B) = (Vs(x),0). Then
λ∗Z = −Z if and only if

ΣVs(x) = Vs(−Σx). (II.3.8)

Similarly, if Z(x,B) = (BWb(γ),0), then λ∗Z = −Z if and only if

ΣBWb(γ) = BWb(−Σγ).

Proof. We begin by proving the first case of the proposition. On the one hand,

λ∗Z(λ(q)) = Tqλ(Z(q)) = Tqλ(Vs(x),0) = (−ΣVs(x),0).

On the other hand,
Z(λ(q)) = (Vs(−Σx),0).

Therefore, λ∗Z(λ(q)) = −Z(λ(q)) if and only if (II.3.8) is satisfied. The second
part of the proof is done analogously. First, we notice that,

λ∗Z(λ(q)) = Tqλ(Z(q)) = Tqλ(BWb(γ),0) = (−ΣBWb(γ),0).

On the other hand, noticing that γ = B−1e3 and ΣB−1Σe3 = −Σγ, we have

Z(λ(q)) = (BWb(−Σγ),0).

Finally, for future reference we indicate that the fixed point set of the involution
κ is given by

Fix(κ) = {(x,B, ẋ,ω) ∶ x1 = 0, ΣB = BΣ, ẋ2 = 0 and ω1 = 0}. (II.3.9)
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3.4 Reversibility of the ANAIS billiard

We now proceed to argue that the ANAIS billiard is reversible with respect to
the involution κ given by (II.3.7). We begin by observing that the vector fields
V 0 and V η defined by (II.2.10) satisfy the condition (II.3.8). As a consequence,
the corresponding vector fields X0,Xη (defined by the equations of motion on
A0 =D+Z0 and Aη =D+Zη with Z0 and Zη given by (II.2.12)) are κ-reversible.
Considering that the flowΦA of the ANAIS billiard system is obtained by piecing
together the integral curves of X0 and Xη in accordance with Postulate II.2.1,
we still need to check that our prescription for the velocity jumps is compatible
with κ (in a certain way). The crucial ingredients are contained in the following
proposition.

Proposition II.3.9. The involutions λ ∶ Q→ Q and κ ∶ TQ→ TQ respectively defined
by (II.3.5) and (II.3.7) satisfy

1. λ(U0) = U0 and λ(Uη) = Uη,

2. λ(B) = B,

3. κ ○ Jη0 = J
η
0 ○ κ and κ ○ J0η = J0η ○ κ,

where U0, Uη ⊂ Q are defined by (II.2.6), B is defined by (II.2.7) and the jump functions
J
η
0 and J0η by (II.2.16).

Proof. It is immediate to check that items 1 and 2 hold. To prove 3, let q∗ =
(x∗,B∗) ∈ B (so ∥x∗∥ = R), and a velocity vector (ẋ,ω) ∈ A0

q∗ . On the one hand,
using (II.2.16) and (II.3.7), we have

κ ○ Jη0(ẋ,ω) = κ((ẋ,ω) +
η

I +mr2
(Ie3 ×x

∗,mrx∗))

= ((Σẋ,−Σω) +
η

I +mr2
(IΣ(e3 ×x

∗
),−mrΣx∗))

On the other hand, considering that κ(ẋ,ω) is a tangent vector at λ(q∗) =
(−Σx∗,ΣB∗Σ) ∈ B, the prescription for Jη0 in (II.2.16) gives

J
η
0 ○ κ(ẋ,ω) = J

η
0(Σẋ,−Σω)

= ((Σẋ,−Σω) +
η

I +mr2
(Ie3 × (−Σx

∗
),−mrΣx∗)) .

Using that Σe3 = −e3, we get the desired equality. The one for J0η can be proved
analogously.

We are now ready to present the main result of the section.
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Theorem II.3.10. The flow ΦA of the ANAIS billiard system defined in Subsection
2.3.1 is κ-reversible. Namely,

κ(ΦAt (z)) = Φ
A
−t(κ(z)) for all t ∈ R and z ∈ AA. (II.3.10)

Proof. We know that the flowsΦ0
t andΦηt areκ-reversible, so ifΦAt (z) = (q(t), v(t))

is such that q(t) stays in U0 or Uη for all t, then (II.3.10) holds. To check that
(II.3.10) holds for all t, allowing for transitions between the regions, we proceed
as follows. Consider z0 = (q0, v0) ∈ A0

q0 and the solution with initial condition z0,
z(t) = (q(t), v(t)) = ΦAt (z0). Suppose that q(t) ∈ U0 for all t ∈ [0, T ) and q(T ) ∈ B.
Then, for times t ∈ [0, T + ε) and a small ε > 0 we have

ΦAt (z0) =

⎧⎪⎪
⎨
⎪⎪⎩

Φ0
t (z0) if 0 ≤ t < T

Φηt (J
η
0(z(T ))) if T ≤ t ≤ T + ε.

(II.3.11)

On the other hand, since λ(q0) ∈ U0, then κ(z0) ∈ A0
λ(q0)

and since Φ0 is κ-
reversible and κ(B) = B, then z̃(t) = (q̃(t), ṽ(t)) = ΦA−t(κ(z0)) is a trajectory such
that q̃(t) ∈ U0 for all t ∈ [0, T ) and q̃(T ) ∈ B. Therefore,

ΦA−t(κ(z0)) =

⎧⎪⎪
⎨
⎪⎪⎩

Φ0
−t(κ(z0)) if 0 ≤ t < T

Φη−t(J
η
0(κ(z(T ))) if T ≤ t ≤ T + ε.

The identity (II.3.10) holds for t ∈ [0, T ) by κ reversibility of Φ0
t (z0). On the other

hand, by item 3 of Proposition II.3.9 and κ-reversibility of Φη, we have

Φη−t(J
η
0(κ(z(T ))) = Φ

η
−t(κ(J

η
0(z(T ))))

= κ(Φηt (J
η
0(z(T )))).

(II.3.12)

Combining (II.3.11) and (II.3.12) shows that (II.3.10) holds for t ∈ [T, t + ε).
An analogous argument is valid if z0 = (q0, v0) is such that q0 ∈ Uη andΦAt (z0) =

(q(t), v(t)) satisfies that q(T ) ∈ U0 for some T .

3.5 Reversibility of hybrid systems

Consider a hybrid system like the ones described in Section 2.4. We briefly
recall the notation introduced in Section 2.4.3. The vector field Z ∈ X(Q) is
a piecewise smooth vector field defined by (II.2.22) in terms of the smooth
vector fields Zi ∈ X(Q), i = 1, . . . , n, so Z coincides with Zi on the open set
U i ⊂ Q, and therefore Z is smooth on these open sets. The boundaries of
these sets are assumed to separate at most two sets Ui, Uj and the boundary
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between the regions Ui, Uj is denoted by Bij ⊂ Q. The constraints of the system
determine a piecewise smooth affine distribution A which coincides with the
smooth distributionAi on eachUi. Moreover, Jji ∶ A

i → Aj are the jump functions
defined in (II.2.25) which model the velocity discontinuities as the configuration
crosses Bij ⊂ Q. Finally, X ∈ X(A) is the vector field defined by the equations of
motion of the system with piecewise smooth affine distributionA complemented
with the transition at the discontinuity points determined by the jump functions
J
j
i and the flow of X is defined in Section 2.4.4. Inspired by the ideas of the

previous section, we have the following.

Proposition II.3.11. Letλ ∶ Q→ Q andκ ∶ TQ→ TQ be respectively defined by (II.3.5)
and (II.3.7). Suppose that the following conditions are satisfied for all i, j = 1, . . . , n:

1. λ∗Zi = −Zi,

2. λ(Ui) = Ui,

3. λ(Bij) = Bij ,

4. κ ○ Jji = J
j
i ○ κ,

Then the flow ΦX of the vector field X as defined in Section 2.4.4 is reversible by κ.

Proof. The first condition together with Theorem 3.2 and Proposition II.3.7 guar-
antees that the vector fields Xi are κ-reversible so their flows, Φi satisfy (II.3.1).
Hypotheses 2-4 in the statement of the proposition guarantee that the discontinu-
ities of the vector fieldZ are compatible withκ. More precisely, an analogous pro-
cedure as the one done in the proof of Theorem II.3.10 shows that the flow ΦX as
defined in section 2.4.4 satisfies the reversibility condition κ(ΦXt (z)) = ΦXt (κ(z))
for trajectories crossing the boundaries Bij .

3.5.1 Planar generalization

As a first illustration of the setting described above, consider the system de-
scribed in Section 2.5.1. From Proposition II.3.7 we know that the Lagrangian L
and the distribution D are λ-invariant. Given that the vector field V 1 satisfies

ΣV 1
(x) = V 1

(−Σx), with Σ as in (II.3.5)

from Proposition II.3.8, we get λ∗Z1 = −Z1 and therefore, by Theorem II.3.6 the
vector field X1 is κ-reversible. It is easy to check that all the other conditions of
Proposition II.3.11 hold, and so the flow of the system ΦG defined following the
prescription in Section 2.4.4 is reversible by κ.
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3.5.2 The Janus sphere

We now consider the Janus sphere described in Section 2.5.2 and illustrated in
Figure 2.5.

We notice that the vector field W σ (defined in (II.2.29)) given by

W σ
(γ) = −rσ(γ3)(γ ×E3)

satisfies the property

ΣBW σ
(γ) = BW σ

(−Σγ), with Σ as in (II.3.5). (II.3.13)

As in the previous example, from Proposition II.3.7 we get that L and D are λ-
invariant and from Proposition II.3.8, we getλ∗Zσ = −Zσ. Therefore, by Theorem
II.3.6, we know that the vector field Xσ is κ-reversible. It can be checked that
all the other conditions of Proposition II.3.11 hold, so the flow ΦC of the system
defined by following the prescription in Section 2.4.4 is reversible by κ.





