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ABSTRACT

In this thesis we study stratifications on algebraic varieties in two different contexts. The
first one concerns the relation between the conjugacy classes in a reductive algebraic group
and the irreducible representations of its associated Weyl group, with a focus on non con-
nected algebraic groups. Let G be a non-connected reductive algebraic group over an
algebraically closed field and let D be a connected component of G. The connected com-
ponent of G containing the identity is denoted by G°, and W is its Weyl group. In [46]
G. Lusztig defines a map from D to the set of isomorphism classes of irreducible repre-
sentations of a subgroup of W depending on D. In this thesis we study the geometry of
the fibers of this map, namely the Lusztig strata. In particular we prove that they are
locally closed and we describe their irreducible components. In order to do that we study
the stratification of G into Jordan classes as defined in [39]. In [44] another approach to
study the connection between conjugacy classes in G and irreducible representations of W
is established through a map ¥ from the set of unipotent conjugacy classes in D to the set
of twisted conjugacy classes of W. For G° simple, we give a combinatorial description of
the restriction of ¥ to the set of unipotent spherical conjugacy classes in D and we give a

classification of spherical unipotent conjugacy classes of G.

The second part of the thesis is devoted to the application of the theory of Seshadri
stratifications to matrix Schubert varieties, namely varieties of matrices defined by condi-
tions on the rank of some their submatrices. These varieties were first introduced in [23]
and they are useful in the study of combinatorics of determinantal ideals and Schubert
polynomials [53]. The theory of Seshadri stratifications has been introduced in [16]. One
of the aims of this theory is to provide a geometric setup for standard monomial theory. A

Seshadri stratification of an embedded projective variety X is the datum of a suitable col-



lection of subvarieties X that are smooth in codimension one, and a collection of suitable
homogeneous functions f; on X indexed by the same finite set. In this thesis we provide

a Seshadri stratification for the matrix Schubert varieties.



RIASSUNTO

In questa tesi studiamo stratificazioni di alcune varieta algebriche in due contesti differ-
enti. Il primo contesto riguarda la relazione tra le classi di coniugio in un gruppo algebrico
riduttivo e le rappresentazioni irriducibili del suo gruppo di Weyl associato, concentran-
doci sul caso dei gruppi algebrici non connessi. Sia G un gruppo algebrico riduttivo non
connesso su un campo algebricamente chiuso e sia D una componente connessa di G. La
componente connessa di G contenente l'identita & indicata con G°, e W & il suo gruppo di
Weyl. In [46], G. Lusztig definisce una mappa da D all’insieme delle classi di isomorfismo
di rappresentazioni irriducibili di un sottogruppo di W che dipende da D. In questa tesi
studiamo la geometria delle fibre di questa mappa, chiamati gli strati di Lusztig. In parti-
colare dimostriamo che sono localmente chiusi e ne descriviamo le componenti irriducibili.
Per farlo, studiamo la stratificazione di G in classi di Jordan come definite in [39]. In
[44] e stato anche proposto un altro approccio per studiare la connessione tra le classi di
coniugio in G e le rappresentazioni irriducibili di W attraverso una mappa ¥ dall’insieme
delle classi di coniugio unipotenti in D all’insieme delle classi di coniugio twistate di W.
Nel caso in cui G° sia semplice, forniamo una descrizione combinatoria della restrizione
di ¥ all’insieme delle classi di coniugio unipotenti sferiche in D e presentiamo anche una

classificazione delle classi di coniugio unipotenti sferiche di G.

La seconda parte della tesi ¢ dedicata all’applicazione della teoria delle stratificazioni di
Seshadri alle varieta di Schubert di matrici, cioe varieta di matrici definite da condizioni
sul rango di alcune loro sottomatrici. Queste varieta sono state introdotte per la prima
volta in 23] e sono utili nello studio della combinatoria degli ideali determinantali e dei
polinomi di Schubert [53]. La teoria delle stratificazioni di Seshadri & stata introdotta in

[16]. Uno degli obiettivi di questa teoria ¢ fornire un contesto geometrico per la teoria dei
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monomi standard. Una stratificazione di Seshadri di una varieta proiettiva immersa X ¢ il
dato di una collezione di opportune sottovarieta X, che sono lisce in codimensione uno e
una collezione di opportune funzioni omogenee f; su X indicizzate da uno stesso insieme
finito. In questa tesi forniamo una stratificazione di Seshadri per le varieta di Schubert di

madtrici.



INTRODUCTION

This thesis consists of two independent parts both related to stratifications of algebraic va-
rieties of representation theoretic interest. The first one concerns non-connected algebraic
groups, with focus on geometrical properties of some stratifications of a non connected
algebraic group, introduced by G. Lusztig. In the second one we study a Seshadri stratifi-

cation for the matrix Schubert varieties.

The first part has its roots in the deep relation between the conjugacy classes in a re-
ductive algebraic group and the irreducible representations of its associated Weyl group
stemming from the celebrated Springer correspondence [64] and its generalizations |50 131].
This relation has been explored through different approaches, both for connected reductive

algebraic groups and non-connected ones.

More precisely, let H be a connected reductive algebraic group over an algebraically
closed field K, and let Wy be the associated Weyl group. We denoted by IrrWp; the set of

isomorphism classes of irreducible representations of Wy.

In [64] Springer established a correspondence between the unipotent conjugacy classes of

H and irreducible representations of Wyy.

Generalizing this correspondence, G. Lusztig in [45] defines a map
o H— Irr Wy

that is constant on conjugacy classes. Let h € H and let hgh, the Jordan decomposition of
h. Then Ec(h) is the truncated induction, defined as in [49], of the Springer representation

of the centralizer of hs in Wy associated with h, and trivial local system.
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Unlike the Springer correspondence, the image of £¢ is independent of the characteristic
of the base field K.

In [42, 43|, G. Lusztig uses a different approach to relate conjugacy classes of the group
H and conjugacy classes of the Weyl group Wg. Given W the set of conjugacy classes

in Wy and H the set of unipotent conjugacy classes in H, he defines a surjective map

TC:WH%ﬂa

by mapping a conjugacy class C' in Wy to a minimal unipotent conjugacy class in H with
respect to Zariski closure, having non-empty intersection with the Bruhat double coset
corresponding to a minimal length element in C.

The surjectivity of T¢ leads G. Lusztig to define in [43] a right inverse W of T¢. The
map ¥ maps a unipotent class v in H to the unique class C € Tgl(v) for which the
dimension of the fixed point space of w € C in the geometric representation of Wy is
minimal. In [32], Kazhdan and Lusztig define a map from the set of unipotent conjugacy
classes of H to the set of conjugacy classes of Wy for K = C. They conjectured that this
map was injective. The right inverse V¢ coincides with the map defined by Kazhdan and
Lusztig [68].

In [45], the author provides a relation between the maps ¢ and Y. The fibers of E¢ give
a partition of H into finitely many strata such that each stratum is a union of conjugacy

classes of fixed dimension. In |45 Section 5] these strata are defined also using the map T¢.

All these constructions were generalized to the case of non-connected reductive algebraic
group. Such groups are relevant because they appear frequently in the study of alge-
braic groups, for example as centralizers of semisimple elements in non-simply connected
semisimple groups. In particular, they often occur in the study of algebraic groups when

one needs to apply inductive arguments related to conjugacy classes.

We sketch here the content of the first part of the thesis. Let G be a non connected
algebraic group with G° the connected component containing the identity, and let W be
the Weyl group of G°. We denote by D a connected component of G.

In [46], G. Lusztig, generalizing the construction of £, defines a map &€ from D to the
the set of isomorphism classes of irreducible representations of a subgroup of W depending

on D. The definition of the map £ is analogous to the definition of the map &-. The
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fibers of this map are called Lusztig strata. Since the geometrical properties of unipotent
classes are strictly related to representation theoretic properties, it is natural to wonder
whether Lusztig strata can be endowed with some geometric structure. This property is
not immediate from the definition of strata. In this thesis we prove the following theorem,

whose statement was suggested by G. Lusztig in [46].

Theorem 1. Let X be a Lusztig stratum. Then X is a locally closed subset of D.

In more recent works G. Lusztig studied the connection between strata of an algebraic
group and unipotent character sheaves. In particular in [47] he defines a surjective map
from the unipotent character sheaves on a connected reductive group and its set of strata.
This map is generalized to the non-connected case in [48]. This gives a new parametrization
of the set of isomorphism classes of character sheaves on an algebraic group in every charac-
teristic, and has potential applications to the study of unipotent irreducible representations
of finite groups of Lie type.

For more details on theory of character sheaves in an algebraic group see 38| for the
connected setting, and [39] for the non-connected setting.

Once strata are seen as varieties, it is natural to study their irreducible components.
It would be interesting to see how these depend on the characteristic of K, and what
distinguishes elements lying in different components of the same stratum.

In order to explore the geometrical properties of a stratum, our approach involve exam-
ining the partition of D into Jordan classes, i.e. the equivalence classes defined in [39].
Indeed, strata of D are unions of finitely many Jordan classes of elements whose G°-orbits
have the same dimension [46]. We show that a stratum X is a union of the regular part of
the closure of the Jordan classes it contains. This property allowed us to prove Theorem
Moreover, we study the sheets of a stratum, namely maximal irreducible subsets of X
consisting of equidimensional G°-conjugacy classes. It emerges that the Lusztig strata are
unions of the regular parts of the closures of certain Jordan classes and that the irreducible

components of a stratum coincide with its sheets.

A second approach in studying the relations between representations of W and conjugacy
classes of D was given in [44], where the author obtains a generalization of the map Y¢
and Vo for the non-connected case. In particular it was defined a map ® from twisted
conjugacy classes in W to unipotent conjugacy classes in a fixed connected component D

of G. If C' is a twisted conjugacy class in W, then ®(C') is the minimal unipotent conjugacy
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class in D, with respect to Zariski closure, having non-empty intersection with the Bruhat
double coset in D corresponding to a minimal length element in C'. It is a non-trivial result
that this map is well defined. The general case is reduced to the connected case and the
cases in which the connected component G° of GG is simple and admits a non-trivial graph

automorphism:

(a) G = PGL,,(K), m > 3, charK = 2;
(b) G = PSO2,,(K), m > 4, charK = 2;
(¢c) G = PSOg(K), charK = 3;

(d) G adjoint of type Fg and charK = 2.

In this case G = G° x (), where 6 is a graph-automorphism of order 2 in @, @, @
and of order 3 in and D = G°0. The twisted action of W on itself is defined by
W1 g W = WiW H(wl)_l for wy,w € W, where 6 can be seen as an automorphism of W.
The generalization of V¢ is a right inverse ¥ of ®. The map WV is defined by taking, for
a given unipotent class v in D, the unique twisted class C in the fiber ®~!(y) for which
a certain invariant p(C') reaches its minimum ([44, Theorem 1.16]). Also in this case, the
fact that this map is well defined is a deep result.
In this thesis we give a different and direct combinatorial description of the restriction of the
map V¥ to the set of spherical unipotent G°-conjugacy classes in D, generalizing the result
in [10]. Unipotent spherical G°-conjugacy classes in D are the unipotent G°-conjugacy
classes for which there is a dense orbit of a Borel subgroup B of G. In order to give our
description we first classify the unipotent spherical G°-conjugacy classes in D completing
the work initiated in [5, 6, [19].

Our second main result is the following.

Theorem 2. Let G° be a simple algebraic group over an algebraically closed field of charac-
teristic 2, and let 7 be a graph-automorphism of G° of order 2. If v is a spherical unipotent
G°-conjugacy class in G°7, then ¥(vy) = W - wy, where w, € W be the unique element in
W for which Bw.,Bf N+ is dense in 7.

The first part of the thesis is structured as follows. In the first chapter we explore some

properties of non-connected algebraic groups. We recall the classification of non-connected
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algebraic groups for which the connected component containing the identity is simply con-
nected or of adjoint type. Subsequently we recall the notion of parabolic subgroups of a
non-connected reductive group and their Levi decomposition. In Chapter [2| we study the
Jordan classes on a reductive non-connected algebraic group G. We describe a procedure
of induction of an orbit from a connected component of the normalizer of a Levi subgroup
of G° to a G°-orbit in D. This allows us to investigate the closure and the regular locus
in the closure of a Jordan class. In particular, similarly to the connected case described in
[11], we show that the regular locus in the closure of a Jordan class is a union of Lusztig-
Spaltestein induced G°-orbits. In Chapter [3] we introduce the Lusztig strata on G, recalling
the definition in [46]. We prove that these strata are locally closed, and we describe the
irreducible components of the strata. In Chapter |4 we classify the spherical unipotent
conjugacy classes in a connected component D of G, in the case of G° simple, and we
obtain the combinatorial description of the restriction of the map ¥ to spherical unipotent

conjugacy classes in D.

The second part of the thesis originates from the seminal work of R. Chirivi, X. Fang and
P. Littelmann on Seshadri stratifications, and focuses on the example of matrix Schubert

varieties.

The theory of Seshadri stratifications on embedded projective varieties has been intro-
duced in [16]. One of the aims of this theory is to provide a geometrical setup for standard

monomial theory.

More precisely, let X C P(V) be an embedded projective variety, where V is a finite
dimensional vector space on algebraically closed field K. We denote by X the affine cone
over X.

A Seshadri stratification on X consists of a collection of smooth in codimension one
subvarieties X; C X and homogeneous functions f. € Sym(V™*) indexed by a finite set A.
The finite set A is endowed with a partial order given by the inclusion relations between

the subvarieties X;. Moreover A has the following properties

- if 0 < 7 is a cover relation in A, namely if there is no ¢’ € A such that 0 <o’ <7

in A, then X, is a prime divisor in X;

- there exists a unique maximal element T, € A such that X, = X.

max
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The subvarieties X, and the functions f; for 7 € A are compatible in the following sense:

- the vanishing set of the restriction of f; to X, is the union of all X, with 0 < 7 a

cover relation;
- fr vanishes on X, for o % 7.

For each maximal chain € in A, in [16] a valuation Vg on the field of rational functions
of X is defined in terms of the vanishing order on the subvarieties corresponding to the
elements in €. This construction is a variant of Newton-Okounkov theory.

Refining to a total order the order on A, the vector space Q* is endowed with a total order
using the lexicographic order induced by the new order on A. A quasi-valuation V with
values in Q4 is defined as the minimum among the valuations Ve when ¢ runs through
the set of maximal chains in A. Let I' be the image of V. It is a fan of monoids. More
precisely, it is a union of finitely generated monoids I'¢ in Q' corresponding to maximal
chains in A. It is important to stress that the monoids 'y are finitely generated, unlike
those occurring in the theory of Newton-Okounkov bodies.

As a generalization of Newton-Okounkov theory, from this quasi-valuations, a flat degen-

eration of X in a union of toric varieties is constructed.

The theory of Seshadri stratifications provides geometric setups for standard monomial
theory on the graded homogeneous coordinate ring R of X. If I'¢ is normal (|16 Definition
13.7]), then each element a € T'¢ can be uniquely decomposed as a sum of indecomposable
elements in the sense of [16, Definition 15.2]. From the properties of the quasi-valuation
V, for each indecomposable element @ € I'¢ there exists a regular function z, € R with
V(z4) = a. The condition of being standard will be defined on monomials in these regular
functions: a monomial z,, - - -z, with ay,...,a; € I'¢ is standard if fori =1,...,k—1, we
have that minsupp(a;) > maxsupp(a, ), where supp(q;) is the set of elements in A such
that the corresponding entry of a; is non-zero. This defines a standard monomial theory
on R in terms of vanishing order of functions on X. Under some assumptions of regularity
of I', from the standard monomial theory of R one can see that R has the structure of an
LS-algebra as defined in [14].

When X is a Schubert variety in a flag variety these constructions provide a geometrical
interpretation of the Lakshmibai-Seshadri path model [35 [36]. In particular it is pointed

out the connection between LS-paths and the elements in I', giving an interpretation of the
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LS-paths as vanishing orders of functions [15].

In this thesis we apply the theory of Seshadri stratification to matrix Schubert varieties.
Matrix Schubert varieties are varieties of matrices described by conditions on the rank of
their submatrices. They first appeared in the work of Fulton 23], in which he studies the
degeneracy loci of flagged vector bundles. Matrix Schubert varieties have a deep relation
with combinatorics of determinantal ideals and Schubert polynomials [53]. Moreover these

varieties are strictly related to Schubert varieties.

Concretely, we consider the affine variety Mat,,«, of m X n matrices with coefficients in
an algebraically closed field K. The group B,, x B, where B,, (respectively B;) is the
subgroup of GL;,xm (respectively GL,x,) consisting of lower (respectively upper) trian-
gular matrices, acts naturally on Mat,,x,. The matrix Schubert varieties are the closures
of the orbits for this action. Considering Mat,,x, as the affine cone over P(Mat,,xx),
the projection of matrix Schubert varieties on P(Mat,,«,) gives a collection of embedded
projective subvarieties in P(Mat,,«,). Using this collection of subvarieties, we define a
Seshadri stratification of P(Mat,,x,). When n = 2 we are able to describe explicitly the
image of the quasi-valuation associated with the defined Seshadri stratification.

The second part of this thesis is structured as follows. In Chapter |5/ we recall definitions
and properties of the Seshadri stratifications from [16]. In Chapter [6| we define the matrix
Schubert varieties and a Seshadri stratification on them. Finally, we describe the Seshadri

stratification of P(Mat,,x2), the associated quasi-valuation, and its image.
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NOTATION

Let G be a reductive algebraic group, not necessarily connected, over an algebraically closed
field K. Let G° be the connected component of GG containing the identity. If = is an element

of G, and H a closed subgroup of GG, then

- H° denotes the connected component of H containing the identity;
- NgH denotes the normalizer of H in G;
- Z(H) denotes the center of H;

- xs, T, denote, respectively, the semisimple and the unipotent parts of x.

We denote by D a connected component of G. Given an element g € D, then D = G°g.
So we use both notation for a connected component of G. Let W be the Weyl group
of G° . We can see W in two different ways: if we fix a maximal torus T of G°, then
W = Ngo(T)/T. More intrinsically, let B be the flag manifold of G° (defined as the variety
of Borel subgroups of G°). Then G° acts on B x B diagonally by conjugation and W is
in bijection with the set of G°-orbits as follows. Let O be a G°-orbit in B x B, and fix
(Bo, B1) € O. Using the Bruhat decomposition of G° [52, Theorem 11.17] and that all Borel
subgroups of G° are G°-conjugate [52, Theorem 6.4(a)], we find in O a unique element of
the form (By, wBow™!) with w € Nge(T). Associating to O the element w € W, gives the
sought bijection.

The first definition is more manageable, while the second one is canonical, in the sense
that no choice of a maximal torus is required. We use the first one mostly in Chapter [4. If
H is a reductive subgroup of G, we denote the Weyl group of H by W(H).

In Chapter [4 we fix a Borel subgroup B of G° containing 7. We denote by U the unipotent
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radical of B. We denote by ® the set of roots relative to 7', then B determines the set
of positive roots ® and the simple roots A = {aq, ..., }. We set wg to be the longest
element of W with respect to A. Let E be the Fuclidean space spanned by ®, furthermore
Sq is the reflection with respect to o € ®, and s; denotes the simple reflection associated
with a; for ¢ = 1,...,n. Then W is isomorphic to the group generated by the reflections s;,
fori=1,...,n. For a« € ® we put Uy = {z4(§) | £ € K}, the root subgroup corresponding

to a. We use the numbering of the simple roots as in [52, Table 9.1].

If B’ is a Borel subgroup of a connected algebraic group, and 7" is a maximal torus

contained in B’, we refer to them as a pair torus/Borel, and we denote the pair by (17", B').
Definition 0.1.

- An automorphism of a connected algebraic group is called quasi-semisimple if it

stabilizes a pair torus/Borel.

- An element of a connected algebraic group is called quasi-semisimple if it induces by

conjugation a quasi-semisimple automorphism.

If f is an automorphism of E, then Ef denotes the subset of points in E fixed by f
and if A is an eigenvalue of f, we write E)(f) for the eigenspace of f relative to \. We
use the notation in [29] [12] for algebraic groups. In particular, let I = {1,...,n}: for
J C1I, weset Ay :={a;|j€ J}, ®;is the corresponding root system, E; = Spang A,
Wy is the group generated by so, with @ € Ay, Py is the standard parabolic subgroup
of G° associated with J, and L; is the standard Levi subgroup of P;. For z € W we
put U, =UnN (woz)_lUwoz. Then the unipotent radical of Pj is UwowJ, where w, is the
longest element of W; with respect to Ajy. Moreover UNLj = UwJ is a maximal unipotent
subgroup of Ly and U = Uy, Uygw,. We put Ty = [Ly,L;)NT. It is a maximal torus of
[Lj,Ly]: then By = TyUy, is a Borel subgroup of [Lj, Ly

For x € G, we consider the automorphism of G

¢ :G— G

gr— xgr

(1)

1

We refer to ¢, as the conjugation morphism by x. It restricts to an automorphism of G°.
Let Aut(G°) be the group of automorphisms of G°. Let I be the Dynkin diagram of G°.

18



We denote by Aut(I') the group of automorphisms of the graph I'. We use 6 to denote
a Dynkin diagram automorphism. Where there is no confusion, we still denote by 6 the
following objects: the permutation of I such that (i) = j if 8(a;) = «;; the isometry of
FE associated with the automorphism of I'; and the automorphism of W induced by 6. In
particular, 0(sqa) = Sg(q) for all @ in ®. If 6 is an involution (i.e. if it has order 2), we write

T instead of 6.

We consider the conjugation action of G° and G on G itself. If H is a group, for an

element x € H we denote by H” or Cy(z) the centralizer of z in H.

If X is a G°-variety, then X4 := {z € X | dim(G°-x) = d}. An irreducible component
of X(g) is called a sheet of X for the action of G°. In particular, when X = G, we
consider the action of G° on G given by the conjugation, hence we denote by G4 the set
{9 € G| dim(G" - g) = d}.

Let X be a G°-variety, let Y C X and let m be the maximum integer such that Y NX,,) # 0.
We indicate with Y& the set of regular elements of Y, i.e., the elements y € Y such that
dim(G - y) = m. Furthermore with Y ° we indicate the set of regular elements in the

Zariski closure of Y, we call this the regular closure of Y.

Lemma 0.2. Let X be a G-variety, and let Y be an irreducible G-subvariety of X. Then
(a) Y™ is open dense in Y;

(b) Ud<n Y(a), 1s closed for every n € N.

Proof. By the upper semi-continuity of the dimension of the fiber of a morphism [55|

Corollary 3, p.51], given the map
f:GXY —Y XY

(z,9) = (9 v,9),

the set Sp(f) == {(y,y) € YxY | dim f~1(y,y) > k} is closed. We observe that f~!(y,y) =
Stabg(y), where Stabg(y) is the stabilizer of y in G. Therefore

Sp(f) ={y € Y | dimStabg(y) = k}.

Since dim Stabg(y) = dim G — dim G - y,
Sk(f) = U Yia)-

d<dim G—k

19



Thus Jy<,, Y(q) is closed for every n € N, giving (]E)

Moreover, if m is the maximum integer such that ¥ N X(,,) # 0, then

Yy =Y \ SdimG—m-l—l(f)-
So Y8 is a Zariski open set in Y, therefore Y™ is dense in Y, giving @ O
We are frequently interested in studying the unipotent elements in an algebraic group.

Remark 0.3. When the characteristic of the base field K is p > 0, then an element v € G is
unipotent if and only if u is a p-element. Indeed, let p : G — GL,.(K) be an embedding of
G into GL,(K) for some r € N. Let u be a p-element. Then p(u) is a p-element in GL, (K).
Then there is [ > 0 such that

0= p(u)’ —1d = (p(u) —1d)",

so u is unipotent in G. Conversely, if u is unipotent, then there exists & € N such that
(p(u) —Id)¥ = 0. Let j € N be such that p/ > k, then (p(u) — Id)” =0, so p(u)? = Id.
By [52, theorem 2.5] this result is independent of the embedding p.
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CHAPTER

DISCONNECTED ALGEBRAIC GROUPS

In this chapter we deal with the structure of non connected algebraic groups, looking at
their connected components as G°-varieties, where GG° acts by conjugation. Moreover, in
Section under further assumptions on G°, we show that it is not restrictive to consider
the case in which G is of the form G° x (), with 6 € Aut(I'). In Section we recall
from [21] the analogue in the non-connected case of parabolic subgroups and their Levi

decomposition.

