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Abstract

In this PhD thesis, we present recent results on symplectic billiards. This class of mathematical
billiards was introduced by P. Albers and S. Tabachnikov as a billiard dynamics having an
area, rather than a length, as generating function. The thesis addresses three different problems
related to this dynamical system.
The first concerns integrability: we establish a Bialy–Mironov type result for symplectic billiards.
The second question is related to the inverse problem, and asks whether the spectral properties of
symplectic billiard dynamics allow us to reconstruct the shape of the domain. In this direction,
we provide two results: one regarding the expansion of Mather’s β-function, and the other
concerning the rigidity property of the so-called area spectrum.
Finally, in the last chapter, we turn to the setting of conformal symplectic dynamics and propose
a model of dissipative symplectic billiards. This system has a global attractor whose topological
and dynamical complexity varies both in terms of the geometry of the billiard table and of the
strength of the dissipation. We focus on the study of an invariant subset of the attractor, the
so-called Birkhoff attractor.
The results of this thesis are contained in [17], [16], [18], and [15].

Sommario

In questa tesi di dottorato presentiamo alcuni risultati nell’ambito dei biliardi simplettici. Questa
classe di biliardi matematici è stata recentemente introdotta da P. Albers e S. Tabachnikov con
lo scopo di definire una dinamica di biliardo in cui la funzione generatrice fosse data da un’area,
e non da una lunghezza, come invece accade nel caso del biliardo di Birkhoff. La tesi affronta
tre diversi problemi legati a questo sistema dinamico.
La prima parte si concentra sullo studio dell’integrabilità, presentando un risultato di tipo
Bialy–Mironov per i biliardi simplettici.
La seconda questione affrontata è legata al problema inverso, ed indaga quanto le proprietà
spettrali della dinamica dei biliardi simplettici, permettano di ricostruire la forma del tavolo. In
questa direzione forniamo due risultati: il primo relativo allo sviluppo asintotico della funzione
β di Mather, il secondo riguardante le proprietà di rigidità del cosiddetto spettro delle aree.
Infine, l’ultimo capitolo rientra nell’ambito della dinamica conformemente simplettica e propone
un modello di biliardi simplettici con dissipazione. Per questo sistema, viene studiato l’attrattore
di Birkhoff al variare sia del parametro dissipativo che della forma del tavolo da biliardo.
I risultati di questa tesi sono contenuti in [17], [16], [18] e [15].
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Introduction

A mathematical billiard is a dynamical system that describes the motion of a mass point (the
billiard ball) inside a planar region (the billiard table) with, in general, a piecewise smooth
boundary. The ball moves with constant speed and without friction, following a rectilinear
path. The straightforwardness and versatility of this model have made mathematical billiards
an object of interest in many different contexts. In fact, depending on the shape of the billiard
table, they show a wide range of dynamical behaviors. Citing A. B. Katok [59], that of billiards
is not a single mathematical theory, but rather a mathematician’s “playground”, where various
methods and approaches, which can later be adapted to other dynamical systems, are tested
and honed.

The standard mathematical billiards, known as Birkhoff billiards, were first introduced by G.
D. Birkhoff in [30], as a mathematical tool to prove some dynamical applications of Poincaré’s
last geometric theorem and its generalizations. This dynamical system, which gives a prototype
model of a Hamiltonian system, describes the trajectory of a massless particle moving with unit
velocity inside a strictly convex planar cavity bounded by perfectly reflecting walls. The point
mass therefore moves according to the standard reflection law, that is, the angle of incidence
is equal to the angle of reflection, see Figure 1. The Birkhoff billiard map turns out to be
a monotone twist map having the length of the segment between two consecutive bounces as
generating function. In particular, it can be studied using Aubry–Mather’s theory.

y

xz

Figure 1: The Birkhoff billiard dynamics.

Later, in the Eighties, J. Moser in [77] popularized another type of billiard dynamics as a toy
model for planetary motion. He named this model outer (or dual) billiard ; in fact given a strictly
convex planar domain Ω, the outer billiard map is defined on the exterior of ∂Ω as follows. A
point A is mapped to F (A) if and only if the segment joining A and F (A) is tangent to ∂Ω
exactly at its middle point and has positive orientation at the tangent point, see Figure 2.
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Introduction

Figure 2: The outer billiard dynamics.

Again, the outer billiard dynamics gives a monotone twist map in which the generating function
is given by the area of the curvilinear triangle shadowed in Figure 2.

In 2018, P. Albers and S. Tabachnikov introduced a new class of billiards called symplectic
billiards, see [1]. As in the Birkhoff case, the billiard table is a strictly convex planar region
with smooth boundary, and the dynamics is described as follows. Three points x, y, z on the
boundary are three consecutive bounces of a symplectic billiard trajectory if and only if the
tangent at the second point, y, is parallel to the line connecting x and z, see Figure 3. For
what follows, it is relevant to stress that, while the Birkhoff billiard dynamics is invariant up to
isometries, the symplectic billiard map commutes with affine transformations of the plane. For
this reason, the results related to this class of billiards often involve affine or equi-affine –that
is, unitary affine– transformations.

y

O

xz

Figure 3: The symplectic billiard dynamics.

Also the symplectic billiard map is a monotone twist map, preserving an area form, and its
generating function is the area of the parallelogram given by two consecutive bounces, i.e.,

ω(x, y) = det(x−O, y −O).

Recently, in [2], P. Albers and S. Tabachnikov introduced the so-called fourth or outer length
billiards. These billiards, lately studied by L. Baracco, O. Bernardi and C. Fierobe in [14],
are the “outer” counterpart to Birkhoff’s billiards: the generating function is the length of the
trajectory –like in the Birkhoff case– which lies outside the convex domain –like in the case of
outer billiards. This class of planar billiards completes the scheme of billiards dynamics lying in-
side or outside a strictly convex domain, and having the area or the length as generating function.
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Introduction

Since Birkhoff’s work [30], billiards have garnered considerable attention in various contexts,
becoming a highly popular subject.

A crucial question in billiard dynamics is integrability, namely the existence of a regular
foliation of the phase-space by invariant curves. There are different ways to define integrability,
including local and/or perturbative notions. We refer to [55] for an exhaustive discussion in
the case of Birkhoff billiards. A particularly strong notion of integrability, which is the first
one that usually is investigated, is the total integrability. It requires the above foliation of the
whole phase-space to consist only of not null-homotopic invariant curves. In 1993, M. Bialy, in
his groundbreaking work [21], translated the total integrability condition of a twist map into
a necessary integral inequality, which involves the construction of a discrete Jacobi field. The
application of this framework to the setting of Birkhoff billiards forces the converse of the usual
isoperimetric inequality and, consequently, leads to the celebrated result that

Totally integrable Birkhoff billiard tables are circles.

In the outer billiard case, the same question has been solved in 2023 by M. Bialy [24], who
established the analogous rigidity for this class of billiards:

Totally integrable outer billiard tables are ellipses.

Here, one of the main differences from the Birkhoff billiards case, is the non-compactness of the
phase-space. To overcome such a problem, the choice of a suitable generating function and the
use of weights are crucial.
The use of the necessary integral condition led to the solution of the total integrability problem
also for symplectic billiards by L. Baracco and O. Bernardi, in [13], who proved that:

Totally integrable symplectic billiard tables are ellipses.

In this case, the phase-space is compact; however, care has to be taken in finding a suitable
choice of variables and an appropriate unitary affine transformation. Finally, for outer length
billiards, it is known that elliptic tables are totally integrable, see [14][Proposition 4]. However,
it is still unknown whether these are the unique cases; in the solution to this fundamental prob-
lem, the non-compactness of the phase-space may produce nontrivial issues.

It is then natural to wonder whether it is possible to relax total integrability by requiring a
smaller part of the phase-space to admit the desired foliation. In 2022, M. Bialy and A. Mironov
[27] obtained a result in this direction, inside the class of centrally symmetric domains. In what
follows, strongly convex means with never vanishing curvature.

Given Ω a centrally symmetric C2 strongly convex domain, if the billiard map of ∂Ω admits
a continuous invariant curve of rotation number 1/4, consisting only of 4-periodic orbits, and
the region between this curve and the boundary of the phase-space cylinder corresponding to the
identity is fully foliated by invariant closed curves, then ∂Ω is an ellipse.

The proof relies on the non-standard generating function from [26], the analysis of 4-periodic
dynamics, and Hopf’s method combined with Wirtinger’s inequality. A perturbative version was
later obtained by V. Kaloshin, C. E. Koudjinan, and K. Zhang in [54].
While for outer billiards the problem is still open, a Bialy–Mironov type result can be obtained
in the symplectic billiards setting. In this case, the theorem follows more easily than in the
Birkhoff one, since by means of some technical lemmas, we are allowed to trace back the prob-
lem to the totally integrable case.
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The detailed discussion of this result can be found in Chapter 2, which presents the paper
“Bialy–Mironov type rigidity for centrally symmetric symplectic billiards”, joint work with L.
Baracco and O. Bernardi, [16].

Another notion of integrability is linked to the existence of a first integral, which is well-known
for Birkhoff billiards both in the case of circles and ellipses (see Section 1.2.1). The existence of
first integrals for these types of billiard tables led to the so-called Birkhoff or Birkhoff–Poritsky
conjecture, first stated in [80]. The conjecture can be stated as:

Are circles and ellipses the unique integrable Birkhoff billiards?

As of writing, this question remains unanswered. However, there are many interesting and
technical results –global, local, and perturbative– in this direction, (see e.g. [42], [10], [46], [57],
[52]). For other billiard dynamics, there are still no conjectures of this type, because it is an
open question which domains play the same role as the ellipses for Birkhoff billiards.

Another intriguing question is to what extent knowledge of the dynamics allows one to recon-
struct the shape of the billiard domain. While it is clear that the shape of the table completely
determines dynamics, one can ask if it is possible to recover some geometric information by
means of spectral properties, related to the action of periodic orbits. As mentioned above, ev-
ery billiard map is a monotone twist map, preserving an area form, with generating function
L(x, y). Consequently, to every closed trajectory {xj}qj=0 (i.e. x0 = xq), corresponds the action∑︁q−1

j=0 L(xj , xj+1). In particular, in the setting of Birkhoff billiards, the action is the length of
the corresponding periodic orbit.
It is now natural to define:

1. the length spectrum as the set of positive real numbers

L(Ω) = N{action of all closed trajectories} ∪ N{l(∂Ω)},

where l(∂Ω) is the perimeter of Ω;

2. the marked length spectrum as the map

ML(Ω) : Q ∩ (0,
1

2

]︃
→ R

that associates to any p/q in lowest terms the maximal length of closed trajectories having
rotation number p/q;

3. the Mather’s β-function, as the map associating to each rotation number ρ ∈ (0, 1/2),

β(ρ) := lim
N→∞

1

2N

N−1∑︂
i=−N

L(xi, xi+1),

where {xi}i∈Z is any minimizing billiard orbit with rotation number ρ. In particular, for
rotation numbers of type 1/q,

β(1/q) := −1

q
ML(Ω)(1/q).

For other types of billiards, the analogous quantities are defined by means of the corresponding
generating functions. In particular, for symplectic and outer billiards, we speak about area
spectrum and marked area spectrum.
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The problem of reconstructing the geometry of the table from the knowledge of the above spectral
objects is linked to a well-known question in the literature, [53], that is:

Can we hear the shape of a drum?

In this direction, one can first ask if it is possible to reconstruct the shape of the billiard table
from knowledge of its Mather’s β-function. S. Marvizi and R. Melrose’s theory of interpolating
Hamiltonians [72] applied to the billiards map, gives as an outcome that the expansion at 0 of
Mather’s β function is:

β(1/q) ∼ β1
q

+
β3
q3

+
β5
q5

+
β7
q7

+ . . .

as q → ∞. Many terms of such expansion for Birkhoff billiards have been computed by A.
Sorrentino in [84]. For symplectic and outer billiards, the first two non-trivial coefficients, β3
and β5, we obtained in [66], while β7 was computed in 2023 in a joint work with L. Baracco and
O. Bernardi, see [17]. As a straightforward consequence, we point out that, while for symplectic
billiards β1 and β3 allow to recognize an ellipse among all strictly-convex planar domains, for
outer billiards the same rigidity result can be achieved by means of β5 and β7.

In Chapter 3, we give a precise description of these results and present the paper “Higher order
terms of Mather’s β-function for symplectic and outer billiards”, joint work with L. Baracco and
O. Bernardi, [17].

The analog result for the coefficients of Mather’s β-function in the outer length billiards setting
was obtained in [14]. In each case, the difficult part is the choice of suitable coordinates and a
convenient parametrization for the boundary of the billiard table.

An alternative direction of study for the inverse spectral problem is the existence of spectrally
rigid classes of domains. In the Birkhoff setting, this means that any family of domains with the
same length spectrum in one of these classes is necessarily isometric. The length spectral rigidity
has been investigated by J. De Simoi, V. Kaloshin, and Q. Wei in [41]. In particular, they proved
that the class of finitely smooth, strictly convex, axially symmetric domains, sufficiently close
to a circle, is length spectrally rigid, that is, any length-isospectral (or dynamically spectrally
rigid) family of domains in this class is necessarily isometric.
Analogously, for symplectic billiards, one can investigate the area spectral rigidity, and ask if any
family of domains in a suitable class, having the same area spectrum, is necessarily equi-affine.

Chapter 4 is devoted to construct two different classes of domains for which the area spectral
rigidity holds, presenting the paper “Area spectral rigidity for axially symmetric and Radon
domains”, joint work with L. Baracco and O. Bernardi, [18]. The distinctive feature of this
result is that it holds not only for the class of axially symmetric domains, similar to the work
of J. De Simoi, V. Kaloshin, and Q. Wei, but also for a class of centrally symmetric domains.

As mentioned above, each of the billiards dynamics presented gives a conservative system,
which means that the corresponding billiard maps preserve an area form. Recently, there has
been growing interest in the study of conformally symplectic dynamics. This refers to the study
of maps f for which the area is no longer preserved. In particular, when an area form σ is
contracted, there exists a constant a ∈ (0, 1), called conformal ratio, such that

f∗σ = a σ.

An interesting question is how to define a reasonable notion of billiard dynamics with dissipation.
In this direction, O. Bernardi, A. Florio and M. Leguil in [20] recently introduced a dissipative
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version of Birkhoff billiards. In this model, the usual reflection law is changed so that the
reflected angle bends toward the inner normal at the incidence point. See Figure 4. Moreover,
different notions of billiards with some form of dissipation have previously been considered by
other authors, see for example [40], [86], [67].

Figure 4: The dissipative Birkhoff billiard map compared with the conservative one.

The aim of Chapter 5 is to introduce a notion of dissipative symplectic billiards, via a conformal
symplectic map. The dynamics is defined as follows. Fix λ ∈ (0, 1]. If γ(t1) and γ(t2) are two
successive bounces, then the dissipative symplectic dynamics gives γ(t3) as next bounce if and
only if the vector γ(t3)−λγ(t1) is parallel to γ′(t2). In other words, the segment passing through
γ(t3) and parallel to γ′(t2) is approaching the origin, when λ approaches 0. See Figure 5. We
will see that the dissipative billiard map Tλ is still a twist map, but it no longer preserves an
area form. Clearly, T1 = T is the usual symplectic billiard map.

Figure 5: The dissipative symplectic billiard map compared with the conservative one.

The dissipative nature of these maps ensures the existence of a global attractor, named “à la
Conley”, and of the Birkhoff attractor, that is the minimal set, w.r.t. inclusion, which is in-
variant, compact, connected, and separating the phase-space. The paper “Birkhoff attractors
for dissipative symplectic billiards”, joint work with L. Baracco, O. Bernardi and A. Florio
[15], presented in Chapter 5, aims to study the Birkhoff attractor for the dissipative symplec-
tic billiard map, according to the dissipative parameter and to the geometry of the billiard table.

Beyond the applications to Birkhoff attractors, the paper presents and proves many properties
for both dissipative symplectic billiard map and conservative symplectic billiards, including:
the formula for the differential of both the dissipative and the symplectic billiard map, the
discussion of the quality and quantity of 4-periodic orbits for the symplectic billiard dynamics
in a centrally symmetric domain, and a result on the fragility of invariant curves of rotation
number 1/4. These results may represent the starting point for further studies on symplectic
billiard dynamics.
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Chapter 1

Twist maps and billiards dynamics

ABSTRACT. The opening section of this chapter introduces monotone twist maps and sum-
marizes key results concerning this class of functions. The presentation follows K. F. Siburg’s
exposition [83], with emphasis on the dynamical aspects of these maps. A more general and
rigorous definition of twist maps, involving the use of lifts, will be provided in Chapter 5. The
subsequent sections survey various billiard dynamics, with particular attention to symplectic
billiards, and present two open problems in the context of mathematical billiards.

1.1 Monotone twist maps

Consider S×(a, b) the annulus, with S = R/2πZ and we allow a = −∞ and / or b = +∞. Given
a diffeomorphism

Φ : S × (a, b) → S × (a, b),

we denote by

ϕ : R × (a, b) → R × (a, b), (x0, y0) ↦→ (x1, y1)

a lift of Φ to the universal cover. Then ϕ is a diffeomorphism and ϕ(x+2π, y) = ϕ(x, y)+(2π, 0).
We assume –if a (resp. b) is finite– that ϕ extends continuously to R × {a} (resp. R × {b}) by a
rotation of fixed angle:

ϕ(x0, a) = (x0 + ρa, a) (resp. ϕ(x0, b) = (x0 + ρb, b)). (1.1.1)

Once the lift is fixed, the numbers ρa, ρb are unique. The choice of ρa (resp. ρb) if a = −∞
(resp. b = +∞) depends on the dynamics at infinity. The next definition of monotone twist
map is well consolidated in literature; we refer, e.g., to [83][Page 2].

Definition 1.1.1. A monotone twist map

ϕ :R × (a, b) → R × (a, b)

(x0, y0) ↦→ (x1, y1)

is a C1-diffeomorphism satisfying the following conditions:

1. ϕ(x0 + 2π, y0) = ϕ(x0, y0) + (2π, 0);

2. ϕ preserves orientation and the boundaries of R × (a, b);

3. ϕ extends to the boundaries by rotation, as in (1.1.1);
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Chapter 1. Twist maps and billiards dynamics

4. ϕ satisfies a monotone twist condition, that is

∂x1
∂y0

> 0; (1.1.2)

5. ϕ is exact symplectic, this means that there exists a generating function L ∈ C2(R × R;R)
for ϕ such that

y1dx1 − y0dx0 = dL(x0, x1). (1.1.3)

The interval (ρa, ρb) ⊂ R is called the twist interval of ϕ.

As a consequence of the exactness of ϕ, the area form σ := dy ∧ dx is preserved by the
monotone twist map.

Remark 1.1.2. In general, a monotone twist map can be defined on a domain of type

{(x0, y0) ∈ S × R : φ−(x0) ≤ y0 ≤ φ+(x0)} (1.1.4)

for some φ−, φ+ : S → R continuous functions with φ− < φ+.

Clearly, L(x0 + 2π, x1 + 2π) = L(x0, x1) and, due to the twist condition, the domain of L is
the strip P = {(x0, x1) : x0 ∈ S , ρa + x0 < x1 < x0 + ρb}. Moreover, the equality (1.1.3) reads{︄

y0 = −L1(x0, x1)

y1 = L2(x0, x1)
(1.1.5)

where Li(x0, x1) = ∂iL(x0, x1), and the twist condition (1.1.2) becomes L12 < 0. As a conse-
quence of the monotone twist condition and (1.1.5), {(xi, yi)}i∈Z is an orbit of ϕ if and only if
it satisfies the relations

L2(xi−1, xi) = yi = −L1(xi, xi+1), ∀ i ∈ Z.

Equivalently, the corresponding bi-infinite sequence x := {xi}i∈Z is a so-called critical configu-
ration of the discrete action functional on RZ:

(ξi)i∈Z ↦→
∑︂
i∈Z

L(ξi, ξi+1).

Example 1.1.3.

1. The simplest example is an integrable twist map that preserves the radial coordinate. The
property of being area-preserving implies that the map has the following form:

ϕ(x0, y0) = (x0 + f(y0), y0)

with f ′ > 0, and the generating function (up to additive constants) is given by
h = h(x1 − x0) with h

′ = f−1.

2. An example of a non-integrable monotone twist map is the standard map:

ϕ : (x, y) ↦→
(︃
x+ y +

k

2π
sin (2πx), y +

k

2π
sin (2πx)

)︃
with k ≥ 0.
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1.1. Monotone twist maps

3. An interesting class of monotone twist maps arises from planar convex billiards, which will
be presented in Section 1.2.

Definition 1.1.4. Given L, a generating function of a monotone twist map ϕ, we say that
a critical configuration x of ϕ is minimal if every finite segment of x minimizes the action
functional with fixed end points, i.e.

l−1∑︂
i=k

L(xi, xi+1) ≤
l−1∑︂
i=k

L(ξi, ξi+1)

for every finite segment (ξk, . . . , ξl) ∈ Rl−k+1 with ξk = xk and ξl = xl.

Given an orbit {(xi, yi)}i∈Z, the map Φ induces a circle map on the first coordinate xi. This
leads to the definition of the rotation number of {(xi, yi)}i∈Z.

Definition 1.1.5. The rotation number of an orbit {(xi, yi)}i∈Z of ϕ is

ρ := lim
i→±∞

xi
i

if such a limit exists.

The orbits for which we can easily compute the rotation number are the periodic orbits
((xi, yi))i∈Z with

xi+q = xi + p

for all i ∈ Z and for some q, p ∈ N with q > 0. Assuming q and p to be coprime, in order to
have q as minimal period, the rotation number will be given by

ρ =
p

q
.

The core of the celebrated Aubry-Mather theory is to establish the existence of orbits for a
monotone twist map of any given rotation number in the twist interval (ρa, ρb). The classical
result for rational rotation number was given by G.D. Birkhoff in [30].

Theorem 1.1.6. Let ϕ be a monotone twist map with twist interval (ρa, ρb), and p/q ∈ (ρa, ρb)
with p, q ∈ N coprime. Then ϕ possesses at least two periodic orbits of rotation number p/q.

The proof of this result consists of using variational methods to construct specific orbits for
monotone twist maps.

Remark 1.1.7. Birkhoff’s theorem is sharp since –in general– one cannot expect more than
two orbits of a given rotation number. This is the case of 2-periodic orbits of Birkhoff billiards
in elliptic tables.

Of particular importance for the dynamics of a monotone twist map ϕ : R×(a, b) → R×(a, b)
are closed invariant curves. If we look at the projection Φ : S × (a, b) → S × (a, b), invariant
curves are divided into two classes: they can either be contractible or homotopically non-trivial.
Lifted to the strip R × (a, b), this means that we consider ϕ-invariant curves which are either
closed or homotopic to R.

Definition 1.1.8. An invariant circle of a monotone twist map ϕ is an embedded, homotopically
non-trivial, ϕ-invariant curve in R × (a, b), respectively in its projection S × (a, b).

Another classical result by G.D. Birkhoff states that invariant circles must project injectively
onto the base. More precisely, the following theorem holds.
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Chapter 1. Twist maps and billiards dynamics

Theorem 1.1.9. Any invariant circle of a monotone twist map is the graph of a Lipschitz
function.

A proof of this theorem can be found, for example, in [82].

S. Aubry and J. N. Mather proved the extension of the above results to irrational rotation
numbers. For more details, we refer to [12].

Theorem 1.1.10. A monotone twist map possesses minimal orbits for every rotation number
in its twist interval; for rational rotation numbers, there are always at least two periodic minimal
orbits. Every minimal orbit lies on a Lipschitz graph over the x-axis. Moreover, if there exists
an invariant circle, then every orbit on that circle is minimal.

The existence of an invariant curve guarantees the following inequality involving the second
derivatives of the generating function. The proof of the following proposition can be found in
[74][Section 6].

Proposition 1.1.11. Let Φ : S× [a, b] be a negative twist map with generating function L, that
is L12 > 0, and let (x1, y1) ∈ S × (a, b). Suppose that Φ preserves an area form on S × [a, b]. If
there exists an invariant curve passing through (x1, y1), then

L11(x1, x2) + L22(x0, x1) < 0,

where Φ(x1, y1) = (x2, y2) and Φ−1(x1, y1) = (x0, y0).

Let us now introduce the notion of conjugate points for a monotone twist map. Consider
a point (x0, y0) ∈ S × (a, b) and the corresponding trajectory (xn, yn) = Φ(x0, y0), n ∈ Z. The
configuration {xn}n∈Z satisfies

L1(xn, xn+1) + L2(xn−1, xn) = 0 ∀n ∈ Z.

Definition 1.1.12. A sequence {ξn}n∈Z ⊂ TxnS is called a Jacobi field along the configuration
{xn}n∈Z if the following equation is satisfied for every n ∈ Z

L12(xn−1, xn)ξn−1 + (L22(xn−1, xn) + L11(xn, xn+1))ξn ++L12(xn, xn+1)ξn+1 = 0. (1.1.6)

Notice that since TxS = R, each vector ξ is just a real number. It is also clear that a Jacobi
field is fully determined by its two successive values.

Definition 1.1.13. Two distinct points xM , xN ∈ {xn}n∈Z of the configuration are said to be
conjugate if there exists a non-zero Jacobi field vanishing at both xM and xN .

Suppose now that Φ is a positive twist map preserving an area form σ, that is Φ∗σ = σ, with
σ = dy ∧ dx. Moreover, we suppose that all the second derivatives of the generating function L
are bounded, that is,

|L11|, |L22|, |L12| ≤ K (1.1.7)

for some constant K > 0.
Consider a configuration {xn}n∈Z for the given monotone twist map, corresponding to the
trajectory {(xn, yn)}n∈Z. If {xn}n∈Z does not admit conjugate points, it is possible to construct
a never vanishing Jacobi field {νn}n∈Z along {xn}n∈Z. Then the function

F (xn, yn) := −L11(xn, xn+1)− L12(xn, xn+1)
νn+1

νn
(1.1.8)

is well-defined along the trajectory {(xn, yn)}n∈Z.
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1.1. Monotone twist maps

Proposition 1.1.14. If in the above hypotheses the monotone twist map has no conjugate points,
then the following inequality holds:

L11(xn, xn+1) + 2L12(xn, xn+1) + L22(xn, xn+1) ≤ F (xn+1, yn+1)− F (xn, yn). (1.1.9)

Proof. We only sketch the proof following [13][Proposition 3.2], and referring to [21][Section 3]
for a detailed proof in the Birkhoff billiards setting. First, by using the monotone twist condition
and the absence of conjugate points assumption, it is possible to construct a proportional, strictly
positive Jacobi field {νn}n∈Z and a corresponding well-defined function on S × (a, b):

F (xn, yn) := −L11(xn, xn+1)− L12(xn, xn+1)
νn+1

νn
.

As a consequence of estimates (1.1.7), F ∈ L1(P, σ). Then, by the positive twist condition
again, it can be easily proved –exactly as in [21][Lemma 4]– that the function F : S× (a, b) → R
satisfies the following inequality:

F (Φ(x1, y1))− F (x1, y1) ≥ L11(x1, x2) + 2L12(x1, x2) + L22(x1, x2).

1.1.1 Mather’s β-function

The existence of orbits of any given rotation number allows us to build the so-called Mather’s
β-function (or minimal action).

Definition 1.1.15. The Mather’s β-function of ϕ is β : (ρa, ρb) → R with

β(ρ) := lim
N→∞

1

2N

N−1∑︂
i=−N

L(xi, xi+1)

where {xi}i∈Z is any minimal configuration of ϕ with rotation number ρ.

This function satisfies the following properties.

Property 1.1.16. Let ϕ be a monotone twist map, and β its minimal action. The following
hold:

1. β is strictly convex and, in particular, it is continuous;

2. β is differentiable at all irrational numbers;

3. if ρ = p/q is rational, β is differentiable at ρ if and only if there is a ϕ-invariant circle of
rotation number p/q consisting entirely of periodic minimal orbits;

4. if Γρ is a ϕ-invariant circle of rotation number ρ, then β is differentiable at ρ with
β′(ρ) =

∫︁
Γρ
ydx.

These are well-known results that can be found in [75].

The Mather’s β-function is relevant because it contains information about the dynamical
behaviour of the twist map. In the setting of mathematical billiards, it plays a crucial role in
the comprehension of different rigidity phenomena.
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Chapter 1. Twist maps and billiards dynamics

1.2 Birkhoff billiards dynamics

A particularly interesting class of monotone twist maps is given by planar convex billiards.

A mathematical billiard consists of a planar domain (billiard table) and a point-mass (bil-
liard ball) that moves freely inside the domain. In other words the point moves along a straight
line with constant speed until it reaches the boundary.
Usual mathematical billiards are the so-called Birkhoff billiards in which the reflection off the
boundary is subject to the reflection law. In other words, at each bounce at the boundary, the
angle of incidence is equal to the angle of reflection. After that the point-mass continues its free
motion with the new unitary velocity until the next bounce. G. D. Birkhoff first proposed this
model in [31] to prove some dynamical applications of Poincaré’s last geometric theorem, and
as a mathematical playground for Hamiltonian dynamics.

y

xz

Figure 1.1: The Birkhoff billiard dynamics.

Let us now give a more precise description of the Birkhoff billiard dynamics and understand
why it is a monotone twist map.

Consider Ω ⊂ R2 a strictly convex bounded domain, with Cr-smooth boundary ∂Ω, where
r ≥ 3. These assumptions are necessary to get a continuous billiard map and a complete flow,
[49]. In this section, we will always work under such hypotheses. Let M be the space of unit
tangent vectors (x, v) whose foot points x ∈ ∂Ω and v are inward directions. The Birkhoff
billiard map is

f : M → M

(x, v) ↦→ (x′, v′),

where x′ represents the point where the trajectory starting at x with velocity v hits the bound-
ary, and v′ the reflected velocity.

Let us suppose ∂Ω to have length l(∂Ω) = 2π. Parametrizing ∂Ω by arclength t, (γ(t) ∈ ∂Ω),
and considering φ the angle between v and the positive tangent line of ∂Ω, it is possible to read
the Birkhoff billiard map as a map of the annulus A := S× (0, π) into itself. In fact, the billiard
map f can be described as

f : A → A

(t, φ) ↦→ (t′, φ′),

and it can be extended to the closure Ā = S× [0, π] by fixing f(t, 0) = f(t, π) = Id, for all t ∈ S.
In particular, by introducing the lift f̃ : R × [0, π] → R × [0, π] of the above map, we have

f̃(t, 0) = (t, 0) and f̃(t, π) = (t, π) + (2π, 0) ∀t ∈ R.
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1.2. Birkhoff billiards dynamics

Denoting by

L(t, t′) := −∥γ(t)− γ(t′)∥ (1.2.1)

the opposite of the Euclidean distance between two consecutive bounces, the following proposi-
tion holds.

Proposition 1.2.1. Let γ(t) and γ(t′) be two consecutive bounces of the Birkhoff billiards map,
and φ,φ′ the angles between the corresponding tangents and the segment connecting γ(t) and
γ(t′). Then the following equalities hold{︄

∂L(t,t′)
∂t = cosφ

∂L(t,t′)
∂t = − cosφ′.

(1.2.2)

Proof. Consider γ(t) = (γ1(t), γ2(t)) and γ(t
′) = (γ1(t

′), γ2(t
′)). Then

L(t, t′) = −∥γ(t)− γ(t′)∥ = −
√︁
(γ1(t)− γ1(t′))2 + (γ2(t)− γ2(t′))2

and by differentiating, we obtain

∂1L(t, t
′) =

∂L(t, t′)

∂t
=

γ(t′)− γ(t)

|γ(t′)− γ(t)|
· γ′(t) = cosφ,

∂2L(t, t
′) =

∂L(t, t′)

∂t′
= − γ(t′)− γ(t)

|γ(t′)− γ(t)|
· γ′(t′) = − cosφ′.

In particular, we get

− cosφ′dt′ + cosφdt = dL(t, t′) (1.2.3)

Taking the differential of (1.2.3), we obtain

0 = d2L(t, t′) = − sinφdφ ∧ dt+ sinφ′dφ′ ∧ dt′,

and as a consequence, the area form

σ := sinφdφ ∧ dt = d(− cosφdt)

is preserved along the dynamics, and moreover it is an exact symplectic form on A.
Consider now the lift f̃ and let’s introduce the coordinates (t, r) := (t,− cosφ) ∈ R × [−1, 1].

Proposition 1.2.2. In the coordinates (t, r), the Birkhoff billiard map

f̃ : R × (−1, 1) → R × (−1, 1)

is a monotone twist map with generating function L(t, t′), preserving the standard area form
dt ∧ dr.

Proof. Let f̃(t, r) = (t′, r′). The only thing we still need to check is the monotone twist condition

∂12L(t, t
′) < 0. (1.2.4)
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Chapter 1. Twist maps and billiards dynamics

Let φ and φ′ be the angles such that r = − cosφ and r′ = − cosφ′, and notice that, by the
definition of the phase-space, sinφ > 0 and sinφ′ > 0. By computation we get

∂12L(t, t
′) =∂1

(︃
− γ(t′)− γ(t)

|γ(t′)− γ(t)|
· γ′(t′)

)︃
=

=− γ′(t)
|γ(t′)− γ(t)|
|γ(t′)− γ(t)|2

· γ′(t′) +
(︃

γ(t′)− γ(t)

|γ(t′)− γ(t)|3
· γ′(t)

)︃
(γ(t)− γ(t′)) · γ′(t′) =

=
γ′(t) · γ′(t′)
|γ(t′)− γ(t)|

−
(︃
γ(t′)− γ(t)

|γ(t′)− γ(t)|
· γ′(t)

)︃(︃
γ(t′)− γ(t)

|γ(t′)− γ(t)|
· γ′(t′)

)︃
1

|γ(t′)− γ(t)|
=

=
1

|γ(t′)− γ(t)|

[︃
cos (φ+ φ′)− cosφ cosφ′

]︃
=

=− sinφ sinφ′

|γ(t′)− γ(t)|
< 0.

Remark 1.2.3. The Birkhoff billiard map is invariant up to isometries of the plane, since this
class of transformations preserves angles.

1.2.1 Integrable billiards and Birkhoff conjecture

A physical phenomenon that is connected to mathematical billiards, are the so-called whispering
galleries. Imagine to be inside a circular domed roof, trying to communicate with someone on
the other side of the dome. An effective way to be heard clearly on the other side is by getting
close to the circular wall and whispering along it. The sound waves get reflected and travel
along the wall, always remaining close to it. In the context of billiards, a whispering gallery is
called a caustic.

Definition 1.2.4. Let Ω be a strictly convex bounded domain in R2. A convex caustic is a closed
C1-curve in the interior of Ω, bounding itself a strictly convex domain, with the property that
each trajectory that is tangent to it stays tangent after each reflection; see Figure 1.2.

Figure 1.2: Example of convex caustic, picture from [82].

More generally, a caustic is defined as a continuous curve inside Ω with the above tangency
property, which does not need to be differentiable, nor to bound a convex domain.

Remark 1.2.5. There exists a relation between convex caustics and invariant circles for the
billiard map. In fact, to a convex caustic corresponds an invariant circle for the billiard map
f ; however, the converse is not entirely true. Birkhoff’s Theorem 1.1.9 ensures that invariant
circles of twist maps are graphs and therefore give rise to caustics; but such caustics need neither
to be convex nor differentiable (see e.g. [61]).
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1.2. Birkhoff billiards dynamics

Let us now present two examples of Birkhoff billiard dynamics.

Example 1.2.6. The simplest example is the one of circular billiard tables. Let Ω be the disk
of unitary perimeter. On the annulus A = S × [0, π], the billiard map is given by

(t′, φ′) = (t+ φ/π, φ).

Since the angle is preserved along the motion, this turns out to be an integrable twist map in the
coordinates (x, y) = (t,− cosφ). The phase-space is fully foliated by invariant circles. Moreover,
speaking about convex caustics, the disk Ω is foliated by concentric circular caustics.

Figure 1.3: Caustics and phase portrait of Birkhoff billiard dynamics in circular tables, pictures
from [82].

Example 1.2.7. Elliptic tables give another well-known example of billiard dynamics. Let
Ω ⊂ R2 be the ellipse of equation

x21
a21

+
x22
a22

= 1

with foci F1 and F2. Let M be the phase-space of the Birkhoff billiard map inside Ω, that is,
the set of unit vectors (x, v) with foot point on the ellipse and v having inward direction. The
function

x1v1
a21

+
x2v2
a22

is an integral of the billiard ball map. For a complete proof of this result, we refer, e.g., to
[87][Theorem 4.4].
Geometrically, the presence of such an integral of the motion has the following interpretation.
Each trajectory of the billiard map inside Ω either:

1. always intersects the open segment between the two foci, or

2. always passes through the two foci alternately, or

3. never intersects the closed segment between the foci.

Speaking about caustics, each trajectory that never intersects a focal point is always tangent
to precisely one confocal conic section: in case 1., the caustic is given by the two branches of a
confocal hyperbola; in case 3. the convex caustic is a confocal ellipse.
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Chapter 1. Twist maps and billiards dynamics

Figure 1.4: Caustics and phase portrait of Birkhoff billiard dynamics in elliptic tables, pictures
from [82].

Notice that, although the phase portrait looks like the pendulum, the dynamics are quite
different. The points (0, 0) and (π, 0) and their translates do not represent equilibria, but
belong to two periodic orbits corresponding respectively to the larger and the smaller axis of the
ellipse. The separatrices represent the orbits of case 2., passing through the foci. The invariant
circles outside the island formed by the separatrices correspond to the convex caustics, while
the homotopically trivial invariant curves correspond to the hyperbola.

Both these examples present the most deterministic behaviour for billiard ball maps, that is
integrability. We refer to Definition 1.1.8 for the notion of invariant circles.

Definition 1.2.8. A billiard table is said to be integrable if a subset of full measure of the
phase-space admits a continuous foliation into invariant circles. We say that the billiard table
is totally integrable if the whole phase-space is foliated by continuous invariant circles.

As described in Example 1.2.6, circles are totally integrable Birkhoff billiard tables. In 1993,
M. Bialy [21] proved the following result concerning global integrability.

Theorem 1.2.9. If the phase-space of the billiard ball map is globally foliated by continuous
invariant curves that are not null-homotopic, then it is a circular billiard.

The proof of this result is based on the existence of a non-vanishing Jacobi field, which allows
us to use inequality (1.1.9), and integrating it on the phase-space to go back to the opposite of
the isoperimetric inequality, obtaining then a circle.

