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Abstract

Networks represented as graphs with nodes and edges have emerged as effective tools for modeling
and analyzing complex systems of interacting entities. Graphs arise naturally in many disciplines,
such as social, information, infrastructure, and/or biological networks. However, advances in
the study of networked systems have shown that real-world applications often require more
sophisticated and diverse representations of interactions. Therefore, higher-order interactions
have begun to be considered and analyzed in complex networks. Examples of higher-order
models include multilayer networks, which represent different types of relationships between the
nodes, and simplicial complexes or hypergraphs, which describe collective actions of groups of
nodes. We deal with the community detection problem on higher-order networks, both in an
unsupervised and semi-supervised context. This is a contemporary and important problem that
involves identifying and analyzing communities or groups of nodes across multiple interconnected
layers each representing a different type of interaction or relationship between nodes. Detecting
communities in such networks allows us to uncover patterns of interaction and connectivity that
might not be evident when considering each layer in isolation. The contribution of this thesis is
both in the problems’ modeling and in the novel approaches proposed to address these specific
problems. We formulate the problems as multi-objective and bilevel optimization tasks. We
solve them by applying and adapting suited and tailored modern optimization methods, like the
Frank-Wolfe algorithm and block coordinate descent methods. Furthermore, the thesis offers
an interesting and relevant application to the academic community related to bibliometric data,
analyzing the relation between collaborations and topic switches in time-evolving collaboration
networks of scholars.
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Chapter 1

Introduction

Complexity science is a field that investigates complex systems, which consist of a large number
of components that interact with each other giving rise to significant phenomena that cannot be
explained by analyzing each individual element in isolation [1].
Many real systems are considered to be complex systems. Examples include organisms, the
human brain, living cells, social and economic organizations, transportation or communication
systems, and the Earth’s global climate. One of the primary challenges in complexity science lies
in formally modeling and simulating these systems due to their inherent complexity.

Complex systems are difficult to model and simulate, therefore they are usually represented by
networks in which nodes represent the components and links represent their interactions. This
approach simplifies real systems while preserving essential information about the interaction
structure that leads to emergent complex behaviors. Therefore, complex networks have become a
powerful tool for investigating complex systems [2].
These networks are called complex because their structure is not simple. They differ from regular
network models such as lattices, and random network models such as Erdös–Rényi random
networks [3]. Their intrinsic structure is directly tied to the complexity observed in real-world
complex systems, is typically irregular, and can evolve over time.

Some areas of applications of complex networks are:

• Technological networks, like the Internet, i.e., the computer data network in which the
nodes are computers, and the edges are data connections between them; the telephone
network; the transportation networks like networks of roads, rail lines, and airline routes.
For instance, they are useful to better understand the flow of data traffic.

• Information networks, like the World Wide Web, where the nodes are web pages and the
edges are the links between them; the citation network between academic journal articles.

• Social networks, like Facebook or Twitter, where the nodes are people and the edges between
them are social connections of some kind. like friendship, communication, and collaboration.
They are used to analyze the nature of social interactions, the spread of disease, and
disinformation.
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• Biological networks, like neural networks, concerning the connections between neurons in
the brain or the macroscopic functional connectivity between large-scale regions of the
brain; ecological networks, modeling the predator-prey relationships between species in
an ecosystem; biochemical networks like metabolic networks, protein-protein interaction
networks, genetic regulatory networks. They can help understand the complex chemical
processing in the cell and perhaps even new therapies for diseases.

While models of complex systems as networks represented by a graph are popular and successful,
real-world applications may require more sophisticated representations of interactions. For such
cases, using a single graph is an oversimplifying assumption, which can lead to misleading models
and results. Therefore, increasing attention has been devoted to higher order interaction models
in the complex networks literature. These include multilayer networks, simplicial complexes, and
hypergraphs.

• Multilayer networks [4, 5] represent networks that are interconnected through different
layers, each of which captures a distinct type of relationship among nodes. These layers
can represent different aspects or modes of interaction within a complex system. For
instance, in social networks people can interact using different online platforms, each of
them representing a different layer; in transportation networks, different places in a city
can be connected through different types of transpositions (e.g., trains, buses, trams). In
particular, multiplex networks are a subtype of widely studied multilayer graphs. Their
layers share a common set of nodes and do not exhibit any inter-layer edges.

• Simplicial complexes and hypergraphs [6] are well-suited structures for modeling collective
actions that involve groups of nodes. These types of interactions involving multiple nodes
are called hyperedges. This framework has found applications in various fields, for instance
in social network analysis people interact in groups; in chemical networks chemical reactions
often involve multiple elements; in collaboration networks, scholars write papers in groups.

Certainly, an even more complex description of the real world may involve the combination of
these two structures, considering multilayer hypergraphs.

In this thesis, we deal with contemporary and significant issues in network science extended to
higher-order networks. The contributions are both in the problems’ formulation and in their
resolution applying and adapting suited and tailored modern optimization methods. In particular:

• We deal with the community detection problem on multiplex networks. We formulate the
problem as a multi-objective optimization problem of maximizing the modularity score
within each layer. In order to address it, we introduce a new method which is based on the
widely employed Louvain heuristic for single-layer networks.

• We deal with the semi-supervised learning problem on multiplex networks. We formulate
the problem as a bilevel optimization task. It offers the flexibility of learning a nonlinear
aggregation function that adapts the weights assigned to each network based on the available
labeled data. We tackle it using an inexact Frank-Wolfe algorithm in conjunction with a
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parametric Label Propagation strategy. We present a comprehensive convergence analysis
of the method.

• We deal with the semi-supervised learning problem on multilayer hypergraphs. We represent
a hypergraph with its clique expansion, and we conduct a comparison between the application
of various coordinate descent methods and the gradient descent algorithm.

• We propose an application to the science of science. We investigate the interplay between
collaboration and topic switches. We found that the likelihood of a researcher engaging in a
new research topic rises in conjunction with the number of prior collaborators and that the
more productive/impactful an active author is, the more likely their coauthors will start
working with them on a new topic.

We now present the thesis outline and the contributions per chapter in more detail.

In Chapter 2, we deal with the community detection problem on multiplex networks. This
problem consists of finding communities in graphs, i.e., groups of nodes that are densely connected
internally and loosely connected to the nodes in the other communities [7, 8]. This is one of the
most relevant tasks in the analysis of graphs representing real systems as it has been shown that
many real-world networks show a community structure. For instance, friendship networks have
communities made out of close friends; in the World Wide Web, communities are represented by
pages dealing with the same topic; in metabolic networks, they can be metabolites performing the
same biochemical tasks. While many community detection algorithms have been developed over
the recent years, most of these are designed for standard single-layer graphs. However, as we have
discussed above, this can be an oversimplification of reality. In this chapter, we propose a method
to find communities in multiplex networks. Since there are different definitions of communities
for multiplex networks, we highlight that in this thesis, using the terminology introduced in [9],
our aim is to find a set of communities that is total (i.e., every node belongs to at least one
community), node-disjoint (i.e., no node belongs to more than one cluster on a single layer), and
pillar (i.e., each node belongs to the same community across the layers).
Various community detection algorithms for multiplex networks have been proposed in the litera-
ture [9]. Many of these methods either suitably reduce the multiplex to a single-layer graph or rely
on some form of aggregation of the various layers, not taking full advantage of the multi-aspect
of multilayer graphs. Furthermore, they usually do not consider dealing with possibly noisy or
corrupted data, because they focus on the consistency of multiple layers and do not consider
possible inconsistencies. Therefore, in this chapter, we propose a method for community detection
on multiplex networks that aims to simultaneously consider the information contained in the
different layers and take into consideration the possible presence of noisy layers. To simultaneously
consider the different layers of information, we write the problem as a multiobjective optimization
problem and we solve it by extending the popular Louvain heuristic to a filter-type algorithm
exploring the Pareto front. At the same time, the method takes into consideration the possible
presence of noise, considering the average and the variance of modularity scores across the multiple
layers. The efficacy and robustness of our method are shown through extensive experiments over
both synthetic and real-world datasets.
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The content of this chapter corresponds to the Journal of Complex Networks 2022 publication:
"A Variance-aware Multiobjective Louvain-like Method for Community Detection in Multiplex
Networks" [10].

Another issue, strictly related to community detection on networks, is the graph semi-supervised
learning problem [11, 12, 13]. The aim is still to find a partition of the graph but take advantage
of available input information on the community assignment of some nodes. This goal can also
be seen as building a classifier that takes into account both labeled and unlabeled observations,
by considering a suitable loss function and the underlying graph structure of the observations.
Therefore, we can approach it by optimizing a continuous objective function composed of a fitting
term, which takes into consideration the input labels, and a 2-Laplacian term as a regularizer.
In Chapter 3 and Chapter 4, we analyze different aspects of the semi-supervised community
detection problem extended to, respectively, multiplex networks and multilayer hypergraphs.

Many available algorithms for semi-supervised learning on multilayer networks deal with the
available multiple information, aggregating somehow the different layers. As mentioned above, in
multiplex networks, the multiple layers can carry different amounts of information. Some layers
can be totally or partially corrupted. Therefore, giving all the layers the same importance can
lead to incorrect results [14, 15]. In Chapter 3, the main idea is to assign to each layer a different
weight in the objective function, depending on their contribution to the cluster assignment.
However, this is information that we do not have apriori. We decided to learn these weights
using the input available labels. To do so, we reframe the problem as a bilevel optimization
problem where, at the lower level we optimize over the labels, and at the upper level, we optimize
over the weights. The method allows for a non-linear combination of the layers and has as
sub-cases the most popular aggregating expressions [16, 17, 18]. We solve the bilevel problem
using a zeroth order version of the Frank Wolfe algorithm in conjunction with a parametric Label
Propagation strategy. We also present a comprehensive convergence analysis of our method,
showing its sub-linear convergence rate. We highlight that learning the layers weights gives us
also a better interpretability of the multiplex network under analysis. We tested our methods
over various synthetic and real multiplex networks, showing their effectiveness in dealing with
diverse clustering scenarios, especially when certain layers are dominated by noise.
The content of this chapter corresponds to the ICML 2023 publication: "Learning the Right
Layers: a Data-Driven Layer-Aggregation Strategy for Semi-Supervised Learning on Multilayer
Graphs" [19].

In Chapter 4, we still deal with the graph semi-supervised learning problem but we analyze a
different aspect of it. Considering higher-order interactions can, on the one side, lead to a more
detailed modeling of a real problem but, on the other side, it can bring additional complexity
and harder treatability. In this chapter, we extend the semi-supervised learning problem on
multilayer hypergraphs, i.e. a set of hypergraphs each representing a different layer. Specifically,
we compute a first effort in approaching this computationally demanding optimization problem,
whose complexity derives from considering more sophisticated structures in the regularization
term. Since this is a first attempt, albeit knowing that this modeling can be improved, we
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decide to deal with the multilayer aspect summing the information over the different layers and
managing the presence of hyperedges substituting them with cliques involving the corresponding
group of nodes. The main idea is to solve the more complex problem by splitting it into simpler
sub-problems, and we do so by applying various coordinate descent methods [20]. These methods,
at each iteration, determine a coordinate or coordinate block via a particular selection rule, and
then they optimize over the corresponding coordinate hyperplane while fixing all other coordinates
or coordinate blocks. We compare these methods against the popular gradient descent algorithm
over extensive experiments on synthetic and real-world networks. The results demonstrate the
advantages of employing coordinate descent methods, especially when combined with appropriate
selection rules tailored to the specific problem at hand. Furthermore, we conducted an analysis
where we replaced the quadratic regularization term in the objective function with a more versatile
p-regularizer. A choice of p other than 2 changes deeply the nature of the objective function
making it more difficult to handle. However, we show that it can result in improved performance
across the different datasets we evaluated.
The content of this chapter corresponds to the EURO Journal on Computational Optimization
2023 publication: "Laplacian-based Semi-Supervised Learning in Multilayer Hypergraphs by
Coordinate Descent" [21].

In Chapter 5, we focus on an application to the science of science [22, 23]. At the beginning
of the chapter, we give a brief introduction to this relatively new but highly promising and
rapidly developing field. The science of science uses bibliometric data (e.g., productivity, paper
citations, collaboration, research funding, scholar affiliations) to analyze and model the scientific
landscape. The aim is to find intricate patterns and mechanisms that characterize the structure
and the evolution of science with the final goal of accelerating science. For instance, the science of
science deals with the metrics used to evaluate academic careers, the gender and ethnic disparities
present in scientific publications, the effect of small and big collaborations, and the evolution of
different fields. The main reason why we approach the science of science is that we want to deal
with a real problem that can naturally be modeled as a multilayer hypergraphs [24, 25, 26]. For
instance, if we want to model the interactions between different scholars, these can be due to
different factors. For example, they can collaborate on some papers, they can come from the same
institution, they can cite each other works, and they can write papers about similar topics. Each
of these information can represent one layer of a multilayer network. Additionally, as we have
mentioned above, interactions between scholars are often group interactions, as the coauthors
of a paper, and therefore they can be represented as hyperedges. In this chapter, we start an
analysis of how researchers influence each other with their research topics, therefore we restrict
our work to single-layer collaboration networks evolving over time for simplicity [27, 28]. Further
investigations will include multiple sources of information and group interactions.
In our work, we divide the set of authors into active, if they wrote at least one paper with the
focal topic, and inactive otherwise. We take into consideration the point of view of both these
two sets. The first experiment concerns the inactive authors. We calculate the probability of a
scholar switching on a new topic correlated to the number of interactions with active authors,
discovering that these two quantities are directly proportional. We also show that the impacts of
individual collaborators are interconnected and not independent. Furthermore, we find that this
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probability depends on the relative prominence of the active authors, whether it is calculated
according to their productivity or impact. The second experiment deals with the point of view
of the active authors, comparing the more and less prominent among them. We discover that
the more prominent an author is, the more inclined he is to influence others. We also find that
inactive coauthors of prominent authors who collaborate with more individuals tend to have a
lower probability of switching topics.
We show the robustness of our findings considering different topics in the three disciplines of
physics, computer science, and biology & medicine. Our analysis is based on the bibliometric
dataset OpenAlex [29].
The content of this chapter corresponds to the preprint: "Collaboration and topic switches in
science" [30].
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Chapter 2

A variance-aware multiobjective
Louvain-like method for community
detection in multiplex networks

In this chapter, our focus is to address the issue of identifying communities within multiplex
networks. These networks consist of multiple layers, with each layer denoting various types
of interactions, the layers share the same set of nodes and there are not edges between nodes
of different layers. Specifically, our objective involves identifying sets of nodes that exhibit a
consistent community structure across all layers. For this purpose, we introduce a novel method
that extends the popular Louvain method. This extension involves two main aspects: (a) updating
the average and variance of modularity scores across multiple layers simultaneously, and (b)
redefining the greedy search process using a filter-based multiobjective optimization approach.
In contrast to various previous strategies for maximizing modularity that involve aggregating
the layers in some manner, our multiobjective approach focuses on simultaneously maximizing
the modularity of each layer independently. We performed experiments using both synthetic
and real-world networks to demonstrate the efficacy and robustness of our proposed strategies.
Our approach proves to be effective in scenarios where all layers exhibit consistent community
structures, as well as in situations where certain layers contain only noise.

the

2.1 Introduction

Identifying communities, which refer to clusters of nodes characterized by dense internal connec-
tions and weaker connections to nodes outside the cluster, is a critical concern in the analysis
of graphs that represent real-world systems. Despite the proliferation of community detection
and clustering algorithms in recent years, many of these are tailored for conventional single-layer
graphs. Fortunato conducted a comprehensive survey on this subject [7]. However, the assumption
of having just one graph is often overly simplistic and can yield misleading models and outcomes.
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To address this limitation, researchers have acknowledged the need for methods that can handle
more complex structures, such as multiplex or multilayer graphs, which capture richer interactions
and dependencies among nodes.

Recent advancements in the study of networked systems have revealed that the interconnected
nature of our world often consists of networks interlinked through various layers. Each layer
signifies a distinct type of interaction within these systems [5]. Multilayer networks, which emerge
naturally, find application across a range of fields. These applications include transportation
networks [31], financial-asset markets [32], temporal dynamics [33, 34], semantic world clustering
[35], multivideo face analysis [36], mobile phone networks [37], social balance [38], citation analysis
[39], and many others. These examples underscore the prevalence and significance of multilayer
networks in various domains.
Similar to standard (single-layer) models, community detection remains a pivotal challenge in
the study of multilayer networks. However, the existence of multiple layers introduces several
additional complexities. One such challenge arises from the diverse types of multilayer structures
that networks can possess. Additionally, the presence of multiple layers introduces the issue
of community consistency, where communities may or may not align across the various layers.
This multifaceted nature of multilayer networks confirms the need for specialized methods and
techniques to effectively uncover and analyze communities within these intricate systems.
In our study, we specifically concentrate on multiplex networks, which are represented as a series
of graphs referred to as layers. These layers share a common set of nodes and do not exhibit
any inter-layer edges. Furthermore, each layer is assumed to be undirected and simple. By the
terminology introduced in the reference [9], our objective centers on identifying a collection of
communities that possesses three key properties: total (i.e., each node is a member of at least one
community), node-disjoint (i.e., no node is a member of more than one cluster within a single
layer), pillar (i.e., each node retains its affiliation to the same community across all layers).
In recent years, various community detection algorithms tailored for multiplex networks have
emerged. These approaches encompass a variety of successful strategies: some methods effectively
simplify the multiplex structure by transforming it into a single-layer graph, specific approaches
modify and extend established single-layer consensus and spectral clustering techniques to cater
to the multiplex scenario, and other methods leverage information-theoretic principles and flow
diffusion strategies to address community detection in multiplex networks, some approaches
focus on inferring communities by fitting appropriate planted partition models to the multiplex
data. These methods constitute a significant body of research aimed at solving the challenges of
community detection in multiplex networks. We attempt to summarize the related literature in
§2.2 and refer to the survey [9] for further details.
In our research, we introduce a novel approach that directly addresses the multiobjective op-
timization problem of maximizing the modularity score within each layer. To accomplish this,
we adapt the well-known Louvain heuristic method, which is widely employed for single-layer
networks [40]. This method involves a locally greedy procedure that incrementally enhances the
modularity of node partitions. A natural extension of this method to the multiplex case, already
studied in the literature, e.g. in [32, 41], is to locally maximize a weighted average MQ of the
modularity of the layers, instead of the modularity of a single layer. One of the advantages of

12



using a linear combination of the layer modularities is that the increment of MQ can be directly
computed using the increment of the modularity of each layer, whose computation is efficiently
handled by the original Louvain technique.

In Section 2.3, we present the original Louvain method designed for single-layer graphs, alongside
the definition of the modularity function. Likewise, in Section 2.4, we adopt a similar approach
by extending the Louvain strategy to accommodate the objective of maximizing a vector-valued
function representing the modularities across all layers. To tackle the ensuing multiobjective
optimization problem, we introduce a mechanism for recording and dynamically refining a
collection of solutions through a specially designed Pareto search technique. The size of this
solution list, as well as the final community assignment, is managed using a scalar cost function.
This function factors in both the average and variance of the layer modularities. By incorporating
a positive or negative variance regularization term, we gain better control over the variability of
modularity scores across layers. This flexibility allows us to handle cases involving informative
layers and the presence of noise. Importantly, although the resulting scalar cost function involves
a nonlinear combination of layer modularities, we demonstrate that by iteratively computing the
modularity of each layer, we can efficiently update their variance. This efficient update process
results in a multiobjective Louvain-like scheme that is variance-aware and capable of handling
diverse scenarios effectively.

An essential aspect of the proposed approach is its distinctive feature of not requiring an initial
assignment of the number of classes, which sets it apart from various methods outlined in the
existing literature. This feature is of great importance, considering that this information about the
community structure of the multiplex is often unavailable. In the absence of such information, many
approaches necessitate making preliminary assumptions, which can be unwarranted, regarding
the number of clusters. By obviating the need for such assumptions, our approach provides a
more flexible and adaptable solution for community detection in multiplex networks.

To assess the effectiveness and robustness of our technique, we perform experiments on multiplex
graphs within two distinct scenarios: the all-informative setting,i.e., all layers of the multiplex
contain informative data about the community structure, and noisy layer setting,i.e., at least
one layer is designated as textitnoisy layer accounting for data with corruption or noise. In
Sections 2.5.1 and 2.5.2, we undertake a comparison of our method with nine baseline algorithms.
We employ synthetic multilayer networks generated using the Stochastic Block Model (SBM)
[42] and the Lancichinetti-Fortunato-Radicchi (LFR) Benchmark [43]. Notably, we extend these
benchmarks to accommodate the multiplex framework. Subsequently, in Section 2.5.3, we
extend our assessment to include real-world multiplex graphs. The outcomes of our experiments
demonstrate that factoring in the variance across layers can significantly enhance performance,
particularly when dealing with noisy data. Notably, our proposed filter-based algorithm often
achieves either the best or second-best classification results. This confirms the value of our
multiobjective approach and confirms its efficacy in community detection tasks.
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2.2 Related work

In the subsequent section, we attempt to review and summarize some recent strategies concerning
community detection within multilayer networks. As in [9], we focus on algorithms specifically
designed to uncover communities in the context of multiplex networks.
Flattening methods involve the reduction of a multiplex network into a single-layer weighted
network, followed by the application of conventional community detection algorithms. The most
straightforward approach within this category constructs a single-layer graph in which two nodes
are connected if they are neighbors in at least one of the layers [44]. Alternatively, weighted
single-layer graphs can be generated. These graphs assign weights based on certain structural
attributes of the multiplex [44, 45].
Layer flattening corresponds to the process of combining the adjacency matrices from individual
layers into a unified aggregated adjacency matrix. This approach enables the utilization of more
sophisticated community detection algorithms. For instance, merging modularity matrices or
employing specialized node embeddings becomes possible through this process. The study of
these extended methods is explored in [46], which introduces a novel technique that integrates
the node structural features derived from the layers.
Another popular strategy involves aggregation at the level of the cost function. This involves
extending single-layer community detection cost functions to the multilayer context. Notably,
the Generalized Louvain (GL) method introduced by Mucha et al. [41] operates by maximizing
a multilayer adaptation of Newman’s modularity [47]. Additionally, Bazzi et al. [32] propose
a related technique, a Louvain-based modularity maximization method tailored for community
detection in multilayer temporal networks. Both of these methods utilize a cross-layer modularity
function, which is essentially a weighted arithmetic mean of the modularities of individual layers.
As we will discuss in the next section, our proposed approach defines a new variance-aware
Louvain-like method, which leverages this idea as a starting point. Another related approach,
as presented by Pramanik et al. [48], employs a weighted linear combination of modularities
from each layer to define a multilayer modularity index. Their approach is focused on two-layer
networks with both inter- and intra-layer connections, with the aim of simultaneously detecting
inter- and intra-layer communities.
Various alternative strategies have emerged in recent times. Pizzuti and Socievole [49] introduce a
genetic algorithm for community detection in multilayer networks, incorporating a multiobjective
optimization framework. Their approach exploits the notion of Pareto dominance to generate
new populations during each iteration. Consequently, at the end of the optimization process, the
algorithm furnishes a collection of solutions representing diverse trade-offs between objectives.
From this set of solutions, the optimal solution is ultimately selected through tailored strategies.
De Domenico et al. [50] extend the famous information-theoretic approach introduced in [51].
They present a method that generalizes the map equation for single graphs. This method identifies
communities as sets of nodes that effectively capture flow dynamics within and across layers over
an extended duration.
De Bacco et al. [52] propose a likelihood maximization-based approach. They define a mixed-
membership multilayer stochastic block model and put forth a method that deduces communities
by fitting this model to a given multilayer dataset through log-likelihood maximization.
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Wilson et al. [53] introduce a technique for multilayer data. Their method targets the identification
of densely connected sets of vertex-layer pairs. This is achieved by employing a significance-based
score that measures the connectivity of these sets in comparison to a suitable fixed-degree random
graph model.
Another prominent avenue of exploration involves methods inspired by data clustering techniques.
Zeng et al. [54] put forth a pattern mining algorithm for identifying closed quasi-cliques that
manifest on multiple layers with a frequency surpassing a given threshold. A cross-graph quasi-
clique is defined as a set of vertices belonging to a maximal quasi-clique that emerges across all
layers [55].
Tang et al. [39] and Dong et al. [56] introduce graph clustering algorithms tailored for multilayer
graphs based on matrix factorization. The central idea is to extract common factors from multiple
graphs to facilitate various clustering methods. Tang et al. [39] factorize adjacency matrices,
while Dong et al. [56] factorize graph Laplacian matrices. Liu et al. [57] present a nonnegative
matrix factorization-based multiview clustering algorithm. This approach involves factors that
represent clustering structures across multiple views, which are simultaneously regularized toward
a shared consensus.
Another popular line of research revolves around extending spectral clustering to multilayer graphs.
These algorithms typically strive to formulate a graph operator that encapsulates all relevant
information from the multilayer graph. The aim is to ensure that the eigenvectors corresponding
to the smallest eigenvalues provide meaningful insights into the clustering structure. These
methods often rely on a form of ”mean operator”. For instance, they might use the Laplacian of
the average adjacency matrix or the average Laplacian matrix [58]. Zhou and Burges [59] have
contributed to this area by developing a multiview spectral clustering approach. This method
generalizes the conventional single-view normalized cut to the multi-view scenario. It aims to
identify a cut that is close to optimal on each layer. Chen and Hero [60] have introduced an
algorithm that employs convex aggregation of layers based on signal-plus-noise models.
Various alternative approaches have also been proposed in this field. Dong et al. [61] extend
spectral clustering by merging informative Laplacian eigenspaces from different layers through
a subspace optimization analysis on Grassmann manifolds. Zhan et al. [62, 63, 64] introduce
multiview graph learning approaches that consolidate multiple graphs into a unified graph with
the desired number of connected components. Other methods exploit the concept of maximizing
clustering agreement. Zong et al. [64] propose Weighted Multi-View Spectral Clustering, using
the largest canonical angle to quantify differences between spectral clustering results from different
views. Nie et al. [65] put forth a self-weighted scheme for fusing multiple graphs, accounting for
the importance of each view, termed the Procrustes Analysis technique.
A common limitation among the proposed multiview clustering methods is their lack of con-
sideration for dealing with potentially noisy or corrupted data. These methods focus primarily
on enhancing the consistency across multiple layers and often neglect to account for potential
inconsistencies. To tackle this concern, Xia et al. [66] introduced the Robust Multi-view Spectral
Clustering approach. This method utilizes a Markov chain framework to learn an intrinsic transi-
tion matrix from multiple views, by restricting the transition matrix to be low-rank. Similarly,
Mercado et al. [42, 14] have addressed this limitation. They propose a Laplacian operator derived
by combining Laplacians from various layers using a one-parameter family of nonlinear matrix
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power means. More recently, Liang et al. [67] have presented a novel multiview graph learning
framework. This framework simultaneously addresses both multi-view consistency and multiview
inconsistency within a unified objective function. These advancements highlight an emerging
interest in addressing the issue of noisy or inconsistent data in the context of multiview community
detection.
An additional approach adopted in the field involves Bayesian inference [68]. This method entails
making hypotheses regarding node connections to identify the best model fit to a graph. The
optimization of a suitable likelihood is then performed [69].
Bickel and Scheffer [70] extended the semi-supervised co-training approach [71] to multi-view
clustering. Co-training involves iterating over all views and optimizing the objective function in
each view based on results from previous views. Kumar and Daum’e [72] introduce a co-training
approach aiming to identify a consistent clustering that aligns across multiple views. This method
is based on the underlying assumption that each layer can be independently used for clustering.
In a similar vein, Kumar et al. [73] propose Co-regularized Spectral Clustering under the same
assumption. This approach emphasizes co-regularization, striving to maximize agreement between
different views for enhanced clustering results.