Let x € G and consider the multiplication morphism

by : G— G

g — gx.
Since py is a homeomorphism, then the image of connected components are connected
components, so (;(G°) = G°z is a connected component of G. Let D be the connected

component of G containing z, then x € G°x N D, therefore D = G°x.

It is a classical result [65, Proposition 2.2.1] that G° is a normal subgroup of finite index.
So G/G° is a finite group of order m for some m € N. Then G has finitely many connected
components. Moreover, by [65, Proposition 2.2.1], the connected components of G coincide

with the irreducible components, so they are irreducible.

Every connected component of G is G°-stable. Therefore we can restrict the study of
the conjugation action of G° on a single connected component G°z for x € G. We observe
that, since G/G° has finite order, there exists r € N such that 2" € G°. To study the

G°-conjugation action on a single connected component, it is enough to consider the case

21



Chapter 1 - Disconnected algebraic groups 22

G = (G°,x). We observe that, since z normalizes G°, then (G°,x) = 2;%] Gz as sets.

We give now another point of view to study the action of G° on the coset G°x.

Definition 1.1. Let K be a group, ¢ an automorphism of K. Consider the @-twisted
conjugation action (k,y) — k -,y := kyp(k~!) of K on itself. The orbits K -, y for y € K

are called p-twisted conjugacy classes.

Twisted conjugacy probably occurs first in Gantmacher’s paper [24] on automorphisms
for k = C. Also, [66] contains relevant results.

Let us consider the semidirect product K = K x (p), with the product defined by
ko=t = @(k) for any k in K. Then the study of the K-conjugation action on the coset
K is equivalent to the study of p-twisted conjugacy in K: for y, k in K one has kyp(k~!) =
kypk—1p~!, hence (K -, y)¢ = K - yp, where K - yp is the K-conjugacy class of yp (in

Ko).
We consider K = G°, ¢ = ¢, and G=G°x (cz). Studying c,-twisted conjugacy classes

in G° is equivalent to studying G°-conjugacy classes in G.
Lemma 1.2. Let z € G and let G° act by conjugation on G and G. Then

(a) the varieties G°c, and G°x are isomorphic as G°-varieties, where the action of G° is

conjugation on G and G respectively;

(b) if h € G°, then right translation by h induces a G°-equivariant isomorphism between

the (cp, o ¢z)-twisted conjugacy class of x and the c,-twisted conjugacy class of xh.

Proof. The isomorphism

p:G%c, — G°x
heg — hx
is G°-equivariant. Indeed, for h, gg € G°,
P(gohcwgo_l) = p(gghcx(go_l)cx) =

gohex(gy H)r = gohagy ‘o o = gohagy ' = gop(hes)gy s

giving @ The proof of is analogue. O
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1.1 Semisimple non connected algebraic groups

Through this section G = (G°, z) and G° is assumed to be semisimple. By Lemma we
can choose the representative x of its coset so that ¢, is easy to deal with. Now we study
Aut(G®) to detect a good choice for z.

We recall that all the Borel subgroups of G° are conjugate in G° [52, Theorem 6.4 (a)]
and all the maximal tori contained in a Borel subgroup are conjugate by elements of the
Borel subgroup [52, Theorem 4.4 (b)]. Since ¢, € Aut(G®), there holds zBx~! = B’ with
B’ a Borel subgroup of G°. Thus there exists h € G° such that hxBxz~'h~! = B. Moreover
haTx~'h™' = T’ where T’ is a maximal torus of B, hence there exists b € B such that
bhgTg='h=1b=1 = T. So the pair torus/Borel (c,(T), c.(B)) in G°, is conjugate to the pair
torus/Borel (T, B) by an element g = bhg € G°. Therefore the morphism 0 = 510 Cy 18
an automorphism of G° fixing the pair torus/Borel (T, B).

By [52, Theorem 11.11 (b)], f induces an automorphism of I'. We assume in addition that
G° is simply connected or of adjoint type. By [52, Theorem 11.12], an element 6 € Aut(T")
can be lifted to a quasi-semisimple automorphism 51 of G° such that ord 51 = ordf. We
observe that by [52, Theorem 11.11 (b)], there exists & € G° such that (cz(T),c;(B)) =
(T, B) and 6, = ¢ 0 0. Moreover h € G° fix T and B, hence h € T.

Thus, up to changing the representative of the coset G°z, we may assume that c, is the
lift of some 6 € Aut(I") with the same order of 6. Therefore, when G° is simply connected
or of adjoint type, we can restrict the study of the action on a disconnected group of the
form G° % (0).

We recall the classification of the automorphisms of irreducible Dynkin diagrams.

Proposition 1.3. Let I' be an irreducible Dynkin diagram. For n € N, the only non trivial

automorphisms in Aut(I") are the following:
A, “@‘ Aut(Ay) =Z/2Z, for n > 2;
D, 3 Aut(D,,) = Z/27, for n > 4;

D4 @ Aut(D4) = 53;
Eq *H\é—j’/ﬁ' Aut(Eg) = Z/27.
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Ezample 1.4. Let n > 3 and let 7 be the involution of SL(n), defined as follows

7:SL(n) — SL(n)

X — Jix1y,
1
with J = , and ‘X! the transposed of the inverse of X.
1
*
Let T = . be the maximal torus in SL(n) consisting of diagonal matrices,
*
* *
and B = I be the Borel subgroup of upper triangular matrices, see [52,
*

Example 6.7 (2)].
Then T preserves B and T. So 7 induces an automorphism 7 of the Dynkin diagram of

SL(n), namely the non-trivial automorphism of A,, from Proposition

1.2 Levi decomposition

In the context of connected reductive algebraic groups, the parabolic subgroups and their
Levi decomposition play an important role in the study of algebraic groups and their
representation theory.

There are similar notions in the non connected case.

Through this section we assume G° to be reductive. In this section we recall some results
that allow us to have an analogue of the Levi decomposition of parabolic subgroups in the
non connected case. For a complete description see [21], Section 1]. For T' a maximal torus
in a Borel subgroup B of G°, we consider the subgroups Ng(B) and Ng(B) N Ng(T) as
non-connected analogues of B and T respectively. Since a Borel subgroup is the semidirect
product of its unipotent radical and a maximal torus, one can see that G°NNgBNNgT =1T.

Similarly to the connected case we have the following (see [66l 7.2, 7.5] for the general

case).
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Proposition 1.5. Let G be a linear algebraic group and let g € G. Then there exists a Borel
subgroup B’ of G° such that g € NgB’. Moreover, if g € G is semisimple, there exists a
torus 77 C B’ such that g € NgT".

Let P be a parabolic subgroup of G° with Levi decomposition P = LUp where L is a
Levi subgroup of P and Up is the unipotent radical of P. We refer to P and L as a pair
Levi/parabolic subgroups of G° and we denote it by (L, P).

Similarly to the pairs torus/Borel, we consider the normalizer of P in G and the normal-

izer of L in G, for the pair Levi/parabolic subgroup (L, P).

Remark 1.6. We claim that NoL N Up = {Id}. Indeed, we recall that the subgroup P is
the semidirect product of L and its unipotent radical Up, which is a normal subgroup in P.
It holds that Ny, (L) < Cy, (L), in fact if u € Ny, (L) and | € L, then ulu=! =1’ € L, for
some " € L. By the normality of Up, there exists u’ € Up such that ul = [u/. This implies
W' =ul =1'u, sol =1 and u = v/, giving commutativity. Let now T’ be a maximal torus
of L. Then Ny, (L) < Cpy,.(L) < Cy,(T") =UpNT" = 1. Therefore N¢L NUp = {Id}.

Lemma 1.7. Let (L, P) be a pair Levi/parabolic subgroups and let Up be the unipotent
radical of P. Then

(a) NePNNgLNG° =L;

(b) (N¢PN NgL)° = L.

Proof. Since P is a parabolic subgroup of G°, Ngo P = P. Thus
NgPNNgLNG°=PNNgoL.

Let p € P be such that pLp~' = L. We show that p € L. By the Levi decomposition of
P, there exists | € L and u € Up such that p = lu. Then luLu~'1"' = L, so

wlu™ ' =1"'Ll = L.

Thus u € Ngo L N Up. By Remark the element w is trivial, therefore p € L.
Now we prove @ The Levi subgroup L is contained in NgP N NgL and L is connected.
Then

L C (NgPNNgL)° C N¢PNNgLNG°.

By @, the equality holds. O
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Furthermore there is an analogue of the Levi decomposition.

Proposition 1.8. [21) Proposition 1.5]. Let (L, P) be a pair Levi/parabolic subgroups of
G°, let Up be the unipotent radical of P. Then

NgP = (NgLﬂNGp) X Up.
([l

Proposition 1.9. Let P be a parabolic subgroup of G° with Levi decomposition LUp. Let
D be a connected component of G such that
NgPNNgLND #0, and let h € NoP N NgL N D. Then

(1.1) NgPNNgLND = Lh,
and it is a connected component of NgP N N L.

Proof. We observe that D = G°h. By Lemma the group NgPN NgLNG° =L, so
Lh C NgPNNgLNG°h = (NgPNNgLNG°)h = Lh.
So NgPNNgLND = Lh. By Lemma @ it is a connected component of No PNNgL. [
Proposition 1.10. Let L be a Levi subgroup of a parabolic subgroup P of G°. Then
(NgL)° = L.

Proof. Tt is evident that L C (NgL)°. By [65, Proposition 2.2.1 (iii)], to show the other
inclusion it is enough to prove that L has finite index in NgL. The index of L in NgL
can be expressed as the product of the index of (NgL)® in NgL, which is finite (|65,
Proposition 2.2.1 (i)]), and the index of L in Ngeo L, which is also finite according to [52,
Corollary 12.11], giving the claim. O

By the characterization of the unipotent radical of an algebraic group in [52, p. 41}, Up
is characteristic in P, and so Up is normalized by NgP. Thus for all x € NgP the coset
zUp is Up-stable.

Remark 1.11. Let s € NgP be a semisimple element. Then the automorphism ¢, : G° —
G° such that h — shs™! is a semisimple automorphism of G°. Since ¢ is semisimple, it
is quasi-semisimple [66, 7.5]. By [21 Proposition 1.11 (i)], applied to the quasi-semisimple
automorphism ¢, there exists a Levi subgroup L' of P such that ¢s(L') = L', so that
S € NgL,.
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Adapting the proof of [39, Proposition 3.15], we show the next proposition.

Proposition 1.12. Let P be a parabolic subgroup of G° with Levi decomposition P = LUp.
Let h € NgP N NgL. Then the semisimple parts of the elements in hUp are all Up-

conjugate.

Proof. Let a = hu € hUp C NgP and let a = asa, be its Jordan decomposition in
NgP. By Remark the semisimple part as normalizes a Levi subgroup L’ of P. Now,
hUp is Up-stable, so since L’ is Up-conjugate to L, conjugating a by some element in
Up, we may assume as € NgP N NgL. Let m be the projection of the semidirect product
(NgP N NgL)Up onto Ng PN NgL (a homomorphism of algebraic groups). Then h = 7(a)
and hy = 7 (a), = m(as). Since a; € NgP N NgL, we have 7 (as) = as so a5 = hs.

O
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CHAPTER

JORDAN CLASSES IN DISCONNECTED REDUCTIVE GROUPS

In [39] G. Lusztig introduced a finite stratification of a non connected reductive group G.
We refer to the strata as Jordan classes.

These Jordan classes have good geometrical properties, they are locally closed, irreducible
and smooth subvarieties of G.

Each Jordan class is a union of GG°-conjugacy classes of the same dimension. Moreover
the closure of a Jordan class is a union of Jordan classes.

In this chapter we give the definition of a Jordan class and we prove some of their

properties. Furthermore we study the closure and the regular closure of a Jordan class.

2.1 Definition and basic properties

Let a be an element of G with Jordan decomposition a = asa,. Following [39] 2.1], we set

T(a) = (42(Calas)®) N Calaw)® = (Z(Cae(as)”) N Cge(au))®

o

By [66, Corollary 9.4], Cge(as)° is a reductive group, so Z(Cge(as))° is a torus in G°

commuting with as. Hence T'(a) is a closed connected subgroup of a torus, so T'(a) is a
torus in G° commuting with as and a,.
We consider the equivalence relation on G:
a ~ hif 3z € G° such that T(zhz™1) = T(a) and zhz~' € T(a)a.

Definition 2.1. A Jordan class is an equivalence class for this relation, and we denote the

Jordan class containing a by J(a).

29
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Remark 2.2. Let h € T'(a)a. Then

(a) hs = zas, for some z € T'(a);

(b) hu = ay;

(c) Calas)® C Cql(hs)®;

(d) If, in addition, T'(a) = T'(h), then Cg(as)® = Cg(hs)°.

Proof. Let h € T(a)a. By construction h = za, with z € T'(a) and, since T'(a) is a torus
of G°, the element z is semisimple. By definition of T'(a), the element z € T'(a) commutes

with as and a,, so zas is semisimple and zas; = hs; and h, = a,, and this shows @ and

We prove (d). Let z € Cg(as)®. Since z € T(a) C Z(Cg(as)®), z commutes with z.

Hence, using @ and the commutativity of z with x,
hs = zas = zxasr ' = zzax ' = zhex L.

Thus Cg(as)® € Ca(hs)®.

We prove @ Assuming now T'(a) = T(h), so a = z~'h, with 27! € T(a) = T(h).
Applying (&), (b) and (d) to a € T(h)h, we get Cg(hs)° C Ce(as)°. Therefore Cg(as)° =
Ca(hs)°.

O

We set
(2.1) (T(a)a)* = {h € T(a)a | T(h) = T(a)}.
Lemma 2.3. With the notation above, the following holds:

(a) (T(a)as)® = {hs € T(a)as | Ca(hs)® = Calas)’};

(b) (T(a)a)* = (T(a)as) ay.

Proof. By Remark|2.2|(c|), we have Cg(as)® C Cg(hs)® forall hs € T'(a)as. So dim(Cg(as)®) <
dim(Cgq(hs)°) for all h € T'(a)as. Therefore

(T(a)as)™® = {hs € T(a)as | Ca(hs)® = Cq(as)°},
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giving @
We prove (b). Let h € (T'(a)a)®. By (2) and Remark 2.2f(d), we see that h € (T'(a)as)*Cay.
Conversely, let y € (T'(a)as)"8a,,. There is z € T'(a) such that y = zasa,, so, by Remark

2.2|(a), (), we have y; = zas and y, = a,. Then, by hypothesis, ys € (T'(a)as)™®. So (a)
gives C(ys)° = Cg(as)°®. Therefore

Z(Cal(ys)°) = Z(Ca(as)®),

thus
T(y) = (Z(Ca(ys)°) N Calyu))® = (Z(Calas)®) N Calau))® = T(a).
and y € (T'(a)a)®. O
By Lemma @,
(2.2) J(a) =G ((T'(a)as)"®a,) = G° - (T'(a)a)®.

Remark 2.4. Let J(a) be a Jordan class and let o’ € J(a). By Remark [2.2(b)(d), we get
dim(Cg(a)®) = dim(Cg(a’)?). Thus dim G° - a = dim G° - d/, so there exists d € N such
that J(a) - G(d)

We set
L(a) = Cgo(T'(a)).

Since L(a) is the centralizer of the torus T'(a), by [52, Proposition 12.10], it is the Levi
subgroup of some parabolic subgroup P of G°. Furthermore one may choose P so that
a € NgP (J39, 2.1 (a)]).

Remark 2.5. By construction, the torus T'(a) € Z(Cg(as)®). Then any element of T'(a)

commutes with any element of the centralizer C(as)°. Therefore, by definition of L(a),
(2.3) Cealas)® € L(a).

Moreover a € Ng(L(a)). In fact, if ¢ € T'(a), by construction of T'(a), the element ¢
commutes with a, and also, if [ € L(a), by definition of L(a), the element | commutes with
t, then

ala Mal o = altl a7 = ¢.

Thus ala~! € L(a), that is, a € NgL(a).
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2.1.1 Isolated Jordan classes

An element a € G is called isolated in G if L(a) = G°.
According to [39) 2.2] this is equivalent to any of the following conditions:

(i) T(a) € Z(G°);
(if) T(a) = (2(G°) N Ca(a))®;

(iii) there is no proper parabolic subgroup P of G° with a Levi subgroup L such that
a € No¢PN NgL and Cg (as)° C L;

(iv) there is no proper parabolic subgroup P of G° such that a € NgP and Cg (as)° C P.

An isolated Jordan class is a Jordan class in which every element or equivalently some
element is isolated ([39) 3.3]). By equation (2.2), an isolated Jordan class is of the form
(Z(G°) N Cg(a))°(G° - a), with a isolated in G.

By [39 2.2 (b)], the element a € G is isolated in Ng(L(a)), that is L(a) = (Ng(L(a)))°.

Ezample 2.6. If a = ay, then T'(a) = (Z(G°) N Cg(a))°. In this case, J(a) is isolated and
it equals J(a) = (Z(G°) N Cg(a))°(G° - a).
If, in addition, G° is a semisimple group, then T'(a) is trivial, so the Jordan class of a is

the unipotent orbit G° - a.

We denote by T (r(a))(a) the torus (Z((Cng(r(a))(as))°) N Cng (L)) (@), defined as
T'(a) replacing G by Ng(L(a)).

Proposition 2.7. The following properties hold:

(a) T(a) = Tg(L(a)) (@),

(b) Thg(r(a) (@) = (Z2(L(a)° N Cng(ria))(@)® -
(c) T(a) = (Z(L(a))® N Cng(L(a)) (@)

Proof.

(a) This is [39, 2.1(d)].

(b) This is [39] 3.9].
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(c) This easily follows from (a)),(b).

Adapting the proof of [39, 1.22], we prove the next proposition.

Proposition 2.8. Let H be an algebraic group, let D’ be a connected component of H,
he D' and x € H®-h. Then x5 € H° - h,.

Proof. Let C ={y e D' | ys € H° - hs} and let
(H°-h)s={fs€D'| fe H® h}.

We observe that (H°-h), is the orbit H°-hg, so, by |39} 1.4 (e)], it is closed. Let H C GL(n)
be an embedding of algebraic groups for some n. Let Y be the semisimple class of GL(n)
containing H® - hgy and let Y/ = {a € GL(n) | as € Y}. Then Y’ is the set in GL(n)
consisting out of the matrices that have characteristic polynomial equal to that of a fixed

matrix in Y, so Y’ is closed. We consider the morphism
p:Y —Y

a— ag.

Since p~t(H®-hs) = {g € Y’ | gs € H®-hg} is Zariski-closed in Y”, then C = p~1(H®-hs)ND’

is closed in D’. So, since H® - h C C, we have H° - h C C. O

2.2 Induction of orbits

In this section we recall the induction procedure of G°-orbits in . The induction of

unipotent orbits in a disconnected group is reported in [60, II, 3], generalizing [49].

Definition 2.9. Let H be a closed subgroup of G, and Y an H-variety. We define
Gy =GxY/~

where (a,y) ~ (a’,y') if 3h € H such that ah = o’ and h~'-y = /. We denote the elements
of G x"'Y by [(a,y)].
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There is an action of G on G x Y given by
bx[(a,y)] = [(ba,y)] forbe G, [(a,y)] € G xTY.

Let X be a G-variety, and assume that Y is an H-stable subvariety of X. Let
Z={(aH,2) €G/HxG Y |a ' 2€Y} CG/H x X. It is a G-variety with action

bx(aH,z) = (baH,b-z) forbe G, (aH, z) € Z.
The next lemma follows from [58, 3.7 Lemma 1].

Lemma 2.10. Let X be a G-variety, let H < G and Y an H-stable subvariety of X. Let
Z={(aH,z) € G/HxG-Y |a ' 2€Y} CG/H x X. Then

v:GxHY — Z
[(a,y)] — (aH,a-y).

is a well defined G-equivariant isomorphism of varieties.

Let (L, P) be a pair Levi/parabolic subgroups of G° and let
g € NePNNgL. We observe that WUP is contained in the semidirect product (NgP N
NeL)Up.
Let 7 : (N¢PNNgL)Up — NgP N NgL be the projection morphism, it is surjective. We
observe that L - gUp = n~ (L - g), so L - gUp is closed. Moreover L - gUp is isomorphic, as
variety, to the product of L - g and Up that are both irreducible, so L - gUp is irrreducible.
Furthermore L - g is L-stable, so (L - g)Up is P-stable. We consider G° x¥ (L - ¢)Up.
With the next proposition we can define the induction of orbits in reductive non-connected
algebraic groups. The definition that we give here is the generalization of the definition in

[60, II, 3] that describes the induction for a unipotent orbit.

Proposition 2.11. Let (L, P) be a pair Levi/parabolic subgroups of G° and let g € NgP N

NgL, with Jordan decomposition g = su. Let ¢ be the G°-equivariant morphism:

(2.4) ¢:G° xP L gUp — G
[(h,y)] — hyh™",

where the action of G° on G is given by conjugation. Then the image of ¢ is the closure of

a single orbit for the conjugation action of G°.
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Proof. As we observed above, L - gUp is P-stable, irreducible and it is closed in (NgP N
NgL)Up. Then we can apply [30, 0.15] to L - gUp, so Img¢ is irreducible and closed. Since
Im¢ is also G°-stable, it is a union of G°-orbits. We claim that these orbits are finitely
many. Each of these orbits is represented in L - gUp by construction. We show that L - gUp
meets finitely many G°-orbits. Let € L - gUp. By Remark the subgroup NgLNUp is
trivial. Since NgL is closed in G, then L - g is contained in NgL, hence L - gNUp is trivial.
Therefore there exists a unique y € L - g such that z € yUp. By Proposition the
semisimple parts 2 and y, are Up-conjugate, and ys € L - g. By Proposition ys € L-s,
where s is the semisimple part of g. Thus the G°-orbits of the elements in L - gUp are in
bijection with the unipotent orbits of C(s), which are finitely many by [39, 1.15]. Since

Im¢ is closed, G°-stable and irreducible, it is the closure of a single G°-orbit. 0

The image of ¢ from equation (2.4) is the closure of a single orbit. Let Dy be the
connected component of NgP N NgL containing g, and let D = G°g. We call this orbit
the induced orbit from Dy, to D of the orbit L - g, and we denote it by

(2.5) IndgL(L - g).

By Lemma we have that (gUp)"™® is open in gUp, therefore it is irreducible. Moreover,
G° - (gUp)™® is the image through ¢ of G° xT (gUp)™8, so G° - (gUp)™® is irreducible.
Since G° - (gUp)™® is contained in the image of ¢, it is union of finitely many G°-orbits.
Therefore it consists of one G°-orbit. By Lemma the subvariety G° - (gUp)"™8 is open
in IndgL(L -g). Since IndBL(L - g) is open in its closure, it intersects the open subset
G° - (gUp)™® which is also a single G°-orbit, thus

(2.6) Indp, (L-g) = G° - (gUp)"®.

Our next goal is to describe the induced orbits in terms of unipotent induced orbits.
We retain the notation of Proposition @, so g =su € DN NgP N NgL, with (L, P) a
pair Levi/parabolic of G°. By [39, 1.12] P N (G*)° is a parabolic subgroup of (G*)°, so it
is connected. Hence P*° = PN (G®)° and it has Levi decomposition (L*)°(Up). So we can
consider Indgfj)):;;((Ls)o - h) for the (L®)°-orbit of an element h € Ngs(P?®)° N Ngs(L*)°.
Note that (G*)°h is the connected component of G® containing h, and (L*)°h is the con-
nected component of Ngs((P*)°)N Ngs((L*)°) containing h, as observed in Proposition [1.9]

The following Lemma is a variation of [11, Lemma 4.5], with similar proof.
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Lemma 2.12. Let g € D and g € No¢ PN N¢L, with (L, P) a pair Levi/parabolic subgroups
of G°. Let Dj, be the connected component of NgP N NgL containing g. Let g = su be

the Jordan decomposition of g. Then
Indp, (L - su) N sulp # 0.

Proof. Let p : Up x suUp, — Up - (suU}p) be the dominant morphism mapping (v, ) to
vzv~t. By [55, 1, Corollary 1], there exists an open subset V' of Up - (suU$) such that
dim Up - (suU3) = dimUp + dim Uy — dim p~1(y/) for all y/ € V'. If ¢/ € V' Nu/suUpu'~1,

then y := v/~ ly/v’ € sulU3 and, by Up-equivariance,

(2.7) dim p~(y) = dim p~(y) = dim Up + dim Uy — dim Up - (suU3).

Let us consider the Levi decomposition (P*)° = (L*)°(Up). Observe that su € Ngs((P*)°)N
Ngs((L#)°), so, by Proposition the elements in suU} have semisimple part conjugate
to s by an element of U$, hence their semisimple parts are all equal to s. Let (v,z) € p~1(y).

