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Abstract

This thesis develops a theory for two-stage optimal control problems with a
stochastic switching time and applies it to socioeconomic models. A regime
switch, occurring at a random time, divides the problem into two stages. The
switch timing depends on a hazard rate function, possibly dependent on en-
dogenous variables.

Two solution techniques are explored: a backward approach, solving the
second stage first, and a vintage-structure approach, solving both stages simul-
taneously. Featured applications include optimizing lockdown and vaccination
strategies in health economics, managing savings and emissions for climate
change, and planning marketing and production strategies amid potential dis-
ruptions.

The research provides insights into decision-making under uncertainty, demon-
strating in the practical applications of the developed theoretical framework the

importance of an anticipative behaviour rather than a myopic one.






Sommario

Questa tesi sviluppa una teoria per problemi di controllo ottimo in due periodi
con un istante di transizione stocastico e ne propone alcune applicazioni in
ambito socioeconomico. Un cambio di regime, che si verifica in un momento
casuale, divide il problema in due periodi. Listante di transizione dipende da
una funzione di tasso di rischio (hazard rate), che puo dipendere da variabili
endogene.

Sono esplorate due tecniche di soluzione: un approccio a ritroso (backward),
in cui viene risolto prima il secondo periodo, e un recente approccio con strut-
tura vintage, in cui vengono risolti entrambi i periodi simultaneamente. Le
applicazioni trattate includono 1'ottimizzazione delle strategie di lockdown e
vaccinazione in economia sanitaria, la gestione degli investimenti e delle emis-
sioni per il cambiamento climatico e la pianificazione delle strategie di marketing
e produzione in caso di potenziali eventi che provochino cambiamenti nel sis-
tema produttivo.

La ricerca fornisce approfondimenti sul processo decisionale in condizioni
di incertezza, evidenziando nei vari contesti applicativi I'importanza di un ap-

proccio al problema anticipativo anziché miope.
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Introduction

This thesis covers the theory of two-stage optimal control problems with a
stochastic switching time, as well as its application to models related to various
contexts. Specifically, we incorporate a regime switch in an optimal control

framework.

Regime switches (see Haunschmied et al. [60]), also referred to as regime shifts,
are instantaneous changes in a model’s dynamics with possible change of the
state variables as well as of the objective function, which may be externally or

internally driven (exogenous or endogenous, respectively).

We consider a problem where a single regime switch is expected to occur at a
random time, dividing the problem into two stages, and such that the dynamics
and objective function before and after the switch are deterministic. The distri-
bution of the switching time is governed by the hazard rate function, which — at
every time — describes the probability of switching in the next infinitesimal inter-
val: the higher the hazard rate, the sooner the switch is expected. If the hazard
rate function depends on the state and/or the control, then the regime switch
is considered endogenous (although not fully controllable due to its stochastic

nature), otherwise it is exogenous.

Assuming the point of view of a decision-maker who is aware of the im-
pending regime switch, of its effects, and of its hazard rate function, we aim to
maximize the expectation of the total payoff over all possible occurrences of the
switching time. Moreover, acknowledging the strength of these assumptions,
we also aim to evaluate the performance of planners who do not have access
to the same level of information. This type of problem can be solved with two
different techniques: a backward approach, which requires solving the second
stage first and including its optimal value as a scrap value for stage one, and
a vintage-structure approach, which involves an organic simultaneous represen-

tation of both stages. In the first case, Dynamic Programming is employed to
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compute the value function of the second stage; in the latter, a heterogeneous
version of Pontryagin’s Maximum Principle provides necessary conditions for
the optimal solution. The convenience of the second method is also evident
from the standpoint of application: the solution algorithm that relies on the
vintage-structure PMP ensures the numerical tractability of high-dimensional,
non-autonomous, complex problems.

The general framework of two-stage optimal control problems with a stochas-
tic switching time is applied to models in various fields in economics, ranging
from health economics to climate change economics, to marketing and pro-
duction management. The purpose of this work is to characterize the optimal
solutions for these types of problems (assuming a solution exists), by exploiting
the peculiarities of the solution technique that is most suitable for the specific
problem being considered.

This thesis is divided into four chapters: the first one presents the theoretical
framework along with the two aforementioned solving techniques. The other
three chapters are devoted to the application of the theoretical approach to
different contexts, specifically: Health Economics, Climate Change Economics,
and Marketing & Production, respectively. At the beginning of every applied
work, we provide a brief overview of the theoretical setting of the model and list
the specific effects of the switching time, as outlined in the classification defined
in the first theoretical chapter.

Chapter 1 deals with the theoretical aspects of optimal control with a stochas-
tic switching time. First, it explains how to turn a stochastic optimization prob-
lem into a deterministic optimal control problem at the cost of introducing aux-
iliary state variables. Then it describes and correlates the two solution methods,
namely the backward approach and the vintage-structure (or heterogeneous)
approach, evaluating the benefits and drawbacks of both. The main difference
between them is that in the backward approach the second stage is solved for
every possible initial state, and then its optimal value enters the first stage as a
scrap value, whereas in the heterogeneous approach the two stages are solved si-
multaneously —the first stage’s state entering the second stage’s initial conditions
and the second stage’s co-states entering the first stage’s co-state equations.

After studying the solution for a decision-maker who is well-informed about
the properties of the impending regime switch and updates the optimal strategy
after the switch, this chapter proceeds to consider other types of planner. These

planners may be unaware of the threat of a regime switch (myopic) or may lack
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the flexibility to adjust their strategy to the new regime (unresponsive). It is
worth analyzing the different problems that those types of decision-maker solve
to compute their optimal strategy and comparing the respective performances
in terms of their actual expected payoff.

Finally, particular emphasis is placed on the first stage’s co-state equations
and the insight that can be gathered from analyzing the interplay of their com-
ponents.

The main contributions of this chapter lie in the theoretical findings concern-
ing the two-stage optimal control problem with a stochastic switching time with a
finite time horizon, which, to the best of our knowledge, had not been previously
explored in the literature until the work of Buratto et al. [18]. Reed [92] addressed
a similar finite-horizon problem using Pontryagin’s Maximum Principle, how-
ever, his model involves a stochastic stopping time instead of a switching time.
Regarding the infinite-horizon scenario, employing the backward approach, one
would refer to the theory of piecewise deterministic problems as outlined by
Dockner et al. [33, ch.8]. However, it is worth noting that, in that theory, the
hazard rate remains independent of the control variable. While Boukas etal. [11]
shows that the Maximum Principle holds for infinite-horizon optimal control
problems with a random stopping time, formal theoretical results on the vintage-
structure Maximum Principle for infinite-horizon problems with a stochastic
switching time have yet to be published. Nevertheless, after claiming that its
validity carries over (due to the particular structure of the problem) it has been
employed by Wrzaczek et al. [118], Kuhn and Wrzaczek [70], and Buratto et al.
[20].

Most of this chapter’s results are based on the article

e A. Buratto, L. Grosset, M. Muttoni. Two different solution techniques for an
optimal control problem with a stochastic switching time. WSEAS Transactions
on Mathematics (2023) [18]

to which the author of this thesis, M. Muttoni contributed with: conceptual-

ization, methodology, formal analysis, and writing the original draft.

Chapter 2 is dedicated to the field of health economics, and it is divided in
two sections.

The first one presents an SIRV model, in line with the epidemiological com-
partment models such as Kermack and McKendrick [67], where the policymaker
contrasts the spread of the disease with the aid of two tools: lockdown and vac-

cination. In the initial stage, lockdown measures are complemented by research



CONTENTS

investments aimed toward the discovery of an effective vaccine. Due to the
unpredictability of the vaccine’s discovery, its timing is modeled as a positive
random variable with endogenous hazard rate: The greater the intensity of the
research effort, the more likely a breakthrough is to occur sooner. The subse-
quent implementation of a systematic vaccination campaign (at an exogenous
rate) marks the beginning of the second stage. Throughout the planning hori-
zon, the policymaker balances the tradeoff between the costs associated with
the infected individuals (in terms of health care expenditures and deaths) and
the costs entailed by the lockdown measures (in terms of economic loss). The
main findings are that

e a planner who is anticipating the discovery of a vaccine will implement a
stricter lockdown in the first stage, compared to a myopic planner who is
not taking this possibility into consideration;

e upon the vaccine’s discovery, the optimal lockdown will be relaxed or
intensified depending on the vaccination rate: if it progresses rapidly,
the lockdown intensity decreases; if it progresses slowly, the lockdown
intensity spikes (only to decrease faster thanks to the resolving epidemic).

The results are based on the article

e A. Buratto, M. Muttoni, S. Wrzaczek, M. Freiberger. Should the COVID-19
lockdown be relaxed or intensified in case a vaccine becomes available? PLOS
ONE (2022) [20]

to which the author of this thesis, M. Muttoni contributed with: conceptual-
ization, methodology, software, and formal analysis.

The second part of Chapter 2, unlike the rest of the thesis, presents a dif-
ferential game without regime switches, where the healthcare system and a
pharmaceutical firm implement pro-vaccine communication campaigns to con-
trast anti-vax action. We compute the Markovian Nash equilibrium strategies
and perform a sensitivity analysis of the strategies and steady state with respect
to the parameters. Despite the deviation from the primary theoretical frame-
work of my thesis, the inclusion of this work in the chapter concerning health
economics applications serves to broaden the interdisciplinary perspective, of-
fering valuable insights into the broader context of strategic decision-making
processes in health care.

The main findings are that, at the Markovian Nash equilibrium,

o the healthcare system’s investment in vaccine communication increases
with the strength of anti-vax word of mouth;
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o the firms pro-vaccine communication campaign is not affected by the anti-
vax word of mouth;

e upon variation of most parameters, the two players act as strategic substi-

tutes: the smaller the healthcare system’s campaign, the higher the firms
one.

The results are based on the article

e A. Buratto, R. Cesaretto, M. Muttoni. Communication strategies to contrast
anti-vax action: a differential game approach. Central European Journal of
Operations Research (2024) [17]

to which the author of this thesis, M. Muttoni contributed with: methodology

and formal analysis.

Chapter 3 addresses the topic of climate change economics. It features a
continuous-time adaptation of the well-established DICE model by W. Nord-
haus in its 2016 version, with the addition of a climate tipping point. DICE
(Dynamic Integrated Climate-Economy model) is a complex model that sim-
ulates the dynamic interactions between the global economic production and
the geophysical processes that drive global warming, such as the carbon cycle
and the greenhouse effect. The core of the problem is that, while economic
production increases consumption (from which utility is gained), it is also re-
sponsible for CO, emissions and the subsequent rise in global temperature. A
climate tipping point is an abrupt and irreversible regime shift in the earth’s
geophysical dynamics. This study outlines four scenarios: two are strict climate
tipping points (melting of the Arctic sea ice and transformation of a carbon sink
into a carbon source), while the other two are broader disruptive events (instant
destruction of a fraction of the capital due to a climate-related catastrophe and
GDP’s increased sensitivity to temperature). In all four cases, the hazard rate is
assumed to increase with the global temperature.

The policymaker controls the savings fraction of the GDP — which is directed
at the accumulation of capital while the rest constitutes the consumption —
and the abatement, i.e., the curbing of a fraction of carbon emissions. The
study provides the analytical conditions for the optimal savings and emission
abatement policy, and a decomposition of the growth rate of the social cost of
carbon into terms deriving from the capital dynamics, terms deriving from the
carbon dynamics, and terms deriving from the anticipation of a tipping point.

The main findings are
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e the importance of prevention: compared to a myopic abatement strat-
egy, in all four tipping scenarios some degree of preventive abatement is
employed to fend off the tipping point hazard;

e different tipping point scenarios entail different effects on the social cost of
carbon, both in anticipation and in adaptation to the switch; these effects
can be better understood through the decomposition of the SCC, from
both the analytical and the numerical perspective.

The results are based on the monograph

e M. Muttoni. How to prepare for and adapt to a climate tipping point. IIASA
YSSP report (2023) [83]

Chapter 4 is devoted to marketing and production applications, and it is
divided in two sections.

The first one features an analysis of the implications of myopia in a dynamic
marketing problem based on the goodwill model developed by Nerlove and Ar-
row [85]. Assuming constant price, the demand for the product is an increasing
function of the goodwill, i.e., the perceived desirability of the product among the
consumers; hence, the purpose of the marketing campaign is to increase the sales
by increasing the goodwill. Adding to the original tradeoff between the profit
from higher sales and the advertising costs, the model integrates the risk that a
high demand may trigger a sudden rise in production costs (e.g., due to a short-
age in raw materials, supply, or labor). We compare the marketing strategies and
the resulting payoffs of three planners, one of whom is aware of the impending
risk and plans the strategy accordingly, while the other two, oblivious to such a
risk, act myopically. Of the latter two, one reacts to the switch adapting to the
new regime, whereas the other persists with the originally determined strategy.

The main findings are that

o the marketing intensity is lower in anticipation, in order to both fend off

the risk of switching and have a lower goodwill at the time the production
costs increase;

e the marketing intensity in the second period is lower than in the first
period: this is due to the higher production costs, which lower the profit
margin;

e the anticipating planner’s payoff is greater than the myopic planner’s pay-
off, on average (i.e., in terms of expectation w.r.t. the switching time 7);

e however, if the switch occurs late in the time horizon, the myopic planner
might be lucky and obtain a higher payoff realization compared to the
anticipating planner. Nevertheless, this event occurs with a relatively low
probability.
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The results are based on the manuscript

e A. Buratto, L. Grosset, M. Muttoni, B. Viscolani. The Cost of Myopia with
Respect to a Switching Time in an Advertising Model in “The unaffordable
price of myopia in economics and management” by F. El Ouardighi and
G. Feichtinger. (2024) (To appear)

to which the author of this thesis, M. Muttoni contributed with: conceptual-

ization, methodology, software, and formal analysis.

The second part of Chapter 4 presents some preliminary results from the
analysis of a firm’s optimal offshoring and reshoring strategy under the exoge-
nous threat of social and/or economic disruption. Inspired by recent events,
including the COVID-19 pandemic, several war outbreaks, and other minor dis-
ruptions such as the Suez Canal blockage of 2021, the switch entails a sudden
rise in the costs associated with offshoring (production, transportation, etc.).
Motivated by the rising awareness about offshore labor conditions and dubi-
ous sustainability, another possible effect of the switch is the amplification of
the Made-in effect, i.e., the consumers’ negative perception of products that are
made in certain countries. The Made-in effect in this work acts by decreasing
the sales at a rate that is proportional to the offshore production. Finally, to
represent the damages that the firm could face in case of, e.g., a war outbreak
in the offshoring country, or the costs that would be entailed to reassess the
convenience of offshoring in case of, e.g., a change in regulations, the switch
also imposes an immediate penalty on the firm, assumed to increase with the
extent of the firm’s offshore production at the time of the disruption.

The model is very simple, analytically solvable, and produces basic results.
However, the framework has significant potential for enhancement towards a
more realistic representation and more insightful outcomes. For now, the main

findings are that

e the anticipating firm offshores more cautiously than the myopic firm,
meaning that the condition on the parameters that allows positive off-
shoring before the switch is stricter in the anticipative case than in the
myopic one;

e if there is no threat of disruption, such as after its occurrence and in the
myopic planner’s belief, the optimal offshoring is either to offshore the
whole production or none of it, depending on the parameters;

e in the anticipating phase, the optimal fraction of production that should be
made offshore is again constant, but could be any value in [0, 1] depending
on the parameters.
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The results are based on the manuscript

e A. Buratto, M. Muttoni. Offshoring and reshoring under social and economic
uncertainty. EURO (2024) (In progress)

to which the author of this thesis, M. Muttoni contributed with: conceptual-
ization, methodology, formal analysis, and writing the original draft.



Theory

When planning an optimal policy, a farsighted decision-maker should ac-
count for the possibile occurrence of disruptive events over the course of the
time horizon. For example, when planning the optimal emission abatement
policy, account for a possible climate catastrophe; when planning industrial
production, account for an unpredictable disruption that may affect the produc-
ers profit.

We account for this type of uncertainty by introducing a stochastic switching
time in the optimal control framework (see, e.g., Haunschmied et al. [60]). A
stochastic switching time is a random instant, modeled as a positive random
variable, which marks a regime shift —i.e., an abrupt and irreversible change in
the system — splitting the planning horizon into two stages. The shift may affect
the payoff and/or the state trajectory in several ways, all of which are covered
in this chapter’s analysis. This study features a single switching time only.

In search for the optimal policy under this kind of uncertainty, two methods
are featured in the literature: the well-established backward approach and the
novel vintage-structure one. The two methods will be described and compared.

When examining such problems, we are particularly interested in how the
optimal strategy adapts to the regime shift and how it differs in anticipation of
it, compared to the optimal strategy arising when no shift is expected.

This framework finds numerous applications across various domains, in-
cluding health economics, climate change, production, and marketing, among
others. And indeed, the concept of two-stage optimal control problems with a
stochastic switching time is well-established in the literature. These problems,



1.1. THE SIMPLE OPTIMAL CONTROL PROBLEM

essentially a specific case of piecewise deterministic models (see Dockner et al. [33],
ch.8) have been addressed using the backward approach for decades. Examples
of such studies can be found in works like Tsur and Zemel [105, 106] and more
recently Polasky et al. [90], Tsur and Zemel [107, 108], van der Ploeg and de
Zeeuw [110, 111].

However, a novel approach has emerged recently, known as the vintage-
structure approach, thanks to the contributions of Wrzaczek et al. [118], Kuhn
and Wrzaczek [70], and Buratto et al. [20]. This innovative method, where the
solutions are characterized through a suitable version of Pontryagin’s Maxi-
mum Principle, offers a broader analytical perspective and ensures numerical
feasibility even for high-dimensional models with intricate dynamics.

Two-stage problems with a random switching time are an extension of prob-
lems with a random stopping time. The latter have been studied by Yaari [119],
Reed [92], and Boukas et al. [11] in the context of optimal control, and by Gromov
and Gromova [53] in the context of differential games.

Remark 1.1. The aim of this chapter is to characterize the optimal solutions of
the two-stage optimal control problem with a stochastic switching time, using
Dynamic Programming (within the backward approach) and Pontryagin’s Max-
imum Principle (within the vintage-structure method). The problem will be for-
mulated under the most general hypotheses, with no concern on the conditions
for its well-posedness or the existence of a solution, and stricter hypotheses will
be introduced when necessary for the employment of the solution techniques.
In all the applications that are investigated in the following chapters, the data
satisfy all the regularity assumptions that are required for the implementation
of the theoretical results.

THE SIMPLE OPTIMAL CONTROL PROBLEM

An optimal control problem is a dynamic optimization problem where, at
every time in a given programming interval [0, T], the agent sets the value of
the control variable u(t) from a given control set U C R¥. For now, the only
assumption on the control function, or strategy, u : [0,T] — U is that it is

measurable. The strategy enters the state dynamics

x(t) = f(t, x(t),u(t)) fort e [0,T] (1.1)

10



CHAPTER 1. THEORY

influencing the evolution of the state variable x(f) € R", whose initial value is
a given xo € R". A control strategy u : [0,T] — U is feasible if there exists
a unique solution the corresponding Cauchy problem, in the sense that there
exists a unique function x : [0, T] — R" such that, for all t € [0, T],

x(t) = xo + /Otf(e, x(6),u(6)) do. (1.2)

One can ensure control feasibility by imposing conditions which guarantee that
the composition (t, x) — f(t,x, u(t)) satisfies the hypotheses for the existence
and uniqueness of (1.2). Such conditions, for which we refer to Hartman [59],
consist of regularity assumptions on f and on the set of admissible control
functions u(-). The integral above is well defined if and only if the compos-
ite function t +— f (t, x(t), u(t)) belongs to L!([0, T]); this yields that the state
trajectory x : [0, T] — R" is an absolutely continuous function.

Any pair (1, x), where u(-) is a feasible control strategy and x(-) is the corre-
sponding state trajectory, is called a process (see Grass et al. [52]).

The planner’s objective is to maximize the payoff

T
/0 g(t, x(t), u(t)) dt + S(x(T))

which is the sum of an inter-temporal term and a salvage value. The first is the
integral of the profit flow g over time, which depends on the control strategy and
on the corresponding state trajectory; the latter is a lump sum S which depends
on the final state x(T).

In absence of constraints on the final state x(T), the planner solves the fol-
lowing problem:

T
/0 g(t, x(t), u(t)) dt + S(x(T))

maximize
u(t)elu
subject to:
x(t) = f(t, x(t), u(t)) fortel0,T]
x(0) = xo
where:

e g(t,x,u)is the running utility / profit flow function;

11



1.1. THE SIMPLE OPTIMAL CONTROL PROBLEM

e S(x) is the salvage value function;

e f(t,x,u)is the state dynamics.
There are two solution approaches to this problem: Dynamic Programming

and Pontryagin’s Maximum Principle (PMP).

Dynamic Programming relies on the general mathematical principle of em-
bedding the original problem in a large class of problems, each starting at
t € [0,T] from the initial state y. The corresponding “value function” can be

defined as follows:

V(t,y):= sup
u(0)el

/ ' g(0,x(0),u(0)) do + S(x(T))
t

subject to:

x(0) = £(6,x(6),u(0)) for6 €lt,T]

x(t) =y
Of course, if an optimal control exists, the sup is actually a max, as it is attained
by the optimal process.

If the value function is continuously differentiable, it is the classical solution

of the Hamilton-Jacobi-Bellman (HJB) equation:
-0V (t,x) = Iz?ealj( {g(t, x,u)+ Vi V(t,x)- f(t,x, u)}. (1.3)
and, regardless of its regularity, it satisfies the terminal condition:
V(T, x) = S(x). (1.4)

The Verification Theorem, or sufficiency theorem (see Bardi and Capuzzo-
Dolcetta [7, ch.1] or Dockner et al. [33, ch.3]), states that

e if W(t, x) is a classical solution of the HJB equation (1.3) that satisfies the
terminal condition (1.4), and

e if u(t) is a feasible control, with associated state trajectory x(t), such that
u(t) € ®(t, x(t)) where

D(t, x) = argmax {g(t, x,u)+VW(t, x)- f(t,x, u)};
uel
then W(t, x) is the value function, and the process (u, x) is optimal.

D(t, x) is called a feedback strategy, as it depends on the state of the system.

12
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Remark 1.2. In general, the value function V' is not necessarily differentiable
everywhere. At the non-differentiable points, V' is a viscosity solution of the HJB
(see [7]). However, as in all the applications featured in this thesis we encounter
smooth value functions, we restrict our discussion to the classical solutions of
the HJB equation.

Pontryagin’s Maximum Principle, instead, provides necessary conditions for
the maxima of the problem. Let us assume for simplicity that f (¢, x, u), g(t, x, u),
and S(x) are continuous w.r.t. all the variables, and continuously differentiable

w.r.t. x. We define the Hamiltonian function as follows:
H(t,x,u,A)=g(t, x,u)+A-f(t,x,u)

where variable A € R" is the so-called adjoint, or co-state, variable. If (1, x) is an

optimal process, then there exists an absolutely continuous co-state function
A:[0,T] - R"
such that, for almost every ¢ € [0, T],

u(t) € argmaxH(t, x(t), v, A(t)),
vel

and
/.\(t) = —VxH(t, x(t), u(t), A(t))

A(T) = V,S(x(T)).

THE TWO-STAGE OPTIMAL CONTROL PROBLEM

WITH A STOCHASTIC SWITCHING TIME

We are interested in integrating a stochastic switching time into the optimal
control framework described in the previous paragraph.

We model the stochastic switching time 7 as a random variable taking values
in [0, +00). Due to the finiteness of the time horizon, T could occur either during
the programming interval [0, T], splitting it into a Stage 1 and a Stage 2, or after
T, leaving the whole interval in Stage 1.

We describe the probability distribution of 7 through a quantity called the

13
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Stage 1 Stage 2 Stage 1

0 T T E0 T T !
Figure 1.1: Case 7 < T (left); Case T > T (right)

hazard rate. We assume that there exists a hazard rate function n(t, x, 1) — possibly
depending on the endogenous variables x and u — such that the hazard rate of
T at time t (LHS), for t € [0, T], is determined by evaluating the hazard rate
function at time ¢t (RHS):

. P(r<t+dt|t>t)
lim

dt—0+ dt = n(t’ X(t), u(t)) . (15)

It follows from the definition that > 0.
Remark 1.3. Observe that, since equality (1.5) must hold, the limit in the LHS

must exist and be finite. Computing the limit explicitly, we obtain the following:

i 1 P(t>t)-P(t>t+dt) 1 d
A BT D) dt = Paspnar Y

i.e., the tail distribution function must satisfy the ODE

%P(T > t) = —n(t, x(t), u(t))P(tr > t).

Coupling this with the assumption that P(7 > 0) = 1, and solving the resulting
Cauchy problem, we obtain that

t
P(T > t) = exp ( - / (s, x(s), u(s)) ds)
0
T 0
=P(t >T) +/ 1(6,x(0), u(0)) exp ( —/ (s, x(s), u(s)) ds | do
t 0

i.e., the restriction of the distribution of 7 to the interval [0, T] is given by the
t

density function f(t) = n(t, x(t), u(t))e_/o m

Remark 1.4. The random variable 7, representing the switching time, is assumed

to take values in [0, +0) even though the planning horizonends at T < +co. This

assumption is justified by the need to take into consideration cases where the
disruptive event represented by 7, although possibly influenced by endogenous

14
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variables during the programming interval [0, T], may still occur with a certain
hazard rate in the interval (T, +0).

The hazard rate in (T, +00) obviously cannot be instantly controlled (as the
planning period is over), hence it will depend on the uncontrolled evolution in
(T, +00) of certain (unspecified) dynamic variables. We assume that the said
dynamics in (T, +00) is completely determined and known in T, possibly de-
pending on the entire course of past events represented by the adopted strategy
u(-). Therefore, the hazard rate of 7 in (T, +oo) will be denoted as 7,,((t).

The observations and computations that we made above concerning the
distribution of 7 in [0, T] hold for (T, +0) as well, under the further assumption

that () has infinite mass, i.e.,

400
/ T]u(.)(t) dt = +oo.
T

Nevertheless, while the distribution of 7 in the interval (T, +) is needed if
one is interested in computing, e.g., the ETA of t E[7], it is irrelevant for the
purpose of the solution of the optimal control problem over the programming
interval [0, T]. For this reason, in this thesis we do not concern ourselves with
the behavior of 7 outside of the planning horizon.

CLASSIFICATION OF POSSIBLE EFFECTS OF THE SWITCH

The switch may have one or more simultaneous effects on the system, here-
after listed. These changes will be recalled and discussed in the following

chapters when describing each specific applied model.

(E1) Change in the control set, from U; C Rk to U, C RF2;

(E2) Change in the state space, from R™ to R"?;

(E3) Change in the state dynamics, from fi(t, x, u) to fo(7, t, x, u);
(E4) Change in the running utility, from gi(¢, x, u) to g2(7, t, x, u);

(E5) Change in the salvage value (a lump sum at the end of the time horizon
T), from S1(x(T)) to Sz(7, x(T));

(E6) Instantaneous switching costs G (’l’, x(t), u(t)) at the switching time;

Note that x(7) and u(7) are the Stage 1 variables evaluated at the switching
time, i.e., x(7) = lim; .- x(t) € R™ and u(7) € Uj.
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(E7) Jump discontinuity in the state trajectory, such that
x(t*) = @(7,x(7), u(1)) € R™.

If the state is assumed to be continuousin 7, thenn; = npand ¢(7, x, u) = x.
In general, if the state space changes after the switching time, function ¢
describes the initial state for Stage 2 as a function of the Stage 1 state at the
switch.

Be aware that the Stage 2 data f,, g2, S» may depend on the realization of .
See table 1.1 for a schematic representation (and the respective notation) of the

effects of the switch.

Stage 1 Switch Stage 2
Control set | U; C Rk U, C Rk
State space | R™ R"

State dynamics | fi(t, x,u) faT, t,x,u)
Running utility | g1(f, x, u) T, t,x,u)
Salvage value | S1(x(T)) So(t, x(T))

State jump o(t,x(1), u(t))
Switching costs G(t, x(7), u(1))

Table 1.1: Possible effects of T

INFORMATION STRUCTURE

In this context, we consider a planner who, in Stage 1, is aware that 7 could
occur at any time, knows the hazard rate function (¢, x, u) defined in (1.5), and
is informed about the effects that the switch will have on the system.

Because the planner cannot predict when 7 will occur, they plan a Stage 1
strategy for the whole time horizon. Hence, a Stage 1 process is a pair (11, x1) of
functions of time, defined on the whole programming interval:

ui(t) ey, x1(t) eR™ fort €[0,T]

If the switching time occurs during the programming interval, we assume
that the planner realizes that T has occurred and when. In addition to this
knowledge, we also assume that in the Stage 2 interval [7,T] they are able
to adjust the optimal strategy to the new regime, depending on that specific
occurrence of 7. Therefore, we define a Stage 2 process (uz, x2) as a family of
processes parameterized by the realization s € [0, T] of the switching time 7,
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each of which is defined on the Stage 2 interval [s, T|:

ux(s,t) € Uy, xo(s,t) eR™ forse[0,T], t €[s,T]

Due to the stochasticity of 7, the planner can only aim to maximize the
expectation of the total payoff, which takes different forms depending on the
fact that 7 occurs during the programming interval or afterwards. If 7 > T, then
the payoff is simply

T
/0 g1 (t, xl(t),ul(t)) dt + S, (xl(T)).
If otherwise T < T, the payoff is
/ g1(t, x1(t), ua(t)) dt + G(z, x1(1), u1(1))
’ T
+/ gz(T,f,Xz(T,f),uz(T,t)) dt+Sz(T,X2(T,T)).

The most general formulation of the finite-time two-stage optimal control prob-
lem with a stochastic switch is the following:

u1(t)el
up(s,t)els

maximize E[)(Tg{ /OT g1(t, x1(t), ua(t)) dt + G(z, x1(1), u1(1))

T
+/ 92(7,t, x2(7, 1), ua(7, 1)) dt+Sz(T,x2(f(,T))} (1.6)

T
+ XT>T{ A g1 (t, x1(t), ul(t)) dt + S, (X1(T))}l

subject to:
x1(t) = fu(t, x1(t), ur(t)) fort € [0,T]
x1(0) = xo
1%2(5,t) = fals, t, xa(s, t), ua(s, t)) fort € [s,T]

x2(s,8) = (s, x1(s), u1(s))
Hazard rate of  at time £: n(t, x1(t), u1(t))

Observe the abuse of notation in the formulas above, that we will consistently
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apply from now on: Xa(s,t) = drxa(s, t).

It is worth noting that the initial condition of the Stage 2 problem is a function
of the Stage 1 variables at the switch: x2(s,s) = ¢ (s, x1(s), u1(s)). This implies
that the Stage 2 problem cannot be solved independently, unless one applies
Dynamic Programming, where an optimal control problem is solved for every
possible initial state.

Remark 1.5. In general, the Stage 2 data f», g2, S» may also depend on the Stage 1
state variable at the switch, xi(s). With this purpose, let us introduce the
auxiliary Stage 2 state variable X, such that X»(s, t) = x1(s), i.e.,

diXo(s,t) =0 fort € [s,T]

552(5/ S) = xl(s)'

Adding X» to the Stage 2 state variables, and updating the Stage 2 dynamics and
initial value with those of X, we can omit the dependence of f», g2, S2 on x1(s)

without any loss of generality.

Dependence of switching costs and state jump on ©1(7). Upon noticing that
the switching costs G and state jump ¢ depend on x1(7) and u1(7), one might
argue that, since the switch occurs at 7 and the Stage 2 process starts at 7, such
functions should preferably depend on the left limit of the Stage 1 process at
7, i.e., on x1(77) and u1(7t~). Now, because the state trajectory x; is continuous,
x1(77) and x1(7) are interchangeable;' however, the observation sounds sensible
in regard to the control (consider, e.g., a case where u1 (f ) # u1(f), and T happens
to occur exactly at 7).

Indeed, what matters is the behavior of the control leading up to the switch,
which in this case may be different from the value of the control at the switch.
These functions’ dependence on the left limit of the process at the switch would
not only make more sense, but the reader might also worry that, if G and ¢
depend on u1(7) instead of u1(77), upon realizing the occurrence of the switch,
the planner may tactically change the instantaneous value of the control u1(7)
to optimize the combination of G and ¢. Moreover, one might worry that the

dependence on u1(7) of functions G (which is a one-time lump sum, much like a

1Except in the event that T = 0, in which case x1(77) does not exist, but this event by itself
has probability zero, so it is irrelevant in terms of the payoff expectation.
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salvage value) and ¢ (which determines the initial condition of the whole Stage 2
problem) may entail that two controls which differ on a zero-measure set (i.e.,
the singleton {7} C [0, T]) will generate different payoffs (an absolute aberration
in standard optimal control theory).

Let us address these concerns:

1. The reason why we cannot use u1(7~) is that the only regularity assumption
on the control is measurability, which does not guarantee the existence of
the limit u(¢~) for every t. Because of this, 111(7~) does not exist in general,
so it would be quite problematic to involve it in the problem.

The following are reasons why it is actually not wrong to use u1(7):

2. The Stage 1 control strategy u1(-) is determined prior to the programming
interval (hence before T occurs), with the objective of maximizing the
payoff expectation over all possible occurrences of the switching time. Itis
therefore independent of the realization of 7, which means that it cannot

be “tactically changed” according to 7 (that is a prerogative of the Stage 2
strategy ua(7, t)).

3. In the aforementioned case where ui(f ) # ul(?), the event T = f has
probability zero, hence its occurrence is irrelevant when computing the
expectation (this holds for any finite number of jump discontinuities).

4. A generalization of the previous point, which also addresses the last con-
cern, is that two controls that differ on a zero-measure set — although
leading to two different payoff realizations if T occurs in that set — will lead
to the same payoff expectation, which is the actual objective. Once again,
this is due to the fact that the probability of T occurring in a zero-measure
set is zero.

The reader might find the measurability assumption on u; to be too loose, it
being coupled with the state jump condition x5(s,s) = @(s, x1(s), u1(s)): there
may be doubts about the well-posedness of the condition and the regularity of
x7 with respect to s. First, let me stress that u; is assumed to be a measurable
function from [0, T] to U; € R¥. As such, it is not intended as an equivalence
class of functions: u1(t) is well defined for every ¢, and consequently so is
x2(t, t). Of course this can lead to x»(s, t) being quite irregular with respect to s.
However, due to the fact that the Stage 2 problem is parametrized by s and that
there is no interaction between timelines (characteristic lines) originating from

different instances of 7, the regularity of x, with respect to s is not a concern.

REFORMULATION

We compute the expectation with the aid of the auxiliary Stage 1 state variable
z1(t) := P(7 > t), which is the probability of still being in Stage 1 at time t. To
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view it as a state variable, we write its dynamics and initial value:

z1(t) = —n(t, x(t), u(t))z1(t)
21(0) =1

where the dynamics is derived from the definition of hazard rate (1.5). Then,

the probability density of 7 at time ¢ is:

fe(t) = =z1(t) = n(t, x(t), u(t))z1(t). (1.7)

Both the expressions —z1 and 1z are employed as substitutes for f; when com-
puting the expectation. After basic integral manipulations, which are reported
in the Appendix to this chapter, the resulting objective is:

T
maximize | [ 2106 (6310 11(9) + nlt, 326, 0) G 300,11 )

us(s,t)el,
el )
+(t, x1(8), ua(t)) [ / @2(t, 0, x2(t, 0), ua(t, 0)) dO + Sy (¢, xat, T))]} dt
t
+ Zl(T)Sl(xl(T))l
(1.8)
subject to:
x1(t) = f1 (t, x1(t), ul(t)) x1(0) = xo

z1(t) = —n(t, x1(t), ur(t))z1 (t) z1(0) =1
X2(s,t) = fa(s, t,x2(s, ), ua(s, ) xa(s,s) = @(s, x1(s), u1(s))

where we updated the Stage 1 dynamics with the new variable z;.

This process of computing the expectation by introducing an auxiliary state
variable is analogous to the one performed by Boukas etal. [11] and Reed [92, 93],
although such variable is defined in a slightly different way.

Remark 1.6. From now on, we will omit the switching costs G, as they can be easily
included by adding +1(t, x, u)G(t, x, u) to the Stage 1 running utility g1(¢, x, u).
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SOLUTION APPROACHES

There are two possible ways of solving the two-stage optimal control problem
defined above: the backward approach and the vintage-structure one.

The backward approach is based on Dynamic Programming (see Bardi and
Capuzzo-Dolcetta [7], Dockner et al. [33]): it involves solving the Stage 2 problem
for every possible occurrence of the switch and for every possible initial state,
and then plugging the Stage 2 value function into the Stage 1 problem, which
is solved as a simple optimal control problem, assuming optimal behavior in
Stage 2. The two stages are solved separately (in reverse order) at the cost of
computing the Stage 2 value function for every possible initial state, instead of
just the value that it will take from the condition x2(s, s) = ¢ (s, x1(s), u1(s)).

The vintage-structure approach is based on Pontryagin’s Maximum Princi-
ple (see Dockner et al. [33]): one derives necessary conditions for the solution
by calculating the co-state functions for both stages, as solutions of the corre-
sponding adjoint system, and letting the optimal strategies satisfy the resulting
maximality conditions. The two stages are necessarily solved together, because
x1 and u; enter the initial conditions of Stage 2, and (as we will see) the Stage 2
co-states enter the Stage 1 adjoint equations.

In what follows, we will determine the optimal control of the switching time
problem, applying the two approaches and comparing their results.

BACKWARD APPROACH

The backward approach consists in solving the Stage 2 problem with Dy-
namic Programming, for every possible realization of the switching time and
for every initial state. Then, by assuming optimal behavior in Stage 2, the two-
stage problem becomes a simple optimal control problem whose solution is the

Stage 1 optimal process.

Stage 2 Since, in general, the Stage 2 data may depend on the realization s of
the switching time 7, in Stage 2 there is a family of value functions parameterized

by s:

T
/ g2(s,0,x(6),u(0)) dO + Sz (s, x(T))
t

Va(s,t,y) := sup
u(G)EUZ
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subject to:
x(0) = f2(s,0,x(0),u(0)) for0O e[t T]
x(t) =y

For every value of the parameter s, if (t,x) +— Va(s,t, x) is continuously
differentiable, then it is a classical solution of the HJB equation:

—-diVa(s, t, x) = max {ga(s,t,x,u) + ViVa(s, t,x) - fo(s, t,x,u)} (1.9)
uelly
and, regardless of its regularity, it satisfies the terminal condition:
Va(s, T, x) = Sa(s, x). (1.10)

The Verification Theorem holds for every fixed s:

o if W(s, t, x) is a classical solution of the HJB equation (1.9) that satisfies the
terminal condition (1.10), and

e if uy(s,t) is a feasible control, with associated state trajectory x»(s, t) (for a
given initial state), such that uy(s, t) € @, (s, , x2(s, t)) where

Dy(s, t, x) = arg max {gz(s, t,x,u)+VyW(s,t,x) f(s,t,x, u)};

uellp
then W(s, t, x) is the value function, and the process (12, x2) is optimal.
Stage 1 By Bellman’s Priciple of Optimality, given a Stage 1 process (11, x1)

and assuming (uz, x2) is optimal for the Stage 2 problem with initial state

@(s, x1(s), u1(s)), we can write:

T
/ 92(s,6,x2(s,0),ux(s, 0)) d6 + Sa(s, x2(s,T)) = Va(s, t, x2(s, 1))
t
In particular, for s = t, we can substitute x2(t, t) = (¢, x1(t), u1(t)), yielding:

Va(t,t,xa(t, 1)) = Val(t, t, (t, x1(t), ur(t))). (1.11)

Assuming optimal behavior in Stage 2, the Stage 2 terms in (1.8) can be
substituted by the Stage 2 value function:

T
/ 22(t, 6, x2(t,0), uz(t, 6)) dO + Sy (t, x2(t, T)) = Valt, t, p(t, x1(t), ua(t))),
t
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obtaining the following objective for Stage 1:

T
/o Z1(f){g1 (£, x1(t), ur (1)) + n(t, x1(t), ur (1)) Va (£, £, @(t, x1(8), M1(t)))} dt

o
+ Zl(T)Sl(xl(T))]
(1.12)
subject to:
x1(t) = fi(t, x1(t), ua(t))
x1(0) = xo
z1(t) = —n(t, x1(t), u1(t))z1(t)
z1(0) =1

This is a single-stage deterministic optimal control problem that can be solved
with any preferred method. Here we will tackle it again with Dynamic Program-
ming, and we will show how the particular structure of the problem allows us

to simplify the value function by removing the auxiliary state z;.