4 Symmetries

4.1 Symmetries of affine nonholonomic systems

It is well known that, for nonholonomic systems with linear constraints, if the
Lagrangian and the distribution are invariant under the tangent lift of the action
of a Lie group, then the system is also invariant under the tangent lift of this
action. Under reasonable assumptions on the affine terms, we see that this is
also the case for nonholonomic systems with affine constraints.

Proposition II.4.1. Consider the nonholonomic system determined by a configuration
manifold Q, a Lagrangian L ∶ TQ → R, and an affine constraint distribution A, which
can be expressed as A =D+Z, with D a linear distribution and Z ∈ X(Q) a vector field.
Let H be a Lie group that acts on Q by a Lie group action Ψ ∶H ×Q→ Q with tangent
lift Ψ ∶H × TQ→ TQ. Suppose that

• The Lagrangian is Ψ-invariant, i.e. L ○Ψh = L for all h ∈H ,
• The distribution D is Ψ-invariant, i.e. DΨh(q) = TqΨh(Dq) for all h ∈ H and
q ∈ Q,

• The vector field Z is Ψ-invariant, i.e Ψ(Z(q)) = Z(Ψ(q)) for all q ∈ Q.

Then the flow Φt of X satisfies

Ψh ○Φt = Φt ○Ψh for all t ∈ R and all h ∈H. (II.4.1)

Proof. Again we use Theorem 0.1.4 (proved in Appendix A). In this case, Ψh

satisfies the hypothesis of Theorem 0.1.4 for all h ∈ H and s = 1. Therefore,
the vector field XQ,A,L ∈ X(A) is invariant with respect to Ψh and (II.4.1) is
satisfied.

113
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4.2 Symmetries of the ANAIS billiard

The ANAIS billiard system has an SO(3)-symmetry corresponding to rotations
of the reference frame on the sphere Σb and an SO(2)-symmetry corresponding
to rotations of the space reference frame Σs. Let us consider the Lie group
HA = SO(3) × SO(2) and let us denote an element h ∈ HA as h = (k,Rθ) ∈ HA,

with k ∈ SO(3) and

Rθ =

⎛
⎜
⎜
⎝

cos θ − sin θ 0

sin θ cos θ 0

0 0 1

⎞
⎟
⎟
⎠

. (II.4.2)

Now, let us consider the Lie group action of HA on Q, ΨA ∶HA ×Q→ Q defined
as

ΨA
h (x,B) = (Rθx,RθBk

−1
), (II.4.3)

with tangent lift ΨA
∶HA × TQ→ TQ,

Ψ
A
(x,B, ẋ,ω) = (Rθx,RθBk

−1,Rθẋ,Rθω). (II.4.4)

As we will see in the following proposition, the ANAIS billiard is invariant under
Ψ.

Proposition II.4.2. The flow ΦA is ΨA-invariant. Namely,

Ψ
A
h ○Φ

A
t = Φ

A
t ○Ψ

A
h for all h ∈HA and all t ∈ R.

Proof. Clearly the Lagrangian L as defined in (II.2.1) is Ψ
A-invariant, and the

linear distribution D defined in (II.2.8) is ΨA-invariant. Now, considering Zη as
in (II.2.12), taking q = (x,B) ∈ Q and h = (k,Rθ) ∈HA, we have

Ψ
A
h (Z

η
(q)) = Ψ

A
h (V

η
s (x),0) = (RθV

η
s (x),0) = (V

η
s (Rθx),0) = Z

η
(ΨA

h (q)),

by the invariance of V η
s under rotations Rθ. So Zη is ΨA-invariant. Clearly, Z0 is

also ΨA-invariant. Therefore, the flows Φ0 and Φη are Ψ
A-invariant. Moreover,

it can easily be checked that the sets U0, Uη ⊂ Q and the boundary B are ΨA-
invariant, i.e. ΨA

h (U0) = U0, ΨA
h (Uη) = Uη and ΨA

h (B) = B. It can be directly
checked that the flow defined in section 2.3.1 is Ψ

A-invariant, since if q ∈ B, the
jump functions Jη0 ∶ A

0
q → A

η
q and J0η ∶ A

η
1 → A0

q satisfy

J
η
0 ○Ψ

A
h = Ψ

A
h ○ J

η
0 and J0η ○Ψ

A
h = Ψ

A
h ○ J

0
η.

Therefore, the flow ΦA defined in Section 2.3.1 is ΨA-invariant.
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4.3 Symmetries of hybrid systems

Let us now consider a hybrid system like the ones introduced in Section 2.4.
Namely, a nonholonomic system determined by a configuration manifold Q =

R2 × SO(3), a Lagrangian L given by (II.2.1) and by a piecewise smooth affine
constraint distributionA. We briefly recall the notation used there: the piecewise
smooth affine distributionA is expressed asD+Z, whereD is a linear distribution
and Z ∈ X(Q) is a piecewise smooth vector field which is defined in such a way
that it coincides with some smooth vector fieldsZi ∈ X(Q) in the open setsUi ⊂ Q;
the boundary between the sets Ui, Uj is described by Bij ⊂ Q and the jump in
the velocities at the discontinuities is given by the jump functions J

j
i ∶ A

i → Aj

defined in (II.2.25); the vector fields Xi ∈ X(Ai) are defined by the equations of
motion of the system determined by Q, L and Ai and the vector field X ∈ X(A)
coincides with each Xi when q ∈ Ui. Using the transition determined by J

j
i , the

flow Φt of X is defined in section 2.4.4. We have the following.

Proposition II.4.3. Let H be a Lie group and let it act by Ψ ∶ H × Q → Q on the
configuration manifold Q. Suppose that the following are satisfied

1. L ○Ψh = L for all h ∈H ,

2. Ψh(Dq) =DΨ(q) for all h ∈H and q ∈ Q,

3. Ψ(Z(q)) = Z(Ψ(q)) for all q ∈ Q,

4. Ψh(Ui) = Ui for all h ∈H and i = 1, . . . , n,

5. Ψh(Bij) = (Bij) for all h ∈H and i, j = 1, . . . , n,

6. Ψh ○ J
j
i = J

j
i ○Ψh for all h ∈H and i, j = 1, . . . , n.

Then the flow Φt of the vector field X as defined in section 2.4.4 satisfies

Ψh ○Φt = Φt ○Ψh for all h ∈H.

Proof. The first three conditions, together with Proposition II.4.1, imply that the
vector fieldsXi ∈ X(Ai) are Ψh invariant for all h ∈H . Conditions 4-6 imply that
the discontinuities of the vector field Z are compatible with the action Ψ. It can
be checked directly from the definition of the flow Φ of X that Φ is Ψh-invariant
for all h ∈H .

4.3.1 Planar generalization

Consider the system described in Section 2.5.1 and illustrated in Figure 2.4. In
this system, we no longer have the SO(2)-symmetry corresponding to rotations
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of the plane that we had in the case of the ANAIS billiard. Nonetheless, we still
have the SO(3)-symmetry corresponding to rotations of the sphere. Therefore,
we may consider the Lie group HG = SO(3) and the action ΨG ∶HG ×Q→ Q on
Q by right multiplication given by

ΨG
h (x,B) = (x,Bh), (II.4.5)

and with tangent lift ΨG
∶H × TQ→ TQ given by

Ψ
G
h (x,B, ẋ,ω) = (x,Bh, ẋ,ω).

It can be checked that the LagrangianL given by (II.2.1), the distribution D given
by (II.2.8) and the vector fields Z1, Z0 as defined in (II.2.28) are Ψ

G-invariant.
Therefore, the vector fields X0,X1 are Ψ

G-invariant. It is clear that the sets
U0, U1 ⊂ Q and B01 ⊂ Q are all ΨG-invariant and that the jump functions defined
in (II.2.25) applied to this example areΨG-invariant. Therefore, from Proposition
II.4.3 we get that the flow ΦG defined as in section 2.4.4 is ΨG- invariant. Namely,

Ψ
G
h ○Φ

G
t = Φ

G
t ○Ψ

G
h for all t ∈ R and h ∈HG

Moreover, in Section 3.5.1 we saw that ΦG is reversible with respect to κ, so, by
Proposition II.3.5, ΦG is reversible with respect to κh for all h ∈HG.

4.3.2 The Janus sphere

Now consider the system described in Section 2.5.2. In this case, the system
has an SE(2)-symmetry corresponding to rotations and translations of the space
frame Σs and an SO(2) symmetry corresponding to rotations about the E3 axis
of the body frame Σb. We consider the Lie group HC = SE(2) × SO(2), and
describe its elements by h = (a,Rθ,R−1ϕ ) ∈HG where

a = (a1, a2,0), Rθ =

⎛
⎜
⎜
⎝

cos θ − sin θ 0

sin θ cos θ 0

0 0 1

⎞
⎟
⎟
⎠

, Rϕ =

⎛
⎜
⎜
⎝

cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1

⎞
⎟
⎟
⎠

.