1

Then vav~! =y. Thus ys = s = s and vsv ! =vrw ' =y, =s,s0 v € Up. Therefore

7 () = {(v.2) € Up x (sulUp) | v-a =y} =

—{(v,v" ) €Up x (Up-y) | v € Up} = U

By (2.7), we have dim(Up - (suU3})) = dim Up, hence the inclusion
Up - (suU}) C suUp is an equality and so Up - (suUp) is dense in suUp. By Lemma
(suUp)™9 is open in (suUp). Thus Up - (suUp) N (suUp)™9 # .
O

The next proposition is the generalization to the non-connected case of |11, Proposition

4.6], showing how to reduce induction of an orbit to the induction of the unipotent part.

Proposition 2.13. Let ¢ € D and g € NgP N N¢gL, with (L, P) a pair Levi/parabolic
subgroups of G°. Let Dy, be the connected component of NgP N NgL containing g. Let
g = su be the Jordan decomposition of g. Then

df, (L - su) = G° - s(Ind{7 ), ((L)° - u).



Chapter 2 - Jordan classes in disconnected reductive groups 37

Proof. By Lemma [2.12, Indp (L - su) N suUp # 0, hence
(suUp)"e C (suUp)™8, so

s(Indg:)):s((Ls)o cu)) = (G*)° - (sulUp)™ C G° - (suUp)™® = IndgL (L - su).

Thus Indp, (L - su) = G°- S(Indgf:))sz((Ls)o ).

(@*)°u

(Ls)ou((Ls)o -u). By Proposition [2.13

Let w be a representative of Ind
IndBL(L -su) = G° - sw. Hence

codimp Indp (L - su) = codimp G° - sw = dim((G*)° N G*°) =

2.8)
( = dim (G®)° — dim (G*)° - w = codim gsyo,, (G*)° - w.

Proposition 2.14. With the notation as above
codimp, (L - g) = codimp IndgL(L - q)
Proof. We have the following equalities

codimp IndBL (L - su) = codimgsyo,, Indgj)):s((Ls)o cu) =
= codimzsyo,, (L*)° - u = dim (L°)°u — dim (L*)® - u =
=dim (L*)° —dim (L*)° 4+ dim((L*)° N L") =

= dim((L*)° N L") = codimp, L - su.

where the first equality is (2.8]), the second is [60, Proposition 3.2}, and the others follow
from properties of the Jordan decomposition and the equality dim Dy, = dim L. O

2.3 Closure and regular closure

In [39], G. Lusztig described the closure of a Jordan class. Building on this, we describe
the closure and the regular closure of a Jordan class in terms of induced orbits.

We retain the notation of Subsection [2.1] and Subsection Moreover from now on g
always denote an element of D, with Jordan decomposition g = su. We set L := L(g),
moreover P denotes a parabolic subgroup of G° with Levi subgroup L and such that
g € NoLNNgP. The existence of P is ensured by [39, 2.1 (a)]. By |39} 2.2 (b)], the element
g is isolated in NgL. We consider the (isolated) NgL-Jordan class of g, and we denote it



Chapter 2 - Jordan classes in disconnected reductive groups 38

by S. Since S is isolated, S = (Z(L)NCn,r(9))°L-g, and g € NgP. Then S C NgP. Fur-
thermore, since L = (NgPN NgL)°, from the description of isolated Jordan classes, we see
that S is an isolated Jordan class also in No PN NgL. We set Dy, := Lg = NgPNNgLND.

We observe that, since the set SUp is contained in the semidirect product (NgP N
NgL)Up, and S is L-stable, then SUp is P-stable.

This allows us to consider the variety

X ={(zP,h) € G°/P x G | ™ 'ha € SUp} .

By [39, Lemma 3.14] the image of X through the projection 7 on the second factor of X

is J(g), so
m(X) = U xSUpx~ ' = G°-SUp = J(g),
xeG°

and by [39, Proposition 3.15] it is a union of Jordan classes. Let qg be the morphism

(2.9) ¢:G° xF'SUp — G

(2, )] — aya™".

By the identification in Lemma the image of the map ¢ is J(g).

Now, we look at the structure of isolated Jordan classes.

By [39, 3.3 (a)], any isolated Jordan class of a reductive group H is a single orbit for the
action of Z(H°)° x H° on H:
(2.10) (Z(H°)° x H°)xH —- H

((z,2),y) — zrzyz L.

We apply it to the case H = (NgP N NgL), so by Proposition (b) H° = L and the
isolated Jordan class S in NgP N NgL considered above is
S =2(L)°(L - g).

For the description of the regular closure of a Jordan class, we need a description of

isolated classes in NgL:

Lemma 2.15. With the notation as above, the following hold:
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(a) S=Z(L)°([L,L]-9);

(b) S=Z(L)°(L-g) = Z(L)°([L, L] g);
(c) S=T(g)(L-g);

(d) S=T(g)(L-g)

Proof

(a) Obviously Z(L)°([L,L]-g) € Z(L)°(L - g) = S. Conversely, the subgroup Z(L)° is a
characteristic subgroup of L, since g € NgL, we have
g € Ng(Z(L)°). In addition L is reductive, so L = Z(L)°[L,L]. Hence, if z €
Z(L)°(L - g), there exist 21,22 € Z(L)° and I € [L, L] such that x = z129lgl™ 25"
Since z, ' € Z(L)° and Igl~" € Ng(Z(L)°),

x = z3lgl ™1,

for some z3 € Z(L)°. Therefore Z(L)°(L-g) C Z(L)°([L,L]-g) and S = Z(L)°(L-g) =
Z(L)°([L, L] - 9)-

(b) The derived subgroup [L, L] is characteristic in L. So if g € Ng([L, L]), then [L, L]-g C
(L, Llg.
The morphism m : Z(L)° x [L,L]g — Lg given by the multiplication is finite (|62,

Prop 2.3.2, Theorem 2.4.9]) hence closed. Thus Z(L)°([L, L] - g) = m(Z(L)°x[L, L] - g)

is closed in Lg, since

Z(L)° x [L,L]-g C Z(L)° x [L, L]g is closed.

Clearly [L,L]-g C Z(L)°([L, L] - g) = S, so by Z(L)®°-stability of S we obtain

§=Z(L)([L,L]-g) € Z(L)*([L, L] - g) € Z(L)°([L, L] - g) = 5.

Since Z(L)°([L, L] - g) is closed, passing to closures gives

§=2(L)(L,L]- g)-

By point @, the closure S = Z(L)°([L, L] - g). Furthermore, from the Z(L)°-stability
of S, we get

Z(L)(IL, L] - g) € Z(L)*(L - g) € S = Z(L)*([L, L] - 9).

So all the inclusions are equalities.
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(c) By [39, 1.21(d)], since S C Dy, and S is isolated, it is an orbit for the action
restricted to (Z(L ) N Cnyr(g)) x L. By Remark (c), it holds that (Z(L)° N
Cner(9))” =T(g), s

§=T(9)(L-9g).

(d) By point (b), Z(L)°L -g = S. Hence, since T(g) C Z(L)®,

T(9)L-gC Z(L)’L-g=S.

By [39, 1.21 (b)], for a L-stable subset X of Dy, if T(¢g)X C X then Z(L)°X C X.
Let X =T(g) g Obviously, T'(¢g)X € X,so Z(L)°X C X, thatis Z(L)°T(g)L-g =

Z(L)°L-g= T(g)L-g. Thus S =T(g)L - g.
O
Proposition 2.16. With the notation as above
J(g) = U IndBL(L - 29).
2€T(g)
Proof. Let z € T(g) and let ¢, be the map
¢, :G° xP' L zgUp — D
[(a,z)] — aza™!.
By Proposition [2.11, the image of ¢, is IndgL(L - zg). By Lemma [2.15 (d)
G°xP"8Up=G"x" | ) T-zgup= |J G°x" L -2gUp
2€T(g) 2€T(g)
Let qz be the map defined in 1) Then
J(g) = Imgg = U Img, = U IndgL (L - zg).
2€T(g) 2€T(g)
[

We study now the regular closure of J(g), that is J (g)reg. For the description of the

regular closure of a Jordan class in a connected reductive algebraic group one can see [11}
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Proposition 4.8].

By Remark H there exists d € N such that J(g) C G(g)- Then, by Lemma m, m C
% - ngd G(k)a so J(g) C J(g)reg thus

(2.11) J(g) = G(d) N J(g)

Remark 2.17. Recall from Remark that (G*)° C L. Then (L**)° = (G*)°, for any
z € Z(L)°. Indeed, (G*)° C LNG* = L*.
If x € (L**)° C LN G**, then  commutes with zs and with z, so z also commutes with s.
It follows that x € G*, thus (L**)° C (G*®)°.

Proposition 2.18. With the notation as above
———reg
(a‘) J(g) = UzET(g) IndgL (L : Zg)7

ETR% o G*%)°u s\o
(0) J(@)* = Usery G° - 2sInd{G [ ((G9)° - w).

Proof.

(a) Let d € N be such that J(g) € G and let O be a G°-orbit in J(g) of maximal
dimension, i.e. dim O = d. By Proposition there is z € T'(g) such that O C
IndgL (L - zg), so, by maximality, O = IndgL (L - zg). Hence there exists an induced
orbit in J(g) that has dimension d. We claim that all the induced G°-orbits from
L-orbits in S have the same dimension. Since S is a Jordan class, the dimension of its
L-orbits coincide. The claim follows from Proposition [2.14]

(b) Let z € T(g). By Remark 2.2|(a)(b), we have the equalities (zg)s = zs and (zg), = u.
Therefore, by Proposition [2.13 and point @

J(g) "= U IndgL (L-zg) = U G° - zs Indgg::))ss(([/zs)o ‘) =
2€T(g) 2€T(g)
° GZS Ou s\ o0
= | 6°zs mdggs)?,u ((G*)° - ),
z€T'(g)

where the last equality follows from Remark [2.17.
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2.4 The poset of Jordan classes

Let Jp, J2 be Jordan classes. In [41] 7.2 (c)], G. Lusztig describes equivalent conditions to
J1 C Jy. In this section we describe when J; C jgreg in terms of induced orbits.

We define a partial order on the set of Jordan classes:
(2.12) Ji < Jo if and only if J; C Jo 5.

Let g; € J;. Set L; = L(g;) and let P; be a parabolic subgroup of G° with Levi L; and
such that g; € NgP;. Let S; be the isolated Jordan class of g; in NgP; N Ng(L;), for
ie{1,2}.

Let g1 = tv and g9 = su be the Jordan decompositions of g1 and gy respectively.

Proposition 2.19. With the notation above if J; < Js, then there exists y € G° such that
(a) v ey (Indg ) ((G)° - u);

(b) T(tv)t C y- (T (su)s);

(c) y-(G°)° € (GY)".

Proof. Since J; < Jo, by Proposition [2.18]

hC |J G (esIndgn) ((GF)° ).
z€T (su)

Then there exists z € T'(su) and there exists y € G° such that

tv € y-(zs Indggzjg(;u((Gs)o-u)). By Lemma|2.12] there exists an element in Indggzjzzu((GS)o.

u) of the form uu' with u" € UE. Therefore, since

Ind(GZS)Ou
(G*)°u

assume tv = y - zsuu'. We observe that, since z € T'(su), it is semisimple and commutes

((G®)° - u) is a (G**)°-orbit, up to conjugation for an element in (G*°)°, we may

with s, so zs is semisimple. Moreover zsuu’' = uu'zs with uu’ a unipotent element. So

t=(tv)s=y- (esut)s =y-zs and v =y (tv), =y (zsuv’), = y - ut, giving (a).

Since tv = y - zsuu/, by |39, 2.1], T'(tv) = y - T(zsuu’). Now we show that T'(zsuu') C
T (su).
We observe that, since (L3°)° is a Levi subgroup of (G**)°, then
2(E)) € Z((13)"). s0

(2.13) T(zsuu') = (Z((G*)°) N Cg(uu'))° and
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(Z((G*)°) N Ca(un))® € (Z((L5°)°) N Ca(u)® = (Z((L5°)°) N Cry (uar))°”.
Let | € Cp,(uv'). Then uv' = luw/l=! = lul~u'l=t, where lul~! € Ng(Ly) and lu'l~! €
Up,. Thus v~ Hul=! = u/lv'~117! € Ng(La)NUp,. By Remark the subgroup N¢(L2)N
Up, is trivial. So lul~! = u. Thus

Cr, (') € Cr, (u) € Ca(u).

Combining with Remark @, we get
T(zsun) € (Z((L5°)°) N CLy(un))® € (Z((G*)°) N Ca(u)® =T (su).

Furthermore z € T'(su), so T(zsuu')zs C T'(su)s. Thus, using that T'(tv) = y - T(zsuu'),
we get T(to)t =y - (T(zsur)zs) C y - (T(su)s), proving (b).

By Remark 2.17) y - (G*)° =y - (L**)° C y - (G*)° = (G")°, giving ().
]

Proposition 2.20. Let d € N. Then the sheets of D4 are the regular closures of those

Jordan classes in D(gy that are maximal with respect to the partial ordering defined in
E12.

Proof. By Remark we have that D(4) is union of Jordan classes. Since Jordan classes
are finitely many, then D4 is union of finitely many Jordan classes. So there exists I a

finite index set such that D) = Uz'e ; Ji, where J; is a Jordan class. Moreover

Dy = Diay N Diy = | Ji N Dy = | J (T 0 Digy)-
il il
By , T, =T n D g, therefore D4 is union of regular closures of finitely many
Jordan classes. Since a Jordan class is irreducible, then its regular closure is also irreducible.
We consider the partial order, defined in . Then, for any d, the maximal elements in
this poset are the irreducible components of Dy, i.e., the sheets of G in D corresponding
to the dimension d. O

2.5 Examples

Let K be an algebraically closed field of characteristic 2. In this section we analyse the
Jordan classes in the semidirect product of SL(n) with the group generated by 7, the
non-inner automorphism of SL(n) described in Example
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Since the order of 7 is equal to char K, the element 7 is a unipotent element of G.

Let B be the Borel subgroup of upper triangular matrices in SL(n), let T be the torus
of diagonal matrices contained in B, and let U be the unipotent radical of B. So B =TU.

Furthermore 7(7T) = T and 7(B) = B, so T is a quasi semisimple element ([39, 1.4]). By
[66, 8.2 pp 52], the group G7 is connected and reductive. By [34, Theorem 1.2 (iii)], the
reductive part of the centralizer of the unipotent element 7 in SL(n) is Cge (1) = (G°)" =
Sp(2[%]).

We analyse the Jordan classes in D = G°r.

Remark 2.21. Let H be an algebraic group defined over a field of characteristic p, let o be
an automorphism of H°. Then, by [66, pp.51], o is semisimple if and only if there exists
an integer | coprime with p such that ¢! is a semisimple inner automorphism of H®, i.e.,
the action of ¢! is conjugation by a semisimple element of H°.

Let o7 € G°7. Then x(7 is semisimple if and only if there exists an odd integer [ such that
(zo7)! € G° is semisimple. However, since the order of 7 is 2, we have that (zo7)! € G°T.

Therefore G°7 contains no semisimple element.

Remark 2.22. By [61, Lemma 5], every element in G°7 is G°-conjugate to an element tur
with ¢ € T™ and v € U. We may ensure that tu = ut. Indeed, let B’ = T7 x U and let
h € B't. By Remark hs € B' and h, = hl,7 € B'T. Observe that B’ is a solvable
group. Then by [29, 19.3], all maximal tori in B’ are conjugate by elements in U. Hence,
there exists v € U such that t := vhyv™! € T7. Thus vhv™! = vheu tohlr(v™ )T =

1

toh!,7(v™1)7. Since [t, 7] = 1 and [t,vh)7v™!] = 1, setting u := vh! 70~ we see that every

element of G°7 is G°-conjugate to an element of the form tur with t € T7, w € U and

tu = ut.

Let = tur € B't, with t € T7 and u € U, with tu = ut, and let k = |5 ].

An element t € T7 is of the form:

e if n is even, then

(2.14) t = diag(aq,. .. ,ak,alzl,...,afl), for ay,...,ar € K*,

e if n is odd, then

2.15 t = diag(ai,...,a5, 1,a; %, ... a7 t), for ai,..., a5 € K*.
k 1
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By [52, Example 6.7], T7 is connected.
By [52, Corollary 14.10], ¢ is regular if and only if Cgp,)(t)° = T. Thus ¢ is regular if
and only if a; # a;, a; # a;l and a; # 1 for all i # j € {1,...,k}. So, if t is regular, the

condition tu = ut implies u = Id, and = = tr.

We describe the Jordan class J(t7) for ¢ a regular semisimple element of G contained in
7.
By [52, Corollary 14.10], in this case C(t)° = T. Therefore

Ttr)=(TNCqg(1))°*=(T7)°=T".
For z € T'(tT)"8 we have:

° z:diag(zl,...,zk,l,zlzl,...,zfl) where z; # 0, zi#zj-[l,
Vi,je{l,...,k}, if n=2k+1,;

° z:diag(zl,...,zk,zlzl,...,zfl) where z; # 0, z; ;ézj-d,
Vi,j e {1,....k}, if n =2k

Then J(t1) = SL(n) - (T'(tT)*°87).

Now we consider x = tur € BT with tu = ut, ¢ not regular, and ¢ as in or .
Then there exist entries of ¢ that coincide. We can assume that the coinciding elements
are among ai,...ax and they are next to each other, because the other cases are conjugate
to this one by a permutation matrix in (G°)7, so they produce the same Jordan class.
Suppose that there exist elements ay, ..., a,—1 € K* such that a; # afl foralli,j=1,...,r,

i # j, and, up to conjugation,

aj Idhl

Ar_—1 Idhr—l

-1
arfl Ith71

ay ' 1dy,

with n even, h; € N and 2 Z:;ll h; +h, =n, and
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aj Idh1

(2.16) t= Idy, :

afl Idy,

with n odd, h; € N and 2 Z::_ll h; + h, = n, where Idy, is the h; x h;-identity matrix.

Let z € T(z). By [21, Theorem 1.8], the subgroup T' N Cg()° is a maximal torus of
Ca(t)°. This implies Z(Cq(t)°)° € T. Thus, since, by construction, T'(z) C Z(Cq(t)°)°
and T'(z) C Cg(ur), we have z € T'N Cg(ur). Then the following equality holds:

ur = zurz ' = zur(z7 Y71,

where 7(271) indicates the image of z through the automorphism 7. Thus zur(z71) = u €
U and z € T, looking at the projection from TU to T, we see that z € T7 and [z, u] = 1.

Furthermore, from the condition z € T(z) C Z(Cq(t)°)° it follows that there exist
21, ..., 2r—1 € K* such that

z = diag(z1 Idpy, ..o, 2e—1 1dp,_y, Idn,, 205 Idn, s 2y - 1dsy ),
if n is even, where h; € N and h, > 0 even, and
z = diag(z1 Idp,, ..., 21 Idp,_, Tdn,, 2 Tdp, s 20 P Idyy),

) “r—1

if n is odd, where h; € N and h, > 1 odd.
Therefore, z € (T'(x)t)"™8, for n even, if and only if

zi#z;cl ifi#£j4, 2z#1, h; € N, h, >0 even ,
and for n odd, if and only if
zi# 2 ifi#g s#L hi €N, hy >10dd .

Then J(z) = SL(n) - (T(x)t)"8ur).
Lastly, as we saw in Remark the class J(ur) with ur unipotent is the orbit G° - ur.
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2.5.1 The case n =3

In this section we analyse the case n = 3 and compute explicitly the poset of Jordan classes
with respect to the partial order defined in Subsection

By [61, Lemma 5|, every element 2’ € SL(3)7 is SL(3)-conjugate to an element x = tur
with t € T7 and u € U such that tu = ut. Observe that a non-trivial element in 77 is
always regular when n = 3. Since if ¢ is regular then u = Id, we have only two possibilities
for x, namely x = t7 or © = ur.

Let =t with ¢t € T™. Then, specializing (2.16) to n = 3,

() J(tr) = SL(3) - 1 a#0,1%7

afl

We analyse the isolated strata associated with J(¢7).
The torus T'(t7) is equal to T, so in this case L(t7) = Cgp3)(T(t7)) =T, NgT =T x (1),
P = B, NgP = B x (). Thus the isolated Jordan class S of ¢7 in NgL is

S=T(T tr)=Tr.

Let ym = 8 7 € Tt. Then its Jordan decomposition is

05_1,6_1

aV/B VB
(ym)s = 1 and (y7), = B T.
Olil\/B_l \/B_l
Thus the set S* = {yr € T'7 | Ca((y7)s)° C T} is given by

(07

B T a,BGK*,a;&\/B_l

Oé_lﬁ_l

We now consider z = ur, with v € U. By Remark the torus T'(ur) is trivial, so the

Jordan class of z is just the G°-orbit of ur. In this case the Jordan class is isolated.



Chapter 2 - Jordan classes in disconnected reductive groups 48

The following Lemma lists all the possible Jordan classes J(z) in G7 that are unipotent
G°-orbits.

Lemma 2.23. There are only two unipotent SL(3)-orbits represented in Ur:

e the orbit of 7,

e the orbit SL(3) - (u17) where u; =

o O =
O = =
= o O

Proof. Let yr = z7(x~1)7 € G°7, and let y; ; be the entries of y. Computing the product
x7(27 1), we find that y; 2 = Y3, giving a necessary condition for y7 to lie in the G°-orbit

of 7.

1 10
Hence, ifu; = |10 1 0|, then us7 ¢ G°- 7.
0 0 1

Leta= |0 1 a3| €U. By direct computation we see that:

e if a; = a3, there is a b € U such that BET(B_I) =1d. Soar € G° - 7.
e if a; # as, there exists b € U such that 5/67(5/71) =wuy. Then ar € G° - uy7.

Therefore the only unipotent orbits in G°7 are G° - 7 and G° - uyT.

The next theorem summarizes the results of this section.
Theorem 2.24. The Jordan classes of SL(3) x (1) are

- J(tT) as in @ ,witht € TT, t # 1d;

- J(urT) = SL(3) - urT, where uy =

o O =
O =

- J(r)=SL(3) - 7.
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We analyse the poset of the Jordan classes.

By [60, IT 2.21], there exists a unique minimal unipotent quasi-semisimple orbit in G°r,

that is G° - 7.

Thus we have dim G° - u37 > dimG° - 7. So 7 ¢ G° - (7U)™®, and the unipotent induced
. Ger . o s G°r T\ re8

orbit Ind7.7(T" - ) is G° - uyT. By Proposition , Ind7 " (T -1) C J(tr) ~, s0 J(urT) =

— I

G° - uyr C J(t7) °. Therefore

o J(tr) P = J(tT)U J(uiT) and J(tT) = J(t7) U J(w17) U J(1) = G°r;
o J(urir) ® = J(ut) =G° - uyt;
reg

o J(r) " =J(r)=G°-T.

Then the only comparable elements are J(ui7) < J(t7).
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CHAPTER

LUSZTIG STRATA IN DISCONNECTED GROUPS

In this chapter we introduce the notion of Lusztig strata of a disconnected reductive alge-
braic group given in [46].

We recall that the Weyl group W is in bijection with the set of G°-orbits on B x B,
where B is the flag manifold of G° and where G° acts diagonally by conjugation. Also
the group G acts diagonally on B x B: this induces an action of G/G° on W. Let D be
a connected component of G. We can see D as an element of G/G°. So this defines an
automorphism [D] : W — W whose fixed point set is denoted by WP2. By [40, Appendix],
WP is a Coxeter group.

Using a variant of the Springer’s correspondence with trivial local system, Lusztig defined
amap & from D to the set of irreducible representations of W . Lusztig’s strata are defined
as the fibers of £.

The classical Springer correspondence with trivial local system is a map from the set
of unipotent elements in a connected reductive algebraic group to the set of isomorphism
classes of irreducible representations of its Weyl group. G. Lusztig in [45] defined a map
Ec from a connected reductive algebraic group to the set of irreducible representations of
its Weyl group, constructed in terms of truncated induction of Springer’s representations
with trivial local systems. When D = G° the map £- and &£ coincide.

Unlike the Springer correspondence, both the images of £ and £ do not depend on
the characteristic of the base field K. In our situation the set of Lusztig strata of D
is parametrized by a subset of the irreducible representations of the Coxeter group WP

independently of char(K) [46l 4.9, 4.10, 4.11].