It is worth observing that the state variable z1(f) in this problem behaves
in many ways as a discount factor: indeed it is positive and decreasing, and
it multiplies the running utility as well as the salvage value. In what follows,
by analyzing the value function and the HJB equation, we further validate this
claim (subject to limitations on the hazard rate’s formulation).

The value function V associated to such a problem is a function of time and
the state variables x and z (for all z > 0):

V(t,y,w):= sup
u(6)€U1

T
JRECICRORC)

+1(6,x(0), u(0))V2(6, 0, (0, x(0), u(@)))} d6 + z(T)S1(x(T))

subject to:
x(0) = f1(6, x(6), u(0)) for 6 € [t,T]
x(t) =y
2(0) = -n(6, x(0), u(0))z(0)
z(t) = w

However, interpreting state z as a discount factor, we can decompose the
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value function V as the product of z and a “current” value function that depends

only on time and the original state x.
Proposition 1.7. The value function V can be decomposed as:
V(t,x,z)=zV(t, x)

where

VE(t,y) = sup E[)(KT g1(t, x1(t), 1 (t)) dt + Va(z, 7, 9(7, x(1), u(r)))}

u(@)eUl 0

+XT>T{/ §1(t,x1(8), 1 (8)) dt + 81 (v1(T)) | ‘ > tl

(1.13)
subject to:
£(0) = £1(0,x(6),u(0)) for6 €[t,T]
x(t) =y
Proof. By definition of V(t, y, w), the following holds:
T
V(t,y,w)/w = sup / C(Q){gl(Q,x(G),u(G))
u(0)ell t
1n(0,x(6),u(6))V2(6, 6, (6, x(6), u(@)))} do + C(T)Sy (x(T))l
(1.14)
subject to:
x(0) = f1(6,x(6),u(9)) for 6 € [t,T]
< x(t) =
(0) = (9 x(6),u(6))C(6)
ct)=1

where variable C(0) substitutes z(0) through the relation
C(0) = 2(0)/w = 2(0)/z(t).
Because of this relation, and recalling that 6 > ¢, {(0) is a conditional probability:

CO)=P(t>0)/P(t>t)=P(t >0 | T > t).
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Retracing backwards the steps that brought us from problem (1.6) to formulation
(1.12), while keeping in mind that the initial time isnow ¢ and that the probability
measure is P(-|7 > t), we obtain that V(t,x,z)/z equals the RHS in (1.13).
Observing that the RHS does not depend on z, we define it as V¢(t, x) obtaining
the thesis. O

We have found that V¢ is the optimal expectation of the 2-stage problem
starting from ¢, given that we are still in Stage 1 at time t. From this observation,
we gather that V¢ carries significant meaning and can be assimilated to a value
function, with the advantage that it does not depend on z. Furthermore, we
observe that variable z behaves as a discount factor also for what concerns its

role in the value function. We will call V¢(¢, x) the current value function.

Proposition 1.8. If V(t, x) is continuously differentiable, it is the classical solution of
the following HB equation:

_9,VE(t, x) = max {gl(t,x,u) FVLVE x) - At X, 1)
ueth (1.15)
+1(t, x, u) [Vz(t, t,o(t,x,u)) —Ve(t, x)] }

Proof. Since V(t,x) is C!, then V(t, x,z) = zV(t, x) is also C'. As such, V is
the classical solution of the (canonical) HJB equation

—-9;V(t,x,z) = max {z [gl(t, x,u)+n(t, x, u)Va(t, t, o(t, x, u))]
ueth (1.16)
+ V. V(t,x,z)- filt,x,u) -3, V(t, x,z)n(t,x, u)z}

By substituting V (¢, x,z) = zV(t, x) and dividing both sides by z (which is
positive by assumption and can therefore exit the maximum on the RHS) we

obtain
—0;Ve(t,x) = gé%;l( {gl(t, x,u) +n(t,x, u)Va(t, t, o(t, x,u))
FVLVE( ) - it %) = VG 0n(E, ¥, )
and the proposition is proved. m|

Remark 1.9. Considering z(t) as a discount factor makes the hazard rate n the
corresponding discount rate. Under the assumption that 1 does not depend

on the control variable u, its role as a discount rate is also reflected in the HJB
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equation: indeed, we can take the product n(t, x)V°(t, x) out of the maximum
and to the LHS, to obtain:

—VE(t, x) +n(t, x)VE(t, x) = gé%l)f {gl(t, x,u)+1n(t, x)Va(t, t, (t, x,u))
+ VLV, x) - fl(t,x,u)}.
Since the canonical value function V satisfies the terminal condition
V(T,x,z) =z51(x), (1.17)

the terminal condition for V¢ is straightforward from the fact that V°(t,x) =
Vit x,z)/z:
VT, x) = S1(x). (1.18)

The verification theorem still holds:

Theorem 1.10 (Verification Theorem). Let W(t, x) be a classical solution of the H]B
equation (1.15) and the terminal condition (1.18). Let ui(t) be a feasible control with
associated state trajectory x1(t), and suppose that, for almost all t, u1(t) € @1 (¢, x1(t))
where

D (t, x) = argmax {g1(t, x,u)+ Ve W(t, x)- fi(t, x,u)

uelly

ol x, u)[Vz(t, b (t,x, u)) W(t,x)”.

Then, W(t, x) is the current value function, and the process (u1, x1) is optimal.

Proof. Since W(t, x) is a classical solution of (1.15), then, by retracing back the
steps to go from (1.16) to (1.15), zW(t, x) is a classical solution of (1.16). Since W
satisfies the terminal condition (1.18), then, by multiplying both sides by z, zW
satisfies the terminal condition (1.17).

Since @ (t, x) maximizes the RHS of (1.15), then, by multiplying the RHS by
z (which is positive) and substituting zV,W = V, [ZW] and W = 0, [ZW], we
obtain that ®(t, x, z) := ®1(t, x) maximizes the RHS in (1.16).

We have proved that zW and @ satisfy the hypotheses of the standard veri-
fication theorem. Therefore, zW is the (canonical) value function, and hence W
is the current value function, and u3(t) € ®(t, x1(t), z1(t)) = @1(t, x1(t)) is the
optimal strategy. m|
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VINTAGE-STRUCTURE APPROACH

In the vintage-structured approach, the optimal solution is characterized by
a comprehensive set of PMP-style necessary conditions involving the variables
of both stages. The two stages cannot be solved sequentially, because

e the Stage 1 process determines the Stage 2 initial condition;

e the Stage 2 co-states enter the Stage 1 adjoint equations.

To be able to apply this method, the problem formulation in (1.8) needs
conversion to a vintage-structure one. Analogously to the more renowned age-
structure models (see Anita [5] and Feichtinger et al. [41]), where the variables
involved depend on time ¢ and on a heterogeneous parameter a called age,
in vintage-structure models (see Feichtinger et al. [39]) the heterogeneous pa-
rameter is the vintage s. As it will be explained below, age and vintage are
perfectly interchangeable through a simple variable substitution, yielding that
any age-structure problem has an equivalent vintage-structure counterpart and
viceversa. Consider, for example, a scenario where the planner wants to im-
plement the optimal age-dependent marketing campaign over time, each age a
trivially represents the ‘a’-year-old demographic; converting the same problem
to a vintage structure, the vintage s represents the demographic that was born at
time s. Therefore, the relationship between age and vintage is simply s +a = t.
This relationship is also manifest in the type of model dynamics of the respective
formulations: whereas in age-structured models the state dynamics are PDEs
of the kind

dox(a, t)+ dix(a,t) = f(a,t,x(a,t),u(a,t)),

by defining the corresponding vintage-dependent state X(s, f) = x(¢t — s, t), con-
trol 7i(s,t) = u(t —s,t), and dynamics f(s,t,x,u) = f(t —s,t,x,u), the state
dynamics in vintage-structure models take the following form:

0:%(s,t) = f(s,t,%(s,t),ii(s, t)).

Observe that this is the type of dynamics that we have in the Stage 2 part of our
problem (1.6).

Both age-structure and vintage-structure models feature

o distributed (also called heterogeneous) variables, which depend on both time
and age/vintage and are determined by the dynamics described above;
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e aggregated variables, which are defined as integrals of certain distributed
quantities over all ages/vintages, and as such depend only on time.

In our case the Stage 1 variables depend only on time, but they are not defined
as integrals of quantities that are distributed over the vintages s (each vintage
s representing a possible realization of the switching time): instead, they are
determined by the usual ODE-type dynamics. This is the main reason why
our problem is not purely vintage-structured, but rather an extension of this
framework, where the set of the heterogeneous parameters consists of all the
vintages (parameterizing the instances of Stage 2) plus a singleton representing
Stage 1.

In what follows, we illustrate the procedure to reformulate (1.8) as a vintage-
structure problem. The analogous steps for the infinite horizon problem can
be found in Wrzaczek et al. [118]. We are going to separate the payoff into the
following additive terms.

e An inter-temporal part, which is an integral over time where the running

utility is the sum of two contributions:
— Stage 1: this needs to be a function of the Stage 1 variables only;

— Stage 2: this needs to be an integral over all instances of the switching
time prior to t, where the integrand is a function of the Stage 2
variables only.

e A terminal part, which is the sum of two contributions:

— Stage 1: this is a function of the Stage 1 final states only;

— Stage 2: this needs to be an integral over the switching time where
the integrand is a function of the Stage 2 final states only.

The first issue with formulation (1.8) is that zi(t)n(t, x1(¢), u1(t)) — which
depends on Stage 1 variables — multiplies both the Stage 2 inter-temporal and
terminal parts. We solve this by introducing the auxiliary Stage 2 state variable
z5(s, t) in such a way that z(s, t) = n(s, x1(s), u1(s))z1(s) for all t > s:

Zo(s,t) =0
z2(s,5) = 1(s, x1(s), u1(s))z1(s)

Remark 1.11. By equation (1.7) we have that, forall t > s, z5(s, t) is the probability
density of T at time s:

za(s,t) = f1(s).
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After conveniently substituting z>(t, 0) in place of the z;7 that multiplied the
inter-temporal part, and z>(t, T) in place of the zin that multiplied the terminal

part, we obtain:

T T T
/ z1(£) g1 (¢, x1(t), u1 (1)) dt+/ / zo(t, 0)g2(t, 6, x2(t, ), us(t, 0)) dO dt
0 0o Ji
T
+ 21 (T)S1 (11(T)) + /0 22(t, T)Sa t, 1a(t, T))

To be consistent with the Stage 1 notation, let us change the names of the
integration variables for Stage 2. We denote the switching time by s, and the

current time by ¢:

T T pT
/ z1(t)g1 (£, x1(£), ur(t)) dt + / / z22(s, £)g2(s, t, x2(s, t), ua(s, t)) dt ds
0 0 s

T
+21(T)51(x1(T))+/0 z2(s,T)Sa(s, x2(s, T)) ds

The other issue with this formulation is that, in the Stage 2 inter-temporal
part, time is integrated first. Indeed, we are evaluating the Stage 2 inter-temporal
payoff for each separate instance of the switching time, and then taking the
expectation by integrating all these payoffs weighted by their probability of oc-
currence. Instead, we need time to be the outer integration variable, so let us
exchange the order of integration (see figure 1.2 for a graphical representation of
this operation). This way, for every time ¢ we take the expectation of the Stage 2

0 T t 0 T t

Figure 1.2: Integrating with respect to time first (left); Integrating with respect
to the switching time first (right).
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contribution to the running utility at ¢:
t
Q) = [ za(s,)gals 1 s, 1)l ) s,
0
and then we integrate that over time to obtain the cumulative Stage 2 inter-

temporal payoff.
The result is the following vintage-structured problem:

T t
maximizel‘/O {21(t)g1(t,x1(t),u1(t)) dt‘+/O z2(s,1)g2(s, t, x2(s, t), ua(s, 1)) ds}dt

up(t)ell

us(s,t)el,
T
+ {21(T)81(x1(T)) + /0 22(s, T)S2(s, x2(s,T)) ds}l
(1.19)
subject to:
x1(t) = fi(t, x1(t), ua(t)) x1(0) = xo
< z1(t) = —n(t, x1(t), ua(t)) z1(t) z1(0) =1 (1.20)

X2(s, 1) = fa(s, b, xa(s, 1), ua(s, 1)) x2(s,s) = (s, x1(s), u1(s))
ZZ(S, t) =0 22(515) = T](S,.Xl(S), Ml(S))Zl(S)

Let us define two Hamiltonian functions, one for each stage, as usual:

Hi(t,x,u,AL) = g1(t, x, u) + AL - fi(t, x, u)
Hy(s,t,x,u, &%) = ga(s, t,x,u) + &5 - fals, t, x, u)

Theorem 1.12 (Maximum principle). Suppose that the problem’s data satisfy the
following assumptions (see Veliov [113]):

e U; CRM, U, € RF2 compact.

e Regularity: fi,91,51,1, ¢, f2, $2, S2 bounded and measurable in s and t, Lips-
chitz continuous in the control u, differentiable in the state x, and the derivatives
w.r.t. the states are locally Lipschitz in (x,u). All these properties hold uniformly
w.r.t. the other variables.

e Linear growth: |f1|,|n], || < C(1+ |x|) forall (t,u); |f2] < C(1+ |x|) for all
(s, t,u).

o Admissible controls: bounded and measurable functions uy : [0, T] — U and
up : {(s,t) : 0<s<t<T} - U
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These assumptions imply that the problem (1.19)-(1.20) is well-posed.

If ((ul, x1), (up, xz)) is the optimal solution, then there exist co-state functions
AS(t), AL (t) for Stage 1 and E$(s, t), E2(s, t) for Stage 2 such that the following conditions
hold:

Stage 1 First Order Condition: Suppose that the following additional conditions hold:
e L[ convex.

e f1,81,1, ¢ are differentiable in the control u and the derivatives w.r.t. the
controls are continuous in u uniformly in the rest of the variables.

Then, for almost all t € [0, T|, omitting the arquments for simplicity,
VuHi + E(E DV n + [Ex(t, 1) - At t)]Vun] (v =m(t) <0 (FOCI)
forall v € Uy.
If both @ and n do not depend on u, condition (FOC1) is strengthened into the following:

Stage 1 Maximum Condition: for almost all t € [0, T],

ui(t) € argmax Hi (t, x1(t), v, AS(t)) (MC1)

velly

This does not require the convexity and reqularity assumptions w.r.t. the control

that were made in the previous point, which were necessary for (FOC1).

Stage 2 Maximum Condition: for almost all (s, t) suchthat0 <s <t <T,

u(s, t) € argmax Ha(s, t, xa(s, 1), v, E5(s, ) (MC2)

vels

Stage 1 Adjoint System: the following Adjoint Equations (AE) and Transversality
Conditions (TC) hold (the arquments are omitted for simplicity):

AL(t) = =ViHy — [E5(t, Ve — AS(H)] 7
—[&2(t, 1) = A (1) | Van

As(t) = —g1 = [&:(t, 1) = A=(t)]n Ax(T) = S1(x1(T))
(AS1)

AL(T) = ViS1(x1(T))

Stage 2 Adjoint System: the following Adjoint Equations (AE2) and Transversality
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Conditions (TC2) hold (the arquments are omitted for simplicity):

E(s,t) = =VyHy &X(s,T) = ViSa(s, x2(s, T))

. (AS2)
Eo(s,t) = - &2(3,T) = Sa(s, x2(s, T))

Remark 1.13. The Stage 1 FOC (FOC1) is a local condition with respect to u1. The
reason is that u; can directly influence the initial condition for x; (through ¢)
and z; (through 7). In fact, the Stage 1 Maximum Condition (MC1), which is a
global condition with respect to 11, is false in general: it only holds if the hazard
rate 1 and the state jump ¢ do not depend on u;.

Proof. We apply the Maximum Principle for heterogeneous systems found in
Veliov [113] to our vintage-structure problem (1.19). The heterogeneity, in our
case, is given by the set of parameters {*} U [0, T], where the unit-measure sin-
gleton {+} represents Stage 1, and the interval [0, T], endowed with the Lebesgue
measure, represents all possible instances of Stage 2 (each represented by the
realization s of the switching time, provided it occurs during the programming
interval). We reach the following two-stage adjoint system:

~Ax(t) =[Ax(B)Vxfi = Az(D)Vxnza(1)]
+ [Ex(t, Ve + (8, Venzi(D)] Ax(T) = 21(T)V 51 (x1(T))
+z1(H) Vg1
| A=) = <Azt + £t 0 + 1 A=(T) = $1(x1(T))
—éx(s, t) = Ex(s,t)Vafo +22(s, )V Ex(s,T) = z2(s, T)VySa(s, x2(s,T))
—&.(s,) =& &2(s,T) = Sa(s, x2(s,T))

(1.21)
Observe that the AE and TC for A, and &, are already as in (AS1),(AS2).

Just like in the backward approach, we can view z1(t) as a discount factor for
the Stage 1 problem. Although z5(s, t) does not behave as a discount factor (it
is constant over time), it is merely a weight that multiplies each instance of the
Stage 2 running utility. In light of this, it makes sense to define the “current”

co-state functions:

AS(t) = Ax(8)/z1(2), E(s, 1) = Ex(s,t)/za(s, t).
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Let us differentiate these new co-states with respect to time:

AL(E) = Ax(8)/21(8) = AS(E)21(8) /21 (8)

= Ax(t)/z1(t) + AS(t)n
Ex(s, 1) = Ex(s, 1)/ 22(5,£) — E(5, £)2a(s, 1)/ 22(s, )
= éx(sl t)/ZZ(S/ t)

We substitute A, (t) and &, (s, t) in each equation, respectively. Upon substitution,

in the adjoint equation for A$, we manipulate the term

Ex(t, t)/za(t) = EX(t, t)za(t, 1) /21 () = EX(8, £)n

to obtain the Adjoint System (AS1)-(AS2).
As for the conditions on the controls, for Stage 1 we obtain the following
FOC: for almost all t € [0, T],

{[éx(t/ t)vu(P + &4 (8, t)vunzl(t)] +Vu [Zl(t)gl + Ax(t) - - /\z(t)nzl(t)]}

-(v - u1(t)) <0
(1.22)
for all v € Uy. After dividing it by z1(t) and substituting &, (, t)/z1(t) = &E5(t, t)n
like before, we obtain (FOC1). If both ¢ and n do not depend on u, a stronger

maximum condition holds for Stage 1: for almost all t € [0, T],

u1(t) € arg max {zl(t)gl (t, x1(t), v) + Ax(t) - fi(t, x1(t), v) — AL (t)n(t, xl(t))zl(t)}

velly
(1.23)
We reach (MC1) by observing that the last term does not depend on u, and
dividing the whole expression by z1(t).
In Stage 2 we obtain that, for almost all (s, ¢) suchthat0 <s <t <T,

us(s, ) € arg max {zz(s,t)gz(s, t,x2(s, 1), 0) +&x(s, 1) fals, t, xa(s, 1), v)} (1.24)

vellp

We divide it by zx(s, t) to obtain (MC2). O

Remark 1.14. With this method, we must necessarily consider all conditions
simultaneously:

e In general, the Stage 2 state-costate system depends on the Stage 2 state’s
initial value, which in turn depends on x1(s) and u(s);
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o Atthe same time, the Stage 1 adjoint system depends on the Stage 2 co-state
variables.

These conditions make it impossible to solve the two stages sequentially
(unless the data have a very simple structure, such as a linear-state structure, in
which case one can solve (AS2) and then plug the Stage 2 co-states into (AS1)).

This section constitutes a formal proof of the validity of the PMP for finite-
horizon two-stage optimal control problems with a stochastic switching time.
Although an infinite-time version has already been employed in some recent
works, including Wrzaczek et al. [118], Kuhn and Wrzaczek [70], and Buratto et
al. [20], it has not been formally proved yet. However, its validity carries over
by substituting the transversality conditions with the limiting transversality
conditions, by the following arguments:

e The Stage 2 timelines (characteristic lines) do not interact, and hence the
limiting transversality condition holds for every Stage 2 trajectory.

e The limiting transversality condition holds for the Stage 1 trajectory, as
proved by Boukas et al. [11] for the random stopping time problem.

APPROACH COMPARISON

After presenting the two approaches, let us compare them to see the re-
spective pros and cons, both from the computational point of view and the
information that can be deduced from the respective optimality conditions.

The backward approach offers the advantage of deriving the optimal strategy
in feedback form, which is convenient if the planner has access to the value of
the state variable at every time. However, even if in the two-stage payoff (1.12) V,
appears only with arguments (t, t, o(t, x1(t), ul(t))), this method still requires
computing V> (s, t, x) for every triplet (s, t, x), which is not an easy task in general.
Moreover, the computation of a value function such as V¢ and V,, suffers from
the curse of dimensionality (both analytically and numerically): the complexity
of the problem increases notably with the dimension of the state space (i.e., the
number of state variables).

The vintage-structure approach, on the contrary, allows to derive the strategy
only in the open-loop form. On the other hand, it allows for a compact and
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unified representation of the model and the necessary conditions, where the
interaction between the two stages is made explicit. As such, it enables us
to gain analytical insight on the co-states (hence on the optimal solution) by
disentangling the contributions that each variable and each term gives to their
evolution, even when the problem can only be solved numerically. Moreover,
the Maximum Principle for this type of problems is the theoretical basis of a
numerical method (see [44]) that is able to withstand high degrees of complexity,

such as non-autonomy and high dimensionality.

SAME UNCERTAINTY, DIFFERENT BEHAVIORS

In this chapter, we have been examining an optimal control problem where
the decision-maker is aware of an impending regime shift. They know the
hazard rate function governing the switching time, and they understand the
potential impacts on the system (or at least make attempts to estimate them).
Upon encountering the switch, they adapt their strategy accordingly.

However, this scenario represents the ideal case. In reality, such comprehen-
sive information and adaptability may not be available to the planner. Let us

explore alternative types of decision-maker based on these characteristics.

Anticipating vs Myopic. When planning an optimal policy under the threat of
a stochastic regime shift, the decision-maker may be more or less informed about
the event in question: they may not know its hazard rate, they may not foresee
the effects it will have on the system, or they may not expect a regime shift at
all. The uninformed planner may try to estimate the unknown aspects of the
regime shift and solve the corresponding two-stage problem, or they may act as
if nothing were going to happen and solve the simple single-stage problem with
the present data. We will call the latter a myopic decision-maker, as opposed to

an anticipating one.

Remark 1.15. In the following chapters, equivalent terms will appear due to the
lack of a uniform terminology at the time of the publication of the featured
works. The term anticipative is equivalent to anticipating and is generally used
when referring to a behavior or strategy, as opposed to a planner. The term
non-myopic is also used to describe an anticipating planner. Additionally, non-

anticipative is synonymous with myopic.
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Because the anticipating planner maximizes the expected payoff, on average
they will obtain a higher payoff compared to the myopic planner. However, for
late realizations of the switching time, the myopic planner may realize a higher
payoff than the anticipating planner (given that they both adapt or do not adapt
the strategy after the switch). To explain this effect, let us consider the example
of an undesirable regime shift. Indeed, prior to the switch, the anticipating
decision-maker compromises on what would be the optimal strategy of the
single-stage problem by implementing measures aimed to both fending off the
risk of a shift and preparing for Stage 2. For late realizations of the switching
time, Stage 1 “weighs more” than Stage 2 in terms of payoff, and it turns out that
compromising on the optimal single-stage strategy to prepare for a (relatively)
short Stage 2 was not worth it. However, this should not be a reason to willingly
behave myopically: in fact, a myopic planner does not take action to delay the
shift. This will in turn occur earlier on average, reducing the probability of

“being lucky”, compared to the anticipating case.

Responsive vs Unresponsive. Upon transition, the decision-maker might not
always realize that a regime shift has occurred, or even if they do, they might
be bound by contractual obligations to stick with their original plan. In such
instances, we describe the planner as being unresponsive (to the shift). Conversely,
if the planner acknowledges the altered circumstances and adjusts their strategy
accordingly to adapt to the new regime, we consider them to be responsive.

Of course, assuming that they are both myopic or both anticipating, a respon-
sive planner will always realize a higher payoff compared to an unresponsive

planner.

Remark 1.16. Note that the unresponsive scenario is only admissible if the control
variables and control sets coincide in both stages, i.e., if Uy = U».

Overall, there are four possible combinations of these characteristics: in
Stage 1, the planner may be myopic or anticipating; in Stage 2, they may be
responsive or unresponsive. We can represent the four decision-makers in a
table, as in table 1.2, and refer to them as AR, MR, AU, MU.

MYOPIC DECISION-MAKER

Because they are not expecting a regime shift, a myopic decision-maker will
determine their initial strategy by solving the following single stage problem,
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Responsive | Unresponsive
Anticipating AR AU
Myopic MR MU

Table 1.2: Four planner types

with the Stage 1 data:

maximize
ui(t)ely

T
A g1 (t/ x1(t), M1(t)) dt + S1 (xl(T))

subject to:
x1(t) = fi(t, x1(t), ua(t)) fort € [0, T]

x1(0) = xo

When the switch occurs, say, at T = s, if the planner is responsive they will dis-
card strategy 17 and solve a new single-stage problem with the Stage 2 data. Let
us denote the new strategy as ux(s, t) to stress its dependence on the occurrence
of the switching time:

maximize
us(s,t)els

T
/ 92(s,t, x2(s, 1), uz(s, t)) dt + Sa(s, x2(s, T))

subject to:
X2(s,t) = fa(s, t, xa(s, 1), ua(s, 1)) fort €[s,T]
x2(s,8) = @ (s, x1(s), u1(s))

If otherwise they are unresponsive, they will continue with the originally de-
clared strategy u;(t). However, even in this latter case, the Stage 2 state trajectory
in general will not coincide with x1, as the state dynamics f, may be different

from f; and the state jump ¢ may not be the identity function.

Given that u(t) is computed as above, this is MU’s expected payoff:

T T
]El)ﬁg{ /0 g1(t, x1(t), ur(t)) dt + / 22(7,t, x2(7, ), u1(t)) dt + Sz (7, x2(7, T))}

T
+ X1>T{ /0 g1(t, x1(8), m(t)) dt + 51(x1(T))}l .
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subject to:
x1(t) = fi(t, x1(t), ua(t)) fort € [0,T]
x1(0) = xo
1%2(s,t) = fals, t, x2(s, t), u1(t)) fort € [s,T]

x2(s,8) = (s, x1(s), u1(s))
Hazard rate of 7 at time t: n(t, x1(t), u1(t))

Given u(t) and us(s, t) as computed above, the following is MR’s expected
payoff (here x; is different from the x; in (1.25) because it is obtained with u,
instead of u1):

T T
E[XTST{ /0 g1 (b, x1(t), un (1)) dt + / 22T, 1, 2a2(1, 1), 1a(1, 1) dt+Sz(T,x2(fc,T))}

T
+XT>T{/O g1(t, x1(8), ur(t)) dt + 51(x1(T))}l

(1.26)
subject to:
x1(t) = fi(t, x1(t), ua(t)) fort € [0,T]
x1(0) = xo
Xa(s,t) = fz(s, t,x2(s,t),uss, t)) fort € [s,T]

x2(s,8) = (s, x1(s), u1(s))
Hazard rate of 7 at time t: n(t, x1(t), u1(t))

ANTICIPATING DECISION-MAKER

We already know everything about the anticipating-responsive planner, be-
cause it was the focus of the whole chapter: they compute the optimal u; and
up by maximizing the expected payoff of a two-stage problem with a stochastic
switching time (see (1.6)).

The anticipating-unresponsive planner, however, solves an entirely different
problem. They possess all the information about the regime shift, but they also
know that they will not be able to adjust the strategy once the switch occurs. So
they only compute a single strategy u1(t) by maximizing the following expected
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payoff and stick with it in both stages.

T T
maximize Elxﬁ{ / g1 (b, x1(8), ur (1)) dt + / @2(T, b, xa(7, 1), 11(1) dt+52(T,x2(T,T))}
uy(t)el 0 T

T
+ X»T{/O g1(t, x1(t), ur(t)) dt + 51(x1(T))}l

(1.27)
subject to:
x1(t) = fi(t, x1(t), ma(t)) fort € [0,T]
x1(0) = xo
9 J'Cz(S,t)=f2(S,f,X2(S,t),u1(t)) fort € [s,T]

x2(s,8) = (s, x1(s), u1(s))
Hazard rate of 7 at time t: n(t, x1(t), u1(t))

The solution of this problem is beyond the scope of this thesis.

SWITCH DESIRABILITY AND THE EFFECT OF ANTICIPATION

In this section we aim to explore the relationship between the co-states aris-
ing in the vintage-structure approach and the value functions in the backward
approach, and we use it to better understand the difference between the myopic
and the anticipating strategy.

By writing the Cauchy problem for &, in integral form, we obtain that

T
Ez(s,t)z/t 92(s,0,x2(s,0),ua(s, 6)) d6 + Sy (s, x2(s, T)).

Observe that &,(s, t) is the optimal value for the Stage 2 problem starting from
time ¢, given that the switch occurred at time s, i.e.,

E2(s, 1) = Va(s, t, xa(s, 1)). (1.28)
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By solving the adjoint equation for A,, we obtain that

1 T
1) = 5| [ 210)51(0,51(6),1(0) (0, 1(6), 1(0)) (0, 0) 40

+ Z1(T)51(x1(T))]

~E[rer{ [ 1(6,2(0),m(0) a0
+ /T gz(’(, 0, XQ(T, 6), uz(T, 6)) do + SZ(T, XQ(T, T))}
' T
+ X'IZT{/t 81(9, x1(0), M1(9)) do + Sq (x1(T))} ‘ T> t]

where we substituted &£,(0,0) and we reversed the steps that took us from
formulation (1.6) to formulation (1.12). We obtain that A,(t) is the optimal
expected value for the 2-stage problem starting from time ¢ (given that we are
still in Stage 1 at time t), i.e.,

Az(t) = VE(t, x1(t)). (1.29)

Switch desirability. Let us define the switch desirability AV (t, x,u) as the ex-
pected payoff gain from switching at time ¢ (given that we are still in Stage 1 at
time t), if the Stage 1 state and control at ¢ are equal to x and u, respectively.
Mathematically:

AV(t,x,u):=Va(t, t, ot x,u)) — V(t, x).

Written in terms of co-states, in light of equations (1.28) and (1.29), the switch
desirability is
AV (£, x1(t), (1)) = &Ex(t, 1) = Ao (1).

As for the co-states corresponding to the original state variables x; and x», it
is clear that
EL(s, 1) =V Vs, t, xa(s, 1)).

Itis indeed a well-known fact that the co-state trajectory at t equals the derivative
of the value function with respect to the corresponding state variable, evaluated
at time t and at the optimal state trajectory at t. In this case, s simply acts as a
parameter that identifies the instance of Stage 2 problem.
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It is also easy to see that
AE() = Vo VE (£, 3 (t), (1.30)

as A(t) is the co-state trajectory corresponding to the state variable x when
maximizing the expected payoff by reformulating the two-stage problem as a
single-stage problem as in (1.12). Therefore, by the same argument as above,
Ax(t) = ViV (t, x1(t), z1(t)). We obtain (1.30) by dividing both sides by z1(t).

Effect of anticipation. This bridge between the two approaches enables us to
better understand the role that anticipation plays in shaping the optimal strategy,
as opposed to a myopic one.

If both ¢ and 1 do not depend on u, then the Stage 1 Maximum Condition

for the myopic and the anticipating planner looks exactly the same:

u1(t) € argmax Hi (t, x1(t), v, AS(t))

vell

where Hi(t,x,u,A) = g1(t,x,u) + A - fi(t,x,u). Therefore, the difference in
the optimality conditions arises from the adjoint system for A{. Nevertheless,
regardless of the dependence of the data on u, in general the optimal strategy is
directly linked to the co-state trajectories, so it makes sense to understand how
the co-states are influenced by the anticipation of the regime shift.

The transversality condition is the same for both decision-makers:
AL(T) = Vi S1(x1(T)).
The adjoint equation for the myopic planner is:
AL(t) = =V H,
whereas, for the anticipating planner, it is (see (AS1)):
At = =V = [£5(t, 0V = AL(0)] 1 = [£:(,8) = A(D)] Vi,

This equation, as it is, allows us to disentangle the partial effects that contribute
to the evolution of A}, such as the influence of each Stage 1 state on the state
jump ¢ and on the hazard rate n. This kind of insight is a strength of the vintage-
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structure approach which is not granted when using the backward approach.

However, we want to unify those extra terms in order to identify also the
global effect that anticipation yields on the Stage 1 co-states. We begin by

observing the following relation:

Vi [nAV] = nV(AV) + AVV.n
=n[ViVaVip — V. V] + AVV 1.

By evaluating the expression above at (f, x1(t), u1(t)), we can substitute V.V
with &5, V, V¢ with A§, and AV with &, — A,. We obtain:

NS, V@ = AS(H)] + [&x(E, 1) = A(8)] Van,

which are the extra terms that appear, with a negative sign, in the adjoint

equation for the anticipative A%. We can then write:
AY(t) = =ViHi = Vi [nAV]

The (rather intuitive) takeaway is that, compared to the myopic scenario, the
anticipation of the switch contributes to increase or decrease ¢, depending on
how state i affects the switch desirability weighted by the hazard rate:

o if xil) increases nAV, then /\f increases in anticipation;

o if xii) decreases nAV, then A{ decreases in anticipation.

APPENDIX

This section features the explicit calculation of the expected payoff from
formulation (1.6) to formulation (1.8). Analogous steps are reported in Wrzaczek

et al. [118] for the infinite-horizon problem.
Let f; denote the probability density of 7. If we compute explicitly the payoff
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expectation in (1.6), we obtain the following:

T s
/ fT(S)l/ g1(s, x1(t), ur(t)) dt + G(s, x1(s), u1(s))
0 0
T
+/ 92(s, t,x2(s, 1), ua(s, t)) dt+52(s,x2(s,T))] ds (1.31)

+P(t >T)

T
A gl (t, x1(t), u1(t)) dt + S (xl(T))l

The first integral is then splitted into the Stage 1 part and the remaining part. In
the Stage 1 integral, we substitute f;(s) = —f—sP(T > S):

T S
/o _%P(T > S)/O g1(t, x1(t), w (1)) dt
T T
+/0 fT(S)lG(S,Xl(S)/ul(S))+/ g2(s, £, x2(s, 1), ua(s, t)) dt + Sa(s, x2(s, T)) | ds

+P(t >T)

T
/0 g1(t, x1(8), wa(t)) dt + 51(x1(T))l

(1.32)
The first integral is integrated by parts:

s=T

s T
-P(1 > s)/0 g1(t, x1(t), ur (1)) dt +./0 P(t > s) g1(s, x1(s), ua(s)) ds

s=0

T T
+/0 fT(s)lG(s,xl(s),ul(s))nL/ 92(s, t,x2(s, 1), ua(s, t)) dt + Sa(s, x2(s, T)) | ds

+P(t >T)

T
A/O' 1 (t, x1(t), ul(t)) dt + $1 (xl(T))l

(1.33)
The two terms +P(7 > T) fOT g1(t, x1(t), s (t)) dt cancel out, resulting in:

T
/0 P(t > s) g1(s, x1(s), u1(s)) ds

T T
+/0 fT(s)lG(s,xl(s),u1(s))+/ 92(s, t,x2(s, 1), ua(s, t)) dt + Sa(s, x2(s, T)) | ds

+ P(T > T)Sl (xl(T))
(1.34)
Recalling the definition of z1(s) = P(7 > s), and the fact that f; = =21 = nz; (1.7),

we substitute P(t > s) = z1(s) and f-(s) = n(s, x1(s), u1(s))z1(s). After joining
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the two integrals and collecting z;(s) we obtain:

T
/o Zl(S){gl (s, x1(s), u1(s))

T
+1(s, x1(s), u1(s)) [G(s, x1(s), u1(s)) + / 92(s, t, xa(s, 1), uz(s, t)) dt + Sa(s, x2(s, T))l} ds

+21(T)S1 (x1(T))
(1.35)

To obtain the formulation in (1.8) we rename the integration variables: s becomes

t, and t becomes 0.
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Health Economics

This second chapter is dedicated to problems related to health economics. In
what follows, we consider an application of dynamic optimization methodolo-
gies to contrast the spread of diseases with the aid of lockdown and vaccination.

The content of Section 2.1 is a published article titled “Should the COVID-
19 lockdown be relaxed or intensified in case a vaccine becomes available?”.
The article is jointly written by A. Buratto,! M. Muttoni,' S. Wrzaczek,? and
M. Freiberger.? It was published in PLOS ONE in 2022.

In this paper, we analyze the long-term optimal lockdown strategy for gov-
ernments to contrast the spread of the COVID-19 pandemic. Our novel approach
incorporates the potential development of an effective vaccine at a stochastic
time, by directing additional financial resources towards research and devel-
opment in the field. The theoretical setting of this work is that of an infinite-
horizon, two-stage optimal control problem with a stochastic switching time 7,
reformulated with a vintage structure and addressed with Pontryagin’s Maxi-
mum Principle. The hazard rate of 7 (also called switching rate, because the shift
is a desirable event in this case) is assumed to be directly controllable, in that
it depends partly on time and partly on the control. Referring to the notation
introduced in Classification 1.2.1, in this model the switch has the following

effects:

(E1) Controls: the planner has two controls in Stage 1 (lockdown and research)

1Dipartimento di Matematica “Tullio Levi-Civita”, Universita degli Studi di Padova
2International Institute for Applied Systems Analysis (IIASA)
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and one control in Stage 2 (lockdown only);

(E2) States: there are three compartments in Stage 1 (S-I-R) and four compart-
ments in Stage 2 (S-I-R-V);

(E3) Dynamics: in Stage 2 flows from the S and R compartments to the V
compartment are added;

(E4) Running utility: the research cost, which is present in Stage 1, disappears
in Stage 2.

The first finding is that the lockdown should be intensified after the vaccine
approval if the pace of the vaccination campaign is rather slow. Secondly, by
comparing the strategies of an anticipating and a myopic planner respectively,
we find that the anticipation of the vaccination arrival also leads to a stricter
lockdown in the period without vaccination. For both findings, an intuitive
explanation is offered.

The content of Section 2.2 is an article titled “Communication strategies to
contrast anti-vax action: a differential game approach”. The article is jointly
written by A. Buratto,® R. Cesaretto,®> and M. Muttoni,® and it is published in the
Central European Journal of Operations Research in 2024.

Unlike the rest of the applications studied in this thesis, this work presents an
infinite-horizon differential game without regime switches, where the players
are the healthcare system and a pharmaceutical firm that produces and sells
a certain vaccine. Since the spread of misleading information has caused a
decline in vaccination coverage, which in turn has lead to the reappearance of the
related disease, both parties implement pro-vaccine communication campaigns
to contrast anti-vax action. While the healthcare system aims to minimize the
healthcare costs that unvaccinated people would entail, the pharmaceutical firm
wants to minimize the missed profits from unsold vaccines.

We solve the respective HJB equations to compute the Markovian Nash equi-
librium strategies, we then perform a sensitivity analysis of the strategies and
steady state with respect to the parameters.

The main findings are that, at the Markovian Nash equilibrium, the strength
of the anti-vax word of mouth increases the healthcare system’s investment in
vaccine communication, while not affecting the firms pro-vaccine campaign.

