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Abstract i

Abstract

This thesis addresses real-world optimization problems in the sheet metal
industry, where decision-making involves various operations to process raw
material into finished objects. These processes can include cutting opera-
tions on material plates, as well as bending, assembly, and storage of the cut
objects. Optimization goals typically aim to minimize material waste, re-
duce processing time, or maximize the efficiency of downstream operations.

Salvagnini Ttalia S.p.A., the headquarters of the Salvagnini Group, is a
leading company in the sheet metal industry, providing cutting and bending
machines that are often integrated into manufacturing systems. These ma-
chines are equipped with specialized software that offers automated solutions
to the aforementioned problems.

This thesis focuses on Salvagnini’s cutting machines, and, specifically,
on the problem of generating cutting layouts for rectangular objects. This
involves placing items to be cut into available material sheets in a way
that minimizes waste. The problem incorporates both general and specific
constraints arising from the technologies used by the reference company,
creating a complex scenario that extends beyond standard formulations in
the literature. In this regards, the problem presents specific attributes such
as the presence of optional items to cut, production precedence among items,
and required safety distances to maintain cut quality or optimize shared cuts.
Some of these features have been addressed in the literature, while others,
to the best of our knowledge, have not been explored either individually
or in combination. Thus, defining the problem under study constitutes a
primary contribution of the thesis, along with the mathematical formulation
we devised to describe it.

The aim of our research is to develop a solution method for the problem
under study that is applicable to real-world scenarios. Moreover, we seek to
ensure that this method is competitive with the current third-party software
used by the company, offering a viable alternative solution procedure. Vari-
ous approaches have been explored, including exact methods, heuristics, and
matheuristics. Among these, a heuristic approach based on a beam search
algorithm proved itself to be particularly effective, delivering high-quality
solutions with the required speed for practical industrial use. The beam
search algorithm’s performance makes it a valid alternative to the existing
software, balancing execution time and solution quality. Concerning the
other methods explored in this thesis, they provided valuable insights into
the problem’s specific challenges. These methods offer different perspectives
on the problem and can be effective in particular scenarios, underscoring the
need for diverse solutions tailored to varying conditions. All the proposed
approaches result from an original combination of concepts drawn from the
literature, which have been extended or adapted to address the practical
attributes of our problem, thereby advancing known techniques and making
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them applicable to a broader range of situations.

Additionally, this research investigates an irregular variant of the prob-
lem, where the items to be cut are irregularly shaped. In this context, we
explore the integration of a recently proposed framework to handle the geo-
metric aspects of the problem, comparing it with more established geometric
tools from the literature. Although this extension is still under development,
preliminary results are promising and induce significant industrial interest.
The irregular variant introduces new challenges, especially related to man-
aging the geometric complexity of the shapes, but it also holds potential for
enhancing flexibility and efficiency in production processes.

Future work will focus on further refining the beam search algorithm,
including leveraging more parallel computing to better optimize computa-
tional efficiency. Moreover, additional efforts will be directed towards testing
and improving the irregular variant, integrating it with real-world attributes,
and comparing it with existing methods to ensure practical applicability.

The thesis contributes to the field of cutting and packing problems by ad-
dressing real-world attributes and developing advanced solution methods to
be integrated into real cutting environments. The thesis also provides practi-
cal benchmarks from the reference company, offering new valuable resources
for evaluating solution approaches in realistic settings. Results highlight
the beam search algorithm as a robust tool for industrial applications. The
exploration of the irregular variant paves the way for future research and
practical implementation, offering valuable implications for both academic
research and industrial purposes.
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Chapter 1

Introduction

In the sheet metal industry, companies typically process raw materials to
produce various objects and products for customers. These can range from
small items, such as metal brackets or hinges, to large products like industrial
panels or enclosures. Each production area has its unique characteristics,
but the general process usually involves major steps such as cutting the
material, bending it, and assembling the pieces. Throughout these stages,
numerous decision-making problems arise, and workers must answer ques-
tions like: Where should the items to be cut be placed on the raw material
to maximize material utilization? How should the cutting and bending tech-
nology be applied to minimize processing time? In which sequence should
the items, and their corresponding sheets, be cut to minimize the number of
unloading and assembly operations, while respecting the predefined produc-
tion order within each batch? Traditionally, workers have relied on shared
experience to address these issues. However, in recent decades, software has
been developed to support these decision-making processes, helping to save
both time and material costs by providing high-quality solutions.

This thesis approaches the problem from the perspective of these soft-
ware tools, which are now integrated into computer numerical control (CNC)
machines. Specifically, we refer to Salvagnini Italia S.p.A.; a leading com-
pany in the sheet metal industry that produces and commercializes CNC
cutting and bending machines, along with dedicated software, flexible man-
ufacturing systems, and additional services for the production process [81].

1.1 Technological context

We focus on cutting machines, that play a crucial role in the production
process of final objects. The process consists of several macro stages, as
illustrated in Figure 1.1. The first step involves having sheets of raw materi-
als available to be loaded, one at a time, into the cutting machine (as shown
in Figure 1.1 (a)). These sheets can vary in characteristics, such as size and
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Figure 1.1: Macro stages involving Salvagnini cutting machines [81].

thickness, to meet the specific requirements of the objects being produced.

Once a sheet is loaded, the cutting machine extracts items from the
plates according to a specified cutting layout. This process is depicted as a
large red box in Figure 1.1 (b). In fact, Salvagnini does not offer a unique
type of cutting machine, but a variety of them, each equipped with dis-
tinct technologies, tools, features, and requirements, providing for different
production needs. Depending on the technology, the cutting phase may re-
quire practical constraints aimed at preserving item quality or guaranteeing
a correct use of materials.

After the cut, the items are ready to be unloaded from the machine
(Figure 1.1 (c)). Depending on the context, items may be grouped into kits,
each containing the items that will form part of a same final object (for
example, when producing a locker, the door and sides would be grouped in
the same kit). Notice that, to facilitate the unloading process, the items
must be cut in a specific order so that, e.g., items of the same kit are
produced consecutively. If not, several kits would be simultaneously active
during the cutting process, thus requiring substantial space to stack all the
items of different kits, and necessitating further operators to correctly gather
the items themselves together. The work-in-progress (WIP) items are then
ready to be stored in depots, awaiting subsequent downstream operations
such as bending and assembly, as required for the current production batch,
or for future use if items are produced in excess.

Alongside the machines, Salvagnini provides software solutions to assist
clients in addressing the decision-making challenges involved in these pro-
cesses. The thesis investigates the problem of generating cutting layouts (an
example is provided in Figure 1.2), which involves placing items on available
material sheets with the aim of minimizing material waste while adhering
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Figure 1.2: Example of cutting layout generated with Salvagnini’s software.

to technological constraints. Constraints depend on the cutting process as
well as on the cutting technology adopted. In this thesis, we will focus
on the punching technology. Punching machines have an internal support-
ing plane where the material sheet lies, and, above it, a cutting station, as
shown in Figure 1.3a. The cutting station, detailed in Figure 1.3b, includes
a punching head equipped with different punching tools and an unloading
shear. The punching process involves pressing the punching tools into the
sheet metal to create holes, shapes, or cut-outs by removing small pieces of
the material. The punching head holds and operates a variety of rotating
punching tools, allowing quick changes between punch shapes and sizes as
needed. Finally, the unloading shear is used to separate finished parts from
the main sheet by cutting their bounding rectangle, ensuring clean edges
and precise shapes. For a detailed video explanation of the process, the
reader can refer to [82].

Concerning the software solutions, currently, the company employs an
outsourced software that has consistently delivered high-quality results across
different machines, despite varying technological requirements. The goal of
this research is to thoroughly examine the problem and its specific con-
straints, focusing on the development of an efficient solution method appli-
cable to real-world contexts. In particular, we aim to propose this method
as a competitive alternative to the third-party software currently used by
the reference company.

1.2 Problem overview

The problem of generating cutting layouts is well known in the Operations
Research field, falling into the wide class of Cutting and Packing Problems
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Figure 1.3: Key elements of a cutting machine with punching technology.

(C&PP). These problems arise in a variety of industries, such as, for exam-
ple, paper, glass, or marble industries, in logistics, or freight transportation.
Although they can differ significantly with each others due to specific con-
straints, they share a common goal: assigning small items to larger objects
in a way that optimizes a given objective function.

In our case, the problem consists of placing rectangular items (represent-
ing the boxes that bound the small objects to be produced) onto available
material sheets in such a way that material waste after cutting is mini-
mized. As previously mentioned, depending on the machine and the overall
production process, additional requirements may need to be considered, such
as production precedence between items, minimum distances between them
to ensure cutting quality, and other limitations specific to the machine in
use.
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Although the basic definition of this problem has been extensively stud-
ied in the literature, the problem addressed in this thesis involves numerous
attributes that, to the best of our knowledge, limit or preclude the use of
state-of-the-art solution methods. Some of these peculiarities have been con-
sidered in previous studies, while others are novel, coming from advances in
cutting technology or specific features of interest to Salvagnini.

Along with the problem with rectangular items, the thesis proposes a
preliminary study on a variant concerning items with irregular shapes. To
this end, we extend one of the solution methods devised for the problem
with rectangular items, and we integrate a recently proposed geometric tool
to handle the challenges associated with the irregularity of the items. This
extension offers the possibility to improve flexibility and efficiency in pro-
duction processes involving different cutting technologies.

Our research aims to contribute to the scientific literature on C&PP
by integrating new attributes and potentially introducing new classes of
problems of broader interest. The thesis develops techniques to address the
rectangular problem, incorporating a significant variety of attributes, and
presents and extension to irregular shaped items. Moreover, thanks to the
collaboration with Salvagnini, we have devised a benchmark of real and
realistic instances to test the proposed approaches and compare them with
the algorithm currently used by the company.

1.3 Structure of the thesis and contributions

The remainder of the thesis is structured as follows.

e Chapter 2 provides an overview of the theoretical and methodologi-
cal tools used throughout the thesis. It introduces mathematical pro-
gramming, with a particular focus on linear and mixed-integer linear
programming. The chapter reviews modeling techniques and the main
exact methods for solving such problems (namely, simplex method,
cutting planes, branch-and-bound). It also presents the main heuris-
tic approaches investigated in this work (namely, greedy algorithms,
pilot method, beam search). Finally, the chapter briefly discusses the
possibility of optimizing multiple objective functions in a given order,
known as lexicographic optimization.

e Chapter 3 starts by giving a more detailed introduction to the gen-
eral class of two-dimensional C&PP, which serves as the framework
for this study. It then presents the real-world context of the problem,
with particular emphasis on the technologies that define the prob-
lem’s attributes. A formal definition of the Two-Dimensional Cutting
and Packing Problem with Punching Technology (2DC&PP-PT), main
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subject of the thesis, is provided, outlining its key elements and practi-
cal requirements. Some of these attributes are familiar from the litera-
ture, though we highlight specific peculiarities that, to the best of our
knowledge, have not been previously considered, as well as the combi-
nation of all of these features. In this regard, the problem definition
contributes to the existing literature by introducing and formalizing a
new, complex variant of a well-known class of packing problems.

Chapter 4 reviews the Operations Research literature related to C&PP,
to contextualize the specific problem tackled in this work. The most
common mathematical formulations are discussed, along with refer-
ences to the specific attributes of our problem. Since not all of the
attributes are present in the literature, we refer to similar concepts
where applicable and point out possible missing research. The chap-

ter concludes with an overview of heuristic methods commonly used
in this field.

Chapter 5 presents a mathematical formulation of the problem through
two mixed-integer linear programming models, which defines another
contribution of the thesis. The first model optimizes the primary ob-
jective, waste minimization, while the second model extends the for-
mer to address soft constraints related to precedence relations as a
secondary objective, incorporating all the attributes of the problem.
We emphasize the devised original models representing the peculiar
combination of constraints, and the formulations developed to repre-
sent all the required technological attributes.

Chapter 6 discusses the solution methods designed to solve the prob-
lem. These include two model-based approaches (an exact method
and a matheuristic) and three heuristic methods. The exact method
provides optimality bounds for the computational results, while the
matheuristic implements a decomposition approach to handle the prece-
dence constraints by an iterative strategy. The heuristics aim to gen-
erate competitive results in terms of both execution time and solution
quality. The contribution of the chapter relies in an original combina-
tion of algorithmic techniques taken from literature (like, e.g., beam
search, pilot method, extreme points), that have been also adapted
for our problem, to include all the specific attributes into their com-
ponents. Moreover, the beam search based approach that we propose
in this chapter represents a competitive method with respect to the
software currently in use at the reference company, as shown by the
computational results reported in Chapter 8.

Chapter 7 explores a preliminary extension of the most promising
heuristic approach to a variant of cutting and packing problems in-
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volving irregularly shaped items. The chapter locates the extension of
the problem within the existing literature and motivates the interest
in this variant. A recently proposed geometric tool is integrated in the
solving procedure to handle a critical part of this class of problems,
concerning the irregularity of the items. To the best of our knowl-
edge, this is the first time the tool has been applied in an optimization
algorithm, aside from the original work by the tool’s authors, which
provides an insight into the potential of the tool and adds theoretical
interest to its comparison with existing literature.

e Chapter 8 outlines the implementation of the proposed solution ap-
proaches and the results of their test. A comprehensive computational
campaign was conducted on an extensive benchmark of real-world in-
stances devised in collaboration with the reference company, which
stands as a further contribution of this work. The chapter presents the
experiments and detailed computational results, comparing the pro-
posed solutions with the company’s current procedure. Our findings
show that model-based methods deliver high-quality solutions, but
with execution times that are impractical for real-world applications.
However, they still provide valuable insights into optimality bounds.
The three heuristic approaches are evaluated, each offering progres-
sively better solution quality at a correspondingly longer execution
time, though still feasible for industrial purposes. In particular, the
beam search approach proved to be competitive with the company’s
existing procedure. Preliminary results for the irregular problem vari-
ant are also included, showing promising early-stage findings.

e Chapter 9 concludes the thesis with overall observations and sugges-
tions for future research perspectives.
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Chapter 2

Methodologies

Operations Research deals with optimization tasks, providing formulations
of the involved problems, along with a wide range of solving techniques. An
optimization problem generally aims at finding an optimal solution among
the feasible ones, which minimizes or maximizes the objective function of the
problem. A feasible solution is defined by values assigned to a set of decision
variables, and it satisfies a set of constraints, that describes the domain of the
variables in the search space. In this thesis, we always refer to optimization
problems as minimization ones, unless stated otherwise. Nevertheless, all
the reasoning that we present holds for the symmetric case of maximization.

To find a solution, there are several approaches that can be used, whose
choice depends on the characteristics of the problem itself, and on poten-
tial requirements coming with the problem. If a guarantee of optimality
is needed, ezxact algorithms must be used. These methods usually require
high computational resources and execution times, thus, with large size in-
stances, or problems with a complex internal structure, they could rapidly
become impractical. A valid alternative in these cases is given by heuristic
algorithms. These methods find feasible solutions that are possibly close to
the optimum in terms of objective function, in a reasonably short amount of
time. In real-world applications, it is often the case that memory and time
resources are limited, therefore heuristic approaches are frequently used.

A significant class of exact algorithms works with problems formulated
via mathematical programming, in particular using linear models, as dis-
cussed in Section 2.1 and 2.2. Among the most important exact approaches,
there are the Cutting Planes and the Branch-and-Bound methods. There are
commercial and non-commercial solvers implementing and exploiting these
algorithms to solve problems to optimality (e.g., CPLEX [46], Gurobi [41],
Xpress [33], SCIP [1]). As regards heuristic approaches, this chapter gives,
in Section 2.3, a description of some widely used algorithms of relevance for
the thesis, namely the Greedy Algorithm, the Pilot Method, and the Beam
Search. Heuristics generally do not involve mathematical programming for-
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mulations, but when they do, they constitute matheuristics, which is a fairly
recent class of algorithms, gaining a lot of research interest for its results
[63].

An optimization problem may have more than one minimization or max-
imization goal, in this case the problem belongs to the multi-objective op-
timization category. If the objective functions are sorted with respect to
a priority, the problem can be solved by single-objective optimization tech-
niques, such as in the Lexicographic Method, that will be presented in Section
2.4.

To have a more extensive description of the notions and the method-
ologies that will be presented in the next sections, the reader can refer
to the sources used throughout this chapter, in particular, [16, 21, 53] for
mathematical programming and exact methods, [84] for heuristic and meta-
heuristic approaches, and to [77] for lexicographic optimization.

2.1 Linear Programming

Mathematical programming represents one approach to solve an optimiza-
tion problem through a mathematical model. A mathematical programming
model has the following general form:

min  f(x)

st gi(z) <0 Viel
hj(x)=0 VjeJ
ze X CR"™

(2.1)

A model describes the characteristics of the optimal solution by means of
mathematical relations and consists of the following elements: the objective
function f(x), that is the quantity to minimize written as a function of
the vector of decision variables © € R™, and the inequality and equality
constraints (g;(x) and hj;(x), respectively) that, together with the domain
X, describe the feasibility conditions of the solutions, defining the feasible
region €2 of the problem

Q={rc XCR"|g(xr)<0Viel, hjlx)=0VjeJ}. (2.2)

Therefore, a feasible solution coincides with any point in the feasible region,
representing the values of the decision variables in the solution. The fea-
sible region defines the status of the minimization problem, which can be
infeasible (if Q = (), unbounded (if Vo € R, 3z € Q such that f(z) < «),
or feasible (otherwise). A feasible solution is an optimal solution if there
are no better solutions in the feasible region, that is, z* € Q is optimal if
Az € Q such that f(z) < f(z*).
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Mathematical programming models in which both the objective function
and the constraints are a linear expression of the decision variables belong
to linear mathematical programming, and, depending on the nature of the
decision variables, they can be classified into three categories:

e Linear Programming (LP), where all variables can take real values;

e [Integer Linear Programming (ILP), where all variables can take integer
values only;

e Mized Integer Linear Programming (MILP), where some variables can
take real values and others are allowed to take integer values only.

As we will see in the following, this distinction, based on the nature of the
domain, is crucial to select the algorithm that can solve an optimization
problem.

2.1.1 The Simplex Method

To solve an LP problem to optimality, there are several methods that can be
used, and, among them, the Simplex Method is the most relevant in practice.
This algorithm is based on geometrical observations related to the feasible
region, which defines if an LP problem is either infeasible, unbounded, or
it admits an optimal solution. In LP problems, thanks to the linearity
of the constraints, the feasible region results in the intersection of a finite
number of half-spaces in the domain of the decision variables, therefore
resulting in a polyhedron. If the problem has a feasible region that is non
empty and bounded, the corresponding polyhedron P is characterized by its
vertices, and each point in P can be expressed as a conver combination of
these vertices. This observation, together with the linearity of the objective
function, brings to the following theorem:

Theorem 2.1.1 Given an LP problem min{cTx : x € P} with P non empty
and bounded, the problem is feasible and there exists at least one optimal
solution corresponding to a vertex.

This theorem is one of the key points of the Simplex Method, since it allows
the search of the optimal solution to be restricted to the vertices of the
polyhedron.

A similar reasoning can be made from an algebraic point of view, starting
from the fact that an LP problem can always be formulated in the standard
form

st. Az = (2.3)
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where, as in (2.1), z € R" is the vector of decision variables, ¢ € R" is the
vector of costs, b € R™ is the vector of constant terms, and A € R™*™ is the
matrix of constraint coefficients.

Moreover, the standard form can be manipulated into another formula-
tion through the notion of basis of a matriz. Assuming m < n, we define a
basis of the matrix A as a subset of decision variable indices B C {1,...,n}
of size m defining a sub-matrix Ag € R™*" with full rank. Thus, we can
retrieve the non-basis N = {1,...,n} \ B, and rewrite the system of linear
constraints as

Az = [AB AN] Bf[] = Apzp + AnzN = b,

meaning that a solution x is feasible if and only if xg = Aglb - AglANQ:N.
We define as the basic solution associated with the basis B the only solution
of Ax = b such that zy = 0 and zp = Al}lb. Similarly, the objective

function z := ¢’z can be expressed as function of the variables out of the
basis:
0=z2—clo=2—chop —chay < z— (ck — chAZ ' AN)zn = chAR'D.

Therefore we can write the LP problem is its canonical form as follows

min =z
t. —éhan =12
8% ETONINZZ (2.4)
g+ AnTN = b
x>0,
where B
Ay = AG' Ay,

- T —I\T _ AT
ey :=cn — AN(Az ) e = ey — Aycs,

The interest in the canonical form is motivated by the algebraic characteri-
zation of the vertices of a polyhedron described in the following theorem.

Theorem 2.1.2 Given an LP problem with non empty and bounded feasi-
ble region, represented by the polyhedron P defined by the system of linear
equations Ax = b, x > 0, we have that x is a feasible basic solution of the
system of equations if and only if it is a vertex of the polyhedron P.

The Simplex Method combines the results provided by Theorem 2.1.1
and Theorem 2.1.2: it starts from a feasible basic solution and searches for
an optimal solution to an LP problem by visiting basic solutions until some
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optimality or unboundness condition is met. Given a feasible solution and its
related basis B, the algorithm looks for another basis obtained by switching
a variable in B with a variable in N, in such a way that the new basic solution
could improve the value of the objective function. From the canonical form
associated with B in (2.4), we can observe that if every element of ¢y is non-
negative, then any variable entering the basis will not decrease the objective
value (optimality condition). Otherwise, we select one variable zy, k € N out
of the basis associated with a negative cost ¢; < 0, and in order to let it enter
the basis we increase its value as much as possible until one basic variable
exits the basis (i.e., it resets to zero in the corresponding feasible solution).
The value that x; can reach is bounded by the positivity constraint on xp,
if no such threshold exists (that is when a;; < 0, Vi = 1,...,m), then the
problem is unbounded (unboundness condition). When this condition is not
satisfied, it can be proven that the best value for the variable to enter the
basis is

b ‘
Tk —mm{z li=1,...,m, a > OVZ}.
7 (079%

The Simplex Method is summarized in Algorithm 1.

Algorithm 1 Simplex Method

1: procedure SIMPLEXMETHOD(A, b, ¢, B)

2 compute the canonical form and the basic solution Z related to B;
3 if ¢ > 0 then

4: STOP: z is an optimal solution.

5: end if

6 select k£ € N such that ¢, < 0;

7 if a;; <0,Vi=1,...,m then

8 STOP: the problem is unbounded.

9 end if

10: select h € B such that ap;, > 0 and h = argmin{bh};

Ghk
11: update the basis: replace h with k in B;
12: go to Step 2;
13: end procedure

2.2 Mixed Integer Linear Programming

If a problem can be formulated via LP, we have seen that one possibility to
solve it is by using the Simplex Method. Nevertheless, in many situations we
need to model and optimize discrete quantities, thus needing some decision
variables to be subject to integrality constraints. These kind of problems are
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Figure 2.1: Example of the convex hull of the feasible region of a MILP
problem (€2, in black) and the LP relaxation of an associated formulation
(€, in green).

represented by MILP models, that can be formulated as

min clx
st. Ax <b
(2.5)
x>0

v, €4, 1€l

where, following the previous notation, A € R™*" b € R™ ¢ € R", and
I C{1,...,n} is the index set of the integer decision variables (i.e., x; with
i € I is an integer variable, while x; with ¢ ¢ I is a continuous variable).

The continuous relazation of a MILP model is obtained by removing
the integrality constraints, retrieving an LP model that can be solved, for
example, with the Simplex Method. Notice that the solution of the re-
laxed problem might have fractional values for integer decision variables in
the original problem, leading to infeasibility. Nevertheless, there are some
situations in which the optimal solution of an LP is integral, for example
this happens when the feasible region has integer vertices. This geometrical
property is guaranteed when the constraint matrix A satisfies the following
algebraic property:

Definition 2.2.1 A matriz A is a Totally Unimodular Matrix (TUM) if
every square non-singular sub-matriz of A has determinant either 1 or —1.

When the TUM condition is not satisfied, we can still hope to retrieve a
feasible region characterized by integer vertices by exploiting the following
observation. Let  be the smallest (in the sense of inclusion) convex set
including the feasible region of a MILP problem, and let  be the feasible
region of the LP relaxation of an associated formulation, by construction we
have that Q C Q. Through Figure 2.1, we can observe that  can be seen as
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Figure 2.2: Example of a cutting plane (in blue) that cuts off x*.

the convex hull of all the integer points in Q, that are all the integer-feasible
solutions of the original problem.

2.2.1 Cutting Planes

To reproduce the geometrical conditions to exploit the Simplex Method to
solve MILP problems, one possibility is to provide a MILP formulation of
the problem such that Q = Q: this is the core idea of the Cutting Planes
algorithm.

Definition 2.2.2 A cut is an inequality oTz < 3 which is valid for each
x € Q, and that is not valid for at least one point in Q\ Q (i.e., 3 € A\ Q
such that oT3 > B).

Algorithm 2 Cutting Planes

1: procedure CUTTINGPLANES(A, b, ¢, Q, Q)

2: solve the LP relaxation min{c’z | Az < b} and get the solution z*;
z€eQ

3: if * € Q) then

4: STOP: z* is an optimal solution to the original problem.

5: end if

6: compute a cut that is valid for Q and cuts off z*, and add it to Q;
7 go to Step 2;

8:

end procedure

The Cutting Planes method (reported in Algorithm 2) is an iterative
procedure that, at each iteration, adds a cut to the current set of constraints
of the LP relaxation. A cut is a further constraint that is violated by the
current optimal non-integer solution, but is valid for 2. The aim of the
iterations is to tighten the feasible region ) (see Figure 2.2), until an optimal
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Figure 2.3: Example of feasible region branched on the fractional value z;
of the integer variable z; .

solution is found among the vertices of 2. Notice that the real challenge of
this method consists in the separation problem, which is the problem of
finding a suitable cut at each iteration.

2.2.2 Branch-and-Bound

An alternative approach to solve a MILP problem through the Simplex
Method is the Branch-and-Bound (B&B) algorithm. This solving procedure
is based on the idea of dividing the relaxed feasible region with respect to
the integer variables of the original problem, and then optimize over the
obtained sub-regions. This is supported by the fact that, given a set X and
a partition of it {X,..., X}, the following holds true:

mip f(v) = min, (mx ! <x>)‘

The B&B can be seen on a binary tree structure, where each node cor-
responds to an LP problem that is solved by the Simplex Method. If the
solution found at one node has a fractional value for a variable that is in-
teger in the original problem (e.g., z; = Z; ¢ Z), the branching operation
is performed on the feasible region by splitting it into two polyhedra with
respect to the value of the variable (e.g., one where z; < |Z;], and the other
one where z; > [Z;]), as represented in Figure 2.3. The branching process
is recursively repeated until in one node we obtain an integer solution. To
limit the search, B&B employs a bounding process that determines, for min-
imization problems, a lower bound to the value of the best integer feasible
solution in the sub-tree rooted at a given node. For each node, a lower bound
is determined by solving the relaxed problem. Moreover, a general upper
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Figure 2.4: Branch-and-Bound search-tree scheme. The colored nodes are
pruned by infeasibility (in red), bound (in green), and integrality (in blue).

bound is provided by the value of the best integer solution found during the
search. Therefore, we can prune a node by:

- infeasibility: when the relaxed (and, hence, the integer) problem of
the node is infeasible;

- bound: when the lower bound of the node is greater than or equal to
the best upper bound found so far;

- 4ntegrality: when the solution of the relaxed problem is integer, thus
feasible for the original problem and optimal for the sub-tree.

