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❙♦♠♠❛r✐♦ ❆❞❛tt✐❛♠♦ ❧❛ ♥♦③✐♦♥❡ ❞✐ ✜❜r❛t✐ ✈❡tt♦r✐❛❧✐ ❢♦r♠❛❧✐ ❝♦♥ s❡③✐♦♥✐ ♠❛r❝❛t❡ s✉ s❝❤❡♠✐ ♠♦❞✲
✉❧❛r✐ ❞✐ ❍✐❧❜❡rt ❡ ❧✐ ✉s✐❛♠♦ ♣❡r ❝♦str✉✐r❡ ❢❛s❝✐ ♠♦❞✉❧❛r✐ ❝♦♥ ✉♥❛ ❝♦♥♥❡ss✐♦♥❡ ♠❡r♦♠♦r❢❛ ✐♥t❡❣r❛❜✐❧❡
❝❤❡✱ ✐♥ ❣r❛❞♦ ✵✱ ✐♥t❡r♣♦❧❛ p✲❛❞✐❝❛♠❡♥t❡ ❧❛ ✜❧tr❛③✐♦♥❡ ❞✐ ❍♦❞❣❡ ✉s✉❛❧❡✳ ❉❡✜♥✐❛♠♦ s✉ t❛❧❡ ❢❛s❝✐♦ ✉♥
♦♣❡r❛t♦r❡ Up ❡ ♠♦str✐❛♠♦ ✐❧ ❧❡❣❛♠❡ ❝♦♥ ✐❧ ❢❛s❝✐♦ ❞❡❧❧❡ ❢♦r♠❡ ♠♦❞✉❧❛r✐ ❞✐ ❍✐❧❜❡rt s✉r❝♦♥✈❡r❣❡♥t✐✳

❆❜str❛❝t ❲❡ ❞❡✜♥❡ ❢♦r♠❛❧ ✈❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤ ♠❛r❦❡❞ s❡❝t✐♦♥s ♦♥ ❍✐❧❜❡rt ♠♦❞✉❧❛r s❝❤❡♠❡s ❛♥❞
✇❡ s❤♦✇ ❤♦✇ t♦ ✉s❡ t❤❡♠ t♦ ❝♦♥str✉❝t ♠♦❞✉❧❛r s❤❡❛✈❡s ✇✐t❤ ❛♥ ✐♥t❡❣r❛❜❧❡ ♠❡r♦♠♦r♣❤✐❝ ❝♦♥♥❡❝t✐♦♥
❛♥❞ ❛ ✜❧tr❛t✐♦♥ ✇❤✐❝❤✱ ✐♥ ❞❡❣r❡❡ ✵✱ ❣✐✈❡s t♦ ✉s ❛ p✲❛❞✐❝ ✐♥t❡r♣♦❧❛t✐♦♥ ♦❢ t❤❡ ✉s✉❛❧ ❍♦❞❣❡ ✜❧tr❛t✐♦♥✳ ❲❡
❞❡✜♥❡ ❛♥ Up✲♦♣❡r❛t♦r ♦♥ t❤✐s s❤❡❛❢ ❛♥❞ r❡❧❛t❡ ✐t ✇✐t❤ t❤❡ s❤❡❛❢ ♦❢ ♦✈❡r❝♦♥✈❡r❣❡♥t ❍✐❧❜❡rt ♠♦❞✉❧❛r
❢♦r♠s✳

✶



✷



✶ ■♥tr♦❞✉❝t✐♦♥

❆ q✉✐❝❦ ❤✐st♦r✐❝❛❧ r❡❝❛♣

❚❤❡ st♦r② ♦❢ ❣❡♦♠❡tr✐❝ ♠♦❞✉❧❛r ❢♦r♠s st❛rt❡❞ ✇✐t❤ t❤❡ ✇♦r❦ ♦❢ ❑❛t③ ✐♥ ❬▼♦❞■■■❪✱ ❛✐♠❡❞ ♣r✐♥❝✐♣❛❧❧②
t♦ ❝r❡❛t❡ ❛ ✉♥✐✜❡❞ ❣❡♦♠❡tr✐❝ ❢r❛♠❡✇♦r❦ ❢♦r ✈❛r✐♦✉s ♥♦t✐♦♥s ♦❢ ♠♦❞✉❧❛r ❢♦r♠s ✭❡✳❣✳ ❙❡rr❡✬s ❛♥❞
♦✈❡r❝♦♥✈❡r❣❡♥t ♠♦❞✉❧❛r ❢♦r♠s✮ ♦❢ ✐♥t❡❣r❛❧ ✇❡✐❣❤t✳ ❚❤❡ ♠❛✐♥ ✐❞❡❛ ✇❛s t♦ ❝♦♥str✉❝t ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s
♦❢ s✉✐t❛❜❧❡ ♠♦❞✉❧✐ s♣❛❝❡s ❢♦r ❡❧❧✐♣t✐❝ ❝✉r✈❡s ❛♥❞ ✉s❡ ❢♦r♠s ♦♥ t❤❡ ✉♥✐✈❡rs❛❧ ♦❜❥❡❝t t♦ ❞❡✜♥❡ ❛ s❤❡❛❢
✇❤♦s❡ s❡❝t✐♦♥s ❛r❡ ✐♥❞❡❡❞ ♠♦❞✉❧❛r ❢♦r♠s✳

❈♦❧❡♠❛♥✱ ✐♥ ❤✐s ♣❛♣❡r ❬❈♦❧❪✱ ❛❞❞r❡ss❡❞ ❛ ❝♦♥❥❡❝t✉r❡ ♦❢ ●♦✉✈❡❛ ♣r❡❞✐❝t✐♥❣ t❤❛t ❡✈❡r②♦✈❡r❝♦♥✈❡r✲
❣❡♥t ♠♦❞✉❧❛r ❢♦r♠ ♦❢ ✐♥t❡❣r❛❧ ✇❡✐❣❤t ❛♥❞ s✉✣❝❡♥t❧② s♠❛❧❧ s❧♦♣❡ ✐s ❝❧❛ss✐❝❛❧ ❛♥❞ t❤❡ ♠❛✐♥ t♦♦❧ ✐♥
❤✐s r❡s❡❛r❝❤ ✇❛s t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ t❤❡ s❤❡❛✈❡s

Hk = Symk
OX

R1π∗Ω
•
E/X 〈C〉

t❤❛t ✐s t❤❡ ❞❡❣r❡❡ k✲t❤ ♣❛rt ♦❢ t❤❡ s②♠♠❡tr✐❝ ❛❧❣❡❜r❛ ❝♦♥str✉❝t❡❞ ♦♥ t❤❡ ✜rst ❛❧❣❡❜r❛✐❝ ❞❡ ❘❤❛♠
❝♦❤♦♠♦❧♦❣② s❤❡❛❢ ✇✐t❤ ❧♦❣ ♣♦❧❡s ❛t t❤❡ ✜❜❡rs ❛❜♦✈❡ t❤❡ ❝✉s♣s✱ ✇❤❡r❡ π : E → X ✐s t❤❡ ❣❡♥❡r❛❧✲
✐③❡❞ ✉♥✐✈❡rs❛❧ ❡❧❧✐♣t✐❝ ❝✉r✈❡✱ t♦❣❤❡t❤❡r ✇✐t❤ t❤❡ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥✳
❚❛❦✐♥❣ ❞✉❛❧s t❤✐s ❞❡✜♥✐t✐♦♥ ✐s ❡❛s✐❧② ❡①t❡♥❞❡❞ t♦ ❛❧❧ ❝❧❛ss✐❝❛❧ ✇❡✐❣❤ts k ∈ Z t❤✉s ♣r♦✈✐❞✐♥❣ ❛ tr✐♣❧❡
(Hk,∇k, F

•Hk) ❢♦r ❡❛❝❤ k ∈ Z✱ ✇❤❡r❡ ∇κ ✐s t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ♦♥ Hk✳ ❍❡ t❤❡♥ ❛❝❝♦♠✲
♣❧✐s❤❡s ❤✐s t❛s❦ ❜② ♠❡❛♥s ♦❢ ❛ ❝❛r❡❢✉❧ st✉❞② ♦❢ t❤❡ ❝♦❤♦♠♦❧♦❣② ♦❢ s✉❝❤ tr✐♣❧❡s✳

■♥ ❬❆■❪ t❤❡ ❛✉t❤♦rs ❣❡♥❡r❛❧✐③❡❞ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❈♦❧❡♠❛♥ ❛♥❞ ❞❡✜♥❡❞ p✲❛❞✐❝ ❢❛♠✐❧✐❡s ♦❢ ❞❡
❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss❡s✱ ❤❛✈✐♥❣ ❛s ❛ ♠❛✐♥ ♠♦t✐✈❛t✐♦♥ t❤❡ ❡①t❡♥s✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ tr✐♣❧❡
♣r♦❞✉❝t p✲❛❞✐❝ L✲❢✉♥❝t✐♦♥s t♦ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ✜♥✐t❡ s❧♦♣❡ ❢❛♠✐❧✐❡s ♦❢ ♠♦❞✉❧❛r ❢♦r♠s✳
❘♦✉❣❤❧②✱ t❤❡ ✐❞❡❛ ✐s t♦ p✲❛❞✐❝❛❧❧② ✐♥t❡r♣♦❧❛t❡ t❤❡ s❤❡❛✈❡s Hk ✇❤❡r❡ ♥♦✇ k ✐s ❛ p✲❛❞✐❝ ✇❡✐❣❤t✱ t❤❛t
✐s ❛ ❝♦♥t✐♥✉♦✉s ❝❤❛r❛❝t❡r ♦❢ Z×

p ✳ ▼♦r❡ ♣r❡❝✐s❡❧② t❤❡② ✐♥tr♦❞✉❝❡ s♣❡❝✐❛❧ ♦♣❡♥ s✉❜s❡ts WI ♦❢ t❤❡ ❛❞✐❝
✇❡✐❣❤t s♣❛❝❡ ❛♥❞✱ ✉s✐♥❣ t❤❡ t❤❡♦r② ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣✱ ❞❡✜♥❡ ❢♦r♠❛❧ ♠♦❞❡❧s Xr,I ♦❢ str✐❝t
♦♣❡♥ ♥❡✐❣❤❜♦✉r❤♦♦❞s Xr,I ♦❢ t❤❡ ♦r❞✐♥❛r② ❧♦❝✉s ✐♥ Xan

Qp
×WI ❛♥❞ ✜♥✐t❡ ❝♦✈❡r✐♥❣s IGn,r,I → Xr,I

♦✈❡r ✇❤✐❝❤ t❤❡ ❞✉❛❧ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣ ♦❢ ❧❡✈❡❧ n ❤❛s ❛ ❝❛♥♦♥✐❝❛❧ ❣❡♥❡r❛t♦r✳ ❯s✐♥❣ t❤❡s❡ ❞❛t❛
t❤❡② ❝♦♥str✉❝t ❛ s✉❜s❤❡❛❢ H# ♦❢ H1

dR (E/IGn,r,I) ❛♥❞ ❛ ♠❛r❦❡❞ s❡❝t✐♦♥ ✭✐♥ t❤❡ s❡♥s❡ ♦❢ ❬❆■✱ ❙❡❝t✐♦♥
✷❪✮✳ ❚❤❡ ♠❛❝❤✐♥❡r② ♦❢ ❢♦r♠❛❧ ✈❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤ ♠❛r❦❡❞ s❡❝t✐♦♥s ♣r♦✈✐❞❡s ❛ s❤❡❛❢ Wκ ✐♥ ❇❛♥❛❝❤
♠♦❞✉❧❡s ♦✈❡r Xr,I ✱ t♦❣❡t❤❡r ✇✐t❤ ❛ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ F •Wκ ✐♥ ❧♦❝❛❧❧② ❢r❡❡ ❝♦❤❡r❡♥t ♠♦❞✉❧❡s ✇✐t❤
t❤❡ ♣r♦♣❡rt② t❤❛t✱ ❢♦r k ∈ Z ✭✇❤✐❝❤ ♠❡❛♥s k (x) = xk✮ ✇❡ ❤❛✈❡ ❛♥ ❡q✉❛❧✐t② ♦♥ t❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝
s♣❛❝❡

F kWk = Hk

❛♥❞ ❛♥ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ∇ ✐♥❞✉❝❡❞ ❜② t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ♦♥ H1
dR✳ ❚❤❡ ✐♥t❡r❡st

✐♥ t❤✐s ❝♦♥str✉❝t✐♦♥ ✐s t❤❛t ∇ ❝❛♥ ❜❡ p✲❛❞✐❝❛❧❧② ✐♥t❡r♣♦❧❛t❡❞✿ ✇♦r❦✐♥❣ ✇✐t❤ q✲❡①♣❛♥s✐♦♥s✱ ✐❢ s ✐s ❛
❝♦♥t✐♥✉♦✉s ❝❤❛r❛❝t❡r ♦❢ Z×

p ♦✈❡r ❛ ❝♦♠♣❧❡t❡ Zp✲❛❧❣❡❜r❛ R✱ ❞❡✜♥❡ ds : R [[q]]
U=0 → R [[q]]

U=0
❛s

ds




∑

n ≥ 1
p ∤ n

anq
n




=
∑

n ≥ 1
p ∤ n

s (n) anq
n.

❚❤❡♥✱ ❣✐✈❡♥ ❛♥♦t❤❡r ❝♦♥t✐♥✉♦✉s ❝❤❛r❛❝t❡r κ ♦❢ Z×
p ✱ ✉♥❞❡r s♦♠❡ ♠✐❧❞ ❛ss✉♠♣t✐♦♥s ♦♥ κ ❛♥❞ s✱ ❢♦r

❡✈❡r② ω ❧♦❝❛❧ s❡❝t✐♦♥ ♦❢ Wκ t❤❡② ❞❡✜♥❡

∇s
κ (ω) ∈Wκ+2s

✸



s✉❝❤ t❤❛t ♦♥ q✲❡①♣❛♥s✐♦♥s
∇s

κ (ω) (q) = ds (ω (q)) . ✭✶✳✶✮

❚❤✐s t✉r♥s ♦✉t t♦ ❜❡ t❤❡ ❝r✉❝✐❛❧ ♣♦✐♥t ✐♥ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ tr✐♣❧❡ ♣r♦❞✉❝t p✲❛❞✐❝ L✲❢✉♥❝t✐♦♥s
❢♦r ❢♦r♠s ♦❢ ✜♥✐t❡ s❧♦♣❡✳

❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s

❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ❤✐❣❤❡r ❞✐♠❡♥s✐♦♥❛❧ ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ ✭❡❧❧✐♣t✐❝✮ ♠♦❞✉❧❛r
❢♦r♠s✱ ✇❤❡r❡ t❤❡ r♦❧❡ ♦❢ GL2 (Q) ✐s ♣❧❛②❡❞ ❜② GL2 (L) ❢♦r ❛ t♦t❛❧❧② r❡❛❧ ♥✉♠❜❡r ✜❡❧❞ L✳ ❋r♦♠ t❤❡
❣❡♦♠❡tr✐❝ ♣♦✐♥t ♦❢ ✈✐❡✇ t❤✐s ♠❡❛♥s t❤❛t ✇❡ ♥❡❡❞ t♦ ❝♦♥s✐❞❡r t❤❡ s♦✲❝❛❧❧❡❞ ❛❜❡❧✐❛♥ ✈❛r✐❡t✐❡s ✇✐t❤ r❡❛❧
♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② OL ✐♥st❡❛❞ ♦❢ ❡❧❧✐t✐❝ ❝✉r✈❡s✳ ■♥ ❬❚✐❳✐❪ t❤❡ ❛✉t❤♦rs ❡①t❡♥❞❡❞ t❤❡ ✇♦r❦ ♦❢ ❈♦❧❡♠❛♥
✐♥ t❤❡ ❝❛s❡ ♦❢ ❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s✱ ❛❣❛✐♥ ✇✐t❤ ❛ ❝❧❛ss✐❝✐t② r❡s✉❧t ✐♥ ♠✐♥❞✱ ❛♥❞ t❤❡ ♣✉r♣♦s❡ ♦❢
t❤✐s t❤❡s✐s ✐s t♦ ❜✉✐❧❞ ✉♣ t❤❡ t❡❝❤♥✐❝❛❧ ❛♣♣❛r❛t✉s ♥❡❡❞❡❞ t♦ ❡①t❡♥❞ t❤❡ ✇♦r❦ ♦❢ ❆♥❞r❡❛tt❛✲■♦✈✐t❛ t♦
t❤❡ ❝❛s❡ ♦❢ ❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✜① ❛ t♦t❛❧❧② r❡❛❧ ♥✉♠❜❡r ✜❡❧❞ L✱ s❛② ♦❢ ❞❡❣r❡❡
g ♦✈❡r Q✱ ❛♥❞ ❧❡t N ≥ 4 ❛♥❞ p ❜❡ t✇♦ ❝♦♣r✐♠❡ ♥❛t✉r❛❧ ♥✉♠❜❡rs ✇✐t❤ p ♣r✐♠❡✳ ❋✐♥❛❧❧② ❧❡t X
❜❡ t❤❡ ✭p✲❛❞✐❝ ❢♦r♠❛❧ s❝❤❡♠❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛✮ s♠♦♦t❤ t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♠♦❞✉❧✐
s♣❛❝❡ ♦❢ ❛❜❡❧✐❛♥ s❝❤❡♠❡s ✇✐t❤ r❡❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② OL ❛♥❞ µN ✲❧❡✈❡❧ str✉❝t✉r❡✳ ❚❤❡ ❛❞✈❛♥t❛❣❡
♦❢ ✇♦r❦✐♥❣ ✇✐t❤ t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s ❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t ✇❡ ❤❛✈❡ ❛♥ ✉♥✐✈❡rs❛❧ s❡♠✐✲❛❜❡❧✐❛♥
♦❜❥❡❝t π : A→ X ✇✐t❤ ❛♥ ❛❝t✐♦♥ ♦❢ OL✳ ❲❡✐❣❤ts✱ ✐♥ t❤✐s s❡tt✐♥❣✱ ❛r❡ ❧♦❝❛❧❧② ❛♥❛❧②t✐❝ ❝❤❛r❛❝t❡rs ♦❢
t❤❡ ❣r♦✉♣ (Zp ⊗Z OL)

×
✭✇❡ ❝❛♥ ❛❝t✉❛❧❧② ❝♦♥s✐❞❡r ❛❧❧ ♦❢ t❤❡♠ ❛t ♦♥❝❡ t❛❦✐♥❣ ❛ ✉♥✐✈❡rs❛❧ ❝❤❛r❛❝t❡r

κ✮✳
❋✐rst ✇❡ ❝♦♥s✐❞❡r ❛ s❧✐❣❤t ✈❛r✐❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ❢♦r♠❛❧ ✈❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤ s❡❝t✐♦♥s

❣✐✈❡♥ ✐♥ ❬❆■❪ t♦ ❦❡❡♣ tr❛❝❦ ♦❢ t❤❡ ❛❝t✐♦♥ ♦❢ OL✿ ♣✐❝❦ ❛ ●❛❧♦✐s ❝❧♦s✉r❡ LGal ♦❢ L ❛♥❞ ❧❡t dL ∈ Z ❜❡
t❤❡ ❞✐s❝r✐♠✐♥❛♥t ♦❢ L✱ t❤❡ ♠❛✐♥ ✐❞❡❛ ✐♥ t❤✐s ❝♦♥str✉❝t✐♦♥ ✐s t❤❛t✱ ✐❢ R ✐s ❛♥ OLGal

[
d−1
L

]
✲❛❧❣❡❜r❛✱

t❤❡♥ ✇❡ ❤❛✈❡ ❛ r✐♥❣ ✐s♦♠♦r♣❤✐s♠

OL ⊗Z R→
∏

σ∈G

Rσ,

❣✐✈❡♥ ❜② x⊗ 1 7→ (σ (x))σ✱ ✇❤❡r❡ G ✐s t❤❡ s❡t ♦❢ ❡♠❜❡❞❞✐♥❣s L→ LGal ❛♥❞ Rσ = R✳ ❚❤❡r❡❢♦r❡ ❢♦r
❡✈❡r② OL ⊗Z R✲♠♦❞✉❧❡ M ✇❡ ❤❛✈❡ ❛ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥ ❛s R✲♠♦❞✉❧❡s

M =
∏

σ∈G

M (σ)

❛♥❞ ✇❡ ❝❛♥ ❝♦♥str✉❝t ❢♦r♠❛❧ ✈❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤ OL✲❛❝t✐♦♥ ❜② ✇♦r❦✐♥❣ ❢♦r ❡❛❝❤ σ s❡♣❛r❛t❡❞❧②✳
❯s✐♥❣ t❤❡ t❤❡♦r② ♦❢ ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣s ❞❡✈❡❧♦♣♣❡❞ ✐♥ ❬❆■P✷❪ ✇❡ ❞❡✜♥❡ ❢♦r♠❛❧ ♠♦❞❡❧s Xr ♦❢

t❤❡ ♦✈❡r❝♦♥✈❡r❣❡♥t r✐❣✐❞ ❛♥❛❧②t✐❝ ♥❡✐❣❤❜♦r❤♦♦❞s ❛s ♦♣❡♥ s✉❜s❡ts ♦❢ ♣❛rt✐❝✉❧❛r ❛❞♠✐ss✐❜❧❡ ❜❧♦✇✲✉♣s
♦❢ X ❛♥❞ ✜♥✐t❡ ❝♦✈❡r✐♥❣s IGn,r,I → Xr,I ♣❛r❛♠❡tr✐s✐♥❣ ❜❛s❡s ♦❢ t❤❡ ❞✉❛❧ ♦❢ t❤❡ n✲t❤ ❝❛♥♦♥✐❝❛❧
s✉❜❣r♦✉♣✳ ❖✈❡r t❤❡s❡ s❝❤❡♠❡s ✇❡ ❤❛✈❡ ❧♦❝❛❧❧② ❢r❡❡ ❝♦❤❡r❡♥t OIGn,r,I

⊗Z OL✲♠♦❞✉❧❡s ΩA ⊆ H#

✇✐t❤ ❛ ❝♦♠♠♦♥ ♠❛r❦❡❞ s❡❝t✐♦♥✱ t❤❛t ❛❧❧♦✇ ✉s✱ ✉s✐♥❣ t❤❡ ♠❛❝❤✐♥❡r② ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ t♦ ❞❡✜♥❡
s❤❡❛✈❡s ♦❢ OXr

⊗Z OL✲♠♦❞✉❧❡s Wκ ❛♥❞ wκ s✉❝❤ t❤❛t ✭s❡❡ ❚❤❡♦r❡♠ ✽✳✷✹ ❢♦r ❛ ♣r❡❝✐s❡ st❛t❡♠❡♥t✮

❚❤❡♦r❡♠✳

✶✳ ❚❤❡ s❤❡❛❢ Wκ ❝♦♠❡s ✇✐t❤ ❛ ♥❛t✉❛❧ ✐♥❝r❡❛s✐♥❣ ✜❧tr❛t✐♦♥ F •Wκ ❜② ❧♦❝❛❧❧② ❢r❡❡ ❝♦❤❡r❡♥t OXr
⊗Z

OL✲♠♦❞✉❧❡s

✹



✷✳ Wκ ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝♦♠♣❧❡t❡❞ ❧✐♠✐t l̂im
−→

FhWκ ❛♥❞ t❤❡ ❣r❛❞❡❞ ♣✐❡❝❡s ❛r❡

GrhF •Wκ ≃ wκ ⊗OX
ω−2h
A

;

✇❤❡r❡ ω
A

✐s ♣✉❧❧❜❛❝❦ ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ ♦❜❥❡❝t A→ Xr ❛❧♦♥❣ t❤❡ ③❡r♦ s❡❝t✐♦♥❀

✸✳ F 0Wκ ≃ wκ ❛♥❞ ✐ts s❡❝t✐♦♥s ♦✈❡r t❤❡ r✐❣✐❞ ❛♥❛❧②t✐❝ ✜❜r❡ Xr ♦❢ Xr ❛r❡ t❤❡ ♦✈❡r❝♦♥✈❡r❣❡♥t
❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s ❛s ✐♥ ❬❚✐❳✐❪✳

❙✐♥❝❡ t❤❡ s❤❡❛❢ Wκ ✐s ❝♦♥str✉❝t❡❞ ❜② ♠❡❛♥s ♦❢ t❤❡ ✜rst ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ ♠♦r♣❤✐s♠
π✱ t❤❡ t❤❡♦r② ♦❢ ❢♦r♠❛❧ ✈❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤ ♠❛r❦❡❞ s❡❝t✐♦♥s ♣r♦✈✐❞❡s ❛♥ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ∇κ

♦✈❡r IGn,r,I ✱ ❞❡s❝❡♥❞✐♥❣ t♦ ❛ ♠❡r♦♠♦r♣❤✐❝ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ♦♥ Xr✳ ❍♦✇❡✈❡r✱ ♦♥ t❤❡ ❛♥❛❧②t✐❝
s♣❛❝❡ Xr ✇❡ ❤❛✈❡ ✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✽✳✷✻ ❢♦r ❛ ♣r❡❝✐s❡ st❛t❡♠❡♥t✮

❚❤❡♦r❡♠✳ ❖♥ Xr t❤❡ ✐♥❞✉❝❡❞ ♠❛♣ ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s

GrhF •∇κ : GrhF •Wκ → Grh+1F •Wκ⊗̂OXr,I
Ω1

Xr,I

✐s ✇❡❧❧✲❞❡✜♥❡❞ ❛♥❞ ✐t ✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛♥❞ t❤❡ ♣r♦❞✉❝t ❜② ❛♥ ❡①♣❧✐❝✐t ❡❧❡♠❡♥t
❞❡♣❡♥❞✐♥❣ ♦♥❧② ♦♥ κ ❛♥❞ h✳

❚❤❡ s❤❡❛✈❡s Wκ ♦♥ Xr ❝♦♠❡ ✇✐t❤ ❛ ❝♦♠♣❛❝t ♦♣❡r❛t♦r Up ♦♥ Hi (Xr,Wκ)✳ ❯s✐♥❣ ✜♥✐t❡ s❧♦♣❡
s✉❜♠♦❞✉❧❡s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ Up ✐t ✐s ♣♦ss✐❜✐❧❡ t♦ r❡❧❛t❡ t❤❡ ❝♦❤♦♠♦❧♦❣② ♠♦❞✉❧❡s Hi (Xr,Wκ)
t♦ t❤❡ s✐♠♣❧❡r ♠♦❞✉❧❡s Hi (Xr, F

nWκ)✳ ▼♦r❡ ♣r❡❝✐s❡❧② ✭s❡❡ ❈♦r♦❧❧❛r② ✾✳✺✮

❚❤❡♦r❡♠ ✶✳✶✳ ▲❡t h ∈ Q>0✱ t❤❡♥ ❢♦r m ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡

Hi (Xr,I , F
mWκ)

(h)
= Hi (Xr,I ,Wκ)

(h)

❢♦r ❡✈❡r② i✳

❋✉t✉r❡ ♣❡rs♣❡❝t✐✈❡s

❆s s❛✐❞ ❛❜♦✈❡✱ t❤❡ ❣♦❛❧ ♦❢ t❤✐s t❤❡s✐s ✐s t♦ ♣r♦✈✐❞❡ t❤❡ t❡❝❤♥✐❝❛❧ t♦♦❧s ♥❡❝❡ss❛r② t♦ ❡①t❡♥❞ t❤❡ ✇♦r❦
♦❢ ❆♥❞r❡❛tt❛✲■♦✈✐t❛ ❬❆■❪ t♦ t❤❡ ❝❛s❡ ♦❢ ❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s✱ ❤❡♥❝❡ ❧❡t ♠❡ ❜r✐❡✢② ❡①♣❧❛✐♥ t✇♦
✐♠♣♦rt❛♥t ❛♣♣❧✐❝❛t✐♦♥s✳

❉❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ❛♥❞ ❝✉s♣ ❢♦r♠s

❯s✐♥❣ t❤❡ r❡s✉❧ts ✐♥ ❙❡❝t✐♦♥ ✽✳✹ ✐t ✐s ♣♦ss✐❜❧❡ t♦ ❝♦♥str✉❝t t❤❡ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡①

W•
κ : 0→Wκ →Wκ⊗̂OXr

Ω1
Xr
→ · · · →Wκ⊗̂OXr

Ωg
Xr
→ 0.

❼ ■♥ t❤❡ ❡❧❧✐♣t✐❝ ❝❛s❡ ❬❆■✱ ❈♦r♦❧❧❛r② ✸✳✸✺✱ ♣❛❣✳ ✹✷❪ ✐t ✐s s❤♦✇♥✱ ✉s✐♥❣ s❤❡❛❢ ❝♦❤♦♠♦❧♦❣② ❛r❣✉♠❡♥ts✱
t❤❛t ♦✈❡r ❛♥ ♦♣❡♥ s✉❜s❡t U ♦❢ t❤❡ ✇❡✐❣❤t s♣❛❝❡ ❣✐✈❡♥ ❜② r❡♠♦✈✐♥❣ ❛ ✜♥✐t❡ ♥✉♠❜❡r ♦❢ ❝❧❛ss✐❝❛❧
♣♦✐♥ts t❤❡r❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠

H1
dR (Xr,W

•
k)

(h) ⊗O (U) ≃ H0
(
Xr,w

k+2
)(h)
⊗O (U)

✇❤❡r❡ U ❞❡♣❡♥❞s ♦♥ h ❛♥❞ t❤❡ s❧♦♣❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛❝t✐♦♥ ♦❢ Up✳

✺



❼ ■♥ t❤❡ ❍✐❧❜❡rt ❝❛s❡✱ ✐♥ ❬❚✐❳✐✱ ❚❤❡♦r❡♠ ✸✳✺✱ ♣❛❣✳ ✾✺❪✐t s❤♦✇♥ t❤❛t t❤❡r❡ ✐s ❛ s✉❥❡❝t✐✈❡ ♠❛♣

S†
k
→ Hg

rig

(
X ord

r , D,Fk

)

✇❤♦s❡ ❦❡r♥❡❧ ❝❛♥ ❜❡ ❞❡s❝r✐❜❡❞ ❜② ♠❡❛♥s ♦❢ ❛ ❝❡rt❛✐♥ ❞✐✛❡r❡♥t✐❛❧ ♦♣❡r❛t♦r Θ✱ ✇❤❡r❡ k ✐s ❛
❝♦❤♦♠♦❧♦❣✐❝❛❧ ❝❧❛ss✐❝❛❧ ♠✉❧t✐✇❡✐❣❤t✱ S† ❞❡♥♦t❡s t❤❡ ♠♦❞✉❧❡ ♦❢ ♦✈❡r❝♦♥✈❡r❣❡♥t ❝✉s♣ ❢♦r♠s✱ D
✐s t❤❡ ❜♦✉♥❞❛r② ❞✐✈✐s♦r ❢♦r ❛ ✜①❡❞ t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ❛♥❞ Fk ✐s ❛ s❤❡❛❢ s✐♠✐❧❛t t♦ ♦✉r
Wk✳

❚❤❡s❡ t✇♦ r❡s✉❧ts s✉❣❣❡st t❤❛t ✐t ✇✐❧❧ ❜❡ ♣♦ss✐❜❧❡ t♦ r❡❧❛t❡ t❤❡ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② Hg
dR (Xr,Wk)✱

♦r s♦♠❡ ✜♥✐t❡ s❧♦♣❡ ❝✉s♣ s✉❜♠♦❞✉❧❡ t❤❡r❡♦❢✱ ✇✐t❤ t❤❡ s♣❛❝❡ ♦❢ ❍✐❧❜❡rt ❝✉s♣ ❢♦r♠s✳ ❚❤❡ ✐♥✐t✐❛❧ st❡♣
❢♦r t❤✐s t❛s❦ ✇✐❧❧ ❜❡✱ ❢♦❧❧♦✇✐♥❣ ❬❚✐❳✐❪✱ t❤❡ st✉❞② ♦❢ t❤❡ ❞✉❛❧ ❇●● ❝♦♠♣❧❡① ♦❢ Wκ ✐♥ t❤❡ s♣✐r✐t ♦❢
❬❚✐❳✐✱ ❙❡❝t✐♦♥ ✷✳✶✺✱ ♣❛❣✳ ✾✵❪✳ ❚❤❡♦r❡♠ ✶✳✶ ✇✐❧❧ ❛❧s♦ ❜❡ ♦❢ ❣r❡❛t ❤❡❧♣ ✐♥ r❡❞✉❝✐♥❣ t❤❡ ♣r♦❜❧❡♠ t♦ t❤❡
st✉❞② ♦❢ t❤❡ ❝♦❤❡r❡♥t ❧♦❝❛❧❧② ❢r❡❡ s✉❜❝♦♠♣❧❡①

FnW•
κ : 0→ FnWκ → Fn+1Wκ⊗̂OXr

Ω1
Xr
→ · · · → Fn+gWκ⊗̂OXr

Ωg
Xr
→ 0

♦❢ W•
κ✳

■t❡r❛t✐♦♥ ♦❢ t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ❛♥❞ ❝♦♥str✉❝t✐♦♥ ♦❢ tr✐♣❧❡ ♣r♦❞✉❝t p✲❛❞✐❝
L✲❢✉♥❝t✐♦♥s ❢♦r ✜♥✐t❡ s❧♦♣❡ ❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s ❢♦r ✉♥r❛♠✐✜❡❞ ♣r✐♠❡s

❚❤❡ ♠❛✐♥ r❡s✉❧t ✐♥ ❬❆■❪✱ ❛s ❡①♣❧❛✐♥❡❞ ❛❜♦✈❡✱ ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ tr✐♣❧❡ ♣r♦❞✉❝t p✲❛❞✐❝ L✲❢✉♥❝t✐♦♥s
✐♥ t❤❡ ♠♦r❡ ❣❡♥❡r❛❧ ❝❛s❡ ♦❢ ✜♥✐t❡ s❧♦♣❡s ❡❧❧✐♣t✐❝ ♠♦❞✉❧❛r ❢♦r♠s ✐♥st❡❛❞ ♦❢ ♦r❞✐♥❛r② ♦♥❡s✱ ❛♥❞ t❤❡
❡①t❡♥s✐♦♥ ♦❢ t❤✐s r❡s✉❧t t♦ t❤❡ ❝❛s❡ ♦❢ ❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s ✐s t❤❡ ♥❛t✉r❛❧ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ✇♦r❦
❝❛rr✐❡❞ ♦✉t ✐♥ t❤✐s t❤❡s✐s✳ ❚❤❡ ♠❛✐♥ t❡❝❤♥✐❝❛❧ ♦❜st❛❝❧❡ ✐s t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ ✐t❡r❛t✐♦♥s ♦❢ t❤❡ ●❛✉ss✲
▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ✐♥tr♦❞✉❝❡❞ ✐♥ ❙❡❝t✐♦♥ ✽✳✹✱ t❤❛t ✐s ♦❢ s❡❝t✐♦♥s ❛s ✐♥ ✭✶✳✶✮ ✉♥❞❡r s✉✐t❛❜❧❡ ❝♦♥❞✐t✐♦♥s
♦♥ t❤❡ ✇❡✐❣❤ts s ❛♥❞ k✳

❚❤✐s ✇♦r❦ ✇✐❧❧ r❡q✉✐r❡ t❤❡ ❞❡✜♥✐t✐♦♥ ❛♥❞ t❤❡ st✉❞② ♦❢ t❤❡ ♥♦t✐♦♥ ♦❢ ♥❡❛r❧② ♦✈❡r❝♦♥✈❡r❣❡♥t ❍✐❧❜❡rt
♠♦❞✉❧❛r ❢♦r♠s r❡❧② ❡✐t❤❡r ♦♥ ❝♦♠♣✉t❛t✐♦♥s ✉s✐♥❣ q✲❡①♣❛♥s✐♦♥s ✭❬❆■❪✮ ♦r ✐♥ t❡r♠s ♦❢ ❙❡rr❡✲❚❛t❡
❝♦♦r❞✐♥❛t❡s ✭❬❋❛♥❪ ♦r ❛ r❡❝❡♥t ✉♥♣✉❜❧✐s❤❡❞ ✇♦r❦ ♦❢ ❙✳ ▼♦❧✐♥❛✮✳

✻
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✽✳✹ ❚❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✺✹

✾ ❙❤❡❛❢ ❝♦❤♦♠♦❧♦❣② ❛♥❞ t❤❡ Up✲♦♣❡r❛t♦r ✺✼

❆ ❆❜❡❧✐❛♥ ✈❛r✐❡t✐❡s ✻✵

❆✳✶ ❉✉❛❧ ❛❜❡❧✐❛♥ ✈❛r✐❡t✐❡s ❛♥❞ ♣♦❧❛r✐s❛t✐♦♥s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✵

❇ ❋♦r♠❛❧ s❝❤❡♠❡s ✻✶

❇✳✶ ❆❞♠✐ss✐❜❧❡ ❢♦r♠❛❧ ❜❧♦✇✲✉♣s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✷

✼



❈ ❆❞✐❝ s♣❛❝❡s ✻✸

❈✳✶ ❆♥❛❧②t✐❝ ♣♦✐♥ts ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✸
❈✳✷ ❘❡❧❛t✐✈❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❢♦r ❢♦r♠❛❧ s❝❤❡♠❡s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✹

❉ ❙❧♦♣❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ✻✽

✽



✷ ❍✐❧❜❡rt ♠♦❞✉❧❛r s❝❤❡♠❡s

❋✐① ❛ t♦t❛❧❧② r❡❛❧ ♥✉♠❜❡r ✜❡❧❞ L ✇✐t❤ [L : Q] = g > 1✱ ❧❡t OL ❜❡ ✐ts r✐♥❣ ♦❢ ✐♥t❡❣❡rs✱ DL ❜❡ ✐ts
❞✐✛❡r❡♥t ✐❞❡❛❧✱ ✇❤❡r❡

D−1
L =

{
x ∈ L | TrL/Q (xy) ∈ Z ∀y ∈ OL

}
,

❛♥❞ dL = NL|Q

(
D−1

L

)
✐ts ❞✐s❝r✐♠✐♥❛♥t✳ ❉❡♥♦t❡

ΣL = {❡♠❜❡❞❞✐♥❣s σ : L→ R}

■❢ S ⊆ L ✐s ❛♥② s✉❜s❡t ✇❡ ❞❡♥♦t❡

S+ = {s ∈ S | σ (s) > 0 ∀σ ∈ ΣL}

❛♥❞ Cl (L)
+

❛s t❤❡ ❣r♦✉♣ ♦❢ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧s ♦❢ L ♠♦❞✉❧♦ t❤❡ r❡❧❛t✐♦♥

I ∼ J ✐❢ ❛♥❞ ♦♥❧② ✐❢ I = λJ ❢♦r s♦♠❡ λ ∈ L+.

❲❡ ❤❛✈❡ ❛♥ ❡①❛❝t ❡q✉❡♥❝❡

1→
L×

O×
LL

+
→ Cl (L)

+ → Cl (L)→ 1.

❉❡✜♥✐t✐♦♥ ✷✳✶✳ ❆♥ ♦r✐❡♥t❡❞OL✲♠♦❞✉❧❡ ✐s ❛♥ ✐♥✈❡rt✐❜❧❡OL✲♠♦❞✉❧❡M t♦❣❡t❤❡r ✇✐t❤ ❛♥ ♦r✐❡♥t❛t✐♦♥
♦❢ M ⊗σ R ❢♦r ❡✈❡r② σ ∈ ΣL ✭❤❡♥❝❡ g ❝❤♦✐❝❡s✮✱ ❤❡♥❝❡ ❛ ❝❤♦✐❝❡ ♦❢ ❛ ✏♣♦s✐t✐✈❡ s✐❞❡✑✳ ❲❤❡♥ s✉❝❤ ❛
♥♦t✐♦♥ ✐s ❣✐✈❡♥✱ ✇❡ ❞❡♥♦t❡ ✇✐t❤ M+ ⊆ M t❤❡ s✉❜s❡t ♦❢ t♦t❛❧❧② ♣♦s✐t✐✈❡ ❡❧❡♠❡♥ts✳ ❆ ♠♦r♣❤✐s♠
φ : (M,M+)→ (N,N+) ♦❢ s✉❝❤ ♦❜❥❡❝ts ✐s ❛♥ OL✲❧✐♥❡❛r ♠❛♣ φ : M → N ✇✐t❤ φ (M+) ⊆ N+✳ ▲❡t
PosOL

❜❡ t❤❡ ❝❛t❡❣♦r② ❥✉st ❞❡✜♥❡❞✳

❊①❛♠♣❧❡ ✷✳✷✳ ❚❤❡ ♠♦st ✐♠♠❡❞✐❛t❡ ❡①❛♠♣❧❡ ✐s ❣✐✈❡♥ ❜② ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧s ♦❢ L✿ ✐❢ a ✐s s✉❝❤ ❛♥
✐❞❡❛❧✱ ✐t ✐s ❛ ♣r♦❥❡❝t✐✈❡ OL✲♠♦❞✉❧❡✱ ♥❡❝❡ss❛r✐❧② ♦❢ r❛♥❦ ✶ ❛♥❞ a+ ✐s t❤❡ ❛❝t✉❛❧ s❡t ♦❢ t♦t❛❧❧② ♣♦s✐t✐✈❡
❡❧❡♠❡♥ts ❛s ❞❡✜♥❡❞ ❛❜♦✈❡✳

▲❡♠♠❛ ✷✳✸✳ ❚❤❡ t❡♥s♦r ♣r♦❞✉❝t ⊗OL
♠❛❦❡s t❤❡ s❦❡❧❡t♦♥ ❝❛t❡❣♦r② ♦❢ PolOL

✐♥t♦ ❛♥ ❛❜❡❧✐❛♥ ❣r♦✉♣✱
st✐❧❧ ❞❡♥♦t❡❞ PolOL

✳ ▼♦r❡♦✈❡r t❤❡ ✉s✉❛❧ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ ❣r♦✉♣ ♦❢ ✐♥✈❡rt✐❜❧❡ OL✲♠♦❞✉❧❡s
❛♥❞ t❤❛t ♦❢ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧ ✐♥❞✉❝❡s PolOL

≃ Cl (L)
+✳

Pr♦♦❢✳ ❙❡❡ t❤❡ ❛r❣✉♠❡♥t s❦❡t❝❤❡❞ ✐♥ ❬●♦r✱ ♣❛❣✳ ✺✵❪

❊①❛♠♣❧❡ ✷✳✹✳ ❚❤✐s ✐s t❤❡ ❦❡② ❡①❛♠♣❧❡ ♦❢ ❛♥ ♦r✐❡♥t❡❞ OL✲♠♦❞✉❧❡ ✇❡✬❧❧ ❜❡ ❞❡❛❧✐♥❣ ✇✐t❤✳ ▲❡t A→ S
❜❡ ❛♥ ❛❜❡❧✐❛♥ s❝❤❡♠❡✳ ❙✉♣♣♦s❡ ✇❡ ❤❛✈❡ ❛♥ ✐♥❥❡❝t✐✈❡ r✐♥❣ ♠❛♣

[•] : OL →֒ EndS (A)

❞❡♥♦t❡❞ r 7→ [r]✳ ❚❤❡♥ ✇❡ ❝❛♥ s❡❡ A ❛s ❛ ❢✉♥❝t♦r ❢r♦♠ S✲s❝❤❡♠❡s t♦ OL✲♠♦❞✉❧❡s✳ ❇② ❞✉❛❧✐t②✶ ✇❡
❤❛✈❡ ❛♥ ❛❝t✐♦♥

[•]∨ : OL →֒ EndS (A∨)

✶❚❤❡ ❞✉❛❧ ❡①✐sts✳ ❙❦✐♠ t❤❡ s❡❝t✐♦♥ ❉✐❣r❡ss✐✈❡ ❉✐s❝✉ss✐♦♥ ❆❜♦✉t ❘❡♣r❡s❡♥t❛❜✐❧✐t② ♦❢ t❤❡ P✐❝❛r❞ ❋✉♥❝t♦r ♦❢ ❛♥

❆❜❡❧✐❛♥ ❙❝❤❡♠❡ A/S ✐♥ ❬❋❛❈❤✱ ❈❤❛♣t❡r ✶✱ ♣❛❣✳ ✷❪

✾



✇❤❡r❡
[r]

∨
(L) = [r]

∗ L

❢♦r ❡✈❡r② ❧✐♥❡ ❜✉♥❞❧❡ L ♦♥ A ❛♥❞ r ∈ OL✳ ■t ❢♦❧❧♦✇s t❤❛t ✐t ♠❛❦❡s s❡♥s❡ t♦ t❛❧❦ ❛❜♦✉t OL✲❧✐♥❡❛r
♠❛♣s λ : A→ A∨ ❤❡♥❝❡ ✇❡ ❝❛♥ ❞❡✜♥❡

MA = {λ : A→ A∨ | λ ✐s s②♠♠❡tr✐❝ ❛♥❞ OL✲❧✐♥❡❛r} .