Moreover, upon variation of most parameters, we find that the two players act

3Dipartimento di Matematica “Tullio Levi-Civita”, Universita degli Studi di Padova
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as strategic substitutes: the smaller the healthcare system’s campaign, the higher
the firms one.

SHoULD THE COVID-19 LOCKDOWN BE RELAXED OR

INTENSIFIED IN CASE A VACCINE BECOMES AVAILABLE?

Article written by A. Buratto, M. Muttoni, S. Wrzaczek, and M. Freiberger;
published in PLOS ONE (2022) [20].

INTRODUCTION

Since the beginning of 2020, the COVID-19 pandemic has kept the world
in suspense. In addition to distance rules and hygiene measures, the immedi-
ate reaction of most countries was a lockdown of all nonessential parts of the
economy. Although these measures were quite successful in terms of reducing
infections and saving lives (e.g., Flaxman et al. [42] estimates that 3.1 million
deaths have been averted by lockdown measures in 11 countries in Europe), the
economy suffered enormously (according to Mandel and Veetil [76] the decrease
of the world output fell up to 23% in spring 2020), and it became clear quite soon
that an efficient vaccination will be the only viable option to end the pandemic
in the long term.

Since then, all over the world additional research effort was put into explor-
ing COVID-19 with significant resources allocated towards the development of
vaccines and medications. Initially, it was speculated that vaccines could be-
come available about 1.5 years after the beginning of the pandemic. However,
due to the large efforts and unprecedented international collaboration, several
vaccinations with different technologies (vector vaccine, mRNA, dead vaccine,
etc.) have been developed in record breaking time (the vector vaccine “Con-
vidicea”, for instance, has already been approved by the end of June 2020 in
China, followed by “Sputnik V” in August 2020 in Russia) that no-one could
expect in spring 2020.

Naturally, in 2020 governments found themselves in a position where they
could only react to the dynamic development of the pandemic. ILe., lockdowns
(with different intensities) and travel restrictions have been implemented re-

garding certain identification numbers (e.g., number of new infections, number

47



2.1. COVID-19 OPTIMAL LOCKDOWN INTENSITY

of total infections, number of hospitalized people, number of people in intensive
care units) and the dynamics without knowing any details concerning the time
horizon. This is reflected by two problematic points in the relevant literature on
COVID-109.

First, governments intend to take measures to control the pandemic in the
best way. The term best in this context means that the performance of interven-
tions is valued with respect to some objective function, which might include an
economic (e.g., lost GDP per capita) as well as a health part (e.g., monetary valu-
ation of lost lives). Due to the dynamic nature of a pandemic, the application of
dynamic optimization or optimal control theory is suitable (see, e.g., Hinderer
et al. [62] and Grass et al. [52]).

Second, the end of the pandemic in many other contributions (see below
for a review of the relevant literature) is often identified with the availability of
an effective vaccine. Neglecting regional differences (industrialized countries,
emerging economies, and developing countries), the current situation illustrates
that COVID-19 related problems, such as high infection numbers and congested
intensive care (IC) units, are not resolved immediately with vaccination avail-
ability. Vaccination does not assure an instantaneous coverage of the population
due to administration time and management issues that may arise. It may be
a long process, and it is not necessarily organized at a constant rate. Lock-
down still remains the most effective tool to oppose the virus, and it needs to be
considered (probably with certain adaptations) at least for some time.

The latter argument also becomes apparent in the data. Fig 2.1 plots the
“intensity of the lockdown” (solid lines, values correspond to the left vertical
axis) and the proportion of vaccinated people (dashed lines, values correspond
to the right vertical axis) for US (black lines), Israel (red lines) and Germany (blue
lines). The data has been taken from https://ourworldindata.org (last access
May 15, 2021; see Mathieu et al. [79]). The intensity of the lockdown (referred to
as “stringency index” in the data set) is measured from 0 to 100, where 0 means
no lockdown at all and 100 lockdown of all nonessential parts of the economy.
These three countries are highly developed and have the financial power to afford
the necessary vaccine doses, but are heterogeneous concerning their vaccination
strategies. While the US campaign has been quite quick and efficient, Germany
faced a couple of problems at the beginning of the campaign much like numerous
other European countries. Israel’s campaign has probably been the fastest in the

world, resulting in an early relaxation of lockdown measures. Despite these

48


https://ourworldindata.org

CHAPTER 2. HEALTH ECONOMICS

differences, in all three countries, the lockdown was not relaxed immediately
at the vaccine approval (which can also be observed for many other countries).
Actually, in Israel and Germany it was even intensified. Relaxation in all three
countries occurred at the time when a reasonable proportion of the population
had been vaccinated (US and Germany: 15 — 20%, Israel: ~ 40%) which, of
course, goes along with a decrease of infection numbers and reduced pressure

on IC units.
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Figure 2.1: US, Israel and Germany. Lockdown intensity and proportion of
vaccinated people

To overcome these crucial issues, we use a standard SIR model originated in
the seminal paper Kermack and McKendrick [67], as already previously done
in several mathematical economic papers on the COVID-19 pandemic (see the
following paragraphs for a brief review), and include lockdown intensity as a
policy measure (that has to be chosen optimally) as well as a stochastic arrival
time of an efficient vaccination, that subdivides the time horizon into two stages.

In the stage before an efficient vaccination is available (from now on referred
to as Stage 1) the lockdown is the only instrument of the government to push
back the virus, and an additional research effort is employed towards the dis-
covery of an effective vaccine. In the second stage, when a vaccine has been
discovered (from now on referred to as Stage 2), the administration of the vac-
cine speeds up the immunization of the population. Lockdown measures can
still be undertaken, but additional research effort is not necessary any more.

With this framework we aim to address the following research questions:
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1. How does the optimal lockdown intensity change during Stage 1, when
the vaccination approval is expected (compared to a situation without the
expectation of a vaccine development)?

2. How should the optimal lockdown intensity be adapted at the time and
after the vaccination is approved?

3. How are the pandemic costs composed w.r.t. different approval times of a
vaccination?

These questions are systematically addressed in the section “Numerical re-
sults” for different model scenarios. The thorough discussion gives important
insights and extends the results of previous papers.

For the model setup, we adapt the baseline model proposed in Alvarez et al.
[4]. From a mathematical point of view, any other optimal control model for the
current pandemic (see the list of references) could be used. However, adding
further compartments (i.e., state variables) or additional policy instruments (i.e.,
control variables) would neither change the qualitative behaviour nor improve
the intuitive understanding. Additional channels would cover up the effect of
the stochastic arrival rate of a vaccination.

The literature on mathematical models of the COVID-19 pandemic is already
quite rich. At this point, we focus the discussion on papers that are most related
to our model. Most papers consider a macroeconomic objective function with
lockdown as a control variable but address different aspects of optimal policy
interventions during the pandemic. Alvarez et al. [4] and Gonzalez and Niepelt
[51] consider optimal lockdown policies over time. Aspri et al. [6] extends the
epidemiological model and considers a sophisticated SEIARD model. Ali et al.
[3], on the other hand, analyzes the effect of quarantine. El Ouardighi et al.
[35] includes the effect of social fatigue and endogenous treatment capabilities.
Caulkins et al. [25, 26, 27] concentrate on the qualitative behaviour of the solution
and identify parameter regions where the optimal solution is qualitative stable.
The parameter regions are separated by bifurcation curves where Skiba solutions
or other interesting mathematical phenomena arise. Federico and Ferrari [38]
considers a transmission rate originating from a stochastic diffusion process,
which can be influenced by confinement policies. Acemoglu et al. [2] is the
only paper that includes a stochastic time horizon within a SIR model with
different age groups (deriving optimal interventions that may differ between
the groups). However, in contrast to our contribution, the period after the

vaccination arrival is not considered. Fu et al. [48] embeds work intensity, which
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is chosen on an individual basis, into a SIR model and derives the optimal
lockdown policy for a given vaccination rate. The main finding is that the
lockdown is relaxed when the vaccination effort is intensified (i.e., lockdown
and vaccination are substitutes). This is contrasted by Caulkins et al. [24],
where a systematic sensitivity analysis of the optimal lockdown intensity with
respect to the vaccination rate and the valuation of a lost life is provided. In
addition to the substitution property (as in Fu et al. [48]) also scenarios with
lockdown and vaccination being complements are identified. Up to the best of
our knowledge, Garriga et al. [49] is the only paper that considers an (exogenous)
stochastic arrival of a vaccine and the adaptation of the optimal lockdown policy
afterwards. However, the paper uses a different model setup and solution
method, as well as a considerably different focus in their numerical examples.
Except Acemoglu et al. [2] and Garriga et al. [49], the works mentioned above
consider a fixed time horizon assuming that this immediate end of the pandemic
is known a priori. As previously mentioned, this assumption is relaxed in our
contribution within a model being truly simple in terms of the epidemiological
dynamics. However, it allows to analyze the effect of a stochastic arrival rate
of a vaccine and to work out the impact of different arrival times, which is not
dealt with in Acemoglu et al. [2] and Garriga et al. [49]. This is possible by
adopting a novel approach for multi-stage optimal control models with random
switching time as presented in Wrzaczek et al. [118]. Based on the deterministic
reformulation of the objective function (see Boukas et al. [11]), the problem
is transformed into an age-structured optimal control problem. This approach
allows treating both stages simultaneously (in contrast to the traditional method),
thus implying a detailed characterization of the link between the two stages.
The rest of the paper is organized as follows. The following section introduces
the model together with some analytic results. Numerical solutions for different
cases concerning the speed of the vaccination campaign are presented in the

section “Numerical results”. The last section concludes.

THE MODEL

Within this section, we extend the well-known SIR model proposed in the
seminal article Kermack and McKendrick [67] and improved in many other
papers. We introduce the control variable lockdown intensity to fight the spread

of the virus and a stochastic arrival time (i.e., a switch of the dynamics) of an
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efficient vaccine that separates the planning horizon into two stages. First, the
adapted SIR dynamics are described; then the government’s objective function
(i.e., costs) is defined. Finally, the full model is formulated.

DyNnaMiIcs

Consider an infinite planning period [0, +c0) divided into two stages by the
entrance of an effective vaccine at time 7. Assuming that such an entrance is
a certain event (sooner or later), the arrival rate of 7 is discussed below by the
mean of a cumulative distribution function (see Eq (2.5)).

In Stage 1, i.e., in the interval [0, 7), no effective vaccine is available, there-
fore the two possible measures to fight the disease are the lockdown intensity,
denoted by ¢(t), and the additional research effort (research boost) towards the
discovery of an effective vaccine, denoted by r(¢). Both measures (entering non-
linearly in the model) are continuous control variables and optimally set by the
government. We assume that it is possible to close only nonessential parts of
the economy. Essential parts (such as energy supply, health services, and basic
food production) have to be kept open. This implies ¢(¢) € [0, L], where ¢(t) = 0
corresponds to no lockdown and ¢(t) = L > 0 to full lockdown.

The total population N(t) is divided into the three common compartments,
i.e., susceptibles S(t), infected I(t) and recovered R(t). In Stage 2 an addi-
tional compartment V(t) for vaccinated individuals is introduced. Due to
the negligible effect on the pandemic, the non-COVID-19 mortality rate and
the birth rate are ignored. As a result, the total population equals N(t) =
S(t) + I(t) + R(t) + I;5.V(t), where I;>; denotes the usual indicator function
(equal to 1 for t > 7, zero otherwise).

At any lockdown intensity a proportion of ¢, (1 — 6¢) is active and can
transmit the virus, where 0 € [0, 1] is an exogenous measure of the lockdown
effectiveness. Following Alvarez et al. [4] the transmission rate is defined as
B(£) = Bo(1—6¢)?, where By > 0 denotes the transmission rate without lockdown.
Thus, during Stage 1 (i.e., t € [0, 7)) the number of susceptibles evolves according

to

S(HI()

S(t) = —p(e(t)) NOK

S(0) = Sy, fort <, (2.1)

where Sy is the initial value of the compartment. The increase of the infected
duee to new infections equals the decrease of the susceptibles. On the other
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hand, the infected decrease because of COVID-19 related deaths and recoveries.
Let 1/y denote the average dwell time of individuals in I(t), then y equals
the percentage of infected leaving the compartment at any point in time, i.e.,
y = (recovered + dead)/infected. For the COVID-19 related death rate, we

follow Alvarez et al. [4] and assume the following linear increasing form

() =y - (¢ +«xI(t)), (2.2)

where the assumption (¢ + xI(t)) < 1 guarantees a positive recovery rate equal
to y (1 - (@ +xI(t))). The death rate is increasing in I due to the congestion
effects of the health sector (for dramatic examples we refer to Lombardia in
Italy or New York City both in spring 2020, or Brazil in spring 2021). Several
contributions use a similar form, see e.g., Caulkins et al. [25, 26, 27] who assume
an excess death rate if the ICU capacity is exceeded.

Therefore, the infected dynamics during both stages is

S(t)I(t)

1(6) = PO g

—-yIt),  1(0) =Io, (2.3)

where Iy contains the initial number of infected individuals.

The size of the total population at any ¢ diminishes by COVID-19 deaths.
This implies the following dynamics for both stages

N() = —p((E)IE),  N(0) = No, (2.4)
with an initial population size of Ny. The number of recovered people R(#) in

both stages can be directly obtained by R(t) = N(t) — S(t) — I(t) — L=V (t).

The time instant 7, when an efficient vaccination becomes available, is as-
sumed to be an absolute continuous random variable. Let us define by Z(t) the
probability of discovering an effective vaccine after ¢t. In other words, the prob-
ability of remaining in Stage 1 until . We formalize this probability throughout

the complementary cumulative distribution function (tail distribution)

Z(t) = Prob{t > t}. (2.5)
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As a result, the corresponding switching rate is obtained by

20 _ e, . (26)

Z(t)
Since Z(0) = Prob{t > 0} = 1 holds naturally, this distribution function satisfies
the following Cauchy problem

Z(t) = —n(r(t), HZ(t),  Z(0)=1. (2.7)

We assume 7)(-, t) to be positive, continuous, and to depend on the additional
research effort r(t), which is a control variable in Stage 1. Note that r(t) € [0, 1],
ie, r(t) = 0 and r(t) = 1 correspond to the cases without and with maximal
available additional research effort respectively. Note that research effort cannot
exceed a certain level at least on the medium term due to constraints on the
availability of experienced researchers, research facilities, etc. Consequently,
1n(0, t) captures the switching rate resulting from base research effort (spent in
R&D on a regular basis, without any additional research effort, i.e., with r = 0).

We assume that the research boost r(t), aimed at finding an effective vaccine,
accelerates its development with efficacy 11 > 0. Thus, the switching rate
depends on r(t) as follows,

n(r(t), t) = p(t) (no + mr(t)), (2.8)

with 19 > 0 and where p(t) is an increasing time dependent function such that
p(0) € (0,1) and lim;—,o p(t) = 1. For the numerical calculations in Section
“Numerical results”, we are using a Gompertz sigmoid function, i.e., p(t) =
e P1e"" with p1,p2 > 0 (see Table 2.2 for the parameter values). This functional
specification guarantees not only a switching rate that increases in r(t), but also
a time-dependent learning effect (non-autonomous p(t)) resulting in a more

efficient use of research efforts.

At the time instant 7 a vaccine is developed and becomes available, thus
marking the start of the vaccination of the population. We assume that the
cost for production and administration of the vaccine (research costs are already
covered in Stage 1) are minuscule compared to costs resulting from lockdown
measures and lost lives. This implies that at every t as many people as possible

(withrespect to production and administration capacities) get vaccinated. Hence
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the number of vaccinations per unit of time a(f) (where f corresponds to the
time after the switch, i.e., f := t — 7) follows the exogenously given availability
of vaccination after discovery. We assume that a(-) is an increasing and concave
function over time, i.e., &’(f) > 0 and a”(f) < 0. For the functional specification,

we propose the following form

a(t)= ——, (2.9)

with positive parameters a; > 0 (i = 1,2, 3); a1z > a guarantees that a(t) is
increasing and concave. At the switch a(7—1) = @(0) = a2/a3 vaccination doses
are available. This number increases up to the maximum level of a1, which is

the limit of the above expression.

Although people are vaccinated as quickly as possible starting at 7, as dis-
cussed in the introduction (and as observed in lots of countries in the first half
of 2021), the lockdown is still an indispensable tool to control the pandemic
since people cannot be vaccinated fast enough. We assume that susceptible and
recovered people are vaccinated without any prioritization. After getting the
vaccine, people enter the compartment of vaccinated people V(t), which is the
absorbing state in our model. As a result, the dynamics of S(t) and R(t) in

Stage 2 read

S(HI(t)
N(#)

SOI(t)
N(t)

where the indicator function guarantees that vaccination ends if everybody is

(1) = ~ple) T — ot - s

(2.10)

I(t) = pect)) —yI(t).

vaccinated. V (t) just collects all vaccinated people in Stage 2

V() = a(t — 7)lg+r>0, V(7) = 0. (2.11)

CosTts - OBJECTIVE FUNCTION

The decision maker in our model is the government balancing (i) the costs of
lostlives and (ii) the costs of lockdown and subsidies in the R&D sector (aiming at
accelerating the vaccine development). Therefore, the objective function consists
of an economic (lockdown, research subsidies) and a health economic part (lost
lives), both measured in GDP (gross domestic product) per day. All objectives
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in Stage 1 are represented by the function

g1(I(£), £(t), r(1)) := cp(I(£)) + ce(E(t)) + cr(r(£)). (2.12)

Here cj,(I(t)) :== ¢ - @(I(t)) - I(t) denotes health economic costs, i.e., the costs of
lost lives weighted with the value of a statistical life . The range of i in the
literature ranges from 20 in Alvarez et al. [4] to 150 in Kniesner et al. [69]. In
Caulkins et al. [25, 26] this value is used as a bifurcation parameter in a sensitivity

analysis in a different model setting with a different research focus.

Lockdown costs are assumed to be quadratic, i.e.,
co(0(F)) := wl?(t) (2.13)

with a positive parameter w. This results from higher marginal costs as lock-
down becomes more intense, due to the interconnection of the economy. Note
that the definition of lockdown costs varies in the corresponding literature.
While e.g., Alvarez et al. [4] assumes linear costs, e.g., Caulkins et al. [25, 26]
assume non-linear costs that also depend on the available workforce (i.e., N(t)
diminished by I(f)). Moreover, we are relaxing this assumption in the section
“Robustness check” and allow for convex-concave costs.

Similar to the lockdown costs, the research costs are assumed to be quadratic
cr(r(t)) = cor®(t) with a positive parameter co. This appropriately reflects reality
since the research effort enters linearly in the switching rate and research projects
are funded in order with their priority and probability of success.

The costs in Stage 2 are analogous to the ones in Stage 1, they only differ for
the lack of additional research efforts (which are assumed to be zero after the
arrival of an efficient vaccine), i.e.,

g2(1(£), £(1)) = cp(I(t)) + c(E(2)). (2.14)

Note that we do not consider vaccination costs explicitly, while they could be
argued to be included. However, as discussed before, vaccinations are given
at the maximum pace at any ¢ (due to the fact that the corresponding costs are
negligible) implying that the optimal results would not change.

As the decision maker aims for the minimization of the expected aggregated
discounted costs over an infinite time horizon (taking the stochasticity of the
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switching time 7 into account), the objective function can be written as

T (X(0)) := gff},ir%)ET l /O e PLgi(I(t), £(t), r(t)) dt + /T e P g (I(t), £(t)) dt}Z.lS)

Thereby p is the discount rate and X(t) is a vector of the compartments S(t), I(t)
and N(t).
Following Wrzaczek et al. [118], the objective function (2.15) can be reformu-

lated as

J(X(0)) —e(ItT)UI(I) / e P Z(t) [g1(I(t), €(t), r(1) + n(r(t), £)]5(X(t), t)] dt
(2.16)

where JJ(X(t), t) denotes the optimal value (in mathematical terms referred to
as value function, see Grass et al. [52]) of Stage 2 given a vaccine approval at ¢
(with state variables X(t) at t).

FuLL MODEL

Using the subscripts 1 and 2 to refer to the (state and control) variables
corresponding to Stage 1 or 2 respectively, the problem in Stage 1 can be written

as
J'(X(0) = elg)ﬁrrf(t)/ e P Z1(t) [q1(L(t), (), 11 (1) + (1 (t), )5 (Xa(t), £)] dt
. SiOL ()
s.t. S1(0) = —-BlL(t))——— D)
he) = pee) e -y
Ni(t) = —@(L(t)h(t)
Zi(t) = -n(ri(t), H)Z1(t) (2.17)
with initial conditions
51(0) = So, N(0)=1I, Ni1(0)=No, Z1(0)=1. (2.18)

The problem in Stage 2 can be written analogously, and defines J5(X(t), t) which

occurs in the objective function of Stage 1. Since for every possible realization
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of 7 the value function is derived from an optimal control problem, x»(t, 7)
indicates a (state and control) variable of Stage 2 at ¢, given a vaccine approval
at 7 (t < t). This yields

,(X(1),7) = érr(ltuTl)/ e_ptgz(lz(t, 7), b(t, 1)) dt
: _ Sao(t, Dla(t, 1) So(t, T)
s.t. So(t, 1) = —p(bft, T))W —a(t - T)Sz(t, D)+ Rolt, T)]ISZ(t,T)+R2(t,T)>0
b0 = e, o) 2Py, o
Nz(t, 1) = —@(la(t, 7))t T)
Va(t,©) = alt — Dlsyt)+Rat,1)50 (2.19)

with initial conditions
Sa(t,7) =S1(7), Ir(t,7)=L(t), Na(t,7)=Ni(r), Valr,7)=0. (2.20)

The dot-notation in Stage 2 refers to the derivative with respect to time, i.e.,
x(t, t) = dx(t, 7)/dt, while T remains constant.

Clearly, the number of recovered people in both stages can be derived by the
identity N = S+1+R(+V). Note that in the problem of Stage 2 the vaccine arrival
time 7 is only a parameter (therefore entering as parameter in the value function
J;(X(7), 7)), whereas in the objective function of Stage 1 the value function of
Stage 2, ];(X1(t), t) is evaluated for every ¢, as a possible arrival time. Table 2.1
summarizes all variables and functions of the model for both stages, at a glance.

SOLUTION AND ECONOMIC INTUITION

For the derivation of the first-order conditions, we first transform the model
into an age-structured optimal control model (see Wrzaczek et al. [118]). Then
the age-structured Maximum Principle (see Feichtinger et al. [41]) is applied.
This representation offers some advantages compared to the standard approach
presented in Boukas et al. [11], as discussed in Wrzaczek et al. [118].

The transformation of Egs (2.17)—(2.19) into the age-structured form as well
as the derivation of the optimality conditions, is quite technical and deferred to
the S1 Appendix.

The optimal values of the control variables are summarized in the following

Theorem.
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Notation | Description Stage 1 | Stage 2
Controls:

¢ lockdown intensity X X
1 research effort (development of vaccination) X -
States:

Si susceptibles X X
I; infected X X
R; recovered X X
\%) vaccinated - X
N total population X X
Z1 probability of vaccine approval after ¢ X -
Functions:

n(ry, t) switching rate X -
a(t — 1) number of vaccinations per unit of time - X
B(¥) transmission (infection) rate X X
(1)) fatality rate X X
y —@(;) | recovery rate X X

Table 2.1: Overview of Notation (i = 1, 2).

Theorem 2.1. Consider the above multi-stage optimal control problem with random
switching time (2.17)~(2.19). Then, assuming the existence of an optimal solution, the
optimal research efforts in Stage 1 and the optimal lockdown levels in both stages are

given by
t t,t)—Az(t
() = min {max{’hp( ) (Ez(t, 1) = Az( ))’0},1} ’
2C0
1 () = As()) Boo 2P _
f;(t) = min{max 9 SOL0 ,0¢,L
(Ar(t) = As(t)) poO=5 5~ — Z1(D)g
1 (Ex(t, ) = Es(t, 7)) Bo& 2Tt _
£(t,7) = min{max 9 SCOLED - ,0¢,L
(Erlt, D) — Es(t, 1) B0 ZLDELD _ 7 (1))
(2.21)

where Ay (&) denotes the adjoint variable of Stage 1 (Stage 2) of a given state variable
y (for the corresponding adjoint equations we again refer to the S1 Appendix).

Giving a more detailed discussion on Az(t) and &z(t,t): Az(t) denotes the
adjoint variable of Z1(t), which is the probability that the vaccine is approved
after t. £z(t,t) denotes the adjoint variable of Z,(t, t), which is the probability
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density that the vaccine is approved at ¢.

Proof. Manipulating the general first order optimality conditions (see S1 Ap-
pendix), directly leads to the presented expression for the optimal controls.
The max and min operators inside the expressions guarantee that the control
variables stay within their admissible regions. O

The formal expression of Theorem 2.1 can be interpreted as follows:

e Optimal research effort (Stage 1): In case the fraction inside the brackets
is positive and below one (i.e., {(t) € (0, 1)), the max and min operators
can be omitted. Then the optimal value equals the marginal effect of re-
search subsidies over their marginal costs. The marginal effect comprises
of the product of the marginal switching rate (w.r.t. research effort) and
the shadow price of a switch from Stage 1 to Stage 2 at ¢ (i.e., the difference
of the corresponding shadow prices £z(t,t) and Az(t)).

Therefore r](t) increases if the marginal effect of the switching rate in-
creases, if the marginal value of the vaccine approval increases, or if the
marginal cost decreases.

e Optimal lockdown intensity without vaccination (Stage 1): The second-
order optimality conditions (see S1 Appendix) imply that the denominator
of the fraction inside the brackets is always negative. In the case of an inner
solution (i.e., £](t) € (0, L)) the term A; — A5, which can be interpreted as
the shadow price of one individual getting infected, is strictly negative.
Thus the optimal value equals the marginal effect on the epidemiological
dynamics (numerator) over the total effect (denominator) divided by the
marginal effectiveness of the lockdown (0). The marginal effect on the
dynamics (numerator) comprises of the shadow price of a person getting
infected (difference of the shadow prices of the corresponding compart-
ments) weighted by the corresponding probability and the marginal ef-
fect of the lockdown intensity. To get the total effect (denominator), the
marginal relative cost of lockdown efficiency (weighted by the probability
that the vaccine has not been approved at t) is added to the effect on the
epidemiological dynamics. This fraction is related to the effectiveness of
the lockdown (i.e., division by 0). As a result, the lockdown increases in
the effect on the dynamics (either by the shadow price of a person getting
infected or by the corresponding probability) and decreases in the costs.

e Optimal lockdown intensity with vaccination (Stage 2): The interpretation

of £3(t, 7) is analogous to that of £;(t).

In addition to this interpretation Theorem 2.1 can be used for analyzing
the lockdown intensity at the vaccination approval, which is not a-priori clear.
Intuitively, one would expect that the lockdown will be relaxed or at most remain
at the same level. However, as already discussed in the introduction, in the
beginning of 2021 most countries in Europe reacted differently. These decision
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can potentially be supported by our framework. In particular, the following
theorem formalizes conditions for the adaptation of the lockdown intensity at
the vaccine approval.

Theorem 2.2. Consider the multi-stage optimal control problem with random switching
time Eqs (2.17)—(2.19) and the optimal lockdown intensities given in Theorem 2.1. At
the (stochastic) time of a vaccine approval T the lockdown intensity is in general non-
continuous (disruptive) and

Ei(t, 1) = Es(7,7)
Ar(1) = As(1)
EI(T/ T) - ES(T/ T)
Ar(1) = As(1)
&i(t,t)—E&s(t, 1)
Ar(t) = As(T)

(disruptively) increasing <=

> 1(r1(1), 7)

continuous

=1(r1(17), 7) (2.22)

(disruptively) decreasing =

<n(r1(7), 7)

given that the total effect of the lockdown intensity of Stage 1 and Stage 2 at T has the
same sign (a different sign just reverses the inequalities).

Proof. From Theorem 2.1 we obtain

51(1)11(1)( (T, 1) = &s(t, 1)
NiUD) Mg (r, 1) - (1, 1) foO D — 7y (1) (1) %
) Ai(1) = As(1) )
(A1) = As(1)) foO 4D — 7, (7))
(2.23)

for £(7), £3(7, 7) € (0, L) and accordingly for solutions on the boundary. Manip-

(7, 7) = (1) = Po

ulation of this expression proves the assertion of the theorem. m|

According to Theorem 2.2 the adaptation of the lockdown intensity at the
time of the vaccine approval depends on the relation of the shadow prices of a
new infected person in Stage 2 and Stage 1 at 7. If the ratio exceeds the approval
rate 7(-) at 7, new infections have a stronger effect with the availability of a
vaccine than they would have without. Consequently the lockdown intensity
has to be intensified disruptively at 7, which seems to be counter intuitive at first
glance. However, the reason is hidden in the definition of the shadow price of
new infections, which includes the net value of costs (i.e., lockdown, lost lives)
and the effect on the dynamics of the epidemic. Therefore, in Stage 1 it might
be more costly to keep a lot of people in the S compartment since everyone
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has to pass the S — I — R-route (while keeping ¢(I(t)) on an acceptable level) to
achieve immunity. On the other hand, if the vaccine is available, susceptibles
can pass directly from the S to the V compartment by getting vaccinated. Thus,
with a more intensive lockdown it pays off to keep more people in the S state
(i.e., keeping them healthy), pass them directly to V and therefore save lives
(lowering costs). In other words, a vaccination works as a kind of shortcut in the
SIR dynamics. A more intense lockdown enables more people to make use of it.

The interpretation of a continuous and disruptive decrease of the lockdown
intensity (second and third line of Eq (2.22)) is analogous.

NUMERICAL RESULTS

In this section, we present some numerical results obtained by applying
the Pontryagin Maximum Principle (PMP) (see S1 Appendix for the analytical
expressions). Most of the parameters’ values for our baseline calibration are
taken from Alvarez et al. [4] and other models of the related literature. We
report the complete list of parameters in Table 2.2, with time being measured in
years. Note within the plots that the time axis is scaled in months for enhanced
readability.

Unlike Alvarez et al. [4], where the proportion Sy of susceptibles in the
population is set equal to 0.97, we fix it equal to 0.99, so that Sg and Ip sum up
to 1 (and no initial recovered are considered, Ry = 0) as in Caulkins et al. [25].

The parameters concerning research and vaccination must be explained in
more detail. Up to the best of our knowledge the effect of research on the
discovery of a vaccine has not been considered by other papers. As already
explained after the definition of the switching rate Eq (2.8), we use a Gompertz
sigmoid function for p(t) with p; = e and p, = 3, such that we end up with

1-3t

p(t)=e* . (2.24)

This essentially means that research efforts are rather ineffective at the start of the
pandemic (i.e.,att = 0), and develop their effectiveness soon (e.g., p(0.5) = 54.5%
after half a year, p(1) = 87.3% after one year). For the base research efficiency
no and the efficacy of the research boost 171 no data is available. We have chosen
no = 11—5 and 11 = 4 — no. This reflects a situation in which the probability of
a vaccine being approved within the first year without an additional research
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Parameter | Value | Description

So 0.99 initial proportion of susceptibles in population
Iy 0.01 initial proportion of infected in population
Ny 1 initial population

L 0.7 maximal lockdown intensity

0 0.5 lockdown efficacy

Bo 0.13 %365 | transmission rate without a lockdown

Y # *365 | recovery rate (including COVID-19 deaths)

Q@ 0.0068 | COVID-19 fatality rate

K 0.034 coefficient for additional fatality rate

(congestion of health care system)
ai, a2, a3 | 4,0.1,1 | parameters concerning the availability of the vaccines

Y 40 value of a statistical life (in terms of GDP)
w 1 lockdown cost parameters (in terms of GDP)
1o = parameter of the switching rate
m 4 -1 effectiveness of additional research effort
P1, P2 e,3 parameters concerning the switching rate
(Gompertz sigmoid)
Co 0.013 | research effort cost parameters (in terms of GDP)
p 0.05 discount rate

Table 2.2: Summary of parameter values (per year).

boost (i.e., r1(t) = 0 for all t) is only about 30%. On the other hand, for a
maximal possible research boost (i.e.,, r(t) = 1 for all t) the probability for
the approval within one year increases to more than 80%. We are aware that
these parameters can hardly be validated. However, several numerical runs
with different values implied that the results are qualitatively very robust with
respect to these parameters.

Fig 2.2 plots the benchmark availability of the number of vaccinations per
unit of time (modeled according to Eq (2.9)), where we assume that the whole
population can be vaccinated in a quarter of a year (i.e., a1 = 4) at the maximum
intensity, i.e., if t tends to +oco. Initially the campaign starts with 10% intensity
(a2 = 0.1 and a3 = 1). That means that the whole population can in fact be
vaccinated within about 10 months. This specification (used as benchmark
scenario in the first subsection) reflects a typical situation in Europe, however,
these numbers can vary across countries. Hence, a rather hypothetical example
is studied in the second subsection, in which a(t) is increased proportionally
such that the whole population can be vaccinated within one month.

For the numerical solution, the age-structured formulation of problem Eq (2.17)—
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3 6 9 12
time (months)

Figure 2.2: Number of vaccinations per unit of time.

(2.19) was used (see S1 Appendix). As already mentioned, this includes the
advantage to solve both stages simultaneously, as one single problem instead of
two sequential ones, i.e., first deriving Stage 2 for all possible values of the state
variables at any 7; followed by Stage 1. An age-structured optimal control model
implies the solution of a system of partial differential equations, which makes it
difficult to use a standard boundary value solver. Thus, we use the established
gradient optimization algorithm presented in Veliov [112]. After choosing initial
guesses for the control variables, the algorithm uses the gradient to update the
control variables iteratively until they converge to an optimum.

Before we start to discuss the specific results, we observe that with the
parameters’ values declared above, the SOCs and the optimality conditions (see
S1 Appendix) are fulfilled. Fig 2.3 introduces the way the results are presented
in the following subsections. The horizontal and vertical axes denote time (in
months) and lockdown intensity respectively. The black line (subdivided into
a solid and a dashed part) shows the optimal lockdown intensity in case the
vaccination was not approved until ¢ (i.e., lockdown intensity of Stage 1). A
vaccination may be approved at any time. In the current figure the optimal
lockdown intensity of Stage 2 is only plotted for the case that the approval
happens after approximately T ~ 4 months (green line). Therefore, the optimal
lockdown intensity given the approval at 7 (which is a specific realization of the
random variable 7) follows the solid black line until 7 (i.e., #1(¢) for t € [0, 7))
and the green line afterwards (i.e., {(t,T) for t € [T, o)). Thus at the approval
of the vaccine at 7 the lockdown intensity jumps upwards. Before and after
T the lockdown intensity changes continuously (as implied by the Maximum
Principle). In all figures of the following subsections, when presenting results,
the black line will represent trajectories of Stage 1, whereas the colored lines will
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correspond to the trajectories of Stage 2 for different realizations of 7.

Lockdown policy for specific T

0.6
0.5
0.4
0.3
0.2

0.1

0.0

time (months)

Figure 2.3: Lockdown intensity for approval at 1 = 4. Lockdown intensity
without vaccination (black line, Stage 1) and with vaccination (green line).

In the first subsection, the benchmark scenario is presented with two different
assumptions concerning the speed of the vaccination campaign. In Scenario 1
we assume the population to be vaccinated within 10 months, which seems to be
pretty realistic considering many European countries. Meanwhile in Scenario 2
the population will be vaccinated within about one month.

In the second subsection, we compare the anticipative behavior of our model
(i.e., lockdown measure during Stage 1) with the behavior of a myopic gov-
ernment, which does not include the arrival of a vaccination in the decision

process.

OPTIMAL LOCKDOWN INTENSITY BEFORE AND AFTER VACCINE APPROVAL

Scenario 1: vaccination within 10 months. Fig 2.4 illustrates the most im-
portant variables along the course of the pandemic. Black lines in all subplots
denote variables that correspond to the period before the vaccine has been ap-
proved (Stage 1). Colored lines and dots to variables thereafter. The grey line in
panel (d) corresponds to probability that a vaccine gets approved after t without
an additional research boost at any time, i.e., 71(t) = 0 for all t. All variables and
values are plotted for the first year of the pandemic. Thereafter the solutions fol-
low trajectories, which can be intuitively expected from the development within
the first year (which means the pandemic ends, i.e., infections converge to zero,
all people are getting the vaccine, lockdown is relaxed).

We start the discussion with the lockdown intensity plotted in panel (a). If a
vaccine has not been approved, the intensity follows the course of the epidemic,
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i.e., the number of infected (plotted in panel (d)). This is reasonable in our
modeling context since the number of deaths directly depends on the number of
infected at t (see the definition of COVID-19 related death rate Eq (2.2)), and goes
along with all recent papers on COVID-19 which assume lockdown intensity as
a control variable. At the time the vaccine is approved, however, the lockdown
is intensified if the approval happens in the first seven months of the pandemic.
If the approval happens later on, the lockdown intensity remains approximately
at the same level. After the upward jump, the lockdown intensity is adapted
again continuously and relaxed earlier compared to the case without a vaccine
(since the vaccine enables susceptibles to surpass the infected compartment). It
is also obvious that for an early vaccine approval the consequent period with
more intense lockdown measures is quite long. The number of infected is rather
high and it takes time for the vaccination campaign (which is relatively slow
at the beginning) to unfold its effect. For a late vaccine approval (after more
than seven months) the lockdown jumps only marginally, but also ends earlier.
Referring back to Theorem 2.2 an early approval corresponds to the first case of

the theorem, while a late approval corresponds to the second or third case.

A different illustration of the lockdown intensity only after the vaccine ap-
proval is plotted in panel (b). The three colored lines represent the lockdown
intensity over the time that has passed since the vaccine approval (i.e., duration
of Stage 2, d = t — 7). For instance, the blue line shows the lockdown inten-
sity that is implemented at three months across all possible approvals since the
beginning of the pandemic (4 € [0, 3]). Thus, the lockdown value of the blue
line with duration zero means the lockdown value of Stage 2 at t = 3 for T = 3.
The red and the green lines show the same for six and nine months respectively.
From that figure, it becomes evident that (for the majority of points in time)
the lockdown intensity is decreasing both in duration and in time. This can
be followed from the strict decrease of the colored lines and from the fact that
the lines which correspond to higher ¢ start lower and never intersect with one

another.

Research boost during Stage 1 is shown in panel (c) and will be discussed
together with panel (d), which illustrates the probability that the vaccine will be
approved after ¢ (black line: optimal research efforts, grey line: zero research
boost). The colored dotted line in panel (d) represents the probability density
that the switch happens at ¢, technically that is the initial value of the auxiliary
state variable Z(t, t) (see S1 Appendix for details). Starting with the grey line
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in panel (d), we see that without additional research effort the probability that
a vaccine is available on the market is only about 30% after one year. With
the optimal additional research effort this chance increases and is twice as high
(about 60%). For almost the whole first three months these additional efforts are
at the maximum level in order to increase the probability density of the approval
(colored dotted line in panel (d)). After that, additional efforts are decreasing,
which is due to the fact that the peak of the pandemic has been passed (see
number of infected in panel (f)) and the pandemic starts to decelerate. With a
small time lag (which is due to increasing p(t)) the probability density for the
vaccine approval (colored dotted line) also starts to decrease. For t approaching
+00 the research boost, as well as the probability that the vaccine is approved
after t and the probability density of the approval are converging towards zero.
Please note again, that the approval rate and the corresponding probabilities
cannot be calibrated at all and are furthermore very specific to the country of
interest. As already mentioned in the introduction, China and Russia were the
first countries approving a (vector) vaccination already in summer of 2020. The
US and the EU approved two mRNA vaccines in December of 2020. Moreover,
the date of approval does not directly indicate the extent of the availability of
vaccine shots (represented by a(f) in our model), which can be quite diverse
across countries too.