The fibers of the classical Springer correspondence are the unipotent conjugacy classes in

o1
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the ambient group. It is expected that also the fibers of £ have a good geometric behavior.
Indeed, G. Lusztig in |46l 1.12 (b)] stated that the strata of D should be locally closed, as
in the connected case [9]. The aim of this chapter is to prove this assertion and to describe
their irreducible components.

Following the line of proof for the connected case in [9], we describe Lusztig strata as
unions of regular closures of Jordan classes. One can also see that a sheet of a connected
component of G is the regular closure of a maximal Jordan class with respect to the partial
order defined in Section [2.4] Since Jordan classes are irreducible and finitely many, we
obtain that the sheets contained in a stratum coincide with the irreducible components of

the stratum.

We start recalling the definition of £, the map from D to the set of isomorphism classes

of irreducible representations of the group W2 defined in [46].

£:D — Ir(WP)
a— &(a)
where €(a) is constructed according to the following rules

e Let Dy, := {a € D | ais unipotent } and let a € D,,. Let m be the morphism
defined as in [46) 1.2], we denote by m the sheaf functor given by direct image with
compact support. The shifted intersection cohomology complex 7 (Q;) [dim D] has

a decomposition as follows
m (Q) [dim D] = @,p @ m (Q;) [dim D],

where p runs through Irr (WP) (for further details see |46, 1.2]). Then &£(a) is the
unique irreducible representation of WP such that m(Q;[dim D] £(a))|Dun 18 (Up to

shift) the intersection cohomology complex of G° - a with coefficients in Q;.

o If ay is central in G, let D,, be the connected component of G' containing a,. We
observe that WPe = WP because D,, = G°ay and D = G°asay, = asG°ay = asDy,
with as central. Then £(a) == E(ay).

e Let ay ¢ Z(G). Note that as is central in Cg(as), and we let D' be the connected
component of Cg(as) containing a. Let W (Cq(as)®) be the Weyl group of Cg(as)°.
We denote by &, (a) € Irr(W (Cg(as)°)P") the image of a through the map & referred
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_ W(GO)P
= (oo Eos
cated induction as defined in |49, Section 3]. The description of W (Cg(as)°)?" as a

subgroup of W(G°)P is given in |46, 1.6 (a)].

to the group Cg(as). Then we set E(a) (a), where j is the trun-

We observe that £(a) depends only on the G°-class of a.
Definition 3.1. Let p € Irr(WP). The fiber £71(p) is called a Lusztig stratum.

By [46, 1.16 (e)] Lusztig strata are unions of G°-orbits of the same dimension, so if X is
a Lusztig stratum contained in D, then there exists d € N such that X C Dg).

As observed in [46,, 0.1], a Lusztig stratum is union of Jordan classes. For the convenience

of the reader we recall its proof.

Proposition 3.2. If J is a Jordan class in D, and a = asay, h = hshy, € J, then E(a) = E(h),

so strata are unions of Jordan classes.

Proof. By Remark up to conjugation Cg(as)® = Cg(hs)°. Furthermore without loss
of generality we can assume that h = za where the element z € T'(a) C Cg(as)®, so a and
h are in the same connected component of Cg(as). Hence the connected component D;L of
Cq(hs) containing h, and the connected component D, of Cg(as) containing a coincide,

as well as the unipotent parts of a and h. By construction £(h) = E(a). O

We recall the notation that we are using from Subsection So g denotes an element
of D and its Jordan decomposition is su, L denotes L(g), P is a parabolic subgroup of G°
with Levi subgroup L and such that gPg~! = P. The torus T(su) and the Jordan class
J(su) are defined as in Subsection Recall that we denote by J(su) = the set of regular

elements in the closure of J(su).

By Proposition[2.18|(b), if z € J(su) °, then there exists z € T(su) and v € Indggjs)ou((GS)O.

)ou

u) such that, up to G°-conjugation, r = zsv, where Indggzjzlu((Gs)o -u) is defined as in

E3).

To simplify notation, we set:
e D' = s(G®)°u the connected component of G* containing su,

e D! := (G*)°u the connected component of G* containing u,
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e D the connected component of G** containing x
e D, := (G**)°u, the connected component of G** containing u,

! = (L**)°u, the connected component of Ngzs((P**)°) N Ng=s((L**)°) containing

Aswv e Indlg}‘((Gs)o -u), it follows that v € D,. Since additionally, z = zsv, we have
W((GZS)O)B = W((GZS)O)EZ. Observe also that, by Remark D! = D!. Hence,

W((G*)°)P = W((G*)°)"".

Now we prove the main result of this chapter. This statement was suggested by G.
Lusztig in [46l 1.12 (b)].

Theorem 3.3. Any stratum X is a union of reqular closures of Jordan classes and it is
locally closed.

a—— —, < re

Proof. We first prove that if J(su) C X then J(su) egg X. Let z € J(su) °. We show
that £(z) = E(su). There exists z € T'(su) and v € Indg};((Gs)o -u) such that x = zsv.

By [46} 1.9 (iii)] £s(u) is good in the sense of |45, 0.2], so we can apply j-induction from
W((Gs)o)bz to W((GZS)O)E“ obtaining an irreducible representation. By [51, Corollary
2.10],

E.s(V) =] (« ZS)O»):«ZSS u).
() JW((Gs)O)D& ()
By definition of &,

IV (Ge)P
E(x) :']WE(Gz)s)O)ﬁgzs(v)'

So putting together these relations and using transitivity of the truncated induction, we

have
Slx) = V@I - (0) = IV (G°)D ~.W((GZS)OE58 _ WGP &),
() =y ooy pE25(0) = dgeogey oy eyt £ =3y o o)
By definition of £, we have £(su) :jgg(aés)i)y&(u), so E(z) =&(su) and x € X.

By Proposition the stratum X is a finite union of Jordan classes, therefore X is a
finite union of regular closures of Jordan classes. Let I be a finite set of indeces and let
X C G(g), so d is the dimension of the G°-orbits in X. Then

x=Um"=Unncw= (UJ> n ( U G(i)) :

i€l i€l el i>d—1
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By Lemma (U1> de1 G(i)) is an open subset of D. Therefore X is the intersection of a
closed subset and an open subset of D, so X is locally closed.
O

From the proof of the Theorem a stratum X is a finite union of regular closures of

Jordan classes.

Corollary 3.4. Let X be a stratum. Then

(a) X is a union of sheets for the G°-action on D;

(b) The sheets contained in X are its irreducible components.

Proof. By Proposition the sheets in D4 are the regular closures of maximal Jordan
classes. By Theorem we have X = X N Dy = U,e; J;°® with I a finite index set and
J; a Jordan classes Vi € I. Let Jp,...Jr be the maximal elements through J;, with ¢ € I,
for the partial order defined in 1} Then X = X N D) = Ule jﬁeg. Therefore X is
a finite union of sheets and these are the maximal irreducible subsets contained in X, i.e.

its irreducible components.

O]
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CHAPTER

LUSZTIG’S MAP IN DISCONNECTED GROUPS

In this chapter we deal with the spherical unipotent conjugacy classes in a disconnected
group G with G° simple. By Example unipotent G°-conjugacy classes in G are Jordan
classes. In particular, in Section we classify the spherical unipotent conjugacy classes
in a connected component D, i.e. the unipotent classes in D for which there is a dense orbit
of a Borel subgroup B of G°. We consider G = G° x (0), with 6 a graph automorphism of
G°. For our purposes, it will be enough to consider the case D = G°6.

As a consequence of the classification of spherical unipotent classes in D we obtain the
dimension formula: let v be a unipotent conjugacy class in D = G°6, w, € W be the
unique element in W for which Bw, B0 N+ is dense in . Then + is spherical if and only
if dim~y = £(wy) + 1k(1 — w40), where £ is the length function on W and rk is the rank in

the geometric representation of W.

In Section we obtain an analogue of the results of [10], giving a more combinatorial
description of the map T and its right inverse ¥ defined by G. Lusztig in [43]. The map T
is a surjective map from twisted conjugacy classes (in a certain sense) in W to unipotent

conjugacy classes in a fixed connected component D of G.

4.1 Preliminaries

Definition 4.1. Let H be a connected reductive algebraic group and B’ a Borel subgroup

of H. A normal H-variety X is called spherical if B’ has a dense open orbit in X.

It is well known (see [2,167] in characteristic 0, [25, 33| in positive characteristic) that X

o7
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is spherical if and only if the set of B’-orbits in X is finite.

Definition 4.2. Let ¢ € Aut(H). An element h € H is called a @-twisted involution if
p(h) =h"".

As we saw in Chapter (1] studying twisted conjugacy classes or H-conjugacy classes in
the coset Hy C H x () is equivalent. Moreover, for 2z € H, the twisted conjugacy class
H -, x is spherical in H if and only if H - x¢p is a spherical conjugacy class in Hy. In this
chapter we shall consider interchangeably ¢-twisted conjugacy classes in H and conjugacy
classes in H.

We are interested in the cases where H = G°, with G° simple, or H = W for ¢ = 0,
either a graph automorphism of G° or an automorphism of the Dynkin diagram of G°. We
set G :== G° % (#) and W =W x (#), viewed as a group of isometries of £. We denote the
set of unipotent conjugacy classes in G°6 by G°0. By W, we denote the set of f-twisted
conjugacy classes in W. Let (T, B) a 6-stable pair torus/Borel subgroups of G°. From the
Bruhat decomposition G = Uyew BwB, we get the decomposition G°0 = Uyew BwBo,
and we may consider BwB6 as the double coset BwlB relative to w &€ W. We have
BwHB = U 2<wBz0B.

Let v be a conjugacy class in G°8:
(4.1) there exists a unique w, € W such that v N Bw,0B =7.
We put C7 = W -gw, in W,. Note that if h € G° and w € W, then (G° - h#) N BwdB # ()
if and only if (G° -9 h) N BwB # 0.
Definition 4.3. A class C' € Wy is called elliptic if for any (proper) J C I such that 8(J) = J
we have C N W = 0. O
Remark 4.4. By [28| Section 4.1] a class C' is elliptic if and only if

dim E%? = dim ker(w@ — Id) = 0 for any/some w € C.

Let C be in W,. We recall the definition of the invariant u(C') given by Lusztig in [44),
p. 453]. He observes that there is a 6-stable subset J of I and an elliptic twisted conjugacy
class C" in W such that C' = CNW; (see also [L7, Theorem 2.3.4]): then he defines u(C)
to be the number of 0-orbits in I\ J. He observes that u(C') is independent of J (see also
[17, Remark 2.4.2, Proposition 2.4.1]), and that C is elliptic if and only if u(C) = 0.

We will need the following alternative characterization of .
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Proposition 4.5. Let C' € W,. Then
u(C) = dim E*?  for all w € C.

Proof. Tt is clear that dim E*? is independent of w € C, since C# is a W-conjugacy class in
W6. If C is elliptic, the result follows by the Remark Therefore we suppose that C is
not elliptic. Let J be a proper -stable subset of I such that C "MW} is an elliptic #-twisted
conjugacy class in W and let w € C' N W;. We recall that E; is the Spang{c; | j € J}.
Consider the basis {w; | i € I'\ J} of the orthogonal complement E+ of E; in E, where w;
are the fundamental weights. We observe that both E; and Ej are f-stable and W -stable.
Moreover 6 acts as a permutation on both bases Ay and {w; | i € I'\J}, and w acts trivially
on E+. Since C N W; is elliptic in W, we have ker(wf — Id) N E; = {0}, so the kernel of
w6 —1d on E is the kernel of § —Id on Ey. If S is a 6-orbit in I\ J, and wg = ¥_,;cqws
then {ws | S a f-orbit in I\ J} is a basis of ker(wf — Id). Hence u(C) = dim E“?. O

Remark 4.6. Proposition gives an alternative proof of the fact that the definition of
w1(C) is independent of J.

4.2 Classification of spherical unipotent orbits

In this section we classify the spherical unipotent G°- conjugacy classes for G = G° x (0),
with G° simple and 6 € Aut(I).

Let v be a unipotent G°-conjugacy class in G contained in G°. Then v is a unipotent
conjugacy class in G°. The classification of spherical conjugacy classes for the connected
case is given in [5] for characteristic zero, in [7] for good characteristic and in [19] for bad

characteristic. Thus we focus on the classification of the spherical unipotent orbits in G\ G°.

Observe that 6 preserves Z(G°), hence it induces an automorphism of the same order on
the adjoint quotient (G°).q of G°. A conjugacy class in G is spherical for the action of G°
if and only if its image through the projection on G,q % (f) is spherical for the action of
(G°)aq. So, it is enough to consider the case of G° of adjoint type.

The only non trivial automorphisms 6 are the ones of the Proposition We set p =
char(K). By there are unipotent elements in G \ G° if and only if p is equal to the

order of f. Therefore we can restrict to study the following four cases:

(a) G°=PGL(m), m >3, p=2;
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(b) G°=PSO(2m), m >4,p=2;
(c) G°=PSOQ®), p=3;
(d) G° = Eg, of adjoint type, p = 2.

In the cases @,@,@ the order of @ is 2, so we set # := 7; in the case , the order of
0 =3.

Note that in the following we focus on the classification of the unipotent spherical G°-
orbits in the connected component G°f. The connected component G°0? # G° only for
the case . In this case the classification easily follows from the one of G°6.

Since, as observed before, the classification of spherical conjugacy classes do not depend
on the isogeny type of G, in the case () we consider G° = SL(m), and in case (b)
G° = SO(2m).

The set G°@ of unipotent G°-orbits in G°8 is partially ordered by inclusion of closures.
By [60, 11.2.21. Corollaire], it has a unique minimal element: the G°-orbit of 6, which is
the unique quasi-semisimple unipotent orbit in G°6.

We recall that, by [18, Theorem 3.4], if 7 is a non-trivial unipotent conjugacy class of
a simple algebraic group in characteristic 2, then « is spherical if and only if it consists
of involutions. Moreover, if u is an involution in G°7, then the conjugacy class of u is
spherical ( [18] §4]).

We also recall that, by |22, Remark 2.13], a G°-orbit G° - x is spherical if and only if the

homogeneous space G/Cge(x) is spherical for the action given by the G°-conjugation.

In the connected case we have the following characterization of spherical conjugacy

classes.

Theorem 4.7. Let v be a G°-conjugacy class in G°. Then ~ is spherical if and only if
dim~y = l(wy) +1k(1 — wy),

where w,, is the unique element in W for which BwyB N~y = 7.
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The proof of Theorem [4.7]is provided in [5, 16, [19] for the case in which the characteristic
of K is good for G°, and in [18] for the case of bad characteristic.

In [37], the author presents a generalization of Theorem for the non-connected case
in characteristic zero, and in [8], Theorem is extended to the non-connected case in
good odd characteristics for automorphisms of order two.

Now, we deal with the remaining cases by providing a classification. We use the notation

in [60] for the classification of the unipotent conjugacy classes.

4.2.1 Type A,,n > 2, p =2, 7 of order 2

The unipotent spherical conjugacy classes contained in G° are listed in [18, Table 1]. Now

we provide the classification for the unipotent spherical conjugacy classes in G°7.

We assume G° = SL(n + 1). For the unipotent conjugacy classes we use the notation in
[60, Chapter I]. By |60, 1.2.7 p. 21, 1.2.10 p. 24, 1.2.11 p. 25, Theorem I1.8.2 p. 134] we
get

. even

The unique minimal unipotent orbit in G°7 is the orbit 1”*! of 7. Since dim 1"*! = dim B,
this is the only possible spherical unipotent orbit in G°7: it is made of involutions and
is spherical by [18, §4.1]. Note that in [18, §4.1] it is stated that Cge(7) is isomorphic to
SO(n + 1), but in fact it is isomorphic to Sp(n) (there is an isogeny from SO(n + 1) to

Sp(n) and these groups are isomorphic as abstract groups).

n odd

The unique minimal unipotent orbit in G°7 is the orbit 18“ of 7. Moreover the orbit 17+1
is the unique minimal element in G°7 \ {G° - 7}

(ie. G°r \ {G° -7} has minimum 1"*!) and dim 1"*! = dim B. Hence 15! and 1"*! are
the only possible spherical unipotent orbits in G°7: they are made of involutions and are
spherical by [18] §4.1,4.2].

4.2.2 Type D,, n > 4, p =2, 7 of order 2

The unipotent spherical conjugacy classes contained in G° are listed in |18, Table 3,4]. Now

we provide the classification for the unipotent spherical conjugacy classes in G°7.
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To deal with G° of type D,, we shall consider G° = SO(2n). Then the outer involutions
of G° are obtained by conjugation with involutions of
O(2n)\ SO(2n). Note that if n = 4, and G° is adjoint or simply-connected, there are other
outer involutions in Aut(G®): however, they are conjugate in Aut(G°).

Let 7 be the involution of O(2n) inducing the graph automorphism of SO(2n), i.e. the
graph-automorphism acting trivially on
(Xta; | 1€ {1,...,n —2}) and such that z,, ,(§) < za,(§), —qa, ,(&) < 2_4, (&) for
ek

The following result is a technical property and it holds in general, in particular without
the hypothesis on G° to be of type D,, and without the hypothesis on the characteristic of
the base field.

Lemma 4.8. Let v be a G°-orbit in G°7, and let 7' be a subset of v. Let J be a T-invariant
subset of I such that 7 acts trivially on Z(L;)°. Assume that o' C L;7 and (B - 2)zey
is a family of pairwise distinct Bj-orbits. Then the family (B - x),c, consists of pairwise
distinct B-orbits.

Proof. Let z, y be elements of 7/, and assume B -z = B -y. Then there exists b € B such
that bab~! =y, i.e. bx = yb. Since B = TUw, Uwgw, , where Uugw, is the unipotent radical
of the standard parabolic subgroup Pj, we can write b = tujuo, where t € T, u; € Uw,
and uy € UwowJ, so that tujuex = ytuiusg. Since UwOwJ is normal in Py, from uniqueness
of expression of an element hr of Pyr as hr = lvr with [l € Ly, v € UwOwJ and since
Pj; and its unipotent radical are 7-invariant, we get tujx = ytu;. We may decompose
T =T;Z(Ly)°, sot = tita, with t1 € Ty, to € Z(Ly)°. Since 7 acts trivially on Z(L)°,
we get tiuix = ytiui. But tyu; lies in By, and we conclude that By -x = Bj-y. Therefore

x =y and we are done. O

Our aim is to show that a unipotent conjugacy class v = G°-w in G°7 is spherical if and
only if w is an involution. By [18| §4.3], we are left to show that if the unipotent class v in
G°1 does not consist of involutions, then ~ is not spherical.

Assume u is a unipotent element in G°7 of order greater than 4, and let v be an element
of order 4 in the subgroup generated by u. Then v lies in G°, in fact, by Remark and
since u has no order 4, there exists j > 2 € N such that u?’ = Id. Since v is in the subgroup

generated by u, the element v is an even power of u, so, since 7 has order two, we have that
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v € G°. By [18|, Proposition 3.12], the orbit G°-v is not spherical. Since Cgo(u) < Cge(v),
it follows that also G° - u is not spherical. We are therefore left to consider the subset X
of G°1 of conjugacy classes of elements of order 4. By [33, Theorem 2.2], it is enough to

show that the minimal elements in X are not spherical.

For the notations of unipotent classes in G°7 we follow [60, Chapter I]. From the explicit
definition of the partial order on pairs (A,e) such that Cy. < Cp g4 <= (N e) < (1, 9)
given in [60, 1.2.10, 1.2.11], it follows that the minimal elements in X are the classes
@291 8 and 4@ 1201,

Proposition 4.9. Let p = 2 and let G° be of type D,,, for n > 4, let v be the conjugacy

class of a unipotent element v in G°7, with u? # 1. Then + is not spherical.

Proof. By the previous discussion we are left to deal with the cases where v is 4 @ 1274
or 32@2@ 1278,
We consider J = {n —3,n—2,n—1,n} CI. Then J is T-invariant and 7 acts trivially

on Z(Ly) (which is connected). Moreover [L, L] is isomorphic to Dy.

The Dg4-orbits 4®1% and 3262 in D47 are not spherical by dimension reasons: dim 4 14 =
17, dim 3% @ 2 = 19, while the dimension of a Borel subgroup of Dy is 16. Hence, in both
cases, there is an infinite family 7" of elements of [Lj, Lj] N~ such that (B - z)zcy is a
family of pairwise distinct B j-orbits. By Lemmathe infinite family (B - x)e4 consists

of pairwise distinct B-orbits, hence « is not spherical. ]

4.2.3 Type Dy, p = 3, 0 of order 3

The unipotent spherical conjugacy classes contained in G° are classified in |7, 3.4]. Now

we provide the classification for the unipotent spherical conjugacy classes in G°6.

This case may occur only if G° is simply-connected or adjoint. In G°8 there are 5 G°-
orbits of unipotent elements, and they form a chain Cy < C3 < Cy < C7 < Cy (60, §3, p.
30]): their dimensions are 14,20, 22, 24, 26 respectively ([34, Table 8]). Since dim B = 16,
only Cy (the orbit of 8, whose centralizer is G2) can be spherical, and indeed it is spherical
(in every characteristic) as shown in [18| §4.5] (see also |3, Theorem 4.3], G2 spherical in

SO(8)).
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4.2.4 Type Eg, p = 2, 7 of order 2

The unipotent spherical conjugacy classes contained in G° are classified in [18, Table 7].

Now we provide the classification for the unipotent spherical conjugacy classes in G°7.

For the unipotent classes in G°7 we use the notation in [60, 10.14 p. 160]. The unique
minimal unipotent orbit in G°7 is the orbit of 7 corresponding to the empty sub-root-
system. Moreover the orbit A; is the unique minimal element in G°7 \ {G° - 7} (ie.
G°7 \ {G° - 7} has minimum A;) and dim A; = dim B, [60, p. 160, 250]. Hence the orbit
of 7 and A; are the only possible spherical unipotent orbits in G°7: these are made of

involutions and are spherical by 18] §4.4].

This concludes the classification of spherical unipotent classes in G°6:

Theorem 4.10. Let G° be a simple algebraic group, 6 a graph-automorphism of G°, v a

unipotent conjugacy class in G°0:
(i) if p=2 and 6 has order 2, then v is spherical if and only if it consists of involutions;
(ii) if G = D4, p =3 and 0 has order 3, then only the class of 0 is spherical.

We recall that if « is a conjugacy class in G°6, wy is the unique element in W such that

v N Bw,0B =7. We make use of the following result.

Proposition 4.11 (|18, Theorem 4.1],[37, Lemma 2.1]). Let v be a conjugacy class in G°0
and let w € W.

(i) If y N BwlB # 0, then dim~y > l(w) + rk(1 — wh);
(i) if dim~y = I(wy) + rk(1 — w40), then ~ is spherical.

It was proved [37, Theorem 1.1] in characteristic zero, and in 8, Theorem 22] in char(K) #
2 for automorphisms of order 2, that v is spherical if and only if dim vy = I(w,) +rk(1 —w, )
(note that the arguments used in [8| §6] only use char(K) # 2). From the results in [18| §4]

and the classification of spherical unipotent classes in G°0 we obtain the following theorem.

Theorem 4.12. Let G° be a simple algebraic group. Let 0 be a graph automorphism of G°
and 7y a conjugacy class in G°0. Assume char(K) = 0, or 6 of order 2 and char(K) # 2,
or v is unipotent. Then ~ is spherical if and only if

dim~y = l(wy) + k(1 — w,0).
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If we restrict to graph-automorphisms of order 2, we get the following theorem.

Theorem 4.13. Let G° be a simple algebraic group over an algebraically closed field of
characteristic 2, T a graph-automorphism of G° of order 2. Let v be a spherical unipotent
conjugacy class in G°t, and let v N BwtB be non-empty. Then, wt is an involution, i.e.

w 18 a T-twisted involution.

Proof. Let u be an element of v N BwrB. From the classification of spherical unipotent
conjugacy classes in G°7 it follows that u is an involution. Thus, u = v~ € (BwrB)™! =

Brw !B = B(rw™1lr)7B, forcing w = Tw™!7. Hence wrwr = 1. O

Let v be the map defined by v(y) = w,, for any conjugacy class v in G°6. It was proved
in [13, Corollary 2.15] that w, lies in the set

Wo,m :={w € W | w is the unique maximal length element in W -9 w}.

Remark 4.14. It is shown in [37, §3] that if w € Wy, then w is a A-twisted involution, an
involution, and it commutes with # and with wy: it is of the form wyw; where J is a suitable
f-invariant subset of I. Although the general assumption in [37] is that the base field is of
characteristic zero, the arguments used in [37, §3] from Lemma 3.1 until Proposition 3.7 are
characteristic-free. The set J is recovered from w by the equality J = {i € I | wla; = o }.