❖❢ ❝♦✉rs❡✱ ❢♦r ❛♥ S✲s❝❤❡♠❡ T ✱ ♣♦❧❛r✐s❛t✐♦♥s λ : A×S T → A∨×S T ♣r♦✈✐❞❡ ❡❧❡♠❡♥ts ♦❢MA (T )✳ ■t
❝❛♥ ❜❡ s❤♦✇♥ ✭s❡❡ ❬❘❛♣✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶✵✱ ♣❛❣✳ ✻❪✮ t❤❛t ❛s ❧♦♥❣ ❛s T ✐s ❛ t❤❡ s♣❡❝tr✉♠ ♦❢ ❛ ✜❡❧❞✱ t❤❡
s❡tMA (T ) ❛❧✇❛②s ❝♦♥t❛✐♥s ❛t ❧❡❛st ♦♥❡ ♣♦❧❛r✐s❛t✐♦♥✳ ❊✈❡♥ ♠♦r❡✱ t❤❡ ❢✉♥❝t♦rMA ✐s ❛♥ ét❛❧❡ s❤❡❛❢
✐♥ OL✲♠♦❞✉❧❡s ♦♥ S ✇❤✐❝❤ ✐s ❧♦❝❛❧❧② ❝♦♥st❛♥t ❤❛✈✐♥❣ ❛s ✈❛❧✉❡ ❛♥ ♦❜❥❡❝t ♦❢ PosOL

✇❤❡r❡ t❤❡ t♦t❛❧❧②
♣♦s✐t✐✈❡ ❡❧❡♠❡♥tsM+

A ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ♣♦❧❛r✐s❛t✐♦♥s✳ ■❢ ♠♦r❡♦✈❡r S ✐s ♥♦r♠❛❧ ❛♥❞ ❝♦♥♥❡❝t❡❞✱ t❤❡♥
MA ✐s ❛❝t✉❛❧❧② ❝♦♥st❛♥t✳ ❚❤❡s❡ ❛r❡ ❬❘❛♣✱ Pr♦♣♦s✐t✐♦♥ ✶✳✶✼✱ ❱❛r✐❛♥t❡ ✶✳✶✽❪✳ ◆♦t❡ ❛❧s♦ t❤❛t ✇❡ ❤❛✈❡
❛ ♥❛t✉r❛❧ ♠❛♣

A⊗OL
MA → A∨ ✭✷✳✶✮

❣✐✈❡♥ ♦♥ ♣♦✐♥ts ❜② x⊗ λ 7→ λ (x)✳

✷✳✶ ❆❜❡❧✐❛♥ s❝❤❡♠❡s ✇✐t❤ r❡❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥

❉❡✜♥✐t✐♦♥ ✷✳✺✳ ▲❡t π : A → S ❜❡ ❛♥ ❛❜❡❧✐❛♥ s❝❤❡♠❡ ♦❢ r❡❧❛t✐✈❡ ❞✐♠❡♥s✐♦♥ g ❛♥❞ ✜① ❛ ❢r❛❝t✐♦♥❛❧
✐❞❡❛❧ c ♦❢ L

✶✳ ❲❡ s❛② t❤❛t π ❤❛s r❡❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② OL ✭✇❡✬❧❧ s❛② t❤❛t π ✐s ❛♥ RMOL
✳❛❜❡❧✐❛♥ s❝❤❡♠❡ ❢♦r

s❤♦rt✱ ♦r ❡✈❡♥ ❛♥ RM✲s❝❤❡♠❡ ✇❤❡♥ OL ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❝♦♥t❡①t✮ ✐❢ t❤❡r❡ ❡①✐sts ❛♥ ✐♥❥❡❝t✐✈❡
r✐♥❣ ❤♦♠♦♠♦r♣❤✐s♠ OL → EndS (A)✳ ❋♦r r ∈ OL ✇❡✬❧❧ ✉s✉❛❧❧② ❞❡♥♦t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣
❡♥❞♦♠♦r♣❤✐s♠ ✇✐t❤ [r] ✳

✷✳ ■❢ π ✐s ❛♥ RM✲s❝❤❡♠❡✱ ✇❡ s❛② t❤❛t ✐t s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❘✮ ✐❢ t❤❡ ❝♦♥♦r♠❛❧ s❤❡❛❢ ωA/S ✱ ✇❤✐❝❤
✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ OS✲♠♦❞✉❧❡ ♦❢ r❛♥❦ g✱ ✐s ❧♦❝❛❧❧② ❢r❡❡ ❛s ♦♥ OL ⊗Z OS✲♠♦❞✉❧❡ ✇✐t❤ r❛♥❦ ✶✳

✸✳ ■❢ π ✐s ❛♥ RM✲s❝❤❡♠❡✱ ✇❡ s❛② t❤❛t ✐t s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❉P✮ ✐❢ t❤❡ ♠❛♣ ✭✷✳✶✮ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

■t ✐s ♥❛t✉r❛❧ t♦ ❣✉❡ss t❤❡ r❡❧❛t✐♦♥s ❜❡t✇❡❡♥ t❤❡s❡ ♥♦t✐♦♥s✳

▲❡♠♠❛ ✷✳✻✳ ▲❡t k ❜❡ ❛ ✜❡❧❞ ❛♥❞ ❧❡t R = OL ⊗Z k✳ ▲❡t M ❜❡ ❛♥ R✲♠♦❞✉❧❡ ❛♥❞ s✉♣♣♦s❡ t❤❛t M
❤❛s ❞✐♠❡♥s✐♦♥ g ❛s ❛ k✲✈❡❝t♦r s♣❛❝❡✳ ❚❤❡♥ M ✐s ❛ ❢r❡❡ R✲♠♦❞✉❧❡ ✭♥❡❝❡ss❛r✐❧② ♦❢ r❛♥❦ ✶✮ ✐❢ ❛♥❞ ♦♥❧②
✐❢ ✐t ✐s ❢❛✐t❤❢✉❧✳ ■♥ ♣❛rt✐❝✉❧❛r M ✐s ❛ ❢r❡❡ R✲♠♦❞✉❧❡ ✐❢ ❛♥❞ ♦♥❧② ✐❢ M ⊗k k ✐s ❛ ❢r❡❡ R⊗k k✲♠♦❞✉❧❡✳

Pr♦♦❢✳ ❚❤✐s ✐s t❤❡ ❝♦♥t❡♥t ♦❢ t❤❡ ♣r♦♦❢ ♦❢ ❬❘❛♣✱ Pr♦♣♦s✐t✐♦♥ ✶✳✹✱ ♣❛❣✳ ✺❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✼✳ ❆♥ RM✲s❝❤❡♠❡ ♦✈❡r ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ✵ ❛❧✇❛②s s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❘✮✳

Pr♦♦❢✳ ❇② ▲❡♠♠❛ ✷✳✻ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❡ ✜❡❧❞ ✐s ❛❧❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ❛♥❞ ❜② t❤❡ ▲❡❢s❝❤❡t③ ♣r✐♥❝✐♣❧❡
✇❡ ❝❛♥ s✉♣♣♦s❡ ✐t ✐s t❤❡ ✜❡❧❞ ♦❢ ❝♦♠♣❧❡① ♥✉♠❜❡rs✱ ✇❤❡r❡ t❤❡ st❛t❡♠❡♥t ✐s ❬●♦r✱ ❈♦r♦❧❧❛r② ✷✳✻✱ ♣❛❣✳
✺✸❪✳

❚❤❡♦r❡♠ ✷✳✽✳ ▲❡t π : A→ S ❜❡ ❛♥ RM✲s❝❤❡♠❡✳ ■❢ π s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❘✮✱ t❤❡♥ ✐t ❛❧s♦ s❛t✐s✜❡s
❝♦♥❞✐t✐♦♥ ✭❉P✮✳

✶✵



Pr♦♦❢✳ ❚❤✐s ✐s t❤❡ ✜rst ♣❛rt ♦❢ ❬●♦r✱ ▲❡♠♠❛ ✺✳✺✱ ♣❛❣✳ ✾✾❪✳ ❚❤❡ tr✐❝❦ ❤❡r❡ ✐s t♦ s❤♦✇ t❤❛t ❢♦r ❡✈❡r②
♣r✐♠❡ ℓ✱ π ❤❛s ❛♥ ✐s♦❣❡♥② ♦❢ ❞❡❣r❡❡ ♣r✐♠❡ t♦ ℓ✳

❚❤❡♦r❡♠ ✷✳✾✳ ▲❡t π : A→ S ❜❡ ❛♥ RM✲s❝❤❡♠❡✳ ■❢ π s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❉P✮ ❛♥❞ dL ✐s ✐♥✈❡rt✐❜❧❡
♦♥ S✱ t❤❡♥ ✐t ❛❧s♦ s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❘✮✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ ✭❉P✮ ❤♦❧❞s ❢♦r π✳ ❙✐♥❝❡ ✇❡ ❦♥♦✇ t❤❛t ωA/S ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ OS✲♠♦❞✉❧❡✱ ✇❡ r❡❞✉❝❡
t♦ t❤❡ ❝❛s❡ ✇❤❡♥ S = Spec (k) ✇✐t❤ k ❛ ✜❡❧❞✳ ❚❤❡ ❝❛s❡ ✇❤❡♥ k ❤❛s ❝❤❛r❛❝t❡r✐st✐❝ ✵ ✐s tr✐✈✐❛❧ ✐♥
✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✼✳ ❍❡♥❝❡ s✉♣♣♦s❡ k ❤❛s ❝❤❛r❛❝t❡r✐st✐❝ p > 0✳ ❙✐♥❝❡ dL ✐s ✐♥✈❡rt✐❜❧❡ ♦♥ S ✇❡ ❤❛✈❡
t❤❛t t❤❡ r✐♥❣ k ⊗Z OL ✐s s❡♠✐✲s✐♠♣❧❡ ❛♥❞ t❤✐s ✐♠♣❧✐❡s t❤❡ ❣r♦✉♣ K0 (k ⊗Z OL) ✐s ❢r❡❡ ❣❡♥❡r❛t❡❞ ❜②
t❤❡ ❝❧❛ss❡s ♦❢ s✐♠♣❧❡ ♠♦❞✉❧❡s ✭t❤✐s ✐s ❛❧s♦ ❝❛❧❧❡❞ ❉❡✈✐ss❛❣❡ ❚❤❡♦r❡♠ ❢♦r K0✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❘♦s✱
❚❤❡♦r❡♠ ✸✳✶✳✽✱ ♣❛❣✳ ✶✶✼❪✮✱ ❤❡♥❝❡ ✇❡ ❥✉st ♥❡❡❞ t♦ s❡❡ t❤❛t ωA/k ❤❛s t❤❡ s❛♠❡ ❝❧❛ss ❛s k ⊗Z OL ✐♥
K0 (k ⊗Z OL)✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ♣r♦♦❢ ♦❢ ❬❉❡P❛✱ Pr♦♣♦s✐t✐♦♥ ✷✳✼✱ ♣❛❣✳ ✻✺❪✱ ♦♥❡ s❡❡s t❤❛t ✐t ✇♦r❦s
✈❡r❜❛t✐♠ ✇✐t❤ H1

dR ✐♥st❡❛❞ ♦❢ HdR
1 ✱ s❤♦✇✐♥❣ t❤❛t

[
H1

dR (A/k)
]
= 2

[
H0
(
A,Ω1

A/k

)]

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ s✐♥❝❡✱ ✐♥ ✈✐❡✇ ♦❢ ❬❘❛♣✱ ▲❡♠♠❡ ✶✳✸✱ ♣❛❣✳ ✹❪✱ t❤❡ k⊗ZOL✲♠♦❞✉❧❡ H1
dR (A/k) ✐s ❢r❡❡

♦❢ r❛♥❦ ✷ ❛♥❞ t❤❡ ❣r♦✉♣ K0 (k ⊗Z OL) ✐s ❢r❡❡✱ ❤❡♥❝❡ ✐t ❤❛s ♥♦ ✷✲t♦rs✐♦♥✳

❆♥ ✐♠♣♦rt❛♥t ❢❛❝t ✐s t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ✷✳✶✵✳ ▲❡t k ❜❡ ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p > 0 ❛♥❞ ❧❡t A/k ❜❡ ❛♥ ♦r❞✐♥❛r② ❛❜❡❧✐❛♥ ✈❛r✐❡t②
✇✐t❤ ❢❛✐t❤❢✉❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② OL✳ ❚❤❡♥ A/k s❛t✐s✜❡s ✭❘✮✳

Pr♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✻✱ ✇❡ ❝❛♥ s✉♣♣♦s❡ t❤❛t k ✐s ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞✳ ▲❡t A/W (k) ❜❡ ✐ts
❝❛♥♦♥✐❝❛❧ ❧✐❢t✿ ✐t ✐♥❤❡r✐ts ❛ ❢❛✐t❤❢✉❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② OL ❛s ✇❡❧❧ ❛s ✐ts ❣❡♥❡r❛❧ ✜❜r❡ AK = A⊗W (k)K✱
s♦ t❤❛t ✇❡ ❝♦♥❝❧✉❞❡ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✼✳

■♥ ♦r❞❡r t♦ ❞❡❛❧ ✇✐t❤ ❜❡tt❡r ♠♦❞✉❧✐ s❝❤❡♠❡s ✇❡ ♥❡❡❞ t♦ ✐♥tr♦❞✉❝❡ s♦♠❡ ♠♦r❡ ❝♦♥str❛✐♥ts✿

❉❡✜♥✐t✐♦♥ ✷✳✶✶✳ ▲❡t N ❜❡ ❛ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✱ c ❜❡ ❛ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧ ♦❢ L ❛♥❞ ❧❡t π : A→ S ❜❡ ❛♥
RM✲s❝❤❡♠❡✳

✶✳ ❆ c✲♣♦❧❛r✐s❛t✐♦♥ ♦♥ π ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ ét❛❧❡ s❤❡❛✈❡s ✐♥ ♦r✐❡♥t❡❞ OL✲♠♦❞✉❧❡s ♦♥ S

λ : c→MA.

✷✳ ❆ µN ✲❧❡✈❡❧ str✉❝t✉r❡ ♦♥ π ✭❛❧s♦ ❝❛❧❧❡❞ ❛ Γ00 (N)✲❧❡✈❡❧ str✉❝t✉r❡✮ ✐s t❤❡ ❞❛t✉♠ ♦❢ ❛♥ OL✲❧✐♥❡❛r
❡♠❜❡❞❞✐♥❣ ♦❢ S✲❣r♦✉♣ s❝❤❡♠❡s

i : D−1
L ⊗Z µN →֒ A,

✇❤❡r❡ (
D−1

L ⊗Z µN

)
(T ) = D−1

L ⊗Z µN (T ) .

❚❤❡♦r❡♠ ✷✳✶✷✳ ▲❡t N ≥ 4 ❜❡ ❛♥ ✐♥t❡❣❡r ❛♥❞ c ❜❡ ❛ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧ ♦❢ L✳ ❈♦♥s✐❞❡r t❤❡ ❢✉♥❝t♦r
M (µN , c) ✇❤✐❝❤ t♦ ❛♥② s❝❤❡♠❡ S ❛ss♦❝✐❛t❡s t❤❡ s❡t ♦❢ RM✲s❝❤❡♠❡s t❤❛t s❛t✐s❢② ❝♦♥❞✐t✐♦♥ ✭❉P✮✱ ✇✐t❤
c✲♣♦❧❛r✐s❛t✐♦♥ ❛♥❞ µN ✲❧❡✈❡❧ str✉❝t✉r❡✱ ♠♦❞✉❧♦ ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡♥ M (µN , c) ✐s ✜♥❡❧② r❡♣r❡s❡♥t❡❞ ❜②
❛ s❝❤❡♠❡ M (µN , c) = MN ✇❤✐❝❤ ✐s ✢❛t ❛♥❞ r❡❧❛t✐✈❡ ❝♦♠♣❧❡t❡ ✐♥t❡rs❡❝t✐♦♥ ♦✈❡r Z ❛♥❞ ✐t ✐s s♠♦♦t❤
♦✈❡r Spec

(
Z
[
d−1
L

])
✳ ▲❡t AN = A (µN , c)→MN ❜❡ t❤❡ ✉♥✐✈❡rs❛❧ ♦❜❥❡❝t✳ ■❢ p|dL t❤❡♥ t❤❡ s✐♥❣✉❧❛r

❧♦❝✉s ♦❢ M (µN , c)⊗ Fp ❤❛s ❝♦❞✐♠❡♥s✐♦♥ 2✱ ✐♥ ♣❛rt✐❝✉❧❛r MN → Spec (Z) ❤❛s ♥♦r♠❛❧ ✜❜r❡s✳

✶✶



Pr♦♦❢✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ M (µN , c) → Spec (Z) ❛s ❛♥ ❛❧❣❡❜r❛✐❝ st❛❝❦ ❢♦❧❧♦✇s ❢r♦♠ ❆rt✐♥✬s ❝r✐t❡r✐♦♥
❛s ✐♥ ❬❘❛♣✱ ❚❤é♦rè♠❡ ✶✳✷✵✱ ♣❛❣✳ ✶✶❪ ✭♥♦t❡ t❤❛t t❤❡ ❧❡✈❡❧ str✉❝t✉r❡ ❞♦❡s ♥♦t ♣❧❛② ❛♥② r♦❧❡ t❤❡r❡✮✳
❖♥❡ s❡❡s t❤❛t M (µN , c) → Spec (Z) ✐s ❛♥ ❛❧❣❡❜r❛✐❝ s♣❛❝❡ s✐♥❝❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ t❤❡ ❧❡✈❡❧ str✉❝t✉r❡
r✐❣✐❞✐✜❡s t❤❡ ♠♦❞✉❧✐ ♣r♦❜❧❡♠✱ s❡❡ ❬●♦r✱ ▲❡♠♠❛ ✸✳✶✱ ♣❛❣✳ ✶✷✹❪✱ ✇❤✐❧❡ t❤❡ ❢❛❝t t❤❛t ✐t ✐s ❛ s❝❤❡♠❡
❝♦♠❡s ❢r♦♠ ❣❡♦♠❡tr✐❝ ✐♥✈❛r✐❛♥t t❤❡♦r②✳ ❚❤❡ r❡♠❛✐♥✐♥❣ st❛t❡♠❡♥ts ❛r❡ ❬❉❡P❛✱ ❚❤é♦rè♠❡ ✷✳✷✱ ♣❛❣✳
✻✹❪ ❛♥❞ ❬❉❡P❛✱ ❈♦r♦❧❧❛✐r❡ ✷✳✸✱ ♣❛❣✳ ✻✹❪✳

❈♦r♦❧❧❛r② ✷✳✶✸✳ ▲❡t N ≥ 4 ❛♥❞ ❧❡t k ❜❡ ❛ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p > 0 ✇✐t❤ p|N ✳ ■❢

s : Spec (k)→M (µN , c)

✐s ❛ k✲r❛t✐♦♥❛❧ ♣♦✐♥t✱ t❤❡♥
AN,s → Spec (k)

✐s ♦r❞✐♥❛r②✳

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛s ❣r♦✉♣ s❝❤❡♠❡s

D−1
L ⊗ µN ≃ µg

N

❛♥❞ ❤❡♥❝❡✱ ✇❤❡♥ p|N ✱ t❤❡ ❣r♦✉♣ s❝❤❡♠❡ µg
p ✐s ❛ s✉❜❣r♦✉♣ ♦❢ D.1

L ⊗µN ✳ ❚❤❡ s❝❤❡♠❡ AN,s → Spec (k)
✐s ❛♥ RM✲s❝❤❡♠❡✱ ❤❡♥❝❡ ✐t ❤❛s ❞✐♠❡♥s✐♦♥ g✳ ◆♦t❡ t❤❛t

Hom(µp, αp) = Hom
(
µp, (Z/p)

)
= 0

❤❡♥❝❡ t❤❡ ❛❜❡❧✐❛♥ s❝❤❡♠❡ AN,s → Spec (k) ✐s ♦r❞✐♥❛r②✳

❉❡✜♥✐t✐♦♥ ✷✳✶✹✳ ▲❡t eN : M (µN , c)→ AN ❜❡ t❤❡ ✉♥✐t s❡❝t✐♦♥✱ ❞❡✜♥❡

ω (µN , c) = ωN = ω

❛s e∗Ω1
AN/M(µN ,c)✳

❚❤❡ s❤❡❛❢ ωN ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ OMN
✲♠♦❞✉❧❡ ♦❢ r❛♥❦ g ❛♥❞ t❤❡ ♣r♦♣❡rt② ♦❢ ❜❡✐♥❣ ❧♦❝❛❧❧② ❢r❡❡ ❛s

❛♥ OMN
⊗Z OL✲♠♦❞✉❧❡ ✐s ♦♣❡♥ ✭❬❘❛♣✱ ❘❡♠❛rq✉❡ ✶✳✷✱ ✐✐✱ ♣❛❣✳ ✸❪✮ ❤❡♥❝❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❞❡✜♥✐t✐♦♥

♠❛❦❡s s❡♥s❡✳

❉❡✜♥✐t✐♦♥ ✷✳✶✺✳ ▲❡t MR
N ⊆MN ❜❡ t❤❡ ♦♣❡♥ s✉❜s❝❤❡♠❡ ♦❢ ♣♦✐♥ts t❤❛t ❝♦rr❡s♣♦♥❞ t♦ RM✲s❝❤❡♠❡s

✇✐t❤ ❝♦♥❞✐t✐♦♥ ✭❘✮✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❘❛♣♦♣♦rt ❧♦❝✉s✳

❘❡♠❛r❦ ✷✳✶✻✳ ■♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✷✳✾✱ ❢♦r ❡✈❡r② s❝❤❡♠❡ S → Spec
(
Z
[
d−1
L

])
✱ t❤❡ ♠❛♣

MR
N ×Spec(Z) S →MN ×Spec(Z) S

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ t❤✐s ❤♦❧❞s ✐♥ ♣❛rt✐❝✉❧❛r ❢♦r S = Spec (Q)✳ ▼♦r❡♦✈❡r t❤❡ ♠♦r♣❤✐s♠ MR
N →

Spec (Z) ✐s s♠♦♦t❤✳

✶✷



✷✳✷ ❈♦♠♣❛❝t✐✜❝❛t✐♦♥s

✷✳✷✳✶ ❚♦r✉s ❡♠❜❡❞❞✐♥❣s

❋✐① ❢♦r t❤✐s s❡❝t✐♦♥ ❛ ❜❛s❡ s❝❤❡♠❡ S✳ ❖♥❡ ❝❛♥ s✉♣♣♦s❡ S = Spec (Z)✱ s✐♥❝❡ t❤✐s ✐s t❤❡ ❝❛s❡ ✐♥ ✇❤✐❝❤
✇❡✬❧❧ ❛♣♣❧② t❤❡ ❝♦♥str✉❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✶✼✳ ▲❡t G ❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ S✲❣r♦✉♣ s❝❤❡♠❡✳ ❆♥ ❛❝t✐♦♥ ♦❢ G ♦♥ ❛♥ S✲s❝❤❡♠❡ T ✐s
❛ ♠♦r♣❤✐s♠

ρ : G×S T → T

t❤❛t s❛t✐s✜❡s t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r ❛ ❣r♦✉♣ ❛❝t✐♦♥✱ ♦♥❝❡ s✉✐t❛❜❧② ❡①♣r❡ss❡❞ ✐♥ t❡r♠s ♦❢ ❝♦♠♠✉t✲
❛t✐✈❡ ❞✐❛❣r❛♠s✳

■♥ ♣❛rt✐❝✉❧❛r t❤❡ ❣r♦✉♣ ♠✉❧t✐♣❧✐❝❛t✐♦♥ G ×S G → G ❣✐✈❡s ❛♥ ❛❝t✐♦♥ ♦❢ G ♦♥ ✐ts❡❧❢✱ ❝❛❧❧❡❞ t❤❡
tr❛♥s❧❛t✐♦♥ ❛❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✷✳✶✽✳ ❆ t♦r✉s ❡♠❜❡❞❞✐♥❣ ♦✈❡r S ✐s ❛ T ✲❡q✉✐✈❛r✐❛♥t ♦♣❡♥ ✐♠♠❡rs✐♦♥ T →֒ Z ♦✈❡r S✱
✇❤❡r❡

❼ T ✐s ❛ s♣❧✐t t♦r✉s ♦✈❡r S✱ ✐✳❡✳ ✐s♦♠♦r♣❤✐❝ t♦ Gn
m|S ❢♦r s♦♠❡ n❀

❼ Z → S ✐s ❛ s❡♣❛r❛t❡❞ S✲s❝❤❡♠❡ ✇✐t❤ ❛♥ ❛❝t✐♦♥ ♦❢ T ❀

s✉❜❥❡❝t t♦ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s✿

✶✳ t❤❡ T ✲❛❝t✐♦♥ ♦♥ Z ❡①t❡♥❞s t❤❡ tr❛♥s❧❛t✐♦♥ ❛❝t✐♦♥ ♦❢ T ♦♥ ✐ts❡❧❢ ✈✐❛ t❤❡ ♦♣❡♥ ❡♠❜❡❞❞✐♥❣ ❛❜♦✈❡❀

✷✳ ❢♦r ❡✈❡r② ♣♦✐♥t s ∈ S✱ t❤❡ ✐♠❛❣❡ ♦❢ Ts ✐♥ Zs ✐s ❞❡♥s❡ ✭❛♥❞ ♦♣❡♥✮✳

❲❡ ❝❛♥ ❞❡✜♥❡ ♠♦r♣❤✐s♠s ❜❡t✇❡❡♥ t♦r✉s ❡♠❜❡❞❞✐♥❣s ♦✈❡r S ✐♥ t❤❡ ♦❜✈✐♦✉s ✇❛② ❛♥❞ ❤❡♥❝❡ ❡♥❞ ✉♣
✇✐t❤ ❛ ❝❛t❡❣♦r② TE/S ✳

▲❡t M ❜❡ ❛♥ ♦r✐❡♥t❡❞ OL✲♠♦❞✉❧❡✿ r❡❝❛❧❧ t❤❛t ✐t ✐s ❛ ❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ♦❢ r❛♥❦ g ❛♥❞ ❧❡t M∨

❜❡ t❤❡ Z✲❧✐♥❡❛r ❞✉❛❧ HomZ (M,Z)✳ ❚❤❡ ♦r✐❡♥t❛t✐♦♥ ♦♥ M ✐♥❞✉❝❡s ❛♥ ♦r✐❡♥t❛t✐♦♥ ♦♥ M∨ ❣✐✈❡♥ ❜②
t❤❡ ♦r✐❡♥t❛t✐♦♥ ♣r❡s❡r✈✐♥❣ R✲❧✐♥❡❛r ♠❛♣s MR → R✳

❉❡✜♥✐t✐♦♥ ✷✳✶✾✳ ▲❡t M ❜❡ ❛ ❢r❡❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛❜❡❧✐❛♥ ❣r♦✉♣✳ ❆ r❛t✐♦♥❛❧ ♣♦❧②❤❡❞r❛❧ ❝♦♥❡
✭r✳♣✳❝✳✮ ✐♥ MR = M ⊗Z R ✐s ❛ s✉❜s❡t ♦❢ t❤❡ ❢♦r♠

σ = R>0m1 + · · ·+ R>0mt mi ∈M ⊆M ⊗Z R.

❆ ❢❛❝❡ ♦❢ σ ✐s ❛ s✉❜s❡t σ ∩H ✇❤❡r❡ H ✐s ❛♥ ❤②♣❡r♣❧❛♥❡ ✐♥ MR ✇❤✐❝❤ ❤❛s ❡♠♣t② ✐♥t❡rs❡❝t✐♦♥ ✇✐t❤
σ✳ ❲❡ s❛② t❤❛t σ ✐s s♠♦♦t❤ ✐❢ s✉❝❤ mi✬s ❝❛♥ ❜❡ t❛❦❡♥ t♦ ❜❡ ♣❛rt ♦❢ ❛ Z✲❜❛s✐s ♦❢ M ✳ ❲❡ ❞❡✜♥❡ t❤❡
❞✉❛❧ ❝♦♥❡ ❛s

σ∨ = {f ∈M∨
R | f (m) ≥ 0 ∀m ∈ σ} .

❆♥ r✳♣✳❝✳ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ MR ✐s ❛ ♠✉t✉❛❧❧② ❞✐s❥♦✐♥t ❝♦❧❧❡❝t✐♦♥ C = {σα}α ♦❢ r✳♣✳❝✳✬s ✐♥ MR s✉❝❤
t❤❛t ❛♥② ❢❛❝❡ ♦❢ σα ✐s ✐♥ C✳ ❚❤❡ r✳♣✳❝✳ ❞❡❝♦♠♣♦s✐t✐♦♥ C = {σα}α ✐s s❛✐❞ t♦ ❜❡ ❣❡♥❡r❛t❡❞ ❜② σ ✐❢ ✐t
✐s ❣✐✈❡♥ ❜② σ ❛♥❞ ❛❧❧ ✐ts ❢❛❝❡s✳

▲❡♠♠❛ ✷✳✷✵✳ ▲❡t M ❜❡ ❛♥ ♦r✐❡♥t❡❞ OL✲♠♦❞✉❧❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛ s♠♦♦t❤ r✳♣✳❝✳ ❞❡❝♦♠♣♦s✐t✐♦♥
C = {σα}α ♦❢ (M∨

R )
+ ∪ {0} s✉❝❤ t❤❛t

✶✸



✶✳ C ✐s ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ U2
N ✱ ✇❤❡r❡

UN = ker

(
O×

L →

(
OL

NOL

)×
)

❛♥❞ s✉❝❤ ❛❝t✐♦♥ ✐s ❢r❡❡❀

✷✳ t❤❡ s❡t C/U2
N ✐s ✜♥✐t❡✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❘❛♣✱ ▲❡♠♠❡ ✹✳✷✱ ♣❛❣✳ ✹✺❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✶✳ ▲❡t M ❜❡ ❛♥ ♦r✐❡♥t❡❞ OL✲♠♦❞✉❧❡ ❛♥❞ ❧❡t C = {σα}α ❜❡ t❤❡ r✳♣✳❝✳ ❞❡❝♦♠♣♦s✐t✐♦♥
❣❡♥❡r❛t❡❞ ❜② σ✐♥ M ⊗Z R✳ ❙❡t

T = M∨ ⊗Z Gm|S = SpecS (OS [M∨])

Zσ = SpecS (OS [M∨ ∩ σ∨]) ,

t❤❡♥

✶✳ T ✐s ❛ g✲❞✐♠❡♥s✐♦♥❛❧ s♣❧✐t t♦r✉s ♦✈❡r S❀

✷✳ t❤❡ ♠❛♣ T → Z ✐s ❛ t♦r✉s ❡♠❜❡❞❞✐♥❣✱ ❝❛❧❧❡❞ t❤❡ t♦r✉s ❡♠❜❡❞✐♥❣ ❛ss♦❝✐❛t❡❞ ✇✐t❤ σ✳

▼♦r❡♦✈❡r✱ ✐❢ τ ✐s ❛ ❢❛❝❡ ♦❢ σ✱ t❤❡♥ Zτ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ ❛♥ ♦♣❡♥ s✉❜s❝❤❡♠❡ ♦❢ Zσ ❛♥❞
❤❡♥❝❡✱ ✐❢ D = {ςβ} ✐s ❛♥② r✳♣✳❝✳ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥ MR✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛ t♦r✉s ❡♠❜❡❞❞✐♥❣ T → Z (D)
✇❤❡r❡ Z (D) ✐s t❤❡ S✲s❝❤❡♠❡ ♦❜t❛✐♥❡❞ ❜② ♣❛t❝❤✐♥❣ t❤❡ Zςβ ❛❧♦♥❣ t❤❡ ♦♣❡♥ s✉❜s❝❤❡♠❡s ❝♦rr❡s♣♦♥❞✐♥❣
t♦ t❤❡ ❢❛❝❡s✳

Pr♦♦❢✳ ❚❤✐s ✐s ♣❛rt ♦❢ ❬❋❛❈❤✱ ❚❤❡♦r❡♠ ✷✳✺✱ ♣❛❣✳✶✵✵❪✳

✷✳✷✳✷ ❚♦r♦✐❞❛❧ ❛♥❞ ♠✐♥✐♠❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥s

❋✐① ❛♥ ♦r✐❡♥t❡❞ ✐♥✈❡rt✐❜❧❡ OL✲♠♦❞✉❧❡ c✱ ❧❡t c+ ❞❡♥♦t❡ t❤❡ r❡s✉❧t✐♥❣ t♦t❛❧❧② ♣♦s✐t✐✈❡ ❡❧❡♠❡♥ts✳

❉❡✜♥✐t✐♦♥ ✷✳✷✷✳ ❆ ❝✉s♣ C ♦❢ MN ✐s t❤❡ ❞❛t❛ ♦❢

✶✳ ❛ ♣❛✐r ♦❢ ✐♥✈❡rt✐❜❧❡ OL✲♠♦❞✉❧❡s (aC , bC)❀

✷✳ ❛♥ ✐s♦♠♦r♣❤✐s♠ βC : b−1
C aC → c❀

✸✳ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ OL/N ✲♠♦❞✉❧❡s

EC : 0→ D−1
L a−1

C ⊗Z µN → HC →
N−1bC

bC
→ 0;

✹✳ ❛♥ ✐♥❥❡❝t✐✈❡ Z✲❧✐♥❡❛r ♠❛♣
γC : D−1

L ⊗Z µN → HC .

❍❡r❡ µN = µN (C)✳ ❚❤❡r❡ ✐s ❛♥ ♦❜✈✐♦✉s ♥♦t✐♦♥ ♦❢ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t✇♦ s✉❝❤ s❡ts ✭✐s♦♠♦r♣❤✐s♠s
♦❢ ♦r❞❡r❡❞ ♣❛✐rs r❡s♣❡❝t✐♥❣ t❤❡ ❛❞❞✐t✐♦♥❛❧ ❞❛t❛✮ ❛♥❞ ✇❡ ✐❞❡♥t✐❢② t✇♦ ❝✉s♣s ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞ ✉♥❞❡r
✐s♦♠♦r♣❤✐s♠✳

✶✹



▲❡♠♠❛ ✷✳✷✸✳ ▲❡t M ❜❡ ❛♥ ✐♥✈❡rt✐❜❧❡ OL✲♠♦❞✉❧❡✱ t❤❡♥ t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

HomZ (M,Z) ≃ HomOL

(
M,D−1

L

)
.

■♥ ♣❛rt✐❝✉❧❛r✱ ✐❢ C ✐s ❛ ❝✉s♣ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✷✷ ❛♥❞ M = aCbC ✱ ✇❡ ❤❛✈❡

M∨ := HomZ (M,Z) ≃ ca−2
C D

−1
L .

❋✐① ♥♦✇ ❛ ❝✉s♣ C ❛♥❞ ❧❡t M = aCbC ✳ ❙❡t

R0
N = Z

[
N−1 ·M

]
=

Z
[
(Xm)m∈N−1·M

]

IN−1·M

✇❤❡r❡ IN−1·M ✐s t❤❡ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② X0 − 1 ❛♥❞

{
Xm ·Xn −Xm+n | m,n ∈ N−1 ·M

}
,

❛♥❞ S0
N = Spec

(
R0

N

)
✳ ❚❤✐s ✐s t❤❡ s♣❧✐t Z✲t♦r✉s ❤❛✈✐♥❣ N−1 ·M ❛s ❣r♦✉♣ ♦❢ ❝❤❛r❛❝t❡rs✳ ❋✐① ♥♦✇ ❛

s♠♦♦t❤ r✳♣✳❝✳ ❞❡❝♦♠♣♦s✐t✐♦♥ σ = {σα}α ♦❢ (M∨
R )

+ ∪ {0} ❛s ✐♥ ▲❡♠♠❛ ✷✳✷✵✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥

✷✳✷✶ ✇❡ ❣❡t ❛ t♦r✉s ❡♠❜❡❞❞✐♥❣ S0
N →֒ SN (σ) ❝♦rr❡s♣♦♥❞✐♥❣ t♦ s✉❝❤ ❞❡❝♦♠♣♦s✐t✐♦♥✳ ▲❡t ŜN (σ) ❜❡

t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ SN (σ) ❛❧♦♥❣ t❤❡ ✭r❡❞✉❝❡❞✮ ❝❧♦s❡❞ s✉❜s❝❤❡♠❡ S∞
N = SN (σ) \S0

N ✳ ❉❡♥♦t❡ ✇✐t❤
S∧
σα

= Spf (Rσα
) t❤❡ ✐♥❞✉❝❡❞ ❢♦r♠❛❧ ❛✣♥❡ ❝♦✈❡r✐♥❣ ❛♥❞ Sσα

= Spec (Rσα
)✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ U2

N ♦♥ σ

✐♥❞✉❝❡s ❛♥ ❛❝t✐♦♥ ♦♥ ŜN (σ)✳ ❙✐♥❝❡ t❤❡ ❛❝t✐♦♥ ✐s ❢r❡❡✱ t❤❡ r❡s✉❧t✐♥❣ ♠❛♣

ŜN (σ)→
ŜN (σ)

U2
N

✐s ❢♦r♠❛❧❧② ét❛❧❡ ❛♥❞ t❤❡ ✜♥✐t❡♥❡ss ♦❢ σ/U2
N ❡♥s✉r❡s t❤❛t t❤❡ s✉♣♣♦rt ♦❢ ŜN (σ) /U2

N ✐s ♦❢ ✜♥✐t❡ t②♣❡
♦✈❡r Z ❬❘❛♣✱ ▲❡♠♠❡ ✹✳✺✱ ♣❛❣✳ ✹✼❪ ❛♥❞ s✐♥❝❡ σ ✐s s♠♦♦t❤ ♦♥❡ s❡❡s t❤❛t Rσα

✐s ❢♦r♠❛❧❧② s♠♦♦t❤ ♦✈❡r
Z ❬❘❛♣✱ ❈♦r♦❧❧❛✐r❡ ✺✳✸✱ ♣❛❣✳ ✻✾❪✳

❲❡ ❤❛✈❡ ❛ ❝❛♥♦♥✐❝❛❧ ✇❛② t♦ ❝♦♥str✉❝t ❛ s❡♠✐✲❛❜❡❧✐❛♥ s❝❤❡♠❡ ♦✈❡r Spec (Rσα
) ❢r♦♠ t❤❡s❡ ❞❛t❛✿

✇❡ ❤❛✈❡ ❛ Z✲❧✐♥❡❛r ♠❛♣

M → R×
σα

= Gm (Spec (Rσα
))

m 7→ Xm

✇❤✐❝❤✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✷✳✷✸ ❣✐✈❡s ❛♥ OL✲❧✐♥❡❛r ♠❛♣ M → Gm ⊗D
−1
L ❛♥❞ ❤❡♥❝❡

qσα
: bC → Gm ⊗D

−1
L a−1

C .

◆♦t❡ ❛❣❛✐♥ t❤❛t Gm ⊗D
−1
L a−1

C ✐s t❤❡ s♣❧✐t t♦r✉s ♦✈❡r Spec (Rσα
) ❤❛✈✐♥❣ D−1

L a−1
C ❛s ❣r♦✉♣ ♦❢ ❝❤❛r✲

❛❝t❡rs✳ ■♥ ❬▼✉♠❪ t❤❡ q✉♦t✐❡♥t s❡♠✐✲❛❜❡❧✐❛♥ s❝❤❡♠❡

Tateσα

C =
Gm ⊗D

−1
L a−1

C

qσα
(bC)

✐s ❝♦♥str✉❝t❡❞✳ ◆♦t❡ t❤❛t ✐t ❝♦♠❡s ✇✐t❤ ❛ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦❢ OL✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❡ ❢♦❧❧♦✇✐♥❣

✶✺



Pr♦♣♦s✐t✐♦♥ ✷✳✷✹✳ ▲❡t R0
σα

❜❡ t❤❡ q✉♦t✐❡♥t ♦❢ Rσα
❜② ✐ts t♦♣♦❧♦❣✐❝❛❧❧② ♥✐❧♣♦t❡♥t ❡❧❡♠❡♥ts✱ t❤❡♥

Tateσα

C ⊗Rσα
R0

σα
✐s ❛♥ RM✲s❝❤❡♠❡ t❤❛t s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❘✮ ❛♥❞ t❤❛t ❝♦♠❡s ✇✐t❤ ❛ ♥❛t✉r❛❧

c✲♣♦❧❛r✐s❛t✐♦♥✳ ▼♦r❡♦✈❡r t❤❡r❡ ✐s ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ ✜♥✐t❡ ✢❛t ❣r♦✉♣ s❝❤❡♠❡s ♦✈❡r Spec
(
R0

σα

)

0→ D−1
L a−1

C ⊗ µN → Tateσα

C [N ]→
N−1bC

bC
→ 0.

■♥ ♣❛rt✐❝✉❧❛r✱ t❤r♦✉❣❤ γC ✱ ❡✈❡r② ❝❤♦✐❝❡ ♦❢ ❛♥ ✐s♦♠♦r♣❤✐s♠ OL/NOL ≃ N−1a−1
C /a−1

C ❣✐✈❡s ❛ µN ✲
❧❡✈❡❧ str✉❝t✉r❡ ♦♥ Tateσα

C ⊗Rσα
R0

σα
✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❘❛♣✱ ❙❡❝t✐♦♥ ✹❪✳ ❙❡❡ ❛❧s♦ ❬❑❛t✱ ❈❤❛♣t❡r ✶❪✳

❆s ✇❡ ❞✐❞ ❜❡❢♦r❡✱ ✇❡ s❡t

❚❤❡♦r❡♠ ✷✳✷✺✳ ❲✐t❤ ♥♦t❛t✐♦♥s ❛s ❛❜♦✈❡✱ ❢♦r ❡✈❡r② ❝✉s♣ C ♦❢ MN ❧❡t σC =
{
σC
α

}
α
❜❡ ❛ s♠♦♦t❤

r✳♣✳❝✳ ❞❡❝♦♠♣♦s✐t✐♦♥ ♦❢
(
(aCbC)

∨
R

)+
∪ {0} ❛s ✐♥ ▲❡♠♠❛ ✷✳✷✵ s✉❝❤ t❤❛t t❤❡ ❛ss✐❣♥♠❡♥t C 7→ σC ✐s

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ ✐s♦♠♦r♣❤✐s♠ ♦❢ ❝✉s♣s✱ t❤❡♥

✶✳ ❢♦r ❡✈❡r② ❝✉s♣ C t❤❡ ❛❜♦✈❡ ❝♦♥str✉❝t✐♦♥ ❣✐✈❡s ❛ ♠♦r♣❤✐s♠

θσC :
∐

α

(
Spec

(
R0

σα

)
⊗Z Z

[
ξN ,

1

N

])
→MN ⊗Z Z

[
ξN ,

1

N

]
;

✷✳ t❤❡r❡ ❡①✐sts ❛ ♣r♦♣❡r ❛♥❞ s♠♦♦t❤ s❝❤❡♠❡

Mtor
N

((
σC
)
C

)
→ Spec

(
Z

[
1

N

])

❣♦tt❡♥ ❜② ✏❛tt❛❝❤✐♥❣✑ t❤❡ s❝❤❡♠❡s TateC t♦ MN ⊗Z Z
[
ξN , 1

N

]
✈✐❛ t❤❡ ♠❛♣s θσC ❛♥❞ t❤❡♥

❞❡s❝❡♥❞✐♥❣ ❢r♦♠ Z [ξN , 1/N ] t♦ Z [1/N ]❀

✸✳ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ ✐♠♠❡rs✐♦♥

j : MN ⊗Z Z [1/N ]→Mtor
N

((
σC
)
C

)

❛♥❞ ❛ s❡♠✐✲❛❜❡❧✐❛♥ s❝❤❡♠❡ Ator
N →Mtor

N

((
σC
)
C

)
✇✐t❤ OL✲❛❝t✐♦♥ s✉❝❤ t❤❛t

✭❛✮ t❤❡ ❜♦✉♥❞❛r② Mtor
N

((
σC
)
C

)
\j (MN ⊗Z Z [1/N ]) ✐s ❛ r❡❧❛t✐✈❡ ❞✐✈✐s♦r ✇✐t❤ ♥♦r♠❛❧ ❝r♦ss✲

✐♥❣s❀

✭❜✮ t❤❡ ♣✉❧❧❜❛❝❦ ♦❢ Ator
N ✈✐❛ j ✐s t❤❡ ✉♥✐✈❡rs❛❧ ❢❛♠✐❧② AN ⊗Z Z [1/N ]→MN ⊗Z Z [1/N ]❀

✭❝✮ t❤❡r❡ ❡①✐sts ❛♥ ✐s♦♠♦r♣❤✐s♠

ϕ :
∐

❝❧❛ss❡s ♦❢ ❝✉s♣s C

(
ŜN

(
σC
)

U2
N

⊗Z Z [1/N ]

)
→Mtor

N

((
σC
)
C

)∧

✇❤❡r❡ Mtor
N

((
σC
)
C

)∧
✐s t❤❡ ❢♦r♠❛❧ ❝♦♠♣❧❡t✐♦♥ ♦❢ MN ⊗Z Z [1/N ] ❛❧♦♥❣ ✐ts ❜♦✉♥❞❛r ❛♥❞

ϕ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ θσC ✬s✳

✶✻



Pr♦♦❢✳ ❚❤❡ ✜rst ♣❛rt ✐s ❝❧❡❛r ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✹ ❛♥❞ t❤❡ r❡st ❢♦❧❧♦✇s ✈❡r❜❛t✐♠ ❛s ✐♥ ❬❘❛♣✱
❚❤é♦rè♠❡ ✺✳✶✱ ♣❛❣✳ ✻✺❪✱ ❬❘❛♣✱ Pr♦♣♦s✐t✐♦♥ ✺✳✷✱ ♣❛❣✳ ✻✽❪ ❛♥❞ ❬❘❛♣✱ ❈♦r♦❧❧❛✐r❡ ✺✳✸✱ ♣❛❣✳ ✻✾❪ ♦✈❡r
Z [ξN , 1/N ]✳ ❚❤❡ ❞❡s❝❡♥t ❢r♦♠ Z [ξN , 1/N ] t♦ Z [1/N ] ✐s ❞❡s❝r✐❜❡❞ ✐♥ ❬❑✐❋▲✱ ✶✳✻✳✻✱ ♣❛❣✳ ✼✹✷❪✳ ❙❡❡
❛❧s♦ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❬❉❡P❛❪ ❛♥❞ ❬❑✐❋▲✱ ✶✳✼✳✶✱ ♣❛❣✳ ✼✹✸❪✳

❉❡✜♥✐t✐♦♥ ✷✳✷✻✳ ❲❡ ❝❛❧❧ t❤❡ ♠♦r♣❤✐s♠ Mtor
N → Spec (Z [1/N ])✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ ✉♥✐✈❡rs❛❧ s❡♠✐✲

❛❜❡❧✐❛♥ ❢❛♠✐❧② Ator
N →Mtor

N ❛ t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ AN →MN ✭♥♦t❡ t❤❛t ✐t ❞♦❡s ❞❡♣❡♥❞ ♦♥
t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❢❛♠✐❧②

(
σC
)
C
✱ ❡✈❡♥ ✐❢ ✇❡ ❞♦ ♥♦t ♠❛❦❡ ✐t ❛♣♣❡❛r❡♥t t❤r♦✉❣❤ t❤❡ ♥♦t❛t✐♦♥s✮✳ ■❢ etor

✐s t❤❡ ✉♥✐t s❡❝t✐♦♥✱ ✇❡ ❧❡t
ω
Mtor

N
=
(
etor
)∗

Ω1
Ator

N
/Mtor

N
.

❘❡♠❛r❦ ✷✳✷✼✳ ❚❤❡ s❤❡❛❢ ω
Mtor

N
✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ OMtor

N
✲♠♦❞✉❧❡ ♦❢ r❛♥❦ g ❛♥❞ ✇❡ ❝❛♥ r❡❝♦✈❡r t❤❡

❘❛♣♦♣♦rt ❧♦❝✉s ❛s t❤❡ ♦♣❡♥ s✉❜s❡t ♦✈❡r ✇❤✐❝❤ ✐t ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ OL ⊗Z OMtor
N
✲♠♦❞✉❧❡✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✽✳ ▲❡t G → S ❜❡ ❛ s❡♠✐✲st❛❜❧❡ ❝♦♠♠✉t❛t✐✈❡ ❣r♦✉♣ s❝❤❡♠❡ ✇❤✐❝❤ ✐s ❛❜❡❧✐❛♥ ♦✈❡r
❛♥ ♦♣❡♥ ❞❡♥s❡ s✉❜s❡t ♦❢ S ❛♥❞ ✇✐t❤ S ♥♦r♠❛❧✱ ❡①❝❡❧❧❡♥t ❛♥❞ ♥♦❡t❤❡r✐❛♥✳ ▲❡t e ❞❡♥♦t❡ ✐ts ✉♥✐t s❡❝t✐♦♥

❛♥❞ ω = det
(
e∗Ω1

G/S

)
✱ t❤❡♥ t❤❡r❡ ❡①✐sts m s✉❝❤ t❤❛t ω⊗m ✐s ❣❡♥❡r❛t❡❞ ❜② ❣❧♦❜❛❧ s❡❝t✐♦♥s✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬▼♦❇❛✱ ❚❤❡♦r❡♠ ✷✳✶✱ ♣❛❣✳ ✷✵✽❪✳

Pr♦♣♦s✐t✐♦♥ ✷✳✷✾✳ ❋✐① ❛ s♠♦♦t❤ t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ Mtor
N ♦❢ MN ✱ t❤❡♥ det

(
ω
Mtor

N

)⊗m

✐s

❣❡♥❡r❛t❡❞ ❜② ❣❧♦❜❛❧ s❡❝t✐♦♥s ❢♦r s♦♠❡ m ≥ 1✳

Pr♦♦❢✳ ❚❤❡ s❝❤❡♠❡ Mtor
N ✐s ♣r♦♣❡r ♦✈❡r Spec (Z [1/N ])✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐t✬s ❣✐✈❡♥ ❜② ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞

Z✲❛❧❣❡❜r❛s ❤❡♥❝❡ ✐t ✐s ❡①❝❡❧❧❡♥t ❛♥❞ ♥♦❡t❤❡r✐❛♥✳ ■t ✐s ♥♦r♠❛❧ s✐♥❝❡ ✐t ✐s s♠♦♦t❤ ♦✈❡r ❛ r❡❣✉❧❛r s❝❤❡♠❡✱
❤❡♥❝❡ Mtor

N ✐ts❡❧❢ ✐s r❡❣✉❧❛r✷✳ ❚❤❡ r❡st ✐s ❝❧❡❛r✱ s✐♥❝❡ Ator
N ✐s ❛❜❡❧✐❛♥ ♦♥ MN ❤❡♥❝❡ Pr♦♣♦s✐t✐♦♥ ✷✳✷✽

❛♣♣❧✐❡s✳

◆♦t❡ ✷✳✸✵✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳✷✾ ✇❡ ❤❛✈❡ ❛ ♠♦r♣❤✐s♠ φm : Mtor
N → Pn ✐♥❞✉❝❡❞ ❜② det (ω

Mtor)
⊗m

❛♥❞ ❙t❡✐♥ ❢❛❝t♦r✐s❛t✐♦♥ ❣✐✈❡s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

Mtor
N

φm //

π ""

Pn
Z[1/N ]

Mmin
N

ν

;;

✇❤❡r❡ π ✐s ♣r♦♣❡r ✇✐t❤ ❝♦♥♥❡❝t❡❞ ✜❜r❡s✱ π∗OMtor
N

= OMmin
N

❛♥❞ ν ✐s ✜♥✐t❡✳ ❖♥❡ ❝❛♥ s❤♦✇ t❤❛t

t❤❡r❡ ❡①✐sts ❛ ✈❡r② ❛♠♣❧❡ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ L ♦♥ Mmin
N s✉❝❤ t❤❛t π∗L = det (ω

Mtor)
⊗km

❢♦r s♦♠❡ k✱
✐♥ ♣❛rt✐❝✉❧❛r

Mmin
N = Proj


⊕

k≥0

Γ

(
Mtor

N , det
(
ω
Mtor

N

)⊗km
)


❝❛♥ ❜❡ s❤♦✇♥ t♦ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt✐❡s

✷❚❤✐s ✐s ❝♦♥t❛✐♥❡❞ ✐♥
◗✳▲✐✉✱ ❆❧❣❡❜r❛✐❝ ❣❡♦♠❡tr② ❛♥❞ ❛r✐t❤♠❡t✐❝ ❝✉r✈❡s ✲ ❚❤❡♦r❡♠ ✸✳✸✻✱ ♣❛❣✳ ✶✹✷

✶✼



✶✳ ✐t ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ t❤❡ s♠♦♦t❤ t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ Mtor
N ✉s❡❞ t♦ ❝♦♥str✉❝t ✐t✿ ♠♦r❡

♣r❡❝✐s❡❧② t❤❡ r❡str✐❝t✐♦♥s

Γ

(
Mtor

N , det
(
ω
Mtor

N

)⊗t
)
→ Γ

(
MN , det

(
ω
MN

)⊗t
)

❛r❡ ❜✐❥❡❝t✐✈❡ ✭t❤✐s ✐s ❝❛❧❧❡❞ ❑♦❡❝❤❡r ♣r✐♥❝✐♣❧❡✱ s❡❡ ❬❘❛♣✱ Pr♦♣♦s✐t✐♦♥ ✹✳✾✱ ♣❛❣✳ ✹✾❪✮✳ ❚❤❡ ♣r♦♦❢
♦❢ t❤❡ ♠❡r❡ ✐♥❞❡♣❡♥❞❡♥❝❡ ❢r♦♠ t❤❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐s ❛ ♠♦r❡ ♦r ❧❡ss ❢♦r♠❛❧ ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡
♣r♦♣❡rt✐❡s ♦❢ t❤❡ t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✱ s❡❡ ❬❋❛❈❤✱ ❘❡♠❛r❦ ✶✳✷ ✭❜✮✱ ♣❛❣✳ ✶✸✼❪❀

✷✳ ✐t ✐s ❛ ♣r♦❥❡❝t✐✈❡ ♥♦r♠❛❧ s❝❤❡♠❡ ♦✈❡r Spec ([1/N ]) ❛♥❞ t❤❡ ♠❛♣ π ✐s s✉r❥❡❝t✐✈❡✿ s❡❡ ❬❈❤❛✱ ▼❛✐♥
❚❤❡♦r❡♠ ✭✈✮✱ ♣❛❣✳ ✺✹✾❪❀

✸✳ t❤❡r❡ ❡①✐sts ❛♥ ♦♣❡♥ ❞❡♥s❡ s✉❜s❝❤❡♠❡ M
min,∗
N ⊆Mmin

N s✉❝❤ t❤❛t

✭❛✮ t❤❡ r❡str✐❝t✐♦♥ π|MN
❢❛❝t♦rs t❤r♦✉❣❤ M

min,∗
N ✭s❡❡ ❬❈❤❛✱ ▼❛✐♥ ❚❤❡♦r❡♠ ✭✈✐✮✱ ♣❛❣✳ ✺✹✾❪✮❀

✭❜✮ t❤❡ r❡❞✉❝❡❞ str✉❝t✉r❡ ♦♥ Mmin
N \Mmin,∗

N ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ❝♦♣✐❡s ♦❢
Spec (Z [1/N ]) ♥❛t✉r❛❧② ✐♥ ♦♥❡✲t♦✲♦♥❡ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✇✐t❤ t❤❡ ❝✉s♣s ♦❢MN ✱ ✐♥ ♣❛rt✐❝✉❧❛r
✐t ✐s ✜♥✐t❡ ét❛❧❡ ♦✈❡r Spec (Z [1/N ]) ✭s❡❡ ❬❈❤❛✱ ▼❛✐♥ ❚❤❡♦r❡♠ ✭✈✐✮✱ ♣❛❣✳ ✺✹✾❪ ❛♥❞ ❬❈❤❛✱
▼❛✐♥ ❚❤❡♦r❡♠ ✭✈✐✐✮✱ ♣❛❣✳ ✺✹✾❪✳

❉❡✜♥✐t✐♦♥ ✷✳✸✶✳ ❋♦r ❛♥② t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ Mtor
N ♦❢ MN ✱ ✇❡ ❝❛❧ t❤❡ ♠✐♥✐♠❛❧ ✭♦r ❙❛t❛❦❡✱

♦r ❇❛✐❧❧②✲❇♦r❡❧✲❙❛t❛❦❡✮ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ MN t❤❡ s❝❤❡♠❡ Mmin
N ❛s ✐♥ ◆♦t❡ ✷✳✸✵ t♦❣❡t❤❡r ✇✐t❤ t❤❡

❝❛♥♦♥✐❝❛❧ ♠❛♣ π : Mtor
N →Mmin

N ✳

✸ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥

✸✳✶ ❈♦♥♥❡❝t✐♦♥s

▲❡t X/S ❜❡ ❛ s❝❤❡♠❡ ❛♥❞ F ❜❡ ❛♥ OX ✲♠♦❞✉❧❡✳ ❆♥ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ♦♥ F ✭r❡❧❛t✐✈❡ t♦ S✮ ✐s ❛
♠❛♣ ♦❢ ❛❜❡❧✐❛♥ s❤❡❛✈❡s

∇ : F → F ⊗OX
Ω1

X/S

s✉❝❤ t❤❛t

❼ s❛t✐s✜❡s ▲❡✐❜♥✐③✬ r✉❧❡✿ t❤❛t ✐s ❢♦r ❡✈❡r② ♦♣❡♥ U ⊆ X ✇❡ ❤❛✈❡

∇ (sf) = s∇ (f) + f ⊗OX(U) ds

❢♦r s ∈ OX (U) ❛♥❞ f ∈ F (U)✳ ■♥ ♣❛rt✐❝✉❧❛r ∇ ✐s OS✲❧✐♥❡❛r❀

❼ ✐♥t❡❣r❛❜✐❧✐t② ✿ ❞❡✜♥❡
∇(i+1) : F ⊗OX

Ωi
X/S → F ⊗OX

Ωi+1
X/S

♦✈❡r ❛♥ ♦♣❡♥ U ⊆ X ❜② t❤❡ ❢♦r♠✉❧❛

∇(i+1)
(
f ⊗OX(U) ω

)
= (−1)i∇ (f) ∧ ω + f ⊗OX(U) dω

✇❤❡r❡ ♦❢ ❝♦✉rs❡ ✇❡ ❞❡♥♦t❡ ✇✐t❤ ∇ (f) ∧ ω t❤❡ ✐♠❛❣❡ ♦❢ ∇ (f) ⊗OX(U) ω ✈✐❛ t❤❡ ❡①t❡r✐♦r

♣r♦❞✉❝t ♠❛♣ F ⊗OX
Ω1

X/S ⊗OX
Ωi

X/S → F ⊗OX
Ωi+1

X/S ✳ ❚❤❡♥ ✇❡ s❛② t❤❛t ∇ ✐s ✐♥t❡❣r❛❜❧❡ ✐❢

∇(i+1) ◦ ∇(i) = 0 ❢♦r ❡✈❡r② i✳ ■t ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ s✐♥❣❧❡ ❝♦♥❞✐t✐♦♥ ∇(2) ◦ ∇ = 0✳

✶✽



◆♦t❡ ✸✳✶✳ ●✐✈❡♥ ❛ s❝❤❡♠❡ S ❛♥❞ OS✲♠♦❞✉❧❡s M1, . . . ,Mn ✇✐t❤ ❝♦♥♥❡❝t✐♦♥s ∇i r❡❧❛t✐✈❡ t♦ s♦♠❡
✜①❡❞ ♠♦r♣❤✐s♠ S → T ✱ ❞❡✜♥❡

∇1 ⊗OS
. . .⊗OS

∇n =

n∑

i=1

M1 ⊗OS
. . .⊗OS

∇i ⊗OS
. . .⊗OS

Mn

❛♥❞✱ ✇✐t❤ ❛ s❧✐❣❤t ❛❜✉s❡ ♦❢ ♥♦t❛t✐♦♥✱ ❝♦♥s✐❞❡r ✐t ❛s ❛ ♠❛♣

M1 ⊗OS
. . .⊗OS

Mn →M1 ⊗OS
. . .⊗OS

Mn ⊗OS
Ω1

S/T .