2.3 The Louvain method for single layer graphs

In this work, we rely on the idea that a graph has a community structure if it is “different” enough
from a random graph. A random graph should indeed not have a community structure, since any
two nodes have the same probability to be adjacent. To this end, a null model is used as a term
of comparison when checking whether a graph shows a community structure or not. This is a
core concept in the definition of the modularity, a quality function that identifies a subgraph as a
community if the number of edges inside it exceeds the expected number of internal edges that
the same subgraph would have in the null model. The modularity function can be written as
follows

Q =
1

2m

∑︂
i,j

(Aij − Pij)δij (2.1)

where the sum runs over all pairs of vertices, A is the adjacency matrix, m the total number of
edges of the graph (or the sum of all their weights in the case of weighted networks), Pij represents
the expected number of edges between vertices i and j in the null model, and the function δ
yields one if vertices i and j are in the same community, zero otherwise.
Even though several variations of the modularity and the null model have been proposed in the
literature, the arguably most popular null model is the configuration model originally considered
by Newman and Girvan in [47], where edges are linked at random, under the constraint that
the expected degree of each vertex of the null model coincides with the actual degree of the
corresponding node in the original graph [74]. With this choice of P , the modularity function
reads

Q =
1

2m

∑︂
i,j

(︂
Aij −

kikj

2m

)︂
δij (2.2)
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where ki is the degree of the node i (the sum of all the edges incident to i), and the function δ
yields one if vertices i and j are in the same community, zero otherwise.
. In this model, communities are found via the maximization of Q. As this is known to be
an NP-hard combinatorial optimization task [75], several algorithms have been proposed to
approximately compute a modularity-based community assignment.
The Louvain method, introduced by Blondel et al. in [40], is one of the most popular and most
effective methods for modularity maximization. This method is based on a greedy strategy that
consists of two phases: initially, each vertex is a community and, in the first phase, the algorithm
computes the gain, in terms of weighted modularity, obtained by including a node i in the
community of every neighbor node j, then selecting the one with the largest increase in modularity,
as long as it is positive. Once the first level partition is obtained, in the second phase of the
method, communities are replaced by super vertices. Two super vertices are connected if there is
at least an edge between the vertices of the corresponding communities, with the edge weight
between the two super vertices being the sum of the edge weights between the corresponding
communities. The whole procedure is repeated iteratively until the modularity cannot increase
and the algorithm stops.
The Louvain heuristic is very popular for its simplicity and efficiency. Part of the algorithm’s
efficiency results from the fact that the modularity can be calculated iteratively during the
procedure. Only at the very beginning of phase 1, the method calculates the modularity from
scratch.
To calculate the modularity, the algorithm uses the following formula, which is equivalent to the
equation

Q =

|C|∑︂
r=1

|E(Cr)|
m

−
(︂∑︁

i ki

2m

)︂2
(2.3)

where C=(C1,. . . ,C|C|) is the clustering assignment, m is the sum of weights of all the links in
the network, |E(Cr)| is the sum of the weights of all the links between nodes in the community
Cr and ki is the degree of node i.
During the loop, the algorithm calculates the modularity gain cheaply. The gain ∆Q1i, obtained
by moving a node i from its community Cr, can easily be computed via the formula

∆Q1i =

∑︁
tot ·ki

2m2
− ki

2

2m2
− ki,in

m
(2.4)

where
∑︁

tot is the sum of weights of the links incident to the nodes in Cr, ki is the degree of node
i, ki, in is the sum of weights of the links from i to nodes in Cr.
Similarly, the following expression is used to evaluate the change of modularity ∆Q2i→j when an

∆Q2i→j =

∑︁
i,in

m
−
∑︁

tot ·ki

2m2
(2.5)

where
∑︁

i,in is the sum of weights of the links inside community Cr.
Thus, if a node i changes community, the algorithm calculates the modularity of the new partition
just by adding the gains obtained above to the initial modularity value, rather than calculating
the function Q from scratch. In particular, note that these formulas to calculate the modularity
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gain can be easily extended to the weighted graph created in the second phase of the algorithm.
Due to this fact, the Louvain heuristic is extremely fast.
One of the main drawbacks of modularity is its resolution limit which may prevent it from
detecting clusters that are comparatively small concerning the graph as a whole [76]. Therefore,
many different versions of modularity have been proposed [77]. Furthermore, it has been shown
that modularity admits an exponential number of distinct high-scoring solutions and typically
lacks a clear global maximum [78]. This implies that the output of any modularity maximization
procedure should be interpreted cautiously in scientific contexts.

2.4 Multiobjective Louvain-like method for multiplex networks

In this section, we introduce our novel method designed for community detection in multiplex
networks. Building upon the widely known Louvain heuristic method for single-layer networks [40],
our approach is tailored to maximize the modularity across all layers simultaneously. Diverging
from various alternative strategies that aggregate either the multiplex or the cost function into
a single-layer representation of the original multiple layers, our method directly addresses the
multiobjective nature inherent to the problem at hand, i.e., the existence of more than one
objective to optimize. To achieve this, our algorithm maintains and updates a list of community
assignments deemed suitable throughout its execution. Each of these assignments is favored over
the others based on a particular criterion. This approach allows us to effectively address the
complexity of optimizing multiple objectives in the context of multiplex community detection.
More formally, consider a multiplex with k layers G1, . . . , Gk, where Gs = (V,Es) is the graph
forming the s-th layer. Thus, consider the vector of layer modularities Q = (Q1, . . . , Qk). Here
and everywhere in the text, we shall always assume vectors are column vectors unless otherwise
specified. The modularity score of the s-th layer is defined as

Qs =
1

2ms

∑︂
ij

(︂
A

(s)
ij −

d
(s)
i d

(s)
j

2ms

)︂
δij , (2.6)

where the sum runs over all pairs of vertices, A(s) is the adjacency matrix of Gs, ms the total
number of edges in Es (or the sum of all their weights, in the case of weighted graphs), d(s)i is the
degree (or weighted degree) of the node i in Gs and the function δ yields one if vertices i and j
are in the same community and zero otherwise.
We aim at maximizing all entries of Q simultaneously, i.e., we consider the following multiobjective
optimization problem:

max
{partitions of V }

(Q1, . . . , Qk) (2.7)

In multiobjective optimization, there is no unique way to define optimality, since there is no
a-priori total order for Rk and each partial order leads to different strategies. Here, we consider
the well-established definition of optimality according to Pareto [79]:

Definition 2.4.1. Given two vectors z1, z2 ∈ Rk, we write z1 ⪰P z
2 if z1 dominates z2 according
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to Pareto, that is:

z1i ≥ z2i for each index i = 1, .., k and

z1j > z2j for at least one index j = 1, .., k .

A vector z∗ ∈ Rk is Pareto optimal if there is no other vector z ∈ Rk such that z ⪰P z
∗. Moreover,

the Pareto front is the set of all Pareto optimal points.

To tackle the optimization problem expressed in equation (2.7), we adapt the well-known Louvain
method to approach a feasible solution along the Pareto front of the modularity vector. The
procedure commences with an initial partition in which each node represents an individual
community. This initial partition leads to an initial modularity vector, denoted as Q. The
subsequent process involves a two-phase approach, leading to the generation of a list L that
contains community assignments and their associated modularity vectors. The fundamental
criterion guiding this generation is that no entry in this list should be Pareto-dominated by any
other entry. In simpler terms, each community assignment should not be consistently outperformed
by any other assignment in terms of all objectives. The final approximate solution is determined
through the use of a scalar function F designed to evaluate the “quality” of a partition across the
multiple layers. The choice of F is explored in detail in §2.4.1. To start the process, the list L
is initialized with the initial modularity vector Q = (Qs)s as well as the corresponding initial
community partition and the value of F associated with it. This initialization sets the foundation
for the subsequent optimization steps.
During the first phase of the algorithm, a sequential node selection process is undertaken based
on a specified initial node ordering. The process involves examining each node individually, and
for each node, its neighboring nodes j (excluding those already considered) are assessed. For
each node i and every layer s, the change in modularity ∆Q

(i→j)
s is calculated as the sum of

the change in modularity on layer s obtained by removing i from its community C(i) and the
variation of modularity on layer s obtained by including i in the community C(j).
In the first phase, the algorithm picks one node at a time, following a given initial node ordering.
For each node i, for every layer s, and for every neighbor j of node i (among the js that have not
been considered yet), we compute the change of modularity ∆Q

(i→j)
s as the sum of the change in

modularity on layer s due to the removal of node i from its community Ci and the variation of
modularity on layer s caused by incorporating node i into the community Cj of its neighboring
node j. For each alteration in community assignment, the resulting new modularity vector
Q(i→j) = (Q1 +∆Q

(i→j)
1 , . . . , Qk +∆Q

(i→j)
k ) is evaluated by efficiently updating the previous

modularity scores, following the methodology utilized in the original Louvain approach. If the
modularity vector Q(i→j) is not Pareto-dominated by any of the modularity vectors already
present in the list L, then it is a promising candidate for inclusion in L. However, akin to the
original Louvain method, we seek to incorporate only new modularity vectors that signify a “strict
improvement”. To address this, we utilize the modularity updates ∆Q

(i→j)
s to efficiently compute

the change ∆F (i→j) in the scalar function F . If this change results in a positive increment in the
quality function F , we add Q(i→j), the updated value of the quality function F +∆F (i→j), and
the associated partition to the list L. Consequently, partitions in L whose modularity vectors are
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outperformed by the newly added vector are removed. Furthermore, to prevent an exponential
growth in the size of the list L, a final control measure is implemented. Specifically, elements in
L with low values of F are filtered out, ensuring that only the h partitions yielding the highest
values of F are retained. This step effectively maintains the list L at a manageable size while
still considering partitions with the most promising performance metrics.
This process continues iteratively until the list L ceases to change and exclusively includes non-
dominating vectors. At this juncture, the method identifies the most optimal partition according
to the criterion of F , selecting it as the new starting point. Subsequently, the algorithm advances
to the second phase, involving an aggregation step where the communities within the chosen
partition are merged to create condensed vertices, resulting in a smaller graph representation.
The entire procedure is reiterated iteratively until no further enhancement in the Pareto sense
is achievable. This follows the same approach as the original Louvain method for single-layer
graphs. The complete algorithmic outline is summarized in Algorithm 1.
The selection of the function F plays a pivotal role in determining the effectiveness of the
proposed approach. This decision affects not only the ultimate community assignment but also
the computational efficiency of the strategy, as the evaluation of F can be a resource-intensive
process. In the following, we contend that an appropriate choice of F should consider both the
average and variance of the layer modularities. We demonstrate that these two metrics can be
evaluated through a cost-effective iterative update procedure.

2.4.1 Variance-aware cross-layer modularity function

One possible approach to quantify the quality of a partition in a multiplex network involves
calculating the average of the corresponding modularity functions across all layers. In essence,
this choice corresponds to setting F equal to MQ , with

MQ =
1

k

k∑︂
s=1

Qs . (2.8)

The concept of evaluating a linear combination, possibly with weights, of the modularity functions
from individual layers is a conceptually natural approach. This idea has been explored in previous
studies, such as in [32, 41, 48]. One notable advantage of this approach is that the change
∆F (i→j), which quantifies how the selected function F is affected when node i is transferred from
community Ci to Cj during the first phase of the algorithm, can be easily calculated due to the
linear relationship between F and Qs:

∆M
(i→j)
Q =

1

k

k∑︂
s=1

∆Q(i→j)
s (2.9)

This observation is at the basis of the GL method, proposed in [41], see also [9, 32].
While calculating the average modularity offers a straightforward perspective on the community
structure across layers, this approach can occasionally oversimplify the analysis [42, 14]. Particu-
larly, in scenarios involving noisy layers, linear averages over the multiple layers perform poorly
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[42]. To address this limitation, we explore two functions that incorporate the sampled variance
of the layer modularities:

F− = (1− γ)MQ − γVQ and F+ = (1− γ)MQ + γVQ (2.10)

where γ ∈ (0, 1) is a parameter and VQ is the sampled variance of the modularity of the layers,
which we compute as

VQ =
1

k − 1

k∑︂
s=1

(Qs −MQ)
2 . (2.11)

While F± is now quadratic in Qs, we observe below that, as for the linear choice F =MQ, the
increment ∆F (i→j)

± of both F− and F+ can be computed efficiently during the algorithm. A direct
computation shows that the following formula holds:

∆F
(i→j)
± = (1− γ)∆M

(i→j)
Q ± γ R

(i→j)
Q ,

where R(i→j)
Q is the coefficient

R
(i→j)
Q = V

(i→j)
∆Q +

2

k − 1
(Q−MQ1)

⊤(∆Q(i→j) −∆M
(i→j)
Q 1) ,

1 = (1, . . . , 1) is the vector of all ones, Q = (Q1, . . . , Qk) is the vector of the layer modularities,
∆Q(i→j) is the column vector whose s-th component is the gain ∆Q

(i→j)
s , and V

(i→j)
∆Q is the

sampled variance of ∆Q(i→j)
s , which we compute as follows:

V
(i→j)
∆Q =

1

k − 1

k∑︂
s=1

(∆Q(i→j)
s −∆M

(i→j)
Q )2 . (2.12)

The presented formulas highlight that, similar to the iterative updates used for ∆Q
(i→j)
s within

MQ, the nonlinear quality functions F± can also be iteratively updated during the execution
of Algorithm 1. Importantly, this process remains computationally efficient by utilizing the
incremental changes ∆F

(i→j)
± . Consequently, this approach ensures the efficient calculation of the

quality metrics associated with the novel community assignments. This simultaneous tracking of
the mean and variance of the layer modularities aids in providing a comprehensive evaluation of
the community structures’ consistency and variability, enhancing the overall quality assessment.

2.4.2 Positive vs negative variance regularization

The two quality functions, F+ and F−, offer the flexibility to address distinct forms of modularity
variability across layers. Specifically, in scenarios where all layers demonstrate consistent com-
munity structure, the use of F− is appropriate. This choice stems from the desire to achieve a
balance between achieving high modularity values while keeping layer variability within acceptable
limits. A higher value of the parameter γ results in a smaller variance across the layers in the
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final solution, aligning with the notion of an optimal solution when community structures across
all layers coincide. Conversely, when dealing with layers that contain noise or exhibit limited
community structure, the preference shifts to utilizing F+. In these instances, the objective is to
favor solutions that not only possess a significant modularity but also display a significant level
of variability across layers. An elevated value of γ here allows for greater permissible variability
across layers, potentially facilitating the accommodation of noise or diverse layer characteristics.
In summary, the selection between F+ and F− hinges on the nature of the layers, and the choice
of the parameter γ offers a way to strike a balance between modularity and variability to cater to
different underlying structures and potential noise in the multiplex network.
Overall, we study three variants of the proposed Louvain Multiobjective Method in Algorithm 1,
which correspond to the following three different choices of the function F : the modularity average
MQ, defined in (2.8), and the functions F− and F+ defined in (2.10). We refer to the corresponding
algorithms respectively as Louvain Multiobjective Average (MA), Louvain Multiobjective Variance
Minus (MVM) and Louvain Multiobjective Variance Plus (MVP).
The determination of the list length h, as mentioned earlier, involves a trade-off between exploration
of the Pareto front and computational efficiency. A longer list (h) facilitates a more thorough
approach to the Pareto front and exploration of layer modularity space. However, it also comes
at the cost of increased computational complexity, which grows exponentially with h. Our
experimental results indicate that even with a relatively small value of h such as 2 or 3, significant
performance improvements in terms of accuracy and normalized mutual information (NMI) can
be achieved compared to h = 1. It’s noteworthy that when h is set to 1, the method essentially
simplifies into an aggregation strategy where the multiobjective aspect is neglected. Instead,
the focus shifts towards maximizing the selected scalar function F using a Louvain-like greedy
approach. In this context, methods such as MVP and MVM with h = 1 provide extensions to
the GL method by incorporating variance considerations. On the other hand, MA with h > 1
introduces a multiobjective variant of the GL approach. For further clarity, when h = 1, we refer
to the method using the F− function as Louvain Expansion Variance Minus (EVM) and the
method using the F+ function as Louvain Expansion Variance Plus (EVP). This distinction
highlights their focus on either minimizing variance (F−) or accommodating variability and noise
(F+) in the layers.

2.5 Experiments

We implemented the methods described in §2.4 using Matlab. Our codes are all available on
the GitHub page: https://github.com/saraventurini/A-Variance-aware-Multiobjective-
Louvain-like-Method-for-Community-Detection-in-Multiplex-Networks.
We considered both synthetic and real-world networks, performing extensive experiments to
compare the proposed methods against nine multilayer community detection baselines (see §2.2
for details), namely:

• GL: Generalized Louvain [32, 41, 48];

• CoReg: Co-Regularized spectral clustering, with parameter λ = 0.01 [73];
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• AWP: Multi-view clustering via Adaptively Weighted Procrustes [65];

• MCGC: Multi-view Consensus Graph Clustering, with parameter β = 0.6 [64];

• PM: Power mean Laplacian multilayer clustering, with parameter p = −10 [42];

• MT: Multitensor expectation maximization [52];

• SCML: Subspace Analysis on Grassmann Manifolds, with parameter α = 0.5 [61];

• PMM: Principal Modularity Maximization, with parameters l = 10 and maxKmeans =
5 [46, 80];

• IM: Information-theoretic generalized map equation [50].

Notably, all of these methods, except GL and IM, necessitate the user to predetermine the number
of communities being sought. This could pose a potential limitation in real-world applications,
given that we often lack prior knowledge about the inherent community structure of the graph,
which would lead us to possibly make unfounded assumptions regarding the number of clusters.
Methods’ performance is evaluated using two metrics: the accuracy, measured as the percentage of
nodes assigned to the correct community [64], and the Normalized Mutual Information (NMI) [81].
We recall that the output of any modularity maximization procedure should be interpreted
cautiously in practical contexts since there could be different existing valid partitions for the
same network and different methods can find different local optima [78]. An interesting future
possibility would be to integrate the comparison with another performance measure that does
neither rely on the attributes nor on the learned partition, like the modularity values of the output
partition. In all performed experiments, we explored two distinct scenarios: the informative
scenario, where every layer contains meaningful information about the underlying clusters, and
the noisy scenario, wherein some layers consist solely of randomly generated noise. As elaborated
in Section 2.4.1, the inclusion of a negative variance component as seen in F− proves suitable
for the informative context, whereas the presence of a positive variance term as depicted in F+

becomes beneficial in the presence of noisy layers. Consequently, we assessed the performance of
EVM and MVM for the informative setting, while we employed EVP and MVP for the noisy
scenario. Additionally, to validate the advantages associated with the variance term in F±, we also
present the results of MA, which exclusively accounts for the sum of modularities across layers,
effectively offering a form of a multiobjective variant of GL. For the Louvain Multiobjective model,
we evaluated two different list lengths: h = 2 and h = 3, denoted by adding the corresponding
number to the method’s abbreviation (e.g., MA2 represents the Louvain Multiobjective Average
method with a list length of h = 2).
To comprehensively assess the method’s performance across various variance regularizing param-
eters, we considered a range of values for γ, specifically γ ∈ {0.1, 0.3, 0.5, 0.7, 0.9}, which were
utilized in the definitions of both F− and F+. In Figures 2.1-2.4 and Tables 2.2-2.4, we present
the scores achieved with the parameter that led to the highest Normalized Mutual Information
(NMI) on each dataset. Notably, it is worth mentioning that a substantial level of comparability
in performance was achieved for a wide array of parameter values. As such, the evaluation of
the methods across varying values of γ offers valuable empirical insight into selecting the most
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suitable γ value. This empirical guidance suggests that a well-balanced contribution, such as
γ ≈ 0.5, is preferable in informative scenarios, while a higher value such as γ ≈ 0.9 appears to
yield superior results in the presence of noise. The model with a negative parameter γ, frequently
exhibits improved performance, suggesting that encouraging higher variance, i.e., promoting
different partitions across layers, is beneficial for achieving better results. This perspective is
further supported by considering the increased number of parameters. When all communities
across layers match, there are only N non-unique parameters, whereas if they are all different, the
model has NK parameters. Given that, a better result (in this case obtained with higher variance,
hence more parameters) can be due to overfitting. However, our aim is exactly to overfit the
informative layers, discarding the noisy ones. Some other existing methods allow nodes to belong
to more than one community, however, this is outside the scope and setting of this analysis.
As locally greedy algorithms, the initial ordering of nodes during phase one of all our methods,
much like the standard Louvain method, can influence the final performance. Our computational
experience suggests that the choice of a specific ordering has a relatively minor impact on the
cost function itself, but it may affect computational time. Determining the most suitable initial
ordering is a nontrivial challenge and a well-known concern when employing these types of
greedy strategies. In our experiments, we adopt a tailored approach to selecting the initial
node ordering based on the specific characteristics of the network scenario at hand. More
precisely, we arrange the nodes according to their community size in the informative setting. In
contrast, for the noisy setting, we assign nodes in a random order. This distinction is primarily
motivated by computational considerations: sorting nodes by their community size incurs a higher
computational cost, which remains reasonable for the informative case but becomes impractical
for the noisy scenario.

2.5.1 Synthetic Networks via SBM

Here, we analyze networks generated using the multilayer Stochastic Block Model (SBM), a
generative model for graphs with planted communities defined by parameters p and q. These
parameters determine edge probabilities: between nodes i and j, the edge probability is p (resp.
q) if nodes i and j belong to the same (resp. different) community. For our experiments, we
set p > q to generate informative layers and p = q for noisy ones. Specifically, we construct
networks with 4 communities, each containing 125 nodes, and either 2 or 3 layers. We keep
p = 0.1 fixed and vary the p/q ratio to control the informativeness of the layers. In the case
of noisy layers, we maintain p = q = 0.1. Each pair of (p, q) values is tested on 10 random
instances, and the results are averaged. The outcomes are presented in Figures 2.1 and 2.2,
categorizing the settings as follows: 2.1(a)(b) two informative layers; 2.1(c)(d) three informative
layers; 2.2(a)(b) two informative layers and one noisy layer; 2.2(c)(d) two informative layers and
two noisy layers. Overall, the proposed approaches demonstrate strong performance across various
parameter configurations compared to the baseline methods. The variance-based multiobjective
approaches (MVM and MVP) tend to perform the best, even in scenarios with multiple noisy
layers (Fig. 2.2(b)). Notably, while the community detection task becomes easier with higher
p/q ratios, the proposed approaches consistently outperform other methods. Furthermore, we
investigated the potential influence of community size disparities on the methods’ performance.
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We generated networks using the SBM with communities of different sizes: 100, 150, and 200
nodes. We maintained the same values for p and p/q as before and assessed the same cases.
Results are presented in Figures 2.3 and 2.4: 2.3(a)(b) two informative layers; 2.3(c)(d) three
informative layers; 2.4(a)(b) two informative layers and one noisy layer; 2.4(c)(d) two informative
layers and two noisy layers. Notably, the results show that the methods’ performance is minimally
impacted by community size variations.

2.5.2 Synthetic Networks via LFR

Our next test setting involves synthetic networks generated using the Lancichinetti-Fortunato-
Radicchi (LFR) benchmark [43]. This benchmark offers the advantage of modeling networks with
varying node degrees and community sizes, providing a more heterogeneous structure compared
to the SBM. We extended the LFR benchmark to the multilayer scenario, generating separate
networks for each layer while maintaining consistent parameter values. In line with [50], we
considered graphs with 128 nodes distributed across 4 communities, each containing 32 nodes.
The average degree was set to 16, and the maximum degree was capped at 32. The parameter µ,
representing the fraction of inter-community links, was varied. For the noisy layers, we ensured
a single community structure and set µ = 0 as suggested in the literature. Our experiments
encompass different combinations of informative and noisy layers, and the results are depicted in
Figures 2.5 and 2.6. In these figures, each pair of panels corresponds to accuracy and Normalized
Mutual Information (NMI) scores for the following scenarios: 2.5(a)(b) two informative layers;
2.5(c)(d) three informative layers; 2.6(a)(b) two informative layers and one noisy layer; 2.6(c)(d)
two informative layers and two noisy layers. The outcomes demonstrate that the proposed
methods consistently achieve high accuracy and NMI scores, making them highly competitive
when compared to baseline approaches. Notably, in cases where µ = 0.6, the number of inter-
community links surpasses that of intra-community links, leading to less distinct community
structures. As a result, all methods face challenges in achieving satisfactory solutions in this
particular scenario.

2.5.3 Real World Networks

We consider five real-world datasets frequently used for evaluation in multilayer graph clustering,
[42]:

• 3sources comprises articles from three distinct online news sources (BBC, Reuters, and
The Guardian). Each news source corresponds to a layer, and the articles are manually
categorized into six topical labels, including business, entertainment, health, politics, sport,
and technology [57, 82].

• BBCSport contains sports articles labeled with five topic categories. The dataset’s two
layers are created by splitting each document into segments and then randomly assigning
these segments to layers [82].

• Cora is a citation dataset involving research papers labeled with seven classes. One layer
corresponds to the citation network, while the second layer is constructed based on document
features, specifically the k-nearest neighbor graph [83].
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Figure 2.1: Average values of accuracy and NMI over 10 random networks sampled from SBM
with equally distributed informative layers (2 layers (a)(b) and 3 layers (c)(d)) with four clusters
of equal size, for p = 0.1 and p/q ∈ {2, 2.3, 2.5, 2.8, 3}.
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Figure 2.2: Average values of accuracy and NMI over 10 random networks sampled from SBM
with both informative and noisy layers (two informative and one noisy in (a)(b); two informative
and two noisy in (c)(d)). The informative layers are equally distributed SBM graphs with four
clusters of equal size, p = 0.1 and p/q ∈ {2, 2.3, 2.5, 2.8, 3, 3.3, 3.5}. The noisy layers are SBM
graphs with p = q = 0.1.
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Figure 2.3: Average values of accuracy and NMI over 10 random networks sampled from SBM
with equally distributed informative layers (2 layers (a)(b) and 3 layers (c)(d)) with three clusters
of 100, 150 and 200 nodes, respectively, for p = 0.1 and p/q ∈ {2, 2.3, 2.5, 2.8, 3}.
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Figure 2.4: Average values of accuracy and NMI over 10 random networks sampled from SBM
with both informative and noisy layers (two informative and one noisy in (a)(b); two informative
and two noisy in (c)(d)). The informative layers are equally distributed SBM graphs with three
clusters of 100, 150, and 200 nodes, respectively, for p = 0.1 and p/q ∈ {2, 2.3, 2.5, 2.8, 3, 3.3, 3.5}.
The noisy layers are SBM graphs with p = q = 0.1.
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Figure 2.5: Average values of accuracy and NMI over 10 random networks sampled from LFR
with equally distributed informative layers (2 layers (a)(b) and 3 layers (c)(d)), with four clusters
and µ ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}.
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Figure 2.6: Average values of accuracy and NMI over 10 random networks sampled from LFR
with both informative and noisy layers (two informative and one noisy in (a)(b); two informative
and two noisy in (c)(d)). The informative layers are equally distributed LFR graphs with four
clusters and µ ∈ {0.1, 0.2, 0.3, 0.4, 0.5, 0.6}. The noisy layers are LFR graphs with one community
and µ = 0.
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Table 2.1: Basic statistics for the real-world datasets. For each dataset, it shows the number
of nodes N , the number of layers k, the number of communities c, the size of each community,
and, for each layer, the number of edges |E|, the edge density δ and the average and standard
deviation of the nodes’ degrees, ⟨deg⟩ and σ, respectively.