Although circular billiards are the only examples of totally integrable Birkhoff billiard tables,
integrability remains, to this day, an open question. It is known, as shown in Example 1.2.7,
that elliptic billiard tables are integrable. It is widely believed that these are the only examples.

Conjecture 1.2.10 (Birkhoff). Circular and elliptic billiards are the only examples of integrable
Birkhoff billiards.

The first indications of this question can be found in [31]. However, this problem is also
known as the Birkhoff–Poritsky conjecture, since its first appearance as a conjecture was in a
work by Poritsky [80]. Despite its long history, many interesting formulations of this problem,
including perturbative and local ones, remain unanswered. For a detailed survey on the story
and the state of the art of the Birkhoff conjecture, we refer to [56].

1.2.2 Periodic orbits, length spectrum and Inverse spectral problem

In order to distinguish topologically different billiard closed trajectories, we associate to each
orbit its rotation number as defined for general twist maps in Definition 1.1.5. A more geometric
definition can be given as follows, according to [83][Definition 3.1.2].

26



1.2. Birkhoff billiards dynamics

Definition 1.2.11. The rotation number of a periodic billiard trajectory is the rational number

m

n
=

winding number

number of reflections
∈ (0,

1

2

]︃
,

where the winding number m ≥ 1 is defined as follows. Fix the positive orientation of the
boundary ∂Ω and pick any reflection point of of the trajectory on ∂Ω; then follow the trajectory
and measure how many times it goes around ∂Ω in the positive direction until it comes back to
the starting point.

Notice that we restrict ourselves to rotation numbers in (0, 1/2] since a closed trajectory
of rotation number ρ ∈ (0, 1/2] can be seen as one of rotation number 1 − ρ, traversed in the
backward direction.

Applied to convex billiards, Birkhoff’s Theorem 1.1.6 shows that for every m/n ∈ (0, 1/2] in
lowest terms, there are at least two closed trajectories of rotation numberm/n. One of them is an
inscribed n-gon with winding numberm, that maximizes the perimeter (i.e. minimizes the action
functional) amongst all such n-gons; the other one is a saddle point of the action functional. As
n grows, the corresponding trajectory of rotation number m/n shadows the boundary, giving
a rather accurate approximation of ∂Ω. It is then natural to ask if the knowledge of periodic
orbits leads to the reconstruction of the geometry of the table.

Definition 1.2.12. (i) The length spectrum of Ω is defined as the set

L(Ω) := N{lengths of all the closed trajectories in Ω} ∪ N l(∂Ω),

where l(∂Ω) is the perimeter of the billiard table.

(ii) The marked length spectrum of a strictly convex domain Ω is the map

ML(Ω) : Q ∩ (0,
1

2

]︃
→ R

that associates to any m/n in lowest terms the maximal length of closed trajectories having
rotation number m/n.

Bikhoff’s Theorem ensures that the marked length spectrum is a well-defined map, labeling
the corresponding closed trajectory of maximal length by its rotation number. On the other
hand, the length spectrum contains information on all closed trajectories in an “unformatted”
form. By means of the marked length spectrum, it is also possible to express the Mather’s β-
function for Birkhoff billiards for any rational rotation number. In fact, starting from definition
1.1.15, one can see that for each 0 < m/n ≤ 1/2,

β(m/n) = − 1

n
ML(Ω)(m/n). (1.2.5)

These objects lead to some natural questions.

What information on the geometry of the billiard domain do closed orbits carry? Do knowledge
of the length spectrum or marked length spectrum allow one to reconstruct the billiard domain?

More precisely, V. Guillemin and R. Melrose in [48] asked the following question.

Question I. Let Ω1 and Ω2 be two strictly convex planar domains with smooth boundaries and
assume that they have the same marked length spectrum, i.e., ML(Ω1) = ML(Ω2). Is it true
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Chapter 1. Twist maps and billiards dynamics

that Ω1 and Ω2 are isometric?

This question can be rephrased by means of Mather’s β-function and of relation (1.2.5), as done
by A. Sorrentino in [84].

Question I (bis). Let Ω1 and Ω2 be two strictly convex planar domains with smooth bound-
aries and assume that they have the same Mather’s β-function, i.e., βΩ1 = βΩ2 . Is it true that
Ω1 and Ω2 are isometric?

The problem of reconstructing the billiard shape from the length spectrum can be rephrased as:

Can one hear the shape of a billiard?

Moreover, this question turns out to be tightly related to the classical spectral problem can one
hear the shape of a drum?, as formulated by Kac [53]. In fact, there exists a remarkable relation
between the length spectrum of a Birkhoff billiard in a strictly convex compact domain Ω, and
the spectrum of the Laplace operator in Ω with Dirichlet boundary condition:{︄

∆f + λ2f = 0 in Ω

f |∂Ω = 0.

Let Spec∆(Ω) = {0 < λ1 ≤ λ2 ≤ . . . } be the Laplace spectrum of eigenvalues solving the
problem. The famous question of M. Kac, in its original version, asks whether it is possible to
recover the domain from the Laplace spectrum. Denoting by

w(t) := Re

(︃ ∑︂
λn∈Spec∆(Ω)

eiλnt

)︃

the wave trace of the Laplace operator, Anderson and Melrose in [4] proved that

sing.supp.(w(t)) ⊆ ±L(Ω) ∪ {0}, (1.2.6)

and generically, equality holds.
Given a class M of domains and a domain Ω ∈ M, we say that is spectrally determined in M
if it is the unique element (modulo isometries) of M with its Laplace Spectrum: if Ω,Ω′ ∈ M
are isospectral, i.e., Spec∆(Ω) = Spec∆(Ω

′), then Ω′ is the image of Ω by an isometry (i.e.,
a composition of translations and rotations). The question of Kac can be thus formulated as
follows, assuming that we have fixed a class of domains M:

Inverse spectral problem. Is every Ω ∈ M spectrally determined?

From relation (1.2.6), it is consequently natural to pose the same questions as above in this
dynamical setting. We say that a domain Ω is dynamically spectrally determined in the class
M, if it is the unique element (modulo isometries) of M with its length spectrum.

Inverse dynamical spectral problem. Is every Ω ∈ M dynamically spectrally determined?

The length spectral rigidity problem has been recently studied by J. De Simoi, V. Kaloshin, and
Q. Wei in [41]. We refer to [58] for a detailed discussion of the inverse spectral problem.
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1.3. Outer billiards

1.3 Outer billiards

Another type of billiard dynamics was introduced by J. Moser in [77] as a toy model for planetary
motion. He named this model outer (or dual) billiard. Given a strictly convex planar domain
Ω, the outer billiard map is defined on the exterior of ∂Ω as follows. A point A is mapped to
F (A) iff the segment joining A and F (A) is tangent to ∂Ω exactly at its middle point and has
positive orientation at the tangent point. We refer to Figure 1.5.

Figure 1.5: The outer billiard map reflection.

The natural phase-space for the outer billiard map is the cylinder S × (0,+∞). We notice
that F is continuous and can be continuously extended to S× [0,+∞) by fixing S×{0}. We set
ρ = 1/2 at +∞ so that the twist interval is (0, 1/2). Moreover –we refer e.g. to [28]– also such
an F satisfies the twist condition, with the area of the curvilinear triangle of vertices x, F (A)
and y (see Figure 1.5 again) as a generating function. In view of all these facts, the marked area
spectrum for the outer billiard map is defined as follows.

Definition 1.3.1. The marked area spectrum for the outer billiard is the map

MAo(Ω) : Q ∩ (0,
1

2

)︂
→ R

that associates to any m/n in lowest terms the minimal area of the periodic trajectories having
rotation number m/n.

We notice that periodic outer billiard minimal trajectories (with winding number = 1) corre-
spond to convex polygons realizing the minimal (circumscribed) area, the so-called best approx-
imating circumscribed polygons. Analogously to the previous section, we denote by Pc

n the set
of circumscribed convex polygons with at most n vertices and

δ(Ω,Pc
n) := inf{δ(Ω, Pn) : Pn ∈ Pc

n} (1.3.1)

where δ(Ω, Pn) := Area(Ω △ Pn) is the area of the symmetric difference of Ω and Pn, as in
(1.4.5). Consequently:

β

(︃
1

n

)︃
=

1

n

(︃
MAo(Ω)

(︃
1

n

)︃
−Area(Ω)

)︃
=

1

n
δ(Ω,Pc

n). (1.3.2)

For a detailed description of the outer billiard dynamics, see for example [88].
Regarding integrability, M. Bialy has recently established the following remarkable global result
for this class of billiards [24].

Theorem 1.3.2. If the outer billiard of ∂Ω is totally integrable, i.e., the phase-space is foliated
by continuous rotational (i.e., non-contractable in the phase-space) invariant curves, then ∂Ω is
an ellipse.
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Chapter 1. Twist maps and billiards dynamics

1.4 Symplectic billiards

Symplectic billiards were introduced by P. Albers and S. Tabachnikov in 2018, in [1]. In the
previous sections, we introduced two well-studied classes of mathematical billiards: Birkhoff
billiards and outer billiards. Looking at their variational formulations, we can see that in the
first case, periodic orbits correspond to inscribed polygons of extremal perimeter length; in the
second case, periodic trajectories are realised by circumscribed polygons of extremal area.
It was then natural for the authors to consider two other planar billiards: inner with area and
outer with length. Inner planar billiards with area as generating function are the so-called sym-
plectic billiards, and their variational formulation is the following: if the points x ∈ ∂Ω and
z ∈ ∂Ω are fixed, the position of the point y ∈ ∂Ω on the billiard curve is determined by the
condition that the area of the triangle xyz is extremal. In this section, we present in detail the
definition and the main properties of this interesting class of mathematical billiards, following
the work of Albers and Tabachnikov [1].

Let Ω be a strictly-convex planar domain with smooth boundary ∂Ω and fixed orientation,
and assume the origin of the plane to be inside Ω. Moreover, throughout the thesis, we suppose
∂Ω to have everywhere positive curvature, k > 0. Since Ω is strictly-convex, for every point
x ∈ ∂Ω there exists a unique point x∗ such that

Tx∂Ω = Tx∗∂Ω,

and we name x∗ the opposite of x.

O

x∗

x

Figure 1.6: Opposite points.

We refer to

P̂ := {(x, y) ∈ ∂Ω× ∂Ω : x < y < x∗}

as the (open, positive) phase-space, where by x < y < x∗ we mean that, following the orientation
of the boundary and starting from x, y is before x∗.

Consider ω to be the standard area form on R2, so given two vectors v = (v1, v2) and w = (w1, w2)
attached at a point x ∈ R2, ω(x; v, w) is the oriented area of the parallelogram spanned by v
and w,

ω(x; v, w) = det

(︃
v1 w1

v2 w2

)︃
= v1w2 − v2w1.

In what follows, if the point x is the origin of R2, we denote the area form by ω(v, w). Notice
also that, by direct computations, the following equality holds for every τ, v, w ∈ R2,

ω(τ ; v, w) = ω(v, w) + ω(v − w, τ). (1.4.1)
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1.4. Symplectic billiards

By mean of the area form, denoting by ν the outer normal of ∂Ω, the phase-space P̂ can be read
also as

P̂ = {(x, y) ∈ ∂Ω× ∂Ω : ω(νx, νy) > 0}.

Lemma 1.4.1. Given (x, y) ∈ P̂ there exists a unique point z ∈ ∂Ω such that

z − x ∈ Ty∂Ω.

Furthermore, the new pair (y, z) lies again in the phase-space P̂.

Proof. Since (x, y) ∈ P̂, it is clear that Tx∂Ω intersects Ty∂Ω transversely, and by the strict
convexity assumption we get

(x+ Ty∂Ω) ∩ ∂Ω = {x, z}.

Moreover, z ̸= x since otherwise Ty∂Ω = Tz∂Ω = Tx∂Ω that contradicts the hypothesis x < y <
x∗. In other words, the line through x parallel to Ty∂Ω intersects in a new point z.
To show that (y, z) ∈ P̂, we observe that if y is close to x, then so is z, and therefore ω(νx, νy) > 0
implies ω(νy, νz) > 0. Assume now that x < y < x∗ and ω(νy, νz) ≤ 0. By continuity and moving
y close to x, we can arrange ω(νy, νz) = 0. But this immediately implies that Ty∂Ω = Tz∂Ω ,
which implies y = x, and contradicts the hypothesis.

The symplectic billiard map is defined as follows (see [1][Page 5]):

T̂ : P̂ → P̂, (x, y) ↦→ (y, z)

where z is the unique point satisfying

z − x ∈ Ty∂Ω,

and Lemma 1.4.1 ensures that the map is well-defined.

y

O

xz

Figure 1.7: The symplectic billiard dynamics.

Remark 1.4.2. The same dynamics can be defined on the negative part of the phase-space
{(x, y) ∈ ∂Ω× ∂Ω : x∗ < y < x} simply by reversing the orientation.

The symplectic billiard map can be extended to the clousure of P̂ by continuity imposing

T̂ (x, x) = (x, x) and T̂ (x, x∗) = (x∗, x)

for every x ∈ ∂Ω.

Lemma 1.4.3. The continuous extension T̂ (x, x∗) = (x∗, x) is characterized by the 2-periodicity,
in other words T̂ (x, y) = (y, x) is equivalent to y ∈ {x, x∗}.
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Chapter 1. Twist maps and billiards dynamics

Proof. The continuous extension precisely gives one direction, so we just need to check the other
one. Assuming T̂ (x, y) = (y, x), if (x, y) ∈ P̂, then by Lemma 1.4.1,

(x+ Ty∂Ω) ∩ ∂Ω = {x, y}

with x ̸= y, but this contradicts the fact that Ty∂Ω∩∂Ω = {y}. Therefore, either (x, y) = (x, x)
or (x, y) = (x, x∗).

Let us now check that the generating function for the symplectic billiard map is actually an
area.

Lemma 1.4.4. The function L : P̂ → R, (x, y) ↦→ L(x, y) := ω(x, y) is a generating function
for T̂ , that is

T̂ (x, y) = (y, z) ⇐⇒ d

dy

[︃
L(x, y) + L(y, z)

]︃
= 0.

Proof.

d

dy

[︃
L(x, y) + L(y, z)

]︃
= ω(x, v) + ω(v, z) ∀v ∈ Ty∂Ω

= ω(x− z, v) = 0 ⇐⇒ x− z ∈ Ty∂Ω.

Remark 1.4.5. The area of the triangle xyz in Figure 1.7 equals

1

2
[L(x, y) + L(y, z) + L(x, z)]

which differs from L(x, y) + L(y, z) by a function of x and z, having no effect on the partial
derivative with respect to y.

Let us now verify that, up to a good choice of the coordinates, the symplectic billiard map
is monotone twist.

Let us suppose ∂Ω to have length l(∂Ω) = 2π, and let γ(t) be a parametrization of the curve
∂Ω, with 0 ≤ t ≤ 2π. We denote by t∗ the parameter giving γ(t∗) the opposite of γ(t). Through
such parametrization and with an abuse of notation, we indicate phase-space

P̂ = {(t1, t2) ∈ S × S : γ(t1) < γ(t2) < γ(t∗1)}

and the symplectic billiard map writes

T̂ : P̂ → P̂, (t1, t2) ↦→ (t2, t3) ⇐⇒ γ(t3)− γ(t1) || γ′(t2).

Defining L(t1, t2) := ω(γ(t1), γ(t2)) we get T̂ (t1, t2) = (t2, t3) if and only if

L2(t1, t2) + L1(t2, t3) = 0. (1.4.2)

Let us now introduce the new variables

s1 := −L1(t1, t2), s2 := L2(t1, t2) (1.4.3)

and the 2-form on S × S
σ := L12(t1, t2)dt1 ∧ dt2. (1.4.4)

We name
P := {(t1, s1) : s1 = −L1(t1, t2), (t1, t2) ∈ P̂},

and notice that on P, σ = dt1 ∧ ds1.
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1.4. Symplectic billiards

Lemma 1.4.6. The variables (t, s) are coordinates on the phase-space P̂, and σ is an area form
therein. The symplectic billiard map on P, T : P → P is a monotone twist map, and the area
form is T -invariant: T ∗σ = σ.

Proof. Identifying R2 with C, we get

−∂s1
∂t2

(t1, t2) = L12(t1, t2) = ω(γ(t1), γ(t2)) = ω(−iγ′(t1),−iγ′(t2)) > 0,

since −iγ′(t) is the outward normal vector to ∂Ω at point γ(t) and, since (t1, t2) ∈ P̂,

ω(νγ(t1), νγ(t2)) > 0.

It follows that σ is an area form on P̂. It also follows that the Jacobian of the map

(t1, t2) ↦→ (t1, s1)

does not vanish, therefore (t1, s1) are coordinates. The twist condition ∂t2/∂s1 < 0 follows as
well: indeed, ∂s1/∂t2 = −L12(t1, t2) < 0. Finally, by taking the exterior derivative of (1.4.2)
and wedge multiply by dt2, we get that the 2-form L12(t1, t2)dt1 ∧ dt2 is invariant.

The symplectic billiard map is therefore a monotone twist map. Thus, a variety of results
about monotone twist maps apply to symplectic billiard. In particular, Theorem 1.1.6 gives that
for every period n ≥ 3 and any winding number 1 ≤ k ≤ [n/2], the symplectic billiard has at
least two distinct n-periodic orbits with winding number k. The twist interval is (0, 1/2).

Remark 1.4.7. We finally stress that analogously to what happens for isometries applied to
the Birkhoff billiard map (Remark 1.2.3), the symplectic billiard map is invariant up to affine
transformations of the plane. In fact, this class of transformations does not affect the tangent
directions nor the parallelism condition.

1.4.1 Caustics and integrability for symplectic billiards

Let us now present an example of symplectic billiard dynamics.

Example 1.4.8. As in the Birkhoff billiards case, the easiest example of symplectic billiard
dynamics is given by circles. Let Ω be a circle and let T̂ : P̂ → P̂ be symplectic billiard map
inside Ω,

T̂ (x, y) = (y, z) ⇐⇒ x− z ∈ Ty∂Ω.

By a simple proof of synthetic geometry, one can easily notice that this occurs if and only if the
angle of incidence is equal to the angle of reflection, see Figure 1.8.

y

O

xz

Figure 1.8: The symplectic billiard map in the circles.

33



Chapter 1. Twist maps and billiards dynamics

This means that in circles

Birkhoff billiard dynamics = Symplectic billiard dynamics

and, in particular, allows us to conclude that circular symplectic billiard tables are totally inte-
grable.

Moreover, since it is always possible to map a circle into an ellipse through an affine transforma-
tion, the invariance of the symplectic billiard map up to affinities (see Remark 1.4.7), directly
implies that also elliptic symplectic billiard tables are totally integrable.

The previous example leads to the following natural question.

Question II. Are ellipses the only totally integrable symplectic billiard tables?

In 2024, L. Baracco and O. Bernardi [13] gave a positive answer to this question and proved the
following result concerning global integrability for symplectic billiards.

Theorem 1.4.9. The only totally integrable symplectic billiards are ellipses

The proof, as Bialy did in the Birkhoff billiards case, is based on the integral inequality
1.1.9. After adjusting the phase-space, making use of a non-standard generating function, and
through a unitary affine transformation the integral inequality leads to the opposite of the stan-
dard isoperimetric. In particular, the initial domain is forced to be an ellipse.

Unlike the Birkhoff billiards case, we still don’t have any example of integrable but not totally
integrable symplectic billiards dynamics. In particular, the following question remains open.

Question II (bis). Are there examples of integrable symplectic billiard tables which are not
totally integrable? What could be the analog of the Birkhoff conjecture for symplectic billiards?

Analogously to what was done in Section 1.2.1 for Birkhoff billiards, caustics are defined for
symplectic billiards as the continuous curves inside Ω with the property that each trajectory
that is tangent to such a curve stays tangent to it after each iteration of the symplectic billiard
map. As pointed out for Birkhoff billiards, there exists a relation between caustics and invariant
curves. In particular, the absence of caustics implies the non-integrability of the symplectic
billiard map inside Ω.

Theorem 1.4.10. Let ∂Ω be a smooth closed convex curve whose curvature vanishes at some
point. Then the symplectic billiard in Ω has no caustics.

Proof. By Mather’s analytic condition 1.1.11, a necessary condition for the existence of a caustic
is L22(t1, t2) + L11(t2, t3) < 0, since L12 > 0. Let t be the arclength parameter and γ(t) the
arclength parametrization of ∂Ω. Since L(t1, t2) = ω(γ(t1), γ(t2)), we have

L22(t1, t2) = ω(γ(t1), γ
′′(t2)) = k(t2)ω(γ(t1), iγ

′(t2)),

and likewise for L11(t2, t3), where k is the curvature of γ. If k(t2) = 0, then

L22(t1, t2) + L11(t2, t3) = 0,

violating Mather’s criterion.
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This result generalizes to symplectic billiards the analog theorem for Birkhoff billiards by J.
N. Mather, see [74]. In particular, when discussing integrability, we will then focus on strongly
convex domains, i.e., those with non-vanishing curvature.

Restricting to strongly convex domains with infinitely smooth boundaries, the existence
of caustics is provided by KAM theory. For usual Birkhoff billiards, this result is given by
Lazutkin’s Theorem, see [63].

Theorem 1.4.11. Let Ω be a strongly convex domain and let γ be an infinitely smooth parametriza-
tion of ∂Ω. Arbitrarily close to the curve γ, there exist smooth caustics for the symplectic billiard
map; the union of these caustics has positive measure.

For the proof of the result we refer to [1][Section 2.3.2].

1.4.2 Periodic orbits and area spectrum

As in Definition 1.2.12 for Birkhoff billiards, it is possible to construct analogous objects for
the symplectic billiard map. Since the generating function is an area, we will speak about area
spectrum and marked area spectrum.

Let {xj}qj=0 be a periodic trajectory for the symplectic billiard map, that is,

T̂ (xj−1, xj) = (xj , xj+1) ∀j = 1, . . . q − 1, x0 = xq.

Its action is defined as
q−1∑︂
j=0

ω(xj , xj+1)

and in particular, if the periodic trajectory winds once around ∂Ω, 1
2

∑︁q−1
j=0 ω(xj , xj+1) is the

area of the convex polygon inscribed in ∂Ω with vertices {xj}qj=0.

Definition 1.4.12. (i) The area spectrum for the symplectic billiard in Ω is the set of positive
real numbers

A(Ω) = N{action of all closed trajectories of T̂ } ∪ N{AΩ},

where AΩ is the area of Ω.

(ii) The marked area spectrum for the symplectic billiard is the map

MAs(Ω) : Q ∩ (0,
1

2

)︂
→ R

that associates to any m/n in lowest terms the maximal area of the periodic trajectories
having rotation number m/n.

Clearly, periodic symplectic billiard maximal trajectories (with winding number = 1) corre-
spond to convex polygons realizing the maximal (inscribed) area. We call them best approxi-
mating polygons inscribed in Ω. More precisely, let P i

n the set of all convex polygons with at
most n vertices that are inscribed in Ω. We define

δ(Ω,P i
n) := inf{δ(Ω, Pn) : Pn ∈ P i

n} (1.4.5)
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where δ(Ω, Pn) := Area(Ω △ Pn) is the area of the symmetric difference of sets Ω and Pn. Then:

β

(︃
1

n

)︃
= − 2

n
MAs(Ω)

(︃
1

n

)︃
= − 2

n

(︁
Area(Ω)− δ(Ω,P i

n)
)︁
. (1.4.6)

We underline that the sign minus in the above equality comes from the use of the generating
function −ω(x, y); in fact –according to Definition 1.1.15– the Mather’s β-function is defined by
using minimal, instead of maximal, trajectories.
The theory of interpolating Hamiltonians, [72], applied to symplectic billiards, provides an
asymptotic expansion for MAs(Ω)(1/n) in negative even powers of n:

MAs(Ω)(1/n) ∼ a0 +
a1
n2

+
a2
n4

+
a6
n6

+ . . . as n→ ∞.

The coefficient a0 in this case is the area of the table Ω and a1 = −λ3/12, where λ indicates the
total affine length of the curve ∂Ω (see Section 3.2 for details on affine parameterization). In
affine geometry the isoperimetric equality for strictly convex closed curves is

λ3 ≤ 8π2AΩ

with equality if and only if ∂Ω is an ellipse. This immediately leads to the following consequence.

Theorem 1.4.13. The first two coefficients, a0 and a1, make it possible to recognize an ellipse:
one always has the inequality

−3a1 ≤ 2π2a0

with equality if and only if ∂Ω is an ellipse.

Remark 1.4.14. The statement of Theorem 1.4.13 can be rephrased as one can hear the shape
of an ellipse. This leads to an interesting open question: can one interpret the sequence
a0, a1, a2, . . . as a true spectrum? Is there a differential operator whose spectrum is this se-
quence? In the Birkhoff billiards case, the relation with the Laplace operator is well-known.

We conclude this section by recalling that in [76] D.E. McClure and R.A. Vitale study
circumscribed (resp. inscribed) polygons for which D(Ω, Pn) is minimal, where D(Ω, Pn) de-
notes different “distances” between Ω and Pn, including –besides the area of the symmetric
difference– the Hausdorff distance and the difference of the perimeters of Ω and Pn. In such
a paper, see Theorems 1 and 5, they prove that inf{D(Ω, Pn) : Pn ∈ Pc

n} = O(1/n2) (resp.
inf{D(Ω, Pn) : Pn ∈ P i

n} = O(1/n2)) when n→ +∞ for all considered measures D. Moreover,
see [76][Theorems 2,3,6 and 7] sequences of polygons are explicitly constructed giving asymp-
totically efficient approximations of Ω.
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Chapter 2

Bialy–Mironov type rigidity for
centrally symmetric symplectic
billiards

ABSTRACT. The aim of this chapter is to present the paper “Bialy–Mironov type rigidity
for centrally symmetric symplectic billiards”, joint work with L. Baracco and O. Bernardi, [16],
which establishes a Bialy–Mironov type rigidity for centrally symmetric symplectic billiards.
For a centrally symmetric C2 strongly-convex domain Ω with boundary ∂Ω, assume that the
symplectic billiard map has a (simple) continuous invariant curve δ ⊂ P of rotation number
1/4 (winding once around ∂Ω) and consisting only of 4-periodic orbits. If one of the parts be-
tween δ and each boundary of the phase-space is entirely foliated by continuous invariant closed
(not null-homotopic) curves, then ∂Ω is an ellipse. The differences with Birkhoff billiards are
essentially two: it is possible to assume the existence of the foliation in one of the parts of the
phase-space detected by the curve δ, and the result is obtained by tracing back the problem
directly to the totally integrable case.

2.1 Introduction

Crucial questions for any billiard dynamics comprehend integrability, which means the exis-
tence of a regular (i.e. at least C0) foliation of the phase-space consisting of invariant, not
null-homotopic curves. There are different ways to define integrability, including local and/or
perturbative notions. We refer to [55] for an exhaustive discussion in the case of Birkhoff bil-
liards. In particular, a billiard is called totally –or full globally– integrable if the foliation fill
the whole phase-space. The first celebrated result that totally integrable Birkhoff billiards are
circles was proved by M. Bialy [21] in 1993. It is based on a generalization of Hopf’s argument,
constructing a (discrete) Jacobi field without conjugated points, and uses the usual planar
isoperimetric inequality. We refer to [92] for an alternative subsequent proof of this theorem
based on genuine dynamical arguments. Finally, we notice that an additional quicker proof
can also be performed by using different recent coordinates introduced in [26, Section 3.1], see
also [22, Formula (14)]. In 2023, M. Bialy [24] establishes –with the same integral-geometric
approach– the corresponding rigidity phenomenon for outer billiards: if an outer billiard is to-
tally integrable, then the boundary of the billiard table is an ellipse. It is worth noting that,
in such a case, a specific generating function as well as the use of suitable weights –in order
to overcome the non-compactness of the phase-space– play a fundamental role. Finally, the
result is reduced to the Blaschke-Santalo inequality. In the same year, the first two authors of
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the paper we aim to present, proved [13] that the only totally integrable symplectic billiards are
ellipses by using –beyond the well-consolidated integral approach coming from Hopf’s method–
the affine equivariance of the symplectic billiard map in order to take back the problem to the
isoperimetric inequality. We finally refer to [17] for other recent advances on symplectic (and
outer) billiards.

It is consequently quite natural trying to apply the previous successful framework to search
for other rigidity results, by relaxing the totally integrability assumption. In such a direction,
a fundamental contribution is due to M. Bialy and A.E. Mironov [27] in 2022, proving the
so-called Birkhoff-Poritsky conjecture for centrally symmetric C2 strongly-convex (i.e. with
positive curvature) domains Ω. Their main theorem can be stated as follows. Assume that the
Birkhoff billiard map of ∂Ω has a (simple) continuous invariant curve of rotation number 1/4
(winding once around the phase-space cylinder) and consisting only of 4-periodic orbits. More-
over, suppose that the domain between this invariant curve and the boundary of the phase-space
cylinder corresponding to the identity is entirely foliated by continuous invariant closed (not
null-homotopic) curves. Then ∂Ω is an ellipse. As clearly explained by the authors, the main
ingredients of the proof are the use of the non-standard generating function for convex Birkhoff
billiards introduced in [26], the accurate study of the properties of the above 4-periodic orbits
and –in order to conclude– the Hopf’s approach combined with Wirtinger’s inequality. We also
recall the contemporary paper [29] by M. Bialy and D. Tsodikovich where billiard tables with
rotational symmetries of order greater than 3 (therefore strengthening the centrally symmet-
ric hypothesis) are considered. In this article, the geometric assumptions allow the authors to
weaken the total integrability to a region of the phase-space (in particular, to a neighborhood of
a specific invariant curve formed by periodic points whose rotation number is linked to the order
of symmetry of the billiard table). The results, essentially based on the remarkable structure
of the invariant curves as well as the billiard tables, apply to Birkhoff, outer, symplectic and
Minkowski billiards.

The aim of this chapter is to establish a Bialy-Mironov type rigidity for centrally symmetric
symplectic billiards, as stated in the next theorem. In the sequel, we indicate T : P → P the
symplectic billiard map and we refer to the beginning of Section 1.4 for details on the precise
definition of the phase-space P.

Theorem 2.1.1. Let Ω be a centrally symmetric C2 strongly-convex domain with boundary ∂Ω.
Assume that the symplectic billiard map T : P → P of ∂Ω has a (simple) continuous invariant
curve δ ⊂ P of rotation number 1/4 (winding once around ∂Ω) and consisting only of 4-periodic
orbits. If one of the parts between δ and each boundary of the phase-space P is entirely foliated
by continuous invariant closed (not null-homotopic) curves, then ∂Ω is an ellipse.

We stress that, differently from Birkhoff case, the symmetric properties of the generating function
for symplectic billiards in centrally symmetric tables allow to assume the existence of the foliation
of invariant curves in one of the parts of the phase-space detected by the curve δ. Moreover,
another difference from the “classical case” is that the proof of the above theorem is based on
some technical lemmas (similar to Lemmas of [13, Section 4]) which allow us to trace back the
problem to the totally integrable case studied in [13]. On the contrary, the Birkhoff case needs
ad hoc arguments as explained right above. As a consequence, the techniques used to prove
Theorem 2.1.1 don’t fit if we consider smaller regions, e.g. by replacing δ with an invariant
curve of rotation number 1/2n with n ≥ 3 or if we investigate on other billiard dynamics. We
refer for example to the outer billiard case, which is particular both for the non-compactness of
the phase-space and for the expression of the generating function.

Straightforward consequences of Theorem 2.1.1 are the following corollaries (corresponding
respectively to Corollaries 1.3 and 1.2 in [27]).
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Corollary 2.1.2. If the symplectic billiard map T : P → P has a C1 first integral with non
vanishing gradient on one of the closed parts between δ and each boundary of the phase-space P,
then ∂Ω is an ellipse.

In fact, a C1 first integral with non vanishing gradient in a region of the phase-space induces a
foliation by continuous invariant closed (not null-homotopic) curves. Since a boundary of this
region is, by hypothesis, the curve δ, Theorem 2.1.1 immediately applies.

Corollary 2.1.3. Suppose that one of the next two hypotheses holds.

1. A neighborhood of ∂Ω is C1-foliated by convex caustics of rotation numbers (0, 1/4];

2. A neighborhood of the center of symmetry of Ω is C1-foliated by convex caustics of rotation
numbers [1/4, 1/2).

Then ∂Ω is an ellipse.

The above corollary follows from these facts. By a standard argument, a foliation of differentiable
convex caustics of given rotation numbers corresponds to a foliation of continuous invariant
closed (not null-homotopic) curves with the same rotation numbers (see e.g. [82, Pages 44-45]).
In order to conclude the existence of the curve δ, consisting only of periodic orbits, we need the
foliation to be C1. In fact, in such a case, the area form preserved by T induces an absolute
continuous invariant measure on each leaf of the foliation. The invariance of such a measure
assures that every invariant curve of rational rotation number is made up only of periodic orbits
(non periodic orbits of rational rotation number should be asymptotic to periodic ones, [60,
Propositions 11.1.4 and 11.2.2]). In particular, hypothesis 1. or 2. of Corollary 2.1.3 implies the
ones of Theorem 2.1.1.
Remarkably, Theorem 2.1.1 can also be interpreted as a rigidity result in terms of the Mather β-
function. In the context of rigidity, an important question is the following. Consider two strictly
convex planar domains Ω1,Ω2 ⊂ R2, and assume their Mather β-functions coincide, i. e. β1 = β2.
What can we say about the domains? Are they equal, up to unitary affine transformations of
the plane? If Ω1 is an ellipse, then Theorem 2.1.1 provides the following positive answer.

Theorem 2.1.4. Let Ω1 and Ω2 be two strictly convex centrally symmetric planar domains, with
C2-smooth boundaries, and assume Ω1 to be an ellipse. Suppose that the Mather β-functions
satisfy

β1(ρ) = β2(ρ), ∀ρ ∈
(︁
0,

1

4

]︃
.

Then Ω2 is an ellipse, corresponding to Ω1 up to a unitary affine transformation.

The analogue for Birkhoff billiards was proven by M. Bialy in [23, Theorem 2.3].
This result is important in view of its application to area-spectral rigidity, which will be inves-
tigated in Chapter 4, and in Chapter 3 through the study of the infinitesimal behaviour of the
Mather β-function at 0.

The sequel is organised as follows. In Section 2.2, we discuss the consequences on the geome-
try of ∂Ω given by the existence of the curve δ and we recall the integral-geometric inequality to
the base of the proof of Theorem 2.1.1. Section 2.3 –corresponding to [13, Section 4]– is devoted
to technical facts on integrals involving the area form. Finally, Section 2.4 concludes the proof
of Theorem 2.1.1.
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2.2 Invariant curve of 4-periodic orbits

From now on, Ω is a centrally symmetric C2 strongly-convex (i.e. with curvature > 0) domain
and we assume the center of symmetry of Ω to be the origin. In such a case, beyond general
properties recalled in Section 1.4, we also have

ω(γ(t1 + π), γ(t2)) = −ω(γ(t1), γ(t2)) and ω(γ(t1), γ(t2 + π)) = −ω(γ(t1), γ(t2)).

The fact that –in the centrally symmetric case– the generating function changes sign by adding
π (half period) to one of the variables is a special property of symplectic billiards. In fact,
in other billiards (e.g. Birkhoff, outer, fourth billiards, see [2] for details), the corresponding
generating function depends also on the shape of the boundary between two points.

The next proposition is essentially contained in [1, Section 2.4.2.].

Proposition 2.2.1. Let Ω be a centrally symmetric billiard table. Assume that the symplectic
billiard map T : P → P of ∂Ω has a (simple) continuous invariant curve δ ⊂ P of rotation
number 1/4 (winding once around ∂Ω) and consisting only of 4-periodic orbits. Then each
quadrilateral corresponding to the invariant curve δ is a parallelogram. In particular, ∂Ω is a
Radon curve.

Proof. Let consider a 4-periodic orbit in δ, {γ(ti)}4i=1. As a consequence of the symplectic
billiard dynamics, we have

ω(γ′(t1), γ
′(t3)) = 0 and ω(γ′(t2), γ

′(t4)) = 0.

By the centrally symmetric hypothesis, it follows

γ(t3) = γ(t1 + π) and γ(t4) = γ(t2 + π).

This means that the (inscribed) quadrilateral with vertices in {γ(ti)}4i=1 is a parallelogram
whose diagonals intersect in the origin (center of symmetry). Notice that the area of this
parallelogram is half the action along {γ(ti)}4i=1, which is constant for the invariant curve δ.
As a consequence, every 4-periodic orbit for the symplectic billiard dynamics corresponds to an
inscribed parallelogram having maximal area passing through a given vertex. In particular, ∂Ω
is a Radon curve (according to [70, Beginning of Section 3]).

The simplest example of Radon curve is the ellipse. However, there are recent constructions of
Radon curves based on methods both from Plane Minkowski Geometry [71] and from Convex
Geometry [11]. We observe that the relation between the existence of an invariant curve of
4-periodic orbits and the Radon property was first explicitly mentioned for outer billiards in
[25]. Moreover, the same paper –see [25, Example 4.11]– contains an analytic construction of an
infinite family of Radon curves.

Let ϕ : S → S be the function induced by δ and Φ the lift of ϕ to R. Then, as a consequence
of Proposition 2.2.1:

Φ2(t) = t+ π, Φ3(t) = Φ(t) + π and Φ4(t) = t+ 2π. (2.2.1)

In particular, Φ(t + π) = Φ3(t) = Φ(t) + π. Moreover, let Ωγδ be the region in [0, 2π]2 corre-
sponding to the part of the phase-space between γ and the curve δ:

Ωγδ := {(t, s) : t ∈ [0, 2π] and t ≤ s ≤ Φ(t)}.

Similarly,
Ωδγ∗ := {(t, s) : t ∈ [0, 2π] and Φ(t) ≤ s ≤ t+ π}.
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From now on, L(t1, t2) := ω(γ(t1), γ(t2)) denotes the generating function for Φ and Lij (for
i, j = 1, 2) are the usual partial derivatives:

L11(t1, t2) = ω(γ′′(t1), γ(t2)), L22(t1, t2) = ω(γ(t1), γ
′′(t2)) and L12(t1, t2) = ω(γ′(t1), γ

′(t2)).