▲❡♠♠❛ ✸✳✷✳ ▲❡t M1, . . . ,Mn ❜❡ OS✲♠♦❞✉❧❡s ✇✐t❤ ❝♦♥♥❡❝t✐♦♥s ∇1, . . . , ,∇n r❡❧❛t✐✈❡ t♦ T ✳ ■❢ ❛❧❧ t❤❡
∇i ❛r❡ ✐♥t❡❣r❛❜❧❡✱ t❤❡♥ ❛❧s♦ ∇1 ⊗ . . .⊗∇n ✐s✳

Pr♦♦❢✳ ■t s✉✣❝❡s t♦ s❡❡ ✐t ❢♦r n = 2✱ s♦ ❝♦♥s✐❞❡r t✇♦ OS✲♠♦❞✉❧❡s M,N ✇✐t❤ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥s
∇M ,∇N ✳ ❲r✐t❡

∇M (m) =
∑

mi ⊗ ωi

∇N (n) =
∑

ni ⊗ νi,

✇❤❡r❡ ✇❡ ♥♦t❡ t❤❛t ✇❡ ❝❛♥ t❛❦❡ t❤❡ s❛♠❡ s❡t ♦❢ ✐♥❞✐❝❡s ✐♥ ❜♦t❤ s✉♠♠❛t✐♦♥s✳ ■♥t❡❣r❛❜✐❧✐t② r❡❛❞s

(∇M · ∇M ) (m) =
∑

[∇M (mi)⊗ ωi −mi ⊗ dωi] = 0

❛♥❞ t❤❡ s❛♠❡ ❢♦r ∇N ✳ ❲❡ ❝♦♠♣✉t❡

[(∇M ⊗∇N ) · (∇M ⊗∇N )] (m⊗ n) = (∇M ⊗∇N )
(∑

mi ⊗ n⊗ ωi +m⊗ ni ⊗ νi

)

=
∑

((∇M ⊗∇N ) (mi ⊗ n)⊗ ωi −mi ⊗ n⊗ dωi

+(∇M ⊗∇N ) (m⊗ ni)⊗ νi −m⊗ ni ⊗ dνi)

=
∑

(∇M (mi)⊗ n⊗ ωi +mi ⊗∇N (n)⊗ ωi

−mi ⊗ n⊗ dωi +∇M (m)⊗ ni ⊗ νi

+m⊗∇N (ni)⊗ νi −m⊗ ni ⊗ dνi)

=
∑

(mi ⊗∇N (n)⊗ ωi +∇M (m)⊗ ni ⊗ νi)

=
∑

(mi ⊗ ni ⊗ νi ∧ ωi +mi ⊗ ni ⊗ ωi ∧ νi)

= 0.

✸✳✷ ●r♦t❤❡♥❞✐❡❝❦ ♦♥ ❝♦♥♥❡❝t✐♦♥s

❍❡r❡ ✇❡ ❜r✐❡✢② r❡✈✐❡✇ ●r♦t❤❡♥❞✐❡❝❦✬s ♣♦✐♥t ♦❢ ✈✐❡✇ ❛❜♦✉t ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥s✳ ❋♦r ♠♦r❡ ❞❡t❛✐❧s
s❡❡ ❬❄✱ ❙❡❝t✐♦♥ ✷❪✳

▲❡t A = AX/S ❜❡ t❤❡ OX ✲❛❧❣❡❜r❛ OX ⊕ Ω1
X/S ✇❤❡r❡ t❤❡ ♣r♦❞✉❝t ✐s ✭❧♦❝❛❧❧②✮ ❣✐✈❡♥ ❜②

(s, ω) · (t, τ) = (st, sτ + tω) .

✶✾



◆♦t❡ t❤❛t Ω1
X/S ⊆ A ✐s ❛ sq✉❛r❡✲③❡r♦ ✐❞❡❛❧✳ ❲❡ ❤❛✈❡ t✇♦ ♦❜✈✐♦✉s r✐♥❣ ♠❛♣s j1, j2 : OX → A ❣✐✈❡♥

❜②
j1 (s) = (s, 0) j2 (s) = (s, ds)

❛♥❞ t❤❡ ♥❛t✉r❛❧ q✉♦t✐❡♥t ∆ : A → OX ✳

❚❤❡♦r❡♠ ✸✳✸✳ ▲❡t F ❜❡ ❛♥ OX✲♠♦❞✉❧❡✱ t❤❡♥ t❤❡ ❞❛t❛ ♦❢ ❛♥ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ∇ ♦♥ F ✭r❡❧❛t✐✈❡
t♦ S✮ ✐s ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❞❛t❛ ♦❢ ❛♥ A✲❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠

ǫ : F ⊗j2 A
∼
→ F ⊗j1 A

s✉❝❤ t❤❛t ǫ ⊗∆ OX = idF ❛♥❞ t❤❛t s❛t✐s✜❡s ❛ s✉✐t❛❜❧❡ ❝♦❝②❝❧❡ ❝♦♥❞✐t✐♦♥ ✭❝♦rr❡s♣♦♥❞✐♥❣ t♦ ✐♥t❡❣r❛✲
❜✐❧✐t②✮✳ ❚❤❡ r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡s❡ t✇♦ ♥♦t✐♦♥s ✐s ❣✐✈❡♥ ❜②

∇ (x) = ǫ (x⊗ (1, 0))− x⊗ (1, 0) ∈ F ⊗OX
Ω1

X/S , ✭✸✳✶✮

✇❤❡r❡ ✇❡ ♠❡❛♥ t❤❡ ✐♠❛❣❡ ✉♥❞❡r t❤❡ ♥❛t✉r❛❧ ♠❛♣ F ⊗j1 A → F ⊗OX
Ω1

X/S✳

✸✳✸ ❚❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥

❲❡ ❜r✐❡✢② r❡❝❛❧❧ ❤♦✇ t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ✐s ❞❡✜♥❡❞ ✐♥ ❛ ❣❡♥❡r❛❧ s❡tt✐♥❣✱ s❡❡ ❬❑❛❖❞❪✳ ▲❡t

X
f
−→ Y → S

❜❡ ♠♦r♣❤✐s♠s ♦❢ s❝❤❡♠❡s ✇✐t❤ f s♠♦♦t❤✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

0→ f∗Ω1
Y/S → Ω1

X/S → Ω1
X/Y → 0

❣✐✈✐♥❣ ❛ ✜❧tr❛t✐♦♥ t♦ t❤❡ ❞❡❘❤❛♠ ❝♦♠♣❧❡① Ω•
X/S

F pΩ•
X/S = Im

(
f∗Ωp

Y/S ⊗OX
Ω•−p

X/S → Ω•
X/S

)
.

▲❡t E•,•
• = E•,•

•

(
Ω•

f

)
❜❡ t❤❡ ❛ss♦❝✐❛t❡❞ s♣❡❝tr❛❧ s❡q✉❡♥❝❡✳

✶✳ ❉❡✜♥❡ t❤❡ ❑♦❞❛✐r❛✲❙♣❡♥❝❡r ♠❛♣ ❛s t❤❡ ❝♦♥♥❡❝t✐♥❣ ♠❛♣

KSf : f∗Ω
1
X/Y → R1f∗f

∗Ω1
Y/S = R1f∗OX ⊗OX

Ω1
Y/S .

✷✳ ❉❡✜♥❡ t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ∇GM ❛s t❤❡ ❜♦✉♥❞❛r② ♠❛♣

d0,q1 : E0,q
1 = Rqf∗Ω

•
X/Y → Ω1

Y/S ⊗Rqf∗Ω
•
X/Y .

❲❡ ❞❡♥♦t❡ t❤❡ ❤②♣❡r❝♦❤♦♠♦❧♦❣②

Hq
dR (X/Y ) = Rqf∗Ω

•
X/Y

❛♥❞ ❝❛❧❧ ✐t t❤❡ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ♦❢ t❤❡ Y ✲s❝❤❡♠❡ X✳

Pr♦♣♦s✐t✐♦♥ ✸✳✹✳ ❚❤❡ ❝♦♥♥❡❝t✐♦♥ ∇GM ✐s ✐♥t❡❣r❛❜❧❡✳

Pr♦♦❢✳ ❙❡❡ ❬❑❛❖❞❪✳

✷✵



✹ ❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s ♦❢ ❝❧❛ss✐❝❛❧ ✇❡✐❣❤t

❚❤✐s s❡❝t✐♦♥ ✐s ❡ss❡♥t✐❛❧❧② t❛❦❡♥ ❢r♦♠ ❬❑❛t❪✳ ▲❡t L ❜❡ ❛ t♦t❛❧❧② r❡❛❧ ♥✉♠❜❡r ✜❡❧❞✱ s❛② ✇✐t❤ [L : Q] =
g > 1 ❛♥❞ ❧❡t p ❜❡ ❛ ♣r✐♠❡ ✇❤✐❝❤ ✐s ✉♥r❛♠✐✜❡❞ ✐♥ L✱ ✇✐t❤ pOL = p1 . . . pd✳

▲❡♠♠❛ ✹✳✶✳ ❚❤❡r❡ ❡①✐st ✜♥✐t❡ ❡①t❡♥s✐♦♥ Qp ⊆ Fi ❢♦r i = 1, . . . , d ❛♥❞ ❛ ♥❛t✉r❛❧ r✐♥❣ ❤♦♠♦♠♦r♣❤✲
✐s♠

OL ⊗Z Zp =

d∏

i=1

OFi
.

▼♦r❡♦✈❡r t❤❡ ❡①t❡♥s✐♦♥s Qp ⊆ Fi ❛r❡ ✜♥✐t❡ ❛♥❞ ✉♥r❛♠✐✜❡❞✱ ❤❡♥❝❡ ●❛❧♦✐s✳ ▲❡t K = F1 . . . Fd ❞❡♥♦t❡
t❤❡ ❝♦♠♣♦s✐t✉♠✱ t❤❡♥ Qp ⊆ K ✐s ❛❧s♦ ✜♥✐t❡ ❛♥❞ ✉♥r❛♠✐✜❡❞✱ ❤❡♥❝❡ ●❛❧♦✐s✳

Pr♦♦❢✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✐s ❝❧❡❛r✱ ✇❤❡r❡ Fi ✐s t❤❡ pi✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ L✳ ❚❤❡ ❢❛❝t t❤❛t Qp ⊆ Fi

❛r❡ ✉♥r❛♠✐✜❡❞ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝❤❛✐♥ ♦❢ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠s

OL ⊗Z Zp

p · OL ⊗Z Zp
=

OL ⊗Z Zp

p1 . . . pd ⊗Z Zp

=
OL ⊗Z Zp∏
pi ⊗Z Zp

=
∏ OL ⊗Z Zp

pi ⊗Z Zp

=
∏ OL

pi
⊗Z Zp

=
∏ OL

pi

❛♥❞ t❤❡ ❢❛❝t t❤❛t Qp ⊆ K ✐s ✉♥r❛♠✐✜❡❞ ❢♦❧❧♦✇s ❢r♦♠ ❬◆❡✉✱ Pr♦♣♦s✐t✐♦♥ ✼✳✷✱ ♣❛❣✳ ✶✺✸❪✳ ❚❤❡ ♥❡①t
✇❡❧❧ ❦♥♦✇♥ ▲❡♠♠❛ s❤♦✇s t❤❛t t❤❡②✬r❡ ❛❧s♦ ●❛❧♦✐s✳

▲❡♠♠❛ ✹✳✷✳ ▲❡t Qp ⊆ K ❜❡ ❛ ✜♥✐t❡ ✉♥r❛♠✐✜❡❞ ❡①t❡♥s✐♦♥✱ t❤❡♥ ✐t ✐s ●❛❧♦✐s✳

Pr♦♦❢✳ P✐❝❦ α s✉❝❤ t❤❛t OK = Zp [α] ✇✐t❤ ✐rr❡❞✉❝✐❜❧❡ ♣♦❧②♥♦♠✐❛❧ f ∈ Zp [X]✳ ❲❡ ❤❛✈❡ FK = Fp (α)
❛♥❞ t❤✐s ✐s ●❛❧♦✐s ✇✐t❤ [FK : Fp] = [K : Qp]✱ s♦ t❤❛t f s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ FK ❛♥❞ ✱ ❜② ❍❡♥s❡❧✬s
▲❡♠♠❛✱ f s♣❧✐ts ❝♦♠♣❧❡t❡❧② ✐♥ K✳

▲❡t N ≥ 4 ❜❡ ❛♥ ✐♥t❡❣❡r ♥♦t ❞✐✈✐s✐❜❧❡ ❜② p ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧ c ✐s ❛❧s♦ ❝♦♣r✐♠❡
✇✐t❤ p✱ t❤❡♥ t❤❡ ❜❛s❡ ❝❤❛♥❣❡ M = MN × Spec (OK)→ Spec (OK) ✐s ❞❡✜♥❡❞ ❛♥❞

OL ⊗Z OM =
∏
OFi
⊗Zp
OM.

❖✈❡r M ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

0→ ω → H1
dR → ω∨ → 0

♦❢ ❧♦❝❛❧❧② ❢r❡❡ OL⊗ZOM✲♠♦❞✉❧❡s✱ ✇❤❡r❡ ω ❛♥❞ ω∨ ❛r❡ ✐♥✈❡rt✐❜❧❡ ✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✷✳✾✳ ❙✐♥❝❡ t❤❡
s❡q✉❡♥❝❡ ❛❜♦✈❡ ✐s OL ⊗Zp

OM✲❧✐♥❡❛r✱ ✐t s♣❧✐ts ❛s ❛ ♣r♦❞✉❝t ♦❢ s❡q✉❡♥❝❡s ♦❢ OFi
⊗Zp
OM✲♠♦❞✉❧❡s

0→ ωi → H1
dR,i → ω∨

i → 0.

❋✐① ♦♥❡ Fi ❛s ❛❜♦✈❡ ❛♥❞ ❧❡t Gi ❜❡ ✐ts ●❛❧♦✐s ❣r♦✉♣✳ ■t ✐s ❝②❝❧✐❝ ♦❢ ♦r❞❡r dimQp
Fi✳

✷✶



▲❡♠♠❛ ✹✳✸✳ ▲❡t R ❜❡ ❛♥ OK✲❛❧❣❡❜r❛ ❛♥❞ M ❜❡ ❛♥ OFi
⊗Zp

R✲♠♦❞✉❧❡✱ ❛♥❞ s❡❡ t❤❡ ❡❧❡♠❡♥ts σ ∈ Gi

❛s ♠❛♣s OFi
⊗Zp

R→ R✳ ❚❤❡♥

✶✳ t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ❞❡❝♦♠♣♦s✐t✐♦♥

M =
⊕

σ∈Gi

M (σ)

✇❤❡r❡
M (σ) = {m ∈M | am = σ (a)m ❢♦r ❡✈❡r② a ∈ OFi

} .

✷✳ ❙✉♣♣♦s❡ M ✐s ✐♥✈❡rt✐❜❧❡✱ t❤❡♥ t❤❡ ❛❜♦✈❡ ❞❡❝♦♠♣♦s✐t✐♦♥ ✐♥❞✉❝❡s

M⊗k =
⊕

σ∈Gi

M
(
σk
)

✇❤❡r❡ t❤❡ ❛❝t✐♦♥ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐✈❡ ♠♦♥♦✐❞ OFi
⊗Zp

R ✐s ❞✐❛❣♦♥❛❧ ♦♥ M⊗k✳ ▼♦r❡♦✈❡r

Symk
RM =

⊕

χ ≥ 0
|χ| = k

M (χ)

✇❤❡r❡✱ ❢♦r χ =
∏

σkσ ✇❡ ❞❡✜♥❡ |χ| =
∑

kσ ❛♥❞ χ ≥ 0 ✐❢ kσ ≥ 0 ❢♦r ❡✈❡r② σ✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❑❛t✱ ▲❡♠♠❛ ✷✳✵✳✽✱ ♣❛❣✳ ✷✷✼❪✳

▲❡t ∇ : H1
dR → H1

dR ⊗OM
Ω1

M/R ❜❡ t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ❛♥❞ D ❜❡ ❛ ❧♦❝❛❧ s❡❝t✐♦♥ ♦❢

TM/R = Der (OM,OM)✱ t❤❡♥ t❛❦✐♥❣ t❤❡ ❝♦♠♣♦s✐t❡ ♠❛♣

ω → H1
dR

∇D−→ H1
dR → ω∨

❞❡✜♥❡s t❤❡ ❑♦❞❛✐r❛✲❙♣❡♥❝❡r ♠♦r♣❤✐s♠

TM/R → HomOFi
⊗OM

(ω, ω∨) = HomOFi
⊗OM

(
ω⊗2,OFi⊗OM

)

✇❤✐❝❤ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✱ ✐♥ ♦t❤❡r t❡r♠s ✐t ❞❡✜♥❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ OM✲♠♦❞✉❧❡s

Ω1
M/R ≃ ω⊗2

✇❤❡r❡ ω⊗2 ♠❡❛♥s t❡♥s♦r ♣r♦❞✉❝t ❛s OFi
⊗OM✲♠♦❞✉❧❡s✳

◆♦t❡ ✹✳✹✳ ▲❡t ∇ : H1
dR → H1

dR ⊗OM
Ω1

M/R ❜❡ t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥✱ t❤❡ OM✲♠♦❞✉❧❡

H1
dR ⊗OM

Ω1
M/R ❤❛s t✇♦ str✉❝t✉r❡s ♦❢ OFi

✲♠♦❞✉❧❡✿ ❛ ❧❡❢t ♦♥❡ ❝♦♠✐♥❣ ❢r♦♠ H1
dR ❛♥❞ ❛ r✐❣❤t ♦♥❡

❝♦♠✐♥❣ ❢r♦♠ Ω1
M/R✱ ✐♥❞✉❝❡❞ ❜② ❑♦❞❛✐r❛✲❙♣❡♥❝❡r ✐s♦♠♦r♣❤✐s♠ ❛❜♦✈❡✳ ❲❡ ✇✐❧❧ ❝♦♥s✐❞❡r t❤❡ r✐❣❤t

♦♥❡✳ ❚❤❡♥ ✇❡ s❡❡ t❤❛t
∇
(
H1

dR,σ

)
⊆ H1

dR ⊗OM
Ω1

M/R,σ

t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ✇r✐t❡ ∇ ❛s ❛ s✉♠ ♦❢ OFi
⊗Zp

OM✲❧✐♥❡❛r ♠❛♣s ∇ =
∑
∇σ ✇❤❡r❡ ∇σ ✐s t❤❡

❝♦♠♣♦s✐t✐♦♥

H1
dR

∇
−→ H1

dR ⊗OM
Ω1

M/R → H1
dR ⊗OM

Ω1
M/R.σ.

✷✷



▼♦r❡ ❣❡♥❡r❛❧❧②✱ ❢♦r k ≥ 1 ❞❡✜♥❡ D̃σ ❛s t❤❡ ❝♦♠♣♦s✐t✐♦♥

Symk
OM

H1
dR

∇
−→ Symk

OM
H1

dR⊗OM
Ω1

M/R ≃
⊕

τ∈Gi

Symk
OM

H1
dR⊗OM

ω
(
τ2
)
→ Symk

OM
H1

dR⊗OM
ω
(
σ2
)
.

■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✹✳✸ ✇❡ ❤❛✈❡ ❛♥ ✐♥❝❧✉s✐♦♥

ω
(
σ2
)
⊆ Sym2

OM
H1

dR.

❋✐♥❛❧❧② ❧❡t
Dσ : Symk

OM
H1

dR → Symk+2
OM

H1
dR

❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ D̃σ ✇✐t❤ t❤❡ ♣r♦❞✉❝t

Symk
OM

H1
dR ⊗OM

Sym2
OM

H1
dR → Symk+2

OM
H1

dR.

▲❡♠♠❛ ✹✳✺✳ ❚❤❡ Dσ✬s ♠✉t✉❛❧❧② ❝♦♠♠✉t❡✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❑❛t✱ ▲❡♠♠❛ ✷✳✶✳✶✹✱ ♣❛❣✳ ✷✷✾❪✳

❈❧❛ss✐❝❛❧ ✇❡✐❣❤ts ▲❡t T = ResOFi
/Zp

Gm✱ ♥❛♠❡❧② t❤❡ s❝❤❡♠❡ r❡♣r❡s❡♥t✐♥❣ t❤❡ ❢✉♥❝t♦r

R→
(
OFi
⊗Zp

R
)×

❢♦r ❛❧❧ OFi
✲❛❧❣❡❜r❛s R✳ ❚❤❡♥ ❢♦r ❡✈❡r② OFi

✲❛❧❣❡❜r❛ R ✇❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ R✲❛❧❣❡❜r❛s

OFi
⊗Zp

R→
∏

σ∈Gi

R ✭✹✳✶✮

a⊗ 1 7→ (σ (a))σ∈Gi

✇❤✐❝❤ ✐♥❞✉❝❡s ❛ s♣❧✐tt✐♥❣ TOFi
≃
∏

σ∈Gi
Gm,OFi

✱ ✐♥ ♣❛rt✐❝✉❧❛r t❤❡ ❝❤❛r❛❝t❡r ❣r♦✉♣ X
(
TOFi

)
✐s ❛

❢r❡❡ ❛❜❡❧✐❛♥ ❣r♦✉♣ ✇✐t❤ ❛ ❜❛s✐s ❣✐✈❡♥ ❜② t❤❡ ♣r♦❥❡❝t✐♦♥s χσ :
∏

σ∈Gi
Gm,OFi

→ Gm,OFi
✳ ❲❡ ✇✐❧❧

✐❞❡♥t✐❢② X
(
TOFi

)
✇✐t❤ ZGi ✈✐❛ l

σ∈Gi

χkσ
σ 7→ (kσ)σ∈Gi

❛♥❞ ❝❛❧❧ ✐ts ❡❧❡♠❡♥ts ❝❧❛ss✐❝❛❧ ✇❡✐❣❤ts✳

▼♦❞✉❧❛r ❢♦r♠s ♦❢ ❝❧❛ss✐❝❛❧ ✇❡✐❣❤ts ▲❡t N ≥ 4 ❜❡ ❛♥ ✐♥t❡❣❡r✱ c ❛ ❢r❛❝t✐♦♥❛❧ ✐❞❡❛❧ ♦❢ L✱ ❜♦t❤
❝♦♣r✐♠❡ ✇✐t❤ p ❛♥❞ At → Mt ❛ ✜①❡❞ t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ❛s ✐♥ ❉❡✜♥✐t✐♦♥ ✷✳✷✻✳ ◆♦t❡ t❤❛t
t❤❡ OMt ⊗Zp

OFi
✲♠♦❞✉❧❡ ω ✐s ✐♥✈❡rt✐❜❧❡✳ ▲❡t R ❜❡ ❛♥ OFi

✲❛❧❣❡❜r❛✳ ❋♦r k = (kσ)σ∈Gi
✇❡ s❡t

ωk =
⊗

σ∈Gi
ω (σ)

kσ ✳

❉❡✜♥✐t✐♦♥ ✹✳✻✳ ▲❡t k ∈ Zg ❜❡ ❛ ❝❧❛ss✐❝❛❧ ✇❡✐❣❤t ❛♥❞ R ❜❡ ❛♥ OFi
✲❛❧❣❡❜r❛✱ ❛ ❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠

♦❢ ✇❡✐❣❤t k ❛♥❞ ❧❡✈❡❧ N ♦✈❡r R ✭r❡❧❛t✐✈❡ t♦ t❤❡ ✐❞❡❛❧ c✮ ✐s ❛♥ ❡❧❡♠❡♥t ♦❢

M (R,k, µN ) = H0
(
Mt ⊗R,ωk

R

)
.

✷✸



❉❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ▲❡t D = Mt\M ❜❡ t❤❡ ❜♦✉♥❞❛r② ♦❢ t❤❡ t♦r♦✐❞❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥✱ t❤❡♥
t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ∇ ❡①t❡♥❞s t♦ ❛♥ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ❧♦❣❛r✐t❤♠✐❝ ♣♦❧❡s

∇ : H1
dR → H1

dR ⊗O
Mt Ω

1
Mt/R 〈D〉

❋♦r k ∈ Z ❛♥❞ Gi ✇❡ s❡t

W k
σ =

{
Symk

O
Mt

H1
dR,σ k ≥ 0

Sym−k
O

Mt
H1,∨

dR,σ k < 0

❛♥❞
Wk =

⊗

σ∈Gi

W kσ
σ .

❲❡ ❡♥❞ ✉♣ ✇✐t❤ ❛ ❞❡ ❘❤❛♠ ❝♦♠♣❧❡①

DR• (k) : 0→Wk →Wk ⊗O
Mt Ω

1
Mt/R 〈D〉 → · · · →Wk ⊗O

Mt Ω
g
Mt/R 〈D〉 → 0.

◆♦t❡ ✹✳✼✳ ●✐✈❡♥ ❛ s❝❤❡♠❡ X ❛♥❞ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ OX ✲♠♦❞✉❧❡s

0→M1 →M →M2 → 0,

❢♦r ❡✈❡r② k ≥ 0 ✇❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

M1 ⊗OX
Symk−1

OX
M → Symk

OX
M → Symk

OX
M2 → 0

t❤❛t s✉❣❣❡sts t❤❡ ❢♦❧❧♦✇✐♥❣ ♥♦♥✲♥❡❣❛t✐✈❡ ✜❧tr❛t✐♦♥ ♦♥ Symk
OX

M ✿ ❢♦r 0 ≤ n ≤ k

FnSymk
OX

M =

{
Im
(⊕k

i=n

(
M⊗i

1 ⊗OX
Symk−i

OX
M
)
→ Symk

OX
M
)

0 ≤ n ≤ k

0 n ≥ k + 1
.

■♥ ✈✐❡✇ ♦❢ ◆♦t❡ ✹✳✼ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧ ✜❧tr❛t✐♦♥ ♦♥ t❤❡ W kσ
σ ✬s ❛♥❞ ❤❡♥❝❡✱ ❢♦r n = (nσ)σ∈Gi

∈ NGi

❛♥❞ k = (kσ)σ∈Gi
∈ ZGi

FnWk =
⊗

σ∈Gi

FnσW kσ
σ .

✺ ❋♦r♠❛❧ OF ✲♠♦❞✉❧❡ ❜✉♥❞❧❡s ✇✐t❤ ♠❛r❦❡❞ s❡❝t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❧❡t Qp ⊆ F ❜❡ ❛ ✜♥✐t❡ ✉♥r❛♠✐✜❡❞ ❛♥❞ G ❜❡ t❤❡ s❡t ♦❢ ❡♠❜❡❞❞✐♥❣s σ : F → F ✳
▲❡t p ❜❡ t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ ♦❢ OF ✳ ▲❡t ♠♦r❡♦✈❡r X→ S = Spf (OF ) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ s❝❤❡♠❡ ✇✐t❤
❛♥ ✐♥✈❡rt✐❜❧❡ ✐❞❡❛❧ ♦❢ ❞❡✜♥✐t✐♦♥ I = αOX ✇❤❡r❡ α ∈ p\ {0} ⊆ OF ✱ s❛② ✇✐t❤ αOF = pn✳ ❲❡ ✇✐❧❧
❞❡♥♦t❡ ✇✐t❤ X t❤❡ r❡❞✉❝t✐♦♥ ♠♦❞✉❧♦ I✳

✺✳✶ ❱❡❝t♦r ❜✉♥❞❧❡s ✇✐t❤ ❡♥❤❛♥❝❡❞ ❧✐♥❡❛r✐t②

▲❡♠♠❛ ✺✳✶✳ ▲❡t E ❜❡ ❛ ❝♦❤❡r❡♥t ❧♦❝❛❧❧② ❢r❡❡ OF ⊗Zp
OX✲♠♦❞✉❧❡✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❛❞♠✐ss✐❜❧❡

♠♦r♣❤✐s♠
π : VOF

(E)→ X

✷✹



r❡♣r❡s❡♥t✐♥❣ t❤❡ ❢✉♥❝t♦r ✐♥ OF ⊗Zp
OX✲♠♦❞✉❧❡s

VOF
(E) : (t : Y/X) 7→ HomOY

(t∗E ,OY) = HomOX
(E , t∗OY) ,

❋♦r Spf (R) ⊆ X ✇❡ ❤❛✈❡

π∗OVOF
(E) (Spf (R)) =

⊗̂

σ∈G

SymR

(
E|R (σ)

)
.

▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

VOF
(E)

π //

((

X

X×Spf(Zp) Spf (OF )

88

Pr♦♦❢✳ ❘❡❝❛❧❧ t❤❛t t❤❡ OF ✲❧✐♥❡❛r str✉❝t✉r❡ ♦♥ HomOX
(E , t∗OY) ✐s ❞❡✜♥❡❞ ❛s

(x · f) (e) = f ((x⊗ 1) e) x ∈ OF , e ∈ E

▲❡t Spf (R) ⊆ X ❜❡ ❛♥ ♦♣❡♥ ❛✣♥❡ ❛♥❞ s✉♣♣♦s❡ E|Spf(R) ❝♦rr❡s♣♦♥❞s t♦ ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ♣r♦❥❡❝t✐✈❡
OF ⊗Zp

R✲♠♦❞✉❧❡ M ✳ ❚❤❡♥ ❢♦r ❡✈❡r② ❛❞♠✐ss✐❜❧❡ R✲❛❧❣❡❜r❛ A

HomA (M ⊗R A,A) =
∏

σ∈G

HomA (M (σ)⊗R A,A) .

❚❤❡ ❢✉♥❝t♦r
Vσ (M) : A 7→ HomA (M (σ)⊗R A,A)

✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ❢♦r♠❛❧ s❝❤❡♠❡ Vσ (M) = Spf
(

̂SymR (M (σ))
)
✭s❡❡ ❢♦r ❡①❛♠♣❧❡ ❬❆■✱ ❙❡❝t✐♦♥ ✷✳✶✱

♣❛❣✳ ✼❪✮✱ t❤❡r❡❢♦r❡

VOF
(M) = Spf

(⊗̂

σ∈G

SymR (M (σ))

)
.

❋✐♥❛❧❧②✱ ❢♦r f = (fσ)σ ∈ HomA (M ⊗R A,A) ❛♥❞ x ∈ OF ✇❡ ❤❛✈❡

x · f = (xσ · fσ)σ = (σ (x) fσ)σ ,

❤❡♥❝❡ t❤❡ OF ⊗Zp
R✲❛❧❣❡❜r❛ str✉❝t✉r❡ ♦♥

⊗̂
σ∈GSymR (M (σ)) ✐s ❣✐✈❡♥ ❜②

OF ⊗Zp
R→

⊗̂

σ∈G

SymR (M (σ))

x⊗ 1 7→
⊗

σ∈G

σ (x)

✷✺



◆♦t❡ ✺✳✷✳ ▲❡t E ❜❡ ❛ ❝♦❤❡r❡♥t ❧♦❝❛❧❧② ❢r❡❡ OF ⊗Zp
OX✲♠♦❞✉❧❡ ❛♥❞ ❝♦♥s✐❞❡r t❤❡ ❢♦r♠❛❧ s❝❤❡♠❡

π : VOF
(E)→ X✳ ❋♦r Spf (R) ⊆ X s✉❝❤ t❤❛t E|Spf(R) ✐s ❢r❡❡✱ s❛② ✇✐t❤ ❛ ❜❛s✐s

{
ei,σ |

i = 1, . . . , n
σ ∈ G

}

✇❡ ❞❡✜♥❡✸

Fhπ∗OVOF
(E) (Spf (R)) =

⊗

σ∈G

R [X1,σ, . . . , Xn,σ]≤h .

❲❡ s❡❡ t❤❛t ♣✐❝❦✐♥❣ ❛♥♦t❤❡r ❜❛s✐s ♦❢ E (σ) ❞♦❡s♥✬t ❛✛❡❝t t❤❡ R✲♠♦❞✉❧❡ R [X1,σ, . . . , Xn,σ]≤h✱ t❤❡r❡✲

❢♦r❡ t❤❡ ♠♦❞✉❧❡s Fhπ∗OVOF
(E) ❞❡✜♥❡ ❛♥ ✐♥❝r❡❛s✐♥❣ ✜❧tr❛t✐♦♥ ♦❢ π∗OVOF

(E)✱ ♠♦r❡♦✈❡r ✇❡ ❤❛✈❡

π∗OVOF
(E) = l̂im

−→
h

Fhπ∗OVOF
(E)

❛♥❞
GrhF •π∗OVOF

(E) =
⊗

σ∈G

R [X1,σ, . . . , Xn,σ]h .

✺✳✷ ▼❛r❦❡❞ s❡❝t✐♦♥s

❉❡✜♥✐t✐♦♥ ✺✳✸✳ ❲✐t❤ s❡tt✐♥❣ ❛♥❞ ♥♦t❛t✐♦♥ ❛s ❛❜♦✈❡✱ ❛♥ MSOF
✲❞❛t✉♠ ✐s ❛ ♣❛✐r (E , s) ✇✐t❤

✶✳ E ❛ ❧♦❝❛❧❧② ❢r❡❡ ❝♦❤❡r❡♥t OF ⊗Zp
OX✲♠♦❞✉❧❡❀

✷✳ s ∈ H0
(
X, E

)
\ {0} ❛ s❡❝t✐♦♥ s✉❝❤ t❤❛t t❤❡ ♠❛♣

s · OF ⊗Zp
OX → E

✐s ✐♥❥❡❝t✐✈❡ ❛♥❞ ❧♦❝❛❧❧② s♣❧✐t❀

✸✳ t❤❡ OF ⊗Zp
OX✲s✉❜♠♦❞✉❧❡F ⊆ E ❣❡♥❡r❛t❡❞ ❜② ❧✐❢ts ♦❢ s✐s ❧♦❝❛❧❧② ❛ ❞✐r❡❝t s✉♠♠❛♥❞✳

❆ ♠♦r♣❤✐s♠ f : (E , s) → (H, t) ♦❢ MSOF
✲❞❛t❛ ✐s ❛♥ OF ⊗Zp

OX✲❧✐♥❡❛r ♠❛♣ f : E → H s✉❝❤ t❤❛t

f (s) = t✳

❚♦ ❛♥ MSOF
✲❞❛t✉♠ (E , s) ✇❡ ❛ss♦❝✐❛t❡ ❛ s❤❡❛❢ ♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❞♠✐ss✐❜❧❡ X✲❢♦r♠❛❧ s❝❤❡♠❡s

❛s
V0 (E , s) : (t : Y/X) 7→

{
f ∈ HomOY

(t∗E ,OY) | (f mod t∗I) (t∗s) ∈ (OF /p
n)

×
}

✇❤❡r❡ (OF /p
n)

×
❞❡♥♦t❡s t❤❡ ❝♦♥st❛♥t s❤❡❛❢ ❛♥❞ ✇✐t❤ (f mod t∗I) (t∗s) ∈ (OF /p

n)
×
✇❡ ♠❡❛♥ t❤❡

❢♦❧❧♦✇✐♥❣✿ ❣✐✈❡♥

f = (fσ)σ ∈ HomOY
(t∗E ,OY) =

∏

σ∈G

HomOY
(t∗E (σ) ,OY)

t❤❡ ❝♦♥❞✐t✐♦♥ ♦♥ f ✐s t❤❛t

fσ (t
∗ (sσ)) ∈ Im

(
σ : (OF /p

n)
× → OY

×
)
.

✸❚❤❡r❡ ♠❛♥② ♦t❤❡r ♣♦ss✐❜✐❧✐t✐❡s ❧❡❛❞✐♥❣ t♦ t❤❡ s❛♠❡ st❛t❡♠❡♥ts✱ ❢♦r ❡①❛♠♣❧❡ ✐❢ k = (kσ)σ ∈ NG s❡t | k |=
∑

ki✱
t❤❡♥ ♦♥❡ ❝♦✉❧❞ ❞❡✜♥❡

Fkπ∗OVOF
(E) (Spf (R)) =

⊗

σ ∈ G
| k |= h

R [X1,σ , . . . , Xn,σ ]≤kσ

❍♦✇❡✈❡r ✇❡ ♣✐❝❦❡❞ t❤❡ ♦♥❡ ✐♥❞❡①❡❞ ❜② ❛ t♦t❛❧❧② ♦r❞❡r❡❞ s❡t✳

✷✻



Pr♦♣♦s✐t✐♦♥ ✺✳✹✳ ❚❤❡ ❢✉♥❝t♦r V0 (E , s) ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛♥ ♦♣❡♥ s✉❜s❡t ♦❢ ❛♥ ❛❞♠✐ss✐❜❧❡ ❜❧♦✇✲✉♣
♦❢ VOF

(E)✳

Pr♦♦❢✳ ▲❡t σ ∈ G ❛♥❞ ❧❡t S ⊆ O×
F ❜❡ ❛ ❢❛✐t❤❢✉❧ s❡t ♦❢ ❧✐❢ts ♦❢ t❤❡ ❡❧❡♠❡♥ts ♦❢ (OF /p

n)
×

❛♥❞ ✜①

u ∈ S✳ ❲❡ ❤❛✈❡ ❛♥ ❡♣✐♠♦r♣❤✐s♠ E (σ)→ Qσ ✇❤❡r❡ Qσ ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ s❤❡❛❢ ❣✐✈❡♥ ❜② ♠♦❞❞✐♥❣ ♦✉t
❜② sσ✳ ▲❡t

ξ : SymO
X

(
E (σ)

)
→ SymO

X
(Qσ)

sσ 7→ σ (u)

❛♥❞ ❧❡t Ju,σ = ker (ξ) =
(
sσ − σ (u)

)
✳ ◆♦t❡ t❤❛t ✇❡ ❤❛✈❡ Ju,σ = Jv,σ ❢♦r u ≡ v mod pn✳ ▲❡t

Ju,σ ⊆ OVσ(E) ❜❡ t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ Ju,σ ❛♥❞ ❞❡✜♥❡ Vu
0,σ (E , s) ❛s t❤❡ ♦♣❡♥ s✉❜s❡t ♦❢ ̂BlJu,σ

Vσ (E)
♦✈❡r ✇❤✐❝❤ Ju,σ ✐s ❣❡♥❡r❛t❡❞ ❜② α ❛♥❞

Vu
0 (E , s) =

∏

σ∈G

Vu
0,σ (E , s) .

❲❡ ❝❧❛✐♠ t❤❛t Vu
0 (E , s) r❡♣r❡s❡♥ts t❤❡ ❢✉♥❝t♦r ♦♥ ❛❞♠✐ss✐❜❧❡ X✲❢♦r♠❛❧ s❝❤❡♠❡s

(t : Y/X) 7→
∏

σ∈G

{
f ∈ Vσ (E) (t : Y/X) | f (sσ) = σ (u) ∈ OY,σ

×
}

❢♦r ❡✈❡r② σ ∈ G✳ ■❢ f ∈ Vσ (E) (t : Y/X) ✇✐t❤ f (sσ) = σ (u) ∈ (OF /p
n)

×
t❤❡♥ ✇❡ ❤❛✈❡ ❛ ❝♦♠♠✉t✲

❛t✐✈❡ ❞✐❛❣r❛♠

Y
Λf //

t
��

Vσ (E)

π
||

X

❛♥❞✱ ✐❢ Spf (R) ⊆ X ❤❛s E (σ)|Spf(R) ❢r❡❡ ✇✐t❤ ❜❛s✐s {e1,σ, . . . , en,σ} ❛♥❞ e1,σ = sσ✱ ♣✐❝❦ Spf (A) ⊆ Y

❛❞♠✐ss✐❜❧❡ ♦✈❡r Spf (R)✳ ❚❤❡♥

Λ#
f : R 〈X1,σ, . . . , Xn,σ〉 → A

✇✐t❤ Λ#
f (X1,σ)− σ (u) ∈ αA✱ t❤❡r❡❢♦r❡ Λ∗

fJu,σ ✐s ❣❡♥❡r❛t❡❞ ❜② α✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ Λ∗
fJu,σ ✐s

❣❡♥❡r❛t❡❞ ❜② α t❤❡♥ Λ#
f (X1,σ)− σ (u) ∈ αA ❤❡♥❝❡ f (sσ) = σ (u)✳

▲❡t Spf (R) ⊆ X ❛♥ ♦♣❡♥ s✉❜s❡t ♦✈❡r ✇❤✐❝❤ E ✐s ❢r❡❡✱ s❛② ✇✐t❤ ❜❛s✐s {e1,σ, . . . , en,σ}σ∈G
✇❤❡r❡

e1,σ = sσ✳ ❚❤❡♥

f∗OVu
0 (E,s)

(Spf (R)) =
⊗̂

σ∈G

R 〈X1,σ,u, . . . , Xn,σ,u, Zσ,u〉

(αZσ −X1,σ + σ (u))

= R 〈Zσ,u, X2,σ,u, . . . , Xn,σ,u |σ ∈ G〉 .

❚❤❡ ❢♦r♠❛❧ s❝❤❡♠❡ r❡♣r❡s❡♥t✐♥❣ V0 (E , s) t❤❡♥ ✐s t❤❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡s Vu
0 (E , s) ✐♥❞❡①

❜② u ∈ S✱ ❛♥❞ ❤❡♥❝❡

f∗OV0(E,s) (Spf (R)) =
∏

u∈S

R 〈Zσ,u, X2,σ,u, . . . , Xn,σ,u |σ ∈ G〉 .

✷✼



❈❛❧❧ f : V0 (E , s)→ X t❤❡ ❝♦♠♣♦s✐t✐♦♥

V0 (E , s)
ξ
−→ VOF

(E)
π
−→ X,

t❤❡♥ t❤❡ ♠❛♣
ξ# : π∗OVOF

(E) → f∗OV0(E,s)

❧♦❝❛❧❧② ❧♦♦❦s ❧✐❦❡

R 〈X1,σ, X2,σ, . . . , Xn,σ |σ ∈ G〉 →
∏

u∈S

R 〈Zσ,u, X2,σ,u, . . . , Xn,σ,u |σ ∈ G〉

Xi,σ 7→

{
(αZσ,u + σ (u))u∈S i = 1

(Xi,σ,u)u∈S i 6= 1

✺✳✸ ❋✐❧tr❛t✐♦♥s ♦♥ t❤❡ s❤❡❛❢ ♦❢ ❢✉♥❝t✐♦♥s

▲❡t F ⊆ E ❜❡ t❤❡ ✐♥✈❡rt✐❜❧❡ ❧♦❝❛❧ ❞✐r❡❝t s✉♠♠❛♥❞ ♦❢ ❧✐❢ts ♦❢ t❤❡ ♠❛r❦❡❞ s❡❝t✐♦♥ s ∈ H0
(
X, E

)
✳ ◆♦t❡

t❤❛t (F , s) ✐s ❛❧s♦ ❛♥ MSOF
✲❞❛t✉♠✳ ❲✐t❤ t❤❡ ❜❛s✐s ✇❡ ♣✐❝❦❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱ ❧♦❝❛❧❧② ✇❡

❤❛✈❡
F|Spf(R) = 〈e1,σ | σ ∈ G〉 .

■♥ t❤✐s ❝❛s❡ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧ ✐♥❝r❡❛s✐♥❣ ✜❧tr❛t✐♦♥ Filhf∗OV0(E,s) ❢♦r h ≥ 0 s✉❝❤ t❤❛t

✶✳ f∗OV0(E,s) = l̂im
−→h

Fhf∗OV0(E,s);

✷✳ GrhF •f∗OV0(E,s) = f∗OV0(F,s) ⊗OX
GrhF •π∗OVOF (

E

F )

✇❤❡r❡ GrhF •π∗OVOF (
E

F )
✐s ❞❡✜♥❡❞ ❛s ✐♥ ◆♦t❡ ✹✳✼✳ ■♥❞❡❡❞ ✐t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢✉♥❝t♦r✐❛❧ ❞❡s❝r✐♣t✐♦♥

t❤❛t
V0 (E , s) = V0 (F , s)×VOF

(F) VOF
(E) ,

t❤❡♥

f∗OV0(E,s) = f∗OV0(F,s)⊗̂π∗OVOF
(F)

π∗OVOF
(E)

= f∗OV0(F,s)⊗̂OX
π∗OVOF (

E

F )
.

❛♥❞ ✇❡ ❛♣♣❧② t❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ ◆♦t❡ ✹✳✼ t♦ π∗OVOF (
E

F )
❛♥❞ ❣❡t

Fhf∗OV0(E,s) = f∗OV0(F,s) ⊗OX
Fhπ∗OVOF (

E

F )

▲♦❝❛❧❧② ✇❡ ❤❛✈❡

Filhf∗OV0(E,s) (Spf (R)) =
∏

u∈S

R 〈Zσ,u | σ ∈ G〉

[
Xi,σ,u

∣∣∣∣
i = 2, . . . , n

σ ∈ G

]

≤h

.

✷✽



✺✳✹ ❈♦♥♥❡❝t✐♦♥s ♦♥ t❤❡ s❤❡❛❢ ♦❢ ❢✉♥❝t✐♦♥s

▲❡t (E , s) ❜❡ ❛♥ MSOF
✲❞❛t✉♠ ❛♥❞ ∇ : E → E⊗̂OX

Ω1
X/S ❜❡ ❛♥ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥✳ ❲❡ s❛② t❤❛t

✐t ✐s ❛♥ MSOF
✲❝♦♥♥❡❝t✐♦♥ ✐❢

❼ ✐t ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ OF ✲str✉❝t✉r❡✱ t❤❛t ✐s

∇ (E (σ)) ⊆ E (σ) ⊗̂OX
Ω1

X/S .