3sources BBCSport cora UCI Wikipedia

N 169 544 2708 2000 693
k 3 2 2 6 2
c 6 5 7 10 10

|Ci|
56, 21, 11,
18, 51, 12

62, 104, 193,
124, 61

298, 418, 818, 426,
217, 180, 351 200 each 34, 88, 96, 85, 65,

58, 51, 41, 71, 104
|E| δ ⟨deg⟩ σ |E| δ ⟨deg⟩ σ |E| δ ⟨deg⟩ σ |E| δ ⟨deg⟩ σ |E| δ ⟨deg⟩ σ

L1 1168 0.04 12.82 3.37 4075 0.01 13.98 5.22 5278 7e-4 3.90 5.23 14447 3e-3 13.45 3.54 5606 0.01 15.18 5.37
L2 1223 0.04 13.47 4.55 4127 0.01 14.17 6.42 21273 3e-3 14.71 9.52 14600 3e-3 13.60 3.7 5385 0.01 28.83 5.37
L3 1272 0.04 14.05 5.13 - - - - - - - - 14498 3e-3 13.50 3.48 - - - -
L4 - - - - - - - - - - - - 12729 3e-3 11.73 1.67 - - - -
L5 - - - - - - - - - - - - 14561 3e-3 13.56 3.73 - - - -
L6 - - - - - - - - - - - - 14421 3e-3 13.42 3.43 - - - -

• UCI contains features of handwritten digits (0-9). The digits are represented using six
distinct feature sets, forming six layers: Fourier coefficients of character shapes, profile
correlations, Karhunen-Love coefficients, pixel averages, Zernike moments, and morphological
features [57, 84].

• Wikipedia consists of Wikipedia articles categorized into ten different categories, including
art & architecture, biology, geography, history, literature & theatre, media, music, royalty &
nobility, sport & recreation, and warfare. Each article is assigned to one of these categories
in both the text and image components, forming the two layers [85].

The layers constructed from feature sets in these datasets utilize a symmetrized k-nearest neighbor
graph with a value of k = 10. This construction is based on the Pearson linear correlation between
nodes, where nodes with higher correlations have smaller distances. Specifically, if Nk(u) denotes
the set of k nodes that have highest correlation with node u, to each node u we connect all nodes
in the set

Nk(u) ∪ {v : u ∈ Nk(v)}.
The main properties of the various multilayer networks are reported in Table 2.1. In general,
we point out that with real data the ground truth that we take into consideration is one of the
possible different existing valid partitions for the network.
Given the known community structure of the graphs, we examined both the scenarios involving
informative layers and those featuring noisy layers. For the noisy case, we explored two setups. In
the first, we introduced a noisy layer to accompany the informative ones. In the second setup, we
considered networks with two layers: the first layer was formed by aggregating all the available
layers, while the second layer consisted solely of noise. The noisy layers were created using
uniform (Erdős–Rényi) random graphs, with an edge probability of p taking values from the set
0.01, 0.03, 0.05. For each specific p value and each dataset, we generated 10 random instances.
Within each instance, our methods were executed 10 times, each with different random initial
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community orderings.

In Tables 2.2 - 2.4, we present the average accuracy and NMI scores across the various samples and
random initializations. The optimal and second-best values are highlighted using gray shading,
with the optimal values presented in bold font. Additionally, we calculate the average performance
ratio scores ρAcc and ρNMI as follows: for a given metric Ma,d (where Ma,d represents either
accuracy or NMI achieved by algorithm a on dataset d), the performance ratio is defined as
ra,d =Ma,d/maxMa,d over all algorithms a. The average performance ratios ρAcc and ρNMI (for
accuracy and NMI, respectively) are then computed by averaging the values of ra,d over all
datasets d. For any algorithm, the closer the average performance ratio to 1, the better the overall
performance.

The results show that in many instances, the proposed methods outperform the baseline approaches.
Notably, methods that take into account both the variance and average of modularity across the
layers tend to perform better. The multiobjective methods, namely MVM and MVP, consistently
achieve superior results in almost all cases. This observation aligns with the more sophisticated
Pareto-based approach and is in line with the findings from the synthetic data experiments.
Furthermore, the last two tables underscore the robustness of the proposed methods to noise. In
scenarios with noisy layers, the proposed methods, especially the multiobjective variants, exhibit
very high-performance ratios. This is accompanied by consistently high accuracy and NMI scores
across various datasets, highlighting the robustness of the methods in the presence of noise.

Lastly, we turn our attention to analyzing how the methods perform when faced with the addition
of a larger number of noisy layers. To investigate this, we evaluate the different methods on the
3sources dataset by incrementally adding up to 5 noisy layers. In Table 2.5, we present the average
accuracy and NMI scores across samples and random initializations for the noisy scenarios. For
comparison, we include values for the informative case studied in Table 2.2, which corresponds to
having 0 noisy layers added. The results demonstrate that across all cases, the proposed methods
consistently outperform the baseline approaches. Particularly, the multiobjective approaches,
MVM and MVP, achieve the best performance in nearly all scenarios. It’s important to note that
we use MVM for the informative setting (as in Table 2.2) and MVP for settings with varying
numbers of noisy layers. This decision is made to ensure higher variance across the layers in each
of those cases. Remarkably, the multiobjective MVP approaches exhibit remarkable insensitivity
to the number of noisy layers. The accuracy for these methods only marginally diminishes as
the number of noisy layers increases from 1 to 5. In some instances, more noise even leads to
better accuracy. This behavior can be attributed to the methods’ capacity to leverage higher
modularity variance, potentially considering it as a positive factor instead of a hindrance. Figure
2.7 provides insight into the computational time in seconds. In 2.7(a), the computational time for
all methods is shown, while 2.7(b) omits the values for the most time-consuming method (MT)
for clarity. The figures indicate that the proposed methods exhibit comparable time efficiency to
the baseline methods. It is known that the computational complexity of the Louvain heuristic
is O(|V | log (|V |)). However, it has been empirically observed in practical instances and lacks a
theoretical demonstration to our knowledge [86, 87]. Studying the computational complexity of
the proposed method, not only from an empirical but also from a theoretical point of view, would
be an interesting future direction.
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2.6 Conclusion

In summary, we introduced a novel method for detecting communities in multiplex graphs. This
method extends the Louvain heuristic by incorporating a quality function that considers variance
and employs a vector-valued modularity ascending approach based on a specialized Pareto search.
We examined different versions of the method to analyze scenarios involving informative and
noisy cases. In the informative case, each layer reflects the same community structure, while
the noisy case involves some layers with communities and others consisting solely of noise. We
performed extensive experiments comparing our method with nine baseline methods drawn from
both network science and machine learning fields. Our evaluation covered synthetic networks
created using the LFR and stochastic block models, as well as five real-world multilayer datasets
(3sources, BBCSport, cora, UCI, Wikipedia), with informative and noisy settings considered in
each case. The experimental outcomes underscore the competitive performance of our proposed
method against the baseline approaches. Specifically, the multiobjective approach incorporating
modularity variance demonstrated superior performance across a wide range of scenarios.

Table 2.2: Real-world dataset setting one: no noisy layers. Average accuracy, NMI, and per-
formance ratio score over 10 random initializations. All layers are informative. The best and
second-best values are highlighted with gray boxes.

3sources BBCSport cora UCI Wikipedia Perf. Ratios

Acc NMI Acc NMI Acc NMI Acc NMI Acc NMI ρAcc ρNMI

EVM 0.876 0.789 0.833 0.798 0.617 0.537 0.882 0.921 0.548 0.520 0.951 0.966

MA2 0.858 0.749 0.899 0.825 0.407 0.434 0.753 0.862 0.525 0.521 0.863 0.912

MA3 0.876 0.789 0.596 0.731 0.425 0.428 0.876 0.910 0.558 0.546 0.838 0.920

MVM2 0.888 0.812 0.844 0.784 0.597 0.514 0.883 0.925 0.544 0.508 0.952 0.959

MVM3 0.888 0.812 0.915 0.851 0.603 0.502 0.883 0.925 0.530 0.504 0.966 0.965

GL 0.858 0.749 0.748 0.753 0.523 0.520 0.877 0.913 0.556 0.544 0.904 0.947

CoReg 0.651 0.658 0.858 0.617 0.530 0.380 0.958 0.911 0.522 0.445 0.905 0.840
AWP 0.686 0.662 0.616 0.722 0.534 0.293 0.869 0.891 0.462 0.332 0.843 0.758

MCGC 0.544 0.595 0.919 0.795 0.273 0.034 0.898 0.855 0.221 0.135 0.676 0.580

PM 0.734 0.707 0.778 0.690 0.551 0.456 0.876 0.879 0.569 0.560 0.896 0.892
MT 0.651 0.610 0.748 0.656 0.453 0.289 0.553 0.666 0.342 0.229 0.692 0.638

SCML 0.686 0.661 0.864 0.767 0.616 0.447 0.862 0.872 0.560 0.535 0.919 0.889
PMM 0.692 0.666 0.518 0.514 0.336 0.238 0.638 0.662 0.417 0.302 0.658 0.625
IM 0.539 0.624 0.531 0.401 0.431 0.477 0.721 0.761 0.123 0.11 0.570 0.630
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Table 2.3: Real-world dataset setting two: informative layers plus one noisy layer. Average
accuracy, NMI, and performance ratio scores over 10 random initializations and 10 random
edge probabilities p ∈ {0.01, 0.03, 0.05} for the noisy layer. The best and second-best values are
highlighted with gray boxes.

3sources BBCSport cora UCI Wikipedia Perf. Ratios

Acc NMI Acc NMI Acc NMI Acc NMI Acc NMI ρAcc ρNMI

EVP 0.703 0.649 0.825 0.797 0.541 0.517 0.880 0.916 0.577 0.556 0.964 0.988

MA2 0.692 0.609 0.790 0.761 0.551 0.519 0.881 0.920 0.558 0.518 0.950 0.955

MA3 0.683 0.612 0.789 0.758 0.549 0.519 0.881 0.921 0.559 0.518 0.947 0.955

MVP2 0.717 0.668 0.828 0.797 0.543 0.518 0.881 0.920 0.578 0.555 0.970 0.994

MVP3 0.730 0.677 0.817 0.792 0.543 0.520 0.881 0.919 0.579 0.556 0.971 0.996

GL 0.678 0.607 0.777 0.754 0.555 0.521 0.881 0.920 0.561 0.520 0.945 0.953

CoReg 0.652 0.650 0.849 0.753 0.407 0.191 0.957 0.912 0.435 0.324 0.874 0.767
AWP 0.658 0.602 0.737 0.593 0.411 0.123 0.924 0.897 0.410 0.266 0.835 0.662
MCGC 0.546 0.585 0.812 0.694 0.303 0.005 0.804 0.816 0.201 0.107 0.686 0.563

PM 0.714 0.658 0.730 0.645 0.548 0.444 0.876 0.880 0.568 0.556 0.943 0.916
MT 0.624 0.627 0.519 0.355 0.187 0.011 0.660 0.723 0.170 0.051 0.556 0.453

SCML 0.639 0.593 0.772 0.604 0.222 0.028 0.964 0.930 0.185 0.057 0.701 0.558
PMM 0.538 0.508 0.387 0.167 0.255 0.060 0.667 0.677 0.172 0.047 0.528 0.377
IM 0.538 0.624 0.531 0.401 0.431 0.477 0.721 0.761 0.123 0.110 0.620 0.671

Table 2.4: Real-world dataset setting three: one aggregated informative layer plus one noisy
layer. Average accuracy, NMI, and performance ratio scores over 10 random initializations and 10
random edge probabilities p ∈ {0.01, 0.03, 0.05} for the noisy layer. The best and second-best
values are highlighted with gray boxes.

3sources BBCSport cora UCI Wikipedia Perf. Ratios

Acc NMI Acc NMI Acc NMI Acc NMI Acc NMI ρAcc ρNMI

EVP 0.655 0.575 0.886 0.799 0.550 0.432 0.869 0.903 0.556 0.526 0.938 0.943
MA2 0.348 0.217 0.664 0.555 0.541 0.418 0.853 0.890 0.431 0.361 0.761 0.717
MA3 0.332 0.207 0.659 0.550 0.537 0.416 0.858 0.893 0.427 0.359 0.754 0.711

MVP2 0.744 0.675 0.914 0.826 0.546 0.430 0.872 0.905 0.564 0.538 0.969 0.980

MVP3 0.754 0.689 0.914 0.828 0.544 0.431 0.873 0.906 0.566 0.540 0.969 0.984
GL 0.327 0.203 0.664 0.549 0.537 0.418 0.866 0.898 0.427 0.360 0.756 0.713
CoReg 0.566 0.436 0.608 0.338 0.435 0.190 0.761 0.642 0.446 0.305 0.753 0.542
AWP 0.549 0.416 0.644 0.376 0.444 0.179 0.750 0.622 0.439 0.292 0.754 0.531
MCGC 0.512 0.479 0.682 0.480 0.276 0.020 0.702 0.691 0.347 0.291 0.654 0.514

PM 0.512 0.363 0.729 0.658 0.569 0.414 0.834 0.828 0.457 0.360 0.831 0.764
MT 0.693 0.614 0.729 0.614 0.272 0.113 0.634 0.699 0.406 0.306 0.714 0.534

SCML 0.514 0.410 0.797 0.661 0.600 0.416 0.846 0.835 0.479 0.365 0.867 0.783
PMM 0.440 0.304 0.424 0.206 0.311 0.108 0.641 0.535 0.386 0.249 0.591 0.392

IM 0.793 0.742 0.730 0.751 0.323 0.376 0.199 0.338 0.496 0.532 0.687 0.827
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Algorithm 1 Louvain Multiobjective Method
Input G multiplex graph, F scalar quality function
Output final partition
L initialized with node-based partition, the corresponding modularity vector Q and the value
of F
Set terminate = false
repeat

Set updateL = true
repeat

for all node i of G do
for all partition C in list L do

places i in every neighboring community which yields a positive increment of F . If the
corresponding modularity vector Q is not Pareto-dominated by any of the modularity
vectors in L, insert in L the vector Q, the corresponding partition, and the F value.
Delete from L all terms corresponding to modularity vectors that are dominated by
Q.

end for
end for
If L is longer than h, cut it to length h using F
if L does not change then
updateL = false

end if
until ( updateL == false)
Consider the partition of the list L which maximizes the function F gain
if L has changed then
G = reduced graph where each community of the selected partition is a node

else
Set terminate = true

end if
until (terminate == true)
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Table 2.5: Real-world dataset setting four: 3-sources dataset with an increasing number of noisy
layers (from 0 to 5). Average accuracy and NMI over 10 random initializations (for the noisy
cases) and 10 random edge probabilities p ∈ {0.01, 0.03, 0.05} for the noisy layers. The best and
second-best values are highlighted with gray boxes.

0 1 2 3 4 5

Acc NMI Acc NMI Acc NMI Acc NMI Acc NMI Acc NMI

EVM/P 0.876 0.789 0.703 0.649 0.729 0.677 0.735 0.688 0.767 0.708 0.777 0.717
MA2 0.858 0.749 0.692 0.609 0.615 0.538 0.577 0.495 0.526 0.442 0.503 0.426

MA3 0.876 0.789 0.683 0.612 0.602 0.529 0.576 0.494 0.535 0.449 0.503 0.420

MVM/P2 0.888 0.812 0.717 0.668 0.748 0.693 0.752 0.700 0.778 0.718 0.787 0.721

MVM/P3 0.888 0.812 0.730 0.677 0.751 0.692 0.738 0.699 0.779 0.722 0.790 0.720
GL 0.858 0.749 0.678 0.607 0.615 0.541 0.571 0.492 0.508 0.443 0.506 0.424
CoReg 0.651 0.658 0.652 0.650 0.650 0.645 0.654 0.645 0.650 0.637 0.645 0.631
AWP 0.686 0.662 0.658 0.602 0.664 0.580 0.632 0.539 0.622 0.521 0.599 0.462
MCGC 0.544 0.595 0.546 0.585 0.541 0.577 0.550 0.575 0.538 0.551 0.486 0.503
PM 0.734 0.707 0.714 0.658 0.671 0.609 0.675 0.592 0.671 0.583 0.640 0.543
MT 0.651 0.610 0.624 0.627 0.629 0.619 0.650 0.654 0.642 0.632 0.665 0.633
SCML 0.686 0.661 0.639 0.593 0.658 0.641 0.666 0.632 0.652 0.620 0.649 0.596
PMM 0.692 0.666 0.538 0.508 0.649 0.608 0.637 0.603 0.581 0.555 0.570 0.563
IM 0.539 0.624 0.538 0.624 0.538 0.650 0.574 0.635 0.580 0.617 0.527 0.610
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Figure 2.7: Computational time of different methods on the 3-sources dataset, with an increasing
number of noisy layers (from 0 to 5). In (a) all methods’ runtimes are shown, in (b) excluding
MT.
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Chapter 3

Learning the right layer: a data-driven
layer-aggregation strategy for
semi-supervised learning on multilayer
graphs

As pointed out in the previous chapter, clustering (or community detection) on multilayer graphs
poses several additional complications concerning standard graphs as different layers may be
characterized by different structures and types of information. A significant challenge lies in
determining the degree to which each layer contributes to the assignment of clusters. This issue
is essential to fully harness the potential of the multilayer structure and enhance classification
outcomes beyond what can be achieved using individual layers or their union. However, making
an informed a-priori assessment about the clustering information content of the layers can be
very complicated. In this study, we operate within a semi-supervised learning context, where the
classes of a limited portion of nodes are initially supplied. We introduce a Laplacian-regularized
model designed to acquire an optimal nonlinear combination of the diverse layers based on the
provided input labels. The learning algorithm relies on a Frank-Wolfe optimization approach
that incorporates an inexact gradient, coupled with a modified Label Propagation iteration. We
offer a comprehensive convergence analysis of the algorithm and perform experiments using both
synthetic and real-world datasets. These experiments demonstrate that our proposed method
exhibits favorable outcomes when compared to a range of baseline approaches. Moreover, our
method surpasses the performance of each layer when utilized in isolation. In the following
chapters, we rely on the assumption that the graph correlates with the given labels, therefore
giving in input a graph should always improve the classification.

3.1 Introduction

Graph-based Semi-Supervised Learning (GSSL) has emerged as a powerful approach for inferring
labels of unlabeled nodes in various applications with limited labeled data [12]. In GSSL, the
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underlying graph structure plays a crucial role, especially when the labeled data is scarce and
node features are unavailable. The Laplacian regularization formulation, based on the smoothness
assumption, has proven successful. It minimizes a loss function that enforces consistency with
both initial labels and the graph structure. The solution can be interpreted as a new node
embedding used for classification. Initially proposed by Zhou et al. [88], Belkin et al. [89],
and Yang et al., [90] this approach has seen extensive exploration in the machine learning field
[14, 91, 92, 93, 94, 95, 96]. While traditional graphs have proven to be a valuable tool for
representing data interactions, many real-world scenarios involve intricate systems characterized
by multiple types of interactions or relationships occurring concurrently. In these cases, multilayer
graphs offer a more proper representation [97, 98, 99]. For instance, consider transportation
systems that encompass various modes like trains, buses, and more [100]. In scientific domains,
data may involve co-authorship, co-citation, and other connections, as well as affiliations based on
topics or institutions [101]. In social environments, individuals engage in different interactions like
friendships, acquaintanceships, or business interactions [102]. Similarly, biological systems exhibit
diverse relationships among their components [103, 104]. Multilayer graphs offer an established
framework for representing these complex data scenarios, allowing for the direct modeling of
these multifaceted interactions. This has yielded improvements in various domains, spanning
both network science and machine learning applications [9, 105].
Despite their potential usefulness and power, multilayer graph models introduce a fundamental
challenge. A multilayer graph can consist of numerous layers, each describing different properties.
However, it is not immediately clear whether all these layers contribute to effectively classifying
the nodes. Some layers might carry the same or complementary clustering information, while
others could be more informative than others. Additionally, certain layers might be mere noise,
carrying no meaningful information about node clusters. Determining the situation that best
characterizes a given dataset and identifying the most and least informative layers presents a
significant and complex challenge. Constructing these networks in various applications isn’t
straightforward, and making an informed assessment about the presence of noise, the distinct
types of layer structures, and the general information content related to clustering can be highly
intricate [103, 15].
In recent years, numerous Graph-based Semi-Supervised Learning (GSSL) algorithms have been
developed specifically for multilayer networks. Many of these methods propose aggregating
the information from different layers into a single-layer graph by utilizing various aggregation
functions such as sum, min, max, and so on. The objective is typically to give more weight to the
most informative layers, aiming to enhance the overall classification performance [59, 14, 16, 17,
106, 107, 108, 109, 18, 110, 111]. However, a notable limitation of many existing methods is that
their proposed aggregation strategies are often tailored to specific scenarios. Consequently, they
usually require prior knowledge about the type of clustering information carried by the layers
and the entire dataset. Furthermore, although certain methods perform well across multiple
settings, such as those presented in [14, 112], they fail to provide insights into whether specific
layers hold more informative value than others, whether the information is complementary, or
whether certain layers are essentially uninformative noise.
In this study, we introduce a novel approach based on a Laplacian-regularized model that
effectively learns the optimal combination of various layers using the available labeled data.
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Our model employs nonlinear generalized mean functions to aggregate the layers, encompassing
various aggregation functions that have been employed in previous literature as special cases. To
determine the optimal aggregation parameters, we employ a specially designed bi-level inexact-
gradient optimization strategy. We provide an exhaustive analysis of the convergence properties of
this optimization method and extensively validate its performance through numerical experiments.
Our experimental evaluation encompasses both synthetic and real-world datasets. The results
demonstrate that our proposed Graph-based Semi-Supervised Learning (GSSL) method for
multilayer networks showcases a remarkable competitive advantage in terms of classification
accuracy when compared to existing alternatives. Furthermore, our approach is effective in
identifying the layers that contribute the most relevant information, as well as those that are less
informative, thus allowing us to highlight complementary information across the layers.

3.2 Related work

In this section, we will offer a brief overview of existing semi-supervised learning algorithms
tailored for multilayer graphs. Our focus will primarily be on methods specifically designed to
operate on featureless multilayer networks.
Similar to our model, various approaches are centered around learning an optimal set of parameters
within the aggregation function of the multilayer graph. These methods make use of a multilayer
adaptation of the Laplacian-regularization framework often seen in graph-based semi-supervised
learning. For instance, Tsuda et al. [16] introduced a technique for protein classification that
operates on multiple protein networks. They aggregate the multilayer graph through a weighted
linear combination, with the weights determined through a variational min-max procedure that
aims to minimize the worst-case graph consistency function. The outcome of their method
demonstrates robustness in the presence of noisy or irrelevant layers. Likewise, Argyriou et
al. [17] present an approach where they determine an optimal linear combination of Laplacian
kernels. This is achieved by solving an expanded regularization problem on the multilayer graph,
which involves minimizing both the dataset and the collection of graph kernels. Furthermore,
Zhou and Burges [59] demonstrate that the resulting convex combination of graph Laplacians
serves as an extension of the normalized cut function to the context of multilayer networks. An
alternative perspective is introduced by Nie et al. [108], where they offer a different formulation.
In their method, the optimal weights for the weighted linear combination of layers’ Laplacians are
implicitly determined through a dual Lagrangian formulation. The outcome is a parameter-free
technique for finding optimal layer weights. Lastly, Karasuyama and Mamitsuka [107] present an
efficient strategy for the linear aggregation of multiple graphs under the Laplacian regularization
framework. They achieve this by employing an approach involving alternate optimization through
label propagation, combined with sparse integration. In contrast to the approach we present
here, all of the aforementioned methods rely on linear aggregation functions (such as convex
combinations), where the optimal weights are determined based on model-driven considerations,
often aimed at addressing worst-case scenarios. Incorporating nonlinear layer aggregation functions,
such as max, min, and their generalizations, introduces additional modeling flexibility. Mercado
et al. [14] employ a Log-Euclidean matrix function formulation to define a generalized power
mean of graph Laplacians, which includes arithmetic, geometric, and harmonic means as special
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cases. They propose a regularizer based on a one-parameter family of matrix means. This
approach is further refined and enhanced in Bergermann et al. [111], using diffuse interface
methods and efficient matrix-vector products. Although this approach achieves competitive
performance, it necessitates extensive parameter exploration for the chosen mean, which can
become computationally intensive. In other works such as [105, 109, 113], entrywise minimum
and maximum aggregation functions are employed in the multilink model.
Diverging from the traditional Laplacian regularization framework, there are some alternative
approaches in the literature. Eswaran et al. [114] introduce a method that utilizes fast belief
propagation on heterogeneous graphs, where nodes belong to distinct types. This approach is
tailored to capture the intricate relationships present in such heterogeneous graphs. Gujral and
Papalexakis [112] present a parameter-free algorithm that leverages tensor factorization techniques.
This algorithm is designed to uncover both overlapping and non-overlapping communities within
multilayer networks.
While geometric deep learning and graph neural networks are widely used in the single-layer
setting, their extension to the multilayer context is still relatively limited and often focuses
on scenarios where multilayer graphs contain connections between different layers (inter-layer
edges). Here are a couple of examples. Among the available ones, Ghorbani et al. [115] is based
on an extension of the graph convolutional filter by Welling & Kipf [92], while Grassia et al.
[116] proposes a graph neural network whose graph filter is a parametric aggregated Laplacian,
parametrized in terms of an MLP.

3.3 Bilevel optimization

In this section, we provide a basic overview of bilevel optimization. Bilevel programming involves
solving an upper optimization problem (UOP) while taking into account the optimality conditions
of a lower optimization problem (LOP). This framework is used when optimizing one problem
depends on the solution of another. Bilevel optimization has found applications in various fields,
such as engineering, economics, and machine learning [117, 118, 119, 120]. In the context of
hyperparameter optimization, bilevel programming arises when tuning both model parameters
(usually learned from the training data) and hyperparameters (which control the learning process).
The available data is typically split into a training set for parameter tuning and a validation
set for hyperparameter tuning. The goal is to find the best combination of model parameters
and hyperparameters that minimize the validation error or some other performance metric. This
creates a hierarchical optimization structure where the inner optimization involves selecting the
optimal model parameters given fixed hyperparameters, and the outer optimization involves
selecting the best hyperparameters.
Bilevel optimization in hyperparameter tuning is challenging due to the nested nature of the
optimization problems and the potential non-convexity of the search space. Various strategies,
including grid search, random search, Bayesian optimization, and gradient-based methods, have
been proposed to address this challenge and efficiently search for the optimal combination of
model parameters and hyperparameters.
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A bilevel optimization problem has the following general form:

min
ξ,ψ

ζ(ξ, ψ) s.t. ψ ∈ argmin
ψ′

υ(ξ, ψ′) (3.1)

Here, the goal is to minimize an outer objective function ζ by considering both inner and outer
variables ξ and ψ. The inner variables ψ are subject to a constraint that requires them to minimize
an inner objective function υ concerning ψ′. The nested structure of this problem introduces
complexity and makes bilevel optimization challenging.

In our context, the available data are the input labels which are divided into a training set and
a test set. In the LOP we deal with the standard GSSL, while in the UOP we aim to tune the
weights to give to the different layers. To solve the bilevel formulation, we will calculate the
explicit expression of the solution of the LOP. We will substitute it in the UOP and we will solve
it using a zeroth order Frank Wolfe algorithm since the calculation of the hypergradient can be
computationally demanding.

3.4 Learning the most relevant layers

Problem set-up

We consider a multiplex (alternatively known as a multicolor, or multiview graph) with k layers
G1, . . . , Gk, each being a weighted undirected graph Gs = (V,Es, ws) with V = {1, . . . , |V |},
Es ⊆ V × V , and ws : Es → R+. To each layer correspond a weighted adjacency matrix A(s),
whose entries A(s)

ij = ws(ij) > 0 represent the strength of the tie between i and j, if ij ∈ E, and

A
(s)
ij = 0 if ij /∈ E.

Using the terminology proposed in [9], we assume G consists of a set C = {C1, . . . , C|C|} of
communities (or labels) that is total (i.e., every node belongs to at least one Cj ∈ C), node-disjoint
(i.e., no node belongs to more than one cluster), and pillar (i.e., each node belongs to the same
community across the layers). Further, we assume that for each Cr ∈ C we are given a set of
input known labels Or ⊆ V which are one-hot encoded into the matrix Y ∈ Rn×m, with Yir = 1
if i ∈ Cr, and Yir = 0 otherwise.
The goal is to learn the unknown labels. In our setting, we assume no node feature is available.
In other words, we focus on the setting in which one has access only to topological information
about the graph structure and has some input knowledge about the community assignment of
some nodes. This is a common setting in e.g. network and social science applications [9].