Now we consider the Lie group action ΨC ∶HC ×Q→ Q of HC on Q defined as

Ψh(x,B) = (Rθx + a,RθBR
−1
ϕ ),
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and its tangent lift ΨC
∶HC × TQ→ TQ given by

Ψ
C
(a,Rθ,R

−1
ϕ
)(x,B, ẋ,ω) = (Rθx + a,RθBR

−1
ϕ ,Rθẋ,Rθω). (II.4.6)

It is clear that the Lagrangian L given by (II.2.1) and the linear distribution D

given by (II.2.8) are ΨC-invariant. Now we check that the vector field ZC given
by (II.2.33) is also ΨC-invariant, i.e. Ψ

C
h (Z(q)) = Z(Ψ

C
h (q)). It is clear that

Z0 = (0,0) (given in (II.2.32)) is ΨC-invariant. To check thatZσ, given by (II.2.32)
with W σ(γ) = −rσ(γ ×E3) is also ΨC-invariant, we write

W σ
(B) = −rσ(B−1e3) ×E3

and notice that, taking h = (a,Rθ,R−1ϕ ),

Zσ(ΨC
h (q)) = (RθBR

−1
ϕ W σ

(RθBR
−1
ϕ ),0)

= (−rσRθBR
−1
ϕ ((RϕB

−1R−1θ e3) ×E3),0)

= (−rσRθB((B
−1e3) ×E3),0)

= (RθBW σ,0) = Ψ
C
h (Z

σ
(q)).

Therefore, the flows Φ0 and Φσ of X0 and Xσ are Ψ
C-invariant. It is easy

to see that the sets U0, Uσ and B0σ are ΨC-invariant. Therefore, by means of
Proposition II.4.3, the flow ΦC is ΨC-invariant. Moreover, since ΦC is reversible
with respect to κ (see Section 3.5.2), by means of Proposition II.3.5, we know that
the flow ΦC is reversible with respect to κh for all h ∈HC .





5 The ANAIS billiard phe-
nomenon and its generalizations

5.1 The ANAIS billiard phenomenon

In what follows, we will see how the symmetry and reversibility properties of
the system allow us to prove the phenomenon observed in the ANAIS billiard
experiment, stated in Theorem II.2.10. As previously mentioned, from Proposi-
tion II.2.5, we know that the velocity vector ẋwhen the sphere enters the rotating
disc is the same as when it goes out of it and therefore, the exit trajectory must
be parallel to the initial one. We will show that the exit trajectory is not only
parallel to the initial one, but it is the exact prolongation of it. To prove Theorem
II.2.10, we begin by proving the following propositions. We recall from Chapter
2 that the flow ΦA of the system possesses the first integrals

mA
1 = (I +mr

2
)ω1 −mrV

A
2 (x),

mA
2 = (I +mr

2
)ω2 +mrV

A
1 (x),

mA
3 = Iω3.

(II.5.1)

Proposition II.5.1. If the sphere is set to roll on the fixed part of the plane following a
trajectory which is parallel to e1, then it will reach the set {x1 = 0} at some point.

Proof. Let z(t) = (q(t), v(t)) be an integral curve of the system such that for some
t0 ∈ R the sphere is outside the rotating disc, i.e. q(t) ∈ U0 and ∥x(t0)∥ > R, and
the linear velocity is parallel to e1, i.e. ⟨ẋ(t0),e2⟩ = 0. By means of the constraints
(II.2.2) we therefore have that ⟨ω(t0),e1⟩ = 0 and thus, mA

1 = m
A
1 (t0) = 0. If the

sphere does not go inside the disc, then its trajectory on the plane is a straight
line parallel to e1, so it must cross {x1 = 0} at some point. Now assume that
the sphere goes inside the rotating disc, i.e. q(t) ∈ Uη for t ∈ (ti, tf) for some

119
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ti, tf ∈ R and let us consider the vectors ω̃ = (ω1, ω2,0) and m̃A = (mA
1 ,m

A
2 ,0).

From the expression of the first integrals (II.5.1) when V A = 0, we can obtain an
expression for ω̃(t),

ω̃(t) =
1

I +mr2
(m̃A

+mrηx(t)),

for t ∈ (ti, tf). Substituting this expression in the constraints (II.2.2), we get that
the trajectory of the sphere on the plane, while it is inside the rotating disc, is
described by the solutions of

ẋ(t) = αx(t) × e3 + βm̃
A
× e3, (II.5.2)

for some nonzero constants α,β ∈ R (which depend on the system parameters)
and t ∈ (ti, tf). Given that m1 = 0, equation (II.5.2) takes the form

(
ẋ1(t)

ẋ2(t)
) = α(

0 1

−1 0
)(
x1(t)

x2(t)
) + β (

mA
2

0
) .

Therefore, the solutions of (II.5.2) describe circles with center at −βα(0,m2) (see
Part 0, Section 3.2), and hence the trajectories must pass through {x1 = 0} at some
point.

Proposition II.5.2. If z(t) = (q(t), v(t)) is an integral curve of XA such that:

• there exists t0 ∈ R such that q(t0) ∈ U0 and ⟨ẋ(t0),e2⟩ = 0,

• there exists s ∈ R such that q(s) ∈ Fix(λ),

then z(s) ∈ Fix(κ).

Proof. Notice that the fixed point set of κ given in (II.3.9) can be written as

Fix(κ) = {(x,B, ẋ,ω) ∶ (x,B) ∈ Fix(λ), ẋ = Σẋ, ω = −Σω }.

Since q(s) ∈ Fix(λ), we only need to check that ẋ(s) = Σẋ(s) andω(s) = −Σω(s).
From ⟨ẋ(t0),e2⟩ = 0, through the equations (II.2.2) and (II.2.5), we get mA

1 =

mA
1 (t0) =m

A(s) = 0. Therefore ⟨ω(s),e1⟩ = 0 and, in view of (II.2.2), this implies
⟨ẋ(s),e2⟩ = 0. Hence z(s) = (x(s),B(s), ẋ(s),ω(s)) ∈ Fix(κ).

We now notice that the set of fixed points Fix(λ) given in (II.3.6) can be
expressed as

Fix(λ) = {(x,B) ∈ Q ∶ x1 = 0, B ∈ C(Σ) },
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where C(Σ) denotes the centralizer of Σ on SO(3). Proposition II.5.2 tells us
that if the orientation of the sphere happens to be in the centralizer of Σ when
it gets to the set {x1 = 0}, then, by κ-reversibility of the system, the integral
curve z(t) is symmetric with respect to κ. Since, as discussed in section 4.2,
the system is invariant under rotations of the body frame Σb, we can remove
the condition on the orientation B of the sphere. Moreover, since it is invariant
under rotations of the space frame Σs, we can remove the condition on the
initial linear velocity being parallel to e1. As in section 4.2, we consider the
Lie group HA = SO(2) × SO(3) and its Lie group action ΨA ∶ HA × Q → Q

given by (II.4.3). Since XA is Ψ
A-invariant, if we consider an integral curve

z(t) = (q(t), v(t)) = ΦAt (z0) for some z0 ∈ AA, then the curve

Ψ
A
(z(t)) = Ψ

A
(ΦAt (z0)) = Φ

A
t (Ψ

A
(z0)),

is also an integral curve of the system. With this in mind, we may generalize the
previous propositions to the following.

Proposition II.5.3. Let z(t) = (q(t), v(t)) be an integral curve of the system, and
suppose that for some t0 ∈ R it satisfies q(t0) ∈ U0. There exists h = (Rθ, k) ∈ HA and
s ∈ R such that z(s) ∈ Fix(κh).

Proof. Suppose that z(t) = (q(t), v(t)) is an integral curve of the system such that
for some t0 ∈ R the sphere is on the fixed part of the plane, i.e. q(t0) ∈ U0, and
the linear velocity is given by ẋ(t0). Take θ ∈ [0,2π) such that ẋ(t0) is parallel to
the vector (cos θ,− sin θ,0). Then, considering Rθ as in (II.4.2),

⟨Rθẋ(t0),e2⟩ = ⟨ẋ(t0),R
−1
θ e2⟩ = ⟨ẋ(t0), (sin θ, cos θ,0)⟩ = 0.

Considering Ψ
A
(Rθ,id)

(z(t)), by proposition II.5.1 there is an s ∈ R such that

⟨Rθx(s),e1⟩ = ⟨x(s),R
−1
θ e1⟩ = ⟨x(s), (cos θ,− sin θ,0)⟩ = 0.

Take k ∈ SO(3) such that RθB(s)k−1 ∈ C(Σ) (for example k = RθB(s)) and
h = (Rθ, k) ∈H

A. Then ΨG
h (q(s)) = (Rθx(s),RθB(s)k

−1) ∈ Fix(λ). Consider the
integral curve

Ψ
A
h (z(t)) = (Rθx(t),RθB(t)k

−1,Rθẋ(t),Rθω(t)),

it is a curve that satisfies the hypothesis of proposition II.5.2, thereforeΨA
h (z(s)) ∈

Fix(κ), or equivalently,

z(s) ∈ Ψ
A
h−1(Fix(κ)) = Fix(κh).
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Since XA is κh-reversible, then z(t) is symmetric with respect to κh.

Now we are able to give a formal proof of the ANAIS billiard phenomenon.

Proof of Theorem II.2.10

Proof. Consider an integral curve z(t) = (q(t), v(t)) of XA and suppose that at
time t0 ∈ R, the sphere is outside the rotating disc, i.e. q(t0) ∈ U0, and that the
linear velocity at that point is given by ẋ(t0). By proposition II.5.3, we know
that there exist h ∈ HA and s ∈ R such that z(s) ∈ Fix(κh) and z(t) is symmetric
with respect to κh . Therefore,

z(s − t) = κh(z(s + t)).

Now, we notice that the function n ∶ TQ→ R defined as

n(x,B, ẋ,ω) = ∥x∥2

is ΨA-invariant and κ-invariant. Therefore, it is κh-invariant, so by lemma II.3.4,
we have

n(z(s − t)) = n(z(s + t)).