Moreover, since w commutes with wg, we have that wow; = wjwy.

For convenience of the reader, we recall the list of pairs (®,.J) for every non-trivial 0

from [37, Proposition 3.7]:

(®,0) for any ® and any 6,
(Aopt1,{a1, as, ..., aopi1}) n>1,0=—wp;
(D4, {a2}) 0% =1;
(4.2) (Dy, {2, aj, 00 }) 6?2 =1 and «; # Oay;
(Dap, {vor, ap 41, .oy aop—1,00,}) n>2,1<1<n-—1and fag,—1 = aap;
(Daopy1, {aar, agiiq, - op,ony1}) n>2,1<1<mn,and § = —wy;
(Eg, {2, as, ag, as}) 0 = —wy.

We analyze the image of the restriction of v to the set Gy, of spherical unipotent
conjugacy classes in G°#. The case where # = 1 is dealt with in [10, Remark 2]: here we

only consider the case 6 # 1.
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Proposition 4.15. The restriction of v to Gy, is injective. If G° is of type A, Dy, Es
and ¢ has order 2 (hence p = 2) we have v(Gy ;) = Wom. For G° of type Dy and 0 of
order 3 (hence p = 3) we have v(Gy ,,) = {wosz2} (while Wy ,,, = {wos2,wo}).

Proof. 1f 6 has order 2, then, by [18, §4], for every w = wow,; € Wp p, as in there exists
a unique spherical unipotent conjugacy class v in G°¢ such that w = w, (note that in [18]
§4.3] for Dy the cases J = {2,1,3},{2,1,4} are not considered, but they are obtained from
the case J = {2, 3,4} by triality).

Assume 6 has order 3. Then v = G° - 0 is the unique spherical unipotent class in G°0
and, by [18] 4.5], wy = wpsa. O

4.3 The restriction of ¥ to spherical unipotent orbits

We recall the construction of the surjective map YT : W, — G°6 and of its section ¥
defined in [44]. In [44. §5.11] Lusztig also considers the set Dg, of almost unipotent
bilinear forms in characteristic not 2, i.e. elements g € G°7 for G° of type A,, for n > 2,
with Jordan decomposition g = su, such that s> = 1 and u unipotent. The set Dy
denotes the set of conjugacy classes in Dy, Y : Wy — Dg,. We deal both with spherical
classes in G°0 assuming chark = 2 and 6 of order 2 or chark = 3 and 6 of order 3,
and in Dy, assuming chark # 2 and G° of type A, for n > 2. For w in W we define
'y ={v € G°0 (resp. Day) | YN BwdB # 0}.

Let C' € W, and let Ciyin be the set of all w € C' of minimal length. By [44) Theorem 1.3
(a), §5.11], given w € Chyin, I'y, has minimum ¢ (i.e. ¢ C ¢’ for all ¢’ € T'y): then Y(C) := ¢
(respectively Y/(C) := (). This definition is independent of the chosen w € Cyy [44, 1.2

(a)]. Note that ¢ is the unique class of minimal dimension in T,

The right inverse ¥ of T (¥’ of Y’ respectively) constructed in [44] is defined as follows.
Let v be in G°0 (in Dy, respectively). Then by [44, Theorem 1.16, §5.11] there exists a
unique element C' in Y=1(v) (in Y'~!(y) respectively) such that p(C) is minimal. Then
U(y) :=C (V'(y) := C respectively).

We recall the following result:

Proposition 4.16 ([13, Proposition 2.13, 2.14]). Let v be a conjugacy class in G°6, let
w € W be such that y N BwlB # () and let z be a maximal length element in the §-twisted
conjugacy class of w. Then v N Bz0B # ().
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In the remainder of this section, unless otherwise stated, 6 has order 2 and, as usual,
we denote it by 7. We deal with classes in G°7, assuming therefore p = 2, and in D,
assuming p # 2.

We denote by G°7,,, (%sph respectively) the spherical conjugacy classes in G°7 (in Dgy
respectively). We are going to prove that for these classes Proposition holds for every

z in the 7-twisted conjugacy class of W.

Theorem 4.17. Let v be a spherical conjugacy class in G°T, assume in addition that vy is
unipotent if char(K) = 2. If yN BwtB # 0, then wt is an involution, i.e. w is a T-twisted

mvolution.

Proof. 1f char(K) # 2 this is [8, Theorem 6] (note that in the paper the base field is of zero
or good odd characteristic, but the arguments used in Section 2 only use char(K) # 2). If
char(K) = 2, this is Theorem O

Lemma 4.18. Let « be a spherical conjugacy class in G°7, assume in addition that ~ is
unipotent if char(K) = 2, and let C' be a T-twisted class in W. If vy N BwtB # () for some
w € C, then y N Bz7B # () for every z € C.

1

Proof. Let z € C. Let o be of minimal length, and r € N, such that z = cwr(0)™" (i.e.

27 = owro™Y), 0 = 54 -

that zp = w, z, = z. We show by induction on j that yN Bz;7B # () for j =0,...,r. If
J = 0, the assertion follows by hypothesis. Assume that v N Bz;7B # () for a given j and

8. Let zj = s, - - s wT(sqy) - 7(sy,) for j = 0,...,7, so

let x € y N Bzj7. Then, if §; is a representative of s; in N(T') fori =1,...,n,
. .1
$ij T, € Sij 1 BzjTsi . = 8i;, BzjT(si, )T € Bzj1TBU BzjT(si, )T B

Suppose that éij+1xéi_j11 lies in Bz;7(s;,,,)7B. Then by Theorem zjT and 27 (8i;,, )T =
2jT8;;,, are involutions. Hence z;7 and s;;,, commute, contadicting minimality of length

of o. Thus Sijﬂzz:éfil lies in Bz;j+17B, and v N Bzj117B # 0. O

i]

We recall that if v is a conjugacy class in G°7, then w, is the unique element in W
such that v N Bw,7B = % and w, is the unique maximal length element in its 7-twisted
conjugacy class, i.e. w, lies in W, ,,. Hence w, has the form recalled in Remark |4.14:

wy = wjwo with the following properties:
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(i) Ay ={a e A|wjwyt(a) = a};
(iii) w, is both an involution and a 7-twisted involution.
We have the following result involving the maps T and Y.

Proposition 4.19. Let v be a spherical unipotent conjugacy class in G°7, assuming p = 2 (a
spherical conjugacy class in Dy, assuming p # 2, respectively). Let C7 be the T-twisted

conjugacy class of w,. Then
T(C) =~ (Y(CY)=+~ respectively)

Proof. Let C = C7. We have to prove that if ¢ € Cp, then v is the minimal element in
;. We have v € Ty, hence v € I'; by Lemma Let v/ € T',. By Proposition @,
7" € Iy, , hence dim " > I(w,) 4+ 1k(1 — w,7) by Proposition @ (1). Since 7 is spherical,
by Theorem we have that dim~y = l(w,) + rk(1 — w,7). Therefore v is of minimal
dimension in I, and, by uniqueness, T(C) = v (Y/(C) = v respectively). O

To deal with Lusztig’s maps ¥, ¥, we use the following Lemma.

Lemma 4.20. Let K C I be such that wxwyt is an involution and wxwoT(a) = « for all
o € Ag. Then
rk(1 — wor) = rk(1 — wg) + rk(1 — wrweT).

Proof. Since wxgwoT is an involution and wy, wo, T are orthogonal, we have Ej(wxgwot) =
E_1(wgwor)*t, where, for a linear map f, E\(f) is the eigenspace relative to the eigen-
value \. By hypothesis, Ax C FEj(wgwer) and wg,wy and 7 are orthogonal, hence
E_i1(wgwyt) C Ej(wg) since wg is a product of reflections with respect to roots in Ag.
If a, b are commuting involutions on E, then dim E_1(a) + dim F_(b) = dim E_;(ab) if
and only if E_1(a) N E_1(b) = {0}. Also, if a> = 1, then dim E_1(a) = rk(1 — a). The

involutions wxwoT and wx commute (since wx and wyr commute), and
E_1(wgwor) N E_1(wg) C E1(wg) N E_1(wg) = {0}

Thus dim E_; (wg) + dim E_; (wgwet) = dim E_; (woT), so rk(1 — wpt) =
rk(1 — wg) + rk(1 — wgwoT). O

We prove the main result of this section.
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Theorem 4.21. Let G° be a simple algebraic group, T a graph-automorphism of G° of order
2. Let v be a spherical unipotent conjugacy class in G°t, assuming p = 2 (a spherical
conjugacy class in Dg,, assuming p # 2, respectively). Let C7 be the T-twisted conjugacy
class of w,. Then

U(y)=C7" (V'(y)=C7 respectively)

Proof. By Proposition we have C7 € T71(y) (C7 € Y'~L(v) respectively). We need
to show that C7 is the unique class C' in Y~1(y) (in Y'~1(v)) such that u(C) is minimal.
Let C be in Y~1(y) (in Y'~!(y)). Assume C # C7. By Proposition YN BzrB # ()
for every element z of maximal length in C. We prove that dim £?” > dim E*77. Since
~ is spherical, z is a 7-twisted involution by Theorem m Thus, by [63, Proposition
3.5, Lemma 3.2], z = wgwy for a certain K C I such that Ax = {a € A | zra =a}. In
particular (woT)a, = WE 5, - The same reasoning applies to w.: we have that w, = w jwo
for a certain J C I such that A; = {a € A | wyTa = a}. In particular (woT)|a, = Wiy, -

Moreover z < wy, i.e. wy < wg, hence J C K, and
WK, = (woT)|a, = Wiy -
Applying [10, Lemma 2.7] to ®x and wrxw, we get
rk(1 —wg) = k(1 —wgwy) +rk(1 —wy).

If k(1 — wgwy) =0, then 1 —wgwy =0, i.e. wg =wy, K =J, 2 = w,, contrary to the
assumption C' # C7. Hence rk(1 — wg) > rk(1 — wy). Thus

rk(1 — wywer) = k(1 — wor) — k(1 —wy) >

> rk(1 —wor) — rk(1 — wg) = rk(1 — wrweT),

where the first and the last equality follow from Lemma Thus dim E*7 > dim E*7.
By Proposition u(C) > p(C7) and we are done. O

Remark 4.22. Let v be the map defined by v(y) = W -, w,, for any conjugacy class v in G°7.
The maps v and ¥ do not coincide on the full set G°7 of unipotent conjugacy classes in G°7
since W is necessarily injective whereas v is not. Indeed, let v be the (unique) maximal
unipotent conjugacy class in G°7. Then w, = wp. Let v,¢, be the (unique) regular
unipotent conjugacy class in G°7. Then one always has 7 C 7,4, a proper inclusion,

wo = wy < Wy, < wo, 50 that U(y) = U(Veg) = W -+ wo.
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Remark 4.23. If G° is of type D4 and 6 has order 3, then Lemmal[4.18 does not hold. In fact
let 714 be the conjugacy class of 6 in G°6. Then 14 N BwsefB # 0. Let C = W -5 wpss.
Then Cyin = {s1, 83,84} but clearly 14 N Bs;0B = () for i = 1,3,4. There is a unique
f-twisted conjugacy class in the fiber of T over 714, namely W -y 1 (denoted by Ay in [44,
p. 465]). Then W¥(v14) = Ay # C, hence Theorem does not hold.

We conclude this section by emphasizing a property of Wy ,,. This had been previously
proved by X. He in |27, Corollary 4.5] (note that He’s statement refers to minimal length
elements, but multiplying by wg one may obtain the result for maximal length elements,
by a different twist).

Theorem 4.24. The set Wy ,,, coincides with the set of elements w in W such that w is the

mazximum element its O-twisted conjugacy class with respect to the Bruhat order.

Proof. Let C be a #-twisted conjugacy class. If w is the maximum in C' with respect to
the Bruhat order, then clearly w is the unique maximal length element in C, i.e. w lies in
Wo m. Conversely, assume that w is in Wy, and let z € C. If 6 has order 2, by Proposition
we have w = w, for some spherical unipotent conjugacy class v in G°6. By Lemma
yN Bz0B # 0, hence z < w. If § is of order 3 (in type Dy), then either w = wy, or
w = wosy. If w = wp, then z < w. For w = wyse, we checked by direct calculation that

z < wpss. L]

4.4 Final remarks

Remark 4.25. In a private communication Lusztig has informed us that there is a misprint
in the value of T for the T-twisted class 241 in the Weyl group of Eg at the end of Section
2.3 in [44]: T(2A1) is not y52. In fact, if y50NBwr B # () for some w € 2A;, then by Lemma
Y52 N Bw'TtB # () for every w' € 2A,. In 2A; there is the element v’ = sg, sg, of
length 30, where ; is the highest root in Fg and (2 is the highest root in the Levi subgroup
As of Eg. Then, by Proposition we would have dimy52 = 26 > 30, a contradiction.
Let ng, and ng, be lifts in NgoT of sg, and sg, respectively. The element ng ng,7 is an
involution in Bw'7B: it cannot lie in 52, hence it lies in v36. Therefore 36 N Bw'TB # ().
If Wyin is a minimal length element in 245, then 36 N Bwmin™B # 0 and T(24;1) = ~36.

In the connected case the fibre of T over the minimal unipotent class {1} in G° always

has a single element, namely the conjugacy class of 1 in W. This is not the case in general
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in the disconnected case. Let G° be of type A,, n > 2, n even. Then there is a unique
conjugacy class « of involutions in G°7, the class of 7, and this is the unique minimal
unipotent class in G°7. In W there is a unique 7-twisted conjugacy class with a unique
maximal length element, the class of wg, so that Bwg7rB intersects every class in G°7. In
particular we have yN BwoT B # () (see also [18, §4.1]), hence (W -, wg) = 7. On the other
hand @(W -+ 1) is always the minimal unipotent class in G°7, since 7 € 7B. Therefore
oW rwy) =W -71) =y but W-r1# W - wy since W wg = {wp}. In fact in this case
the fibre of ¢ over v consists of all § + 1 classes of T-twisted involutions of W. However

one has U(vy) = W - wp since pu(W - wy) = 0.

Remark 4.26. In [59] Spaltestein introduces a partial order < on the set of conjugacy
classes in W by means of the loop group of G°, where G° is over C. A priori this partial
order depends on the Lie algebra of G°. It is shown in [68, Corollary 4.6] that in fact <
is independent of G°. Moreover, over the complex numbers, in [68, Corollary 11.1] it is
proved that

T: (W, <) — (G° <) is order-preserving;

U: (G <) — (ImV¥,, <) is an isomorphism of posets.

In |27, §4.7], He introduces a partial order <g. on the set W, of elliptic conjugacy
classes of W as follows: C <pg, C’ if and only if there exist minimal length elements w € C
and w’ € C' such that w < w’ under the Bruhat order. In any characteristic, the map T
restricted to W ;; is injective: let G, be its image (the subscript bas stands for “basic”, a
terminology introduced by Lusztig in [42] §4.1] and used in [68]).

In |1, Theorem 1.1] the authors prove that YT : (W, <me) — (Gpqss <) is order-reversing.
Therefore the partial orders <p. and < on W, are opposite to each other.

On the other hand, in [10, Remark 2] it is observed that we may endow the set W, (of
conjugacy classes in W with a unique maximal length element) with a partial order, as
follows: C' <, C" if and only if w < w’ in the Bruhat order, where w (w’ respectively) is
the maximal length element in C' (in C’). In any characteristic p, the map v : Gy, — W,
v +— W -w, is a poset isomorphism onto its image, and there exists p for which v is also
surjective. Therefore the partial orders <,, and < on W, are the same.

To our knowledge no partial order on Wy, on the lines of [59], has been defined. If such
an order exists, at least when 6 has order 2, it may coincide with the opposite order on
Wy oy of elliptic 0-twisted classes in W, as defined in [27, §4.7] and with the corresponding

order on W, . of f-twisted classes in W with a unique maximal length element.
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NOTATIONS AND PRELIMINARIES

The reader can find the unexplained notations in [26].

We fix an algebraically closed field K.
A projective variety Y C P(V) for V a finite dimensional K-vector space is called embedded
projective variety.

We denote by V* the dual space of the vector space V.

Let Aﬁgl be the affine space of dimension ¢ 4+ 1 over K. We consider the projection map
A\ {0} — (V).

Given a projective variety Y C P(V), then ¢~ }(Y) U {0} is the affine cone in V over Y,

and we denote it by Y. The ring of rational functions on Y is denoted by K[Y], and its
quotient field is denoted by K(Y).
The sheaf of functions of Y is denoted by Oy. Let Z C Y be a prime divisor of Y, that
is, an irreducible subvariety of codimension one. Let 7 be the generic point of Z. By Oy z
we denote the stalk of the sheaf Oy at the point n. We observe that Oy,z is a local ring
with Krull dimension one. Let f € Sym (V*) be a homogeneous polynomial, the vanishing
set of f is a hypersuperface and we denote it by H; := {[v] € P(V) | f(v) = 0}.

Let A be a finite set with a partial order <, in the following we call the structure (A, <)
a poset. For every 7 € A we set A, :={o € A| o <7}. So, for every 7 € A, the finite set
A is a poset inheriting the partial order from A.
Let 7,0 € A, if 0 < 7 and there is no element ¢’ € A such that o < ¢/ < 7, we say that

o < T is a cover relation and we denote it by ¢ < 7. A chain € in A is a decreasing sequence
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(T1,...,7) such that 7, € Aforalli=1,...,hand 7; > 7,41 foralli =1,...,h — 1 for
some h € N. If 7 is a maximal element in A and 75, is a minimal element in A we say that
¢ is a maximal chain in A.

Quasi-valuations

Definition 1. Let R be a K-algebra. A quasi-valuation on R with values in a totally ordered

abelian group G is a map v : R\{0} — G satisfying the following conditions:
(1) v(z+y) > min{v(x),v(y)} for all z,y € R\{0} with x +y # 0;
(2) v(\x) = v(z) for all x € R\{0} and X € K*;
(3) v(zy) > v(z) + v(y) for all z,y € R\{0} with xy # 0.
The map v is called a valuation if the inequality in can be replaced by an equality:
(") v(zy) =v(z) 4+ v(y) for all z,y € R\{0} with xy # 0.

Lemma 2. [16, Lemma 3.4] Let v,v1,...,vx : R\{0} — G be quasi-valuations and let
z,y € R\{0}.

(@) I v(z) # v(y), then v(z +y) = min{u(z), v(y)}.

(b) If t+y #0 and v(x +y) > v(z), then v(x) = v(y).

(¢c) The map R\{0} — G,z +— min{v;(z)|j=1,...,k} defines a quasi-valuation on R.
Natural examples of valuations arise from vanishing orders of functions.

Example 3. Consider Y an irreducible variety, and Z C Y a prime divisor of Y. Let
f € Oy,z, such that f is non-zero. The vanishing order of f on Z is defined as the length
of Oy,z/(f), we denote it by ordz(f). This length is finite, and it is additive with respect
to multiplication, that is, ordz(fg) = ordz(f) + ordz(g).

Let g and h be homogeneous polynomials in Sym(V™*) of same degree. The order of vanishing
of 4 on Z is defined to be ordz(g) — ordz(h). With this definition, the order of vanishing
is a function ordyz : K(Y')\ {0} — Z. If Y is smooth in codimension one [26, p.130], then
the local ring Oy,z is a discrete valuation ring, and the function ordy is the corresponding

valuation.

76



CHAPTER

SESHADRI STRATIFICATIONS

All the definitions and results in this chapter are to be found in [16]. We recall them here

for the reader’s convenience.

Let X C P(V) be an embedded projective variety with graded homogeneous coordinate
ring R := K[X]. We counsider a collection of projective subvarieties X, in X, indexed by
a finite set A and the partial order on A given by the inclusion of the subvarieties X,

namely for 7,0 € A
(5.1) o<1 <+— X, CX,.

We assume that there exists a unique maximal element 7,5 in A with X = X. For

Tmax

each 7 € A, we fix a homogeneous function f; € Sym (V*) of positive degree.

Definition 5.1. The data (X, fr)rea is called a Seshadri stratification if the following

conditions are satisfied:

(S1) the projective varieties X, for 7 € A, are smooth in codimension one and if o < 7 is

a covering relation in A, then X, C X is a codimension one subvariety;
(S2) for any 7,0 € A such that o 2 7, the function f; vanishes on X,;

(S3) for 7 € A, the set-theoretical intersection satisfies

Hp N X7 = U Xs.

o=<T

7
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In a Seshadri stratification, the functions f are called extremal functions.
If 7 € A is a minimal element, then there is no ¢ € A such that ¢ < 7. So, by ,
Hpy NX; = .

With the next lemma, we show two useful properties of a Seshadri stratification.
Lemma 5.2. Let (X, f;)rca be a Seshadri stratification of X. Let 7,7’ € A. Then

(1) the restriction of the function f; to X,/ is not identically zero on X, if and only if
>,

(2) all maximal chains in A have the same length, which coincides with dim X.

Proof.

(1) 1f fT‘XT/ # 0, then, by (, we have that 7/ > 7.’
In order to prove the converse, by ( it is enough to prove that the restriction of f
to X, is non-zero because if 7/ > 7 then X, C X, and so the restriction of f, to X .
we show, first, that f, restricted to X, is not identically zero on X.
Let 7 € A. If X, is a point, then (J,_. Xo = 0. Hence, by (, the intersection
Hpy NX: = (), therefore f, does not vanish on X,. Assume dim X, > 0 and let 0 € A
be such that ¢ < 7. By ( the subvariety X, has codimension one in X,. Hence, by
the finiteness of A, the union (J,_, X, is a proper subvariety of X,. Thus f; does not

identically vanish on X.

(2) Let 7 € A. If dim X > 0, then, since f; is a homogeneous function of positive degree,
the intersection Hy N X, is not empty. Hence, by (, the union (J
empty. Thus there exists ¢ € A such that X, is a subvariety of X, of codimension
one. This gives .

o~7 Xo 18 not

O]

Remark 5.3. It follows from Lemma [5.2([2) that, if 7p € A is a minimal element, then X,

is 0-dimensional variety.

Remark 5.4. It is useful to extend the stratification of X € P(V) to the affine cone X. For a
minimal element 7 € A, since dim X, = 0, the affine cone X, is A'. We set A := AU{r_;}
with X, , := {0} € V. Since the variety X, , is contained in the affine cone X, for any
minimal element 7 € A, the set A inherits a poset structure by requiring 7—1 to be the

unique minimal element.
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By Lemma , we can give the following definition.

Definition 5.5. Let 7 € A. The length ¢(7) of 7 is the length of a (then any) maximal chain
in A-.

By Lemma ,

0(1) = dim X,.

Remark 5.6. A Seshadri stratification (X, fr)rea for X induces a Seshadri stratification
on every strata X,. Indeed, (X,, fs)sca,, satisfies the conditions (S1)-(S3), and hence

defines a Seshadri stratification for X..

Proposition 5.7. [16, Proposition 2.11] Every embedded projective variety X C P(V') that

is smooth in codimension one admits a Seshadri stratification.

Ezample 5.8. Let {e1, e, e3,e4} be the standard basis of K. The wedge products e; A €5,
with 1 <4 < j < 4, form a basis of A K% Let {z;,; € (A2(K*)* | 1 <i < j < 4} be the
dual basis of {e; Ae; | 1 <i < j <4}, with x;; the dual of e; A e;. The elements z; ; of
the dual basis, with 1 <1 < 57 < 4, are called Pliicker coordinates.

Let Ip 4 = {(i1,42) € N2 | 1 <1y < iy <4}. We endow I 4 with a partial order as follows:

(5.2) (i,5) < (k,0) <= i<kandj<L

Let X := GroK* be the Grassmann variety of 2-dimensional subspaces of K*. There exists
an embedding, namely the Pliicker embedding, of X in P ( /\2 K4) (see, for example, [57,
Chapter 13]).

For any (i, j) € I 4 there is a variety X; ; C GryK*, called Schubert variety, set theoretically
X j is defined by

Xij = {[v] € GraK* | 2y ¢([v]) = 0 Y(k,1) € I>4 such that (k,1) £ (i,5)}.

)

The partial order defined in corresponds to the partial order given by the inclusion
of Schubert varieties.
Let f;; := x;; € K[X], with (7, j) € I 4 be a Pliicker coordinate.

The data (X j, fij)1,, form a Seshadri stratification of X.
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5.1 Valuations on divisors

Let R := K[X,] be the homogeneous coordinate ring of X, with respect to the embedding
X; C X CP(V). In the following we often consider R, as the coordinate ring of the affine
cone XT CV over X,.