Therefore,
|L11|, |L22|, L12 ≤ K

where K is a constant depending on the C2-norm of γ.
The core of the next proposition is a nowadays well-consolidated argument by Bialy, based on
the construction of a (discrete) Jacobi field without conjugated points. In the inequality’s proof,
the twist condition as well as the invariance of Ω with respect to T play a crucial role. We refer
to [21, Section 3] for a detailed proof, also sketched in [13, Section 3].

Proposition 2.2.2. Let Ω be a C2 strongly-convex billiard table. Suppose that the symplectic
billiard map T : P → P of ∂Ω has two (simple) continuous invariant closed (not null-homotopic)
curves α and β, α < β. Let Ωαβ be the region in [0, 2π]2 corresponding to the part of the phase-
space between α and β, which we assume to be foliated by continuous invariant closed (not
null-homotopic) curves. Then the following inequality holds:∫︂∫︂

Ωαβ

[L11(t1, t2) + 2L12(t1, t2) + L22(t1, t2)] dσ ≤ 0. (2.2.2)

The next section is devoted to study (2.2.2), in the special case where Ω is a centrally symmetric
billiard table and Ωαβ is Ωγδ or Ωδγ∗ , that is (by (1.4.4)):∫︂

Ωγδ

[L11(t1, t2) + 2L12(t1, t2) + L22(t1, t2)]L12(t1, t2) dt1dt2 ≤ 0 (2.2.3)

and ∫︂
Ωδγ∗

[L11(t1, t2) + 2L12(t1, t2) + L22(t1, t2)]L12(t1, t2) dt1dt2 ≤ 0. (2.2.4)

2.3 Three technical lemmas

In this section, we prove three properties of integrals (2.2.3) and (2.2.4), which will be useful in
the sequel.

Lemma 2.3.1. For L(t1, t2) = ω(γ(t1), γ(t2)) the next equalities hold:∫︂∫︂
Ωγδ

[L11(t1, t2) + 2L12(t1, t2) + L22(t1, t2)]L12(t1, t2) dt1dt2

=

∫︂∫︂
Ωδγ∗

[L11(t1, t2) + 2L12(t1, t2) + L22(t1, t2)]L12(t1, t2) dt1dt2

=

∫︂∫︂
[0,π]2

[L11(t1, t2) + 2L12(t1, t2) + L22(t1, t2)]L12(t1, t2) dt1dt2.

Proof. From (2.2.1), we conclude that (i) the graph of Φ in [Φ(0), π] is precisely the inverse of
the graph of Φ in [0,Φ(0)], composed with the π-translation in the (positive) vertical direction;
(ii) the graph of Φ in [π, 2π] is the π-translation in the (positive) vertical direction of the graph
of Φ in [0, π]. Now, as in the proof of [13, Lemma 4.1], let

Ωγδ = {(t2, t1) ∈ [0, 2π]2 : (t1, t2) ∈ Ωγδ}
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Figure 2.1: The same colored regions have equal area.

so that –referring to Figure 2.1– the same colored regions have equal area. Let

F (t1, t2) := [L11(t1, t2) + 2L12(t1, t2) + L22(t1, t2)]L12(t1, t2).

Since L11(t1, t2) = −L22(t2, t1) and L12(t1, t2) = −L12(t2, t1), we have that∫︂∫︂
Ωγδ

F (t1, t2) dt1dt2 =

∫︂∫︂
Ωγδ

F (t2, t1) dt1dt2 =

∫︂∫︂
Ωγδ

F (t1, t2) dt1dt2.

As a consequence, and by Property 5. recalled in Section 2.2, we get

2

∫︂∫︂
Ωγδ

F (t1, t2) dt1dt2 =

∫︂∫︂
Ωγδ

F (t1, t2) dt1dt2+

∫︂∫︂
Ωγδ

F (t1, t2) dt1dt2 = 2

∫︂∫︂
[0,π]2

F (t1, t2) dt1dt2

and the statement immediately follows.

Lemma 2.3.2. For L(t1, t2) = ω(γ(t1), γ(t2)) the next equality holds:∫︂∫︂
[0,π]2

[L11(t1, t2) + L22(t1, t2)]L12(t1, t2)dt1dt2 = −A(Ω)
∫︂ π

0
ω(γ′′(t), γ′(t))dt,

where A(Ω) denotes the area of the billiard table Ω.

Proof. The proof is similar to the one of [13, Lemma 4.2]; however, in order to integrate in [0, π]2

instead of in [0, 2π]2, the centrally symmetric hypothesis plays a crucial role.
Integrating by parts, we have∫︂∫︂

[0,π]2
L11(t1, t2)L12(t1, t2) dt1dt2 =

∫︂∫︂
[0,π]2

ω(γ′′(t1), γ(t2))ω(γ
′(t1), γ

′(t2)) dt1dt2

=

∫︂∫︂
[0,π]2

(︁
γ′′1 (t1)γ2(t2)− γ′′2 (t1)γ1(t2)

)︁ (︁
γ′1(t1)γ

′
2(t2)− γ′2(t1)γ

′
1(t2)

)︁
dt1dt2,

where γ1 and γ2 are the components of the curve γ. The terms∫︂∫︂
[0,π]2

γ′′1 (t1)γ2(t2)γ
′
2(t1)γ

′
1(t2) dt1dt2 =

∫︂∫︂
[0,π]2

γ′′2 (t1)γ1(t2)γ
′
1(t1)γ

′
2(t2) dt1dt2 = 0
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Figure 2.2: The angle α and the support function p(α).

since, by the centrally symmetric hypothesis, γ′(0) = −γ′(π). As a consequence, we get∫︂∫︂
[0,π]2

L11(t1, t2)L12(t1, t2) dt1dt2 =

∫︂∫︂
[0,π]2

γ′′1 (t1)γ
′
2(t1)γ

′
2(t2)γ1(t2)−γ′′2 (t1)γ′1(t1)γ′2(t2)γ1(t2) dt1dt2

=

∫︂ π

0
ω(γ′′(t), γ′(t)) dt

∫︂ π

0
γ1(t)γ

′
2(t) dt = −A(Ω)

2

∫︂ π

0
ω(γ′′(t), γ′(t)) dt.

Since the same argument holds for
∫︁∫︁

[0,π]2 L22(t1, t2)L12(t1, t2) dt1dt2, we conclude the proof.

We now parametrize the boundary by the direction of its tangent line and denote by eα =
(− sinα, cosα) the unitary vector forming an angle α ∈ [0, 2π] with respect to the vertical
direction (0, 1). Notice that for every α there exists a unique point γ(α) such that γ′(α) =
∥γ′(α)∥eα. Let p : [0, 2π] → R+ be the corresponding support function, that is the distance from
the origin of the tangent line to γ at γ(α). We refer to Figure 2.2. It is easy to see that

γ(α) = p′(α)eα − p(α)Jeα

where J is the rotation of π
2 in the positive verse. Consequently,

γ′(α) = (p′′(α) + p(α))eα and γ′′(α) = (p′′′(α) + p′(α))eα + (p′′(α) + p(α))Jeα.

As already stressed in [13, Section 4], as a consequence of the strongly-convexity assumption of
∂Ω, it holds that

(p′′(α) + p(α)) > 0.

Therefore, the twist condition is also satisfied for L(α1, α2) = ω(γ(α1), γ(α2)):

L12(α1, α2) = (p′′(α1) + p(α1))(p
′′(α2) + p(α2)) sin(α2 − α1) > 0

on P = {(α1, α2) : 0 < α2 − α1 < π}.
From the centrally symmetric assumption, it immediately follows that the functions p, p′ and
p′′ are π-periodic. Moreover, with such a parametrization, the result of Lemma 2.3.2 reads:∫︂∫︂

[0,π]2
[L11(α1, α2) + L22(α1, α2)]L12(α1, α2) dα1dα2 = −A(Ω)

∫︂ π

0
(p′′(α) + p(α))2 dα. (2.3.1)
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Lemma 2.3.3. For L(α1, α2) = ω(γ(α1), γ(α2)) the next equality holds:

2

∫︂∫︂
[0,π]2

L2
12(α1, α2) dα1dα2

=

(︃∫︂ π

0
(p′′(α) + p(α))2 dα

)︃2

−
(︃∫︂ π

0
(p′′(α) + p(α))2 cos(2α) dα

)︃2

−
(︃∫︂ π

0
(p′′(α) + p(α))2 sin(2α) dα

)︃2

.

(2.3.2)

Proof. Same proof of [13, Lemma 4.3]. We first observe that

L2
12(α1, α2) = (p′′(α1) + p(α1))

2(p′′(α2) + p(α2))
2 sin2(α1 − α2).

Since

sin2(α1 − α2) =
1

2
(1− cos(2α1) cos(2α2)− sin(2α1) sin(2α2)) ,

we take the double integral and conclude.

2.4 Proof of Theorem 2.1.1

Under the hypotheses of Theorem 2.1.1, and by Proposition 2.2.2, one of the next integral
inequalities necessarily holds:∫︂∫︂

Ωγδ

[L11(α1, α2) + 2L12(α1, α2) + L22(α1, α2)]L12(α1, α2) dα1dα2 ≤ 0

or ∫︂∫︂
Ωδγ∗

[L11(α1, α2) + 2L12(α1, α2) + L22(α1, α2)]L12(α1, α2) dα1dα2 ≤ 0.

From Lemma 2.3.1, equalities (2.3.1) and (2.3.2) and the π-periodicity of p and p′′, the above
inequalities read

4

∫︂∫︂
Ωγδ

[L11(α1, α2) + 2L12(α1, α2) + L22(α1, α2)]L12(α1, α2) dα1dα2

= 4

∫︂∫︂
Ωδγ∗

[L11(α1, α2) + 2L12(α1, α2) + L22(α1, α2)]L12(α1, α2) dα1dα2

= −2A(Ω)

∫︂ 2π

0
(p′′(α) + p(α))2 dα+

(︃∫︂ 2π

0
(p′′(α) + p(α))2 dα

)︃2

−
(︃∫︂ 2π

0
(p′′(α) + p(α))2 cos(2α) dα

)︃2

−
(︃∫︂ 2π

0
(p′′(α) + p(α))2 sin(2α) dα

)︃2

≤ 0.

This is the same inequality of [13, Beginning of Section 5]. We sketch the final argument for
reader’s convenience, see [13, Section 5] for all details.
First, by the affine equivariance of the symplectic billiard map, we can apply an affine transfor-
mation φa,σ defined as the composition of the unitary, diagonal, linear transformation

φa(x, y) =
(︂
ax,

y

a

)︂
with a > 0, after the rotation of angle σ ∈ [0, 2π]. Let Ωa,σ := φa,σ(Ω) and denote by pa,σ(ψ) its
corresponding support function. By [13, Proposition 5.1], there exists a couple (a, σ) ∈ R+×[0, π2 ]
such that ∫︂ 2π

0
pa,σ(ψ) cos(2ψ) dψ =

∫︂ 2π

0
pa,σ(ψ) sin(2ψ) dψ = 0.
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Secondly, we use the usual arc length as parameter to describe Ωa,σ, see [13, Remark 5.3].
With these specific choices of (i) affine transformation and (ii) parametrization, the above
necessary integral inequality simply reads:(︃∫︂ 2π

0
(p′′a,σ + pa,σ)dα

)︃2

≤ 4πA(Ωa,σ) ⇐⇒ (l(∂Ωa,σ))
2 ≤ 4πA(Ωa,σ),

where l(∂Ωa,σ) is the perimeter length of ∂Ωa,σ. By the planar isoperimetric inequality, this
means that the domain Ωa,σ is necessarily a circle and –from the very construction of φa,σ– that
the initial domain Ω is an ellipse. □
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Chapter 3

Higher order terms of Mather’s
β-function for symplectic and outer
billiards

ABSTRACT. This chapter aims to present the article “Higher order terms of Mather’s β-
function for symplectic and outer billiards”, joint work with L. Baracco and O. Bernardi, [17].
In that paper, we compute explicitly the formal Taylor expansion of Mather’s β-function up
to seventh-order terms for symplectic and outer billiards in a strictly-convex planar domain
Ω. In particular, we specify the third terms of the asymptotic expansions of the distance (in
the sense of the symmetric difference metric) between Ω and its best approximating inscribed
or circumscribed polygons with at most n vertices. We use tools from affine differential geometry.

3.1 Introduction and main result

S. Marvizi and R. Melrose’s theory, first stated and proved for Birkhoff billiards [72][Theorem
3.2], applies both to symplectic and outer billiards (see [1][Section 2.5] and [88][Section 8] respec-
tively). It assures that the corresponding dynamics equals to the time-one flow of a Hamiltonian
vector field composed with a smooth map fixing pointwise the boundary of the phase-space at
all orders. We refer to [47][Section 2.1] for a detailed proof in the general case of (strongly)
billiard-like maps. As an outcome, this result gives the following expansion at ρ = 0 of the
corresponding minimal average function

β (ρ) ∼ β1ρ+ β3ρ
3 + β5ρ

5 + β7ρ
7 + . . .

in terms of odd powers of ρ. It is well-known –see e.g. [72][Section 7] again– that for usual
billiards the sequence {βk} can be interpreted as a spectrum of a differential operator, see
also Remark 2.11 in [1]. The question is open for symplectic and outer billiards. Coefficients
β1, . . . , β5 are known. We refer e.g to [66] for detailed computations: Theorem 1 for the sym-
plectic case and Theorem 2 for the outer one. Moreover, we suggest [2] for a recent discussion on
this topic. The main result of this chapter, stated in the next theorem, is to provide coefficients
β7 both in the symplectic and outer case.

Theorem 3.1.1. Let Ω be a strictly-convex planar domain with smooth boundary ∂Ω. Suppose
that ∂Ω has everywhere positive curvature. Denote by k(s) the affine curvature of ∂Ω with affine
parameter s. Let λ be the affine length of the boundary.
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(a) The formal Taylor expansion at ρ = 0 of Mather’s β-function for the symplectic billiard
map has coefficients:

β2k = 0 for all k

β1 = −2Area(Ω)

β3 =
λ3

6

β5 = −λ
4

5!

∫︂ λ

0
k(s)ds

β7 = − 9λ6

5 · 7!

∫︂ λ

0
k2(s)ds+

λ5

15 · 5!

(︃∫︂ λ

0
k(s)ds

)︃2

.

(b) The formal Taylor expansion at ρ = 0 of Mather’s β-function for the outer billiard map
has coefficients:

β2k = 0 for all k

β1 = 0

β3 =
λ3

24

β5 =
λ4

2 · 5!

∫︂ λ

0
k(s)ds

β7 =
421λ6

5 · 8!

∫︂ λ

0
k2(s)ds− λ5

5 · 5!

(︃∫︂ λ

0
k(s)ds

)︃2

.

As a straightforward consequence, in Corollary 3.5.2 we point out that the two coefficients β5
and β7 allow to recognize an ellipse among all strictly-convex planar domains, both for symplec-
tic and outer billiards.

There are several –highly non trivial– questions about the structure of the formal expansion
of coefficients β2h+1 as h→ +∞ (we use only here the index h in order to avoid confusions with
the affine curvature k). In the case of Birkhoff billiards, these problems have been discussed
in different papers; we refer to [72][Theorem 5.19], [68][Conjecture 1] and [90][Conjecture 1.2].
Moreover, we observe that –according to the fact that the generating function is the length–
from the explicit coefficients given in [84][Theorem 1.3], it arises that the derivative’s degree
of the standard curvature involved in the expression of the β2h+1’s increases as h → +∞. In
the symplectic and outer cases, our computations suggest that for h ≥ 4 the terms β2h+1 may

depend on the affine curvature through
∫︁ λ
0 k

h−1(s)ds and
(︂∫︁ λ

0 k(s)ds
)︂h−1

even if the technique

to obtain the β7’s should be refined for higher orders.

3.2 Preliminaries of affine differential geometry

Since the dynamics of symplectic and outer billiards –defined in Sections 1.4 and 1.3 respectively–
are invariant with respect to affine transformations, we use the affine arc length to parametrize
Ω.

We recall that the affine arc length and the affine length are given respectively by

s(t) =

∫︂ t

0
κ

1
3 (τ)dτ 0 ≤ t ≤ l
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and

λ =

∫︂ l

0
κ

1
3 (τ)dτ

where t and l are the ordinary arc length parameter and ordinary length respectively and κ(t)
is the curvature of Ω. In the following, let x(s) be an affine arc length parametrization of ∂Ω.
We denote by x(i) the i-th derivative of x and we omit the dependence on s. Then we have (see
[85][Section 3]):

ω(x(1), x(2)) = 1, ω(x(1), x(3)) = 0 (3.2.1)

and
k(s) := ω(x(2), x(3)) (3.2.2)

is called the affine curvature of Ω.
The next lemma, which is a straightforward consequence of formulae (3.2.1) and (3.2.2), will

be very useful through the chapter.

Lemma 3.2.1. The following relations hold:

ω(x(1), x(4)) = −k, ω(x(2), x(4)) = k′, ω(x(1), x(5)) = −2k′ (3.2.3)

and
ω(x(3), x(4)) = k2, ω(x(2), x(5)) = k′′ − k2 ω(x(1), x(6)) = −3k′′ + k2. (3.2.4)

Proof. By deriving the second equality in (3.2.1) and taking into account (3.2.2) we have that
ω(x(1), x(4)) = −k. Similarly, from (3.2.2) we get ω(x(2), x(4)) = k′. Moreover, by deriving the
first identity of (3.2.3) we obtain the third one. In order to obtain the relations in (3.2.4) it is
enough to recall that x(3) = −kx(1) and to derive the identities in (3.2.3).

3.3 Asymptotic expansion for δ(Ω,P i
n)

We gather in this section all the technical results in order to prove point (a) of Theorem 3.1.1.
We begin with a refinement of Lemma 1 in [66].

Proposition 3.3.1. For 0 ≤ r ≤ s ≤ λ, let F (r, s) be the area of the region between the arc
{x(t) : r ≤ t ≤ s}, and the line segment with end points x(r) and x(s). Then

F (r, s) =
1

2

(︃
(s− r)3

3!
− (s− r)5

5!
k(r)− 3(s− r)6

6!
k′(r)− (s− r)7

7 · 5!
k′′(r) +

(s− r)7

7!
k2(r) + o((s− r)7)

)︃
uniformly for all 0 ≤ r ≤ s ≤ λ as (s− r) → 0.

Proof. Without loss of generality, we assume r = 0. The area of the region of Ω bounded by the
segment [x(0), x(s)] is given by

F (s) := F (0, s) =
1

2

∫︂ s

0
ω(x(t)− x(0), x(1)(t))dt. (3.3.1)

We consider the Taylor expansion of the function inside the integral and we have

ω(x(t)− x(0), x(1)(t)) =

m∑︂
l=2

⎛⎜⎝ ∑︂
1≤j< l+1

2

(h− j)ω(x(j)(0), x(h)(0))

j!h!

⎞⎟⎠ tl + o(tm). (3.3.2)

By Lemma 3.2.1 and formula (3.3.2) we get

ω
(︁
x(t)− x(0), x′(t)

)︁
=
t2

2
− k(0)

4!
t4 − 3k′(0)

5!
t5 +

(︃
k2(0)

6!
− k′′(0)

5!

)︃
t6 + o(t6)

and the statement follows after integration on 0 ≤ t ≤ s.
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The remaining of this section is devoted to characterize the affine lengths of the n arcs in
which ∂Ω is divided by the vertices of a best approximating polygon Pn inscribed in Ω.

Proposition 3.3.2. For n ≥ 3 let Pn ∈ P i
n be a best approximating polygon inscribed in Ω. Let

x(sn,i), i = 1, . . . , n, be the ordered vertices of Pn and

λn,i := sn,i − sn,i−1.

Then

λn,i+1 = λn,i +
1

30
k′(sn,i)λ

4
n,i + ϵ1(sn,i, λn,i) (3.3.3)

where limn→∞
ϵ1(sn,i,λn,i)

λ5
n,i

= 0 uniformly in i.

Proof. Since Pn is a best approximating polygon, its vertices satisfy:

ω
(︂
x(sn,i−1)− x(sn,i+1), x

(1)(sn,i)
)︂
= 0 for i = 1, ..., n (3.3.4)

To study (3.3.4), we assume sn,i = 0 and consider the equivalent equation:

x(s)− x(t) + hx(1)(0) = 0 for some h ∈ R.

Excluding the trivial solution t ≡ s, we obtain (up to rename h):

x(s)− x(t)

s− t
+ hx(1)(0) = 0. (3.3.5)

Let us define

G(s, t) :=
x(s)− x(t)

s− t

and extend it, smoothly, to s = t by setting G(s, s) = x(1)(s). Thus we have

G(s, t) =
x(s)− x(t)

s− t
=

m∑︂
k=1

x(k)(0)

k!

(︃
sk − tk

s− t

)︃
+ o((s− t)m−1)

and s = t = 0, h = −1 is a solution for (3.3.5). In order to apply the Implicit Function Theorem
to solve (3.3.5) for h and t in terms of s, we compute the Jacobian matrix of G(s, t) + hx(1)(0)
in s = t = 0, h = −1:

Jh,t
(︁
G(s, t) + hx(1)(0)

)︁
|s=t=0,h=−1

=

(︄
x(1)(0),

x(2)(0)

2

)︄
.

Since detJh,t =
1
2 , it is possible to solve (3.3.5) and find h(s) and t(s). Deriving we get

d

ds

(︂
G(s, t(s)) + h(s)x(1)(0)

)︂
= ∂sG(s, t(s)) + ∂tG(s, t(s))t

′(s) + h′(s)x(1)(0) = 0. (3.3.6)

Since for s = 0, t(0) = 0, we have

x(2)(0)

2
+
x(2)(0)

2
t′(0) + h′(0)x(1)(0) = 0,

and therefore we get t′(0) = −1.
In order to obtain the higher order derivatives of t in 0 it is enough to argue in the same way
that is deriving (3.3.6) again and taking into account Lemma 3.2.1. In such a way we get

t(s) = −s+ 1

30
k′(0)s4 + o(s5).

The previous expansion written for general sn,i ̸= 0 gives immediately formula (3.3.3).
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The next proposition is a refinement of Lemma 2 in [66].

Proposition 3.3.3. Under the same assumption of the previous proposition, it holds

λn,i =
λ

n
− λ2

30n3

∫︂ λ

0
k(s)ds+

λ3

30n3
k

(︃
iλ

n

)︃
+ o

(︃
1

n3

)︃
(3.3.7)

uniformly in i as n→ ∞.

Proof. Through the whole proof, we assume that sn,0 = 0. By a standard comparison argument
of difference equations, we first prove that

λn,i =
λ

n
+O

(︃
1

n3

)︃
uniformly in i as n→ ∞ (3.3.8)

Let D be a constant such that D > 1
30 max |k′| and consider the two difference equations

vn,i+1 = vn,i
(︁
1−Dv3n,i

)︁
, Vn,i+1 = Vn,i

(︁
1 +DV 3

n,i

)︁
. (3.3.9)

In view of Lemma 2 in [66], λn,1 = cn
n for some uniform constant cn (that is |cn| uniformly

bounded in n). By taking the first terms of (3.3.9) both equal to cn
n , it clearly holds

vn,i ≤ λn,i ≤ Vn,i, i = 1, ..., n.

Moreover, the sequence Vn,i is increasing and Vn,n is uniformly bounded. In fact, let k ≥ 1
be the largest integer such that Vn,k ≤ 2cn

n . If k < n, then we should have Vn,k+1 >
2cn
n and

therefore

2cn
n

<
cn
n

(︄
1 +D

(︃
2cn
n

)︃3
)︄k

<
cn
n

(︄
1 +D

(︃
2cn
n

)︃3
)︄n

⇒ 2 <

(︄
1 +D

(︃
2cn
n

)︃3
)︄n

Since the last term tends to 1, this contradicts the fact that k < n.
With an analogous argument, it follows that the sequence vn,i is decreasing and vn,n is uniformly
bounded.
Therefore, up to rename the constant D, we have

λn,1

(︃
1− D

n3

)︃i−1

≤ λn,i ≤ λn,1

(︃
1 +

D

n3

)︃i−1

.

Summing for i = 1, . . . , n, we get

λn,1
1−

(︁
1− D

n3

)︁n
D
n3

≤ λ ≤ λn,1
1−

(︁
1 + D

n3

)︁n
− D

n3

⇒ λn,1
n

1 + D
n2

≤ λ ≤ λn,1
n

1− D
n2

so that λn,1 = λ
n + O

(︁
1
n3

)︁
, which corresponds to formula (3.3.8). Such a formula immediately

gives sn,i =
iλ
n + O

(︁
1
n2

)︁
and therefore –up to renaming the function ϵ1– expansion (3.3.3) of

Proposition 3.3.2 can be equivalently written as

un,i+1 = un,i +
1

30
k′
(︃
iλ

n

)︃
u4n,i
n3

+ ϵ1

(︃
iλ

n
,
un,i
n

)︃
(3.3.10)

where un,i = nλn,i . Let un be the solution of the Cauchy problem (corresponding to (3.3.10)):{︄
u′n(t) =

1
30λk

′(t)u
4
n(t)
n2

un
(︁
λ
n

)︁
= un,1

(3.3.11)
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and set un(i) := un
(︁
iλ
n

)︁
.

The second part of the proof is devoted to establish the next estimate:

un(i)− un,i = o

(︃
1

n2

)︃
(3.3.12)

uniformly in i = 1, . . . , n as n→ ∞.
By integrating (3.3.11) between iλ

n and (i+1)λ
n via separation of variables, we get

−1

3

(︃
1

un(i+ 1)3
− 1

un(i)3

)︃
=

1

30λn2

[︃
k

(︃
(i+ 1)λ

n

)︃
− k

(︃
iλ

n

)︃]︃
,

that is

(un(i+ 1))−3 =
1

10λn2

[︃
k

(︃
iλ

n

)︃
− k

(︃
(i+ 1)λ

n

)︃]︃
+ un(i)

−3,

implying

un(i+ 1) = un(i)

(︃
1 +

1

10λn2

[︃
k

(︃
iλ

n

)︃
− k

(︃
(i+ 1)λ

n

)︃]︃
un(i)

3

)︃−1/3

= un(i)

(︃
1 +

1

30λn2

[︃
k

(︃
(i+ 1)λ

n

)︃
− k

(︃
iλ

n

)︃]︃
un(i)

3

)︃
+O

(︃
1

n4

)︃
= un(i) +

1

30n3
k′
(︃
iλ

n

)︃
un(i)

4 + o

(︃
1

n3

)︃
.

Taking into account the previous formula and the difference equation (3.3.10), we immediately
have

un,i+1 − un(i+ 1) = un,i − un(i) +
1

30n3
k′
(︃
iλ

n

)︃
(u4n,i − un(i)

4) + o

(︃
1

n3

)︃
.

Equivalently, zn,i := un,i − un(i) solves

zn,i+1 = zn,i +
Cn,i

30n3
k′
(︃
iλ

n

)︃
zn,i + o

(︃
1

n3

)︃
(3.3.13)

where Cn,i > 0 are constants uniformly bounded in i for n → ∞. As in the first part of the

proof, let E be a constant such that E >
Cn,i

30 max |k′| (for every i and n) and consider the
difference equation

Zn,i+1 = Zn,i

(︃
1 +

E

n3

)︃
+
cn
n3
,

with cn = o(1) and Zn,1 = 0. Comparing the zn,i+1’s in (3.3.13) with the terms Zn,i+1 of the
previous difference equation, for every i = 1, . . . , n, we get

zn,i+1 ≤ Zn,i+1 =
cn
E

(︄(︃
1 +

E

n3

)︃i

− 1

)︄
≤ o(1)

(︄
1

1− iE
n3

− 1

)︄
= o(1)

i

n3
= o

(︃
1

n2

)︃
,

which corresponds to (3.3.12).
We finally make explicit the term of order 3 in formula (3.3.7). By integrating (3.3.11)

between λ
n and (i+1)λ

n , we have

un(i+ 1) = un(1)

(︃
1 +

1

10λn2

[︃
k

(︃
λ

n

)︃
− k

(︃
(i+ 1)λ

n

)︃]︃
un(1)

3

)︃−1/3

= un(1)

(︃
1 +

1

30λn2

[︃
k

(︃
(i+ 1)λ

n

)︃
− k

(︃
λ

n

)︃]︃
un(1)

3

)︃
+O

(︃
1

n4

)︃
.
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Moreover, by formula (3.3.12), un,i+1 = un(i+ 1) + o
(︁

1
n2

)︁
or equivalently (since λn,i =

un,i

n )

λn,i+1 =
un(i+ 1)

n
+ o

(︃
1

n3

)︃
.

Plugging the previous expression of un(i + 1) (in terms of un(1) = nλn,1) into formula above,
we obtain

λn,i+1 = λn,1

[︃
1 +

1

30λn2

(︃
k

(︃
(i+ 1)λ

n

)︃
− k

(︃
λ

n

)︃)︃
n3λ3n,1

]︃
+ o

(︃
1

n3

)︃
.

In more detail, since λn,1 =
λ
n + en

n3 + o
(︁

1
n3

)︁
for some uniform constant (see formula (3.3.8)), we

have

λn,i+1 =
λ

n
+

λ3

30n3

(︃
k

(︃
(i+ 1)λ

n

)︃
− k

(︃
λ

n

)︃)︃
+
en
n3

+ o

(︃
1

n3

)︃
. (3.3.14)

Summing for i = 0, . . . , n− 1, we conclude that

λ =
n−1∑︂
i=0

λn,i+1 = λ+
λ3

30n3

n−1∑︂
i=0

(︃
k

(︃
(i+ 1)λ

n

)︃
− k

(︃
λ

n

)︃)︃
+
en
n2

+ o

(︃
1

n2

)︃
,

that is

en = − λ3

30n

n−1∑︂
i=0

(︃
k

(︃
(i+ 1)λ

n

)︃
− k

(︃
λ

n

)︃)︃
+ o(1)

and the limit for n→ ∞ leads to

en = −λ
2

30

∫︂ λ

0
k(s)− k (0) ds.

Plugging the expression for en into formula (3.3.14), we finally obtain (for n→ ∞):

λn,i+1 =
λ

n
− λ2

30n3

∫︂ λ

0
k(s)ds+

λ3

30n3
k

(︃
(i+ 1)λ

n

)︃
+ o

(︃
1

n3

)︃
,

which equals to (3.3.7).

3.4 Asymptotic expansion for δ(Ω,Pc
n)

In this section, analogously to the previous one, we collect the technical results in order to prove
point (b) of Theorem 3.1.1.

The next result is the analogous of Proposition 3.3.1 for circumscribed polygons.

Proposition 3.4.1. For 0 ≤ r ≤ s ≤ λ, let H(r, s) be the area of the region between the tangents
in x(r) and x(s) and the arc {x(t) : r ≤ t ≤ s}. Then

H(r, s) =
(s− r)3

24
+
(s− r)5

2 · 5!
k(r)+

3(s− r)6

6!
k′(r)+

(s− r)7

7 · 5!
k′′(r)+

17(s− r)7

8!
k2(r)+o((s−r)7))

uniformly for all 0 ≤ r ≤ s ≤ λ as (s− r) → 0.

Proof. Without loss of generality, we assume r = 0. Consider the vertex P of the polygon
Pn ∈ Pc

n whose edges are tangent to Ω in x(0) and x(s):

P = x(s) + t1x
′(s) = x(0) + t2x

′(0) ⇒ ω(x′(0), x(0)− x(s)) = t1ω(x
′(0), x′(s))
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so we get

P = x(s) + x′(s)
ω(x′(0), x(0)− x(s))

ω(x′(0), x′(s))
. (3.4.1)

The area of the triangle of vertices x(0), x(s) and P is

−1

2
ω(P − x(s), x(0)− x(s)) =

1

2

ω(x′(s), x(s)− x(0))ω(x′(0), x(0)− x(s))

ω(x′(0), x′(s))
.

Taking M,N,L, J ∈ N large enough in order to approximate the above quantity at order 7, we
obtain

1

2
ω

⎛⎝ M∑︂
h1=1

x(h1)(0)sh1−1

(h1 − 1)!
+ o(sM−1),

N∑︂
h2=1

x(h2)(0)sh2

h2!
+ o(sN )

⎞⎠ ·

·

⎛⎝−
L∑︂

h3=2

ω(x′(0), x(h3)(0))sh3−1

h3!
+ o(sL−1)

⎞⎠⎛⎝ J∑︂
h4=2

ω(x′(0), x(h4)(0))sh4−2

(h4 − 1)!
+ o(sJ−2)

⎞⎠−1

=

=
1

2

⎛⎝ M∑︂
m=1

∑︂
j+h−1=m

ω(x(h)(0), x(j)(0))sm

j!(h− 1)!
+ o(sM )

⎞⎠⎛⎝−
L∑︂

h3=2

ω(x′(0), x(h3)(0))sh3−1

h3!
+ o(sL−1)

⎞⎠ ·

·

⎛⎝ J∑︂
h4=2

ω(x′(0), x(h4)(0))sh4−2

(h4 − 1)!
+ o(sJ−2)

⎞⎠−1

=

=
1

2

(︃
1

2
s2 − k(0)

4!
s4 − 3k′(0)

5!
s5 − k′′(0)

5!
s6 +

k2(0)

6!
s6 + o(s6)

)︃(︃
1

2
s− k(0)

4!
s3 − 2k′(0)

5!
s4+

−3k′′(0)

6!
s5 +

k2(0)

6!
s5 + o(s5)

)︃(︃
1− k(0)

3!
s2 − 2k′(0)

4!
s3 − 3k′′(0)

5!
s4 +

k2(0)

5!
s4 + o(s4)

)︃−1

=

=
1

2

(︃
1

2
s2 − k(0)

4!
s4 − 3k′(0)

5!
s5 − k′′(0)

5!
s6 +

k2(0)

6!
s6 + o(s6)

)︃(︃
1

2
s− k(0)

4!
s3 − 2k′(0)

5!
s4+

−3k′′(0)

6!
s5+

k2(0)

6!
s5+o(s5)

)︃(︃
1 +

k(0)

3!
s2 +

2k′(0)

4!
s3 +

3k′′(0)

5!
s4 − k2(0)

5!
s4 +

k2(0)

36
s4 + o(s4)

)︃
=

=
1

2

(︃
1

4
s3 +

3k2(0)

4 · 6!
s7 + o(s7)

)︃
.

By difference of areas and taking into account the result of Proposition 3.3.1 for F (0, s), we get

H(0, s) =
1

24
s3 +

k(0)

2 · 5!
s5 +

k′(0)

4 · 5!
s6 +

k′′(0)

14 · 5!
s7 +

17k2(0)

8!
s7 + o(s7).

The next two results correspond to Propositions 3.3.2 and 3.3.3 in the case of circumscribed
best approximating polygons.

Proposition 3.4.2. For n ≥ 3 let Pn ∈ Pc
n be a best approximating polygon circumscribed to

Ω. Let x(sn,i), i = 1, . . . , n, be the ordered tangency points of the edges of Pn to Ω and

λn,i := sn,i − sn,i−1.

Then

λn,i+1 = λn,i −
8

5!
k′(sn,i)λ

4
n,i + ϵ2(sn,i, λn,i) (3.4.2)

where limn→∞
ϵ2(sn,i,λn,i)

λ5
n,i

= 0 uniformly in i.
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Proof. If x(sn,1), x(sn,2) and x(sn,3), 0 ≤ sn,i ≤ λ, are three successive tangent points of Pn to
Ω, the corresponding vertices of Pn are

P = x(sn,2)+x
′(sn,2)

ω(x′(sn,1), x(sn,1)− x(sn,2))

ω(x′(sn,1), x′(sn,2))
, Q = x(sn,2)+x

′(sn,2)
ω(x′(sn,3), x(sn,3)− x(sn,2))

ω(x′(sn,3), x′(sn,2))
.

Since Pn is a best approximating circumscribed polygon, we have

ω(x′(sn,1), x(sn,1)− x(sn,2))

ω(x′(sn,1), x′(sn,2))
= −ω(x

′(sn,3), x(sn,3)− x(sn,2))

ω(x′(sn,3), x′(sn,2))
.

Setting sn,2 = 0, we define the function

G(s) =
ω(x′(s), x(s)− x(0))

ω(x′(s), x′(0))
.

The proof can be concluded as the one of Proposition 3.3.2, by solving G(s) = −G(t) and
applying the Implicit Function Theorem.

Finally, an argument analogous to the proof of Proposition 3.3.3 gives the next precise charac-
terization of the λn,i’s.

Proposition 3.4.3. Under the same assumption of the previous proposition, it holds

λn,i =
λ

n
− 8

5!

λ2

n3

∫︂ λ

0
k(s)ds+

8

5!

λ3

n3
k

(︃
iλ

n

)︃
+ o

(︃
1

n3

)︃
uniformly in i as n→ ∞.

3.5 Proof of Theorem 3.1.1

We finally state and prove the higher order terms of δ(Ω,P i
n) and δ(Ω,Pc

n) defined in Sections
1.4 and 1.3 respectively. This theorem is a refinement of Theorem 1 and Theorem 2 in [66]. In
view of equalities (1.4.6) and (1.3.2), the proof of Theorem 3.1.1 is a straightforward application
of this result.

Theorem 3.5.1. Let Ω be a strictly-convex planar domain with smooth boundary ∂Ω. Suppose
that ∂Ω has everywhere positive curvature. Denote by k(s) the affine curvature of ∂Ω with affine
parameter s. Let λ be the affine length of the boundary.

(a) The formal expansion of δ(Ω,P i
n) at n→ ∞ is given by

δ(Ω,P i
n) = a2

1

n2
+ a4

1

n4

∫︂ λ

0
k(s)ds+

1

n6

[︄
a6

∫︂ λ

0
k2(s)ds+ b6

(︃∫︂ λ

0
k(s)ds

)︃2
]︄
+ o

(︃
1

n6

)︃
with coefficients

a2 =
1

12
λ3, a4 = − 1

2 · 5!
λ4, a6 = − 9

10 · 7!
λ6, b6 =

1

30 · 5!
λ5.

(b) The formal expansion of δ(Ω,Pc
n) at n→ ∞ is given by

δ(Ω,Pc
n) = a2

1

n2
+ a4

1

n4

∫︂ λ

0
k(s)ds+

1

n6

[︄
a6

∫︂ λ

0
k2(s)ds+ b6

(︃∫︂ λ

0
k(s)ds

)︃2
]︄
+ o

(︃
1

n6

)︃
with coefficients

a2 =
1

24
λ3, a4 =

1

2 · 5!
λ4, a6 =

421

5 · 8!
λ6, b6 = − 1

5 · 5!
λ5.
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Proof. Theorem 1 in [66] establishes that

δ(Ω,P i
n)−

1

12

λ3

n2
+

1

2 · 5!
λ4

n4

∫︂ λ

0
k(s)ds = o

(︃
1

n4

)︃
as n→ ∞. We determine

lim
n→∞

n6
(︃
δ(Ω,P i

n)−
1

12

λ3

n2
+

1

2 · 5!
λ4

n4

∫︂ λ

0
k(s)ds

)︃
. (3.5.1)

By means of Proposition 3.3.1, we get

δ(Ω,P i
n) =

1

2

n∑︂
i=1

[︄
λ3n,i
3!