Taking ti = s − t∗ with t∗ ∈ R such that n(z(s − t∗)) = R as the time of entrance,
then tf = s+t∗ satisfies n(z(tf)) = R and denotes the exit time. From proposition
II.2.5 we know that the linear velocity just before entering the rotating disc ẋ(ti)
is parallel to the linear velocity just after going out of the rotating disc ẋ(tf),
and we know that they are parallel to R−1θ e1. Now we notice that the function
aθ ∶ TQ→ R defined as

aθ(x,B, ẋ,ω) = ⟨Rθx,e2⟩, (II.5.3)

gives us the height with respect to R−1θ e1 of the position of the sphere on the
plane and is κh-invariant, since

aθ ○ κh(x,B, ẋ,ω) = ⟨Rθ(−R
−1
θ ΣRθx),e2⟩ = ⟨−ΣRθx,e2⟩

= ⟨Rθx,−Σe2⟩ = ⟨Rθx,e2⟩ = aθ(x,B, ẋ,ω).

Therefore, by means of lemma II.3.4, we have

aθ(ti) = aθ(tf).

Which means that the exit trajectory is the exact prolongation of the initial one.
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5.2 Generalizations of the ANAIS billiard phenomenon

Consider a hybrid generalization of the ANAIS billiard like the ones described
in section 2.4. Following the notation introduced there, suppose that the vector
field Z ∈ X(Q) vanishes in some set U0 ⊂ Q. Moreover, suppose that the flow ΦX

described in section 2.4.4 is reversible with respect to κ defined in (II.3.7). Then
we have the following.

Proposition II.5.4. Let z(t) = (q(t), v(t)), with q(t) = (x(t),B(t)) ∈ Q, be an
integral curve of X and suppose that:

• there exists t0 ∈ R such that q(t0) ∈ U0 and ⟨ẋ(t0),e2⟩ = 0,
• there exists s ∈ R such that q(s) ∈ Fix(λ).

Then z(s) ∈ Fix(κ).

The proof is analogous to the one of proposition II.5.2 using the constraints
(II.2.17).

As in the case of the ANAIS billiard, we can use the symmetries of the system
to generalize the result. Let H be a Lie group that acts on Q by an action
Ψ ∶H ×Q→ Q and consider its tangent lift Ψh ∶ TQ→ TQ. Suppose that the flow
Φ of the system is invariant under Ψ and consider z0 ∈ A and an integral curve
z(t) = (q(t), v(t)) = Φt(z0) of X . Let us consider the curve zh(t) = Ψh(z(t)). By
Ψ-invariance of Φ,

zh(t) = Ψh(Φt(z0)) = Φt(Ψh(z0))

is also an integral curve of X . If z(t) = (q(t), v(t)), with q(t) = (x(t),B(t)) and
v(t) = (ẋ(t),ω(t)), we will denote zh(t) = (qh(t), vh(t))with

qh(t) = (xh(t),Bh(t)) and vh(t) = (ẋh(t),ωh(t)).

With this notation, we have the following.

Proposition II.5.5. Consider z(t) = (q(t), z(t)) an integral curve of X . Suppose that
the flow of X is invariant under the lift of the action of a Lie group H on Q and suppose
that there is some h ∈H such that

• there exists t0 ∈ R such that qh(t0) ∈ U0 and ⟨ẋh(t0),e2⟩ = 0,
• there exists s ∈ R such that qh(s) ∈ Fixλ.

Then z(t) is symmetric with respect to the involution κh ∶ TQ→ TQ defined by (II.3.3).

Proof. If zh(t) satisfies the conditions, then by proposition II.5.4, we know that
zh(t) = Ψh(z(t)) ∈ Fix(κ), or equivalently, z(t) ∈ Ψh−1(Fix(κ)). By proposition
II.3.5 we have z(t) ∈ Fix(κh).
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5.2.1 Planar generalization

As a first example, we consider the system described in Section 2.5.1 and con-
sidered in Sections 3.5.1 and 4.3.1 and, using the above results, we prove an
analogous to the ANAIS billiard phenomenon illustrated in figure 2.4 and stated
below. In this case, since we do not have the SO(2)-symmetry on the plane,
we do not get the phenomenon for any curve that crosses the strip but just for
the ones that enter perpendicularly to the symmetry axis and that reach the
symmetry axis at some point.

Corollary II.5.6. Consider the system described in section 2.5.1. If the sphere enters
the strip of the plane in which V ≠ 0 following a trajectory perpendicular to {x1 = 0},
and arrives to {x1 = 0} at some point, then it goes out of the strip following a trajectory
which is the exact prolongation of the initial one.

Proof. Let z(t) = (q(t), v(t)) be an integral curve ofXG and assume that at some
time t0 ∈ R, we have

q(t0) ∈ U0 and ⟨ẋ(t0),e2⟩ = 0. (II.5.4)

Moreover, we assume that the sphere reaches {x1 = 0} at some point, so there
is s ∈ R such that x1(s) = 0. Consider the Lie group HG = SO(3) and its Lie
group action ΨG in Q given by (II.4.5) and chose h ∈ HG = SO(3) such that
B(s)h ∈ C(Σ) (for example h = B(s)−1). Then, since

x1(s) = 0 and B(s)h ∈ C(Σ),

we have qh(s) = (x(s),B(s)h) ∈ Fix(λ). This fact, together with (II.5.4) (and
noticing that ΨG does not act on the first coordinate of q) allow us to use proposi-
tion II.5.5. Hence, z(t) is symmetric with respect to the involution κh ∶ TQ→ TQ

and z(s) ∈ Fix(κh), so
z(s − t) = κh(z(s + t)).

Now, we notice that the functions a1, a2 ∶ TQ→ TQ defined as

a1(x,B, ẋ,ω) = ∣⟨x,e1⟩∣, a2(x,B, ẋ,ω) = ⟨x,e2⟩ (II.5.5)

are κ-invariant and Ψ
G-invariant, therefore, they are κh-invariant. We can take

ti = s − t
∗ for t∗ ∈ R such that a1(z(ti)) = A as the time of entrance. Then, in

view of lemma II.3.4, tf = s + t∗ satisfies a2(z(tf)) = A and denotes the time at
which the sphere exits the moving strip. From proposition II.2.5, we know that
ẋ(ti) = ẋ(tf) and from our hypothesis we know that both ẋ(ti) and ẋ(tf) are
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parallel to e1. Using lemma II.3.4, we get

a2(z(ti)) = a2(z(tf))

which implies that the exit trajectory is the exact prolongation of the initial
one.

5.2.2 The Janus sphere

Now we will prove that the Janus sphere described in Section 2.5.2 (and consid-
ered in Sections 3.5.2 and 4.3.2) exhibits the same phenomenon as the ANAIS
billiard, as stated in Theorem II.2.11. To ease the notation, let us consider the
vector

τ = BE3 = (τ1, τ2, τ3) ∈ S
2.

Considering W σ(γ) defined in (II.2.29), we can define the vector field W̃ σ by

W̃ σ
(τ ) = BW σ

(γ) = σe3 × τ .

Then, we can write the equations of the system as

ṁ = 0, ḂB−1 = ω̂

ẋ = −re3 ×ω + W̃b(τ ),
(II.5.6)

with
m = Iω +mr2e3 × (ω × e3) +mre3 × W̃b(τ ), (II.5.7)

where

W̃b(τ) =

⎧⎪⎪
⎨
⎪⎪⎩

W 0(τ ) if τ3 < a,
W̃ σ(τ ) if τ3 > a,

with W 0(τ ) = 0. Finally, we notice that the third component of equation ḂB−1 =
ω̂ is equivalent to

τ̇ = ω × τ (II.5.8)

Now we prove the following.

Proposition II.5.7. Consider the set E of solutions, (x(t),τ (t),ω(t)) of (II.5.6) sat-
isfying the following properties:

1. the fixed part of the sphere is in contact with the plane at time t0 and at such
instant the vector ẋ(t0) is parallel to e1;

2. the rotating part of the shell goes into contact with the plane at a later time ti > t0.
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Then the generic solutions in E, reach the set {⟨BE3,e1⟩ = 0} at some time s > ti.
Moreover, for all time ti < t ≤ s, the moving part of the shell is in contact with the plane.

Proof. Let z(t) = (q(t), v(t)) be an element of E (so γ3(t0) < a). In view of the
constraints (II.2.31), the condition that ẋ(t0) is parallel to e1 implies ⟨ω(t0),e1⟩ =
0 and hence, by (II.2.19), m1 = 0.

Suppose now that the moving part of the shell is in contact with the plane
during the time interval (ti, tf). From the expression for m given by (II.5.7), we
can express ω(t) as

ω(t) =
1

I +mr2
(m +mrσe3 × (e3 × τ (t))),

for t ∈ (ti, tf), where the (constant) vector m =m +mr2ω3e3. Now observe that,
since m1 = 0, the right-hand side of the above equation may be rewritten as

1

I +mr2
(m +mrσe3 × (e3 × τ (t))) = ∇F (τ ),

where
F (τ ) =m2τ2 +m3τ3 +

1

2
mrστ23 .