Generalized mean adjacency model

To learn a classifier that effectively takes into account the multilayer graph structure, we design a
nonlinear aggregation strategy that optimally learns the aggregation parameters and computes
a classifier based on a multilayer Laplacian-regularization model. To this end, we first briefly
review the standard Laplacian-regularization model for single-layer graphs.
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When dealing with a single-layer graph, a common strategy to ensure both local and global
consistency with the provided input labels and the graph structure is to minimize the following
GSSL loss function, which incorporates Laplacian regularization:

φ(X) := ∥X − Y ∥2F + λ
2Tr(X

⊤LX) (3.2)

over all X ∈ R|V |×|C|. Here L = D −A is the Laplacian matrix of the single-layer graph at hand,
with D = diag(A1) the diagonal matrix of the (weighted) degrees. Simple linear algebra passages
show that the obtained solution X∗ = argminφ(X) is entrywise positive, thus the entries X∗

ir can
be interpreted as a classifier that provides a score quantifying the likelihood that node i belongs
to the community Cr. Hence, we assign to each node i the label Cr∗ , with r∗ = argmaxj X

∗
ij .

Note that, if y(r) is the r-th column of Y , with one-hot information about the input labels in Or,
then one can equivalently write φ(X) =

∑︁|C|
r=1 φr(x

(r)), where x(r) are the columns of X and

φr(x) =

N∑︂
i=1

|xi − y
(r)
i |2 + λ

2

N∑︂
i,j=1

Aij (xi − xj)
2 . (3.3)

As the φr are independent of each other, in this single-graph setting minimizing φ is equivalent
to minimizing each φr individually.
When we are given k layers, imposing smoothness concerning the edge structure is more challenging.
As the communities are assumed to be consistent across the layers, a standard approach is to
tackle the problem after layer aggregation. If the aggregating function is linear, this boils
down to choosing a set of weights βs > 0 with

∑︁
s βs = 1 and replace A in (3.2) or (3.3) with

Alin =
∑︁

s βsA
(s). This approach has been widely explored and is considered for example in

[16, 17, 18]. As the cost function in (3.2) is quadratic, this is equivalent to considering the
classifier X∗ =

∑︁
s βsX

∗
s , with X∗

s solution to (3.2) for A = A(s). Another possibility is to
consider “nonlinear aggregations” [14, 109, 111, 113].
For example, using the concept of multilink [105], Mondragon et al. [109] replace the multilayer
network with a single-layer graph with adjacency matrix with entries Amaxij = maxsA

(s)
ij or

Aminij = minsA
(s)
ij . The maximum-based model assumes that an edge between nodes i and j

exists in the aggregated graph if at least one edge connecting them is present in any of the
layers. On the other hand, the minimum-based model keeps edges in the aggregated graph only
if they are present in all layers. These approaches work well when either all the edges in every
layer are reliable and can be trusted, as in the case of the maximum-based model, or when
no individual layer can be fully trusted, leading to the minimum-based approach. However, in
real-world scenarios, the layers might contain distinct and complementary community information,
while some layers could be considered "noisy," indicating that they might provide limited or no
meaningful information about the underlying communities [14, 15].
The introduction of parameters βs in the linear model enables us to assign varying weights to
the layers, which can be particularly useful if information about their community-related content
is known. However, determining these weights based on prior knowledge can be challenging,
especially when assessing the presence of noise or different types of community structures
across the layers [15]. To address this challenge, we propose a nonlinear aggregation approach

44



Table 3.1: Entries of the generalized mean adjacency matrix A(θ), for particular choices of the
parameters θ = (α, β) ∈ RK+1.

α → −∞ α = −1, βk = 1/K α → 0, βk = 1/K α = 1, βk = 1/K α → +∞
Minimum (MIN) Harmonic (HARM) Geometric (GEO) Arithmetic (ARIT) Maximum (MAX)

mink=1,...,K A
(k)
ij

(︄
1
K

∑︁K
k=1

1

A
(k)
ij

)︄−1 (︂∏︁K
k=1

A
(k)
ij

)︂1/K
1
K

∑︁K
k=1

A
(k)
ij maxk=1,...,K A

(k)
ij

that encompasses linear, maximum, and minimum aggregation strategies as specific instances.
Moreover, this approach dynamically learns the optimal aggregation parameters directly from the
provided input labels. This way, the method can adapt to the specific characteristics of the data
and the layer relationships, without requiring explicit prior knowledge about the layers’ noise
levels or community structures.
Both the linear combination Alin and the minimum, maximum matrices Amin, Amax can be
seen as particular cases of more general nonlinear aggregations based on the generalized mean
adjacency matrix A(θ), entrywise defined as

A(θ)ij =

(︄
k∑︂
s=1

βs
(︁
A

(s)
ij

)︁α)︄1/α

, (3.4)

where the parameters θ = (α, β) are such that
∑︁

s βs = 1, βs > 0 as above, and α ∈ R. In fact,
Alin = A((1, β)), and Amin = limα→−∞A((α, β)), Amax = limα→+∞A((α, β)). As illustrated in
Table 3.1, a variety of well-known means is modeled by (3.4), including the minimum, the harmonic,
and the geometric means. Note that, despite a similar terminology, A(θ) is an elementwise function
and thus is very different from the matrix function generalized mean considered in [14].
Letting D(θ) = diag(A(θ)1) be the degree matrix of the generalized mean adjacency matrix, and
L(θ) = D(θ)−A(θ) its Laplacian matrix, we extend (3.2) to the multilayer setting by considering
the following

φ(X,Y ; θ) = ∥X − Y ∥2F + λ
2Tr(X

⊤L(θ)X)

and the corresponding class-wise function φk(x, y; θ), obtained by replacing A with A(θ) in (3.3).
In order to learn the parameters θ, we split the available input labels into training and test sets,
with corresponding one-hot matrices Y tr and Y te, and consider the bilevel optimization model

min
θ

H(Y te, XY tr;θ)

s.t. XY tr;θ = argminX φ(X,Y
tr; θ)

θ = (α, β), α ∈ R, β ≥ 0,
∑︁

s βs = 1

(3.5)

where H is the multiclass cross-entropy loss

H(Y,X) = − 1

|V |

|V |∑︂
i=1

|V |∑︂
j=1

Yij log

(︄
Xij∑︁|V |
j=1Xij

)︄
.
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The resulting embedding X∗ for the learned parameters is then used to classify the unlabeled
nodes in the usual way.
Note that, unlike the single-layer case, using (3.3) rather than (3.2) in this setting may yield
different results. In particular, if different layers carry information about different communities,
using a one-vs-all cross-entropy model may be more effective. Thus, as an alternative to (3.5), we
consider

min
θ

h(yte, xytr;θ)

s.t. xytr;θ = argminx φk(x, y
tr; θ)

θ = (α, β), α ∈ R, β ≥ 0,
∑︁

s βs = 1

(3.6)

which we solve for each community c, individually, using the binomial cross-entropy loss

h(y, x) = − 1

N

N∑︂
i=1

(︁
yi log(xi) + (1− yi) log(1− xi)

)︁
.

3.5 Optimization with inexact gradient computations

To compute the classifier based on the generalized mean aggregation, we employ a gradient-free
optimization algorithm in conjunction with a parametric Label Propagation technique. The
details of this approach are outlined in Section §3.5.2. In particular, we utilize a Frank-Wolfe
algorithm [121, 122, 123] with inexact gradient computation and a customized line search strategy.
This algorithm is specifically designed for constrained optimization problems, and in our context,
we focus on the formulation presented in (3.5) for simplicity. The same principles and procedures
can be directly extended to the case of (3.6).
Note that, fixing the parameters θ = (α, β), the inner problem minX φ(X,Y ; θ) can be solved
explicitly. A direct computation shows that ∇Xφ(X,Y ; θ) = 2{(X − Y ) + λL(θ)}X. Thus,

argminX φ(X,Y ; θ) =
(︁
I + λL(θ)

)︁−1
Y . (3.7)

Using (3.7), we can rewrite (3.5) by replacing the optimality constraint at the inner level with its
explicit solution. Moreover, as the generalized mean converges fast to maximum and minimum
for α→ ±∞, we limit α within an interval α ∈ [−a, a], for a large enough a > 0. Altogether, we
reformulate (3.5) as

min
θ∈S

f(θ) , (3.8)

where f(θ) := H(Y te, (I + λL(θ))−1Y tr) and, for a > 0, S = {(α, β) ∈ Rk+1 : α ∈ [−a, a], θs >
0,
∑︁

s θs = 1}.
As previously mentioned, we employ a Frank-Wolfe-based technique to address the optimization
problem (3.8). The underlying concept of this algorithm is to determine, at each iteration n, a
direction dn that minimizes a linear approximation of the objective function f around the current
point θn. Subsequently, we update the next point θn+1 by advancing along the direction dn with
a step size ηn, which is chosen using an appropriate line search strategy. Although the function
f is smooth and real-valued, computing its gradient ∇f can be computationally intensive in
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Algorithm 2 Frank-Wolfe algorithm with inexact gradient
1: Given θ0 ∈ S
2: For n = 0, 1, . . .
3: Compute ˜︁∇f(θn) as an estimate of ∇f(θn)
4: Compute θ̂n ∈ argminθ∈S ˜︁∇f(θn)⊤(θ − θn)

and set dn = θ̂n − θn
5: Compute a stepsize ηn ∈ (0, 1] by a line search
6: Set θn+1 = θn + ηndn
7: End for

practice. To circumvent this challenge, we use an estimated gradient ˜︁∇f within the algorithm.
The resulting approach is presented in Algorithm 2.
Note that the linear problem at line 3 of Algorithm 2 is particularly simple due to the box-
plus-simplex form of the constraint set S, and it can be solved separately in the variables α
and β. In fact, for the variable α, we aim at minimizing a linear function over the box [−a, a],
which implies α̂n = −a if ˜︁∇αf(θn) > 0, and α̂n = a otherwise. Similarly, for the variables
β ∈ RK , we have to minimize a linear function over the unit simplex, which yields β̂n = eȷ̂, where
ȷ̂ = argminj=1,...,K [(˜︁∇βf(θn)]j and eȷ̂ is the ȷ̂-th vector of the canonical basis of RK .

3.5.1 Convergence analysis

To analyze the convergence of Algorithm 2, we first introduce some useful notation. Let gn =
−∇f(θn)⊤dn, ˜︁gn = −˜︁∇f(θn)⊤dn and gFWn = −∇f(θn)⊤dFWn , where dFWn ∈ argminθ∈S{∇f(θn)⊤(θ−
θn)} − θn is the direction obtained by the Frank-Wolfe algorithm with exact gradient. Inspired
by [124], we assume that the estimate ˜︁∇f satisfies the following condition.

Assumption 3.5.1. For every n, there exists ϵn ≥ 0 such that

|(∇f(θn)− ˜︁∇f(θn))⊤(θ − θn)| ≤ ϵn ∀ θ ∈ S. (3.9)

Since S is a convex set, a point θ∗ ∈ S is said to be stationary for (3.8) when ∇f(θ∗)⊤(θ−θ∗) ≥ 0
for all θ ∈ S. Then, gFWn is an optimality measure, i.e. gFWn = 0 if and only if θn ∈ S is a
stationary point. Now we show that when Assumption 3.5.1 is satisfied with a sufficiently small
ϵn and the stepsize ηn is generated with a suitable line search, Algorithm 2 obtains a stationary
point at a sublinear rate on non-convex objectives with a Lipschitz continuous gradient. The
constant in the convergence rate depends on the quality of the gradient estimate (the more precise
the estimate, the smaller the constant).

Theorem 3.5.2. Let ∇f be Lipschitz continuous with constant M , and let S be compact with finite
diameter ∆. Let {θn} be a sequence generated by Algorithm 2, where ˜︁∇f satisfies Assumption 3.5.1
with

ϵn ≤ σ

1 + σ
˜︁gn, 0 ≤ σ <

1

3
, (3.10)
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and the step size ηn satisfies

ηn ≥ η̄n = min

(︃
1,

˜︁gn
M∥dn∥2

)︃
, (3.11)

f(θn)− f(θn + ηndn) ≥ ρη̄n˜︁gn, (3.12)

with some fixed ρ > 0. Then,

g∗n ≤ max

(︄√︄
∆2M(f(θ0)− f∗)

nρ(1− σ)2
,
2(f(θ0)− f∗)

n(1− 3σ)

)︄
, (3.13)

where g∗n = min
0≤i≤n−1

gFWi and f∗ = minθ∈S f(θ).

Proof. The following chain of inequalities holds:

−∇f(θn)⊤dFWn ≥ −∇f(θn)⊤dn ≥ −˜︁∇f(θn)⊤dn−ϵn ≥ −˜︁∇f(θn)⊤dFWn −ϵn ≥ −∇f(θn)⊤dFWn −2ϵn,
(3.14)

where we used (3.9) in the second and the last inequality, while the first and the third inequality
follow from the definition of dFWn and dn. In particular, using the definitions of ˜︁gn, gn and gFWn ,
from (3.14) we can write

gFWn ≥ ˜︁gn − ϵn, (3.15)˜︁gn ≥ gFWn − ϵn, (3.16)
gn ≥ ˜︁gn − ϵn (3.17)

Using (3.10) and (3.15), we also have

ϵn ≤ σ(˜︁gn − ϵn) ≤ σgFWn , (3.18)

Now, let us distinguish two cases.

• If η̄n < 1, from (3.11) it follows that
˜︁gn

M∥dn∥2
< 1. Using (3.12) we can write

f(θn)− f(θn + ηndn) ≥ ρη̄n˜︁gn =
ρ

M∥dn∥2
˜︁g2n ≥ ρ˜︁g2n

∆2M
,

where the last inequality follows from ∥dn∥ ≤ ∆. Observe that, from (3.16) and (3.18), we
have ˜︁gn ≥ (1− σ)gFWn . Therefore,

f(θn)− f(θn+1) ≥
ρ(1− σ)2

∆2M
(gFWn )2. (3.19)
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• If η̄n = 1, from (3.11) it follows that
˜︁gn

M∥dn∥2
≥ 1 and, since ηn ≤ 1 from the instructions

of the algorithm, then ηn = 1. By the standard descent lemma, we can write

f(θn+1) = f(θn + dn) ≤ f(θn)− gn +
M

2
∥dn∥2 ≤ f(θn)− (˜︁gn − ϵn) +

M

2
∥dn∥2 ,

where we used (3.17) in the last inequality. Since we are analyzing the case where ˜︁gn ≥
∥dn∥2M , we obtain

f(θn)− f(θn+1) ≥
˜︁gn
2

− ϵn.

Using (3.16) and (3.18), we also have˜︁gn
2

− ϵn ≥ gFWn
2

− 3

2
ϵn ≥ gFWn

2
− 3

2
σgFWn =

1− 3σ

2
gFWn .

Therefore,

f(θn)− f(θn+1) ≥
1− 3σ

2
gFWn . (3.20)

Now, based on the two cases analyzed above, we partition the iterations {0, 1, . . . , T − 1} into
two subsets N1 and N2 defined as follows:

N1 = {n < T : η̄n < 1}, N2 = {n < T : η̄n = 1}.
Using (3.19) and (3.20), we can write:

f(θ0)− f∗ ≥
T−1∑︂
n=0

(f(θn)− f(θn+1))

=
∑︂
N1

(f(θn)− f(θn+1)) +
∑︂
N2

(f(θn)− f(θn+1))

≥
∑︂
N1

ρ(1− σ)2

∆2M
(gFWn )2 +

∑︂
N2

1− 3σ

2
gFWn

≥ |N1| min
n∈N1

ρ(1− σ)2

∆2M
(gFWn )2 + |N2| min

n∈N2

1− 3σ

2
gFWn

≥ (|N1|+ |N2|)min

(︃
ρ(1− σ)2

∆2M
(g∗T )

2,
1− 3σ

2
g∗T

)︃
= T min

(︃
ρ(1− σ)2

∆2M
(g∗T )

2,
1− 3σ

2
g∗T

)︃
,

where the last inequality follows from the definition of g∗T . Hence,

ρ(1− σ)2

∆2M
(g∗T )

2 ≤ 1− 3σ

2
g∗T ⇒ g∗T ≤

√︄
∆2M(f(θ0)− f∗)

Tρ(1− σ)2
,

ρ(1− σ)2

∆2M
(g∗T )

2 >
1− 3σ

2
g∗T ⇒ g∗T ≤ 2(f(θ0)− f∗)

T (1− 3σ)
,

leading to the desired result.
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Note that, in our setting, ∆ ≤ 2a +
√
2. Condition (3.10) can be easily satisfied by a proper

calculation of the gradient estimate ˜︁∇f (see §3.5.2). Conditions (3.11)–(3.12) can be satisfied
with suitable line searches/stepsize rules (see, e.g., [123, 125, 126]). In particular, Lemma 3.5.3
below shows that this is the case for the modified Armijo line search rule which sets

ηn = δj , (3.21)

where j is the smallest non-negative integer such that

f(θn)− f(θn + ηndn) ≥ γηn˜︁gn, (3.22)

with γ ∈ (0, 1/2) and δ ∈ (0, 1) being two fixed parameters.

Lemma 3.5.3. Let Assumption 3.5.1 hold with

ϵn ≤ σ

1 + σ
˜︁gn, 0 ≤ σ <

1

2
. (3.23)

At iteration n, if ηn is determined by the Armijo line search described in (3.21)–(3.22), then

ηn ≥ min{1, 2δ(1− γ − σ)}η̄n, (3.24)

with η̄n being defined as in (3.11).

Proof. Reasoning as in the proof of Theorem 3.5.2, we have that (3.17) holds. By the standard
descent lemma, we have

f(θn)− f(θn + ηdn) ≥ ηgn − η2
M∥dn∥2

2
≥ η(˜︁gn − ϵn)− η2

M∥dn∥2
2

, ∀η ∈ R, (3.25)

where the last inequality follows from (3.17). Then,

f(θn)− f(θn + ηdn) ≥ γη˜︁gn ∀η ∈
[︃
0, 2

(1− γ)˜︁gn − ϵn
M∥dn∥2

]︃
.

Since ηn is computed by (3.21)–(3.22), we can write

ηn ≥ min

(︃
1, 2δ

(1− γ)˜︁gn − ϵn
M∥dn∥2

)︃
≥ min

(︃
1, 2δ

(1− γ − σ)˜︁gn
M∥dn∥2

)︃
≥ min(1, 2δ(1− γ − σ))η̄n,

(3.26)

where the second inequality follows from (3.23).

Note that in the proof of Theorem 3.5.3 we prove

ηn ≥ min

(︃
1, c

˜︁gn
M∥dn∥2

)︃
for some c > 0

for the Armijo line search. When c ≥ 1 then η̄n is of course a lower bound for the step size ηn,
and when c < 1 we can still recover (3.11) by considering ˜︂M =M/c instead of M as Lipschitz
constant.
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3.5.2 Implementation details

In Algorithm 2, we approximate the gradient with the finite difference method:

˜︁∇f(θn) = K+1∑︂
i=1

f(θn + hnei)− f(θn)

hn
ei, (3.27)

where hn is a suitably chosen positive parameter. As shown in [127], this approach gives good
gradient approximations in practice.
From [128], we have that Eq. (3.9) is satisfied when using the finite difference approach with
ϵn = M∆d

2 hn. We notice that condition (3.10) can in turn be satisfied at each iteration k by
suitably choosing hn in the finite difference approximation, e.g., hn ≤ ξτ , with ξ = 2θ

(1+θ)M∆d and
τ stopping condition tolerance.
In our experiments, we start with h0 = 10−4 and set hn = hn−1

2 for n = 1, 2, . . .. Furthermore, we
stop the algorithm when ˜︁gn = −˜︁∇f(θn)⊤dn ≤ τ , with τ = 10−4.
To compute f(θ) for a given set of parameters θ = (α, β), we run a form of modified parametric
Label Propagation algorithm:

X(r+1) = λAθ(I + λDθ)−1X(r) + (I + λDθ)−1Y ,

which propagates the input labels in Y and converges to the solution of the linear system (3.7).
In fact, as

∑︁
j A(θ)ij = D(θ)ii for all i, a direct application of the first Gershgorin circle theorem

[129] to the matrix A(θ)(I + λD(θ))−1 implies that the spectral radius of A(θ)(I + λD(θ))−1 is
smaller than one and thus X(r) → argminX φ(X,Y ; θ), as r → ∞.
We apply the multistart version of Frank Wolfe [130], where the algorithm is applied with different
initial points, and we choose the best solution according to the value of the optimized function f .
In particular, we start from 10 random points θ0, among which we include the particular choices
θ0 = (1, 1/K, . . . , 1/K) and θ0 = (1, 1/K, . . . , 1/K), which correspond to the arithmetic and the
harmonic means. In all the experiments, we fixed λ = 1 in the objective function (3.4), and we
restricted the study of the parameter in α ∈ [−20, 20].

3.6 Experiments

We conduct experiments on various synthetic and real-world multilayer networks. For each
dataset, we are provided with a set of known labels denoted as Y . This set is partitioned into a
training subset Y tr containing 80% of the available labels, and a test subset Y te containing the
remaining 20%. To mitigate the potential influence of different training and test set selections on
the optimal parameters, we initially split the input-labeled nodes into five equal-sized subsets.
Subsequently, one of these subsets is assigned cyclically to Y te while the others are assigned
to Y tr. We apply Algorithm 2 with 10 different starting points for each of these five choices.
Ultimately, we select the parameters that result in the lowest value of the loss function f(θ) over
the test set among the five runs. Once the optimal aggregation weights are determined, we employ
standard Label Propagation on the aggregated graph that emerges. Subsequently, we assess the
accuracy performance on the held-out test set, consisting of all initially unlabeled points.
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We implement both the multiclass (MULTI) and the binomial (BINOM) versions of our method,
corresponding to the bilevel optimization problems in (3.2) and (3.3), respectively. Our Python im-
plementation is available at the GitHub page: https://github.com/saraventurini/Learning-
the-right-layers-semi-supervised-learning-on-multilayer-graphs-
We conducted a comprehensive series of experiments that encompassed both synthetic and
real-world networks. The primary objective was to compare the efficacy of our proposed approach,
which involves learning the parameters of the generalized mean from the available input data. This
was contrasted with standard Label Propagation applied to each individual layer. Additionally,
we evaluated the performance of methods that utilize the proposed generalized mean aggregation
function with specific parameter selections (as detailed in Table 3.1). Furthermore, we included
four multilayer graph semi-supervised learning baseline methods in our comparison:
• SGMI: Sparse Multiple Graph Integration [107], based on label propagation by sparse integra-

tion, with parameters λ1 = 1, λ2 = 10−3;
• AGML: Auto-weighted Multiple Graph Learning [108], which is a parameter-free method for

optimal graph layer weights;
• SMACD: Semi-supervised Multi-Aspect Community Detection [112], which is a tensor factor-

ization method for semi-supervised learning;
• GMM: Generalized Matrix Means, which is a Laplacian-regularization approach based on

the Log-Euclidean matrix function formulation of the power mean Laplacian, with parameter
p = −1 [14];

Notice that SGMI and GMM need a parameter choice, which we have made following the
indications in the corresponding papers, while AGML and SMACD, as well as the proposed
methods MULTI and BINOM, are parameter-free. We also tested against the two multilayer
graph neural networks discussed in §3.2, which however performed poorly, probably due to the
absence of features in our test settings.

3.6.1 Synthetic Datasets

We created synthetic datasets with 3 communities of 400 nodes each, and 3 layers. In particular,
for each layer, we generated 3 isotropic Gaussian blobs of points pi ∈ R5, with a variable standard
deviation. The adjacency matrix of the network is then formed using a symmetrized k-NN graph
with k = 5, weighted with the Euclidean kernel exp(−∥pi− pj∥+minij ∥pi− pj∥). We considered
three settings (illustrated in Figure 3.6):
• Informative case: layers are constructed using three isotropic Gaussian clusters, and all layers

exhibit the same community structure.;
• Noisy case: involves one informative layer and two noisy layers. The noisy layers are created

by randomly permuting the informative layers.
• Complementary case: each layer contains information about only one cluster while being noisy

for the other clusters. The noisy layers in this case are sparser compared to the previous
scenario, achieved by shuffling k-nearest neighbor (k −NN) layers with k = 1.

The informative isotropic Gaussian blobs have standard deviation std ∈ {5, 6, 7, 8} for the
informative case, as this is the easiest setting, while we test for std ∈ {2, 3, 4, 5} in the other
two settings, as these are more challenging. The percentage of input labels is 20% of the overall
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Figure 3.1: Synthetic datasets settings. (top) informative case, (middle) noisy case, (bottom)
complementary case.

number of nodes in each of the communities.
Table 3.3 reports the average accuracy and standard deviation score across 5 network samples, as
compared to the accuracy of the individual layers (computed ignoring the other layers), reported
in the first three columns, and those achieved with fixed a-priori choices of the parameters (as in
Table 3.1).
The BINOM and MULTI methods we propose consistently demonstrate strong performance
across all experimental scenarios, often surpassing the individual layers and the baselines we
considered. Specifically, the performance of MIN, GEO, and SMACD is generally poor across all
settings. AGML exhibits favorable results primarily in the informative setting. ARIT, HARM,
and MAX showcase good performance in the informative and complementary cases, but not in
the noisy scenario. SGMI achieves high accuracy only in the noisy case. GMM’s performance is
noteworthy in informative and noisy settings.
While the best performance is sometimes achieved by some particular aggregation function (such
as MAX or HARM), all the baselines are setting-specific and have poor performance in certain
settings, e.g. in the presence of noise. When measured across all settings, BINOM and MULTI
perform best. This is highlighted by the Average Performance Ratio (APR) score values, reported
in the last line of Table 3.3, which are quantified as follows: denoting the accuracy of algorithm a
on dataset d as Aa,d, let the performance ratio be ra,d = Aa,d/max{Aa,d over all a}. The APR
of each algorithm is then obtained by averaging ra,d over all the datasets d. For any algorithm,
the closer the average performance ratio is to 1, the better the overall performance.
Additionally, upon analyzing the learned weights, the proposed methods enable us to evaluate the
structure of the multilayer network and identify the presence of noisy or less informative layers.
This is exemplified in Table 3.2, which displays an instance of learned weights obtained from
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Table 3.2: Example of learned parameters by BINOM (B) and MULTI (M) on the synthetic
datasets of Table 3.3.

