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This thesis studies the Quantum Double Ramification (qDR) hierarchy of Buryak–Rossi in the Gromov–
Witten theory of elliptic curves, focusing on its explicit quasimodular structure and its relation to the
Dubrovin–Zhang (DZ) hierarchy. Defined via Kontsevich’s deformation quantization of the Poisson
structure, the qDR hierarchy extends the classical Double Ramification hierarchy to a fully quantum
setting. Beyond the rich quasimodular behaviour of the elliptic case, a further motivation is to under-
stand the role of odd cohomology in non-semisimple theories, where Frobenius manifolds and their
associated hierarchies acquire natural super-structures. These appear nontrivially in the recursive
relations of the qDR hierarchy for elliptic curves.

A contribution of this work is a refinement of results by Oberdieck and Pixton on quasimodular
forms and holomorphic anomaly equations in cohomological field theories (CohFTs). We derive
explicit cyclic expressions for the Gromov–Witten classes of elliptic curves paired with Hodge classes,
leading to new tautological relations and providing an alternative proof of Faber’s socle intersection
formula. This framework extends naturally to quadratic Hodge integrals, for which we conjecture
new tautological relations derived from the holomorphic anomaly equation.

A central achievement of the thesis is the construction of a closed, dispersive, and modular ex-
pression for the quantum hierarchy associated with the Gromov–Witten theory of elliptic curves.
This constitutes the first explicit nontrivial example of a quantum integrable hierarchy arising from
a non-semisimple CohFT that incorporates fermionic fields corresponding to the odd cohomology of
the elliptic curve.

Finally, we develop quasimodular and bi-cyclic formulations for the pairings of Gromov–Witten
classes with stationary insertions and Hodge classes. These results yield an effective algorithm for
evaluating descendant integrals relevant to the Gromov–Witten theory of elliptic curves and the re-
construction of the DZ hierarchy.
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Chapter 1

Moduli spaces, integrability and
quasimodularity

1.1 Introduction

Moduli spaces parameterize families of algebro–geometric objects up to isomorphism and naturally
arise in classification problems across algebraic geometry and mathematical physics. Among them,
the moduli space of curves plays a central role, it appears in string theory, gauge theory, mirror
symmetry, and in many contexts where geometry interacts with physics. This thesis focuses on the
moduli spaceMg,n of genus-g smooth curves with n marked points and its Deligne–Mumford com-
pactificationMg,n, whose points correspond to stable nodal curves [DM69]. Intersection theory on
Mg,n provides a rich enumerative framework governed by the tautological ring RH∗(Mg,n), gener-
ated by ψ-, κ-, and boundary classes.

A long-standing problem in the field was to compute ψ-class intersection numbers
∫

Mg,n

ψi1
1 · · ·ψin

n ,

which encode subtle geometric and physical information. A major breakthrough came with Witten’s
conjecture [Wit91] and Kontsevich’s proof [Kon92], showing that the generating function of ψ-class
intersection numbers is a τ-function of the KdV hierarchy. Known as the Witten–Kontsevich theo-
rem, this result revealed a deep correspondence between intersection theory onMg,n and integrable
systems, and it established the conceptual foundations for a broad program relating Gromov–Witten
theory and integrability.

Gromov–Witten theory extends this intersection-theoretic framework to maps from stable curves
into a target variety X. Introduced by Kontsevich and Manin [KM94], it studies the moduli space
Mg,n(X, d) of stable maps of degree d ∈ H2(X, Z), producing invariants

∫

[Mg,n(X,d)]vir

n

∏
k=1

ev∗k (γk) ψik
k .

These invariants generalize classical enumerative geometry, such as the count of rational curves in
projective spaces. The formalism of cohomological field theories (CohFTs) [KM94] provides an abstract
framework for these intersection numbers, a CohFT is a collection of classes

cg,n ∈ H∗(Mg,n)⊗ (V∗)⊗n

satisfying natural symmetry, unit, and gluing axioms. At genus zero, the classes c0,n endow the
corresponding state space V with the structure of a Frobenius manifold [Dub96], whose geometry
often governs an associated integrable hierarchy.