−
λ5n,i
5!
k(sn,i)−

3λ6n,i
6!

k′(sn,i)−
λ7n,i
7 · 5!

k′′(sn,i) +
λ7n,i
7!
k2(sn,i) + o(λ7n,i)

]︄

=
1

2

n∑︂
i=1

[︄
1

3!

(︃
λ

n
+

(︃
λn,i −

λ

n

)︃)︃3

−
λ5n,i
5!
k(sn,i)−

3

6!

λ6

n6
k′(sn,i)+

− 1

7 · 5!
λ7

n7
k′′(sn,i) +

1

7!

λ7

n7
k2(sn,i) + o

(︃
1

n7

)︃]︃
.

We compute (3.5.1) by dividing the limit in four terms. We stress that
∑︁n

i=1 λn,i = λ, so that∑︁n
i=1(λn,i − λ/n) = 0.
We first consider

1

2

1

3!

n∑︂
i=1

[︃
λ

n
−
(︃
λn,i −

λ

n

)︃]︃3
− 1

12

λ3

n2
=

=
1

12

n∑︂
i=1

[︄
λ3

n3
− 3

λ2

n2

(︃
λn,i −

λ

n

)︃
+ 3

λ

n

(︃
λn,i −

λ

n

)︃2

−
(︃
λn,i −

λ

n

)︃3
]︄
− 1

12

λ3

n2
.

Applying Proposition 3.3.3, this term is equal to

1

4

n∑︂
i=1

[︄
1

900

λ5

n7

(︃∫︂ λ

0
k(s)ds

)︃2

+
1

900

λ6

n7
k2
(︃
iλ

n

)︃
− 2

900

λ6

n7
k

(︃
iλ

n

)︃∫︂ λ

0
k(s)ds+ o

(︃
1

n7

)︃]︄
.

And the corresponding limit gives:

lim
n→∞

n6

4

n∑︂
i=1

[︄
1

900

λ5

n7

(︃∫︂ λ

0
k(s)ds

)︃2

+
1

900

λ6

n7
k2
(︃
iλ

n

)︃
− 2

900

λ6

n7
k

(︃
iλ

n

)︃∫︂ λ

0
k(s)ds+ o

(︃
1

n7

)︃]︄

=
1

4 · 900
λ6
∫︂ λ

0
k2(s)ds− 1

4 · 900
λ5
(︃∫︂ λ

0
k(s)ds

)︃2

. (3.5.2)

Second, we compute the limit:

lim
n→∞

n6

2

n∑︂
i=1

[︄
−
λ5n,i
5!
k(sn,i)

]︄
+

1

2 · 5!
λ4n2

∫︂ λ

0
k(s)ds

= lim
n→∞

1

2 · 5!
λ4n2

[︄
n∑︂

i=1

(︄
−k(sn,i)λn,i +

∫︂ sn,i+1

sn,i

k(s)ds

)︄]︄
+

n6

2 · 5!

n∑︂
i=1

−k(sn,i)λn,i
(︃
λ4n,i −

λ4

n4

)︃
.
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The limit of the first summand is zero, in fact:

lim
n→∞

1

2 · 5!
λ4n2

[︄
n∑︂

i=1

(︄
−k(sn,i)λn,i +

∫︂ sn,i+1

sn,i

k(s)ds

)︄]︄
= lim

n→∞

1

2 · 5!
λ4n2

[︄
n∑︂

i=1

∫︂ sn,i+1

sn,i

(k(s)− k(sn,i)) ds

]︄

= lim
n→∞

1

2 · 5!
λ4n2

[︄
n∑︂

i=1

(︄∫︂ sn,i+1

sn,i

(k′(sn,i)(s− sn,i) + k′′(sn,i)
(s− sn,i)

2

2
+ o((s− sn,i)

2)

)︄
ds

]︄

= lim
n→∞

1

2 · 5!
λ4n2

[︄
n∑︂

i=1

k′(sn,i)
λ2n,i
2

+ k′′(sn,i)
λ3n,i
3!

]︄
where, in the last equality, we dropped o((s − sn,i)

2) because after integration and summation
it gives a negligible term. Now –again by Proposition 3.3.3– the above limit equals to

= lim
n→∞

1

2 · 5!
λ4n2

[︄
n∑︂

i=1

k′(sn,i)
λn,i
2

λ

n
+ k′′(sn,i)

λn,i
3!

λ2

n2

]︄
.

The second term clearly converges to a constant times
∫︁ λ
0 k

′′(s)ds which is 0. Also the first term
converges to 0, and to see this it is sufficient to rewrite the summation as

lim
n→∞

1

4 · 5!
λ5n

[︄
n∑︂

i=1

∫︂ sn,i+1

sn,i

(k′(sn,i)− k′(s))ds

]︄
(3.5.3)

and then use the Taylor expansion of k′(s) around sn,i. Therefore, it remains to compute

lim
n→∞

n6

2 · 5!

n∑︂
i=1

−k(sn,i)λn,i
(︃
λ4n,i −

λ4

n4

)︃
= − 1

15 · 5!
λ6
∫︂ λ

0
k2(s)ds+

1

15 · 5!
λ5
(︃∫︂ λ

0
k(s)ds

)︃2

.

(3.5.4)
where, the last equality, is a straightforward application of Proposition 3.3.3. again, we have

By arguing as in (3.5.3), we obtain that the third term (of order 6) in the expansion of (3.5.1)
does not give contribution:

lim
n→∞

n6

2

n∑︂
i=1

− 3

6!
k′(sn,i)λ

6
n,i = 0.

Finally, we compute the limit of the last term:

lim
n→∞

n6

2

n∑︂
i=1

[︃
− 1

7 · 5!
λ7

n7
k′′(sn,i) +

1

7!

λ7

n7
k2(sn,i)

]︃
= lim

n→∞

λ6

2

n∑︂
i=1

[︃
− 1

7 · 5!
λn,ik

′′(sn,i) +
1

7!
λn,ik

2(sn,i)

]︃

=
1

2 · 7!
λ6
∫︂ λ

0
k2(s)ds. (3.5.5)

The coefficients of point (a) of the theorem are obtained by summing up (3.5.2), (3.5.4) and
(3.5.5). From (3.5.1), we immediately obtain that the term of order 5 has zero coefficient. This
fact follows also from S. Marvizi and R. Melrose’s theory, as recalled in Section 3.1.

Point (b) can be proved in the same way.

As pointed out in [1][Theorem 6], in the symplectic billiard case, the first two coefficients β1 and
β3 make it possible to distinguish an ellipse. In fact, the inequality

3β3 ≤ −2π2β1
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equals to the affine isoperimetric inequality

λ3 ≤ 8π2Area(Ω),

which always holds for every strictly-convex closed curve ∂Ω and it is an equality only for ellipses.
This is not the case of outer billiards, since β1 = 0. However, in the next corollary we underline
that coefficients β5 and β7 –even if not geometrically significant– allow to fix an ellipse, also in
the outer billiard case.

Corollary 3.5.2. Same assumptions of Theorem 3.1.1. The coefficients β5 and β7 recognize an
ellipse. In particular:

(a) For symplectic billiards, one always has the inequality

42λ3β7 ≤ 5!(β5)
2, (3.5.6)

with equality if and only if ∂Ω is an ellipse.

(b) For outer billiards, one always has the inequality

7λ3β7 ≥ 170(β5)
2, (3.5.7)

with equality if and only if ∂Ω is an ellipse.

Proof. By Cauchy-Schwartz inequality, it holds(︃∫︂ λ

0
k(s)ds

)︃2

≤ λ

∫︂ λ

0
k2(s)ds,

with equality if and only if k(s) is constant (that is, ∂Ω is an ellipse). As a consequence, in the
symplectic billiard case, we get

β7 ≤
(︃
− 9

5 · 7!
+

1

15 · 5!

)︃
λ5
(︃∫︂ λ

0
k(s)ds

)︃2

=
λ5

7!

(︃∫︂ λ

0
k(s)ds

)︃2

=
5!

42λ3
(β5)

2

which gives the result of point (a). Point (b) is obtained analogously.

3.6 Ellipses and circles

In the case of circles and ellipses, all coefficients of the Mather’s β-function –both for symplectic
and outer billiards– can be easily obtained directly. In particular, by the affine equivariance of
both maps, it is sufficient to consider the case of circular tables. In this final section, we compute
these coefficients for circles (and therefore for ellipses) and check their consistency with the βi’s
of Theorem 3.1.1.

3.6.1 Symplectic billiards

For a disc centered in 0 with radius R, the generating function is twice the area of the triangle
x0y:

ω(x, y) = 2Area(x0y)

and periodic orbits of rotation number 1
n (n ≥ 3) correspond to inscribed regular polygons with

n edges.
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The generating function for an ellipse
x2
1

a2
+

x2
2

b2
= 1 is obtained by applying the affine transfor-

mation

(︃
a/R 0
0 b/R

)︃
, so that

ω(x, y) = ab sin

(︃
2π

n

)︃
.

As a consequence, from Definition 1.1.15 of Mather’s β-function, it follows

β

(︃
1

n

)︃
= ab

∞∑︂
k=0

(−1)k+1

(2k + 1)!

(︃
2π

n

)︃2k+1

. (3.6.1)

Since the affine length and curvature of the ellipse (and circle, for a = b = R) are respectively
λ = 2π(ab)1/3 and k = (ab)−2/3, the above coefficients are consistent with the ones of point (a)
of Theorem 3.1.1.

3.6.2 Outer billiards

For the circular table of boundary x21 + x22 = R2, periodic orbits of rotation number 1
n (n ≥ 3)

correspond to circumscribed regular polygons with n edges and the generating function is the
area:

R2
[︂
tan

(︂π
n

)︂
− π

n

]︂
of the grey region in Figure 3.1. Therefore, the generating function for an ellipse

x2
1

a2
+

x2
2

b2
= 1

results:
ω(x, y) = ab

[︂
tan

(︂π
n

)︂
− π

n

]︂

Figure 3.1: The outer billiard in circles.

and the corresponding Mather’s β-function is

ab

∞∑︂
k=2

(−1)k−14k(4k − 1)B2k

(2k)!

(︂π
n

)︂2k−1

(the B2k’s are the Bernoulli numbers), whose coefficients are consistent with the ones of point
(b) of Theorem 3.1.1.
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Chapter 4

Area spectral rigidity for axially
symmetric and Radon domains

ABSTRACT. This chapter is devoted to presenting the preprint “Area spectral rigidity for
axially symmetric and Radon domains”, joint work with L. Baracco and O. Bernardi, [18]. In
this work, we prove that (a) any finitely smooth axially symmetric strictly convex domain, with
everywhere positive curvature and sufficiently close to an ellipse and (b) any finitely smooth
centrally symmetric strictly convex domain, with everywhere positive curvature, admitting lo-
cally maximizing centrally symmetric orbits of even period passing through a prescribed se-
quence of points and sufficiently close to an ellipse is area spectrally rigid. This means that any
area-isospectral family of domains in these classes is necessarily equi-affine. We use techniques
–adapted to symplectic billiards– inspired by the paper by J. De Simoi, V. Kaloshin and Q. Wei
[41]. The novelty is that the result holds for axially symmetric domains, as in [41], as well as
for a subset of centrally symmetric ones.

4.1 Introduction

Another direction of study is the existence of area spectrally rigid classes of domains; this means
that any family of domains in one of this class with the same area spectrum is necessarily equi-
affine. For Birkhoff billiards, the corresponding length spectral rigidity has been investigated
by J. De Simoi, V. Kaloshin, and Q. Wei in [41]. In particular, they proved that the class of
finitely smooth strictly convex axially symmetric domains, sufficiently close to a circle is length
spectrally rigid, that is any length-isospectral (or dynamically spectrally rigid) family of domains
in this class is necessarily isometric. Their technique can be resumed in the next steps. First of
all, they reduce any family of axially symmetric domains to a normalized one by using uniquely
isometries. Secondly, for every q ≥ 2, they prove the existence of marked locally maximizing
axially symmetric q-periodic orbits of rotation number 1/q. Then, if the given family is length-
isospectral, to each orbit as above, they associate a linear operator and rephrase the main result
to the claim that this operator is injective. Finally, to prove the injectivity, they use precise
estimates for a modification of the Lazutkin coordinates.

The first intent of the present chapter is to rephrase the result by De Simoi, Kaloshin,
and Wei for symplectic billiards. As explained above, in this setting length spectral rigidity is
replaced by area spectral rigidity; moreover –since the symplectic billiard map commutes with
affine transformations– isometries are replaced by equi-affinities. Precise notions are contained
in the next definition.
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DEFINITION. For r ≥ 2, let Dr be the set of strictly convex domains with Cr+1 bound-
ary and everywhere positive curvature. A C1 parametric family of domains (Ωτ )|τ |≤1 ⊂ Dr is
said to be

• area-isospectral if A(Ωτ ) = A(Ωτ ′) for every τ, τ
′ ∈ [−1, 1];

• equi-affine if there exists a family (Bτ )|τ |≤1 of affinities

Bτ : R2 → R2, x ↦→ Bτx+ bτ

with Bτ ∈ SL(2,R) and bτ ∈ R2 such that

Ωτ = BτΩ0 ∀τ ∈ [−1, 1].

The main result of the present paper is then given by the next theorem.

THEOREM 1. Let M be the set of strictly convex domains with sufficiently (finitely) smooth
boundary, everywhere positive curvature, axial symmetry, and sufficiently close to an ellipse.
Let (Ωτ )|τ |≤1 be a C1 parameter family of domains in M. If (Ωτ )|τ |≤1 is area-isospectral then
(Ωτ )|τ |≤1 is equi-affine.

As explained for the seminal result in [41], the proof of this theorem passes through the con-
struction for every Ωτ ∈ M of marked axially symmetric periodic orbits of rotation number
1/q (q ≥ 3). Studying the variation of their areas in terms of τ results sufficient to obtain
information on the family (Ωτ )|τ |≤1 itself and then to prove the theorem when Ω0 is sufficiently
close to an ellipse. Clearly –in general– it is not always possible to construct a selected family of
periodic orbits providing information on the variation of the spectrum, and this is what happens
when we replace axial symmetry with central symmetry, as explained here below.

The second intent of the present paper is, in fact, to construct another class of domains
M′ for which the area spectral rigidity holds. With this aim, we have substituted the family of
axially symmetric domains with the family of centrally symmetric domains and we have followed
the main lines of the proof of Theorem 1. It is worth noting that, in such a case, the result
corresponding to Theorem 1 above is valid only if we restrict to the subset of centrally symmetric
tables defined here below.

DEFINITION. A centrally symmetric domain Ω ∈ R if and only if there exists a point
γ(0) ∈ ∂Ω such that for every even q ≥ 4 and for every k ≥ 2:

(a) there exists a centrally symmetric periodic orbit of rotation number 1/2k which passes
through γ(0) and of maximal area among all centrally symmetric 2k-periodic orbits;

(b) there exists a centrally symmetric periodic orbit of rotation number 1/2k which passes
through γ(1/4q) and of maximal area among all centrally symmetric 2k-periodic orbits.

We notice that the additional (dynamical) hypothesis given by the previous definition –assuring
the existence of locally maximizing centrally symmetric orbits of even period passing through
a prescribed sequence of points– essentially fixes the lack of existence of marked centrally sym-
metric periodic orbits. In this framework, the second result of the present paper is given by the
next theorem.

THEOREM 2. Let M′ be the set of strictly convex domains with sufficiently (finitely) smooth
boundary, everywhere positive curvature, belonging to R, and sufficiently close to an ellipse.
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Let (Ωτ )|τ |≤1 be a C1 parameter family of domains in M′. If (Ωτ )|τ |≤1 is area-isospectral then
(Ωτ )|τ |≤1 is equi-affine.

In light of the previous theorems, these further directions of investigation naturally arises. Can
the hypothesis on the existence of locally maximizing centrally symmetric orbits of even period
passing through prescribed points be removed in the centrally symmetric case? And in general,
does the marked area spectrum uniquely determine –up to affinities– a domain? Or equivalently,
does the Mather’s β-function uniquely determine –up to affinities– a domain?

We underline that the recent paper [43] by C. Fierobe, A. Sorrentino, and A. Vig presents
closely related results, with an approach similar to the original one of De Simoi, Kaloshin and
Wei. In both papers, spectral rigidity is addressed by showing that isospectrality implies the
Fourier coefficients of the deformation function lie in the kernel of a certain operator. For do-
mains close to a circle (in the Birkhoff case) and to an ellipse (in the symplectic case), this
operator is injective, providing trivial deformations. Our approach is instead more direct, since
we derive precise inequalities for the Fourier coefficients of the deformation function and con-
clude that, for domains sufficiently close to an ellipse, these inequalities imply zero Fourier
coefficients. In particular, from the detailed proofs of the theorems, it is clear both the necessity
of the geometrical hypotheses on the family of domains and the role of the normalizations, which
essentially compensate for the lack of periodic orbits of period smaller than 3.

The chapter is organized as follows. In Section 4.2 we define the area spectrum and area-
isospectral and equi-affine families of domains. In Section 4.3 we introduce the two classes of
domains for which the area spectral rigidity holds. In Section 4.4 we first introduce the normal-
ization for each class of domains; clearly, by the affine equivariance of the symplectic billiard
map, we reduce any family to a normalized one by using uniquely affinities. The normalization
for axially symmetric domains is essentially the same as the one proposed in [41][Section 3].
Additionally, we introduce a normalization for area-isospectral domains in R. Finally, we define
the infinitesimal deformation function for the normalized families of domains and we rephrase
the area isospectrality in terms of a linear system involving the deformation function. In Section
4.5 we recall some preliminaries in affine differential geometry and we prove a technical lemma
–refinement of Proposition 3.3 in [17]– which will be fundamental in the proof of the two the-
orems. In fact, our proofs are performed by using the affine parametrization. In particular, if
{sj}qj=0 are the ordered affine parameters corresponding to a simple periodic trajectory for the
symplectic billiard, we use –as in [17]– the Taylor expansions of both sj and of λj := sj − sj−1.
Section 4.6 is devoted to the detailed proofs of the main theorems. It is in the proof of the
theorem for centrally symmetric domains that the hypothesis of the existence of marked locally
maximizing centrally symmetric orbits of even period passing through prescribed points emerges
as necessary to conclude.

4.2 Preliminaries

Let Ω be a strictly convex planar domain with smooth boundary ∂Ω and fixed positive counter-
clockwise orientation. We assume that Ω contains the origin. By the strict convexity, for every
point x ∈ ∂Ω there exists a unique (opposite) point x∗ such that Tx∂Ω = Tx∗∂Ω. We refer to

P := {(x, y) ∈ ∂Ω× ∂Ω : x < y < x∗}

as the (open, positive) phase-space and we define the symplectic billiard map as follows (see
[1][Page 5]):

Φ : P → P, (x, y) ↦→ (y, z)
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Chapter 4. Area spectral rigidity for axially symmetric and Radon domains

where z is the unique point satisfying

z − x ∈ Ty∂Ω.

We notice that Φ is continuous and can be continuously extended to P̄, so that Φ(x, x) = (x, x)
and Φ(x, x∗) = (x∗, x) (these are the unique 2-periodic orbits of Φ). Moreover, see [1][Section 2]
for exhaustive details, the symplectic billiard map turns out to be a twist map, preserving an
area form, with generating function

ω(x, y) = det(x, y)

so that

Φ(x, y) = (y, z) ⇔ d

dy
[ω(x, y) + ω(y, z)] = 0.

We refer also to [13], [17], and [16] for recent advances in symplectic billiards.
To every closed trajectory {xj}qj=0 of Φ in Ω (x0 = xq), it corresponds the action

∑︁q−1
j=0 ω(xj , xj+1).

In particular, if the periodic trajectory winds once around ∂Ω, then 1
2

∑︁q−1
j=0 ω(xj , xj+1) is the

area of the convex polygon inscribed in ∂Ω with vertices {xj}qj=0.

Definition 4.2.1. The area spectrum for the symplectic billiard in Ω is the set of positive real
numbers

A(Ω) = N{action of all closed trajectories of Φ} ∪ N{AΩ},

where AΩ is the area of Ω.

We underline the difference between the area spectrum and the so-called marked area spectrum,
which is defined as the map that associates to any 1/q, q ≥ 3, the maximal area of (simple)
convex polygons with q vertices inscribed in ∂Ω. See e.g. [1][Beginning of Section 2.5.2] and
[17][Definition 1.4]. We stress that the substantial difference between the two spectra is that the
marked area spectrum preserves the information on the rotation number.

For r ≥ 2, let Dr be the set of strictly convex domains with Cr+1 boundary, with everywhere
positive curvature. The proof of this property of the area spectrum is the same as the one in
[41][Lemma 4.1].

Lemma 4.2.2. Let r ≥ 2. For any domain Ω ∈ Dr, A(Ω) has zero Lebesgue measure.

Given Ω ∈ Dr, we assume that the affine perimeter of ∂Ω is normalized to 1 and we indicate by

T ∋ s ↦→ γΩ(s) ∈ ∂Ω

the Cr affine arc-length parametrization of ∂Ω, where T = R/Z = [0, 1]/ ∼ identifying 0 ∼ 1.
In particular, for Ω0,Ω1 ∈ Dr, let

d(Ω0,Ω1) :=
r∑︂

k=0

sup
s∈[0,1]

∥γ(k)Ω1
(s)− γ

(k)
Ω0

(s)∥.

The next definition corresponds to Definition 2.9 in [41].

Definition 4.2.3. Given Ω ∈ Dr with unitary affine perimeter, let D be the disk of affine
perimeter 1 tangent to Ω at the point γΩ(0). For δ > 0, Ω is said to be δ-close to the circle if

d(Ω, D) ≤ δ. (4.2.1)

A domain Ω ∈ Dr of arbitrary affine perimeter is said to be δ-close to the circle if its rescaling
of unitary affine perimeter satisfies (4.2.1).
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Assumption 4.2.4. From now on, every domain Ω ∈ Dr is assumed to be:

(a) parametrized by the affine parameter;

(b) normalized to unitary affine perimeter.

Given a C1 parametric family of domains (Ωτ )|τ |≤1 ⊂ Dr, we use the notation

γ : [−1, 1]× T → R2, (τ, s) ↦→ γ(τ, s) := γΩτ (s).

By hypothesis, γ(·, s) is C1 for every s ∈ T and γ(τ, ·) is Cr for every τ ∈ [−1, 1].
Notice that γ and γ̃ parametrize the same family of domains (Ωτ )|τ |≤1 ⊂ Dr if and only if there
exists a C1 family of Cr circle diffeomorphisms s̃ : [−1, 1]× T → T such that

γ(τ, s) = γ̃(τ, s̃(τ, s) = s+ s0(τ)) (4.2.2)

(or equivalently, γ̃(τ, s̃) = γ(τ, s(τ, s̃)), where s denotes the inverse of s̃). Two parametrizations
corresponding to the same family of domains are said to be equivalent.
We finally introduce the two fundamental notions of the present paper: area-isospectral and
equi-affine families of domains.

Definition 4.2.5. A C1 parametric family of domains (Ωτ )|τ |≤1 ⊂ Dr is said to be

(a) area-isospectral if A(Ωτ ) = A(Ωτ ′) for every τ, τ ′ ∈ [−1, 1];

(b) equi-affine if there exists a family (Bτ )|τ |≤1 of affinities

Bτ : R2 → R2, x ↦→ Bτx+ bτ

with Bτ ∈ SL(2,R) and bτ ∈ R2 such that

Ωτ = BτΩ0 ∀τ ∈ [−1, 1].

(c) constant if Ωτ ≡ Ω0.

Finally, let fix a subset M ⊂ Dr.

Definition 4.2.6. A domain Ω ∈ M is called area spectrally rigid in M if any area-isospectral
family of domains (Ωτ )|τ |≤1 ⊂ M with Ω0 = Ω is necessarily equi-affine.

Remark 4.2.7. The aim of the present paper is to construct two different classes of domains
for which the area spectral rigidity holds. As a consequence, we underline that Assumption
4.2.4 is not restrictive because if (Ωτ )|τ |≤1 ⊂ Dr is area-isospectral then the affine perimeter of
∂Ωτ is constant. In fact, under the hypothesis of area-isospectrality, the marked area spectrum
for the symplectic billiard in Ωτ is independent on τ . Equivalently, the corresponding formal
Taylor expansion at 0 of the Mather’s β-function is independent on τ . To conclude, it is then
sufficient to remind that the term of order 3 is exactly λ3/6 (see e.g. [66][Theorem 1]), where λ
is the affine perimeter of the symplectic billiard table.

4.3 Statement of results

We start by recalling that a domain Ω ∈ Dr is said to be axially symmetric if there exists a line
∆ ⊂ R2 such that Ω is invariant under the reflection along ∆. By convexity, ∆∩ ∂Ω is given by
two points. Chosen (arbitrarily) one of these points, we refer to it as the marked point of ∂Ω
and to the other as the auxiliary point of ∂Ω.
The next lemma –which is a consequence of the axial symmetry of Ω– corresponds to Lemma
4.3 in [41].
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Chapter 4. Area spectral rigidity for axially symmetric and Radon domains

Lemma 4.3.1. Let Ω ∈ Dr be an axially symmetric domain. For every q ≥ 3 there exists an
axially symmetric periodic orbit of rotation number 1/q passing through the marked point of ∂Ω
and of maximal area among all axially symmetric q-periodic orbits passing through the marked
point.

Proof. We recall that Ω is parametrized in affine arc-length by γ(s); moreover, since λ = 1, the
marked and the auxiliary points can be conventionally fixed to be γ(0) and γ(1/2) respectively.
We distinguish even and odd period and we use the same arguments as in the proof of Lemma
4.3 in [41].

For k ≥ 2, let q = 2k even. In such a case, the desired q-periodic orbit passes through
the marked and the auxiliary points. In fact, once fixed s0 = 0 and sk = 1/2, we look for
(s1, . . . , sk−1) in the compact set 0 = s0 ≤ s1 ≤ · · · ≤ sk−1 ≤ sk = 1/2, maximizing

k−1∑︂
j=0

ω(γ(sj), γ(sj+1)). (4.3.1)

The maximum (0, s̄1, . . . , s̄k−1, 1/2) must satisfy 0 < s̄1 < · · · < s̄k−1 < 1/2. Moreover,

0 = ∂1ω(γ(s̄j), γ(s̄j+1)) + ∂2ω(γ(s̄j−1), γ(s̄j)) ∀j = 1, . . . , k − 1.

Defining s̄2k−j = −s̄j for every j = 1, . . . k − 1, we obtain the desired 2k-periodic orbit. See (a)
in Figure 4.1.

For k ≥ 1, let q = 2k+ 1 odd. In such a case, differently from above, we fix only s0 = 0 and
we look for (s1, . . . , sk) in the compact set 0 = s0 ≤ s1 ≤ · · · ≤ sk ≤ 1/2, maximizing

k−1∑︂
j=0

ω(γ(sj), γ(sj+1)) +
1

2
ω(γ(sk), γ(−sk)). (4.3.2)

Again, the maximum (0, s̄1, . . . , s̄k) must satisfy 0 < s̄1 < · · · < s̄k−1 < s̄k < 1/2. Moreover

0 = ∂1ω(γ(s̄j), γ(s̄j+1)) + ∂2ω(γ(s̄j−1), γ(s̄j)) ∀j = 1, . . . , k − 1,

0 = ∂2ω(γ(s̄k−1), γ(s̄k)) + ∂1ω(γ(s̄k), γ(−s̄k)).

The (2k + 1)-periodic orbit of the statement is then obtained by defining s̄2k+1−j = −s̄j for
every j = 1, . . . k − 1. See (b) in Figure 4.1.

(a) (b)

Figure 4.1: Axially symmetric periodic orbits of even period (a) and odd period (b).

We continue by recalling that a domain Ω ∈ Dr is said to be centrally symmetric if there exists
a point 0 ∈ int(Ω) such that Ω is invariant under the reflection with center 0.
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4.4. Normalizations and infinitesimal deformation function

In the sequel, we denote by ASr
δ the set of axially symmetric domains in Dr which are δ-close

to the circle, in accord with Definition 4.2.3. Analogously, CSr
δ is the set of centrally symmetric

domains in Dr which are δ-close to the circle.

The aim of the present paper is proving the next two rigidity results.

Theorem 4.3.2. Let r = 6. There exists δ > 0 such that any domain Ω ∈ ASr
δ is area

spectrally rigid in ASr
δ. In other words, any area-isospectral family of domains (Ωτ )|τ |≤1 ⊂ ASr

δ

with Ω0 = Ω is necessarily equi-affine.

It is worth noting that the corresponding result in CSr
δ is valid only if we restrict to the subset

Rr
δ of CSr

δ defined here below.

Definition 4.3.3. Given Ω ∈ CSr
δ, the domain Ω ∈ Rr

δ if and only if there exists a point
γ(0) ∈ ∂Ω such that for every even q ≥ 4 and for every k ≥ 2:

(a) there exists a centrally symmetric periodic orbit of rotation number 1/2k which passes
through γ(0) and of maximal area among all centrally symmetric 2k-periodic orbits;

(b) there exists a centrally symmetric periodic orbit of rotation number 1/2k which passes
through γ(1/4q) and of maximal area among all centrally symmetric 2k-periodic orbits.

Remark 4.3.4. We make some considerations on the previous definition. Hypothesis (a) im-
poses essentially the existence of a special point in ∂Ω playing the role of the marked point in
the axially symmetric case. For this reason, we still indicate the point γ(0) as the marked point
of ∂Ω. The sequence of points in hypothesis (b) (rather technical) will be necessary to conclude
the proof in the centrally symmetric case, we refer to the detailed proof of Theorem 4.3.5.

Theorem 4.3.5. Let r = 6. There exists δ > 0 such that any domain Ω ∈ Rr
δ is area spectrally

rigid in Rr
δ. In other words, any area-isospectral family of domains (Ωτ )|τ |≤1 ⊂ Rr

δ with Ω0 = Ω
is necessarily equi-affine.

4.4 Normalizations and infinitesimal deformation function

We now introduce the normalization both in the axially and in the centrally symmetric case.
Given a family (Ωτ )|τ |≤1 ⊂ Dr of axially symmetric domains, parametrized by γ, an associated

normalized family (Ω̃τ )|τ |≤1 is then constructed as follows:

(a) By a translation, impose the marked point to be γ(τ, 0) = (0, 0) for every τ ∈ [−1, 1];

(b) by a rotation, impose the axis of symmetry of every Ωτ to be on x > 0;

(c) finally, by a unitary diagonal transformation, impose the auxiliary point of every ∂Ωτ to
be
(︁
2(2π)−3/2, 0

)︁
.

Similarly, given a family (Ωτ )|τ |≤1 ⊂ Dr of centrally symmetric domains satisfying hypotheses

of Definition 4.3.3, parametrized by γ, the associated normalized family (Ω̃τ )|τ |≤1 is constructed
as follows:

(a) By a translation, impose the center of symmetry to be the origin (0, 0) for every τ ∈ [−1, 1];

(b) by a rotation, impose the marked point of every Ωτ to be on x > 0;

(c) finally, by a unitary affine transformation, impose the marked point of every ∂Ωτ to satisfy:
γ(τ, 0) =

(︁
(2π)−3/2, 0

)︁
and ∂sγ(τ, 0) || (0, 1).
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Chapter 4. Area spectral rigidity for axially symmetric and Radon domains

We underline that all transformations used in points (a)–(c) of both normalizations do not change
the (unitary) affine perimeter, and that circles and ellipses coincide with these normalizations.
Moreover, given a family (Ωτ )|τ |≤1 ⊂ Dr of axially symmetric or centrally symmetric domains

satisfying hypotheses of Definion 4.3.3, we have used affinities to construct (Ω̃τ )|τ |≤1. As a

consequence, A(Ωτ ) = A(Ω̃τ ) for every τ ∈ [−1, 1] and therefore (Ωτ )|τ |≤1 is area isospectral

if and only if (Ω̃τ )|τ |≤1 is area isospectral. Consequently, Theorems 4.3.2 and 4.3.5 can be
respectively rephrased as follows. From now on –when it is clear from the context– we omit the
tilde to indicate a normalized family.

Theorem 4.4.1. Let r = 6. There exists δ > 0 such that any domain Ω ∈ ASr
δ is area spectrally

rigid in ASr
δ. In other words, any normalized area-isospectral family of domains (Ωτ )|τ |≤1 ⊂ ASr

δ

with Ω0 = Ω is necessarily constant.

Theorem 4.4.2. Let r = 6. There exists δ > 0 such that any domain Ω ∈ Rr
δ is area spectrally

rigid in Rr
δ. In other words, any normalized area-isospectral family of domains (Ωτ )|τ |≤1 ⊂ Rr

δ

with Ω0 = Ω is necessarily constant.

Given a normalized family (Ωτ )|τ |≤1 ⊂ Dr of domains in ASr
δ or Rr

δ, parametrized by γ, we
define the infinitesimal deformation function nγ(τ, s) as

nγ(τ, s) := ω(∂τγ(τ, s), Tγ(τ, s)), (4.4.1)

where Tγ(τ, s) is the unit tangent vector to ∂Ωτ at the point γ(τ, s), Tγ(τ, s) :=
∂sγ(τ,s)

∥∂sγ(τ,s)∥ . We

refer to [41][Page 245] for the formula of the infinitesimal deformation function for (normalized)
axially symmetric Birkhoff billiard tables. By the regularity properties of γ, nγ is C0 in τ and
Cr−1 in s.

Remark 4.4.3. We finally notice that, as a consequence of the normalizations, the infinitesimal
deformation function nγ(τ, s) satisfies the properties explained here below.

(a) For a normalized family (Ωτ )|τ |≤1 ⊂ ASr
δ, nγ(τ, 0) = nγ(τ, 1/2) = 0 for every |τ | ≤ 1.

(b) For a normalized family (Ωτ )|τ |≤1 ⊂ Rr
δ, nγ(τ, 0) = 0 and

∂snγ(τ, 0) = ω(∂2sτγ(τ, 0), Tγ(τ, 0)) + ω(∂τγ(τ, 0), ∂sTγ(τ, 0)) = 0 (4.4.2)

for every |τ | ≤ 1. By central symmetry, also nγ(τ, 1/2) = 0 and

∂snγ(τ, 1/2) = ω(∂2sτγ(τ, 1/2), Tγ(τ, 1/2)) + ω(∂τγ(τ, 1/2), ∂sTγ(τ, 1/2)) = 0 (4.4.3)

for every |τ | ≤ 1. In fact, since the normalization imposes that for every |τ | ≤ 1,
γ(τ, 0) =

(︁
(2π)−3/2, 0

)︁
and Tγ(τ, 0) || (0, 1), it follows that ∂sTγ(τ, 0) ≡ 0, and moreover

Tγ(τ, 0) || ∂2sτγ(τ, 0). The central symmetry assumption, provides the same properties for
∂sTγ(τ, 1/2) and ∂

2
sτγ(τ, 1/2).

We stress that the above properties will be fundamental in order to conclude the proof of
Theorems 4.3.2 and 4.3.5 respectively; as it will become clear later, these normalizations will
compensate for the lack of periodic orbits of period smaller than 3.

The statement and the proof of the next lemma is the same of Lemma 3.3 in [41].
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Lemma 4.4.4. Let (Ωτ )|τ |≤1 ⊂ Dr be a normalized family of domains in ASr
δ or Rr

δ, parametrized
by γ. Then

(a) for any other parametrization γ̃ as in (4.2.2), if nγ(τ, ·) ≡ 0 for some τ ∈ [−1, 1] then
nγ̃(τ, ·) ≡ 0 for the same τ ∈ [−1, 1];

(b) nγ(τ, s) = 0 for all (τ, s) ∈ [−1, 1]× T if and only if (Ωτ )|τ |≤1 is a constant family.

By using the lemma above, we can rephrase Theorems 4.3.2 and 4.3.5 (and their equivalent
versions: Theorems 4.4.1 and 4.4.2) in terms of the infinitesimal deformation function.

Theorem 4.4.5. Let r = 6. There exists δ > 0 such that if (Ωτ )|τ |≤1 is a normalized area-
isospectral family of domains in ASr

δ, then nγ ≡ 0 for every parametrization γ.

Theorem 4.4.6. Let r = 6. There exists δ > 0 such that if (Ωτ )|τ |≤1 is a normalized area-
isospectral family of domains in Rr

δ, then nγ ≡ 0 for every parametrization γ.

Consider a family of domains (Ωτ )|τ |≤1 ⊂ Dr. For every q ≥ 3, if s(τ) = {si(τ)}qi=0 are the affine
parameters for a q-periodic sequence corresponding to points in ∂Ωτ , we indicate

ωq(τ ; s(τ)) :=

q−1∑︂
j=0

ω(γ(τ, sj(τ)), γ(τ, sj+1(τ))).

Clearly, if s(τ) gives a q-periodic orbit, then ωq(τ ; s(τ)) is its action.
In the sequel, for the sake of simplicity, we omit the dependence on τ of s and si. We need to
distinguish normalized family of domains (Ωτ )|τ |≤1 ⊂ ASr

δ and (Ωτ )|τ |≤1 ⊂ Rr
δ.

In the first case, for every q ≥ 3, let s = {sj}qj=0 be the affine parameters corresponding to
the ordered vertices of an axially symmetric q-periodic orbit for the symplectic billiard in Ωτ ,
passing through the marked point of ∂Ωτ . Moreover, let

[−1, 1] ∋ τ ↦→ ∆q(τ) := max
s

ωq(τ ; s) ∈ R (4.4.4)

be the function associating to each domain Ωτ twice the area of the q-periodic orbit constructed
in Lemma 4.3.1. More precisely, ∆q(τ) is twice the maximal area among all axially symmetric
q-periodic orbits for the symplectic billiard in Ωτ , passing through the marked point of ∂Ωτ .