■♥ t❤✐s ❝❛s❡ t❤❡ r❡str✐❝t✐♦♥ ∇σ = ∇|E(σ) ✐s ❛❣❛✐♥ ❛♥ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ❛♥❞

❼ s ✐s ❤♦r✐③♦♥t❛❧ ❢♦r ∇✱ t❤❛t ✐s ∇ (s) = 0✳

■♥ t❤✐s ❝❛s❡ ❢♦r ❡✈❡r② σ ✇❡ ❤❛✈❡ ❛♥ A✲❧✐♥❡❛r ✐s♦♠♦♣r❤✐s♠

ǫσ : E (σ)⊗j2 A → E (σ)⊗j1 A

s✉❝❤ t❤❛t ǫσ (sσ ⊗ 1) = sσ ⊗ 1 ❛♥❞ ǫσ ⊗∆ OX = idE(σ) ♣❧✉s ❛ ❝♦❝②❝❧❡ ❝♦♥❞✐t✐♦♥ tr❛♥s❧❛t✐♥❣ ✐♥t❡❣r❛✲
❜✐❧✐t②✳ ■♥ ♣❛rt✐❝✉❧❛r ǫσ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ♦❢ MSOF

✲❞❛t❛ ♦✈❡r A ❛♥❞ ❜② ❢✉♥❝t♦r✐❛❧✐t② ✇❡ ❤❛✈❡ ❛♥
✐s♦♠♦r♣❤✐s♠ ♦❢ Spf

OX
(A)✲❢♦r♠❛❧ s❝❤❡♠❡s

V0 (E , s)×j2 SpfOX
(A)→ V0 (E , s)×j1 SpfOX

(A)

❣✐✈✐♥❣ ❛♥ ✐s♦♠♦r♣❤✐s♠
f∗OV0(E,s) ⊗OX

A
ǫ0−→ f∗OV0(E,s) ⊗OX

A.

■♥ ✈✐❡✇ ❛❣❛✐♥ ♦❢ ●r♦t❤❡♥❞✐❡❝❦✬s ❢♦r♠❛❧✐s♠ ✇❡ ❤❛✈❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✇❤❡r❡ t❤❡ ✈❡rt✐❝❛❧
❛rr♦✇s ❛r❡ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥s

E //

∇

��

π∗OVOF
(E)

//

∇OF

��

f∗OV0(E,s)

∇0

��
E⊗̂OX

Ω1
X/S

// π∗OVOF
(E)⊗̂OX

Ω1
X/S

// f∗OV0(E,s)⊗̂OX
Ω1

X/S

❚❤✐s ❛❧❧♦✇s t♦ ❣✐✈❡ ❛ ❧♦❝❛❧ ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥s✳ ■❢ Spf (R) ⊆ X ✐s s✉❝❤ t❤❛t E|Spf(R) ✐s
❢r❡❡ ✇✐t❤ R✲❜❛s✐s

{e1,σ, . . . , en,σ | σ ∈ G} ✇✐t❤ e1,σ = sσ,

s✉♣♣♦s❡

∇ (ei,σ) =

{∑
j αr1,j,σej,σ ⊗ ω1,j,σ i = 1∑
j ri,j,σej,σ ⊗ ωi,j,σ otherwise.

,

t❤❡♥

∇OF
(Xi,σ) =

{∑
j αr1,j,σXj,σ ⊗ ω1,j,σ i = 1∑
j ri,j,σXj,σ ⊗ ωi,j,σ otherwise.

❲❡ ❤❛✈❡ ∇0 (αZσ,u) = ∇OF
(X1,σ) s♦ t❤❛t

∇0 (Zσ,u) =
∑

j

r1,j,σXj,σ,u ⊗ ω1,j,σ ❢♦r ❡✈❡r② σ ∈ G✳

❙✉♠♠✐♥❣ ✉♣ ✇❡ ❤❛✈❡✱ ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❧♦❝❛❧ ❞❡s❝r✐♣t✐♦♥s ❛♥❞ ▲❡✐❜♥✐③✬ r✉❧❡

✷✾



Pr♦♣♦s✐t✐♦♥ ✺✳✺✳ ▲❡t (E , s) ❜❡ ❛♥ MSOF
✲❞❛t✉♠ ♦✈❡r X ❛♥❞ ❧❡t ∇ : E → E⊗̂OX

Ω1
X/S ❜❡ ❛♥ ✐♥✲

t❡❣r❛❜❧❡ MSOF
✲❝♦♥♥❡❝t✐♦♥✳ ❚❤❡♥ t❤❡ ❝♦♥♥❡❝t✐♦♥ ∇0 ♦♥ f∗OV0(E,s) ✐s ✐♥t❡❣r❛❜❧❡✱ s❛t✐s✜❡s ●r✐✣t❤✬s

tr❛♥s✈❡rs❛❧✐t②✱ t❤❛t ✐s

∇0

(
Filhf∗OV0(E,s)

)
⊆ Filh+1f∗OV0(E,s)⊗̂OX

Ω1
X/S

❛♥❞ t❤❡ ✐♥❞✉❝❡❞ ♠❛♣

Grh (∇0) : Grh
(
f∗OV0(E,s)

)
→ Grh+1

(
f∗OV0(E,s)

)
⊗̂OX

Ω1
X/S

✐s OX✲❧✐♥❡❛r✳

✻ ❚❤❡ ✇❡✐❣❤t s♣❛❝❡

❚❤✐s ❝❤❛♣t❡r ✐s ❡ss❡♥t✐❛❧❧② ❜♦rr♦✇❡❞ ❢r♦♠ ❬❆■P✶✱ ❙❡❝t✐♦♥ ✷❪✳

✻✳✶ ❚❤❡ ■✇❛s❛✇❛ ❛❧❣❡❜r❛

▲❡t T = ResOL/ZGm✱ t❤❛t ✐s T (R) = (R⊗Z OL)
×
❢♦r ❡✈❡r② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ R✳

❉❡✜♥✐t✐♦♥ ✻✳✶✳ ❉❡♥♦t❡ ✇✐t❤ Λ = ΛL t❤❡ ❝♦♠♣❧❡t❡❞ ❣r♦✉♣ ❛❧❣❡❜r❛

Λ = Zp [[T (Zp)]]

❛♥❞ ✇✐t❤ κu : T (Zp)→ Λ× t❤❡ ♥❛t✉r❛❧ ✐♥❝❧✉s✐♦♥✱ ✇❤✐❝❤ ✇❡ ✇✐❧❧ r❡❢❡r t♦ ❛s t❤❡ ✉♥✐✈❡rs❛❧ ❝❤❛r❛❝t❡r✳

❘❡♠❛r❦ ✻✳✷✳ ■❢ TorsT (Zp) ⊆ T (Zp) ❞❡♥♦t❡s t❤❡ t♦rs✐♦♥ s✉❜❣r♦✉♣✱ ✇❡ ❤❛✈❡ ❛ s♣❧✐t ❡①❛❝t s❡q✉❡♥❝❡

0→ TorsT (Zp)→ T (Zp)→ T (Zp)tf → 0

✭❤❡r❡ t❤❡ s✉❜s❝r✐♣t tf st❛♥❞s ❢♦r t♦rs✐♦♥✲❢r❡❡✮✳ ❲❡ ❝♦♥s✐❞❡r ♦♥ Zp ⊗Z OL ✐s t❤❡ ♣r♦❞✉❝t t♦♣♦❧♦❣②✱
✐♥❞✉❝❡❞ ❜② ♦♥❡ ✭❤❡♥❝❡ ❡✈❡r②✮ Zp✲♠♦❞✉❧❡ ✐s♦♠♦r♣❤✐s♠ ✇✐t❤ Zg

p✳ ❚❤✐s ♠❛❦❡s Zp ⊗Z OL ❛ ❝♦♠♣❛❝t
❛♥❞ s❡♣❛r❛t❡❞ Zp✲❛❧❣❡❜r❛✱ ❢r♦♠ ✇❤✐❝❤ T (Zp) ❛❝q✉✐r❡s ❛ str✉❝t✉r❡ ♦❢ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣✱ ✐♥ ♣❛rt✐❝✉❧❛r
t❤❡ ✜♥✐t❡ ❣r♦✉♣ TorsT (Zp) ✐s ❞✐s❝r❡t❡✳ ▼♦r❡♦✈❡r T (Zp)tf ✐s ♥❛t✉r❛❧❧② ❛ ❝♦♠♣❛❝t ✭❤❡♥❝❡ ❝♦♠♣❧❡t❡
❛♥❞ s❡♣❛r❛t❡❞✮ t♦♣♦❧♦❣✐❝❛❧ ❣r♦✉♣✳ ■♥ ♣❛rt✐❝✉❧❛r t❤❡ s❡q✉❡♥❝❡ ✐s s♣❧✐t ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ t♦♣♦❧♦❣✐❝❛❧
❛❜❡❧✐❛♥ ❣r♦✉♣s✳

❉❡✜♥✐t✐♦♥ ✻✳✸✳ ▲❡t Λ0 = Zp

[[
T (Zp)tf

]]
❜❡ t❤❡ ❝♦♠♣❧❡t❡❞ ❣r♦✉♣ ❛❧❣❡❜r❛ ♦✈❡r Zp ❝♦rr❡s♣♦♥❞✐♥❣

t♦ t❤❡ t♦rs✐♦♥✲❢r❡❡ q✉♦t✐❡♥t T (Zp)tf ✳

❘❡♠❛r❦ ✻✳✹✳ ❲❡ ❤❛✈❡ ❛♥ ✐s♦♠♦r♣❤✐s♠

Λ ≃ Λ0 [TorsT (Zp)] ,

♠❛❦✐♥❣ Λ ✜♥✐t❡ ❢r❡❡ ♦✈❡r Λ0 ❛♥❞ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥

κ : T (Zp)
κu

−→ Λ× →
(
Λ0
)×

✇❤❡r❡ t❤❡ ❧❛st ♠❛♣ ✐s t❤❡ ♣r♦❥❡❝t✐♦♥ ✐♥❞✉❝❡❞ ❜② t❤❡ ❛❜♦✈❡ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♣♦s✐t✐♦♥ ✻✳✺✳ ❚❤❡ r✐♥❣ Λ0 ✐s ❛ r❡❣✉❧❛r ❧♦❝❛❧ r✐♥❣ ♦❢ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥ g + 1✳ ▲❡t γ1, . . . , γg ❜❡
❛♥② t♦♣♦❧♦❣✐❝❛❧ ❜❛s✐s ♦❢ T (Zp)tf ❛♥❞ ❧❡t m ⊆ Λ0 ❜❡ t❤❡ ✐❞❡❛❧ ❣❡♥❡r❛t❡❞ ❜② p, γ1 − 1, . . . , γg − 1✱ t❤❡♥
m ✐s t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧ ♦❢ Λ0 ❛♥❞ Λ0 ✐s ❝♦♠♣❧❡t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ m✲❛❞✐❝ t♦♣♦❧♦❣②✳

✸✵



✻✳✷ ❚❤❡ ❛❞✐❝ ✇❡✐❣❤t s♣❛❝❡

▲❡t W = Spf (Λ) ❛♥❞ W0 = Spf
(
Λ0
)
✳ ❲❡ ❝♦♥s✐❞❡r t❤❡ ❛❞♠✐ss✐❜❧❡ ✭❢♦r♠❛❧✮ ❜❧♦✇✲✉♣ t : BlmW→W

❛❧♦♥❣ t❤❡ ✐❞❡❛❧ m✳ ■♥ t❤❡ s❛♠❡ ✇❛② ✇❡ ❞❡✜♥❡ t0 : BlmW
0 → W0✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ❇✳✼ ✇❡

❤❛✈❡ ❛ ✜♥✐t❡ ❧♦❝❛❧❧② ❢r❡❡ ♥❛t✉r❛❧ ♠❛♣ BlmW→ BlmW
0✳

❲❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤ t❤❡ ❛❞✐❝ s♣❛❝❡s ❛ss♦❝✐❛t❡❞ ✇✐t❤ s✉❝❤ ❢♦r♠❛❧ s❝❤❡♠❡s✳

❉❡✜♥✐t✐♦♥ ✻✳✻✳ ❉❡✜♥❡ W0 =
(
W0
)an

❛♥❞ ❢♦r ❡✈❡r② α ∈ m ❧❡t W0
α =

(
W0

α

)an
✳

❘❡♠❛r❦ ✻✳✼✳ ◆♦t❡ t❤❛t✱ ❛s W0 ✐s ❛ ❢♦r♠❛❧ s❝❤❡♠❡ ♦✈❡r Spf (Zp)✱ t❤❡♥ W
0 ✐s ❛♥ ❛♥❛❧②t✐❝ ❛❞✐❝ s♣❛❝❡

♦✈❡r Spa (Qp,Zp)✳

Pr♦♣♦s✐t✐♦♥ ✻✳✽✳ ❚❤❡ s♣❛❝❡ W0 ✐s ✐s♦♠♦r♣❤✐❝ t♦ ❛ ✜♥✐t❡ ❞✐s❥♦✐♥t ✉♥✐♦♥ ♦❢ ♦♣❡♥ ♣♦❧②❞✐s❝s ♦❢
❞✐♠❡♥s✐♦♥ g✱ ♠♦r❡♦✈❡r✱ ❢♦r ❡✈❡r② ❝♦♠♣❧❡t❡ ❍✉❜❡r ♣❛✐r (B,B+) ♦✈❡r (Qp,Zp)✱ ✇❡ ❤❛✈❡ ❛ ♥❛t✉r❛❧
❜✐❥❡❝t✐♦♥

HomSpa(Qp,Zp)

(
Spa

(
B,B+

)
,W0

)
→ Homcont

Z

(
T (Zp) , B

×
)
.

Pr♦♦❢✳ ❚❤✐s ✐s ❛ r❡st❛t❡♠❡♥t ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ■✇❛s❛✇❛ ❛❧❣❡❜r❛✳

❉❡✜♥✐t✐♦♥ ✻✳✾✳ ▲❡t r
s ∈ Q>0 ❜❡ ❛ r❡❞✉❝❡❞ ❢r❛❝t✐♦♥✱ ❞❡✜♥❡ t❤❡ ❢♦❧❧♦✇✐♥❣ s✉❜s❡ts ♦❢ W0✿

❼ W0
≤ r

s
=
{
x ∈ W0 | |αr|x ≤ |p

s|x 6= 0 ∀α ∈ m
}

❼ W0
≥ r

s
=
{
x ∈ W0 | 0 6= |αr|x ≥ |p

s|x ∀α ∈ m
}

❼ W0
≥0 =W0

≤∞ =W0

❼ ❢♦r a, b ∈ Q>0 ∪ {∞} ❛♥❞ I = [a, b] s❡t W0
I =W0

≤b ∩W
0
≥a

❼ ❢♦r α ∈ m ✇❡ ❧❡t W0
α,I =W0

I ∩W
0
α✳

❲❡ ✐♥tr♦❞✉❝❡ ❢♦r♠❛❧ ♠♦❞❡❧s ❢♦r t❤❡s❡ s♣❛❝❡s✿ ✜① ❛♥ ✐♥t❡r✈❛❧ I = [a, b] ⊆ Q>0 ∪ {∞}✳ ❋♦r α ∈ m

❧❡t W0
α = Spf (Bα)✱ s❡t B

0
α,I = H0

(
W0

α,I ,O
+
W0

α,I

)
❛♥❞ W0

α,I = Spf
(
B0

α,I

)
✳ ■t ✐s ❝❧❡❛r ❢r♦♠ ❘❡♠❛r❦

❈✳✺ t❤❛t t❤❡ ❛♥❛❧②t✐❝ ✜❜r❡ ♦❢ W0
α,I ✐sW

0
α,I ❛♥❞ t❤❛t t❤❡② ❣✐✈❡ ❛♥ ❛✣♥❡ ❝♦✈❡r ♦❢ ❛ ❧♦❝❛❧❧② ♥♦❡t❤❡r✐❛♥

❢♦r♠❛❧ s❝❤❡♠❡ W0
I ✇❤♦s❡ ❛♥❛❧②t✐❝ ✜❜r❡ ✐s W0

I ✳

▲❡♠♠❛ ✻✳✶✵✳ ▲❡t I ⊆ Q>0 ❜❡ ❛ ❝❧♦s❡❞ ✐♥t❡r✈❛❧✱ t❤❡♥ t❤❡ m✲❛❞✐❝ t♦♣♦❧♦❣② ❛♥❞ t❤❡ p✲❛❞✐❝ t♦♣♦❧♦❣②
❝♦✐♥❝✐❞❡ ♦♥ W0

I ✳

Pr♦♦❢✳ ❙✉♣♣♦s❡ max I = r/s✱ ✇❡ ❥✉st ♥❡❡❞ t♦ ❝❤❡❝❦ ✐t ♦♥ t❤❡ ✈❛r✐♦✉s B0
α,I ✱ ❜✉t t❤❡r❡ t❤❡ ✐❞❡❛❧ m ✐s

❣❡♥❡r❛t❡❞ ❜② α ❛♥❞

αr =
αr

ps
· ps ∈ ps ·B0

α,I .

❉❡✜♥✐t✐♦♥ ✻✳✶✶✳ ❋♦r ❡❛❝❤ ❝❧♦s❡❞ ✐♥t❡r✈❛❧ I ⊆ [0,∞) ✇❡ ❧❡t

κI : T (Zp)→
(
O+

WI

)×

❜❡ t❤❡ ♥❛t✉r❛❧ ♠❛♣✳

✸✶



✻✳✸ ❚❤❡ ✉♥✐✈❡rs❛❧ ❝❤❛r❛❝t❡r

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ❧❡t q = p ✐❢ p > 2 ❛♥❞ q = 4 ✐❢ p = 2✳ ❙❡t ♠♦r❡♦✈❡r H = TorsT (Zp)✳ ◆♦t❡ t❤❛t✱
❢♦r t❤❡ ♠♦♠❡♥t✱ ✇❡ ❞♦ ♥♦t ♥❡❡❞ t♦ ✐♠♣♦s❡ ❛♥② ❝♦♥❞✐t✐♦♥ ♦♥ t❤❡ r❛♠✐✜❝❛t✐♦♥ ♦❢ p✳

▲❡♠♠❛ ✻✳✶✷✳ ❚❤❡r❡ ❡①✐st Qp ⊆ K1, . . . ,Kt ❜❡ ❡①t❡♥s✐♦♥s s✉❝❤ t❤❛t

OL ⊗Z Zp ≃ OK1 × · · · × OKt

❛♥❞ ❧❡t pi ⊆ OKi
❜❡ t❤❡ ♠❛①✐♠❛❧ ✐❞❡❛❧✳ ❚❤❡♥ p1 × · · · × pt ❝♦rr❡s♣♦♥❞s t♦ rp · (OL ⊗Z Zp)✱ ✇❤❡r❡ rp

❞❡♥♦t❡s t❤❡ r❛❞✐❝❛❧ ♦❢ pOL ✐♥ OL✳

❉❡✜♥✐t✐♦♥ ✻✳✶✸✳ ▲❡t m ⊆ Λ0 ❜❡ ✐ts ♠❛①✐♠❛❧ ✐❞❡❛❧✳ ❋♦r n ≥ 0 ❞❡✜♥❡

mn =

{
m n = 0, 1(
xpn−1

, pxpn−2

, . . . , pn−1x | x ∈ m
)

n ≥ 1

▲❡♠♠❛ ✻✳✶✹✳ ▲❡t Qp ⊆ K ❜❡ ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ ❛♥❞ ❧❡t n ≥ 1 ❜❡ ❛♥ ✐♥t❡❣❡r✳ ❚❤❡♥

1 + pnOK ⊆
(
O×

K

)pn−1

.

Pr♦♦❢✳ ❲❡✬❧❧ ♠❛❦❡ ✉s❡ ♦❢ t❤❡ ❢♦❧❧♦✇✐♥❣ ✈❡rs✐♦♥ ♦❢ ❍❡♥s❡❧✬s ▲❡♠♠❛

❚❤❡♦r❡♠ ✻✳✶✺ ✭❍❡♥s❡❧✬s ▲❡♠♠❛✮✳ ▲❡t K ❜❡ ❛ ❝♦♠♣❧❡t❡ ♥♦♥✲❛r❝❤✐♠❡❞❡❛♥ ✜❡❧❞✱ ❧❡t OK ❜❡ ✐ts r✐♥❣
♦❢ ✐♥t❡❣❡rs✳ ▲❡t f (X) ∈ OK [X] ❛♥❞ s✉♣♣♦s❡ t❤❡r❡ ❡①✐sts c ∈ OK ✇✐t❤

|f (c)| < |f ′ (c)| 2.

❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ α ∈ OK ✇✐t❤ f (α) = 0 ❛♥❞ |α− c| < |f ′ (c)|✳

❇❛❝❦ t♦ t❤❡ ♣r♦♦❢✱ ❧❡t a ∈ OK ❛♥❞ s❡t f (X) = Xpn−1

− 1− pna✱ ♥♦t❡ t❤❛t

∣∣∣∣∣∣

pn−1∑

i=0

(
pn−1

i

)
pniai − 1− pna

∣∣∣∣∣∣
=

∣∣∣∣∣∣

pn−1∑

i=1

(
pn−1

i

)
pniai − pna

∣∣∣∣∣∣

≤ max

{
|pna| ,

∣∣∣∣
(
pn−1

i

)
pniai

∣∣∣∣ | i = 1, . . . , pn−1

}

≤ max

{
|pn| ,

∣∣∣∣
(
pn−1

i

)
pni
∣∣∣∣ | i = 1, . . . , pn−1

}
≤ |p|n ,

t❤✐s ❝♦♠♣✉t❛t✐♦♥ s❤♦✇s t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② ❍❡♥s❡❧✬s ▲❡♠♠❛ t♦ f (X) ❛❜♦✈❡ ✇✐t❤ c = 1 + pna✳

▲❡♠♠❛ ✻✳✶✻✳ ▲❡t n ≥ 1✱ t❤❡♥ κ
(
T (Zp)

pn−1

tf

)
⊆ 1 +mn✱ ✐♥ ♣❛rt✐❝✉❧❛r

κ
(
1 + qpn−1 · OL ⊗Z Zp

)
⊆ 1 +mn

❛♥❞ κ (T (Zp)) ⊆ 1 +m0✳

✸✷



Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧ ♥♦t❡ t❤❛t✱ ❜❡✐♥❣ ❞❡✜♥❡❞ ✈✐❛ t❤❡ ♣r♦❥❡❝t✐♦♥ Λ→ Λ0✱ t❤❡ ❝❤❛r❛❝t❡r κ ✐s tr✐✈✐❛❧ ♦♥
H ❛♥❞ t❤❛t✱ t❛✉t♦❧♦❣✐❝❛❧❧②✱ κ (T (Zp)) ⊆ 1 + m0✳ ▲❡t γ1, . . . , γg ❜❡ ❛ t♦♣♦❧♦❣✐❝❛❧ ❜❛s✐s ♦❢ T (Zp)tf ✱

✇❡ ❥✉st ♥❡❡❞ t♦ s❡❡ t❤❛t κ
(
γpn−1

i

)
−1 ∈ mn ❢♦r ❡✈❡r② i✳ ◆♦t❡ t❤❛t κ (γi) ∈

(
Λ0
)×

❤❛s κ (γi)−1 ∈ m

❜② ❞❡✜♥✐t✐♦♥✱ ❤❡♥❝❡

κ
(
γpn−1

i

)
− 1 = κ (γi)

pn−1

− 1

= ((κ (γi)− 1) + 1)
pn−1

− 1

=

pn−1∑

s=1

(
pn−1

s

)
(κ (γi)− 1)

s ∈ mn.

❙✐♥❝❡ 1+ qpn−1 · OL⊗Z Zp ❞♦❡s ♥♦t ❝♦♥t❛✐♥ ❛♥② t♦rs✐♦♥ ❡❧❡♠❡♥t ♦❢ T (Zp)✱ ✇❡ ❥✉st ♥❡❡❞ t♦ s❡❡ t❤❛t

1 + qpn−1 · OL ⊗Z Zp ⊆ T (Zp)
pn−1

tf ,

t❤❛t ✐s✱ ❡✈❡r② ❡❧❡♠❡♥t ✐♥ 1 + qpn−1 · OL ⊗Z Zp ❤❛s ❛ pn−1✲t❤ r♦♦t✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✻✳✶✷ ✇❡

r❡❞✉❝❡ t♦ s❤♦✇ t❤❛t ❢♦r K ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ ♦❢ Qp ✇❡ ❤❛✈❡ 1+pnOK ⊆
(
O×

K

)pn−1

✱ ✇❤✐❝❤ ✐s ▲❡♠♠❛
✻✳✶✹✳

Pr♦♣♦s✐t✐♦♥ ✻✳✶✼ ✭❆♥❛❧②t✐❝✐t② ♦❢ t❤❡ ✉♥✐✈❡rs❛❧ ❝❤❛r❛❝t❡r✮✳ ▲❡t n,m ≥ 0 ❜❡ ✐♥t❡❣❡rs ❛♥❞ ❧❡t I ⊆
[0, pn] ∩Q ❜❡ ❛ ❝❧♦s❡❞ ✐♥t❡r✈❛❧✳ ❙❡t

ǫ =

{
1 p 6= 2

3 ♦t❤❡r✇✐s❡
,

t❤❡♥ κ ✐♥❞✉❝❡s ❛ ♣❛✐r✐♥❣

κp : W0
I ×T (Zp) ·

(
1 + pn+ǫ · ResOL/Z (Ga)

)
→ Gm

♦♥ t❤❡ ❝❛t❡❣♦r② ♦❢ p✲❛❞✐❝ ❢♦r♠❛❧ s❝❤❡♠❡s ♦♥ W0
I t❤❛t r❡str✐❝ts t♦

κp : W0
I ×

(
1 + pn+m+ǫ · ResOL/Z (Ga)

)
→ 1 + qpmGa.

Pr♦♦❢✳ ❲❡ ♣r♦✈❡ ✐t ❢♦r p 6= 2✱ t❤❡ ❝❛s❡ p = 2 ❜❡✐♥❣ ❛♥❛❧♦❣♦✉s✳ ▲❡t Spf
(
B0

α,I

)
⊆ W0

I ✱ ✐♥ ✈✐❡✇ ♦❢
▲❡♠♠❛ ✻✳✶✻ ✐t ✐s ❝❧❡❛r t❤❛t

κ
(
T (Zp) ·

(
1 + pn+1 · OL ⊗Z B0

α,I

))
⊆
(
B0

α,I

)×
.

▲❡t ✉s ♥♦t❡ t❤❛t✱ ❢♦r ❡✈❡r② x ∈ W0
α,I ✱ ✇❡ ❤❛✈❡

∣∣αpn

/p
∣∣
x
≤ 1 ❤❡♥❝❡ αpn

/p ∈ B0
α,I ✳ ■t ❢♦❧❧♦✇s t❤❛t ❢♦r

❡✈❡r② m ≥ 0 ✇❡ ❤❛✈❡ αpn+m

∈ pm+1B0
α,I ✱ ✐♥ ♣❛rt✐❝✉❧❛r mn+m+1B

0
α,I ⊆ pm+1B0

α,I ✳ ❚❤❡ Pr♦♣♦s✐t✐♦♥
♥♦✇ ❢♦❧❧♦✇s s✐♥❝❡✱ ❛❣❛✐♥ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✻✳✶✻

κ
(
1 + pm+n+1 · OL ⊗Z B0

α,I

)
⊆ 1 +mn+m+1B

0
α,I ⊆ 1 + pm+1B0

α,I .

◆♦t❡ ✻✳✶✽✳ ◆♦t❡ t❤❛t✱ ❢♦r ❛ p✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛t❡❞ r✐♥❣ A ✇✐t❤ ✐❞❡❛❧ ♦❢ ❞❡✜♥✐t♦♥ I✱ ❢♦r
n ❧❛r❣❡ ❡♥♦✉❣❤ t❤❡ ❡①♣♦♥❡♥t✐❛❧ ♣♦✇❡r s❡r✐❡s ✐s ❝♦♥✈❡r❣❡♥t ♦♥ In ✭✐♥❞❡❡❞ ♦♥❡ ❝❛♥ t❛❦❡ n s✉❝❤ t❤❛t
In ⊆ pA✮ ✱ ✐t ❢♦❧❧♦✇s t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ❡❧❡♠❡♥t uI ∈ p1−n s✉❝❤ t❤❛t kI (t) = exp (uI · log (t)) ❢♦r
t ∈ 1 + pnOL ⊗Z A✳
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✼ ❚❤❡ ■❣✉s❛ t♦✇❡r

✼✳✶ ❚❤❡ ❍❛ss❡ ✐♥✈❛r✐❛♥t ❛♥❞ t❤❡ ❍♦❞❣❡ ✐❞❡❛❧

▲❡t A ❜❡ ❛ p✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛t❡❞ Zp✲❛❧❣❡❜r❛ ❛♥❞ ❧❡t S → Spec (A) ❜❡ ❛ s❝❤❡♠❡ ✇✐t❤
S ❧♦❝❛❧❧② ❣✐✈❡♥ ❜② p✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ r✐♥❣s✳ ▲❡t π : X → S ❜❡ ❛ s❡♠✐✲❛❜❡❧✐❛♥ s❝❤❡♠❡ ♦❢ r❡❧❛t✐✈❡
❞✐♠❡♥s✐♦♥ g ✇✐t❤ ✐❞❡♥t✐t② s❡❝t✐♦♥ e : S → X✳ ▲❡t S = Spec (R) ❜❡ s✉❝❤ t❤❛t t❤❡ R✲♠♦❞✉❧❡

ωX/S = H0
(
S, e∗Ω1

X/S

)
✐s ❢r❡❡ ♦❢ r❛♥❦ g✳ ▲❡t

Ver∗ : ωX/S → ω
X

(p)
/S

❜❡ t❤❡ ♣✉❧❧❜❛❝❦ ❛❧♦♥❣ t❤❡ ❱❡rs❝❤✐❡❜✉♥❣ ♦♥ t❤❡ r❡❞✉❝t✐♦♥s ♠♦❞✉❧♦ p✳

❉❡✜♥✐t✐♦♥ ✼✳✶✳ ❲✐t❤ s❡tt✐♥❣ ❛♥❞ ♥♦t❛t✐♦♥s ❛s ❛❜♦✈❡✱ t❤❡ ❡❧❡♠❡♥t

Ha
(
X/S

)
:= det (Ver∗) ∈

R

pR

✐s ❝❛❧❧❡❞ t❤❡ ❍❛ss❡ ✐♥✈❛r✐❛♥t ♦❢ X → Spec (R/p)✳ ❉❡✜♥❡ Hdg
(
X/S

)
⊆ R ❛s t❤❡ ♣r❡✐♠❛❣❡ ♦❢ t❤❡

✐❞❡❛❧ Ha
(
X/S

)
·R ❛❧♦♥❣ t❤❡ q✉♦t✐❡♥t R→ R✱ t❤✐s ✐s ❝❛❧❧❡❞ t❤❡ ❍♦❞❣❡ ✐❞❡❛❧ ♦❢ X → Spec (R)✳

▲❡♠♠❛ ✼✳✷✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞

✶✳ ❚❤❡ ✐❞❡❛❧ Hdg
(
X/S

)
✐s ❩❛r✐s❦✐✲❧♦❝❛❧❧② ❣❡♥❡r❛t❡❞ ❜② t✇♦ ❡❧❡♠❡♥ts❀

✷✳ ✐❢ p ∈ Hdg
(
X/S

)2
✱ t❤❡♥ Hdg

(
X/S

)
✐s ❛♥ ✐♥✈❡rt✐❜❧❡ OS✲♠♦❞✉❧❡ ❧♦❝❛❧❧② ❣❡♥❡r❛t❡❞ ❜② ❛♥② ❧✐❢t ♦❢

Ha
(
X/S

)
✳

Pr♦♦❢✳ ❚❤❡ ✜rst ❝❧❛✐♠ ✐s ♦❜✈✐♦✉s✱ ❢♦r t❤❡ s❡❝♦♥❞ ❝♦♥s✐❞❡r ❛ ❧♦❝❛❧ ❧✐❢t h ♦❢ Ha
(
X/R

)
♦♥ s♦♠❡ s♠❛❧❧

♦♣❡♥ Spec (R) ⊆ X✱ t❤❡♥ Hdg
(
X/S

)
|Spec(R)

= (p, h) ❛♥❞ ✐♥ ✈✐❡✇ ♦❢ ♦✉r ❛ss✉♠♣t✐♦♥s t❤❡r❡ ❡①✐st

a, b ∈ R ✇✐t❤ p = ah+ bp2 ❣✐✈✐♥❣
p (1− pb) = ah

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ s✐♥❝❡ 1− pb ✐s ✐♥✈❡rt✐❜❧❡✳

Pr♦♣♦s✐t✐♦♥ ✼✳✸✳ ▲❡t k ❜❡ ❛♥ ❛❧❣❡❜r❛✐❝❛❧❧② ❝❧♦s❡❞ ✜❡❧❞ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ p > 0 ❛♥❞ ❧❡t A/k ❜❡ ❛♥
❛❜❡❧✐❛♥ ✈❛r✐❡t②✳ ❚❤❡♥ A/k ✐s ♦r❞✐♥❛r② ✐❢ ❛♥❞ ♦♥❧② ✐❢ Ha

(
A/k

)
∈ k×✳

Pr♦♦❢✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t Ha
(
A/k

)
6= 0 ✐❢ ❛♥❞ ♦♥❧② ✐❢ t❤❡ ❱❡rs❝❤✐❡❜✉♥❣ ✐♥❞✉❝❡s

❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ t❤❡ t❛♥❣❡♥t s♣❛❝❡s ❛♥❞ t❤✐s ♠❡❛♥s t❤❛t ✐t ✐s ✜♥✐t❡ ét❛❧❡✳ ■♥ ✈✐❡✇ ♦❢
t❤❡ ♣r♦♦❢ ♦❢ ❬❙✐❧✱ ❚❤❡♦r❡♠ ■■■✳✻✳✷✳✭❡✮✱ ♣❛❣✳ ✽✻❪✱ ✇❡ s❡❡ t❤❛t #A [p] = degsep (Ver)✱ ✐♥ ♣❛rt✐❝✉❧❛r
#A [p] = deg (Ver) s✐♥❝❡ Ver ✐s ét❛❧❡ ✭❤❡♥❝❡ s❡♣❛r❛❜❧❡✮✳ ❲❡ ❝♦♥❝❧✉❞❡ s✐♥❝❡ ❜② ❞✉❛❧✐t②

deg (Ver) = deg (Fr) = pdimA.
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✼✳✷ ❈❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣s

▲❡t N ≥ 4 ❜❡ ❛♥ ✐♥t❡❣❡r ❛♥❞ ✜① ❛♥ ✐♥✈❡rt✐❜❧❡ ✐❞❡❛❧ c ♦❢ L✳ ▲❡t A ❜❡ ❛♥ ✐♥t❡❣r❛❧ Zp✲❛❧❣❡❜r❛✱
α ∈ A\ {0} ❜❡ s✉❝❤ t❤❛t A ✐s t❤❡ α✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ ❛ Zp✲❛❧❣❡❜r❛ ♦❢ ✜♥✐t❡ t②♣❡ ✇✐t❤ p ∈ αA✳

❉❡✜♥✐t✐♦♥ ✼✳✹✳ ▲❡t Ytor → Spf (A) ❜❡ t❤❡ α✲❛❞✐❝ ❢♦r♠❛❧ s❝❤❡♠❡ ❛ss♦❝✐❛t❡❞ ✇✐t❤ Mtor
N ⊗Zp

A✳ ❋♦r
r ≥ 0 ❛♥ ✐♥t❡❣❡r✱ ❧❡t Ytor

r ❜❡ t❤❡ ❢✉♥❝t♦r ❛ss♦❝✐❛t✐♥❣ t♦ ❛♥② α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ A✲❛❧❣❡❜r❛ R ✇✐t❤
♥♦ α✲t♦rs✐♦♥ t❤❡ s✉❜s❡t ♦❢

{
(f, η) | f : Spf (R)→ Ytor, η ∈ H0

(
Spf (R) , f∗ det (ω)

⊗(1−p)pr+1
)}

❣✐✈❡♥ ❜② t❤❡ ♣❛✐rs t❤❛t s❛t✐s❢②

Hap
r+1

· η = α mod p2 ✭✼✳✶✮

❢♦r ❛♥② ❧✐❢t Ha ♦❢ t❤❡ ❍❛ss❡ ✐♥✈❛r✐❛♥t✱ ♠♦❞✉❧♦ t❤❡ r❡❧❛t✐♦♥

(f, η) ∼ (f, ν) ⇐⇒ ∃u ∈ R, ν = η

(
1 +

p2

α
u

)
.

▲❡♠♠❛ ✼✳✺✳ ❚❤❡ ❢✉♥❝t♦r Ytor
r ✐♥ ❉❡✜♥✐t✐♦♥ ✼✳✹ ✐s ✇❡❧❧ ❞❡✜♥❡❞✳

Pr♦♦❢✳ ❋✐rst ♦❢ ❛❧❧ ❧❡t ✉s ✇♦r❦ ♦✉t t❤❡ ❡q✉✐✈❛❧❡♥❝❡ r❡❧❛t✐♦♥✿ t❤❡ ♦♥❧② t❤✐♥❣ t❤❛t ♠❛② ♥♦t ❜❡ ❛♣♣❡❛r❡♥t
✐s ✐ts r❡✢❡①✐✈✐t②✳ ❘❡❝❛❧❧ t❤❛t R ✐s s✉♣♦s❡❞ t♦ ❤❛✈❡ ♥♦ α✲t♦rs✐♦♥ ❛♥❞ t❤❛t p ∈ αR✱ ❢r♦♠ ✇❤✐❝❤ α2

❞✐✈✐❞❡s p2 ❛♥❞ t❤❡ ❡❧❡♠❡♥ts ♦❢ t❤❡ ❢♦r♠ 1 + up2α−1 ❧✐❡ ✐♥ 1 + αR✳ ❚❤❡② ❛r❡ t❤❡r❡❢♦r❡ ✐♥✈❡rt✐❜❧❡
s✐♥❝❡ αR ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡ ❏❛❝♦❜s♦♥ r❛❞✐❝❛❧ ♦❢ R✳ ❲❡✬r❡ ❧❡❢t ✇✐t❤ ❝❤❡❝❦✐♥❣ t❤❛t ❡q✉❛t✐♦♥ ✭✼✳✶✮ ✐s
✐♥s❡♥s✐t✐✈❡ t♦ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ ❧✐❢t Ha✳ ❆♥② ♦t❤❡r ❝❤♦✐❝❡ ✇♦✉❧❞ ❜❡ ♦❢ t❤❡ ❢♦r♠ Ha + px ❢♦r s♦♠❡
x ∈ R ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ✐♥ ✈✐❡✇ ♦❢ ♥❡①t ▲❡♠♠❛ ✼✳✻✳

▲❡♠♠❛ ✼✳✻✳ ▲❡t R ❜❡ ❛♥② ❝♦♠♠✉t❛t✐✈❡ r✐♥❣✱ ❛♥❞ x, y ∈ R✳ ❚❤❡♥

(y + px)
p − yp ∈ p2R.

Pr♦♦❢✳ ❊①♣❧✐❝✐t❡❧②

(y + px)
p − yp =

p−1∑

i=0

(
p

i

)
yi (px)

p−i

≡

(
p

p− 1

)
yp−1px mod p2

= p2yp−1x ∈ p2R.

Pr♦♣♦s✐t✐♦♥ ✼✳✼✳ ❚❤❡ ❢✉♥❝t♦r ✐♥ ❉❡✜♥✐t✐♦♥ ✼✳✹ ✐s r❡♣r❡s❡♥t❛❜❧❡ ❜② ❛♥ ♦♣❡♥ s✉❜s❡t Ytor
r ♦❢ t❤❡

❛❞♠✐ss✐❜✐❧❡ ❜❧♦✇✲✉♣ ♦❢ Ytor ❛❧♦♥❣ t❤❡ ✐❞❡❛❧
(
Hdgp

r+1

, α
)
✳

Pr♦♦❢✳ ▲❡t π : Ỹr → Ytor ❜❡ t❤❡ ❜❧♦✇✲✉♣ ❛❧♦♥❣ t❤❡ ✐❞❡❛❧
(
Hdgp

r+1

, α
)
✳ ◆♦t❡ t❤❛t s✉❝❤ ❛♥ ✐❞❡❛❧ ✐s

❛❞♠✐ss✐❜❧❡ ✐♥ ✈✐❡✇ ♦❢ ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ r✐♥❣ A✳ ▲❡t R ❜❡ ❛♥ α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ A✲❛❧❣❡❜r❛

❛♥❞ (f, η) ∈ Ytor
r (R)✳ ❖♥ R ✇❡ ❤❛✈❡ Hap

r+1

· η − α ∈ p2R✱ ✇❤❡♥❝❡ α ∈ Hdgp
r+1

⊆ Hdg2✳ ■♥ ✈✐❡✇
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♦❢ ▲❡♠♠❛ ✼✳✷✱ t❛❦✐♥❣ ❛♥ ❛✣♥❡ ♦♣❡♥ ♦❢ Spf (R) ✐❢ ♥❡❡❞❡❞✱ ✇❡ s❡❡ t❤❛t f∗
(
Hdgp

r+1

, α
)
✐s ♣r✐♥❝✐♣❛❧

❣❡♥❡r❛t❡❞ ❜② ❛♥② ❧✐❢t ♦❢ Hap
r+1

✳ ❚❤✐s s❤♦✇s t❤❛t ✇❡ ❤❛✈❡ ❛ ♠❛♣ f̃ : Spf (R) → Ỹr ♠❛❦✐♥❣ t❤❡
❡✈✐❞❡♥t ❞✐❛❣r❛♠ ❝♦♠♠✉t❡✳ ◆♦t❡ t❤❛t✱ ❛❣❛✐♥ ❜② t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt②✱ f̃ ❢❛❝t♦rs t❤r♦✉❣❤ t❤❡ ♦♣❡♥

s✉❜s❡t Ytor
r ⊆ Ỹr ♦✈❡r ✇❤✐❝❤ t❤❡ ✐❞❡❛❧

(
Hdgp

r+1

, α
)
✐s ❣❡♥❡r❛t❡❞ ❜② ❡❧❡♠❡♥ts ♦❢ Hdgp

r+1

✭❜❡❝❛✉s❡

t❤✐s ❤♦❧❞s ♦♥ R✮✱ ❜✉t t❤✐s ♠❡❛♥s ❛❣❛✐♥ t❤❛t α ∈ Hdgp
r+1

⊆ Hdg2 ❛♥❞ ❤❡♥❝❡ Ytor
r ✐s t❤❡ ♦♣❡♥ s✉❜s❡t

❞❡✜♥❡❞ ❜② t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t
(
Hdgp

r+1

, α
)
✐s ❣❡♥❡r❛t❡❞ ❜② ♦♥❡✱ ❛♥❞ ❤❡♥❝❡ ❛♥② ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛

✼✳✻✱ ❧✐❢t ♦❢ Ha✳

❈♦r♦❧❧❛r② ✼✳✽✳ ❚❤❡ ✐❞❡❛❧ Hdg ✐s ❧♦❝❛❧❧② ❢r❡❡ ♦♥ Ytor
r ✇✐t❤ α ∈ Hdg✳

❉❡✜♥✐t✐♦♥ ✼✳✾✳ ❲✐t❤ ♥♦t❛t✐♦♥s ❛s ❛❜♦✈❡✱ ✇❡ ❞❡♥♦t❡ YR
r ⊆ Ytor

r t❤❡ ♦♣❡♥ s✉❜s❝❤❡♠❡ ❞❡✜♥❡❞ ❜②
❝♦♥❞✐t✐♦♥ ✭❘✮✳

❲❡ r❡❝❛❧❧ ❤❡r❡ t❤❡ ♠❛✐♥ r❡s✉❧t ❛❜♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣ ✐♥ ✐ts ❢✉❧❧ ❣❡♥❡r❛❧✐t②
✭❢♦r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ❍♦❞❣❡ ✐❞❡❛❧ ✇✐t❤✐♥ t❤❡ ❢r❛♠❡✇♦r❦ ♦❢ ❇❛rs♦tt✐✲❚❛t❡ ❣r♦✉♣s s❡❡ ❬❆■P✷✱
❆♣♣❡♥❞✐① ❆✳✶❪✮✳ ❋♦r t❤✐s ✇❡ ♥❡❡❞ t♦ r❡❝❛❧❧

Pr♦♣♦s✐t✐♦♥ ✼✳✶✵✳ ▲❡t R ❜❡ ❛♥ α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✱ s❡♣❛r❛t❡❞ A✲❛❧❣❡❜r❛ ❛♥❞ ✇✐t❤ ♥♦ α✲t♦rs✐♦♥
❛♥❞ G ❜❡ ❛ ❇❛rs♦tt✐✲❚❛t❡ ❣r♦✉♣ ♦✈❡r R ✇✐t❤ ❞✐♠❡♥s✐♦♥ d✱ ❤❡✐❣❤t h ❛♥❞ ❧❡✈❡❧ ✶✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛
❝❛♥♦♥✐❝❛❧ ✐❞❡❛❧ δG ⊆ R ✇✐t❤ δp−1

G = Hdg (G)✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❆■P✷✱ Pr♦♣♦s✐t✐♦♥ ❆✳✸✱ ♣❛❣✳ ✹✸❪✳

❚❤❡♦r❡♠ ✼✳✶✶✳ ▲❡t R ❜❡ ❛♥ α✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✱ s❡♣❛r❛t❡❞ A✲❛❧❣❡❜r❛ ❛♥❞ ✇✐t❤ ♥♦ α✲t♦rs✐♦♥ ❛♥❞
G ❜❡ ❛ ❇❛rs♦tt✐✲❚❛t❡ ❣r♦✉♣ ♦✈❡r R ✇✐t❤ ❞✐♠❡♥s✐♦♥ d ❛♥❞ ❤❡✐❣❤t h✳ ▲❡t r ≥ 0 ❜❡ ❛♥ ✐♥t❡❣❡r ✇✐t❤

p ∈ Hdg (G)
pr+1

✱ t❤❡♥

✶✳ G ❤❛s ❛ ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣ Hn ♦❢ ❧❡✈❡❧ n ❢♦r ❡✈❡r② n ≤ r ❛♥❞ Hn ⊆ Hn+1❀

✷✳ Hn ✐s ❧♦❝❛❧❧② ❢r❡❡ ♦❢ r❛♥❦ pnd ❛♥❞ ✇❡ ❤❛✈❡

Hn ≡ ker (Frn) mod
p

Hdg (G)
pn−1
p−1

;

✸✳ ❲❡ ❤❛✈❡

Hdg

(
G

Hn

)
= Hdg (G)

pn

❛♥❞ G/Hn ❤❛s ❛ ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣ H ′
r−n s✐tt✐♥❣ ✐♥ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡

0→ Hn → Hr → H ′
r−n → 0;

✹✳ ❲❡ ❤❛✈❡

Hdg (G)
pn−1
p−1 · ωG[pn]/Hn

= 0

❛♥❞

det
(
ωG[pn]

Hn

)
≃

det
(
ωG[pn]

)

Hdg (G)
pn−1
p−1

;

✸✻



✺✳ ❲❡ ❤❛✈❡ Hdg (G) = Hdg
(
GD
)
❛♥❞ ❢♦r ❡✈❡r② n ≤ r t❤❡ ♣❛✐r✐♥❣

G [pn]×G [pn]
D → µpn

✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ Hn (G) ≃ Hn

(
GD
)⊥

❀

✻✳ ■❢ α ∈ Hdg (G)✱ t❤❡♥ G [pn] /Hn ✐s ét❛❧❡ ♦✈❡r Spec
(
R
[
α−1

])
❛♥❞ ✐t ✐s ❧♦❝❛❧❧② ❝♦♥st❛♥t ✐s♦✲

♠♦r♣❤✐❝ t♦ (Z/pr)h−d✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❆■P✷✱ ❈♦r♦❧❧❛✐r❡ ❆✳✷✱ ♣❛❣✳ ✹✵❪✳

❈♦r♦❧❧❛r② ✼✳✶✷ ✭❬❆■P✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✷✱ ♣❛❣✳ ✶✶❪✮✳ ▲❡t p ∈ αpk

A✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r 1 ≤ n ≤

r + k ♦♥❡ ❤❛s ❛ ❝❛♥♦♥✐❝❛❧ s✉❜✲❣r♦✉♣ s❝❤❡♠❡ Hn ⊆ AN [pn] ♦✈❡r Ytor
r ❛♥❞ Hn ♠♦❞✉❧♦ pHdg−

pn−1
p−1

❧✐❢ts t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ n✲t❤ ♣♦✇❡r ♦❢ ❋r♦❜❡♥✐✉s✳ ▼♦r❡♦✈❡r Hn ✐s ✜♥✐t❡ ✢❛t ❛♥❞ ❧♦❝❛❧❧② ♦❢ r❛♥❦ png✱ ✐t
✐s st❛❜❧❡ ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ OL✱ ❛♥❞ t❤❡ ❈❛rt✐❡r ❞✉❛❧ HD

n ✐s ét❛❧❡ ❧♦❝❛❧❧② ♦✈❡r A
[
α−1

]
✐s♦♠♦r♣❤✐❝

t♦ OL/p
n ❛s ❛♥ OL✲♠♦❞✉❧❡✳

Pr♦♦❢✳ ❊✈❡r②t❤✐♥❣ ❢♦❧❧♦✇s ❞✐r❡❝t❧② ❢r♦♠ ❚❤❡♦r❡♠ ✼✳✶✶ ❜✉t t❤❡ ❝❧❛✐♠s ❛❜♦✉t t❤❡ OL✲str✉❝t✉r❡✳ ■♥
✈✐❡✇ ♦❢ t❤❡ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ Hn ❣✐✈❡♥ ✐♥ ❬❆■P✷✱ ❈♦r♦❧❧❛✐r❡ ❆✳✶✱ ♣❛❣✳ ✹✵❪✱ ✇❡ ♦♥❧② ♥❡❡❞ t♦
❝❤❡❝❦ t❤❛t✱ mod p✱ t❤❡ ❦❡r♥❡❧ ♦❢ t❤❡ ❋r♦❜❡♥✐✉s ✐s st❛❜❧❡ ✉♥❞❡r OL✳ ❚❤✐s ✐s ❝❧❡❛r s✐♥❝❡✱ ✐♥ t❡r♠s ♦❢
t❤❡ str✉❝t✉r❡ s❤❡❛❢✱ OL ❛❝ts ❜② r✐♥❣ ❡♥❞♦♠♦r♣❤✐s♠s ✇❤✐❝❤ t❤❡r❡❢♦r❡ ❝♦♠♠✉t❡ ✇✐t❤ r❛✐s✐♥❣ t♦ t❤❡
p✲t❤ ♣♦✇❡r✱ t❤❛t ✐s✱ ✇✐t❤ t❤❡ ❋r♦❜❡♥✐✉s✳

✼✳✸ ❚❤❡ ♣❛rt✐❛❧ ■❣✉s❛ t♦✇❡r

❋r♦♠ ♥♦✇ ♦♥ ✇❡ ✜① ❛ t♦t❛❧❧② r❡❛❧ ❡①t❡♥s✐♦♥ L/Q ❛♥❞ ❛ r❛t✐♦♥❛❧ ♣r✐♠❡ p ✇❤✐❝❤ ✇❡ s✉♣♣♦s❡ ✉♥r❛♠✐✜❡❞
✐♥ L✱ s❛② ✇✐t❤

pOL = p1 . . . pd

❛♥❞ ❧❡t Fi ❜❡ t❤❡ ❝♦♠♣❧❡t✐♦♥ ♦❢ L ❛t pi✳ ❋r♦♠ ▲❡♠♠❛ ✹✳✶ t❤❡ ❡①t❡♥s✐♦♥ Fi/Q ✐s ●❛❧♦✐s ❛♥❞ ✐ts
●❛❧♦✐s ❣r♦✉♣ ✐s ❝②❝❧✐❝✳ ❲❡✬❧❧ ❞❡♥♦t❡ ✇✐t❤ ei t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✐❞❡♠♣♦t❡♥t ✐♥

OL ⊗Z Zp =

d∏

i=1

OFi
. ✭✼✳✷✮

◆♦t❡ ✼✳✶✸✳ ▲❡t LGal ❜❡ ❛ ✜①❡❞ ●❛❧♦✐s ❝❧♦s✉r❡ ♦❢ L✳ ◆♦t❡ t❤❛t ❡❛❝❤ ❡①t❡♥s✐♦♥ Fi/Qp ✐s ●❛❧♦✐s ❛♥❞
t❤❡ ♠❛♣ OL → OFi

✐s ✐♥❥❡❝t✐✈❡✱ s♦ t❤❛t L ✐s ♥❛t✉r❛❧❧② ❝♦♥t❛✐♥❡❞ ✐♥ ❡❛❝❤ Fi✳ ▲❡t L = Q (α) ❛♥❞
❧❡t f (x) ∈ Q [x] ❜❡ ✐ts ♠✐♥✐♠❛❧ ♣♦❧②♥♦♠✐❛❧✱ t❤❡♥ t❤❡ ❡①t❡♥s✐♦♥ Fi|LQp = Qp (α) ✐s ●❛❧♦✐s ❤❡♥❝❡ Fi

❝♦♥t❛✐♥s ❛❧❧ t❤❡ r♦♦ts ♦❢ f s❡❡♥ ❛s ❛ ♣♦❧②♥♦♠✐❛❧ ✐♥ Qp [x]✳ ❚❤❡s❡ r♦♦ts ❣❡♥❡r❛t❡❞ t❤❡ ✜❡❧❞ LGalQp

t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ ❛♥ ❡♠❜❡❞❞✐♥❣ LGal ⊆ Fi✳ ▼♦r❡♦✈❡r ✇❡ ❤❛✈❡ ❛ ♥❛t✉❛❧ ❜✐❥❡❝t✐♦♥

Gal (Fi/Qp)→
{
σ ∈ HomQ

(
L,LGal

) ∣∣σ (pi) = pi
}
=: Gi

✐♥❞✉❝❡❞ ❜② t❤❡ ✐❞❡♥t✐✜❝❛t✐♦♥

HomQ

(
L,LGal

)
= Gal

(
LGal/Q

)
.