Dubrovin and Zhang [DZ98; DZ01] constructed the integrable hierarchy associated with any
semisimple CohFT, now known as the Dubrovin–Zhang (DZ) hierarchy. Their approach, later unified
by Givental’s quantization formalism [Giv01a; Giv04] and Teleman’s classification theorem [Tel12],



2 Chapter 1. Moduli spaces, integrability and quasimodularity

provides a correspondence between semisimple CohFTs and integrable hierarchies. In principle,
every semisimple Gromov–Witten theory admits an associated hierarchy controlling its descendant
invariants; in practice, explicitly constructing these hierarchies and identifying them with the corre-
sponding geometric theories remains highly nontrivial.

The Double Ramification (DR) hierarchy, introduced by Buryak [Bur15], extends this integrable
framework beyond the semisimple setting. It is defined through intersection theory onMg,n involv-
ing the double ramification cycle DRg(A), top Hodge classes λg, and ψ-classes. The fundamental
objects recursively determining the hierarchy are integrals of the form

∫

Mg,n

cg,n

(
n⊗

k=1

eαk

)
DRg(A)λg.

The DR hierarchy and the DZ hierarchy have since been shown to coincide under broad assump-
tions [BGR19; BLS24a], providing a unified perspective on integrable hierarchies of topological type.

A further refinement was introduced by Buryak and Rossi [BR16a]: the quantum Double Ramifi-
cation (qDR) hierarchy. This construction replaces λg with the full Chern polynomial of the Hodge
bundle Λ(ϵ) = ∑

g
i=0 ϵiλi, producing invariants

∫

Mg,n

cg,n

(
n⊗

k=1

eαk

)
DRg(A)Λ(ϵ).

The qDR hierarchy quantizes the DR hierarchy in the sense of Kontsevich’s deformation of Poisson
structures and incorporates higher-genus corrections. Its geometric and physical meaning is only
beginning to be understood.

While the DZ and DR constructions are well-developed for semisimple and even-cohomology
targets, much less is known for targets with nontrivial odd cohomology. Such targets require a
superalgebraic extension of CohFTs and lead naturally to integrable systems with both bosonic and
fermionic fields. The supergeometric versions of these constructions are often alluded to in the liter-
ature but rarely worked out explicitly, largely due to the scarcity of fully computable examples (see
however [Dot+24]).

The elliptic curve is the simplest projective variety with nontrivial odd cohomology and therefore
the natural testing ground for superextensions of DR and qDR hierarchies. Although its Gromov–
Witten theory is understood thanks to the work of Okounkov and Pandharipande [OP06c; OP06b;
OP06a], the corresponding classical integrable hierarchy is surprisingly simple. Buryak [Bur23]
showed that, up to a change of variables, it reduces to a purely dispersionless system of evolutionary
PDEs. This phenomenon extends to any target variety with nonpositive first Chern class [Bur+18],
yielding classical hierarchies with very limited dynamics.

In contrast, the quantum DR hierarchy of the elliptic curve turns out to be unexpectedly rich. In
this thesis, we compute the full qDR hierarchy for the Gromov–Witten theory of the elliptic curve.
Dimension counting shows that only two potential h̄-corrections to the primary Hamiltonians can
appear; a term linear in h̄, governed by intersection numbers computed by Oberdieck and Pix-
ton [OP23], and a term quadratic in h̄, which we show must vanish on geometric grounds. The
vanishing follows from the behaviour of principal divisors under pushforward along branched cov-
ers between Riemann surfaces. If the source curve has positive genus, the image of the support of
such a divisor cannot satisfy the necessary Jacobian constraints to contribute nontrivially.