In the second case, for every even q ≥ 4, let s = {sj}qj=0 be the affine parameters correspond-
ing to the ordered vertices of a centrally symmetric q-periodic orbit for the symplectic billiard
in Ωτ . In this latter case

[−1, 1] ∋ τ ↦→ ∆̃q(τ) := max
s

ωq(τ ; s) ∈ R (4.4.5)

is the function associating to each domain Ωτ twice the maximal area among all centrally
symmetric q-periodic orbits for the symplectic billiard in Ωτ .

Proposition 4.4.7. (a) Let (Ωτ )|τ |≤1 ⊂ ASr
δ be a normalized area-isospectral family of domains

parametrized by γ. If s̄ = (s̄0, . . . , s̄q) realizes the maximum (4.4.4), that is ωq(τ ; s̄) = ∆q(τ),
then

∂τωq(τ, s̄) =

q−1∑︂
j=0

∥γ(τ, s̄j+1)− γ(τ, s̄j−1)∥nγ(τ, s̄j) = 0. (4.4.6)

(b) Let (Ωτ )|τ |≤1 ⊂ Rr
δ be a normalized area-isospectral family of domains parametrized by γ. If

s̄ = (s̄0, . . . , s̄q) realizes the maximum (4.4.5), that is ωq(τ ; s̄) = ∆̃q(τ), then

∂τωq(τ, s̄) =

q−1∑︂
j=0

∥γ(τ, s̄j+1)− γ(τ, s̄j−1)∥nγ(τ, s̄j) = 0. (4.4.7)
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Proof. Since the proof of (a) and (b) follows the same lines, we give all the details in axially
symmetric case. We first prove that ∂τωq(τ, s̄) = 0. By definition, ∆q(τ) ∈ A(Ωτ ). Moreover,
since the family (Ωτ )|τ |≤1 ⊂ ASr

δ is assumed to be C1 parametric, ∆q is a continuous function.
By these facts and Lemma 4.2.2, it follows that if (Ωτ )|τ |≤1 ⊂ ASr

δ is area-isospectral then ∆q

is necessarily constant. We recall that ∆q(τ) is –by definition– twice the maximal area among
all axially symmetric q-periodic orbits for the symplectic billiard in Ωτ , passing through the
marked point of ∂Ωτ . Consequently, if s̄ realizes the maximum at τ then

ωq(τ
′, s̄) ≤ ∆q(τ

′) = ∆q(τ) = ωq(τ ; s̄) ∀τ ′ ∈ [−1, 1],

where –in the first equality– we have used the fact that (in the area-isospectral case) ∆q is
constant. Since the family (Ωτ )|τ |≤1 ⊂ ASr

δ is assumed to be C1 parametric, τ ↦→ ωq(τ ; s̄) is C
1

and the statement immediately follows. Finally, we verify the explicit expression for ∂τωq(τ, s̄)
by a direct computation:

∂τωq(τ, s̄) =

q−1∑︂
j=0

∂τω(γ(τ, s̄j), γ(τ, s̄j+1))

=

q−1∑︂
j=0

[ω(∂τγ(τ, s̄j), γ(τ, s̄j+1)) + ω(γ(τ, s̄j), ∂τγ(τ, s̄j+1))]

=

q−1∑︂
j=0

ω(∂τγ(τ, s̄j), γ(τ, s̄j+1)− γ(τ, s̄j−1))

=

q−1∑︂
j=0

∥γ(τ, s̄j+1)− γ(τ, s̄j−1)∥ω(∂τγ(τ, s̄j), Tγ(τ, s̄j))

=

q−1∑︂
j=0

∥γ(τ, s̄j+1)− γ(τ, s̄j−1)∥nγ(τ, s̄j).

where, in the fourth equality, we have used the symplectic billiard dynamics:

γ(τ, s̄j+1)− γ(τ, s̄j−1) = ∥γ(τ, s̄j+1)− γ(τ, s̄j−1)∥Tγ(τ, s̄j) ∀j = 1, . . . , q − 1.

4.5 Preliminary results in affine differential geometry

This section is devoted to collecting some notions and results in affine differential geometry
which will be useful in the next sections. We recall that the affine arc length and the affine
perimeter are given respectively by

s(t) =

∫︂ t

0
κ1/3(r)dr 0 ≤ t ≤ l

and

λ =

∫︂ l

0
κ1/3(r)dr

where t is the arc length and κ(t) the (ordinary) curvature of ∂Ω. As in the previous sections, let
γ(s) be the affine arc length parametrization of ∂Ω. Then –see [85][Section 3]– γ is characterized
by:

ω(γ′, γ′′) = 1, ω(γ′, γ′′′) = 0
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and
k := ω(γ′′, γ′′′)

is the affine curvature of ∂Ω (remind that the affine curvature of the circle of affine unitary
perimeter is (2π)2). Moreover, differentiating ω(γ′, γ′′′) = 0 and using the definition of k, we
obtain

γ′′′ = −kγ′.

We underline that ∥γ′(s)∥ = ρ(t(s)), where ρ and t are the (usual) ray of curvature and arc
length, respectively. From now on, we suppose λ = 1 (see Assumption 4.2.4).
The next technical lemma is a refinement of Proposition 3.3 in [17]. These coordinates and their
expansions are the analogue, for symplectic billiards, of those computed by V.F. Lazutkin for
the usual Birkhoff billiards [63].

Lemma 4.5.1. For q ≥ 3, let {γ(sj)}qj=0 be the ordered vertices of a periodic trajectory for the
symplectic billiard with rotation number 1/q and s0 = 0 and sq = 1. If

λj := sj − sj−1 ∀j = 1, . . . , q

then

λj =
1

q
− 1

30q3

∫︂ 1

0
k(s)ds+

1

30q3
k

(︃
j

q

)︃
− 1

60q4
k′
(︃
j

q

)︃
+O

(︃
1

q5

)︃
, (4.5.1)

where, for some constant C > 0 independent on q ≥ 3:⃦⃦⃦⃦
O

(︃
1

q5

)︃⃦⃦⃦⃦
≤ C

∥k′∥C2

q5
.

Moreover

sj =
j

q
+

1

30q2

∫︂ j
q

0
k(s)ds− j

30q3

∫︂ 1

0
k(s)ds+O

(︃
1

q4

)︃
. (4.5.2)

Proof. We first prove formula (4.5.1). We start recalling that, by Propositions 3.2 and 3.3 in
[17], it holds that

λj+1 = λj +
1

30
k′(sj)λ

4
j +O(λ6j ) and

λj =
1

q
− 1

30q3

∫︂ 1

0
k(s)ds+

1

30q3
k

(︃
j

q

)︃
+
σ(j, q)

q4

(4.5.3)

with σ(j, q) = O(1).

Remark 4.5.2. We stress that, since we are applying the Implicit function Theorem, in order
to obtain the first formula in (4.5.3), we need to ask the affine parametrization to be at least
C6, that is r = 6.

Combining the two equalities, we obtain

σ(j + 1, q)

q4
=
σ(j, q)

q4
+

1

30q3

(︃
k

(︃
j

q

)︃
− k

(︃
j + 1

q

)︃
+

1

q
k′
(︃
j

q

)︃)︃
+O

(︃
1

q6

)︃
=
σ(j, q)

q4
− 1

60q5
k′′
(︃
j

q

)︃
+O

(︃
1

q6

)︃
,

so that

σ(j, q) = σ(1, q)− 1

60q

j−1∑︂
i=1

k′′
(︃
i

q

)︃
+O

(︃
1

q

)︃
= σ(1, q)− 1

60

(︃
k′
(︃
j

q

)︃
− k′

(︃
1

q

)︃)︃
+O

(︃
1

q

)︃
,

(4.5.4)
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where –in the last equality– we have used the fact that by Taylor expansion:

1

q

j−1∑︂
i=1

k′′
(︃
i

q

)︃
−
∫︂ j

q

1
q

k′′(s)ds =
1

q

j−1∑︂
i=0

k′′
(︃
i

q

)︃
− k′

(︃
j

q

)︃
+ k′

(︃
1

q

)︃
= O

(︃
1

q

)︃
.

Therefore:

λj =
1

q
− 1

30q3

∫︂ 1

0
k(s)ds+

1

30q3
k

(︃
j

q

)︃
+
σ(1, q) + 1

60k
′
(︂
1
q

)︂
q4

− 1

60q4
k′
(︃
j

q

)︃
+O

(︃
1

q5

)︃
.

We continue by summing up the last equality for j = 1, . . . , q. Recalling that
∑︁q

j=1 λj = 1, we
obtain:

0 =
1

30q3

q∑︂
j=1

k

(︃
j

q

)︃
− 1

30q2

∫︂ 1

0
k(s)ds− 1

60q4

q∑︂
j=1

k′
(︃
j

q

)︃
+
σ(1, q) + 1

60k
′
(︂
1
q

)︂
q3

+O

(︃
1

q4

)︃

=
1

30q2

q∑︂
j=1

∫︂ j+1
q

j
q

k

(︃
j

q

)︃
− k(s)ds− 1

60q4

q∑︂
j=1

k′
(︃
j

q

)︃
+
σ(1, q) + 1

60k
′
(︂
1
q

)︂
q3

+O

(︃
1

q4

)︃
.

Since∫︂ j+1
q

j
q

k

(︃
j

q

)︃
− k(s)ds = − 1

2q2
k′
(︃
j

q

)︃
+O

(︃
1

q3

)︃
and

1

q

q∑︂
j=1

k′
(︃
j

q

)︃
= O

(︃
1

q

)︃
,

we finally obtain

σ(1, q) + 1
60k

′
(︂
1
q

)︂
q3

= O

(︃
1

q4

)︃
By using (4.5.4), we immediately obtain formula (4.5.1).

Formula (4.5.2) comes by summing up expansion (4.5.1) for i = 1, . . . , j:

sj =

j∑︂
i=1

λi =
j

q
− j

30q3

∫︂ 1

0
k(s)ds+

1

30q3

j∑︂
i=1

k

(︃
i

q

)︃
− 1

60q4

j∑︂
i=1

k′
(︃
i

q

)︃
+O

(︃
1

q4

)︃
.

Since now, by Taylor’s expansion

1

30q3

j∑︂
i=1

k

(︃
i

q

)︃
=

1

30q2

∫︂ j
q

0
k(s)ds+

1

60q4

j∑︂
i=1

k′
(︃
i

q

)︃
+O

(︃
1

q4

)︃
,

formula (4.5.2) immediately follows.

4.6 Proof of Theorems 4.4.5 and 4.4.6

For δ > 0, consider (Ωτ )|τ |≤1 ⊂ Dr a family of normalized area-isospectral domains in ASr
δ and

Rr
δ respectively. The infinitesimal deformation function has the following properties.

(a) If (Ωτ )|τ |≤1 ⊂ ASr
δ is a normalized area-isospectral family of domains, parametrized by γ,

nγ(τ, ·) is an even function. In particular, for every τ ∈ [−1, 1] we can write the Fourier
expansion of nγ(τ, s) in the basis {e2πiks}k∈Z:

nγ(τ, s) =
∑︂
|k|≥1

n̂k(τ)e
2πiks
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where n̂k(τ) denotes the k-th Fourier coefficient of nγ(τ, ·) and by symmetry n̂k = n̂−k.
Since nγ has zero-average, n̂0 = 0. We remind that, as a consequence of the normalization
(see point (a) of Remark 4.4.3) nγ(τ, 0) = nγ(τ, 1/2) = 0 for every |τ | ≤ 1.

(b) If (Ωτ )|τ |≤1 ⊂ Rr
δ is a normalized area-isospectral family of domains, parametrized by γ,

nγ(τ, ·) is a 1/2-periodic function. In particular, for every τ ∈ [−1, 1] we can write the
Fourier expansion of nγ(τ, s) in the basis {e2πiks}k∈Z:

nγ(τ, s) =
∑︂
|k|≥1

n̂2k(τ)e
4πiks.

In such a case, the normalization (see point (b) of Remark 4.4.3) implies:

nγ(τ, 0) = nγ(τ, 1/2) = 0 and ∂snγ(τ, 0) = ∂snγ(τ, 1/2) = 0 ∀τ ∈ [−1, 1].

Remark 4.6.1. Theorems 4.4.5 and 4.4.6 are especially easy to verify when Ω0 is a circle.
We give details for Theorem 4.4.5, the other theorem similarly follows. In this special case,

for every q ≥ 3 the axially symmetric periodic orbit of Lemma 4.3.1 is given by s̄ =
{︂

j
q

}︂q

j=0
.

Consequently, from Proposition 4.4.7 we have that

∂τωq(τ, s̄) |τ=0=

q−1∑︂
j=0

⃦⃦⃦⃦
γ

(︃
0,
j + 1

q

)︃
− γ

(︃
0,
j − 1

q

)︃ ⃦⃦⃦⃦
nγ

(︃
0,
j

q

)︃
= 0.

Since

⃦⃦⃦⃦
γ
(︂
0, j+1

q

)︂
− γ

(︂
0, j−1

q

)︂ ⃦⃦⃦⃦
is constant for each j = 0, . . . , q − 1, we get

q−1∑︂
j=0

nγ

(︃
0,
j

q

)︃
=
∑︂
|k|≥1

q−1∑︂
j=0

n̂k(0)e
2πikj

q = 2q
∑︂
k≥1

n̂qk(0) = 0,

implying that n̂k(0) = 0 for every k ≥ 3. Moreover, from normalization, nγ(0, 0) = 0 =
nγ(0, 1/2) so that n̂1(0) = n̂2(0) = 0. This gives nγ(0, ·) ≡ 0 and therefore the desired statement,
nγ ≡ 0.

Before entering into the details of the proof of Theorem 4.4.5, we premise a technical lemma.

Lemma 4.6.2. Let (Ωτ )|τ |≤1 ⊂ Dr be a normalized family of domains in ASr
δ or Rr

δ parametrized
by γ. For q ≥ 3, let s = {sj}qj=0 be the affine parameters corresponding to ordered vertices of
a periodic trajectory for the symplectic billiard for the domain Ω0, with rotation number 1/q.
Then

∂τωq(τ, s) |τ=0=

q−1∑︂
j=0

nγ (0, sj) ρ(t(sj))
1
3

[︃
2

q
+

1

15q3

(︃
k

(︃
j

q

)︃
−
∫︂ 1

0
k(s)ds

)︃
− 1

3q3
k(sj) +O

(︃
1

q5

)︃]︃
,

(4.6.1)
where ρ denotes the (usual) ray of curvature of the domain Ω0.

Proof. From Proposition 4.4.7, we know that

∂τωq(τ, s̄) |τ=0=

q−1∑︂
j=0

∥γ(0, sj+1)− γ(0, sj−1)∥nγ(0, sj),
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so that we need to detect ∥γ(0, sj+1) − γ(0, sj−1)∥. Naming γ(0, s) = γ(s) and recalling that
λj = sj − sj−1:

γ (sj+1)− γ (sj) = γ′ (sj)λj+1 +
γ′′ (sj)

2
λ2j+1 +

γ′′′ (sj)

6
λ3j+1 +

γ′′′′ (sj)

24
λ4j+1 +O

(︁
λ5j+1

)︁
,

γ (sj−1)− γ (sj) = −γ′ (sj)λj +
γ′′ (sj)

2
λ2j −

γ′′′ (sj)

6
λ3j +

γ′′′′ (sj)

24
λ4j +O

(︁
λ5j
)︁
.

Consequently, by expansion (4.5.1) and the fact that λj+1 − λj = O(1/q4) (see first formula in
(4.5.3)), the norm of their difference is

∥γ(sj+1)− γ(sj−1)∥ =

⃦⃦⃦⃦
γ′(sj)(λj+1 + λj) +

γ′′′(sj)

6
(λ3j+1 + λ3j ) +O(1/q5)

⃦⃦⃦⃦
.

Plugging formula (4.5.1) into the one above, we obtain that

∥γ(sj+1)− γ(sj−1)∥ = ∥γ′(sj)∥
[︃
2

q
− 1

30q3

(︃
2

∫︂ 1

0
k(s)ds− k

(︃
j

q

)︃
− k

(︃
j + 1

q

)︃)︃
+

− 1

3q3
∥γ′′′(sj)∥
∥γ′(sj)∥

− 1

60q4

(︃
k′
(︃
j

q

)︃
+ k′

(︃
j + 1

q

)︃)︃
+O

(︃
1

q5

)︃]︃
=

= ∥γ′(sj)∥
[︃
2

q
− 1

30q3

(︃
2

∫︂ 1

0
k(s)ds− k

(︃
j

q

)︃
− k

(︃
j + 1

q

)︃)︃
+

− 1

3q3
∥γ′′′(sj)∥
∥γ′(sj)∥

− 1

60q4

(︃
k′
(︃
j

q

)︃
+ k′

(︃
j + 1

q

)︃)︃
+O

(︃
1

q5

)︃]︃
=

= ρ(t(sj))
1
3

[︃
2

q
− 1

30q3

(︃
2

∫︂ 1

0
k(s)ds− k

(︃
j

q

)︃
− k

(︃
j + 1

q

)︃)︃
+

− 1

3q3
k(sj)−

1

60q4

(︃
k′
(︃
j

q

)︃
+ k′

(︃
j + 1

q

)︃)︃
+O

(︃
1

q5

)︃]︃
.

By Taylor expansions, the order 4 term cancels out and we finally get

∥γ(sj+1)− γ(sj−1)∥ = ρ(t(sj))
1
3

[︃
2

q
+

1

15q3

(︃
k

(︃
j

q

)︃
−
∫︂ 1

0
k(s)ds

)︃
− 1

3q3
k(sj) +O

(︃
1

q5

)︃]︃
,

which is the desired result.

Corollary 4.6.3. Let (Ωτ )|τ |≤1 ⊂ Dr be a normalized family of domains in ASr
δ or Rr

δ,
parametrized by γ and δ-close to the circle. For q ≥ 3, let s = {sj}qj=0 be the affine param-
eters corresponding to ordered vertices of a periodic trajectory for the symplectic billiard for the
domain Ω0, with rotation number 1/q. Then

∂τωq(τ, s) |τ=0=

q−1∑︂
j=0

nγ (0, sj) ρ(t(sj))
1
3

[︃
2

q
− (2π)2

3q3
+
β(j/q)

q3
+O

(︃
δ

q5

)︃]︃
,

where ρ denotes the (usual) ray of curvature of the domain Ω0 and

β(j/q) =
1

15

[︃
k

(︃
j

q

)︃
−
∫︂ 1

0
k(s)ds

]︃
+

1

3

(︃
(2π)2 − k

(︃
j

q

)︃)︃
.

Proof. Notice that, under the hypothesis of δ-closeness to the circle, the reminder of expansion

(4.6.1) is O
(︂

δ
q5

)︂
. Then it is sufficient to substitute expansion (coming from (4.5.2)):

k(sj) = k

(︃
j

q

)︃
+O

(︃
δ

q2

)︃
in (4.6.1) and sum and subtract (2π)2

3q3
(remind that (2π)2 is the affine curvature of the circle of

unitary affine perimeter).
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4.6.1 Proof of Theorem 4.4.5

Consider (Ωτ )|τ |≤1 ⊂ ASr
δ a family of normalized area-isospectral axially symmetric domains.

For q ≥ 3, let s̄ = {sj}qj=0 be the affine parameters corresponding to the ordered vertices of the
maximizing axially symmetric q-periodic orbit for the symplectic billiard in Ω0, as constructed
in Lemma 4.3.1. By Proposition 4.4.7, ∂τωq(τ, s̄) |τ=0= 0. This means that, as a consequence
of Corollary 4.6.3,

q−1∑︂
j=0

nγ (0, sj) ρ(t(sj))
1
3

[︃
2

q
− (2π)2

3q3
+
β(j/q)

q3
+O

(︃
δ

q5

)︃]︃
= 0.

Since, by hypothesis, ρ(t(s)) > 0 for every s ∈ T, we indicate

u(s) = nγ (0, s) ρ(t(s))
1
3

and investigate on
q−1∑︂
j=0

u(sj)

[︃
2

q
− (2π)2

3q3
+
β(j/q)

q3
+O

(︃
δ

q5

)︃]︃
= 0.

Since u(s) is even and –by isospectral hypothesis– with zero-average, we substitute its Fourier
expansion in the basis (cos (2πks))k≥1. We get

q−1∑︂
j=0

∑︂
k≥1

ûk cos (2πksj)

[︃
2

q
− (2π)2

3q3
+
β(j/q)

q3
+O

(︃
δ

q5

)︃]︃
= 0. (4.6.2)

Formula (4.5.2) in the closeness to the circle assumption reads

sj =
j

q
+
α(j/q)

q2
+O

(︃
δ

q4

)︃
, α(j/q) :=

1

30

∫︂ j
q

0
k(s)ds− j

30q

∫︂ 1

0
k(s)ds.

We remark that, in the axially symmetric case, the function α is odd and of class Cr and the
function β of Corollary 4.6.3 is even and of class Cr−1.
Substituting in (4.6.2) the above expansion of sj , we obtain (up to rename β):

2

q

q−1∑︂
j=0

∑︂
k≥1

ûk

[︃
cos

(︃
2πk

(︃
j

q
+
α(j/q)

q2
+O

(︃
δ

q4

)︃)︃)︃(︃
1− 2π2

3q2
+
β(j/q)

q2
+O

(︃
δ

q4

)︃)︃]︃
= 0.

We now use Taylor expansion for the term involving the cosine:

cos

(︃
2πk

(︃
j

q
+
α(j/q)

q2
+O

(︃
δ

q4

)︃)︃)︃
= cos

(︃
2πkj

q

)︃
−2πk sin

(︃
2πjk

q

)︃
α(j/q)

q2
+O

(︃
δk

q4

)︃
+O

(︃
δ2k2

q4

)︃
,

and the Fourier expansions of α and β. We then obtain:∑︂
k≥1

ûk

[︃
q · δq|k

(︃
1− 2π2

3q2

)︃
+O

(︃
δ

q3

)︃
+O

(︃
δ2k2

q3

)︃
+O

(︃
δk

q3

)︃]︃
+

+
1

q2
ûk

q−1∑︂
j=0

∑︂
p∈Z

−2πik

(︃
exp

(︃
2πijk

q

)︃
− exp

(︃
−2πijk

q

)︃)︃
αp exp

(︃
2πipj

q

)︃
+

+

(︃
exp

(︃
2πijk

q

)︃
+ exp

(︃
−2πijk

q

)︃)︃
βp exp

(︃
2πipj

q

)︃
=

=
∑︂
k≥1

ûk

[︃
q · δq|k

(︃
1− 2π2

3q2

)︃
+O

(︃
δ2k2

q3

)︃
+O

(︃
δk

q3

)︃]︃
+ ûk

1

q

∑︂
s∈Z

[βsq−k + βsq+k + 2πik(αsq+k − αsq−k)] = 0.
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Since αp = −α−p and βp = β−p, we finally get:

∑︂
k≥1

ûk

⎡⎢⎢⎣(︃1− 2π2

3q2
+
β0
q2

)︃
δq|k +

2

q2

∑︂
s∈Z
sq ̸=k

(βsq−k − 2πikαsq−k) +O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⎤⎥⎥⎦ = 0,

or, equivalently (for all q ≥ 3):

∑︂
k≥1

ûk

⎡⎢⎢⎣(︃1− 2π2

3q2
+
β0
q2

)︃
δq|k +

2

q2

∑︂
0̸=s∈Z
sq ̸=k

(βsq−k − 2πikαsq−k) +O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⎤⎥⎥⎦ =

(4.6.3)

=− 2

q2

∑︂
k≥1

ûk(βk + 2πikαk). (4.6.4)

Since we prove that the right-hand side of equality (4.6.3) is 0 (we refer to the discussion at
the end of the proof of the next theorem), Theorem 4.4.5 becomes a straightforward consequence
of the next lemma, whose proof takes up most of the section.

Lemma 4.6.4. If u(s) = nγ (0, s) ρ(t(s))
1
3 solves

∑︂
k≥1

ûk

⎡⎢⎢⎣(︃1− 2π2

3q2
+
β0
q2

)︃
δq|k +

2

q2

∑︂
0̸=s∈Z
sq ̸=k

(βsq−k − 2πikαsq−k) +O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⎤⎥⎥⎦ = 0

(4.6.5)
for all q ≥ 3, then nγ ≡ 0.

Proof. For all q ≥ 3, (4.6.5) equals to

−ûq
(︃
1− 2π2

3q2
+
β0
q2

)︃
=
∑︂
k≥2

ûkq

(︃
1− 2π2

3q2
+
β0
q2

)︃
+

+
∑︂
k≥1

ûk

⎡⎢⎢⎣ 2

q2

∑︂
0̸=s∈Z
sq ̸=k

(βsq−k − 2πikαsq−k) +O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⎤⎥⎥⎦ .
Notice that

0.26 <

(︃
1− 2π2

3q2
+
β0
q2

)︃
< 1 ∀q ≥ 3

and take the absolute value in the last equality. We then obtain:

|ûq|
(︃
1− 2π2

3q2
+
β0
q2

)︃
≤

≤
∑︂
k≥2

|ûkq|
(︃
1− 2π2

3q2
+
β0
q2

)︃
+

2

q2

∑︂
k≥1

|ûk|
∑︂

0 ̸=s∈Z
sq ̸=k

|βsq−k − 2πikαsq−k|+
∑︂
k≥1

|ûk|
⃓⃓⃓⃓
O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⃓⃓⃓⃓
.
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In the sequel, for f ∈ Cr−1(T) with zero average, fixed an integer 1 ≤ t ≤ r − 1, we indicate
with ∥f∥t the norm

∥f∥t := max
k∈Z

|f̂k · kt| ⇒ |f̂k| ≤
∥f∥t
|k|t

∀k ̸= 0, (4.6.6)

where fk̂ denotes the k-th Fourier coefficient of f .
Closeness to the circle assumption implies

∥α∥t ≤ Aδ, ∥β∥t ≤ Bδ

for some uniform constants A,B > 0. Recalling that u ∈ Cr−1, and both functions α and β are
at least Cr−1, for 1 ≤ t ≤ r − 1 we get

|ûq|
(︃
1− 2π2

3q2
+
β0
q2

)︃
≤

≤
∑︂
k≥2

∥u∥t
(kq)t

(︃
1− 2π2

3q2
+
β0
q2

)︃
+

2

q2

∑︂
k≥1

∥u∥t
kt

∑︂
0̸=s∈Z
sq ̸=k

|βsq−k − 2πikαsq−k|+
∑︂
k≥1

∥u∥t
kt

⃓⃓⃓⃓
O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⃓⃓⃓⃓

≤
∑︂
k≥2

∥u∥t
(kq)t

(︃
1− 2π2

3q2
+
β0
q2

)︃
+

2

q2

∑︂
k≥1

∥u∥t
kt

∑︂
0̸=s∈Z
sq ̸=k

(︃
Bδ

|sq − k|t
+

Aδk

|sq − k|t

)︃
+
∑︂
k≥1

∥u∥t
kt

⃓⃓⃓⃓
O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⃓⃓⃓⃓

≤
∑︂
k≥2

∥u∥t
(kq)t

(︃
1− 2π2

3q2
+
β0
q2

)︃
+
C̄∥u∥t
q2

∑︂
k≥1

∑︂
0 ̸=s∈Z
sq ̸=k

δk

|sq − k|tkt
+
∑︂
k≥1

∥u∥t
kt

⃓⃓⃓⃓
O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⃓⃓⃓⃓
.

(4.6.7)

where C̄ = 4max{A,B} > 0 . Let us now look at each summand (the aim is showing that
ûq = 0 for every q ≥ 3).

(a) The first term satisfies

∑︂
k≥2

∥u∥t
(kq)t

(︃
1− 2π2

3q2
+
β0
q2

)︃
≤ ∥u∥t

qt
(ζ(t)− 1)

(︃
1− 2π2

3q2
+
β0
q2

)︃
.

Notice that to get the convergence of the series we need to ask t ≥ 2.

(b) The third term satisfies

∑︂
k≥1

∥u∥t
kt

⃓⃓⃓⃓
O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⃓⃓⃓⃓
≤ ∥u∥t

q4
(δ2K1ζ(t− 2) + δK2ζ(t− 1))

for some constants K1,K2 > 0. For this term, in order to assure the convergence of the
series, we need to ask t ≥ 4.

(c) The second summand requires more work, and we use arguments analogous to the ones in
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[41][Proof of Lemma 5.3]. Up to C̄δ∥u∥t
q2

, the term to study is

∑︂
0 ̸=s∈Z
sq ̸=k

∑︂
k≥1

1

kt−1|sq − k|t
≤ 2

∑︂
s≥1
sq ̸=k

∑︂
k≥1

1

kt−1|sq − k|t
=

= 2
∑︂
s≥1

⎛⎝ ∑︂
1≤k< sq

2

1

kt−1(sq − k)t
+

∑︂
sq
2
≤k<sq

1

kt−1(sq − k)t
+
∑︂
k>sq

1

kt−1|sq − k|t

⎞⎠ ≤

≤ 2
∑︂
s≥1

⎛⎝ ∑︂
1≤k< sq

2

2t

kt−1stqt
+

∑︂
sq
2
≤k<sq

2t−1

st−1qt−1(sq − k)t
+
∑︂
k>sq

1

st−1qt−1|sq − k|t

⎞⎠ ≤

≤ 2

(︃
2tζ(t− 1)ζ(t)

qt
+

2t−1ζ(t− 1)ζ(t)

qt−1
+
ζ(t− 1)ζ(t)

qt−1

)︃
=

2ζ(t− 1)ζ(t)

qt−1

(︃
2t

q
+ 2t−1 + 1

)︃
.

Chosing t = 4 and summing up the three estimates obtained in (a), (b) and (c), we obtain:

|ûq|
(︃
1− 2π2

3q2
+
β0
q2

)︃
≤ ∥u∥4

q4

[︃
(ζ(4)− 1)

(︃
1− 2π2

3q2
+
β0
q2

)︃
+

+
2C̄δζ(3)ζ(4)

q

(︃
16

q
+ 9

)︃
+ δ2K1ζ(2) + δK2ζ(3)

]︃
.

Since
(︂
1− 2π2

3q2
+ β0

q2

)︂
> 0.26 for every q ≥ 3, we finally get

|ûq| ≤
∥u∥4
q4

((ζ(4)− 1) + Cδ) ∀q ≥ 3

where

C :=
10C̄ζ(3)ζ(4) +K1ζ(2) +K2ζ(3)

0.26
(4.6.8)

does not depend on q ≥ 3 and δ > 0. Consequently, for δ > 0 sufficiently small, it holds

|ûq| < D
∥u∥4
q4

∀q ≥ 3,

for a constant D < 1. Note that –by the normalization conditions– we also have

u(0) =
∞∑︂
k=1

ûk = 0 and u(0) + u

(︃
1

2

)︃
= 2

∞∑︂
k=1

û2k = 0.

From these it follows that also |û2| < ∥u∥4
16 and |û1| < ∥u∥4. At the end, we conclude that

∥u∥4 = 0 and therefore nγ ≡ 0.

We are now ready to conclude the proof of Theorem 4.4.5. From the explicit estimates
contained in the proof of the previous lemma, it follows that all the terms involved in the

linear system (4.6.5) are O
(︂

1
q4

)︂
. Differently, the term in the right member of (4.6.3) is

O
(︂

1
q2

)︂
. Consequently, since the left members of (4.6.3) and (4.6.5) are exactly the same, if

u(s) = nγ (0, s) ρ(t(s))
1
3 solves (4.6.3), then necessarily

∑︁
k≥1 ûk(βk+2πikαk) = 0 and therefore

(as a consequence of Lemma 4.6.4) u ≡ 0. This means that nγ ≡ 0, which is the desired result.
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4.6.2 Proof of Theorem 4.4.6

We argue as in the proof of Theorem 4.4.5. Consider (Ωτ )|τ |≤1 ⊂ Rr
δ a family of normalized

area-isospectral domains.
Let s̄ = (s̄0, . . . , s̄q) be the affine parameters corresponding to an orbit realizing the maximum

(4.4.5). Then, by Proposition 4.4.7, ∂τωq(τ, s̄) |τ=0= 0. This means that, as a consequence of
Corollary 4.6.3,

q−1∑︂
j=0

nγ (0, sj) ρ(t(sj))
1
3

[︃
2

q
− (2π)2

3q3
+
β(j/q + s0)

q3
+O

(︃
δ

q5

)︃]︃
= 0.

Since by strong convexity ρ(t(s)) > 0 for every s ∈ T, as in the axially symmetric case we define

u(s) := nγ (0, s) ρ(t(s))
1
3 and prove that u ≡ 0. The function u has the same properties of nγ so

in particular it is 1/2-periodic and its odd Fourier coefficients are all zero, which gives

q−1∑︂
j=0

u(sj)

[︃
2

q
− (2π)2

3q3
+
β(j/q + s0)

q3
+O

(︃
δ

q5

)︃]︃
=

=

q−1∑︂
j=0

∑︂
|k|≥1

û2ke
4πiksj

[︃
2

q
− (2π)2

3q3
+
β(j/q + s0)

q3
+O

(︃
δ

q5

)︃]︃
= 0.

The affine parameters of the q-periodic orbit, similarly to the axially symmetric case, have the
following expansion:

sj = s0 +
j

q
− j

30q3

∫︂ 1

0
k(s)ds+

1

30q2

∫︂ s0+
j
q

s0

k(s)ds+O

(︃
1

q4

)︃
= s0 +

j

q
+
α(j/q, s0)

q2
+O

(︃
δ

q4

)︃
(4.6.9)

where

α(j/q, s0) :=
1

30

∫︂ s0+
j
q

s0

k(s)ds− j

30q

∫︂ 1

0
k(s)ds.

We underline that both the functions α(·, s0) and β(·) are 1/2-periodic so that only their even
Fourier coefficients are non zero. By mean of (4.6.9) and by Taylor expansions, we obtain (up
to rename β):

∑︂
|k|≥1

û2ke
4πiks0

q−1∑︂
j=0

[︃
e

4πikj
q + 4πike

4πikj
q
α(j/q, s0)

q2
+O

(︃
δk

q4

)︃
+O

(︃
δ2k2

q4

)︃]︃[︃
1− 2π2

3q2
+
β(j/q + s0)

q2
+O

(︃
δ

q4

)︃]︃

=
∑︂
|k|≥1

û2ke
4πiks0

⎡⎣q · δq|2k (︃1− 2π2

3q2

)︃
+O

(︃
δ2k2

q3

)︃
+O

(︃
δk

q3

)︃
+

1

q2

q−1∑︂
j=0

e
4πikj

q (β(j/q + s0) + 4πikα(j/q, s0))

⎤⎦
=
∑︂
|k|≥1

û2ke
4πiks0

⎡⎣q · δq|2k (︃1− 2π2

3q2

)︃
+O

(︃
δ2k2

q3

)︃
+O

(︃
δk

q3

)︃
+

1

q2

q−1∑︂
j=0

∑︂
p∈Z

e
4πikj

q e
4πipj

q
(︁
β2pe

4πips0 + 4πikα2p

)︁⎤⎦
= 0.

We stress that, in the above formula, we have omitted the dependence on s0 of the Fourier
coefficients of α, and simply indicate αp = αp(·) = αp(·, s0). Therefore, similarly to the axially
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symmetric case, we have (for every even q ≥ 4):

∑︂
|k|≥1

û2ke
4πiks0

[︃(︃
1− 2π2

3q2
+
β0
q2

)︃
δq|2k +

4πikα0

q2
δq|2k +O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃
+

+
1

q2

∑︂
s∈Z

sq ̸=2k

(︂
e4πi(sq−2k)s0βsq−2k + 4πikαsq−2k

)︂⎤⎥⎥⎦ = 0.

Equivalently, for every even q ≥ 4:

∑︂
|k|≥1

ûkqe
2πikqs0

[︃(︃
1− 2π2

3q2
+
β0
q2

)︃
+

2πikα0

q

]︃
+

+
∑︂
|k|≥1

û2ke
4πiks0

⎡⎢⎢⎣ 1

q2

∑︂
s∈Z

sq ̸=2k

(︂
e4πi(sq−2k)s0βsq−2k + 4πikαsq−2k

)︂
+O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⎤⎥⎥⎦ = 0.

As in the axially symmetric case, we isolate in the right member the term with s = 0 so that
the previous formula becomes:

∑︂
|k|≥1

ûkqe
2πikqs0

[︃(︃
1− 2π2

3q2
+
β0
q2

)︃
+

2πikα0

q

]︃
+

+
∑︂
|k|≥1

û2ke
4πiks0

⎡⎢⎢⎣ 1

q2

∑︂
0̸=s∈Z
sq ̸=2k

(︂
e4πi(sq−2k)s0βsq−2k + 4πikαsq−2k

)︂
+O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⎤⎥⎥⎦ =

= − 1

q2

∑︂
|k|≥1

û2ke
4πiks0

[︂
e−8πiks0β−2k + 4πikα−2k

]︂
.