The algorithm terminates when all the leaves have been pruned, and the best
integer solution found is the optimal solution to the MILP original problem.

The pseudo-code of the procedure can be found in Algorithm 3, and a
schematic example of the search tree is given in Figure 2.4.

In addition, the B&B framework can be integrated with various exten-
sions. For example, the Branch-and-Cut (B&C) algorithm combines the
B&B with the Cutting Planes method, leveraging both branching strategies
and cutting planes to strengthen the bounds. The key idea behind B&C
is that, when solving the sub-problem associated with a node of the B&B
tree, valid inequalities can be generated and added to the sub-problem to
tighten the corresponding bound, thereby improving the pruning process,
and facilitating the convergence of the algorithm.
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Algorithm 3 Branch-and-Bound

1: procedure BRANCH-AND-BOUND(A, b, ¢)

2 let (2.5) be the problem at the root node Ny;

3 let X be the feasible region;

4 let x*, z* be the current best solution and objective value;
5: while there are unexplored nodes do

6 select one unexplored node N;;

7 if the problem in NV; is infeasible then

8 prune N; by infeasibility;

9

else
10: solve the LP relaxation in /V; and get the objective value z;
11: if Z > 2* then
12: prune N; by bound;
13: else if 7 is integer then
14: prune N; by integrality;
15: if zZ < z* then
16: update z* = z and z* = T;
17: end if
18: else
19: select a variable xz; = Z; ¢ Z and create two child nodes:
20: N1 with feasible region X N {x; < |z;]};
21: N2 with feasible region X N {x; > [z;]};
22: end if
23: end if
24: end while
25: STOP: z* is an optimal solution to the original problem.

26: end procedure

2.3 Heuristic methods

The solution approaches that we have seen so far are able to provide an
optimal solution to a problem, which is a feasible solution that minimize
the objective function, and they fall into the category of exact methods. In
some cases, the optimality certificate of the solution is required disregarding
the cost to compute the optimal solution in terms, for example, of execution
times. In fact, the drawback of exact methods is that generally they have
exponential computational complexity, therefore due to the inner complexity
of a problem, or due to the large size of the instance to solve, execution
times can be extremely high. In real world applications, it is often the
case that implementation resources and the available computational time
are limited, while the instance to solve presents large scale data. In these
cases, the optimality of the solution could be sacrificed in order to reduce the
execution times. The solution approaches providing good feasible solutions
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in a reasonable amount of time are called heuristic methods.

In the last decades, heuristic methods have gained a lot of interest, thus
a wide range of algorithms of this type have been developed. We refer to
heuristic method when the algorithm is devised for a specific problem, and
to metaheuristic when the procedure is general enough to be applied to solve
different problems.

Heuristic methods can be broadly divided in constructive heuristics, that
build a solution incrementally, and improving heuristics, that start from one
solution and iteratively try to improve it. On the other hand, metaheuristics
can be classified with respect to their solution strategy. We cite here search-
based methods (that explore the solution space looking for better solution
than the current best one found), population-based methods (that iteratively
start from a large set of solutions, i.e., population, and combines them to
improve the quality of the population for the next generation), and hybrid
methods (that combine aspects of different methodologies).

Among hybrid methods, we highlight the presence of the matheuristics,
which combine a general metaheuristic with mathematical programming so-
lution approaches (a detailed description can be found in [34, 63]). We
have a dual advantage in combining these two techniques: we enhance the
metaheuristic by solving to optimality one or more of its components, while
discharging to the general framework the control of some constraints that
are difficult or heavy to handle with the model.

Moreover, regardless its nature, a metaheuristic method represents a bal-
ance between two intertwined features of the search strategy: intensification
(i.e., focus the search on promising regions) and diversification (i.e., explore
different regions to sample more parts of the solution space).

2.3.1 Greedy algorithms

A Greedy Algorithm is a constructive heuristic that builds the solution one
element at the time, by choosing at each step the best option to be added
to the partial solution. At each iteration, the algorithm selects the option
that provides the highest immediate benefit, without reconsidering previous
choices, while typically preserving the feasibility of the partial solution. This
type of algorithms represents one of the most intuitive practice to build a
solution, since it focuses exclusively on expanding the partial solution at
each step with the locally best additional element. Greedy algorithms are
typically simple to implement, require low computational resources, and nor-
mally run in very short time, making them suitable for large-scale problems
when rapid approximations are required. Despite their advantages, greedy
algorithms often lack global insight into the solution space, as they focus on
improving the current partial solution without exploring alternative paths
to expand and complete a solution. As a result, the solutions obtained by a
Greedy Algorithm are, in general, not guaranteed to be optimal, especially
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in cases where the problem presents dependency relations among elements
or constraints.

To overcome this issue, a Randomized Greedy Algorithm can introduce
diversification by selecting the next element not strictly based on the best
immediate option, but instead randomly choosing among the best k € Z+g
options left. This randomized selection, combined with the repetition of the
procedure, allows the algorithm to explore alternative solution expansion
paths, enhancing the chances of finding better solutions.

2.3.2 Pilot method

In the (randomized) greedy algorithm, the ranking of the next element is
based on the evaluation of the partial solution up to the current step, with
respect to some criteria. Therefore, this kind of evaluation is considering
only the elements that have already been chosen and the one under evalua-
tion, ignoring the remaining elements. The Pilot Method aims at improving
this aspect by introducing a look-ahead on the final solution during the
evaluation [28].

The Pilot Method follows a structure similar to the one of a greedy algo-
rithm but differs in its approach to evaluate candidates: instead of selecting
the element that minimizes the immediate impact on the current partial so-
lution, it evaluates each candidate based on its projected impact on the final
solution, e.g., by considering a possible path to a complete solution, rather
than the related partial solution. This look-ahead evaluation is achieved by
temporarily incorporating the candidate element into the partial solution
and conducting a deeper evaluation, often by applying a heuristic to ap-
proximate the effect of the choice on the corresponding solution quality. By
simulating how each candidate would influence the final solution, the algo-
rithm gains information to better build the partial solution at each step.

Notice that, in a certain sense, the look-ahead gives diversification to the
search in the solution space, since the choice of the next element to add is
not just guided by the partial solution and by the element itself, but it is
based on some exploration of different prospective solutions. This method
effectively balances intensification and diversification by blending a greedy
selection with limited exploration of alternative future outcomes. Through
this mechanism, the Pilot Method provides a more comprehensive search of
the solution space and can outperform purely greedy approaches in terms
of solution quality, especially in complex combinatorial problems.

2.3.3 Beam search

The Beam Search is a constructive heuristic that allows to search in paral-
lel multiple solutions through a tree structure. In particular, the solution
space is, in principle, represented by a tree where the root is the empty solu-
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tion, and each leave represents one possible complete solution. Intermediate
nodes correspond to partial solutions. The children of each (root or inter-
mediate) node correspond to the expansion of the related partial solution
with any possible additional element. Unlike greedy algorithms, which, in
this representation, follow a single path from the root to a leaf to construct
a solution, Beam Search evaluates and expands multiple paths in parallel
at each level, increasing the chances of finding a high-quality solution. The
algorithm is characterized by two parameters: the filter width «, which de-
fines the number of child nodes kept from each parent, and the beam width
B, which controls the number of nodes at the same level that are expanded
in the next level of the search tree.

Assuming that a solution consists of a combination of elements in a given
set, each node of the tree is obtained by adding one element, and the path
from it up to the root node corresponds to the partial solution obtained by
adding the elements along the path itself, or to a complete solution if the
node is a leaf. The tree structure is built by a breadth-first strategy: at each
level, every node is expanded according to the feasible remaining elements,
which are the ones that are not in the path from the root, and that preserve
the feasibility of the related partial solution. All child nodes are evaluated
by the filtering evaluation criterion and the best a for each parent node are
kept, while the others are discarded. This process, known as filtering, is
optional and is based on a relatively quick evaluation of each child node, in
order to keep limited the number of partial solutions that will be further
processed.

Subsequently, all the filtered nodes at the current level are subject to a
normally more accurate beam selection evaluation: the best 8 child nodes of
the current level are called the beam nodes, and they are the ones that will
be considered in the next level, while the other nodes are pruned by beam
selection. This selective expansion ensures that only the most promising
solutions are explored and avoids an exponential increase in the number of
processed tree nodes, thus balancing computational efficiency with solution
quality. The algorithm stops when the beam nodes of the last level are
all leaves, that is when there are no more elements to be inserted in the
explored solutions. Each leaf of the partially explored search tree represents
one of the generated complete solutions, and the best one according to the
objective function of the problem is returned.

Notice that the Beam Search can be tuned with respect to its usage by
adjusting « and 3, thus controlling the trade-off between exploration and
computational resources, as larger beam widths yield a more exhaustive
search, but at a higher computational cost.

A graphic example of the tree construction is given in Figure 2.5, where
the filter width is o = 3, and the beam width is § = 2.
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Figure 2.5: Example of beam search tree with filter width o = 3, and beam
width # = 2: beam nodes in green, nodes pruned by filtering in gray, and
nodes pruned by beam selection in white.

2.4 The lexicographic method

In the previous sections, we have seen how we can compute a solution to
a problem characterized by one objective function, and a set of constraints
on the domain of the decision variables. Nevertheless, in many problems,
we can have more than one objective to optimize over the feasible region,
in these cases we talk about Multi-Objective Optimization. The different
objectives could be in conflict with each other, for example, when buying a
computer, we want to minimize the cost and maximize the performance, thus
the optimal solution represents a trade-off between them. In 2DC&PP-PT
considered in this thesis, the goal is to generate a solution that minimizes
the material waste and minimizes the number of soft precedence violations,
which could potentially increase the waste.

We focus on the specific case where the objectives can be sorted with
respect to their importance in the optimization, in the previous example,
for instance, we could want to first minimize the cost and then, among
the computers at the same minimum price, buy the one that maximize
the performance. Similarly, in 2DC&PP-PT, the request is to select, among
solutions with the same minimum material waste, the one that minimizes the
soft precedence violations. This kind of optimization is called Lexicographic
Optimization.

The Lezicographic Method [77] is a general algorithm to solve a lexico-
graphic optimization problem that is formulated as

min  fi(x),..., fx(z)

2.7
st. xzeX (2.7)

where fi(x),..., fx(z) are the objective functions to minimize sorted from
the most important to the least important. The core idea of the algorithm is
to solve an ordered sequence of k single-objective problems by constraining
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Algorithm 4 Lexicographic Method

1: procedure LEXICOGRAPHICMETHOD( f1, ..., fk, X)
2 let (2.7) be the problem to solve;
3: let z*, 2* € R* be the vector of the best solutions and values;
4 fori=1,...,k do
5 solve the single-objective problem
min  fi(z)
st. xeX (2.6)

file) <25 Vi=1,...;i-1

6: if (2.6) is infeasible or unbounded then

7: STOP: no solution to the original problem.

8: else

9: let 7, 2z be a solution and objective value of (2.6);
10: end if

11: end for

12: STOP: zj is a solution to the original problem.

13: end procedure

the solution of each iteration to consider the optimal value obtained in the
previous iterations. In other words, at iteration ¢ we minimize the objective
f+, and we bound the solution to the optimal values of the higher importance
objectives (i.e., f; Vi < t), as shown in Algorithm 4.
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Chapter 3

Problem definition

Cutting and Packing Problems (C&PP) arise in different real-world con-
texts, such as in sheet metal, wood, or glass industry, as well as in freight
transportation and logistics. We call C&PP all the problems where a set of
small items has to be assigned to larger objects by optimizing some objec-
tive function (e.g., minimize the number of used large objects). Based on
the application field, there can be several extra requirements that must be
satisfied by the assignment, and they generally are related to the shape of
both the small items and the large objects, or to the mutual position of the
small items within the large objects.

In this thesis, we consider a Two-Dimensional Cutting and Packing Prob-
lem (2DC&PP) representative of a common challenge in the sheet metal
industry. Referring to Salvagnini Italia S.p.A., we will consider a problem
related to punching machines, one of the cutting technologies developed by
the company. The chapter is dedicated to an introduction to the general
2DC&PP (Section 3.1) and to the application context of this work in the
sheet metal industry (Section 3.2), allowing for a detailed description and
definition of the problem object of the thesis (Section 3.3).

3.1 Introduction to the Two-Dimensional
Cutting and Packing Problem (2DC&PP)

In the field of Operations Research, C&PP form a well-known class of com-
binatorial optimization problems of practical relevance. They involve the
assignment of smaller items to larger objects, generally with the aim of maxi-
mizing the utilization of the large objects or minimizing their waste. C&PP
can differ from each other by a huge variety of features. The dimension
of both small items and large objects, for instance, distinguishes between
One-, Two-, and Three-Dimensional C&PP (Figure 3.1). One-dimensional
problems aim at minimizing, e.g., the number of rolls, or rods, used to ac-
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(a) 1DC&PP (b) 2DC&PP (c) 3DC&PP

Figure 3.1: Examples of one-, two-, and three-dimensional C&PP in the
paper, sheet metal, and freight transportation industries, respectively.

commodate items of varying dimension, as seen in the paper industry where
rolls are cut to obtain the required lengths. The two-dimensional case deals
with cutting items from material sheets by reducing leftovers, such as in the
wood, glass, and sheet metal industries. Three-dimensional problems con-
cern, e.g., efficiently loading items into the minimum number of containers,
and they are commonly faced in freight transportation where the goal is to
reduce the number of containers needed for shipping.

Hereinafter, we will concentrate on the two-dimensional class of C&PP,
which is the focus of this thesis. In most 2DC&PP, a direct consequence of
the fact that items are cut from the material sheets is that, when building
a cutting layout by placing the items within the sheet, items cannot overlap
with each other and must be fully contained in the sheet. Therefore, the op-
timization task of a 2DC&PP generally brings along the geometric challenge
of avoiding overlap between shapes in the plane. The geometric constraints
and the combinatorial nature of these kind of problems make them hard
to be solved to optimality in most cases [32]. Moreover, depending on the
application, the size of the instances can widely vary and become very large,
thus several metaheuristic approaches have been developed to tackle this
class of problems, as well as some problem-specific heuristics which exploit
the practical characteristics of the application.

In the following section, we will describe the context in which the problem
addressed in this thesis arises.

3.2 Real-world cutting problems in the sheet
metal industry

The problem under analysis in this work arises in the sheet metal indus-
try. In this field of application, we specifically refer to Salvagnini Italia
S.p.A. (shortened in Salvagnini from now on), which is the headquarter of
the multinational corporation represented by Salvagnini Group [81]. The
company, based in the north of Italy, designs, produces and commercializes
Flexible Manufacturing Systems (FMS) consisting of Computerized Numer-
ical Control (CNC) machines to cut and bend the sheet metal, along with
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(a) Punching machine. (b) Punching head and unloading shear.

Figure 3.2: Punching technology [81].

(a) Laser cutting machine. (b) Laser cutting head.

Figure 3.3: Laser cutting technology [81].

dedicated software. The processes in a Salvagnini FMS are tailored to ensure
customized production, while maximizing productivity and minimizing ma-
terial waste and consumption, therefore in this context lots of optimization
problems arise and are handled by the Research and Development (R&D)
department. On the one hand, machines are equipped with an increasing
number of automated processes that eliminate production downtime and
reduce the chances of error. On the other hand, a big part of the opti-
mization is handled at the software level, through the development of CAD
(Computer-Aided Design) and CAM (Computer-Aided Manufacturing) ap-
plications. These applications assist operators with automatic tools to ad-
dress challenging problems, such as how a machine should process metal
sheets, the order in which operations should be performed, and so on.

In this thesis, we focus on cutting machines, and Salvagnini produces
essentially two types of cutting machines, that are equipped with different
cutting technologies: punching and laser cutting, shown in Figure 3.2a and
in Figure 3.3a, respectively. Punching technology involves using a machine
provided with a punching head that houses several rotating tools to punch
holes in the sheet metal by applying high pressure with the punching tools.
Moreover, Salvagnini punching machines present an integrated unloading
shear composed of two blades, which are independent and orthogonal to
each other. The shear is able to cut any length and it is used to detach
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Figure 3.4: Example of a cutting layout for punching machines.

each processed part from the sheet, as will be detailed in the following (see
Figure 3.2b for a bottom view of the punching head and the unloading
shear). This cutting technology is highly efficient for producing different
types of part. On the other hand, laser cutting machines have a single optical
head integrated with a dry-cooling system to control the temperature of the
optics (represented in Figure 3.3b) to guarantee extremely precise cuts. The
precision of the laser cutting allows to produce intricate shapes with fine
details with high accuracy.

We provide a brief overview of the production process where punching
machines are involved in. Notice that a different process would be required
when laser cutting machines are used. The cutting process is triggered by the
client orders, including a list of parts that must be produced. These parts
have to be cut from a specified set of material sheets available in stock. We
consider sheets with a rectangular shape, which can be of different sizes.
The sheets are loaded into the machine, one at a time, to be processed for
cutting the required parts. When a sheet is loaded, it is centered within
the machine, establishing a coordinate system where the axes align with the
sheet’s edges.

For the cutting process, a set of cutting layouts must be created (an
example is provided in Figure 3.4), arranging all the parts on the available
sheets while meeting both geometrical and technological constraints, as the
ones that will be described in the following. Each layout is optimized to fit
as many parts as possible, maximizing material use and minimizing waste.
Once all required parts are placed, any remaining material can be used to
produce extra parts, included in a list of optional parts useful for future
orders or for internal use.

Each part is produced in two stages. First, the punching tools shape the
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Figure 3.5: Example of the cutting process of one part - the punching tools
shape the part (a), then the unloading shear cuts the minimum rectangle
containing the part (b) to detach it from the sheet and obtain the final
object (c).
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Figure 3.6: Representation of the cutting station - the punching head in dark
gray with the punching tools in light gray (on the left) and the unloading
shear in red (on the right).

part, defining its inner contours (if any) and any outer detail that falls inside
the minimum (in the sense of inclusion) axis-aligned rectangle containing the
part. In the second stage, the unloading shear cuts along the sides of this
minimum rectangle to detach the part. This cutting method requires each
part to have at least the space defined by its rectangle reserved on the sheet,
ensuring that no overlap occurs with the rectangle reserved for other parts.

An example of the two-stage cutting process for a single part is shown
in Figures 3.5 and 3.6. This example refers to the cutting layout shown in
Figure 3.4 and reported in the top-left corner of Figure 3.5. In particular,
the example considers the dark red part included in the cutting layout and
highlighted by the dotted blue rectangle in Figure 3.5. The cutting station
used in this process is illustrated in Figure 3.6. On the left side of the figure,
the punching head (in dark gray) is shown, housing the punching tools (in
light gray) of various shapes and sizes. On the right side, the unloading
shear is outlined in red, with the blades aligned according to the sheet’s
coordinate system. The cutting process begins in Figure 3.5a, where holes
(highlighted in red) are punched into the sheet metal, defining the contours
and interior details within the bounding rectangle of the part. In Figure
3.5b, the unloading shear cuts along the axis-aligned edges of the bounding
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Figure 3.7: Example of buffer zones of a part - given the punching head
and the part to produce in (a), the highlighted punching tools are required.
When shaping the part, as in (b), the blue punching tool exceeds the bound-
ing rectangle of the part, thus forming the buffer dashed zones.

rectangle (highlighted in red), allowing the part to be detached from the
sheet and unloaded from the machine. This produces the final object, as
shown in Figure 3.5¢c.

During the punching process, the tools may extend beyond the bounding
rectangle of the part, necessitating a buffer zone to maintain cut quality
and avoid damaging other parts. In Figure 3.7a, we see an example of a
punching head (on the left) and a part to be cut with it (on the right).
To shape the corners of the part, the only usable punching tool is the one
highlighted in blue. As shown in Figure 3.7b, the punching tool extends
beyond the bounding rectangle of the part, meaning that no other parts can
be obtained from the exceeding zones (marked as the dashed areas). When
the buffer zone is not required, the rectangles can be positioned adjacent
to each other, allowing the shear to cut along their shared side in one pass.
To prevent deformation of the sheet metal, the shear is used for detaching
parts with minimum dimensions that are related to the material’s thickness,
avoiding bending.

Furthermore, the reference cutting machines allows cutting rotated items.
Because of the oriented shears, parts can only be placed on the sheets with
90 degrees rotations to maintain the axis-alignment of their minimum enclos-
ing rectangles. Additionally, the punching tools on the machine’s punching
head can rotate to a set of predefined angles, which may further restrict the
allowed rotations for each part. Specifically, the rotation of a part depends
on the orientations supported by the punching tools required for its cut.
Moreover, while the punching head moves across the sheet, it cannot rotate
itself, meaning not all tools can reach every area, which further limits the
placement of the parts. In the previous example shown in Figure 3.7, we
can observe that, to produce the inner holes of the part, the punching tool
highlighted in green is strictly required. In this case, if the punching tool
cannot be rotated, as a consequence, the part cannot be rotated too, as
otherwise its rotation would prevent the ability to cut the inner triangular
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contours.

Once the cutting layouts are defined, they are elaborated to decide the
operations that the cutting machine should perform to produce the parts
in each sheet. The actual production begins with the loading of material
sheets into machines, proceeds with cutting the sheet with respect to the
related layout, and ends with the unloading of the finished parts. To this
end, we notice that each part may belong to a kit, i.e., a set of parts that
will be later processed together to obtain a same final product (e.g., the
components of a shelf). Once unloaded, parts that belong to the same kit are
grouped and stored for downstream operations, like bending and assembly.
The definition of kits has impact on both the design of the cutting layouts
and on the sequence they are processed by the machine, since parts of the
same group must be cut and unloaded consecutively, according to a given
order. On the other hand, even parts that are not grouped (i.e., single-part
products) may be prioritized to ensure the production of certain items (e.g.,
the ones belonging to a priority order) in view of potential interruptions
or delays in the cutting process. However, these priorities are less strict
than those related to part grouping, and have to be satisfied only when
this does not increase material waste. More in general, the cutting process
may require hard precedence or soft precedence among parts. The hard
precedence notion is driven by operations that follow the cutting phase (e.g.,
unloading, storage, or assembly of the items), while soft precedence relations
are motivated by the need to prioritize the production of certain items (e.g.,
belonging to a priority order) to account for potential interruptions or delays
in the cutting process.

In the multitude of decision and optimization challenges that emerge
in this production process, we focus on the problem of creating the cutting
layouts and defining their processing sequence, accounting for all the related
relevant features. It is indeed a multi-attribute 2DC&PP, and its definition
will be specified in the following section.

To address this problem, the reference company currently relies on an
outsourced commercial software under license. This software is capable of
generating cutting layouts for both punching and laser cutting technolo-
gies, while effectively managing the associated technological constraints.
Although the software operates as a black box, it offers user-configurable
parameters, that allow to generate solutions according to the user’s needs
or preferences in terms of, for example, execution times. The software has
proven to be highly reliable, consistently delivering high-quality solutions
even with short time limits, as will be discussed in Chapter 8.
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3.3 The 2DC&PP with Punching Technology
(2DC&PP-PT)

The 2DC&PP we consider in this thesis is related to the punching machines
described in the previous section, and aims at efficiently placing a set of
parts to be produced in the available material sheets by minimizing the
waste, while respecting the technological constraints imposed by the cutting
machine. Notice that, as mentioned in the previous section, the same gen-
eral problem applied to a different cutting machine would require different
additional constraints to guarantee the operation of the machine itself, and
the desired quality of the final products.

Sheet types

In our case, the cutting machine can accommodate rectangular sheets of dif-
ferent sizes (with width between 370mm and 4064mm, and height between
300mm and 1650mm) and different thickness, which can range from 0.5mm
to a maximum that depends on the material (e.g., 5mm if the material to
cut is aluminum). Each sheet, once loaded into the machine, induces a coor-
dinate system for the placement, where the axes are aligned with the sheet’s
edges. A limited or unlimited number of available sheets can be assigned to
each sheet type: in the first case the user already dispose of that quantity,
while in the second case they will consider the number of used sheets of
that type in the final solution as an indication on the quantity of sheets to
purchase for the current production batch.

Item shape

Due to the presence of the integrated unloading shear, in our problem we
have to represent each part to be produced with the minimum axis-aligned

(a) (b)

Figure 3.8: Example of a part (a), and its corresponding item (b).
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(a) Shape the part on the sheet. (b) Detach the part and finalize it.

Figure 3.9: Example - production of a part: first the sheet is punched to
shape the part (a), and then the part is detached by axis-aligned shear cuts
(b), punches and cuts are highlighted in red.

rectangle containing it, i.e., its axis-aligned bounding box. An item is the
axis-aligned bounding box of a part. A graphic example of the item related
to a part is given in Figure 3.8.

As previously discussed, this concept is necessary because, to produce a
part, first the sheet metal is processed with the punching tools to shape the
part itself, and then the shear detaches it from the sheet with axis-aligned
cuts defined by its bounding box, which corresponds to the edges of the re-
lated item (see Figure 3.9 for a graphic example of the two steps). Therefore
the axis-aligned bounding box of the parts cannot overlap, which requires
us to consider each part as its corresponding rectangular item, defined by
its width and height.

Compulsory and optional items

An item can be either compulsory or optional to cut: when it is compulsory,
it is strictly required in the current production batch, while, if it is optional,
it means that it belongs to future orders, but it can be produced in advance
to exploit the material that would be wasted. Notice that no sheet can
be used to produce only optional items, since, by definition, they must be
considered exclusively to reduce the waste generated by the compulsory
items production.

Item positioning

Items can be placed at any (or some) 90 degrees rotation, depending on
the rotation angles assigned to the punching tools required for their cut.
In addition, they can be assigned with requirements on the placement zone
within the sheet. Namely, forbidden or mandatory placement zones can be
imposed to the items due to production needs. For example, if a tool of the
punching head can reach only certain areas of the sheet, the items that need
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(a) (b) (c)

Figure 3.10: Example - punching margins of a part: to produce the teal
part with the red punching tool in (a), we necessarily perform four holes as
in (b), thus the part, and the corresponding item, must have left and right
punching margins as represented in light blue in (c).

that tool must be placed accordingly. As regards the reciprocal position of
the items within the sheet, as usual in the 2DC&PP, items cannot overlap
with each other.