The left panel of Fig 2.5 strengthens the intuition of the qualitative shape of
the lockdown intensity. It shows the effective reproduction number before and
after vaccine approval over time, which can be derived by (see e.g., Driessche
and Watmough [109])

Ry i(t) = 5(&')51'/1\71"

i=1,2. (2.25)
R; equals the rate that one infected transmits the virus to one susceptible over
the average duration of infectivity. In other words, it can also be interpreted as
the average number of susceptibles that is infected by one infected individual.
Therefore 1.0 denotes the important threshold, above which an epidemic shows
dreaded exponential growth. The black line of Fig 2.5 (corresponding to Stage 1)
starts from a considerably high value about 2.0, decreases steadily and drops
below 1.0 shortly after the peak of the infection numbers. A stronger reduction is
simply too expensive in terms of balancing lockdown and health economic costs
(i.e., costs of lost lives). The situation changes, if the vaccine has already been
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Figure 2.4: Scenario 1 (Course of the pandemic). (a) Lockdown intensity over
time, (b) Lockdown intensity along duration, (c) Research effort over time, (d)
Probability that 7 has not set in yet, (e) Susceptibles, (f) Infected.

approved (colored lines), i.e., during Stage 2 of our model. Due to the disruptive
upward jump of the lockdown intensity, also the effective reproduction number
jumps to a value around the critical threshold 1.0. In most cases, when the
vaccine is approved after the first month of the pandemic, R; directly drops
down below 1.0. Again, this results from the more intensive lockdown paying
off in these cases, since susceptibles can move directly to the V compartment.
The consequent reduction of the S compartment is very fast, which also implies
a decrease in the effective reproduction rate (faster decrease of the colored lines
in Fig 2.5) and enables the government to relax the lockdown earlier.

The right panel of Fig 2.5 plots the total aggregated objective value (and a
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decomposition into its sub-parts), which realizes for different approval dates of

the vaccine, i.e.,

+00

/t e P g1(I"(s), £(s), r*(s)) ds +/ e P ga(I"(s), '(s)) ds (2.26)
0 t

where the * denotes the optimality of control and state variables. Consider an
approval at T = 3 months. The corresponding objective value can be read at the
value of the dotted black line at t = 3. The solid black line, on the other hand,
denotes the expected value of the objective values described above, which is the
objective function of our original problem Eqgs (2.17)—(2.19), i.e,,

E. |/T e Ple(I*(t), £*(t), r*(t)) dt + /“>o e Play(I*(t), *(t)) dt|. (2.27)
0 T

Trivially this expected value is constant for over t. The blue, red, and green
lines, dotted and solid, can be interpreted analogously and represent the de-
composition of the objective value into lockdown costs, health economic costs,
and research costs (the three corresponding curves and dots sum up to the black
ones). The total and health economics costs increase over time, i.e., an early
vaccine reduces deaths resulting in lower costs. For early vaccine approvals,
the corresponding costs are considerably lower than the expected value, but
exceed it shortly before t = 5 months. On the other hand the economic costs
resulting from the lockdown (red) show a different picture. The upward jump
in lockdown intensity at the time of approval (for early vaccine approvals) im-
plies decreasing total economic costs for later approvals. For an early vaccine
approval the lockdown costs are higher than on average. However, for a vaccine
approval after about four months the relation reverses, since the upward jump at
the time of approval gets smaller and the period where the lockdown in Stage 2
is more intense than it would have been in Stage 1 gets shorter.

Research efforts are considerably cheap compared to all other costs. This goes
along with empirical evidence. Basically all countries devoted as many financial
resources as possible to support research. Qualitatively, they are analogous to
total and health economic costs. All in all, health economic costs (blue curve)
dominate lockdown (red curve) and research costs (green curve), both qualita-
tively and in absolute terms. This seems to be realistic considering reality. Being
aware of the enormous costs due to lockdown measures, countries all over the

world did everything to keep deaths on a low level and agreed on huge financial
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supports of the economy. It is at hand that these results are sensitive concern-
ing the (monetary) value of lost lives (measured in GDP per capita, see e.g.,
Schelling [96], Shepard and Zeckhauser [98], Murphy and Topel [82], Hall and
Jones [58], and others). However, governments (and also researchers) face the
same dilemma whenever health economic questions are considered (e.g., sup-
port research on medications, decisions on the payment of expensive treatment,

decisions concerning the extension or reduction of the health system).
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Figure 2.5: Scenario 1. Effective reproduction number over time (left) and
decomposition of the objective value (right).

Numerical exercises for a broad range of parameters showed the qualitative

robustness of the results.

Scenario 2: vaccination within one month Within this scenario, the same
parameters as in scenario 1 are used, except the parameters concerning the
availability of the vaccines (see Eq (2.9)). We assume that all involved parame-
ters (i.e., a1, ap, a3) are increased proportionally (this implies that the qualitative
shape of a(t) remains unchanged) such that the whole population can be vacci-
nated within about one month (instead of 10 as in scenario 1) after the approval.
This is unrealistic and artificial. Israel was able to vaccinate 60 — 70% of the
inoculable population within three months (see Fig 2.1) and is therefore still
slower if compared to this scenario. However, it is useful in order to intensify
the understanding of the model.

Fig 2.6 provides the same set of plots for Scenario 2 as Fig 2.4 for Scenario 1.
Le., lockdown intensity over time and along duration (panels (a) and (b)), addi-
tional research effort over time (panel (c)), probability that the approval happens
after t and probability density of vaccine approval (panel (d)), susceptibles and
infected (panels (e) and (f)).
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Figure 2.6: Scenario 2 (Course of the pandemic). (a) Lockdown intensity over
time, (b) Lockdown intensity along duration, (c) Research effort over time, (d)
Probability that 7 has not set in yet, (e) Susceptibles, (f) Infected.

The high speed of the vaccination campaign has a strong effect on the lock-
down intensity at the time of the vaccination approval, as at that very instant
it is optimal to immediately (and disruptively) reduce the lockdown measures.
In Scenario 1 it was optimal to intensify the lockdown at the vaccine approval,
to keep more people in the susceptible compartment and to move them directly
to the V compartment instead of letting them undergo the COVID-19 infection
process. This effect is undermined by the vaccination speed, since vaccinations
work quicker than the infections in this scenario. Of course, the lockdown is not
ended immediately, but decreases (continuously) to zero rapidly after the jump
at the switch. This corresponds to the third case of Theorem 2.2, which means
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that the shadow price of a person getting infected at the switch (Stage 2) is lower
than that without the switch (Stage 1) times the density for it.

The drastic continuous decrease of the lockdown after the vaccine approval
in Stage 2 gets obvious in panel (b), showing the lockdown intensity along the
duration. As in Scenario 1, the blue line corresponds to the lockdown over time
if the vaccine is approved within three months, the red one for approval within
six months, and the green one for approval within nine months. In all three
cases, we see that the lockdown is ended about one month after the vaccine
approval, irrespective of the lockdown intensity at the switch. That means that
the lockdown should only be ended completely when almost all people have

received the vaccination.

Panel (c) illustrates the research boost in Stage 1. Compared to scenario 1, it
is now at the maximum for almost one year (until the susceptibles are about 40%
of the population). This is a clear consequence of a cost-benefit analysis of the
corresponding effects. In Scenario 1 the population is vaccinated within about 10
months, which means that also after the R&D breakthrough considerably high
lockdown costs arise. In the current scenario the vaccination administration is
so successful that the lockdown can be relaxed shortly after the approval and
completely dismissed soon after. Therefore, this implies much lower lockdown
costs, and thus it is optimal to allocate as many financial resources as possible
to increase the R&D success rate and consequently decrease the expected costs

of the pandemic.

The probability to remain in Stage 1 and the probability density for the
vaccine approval (both plotted in panel (d)) are changed according to the optimal
path of the research efforts of panel (c). The black line (probability to stay in
Stage 1) is lower than that of Scenario 1, while the colored one (probability
density for approval) is higher.

The susceptibles (panel (e)) and infected (panel (f)) complete the picture for
this scenario. Unsurprisingly, the susceptible compartment goes to zero within
one month. The speed of the vaccination campaign implies that the pandemic
will be ended soon after the vaccine approval. Therefore the government can
afford higher infection numbers (compared to Stage 1) for a short time interval,
which are due to the downward jump and the sharp decrease of the lockdown

intensity.
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ANTICIPATIVE VERSUS NON-ANTICIPATIVE BEHAVIOUR

Within this subsection, we compare the optimal solution of scenario 1 (i.e.,
assuming a realistic speed of the vaccination campaign) to the case of a myopic
government who does not anticipate a possible research breakthrough and the
implied vaccine approval. This government just behaves as only Stage 1 would
exist. If the vaccine is approved, the government (being surprised) immediately
updates its decision and behaves according to the usual Stage 2 (as defined by
Eq (2.19)).

Fig 2.7 compares some key results of Scenario 1 with those of a myopic
government. Panel (a) plots the lockdown intensity, panel (b) the effective
reproduction number, panel (c) and (d) susceptibles and infected over time. All
panels focus on Stage 1 since the behaviour in Stage 2 is based on the same model

and would overload the figure with too many lines.

a) Lockdown b) Re

6 6
time (months) time (months)

c) Susceptibles d) Infected

0.8
0.6

0.4

6 6
time (months) time (months)

Figure 2.7: Anticipation versus non-anticipation. (a) Lockdown intensity in
the anticipated and non-anticipated case, (b) Effective reproduction number in
the anticipated and non-anticipated case, (c) Susceptibles, (d) Infected.

The optimal lockdown intensity (panel (a)) turns out to be more restrictive

if the arrival of a vaccine is anticipated. This results from the analogous effect,
which lets the lockdown jump upwards at the time of vaccine approval in Sce-
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nario 1. Le., if a vaccination can be expected, it is better to keep more people
in the susceptible compartment so they can avoid the disease by getting the
vaccine (if it becomes available). At the beginning of the pandemic, the lock-
down intensity of the myopic case is only half of that of Scenario 1. Afterwards
the difference gets close to zero at the sharp increase before the peak of the
pandemic (around ¢ ~ 1.5 months), finally, the difference increases again after
the peak. Optimal lockdown intensities become more similar during the sharp
increase since within this period the main driver of the lockdown intensity is
not the current number of infected, but the dynamic nature of the pandemic
(i.e., the SI-term in the dynamics). This implies that the lockdown is intensified
in order to diminish this snowball effect, i.e., reducing high infection numbers
(and therefore high costs due to lost lives) in the future. After that peak, the
lockdown is again more intense in case of anticipation, but the difference is not
as big as at the start of the pandemic, i.e., about 10%. Naturally, the difference

tends to zero as the pandemic reaches its end.

The effective reproduction rate (panel (b)) is lower at the beginning of the
pandemic for the anticipated case due to a more restrictive lockdown. Thisis due
to the definition of Ry i(t) (see Eq (2.25)), where a strict lockdown (entering the
numerator) decreases the fraction. However, already before the end of the first
1.5 months the relation switches and the unanticipated case has a lower effective
reproduction number (together with a higher level of currently infected). This
is due to the closeness of the lockdown intensities and due to the difference in
the number of susceptibles. The latter effect dominates the effect of ¢(I;) in the
denominator (which increases the fraction).

Panels (c) and (d) mirror the trajectories of the lockdown intensity and effec-
tive reproduction rate. Initially, infections are higher in the unanticipated case
due to the intensity of the lockdown, but they decrease after the peak of the pan-
demic. The number of susceptibles in the non-anticipated case does not catch up
with that of the anticipated case, since the effective reproduction number gets
lower when the number of infections already decreases. The intuition behind
this is similar to the one given in the subsection presenting Scenario 1. Expecting
a vaccine leads to the government trying to keep people healthy and to enable
them to take the vaccine before they suffer the disease. The non-anticipative
case causes more lost lives at the peak of the pandemic. If no vaccine becomes
available, that might be the optimal solution. However, if a vaccine arrives, these

additional lives are lost unnecessarily.
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Several model runs with different parameters concerning the switching rate
show qualitatively analogous results. However, the scale of the difference turns
out to be sensitive. Especially, when a vaccine can be expected to be approved
earlier (i.e., downward shift of the Z;(t) trajectory) the difference is remarkably

bigger.

ROBUSTNESS CHECK

In the definition of the model and in the previous section we proposed some
simple functional specifications. As a result, we were able to reveal the causes of
the qualitative behavior without any disturbances implied by involved (though
more realistic) functions. Certainly, one may argue different assumptions and
more complex functional forms, which raise questions on the validity of our key
messages.

For a robustness check, we therefore analyzed the model with (i) convex-
concave lockdown costs, (ii) time-dependent lockdown costs, and (iii) a finite
time horizon (with different lengths). We report the obtained results here below.

(i) Convex-concave lockdown costs. In the sections “The model” and “Nu-
merical results”, (c.f., Eq (2.13)), we propose convex lockdown costs due to the
interconnectedness of the economy and the assumption that lockdown inter-
ventions are undertaken in order of cost-effectiveness. Although we believe that
this assumption is reasonably argued, there might exist circumstances where
initially increasing marginal costs of lockdown stringency ¢(t) (i.e., convex part
of the cost function) are followed by decreasing ones, when going beyond a
certain threshold (i.e., concave part of the cost function). The intuition is that for
alow {(t) it becomes more and more difficult to find substitute inputs. Beyond a
certain point, however, the economy is so constrained by low production levels,
that further closures would have a decreasing effect on the implied costs.

To verify the validity of our core results also under an S-shaped/convex-
concave formulation, we assumed the following alternative form of the lock-
down costs

co(0(t)) = %(1 — cos(mb(1))). (2.28)

Function ¢,(-) is convex for £(t) € [0, 0.5) and concave for £(t) € (0.5, L]. In Fig2.8
we are plotting the optimal lockdown intensities and the research efforts over

time for the vaccine availability of Scenario 1. In general, the qualitative nature
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of the optimal solution remains unchanged. At the time of vaccine approval,
the lockdown has to be intensified for a short period, followed by an earlier
relaxation afterward. However, due to the convex part of the cost function, the
lockdown curve is not continuous: it jumps around the turning point of the
cost function since it is not optimal to remain in the interior of the concave part
of the cost function. Consider e.g., the blue curve. It is better to stay a little
bit longer on a lower lockdown level and then immediately jump to L. Also,
the relaxation of the lockdown is initiated by a downward jump followed by a
continuous change in the following (i.e., on the convex part of the cost function).
Optimal research efforts are adapted accordingly.

Lockdown Research

3 6 9 12 3 3 9 12
time (months) time (months)

Figure 2.8: Convex-concave lockdown costs. Lockdown intensity over time
(left) and research effort over time (right).

Note that in general concave costs in an optimal control model frequently
imply several problems like, e.g., chattering control (see e.g., Grass et al. [52]).
However, in this example, a solution is possible since the cost function is convex
only on the highest part and a direct jump to the maximum lockdown level

solves the issue.

(ii) Time-dependent lockdown costs. For the second part of the robustness
check we relax the assumption of time-independent lockdown costs. In the
beginning of the pandemic, firms could use reserves or inventories of inputs to
partially absorb the supply problems. After some time, as reserves or inventories
are exhausted, economic constraints become binding. Therefore, we introduce

an additional factor to the cost function, which increases over time, i.e.,

co(0(t)) = e wl?(t). (2.29)
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For t = 0 costs are identical to our benchmark and after e.g., six months they are
multiplied by a factor e3> ~ 4.48 (the factor ¢ has been chosen for illustration
purposes only and does not reflect realistic data). Increasing t makes lockdown
more costly. Fig 2.9 plots the optimal lockdown intensity over time and research
effort (with the rest of the parameters being equal to Scenario 1). Our core
results still hold, but are slightly adapted. Increasing lockdown costs over time
naturally implies that the lockdown will tend to be lower (compared to the
benchmark). This, in particular, holds for the upward jump at the approval of
a vaccine. While at early approvals the jump is evident, later on (about four
months after) the discontinuity almost disappears, since during this time the
lockdown has already become very expensive. The optimal research efforts also
decreased considerably, which is a result of more people getting immunized
through infection. Lower lockdown intensity implies more infections at the
beginning, but a lower number of susceptibles and a higher number of recovered

thereafter.
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Figure 2.9: Time-dependent lockdown costs. Lockdown intensity over time
(left) and research effort over time (right).

(iii) Effect of time horizon. As a third robustness check, we vary the time
horizon. In our basic setup and in the “Numerical results” we have chosen an
infinite time horizon (as used in e.g., Acemoglu et al. [2]), which corresponds
to socially optimal decisions (the costs of the entire duration of the pandemic
are evaluated). However, in reality, democratically elected governments are in
place until the next election. While several papers, therefore, assume a finite
time horizon with a zero salvage value function (see e.g., Alvarez et al. [4], or
Aspri et al. [6]), we believe that a salvage value function is important. The

government has the responsibility for the epidemic situation when elections
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take place (see e.g., Caulkins et al. [25, 27], or Freiberger et al. [45]).

For illustration, we assume that the decision-maker evaluates a proxy of the
expected health costs of the infected individuals at the end of the time horizon
T. This is governed by the following salvage value function

e /T

SU(T), T)=ePTcy(I(T))  where  I(T):=I(T) / e 7t dt = —I(T).
! (2.30)
Individuals are leaving the I-compartment with rate . To account for the future
time spent in the I-state by the final I(T) infected individuals, I(T) captures the
approximate duration-adjusted infected. Deriving the health economic cost of
this number is a proxy for the implied costs.

Fig 2.10 plots the optimal lockdown intensity for time horizons of six months
(left panel), nine months (middle panel), and one year (right panel). In the case
of a time horizon of one year (or longer) the results are practically identical
to those of the infinite time horizon (see Scenario 1) since after one year the
number of susceptibles is very low in our setting. Reducing the time horizon
to nine months is enough to see a slight change in the solution. Decreasing
the time horizon further finally reveals a drastic change of the optimal policy.
The left panel shows the situation for six months. The lockdown does not
abruptly increase but instead drops down at the vaccine approval, because it is
not possible to profit from the following earlier relaxation during the remaining
short time horizon. Moreover, it is not possible to significantly reduce the
pandemic burden to a low level within this time frame. Therefore it is more

efficient to save costs in terms of the lockdown.

Lockdown Lockdown Lockdown
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Figure 2.10: Finite time horizon. Lockdown intensity with time horizon of six
months (left), nine months (middle) and one year (right).

In a nutshell, the difference between the results of the finite time and the
infinite time horizon is more pronounced the shorter the time horizon. Le.,

policy-makers tend to deviate from the socially optimal solution the sooner
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their legislation period ends.

CoNcLUSIONS

OVERVIEW

The current model extends the existing epidemiological models by specifying
how a vaccine and its arrival are included in the optimization process. Using
our approach we are able to overcome the following two crucial limitations: the
(un)known arrival/approval time of the vaccine and the continuation of the COVID-19
pandemic during a vaccination campaign until enough people are immunized.

The formal analysis (see Theorem 2.2) and the numerical results show that the
lockdown intensity (which is assumed to vary continuously in our model) jumps
at the approval of the vaccine. In a realistic scenario, where the whole population
will be vaccinated within 10 months, the lockdown is even intensified for a short
period followed by an earlier relaxation due to the reduction of the susceptibles.
This is consistent with the result of Garriga et al. [49], which is obtained using a
different model setup and focus. However, it contrasts with other papers (e.g.,
Fuetal. [48]), which claim that lockdown and vaccination are always substitutes.
The main driver behind this upward jump is that more lives can be saved, if more
people are kept susceptible (by intensifying the lockdown) and can move directly
to the vaccinated compartment. In an artificial scenario, where the vaccination
campaign works very fast, i.e., vaccination of the population within one month,
the adaptation of the lockdown at the approval date is reversed. The effect of
the vaccine dominates the effect discussed above, which saves both lockdown
costs, by relaxing the lockdown intensity, and lives, by the rapid reduction of
the susceptibles.

A comparison of the optimal solution with the myopic case, where the gov-
ernment does not include the potential approval of an effective vaccine at all,
shows that the expectation of a vaccine leads to a stricter lockdown policy. The
explanation is similar to the jump at the vaccine approval date: A vaccine en-
ables susceptibles to surpass the infection. Thus a “well-ordered” flow from the
susceptibles to the infected, keeping the number of deaths at an acceptable level,
becomes unnecessary at the time the vaccine becomes available.

The section “Robustness check” illustrates variations of the assumptions
concerning the lockdown costs (convex-concave, time-dependent) and the time

horizon. Our key findings turn out to be robust w.r.t. changes in the lockdown
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costs and for long finite time horizon. For a short time horizon, the qualitative
solution structure changes. It is no longer optimal to increase but to decrease
the lockdown at the vaccine approval.

By additional numerical calculations (not included in this paper) we presume
that the qualitative results of our analysis are robust against other parameter
changes. In all variations, the key message remains that the vaccine availability
shapes the structural characteristics of the solution. This is shown by two

different scenarios.

LIMITATIONS

The paper suffer from a number of limitations, which propose further exten-
sions of the model.

In Stage 2 of our model, it is assumed that the vaccination is 100% effective.
While the mRNA vaccines of Biontech/Pfizer and Moderna are relatively close
with more than 94—95% effectiveness, other vaccines are less effective. Moreover,
this effectiveness has been tested by large studies a couple of months before the
corresponding approval date. In the meantime the virus has mutated, and this
might have also changed the vaccine’s effectiveness. For the “a” and “6”-variants
(earlier called “British variant” or B.1.1.7 and “Indian variant” or B.1.617), which
have replaced the original strain of the virus in Europe, the currently approved
vaccines seem to remain quite effective (at least in preventing a heavy course
of the disease). However, virologists expect also “escape mutations” to arise in
the near future (the Omicron-variant took over in late 2021/early 2022). As a
consequence, it seems to be realistic that a COVID-19 vaccine booster (adapted to
new variants) will be necessary on a yearly basis, as it is common for the influenza
virus. Including this into our model means adding more compartments and
flows between them. This will certainly add new effects to the optimal solution.
To assess their impact in further steps, it is crucial to understand the base effect
within the current model first.

Another critical assumption of the current model is that the effectiveness of
the lockdown remains constant over time, independently of its duration and
intensity. Observing that the resentment in the population is growing since fall
2020 in many countries this assumption seems to be problematic. This so-called
“lockdown fatigue” effect is thoroughly addressed in Caulkins et al. [26, 27].
The analysis shows that the shape of the optimal lockdown over time need not
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be hump-shaped, but can have several peaks. Even several lockdown periods
are possible. However, these papers assume a finite time horizon without vac-
cination, which corresponds to the myopic scenario in our paper. Therefore,
the models are not directly comparable to our setup, and our model should be

enriched with the lockdown fatigue effect to investigate this important question.

Finally, note that our paper abstracts from the possibility of testing and
tracing (including quarantine) strategies. This is, of course, another important
modeling option that might make the results more realistic and comparable to
the real world. And indeed, the adaptation could straightforwardly be done by
adding additional compartments (for identified people) and a parameter or a
control variable (for testing efforts). This route has been followed in Freiberger
etal. [45] again without vaccination. The analysis shows that testing has a strong
effect on the pandemic if tracing is efficient. In the case of inefficient tracing, the
result is basically equal to a solution without any testing. We have chosen to
remain in our setup, since the focus of this paper is clearly different and allows a
straightforward identification of the additional channel by the stochastic arrival

of the vaccine.

S1 ArPENDIX

AGE-STRUCTURED FORMULATION OF THE MODEL (2.17)—(2.19)

As presented in Wrzaczek et al. [118] the optimal control problem (2.17)-
(2.19) with random switching time can be transformed into the following deter-
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ministic age-structured form: Let us recall that R =N - (S+ 1+ V).

min / e [Zi (O (L), (), n(b) + Q)] di

0(t),b(t,7),r ()

st $1(0) = =Bl
o) = ) i -y
N (6) = ~p(h (D (1)
Z3(8) = (i (8), D210
0u52(t,7) = =ltatt, ) ZEIEL D oy SO
dilr(t, T) = B(a(t, T))M —yI(t, )

No(t, 7)
dtNa(t, 7) = —p(La(t, 7)) Ia(t, 7)

i Va(t, 1) = alt — T)ls,(¢,1)+Ra(t,1)>0
9 Za(t,7) = 0

t
Q) = [ Zalt, )galtatt ), 2, 5) s
0
(2.31)
with the following initial conditions:

51(0) = So, 11(0)=1Ip, Ni(0)=No, Z:1(0)=1,
So(t,7) = S1(1), Ix(t,7) =11(1), No(t,7)=N1(1), Val7,7)=0, (2.32)
Zy(7, 1) = Z1(t)n(r1(7), 7).

In this formulation, Z,(t, 7) is an auxiliary state variable denoting the prob-
ability density of the switching time evaluated at 7.

Q(t) denotes the sum of all costs for all possible vaccine approval times up to
time t weighted by the probability of their realization. With these two additional
state variables the standard age-structured Maximum Principle, as presented
e.g., in Feichtinger et al. [41], can be applied, with the advantage of treating
Stage 1 and 2 simultaneously. We follow the following four standard steps: (1)
formulating the Hamiltonian (for the corresponding maximization problem),
(2) deriving the first-order conditions, (3) deriving the adjoint equations, (4)

analyzing the transversality conditions.
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(1) Hamiltonian:

Let us define the state variables x(t) = (S1(t), [1(t), N1(t), Z1(t)) in Stage 1
and (t,s) = (Sa(t,s), Io(t,s), Na(t, s), Va(t, s), Z»(t, s)) in Stage 2.

The controls in the two stages are v(t) = (61(t), r1(t)) and u(t,s) = b(t,s)

respectively.

In order to apply the PMP necessary conditions in Feichtinger et al. [41],
we make the change of variables a = t — 5. Note that these conditions in
general hold only for finite time horizon problems. However, since the
characteristic lines of the age-structured optimal control problem do not
interact, the PMP necessary conditions also hold for infinite time.

Let us define the age-dependent state variable
y(t,a) = (x(t), §(t, a)),
the aggregated variable
q(t) = (%(t), Q(t)) = /0 h(t,y,u)da

where, given G, = Z, 9,

t t @
Q(t)=/szS=/G2=/ Gola<t da
0 0 0

and ©
5&(1‘):/0 %x(t)du.

From now on, let h = (G, I,<, %x(t)).

The dynamics function of the state variable y = (x, 7) is

f(q,y,t,a)=(fi(X,0,t), o(F,u,t,a)).

The border conditions (BC) at 2 = 0 which corresponds to the diagonal
s =t (where ¢ is the BC of i)

CP(q/U/ t) = (52/ (P(J?, o, t))
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The payoff function (where G; = Z1g1) is

L(g,0,8) = —e 7 (Gi(F,0,) + Q).

The adjoint functions (&, C) associated to (v, q) satisfy the following system:

— (s + 9a) E(t, @) = VyL(t, a) + E(t,a)Vy f(t,a) + L)V, h(t, a)
&(T,a) =0, &t w) =0
C(t) = &t 00Vyp(t) + [ [V4L(t, a) + &(t, )V, f(t, a) + L(t)Vgh(t, a)] da

Recalling that y = (x, i), we decompose the adjoint variable & = (&y, &)
from which we get our adjoint variables:

A) = [ &x(t,a)da
¢ =<y

Combining the two systems above, we obtain
—A(t) = ViH,
— (0t + da) E(t, a) = VyH,

or, equivalently, letting a =t — s,

—/.\(t) = Vi H;
—até(t,S) = VgWZ

where the present Hamiltonian functions are

Hy := e P Gy(t, X, 0) + Afit, %,0) + E(t, 0)p(t, %, 0)
Ho := e P'Go(t,a,§,u) + Efa(t,a, §,u).

Reformulating the problem as a discounted maximum problem these con-
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ditions turn out to be equivalent to the following system

At) = pA(t) — VzHE
9i&(t, s) = pé(t,s) — VyHS

with current-value Hamiltonian functions

HE == 71 (co(tr) + (I + cr(r1))

511 511
- /\sﬁ(ﬁ);]—; + A (,3(5’1);]—11 - )/11) - Ane() = Azn(r1,t)Zq

+ &s(t, £)S1+ &1(t, )1 + En(t, )Ny + Ev(t, t) - 0+ Ez(t, t)n(ri(t), 1) Z4

(2.33)

HE =~ 7, (ce(la) + Yp(I)Ia) + & [ —B(L )5212 a2

) 2 (ce(t2 ()] S 2, 5,1 Ry SR>
Syl
+ &1 (,3(52)13—22 - Vlz) —EnpI2)2 + &y (als,ir,>0) +E7 -0
(2.34)
(2) Adjoint equations:

. I

As = pAs+(As - Al)ﬁ(fl)ﬁll —&s(t, t)

. S

At = (p+ YA+ (An + Z19) (' (I + ¢(1h)) + (As — /\I),B(gl)ﬁll - &1t t)

. I
AN = pAn—(As— /\1),3(51)% —&n(t, t)

1
/.\Z = p/\z + Cf(fl) + 1/1§0(11)11 + cr(rl) + (/\Z - cfz(t, t)) 17(1’1, t)

I
diés = pés+(&s— él)ﬁ(@)ﬁi +&sa

R; I
(SZ + R2)2 52+R2>0

hé& = (p+y)ér+(&s— 51)5(52);—22 +(En — Z2) Y (@' ()2 + @(I2))

Syl
OEN = pén —(Es — &) P(lr) 22 22
N;

diéy = péy
diéz = péz+c(l)+ o)l

(3) First-order and second-order conditions: Taking the derivatives of the Hamil-
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tonian function ﬂlc w.r.t. the Stage 1 controls ¢1, r; and of the Hamiltonian
function 7{2(: w.r.t. the Stage 2 control £,, the first-order conditions (FOC)

for positive controls are

0= ~Z16i(8) + (s - As) B (1) 32
= —c,(r1) +1'(r1, t) (Ez(t, 1) — A7) (2.35)
5212

0=~Zoc)(82) + (&1 = &5) B (l2)

The second-order conditions (SOCS), which guarantee that the first-order
conditions lead to a maximum of the Hamiltonian function, are obtained by
imposing that the Hessian matrix of the Hamiltonian function is negative
definite. This Hessian matrix is diagonal, since the mixed derivatives are
zero, so the SOCS are

~Z1c] (1) + (A1 = As) B” (& )— <0 &= 2Z1w+ (A1 - )\5)250@25T <0
1

—c)(r) +1"(r1, 1) (Ez(F, 1) = Az) <0 &= —2¢9 < 0

212 5212

—Zac) () + (&1 - 55)5"(32)—2 <0 &= -2Zyw + (& - 55)25092T2 <0
(2.36)
If (A1 = As) < 0and (&1 — &s) < O, then the SOCS conditions (2.36) trivially

hold.

(4) Transversality conditions: Catching up optimality, i.e., liminfr_, . J7(u*) —
Jr(u) > 0, implies liminfr—, e e PTA(T)(x*(T) — x(T)) > 0 in a standard
(time-dependent) optimal control model (using x(¢) and A(t) for the state
and adjoint variable respectively). Although limiting transversality con-
ditions for an infinite time horizon of an age-structured optimal control
model can not be shown in general, they hold in the current model since
the characteristic lines are isolated (i.e., do not interact) and can be viewed

as trajectories of independent optimal control models.* Therefore we have

4This holds for all age-structured optimal control models obtained by a transformation of a
multi-stage optimal control model with random switching time obtained by the transformation
presented in Wrzaczek et al. [118].
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(VT > 0)
1%21 +1£1ofe—PTA5(T)(s;(T) -51(T)) >0
1%3 Jirgfe‘PT/\I(T)(II(T) -L(T) >0
1%3 Jirgfe‘PT/\N(T)(Nl*(T) ~ N1(T)) >0
1%21 Jirgfe‘PT/\Z(T)(Z*(T) ~-Z(T) >0
l%riligfe_pchs(T, 7)(S5(T, 7) = S2(T, 7)) 2 0 -
lim Jirgfe‘pT&(T, O)(I(T, 1) — (T, 7)) = 0 '
1%13 Jirgfe_pTéN(T, T)(N3(T, 1) — No(T, 7)) > 0
1%13 Jirgfe‘PTEV(T, )(VX(T,t)-V(T,1)) >0

l%m infe PTEL(T, T)(Z5(T, 1) — Zo(T, 1)) 2 0
—+00

l%minfe‘pTC(T)(Q*(T) -Q(T)) = 0.
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COMMUNICATION STRATEGIES TO CONTRAST ANTI-VAX

ACTION: A DIFFERENTIAL GAME APPROACH

Article written by A. Buratto, R. Cesaretto, and M. Muttoni; published in the
Central European Journal of Operations Research (2024) [17].

INTRODUCTION

Vaccination is one of the greatest discoveries of modern medicine. Thanks
to vaccines, diseases such as poliomyelitis, tetanus, smallpox, diphtheria, and
rubella have been eradicated in many countries. Furthermore, vaccination has
recently been shown to reduce the incidence of some other diseases, for ex-
ample, human papillomavirus (HPV) infection (Takla et al. [102]), meningitis
(Buonomo et al. [15]), and some forms of cancer. The public health benefits
brought by such discoveries are so important that several countries have even
devised mandatory childhood vaccination policies.>¢ Committees on Vaccina-
tion have been constituted in many countries to plan communication campaigns
in favor of vaccination, such as the (STIKO) in Germany by Robert Koch-Institut”
and the European Centre for Disease Prevention and Control® have done.

However, people often do not perceive the importance of vaccines, either
because some of the diseases that were eradicated are no longer visible or because
their effects may show up only after long periods. In case a given vaccination is
not mandatory, without memory of the damage the related disease can cause,
the perceived risks of vaccination among some people have begun to outweigh
their perceived benefits (Omer et al. [87], Buonomo et al. [16]). Some people
focus only on the risk of side effects, which for them appears to be extremely
high compared to the risk associated with contracting the disease (Salmon et al.
[94]). Furthermore, vaccine efficacy has recently been debated by skeptics who
try to spread the idea that vaccines are ineffective and even dangerous (see, e.g.,
Shim et al. [99], Carrillo and Lopalco [23], and Hotez [63]).

In turn, media, such as magazines, television, the Internet, and social net-

Shttps://www.immunize.org/laws/, retrieved on 2023/06/19
Shttps://ijponline.biomedcentral.com, retrieved on 2023/06/19
"https://www.rki.de/EN/Content/infections, retrieved on 2023/06/19
8https://www.ecdc.europa.eu/en, retrieved on 2023/06/19
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works, often present news related to vaccines without submitting them to strict
verification by scientific and health authorities. Sometimes, they spread alarm-
ing news without any foundation, in the worst cases even claiming an association
between vaccines and serious diseases. Just to mention, even though Andrew
Wakefield’s claim about a causal relation between vaccines and autism was re-
futed by the scientific community (see Taylor et al. [104]), such a conjecture has
caused a decline in vaccination coverage, especially in certain countries.

Due to these fake news, some diseases were taken too lightly and gave
rise to the vaccine hesitancy effect (see, e.g., Bozzola et al. [12] and White et
al. [117]). Shim et al.,, in [99], assert that if the great benefits to society of
measles vaccination are to be maintained, the public must be educated about
these benefits in order to increase public confidence. When organizing vaccine
administration, national health systems must consider many aspects, and in the
last decade the issue of correct communication about the vaccination campaign
has become crucial. The authors observe that the effectiveness of vaccination
programs can be jeopardized by public misperceptions of vaccine risk. They
illustrate “the importance of public education on vaccine safety and infection
risk to achieve vaccination levels that are sufficient to maintain herd immunity.”

In this paper, we study the effect of a vaccination advertising campaign in
supporting countries to increase the coverage of measles, rubella, and other vac-
cines. The idea arises from a recent report by the World Health Organization
(WHO), which underscores the impact of the COVID-19 pandemic on surveil-
lance and immunization efforts. The report highlights that the suspension of
immunization services has decreased the estimates of immunization coverage
for many infectious diseases. In fact, during the last three years, the COVID-19
pandemic stopped surveillance and immunization efforts, putting many chil-
dren at risk for preventable diseases. “Approximately 25 million infants missed
at least one dose of the measles vaccine through routine immunization in 2021.”°
Globally low immunization rates increased the chances of outbreaks and endan-
ger unvaccinated children. The World Health Organization just decided to work
towards regional measles elimination by strengthening immunization programs
(e.g., Measles and rubella strategic framework: 2021-2030) and implementing

effective surveillance systems.

Shttps://www.who.int/news-room/, retrieved on 2023-06-19
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2.2. COMMUNICATION STRATEGIES TO CONTRAST ANTI-VAX ACTION

Perceiving the same need for a focused public educational system, this paper
aims to formalize in a mathematical context the problem of planning a pro-vax
communication campaign to convince people to get vaccinated. In what follows,
we assume that the vaccination we are dealing with is not mandatory.

Our research questions are as follows.

e How does negative word of mouth affect the evolution toward herd im-
munity?

e How can the pro-vax communication campaigns of the national health-
care system and of pharmaceutical firms speed up such an achievement?

e How can a proper pro-vaccination campaign sustain the vaccination effi-
ciency of the national health-care system?

The remainder of the paper is organized as follows. In Sect. 2.2.2 we briefly
review the literature and position our contribution. In Sect. 2.2.3 we introduce
our model for a controlled evolution of the unvaccinated population, together
with the cost functionals associated with such an attempt. We formalize the
problem in a differential game framework. In Sect. 2.2.4 we determine the
optimal communication strategies that constitute the associated steady-state
feedback Nash equilibrium. Sect. 2.2.5 presents some sensitivity analysis of the
solution together with interpretations of the results. Sect. 2.2.6 concludes.

BRIEF LITERATURE BACKGROUND

A consistent stream of literature tackles the issue of controlling infectious
diseases based on epidemic models, in particular, on behavioral Susceptible-
Infected-Recovered (SIR) models. In the book by Manfredi and d’Onofrio [77]
a vast literature on vaccination and other influences of human behavior on the
spread of infectious diseases is presented. A detailed report reviewing models
that account for behavioral feedback and/or the spatial/social structure of the
population can be found in Wang et al. [116]. More recent publications among
the same stream of literature are, e.g., d’Onofrio and Manfredi [34] and Buonomo
et al. [15]. An interesting approach to the vaccination problem in the context
of game theory is tackled in Shim et al. [99], where a game-theoretic model
of disease transmission and vaccination is formalized as a population game.
Here, the game-theoretic epidemiological analysis performed can yield insights
into the interplay between anti-vaccine behavior, vaccine coverage, and disease

dynamics. More recently in Matusik and Nowakowski [80] a game-theoretical
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approach has been used to model the control of COVID-19 transmission, always
in the context of SIR dynamics.

The so-called word-of-mouth effect plays a crucial role in the spread of
antivax beliefs. Bauch in [8] studies the strategic interaction between individuals
when they decide whether or not to vaccinate, using an imitation dynamic game.
The role of word of mouth in voluntary vaccination planning is presented in
Bhattacharyya et al. [9], where the synergetic feedback between word of mouth
and the epidemic dynamics controlled by voluntary vaccination is analyzed.
The authors present an epidemiological model with a social learning component
that incorporates the reciprocal influence of population groups, as well as the
feedback that can occur from the incidence of diseases. They model this social
interaction through a game-theoretical framework using the concept of payoft,
adapted from applications of Game Theory to Economics.

Just because anti-vax behavior is often associated with word of mouth, rather
than with scientific data and information, it seems interesting to tackle the prob-
lem not necessarily from an epidemiological point of view but from a sociological
point of view. Therefore, the communication approach derived from the theory
of dynamic advertising models, described in Huang et al. [64], suggests a correct
communication policy to defeat the spread of the anti-vax movement. In a com-
munication framework, El Ouardighi et al. in [35] consider two different types
of word of mouth: negative (or adverse) and positive (or favorable) according
to the different reactions of satisfied and dissatisfied customers. The authors
stress how negative word of mouth is more influential than positive, especially
for brands with which potential customers are not familiar, and this could be
the case for the vaccine issue.