(4.6.10)

Now, arguing as at the end of the proof of Theorem 4.4.5, we see that all the terms involved in

the left member of the linear system (4.6.10) are O
(︂

1
q4

)︂
while the term in the right member

is O
(︂

1
q2

)︂
. Consequently, if u(s) = nγ (0, s) ρ(t(s))

1
3 solves (4.6.10), then necessarily, for every

choice of the starting point s0,∑︂
|k|≥1

û2ke
4πiks0

[︂
e−8πiks0β−2k + 4πikα−2k

]︂
= 0. (4.6.11)

In other words, solutions of (4.6.10) are solutions of

∑︂
|k|≥1

ûkqe
2πikqs0

[︃(︃
1− 2π2

3q2
+
β0
q2

)︃
+

2πikα0

q

]︃
+

+
∑︂
|k|≥1

û2ke
4πiks0

⎡⎢⎢⎣ 1

q2

∑︂
0 ̸=s∈Z
sq ̸=2k

(︂
e4πi(sq−2k)s0βsq−2k + 4πikαsq−2k

)︂
+O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⎤⎥⎥⎦ = 0
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or equivalently of

−
(︁
ûqe

2πiqs0 + û−qe
−2πiqs0

)︁(︃
1− 2π2

3q2
+
β0
q2

)︃
=

=
∑︂
|k|≥2

ûkqe
2πikqs0

(︃
1− 2π2

3q2
+
β0
q2

)︃
+
∑︂
|k|≥1

ûkqe
2πikqs0 2πikα0

q
+

+
∑︂
|k|≥1

û2ke
4πiks0

⎡⎢⎢⎣ 1

q2

∑︂
0̸=s∈Z
sq ̸=2k

(︂
e4πi(sq−2k)s0βsq−2k + 4πikαsq−2k

)︂
+O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃⎤⎥⎥⎦ .
(4.6.12)

We first use hypothesis (a) in Definition 4.3.3, assuring the existence of a point γ(τ, 0) ∈ ∂Ωτ

such that for every even q ≥ 4 there exists a centrally symmetric periodic orbit of rotation number
1/q passing through γ(τ, 0) and of maximal area among all centrally symmetric q-periodic orbits.
For even q ≥ 4, let s̄ = {sj}qj=0 be the affine parameters corresponding to such an orbit (hence
with s0 = 0). By the special choice of s̄, assured by hypothesis (a) of Definition 4.3.3, equalities
(4.6.11) and (4.6.12) above hold in particular for s0 = 0. Consequently, since û−q = ûq,

ûq + û−q = 2Re(ûq)

and inequality (4.6.12) becomes:

2|Re(ûq)|
(︃
1− 2π2

3q2
+
β0
q2

)︃
≤
∑︂
|k|≥2

|ûkq|
(︃
1− 2π2

3q2
+
β0
q2

)︃
+

2π|α0|
q

∑︂
|k|≥1

|ûkq||k|+

+
∑︂
|k|≥1

|û2k|

⎡⎢⎢⎣ 1

q2

∑︂
0̸=s∈Z
sq ̸=2k

|βsq−2k + 4πkαsq−2k|+
⃓⃓⃓⃓
O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃ ⃓⃓⃓⃓⎤⎥⎥⎦
(4.6.13)

We finally use hypothesis (b) in Definition 4.3.3, assuring the existence, for every even q ≥ 4
and k ≥ 2, of a centrally symmetric periodic orbit of rotation number 1/2k passing through
γ(τ, 1/4q) and of maximal area among all 2k-periodic centrally symmetric orbits. Repeating
the same argument as above, we obtain that equalities (4.6.11) and (4.6.12) hold for s0 = 1/4q.
Hence, since (︂

ûqe
πi
2 + û−qe

−πi
2

)︂
= −2Im(ûq),

in such a case, (4.6.12) reads:

2|Im(ûq)|
(︃
1− 2π2

3q2
+
β0
q2

)︃
≤
∑︂
|k|≥2

|ûkq|
(︃
1− 2π2

3q2
+
β0
q2

)︃
+

2π|α0|
q

∑︂
|k|≥1

|ûkq||k|+

+
∑︂
|k|≥1

|û2k|

⎡⎢⎢⎣ 1

q2

∑︂
0 ̸=s∈Z
sq ̸=2k

|βsq−2k + 4πkαsq−2k|+
⃓⃓⃓⃓
O

(︃
δ2k2

q4

)︃
+O

(︃
δk

q4

)︃ ⃓⃓⃓⃓⎤⎥⎥⎦ .
In order to conclude, we notice now that the unique difference from the axially symmetric

case is represented by the term 2π|α0|
q

∑︁
|k|≥1 |ûkq||k| which however is estimated as follows:

2π|α0|
q

∑︂
|k|≥1

|ûkq||k| ≤
∥u∥t
qt+1

(A′δζ(t− 1)), (4.6.14)
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for a uniform constant A′ > 0 (given by the closeness of the circle assumption) and t ≥ 3.
We now use estimates (a)–(c) already given in the proof of Theorem 3.5.1 as well as the last one
(4.6.14). Choosing t = 4 and summing up all the contributions, we obtain

|ûq| ≤ (|Re(ûq)|+ |Im(ûq)|) ≤
∥u∥4
q4

[︁
2(ζ(4)− 1) + δ(2C+A′ζ(3))

]︁
where C > 0 is the constant given in (4.6.8), which is independent on even q ≥ 4 and δ > 0.
Consequently, for δ > 0 sufficiently small, it holds

|ûq| < E
∥u∥4
q4

∀ even q ≥ 4,

for a constant E < 1. In order to obtain the estimates for |Re(û2)| and |Im(û2)|, which are
necessary to conclude, we invoke the normalization conditions:

u(0) =
∑︂
|k|≥1

û2k =
∑︂
k≥1

(û2k + û2k) = 2
∑︂
k≥1

Re(u2k) = 0. (4.6.15)

Moreover, since

u′(s) = 4πi
∑︂
|k|≥1

kû2ke
4πiks = 4πi

∑︂
k≥1

[︂
kû2ke

4πiks − kû2ke
−4πiks

]︂
,

we have that

u′(0) + u′
(︃
1

2

)︃
= 8πi

∑︂
k≥1

k(û2k − û2k) = −16π
∑︂
k≥1

kIm(û2k) = 0. (4.6.16)

From (4.6.15) and (4.6.16), we immediately get

Re(û2) = −
∑︂
k>1

Re(û2k) and Im(û2) = −
∑︂
k>1

kIm(û2k).

Finally, taking into account the definition of ∥u∥4 (see 4.6.6), the next estimate holds:

|Re(û2)| =

⃓⃓⃓⃓
⃓∑︂
k>1

Re(û2k)

⃓⃓⃓⃓
⃓ < ∥u∥4

16

∑︂
k>1

1

k4
=

∥u∥4
16

(ζ(4)− 1)

and similarly:

|Im(û2)| ≤

⃓⃓⃓⃓
⃓∑︂
k>1

kIm(û2k)

⃓⃓⃓⃓
⃓ < ∥u∥4

16
(ζ(3)− 1).

It then follows that also |û2| < ∥u∥4
16 At the end, we conclude that ∥u∥4 = 0 so that nγ ≡ 0 and

the statement follows.
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Chapter 5

Birkhoff attractors for dissipative
symplectic billiards

ABSTRACT. This chapter presents the paper “Birkhoff attractors for dissipative symplectic
billiards”, joint work with L. Baracco, O. Bernardi and A. Florio [15]. The aim of this paper is
to propose and study a dissipative variant of symplectic billiards within planar strictly convex
domains. The associated billiard map is dissipative, thus it admits a compact invariant set, the
so-called Birkhoff attractor. Its complexity depends on the rate of the dissipation as well as
on the geometry of the billiard table. We prove that (a) for strong dissipation, the Birkhoff
attractor is a normally contracted graph over the zero section; (b) for mild dissipation, the
Birkhoff attractor within a centrally symmetric domain is an indecomposable continuum whose
restricted dynamics has positive topological entropy. We compare these results with the case of
dissipative Birkhoff billiards, studied in [20].

5.1 Introduction

Symplectic billiards were introduced by P. Albers and S. Tabachnikov in 2018 [1] and were
subsequently studied by various authors who investigated integrability [13], [16], its Mather’s
β-function [17] and area spectral rigidity [18], [43], [89].

Let Ω ⊂ R2 be a strictly convex domain with Ck boundary ∂Ω, k ≥ 2. Fix an origin
O ∈ int(Ω) and an orientation of ∂Ω. Let S = R/2πZ ∋ t ↦→ γ(t) ∈ R2 be a Ck parametrization
of ∂Ω such that γ(S) = ∂Ω. Given t1, t2 ∈ S, if γ(t1) and γ(t2) are two successive bounces,
then the next bounce under the symplectic dynamics occurs at γ(t̃3) if and only if the vector
γ(t̃3)− γ(t1) is parallel to γ

′(t2).

The associated billiard map T is a twist map, which preserves an area form and whose
generating function is

L(t1, t2) := det(γ(t1)−O, γ(t2)−O) .

We refer to Section 5.2.2 for all details. In the present paper, we introduce a definition of
dissipative symplectic billiard map, as explained right below.

Fix λ ∈ (0, 1]. If γ(t1) and γ(t2) are two successive bounces, then the dissipative symplectic
dynamics gives γ(t3) as next bounce if and only if the vector γ(t3)−λγ(t1) is parallel to γ′(t2). In
other words, the segment passing through γ(t3) and parallel to γ′(t2) is approaching the origin,
when λ approaches O. See Figure 5.1. We will see that the dissipative billiard map Tλ is still a
twist map, but it no longer preserves an area form. Clearly T1 = T .
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Chapter 5. Birkhoff attractors for dissipative symplectic billiards

Figure 5.1: The dissipative symplectic billiard map compared with the conservative one.

A dissipative version of standard (Birkhoff) billiards has been recently introduced by Bernardi,
Florio and Leguil in [20]. In such a case, the usual reflection law, which requires that the angle of
incidence equals the angle of reflection, is changed in such a way that the reflected angle bends
toward the inner normal at the incidence point. See Figure 5.2. Moreover, different notions of
billiard with some form of dissipation have previously been considered by other authors, see for
example [40], [86], [67], . . .

Figure 5.2: The dissipative Birkhoff billiard map compared with the conservative one.

Let us now move into some properties of dissipative symplectic billiards, see Section 5.2.3
for all details. We first remark that –up to an appropriate choice of coordinates– the phase
space for the symplectic billiard map T is a bounded cylinder, denoted by P. In the coordinates
(t, s) ∈ P, it results that

Tλ(t, s) = Hλ ◦ T (t, s) ,

where Hλ is the λ-contraction map along the fiber, i.e., Hλ(t, s) = (t, λs). Clearly, the map Tλ is
no longer conservative; in fact, it is dissipative in the sense of Le Calvez [64], see Definition 5.2.1.
In particular, Tλ contracts the standard area form, that is T ∗

λ (dt ∧ ds) = λdt ∧ ds. According
to the vocabulary of symplectic dynamics, the map Tλ is conformally symplectic. Due to its
dissipative character, the map Tλ admits a global attractor “à la Conley”

Λ0 :=
⋂︂
n∈N

Tn
λ (P) ,

which is not empty, compact, connected and Tλ-invariant. Moreover, it separates the phase space
P, that is its complement P \ Λ0 is a disjoint union of two connected open sets U− and U+.
Following Birkhoff [32] and Le Calvez [65, Page 91]– it is possible to detect the smallest compact,
connected, Tλ-invariant set that separates P: the so-called Birkhoff attractor. Obtained from
Λ0 “by removing the whiskers”, it is then defined as

Λ := cl(U−) ∩ cl(U+) .
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We need to underline that, differently from Λ0 and despite its name, in general Λ is not an
attractor in the usual sense, that is it is not the omega-limit set of one of its neighborhoods. We
refer to Section 5.2.1 for all details on the Birkhoff attractor Λ.

The study of the properties and the structure of the Birkhoff attractor for dissipative maps of
the annulus, begun by Birkhoff [32], pursued with Charpentier [35], Le Calvez [64, 65], Crovisier
[37], . . . Different criteria to obtain chaotic invariant continua for dissipative maps are proved in
[22, 62, 78, 79, 34], . . . Recently, the notion of Birkhoff attractor has been generalized in higher
dimensions by Arnaud, Humilière and Viterbo, see [8, 91, 9], for conformally symplectic maps
on cotangent bundles. This generalization relies on symplectic invariants of exact Lagrangian
submanifolds.

More generally, in the last years, conformally symplectic dynamics has been an active re-
search area, see [6, 7, 3], . . . The dissipative systems associated to the discounted Hamilton-
Jacobi equation have been studied in [39, 93, 36, 8], showing interesting properties of solutions
of such equations through Weak KAM methods. In the dissipative Hamiltonian framework,
invariant KAM-like tori for conformally symplectic flows are studied by Calleja, Celletti and de
la Llave [33]; very recently, Gidea, de la Llave and Seara [45] have studied the geometry and the
structure of normally hyperbolic manifolds and their scattering maps for conformally symplectic
Hamiltonian flows.

The aim of the present paper is to study the dynamical and topological complexity of the
Birkhoff attractor in terms of the rate of the dissipation λ ∈ (0, 1) as well as in terms of the
geometry of the billiard table.

In Section 5.2.3 we start by discussing some domains whose corresponding dissipative sym-
plectic billiard dynamics Tλ has –independently on λ ∈ (0, 1)– a particularly simple Birkhoff
attractor, that is Λ = S × {0}. This is the case of any (centrally symmetric) Radon domain Ω,
once fixed the origin O to be the center of symmetry, see Proposition 5.2.24 and Remark 5.2.25.
It is worth noting that this is a first substantial difference compared to dissipative Birkhoff
billiards, whose Birkhoff attractor is assured to be the zero section only in the case of the circle.

Section 5.3 is devoted to study Λ for dissipative symplectic billiards when the dissipation
is strong, i.e., 0 < λ ≪ 1. In such a case, independently on the choice of the origin, Tλ ex-
hibits a topologically simple Birkhoff attractor, that is Λ coincides with Λ0 and it is a normally
contracted graph over S, as precised in the following statement.

Theorem. Let Ω ⊂ R2 be a strongly convex (i.e., with never vanishing curvature) domain with
Ck boundary, k ≥ 2.

(a) There exists λ(Ω) ∈ (0, 1) such that, for λ ∈ (0, λ(Ω)), the Birkhoff attractor Λ coincides
with the global attractor Λ0 and it is a normally contracted C1 graph over S.

(b) There exists λ′(Ω) < λ(Ω) such that, for λ ∈ (0, λ′(Ω)), the Birkhoff attractor Λ is a Ck−1

graph over S and it converges to S × {0}, as λ→ 0, in the C1 topology.

We refer to Theorem 5.3.7 for all details. The proof is based on a cone-field criterion (see
Proposition 5.3.1) and standard results in normally hyperbolic dynamics, and it follows the same
lines of the proof of the corresponding result for dissipative Birkhoff billiards (see [20, Theorem
5.7]). However, in the Birkhoff dissipative dynamics, the analogous theorem does not hold in
general, but only for a class of strictly convex domains satisfying a geometric pinching condition
(see [20, Definition D]), while in the symplectic case, no hypothesis on the geometry of the table
is needed.

In Section 5.4, we focus on dissipative symplectic billiard maps for a centrally symmetric
domain Ω. In particular, we prove that, for a rate of dissipation small enough (i.e., when
the dissipation is strong), not only the Birkhoff attractor is a graph, but we can describe quite
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explicitely the dynamics restricted to it. We refer to Propositions 5.4.2 and 5.4.7 for the detailed
statements and we resume here the main result.

Proposition. Let Ω be a strongly convex centrally symmetric domain with Ck boundary, k ≥ 2.

(a) There exists λ(Ω) ∈ (0, 1) such that, for λ ∈ (0, λ(Ω)), the Birkhoff attractor Λ intersects
the zero section exactly in the 4-periodic points.

(b) There exists λ′(Ω) ∈ (0, 1) such that, for λ ∈ (0, λ′(Ω)), there exists an open and dense set
of centrally symmetric domains, whose associated Birkhoff attractor has rotation number
1/4 and decomposes as

Λ =
l⋃︂

i=1

3⋃︂
j=0

Wu(T j
λ(Hi);T 4

λ ) ,

where {Hi}li=1 is a finite family of 4-periodic points of saddle type, and Wu(H;T 4
λ ) is the

unstable manifold of a saddle point H, with respect to the dynamics of T 4
λ .

For dissipative Birkhoff billiards, the corresponding results are Corollary 3.4 and Theorem
5.14 in [20]. Even if the main ideas of the proofs in the two settings have common points, for
dissipative symplectic billiards there is no need –as noticed above– of any geometric pinching
condition of the table. Moreover, in the case of dissipative Birkhoff billiards, axial symme-
try (instead of central symmetry) and 2-periodic orbits (instead of 4-periodic orbits) play a
fundamental role.

Section 5.5 focuses on the Birkhoff attractor under conditions of weak dissipation, i.e., when
the rate of dissipation is close to 1. In contrast with the previous cases, we obtain examples
of complex Birkhoff attractors. A sufficient condition in order to observe topologically and
dynamically intriguing phenomena is that T1 = T admits an instability region containing the
zero section S × {0}. This follows by an adaptation of a result of Le Calvez (here Proposition
5.5.5): in such a case, the Birkhoff attractor Λ for the corresponding dissipative dynamics, if λ
is close enough to 1, admits different upper and lower rotation numbers ρ− < ρ+ , dynamical
quantities defined in Section 5.2.1. This property has various consequences for Λ, all already
observed in [20] for dissipative Birkhoff billiards. In particular:

(i) Λ is an indecomposable continuum, that is it cannot be written as the union of two compact,
connected, non trivial sets (from a result by Charpentier, see [35]).

(ii) For every rational p
q ∈ (ρ−, ρ+), there exists a periodic point in Λ of rotation number p

q
(which can be deduced from [22]).

(iii) If x is a saddle periodic point of rotation number p
q , for

p
q ∈ (ρ−, ρ+), then its unstable

manifold is contained in Λ (see [64, Proposition 14.3]).

(iv) The map Tλ restricted to Λ has positive topological entropy, as a consequence of the
existence of a rotational horseshoe (see [78, Theorem A]).

The original part of the section is therefore devoted to prove when hypotheses of Proposition
5.5.5 –hence guaranteeing “complicated” Birkhoff attractors– are satisfied, as resumed here
below. We refer to Theorem 5.5.6 and Proposition 5.5.7 respectively.

Theorem. Let Ω ⊂ R2 be a strictly convex domain with Ck boundary, k ≥ 2. The conservative
symplectic billiard map T associated to Ω admits an instability region containing the zero section
S × {0} in the following two cases:

86



5.2. Preliminaries

(a) If Ω belongs to an open and dense set of strongly convex, centrally symmetric billiard
tables.

(b) If Ω has at least one point of zero curvature.

Case (a) is based on these two facts. Among strongly convex, centrally symmetric tables, an
essential invariant curve for T passing through the zero section has necessarily rotation number
1/4, see Proposition 5.5.1; however, such curves are very easy to destroy with an arbitrary
small perturbation of the table, see Proposition 5.4.8. We stress that, regarding the case (a),
the hypothesis of central symmetry plays a fundamental role. This is another difference from
dissipative Birkhoff billiards where, for weak dissipation, no properties on the geometry of the
billiard table are required, see [20, Proposition 6.15]. Case (b), as for Birkhoff billiards, is a
straightforward consequence of Mather’s theorem on the non existence of caustics.

In Section 5.6, we present some numerical simulations to illustrate the above results. By using
Mathematica, we compute the billiard map Tλ for specific domains, both centrally symmetric
and not, and plot some orbits in the corresponding phase space.

Finally, we would like to emphasize that, beyond the applications to Birkhoff attractors,
the paper presents and proves many properties for the map Tλ (with λ ∈ (0, 1], so also for
the conservative case), including: the formula for the differential of Tλ (Lemma 5.2.18), the
discussion of the quality and quantity of 4-periodic orbits for T in a centrally symmetric domain
(Lemma 5.4.3 and Lemma 5.4.5), the result on the fragility of invariant curves of rotation number
1/4 for T (see Proposition 5.4.8), . . . We consider that these results may be useful for further
studies on symplectic billiard dynamics.

5.2 Preliminaries

This section is devoting to introduce two types of dynamics, namely, the dynamics of symplectic
billiards, and the dynamics of dissipative maps on the 2-dimensional annulus. The aim of
the present work is defining a combination of these two dynamics, i.e., dissipative symplectic
billiards, and studying the main properties of the associated (Birkhoff) attractor. The model of
dissipative symplectic billiard map is proposed in Subsection 5.2.3.

5.2.1 (Birkhoff) attractors for dissipative maps

In this subsection, we briefly recall the definition of attractor and Birkhoff attractor for a dissi-
pative map of the annulus. We refer to [64] for further details.
Denote S := R/2πZ and π : R → S a universal covering. Given φ± : S → R two continuous
functions such that φ− < φ+, let C ⊂ S × R be the open, relatively compact subset

C := {(t, s) ∈ S × R : φ−(s) < t < φ+(s)} .

Consider the area form dt∧ds on the annulus S×R and let m be the Lebesgue induced measure.
Given a set A, we denote by int(A) the interior of the set, and by cl(A) the closure of the set.

Definition 5.2.1. A map f : C → int(C ) is a dissipative map if:

1. f is an homeomorphism of C into its image, homotopic to the identity;

2. f is a C1 diffeomorphism of int(C ) into its image;

3. there exists λ ∈ (0, 1) such that, for every (t, s) ∈ int(C ), we have 0 < detDf(t, s) ≤ λ.
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Example 5.2.2. Clearly, the easiest example of dissipative map one can think of is

f : S × [−1, 1] ∋ (t, s) → (t, λs) ∈ ×[−1, 1] ,

where λ ∈ (0, 1).

Given a dissipative map f , since f(C ) ⊂ int(C ), the following definition is well-posed.

Definition 5.2.3. Let f : C → int(C ) be a dissipative map. The attractor of f is the set

Λ0 = Λ0(f) :=
⋂︂
n∈N

fn(C ) .

Observe that Λ0 is a compact, non-empty, connected, f -invariant set. Moreover, it separates
the annulus C , i.e., its complementary set C \Λ0 is the union of two open, disjoint set U+ ⊔U−,
such that the graph of φ± is contained in ∂U±. The definition of the attractor depends on
the initial domain C . Moreover, the dynamics restricted to the attractor could be a priori
further decomposed into smaller invariant pieces, i.e. the attractor could be not “minimal”.
This intuition –which will be clarified in Proposition 5.2.5– justifies the following definition,
introduced by Birkhoff in [32].

Definition 5.2.4. Let f : C → int(C ) be a dissipative map and let Λ0 be its attractor. In
particular, we have C \ Λ0 = U− ⊔ U+. The Birkhoff attractor of f is then

Λ = Λ(f) := cl(U−) ∩ cl(U+) .

Proposition 5.2.5. Let f : C → int(C ) be a dissipative map. A set A ⊂ C separates the
annulus if C \A is the disjoint union of two open sets, containing the upper and lower boundary
of C respectively. Denote by X the set of compact, non-empty, f -invariant subsets of C that
separate the annulus. Then, the Birkhoff attractor Λ ∈ X and it is the smallest one with respect
to the inclusion.

Figure 5.3: The red bold line corresponds to the Birkhoff attractor, while the black and red is
the attractor.

Remark 5.2.6. Clearly, for the dissipative map of Example 5.2.2, the attractor coincides with
the Birkhoff attractor, i.e. Λ0 = Λ = S × {0}. However, it is important to observe that the
Birkhoff attractor is not a priori an attractor. There could be examples when the Birkhoff
attractor is strictly contained in the attractor, as shown in Figure 5.3.

So far, the definition of (Birkhoff) attractor does not need any twist property: the intuition
is that we obtain an interesting dynamical set, which a priori should have “lower” dimension
(actually it has zero measure). Nevertheless, it could still be quite complicated, as we will see
in Section 5.5. The detection of its possible topological complexity passes through the notion of
upper and lower rotation number of the Birkhoff attractor. In order to have useful definitions,
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the map f needs to be a dissipative twist map, so we continue by recalling the definition of
(exact) twist map.

Denote by p1 : S × R → S and p2 : S × R → R the projections over the first and second co-
ordinates, respectively. Endow S × R with the 2-form dt ∧ ds: then, the 1-form −s dt is a
primitive of dt ∧ ds.

Definition 5.2.7. Let f : S × R → S × R be a C1 diffeomorphism, homotopic to the identity.
We say that f is a positive (resp. negative) twist map if there exists ϵ > 0 such that, for every
(t, s) ∈ S × R, we have

∂p1 ◦ f
∂s

(t, s) > ϵ (resp. < −ϵ) .

Moreover, a twist map f is called conservative if f∗(dt ∧ ds) = dt ∧ ds and f is exact if the
1-form f∗(−s dt) + s dt is exact.

In the sequel, we will largely use the notion of generating function for a conservative twist
map. We introduce it here through the following proposition (see [5, Proposition 1.8]).

Proposition 5.2.8. Let F : R2 → R2 be a C1 diffeomorphism. Then, F is a lift of a conservative
twist map f if and only if there exists a C2 function S : R2 → R such that

1. for every T, T̃ ∈ R, one has S(T + 2π, T̃ + 2π) = S(T, T̃ );

2. there exists ϵ > 0 such that for all T, T̃ ∈ R one has ϵ < − ∂2S
∂T∂T̃

(T, T̃ );

3. we have F (T, s) = (T̃ , s̃) ⇔ s̃ = ∂S
∂T̃

(T, T̃ ) and s = − ∂S
∂T (T, T̃ ).

We say that S is a generating function for F or f .

The notion of twist map and of generating function can be adapted also to the case of a map
on a bounded annulus, as it will be the case for symplectic (conservative) billiards.

We return now to Birkhoff attractors. Since Λ separates the annulus, the set C \ Λ can be
written as UΛ

− ⊔ UΛ
+ , where U

Λ
± is an open set containing the graph of φ± in its boundary. For

every (t, s) ∈ C , the upper and lower vertical lines are

V +(t, s) := {(t, y) ∈ C : y ≥ s} and V −(t, s) := {(t, y) ∈ C : y ≤ s} .

Define now
Λ+ := {(s, t) ∈ Λ : V +(t, s) \ {(t, s)} ⊂ UΛ

+}

and
Λ− := {(s, t) ∈ Λ : V −(t, s) \ {(t, s)} ⊂ UΛ

−} .

Recalling that π : R → S is a universal covering of S, we use Π: C̃ ⊂ R2 → C ⊂ S × R for the
induced universal covering on the considered annulus. With an abuse of notation, we denote by
p1, p2 the projections on the first and second coordinate, respectively, on both S × R and R2.
Let F be a continuous lift of f , where f is a dissipative, positive twist map.

Proposition 5.2.9. Let f : C → int(C ) be a dissipative, positive twist map. Let Λ be its Birkhoff
attractor. The sequence (︃

p1 ◦ F − p1
n

)︃
n∈N

converges uniformly on Π−1(Λ+) (resp. on Π−1(Λ−)) to a constant ρ+ (resp. ρ−). This constant
is called upper (resp. lower) rotation number.
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The next result is due to Charpentier [35]: it provides a sufficient condition on the upper and
lower rotation numbers for the existence of a “complicated” Birkhoff attractor.

Theorem 5.2.10. Let f : C → int(C ) be a dissipative map. If ρ+ − ρ− > 0, then the corre-
sponding Birkhoff attractor is an indecomposable continuum, i.e., it cannot be written as the
union of two compact, connected, non-trivial sets.

5.2.2 Symplectic billiards

Let Ω ⊂ R2 be a strictly convex planar domain with Ck boundary ∂Ω, k ≥ 2. Assume that the
perimeter of ∂Ω is normalized to 2π. Fix the origin O ∈ int(Ω) and the positive counter-clockwise
orientation on ∂Ω. Let

S ∋ t ↦→ γ(t) ∈ R2

be a Ck parametrization of ∂Ω, such that γ(S) = ∂Ω. Given two vectors v1, v2 ∈ R2, we denote
by det(v1, v2) the determinant of the matrix whose columns are v1, v2: it corresponds to the
signed area of the parallelogram determined by vectors v1 and v2. With an abuse of notation,
given a point x ∈ R2, we will think of it also as a vector, considering x − O. Thus, given two
points x1, x2 ∈ R2, the notation det(x1, x2) corresponds to det(x1 −O, x2 −O).

Figure 5.4: The determinant det(x1 −O, x2 −O) is the area of the parallelogram in figure.

Let us indicate then

L : (v, u) ∈ R2 → L(v, u) := det(v, u) ∈ R .

In particular, for all t1, t2 ∈ S, the notation

L(γ(t1), γ(t2))

denotes the signed area of the parallelogram of sides γ(t1)−O and γ(t2)−O.
Given a point γ(t) ∈ ∂Ω, we denote by γ′(t) the tangent vector to ∂Ω at the point γ(t), with
respect to the fixed parametrization. Since Ω is strictly convex, for every point γ(t) ∈ ∂Ω there
exists a unique (different) point γ(t∗) such that

L(γ′(t), γ′(t∗)) = 0 .

In other words, given t ∈ S, there is a unique t∗ ∈ S (t∗ ̸= t) such that the tangent vectors to
∂Ω at the points γ(t) and γ(t∗) are parallel.

Definition 5.2.11. Given t1, t2 ∈ S, we say that (t1, t2) ∈ S × S is positive admissible if for a
lift T1 of t1 (i.e., π(T1) = t1) and the lift T ∗

1 of t∗1 such that T1 < T ∗
1 < T1 + 2π, there exists a

lift T2 of t2 (i.e., π(T2) = t2) such that

T1 < T2 < T ∗
1 .

We refer to
P̂ = {(t1, t2) ∈ S × S : (t1, t2) is positive admissible} (5.2.1)

as the (open, positive) phase space.
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Definition 5.2.12. The symplectic billiard map of the domain ∂Ω, parametrized by γ : S → R2,
is

T̂ : P̂ → P̂, (t1, t2) ↦→ (t2, t3)

where γ(t3) ∈ ∂Ω is the unique point satisfying

L(γ′(t2), γ(t3)− γ(t1)) = 0 .

The next proposition summarizes the main properties of a symplectic billiard map. We refer to
[1, Section 2] for further details and for the proofs.

Figure 5.5: The symplectic billiard map reflection: after the points γ(t1) and γ(t2), the next
bounce occurs at the point γ(t3).

Proposition 5.2.13. Let Ω ⊂ R2 be a Ck strictly convex smooth domain, k ≥ 2. Let γ : S → R2

be a parametrization of ∂Ω. Denote by T̂ : P̂ → P̂ the associated symplectic billiard map. The
following properties hold.

1. T̂ is Ck−1 and it extends continuously to the closure of P̂ so that

T̂ (t, t) = (t, t) and T̂ (t, t∗) = (t∗, t) .

2. For every (t1, t2) ∈ P̂ one has

T̂ (t1, t2) = (t2, t3) ⇐⇒ L2(t1, t2) + L1(t2, t3) = 0 (5.2.2)

where we use the notation

L2(t1, t2) := L(γ(t1), γ
′(t2)) and L1(t2, t3) := L(γ′(t2), γ(t3)) .

3. The map T̂ does not depend on the choice of the origin O.

4. The map T̂ commutes with any map obtained as affine transformation of the plane, since
they preserve tangent directions.

Up to a change of coordinates, it is possible to see the symplectic billiard map as a (negative)
exact twist map (see Definition 5.2.7). In fact the function

ϕ : P̂ → S × R, (t1, t2) ↦→ (t1,−L1(t1, t2)) (5.2.3)

is a diffeomorphism onto its image. The image ϕ(P̂) is the open set

P = {(t, s) ∈ S × R : s ∈ (ψ1(t), ψ2(t))} ,
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Figure 5.6: The phase space P.

(see Figure 5.6), where

ψ1 : t ∈ S → ψ1(t) := −L1(t, t
∗) = −L(γ′(t), γ(t∗)−O) ∈ R ,

ψ2 : t ∈ S → ψ2(t) := −L1(t, t) = −L(γ′(t), γ(t)−O) ∈ R .

Observe that ψ1 < 0 < ψ2, so in particular the zero section S × {0} is contained in P. By the
variational condition (1.1.3), denoting by (t0, t1) ∈ P̂ the point such that T̂ (t0, t1) = (t1, t2),
we have also that the second component of ϕ(t1, t2) equals L2(t0, t1). We can then consider the
map

T := ϕ ◦ T̂ ◦ ϕ−1|P : P → P (5.2.4)

which preserves the area form dt ∧ ds. Moreover, the map T is a negative twist map, i.e. if
T (t1, s1) = (t2, s2) then

∂t2
∂s1

< 0 .

We refer to [1, Lemma 2.7] for the proof of this fact.

Remark 5.2.14. According to Proposition 5.2.8 and by (1.1.3), the function

S : (T1, T2) ∈ R2 → S(T1, T2) := L(γ(π(T1)), γ(π(T2))) ∈ R

is a generating function for the twist map T . In the sequel, with an abuse of notation, we
will simply write L(t1, t2) to refer to L(γ(π(T1)), γ(π(T2))), where π(Ti) = ti for i = 1, 2; the
notations Li and Lij , for i, j ∈ {1, 2}, will denote the partial derivatives of order one and two,
respectively. In the sequel, in order to lighten the notation, we consider also the extension of
the function γ to R, and so drop π in the notation of the generating function.

Proposition 5.2.15. Let Ω ⊂ R2 be a Ck strictly convex domain, k ≥ 2. Denote by T : P → P
the associated symplectic billiard map. The map T 2 is a negative twist map.

Proof. Following the same notation as before, we denote T (t1, s1) = (t2, s2). Then T 2(t1, s1) =
(t3, s3) is a negative twist map if ∂t3

∂s1
< 0 or, equivalently,

∂s1
∂t3

= −∂L1

∂t3
(t1, t2(t1, t3)) = −L12(t1, t2(t1, t3))

∂t2
∂t3

(t1, t3) < 0 . (5.2.5)

Fixed t1, in the above formula, t2 := t2(t1, t3) gives the unique –by strict convexity– point such
that

L2(t1, t2) + L1(t2, t3) = 0 . (5.2.6)
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Condition (5.2.5) is then easy to verify. In fact, L12(t1, t2) > 0 since L12(t1, t2) = det(γ′(t1), γ
′(t2))

and (t1, t2) is positive admissible, see Definition 5.2.11. Moreover, considering t2 = t2(t1, t3) and
differentiating (5.2.6) with respect to t3, we obtain(︁

L22(t1, t2) + L11(t2, t3)
)︁∂t2
∂t3

+ L12(t2, t3) = 0 .

Observe that L22(t1, t2) +L11(t2, t3) = det(γ′′(t2), γ(t3)− γ(t1)), which is strictly negative since
γ′′(t2) points into the interior of the domain and γ(t3) − γ(t1) is parallel and co-oriented with
γ′(t2). Since also L12(t2, t3) is positive, we deduce that

∂t2
∂t3

= − L12(t2, t3)

L11(t2, t3) + L22(t1, t2)
> 0 .

Thus, (5.2.5) is true. This concludes the proof.

5.2.3 Dissipative symplectic billiards

Let T : P ∋ (t1, s1) ↦→ (t2, s2) ∈ P be the symplectic billiard map on a strictly convex domain
Ω with Ck boundary, k ≥ 2. Let γ : S → R be a parametrization of the boundary ∂Ω and let
O ∈ int(Ω) be the fixed origin. Let λ ∈ (0, 1): it will be our fixed dissipative parameter. Denote
by

Hλ : P → P, Hλ(t1, s1) = (t1, λs1)

the λ-contraction map along the fiber. Observe that Hλ(P) ⊂ int(P).

Definition 5.2.16. The dissipative symplectic billiard map on Ω is defined as

Tλ := Hλ ◦ T : P → P, Tλ(t1, s1) = (t2, λs2) .

Since T preserves the standard area form dt∧ ds and T is a twist map, it can be shown that Tλ
is a dissipative, twist map. In particular, Tλ dissipates the area of a constant factor λ:

T ∗
λ (dt ∧ ds) = T ∗(H∗

λ(dt ∧ ds)) = λdt ∧ ds .

According to the literature (see [8, 3, 6, 7, 70]), we can also say that the map Tλ is a
conformally symplectic map: the symplectic form is contracted by the dynamics by some factor.
In dimension 2, symplectic forms are area forms. We will be interested in studying the (Birkhoff)
attractor of such dissipative, symplectic billiard maps. A straightforward consequence of the
area dissipation is the next lemma.

Lemma 5.2.17. Let λ ∈ (0, 1). Consider the dissipative symplectic billiard map Tλ, introduced
in Definition 5.2.16. Denoting by Λ its Birkhoff attractor, we have

Λ ∩ (S × {0}) ̸= ∅ .

Proof. In the proof, we indicate P+ := {(t, s) ∈ P : s > 0} and P− := {(t, s) ∈ P : s < 0}.
Suppose by contradiction that Λ ∩ (S × {0}) = ∅. Then, without loss of generality and since
S × {0} ⊂ P, we can assume that

Λ ⊂ P+ . (5.2.7)

The Birkhoff attractor separates the annulus: denote then P \ Λ = UΛ
− ⊔ UΛ

+ . Since Λ is Tλ-
invariant and by the definition of Tλ, we deduce that T (Λ) = H 1

λ
◦ Tλ(Λ) = 1

λΛ ⊂ P+. From

this observation, by (5.2.7) and since T preserves boundaries, we deduce that

m(T (UΛ
−)) = m(P−) +

1

λ
m(UΛ

− \ P−) > m(U−
Λ ) ,

which contradicts the conservative properties of T .
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According to (5.2.3), let

ϕ−1 : P → P̂, ϕ−1(t1, s1) = ϕ(t1,−L1(t1, t2)) = (t1, t2) . (5.2.8)

Observe that it remains well-defined on the image of Tλ, since the map is dissipative. By
O(t1, s1) and O(t1, t2) we denote the orbit of (t1, s1) under Tλ and of (t1, t2) under ϕ

−1 ◦ Tλ ◦ ϕ,
respectively.

The following lemma provides a formula for the differential of Tλ, which will be useful later
on.

Lemma 5.2.18. Let Tλ be a dissipative symplectic billiard map. Let (t1, s1) ∈ P and let (t1, t2) =
ϕ−1(t1, s1) ∈ P̂. Then

DTλ(t1, s1) = − 1

L12(t1, t2)

(︃
L11(t1, t2) 1

−λL2
12(t1, t2) + λL22(t1, t2) · L11(t1, t2) λL22(t1, t2)

)︃
; (5.2.9)

in particular, we have that detDTλ(t1, s1) = λ.

Proof. From Definition 5.2.16, we have that Tλ = Hλ ◦ T ; thus, for every (t1, s1) ∈ P,

DTλ(t1, s1) = DHλ(T (t1, s1))DT (t1, s1) =

(︃
1 0
0 λ

)︃
DT (t1, s1) . (5.2.10)

Since T is conservative, it follows immediately that detDTλ(t1, s1) = λ. Considering (t1, t2) =
ϕ−1(t1, s1), we have that

T ◦ ϕ(t1, t2) = (t2, L2(t1, t2)) = (t2, L(γ(t1), γ
′(t2)) ,

and so

D(T ◦ ϕ)(t1, t2) =
(︃

0 1
∂
∂t1
L2(t1, t2)

∂
∂t2
L2(t1, t2)

)︃
=

(︃
0 1

L12(t1, t2) L22(t1, t2)

)︃
.

SinceDT (t1, s1) = D(T◦ϕ)(t1, t2) (Dϕ(t1, t2))−1, and (Dϕ(t1, t2))
−1 = 1

−L12(t1,t2)

(︃
−L12(t1, t2) 0
L11(t1, t2) 1

)︃
,

we conclude that

DT (t1, s1) =

(︃
0 1

L12(t1, t2) L22(t1, t2)

)︃ (︄
1 0

−L11(t1,t2)
L12(t1,t2)

− 1
L12(t1,t2)

.