INFO NOISY COMPL
k β1 β2 β3 α β1 β2 β3 α β1 β2 β3 α

B 1 0.2 0.6 0.3 7.2 0.7 0.2 0.1 3.3 0.6 0.2 0.3 15.7
2 0.7 0.3 0.0 0.1 1 0 0 20 0.2 0.8 0.0 2.9
3 0.2 0.8 0.0 0.1 0.3 0.1 0.6 11.7 0.1 0.3 0.6 12.7

M - 0.3 0.4 0.3 0.6 1 0 0 20 0.3 0.4 0.3 1.7

Table 3.3: Accuracy (mean ± standard deviation) over five random samples of synthetically
generated multilayer graphs, for different levels of std in the isotropic Gaussian blobs forming the
clusters.

std I II III MIN GEOM ARIT HARM MAX BINOM MULTI SGMI AGML SMACD GMM

IN
FO

5 0.83±0.10 0.86±0.05 0.84±0.10 0.33±0.00 0.33±0.00 0.95±0.03 0.96±0.03 0.96±0.03 0.96±0.03 0.93±0.03 0.87±0.04 0.93±0.05 0.48±0.18 0.93±0.04
6 0.77±0.11 0.80±0.05 0.79±0.11 0.33±0.00 0.33±0.00 0.90±0.05 0.92±0.04 0.92±0.05 0.92±0.05 0.88±0.06 0.80±0.06 0.86±0.09 0.47±0.16 0.89±0.05
7 0.71±0.10 0.74±0.05 0.74±0.11 0.33±0.00 0.33±0.00 0.86±0.07 0.88±0.06 0.87±0.07 0.88±0.06 0.82±0.06 0.74±0.07 0.80±0.10 0.46±0.14 0.85±0.07
8 0.66±0.10 0.69±0.04 0.70±0.11 0.33±0.00 0.33±0.00 0.81±0.08 0.83±0.08 0.82±0.09 0.82±0.08 0.77±0.06 0.69±0.07 0.74±0.10 0.44±0.14 0.80±0.08

N
O

IS
Y

2 0.99±0.02 0.35±0.01 0.36±0.01 0.33±0.00 0.33±0.00 0.67±0.02 0.68±0.03 0.68±0.03 0.97±0.02 0.99±0.02 0.98±0.03 0.63±0.03 0.35±0.03 0.86±0.04
3 0.95±0.05 0.35±0.00 0.36±0.01 0.33±0.00 0.33±0.00 0.66±0.04 0.66±0.04 0.66±0.04 0.86±0.13 0.95±0.05 0.94±0.07 0.60±0.06 0.36±0.04 0.82±0.07
4 0.89±0.08 0.36±0.00 0.35±0.01 0.33±0.00 0.33±0.00 0.63±0.05 0.63±0.05 0.63±0.05 0.78±0.13 0.89±0.08 0.88±0.10 0.57±0.07 0.36±0.03 0.77±0.10
5 0.83±0.10 0.35±0.01 0.36±0.01 0.33±0.00 0.33±0.00 0.58±0.06 0.59±0.06 0.58±0.06 0.72±0.15 0.83±0.10 0.80±0.12 0.53±0.07 0.35±0.04 0.70±0.11

C
O

M
P

L 2 0.41±0.00 0.47±0.00 0.48±0.01 0.33±0.00 0.33±0.00 0.89±0.02 0.93±0.02 0.92±0.02 0.93±0.02 0.89±0.02 0.43±0.04 0.30±0.01 0.52±0.05 0.69±0.03
3 0.41±0.01 0.47±0.01 0.47±0.01 0.33±0.00 0.33±0.00 0.86±0.04 0.90±0.05 0.89±0.05 0.90±0.05 0.87±0.04 0.44±0.04 0.30±0.02 0.44±0.08 0.67±0.04
4 0.40±0.01 0.46±0.01 0.47±0.01 0.33±0.00 0.33±0.00 0.82±0.06 0.86±0.06 0.85±0.06 0.86±0.06 0.83±0.05 0.43±0.04 0.18±0.16 0.71±0.17 0.65±0.05
5 0.40±0.01 0.46±0.02 0.47±0.01 0.33±0.00 0.33±0.00 0.79±0.07 0.82±0.08 0.81±0.07 0.82±0.08 0.80±0.07 0.43±0.04 0.18±0.17 0.46±0.13 0.63±0.06

APR - - - 0.37 0.37 0.88 0.90 0.89 0.97 0.97 0.78 0.61 0.50 0.86

Algorithm 2. Furthermore, it’s worth noting that while BINOM excels in the informative and
complementary cases, as anticipated, MULTI appears to be the most robust approach across all
scenarios.

3.6.2 Real World Datasets

We consider nine real-world datasets frequently used to assess the performance of multilayer
graph clustering (some of which have already been mentioned in §2.5.3) [9, 14, 131]:
• 3sources: news articles covered by news sources BBC, Reuters, and Guardian (169 nodes, 6

communities, 3 layers) [57, 132];
• BBC : BBC news articles (685 nodes, 5 communities, 4 layers) [133];
• BBCSport : BBC Sport articles (544 nodes, 5 communities, 2 layers) [132];
• Wikipedia: Wikipedia articles (693 nodes, 10 communities, 2 layers) [85];
• UCI : hand-written UCI digits dataset with six different sets of features (2000 nodes, 10

communities, 6 layers) [57, 134];
• cora: citations dataset (2708 nodes, 7 communities, 2 layers) [83];
• citeseer : citations dataset (3312 nodes, 6 communities, 2 layers) [135];
• dkpol : five types of relationships between employees of a university department (490 nodes, 10

communities, 3 layers) [136];

54



Table 3.4: Accuracy (mean ± standard deviation) over three random samples of the input labels,
on real-world datasets (+ one layer of noise).

I II III IV V VI MIN GEOM ARIT HARM MAX BINOM MULTI SGMI SMACD GMM

3sources 0.77 0.75 0.78 - - - 0.75±0.06 0.75±0.06 0.83±0.05 0.76±0.04 0.80±0.03 0.79±0.05 0.80±0.06 0.74±0.04 0.66±0.09 0.80±0.03
(+noise) 0.35±0.00 0.35±0.00 0.78±0.07 0.59±0.04 0.69±0.04 0.77±0.07 0.74±0.08 0.75±0.05 0.61±0.09 0.77±0.02

BBC 0.85 0.84 0.8 0.84 - - 0.39±0.02 0.39±0.02 0.91±0.01 0.89±0.01 0.90±0.01 0.91±0.01 0.89±0.01 0.77±0.02 0.64±0.12 0.89±0.01
(+noise) 0.33±0.00 0.33±0.00 0.91±0.01 0.88±0.01 0.90±0.01 0.88±0.01 0.87±0.02 0.79±0.01 0.62±0.05 0.87±0.01

BBCSport 0.91 0.9 - - - - 0.81±0.01 0.81±0.01 0.94±0.01 0.93±0.00 0.93±0.00 0.94±0.01 0.92±0.01 0.84±0.02 0.77±0.09 0.91±0.02
(+noise) 0.36±0.00 0.36±0.00 0.90±0.02 0.87±0.01 0.88±0.02 0.92±0.01 0.89±0.02 0.84±0.03 0.85±0.02 0.86±0.02

Wikipedia 0.17 0.65 - - - - 0.21±0.01 0.21±0.01 0.56±0.02 0.56±0.02 0.56±0.02 0.64±0.02 0.66±0.02 0.62±0.02 0.31±0.05 0.62±0.01
(+noise) 0.15±0.00 0.15±0.00 0.50±0.01 0.50±0.01 0.50±0.01 0.64±0.01 0.66±0.01 0.61±0.01 0.32±0.06 0.55±0.01

UCI 0.92 0.82 0.96 0.59 0.97 0.83 0.11±0.00 0.11±0.00 0.96±0.01 0.88±0.00 0.93±0.00 0.97±0.01 0.97±0.00 0.95±0.01 0.35±0.11 0.96±0.01
(+noise) 0.10±0.00 0.10±0.00 0.97±0.00 0.90±0.01 0.94±0.00 0.97±0.00 0.97±0.01 0.95±0.01 0.26±0.06 0.96±0.01

cora 0.75 0.64 - - - - 0.35±0.01 0.35±0.01 0.71±0.00 0.70±0.00 0.71±0.00 0.75±0.03 0.70±0.01 0.75±0.01 0.41±0.03 0.73±0.01
(+noise) 0.30±0.00 0.30±0.00 0.61±0.00 0.59±0.01 0.60±0.01 0.68±0.02 0.76±0.02 0.75±0.01 0.35±0.07 0.65±0.00

citeseer 0.56 0.65 - - - - 0.31±0.01 0.31±0.01 0.67±0.00 0.67±0.01 0.67±0.01 0.69±0.01 0.68±0.02 0.55±0.02 0.39±0.08 0.61±0.01
(+noise) 0.21±0.00 0.21±0.00 0.57±0.01 0.55±0.00 0.56±0.01 0.66±0.00 0.62±0.03 0.55±0.03 0.35±0.07 0.54±0.01

dkpol 0.35 0.16 0.69 - - - 0.16±0.01 0.16±0.01 0.74±0.05 0.65±0.07 0.69±0.06 0.69±0.05 0.78±0.03 0.34±0.04 0.25±0.06 0.69±0.05
(+noise) 0.14±0.00 0.14±0.00 0.67±0.05 0.64±0.05 0.64±0.05 0.64±0.05 0.75±0.04 0.36±0.05 0.26±0.05 0.39±0.04

aucs 0.34 0.36 0.61 0.8 0.72 - 0.30±0.01 0.30±0.01 0.85±0.04 0.79±0.06 0.85±0.05 0.81±0.06 0.81±0.06 0.75±0.07 0.55±0.04 0.81±0.05
(+noise) 0.27±0.00 0.27±0.00 0.83±0.04 0.47±0.04 0.67±0.04 0.87±0.01 0.87±0.01 0.76±0.09 0.48±0.06 0.78±0.05

APR 0.45 0.39 0.87 0.87 0.89 0.89 0.97 0.86 0.57 0.91

Table 3.5: Accuracy (mean ± standard deviation) over three random samples of the input labels,
on real-world datasets with two additional noisy layers.

MIN GEOM ARIT HARM MAX BINOM MULTI SGMI SMACD GMM
3sources 0.34±0.00 0.34±0.00 0.74±0.09 0.48±0.02 0.64±0.04 0.77±0.08 0.77±0.07 0.75±0.05 0.63±0.15 0.76±0.07

BBC 0.33±0.0 0.33±0.00 0.89±0.00 0.84±0.00 0.88±0.00 0.85±0.02 0.88±0.01 0.79±0.01 0.64±0.01 0.84±0.01
BBCSport 0.35±0.00 0.35±0.00 0.86±0.01 0.81±0.01 0.83±0.0 0.91±0.01 0.87±0.02 0.84±0.03 0.85±0.07 0.8±0.03
Wikipedia 0.15±0.00 0.15±0.00 0.47±0.02 0.47±0.02 0.47±0.02 0.63±0.00 0.66±0.01 0.61±0.01 0.23±0.02 0.51±0.01

UCI 0.10±0.00 0.10±0.00 0.97±0.00 0.89±0.01 0.94±0.00 0.97±0.00 0.96±0.01 0.95±0.01 0.29±0.01 0.96±0.01
cora 0.30±0.00 0.30±0.00 0.54±0.00 0.52±0.00 0.53±0.00 0.63±0.02 0.64±0.11 0.75±0.01 0.36±0.05 0.62±0.01

citeseer 0.21±0.00 0.21±0.00 0.51±0.01 0.47±0.01 0.49±0.01 0.61±0.03 0.62±0.05 0.55±0.03 0.36±0.13 0.52±0.01
dkpol 0.14±0.00 0.14±0.00 0.62±0.05 0.58±0.05 0.59±0.05 0.57±0.04 0.65±0.03 0.36±0.05 0.19±0.04 0.32±0.05
aucs 0.27±0.00 0.27±0.00 0.77±0.04 0.42±0.04 0.64±0.05 0.83±0.04 0.83±0.04 0.76±0.09 0.54±0.05 0.78±0.07

• aucs: three types of online relations between Danish Members of the Parliament on Twitter
(61 nodes, 9 communities, 5 layers) [137].

For each dataset, we assume that initially, only 15% of the labels are known for each class. The
average accuracy along with the standard deviation across 3 samples of known labels is presented
in Table 3.4. Additionally, we provide the performance after introducing one additional noisy
layer. The results after adding two layers of noise are included in Table 3.5. Notably, we exclude
the AGML baseline from the comparison since it is tailored for graphs with communities of the
same size. The findings reaffirm the trends observed in the synthetic case, demonstrating that
BINOM and MULTI consistently match or surpass the baselines in most scenarios. These two
methods exhibit the most favorable performance overall, spanning all settings.
It’s worth highlighting that among all the techniques considered, BINOM and MULTI are the
only ones that consistently achieve results on par with or better than using the individual layers
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in isolation. This indicates that our proposed approach effectively harnesses the benefits of
the multilayer structure across various scenarios. This attribute is particularly significant and
valuable, as it addresses a recent data challenge [15].

3.7 Conclusion

In summary, our approach introduces a novel method for semi-supervised community detection
in multiplex networks. It offers the flexibility of learning a nonlinear aggregation function that
adapts the weights assigned to each network based on the available labeled data. The problem is
formulated as a bilevel optimization task, which we tackle using an inexact Frank-Wolfe algorithm
in conjunction with a parametric Label Propagation strategy. We present a comprehensive
convergence analysis of our method. Through extensive experimentation, we compare our
approach to single-layer methods and various baseline techniques across synthetic and real-world
datasets. The results consistently showcase the method’s ability to identify informative layers,
resulting in reliable and robust performance across diverse clustering scenarios, especially when
certain layers are dominated by noise.
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Chapter 4

Laplacian-based semi-supervised
learning in multilayer hypergraphs by
coordinate descent

Similar to the preceding chapter, we deal with the semi-supervised learning problem considering
an optimization-based formulation. In this case, we do not extend it just to multilayer graphs
but also hypergraphs and multilayer hypergraphs (i.e. a set of hypergraphs each representing a
different layer). We focus on the additional complexity and harder treatability that usually come
from considering more sophisticated structures than simple graphs. Specifically, we conduct a
comparison between the application of various coordinate descent methods and the gradient descent
algorithm. The performed experiments on both synthetic and real-world datasets demonstrate the
advantage of employing coordinate descent methods, especially when combined with appropriate
selection rules tailored to the specific problems at hand. In addition, we carried out an analysis
replacing the standard quadratic regularization term in the objective function with a more
general p−regularizer. The reported results clearly show that this modification can lead to better
performance.
The aim is to present this problem to the optimization community.

4.1 Introduction

Consider a finite, weighted and undirected graph G = (V,E), with node set V and edge-weight
function w such that w(e) = w(uv) > 0 if e = (u, v) ∈ E, edge set E ⊆ V × V and 0 otherwise.
Suppose each node u ∈ V can be assigned to one of |C| classes, or labels, C1, . . . , C|C|. In
graph-based Semi-Supervised Learning (SSL), given a graph G and an observation set of labeled
nodes O ⊂ V whose vertices i ∈ O are pre-assigned to some label yi ∈ {C1, . . . , C|C|}, the aim is
to infer the labels of the remaining unlabeled nodes in V \O, using the information encoded by
the graph [11, 12, 13].
Extending labels in a meaningful way is inherently problematic due to the infinite possible
solutions. Therefore, a common strategy is to address this challenge by adopting the semi-
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supervised smoothness assumption. This assumption posits that effective labeling functions
xr : V → R+ for the r-th class, where xi,r denotes the likelihood that node i ∈ V \O belongs to
class Cr, should exhibit smoothness in densely connected regions of the graph. In the context
of this assumption, smoothness refers to the idea that labeling functions tend to vary gradually
across nodes that are closely connected in the graph. This aligns with the notion that nodes
with similar characteristics or attributes are expected to possess similar labels. This assumption
becomes particularly relevant when the edges of the graph represent some form of similarity or
relationship between pairs of nodes.
Consider the following ℓ2-based Laplacian regularizer [138]

r̄2(x) =
1

2

∑︂
(i,j)∈E

wij(xi − xi)
2 . (4.1)

Minimizing r̄2(x) while adhering to either hard label constraints, such as zi = yi for i ∈ O, or
incorporating a soft penalty constraint like the mean squared error

∑︁
i(yi − xi)

2 concerning the
provided labels y, has proven to be an effective strategy for promoting smoothness concerning the
graph edges. In both scenarios, the resulting objective function becomes strictly convex, leading
to a unique optimal solution for the associated minimization problem.
Despite the widespread popularity and effectiveness of the ℓ2-based Laplacian regularizer in
various scenarios, it has been shown that this approach can lead to degenerate solutions when
the number of input labels in O is very small. In such cases, the learned function z tends to
become nearly constant across the entire graph, with abrupt spikes localized near the labeled
data points in O [139, 140]. As a response to this limitation, researchers have put forward
alternative formulations [141, 142], which encompass strategies based on total variation [143, 91].
Moreover, a class of p-Laplacian based regularizers has been introduced to address this issue more
comprehensively [139]. This class of regularizers is defined as follows:

r̄p(x) =
1

p

∑︂
(i,j)∈E

wij |xi − xj |p . (4.2)

Note that this modified objective function remains strictly convex. Additionally, the introduction
of the p-Laplacian based regularizer r̄p has the effect of discouraging the solution from developing
sharp spikes, especially for values of p greater than 2. In this context, higher values of p impose a
more substantial penalty on large gradients |xi − xj |. Conversely, when 1 ≤ p < 2, the objective
function encourages sparsity in the gradients. Remarkably, as the value of p approaches 1,
the resulting objective function becomes directly linked to graph cuts and modular clustering
[144, 145, 146]. A considerable amount of research has been dedicated to studying the behavior of
r̄p across varying values of p, particularly in the context of graphs generated using the geometric
random graph model [139, 147, 148, 149, 150].
We aim to explore the efficacy of these types of Laplacian regularizers within the context of
graph semi-supervised learning while also considering interactions beyond pairwise connections.
Numerous complex systems have been effectively modeled as networks, where pairs of interacting
nodes are linked. However, real-world applications often require a more nuanced and diverse
representation of interactions [6, 4]. On one hand, we have simplicial complexes or hypergraphs,
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which provide a suitable framework for describing collective actions involving groups of nodes
[151, 152, 153, 154, 155]. On the other hand, we have multilayer networks, i.e., networks that
are coupled to each other through different layers, all of them representing different types of
relationships between the nodes [59, 14, 16, 112, 17, 107, 108, 114]. Empirical evidence indicates
that these tools can significantly enhance modeling capabilities compared to standard single-layer
graphs. Multilayer hypergraphs find their natural occurrence in a wide array of applications.
Examples include the field of science of science, where nodes represent authors, and in one
layer, a hyperedge connects a group of authors who collaborated on a paper, while in another
layer, pairs of nodes are linked if they cite each other. In protein networks, nodes correspond
to proteins, and connections between them, whether in pairs or groups, are established using
various complementary genomic datasets, each forming a distinct layer. Similarly, in social
networks, users are represented as nodes, and they can engage in interactions within groups
across different platforms, each platform forming a unique layer in the multilayer hypergraph.
In our study, we concentrate on multiplex hypergraphs, which are represented by a sequence of
hypergraphs (referred to as layers) that share a common set of nodes. Importantly, there are no
hyperedges connecting nodes from different layers. Moreover, with the terminology introduced
in [9] in the context of multilayer networks, we aim to find a set of communities that is total
(i.e., every node belongs to at least one community), node-disjoint (i.e., no node belongs to more
than one cluster on a single layer), and pillar (i.e., each node belongs to the same community
across the layers). Indeed, the exploration of both multilayer and higher-order structures in
complex networks has been relatively limited in the existing literature [156]. This lack is primarily
attributed to the increased computational cost associated with obtaining accurate solutions for
models involving such intricate structures. In this study, we embark on a preliminary investigation
into semi-supervised learning within the context of multilayer hypergraphs, aiming to tackle the
inherent complexity that arises from combining these two aspects. This endeavor represents an
initial step towards understanding and addressing the challenges posed by these advanced network
structures. We approach the problem by employing various coordinate descent strategies and
then juxtapose the outcomes with those derived from conventional first-order methodologies, such
as gradient descent/label spreading. Even though coordinate descent approaches were used in the
literature to deal with other semi-supervised learning problems [157, 158], the analysis reported
here represents, to the best of our knowledge, the first attempt to give a thorough analysis of
those methods for semi-supervised learning in multilayer hypergraphs. The rest of the chapter is
organized as follows. In Section 4.2, we introduce the graph semi-supervised problem and the
formulation for multilayer hypergraphs. In Section 4.3, we briefly review the block coordinate
descent approaches, and we report some computations needed to apply the methods to our
specific problem, pointing out the differences in the special case p = 2. In Section 4.4, we report
the results of experiments on synthetic and real-world datasets. In Section 4.5, we draw some
conclusions.

4.2 Problem statement

In this section, we formalize the notation and formulate the problem under analysis. Consider
first an undirected and weighted graph G = (V,E,w) with node set V and edge set E. Let
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A = (Aij)i,j∈V be the adjacency matrix of G, with weights Aij = w(e) > 0 for e = (i, j) ∈ E,
measuring the strength of the tie between nodes i and j, and Aij = 0 if (i, j) /∈ E. We assume
that V can be partitioned into |C| classes C1, . . . , C|C| and that, only for a few nodes in O ⊂ V ,
it is known the class Cr to which they belong. The problem consists of assigning the remaining
nodes to a class.
Here, we review the approach based on the p-Laplacian regularization and the corresponding
optimization problem. Define the (|V | × |C|)-dimensional matrix of the input labels Y , such that

Yi,r =

⎧⎪⎨⎪⎩
1

|Cr ∩O| if node i ∈ O belongs to the class Cr,

0 otherwise,

where |Cr ∩O| is the cardinality of the known class Cr, i.e., the number of nodes that are initially
known to belong to Cr. Now, let yr be the r-th column of Y and, for all i ∈ V , let δi be the
weighted degree of i, that is, δi =

∑︁
j∈V Aij .

The Laplacian regularized SSL problem boils down to the following minimization problem for all
classes r ∈ {1, . . . , |C|}:

min
x∈R|V |

∥x− yr∥2 + λ

|V |∑︂
i,j=1

Aij

⃓⃓⃓⃓
xi√
δi

− xj√︁
δj

⃓⃓⃓⃓p
, (4.3)

with given p ≥ 1 and regularization parameter λ ≥ 0. Equivalently, as the minimization problems
above are independent for r ∈ {1, . . . , |C|}, we can simultaneously optimize their sum, which can
be written in compact matrix notation as

min
X∈R|V |×|C|

∥X − Y ∥2(2) + λ∥W 1/pBD−1/2X∥p(p), (4.4)

where ∥M∥(p) denotes the entry-wise ℓp norm of the matrix M , D is the |V |× |V | diagonal matrix
of the graph degrees

D =

⎡⎢⎢⎢⎣
δ1 0 · · · 0
0 δ2 · · · 0
...

...
. . .

...
0 0 · · · δ|V |

⎤⎥⎥⎥⎦ ,
B is the |E| × |V | (signed) incidence matrix of the graph, which for any chosen orientation of the
edges is entrywise defined as

Be,i =

⎧⎪⎨⎪⎩
1 if node i is the source of edge e,
−1 if node i is the tip of edge e,
0 otherwise,

and W is the diagonal |E| × |E| matrix of the edge weights We,e = w(e). Note that, even
though we are dealing with undirected graphs, B requires fixing an orientation for the edges of G.
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However, all the arguments presented here are independent of the chosen orientation. For p = 2,
a direct computation shows that the the optimal solution X∗ of the above problem is entrywise
nonnegative. The same property carries over to any p ≥ 1, as one can interpret the minimizer of
(4.4) as the smallest solution of a p-Laplacian eigenvalue equation on G with boundary conditions,
see e.g. [159]. Thus, we can interpret the entry X∗

i,r ≥ 0 as a score that quantifies how likely it is
for the node i ∈ V to belong to the class Cr and we then assign each node i ∈ V to the class
r∗ ∈ argmaxr=1,...,|C|X

∗
i,r.

Now, we want to extend the formulation (4.4) to the case where rather than a graph G, we
have a multilayer hypergraph H. Specifically, assume that we have k layers H1, . . . ,Hk, where
Hs(V,Es) is the hypergraph forming the sth layer and Es is a hyperedge set, that is, Es contains
interactions of order greater than 2. In other words, each e ∈ Es is a set of arbitrarily many nodes,
weighted by wsl(e) > 0. The topological information of a hypergraph Hs can be all included
in the (signless) incidence matrix K(s) ∈ R|Es|×|V |, defined as K(s)

e,i = 1 if i ∈ e, and K(s)
e,i = 0 if

i ̸∈ e, for all i ∈ V and e ∈ Es, see e.g. [96, 6, 160]. Using K(s), we can represent each Hs(V,Es)
via a clique-expanded graph G(Hs), which corresponds to the adjacency matrix

A(s) = K(s)TW (s)K(s) −D(s),

with W (s) being the |Es| × |Es| diagonal matrix of the relative hyperedge weights, defined as

W (s)
e,e =

ws(e)

|e| > 0,

and D(s) being the diagonal matrix of the node degrees of the hypergraph Hs, defined as

D
(s)
i,i = (δs)u =

∑︂
e∈E

ws(e)|e|−1K
(s)
e,i = (K(s)TW (s)K(s))i,i .

Note that the edge (i, j) is in the resulting clique-expanded graph G(Hs) if and only if i ̸= j and
there exists at least one hyperedge in Es such that both i ∈ Es and j ∈ Es. In that case, the
weight of the edge (i, j) in G(Hs) is

A
(s)
i,j =

∑︂
e:i,j∈e

ws(e)

|e|

Using the clique-expanded representation of Hs has the advantage that one can directly transfer
established techniques from the graph literature to the hypergraph case. However, note that the
clique expansion is not always a good representation of a hypergraph, as a given clique expansion
can represent more than one hypergraph (while one hypergraph implies one particular clique
expansion, i.e. the mapping Hs ↦→ G(Hs) is not bijective). Moreover, the choice of the weights in
the clique-expanded adjacency matrix A(s) is somewhat ambiguous as one can equivalently choose
any positive function of the original hyperedge weights. At the same time, we notice that if the
average size of the hyperedges is not much larger than two, thus interactions are mostly pairwise,
using the clique-expansion should be a good approximation of the original hyper-edge structure.
Other possible drawbacks are due to the fact that the clique-expansion projection results in
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a graph that is considerably denser than the original input data. This increased density may
not accurately reflect the correlation with the actual underlying hyperedges, potentially causing
a distortion of the observations provided in the initial input [161, 162]. Despite its potential
drawbacks, here we decided to use the clique expansion of the hypergraph and to consider this def-
inition of assigning weights to edges since it is by far the most popular and used technique in this
context and often leads to very good performance in homophilic node classification tasks [163, 164].

Proceeding as before, we can define Bs as the signed incidence matrix of G(Hs) and we can sum
the corresponding regularization terms across all the layers, obtaining the following formulation:

min
X∈R|V |×|C|

ϑ(X) := f(X) + r̄p(X) (4.5)

where f(X) = ∥X − Y ∥2(2), r̄p(X) =

k∑︂
s=1

λs∥W (s)1/2BsD
(s)−1/2X∥p(p),

where λ1, . . . , λk ≥ 0 are regularization parameters. Note that, if H is a standard graph, i.e., if
|e| = 2 for all edges and k = 1, then (4.5) boils down to (4.4), up to the constant term 1/|e| = 1/2.
Note moreover that, as in the graph case, we can equivalently write the objective function ϑ(X)
as
∑︁

c ϑc(x
r), where xr is the r-th column of X, and

ϑr(x) = ∥x− yr∥22 +
k∑︂
s=1

λs
∑︂
e∈Es

ws(e)

|e|
∑︂
i,j∈e

⃓⃓⃓⃓
⃓ xi√︁

(δs)i
− xj√︁

(δs)j

⃓⃓⃓⃓
⃓
p

.

The above expression shows that the regularizers ϑr enforce a form of higher-order smoothness
assumption in the solution across all the nodes of each layer’s hyperedge by imposing the minimizer
X∗ to have similar values on pairs of nodes in the same hyperedge. This immediately justifies the
choice of the objective function (4.5) for SSL on multilayer hypergraphs. Also note that, as in
the graph setting, the optimal solution X∗ to (4.5) has to be entrywise nonnegative and thus,
once X∗ is computed, we can assign each node i ∈ V to the class r∗ ∈ argmaxr=1,...,|C|X

∗
i,r.

4.3 Block coordinate descent approaches

When confronted with extensive optimization challenges, as encountered in the domain of semi-
supervised learning within real-world multilayer hypergraphs, traditional optimization approaches
may become unwieldy. In such contexts, block coordinate descent methods present themselves
as valuable tools for attaining enhanced computational efficiency. In each iteration of a block
coordinate descent method, a subset of variables, known as a working set, is meticulously chosen
and systematically updated, while the remaining variables are held constant. The overarching
framework for a block coordinate descent method, aimed at minimizing an objective function
f(x), is outlined in Algorithm 3.
In the existing literature, numerous block coordinate descent methods have been introduced,
catering to both unconstrained and constrained optimization problems. These methods vary in
their strategies for calculating Wn and tn (refer to [20] and its references for more details). When
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Algorithm 3 Generic block coordinate descent method
1: Given x0 ∈ R|V |

2: For n = 0, 1, . . .