Ifo <7in A, then X, C X, is a prime divisor in X,. As in Example |3} the local ring
@) %%, is a discrete valuation ring because X, is smooth in codimension one by ( Let
V7o be the associated valuation. We refer to the value v, (f) for f € R, \ {0} as the

vanishing multiplicity of f in the divisor X,:
(5.3) Vro: R\ {0} — Z.

The valuation v, can be naturally extended to a valuation on the quotient field of R,

namely K(X;), as follows. If § € K(X;) and it is different from 0, then g,h € R, \ {0}.
We set

(5.4) Vro (3) 1= vralg) = vro(h).

Remark 5.9. Let 79 be a minimal element in 4. Then, since X, is a 0-dimensional pro-
jective variety, the ring R, is a polynomial ring. Let 7_; be a minimal element in A. We
define v, » , to be the vanishing multiplicity of a polynomial in R, in {0}. In particular

Vror 1 (fry) is just the degree of f,.

Definition 5.10. Let (X, f;).4 be a Seshadri stratification of X. Let 0,7 € A be such that

o < 7. We call the value v, ,(f;) the bond between 7 and o, and we denote it by b ;.

By the property (, the bond b, is a positive integer.

5.2 Hasse diagrams with bonds

Let (X, fr).4 be a Seshadri stratification of X. In this section we associate an edge-coloured
directed graph, that we call the Hasse diagram, to (X-, fr) 4.

The Hasse diagram G 4 associated with the Seshadri stratification (X, f;)4 is a graph
in which the vertices are the elements 7 € A and for any cover ¢ < 7 there is a directed

edge colored with the bond b, , as follows

bro
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Remark 5.11. We extend the construction to the poset A (defined in Remark E‘) For a
minimal element 79 € A, the bond b, - , is defined to be the vanishing multiplicity of f,
at X, | = {0}, which coincides with the degree of f,.

Example 5.12. We consider the Seshadri stratification on GroK?* defined in Example

The associated Hasse diagram is the following.

(2,3)
1 1
(3,4) «1— (2,4)/ \(1, 3) 1 (1,2)
x /
(1,4)

5.3 Valuations on maximal chains

Let € = (7,71, ,70) be a maximal chain in A. Clearly the elements in € are totally
ordered. We consider the vector space Q¢ = (er; | 7; € €), where e, is a vector of

the standard basis. We endow Q% with the lexicographic order defined as follows. Let

a=3_gajer and d' =370 dler; € QF,

/

_ r_ I
Qp = Qpy Gy = Qr—1,. .., Qj4q = Qjpl

(5.5) da >a < J0<j<rsuch that
a;>a]~

Let N be the least common multiple of all bonds appearing in the Hasse diagram G 4.

To simplify the notation, we set X; := X, fj := fr,, vjj-1:=vr, r,_, and bj := b, -._,.

Let g, := g € K(X,) be a non-zero rational function. We define

N
Gr
N vpr—1(9r)

gr—1 =

fr by |Xr—1

By |16, Lemma 4.1] the function g,—; is a well-defined non-zero rational function in

K(X,_1). Iterating this procedure we set

,forj=rr—1,...,1.

J
fj IK(X;-1)
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In this way we obtain a sequence of rational functions g¢ := (gr, gr—1,...,90) with g; €
K(XTj) \ {0} for j =0,...,r. We define a map

(5.6) Ve : R\ {0} — Q°
vr(gr) 1 vr1(gr-1) 1 vo(90)
g b er. + N by er_,t+...+ N by €rg-

We can extend the definition of Ve on K(X) \ {0} as follows

(5.7) Ve : K(X)\ {0} — Q°

gme—W@.

By [16}, Proposition 6.10], the map Vg is a valuation.

5.4 Quasi-valuations

We define, now, a quasi-valuation associated with the Seshadri stratification (X, f;)4 of
X. We fix a total order <; on A refining the partial order of .A. We consider the vector
space Q4 = (e, | 7 € A). We endow Q4 with a total order taking the lexicographic order
defined as in equation ([5.5)).

In the following for any maximal chain € we consider the vector space Q%, spanned by

er, with 7 € €, as a subspace of Q4. In this way, it makes sense to write

Ve(g) € Q4

A~

for a regular function g € K[X(7)] \ {0}.
By Lemma [2([c]), the minimum over a finite list of valuations is a quasi-valuation. So we

can give the following definition.
Definition 5.13.

(1) We define the quasi-valuation
V:K[X]\ {0} - Q*

V(g) := min{V¢(g) | € a maximal chain in A}.
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(2) For a = (ar)res € QA, the support of a is defined by
supp(a) := {7 € A| a, # 0}.

In the next proposition we recall some useful properties of the quasi-valuation V.
Proposition 5.14. With notation as above, we have the following properties.
(1) For any 7 € A, we have V(f;) = e,, for any choice of the total order <;;
(2) For all g € R\ {0}, we have V(g) € @}405
(3) For g,h € R\ {0}, we have V(gh) = V(g) + V(h) if and only if

{€ maximal chain in A | Ve(g9) = V(9)} N {€ maximal chain in A | Ve(h) = V(h)} # 0.

Proof. The proof of this properties is given in [16], in particular is Lemma 8.3 in loc. cit,
is Proposition 8.6 in loc.cit and is Proposition 8.9 in loc.cit. O

Let T := {V(g) | g € K[X]\ {0}} € Q4 be the image of the quasi-valuation.

Let € be a maximal chain in A. We set
(5.8) I¢:={a €T |suppa C C}.
By [16, Corollary 3.5] each I'¢ is a monoid. By definition, we have
(5.9) I = U Te,
<
where € runs over all the maximal chains in A.

A finite union of monoids is called a fan of monoids. In particular we refer to I' as the

fan of monoids associated with the quasi-valuation V.

5.5 The LS-fan of monoids

We fix a maximal chain € = (7,,...,79) in .A. We simplify the notation by writing b;

instead of b, -, , for the bonds and f; instead of f;, for the extremal functions.
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Definition 5.15. The lattice LS¢ defined as follows

a, bra, € Z
brfl(ar‘i’arfl)ez
(5.10) LS¢:={a=| : |[€Q® U
bi(ar+ar—1+...+a1) €EZ
ao bo(ao + a1 +...+ar) €Z

is called the Lakshmibai-Seshadri lattice (shortly LS-lattice) associated with €.
We denote by LS'g the monoid obtained as LS¢ N ng.

Definition 5.16. We set
LS* .= JLS,
¢

where € runs over all maximal chains in 4. The union LS is called a fan of monoids of

Lakshmibai-Seshadri type (shortly: the fan of monoids of LS-type).

Definition 5.17. Let I' be the image of the quasi valuation V. We say that I' is of LS-type
if
= U LS¢.

¢ a maximal chain in A

An important application of the theory of Seshadri stratification is to describe a Seshadri
stratification and the corresponding fan of monoids of a Schubert variety. In [15], it was
proven that the fan of monoids of a Seshadri stratification of a Schubert variety is of LS-
type. To obtain this result, a bijection between I' and the set of LS-path is established (we
refer to [35] for the definition of LS-path). Thanks to this description of I' one can interpret
LS-paths in terms of vanishing order of homogeneous functions on a Schubert variety.

Since the equations describing a fan of monoids of LS-type are explicit, it easy to study its
geometry. Thus, it could be interesting to inquire whether a given Seshadri stratification

on an embedded projective variety is of LS-type or not.



CHAPTER

MATRIX SCHUBERT VARIETIES

6.1 Preliminaries

We denote by Mat,,, «, the K-vector space of matrices with m rows and n columns.
Let A € Maty,xpn, and let p € {1,...,m} and ¢ € {1,...,n}. We denote by A,, the
(p, q)-entry in A. We denote by Afp,q) the submatrix of A of dimension p x ¢ anchored in

the top left corner, namely containing A;; and A, ,.

Definition 6.1. An element 7 € Mat,,«,, is called a partial permutation if its entries are all
equal to 0 except for at most one entry equal to 1 in each row and column. We denote by

Ay the set of partial permutations in Maty,x,.

Ezxample 6.2. The matrix

\]

Il
o o o o o
_ o o o o
o o o o o
o o o o o
o = o o o
o o o o =
o o o~ O

is a partial permutation in Matsy7

Definition 6.3. Let 7 € A, ,. The matriz Schubert variety XT C Mat,,,xn associated with

T is the subvariety

(6.1) X7 :={A € Matyxn |tk Ay gy <tk7p ) forallpe{1,...,m} and g € {1,...n}}.

85
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Example 6.4. Suppose n = m. Then the matrix Schubert variety associated with the

identity is the variety Mat,, x, itself.

Definition 6.5. Let A € Mat,,xn. We call the rank matriz associated with A the matrix
R(A) € Maty,xn, such that the entry R(A)p 4 is equal to the rank of Ag, 1.

Remark 6.6. Let 7 € A, ,,. Then for p € {1,...m} and ¢ € {1,...,n}, the (p, ¢)-entry of

R(7) is equal to the number of occurrences of 1 in the submatrix 7y, 41

Let B,, (respectively BT) be the subgroup of GL,,(K) (respectively GL,(K)) consisting
of lower (respectively upper) triangular matrices, where GL,,(K) (respectively GL,(K)) is
the general linear group of m x m-matrices (respectively n x n-matrices) with coefficients
in K. The natural action of GL,,(K) x GL,,(K) on Mat,,x, given by

GLm (K) x GLn(K) X Matyxn — Matyxn

(Bi, B, A) — B1AB; !,

restricts to an action of the product B, x B;'.

Let 7 € Ay, . We denote by O, the B, x B -orbit of 7.

By [54, Theorem 15.31], the matrix Schubert variety X coincides with the Zariski closure
of O, and by [54, Proposition 15.27] the B,, x B, -orbits in Mat,,, are parametrized by
Ay, that is

(6.2) X, =0, forTe A

We assume that n > m. Let ¢ be the map

¢ : Maty,xn — Matyxn
00 -+ -~ 0

A— 10 0 .. ... 0 ,

A

Then ¢ is an injective closed morphism of varieties.
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Consider the embedding of GL(K),, into GL(K),,, given by

¢t : GL(K),, — GL(K),,

B Id(nfm)x(nfm) 0
0 B

Then ¢ is a GL(K),, x GL(K),-equivariant embedding, where GL(K),, acts on Mat,,«,, by

left multiplication via ¢.

Let 7 € A;;, . By construction of the morphism ¢, the image ¢(7) is a partial permuta-
tion in A, 5, so

¢(Am,n) C An,n .

Hence it makes sense to consider the matrix Schubert variety X¢(T).
With the following lemma we establish a relationship between the matrix Schubert varieties

in Mat,,x, and the matrix Schubert varieties in Mat,, xn.

Lemma 6.7. Let n > m and let ¢ : Maty, x, — Mat,, xp, be the morphism defined in (6.3)).
Then

(1) ¢(X,) = X¢(T), for any 7 € A,

(2) X, = X¢(T) through the restriction of the morphism ¢ to X, for any 7 € Amn
(3) If 0,7 € Ay, then X, C X, if and only if X¢(U) - X¢(T).

Proof.

(1) Let 7 € Ap,n. We consider the B,, x B} -orbit O; and the B, x B}-orbit Oyy. We

claim that
#(Or) = Oy(r).
Let By € B,, and By € B;l. We set

n—m m

Id 0

=
I

eB,.

n
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Then
¢(B17B3) = By¢(7)Bs.

Thus ¢(Or) € Ogr). Conversely, let A € Oyry. Then there exist €7 € B, and
Cy € B such that A = C1¢(7)Cy. Let By € B,,, be the submatrix of C; obtained by
taking the last m rows and the last m columns, that is

n—m m
* 0
C) =
* B1

We have that
¢(B17Cs) = C19(1)Ca = A.
Hence Oy(;) € ¢(O;), giving the claim.

Therefore, since ¢ is a closed morphism,

A~

O(X7) = ¢(Or) = p(O7) = Oy(r) = X(r)-

(2) Since ¢ is an injective morphism, then

A~

S5, Xr — &(X;)
is an isomorphism of varieties. Hence, by , we have that X, = X¢(T).
(3) Since ¢ is injective, we have
X, CX; = ¢(X,) C o(X,).

Therefore, by ,
Xo C X7 = Xy(o) € Xor)
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6.2 Parametrization

We provide a parametrization for the partial permutations in Mat,,x,, and consequently,
for the matrix Schubert varieties in Mat,, x,. In [4], the authors obtained the parametriza-
tion of the matrix Schubert varieties in Mat,«,. The parametrization that we present
here is equivalent to the one in [4]. In view of the relation between the Schubert vari-
eties in Maty,x, and in Mat,x, as established in Lemma [6.7] the equivalence of the two
parameterizations is in line with our expectations.

For the sake of completeness, we include here the parametrization for the matrix Schu-

bert variety in Mat,, xp,.

Let 7 be a partial permutation in Mat,,x,. We denote by 7,...,7, the columns of 7.

We associate to 7 a vector a = (ay,...,a,) € N" in the following way:

a; =k if 7, = eg;

(6.4)
ai:m—l—k;ifzi:OandeSi|Ij:0}|:k:, with &k > 0.

Ezample 6.8. If

€ Mat5><7,

2
|
o O O O O
= o O O O
o O O o O
o O O o O
o = O O O
o O O O
o O O = O

then the associated vector in N7 is
a, = (6,5,7,8,4,1,2).
Let A" C N™ be the set of vectors a € N" such that
e a; <m+mnforalie{l,...,n};
o a; # aj; for all 4,5 € {1,...,n} such that i # j.
Conversely, we associate to every element of A7 a partial permutation 7 in Mat,,x, in
the following way
Taii = Lif a; <m
(6.5) Taii = 0if a; >m

1, = 0 for all pairs (k,l) # (a;,7) for any i € {1,...,n}
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Ezample 6.9. Let a = (5,6,4,7) € A}. The corresponding partial permutation is

€ Mat5><4

\]

Il
- o o o o
o o o o o
o = o o o
o o o o o

Let 7 € Ay C Maty, <, and let a € A", C N™. The assignment in (6.4)) gives a bijection
(7S Am,n — Anma
whose inverse ¢! is defined as in (6.5)).

For an element a, € A7, associated with 7 € A, ,,, we denote by R(a) the rank matrix
R(7).

Let ¢ € {1,...,n} and let a € A,. We denote by a(q) the truncation of a at the g-entry,
ie.

a(q) = (a1,...,aq).

Remark 6.10. By Remark we have

R(a)pg=HjeN|j<ganda; <p}|=[{je{l,....q} | alg); <p}|.

Indeed, R(a)p,q represents the count of non-zero entries in 7y, .y, which corresponds to the
number of non-zero columns where the non-zero entry appears in a row with index less

than p.

Ezample 6.11. Let

000O0O0OT1F® O
00 0O0O0O0°1
7T=100 0 0 0 0 0 | €Matsxr,
000O0T1TO0FP O
01 000O0O0O0

with associated vector a, = (6,5,7,8,4,1,2) and let p =5 and ¢ = 5. Then R(a,)s5 = 2,
and 2 is the number of entries in the truncated vector a.(5) = (6,5,7,8,4) that are less

than or equal to 5.
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We denote by a(q) the vector obtained by reordering the entries of a(g) in increasing

order.

Lemma 6.12. Let a € A”,. Let p € {1,...,m} and let ¢ € {1,...,n}. Then

(1)
(2)

R(a)pq >k <= alq), <p;

R(a)pq =k <= a(q), <pand a(q),,, > p-

Proof.

(1)

(2)

We assume that R(a)pq > k. Then, by Remark[6.10, [{j € {1,...,q} | a(q); < p}| > k.
Therefore in the truncated vector a(q) there are at least k entries that are less than or
equal to p. So, reordering the entries of the vector a(q), at least the first k entries are

less than or equal to p, that is
a(q)y, < p-

Conversely, if a(q), < p, then a(¢)1 < a(q)y < ...a(q), < p. Thus a(q) has at least k&
a

entries less than or equal to p. So |{j € {1,...,¢} | a(q); < p}| > k. Hence Remark

6.10 gives R(a)pq > k.

We suppose that R(a)pq = k. By Remark|6.10, the cardinality of the set

{7e{l,....q} | alq); <p}

is k. Reordering the entries of a(q), we obtain a(q), < a(q), <,...,< a(q), < p, and
p<a(@)py < <alg),

We suppose now that a(q), < p and a(q);,,; > p- Then

k=|{je{l,....q} | alq); < p} = R(a)pg-

6.3 A dimension formula

In this section we recall the dimension formula for a matrix Schubert variety in [54) 15.2]

and we use it to prove a dimension formula in terms of the vectors in A7,.
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Definition 6.13. [54, Definition 15.13] Let 7 € A, ,. We define the diagram D(71) of T to
be the diagram consisting of all entries in 7 that are not to the right of a 1 nor below a 1

nor equal to 1.

Example 6.14. For

0 0 0

0 0 0
o] o] o]
@ 1 0

oS O O =
o O = O

the squared entries correspond to the diagram D(T).

By [54, Proposition 15.30], we have
(6.6) dim X (1) = mn — | D(7)|.
Let a, = (a1,...,an) = ¥(7), where 7 € Ay, .. We set

n+m—a;—i+1ifa; <m

*

0ifa; >m

Let 7 € Ay, . We call the set of entries below and to the right of 7; ; the (7, j)-hook in .

Additionally, we denote i as the row-index and j as the column-index of the (i, j)-hook.
When a} # 0, it corresponds to the cardinality of the (a;,)-hook.

0010
Example 6.15. Let =10 0 0 0. Then ¢(7) := a, = (4,5,1,6). The number aj is
0 00O

equal to 4, that is the cardinality of the (1,3)-hook, i.e.

00
00 0
00 0

We define the inversion set of a. € A" as

inv(a,) ={(k,0) e {l,... . m} x{1,...,n} | k<1, m > a > q}.
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Remark 6.16. Two hooks in 7 with column-indexes k and I, such that k < [, intersect if

and only if the pair (k,[) € inv(a,).

Ezample 6.17. Let a, = (2,4,1,5) € A} and let 7 = ¥ (a,) € Amn - Then (1,3) €
inv(a,). Indeed the (1, 3)-hook intersects the (2, 1)-hook,

00

Definition 6.18. We define the length of a, as follows:
m

(63) fa,) =" af ~ |invia,)
i=1

If a, = ¢(7r) € A7, we denote the length of a, also with ¢(7).
Proposition 6.19. Let 7 € A, ,, and let a, = ¢(7). Then
dim X (1) = l(a,).

Proof. By (6.6), it is enough to show that ¢(a,) = mn — |D(7)|. If a} # 0, it is the number
of entries in 7 below and to the right of the (a;,i)-entry of 7.

Therefore, > " | ai = mn—|D(7)|+a, where « is the number of entries in 7 not belonging
to D(7) but positioned to the right of a non-zero entry and also beneath a non-zero entry
(so in the sum Yy ;" al entries of this type are counted twice).

We claim that o = |inv(a,)|.

An entry (a;, j) is to the right of a 1 at position (a;,7) and beneath a 1 at position (a;, j)
if and only if m > a; > a; and j > i, that is, if and only if (7, j) € inv(a,).

O

6.4 Partial order

We define a partial order on A, , and so on the matrix Schubert varieties.
Definition 6.20. Let 0,7 € A,, ,. We say that
o<rTif XU - XT,

and we write 0 < 7 if 0 <7 and o # 7.
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Lemma 6.21. Let 0,7 € A,, . Then
0 <7 <= R(0)pq < R(T)pq forallpe {1,...,m} and g € {1,...,n}.
Proof. If o < 7, then o € X,. So, by 1 , forallpe {1,...,m} and ¢ € {1,...,n},

R(O')pyq = 1"k(o-{p,q}) < rk(T{p,q}) = R(T)p,Q'

On the other hand, if A € X,, then tk(Agp qy) < 1k(ogpq1) < 1k(74p43), that means that
A € X, giving the claim. O

We transport this partial order on A7,. Adapting the definition of Deodhar order in [4],
we define a partial order on A”,, and then we show that this partial order corresponds to
the order given in Definition [6.20 through the bijection . The description of this partial

order for m = n has appeared in [4].

Definition 6.22. Let a,b € A”,. We say that b <p a if Vg € {1,...,n} and Vk € {1,...,q}

a(q) < b(q)y-

Ezample 6.23. Let a = (4,3,5) and b= (8,5,9) in A3. Then a >p b. Indeed a(q), < b(q),
for all ¢ € {1,2,3} and for all k € {1,....,q}:

aB) = (3,45 b3 = (589
b(2) (5,8

a2) = (34) . b2

a(l) = (4) b(1) (
Proposition 6.24. Let 7,0 € A, , and let a = ¢(7), b = Y(o

T>0 <> a>pb

Proof. Suppose that 7 > 0. Then R(a)pq > R(b)p,q, for all p € {1,...,m} and

ge{l,...,n}. Let g€ {1,...,m}, let p € {1,...,n} and let k be such that b(q), = p. If
there is no such a k, we set k = 0. By Lemma [6.12[(L), the entry R(b),q > k. Then

R(a)p,q > R(b)p,q > k.

Thus, using again Lemma 6.12,
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and so a >p b.

Suppose now that ¢ >p b and let £ € N be such that R(b),, = k. By Lemma @,
@k < p. Then, by hypothesis, QA(Jq)k < b/(vq)k < p. By Lemma , we have that
R(a)p,q = k = R(b)p,g- M

We give, now, another interpretation of this partial order in term of row-semistandard

Young tableaux.

Definition 6.25. A Young diagram is a finite collection of left-justified rows of boxes where
any row is not longer than the row on top of it.

A Young tableau is obtained by filling in the boxes of the Young diagram with numbers
in N. We say that a Young tableau T is row-semistandard if the filling of each row is

strictly increasing and the filling of each column is non-decreasing.

Ezample 6.26.

S| O =~ | W

N || O Ot

||| D
oo

|
’mw.&v—lw

Let T be a Young tableau. If the Young diagram has ¢t rows and if, for each i = 1,... ¢,

the i-th row has n; boxes, we say that T is of shape (ni,...,n).

Ezxample 6.27. The Young tableau

1{3(5]6]7]8

114567
T=|4|5]6|T7]8

516|7]8

5

is of shape (6,6,5,4,1).

Let T be a Young tableau of shape (ni,...,n;). When i,j € N are such that (,7) is a
box in the Young tableau 7, we say that the pair (4, j) is suitable for 7. We denote by [T]
the set of the boxes (7, j) in 7 for suitable pairs (¢, 7). We denote by 7 (i, j) the number in

the box of T in the i-row and the j-column.
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Definition 6.28. Let a € A}},. The Young tableau 7, associated with the vector a is the row-
semistandard Young tableau of shape (n,n—1,...,2,1) obtained by writing the reordered
truncated vectors a(n), a(n — 1), and so on, on the top of each other. If 7 is a partial

permutation and a = (1), we write 7, for the Young tableau associated with a.

Example 6.29. For 7 as in Examplewe get a = (6,5,7,8,4,1,2) and

67]8]

| 3| S| ot

(6.9)

N || O

||| O =N

A
Il
’Chcncncn»&»au

Remark 6.30. Let 7 € A,, ,. Then the row-semistandard Young tableau 7 associated with

7 has the following properties:
(1) 7 has shape (n,n —1,...,1), so the i-th row has length equal to n — i 4 1;

@) {TG5) |je{l,...on—i+1}} C{TG—175) |7 € {l,....n—i+2}} for all
i€{2,...,n}

We define a partial order on the set of all row-semistandard tableaux of fixed shape.

Definition 6.31. Let 7 and S be two row-semistandard Young tableaux of same shape. We
say that 7 > S bozwise if T (i,7) > S(i,7) for every suitable (3, j).

Lemma 6.32. Let a,b € A?,. Then

<pb < T, > T, boxwise .

Proof. The statement follows from construction of the tableaux 7,, 7 for a,b € A7}, and

Definition [6.31] O

In [20] the authors define a partial order on the set of Young tableaux. We recall it in

the following definition.
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Definition 6.33. Let 7 and S be two tableaux of the same shape. We define the De

Concini-FEisenbud-Procesi partial order, setting
T <pcpg S if for every r,s € N
{G,g) € [T] i <7, T(,5) < s} < {(.) € S]] i <7, SG,j) < s}
Lemma 6.34. Let 7 and S be row-semistandard Young tableaux with same shape. Then
T > S boxwise =— T <pcpr S

Proof. Since T and S have the same shape, then [S] = [T]. Assume 7 > S boxwise. Then
T(i,5) > S(i,j) for every (i,7) € [T], so, for r,s € N

{(@,7) e[TIi<r, T(i,j) < s} C{(,)) €[S]|i<r S@,)) < s}
Therefore

{G@5) €T i <r, T0,5) < s} <[{(0,5) €8] i<, S(i,5) < s}

The converse of Lemma [6.34 does not hold in general.