The resulting qDR hierarchy exhibits a striking quasimodular structure in the degree parameter,
reflecting the quasimodularity of elliptic Gromov–Witten classes [OP18; OP23] and related holomor-
phic anomaly equations [MRS15]. In particular, the primary Hamiltonians describe an interacting
system of two bosonic and two fermionic fields, coupled through an integral transform with a kernel
depending modularly on one of the bosonic fields. This is markedly different from traditional elliptic
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quantum integrable systems, where the modular parameter is a fixed background datum rather than
a dynamical variable.

Several natural limits of the hierarchy further illuminate its structure. Besides the classical limit
of [Bur23], one may perform a cusp degeneration of the modular parameter, yielding a trigonomet-
ric kernel, or apply a double scaling limit to obtain a new classical dispersive integrable hierarchy.
The dispersionless limit of the full quantum theory has a primary Hamiltonian whose modular de-
pendence is expressed entirely through the τ-derivative of the Eisenstein series of quasimodular
weight 2.

Beyond the hierarchy itself, our computations produce new results on the geometry of Gromov–
Witten classes of elliptic curves. We construct new tautological relations that imply Faber’s socle
intersection formula, and we propose a conjectural algorithm for quadratic Hodge integrals. Inspired
by Buryak’s construction of the Dubrovin–Zhang hierarchy for the elliptic curve [Bur23], we also
obtain explicit cyclic-graph expressions for stationary Gromov–Witten classes and conjecture that
these relations can be used to recursively determine the remaining components of Buryak’s hierarchy.

Several questions remain open. Among them is the issue of nontriviality, is the quantum DR
hierarchy Miura-trivial, like its classical elliptic limit, or does it define a genuinely new quantum
integrable system? If it is nontrivial, can it be identified with an existing integrable model, or do its
modularity dependent interactions represent a new class of dynamical structures? These questions lie
at the intersection of geometry, representation theory, and integrability, and they provide a promising
direction for future research.

Organization of the thesis.

Chapter 1 provides the necessary background on the relationship between cohomological field the-
ories and integrable hierarchies of topological type. We review the geometry of the moduli space of
stable curves, the Witten–Kontsevich theorem, and the structure of Frobenius manifolds, leading to
Givental–Teleman’s reconstruction formalism and the Dubrovin–Zhang hierarchy. The chapter con-
cludes with a discussion of quantum integrability and quasimodularity, setting the motivation for
the constructions developed later.

Chapter 2 focuses on the geometry and integrable structures of the double ramification cycle. We
review its definition via the moduli space of relative and rubber maps, Hain’s and Pixton’s formulas,
and the Buryak–Shadrin–Spitz–Zvonkine splitting formula. We also discuss relations arising from
the DR/DZ equivalence and outline the construction of the Double Ramification hierarchy, including
its Hamiltonian structure and recursion relations.

Chapter 3 presents a new proof of Faber’s socle intersection number formula using the Gromov–
Witten theory of elliptic curves. We derive new tautological relations from the study of quasimodular
properties of Gromov–Witten classes, providing explicit intersection computations that link double
ramification cycles with elliptic invariants. This chapter is a joint work with Xavier Blot and Sergey
Shadrin [BSS25].

Chapter 4 develops the quantum double ramification (qDR) hierarchy for the Gromov–Witten
theory of elliptic curves. We introduce the (super) quantum DR framework and conclude the chapter
with a proof of a vanishing intersection result, which allows us to derive a closed formula for the
quantum double ramification potential that initiates the recursion. This chapter is based on joint
work with Paolo Rossi and Sergey Shadrin.

Chapter 5 investigates the quasimodular structure of the Gromov–Witten classes of elliptic curves.
We study the interplay between quasimodularity, Eisenstein series, and Rankin–Cohen brackets, and
construct explicit cyclic graph representations of elliptic Gromov–Witten classes paired with Hodge
classes. Two complementary approaches are presented for evaluating descendant integrals relevant
to the Gromov–Witten theory of elliptic curves and the Dubrovin–Zhang hierarchy. This chapter is
also based on joint work with Paolo Rossi and Sergey Shadrin.
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Conventions and notations

• The Einstein summation convention is applied for repeated upper and lower Greek indices.