Punching margins

Due to the punching technology, as discussed in Section 3.2, a different
distance margin may be required by each side of an item, representing the
minimum distance between that side and any other item in the sheet. This
attribute is intended to guarantee the quality of the products, since it can
happen that to shape the side of a part, the used punching tool could exceed
the side itself, potentially damaging other close parts. We refer to this
distance as the punching margin.

Looking at the example in Figure 3.10, we can see that to produce the
left and the right side of the part with the given punching tool, we necessar-
ily exceed the sides of the axis-aligned bounding box (i.e., the related item),
thus a punching margin corresponding to exceeding depth of the punching
tool will be assigned to the left and to the right side of the item. We highlight
that each punching margin is strictly related to its side, indirectly due to
the punching tools required to process that side of the original part. There-
fore, if an item is rotated, its punching margins are rotated accordingly, as
the related punching tools. Thanks to the motivations behind the definition
of the punching margins, we can overlap the punching margins of different
items as long as we maintain the distance specified by the largest punching
margin between the sides of the adjacent items. This explains why we can-
not simply consider items inflated with respect to their punching margins,
since it would prevent the possibility of overlapping the punching margins
to reduce the material waste.
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Common cut and safety margins

If two adjacent items have no assigned punching margins, they are allowed
to either share a side with each other (in this case we say that they share a
common cut), or they must respect a safety distance (called safety margin)
that depends on the sheet type (normally, three times the sheet’s thickness).
The safety margin is necessary to avoid the risk of creating thin fillets be-
tween items, that would cause deformation of the material when detaching
them with the shear cuts.

Hard and soft precedence

Due to the production process sketched in Section 3.2, each compulsory item
may be assigned with a different level of precedence, imposing that items
with higher precedence cannot be placed on sheets that are cut after those
containing items with lower precedence. Notice that, due to this attribute,
our solutions will be formed by a sequence of sheets, each with its own set of
placed items, establishing a production order among them. We recall that,
as explained in Section 3.2, in our framework, the precedence constraint can
be either hard, meaning it must be strictly adhered to, or soft, meaning it
should be satisfied only if it does not increase material waste. Notice that,
since optional items are produced to utilize material waste and are not part
of the required batch, they are not subject to precedence relations.

Objective function

The goal of the optimization is to find a feasible solution, defined as a
sequence of cutting layouts (i.e., a sheet type with the related set of placed
items), that minimizes the total amount of material waste. The material
waste can be defined in various ways, depending on the attributes considered
in the optimization process. To ensure a fair comparison of the results, we
have adopted the definition used internally by the reference company. Waste
is computed as the total waste from the used sheets, which is defined as the
area of each sheet minus the area occupied by the placed items. Even if
margins are mandatory and can overlap, we do not to include their area
directly in the material waste. This approach aligns with the reference
company’s method, where margins are handled indirectly by the overall
optimization process. In fact, in general, greater overlap tends to increase
the chances of placing more items onto a single sheet.

Problem statement

The attributes described above yield the definition of the Two-Dimensional
Cutting and Packing Problem with Punching Technology (2DC&PP-PT). A
schematic definition of the 2DC&PP-PT is given in the following.
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s Input.

Sheet types data: width, height, thickness, safety margin, avail-
able quantity.

Compulsory items data: width, height, allowed rotations, forbid-
den/mandatory placement zones, punching margins, hard/soft
precedence level.

Optional items data: width, height, allowed rotations, forbid-
den/mandatory placement zones, punching margins.

e Output. A solution defined as a sequence of cutting layouts.

e Hard constraints. A feasible solution must respect:

sheet types maximum quantity constraints;
non-overlapping constraints;

punching margins constraints;

common cut or safety margin constraints;
compulsory items assignment constraints;
optional items assignment constraints;
hard precedence constraints;

allowed rotations constraints;

forbidden zones constraints;

mandatory zones constraints.

e Soft constraints. A feasible solution should, the amount of material
waste being the same, respect the soft precedence constraints.

e Objective function. Minimization of the total amount of material
waste.



Chapter 4

State of the Art

The problem described in Chapter 3 is a specific variant of a C&PP that
presents additional attributes deriving from the application context. In this
chapter, in Section 4.1, we will describe C&PP in general, together with the
main variants that can be found in the literature. In particular, a possible
classification of this set of problems, as proposed in [88], will be presented,
and the specific class of Two-Dimensional Bin Packing Problems (2DBPP)
will be further discussed in Subsection 4.1.1. In fact, the problem object of
this thesis, at its core, falls into this 2DBPP class and, in Section 4.2, related
basic mathematical formulations will be reviewed, along with the formula-
tion of some specific constraints relevant to our application. Throughout
Section 4.1 and 4.2, we will locate 2DC&PP-PT, the problem object of the
thesis, in the Operations Research literature on 2DBPP, highlighting the
differences between our problem and the ones in the cited works. In the
end, we give an overview of the most common heuristic methods (Section
4.3), that are widely used to solve this class of problems.

4.1 Cutting and packing problems: definition
and typology

C&PP define a well-known area in combinatorial optimization, with numer-
ous real-world applications from logistics to manufacturing and materials
processing, as we have introduced in Section 3.1. At their core, these prob-
lems share a common structure. We consider two sets of elements: a set of
large objects (representing input or supply) and a set of smaller items (rep-
resenting output or demand). The task is to select some or all of the small
items, group them into subsets, and assign each subset to one of the large
objects. This assignment must satisfy specific geometric constraints, such
as ensuring that all small items in a subset fit entirely within their assigned
large object without overlapping. The common elements and processes of
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C&PP can have different characteristics based on the application context,
and this leads to several variants of the problem belonging to this class.
Moreover, a given objective function must be optimized.

From about 1980, C&PP started to gain a lot of attention in the scientific
literature due to their versatility in the real-world applications, that could go
from Computer Science, Engineering Industry, up to Management Science.
The need for a classification of this class of problems was first satisfied
by Dyckhoff in [29], where he proposed a typology of cutting and packing
problems. This work let the previous literature, as well as the future research
work, related to C&PP to be organized by a common terminology, thus
gathering approaches used to solve the same problem in different fields of
application. Nevertheless, with the passing of years, new characteristics
arose, bringing new developments that were no longer fitting into Dyckhoff’s
typology. To account for this evolution, Wéscher et al. in 2007 [88], proposed
an improved typology of C&PP, based on the previous one by Dyckhoff. Here
we present the main criteria of the later typology which defines the basic
problem types of cutting and packing problems, details can be found in the
original work [88].

¢ Kind of assignment

The assignment of small items to large objects can follow two alter-
native policies. On the one hand, there is the output maximization,
where the available large objects are insufficient to accommodate all
small items, so the goal is to assign a selection of items with the high-
est value to the large objects. Therefore, there is no need to decide
which large objects to use since all of them are utilized. On the other
hand, we can aim to pursue the input minimization, where the large
objects can accommodate all the small items. The objective in this
case is to assign all small items to a selected subset of large objects
with the minimum value, thus all small items are used, so there is
no selection problem regarding them. The terms output mazximization
and input minimization are used broadly and can represent various
measures, such as cost, revenue, or material quantities. Notice that,
in real-world situations or academic literature, there may be cases
where both the large objects and small items are subject to selection,
as well as problems which may involve multiple objectives, all these
situations are considered as problem variants in this typology.

e Assortment of small items

Small items are distinguished in three categories. First, identical small
items, where all small items have the same shape and size across rel-
evant dimensions (e.g., length, width, height). Second, weakly het-
erogeneous assortment, where the small items can be grouped into
a few distinct classes, where items within each class share the same
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shape and size. Notice that different orientations of the same shape
are considered separated item types. Third, strongly heterogeneous
assortment, in this scenario, most small items differ in shape and size
from each other, with only a few identical elements, thus items are
treated as individual elements, each with a demand of one. In basic
types definition, these three categories are mutually exclusive, prob-
lems with a mixed set of weakly and strongly heterogeneous items are
considered as variants.

e Assortment of large objects

Large objects are distinguished based on their cardinality, there can
be one large object, whose size can either be fixed or variable in all
relevant dimensions, or several large objects, in this case only fixed
dimensions are considered in most literature. Similar to the assort-
ment of small items, large objects can be classified as identical, weakly
heterogeneous, or strongly heterogeneous. In Wascher et al. basic ty-
pology, large objects are assumed to be rectangular (e.g., rectangles
and cuboids in two- and three-dimensional cases, respectively), while
non-rectangular large objects are considered as variants.

The basic types of C&PP are characterized by a combination of these
criteria. The possible combinations are displayed in Figure 4.1 and lead to
the following categories: Identical Item Packing Problem, Placement Prob-
lem, Knapsack Problem, Open Dimension Problem, Cutting Stock Problem,
and Bin Packing Problem.

These basic problem types can be further classified by the following
criterion.

¢ Dimensionality

The problem can be one-, two-, or three- dimensional (denoted by 1D,
2D, and 3D, respectively), imposing the dimensionality of the small
items and of the large objects, which can be the same for consistency.
Rarely in the literature the case with more than three dimensions is
considered (e.g., [57]).

We focus on the two-dimensional case, of which a detailed discussion can
be found in the work by Lodi et al. [58]. Furthermore, we draw the attention
to the category of Two-Dimensional Bin Packing Problems (2DBPP) [59],
since the problem object of this thesis, and presented in Chapter 3, belongs
to it. In the following subsection will be given an overview on the possible
variants of this problem that have been explored in the literature and are
relevant to our study.
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Figure 4.1: Basic C&PP typology proposed by Wéscher et al. [88].

4.1.1 Variants of Two-Dimensional Bin Packing Problem

The 2DBPP is, as previously described, a special class of cutting and packing
problems where the aim of the optimization is the input maximization, small
items (here items) are two-dimensional and strongly heterogeneous, and
there are several large objects (here bins) with two fixed relevant dimensions.
Several variants can be devised from this class of problems, we now describe
separately the most common traits that defines these variant, but notice
that they could be combined together yielding more complex situations.

Wiischer et al. [88] proposed another criterion to be considered in the
classification of C&PP, which holds for every basic type, but that we now
present restricted to the 2DBPP category.

e Shape of items

Items can be either regular (e.g., rectangles, or circles) or irregular (i.e.,
non-regular, mostly general polygons). In the two-dimensional case,
regular items are sometimes further classified as rectangular, circular,
or other specific shapes.

Whenever the items are classified with respect to their shape, the indication
of the shape is generally specified between the dimensionality and the basic
type (e.g., Two-Dimensional Rectangular Bin Packing Problem). A thor-
ough review on research topics, applications, and scientific literature on the
Rectangular Bin Packing Problem up to 2023 can be found in [65].
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As previously mentioned in Section 4.1, the assortment of the bins can
lead to different definitions of the same problem. In particular, there can
be only one unique type of bin (i.e., identical), or more than one type, each
with a certain multiplicity (i.e., weakly heterogeneous), or almost all bins can
be different from one another (i.e., strongly heterogeneous). This attribute is
usually highlighted in the name of the problem, and can be rephrased with
respect to the category. For example, in the case of 2DBPP with weakly
heterogeneous bins, we refer to the problem as Two-Dimensional Variable
Sized Bin Packing Problem (2DVSBPP).

With the increasing number of applications of cutting and packing prob-
lems, researchers have been challenged to account for practical constraints
that arise in real-world scenarios and to explore ways to enhance the ef-
ficiency of the solution approaches. These constraints reflect relationships
either between the bins and items or within the packing process itself. In
the following, we review additional 2DRBPP attributes that typically arise
in practical applications.

e Optional items

The presence of optional items is generally intended to fill in the free
spaces left by the required items (as in, e.g., [7]), which would other-
wise result in material waste, by extra items. These extra items, e.g.,
could be needed in future productions. Not every application can al-
low optional items (e.g., when there is not enough storage space in the
production site), or sometimes their presence can not be convenient
(e.g., when the leftover material is refunded). Nevertheless, in most
real-world situations optional items are allowed and they increase the
efficiency of the solutions.

e Rotation

The rotation constraint refers to whether items have a fixed orientation
or can be rotated by 90 degrees (to preserve the axis-alignment of the
items). In the literature, most studies focus on cases where the items
must remain in a fixed orientation (see, for example, [14]). However,
variants that allow rotation have been explored in a small number
of papers (see [15, 85]), despite this constraint is very recurrent in
applications.

e Guillotine cuts

The guillotine constraint requires that all packed items can be repro-
duced through a series of edge-to-edge cuts parallel to the edges of the
bin. These constraints are necessary, for example, when the cutting
tool must perform a continuous cut, parallel to the bin’s edges, with-
out possible interruptions, therefore splitting the bin into two parts.
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This constraint has been addressed by researchers, such as, e.g., in
(17, 61]).

Precedence relations

Precedence constraints generally refer to the order of items, where
precedence imposes the relative ordering of bins. The Bin Packing
Problem with Precedence Constraints (BPP-P) is a variant that has
gained increasing attention in recent years. This constraint introduces
an additional requirement: items must be packed into bins in an order
(i.e., in a sequence) that satisfies a given precedence. BPP-P has
specific applications in assembly (Assembly Line Balancing Problem
[9]) and scheduling (Multiprocessing Scheduling [38]) tasks. Several
studies have focused on the BPP-P, including [25, 19], even if, to the
best of our knowledge, they all refer to the one-dimensional case.

Bin-Item conflicts

Incompatibility constraints between bins and items are commonly en-
countered in real-world scenarios, when a specific item cannot be as-
signed to a particular bin (e.g., Server Consolidation Problem [40]).
Moreover, the bin-items conflicts can represent the fact that an item
cannot be placed in certain zones of the bin, or, on the contrary, must
be placed in some others (e.g., the placement must consider different
quality areas of the bin [43]).

Item-Item conflicts

Following the terminology introduced by Mezghani et al. [65], we can
distinguish two types of item-item conflicts.

— The first is total conflict, where conflicting items cannot be placed
in the same bin (e.g., [68]). Most commonly, this kind of conflicts
is encountered in the three-dimensional case, such as in storing
problems, where items cannot share the same storage place, or in
container loading, when commodities cannot be shipped together.

— The second is partial conflict, where partially conflicting items
can be packed in the same bin, but must be separated by a des-
ignated safe space (as in [42]). This problem has several practi-
cal applications, like in scenarios involving geographical location
constraints, or the management of hazardous waste, where items
may be partially incompatible and must be separated by a safety
distance.

Notice that the 2DC&PP-PT problem described in Chapter 3 can be

included in the Rectangular 2DVSBPP category. The items are indeed
strongly heterogeneous rectangles, while the bins (also referred to as sheets)
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are weakly heterogeneous rectangles with fixed dimensions. Moreover, we
consider the presence of optional items, and we allow all, or some, orthog-
onal rotations for the items. Precedence constraints are considered in two
versions, both as hard and soft constraints: for the hard version, this thesis
extends the literature to the two-dimensional case, while the soft precedence
constraints are, to the best of our knowledge, newly introduced by this work.
In addition, our problem presents bin-item conflicts related to the forbidden
and mandatory placement zones in the sheets, which can be different for
each item. This attribute, to the best of our knowledge, have not been ad-
dressed for the rectangular packing problem in the available literature. We
also consider partial item-item conflicts that reflects our notion of punching
margin, which differ from the present literature due to the fact that each
item in our case can have different punching margins on each side, making
this attribute more complex to handle. Moreover, the alternative situations
between two items of sharing a common cut or keeping a safety margin, to
the best of our knowledge, has not been accounted in the literature so far, as
well as the combination of all these additional technological constraints that
characterize the 2DC&PP-PT. As a consequence, the 2DC&PP-PT can be
considered, to the best of our knowledge, as a new variant of C&PP in the
Operations Research literature.

4.2 Mathematical formulations

C&PP have been extensively studied through various mathematical models,
which are used to represent and solve a wide range of practical applica-
tions, as well as to develop academic research in this field. Mathematical
formulations for C&PP are often constructed using MILP models, as in-
troduced in Section 2.2. MILP models provide the basis for exact solution
approaches that allow for the optimization of cutting and packing operations
while considering the geometric and operational constraints deriving from
the problem.

In this field, MILP models are particularly useful because problems
involve both binary and continuous decision variables, such as deciding
whether to use a certain bin or not, and determining the exact position
of items within a bin. These models offer a flexible framework for incor-
porating complex constraints, but they are computationally challenging to
solve, especially for large-scale instances.

For classical surveys on mathematical formulations refer to [87] regarding
one-dimensional bin packing and cutting stock problems, to [58, 60, 59] and
[55] for reviews dedicated to two-dimensional problems with rectangular and
irregular items, respectively.
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4.2.1 Formulations for Two-Dimensional Rectangular Bin
Packing Problem (2DRBPP)

The 2DRBPP is a specific variant of C&PP, where the goal is to pack a
set of rectangular items into a minimum number of rectangular bins, as
presented in Subsection 4.1.1. Several mathematical formulations of the
problem have been proposed to tackle it. These formulations often include
additional constraints that reflect practical considerations, such as variable
bin sizes, optional items, precedence, and partial conflicts.

Pisinger and Sigurd in [72] presented a basic formulation of 2DRBPP
with variable sized bins and costs. In many practical situations, bins of
different sizes and costs are available, and the goal is not only to minimize
the number of used bins, but also to minimize the total cost associated with
using different bins. The authors formulated this problem as a MILP model,
highlighting the importance of accounting for variable bin sizes, which adds
another layer of complexity to the problem, making it more suitable for
real-world packing operations.

In [85], Tang et al. provide a MILP formulation that accounts for or-
thogonal rotations. The problem is symmetric, thus only two orientations
of the items are considered (i.e., 0 and 90 degrees rotations). Their model-
ing choice was to introduce a rotation binary variable for each item, and to
embed it in the non-overlapping constraints so that the dimensions of the
items are properly considered (i.e., swapped when the item is rotated by 90
degrees).

One way of formulating the presence of optional items in a MILP model
can be found in [7]. The authors address this attribute for the one-dimensional
problem, however the key point of the modeling involves assignment vari-
ables of the items to the bins, therefore making this formulation directly
applicable to problems with different dimensions.

In [25], a mathematical formulation for the bin packing problem with
precedence constraints has been proposed. In this variant, a partial order is
imposed on the items, meaning that certain items must be placed in a spe-
cific order relative to others. The authors formulated the problem as a MILP
model that incorporates this attribute in the one-dimensional problem, nev-
ertheless, as discussed for the modeling of optional items in [7], the formula-
tion of precedence constraints can be directly extended to higher dimensions.
In this work the authors demonstrated that incorporating precedence con-
straints into the bin packing problem significantly increases its complexity
in practice, but, once again, it also allows for more realistic modeling of
real-world scenarios.

The presence of partial conflicts in 2DRBPP has been discussed, to the
best of our knowledge, only by Hamdi-Dhaoui et al. in [42]. In this work the
authors consider a version of the problem where a uniform distance must
be kept between some items in the same sheet. They provide a formulation
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of the specific case through a MILP model, which adapts the classical non-
overlapping constraints to the presence of a conditional distance between
the items.

The mentioned specific formulations for 2DRBPP demonstrate the diver-
sity of mathematical models that have been developed to address different
practical constraints. While each formulation is tailored to a particular set
of constraints, they all share the common goal of optimizing the use of avail-
able space in the most efficient possible way. We also remark that, to the
best of our knowledge, a complete model representing the 2DC&PP-PT has
not yet been introduced in the literature. While certain attributes of the
problem have been addressed with dedicated mathematical formulations,
integrating these into a comprehensive linear model raises new challenges.

A review of exact methods to solve the models that have been presented
for the 2DRBPP can be found in the work by Iori et al. [49], where the
authors report and expand on previous surveys presented in [60, 58, 59].

4.3 Heuristic methods for 2DRBPP

Heuristic methods have become essential tools in solving large instances
of the 2DRBPP. Due to the computational complexity of exact methods,
heuristics provide a way to obtain good solutions in a reasonable amount
of time, although without a guarantee of optimality. The flexibility and
efficiency of heuristic approaches make them particularly well-suited for in-
dustrial applications where decision-makers must balance solution quality
and computation time. In this section, we will explore the various heuristic
techniques applied to 2DRBPP, including metaheuristics and matheuristics.

Greedy heuristics (see Subsection 2.3.1) are among the most widely used
heuristic approaches for 2DRBPP due to their simplicity and speed. These
are constructive algorithms that make decisions based on a local expansion
criterion at each step, aiming to build a feasible solution incrementally. The
most common greedy heuristics for 2DRBPP include the following.

e First-Fit

In the First-Fit heuristic [26], items are packed into the first available
bin that can accommodate them. The bins are tested in the order
they were opened, meaning the heuristic checks from the first bin to
the most recently opened one. If no existing bin can accommodate
the item, a new bin is opened. This method is straightforward and
efficient, often used as a baseline for more complex algorithms.

o Best-Fit

The Best-Fit heuristic [27], attempts to place each item in the bin
where it leaves the minimum amount of remaining space. This strategy
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can lead to better space utilization compared to First-Fit, though it
may require more computation since all the bins must be evaluated
for placement at each expansion step.

e Worst-Fit

Contrary to Best-Fit, the Worst-Fit heuristic [20] places items in the
bin with the most remaining space. While this may seem counterin-
tuitive, it can sometimes lead to improved distribution of items across
bins, therefore reducing the tendency of prematurely opening new bins.
This strategy avoids overfilling any single bin early on, leaving more
room for larger items that may arrive later. The computational effort
is similar to that of the Best-Fit heuristic.

These greedy algorithms have been widely studied in the literature, because
of their effectiveness in handling simple instances of C&PP along with their
variants. Despite their simplicity, they often serve as a foundation for more
sophisticated approaches, including more complex heuristics and matheuris-
tics. However, in many industrial applications, greedy algorithms are the
only viable approach, due to the inner complexities of practical problems or
the need to meet strict execution time limits.

More complex heuristic algorithms, such as pilot method, beam search,
and genetic algorithms, offer more advanced strategies for exploring the
solution space of 2DRBPP. These approaches provide a mechanism to escape
local optima and explore a broader range of potential solutions.

e Genetic Algorithm

Genetic Algorithm mimics the process of natural evolution, using oper-
ators such as selection, crossover, and mutation to evolve a population
of candidate solutions. In the context of 2DRBPP, Genetic Algorithm
has been applied to optimize the placement of rectangular items, tak-
ing into account constraints such as orientation and packing efficiency
[85, 56]. Works considering this approach demonstrates its effective-
ness even in complex application contexts.

¢ Pilot Method

A recent work by Arruda et al. [4] proposes to enhance the greedy
algorithm by introducing an alternative evaluation for the placement
of the items, where the evaluation accounts for future placements re-
sulting in a Pilot Method (see Subsection 2.3.2). The results that
have been presented suggest that the quality of the solutions heavily
depends on the geometry of the items.

e Beam Search

The Beam Search (see Subsection 2.3.3) is a constructive algorithm
that allows to explore more than one solution at the same time. It
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has been applied to tackle not only the 2DRBPP [90], but also the
one-dimensional case with variable sized bins and optional items [8],
the circular variant [2], as well as the irregular one [10].

These heuristic approaches are highly adaptable and have been successfully
employed in various 2DRBPP applications, from logistics to manufacturing,
where achieving near-optimal solutions in a limited time frame is crucial.

On the other hand, matheuristic algorithms combine the strengths of
both heuristic and exact methods. These approaches aim to leverage the
computational efficiency of heuristics while benefiting from the optimization
frameworks provided by exact algorithms. There can be several ways to
hybridize heuristics with exact methods and vice versa, we present the two
most common ones:

e Heuristic-Ezxact combination. One common approach is to use a greedy
heuristic to generate an initial solution before running B&B. This two-
stage process generates a primal bound that may allow for early node
pruning and fasten the convergence to an optimal solution, which helps
the application of B&B to larger instances. For example, Dell’Amico
et al. [25] explored the combination of heuristics with exact techniques
for solving bin packing problems with precedence constraints;

e Heuristic-Exact integration. Another option for hybridization is inte-
grating heuristics with mathematical programming models to perform
optimization sub-tasks. In this context, heuristics are employed to ex-
plore the solution space, while integer programming models handle the
local optimization within selected regions of the space. This approach
is particularly effective when dealing with complex constraints, such
as variable bin sizes and costs [72].

Matheuristics offer a promising alternative for solving large-scale 2DRBPP
instances, as they balance the trade-off between solution quality and com-
putation time. Recent developments have also explored the use of machine
learning techniques within matheuristic frameworks, further enhancing their
adaptability and performance in dynamic environments [89].
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Chapter 5

Mathematical modeling

In this chapter, we propose a mathematical formulation of the 2DC&PP-PT
described in Chapter 3. We model the problem in two consecutive steps via
mathematical programming. We devise two MILP models, together repre-
senting all the attributes of the problem: in the first one, we minimize the
material waste (primary objective of 2DC&PP-PT); in the second one, the
number of soft precedence violations is minimized (secondary objective of
2DC&PP-PT) while satisfying a maximum waste constraint. These formu-
lations refer to the model presented in [72] for the basic constraints, while
integrating and extending the modeling of optional items in [7], orthogonal
rotation in [85], punching margins in [42], and precedence relations in [25].
For ease of notation, the models discussed hereinafter are initially based
on a simplified version of the problem described in Chapter 3. In this sim-
plification, we assume that each item has the same punching margin on all
sides (i.e., a uniform punching margin around the perimeter). To apply
these models to the original problem, it would be necessary to expand the
variables and parameters to account for different punching margins and ro-
tations for each item on all four sides, as well as modify the corresponding
constraints. While this would make the notation more complex, the under-
lying principles of the formulations would remain the same. The extension
of the models to the original problem is discussed at the end of the chapter
and a complete MILP model for 2DC&PP-PT is reported in Appendix A.
The models presented in this chapter have been published in [24].

5.1 Two-step modeling

An important attribute of the problem presented in Chapter 3 is the pres-
ence of soft precedence relations. These relations can only be violated when
satisfying them would result in increased material waste. In other words,
while we aim to minimize the number of soft precedence violations, we can-
not prioritize these relations if doing so leads to higher waste. As such,
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Figure 5.1: Graphic representation of the notation for a sheet of type t
containing items ¢, A with punching margins in (a), and items j, k, [ without
punching margins in (b).

soft precedence relations represent soft constraints, treated as a secondary
objective in the problem. This creates a clear optimization hierarchy: the
primary objective is to minimize material waste, while minimizing soft prece-
dence violations as a secondary objective.

To address both objectives, following the principles of the lexicographic
method (see Section 2.4), we chose to model the problem using two consecu-
tive MILP formulations. Each model accounts for the problem’s attributes,
but focuses on a different objective: the first model minimizes material
waste, while the second model minimizes soft precedence violations, subject
to a maximum waste constraint.