Within the literature stream based on dynamic advertising models, Gros-
set and Viscolani in [55] formulate and solve an optimal control problem to
determine a provaccination communication campaign that contrasts the effect
of antivaccination word of mouth, with the objective of minimizing the care
cost induced by unvaccinated people and the cost resulting from the communi-
cation campaign. The authors propose an upper bound to the final number of
unvaccinated people to guarantee herd immunity. In such a model the program-
ming interval is fixed, while in Grosset and Viscolani [54] the authors study a
variable-final-time optimal control problem to stress the importance of reaching
the given herd immunity threshold, rather than reducing costs in a fixed-length

programming period.
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In Buratto et al. [19], a model for the aforementioned national health problem
is proposed using a linear-quadratic differential game in a finite time horizon.
The model aspires to understand how an optimal interaction between the com-
munication campaigns of the healthcare system and of a pharmaceutical firm
that produces a given vaccine can help increase vaccination coverage. The
healthcare system wants to minimize the number of unvaccinated people at a
minimum cost. The pharmaceutical firm aims to maximize its profits while
reducing the number of unvaccinated people.

This paper belongs to the last group of models presented above, named
Communication models, where the focus is on the communicative approach and
considers the “educational plan to vaccination” as a possible communication
strategy that can be planned by both the national healthcare system and phar-
maceutical firms. The references cited above (Grosset and Viscolani [55, 54], and
Buratto et al. [19]) assume that the unvaccinated population, affected by nega-
tive word of mouth, diverges to infinity if it is not supported by a pro-vaccine
campaign. Here, we adopt a more realistic dynamics where the d-régime number
of unvaccinated people is increased by the adverse action of anti-vax negative
word of mouth and converges to a finite value, which can be deduced from the
annual report published by the World Health Organization (WHO).10

Moreover, the literature cited above considers only finite-time horizon opti-
mal control problems, while in this paper, being interested in a long-term plan
for the provaccination campaign, we consider the plan over an infinite horizon.

We study the interaction between the communication campaigns of the
healthcare system and of a pharmaceutical firm that produces a vaccine for
a given disease, formulating a differential game played a la Nash. We use
the Hamilton-Jacobi-Bellman approach to determine a Markovian Nash equi-
librium. In recent years, with the introduction of big data solutions, health-
care management can rely on accurate and up-to-date reports. Mobile contact
tracké&trace apps, recently urged by the COVID-19 emergency, provide constant
information on the number of vaccinated (and consequently of unvaccinated)

individuals.* Therefore, feedback strategies based on the number of unvacci-

0To be precise, WHO reports annually the report on global vaccination coverage for each
infectious disease in https://www.who.int/news-room. The number of unvaccinated people
for a given disease can be deduced by subtracting the WHO declaration from the size of the
population interested in the related vaccination.

lisee, e.g., https://thevaccineapp.com/, retrieved on 2023/06/19
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nated are not only credible but also more reliable than Open-Loop ones, as the
former are time-consistent. It is commonly known, as reported also in Della
Marca and d’Onofrio [31], that in health economics, it is preferable, whenever
possible, to control a system by means of a feedback-based strategy, which aims
to minimize the economic and human burden of some health-related phenom-
ena. On the basis of these considerations, we look for communication strategies

that constitute a Markovian Nash equilibrium.

THE MODEL

We assume that the population to which vaccination is devoted is stationary.
The dynamics we analyze describes the evolution of the unvaccinated popula-
tion, as is done in the related literature cited above (see Grosset and Viscolani
[55, 54], and Buratto et al. [19]).

For this purpose, let x(¢) be the number of unvaccinated individuals at time
t, and let x( be its value at the initial time.

The World Health Organization annually publishes data related to global
trends and the total number of reported cases of vaccine-preventable diseases
(VPD).”2 In an idealistic vaccination system, the number of unvaccinated should
decrease and tend to zero (neglecting people who cannot be vaccinated due to
more serious immunodeficences). However, it can be observed from WHOQO’s
data that there is always a significantly high average number of unvaccinated.
This residual number of unvaccinated can be attributed to the presence of an-
tivax action. On the other hand, in each time unit, a fixed percentage of the
unvaccinated population voluntary gets the vaccine, convinced by peers and
networks, or even by the spread of the disease. We can formalize this type of
scenario with the following dynamics of the unvaccinated people

x(t) = w — rx(t). (2.38)

The term w > 0 represents the constant number of people that at a given time
may be considered as new-unvaccinated, because they’ve just entered into the
subset of population ought to be vaccinated and did not get the vaccine. The
reasons for such a decision can be varied, including the negative information

2https://www.who.int/news-room/fact-sheets/detail/immunization-coverage, re-
trieved on 2023/06/19
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about vaccines and vaccination that no-vax movement spreads throughout a
word-of-mouth mechanism. For simplicity, in what follows we will call the

parameter w a word-of-mouth parameter.

The parameter r > 0 represents the instantaneous vaccination rate. It mea-
sures the intensity of vaccination and in some way it describes the efficiency
of the national vaccination system: the faster the national healthcare system in
the vaccination issue, the higher r. From the dynamics we can observe that
the number of unvaccinated increases with w, however, it decreases due to the
effect of spontaneous vaccinations. Unlike in Grosset and Viscolani [55], where
the number of unvaccinated tends to explode in the absence of a communica-
tion action, due to negative word of mouth, here we assume, in a more realistic
formalization, that the unvaccinated group converges to a finite positive value.
Indeed, as t goes to infinity in dynamics (2.38), the number of unvaccinated
tends to the following d-régime level

Rgs = —. (2.39)

w
r
This value, which increases in w and decreases in r, is in any case finite, and
it corresponds to the nonnegative residual of unvaccinated people that can be

deduced by the annual World Health Organization report.

However, as Wang et al. stress in [116], there are scenarios in which voluntary
vaccination is not sufficient to provide herd immunity. If word of mouth w is
too high or the effectiveness of vaccination r is too low, then Xss may be too
large; far from the level requested for herd immunity. This issue may become
too expensive for the national healthcare system to sustain; therefore, a pro-

vaccination communication campaign is needed.

In this paper, we formulate a dynamic model assuming to be exactly in the
situation in which the negative word of mouth is so high that a pro-vaccination
campaign is necessary. Since we are interested in the scenario where commu-
nication is necessary, in what follows we will assume that the parameter w is
greater than a given threshold, which guarantees nontrivial equilibrium strate-
gies. The value of such a threshold will be specified later in the next section.

We assume that both the national healthcare system (S) and the pharmaceu-
tical firm (F) are independently planning their own communication campaign to
promote vaccination. Let ¢s(t) € Us and ¢r(t) € Ur be the pro-vax advertising
efforts of the national healthcare system and the pharmaceutical company, re-
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spectively. We assume that feasible communication strategies are non-negative
and reasonably bounded. In what follows, we assume that the upper bounds
for such strategy functions are sufficiently high. This will permit us to con-
centrate on the characteristics of non-trivial inner solutions. Let 65, 0r > 0 be
the effectiveness of the two communication intensities, as in Buratto et al. [19].
The evolution of the unvaccinated is affected by these controls according to the

following dynamics

X(t) =w —rx(t) — 0sPs(t) — OpPr(t),
x(0) = xg.

(2.40)

At first glance, we can observe that if the number of unvaccinated x is zero at
a given time, then a positive communication effort may drive the state function
below zero, and this would not be meaningful. However, it will be proved that
under optimal conditions, given our assumption of a significantly high value for

the variable w, the positivity of the state function is ensured.

After describing the dynamics, let us focus on the payoff functions of the two
players. The national healthcare system and the pharmaceutical firm both seek
to minimize their respective costs associated with the number of unvaccinated
individuals, along with reducing their communication costs. For any t > 0, we

assume the following cost flows for the two players respectively

Cs(t) = gxz(t) + %cpé(t), Cr(t) = Ox(t) + %@%(t) (2.41)

For what concerns the costs due to the number of unvaccinated individuals,
from the national healthcare system point of view, the number of unvaccinated
individuals affects national healthcare costs because a relevant percentage of
them need medications and sometimes even hospitalization. While in Grosset
and Viscolani [55, 54] these costs are assumed to be proportional to the number
of unvaccinated people and therefore linear in the variable x, in our model we
assume that national healthcare costs are quadratic and convex, formalized by
the term gxz(t) (with B > 0), to underscore the significant expenses associated
with hospital therapy. Furthermore, this assumption highlights the crucial
point that vaccine refusal not only puts those who decline vaccination at risk
but also increases the chances of disease transmission for people who interact

with unvaccinated individuals. A similar quadratic assumption for national
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health system costs due to the number of unvaccinated has also been considered
in Buratto et al. [19], where a linear-quadratic differential game is formulated
and solved, although in a finite time horizon.

From the pharmaceutical firm point of view, the number of unvaccinated
affects the revenue of the pharmaceutical firm, although in a different way.
Assuming 0 > 0 to be the unit profit of a given vaccine, the consequent missed
revenue for each unsold vaccine is here formalized as the linear cost 6x(t).

Finally, both players sustain the communication costs associated to their pro-
vax advertising efforts, here assumed to have the following quadratic and convex
formulation ';—qug(t) and k{qb%(t) (with ks > 0 and kr > 0) for the healthcare
system and the firm respectively.

All the models cited above neglect the cost of vaccination, as we also do;
nevertheless, few papers in the related literature evaluate vaccination costs;
among them, we mention the real option approach used in Favato et al. [37].

We consider the problem over an infinite horizon. In such a setting, taking
into account the dynamics (2.40), and discounting the costs Cs(t) and Cr(f) in
(2.41), we formulate the following differential game played a la Nash'®

healthcare System (S) pharmaceutical Firm (F)

min /ﬂoe_Pt (gxz(t) + %Qbé(t)) dt min /+me_Pt (GX(t) + %‘Pé(t)) dt
0 0

¢se Us ¢re Ur

X(t) =w —rx(t) — 6ss(t) — Srr(t),

(2.42)
x(0) = xo.

The table below collects the meaning of the parameters:

130bserve that in this formulation in infinite horizon we are discounting the costs that appear
in Buratto et al. [19], obviously neglecting the “residual value functions”.
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p | discount rate (p > 0)

B | health care and social cost (8 > 0)

0 | missed profit due to each unsold vaccine (6 > 0)
Ks,KF | communication cost parameters (xs, xr > 0)

w | word-of-mouth coefficient (w > 0)

r | instantaneous constant vaccination rate,

0s,O0F | pro-vax communication effectiveness (6s, 0r > 0)

It is interesting to observe the asymmetry of the game due to the different
types of costs associated with the unvaccinated group. This asymmetry will
emerge in the different forms of the value functions of the two players and, con-
sequently, in the equilibrium strategies of (S) and (F), respectively. The problem
above is formulated over an infinite horizon and is autonomous (because there
is no other explicit time dependence in its formulation, apart from the discount
factors). Therefore, we are interested in looking for a stationary solution. Sta-
tionarity means that each player’s strategy is determined as a function of the
state variable only: q);(x) j € {S, F} as stated in Dockner et al. [33, p.210].

THE soLUTION (MARKOVIAN NASH EQUILIBRIUM)

We are interested in feedback advertising strategies based on the number of
unvaccinated individuals, so we look for a Markovian Nash equilibrium that,

being the game autonomous, turns out to be subgame perfect (see Dockner et
al. [33, p.105].

Proposition 2.3. The Markovian Nash Equilibrium Feedback strategies that represent
the pro-vax communication strategies are

o1 (x) = 6%(17 —(p+1)

50 2.43

X+ |lw— Ff‘] /17 , ( . )
N,

Pr(x) = <’ (2.44)
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where

2 62
n:\/[g+r] +5é+§. (2.45)
Proof. See Appendix 1.

It can be immediately observed that ¢;() is strictly positive (being 6r, 0, kr > 0,
andn > p+r > p > 0). Furthermore, ¢}(-) does not depend on x, therefore
it constitutes a degenerate feedback strategy. It represents the constant positive
communication contribution of the pharmaceutical firm to contrast the antivax
action.” From now on, we will denote it by ¢}.. As an economic interpretation,
since the firm is interested in minimizing its missed profits due to unvacci-
nated, its optimal communication strategy is adopted at a positive constant rate,
independently of the number of unvaccinated individuals.

Remark 2.4. For what concerns the communication strategy of the national
healthcare system ¢(-), it is easy to prove that ¢g(x) > 0 for all feasible x,

2
6F

%; then (P*S(x) > 0 forall x >0,

since 7 > p +r > 0. Observing that if w >
we can conclude that if the negative word of mouth is so high that it compro-
mises herd immunity, as assumed in the problem formulation, then the national

healthcare system needs to support the firm'’s pro-vaccination campaign.

STEADY STATE

These kinds of problems are known in the literature as “Discounted Au-
tonomous Infinite Horizon Models” (DAM) (see Grass et al. [52, p.159]). The
main computational effort to solve optimal control models of this type is calculat-
ing the stable manifolds of the occurring saddles. Let us substitute the optimal
strategies (2.43) and (2.44) in the dynamics of the unvaccinated individuals, then

we obtain
520
X(t) =w —rx(t) = 6sPg(x) — 0rQy = —(n — p)x(t) + (p 1—;— r) (w — Ki'?) . (2.46)

“Mathematically, such a constant structure could be predicted from the linear form of the
value function of player F.
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Proposition 2.5. The steady-state number of unvaccinated people, while adopting the
optimal pro-vax communications turns out to be

(p+r)(w—i%T2)

Xss = (2.47)
n(n-p)
Proof. Differentiating the dynamics in (2.46), we obtain the optimal state trajec-
tory
X*(t) = xgs + (xg — x55)e 7P = xgg(1 — 7P 4 e~ (1P, (2.48)

It is easy to verify that x*(t) > 0 for any starting point xo > 0 and, since n > p,
the state converges to the stable positive steady state xss in (2.47). |

As expected, the steady-state level of unvaccinated individuals under the ac-
tions of pro-vax communication campaigns of the two involved players increases
with negative word of mouth w, and it is lower than the d-régime unvaccinated
level observed in (2.39) without pro-vax communications. In fact, for any set of

values of the problem parameters, it holds

~ w
Xss < Xgg = PE (2.49)

As a result, in case the word of mouth is too high, then the joint effects of the
pro-vax communication campaigns (2.43) and (2.44) may contribute to lower the
number of unvaccinated and to bring it down to the stationary level (2.47). This

will help to reach herd immunity.

SENSITIVITY ANALYSIS AND SIMULATIONS

In the previous section, we obtained the analytical form for the strategies that
constitute the stationary Markovian Nash equilibrium of the pro-vax communi-
cation game and the associated steady-state level of unvaccinated people. The
simple dependence of the solution on some of the parameters that characterize
the problem allows us to perform a sensitivity analysis.

In Table 2.3, we report the existing monotonicity properties, when analyti-
cally computable, of the equilibrium strategies at the steady state, of the steady
state level of the unvaccinated, and of the optimal costs for the two players.

For the reader’s convenience, since the optimal solution contains the constant
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1, in the first column of the table, the dependencies of the constant 1 on all the
analyzed parameters are also included. The arrows indicate either increasing
monotonicity () or decreasing monotonicity (), while the lines “—" mean
constant behavior.

n (j)*s (j); xss | Costs | Costr
w | — |/ =1/ 7 /
O — 1IN 1NN /
or [ — NN N N
ke | — |/ IN S S /

Table 2.3: Sensitivity analysis with respect to main parameters

Impact of Word-of-Mouth Effectiveness w (Table 2.3)
Parameter w takes into account the word-of-mouth effects on the evolution of
the unvaccinated people. Here we assume, as stated in the previous section,

that the negative word of mouth is so high that it requires nonzero pro-vax
KFn*

The effect of the negative word of mouth w drives the national healthcare

communications, more precisely w >

system to increase its pro-vax communication strategy (¢3), with increased
associated costs. Moreover, as expected, the steady state number of unvaccinated
(xss) increases in w. These results are in line with the ones obtained in Buratto
et al. [19], where the final level of unvaccinated people x(T) is increasing in
the word-of-mouth parameter. Another expected result is that both players
have increased costs as anti-vax word of mouth increases. However, it becomes
interesting to note that the optimal pharmaceutical strategy ¢}, is not dependent
on w; the firm conducts its communication campaign independently of word of

mouth because its cost is not an effective loss, but a missed income.

Impact of vaccine unit profit 6 (Table 2.3)

Parameter O represents the unit profit of a vaccine and is considered as the
virtual cost of each unsold vaccine. From Table 2.3 we can observe that the
higher the unit profit, the higher the strategy communication of the firm (¢})
and consequently its cost. With a higher pro-vax campaign, the steady state
level of unvaccinated individuals (xss) decreases. At the same time, the national
healthcare system can count on the firm’s action, so, as strategic substitutes do,

it can reduce its communication campaign (¢5) and, therefore, its total cost.
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Impact of communication effectiveness and marginal costs (6r, xr) of the firm
(Table 2.3)

It is straightforward to prove that ¢} increases in 6r and decreases in xfr: The
more effective (or less costly) the firm pro-vax campaign, the more intensive it
will be. This result is typical for dynamic advertising models (see Huang et al.
[64]): each optimal communication strategy increases in its corresponding com-
munication efficacy and decreases in its corresponding marginal cost. Moreover,
since both strategies act jointly to decrease the number of unvaccinated people,
they are strategic substitutes, so that each optimal communication strategy de-
creases with the communication efficacy of the other player and increases with
the communication marginal cost of the other player. In particular, ¢ is decreas-
ing in 0r: The more effective the firm’s pro-vax campaign, the less the national
healthcare system needs to implement its own pro-vax communication. Finally,
the steady state (xss) computed in (2.47) decreases in Or, while it increases in

the marginal cost kr.

Impact of communication strategies to communication effectiveness and marginal
costs (65, «s) of national health-care system (Table 2.4)

Let us observe in Table (2.4) that 1 is increasing in 65 and decreasing in «xg,
therefore ¢}, which is decreasing in 1 (see (2.44)), turns out to be decreasing

in 65 and increasing in xs. Furthermore, ¢ turns out to be decreasing in «s,
while no kind of monotonicity nor regularity can be verified with respect to 6,

(a “no” appears in the corresponding cell of Table 2.4).

n 95| Pk
05 | /| no | N\
ks | N | N\ | /S

Table 2.4: Sensitivity analysis with respect to 65 and «s

Sensitivity of communication strategies to social cost 5 and vaccination rate r
(Table 2.5)

The parameter  represents the social cost for the national healthcare system.
Analytical results in Table 2.5 highlight how a severe social cost motivates the
healthcare system to increase its pro-vaccination campaign, thus allowing the

pharmaceutical firm to reduce its own.
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n | o5 | F
Bl /1N
r| /| no| N\

Table 2.5: Sensitivity analysis with respect to  and r

The parameter r represents the vaccination rate, in other words the efficiency
of the national vaccination system. Analytical results highlight how an increase
in the efficiency of vaccination in the national healthcare system allows the
pharmaceutical firm to lighten its own communication campaign. On the other
hand, no kind of monotonicity can be analytically proved in the national health-

care system communication effort with respect to r.

Numerical analysis of the steady state

The dependence of the steady state xss with respect to the parameters 0g, ks, f,
and r cannot be proved analytically, therefore, we performed some numerical
simulations fixing, for each analysis, n —1 parameters and letting one parameter
vary within its feasible values (such as to guarantee non-zero advertising strate-
gies).’> In the following figures 2.11-2.14, it is evident, as analytically proven
in (2.49), that in the long run, the steady-state number of unvaccinated peo-
ple while adopting pro-vaccination communication (xss - solid lines) is smaller
compared to the values ad-régime without such communication policies (Xss -
dotdashed lines).

All the simulations conducted demonstrate a consistent pattern, specifically
a quasi-concave shape characterized by an initial convex-concave increase fol-
lowed by a subsequent decrease. We can interpret these results by noting the
presence of a threshold effect: Only sufficiently high values of the parameter with
respect to which the analysis is carried out make it possible for the national
health-care system to reduce the number of unvaccinated individuals to the
extent necessary to achieve herd immunity.

It should be noted in Figure 2.14 that the dotdashed line, representing the
a-régime unvaccinated level %;; without the pro-vax communications, is not
constant (as the corresponding dotdashed lines in the previous figures) because
Xss, defined in (2.39), decreases in r. Furthermore, the gap between the two lines

is large in correspondence to small values of r. This permits to conclude that if

15Most of parameter values come from Buratto et al. [19], as a reference
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Figure 2.11: Steady state xss w.r.t. Os
(w=01,0=0.1xs=406r=0.6kr=0.38,p=0.05p=03,r=0.1)
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Figure 2.12: Steady state xss w.r.t. ks
(w=01,0=0.1,05=0.6,6r=06,xr=08,p=0.05p=03r=0.1)
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Figure 2.13: Steady state xss w.r.t. B
(w=0.1,0=0.1,065s=06,xs =4,06r=0.6,xr=0.8,p=0.05,r=0.1)

the national healthcare system is characterized by a low vaccination rate, then
investing in effective and targeted communication strategies becomes crucial in
order to significantly slow down the number of unvaccinated individuals and

mitigate the potential consequences.
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Figure 2.14: Steady state xgs w.r.t. r
(w=01,0=0.1,065=0.6,xks =4,6r =0.6,xp =0.8, p=0.05, = 0.3)

CoNcLUSION

Vaccination can reduce the incidence of many diseases, but unfortunately,
a negative word of mouth based on fake news recently caused a decline in
vaccination coverage in many countries. This phenomenon has increased the
residual level of unvaccinated people reported each year by the World Health
Organisation. In this paper, we tackle the problem of planning a pro-vaccination
communication campaign to convince hesitant individuals to get vaccinated, so

as to reduce the residual level of unvaccinated people.

We formulate and solve an asymmetric differential game model over an
infinite horizon. Two players are involved in the provaccination communica-
tion campaign: the national healthcare system and a pharmaceutical firm. The
Hamilton-Jacobi-Bellman approach is used to determine the optimal commu-
nication strategies that constitute a Markovian Nash equilibrium for the game.
The two players act as strategic substitutes; the smaller the healthcare system
campaign, the higher the firm’s one. Sensitivity analyzes are performed with re-
spect to the parameters of the problem to study their impact on the equilibrium
strategies and steady-state solutions.

Let us answer the research questions declared in the Introduction: Our model
confirms that the national healthcare system needs to increase its investment
in vaccine communication to contrast the effect of negative antivax word of
mouth and to aim at herd immunity. On the other hand, the firm’s pro-vaccine

communication campaign is not affected by negative word of mouth.

The proposed model also includes the vaccination rate as an index that
characterizes the efficiency of the national healthcare system. As far as we are

aware, such a parameter is not taken into account in the related literature. Our
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results show that immunization can be obtained either by increasing vaccination
efficiency, i.e., vaccinating at a high rate, or implementing a well-planned pro-
vaccination communication campaign. These results emphasize the importance
of the “Immunization Agenda 2030 Measles & Rubella Partnership” (M&RP)?*
led by the American Red Cross, United Nations Foundation, Centers for Disease
Control and Prevention (CDC), Gavi, the Vaccines Alliance, the Bill and Melinda
French Gates Foundation, UNICEF and WHO, to achieve the IA2030 measles
and rubella specific goals.

These results also confirm the importance of national healthcare manage-
ment in maintaining a sufficiently high vaccination rate or, at least, in designing
an efficient provaccination campaign.

Different extensions of this work can be envisioned. The first considers the
game played a la Stackelberg, where the leader may be the national healthcare
system and the follower the pharmaceutical company. A specific analysis of the
cases where the optimal communication strategy can turn out to be zero is an
idea that deserves investigation in order to take into account the various types
of costs that the national healthcare system must bear.

The important role that parameter r plays in the results may suggest consid-
ering the vaccination rate as a decision variable to be optimally set by the national
healthcare system together with the communication campaign for vaccination.

It can be interesting to analyze the stochastic evolution of the number of un-
vaccinated people. This goal could be obtained by introducing a stochastic effect
in communication campaigns and changing the ordinary differential equation

(2) into a stochastic one (see Wang et al. [116]).

APPENDIX

Let Vs(x) and Vr(x) be the stationary value functions associated with the
healthcare system and the pharmaceutical firm, respectively. Let us assume that
these functions are differentiable, and let us denote by V{(x) and V/(x) their
derivatives w.r.t. x. They must solve the following Hamilton Jacobi Bellman
equations associated to the problems of the two players

6https://measlesrubellainitiative.org/learn/about-us, retrieved on 2023/07/06
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pVs(x) = g;% { [w —rx — OpQr(x) — 65qbs]V’(x) - léxz + —qbsl} (2.50)

pVr(x) = max { [ — px — 6pdr — Sshs(x)] Vi(x) — [@x + 7@%]} 2.51)

Maximising the r.h.s. of (2.50) and (2.51) with respect to ¢s and ¢ respectively,
we obtain

¢ps(x) = max {0, —i—zVS’(x)} , ¢r(x) = max { i—iVF’(x)} . (2.52)

Being interested in a non-trivial Nash equilibrium, we look for the best response
strategies in the region {x € R : V{(x), V;(x) < 0}, in such a case

bi(x) = ——V’(x) ie{S,F}. (2.53)

After substituting (2.53) in (2.50) and (2.51), the HJB equations for the two players
can be rewritten as the following system

52 ﬁ 2
pVs(x) = [w —rx+—V’(x)]V(x) —x + KS(V;(x))%
KE 5 (2.54)

_ 6 ’ ’ 0 6F ’ 2
pVr(x) = [w —rx + EVS(x)]VF(x) —Ox + E(VF(X)) .

Notice the asymmetry in the resulting equations with respect to the state variable
x: This entails the corresponding value functions featuring the same asymmetry;

therefore, we assume the following forms for Vs and Vr:

Vs(x) = —Ax + Bx +C, Ve(x) =Dx + E, (2.55)

where the coefficients A, B, C, D, and E are assumed constant, as we focus on
stationary strategies.

After substituting the value functions (2.55) into the HJB equations (2.54)
and comparing the coefficients of the resulting polynomials in the variable x,
the real coefficients A, B, C, D, and E satisfy the following system of algebraic
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equations (known as algebraic Riccati equations)

B2 [L4r]la-L=o

21(5
[p+r——A]D+Q 0
[p+7- EA]B (w + FD)A =0 (2.56)

pE - [w+(6§B+2KFD)]D=o
pC—[w+( PD+ 5=B)|B=0

From the first equation we get the two solutions

ks [P P20
Ai—é—é [§+r]i [§+r] +,BE

where A, > 0and A_ < 0. We discard the positive root because once substituted

into the second equation in (2.56) to obtain the coefficient D, it would be incom-
patible with assumption V;(x) < 0. From now on, let us denote A = A_ < 0.

Observe that if we define

62
p+r——A

n= XS

\/[§+r]2+ﬁ—+g (2.57)

it is easy to prove thatn > p +r > p > 0, and that the system (2.56) admits the

following unique solution

:’g—g{p+r—n} <0,
6% 520
B=(w+D)A/n = (w—3)A/m,

KF1N

2 2
1C = (w+ =D + 72 B)B/p, (2.58)
D = —9/17 <0,
E= (w+ D )D/p.

Substituting these values into (2.55) we obtain the continuously differentiable

value functions, whose derivatives are

Vix)=Ax+B=A
S n KE1)

-5
x+—|lw—-— Vi(x) =D <0. (2.59)
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Observe that indeed the constant A is negative; moreover, from the second

equation, we can infer that if the word-of-mouth level w is high, (w > %)’
then the positivity of the term inside the round brackets also guarantees the
negativity of the constant B. This implies that if we restrict the domain to
nonnegative values of x, which are those that have a physical meaning, then
Vi(x) < 0forall x € RY.

The Markovian Nash equilibrium strategies representing the optimal pro-
vax communication efforts can be obtained in feedback form by substituting
coefficients (2.58) into (2.59), and in turn into (2.53), obtaining

Pg(x) = —i—Z(A X + B) Pp(x) = —2—1;D.
Once substitutes the values of parameters A, B, C, and D, we obtain (2.43) and
(2.44).
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Climate Change Economics

This chapter contains a research report in the field of climate change eco-
nomics, titled “How to prepare for and adapt to a climate tipping point” [83].
The monograph was written by M. Muttoni'! under the supervision of S. Wrza-
czek,? as the final report of a research project conducted over the three-month
Young Scientists Summer Program at IIASA. It was published in the ITASA
repository in 2023.

This work focuses on a continuous-time version of the renown DICE (Dy-
namic Integrated Climate-Economy) model by Nordhaus [86], modified to in-
clude the possibility of a climate tipping point. Climate tipping points are
abrupt regime shifts in the Earths climate systems that are mainly driven by the
anthropogenic increase in global mean temperature. Given the concrete pos-
sibility that increasingly frequent and severe climate-related catastrophes will
negatively impact the world economy, how should we model our policies to
optimally prepare for and adapt to such events?

We formulate a finite-horizon, two-stage optimal control problem with a
stochastic switching time 7 (representing the tipping point), we convert it to a
vintage structure and address it with Pontryagin’s Maximum Principle. The
hazard rate of 7 is assumed to be exclusively state-dependent, more specifically,

increasing in the global mean temperature. Among our results, we find ana-

1Dipartimento di Matematica “Tullio Levi-Civita”, Universita degli Studi di Padova
International Institute for Applied Systems Analysis (IIASA)
2International Institute for Applied Systems Analysis (IIASA)
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lytical conditions for the optimal savings and emission abatement policy, and a
decomposition of the growth rate of the social cost of carbon.

The complexity of the model, determined by its relatively high dimensional-
ity and involved dyamics, entails the use of numerical simulations to compute
the optimal solution of the problem. We simulate four different tipping point
scenarios (denoted A, B, C, and D), each characterized by different effects of the
switch on the dynamics, the running utility, and the state jump. Referring to the

notation introduced in Classification 1.2.1, the switch has the following effects:

(E3) Dynamics: scenarios A and C feature a change in the geophysical dynam-
ics governing the atmospheric temperature and the carbon cycle, respec-
tively; scenario D features a change in the economic production function,
which influences the capital dynamics.

(E4) Running utility: as the economic production also enters the utility func-
tion, the change in production that characterizes scenario D also constitutes
a change in the running utility function.

(E7) State jump: scenario B features the instantaneous destruction of a fraction
of capital (which is a state variable), due to an environmental catastrophe
occurring at the switching time.

How TO PREPARE FOR AND ADAPT TO

A CLIMATE TIPPING POINT

INTRODUCTION

TIPPING POINTS

Consider a dynamical system in a stable state. By definition, a tipping point
occurs when, by the influence of an external agent possibly triggering feedback
mechanisms, the system shifts and crosses a threshold beyond which it is drawn
away from its original state and into a different one.

Although the concept of tipping point can apply to any type of system
shifting from one state to another as described, the scientific community is
increasingly interested in climate tipping points, i.e., tipping points that occur in
the Earth’s climate system. This interest towards climate tipping points is fueled
by the tangible possibility that increasingly frequent and severe climate-related
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TICPING

catastrophes will negatively impact global economy in the best case scenario, or
even lead to human extinction in the worst. To assess resilience —i.e., the ability
to recover from a shock in the long run — in any socio-economic and/or climate
model, it is therefore key to take into consideration the occurrence of one, or
more, tipping points.

The main driver behind climate tipping points is the anthropogenic increase
in global mean temperature triggered by GHGs emissions and, according to
recent IPCC Special Reports (2018, 2019), their thresholds could lie between 1
and 2fC of global warming above pre-industrial levels, instead of 5fC as it was
previously thought (Lenton et al. [73]). It is therefore plausible that multiple
tipping elements will occur within this century under anthropogenic climate
change (Lenton et al. [72]).

To give some concrete examples, the most critical climate tipping points we
are likely to face are, according to Lenton et al. [73], the melting of the Arctic sea
ice and of the Greenland and Antarctic ice sheets, the slowdown of the Atlantic
circulation, and several transformations of carbon sinks into carbon sources (e.g.,
destruction of the Amazon rainforest and of the Boreal forest, die-off of coral

reefs, thawing of the Permafrost).

Addressing the matter only in the attempt to prevent the tipping point would
be too demanding for the economy, and there is a strong possibility that actual
tentative implementations of preventive policies may come as too little, too late.
This is why we also need to consider building resilience to tipping points into
the global system: how can we (optimally) change our policies and behaviors in

preparation for and in adaptation to the occurrence of a climate tipping point?

We implement the problem in the Optimal Control environment: we sup-
pose that one single policymaker controls the world’s emission abatement and

economic investments — which in turn influence the evolution of the Earth’s cli-
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mate system and of the population’s goods and services — in order to maximize
a social welfare function. The occurrence of a climate-related tipping point is
modeled as a random instant whose hazard rate increases with global mean tem-
perature, after which the system’s dynamics are irreversibly changed. We then
apply the Maximum Principle for heterogeneous systems to derive necessary
conditions for the optimal savings and abatement policies.

The main advantage of treating this problem with Optimal Control The-
ory is being able to learn about the interplay of the different variables, actions,
and factors, thus gaining more in-depth knowledge behind what constitutes an
optimal solution. This precise disentanglement of the various effects, which
cannot be achieved through other optimization techniques (e.g., classic nonlin-
ear optimization), is important in order to correctly implement decisions and
adaptations of decisions.

In our fragmented world, different countries have different priorities when
it comes to climate and economy, especially considering the issue of climate
justice: poor countries suffer the most from the climate change that has been
mainly caused by past emissions of the rich countries. Because of this dispar-
ity, modeling one single policymaker may be unrealistic, but it results in the
best possible aggregated behavior. Indeed, in decentralized models, this ‘single
planner” solution acts as a benchmark to tend to by setting the correct carbon
taxes.

An objective limitation of our current work is the inability to introduce more
than one tipping point into the system: in fact, due to the strong interconnec-
tions between different tipping points in the form of feedback mechanisms and
domino effects, crossing even only one of them is likely to trigger a tipping
point cascade. This phenomenon will be investigated in future research, as an
application of a new theoretical framework to study multi-stage OC problems

with a sequence of random switching times.

RESEARCH QUESTION

Suppose that the policymaker is aware of the risk of a tipping point, that they
know how this risk grows with global temperature, and what effect it will have
(it could be either on the Earth’s climate system, or on economic production, or
both).

Given this context, the main objectives of this study are the following. First:
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we aim to derive the optimal emission abatement policy that should be imple-
mented under the uncertainty of a pending climate catastrophe. Such a policy
is expressed as the portion of reduced emissions as a function of time, and it can
be adjusted upon occurrence of the tipping point. Second: we aim to analyze
the evolution of Social Cost of Carbon over time and the different factors that
contribute to its composition.

We will show how the expectation of different effects produces different be-
haviors in anticipation of the event, by considering four different types of tipping
point: A) the melting of the Arctic sea ice, which compromises the self-cooling
ability of the atmosphere, B) the destruction of capital due to an environmen-
tal catastrophe, which instantaneously decreases the available capital without
bringing any long-term changes, C) the transformation of a carbon sink into a
carbon source, which alters the rates of carbon uptake and release between the
atmosphere and the biosphere/shallow ocean, and D) an increased impact of
temperature on production, where the rate of economic production becomes

less efficient.

LITERATURE REVIEW

A few articles feature tipping points in theoretical dynamic approaches, and
they can be divided into two main streams of literature: continuous-time con-
sumption/pollution models and discrete-time integrated-assessment models
based on DICE.

Among the stream of continuous-time consumption/pollution models, Crop-
per [29], Clarke and Reed [28], and Gjerde et al. [50] feature an unforeseen and
sudden drop in society’s level of consumption due to the environment’s vulner-
ability to pollution-related catastrophic collapse. The drop in consumption may
be complete or partial, reversible or irreversible. Tsur and Zemel [105, 106, 107]
feature an unpredictable and detrimental event, associated with the greenhouse
effect, that inflicts damage in the form of an instantaneous penalty upon occur-
rence. In particular, Tsur and Zemel [106] also features irreversible events, i.e.,
those which result in a truncation of the time horizon, and multiple-occurrence
reversible events. In Cropper [29] and Tsur and Zemel [105] the uncertainty con-
cerning the time of occurrence refers to our ignorance about the exact pollution
level required to trigger the event, whereas in Clarke and Reed [28], Gjerde et al.
[50], and Tsur and Zemel [106, 107] it stems from the intrinsic stochastic nature
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of the environmental processes that control occurrence. In the latter case, the
hazard rate may increase with the GHG stock (Clarke and Reed [28], Tsur and
Zemel [106, 107]) or with global mean temperature change (Gjerde et al. [50]).
Differently from all of the above, Ploeg and Zeeuw [110] features a productivity
shock, whose hazard rate increases with the pollution stock. It may consist in a
sudden drop in technological stock or in the production’s response to temper-
ature. Also recoverable catastrophes are considered, like a sudden rise in the
carbon stock or a partial destruction of capital.

Among the stream of discrete-time integrated-assessment models based on
DICE, Keller et al. [66] features a DICE model with the addition of central
uncertainties and stochastic damages, caused by an uncertain environmental
threshold imposed by an ocean circulation change, giving rise to a probabilistic
optimization problem. Cai et al. [21] features an extension of the DICE model
by Nordhaus featuring a stochastic economy and with the addition of uncertain
economic impact of possible (multiple) climate tipping events. The latter enters
the climate damage function as a discrete Markov chain, starting from zero in
the pre-tipping stage, with nondecreasing fractional values over time. Lemoine
and Traeger [71] includes a climate tipping point in Nordhaus’s DICE model,
which is then solved in a dynamic programming setting where the policymaker
learns about a threshold’s location by observing the system’s response in each
period. Lontzek et al. [75] features a stochastic IAM based on DICE where the
likelihood of tipping points increases with global warming, but it is uncertain.

Our work aims to bridge the existing gap between these two streams by
adapting a continuous-time formulation of DICE to include a tipping point.

MEeTHODS AND Discussion

We implement a finite-horizon, two-stage Optimal Control problem with a
random switching time: we suppose that one single policymaker controls the
world’s emission abatement and economic investments in order to maximize a
social welfare function. These control variables enter the dynamical system that
governs the evolution of the state variables describing the Earth’s climate — such
as temperature and carbon stock — and the population’s goods and services.

The occurrence of a climate-related tipping point is modeled as a random
instant whose hazard rate increases with global mean temperature. Before the

switch, the system is a continuous-time version of the DICE model by W. Nord-
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haus; after the switch, the system enters a new regime, that is characterized —
depending on the nature of the tipping point — either by different dynamics or
running payoff, or by a jump discontinuity in the state variables.

We then apply the Maximum Principle for heterogeneous systems developed
by V. M. Veliov (see Veliov [113] and Wrzaczek et al. [118]) and derive necessary
conditions for the optimal savings and abatement policies.

A feature of the Maximum Principle is that it involves the computation of
the co-state trajectories: each one of these functions represents the evolution of
the shadow-value of the corresponding state variable over time, i.e., the marginal
increase in the optimal payoff for an instantaneous increase in the state variable.
This plays a crucial role in the analysis of the Social Cost of Carbon: due to its
relation with the shadow-value functions, we are able to isolate the contributions

of the elementary factors that add up to compose the Social Cost of Carbon.

ConTiNnvous-TIME DICE MmoDEL

Before the occurrence of the tipping point, the model is a continuous-time
version of the DICE that is described in Nordhaus [86]. We use the continuous-
time version of the functional forms and parameters in Freiberger et al. [47], that
were extracted from the official GAMS code DICE-2016R.

Control and State Variables. Atevery time, the state of the system is described
by the following state variables: the capital stock K; the carbon stock vector
M = (MAT, MYP, MLO) has three components which measure the amount of
carbon that is accumulated in the atmosphere, in the biosphere and shallow
ocean, and in the deep ocean, respectively; the temperature vector T = (TAT, TOC)
has two components which measure the global mean temperature change in the
atmosphere and in the deep ocean, respectively.