Ezample 6.35. Let 7 and S be the Young tableaux associated to a, = (2,3,4) and a, =
(3,2,1) € A3,

3[4]

2 23\
T=[2]3] , s=
2]

’ww»—x

We have T <pcpgr S but T # S boxwise. Indeed 7(1,1) > S§(1,1) and T(3,1) < S(3,1).

Lemma 6.36. Let 7,0 € A,,,, and assume 7; <pcpg T,. Then T:(1,7) > T,(1,j) for
je{l,...,n} and T:(2,5) > T5(2,j) for j € {1,...,n —1}.

Proof. For the first row we need only the hypothesis that 7, and 7, are row-semistandard,
and this is proved in [20, Lemma 1.5 (b)]. So T:(1,j) > T5(1,7) for j € {1,...,n}. We
prove the estimate for the second row, namely we prove that 7:(2,75) > T5(2,75) for j €
{1,...,n—1}. Let = := T;(2,7) and y := 7,(2,7). Since 7, and 7, are row-semistandard
Young tableaux constructed as in Definition we can apply Remark Thus, by
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Remark ([2), there exist ji and ja such that 77(1,j1) = 2 and T5(1, j2) = y. Combining
and of Remark we get

either j; = j or j + 1 and either jo = j or j + 1.

Since 7-(1,j) > T-(1,j), the only non trivial case is j; = j and jo = j+1. If, we had y > =

then we would have
2j =12 [{(k, 1) | k<2, To(k,1) <a}| = {(k,1) | k <2, To(k, 1) <z} =2j,
a contradiction. Hence y < x. O

Remark 6.37. Let 7 and o be partial permutations in Mat,,x2 and let 7, and 7, be the
associated Young tableaux. Then, by Lemma [6.36, also the converse in Lemma holds
for 7, and 7,.

6.4.1 Covers of the partial order
Our next aim is to describe the covers in the partial order of A, .

By [4, Section 5], if o < 7, then X, isa subvariety of codimension one in X,

In the next Proposition we describe the cover ¢ < 7, where ¢ is obtained from 7 by
swapping two non-zero columns, or by swapping a non-zero column with a 0-column. Let
¢ = 1(r) and b = ¥(0). Swapping two non-zero columns means that b is obtained from
¢ by swapping two entries that are less than or equal to m. Swapping a non-zero column
with a 0-column means that b is obtained from ¢ by swapping an entry less than or equal

to m with an entry greater than m.

Proposition 6.38. Let 7 € A, ,, and let ¢ = ¢(7). We consider o € A, ,,, such that, for
b= 1(o) we have

o by = ¢, for every k # 14, j;
e bj=cj and bj = ¢;, and ¢; < m, with ¢ < j.
Then

(1) o <7 <= ¢ <cj;
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(2) assuming ¢; < ¢;, then

U(1)=L(c)+1 <= there is no ¢ such that ¢; < ¢ < c¢j and i < k < j.

Proof. First we show (1). Assume ¢ < 7. By Lemma we have that R(0)pq < R(T)pq
for all p € {1,...,m} and ¢ € {1,...,n}. If ¢; > ¢; then 7,; = 0 for all 1 < k < ¢;,
while 0., ; = 1, 80 R(T)¢; i < R(0)c; i, giving a contradiction. Conversely, if ¢; < ¢;, then
R(0)pg < R(T)pq for all p € {1,...,m} and ¢ € {1,...,n}. Moreover if ¢; < p < ¢; or
i <q<j,then R(0)pq < R(T)pq. Thus o < 7.

We now show . We need to distinguish two cases: ¢; < m or ¢; > m.

(c; <m) In this case o is obtained from 7 by swapping two non-zero columns.
By the hypothesis on ¢ and b, we have that > ;¢ = > ), b;. Then, by the
dimension formula ,

I(t)=1l(0)+1 < |inv(d)| — |inv(c)| = 1.

Since ¢; < ¢; then (i,j) € inv(b) \ inv(c). In the following picture the black lines
correspond to the (¢;,4)-hook and the (¢;, j)-hook in 7, and the (c;,7)-hook and the
(¢iyj)-hook in o. The red cross in picture represents the element (i,j) €
inv(b) \ inv(c).

(6.10)

\1
Il
Q
Il

In 7 a non-zero entry outside of the green rectangle in the picture (6.10), corresponds
in the vector c to

¢, with ¢ < k < j and such that ¢, <¢; V ¢ > ¢j,
(6.11) or
c, with k<1 V k> 7.
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From the following pictures one can see that if ¢ is as in (6.11), then the (cg, k)-hook
intersects the hooks in picture (6.10) the same number of times for 7 and for o.

- -
e —
T = i 0= :
= |
: —o— - e——
‘_'I). --------- el
T = 0=

JREC— <__

Therefore an entry outside of the green rectangle does not contribute to the difference

between the cardinalities of inv(c) and inv(b).

A non-zero entry inside of the green rectangle corresponds in ¢ to ¢ with i < k < j
and such that ¢; < ¢ < ¢j. The (¢, k)-hook for such a ¢, intersects the (c;,)-hook

and the (¢;, j)-hook in o, but not in 7.

[ i
T B

This means that, if there exists such a ¢, then |inv(b)| > |inv(c)| + 2. Conversely,
since the non-zero entry outside the green rectangle do not contribute to the differ-
ence between the cardinalities of inv(c) and inv(b), if |inv(b)| > |inv(c)| + 2, then

there must be a non-zero entry within the green rectangle.

Therefore ¢(1) = (o) + 1 if and only if there is no non-zero entry within the green

rectangle, that means that there is no ¢; with ¢« < k < j and such that ¢; < ¢;, < ¢;.
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(¢; > m) In this case o is obtained from 7 by swapping a 0-column with a non-zero column.

In this case the condition in (2):
there is no ¢ such that ¢; < ¢ <c¢; witht <k <j

is equivalent to
Cit1,Cit2y---,Cj—1 < Cj.
Indeed, by construction of ¢, the elements greater than m appear in increasing order

in ¢, so there is no ¢ > ¢; > m with k£ < j.
By the definition in (6.7]),

bj=n+m-—bj—j+l=n+m-c—j+1l=c —(j—1i).
Therefore, by the dimension formula ,
U(r) = l(o) = |inv(b)| +j — |inv(c)| — 4,

then
Ur)=4L(0)+1 < |inv(c)| — |inv(b)| =j —i— 1.

We are in the following situation

. S —

A non-zero entry in the green rectangle corresponds in ¢ to the occurrence of a ¢y
with ¢ < k < j and such that ¢; < ¢;. One can see that these entries are the only

ones that produce an element in inv(c) \ inv(b).

Now we look at the element in inv(b) \ inv(c).
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A non-zero entry in the blue rectangle corresponds in ¢ to the occurrence of a ¢, with
1 < k < j and such that ¢ > ¢;. One can see that these entries are the only ones

that produce an element in inv(b) \ inv(c).

Since |inv(c)| — |inv(b)| = |inv(c) \ inv(b)| — |inv(b) \ inv(c)|, we have

|inv(c)|—|inv(b)| = {k € N|i <k < jand ¢, < ¢;}|—{k € N|i < k < jand ¢; > ¢}

We observe that [{k € N | i < k < jand ¢; < ¢}| < j —i — 1. Then, since
{k e N |i<k<jand c; > ¢;}| is a non negative quantity, we have that

HkeNJi<k<jandc, <c¢}—HkeN|i<k<jandcep >¢l|=j—i—1
if and only if
HkeNJi<k<jandc, <c¢}l=j—i—1land {keN|i<k<jand ¢, > ¢} =0.

Therefore

|inv(c)| — |inv(d)| =7 —1—1 <
HkeNJi<k<jandc, <c¢}l=j—i—1
HkeN|i<k<jandcp > ¢} =0.
cp < ¢ foralli <k <j, <<

Citly---,Cj—1 < G

Ezample 6.39. Let 7 € As 7 be the matrix

000 O0O0T1O0
0000100
=10 0 0 0 0 0 O with associated vector a, = (6,5,7,8,2,1,4)
00 0O0O0O0°1
01 00O0O0O
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and let o € As 7 be the matrix

000O0O0OT1OP0
0 00 0001
c=]1 00 0 0 0 0 0 | with associated vector a, = (6,5,7,8,4,1,2).
000 O01TO0O0
01 00000

The relation 7 > o is a cover relation in which o differs from 7 by swapping of columns
different from 0. The vector a,, in fact, is obtained from 7 by swapping the red entries.

If instead we consider

0 00O0O0OT1OQO0
0 00O0O1O0O0
o=]1000 0 0 0 0 | with associated vector a,, = (6,7,5,8,2,1,4), then
000 O0O0O01
001 0O0O0O0

the relation 7 = ¢’ is a cover relation in which ¢’ differs from 7 by moving a 0-column to

the left. The vector a,, in fact, is obtained from 7 by swapping the blue entries.

In the next Proposition we describe the cover relation ¢ < 7 where o is obtained from 7
by swapping a zero row with nonzero row above it. Let b = 1(0) and ¢ = 1(0). Moving a
0-row upwards means that b is obtained from ¢ by changing an entry ¢; < m with ¢;4+s < m
for some s € N such that ¢; + s # ¢ for all k € {1,...,n}.

Proposition 6.40. Let 7 € A, , and let ¢ = (7). Suppose that there exists i € {1,...,n}
and s € N such that ¢; + s # ¢; and ¢; + s < m for every j € {1,...,n}. We consider
o € Ay, such that, for b = (o)

o by = ¢ for every k # i;
e bj=c; +s.
Then 7 > o. Moreover

1) =4(oc)+1ifand only if {¢; +1,...,¢;+s—1} C{c1,...,cim1}-
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Proof. Since o is obtained from 7 by moving a 0-row upwards, using Remark we
see that R(0)pq < R(T)pq for every p € {1,...,m} and ¢ € {1,...,n}. Furthermore
R(0)pq < R(T)pgq forall p € {ci,c;+1,...,¢i+s—1} and g € {3,...,n}. Thus o < 7.

By the dimension formula (6.8), we have ¢(7) — {(c) = |inv(b)| — |inv(c)| + 5. Then
/1) =4(0) +1 < |inv(c)| — |inv(b)| = s — 1.

The following picture points out the (¢;,7)-hook in 7 and the (¢; 4 s,i)-hook in o. The

red line in 7 represents the (¢; + s)-th row, the red line in o represents the ¢;-th row:

(6.12) 7=

From the following picture one can see that the non-zero entry outside of the green
rectangle in (6.12) does not contribute to the difference between the cardinalities |inv(c)]
and |inv(b)]

If 7, 1 # 0 with k£ < i and ¢; < ¢ < ¢; + s, then the (cg, k)-hook intersects the (c;,7)-hook

in 7 but not in ¢. The following picture describes this situation.
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Moreover, if o, 1 # 0 with i < k and ¢; < ¢ < ¢; + s, then the (¢, k)-hook in o intersects

the (¢; + s,7)-hook in o, but not in 7, as the following picture shows

Therefore

[inv(c)| — |inv(b)| =
=H{keN|l1<k<iande¢ <cp<c+stH—{keN|i<k<nand ¢ <cp<c+ s}

We have that [{keN|1<k<iand ¢ <cp<c¢+s} <s—1.

Hence
(6.13)
| inv(¢)] — [ inv(b)] =
={keN|1<k<iand¢ <cpr<ci+s}—{keN|i<k<nand ¢; <cp <c¢+ s} <

<s—1—-HkeN|i<k<nandc¢ <cp<c+s} <

<s-—1.
Thus
s —1=inv(c)| — |inv(b)] <= in the equalities hold.
Therefore
(6.14)

HkeN|l1<k<iande¢ <cp<c+st—|{keN]Ji<k<nandc¢ <c, <c¢+s}t =

=s—1-|{keN|i<k<nandc¢ <cx <c¢+s}=s—1.

The equations in (6.14)) hold if and only if

keNl|li<k<nandc <cp<c;+s} =0
|{ | ' b ' }‘ < {CZ’+1,.‘.,CZ‘+S*1} C {Cl,...,cifl}.
HkeN|k<iand ¢ <cp <c¢+st=s—1

O]
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Ezxample 6.41. Let 7 € Ay, p,

00 0O0O0OT1PO0
00 0O01O00O0

7= 0 0 0 1 0 0 0 | with associated vector a, = (6,5,7,3,2,1,8).
0 00O0O0OTO0OSTF O
01 0 0O0O0O0

Let 0 € Ay n,

000O0O0OT1OQO
000 O0O0O0OTF O

c=]100 0 1 0 0 0 | with associated vector a, = (6,5,7,3,4,1,8)
000 O01O0O0
01 00O0O0OO

The relation 7 > o is a cover relation in which o differs from 7 by swapping a 0-row with
a non-0 row that appears above it. The vector g, in fact, is obtained from a_ by setting
the red entry to 4.

In the next proposition we describe the cover relation o < 7 where o is obtained from 7

by setting to 0 a non-zero entry of 7.

Proposition 6.42. Let 7 € A,, ,, and let ¢ = ¢(7). Assume that there exists i € {1,...,n}
such that 7., ; = 1 (that is ¢; < m). Let o be the partial permutation obtained from 7 by
replacing the entry 7, ; by 0 and let b = ¢(0). The relation o < 7 is a cover relation if and

only if ¢ has the following properties:
(1) {keN|<k<m}C{c,...,ci};
(2) Ci+1y.-+,Cn < C; — 1.

Proof. Since o is obtained from 7 by setting a non-zero entry to 0, we have that R(c),q <

R(7)pq for all p € {1,...,m} and ¢ € {1,...,n}. Moreover if p > ¢; and ¢ > ¢ then
R(0)pq < R(T)pq. Thus o < 7.
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By the dimension formula ,
Ur)—Lo)=n+m—c —i+1—|inv(c)| + |inv(b)|.

Thus
1) —4L(0) =1 <= |inv(c)| — |inv(b)| =n+m —¢; —i.

By the definition of the sets inv(c),inv(b) and of ¢ and b, we have inv(b) C inv(c) and
inv(c) \ inv(b) =

= ({(k,i) eNx {i}| k< i} U{(i,]) € {i} x N | i <1 < n}) Ninv(c).

We observe that [{(i,]) € {i} x N |i <l < n}ninv(c) < n —i. Moreover if (k,i) €
{(k,i) € N x {i}| k < i} Ninv(c) then ¢; < ¢ < m. Thus there are at most m — ¢; choices
for ¢, so [{(k,i) e Nx {i} | k < i} Ninv(c)| < m —¢;.

Therefore
|inv(c)| — [inv(b)| = |inv(c) \inv(d)| =n+m —¢; —i <
{(i,l) e {i} xN|i<I<n}Ninv(c)|=n—1
and
|({(k,i) e Nx {i}| k <i}Ninv(c)| =m — ¢;.
Furthermore

H(i,]) e Nx {i} |i<lI<n}ninv(c)|=n—i < ¢ <c¢ forallke{i+1,...,5—1}

that is ; and
{(k,i) e Nx {i}| k <i}Ninv(c)|=m —¢

that is equivalent to . ]

Ezxample 6.43. Let 7,0 € As 7 be

00 0O0O0OT1O0
00 0O01O00O0
= 00 01000 with associated vector a, = (6,5,7,3,2,1,8),
00 0O0O0OO0O
01 00O0O0O
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000 O0O0T1FPO
0 0001O0O
o= 00 0 1 0 0 0 | with associated vector a, = (6,7,8,3,2,1,9).
0 00 0 O0O0TFO
000 O0O0TO0TFO

The relation 7 > o is a covering relation in which o differs from 7 by setting 052 = 0.

In [56, Theorem 3.7], the authors obtain all the covering relations in the poset of square
partial permutations, namely A, ,. By Lemma , the poset A,,, can be seen as a
subposet of A, ,. Thus we can apply [56, Theorem 3.7] also to A, ,,. For convenience of

the reader we rewrite the theorem here in our setting.

Theorem 6.44. Let 7,0 € Ay, be such that o < 7. Let a, = ¢(0) and a, = (7). Then
one of the following holds:

(1) a, is obtained from a. by swapping two entries;
(2) o is obtained from T by swapping a 0-row with a non-zero row;

(8) o is obtained from T by setting a non-zero entry to 0.

We aim, now, to show that the covering relations described in Propositions [6.38,
and M are all the ones occurring in the poset A,,xn. To achive this, we need that for
0, T € Amnxn such that ¢ < 7, the hypothesis of one of the previous Propositions are
satisfied. This is ensured by Theorem [6.44]

Therefore, by Theorem [6.44, the covering relations described in Propositions [6.40 and
are all the covering relations appearing in the poset A,, ;.

6.5 Seshadri stratification on Matrix Schubert Varieties

In this section we give a Seshadri stratification for the projective variety P(Mat,,x,). We
denote P(Mat,,xn) by X.

6.5.1 Strata of the Seshadri stratification

We observe that Mat,,x, is the affine cone on P(Mat,,x,). We consider the projection
morphism
7 Maty,xn \{0} — P(Mat,,xp).
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Let 7 € Ay, . Since matrix Schubert varieties are cones (that is they are closed for ho-
mothety), we have 7 1(7(X; \ {0})) U {0} = X,. Therefore X, is the affine cone on the

projective variety w(X;). We denote m(X;) by X, and we call it the projective matriz

Schubert variety associated with .

In the following sections we define a Seshadri stratification on X.
Since the matrix Schubert varieties are the affine cones of the projective matrix Schubert
variety, the containment relations between projective matrix Schubert varieties correspond
to the partial order of A,,x» \ {0}. Therefore the stratification of X is given by the sub-
varieties X; with 7 € Axn \ {0}. The poset A;,x,, extends the stratification of X on the
affine cone Mat,, x, as in Remark

To be strata of a Seshadri stratification, the subvariety X, needs to be smooth in codi-
mension one for any 7 € Ay, \ {0}. To check if X; is smooth in codimension one, it is

enough to check if the affine cone X is smooth in codimension one.

Proposition 6.45. Let 7 € A, ,. Then the matrix Schubert variety XT is smooth in

codimension one.

Proof. By [53, Theorem 2.4.3], a local property that is, a property that holds for any open
subset of a covering of the variety, holds for matrix Schubert varieties if and only if it holds
for ordinary Schubert varieties. By [L5, Corollary 3.5] Schubert varieties are smooth in
codimension one. To be smooth in codimension one is a local property, hence also matrix

Schubert varieties are smooth in codimension one. O

6.5.2 Extremal functions

In order to define a Seshadri stratification on X, we need to define the extremal functions

of the stratifications. So we define an homogeneous function f, € K[X,]\ {0} for every
T € Amxn \ {0} that satisfies properties (92) and (§3). The function f. satisfies (92) and
(S3) if and only if it satisfies the following properties:

(S2’) for any 7,0 € Apxn \ {0} such that ¢ # 7, the function f, vanishes on X,;
(S3) for 7 € Ayyxn, the set-theoretical intersection satisfies

,Hff QXT = U XJ.

o=<T
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Thus, in this Section, we define the functions f,, with 7 € A, xn, and we prove that they

satisfy (92) and (93)).

Let T € A, , and let X} be the associated matrix Schubert variety. We define inductively
the function f associated with 7 as a product of minors.

First we introduce some notation. Let i = (i1,...,4q) and j = (j1,...,Jq) be strictly
increasing sequences of length d for some d € N.

For A € Mat,;,xr, we denote by A; ; the d x d-submatrix consisting of the entries in A

in the rows i1, ...,iq and columns ji, ..., jg. We write m; ; for the minor
Matmx” — K, A ml-,j(A) = det(ALj).

Let 7 € Mat,,,«x,, be a nonzero partial permutation, let i = (i1,...,7q) be the sequence of
indexes of those rows and j = (j1,...,/4) the sequence of indexes of those columns where

a Nnon-zero entry occurs.

Step 1 : Attach to 7 the minor m; ; and let 7' € Maty,xn, be the partial permutation in A,, ,
obtained from 7 by setting to zero the non-zero entries in the i4-th row and in the
Ja-th column. Note that if 7;, ;, # 0, then the non-zero entries in the ig-th row and

in the jg-th column coincide, so to obtain 7" we set only 7, j, to 0.

Step 2 : Let ¢/ = (i,...,i) and j' = (j1,...,J}y) be the sequences of indexes of those
rows and columns, respectively, where a non-zero entry occurs in 7. Attach to 7

the product of minors m; jm;

; and let 77 € Maty,x, be the partial permutation
obtained form 7’ by setting to zero the non-zero entries in the i/,-th row respectively

Jiy-th column.

Step 3 : We repeat this procedure until the new partial permutation is a zero matrix and

we associate to 7 a function f; which is a product of minors: f, = WG WG oWy o

We can use the notation of bi-tableaux, namely pairs of Young tableaux, to easily look

at these minors. We write then

iy [ia | Jia b1 [ g2 ][

for the minor m; ;. So the right side of this double tableau indicates the columns, the left

side the rows.
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In the notation of double tableaux it is

lix [ia s ][ Jia] [51 ]2 ]ds ] - |- ] da]
AARNAIARNE
(6.15) fr=R:Cr= 1]%2 ar| |J1|J2 d 7

where we denote by R, the Young tableau on the left and we denoted by C, the Young
tableau on the right.

Ezample 6.46. Let 7 € Matsx7 be the following matrix

\1

I
o o o o o
_ o o o o
o o o o o
o o o o o
o o o~ o
o o o o =
o = o o o

The sequences i = (1,2,4,5) and j = (2,5,6,7) are sequences of indexes of those rows,
respectively columns, where a non-zero entry occurs in 7. So the first minor occurring in

fr is m; ;. Now we obtain a matrix 7" from 7 setting to zero 752 and 747. Then

0 00 0O0OT1F® O
000 01O0GO0
=10000000
0 00 0O0O0GO
0 00 0O0O0O

Then the sequences i/ = (1,2) and j' = (2,5) are sequences of indexes of those rows,
respectively columns, where a non-zero entry occurs in 7/. Thus the second minor occurring
in f; is my .
Setting to zero the entries 75 , and 74 5 we obtain the zero-matrix, then there are no more
K b
minors occurring in f.

Therefore the bi-tableau associated with f; is

:]1\2 al5]/2]5]6]7]

R.lC,
1
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Now we show that the functions f; for 7 € Ay, \ {0} satisfy (52) and (93]). In order to
do that, we need the following proposition that allows us to look only at the central point

7 in X, to verify where such a function vanishes on X..

Proposition 6.47. Let 4
rows of 7, and let j = (j1,...,/jx) be the k-uple of indexes of the first £ non-zero columns
in 7. Let By € B, and By € B;. Then

= (i1,...,1x) be the k-uple of the indexes of the first k non-zero

m; j(B17B2) = a(Bi, Ba)m, (1),
for some homomorphism « : B, x B} — C*.

Proof. Let By = ThU; and By = 13U where 17,75 are diagonal matrices and Uy, Uy are
unipotent matrices.

Since T; (respectively T5) is a diagonal matrix, the left (respectively right) multiplication
by T (respectively T5) just multiplies the rows (respectively columns) of 7 with a nonzero
factor. Therefore

m; ;(Th7Ts) = vi(Th) py (To)my (1)

where v;(T") is the product of the entries on the diagonal in T} corresponding to the rows
in 4 and pj(73) is the product of the entries on the diagonal of T corresponding to the

columns in J-
We claim that

m (U1 ThmToUz) = my j(Th713).

Since Us is an upper triangular matrix, right multiplication just adds to a j-th-column
of T 715 scalar multiples of columns with index strictly smaller than j. Now by definition
of m; ;, either the index j does not occur in j, or if it occurs, say j = js, then the indexes
1, - .7, Js—1 are exactly the indexes of the nonzero columns of 7 to the left of the j-th
column. These are the same as the indexes for the nonzero columns of 77775 to the left
of the j-th column. This implies T1775Us is obtained from Ty775 by adding to the j-
th column multiples of the columns that occurs to its left. In particular the submatrix
(T 7T3Usy); j is obtained from the submatrix (7777%); ; by adding to the j-th column scalar
multiples of the column that occurs to its left. Therefore (TlTTQUQ)Ll‘ and (TlTTQ)Ll‘ have

the same determinant. So

mi,z(TlTTQUQ) = mg’,l'(TlTTz)-
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Analogously, since Uj is a lower triangular matrix, Uy (T1712Us) is obtained from T17T5Us

by adding to the i-th row of Ti7T5Us multiples of the nonzero rows of T1715Us with

index strictly smaller than i. In particular the submatrix (Ui T17T5U3); ; is obtained from

the submatrix (U;T1712U2);; by adding to the i-th row scalar multii)les of rows with

index strictly smaller than . Therefore (U T1ToUs); 5 and (U1T17T52Us), 5 have the same

determinant, so ) )
le-(UlTergUg) = le-(TlfTQUg).