5.2 Notation

Consider the set of compulsory items I. = {1,...,n.}, the set of optional
items I, = {n.+1,...,n. + n, = n}, and their union I = I. U I,. Each
item i € I is characterized by its horizontal size (width) w; and its verti-
cal size (height) 7; (as illustrated in Figure 5.1a for item 7). Additionally,
each item ¢ € I may have an associated punching margin p; to maintain
a specified distance from other items (e.g., the punching margin p;, u for
item 4, h, respectively, in Figure 5.1a). Each item i also has placement
constraints defined by two parameters: ¢; and ¢;, which limit the place-
ment of ¢ to be within a maximum and minimum distance from the sheet’s
border, respectively (as shown for item j in Figure 5.2). For items in the
compulsory set ., the hard precedence level is denoted by an integer p;, and
the set of all pairs of items with a hard precedence relationship is given by
P={(i,j)|j€I,pi < pj}. Similarly, to account for soft precedence rela-
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Figure 5.2: Example of placement limits for item j - maximum (e¢;) and
minimum (¢;) distance from the sheet’s border.

tions, we define the soft precedence level for each compulsory item i € I, as
pi, with the set of soft precedence pairs being P = {(1,7) | 4,7 € Ie, pi < pj}-
Notice that, in our context, lower the precedence level, higher the priority.

Let ns represent the number of available sheets, S = {1,...,ns} the
set of positions in the production order, and 7" = {1,...,n;} the set of
sheet types. Each sheet type t € T is defined by its width 2; and height
H; (as depicted in Figure 5.1). We denote the maximum width, height,
and maximum dimension across all sheet types as = maxycr Q, H =
max;er Hy, and A = max{Q, H}, respectively. Each sheet type t has a
maximum available quantity ; and a safety distance 73, that is the minimum
distance to keep between items without punching margins when they are not
sharing a common cut (as for items k and [ in Figure 5.1b). The notation
related to sets and parameters is summarized in Table 5.1.

Foreachi,j € I,s € S,andt € T, the following variables are introduced:
x; and y; represent the distances of the bottom left corner of item ¢ from the
left and bottom sides of the sheet, respectively (see item 4 in Figure 5.1a);
r; is a binary variable equal to 1 if item 4 is placed vertically (as shown for
item h in Figure 5.1a) and 0 otherwise; /;; and b;; are binary variables equal
to 1 if item 7 is located to the left of, or below, item j, respectively, and
0 otherwise; c;; is a binary variable equal to 1 if item ¢ shares a common
cut on its right or top side with item j (as illustrated for items k and j in
Figure 5.1b) and 0 otherwise; m;; represents the margin between the right
and top sides of item i and the corresponding sides of j (e.g., the margin
m;p, between items ¢ and h in Figure 5.1a); fis is a binary variable equal to
1 if item 7 is cut from the sheet in position s and 0 otherwise; g is a binary
variable equal to 1 if the sheet in position s is of type t and 0 otherwise;
a;js is a binary variable equal to 1 if items ¢ and j are both placed on the
sheet in position s and 0 otherwise. Finally, for every pair (i,j) € P and
every s € S, we define the decision variable ¢;;5, which takes the value 1 if
placing item j in position s violates the soft precedence with item 4, and 0
otherwise. The decision variables are summarized in Table 5.2.
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Symbol Description
I.={1,...,n.} Set of compulsory items
I,={n.+1,...,n} Set of optional items
I=1.Ul, Union of compulsory and optional items
S=A{1,...,ns} Set of positions in the production order
T=A{1,...,n} Set of sheet types

P = {(27]) ‘ 7‘7] € Icnoi < pj}

P = {(27]) ‘ l’] € Imﬁi < ﬁ]}

Set of hard precedence pairs
Set of soft precedence pairs

Wi Width of 1 € I

7; Height of i € T

7% Punching margin for i €

€ Max distance of i € I from sheet’s border
i Min distance of ¢ € I from sheet’s border
Di Hard precedence level for i € I

Di Soft precedence level for ¢ € I,

Q Width of sheet type t € T

H,; Height of sheet type t € T’

ﬁ = maX¢eT Qt
H = maxicr Hy

Max width across all sheet types
Max height across all sheet types

A =max{Q, H} Max size across all sheet types
By Max available quantity of sheet type t
T Safety distance for sheet type ¢

Table 5.1: Summary of notation - sets and parameters

Variable | Description
(zi,y;) | Distance of the bottom left corner of i € I from the left /bottom
side of the sheet
T3 Binary variable, 1 if ¢ € I is placed vertically
li; Binary variable, 1 if ¢ € I is placed to the left of j € I
bij Binary variable, 1 if ¢ € I is located below j € T
Cij Binary variable, 1 if ¢ € I shares a common cut with j € T
myj Margin between the right and top sides of ¢ € I and the corre-
sponding sides of j € I
fis Binary variable, 1 if ¢ € I is cut from the sheet in position s € S
gst Binary variable, 1 if the sheet in position s € S is of type t € T'
Qijs Binary variable, 1 if items 7,7 € I are both placed on the sheet
in position s
Qijs Binary variable, 1 if placing j € I in position s € S violates
soft precedence with ¢ €

Table 5.2: Summary of decision variables
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5.3 Optimizing the primary objective

The following MILP model includes all the hard constraints of the 2DC&PP-
PT and minimizes the material waste (i.e., the primary objective). We refer

to this formulation as Model 1.

min Z Z (QUHy)gs: — Z (wimi) fis

seS LteT el
S.t.
lij + i +bij +bji + (1= fis) + (1 = fjs) = 1
o+ (1= 7w +rimi +mi; <+ Q1 — 1)
+ (1 = ry)w; +1mim +my; > xy — QL — i)
+ (1= 7)mi +rwi +my; <yj+ H(L—byy)
+ (1 = 7)mi + rwi +my; > y; — H(L— byy)
my; > max{p, ty, 7 H(1 — ¢ij) — A(2 — Qijs

mij; <A1 = i)
Qijs > fis + fjs -1

ngt S 1

teT

Z gst < Bt

ses

Zfis =1

ses

ses

Zfis S nzgst

el teT

fjs S Zfzr
r=1

i+ (1 —ryw; +mim; < Z (U — ¢i)gst + Q1 — fis)

teT

+ (1= ri)ni + riw; < Z (Hy — ¢i)gst + H(1 — fis)

teT
zi > ¢ — Q1 = fis)
yi > ¢ — H(1 — fis)
zi + (1 —ri)w; +rimi < € + Q1 — fis)
yi+ (L —ri)m +riw; < e+ H(L— fis)
22y (S (1 - fis)

teT

— € gst

(5.1)
Vi, jel,se S (5.2)
Vi,jel (5.3)
Vi,j el (5.4)
Vi,jel (5.5)
Vi,jel (5.6)
Vi,jel,

5.7
seSteT (5:7)
Vi,jel (5.8)
Vi,jel,se S (5.9)
Vse S (5.10)
vteT (5.11)
Vi€ I. (5.12)
Viel, (5.13)
Vs e S (5.14)
Vs € 5,

o (5.15)
(i,j) e P
Viel,seS (5.16)
Viel,seS (5.17)
Viel,seS (5.18)
Viel,seS (5.19)
Viel,seS (5.20)
Viel,seS (5.21)
Viel,seS (5.22)
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Yi 2 Z (Hi — €i)get — H(1 — fis) Viel,seS (5.23)
teT
ziy, Y >0 Viel (5.24)
lij, bij, cij €{0,1} Vi,jel (5.25)
r; € {0,1} Viel (5.26)
mij >0 Vi, j el (5.27)
fis € {0,1} Viel,s€S (5.28)
gst € {0,1} VseS,teT (5.29)
aijs € {0,1} ZZ Se b (5.30)

Model 1 is paired with a variable fixing pre-process that involves rotation
and common cut requirements. As described in Section 3.3, each item has
a set of allowed orthogonal rotations that, in the simplification adopted in
this chapter, reflects the possibility of being placed horizontally or vertically.
Therefore, we fix variables r of items that must be placed with a specific
orientation:

= {0 Vi € I that must be placed horizontally, (5.31)

1 Vi e I that must be placed vertically.

Moreover, we recall that two items can share a side only if none of them
has an assigned punching margin. Thus, we must prevent the possibility of
sharing a common cut for any pair of items that involves punching margins:

cij =0 Vi, jel:pu+p;>0. (5.32)

In Model 1, we can see that the objective function (5.1) aims to minimize
the total material waste across all used sheets, complying with the definition
given in Section 3.3. In (5.2), we establish relationships between items: if
two items are placed on the same sheet, they must be positioned one left or
below the other. Constraints (5.3)-(5.6) prevent overlapping between items
based on their mutual position, while accounting for the rotation of the
items and their required margins. The margin between two items is defined
by constraints (5.7)-(5.8): if they share a common cut, the margin is zero;
otherwise, it must be at least the greater of the two items’ punching margin
and the safety one. To maintain the linearity of the model, variables a are
introduced through constraints (5.9), which indicate whether two items are
placed in the same sheet. In (5.10)-(5.11), we ensure that to each sheet is
assigned at most one type without exceeding the available quantities. The
assignment of the items to the sheets is regulated by constraints (5.12)-
(5.13), which require that compulsory items must be placed on exactly one
sheet, while optional items can be placed on at most one sheet. Notice that,
according to the definition of the problem, the objective function prevents
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the presence of sheets accommodating only optional items, since they would
unnecessarily increase the material waste. Constraint (5.14) specifies that if
an item is placed on a sheet, a type must be assigned to that sheet. Hard
precedence relations between items are enforced through constraints (5.15),
ensuring that if an item ¢ has higher precedence than item j (i.e., if (i,5) €
P), then the sheet containing i is processed before the sheet containing j by
having an earlier position in the solution sequence. Constraints (5.16)-(5.19)
guarantee that each item is fully contained within a sheet, and they also
prevent items from being placed in forbidden areas. Similarly, constraints
(5.20)-(5.23) enforce that items are placed within their mandatory zones, if
any are assigned. Finally, constraints (5.24)-(5.30) specify the domains of
the variables.

With respect to the definition of the 2DC&PP-PT given in Section 3.3,
both the objective function and all the hard constraints have been modeled
trough linear expressions in Model 1. In the following section, we discuss
the missing attribute concerning soft precedence relations, thus retrieving a
complete formulation of the problem.

5.4 Optimizing the secondary objective

As previously discussed, we decide to model the soft constraint concerning
the soft precedence attribute as the secondary objective of the problem.
To this end we propose the following MILP model, referred to as Model 2,
which minimizes the number of soft precedence violations under all the hard
constraints and imposing an additional maximum waste usage constraint, to
account for the primary objective of the problem.

min Y > g (5.33)

(i,j)ei’ sES
s.t.
(5.2) — (5.30)
Gijs = fjs — Zfir Vse S, (i,j) € P (5.34)
r=1
Z Z (QeHy)gse — Z (wimi) fis| <0° (5.35)
ses Lter i€l
¢ijs € {0,1} Vse S, (i,j) e P.  (5.36)

In Model 2, the objective function (5.33) minimizes the total number
of violated soft precedence relations, which are counted through constraints
(5.34), following the modeling approach used for the hard precedence con-
straints in (5.15). The hard constraints of the problem are (5.2)-(5.30),
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Figure 5.3: Example of four different punching margins for an item <.

taken from Model 1, and the additional constraint on the maximum total
amount of material waste is guaranteed by (5.35).

5.5 Extension to the full-featured 2DC&PP-PT

As motivated at the beginning of the chapter, both models refer to a sim-
plification of the problem where every item has a uniform punching margin
assigned on each side, which can be zero if no punching margin is needed. In
this section, we discuss how to extend the models to comply with the origi-
nal 2DC&PP-PT defined in Chapter 3, where an item can have a different
punching margin on each side, as well as limited rotation possibilities.

The notation must account for the presence of different punching mar-
gins, therefore the parameter p; is replaced by the family of parameters uf ,
,uZR, uf , and MT representing the punching margin assigned to the left, right,
bottom, and top side of item i, respectively (see Figure 5.3 for a graphic rep-
resentation). Moreover, to take possible forbidden rotations into account,
for each orthogonal rotation §# € © = {0,90, 180,270}, a binary parameter
o? is associated with every item i € I, taking value 1 if the item can be
placed at € degrees, 0 otherwise.

In this extension, for each item i, the rotation decision variable r; not
only devises the size of the placed item (i.e., swapped width and height if
it is placed vertically), but it also determines the punching margins of the
placed item, since each punching margin is strictly related to its side. To
this end, for every item ¢ € I, we consider four binary variables rf € {0,1},
one for each orthogonal rotation 6 € ©, that will be 1 if item ¢ is placed at 0
degrees, and 0 otherwise. Since each item must be placed with exactly one
allowed orientation, the following constraints must be added to the models:

9 Viel,0c® (5.37)
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Figure 5.4: Example of extended rotation, common cut, and margin vari-
ables in a group of three items i, j, k.

dorf=1 Viel. (5.38)
6cO

Where (5.37) extends and replaces the pre-process in (5.31). Moreover, both
in Model 1 and Model 2, the variable r; must be replaced with (70 + 7270)
in the constraints involving it to define the horizontal or vertical orientation
of item ¢ (namely, constraints (5.3)-(5.6), (5.16)-(5.17), and (5.20)-(5.21)).

The extension must concern also the decision variables and the con-
straints related to the common cuts and the margins. For each pair of items
i,7 € I, we explode the corresponding decision variable ¢;; in the right and
top sides of ¢ by considering the binary variable cl-Lj (resp. cg), that are 1
if item ¢ shares its right (resp. top) side in common cut with the left (resp.
bottom) side of item j, and 0 otherwise. Similarly, we replace, for each
i,7 € I, the margin variable m;; with the non-negative variables mg (resp.
mg) that correspond to the distance margin between the right (resp. top)
side of item ¢ with the left (resp. bottom) side of item j. A graphic intuition
of the extended variables is given in Figure 5.4. Consequently, constraints
must be extended accordingly.

In (5.3)-(5.6), the first couple of constraints must consider m} instead

ij
of m;;, while the second couple of constraints must replace m;; with mﬁ .

Moreover, the possibility of sharing a common cut between two items
1,7 € I has to account for their mutual positions, left to or below, separately
and to the rotation of the items involved. Thus, the pre-process according
to (5.32) must consider ciLj (instead of ¢;;) when item 4 is placed left to
item j, and its formulation must also be conditional to the combination of
the items’ rotations to properly consider the adjacent punching margins.
There are sixteen possible combinations of the items’ rotation, therefore we

will have sixteen groups of constraints to add to the model instead of the
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pre-process, one for each combination, of the following form:

cfj§3—lij—r?—r9 Vi,je[:uﬁ+uf>0
ciLjSS—lij—r?—r?o Vi,je[:uf+u;‘~r>0

(5.39)

ek <3—1;—r70 =¥ Vijel:pl +uP >o0.

Analogous reasoning must be applied when item ¢ is placed below item
J, Vi,j € I. In this case, constraints involve variable 05 and, again, are
replicated for every items’ rotation combination. For example, for the case
with both items rotated at 0 degrees, we have:
B <3—by—r)—r) Vi,jel:pu +py >0 (5.40)
Constraints that consider margins’ upper and lower bounds must also be
extended. On the one hand, constraints related to margins’ upper bounds
(5.8), should address the extended decision variables, in the two possible
mutual positions, as follows:

mj; < Q(1—cf) Vi,jel (5.41)
mi <H(1-c}) Vi,jel. (5.42)

On the other hand, margins’ lower bound constraints (5.7), since they di-
rectly involve the punching margin’s parameters, should consider the pos-
sible combinations of the items’ rotation both when items are placed one
left to the other (as in (5.39)), or one below the other (as in (5.40)). We
report, as an example, one out of the sixteen couples of constraints that
extend (5.7), in the case where both items are placed at 0 degrees rotation,
Vi,jel,se S, teT:
mZL] > max{uZR, ,UJL,Tt}(l — clL]) -Q2- Qijs — Gst) — ﬁ(r? + 7“?) (5.43)
mg > max{u?,uf,n}(l — cf;) — H (2 - ajjs — gst) — H(r) + r;-)). (5.44)
In conclusion, we have seen that the models can be extended to represent
the original problem at the cost of a more complex notation, and of a higher
number of decision variables and constraints. The complete extension of
Model 1 to the original 2DC&PP-PT can be found in Appendix A and, in

a similar way, the one for Model 2 can be obtained.



Chapter 6

Solution methods

In the present chapter, we describe five solution approaches that we devised
to tackle the 2DC&PP-PT problem presented in Section 3.3. We designed
methods of different nature to comply with several needs that can vary de-
pending on the application and on the purpose of the solution. We propose
one exact method and one matheuristic, both based on the formulation of
the problem devised through MILP models (Chapter 5), along with three
heuristics that require increasing computational resources and provide, ac-
cordingly, solutions of increasing quality. All the proposed heuristics are
characterized by the need to solve a common sub-problem as sub-routine,
that is, given a partial layout, we have to place a new item by satisfying
non-overlapping and technological constraints, and by optimizing a given
placement evaluation criterion. To solve this sub-problem, we devise a place-
ment heuristic, specialized for the 2DC&PP-PT, that is used by all the three
proposed heuristics.

6.1 Mathematical model-based approaches

In this section, we present two approaches to solve the 2DC&PP-PT, both
based on the mathematical models presented in Chapter 5. The first method
is an exact approach, therefore providing us with an optimal solution of the
problem. The second method is a matheuristic which exploits a formulation
based on Model 1 only, and handles the secondary objective through an
iterative heuristic on top.

Notice that, since the mathematical models have been devised under the
assumption of having a uniform punching margin associated with each item,
also the model-based approaches are presented with the same simplification
of the problem. Even so, by extending the formulations to handle differ-
ent punching margins over the sides of each item, as proposed at the end
of Chapter 5, the exact approach and the matheuristic are automatically
extended accordingly.
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6.1.1 Exact lexicographic procedure

The problem under study includes a soft constraint related to the soft prece-
dence attribute. As discussed in Section 5.1, this attribute is treated as a
secondary objective, subordinated to the minimization of material waste,
which is the primary objective. Based on this observation, we can approach
the problem as having two objectives in a lexicographic order. Consequently,
the optimal solution can be obtained using the lexicographic method de-
scribed in Section 2.4.

We solve the problem to optimality in two steps. First, solve Model 1
and compute the optimal minimum quantity of the material waste (primary
objective). Second, Model 2 is solved, where the number of soft precedence
violations is minimized (secondary objective), and the solution is constrained
to have material waste less than or equal to the optimal value v* computed
in the previous step (parameter v*). The solution provided by Model 2
corresponds to an optimal solution of the problem. This solution method is
called Lezicographic Procedure and it is summarized in Algorithm 5.

Algorithm 5 Lexicographic Procedure

1: procedure LEXICOGRAPHICPROCEDURE

2: solve Model 1, compute the optimal value v* of the material waste;
3: solve Model 2 by constraining the material waste to be at most v*;
4: STOP: the solution of Step 3 is the optimal solution to the problem.
5: end procedure

6.1.2 Iterative matheuristic

In this section, we propose an alternative way to handle the soft precedence
constraint through an iterative heuristic that exploits a formulation based
on Model 1 to minimize the material waste. We observed that, in the exact
lexicographic procedure, solving the two models is time-consuming. In fact,
in addition to a first MILP model, a second model has to be solved, which
also includes a non-negligible number of further variables and constraints
to handle soft constraints and the related objective function. We observe
that, to guarantee optimality, the second model cannot inherit any of the
decisions from the optimal solution of the first model. To avoid solving the
second “complete” model, we developed a heuristic where only Model 1 is
used, and the soft constraints are incrementally added to the formulation
after having been transformed into hard constraints. This is done by pro-
gressively estimating upper bounds on the positions of prioritized items, by
solving smaller and more constrained models. The core idea of the algo-
rithm is to partition the compulsory items based on their soft precedence
level (higher precedence first), and to iteratively determine their maximum
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position within the sequence of sheets. This approach, called Iterative Pro-
cedure, results in a matheuristic, and it is summarized in Algorithm 6.

Let us consider the following partition of the compulsory items with re-
spect to their soft precedence level. Let py.q. be the maximum level of soft
precedence. Based on the notation introduced in Section 5.2, for each prece-
dence level k = 1,..., pmaa, let Iy = {i € I. | p; = k} C I. be the subset
of compulsory items with soft precedence k. Recall that, specific to our no-
tation, higher the precedence level, lower the priority value, i.e., items with
higher precedence are placed on sheets that are cut before those containing
only items with lower precedence. In addition, we introduce an integer pa-
rameter O, for k = 1,..., pmaz, that represents the maximum sheet position
in which items in I can be placed. This parameter is determined through-
out iterations as follows. In the first iteration & = 1, we solve Model 1 in
which we ignore optional items (that, we recall, have no associated priority)
and we consider compulsory items in I;. Throughout iterations, we ignore
optional items because they are not involved in precedence relations, there-
fore their presence does not affect the number of soft precedence violations,
which is regulated by the iterative scheme. The number of used sheets in
the solution will be the value of §;, thus identifying an upper bound on the
position of items in I in the solution sequence. Similarly, starting from the
second iteration (i.e., for k > 2), we solve Model 1 where we consider only
compulsory items up to soft precedence k (i.e., belonging to Uz_; . Iz)
and we constrain the maximum position in the sheets’ sequence of the items
up to soft precedence k — 1 by adding the following constraints:

Y fu=1 Viel, Vk=1,.. k-1 (6.1)
SE{I,...,(SE}

Notice that at iteration k, the parameter d; for k=1,...,k—1 has been
computed in the previous steps, and let J; be set to the number of sheets
in the current solution. Once all J-parameters are computed, we perform
one last iteration to place all the items. We solve Model 1 (considering also
optional items), where compulsory items are constrained to be placed ac-
cording to the upper bound given by the d-parameters through the following
additional constraints:

Y fie=1 Vi€, Vk=1,..., pmaa (6.2)
SG{I,...,(Sk}

The rationale behind this algorithm is that each iteration, through con-
straints (6.1), ensures that items with higher soft precedence are placed in
the initial sheets, allowing items with lower soft precedence to be placed in
the subsequent sheets or used to reduce waste in the earlier sheets, though
this may lead to some precedence violations for the sake of material waste
minimization.
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Notice that, in absence of soft precedence relations, the algorithm per-
forms only two iterations: first it solves the problem with compulsory items
only, and then it solves the complete instance by constraining the maximum
number of sheets in the solution.

Algorithm 6 Iterative Procedure

1: procedure ITERATIVEPROCEDURE

2 let Iy, = {i € I. | p; = k}, and introduce 0y for k =1,..., pmaa;

3 for k=1,..., pmase do

4: solve Model 1 by:

5 - ignoring optional items;

6 - considering only compulsory items up to soft precedence k;

7 - constraining maximum position d;, for items of soft precedence
kE=1,...,k—1 (for k> 2);

8: fix 05 = number of sheets in the solution;

9 end for

10: solve Model 1, with optional items, by constraining maximum
position J; for items of soft precedence k = 1,.. ., pmaz;

11: STOP: the solution of Step 10 is the optimal solution to the problem.
12: end procedure

6.2 Placement heuristic

This section presents an algorithm that is used by all the heuristic methods
that will be described in Section 6.3 and 6.4. This algorithm, called Place-
ment Heuristic, given an item and a partial layout, determines the best
position and rotation to place the item in the current sheet, when possible,
according to an evaluation criterion. The position is chosen in a finite set
of positions related to the partial layout, and defined as we will discuss in
Subsection 6.2.2. First, a precedence-feasibility check is performed to verify
if all the items with higher hard precedence than the current one have al-
ready been placed, and, if not, the algorithm cannot place the current item,
since it would break a hard precedence constraint.

6.2.1 Placement evaluation criterion

If the feasibility check is passed, the best placement position of the item, for
each of its allowed rotations, is computed, and the best fit among them is
selected, based on the given evaluation function. The evaluation is a crucial
component of the heuristic, and as such it can have a great impact on the fi-
nal layout. Since the Placement Heuristic is used in constructive algorithms,
we have considered evaluation criteria that prefer compact layouts because,
in most cases, the more compact a partial layout is, higher the chances to
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place the following items are. To this end, classical evaluation functions can
be considered [51, 60], such as the one that pushes the items toward the
top-left corner of the sheet by minimizing the x-coordinate and maximizing
the y-coordinate of the placement position (Figure 6.1a), as well as the one
which maximizes the contact perimeter of the item with the partial layout,
that is the amount of perimeter of the item that touches either the sheet
border or placed items (Figure 6.1b). Alternatively, the horizontal or ver-
tical gap between the partial layout’s axis aligned bounding box and the
sheet border can be minimized or maximized to shape the partial layout
accordingly (Figure 6.1c).

6.2.2 Margin-aware Extreme Points

Given the item to be placed with a chosen rotation, the Placement Heuristic
tests the placement in some specific positions and selects the best one accord-
ing to a chosen compactness criterion (e.g., the ones previously presented).
To devise the positions to test, we start from the concept of Extreme Points
(EPs) as defined by Crainic et al. in [22]. EPs are specific locations where
an item can be placed to utilize the free space delimited by the items that
are already placed in the sheet. As we can see in Figure 6.2, EPs are defined
with respect to the partial layout, in fact the set of EPs is updated whenever
a new item is placed in the sheet by projecting its bottom-left and top-right
corner on the placed items to retrieve new positions for the next item to
place. Notice that, since the set of EPs is updated whenever a new item is
placed, given two partial layouts with the same items that have been placed
in a different order, the corresponding set of EPs could be different, in other
words, it depends not only on the placed items, but also on the order in
which they have been placed. When placing an item with a chosen rotation,
the heuristic evaluates all feasible EPs and selects the best one based on
the compactness criterion. This criterion, along with the nature of the EPs,
ensures that items are packed closely together, maximizing the use of the
available space. Notice that, when positioning an item on an extreme point,
a geometry-feasibility check is needed to verify if the new item overlaps the

™

(a) Top-left placement. (b) Contact perimeter. (c) Horizontal/vertical gap.

Figure 6.1: Example of evaluation criteria for an item (in dark gray) in a
partial layout (in white).
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Figure 6.2: Example of extreme points. The dark gray item is added to the
partial layout (in white), and the set of EPs (black circles) is updated with
the projections of its bottom-left and top-right corner (black squares).

already placed ones, or if it exceeds the sheet.

Handling punching margins

In our framework, we have to consider that items can be assigned with a
punching margin to keep from each others. To account for this attribute,
we need to extend the concept of EPs, making it dependent not only on the
partial layout, but also on the item to place. To this end, we propose the
following procedure, which exploits the classical generation of EPs within
a scheme that handles the presence of punching margins on top. Given a
partial layout and an item 7 to place, we build the set of EPs, specific to %, in
the following way. We start from an empty set of EPs, and we consider the
sheet to be empty. Following the order of placement of the partial layout,
we place each item in its corresponding position in the partial layout, and
we inflate it by the maximum between its punching margin and the one
of the item to place i. At each insertion, we update the EPs with the
standard procedure, so that the final set will contain positions that account
for overlapping punching margin (if any) between the item to place ¢ and
each of the items already in the partial layout.