It follows from (II.5.8) that when the moving part of the shell is in contact with
the plane, the vector τ evolves according to the equation

τ̇ = τ ×∇F (τ ). (II.5.9)

The last component of (II.5.9) is

τ̇3 =m2τ1. (II.5.10)

Now, the condition that the moving part of the shell enters in contact with the
plane at time ti implies τ̇3(ti) > 0. Hence, the above equation implies thatm2 ≠ 0

and τ1(ti) ≠ 0. If the fixed part of the shell comes into touch at a later time tf
then necessarily τ̇3(tf) < 0 which implies that the sign of τ1(tf) is the opposite
of τ1(ti). In particular, this shows that a necessary condition for the fixed part of
the sphere to go back into contact with the plane is that τ1(s) = 0 for some s < tf .
This shows that if such s exists, then the moving part of the shell is in contact
with the plane for all time ti < t ≤ s as stated.

Now we prove the existence of the time instant s such that τ1(s) = 0. The
main observation is that the system (II.5.9) is a Hamiltonian system on the unit
sphere ∥τ ∥2 = 1 with Hamiltonian function F . Since F is independent of τ1, the
integral curves of (II.5.9) are symmetric with respect to the reflection (τ1, τ2, τ3) ↦
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(−τ1, τ2, τ3). In particular, all equilibrium points have τ1 = 0 (which actually
follows directly from (II.5.10)). On the other hand, the generic trajectories,
corresponding to regular values ofF , are periodic orbits which, by the symmetry
described above, cross the set where τ1 = 0. The only trajectories which may not
cross this set are the invariant manifolds of hyperbolic equilibrium points of
(II.5.9) corresponding to (exceptional) critical values of F .

Lemma II.5.8. GivenB ∈ SO(3) such that ⟨BE3,e1⟩ = 0, there exists ϕ ∈ [0,2π) such
that

BRϕ ∈ C(Σ), with Rϕ =
⎛
⎜
⎜
⎝

cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1

⎞
⎟
⎟
⎠

,

where C(Σ) denotes the centralizer in SO(3) of Σ = diag(1,−1,−1).

Proof. SinceB ∈ SO(3), it can be written as the product of three rotation matrices
B = Rψ1Rψ2Rψ3 , where

Rψ1 =

⎛
⎜
⎜
⎝

cosψ1 − sinψ1 0

sinψ1 cosψ1 0

0 0 1

⎞
⎟
⎟
⎠

, Rψ2 =

⎛
⎜
⎜
⎝

1 0 0

0 cosψ2 − sinψ2

0 sinψ2 cosψ2

⎞
⎟
⎟
⎠

,

Rψ3 =

⎛
⎜
⎜
⎝

cosψ3 − sinψ3 0

sinψ3 cosψ3 0

0 0 1

⎞
⎟
⎟
⎠

.

Since ⟨BE3,e1⟩ = 0, then sinψ1 sinψ2 = 0. We have the following cases:

• sinψ1 = 0: then B = DRψ2Rψ3 with D diagonal. Take ϕ = −ψ3 so BRϕ =
DRψ2 ∈ C(Σ),

• ψ2 = 0: then B = Rψ1+ψ3 . Take ϕ = −ψ1 −ψ2 so BRϕ = Rψ1+ψ3+ϕ = id ∈ C(Σ),
• ψ2 = π: then B = Rψ1ΣRψ3 . Take ϕ = ψ1 −ψ3 so BRϕ = Σ ∈ C(Σ).

We are now ready to give a proof of Theorem II.2.11 which states that a
phenomenon analogous to the ANAIS billiard also holds for the Janus sphere.

Proof of Theorem II.2.11.

Proof. Let z(t) = (q(t), v(t)) be a solution such that the fixed part of the sphere
is in contact with the plane at t = t0 and the rotating part of the sphere comes
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into contact with the plane at a later time t = ti > t0. Throughout the proof, we
will write q(t) = (x(t),B(t)).

We begin by observing that, by the symmetry considerations of Section 4.3.2,
the curve zh(t) = (qh(t), vh(t)) ∶= Ψ

C
h (z(t)) is a solution of the system for any

h ∈ HC = SE(2) × SO(2) possessing the same properties. Indeed, this follows
since the vector γ transforms according to the action of ΨC

(a,Rθ,Rϕ)
by

γ ↦ Rϕγ,

and so the coordinate γ3, which is responsible for the transition between the
regimes, is invariant.

Assume that at time t0 the linear velocity ẋ(t0) is parallel to the vector
(cos θ,− sin θ,0), for some θ ∈ [0,2π). Then

⟨Rθẋ(t0),e2⟩ = ⟨ẋ(t0),R
−1
θ e2⟩ = ⟨ẋ(t0), (sin θ, cos θ,0)⟩ = 0.

Hence, taking h1 = (0,Rθ, id) ∈HC we obtain the solution

t↦ zh1(t) = (qh1(t), vh1(t))

satisfying ⟨ẋh1(t0),e2⟩ = 0. In other words, t↦ zh1(t) satisfies the hypotheses of
Proposition II.5.7. Assuming that t↦ zh1(t) is generic, we conclude the existence
of a time s ∈ R, s > ti, such that

⟨RθB(s)E3,e1⟩ = ⟨Rθτ (s),e1⟩ = 0,

where, as usual, we have written τ = BE3.
Now, in view of Lemma II.5.8, there exists ϕ ∈ [0,2π) such that RθB(s)R−1ϕ ∈

C(Σ). Taking a = −Rθx(s) and considering h2 = (a,Rθ,Rϕ) ∈ HC , we can build
the solution

t↦ Ψ
C
h2(z(t)) = zh2(t) = (qh2(t), vh2(t)),

which satisfies qh2(s) ∈ Fix(λ) and also ⟨ẋh2(t0),e2⟩ = 0. Therefore, by Proposi-
tion II.5.5, we conclude that z(s) ∈ Fix(κh2) and z(t) is symmetric with respect
to κh2 .

Now consider the function g ∶ TQ→ R defined by

g(x,B, ẋ,ω) = ⟨B−1e3,E3⟩ = γ3.

As mentioned above, it is ΨC-invariant. A direct calculation using (II.3.7) shows
that g is also κ-invariant and therefore, it is κh-invariant for all h ∈ HC , and in
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particular κh2-invariant. Therefore, by Lemma II.3.4, we have

g(z(s − t)) = g(z(s + t)),

for all t ∈ R. Evaluating at the time value t = t∗ ∶= s − ti, we get

g(z(ti)) = g(z(s + t
∗
)).

But g(z(ti)) = a since ti is the instant at which the rotating part of the shell comes
into contact with the plane. This shows that tf ∶= s + t∗ is the instant at which
the fixed part of the sphere comes back into contact with the plane.

Let us now recall the function aθ ∶ TQ → R defined by (II.5.3), which gives
the projection of x to the line generated by R−1θ e2 (to which the trajectory is
perpendicular before the transition)

aθ(x,B, ẋ,ω) = ⟨x,R
−1
θ e2⟩.

Below we prove that aθ isκh2-invariant, first notice thatκh2 mapsx↦ −R−1θ ΣRθx,
so

aθ ○ κh2(x,B, ẋ,ω) = ⟨−R
−1
θ ΣRθx,R

−1
θ e2⟩ = ⟨x,−R

−1
θ Σe2⟩

= ⟨x,R−1θ e2⟩ = aθ(x,B, ẋ,ω).

Therefore, again by Lemma II.3.4, we have

aθ(x(ti)) = aθ(x(tf)).

Since the linear velocities at the exit and the entrance time are both parallel to
R−1θ (by Proposition II.2.5) and both the exit and entrance heights with respect
to the line generated by R−1θ e1 are equal, we conclude that the exit trajectory is
the exact prolongation of the initial one.





Further research

We now list a series of topics of further research. Some of them were proposed
by A. Kilin and J. Koiller who acted as reviewers of this thesis.

• In all examples considered in detail in the thesis, the vector fields V and
W have divergence zero. Moreover, Propositions I.3.2 and I.5.1 give some
general results on the existence of an invariant measure for nondivergent
fields V , W . As suggested by Kilin, it would be interesting to provide a
physical interpretation of the constraints when the vector fields V and W
have nonzero divergence, and to analyze the dynamics in this case.

• As suggested by Kilin (also by D. Barilari in the Ph.D. seminar of the
University of Padova), one may generalize the setting described in Part I
incorporating more nonholonomic constraints. For instance, considering
an additional rubber (no-spin) constraint. As mentioned in remark I.5.2, for
the case of the homogeneous sphere, the dynamics of the system with the
additional rubber constraint coincides with the restriction of the system to
the zero level set of the first integralω3. The influence of a rubber constraint
for more general bodies remains to be investigated.

• The central observation for the development of Part II of this thesis was to
recognize the mechanism, which exploits the existence of a robust class of
first integrals, to deal with the discontinuity of the constraints of the ANAIS
billiard. Such mechanism applies to more general systems, specifically to
those which fall within the framework of Appendix B.2. Particular cases
are the motion of a Chaplygin sphere with discontinous vector fields V
and W , its multi-dimensional generalizations, and the rubber-constraint
version of these problems. An interesting question, posed by Koiller, is
to propose a reasonable transition recipe for more general nonholonomic
systems with discontinuous constraints. Some simple examples needing a

131
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new recipe are the motion of an unbalanced sphere on the ANAIS table or
the motion of a sphere with a rubber hemisphere on the plane.

• The properties of the ANAIS billiard may be abstracted as follows:

– The configuration manifold Q is a Lie group.
– The Lagrangian L is biinvariant.
– The constraints are given by an affine subbundle A =D +Z, with Z a

discontinuous vector field on Q, and the linear distribution D is right
invariant (i.e. the system (Q,L,D) is LR and RR).

– There is an action of a Lie group H on Q which leaves L, D and Z
invariant.

– There is an involution λ ∶ Q → Q, which is also a Lie group automor-
phism that leaves L and D invariant and satisfies λ∗Z = −Z.