• The symbol ∗ is used to represent any value within the appropriate range of a subscript or
superscript.

• For a given topological space X, denote by H∗(X) and H∗(X) the homology and cohomology
groups of X with coefficients in C.

• The moduli space of stable curves is denoted by Mg,n.

• The double ramification cycle associated with a vector A = (a1, . . . , an) ∈ Zn is denoted by

DRg(A) ∈ H2g(Mg,n).

• The tautological classes ψi ∈ H2(Mg,n) and λj ∈ H2j(Mg,n) denote the cotangent line classes at
the i-th marking and the j-th Chern classes of the Hodge bundle, respectively.

• A cohomological field theory (CohFT) is given by multilinear maps

cg,n : V⊗n → H∗(Mg,n),

where V is a finite-dimensional C–vector space equipped with a symmetric non-degenerate
bilinear form η and unit e0. Elements of V are denoted by {eα}N

α=1.

• The ring of differential polynomials is denoted by A, and its space of local functionals by Â.

• Formal variables uα
j denote the jth x-derivative of the field variable uα, i.e. uα

j = ∂
j
xuα.

• Fourier variables pα
k are related to uα by the expansion

uα
= ∑

k∈Z

pα
k e kx.

• The dispersion parameter is denoted by ε, and the quantization parameter is denoted by h̄.

• The standard Poisson operator is denoted by K = η∂x, where η is the metric of the CohFT.

• Local Hamiltonians are denoted by gα,d =
∫

gα,d(x) dx, where gα,d are Hamiltonian densities.

• Bernoulli numbers are denoted by B2g, with the convention B1 = − 1
2 .

• The ring of integers modulo k is denoted by Zk.

• The symbol i is used in two contexts: in generating series of quantum hierarchies, it denotes
the imaginary unit

√
−1; in other contexts, such as indices in combinatorial sums, it represents

a positive integer.

1.2 Moduli space of stable curves

The moduli space Mg of algebraic curves of genus g classifies algebraic curves of genus g up to
isomorphism. Its Deligne-Mumford compactification, Mg, extends this classification to stable alge-
braic curves of genus g. To address more general enumerative geometry questions, one considers the
moduli space Mg,n of stable algebraic curves of genus g with n marked points. This space plays a
fundamental role in algebraic geometry, and its cohomology ring, H∗(Mg,n), encodes the necessary
information for formulating intersection theory on Mg,n.
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Since the full structure of the cohomology ring is often too intricate to analyze, attention is typi-
cally restricted to the tautological ring RH∗(Mg,n). This is the smallest subring of H∗(Mg,n) generated
by natural geometric constructions on Mg,n. A key feature of the tautological ring is the presence of
ψ-classes, which can be expressed as first Chern classes of certain natural line bundles on Mg,n. These
ψ-classes, along with their associated strata, generate the tautological ring. However, determining
the complete set of relations among these generators remains an open problem.

In this thesis, we provide an informal overview of Mg,n, focusing on essential definitions and key
results. For a more comprehensive treatment, we refer to [Zvo14; Sch20]. Additionally, an accessible
and detailed review of the genus-zero theory of the moduli space of curves can be found in [KV07].

1.2.1 Stable curves and graphs

The algebraic curves parametrized byMg,n are connected, projective, complex curves of arithmetic
genus g with at most nodal singularities, equipped with n pairwise distinct marked points lying in
the smooth locus of the curve.

From an analytic perspective, one may view such a curve as a Riemann surface with nodes: this
is a connected one–dimensional complex analytic space in which every point has a neighborhood
biholomorphic either to a disc {|z| < 1} (a smooth point) or to a neighborhood of the node {z1z2 =

0} in the bidisc {|z1|, |z2| < 1}. In this interpretation, Mg,n parametrizes isomorphism classes of
Riemann surfaces with nodes of arithmetic genus g together with n distinct marked points, all located
at smooth points of the surface.