An example of this procedure in given in Figure 6.3: we have a partial
layout where some items have an assigned punching margin, and we want
to place an item i that has a punching margin itself. We replace the placed
items with their inflated version as described above (i.e, inflated with respect
to the maximum punching margin between the ones of the placed item and
%), and we end up having the set of EPs related to 7. In Figure 6.4, we see
that placing 7 in the inflated partial layout results in respecting the punching
margins in the original one, allowing punching margins overlap to reduce the
material waste. In the example, for the sake of clarity, a uniform punching
margin is assigned to each item along its border. However, the procedure is
able to handle different punching margins by inflating each side of the items
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Figure 6.3: Example - placing item ¢ in a partial layout where some items
have an assigned punching margin (dashed area).
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Figure 6.4: Example - extreme points for item ¢, considering overlapping
punching margins. Placing ¢ without punching margins in the inflated layout
(a) is equivalent to place it in the original one with punching margins (b).

in the partial layout with respect to the maximum between their punching
margin and the one of the opposite side in the item to place (e.g., inflate
the left side on an item in the partial layout by the maximum between its
left pqnching margin and the one assigned to the right side of the item to
place 7).

Checking safety margins

When no punching margins are assigned between two adjacent items, they
can either share a side or must maintain a safety distance. To handle this
constraint, when placing an item without punching margins, the related ex-
treme points on the border of items in the partial layout (i.e., those without
assigned punching margins) should be duplicated by shifting the point by
the safety margin. This way, the original EP accounts for the common cut
scenario, while the duplicated one ensures the required safety margin. In our
Placement Heuristic, we prioritize having items that share a common cut
to maintain compactness and minimize material waste between items when-
ever possible. Therefore, we compute EPs as previously described, without
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considering the safety margin (i.e., without duplicating common cut EPs),
thus forcing shared cuts. However, during the geometry-feasibility check,
when testing a position, we examine the relative placement of the item be-
ing tested against all other placed items. If the distance between them is
greater than zero but less than the safety margin, the position is consid-
ered infeasible. This approach is supported by computational experiments,
which show that very few EPs are discarded due to safety margin infeasibil-
ity, justifying the computational savings of not duplicating and testing EPs
for safety margins.

Algorithm 7 Placement Heuristic

1: procedure PLACEMENTHEURISTIC(item, sheet, place_eval)

2 if hard precedence constraint is violated then

3 return no feasible placement due to precedence constraints.

4: end if

5: let (best_rot, best_pos) be the current best placement option;

6 initialize (best_rot,best_pos) to empty;

7 for each rotation rot in item’s allowed rotations do

8 retrieve extreme points (EPs) for the rotated item on the sheet;
9 for each position pos in EPs do

10: if overlap with previously placed items is detected then
11: skip to the next position;

12: end if

13: if safety margins are violated at pos then

14: skip to the next position;

15: end if

16: if place_eval(item, rot, pos) improves current best then
17: update (best_rot, best_pos) to (rot, pos);

18: end if

19: end for

20: end for

21: return (best_rot, best_pos), best placement found.

22: end procedure

The Placement Heuristic is summarized in Algorithm 7. The procedure
is designed to identify a placement for a given item (itemn) within a layout
(sheet), while adhering to predefined constraints. The algorithm systemat-
ically evaluates potential placements based on an input evaluation criterion
(place_eval), ensuring that the selected placement maximizes suitability un-
der the specified conditions.

Initially, the algorithm checks for hard precedence constraints (Steps 2—
4), ensuring that any violation of these mandatory relations results in an
immediate termination of the procedure. This early exit prevents unneces-
sary computations when an infeasible configuration is detected. Next, the
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algorithm initializes the variables best_rot and best_pos (Steps 5—6) to repre-
sent the current best rotation and position for the item. At this stage, these
variables are set to empty values, indicating that no feasible placement has
yet been identified.

The main computation involves iterating over all allowed rotations (Step
7). For each rotation (rot), the algorithm retrieves the extreme points (EPs)
on the layout, which represent potential candidate positions for placing the
item (Step 8). Each candidate position (pos) is then evaluated (Step 9)
with respect to several constraints. First, the overlap constraint (Steps 10—
12) ensures that placing the item at the current position does not interfere
with any previously placed items. If an overlap is detected, the position is
immediately discarded. Next, the safety margin constraint (Steps 13-15)
verifies that the required spacing around the item is satisfied. If these mar-
gins are violated, the position is skipped. Finally, the placement evaluation
criterion (Steps 16-18) assesses the quality of the placement by applying
place_eval to the current rotation and position. If this placement improves
upon the current best option, the algorithm updates best_rot and best_pos
accordingly. The nested loop structure ensures that all valid combinations of
rotations and positions are systematically considered. By continuously up-
dating the best placement option, the algorithm identifies the most suitable
configuration based on the given evaluation criterion.

The procedure terminates by returning the best found placement option
(best_rot, best_pos) (Step 21). If no feasible placement is identified due to
constraint violations, the algorithm terminates and returns an empty result.

6.3 Constructive heuristics

The problem addressed in this thesis is inherently complex. As highlighted
in the formulation presented in Chapter 5, the feasible region is defined
by a set of constraints that grows exponentially with the number of items.
This complexity makes mathematical model-based approaches impractical
for finding solutions in large instances. To address this challenge, we propose
three heuristics tailored to different needs: a fast procedure for generating
a reasonable feasible solution (Greedy Algorithm), a method that produces
high-quality solutions at the cost of longer execution times (Beam Search),
and an intermediate approach that strikes a balance between running times
and solution quality (Pilot Method).

To focus on the most challenging and significant aspects of the problem
for the reference company, we simplify the problem in all three heuristics
by assuming that all sheets have the same size (i.e., only one sheet type is
available), and that items are not assigned with any forbidden or mandatory
placement zones. In addition, the simplification is justified by the fact that,
although these two attributes are not directly addressed, the methods can
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be extended to generate feasible solutions for the original problem. Since a
constructive heuristic, in our context, generates solutions on a sheet-by-sheet
basis, with items placed one at a time, we outline here possible extensions
to the simplified attributes accordingly, before proceeding to the description
of the heuristics. When working with multiple sheet types, we can initially
choose the largest available sheet to fit as many items as possible, then
check if the same configuration can be accommodated in a smaller sheet
to reduce material waste. Additionally, to handle forbidden zones, we can
treat these zones as dummy items in the current partial solution, since no
overlaps are allowed. For mandatory zones, the placement area for a given
item can be restricted accordingly. This is one possible extension, but more
sophisticated adaptations can be developed.

In the following subsections we present the two constructive heuristics
that we devised for the 2DC&PP-PT (i.e., the greedy algorithm, and the
pilot method), while the beam search approach will be discussed in Section
6.4.

6.3.1 Greedy algorithm

We introduce a constructive heuristic designed to generate a sequence of
cutting layouts such that the constraints, both hard and soft, related to the
problem under study are considered. We call it Greedy Algorithm, because it
operates on a sheet-by-sheet basis by placing items sequentially in a greedy
way. This method constructs one sheet at a time, subject to the availability
of sheets, using the specialized Placement Heuristic, presented in Section
6.2, to place the items according to a given order.

The placement sorting of the items is a key aspect of the algorithm, since
it handles the presence of optional items and the soft precedence relations.
On the one hand, the sequence begins with compulsory items followed by the
optional ones. In this way, for each sheet, the placement of optional items
is tested after all compulsory items that fit in the layout have already been
positioned, thus filling in the remaining spaces to reduce the waste. On the
other hand, compulsory items are prioritized based on their soft precedence
levels. By doing so, we ensure that an item of lower soft precedence is placed
before items of higher soft precedence, only if these last ones do not fit the
sheet. In other words, a soft precedence relation is violated only when it
reduces the material waste. Moreover, within the same soft precedence level,
items are further sorted according to a specific sorting heuristic to guide the
placement. Classical sorting heuristics are, for example, the ones based on
the following characteristics of the items [51, 70]: area, shorter or longer
side, perimeter, difference or ration between sides (for all these features the
sort can be considered both ascending or descending).

The Greedy Algorithm is summarized in Algorithm 8. This procedure
aims to construct a feasible solution to the placement problem by iteratively
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Algorithm 8 Greedy Algorithm

1: procedure GREEDYALGORITHM(items, sort_eval, place_eval)

2 let solution be an empty set of cutting layouts;

3 while |items| > 0 do

4 if no available sheets remain then

5: return solution, partial solution found (out of sheets).
6 end if

7 select a new empty sheet;

8 sort items by (compulsory first, soft precedence, sort_eval);
9 for each item in items do
10: (rot,pos) <— PlacementHeuristic(item, sheet, place_eval);
11: if feasible placement found then
12: place item on the sheet at (rot, pos);
13: else
14: continue to the next item;
15: end if
16: end for
17: add the sheet (with placed items) to solution;
18: update items deleting the placed ones;
19: end while
20: return solution, final solution completed.

21: end procedure

filling cutting layouts with the given items (items) while adhering to con-
straints and optimizing the solution based on heuristic evaluations. The
algorithm relies on two key parameters: the criterion adopted by the sorting
evaluation heuristic (sort_eval), that determines the order in which items
are processed, and the placement evaluation criterion (place_eval), which
guides the placement decisions within the layouts.

The algorithm initializes an empty set of cutting layouts (solution) to
store the final result (Step 2). The main loop (Step 3) iterates until all
items have been placed. At the beginning of each iteration, the algorithm
checks whether any sheets remain available for use (Steps 4-6). If no sheets
are left, the procedure terminates early, returning the solution found so far
as a partial result. Otherwise, the algorithm selects a new empty sheet for
use in the current iteration (Step 7). Before attempting to place items on
the current sheet, the items are sorted using a composite sorting strategy
(Step 8). This strategy prioritizes compulsory items and items with higher
soft precedence, ensuring that these constraints are addressed first. After
accounting for these priorities, the sorting evaluation heuristic sort_eval is
applied in a lexicographic manner to determine the final order of items. This
step ensures that the order in which items are considered aligns with both
the problem constraints and the heuristic guidance.
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The algorithm then processes each item in the defined order (Step 9).
For each item, it invokes the PlacementHeuristic (Step 10), passing the
current item, sheet, and the placement evaluation criterion place_eval. This
subroutine attempts to identify a feasible placement for the item, returning
a rotation (rot) and a position (pos) if the placement is found. If a feasible
placement is identified (Step 11), the item is placed on the sheet with the
specified configuration (Step 12). Otherwise, the algorithm skips the cur-
rent item and moves to the next one (Step 14), ensuring that no infeasible
placements are taken into account.

Once all items have been considered for the current sheet, the algorithm
finalizes the sheet by adding it, along with the placed items, to the solution
(Step 17). The items list is then updated to remove the items that have been
successfully placed (Step 18), ensuring that only unplaced items are carried
forward to subsequent iterations. The process continues until all items have
been placed or no sheets remain. Upon completion, the algorithm returns
the final solution, which consists of a sequence of cutting layouts (Step 20).

6.3.2 Pilot method

We propose an alternative version of the greedy algorithm presented in Sub-
section 6.3.1, which results in a Pilot Method (Subsection 2.3.2). One of the
parameters of Algorithm 8 is the evaluation criterion by which the Place-
ment Heuristic positions each item in the sheets. This parameter can have a
great impact on the solutions, both in terms of quality as well as execution
times. In our case we designed the greedy algorithm with the aim of devel-
oping an extremely fast method to solve our problem, therefore we decided
to use evaluation criteria that are fast to compute, rather than accurate in
the evaluation. With the pilot method, on the other hand, we are willing to
allow longer execution times in favor of better quality of the solutions.

The criteria considered in Algorithm 8 are related to the compactness
of the current solution, in fact they measure the impact on the partial so-
lution induced by placing one item. This can draw to solutions which are
well packed in the firsts sheets, but poorly handled in the last ones, because
the locality of the evaluation criteria, combined with the greediness of the
algorithm, leads to account only for placed items, ignoring the ones that still
need to be accommodated. To prevent these kind of situations, one possibil-
ity is to introduce an evaluation criterion that has a look-ahead on the final
solution, that is to involve also future items to place in the evaluation. In
this direction, we make use of the pilot method approach. We measure the
placement of one item by the total material waste of the solution composed
by the current partial solution with the current item placed in the position
under evaluation, and then completed via the greedy algorithm (thus with
the compactness criteria, e.g. contact perimeter) applied to the remaining
items. This measure enables decisions that are locally worse in terms of
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compactness, but better with respect to the material waste of the final solu-
tion, which is the primary objective of our problem. In other words, we can
say that the pilot method soften the greediness of the greedy algorithm.

In the pilot method evaluation, we have the option of considering or
not the remaining optional items in the execution of the look-ahead greedy
algorithm. The inclusion of optional items may bring both advantages and
drawbacks. Excluding them allows the look-ahead to consider purely on
minimizing material waste from compulsory items, which is indeed the fo-
cus of the optimization. However, this can result in configurations where,
although waste is minimized for the compulsory items, their placement and
rotation may prevent the placement of optional items, since they are not
considered, which also impacts the objective function. Including optional
items in the evaluation prevents this issue, but it can also lead to mislead-
ing results, where solutions with fewer compulsory items but bigger optional
ones are favored, distorting the waste minimization goal. After conducting
computational experiments, we decided to account for optional items in the
evaluation, as this approach on average led to better outcomes by guiding
the search more effectively.

As regards all the other attributes specific to our problem, the pilot
method handles them in the same way as the greedy algorithm: optional
items and soft precedence relations are managed by the sorting procedure
of the items, orthogonal rotations and punching margins are considered in
the generation of extreme points, while hard precedence relations and the
safety margin constraint are guaranteed by the feasibility check.

6.4 Beam search heuristics

The beam search method, as presented in Subsection 2.3.3, is a constructive
tree search based algorithm that allows to explore multiple solutions simul-
taneously. There are several components that lead the search, and that can
be tailored to the specific problem. We now describe the tree search that
we designed to tackle the problem under study, namely the 2DC&PP-PT.

6.4.1 Beam search on one sheet

We apply the beam search method on a sheet-by-sheet basis, therefore let us
now focus on the generation of one cutting layout. To handle the presence of
optional items, we decided to first perform a tree search on the compulsory
items only, and then, starting from the generated cutting layout, to fill it
as much as possible with optional items by running another tree search on
the set of optional items. This mechanism embraces again the definition of
optional items, that are meant to fill the free space where compulsory items
cannot fit.
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Figure 6.5: Example of a tree search. The root Ny represents the initial
state where the sheet (in white) is empty and there are two items (in
gray) to place. Children nodes are generated selecting the combinations
(item, rotation, position). In the last level there are six feasible solutions
with different configurations.

The algorithm starts building the tree search from a dummy root node
representing the initial state (i.e., empty sheet and items to place, compul-
sory or optional). In the tree, every node represents a partial solution of
the current cutting layout, along with a placing option corresponding to
the combination of the item to place, its orthogonal rotation and position.
Therefore, given a node Nj;, all its children nodes will have the same partial
solution, corresponding to the set of placing options of the nodes in the path
from the root node down to N;, and will differ from each other by the next
placing option to be added in the partial solution. Notice that, at each level
of the tree, exactly one item is added to the cutting layout. The tree leaves
are reached when there are no more remaining items, or when the partial so-
lution cannot accommodate any of the remaining items in any rotation and
position combination (i.e., the remaining placing options are all infeasible).
A graphic visualization of the tree search is given in Figure 6.5.

Branching process

The expansion of each node in its children nodes is called branching. Given a
node N;, we consider all the pairs consisting of the remaining items to place
and their allowed rotations. To evaluate the possible placement positions
for each combination, we exploit the extreme points notion in the following
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way: given the partial solution, and a pair (item,rotation), we retrieve
the set of extreme points corresponding to the rotated item, and each one
of them will be considered as a potential placement position. The extreme
points are recovered by the same procedure used in the Placement Heuristic,
previously explained in Section 6.2. Thus, the node N; will have as many
children as the number of combinations (item, rotation, position) given by
the remaining items, their allowed rotations, and the corresponding extreme
points in the partial solution.

Feasibility check

After the branching phase, all the child nodes are subject to a feasibility
check. This verifies if the expansion given by the placing option of the node
respects the non-overlapping constraints, the containment within the sheet,
the distance with respect to the safety margin, and the hard precedence
relations, with the same rationale described for the Placement Heuristic
(Section 6.2). If a child node results to be infeasible, it is discarded from
the search tree.

Filtering

Once all the infeasible children have been deleted, the remaining feasible ones
are further selected through the filtering process. The filtering is regulated
by the filter width o parameter of the algorithm, that is the maximum num-
ber of children per node that will be considered after the filtering. This step
is performed to reduce the computational cost of the algorithm in terms of
execution times, while preserving the most promising nodes to explore based
on some criteria. In our beam search, we perform the filtering evaluation
by relying on compactness measures, namely the amount of contact perime-
ter of the placing option with respect to the partial solution, and ties are
broken by preferring the most top-left placement in the sheet. Moreover, to
account for soft precedence relations, children nodes are first ranked with
respect to their soft precedence level, and then, in a lexicographic manner,
by the compactness criteria. This leads the search to explore solutions that,
when it is feasible and convenient, respect the soft precedence relations. If
the number of children is smaller than the filter width, this step is skipped,
because all children would be considered anyway, so the computational cost
of the filtering evaluation is avoided.

Beam selection

The search tree is built by a breadth-first strategy, thus, at each level, ev-
ery node is expanded by following the steps we have just described (i.e.,
branching, feasibility check, and filtering). To focus the search on the most
promising regions of the solution space, when moving from one level to the
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next one, the beam selection is performed. This process involves all the fil-
tered nodes of the current tree level, independently from their parent node.
These nodes are ranked by the beam selection evaluation, and only the best
B will be branched in the next level, where 3 is the beam width parameter,
while the other ones are discarded. In beam selection, as in the filtering, if
the number of nodes involved is less than the beam width, the evaluation
is skipped and all the nodes are kept. The choice of the beam selection
evaluation has a great impact on the final solution, since it decides on which
nodes to expand, thus guiding the search to some areas of the solution space,
while excluding others. We decide to adopt the idea underneath of the pilot
method for this delicate step. Recall that, in the pilot method, we rank
the placement of one item according to the overall material waste of the
partial solution that has been completed via the greedy algorithm. In the
beam search, on the other hand, we are building one sheet at the time, so as
beam selection evaluation we consider the material waste of the cutting lay-
out that is currently being generated, completed with the greedy algorithm.
Limiting the completion of the solution has also a positive impact on the
required execution time for the beam selection evaluation, that, since it is
called many times throughout the algorithm, is important to be reasonably
short.

When there are no more nodes to branch, the best leaf is selected accord-
ing to the primary objective of the problem, that is the node representing
the cutting layout with the lower amount of material waste. Notice that
the leaf nodes do not necessarily correspond to the beam nodes at the final
level, although they do include them. Each level represents the placement
of a new item in the layout, therefore layouts at different levels contain a
different number of items. As a result, depending on the placed items, leaf
nodes can appear at earlier levels than the final one in the search.

Including optional items

When the tree search is completed on the set of compulsory items, the best
cutting layout is then filled with optional items, if any, by a similar tree
search.

Summary of the one-sheet procedure

The one-sheet procedure is summarized in Algorithm 9. This algorithm
focuses on constructing a cutting layout (best_-layout) for a single sheet
by applying a beam search strategy. It processes both compulsory items
(items) and optional items (optionals, if any), and its parameters include
the filter width () and beam width (). The layout (layout) provided to
the algorithm can either be empty (when starting with compulsory items)
or partially filled (when refining the layout by adding optional items).
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The algorithm begins by initializing two sets, lea f _nodes and beam_nodes,
both of which are initially empty (Steps 2-3). The leaf_nodes set will store
terminal nodes representing completed layouts, while the beam_nodes set
holds the nodes being actively explored at each level of the search tree. The
given layout is added as the initial node to beam_nodes (Step 4), forming
the root of the search tree.

The core of the algorithm is the while-loop (Step 5), which iterates as
long as beam_nodes is not empty. At the start of each iteration, an empty
set, level_nodes, is initialized to store the nodes generated at the current
level of the search tree (Step 6). The algorithm then iterates over each
node in beam_nodes (Step 7) and applies the branching process (Step 8) to
generate children_nodes. If a node generates no children, it is considered
terminal and is added to leaf_nodes (Steps 9-12). To manage the search’s
complexity, the algorithm filters children_nodes to retain only the o best
nodes based on a filtering evaluation (Step 13). The filtered nodes are then
added to level_nodes (Step 14). If level_nodes becomes empty (Steps 16—
18), the algorithm terminates the current beam search iteration early. After
completing the evaluation of all nodes in beam_nodes, the algorithm selects
the B best nodes from level_nodes using a beam selection evaluation (Step
19). The selected nodes replace the current beam_nodes (Step 20), forming
the basis for the next level of the search tree.

When the while-loop concludes, the algorithm identifies the best node
in leaf_nodes and extracts the corresponding cutting layout as best_layout
(Steps 22-23). If optional items remain to be placed, the algorithm is re-
peated (Step 25) with these items, the partially filled best_layout, and the
same parameters o and S. If no optional items remain, the algorithm returns
the best_layout as the final solution (Step 27).

Notice that the constraints specific to the 2DC&PP-PT under study are
considered by the algorithm. In particular, the presence of optional items is
handled through the two consecutive tree searches, while the allowed orthog-
onal rotations are accounted in the branching, where also the the punching
margins of each item are considered indirectly thanks to the generation of
extreme points. Moreover, the feasibility check ensures that hard precedence
relations (for compulsory items only) and the safety margin constraint are
satisfied. Finally, soft precedence relations are addressed directly in the fil-
tering evaluation, and indirectly in the beam selection evaluation, where the
sorting of the items is primary based on soft precedence levels.

6.4.2 Beam search for 2DC&PP-PT

The Beam Search (BS) method that we propose to solve the 2DC&PP-
PT implements the tree search presented in Subsection 6.4.1 to build each
cutting layout in the solution, one at a time. We embed Algorithm 9 in a
greedy scheme, resulting in Algorithm 10.
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Algorithm 9 Beam Search for one sheet

1: procedure BEAMSEARCHONSHEET (items, optionals, layout, «, [3)
2 let leaf_nodes be the empty set of leaf nodes;

3 let beam_nodes be the empty set of beam nodes;

4: add the node representing the layout to beam_nodes;

5: while |beam_nodes| > 0 do

6 let level_nodes be the empty set of the current level nodes;

7 for each node in beam_nodes do

8 generate children_nodes of node (branching);

9 if |children_nodes| = 0 then

10: add node to leaf_nodes;

11: continue;

12: end if

13: filter a best children_nodes using filtering evaluation;
14: add children_nodes to level_nodes;

15: end for

16: if |level_nodes| = 0 then

17: break;

18: end if

19: select B best level_nodes using beam selection evaluation;
20: replace beam_nodes with selected level_nodes;

21: end while

22: let best_node be the best node among leaf_nodes;

23: let best_layout be the cutting layout corresponding to best_node;
24: if |optionals| > 0 then

25: return BeamSearchOnSheet(optionals, 0, best_layout, o, 3).
26: else
27: return best_layout.

28: end if
29: end procedure

Given the items to place, both compulsory (items) and optional (optionals),
and the BS parameters, namely the filter () and the beam (8) widths, the
algorithm begins by initializing an empty set, solution, which will store the
sequence of cutting layouts forming the final solution (Step 2). It operates
within a while-loop (Step 3) that iterates until all compulsory items have
been placed. This stopping condition prevents having cutting layouts con-
sisting only of optional items, which is not allowed by the definition of the
problem.

At each iteration, the algorithm first checks whether any material sheets
remain available (Steps 4-6). If all sheets have been used, the procedure
terminates and returns the partial solution constructed so far. Otherwise, a
new empty sheet is selected (Step 7), and the BeamSearchOnSheet subrou-
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tine is invoked (Step 8), which generates a feasible cutting layout (layout)
for the current set of items, starting from the selected empty sheet. The
layout is then added to the solution (Step 9), and the items and optionals
sets are updated by removing the items successfully placed on the current
layout (Step 10). Upon completion of the while-loop, the algorithm returns
the solution (Step 12), which represents the complete sequence of cutting
layouts.

Algorithm 10 Beam Search

1: procedure BS(items, optionals, a, [3)

2 let solution be an empty set of cutting layouts;

3 while |items| > 0 do

4 if no available sheets remain then

5: return solution, partial solution found (out of sheets).
6 end if

7 select a new empty sheet;

8 let layout < BeamSearchOnSheet(items, optionals, sheet, o, 3);
9 add layout to solution;

10: update ttems and optionals deleting the placed ones;

11: end while

12: return solution, final solution completed.

13: end procedure

6.4.3 Beam search with double search effort

Since the problem under study arises from an industrial application, the
related instances to be solved can have variable size (e.g., number of items,
number of cutting layouts to produce, etc), as well as different execution time
limitations. To account for these aspects, we propose to embed the beam
search algorithm presented in Subsection 6.4.2 into an iterative procedure
that stops subject to a time limit condition, and that varies the beam width
throughout iterations. The procedure is sketched in Algorithm 11.

The algorithm begins by initializing a timer (stop_watch) to zero (Step
2). The initial solution is computed using the Greedy Algorithm (Step 5),
which quickly provides a feasible solution that may be further improved.
The set of all items, consisting of both compulsory (items) and optional
(optionals) items, is combined into all_items (Step 4). This initial solution
serves as a baseline, ensuring that the algorithm returns a result even for
large instances or short time limits.

The next step initializes the beam width 8 to 1 (Step 6). The outer loop
runs until the time limit 7 is reached (Step 7). In each iteration, the BS
procedure (Algorithm 10) is invoked with the current value of 5 to generate
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a solution (Step 8). If the solution obtained improves over the current best
solution (best_solution), it is stored as the new best solution (Steps 9-11).

The core feature of this algorithm is the dynamic adjustment of the
beam width, obtained by following the idea proposed by Araya and Riff in
[3]. After each iteration, 3 is updated by multiplying it by v/2, and then
rounding it up to the nearest integer (Step 12). Increasing the beam width
at each iteration by a /2 factor is called double search effort mechanism,
and that is because the search tree will, in principle, simultaneously consider
double the number of solutions with respect to the previous iteration. In
this way, we do not have to set the parameter 5, which may be a hard task,
in principle, but we just need to set a time limit (7), which is more directly
related to the need of the user in our context. We refer to this variant as
the Beam Search with Double Search Effort (BS-DSE).

The algorithm terminates when the elapsed time reaches the specified
limit 7, thus the best solution found during the search is returned (Step 14).