It would be interesting to prove analogous results to the ANAIS billiard
phenomenon in this degree of generality.
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A Invariance of affine nonholo-
nomic systems

This part is taken from [40]. Since it is not publicly available, we reproduce its
contents here. We will briefly recall the notation introduced in Part 0, Section
1.4 and prove Theorem 0.1.4.

We assume that q = (q1, . . . , qn) are any set of coordinates on a manifold Q

that specify the configuration of the system and that the motion of the system is
subjected ton−k independent constraints that are affine linear and homogeneous
on the velocities, say

βak(q)q̇
k
=Ka

(q), a = 1, . . . , n − r, (A.1)

where the vectors βa(q), a = 1, . . . , n−r are linearly independent. The constraints
define a regular, rank r, affine distribution A = D + Z on Q. Here the linear
distribution D is defined as

Dq = {q̇ ∈ TqQ ∶ β(q)q̇ = 0} (A.2)

and Z ∈ X(Q) satisfies
β(q)Z(q) =K(q). (A.3)

Then the equations of motion can be written as the restriction to (A.1) of

A(q)q̈ + η(q, q̇) + V ′(q) = R(q, q̇), (A.4)

where the components of the vectors η(q, q̇), V ′(q) ∈ Rn are

ηi(q, q̇) = (
∂Aij

∂qk
(q) −

1

2

∂Ajk

∂qi
(q)) q̇j q̇k, V ′i (q) =

∂V

∂qi
(q), (A.5)
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and the reaction force R(q, q̇) is given by

R(q, q̇) = β(q)TΣ(q)(β(q)A−1(q)(η(q, q̇) + V ′(q)) − γ(q, q̇) + ξ(q, q̇)), (A.6)

where γ(q, q̇), ξ(q, q̇) ∈ Rn−r have components

γa(q, q̇) =
∂βak
∂qj

q̇j q̇k, ξa(q, q̇) =
∂Ka

∂qj
q̇j . (A.7)

Suppose that Ψ ∶ Q → Q is a diffeomorphism whose tangent lift preserves the
Lagrangian and the linear distribution D. In coordinates, q ∈ Q ⊂ Rn this implies
that

Ψ′(q)TA(Ψ(q))Ψ′(q) = A(q), (A.8)

V (Ψ(q)) = V (q), (A.9)

and
ker((β(Ψ(q))Ψ′(q)) = ker(β(q)), (A.10)

for all q. The condition (A.10) implies the existence of an invertible (n−k)×(n−k)
matrix Q(q)1 such that

β(q) = Q(q)β(Ψ(q))Ψ′(q). (A.11)

In what follows we denote the components of the matrix Q(q) by Qba(q), a, b =
1, . . . , n−k. We also denote its inverse matrix by Q(q)−1 = P(q)with components
Pba(q) (so Pac(q)Q

c
b(q) = δ

a
b ).

Proposition A.1. Consider an arbitrary curve t ↦ qt on Q and denote q̃t = Ψ(qt).
Under the invariance conditions stated above, the following relations hold:

Ψ′(qt)
TA(q̃t) ¨̃qt = A(qt)q̈t +Ψ

′
(qt)

TΓt,

Ψ′(qt)
T η(q̃t, ̇̃qt) = η(qt, q̇t) −Ψ

′
(qt)

TΓt,

Ψ′(qt)
TV ′(q̃t) = V

′
(qt),

Q(qt)γ(q̃t, ̇̃qt) = γ(qt, q̇t) − (T1)t − (T2)t,

(A.12)

1do not confuse matrix Q with configuration space Q
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where Γt ∈ Rn and (T1)t, (T2)t ∈ Rn−k have components

(Γt)i = Aij(q̃t)
∂2Ψj

∂qk∂qm
(qt)q̇

k
t q̇
m
t ,

(T1)
a
t =

∂Qab
∂qj
(qt)P

b
c(qt)β

c
i (qt)q̇

i
tq̇
j
t ,

(T2)
a
t = Q

a
b(qt)β

b
j(q̃t)

∂2Ψj

∂qk∂qm
(qt)q̇

k
t q̇
m
t .

(A.13)

Proof. The proof follows from long but elementary calculations in components
using the chain rule. Below we give all the details, omitting the subindex t

everywhere.

Differentiating q̃j = Ψj(q)with respect to time gives

̇̃qj =
∂Ψj

∂qi
(q)q̇i and ¨̃qj =

∂Ψj

∂qi
(q)q̈i +

∂2Ψj

∂qi∂qk
(q)q̇iq̇k. (A.14)

Therefore,

(Ψ′(q)TA(q̃)¨̃q)l =
∂Ψm

∂ql
(q)A(q̃)mj ¨̃q

j

=
∂Ψm

∂ql
(q)A(q̃)mj

∂Ψj

∂qi
(q)q̈i +

∂Ψm

∂ql
(q)A(q̃)mj

∂2Ψj

∂qi∂qk
(q)q̇iq̇k

= A(q)ilq̈
i
+
∂Ψm

∂ql
(q)Γm

= (A(q)q̈ +Ψ′(q)TΓ)l,

where in the penultimate equality we have used the definition of Γ given in
(A.13) and the invariance condition

∂Ψm

∂ql
(q)A(q̃)mj

∂Ψj

∂qi
= A(q)li, (A.15)

which is the coordinate form of (A.8). This proves the validity of the first equality
in (A.12).

We now show that the second equality in (A.12) holds. Starting from the
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definition of η in (A.5) and using the expression for ̇̃qj in (A.14) we get

(Ψ′(q)T η(q̃, ̇̃q))l =
∂Ψi

∂ql
(q)ηi(q̃, ̇̃q)

=
∂Ψi

∂ql
(q)(

∂Aij

∂qr
(q̃) −

1

2

∂Ajr

∂qi
(q̃))

∂Ψj

∂qm
(q)

∂Ψr

∂qk
(q)q̇mq̇k

=
∂Aij

∂qr
(q̃)

∂Ψi

∂ql
(q)

∂Ψj

∂qm
(q)

∂Ψr

∂qk
(q)q̇mq̇k

−
1

2

∂Ajr

∂qi
(q̃)

∂Ψi

∂ql
(q)

∂Ψj

∂qm
(q)

∂Ψr

∂qk
(q)q̇mq̇k.

(A.16)

On the other hand, differentiating the invariance condition (A.15) (with different
choices of indices) and using the chain rule yields,

∂Akl
∂qm

(q) =
∂Aij

∂qr
(q̃)

∂Ψr

∂qm
(q)

∂Ψi

∂qk
(q)

∂Ψj

∂ql
(q) +Aij(q̃)

∂2Ψi

∂qm∂qk
(q)

∂Ψj

∂ql
(q)

+Aij(q̃)
∂Ψi

∂qk
(q)

∂2Ψj

∂qm∂ql
(q),

(A.17)

and also,

∂Akm
∂ql

(q) =
∂Aij

∂qr
(q̃)

∂Ψr

∂ql
(q)

∂Ψi

∂qk
(q)

∂Ψj

∂qm
(q) +Aij(q̃)

∂2Ψi

∂ql∂qk
(q)

∂Ψj

∂qm
(q)

+Aij(q̃)
∂Ψi

∂qk
(q)

∂2Ψj

∂ql∂qm
(q).

(A.18)

Now, by the definition (A.5) of η, we have

ηl(q, q̇) = (
∂Akl
∂qm

(q) −
1

2

∂Akm
∂ql

(q)) q̇mq̇k. (A.19)

Inserting the expressions (A.17) and (A.18) into (A.19), and exploiting the sym-
metry ofAij on the indices i,j, and the equality of the mixed second derivatives,
leads to a cancellation of three terms, and leads to the expression

ηl(q, q̇) = Aij(q̃)
∂2Ψi

∂qk∂qm
(q)

∂Ψj

∂ql
(q)q̇kq̇m +

∂Aij

∂qr
(q̃)

∂Ψr

∂qm
(q)

∂Ψi

∂qk
(q)

∂Ψj

∂ql
(q)q̇kq̇m

−
1

2

∂Aij

∂qr
(q̃)

∂Ψr

∂ql
(q)

∂Ψi

∂qk
(q)

∂Ψj

∂qm
(q)q̇kq̇m.

Taking into account (A.16), exploiting the interchangeability of certain subindices



139

and recalling the definition (A.13) of Γ, this implies

ηl(q, q̇) = (Ψ
′
(q)T η(q̃, ̇̃q))l +

∂Ψj

∂ql
(q)Aij(q̃)

∂2Ψi

∂qk∂qm
(q)q̇kq̇m

= (Ψ′(q)T η(q̃, ̇̃q))l +
∂Ψj

∂ql
(q)Γj

= (Ψ′(q)T η(q̃, ̇̃q) +Ψ′(q)TΓ)l

which shows that the second equality in (A.12) also holds.

The proof of the third identity in (A.12) follows at once by differentiating (A.9)
with respect to qj . Finally, to prove the fourth identity in (A.12), we start by using
the definition (A.7) of γ together with the expressions (A.14) for ̇̃qj to obtain

(Q(q)γ(q̃, ̇̃q))a = Qab(q)γ
b
(q̃, ̇̃q)

= Qab(q)
∂βbi
∂qj
(q̃)

∂Ψi

∂ql
(q)

∂Ψj

∂qm
(q)q̇lq̇m.