❍❡♥❝❡ ✇❡ ❝❛♥ s❡❡ t❤❡ Qp✲❡♠❜❡❞❞✐♥❣s σ : F → F ❛s ❛ s✉❜s❡t ♦❢ t❤❡ ❡♠❜❡❞❞✐♥❣s L→ LGal✳

✸✼



▲❡t S = Spa
(
A
[
α−1

]
, A+

)
✱ ✇❤❡r❡ A+ ⊆ A

[
α−1

]
✐s t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ A✳ ◆♦t❡ t❤❛t (Ytor

r )
an

✐s ❣✐✈❡♥ ❜② (Ytor
r )

ad
×Spa(A) S ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ❈✳✶✺✳ ▲❡t p ∈ αpk

A ❛♥❞ 1 ≤ n ≤ r + k✱ t❤❡♥ ✐t

❢♦❧❧♦✇s ❢r♦♠ ❈♦r♦❧❧❛r② ✼✳✶✷ t❤❛t ✇❡ ❤❛✈❡ ❛♥ OL✲♠♦❞✉❧❡ ♦❜❥❡❝t Hn ✇✐t❤ pn✲t♦rs✐♦♥ (Ytor
r )

an
✇❤✐❝❤

❛❞♠✐ts t❤❡r❡❢♦r❡ ❛ ❞❡❝♦♠♣♦s✐t✐♦♥

Hn ≃
d∏

i=1

eiHn =
d∏

i=1

H(i)
n

✐♥ ✈✐❡✇ ♦❢ ✭✼✳✷✮✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ s❛♠❡ ❈♦r♦❧❧❛r② ✇❡ ❤❛✈❡ t❤❛t H
(i),D
n ✐s ét❛❧❡✲❧♦❝❛❧❧② ✐s♦♠♦r♣❤✐❝

t♦ (OFi
/pni )✳ ❲❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ (OFi

/pni )
×
✲t♦rs♦r Isom

(
(OFi

/pni ), H
(i),D
n

)
♦♥ (Ytor

r )
an

✇❤✐❝❤

✐s r❡♣r❡s❡♥t❛❜❧❡ ✐♥ ✈✐❡✇ ♦❢ ❬▼✐❧✶✱ ❚❤❡♦r❡♠ ✹✳✸✳✭❛✮✱ ♣❛❣✳ ✶✷✶❪✳ ❈❛❧❧ h(i),n : IG(i)n,r → (Ytor
r )

an
t❤❡

r❡s✉❧t✐♥❣ ♦❜❥❡❝t✳

Pr♦♣♦s✐t✐♦♥ ✼✳✶✹✳ ❚❤❡ ♠♦r♣❤✐s♠ h(i),n ✐s ✜♥✐t❡ ét❛❧❡ ❛♥❞ ●❛❧♦✐s ✇✐t❤ ❣r♦✉♣ (OFi
/pni )

×✳

Pr♦♦❢✳ ❚❤❡ ♦♥❧② ♥♦♥✲tr✐✈✐❛❧ t❤✐♥❣ t♦ ❝❤❡❝❦ ✐s t❤❛t h(i),n ✐s ét❛❧❡✱ ❜✉t t❤✐s ✐s ❡ss❡♥t✐❛❧❧② ❛ ❢♦r♠❛❧
❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ét❛❧♥❡ss ♦❢ HD

n ✱ s❡❡ ❢♦r ❡①❛♠♣❧❡ ❙❡❝t✐♦♥ ✽✳✶✳✶✱ ♣❛❣✳ ✸✸✵ ✐♥

❼ ❍✳ ❍✐❞❛✱ p✲❛❞✐❝ ❛✉t♦♠♦r♣❤✐❝ ❢♦r♠s ♦♥ ❙❤✐♠✉r❛ ✈❛r✐❡t✐❡s✱ ❙♣r✐♥❣❡r ▼♦♥♦❣r❛♣❤s ✐♥ ▼❛t❤❡♠✲
❛t✐❝s✱ ✭✷✵✵✹✮

◆♦✇ ❚❤❡♦r❡♠ ❈✳✷✷ ♣r♦✈✐❞❡s ✉s ✇✐t❤ ❛ ✜♥✐t❡ ♠♦r♣❤✐s♠

h(i),n : IG(i)
n,r → Ytor

r

s✉❝❤ t❤❛t

✶✳ s✐♥❝❡ h(i),n ✐s ✜♥✐t❡ ét❛❧❡ ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✼✳✶✹✱ ✐♥ ✈✐❡✇ ♦❢ ❈♦r♦❧❧❛r② ❈✳✷✸ ✇❡ s❡❡ t❤❛t h(i),n

♣r♦✈✐❞❡s ❛ ❢♦r♠❛❧ ♠♦❞❡❧ ❢♦r h(i),n✱ ✐✳❡✳
(
h(i),n

)an
= h(i),n❀

✷✳ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣❡rt② ✸✳ ✐♥ ❚❤❡♦r❡♠ ❈✳✷✷ t❤❡ ♠❛♣ h(i),n ❝♦♠❡s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ♥❛t✉r❛❧ ❛❝t✐♦♥
♦❢ (OFi

/pni )
×

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦♥❡ ♦♥ h(i),n❀

✸✳ t❤❡ ♥❛t✉r❛❧ ♠❛♣ ♦❢ ét❛❧❡ s❤❡❛✈❡s

Isom
(
OFi

/pn, H(i),D
n

)
→ Isom

(
OFi

/pn−1
i , H

(i),D
n−1

)

✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠

h(i) = h
(i),n
n−1 : IG(i)

n,r → IG
(i)
n−1,r

♦✈❡r Ytor
r ✇❤✐❝❤ ✐s ✜♥✐t❡ ❛♥❞ ✐♥✈❛r✐❛♥t ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢

ker

((
OFi

pni

)×

→

(
OFi

pn−1
i

)×
)
.

✸✽



▲❡♠♠❛ ✼✳✶✺✳ ❲❡ ❤❛✈❡

Hdgp
n−1

O
IG

(i)
n−1,r

⊆ Trh(i)

(
h
(i)
∗ OIG

(i)
n,r

)
❢♦r 1 ≤ n ≤ r + k

Trh(i)

(
h
(i)
∗ OIG

(i)
1,r

)
= OYtor

r
.

Pr♦♦❢✳ ❋✐rst ♥♦t❡ t❤❛t t❤❡ ♠❛♣ Trh(i) : h
(i)
∗ OIG

(i)
1,r
→ Oytor

r
✐s s✉r❥❡❝t✐✈❡ ❤❛✈✐♥❣ t❤❡ ♠❛♣ IG

(i)
1,r → Ytor

r

❞❡❣r❡❡ #(OFi
/pni )

×
♣r✐♠❡ ✇✐t❤ p✳ ▲❡t φn : IG(i)

n,r → H
(i),D
n ❜❡ t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ❜②

Isom

(
OFi

pni
, H(i),D

n

)
→ H(i),D

n

ξ 7→ ξ (1) ,

t❤❡♥ ✇❡ ❤❛✈❡ ❛ ❝❛rt❡s✐❛♥ ❞✐❛❣r❛♠

IG(i)
n,r

φr //

h(i)

��

H
(i),D
n

q

��

IG
(i)
n−1,r φr−1

// H(i),D
n−1

✉s✐♥❣ ✇❤✐❝❤ ✇❡ r❡❞✉❝❡ t♦ s❤♦✇✐♥❣ t❤❛t

Hdgp
n−1

O
H

(i),D
n−1

⊆ Trq

(
q∗OH

(i),D
n

)
.

■s Spf (R) ⊆ Ytor
r ✐s ❛♥ ♦♣❡♥ ❛✣♥❡ ❛♥❞ Spf (B) ⊆

(
H

(i)
n /H

(i)
n−1

)D
✐ts ✐♥✈❡rs❡ ✐♠❛❣❡s ✇✐t❤ ❞✐❢✲

❢❡r❡♥t ✐❞❡❛❧s D (An/An−1) ❛♥❞ D (B/R)✳ ◆♦t❡ t❤❛t q ✐s ❛ ♣r✐♥❝✐♣❛❧ ❤♦♠♦❣❡♥❡♦✉s s♣❛❝❡ ✉♥❞❡r(
H

(i)
n /H

(i)
n−1

)D
t❤✉s ❣✐✈✐♥❣

D (An/An−1)⊗An−1 An = D (B/R)⊗R An

❛s An⊗An−1
An = B⊗RAn✲♠♦❞✉❧❡s✱ t❤❡r❡❢♦r❡ D (B/R) = Hdgp

n−1

B ❛♥❞ ❜② ❢❛✐t❤❢✉❧❧② ✢❛t ❞❡s❝❡♥t

D (An/An−1) = Hdgp
n−1

Bn. ✭✼✳✸✮

❲❡ ❝❛♥ s✉♣♣♦s❡ An ✐s ❢r❡❡ ♦✈❡r An−1✱ t❤❡♥ t❤❡ ♠❛♣

D (An/An−1)
−1 → HomAn−1 (An, An−1)

x 7→
(
y 7→ TrAn/An−1

(xy)
)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤❡ ❡①✐st❡♥❝❡ ♦❢ ❛♥ An−1✲❧✐♥❡❛r s✉r❥❡❝t✐✈❡ ♠❛♣ An → An−1 ❣✐✈❡s t❤❛t

TrAn/An−1
: D (An/An−1)

−1 → An−1

❛♥❞ ✐♥ ✈✐❡✇ ♦❢ ✭✼✳✸✮ ✇❡ s❡❡ t❤❛t

TrAn/An−1
(An) = Hdgp

n−1

An−1.

✸✾



❘❡♠❛r❦ ✼✳✶✻✳ ▲❡t βn ❞❡♥♦t❡ t❤❡ ✐❞❡❛❧ pnHdg−
pn−1
p−1 ⊆ O

IG
(i)
n
✳ ❚❤✐s ♠❛❦❡s s❡♥s❡ ✐♥ ✈✐❡✇ ♦❢ ❬❆■P✶✱

▲❡♠♠❛ ✹✳✷✱ ♣❛❣✳ ✶✻❪✳

❉❡✜♥❡

IGn,r =

d∏

i=1

IG(i)
n,r

hn

−→ Ytor
r .

Pr♦♣♦s✐t✐♦♥ ✼✳✶✼✳ ▲❡t r ≥ 2 ❜❡ ❛♥ ✐♥t❡❣❡r ❛♥❞ ❧❡t n ≤ (r − 1) + k ✇❤❡r❡ p ∈ αpk

A0✱ t❤❡♥ t❤❡
✐s♦❣❡♥② A→ A/H1 (A) ✐♥❞✉❝❡s ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

IGn,r
Φr //

��

IGn,r−1

��
Yr

φr

// Yr−1

✇❤❡r❡

✶✳ φr ✐s ❛ ✜♥✐t❡ ♠♦r♣❤✐s♠ ✇❤♦s❡ r❡str✐❝t✐♦♥ φR
r t♦ t❤❡ ❘❛♣♦♣♦rt ❧♦❝✉s ❞❡✜♥❡s ❛ ✜♥✐t❡ ✢❛t ♠♦r✲

♣❤✐s♠ φR
r : YR

r → YR
r−1 ♦❢ ❞❡❣r❡❡ pg❀

✷✳ Φr ✐s (OL/p
n)

×✲❡q✉✐✈❛r✐❛♥t ❛♥❞ r❡str✐❝ts t♦ ♠♦r♣❤✐s♠s

Φ(i)
r : IG(i)

n,r → IG(i)
n,r.

Pr♦♦❢✳ ❚❤❡s❡ t✇♦ st❛t❡♠❡♥ts ❛r❡ ❬❆■P✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✸✱ ♣❛❣✳ ✶✶❪ ❛♥❞ ❬❆■P✶✱ Pr♦♣♦s✐t✐♦♥ ✸✳✻✱ ♣❛❣✳
✶✸❪✳ ❲❡ ♦♥❧② s❦❡t❝❤ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ Φr✳ ▲❡t OL/p

n → HD
n ❜❡ ❛ ❧♦❝❛❧ ✐s♦♠♦r♣❤✐s♠ ♦♥ Yr✱ ❛♥❞

♥♦t❡ t❤❛t H ′
n = Hn+1/H1 ✐s t❤❡ ❧❡✈❡❧ n ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣ ♦❢ A/H1 (A) ❛♥❞ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜②

p ❣✐✈❡s ❛♥ ✐s♦♠♦r♣❤✐s♠ Hn+1/H1 → Hn✱ ✇❤❡♥❝❡ OL/p
n ∼
−→ (H ′

n)
D
✳ ■♥ ♣❛rt✐❝✉❧❛r ❛❧❧ t❤❡ ♠❛♣s

✐♥✈♦❧✈❡❞ ❛r❡ OL ⊗Z Zp✲❧✐♥❡❛r ❛♥❞ ❤❡♥❝❡ r❡s♣❡❝t t❤❡ ♣r♦❞✉❝t ✇✐t❤ t❤❡ ✐❞❡♠♣♦t❡♥ts ei✳ ■t ❢♦❧❧♦✇s

t❤❛t t❤❡ r❡str✐❝t✐♦♥s Φ
(i)
r ❛r❡ ✇❡❧❧ ❞❡✜♥❡❞✳

❈♦r♦❧❧❛r② ✼✳✶✽✳ ▲❡t I ′ ⊆ I ✐♥t❡r✈❛❧s✱ r′ ≥ r ❛♥❞ n′ ≥ n ✐♥t❡❣❡rs t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ✐♥
Pr♦♣♦s✐t✐♦♥ ✼✳✶✼✳ ❚❤❡ ✇❡ ❤❛✈❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

IGn′,r′,I′

Φ //

��

IGn,r,I

��
Yr′,I′

φ
// Yr,I

❛♥❞ Φ r❡str✐❝ts t♦ ♠♦r♣❤✐s♠s
Φ(i) : IG

(i)
n′,r′,I′ → IG

(i)
n,r,I .

❘❡♠❛r❦ ✼✳✶✾✳ ❲❡ ❝❛♥ ❛♣♣❧② t❤❡ s❛♠❡ ♠❡t❤♦❞ t♦ ❞❡✜♥❡ IG
′(i)
n,r,I → IGn,r,I ❛s t❤❡ s♣❛❝❡ t❤❛t ❝❧❛ss✐✜❡s

✐s♦♠♦r♣❤✐s♠s eiA
D [pn] ≃ (OFi

/pni )
2
✇❤✐❝❤ ❛r❡ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ H

(i),D
n (A) ≃ OFi

/pni ✳ ❚❤❡ ♠❛♣

IG
′(i)
n,r,I → Xr,I ✐s ✜♥✐t❡ ét❛❧❡ ❛♥❞ ●❛❧♦✐s✳ ❲❡ ❝❛❧❧ IG

′(i)
n,r,I → IG

(i)
n,r,I ✐ts ♥♦r♠❛❧✐s❛t✐♦♥ ❛♥❞ IG′

n,r,I =
∏d

i=1 IG
′(i)
n,r,I ✳

✹✵



✼✳✹ ❆ ❞✐❣r❡ss✐♦♥ ♦♥ ♣♦❧❛r✐s❛t✐♦♥s

❍❡r❡ ✇❡ ❢♦❧❧♦✇s ❬❆♥●♦✶✱ ❙❡❝t✐♦♥ ✸❪✳ ▲❡t A/S ❜❡ ❛♥ ❛❜❡❧✐❛♥ s❝❤❡♠❡ ✇✐t❤ r❡❛❧ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② OL

❛♥❞ ❛ss✉♠❡ t❤❛t ✐t s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❉P✮✱ t❤❛t ✐s✱ t❤❡ ♥❛t✉r❛❧ ♠❛♣

φA : A⊗OL
MA → A∨

x⊗ λ 7→ λ (x)

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛s ét❛❧❡ s❤❡❛✈❡s ♦✈❡r S✳ ▲❡t t ∈ N ❜❡ ♣♦s✐t✐✈❡ ✐♥t❡❣❡r✳ ▲♦❝❛❧❧② ✐♥ t❤❡ ét❛❧❡ s✐t❡
♦❢ S ✇❡ ❤❛✈❡ ❛♥ OL✲♠♦❞✉❧❡ ✐s♦♠♦r♣❤✐s♠

η :
OL

tOL
→
MA

tMA

❛♥❞ ❧❡t λt ∈MA ❜❡ ❛♥② ❧✐❢t ♦❢ η (1)✳ ▲♦♦❦✐♥❣ ❛t t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

A [t]

��

// A⊗OL

MA

tMA

A [t]⊗OL

OL

tOL

// A [t]⊗OL

MA

tMA

OO

✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ♠❛♣

A [t]→ A⊗OL

MA

tMA

x 7→ x⊗ λt

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❉❡✜♥❡ ξt ✉s✐♥❣ t❤❡ ❞✐❛❣r❛♠ ♦❢ ✐s♦♠♦r♣❤✐s♠s

A [t]
ξt //

��

A∨ [t]

A⊗OL

MA

tMA
(A⊗OL

MA) [t]oo

OO

❣❡tt✐♥❣ t❤❛t
λt|A[t] : A [t] ≃ A∨ [t]

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ❙②❧♦✇✬s ✜rts ❚❤❡♦r❡♠ t❤❛t ker (λt) ❤❛s ♦r❞❡r ❝♦♣r✐♠❡ ✇✐t❤ t ❛♥❞
❤❡♥❝❡ ✇❡ ♣r♦✈❡❞

Pr♦♣♦s✐t✐♦♥ ✼✳✷✵✳ ▲❡t A/S ❜❡ ❛♥ ❛❜❡❧✐❛♥ s❝❤❡♠❡ ✇✐t❤ RM t❤❛t s❛t✐s✜❡s ❝♦♥❞✐t✐♦♥ ✭❉P✮✳ ❚❤❡♥ ❢♦r
❡✈❡r② ✐♥t❡❣❡r t 6=✵ ✐t ❛❞♠✐ts ❛ ♣♦❧❛r✐s❛t✐♦♥ ♦❢ ❞❡❣r❡❡ ♣r✐♠❡ t♦ t✳

❚❤✐s ❢❛❝t ✐s ✐♥t❡r❡st✐♥❣ ❜❡❝❛✉s❡ ✐t ❛❧❧♦✇s t♦ ❛ss✉♠❡ ♦✉r p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣s ❛r❡ ♣r✐♥❝✐♣❛❧❧② ♣♦✲
❧❛r✐s❡❞✳ ■♥❞❡❡❞ ❧❡t A→ S = Spec (R) ❜❡ ❛ g✲❞✐♠❡♥s✐♦♥❛❧ ❛❜❡❧✐❛♥ s❝❤❡♠❡ ♦✈❡r ❛ p✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡
r✐♥❣ R ❛♥❞ ❧❡t f : A → A

∨

❜❡ ❛♥ ✐s♦❣❡♥② ✇❤♦s❡ ❞❡❣r❡❡✱ s❛② k✱ ✐s ♣r✐♠❡ t♦ p ✇✐t❤ ❦❡r♥❡❧ K✳ ▲❡t
U → S ❜❡ ❛♥ fppf ♦♣❡♥ ♦✈❡r ✇❤✐❝❤ t❤❡ s❡q✉❡♥❝❡

0→ K (U)→ A (U)
fU
−→ A∨ (U)→ 0
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✐s ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ✐♥ ❛❜❡❧✐❛♥ ❣r♦✉♣s ✭♦r ♠♦❞✉❧❡s ♦✈❡r ❛ ✜①❡❞ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣ O✮✳ ❋♦r ❡✈❡r②

✐♥t❡❣❡r n ≥ 1 ♥♦t❡ t❤❛t t❤❡ pn✲t♦rs✐♦♥ ❢✉♥❝t♦r (•) [pn] = HomO

(
O
pn , •

)
✱ t❤❡♥ ✇❡ ❤❛✈❡ t❤❡ ❛ss♦❝✐❛t❡❞

❧♦♥❣ ❡①❛❝t s❡q✉❡♥❝❡

0→ K (U) [pn]→ A (U) [pn]
fU
−→ A∨ (U) [pn]→ Ext1O

(
O

pn
,K (U)

)
,

❜✉t

K (U) [pn] = Ext1O

(
O

pn
,K (U)

)
= 0

s✐♥❝❡ pn ❛❝ts ❜♦t❤ ❛s ✵ ❛♥❞ ❛s ❛♥ ✐♥✈❡rt✐❜❧❡ ❡❧❡♠❡♥t ✭❜❡✐♥❣ k ♣r✐♠❡ t♦ p✮✳ ■♥ ❝♦♥❝❧✉s✐♦♥

fp : A [p∞]→ A∨ [p∞]

✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ✐❢ p✲❞✐✈✐s✐❜❧❡ O✲♠♦❞✉❧❡s✳

◆♦t❡ ✼✳✷✶✳ ■♥ ♦✉r ❝❛s❡ t❤✐s r❡♠❛r❦ ❛♣♣❧✐❡s ❛s ❢♦❧❧♦✇s✿ ❧❡t A → S ❜❡ ❛♥ ♦❜❥❡❝t ♣❛r❛♠❡tr✐s❡❞ ❜②
M(µN , c)✱ ✐♥ ♣❛rt✐❝✉❧❛r c ⊗Z Zp ❤❛s r❛♥❦ ✶ ❛s ❛♥ OL ⊗Z Zp✲♠♦❞✉❧❡ ❛♥❞ ❡✈❡r② ❡❧❡♠❡♥t x ∈ c s✉❝❤
t❤❛t x⊗Z1 ✐s ❛ ❣❡♥❡r❛t♦r ❣✐✈❡s r✐s❡ t♦ ❛ ♣♦❧❛r✐s❛t✐♦♥ A→ AD ✇❤♦s❡ ❞❡❣r❡❡ ✐s ♥❡❝❡ss❛r✐❧② ♣r✐♠❡ t♦ p✳
❙✉♣♣♦s❡ t❤❛t A ❛❞♠✐ts ❛ ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣Hn = Hn (A) ♦❢ ❧❡✈❡❧ n✱ t❤❡♥ A/Hn (A) ❣✐✈❡s ❛ ♣♦✐♥t ✐♥
M(µN , pnc) ✭❝❢r✳ ❬❄✱ ♣❛❣✳ ✽✽❪✮ t❤❡r❡❢♦r❡ ✇❡ ❝❛♥ ✐♥❞✉❝❡ ❛ ♣r✐♠❡✲t♦✲p ♣♦❧❛r✐s❛t✐♦♥ ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡
❡❧❡♠❡♥t pnx✳ ❍❡♥❝❡ ✇❡ ✜① s✉❝❤ ❛♥ ❡❧❡♠❡♥t x ∈ c ♦♥❝❡ ❛♥ ❢♦r ❛❧❧✳ ■♥ ✈✐❡✇ ♦❢ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝✉ss✐♦♥
✇❡ ❝♦♥❝❧✉❞❡ t❤❛t ❛❧❧ t❤❡ p✲❞✐✈✐s✐❜❧❡ OL✲♠♦❞✉❧❡s A

Hn(A) [p
∞] ❝♦♠❡ ✇✐t❤ ❝♦♠♣❛t✐❜❧❡ ✐s♦♠♦r♣❤✐s♠s

✭♣r✐♥❝✐♣❛❧ OL✲♣♦❧❛r✐s❛t✐♦♥s✮

A

Hn (A)
[p∞]→

(
A

Hn (A)

)∨

[p∞] .

◆♦t❡ ✼✳✷✷✳ ▲❡t G = A [p∞] ❜❡ t❤❡ p✲❞✐✈✐s✐❜❧❡ ❣r♦✉♣ ❛ss♦❝✐❛t❡❞ t♦ t❤❡ ✉♥✐✈❡rs❛❧ ♦❜❥❡❝t A→ IGn,r,I

❛♥❞ ❧❡t λ : G→ G′ ❜❡ t❤❡ q✉♦t✐❡♥t ❜② t❤❡ ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣✳ ❚❤❡♥ Hdg (G′) = Hdg (G)
p
❛♥❞ ✐♥

♣❛rt✐❝✉❧❛r δpG′ = δp
2

G ⊆ δpG✳ ◆♦t❡ t❤❛t λ∨ ✐s ❱❡rs❝❤✐❡❜✉♥❣ ♠♦❞✉❧♦ pHdg−1
G ❤❡♥❝❡ ❜② ❞❡✜♥✐t✐♦♥ ♦❢

t❤❡ ❍❛ss❡ ✐♥✈❛r✐❛♥t ✇❡ ❤❛✈❡ (λ∨)
∗
ωG ⊆ HdgGωG′ ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞ (λ∨)

∗
✐s ❛♥ OL✲❧✐♥❡❛r ♠❛♣✱

❜❡✐♥❣ t❤❡ OL✲str✉❝t✉r❡ ♦♥ H1 ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ♦♥❡ ♦♥ G✱ t❤❡r❡❢♦r❡ ❢♦r ❡✈❡r② σ ∈ ΣL ✇❡ ❤❛✈❡

HdgGωG′,Fr−1σ ⊆ (λ∨)
∗
ωG,σ

♠♦❞✉❧♦ pHdg−1
G s✐♥❝❡ t❤❡s❡ ❝♦♠♣♦♥❡♥ts ❛r❡ ♥♦✇ ✐♥✈❡rt✐❜❧❡ OIGn,r,I

✲♠♦❞✉❧❡s ❛♥❞ ✜♥❛❧❧②

(λ∨)
∗
ωG = HdgGωG′ .

♠♦❞✉❧♦ pHdg−1
G ✳ ◆♦t❡ t❤❛t p ∈ Hdgp

n+1

G s♦ t❤❛t t❤✐s ♠❡❛♥s

(λ∨)
∗
ωG + pHdg−1

G ωG′ = HdgGωG′ ,

✐♥ ✈✐❡✇ ♦❢ ◆❛❦❛②❛♠❛✬s ▲❡♠♠❛ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

(λ∨)
∗
ωG = HdgGωG′ .
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❚❛❦✐♥❣ ❧✐♥❡❛r ❞✉❛❧s

(λ∗)
∨
(δpGω

∨
G) = pHdg−1

G δpGω
∨
G′

= pHdg−p
G δp−p2

G · δpG′ω
∨
G′

= pHdg−p−1
G · δpG′ω

∨
G′

= τG · δ
p
G′ω

∨
G′ .

✇❤❡r❡ ✇❡ s❡t τG = pHdg−p−1
G ✳ ❘❡❝❛❧❧ t❤❛t

p ∈ (α) ⊆ Hdgp
2

G ✭✼✳✹✮

✭❛s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❝♦♥str✉❝t✐♦♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✼✮✱ t❤❡♥ t❤❡ ✐♥❝❧✉s✐♦♥ ✭✼✳✹✮ ❡♥t❛✐❧s

τpmG ⊆

(
α

Hdgp
2

G

)pm

⊆ αm

(
α

Hdgp
3

)m

⊆ (α)
m
.

✽ ❚❤❡ s❤❡❛✈❡s ❢♦r p ✉♥r❛♠✐✜❡❞

❘❡❝❛❧❧ t❤❛t ✇❡ ✐♥tr♦❞✉❝❡❞ t❤❡ ❢♦r♠❛❧ s❝❤❡♠❡ BlmW
0 → Spf (Zp) ❛s ❛ ❢♦r♠❛❧ ♠♦❞❡❧ ❢♦r t❤❡ ❛❞✐❝

✇❡✐❣❤t s♣❛❝❡ ✐♥ ✻✳✷✳ ❋♦r α ∈ m\m2 ❛♥❞ ❛♥ ✐♥t❡r✈❛❧ I ⊆ Q≥0✱ t❤❡♥ t❤❡ r✐♥❣s B0
α,I s❛t✐s❢② t❤❡

❝♦♥❞✐t✐♦♥s ♦❢ ✼✳✷✱ ❤❡♥❝❡ ✇❡ ❡♥❞ ✉♣ ✇✐t❤ ❢♦r♠❛❧ s❝❤❡♠❡s

IG
(i)
n,r,I → Xr,I → Spf

(
B0

α,I

)
.

❋✐① ❛♥ ✐♥t❡❣❡r r ≥ 1✱ ❛♥ ✐♥t❡r✈❛❧ I =
[
pk, ps

]
❢♦r t✇♦ ✐♥t❡❣❡rs s ≥ k ≥ 0 ❛♥❞ n ≤ r + k✳ ❲❡ ❧❡t

X ❞❡♥♦t❡ Xr,I ✱ IG
(i)
n ❞❡♥♦t❡ IG

(i)
n,r,I ❡t❝✳✳✳ ❲❡ ❧❡t A = Ar,I ❜❡ t❤❡ ✉♥✐✈❡rs❛❧ s❡♠✐✲❛❜❡❧✐❛♥ s❝❤❡♠❡

♦✈❡r X ❛♥❞ ωA t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s❤❡❛❢ ♦❢ ✐♥✈❛r✐❛♥t ❞✐✛❡r❡♥t✐❛❧s✳

❘❡♠❛r❦ ✽✳✶✳ ❯♥❞❡r t❤❡s❡ ❛ss✉♠♣t✐♦♥s t❤❡ ❧❡✈❡❧✲n ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣ Hn ⊆ A [pn] ✐s ❞❡✜♥❡❞ ✭❚❤❡✲
♦r❡♠ ✼✳✶✶✮ ❛♥❞ ✐t ❝♦♠❡s ✇✐t❤ ❛♥ OL✲❧✐♥❡❛r str✉❝t✉r❡ ✭❈♦r♦❧❧❛r② ✼✳✶✷✮ ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❛t ♦❢ A✳
❙✐♥❝❡ Hn ✐s pn✲t♦rs✐♦♥✱ t❤❡ ♠❛♣ ωA → ωHn

❢❛❝t♦rs t❤r♦✉❣❤ ωA/pnωA ❛♥❞ ❜② ✹✳ ✐♥ ❚❤❡♦r❡♠ ✼✳✶✶

✇❡ s❡❡ t❤❛t t❤❡ ❦❡r♥❡❧ ♦❢ t❤✐s ❧❛st ♠❛♣ ✐s ❛♥✐❤✐❧❛t❡❞ ❜② Hdg
pn−1
p−1 ✱ ✐♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ❛ s❡q✉❡♥❝❡

♦❢ ❡♣✐♠♦r♣❤✐s♠s

ωA → ωHn
→

ωA

βnωA

❛s ❢♣♣❢ s❤❡❛✈❡s ✐♥ OL ⊗Z OX✲♠♦❞✉❧❡s ♦✈❡r X✳

◆♦t❡ ✽✳✷✳ ❲❡ q✉✐❝❦❧② r❡❝❛❧❧ t❤❡ ❝♦♥st✉❝t✐♦♥ ♦❢ t❤❡ ♠❛♣ dlog✿ ❣✐✈❡♥ ❛ ✜♥✐t❡ ✢❛t ❝♦♠♠✉t❛t✐✈❡ ❣r♦✉♣
G→ S✱ ❧❡t f : U = Spec (R)→ S ❜❡ ❛♥ ❢♣♣❢ ♠♦r♣❤✐s♠✳ ❆♥ R✲♣♦✐♥t x ∈ GD (R) ✐s ❛ ♠♦r♣❤✐s♠

x : G/U → Gm/U

❤❡♥❝❡ t❤❡ s❡❝t✐♦♥

x∗

(
dT

T

)
∈ f∗ωG/U

✐s ❞❡✜♥❡❞✱ ✇❤❡r❡ dT/T ❞❡♥♦t❡s t❤❡ ✐♥✈❛r✐❛♥t ❞✐✛❡r❡♥t✐❛❧ ❞✐✛❡r❡♥t✐❛❧ ♦♥ Gm/U ✳ ❚❤✐s r✉❧❡ ❞❡✜♥❡s ❛
♠♦r♣❤✐s♠ ♦❢ ❢♣♣❢ ❛❜❡❧✐❛♥ s❤❡❛✈❡s

dlogG : GD → ωG.
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Pr♦♣♦s✐t✐♦♥ ✽✳✸✳ ❈♦♥s✐❞❡r t❤❡ ♠♦r♣❤✐s♠

dlogHn
: HD

n → ωHn

♦❢ ❛❜❡❧✐❛♥ ❢♣♣❢ s❤❡❛✈❡s ♦♥ IGn ❛♥❞ ❧❡t Pn ❜❡ t❤❡ ✉♥✐✈❡rs❛❧ ❣❡♥❡r❛t♦r ♦❢ HD
n ✳ ❉❡♥♦t❡ ΩA t❤❡

s✉❜✲OIGn
⊗Z OL✲♠♦❞✉❧❡ ♦❢ ωA ❣❡♥❡r❛t❡❞ ❜② t❤❡ ❧✐❢ts ♦❢

s = dlogHn
(Pn) ∈

ωA

pnHdg−
pn−1
p−1 ωA

,

t❤❡♥ ΩA ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ OIGn
⊗ZOL✲♠♦❞✉❧❡ ♦❢ r❛♥❦ ✶ ❛♥❞ t❤❡ ♠❛♣ dlogHn

✐♥❞✉❝❡s ❛♥ OIGn
⊗ZOL✲

♠♦❞✉❧❡ ✐s♦♠♦r♣❤✐s♠

OL ⊗Z

OIGn

pnHdg−
pn

p−1OIGn

≃
ΩA

pnHdg−
pn

p−1ΩA

.

Pr♦♦❢✳ ❚❤✐s ✐s ❬❆■P✶✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ ♣❛❣✳ ✶✺❪✳

✽✳✶ ❚❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥

◆♦t❡ ✽✳✹✳ ▲❡t X → SpecOLGal

[
d−1
L

]
= Spec (A) ❜❡ ❛ s❝❤❡♠❡ ♦❢ ✜♥✐t❡ t②♣❡ ❛♥❞ ❧❡t M ❜❡ ❛ ❝♦❤❡r❡♥t

❧♦❝❛❧❧② ❢r❡❡ OX ✲♠♦❞✉❧❡ ✇✐t❤ ❛ ❝♦♥♥❡❝t✐♦♥ ∇ : M →M ⊗OX
Ω1

X/A✳ ❈♦♥s✐❞❡r t❤❡ ❜❛s❡✲❝❤❛♥❣❡

∇Q : M ⊗Z Q→ (M ⊗Z Q)⊗Q Ω1
XQ/LGal ,

✇❤❡r❡ ✇❡ ✉s❡❞ t❤❡ ❢❛❝t t❤❛t Q⊗Z Q = Q✱ ❛♥❞ s✉♣♣♦s❡ t❤❛t✱ ❢♦r ❡✈❡r② γ : L→ LGal ✇❡ ❤❛✈❡

∇Q ((M ⊗Z Q) (γ)) ⊆ (M ⊗Z Q) (γ)⊗OXQ
Ω1

XQ/LGal .

◆♦t❡ t❤❛t✱ s✐♥❝❡ ❧♦❝❛❧✐s❛t✐♦♥ ✐s ❛♥ ❛❞❞✐t✐✈❡ ❢✉♥❝t♦r✱ ✇❡ ❤❛✈❡ (M ⊗Z Q) (γ) = M (γ)⊗Z Q✱ ❤❡♥❝❡✹

(M ⊗Z Q) (γ)⊗OXQ
Ω1

XQ/LGal = (M (γ)⊗Z Q)⊗OXQ

(
Ω1

X/A ⊗Z Q
)

=
(
M (γ)⊗OX

Ω1
X/A

)
⊗Z Q.

❚❤❡r❡❢♦r❡

∇ (M (γ)) ⊆
(
M ⊗OX

Ω1
X/A

)
∩
[(

M (γ)⊗OX
Ω1

X/A

)
⊗Z Q

]
⊆M (γ)⊗OX

Ω1
X/A.

▲❡♠♠❛ ✽✳✺✳ ▲❡t M = MN → Spec
(
OLGal

[
d−1
L

])
❜❡ t❤❡ ❜❛s❡ ❝❤❛♥❣❡ ♦❢ t❤❡ s❝❤❡♠❡ ❞❡✜♥❡❞ ✐♥

❚❤❡♦r❡♠ ✷✳✶✷ ❛♥❞ ❧❡t

∇ : H1
dR = H1

dR (A/M)→ H1
dR ⊗OM

Ω1
M/O

LGal [d−1
L ]

❜❡ t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥✳ ❚❤❡♥ ❢♦r ❡✈❡r② γ : L→ LGal ✇❡ ❤❛✈❡

∇
(
H1

dR (γ)
)
⊆ H1

dR (γ)⊗OM
Ω1

M/O
LGal [d−1

L ].

✹❘❡❝❛❧❧ t❤❛t ❣✐✈❡♥ t✇♦ Q✲✈❡❝t♦r s♣❛❝❡s V,W ✇❡ ❤❛✈❡

V ⊗Z W = V ⊗Q W.

✹✹



Pr♦♦❢✳ ❲❡ ❢♦❧❧♦✇ ❬❑❛t✱ ▲❡♠♠❛ ✷✳✶✳✶✹✱ ♣❛❣ ✷✷✾❪✳ ▲❡t Σ = HomQ

(
L,LGal

)
✳ ❊♠❜❡❞ LGal ⊆ C ❛♥❞

❝♦♥s✐❞❡r t❤❡ ❜❛s❡ ❝❤❛♥❣❡ MC → Spec (C)✱ ✇❤♦s❡ ❛ss♦❝✐❛t❡❞ ❛♥❛❧②t✐❝ ✈❛r✐❡t② ❤❛s ✉♥✐❢♦r♠✐s❛t✐♦♥ ❜②
h (L) = hΣ✱ ✇❤❡r❡ h ✐s t❤❡ ✉s✉❛❧ ❝♦♠♣❧❡① ❤❛❧❢ ♣❧❛♥❡ ✭❬❑❛t✱ ❙❡❝t✐♦♥ ✶✳✹✱ ♣❛❣✳ ✷✶✸❪✮✳ ❖✈❡r h (L) ✇❡
❤❛✈❡ ❛ ❤♦r✐③♦♥t❛❧ ✐s♦♠♦r♣❤✐s♠ ❜❡t✇❡❡♥ H1

dR ❛♥❞ ❛ ❝♦♥st❛♥t s❤❡❛❢

V ⊗C Oh(L) ≃ H1
dR

✇✐t❤ t❤❡ tr✐✈✐❛❧ ❝♦♥♥❡❝t✐♦♥ idV ⊗C d✳ ❋♦r ❡✈❡r② γ ∈ Σ ❧❡t {Xγ , Yγ} ❜❡ ❛ ❜❛s✐s ♦❢ ❤♦r✐③♦♥t❛❧ s❡❝t✐♦♥s
♦❢ H1

dR (γ)✳ ❚❤❡♥ ❑♦❞❛✐r❛✲❙♣❡♥❝❡r ✐s♦♠♦r♣❤✐s♠ r❡❛❞s

Ω1
h(L)/C → ω⊗2 =

⊕

σ

(Xσ − τσYσ)
2 · Oh(L)

2πi dτσ 7→ (Xσ − τσYσ)
2

▲❡t D̃σ : H1
dR → H1

dR ⊗ ω
(
σ2
)
❛s ✐♥ ◆♦t❡ ✹✳✹✱ t❤❡♥

D̃σ =
1

2πi
(Xσ − τσYσ)

2 ∂

∂τσ
,

❤❡♥❝❡ ✐❢ ξ = fXγ + gYγ ∈ H1
dR (γ) ✇❡ ❤❛✈❡

D̃σ (ξ) =
1

2πi

(
∂f

∂τσ
Xγ +

∂g

∂τσ
Yγ

)
⊗C (Xσ − τσYσ)

2 ∈ H1
dR (γ)⊗ ω

(
σ2
)
.

❙✐♥❝❡ ❤❛✈❡ ∇ =
∑

σ D̃σ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ st❛t❡♠❡♥ts ❤♦❧❞s ♦♥ ML ❛♥❞ ✐♥ ✈✐❡✇ ♦❢ ◆♦t❡ ✽✳✹ t❤❛t
✐t ❤♦❧❞s ♦✈❡r M✳

❇❛❝❦ t♦ ♦✉r s❡tt✐♥❣

Pr♦♣♦s✐t✐♦♥ ✽✳✻✳ ▲❡t ∇ : H1
dR → H1

dR⊗̂OX
Ω1

X/S ❜❡ t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥✳ ❚❤❡♥

✶✳ ∇ r❡str✐❝ts t♦ ❛♥ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥

∇(i) : H
1,(i)
dR → H

1,(i)
dR ⊗̂OX

Ω1
X/S

❢♦r ❡✈❡r② i❀

✷✳ t❤❡ ❝♦♥♥❡❝t✐♦♥ ∇(i) r❡s♣❡❝ts t❤❡ r❡s♣❡❝ts t❤❡ OFi
✲str✉❝t✉r❡✳

Pr♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✽✳✺ ✇❡ ❦♥♦✇ t❤❛t ❢♦r ❡✈❡r② γ : L→ LGal ✇❡ ❤❛✈❡

∇
(
H1

dR (γ)
)
⊆ H1

dR (γ)⊗OM
Ω1

M/O
LGal [d−1

L ].

◆♦t❡ t❤❛t✱ ❜❡✐♥❣ H1
dR ❛♥ OL ⊗Z OX✲♠♦❞✉❧❡ ✇❡ ❤❛✈❡

H
1,(i)
dR =

⊕

σ∈Gi

H1
dR (σ)

❈♦♥s✐❞❡r t❤❡ ❜❛s❡ ❝❤❛♥❣❡ MOFi
= M⊗O

LGal [d−1
L ] OFi

✱ t❤❡♥

∇
(
H1

dR (γ)
)
⊆ H1

dR (γ)⊗OMOFi

Ω1
MOFi

/OFi

❢♦r ❡✈❡r② γ ∈ Gi s✐♥❝❡✱ ✐♥ ✈✐❡✇ ♦❢ ❘❡♠❛r❦ ✼✳✶✸ t❤❡s❡ ❛✉t♦♠♦r♣❤✐s♠s ✐❞❡♥t✐❢② ✇✐t❤ ❛ s✉❜s❡t ♦❢ t❤❡
❡♠❜❡❞❞✐♥❣s L→ LGal✳

✹✺



✽✳✷ ❉❡s❝❡♥❞✐♥❣ t♦ IGn

❉❡✜♥❡ t❤❡ ❢♦r♠❛❧ ❣r♦✉♣ T = 1 + βn · ResOL/Z (Ga)✱ ❤❡♥❝❡ ♦✈❡r IG(i)
n t❤❡ ✉♥✐✈❡rs❛❧ ❝❤❛r❛❝t❡r ❣✐✈❡s

❛ ♠♦r♣❤✐s♠ κ(i) : T(i) = 1 + βnResOFi
|Zp

(Ga)→ G
m|IG

(i)
n

❢♦r ❡✈❡r② i✳

Pr♦♣♦s✐t✐♦♥ ✽✳✼✳ ▲❡t (E , s) ❜❡ ❛♥ MSOFi
✲❞❛t✉♠ ♦❢ r❛♥❦ m ♦♥ IG(i)

n ❛♥❞ ❞❡♥♦t❡ ✇✐t❤ π : V0 (E , s)→

IG(i)
n t❤❡ ❢♦r♠❛❧ OFi

✲♠♦❞✉❧❡ ❜✉♥❞❧❡ ✇✐t❤ ♠❛r❦❡❞ s❡❝t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ ✐t✱ t❤❡♥

✶✳ t❤❡ ♠❛♣ π ❤❛s ❛ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦❢ T(i)❀

✷✳ ❧❡t Spf (R) ⊆ IG(i)
n ❜❡ ❛♥ ♦♣❡♥ s✉❜s❡t ♦✈❡r ✇❤✐❝❤ E ❛♥❞ βn ❛r❡ ❢r❡❡✱ t❤❡♥

π∗OV0,σ(E,s)

[
κ(i)
]
|Spf(R)

=
∏

u∈S

R 〈V2,σ,u, . . . , Vm,σ,u〉 · κ
(i) (σ (u) + βnZσ,u)

✇❤❡r❡ Vk,σ,u = (σ (u) + βnZσ,u)
−1

Xk,σ,u✳

Pr♦♦❢✳

✶✳ ❚❤❡ ❣r♦✉♣ T(i) ❛❝ts ♥❛t✉r❛❧❧② ♦♥ E s✐♥❝❡ ✐t ✐s ❛♥ OFi
⊗Zp
O

IG
(i)
n
✲♠♦❞✉❧❡✱ ♠♦r❡♦✈❡r ✐t ✐s t❤❡

tr✐✈✐❛❧ ❣r♦✉♣ ♠♦❞✉❧♦ βn✱ t❤❡r❡❢♦r❡ ✐t r❡s♣❡❝ts t❤❡ ♠❛r❦❡❞ s❡❝t✐♦♥ s ❛♥❞ ❛❝ts ❜② ❛✉t♦♠♦r♣❤✐s♠
♦❢ MSOFi

✲❞❛t✉♠ ♦♥ (E , s)✳ ❚❤❡ ❛❝t✐♦♥ ♦♥ π ✐s t❤❡ ♦♥❡ ✐♥❞✉❝❡❞ ❜② ❢✉♥❝t♦r✐❛❧✐t②✳

✷✳ ❚❤❡ ❢♦r♠❛❧ t♦r✉s T(i) ❛❝ts ♦♥ V (E) ✈✐❛ Gm✱ ❤❡♥❝❡ ❢♦r t = (1 + βnrσ)σ ∈ T(i) (R) ✇❡ ❤❛✈❡

t ∗Xk,σ,u = tXk,σ,u = (1 + βnrσ)Xk,σ,u

❢♦r ❡✈❡r② k, σ, u✳ ❘❡q✉✐r✐♥❣ ❡q✉✐✈❛r✐❛♥❝❡ ✇❡ ❣❡t tσ∗(σ (u) + βnZσ) = (1 + βnrσ) (σ (u) + βnZσ)
❤❡♥❝❡

t ∗ Zσ,u = tσ ∗ Zσ,u = σ (u)
tσ − 1

βn
+ tσZσ,u.

■♥ ✈✐❡✇ ♦❢ t❤❡ ❧♦❝❛❧ ❛♥❛❧✐t②❝✐t② ♦❢ κ✱ ❛♥❞ ❤❡♥❝❡ ♦❢ κ(i)✱ ✇❡ ❤❛✈❡

t ∗ κ(i) (σ (u) + βnZσ,u) = κ(i) (t ∗ (σ (u) + βnZσ,u))

= κ(i) (t · (σ (u) + βnZσ,u)) .