3: Choose a working set Wn ⊆ {1, . . . , |V |}
4: Compute tn ∈ Rn such that tni = 0 for all i /∈Wn

5: Set xn+1 = xn + tn

6: End for

determining the working set Wn, a viable option is the adoption of a cyclic rule, alternatively
referred to as the Gauss-Seidel rule[165]. This technique entails partitioning the variables into
distinct blocks and selecting each block in a sequential rotation. A more extensive form of this
approach is the essentially cyclic rule or the almost cyclic rule[166], which mandates that each
variable block must be selected at least once within a predetermined number of iterations.
In unconstrained optimization, blocks can be as minimal as containing only one variable. In such
cases, each update (i.e., the computation of hn) can be executed through either an exact or an
inexact minimization approach [165, 166, 167, 168, 169]. These methods have been extended to
constrained optimization scenarios as well, and the nature of the constraints can influence the
composition of the variable blocks. For instance, non-separable constraints might necessitate
variable blocks that encompass more than one variable [165, 170, 171, 172, 173, 174, 175]. One
notable advantage of cyclic-based rules lies in the fact that, during each iteration, only a small
fraction of the components of ∇f need to be computed. This can lead to exceptional efficiency,
particularly when calculating an individual component of ∇f is substantially less resource-intensive
than evaluating the entire gradient vector.
Another strategy for selecting the working set is to employ a random rule, which entails the
computation of Wn based on a random distribution. These methods are often referred to as
random coordinate descent methods and exhibit favorable convergence properties in expectation,
both for unconstrained optimization [176, 177] and constrained problems [178, 179, 180, 181, 182].
Notably, random rules, along with cyclic rules, do not rely on first-order information to determine
the working set. This aspect contributes to their high efficiency, particularly in scenarios where
computing a single component of ∇f is significantly less resource-intensive than calculating the
entire gradient vector.
An alternative approach for selecting the working set Wn is to employ a greedy rule, often
referred to as the Gauss-Southwell rule. This strategy involves choosing, at each iteration, a
block containing the variable(s) that most significantly violate a specified optimality condition.
In the context of unconstrained optimization, one potential choice for the working set is the
block associated with the largest absolute gradient component. It’s worth noting that this rule
can facilitate more substantial progress in the objective function, as it leverages first (or higher)
order information to determine the working set. However, it may be computationally more
expensive compared to cyclic or random selection methods. Exact or inexact minimizations
can be employed to update the variables using this rule [166, 168, 183, 184], and extensions to
constrained settings have been explored as well [185, 186, 187, 188, 189]. Recent research has
demonstrated that certain problem structures allow for efficient calculation of this class of rules
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in practice, mitigating some of the potential computational challenges (refer to [187] and its
references for further insights).

Algorithm 4 Block coordinate descent method for problem (4.5) - matrix form
1: Given X0 ∈ R|V |×|C|

2: For n = 0, 1, . . .

3: Choose a working set Wn =Wn
1 × . . .×Wn

|C| ⊆ {1, . . . , |V |}|C|

4: Compute Tn ∈ R|V |×|C| such that Tnir = 0 for all i /∈Wn
r

5: Set Xn+1 = Xn + Tn

6: End for

In this work, we adapt block coordinate descent methods to solve problem (4.5), leading to the
method reported in Algorithm 4. In particular, we start with a matrix X0 ∈ R|V |×|C| and, at
each iteration n, we choose a working set Wn

r for each class r ∈ {1, . . . , |C|}. We highlight that
problem (4.5) solves the same problem for the different classes Cr with r = 1, . . . , |C| in a matrix
form, but each of them is independent and can eventually be solved in parallel.

4.3.1 Coordinate descent approaches

Here, we focus on block coordinate descent approaches that use blocks Wn
r of dimension 1, i.e.,

Wn
r = {inr }, with inr being a variable index for class r at iteration n. Then, Xn+1 is obtained by

moving the variables Xn
inr r

along −∇inr rϑ(X
n) with a proper stepsize αnr . Namely, for any class

r ∈ {1, . . . , |C|},

Xn+1
hr =

{︄
Xn
hr − αnr ∇hrϑ(X

n) if h = inr ,

Xn
hr otherwise.

(4.6)

Taking into account the possible choices described in Section 4.3, we consider the following
algorithms:

• Cyclic Coordinate Descent (CCD). At every iteration n, a variable index in ∈
{1, . . . , |V |} is chosen in a cyclic fashion (i.e., by a Gauss-Seidel rule), and then Xn+1

is obtained as in (4.6) by setting inr = in for all r ∈ {1, . . . , |C|}. A random permutation of
the variables every n iteration is also used since it is known that this might lead to better
practical performances in several cases (see, e.g., [20, 190]).

• Random Coordinate Descent (RCD). At every iteration n, a variable index in ∈
{1, . . . , |V |} is randomly chosen from a uniform distribution, and then Xn+1 is obtained as
in (4.6) by setting inr = in for all r ∈ {1, . . . , |C|}.

• Greedy Coordinate Descent (GCD). At every iteration n, a variable index inr ∈
{1, . . . , |V |} is chosen for every class r ∈ {1, . . . , |C|} as

inr ∈ argmax
i=1,...,|V |

|∇irϑ(X
n)|

(i.e., by a Gauss-Southwell rule), and then Xn+1 is obtained as in (4.6).
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The GCD method can provide favorable convergence rates under appropriate conditions [187].
However, it’s worth noting that this method can become computationally expensive in practice
due to the need to evaluate the entire gradient and search for the optimal index to select the
block for updating at each iteration.
This becomes particularly relevant when dealing with large-scale problems encountered in semi-
supervised learning scenarios. To practically implement these methods, specific strategies need
to be developed. To practically implement those methods, specific strategies hence need to be
implemented. Importantly, in our context where semi-supervised learning problems often exhibit
sparsity, it’s possible to efficiently implement the basic GCD rule. Techniques such as tracking the
gradient element using a max-heap structure and employing caching strategies can help mitigate
computational challenges, as discussed in works like [187].
Given that the practical efficiency of coordinate descent methods hinges on the implementation
details, we provide comprehensive calculations outlining the steps required to update the gradient
of the objective functions at a specific iteration in the next section. This information serves as
a guide to ensure the proper execution of the algorithm and achieve the desired computational
efficiency.

4.3.2 Calculations

To compare the gradient descent method to block coordinate descent approaches, we need to
calculate the gradient of the function ϑ(X) that we want to minimize in (4.5). The gradient of
ϑ(X) can be expressed as:

∇ϑ(X) = 2(X − Y ) + p
L∑︂
s=1

λsLps(X), (4.7)

where Lps(X) is the normalized p−laplacian and it is applied on each column of X in this way:

Lps(X) = (BsD
− 1

2
s )T ϕp(BsD

− 1
2

s X),

with ϕp(y) = |y|p−1sgn(y) component-wise.

At the beginning, we calculate BsD
− 1

2
s ∀s ∈ {1, .., k} layer. Then, at each iteration n, the gradient

is calculated iteratively. Break the formula of the gradient in (4.7) into two parts:

∇ϑ(X) = ∇f(X) +∇r̄p(X),

with

∇f(X) = 2(X − Y ),

∇r̄p(X) = p

k∑︂
s=1

λsLps(X).
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Then,

∇f(Xn+1) = ∇f(Xn) + 2(Xn+1
Wn −Xn

Wn),

∇r̄p(Xn+1) = p
n∑︂
s=1

λsLps(Xn+1),

where Lps(Xn+1) can be iteratively calculated using

BsD
− 1

2
s Xn+1 = BsD

− 1
2

s Xn + (BsD
− 1

2
s )Wn(Xn+1

Wn −Xn
Wn)

with the appropriate subscript Wn to take just the Wn
c coordinates of column c, for all c ∈

{1, . . . , |C|}.

Special case p = 2

In this section, we discuss the special case of problem (4.5) with p = 2. The optimization
problem (4.5) is equivalent to:

min
X∈R|V |×|C|

∥X − Y ∥2(2) +
k∑︂
s=1

λsX
T L̄sX,

where L̄s = I − Ā
(s) is the normalized laplacian matrix of layer s = 1, . . . , k and Ā

(s) is the
normalized adjacency matrix of layer s = 1, . . . , k with entries

(Ā
(s)

)ij =
(A(s))ij√︁
(δs)i

√︁
(δs)j

.

In this case, the gradient of the function to minimize can be expressed as

∇Xϑ(X) = 2(X − Y ) +

k∑︂
s=1

2λsL̄sX

and the Hessian as 2I +
∑︁k

s=1 2λsL̄s. In the experiments where p = 2, this last expression can be
used in the calculation of the step size.

4.4 Experiments

In the context of semi-supervised learning, first-order methods like gradient descent and label
spreading are widely utilized [13, 191, 192]. Consequently, we compare the coordinate descent
approaches described in Subsection 4.3.1, namely the Cyclic Coordinate Descent method (CCD),
Random Coordinate Descent method (RCD), and Greedy Coordinate Descent method (GCD),
with the Gradient Descent (GD) algorithm in our experiments.
In the first setting, when p = 2, the objective function is quadratic and we used a step size
depending on the coordinatewise Lipschitz constants (see, e.g., [193]). We highlight that while
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calculating the coordinatewise Lipschitz constants or a good upper bound is pretty straightforward
in the considered case for coordinate approaches, the calculation of the global Lipschitz constant
might get expensive for GD (especially when dealing with large-scale instances). For the p ≠ 2
setting, for simplicity, we used a step size depending on an upper bound of the Lipschitz
constants for all the methods (see, e.g., [187, 194, 195]). The performance of the coordinate
descent algorithms might, of course, be further improved by choosing a more sophisticated
coordinate-dependent stepsize strategy [196, 197, 198, 199]. In the first scenario, when p = 2, the
objective function is quadratic. We employed a stepsize strategy that relies on the coordinatewise
Lipschitz constants, as described in, for instance, [193]. It’s worth noting that computing
these coordinatewise Lipschitz constants or finding a good upper bound for them is relatively
straightforward in the context of coordinate-based approaches. However, when it comes to
gradient descent (GD), particularly with large-scale instances, calculating the global Lipschitz
constant can be computationally expensive. For the case when p ̸= 2, we adopted a stepsize
strategy that depends on an upper bound of the Lipschitz constants for all the methods, as
outlined in, for instance, [187, 194, 195]. It’s important to acknowledge that the performance of
coordinate descent algorithms can potentially be further enhanced by employing more sophisticated
stepsize strategies that are tailored to the specific coordinates, as discussed in references like
[196, 197, 198, 199]. To highlight the benefits of using coordinate methods compared to gradient
descent-like approaches and to showcase the practical efficiency of these methods, we conducted
comprehensive experiments on both synthetic and real-world datasets.
In our evaluation, we present efficiency plots for both the objective function and the accuracy of
the final partition, assessed on the subset of unlabeled nodes. For our performance comparison,
we utilize the number of flops, which refers to one-dimensional moves, as our metric. To elaborate,
when dealing with a graph containing N nodes, the Gradient Descent (GD) algorithm uses N
flops per iteration, indicating that it updates all N components of the iterate in a single iteration.
In contrast, the coordinate methods require just one flop per iteration, as they modify only
one component at a time. It’s worth mentioning that, as previously highlighted in [187], this
measurement isn’t perfect, particularly for greedy methods, as it disregards the computational
expense of each iteration. Nonetheless, it offers an implementation- and problem-independent
gauge of efficiency. Additionally, in our scenario, it’s relatively straightforward to estimate the
cost per iteration, which is minimal when the strategy is effectively implemented. Consequently,
we will observe how a faster-converging method like Greedy Coordinate Descent (GCD) leads to
substantial performance improvements in the context of the considered application.
We fixed the regularization parameters at λs = 1 for s = 1, . . . , k and we initialized the methods
with X0 = 0. We implemented all the methods using Matlab.1 We want to underscore that our
decision to set the parameters λℓ = 1 does not impact the performance analysis conducted in this
study. This choice was made to ensure a fair and equal balance across all layers for the sake of
our analysis. However, it’s important to note that in practical applications, determining these
parameters may involve a non-trivial tuning phase. Typically, this tuning can be based on either
the model’s characteristics or the data itself. For more insights on parameter tuning, you can
refer to references like [19, 16, 108].

1Our codes are available at the GitHub page: https://github.com/saraventurini/Semi-Supervised-
Learning-in-Multilayer-Hypergraphs-by-Coordinate-Descent.
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4.4.1 Synthetic datasets

We generated synthetic datasets using the Stochastic Block Model (SBM) [200], already explained
in §2.5.1.
It’s important to note that solving the problem described by Eq. (4.5) on a multilayer hypergraph
can be equivalently tackled by addressing the same problem on a simple graph. In this scenario, the
adjacency matrix is formed by the weighted sum of the adjacency matrices of the clique-expanded
graphs from each individual layer. Consequently, for comparison, we generated single-layer
datasets by maintaining a fixed pin value of 0.2, while varying the ratio pin/pout across values
such as 3.5, 3, 2.5, and 2. To be more specific, we crafted networks with four distinct communities,
each consisting of 125 nodes. During our experimentation, we also varied the proportion of known
labels per community, denoted as perc, which was examined at levels of 3%, 6%, 9%, and 12%.
These percentages correspond to having 3, 7, 11, and 15 known nodes per community, respectively.
We focused our investigation on optimizing the problem outlined in Eq. (4.5) while keeping the
parameter p constant at 2. Our experimentation procedure entailed sampling 5 random instances
for each combination of (pout, perc), and subsequently calculating average scores. The results
have been visualized in Figures 4.1 and 4.2, where the objective function values and accuracy are
plotted about the number of flops. Each row in these figures corresponds to a specific ratio value
of pin/pout, ranging from 2 to 3.5 (from top to bottom). In addition, each column represents
distinct percentages of known labels perc (ranging from 3% to 12%, left to right). In Table 4.1, we
have compiled summarized results related to the objective function and accuracy, using synthetic
datasets (see Figures 4.1 and 4.2). For each method, we present the average and standard
deviation of the number of floating-point operations (flops) normalized by the total number of
nodes in the network, necessary to achieve a specific level of objective function or accuracy. This
level is determined by a parameter called a "gate" which serves as a convergence tolerance, akin to
the approach in [201]. Additionally, we provide information about the fraction of failures, which
denotes the proportion of instances where a method fails to converge within a specified number
of iterations (four times the number of nodes). The reported averages exclude instances of failure,
and if all instances failed, a hyphen is displayed. The provided plots and tables clearly illustrate
that the Greedy Coordinate Descent method (GCD) consistently achieves favorable results in
terms of both the objective function value and accuracy with a much lower number of flops
compared to the other methods under consideration. While the other coordinate methods appear
to be slower in terms of attaining a favorable objective function value when compared to Gradient
Descent (GD), they exhibit faster convergence in terms of accuracy. Consequently, given the
appropriate selection of coordinates, a coordinate method has the potential to outperform GD in
practical applications. This highlights the efficiency advantage of employing coordinate methods,
especially the GCD variant, in addressing optimization problems like the one investigated in this
study.

4.4.2 Real datasets

We further consider seven real-world datasets frequently used for assessing algorithm performance
in graph clustering (information can be found in the GitHub repository) [131, 202]:

• 3sources: 169 nodes, 6 communities, 3 layers;
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Table 4.1: Aggregated results of the objective function (upper table) and the accuracy (lower
table) across the synthetic datasets with p = 2 (see Figures 4.1 and 4.2). Using a tolerance gate,
for each algorithm flop indicates the normalized number of flops (mean ± standard deviation)
and fail indicates the fraction of failures (i.e., stopping criterion not satisfied within the maximum
number of iterations, set equal to 4 times the number of nodes). The averages are calculated
without considering the failures and, in case of all failures, a hyphen is reported.

CCD RCD GCD GD

gate flop fail flop fail flop fail flop fail

0.75 0.65±0.07 0.00 0.80±0.06 0.00 0.15±0.04 0.00 2.00±0.00 0.00
0.5 0.66±0.04 0.00 0.88±0.06 0.00 0.02±0.01 0.00 1.00±0.00 0.00
0.25 1.05±0.04 0.00 1.83±0.06 0.25 0.02±0.01 0.00 1.00±0.00 0.00
0.1 1.82±0.05 0.00 3.08±0.16 0.00 0.04±0.02 0.00 1.00±0.00 0.00
0.05 2.44±0.08 0.00 3.81±0.06 0.50 0.05±0.03 0.00 1.00±0.00 0.00

CCD RCD GCD GD

gate flop fail flop fail flop fail flop fail

0.75 0.65±0.07 0.00 0.80±0.06 0.00 0.15±0.04 0.00 2.00±0.00 0.00
0.5 1.06±0.15 0.00 1.71±0.28 0.00 0.24±0.03 0.00 2.00±0.00 0.00
0.25 1.75±0.13 0.00 3.28±0.29 0.25 0.54±0.27 0.00 2.44±0.51 0.00
0.1 3.07±0.53 0.00 - 1.00 0.82±0.28 0.00 3.00±0.00 0.00
0.05 3.62±0.32 1.38 - 1.00 1.02±0.32 0.00 3.50±0.52 0.00

• BBCSport : 544 nodes, 5 communities, 2 layers;

• Wikipedia: 693 nodes, 10 communities, 2 layers;

• UCI : 2000 nodes, 10 communities, 6 layers;

• cora: 2708 nodes, 7 communities, 2 layers;

• primary-school : 242 nodes, 11 communities, 2.4 mean hyperedge size;

• high-school : 327 nodes, 9 communities, 2.3 mean hyperedge size.

The first five datasets in the list are related to multilayer graphs (which have already been
mentioned in §2.5.3), while the last two are related to single-layer hypergraphs.
We tested the methods considering different percentages of known labels per community, sampling
them randomly 5 times and showing the average scores. In particular, we suppose to know
perc ∈ [3%, 6%, 9%, 12%] percentage of nodes per community in all the datasets except for
Wikipedia, where we considered to know a higher percentage of nodes, perc ∈ [15%, 18%, 21%, 24%],
to have significant results.
The results corresponding to quadratic regularization in equation (4.5) (with p = 2) are presented
and analyzed. In Figures 4.3 and 4.4, the average values of the objective function are shown,
while Figures 4.5 and 4.6 display the corresponding accuracy values. In Table 4.2, we present
aggregated results of the objective function and the accuracy, as explained in Section 4.4.1. The
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Table 4.2: Aggregated results of the objective function (upper table) and the accuracy (lower
table) across the real datasets with p = 2 (see Figures 4.3-4.4 and Figures 4.5-4.6). The table
indices are the same as in Table 4.1.

CCD RCD GCD GD

gate flop fail flop fail flop fail flop fail

0.75 0.39± 0.06 0.00 0.40±0.02 0.00 0.01±0.00 0.00 1.00±0.00 0.00
0.5 0.74±0.08 0.00 1.06±0.09 0.00 0.01±0.00 0.00 1.00±0.00 0.00
0.25 1.30±0.24 0.00 2.06±0.16 0.00 0.02±0.01 0.00 1.00±0.00 0.00
0.1 2.16±0.40 0.00 3.37±0.36 0.07 0.03±0.01 0.00 1.32±0.48 0.00
0.05 2.90±0.49 0.00 3.49±0.00 0.96 0.04±0.02 0.00 1.61±0.50 0.00

CCD RCD GCD GD

gate flop fail flop fail flop fail flop fail

0.75 0.69±0.17 0.00 0.97±0.28 0.00 0.13±0.08 0.00 2.11±0.31 0.00
0.5 0.99±0.20 0.00 1.61±0.31 0.00 0.25±0.16 0.00 2.15±0.36 0.00
0.25 1.51±0.26 0.00 2.78±0.49 0.00 0.41±0.24 0.00 2.32±0.48 0.00
0.1 2.15±0.52 0.00 3.21±0.23 0.82 0.67±0.39 0.00 2.71±0.54 0.04
0.05 2.70±0.56 0.29 3.86±0.00 0.96 0.91±0.52 0.00 3.10±0.44 0.25

patterns observed in these results mirror the findings from the analysis of synthetic datasets.
Specifically, the Greedy Coordinate Descent method (GCD) consistently reaches a favorable
solution in terms of both the objective function and accuracy at a significantly lower number of
flops compared to the other methods.
To investigate the influence of the regularization parameter p on the methods’ behavior and the
accuracy of the results, we conducted experiments with different values of p, both larger and
smaller than 2. Specifically, we considered values of p in the set 1.8, 1.9, 2.25, 2.5, with a fixed
percentage of known labels (perc = 6%) or, for the Wikipedia dataset, perc = 18%. Figures 4.7
and 4.8 present the average values of the objective function, while Figures 4.9 and 4.10 display
the corresponding accuracy values. In Table 4.3, we present aggregated results of the objective
function and the accuracy, as explained in Section 4.4.1. The observed patterns indicate that the
methods’ behavior remains relatively consistent across varying values of p. The GCD method
consistently outperforms the others in terms of the number of flops required for convergence.
Analyzing the objective function values, the CCD method exhibits a behavior similar to that of
the GD method. Meanwhile, the RCD method performs less favorably in both objective function
and accuracy. It’s worth noting that selecting p ̸= 2 can lead to improvements in the final
accuracy. In Table 4.4, we report the maximum value of accuracy achieved in the real datasets
with fixed perc = 6% (resp. perc = 18% for Wikipedia) and varying p ∈ {1.8, 1.9, 2, 2.25, 2.5}.

4.5 Conclusion

In this study, we conducted a comprehensive comparison of various coordinate descent methods
against the standard Gradient Descent approach for solving an optimization-based formulation of
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Table 4.3: Aggregated results of the objective function (upper table) and the accuracy (lower
table) across the real datasets with p ̸= 2 (see Figures 4.7-4.8 and Figures 4.9-4.10). The table
indices are the same as in Table 4.1.

CCD RCD GCD GD

gate flop fail flop fail flop fail flop fail

0.75 0.35±0.06 0.00 0.35±0.05 0.00 0.01±0.00 0.00 1.00±0.00 0.00
0.5 0.66±0.09 0.00 0.93±0.14 0.00 0.01±0.00 0.00 1.00±0.00 0.00
0.25 1.06±0.26 0.00 1.83±0.21 0.00 0.01±0.01 0.00 1.43±0.50 0.00
0.1 1.68±0.49 0.00 2.99±0.43 0.00 0.02±0.01 0.00 1.93±0.60 0.00
0.05 2.13±0.72 0.00 3.40±0.39 0.50 0.03±0.01 0.00 2.50±0.29 0.00

CCD RCD GCD GD

gate flop fail flop fail flop fail flop fail

0.75 0.70±0.16 0.00 0.97±0.28 0.00 0.09±0.03 0.00 2.15±0.36 0.00
0.5 1.01±0.19 0.00 1.64±0.29 0.00 0.23±0.24 0.00 2.15±0.36 0.00
0.25 1.51±0.26 0.00 2.72±0.45 0.00 0.41±0.45 0.00 2.36±0.49 0.00
0.1 1.93±0.26 0.00 3.46±0.46 0.68 0.72±0.76 0.00 2.90±0.57 0.00
0.05 2.39±0.54 0.04 3.90±0.11 0.89 0.94±0.90 0.00 3.05±0.56 0.18

the Graph Semi-Supervised Learning problem on multilayer hypergraphs. Our extensive experi-
ments encompassed both synthetic and real-world datasets, revealing the superior convergence
speed of well-chosen coordinate methods in contrast to the Gradient Descent approach. This
outcome underscores the potential of developing specialized coordinate methods tailored to the
resolution of semi-supervised learning problems in this context. Additionally, we explored the
impact of replacing the standard quadratic regularization term in the objective function with
a more generalized p-regularizer. The results presented in this context clearly show that this
modification can lead to better performances. This study thus contributes to our understanding
of effective optimization strategies for complex semi-supervised learning tasks involving multilayer
hypergraphs.
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Table 4.4: The maximum value of accuracy achieved in the real datasets with fixed perc = 6%
(resp. perc = 18% for Wikipedia) and varying p ∈ {1.8, 1.9, 2, 2.25, 2.5}.

p

dataset 1.8 1.9 2 2.25 2.5

3sources 0.84 0.82 0.79 0.76 0.74
BBCSport 0.91 0.89 0.87 0.85 0.83
Wikipedia 0.60 0.58 0.56 0.53 0.50
UCI 0.94 0.93 0.91 0.88 0.86
cora 0.71 0.69 0.66 0.62 0.60
primary school 0.89 0.85 0.82 0.77 0.75
high school 0.96 0.95 0.93 0.89 0.87
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Figure 4.1: Average values of the objective function over 5 random networks sampled from SBM
for p = 2, pin = 0.2, pin

pout
∈ {2, 2.5, 3, 3.5} varies in the rows and perc ∈ [3%, 6%, 9%, 12%] varies

in the columns.
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Figure 4.2: Average values of the accuracy over 5 random networks sampled from SBM for p = 2,
pin = 0.2, pin

pout
∈ {2, 2.5, 3, 3.5} varies in the rows and perc ∈ [3%, 6%, 9%, 12%] varies in the

columns.
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Figure 4.3: Average values of the objective function over 5 sampling of know labels, referring to 4
multilayer real-world datasets (3sources, BBCSport, Wikipedia, UCI) with quadratic regularizer.
perc ∈ [3%, 6%, 9%, 12%] (resp. perc ∈ [15%, 18%, 21%, 24%] for Wikipedia) varies in the columns.
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Figure 4.4: Average values of the objective function over 5 sampling of know labels, referring to
1 multilayer real-world dataset (cora) and 2 real-world hypergraphs (primary school and high
school) with quadratic regularizer. perc ∈ [3%, 6%, 9%, 12%] varies in the columns.
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Figure 4.5: Average values of the accuracy over 5 sampling of know labels, referring to 4
multilayer real-world datasets (3sources, BBCSport, Wikipedia, UCI) with quadratic regularizer.
perc ∈ [3%, 6%, 9%, 12%] (resp. perc ∈ [15%, 18%, 21%, 24%] for Wikipedia) varies in the columns.
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Figure 4.6: Average values of the accuracy over 5 sampling of know labels, referring to 1 multilayer
real-world dataset (cora) and 2 real-world hypergraphs (primary school and high school) with
quadratic regularizer. perc ∈ [3%, 6%, 9%, 12%] varies in the columns.
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Figure 4.7: Average values of the objective function over 5 sampling of know labels, referring
to 4 multilayer real-world datasets (3sources, BBCSport, Wikipedia, UCI) with perc = 6%
(resp. perc = 18% for Wikipedia). p ∈ [1.8, 1.9, 2.25, 2.5] in the regularization term varies in the
columns.
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Figure 4.8: Average values of the objective function over 5 sampling of know labels, referring to
1 multilayer real-world dataset (cora) and 2 real-world hypergraphs (primary school and high
school) with perc = 6%. p ∈ [1.8, 1.9, 2.25, 2.5] in the regularization term varies in the columns.
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Figure 4.9: Average values of the accuracy over 5 sampling of know labels, referring to 4 multilayer
real-world datasets (3sources, BBCSport, Wikipedia, UCI) with perc = 6% (resp. perc = 18%
for Wikipedia). p ∈ [1.8, 1.9, 2.25, 2.5] in the regularization term varies in the columns.
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Figure 4.10: Average values of the accuracy over 5 sampling of know labels, referring to 1
multilayer real-world dataset (cora) and 2 real-world hypergraphs (primary school and high
school) with perc = 6%. p ∈ [1.8, 1.9, 2.25, 2.5] in the regularization term varies in the columns.
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Chapter 5

Collaboration and topic switches in
science

In this chapter, we focus on an application to the science of science. Firstly, we report an overview
of this relatively new but highly promising and rapidly developing field. Secondly, we present our
work regarding the relation between collaboration and topic switches in science. Collaboration
plays a pivotal role in advancing science and driving innovation. Stemming primarily from
the necessity to harness diverse skills and expertise to address complex scientific challenges,
the collaboration also serves as a valuable wellspring of insights into the future activities and
contributions of researchers. More specifically, collaboration enables us to deduce the probability
with which scientists opt for future research directions through the interconnected mechanisms of
selection and social influence. Here we thoroughly investigate the interplay between collaboration
and topic switches. Our findings reveal that the likelihood of a researcher engaging in a new
research topic rises in conjunction with the number of prior collaborators. Furthermore, we
observe a discernible pattern indicating that the impacts of individual collaborators are intercon-
nected and not independent. As authors demonstrate greater productivity and influence, their
colleagues are more inclined to embark on new research subjects. Additionally, there exists an
inverse correlation between the average count of coauthors per paper and the probability of tran-
sitioning to new topics, suggesting a dilution of this effect as the number of collaborators increases.