A pointed curve is written as
(C, p1, . . . , pn),

where the pi lie in the smooth locus of C and satisfy pi ̸= pj for i ̸= j. Such a curve is called stable if
its automorphism group Aut(C, p1, . . . , pn) is finite. Stability is equivalent to the numerical condition

2g− 2 + n > 0, (1.1)

so the cases (g, n) ∈ {(0, 0), (0, 1), (0, 2), (1, 0)} are unstable and do not appear in the moduli space.
Each point ofMg,n represents an isomorphism class

[(C, p1, . . . , pn)].

To carry out intersection-theoretic constructions, it is essential to work with a compact parameter
space. The moduli space Mg,n of smooth pointed Riemann surfaces is not compact, families of smooth
curves may degenerate by pinching a simple closed geodesic, producing nodal singularities in the
limit. The Deligne–Mumford compactification

Mg,n ↪→ Mg,n

adds precisely these stable nodal curves as boundary points, yielding a compact moduli space. The
boundary Mg,n \Mg,n parametrizes curves that break into several components joined at nodes, while
Mg,n remains a dense open subset consisting of smooth curves. An intuitive depiction of such degen-
erations and the resulting boundary strata is shown in Figure 1.1.

In Figure 1.1(i), we present a topological perspective of transversal intersections in a nodal curve.
This curve lies on the boundary of M4,8 as a result of the compactification. In Figure 1.1(ii), we
provide a geometric perspective of a reducible nodal curve, where the transversal intersections are
more clearly visible compared to (i). Additionally, we indicate the genus of each component on the
side, indexed as (0, 1, 2) in this case. In both Figures 1.1(i) and (ii), the curve is decomposed into three
irreducible components, each belonging to a moduli space of lower genus with fewer marked points.
Consequently, a curve (C, p1, . . . , pn) is considered stable if each of its irreducible components, C̃,
satisfies the stability condition in Equation 1.1. More explicitly, each component C̃ must satisfy one
of the following conditions:
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(i) (ii) (iii)

0

2

1

0 2 1

FIGURE 1.1: Equivalent descriptions of an isomorphism class in M4,8

• C̃ has genus zero and at least three marked points.

• C̃ has genus one and at least one marked point.

• C̃ has genus at least two.

For a detailed treatment of the explicit blow-up construction of the moduli space of stable genus-
zero curves, the interested reader may consult [KV07]. In that case, M0,n can be realized as a smooth
projective variety obtained from

(P1)n−3

by a sequence of blow-ups along diagonals; see [KV07] for a complete description. (In particular,
M0,4

∼= P1, but for n ≥ 5 the moduli space is no longer a product of projective spaces.) In algebraic
geometry, Mg,n is defined as a smooth Deligne–Mumford stack, while in the differential-geometric
setting it is treated as a smooth complex orbifold. For a basic introduction to orbifolds, see [Zvo14],
and for more comprehensive references, consult [ALR07].

By treating Mg,n as an orbifold with a group action given by the automorphism group of the
curves, its cohomology and homology can be defined analogously to those of manifolds. However,
there are subtleties due to the presence of the group action. Additionally, the (complex) dimension
of Mg,n is well-defined and corresponds to the dimension of its associated complex orbifold:

dimC Mg,n = 3g− 3 + n.

A nontrivial one-dimensional example is the moduli space of elliptic curves, M1,1, which is con-
structed as C+/PSL(2, Z), where PSL(2, Z) is the modular group (see [Eyn18, p. 84]).

For practical purposes, points in Mg,n can be interpreted in terms of graphs that are dual to their
corresponding curves. An example of such a graph is shown in Figure 1.1(iii). The vertices of the
graph encode the geometric genus of the curve, while the legs (or external edges) attached to each
vertex represent the marked points. The edges between vertices correspond to the gluing or intersec-
tion of different components of the curve.