❛♥❞ ❤❡♥❝❡ t∗κ(i) (σ (u) + βnZσ,u) = κ(i) (t)κ(i) (σ (u) + βnZσ,u)✱ t❤❛t ✐s κ
(i) (σ (u) + βnZσ,u) ∈

R 〈Zσ,u, X2,σ,u . . . , Xm,σ,u〉
[
κ(i)
]
❛♥❞

R 〈V2,σ,u, . . . , Vm,σ,u〉 · κ
(i) (σ (u) + βnZσ,u) ⊆ R 〈Zσ,u, X2,σ,u . . . , Xm,σ,u〉

[
κ(i)
]
.

❚♦ ❝♦♥❝❧✉❞❡ ✇❡ ❥✉st ♥❡❡❞ t♦ s❤♦✇ t❤❛t

R 〈Zσ,u, X2,σ,u, . . . , Xm,σ,u〉
T(i)(R)

= R 〈V2,σ,u, . . . , Vm,σ,u〉 .

◆♦t❡ t❤❛t Vi ∈ R 〈Zσ,u, X2,σ,u, . . . , Xm,σ,u〉
TL(R)

❢♦r ❡✈❡r② i ❛♥❞ R 〈Zσ,u, X2,σ,u, . . . , Xm,σ,u〉 =
R 〈Zσ,u, V2,σ,u, . . . , Vm,σ,u〉✳ ▲❡t

f =
∑

|γ|≥0

cγZ
γ1
σ,uV

γ2
2,σ,u . . . V

γm
m,σ,u ∈ R 〈Zσ,u, X2,σ,u, . . . , Xm,σ,u〉

T(i)(R)
,

✹✻



✐♥ ✈✐❡✇ ♦❢ t❤❡ ❢♦r♠✉❧❛s ❛❜♦✈❡

f =
∑

|γ|≥0

cγ

(
σ (u)

tσ − 1

βn
+ tσZσ,u

)γ1

V
γ2
2,σ,u . . . V

γm
m,σ,u

❢♦r ❡✈❡r② t = (1 + βnrσ)σ ∈ T(i) (R)✳ ❲❡ s❡❡ ✐t ❛s ❛♥ ❡q✉❛❧✐t② ✐♥ R 〈Zσ,u〉 [[V2,σ,u, . . . , Vm,σ,u]]
❣✐✈✐♥❣

∑

|γ|≥0

cγZ
γ1
σ,u =

∑

|γ|≥0

cγ

(
σ (u)

tσ − 1

βn
+ tσZσ,u

)γ1

.

❙❡tt✐♥❣ Zσ,u = 0 ✇❡ s❡❡ t❤❛t✱ ❢♦r ❡✈❡r② r ∈ R t❤❡ r❡❧❛t✐♦♥
∑

|γ|≥0

cγ =
∑

|γ|≥0

cγr
γ1

❛♥❞ ❲❡✐❡rtr❛ss ♣r❡♣❛r❛t✐♦♥ s❛②s t❤❛t cγ = 0 ❢♦r γ1 6= 0✳ ❋✐♥❛❧❧② ✇❡ ❝♦♥❝❧✉❞❡ s✐♥❝❡ ❢♦r
f ∈ R 〈Zσ,u, X2,σ,u . . . , Xm,σ,u〉

[
κ(i)
]
✇❡ ❤❛✈❡

f (Zσ,u, X2,σ,u . . . , Xm,σ,u)·κ
(i) (σ (u) + βnZσ,u)

−1 ∈ R 〈Zσ,u, X2,σ,u . . . , Xm,σ,u〉
T(i)(R)

= R 〈V2,σ,u, . . . , Vm,σ,u〉 .

◆♦t❡ t❤❛t✱ s✐♥❝❡ ΩA ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ OL ⊗Z OIGn
✲♠♦❞✉❧❡✱ Ω

(i)
A

✐s ❛♥ ✐♥✈❡rt✐❜❧❡ OFi
⊗Zp
O

IG
(i)
n
✲

♠♦❞✉❧❡✳

❉❡✜♥✐t✐♦♥ ✽✳✽✳ ❉❡✜♥❡̟κ(i)

= ̟κ(i)

n,r,I =

(
π∗O

V0

(

Ω
(i)
A

,s
)

)[
κ(i)
]
✱ t❤❛t ✐s t❤❡ s✉❜s❤❡❛❢ ♦❢ π∗O

V0

(

Ω
(i)
A

,s
)

❝♦♥s✐st✐♥❣ ♦❢ s❡❝t✐♦♥s tr❛♥s❢♦r♠✐♥❣ ❛❝❝♦r❞✐♥❣ t♦ t❤❡ ❝❤❛r❛❝t❡r κ(i) ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ T(i)✳

❘❡♠❛r❦ ✽✳✾✳ ■t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✽✳✼ t❤❛t ̟κ(i)

✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ O
IG

(i)
n
✲♠♦❞✉❧❡ ♦❢ r❛♥❦ #S✳

❲❤❛t ✇❡ ❞✐❞ ❤❡r❡ ❢♦r t❤❡ ❝❤❛r❛❝t❡r κ ❤♦❧❞s ✈❡r❜❛t✐♠ ✇❤❡♥ κ ✐s r❡♣❧❛❝❡❞ ❜② ❛♥② ❧♦❝❛❧❧② ❛♥❛❧②t✐❝
❝❤❛r❛❝t❡r χ : T→ Gm✳

❈♦r♦❧❧❛r② ✽✳✶✵✳ ❲✐t❤ s❡tt✐♥❣ ❛♥❞ ♥♦t❛t✐♦♥s ❛s ✐♥ Pr♦♣♦s✐t✐♦♥ ✽✳✼ ✱ ❧❡t E ❜❡ ❛♥ ✐♥✈❡rt✐❜❧❡ OFi
⊗Zp

O
IG

(i)
n
✲♠♦❞✉❧❡✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✐♥t❡❣❡r k ✇❡ ❤❛✈❡

π∗OV0(E,s) [k] ≃
∏

u∈S

E⊗k.

Pr♦♦❢✳ ❇② ❝♦♥str✉❝t✐♦♥ ✇❡ ❤❛✈❡ ❛♥ ❡♠❜❡❞❞✐♥❣ E → VOFi
(E) ❛s t❤❡ ❤♦♠♦❣❡♥❡♦✉s ❝♦♠♣♦♥❡♥t ♦❢

❞❡❣r❡❡ ✶✳ ❙✐♥❝❡ E ✐s ✐♥✈❡rt✐❜❧❡✱ ✇❡ ❤❛✈❡ t❤❛t E⊗k ⊆ π∗OVOF
(E) ✐s t❤❡ s✉❜♠♦❞✉❧❡ ❧♦❝❛❧❧② ✇✐t❤ ❜❛s✐s{

Xk
1,σ

}
σ
t❤❡r❡❢♦r❡

E⊗k = π∗OVOF
(E) [k]

s✐♥❝❡ T(i) ❛❝ts ♦♥ VOFi
(E) ✈✐❛ Gm✳ ❚❤❡ ♠❛♣ ξu : π∗OVOFi

(E) → π∗OVu
0 (E,s)

✐s T(i)✲❡q✉✐✈❛r✐❛♥t

❤❡♥❝❡ ✐t ❣✐✈❡s
ξu : π∗OVOFi

(E) [k]→ π∗OVu
0 (E,s)

[k] .

■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✼ ✐t ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠ ❜❡❝❛✉s❡ ❧♦❝❛❧❧② ❣✐✈❡s

ξu : Xk
1,σ 7→ (σ (u) + βnZσ,u)

k
.

✹✼



◆♦t❡ ✽✳✶✶✳ ■t ✐s s❤♦✇♥ ✐♥ ❬❆■P✷✱ Pr♦♣♦s✐t✐♦♥ ❆✳✸✱ ♣❛❣✳ ✹✸❪ t❤❛t t❤❡r❡ ❡①✐sts ❛♥ ✐♥✈❡rt✐❜❧❡ ✐❞❡❛❧
δ ⊆ OIG1 ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t δp−1 = Hdg ❛♥❞ δ · ω

A
= ΩA✳

❈♦♥s✐❞❡r ♥♦✇ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ ♦♥ H1
dR (A/IGn)✱ t❤✐s ✐s ❣✐✈❡♥ ❜② t❤❡ ❡①❛t s❡q✉❡♥❝❡

H•
A = 0→ ω

A
→ H1

dR (A/IGn)→ ω∨
AD → 0

❛♥❞ H1
dR (A/IGn) ❝♦♠❡s ✇✐t❤ t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥✳

❉❡✜♥✐t✐♦♥ ✽✳✶✷✳ ❲❡ ❧❡t H#
A

❜❡ t❤❡ ♣✉s❤♦✉t ♦❢ t❤❡ ❞✐❛❣r❛♠

δp · ω
A

//

��

δp ·H1
dR (A/IGn)

��
ΩA

// H#
A

✭✽✳✶✮

▲❡♠♠❛ ✽✳✶✸✳ ❲❡ ❤❛✈❡
δp ·H1

dR (A/IGn) ∩ ΩA = δp · ω
A

❛s s✉❜s❤❡❛✈❡s ♦❢ H1
dR (A/IGn)✱ s♦ ✐♥ ♣❛rt✐❝✉❧❛r

H#
A

= δp ·H1
dR (A/IGn) + ΩA ⊆ H1

dR (A/IGn) .

Pr♦♦❢✳ ❲❡ ❤❛✈❡ ❛♥ ✐♥❥❡❝t✐✈❡ ♠❛♣

δp · ω
A
→ δp ·H1

dR (A/IGn) ∩ ΩA = δp ·H1
dR (A/IGn) ∩ δ · ω

A
,

✇❤♦s❡ s✉r❥❡❝t✐✈✐t② ✐s ❝❤❡❝❦❡❞ ❧♦❝❛❧❧②✳ ❲❡ ❤❛✈❡ ❧♦❝❛❧❧②

δp ·H1
dR (A/IGn) ∩ ΩA = (δp · ω

A
⊕ δp · ω∨

AD ) ∩ δ · ω
A

= δp · ω
A
∩ δ · ω

A
= δp · ω

A

❤❡♥❝❡ t❤❡ ♠❛♣ ❛❜♦✈❡ ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳ ❚❤✐s s❤♦✇s t❤❛t t♦ ❣✐✈❡ ❛ ♣❛✐r ♦❢ ♠♦r♣❤✐s♠s

δp ·H1
dR (A/IGn)→ F ← ΩA

t❤❛t ❝♦✐♥❝✐❞❡ ♦♥ δp · ω
A

✐s t❤❡ s❛♠❡ ❛s ❛ ♠♦r♣❤✐s♠ δp · H1
dR (A/IGn) + ΩA → F ✱ ❜✉t t❤✐s ✐s t❤❡

✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ♦❢ t❤❡ ♣✉s❤♦✉t✳

Pr♦♣♦s✐t✐♦♥ ✽✳✶✹ ✭❬❆■✱ Pr♦♣♦s✐t✐♦♥ ✻✳✷✱ ♣❛❣✳ ✻✹❪✮✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

✶✳ ❲❡ ❤❛✈❡ ❛♥ ❡①❛❝t s❡q✉❡♥❝❡ ♦❢ OL ⊗Z OIGn
✲♠♦❞✉❧❡s

(
H#

A

)•
= 0→ ΩA → H#

A
→ δp · ω∨

AD → 0,

✐♥ ♣❛rt✐❝✉❧❛r H#
A

✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ OL ⊗Z OIGn
✲♠♦❞✉❧❡ ♦❢ r❛♥❦ ✷✳

✷✳ ❚❤❡r❡ ❡①✐sts ❛ ♥❛t✉r❛❧ ♠♦♥♦♠♦r♣❤✐s♠ j• :
(
H#

A

)•
→ H•

A
✳

✹✽



✸✳ ▲❡t Pn ∈ H
(i),D
n

(
IG(i)

n

)
❜❡ ❛♥ OFi

/pni ✲ ❜❛s✐s ❛♥❞ ❧❡t si = dlog (Pn)✳ ❚❤❡♥ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡
(
H

#,(i)
A

)•
r❡❛❧✐s❡s

(
Ω

(i)
A
, si

)
❛s ❛♥ MSOFi

✲s✉❜❞❛t✉♠ ♦❢
(
H

#,(i)
A

, si

)
✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✐❞❡❛❧

βn✳ ▼♦r❡♦✈❡r t❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ∇(i) ♦♥ H1
dR (A/IGn)

(i) ✐♥❞✉❝❡s ❛ ❝♦♥♥❡❝t✐♦♥

∇#,(i) : H
#,(i)
A

→ H
#,(i)
A
⊗̂O

IG
(i)
n

δ(i),−1 · Ω1

IG
(i)
n /X

.

Pr♦♦❢✳

✶✳ ❲❡ ✉s❡ t❤❡ ❞❡s❝r✐♣t✐♦♥
H#

A
= δp ·H1

dR (A/IGn) + ΩA

♦❢ ▲❡♠♠❛ ✽✳✶✸✿ ❝❧❡❛r❧② ✇❡ ❤❛✈❡ ❛♥ ✐♥❥❡❝t✐♦♥ ΩA → H#
A

✇❤♦s❡ ❝♦❦❡r♥❡❧ ✐s

δp ·H1
dR (A/IGn) + ΩA

ΩA

=
δp ·H1

dR (A/IGn)

δp ·H1
dR (A/IGn) ∩ ΩA

=
δp ·H1

dR (A/IGn)

δp · ω
A

❜✉t ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❍♦❞❣❡ ✜❧tr❛t✐♦♥ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

coker
(
ΩA → H#

A

)
= δp · ω∨

AD .

✷✳ ❚❛❦❡ j0 ❛♥❞ j2 t♦ ❜❡ t❤❡ ♥❛t✉r❛❧ ✐♥❝✉s✐♦♥s✱ t❤❡♥ t❤❡ ❝❧❛✐♠ ❢♦❧❧♦✇s ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝♦♠♠✉t❛t✐✈❡
❞✐❛❣r❛♠

δp · ω
A

//

��

δp ·H1
dR (A/IGn)

��
ΩA

// ω
A

// H1
dR (A/IGn)

❛♥❞ t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♣✉s❤♦✉t✳

✸✳ ❚❤❡ ✜rst st❛t❡♠❡♥t ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ t❤❡ ❢❛❝t t❤❡ s❡q✉❡♥❝❡
(
H#

A

)•
✐s ❧♦❝❛❧❧② s♣❧✐t✱

s✐♥❝❡ δp ·ω∨
AD ✐s ❧♦❝❛❧❧② ❢r❡❡✳ ❚❤❡ s❡❝♦♥❞ st❛t❡♠❡♥t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ♣r♦♦❢ ♦❢ ❬❆■✱ Pr♦♣♦s✐t✐♦♥

✻✳✸✱ ♣❛❣✳ ✻✹❪✳

❉❡✜♥✐t✐♦♥ ✽✳✶✺✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✹ ✇❡ ❝❛♥ ❝♦♥s✐❞❡r π(i) : V(i) := V0

(
H

#,(i)
A

, si

)
→ IG(i)

n

✳ ❲❡ ❞❡✜♥❡ f(i) t♦ ❜❡ t❤❡ ❝♦♠♣♦s✐t✐♦♥

f(i) : V(i) π(i)

−→ IG(i)
n

h(i),n

−→ X.

❘❡♠❛r❦ ✽✳✶✻✳ ■t ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✽✳✼ t❤❛t t❤❡ O
IG

(i)
n
✲♠♦❞✉❧❡ W̃κ(i) := π

(i)
∗ OV(i)

[
κ(i)
]
❤❛s

❧♦❝❛❧❧② t❤❡ ❢♦r♠

W̃κ(i)|Spf(R) =
∏

u∈S

R 〈Vσ,u〉 · κ
(i) (σ (u) + βnZσ,u)

✹✾



✭s❡❡ t❤❡ Pr♦♣♦s✐t✐♦♥ ❢♦r t❤❡ ♥♦t❛t✐♦♥✮✳ ▼♦r❡♦✈❡r ✇❡ ❝❛♥ ❡♥❞♦✇ t❤❡ O
IG

(i)
n
✲♠♦❞✉❧❡ W̃κ(i) ✇✐t❤ ❛

♥❛t✉r❛❧ ✐♥❝r❡❛s✐♥❣ ✜❧tr❛t✐♦♥

F •W̃κ(i) = π
(i)
∗ F •OV(i)

[
κ(i)
]

✐♥❞✉❝❡❞ ❜②
(
Ω

(i)
A
, si

)
✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t

GrhF •W̃κ(i) = π∗O
V0

(

Ω
(i)
A

,si
)

[
κ(i)
]
⊗GrhF •π

(i)
∗ O

VOFi

(

(

δp·ω∨

AD

)(i)
).

Pr♦♣♦s✐t✐♦♥ ✽✳✶✼✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ ❤♦❧❞✿

✶✳ FhW̃κ(i) ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ ❝♦❤❡r❡♥t O
IG

(i)
n
✲♠♦❞✉❧❡ ❢♦r ❡✈❡r② h ≥ 0❀

✷✳ W̃κ(i) ✐s ✐s♦♠♦r♣❤✐s♠ t♦ t❤❡ ❝♦♠♣❧❡t❡❞ ❧✐♠✐t l̂im
−→

FhW̃κ(i) ❀

✸✳ F 0W̃κ(i) ≃ ̟κ(i)

❛♥❞ GrhF •W̃κ(i) ≃ ̟κ(i)

⊗
IG

(i)
n

(
ω
(i)
A

)−h

⊗
IG

(i)
n

(
ω
(i)

AD

)−h

✳ ■♥ ♣❛rt✐❝✉❧❛r✱

✇❡ ❤❛✈❡ ❧♦❝❛❧❧②

FhW̃κ(i) (Spf (R)) = ̟κ(i)

⊗R


 ⊕

0≤k≤h

(
ω
(i)
A

)−k

⊗
IG

(i)
n

(
ω
(i)

AD

)−k


 .

Pr♦♦❢✳ ❋r♦♠ t❤❡ ❡①♣❧✐❝✐t ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ ✜❧tr❛t✐♦♥ ✇❡ ❤❛✈❡ ❧♦❝❛❧❧② ♦♥ Spf (R) ⊆ IG(i)
n

FhW̃κ(i)|Spf(R) =
∏

u∈S

R [Vσ,u]≤h · κ
(i) (σ (u) + βnZσ,u)

❢r♦♠ ✇❤✐❝❤ ♣♦✐♥ts ✶✳ ❛♥❞ ✷✳✱ ✇❤✐❧❡ t❤❡ ✜rst ♣❛rt ♦❢ ♣♦✐♥t ✸✳ ❝♦♠❡s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✽✳✼✳ ❚♦
❝♦♥❝❧✉❞❡✱ ✐♥ ✈✐❡✇ ❛❣❛✐♥ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✼✱ ✇❡ ❝❛♥ ✇r✐t❡ ❧♦❝❛❧❧②

GrhF •W̃κ(i) (Spf (R)) =
∏

u∈S

⊗

σ∈G

R · κ(i) (σ (u) + βnZσ,u)V
h
σ,u

=
∏

u∈S

⊗

σ∈G

R ·Xh
2,σ,uκ

(i) (σ (u) + βnZσ,u) (σ (u) + βnZσ,u)
−h

=
∏

u∈S

R ·

(∏

σ∈G

κ(i) (σ (u) + βnZσ,u)

)(∏

σ∈G

(σ (u) + βnZσ,u)
−h

)(∏

σ∈G

Xh
2,σ,u

)

=

(
̟κ(i)

⊗
IG

(i)
n

(
ω
(i)
A

)−h

⊗
IG

(i)
n

(
ω
(i)

AD

)−h
)
(Spf (R)) .

✽✳✸ ❉❡s❝❡♥❞✐♥❣ t♦ X

❉❡✜♥❡ t❤❡ ❢♦r♠❛❧ ❣r♦✉♣ Text = T (Zp) · T✳ ❖✈❡r X ✐t ❞❡❝♦♠♣♦s❡s ❛s

d∏

i=1

Text,(i) =

d∏

i=1

O×
Fi
·
(
1 + βnResOFi

|Zp
Ga

)

✺✵



❚❤❡ ❣r♦✉♣ Text,(i) ❝♦♠❡s ✇✐t❤ ❛ ♥❛t✉r❛❧ ❛❝t✐♦♥ ♦♥ f(i) : V0

(
Ω

(i)
A
, si

)
→ X t❤❛t ✇❡ ♥♦✇ ❞❡s❝r✐❜❡✳ ▲❡t

u : S → X ❜❡ ❛ ♠♦r♣❤✐s♠ ♦❢ ❢♦r♠❛❧ s❝❤❡♠❡s✱ t❤❡♥ ❛ ♣♦✐♥t ♦❢ V0

(
Ω

(i)
A
, si

)
(u) ✐s ❛ ♣❛✐r

(
ρ(i), v

)
✇❤❡r❡

ρ(i) : S → IG(i)
n ❧✐❢ts u ❛♥❞ v ∈ V0

(
Ω

(i)
A
, si

) (
ρ(i)
)
✳ ■♥ t❤❡ s❛♠❡ ❢❛s❤✐♦♥ ❛ ♣♦✐♥t ♦❢ V0

(
H

#,(i)
A

, si

)
(u)

✐s ❛ ♣❛✐r
(
ρ(i), w

)
✇❤❡r❡ ρ(i) : S → IG(i)

n ❧✐❢ts u ❛♥❞ w ∈ V0

(
H

#,(i)
A

, si

) (
ρ(i)
)
✳ ▲❡t λ ∈ (OFi

/pni )
×

❜❡ s❡❡♥ ❛s ❛♥ ❡❧❡♠❡♥t ♦❢ t❤❡ ●❛❧♦✐s ❣r♦✉♣ ♦❢ t❤❡ ❛❞✐❝ ❣❡♥❡r✐❝ ✜❜r❡ IG(i)n → X ❛♥❞✱ ❜② ❢✉♥❝t♦r✐❛❧✐t②✱

❛s ❛♥ X✲❛✉t♦♠♦r♣❤✐s♠ ♦❢ IG(i)
n ✳ ❉❡♥♦t❡

λ
∗
: Ω

(i)
A
→ Ω

(i)
A
, H

#,(i)
A

→ H
#,(i)
A

t❤❡ ✐s♦♠♦r♣❤✐s♠s ✐t ✐♥❞✉❝❡s✱ ✇❤✐❝❤ ❛r❡ ❝❤❛r❛❝t❡r✐s❡❞ mod βn ❜② λ
∗
(si) = λsi✳ ❋♦r ❛ ♣♦✐♥t(

ρ(i), v
)
∈ V0

(
Ω

(i)
A
, si

)
(u) ✇❡ ❞❡✜♥❡

λ ∗
(
ρ(i), v

)
=
(
λ ◦ ρ(i), λ−1v

)
✭✽✳✷✮

❛♥❞ ❢♦r ❛ ♣♦✐♥t
(
ρ(i), w

)
∈ V0

(
H

#,(i)
A

, si

)
(u) ✇❡ ❞❡✜♥❡

λ ∗
(
ρ(i), w

)
=
(
λ ◦ ρ(i), λ−1w

)
✭✽✳✸✮

▲❡♠♠❛ ✽✳✶✽✳ ❋♦r♠✉❧❛ ✭✽✳✷✮ ❞❡✜♥❡s ❛♥ ❛❝t✐♦♥ ♦❢ T (Zp) ♦♥ f(i) : V0

(
Ω

(i)
A
, si

)
→ X ✇❤✐❝❤ ✐s

❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❛t ♦❢ T ♦♥ π(i)✱ t❤✉s ❣✐✈✐♥❣ ❛♥ ❛❝t✐♦♥ ♦❢ Text,(i) ♦♥ f(i)✳

Pr♦♦❢✳ ❚❤❡ s❛♠❡ ♣r♦♦❢ ♦❢ ❬❆■P✷✱ ▲❡♠♠❡ ✺✳✶✱ ♣❛❣✳ ✷✶❪ ✇♦r❦s ✐♥ t❤✐s ❝❛s❡✳

❉❡✜♥✐t✐♦♥ ✽✳✶✾✳ ▲❡t wκ(i)

=

(
f
(i)
∗ O

V0

(

Ω
(i)
A

,si
)

)[
κ(i)
]
t❤❛t ✐s✱ wκ(i)

✐s t❤❡ OX✲s✉❜♠♦❞✉❧❡ ♦❢

f
(i)
∗ O

V0

(

Ω
(i)
A

,si
) ❣✐✈❡♥ ❜② s❡❝t✐♦♥s t❤❛t tr❛♥❢♦r♠s ✈✐❛ κ(i) ✉♥❞❡r t❤❡ ❛❝t✐♦♥ ♦❢ Text,(i)✳

◆♦t❡ ✽✳✷✵✳ ■♥ ❬❆■P✶✱ ❙❡❝t✐♦♥ ✹✳✶✱ ♣❛❣✳ ✶✺❪ t❤❡ T✲t♦rs♦r f : Fn → IGn ✐s ❝♦♥s✐❞❡r❡❞✱ ❞❡✜♥❡❞ ❜②

Fn (R) = {ω ∈ ΩA (R) |ω = s} .

▲❡t Spf (R) ⊆ IG(i)
n ❜❡ ❝♦♥♥❡❝t❡❞✱ t❤❡♥ ❢♦r ❡✈❡r② ω

(i)
σ ∈ F

(i)
n,σ (R) ✇❡ ❝❛♥ ❝♦♥s✐❞❡r t❤❡ ♠❛♣ Ω

(i)
A

(σ)→

R ❞❡✜♥❡❞ ❜② fσ

(
ω
(i)
σ

)
= σ (u)✳ ❚❤✐s ❣✐✈❡s ❛ ♠❛♣

φ(i)
n,σ : F(i)

n,σ → Vu
0,σ

(
Ω

(i)
A
, si

)

♦✈❡r IG(i)
n ✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❣✐✈❡♥ ❛ s❡❝t✐♦♥ fσ ∈ Vu

0,σ

(
Ω

(i)
A
, si

)
(R) t❤❡♥ σ (u) f∨

σ ∈ Ω
(i)
A

(σ) ❧✐❢ts

s ✭s✐♥❝❡ fσ

(
σ (u) · f∨

σ

)
= fσ (s)✮ ❛♥❞ t❤✐s ❣✐✈❡s ❛ ♠❛♣

Vu
0,σ

(
Ω

(i)
A
, si

)
→ F(i)

n,σ

✺✶



❛❣❛✐♥ ♦✈❡r IG(i)
n ❛♥❞ ✐t ✐s ❝❧❡❛r ❢r♦♠ t❤❡ ❢✉♥❝t♦r✐❛❧ ❞❡s❝r✐♣t✐♦♥ t❤❛t t❤✐s ✐s ✐♥❞❡❡❞ t❤❡ ✐♥✈❡rs❡ ♦❢

φ
(i)
n,σ✳ ■❢ h ∈ T(i) (R)✱ t❤❡♥ φ

(i)
n,σ

(
hω

(i)
σ

)
✐s ❞❡✜♥❡❞ ❜② hω

(i)
σ 7→ σ (u)✱ ❤❡♥❝❡ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

φ(i)
n,σ

(
hω(i)

σ

)
= h−1φ(i)

n,σ

(
ω(i)
σ

)
.

❲❡ ♣r♦✈❡❞ t❤❛t ❢♦r ❡✈❡r② u ∈ S t❤❡r❡ ✐s ❛ ♥❛t✉r❛❧ ✐s♦♠♦r♣❤✐s♠

φn : Fn → Vu
0 (ΩA, s)

♦✈❡r IGn t❤❛t ✐♥✈❡rts t❤❡ ❛❝t✐♦♥ ♦❢ T✳ ❚❤❡ ✐♠♣♦rt❛♥❝❡ ♦❢ t❤✐s ✐s♦♠♦r♣❤✐s♠ ❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t
❢r♦♠ ❬❆■P✶✱ ❙❡❝t✐♦♥ ✹✳✷✱ ♣❛❣✳ ✶✻❪ t❤❡ s❤❡❛❢ ♦❢ ♦✈❡r❝♦♥✈❡r❣❡♥t ❢♦r♠s ✐s

wover
n,r,I := (hn ◦ f)∗OFn

[
κ−1

]

♦✈❡r Xr,I ✳ ❍❡♥❝❡ ✇❡ ♦❜t❛✐♥ t❤❛t

wκ
n,r,I =

∏

u∈S

wover
n,r,I .

▲❡♠♠❛ ✽✳✷✶✳ ❚❤❡ ❡❧❡♠❡♥ts ♦❢ κ (T (Zp))− 1 ⊆ OX ❛r❡ t♦♣♦❧♦❣✐❝❛❧❧② ♥✐❧♣♦t❡♥t✳

Pr♦♦❢✳ ❚❤✐s ✐s ❧♦❝❛❧ ♦♥ X✱ t❛❦❡ Spf (R) ⊆ X✱ ✐t ♠❛♣s t♦ t❤❡ ♦♣❡♥ Wα ♦❢ W̃α ❞❡✜♥❡❞ ❜② t❤❡ ❡❧❡♠❡♥t
α ∈ m\m2 ❤❡♥❝❡ κ (T (Zp)) − 1 ⊆ αB0

α ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ s✐♥❝❡ αHdg−1 ✐s ♠❛❞❡ ♦❢ t♦♣♦❧♦❣✐❝❛❧❧②
♥✐❧♣♦t❡♥t ❡❧❡♠❡♥ts ♦❢ OX ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✼✳✼✳

◆♦t❡ ✽✳✷✷✳ ▲❡t Spf (A) ⊆ X ❜❡ ❛♥ ♦♣❡♥ ❛✣♥❡ ♦✈❡r ✇❤✐❝❤ Hdg ✐s ❢r❡❡✱ s❛② ❣❡♥❡r❛t❡❞ ❜② H̃a✱ ❛♥❞

❧❡t Spf
(
R

(i)
n

)
⊆ IG(i)

n ❜❡ ✐ts ✐♥✈❡rs❡ ✐♠❛❣❡✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✼✳✶✺✱ ❢♦r j = 0, . . . , n✱ t❤❡r❡ ❡①✐st

❡❧❡♠❡♥ts cj ∈ H̃a
−1

R
(i)
n s✉❝❤ t❤❛t

✶✳ cj ∈ H̃a
−(pj−p)/(p−1)

R
(i)
n ❀

✷✳ TrRj/Rj−1
(cj) = cj−1 ✭❤❡r❡ ✇❡ s❡❡ Rj−1 ❛s ❛ s✉❜r✐♥❣ ♦❢ Rj✮ ❛♥❞ c0 = 1✳

P✐❝❦ ❛ ❣❡♥❡r❛t♦r κ(i) (σ (u) + βnZσ,u) ♦❢ ̟
κ(i)

σ,u ♦✈❡r R
(i)
n ✭❝♦♠♣❛r❡ ✇✐t❤ Pr♦♣♦s✐t✐♦♥ ✽✳✼✮ ❛♥❞ ❛ ❧✐❢t

γ̃ ∈ O×
Fi

❢♦r ❡✈❡r② γ ∈ (OFi
/pnn)

×
✳ ◆♦t❡ t❤❛t t❤❡ ❡❧❡♠❡♥t

bσ,u =
∑

γ∈(OFi
/pn

n)
×

κ(i) (γ̃)σ ∗
(
κ(i) (σ (u) + βnZσ,u) cn

)

❛ ♣r✐♦r✐ ❧✐❡s ✐♥ H̃a
−1

R
(i)
n 〈Zσ,u〉✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✻✳✶✼ ✇❡ ❝❛♥ ✇r✐t❡ κ(i) (σ (u) + βnZσ,u) =

κ(i) (σ (u)) + qh ❢♦r s♦♠❡ h ∈ R
(i)
n 〈Zσ,u〉 ❤❡♥❝❡

bσ,u = κ(i) (σ (u))
∑

γ∈(OFi
/pn

n)
×

κ(i) (γ̃) γ ∗ cn + q
∑

γ∈(OFi
/pn

n)
×

κ(i) (γ̃) γ ∗ (hcn) .

❚❤❡ t❡r♠ q
∑

γ∈(OFi
/pn

n)
× κ(i) (γ̃) γ ∗ (hcn) ❧✐✈❡s ✐♥ qH̃a

−(pn−p)/(p−1)
R

(i)
n 〈Zσ,u〉✱ ❜✉t n ≤ r + k

✐♠♣❧✐❡s t❤❛t H̃a
(pn−p)/(p−1)

|H̃a
pr+k

✱ ❜✉t pα−pk

∈ B0
α,I ❛♥❞ αHdg−pr+1

⊆ R
(i)
n ❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t

✺✷



H̃a
pr+k+1

|p✳ ❚❤❡r❡❢♦r❡✱ ❞❡♥♦t✐♥❣
(
R

(i)
n

)
➦➦

t❤❡ ✐❞❡❛❧ ♦❢ t♦♣♦❧♦❣✐❝❛❧❧② ♥✐❧♣♦t❡♥t ❡❧❡♠❡♥ts ✐♥ R
(i)
n ✱ ✇❡

❤❛✈❡

q
∑

γ∈(OFi
/pn

n)
×

κ(i) (γ̃) γ ∗ (hcn) ∈
(
R(i)

n

)
➦➦

·R(i)
n 〈Z〉 .

❈♦♥s✐❞❡r ♥♦✇
∑

γ∈(OFi
/pn

n)
× κ(i) (γ̃) γ ∗ cn✿ ✜rst ♥♦t❡ t❤❛t ✐♥ ✈✐❡✇ ♦❢ t❤❡ ❝❤♦✐❝❡ ♦❢ t❤❡ s❡q✉❡♥❝❡ cj

❛♥❞✱ s✐♥❝❡ κ(i) (γ̃) ∈ 1 +
(
R

(i)
n

)
➦➦

✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✽✳✷✶✱ ✇❡ ❤❛✈❡

∑

γ∈1+pt−1
i OFi

/pt
iOFi

κ(i) (γ̃) γ ∗ ct ≡
∑

γ∈1+pt−1
i OFi

/pt
iOFi

γ ∗ ct mod
(
R(i)

n

)
➦➦

= ct−1

t❤❡r❡❢♦r❡
∑

γ∈(OFi
/pn

n)
×

κ(i) (γ̃) γ ∗ cn ≡ 1 mod
(
R(i)

n

)
➦➦

❛♥❞ bσ,u ✐s ❛ ✇❡❧❧✲❞❡✜♥❡❞ ❡❧❡♠❡♥t ♦❢ wκ(i)

σ,u = f
(i)
∗ O

Vu
0,σ

(

Ω
(i)
A

,si
)

[
κ(i)
]
♦✈❡r Spf (A)✳ ❋r♦♠ t♦♣♦❧♦❣✐❝❛❧

◆❛❦❛②❛♠❛✬s ▲❡♠♠❛ ❬▼❛t✷✱ ❚❤❡♦r❡♠ ✽✳✹✱ ♣❛❣✳ ✺✽❪ ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t wκ(i)

u =
⊗

σ w
κ(i)

σ,u ✐s ❢r❡❡ ♦✈❡r
A ✇✐t❤ ❜❛s✐s

⊗
σ bσ,u✳

❉❡✜♥✐t✐♦♥ ✽✳✷✸✳ ❙❡t Wκ(i) = f
(i)
∗ OV(i)

[
κ(i)
]
✳

❚❤❡♦r❡♠ ✽✳✷✹✳ ❲✐t❤ s❡tt✐♥❣ ❛♥❞ ♥♦t❛t✐♦♥s ❛s ✐♥ ◆♦t❡ ✽✳✷✷✱ t❤❡ ❛❝t✐♦♥ ♦❢ Text,(i) ♦♥ f
(i)
∗ OV(i)

♣r❡s❡r✈❡s t❤❡ ✜❧tr❛t✐♦♥ F •f
(i)
∗ OV(i) ✐♥❞✉❝❡❞ ❜② t❤❡ MSOFi

✲s✉❜❞❛t✉♠
(
Ω

(i)
A
, si

)
♦❢
(
H

#,(i)
A

, si

)
✳ ❙❡t

F •Wκ(i) = f
(i)
∗ F •OV(i)

[
κ(i)
]
,

t❤❡♥

✶✳ FhWκ(i) ✐s ❛ ❧♦❝❛❧❧② ❢r❡❡ ❝♦❤❡r❡♥t OX✲♠♦❞✉❧❡❀

✷✳ Wκ(i) ✐s ✐s♦♠♦r♣❤✐❝ t♦ t❤❡ ❝♦♠♣❧❡t❡❞ ❧✐♠✐t l̂im
−→

FhWκ(i) ✱ ✐♥ ♣❛rt✐❝✉❧❛r Wκ(i) ✐s ❛ ✢❛t OX✲♠♦❞✉❧❡❀

✸✳ F 0Wκ(i) ≃ wκ(i)

❛♥❞ GrhF •Wκ(i) ≃ wκ(i)

⊗OX
ω−h
A
⊗OX

ω−h
AD ✳ ■♥ ♣❛rt✐❝✉❧❛r✱ ✇❡ ❤❛✈❡ ❧♦❝❛❧❧②

FhWκ(i) (Spf (A)) ≃ wκ(i)

⊗A Sym≤h
A

(
ω−1
A
⊗A ω−1

AD

)
.

Pr♦♦❢✳ ◆♦t❡ t❤❛t✱ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✼✱ ♣♦✐♥ts ✶✳ ❛♥❞ ✷✳ ❢♦❧❧♦✇ ❢r♦♠ ♣♦✐♥t ✸✳ ❚❤❡ ✐s♦♠♦r♣❤✐s♠

F 0Wκ(i) ≃ wκ(i)

❝♦♠❡s ❢r♦♠ t❤❡ ✈❡r② ❞❡✜♥✐t✐♦♥ ♦❢ t❤❡ ✜❧tr❛t✐♦♥

F 0Wκ(i) = F 0f
(i)
∗ OV(i)

[
κ(i)
]

= f
(i)
∗ O

V0

(

Ω
(i)
A

,si
)

[
κ(i)
]

= wκ(i)

.

✺✸



❋✐♥❛❧❧②✱ ✐♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✶✼✱ s✐♥❝❡ ωA ✐s ❞❡✜♥❡❞ ♦♥ X✱ ✇❡ s❡❡ t❤❛t

GrhF •Wκ(i) = f
(i)
∗ O

V0

(

Ω
(i)
A

,si
)

[
κ(i)
]
⊗OX

GrhF •O
VOFi

(

(

δp·ω∨

AD

)(i)
)

= wκ(i)

⊗OX
ω−h
A
⊗OX

ω−h
AD .

✽✳✹ ❚❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥

▲❡♠♠❛ ✽✳✷✺✳ ❚❤❡ ●❛✉ss✲▼❛♥✐♥ ❝♦♥♥❡❝t✐♦♥ ∇GM : H1
dR (A/X) → H1

dR (A/X) ⊗OX
Ω1

X/B0
α,I

✐♥✲

❞✉❝❡s ❛♥ ✐♥t❡❣r❛❜❧❡ MSOFi
✲❝♦♥♥❡❝t✐♦♥

∇#,(i) : H
#,(i)
A

→ H
#,(i)
A

⊗O
IG

′(i)
n

Ω1

IG
′(i)
n /B0

α,I

.

Pr♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✽✳✻ ✇❡ ❤❛✈❡

∇
(
H1

dR (γ)
)
⊆ H1

dR (γ)⊗OX
Ω1

X/B0
α,I

♦♥ X ❢♦r ❡✈❡r② γ✳ ■t ❢♦❧❧♦✇s t❤❛t

∇(i)
(
H

1,(i)
dR (σ)

)
⊆ H

1,(i)
dR (σ)⊗O

IG′(i)
Ω1

IG′(i)/B0
α,I

❢♦r ❡✈❡r② σ ∈ Gi✳ ■♥ ✈✐❡✇ ♦❢ ❬❆■✱ Pr♦♣♦s✐t✐♦♥ ✻✳✸✱ ♣❛❣✳ ✻✻❪ ✇❡ s❡❡ t❤❛t t❤❡ r❡str✐❝t✐♦♥ ∇
(i)

|H
#,(i)
A

✐s ❛

✇❡❧❧ ❞❡✜♥❡❞ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥ ✇✐t❤ ∇(i) (si) = 0 ❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ s✐♥❝❡

H
#,(i)
A

(σ) = H
#,(i)
A

∩H
1,(i)
dR (σ) ❢♦r ❡✈❡r② σ ∈ Gi✳

■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ✽✳✷✺ ✇❡ ❤❛✈❡ ❛♥ ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥

∇(i)
σ,u : π∗O

Vu
0,σ

(

H
#,(i)
A

,si
) → π∗O

Vu
0,σ

(

H
#,(i)
A

,si
)⊗̂O

IG′
n
(i)
Ω1

IG′
n
(i)/B0

α,i
.

❲❡ ✇❛♥t t♦ s❡❡ ❤♦✇ t❤❡ ❝♦♥♥❡❝t✐♦♥ ∇
(i)
σ,u ❞❡s❝❡♥❞s t♦ IG(i)

n ✳ ❘❡❝❛❧❧ t❤❛t ❧♦❝❛❧❧② ✇❡ ❤❛✈❡

H#
A

= ΩA + δpH1
dR (A/IGn) ⊆ H1

dR (A/IGn)

s♦ ❧❡t ✉s ❝❤❡❝❦ t❤❛t

∇
(
δpH1

dR (A/IGn)
)
⊆ δpH1

dR (A/IGn)⊗OIGn
Ω1

IGn/B0
α,I

.

❋♦r x ∈ H1
dR (A/IGn) ✇❡ ❤❛✈❡

∇ (δpx) = δp∇ (x) + pδp−1x⊗ dδ,

✺✹



❜✉t ❜② ✐ts ✈❡r② ❝♦♥str✉❝t✐♦♥ ✇❡ ❤❛✈❡ p ∈ (δ)✱ ✇❤❡♥❝❡ pδp−1 ⊆ (δ)
p
✳ ❆ ♣r♦❜❧❡♠ ❛r✐s❡s ✇❤❡♥ ✇❡

t❛❦❡ ΩA ✐♥t♦ ❛❝❝♦✉♥t✿ r❡❝❛❧❧ t❤❛t δ · ω
A

= ΩA✳ ▲❡t Spf (R) ⊆ IGn ❜❡ ❛♥ ♦♣❡♥ ❛✣♥❡ s✉❜s❡t
✇✐t❤ ♣r❡✐♠❛❣❡ Spf (R′) ⊆ IG′

n ❛♥❞ s✉❝❤ t❤❛t ✐ts ✐♠❛❣❡ ✐♥ X ✐s ❝♦♥t❛✐♥❡❞ ✐♥ ❛♥ ♦♣❡♥ ❛✣♥❡ Spf (A)
♦✈❡r ✇❤✐❝❤ t❤❡ s❡q✉❡♥❝❡ H•

A
✐s s♣❧✐t✳ ▲❡t ω, η, δ ❜❡ ❜❛s❡s ♦❢ ω

A|R, ω
−1
A|R ❛♥❞ δR r❡s♣❡❝t✐✈❡❧②✱ t❤❡♥

{ω, η} ✐s ❛ ❜❛s✐s ❢♦r H1
dR (A/IGn)|R ❛♥❞ {δω, δpη} ✐s ❛ ❜❛s✐s ❢♦r H#

A|R✳ ❲❡ ❤❛✈❡ ❛ ❑♦❞❛✐r❛✲❙♣❡♥❝❡r

✐s♦♠♦r♣❤✐s♠
KS : ω

A
→ ω−1

A
⊗OX

Ω1
X/B0

α,I

✇❤❡r❡ ✇❡ r❡❝❛❧❧ t❤❛t t❤❡ OL✲str✉❝t✉r❡ ✐s t❤❡ ♦♥❡ ✐♥❞✉❝❡❞ ❜② t❤✐s ✐s♦♠♦r♣❤✐s♠✱ ♥❛♠❡❧②

Ω1
X/B0

α,I
≃ ω⊗2

A

❛♥❞ ❛ ❣❡♥❡r❛t♦r θ
(i)
σ ♦❢ Ω

1,(i)

X/B0
α,I

(σ) ♦✈❡r A ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ♣r♦♣❡rt② t❤❛t

KS
(
ω(i)
σ

)
= η(i)σ ⊗ θ(i)σ .

❲❡ ❤❛✈❡ ❡❧❡♠❡♥ts m
(i)
σ , t

(i)
σ , s

(i)
σ ∈ A s✉❝❤ t❤❛t

∇(i) :

{
ω
(i)
σ 7→ m

(i)
σ ω

(i)
σ ⊗ θ

(i)
σ + η

(i)
σ ⊗ θ

(i)
σ

η
(i)
σ 7→ t

(i)
σ ω

(i)
σ ⊗ θ

(i)
σ + s

(i)
σ η

(i)
σ ⊗ θ

(i)
σ

❤❡♥❝❡

∇#
(
δ(i)ω(i)

σ

)
= δ(i)∇#

(
ω(i)
σ

)
+ ω(i)

σ ⊗ dδ(i) ✭✽✳✹✮

= m(i)
σ δ(i)ω(i)

σ ⊗ θ(i)σ + δ(i)η(i)σ ⊗ θ(i)σ + ω(i)
σ ⊗ dδ(i)

∇#
((

δ(i)
)p

η(i)σ

)
=
(
δ(i)
)p
∇#

(
η(i)σ

)
+ η(i)σ ⊗ p

(
δ(i)
)p−1

dδ(i)

= t(i)σ

(
δ(i)
)p

ω(i)
σ ⊗ θ(i)σ + s(i)σ

(
δ(i)
)p

η(i)σ ⊗ θ(i)σ +
(
δ(i)
)p

η(i)σ ⊗ pdlogδ(i),

■♥ ✈✐❡✇ ♦❢ t❤❡ t❡r♠ dlogδ(i) ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t t❤❡ ❝♦♥♥❡❝t✐♦♥ ∇#,(i) ❞❡s❝❡♥❞s t♦ ❛♥ ✐♥t❡❣r❛❜❧❡
MSOFi

✲❝♦♥♥❡❝t✐♦♥

∇#,(i) : H
#,(i)
A

→ H
#,(i)
A

⊗O
IG

(i)
n

Hdg−1 · Ω1

IG
(i)
n /B0

α,I

. ✭✽✳✺✮

Pr♦♣♦s✐t✐♦♥ ✽✳✷✻✳ ❚❤❡ ✐♥t❡❣r❛❜❧❡ MSOFi
✲❝♦♥♥❡❝t✐♦♥

∇#,(i)
σ : H

#,(i)
A

(σ)→ H
#,(i)
A

(σ)⊗O
IG

(i)
n

Hdg−1 · Ω1

IG
(i)
n /B0

α,I

✐♥❞✉❝❡s ✐♥t❡❣r❛❜❧❡ ❝♦♥♥❡❝t✐♦♥s

∇κ(i) : W̃κ(i),σ,u → W̃κ(i),σ,u⊗̂O
IG

(i)
n

Hdg−1 · Ω1

IG
(i)
n /B0

α,I

❛♥❞
∇κ(i) : Wκ(i),σ,u →Wκ(i),σ,u⊗̂OX

Hdg−1 · Ω1
X/B0

α,I

✺✺



t❤❛t r❡s♣❡❝ts ●r✐✣t❤ tr❛♥s✈❡rs❛❧✐t② ♣r♦♣❡rt② ❢♦r t❤❡ ✜❧tr❛t✐♦♥ F •W̃κ(i),σ,u✳ ▼♦r❡♦✈❡r t❤❡ ✐♥❞✉❝❡❞
♠❛♣ ♦♥ ❣r❛❞❡❞ ♣✐❡❝❡s

GrhF •∇κ(i) : α−1GrhF •Wκ(i),σ,u → α−1Grh+1F •Wκ(i),σ,u⊗̂O
XL

r,I

Ω1
XL/(B0

α,I
⊗OL)

✐s t❤❡ ❝♦♠♣♦s✐t✐♦♥ ♦❢ ❛♥ ✐s♦♠♦r♣❤✐s♠ ❛♥❞ t❤❡ ♣r♦❞✉❝t ❜② u
(i)
I − h ✭❝❢r✳ ◆♦t❡ ✻✳✶✽✮✳

Pr♦♦❢✳ ◆♦t❡ t❤❛t t❤❡ ♠❛♣ IG(i)
n → X(i) ✐s ✜♥✐t❡ ét❛❧❡ ❛❢t❡r ✐♥✈❡rt✐♥❣ Hdg ✇✐t❤ ●❛❧♦✐s ❣r♦✉♣

(OFi
/pni )

×
✭s❡❡ Pr♦♣♦s✐t✐♦♥ ✼✳✶✹✮✱ t❤❡r❡❢♦r❡ ❢❛✐t❤❢✉❧❧② ✢❛t ❞❡s❝❡♥t ❛♣♣❧✐❡s t♦ ∇κ(i) ❛♥❞ ✇❡ r❡❞✉❝❡ t♦

t❤❡ ♣r♦♦❢ ♦❢ t❤❡ ❡①✐st❡♥❝❡ ♦❢ t❤❡ ❝♦♥♥❡❝t✐♦♥ ♦✈❡r IG(i)
n ✳ ▲❡t Spf (R) ⊆ IG(i)

n ❜❡ ❛♥ ♦♣❡♥ ❛✣♥❡ ♦✈❡r

✇❤✐❝❤ H
#,(i)
A

✐s ❢r❡❡✱ s❛② ✇✐t❤ ❜❛s✐s f
(i)
σ = δ(i)ω

(i)
σ , e

(i)
σ =

(
δ(i)
)p

η
(i)
σ ✱ ❛♥❞ ❧❡t Spf (R′) ⊆ IG′

n
(i) ❜❡

✐ts ✐♥✈❡rs❡ ✐♠❛❣❡✳ ❯s✐♥❣ ♥♦t❛t✐♦♥s ❛s ✐♥ ✸✳✷ ✇❡ ❤❛✈❡ ❛♥ AR′/A✲❧✐♥❡❛r ✐s♦♠♦r♣❤✐s♠

ǫ(i)σ : H
#,(i)
A

(σ)⊗j2 AR′/A → H
#,(i)
A

(σ)⊗j1 AR′/A

✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛ ♠❛tr✐①

(
a
(i)
σ b

(i)
σ

c
(i)
σ d

(i)
σ

)
∈ GL2

(
AR′/A

)

✐♥ t❡r♠s ♦❢ t❤❡ ❜❛s✐s ✇❡ ♣✐❝❦❡❞✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t ǫ
(i)
σ ⊗∆ R′ = id

H
#,(i)
A

(σ)
tr❛♥s❧❛t❡s ✐♥t♦ ❛♥

❡q✉❛❧✐t② (
a
(i)
σ b

(i)
σ

c
(i)
σ d

(i)
σ

)
=



(
1, ω

a
(i)
σ

) (
0, ω

b
(i)
σ

)
(
0, ω

c
(i)
σ

) (
1, ω

d
(i)
σ

)

 .