There is a single policymaker who, at every time, sets the values the following
control variables: the savings rate s € [0, 1] represents the fraction of the net
economic output that is re-invested in capital; the abatement rate u € [0,1]

represents the fraction of industrial carbon emissions that is cut.
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Controls: States:
s €[0,1] savings K capital
p€[0,1] abatement MAT  carbon (atmosphere)

MYP " carbon (shallow ocean + biosphere)
MEO  carbon (deep ocean)
TAT  temperature change (atmosphere)
TOC  temperature change (ocean)
The controlled dynamical system that describes the state variables” evolu-
tion, which is quite complex and involved, is presented in detail in the following
pages. However, here is a graphic (and qualitative) representation of the mech-

anisms behind the mathematical expression of the dynamics.

%“““— CAPITAL
e

PRODUCTION ou-rnu'r__,a CONSUMHPTION]
S,
§£ sze’ \—> EMISSIONS 60 Inp

l “TQ‘(EUT' LoneeT ﬁ

TEHPERATURE n'm OSPHERE

THOS
A ( P.';EE'E WSS | yepER ooem +73|osmezs
{
OCERN DEEP OCEAN

Objective Function. The policymaker adjusts their policy (the savings rate
s and the abatement rate u) in order to optimize a social welfare function.
This function is the flow over time of the “generalized” consumption, i.e., not
only of traditional market goods and services, like food and shelter, but also of
nonmarket items such as leisure, health status, and environmental services. This
is obtained by maximizing the discounted integral of the population-weighted

utility of per-capita consumption:

T
maximize/ e PLL(t) u(c(t)) dt
s,uel0,1] 0
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where p > 0is the rate of time preference (a discount is applied on the economic
well-being of future generations), L(t) is the exogenous population/labor, u(c)
is the utility of consumption, and c(t) is the per-capita consumption C(t)/L(t).
The total consumption C(t) = (1 — s(t))Q(#) amounts to the fraction of the net
production output Q(#) that is not reinvested in capital, and as such it depends
on the control and state variables (as explained in the next paragraph). The
utility of consumption is isoelastic:

1-v

u(c) = k % withv e (0,1) or u(c)= klog(c)

Economic Variables. The exogenous function L(t) counts the world popula-
tion in billions. Its growth rate declines over time so that the total population
approaches a limit of 11.5 billion.

The global production function Y (¢, K) is assumed to be a constant-returns-
to-scale Cobb-Douglas production function in capital K, exogenous labor L(t),
and Hicks-neutral exogenous technological change A(t) (a coefficient whose

growth represents technological advancement):
Y(t,K) = A(H)KVL(#)'™
where y € (0, 1) is the capital elasticity.

Labor Technology

L(t)
A(t)

0 50 100 150 200 250 0 50 100 150 200 250
time (years) time (years)

The rising atmospheric temperature entails damages to production. Such
damages include estimated damages to major sectors (such as agriculture), the
cost of sea-level rise, adverse impacts on health, and nonmarket damages. They
are assumed to be proportional to world output and are polynomial functions

of global mean temperature change. Taking the temperature damage into con-
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sideration, production is thus resized by a factor (1 + Q(T47))~! where
QTAT) = Yo (T2,

with ¢1, 2 parameters.

Abatement of carbon emissions also constitutes costs in terms of production.
Abatement costs are assumed to be proportional to global output and to a strictly
convex polynomial function of u. A backstop technology, i.e., an all-purpose
environmentally benign zero-carbon energy technology that can replace all fossil
fuels, is introduced into the model by setting the exogenously time-dependent
coefficient in the abatement-cost to be equal to the backstop price for each year.
Such a price is assumed to be initially high and to decline over time with carbon-
saving technological change. Considering abatement costs, production is again
resized by a factor (1 — A(t, u)) with

A(t, ) = 01(t)u%,

where the coefficient 01(t) is the price of the backstop technology, in units of
capital, and 6, > 1 is a parameter.

Abatement impact coefficient

S 0.04

61(

0.02

0.00

0 50 100 150 200 250
time (years)

After applying temperature-related damages and emission abatement costs
to the total production, the net economic output amounts to:

1- A(f, xu)

b, K, TAT) = ———
Q(t, u ) T+ O(TAT)

Y(t, K)

Assuming that the capital depreciates at a rate 0k, and that a fraction s of
the net output Q is reinvested, the capital K evolves according to the following
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dynamics:
K =5s0(t, K, TAT) - 6kK

The rest of the net output is consumed:

C(t) = (1 —s(t))Q(t, u(t), K(t), T4 (1))

In absence of emission abatement, the industrial CO, emissions are given
by the carbon intensity, i.e., the emission per unit of production output, times
the total production output. The carbon intensity o(t) is assumed to be an
exogenous function of time that is linked to technological advancement. Actual
industrial emissions are then reduced by the abatement rate y, yielding;:

Eina(t, p, K) = (1 — p)a(t)Y(t, K)

Whereas industrial CO, emissions are endogenous, the CO; arising from land-
use changes is assumed to be exogenous (other GHGs are also accounted for, in
the exogenous part of the radiative forcing term in the temperature dynamics,
as we explain later). The total flow of CO, emissions is thus

E(t/ [J/ K) = Eind(tl #I K) + Eland(t)

Carbon intensity CO2 from land-use changes

0 50 100 150 200 250 0 50 100 150 200 250
time (years) time (years)

Geophysical Equations. The carbon cycle is represented by a three-reservoir
model: we consider the stock of carbon in the atmosphere M7, a quickly
mixing reservoir in the shallow ocean and the biosphere MY?, and the carbon
stored in the deep ocean MO, CO, emissions are released into the atmosphere
(coefficient &« = 3/11 converts the mass of CO; to the mass of carbon), and there
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is a constant exchange of carbon between adjacent layers: the biosphere takes
up atmospheric carbon at a rate 01 and releases it back into the atmosphere at a
rate 67, whereas the deep ocean absorbs carbon from the shallow ocean at a rate

03 and releases it back at a rate d4.

MAT = —(51MAT + (52Mup + aE(t, U, K)

MY = 5, MAT — (55 + 63)MUP 4+ 5,MLO

M"C = 53MUP — 5, MLO

By introducing the following vector notation,

MAT —51 o 0 1
M =|MUP |, O=|61 —(60+63) 04/, e1=|0
MLO 0 O3 —04 0

we can reformulate the carbon dynamics as
M = ®M + aE(t, u, K)ey

Radiative forcing, i.e., the greenhouse effect, is the mechanism that links the
accumulation of GHGs in the atmosphere to warming at the earth’s surface. Al-
though the main driver of such phenomenon is the atmospheric CO,, exogenous
forcing from other GHGs (e.g., aerosols and ozone) is also present. The increase

Radiative forcing from other factors

0.9

0.8

FEX(t)

0.7

0.6

0 50 100 150 200 250
time (years)

in atmospheric temperature due to radiative forcing is given by:

MAT
F(t, MAT) = nlog, ( v ) + FEX(t)
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where M is the pre-industrial level of atmospheric carbon, and 1 is a parameter.
Furthermore, the atmosphere has a self-cooling ability and it also constantly
exchanges heat with the ocean through diffusion.

TAT _ El [_EZTAT + 63(TOC _ TAT) + F(t,MAT)]

3.1
FO€ = £y(TAT - 7O°) .

By introducing the following vector notation,

T = TAT C = —&1(&2+ &3) &1é3 . 1
Toc | £ al =1,

we can reformulate the temperature dynamics as

T = (T + &F(t, MAT)ey

Unlike the original DICE model, we do not include the following features:

the resource constraint on carbon fuels

/OT Eina(t, u(t), K(t))dt < CCum,
nor the possibility of negative emissions after some time
u(t) € [0,1.2] fort > to,
nor the constraint on atmospheric temperature
TAT < 7.

There are two reasons behind this choice: because the theory we apply to
solve our problem does not feature this kind of constraints or changing control
sets, and because these specifications would not provide further insight for our
purposes anyway.
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Full model. Putting it all together, the DICE model in continuous time results

in the following optimal control problem:

T
maximize / e PEL(t)u(c(t)) dt
s,u€l0,1] 0

K(t) = sQ(t, u, K, TAT) = g K K(0) = Ko
subjectto  { M(t) = ®M + aE(t,u,K)ey  M(0) = My

T(t) = CT + &F(t, M ey T(0)=To
where c(t) = (1-s(t)) Q(t, u(t), K(t), TAT(t)) / L(t)

This is the problem that one should solve in a scenario without any tipping
point. However, it is also the problem that a policymaker solves if they are not
expecting a tipping point, regardless of it then occurring or not. For this reason,
in a scenario where a tipping point is indeed under way, we can call this the
myopic problem: the agent plans their policy as if no event is pending, and is
caught by surprise by its occurrence.

Below we show part of the output that was generated by the numerical
simulation. The GAMS calibration was used for the parameter values.

The drop in savings rate and emission abatement toward the end of the
time horizon is due to the absence of a scrap value function: indeed, if one is
indifferent to the system’s conditions at the final time, it makes sense to stop
abating (to maximize production) and to stop saving (to maximize consumption).
Usually, in this type of models, the plots are truncated to get rid of this trivial
effect.

As for the controls, here we see that the savings rate s is quite stable slightly
above 25%, whereas the abatement rate u starts slightly below 20% and gradually

increases towards net zero over the course of about 115 years.

The global atmospheric temperature change TAT increases linearly from
0.85¥C to about 3.51C in the first 100 years, then its growth rate declines and the
value settles at about 4.3iC.

The Social Cost of Carbon grows from about 0.03 to about 0.45 in 173 years,
then it sharply declines at the end as a result of the end-time effect mentioned
earlier; however, since the SCC is the fraction of adjoints (see Appendix 3.1.5), it
starts decreasing about 50 years earlier than savings and abatement, which also

include direct effects.
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INTEGRATING A CLIMATE T1ipPING POINT

Modelling a Stochastic Tipping Point. We add to the continuous-time DICE
model described in section 3.1.2 the possibility of a stochastic climate tip-
ping point, i.e., an unpredictable climate-related event that changes the system
abruptly and irreversibly.

Due to current limitations in the mathematical tools that we use to tackle
multi-stage optimal control problems with random switching times, we assume
the tipping point to be unique, in that one and only one tipping point will
eventually occur, either during the planning horizon or afterwards. This is
insightful to study the separate effects of tipping points of different natures one
by one; however, once an adequate theoretical framework is developed, it will
be fundamental to consider in future research the possibility of a sequence of
multiple interconnected tipping points, as feedback mechanisms and domino
effects may realistically trigger a tipping point cascade.

Let us denote by 7 the instant at which the tipping point occurs, also called
switching time because it constitutes a shift from one regime to another. We will
call Stage 1 the time interval [0, T AT)?, and Stage 2 the time interval [7, T]if 7 < T.

3We denote T A T = min(t, T)
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3.1. CLIMATE TIPPING POINT

We model 7 as a random variable, taking values in the positive half-line [0, o),
whose hazard rate is assumed to increase with the global mean temperature

change:
. P(r<t+dt|t>t)
lim
dt—0+ dt

= h(T(t))

with hpar, hyoc > 0.4

The effects of the tipping point may be a change in the state dynamics, or a
jump discontinuity in the state trajectory at the switching time. We only consider
regime shifts that concern the carbon cycle dynamics (in Stage 2 the carbon cycle
matrix @, # @), the temperature dynamics (in Stage 2 the temperature dynamics
matrix Cp # C), the impact of temperature on production (in Stage 2 the function
Qp(TAT) # Q(TAT), yielding Q> # Q), and instantaneous change in capital stock
(K(t*) # K(77)). This last case is not technically a tipping point, in that it
does not change the nature of the system irreversibly, but since the concept of
climate catastrophe entailing substantial economic damage una tantum is widely
featured in the literature, we chose to include it in our analysis.

Although we are aware that we are considering only a limited range of regime
shifts, this is only to lighten the notation. The same theory is applicable to any
change in the system’s dynamics, any change in the instant payoff, any jump
discontinuity in the state trajectory of the kind X(7%) = ¢ (7, X(77)).

Information and Strategy. In Stage 1, the policymaker does not know when
T will occur, they know that it could occur at any time, and they are aware
of its effects on the system. So, when planning a Stage 1 strategy in advance,
one needs to plan for the whole time horizon (even if the switch then ends up
happening during the time horizon): for all t € [0, T| we denote by

s1(t), pa(t)

the Stage 1 savings and abatement rate respectively, at time .
In Stage 2, the policymaker knows that 7 has occurred and when, and can
therefore adjust their strategy accordingly. So, when planning a Stage 2 strategy

in advance, one needs to plan for all possible occurrences of the switching time:

“We denote f; the partial derivative of a function f with respect to the variable x.
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forall T € [0,T] and for all t € [t, T| we denote by

52(T’ t)/ ‘le(’[, t)

the Stage 2 savings and abatement rate respectively, at time ¢, given that the
regime shift occurred at time 7. The same holds for the corresponding state tra-
jectories: we will have K (t), M1(t), Ti(t) in Stage 1 and Ky(7, t), Ma(7, t), To(7, t)
in Stage 2.

In light of these considerations, and due to the stochastic nature of the
switching time 7, the policymaker’s objective is to maximize the expectation of

the integral payoff over all possible realizations of t:

AT T
maximize E; [/ e PP L(t)u(ci(t)) dt + / e PP L(t)u(ca(t, t)) dt
s1,441,82,142€[0,1] 0 TAT

Kl(t) = SlQ(t/ ["lllKll TlAT) - 6KK1 Kl(O) = KO

Mi(t) = @My + aE(t, p1, K1)er M;(0) = Mo
T1(t) = CTh + E1F(t, M{T)ey T0) = Ty
subject to 1 %P(T >t) = —h(Ti(t))P(t > t) P(t>0)=1

Ko(t,t) = 52Qa(t, 2, Ko, TAT) = 6kKo  Ka(t,7) = (TAT (1)) K1 (1)
Moa(t,t) = DMy + aE(t, o, Ka)er My(t, T) = M1(7)

Ta(t,t) = T + E1F(t, MAT)er Ta(t,7) = Ti(7)

where 1) = (1 = s1(t)) Qu(t, p(t), Ka(t), T (1)) / L(#)

and (7, t) = (1—s2(7, 1)) Qa(t, pa(t, t), Ka(z, t), T (7, 1)) / L(t)

In the next sections, we will sometimes use the following collective notation to

denote the Stage 2 initial condition:
Xo(7, 1) = ¢(X1(1)).

OPTIMALITY CONDITIONS

We address the problem with a new approach, that was recently developed
by Wrzaczek et al. [118]. This is the first time that this methodology is employed
in a climate /economy model with random switching time: the existing literature

has only been featuring the backward approach so far.
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The method consists in introducing two auxiliary state variables, Z1, Z; in
Stage 1 and 2 respectively, that are linked to the distribution of the random
variable 7, then reformulating the objective value using a vintage structure, and
finally applying the Maximum Principle for heterogeneous systems by Veliov
[113].

The auxiliary state variables are
Zy(t)=P(t>1t),  Zx(t,t) = h(Ti(1)) Z1(7)

and as such they are subject to the following dynamics:

Z1(t) = =h(Ta(£)) Z1(#) Za(t,1) = 0
Z1(0) =1 Za(t, 1) = h(Ti(1)) Zi(1)

Observe that Z; is the tail of 7’s distribution, whereas Z,(s,t) = —21(5) =
—dLlSP(T > s) = fz(s), which is 7’s probability distribution.

By explicitly computing the expectation using Z; and Z,, and after some
basic integral manipulations (e.g., integrating by parts and applying Fubini’s
theorem), we obtain the following vintage structure formulation for the problem:

T t
maximize / e Pt [Zl(t) L(t) u(c1(t)) +/ Zo(t, t) L(t) u(ca(T, t)) dr| dt
1 Jo 0

51,41,52,12€[0,1

Ki(t) = s1Q(t, p1, K1, TAT) - 6Ky K31(0) = Ko

M (t) = @My + aE(t, p1, Ki)er M;(0) = Mo
T1(t) = CTh + & F(t, MAT)ey T1(0) = Ty
Z1(t) = —=h(Ta(t)) Z1(t) Z1(0)=1

subject to _
Ka(t,t) = 52Qa(t, 2, Ko, TT) = 6k Ko Ka(t, 7) = (T (7)) Ky (1)

Mo(1,t) = DMy + aE(t, 2, Ka)e Ma(t,7) = Mi(7)
To(t,t) = T + E1F(t, M4AT)ey Tx(t, 7) = Ta(7)
Zx(t,t) =0 Zs(t, 7) = h(Ta(7))Z1(7)
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Maximum Principle. A Hamiltonian function is defined for each stage:

Hi = Hy(t,s1, i1, K1, M1, Th, M),
Hj = Hy(t, s2, 2, Ko, M, T2, &)

where A, £ denote the co-state vectors of Stage 1 and 2 respectively. In particular,
we will denote by Ax, {x the adjoint variables of the canonical state variables,
and by Az, £z the adjoint variables of the auxiliary state variables. Of course,
the co-state trajectories depend on the same variables as the corresponding state

trajectories:

A= A1), & =¢&(t,t)
From now on we may omit the arguments of Hj, H, to lighten the notation.

Hy = Lu(cl) + Ak [SlQ — 51([(1] + Ap - OM; + /\MATO(E +Ar-CTh + ATATélF
Hp = Lu(cz) + &k [2Q2 — 0k Ka] + Ep - PaMp + EpparaE + &1 - CoTp + EparéqF

Let us denote (s;, Wi, K:, M, Ti*), i = 1,2, the optimal process. The maximal-

ity condition from the Maximum Principle states that, for almost all ¢, 7,

(s7(t), u;(t)) € argmax Hi (t, s, u, Ki(t), M(t), T; (), A(t))
51

(531, 8), 13(x, 1) € argmax Halt, s, Ki(x, ), My(x, 8), T3 (x, 1), &(x, 1)
5,4

where the co-state trajectories satisfy

Ax(8) = pAx(t) = VxHi(t) = [Ex(t, 1) - Vx (Xa(H) = Ax(8)] R (Ti(#))
—[&z(t, 1) = Az(H)|Vxh(Ti(t))

Ax(T)=0

Az(t) = pAz(t) = L()u(e1(h) = [E2(t, 1) = Az(1)] h(Ta(H))

Az(T)=0

Ex(t,t) = p&x(t,t) — VxHa(t, 1)

éx(T,T)=0

Ez(T,t) = p&z(t,t) — L(t)u(ca(t, 1))

éz(1,T)=0
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Observe that the Stage 2 co-states enter the Stage 1 adjoint equation: through
this, the anticipating effect of the tipping point influences the Stage 1 behavior.

First Order Conditions. The maximum condition yields that, whenever s} or
s, are inner controls, i.e., they belong to the inner part (0, 1) of the control set
[0, 1], they are stationary points for the respective Hamiltionians:

0 =dsHy = [-uc(c1) + Ak] Q
0 =dsHy = [-uc(c) + k] Q2

So, for all t such that the optimal savings rate s} (t) is an inner solution (arguments
are omitted to lighten the notation),

uc(c1) = Ak (3.2)
and for all 7, t such that the optimal savings rate s3(7, t) is an inner solution,
uc(c2) = &k (3-3)
Analogously, whenever u] or u; are inner controls,

0=-9duHi = [(1 = s)uc(cr) + sjAk|Qu + ApparaEy
0=-d,Hy = [(1 — sy uc(co) + SEEK] (Q2)u + EparaEy,

*

If, furthermore, s] or s; respectively are inner controls,

0= —8MH1 = AKQy + /\MATCVE“
0= —3‘uH2 = EK(QZ)y + EMATOZEH

yielding
—AMAT _ Qy
OZT = Ey (34)
a—EMAT _ (Q2)u (3.5)

EK E u
This is quite meaningful because, since s;.‘ is inner, the term on the LHS coincides
with the Social Cost of Carbon (see Appendix 3.1.5).

128



CHAPTER 3. CLIMATE CHANGE ECONOMICS

Adjoint Equations. Although we can of course compute the adjoint equations
for all the variables, due to their relevance in the calculation of the Social Cost of
Carbon (see Appendix 3.1.5) we are more interested in the co-state trajectories
of capital and atmospheric carbon, and particularly in their growth rates.

Here we are omitting the dependence on time and switching time. Recall that
in the adjoint equation for Stage 1 at time ¢, the Stage 2 co-states are evaluated
on the diagonal, i.e., & = &(¢, ).

Observe that in both cases the terms of the two equations are symmetric
up until the final one: in general, the Stage 1 shadow values also depend on
the Stage 2 shadow values and on the ‘switching conditions’ of the states (i.e.,
condition Xo(t,t) = @(Xi(t))). This dependence encloses the policymaker’s
awareness in regard to the possibility of a tipping point.

We start with the Stage 1 and 2 adjoint equations for capital:

/.\K = (p + 0r)Ak — {[(1 - s;)uc(cl) + SIAK] Qx + AMATOLEK} - [éEK - AK]h
Ek = (p+0x)ék — {[(1 = sy)uc(ea) + 558k | (Q2)k + EpparaEx}

In this case, the final term in the Stage 1 equation is —[s((TlAT)*(t))é k(t, 1) —
A K(t)] h(T(t)). Recalling that ¢(T4T) is the fraction of capital that remains after
the tipping point, and by educated-guessing that both Ak, &k > 0 (which is
confirmed by the numerical simulations), we can observe that the preservation
of capital upon the regime shift has a frontloading effect on Ag. This finds an
intuitive explanation in the fact that if you know that part of the capital is going
to be destroyed at the switch, then, before the switch occurs, it will hold less
value than it would if it were to be completely preserved.

Suppose that s}, s; are inner controls and that u3, u;, # 0.°> Then, by the FOCs

5This assumption is reasonable, since from the numerical simulations we obtain that s is
inner up to the last 5 years in the planning horizon, and that ’ is always nonzero except at the
final time. Abatement u* = 1 is acceptable even if we are making the substitution —aA yar /Ax =
Qu/Ey (which only holds if u* € (0,1)), because the substituted terms are multiplied by Ex =
(1-p")oYx =0.
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(3.2-3.3) and (3.4-3.5), the growth rates of Ay, &k are:

%_MK_ [QK_%EK] [esEa
é—i =p+0k-— [(Q2)K - (%i)”EK]

Next, we compute the adjoint equations for the atmospheric carbon:

/.\MAT = pApar — [51()\Mup — Apar) + E1FMATATAT] — [Eppar — Appar |k

éMAT = p&par — [552)(§Mup — Eppar) + E1FMAT§TAT]

Here the final term in the Stage 1 equation is — [5 mar(t, £)—A MAT(t)] h(T;(t)). By
guessing that both Ayar, {jar < 0 (confirmed by the numerical simulations),
we observe that the continuity of the atmospheric carbon upon the regime
shift constitutes a frontloading factor for (the negative value of) Ay ar: indeed,
knowing that carbon will stay around after the shift makes it worse to accumulate
it in Stage 1.

Their growth rates are:

)-\MAT Apqup Aqar ] [EMAT ]
=p- -1 F - -1

AMAT p [61(/\MAT ) * 51 AT AMAT /\MAT h

Epar _ [ ) ( Emur Epar ]

Epmar -P 61 (cEMAT 1) + E1Fpar Emar

Social Cost of Carbon. The Social Cost of Carbon (SCC) is defined as the
Marginal Rate of Substitution (MRS) of consumption for emissions: it measures
how much consumption one is willing to give up to reduce CO; emissions by 1

unit. Whenever s] or s} are inner controls, then

—CSMAT

&k

—/\MAT
Ak

SCCi=a , SCCr=a
respectively (proved in Appendix 3.1.5). As we will see from the numerical
simulations, the savings rate (both in Stage 1 and 2) is inner up to the last ~5
years in the planning horizon, so we can safely use these formulae for the SCC.

Hence . . . . . .
SCCy Apgar B A_K SCCy & pat 3 CE_K
SCCy Ayar  Ag’ SCCy, Emar &k
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Substituting the growth rates of the co-states, which were computed in the
previous subsection, under the further hypothesis that uj, u; # 0 (which is
confirmed by the numerical simulations, except in the final time),

SCCy | Qu Apgup Aqar &k Epmat
< [on o 2o 1) e [ -
sce, — | oxm g B oy T T e e A T Ay
(3.6)
SCCZ_ (Q) _5 _(QZ);LE ]_[6(2)(£Mup_1)+£[__, ATLSTAT] (37)
SCC, =¥k Pk K 1 E, ar UM e ar '

where, in both stages, the first group of terms comes from the growth rate of the
co-state of capital and the second group comes from the growth rate of the co-
state of the atmospheric carbon; in Stage 1 an additional third group is present,
which reflects the anticipation of the tipping point.

One can prove that:

Ex(t,t) = Vsz(T, t,X;(T, t))
Ax(t) = VxV(t, X](t))

so that, through further calculations, we can attach a meaning to the extra terms
in the Stage 1 SCC growth rate:

k. Euwr _ £ 0kVa(tt (X)) dmarValt t p(X(())

Ak Ayar IV (t, X;(t)) IparV (£, X3(1))
I [Vat, pX))|  Iypar [Vat, (X)) |
IV (t, X) IparV (¢, X) X=X:(1)

where the first (resp. second) ratio is the marginal gain in the Stage 2 value from
a unit increment in Kj (resp. MfT) if switching now, compared to the marginal
gain in the expected value of the 2-stage problem from a unit increment in K;
(resp. M{'T). All that is weighted by the hazard rate of 7 at time ¢.

Guessing that the numerator and denominator are both positive in the first
fraction, and both negative in the second fraction, we could say that the more
is gained from switching now with a unit increment in K1, the more the SCC is
backloaded, and the more is lost from switching now with one unit increment
in MfT, the more the SCC is frontloaded.
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NUMERICAL RESULTS: FOUR TIPPING POINT SCENARIOS

In this section we present the numerical results in four different tipping point
scenarios: A) Melting of sea ice or ice sheets, B) Destruction of capital due to
an environmental catastrophe, C) Transformation of a carbon sink into a carbon
source, and D) Increase in the impact of temperature on production.

We set a time horizon of 250 years. For the myopic scenario, where the
planner does not expect a tipping point, and for the parametrization of Stage 1
in the problem with the tipping point, we use the continuous-time version of
the functional forms and parameters in Freiberger et al. [47], that were extracted
from the official GAMS code DICE-2016R.

In all the simulations we formulate a linear hazard rate with respect to the
temperature: h(T) = (TAT + T9C)/60. As for the Stage 2 parametrization, we
purposely exaggerated the effects of the tipping points on the system, leading
to exaggerated (and hopefully unrealistic!) outcomes in terms of the Stage 2
temperature and/or carbon. Keep in mind that this was done in order to better
highlight the qualitative adjustments to the optimal behavior in preparation for
and adaptation to the tipping point, and not to accurately quantify the tipping
point’s effect or the relative optimal strategy. A sensitivity analysis will be
performed in future research for this purpose.

The numerical results were obtained through a gradient descent method
based on the Maximum Principle for heterogeneous systems: starting from an
initial guess for the controls, at each step the corresponding states and co-states
are computed through forward and backward integration respectively, then a
line search in a descent direction for —H; and —H, with respect to the controls is
performed by comparing objective values, and finally the controls are updated.

How TO READ THE FIGURES

We include essentially two types of figures.

In the first kind we compare a variable’s behavior in the myopic scenario, in
gray, with its behavior in anticipation of the tipping point, in black (see figure
3.1).

The second kind features the anticipating Stage 1 behavior (in black) and the
Stage 2 behavior after the tipping point (in color). A Stage 2 line will live in
the time interval between the tipping point 7 and the final time T, and since

7 could occur at any time, in principle there should be a colored line starting
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Social Cost of Carbon
1.00

0.25

0.00

time (years)

Figure 3.1: Anticipating (black) vs myopic (gray)

from every instant. Of course this would be impossible to represent, so we only
display ten Stage 2 lines (for one realization of T every 25 years). To consult the
variable’s global behavior for a specific occurrence 7 = s, one should follow the
black Stage 1 line from ¢t = 0 to t = s, and then jump to the colored Stage 2 line
which starts from t = s (see figure 3.2).

Social Cost of Carbon (SCC)

1.2
0.9
0.6

0.3

0.0

time (years)

Figure 3.2: Stage 1 (black) vs Stage 2 (color)

A) MELTING OF SEA ICE OR ICE SHEETS

The ice reservoirs on the Earth’s surface are important allies in keeping
the atmosphere cool: this is due to the ice-albedo effect, which consists in the
ice’s ability to reflect part of the sun’s radiation back to space. In the DICE
model, this effect is enclosed in the self-cooling term —&TAT in the atmospheric
temperature’s dynamics (3.1).
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3.1. CLIMATE TIPPING POINT

However, global warming is triggering a feedback mechanism involving the
ice-albedo effect: higher temperatures reduce the extension of the ice sheets,
which in turn reflect less of the radiation away from our atmosphere, allowing

for the temperature to rise even more.

Supposing that a tipping point may consist in the complete melting of an
important ice reservoir, such as the Arctic sea-ice or the Greenland ice sheet, we
model this effect as a drastic lowering of the atmosphere’s cooling rate, upon
the regime shift:

£ <&

In the following simulation, 5&2) =&, /5.
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Social Cost of Carbon Social Cost of Carbon (SCC)

’ * 100time (years)150 ” o ’ ? 100I:ime (years)150 ” ”

The tipping point has a catastrophic effect on atmospheric temperature: in
Stage 2 the mean temperature change rises up to an exaggerated 10fC. Com-
pared to the myopic scenario, in anticipation of the tipping point we observe a
precautionary increase in the emission abatement p. The purpose is to postpone
the tipping point by keeping the atmospheric temperature (which is the only
risk factor) as low as possible: the higher the abatement, the lower the carbon
in the atmosphere, the lower the temperature. The SCC peaks about 20 years
earlier than in the myopic scenario, and at more than double the value: indeed
emissions are way more costly when trying to fend off such a catastrophic event.

B) DESTRUCTION OF CAPITAL DUE TO AN ENVIRONMENTAL CATASTROPHE

A realization of this scenario may consist in a serious climate event, such as
severe wind or precipitation, flooding, wildfire, extreme heatwave, ecosystem
disruption, etc. Even though these catastrophes have a regional characterization,
there may be an impact on the global economy, which could be due to side-effects
of the event such as mass migrations, pandemic outbreaks, disruptions in global
supply chains, etc.

This is not technically a tipping point, because even though there is an
instantaneous damage, the system is not permanently changed. This means
that, once the only switch has occurred, we are back to the original system
where the planner is not expecting any tipping point, i.e., the myopic scenario.
This fact will be evident from the simulation figures below.

We assume the damage to be proportional to the capital itself, and to the

global mean temperature change in the atmosphere:
Ka(t,7) = Ki(1) — er T (1)Kq (T)

e(TAT) =1 T
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In the following simulation, er = 0.15.

) S
0.25 \
03
0.20 \
0.15
02 \
0.10
0.1
0.05
0.00 0.0
o 50 100 150 200 250 o 50 100 150 200 250
time (years) time (years)
H H
10 1.0 _
08 08
0.6 0.6
0.4 0.4
0.2 02 l
[ 50 100 150 200 250 0 50 100 150 200 250
time (years) time (years)
K K
7000 / \
6000 6000 / \
5000 /
4000 4000 //
3000 /
2000 2000
1000
0
0 50 100 150 200 250 0 50 100 150 200 250

time (years)

Social Cost of Carbon

0.6

05

0.4

0.3

02

0.1

0.0

100 150
time (years)

time (years)

Social Cost of Carbon (SCC)

time (years)

Compared to the myopic scenario, in anticipation of the tipping point the

planner is saving less, thus accumulating less capital: indeed, since part of

136



CHAPTER 3. CLIMATE CHANGE ECONOMICS

the capital is going to be destroyed at the switch, it is less valuable in Stage 1.
The abatement is higher in order to postpone the switch and to reduce the
damage (both depend on atmospheric temperature). The SCC is higher because
of the negative effect of emissions, but peaks slightly later: indeed capital —
and therefore, damage — is increasing with time, so a later switch yields greater
damage, and therefore emissions are more costly later on.

Observe that, as we anticipated, all the variables” behavior in Stage 2 retrace
the myopic case, after an adjustment period of about 25 years, in which we

restore capital through higher savings and lower abatement.

C) TRANSFORMATION OF A CARBON SINK INTO A CARBON SOURCE

The Earth’s biosphere is an important ally in taking up the atmospheric
carbon, however, anthropogenic factors are endangering and compromising its
activity. Some examples of this phenomenon are: the destruction of the Amazon
rainforest and of the Boreal forest, the die-off of coral reefs, and the thawing of the
Permafrost. When such an ecosystem is destroyed, the CO, that was absorbed
and stored is released back into the atmosphere.

This could be modeled in Stage 2 by reducing the carbon uptake rate from
the atmosphere to the middle layer, and increasing the release rate:

8P <61, 67 >0,

In the following simulation, 652) = 01/3 and 622) =3-09.
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Very little is done to fend off the tipping point: compared to the myopic
scenario, the abatement in the anticipating case is only slightly higher (hence
the carbon and temperature are slightly lower).

Interestingly enough, nothing changes in the planner’s policy from Stage 1
to Stage 2: indeed, the carbon stocks and temperature reach stable values that
are different from the Stage 1 stable values (higher for the atmosphere, lower for

the biosphere).

D) INCREASED IMPACT OF TEMPERATURE ON PRODUCTION

Some production sectors, like agriculture, highly depend on climate condi-
tions that are not represented in this model, such as humidity or rainfall. In this

138



CHAPTER 3. CLIMATE CHANGE ECONOMICS

scenario, we suppose that the climate change brought on by the tipping point
alters some of these climate variables, thus making the economic production

more sensitive to global warming.

This is modeled by increasing the temperature damage function upon the

regime shift:

1-Alt,
0, = (t, u)

=— " y(t,K ith Q,(TAT) > Q(TAT

In the following simulation, (), =5 - Q.
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Compared to the myopic scenario, in the anticipating case much more abate-
ment is employed to fend off the tipping point (high abatement implies low
carbon, hence low temperature). The importance of preventing the tipping
point rather than adjusting to it in this case is also evident in the anticipating
vs myopic SCC: the anticipating peak is more than quadruple the myopic peak,
reflecting the extremely costly emissions in anticipation of the event.

As for the Stage 1 to Stage 2 adaptation, there is only a slight change in policy.
One can observe that the savings rate in Stage 2 retraces the Stage 1 policy after an
adjustment period, but the capital stays lower due to the decreased production
output.
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DecomrositioN oF THE SCC

In the section “Social Cost of Carbon”, we decomposed the growth rate of
the Social Cost of Carbon into the contribution of different terms (see equations
3.6 and 3.7). In both stages we can separate a backloading term,

Q
Qk — 0k — E_‘UEK
U
representing the effect of capital and the production dynamics, and a frontload-

ing term,

A A
_[51( MU _ 1) + &yFypur T”]
/\MAT /\MAT

representing the effect of carbon and the geophysical dynamics.

In Stage 1 there is also a term representing the effect of the anticipation of

the tipping point:

K _ Smar

AK A MAT
which is in turn made up of a backloading term related to capital and a front-
loading term related to carbon. Depending on the scenario, one of the two may
prevail, thus making the anticipation of the tipping point either a backloading
or a frontloading factor for the SCC.

Here below we show two figures with the SCC decomposition in scenarios A
and B, respectively, and the resulting SCCs for reference. The red lines (one for
Stage 1 and the other ten for Stage 2) represent the backloading contribution of
the capital dynamics, the green lines (again, one for Stage 1 and the other ten for
Stage 2) represent the frontloading contribution of the carbon dynamics. The
black line (Stage 1 only) represents the anticipating effect of the tipping point: it
is frontloading in scenario A, and backloading in scenario B.
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A) Melting of surface ice
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B) Destruction of capital
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We can observe how in scenario A the tipping point’s frontloading effect

shifts the SCC’s Stage 1 peak sooner than it would occur in the myopic scenario

and in Stage 2, whereas in scenario B the tipping point’s backloading effect shifts

the SCC’s peak later.

CoNcLUSION

We began our analysis by formulating the continuous-time version of the

DICE model; we then included the possibility of a climate tipping point, mod-

eled as a random instant whose hazard rate increases with the global temper-

ature, and whose effect is either a permanent or an instantaneous change in
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the system. The resulting problem is an optimal control problem where the
planner controls the savings rate and the abatement rate, aiming to maximize
the expectation of a 2-stage payoff. Explicitly computing the expectation, we
obtained a heterogeneous system where the Stage 1 variables depend on time

alone, whereas the Stage 2 variables depend on both time and switching time.

We wrote the necessary conditions for the optimal controls and the co-states,
through a version of the Maximum Principle that was derived as a special case of
[113]; we then employed such conditions to gain insight about the composition
of the Social Cost of Carbon.

We made numerical simulations in four different tipping point scenarios,
reporting the relevant figures that highlight the changes to the optimal policies
in anticipation of the tipping point (compared to a myopic scenario) and in
the new regime in response to the tipping point. Thanks to the analytical
decomposition of the SCC we were also able to identify — through backward

numerical integration — which factors have a frontloading/backloading effect
on the SCC.

The planner’s takeaway from our simulations is the importance of prevention.
Whereas in some scenarios there is no significant adjustment in the optimal
policy upon the regime shift, in all of them we see some degree of prevention
effort to fend off the tipping point through higher abatement rates (compared to
the myopic scenario). Ideally we want to postpone the regime shift towards the
end of the planning horizon or — even better — after the end.

Our results at the moment are purely qualitative. To complete the work we
will perform the Stage 2 parameter calibration and the robustness analysis of
the effects of the tipping point, in order to make a meaningful comparison of

different scenarios.

In future developments we are going to update the current Stage 1 parameters
to the most recent DICE values, and also integrate the possibility of negative

emissions from a certain time onward.

With the upcoming advancements in the theoretical equipment, we intend
to include multiple tipping points and represent the interconnections between

them, that is given by feedback mechanisms and domino effects.
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ArpPENDIX: SCC DERIVATION

Let V(C, E) be the Value function depending on total consumption and emis-
sions. Suppose that the level set of V given by {V = V(C*, E*)} can be locally
parametrized as the graph of a function C(E)

{(C(E),E):E€(E"—¢,E" +¢)}
(which is true in a neighborhood of (C*, E*) if Vc(C*, E*) # 0).

The Social Cost of Carbon (SCC) is defined as the Marginal Rate of Substitu-
tion (MRS) of consumption for emissions:

acC

SCC = I

Since V is constant on the level set,

dv
0= E(C(E),E)
dC
- VCE + VE

=Vc-SCC+ Vg

which yields
VE AE
SCC=-=—-——.
Ve  Ac
Since E and C are not state variables and V' does not depend on them explicitly,
we identify which quantities that are directly impacting V they influence, com-
pute the derivatives of such quantities with respect to E and C, and then apply

the chain rule to Vr and V.
E enters the dynamics of M4T:
AT

M = —5;MAT + 5,MYP + oE

therefore the derivative ‘”{\f%(t) is to be intended in the sense of Fréchet, i.e. the
variation of MAT(t) that is produced by AE = 1 in the small interval preceding
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t and 0 otherwise (“blip”)

%(MAT + AMAT) = —5;(MAT + AMAT) + 5, MYP + a(E + 1)
= -5 MAT + 5, MYP + oF — 5;AMAT + o

=M™ - 5,AMAT 1 q
yielding the Cauchy problem

LAMAT = -5 AMAT +
AMAT(t — ) =0

AMAT(E) = < (1- )
1

dMAT () = lim AMAT(t)
dE B e—0t &
o 1 —e %1€
= — lim
(51 e—0* &
=«

AT
So Vg = VMATdI(\i/I—E = AMAT(X.

C enters the utility function u(c) = u(C/ L):

M = u(oL

The derivative % is again a Fréchet derivative, this time backwards: it is the

variation in V/(t) that is produced by Au = 1 in the small interval following f.

t+¢
AV(E) = %(t) /t P07, (5)L(s) ds

v, . AV(b)
du (t) B SILI{JL &£

1
Z1(t)

t+e
/ e P Z1(s)L(s) ds = L(t)
t

1
lim -
e—0*t &
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by continuity of the integrand function. So V¢ = d—gg—% = u.(c), which, if s is an
inner control, equals Ag.
Putting everything together,
VE —/\MAT —AMAT
SCC=-—1= = .
Ve “ Uc “ Ak

Analogous calculations can be carried out for Stage 2, yielding

SCC, = QoM
&k
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Marketing & Production

This fourth chapter is dedicated to problems related to marketing strate-
gies and production management. In what follows, we consider an applica-
tion of the theoretical framework of two-stage optimal control problems with a
stochastic switching time to a Nerlove&Arrow-type goodwill model and to an
offshoring /reshoring model.