(A.20)

On the other hand, the coordinate form of the invariance condition (A.11) is
given by

βai (q) = Q
a
b(q)β

b
k(q̃)

∂Ψk

∂qi
(q), (A.21)

or, equivalently, by

Pba(q)β
a
i (q) = β

b
k(q̃)

∂Ψk

∂qi
(q). (A.22)

Differentiating (A.21) with respect to qj gives

∂βai
∂qj
(q) =

∂Qab
∂qj
(q)βbk(q̃)

∂Ψk

∂qi
(q) +Qab(q)

∂βbk
∂qr
(q̃)

∂Ψr

∂qj
(q)

∂Ψk

∂qi
(q)+

Qab(q)β
b
k(q̃)

∂2Ψk

∂qj∂qi
(q)

=
∂Qab
∂qj
(q)Pbc(q)β

c
i (q) +Q

a
b(q)

∂βbk
∂qr
(q̃)

∂Ψr

∂qj
(q)

∂Ψk

∂qi
(q)

+Qab(q)β
b
k(q̃)

∂2Ψk

∂qj∂qi
(q),

(A.23)

where we have used (A.22) in the second identity. Inserting (A.23) into the
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definition (A.7) of γ and using (A.20) yields

γa(q, q̇) =
∂Qab
∂qj
(q)Pbc(q)β

c
i (q)q̇

iq̇j +Qab(q)
∂βbk
∂qr
(q̃)

∂Ψr

∂qj
(q)

∂Ψk

∂qi
(q)q̇iq̇j

+Qab(q)β
b
k(q̃)

∂2Ψk

∂qj∂qi
(q)q̇iq̇j

= (T1 +Q(q)γ(q̃, ̇̃q) + T2)
a,

(A.24)

where the second identity follows from the definitions (A.13) of T1 and T2 and
the expression (A.20) for (Q(q)γ(q̃, ̇̃q))a. The fourth identity in (A.12) is clearly
equivalent to (A.24).

Now make an additional assumption which is that the vector field Z ∈ X(Q)

is invariant or reversible with respect to Ψ. We treat both cases simultaneously
by assuming

Ψ∗Z = sZ, where s = ±1.

In coordinates, this means that

Z(Ψ(q)) = sΨ′(q)Z(q).

Using (A.3) and (A.11) this implies

K(q) = sQ(q)K(Ψ(q)) for all q. (A.25)

Proposition A.2. Consider an arbitrary curve t↦ qt onQ and denote q̃t = Ψ(qt). The
condition (A.25) implies

Q(qt)ξ(q̃t, ̇̃qt) = sξ(qt, q̇t) −Ut, (A.26)

where Ut ∈ Rn−k has components

Uat =
∂Qab
∂qj
(qt)P

b
c(qt)K

c
(qt)q̇

j
t . (A.27)

Proof. The proof follows from chain rule calculations similar to the ones per-
formed in the proof of Proposition (A.1) starting from the component version of
(A.25),

Ka
(q) = sQab(q)K

b
(q̃).

The details are left to the reader.

Theorem A.3. Assume the above invariance conditions, i.e. L ○ TΨ = L, Ψ∗D = D
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and Ψ∗Z = sZ with s = ±1. Suppose that t↦ qt is a solution of the equations of motion
(A.4) satisfying (A.1) and let q̃t = Ψ(qt). Then,

1. for s = 1, the curve q̃t is a solution of (A.4) satisfying (A.1).

2. for s = −1 the curve q̂t = q̃−t is a solution of (A.4) satisfying (A.1).

Proof. First note that in view of (A.12) we have

A(q̃t) ¨̃qt + η(q̃t, ̇̃qt) + V
′
(q̃t) = Ψ

′
(qt)

−T
(A(qt)q̈t + η(qt, q̇t) + V

′
(qt)). (A.28)

On the other hand, using (A.8) and (A.11), it is easy to show that

β(q̃t) = Ψ
′
(qt)

−Tβ(qt)
TP (qt)

T ,

Σ(q̃t) = Q(qt)
TΣ(qt)Q(qt),

β(q̃t)A(q̃t)
−1
= P (qt)β(qt)A(qt)

−1Ψ′(qt)
T .

Inserting the above relations into the explicit expression (A.6) for R yields

R(q̃t, ̇̃qt) =Ψ
′
(qt)

−Tβ(qt)
TΣ(qt) (β(qt)A(qt)

−1
(Ψ′(qt)

T η(q̃t, ̇̃qt) +Ψ
′
(qt)

TV ′(q̃t))+

+Q(qt)ξ(q̃t, ̇̃qt) −Q(qt)γ(q̃t, ̇̃qt)) .

Using (A.12) and (A.26) we may rewrite the above expression as

R(q̃t, ̇̃qt) =Ψ
′
(qt)

−Tβ(qt)
TΣ(qt) (β(qt)A(qt)

−1
(η(qt, q̇t) + V

′
(qt)) − γ(qt, q̇t)+

sξ(qt, q̇t)) +Ψ
′
(qt)

−Tβ(qt)
TΣ(qt)µt,

(A.29)

where
µt = −β(qt)A(qt)Γt + (T1)t + (T2)t −Ut.

Now note that, from (A.13) and (A.27), the components of (T1)t −Ut are:

((T1)t −Ut)
a
=
∂Qab
∂qj
(qt)P

b
c(qt)(β

c
i (qt)q̇

i
t −K

c
(qt))q̇

j
t .

Therefore, our hypothesis that qt satisfies the constraints (A.1) implies that (T1)t−
Ut = 0. On the other hand, using (A.11) one checks that −β(qt)A(qt)Γt+(T2)t = 0.
Therefore, the term µt in (A.29) vanishes and we have

R(q̃t, ̇̃qt) = Ψ
′
(qt)

−Tβ(qt)
TΣ(qt) (β(qt)A(qt)

−1
(η(qt, q̇t) + V

′
(qt))

−γ(qt, q̇t) + sξ(qt, q̇t)) .
(A.30)
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If s = 1 we deduce from (A.30) that R(q̃t, ̇̃qt) = Ψ′(qt)−TR(qt, q̇t). This relation,
combined with (A.28) and our hypothesis that qt is a solution of (A.4) proves
that q̃t is also a solution of (A.4).

If s = −1 we instead deduce from (A.30) that

R(q̃t, ̇̃qt) = Ψ
′
(qt)

−Tβ(qt)
TΣ(qt) (β(qt)A(qt)

−1
(η(qt, q̇t) + V

′
(qt))

−γ(qt, q̇t) − ξ(qt, q̇t)) .
(A.31)

Considering that q̂t = q̃−t and ̇̂qt = − ̇̃q−t, we have

R(q̂t, ̇̂qt) = R(q̃−t,− ̇̃q−t)

= Ψ′(q−t)
−Tβ(q−t)

TΣ(q−t) (β(q−t)A(q−t)
−1
(η(q−t,−q̇−t) + V

′
(q−t))

−γ(q−t,−q̇−t) − ξ(q−t,−q̇−t)) .

Given that η and γ are homogeneous of degree 2 and ξ is homogeneous of degree
1 in the velocities, we have

η(q−t,−q̇−t) = η(q−t, q̇−t), γ(q−t,−q̇−t) = γ(q−t, q̇−t), ξ(q−t,−q̇−t) = −ξ(q−t, q̇−t).

This implies that

R(q̂t, ̇̂qt) = Ψ
′
(q−t)

−TR(q−t, q̇−t). (A.32)

Considering that ¨̂qt = ¨̃q−t, and using again the degree 2 homogeneity of η, we
have

A(q̂t) ¨̂qt + η(q̂t, ̇̂qt) + V
′
(q̂t) = A(q̃−t)¨̃q−t + η(q̃−t, ̇̃q−t) + V

′
(q̃−t)

= Ψ′(q−t)
−T
(A(q−t)q̈−t + η(q−t, q̇−t) + V

′
(q−t)).

which in view of (A.28) shows that

A(q̂t) ¨̂qt + η(q̂t, ̇̂qt) + V
′
(q̂t) = Ψ

′
(q−t)

−T
(A(q−t)q̈−t + η(q−t, q̇−t) + V

′
(q−t)).

Equations (A.32) and (A) show that q̂t is a solution of (A.4) if s = −1.
Now, combining the invariance relations (A.11) and (A.25), and recalling that

the matrix Q is invertible, it is not hard to show that q̃t satisfies

β(q̃t) ̇̃qt = sK(q̃t).

This shows that q̃t satisfies the constraints (A.1) if s = 1 and, considering again
that ̇̂qt = − ̇̃q−t, that q̂t satisfies the constraints (A.1) if s = −1.



B Existence of first integrals of
affine LR systems

We provide a general framework explaining the existence of the first integrals
in proposition I.3.1. Throughout this appendix we assume that we are given a
configuration manifoldQ, a LagrangianL ∶ TQ→ R and a (linear) constraint dis-
tribution D ⊂ TQ specifying some nonholonomic constraints. We are interested
in determining conditions for the existence of first integrals for the nonholonomic
system with LagrangianL and affine nonholonomic constraints described by the
affine distribution A =D +Z where Z is a given vector field on Q.

B.1 Affine nonholonomic Noether’s theorem

Let Ψ ∶ G ×Q → Q be an action of the Lie group G on Q and Ψ ∶ G × TQ → TQ

be the lifted action. Let ξQ be the infinitesimal generator of the Ψ-action on Q

corresponding to an element ξ of the Lie algebra g ofG (i.e. ξQ(q) = d
dt
∣
t=0

exp(ξt)⋅

q ∈ TqQ). Finally, let Jξ ∶ TQ → R be the momentum component in the direction
of ξ, namely,

Jξ(q, q̇) = ⟨
∂L

∂q̇
(q, q̇) , ξQ(q)⟩ .

The following well-known result is sometimes referred to as nonholonomic
Noether’s theorem [2, 8, 34].