❖♥ t❤❡ ♦♥❡ ❤❛♥❞ ✇❡ ❝❛♥ ✉s❡ ❢♦r♠✉❧❛ ✸✳✶ t♦ ❝♦♠♣✉t❡

∇#
(
f (i)
σ

)
= f (i)

σ ⊗
(
0, ω

a
(i)
σ

)
+ e(i)σ ⊗

(
0, ω

c
(i)
σ

)
,

♦♥ t❤❡ ♦t❤❡r ❤❛♥❞ ✇❡ ❤❛✈❡ ❢♦r♠✉❧❛ ✽✳✹ t❡❧❧✐♥❣ t❤❛t

∇#
(
f (i)
σ

)
= m(i)

σ f (i)
σ ⊗ θ(i)σ + δ(i)η(i)σ ⊗ θ(i)σ + ω(i)

σ ⊗ dδ(i).

❙✐♥❝❡ ω
(i)
σ ❛♥❞ η

(i)
σ ❛r❡ ❧✐♥❡❛r❧② ✐♥❞❡♣❡♥❞❡♥t ✇❡ ❝♦♥❝❧✉❞❡ t❤❛t

θ(i)σ =
(
δ(i)
)p−1

ω
c
(i)
σ

❛♥❞ ♥♦t❡ t❤❛t t❤✐s ❡q✉❛❧✐t② ✐s ♦✈❡r A ✭t❤❛t ✐s✱ ♦✈❡r X✮ s✐♥❝❡
(
δ(i)
)p−1

✐s ✐♥ Hdg ✭✐t ✐s ❛ ❣❡♥❡r❛t♦r

✐♥❞❡❡❞✮✳ ❚❤✐s s❤♦✇s t❤❛t
(
δ(i)
)p−1

ω
c
(i)
σ

✐s ❛ ❧♦❝❛❧ ❣❡♥❡r❛t♦r ♦❢ Ω1

IG
(i)
n /B0

α,I

(σ)✳ ❈♦♥s✐❞❡r t❤❡ ❧♦❝❛❧

s❡❝t✐♦♥s X1,σ, X2,σ ♦❢ VOFi

(
H

#,(i)
A

(σ)
)
♦❜t❛✐♥❡❞ ❢r♦♠ f

(i)
σ ❛♥❞ e

(i)
σ ✳ ❚❤❡ ❛❝t✐♦♥ ♦❢ ǫ

(i)
σ ♦♥ t❤❡♠ ✐s

❣✐✈❡♥ ❜②

ǫ(i)σ

(
X
Y

)
=

(
a
(i)
σ X + b

(i)
σ Y

c
(i)
σ X + d

(i)
σ Y

)
,

✺✻



t❤❡♥✱ s❡tt✐♥❣ V = X2,σX
−1
1,σ ❛♥❞ ❦❡❡♣✐♥❣ ✐♥ ♠✐♥❞ t❤❛t t❤❡ ✐❞❡❛❧ Ω1

X/B0
α,I

⊆ A ✐s ❛ sq✉❛r❡✲③❡r♦ ✐❞❡❛❧✱

✇❡ ❝♦♠♣✉t❡

ǫ(i)σ

(
κ(i) (X1,σ)V

h
σ

)
= κ(i)

(
ǫ(i)σ (X1,σ)

)(c
(i)
σ X1,σ + d

(i)
σ X2,σ

a
(i)
σ X1,σ + b

(i)
σ X2,σ

)h

= κ(i) (X1,σ)κ
(i)
(
a(i)σ + b(i)σ Vσ

)(
c(i)σ + d(i)σ Vσ

)h (
a(i)σ + b(i)σ Vσ

)−h

= κ(i) (X1,σ) exp
(
u
(i)
I log

(
(1, 0) +

((
0, ω

a
(i)
σ

)
+
(
0, ω

b
(i)
σ

)
Vσ

)))

((
0, ω

c
(i)
σ

)
+
(
1, ω

d
(i)
σ

)
Vσ

)h ((
1, ω

a
(i)
σ

)
+
(
0, ω

b
(i)
σ

)
Vσ

)−h

= κ(i) (X1,σ)
(
(1, 0) + uI

((
0, ω

a
(i)
σ

)
+
(
0, ω

b
(i)
σ

)
Vσ

))

(
(1, hωd)V

h
σ + (0, hωc)V

h−1
σ

) (
(1, 0)− h

(
(0, ωa) +

(
0, ω

b
(i)
σ

)
Vσ

))

= κ(i) (X1,σ)
(
V h +

(
0, hω

d
(i)
σ

)
V h
σ −

(
0, hω

a
(i)
σ

)
V h
σ − (0, hωc)V

h+1
σ

+(0, hωc)V
h−1
σ + (0, uωa)V

h
σ + (0, uωc)V

h+1
σ

)
,

❤❡♥❝❡

∇#
(
κ(i) (X1,σ)V

h
σ

)
= ǫ

(
κ(i) (X1,σ)V

h
σ

)
−κ(i) (X1,σ)V

h
σ ≡

(
u
(i)
I − h

)
V h+1
σ ⊗ω

c
(i)
σ
∈ Grh+1F •Wκ(i),σ,u⊗̂OX

Ω1
X/B0

α,I
.

✭✽✳✻✮

❚❤❡ ❢♦r♠ ω
c
(i)
σ

❣❡♥❡r❛t❡s α−1Ω1
X/B0

α,I

✱ ❤❡♥❝❡✱ ❛❢t❡r ♣✉❧❧✐♥❣ ❜❛❝❦ t♦ Vu
0,σ

(
H

#,(i)
A

, si

)
✭❝♦rr❡s♣♦♥❞✐♥❣

t♦ X1,σ 7→ σ (u) + βnZσ,u✮ ✇❡ ❞❡❞✉❝❡ t❤❛t GrhF •∇κ(i) ❣✐✈❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

α−1GrhF •Wκ(i),σ,u ≃ α−1
(
u
(i)
I − h

)
Grh+1F •Wκ(i),σ,u⊗̂OX

Ω1
X/B0

α,I
.

✾ ❙❤❡❛❢ ❝♦❤♦♠♦❧♦❣② ❛♥❞ t❤❡ Up✲♦♣❡r❛t♦r

❋r♦♠ ♥♦✇ ♦♥✱ ✐♥ ♦r❞❡r t♦ ❤❛✈❡ ❛✉t♦❞✉❛❧✐t② ❛t ♦✉r ❞✐s♣♦s❛❧ ✭❝❢r✳ ◆♦t❡ ✼✳✷✶✮ ✇❡ ✇✐❧❧ ✇♦r❦ ✇✐t❤
p✲❞✐✈✐s✐❜❧❡ OL✲♠♦❞✉❧❡s r❛t❤❡r t❤❡♥ OL✲♠♦❞✉❧❡ s❝❤❡♠❡s✳ ▲❡t

Φ : IGn,r+1,I → IGn,r,I

❜❡ t❤❡ ♠❛♣ ❞❡s❝r✐❜❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✼✳✶✼ ❛♥❞ ❧❡t

vn+1 : IGn+1,r+1,I → IGn,r+1,I

❜❡ t❤❡ ❢♦r❣❡t❢✉❧ ♠❛♣✳ ❉❡♥♦t❡ ✇✐t❤ t1 = Φ ◦ vn+1✳ ▲❡t G = A [p∞] ❜❡ t❤❡ ✉♥✐✈❡rs❛❧ p✲❞✐✈✐s✐❜❧❡
OL✲♠♦❞✉❧❡ ♦✈❡r IGn+1,r+1,I ❛♥❞ ❧❡t G1 = A

H1(A) [p
∞] ✇✐t❤ q✉♦t✐❡♥t ✐s♦❣❡♥② f : G→ G1✱ t❤❡♥

✶✳ f ❧✐❢ts t❤❡ ❋r♦❜❡♥✐✉s ♠♦r♣❤✐s♠✱ t❤✐s ♠❡❛♥s t❤❛t f∗ : ΩG1 → ΩG ❧✐❢ts ♠✉❧t✐♣❧✐❝❛t✐♦♥ ❜② p
❤❡♥❝❡✱ ❜❡✐♥❣ t❤❡ Ω✬s ✐♥✈❡rt✐❜❧❡ ♠♦❞✉❧❡s✱ ✐t ✐♥❞✉❝❡s ❛♥ ✐s♦♠♦r♣❤✐s♠

f∗ : ΩG1 → pΩG

✺✼



✐♥ ✈✐❡✇ ♦❢ t♦♣♦❧♦❣✐❝❛❧ ◆❆❑ ❬▼❛t✷✱ ❚❤❡♦r❡♠ ✽✳✹✱ ♣❛❣✳ ✺✽❪✳ ■♥ ♣❛rt✐❝✉❧❛r p−1f∗ ❣✐✈❡s ❛ ♠❛♣

V0 (ΩG, s)→ V0 (ΩG1 , s) = t∗1V0 (ΩG, s) ;

✷✳ Φ ✐s t❤❡ q✉♦t✐❡♥t ❜② t❤❡ ❝❛♥♦♥✐❝❛❧ s✉❜❣r♦✉♣✱ ❤❡♥❝❡ ✼✳✶✶ t❡❧❧s t❤❛t Φ∗ (Hdg) = Hdgp✱ s♦

t∗1

(
β
n

)
= pnHdg−

pn+1

p−1 = p−1β
n+1

.

■♥ ♣❛rt✐❝✉❧❛r ✇❡ ❤❛✈❡ ❛ ♠❛♣

v∗n+1V0 (ΩG, s)→ V0 (ΩG, s) .

❈♦♠♣♦s✐♥❣ t❤❡ t✇♦ ♠♦r♣❤✐s♠s ❞❡s❝r✐❜❡❞ ❛❜♦✈❡ ✇❡ ♦❜t❛✐♥ ❛ Text✲❡q✉✐✈❛r✐❛♥t ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

v∗n+1V0 (ΩG, s)

((

��

IGn+1,r+1,I
// Xr+1,I

t∗1V0 (ΩG, s)

66

▼♦r❡♦✈❡r t❤❡ ❞✉❛❧ ✐s♦❣❡♥② fD ❝❛♥ ❜❡ s❡❡♥ ❛s ❛ ♠♦r♣❤✐s♠ G1 → G ❤❡♥❝❡ ✐♥❞✉❝✐♥❣ Text✲❡q✉✐✈❛r✐❛♥t
♠❛♣s

t∗1V0

(
H#

G , s
)
→ V0

(
H#

G , s
)

t∗1V0 (ΩG, s)→ V0 (ΩG, s)

❛♥❞ φ : Xr+1,I → Xr,I ✭Pr♦♣♦s✐t✐♦♥ ✼✳✶✼✮ ❣✐✈❡s V0

(
H#

G , s
)
→ V0

(
H#

G1
, s
)
✱ ❤❡♥❝❡

φ∗f∗OV0(H#
G
,s) → f∗O

V0

(

H#
G1

,s
)

t❤❛t ❣✐✈❡s ❛♥ ✐s♦♠♦r♣❤✐s♠
φ∗Wκ → f∗O

V
(

H#
G1

,s
) [κ] .

❈♦♠♣♦s✐♥❣ ✇✐t❤ t❤❡ ♠❛♣ ✐♥❞✉❝❡❞ ❜② t∗1V0

(
H#

G , s
)
→ V0

(
H#

G , s
)
✇❡ ❤❛✈❡

U : Wκ = f∗OV0(H#
G
,s) [κ]→ f∗O

V0

(

H#
G1

,s
) [κ]→ φ∗Wκ

✇❤✐❝❤ ✐s ❝♦♠♣❛t✐❜❧❡ ✇✐t❤ t❤❡ ✜❧tr❛t✐♦♥s s✐♥❝❡ ❛❧❧ t❤❡ ♠❛♣s ✐♥✈♦❧✈❡❞ ❛r❡✳

❉❡✜♥✐t✐♦♥ ✾✳✶✳ ❲❡ ❞❡✜♥❡ t❤❡ ✉♣❡r❛t♦r Up ♦♥ Hi (Xr+1,I ,Wκ) ❛s t❤❡ ❝♦♠♣♦s✐t✐♦♥

Hi (Xr+1,I ,Wκ)→ Hi (Xr+1,I , φ
∗Wκ)

p−1Trφ
−→ Hi (Xr,I ,Wκ)→ Hi (Xr+1,I ,Wκ) .

✺✽



❆s ❛♥ ✐♠♠❡❞✐❛t❡ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ◆♦t❡ ✼✳✷✷ ✐s t❤❛t

Pr♦♣♦s✐t✐♦♥ ✾✳✷✳ ❚❤❡ ❣r❛❞❡❞ ♣✐❡❝❡

GrmU : GrmF •Wκ → Grmφ∗F •Wκ

❤❛s ✐♠❛❣❡ ❝♦♥t❛✐♥❡❞ ✐♥ τmGrmφ∗F •Wκ✳

❈♦r♦❧❧❛r② ✾✳✸✳ ▲❡t h ∈ Q>0✱ t❤❡♥✱ ❢♦r m ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡

Hi
(
Xr,w

κ−2m
)(h)

= 0

❢♦r ❡✈❡r② i✱ ✇❤❡r❡ t❤❡ s❧♦♣❡s ❛r❡ t❛❦❡♥ ✇✐t❤ r❡s♣❡❝t t♦ Up✳

Pr♦♦❢✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✾✳✷ s✐♥❝❡ wκ = F 0Wκ = Gr0F •Wκ✳

❈♦r♦❧❧❛r② ✾✳✹✳ ❚❤❡ ✐♥❞✉❝❡❞ ♠♦r♣❤✐s♠

U :
Wκ

F iWκ
→ φ∗ Wκ

F iWκ

❤❛s ✐♠❛❣❡ ❝♦♥t❛✐♥❡❞ ✐♥ τ iφ∗ Wκ

F iWκ
✳

Pr♦♦❢✳ ❋♦r ❡✈❡r② i✱ ❝♦♥s✐❞❡r t❤❡ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ✇✐t❤ ❡①❛❝t r♦✇s

0 // F i+1Wκ

F iWκ

//

U

��

F i+2Wκ

F iWκ

//

U

��

F i+2Wκ

F i+1Wκ

//

U

��

0

0 // φ∗ F i+1Wκ

F iWκ

// φ∗ F i+2Wκ

F iWκ

// φ∗ F i+2Wκ

F i+1Wκ

// 0

■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ✾✳✷ t❤❡ ✜rst ❛♥❞ t❤❡ ❧❛st ✈❡rt✐❝❛❧ ♠♦r♣❤✐s♠s ❛r❡ ✵ ♠♦❞✉❧♦ τ i✱ s♦ ❞♦❡s t❤❡
♠✐❞❞❧❡ ♦♥❡✳ ❲❡ ❝♦♥❝❧✉❞❡ s✐♥❝❡ ✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ✽✳✷✹ t❤❡ ♠♦❞✉❧❡ Wκ/F

iWκ ✐s t❤❡ α✲❛❞✐❝
❝♦♠♣❧❡t✐♦♥ ♦❢

lim
−→
n

F i+nWκ

F iWκ
.

❈♦r♦❧❧❛r② ✾✳✺✳ ▲❡t h ∈ Q>0✱ t❤❡♥ ❢♦r m ❧❛r❣❡ ❡♥♦✉❣❤ ✇❡ ❤❛✈❡

Hi (Xr,I , F
mWκ)

(h)
= Hi (Xr,I ,Wκ)

(h)

❢♦r ❡✈❡r② i✳

✺✾



❆ ❆❜❡❧✐❛♥ ✈❛r✐❡t✐❡s

❆✳✶ ❉✉❛❧ ❛❜❡❧✐❛♥ ✈❛r✐❡t✐❡s ❛♥❞ ♣♦❧❛r✐s❛t✐♦♥s

❲❡ r❡❝♦❧❧❡❝t ❤❡r❡✱ ♠♦st❧② ✇✐t❤♦✉t ♣r♦♦❢✱ t❤❡ ❜❛s✐❝ ❢❛❝ts ❛❜♦✉t t❤❡ ❞✉❛❧ ♦❢ ❛♥ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞
t❤❡ ♥♦t✐♦♥ ♦❢ ♣♦❧❛r✐s❛t✐♦♥✳ ❋♦r ❛ ♠♦r❡ ❝♦♠♣❧❡t❡ tr❡❛t✐s❡ s❡❡ ❬▼✐❧❪✳

❋✐① ❛ ✜❡❧❞ k✳

Pr♦♣♦s✐t✐♦♥ ❆✳✶✳ ▲❡t A/k ❜❡ ❛♥ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ ❧❡t L ∈ Pic (A)✳ ❚❤❡♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡
❡q✉✐✈❛❧❡♥t✿

✶✳ L ✐s tr❛♥s❧❛t✐♦♥ ✐♥✈❛r✐❛♥t✱ t❤❛t ✐s ❢♦r ❡✈❡r② a ∈ A
(
k
)
✇❡ ❤❛✈❡ t∗aL ≃ L ♦♥ A⊗k k❀

✷✳ m∗L ≃ p∗L ⊗ q∗L ✇❤❡r❡ m : A ×k A → A ✐s t❤❡ ♣r♦❞✉❝t ❛♥❞ p, q : A ×k A → A ❛r❡ t❤❡
♣r♦❥❡❝t✐♦♥s❀

✸✳ t❤❡r❡ ❡①✐st ❛ ❝♦♥♥❡❝t❡❞ k✲✈❛r✐❡t② T ✱ t✇♦ ♣♦✐♥ts t0, t1 ∈ T (k) ❛♥❞ ❛♥ ✐♥✈❡rt✐❜❧❡ OA×kT ✲♠♦❞✉❧❡
F s✉❝❤ t❤❛t

F|A×k{t0} ≃ OA×k{t0}

F|A×k{t1} ≃ L

✇❤❡r❡ ✐♥ t❤❡ ❧❛st ✐s♦♠♦r♣❤✐s♠ ✇❡ s❡❡ L ♦♥ A×k {t1} ✈✐❛ t❤❡ ♦❜✈✐♦✉s ♣✉❧❧❜❛❝❦✳

❉❡✜♥✐t✐♦♥ ❆✳✷✳ ❉❡✜♥❡ Pic0 (A) ⊆ Pic (A) ❛s t❤❡ s✉❜s❡t ♦❢ ✐s♦♠♦r♣❤✐s♠ ❝❧❛ss❡s ♦❢ ✐♥✈❡rt✐❜❧❡
s❤❡❛✈❡s t❤❛t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ Pr♦♣♦s✐t✐♦♥ ❆✳✶✳

❖♥❡ ❝❛♥ ❝❤❡❝❦✱ ✉s✐♥❣ t❤❡ ❚❤❡♦r❡♠ ♦❢ t❤❡ sq✉❛r❡✱ t❤❛t Pic0 ✐s ✐♥❞❡❡❞ ❛ s✉❜❣r♦✉♣ ♦❢ Pic ❛♥❞✱
✉s✐♥❣ ❢♦r ❡①❛♠♣❧❡ ❝♦♥❞✐t✐♦♥ ✷ ✐♥ Pr♦♣♦s✐t✐♦♥ ❆✳✶✱ t❤❛t t❤✐s ❞❡✜♥✐t✐♦♥ ❣✐✈❡s ❛ s✉❜❢✉♥❝t♦r ♦❢ Pic✳

❉❡✜♥✐t✐♦♥ ❆✳✸✳ ▲❡t A/k ❜❡ ❛♥ ❛❜❡❧✐❛♥ ✈❛r✐❡t②✳ ❚❤❡ ❞✉❛❧ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ✐s ❛ ♣❛✐r (A∨,P) ✇❤❡r❡

✶✳ A∨
/k ✐s ❛♥ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❛♥❞ P ∈ Pic (A×k A∨)❀

✷✳ P|{0}×kA∨ ✐s tr✐✈✐❛❧ ❛♥❞ P|A×k{a} ∈ Pic0
(
Aκ(a)

)
❢♦r ❡✈❡r② a ∈ A∨❀

✸✳ ❢♦r ❡✈❡r② k✲s❝❤❡♠❡ T ❛♥❞ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ L ♦♥ A×k T ✇✐t❤ L|{0}×kT tr✐✈✐❛❧ ❛♥❞ L|A×k{t} ∈

Pic0
(
Aκ(t)

)
❢♦r ❡✈❡r② t✱ t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ f : T → A∨ s✉❝❤ t❤❛t

(A×k f)
∗ P ≃ L.

❘❡♠❛r❦ ❆✳✹✳ ■t ❢♦❧❧♦✇s t❤❛t ❛ ❞✉❛❧ ❛❜❡❧✐❛♥ ✈❛r✐❡t②✱ ✇❤❡♥ ✐t ❡①✐sts✱ ✐s ✉♥✐q✉❡ ✉♣ t♦ ❛ ✉♥✐q✉❡ ✐s♦✲
♠♦r♣❤✐s♠✳ ▼♦r❡♦✈❡r✱ ❛♣♣❧②✐♥❣ t❤❡ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② t♦ T = Spec (K) ❢♦r ❛♥ ❡①t❡♥s✐♦♥ k ⊆ K✱ ✇❡
s❡❡ t❤❛t t❤❡r❡ ✐s ❛ ❝❛♥♦♥✐❝❛❧ ✐s♦♠♦r♣❤✐s♠

A∨ (K) ≃ Pic0 (AK) .

❚❤❡♦r❡♠ ❆✳✺✳ ▲❡t A/k ❜❡ ❛♥ ❛❜❡❧✐❛♥ ✈❛r✐❡t②✱ t❤❡♥ t❤❡ ❞✉❛❧ ❛❜❡❧✐❛♥ ✈❛r✐❡t② ❡①✐sts✳
▲❡t ♥♦✇ L ❜❡ ❛♥ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ ♦♥ ❛♥ ❛❜❡❧✐❛♥ ✈❛r✐❡t② A/k✱ t❤❡♥ ✇❡ ❤❛✈❡ ❛ ❣r♦✉♣ ❤♦♠♦♠♦r♣❤✐s♠

ϕL : A (k)→ Pic (A)

a 7→ t∗aL⊗ L−1

✇❤♦s❡ ✐♠❛❣❡ ❝❛♥ ❜❡ s❤♦✇♥ t♦ ❜❡ ❝♦♥t❛✐♥❡❞ ✐♥ Pic0 (A)✳ ■❢ ♠♦r❡♦✈❡r L ✐s ❛♠♣❧❡ ❛♥❞ k ✐s ❛❧❣❡❜r❛✐❝❛❧❧②
❝❧♦s❡❞✱ t❤❡♥ Im (ϕL) = Pic0 (A)✳
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❉❡✜♥✐t✐♦♥ ❆✳✻✳ ❆ ♣♦❧❛r✐s❛t✐♦♥ ♦♥ ❛♥ ❛❜❡❧✐❛♥ ✈❛r✐❡t② A/k ✐s ❛♥ ✐s♦❣❡♥② λ : A → A∨ s✉❝❤ t❤❛t
λk = ϕL ❢♦r s♦♠❡ ❛♠♣❧❡ ✐♥✈❡rt✐❜❧❡ s❤❡❛❢ L ♦♥ A/k✳ ❚❤❡ ❞❡❣r❡❡ ♦❢ ❛ ♣♦❧❛r✐s❛t✐♦♥ ✐s ✐ts ❞❡❣r❡❡ ❛s ❛♥
✐s♦❣❡♥②✳ ❆♥ ❛❜❡❧✐❛♥ ✈❛r✐❡t② t♦❣❡t❤❡r ✇✐t❤ ❛ ♣♦❧❛r✐s❛t✐♦♥ ✐s ❝❛❧❧❡❞ ❛ ♣♦❧❛r✐s❡❞ ❛❜❡❧✐❛♥ ✈❛r✐❡t②❀ t❤❡r❡
✐s ❛♥ ♦❜✈✐♦✉s ♥♦t✐♦♥ ♦❢ ❛ ♠♦r♣❤✐s♠ ♦❢ ♣♦❧❛r✐s❡❞ ❛❜❡❧✐❛♥ ✈❛r✐❡t✐❡s✳ ■❢ λ ❤❛s ❞❡❣r❡❡ ✶✱ t❤❡♥ ✐t ✐s s❛✐❞
t♦ ❜❡ ❛ ♣r✐♥❝✐♣❛❧ ♣♦❧❛r✐s❛t✐♦♥✳

❇ ❋♦r♠❛❧ s❝❤❡♠❡s

❍❡r❡ ✇❡ q✉✐❝❦❧② r❡✈✐❡✇ t❤❡ t❤❡♦r② ♦❢ ❢♦r♠❛❧ s❝❤❡♠❡s t❤❛t ✇❡ ♥❡❡❞ ❛♥❞ ♦❢ ❝♦❤❡r❡♥t ♠♦❞✉❧❡s ♦✈❡r
t❤❡♠✳ ❆❧❧ r✐♥❣s ❛r❡ s✉♣♣♦s❡❞ t♦ ❜❡ ♥♦❡t❤❡r✐❛♥ ✭❛♥❞ ❝♦♠♠✉t❛t✐✈❡✮✳

❉❡✜♥✐t✐♦♥ ❇✳✶✳ ▲❡t A ❜❡ ❛ r✐♥❣ ❛♥❞ ❧❡t I ⊆ A ❜❡ ❛♥ ✐❞❡❛❧✱ t❤❡ I✲❛❞✐❝ t♦♣♦❧♦❣② ♦♥ A ✐s t❤❡ r✐♥❣
t♦♣♦❧♦❣② ❤❛✈✐♥❣ {In}n≥0 ❛s ❛ ❜❛s✐s ♦❢ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ ♦❢ ✵✳ ■❢ t❤❡ ♥❛t✉r❛❧ ♠❛♣

A→ Â := lim
←−
n

A

In

✐s ✐♥❥❡❝t✐✈❡✱ ✇❡ s❛② t❤❛t A ✐s I✲❛❞✐❝❛❧❧② s❡♣❛r❛t❡❞ ✭✐✳❡✳ t❤❡ t♦♣♦❧♦❣② ✐s ❍❛✉s❞♦r✛✮✱ ✇❡ s❛② t❤❛t A ✐s
I✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ✐❢ ✐t ✐s s✉r❥❡❝t✐✈❡✳ ❲✐t❤ ❛♥ ❛❜✉s❡ ♦❢ t❡r♠✐♥♦❧♦❣②✱ I✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ✇✐❧❧ ❛❧✇❛②s
♠❡❛♥ I✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛t❡❞✳

●✐✈❡♥ ❛♥ I✲❛❞✐❝ r✐♥❣ A ✇❡ ❞❡✜♥❡ Spf (A) ❛s t❤❡ s✉❜s♣❛❝❡ ♦❢ Spec (A) ❝♦♥s✐st✐♥❣ ♦❢ ♣r✐♠❡ ✐❞❡❛❧s
❝♦♥t❛✐♥✐♥❣ I ✭t❤❛t ✐s t❤❡ ♦♣❡♥ ♦♥❡s✮✱ t♦❣❡t❤❡r ✇✐t❤ t❤❡ s❤❡❛❢ ♦❢ t♦♣♦❧♦❣✐❝❛❧ r✐♥❣s

OSpf(A) : D (f) ∩ Spf (A) 7→ A
〈
f−1

〉
:= lim
←−
n

A

In
[
f−1

]
.

❙✉❝❤ ❛ r✐♥❣❡❞ s♣❛❝❡ ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s ❛♥ ❛✣♥❡ ❢♦r♠❛❧ s❝❤❡♠❡✳ ◆♦t❡ t❤❛t✱ ❡✈❡♥ ✐❢ A ✐s ♥♦t
I✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡✱ t❤❡ s❤❡❛❢ OSpf(A) ✐s ❛ s❤❡❛❢ ✐❢ I✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ A✲❛❧❣❡❜r❛s✳

❘❡♠❛r❦ ❇✳✷✳ ▼♦st ♦❢ t❤❡ ❜❛s✐❝ ♦♣❡r❛t✐♦♥s ❜❡t✇❡❡♥ s❝❤❡♠❡s ❝❛rr② ♦✈❡r t♦ t❤✐s s❡tt✐♥❣✿

❼ ❛ ♠♦r♣❤✐s♠ Spf (A)→ Spf (R) ♦❢ ❧♦❝❛❧❧② r✐♥❣❡❞ s♣❛❝❡s ✐s t❤❡ s❛♠❡ ❛s ❛ ❝♦♥t✐♥✉♦✉s ♠♦r♣❤✐s♠

R̂→ Â❀

❼ ❣✐✈❡♥ t♦ ♠♦r♣❤✐s♠s Spf (A) → Spf (R) ← Spf (S)✱ ✇❤❡r❡ t❤❡ t♦♣♦❧♦❣✐❡s ❛r❡ ❣✐✈❡♥ ❜② I ⊆ A
❛♥❞ J ⊆ S✱ t❤❡♥

Spf (A)×Spf(R) Spf (S) = Spf
(
A⊗̂RS

)
:= Spf

(
lim
←−
a,b

(
A

Ia
⊗R

S

Jb

))
;

❼ ❣✐✈❡♥ ❛♥ I✲❛❞✐❝ r✐♥❣ A ❛♥❞ ❛♥ A✲♠♦❞✉❧❡ M ✱ ✇❡ ❝❛♥ ❞❡✜♥❡ ❛ s❤❡❛❢ ♦❢ OSpf(A)✲♠♦❞✉❧❡s M̃ ❛s

M̃ : D (f) ∩ Spf (A) 7→ lim
←−
n

(
M ⊗A

A

In
[
f−1

])
.

◆♦t❡ t❤❛t✱ ✐❢ M ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✱ t❤❡♥ lim
←−n

(
M ⊗A

A
In

[
f−1

])
= M ⊗A A

〈
f−1

〉
✳ ❆ s❤❡❛❢

♦❢ OSpf(A)✲♠♦❞✉❧❡s F ✐s s❛✐❞ t♦ ❜❡ ❝♦❤❡r❡♥t ✐❢ ✐t ✐s ♦❢ t❤❡ ❢♦r♠ M̃ ❢♦r ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞
♠♦❞✉❧❡ M ✳
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❉❡✜♥✐t✐♦♥ ❇✳✸✳ ❆ ❢♦r♠❛❧ s❝❤❡♠❡ ✐s ❛ ❧♦❝❛❧❧② t♦♣♦❧♦❣✐❝❛❧❧② r✐♥❣❡❞ s♣❛❝❡ (X,OX) ✇❤✐❝❤ ✐s ❧♦❝❛❧❧②
✐s♦♠♦r♣❤✐❝ t♦ ❛♥ ❛✣♥❡ ❢♦r♠❛❧ s❝❤❡♠❡✳ ❆ s❤❡❛❢ ♦❢ t♦♣♦❧♦❣✐❝❛❧ OX✲♠♦❞✉❧❡s F ✐s s❛✐❞ t♦ ❜❡ ❝♦❤❡r❡♥t
✐❢ t❤❡r❡ ❡①✐sts ❛♥ ❛✣♥❡ ♦♣❡♥ ❝♦✈❡r✐♥❣ {Ui}i ♦❢ X s✉❝❤ t❤❛t F|Ui

✐s ❛ ❝♦❤❡r❡♥t OUi
✲♠♦❞✉❧❡ ✐♥ t❤❡

s❡♥s❡ ♦❢ ❘❡♠❛r❦ ❇✳✷✳

❘❡♠❛r❦ ❇✳✹✳ ❆s ❢♦r s❝❤❡♠❡s✱ ✇❡ ❝❛♥ ❞❡✜♥❡ t❤❡ ✜❜r❡ ♣r♦❞✉❝t X ×S Y ♦❢ ❛ ♣❛✐r ♦❢ ♠♦r♣❤✐s♠s
X→ S← Y ❜② t❛❦✐♥❣ ❛✣♥❡ ❝♦♥✈❡r✐♥❣s ❛♥❞ ❣❧✉✐♥❣ t❤❡ ❛✣♥❡ ✜❜r❡s ♣r♦❞✉❝ts ❛s ❞❡✜♥❡❞ ✐♥ ❘❡♠❛r❦
❇✳✷✳

❇✳✶ ❆❞♠✐ss✐❜❧❡ ❢♦r♠❛❧ ❜❧♦✇✲✉♣s

❉❡✜♥✐t✐♦♥ ❇✳✺✳ ▲❡t A ❜❡ ❛♥ I✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ r✐♥❣✱ ✇❡ s❛② t❤❛t ❛♥ A✲♠♦❞✉❧❡ M ❞♦❡s ♥♦t ❤❛✈❡
I✲t♦rs✐♦♥ ✐❢

Inm = 0 ❢♦r s♦♠❡ n =⇒ m = 0.

❲❡ s❛② t❤❛t ❛♥ A✲❛❧❣❡❜r❛ R ✐s ❛❞♠✐ss✐❜❧❡ ✐❢ ✐t ✐s ✐s♦♠♦r♣❤✐❝ ❛s ❛ t♦♣♦❧♦❣✐❝❛❧ r✐♥❣ t♦ ❛ q✉♦t✐❡♥t ♦❢
A 〈ξ1, . . . , ξn〉 ❢♦r s♦♠❡ n ❛♥❞ ✐t ❞♦❡s ♥♦t ❤❛✈❡ I✲t♦rs✐♦♥✳ ❆ ❢♦r♠❛❧ s❝❤❡♠❡ X→ Spf (A) ✐s ❛❞♠✐ss✐❜❧❡
✐s X ❤❛s ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣ ♦❢ t❤❡ ❢♦r♠ {Spf (Ri)}i ✇✐t❤ Ri ❛❞♠✐ss✐❜❧❡ A✲❛❧❣❡❜r❛s✳

▲❡t ♥♦✇ X → Spf (A) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ❢♦r♠❛❧ s❝❤❡♠❡ ❛♥❞ J ⊆ OX ❛ ❝♦❤❡r❡♥t ♦♣❡♥ ✐❞❡❛❧✳ ❲❡
✇❛♥t t♦ ❞❡✜♥❡ ❛ ❢♦r♠❛❧ s❝❤❡♠❡ π : BlJX→ X ♦✈❡r X s✉❝❤ t❤❛t

✶✳ t❤❡ ♠❛♣ π ✐s ❛❞♠✐ss✐❜❧❡❀

✷✳ ❢♦r ❡✈❡r② ♠♦r♣❤✐s♠ φ : Y→ X ♦✈❡r Spf (A) s✉❝❤ t❤❛t JOY ✐s ❛♥ ✐♥✈❡rt✐❜❧❡ ✐❞❡❛❧✱ t❤❡r❡ ❡①✐sts

❛ ✉♥✐q✉❡ ♠♦r♣❤✐s♠ φ̃ : Y→ BlJX ♦✈❡r Spf (A) ♠❛❦✐♥❣ t❤❡ ❞✐❛❣r❛♠

Y
φ //

φ̃ ""

X

BlJX

π

==

❝♦♠♠✉t❛t✐✈❡✳

❲❡ ❞❡s❝r✐❜❡ t❤❡ ❝♦♥str✉❝t✐♦♥✱ ❛❧❧ t❤❡ ❞❡t❛✐❧s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❬❇♦s✱ ❙❡❝t✐♦♥ ✽✳✷❪✳ ❙❡t

BlJX = lim
−→
n≥0

Proj


⊕

d≥0

J d

InJ d




t♦❣❡t❤❡r ✇✐t❤ ✐ts ♥❛t✉r❛❧ ♠❛♣ t♦ X✳

▲❡♠♠❛ ❇✳✻✳ ❙✉♣♣♦s❡ X = Spf (R) ✐s ❛✣♥❡✱ t❤❡♥ BlJX ✐s t❤❡ I✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ t❤❡ s❝❤❡♠❡✲
t❤❡♦r❡t✐❝ ❜❧♦✇✲✉♣ BlJ Spec (R) ❛❧♦♥❣ t❤❡ ✐❞❡❛❧ J ⊆ R✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❇♦s✱ Pr♦♣♦s✐t✐♦♥ ✽✳✷✳✻✱ ♣❛❣✳ ✶✽✻❪✳ ◆♦t❡ t❤❛t t❤✐s ✐s tr✉❡ ✉♥❞❡r ♦✉r ❝♦♥✈❡♥t✐♦♥ t❤❛t
r✐♥❣s ❛r❡ ♥♦❡t❤❡r✐❛♥✳

Pr♦♣♦s✐t✐♦♥ ❇✳✼✳ ❚❤❡ ♠♦r♣❤✐s♠ π : BlJX→ X s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥s ❛❜♦✈❡✱ ♠♦r❡♦✈❡r

✻✷



✶✳ ❧❡t Spf (R) ⊆ X ❜❡ ❛♥ ♦♣❡♥ ❛✣♥❡ ♦✈❡r ✇❤✐❝❤ J ✐s ❣❡♥❡r❛t❡❞ ❜② (r1, . . . , rn)✱ ❧❡t

Ri = R

〈
rj
ri
| j 6= i

〉
❛♥❞ Ui = Spf

(
Ri

I − torsion

)
.

❚❤❡♥ {Ui}i ✐s ❛♥ ♦♣❡♥ ❝♦✈❡r✐♥❣ ♦❢ BlJ Spf (R) ;

✷✳ t❤❡ ♦♣❡♥ Ui ✐s ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ♣r♦♣❡rt② t❤❛t J ✐s ❣❡♥❡r❛t❡❞ ❜② ri✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❇♦s✱ Pr♦♣♦s✐t✐♦♥ ✽✳✷✳✾ ♣❛❣✳ ✶✽✽❪ ❛♥❞ ❬❇♦s✱ Pr♦♣♦s✐t✐♦♥ ✽✳✷✳✼ ♣❛❣✳ ✶✽✻❪✳

❈ ❆❞✐❝ s♣❛❝❡s

❈✳✶ ❆♥❛❧②t✐❝ ♣♦✐♥ts

❚❤❡ ♠❛✐♥ r❡❢❡r❡♥❝❡ ❤❡r❡ ✐s ❬❍✉❜❪✳

❉❡✜♥✐t✐♦♥ ❈✳✶✳ ▲❡t X = Spa (A,A+) ❜❡ ❛♥ ❛✣♥♦✐❞ ❛❞✐❝ s♣❛❝❡✳ ❆ ♣♦✐♥t x ∈ X ✐s ❝❛❧❧❡❞ ❛♥❛❧②t✐❝
✐❢ Supp (x) ∈ Spec (A) ✐s ♥♦t ♦♣❡♥✳ ■❢ X ✐s ♥♦t ❛✣♥❡✱ t❤❡♥ x ∈ X ✐s ❝❛❧❧❡❞ ❛♥❛❧②t✐❝ ✐❢ t❤❡r❡ ❡①✐sts
❛♥ ♦♣❡♥ ♥❡✐❣❤❜♦r❤♦♦❞ x ∈ U s✉❝❤ t❤❛t OX (U) ❝♦♥t❛✐♥s ❛ t♦♣♦❧♦❣✐❝❛❧❧② ♥✐❧♣♦t❡♥t ✉♥✐t✳

❘❡♠❛r❦ ❈✳✷✳ ■t ✐s ♦❜✈✐♦✉s ❢r♦♠ t❤❡ ❞❡✜♥✐t✐♦♥ t❤❛t t❤❡ ❛♥❛❧②t✐❝ ♣♦✐♥ts ❢♦r♠ ❛♥ ♦♣❡♥ s✉❜s❡t✳

❚❤❡♦r❡♠ ❈✳✸✳ ▲❡t X ❜❡ ❛ ❧♦❝❛❧❧② ♥♦❡t❤❡r✐❛♥ ❢♦r♠❛❧ s❝❤❡♠❡✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❛❞✐❝ s♣❛❝❡ Xad

❛♥❞ ❛ ♠♦r♣❤✐s♠ ♦❢ ❧♦❝❛❧❧② t♦♣♦❧♦❣✐❝❛❧❧② r✐♥❣❡❞ s♣❛❝❡s

π = πX :
(
Xad,O+

Xad

)
→ (X,OX)

✇✐t❤ t❤❡ ❢♦❧❧♦✇✐♥❣ ✉♥✐✈❡rs❛❧ ♣r♦♣❡rt②✿ ❧❡t f :
(
Y,O+

Y

)
→ (X,OX) ✐s ❛ ♠♦r♣❤✐s♠ ♦❢ ❧♦❝❛❧❧② t♦♣♦❣✐❝❛❧❧②

r✐♥❣❡❞ s♣❛❝❡s ✇✐t❤ Y ❛♥ ❛❞✐❝ s♣❛❝❡✱ t❤❡♥ f ❢❛❝t♦rs ✉♥✐q✉❡❧② t❤r♦✉❣❤ π ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ♠❛♣ Y → Xad

✐s ❛ ♠❛♣ ♦❢ ❛❞✐❝ s♣❛❝❡s✳ ■❢ X = Spf (A)✱ t❤❡♥ Xad = Spa (A,A)✳ ▼♦r❡♦✈❡r✱ ❢♦r ❛ ♠♦r♣❤✐s♠
f : X → Y ♦❢ ❧♦❝❛❧❧② ♥♦❡t❤❡r✐❛♥ ❢♦r♠❛❧ s❝❤❡♠❡s✱ ❧❡t fad ❜❡ t❤❡ ♠❛♣ ♦❢ ❛❞✐❝ s♣❛❝❡s ✐♥❞✉❝❡❞ ❜② t❤❡
✉♥✐✈❡rs❛❧ ♣r♦♣❡rt② ❛❜♦✈❡✿ t❤❡ r❡s✉❧t✐♥❣ ❢✉♥❝t♦r (•)ad ❢r♦♠ t❤❡ ❝❛t❡❣♦r② ♦❢ ❧♦❝❛❧❧② ♥♦❡t❤❡r✐❛♥ ❢♦r♠❛❧
s❝❤❡♠❡s t♦ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❞✐❝ s♣❛❝❡s ✐s ❢✉❧❧② ❢❛✐t❤❢✉❧ ❛♥❞ f ✐s ❛❞✐❝ ✐❢ ❛♥❞ ♦♥❧② ✐❢✱ ❢♦r ❡✈❡r② ❛♥❛❧②t✐❝
♣♦✐♥t x ∈ Xad✱ t❤❡ ♣♦✐♥t fad (x) ✐s ❛♥❛❧②t✐❝✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❍✉❜✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶✱ ♣❛❣✳ ✺✸✾❪ ❛♥❞ ❬❍✉❜✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷ ✭✐✮✱ ♣❛❣✳ ✺✹✵❪✳

❉❡✜♥✐t✐♦♥ ❈✳✹✳ ▲❡t X ❜❡ ❛ ❧♦❝❛❧❧② ♥♦❡t❤❡r✐❛♥ ❢♦r♠❛❧ s❝❤❡♠❡✱ ✇❡ ❝❛❧❧ t❤❡ ❛❞✐❝ s♣❛❝❡ Xad ✐♥ ❚❤❡♦r❡♠
❈✳✸ t❤❡ ❛❞✐❝ s♣❛❝❡ ❛ss♦❝✐❛t❡❞ t♦ X✳ ❚❤❡ s♣❛❝❡ ♦❢ ❛♥❛❧②t✐❝ ♣♦✐♥ts Xan ⊆ Xad ✐s ❝❛❧❧❡❞ t❤❡ ❛♥❛❧②t✐❝
✭❛❞✐❝✮ s♣❛❝❡ ❛ss♦❝✐❛t❡❞ t♦ X✳

❘❡♠❛r❦ ❈✳✺✳ ❙✉♣♣♦s❡ A ✐s ❛ t♦♣♦❧♦❣✐❝❛❧ ♥♦❡t❤❡r✐❛♥ r✐♥❣ ✇✐t❤ ❛♥ ✐♥✈❡rt✐❜❧❡ ✐❞❡❛❧ ♦❢ ❞❡✜♥✐t✐♦♥ αA✳
❙❡t X = Spf (A)✱ t❤❡♥ t❤❡ ❛♥❛❧②t✐❝ ♣♦✐♥ts ♦❢ Xad ❛r❡ ❣✐✈❡♥ ❜② t❤❡ ❛❞✐❝ s♣❛❝❡

Xan = Spa

(
A

[
1

α

]
, A+

)
,

✇❤❡r❡ A+ ❞❡♥♦t❡s t❤❡ ✐♥t❡❣r❛❧ ❝❧♦s✉r❡ ♦❢ A ✐♥ A
[
α−1

]
✳

❚❤❡ ♥❡①t ▲❡♠♠❛ ✐s ♥♦t s✉r♣r✐s✐♥❣ ✐❢ ♦♥❡ t❤✐♥❦s ❛❜♦✉t ❛❞✐❝ s♣❛❝❡s ❛s ❛♥ ❡♥❤❛♥❝❡❞ ❝❛t❡❣♦r② ♦❢
r✐❣✐❞ ❛♥❛❧②t✐❝ s♣❛❝❡s✳

Pr♦♣♦s✐t✐♦♥ ❈✳✻✳ ▲❡t A ❜❡ ❛ ♥♦r♠❛❧✺ ♥♦❡t❤❡r✐❛♥ r✐♥❣ ❛♥❞ s✉♣♣♦s❡ ✐t ✐s ❝♦♠♣❧❡t❡ ✇✐t❤ r❡s♣❡❝t t♦
✺❚❤❛t ✐s✱ ✐♥t❡❣r❛❧❧② ❝❧♦s❡❞ ✐♥ ✐ts t♦t❛❧ r✐♥❣ ♦❢ ❢r❛❝t✐♦♥s

✻✸



t❤❡ t♦♣♦❧♦❣② ✐♥❞✉❝❡❞ ❜② ❛♥ ✐♥✈❡rt✐❜❧❡ ✐❞❡❛❧ a✳ ▲❡t X = Spf (A) ❛♥❞ ❧❡t t : BlaX→ X ❜❡ t❤❡ ❛❞♠✐ss✐❜❧❡
❢♦r♠❛❧ ❜❧♦✇✲✉♣ ❛❧♦♥❣ a✳ ❚❤❡♥ t ✐s ❛♥ ❛❞✐❝ ♠♦r♣❤✐s♠ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♠❛♣

tan : (BlaX)
an → Xan

♦♥ t❤❡ ❛♥❛❧②t✐❝ ❧♦❝✉s ✐s ❛♥ ✐s♦♠♦r♣❤✐s♠✳

Pr♦♦❢✳ ❋♦r c ∈ a\a2✱ ❧❡t Xc = Spf (Bc) ❜❡ t❤❡ ♦♣❡♥ s✉❜s❡t ♦❢ BlaX ♦✈❡r ✇❤✐❝❤ t❤❡ ✐❞❡❛❧ aOBlaX ✐s
❣❡♥❡r❛t❡❞ ❜② c✳ ◆♦t❡ t❤❛t t❤❡ t♦♣♦❧♦❣② ♦♥ Bc ✐s t❤❡♥ c✲❛❞✐❝✱ ♠♦r❡♦✈❡r A ❜❡✐♥❣ ♥♦r♠❛❧✱ ✇❡ ❤❛✈❡
t❤❛t Bc ✐s ✐♥t❡❣r❛❧❧② ❝❧♦s❡❞ ✐♥ Bc

[
c−1
]
❤❡♥❝❡

Xan
c = Spa

(
Bc

[
c−1
]
, Bc

)

✐♥ ✈✐❡✇ ♦❢ ❘❡♠❛r❦ ❈✳✺✳ ❲❡ ❝♦♥❝❧✉❞❡ s✐♥❝❡ tan ✐s t❤❡ r❡str✐❝t✐♦♥ ♦❢ t❤❡ ♠❛♣ ♦♥ t❤❡ ❣❡♥❡r❛❧ ❛❞✐❝
s♣❛❝❡s✱ ✇❤❡♥❝❡

tan (Xan
c ) = {x ∈ Xan | 0 6= |c| x ≥ |a| x ∀a ∈ I}

❛♥❞ ✇❡ ❝♦♥❝❧✉❞❡ ❛s t❤❡s❡ s✉❜s❡ts ❝♦✈❡r Xad✳

❈✳✷ ❘❡❧❛t✐✈❡ ♥♦r♠❛❧✐s❛t✐♦♥ ❢♦r ❢♦r♠❛❧ s❝❤❡♠❡s

❲❡ ❣✐✈❡ ❤❡r❡ ❛ s❧✐❣❤t ❣❡♥❡r❛❧✐s❛t✐♦♥ ♦❢ t❤❡ ❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ♥♦r♠❛❧✐s❛t✐♦♥ ♦❢ ❛ ❢♦r♠❛❧ s❝❤❡♠❡
❛❧♦♥❣ ❛ ✜♥✐t❡ ❡①t❡♥s✐♦♥ ♦❢ ✐ts r✐❣✐❞ ❛♥❛❧②t✐❝ ✜❜r❡ ❛s ♣❡r❢♦r♠❡❞ ✐♥ ❬❋●▲✱ ❆♣♣❡♥❞✐① ❆❪ t♦ t❤❡ ❝❛s❡ ♦❢
t❤❡ ❛♥❛❧②t✐❝ ❛❞✐❝ ✜❜r❡✳ ❚❤✐s ❛❧❧♦✇s ♠♦r❡ ❣❡♥❡r❛❧ ❜❛s❡s✳

❉❡✜♥✐t✐♦♥ ❈✳✼✳ ❋✐① ❛ ♥♦❡t❤❡r✐❛♥ r✐♥❣ A ✇❤✐❝❤ ✐s ❝♦♠♣❧❡t❡ ❢♦r t❤❡ I✲❛❞✐❝ t♦♣♦❧♦❣②✱ I ⊆ A ❜❡✐♥❣ ❛♥
✐❞❡❛❧✳ ❆ t♦♣♦❧♦❣✐❝❛❧ A✲❛❧❣❡❜r❛ R ✐s s❛✐❞ t♦ ❜❡ t♦♣♦❧♦❣✐❝❛❧❧② ♦❢ ✜♥✐t❡ t②♣❡ ✐s t❤❡r❡ ❡①✐sts ❛ ❝♦♥t✐♥✉♦✉s
s✉r❥❡❝t✐✈❡ ❤♦♠♦♠♦r♣❤✐s♠