Definition 1.1. A stable graph Γ is a tuple,

Γ =

(
V(Γ), H(Γ), L(Γ), g : V→ Z≥0

∣∣∣ v : H→ V, ι : H→ H, l : L→ N
)

where N = {1, . . . , n} and the tuple satisfies the following:

i. V(Γ) is a finite set of vertices v, while g is a map v 7→ g(v) that provides the geometric genus of
the vertex.

ii. H(Γ) is a finite set of half-edges h, while v is a map h 7→ v(h) that sends half-edges to the vertex
its attached to.
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iii. E(Γ) is a finite set of edges e = (h, h′), that contains pairs of half-edges, such that the involution
ι : h 7→ h′ is an involution.

iv. L(Γ) ⊂ H(Γ) is the set of half-edges that are fixed by ι, i.e. for any h ∈ L(Γ), ι(h) = h. The map l
is a bijective map that sends half-edges to the index of the marked points {1, . . . , n}.

v. The graph Γ is connected and the data surrounding each vertex v ∈ V(Γ) satisfies stability
condition:

2g(v)− 2 + n(v) > 0

Let n(v) denote the number of half-edges around a vertex v ∈ V(Γ), so that the number of
marked points n(Γ) of the graph is given by,

n(Γ) = ∑
v∈V(Γ)

n(v) = |L(Γ)|

Since self-intersection of a curve is included in Mg,n, we did not restrict loops in out definition,
loops being an edge attached to the same vertex. Hence, the genus g(Γ) of the graph is given
by,

g(Γ) = ∑
v∈V(Γ)

g(v) + 1 + |E(Γ)| − |V(Γ)|

Example 1. Consider the diagrams in 1.1, its stable graph is given by the indexed figure 1.2. We then
have the following data:

v1 v2 v3

h1

h2

h3
h4

h5 h6 h7

h8

h9

h10
h11 h12 h13 h14

FIGURE 1.2: An example of a stable graph in M4,8

i. V(Γ) = {v1, v2, v3}, H(Γ) = {h1, . . . , h14}, E(Γ) = {(h11, h12), (h13, h14)} and L(Γ) = {h1, . . . , h8}.

ii. The map g is defined by, g(v1) = 0, g(v2) = 2 and g(v3) = 1. The map v is defined by,
v({h1, h2, h3, h9, h10, h11}) = v1 and likewise for the other vertices. The map l is defined by
l(hi) = i for i = 1, . . . , 8.

iii. Hence, the number of marked points is n(Γ) = 8 and g(Γ) = 4.

Denote by Gg,n the set of isomorphism classes of stable graphs with n(Γ) = n and g(Γ) = g. For
any Γ ∈ Gg,n, we define a moduli space MΓ that classifies curves C whose associated stable graphs
ΓC are isomorphic to Γ. In fact, MΓ is a closed subspace of Mg,n, often referred to as a stratum of the
moduli space of stable curves. Informally, it is plausible to observe that Mg,n is a disjoint union of all
possible configurations of MΓ:

Mg,n = ⨿
Γ∈Gg,n

MΓ.

Additionally, the dimension of each stratum is given by:

dimC MΓ = ∑
v∈V(Γ)

(3g(v)− 3 + n(v)) = dimC Mg,n − |E(Γ)|.

This formula can be easily verified in the genus-zero case (see [KV07, p. 35]).
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Subspaces MΓ of Mg,n with |E(Γ)| > 0 are often referred to as boundary cycles of Mg,n, while those
with |E(Γ)| = 1 are called boundary divisors. Moreover, it can be shown that the boundary of Mg,n is
the disjoint union of all its boundary divisors, i.e.,

∂Mg,n = Mg,n\Mg,n = ⨿
Γ∈Gg,n,|E(Γ)|=1

MΓ.

For an illustration of these statements, see [Sch20, p. 28].

1.2.2 Gluing and forgetful morphisms

In the theory of the moduli space of stable curves, two maps arise tautologically (or naturally) from
the construction of the universal family of Mg,n. Proving these maps are well-defined requires addi-
tional algebro-geometric machinery, most of which will not be essential for the following chapter (see
[Sch20]).