Algorithm 11 Beam Search With Double Search Effort

1: procedure BS-DSE(items, optionals, «, T, sort_eval, place_eval)

2 start timer: let stop_watch be 0;

3 let best_solution be the current best solution;

4 let all_items be the union of items and optionals;

5: best_solution <+ GreedyAlgorithm(all_items, sort_eval, place_eval);
6 initialize beam width S <+ 1;

7 while stop_watch < 7 do

8 let solution < BS(items, optionals, «, (3);

9 if solution improves over best_solution then

10: update best_solution to solution;
11: end if

12: increase beam width 3 « [v/28];

13: end while

14: return best_solution.

15: end procedure




Chapter 7

Towards irregular shapes

In this chapter, we analyze a different variant of two-dimensional packing
problems. Referring to the typology introduced by Wischer et al. [88],
that has been discussed in Section 4.1, this problem belongs to the basic
type of Open Dimension Problem (ODP). In most of the cases treated in
literature, ODP considers a single large object that has one or more variable
dimensions, and a set of small items that must be placed in it. The general
goal of the optimization is to place all the small items in the large object by
minimizing a measure of its variable dimension(s), e.g., the required area,
while respecting the classical geometric constraints of non-overlapping of
the items and non-exceeding the large object boundaries. We focus on the
two-dimensional problem where the large object is indeed unique and it is
called a strip, since it has a rectangular shape characterized by a fixed height
and an infinite width. The small items to be placed in the strip are general
simple polygons, thus irregularly shaped objects without holes, that have
an assigned finite set of allowed rotations. The objective of the problem is
to place all the items in the strip by minimizing its width, such that the
overall material waste is minimized accordingly. This variant of the ODP
is commonly referred to as the Irregular Strip Packing Problem (ISPP) or
as the Nesting Problem (respectively as in, e.g., [44, 69]). A straightforward
and common field of application of the ISPP is the textile industry (see
Figure 7.1), where irregular garment’s pieces must be cut out of fabric rolls.
Nevertheless, other real-world scenarios involving ISPP can be found, such
as, for instance, in the sheet metal industry, as will be discussed in the
following.

We investigate the ISPP in this chapter of the thesis for two intertwined
reasons, which are of practical and theoretical interest, respectively. We
recall that the reference company of this work operates in the sheet metal
industry, and, among other services, produces cutting machines for the sheet
metal. As presented in Section 3.2, the company produces essentially two
types of cutting machines, that differ from each other by the adopted cutting
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Figure 7.1: Example of irregular C&PP in the textile industry [30].

technology, which induces two different problems related to the generation
of cutting layouts. On the one hand, punching machines refer to the problem
defined in Section 3.3 as a 2DRBPP with practical constraints specific to the
punching technology (i.e., 2DC&PP-PT), where the parts can be represented
by their axis-aligned bounding box due to the unloading process of the parts
through the integrated shear. On the other hand, laser cutting machines are
not equipped with the unloading shear, thus the approximation of the parts
with the corresponding rectangles is no longer valid. As a result, generat-
ing cutting layouts for laser cutting machines requires handling irregularly
shaped parts, which are typically polygons and may include holes. In line
with the terminology used in the literature, in this chapter, the term item
will refer to the simple polygon representing each part, defined by its outer
contour. The cutting machines used by the reference company are designed
to load material sheets. However, some clients prefer to buy metal in coils
and cut them into sheets using third-party machines, as purchasing coils is
often cheaper than buying pre-cut sheets. For this reason, the company has
a strategic interest in exploring the strip packing problem. By offering this
service, they can help clients to nest pieces and to cut metal coils according
to their needs, without being limited by the standard dimensions of pre-cut
sheets.

The decision to focus on the strip packing problem, rather than the bin
packing one, is also motivated by the following theoretical question. The
solution method that we propose as an alternative to the procedure currently
adopted by the company, competitive both in terms of running times and
solution quality, is the BS-DSE algorithm described in Subsection 6.4.3.
At its core, this method relies on a beam search strategy, which in the
literature has been successfully applied to tackle the ISPP by Bennell et al.
[13]. Therefore, our research intends to investigate whether the beam search
algorithm that we propose can be extended to the irregular strip packing
variant. Moreover, we investigate a new way of integrating, into a heuristic
approach for ISPP, the recent geometric framework, jagua-rs [35], to deal
with collision detection and other geometry-related tasks.

In this chapter, we provide an overview of the literature on the ISPP



7. Towards irregular shapes 81

(Section 7.1) and discuss the geometry tools commonly used to address the
irregularity of items (Section 7.2). We then introduce our constructive and
beam search-based solution approaches for solving the ISPP (Section 7.3),
with particular attention to a strategy we developed for handling overlapping
items in our specific context (Section 7.4), a task induced by the use of the
new geometric framework jagua-rs.

7.1 State of the Art on the Irregular Strip
Packing Problem (ISPP)

In the Operations Research literature, the ISPP is a variant of the C&PP
that has been extensively studied due to its versatility in several appli-
cation fields. Both model-based exact methods and heuristics have been
proposed by researchers to tackle this problem, as well as, in recent years,
hybridizations of the two (i.e., matheuristics). All the solution approaches
deal with the geometric challenge that comes with the irregularity of the
items, in particular, the check for non-overlapping constraints involves chal-
lenging theoretical elements and generally requires a great computational
effort, which strongly affects the devised methods. The tools to handle the
geometric aspect of the problem will be discussed in the next section.

Several mathematical formulations of the problem have been proposed
over the years. A thorough review on mathematical models is given by
Leao et al. [55], where it can be seen how different modeling approaches
have been studied. Discretization-based formulations are introduced, e.g.,
in [86, 79], where the strip is discretized in a dotted-board, thus representing
an approximation of the real problem, since the position of the items is
chosen over a finite set of discrete points. On the other hand, e.g., in [18],
exact methods are proposed based on MILP formulations of the problem,
where the placement variables of the items are continuous. A combination
of these two approaches is proposed in [54], where the y-axis is discretized,
while the x-axis is not, therefore allowing continuous translations in such
direction. Although mathematical formulations are now considered also in
heuristic algorithms, yielding matheuristic approaches (e.g., [47]), model-
based methods are usually suitable for small to medium sized instances,
thus not always applicable to real-world scenarios.

In this direction, heuristic approaches are the most commonly used in
application contexts, and a detailed overview on the ones related to the
ISPP can be found in [12]. Heuristic methods, as discussed in Section 2.3,
can be grouped into two classes based on how the search for the solution is
performed. One class gathers the improvement heuristics, which start from
a complete solution and iteratively try to improve it. The way in which
the solution is perturbed from one iteration to the next can follow different
strategies. In some approaches, overlap between the items and exceeding the
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strip boundaries are allowed to let the algorithm better search the solution
space and to escape local minima. In these cases, generally, a post process
in performed on the infeasible solution to redeem its feasibility. The other
class involves constructive heuristics, where items are sorted in a sequence
and placed one at a time through a placement procedure. The sequence can
be either static, where the order is fixed at the beginning of the algorithm,
or dynamic, where the remaining sequence can be modified accordingly to
the current partial solution. The placement procedure typically selects in
a greedy way the best position of the item according to some criteria (e.g.,
bottom-left placement).

Among heuristics, we can find the beam search method (Subsection
2.3.3). In the cutting and packing literature, this method has been ap-
plied to the ISPP, to the best of our knowledge, only by Bennell et al. [13].
In this work, the authors build the beam search tree by associating nodes to
partial solutions and by branching on the remaining items. They filter the
child nodes with local evaluation (related to the current partial solution),
and they select the beam nodes through a global evaluation (that accounts
for the remaining items). To face the geometrical aspects, the placement
heuristic adopted in [13] is a revised version of the TOPOS algorithm [69].

In the work by Elkeran [30], a different heuristic method for ISPP is
proposed, based on cuckoo search combined with guided local search algo-
rithms, and integrated by pairwise clustering techniques for irregular items
that aim at finding compact configurations for any given pair of items. The
results presented in [30] represents, to the best of our knowledge, the state-
of-the-art on a wide range of classical benchmarks for ISPP.

Regarding improvement heuristics, we report, among others, the recent
work by Gardeyn et al. [37], which implements a ruin-and-recreate itera-
tive strategy that destroys and rebuilds the solution at each iteration. The
solution improvement is guided by a local search that dynamically ranks
items, where these rankings are used to select the items to remove and re-
place within the ruin-and-recreate mechanism. This heuristic fully relies
on jagua-rs [35], proposed by the same authors, for representing irregular
items and handling geometry-related tasks.

7.2 Geometry tools

As anticipated in Section 7.1, in irregular C&PP, the presence of simple
polygons asks for the development of geometric tools to represent the prob-
lem and, in particular, to perform the overlapping check. A comprehensive
review on the notions that have been devised to handle this common chal-
lenge is given by Bennell and Oliveira in [11]. When dealing with real-world
applications, the needs and limitations that come with the problem can be
several (e.g., limited time or resources to find a solution, or the need for



7. Towards irregular shapes 83

Figure 7.2: Example of a raster representation of a simple polygon.

high quality solutions), and the geometric tool should be selected accord-
ingly. The representation of the items affects the corresponding technique to
check for their overlapping, which is the ultimate aim of the representation
and the great common challenge when dealing with irregular problems. We
briefly report the geometric tools typically adopted for the ISPP, namely
the raster method, the no-fit polygon, and the direct geometry (a detailed
discussion can be found in [11]). We also introduce a recently proposed ge-
ometric framework, jagua-rs [35], able to address the geometric aspects of
irregular C&PP, with a specific focus on collision detection.

Raster method

The raster method is based on the discretization of the items and the strip
through a grid of pixels (see Figure 7.2), where each pixel has an associated
value that expresses if the related area is free, occupied by an item, or
occupied by more than one item, thus identifying overlap (see, e.g., [83, 75]).
This method is robust and simple to implement, but it heavily depends on
the resolution of the grid. On the one hand, small resolution grids are fast
to be computed, but they lead to lack of precision in the representation,
thus generally leaving unnecessary free space among items. On the other
hand, with higher resolutions the grid is more accurate, but the required
computational effort badly affects the efficiency of the method.

No-fit polygon

The no-fit polygon (NFP) concept was introduced by Art [5] and it represents
the area on the strip where positioning an item would result in overlapping
other items or exceeding the strip boundaries. Notice that the NFP depends
on the item to place, therefore for each item, a NFP must be computed.
In this representation, each item is identified with a reference point, and
checking if placing it causes overlapping is done by verifying if its reference
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NFP;

AN ;
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Figure 7.3: Example of two items ¢ and j (a), the generation of the no-fit
polygon of i with respect to j (b), resulting in NFFP;; (c).

point lies inside the respective NFP. An example of NFP is provided in
Figure 7.3. Moreover, the NFP provides information on positions where
the item touches the already placed items, which is a valuable indication
when looking for compact solutions. Although the NFP approach is the
most used to handle the geometry of irregular C&PP due to its strengths,
it requires a medium-high computational effort, and in some situations can
lack of robustness.

Direct geometry

Methods based on direct geometry (i.e., trigonometry) offer precision, flex-
ibility, and robustness, and several strategies have been developed in this
direction (e.g., D-function [52], circle-based representations [78], as the one
shown in Figure 7.4). Nevertheless, these approaches are hard to be effi-
ciently implemented and are associated with high computational costs in
terms of execution times, which would make them not suitable for practical
use.

Figure 7.4: Example of a circle-based internal representation of a simple
polygon.
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Figure 7.5: jagua-rs framework logo [35].

The jagua-rs framework

A new geometric tool to address the overlap of irregular items has been re-
cently proposed [36]. It is an open-source framework, called jagua-rs (see
Figure 7.5), designed to detect collisions (i.e., overlap, intersections) between
general simple polygons, and it is publicly available at [35]. The framework is
based on trigonometry notions to ensure precision and robustness, while the
authors focused on the design and the implementation of the tool to guar-
antee computational efficiency. Entirely written in Rust [80], an emerging
high-performance compiled programming language, jagua-rs implements a
fast-fail strategy in two consecutive steps: a broad phase that detects severe
collisions through rough and inexpensive checks, followed, when no collision
is detected, by a more expensive narrow phase which validates the overlap
with precision. Thanks to its structure, this geometric tool proves itself
to be extremely fast and reliable. The framework can be queried by any
algorithm using it to check if, given a partial solution, placing one further
item in a given position would cause a collision. Moreover, thanks to the
inner structures implemented in jagua-rs, other valuable information can
be retrieved concerning the collision (e.g., where and how it occurs). On the
other hand, designing the way in which exploiting the framework to look
for valid placements is not trivial. In fact, the framework does not provide
direct information on where can be convenient to test the placement, unlike,
for example, the indications provided by the boundary of the NFP.

The features of the framework, including both its advantages and draw-
backs, make designing heuristics based on jagua-rs challenging, e.g., straight-
forward extensions of previous approaches in literature are not viable, due
to the lack of some functionalities (although replaced by new query oppor-
tunities). To the best of our knowledge, only one such method has been
proposed so far by the same framework’s authors [37].
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7.3 Heuristics for ISPP based on the jagua-rs
geometric framework

In this section, we propose an extension of the constructive and beam search
heuristic methods presented in Section 6.3 and 6.4 to solve the ISPP. To han-
dle the geometric aspect of the problem, we adopt the jagua-rs framework,
that has been previously presented. In the following, we discuss one possible
way to exploit the recently proposed framework, instead of the more classic
geometric tools (e.g., NFP).

7.3.1 A jagua-rs-based placement heuristic

In analogy with the rectangular case, the heuristics that we aim to extend
to irregular shapes present the sub-problem of placing one item into a given
partial layout. The algorithm that we propose to solve this sub-problem will
be referred to as the Placement Heuristic for ISPP (IPH).

Given a partial solution and an irregular item to be added with a fixed
orientation, we want to find the best feasible position according to the mini-
mization of a cost function. As mentioned in the previous section, jagua-rs
does not provide straightforward indications on feasible or promising place-
ment areas within the partial solution, instead, given a candidate position,
the framework can be efficiently queried to check if the placement is feasible
(i.e., no collision is detected). Therefore we need to adopt a procedure to
select promising candidate positions, and, to this end, we start by following
the idea proposed by the authors of the framework [37]. In a pre-processing
phase, a pairwise clustering table is generated, where, for each pair of items,
the best mutual positions are stored, according to compactness criteria (re-
fer to [30] for further details on the clustering process). Thus, the positions
provided by the clustering table of the item to place with respect to the
items in the partial solution, are promising candidate positions to test for
feasibility. Moreover, reference [37] suggests to uniformly sample in the two
coordinates a reasonably high number of positions in the strip, to search
also areas that are not necessarily close to any item already in the partial
solution. Then, the best feasible position sampled at uniform is translated
towards the boundary of the partial solution through a coordinate descent
walk [62]. The descent is meant to refine the position, aiming at making the
item touch the partial solution for the sake of compactness. We remark that,
as we will discuss in Section 7.4, the search of a refined position may even
star from an infeasible sampled position, using a more sophisticated descent
that further exploits the functionality of jagua-rs to reduce and possibly
escape temporary item overlaps. The refined position is finally compared to
the best feasible one provided by the clustering table (if any), and the best
one among the two is fixed for the new item in the partial solution. The
feasibility of the tested positions is checked by jagua-rs, and the quality of
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the placements, as well as the comparison between one another, is measured
by the minimization of a cost function. As cost function we propose the
sum of the following local compactness criteria: width of the partial solu-
tion, normalized with the width of the current item’s bounding box; area of
the partial solution’s bounding box, normalized with the area of the current
item’s bounding box; minus the overlapping area between the current item’s
bounding box and the bounding box of the other placed items, normalized
with the area of the current item’s bounding box. The bounding box in these
criteria is always considered to be axis-aligned with the coordinate system
induced by the strip’s edges. Ties are broken by the weighted combination
of the maximum x-coordinate and y-coordinate of the current item’s bound-
ing box. The compactness criteria that are summed in the cost function are
taken from [13]. Due to the locality of these measures, we will refer to this
cost function as the local evaluation, which is intended to be minimized.

7.3.2 A greedy algorithm for ISPP

The IPH can be exploited in a straightforward way within a greedy proce-
dure. Similarly to Algorithm 8, items to place can be sorted according to
some criterion and placed one at a time. Sorting heuristics are, again, gener-
ally related to characteristics of the items themselves or of their convex hull
or rectangle enclosure [69]. When placing one item, all its allowed rotations
are evaluated, the corresponding placement positions are computed with the
IPH, and the best rotation-position combination is chosen based on place-
ment evaluation criterion. Recall that, in the ISPP, the strip does not have
fixed size, therefore the placement evaluation commonly refers to the im-
pact of the current item to the partial configuration of the items, measured
by evaluating how the configuration changes or measuring the compactness
of the new placement [69]. The algorithm stops when all items have been
placed. We refer to this procedure as the Greedy Algorithm for ISPP (IGA).

7.3.3 A beam search for ISPP

In this subsection, we extend the beam search algorithm presented in Sub-
section 6.4.1 to solve the ISPP. We recall that the search is limited by the
two classical parameters that are the filter width and the beam width, which
are related to the filtering and beam selection processes, respectively (see
Subsection 2.3.3). The proposed method is structured as Algorithm 9, where
the placement heuristic, the branching operation and the evaluation criteria
related to the filtering and the beam selection have to be adapted to the
tackle the ISPP.

To place items with fixed rotation in a partial solution, we refer to the
placement heuristic IPH presented in Subsection 7.3.1. As regards branching
process, given a partial solution represented by a node, and the remaining
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items to place, we generate one child node for every combination defined by
one remaining item and one of its allowed rotation. Therefore, the branching
option (item,rotation) expresses the willingness to place the item with a fixed
orientation into the partial solution of the parent node. The placement
position of the branching option is computed through the IPH, and, if no
feasible position is found, the node is discarded.

We propose two versions of the algorithm, that differ from each other by
the pruning evaluation criteria that are used in the filtering and in the beam
selection processes. The first version is a faster version that includes inex-
pensive evaluation criteria, while the second one implements the intuition of
having a look-ahead on the final material waste when building the solution,
resulting in a more accurate version. We now define the two versions of the
algorithm by specifying the corresponding evaluation criteria.

Basic beam search for ISPP

The Beam Search for ISPP (IBS), filters the tree nodes by item area, where
the items with a bigger area are preferred. The rationale is that placing
bigger items first, which are harder to fit in partial solutions, leaves free
spaces that could be filled by smaller items. The beam selection is performed
by minimizing the same fast local evaluation criterion used by the IPH,
among the ones presented in Subsection 7.3.1. We recall that this criterion
accounts not only for the item under evaluation, but also for its overall
compactness that can be achieved with the partial solution.

Beam search with global evaluation for ISPP

In the Beam Search with Global Evaluation for ISPP (IBSGE), the filtering
is performed based on the local evaluation (smaller values first), namely the
cost of placing the branching option in the partial solution of the parent
node via the IPH. In other words, the filtering criterion here is the criterion
that the basic IBS adopts for beam selection. As beam selection evaluation,
similarly to Algorithm 9, we compute the waste percentage of the solution
given by the partial solution of the node (including the branching option),
that has been completed via the IGA (Subsection 7.3.2) that sorts the items
by descending area, and places them through the IPH. We call this kind of
metric global evaluation, since it considers a simulated complete solution.
The IBSGE is similar to the algorithm proposed by Bennell et al. [13] in
the evaluation criteria, since both algorithms adopt local measures for the
filtering process, and global ones for the beam selection.

7.3.4 A beam search with double search effort for ISPP

Both versions of the beam search algorithm for ISPP have been implemented
as presented above, and, similarly to Algorithm 11, the corresponding vari-
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ants based on double search effort mechanism, and therefore subject to time
limit, have also been developed and tested. We recall that the adaptation
of the algorithms to flexible time limits arise from the industrial application
context, since the limitations in execution times can sensibly vary with the
needs of different clients. We refer to the procedure integrating the IBS
(resp., the IBSGE) in an iterative scheme implementing the double search
effort mechanism as the Beam Search (resp, with Global Evaluation) for
ISPP with Double Search Effort (IBS-DSE, and, reps., IBSGE-DSE).

7.4 Redeeming overlapping items

During the preliminary computational tests on the proposed algorithms,
and, in particular, on the placement heuristic IPH, we have drawn the fol-
lowing observations on using the jagua-rs framework as a substitute of
classical geometric tools.

The framework has a complex structure, composed of different compo-
nents that contribute all together to the collision detection, but that can also
be further exploited to retrieve valuable information on the packing status
of a partial solution. Despite the elaborated nature of the framework, the
open-source code is polished and well documented, making it accessible to
new users and allowing them to directly integrate it into their algorithms,
as well as to refine it with additional improvements, tailored for their use.

The element of jagua-rs dedicated to testing overlap is called Collision
Detection Engine (CDE), and it can be modulated through a set of parame-
ters based on the solution requirements [36]. The CDE, in our computational
tests, has proven itself to be precise and reliable. Moreover, querying the
CDE is extremely fast, allowing for a high number of collision checks for
each placement.

We observe that the integration of the CDE into an optimization al-
gorithm should depend on the nature of the algorithm. This comment is
motivated by the fact that the type of the algorithm used on top of the
framework highly affects the characteristics of the partial solutions on which
the CDE is queried. As presented in Subsection 7.3.1, to place an item by
using jagua-rs, our IPH directly adopts the procedure suggested by the au-
thors of the framework in [37] (i.e., choose the best position among pairwise
clustering samples, and uniform samples refined via coordinate descent).
However, in [37], the procedure supports an improvement heuristic that has
a ruin-and-recreate strategy at its core, where, during the search, partial
solutions are likely to be almost filled, leaving small and well-defined areas
for placing a new item. On the contrary, in a constructive heuristic (e.g.,
IBS or IBSGE), the partial solutions are almost empty at the beginning,
thus presenting vast placement areas. Therefore, given the same number
of uniform samplings for placing one item, in the first kind of heuristic the
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chances of getting a good placement position are higher than in the sec-
ond one. Moreover, with the ruin-and-recreate heuristic, each item has the
possibility to be removed and placed again multiple times, proportionally
increasing the number of samples that are tested for each item, and, con-
sequently, the success rate of the sampling. Notice that this possibility of
rehashing the placement of one item, in a one-pass constructive heuristic, as
well as in IBS or IBSGE, is not given.

Based on these observations, to better interact with the CDE in our
constructive heuristic, we propose to accept infeasible positions during the
sampling process, and exploit the overlapping information provided by the
inner components of the jagua-rs framework to guide a descent method
that moves the sampled point towards the profile of the partial solution
up to a feasible position. In addition, once a feasible position is found, a
local search could be performed along the directions given by the edges of
the placed items that are touching the current item, to slide it along the
profile of the partial solution looking for a better placement position. These
observations are inspired by the concept of the no-fit polygon and aim at
reproducing the indications given by its border.

We have investigated the first idea by devising a procedure to redeem
infeasible samples to feasible ones. To this end, we introduce an overlap
metric based on an internal approximation of the polygons provided by
jagua-rs. In the framework, each polygon is approximated by a set of fully
contained non-overlapping circles (called poles) that cover a configurable
high ratio of the area, and by a set of fully contained lines that capture the
long and narrow sections of the polygon.

The overlap metric measures the extent of interaction of the current item
with the placed items or the strip boundary of the partial solution, which
we will consider as obstacles in the following. This metric evaluates the
degree of overlap between the item and surrounding obstacles relying on the
circle-based approximation, considering both potential collisions (maximum
overlap) and non-overlapping distances (minimum separation).

For each pole representing the item, the distances to the poles of all
obstacles are calculated. If the distance between the centers of two poles is
smaller than the sum of their radii, then the poles overlap. In cases where
one pole is fully contained within another, the overlap is defined as twice
the radius of the smaller pole. Otherwise, the overlap is determined by the
difference between the sum of the radii and the distance between the centers.
This process is repeated for all pairs of poles, tracking the maximum overlap
encountered. In situations where the poles do not overlap, the calculation
captures the separation as a negative value. This negative overlap is defined
as the distance between the poles, minus the sum of their radii, representing
the non-overlapping distance. The smallest negative overlap is recorded to
reflect the closest possible separation. The final overlap metric is derived by
considering both the positive and negative overlap results. If any positive
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(a) (b) ()

Figure 7.6: Example of the redeeming-infeasibility process - starting from
overlapping position (a), a feasible position is retrieved (b), and further
refined (c).

overlap exists, the metric reflects the maximum overlap. If no overlap is
detected, the metric is based on the smallest negative overlap, indicating the
closest separation between the item and the obstacles. This metric provides
a concise measure of interaction, where positive values indicate overlap and
negative values represent separation.

The procedure to redeem infeasible samples aims to adjust the item’s
position so that it does not overlap with any obstacles, while keeping the
separation between them as minimal as possible. Ideally, the metric should
be negative but as close to zero as possible, reflecting a position where the
item is just avoiding overlapping with the obstacles.

To achieve this, a coordinate descent algorithm is employed, based on
the general algorithm detailed in [62]. The algorithm we propose iteratively
adjusts the item’s position by moving it along axis-aligned directions and
diagonals. Each adjustment aims to reduce the overlap metric, guiding the
item towards a feasible position. The algorithm is parametrized by a step
size, which controls the magnitude of the position adjustments.

The step is dynamically adjusted based on the performance of the algo-
rithm. On the one hand, when the overlap metric improves, the step size
is doubled, allowing for more significant adjustments in the item’s position.
On the other hand, if the overlap metric worsens, the step size decreases, en-
abling finer adjustments. The algorithm tracks consecutive worsening steps,
and when the step size becomes too small after many consecutive failures to
improve, the process terminates, since further improvement is unlikely.

This iterative process tries to redeem an initially infeasible position (Fig-
ure 7.6a), leveraging the overlap metric as a guide to refine the item’s posi-
tion until one close to the partial solution boundary is found (Figure 7.6b).
Moreover, once infeasibility is redeemed, a further refinement can be per-
formed, based on the compactness criteria (Figure 7.6c). Nevertheless, at
the end of the procedure, the position may still be infeasible, in this case
the sample is discarded.
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Chapter 8

Computational results

This chapter presents the results of an extensive computational campaign,
conducted on real-world and realistic instances, to assess the solving proce-
dures proposed in this work. A critical component of this study involved
devising realistic benchmarks that accurately reflect the diversity of produc-
tion among the reference company’s clients. This proved to be a challenging
task due to the wide range of production fields in which these clients operate,
each with its own unique requirements and limitations.

The primary goal of the computational tests was to generate optimality
bounds and evaluate the efficiency of the algorithms proposed to tackle the
2DC&PP-PT in comparison to the company’s current outsourced software
solutions. In addition, preliminary results are provided for the irregular
problem (ISPP), which was tested using benchmarks from the literature.
The tests also helped in fine-tuning the parameters of the algorithms, leading
to insightful observations and further refinement of the approach.

Moreover, at the beginning of the chapter, we introduce the tools em-
ployed throughout the implementation and the computational testing pro-
cesses.