5.1 Overview of the science of science

The increasing availability of digital data in the 21st century has opened up unprecedented
opportunities to model and analyze complex social systems and interactions. One emerging and
rapidly developing field in this realm is the science of science (SOS). At its core, the SOS aims
to uncover the intricate patterns and mechanisms that characterize scientific discovery. This
involves understanding how various components within the system of science, such as research
papers, authors, and research fields, interact and evolve over time. These interactions are often
represented as evolving networks, capturing the dynamic relationships among different elements
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of the scientific landscape. The ultimate objective of the SOS is to derive insights and knowledge
that can inform the development of tools, policies, and strategies to accelerate scientific progress.
Unlike traditional scientometrics, which primarily focuses on quantitatively measuring aspects of
science, the SOS delves deeper into uncovering the underlying principles and dynamics that drive
the advancement of knowledge. In the subsequent sections, we provide a concise overview to offer
a general understanding of the diverse topics and challenges that the SOS addresses. This field
encompasses a wide range of areas, each contributing to a deeper comprehension of the intricacies
of scientific discovery and the factors influencing it.

Scientific publication data

Scientific publication data serve as a cornerstone for research in the SOS. These datasets contain
comprehensive information about individual research papers, including attributes like title,
authors, affiliations, publication date, journal name, abstract, keywords, topics, and references.
These are some of the widely used datasets for SOS research:

• American Physical Society (APS) provides a collection of physics-related publications,
making it a valuable source for studying the evolution of physics research.

• OpenAlex (successor to Microsoft Academic Graph) offers a rich database of scholarly
publications and their associated metadata, encompassing a wide range of research domains.

• MEDLINE and PubMeddatasets focus on medical literature and contain valuable information
for investigating trends and developments in medical research.

• Web of Science (WoS) and Scopus databases offer comprehensive coverage of scholarly
literature, including a wide range of research fields.

• arXivis is a preprint repository used by researchers in physics, mathematics, computer
science, and related fields, providing a platform to share research before formal publication.

• Google Scholar aggregates scholarly articles from various sources, serving as a widely
accessed resource for researchers worldwide.

A fundamental challenge in SOS research, as well as other scientometric studies, is name dis-
ambiguation [203, 204, 205, 206]. It refers to the problem of associating publications with the
correct authors, considering the prevalence of common names and variations in how authors are
referenced. This challenge has two key dimensions:

• Homonym Resolution: multiple scholars may share the same name, leading to instances
where different authors are mistakenly merged into a single identity.

• Synonym Resolution: the same author might be referred to using different name variations
or affiliations, causing the system to create distinct identities for the same individual.

Addressing this challenge requires sophisticated techniques that leverage various aspects of the
data, such as co-authorship patterns, affiliations, publication history, and co-citation relationships.
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Advances in natural language processing, machine learning, and network analysis have con-
tributed to more effective name disambiguation methods, helping researchers accurately attribute
publications to the correct authors and create more reliable research profiles.

Scientific networks

The collaboration and citation networks are among the most extensively studied networks in the
field of SOS.
In a collaboration network, scientists are represented as nodes, and a connection between two
scientists is established if they have collaborated on a paper together. The edge weight reflects the
number of coauthored papers shared by the two scientists. The pioneering work by [27] marked
the initial investigation into the structural attributes of collaboration networks. Noteworthy
features of these networks, as highlighted by [207, 208, 209], include:

• Power-law distributions for both the collaborators of scientists and the papers they coauthor.

• The presence of a small-world phenomenon within each discipline, where the average shortest
path between scientists is relatively short, typically around five or six steps.

• The emergence of community structure, where communities correspond to different scientific
disciplines.

• Assortative mixing, signifying a preference for high-degree nodes to connect to other
high-degree nodes and low-degree nodes to connect to other low-degree nodes.

• The friendship paradox, where collaborators of a scientist tend to have more coauthors,
higher citation counts, and more publications.

Citation networks, on the other hand, are characterized by papers as nodes, and directed,
unweighted edges represent citations from one paper to another. Key features of citation networks,
as described by [28], encompass:

• Power-law distribution of in-degree (number of incoming citations) and an exponential
distribution of out-degree (number of outgoing citations) of nodes.

• Evident community structure, with communities often corresponding to specific subfields
within a discipline.

• Weak disassortativity, implying a tendency for high-degree nodes to connect to low-degree
nodes.

• Shortest path lengths that are relatively small within the network.

• Frequent occurrence of the feed-forward loop pattern, where paper A cites paper B, paper
B cites paper C, and paper A also cites paper C.

• The acyclic nature of citation networks, where links point from newer papers to older papers.

These characteristics provide insights into the structure and dynamics of scientific collaboration
and citation networks, shedding light on patterns of knowledge dissemination and interdisciplinary
interactions.
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Dynamical properties of science

In addition to studying the static structural properties of collaboration and citation networks,
the SOS also investigates their dynamic characteristics.
The Barabasi–Albert (BA) model [210] is one of the earliest and fundamental models used to
describe the dynamics of citation networks. It is based on the concept that nodes with higher
degrees attract new links at a higher rate than nodes with lower degrees. This model can account
for the emergence of power-law distribution in citation counts; however, it does not fully capture
all the intricate features observed in real citation networks. Another dynamic mechanism that
has garnered attention is the preferential attachment mechanism, as discussed by [211]. This
mechanism predicts that highly cited papers tend to be older, attributing this phenomenon to
a first-mover advantage. However, in real-world scenarios, there are instances of recent papers
achieving high citation rates. This discrepancy is due to the aging effect on early papers and the
varying suitability of papers for garnering citations. Conversely, the concept of a sleeping beauty
paper, explored by [212, 213], refers to papers that initially receive only a few citations after
publication but subsequently experience a sudden surge in their citation count. This phenomenon
highlights the potential for scientific impact to be recognized at a later stage, illustrating the
complex interplay between the timing of publication and the recognition of contributions.
The dynamics of citation networks have been addressed by [214], who proposed a model that
considers two distinct behaviors within citation networks. Specifically, a paper may directly cite
an older paper or indirectly cite it by referencing a more recent publication that includes the
older paper as a reference. Collaboration networks also play a pivotal role in SOS dynamics,
with a particular focus on team formation. The growth of scientific collaboration networks is
characterized by preferential attachment, wherein the likelihood of collaboration between two
researchers is positively correlated with the number of coauthors they share. The significance of
teamwork in contemporary science has been increasingly recognized, leading to investigations into
the size, multi-university nature, and interdisciplinary composition of research teams. Various
models have been developed to gain insights into team dynamics [215, 216]. Notably, a study by
[217] revealed that both smaller and larger research teams play essential roles in the scientific
landscape. Smaller teams tend to introduce novel and disruptive ideas, while larger teams often
contribute to the development and refinement of existing concepts. As a result, both types of
teams contribute to the advancement of science and technology. In a recent study, [218] introduced
a metric designed to quantify the distinction between papers that contribute to the enhancement
of existing streams of knowledge and those that introduce disruptive new streams of knowledge.
The underlying idea is that if a paper is disruptive, subsequent works that cite it are less likely
to also cite its predecessors. Conversely, if a paper is consolidating, subsequent works citing
it are more likely to cite its predecessors. Their findings reveal that, across various fields, the
nature of science and technology is trending toward being less disruptive over time. However,
this conclusion has been met with criticism by [219]. They argue that the observed decline in
disruption is largely influenced by what they refer to as citation inflation. The phenomenon of
citation inflation is characterized by the increasing length of reference lists in papers over time.
This leads to a higher density of links within citation networks and a rise in self-citations, thereby
enhancing the rate of triadic closure in these networks. Consequently, the metric for measuring
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disruption becomes temporally biased due to these changes in citation patterns.
These dynamics within both citation and collaboration networks underscore the intricate interplay
between individual researchers, their contributions, and the evolving structures of scientific
communities. Understanding these dynamics can shed light on the emergence of new ideas, the
propagation of knowledge, and the collaborative mechanisms that drive scientific progress. They
also underscore the need to go beyond static network representations and delve into the temporal
dynamics that shape the patterns of scientific discovery and impact.
The study of the evolution of scientific disciplines is a significant aspect of understanding how
fields arise, evolve, and eventually fade away [220]. Researchers in this area aim to model the
underlying processes that govern these dynamics. One perspective, put forth by [221], proposes
that the evolution of disciplines is primarily shaped by the social interactions among scholars. To
explore this idea, they developed the Social Dynamics of Science agent-based model. In this model,
collaboration networks are constructed, with nodes representing scholars and edges indicating
coauthored papers. They find that the emergence or decline of a discipline is associated with an
increase in the network’s modularity. Accordingly, they model the formation of new scientific
disciplines by manipulating communities within the collaboration network through splitting and
merging processes. Another perspective, proposed by [222], suggests that the progress of larger
scientific fields might be impeded. When the volume of papers published annually within a field
becomes substantial, authors tend to repeatedly cite the same well-cited papers. This behavior
can result in new papers struggling to attain high citation counts or disrupt existing research.
In another study, [223] introduces a quantitative framework to analyze the temporal evolution
of all scientific fields. They identify a rise-and-fall pattern common to all fields, characterized
by a two-parameter right-tailed Gumbel distribution. They divide a field’s lifetime into distinct
evolutionary phases: creation, adoption, peak, and decay. Early phases are characterized by
disruptive works that challenge existing paradigms, while later phases witness the emergence of
specialized, large research teams building upon previous works.
Overall, these studies shed light on the intricate dynamics governing the lifespan of scientific
disciplines, the role of social interactions and collaboration networks, as well as the emergence of
disruptive and specialized research in shaping the trajectory of various fields.

Quantification of scientific impact

With the exponential growth of scientific publications and researchers, the need for effective
metrics to assess the impact of scholarly work and individual scholars has become more pronounced.
Several methods have been devised to gauge the influence of scientific publications and researchers,
addressing various aspects of their output. Simple metrics often rely on basic statistics such as the
total number of publications, total citations received, average citations per publication, number
of highly cited papers (often defined by a predefined citation threshold), and the proportion of
highly cited papers in a researcher’s portfolio. One of the most widely known and used metrics is
the h-index introduced by [224]. The h-index seeks to quantify both the quantity and quality of
a researcher’s work. Specifically, a scholar’s h-index is h if they have h papers each cited at least
h times. While the h-index provides a single numerical summary of a researcher’s impact, it does
have limitations, including its inability to fairly compare researchers across different disciplines
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and career stages. In response to these limitations, various alternative metrics have been proposed
to assess researchers’ impact more comprehensively. [225] devised a weighted citation network
between authors and introduced a ranking method called SARA (System for Allocating Credits).
SARA utilizes a diffusion algorithm to simulate the flow of credits across the network, providing
improved predictions for award assignments in the field of physics compared to local measures.
[226] evaluated the effectiveness of the h-index by correlating it with rankings based on community
awards. They observed that evolving authorship patterns and hyperauthorship have reduced
the effectiveness of traditional scientometric measures. Fractional allocation of citations among
coauthors was found to enhance the predictive power of research metrics. The quest for a more
nuanced impact assessment led [227] to propose the E-index. This metric accounts for the
distribution of citations and emphasizes consistently producing high-quality work over time. This
approach aims to address the limitations of the h-index and provide a more sensitive measure of
impact. An additional challenge in evaluating authors’ impact is the fair allocation of credit among
coauthors of a paper. Various approaches have been suggested to determine the proportional
contribution of each author [228]. On the other side, in the context of evaluating the impact of
scientific journals, the impact factor (IF) is a well-known metric. Proposed by Garfield [229], the
impact factor quantifies the average number of citations to recent articles published in a journal.
The 5-year impact factor (IF5), which averages the IF over the last five years, is a widely utilized
variant of this metric.
Overall, the development of impact metrics has been driven by the need to accurately capture
the influence of scholarly work and researchers, taking into account the evolving landscape of
scientific publishing and collaboration.

Inequalities in science

A significant portion of research within the SOS domain focuses on analyzing factors that
contribute to disparities in scientific publications, particularly about gender inequalities. Various
studies have shed light on the nuanced dynamics underlying these disparities and their implications.
[230] investigated gender disparities in scholarly publications. Their findings highlighted several
key points: articles authored by women in dominant positions receive fewer citations compared
to those authored by men in similar positions; women’s representation in fractional authorship is
smaller than men’s; women are underrepresented in first authorships; regions like South America
and Eastern Europe show relatively better gender parity, although this might be linked to lower
scientific output. A comprehensive study by [231] spanned disciplines and countries from 1955 to
2010. Their results revealed intriguing trends: as the proportion of women in science increases,
gender differences in productivity and impact also increase paradoxically; annual publication
rates and impact per work are two consistent gender invariants; disparities in career lengths and
dropout rates contribute to gender disparities. Research by [232] delved into gender diversity
within research teams in medical sciences. They observed that mixed-gender teams are growing
but remain underrepresented compared to a null model. Publications from mixed-gender teams
are more novel and impactful, with a stronger gender balance on a team correlating with better
performance measures. Examining gender inequality in scholarly mobility, [233] conducted a
cross-national study. Their work revealed that female researchers tend to be less geographically

88



mobile, migrating over shorter distances with lower origin and destination diversity. Diversity
within academic communities was expanded upon by [234], who investigated ethnicity, discipline,
gender, affiliation, and academic age. They found evidence of homophily in ethnicity, gender,
and affiliation. Ethnic diversity showed the strongest correlation with scientific impact. Another
insightful study by [235] explored gender differences in productivity and prominence among
researchers. Their research indicated that these differences can largely be explained by variations
in coauthorship networks. Additionally, they observed that collaborative networks act as a form
of social capital that transfers from senior to junior collaborators. In the academic job market,
[236] scrutinized faculty hiring processes and found evidence of deep-rooted social inequalities.
Prestige in doctoral programs significantly predicts placement outcomes, with women often
faring worse than male graduates from the same institution. Greater institutional prestige leads
to enhanced faculty production, better placement, and a more influential position within the
academic discipline.
The complex and pervasive nature of inequalities within the scientific community underscores the
importance of continued research to better understand and address these issues across various
dimensions.

Prediction

The SOS field has also delved into the intriguing question of whether it’s possible to forecast
success in scientific endeavors. Numerous studies have been conducted to uncover the key
factors influencing the impact of publications and the trajectories of successful scientific careers.
[237] presented a mechanistic model for citation dynamics of individual papers, revealing a
universal temporal pattern in citation histories. This model introduces three fundamental
parameters that characterize a paper’s citation history: immediacy (time to reach citation
peak), longevity (decay rate), and fitness (perceived novelty and importance). Analyzing the
impact and productivity change across scientific careers, [238] discovered the random-impact rule
indicating that influential publications are distributed randomly within a scientist’s sequence
of publications. They constructed a null model of scientific careers based on this rule, where
scientists select projects with potential and enhance them uniquely, resulting in impactful papers.
A personal parameter Qi predicts a scientist’s impact evolution and external recognitions. [239]
demonstrated that junior researchers who collaborate with top scientists enjoy a persistent
competitive advantage in their careers, suggesting a prediction of future success based on early
career indicators. Forecasting new scientific collaborations was addressed by [24], who employed
a multiplex network encompassing scientific credit (citations) and common interests (shared
keywords) in distinct layers. The dynamics of failure were explored by [240], who developed a
one-parameter model illustrating how future attempts build upon past failures. Their model
indicated a phase transition separating failure dynamics into progression or stagnation regions,
with agents who share similar characteristics experiencing diverse outcomes near the critical
threshold.
These studies collectively contribute to unraveling the intricate factors that drive success in
science, ranging from the evolution of paper impact to predicting influential collaborations and
understanding the mechanisms behind both success and failure in scientific endeavors.
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5.2 Introduction

Over the past few decades, modern science has witnessed a significant shift towards collabo-
ration, with larger teams becoming essential for addressing complex problems across various
disciplines [241]. These teams are often necessary due to the need for a diverse range of knowledge
and expertise. However, it’s worth noting that small teams can also play a role in introducing
novel paradigms and innovative approaches [217].
A powerful representation of the collaborative nature of science is provided by collaboration
networks, where nodes represent authors and edges connect authors who have coauthored at least
one paper. The availability of bibliometric data has led to extensive studies of collaboration
networks, revealing their structural characteristics and patterns [27, 216, 242, 243].
Collaboration networks highlight the concept of homophily among scholars. This phenomenon
suggests that individuals with similar research interests or working on related topics tend to
collaborate. This can be seen as an example of selection, where like-minded individuals naturally
form collaborations.
However, collaboration also introduces the notion of social influence. Coauthors can expose
each other to new tools, methods, and theories, even if they are not directly relevant to the
current project. This relationship between knowledge diffusion and collaboration has been studied
extensively. Research has shown that knowledge tends to flow more readily between scholars who
have collaborated before [244] or who are closely connected in the network [245].
In the context of switching research interests, scholars may decide to work on new topics based
on their collaborative experiences. These switches have become more frequent over time [246]
and have been quantitatively explored [247, 248]. Such decisions may be influenced by coauthors
in a process analogous to social contagion [249, 250, 251, 252, 253], where one scholar influences
another to adopt a new research area. This idea draws parallels with epidemic models used
to describe the spread of ideas [254, 255, 256], where an "infected" individual introduces a
"susceptible" individual to a new concept, leading to its adoption.
In this study, we conduct an empirical analysis of the relationship between scholars’ topic switches
and their collaboration patterns. We distinguish between active authors who have published
on the new topic and inactive authors who have not. We focus on the immediate collaboration
network of authors, examining their first-order neighbors. The results suggest that the probability
of an inactive scholar switching topics increases with the productivity and impact of their active
coauthors. Moreover, the effect is influenced by the average number of inactive coauthors of active
scholars. Additionally, the probability of an inactive scholar switching topics is correlated with
the number of active coauthors they have, indicating a potential interdependence of coauthors’
contributions.

5.3 Results

The scientific publication dataset OpenAlex [29] serves as the basis for our study. We analyze
twenty topics from three distinct disciplines: Physics, Computer Science, and Biology & Medicine.
The specifics of this dataset can be found in the Methods section (5.5.1).
Our methodology draws inspiration from the groundbreaking work conducted by Kossinets and
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Figure 5.1: Schematic setup for our analysis. (A) Stream of papers across interaction (IW) and
activation (AW) windows. Papers tagged with the focal topic t are marked in red. (B) Author
collaboration graph at the end of IW. Authors ai and aj are linked by an edge of weight k if ai
coauthored k papers with aj within the IW. The authors active in the focal topic by the end of
IW are marked in red. (C) Focus: inactive authors. Inactive author a6 has four active contacts
from three sources {a0, a1, a5} derived from the collaboration graph in (B). (D) Focus: active
authors. Active author a0 has four coauthors {a1, a2, a3, a6}, of whom a1 is already active, and
a6 also collaborated with a1 in the IW. This leaves the subset of exclusive inactive coauthors
{a2, a3}. Within this subset, only a2 becomes active in the AW, resulting in a0’s source activation
probability of 1

2 = 0.50. Additionally, a2 writes their first paper with a0 in the AW.

Watts on the evolution of social networks [257]. In their study, they explored the concept of
triadic closure concerning two individuals, referred to as a and b. This term denotes the likelihood
that a and b establish a connection based on the number of mutual friends they share. Their
approach involved capturing two snapshots of the network during consecutive time periods: the
initial snapshot tracked all pairs of disconnected individuals, while the subsequent snapshot
tallied how many of those pairs eventually formed connections. A similar framework has been
employed to compute membership closure, a concept centered on the probability that an individual
opts to participate in an activity after being connected to k others who are already involved
in that activity [258]. Building upon this approach, we adapt the framework to analyze how
collaborations influence shifts in research topics, allowing us to explore how scholars transition
between different scientific interests.
Here’s an overview of our methodology.
Given a specific scientific topic denoted as t, a reference year T0, and a window size T , we establish
two successive and non-overlapping time intervals covering the years [T0 − T, T0) and [T0, T0 + T )
respectively. The initial interval is termed the interaction window (IW), during which we monitor
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author interactions within the collaboration network. The subsequent interval is referred to as the
activation window (AW), where we quantify occurrences of researchers switching their research
topics.
During the IW, we identify the cohort of active authors A who have published papers P related to
topic t. To illustrate, in Figure 5.1A, A would be represented as a0, a1, a4, a5. We construct the
collaboration network G by considering all papers P ′ authored by individuals a ∈ A after their
activation. Notably, P ′ encompasses papers outside of P , as indicated by the gray representations
in Figure 5.1A.
Within G, we classify authors who are not active as inactive authors, and these are potential
candidates for topic switches within the AW. They transition to active status when they publish
their initial paper on topic t. In Figure 5.1B, authors a2, a3, and a6 are deemed inactive, with
both a2 and a6 converting to active status during the AW.
Furthermore, we assess each active author a ∈ A using two metrics that gauge their scientific
prominence: productivity and impact. The specifics of these metrics are outlined in Methods 5.5.3,
and they are calculated after the IW to capture the contemporaneous perception of the author’s
scholarly contributions. Subsequently, we identify and designate authors who rank within the top
and bottom 10% for each metric.
With this setup, we carry out two distinct experiments:

• In Experiment I, we analyze membership closure among inactive authors, evaluating how
past collaborations with active authors correlate with topic switches.

• In Experiment II, the focus shifts to active authors, investigating how their inactive coauthors
are inclined to start working on the same research topic.

More detailed information about these experiments and their outcomes can be found in Sections
5.3.1 and 5.3.2.

5.3.1 Experiment I

In this section, we delve into the concept of membership closure among inactive authors. We aim
to address the following inquiries:

• How does the probability of topic switches correlate with the parameter k, which signifies
the number of interactions with active authors?

• Does this probability display a dependence on the relative prominence of the active authors?

To effectively compute this metric, we initially need to establish what qualifies as an interaction
with an active author within the IW. We explore two distinct definitions, outlined below:

• Counting the number of active coauthors while accounting for repeated collaborations with
the same coauthor by considering their number of collaborations. In the context of the
collaboration network, this equates to the weighted degree when exclusively considering
active coauthors.

• Tallying the number of papers jointly authored with active coauthors.
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Figure 5.2: Experiment I. Cumulative target activation probability (in purple) for inactive authors
in the AW with shaded 95% confidence intervals. For each k, the y-value indicates the fraction of
inactive authors with at least k active contacts in the IW who became active in the AW. The
green solid line with shaded errors represents the baseline described in the text, corresponding to
independent effects from the coauthors. The heatmap below the x-axis shows the mean difference
between the observed and baseline curves for each k value. It is gray if the 95% confidence interval
contains 0, denoting the k-values where the points are statistically indistinguishable at p-value
0.05. Positive and negative deviations from the baseline are in red and blue, respectively.
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Figure 5.3: Experiment I. Same as 5.2, but here the number of contacts is the number of papers
written with active coauthors in the IW. Cumulative target activation probability (in purple)
for inactive authors in the AW with shaded 95% confidence intervals. For each k, the y-value
indicates the fraction of inactive authors with at least k active contacts in the IW who became
active in the AW. The green solid line with shaded errors represents the baseline described in the
text, corresponding to independent effects from the coauthors. The heatmap below the x-axis
shows the mean difference between the observed and baseline curves for each k-value. It is gray if
the 95% confidence interval contains 0, denoting the k-values where the points are statistically
indistinguishable at p-value 0.05. Positive and negative deviations from the baseline are in red
and blue, respectively.
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For instance, in Figure 5.1C, author a6 would have four interactions under the first definition
(two from a5 and one each from a0 and a1) and two interactions under the second definition
(arising from the second and fourth papers within the IW).
In our main analysis, we present the results based on the first definition. It is worth noting that
the conclusions drawn from the second definition do not significantly alter the primary findings.
To address the first question, we have calculated the cumulative target activation probability
TAP (k), which represents the fraction of inactive authors that transition to becoming active during
the AW based on the number of contacts k they have (for more details, refer to Methods 5.5.5).
Figure 5.2 showcases the plotted TAP (k) values (in purple) across the twenty studied topics.
The error bars are derived from averaging results over different time windows for each field (as
detailed in Methods 5.5.4).
As anticipated, a discernible upward trend is evident in the plot. Specifically, the transition from
k = 0 to k = 1 is particularly prominent, indicating that the likelihood of spontaneous activation
in the absence of prior contacts (k = 0) is notably lower compared to activation resulting from
collaborative efforts (k ≥ 1). Notably, the probability increases as the number of contacts grows.
The majority of this increase transpires for low k values.
To provide context to these findings, we establish a simple baseline denoted as TAPbase(k) (as
detailed in Methods 5.5.6). In this baseline, we assume that each contact has a consistent and
independent probability of resulting in a topic switch. This baseline serves as a reference point
for comparison with the observed results.
Within each topic, we calculate the difference (as outlined in Methods 5.5.4) between the observed
curves for different values of k across all reference years. These differences are then plotted
below the x-axis. Except Cluster Analysis, Parallel Computing, and Peptide Sequence topics,
the observed curves consistently deviate from the baseline. This observation provides empirical
evidence suggesting that the baseline fails to capture the intricate details present in the actual
data.
The positive deviations observed for most topics suggest a cumulative effect, indicating that
interactions with active authors indeed play a substantial role in inducing topic switches. However,
Fluid Dynamics and Statistical Physics stand out as exceptions, undershooting the baseline. This
anomaly might be attributed to these fields being broad and interdisciplinary, unlike the other
more focused topics. Collaborations spanning across diverse fields may have a dampening effect
on topic switches, reducing the impact of the compounding mechanism observed in other topics.
Furthermore, we verified that our conclusions also hold considering the second definition of
interaction, as shown in Figure 5.3.
Continuing our investigation, we turn to the second research question, examining whether the
prominence of the contact source influences the probability of topic activation. In our analysis,
we consider the two subsets of active authors: those in the top 10% and those in the bottom
10% based on their productivity and impact. This categorization effectively segregates the most
prominent active authors from the least prominent ones.
To ensure a clear evaluation of the impact of contact source prominence, we limit our analysis to
the subset of inactive authors who are neighbors with only one of the two categories of active
authors (top 10% or bottom 10%). This approach helps mitigate potential confounding effects,
allowing us to draw more accurate conclusions regarding the relationship between the prominence
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of the contact source and the likelihood of topic activation.
In Figure 5.4, we present a visual representation of our assessment of the significance of differences
between cumulative target activation probabilities for inactive authors who are in contact with
active authors in the top 10% and the bottom 10% in terms of productivity and impact.
Each row of the heatmaps corresponds to a specific topic, and the color of each square within the
row indicates whether the difference in activation probabilities is positive (red), negative (blue),
or statistically non-significant (grey). The two columns represent the prominent authors selected
based on their productivity (left column) and their impact (right column).
In the case of productivity, we observe that all the differences are both significant and positive.
This suggests that contacts with highly productive active authors result in higher probabilities
of target activation among inactive authors. For the impact column, there are a few exceptions
where the differences are not significant or where negative differences are present. Nonetheless,
the overall trend indicates that having prominent contacts, based on either productivity or impact,
tends to increase the probability of target activation.
Results deriving from the use of the second definition of interaction, which confirms this trend,
can be found in Figure 5.5.