The first map is the gluing map, denoted glΓ for a stable graph Γ ∈ Gg,n. It is the morphism

glΓ : ∏
v∈V(Γ)

Mg(v),n(v) −→ Mg,n.

It attaches components (ΓC̃1
, ΓC̃2

, . . .) to form an isomorphism class of the stable graph Γ, by gluing
pairs of half-edges (h, h′) from each component to create edges of a stable graph. The image of glΓ is
the closure MΓ of MΓ in Mg,n.

Example 2. To illustrate the gluing morphism, let Γ ∈ G4,5 be a stable graph.

2 2

Γ =

Then, there exist a gluing map,

glΓ : M2,3 ×M2,4 → M4,5

that is defined for points in M2,3 ×M2,4, with a graphical interpretation given in Figure 1.3.

2 2

glΓ : ( ),
2 2

1

( ),

1 1 1

FIGURE 1.3: Example of the gluing morphism

The notion of gluing maps arises naturally from the construction of the universal family. The
most important subclass consists of those whose images are boundary divisors; these correspond to
sections of the universal family. Let us introduce two special kinds of gluing maps:

ρ : Mg1,n1+1 ×Mg2,n2+1 −→ Mg,n,

where g1 + g2 = g and n1 + n2 = n. This map glues the two additional marked points, forming an
edge between the stable graphs.

We also have
σ : Mg−1,n+2 −→ Mg,n,
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0 g

δi =

i
n + 1

∈ {1, . . . , n}\{i}

FIGURE 1.4: The graphical representation of the boundary divisor δi.

which glues two additional marked points to form a loop (self-intersection).
The universal sections (ρ1, . . . , ρn) of the universal family of Mg,n correspond to the gluing maps

ρi : M0,3 ×Mg,n −→ Mg,n+1, (1.2)

where the i-th and (n + 1)-th points are marked on M0,3. Denote the image (a boundary divisor) of ρi
by δi, as shown in Figure 1.4.

The second natural map is the forgetful map, denoted π, as it corresponds to the projection of the
universal family, i.e.,

π ◦ ρi = Id.

It is the morphism
π : Mg,n+1 −→ Mg,n, (1.3)

which sends a tuple (C, p1, . . . , pn+1) with (n + 1) marked points to a tuple (C′, p′1, . . . , p′n) with n
marked points. When removing a marked point, two cases can occur:

i. The resulting curve is stable (all irreducible components remain stable). In this case, C′ = C
and p′i = pi.

ii. The resulting curve is unstable. Then there exists a contraction map ϕ : C → C′ with p′i = ϕ(pi),
contracting unstable irreducible components to a marked point.

These conditions ensure that π is well-defined.

1.2.3 Tautological ring and classes

A global understanding of the moduli space of stable curvesMg,n requires knowledge of its topolog-
ical invariants, particularly its homology and cohomology rings. We follow the standard convention
of working with singular homology H∗(Mg,n, Q) and singular cohomology H∗(Mg,n, Q) with ratio-
nal coefficients.

SinceMg,n is a smooth Deligne–Mumford stack, its intersection theory is encoded in the Chow
ring A∗(Mg,n), and there is a natural cycle class map (see [Ful98, Chap. 19]

cl : Ak(Mg,n) −→ H2k(Mg,n, Q),

which sends an algebraic cycle to its associated cohomology class. Whenever the choice of coefficients
is clear from context, we omit Q and simply write H∗(Mg,n). Only basic intersection-theoretic notions
will be needed here, as surveyed in [Nic11], with more detailed treatments in [HM91; Gat00].

Let X be a d-dimensional smooth connected complex projective variety. Denote by ⌣ and ⌢ the
cup and cap products on H∗(X), given by

⌣ : Hk(X)⊗ Hl(X)→ Hk+l(X), α⊗ β 7→ α ⌣ β,

⌢ : Hk(X)⊗ Hl(X)→ Hk−l(X), α⊗ β 7→ α ⌢ β,

satisfying the relation α ⌢ (β ⌣ γ) = (α ⌢ β) ⌣ γ. From the cap product and the identification
H0(X) ≃ Q, we obtain the duality Hk(X) ≃ Hk(X)∗, where Hk(X)∗ is the dual space of Hk(X).
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The degree map is defined as

deg : H2d(X) ∼−→ Q, deg(α) =
∫

X
α.