8.1 Implementation tools

In this section, we present the technologies adopted for the implementation
of the algorithms devised for the problems addressed in this thesis (i.e.,
2DC&PP-PT and ISPP), along with the tools used for the following com-
putational analysis.

Version Control System

Version control systems (VCS) are essential tools in modern software devel-
opment, enabling multiple developers to collaborate efficiently on codebases.
These systems track and manage changes to source code over time, allowing
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git

Figure 8.1: Version Control System - Git.

developers to work on different parts of a project simultaneously without
conflict. Git [39] (see Figure 8.1) is one of the most widely used VCS, it
is a free and open-source software, representing the foundation of many de-
velopment workflows. It can be accessed through a command line interface,
although an increasing number of tools offer a graphical interface for man-
aging Git repositories (e.g., Sourcetree [6]). By maintaining a history of
revisions, VCS facilitate easy rollback to previous versions, improving code
stability and reducing the risk of errors. Additionally, they provide a struc-
tured way to merge contributions from various developers, ensuring that the
most up-to-date and stable version of the code is always accessible.

Programming languages

The proposed algorithms for tackling the 2DC&PP-PT were first imple-
mented in Python [74] (see Figure 8.2) for prototyping. Python is a high-
level programming language known for its simplicity and readability, which
makes it an ideal choice for prototyping and experimentation. The decision
to use Python in the beginning, was driven by the need for a fast and flexible
language that allowed us to explore various solution methods, algorithmic
variants, and parameter configurations with ease.

Python’s extensive ecosystem of libraries played an important role in this
process. Libraries such as json [50] and re [76] were used for parsing input
and output data, while matplotlib [64] provided graphical representations
of the solutions. Additionally, pandas [71] was used to analyze the com-
putational results efficiently. Despite Python’s strengths, one of its main
drawbacks is efficiency, particularly in terms of execution speed.

To address efficiency issues, we ported the most promising procedure
to C++ [48] (see Figure 8.2), which is a lower-level programming language
that offers significant performance advantages. The shift to C++ not only
optimized the code but also enabled the smoothly integration of the pro-
cedure into the company’s software codebase, making the implementation
competitive with their existing solutions. Moreover, C++ facilitated the ex-
ploitation of parallel computing, resulting in a significant further speed-up
in execution times.

The implementation of the algorithms for ISPP was done in Rust [80]
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Figure 8.2: Programming languages - Python, C++, Rust.

(see Figure 8.2), a modern systems programming language. Rust is known
for its strong emphasis on safety and performance, making it an excellent
choice for computationally intensive tasks. Rust was selected to naturally
integrate with the jagua-rs library [35], which is also written in Rust. By
leveraging Rust’s safety features and memory management, we ensured a
robust and efficient implementation capable of handling the complexities of
the problem.

CPLEX

IBM ILOG CPLEX Optimization Studio [46], commonly referred to as
CPLEX (see Figure 8.3), is a commercial optimization software package cur-
rently owned and developed by IBM. It provides a set of high-performance
solvers for optimization problems, along with specialized tools: the CPLEX
Optimizer for mathematical programming (supporting linear, integer, and
mixed-integer programming problems), the CP Optimizer dedicated to con-
straint programming, the Optimization Programming Language (OPL) as
a modeling language for mathematical optimization models, and an inte-
grated IDE. Additionally, the CPLEX Optimizer can be accessed through
various modeling systems (e.g., AMPL) and supports modeling interfaces
for C++, C+#, Java, and Python. To facilitate interaction with CPLEX
through Python, IBM offers both a Python application programming in-
terface (API) and an integration library called IBM Decision Optimization
CPLEX Modeling for Python [45], commonly known as DOcplex.

In this work, we utilized CPLEX to solve the models in the model-based
procedures, leveraging its powerful optimization capabilities. To interact
with CPLEX in Python, we employed the DOcplex library, which provided
an effective interface for implementing and solving the optimization models.

Integrated Development Environments

The development of both Python and Rust code was carried out using Vi-
sual Studio Code [67] (see Figure 8.4), a popular and versatile code editor.
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Figure 8.3: CPLEX.

Visual Studio Code is widely used by developers due to its lightweight na-
ture, moreover it is easy to customize, and has many useful extensions and
packages that enhance productivity. These features made it an ideal choice
for our work, as it allowed for seamless integration with the necessary tools
and libraries for both Python and Rust development.

The C++ implementation was developed using the Visual Studio 2022
environment [66] (see Figure 8.4), under a Professional license provided by
the company. Visual Studio offers a comprehensive suite of tools that facil-
itate development and debugging processes. It supports efficient code nav-
igation, an integrated debugger, and powerful profiling tools, which were
particularly beneficial for optimizing the performance-critical parts of the
implementation. Moreover, its built-in support for parallel computing fur-
ther enhanced the development experience, making it a suitable choice for
the high-performance requirements of the development of this project.

For computational analysis and experimentation, Jupyter Notebook [73]
(see Figure 8.4) was used. Jupyter Notebook is an interactive environment
that supports the creation and execution of code in a cell-based format. It
is particularly useful for data analysis, visualization, and sharing results in a
clear and organized way. This tool allowed us to run Python code, visualize
the results, and document the process in a way that made it easier to explore
and improve our algorithms.

®

P~

jupyter
O

Figure 8.4: Development environments - Visual Studio Code, Visual Studio,
Jupyter Notebook.
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8.2 Definition of benchmarks for the
2DC&PP-PT

Given the practical focus of this thesis, we aim to test the proposed pro-
cedures for solving the 2DC&PP-PT on real-world benchmarks that reflect
the production environments of an important sample of the reference com-
pany’s clients. To define these benchmarks, we first collaborated with the
company to understand the common features of the problem that appear in
their clients’ production processes. As detailed in Section 3.3, the key char-
acteristics identified include the use of multiple sheet types, the presence of
optional items, the need to account for punching margins, and precedence
constraints among items. Based on the problem definition, we collected
instances that exhibit these features directly from the company’s database.

To create a structured and representative benchmark, we decided to ran-
domly generate instances while ensuring that they adhered to the character-
istics observed in real-world scenarios, as well as the guidelines provided by
the company. As a result, we devised a benchmark consisting of 96 different
classes of instances, with 20 instances per class, resulting in a total of 1920
instances (available at [23]). Each class represents one of the combinations
of the following traits:

e number of sheet types: either 1 or 3. All sheets consist of iron plates
with a thickness of 0.8mm, leading to a safety margin of 2.4mm (three
times the thickness). The quantity of sheets was considered unlimited;

e number of compulsory items: 5, 10, 15, or 20;

e number of optional items: none, a few (one third of the number of
compulsory items), or many (two thirds of the number of compulsory
items) optional items are added to the compulsory set;

e items with punching margins: none, half, or all items, with punching
margins that are greater or equal to the safety margin. A uniform
punching margin was assigned to each side of the item;

e items with precedence: none or all. In the latter case, one precedence
level was assigned to the items, and this precedence could be treated
as either soft or hard.

The specific features of each class of instances are detailed in the table
reported in Appendix B.

To maintain compatibility with the attributes handled by the outsourced
optimization software, one combination of attributes was excluded, specifi-
cally the one in which both optional items and items with precedence con-
straints are considered, thus leading to 96 classes (instead of 144, as the set
of all possible combinations of the previous traits would suggest). Although



98 8. Computational results

our problem definition allows for both attributes to coexist, with optional
items not involved in precedence relations, this combination was excluded
for consistency with the company’s procedure. In practice, this coexistence
can be useful in scenarios where precedence relations are motivated by the
order of production, such as, for example, due to item assembly after the
cutting phase. In such cases, producing optional items to save material does
not negatively impact production, instead, they are simply stored for future
use. Our procedures are designed to handle both attributes simultaneously
to accommodate these scenarios.

Furthermore, for comparison with the company’s procedure, we consid-
ered that the level of precedence of the items (if any is assigned), could be
treated as either soft or hard for all items. However, it is important to note
that our procedures are capable of handling instances where some items
have hard precedence constraints assigned and some other come with soft
precedence preferences.

Finally, to maintain consistency with the simplifications adopted in this
thesis, we assigned a uniform punching margin to the items, even though
the implemented procedures are able to address different punching margins
on each side of an item.

The results presented in the following sections adhere to these restric-
tions and simplifications. However, all algorithms were thoroughly tested
for correctness in their more general implementations.

8.3 Results on 2DC&PP-PT

This section presents the results of the computational analysis conducted to
evaluate the proposed procedures for solving the 2DC&PP-PT. We begin
by examining the model-based procedures, with a focus on finding optimal-
ity bounds using the exact lexicographic approach. These results are then
compared with both the matheuristic solutions and the solutions currently
used by the company.

Next, we report on the heuristic approaches, which were developed to
be fast methods that provide high-quality solutions in comparison to the
company’s current software.

In all the results presented here, we consider only soft precedence rela-
tions. Indeed, as mentioned in Section 8.2, the company’s software does not
allow a mix of hard and soft precedence. As a consequence, the presence
of hard precedence would disable the possibility to evaluate performance
in terms of the secondary objective of the problem, which is minimizing
the violation of soft precedence relations. This would limit the extent of
our analysis, thus we focus on soft precedence. However, the procedures
were also tested for correctness when treating precedence levels as hard con-
straints. From this point on, when we refer to precedence, we mean soft
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precedence, unless stated otherwise.

Computational results have been analyzed with respect to the instance
size, by grouping the instances by the number of compulsory items (5, 10,
15, and 20, corresponding to Groups A, B, C, and D respectively). Average
results for each analyzed method are also presented and identified by the
term Total in the results’ tables reported in this chapter. Table 8.1 provides
a summary of the column definitions used in the following computational
results tables. This summary serves as a reference throughout the chapter,
allowing the reader to easily revisit the meaning of each metric as needed.

All the computational tests were performed on a machine with an Intel
Core i7-10850H processor at 2.7GHz and 32GB of RAM.

Metric Description

Err Percent error relative to the best waste achieved by any of the
compared procedures, computed on the amount of instances
solved by the analyzed method.

Time Running time in seconds.

F Percentage of instances that the analyzed method fails to
solve within the time limit.

w Percentage of instances where the analyzed method provides
worse results compared to the company’s procedure.

S Percentage of instances where the analyzed method provides
the same results as the company’s procedure.

B Percentage of instances where the analyzed method provides
better results compared to the company’s procedure.

AP Average precedence violation gap, comparing the company’s

procedure with the analyzed method on instances with prece-
dence relations that achieve the same waste as the company’s
solution. Positive values indicate better handling of prece-
dence by the analyzed method.

Total Average results for the analyzed method.

Table 8.1: Definition of the metrics used in computational results tables.
The analyzed method refers to one of the procedures developed in this thesis
and subject to performance evaluation.

8.3.1 Model-based algorithms

The model-based approaches discussed in Section 6.1 consist of two main
methods. The first is an exact method, the lexicographic procedure (Sub-
section 6.1.1), which provides optimal solutions. The second is an iterative
matheuristic approach, referred to as the iterative procedure (Subsection
6.1.2). The analysis reported below follows the lines of the one presented in
[24], related to a previous version of the instance benchmark.
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Group | Company Lexicographic Iterative
Err Time F S B | Time F W S B Err
A 10.0 0.7 0.0 783 21.7| 0.6 0.0 0.0 796 204 04
B 25.8 107.3 104 629 26.7|51.7 3.8 3.3 64.6 283 8.2
C 19.9 364.0 54.2 32.1 13.7|279.7 39.6 2.5 404 17.5 127
D 9.7 470.1 71.2 21.3 7.5|4103 621 0.0 300 7.9 9.8
Total | 16.8 235.5 34.0 48.6 1741856 26.4 1.4 53.7 185 7.8

Table 8.2: Comparative results of lexicographic and iterative procedures
with the company’s solutions - instances grouped by size.

For the computational analysis, we focused on a subset of instances from
the devised benchmark. We excluded instances with many optional items,
as we aimed to investigate the impact of a smaller number of optional items
on the solution quality and execution time without significantly increasing
the instance size. Additionally, we excluded instances where half of the
items had assigned punching margins. This allowed us to better assess the
net effect of including or excluding punching margins by activating or deac-
tivating the related constraints, particularly in terms of how they influence
running times. We observe that, for some of the excluded classes, especially
the ones with a high number of compulsory items, our model-based methods
show excessively long execution times. As a result, the tests were conducted
on 48 different classes, corresponding to a total of 960 instances.

The models were solved using CPLEX 12.8 as the MILP solver, when
needed. All procedures were implemented in Python and executed with a
time limit of 600 seconds. This time limit was chosen as a balance between
the operational needs of the company and the computational time required
by our methods to produce quality results.

The comparative results shown in Table 8.2 focus on waste minimization,
which is the primary objective of the optimization. The table presents the
average results for the company’s procedure, the lexicographic procedure,
and the iterative procedure. For the company’s procedure, we report the
percent error (Err) relative to the best waste achieved by any of the three
methods. It is important to note that the company’s procedure always
runs until the time limit is reached, which serves as its stopping criterion,
so running times are not included in the table. The company’s procedure
is designed to quickly find a solution and improve upon it, consistently
providing a feasible solution. Additionally, for all the tested instances, no
significant improvement was observed after the first few seconds, indicating
that the percent error would remain the same even if the time limit were
significantly reduced. For the iterative procedure, the table includes not
only the percent error, but also the running time in seconds (Time). It
also shows the percentage of instances where the procedure either fails to
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solve all involved models within the time limit (F') or produces worse (W),
the same (5), or better (B) results compared to the company’s procedure.
In this case, the reported percent error only includes instances where the
iterative procedure does not fail. The lexicographic procedure has similar
columns, except for W and Err, which are both zero by definition.

Compared to the company’s procedure, the exact lexicographic method
provides better results in 17.4% of the instances, on average. However,
its longer execution time limits its ability to handle larger instances, and
it fails to solve 71.2% of the instances in Group D within the time limit.
In contrast, the iterative matheuristic has lower failure rates but at the
cost of some error relative to the optimal or best-known waste. Despite
this, the error remains limited (12.7% in the worst-performing group) and
is consistently much lower than the error from the company’s procedure.
Furthermore, the iterative procedure outperforms the company’s method in
a comparable or even greater number of instances than the lexicographic
procedure, as shown in the B column.

Table 8.3 analyzes the effect of having precedence relations among items
by comparing average results between instances with and without this fea-
ture. An additional column, AP, shows the average precedence violation
gap between the company’s solutions and the ones obtained by the proposed
model-based procedures. To properly reflect the secondary optimization ob-
jective, the gap is computed, for both procedures, on the related subset
of instances that reach the same waste of the corresponding company’s so-
lution. A positive (resp., negative) gap identifies a better (resp., worse)
handling of the precedence attributes by the lexicographic or the iterative
method with respect to the current company’s procedure. The metric AP
is computed as follows:

AP — 1 Z (PiCompany o PiMethOd)

|Isame| i€ Loame
where Isume represents the set of instances with precedence relations where
the analyzed method achieves the same waste as the company’s solution.
The term Picompany (vesp., PMethed) g the precedence violation percentage
of the company’s procedure (resp., the analyzed method) for instance i € I.

For instances that include precedence relations, the decomposition ap-
proach used in the iterative procedure significantly reduces both running
times and failure rates, in instances with 10 or more items. However, this
comes with a trade-off, as errors in waste minimization can reach up to
24.2% (compared to almost no error in instances without precedence). De-
spite this, the company’s procedure is even more impacted by the presence
of precedence relations in terms of waste minimization. As a result, the
iterative matheuristic still manages to produce either the same (57.8% of
cases) or better (26.6% of cases) results for most instances, with exceptions
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Group | Company Lexicographic Tterative
Err Time F S B AP|Time F W S B Err AP

g A 8.0 0.7 0.0 80.6 194 -/ 0.6 0.0 0.0 812 188 0.3 -

g B 13.3 139.4 156 65.6 18.8 -1 739 56 00 675 269 0.0 -

3 C 2.7 3944 60.0 319 8.1 -1379.2 569 0.0 344 87 0.0 -

§ D 1.4 480.6 74.4 225 3.1 —1474.4 73.1 0.0 23.1 38 0.0 -

a

9 Total | 6.4 258.8 37.5 50.1 12.4 -1232.0 83.9 0.0 51.5 14.6 0.1 -
14.0 06 00 738 262 6.1| 07 00 00 762 238 08 28
50.9 43.3 00 57.5 425 11.5| 74 0.0 100 588 31.2 23.7 3.2

54.2 303.3 42.5 325 250 14.2| 80.7 50 7.5 525 350 242 38
26.2 449.2 65.0 188 16.2 15.8/282.1 40.0 0.0 43.8 162 186 5.9

precedence
gQw»>

Total | 36.3 199.1 26.9 45.6 27.5 11.9| 92.7 11.2 4.4 567.8 26.6 16.8 3.9

Table 8.3: Comparative results of lexicographic and iterative procedures
with the company’s solutions - instances grouped by size, precedence.

being rare (4.4% on average). Furthermore, the iterative method is able
to provide a solution within the time limit with higher frequency than the
lexicographic one, especially on larger instances with precedence, reducing
the failure rate from 26.9% to 11.2% in Group D. From the perspective of
precedence violation rates, we can see that both procedures better handle
the secondary objective, in fact we have positive precedence violation gaps
for both model-based methods. Reported results suggest that the company’s
procedure has certain limitations in handling precedence relations. First, the
procedure does not support a mix of soft and hard precedence relations, nor
does it allow the inclusion of items with precedence constraints and optional
items in the same instance (as discussed in Section 8.2). Furthermore, even
when precedence constraints are handled, as in the considered benchmark,
the procedure’s performance is notably affected. Specifically, the margin of
improvement is significant: in instances with precedence relations, the com-
pany’s procedure exhibits an average error rate of 36.6%, compared to 16.8%
achieved by the iterative procedure. Results confirm that the iterative pro-
cedure offers a solid trade-off: while its average performance in all instance
groups is slightly worse than the lexicographic procedure, it consistently
outperforms the company’s method, making it a strong option in balancing
both the waste minimization and the precedence satisfaction objectives.

Aggregating the instances by size and the number of sheet types, as in
Table 8.4, reveals that handling multiple sheet types makes the problem
significantly more challenging. The exact procedure’s running times quickly
become prohibitive, often failing on larger instances. In fact, with more than
one sheet type, all instances of Group D failed to provide a solution within
the time limit, against the 42.5% corresponding rate with only one sheet
type. Moreover, only on smaller instances the procedure provides notable
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Group | Company Lexicographic Tterative
Err Time F S B AP|Time F w S B Err AP

2.4 03 00 992 08 83| 03 00 00 99.2 08 00 34
11.5 46 00 8.8 142 128 39 0.0 0.0 89.2 108 45 28
13.5 145.2 16.7 62.5 20.8 14.2|128.2 158 0.0 73.4 108 10.6 3.6
11.5 340.2 42.5 425 15.0 15.8|2474 31.7 0.0 60.0 83 109 5.9

1 type
gQw»

Total 9.7 122.6 14.8 72.5 12.7 12.8| 94.9 11.9 0.0 80.4 7.7 6.5 3.9

17.6 1.1 00 575 425 21} 1.0 0.0 0.0 600 400 09 19
40.1 210.1 20.8 40.0 39.2 7.3| 99.6 7.5 6.7 40.0 458 12.3 5.3
26.2 582.9 91.7 1.6 6.7 431.2 633 50 75 242 174 5.9

7.9 600.0 100.0 0.0 0.0 -1573.2 925 00 00 75 0.0 -

3 types
gQw»

Total | 23.0 848.5 53.1 24.8 22.1 4.7|276.2 40.8 2.9 26.9 29.4 7.6 4.4

Table 8.4: Comparative results of lexicographic and iterative procedures
with the company’s solutions - instances grouped by size,sheet types.

improvements with more that one sheet type. This difficulty is reduced by
the iterative procedure, which not only decreases running times and failure
rates but also continues to offer considerable improvements compared to
the company’s procedure, especially for mid-sized instances. The impact of
single versus multiple sheet types does not significantly affect the percentage
of precedence violations for this procedure.

Group | Company Lexicographic Iterative
Err Time F S B AP|Time F A% S B Err AP

9.3 06 00 794 206 6.1 06 00 00 80.6 194 04 28
28.6 362 00 73.1 269 11.5| 176 0.0 5.0 73.8 212 119 3.2
27.4 310.3 44.3 419 13.8 14.2|1929 244 3.8 53.0 188 152 3.8
13.1 429.1 63.7 28.1 8.1 1158|3499 519 0.0 40.0 82 11.6 5.9

no optional
gQw»

Total | 19.6 194.0 27.0 65.6 17.8 11.91140.2 19.1 2.2 61.9 16.9 9.8 3.9

A 11.4 09 00 76.2 238 -/ 07 00 00 775 225 0.5 -
£ B 20.3 249.5 31.2 426 26.2 -120.0 11.2 0.0 46.2 42.6 0.0 -
g C 4.7 4715 73.8 124 138 —453.2 70.0 0.0 15.0 15.0 0.0 -
& D 2.9 552.2 86.2 74 6.2 -/531.1 825 0.0 100 75 0.0 -

Total | 9.8 818.5 47.8 84.7 17.5 -1276.2 40.9 0.0 37.2 21.9 0.1 -

Table 8.5: Comparative results of lexicographic and iterative procedures
with the company’s solutions - instances grouped by size, optional items.

Optional items have a similar, though milder, effect, as can be seen in
Table 8.5. Their presence leads to longer running times and higher failure
rates, primarily due to the increased number of items within the same in-
stance class. Nonetheless, both the lexicographic and iterative procedures
outperform the company’s procedure more markedly in terms of waste min-
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imization, especially the iterative one that increases the average rate of
getting better results than the company’s ones from 16.9% to 21.9%. Notice
that, due to the simplification presented in Section 8.2, in instances where
optional items are involved, precedence relations are not present.

Group | Company Lexicographic Iterative
Err Time F S B AP|Time F w S B Err AP

11.7 0.7 00 75.0 250 32( 06 00 0.0 758 242 01 27
26.4 99.5 10.0 65.8 24.2 10.1| 443 3.3 42 66.7 258 88 26
21.0 356.0 53.4 35.8 10.8 14.1(276.0 39.2 2.5 43.3 150 13.3 23
15.2 465.4 717 19.1 9.2 13.3(394.8 59.2 0.0 30.0 108 13.5 5.6

gQw»

no margins

Total | 18.6 230.4 33.8 49.0 17.8 10.2|178.9 25.4 1.7 54.0 19.0 8.9 3.8

8.3 0.7 00 817 183 9.1 06 00 0.0 833 167 08 29
25.2 115.2 10.8 60.0 29.2 13.2| 59.2 4.2 2.5 625 308 7.6 3.9
18.8 372.1 55.0 283 16.7 14.4|283.4 400 25 375 20.0 12.1 5.5
4.2 474.8 70.8 234 5.8 17.5|4258 650 0.0 30.0 50 55 6.1

margins
gQw»

Total | 14.1 240.7 34.2 48.3 17.5 18.5|192.2 27.3 1.2 53.83 181 6.5 4.6

Table 8.6: Comparative results of lexicographic and iterative procedures
with the company’s solutions - instances grouped by size, items with punch-
ing margins.

Finally, the inclusion of items with required punching margins has a
relatively minor impact on the performance of the proposed procedures, as
reported in Table 8.6, showing only slight differences between instances with
punching margins and those without.

As a general note, we have seen that the model-based procedures fre-
quently fail to identify a feasible solution, even within a generous time limit
of 600s. This limit has been set for testing purposes, but it already exceeds
the constraints typically imposed by the application domain, where accept-
able time limits range from a few seconds to a couple of minutes. Potential
improvements include enhancing the problem formulation by incorporating
tightening inequalities and customized cutting planes, as well as providing
the models with a warm-start solution, such as one generated by a heuristic
algorithm. However, we observed large gaps at the root nodes, and we do
not expect that such expedients lead to acceptable running times. We expect
that, given the industrial nature of the application, the execution times of
exact methods, while valuable for assessing the quality of other approaches,
are incompatible with the strict production requirements, making them im-
practical for real-world use. Consequently, our efforts have focused on the
development of heuristic methods tailored for practical implementation.
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8.3.2 Heuristic algorithms

In this section, we present the results of the main heuristic approaches de-
scribed in Section 6.3 and 6.4 to solve the 2DC&PP-PT, namely the greedy
algorithm (Subsection 6.3.1), the pilot method (Subsection 6.3.2), and the
beam search with double search effort (Subsection 6.4.3).

As discussed in Section 6.3, we focus on a simplified version of the prob-
lem where only one sheet type is considered. Accordingly, we conducted
tests on half of the instances in the devised benchmark (Section 8.2), specif-
ically those without multiple sheet types, which corresponds to 48 classes,
resulting in a total of 960 instances.

In the model-based methods, we focused primarily on the quality of the
solutions. However, with the heuristic methods, our goal was to still achieve
high-quality solutions while working within a limited time budget. To this
end, we set a time limit of 4s for the company’s procedure, which, as we will
detail in the following, ensures a fair comparison to our proposed heuristics.

The tables reporting on the computational analysis for the heuristic
methods are structured in a similar way to the ones presented for the model-
based procedures in the previous subsection, a summary of the considered
metrics can be found in Table 8.1. Results focus on waste minimization,
precedence violation rate, and execution times. For the company’s proce-
dure, the table reports the percent error (Err) relative to the best waste
achieved by any of the methods considered in this subsection (i.e., greedy
algorithm, pilot method, beam search with double search effort, and com-
pany’s algorithm). Since the company’s procedure runs up to the time
limit, its running time is not explicitly presented in the table. In the case of
the constructive methods, the tables include the execution time in seconds
(Time). Additionally, the tables show the percentage of instances where
the heuristic methods produced worse (W), the same (5), or better (B) re-
sults compared to the company’s procedure. Furthermore, the tables report
the average difference in precedence violation (AP) between the company’s
solutions and those obtained by the heuristic methods, which reflects per-
formance with respect to the secondary objective of minimizing precedence
violations. We recall that the precedence violation gap is computed on the
instances with precedence relations that achieve the same material waste of
the corresponding company’s solution.

Constructive heuristics

In the following we present and discuss the computational results related to
the greedy algorithm (Subsection 6.3.1) and the pilot method (Subsection
6.3.2), both implemented in Python. For both procedures, we use an area
descending sorting heuristic for the items and evaluate their placement based
on the amount of contact perimeter. This configuration is commonly used
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in the literature, and has proven to be suitable for our context.

The results presented in Table 8.7 compare the greedy algorithm, the
pilot method, and the company’s solutions, and they highlight key differ-
ences in performance, especially regarding the trade-off between solution
quality and computational speed. The greedy algorithm, stands out for its
extremely fast execution times, consistently solving instances in a fraction
of a second. However, this speed comes at a cost, as the solutions produced
by the greedy algorithm are often of lower quality compared to both the
pilot method and the company’s software. This is reflected in its high error
rates across all groups, with an average error of 31.0%. Additionally, the
greedy algorithm shows a significant portion of instances (28.1%) where it
provides worse solutions than the company’s procedure, and only marginal
improvements where it performs better (6.8% of cases). The precedence vi-
olation gap is small and often denotes a slight improvement with respect to
the company software (except in class C), but this is secondary to the larger
waste observed in its solutions.