A 〈X1, . . . , Xn〉 → R,

✇❡ s❛② t❤❛t ✐t ✐s ❛❞♠✐ss✐❜❧❡ ✐❢✱ ♠♦r❡♦✈❡r✱ R ❞♦❡s ♥♦t ❤❛✈❡ I✲t♦rs✐♦♥✱ ✐✳❡✳ ✐❢

{r ∈ R | Inr = 0 ❢♦r s♦♠❡ n}

✐s t❤❡ ③❡r♦ ✐❞❡❛❧✳

❘❡♠❛r❦ ❈✳✽✳ ❍❡r❡✬s ❛ ❝♦✉♣❧❡ ♦❢ ❛❧❣❡❜r❛✐❝ r❡♠❛r❦s ❛r♦✉♥❞ t❤✐s ❞❡✜♥✐t✐♦♥

✶✳ ❇❡✐♥❣ A 〈X1, . . . , Xn〉 t❤❡ I✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ ♦❢ A [X1, . . . , Xn]✱ ✐t ✐s ✢❛t ♦✈❡r A❀

✷✳ ❊✈❡r② ❛❞♠✐ss✐❜❧❡ A✲❛❧❣❡❜r❛ ✐s ❛✉t♦♠❛t✐❝❛❧❧② ♥♦❡t❤❡r✐❛♥ ✐♥ ✈✐❡✇ ♦❢ ❬❇♦s✱ ❘❡♠❛r❦ ✶✱ ♣❛❣✳ ✶✻✷❪
❛♥❞ I✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛t❡❞❀

✸✳ ▲❡t R ❜❡ ❛ I✲❛❞✐❝❛❧❧② ❝♦♠♣❧❡t❡ ❛♥❞ s❡♣❛r❛t❡❞ A✲❛❧❣❡❜r❛✳ ❋♦r ❛❧❧ n ≥ 0✱ s❡t An = A/In+1✱
t❤❡♥ R ✐s t♦♣♦❧♦❣✐❝❛❧❧② ♦❢ ✜♥✐t❡ t②♣❡ ♦✈❡r A ✐❢ ❛♥❞ ♦♥❧② ✐❢ R ⊗A A0 ✐s ♦❢ ✜♥✐t❡ t②♣❡ ♦✈❡r A0

✭s❡❡ ❬❇♦s✱ Pr♦♣♦s✐t✐♦♥ ✶✵✱ ♣❛❣✳ ✶✻✻❪✮❀

❉❡✜♥✐t✐♦♥ ❈✳✾✳ ▲❡t X → Spf (A) ❜❡ ❛ ❢♦r♠❛❧ s❝❤❡♠❡✱ ✇❡ s❛② t❤❛t ✐t ✐s ❧♦❝❛❧❧② ♦❢ t♦♣♦❧♦❣✐❝❛❧❧②
✜♥✐t❡ t②♣❡ ✭r❡s♣✳ ❛❞♠✐ss✐❜❧❡✮ ✐❢ ✐t ❤❛s ❛♥ ❛✣♥❡ ♦♣❡♥ ❝♦✈❡r ✇✐t❤ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣r♦♣❡rt②✳
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❘❡♠❛r❦ ❈✳✶✵✳ ❋♦r ❛ ❢♦r♠❛❧ s❝❤❡♠❡ ♦✈❡r A ❧♦❝❛❧❧② ♦❢ t♦♣♦❧♦❣✐❝❛❧❧② ✜♥✐t❡ t②♣❡✱ q✉❛s✐✲s❡♣❛r❛t❡♥❡ss ✐s
❛✉t♦♠❛t✐❝ s✐♥❝❡ ✐t ✐s ❧♦❝❛❧❧② ❛ ♥♦❡t❤❡r✐❛♥ t♦♣♦❧♦❣✐❝❛❧ s♣❛❝❡✳

❲❡ r❡❝❛❧❧ t✇♦ ❜❛s✐❝ r❡s✉❧ts ❛❜♦✉t ❡①❝❡❧❧❡♥t ❝♦♠♣❧❡t❡ r✐♥❣s

❚❤❡♦r❡♠ ❈✳✶✶✳ ❲❡ ❤❛✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣

✶✳ ▲❡t (A,m) ❜❡ ❛ ❝♦♠♣❧❡t❡ ❡q✉✐❝❤❛r❛❝t❡r✐st✐❝ ❧♦❝❛❧ r✐♥❣✱ t❤❡♥ t❤❡ r✐♥❣ A 〈X1, . . . , Xn〉 ✐s ❡①❝❡❧❧❡♥t
❢♦r ❡✈❡r② n ≥ 0❀

✷✳ ▲❡t C ❜❡ ❛♥ ❡①❝❡❧❧❡♥t r✐♥❣ ♦❢ ❝❤❛r❛❝t❡r✐st✐❝ ✵ ❛♥❞ ❑r✉❧❧ ❞✐♠❡♥s✐♦♥ ✶✱ t❤❡♥ ❢♦r ❡✈❡r② C✲❛❧❣❡❜r❛
A ♦❢ ✜♥✐t❡ t②♣❡ ❛♥❞ ❡✈❡r② ✐❞❡❛❧ I ⊆ A✱ t❤❡ I✲❛❞✐❝ ❝♦♠♣❧❡t✐♦♥ Â ✐s ❡①❝❡❧❧❡♥t✳

Pr♦♦❢✳ ❋♦r t❤❡ ✜rst ♣❛rt✱ s❡❡ ❬❱❛❧❪✱ ❢♦r t❤❡ s❡❝♦♥❞ s❡❡ ❬❱❛❧✶❪✳

◆♦t❛t✐♦♥ ❈✳✶✷✳ ❋r♦♠ ♥♦✇ ✇❡ ✜① ❛ r✐♥❣ A0 ❛♥❞ s✉♣♣♦s❡ t❤❛t ✐t ✐s t♦♣♦❧♦❣✐❝❛❧❧② ♦❢ ✜♥✐t❡ t②♣❡ ♦✈❡r
❛ ❝♦♠♣❧❡t❡ ❉❱❘ ♦❢ ♠✐①❡❞ ❝❤❛r❛❝t❡r✐st✐❝ ❛♥❞ ✇❡ s✉♣♣♦s❡ t❤❛t A0 ✐s ❝♦♠♣❧❡t❡ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡
α✲❛❞✐❝ t♦♣♦❧♦❣② ❢♦r α ∈ A0 ❛ r❡❣✉❧❛r ❡❧❡♠❡♥t✳ ▼♦r❡♦✈❡r ❞❡♥♦t❡ A = A0

[
1
α

]
❛♥❞ ❧❡t A+ ⊆ A

❜❡ t❤❡ ✐♥t❡❣r❛❧ ❝❧♦s✉r❡ ♦❢ A0✳ ❚❤✐s ❛ss✉♠♣t✐♦♥s ♦♥ A0 ✇✐❧❧ ❤❛✈❡ t❤❡ ❡✛❡❝t t❤❛t ❡✈❡r② A0✲❛❧❣❡❜r❛
t♦♣♦❧♦❣✐❝❛❧❧② ♦❢ ✜♥✐t❡ t②♣❡ ✇✐❧❧ ❜❡ ❛✉t♦♠❛t✐❝❛❧❧② ❡①❝❡❧❧❡♥t ✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ❈✳✶✶✳ ❖❢ ❝♦✉rs❡ t❤❡
❚❤❡♦r❡♠ ❛❧s♦ ❛❧❧♦✇s r✐♥❣s ♦❢ ❡q✉❛❧ ❝❤❛r❛❝t❡r✐st✐❝✳

❉❡✜♥✐t✐♦♥ ❈✳✶✸✳ ▲❡t X→ Spf (A0) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ❛♥❞ r❡❞✉❝❡❞ ❢♦r♠❛❧ s❝❤❡♠❡✳ ❲❡ s❛② t❤❛t ✐t
✐s ♥♦r♠❛❧ ✐❢✱ ❢♦r ❡✈❡r② ❝♦♥♥❡❝t❡❞ ❛✣♥❡ ♦♣❡♥ U ⊆ X✱ t❤❡ r✐♥❣ OX (U) ✐s ✐♥t❡❣r❛❧❧② ❝❧♦s❡❞ ✐♥ ✐ts ✜❡❧❞
♦❢ ❢r❛❝t✐♦♥s✳

❘❡♠❛r❦ ❈✳✶✹✳ ❋♦r ❛♥ ❛❞♠✐ss✐❜❧❡ ❛♥❞ r❡❞✉❝❡❞ ❢♦r♠❛❧ s❝❤❡♠❡ X ♦✈❡r A0 t❤❡ ❢♦❧❧♦✇✐♥❣ ❛r❡ ❡q✉✐✈❛❧❡♥t✿

✶✳ X ✐s ♥♦r♠❛❧❀

✷✳ ❚❤❡r❡ ❡①✐sts ❛♥ ❛✣♥❡ ♦♣❡♥ ❝♦✈❡r✐♥❣ {Ui}i ♦❢ X s✉❝❤ t❤❛t✱ ❢♦r ❡✈❡r② i✱ t❤❡ r✐♥❣ OX (Ui) ✐s
♥♦r♠❛❧❀

✸✳ ❋♦r ❛❧❧ x ∈ X t❤❡ r✐♥❣ OX,x ✐s ❛ ❞♦♠❛✐♥ ✇❤✐❝❤ ✐s ✐♥t❡❣r❛❧❧② ❝❧♦s❡❞ ✐♥s✐❞❡ ✐ts ✜❡❧❞ ♦❢ ❢r❛❝t✐♦♥s✳

❙❡❡ ❬❋●▲✱ ❋❛✐t ❆✳✷✳✶✱ ♣❛❣✳ ✺✶❪ ❢♦r ❛ s❦❡t❝❤ ♦❢ t❤❡ ♣r♦♦❢✳

❋♦r ❛ r✐♥❣ R ✇❡ ✉s❡ t❤❡ s❤♦rt❤❛♥❞ Spa (R) t♦ ❞❡♥♦t❡ Spa (R,R)✳

▲❡♠♠❛ ❈✳✶✺✳ ▲❡t X→ Spf (A0) ❜❡ ❛ ❢♦r♠❛❧ s❝❤❡♠❡ ❛♥❞ s✉♣♣♦s❡ ✐t ✐s ❧♦❝❛❧❧② ♦❢ t♦♣♦❧♦❣✐❝❛❧❧② ✜♥✐t❡
t②♣❡✳ ❚❤❡♥ t❤❡ ✜❜r❡ ♣r♦❞✉❝t

X̃ = Xad ×Spa(A0) Spa
(
A,A+

)

❡①✐sts ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❞✐❝ s♣❛❝❡s✳ ■❢ Spf (R) ⊆ X ✐s ❛♥ ♦♣❡♥ ❛✣♥❡✱ t❤❡♥ ✐ts ♣r❡✐♠❛❣❡ ✐♥ X̃ ✐s

Spa

(
R

[
1

α

]
, R+

)
= Spa (R)×Spa(A0) Spa

(
A,A+

)
,

✇❤❡r❡ R+ ✐s t❤❡ ✐♥t❡❣r❛❧ ❝❧♦s✉r❡ ♦❢ R ✐♥ R
[
1
α

]
✱ ✐♥ ♣❛rt✐❝✉❧❛r X̃ ✐s ♥❛t✉r❛❧❧② ✐❞❡♥t✐✜❡❞ ✇✐t❤ t❤❡ s♣❛❝❡

Xan ♦❢ ❛♥❛❧②t✐❝ ♣♦✐♥ts ♦❢ Xad✳
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Pr♦♦❢✳ ❈❧❡❛r❧② t❤❡ ♠♦r♣❤✐s♠ Spa (A,A+)→ Spa (A0) ✐s ❛❞✐❝ ❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ❬❍✉❜✱ Pr♦♣♦s✐t✐♦♥ ✹✳✷✱
♣❛❣✳ ✺✹✵❪ ✇❡ s❡❡ t❤❛t Xad → Spa (A0) ✐s ❧♦❝❛❧❧② ♦❢ ✜♥✐t❡ t②♣❡✳ ▼♦r❡♦✈❡r t❤❡ r✐♥❣ A ❤❛s ❛ ♥♦t❤❡r✐❛♥
r✐♥❣ ♦❢ ❞❡✜♥✐t✐♦♥✱ s♦ t❤❛t ✇❡ ❝❛♥ ❛♣♣❧② ❬❍✉❜✱ Pr♦♣♦s✐t✐♦♥ ✸✳✼✱ ♣❛❣✳ ✺✸✺❪ t♦ ❞❡❞✉❝❡ t❤❛t t❤❡ ✜❜r❡
♣r♦❞✉❝t Xad ×Spa(A0) Spa (A,A+) ❡①✐sts ✐♥ t❤❡ ❝❛t❡❣♦r② ♦❢ ❛❞✐❝ s♣❛❝❡s✳ ■t ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ✈❡r②

❝♦♥str✉❝t✐♦♥ ♦❢ t❤❡ ❢✉♥❝t♦r (•)ad t❤❛t t❤❡ ✐♥✈❡rs❡ ✐♠❛❣❡ ♦❢ Spf (R) ✐♥ Xad ✐s Spa (R)✱ ❤❡♥❝❡ ✇❡ ♥❡❡❞
t♦ s❤♦✇ t❤❛t

Spa

(
R

[
1

α

]
, R+

)
= Spa (R)×Spa(A0) Spa

(
A,A+

)
.

▲❡t X ❜❡ ❛♥ ❛❞✐❝ s♣❛❝❡ ✇✐t❤ ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠

X
λA //

λR

��

Spa (A,A+)

f

��
Spa (R)

g
// Spa (A0)

,

t❤✐s ❝♦rr❡s♣♦♥❞s t♦ ♠♦r♣❤✐s♠s

λ#
A :
(
A,A+

)
→
(
OX (X) ,O+

X (X)
)

λ#
R : (R,R)→

(
OX (X) ,O+

X (X)
)

♦❢ ❍✉❜❡r ♣❛✐rs✳ ❙❡tt✐♥❣ λ#
R

(
α−1

)
= λ#

A

(
α−1

)
✱ ✇❡ ❤❛✈❡ ❛ ✉♥✐q✉❡ ❡①t❡♥s✐♦♥

(
R

[
1

α

]
, R+

)
→
(
OX (X) ,O+

X (X)
)

♦❢ λ#
R ✳

▲❡♠♠❛ ❈✳✶✻✳ ▲❡t
A //

f

��

B

��
C // B ⊗A C

❜❡ ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ❝♦♠♠✉t❛t✐✈❡ r✐♥❣s ❛♥❞ s✉♣♣♦s❡ f ✐s s♠♦♦t❤✳ ▲❡t A ⊆ B ❜❡ t❤❡ ✐♥t❡❣r❛❧
❝❧♦s✉r❡ ♦❢ A✱ t❤❡♥ A⊗A C ⊆ B ⊗A C ✐s t❤❡ ✐♥t❡❣❛❧ ❝❧♦s✉r❡ ♦❢ C✳

Pr♦♦❢✳ ❚❤✐s ✐s ❬❙t❛❝❦ ♣r♦❥❡❝t✱ ▲❡♠♠❛ ✵✸●●❪

▲❡♠♠❛ ❈✳✶✼✳ ▲❡t R ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ A0✲❛❧❣❡❜r❛ ❛♥❞ ❧❡t Φ : Spa (B,B+) → Spa
(
R
[
1
α

]
, R+

)
❜❡

❛ ✜♥✐t❡ ♠♦r♣❤✐s♠✱ t❤❡♥ B+
[
1
α

]
= B✱ ✐♥ ♣❛rt✐❝✉❧❛r Spf (B+)

an
= Spa (B,B+)✳

Pr♦♦❢✳ ❋✐rst ❧❡t ✉s s❡❡ t❤❛t B+
[
1
α

]
✐s ✐♥t❡❣r❛❧❧② ❝❧♦s❡❞ ✐♥ B✿ t❤✐s ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ❈✳✶✻ ❛♣♣❧✐❡❞

t♦ t❤❡ ❞✐❛❣r❛♠

B+ //

��

B

B+
[
1
α

]
// B
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▼♦r❡♦✈❡r B ✐s ❛ ✜♥✐t❡ R
[
1
α

]
✲♠♦❞✉❧❡✱ ❤❡♥❝❡ ✐♥ ♣❛rt✐❝✉❧❛r ✐t ✐s ❛ ✜♥✐t❡ B+

[
1
α

]
✲♠♦❞✉❧❡ ❢r♦♠ ✇❤✐❝❤ ✇❡

❝♦♥❝❧✉❞❡ t❤❛t B = B+
[
1
α

]
✳ ❚❤❡ ❧❛st st❛t❡♠❡♥t ❢♦❧❧♦✇s ✭❝❢r✳ t❤❡ ❝♦♠♣✉t❛t✐♦♥s ✐♥ ▲❡♠♠❛ ❈✳✶✺✮✳

Pr♦♣♦s✐t✐♦♥ ❈✳✶✽✳ ▲❡t R ❜❡ ❛♥ ❡①❝❡❧❧❡♥t r✐♥❣ ❛♥❞ ❧❡t p ∈ Spec (R)✳ ❚❤❡♥ ❢♦r ❡✈❡r② ✜♥✐t❡ ✜❡❧❞

❡①t❡♥s✐♦♥ Frac
(

R
p

)
⊆ L t❤❡ ✐♥t❡❣r❛❧ ❝❧♦s✉r❡ ♦❢ R

p
✐♥ L ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ R

p
✲♠♦❞✉❧❡✳

◆♦t❡ ❈✳✶✾✳ ❘✐♥❣s ✇❤✐❝❤ s❛t✐s❢② t❤❡ st❛t❡♠❡♥ts ♦❢ Pr♦♣♦s✐t✐♦♥ ❈✳✶✽ ❛r❡ ❝❛❧❧❡❞ ◆❛❣❛t❛ r✐♥❣s✳ ❙❡❡
❬▼❛t✱ ❙❡❝t✐♦♥ ✸✶❪ ❢♦r ❣❡♥❡r❛❧✐t✐❡s ❛❜♦✉t ◆❛❣❛t❛ r✐♥❣s ❛♥❞ ❬▼❛t✱ ❚❤❡♦r❡♠ ✼✽✱ ♣❛❣✳ ✷✺✼❪ ❢♦r ❛ ♣r♦♦❢
♦❢ t❤❡ ❢❛❝t t❤❛t ✏q✉❛s✐✲❡①❝❡❧❧❡♥t ✐♠♣❧✐❡s ◆❛❣❛t❛✑ ✭❛♥❞ ❤❡♥❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ❈✳✶✽✮✳

▲❡♠♠❛ ❈✳✷✵✳ ▲❡t R ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ A0✲❛❧❣❡❜r❛ ❛♥❞ ❧❡t Φ : Spa (B,B+) → Spa
(
R
[
1
α

]
, R+

)
❜❡

❛ ✜♥✐t❡ ♠♦r♣❤✐s♠✱ t❤❡♥ t❤❡ r❡❞✉❝❡❞ r✐♥❣ B+
red ✐s ❢♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛s ❛♥ R✲♠♦❞✉❧❡✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ ❣❡♥❡r❛❧ ❢❛❝t✿ ❧❡t q1, . . . , qn ❜❡ t❤❡ ♠✐♥✐♠❛❧ ♣r✐♠❡s ♦❢ Bred✱ t❤❡♥ (Bred)q1
× · · · ×

(Bred)qm
✐s ♣r♦❞✉❝t ♦❢ ✜❡❧❞s ❛♥❞ ❜② ♥♦❡t❤❡r✐❛♥✐t② ✐t s✉✣❝❡s t♦ ♣r♦✈❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ❝❧♦s✉r❡ ♦❢

R ✐♥ ❡❛❝❤ ♦❢ t❤❡♠ ✐s ✜♥✐t❡✳ ▲❡t K = (Bred)qi
❛♥❞ ❧❡t p ⊆ R ❜❡ t❤❡ ❦❡r♥❡❧ ♦❢ R → K✱ t❤❡♥ t❤❡

❡①t❡♥s✐♦♥ Frac
(

R
p

)
→ K ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞✱ ❢r♦♠ ✇❤✐❝❤ ✇❡ s❡❡ t❤❛t t❤❡ ❛❧❣❡❜r❛✐❝ ❝❧♦s✉r❡

Frac

(
R

p

)
⊆ Frac

(
R

p

)
⊆ K

✐s ✜♥✐t❡ ♦✈❡r Frac
(

R
p

)
✳ ■♥ ✈✐❡✇ ♦❢ Pr♦♣♦s✐t✐♦♥ ❈✳✶✽ ✇❡ s❡❡ t❤❛t t❤❡ ✐♥t❡❣r❛❧ ❝❧♦s✉r❡ B+

red = B+

NB∩B+

♦❢ R ✐♥ Bred ✐s ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛s ❛♥ R✲♠♦❞✉❧❡✱ ✇❤❡r❡ NB ⊆ B ❞❡♥♦t❡s t❤❡ ♥✐❧r❛❞✐❝❛❧✳

▲❡♠♠❛ ❈✳✷✶✳ ▲❡t R ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ A0✲❛❧❣❡❜r❛ ❛♥❞ ❧❡t Φ : Spa (B,B+) → Spa
(
R
[
1
α

]
, R+

)
❜❡

❛ ✜♥✐t❡ ♠♦r♣❤✐s♠✳ ❋♦r f ∈ R✱ t❤❡ r✐♥❣ B+
red

〈
1
f

〉
✐s t❤❡ ✐♥t❡❣r❛❧ ❝❧♦s✉r❡ ♦❢ R

〈
1
f

〉
✐♥ Bred

〈
1
f

〉
✳

Pr♦♦❢✳ ■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ❈✳✶✻ ✇❡ s❡❡ t❤❛t B+
red

[
1
f

]
✐s ✐♥t❡❣r❛❧❧② ❝❧♦s❡❞ ✐♥ Bred

[
1
f

]
■♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛

❈✳✷✵✱ t❤❡ r✐♥❣ B+
red ✐s ✜♥✐t❡ ❛s ❛♥ R✲♠♦❞✉❧❡✱ ♠♦r❡♦✈❡r t❤❡ ❝♦♠♣❧❡t✐♦♥ ♠♦r♣❤✐s♠ R

[
1
f

]
→ R

〈
1
f

〉

✐s ✢❛t✳ ■t ❢♦❧❧♦✇s t❤❛t

B+
red ⊗R R

〈
1

f

〉
→ Bred ⊗R R

〈
1

f

〉

✐s ✐♥❥❡❝t✐✈❡ ❛♥❞✱ ❜② ✜♥✐t❡♥❡ss✱ t❤❛t B+
red ⊗R R

〈
1
f

〉
≃ B+

red

〈
1
f

〉
❛♥❞ Bred ⊗R R

〈
1
f

〉
≃ Bred

〈
1
f

〉
✳

■t ❢♦❧❧♦✇s t❤❛t B+
red

〈
1
f

〉
✐s ✜♥✐t❡ ♦✈❡r R

〈
1
f

〉
❛♥❞✱ ✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ❈✳✶✶ ❜♦t❤ R

〈
1
f

〉
❛♥❞

B+
red

〈
1
f

〉
❛r❡ ❡①❝❡❧❧❡♥t✱ t❤❡r❡❢♦r❡ t❤❡② ❤❛✈❡ t❤❡ s❛♠❡ ✐♥t❡❣r❛❧ ❝❧♦s✉r❡ ✐♥ Bred

〈
1
f

〉
✳ ❲❡ ❝♦♥❝❧✉❞❡

s✐♥❝❡
(
Bred

[
1
f

]
, B+

red

[
1
f

])
✐s ♥❛t✉r❛❧❧② ❛♥ ❛✣♥♦✐❞ r✐♥❣ ❛♥❞ ✐t ❢♦❧❧♦✇s t❤❛t B+

red

〈
1
f

〉
✐s ✐♥t❡❣r❛❧❧②

❝❧♦s❡❞ ✐♥ Bred

〈
1
f

〉
✳

❚❤❡♦r❡♠ ❈✳✷✷✳ ▲❡t X → Spf (A0) ❜❡ ❛♥ ❛❞♠✐ss✐❜❧❡ ❢♦r♠❛❧ s❝❤❡♠❡ ❛♥❞ Φ : Y → Xan ❛ ✜♥✐t❡
♠♦r♣❤✐s♠ ♦❢ ❛❞✐❝ s♣❛❝❡s✳ ❚❤❡♥ t❤❡r❡ ❡①✐sts ❛ ✜♥✐t❡ ♠♦r♣❤✐s♠ ν : X̃→ X s✉❝❤ t❤❛t

✶✳ X̃ ✐s r❡❞✉❝❡❞✱

✻✼



✷✳ Φ ❢❛❝t♦rs ❛s

Y
Φ′

−→ X̃an νan

−→ Xan;

✸✳ ❢♦r ❡✈❡r② ✜♥✐t❡ ♠♦r♣❤✐s♠ f : Z→ X ♦❢ ❢♦r♠❛❧ s❝❤❡♠❡s ✇✐t❤ Z r❡❞✉❝❡❞ ❛♥❞ ♥♦r♠❛❧ s✉❝❤ t❤❛t
t❤❡r❡ ❡①✐sts ❛ ❝♦♠♠✉t❛t✐✈❡ ❞✐❛❣r❛♠ ♦❢ ❛❞✐❝ s♣❛❝❡s

Zan g //

fan
""

Y

Φ}}
Xan

t❤❡r❡ ❡①✐sts ❛ ✉♥✐q✉❡ g0 : Z→ X̃ ♠❛❦✐♥❣ t❤❡ ❞✐❛❣r❛♠

Z
g0 //

f ��

X̃

ν
��

X

❝♦♠♠✉t❡✳

Pr♦♦❢✳ ▲❡t Spf (R) ⊆ X ❜❡ ❛♥ ♦♣❡♥ ❛✣♥❡✱ ✐♥ ✈✐❡✇ ♦❢ ▲❡♠♠❛ ❈✳✶✺ t❤❡ ♠❛♣ Φ ✐s ❣✐✈❡♥✱ ❛❜♦✈❡ Spf (R)✱
❜② ❛ ✜♥✐t❡ ♠♦r♣❤✐s♠ Φ : Spa (B,B+) → Spa

(
R
[
1
α

]
, R+

)
✳ ▲❡t ♠♦r❡♦✈❡r Spf (C) ⊆ f−1 (Spf (R))

❜❡ ❛♥ ♦♣❡♥ ❛✣♥❡ ✇❤✐❝❤ ✇❡ ❝❛♥ s✉♣♣♦s❡ t♦ ❜❡ ❝♦♥♥❡❝t❡❞✳ ❚❤❡♥ g ✐♥❞✉❝❡s ❛ ♠♦r♣❤✐s♠ ♦❢ ❛✣♥♦✐❞
r✐♥❣s

g#red :
(
Bred, B

+
red

)
→

(
C

[
1

α

]
, C+

)
.

❚❤❡ ♦♣❡♥ s✉❜s❡t ♦❢ X̃ ♦✈❡r Spf (R) ✐s ❞❡✜♥❡❞ ❛s Spf
(
B+

red

)
✳ ■t ❢♦❧❧♦✇s ❢r♦♠ ▲❡♠♠❛ ❈✳✷✵ t❤❛t t❤❡

♠❛♣ Spf
(
B+

red

)
→ Spf (R) ✐s ✜♥✐t❡✱ ♠♦r❡♦✈❡r ▲❡♠♠❛ ❈✳✷✶ t❡❧❧s t❤❛t t❤❡s❡ ❛✣♥❡ ♣✐❡❝❡s ❣❧✉❡ t♦ ❛

♠♦r♣❤✐s♠ ♦❢ ❢♦r♠❛❧ s❝❤❡♠❡s ν : X̃→ X✳❚♦ ❝♦♥❝❧✉❞❡ ✇❡ ♦♥❧② ♥❡❡❞ t♦ s❡❡ t❤❛t g#red
(
B+

red

)
⊆ C✱ ❜✉t

C ✐s ♥♦r♠❛❧ ❜② ❛ss✉♠♣t✐♦♥✱ ❤❡♥❝❡ C+ = C✳

❈♦r♦❧❧❛r② ❈✳✷✸✳ ❲✐t❤ ♥♦t❛t✐♦♥s ❛♥❞ s❡tt✐♥❣ ❛s ✐♥ ❚❤❡♦r❡♠ ❈✳✷✷✱ s✉♣♣♦s❡ t❤❛t Y ✐s r❡❞✉❝❡❞ ✭❡✳❣✳
✇❤❡♥ t❤❡ ♠❛♣ Φ : Y → Xan ✐s ✜♥✐t❡ ét❛❧❡ ✇✐t❤ X r❡❞✉❝❡❞✮✳ ❚❤❡♥ Y = X̃an✳

Pr♦♦❢✳ ❏✉st ❛♣♣❧② ▲❡♠♠❛ ❈✳✶✼✳

❉ ❙❧♦♣❡ ❞❡❝♦♠♣♦s✐t✐♦♥s

■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❜r✐❡✢② r❡✈✐❡✇ t❤❡ t❤❡♦r② ♦❢ s❧♦♣❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ❛s ❞❡✈❡❧♦♣♣❡❞ ✐♥ ❬❆s❙t❪✱ ❢♦❧❧♦✇✐♥❣
❬❍❛♥❪✳ ▲❡t ✉s ✜① ❛ ♣r✐♠❡ p ❛♥❞ ❛ ❝♦♠♣❧❡t❡✱ ♥♦♥✲❛r❝❤✐♠❡❞❡❛♥ ♥♦r♠❡❞ r✐♥❣ A✳ ❋♦r a ∈ A\ {0} ✇❡
s❡t v (a) = − logp |a|✳

❉❡✜♥✐t✐♦♥ ❉✳✶✳ ▲❡t f = adX
d+ · · ·+a1X+a0 ∈ A [X]✱ ✇❡ s❛② t❤❛t f ✐s ♠✉❧t✐♣❧✐❝❛t✐✈❡ ✐❢ ad ∈ A×

❛♥❞ ✇❡ s❡t

f∗ (X) = Xdeg(f)f

(
1

X

)
.

✻✽



❚❤❡ ◆❡✇t♦♥ ♣♦❧②❣♦♥ N(f) ♦❢ f ✐s t❤❡ ❝♦♥✈❡① ❤✉❧❧ ♦❢ t❤❡ s❡t

{
(n, v (an)) ∈ R2 | an 6= 0

}
.

❋♦r h > 0✱ ✇❡ s❛② t❤❛t f ❤❛s s❧♦♣❡ ≤ h ✐❢ ❡✈❡r② ❡❞❣❡ ♦❢ N(f) ❤❛s s❧♦♣❡ ≤ h✳ ❲r✐t❡ A(h) [X] ❢♦r t❤❡
s❡t ♦❢ s✉❝❤ ♣♦❧②♥♦♠✐❛❧s✳

❊①❛♠♣❧❡ ❉✳✷✳ ❙✉♣♣♦s❡ t❤❛t A ✐s ♥♦❡t❤❡r✐❛♥ ❞♦♠❛✐♥ ❛♥❞ f ✐s ❛ ♠♦♥✐❝ ♣♦❧②♥♦♠✐❛❧ ✇✐t❤ ❝♦❡✣❝✐❡♥ts
✐♥ A✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ✐♥t❡❣r❛❧ ❡t❡♥s✐♦♥ A ⊆ A s✉❝❤ t❤❛t f s♣❧✐ts ✐♥ A✳ ▲❡t µ1 ≤ · · · ≤ µr ❜❡ t❤❡
s❧♦♣❡s ♦❢ N(f)✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ♣♦✐♥ts (i1, v (ai1)) , . . . , (ir, v (air ))✳ ❚❤❡♥✱ ✐❢ i0 = 0✱ ❢♦r ❡✈❡r②
j = 1, . . . , r✱ t❤❡ ♣♦❧②♥♦♠✐❛❧ f ♦✈❡r A ❤❛s ❡①❛❝t❧② ij − ij−1 r♦♦ts ✇✐t❤ ♠✉❧t✐♣❧✐❝✐t② −µj ✳

❉❡✜♥✐t✐♦♥ ❉✳✸✳ ▲❡t M ❜❡ ❛♥ A [X]✲♠♦❞✉❧❡✱ ❛♥❞ ❧❡t h > 0✳ ❲❡ s❛② t❤❛t ❛♥ ❡❧❡♠❡♥t m ∈ M ❤❛s
s❧♦♣❡ ≤ h ✐❢ t❤❡r❡ ❡①✐sts f ∈ A(h) [X] ✇✐t❤ f∗ (X) ·m = 0✳ ❈❛❧❧ M (h) t❤❡ s✉❜s❡t ♦❢ M ❝♦♥s✐st✐♥❣ ♦❢
t❤❡ ❡❧❡♠❡♥ts ♦❢ s❧♦♣❡ ≤ h✳

▲❡♠♠❛ ❉✳✹✳ M (h) ⊆M ✐s ❛♥ A✲s✉❜♠♦❞✉❧❡✳

❊①❛♠♣❧❡ ❉✳✺✳ ▲❡t V ❜❡ ❛ ✜♥✐t❡ ❞✐♠❡♥s✐♦♥❛❧ ✈❡❝t♦r s♣❛❝❡ ♦✈❡r ❛ ❝♦♠♣❧❡t❡ ♥♦♥✲❛r❝❤✐♠❡❞❡❛♥ ✜❡❧❞
K✳ ❚❤❡♥ ❛♥ ❡❧❡♠❡♥t v ∈ V ❤❛s s❧♦♣❡ K ✐s t❤❡r❡ ❡①✐sts ❛ ♥♦♥✲③❡r♦ ♠❛tr✐① M ✇❤♦s❡ ♠✐♥✐♠❛❧
♣♦❧②♥♦♠✐❛❧ ♦✈❡r K ❤❛s s❧♦♣❡ ≤ h✳

❉❡✜♥✐t✐♦♥ ❉✳✻✳ ❲❡ s❛② t❤❛t ❛♥ A [X]✲♠♦❞✉❧❡ M ❤❛s ❛ s❧♦♣❡ ≤ h ❞❡❝♦♠♣♦s✐t✐♦♥ ✭♦r s✐♠♣❧② ❛♥
h✲❞❡❝♦♠♣♦s✐t✐♦♥✮ ✐❢

✶✳ M (h) ✐s ❛ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ A✲♠♦❞✉❧❡❀

✷✳ t❤❡ ❡①❛❝t s❡q✉❡♥❝❡

0→M (h) →M →M(h) :=
M

M (h)
→ 0

s♣❧✐ts ♦✈❡r A [X]❀

✸✳ ❢♦r ❡✈❡r② f ∈ A(h) [X] t❤❡ ❡❧❡♠❡♥t f∗ (X) ✐s ✐♥✈❡rt✐❜❧❡ ♦♥ M(h) :=
M

M(h) ✳

❚❤❡ t✇♦ ♠❛✐♥ r❡s✉❧ts ✇❡ ♥❡❡❞ ❛❜♦✉t s❧♦♣❡ ❞❡❝♦♠♣♦s✐t✐♦♥s ✐♥ t❤✐s s❡tt✐♥❣ ❛r❡ t❤❡ ❢♦❧❧♦✇✐♥❣

❚❤❡♦r❡♠ ❉✳✼✳ ❚❤❡ ❛ss✐❣♥♠❡♥t

Sh :MA[X] →MA

M 7→M (h)

❞❡✜♥❡s ❛♥ ❡①❛❝t ❛❞❞✐t✐✈❡ ❢✉♥❝t♦r ✇✐t❤ r❡s♣❡❝t t♦ r❡str✐❝t✐♦♥ ♦❢ ♠♦r♣❤✐s♠s✳ ■♥ ♣❛rt✐❝✉❧❛r

✶✳ ❣✐✈❡♥ ❛ s❤♦rt ❡①❛❝t s❡q✉❡♥❝❡ ✐♥MA[X]✱ ✐❢ t✇♦ ♠♦❞✉❧❡s ✐♥ t❤❡ s❡q✉❡♥❝❡ ❤❛✈❡ h✲❞❡❝♦♠♣♦s✐t✐♦♥✱
t❤❡♥ s♦ ❞♦❡s t❤❡ t❤✐r❞❀

✷✳ Sh ❝♦♠♠✉t❡s ✇✐t❤ ❝♦❤♦♠♦❧♦❣② ♦❢ ❝♦♠♣❧❡①❡s ♦✈❡r MA[X]❀

✸✳ ●✐✈❡♥ ❛ ✜rst q✉❛❞r❛♥t s♣❡❝tr❛❧ s❡q✉❡♥❝❡ E•,•
• ♦✈❡rMA[X]✱ ✐❢ ❢♦r s♦♠❡ r ❛❧❧ t❤❡ ♠♦❞✉❧❡s ✐♥ t❤❡

♣❛❣❡ E•,•
r ❤❛✈❡ h✲❞❡❝♦♠♣♦s✐t✐♦♥✱ t❤❡ s♦ ❞♦❡s ✐ts ❧✐♠✐t H•✳

✻✾



Pr♦♦❢✳ ❚❤❡ ✜rst ✐t❡♠ ✐s ❛ ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❬❆s❙t❪✱ ✐♥ ♣❛rt✐❝✉❧❛r ❬❆s❙t✱ Pr♦♣♦s✐t✐♦♥ ✹✳✶✳✷✱ ♣❛❣✳ ✸✽❪✳
❚❤❡ ♦t❤❡r t✇♦ ✐t❡♠s ❢♦❧❧♦✇✳

❚❤❡♦r❡♠ ❉✳✽✳ ▲❡t A ❜❡ ❛ r❡❞✉❝❡❞ ❛✣♥♦✐❞ ❛❧❣❡❜r❛ ♦✈❡r ❛ ♥♦♥✲❛r❝❤✐♠❡❞❡❛♥ ✜❡❧❞ k ❛♥❞ ❧❡t C• ❜❡
❛ ❜♦✉♥❞❡❞ ❝♦♠♣❧❡① ♦❢ ♦rt❤♦♥♦r♠❛❧✐s❛❜❧❡ ❇❛♥❛❝❤ A [X]✲♠♦❞✉❧❡s ❛♥❞ s✉♣♣♦s❡ t❤❛t t❤❡ ❛❝t✐♦♥ ♦❢ X
✐s ❝♦♠♣❛❝t ♦♥ t❤❡ t♦t❛❧ A✲♠♦❞✉❧❡ ⊕Cn✳ ▲❡t x ∈ Spm (A) ❛♥❞ h > 0✱ t❤❡♥ t❤❡r❡ ❡①✐sts ❛♥ ❛✣♥♦✐❞
s✉❜❞♦♠❛✐♥ Spm (B) ⊆ Spm (A) s✉❝❤ t❤❛t ✇✐t❤ t❤❡ ♣r♦♣❡rt② t❤❛t

✶✳ t❤❡ ❝♦♠♣❧❡① B⊗̂AC
• ♦❢ B [X]✲♠♦❞✉❧❡s ❛❞♠✐ts h✲❞❡❝♦♠♣♦s✐t✐♦♥❀

✷✳ t❤❡ ♠♦❞✉❧❡s
(
B⊗̂AC

n
)(h)

❛r❡ ✜♥✐t❡❧② ❣❡♥❡r❛t❡❞ ❛♥❞ ✢❛t ♦✈❡r B✳

Pr♦♦❢✳ ❚❤✐s ✐s ❛ r❡st❛t❡♠❡♥t ♦❢ ❬❆s❙t✱ ❚❤❡♦r❡♠ ✹✳✺✳✶✱ ♣❛❣✳ ✹✺❪✱ ✐♥ ✈✐❡✇ ♦❢ ❚❤❡♦r❡♠ ❉✳✼✳

✼✵



❘❡❢❡r❡♥❝❡s

❬❆■❪ ❋✳ ❆♥❞r❡❛tt❛✱ ❆✳ ■♦✈✐t❛✱ ❚r✐♣❧❡ ♣r♦❞✉❝t p✲❛❞✐❝ L✲❢✉♥❝t✐♦♥s ❛ss♦❝✐❛t❡❞ t♦ ✜♥✐t❡ s❧♦♣❡
p✲❛❞✐❝ ❢❛♠✐❧✐❡s ♦❢ ♠♦❞✉❧❛r ❢♦r♠s✱ ♣r❡♣r✐♥t

❬❆■P❪ ❋✳ ❆♥❞r❡❛tt❛✱ ❆✳ ■♦✈✐t❛✱ ❱✳ P✐❧❧♦♥✐✱ ❖♥ ♦✈❡r❝♦♥✈❡r❣❡♥t ❍✐❧❜❡rt ♠♦❞✉❧❛r ❝✉s♣ ❢♦r♠s✱
❆stér✐sq✉❡ ✸✽✷ ✭✷✵✶✻✮

❬❆■P✶❪ ❋✳ ❆♥❞r❡❛tt❛✱ ❆✳ ■♦✈✐t❛✱ ❱✳ P✐❧❧♦♥✐✱ ❚❤❡ ❛❞✐❝✱ ❝✉s♣✐❞❛❧✱ ❍✐❧❜❡rt ❡✐❣❡♥✈❛r✐❡t✐❡s✱ ❘❡s✳
▼❛t❤✳ ❙❝✐ ✸ ✭✷✵✶✻✮✱ ✸✹

❬❆■P✷❪ ❋✳ ❆♥❞r❡❛tt❛✱ ❆✳ ■♦✈✐t❛✱ ❱✳ P✐❧❧♦♥✐✱ ▲❡ ❍❛❧♦ ❙♣❡❝tr❛❧✱ t♦ ❛♣♣❡❛r ✐♥ ✏❆♥♥❛❧❡s s❝✐❡♥✲
t✐✜q✉❡s ❞❡ ❧✬❊◆❙✑

❬❆♥●♦✶❪ ❋✳ ❆♥❞r❡❛tt❛✱ ❊✳ ●♦r❡♥✱ ●❡♦♠❡tr② ♦❢ ❍✐❧❜❡rt ▼♦❞✉❧❛r ❱❛r✐❡t✐❡s ♦✈❡r ❚♦t❛❧❧② ❘❛♠✐✜❡❞
Pr✐♠❡s✱ ■▼❘◆ ✸✸ ✭✷✵✵✸✮✱ ✶✼✽✺

❬❆♥●♦✷❪ ❋✳ ❆♥❞r❡❛tt❛✱ ❊✳ ●♦r❡♥✱ ❍✐❧❜❡rt ♠♦❞✉❧❛r ❢♦r♠s✿ mod p ❛♥❞ p✲❛❞✐❝ ❛s♣❡❝ts✱ ▼❡♠✳ ❆♠✳
▼❛t❤✳ ❙♦❝✳ ✶✼✸ ✭✷✵✵✺✮✱ ✶✽✾

❬❆s❙t❪ ❆✳ ❆s❤✱ ●✳ ❙t❡✈❡♥s✱ p✲❛❞✐❝ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❛r✐t❤♠❡t✐❝ ❝♦❤♦♠♦❧♦❣②✱ ♣r❡♣r✐♥t

❬❇♦s❪ ❙✳ ❇♦s❝❤✱ ▲❡❝t✉r❡s ♦♥ ❋♦r♠❛❧ ❛♥❞ ❘✐❣✐❞ ●❡♦♠❡tr②✱ ❙♣r✐♥❣❡r✱ ▲◆▼ ✷✶✵✺ ✭✷✵✶✹✮

❬❈❤❛❪ ❈✳▲✳ ❈❤❛✐✱ ❆r✐t❤♠❡t✐❝ ♠✐♥✐♠❛❧ ❝♦♠♣❛❝t✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❍✐❧❜❡rt✲❇❧✉♠❡♥t❤❛❧ ♠♦❞✉❧✐ s♣❛❝❡s✱
❆♣♣❡♥❞✐① t♦ ❆✳ ❲✐❧❡s✱ ❚❤❡ ■✇❛s❛✇❛ ❝♦♥❥❡❝t✉r❡ ❢♦r t♦t❛❧❧② r❡❛❧ ✜❡❧❞s✱ ❆♥♥✳ ♦❢ ▼❛t❤✳ ✶✸✶✱
✭✶✾✾✹✮✱ ♣✳ ✺✹✶✲✺✺✹

❬❈♦❧❪ ❘✳ ❈♦❧❡♠❛♥✱ ❈❧❛ss✐❝❛❧ ❛♥❞ ♦✈❡r❝♦♥✈❡r❣❡♥t ♠♦❞✉❧❛r ❢♦r♠s✱ ■♥✈❡♥t✳ ▼❛t❤✳ ✶✷✹✱ ✭✶✾✾✻✮✱ ♣✳
✷✶✺✲✷✹✶

❬❉❡P❛❪ P✳ ❉❡❧✐❣♥❡✱ ●✳ P❛♣♣❛s✱ ❙✐♥❣✉❧❛r✐tés ❞❡s ❡s♣❛❝❡s ❞❡ ♠♦❞✉❧❡s ❞❡ ❍✐❧❜❡rt✱ ❡♥ ❧❡s ❝❛r❛✲
❝tér✐st✐q✉❡s ❞✐✈✐s❛♥t ❧❡ ❞✐s❝r✐♠✐♥❛♥t✱ ❈♦♠♣♦s✐t✐♦ ✾✵✱ ✭✶✾✾✹✮✱ ♣✳ ✺✾✲✼✾

❬❋❛♥❪ ❨✳ ❋❛♥✱ ▲♦❝❛❧ ❡①♣❛♥s✐♦♥ ✐♥ ❙❡rr❡✲❚❛t❡ ❝♦♦r❞✐♥❛t❡s ❛♥❞ p✲❛❞✐❝ ✐t❡r❛t✐♦♥ ♦❢ ●❛✉ss✲▼❛♥✐♥
❝♦♥♥❡❝t✐♦♥s✱ P❤❉ t❤❡s✐s✱ ✭✷✵✶✽✮

❬❋❛❈❤❪ ●✳ ❋❛❧t✐♥❣s✱ ❈✳▲✳ ❈❤❛✐✱ ❉❡❣❡♥❡r❛t✐♦♥ ♦❢ ❛❜❡❧✐❛♥ ✈❛r✐❡t✐❡s✱ ❊r❣❡❜♥✐ss❡ ❞❡r ▼❛t❤❡♠❛t✐❦
✷✷✱ ✭✶✾✾✵✮

❬❋●▲❪ ▲✳ ❋❛r❣✉❡s✱ ❆✳ ●❡♥❡st✐❡r✱ ❱✳ ▲❛❢❢♦r❣✉❡✱ ▲✬✐s♦♠♦r♣❤✐s♠❡ ❡♥tr❡ ❧❡s t♦✉rs ❞❡ ▲✉❜✐♥✲
❚❛t❡ ❡t ❞❡ ❉r✐♥❢❡❧❞✱ Pr♦❣r❡ss ✐♥ ▼❛t❤❡♠❛t✐❝s ✷✻✷✱ ❇✐r❦❤ä✉s❡r ❱❡r❧❛❣ ✭✷✵✵✽✮

❬●♦r❪ ❊✳❩✳ ●♦r❡♥✱ ▲❡❝t✉r❡s ♦♥ ❍✐❧❜❡rt ▼♦❞✉❧❛r ❱❛r✐❡t✐❡s ❛♥❞ ▼♦❞✉❧❛r ❋♦r♠s✱ ❈❘▼ ▼♦♥♦✲
❣r❛♣❤ ❙❡r✐❡s✱ ✶✹ ✭✷✵✵✶✮

❬❍❛♥❪ ❉✳ ❍❛♥s❡♥✱ ❯♥✐✈❡rs❛❧ ❝♦❡✣❝✐❡♥ts ❢♦r ♦✈❡r❝♦♥✈❡r❣❡♥t ❝♦❤♦♠♦❧♦❣② ❛♥❞ t❤❡ ❣❡♦♠❡tr② ♦❢
❡✐❣❡♥✈❛r✐❡t✐❡s✱ ✇✐t❤ ❛♥ ❛♣♣❡♥❞✐① ❜② ❏❛♠❡s ◆❡✇t♦♥✱ ♣r❡♣r✐♥t

❬❍♦❝❪ ●✳ ❍♦❝❤s❝❤✐❧❞✱ ❘❡❧❛t✐✈❡ ❤♦♠♦❧♦❣✐❝❛❧ ❛❧❣❡❜r❛✱ ❚r❛♥s✳ ❆♠❡r✳ ▼❛t❤✳ ❙♦❝✳ ✽✷ ✭✶✾✺✻✮✱
✷✹✻✕✷✻✾

✼✶



❬❍♦♥❪ ❚✳ ❍♦♥❞❛✱ ❖♥ t❤❡ t❤❡♦r② ♦❢ ❝♦♠♠✉t❛t✐✈❡ ❢♦r♠❛❧ ❣r♦✉♣s✱ ❏✳ ▼❛t❤✳ ❙♦❝✳ ❏❛♣❛♥ ✷✷✱ ✷ ✭✶✾✼✵✮✱
✷✶✸✲✷✹✻

❬❍✉❜✶❪ ❘✳ ❍✉❜❡r✱ ❈♦♥t✐♥✉♦✉s ✈❛❧✉❛t✐♦♥s✱ ▼❛t❤✳ ❩✳ ✷✶✷ ✭✶✾✾✸✮✱ ✹✺✺✲✹✼✼

❬❍✉❜❪ ❘✳ ❍✉❜❡r✱ ❆ ❣❡♥❡r❛❧✐③❛t✐♦♥ ♦❢ ❢♦r♠❛❧ s❝❤❡♠❡s ❛♥❞ r✐❣✐❞ ❛♥❛❧②t✐❝ ✈❛r✐❡t✐❡s✱ ▼❛t❤✳ ❩✳ ✷✶✼
✭✶✾✾✹✮✱ ♣✳ ✺✶✸✲✺✺✶

❬❑❛❖❞❪ ◆✳▼✳ ❑❛t③✱ ❚✳ ❖❞❛✱ ❖♥ t❤❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❞❡ ❘❤❛♠ ❝♦❤♦♠♦❧♦❣② ❝❧❛ss❡s ✇✐t❤ r❡s♣❡❝t
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