It follows:
le‘(BlTBQ) = le‘(UlTlTTQUQ) = OmlLl‘(T)

with a = Vi(Tl),ui(Tz) e K*.
O

Corollary 6.48. Let 7 € A, . Let B; € B,, and By € IB%,J{. Then there exist ap, p, € K*
such that

fr(B17B2) = a(By, B2) f-(7),

for some homomorphism « : B, x B} — C*.

Proof. By definition of f;, it is the product of minors as in the hypothesis of Proposition

So the result easily follows from Proposition O
Lemma 6.49. Let i = (i1,...,4,) and j = (j1,...,5-) be strictly increasing sequences of

length r. Let A € Mat,,x,. Then
m; ;(A) #0 = R(A)i,j, >hand R(A);, j, > hforallh=1,...7

Proof. We assume that m(A); ; # 0. We denote by A; ; the submatrix of A obtained by
taking the rows and the columns indexed by i and j. Let h € {1,...,r}. Since m(A); ; # 0,
the first h columns in A;; are linearly independent, so the submatrix of A; ; obtained
by taking the first h columns has rank equal to h. The submatrix of A, ; obtained by
taking the first h columns is a submatrix of Ag; ;1. Then the matrix A{ihj;} hasa h x h
submatrix with non-zero determinant. Thus R(A);, j, > h. Similarly one can obtain that

R(A)i, j. > h. O

Theorem 6.50. Let 7 be a partial permutation in Mat,,x,. Then

(1) if o # 7, then fx, =0
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(2) Hf‘r N XT - UU<T Xff'
Therefore the function f; is an extremal function for the stratification given by (X, fT)TeAm,n\{O}-

Proof. First we show . Let o # 7, and let b = ¢)(0) and let ¢ = ¢(7). By Proposition
6.24

oF71 < Jge{l,....,n}and k € {1,...,q} such that c(q), < b(q),-

Let fr = my My e be the function associated with X, defined as in @)

Let i = (i1,...,4,) and j = (j1,...,Jr) be the r-uples of the indexes of the rows, respec-
tively of the columns, of the maximal rank submatrix of 7, i.e. the indexes appearing in
m; ;.

Let qg € {1,...,n} be the maximum such that there exists k& € {1,...,q} such that
@k < @k. Let k be the minimum in {1,..., ¢} such that Q(A(]/)k < @k
Since k is the minimum, one can see that there exists j € {1,...,r} such that Q(Aq/)k = 14,

that is c(q), is an index of a non-zero row. Therefore k = j and b(q); > i;.

First we assume ¢ > j,. Therefore, by Lemma [6.12((6.12), we have R(0)i;q < j. Since

q > jr, we have the following inequalities
R(J)ijdr < R(U)i]‘,q <7

Let A € X,, by definition of X,, we have that R(A)i, j, < R(0)i;j,, 50, by Lemma @,
m; ;(A) = 0. )
Therefore f; =0 in X,.

We assume now that j,.—1 < ¢ < j,. If Q(Aq/)k = 4, then K = r — 1. Thus @T_l > .
Then, by Lemma , R(0)i,.q < r—1. Since ¢ > j,—1, we have the following
inequalities

R(0)iy g1 < R(0)ip,q <7 —1.

By definition of X,, we have R(A); j,_, < R(c);, ;_, for all A € X,. Therefore, as
before, Lemma implies that f- =0 in X,.

If, instead, c(q); # %, then we proceed as for ¢ > j,, using the minors my ;.

VN USRI

We continue analogously this procedure for ¢ < j,_1 using the minors my ;m;» "
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Now we show (2). By construction f(7) # 0. Therefore, by Corollary [6.48] the function
fr takes non-zero values on any point in the orbit O,. Thus fT|XT is zero only on the
boundary of X, namely

My NX. CXN\O = | X

o=<T

So Hy. N X, €U, < X,. The other inclusion follows from .

6.5.3 Bonds

In this section we calculate the bonds of the extremal functions f-, for any 7 € A,,,, as in
Definition (.10

In the next proposition we calculate the bond b;,, where 0 < 7 € A, ,, is a covering
relation as in Proposition [6.38.

Proposition 6.51. Let 7 and o be partial permutations in Mat,,«, and let ¢ = ¥ (7) and
b = (o). Suppose that b; = ¢; and b; = ¢;, with ¢; < m for some i < j and suppose that
b = ¢ for every k # i,j. Assume that

(1) ¢ <cj;
(2) there is no ¢ such that ¢; < ¢, < c¢j and i <k < j.

Let f; = R;|C; be the bi-tableau associated with 7. Let s; be the number of times that ¢;
appears in R, and let s; be the number of times that c¢; appears in R,.

Then the bond between 7 and o is b, , = 5; — s;.
Proof. We analyzes the cases ¢; < m and c¢; > m separately.

¢; < 'm) In this case the (¢;,7)-entry and the (c;, j)-entry of 7 are different from zero; more-
J J
over ¢ is obtained from 7 by interchanging the i-column with the j-column, so the
(¢j,4)-entry and the (c;, j)-entry of o are different from zero, and all the other entries

are as in 7.

Then all the minors occurring in the expression of f; and involving both the ¢;-th and
the c;-th rows and the i-th and the j-th columns do not vanish on o. By Corollary
6.48, they do not vanish on any element of O, so they do not contribute to the
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(¢; >m)

vanishing order of f; on X,. Furthermore all the minors occurring in the expression
of fr that do not involve both the ¢;-th and the c;-th rows simultaneously or the
i-th and the j-th columns simultaneously are different from 0 on o. Hence evaluation
of these minors is non-zero on any element of O,, so they do not contribute to the

vanishing order of f; on Xg.

We observe that, since ¢; < c¢; and 7 < j, all the minors occurring in the expression
of f; involving ¢;, involve also ¢;. Then, looking at the bi-tableau R,|C,, we see that
s; > s;j. Moreover, in the expression of f; there is a minor involving the ¢;-th row and
the i-th column and not involving the c¢j-th row and the j-th column. The non trivial
entry in the ¢;-th row of ¢ occurs in the j-th column. Hence, if a minor occurring
in the expression of f, involves the ¢;-th row but not the j-th column, then this
minor evaluated on ¢ is zero with multiplicity one. Thus all the minors occurring
in the expression of f, and involving the ¢;-th row and not the c¢j-th row (or else
involving the i-th column and not the j-th column) vanish on ¢ with multiplicity 1.
The number of these minors is exactly s; — s;. Therefore the vanishing order of f;

on X, is s; — sj.

In this case ¢ is obtained from 7 by interchanging the j-th column, which is a O-
column, with the i-th column, which is different from 0. Let k£ = (ki,...,k,) and
L = (l1,...,1l;) be increasing sequences of integers indexing the non-zero rows and
columns of 7. Then there exists h € {1,...,r} such that I}, = i. Thus R(7)m, = h.
Since the i-th column in ¢ is zero and the columns on the left of the i-th column are
equal to the corresponding columns in 7, then R(0 )y, 1, < R(T)m, = h.
We consider a minor my/ 7 occurring in the expression of f; involving the i-th column
(respectively the ¢;-th row). Let k' = (k},... k) and I' = (}4,...,l.,), then v’ > h.
By construction of f, we have I} =1, =i. Let A € X,. Then

R(A)w, 1, < R(0)i, 1), < B(0)m,p, < h.

! -

Therefore, by Lemma [6.49, the minor my /(A) = 0, for all A € X,. Therefore each
of the minors occurring in the expression of f involving the i-th column and (respec-

tively the ¢;-th row) vanishes on X, with multiplicity 1.

The number of minors involving the i-th column (so the ¢;-th row) is exactly s;.

Moreover, by definition of f-, since ¢; > m, every minor in f; does not contain the
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cj-th row (and then the j-column). Then, in this case, s; = 0. By hypothesis on o

and 7 we have that oy, ; = 71, for every pair (k,[) different from the pairs (¢;,4) and

(ci,j). Hence evaluation on ¢ of any minor not involving the ¢;-th row and the i-th

column is different from 0. Therefore the bond b, , = s;.

Ezample 6.52. Let 7,0 € Ay, be given by the following matrices:

2
I
o O O o O
o O O O
o O O o O
o O O o o
o O O = O
o O O o =
o = O O O

o O O o o

= o O O O

o O O o O
o O O o O
o = O O O
o O O o =

We have that o < 7, and this is a cover relation as in Proposition [6.38]

The bi-tableau associated with f is

:]1\2 4

6] 7]

R.|C,

1

6

o O O = O

The bond b, is equal to the difference between the number of occurrences of 2 in R, and

the number of occurrences of 4 in R+, so b, , = 1.

Let o’ be obtained from 7 by swapping the second and the third columns. Then ¢’ < T,
and this is a cover relation as in Proposition Then ¢’ is the matrix

000O0O0OT1FPO
0000 1O0O0
od=10000000
000 0O0TO 01
001 00O0OO
The bi-tableau associated with f, is as before
4 67|

R.jc, —L12

N | Ot

The bond b, , is equal to the number of occurrences of 5 in R, so b, ,» = 1.
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In the next proposition we calculate the bond b ,, where o, 7 € A, ,, with ¢ < 7 a cover
relation as in Proposition [6.40.

Proposition 6.53. Let 7 and o be partial permutations in Mat,,x,, and let ¢ = ¢(7) and
b =1 (0). Suppose that there exists i € {1,...,n} and s € N such that

o ¢ = by, for every k # i and that ¢; # ¢; + s for every j € {1,...,n} and ¢; + s < m;
. bZ:cZ+87
o {CZ'—I—I,...,CZ'—i—S—l}C{Cl,...,cz;l}.

Let fr = R;|C; be the extremal function associated with 7. Let s; be the number of

occurrences of ¢; in R,. Then b, = s;.

Proof. We observe that ¢ is obtained from 7 by swapping the non-trivial ¢;-th row with
the trivial (¢; + s)-th row. So in o the ¢;-th row is 0 and the (¢; + s)-th row is different from
0. Let k = (k1,...,kr) and L = (I1,...,l,) be increasing sequences of integers indexing the
non-zero rows and columns in 7. Then there exists h € {1,...,r} such that k; = ¢;. Thus
R(T)k, n = h. Since the ¢;-th row in ¢ is zero and the rows above the ¢;-th row are equal
to the corresponding ones in 7, then R(0)g, n < R(T)k, n = h.

We consider a minor my  occurring in the expression of f; involving the c¢;-th row (re-
spectively the i-th column). Let &' = (k,...,k.,) and I' = (I{,...,1.,), then ' > h. By
construction of f, we have kj = kj, = ¢;. Let A € X,. Then

R(A)k‘h,l;, < R(G)kh,l;, < R(U)k‘h,n < h.

Therefore, by Lemma @, the minor my /(A) = 0, for all A € X,. Then all the minors
occurring in the expression of f, and involving the ¢;-th row vanish on ¢, whence on X,
with multiplicity 1. Since all the other entries of 7 and o are equal, evaluation on ¢ of
the remaining minors occurring in the expression of f; is different from 0. Thus the bond
br o is the number of minors occurring in the expression of f; and involving the ¢;-th row,

namely b, = s;. ]

Ezample 6.54. Let 7,0 € As 7 be the following matrices:
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0 00 0O0T1FQ O 0 00O0O0OT1FP O
00 0O01O0O0 00 0O0O0OO0OOQO
=10 001 00 O c=]1000100 0 [;
0 00 0O0O0GO 000O0T1O0PO0
01 00O0O0O0 0100O0O0O0

The partial permutation o is obtained from 7 by swapping the second and the fourth rows.

So 0 < 7 is a cover relation as in Proposition [6.40]

The bi-tableau of the extremal function f; is

1235 2]4]5]6]
a 2|3[4]5

RolC,

The bond b, is equal to 2, that is the number of occurrences of 2 in R, (and consequently

the number of occurrences of 5 in C;).

In the next proposition we calculate the bond b;,, where 0 < 7 € A, ,, is a covering
relation as in Proposition |[6.42.

Proposition 6.55. Let 7 € A, ,, and let k € {1,...,m} and [ € {1,...,n}, be such that
Tr, = 1. Let o be the partial permutation obtained from 7 by replacing the entry 7; by
0. Let ¢ = ¢ (7). Suppose that

L {k,k+1,....m} C{c,...,al;
2. Cl+1,Cl425- -+ Cn <k-1.

Then, the extremal function f| %, vanishes on the divisor X, with multiplicity b, , =
min{m+1—-k,n+1—1}.

Proof. Recall the construction of the extremal functions in Section It is a product
of minors: f; = m; jmy jr---.
By construction, the largest minor m, ; involves all the non-zero rows and respectively non-
zero columns of 7, in particular it involves the pair (k,1). The last minor occurring in the
expression of f involving the pair (k,1) is the p-th, where p = min{m + 1 — k,n+ 1 —[}.
Note that for ¢t > p the t-th minor occurring in f; is also a factor of f, (by construction).
In particular, these factors do not vanish identically on X, and hence f+ vanishes on X,
with multiplicity p = min{m+1—k,n+1—1}, thatis b, , = min{m+1—-k,n+1-1}. O
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Ezample 6.56. Let 7,0 € Ay, p,

000 0O0T1FQO 000 O0O0OT1FPO

0 00 O0O0O01 000O0O0GO01
T=|1 000 0 0 0 O c=1000 000 0 [;

000O01O0O0 000 O0O0OO0OO

01 000O0O0O0 0100O0O0O

Let k =4 and [ = 5, then 7,; = 1 and o0y,; = 0. The bi-tableaux of f- is

:]1\2 a]5]/2]5]6]7]

R.lC,
1 6

and the bond between o and 7 is equal to b, , = 2 because:

min{m+1—-k,n+1—-1} =min{5+1-4,74+1—5} =min{2,3} = 2.

6.6 The case m x 2

In this section we exhibit a Seshadri stratification for the matrix Schubert varieties in
Mat,,x2. In this case we are able to calculate the image of the quasi-valuation associated
with this Seshadri stratification. We prove that the fan of monoids associated with the

provided Seshadri stratification is of LS-type.

As in Section we can parametrize partial permutations in A, 2 as vectors in N2. Let
7 € Am2 and let a,. = (i,7) € A2, be the vector associated with 7.
Since A2 and A2, are in bijection, for simplicity we will write, through this section,

7 = (i,7) and we write f; ;) for the extremal function of X,

We observe that if 7,j > m, the matrix 7 is the 0 matrix. So if 7 # 0 we fall in one of

the following cases:

1. if i < 7 < m, then the maximal rank submatrix of 7 is of the form

o)
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2. if m >4 > j, then the maximal rank submatrix of 7 is of the form

0 1
10
3. if i = m + 1, then there exists only one entry in 7 different from 0 and it is on the

second column;

4. if j = m + 1, then there exists only one entry in 7 different from 0 and it is on the

first column.

We look at the extremal function associated with 7 # 0. We denote by x; ; the (i, j)-th

coordinate function in K[Mat,,«2| defined as follows
Z;ij : Matyxn — K

A= (ai;) — a;.

Let m; ; be the function in K[Mat,,y2] associating to a matrix A the determinant of the
submatrix obtained by taking the rows i, j and the columns 1,2. The extremal functions

in the Seshadri stratifications of Mat,,«o are the following:

1. if i < j < m, then

fr=mijzi1 = (21752 — 1% 2)%i1

2. if m >4 > j, then

fr= m;; = X;,1T52 — L4512

3. ift=m+1and j < m, then

fT =Tj2

4. if j =m+1 and 7 < m, then

fT = Ti1-
We look at the cover relations in this case.

Proposition 6.57. Let 7 = (i, j) be a partial permutation in Mat,,x2, and let o be a partial

permutation in Mat,,«2 such that o < 7. We distinguish two cases:

1. if ¢ < j, then o is one of the following
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e 0 =(i+1,j), which occurs only if j > i+ 1
o U:(j’i)
o« o= (ij+1)

2. if ¢ > j, then o is one of the following

e 0 = (i,1+ 1), which occurs if i = j + 1
e 0 = (i,j+ 1), which occurs if i > j +1
e« o= (i+1,))
Proof. The result follows from the descriptions of the covers in Section [6.4.1 O

Since the extremal functions are very explicit here we can easily look at the bonds in the

Hasse diagram. The next proposition can be proved by direct calculation.

Proposition 6.58. Let 7,0 € A, 2 and let ¢ < 7 be a cover. Let a, = (i,5) = ¢(7) and let
a5 = ¥(0).

1. If i < j < m, we have the following cases:

(a) if j >i+1and a, = (i +1,7), then b, , =2
(b) if a, = (4,7), then b, =1
(c) ifa, = (i,j+ 1), then b, =1

2. If i > j, then b, , =1 for every o < 7.

Ezxample 6.59. The following is the Hasse diagram for the case matrix Schubert varieties

in Matgxo.
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(1,2)
(2,1) (1,3)

>< ><T\

(3,2) 1,5)

><T>< ><T

(3.4) 5,1)

>< ><(/

6.6.1 Image of the quasi-valuation

We choose a total order on A, extending the partial order on A,, 2. We consider the
vector space Q4m2 of sequences with coefficients in Q and length equal to the cardinality of
A2 We put the lexicographic order on QAm2 as in Section Let 7 € A, 2. We denote
by e, the vector in Q2 with all entries equal to 0 except from the one corresponding to

T, which is equal to 1.

We define the quasi-valuation V as in Definition Recall that V is obtained as the

minimum of the valuations Vg, defined as in (5.6, where € varies in the set of maximal
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chains in A,, 2. We denote by QF the vector space spanned by e, for 7 € €. Observe that
Ve has values in Q. In order to define V, we consider Q% as a subspace of Q*m2. Let
r + 1 be the length of some/any maximal chain in A,, 2.

In this section we study the image I' of V. In particular, we prove that I' is of LS-type,

I = U LS¢

¢ maximal chain in A, 2

where LSg is as in Definition
Since, by 1) the image I is the union of the monoids I'¢ C Q%, with ¢ a maximal chain
in A, 2, our strategy is to prove that I'c = LS;.

namely

Lemma 6.60. Let 0,7 € A, 2 be such that ¢ = (i,5) and 7 = (i + k,j). Assume that
j>1+k>1. Let Jo,r = Tia My f j. Then

1 1

V(ga,’r) = iea + 567'-

Proof. By direct calculation we have
927 = folfr = faivn) F Gt FGms1)-
We observe that ¢ and 7 are comparable, hence by Proposition
V(fofr) =V(fo) +V(fr) = €5 + 7.
Moreover (i, 4 k) > (j,i + k) > (j,m + 1). Therefore, by Proposition [5.14{{3),
V(= firm) Gk fGma1) = V(Faivr) TV Gitr) + VU Gmen) =

= €(i,i+k) T €(jitk) T €(j,m+1)-

Since (i,i+k) > (4, 7), it holds that V(f( itx) f(ji+k) [m+1)) > V(fo f-). By Lemmal2] (b),

we have

V(62,) =V(fofr) = o + e

Thus

1 1
V(QJ,T) = 560 + 567‘
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Let € = (oy,...,00) be a maximal chain in A,, 5. For simplicity we denote by by the
bond between o, and o1, by fi the extremal function f,, and by e; the vector e, for
k € {0,...,r}. The valuation Vg, defined as in (5.6)), takes values in Q% = Q"*1.

Definition 6.61. We define the lattice

b,u, € Z

u
" b,_l(ur + uT,l) €7

LS@Z €Q€
" :
0 bo(up +---+u,) €Z

If uw € QY, then u € LS if and only if Be - u € Z"t! for
(6.16) Be =

Furthermore we denote by LSér the monoid LS¢ N Q;&l.

We observe that by = 1. Indeed it is the degree of the last extremal function in the

maximal chain, that is f(; m11) = Tm,2 for every maximal chain.

Let &4,..., €4 be subchains of € such that every bond in € is equal to 2. Let G; =
{ex | k=0,...,r} and Gy = Ule {%ex + e | ok, 0; elements of the chain €;}.

Lemma 6.62. With the notation above the set
G=G1UGq
is a generating set for the monoid LS;.
Proof. Let u = (uy,...,up) € LS; Let J be the subset of {0,...,r} satisfying

up, € Ng for all k € J
ur € Q>0 \ N otherwise

We consider the vector U = u — Y, . ; uge,. We observe that u € LS{ and w; € 1N U {0}
for all I € {r,...,0}. From the last condition in the definition of LS}, we get that the
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number of entries different from 0 in @ has to be even. Let i,5 € {0,...,r + 1} the least
two indexes such that u;, u; # 0, so w;,u; € %N . The condition of the definition of LSér
implies that the chain joining o; and o; is equal to €, for some ¢t € {1,...,d}. Then
u = Ozi%ei + ozj%ej + @', with aj,; € N, and where @' is the vector obtained from @ by
setting to 0 the i-th and the j-th entries. Now we repeat the procedure for @', considering
the least two non-zero entries of w'. Since the number of non-zero entries in @ is even,
continuing this procedure, we get u € {>.;_; B¢, € Q% | B; € N and €] € Ga}. Therefore
u € {Zle ,Bl’Ul S QC ‘ ,81 € N and U € G} ]

Proposition 6.63. With notation as above

I'e = LS

Proof. Let K(X) be the field of rational functions on Mat,,x2. We consider the valuation
map

Ve : K(X) — Q™+

Let I € {1,...r} be the set of indexes such that

b,=2ifhel

b, = 1 otherwise.

The bond by, is equal to 2 if and only if o), = (4,5) and o1 = (i + 1,75), with 7 > i+ 1.

We set gnp—1 = x1imiy1,j. For h € {r,..., 1}, we define
f .
F — - ifhel ,
g}”};’:l ifhel

and Fy = fo. We observe that

1 1
Ve(Fy) = —ep — —ep—1 and Ve(Fp) = eo.
b, by
Let M = (Ve(Fh))h=o0,...r be the matrix whose columns are given by Ve¢(F},). We observe
that M is invertible and that M ~! = By, where Bg is the matrix in (6.16).
Let Ly, be the lattice generated by the image of V¢. By [16), Proposition 6.13, Proposition
6.14]

Ly, =<Ve(Fn) | h €{0,...,r} >2=1LS¢
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Thus, Proposition QD gives I'e C Ly, N Q;‘BI = LS'{.

Let G1,G2 be as in Lemma and let e, € Gi. Then ey, = V(f,) = Ve(fn) € I'e. Let
u = %eh + %ek € G>. By Lemma we have that u = V(gp ) € I'e. Since G1 UGy is a
generating set of LS}, we conclude LS'g Crl¢. O

Therefore the image I" of V is of LS-type (Definition [5.17). Indeed, by (5.9) and Propo-
sition [6.63,
= JTe=[JLs{,
¢ ¢

where € varies in the set of maximal chains in A,, ».

6.7 T is not of LS-type in general

Proposition does not hold for arbitrary choices of m and n. In this section we give a

counterexample.

Let m =n = 4. Let

and o = € Ayy

o O O =
_— o O O
o = O O
o O = O
o O O =
= o O O
o O O O
o O = O

We have 7 > ¢ and [(7) = [(0) + 1, so this is a cover. The extremal functions are

1]2]3

4 2[3]4]
fT:RT|C’T: 1 37
1]

’HHH

2[4]

fO':RO"CO':’l‘2 ;

Sincetheminors’1‘2‘3‘4,’1‘2‘3‘4‘&5’I3

on the orbit of o, then b;, = 2. Let € be a maximal chain in A,,, containing 7 and o.

11
)99 9

,’ 1 ‘ 3 ‘ are both equal to zero

The monoid LS;r contains the vector u = (0, ... 0,...,0) where the non-zero entries
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correspond to 7 and o. We claim that u ¢ I'¢. Indeed, if u € I'¢, then there would exist a

non-zero function g € K[Mat,, 2| such that

g|2(9.r = (foa)\OT-

On the other hand deg(f. f,) is odd and deg(g?) is even, hence there is no such a function
g and I'g # LS; Therefore I' is not of LS-type.
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