The content of Section 4.1 is a paper titled “The Cost of Myopia with Respect
to a Switching Time in an Advertising Model”. The article is jointly written by
A. Buratto,! L. Grosset,! M. Muttoni,! and B. Viscolani.! It will be published
as a chapter of the book “The unaffordable price of myopia in economics and
management” by F. El Ouardighi and G. Feichtinger.

This paper aims to assess the cost of adopting a myopic approach toward
system changes. We consider a marketing problem where the demand for a
product is influenced by the goodwill of the firm that produces, advertises and
sells it. Moreover, we consider the possibility of a sudden and unpredictable
increase in production costs. We compare the expected profit of a planner who
anticipates such a change against that of a myopic planner who overlooks this
possibility. The theoretical setting of this work is that of a finite-horizon, two-
stage optimal control problem with a stochastic switching time 7, reformulated
with a vintage structure and addressed with Pontryagins Maximum Principle.
The hazard rate of 7 is assumed to be state-dependent, specifically increasing
in the demand (which in turn is an increasing function of the state variable

1Dipartimento di Matematica “Tullio Levi-Civita”, Universita degli Studi di Padova
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representing the goodwill). Referring to the notation introduced in Classification
1.2.1, in this model the switch has the following effect:

(E4) Running cost: the unit production cost rises in Stage 2.

The content of Section 4.2 is a work-in-progress joint paper titled “Offshoring
and reshoring under social and economic uncertainty”.

This study examines a firm that is adopting offshoring, the strategic reloca-
tion of business processes abroad, and that needs to reconsider its production
plans, possibly reshoring its business operations back home. In fact, we assume
that unforeseen circumstances, such as wars, pandemics, or social unrests, can
disrupt operations abroad, prompting the company to reassess its production
strategy. Among the various factors, we also take into account the so-called
Made-in effect (the preference/aversion to products based on their country of
origin) along with rising ethical concerns about labor exploitation and environ-
mental sustainability that can challenge the efficacy of offshoring. The idea of
this work is to investigate how the firm should adapt its offshoring policy to
these disrupting events.

The theoretical setting of this work is that of an infinite-horizon, two-stage
optimal control problem with a stochastic switching time 7, addressed with
the backward approach and solved with Dynamic Programming. The hazard
rate of 7 is assumed to be constant. Referring to the notation introduced in
Classification 1.2.1, in this model the switch has the following effect:

(E3) Dynamics: the parameter representing the intensity of the Made-in effect
increases in Stage 2;

(E4) Running cost: the unit cost associated with offshoring rises in Stage 2;

(E6) Switching cost: the firm incurs in instantaneous costs at 7, that are in-
creasing in the offshore production.

THE Cost oF MYOPIA WITH RESPECT TO A SWITCHING

TiME IN AN ADVERTISING MODEL

Article written by A. Buratto, L. Grosset, M. Muttoni, and B. Viscolani; to
be published as a chapter of the forthcoming book “The unaffordable price of
myopia in economics and management” by F. El Ouardighi and G. Feichtinger.
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INTRODUCTION

Advertising is one of the most effective marketing tools that can influence
consumer behavior, leading to changes in demand for a product or a service.
There are two primary models in the literature on optimal control applications
to advertising, both proposed around the same time. The milestone model in
1957, by Vidale and Wolfe [114], describes the response of sales to advertising
and aims to represent typical behaviors observed in real data. The second fun-
damental model in 1962, by Nerlove and Arrow [85], assumes that the demand
and sale intensity of a product depend on a state variable called goodwill, which
represents the effects of a firm’s investment in advertising. The Nerlove-Arrow
model has become an essential reference for advertising and marketing research,
as seen in the review articles Sethi [97], Feichtinger et al. [40], and Huang et al.
[64]. From this seminal model, we analyze how the optimal advertising cam-
paign adapts in anticipation of a regime shift. In more detail, we consider an
advertising problem for a firm assuming that its production costs can disrup-
tively change during the programming interval and affect its (marginal) profits.
We assume that the time at which the switch occurs is affected by the demand
due to the concept of economies or diseconomies of scale. While it’s commonly
expected that production costs will decrease as production volume increases
(economies of scale), there are situations where the opposite occurs due to var-
ious challenges that arise with growth and increased demand. For example,
increased demand can lead to raw material shortages, and therefore suppliers
might struggle to meet the higher demand. Additionally, a growing demand
could lead to labor shortages, particularly if specialized skills are required. This
can result in companies needing to offer higher wages or overtime pay to attract

workers. In both cases, as a result, production costs can increase abruptly.

The stochastic time corresponding to an increase in production costs can be
modeled as a random variable, named the switching time, whose distribution is
influenced by the state variable of the system.

Reacting to sudden changes is an important skill for decision makers. Strate-
gic planning and a farsighted perspective are crucial to managing the potential
risks associated with irreversible changes in production costs.

In this paper, we compare two different types of behavior, assuming that
in any case, the entire advertising campaign must be planned at the beginning

of the programming interval. In the first case, we assume that the firm has
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complete information about the switching time and can plan how to adjust its
advertising campaign for any occurrence of the switching time if such a switch
occurs during the programming interval.

In the second case, we analyze a firm that has no information on the time of
the switch and plans its advertising strategy as if nothing would change at all.

We denote the latter firm as myopic with respect to the switching time, (in short,
myopic). In the literature, the former type of behavior is called anticipative (see
Buratto et al. [20]); nevertheless, for a more immediate distinction between the
two types of planners, in this paper we shall refer to it as non-myopic.

Within the attitude of the myopic firm’s with respect to the switching time,
we further distinguish two scenarios. First, the decision maker is unable to
update its control if the switching time is realized. Due to initial agreements, its
advertising campaign will remain as fixed at the initial time. Alternatively, in a
second scenario, the decision maker, although myopic, can adapt their strategy
to the situation that arises after the switching time.

With our model, we want to analyze the following three research questions:

e How do optimal advertising policies and expected profits vary for the two
types of decision maker?

e What is the cost of myopia? It can be quantified by examining the decrease
in expected profit, which is directly related to the decrease in the level of
knowledge of the decision maker about the time of the switch.

e While the expected profit of the myopic planner is lower than that of the
non-myopic planner, there are certain instances where, due to the specific
realization of the switching time (e.g., in our model, if the change occurs
later on), the actual profit of the myopic planner may be higher than that
of the farsighted planner. Therefore, our third research question is: With
what probability does the myopic decision maker achieve a higher profit?

This work is organized as follows. In Section 4.1.2, we present a marketing
scenario based on the Nerlove-Arrow framework and model its fundamental
features, particularly focusing on switching time, to describe a disruptive change
in the firm’s production costs. In Section 4.1.3, using the necessary conditions
for optimal control of heterogeneous systems (see Veliov [113]), we present the
necessary conditions for a non-myopic decision maker and find the optimal
advertising campaign up to integration of the state-adjoint system of ODEs
that is fully nonlinear. In Section 4.1.4, we present the necessary conditions
for a myopic decision maker and we find the optimal advertising campaign. In

Section 4.1.5, we numerically compare the optimal advertising campaign and the
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optimal expected profits. In the Conclusions, we describe some open questions

connected with this advertising model.

MobDEL

We consider a finite-time marketing problem in which a company invests in
advertising at a rate a(f) > 0 to increase the demand for its product. The time
horizon [0, T] is finite (with T > 0), allowing us to set a constant selling price
for the product. In fact, we are assuming that during the programming interval,
the price remains constant and cannot be modified by the firm. Following the
Nerlove and Arrow model, we assume that the goodwill summarises the effect of
advertising investment; hence G(t) is a state variable which increases with the
firm’s advertising intensity a(t), and it decays exponentially at a constant rate

6 > 0 if not sustained by the advertising;:

G(t) = a(t) - 6G(t) fort € [0,T]
G(O) =Gog>0

(4.1)

The firm’s objective is to maximize its payoff, which is composed of an intertem-
poral term and a salvage value. The intertemporal term captures the trade-oft
between the profit from selling the product and the cost of promoting it, whereas
the salvage value captures the interest of the firm in sustaining the brand value.
The unit production cost ¢ > 0 is constant. As mentioned above, we also as-
sume that the unit selling price p > c is constant throughout the programming
interval. Let us assume that instantaneous demand depends linearly on the

goodwill’s value, according to the following formula («, > 0):
D(G) = a +pG (4.2)

Hence, the instantaneous firm’s profit from selling the productis (p—c)D(G(t)) =
(p — ¢)(a + BG(t)) The advertising cost is assumed to be quadratic, which is
a standard hypothesis in the related literature, and we denote by « > 0 the
advertising cost parameter. The salvage value is assumed to be proportional
to the final goodwill G(T), with weight 0 > 0. This parameter allows the

firm to maximize its brand value even at the end of the programming interval.
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Summarizing, the firm wants to solve the following optimal control problem

T
.. _ _ K 9
maa>(<t1)r2rblze/0 [(p c)(a+ BG(t)) 2a (t)] dt + oG(T) (4.3)

subject to (4.1):
G(t) = a(t) — 6G(t)
G(0) = Go

Table 4.1: Variables and parameters

a(t) > 0 | advertising investment at time f (control function)
G(t) goodwill level at time ¢ (state function)

a, demand parameters, a, > 0

c>0 unit production cost

p>c unit selling price

x>0 parameter for quadratic advertising cost

o>0 marginal weight of the final goodwill

0>0 goodwill’s depreciation rate

STOCHASTIC SWITCHING TIME: RISE IN PRODUCTION COSTS

A stochastic switching time in a dynamic system is an unpredictable event
that occurs at a stochastic time 7 that abruptly changes the nature of the problem.
The instant 7 can be modeled as an absolutely continuous random variable with
support [0, +00). Denoting by Stage 1 the period before the switch, (i.e. all t < 7)
and Stage 2 the period after the switch, (i.e. all t > 7), we have c1 < p as a unit
production cost in Stage 1, while cx < p in Stage 2, with the assumption that
c1 < cp.

In our model, we assume such a change to be also irreversible and the instant
7 represents a sudden rise in the production cost, which in turn can be formalized
as follows

e c1 in Stage 1 (4.4)
c> in Stage 2

The literature on problems related to switching time is wide and many
articles tackle the problem of reacting to abrupt changes. A well-established
and widely used method to solve this kind of optimal control problems, is given
by the backward approach, a particular case of the more general theory of piecewise
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deterministic optimal control problems (see Dockner et al. [33, ch.8.1]), where
the system switches between “modes” at stochastic times, but the dynamics and
running payoff in each mode are deterministic. In the backward approach (see,
e.g., Boukas et al. [11]), the Stage 2 value function acts as a salvage value for the
Stage 1 problem, and the random switching time constitutes a random endpoint
for Stage 1.

A different example on an infinite horizon, in Tsur and Zemel [108], assumes
the existence of multiple (although with identical hazard rates and effects) catas-
trophic threats with state-dependent hazards. The authors are very prolific in
the stream of literature on two-stage optimal control with stochastic switching
time, mostly with an infinite horizon, state-dependent hazard rate, and with a

backward approach.

A parallel literature substream, shared by this paper, concerns the same
type of problem, tackled with a new solution method, here called heterogeneous
approach. This method entails formulating an equivalent deterministic optimal
control problem, distributed along an additional variable that represents the
occurrence of the switching time. Wang [115] and Brogan [14] employ a dynamic
programming approach to derive the MP, enabling the interpretation of adjoint
variables as shadow prices. Feichtinger et al. in [41] obtain a global maximum
principle to tackle this kind of problem, while Veliov [113] provides the necessary
conditions for the solution of a more general heterogeneous optimal control

problem, which can be applied to this particular case.

More recently Wrzaczek et al. [118] describes the transformation of the two-
stage problem into a heterogeneous one, discusses the advantages of this ap-
proach compared to the standard backward approach, and provides a simple
example on a macroeconomic shock with state-dependent hazard rate in in-
finite horizon. The same approach is used in Kuhn and Wrzaczek [70], for
an infinite-time, two-stage rational addiction model that explicitly incorpo-
rates a pre-addiction phase and a stochastic transition into addiction with a
state-dependent hazard. In the same sub-stream, Buratto et al. [20] features an
infinite-time, two-stage SIR model with lockdown measures and R&D, where
the stochastic switch represents the discovery of an effective vaccine. To this day,
this is the only published work in which the hazard rate is directly controllable
(depending on time and R&D effort). A recent comprehensive overview of dy-
namic economic problems with regime switches can be found in Haunschmied
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et al. [60]. Finally, Freiberger et al. [46]? present necessary optimality conditions
for age-structured optimal control models and apply them to a model on the
health impacts of air pollution.

Our work fits into the latter heterogeneous approach substream; however,
differently from all the works discussed above, we consider a model in a finite
time horizon.

A classical way to tackle optimal control problems with stochastic switching
time is to introduce a function called hazard rate, or switching rate, which describes
the probability of the occurrence of such a switch. The hazard rate may be
exogenous or endogenous and in the latter case it may depend both on the
state variable and the control variable (as, for example, in Sorger [100] and in
Dawid et al. [30]) . In this model, we assume the hazard rate to be endogenous
and dependent on the demand of the product D(G), in (4.2), therefore, it only
depends on the state G(-) of the system.

We assume that the absolutely continuous random variable 7 is defined by
the following equation:

‘ P(TSt+h|T>t)
Jim, - =1(D(G(1))) (4.5)

where 1 : (0, +00) — (0, 4+00) is the hazard rate function. The distribution of 7 can
be derived from the definition of 7, however, since the goodwill function G(t)
is not defined after T, we can determine the distribution of 7 only within the
programming interval. Nevertheless, we are not interested in the distribution
of 7 after T: It suffices to know that it can be extended in any way so that the
total integral of 7’s probability density equals 1 in [0, +o0).

In the following, we assume that the hazard rate is a linear and increasing

function of the demand
n(D) = eD = e(a + BG), e>0. (4.6)

where ¢ represents the marginal hazard with respect to the demand.
Since we consider a finite time horizon, 7 could occur during the program-
ming interval or later. If it occurs before the final time T, it splits the planning

2which will appear as a Chapter of the same book “The unaffordable price of myopia in
economics and management” by F. El Ouardighi and G. Feichtinger.
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horizon into a Stage 1 and a Stage 2, respectively before and after 7; if it occurs
after T, the entire planning horizon is covered by Stage 1. The latter case im-
plies that, with positive probability, the unit production price can be equal to ¢;
throughout the whole programming interval.

SWITCHING TIME: INFORMATION AND ADAPTABILITY

In this work, we study the key role that information plays in planning the
optimal strategy under the uncertainty of a pending switching time. Our aim
is to analyze how the ability to adapt strategies based on the available level of
information allows to increase profits, emphasizing the importance of dynamic
methods for accurate managerial prescriptions. We do so by considering two
types of decision makers.

The first type of decision maker is familiar with both the goodwill’s dynamics
and the influence of their control on the evolution of the probability distribution
of the switching time. In addition, they anticipate the effects that the switch will
have on the system. This leads them to define, for Stage 1, a control that covers
the entire programming interval, because they do not know, a priori, when the
switch will occur. This control will be truncated as soon as the switch occurs
and Stage 2 starts. Hereafter, we will denote by Non-myopic a decision maker
belonging to this first type.

Concerning Stage 2, non-myopic decision makers plan, at the beginning
of the programming interval, a strategy that adapts to the realization of the
random variable, so that they determine a family of controls, parameterized by
the realization of the switching time, each of them defined in the time interval
after the switch. In other words, the Stage 2 control for 7 = s is defined in the
Stage 2 interval [s, T'].

Let us delve into the details, trying to establish the mathematical framework
that allows us to describe this problem.

e Stage 1: the planner is expecting 7 to occur at any time, knows its hazard
rate function n(D(G(t))) and the effect it will have on the system, that s, the
future production cost c;. Therefore, they will have to balance the increase
in goodwill and consequently in demand with the probability of sudden
increases in production costs. Since the planner does not know exactly
when 7 will occur, their Stage 1 advertising strategy needs to cover the
whole programming interval [0, T]: the Stage 1 process will be described
by the following couple of functions

(a1(t), Gi(t)) fort € [0, T]
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e Stage 2: the planner notices when 7 occurs and can update their strategy
according to the new regime in the interval [7,T]. We assume that the
decision maker establishes a parametric control function at the beginning
of the process. Since different realizations of 7 may lead to different optimal
Stage 2 strategies, the Stage 2 process will actually be parametrized by the
realization s of the switching time 7 during the planning horizon:

(QZ(S/ t)/ GZ(S/ t))/ for (SI t) €A:= {(S/ t) | S € [O/ T]/ te [S/ T]}
The firm plans their strategy ahead for both stages and for every possible
occurrence of 7: before the programming interval starts they will have decided
both a1(t) and ax(s, t). If T occurs at time s, the firm will implement the strategy

a1(t) for t € [0, s], and then the strategy a»(s,-) : [s, T] — [0, +).

Remark 4.1. We emphasize that throughout the remainder of this paper we will
use this notation for the state and control functions of Stage 2: the first variable
s represents the realization of the switching time, while the second variable
t € [s, T] represents the time.

A second type of decision maker is familiar with the goodwill’s dynamics but
ignores the possibility of a switching time. They choose an advertising strategy
that covers the entire programming interval [0, T]. This strategy is fixed at the
beginning of the programming interval. The control and state functions are then
represented by

(a(t),G(t)), fort €[0,T].

In what follows, we will denote Myopic this second type of decision maker.

It is worth observing that even though myopic decision makers do not con-
sider the switching time, such an event can indeed occur. Therefore, recalling
that our model is based on the assumption that the hazard rate depends on
the demand for the product, myopic decision makers determine their strategies
without knowing that their controls influence the distribution of the random
variable 7. To properly compare the two types of decision makers, we will cal-
culate the expected profit both for non-myopic and myopic decision makers,
although taking into account that the latter are unaware of the randomness of
the system. Indeed, the non-myopic planners have all the information about
the system’s stochasticity, so they are able to compute the optimal strategy to
maximize the expected payoff over all possible realizations of the switching
time. On the other hand, myopic planners maximize their profit as if no switch
were to occur; however, even if they do not consider it, their actions do influ-

ence the switch’s hazard rate, and their production cost will indeed increase at
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some point. Knowing this, we can evaluate the actual expected profit of myopic

planners, which will necessarily differ from their objective value.

For simplicity, it is convenient to perform the computation of the profit first
for the non-myopic decision maker. We will see that it is possible to treat the

myopic case as a formal instance of the non-myopic case.

NON-MYOPIC DECISION MAKER

Starting for the benchmark model (4.3), in order to formalize the switching
time optimal control problem for the non-myopic decision maker, we need to
introduce some notation. Planners who are aware that a change in marginal
costs can occur aim to maximize their expected profit, in the set of feasible
control paths a(-); so that the density probability E, (. is needed. More precisely,
since it is the control used in the Stage 1 that modifies the state variable and, in
turn, the distribution function of the random variable 7, this dependence must
be indicated on the expected value operator. The formulation of the problem
has to take into account both the possibility that the switch occurs before the
final time T of the programming period or after it. With such an attempt, let
us introduce the indicator functions ¥ (.7} and ¥ (>}, respectively. In the first
case, there will be a Stage 1, with a payoff equal to (4.3) and a Stage 2 with a
payoff with a new marginal cost c;. On the other hand, in the latter case, i.e., if
the switch occurs after the end of the programming period, nothing will change,
and the problem essentially remains equal to the one in (4.3) with the original
marginal cost ¢1. Finally, the problem of the non-myopic decision maker can be

stated as follows.

maximize Eg )
ai(t),az2(s,t)=0

“‘{T<T}{/0 [(p = c1)D(Ga(t)) - gal(t)z] dt
T
+ / [(p — c2)D(Galz, 1) — gaz(f, £2] dt + GGZ(T,T)}
T
+u<{TZT}{ /0 [(p - c1)D(Gi (1)) - gal(t)z] dt + oGl(T)}l

(4.7)
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subject to:

G1(t) = a1(t) — 0G1 (1), fort €[0, 1)
JG1(0) = Go

Go(t,t) = ax(t,t) — 0Gy(t,t), fort e[7,T]
Ga(t, 1) = Gi(1)

(4.8)

where the hazard rate of 7 is defined in (4.5) and, with a common abuse of
notation, see e.g. Wrzaczek et al. [118], we have written Gz(s, t) = d;Ga(s, t).

We emphasize that the probability law that governs the process also depends
on the chosen control a(t) and henceforth, in accordance with Sorger [100] and
Dockner et al. [33, p.204], we write E,;) to denote the expectations computed
with respect to that law.

To study this problem, we need to compute the expectation through the
probability density of 7. For this purpose, it is convenient to introduce an
auxiliary state variable z1(t) = P(t > t) for Stage 1. It represents the probability
of still being in Stage 1 at time ¢. This definition allows us to write the probability
density of 7, which is the derivative of P(7 < t) =1 —P(t > f), as:

fo(t) = =21 (8). (4.9)

Following the same computation performed in Wrzaczek et al. [118], we can
prove that z1(t) is the solution of the following Cauchy problem:

21(t) = =n(D(G1(1)z1(t), fort €0, T],
21(0) =1.

(4.10)

These two results allow us to write explicitly the expected value introduced in
the objective functional. After basic integral manipulation, the firm’s objective
functional becomes:

T
| #1010 = coDGre) = Fae?] de + 2(T)aGi(T)

T T
+ /0 n(G1(s))zl(s){ / [(p—cz)D(Gz(S,t))—gaz(s,t)z] dt+acz(s,T)}ds

It is worth observing how the auxiliary state variable z1(¢) acts as a discount

factor for the Stage 1 payoff. In order to be able to treat this maximization
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problem with the theory provided in Veliov [113], we first need to separate the
payoff into two additive terms containing Stage 1 and Stage 2 variables. The
problem with the above formulation is that the Stage 2 payoff (starting from s)
is multiplied by 1(G1(s))z1(s), which depends on the Stage 1 variables G; and
z1. We work around this as in Wrzaczek et al. [118], by introducing the auxiliary
Stage 2 variable z;(s, t) = n(Gi(s))z1(s), i.e.,

Zo(s,t) =0

4.11)
z2(s, ) = n(D(G1(s))) z1(s)

The variable z5(s, t) depends on the switching time s and it is constant in time ¢.
It represents the probability density of T at time s. After substituting z, in the

objective functional, we obtain

T
| #1010 = coD(Grle) = Fae?] de + 2(T)aGy(T)

T T
+ / { / 2205, )[(p = c2)D(Gals, 1)) = Saals, 2] di + 225, T)oGals, T)} ds.
0 s
Problem (4.7) can be reformulated as a deterministic, heterogeneous one:

T
.. K
maximize l/o 21()[(p - c)D(G1(1) = Zar(t)*] dt + z1(T)a Gy (T)

T, T
+/0 {/s Zz(S,t)[(P—Cz)D(Gz(s,t))—gaz(s,t)z] dt - (4.12)

+ 22(s, T)oGa(s, T)} dsl
subject to:

Gi(t) = a(t) — 6G1(t), G1(0) = Go,

) 21(t) = —n(D(G1(t))) z1(t), z1(0) =1,

Ga(s, t) = ax(s,t) — 0Ga(s,t), Ga(s,s) = Gi(s),

zy(s, 1) =0, 22(s, s) = 1(D(G1(s))) z1(s).

(4.13)

We have transformed the optimal control problem with stochastic switching time
described at the beginning of this section into a heterogeneous deterministic
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optimal control problem. The idea now is to characterize its optimal solutions

with necessary conditions.

Theorem 4.2. Let (a}(t), G|(t), z}(t), ay(s, t), G5(s, 1), z5(s, t)) be the optimal solu-
tion of the heterogeneus problem (4.12) and (4.13) for the non-myopic decision maker,
then the optimal advertising efforts aj(t), a5(s, t) in Stage 1 and stage 2 respectively are:

ai(t) = [Ac®)/x]™,  a(s,t) = E(s, bk, (4.14)
where
&c(s, t) = @(1 — e 0Ty 4 ge70T=D  § > g (4.15)

and the following co-state system holds:

Ag(t) = =(p — c1)B + 6Ac(t) — e(a + BGi(t) [Ec(t, ) — Ac(t)] -
—eBlEx(t, ) — A-(H)]
/\G(T) =0

1Az(t) = =((p — c1)D(Gy(1)) — §ai(t)?) — e(a + BG() [Ex(t, t) — Az (1)]
A-(T) = 0Gi(T)

Ex(s,8) = =((p — c2)D(Gj(s, 1)) — 5a3(s, t)?)
&2(s,T) =0G5(s,T)

(4.16)

Proof. Let us denote by Ag and A, the Stage 1 co-state variables, and by £g and
&, the Stage 2 ones, as in Buratto et al. [18].3 By Veliov [113], the maximality
condition for the Stage 2 control is:

a(s, t) € arg max {(p — 0)D(Gys, 1)) - ga@ T Ea(s,t)]a— Gy, b)] }

a=0

yielding
ay(s,t) = [éc(s, t)/K]+.

Concerning Stage 1, since the initial condition of the Stage 2 state variables and
the hazard rate function do not depend on the control, the necessary condition

“

SFor simplicity, we omit the superscript “c
correspond to the state variable G.

for the current-value co-state functions that
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for the control is a maximality condition of the following form (see also Buratto
et al. [18]):

ai(t) € argmax {(p —c)D(GL(H)) - gaz + Ag(t)[a-5G(t)] }

yielding
a;(t) = [Ac(t)/x] "
We obtain the co-state system from the more general formulation in Buratto
et al. [18], with ¢(t,G,a) = G, due to the continuity of the goodwill upon the

switch, and hence dg¢(t, G,a) = 1. The co-state functions, recalling that the
motion equation is the same in the two stages, satisfy the following system.

Ag(t) = =(p — c1)D’(G;(1)) + 6Ac(t) = n(D(Gi(1)) [Ec(t, t) — Ac(t)] -
—L (DGt [E:(t, 1) = A=(1)]

AG(T) =0

Ax(t) = =((p — c1)D(G}(t)) — 5a5(t)%) = n(D(Gy(1)) [E(t, £) = Az(1)]

{A(T) = 6GI(T)

(s, t) = —(p — c2)D'(G3(s, 1) + 6&c(s, 1)
EG(S/T) =0

&x(s,8) = =((p — c2)D(Gj(s, ) — 5a5(s, t)?)
&x(s,T) =0G3(s,T)

Observe that the Cauchy problem for £ can be solved independently from the

other ones, obtaining equation (4.15). The remaining equations, recalling from
(4.2) and (4.6) that D’(G]) = B and %[n(D(Gi))] = ¢f, constitute the co-state
system (4.16).

It can be easily proved that (s, t) > 0 being 0 > 0, thus guaranteeing the
positivity of the Stage 2 advertising effort a’(s, t) in (4.14). O

Since, in both stages, the optimal control depends solely on the co-state
corresponding to the goodwill, it is of interest to analyze the evolution of such
co-states Ag and &g (see system (4.1.3)), and the role played by the anticipation
of the switch in shaping such evolution.
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Regarding &g, we observe that its adjoint equation (for any fixed s) is the
same as it would be in the case of a single-stage problem with production cost
equal to cp. Indeed, after the switch has occurred, there is no uncertainty about
future disruptions, and therefore the planner may equivalently be facing a new

simple single-stage optimal control problem on the interval [s, T].

As for Ag, if we compare its adjoint equation with that in the case of a single
stage problem with production cost equal to c1, we notice the presence of two
additional terms:

—n(D(G;(t)) [éc(t, t) = Ac(t)]  and —eBl&(t 1) - A(t)].  (417)

These terms represent the anticipating effect on the Stage 1 shadow value of the
goodwill. Let us illustrate their meaning, starting from the latter term.

By integrating the equation for &, we obtain that &,(s, t) equals the optimal
value of the Stage 2 problem starting from ¢ (with ¢ > s), given that the switch
occurred at time s:

T
E(s, t) = /t [(p - c2)D(G5(s, 0)) — gag(s, 6)2] dO +0G(s,T) (4.18)

By integrating the equation for A,, we obtain that A,(f) equals the optimal
expected value of the two-stage problem starting from ¢, given that the switch
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has not occurred yet at time ¢:

1 T
Ax(t) = m{ /t 21(0)[(p — c1)D(G}(0)) - ga;(e)z
+1(D(G}(0)))£2(0, 0)] dO + z;mac;m}
1 r * " K,
= Zi(t) {[ 21(9) [(P - Cl)D(Gl(G)) - 5(11(6)2

T
+1(D(G}(0))) (/6 [(p = c2)D(G5(0, u)) - ga;(e, u)?] du + aG;(e,T))] do

+ z;(T)oG;(T)}
‘ " K /a2
- E[)(KT(/t [(p - c1)D(G;(0)) - Eal(ev) | do
T
+ / [(p - c2)D(G3(x, 0)) - ga;(@ 0)] d0 + oGy (1, T))
T
+ mr( /t [(p - c1)D(G(0)) - ga;(e)z] dt + aG;(T)) ) > t]

To write this in terms of value functions, we denote (as in Buratto et al. [18])
Va(s, t, G) for Stage 2 and V (¢, G) for Stage 1* and obtain

Ex(s,t) = Va(s, t,G5(s, 1)), A (t) = V(t, Gi(1)). (4.19)

Having observed this, we can interpret the difference [E At E)—A; (t)] , which
occurs frequently in the co-state system, as the “desirability” of the switch at
time . Let us denote it by A.(t) (recall that G5(t, t) = G}(t)):

Ag(t) = &(t, t) = Ax(t)
= Va(t, t, Gi(1) = V(t, Gi(t)) (4.20)

The reasoning behind this interpretation is that A.(t) measures the expected

gain in profit if the switch were to occur at time ¢, given that it has not occurred

4In the cited paper, the Stage 1 problem which originates from plugging V, into the Stage 1
objective value (backward approach) is not solved, as it is a simple single-stage problem that the
reader can solve with either dynamic programming or Pontryagin’s Maximum Principle. With
dynamic programming, one obtains a value function of the form V(t, G, z) = zV*(t, G). With
the same abuse of notation as we employed for the co-state variables, we denote V(t, G) the
current value function V(¢, G).
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up to t. So, for example, A,(t) < 0 means that the profit that would be realized
if the switch were to occur at time ¢ is lower than the expected profit, given that
the system is still in Stage 1 at time ¢. This can be intuitively translated as “at
time £, the switch is undesirable”. Viceversa, if A;(t) > 0, the switch is desirable
because the realized profit if T = t is higher than the expected profit conditional
on T >t (i.e., the system is still in Stage 1 at time ¢).

In light of this, an undesirable (resp., desirable) switch has a backloading
(resp., frontloading) effect on the Stage 1 goodwill’s shadow value Ag (and
therefore on a1) that is proportional to the marginal hazard with respect to G
and the desirability of the switch. Intuitively, a farsighted planner will postpone
(resp., advance) his advertising effort compared to a myopic planner, knowing
that the switch will have a negative (resp., positive) effect on their optimal payoft.
In this model, where ¢ > ¢4, the switch turns out to be undesirable,

By comparing the ODEs for £ and A, with the PDEs for the Value functions
V2 and V, one can prove that

&a(s, ) = dgVa(s,t, Gy(s, 1)), Ac(t) = gV (t, Gi(t)) (4.21)
and therefore (recalling that G5(t, t) = Gj(t))
Eo(t, 1) = Ac(t) = dg|Valt, t, Gi(1) = V(t, G} (1)] (4.22)

which is the expected marginal gain in profit from switching at time f (given that
the switch has not occurred yet) for a unit increment in the goodwill G at time ¢.
A negative expected marginal gain (that is, Eg(f, ) — Ag(f) < 0) means that, on
average, at time ¢, a (slightly) higher goodwill than Gj(#) would make switching
at time t (slightly) less convenient. For example, in the case that switching at
time ¢ is undesirable for a given value of G(t), (see previous paragraph), it may
become even more undesirable if the goodwill were greater than Gj(#).

From a different perspective, the same conclusion can be reached by observ-
ing that &g(t,t) — Ag(t) = [a;(t, t)— ai(t)] If Ec(t, ) — Ag(t) < O (resp., >), then
the anticipation of the switch has a backloading (resp., frontloading) effect on
Ag (and therefore on a1). Intuitively, a non-myopic planner will postpone (resp.,
hasten) his advertising compared to a myopic planner, knowing that a higher
goodwill would make the switch less (resp., more) convenient.

Remark 4.3. It is worth highlighting how the special structure of this model
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simplifies the necessary conditions and, as a consequence, the solution of the
switching-time problem. Indeed, the adjoint equation for {; does not depend
explicitly on s because the problem is autonomous. Additionally, due to the
linear state structure of the model, G (s, t) (which would introduce an implicit,
non-trivial dependence on s) does not factor into the equation either. Conse-
quently, the dependence of the solution (s, f) on s is trivial, as is that of the
strategy a5(s, t).

In order to characterize the optimal advertising efforts, we need to solve
the forward-backward system of the state and co-state dynamics constituted by
(4.13) and (4.16). Observe that such a system is nonlinear, due for example to
the presence of the multiplicative term between n (depending on G) and Ag,
therefore, we resort to a numerical solution. In Section 4.1.5 we report some
graphics with the optimal controls, states, costates, and payoffs obtained with
the numerical simulations.

The problem we have discussed so far relates to a planner who has all the
information about the upcoming 7 (hazard rate function and effects on the
system) and has the ability to update his strategy upon the occurrence of 7. In
what follows, we will discuss planners with no information about 7 or without
the ability to update their strategy to the new regime after 7. We will see how
each of them has a specific functional objective, leading to different optimal
strategies. This, of course, entails different expected payoffs, which, intuitively,

are increasing with the planner’s knowledge/ability.

MYOPIC DECISION MAKERS

A planner is considered myopic if it does not take into account the possibility
of a switch. Technically, myopic decision makers consider only the first equation
of the system (4.13), and this definition is consistent with the game-theoretical
one, by which a myopic player ignores the dynamics of a certain state variable,
see e.g. Taboubi and Zaccour [101]. Formally, their problem corresponds to
(4.12) and (4.13) in which the hazard rate is identically 0, hence the two auxiliary
state variables z; and z, are constant and equal to 1 and 0, respectively.

Now, the question moves to the potential behavior of a myopic planner
after the switch has occurred during the programming period. In light of these
considerations, in the following definitions, we introduce two additional features

that a myopic planner can have.
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Definition 4.4. A decision maker is myopic with respect to a switching time and is
unable to update their strategy if, at the initial time, they compute their optimal
advertising strategy by solving the single-stage problem (4.3) and cannot modify
their strategy after the possible realization of the switching time.

In Definition 1, we are assuming that the myopic planner, once realized
that 7 has occurred and observed a sudden increase in production costs, may
not be able to re-evaluate and update the advertising strategy according to
the new regime. There may be several reasons for the impossibility to update
the strategy to the abrupt event: they may have committed to a long-term
advertising campaign or have contractual obligations with advertising agencies.
Ultimately, the decision to continue to advertise a product at the same intensity,
despite higher production costs, depends on several factors, including market

conditions, competitive landscape, brand strategy, and long-term business goals.

Theorem 4.5. Let (a*(t), G*(t)) be the optimal path in the optimal control problem (4.3)
for decision makers who are myopic regarding switching time and are unable to update
their strategy, then the optimal control function is

a*(t) = %(%(1 _ 0Dy 4 oe—5<T—f>), tel0,T]. (4.23)

Proof. Let us solve (4.3) using the necessary standard conditions Grass et al. [52,
Th.3.4, p.109]. Let us introduce the Hamiltonian function:

H(G,a,A¢g) = [(p —c1) e(a+BG) - Ka2/2] + Ag(a — 0G)

Maximizing with respect to 2 > 0 we obtain

a(t) = [Ac(t)/x]”

with co-state equation satisfying

Ac(t) = =(p — c1)ep + 0Ag(t)
AG(T) =0
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By a direct integration we get

Ac(t) = W(l — Ty 4 =301 5 .

Since Ag(t) > 0 for all ¢, the optimal control turns out to be (4.23). O

Note that while for the non-myopic decision maker the optimal controls are
characterized by numerically solving a system of ODEs, the optimal control of

the myopic decision maker can be calculated explicitly.

Once the optimal solutions for both non-myopic and myopic planners are ob-
tained, to evaluate the cost of myopia, we need to compare their expected profits.
It is worth observing that even though the decision maker is myopic with re-
spect to the switching time, such a random event can still occur, and therefore
the profit that we need to consider in the comparison is in any case an expected
value. To be precise, we need to use the optimal control a*(f) to calculate its
associated optimal state G*(t) and then determine the probability distribution
of the switching time 7. The differential equation governing the evolution of
goodwill is linear, and therefore it is possible to calculate the optimal state func-
tion explicitly. Recall that the optimal control for myopic decision makers who
do not adapt to the new regime remains the same before and after the switching
time. Furthermore, the dynamics does not change upon the swith, so the corre-
sponding objective functional can be deduced by (4.7) where the denomination
of the optimal control function a*(t) and its corresponding optimal state G*(t)
do not change in the two stages.

K/Iyopic = Ea*(t)

ko] [ 1= oD@ @) - Fa 0]
T
+ /T [(p = c2)D(G*(t)) — ga*(t)z] dt}

T
+H‘{12T}{/0 [(p — c1)D(G*(t)) - ga*(t)z] dt} +0G*(T)

Denoting by f(t) the density function of the random variable 7, and by F;(¢) its
cumulative distribution function, we can explicitly calculate the expected value
of the profit for the myopic decision maker who cannot adapt after the switch.
Using the previous notation, we get
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T s
fif/[yo;,ic:/o f?(S){/O [(P—Cl)D(G*(t))—ga*(tﬂ dt
T
+ [ 1= cn@ e - e aths

T
+(1- A1) /0 [(p - )D(G (1) - a2 at} | + 0G(T).

After integrating by parts the first line in the expression above we obtain the
following:

T
]Kdyopic :/(; P(T > t) [(P - Cl)D(G*(t)) - gﬂ*(t)z] dt

T T
* K * *
+ /O / fe©)(p - c)D(G' (1) - 5a*(t)?] dt ds + 9 G*(T)

So far, we have assumed that the decision maker is unable to adjust its
control in response to a change in production cost. Let us now provide a further
definition that describes a different feature for a myopic decision maker who

can update his control after the occurrence of the switch time.

Definition 4.6. A decision maker is myopic with respect to a switching time, but
is able to update their strategy if, at the initial time, he computes his optimal
advertising strategy by solving the single-stage problem (4.3) and uses this
strategy until the possible occurrence of the switching time. After the possible
realization of the switching time, he updates his strategy by solving a new
optimal control starting from the state level that is achieved at the realization of

the switching time.

For this kind of decision maker, we need to provide two controls: one to be used
before the realization of the switching time and the other afterwards. Itis useful

to express these two controls in a way that depends on the random variable 7.

Theorem 4.7. Let a®(t) be the optimal strategy for a decision maker who is myopic with

respect to a switching time, but is able to update his strateqy, then the optimal control is

(1) te[0,7)

ﬁ =
a*(t) _ep)e ~ (T T

(4.24)

A= [V
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Proof. This results come straightforward from Theorem 2. A crucial point is in
the form of the necessary conditions for the problem (4.3). The optimal control
depends only on the co-state variable, which in turns is decoupled from the
motion equation and can therefore be independently solved backward. m|

Using the same notation and the same calculations described in this section, we
can find the expected value for the decision maker who is myopic with respect

to a switching time but who can update his strategy.