)︄
(5.2.11)

From (5.2.10) and (5.2.11), we conclude that

DTλ(t1, s1) = − 1

L12(t1, t2)

(︃
L11(t1, t2) 1

−λL2
12(t1, t2) + λL11(t1, t2)L22(t1, t2) λL22(t1, t2)

)︃
,

as stated.

In the next lemma, we proceed by giving a geometrical characterization of Definition 5.2.16.
According to Definition 5.2.12 and to (5.2.4), we denote T̂ λ : P̂ → P̂ the map ϕ−1 ◦ Tλ ◦ ϕ.

Lemma 5.2.19. Let γ : S ∋ t ↦→ γ(t) ∈ ∂Ω be a parametrization of ∂Ω. Then T̂ λ(t1, t2) =
(t2, t3) if and only if γ(t3)− λγ(t1) ∈ Tγ(t2)∂Ω.
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Proof. Fixed (t1, t2) ∈ S × S, we indicate T̂ (t1, t2) = (t2, t̃3) and T̂ λ(t1, t2) = (t2, t3). Equiva-
lently, in the (t, s) coordinates:

T (t1, s1) = (t2, s2) with s2 = −L1(t2, t̃3)

and

Tλ(t1, s1) = (t2, λs2) with λs2 = −L1(t2, t3) .

Together with the variational condition (1.1.3) for T̂ , that is L2(t1, t2)+L1(t2, t̃3) = 0, we obtain
that

λL2(t1, t2)+L1(t2, t3) = 0 ⇔ L(λγ(t1), γ
′(t2))+L(γ

′(t2), γ(t3)) = L(γ′(t2),−λγ(t1)+γ(t3)) = 0 ,

and the statement follows.

Remark 5.2.20. The definition of Tλ depends on the choice of the origin O, which is not the
case for the (conservative) symplectic billiard map T .

In the sequel, we discuss the role of 4-periodic points in order to motivate the choice of the
origin we will made in the next sections.

Lemma 5.2.21. Let T be a symplectic billiard map. Then, there exists a choice of the origin O
such that the set Π of 4-periodic points whose orbit is contained in the zero section is not empty.
We will say that the origin O is compatible.

Proof. Being T a conservative twist map, by a classical Birkhoff’s theorem [30], T possesses at
least two 4-periodic orbits. Let {ti}4i=1 be the set of points in S corresponding to one of such
orbits. In particular, by the definition of T̂ , we have

L(γ′(t2), γ(t3)− γ(t1)) = L(γ′(t4), γ(t1)− γ(t3)) = 0

and

L(γ′(t3), γ(t4)− γ(t2)) = L(γ′(t1), γ(t2)− γ(t4)) = 0 ;

this implies then

L(γ′(t1), γ
′(t3)) = L(γ′(t2), γ

′(t4)) = 0 ,

that is, the vectors γ′(t1) and γ
′(t3) are parallel, as well as the vectors γ′(t2) and γ

′(t4). Conse-
quently, in the phase space P̂, a 4-periodic orbit for T̂ is given by

{(t1, t2), (t2, t∗1), (t∗1, t∗2), (t∗2, t1)} .

Consider then the (inscribed) quadrilateral with vertices in {γ(ti)}4i=1. Fix the origin O ∈ int(Ω)
as the intersection of the diagonals of the inscribed quadrilateral corresponding to (at least) one
of the 4-periodic orbits for T̂ . As a consequence, by this choice, in the phase space P, any such
4-periodic orbit is given by

{(t1, 0), (t2, 0), (t∗1, 0), (t∗2, 0)} , (5.2.12)

i.e., its T -orbit is contained in the zero section, as required. This follows by the definition of the
change of coordinates ϕ in (5.2.3), since ϕ(t1, t2) = (t1,−L(γ′(t1), γ(t2)−O)), and from the fact
that L(γ′(t1), γ(t2)− O) = 0 since γ(t2)− O belongs to the line generated by γ(t2)− γ(t4), by
the choice of the origin, and since γ(t2)− γ(t4) is parallel to γ

′(t1).

An immediate consequence is the following one.
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Corollary 5.2.22. Let Ω be a Ck strictly convex domain, k ≥ 2. Choose a compatible origin
O. Let T be the conservative symplectic billiard map and, for every λ ∈ (0, 1), let Tλ be the
associated dissipative symplectic billiard map. For every (t, 0) ∈ Π, one has

Tλ(t, 0) = T (t, 0) . (5.2.13)

We will see in the following remark that, for a centrally symmetric domain, the natural
choice of the origin as the center of symmetry is compatible.

Remark 5.2.23. Let Ω be a (strictly convex) centrally symmetric domain, i.e., there is a point
O ∈ R2 such that ∂Ω is invariant under the isometric involution (x−O, y−O) ↦→ (−x−O,−y−O).
The point O is called the center of symmetry. Fix it as the origin. Then, the phase space P
becomes

P = {(t, s) ∈ S × R : −ψ(t) < s < ψ(t)} ,

where ψ(t) = −L1(t, t) = −L(γ′(t), γ(t)−O). In such a case, for every t ∈ S, the corresponding
t∗ ∈ S is just t+ π. Thus, any 4-periodic orbit has the form

{(t1, t2), (t2, t1 + π), (t1 + π, t2 + π), (t2 + π, t1)} .

By this choice, it can be proved that the orbit of any 4-periodic point is contained in the zero
section S × {0}, i.e., the set Π is the set of all 4-periodic points.

As a concluding example, we show now that the Birkhoff attractor for dissipative symplectic
billiard maps on a (centrally symmetric) Radon domain is the zero section S × {0}. A Radon
domain Ω is a centrally symmetric domain such that every point of the boudary ∂Ω is the vertex
of an inscribed parallelogram of maximal area, see [69, Section 3].

Proposition 5.2.24. Let Ω be a Radon domain and let the origin O be the center of symmetry.
Then, for every λ ∈ (0, 1), the Birkhoff attractor of Tλ is Λ = S × {0}.

Proof. By the property of centrally symmetric Radon domains recalled above, for the corre-
sponding symplectic map T , the zero section S×{0} is an invariant curve made up of 4-periodic
points. By Corollary 5.2.22, since he chosen origin is compatible, for every λ ∈ (0, 1), the zero
section is also Tλ-invariant. By minimality with respect to the inclusion (see Proposition 5.2.5),
we conclude that S × {0} is the Birkhoff attractor for Tλ.

Remark 5.2.25. Let Ω be an elliptic domain. In particular, it is Radon: by Proposition 5.2.24,
for every λ, the Birkhoff attractor is the zero section. Moreover, it always coincides with the
attractor Λ0, as we will argue now. As proved in [13], elliptic domains are the only completely
integrable ones with respect to the symplectic reflection law. Up to an affine transformation,
we can assume that Ω is the unitary circle. Considering as first coordinate α ∈ S the coun-
terclockwise oriented angle with the fixed direction (1, 0), the symplectic billiard map becomes
T (α, s) = (α+arccos (s), s). Thus, the second coordinate is a first integral. For every λ ∈ (0, 1),
the dissipative symplectic billiard map is Tλ(α, s) = (α+ arccos s, λs); in particular, the second
coordinate is now a Lyapunov function. The corresponding neutral set, which is the attractor
Λ0, coincides with the zero section, i.e., with the Birkhoff attractor Λ. It could be interesting to
construct a Radon domain (hence different to an ellipse) for which Λλ ⊊ Λ0

λ.

Remark 5.2.26. For dissipative Birkhoff billiards, elliptic domains play a special role: it is
possible to completely described their Birkhoff attractor for any dissipative factor λ ∈ (0, 1) (see
[20, Theorem 4.6]). Given an elliptic table with non-zero eccentricity, the 2-periodic orbits –
corresponding to the trajectories along the major and minor axes– are hyperbolic orbits of saddle
and sink type respectively, and they are not affected by dissipation. The Birkhoff attractor Λ

96



5.3. Normally contracted Birkhoff attractors

coincides with the global one Λ0, and it is the closure of the unstable manifold for the 2-periodic
hyperbolic orbit.

When the dissipation is strong enough and the eccentricity is small enough, the Birkhoff
attractor turns out to be a normally contracted graph over S × {0}, see [20, Theorem 4.6,
Proposition 5.16]. It is worth noting that the proof of [20, Theorem 4.6] relies on the existence
of a first integral for the conservative elliptic Birkhoff billiard dynamics. In fact, such an integral
becomes a Lyapunov function when the dissipation is turned on. Its neutral set is the set of
2-periodic points. The global attractor, which corresponds to the Birkhoff one, is then detected
by using such a Lyapunov function.

For dissipative symplectic billiards, it is not known if there exists a class of tables which can
replace the class of elliptic domains for dissipative Birkhoff billiards. The main reason is that
it is not known if there exists a class of tables, for (conservative) symplectic billiards, whose
dynamics is integrable, but not totally integrable.

5.3 Normally contracted Birkhoff attractors

In Proposition 5.2.24, we have seen that the Birkhoff attractor of any Radon billiard table is
very simple, no matter the strength of the dissipation: it is always Λ = S × {0}. The aim of
this section is showing that –when the dissipation is strong, i.e., 0 < λ≪ 1 – the corresponding
dissipative symplectic billiard map of a strongly convex Ck domain, k ≥ 2, exhibits a topologi-
cally simple Birkhoff attractor, i.e., Λ is a normally contracted graph and it coincides with the
attractor Λ0. This section follows very closely [20, Section 5].

The next result is the main point to obtain a cone-field criterion and then invoke standard
results in normally hyperbolic dynamics, recalled later on. In the next proposition, as in Theo-
rem 5.3.7, the choice of the origin O ∈ int(Ω) is arbitrary.

Proposition 5.3.1. Let Ω be a Ck strongly convex domain, k ≥ 2. Then, there exist λ(Ω) ∈
(0, 1), M > 0, α > 0 and a cone-field Cα = (Cα(t, s))(t,s)∈P containing the horizontal direction

Cα(t, s) = {v ∈ T(t,s)P : v = (vt, vs), |vs| ≤ α|vt|} ,

such that, for every λ ∈ (0, λ(Ω)) and for every (t, s) ∈ S × [−M · λ(Ω),M · λ(Ω)], one has

DTλ(t, s)Cα(t, s) ⊂ int(Cα(Tλ(t, s))) ∪ {0} .

Proof. Consider the arc-length parametrization γ : S → ∂Ω of the billiard table Ω. Define the
following positive constants

C1 := max
t1,t2∈S

|L11(t1, t2) · L22(t1, t2)− L2
12(t1, t2)| ,

C2 := max
t1,t2∈S

|L22(t1, t2)|

and

M(Ω) := max

{︃
max
t∈S

|L1(t, t)|,max
t∈S

|L1(t, t
∗)|
}︃
.

Since γ is the arc-length parametrization, for every t ∈ S, one has that γ′′(t) = k(t) iγ′(t), where
k(t) ∈ R denotes the curvature of the table at the point γ(t), and the multiplication by i is the
rotation of angle π

2 , so that γ′′(t) always points towards the inside of the domain. Recall that
L(γ(t1), γ(t2)) refers to the determinant of the matrix whose columns are, respectively, γ(t1)−O
and γ(t2)−O.
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By continuity of the involved function and compactness, we can choose λ1 ∈ (0, 1) such that
there exists c0 > 0 so that for every (t1, s1) ∈ P, if

|s1| = |L1(t1, t2)| = |det(γ′(t1), γ(t2))| < M(Ω) · λ1 ,

that is, if γ′(t1) is not so far from being parallel to γ(t2)−O, then

|L11(t1, t2)| = |L(γ′′(t1), γ(t2)| = |k(t1)| |L(iγ′(t1), γ(t2))| ≥ c0 > 0 ,

since iγ′(t1) is then not so far from being perpendicular to γ(t2)−O. Fix some 0 < α < c0. Let
Cα be the cone-field defined as

Cα(t, s) = {v ∈ T(t,s)P : v = (vt, vs), |vs| ≤ α|vt|} .

We are considering on each tangent space the coordinates inherited from (t, s) ∈ P. By Lemma
5.2.18, for every (t, s) ∈ S × [−M(Ω) · λ1,M(Ω) · λ1] and for every vector v = (a, b) ∈ Cα(t, s),
we get

v′ :=DTλ(t, s)v

=− 1

L12(t1, t2)

(︃
aL11(t1, t2) + b

λa
[︁
L11(t1, t2) · L22(t1, t2)− L2

12(t1, t2)
]︁
+ λbL22(t1, t2)

)︃
:=− 1

L12(t1, t2)

(︃
a′

b′

)︃
.

Thus we have

|a′| = |aL11(t1, t2) + b| ≥ |a||L11(t1, t2)| − |b| ≥ |a|(c0 − α),

|b′| = |λa
[︁
L11(t1, t2) · L22(t1, t2)− L2

12(t1, t2)
]︁
+ λbL22(t1, t2)|

≤ λ|a|(C1 + αC2) .

Given now µ0 ∈ (0, 1), it holds

DTλ(t, s)Cα(t, s) ⊂ Cµ0α(Tλ(t, s)) ⊂ int(Cα(Tλ(t, s))) ∪ {0} ,

where Cµ0α(t, s) := {v ∈ T(t,s)P : v = (vt, vs), |vs| ≤ µ0α|vt|}, provided that λ ∈ (0, λ(Ω)), with

λ(Ω) := min

{︃
λ1,

µ0α(c0 − α)

K + αC0

}︃
.

The rest of the section follows [20, Section 5]: we are able to show that, when the dissipation
is strong, the Birkhoff attractor of the corresponding dissipative symplectic map coincides with
the attractor and it is a normally contracted graph. Even if the ideas are the same as in [20], for
sake of clarity, we recall here the main definitions, coming from hyperbolic dynamics, we state
the main results and give an idea of the proof.

Remark 5.3.2. As we will see in the main statements, the results of this section hold for
every Ck strongly convex domain, with k ≥ 2, while, in the Birkhoff dissipative dynamics, the
analogous results hold for a class of strictly convex domains satisfying some geometric pinching
condition (see [20, Definition D]).

Let us start by recalling some well-known definitions and results in normally hyperbolic
dynamics. We refer to [19, 38, 51, 81].
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Definition 5.3.3. Let M be a compact Riemmannian manifold without boundary and f : M →
M be a Ck diffeomorphism, with k ≥ 1. A compact invariant set K has a dominated splitting
if TKM = E ⊕ F , where the Df -invariant continuous subbundles E and F are such that there
exists C > 0 and ν ∈ (0, 1) so that, for every x ∈ K

∥Dfn(x)|E∥ · ∥Df−n(fn(x))|F ∥ ≤ Cνn ∀n ≥ 0 .

Definition 5.3.4. Let M be a compact Riemmannian manifold without boundary and f : M →
M be a Ck diffeomorphism, with k ≥ 1. Let N be a closed C1 f -invariant manifold. Then
N is normally contracted if N has a dominated splitting TNM = Es ⊕ TN such that Es is
uniformly contracted, i.e., there exists n0 ∈ N and µ ∈ (0, 1) such that for any n ≥ n0 one has
∥Dfn(x)|Es∥ ≤ µn for every x ∈ N .

We say that N is k-normally contracted if N is normally contracted and there exists C > 0
and ν ∈ (0, 1) such that for every x ∈ N and for every 0 ≤ j ≤ k one has ∥Dfn(x)|Es∥ ·
∥Df−n(fn(x))|TN∥j ≤ Cνn for all n ≥ 0.

Proposition 5.3.1 represents the main point to obtain a cone-field criterion and deduce the
following corollary.

Corollary 5.3.5. Let Ω be a strongly convex domain with Ck boundary, k ≥ 2. Let λ(Ω) ∈ (0, 1)
be given by Proposition 5.3.1. Then, for every λ ∈ (0, λ(Ω)), the attractor Λ0 has a dominated
splitting Es⊕Ec with Es uniformly contracted. Moreover, every (t, s) ∈ Λ0 has a stable manifold
Ws(t, s) that is transversal to the horizontal. Furthermore, there exists 0 < λ′(Ω) < λ(Ω) such
that for some constant, C > 0 and 0 < ν < 1, for every λ ∈ (0, λ′(Ω)), for every x ∈ Λ0 and for
every 1 ≤ j ≤ k − 1

∥DTn
λ (x)|Es∥ · ∥DT−n

λ (Tn
λ (x))|Ec∥j ≤ Cνn, ∀n ≥ 0 . (5.3.1)

Proof. The proof follows from the application of the cone-field criterion (see [38, Theorem 2.6]),
and it is verbatim the proof of [20, Proposition 5.5].

Remark 5.3.6. If it would be possible to say a priori that Λ0 is a C1 manifold, then the
previous corollary would say that Λ0 is l-normally contracted.

Theorem 5.3.7. Let Ω be a strongly convex domain with Ck boundary, k ≥ 2.

(a) Let λ(Ω) ∈ (0, 1) given in Proposition 5.3.1. Then for λ ∈ (0, λ(Ω)), the Birkhoff attractor
Λ coincides with the attractor Λ0 and it is a normally contracted C1 graph on S × {0}.

(b) Let λ′(Ω) < λ(Ω) given in Corollary 5.3.5. Then for λ ∈ (0, λ′(Ω)), Λ = Λ0 is a Ck−1

graph and Λ converges to S × {0}, as λ→ 0, in the C1 topology.

We give here the main ideas of the proof and refer to the proof of [20, Theorem 5.7] for full
details.

Idea of the proof. The proof is verbatim the proof of [20, Theorem 5.7]. Let us give here the
main ideas. Consider λ ∈ (0, λ(Ω)) and (Cα(t, s))(t,s)∈P given by Proposition 5.3.1; define the
set of graphs

F := {γ : S →
[︁
−λ, λ

]︁
s.t. γ ∈ C1(S) and (1, γ′(t)) ∈ Cα(t, s), ∀t ∈ S}.

Recall that p1, p2 are the projections on the first and the second coordinate, respectively. By
mean of the billiard map Tλ, it is possible to construct the graph transform

GTλ : F → F , γ ↦→ (t, p2 ◦ Tλ(g−1
λ (t), γ(g−1

λ (t)))) ,
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where

gλ : S → S, t ↦→ p1 ◦ Tλ(t, γ(t)) .

In order to obtain Λ = Λ0, it is sufficient to prove that GTλ
is a contraction on F for the norm

∥ · ∥∞. Its only fixed point corresponds precisely to the global attractor and, since it is a graph,
it coincides with the Birkhoff attractor. The regularity is a direct consequence of the previous
corollary, and the convergence comes from the constructed cone-field.

5.4 Centrally symmetric dissipative billiards

In this section, we consider dissipative symplectic billiard maps for a centrally symmetric domain
Ω, i.e., a domain Ω such that there exists O ∈ int(Ω) for which Ω is invariant by involution
(x − O, y − O) ↦→ (−x − O,−y − O). Under the assumption of strong dissipation, not only
Theorem 5.3.7 holds, i.e., the Birkhoff attractor is a normally contracted graph, but we will
prove the following results.

(a) for λ ∈ (0, 1) small enough, the Birkhoff attractor intersects the zero section exactly in the
4-periodic points, that is (t1, 0) ∈ Π if and only if (t1, 0) ∈ Λλ;

(b) for λ ∈ (0, 1) small enough, there exists an open and dense set of centrally symmetric
domains, whose associated Birkhoff attractor has rotation number 1/4 and decomposes as

Λ =

l⋃︂
i=1

3⋃︂
j=0

Wu(T j
λ(Hi);T 4

λ ) ,

where {Hi}li=1 is a finite family of 4-periodic points of saddle type, and Wu(H;T 4
λ ) is the

unstable manifold of a saddle point H, with respect to the dynamics of T 4
λ .

Recall that T̂ : P̂ → P̂ denotes the symplectic billiard map in the coordinates (t1, t2) ∈ P̂.
Let us introduce the maps

Î : P̂ → P̂, Î(t1, t2) = (t∗2, t1) , (5.4.1)

Î2 : P̂ → P̂, Î2(t1, t2) = (t1, t
∗
0) . (5.4.2)

Notice also that

Î
2
(t1, t2) = Î ◦ Î(t1, t2) = (t∗1, t

∗
2).

The corresponding maps I and I2 in P can be described respectively as

I ◦ ϕ(t1, t2) = I(t1,−L1(t1, t2)) = (t∗2,−L1(t
∗
2, t1))

and

I2 ◦ ϕ(t1, t2) = I2(t1,−L1(t1, t2)) = (t1,−L1(t1, t
∗
0)) .

Lemma 5.4.1. Let Ω be a strictly convex Ck domain, k ≥ 2. Let O ∈ int(Ω) be compatible (see
Lemma 5.2.21). The following properties hold.

1. Recall that P = {(t, s) ∈ S × R : ψ1(t) ≤ s ≤ ψ2(t)}. Then, I2(graph(ψ1)) = graph(ψ2)
and I2(graph(ψ2)) = graph(ψ1). In particular, if Ω is centrally symmetric, one has

I2(graph(ψ)) = −graph(ψ) ,

where ψ(t) = −L1(t, t).
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γ(t1)

γ(t∗1)

O

γ(t0)γ(t2)

γ(t∗0) γ(t∗2)

Figure 5.7: For the symplectic billiard map on centrally symmetric domains, T̂ (t0, t1) = (t1, t2)
if and only if T̂ (t∗0, t

∗
1) = (t∗1, t

∗
2). In particular, γ′(t1) is parallel to γ(t

∗
2)− γ(t∗0).

2. I(Π) = Π, where Π is the set of 4-periodic points whose orbit is contained in the zero
section.

3. If Ω is centrally symmetric, then I2(Λ) = Λ for every λ ∈ (0, 1), i.e., (t, s) ∈ Λ if and only
if (t∗, s) ∈ Λ.

4. If Ω is centrally symmetric, then I(Λ) = H− 1
λ
(Λ) for every λ ∈ (0, 1), where H− 1

λ
(t, s) =

(t,− s
λ).

Proof. Point 1 follows from the definition of the function I2, and since points of the graph of
ψ1 (resp. ψ2) correspond to points of type (t, t) (resp. (t, t∗)) in P̂. For point 2, let (t1, 0) ∈ Π:
since the origin is compatible, its orbit is given by

{(t1, 0), (t2, 0), (t∗1, 0), (t∗2, 0)}

and in particular, we have I(t1, 0) = I(t1,−L1(t1, t2)) = (t∗2,−L1(t
∗
2, t1)) = (t∗2, 0). Concerning

point 3, since I is continuous and by the properties of the Birkhoff attractor, the set I2(Λ) is
a compact, connected set which separates P. Observe that, when Ω is centrally symmetric, we
have that I2(t, s) = (t∗, s), since, in such a case, L1(t, t̃) = L1(t

∗, t̃
∗
). Moreover, the map I4 is

the identity. Therefore, one has

I2 ◦ Tλ(t1, s1) = I2(t2, λs2) = (t∗2, λs2)

and
Tλ ◦ I2(t1, s1) = Tλ(t

∗
1, s1) = (t∗2, λs2) ,

that is, I2 ◦ Tλ = Tλ ◦ I2. Thus, by the Tλ-invariance of Λ, we obtain I2(Λ) = I2 ◦ Tλ(Λ) =
Tλ◦I2(Λ), i.e., the set I2(Λ) is Tλ-invariant. By the minimality property of the Birkhoff attractor,
we deduce that Λ ⊂ I2(Λ). By applying I2, we conclude that I2(Λ) ⊂ Λ, that is Λ = I2(Λ), as
required.

Let us prove point 4. We first notice that Î2 = T̂ ◦ Î, since, by the centrally symmetric
hypothesis on Ω, the vector γ(t2) − γ(t0) is parallel to the vector γ(t∗0) − γ(t∗2), see Figure 5.7.
As a consequence,

I2 = T ◦ I . (5.4.3)

In addition
I2(t1, s1) = (t1,−s1) . (5.4.4)

The above equality is a consequence of the geometry and the dynamics of symplectic billiards
in centrally symmetric domains, since

(t1, s1) = (t1,−L1(t1, t2))
I2↦−→ (t1,−L1(t1, t

∗
0)) = (t1, L1(t1, t2)) = (t1,−s1) ,
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where in the last equality, we have used the fact that

L(γ′(t1), γ(t2)−γ(t0)) = L(γ′(t1), γ(t
∗
0)−γ(t∗2)) = 0 =⇒ −L1(t1, t

∗
0) = −L1(t1, t

∗
2) = L1(t1, t2) .

By equality (5.4.3), by point 3 and by the definition of Tλ, we get

I2 ◦ I(Λ) = T ◦ I ◦ I(Λ) = T (Λ) = H 1
λ
◦ Tλ(Λ) = H 1

λ
Λ .

Finally, applying I−1
2 on both sides of the previous equation and using (5.4.4), we conclude

I(Λ) = I−1
2

(︃
H 1

λ
(Λ)

)︃
= H− 1

λ
(Λ) .

We are now ready to prove the statement of point (a).

Proposition 5.4.2. Let Ω be a strongly convex, centrally symmetric Ck domain, k ≥ 2. Let
λ(Ω) ∈ (0, 1) be given by Proposition 5.3.1. Then, for every λ ∈ (0, λ(Ω)), one has Λ∩(S×{0}) =
Π.

Proof. By Theorem 5.3.7, for λ ∈ (0, λ(Ω)), the Birkhoff attractor is a normally contracted
graph over S. Since it is a graph and by point 4 of Lemma 5.4.1, we deduce that Λ ∩ I(Λ) =
Λ ∩ (S × {0}). Thus, by point 3 of Lemma 5.4.1, if (t1, 0) ∈ Λ ∩ (S × {0}) = Λ ∩ I(Λ), then
I(t1, 0) ∈ I(Λ) ∩ Λ = Λ ∩ (S × {0}). By the definition of I, we obtain that

I(t1, 0) = I(t1,−L1(t1, t2)) = (t∗2,−L1(t
∗
2, t1)) = (t∗2, 0) ;

in particular, the vector γ′(t1) is parallel to γ(t2) − O and γ′(t2) is parallel to γ(t1) − O. We
then deduce that the point (t1, 0) ∈ Π, proving then Λ ∩ (S × {0}) ⊂ Π.

Moreover, again by Theorem 5.3.7, we also know that the Birkhoff attractor coincides with
the global attractor, when λ ∈ (0, λ(Ω)). Let (t1, 0) ∈ Π: then clearly (t1, 0) ∈ S × {0} and,
since (t1, 0) ∈ Λ0 and Λ0 = Λ, we easily conclude that (t1, 0) ∈ Λ ∩ (S × {0}) as required.

5.4.1 An open and dense property in the centrally symmetric case

To prove point (b), we first need to discuss the quantity and quality of 4-periodic orbits for
centrally symmetric domains and then to introduce the topology with respect to which we will
state our result. Let Ω be a Ck centrally symmetric domain, k ≥ 2, and let γ : S → R2 be a
parametrization of ∂Ω. Let (t1, t2) be a 4-periodic point. Consider then the quantity:

k1,2 = k1,2(t1, t2) :=
L11(t1, t2) · L22(t1, t2)

L2
12(t1, t2)

. (5.4.5)

Lemma 5.4.3. Let Ω be a Ck strictly convex centrally symmetric domain, k ≥ 2. Let (t1, t2)
be a 4-periodic point. For λ ∈ (0, 1), denote by µ1 = µ1(λ) and µ2 = µ2(λ) the eigenvalues of
DT 4

λ (t1, s1(t1, t2)), with |µ1| ≤ |µ2|. Then the next cases occur.

(a) If k1,2 > 1, then 0 < µ1 < λ4 < 1 < µ2, and the 4-periodic point is a saddle.

(b) If k1,2 = 1, then µ1 = λ4, µ2 = 1, and the 4-periodic point is parabolic.
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(c) If k1,2 ∈ (0, 1), then the 4-periodic point is a sink. In particular, let

λ− = λ−(t1, t2) :=
1−

√︁
1− k1,2

1 +
√︁

1− k1,2
∈ (0, 1) .

Thus:

(i) If λ ∈ (0, λ−), then µ1, µ2 ∈ R and λ4 < µ1 < µ2 < 1.

(ii) If λ = λ−, then µ1 = µ2 = λ2.

(iii) If λ ∈ (λ−, 1) and k1,2 ̸= 2λ
(λ+1)2

, then µ1 = µ2 and |µ1| = |µ2| = λ2.

(iv) If λ ∈ (λ−, 1) and k1,2 =
2λ

(λ+1)2
, then µ1 = µ2 = −λ2.

Proof. We already know by Lemma 5.2.18 the explicit formula for the differential of the dissi-
pative symplectic billiard map. We are studying 4-periodic orbits, hence, up to choose a good
parametrization, all of the form:

{(t1, t2), (t2, t1 + π), (t1 + π, t2 + π), (t2 + π, t1)} , (5.4.6)

see Remark 5.2.23. In such a case, from the central symmetric hypothesis, the next equalities
hold:

L12(t2, t1 + π) = L12(t1, t2), L11(t2, t1 + π) = L22(t1, t2), L22(t2, t1 + π) = L11(t1, t2) .

From now on, we omit the dependence of every Lij on (t1, t2). By using the previous equalities,
a direct computation gives:

Aλ := DT 2
λ (t1, s1(t1, t2)) = DTλ(t2, s1(t2, t1 + π)) ·DTλ(t1, s1(t1, t2))

=
1

L2
12

(︃
−λL2

12 + (1 + λ)L11 · L22 (1 + λ)L22

(1 + λ)(−λL2
12 + λL11 · L22) · L11 −λL2

12 + (λ+ λ2)L11 · L22

)︃
,

and, for the 4-periodic orbit (5.4.6), one has DT 4
λ (t1, s1(t1, t2)) = A2

λ. Consequently, to under-
stand the nature of the 4-periodic points of Tλ, we just need to study the eigenvalues of the
matrix Aλ. The determinant and the trace of Aλ are respectively

detAλ = λ2 and trAλ = −2λ+ (1 + λ)2
(︃
L11 · L22

L2
12

)︃
.

The characteristic polynomial is then

χλ(x) = x2 −
[︁
(1 + λ)2k1,2 − 2λ

]︁
x+ λ2 ,

which is exactly as in the Birkhoff dissipative case with λ1 = λ2 = λ and k1,2 :=
L11·L22

L2
12

, see [20,

Appendix A], where we refer to the notation of the Appendix A there. Repeating then verbatim
the proof in [20], we conclude.

Let us introduce some further notations that will be largely used in the sequel. Denote by

eθ = (− sin θ, cos θ)

the unit vector which forms an angle θ ∈ S with the fixed vertical direction (0, 1). For every
θ there exists a unique point γ(tθ) := γ(θ) ∈ ∂Ω such that γ′(θ) = ∥γ′(θ)∥eθ. Let O ∈ int(Ω)
be the center of symmetry of the table. Let p : S → R+ be the support function, defined as the
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γ′(θ)
(0, 1)

O

p(θ)

γ(θ)

θ

Figure 5.8: The support function p(θ) at the point θ ∈ S.

distance of the origin from the affine line γ(θ) +Rγ′(θ). Let J be the rotation of angle π
2 . Then

we have ⎧⎪⎨⎪⎩
γ(θ) = p′(θ)eθ − p(θ)Jeθ ;

γ′(θ) = (p(θ) + p′′(θ))eθ ;

γ′′(θ) = (p′(θ) + p′′′(θ))eθ + (p(θ) + p′′(θ))Jeθ ;

(5.4.7)

see [16]. We refer to Figure 5.8. We remind that the radius of the osculating circle at γ(θ) is

ρ(θ) = p(θ) + p′′(θ) ,

see for example [44, Formula 2.9]. We are going to use the angles θ as coordinates. In the
centrally symmetric case (see Remark 4.6.11) Π is the set of all 4-periodic points for {Tλ}λ∈[0,1].
A point (θ1, θ2) corresponding to a point in Π has then the following 4-periodic orbit:

{(θ1, θ2), (θ2, θ1 + π), (θ1 + π, θ2 + π), (θ2 + π, θ1)} . (5.4.8)

With an abuse of notation, we will indicate the symplectic billiard map in the coordinates (θ1, θ2)
also by T . For a 4-periodic point corresponding to the couple of angles (θ1, θ2), we denote the
relative quantity k1,2, defined in (5.4.5), also as k1,2 = k1,2(θ1, θ2).

Remark 5.4.4. We explicit now the quantity L11L22

L2
12

, that appears in Lemma 5.4.3, in terms

of (θ1, θ2). We start by recalling that at the points of a 4-periodic orbit, the vectors γ′(θi) and
γ(θi+1) are parallel, so det(eθi , γ(θi+1)) = 0, that is

det(eθ1 , γ(θ2)) = p′(θ2) sin(θ2 − θ1)− p(θ2) cos(θ2 − θ1) = 0 ,

det(eθ2 , γ(θ1)) = −p′(θ1) sin(θ2 − θ1)− p(θ1) cos(θ2 − θ1) = 0 .
(5.4.9)

As a consequence:

L12(tθ1 , tθ2) = ρ(θ1)ρ(θ2) sin (θ2 − θ1) ,

L22(tθ1 , tθ2) = −p(θ1)ρ(θ2) sin (θ2 − θ1) + p′(θ1)ρ(θ2) cos (θ2 − θ1) ,

L11(tθ1 , tθ2) = −p(θ2)ρ(θ1) sin (θ2 − θ1)− p′(θ2)ρ(θ1) cos (θ2 − θ1) .

So that
L11(tθ1 , tθ2) · L22(tθ1 , tθ2) =

ρ(θ1)ρ(θ2)
[︁
p(θ1)p(θ2) sin

2(θ2 − θ1)− p′(θ1)p
′(θ2) cos

2(θ2 − θ1)+(︁
p(θ1)p

′(θ2)− p′(θ1)p(θ2)
)︁
sin(θ2 − θ1) cos(θ2 − θ1)

]︁
.
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Using now the equalities (5.4.9), previous formula simplifies to

L11(tθ1 , tθ2) · L22(tθ1 , tθ2) = ρ(θ1)ρ(θ2)
[︁
p(θ1)p(θ2)− p′(θ1)p

′(θ2)
]︁
=
ρ(θ1)ρ(θ2)p(θ1)p(θ2)

sin2(θ2 − θ1)
.

(5.4.10)
Moreover:

L2
12(tθ1 , tθ2) = ρ2(θ1)ρ

2(θ2) sin
2(θ2 − θ1) . (5.4.11)

From (5.4.10) and (5.4.11), we have that

L11L22

L2
12

(θ1, θ2) =
p(θ1)p(θ2)

ρ(θ1)ρ(θ2) sin
4(θ2 − θ1)

.

By using again equalities (5.4.9), we obtain:

(p′)2(θi) sin
2(θ2−θ1) = p2(θi) cos

2(θ2−θ1) = p2(θi)(1−sin2(θ2−θ1)) ⇒ sin2(θ2−θ1) =
p2(θi)

((p′)2 + p2)(θi)
,

for i = 1, 2. We then conclude that

k1,2 :=
L11L22

L2
12

=
(p′2 + p2)(θ1)(p

′2 + p2)(θ2)

ρ(θ1)ρ(θ2)p(θ1)p(θ2)
. (5.4.12)

In the following lemma, we see how it is possible to perturb any strongly convex, centrally
symmetric domain in order to assure that all the 4-periodic points of the dynamics of the
perturbed table are non-degenerate (in particular, they are only a finite number). Recall that a
4-periodic point is non-degenerate for the map T , if the differential map DT 4 at the point does
not admit the values ±1 as eigenvalues.

Lemma 5.4.5. Let Ω be a Ck strongly convex, centrally symmetric domain, k ≥ 2, and let
p : S → R be its support function of class Ck. Then, for every ε > 0, there exists a strongly
convex, centrally symmetric smooth domain Ωε with support function pε : S → R such that

∥p− pε∥k < ε ,

where ∥·∥k denotes the Ck-norm, and such that the symplectic billiard associated with the domain
Ωε has a finite number of 4-periodic orbits, all of which are non-degenerate.

Proof. Let (θ1, θ2) correspond to a 4-periodic point in Π; then its orbit is of the form (5.4.8).
In particular, the vector γ′(θ2) is parallel to the vector γ(θ1) − O, and so, by (5.4.7), one has
det(eθ2 , γ(θ1)) = 0, that is

p(θ1) cos(θ2 − θ1) + p′(θ1) sin(θ2 − θ1) = 0 ⇔ tan
(︂
(θ2 − θ1)−

π

2

)︂
=
p′

p
(θ1) ,

where we use the fact that the support function p is positive and that θ2 ̸= θ1. There exist lifts
of the angles θ1, θ2 –which, for the sake of simplicity, we continue to indicate by θ1, θ2– such that
θ2 − θ1 ∈ (0, π). Therefore, we have

θ2 = arctan

(︃
p′

p
(θ1)

)︃
+
π

2
+ θ1 . (5.4.13)

Apply then the same argument to the subsequent points of the orbit: since θ3 = θ1 + π, we
obtain that the angle θ1 has to solve

G(θ) :=
p′

p

(︃
arctan

(︃
p′

p
(θ)

)︃
+ θ +

π

2

)︃
+
p′

p
(θ) = 0 . (5.4.14)
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We proceed by observing that, up to perturb the support function (and so the billiard table),
equation (5.4.14) admits a finite number of solutions. Let (pn)n∈N be a sequence of π-periodic
trigonometric polynomials that approximates the support function p in the Ck-norm. Substitute
then pn in (5.4.14): one obtains an equation whose left-hand side is a real analytic function,
which therefore has a finite number of solutions. This fact immediately gives that every strictly
convex domain can be perturbed into a strictly convex domain with a finite number of 4-periodic
orbits.

The last part of the proof is devoted to prove that it is possible to further perturb the domain
in such a way that all 4-periodic orbits become non-degenerate. Let n ∈ N be large enough and
fix the support function pn. With an abuse of notation, we still denote by Ω the billiard table
corresponding to the support function pn and we designate pn by p. Let g(θ) be a π-periodic
function to be chosen later. We consider the perturbed domain whose support function is given
by pε(θ) := eεg(θ)p(θ), and define the function

f(θ, ε) :=
p′

p
(θ) + εg′(θ) .