Proposition B.1. If the Lagrangian L is invariant under the lifted action Ψ and ξ ∈ g
is such that ξQ(q) ∈ Dq for all q ∈ Q (i.e. ξ is a horizontal symmetry), then Jξ ∣D is a
first integral of the nonholonomic system (L,Q,D).

This result admits the following immediate generalization to the affine case,
and is a particular instance of proposition 2 in [33].
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Proposition B.2. Let Z ∈ X(Q) be any vector field and consider the affine distribution
A = D +Z ⊂ TQ. Under the same hypothesis of proposition B.1, the function Jξ ∣A is a
first integral of the nonholonomic system determined by L and A.

The key observation to connect this result to proposition 2 in [33] is that
the vector field ξQ is annihilated by the reaction force by the assumption that
ξQ(q) ∈Dq for all q ∈ Q.

B.2 Affine LR systems

Now suppose thatQ = G is a Lie group and the actionΨ of the previous section is
left multiplication. The invariance ofL under the lifted action Ψ is usually called
left invariance. In addition, we assume that the distribution D is right invariant
(i.e. Dgh = TgRh(Dg) for all g, h ∈ G, where Rh ∶ G → G is right multiplication
by h). These systems where introduced by Veselov and Veselova [65] and are
termed LR systems.

By right invariance, we have Dg = Te(d) for all g ∈ G where d is the value of D
at the identity e ∈ G, namely d = De ⊂ g. Non-integrability of D is equivalent to
the condition that d is not a subalgebra of g. A direct consequence of Proposition
B.2 is the following.

Proposition B.3. Let ξ ∈ d, then Jξ ∣A is a first integral of the nonholonomic system
determined by L and A =D +Z where Z is any vector field on G.

Proof. It is easily seen that such ξ is a horizontal symmetry. Indeed,

ξG(g) =
d

dt
∣
t=0
Lexp(ξt)g =

d

dt
∣
t=0
Rg(exp ξt) = TeRg(ξ) ∈Dg,

where Lexp(ξt) is left multiplication by exp(ξt) (there should be no risk of confu-
sion with the Lagrangian function, also denoted by L).



C A closed form for the transition
function fε

We first consider the bump function h ∶ R → R defined as:

h(r) =

⎧⎪⎪
⎨
⎪⎪⎩

e−1/r
2 if r > 0,

0 if r ≤ 0,
.

It is a C∞-function with support (0,∞) satisfying 0 < h(r) < 1 for r > 0 and
limr→∞ h(r) = 1, see Fig. C.1.

1

r

Figure C.1: h(r)

Now we define the function g ∶ R → R as

g(r) =
h(r)

h(r) + h(1 − r)
.

Since the denominator is greater than 0 for all r ∈ R, it is a differentiable function
and g(r) = 0 for r ≤ 0 and g(r) = 1 for r ≥ 1. Moreover, g provides a smooth
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transition from 0 to 1, see Fig. C.2a. We now define the function k ∶ R → R as

k(r) = g(1 − r),

which instead provides a smooth transition from 1 to 0, see Fig. C.2b.

1

1/2

r

(a) g(r)

1

1/2

r

(b) k(r)

Figure C.2

Finally, we define fε ∶ R → R as

fε(r) = k (
r − (R − ε/2)

ε
) .

Then fε is a smooth function with support (R− ε2 ,R+
ε
2) that provides a smooth

transition from 1 to 0 in an interval of width ε centered at R, see Fig. C.3.
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R-ε/2 R+ε/2R

r

Figure C.3: fε(r)



D The work of Lévy-Leblond

In this appendix, we will give a summary of the original reasoning in [53] and
that was then elaborated in [63] aiming at framing the contributions of this thesis.
All vectors appearing below are written with respect to the inertial frame Σs and
we follow our notation.

Lévy-Leblond proves the ANAIS billiard phenomenon by considering the
problem of the motion of a sphere rolling without slipping on a "horizontal
substrate characterized by any vector field" and using Newtonian mechanics.
We consider a sphere (of radius r, mass m and moment of inertia I) that is
rolling without slipping on a horizontal substrate characterized by a vector field
V (x)1, where, as usual, x = (x1, x2,0) ∈ R3 is the contact point of the sphere on
the plane. We also write V (x) = (V1(x), V2(x),0) ∈ R

3.
Consider the reaction force F which is exerted at the contact point. Newton’s

equations of motion are
mẍ = F

for the displacement and
Iω̇ = F × (re3)

for the rotation of the sphere. These two equations imply that the components
of

m = Iω −mrẋ × e3, (D.1)

are integrals of motion.

1actually, part of the discussion by Lévy-Leblond in [53] considers non-autonomous vector
fields V (x, t).
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On the other hand, the no-slip rolling condition is given by

ẋ = −re3 ×ω +V (x), (D.2)

Combining (D.1) and (D.2), one can easily check that we recover the expression
of m given in (I.5.3) for Wb = 0.

We may eliminate ω combining (D.1) and (D.2) to obtain

ẋ =
I

I +mr2
V (x) +

r

I +mr2
m × e3, (D.3)

This first order differential equation forx determines the trajectory of the contact
point of the sphere on the plane and will be used to arrive to desired conclusions.

The argument given by Lévy-Leblond is based on the assumption thatm given
by (D.1) is constant along the motion, even if V is a discontinuous vector field.
As a consequence, it is assumed that (D.3) is valid for discontinuous V . Lévy-
Leblond does mention that it is possible to justify this assumption from a physical
point of view but does not provide any details. In this regard, we mention the
work of Ivanov [42] which delves precisely into this issue. Our discussion in
Section 2.2 of Part II gives a mathematical justification for the validity of this
postulate.

D.1 The rotating plane

Consider the vector field V (x) = ηe3 ×x. Equation (D.3) takes the form

ẋ =
I

I +mr2
(ηe3 ×x + rm × e3), (D.4)

which is equivalent to (0.3.6). As shown at the end of Section 3.2 of Part 0, the
trajectories of the contact point on the plane are circles with center

C =
r

Iη
e3 × (m × e3). (D.5)

If at time t = t̃ the sphere has position x̃ and velocity ṽ, then, eliminating m from
(D.4) and (D.5), we get that the center of the circle is given by

C =
I +mr2

Iη
e3 × ṽ + x̃. (D.6)
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D.2 The rotating disk

Now consider the vector field

V (x) =

⎧⎪⎪
⎨
⎪⎪⎩

ηe3 ×x if ∥x∥ < R,
0 if ∥x∥ > R.

Equation (D.3) states that the velocity vector is constant v0 whenever the sphere
is outside the rotating disk (i.e. whenever ∥x0∥ > R). Therefore, after the sphere
passes through the rotating disk, it regains its initial velocity in magnitude and
direction. Note that this is a particular instance of our more general Proposition
II.2.5.

Let us now explain how Lévy-Leblond explains the phenomenon. Suppose
that the sphere is rolling in the fixed part of the plane with linear velocity v0 and
angular velocity ω0. These two remain constant until the sphere arrives to the
rotating circular platform and due to the no-slip constraints satisfy

v0 = −re3 ×ω0. (D.7)

Now suppose that the sphere reaches the boundary of the rotating disc at x = x0

(so ∥x0∥ = R). At this point the ball experiences a discontinuity in the linear and
angular velocities which become v1, ω1. The no-slip nonholonomic constraints
imply

v1 = −re3 ×ω1 + ηe3 ×x0. (D.8)

As mentioned above, the fundamental assumption is that the discontinuity in
the velocities is such that m remains constant. In view of (D.1) we get

Iω0 −mrv0 × e3 = Iω1 −mrv1 × e3, (D.9)

A simple calculation which combines (D.7), (D.8) and (D.9) yields

v1 = v0 +
Iη

I +mr2
e3 ×x0. (D.10)

Now, as mentioned in Section D.1, when the sphere is inside the circular
platform, the contact point traces a circumference with center C determined by
(D.6). Putting ṽ = v1 in (D.6) with v1 given by (D.10) gives

C =
I +mr2

Iη
e3 × v0.
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This implies that the center of the circumference lies on the line ∆ passing
through the origin and perpendicular to v0. In other words, the piece of the
circumference traced by the contact point while in the inside of the platform is
a curve which is symmetric with respect to the line ∆ which passes through the
origin and is perpendicular to the straight line path followed by the sphere before
entering the disc, see Fig. D.1. In particular, the exit point corresponds to the
reflection of the entrance point with respect to ∆. This conclusion, together with
the observation that the linear velocity is the same in direction and magnitude
before and after entering the platform, proves that the exit trajectory is the exact
prolongation of the initial one.

O

ΔΔ

C

v1

v0 v0

Figure D.1

D.3 Generalization

In Section 6 of [53], Lévy-Leblond explains how the argument given above only
relies on the symmetries of the problem and may therefore be formulated in a
broader context which allows for more general vector fields V . His symmetry
arguments (which were apparently proposed by Christian Vanneste) are appli-
cable to a family of vector fields V possessing specific symmetric properties
and rely on the reversibility of the dynamics. Our development in Part II was
greatly inspired by this discussion. Our work formalizes and extends the ideas
presented in this section. In particular, in Chapter 3 we give general results on
the reversibility of affine nonholonomic systems which explain the reversibility
of the given problem. On the other hand, our work in Chapter 4 gives a formal
treatment of the continuous symmetries of the problem which is necessary to
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rigorously prove the phenomenon (actually, the argument given in Section 6 of
[53] overlooks the orientation of the sphere throughout the motion, which may
be justified exploiting the SO(3)-symmetry as in Chapter 4).
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