T s
e = | FOf [ (o=@ 6) - Fae?]
T
+ /S [(p — Cz)D(Gﬁ'(S, t)) — gaﬁ(t)z] dt + aGg(s, T)} ds
T
(- F;(T)){ /O [(p = cD(G" (1)) - Sa'(t?] it + oG*(T)}l

After integrating by parts the first line in the expression above we obtain the
following;:

T
f&yopic = /0 P(t > t)[(p — c1)D(G*(t)) - ga*(t)z] dt +P(t > T)oG*(T)

- /0 T [/ ' £6)[(p - cID(GHs, 1) - 2@ 0P dt + fils)oGHs, )| ds

In this section, we have characterized optimal solutions for a myopic decision
maker in a closed form. However, to perform the comparison with respect to

the non-myopic planner, numerical simulations will be necessary.

It is interesting to observe that in the single-stage optimal control problem
solved by the myopic planners in Stage 1, their goodwill co-state functions
satisfies the same Cauchy problem (4.16) of the non-myopic planner except for
the value of epsilon which is ¢ = 0. The co-state equations for A¢(t) become

A(t) = =(p — c1)m + 6Ac(t)
Ag(T) =0

(4.25)
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THE cosTt oF Myoria

In this section, our objective is to draw a comparison between a myopic ap-
proach and a non-myopic one, addressing the research questions outlined in
the Introduction. Specifically, we aim to quantify the cost of adopting a myopic
perspective with respect to the switching time. With this attempt, we pro-
ceed numerically by assigning fixed values to some parameters and letting the
marginal hazard with respect to the demand (¢) take values in {0.005,0.01, 0.04}.
The higher ¢ the higher the hazard risk 1 and therefore the more likely is the
switch, which in our model corresponds to an increase in the production cost.
The simulations have been produced with an algorithm based on Freiberger
[44]. Figure 2 collects the parameters that are kept constant in all numerical

simulations.

ci|c|lal|p|x|o| o
S51.8]1|5]3|1].05

— 3

Table 4.2: Parameter values

In the following figures, the horizontal axes denote time (in months).

In the figures presented below, the myopic trajectories are represented by gray
lines. The myopic planner who does not adapt will follow these trajectories
even in the event of a regime shift. Conversely, the myopic planner who adapts
will interrupt such strategies upon occurrence of the switching time. The non-
myopic trajectories are depicted by black lines. Just like the myopic planner
who adapts to the regime shift, the non-myopic planner will follow these lines
throughout Stage 1, until the switching time occurs. Finally, the colored lines
represent the Stage 2 behavior for different realizations of 7. In the case of the
myopic planner who adapts, these lines are slightly transparent, whereas for
the non-myopic planner, they are presented in solid color. It is important to
note that the Stage 2 advertising aligns in both scenarios. So, assuming that the
switch occurs at a given 7, the optimal trajectory can be observed following the
black line until the instant 7 and then “jumping” to the colored line from 7 on.

At a glance, we can observe that in both Figure 4.1 and Figure 4.2, the black
lines are lower than the gray lines, regardless of ¢. This is because a non-
myopic planner knows that higher demand increases the likelihood of a switch,
leading to increased costs. Consequently, the optimal advertising efforts of the
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non-myopic planner in Stage 1 turn are less intensive compared to those of the
myopic planner. A similar pattern is observed in the goodwill trajectories in
Figure 4.2.

Moreover, in Figure 4.1 it is worth noting that the myopic trajectories remain
constant with changes in ¢, while the non-myopic trajectories decrease as ¢
increases. This indicates that the higher the marginal hazard with respect to the
demand, the lower the advertising effort of the non-myopic planner. Again, the

goodwill trajectories in Figure 4.2 exhibit the same pattern.

a a a

s \»c

; —

g 0 0 g O g
time (months) time (months) time (months)

Figure 4.1: Optimal advertising efforts, ¢ = 0.005, ¢ = 0.01, ¢ = 0.04

In Fig. 4.2 each colored line starts at a given switch instant; therefore, the optimal
goodwill trajectory can be seen following the black line from the initial time zero
until the instant of the switch, while upon that instant, the associated colored
line has to be considered. Each figure shows that the later the switch, the higher
the optimal goodwill, while comparing the three figures it appears that the

higher the marginal risk, the lower the optimal goodwill, as expected.

G

/ "

_

0 0 0 0 3
time (months) time (months) time (months)

Figure 4.2: Optimal goodwill trajectories, ¢ = 0.005, ¢ = 0.01, ¢ = 0.04

In Fig. 4.3 the objective values related to all the different types of behavior are
plotted, with the further specific features the myopic planner can have, referring
to Definitions 4.4 and 4.6: Gray=myopic+can update; Light gray=myopic+cannot
update. Expected profits (represented by the solid constant lines) and realized
profits (represented by the dotted lines) are shown as functions of the realization
of the switch time. As before, the black color stands for non-myopic. Naturally,
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expected payoffs do not depend on the realization of 7 and are therefore repre-
sented by constant lines.

Objective Value Objective Value Objective Value

g B B 0 B 5 0 g 5
switching time T (months) switching time T (months) switching time T (months)

Figure 4.3: Profits; ¢ = 0.005 (T = 9.5), ¢ = 0.01 (T = 8.5), ¢ = 0.04 (T = 7.5)

The task of our analysis is to assess the cost of being myopic with respect to an
abrupt switch. Indeed, we found that the expected profit for the non-myopic
planner is greater than the ones of the myopic ones. Moreover, among myopic
decision planners, the one who is able to update obtains higher profit because
they can adapt to the new situation by reacting to the increase in production
costs through a decrease in their advertising investment.

However, regarding realized payoffs, for sufficiently small realizations of 7
non-myopic payoff lays over the myopic ones, nevertheless, it is a well-known
result that there may be late realizations of T where myopic planners achieve a
higher payoff than their non-myopic counterparts. The dotted lines effectively
intersect as T approaches T, and, after such an intersection (let us call it 7), the
black dotted lines lay below the gray ones. In any case, this situation occurs with
a very low probability, as clearly represented in Fig. 4.4, where the probability
(z1) of still being in Stage 1 is represented as a function of time. In all graphs,
this probability decreases with t, consistent with its definition. Moreover, as the
hazard risk increases, then the probability of arriving at late realizations of ©
that provide a higher profit for the myopic decision planner is very small. For
example, from the third graph of Figure 4.3 (¢ = 0.04) we can observe that the
dark gray dotted line (myopic who can update) intersects the black onein 7 ~ 7.1
which in Figure 4.4 (using the myopic gray strategy) leads to z1(7.1) ~ 0.02°. In
other words, the probability that a myopic decision planner makes a profit
greater than the non-myopic one is statistically not significant (less than 0.05).
As a final comment on Figure 4.4, we observe that the black lines are higher than

5The value of z; evaluated in the 7 corresponding to the intersection of the myopic who
cannot update (light gray dotted line) is even smaller

172



CHAPTER 4. MARKETING & PRODUCTION

the gray because the non-myopic planner takes action to postpone the switch

time.

5 s @ 5 B T g
time (months) time (months) time (months)

Figure 4.4: z1(t), ¢ = 0.005, ¢ = 0.01, ¢ = 0.04

CoNcCLUSIONS

This research offers a compelling analysis of the implications of myopia in
decision making, particularly in the context of dynamic marketing problems.
Our study centers on assessing the cost of a myopic approach when faced with
potential abrupt changes in production costs, a scenario increasingly relevant in
today’s fast-paced and unpredictable market environments.

Through the formulation and solution of an optimal control problem with
stochastic switching time, we were able to quantitatively compare the outcomes
of a myopic planner with those of a planner who anticipates potential changes.

Referring to the first two research questions, our analysis shows how dif-
ferent decision-making approaches (myopic vs. non-myopic) affect advertising
strategies and the resulting profits.

Second, we examine the impact of short-term thinking on expected profits.
We evaluated the cost of myopia by assessing how a decrease in knowledge
about crucial time-sensitive decisions affects profitability.

Our findings revealed a significant divergence in the profit outcomes between
these two approaches. The myopic planner, constrained by a lack of foresight
into possible system changes, invariably encountered a reduction in profit when
the switch in production costs occurred. This reduction is directly attributable
to the planner’s inability to adjust strategies preemptively, highlighting the cost
of myopia in decision-making.

On the contrary, the non-myopic planner, equipped with the awareness of
potential changes, demonstrated a more adaptable and resilient approach. This

planner’s ability to anticipate and plan for potential disruptions not only min-
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imized losses but often led to more optimized use of resources, thereby maxi-
mizing profits. These results underscore the importance of strategic foresight in
management and planning.

Our third research question:“With what probability does the myopic decision
maker achieve a higher profit?” is intriguing, as it challenges the assumption
that non-myopic (farsighted) planners always yield higher profits. The first
answer can be found by observing that among myopic planners, there are those
who can update their strategies after the switch and can indeed aim at achieving
higher profits. However, in the cases of late switch realizations, myopic planners
can occasionally outperform non-myopic ones. However, this scenario can occur
with a low probability. In fact, our simulations prove that when the hazard rate
is increased, the probability of myopic planners gaining higher profits in late
switch realizations becomes statistically insignificant (less than 0.05 probability).
This finding underscores that non-myopic planners, who proactively adapt to
delay the switching time, generally yield better outcomes.

In conclusion, this paper highlights the tangible benefits of strategic antic-
ipation and adaptability in dynamic decision-making contexts. It serves as a
call to action for planners and managers to cultivate a forward-looking perspec-
tive, integrating predictive analytics and scenario planning into their strategic
toolkit. By doing so, they can significantly reduce the risks associated with
myopia and harness the full potential of their decision-making capabilities in an

ever-evolving market landscape.
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OFFSHORING AND RESHORING

UNDER SOCIAL AND ECONOMIC UNCERTAINTY

INTRODUCTION

Over the past decades, many firms have offshored their production to foreign
countries to gain high profit margins. Lower labor expenses were among the
benefits that offshore locations provided mainly (Jensen and Pedersen [65]),
together with other motivations as counter-trade agreements (Nassimbeni et al.
[84]). Although transportation costs are involved, production may be cheaper
abroad, allowing for higher profit margins. Indeed, the costs issue is one of the
main reasons that leads a firm to produce offshore, as observed by Yang et al.
[120], who analyze the effect of tariffs and production cost on firms profits under
competition and offshoring.

However, in today’s dynamic market, the strategic advantage of offshoring
can quickly transform into a liability for firms. Recently, in times of global
crisis, policy-makers in several western countries have considered bringing back
production to their home country (Booth [10]), leading to a phenomenon known
as reshoring or backshoring. Different and more pressing matters, such as political
events, the recent global pandemic hit, the start of war conflicts, together with
the governments’ subsidies for capital expenditure, encouraged firms to reshore
their business operations back home, see Ellram et al. [36], Gupta et al. [57], and
more recently Henkel et al. [61].

In what follows, we consider some of the factors that may influence the
reshoring decision. We discuss, on one hand, those related to firm objectives,
such as the costs associated with offshoring. For instance, Radi et al. [91] empha-
size how increasing labor costs in a technologically lagging country can reduce
its attractiveness and potentially trigger a reshoring process. On the other hand,
we consider another aspect, less tangible, which is not included as a cost, but
it influences the sales, namely the Made-in effect, i.e. the perceived value and
quality associated with products that are explicitly labeled as being manufac-
tured in a particular country. In fact, customers’ demand may decrease when
they realize that the product is made abroad (Di Mauro et al. [32], Sawik [95]).

There may be many drivers that lead companies to repatriate their offshore

production, and managers can address the ‘location decision dilemma’ more
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effectively if they properly take into account such factors. For example, reshoring
can contribute to mitigating the rising unemployment rates (Tate et al. [103]) and
to supporting re-industrialization (Pisano and Shih [89, 88]). As a result of these
beneficial impacts, certain governments (such as the United States) are motivated
to promote and subsidize repatriations (Guenther [56], Livesey [74]).

Moreover, reshoring production boosts domestic economic growth, enhances
supply chain resilience, reduces transportation costs, improves quality control,
increases intellectual property protection, fosters innovation, creates local job
opportunities, and strengthens the national economy.

Furthermore, some studies have pointed out that geographical and cultural
distance can increase the risk of opportunistic behavior by offshore suppliers
or proprietary offshore production sites (Kinkel and Maloca [68], Mclvor [81],
Martinez-Mora and Merino [78]). These threats may cause unsustainable costs
to negotiate, manage, and maintain cross-border transactions and, in turn, steer
the company towards the reshoring of production activities. Moreover, the firms
inability to develop critical assets abroad, or to access and exploit the resources
of the host country, can also lead to reshoring (Canham and Hamilton [22],
Fratocchi et al. [43]). They also highlight that the decision-making process for
the production-location choice is affected by inappropriate selection criteria (e.g.
little consideration of total cost analysis) or by the so-called “bandwagon effect”
(Abrahamson and Rosenkopf [1]).

Another aspect to consider is the aforementioned Made-in effect: if the prod-
uct’simage among the consumers was damaged by offshoring, reshoring can fos-
ter the firms ability to create value and maintain competitive advantage through
quality and innovation.

Last but not least, among the various factors that may challenge the efficacy
of offshoring, we can mention rising ethical concerns about labor exploitation
and environmental sustainability.

In short, a firm’s decision to reshore may be seen as a simple correction
of a previous misjudged decision or as a deliberate response to exogenous or
endogenous changes (Tate [103]).

The purpose of this paper is to explore how a firm should consider the risk of
a potential regime shift and accordingly adjust its offshoring policy, considering,
if necessary, the possibility of reshoring a part or all its production.

In this work, we consider a firm that offshores a fraction of its production to a

foreign country. We assume that at a random instant 7, due to social, political or
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economic causes, an unpredictable disruptive event occurs, entailing a variety of
effects that may potentially hinder the offshoring practice. Taking examples from
recent history: the COVID-19 pandemic, the Suez Canal blockage, unforeseen
war outbreaks. Therefore, the firm must reconsider the appropriate “shoring”
decision, possibly reducing the offshoring policy (partial reshoring) or stopping
it entirely (full reshoring).

The problem is formulated as an infinite-horizon, two-stage, discounted
optimal control problem with random switching time, see Veliov [113] and
Wrzaczek et al. [118], and is solved with the backward approach (Grass et al.
[52, p.386]).

To the best of our knowledge, this is the first work in dynamic optimization
that explicitly accounts for the Made-in effect. While Sawik in [95] considers
the Made-in effect, his work is formulated within a static context. Conversely,
Brambilla et al. [13] features a continuous-time controlled Markov chain with
binary states, addressing offshoring and reshoring decisions within a dynamic
framework, though without incorporating the Made-in effect explicitly.

Among the possible negative effects that may prompt reshoring, together
with the amplification of the Made-in effect, in the present model we consider
the increase in offshoring costs, as well as potential instantaneous damages or
penalty costs. This damage/cost, which is inflicted on the firm una tantum at
the switching time, may capture the physical damage sustained by the firm'’s
offshore facilities, due for example to a war outbreak or a violent manifestation,
or the loss of perishable goods due to a disruption in the transportation chain
from the offshore country to the home country, or again it could represent
assessment costs sustained by the firm in order to analyze the implications
that a change in the offshore socio-political scenario may entail on the firm’s
production. As such, said damage/cost depends on the firm’s policy and on the
state of things just before the switch happened, and not at all on what happens

afterwards.

Research questions. The objective of this research is to investigate how the firm
should adjust its offshoring strategy in anticipation of and in response to such
a regime switch. The study aims to provide insights into proactive measures
that the firm can employ to adapt its offshore operations effectively, mitigating
risks, and maintaining competitiveness in a dynamic global environment. We

can summarize the research questions as follows:

177



4.2. OFFSHORING AND RESHORING

(i) What is the role played by the anticipation of the switch in shaping the
firm’s optimal offshoring strategy in the time period before the switch?

(ii) How should the firm adjustits offshoring strategy in response to the regime
switch?

The paper is structured as follows. In Section 4.2.2, we formalize the two-
stage model in which the firm has some information about the impending event
and takes it into account, demonstrating an anticipating behavior. In Section
4.2.3 we solve the problem of the anticipating planner, who aims to maximize
the expectation of the total payoff over all possible realizations of the switching
time; in Section 4.2.4 we solve the problem of a myopic planner, who on the
contrary is unaware of the possibility of a switch and/or does not take it into
consideration. This reduces to a simple single stage optimal control problem
that can be viewed as a particular case of the anticipating problem where the

hazard rate is set to zero. Section 4.2.5 concludes.

MODEL DESCRIPTION AND ASSUMPTIONS

Let u(t) € [0,1] be the fraction of the total output produced offshore and
controlled by the firm. We assume that the goods produced are not stocked,
therefore, at every time, the total production coincides with sales, which are
represented by the state variable S(t). Suppose that, over an infinite time hori-
zon, if no offshoring is implemented, sales converge to the regime level o > 0, at
rate y > 0. In this paper we want to model also the Made-in effect by penalizing
the sales dynamics with a negative term that is proportional to the offshore
production u(t)S(t). The parameter A > 0 represents the impact of the Made-in
effect on sales. The resulting dynamics is

S(t) = y(0 = S(t)) — Au(t)S(t). (4.26)

Observe that if u(t) = 0, that is if the firm does not produce offshore, then
no negative Made-in effect can be observed. On the other hand, if u(t) > 0 then
the firm offshores the amount of production u(t)S(t) abroad, and therefore sales
suffer from the Made-in effect due to the customers’ perception. Nevertheless,
due to the linearity of the ODE 4.26, and the positivity of parameters y and o,
sales are always positive for any given offshoring policy u(t).

As seen above, the cost increase is one of the main issues that the firm

must consider in its objectives. An optimal shoring plan requires taking into
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account both domestic (k? > 0) and offshoring (x° > 0) costs. In this model,
we assume that the instantaneous comprehensive offshoring cost is linear with
respect to the offshore production, and amounts to x°u(#)S(t). In the same way,
the instantaneous production cost in the home country is linear with respect to
the domestic production, and amounts to x%(1 — u(t))S(t). We also assume that
k% < %, otherwise, factoring in the negative Made-in effect, it would be trivially
optimal to not produce offshore at all.

Goods are sold at a constant unit price p, therefore, assuming p > 1w it follows
that the firm revenue is originally pS(t). After subtracting the production costs,

split into “d”-omestic and “o”-ffshored, we obtain the profit flow
[p — %1 — u(t)) — x°u(t)|S(t). (4.27)

We formulate a discounted problem over an infinite horizon. In this analysis,
we also assume that a disruptive external event occurs at a random time 7, with
constant hazard rate n > 0, splitting the programming interval into Stage 1
(before 7) and Stage 2 (after 7). We take into consideration any kind of event of
exogenous nature which may entail the following effects on the system:

e An amplification of the Made-in effect, represented by an increase in the

parameter A affecting the state dynamics: it equals A; in Stage 1 and
Ay > Aq in Stage 2.

e An increase in the costs associated with offshoring: the unit cost is x{ in
Stage 1 and k3 > «7 in Stage 2.

¢ Instantaneous damage/cost related to the entity of the offshore production
at the time of the event: in this early version of the work we assume this

cost to be equal to %KTL[ZS.

The first two factors will prompt the firm to reconsider its offshoring strategy
after the change has occurred. However, the anticipation of each of these three
effects, will influence the firm’s offshoring strategy right from the start.

The firm plans to maximize the expected discounted profit (see Chapter 1),

where the profit flow associated to each stage takes the form as in (4.27):

T

1

maximize]E[/ e Pt [p — (1 — ua(t)) — kSur ()] S1(t) dt — S u1(7)*S1(7)
u1(t)ef0,1] 0 2

up(s,t)€[0,1]

+ /00 e Pt [p — %1 = up(t, 1)) - Koua(T, t)]Sz(T, t) dt]
’ (4.28)
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subject to

S1(t) = y(o = Sa(t)) — Aur(t)Sa(t) S1(0) = So

. (4.29)
Sa(s, t) = y(o — Sa(s, t)) — Aaua(s, t)Sa(s, t)  Sa(s,s) = S1(s).

Knowing that the hazard rate of 7 is constant and equal to 1, and therefore 7 is
an exponential random variable with probability density ne ", we can compute
the expectation explicitly. By assuming optimal behavior in Stage 2, the expected
payoff takes the following form:

&0 1
. . _(p+rl)t _ d 1_ t .0 t - T t2 S t
maximize /O O [p = 11 = w(0) ~ (1) = K (12]$1(0)

(4.30)
+ an(Sl(t))} dt

subject to
S1(t) = y(0 = S1(t)) = Mua(£)Sa(t)
51(0) = So,

(4.31)

where V;, denotes the Stage 2 value function. Note that we already know that
V> depends only on the state. Indeed, whereas V; would depend in general also
on the switching time realization s and on time t, the infinite horizon together
with the independence of the Stage 2 data of t (autonomy) and s ensure that V,

is independent of those as well.

The Stage 2 problem, to be solved with Dynamic Programming in order to

compute the Stage 2 value function V5, if T occurs at time s is as follows:

maximize/ e Pt [p — k%1 — un(s, t)) - Koua(s, t)]Sz(s, t)dt (4.32)
uz(s,t)€l0,1] Jg

subject to
Sa(s, t) = y(o = Sa(s, 1)) = Aatta(s, £)Sa(s, )
Sy(s,s) = S1(s).

(4.33)

Observe that solving this problem would require knowing S1(s), unless we opt
to solve it for every possible value of Sy(s, s), which requires the application of
the theory of Dynamic Programming.
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Variables | (i =1,2)
Uuj portion of production that is offshored (control), u; € [0, 1]
S; total sales, which coincide with total production (state)
Parameters | (i =1,2)
o sales regime with no offshoring
y rate of convergence to sales regime
Ai impact of offshoring on sales (Made-in effect)
K unit cost associated with domestic production
Lot unit cost associated with offshore production
K" marginal switching damage/cost
P discount rate
n hazard rate

Table 4.3: Variables and parameters

ANTICIPATING-RESPONSIVE SOLUTION

Thanks to the low dimension and simple structure of the problem, we can
comfortably address it with the backward approach. As expected, the optimal
control turns out to be constant, and both value functions V; and V5 turn out to

be affine in the state variable S.

STAGE 2

Since the Stage 2 problem is fully autonomous, the Stage 2 value function

depends only on the state. The HJB equation for Stage 2 is
pV(S) = max {lp - x"(1 —u) —x5ulS + V3(S)[y(c - S) — AuS]}.  (4.34)
uel0,

The control that maximizes the RHS is

up =1 if k4 — x5 — A2V5(S) > 0

Uy =0 if k7 — x5 = A2V5(S) < 0 (4.35)

upy € [0,1] otherwise.

e Let us suppose first that x4 — x5 —A2V,(S) < 0, and hence u; = 0. The updated
HJB turns out to be

pVa(S) = (p — xS + Vj(S)y(o - S), (4.36)
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whose solution is
p—«’

pty
The condition on V() is satisfied if and only if

Va(S) =

(S+ya/p). (4.37)

(p + )k = x3) < Aa(p — x9). (4.38)

e Now, let us suppose that xd — K5 — A2V2’(S) > 0, and hence 1> = 1. The updated
HJB turns out to be

PVa(S) = (p — k3)S + V3(S)[y(0 — S) — 1251, (4.39)
whose solution is .
N

Va(S) = Py AZ(S +va/p). (4.40)

The condition on V;(S) is satisfied if and only if

(p + 7)K% = x5) > Aa(p — ). (4.41)

o If % — k5 — A2V;(S) = 0, then every feasible control maximizes the RHS. The

resulting HJB equation is as in (4.36), yielding the same solution as (4.37). The

condition on V(S) is satisfied if and only if (p + y)(x? — K3) = Aa(p — k).
Putting everything together, the Stage 2 value function is

p-xt p-K
p+y p+y+is

Vo(S) = A(S+yo/p), where A= max{ } . (4.42)

By the Verification Theorem (see Chapter 1, or Bardi and Capuzzo-Dolcetta
[7, ch.1], or Dockner et al. [33, ch.3]), the Stage 2 solution can be summarized by
the following proposition:

Proposition 4.8 (Optimal offshoring strategies at Stage 2).

o If (p+ y)x? = «3) < Aa(p — x%), then the optimal offshoring strategy is no
offshoring (uy = 0) with corresponding value function

d
p—K

Va(S) =

? p+y

(S+ya/p). (4.43)

o If (p+y)(x? = x3) > Ax(p — «1), then the optimal offshoring strategy is full
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offshoring (uy = 1), with corresponding value function

p—x3
Vo(S) =
2T

o If (p+y)(1<d—1<g) = Aa(p—«*), then any feasible offshoring strategy is indifferent,
and the resulting value function is equal to both the formulations in the two
previous cases.

The inequalities above can be rewritten in a way that separates the quantities
that changed at the switch from those that remained the same, obtaining:

d 0 d
K'Y —xK - K
2 P

A S op+y’

(4.45)

The responsive planner, who (by definition) intends to reassess the offshoring
strategy in adaptation to the new regime, should therefore compare the updated
ratio (k% — «5)/A2 with the domestic profit margin p — x¢ divided by the sum of
the discount rate and the rate of convergence to the sales regime. Unsurprisingly,
the fraction on the LHS can be interpreted as the “convenience of offshoring”: it
is the difference in the unit costs associated to domestic and offshore production

respectively, “weighted” by the negative impact of the Made-in effect.

Steady state. Since the time horizon is infinite, any sufficiently large t belongs
to Stage 2. Therefore, it makes sense to compute the steady state of S,. If the

optimal offshoring strategy is ux(s, t) = 0, then

Sz(s, t) = y(o — Sa(s, t))

(4.46)
52(s,5) = S1(s).
The solution can be computed explicitly:
Sa(s, ) = 0 + (S1(s) — o)e V¢ =0 (4.47)
If, otherwise, the optimal offshoring strategy is us(s, t) = 1, then
Sa(s,£) = y(0 = Sa(s, 1)) = A2Sa(s, 1) (1.48)

Sa(s, s) = Su(s),

183



4.2. OFFSHORING AND RESHORING

and the corresponding trajectory is:

- ( __re ) ~(y+A2)(t=s) ro 44
Sy(s,t) 7/_|_/\2+ S1(s) N e t_)—m>y+A2. (4.49)
Observe how the Made-in effect (represented by parameter A,) impacts the steady
state: with no offshoring the steady state is the sales regime o; with full off-
shoring the steady state is a fraction y/(y + A2) € (0,1) of the sales regime o.
The stronger the Made-in effect, the smaller the firm’s steady state total sales .

StAGE 1

Since the Stage 1 problem and the Stage 2 value function are fully au-
tonomous, the Stage 1 value function depends only on the state S. The HJB

equation for Stage 1 is

(p+mVa(S) = max {lp - «"(1 = w) = x§u —nx"u?/2]S
uelo,

(4.50)
+ V{(S)[y(o = S) — AuS] + an(S)}.
The control which maximizes the RHS is
U =0 if k4 — k9 = A1V/(S) < 0
up =1 if k7 — %9 — A1V}(S) > nx* (4.51)

up = [k4 - Ky = MVI(S]/(nx®) if T K — A V](S) € [0, nx"].

e Let us suppose first that k? — k¢ — 11V/(S) < 0, and hence u; = 0. The updated
HJB turns out to be

(p+MVi(S) = (p — xS + V](S)y(c — S) + nVa(S), (4.52)

whose solution is

d
p-xk*+nA nycA
Vi(§) = ——[S+ya/(p+n)] + . (4.53)
The condition on V{(S) is satisfied if and only if
(p+1+7)x?=x9) < Ai(p — &7 +nA). (4.54)
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e Now, let us suppose that k? — ¢ — 11V/(S) > nx7, and hence u; = 1. The
updated HJB turns out to be

(p+mV1(S) = (p — k] —1x"/2)S + V{(S)[y(0 = 5) = ST +1Va(S),  (4.55)

whose solution is

p—Kk]—nK"/2+nA nycA
Vi(s) = S+yo/(p+n)]+ . 4.56
1(5) Py — [S+ya/(p+n)] b+ mp (4.56)
The condition on V/(S) is satisfied if and only if
(p+n+ YK = (] + )] > A1(p — 7 + 1K™ /2 + nA). (4.57)

Remark 4.9. Condition (4.57) is clearly stronger than the negation of (4.54), as its
RHS is strictly smaller and its LHS is strictly larger. This means that there is
a nonempty set of parameter configurations such that neither (4.57) nor (4.54)
hold.

e Therefore, let us suppose that x4 — k= A1V](S) € [0,nx"], and hence uy = i =
[k — K« — A1V](5)]/(nx"). The updated H]B is

(p+mMVi(S) = (p — k? + nK"i1%/2)S + V/(S)y (0 = S) + nVa(S). (4.58)

If we look for a solution V1(S) that is affine in S, then i is a constant. Given the
linear relationship between i and V/(S), and since we are more interested in the
optimal strategy than in the value function, let us compute # instead of V/(S).
We know that

k? — k0 — il oA
Vi(S) = ! [S+y0/(p +m] + (4.59)
M (p+mnp

After substituting the expression for V;(S) in the HJB, we solve for # and obtain

prn+y

il = A

\/(p + j\]l+ )2 ,7% [(p+n+p)?=x9) = Mp —x?+nA)| +1-1|. (4.60)

The condition on V[(S) is satisfied if and only if iz € [0, 1]. The optimal control

i is nonnegative if and only if

(p+n+7)K! —x) > Ai(p — k7 +1A), (4.61)
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which is the negation of condition (4.54). Moreover, we have that # < 1 if and
only if

(p+1+7)K? = (k5 +nx")] < Ai(p = + K7 /2 + A), (4.62)
which is the negation of (4.57).

Putting everything together, by the Verification Theorem, the Stage 1 solution
can be summarized by the following proposition:

Proposition 4.10 (Optimal offshoring strategies at Stage 1).

o If(p+n+7y)(x?- Kd) < A(p — «? +nA), then the optimal offshoring strategy
is no offshoring (uy = 0) with corresponding value function

p—Kd+nA

[S+ya/(p+n)]+ nyod

V()= P 14 .
18 ==y (p+np

(4.63)

o If(p+n+y)x? = (k9 +nx)] > M(p — x4 + nxT/2 + nA), then the optimal
offshoring strategy is full offshoring (uq = 1) with corresponding value function

p—K]—nx"/2+nA nycA

(p+mp’

o Otherwise, the optimal offshoring strategy is partial offshoring at a constant
intensity uy = ii, where

Vi(S) = [S+yo/(p+n)]+ (4.64)

p+n+y+A

__ptn+y M 2 N . )
(4.65)
with corresponding value function
K - nyoA
1% S = 1 S Vo + N ' 466
1(5) " [S +ya/(p+n)] TP (4.66)

Remark 4.11. Note that the Stage 1 value function Vi depends on the Stage 2 data

through the constant A (defined in (4.42)), which is present both in the additive
nycA
(p+n)p
cases, and through i in the third case).

term and in the multiplicative fraction V/(S) (explicitly in the first two

The first inequality in Proposition 4.10 permits to establish whether to im-
plement any offshoring or none at all: specifically, if it holds, the firm should not
offshore production. Such inequality can be rewritten in a way that separates
the “convenience of offshoring” (on the LHS below) from everything else:

d_ .0
K Kl p—K

M p+y

d d

. (4.67)

ooy
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Recalling that A = max {%, pi;gz }, it follows that the second term (within
square brackets) on the RHS is nonnegative. Therefore, the anticipating firm,
who plans the offshoring while also considering the future effects of the switch
and its hazard rate, should compare the “convenience of offshoring” with the
domestic profit margin p — x? divided by (p + 7) (like in Stage 2) plus a posi-
tive quantity that takes into account the hazard rate n and the Stage 2 profits
(represented by A).

Note that, whereas in Stage 2 the optimal offshoring is essentially either zero
or full offshoring, in Stage 1 the anticipating firm may also implement partial
offshoring.

Sales trajectory. We found that the optimal offshoring strategy in Stage 1 is
constant. Let us denote it by u;(t) = i € [0,1] (here considering also the cases

u1 = 0 and u; = 1). Then, the Cauchy problem for the Stage 1 sales trajectory is

S1(t) = y(0 = S1(t)) — MiiS1(t)

(4.68)
51(0) = So,
with the following solution:
__ Yo ( Yo ) —(y+Aqiit
t) = - . 4.
51() )/+/\117£+ So )/+A11,_£ e ( 69)

The Stage 1 sales trajectory starts from Sy and, if we ignored the regime switch,
would converge exponentially to yo /() + A1ii). However, the trajectory changes
as soon as the switch occurs, settling on the Stage 2 trajectory and converging to
the Stage 2 steady state.

XY MyYOPIC SOLUTION

Here we compute the offshoring strategy of a myopic planner, i.e., a firm
who is unaware of the impending regime switch and therefore does not take it

into consideration.

The myopic decision-maker solves the following single-stage optimal control
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problem with the Stage 1 data:

maximize / e P [p — 141 = ua(t)) — xSur(t)| Sa(t)} dt (4.70)
u1(t)€[0,1] Jo

subject to
S1(t) = y(o = S1(t)) — Aqua(£)Sa(t)
S1(0) = Sp.

(4.71)

Note that the myopic problem above is equivalent to the Stage 1 anticipative
problem (4.30)—(4.31) where the hazard rate ) is set to zero.

Observe also that the myopic problem has the same form of the Stage 2
problem (4.32)—(4.33), with x{ instead of xJ and A; instead of A>. Having already
computed the Stage 2 solution, we can exploit the results by simply substituting
the parameters accordingly. Therefore, the optimal strategy for the myopic

planner is

0 if (p + )k = x9) < A1(p — x4)
ui(t) = 41 if (p + )% = x9) > A1(p — k) (4.72)
any feasible control if (p + y)(k% — k7)) =M(p - k).

For the purpose of answering our research questions, it is interesting to
compare the myopic and the anticipating behaviors: under which conditions
do the respective firms implement any offshoring? Can we prove that such
conditions are stricter in the anticipative case?

To understand the role played by anticipation in determining whether it is
optimal to implement zero or positive offshoring, we compare condition (4.67),
under which the anticipating offshoring strategy is u1(t) = 0, with the condition
in (4.72) for the myopic strategy to be u1(t) = 0, i.e.,

d 0 d
k% —x -
— < ’;Jr’; . 4.73)
1
e o
Recalling that A = pp +’; if uy =0and A > pp +1;/ if up = 1, we can write the

following proposition:

Proposition 4.12. If the optimal offshoring in Stage 2 is up = 0, then condition (4.67)
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is equivalent to (4.73). If otherwise the optimal offshoring strateqy in Stage 2 is up = 1,
then condition (4.67) is stronger than (4.73), indicating that the anticipating planner

offshores more cautiously, compared to the myopic one.

CONCLUSIONS AND FURTHER DEVELOPMENTS

This section summarizes the research content, the research contribution, and
the research limits of this paper.

Our results provide valuable insights, especially when comparing anticipa-
tive and myopic strategies. Anticipating a potential disruptive event that could
affect current offshoring conditions leads the planner to adopt a more cautious
approach compared to a myopic planner who chooses to either offshore none or
all of the production based on immediate convenience. Indeed, the condition
required for an anticipating firm to engage in positive offshoring is stricter than
that for a myopic firm, making it “less likely” for an anticipating firm to offshore
any production. Moreover, even when the optimal anticipative strategy involves
offshoring, such offshoring may only be partial. In conclusion, the anticipative
firm might offshore only a portion of the production, if offshoring appears to be
beneficial at all, to account for possible future disruptions.

However, this study still has limitations: the simplicity of the resulting op-
timal offshoring strategy, which in the myopic case and in Stage 2 essentially
can only take the extreme values of 0 or 1, indicates that our toy model is too
simplistic to capture the full complexity of this real-world problem.

For this reason, future research will focus on enhancing and developing
this model to better reflect reality. This will likely render an analytical solu-
tion unattainable, necessitating the use of numerical simulations for qualitative
results. Consequently, we will need to adopt a different solution method. Pon-
tryagin’s Maximum Principle, as opposed to Dynamic Programming, offers a
promising alternative, as it allows us to gain analytical insights into the co-states

and controls without requiring explicit computation.
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Conclusions

This thesis has presented a comprehensive exploration of two-stage opti-
mal control problems with a stochastic switching time and their applications
to various economic models. The work is structured around the development
of theoretical frameworks and the application of these frameworks to practical,
real-world problems, demonstrating the utility and flexibility of the proposed
methodologies. This final chapter synthesizes the findings and suggests direc-

tions for future research.

SUMMARY OF FINDINGS

Theory of Two-Stage Optimal Control Problems. The thesis begins by estab-
lishing a robust theoretical foundation for two-stage optimal control problems
with a stochastic switching time. Two primary solution techniques are explored:
the backward approach and the vintage-structure approach. The backward ap-
proach solves the second stage first, leveraging information about the future
to optimize current decisions. The vintage-structure approach simultaneously
solves both stages, providing a more integrated view of the problem dynamics.

Health Economics Applications. In the domain of health economics, the the-
sis applies the developed theory to model optimal lockdown and vaccination
strategies during the COVID-19 pandemic. The analysis reveals that an antici-
pative approach, which considers the potential discovery of a vaccine, leads to
stricter initial lockdown measures compared to a myopic strategy. This antici-
pative strategy is shown to balance the trade-offs between economic costs and
health outcomes more effectively, resulting in better overall outcomes.

In the same field, the thesis addresses vaccine hesitancy by modeling a
differential game between the healthcare system and a pharmaceutical firm,

both engaging in pro-vaccine communication campaigns. The study finds that
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effective communication is crucial to counter anti-vax actions, influencing public
perception and vaccination rates. The joined communication effort is effective
at mitigating the healthcare costs associated with lower vaccination rates and

the economic implications for pharmaceutical firms due to unsold vaccines.

Climate Change Economics. Another significantapplicationisin climate change
economics. The thesis examines optimal savings and emission abatement poli-
cies in the face of potential climate tipping points. The findings emphasize the
importance of preventive measures, where even modest anticipatory abatement
efforts can significantly mitigate the risks associated with tipping points. This
work highlights the need for proactive environmental policies that account for
the stochastic nature of climate-related disruptions.

Marketing and Production Strategies. The research further extends to mar-
keting strategies under the threat of abrupt changes in production costs. By
comparing the strategies of planners with different levels of foresight, the study
demonstrates that those who anticipate potential disruptions and adjust their
marketing intensity accordingly can achieve better outcomes. This section un-
derscores the cost of myopia and the value of incorporating uncertainty into
strategic planning.

In the area of production management, the thesis explores strategic decisions
regarding offshoring and reshoring under uncertainty, incorporating factors like
the Made-in effect, ethical concerns, and potential disruptions due to unforeseen
circumstances. The study emphasizes the need for adaptive strategies that
account for these uncertainties and highlights how rising ethical concerns and
preferences for local products influence firms” decisions. The findings stress the

importance of flexibility in global production strategies.

DIrecTIONS FOR FUTURE RESEARCH

While this thesis has made substantial contributions, it also opens several

avenues for future research. Some of those are mentioned here below.

Extension to Multi-Stage Problems. Future work could extend the current

two-stage models to multi-stage problems, incorporating multiple switching

192



CHAPTER 4. MARKETING & PRODUCTION

times and stages. This would provide a more nuanced understanding of

decision-making in even more complex and dynamic environments.

Broader Economic Applications. Expanding the applications to other areas of
economics, such as financial markets, supply chain management, and labor eco-
nomics, would further demonstrate the versatility and impact of the developed

methodologies.

CONCLUSION

In conclusion, this thesis has advanced the understanding of two-stage opti-
mal control problems with a stochastic switching time, providing both theoreti-
cal formalization and practical applications. The research highlights the critical
importance of anticipatory strategies in managing uncertainty and optimizing
outcomes across various domains. As the world continues to face complex and
unpredictable challenges, the insights and methodologies developed in this the-
sis will serve as valuable tools for researchers, policy-makers, and practitioners

aiming to navigate and mitigate these uncertainties effectively.
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