Observe that p′ε
pε
(θ) = f(θ, ε). The 4-periodic orbits of the billiard table associated to the support

function pε are then determined by solving the following equation, analogous to(5.4.14):

G(θ, ε) := f
(︂
arctan(f(θ, ε)) + θ +

π

2
, ε
)︂
+ f(θ, ε) = 0 , (5.4.15)

that we can write also as

G(θ, ε) =
p′ε
pε

(︃
arctan

(︃
p′ε
pε

(θ)

)︃
+ θ +

π

2

)︃
+
p′ε
pε

(θ) = 0 . (5.4.16)

Let us show that a 4-periodic orbit for the table with support function pε is degenerate if and
only if ∂θG(θ, ε) = 0. Let θ1 correspond to a 4-periodic point for the table associated to the
support function pε, i.e., G(θ1, ε) = 0. The point is degenerate if and only if, according to
formula (5.4.12) and point (b) of Lemma 5.4.3, we have

k1,2 =
(p′2ε + p2ε)(θ1)(p

′2
ε + p2ε)(θ2)

ρε(θ1)ρε(θ2)pε(θ1)pε(θ2)
= 1 , (5.4.17)

where ρε = pε+p
′′
ε and, with an abuse of notation, we still denote by θ2 the quantity arctan

(︂
p′ε
pε
(θ1)

)︂
+

θ1 +
π
2 . Consider then

∂θG(θ1, ε) =
p′′εpε − p′2ε

p2ε
(θ2)

⎛⎝ 1

1 + p′2ε
p2ε
(θ1)

(︃
p′′εpε − p′2ε

p2ε

)︃
(θ1) + 1

⎞⎠+
p′′εpε − p′2ε

p2ε
(θ1)

=
p′′εpε − p′2ε

p2ε
(θ2)

(︃
(p′′ε + pε)pε
p′2ε + p2ε

(θ1)

)︃
+
p′′εpε − p′2ε

p2ε
(θ1)

=
(p′′ε + pε)pε − (p′2ε + p2ε)

p2ε
(θ2)

(︃
(p′′ε + pε)pε
p′2ε + p2ε

(θ1)

)︃
+

(p′′ε + pε)pε − (p′2ε + p2ε)

p2ε
(θ1)

=

(︃
ρε
pε

(θ2)−
p′2ε + p2ε
p2ε

(θ2)

)︃(︃
ρεpε

p′2ε + p2ε
(θ1)

)︃
+
ρε
pε

(θ1)−
p′2ε + p2ε
p2ε

(θ1) .
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From (5.4.17), we have that p′2ε +p2ε
ρεpε

(θ2) =
ρεpε

p′2ε +p2ε
(θ1), and we obtain from the previous equalities:

∂θG(θ1, ε) =
p′2ε + p2ε
p2ε

(θ2)

[︃
1− ρεpε

p′2ε + p2ε
(θ1)

]︃
− p′2ε + p2ε

p2ε
(θ1)

[︃
1− ρεpε

p′2ε + p2ε
(θ1)

]︃
=

[︃
1− ρεpε

p′2ε + p2ε
(θ1)

]︃ [︃
p′2ε + p2ε
p2ε

(θ2)−
p′2ε + p2ε
p2ε

(θ1)

]︃
=

[︃
1− ρεpε

p′2ε + p2ε
(θ1)

]︃ [︃
p′2ε
p2ε

(θ2)−
p′2ε
p2ε

(θ1)

]︃
.

Since we are looking at a point satisfying (5.4.16), it holds p′ε
pε
(θ2) = −p′ε

pε
(θ1), and we conclude

that
∂θG(θ1, ε) = 0 , (5.4.18)

for every θ1 that corresponds to a degenerate 4-periodic point. Note that both conditions,
(5.4.16) and (5.4.18), are expressed by real-analytic equations.
If no solution of (5.4.15) also satisfies (5.4.18) for sufficiently small ε, we are done. Suppose
instead, by contradiction, that this is not the case, i.e., there exists a sequence εn → 0 and
corresponding values θn → θ0 such that G(θn, εn) = ∂θG(θn, εn) = 0 for every n. Clearly, θ0
corresponds to a degenerate 4-periodic orbit of the unperturbed domain Ω. Note that

∂εG(θ, 0) = g′
(︂
arctan(f(θ, 0)) + θ +

π

2

)︂
+ g′(θ)

(︄
∂θf

(︁
arctan(f(θ, 0)) + θ + π

2 , 0
)︁

1 + f2(θ, 0)
+ 1

)︄
.

Choose g so that ∂εG(θ0, 0) ̸= 0, for every θ0 corresponding to a 4-periodic orbit of the table Ω.
This is possible because we only need to check a finite number of points.

Thanks to the assumptions on g, by the implicit function theorem we have that the solutions
of (5.4.15) in a neighborhood of θ0 are given by the graph of a real-analytic function ε(θ).
Since Ω has only a finite number of 4-periodic orbits, the function ε(θ) is not identically zero.
There exists then N ∈ N and a function c, which does not vanish in a neighborhood of any θ0,
corresponding to a 4-periodic orbit for Ω, such that

ε(θ) = (θ − θ0)
Nc(θ) . (5.4.19)

We then have
εn = c(θn)(θn − θ0)

N ,

and, by assumption,
∂θG(θn, ε(θn)) = 0 .

It follows, by real-analyticity, that

∂θG(θ, ε(θ)) = 0 for all θ .

Then, again by the implicit function theorem, in a neighborhood of the graph of ε(·) we can
write

∂θG(θ, ε) = G(θ, ε)h(θ, ε) ,

for some suitable function h. Differentiating with respect to θ, we get

∂2θG(θ, ε) = G(θ, ε)
(︁
h2(θ, ε) + ∂θh(θ, ε)

)︁
,

and proceeding inductively, we find

∂nθG(θ, ε(θ)) = 0 for all n .

As a consequence, by real-analyticity, we deduce that G is independent of θ in an open set by
(5.4.19), and hence everywhere. This is the required contradiction and concludes the proof.
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We want now to make precise the topology used in order to be able to talk about open and
dense sets in point (b). Denote by C∞(S,R2) the set of smooth functions γ : S → R2 and endow
it with the C2-norm ∥ · ∥2. Consider the open set

B0
2 := {γ ∈ C∞(S,R2) : γ : S → R2 is an embedding} ;

we will be interested in the subset

B2 := {γ ∈ B0
2 : γ(S) is strongly convex and centrally symmetric}

endowed with the restricted topology induced by the norm ∥ · ∥2. The following result is then
immediate from Lemma 5.4.5.

Corollary 5.4.6. There exists an open and dense set U ⊂ B2 such that, for every γ ∈ U ,
the symplectic billiard map associated to γ has a finite number of 4-periodic orbits, all non-
degenerate.

We are now ready to prove the following statement, which corresponds to point (b).

Proposition 5.4.7. There exists an open and dense set U ⊂ B2 such that for any γ ∈ U the
following property holds. Let λ′(Ω) ∈ (0, 1) as given in Theorem 5.3.7; there exists λ′′(Ω) ∈
(0, λ′(Ω)) such that for every λ ∈ (0, λ′′(Ω)), the Birkhoff attractor Λ has rotation number 1/4
and

Λ =
l⋃︂

i=1

3⋃︂
j=0

Wu(T j
λ(Hi);T 4

λ )

for some finite collection {Hi}li=1 of 4-periodic points of saddle type, where Wu(Hi;T
4
λ ) denotes

the unstable manifold of a hyperbolic point Hi with respect to the dynamics T 4
λ .

Proof. The proof is an adaptation of the proof of Theorem 5.14 in [20]. Let λ′(Ω) ∈ (0, 1) be
given by Theorem 5.3.7. Then, for every λ ∈ (0, λ′(Ω)), the (Birkhoff) attractor is a C1 normally
contracted graph of a function ηλ : S → R. Let us define

gλ : S → S, t1 ↦→ p1 ◦ Tλ(t1, ηλ(t1))

the circle map induced by Tλ on the attractor, where p1 is the projection on the first coordinate.
As proved in Claim 5.15 in [20], gλ → g0 in the C1 topology when λ→ 0. We proceed to prove
that g0 is a circle diffeomorphism. By Lemma 5.2.18, we get

g′λ(t1) = − 1

L12(t1, t2)

[︁
L11(t1, t2) + η′λ(t1)

]︁
.

In particular g′0(t1) = −L11(t1,t2)
L12(t1,t2)

.
We want to show that g0 is a circle diffeomorphism: in particular, it is sufficient to assure

that g′0 ̸= 0 at every t1. Its expression is, more explicitely,

g′0(t1) =
p

ρ
(θ2) +

p′

ρ
(θ2) cot (θ2 − θ1) . (5.4.20)

We recall that Π ⊂ S × {0} does not depend on λ ∈ [0, 1]. Moreover, by Lemma 5.4.5, for a
Ck-open and dense subset of centrally symmetric billiard tables, Π consists of non-degenerate
4-periodic points, i.e., saddles or sinks, hence persisting under perturbations. In the sequel, in
order to conclude, we prove that the circle dynamics of gλ (which is a small perturbation of g0 in
the C1 topology) essentially recovers the one of Tλ on Λ. Let (t1, 0) ∈ Π. In particular, we have
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cot(θ2 − θ1) =
p′

p (θ2) and cot(θ1 − θ2) =
p′

p (θ1), thanks to the centrally symmetric hypothesis of
the table. Then, according to (5.4.20):

(g40)
′(t1) = (g′0(t1)g

′
0(t2))

2 =

(︃
p′2 + p2

ρp
(θ2)

p′2 + p2

ρp
(θ1)

)︃2

= k21,2 ̸= 1

so that, for the circle diffeomorphism g0, the 4-periodic point t1 is repelling or attracting (respec-
tively when k1,2 > 1 or k1,2 < 1). Since for λ > 0 small enough gλ is C1-close to g0 and the points
of Π are generically isolated, there exists λ′′(Ω) ∈ (0, λ′(Ω)) such that for every λ ∈ (0, λ′′(Ω))
the 4-periodic point t1 for g0 admits a continuation for gλ. Thus, the restriction of Tλ on Λ still
has rotation number 1/4. As in the end of the proof of Theorem 5.14 in [20], by considering the
α-limit and the ω-limit sets of the points in Λ \Π, we conclude that

Λλ =

l⋃︂
i=1

3⋃︂
j=0

Wu(T j
λ(Hi);T 4

λ )

for some finite collection {Hi}li=1 of 4-periodic points of saddle type.

5.4.2 Fragility of invariant curves of rotation number 1/4

In this subsection, we will see that, among centrally symmetric tables, invariant curves of rotation
number 1

4 , for (conservative) symplectic billiard maps, are very easy to destroy. This result is
used in Section 5.5 to obtain topologically complicated Birkhoff attractors in the dissipative
framework.

Proposition 5.4.8. There exists an open and dense set of strongly convex, centrally symmetric
billiard tables U ⊂ B2 such that, for every γ ∈ U , the associated symplectic billiard map does not
have an invariant curve of rotation number 1

4 .

We split the proof of Proposition 5.4.8 in two parts, in order to show first the openness and
then the density property.

Lemma 5.4.9. The set of strongly convex, centrally symmetric billiard tables in B2 whose
associated symplectic billiard map has an invariant curve of rotation number 1

4 is closed.

Proof. Let (γn)n∈N be a sequence of centrally symmetric tables and denote by Tn the symplectic
billiard map associated to γn. Assume that every Tn exhibits an invariant curve Γn of rotation
number 1

4 . Moreover, assume that the sequence of γn is converging to γ in the C2 topology. The
sequence of corresponding billiard maps (Tn)n∈N is going to the billiard map T , associated to
γ, in the C1 topology. By Birkhoff’s theorem [30], since each Tn is a twist map, each invariant
curve Γn is a graph of a Lipschitz function over S. Moreover, up to consider n large enough,
since the Lipschitz constant depends on the twist condition and since the tables are converging
in the C2 topology, there exists a constant C > 0 such that all invariant curves Γn are graphs
of C-Lipschitz functions. Therefore, up to subsequences, Γn converges to a curve Γ, which is
the graph of a C-Lipschitz function and is T -invariant. Moreover, the curve Γ has still rotation
number 1

4 . We deduce that the set of tables with invariant curves of rotation number 1
4 is

closed.

Proposition 5.4.10. The set of strongly convex, centrally symmetric billiard tables whose as-
sociated symplectic billiard map does not have an invariant curve of rotation number 1

4 is dense
among B2.
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Proof. Let Ω be a centrally symmetric, strictly convex smooth table with an invariant curve
of rotation number 1/4. By Corollary 5.4.6, we can perform a first C2 perturbation to obtain
a table Ω′ which has a finite number of 4-periodic orbits, all non-degenerate. If the billiard
map associated to Ω′ has no invariant curve of rotation number 1/4, then we are done. Assume
that this is not the case, i.e., the billiard map associated to Ω′ has an invariant curve Γ of
rotation number 1/4: in particular, there are a finite number of 4-periodic points on Γ. Since Γ
is invariant, we deduce that all the 4-periodic points on the curve are hyperbolic ones. Indeed,
since the points are non-degenerate, they are either hyperbolic (i.e., the corresponding differential
map DT 4 has eigenvalues of modulus different from 1) or elliptic ones with irrational angle (i.e.,
the eigenvalues of DT 4 are e2πiρ with ρ ∈ R \Q). However, if by contradiction a point is elliptic,
then, after some iterations, the vertical vector (0, 1) would be sent by the differential dynamics
to a vector pointing downward: this would contradict the existence of the invariant curve and
the orientation preserving hypothesis of the map. By Poincaré classification theorem for circle
homeomorphisms, the curve Γ is composed by heteroclinic or homoclinic connections between
4-periodic hyperbolic points, see Figure 5.9.

Figure 5.9: Invariant curve of rotation number 1
4 with homoclinic (heteroclinic) connexions.

Denote by T the symplectic billiard map associated to the table. With an abuse of notation,
denote by T also a lift of it. According to the notation used in [12], we can consider bi-infinite
configurations (ti)i∈Z ∈ RZ. Orbits for the map T are then in correspondence, thanks to the
twist condition, to configurations that are critical for the formal action functional L : RZ →
R, (ti)i∈Z ↦→

∑︁
i∈ZL(γ(ti), γ(ti+1)). That is, a bi-infinite sequence corresponds to an orbit if

and only if
L1(ti, ti+1) + L2(ti−1, ti) = 0 ∀i ∈ Z . (5.4.21)

Let γ : S → R2 be the smooth arc-length parametrization of Ω′, |∂Ω′| = 2π. Fix ε > 0 and
consider the perturbed domain corresponding to

γ̄ : t ∈ S → γ̄(t) := γ(t) + δ(t)n(t) ∈ R2 ,

where n(t) is the unit normal vector at γ(t), pointing inside the domain Ω′. Up to choose the
smooth function δ small enough, we obtain a perturbation of the initial table which is ε-C2

close to Ω′. Our aim is then proving that we can choose the function δ so that the map of the
perturbed domain does not have an invariant curve or rotation number 1/4.

Consider (t−i )i∈Z, (t
+
i )i∈Z two sequences corresponding to nearby 4-periodic hyperbolic points

contained in the invariant curve Γ. The curve Γ is the graph of a Lipschitz function η : S → R.
Let (ti)i∈Z be a sequence corresponding to a point P0 = (t0, η(t0)) ∈ Γ, which belongs to the
unstable manifold of (t−0 , η(t

−
0 )) = (t−0 , 0) and to the stable manifold of (t+0 , η(t

+
0 )) = (t+0 , 0). In

particular it holds t−i < ti < t+i < t−i + π for every i ∈ Z and

lim
i→+∞

t+i − ti = lim
i→−∞

ti − t−i = 0 .

Let U ⊂ R be a neighborhood of t0 such that ti /∈ U for every i ̸= 0. This is possible because, at
±∞, the ti accumulate on 4-periodic points, which are finite. Assume that the function δ is a
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positive π-periodic function whose support is contained in U (i.e., its projection on S) and such
that δ(t0) = δ′(t0) = 0 and δ′′(t0) ̸= 0.

Observe in particular that all the 4-periodic points, which were maximizing the area of the
inscribed quadrilateral, are still 4-periodic orbits of the perturbed symplectic billiard map and
moreover they are still maximizing the area of the inscribed quadrilateral for the perturbed
domain, i.e., they still belong to the Aubry-Mather set of rotation number 1/4.

Since the characterization of orbits (5.4.21) only involves γ and γ′ along the bi-infinite se-
quence corresponding to the orbit, and since both γ̄ and γ̄′ do not change along the sequence
(ti)i∈Z by hypothesis, we deduce that the sequence (ti)i∈Z corresponds to an orbit also for the
perturbed symplectic billiard map. Moreover, it is still a heteroclinc or homoclinic orbit, inter-
section of the unstable manifold of (t−0 , 0) and the stable manifold of (t+0 , 0) (for the perturbed
dynamics).

Therefore, we only have to show that this intersection is transverse. Observe that, for Ω′,
the tangent spaces to the stable and unstable manifolds at (t0, η(t0)) clearly coincide and are
generated by the vector (1, η′(t0)).

From now on, let Pi := (ti, η(ti)). Consider the perturbed dynamics and the point P1: the
tangent space to the stable manifold of (t+1 , η(t

+
1 )) at the point P1 is still generated by the vector

(1, η′(t1)), since the dynamics remains unchanged on the future of the point.
Denote then by Tγ and Tγ̄ the symplectic billiard maps associated to γ and γ̄ respectively.

It is then sufficient to show that

TP1W
s
γ̄ (t

+
1 , 0) ⋔ TP1W

u
γ̄ (t

−
1 , 0) .

As explained right above:

⟨w⟩ := ⟨(1, η′(t1))⟩ = TP1W
s
γ̄ (t

+
1 , 0) = TP1W

s
γ (t

+
1 , 0) .

Moreover, let denote
⟨u⟩ := TP1W

u
γ̄ (t

−
1 , 0) .

Then we have:

w = DTγ(t0, s0)DTγ(t−1, s−1)

(︃
1

η′(t−1)

)︃
∈ ⟨w⟩

and

u = DTγ̄(t0, s0)DTγ̄(t−1, s−1)

(︃
1

η′(t−1)

)︃
∈ ⟨u⟩ .

We need to prove that w and u are linearly independent. We start by recalling that for i ∈ Z
(see formula (5.2.9) with λ = 1):

DTγ(ti, si) = − 1

L12(ti, ti+1)

(︃
L11(ti, ti+1) 1

−L2
12(ti, ti+1) + L22(ti, ti+1)L11(ti, ti+1) L22(ti, ti+1)

)︃
.

Consequently, by denoting

Aγ := L12(t−1, t0)L12(t0, t1)DTγ(t0, s0)DTγ(t−1, s−1) ,

we have that:

Aγ =

(︃
L11(t−1, t0)L11(t0, t1) + F (t−1, t0) L22(t−1, t0) + L11(t0, t1)

L11(t−1, t0)F (t0, t1) + L22(t0, t1)F (t−1, t0) L22(t−1, t0)L22(t0, t1) + F (t0, t1)

)︃
,

where, for i ∈ Z:

F (ti, ti+1) := −L2
12(ti, ti+1) + L22(ti, ti+1)L11(ti, ti+1) .
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Similarly, let denote

Bγ̄ := L12(t−1, t0)L12(t0, t1)DTγ̄(t0, s0)DTγ̄(t−1, s−1) .

Observe that, since we have choosen the arc-length parametrization and δ(t0) = δ′(t0) = 0, we
get

γ̄′′(t0) = γ′′(t0) + δ′′(t0)n(t0) .

By straightforward computations, we obtain that

Bγ̄ = Aγ + det(δ′′(t0)n(t0), γ(t1)− γ(t−1))Cγ (5.4.22)

where

Cγ =

(︃
L11(t−1, t0) 1

L11(t−1, t0)L22(t0, t1) L22(t0, t1)

)︃
.

Moreover, we notice that also Aγ can be written in terms of Cγ :

Aγ = (L22(t−1, t0) + L11(t0, t1))Cγ +Dγ , (5.4.23)

where

Dγ =

(︃
−L2

12(t−1, t0) 0
−L2

12(t0, t1)L11(t−1, t0)− L2
12(t−1, t0)L22(t0, t1) −L2

12(t0, t1)

)︃
.

As a consequence of (5.4.23) and (5.4.22), w ∈ ⟨Aγ(1, η
′(t−1))⟩ and u ∈ ⟨Bγ̄(1, η

′(t−1))⟩ are
linearly independent if and only if Cγ(1, η

′(t−1)) and Dγ(1, η
′(t−1)) are linearly independent. In

the sequence, we proceed by checking this condition. We observe that

Cγ

(︃
1

η′(t−1)

)︃
= (L11(t−1, t0) + η′(t−1))

(︃
1

L22(t0, t1)

)︃
.

Moreover:

Dγ

(︃
1

η′(t−1)

)︃
= −L2

12(t−1, t0)

(︃
1

L22(t0, t1)

)︃
− L2

12(t0, t1)(L11(t−1, t0) + η′(t−1))

(︃
0
1

)︃
.

By the twist condition, L12 > 0. Therefore, the two vectors above are lineraly independent if
and only if there exists t−1 such that L11(t−1, t0) + η′(t−1) ̸= 0, or equivalently:

L11(t−1, p1 ◦ Tγ(t−1, η(t−1)) + η′(t−1) ̸= 0 .

If this not the case, it means that the Lipschitz invariant graph η satisfies a.e. the equation:

L11(t−1, p1 ◦ Tγ(t−1, η(t−1))) + η′(t−1) = 0

and consequently η is at least C1. However, in such a case, the 4-periodic points (t±i , 0) would
be degenerate, since the stable and unstable directions should coincide, giving the desired con-
tradiction.

We have then showed that for a perturbation δ such that δ(t0) = δ′(t0) = 0 and δ′′(t0) ̸= 0,
there are 4-periodic hyperbolic points within the Aubry-Mather set of rotation number 1/4 with
transverse heteroclinic or homoclinic intersections. In particular, the map Tγ̄ associated to the
perturbed domain does not have an invariant curve of rotation number 1/4.

The proof of Proposition 5.4.8 is concluded: it is sufficient to put together Lemma 5.4.9 and
Proposition 5.4.10.
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5.5 Topologically and dynamically complex Birkhoff attractors

Birkhoff attractors described in Section 5.3 do not give an idea of their possible complexity, which
in general occurs for mild dissipation (that is for λ close to 1). A sufficient condition in order
to observe such a topologically and dynamically complex phenomena is that the conservative
billiard map admits an instability region containing the zero section. In fact, by an adaptation
of a result of Le Calvez (here Proposition 5.5.5), in such a case the Birkhoff attractor Λ for the
corresponding dissipative dynamics, with λ close to 1, admits different upper and lower rotation
numbers ρ− < ρ+ (defined in Section 5.2.1). This property has various consequences for Λ, all
already observed in [20] for Birkhoff billiards. In particular:

(i) Λ is an indecomposable continuum, that is it cannot be written as the union of two con-
nected non-trivial sets (from a result by Charpentier, see [35]).

(ii) For every rational p/q ∈ (ρ−, ρ+), there exists a periodic point in Λ of the rotation number
p
q (which can be deduced from [22]).

(iii) If x is a saddle periodic point of rotation number p
q , for

p
q ∈ (ρ−, ρ+), then its unstable

manifold is contained in Λ (see [64, Proposition 14.3]).

(iv) The map Tλ restricted to Λ has positive topological entropy, as a consequence of the
existence of a rotational horseshoe (see [78, Theorem A]).

We remind that an essential curve in S×R is a topological embedding of S which is not homotopic
to a point.

In the next proposition, we prove that, for a centrally symmetric table, any essential curve for
the corresponding symplectic billiard dynamics passing through S×{0} has necessarily rotation
number 1/4.

Proposition 5.5.1. Let Ω ⊂ R2 be a Ck strictly convex, centrally symmetric domain, k ≥ 2.
Denote by T : P → P the associated symplectic billiard map. Any essential invariant curve
Γ ⊂ P passing through S × {0} has rotation number ρ(Γ) = 1/4.

Proof. Recall that T̂ : P̂ ∋ (t0, t1) ↦→ (t1, t2) ∈ P̂ denotes the symplectic billiard map in the
coordinates (t1, t2). Let define

Î2 : P̂ ∋ (t1, t2) ↦→ (t1, t
∗
0) ∈ P̂

and

∗ : P̂ ∋ (t1, t2) ↦→ (t∗1, t
∗
2) ∈ P̂

Notice that ∗ is an involution, i.e., ∗◦∗ = Id. Moreover, from the centrally symmetric assumption
–see Figure 5.7– we have that T̂ and ∗ commute: this implies that also Î2 and ∗ commute. Thus
we obtain

T̂ ◦ Î2(t1, t2) = T̂ (t1, t
∗
0) = (t∗0, t−1)

and

Î2 ◦ T̂
−1

(t1, t2) = Î2(t0, t1) = (t0, t
∗
−1) ,

so that, in particular:

T̂ ◦ Î2 = ∗ ◦ Î2 ◦ T̂
−1

= Î2 ◦ ∗ ◦ T̂
−1
. (5.5.1)

In the sequel, we simply denote by ρ(·) the rotation number with respect to T and by ρ(·, T 2)
the rotation number with respect to T 2. We divide the proof in two points.
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(i) We start by proving that ρ(Γ) is necessarily rational. Let Γ̂ ⊂ P̂ be the image through
ϕ : P → P̂ –see formula (5.2.8)– of such a curve Γ and suppose –by contradiction– that Γ
has irrational rotation number. First, we deduce, as a consequence of the centrally symmetric
hypothesis, that also ∗(Γ̂) is invariant: indeed T̂ ◦ ∗ = ∗ ◦ T̂ and, since T̂ (Γ̂) = Γ̂, the required
invariance follows. Moreover, the two invariant curves Γ̂ and ∗(Γ̂) must intersect, as we are
going to show. With an abuse of notation, we denote by ∗ also the map corresponding to ∗ on
P, i.e.,

∗ : (t, s) ∈ P → ∗(t, s) = (t∗, s) ∈ P .

Up to choose a good parametrization of the domain, we can assume that t∗ = t + π for every
t ∈ S. The curves Γ, ∗(Γ) are both invariant, thus they are graphs. To fix the idea, we have

Γ = {(t, η(t)) : t ∈ S} and ∗ (Γ) = {(t, η(t+ π)) : t ∈ S} .

Since
∫︁
S η(t) dt =

∫︁
S η(t+π) dt, we deduce that Γ∩∗(Γ) ̸= ∅. Thus, the curve ∗(Γ) has the same

rotation number as Γ. If, by contradiction, this rotation number is irrational, then ∗(Γ) and Γ
must coincide (by e.g. [12][Section 4]). Then, by (5.5.1):

T̂ (Î2(Γ̂)) = Î2 ◦ ∗ ◦ T̂
−1

(Γ̂) = Î2(Γ̂) .

Observe that the map corresponding to I2̂ in P is the map I2 : (t, s) ∈ P → (t,−s) ∈ P. The
image corresponding to the curve Î2(Γ̂) is then I2(Γ). The previous equality means that also
I2(Γ) is an invariant essential curve and therefore, since Γ is a graph,

Γ ∩ (S × {0}) ̸= ∅ ⇔ Γ ∩ I2(Γ) ̸= ∅ .

Since Γ and I2(Γ) intersect, these two curves have the same rotation number, i.e., ρ(Γ) =
ρ(I2(Γ)). Again, since the rotation number is supposed irrational, we deduce that Γ = I2(Γ) =
S × {0}. This contradicts the fact that the zero section contains 4 periodic points and, thus,
that its rotation number should be 1/4 ∈ Q.

(ii) We finally prove that ρ(Γ) is necessarily 1/4. We start by recalling that ρ(Γ) = ρ(∗(Γ)),
since they are both invariant curves and the intersection of Γ and ∗(Γ) is not empty, as explained
above. Denote by p/q the rotation number of Γ. If Γ ∩ ∗(Γ) ⊂ S × {0}, then Γ ∩ ∗(Γ) in an
invariant set necessarily given by 4-periodic points. Hence ρ(Γ) = 1/4. We then suppose –on
the contrary– that Γ∩∗(Γ) ̸⊂ S×{0}. To conclude, we need to consider also the essential curve
I2(Γ), which is T 2-invariant. In fact, applying twice (5.5.1) and since T̂ and ∗ commute, we get:

T̂
2 ◦ Î2(Γ̂) = T̂ ◦ ∗ ◦ Î2(Γ̂) = ∗ ◦ T̂ ◦ Î2(Γ̂) = ∗ ◦ ∗ ◦ Î2(Γ̂) = Î2(Γ̂) .

From now on, with abuse of notation, we continue to indicate with T its lift to R2. By Proposition
5.2.15, T 2 is a twist map so we can consider the rotation number of the essential T 2-invariant
curves Γ, ∗(Γ) and I2(Γ):

2p

q
= 2ρ(Γ) = ρ(Γ, T 2) = ρ(∗(Γ), T 2) = ρ(I2(Γ), T

2) .

In the last two equalities, we have respectively used the facts that the rotation numbers are the
same because both Γ ∩ ∗(Γ) and Γ ∩ I2(Γ) are nonempty.
By using classical Aubry-Mather theory (see [12] and also [5, Subsection 3.4]), in the sequel we
will prove that Γ∩∗(Γ)∩I2(Γ) ̸= ∅ since this intersection necessarily contains every 2p/q-periodic
point for T 2.
Recall that T 2 is still a twist map and that we are denoting by T 2 also a lift of T 2. Since Γ,
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∗(Γ) and I2(Γ) are all T 2-invariant graphs, they consist of points of T 2-minimizing orbits (see
[73, Proposition 2.8], [12] or [5, Subsection 5.2]). Equivalently, Γ, ∗(Γ), I2(Γ) are contained in

M 2p
q
(T 2) := {(t, s) ∈ P having a T 2-minimizing orbit of rotation number 2p/q} .

We recall that set M 2p
q
(T 2) is the disjoint union of 3 invariant sets:

M 2p
q
(T 2) = Mper

2p
q

(T 2) ⊔M+
2p
q

(T 2) ⊔M−
2p
q

(T 2) ,

where, denoting by p1 the projection on the first coordinate,

Mper
2p
q

(T 2) = {(t, s) ∈ M 2p
q
(T 2)| p1 ◦ T 2q(t, s) = p1(t, s) + 2p} ,

M+
2p
q

(T 2) = {(t, s) ∈ M 2p
q
(T 2)| p1 ◦ T 2q(t, s) > p1(t, s) + 2p} ,

and
M−

2p
q

(T 2) = {(t, s) ∈ M 2p
q
(T 2)| p1 ◦ T 2q(t, s) < p1(t, s) + 2p} .

Since both Mper
2p
q

(T 2) ⊔M+
2p
q

(T 2) and Mper
2p
q

(T 2) ⊔M−
2p
q

(T 2) are well-ordered sets, we have that

the fiber of every P ∈ Mper
2p
q

(T 2) intersects the set M 2p
q
(T 2) uniquely in P . This means that:

p−1
1

(︃
p1

(︃
Mper

2p
q

(T 2)

)︃)︃⋂︂
M 2p

q
(T 2) = Mper

2p
q

(T 2) , (5.5.2)

see [12, Section 5]. We deduce that the set Mper
2p
q

(T 2) is necessarily contained in every essential

T 2-invariant curve of rotation number 2p/q. In fact, let Γ be an essential T 2-invariant curve of
rotation number 2p

q : then, it is contained in M 2p
q
(T 2) and it is a graph {(t, η(t)) : t ∈ R}. Let

P ∈ Mper
2p
q

(T 2) and let p1(P ) be its projection on the first coordinate. From (5.5.2), we deduce

that the point (p1(P ), η(p1(P )) ∈ Γ must be the point P , i.e., P ∈ Γ. In particular:

∅ ≠ Mper
2p
q

(T 2) ⊆ Γ ∩ ∗(Γ) ∩ I2(Γ) .

Since Γ∩I2(Γ) ⊂ S×{0}, Mper
2p
q

(T 2) is given by periodic points for T 2 contained in S×{0}. Given

P ∈ Mper
2p
q

(T 2), the T 2-orbit of T (P ) is clearly contained in Γ, since Γ is actually T -invariant.

Consequently, since T (P ) is periodic for T 2, its orbit belongs to Mper
2p
q

(T 2) and therefore it is

contained in S×{0}. This means that the T -orbit of P is entirely contained in the zero section,
and therefore ρ(Γ) = 1/4.

In the sequel, the union of all T -invariant essential curves in P will be indicated by V(T ).
The next definition can be formulated for a general twist map (see e.g. Definition 6.9 in [20]).

Definition 5.5.2. An instability region for T : P → P is an open bounded connected component
of P \ V(T ) that contains in its interior an essential curve.

We conclude this preamble by recalling a result in [20] (see Proposition 6.10 and Corollary 6.12)
whose proof adapts a former argument due to Le Calvez (see [64, Section 8]). To do that, we
remind the notion of twist map with respect to β ∈ (0, π2 ) (given for general twist maps in [50,
Section 1.2], see also [65] or [20, Section 6.1]).
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Chapter 5. Birkhoff attractors for dissipative symplectic billiards

Definition 5.5.3. Let U ⊂ P be open. We say that T : U → T (U) is a positive (resp.
negative) twist map on U with respect to β ∈ (0, π2 ) if it is a C1 diffeomorphism onto its image
and, for every (t, s) ∈ U , the angle formed by the unitary vertical vector (0, 1) ∈ T(t,s)P and
DT (t, s)(0, 1) is in (β − π,−β) (resp. (β, π − β)), where we have fixed at every tangent plane
T(t,s)P the counter-clockwise orientation.

Figure 5.10: Definition of twist map.

We refer to Figure 5.10.

Remark 5.5.4. We notice that, whenever the boundary of the symplectic billiard table is C2

strictly convex, T is a negative twist map according to the previous Definition 5.5.3. In fact,
let (t1, s1) ∈ P. The image of the vertical direction (0, 1) by the differential of T –see formula
(5.2.9)– is

DT (t1, s1)(0, 1) = − 1

L12(t1, t2)

(︃
1

L22(t1, t2)

)︃
and, independently from the point (t1, s1) ∈ P, we have that L22(t1, t2) is uniformly bounded.

Proposition 5.5.5. Let Ω be a Ck strictly convex domain, k ≥ 2. Suppose that there exists

I := {(t, s) : ϕ−(t) < s < ϕ+(t)} ⊆ P, ϕ− < ϕ+

where ϕ± : S → R are continuous maps such that:

(a) T : I → I is a positive twist map with respect to β ∈ (0, π2 ).

(b) I is an instability region for T containing S × {0}.

Then there exist λ0 ∈ (0, 1) such that, for any λ ∈ [λ0, 1), the Birkhoff attractor Λ of the
corresponding dissipative symplectic billiard map Tλ has ρ+−ρ− > 0, with 1

4 ∈ (ρ−, ρ+) mod Z.

The rest of the section is devoted to proving that hypothesis of Proposition 5.5.5 are satisfied
in the following two cases.

(a) For an open and dense set of strongly convex, centrally symmetric billiards tables. Indeed,
using Proposition 5.4.8, we will see that there exists an open and dense set of tables
exhibiting a region of instability containing the zero section, see Theorem 5.5.6.

(b) For symplectic billiard maps when the strictly convex billiard table has a point with
zero curvature. This result –here Proposition 5.5.7– is a straightforward consequence of
Mather’s theorem on non-existence of caustics which holds also for symplectic billiards (as
proved in [1, Theorem 2]).

We proceed with precise statements and proofs of (a) and (b), which are Theorem 5.5.6
and Proposition 5.5.7, respectively. In particular, Theorem 5.5.6 immediately follows from
Proposition 5.5.1.

116



5.6. Numerical simulations

Theorem 5.5.6. The set of strongly convex, centrally symmetric billiard tables whose associated
symplectic billiard map does have an instability region containing S × {0} is open and dense
among B2.

Proof. According to Proposition 5.5.1, any essential invariant curve Γ ⊂ P passing through
S×{0} has rotation number ρ(Γ) = 1/4. To conclude is then sufficient to apply Proposition 5.4.8,
assuring that the set of strongly convex, centrally symmetric billiard tables whose associated
symplectic billiard map does not have an invariant curve of rotation number 1/4, is open and
dense among B2.

Proposition 5.5.7. If the curvature of the boundary of a C2 strictly convex billiard table van-
ishes at some point, then the whole associated P is an instability region.

Proof. According to Theorem 2 in [1], when the curvature of the boundary of the billiard table
vanishes at some point, then the associate symplectic billiard map T has no caustics. This
means that the whole phase space P is an instability region.

5.6 Numerical simulations

In this section, we present some numerical simulations to illustrate the results discussed in the
previous sections. With the aid of Mathematica, we compute the billiard map Tλ for specific do-
mains, both centrally symmetric and non-symmetric, and plot some orbits in the corresponding
phase space.

To this end, we represent the domain using the angle θ, defined as the angle between the
tangent vector and a fixed reference direction, along with the support function as defined in
Section 4. We then choose to represent the phase space using the coordinates θ and ψ = θ2−θ1,
that is, the angular difference between two consecutive points of the orbit (up to consider suitable
lifts of angles). As a result, the phase space reduces to S × [0, π].

We then plot several orbits Tn
λ (θ0, ψ0), choosing random initial values for θ0 and ψ0. Each

orbit is assigned a different color according to its initial value ψ0, with cooler colors corresponding
to values of ψ0 close to 0, and progressively warmer colors assigned as ψ0 increases.

The obtained simulations let appear the attractor (not necessarily the Birkhoff attractor).
To gain some insight into the structure of the attractor, we display only the points of the orbits
for n > n0, where n0 is chosen appropriately.

Figure 5.11: p(θ) = 1 + sin 2θ
8 , λ = 0.9, n0 = 30.

In Figure 5.11, we consider a non-symmetric billiard table. From the simulation, it seems
that the attractor and the Birkhoff attractor coincide, even if the latter is not a graph over S.
A clearly visible 4-periodic orbit can be identified, around which the attractor wraps.
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Chapter 5. Birkhoff attractors for dissipative symplectic billiards

Figure 5.12, again for a non-symmetric table, by contrast, seems to give an example in
which the attractor strictly contains the Birkhoff attractor. There are extra components in the
attractor, which, we guess, are due to the presence of a 3-periodic orbit.

In Figure 5.13, we consider the case of a billiard table that is centrally symmetric and has

Figure 5.12: p(θ) = 1 + sin 2θ
8 + cos 3θ

27 , λ = 0.71, n0 = 10.

two points of zero curvature. In this example, we use polar coordinates to represent the table. It
is well known from the previous section, that in this case, the entire phase space forms a region
of instability, and that for dissipation values close to 1, the attractor becomes topologically
complex. Notably, there are blue-colored points in the upper part and red-colored points in the
lower part of the figure. This indicates that the attractor is highly intricate and entangled.

Figure 5.13: r(θ) = 1− cos 2θ
5 , λ = 0.71, n0 = 10.
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