5.3.2 Experiment II

Here our focus is on active authors and their collaborators. For each active author, denoted as a,
we examine the subset of their inactive coauthors who have engaged in exclusive collaborations
with a during the interaction window (IW). We refer to this subset as the "exclusive inactive
coauthors" of a". To clarify, let’s consider an example depicted in Figure 5.1D. Active author
a0 has four coauthors, namely a1, a2, a3, a6. Among these, only a2 and a3 have exclusively
collaborated with a0 during the IW. We focus on this specific subset of coauthors because it
helps us isolate the effects that are solely attributed to the active author a, eliminating potential
confounding factors introduced by interactions with other active authors.
We measure a significant metric known as the "source activation probability", denoted as P as .
This probability represents the fraction of the exclusive inactive coauthors of active author a
who transition to becoming active in the activation window (AW). The use of a fraction takes
into account variations in collaboration network sizes that could differ greatly among different
scholars. In the case of the example in Figure 5.1D, the source activation probability P a0s is 1

2 , or
0.5, because only a2 among the exclusive inactive coauthors becomes active in the AW.
We proceed as follows: for a given group of active authors, we calculate Cs, which is the
complementary cumulative distribution of their source activation probabilities. This involves
computing the probability that an exclusive inactive coauthor of an active author transitions to
becoming active in the activation window (AW). The details of this calculation are provided in
Methods 5.5.7.
We divide the active authors into two groups: the most prominent (top 10% in productivity
or impact) and the least prominent (bottom 10% in productivity or impact), as explained in
Experiment I. We then compare the effects of these two groups by analyzing the cumulative
source activations. This refers to the points on their respective cumulative distributions at a
specific threshold denoted as f∗. In other words, we’re interested in how the source activation
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Figure 5.4: Heatmaps showing the mean difference between the cumulative target activation
probabilities of the inactive authors in the AW who had exclusive contacts with the top 10% and
bottom 10% of active authors, respectively, selected according to productivity (left) and impact
(right) in the IW. The cells are gray if the 95% confidence interval contains 0. The majority of
red cells indicate that the cumulative target activation probabilities for contacts with the top
10% are higher than those with the bottom 10%.
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Figure 5.5: Experiment I. Same as 5.4, but here the number of contacts is the number of papers
written with active coauthors in the IW. Heatmaps showing the mean difference between the
cumulative target activation probabilities of the inactive authors in the AW who had exclusive
contacts with the top 10% and bottom 10% of active authors, respectively, selected according to
productivity (left) and impact (right) in the IW. The cells are gray if the 95% confidence interval
contains 0. The majority of red cells indicate that the cumulative target activation probabilities
for contacts with the top 10% are higher than those with the bottom 10%.
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probabilities of these two groups vary based on this threshold.

The outcomes of our analysis are presented in Figure 5.6A for a threshold value of f∗ = 0.10.
Furthermore, we have verified that our conclusions hold even when considering a threshold of
f∗ = 0.20, as shown in Figure 5.7A.

In Figure 5.6, each row corresponds to a specific scientific topic. The green and purple ranges in
the plot represent the 95% confidence intervals of the mean difference between the cumulative
source activations of the two pools of authors (most prominent vs. least prominent) for both
productivity and impact, respectively.

In terms of productivity, we observe that the difference is statistically significant for all topics
except Superconductivity. This suggests that having more prominent active authors in terms of
productivity increases the likelihood of their exclusive inactive coauthors becoming active on the
same topic. When considering impact, the differences are somewhat less pronounced compared to
productivity, but they are still statistically significant for most topics.

In Figure 5.6B, we investigate the chaperoning propensity of active authors [259], and we define
the measure in Methods 5.5.8. It refers to the likelihood that exclusive coauthors of a given
active author also publish their first paper on the same topic during the activation window. This
measure helps us assess whether prominent active authors play a role in guiding their coauthors
to work on new topics.

The green and purple ranges in the plot represent the 95% confidence intervals of the mean
difference between the chaperoning propensities of the most prominent and the least prominent
active authors for both productivity and impact, respectively. As with the previous analysis, we
observe that the more productive/impactful an active author is, the more likely their coauthors
are to transition and work with them on a new topic during the activation window.

Results for f∗ = 0.20, which confirm this trend, can be found in 5.7B.

Although our analysis effectively demonstrates the influence of prominence, one might inquire
whether the number of coauthors also contributes. Our hypothesis suggests that, on average, a
greater number of collaborators could lead to weaker connections with each of them, potentially
resulting in decreased source activation probabilities. To explore this idea, we select the top
and bottom 20% from each group of most prominent authors based on the average number of
coauthors present on papers published with exclusive inactive coauthors. Notably, this selection
process intentionally omits any papers written on the specific focal topic.

In Figures 5.8 and 5.9, we present a similar analysis to Figures 5.6A and 5.7A, focusing on the
two distinct groups of authors as previously described. Notably, the confidence intervals of the
differences in this case are positioned to the left of zero, indicating negative values. In terms of
productivity, all of these values are statistically significant. For impact, there are only two topics
(Chemotherapy and Radiation Therapy) where the significance is not observed. In general, we
find that inactive coauthors of prominent authors who collaborate with more individuals tend to
have a lower probability of switching topics. This aligns with the notion that interactions with
each coauthor may be less frequent or robust in these cases, thus having a reduced effectiveness
in inducing topic switches.
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Figure 5.6: Experiment II results for f∗ = 0.10. (A) The mean and 95% confidence interval of
the means of the difference between the cumulative source activations of active authors in the
top 10% and bottom 10% based on productivity (green) and impact (pink). (B) The mean and
95% confidence interval of the means of the difference between the chaperoning propensities of
active authors in the top 10% and bottom 10% based on productivity (green) and impact (pink).
A positive difference indicates that the effect is stronger for the top 10% active authors.
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Figure 5.7: Experiment II. Same as 5.6, with threshold f⋆ = 0.20. (A) Mean and 95% confidence
interval of the means of the difference between the cumulative source activations of active authors
in the top 10% and bottom 10% based on productivity (green) and impact (pink). (B) Mean
and 95% confidence interval of the means of the difference between the cumulative chaperoning
propensities of active authors in the top 10% and bottom 10% based on productivity (green) and
impact (pink). A positive difference indicates that the effect is stronger for the top 10% active
authors.
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Figure 5.8: Dilution effect results for f∗ = 0.10. The mean and 95% confidence interval of the
mean of the difference between the cumulative source activations of active authors in the top
20% and bottom 20% bins, based on the average number of coauthors, among the top 10%
active authors in productivity (green) and impact (pink). A negative difference across the topics
indicates a dilution effect, wherein coauthors of prominent active scholars with fewer collaborators
are more likely to switch topics.
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Figure 5.9: Experiment II. Same as Fig. 5.8, with threshold f⋆ = 0.20. Dilution effect. The
mean and 95% confidence interval of the mean of the difference between the cumulative source
activations of active authors in the top 20% and bottom 20% bins, based on the average number
of coauthors, from the set of top 10% active authors in productivity (green) and impact (pink).
A negative difference across the topics indicates a dilution effect, wherein coauthors of prominent
active scholars with fewer collaborators (on average) are more likely to switch topics.
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5.4 Discussion

Collaboration serves as a means for scholars to delve deeper into existing knowledge and to be
exposed to novel ideas. In the course of this chapter, we have thoroughly examined whether and
how collaboration patterns influence the likelihood of researchers transitioning to new research
topics. Our investigation has revealed that a scholar’s propensity to embark on a new topic is
influenced by their prior interactions with individuals who are already active in that particular
field. This impact is directly proportional to the number of these interactions, such that a higher
number of contacts corresponds to an elevated probability of topic transition. Our findings deviate
from a basic baseline assumption that suggests independent effects arising from these contacts.
This divergence from the baseline underscores the presence of complex, non-dyadic interactions
that warrant further exploration and analysis.
Likewise, we quantified the likelihood that authors who are inactive in a given field but have
collaborated with active authors in that field, will eventually publish papers on the new topic.
This approach allows us to isolate the influence of the connection with the active author in the
process of topic activation. It is important to emphasize that our study is structured such that
prior collaborations between inactive and active authors pertain exclusively to subjects other than
the focal topic. Thus, our analysis reveals that an active author can introduce an inactive author
to a new research area, even when their past interactions did not directly involve that topic. This
underscores the social nature of scientific interactions, where conversations and collaborations
may venture beyond the immediate context that initially spurred them.
Furthermore, we investigated whether the probability of topic activation is influenced by certain
characteristics of the active authors. Our findings revealed that authors who are more productive
and have a greater impact tend to possess higher probabilities of inspiring their coauthors to
switch topics and participate as coauthors in their initial publication on the new subject. This
observation underscores the significant role that prominent authors play in shaping the research
directions and collaborations within the scientific community.
Additionally, we demonstrated that as the number of coauthors collaborating with an active
author increases, the probability of a topic switch decreases. This phenomenon aligns with the
concept of dilution, where the influence or impact of an individual’s input diminishes due to the
challenge of maintaining strong interactions within a larger group. Notably, this effect is being
brought to light for the first time through our research.
A plausible interpretation of our findings is that topic switches are driven by a process of social
contagion, similar to the way new products are adopted [251, 260] or political propaganda
spreads [253]. However, we must acknowledge that in observational studies like ours, there is
the potential for selection effects [261]. The presence of a large number of active coauthors in a
specific topic might be correlated with underlying homophily between the authors, which could
facilitate the adoption of the topic even without direct influence from the active authors.
Our study leverages the OpenAlex database, a valuable open-access bibliometric resource. We
utilize their author disambiguation and topic classification algorithms to carry out our analyses.
However, it’s important to acknowledge that these processes inherently introduce noise and
potential biases. Additionally, there seem to be some gaps in citation coverage, which could
contribute to the comparatively less robust results for impact metrics. We anticipate that future
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updates to OpenAlex might help address these issues.
To mitigate these challenges, we conducted our analysis across multiple topics spanning three
distinct scientific disciplines. While the magnitude of the observed effects may vary based on the
specific topic, our core conclusions remain consistent across all topics, with only a few exceptions.
This broader approach enhances the reliability and generalizability of our findings.

5.5 Methods

5.5.1 Data

In our analysis, we focus on papers from the February 2023 snapshot of the bibliometric dataset
OpenAlex, which is the successor to Microsoft Academic Graph (MAG). We narrow our scope to
papers published between 1990 and 2022 and limit them to a maximum of thirty authors per
paper. Each paper is labeled with specific concepts (topics) using a classifier trained on MAG
data.
Our investigation is based on constructing snapshots for three distinct fields: Physics, Computer
Science (CS), and Biology and Medicine (BioMed). The Physics dataset comprises 19.7 million
papers, while CS and BioMed contain 27.6 million and 43.52 million papers, respectively. Within
each field, we have selected a subset of topics for analysis: seven topics in Physics, six topics in
Computer Science, and seven topics in Biology and Medicine.
To ensure transparency and reproducibility, we have made our code and related data available on
GitHub at the following link: GitHub Repository.
In our study, we focus on individual topics within each field and consider reference years spanning
from 1995 to 2018. For each topic, we establish interaction and activation windows that encompass
a minimum of 3000 papers. This threshold is essential to ensure that we have a substantial
amount of data and a sufficiently large number of authors to conduct meaningful analyses.
Specifically, each topic we have selected has at least 10 reference years that satisfy the mentioned
constraint. The statistical tests presented in the manuscript are aggregated across these different
reference years, providing a comprehensive view of the topic dynamics.
For further details and specific information about each topic in Physics, Computer Science,
Biology, and Medicine, you can refer to Tables 5.1 - 5.3. For each topic, we report: the number of
considered reference years, the average number of papers written in the IW and in the EW, and
the corresponding average number of active authors.

5.5.2 Overlap coefficient

We use the overlap coefficient to measure the degree of overlap between the different sets of
authors picked based on productivity and impact.

Overlap(A,B) =
|A ∩B|

min(|A|, |B|) .

In our case, the two sets are the same size, so a score of 10% implies that both sets share 10% of
the elements.
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Table 5.1: Summary information for Physics topics. #Papers: average number of Papers.
#Authors: average number of active authors. Averages are computed over all time windows
selected for a topic.

Topic #Windows
Interaction Window Activation Window

#Papers #Authors #Papers #Authors

Gravitational Wave 10 3,613.70 5,745.20 5,486.40 9,160.30
Dark Matter 13 6,433.69 8,348.23 9,203.38 12,346.00
Fluid Dynamics 16 5,290.75 11,950.38 7,231.25 16,960.50
Soliton 18 4,004.39 5,715.61 4,700.89 7,014.89
Supersymmetry 20 5,328.85 4,827.45 5,470.75 5,361.25
Statistical Physics 23 88,147.52 109,702.70 105,018.87 137,680.65
Superconductivity 23 24,038.35 33,606.04 23,218.52 34,874.74

Table 5.2: Summary information for Computer Science topics. #Papers: average number of
Papers. #Authors: average number of active authors. Averages are computed over all time
windows selected for a topic.

Topic #Windows
Interaction Window Activation Window

#Papers #Authors #Papers #Authors

Compiler 13 3,786.31 7,869.23 4,208.46 9,701.92
Mobile Computing 13 6,356.00 13,844.77 6,828.77 15,827.85
Cryptography 15 9,706.47 15,181.93 14,865.13 25,218.93
Cluster Analysis 21 18,585.57 36,645.95 30,996.52 63,910.10
Image Processing 23 13,149.65 28,191.35 16,617.65 38,089.70
Parallel Computing 23 31,453.30 48,006.87 38,271.61 61,960.22

Table 5.3: Summary information for Biology & Medicine topics. #Papers: average number of
Papers. #Authors: average number of active authors. Averages are computed over all time
windows selected for a topic.

Topic #Windows
Interaction Window Activation Window

#Papers #Authors #Papers #Authors

Protein Structure 19 6,379.95 17,583.68 7,149.11 20,967.63
Genome 23 28,066.09 71,481.87 44,089.78 114,696.48
Peptide Sequence 23 12,347.48 43,348.96 9,733.04 37,330.09
Alzheimer’s Disease 23 9,313.78 22,628.30 11,723.22 31,624.61
Neurology 23 9,260.17 26,046.57 12,795.70 39,515.00
Chemotherapy 23 36,280.48 104,649.39 47,760.09 143,505.65
Radiation Therapy 23 30,926.39 76,314.48 43,963.57 110,397.96
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Table 5.4: Physics average Overlap Coefficient between the top and the bottom 10% of active
authors selected based on Productivity and two different definitions of Impact. The first definition
uses Cavg and is used in the main text. The second definition uses Ctot. The degree of overlap is
significantly greater for Ctot.

Topic
Top 10% Bottom 10%

Cavg Ctot Cavg Ctot

Gravitational Wave 0.33 0.59 0.14 0.14
Dark Matter 0.31 0.56 0.15 0.15
Fluid Dynamics 0.24 0.38 0.11 0.11
Soliton 0.30 0.54 0.14 0.13
Supersymmetry 0.30 0.58 0.17 0.16
Statistical Physics 0.32 0.56 0.13 0.13
Superconductivity 0.26 0.60 0.16 0.15

Cavg: Average of incoming citations from papers on the topic.

Ctot: Sum of incoming citations from papers on the topic over all windows.

5.5.3 Author ranking metrics

Let P be the set of papers published on topic t authored by the set of active authors A during
the interaction window IW. Let a be an active author who wrote Pa papers during the IW. We
define the following metrics to rank active authors and select the top and bottom 10%.
Productivity: quantifies the output of an active author a in terms of the number of papers they
have authored on the given topic t during the interaction window (IW). More formally, it is the
cardinality of the set P ∩ Pa.
Impact: measures the influence or significance of an active author’s work on the given topic. It’s
determined by the average number of citations received by the papers authored by a during the
IW from the papers in the set P published on the same topic. The average number of citations is
a better indicator of excellence than the total citation count [227].
Also, considering the average instead of the sum lowers its correlation with productivity, here
measured by the overlap coefficient of Methods 5.5.2, as often the most productive authors are
also the most cited ones [248]. The independence of these metrics is important because it enables
you to analyze their effects separately and draw conclusions without the concern of confounding
factors. For a more detailed view of the correlation statistics and how they relate to the topics
in Physics, Computer Science, Biology, and Medicine, you can refer to Tables 5.4 - 5.6. For
each topic, we report the average Overlap Coefficient between the top and the bottom 10% of
active authors selected based on Productivity and two different definitions of Impact. The first
definition uses Cavg and is used in the main text. The second definition uses Ctot. The degree of
overlap is significantly greater for Ctot.

5.5.4 Statistical test for difference of samples

To test whether two independent samples X1 and X2 are different concerning their means µ1
and µ2, we assume the null hypothesis H0 : µ1 = µ2. We compute the mean and 95% confidence
interval of µ1 − µ2 using bootstrapping and reject the null hypothesis H0 at p < 0.05 if the

106



Table 5.5: Computer Science average Overlap Coefficient between the top and the bottom 10% of
active authors selected based on Productivity and two different definitions of Impact. The first
definition uses Cavg and is used in the main text. The second definition uses Ctot. The degree of
overlap is significantly greater for Ctot.

Topic
Top 10% Bottom 10%

Mean Sum Mean Sum

Compiler 0.27 0.46 0.12 0.11
Mobile Computing 0.25 0.41 0.12 0.12
Cryptography 0.28 0.51 0.12 0.12
Cluster Analysis 0.25 0.41 0.12 0.12
Image Processing 0.25 0.42 0.12 0.11
Parallel Computing 0.24 0.53 0.13 0.13

Cavg: Average of incoming citations from papers on the topic.

Ctot: Sum of incoming citations from papers on the topic over all windows.

Table 5.6: Biology & Medicine average Overlap Coefficient between the top and the bottom 10%
of active authors selected based on Productivity and two different definitions of Impact. The first
definition uses Cavg and is used in the main text. The second definition uses Ctot. The degree of
overlap is significantly greater for Ctot.

Topic
Top 10% Bottom 10%

Mean Sum Mean Sum

Protein Structure 0.22 0.46 0.13 0.13
Genome 0.22 0.50 0.13 0.13
Peptide Sequence 0.18 0.41 0.12 0.12
Alzheimer’s Disease 0.19 0.55 0.13 0.14
Neurology 0.16 0.37 0.12 0.12
Chemotherapy 0.22 0.54 0.13 0.13
Radiation Therapy 0.24 0.54 0.13 0.13

Cavg: Average of incoming citations from papers on the topic.

Ctot: Sum of incoming citations from papers on the topic over all windows.
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confidence interval does not contain 0 [262]. In other words, X1 and X2 are considered statistically
different at p < 0.05 if the 95% confidence interval of the difference of their respective means does
not contain 0. Furthermore, a positive mean of the difference indicates that X1 > X2, while a
negative mean indicates X1 < X2.

5.5.5 Target activation probability

Let n(k) be the number of inactive authors with exactly k contacts during the exposure window,
of whom m(k) becomes active in the observation window. The target activation probability P (k)
is the probability of becoming active after having exactly k contacts, defined as

P (k) =
m(k)

n(k)
. (5.1)

The cumulative target activation probability TAP (k) with k or more contacts is given by

TAP (k) =
∑︁∞

k m(k)∑︁∞
k n(k)

. (5.2)

5.5.6 Simple baseline for membership closure

Let p represent the probability of activation from a single contact. The probability of activation
having k contacts, acting independently of each other, is Pbase(k) = 1− (1− p)k. We compute
p from the observed data using Eq. (5.1) as p = P (1) = m(1)

n(1) . This is the fraction of inactive
authors with exactly one contact who became active as Pbase(1) = 1− (1− p)1 = p. Like before,
we calculate the cumulative target activation probability for the baseline TAPbase(k) with k or
more contacts as

TAPbase(k) =

∑︁∞
k Pbase(k) · n(k)∑︁∞

k n(k)
. (5.3)

The denominator is the same as in Eq. (5.1) and comes from the observed data. The numerator
represents the expected number of active authors if the contacts affect the activation independently.

5.5.7 Source activation probability

Let na be the number of exclusive inactive coauthors of an active author a in the IW. Let ma

be the number of those exclusive inactive coauthors who become active in the AW. The source
activation probability of scholar a is thus

P as =
ma

na
. (5.4)

We want to highlight that, for the probability to be meaningful, the value of na must be greater
than zero. As a result, our calculations are centered on active authors who have at least one
exclusive inactive coauthor.
For any value within the range 0 ≤ f ≤ 1, we calculate the fraction Cs(f), which represents
the proportion of all active authors whose source activation probability is equal to or exceeds
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f . In essence, Cs(f) forms the complementary cumulative probability distribution of the source
activation probability P as . It is to be expected that as f increases, Cs(f) rapidly declines towards
0. It’s worth noting that the curves can become somewhat noisy when f approaches 1 due to
limited data statistics in that region.
To facilitate comparison between two sets of active authors, we concentrate on specific points
at a chosen threshold f∗. This point is represented by the value Cs(f∗), and we refer to it as
the cumulative source activation. The reason we focus on this particular value is that the curves
about the two sets of active authors are essentially indistinguishable at the tail end.
The selection of the threshold f∗ holds significance. Opting for a value of 0 or 1 would essentially
yield the same probability for both sets of authors. Conversely, setting the value too low could
lead to numerical issues. For instance, if there are only five inactive coauthors, the smallest
nonzero fraction cannot be less than 1/5 = 0.20. Conversely, selecting an excessively high value
would result in weaker statistical support.
To address this, we have fixed the threshold at 0.10 for the outcomes presented in Figures 5.6
and 5.8. Furthermore, we provide results for the threshold of 0.20 in Figures 5.7 and 5.9. We
analysed the results in Sections 5.3.1.

5.5.8 Chaperoning propensity

Let ma be the number of exclusive inactive coauthors of an active author a who become active
in the AW, which is the same as the numerator of Eq. (5.4). Let ia be the number of those
authors who write their first paper on topic t with a in the AW. The chaperoning probability of a
is defined as

P ac =
ia
ma

. (5.5)

We define the chaperoning propensity Pc(f) corresponding to a specific threshold f ∈ [0, 1] as the
fraction of all active authors with P ac ≥ f . We use the aforementioned values of 0.10 (5.6,5.8)
and 0.20 (5.7,5.9) for the threshold f . We analysed the results in Sections 5.3.1.

5.6 Conclusion

In conclusion, our study provides a foundation for further explorations into the mechanisms
underlying homophily within the scientific community. To gain a comprehensive understanding of
these mechanisms, it’s essential to effectively integrate all potential factors that might influence
the phenomenon. Beyond productivity and impact metrics, topic switches could also be influenced
by factors such as institutional affiliations. Collaborations within the same institution could be
facilitated by increased opportunities for interaction and behavioral influence, while collaborations
with researchers from prestigious institutions might carry more weight in the process.
Another relevant factor could be the number of citations received by a collaborator’s papers.
The higher the citation count, the stronger the connection between collaborators might be.
Additionally, scientific affinity between coauthors could be considered by examining the similarity
of their research outputs. Modern neural language models [263, 264], such as those based on
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embeddings like Word2Vec or BERT, offer the capability to embed papers and authors in high-
dimensional vector spaces. This allows us to quantify the similarity between authors based on the
distance between their embeddings, providing a proxy for the similarity of their research outputs.
Integrating these factors into future analyses could provide a more comprehensive picture of the
dynamics shaping scientific collaborations and topic switches.
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Chapter 6

Conclusion

In this thesis, we dealt with both the computational analysis of complex networks and their
application to the real world. In the first chapters, we faced important issues in network science
taking into consideration higher-order interactions. On one side, multilayer networks can treat
multiple types of information; on the other side, simplicial complexes and hypergraphs can
model group interactions. Empirical evidence has shown these more sophisticated representations
significantly enhance modeling capabilities compared to standard single-layer graphs. However,
dealing with more complex structures brings additional challenges and harder treatability. We
tackled them by applying and adapting suited and tailored modern optimization methods.

Firstly, we dealt with the community detection problem over multiplex networks. We proposed
an innovative approach that simultaneously consider the information contained in the different
layers and takes into consideration the possible presence of noisy layers. These two properties
are often not considered by many of the already proposed methods and they can lead to an
improvement in the clustering prediction. The method extends the popular Louvain heuristic for
single-layer graphs by introducing a quality function that takes modularity variance into account.
We reformulated the problem as a multiobjective optimization problem, where the modularities
of the single layers need to be optimized. Therefore, the algorithm employs a vector-valued
modularity optimization process based on a specialized Pareto search. We conducted a thorough
investigation of various versions of this method to analyze scenarios involving informative and
noisy cases. In the informative case, each layer of the multiplex reflects the same community
structure, while in the noisy case, some layers contain communities while others are purely noisy.
Our evaluation encompassed extensive experiments comparing our method with nine baseline
methods drawn from both network science and machine learning fields. We tested our approach on
synthetic networks generated using the LFR and stochastic block models, and on five real-world
multilayer datasets, considering both informative and noisy settings for each case. The results
of our experiments highlighted the competitive performance of our multiobjective approach in
comparison to the baseline algorithms.
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In this thesis, we also dealt with an important issue in network science strictly related to commu-
nity detection, that is the graph semi-supervised learning problem. Given a set of input labels,
the goal is to build a classifier that takes into account both labeled and unlabeled observations,
by considering a suitable loss function and the underlying graph structure of the observations.
We wanted to extend it to multiplex networks. However, one of the main issues is related to
the fact that not all the layers are equally informative. Therefore, a standard aggregation of
the layers can lead to misleading results. We proposed an innovative method with the ability to
learn a nonlinear aggregation function that adapts the weights assigned to each network based
on the available labeled data. We formulated this problem as a bilevel optimization task and
addressed it using an inexact Frank-Wolfe algorithm, coupled with a parametric Label Propagation
strategy. We also provided a comprehensive convergence analysis of our method to ensure its
mathematical robustness. Through extensive experimentation, we systematically compared our
approach with single-layer methods and various baseline techniques, using both synthetic and
real-world datasets. The consistent findings across these experiments demonstrated our method’s
proficiency in identifying informative layers. This leads to reliable and robust performance across
diverse clustering scenarios, especially when certain layers contain substantial noise. Furthermore,
our approach gives us also a better interpretability of the multiplex network under analysis.

Another important challenge in dealing with higher-order interactions is their additional com-
plexity and harder treatability. We took into consideration an optimization-based formulation of
the graph semi-supervised learning problem within the context of multilayer hypergraphs. In
particular, we conducted an extensive comparison of various coordinate descent methods against
the conventional gradient descent approach. Our finding highlights the potential for developing
specialized coordinate methods tailored to address semi-supervised learning challenges within this
specific context. Furthermore, we explored the impact of substituting the standard quadratic regu-
larization term in the objective function with a more generalized p-regularizer. Our results in this
context demonstrated the possibility of achieving improved performance through this modification.

In the last part of this thesis, we dealt with a specific complex network coming from the science
of science. Science of science is a quite recent field that uses bibliometric data to study the
evolution of science. Firstly, we gave a brief overview of the topics it deals with. Then, we
focused on the analysis of collaboration networks evolving over time to analyze how collaborations
influence scholars’ transitions to new research topics. We categorized scholars into two distinct
groups: active authors, who have actively contributed to the new topic by publishing in it, and
inactive authors, who have not made such contributions. Our findings revealed several noteworthy
insights. Firstly, the probability of an inactive scholar switching topics is also correlated with
the number of active coauthors they collaborate with. Secondly, the probability of an inactive
scholar transitioning to a new topic increases when they collaborate with active coauthors who
exhibit high productivity and impact on that topic. Finally, the effect on an inactive scholar’s
likelihood of switching topics is influenced by the average number of inactive coauthors that
active scholars have. We show the robustness of our findings considering different topics in the
three disciplines of physics, computer science, and biology & medicine, although our analysis
heavily depends on the bibliometric dataset OpenAlex. These findings collectively shed light on
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the multifaceted relationship between collaboration patterns and scholars’ transitions to new
research topics. Understanding these dynamics is crucial for gaining insights into the underlying
mechanisms that drive scholarly evolution and the formation of research communities.
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