In contrast, the pilot method strikes a better balance between speed and
solution quality. While still very fast, with an average execution time of
0.25s, it improves upon the greedy algorithm in terms of solution accuracy.
The total average error drops to 19%, indicating a noticeable improvement
compared to the corresponding 33% of the greedy algorithm. Moreover, the
pilot method outperforms the company’s procedure in 9.6% of cases, and
provides the same solution quality in 72.2% of the instances. This method
also demonstrates a more balanced performance across different instance
groups, maintaining a competitive edge even as the problem size increases.

Overall, while the greedy algorithm is faster, it sacrifices solution qual-
ity, whereas the pilot method offers a more refined balance, still operating
efficiently but producing better results than the greedy approach. How-
ever, both heuristics remain less effective than the company’s solutions in
minimizing waste, especially in larger instances.

Group | Company Greedy Algorithm Pilot Method
Err Time W S B Err AP|Time W S B Err AP
A 34 0.00 9.6 89.2 1.2 18.8 04|0.02 1.7 9.6 1.7 4.0 0.7
B 9.7 0.01 26.2 69.2 4.6 359 0.5/0.11 16.3 75.4 8.3 19.6 0.6
C |136 0.01 33.3 554 11.3 36.5 -0.9/0.32 22.9 62.5 14.6 23.6 -0.8
D |16.8 0.02 43.3 46.7 10.0 40.6 0.6|0.55 32.1 54.2 13.8 28.8 0.2
Total |10.9 0.01 28.1 65.1 6.8 33.0 0.2|0.25 18.2 72.2 9.6 19.0 0.2

Table 8.7: Comparative results of greedy algorithm and pilot method with
the company’s solutions - instances grouped by size.
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Beam search heuristic

We report the computational results related to the BS-DSE, presented in
Subsection 6.4.3. This method was initially implemented in Python for
prototyping and preliminary testing, allowing us to calibrate the algorithm’s
parameters. The sorting heuristic and placement evaluation criterion are
consistent with those used for testing the greedy algorithm and the pilot
method. Specifically, we adopt the area descending sorting heuristic and
evaluate placements based on the contact perimeter.

Regarding the filter width, which determines how many branches of each
node are evaluated in the beam selection, we follow the intuition that it
should vary depending on the problem instance. The idea is to filter a num-
ber of nodes proportional to the number of branches. Inspired by Bennell
et al. [13], we propose setting the filter width to the minimum between
the number of items to be placed and five times the maximum number of
allowed rotations. After testing various filter widths, results confirmed that
Bennell et al.’s rule of thumb is the most suitable for our application.

As for the beam width, in the BS-DSE, it is no longer a parameter to
be set, as it auto-regulates through the double search effort mechanism.
Instead, the time limit parameter must be set. Given the promising prelim-
inary results in Python, the algorithm was ported to C++ for a competitive
comparison with the company’s outsourced software. The following results
refer to the latter implementation, where we imposed the same time limit of
4s as the one set for the company’s software. Since the BS-DSE runs until
the time limit is reached, execution times will not be reported.

Group | Company BS-DSE
Err W S B Err AP
A 3.4 0.4 96.7 29 03 0.9
B 9.7 6.7 76.6 16.7 2.5 -1.5
C 13.6 8.7 62.1 29.2 3.5 -4.6
D |[16.8 12.1 55.0 32.9 3.8 -6.0
Total |10.9 7.0 72.6 20.4 2.5 -2.8

Table 8.8: Comparative results of BS-DSE algorithm with the company’s
solutions - instances grouped by size.

The results from the BS-DSE, shown in Table 8.8, demonstrate that
this method is a highly competitive alternative to the company’s software,
particularly in terms of the primary objective of minimizing material waste.
The beam search approach consistently delivers strong performance across
all instance groups. It achieves better results in 20.4% of the cases, while
matching the company’s solution in an impressive 72.6% of instances. These
results highlight the effectiveness of the beam search in producing high-
quality solutions within a very reasonable time budget.
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In terms of error rates, the beam search maintains a solid performance,
with an average error of just 2.5%, thus outperforming the performance of
the company’s software, whose average error is almost 11%. This represents
a significant improvement over the previously discussed heuristics and high-
lights its capability of handling even larger and more complex instances.
The relative performance of BS-DSE, compared to the reference software,
improves with instance size: for example, in Group D, which includes the
larger instances, the beam search still outperforms the company’s solution
in 32.9% of cases, a notable achievement given the difficulty of this problem
class.

However, there is still room for improvement regarding the secondary ob-
jective of minimizing precedence violations. While the primary objective is
met with great success, the beam search exhibits a negative AP value over-
all, indicating that it slightly struggles with precedence relations compared
to the company’s procedure. This is an area where further enhancements
could be beneficial, especially for instances that involve complex precedence
constraints.

In analogy with the computational analysis conducted for the model-
based methods, we have investigated the results with respect to the at-
tributes involved in the tested instances, namely the presence of precedence
relations, optional items, and items with punching margins.

Group | Company BS-DSE
Err W S B Err AP
g A 3.0 06 961 3.3 0.3 -
£ B 6.6 89 733 178 3.3 -
g C 9.7 11.7 589 294 4.7 -
g D 6.3 16.1 55.0 289 51 -
[oF
S Total | 6.4 9.3 70.8 19.8 8.4 -
g A 48 00 983 1.7 0.0 0.9
£ B 19.1 0.0 86.7 133 0.0 -1.5
T C | 255 0.0 71.7 283 0.0 -4.6
g D | 481 0.0 55.0 45.0 0.0 -6.0
o
Total | 24.4 0.0 77.9 22.1 0.0 -2.8

Table 8.9: Comparative results of the BS-DSE algorithm with the company’s
solutions - instances grouped by size, precedence.

Table 8.9 presents comparative results focusing on instances grouped by
the precedence attribute. In instances without precedence relations, the
BS-DSE outperforms the company’s method by producing low error rates
(3.4%) and a high percentage of better results (19.8%). However, in cases
with precedence constraints, the BS-DSE proves itself to be the best method
among the tested heuristics, including the company’s one, with 0% rate
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Group | Company BS-DSE
Err W S B Err AP
A 24 0.0 992 0.8 0.0 09
£ B 11.9 0.0 925 7.5 0.0 -1.5
£ C | 127 1.7 841 142 29 -46
g D 24.1 3.3 742 225 4.0 -6.0
o
= Total | 12.8 1.2 875 11.2 1.7 -2.8
_ A 4.4 0.8 942 5.0 0.5 -
£ B 7.5 13.3 60.9 258 4.9 -
-é C 14.5 15.8 40.0 44.2 4.2 —
& D 9.5 20.8 359 433 3.6 -
Total | 9.0 12.7 577 29.6 3.8 -

Table 8.10: Comparative results of the BS-DSE algorithm with the com-
pany’s solutions - instances grouped by size, optional items.

of error for the primary objective (waste minimization). This impressive
performance comes at the cost, as previously observed, of a poorer handling
of the secondary objective, showing negative rates for AP.

In Table 8.10, instances are grouped by the presence of optional items.
When there are no optional items, the BS-DSE demonstrates solid perfor-
mance, achieving a high percentage of same results as the company’s method
(87.5% on average), and shows good but limited improvement (11.2% bet-
ter results). For instances with optional items, the BS-DSE exhibits again
a strong performance, significantly outperforming the company’s method,
with 29.6% of instances showing better results, even if the number of in-
stances where BS-DSE provides worse results increases with instance size.
However, in all the classes, BS-DSE still provides same or better results than
the company’s software in a significant majority of instances (almost 80%
in the worst case, the class D). The total error rate for the company is no-
tably lower for instances with optional items (9%) with respect to instances
without them (12.8%), however, it remains fairly above the error rate of the
beam search approach (respectively 1.7% and 3.3%). Therefore, we can say
that the BS-DSE algorithm handles optional items more effectively, leading
to favorable outcomes. As regards the secondary objective, we recall that
the simplification adopted in Section 8.2 excludes instances where both op-
tional items and precedence relations are present. Column AP reports the
same values in Table 8.8, 8.9 (with precedence), and 8.10 (with no optional
items), thus, observations concerning precedence violations made for Table
8.8 holds true for instances without optional items.

Both for the company’s procedure and the BS-DSE, the presence of
punching margins favors the optimization of the first objective, as shown by
the decreasing error rates presented in Table 8.11 for both the company’s
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Group | Company BS-DSE

Err w S B Err AP
w A 5.5 0.0 962 38 0.0 26
£ B 7.5 76 76.2 16.2 3.8 0.9
%) C 13.0 10.0 62.5 27.5 79 -6.5
£ D 25.0 10.0 51.2 388 4.0 -7.2
o
= Total | 12.8 6.9 71.5 21.6 3.9 -2.6

" A 2.3 06 969 25 04 0.0
£ B 10.9 6.2 769 169 1.8 -2.8
%f’ C 14.0 81 619 300 14 -35
£ D 12.6 13.1 56.9 300 3.7 -5.5

Total | 10.0 7.0 73.2 19.8 1.8 -3.0

Table 8.11: Comparative results of the BS-DSE algorithm with the com-
pany’s solutions - instances grouped by size, items with punching margins.

software and BS-DSE. In particular, BS-DSE improves the error rate from
3.9% to 1.8%, while obtaining better results than the company’s software
in a significant number of instances (19.8% on average), especially in larger
instances. However, as expected, the company’s method maintains a better
handling in terms of precedence violations, as BS-DSE performs similarly
with or without punching margins involved, showing negative values of AP
in both cases for all instance classes, but the smallest ones.

In summary, the beam search is a highly promising heuristic that offers
a strong balance between speed and solution quality, particularly excelling
in material waste minimization. While it could benefit from improvements
in handling precedence violations, its overall performance makes it a viable
and competitive alternative to the company’s software for addressing the
2DC&PP-PT investigated in this work.

8.4 Preliminary results for the ISPP

Preliminary results are presented for the solving procedures devised for the
ISPP, as described in Chapter 7. These results are meant to assess the viabil-
ity of a beam search approach based on the geometric framework jagua-rs,
and they focus on analyzing key parameters, such as filter width, beam
width, and time limit. Additionally, we compare the two versions of the
proposed algorithms for ISPP (Subsection 7.3.3): one that includes global
evaluation (IBSGE) and one that does not (IBS). Finally, we examine the
effectiveness of the infeasibility redeeming strategy.

The tests were performed on a classical benchmark consisting of five
instances (i.e., shapesO, shapesl, shapes2, shirts, and trousers) that were
also used by Bennell et al. [13], who proposed a similar approach, and by
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Elkeran [30], that presents, to the best of our knowledge, the related state-
of-the-art results. These instances are available on the European Working
Group on Cutting and Packing (ESICUP) website [31].

Single run beam search

We tested different filter widths, confirming the rule of thumb proposed by
Bennell et al. in [13], which suggests, for each instance, to set the filter
width to the minimum between the number of items to place and five times
the maximum number of allowed rotations over the items.

To evaluate the impact of global evaluation in the beam search, we tested
both IBS and IBSGE on the same set of instances with fixed filter width (as
previously defined) and beam width (set to 2). Table 8.12 reports the ma-
terial waste percentage of the final solution (Waste), to be minimized, and
the corresponding computational time in seconds (T%ime). Results indicate
that incorporating global evaluation significantly increases execution times,
as expected. However, the improvements in solution quality are substantial,
with IBSGE outperforming IBS in four out of five instances, and with no
performance degradation observed in the other one. Therefore, while global
evaluation proves to be beneficial, it comes at a high computational cost.

In addition to IBS and IBSGE, we also evaluated the performance of the
greedy algorithm for the ISPP (i.e., the IGA presented in Subsection 7.3.2).
This heuristic, which was employed to set a baseline for comparison, provides
a feasible, but often less optimized, solution compared to the beam search
methods. The IGA achieves competitive results in terms of efficiency, as its
performance in terms of computational time is considerably better, although
it lacks the enhanced solution quality provided by the beam search methods,
which leverage more complex search strategies and evaluations.

Overall, the comparison highlights that while IGA provides a faster so-
lution, the beam search methods, especially IBSGE, offer superior solution
quality at the cost of increased computational time.

Instance IGA IBS IBSGE
Waste Time | Waste Time | Waste Time
shapesO | 44.52 0.7 40.56 47 38.65 598
shapesl | 41.16 0.7 38.70 87 35.75 674
shapes2 | 36.70 0.4 29.17 40 26.76 317
shirts 17.67 2.3 17.67 889 17.67 9421
trousers | 17.68 1.5 17.68 326 13.48 3069

Table 8.12: Comparative results for the three proposed procedures IGA,
IBS, IBSGE, where IBS and IBSGE share the same filter width and beam
width.
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Double search effort mechanism

The execution time of the beam search is proportional to the beam width.
Given that our goal is to develop an algorithm suitable for industrial appli-
cations, running times are a critical factor. To address this, we introduced
a time limit option in both procedures, following the approach suggested by
Araya et al. [3]. As discussed in Subsection 7.3.4, this approach leads to
algorithms IBS-DSE and IBSGE-DSE, and it involves solving the instance
iteratively with increasing beam widths until the time limit is reached, re-
turning the best solution found.

Instance Time limit 1200s Time limit 300s
IBS-DSE IBSGE-DSE IBS-DSE IBSGE-DSE
shapes( 41.37 39.57 41.50 42.18
shapesl 36.74 35.23 36.74 41.16
shapes2 25.27 23.63 27.28 24.57
shirts 17.67 17.67 17.67 17.67
trousers 17.06 17.68 17.65 17.68

Table 8.13: Waste percentage results for IBS-DSE and IBSGE-DSE.

We applied this method to the benchmark with a time limit of 1200s (as
proposed in [30]). The material waste rates reported in Table 8.13 suggest
that with a generous time limit, such as 1200s, global evaluation enhances
the algorithm, leading to better solutions compared to IBS-DSE. However,
with a shorter time limit of 300s, IBSGE-DSE inhibits the algorithm’s abil-
ity to expand the beam width, as more time is allocated to computing the
global evaluation. In contrast, IBS-DSE allows for greater beam width ex-
pansion, which compensates for the lack of global evaluation and improves
diversification within the shorter time budget.

Instance | IBS-DSE | IBSGE-DSE | Elkeran [30] | Bennell et al. [13]
Waste Waste Waste Waste Time
shapes( 41.37 39.57 31.21 35.65 1119
shapesl 36.74 35.23 23.27 28.75 1410
shapes?2 25.27 23.63 15.16 18.71 20784
shirts 17.67 17.67 11.04 10.31 32616
trousers 17.06 17.68 9.00 9.62 28631

Table 8.14: Comparative results for the IBS-DSE and IBSGE-DSE with
results from Elkeran [30] and Bennell et al. [13], where IBS-DSE, IBSGE-
DSE, and Elkeran’s procedure are subject to a time limit of 1200s.

Table 8.14 presents the results of the IBS-DSE and IBSGE-DSE methods
with a time limit of 1200s (as shown in Table 8.13), and compares them
with results reported by Elkeran [30] and Bennell et al. [13]. The referenced
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studies express results in terms of material utilization percentage, which is
calculated as the ratio of the area of placed items to the total area of the
final strip. To facilitate comparison with our procedures, we present the
complementary percentage of material waste.

It is important to note that execution times are not shown for our pro-
cedures as well as for Elkeran’s results, as these methods run up to the
specified time limit of 1200s. While our preliminary results demonstrate a
reasonable performance, they do not yet match the benchmarks established
in the literature. This disparity indicates a significant opportunity for fur-
ther refinement and improvement of our algorithms. Future work will focus
on enhancing the methods to achieve more competitive results and better
align with the high standards set by previous studies.

Infeasibility redeeming strategy

We performed tests to assess the impact of the new placement heuristic IPH
we propose in Subsection 7.3.1 as integrated in Section 7.4 to allow for start-
ing from infeasible sampled positions. In particular, we conducted a specific
analysis of the sampling process involved in constructing solutions using the
IGA procedure, which incorporates the IPH and the redeeming strategy.
By profiling 100 samples per item, we recorded the number of infeasible
samples and tracked those that were subsequently redeemed. On average,
58.6% of the samples were found infeasible, highlighting significant poten-
tial for redeeming infeasibility. Additionally, we recorded that, on average,
21.8% of the infeasible samples were successfully redeemed. These results
demonstrate the effectiveness of the proposed procedure in redeeming in-
feasibility, potentially improving the overall solution process by recovering
better placement positions. We remark that not only our beam search proce-
dures, but also different constructive or search heuristics, may benefit from
the redeeming procedure.

Overall, the preliminary experiments provided insightful feedback on the
procedures devised to solve the ISPP. In particular, we were able to evalu-
ate the integration of global evaluation in the beam search scheme, which
resulted in a positive impact on solution quality. Additionally, we measured
the rates of redeemed infeasible samples, indicating that the proposed strat-
egy for handling infeasibility holds promise as an effective addition to the
search-based algorithms for ISPP.
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Chapter 9

Conclusions

This thesis has addressed a real-world optimization problem arising in the
sheet metal industry, namely the 2DC&PP-PT, specifically related to the
generation of cutting layouts for punching-based cutting machines produced
by Salvagnini Italia S.p.A., the reference company of this work. The com-
plexity of the problem lies not only in its theoretical challenges as a rectan-
gular cutting and packing problem, but also in the practical attributes that
arise from the application context, related to the technologies used by the ref-
erence company. In addition to classical objective function, aimed at waste
minimization, and geometrical constraints, such as ensuring that items do
not overlap, the problem also incorporates further attributes, among which
the ones related to multiple sheet types, optional cutting items, necessary
margins between items to preserve quality and prevent material deforma-
tion, limitations in the placement of the items within the sheets, different
production priorities leading to hard and soft precedence constraints. These
attributes added a layer of complexity that distinguishes this work from
other formulations commonly found in the literature. As such, this thesis
presents, to the best of our knowledge, an original problem that has not
been previously addressed by scientific literature.

The ultimate goal of our research was to develop a competitive alter-
native to the current solution employed by the reference company to solve
the 2DC&PP-PT, which is provided by heuristics embedded in a third-
party commercial software. To achieve this, we devised several solution
approaches, including exact methods, heuristics, and a matheuristic, each
designed to address different aspects of the study.

Both the exact approach and the matheuristic are based on the MILP
formulations that we devised to model the problem. In addition to inte-
grating several modeling components taken from literature, the thesis ex-
tends the formulation to take all the new attributes into account, in partic-
ular the ones related to a secondary objective concerning soft preferences,
and to the definition of different cut margins. The devised exact proce-
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dure utilizes a lexicographic method to handle the two objectives, while the
matheuristic employs a dedicated iterative process to solve the models. The
exact lexicographic procedure has been useful to provide bounds to assess
the quality of the solutions output by the company’s software, at least for
small- and medium-size instances, showing potential for improvements in
heuristic solution algorithms. The matheuristic decomposes the problem by
soft-precedence priority and iterates the solution of smaller-size and more
constrained models where all precedence are considered as hard, gaining in
computational efficiency and extending the set of results to compare to the
company’s software ones.

For the heuristic methods, we propose algorithms of varying complexity
and nature, including a fast constructive greedy algorithm, a related variant
that incorporates the pilot method, and algorithms based on beam search.
Among the proposed methods, the beam search approach has proven to be
the most effective. Beam search-based algorithms not only provided high-
quality solutions, but also performed with the speed necessary for practical
industrial use. The balance between execution time and solution quality
makes it competitive with the company’s existing software, and thus a valu-
able alternative for future integration. In order to achieve these results,
the thesis develops a new definition of extreme point, that extends the one
known in the literature for classical packing problems to the new attributes of
2DC&PP-PT, especially the ones that involve the different types of required
margins between items in a cutting layout. Moreover, the right setting of
the different beam search component has been achieved by combining and
adapting the algorithmic components taken from literature.

The other faster methods explored in this thesis to solve the 2DC&PP-
PT, though not as competitive in all scenarios, were useful in understanding
the nature and the challenges of the problem. These approaches provide
deeper insights into specific features of the problem and can be effective in
certain cases, especially when dealing with specific machine configurations
or requirements. This reinforces the intuition that no single solution fits all
instances of the problem, and multiple methods can coexist, each tailored
to different scenarios.

A significant part of this research also involved investigating the irregular
variant of the problem, where items to be cut are no longer regular in shape.
To address this problem, we extended the beam search approach to the ISPP,
while integrating jagua-rs, a recently proposed geometric framework, to
handle the irregularity of the items. Although this part of the research is
still in its early stages, the initial results are promising and demonstrate
high industrial interest. The irregular variant introduces new challenges,
especially in handling the geometric complexity of irregular shapes, but it
also offers substantial potential for further exploration. In our preliminary
study, in part conducted in collaboration with the authors of jagua-rs, we
exploited the features of the framework to explore a new placement heuristic
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that recover the infeasibility of sampled positions, which may be beneficial
to beam search as well as other constructive or improvement heuristics for
ISPP. The implemented beam search variant, once fully developed and tested
on real-world benchmarks, could provide additional flexibility and efficiency
for the company’s production processes.

Looking forward, several future research directions arise from this work.
First, the beam search algorithm for the 2DC&PP-PT, while already per-
forming well, can be further enhanced. In particular, future work will focus
on refining the implementation of the algorithm in a more efficient way, aim-
ing at further reducing the running time required by computationally inten-
sive tasks. Additionally, further tests and refinements will be conducted on
the components of the algorithm, especially on those attributes that were
simplified during the computational experiments.

As regards the extension to the irregular variant, future work will focus
on testing the proposed algorithm for the ISPP on real-world benchmarks
and refining it with more realistic and complex attributes of practical rel-
evance. Once sufficiently developed, this method can be integrated into
industrial applications, providing both flexibility and efficiency in handling
irregular shapes.

In conclusion, this thesis has made several contributions to the field
of cutting and packing problems, particularly in addressing the challenges
posed by real-world constraints and advancing solution methods that are
competitive with existing industrial practices. The beam search algorithm
stands out as a robust and efficient tool for solving the rectangular problem,
while the exploration of the irregular variant opens new perspectives for
research and industrial application. With the outlined future improvements
and further exploration, the work presented here has the potential to further
significantly contribute to both the academic literature and the practical
aspects of industrial cutting processes.
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Appendix A

A complete MILP model for
2DC&PP-PT

In Section 5.3, we have presented a MILP formulation of a simplified version
of 2DC&PP-PT, where every item has a uniform punching margin assigned
to each side. This allowed us to simplify the notation and focus on the prin-
ciples of the proposed modeling approach. In Section 5.5, we also discussed
on how the formulation can be extended to comply with all the features
of 2DC&PP-PT as defined in Section 3.3. In this appendix, we provide
the complete model for 2DC&PP-PT by adopting the notation presented in
Section 5.2 and following the extension outlined in Section 5.5.
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Appendix B

Features of the benchmark
defined in Section 8.2

This appendix provides a detailed table outlining the characteristics of the 96
classes of instances that form the benchmark defined in Section 8.2 (publicly
available at [23]). Each class corresponds to a unique combination of the
traits described in the main text, and the table serves as a reference for the
specific configurations used in the benchmark.

Table B.1: Characteristics of benchmark classes.

Class Number of Number of Number of Number of Number of
compulsory optional sheet types items with items with

items items margin precedence

0 ) 0 1 0 0
1 5 0 1 0 5
2 ) 0 1 2 0
3 ) 0 1 2 5
4 5 0 1 5 0
5 ) 0 1 5 5
6 ) 1 1 0 0
7 ) 1 1 2 0
8 5 1 1 5 0
9 ) 2 1 0 0
10 5 2 1 2 0
11 ) 2 1 ) 0
12 10 0 1 0 0
13 10 0 1 0 10
14 10 0 1 5 0
15 10 0 1 5 10
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Table B.1: Characteristics of benchmark classes (continued).

Class Number of Number of Number of Number of Number of
compulsory optional sheet types items with  items with

items items margin precedence
16 10 0 1 10 0
17 10 0 1 10 10
18 10 3 1 0 0
19 10 3 1 5 0
20 10 3 1 10 0
21 10 6 1 0 0
22 10 6 1 5 0
23 10 6 1 10 0
24 15 0 1 0 0
25 15 0 1 0 15
26 15 0 1 7 0
27 15 0 1 7 15
28 15 0 1 15 0
29 15 0 1 15 15
30 15 5 1 0 0
31 15 5 1 7 0
32 15 5 1 15 0
33 15 10 1 0 0
34 15 10 1 7 0
35 15 10 1 15 0
36 20 0 1 0 0
37 20 0 1 0 20
38 20 0 1 10 0
39 20 0 1 10 20
40 20 0 1 20 0
41 20 0 1 20 20
42 20 6 1 0 0
43 20 6 1 10 0
44 20 6 1 20 0
45 20 12 1 0 0
46 20 12 1 10 0
47 20 12 1 20 0
48 5 0 3 0 0
49 5 0 3 0 )
50 5 0 3 2 0
51 5 0 3 2 5
52 5 0 3 5 0
53 5 0 3 5 5
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Table B.1: Characteristics of benchmark classes (continued).

Class Number of Number of Number of Number of Number of
compulsory optional sheet types items with items with

items items margin precedence
54 5 1 3 0 0
55 5 1 3 2 0
56 5 1 3 5 0
57 5 2 3 0 0
58 5 2 3 2 0
59 5 2 3 5 0
60 10 0 3 0 0
61 10 0 3 0 10
62 10 0 3 ) 0
63 10 0 3 5 10
64 10 0 3 10 0
65 10 0 3 10 10
66 10 3 3 0 0
67 10 3 3 5 0
68 10 3 3 10 0
69 10 6 3 0 0
70 10 6 3 5 0
71 10 6 3 10 0
72 15 0 3 0 0
73 15 0 3 0 15
74 15 0 3 7 0
75 15 0 3 7 15
76 15 0 3 15 0
77 15 0 3 15 15
78 15 5 3 0 0
79 15 5 3 7 0
80 15 5 3 15 0
81 15 10 3 0 0
82 15 10 3 7 0
83 15 10 3 15 0
84 20 0 3 0 0
85 20 0 3 0 20
86 20 0 3 10 0
87 20 0 3 10 20
88 20 0 3 20 0
89 20 0 3 20 20
90 20 6 3 0 0
91 20 6 3 10 0
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Table B.1: Characteristics of benchmark classes (continued).

Class Number of Number of Number of Number of Number of
compulsory optional sheet types items with  items with

items items margin precedence
92 20 6 3 20 0
93 20 12 3 0 0
94 20 12 3 10 0
95 20 12 3 20 0
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