Since dimR(X) = 2d, Poincaré duality provides the non-degenerate pairing

Hk(X)⊗ H2d−k(X)→ Q, α⊗ β 7→ deg(α ⌣ β).

This implies the isomorphisms

Hk(X) ≃ H2d−k(X)∗ ≃ H2d−k(X),

so that the map Hk(X) ∼−→ H2d−k(X) is given by α 7→ [X] ⌢ α, where [X] is the fundamental class of
X (the Poincaré dual of X).

From a differential topology perspective, given a d-dimensional closed and oriented manifold X
and a k-dimensional submanifold S ⊂ X, we associate S to its Poincaré dual [S] ∈ H2(d−k)(X) via

∫

S
ι∗α =

∫

X
α ⌣ [S],

where α ∈ H2k
c (X) is a compactly supported k-form, and ι : S ↪→ X is the inclusion map.

Given a morphism f : X → Y, where dim X = d and dim Y = e, the pushforward f∗ is defined for
the homology ring, while the pullback f ∗ is defined for the cohomology ring. Using Poincaré duality,
where Hl(X) ≃ H2d−l(X) and H2d−l(Y) ≃ H2(e−d)+l(Y), we obtain a well-defined pushforward in
cohomology:

f∗ : Hl(X)→ H2(e−d)+l(Y).

The pushforward and pullback satisfy the following compatibility relations with respect to the cup
and cap products:

f ∗(α ⌣ β) = f ∗α ⌣ f ∗β,

f∗( f ∗β ⌣ α) = β ⌣ f∗α.

We now extend these notions to the cohomology ring H∗(Mg,n) of the moduli space of stable
curves. The i-th cotangent line bundle Li is defined as

Li|(C,p1,...,pn) = T∗pi
C.

The i-th ψ-class is then given by the first Chern class of Li:

ψi = c1(Li) ∈ H2(Mg,n).

A nontrivial fact is that the ψ-classes are tautological for every i = 1, . . . , n, as they can be ex-
pressed as

ψi = −π∗([δi] ⌣ [δi]),

where [δi] is the Poincaré dual of the boundary divisor δi, illustrated in Figure 1.4.
The pullback relation for the ψ-classes are given by

π∗ψi = ψi − [δi].

This fundamental relation play a crucial role in computations.

Example 3. In genus zero, the i-th ψ-class admits an explicit expression:

ψi = [δi,jk],



1.3. The Witten–Kontsevich Theorem 11

where [δi,jk] is the Poincaré dual of the boundary divisor δi,jk. This divisor corresponds to a stable
graph where the i-th marked point lies on one component, while the j-th and k-th marked points lie
on the other, separated by an edge (see [Zvo14, p. 26]).

1.3 The Witten–Kontsevich Theorem

This section summarizes the key results of Witten’s foundational work [Wit91], which connects ψ-
class intersection numbers on Mg,n to the Korteweg–de Vries (KdV) integrable hierarchy. We begin
by introducing the basic notation.

The Witten–Kontsevich (WK) descendant correlators are defined by

⟨τi1 · · · τin⟩g,n =

∫

Mg,n

ψi1
1 · · ·ψin

n ,

where ψk ∈ H2(Mg,n). Let t = (t0, t1, t2, . . .) be an infinite collection of formal variables. The genus-g
WK potential is

Fg(t) = ∑
n≥0

∑
i•≥0
⟨τi1 · · · τin⟩g,n

ti1 · · · tin

n!
.

The full WK descendant potential is the formal series

FWK(t; ε) =
∞

∑
g=0

ε2gFg(t),

where the dispersion parameter ε records the genus grading.

String and dilaton equations. Witten introduced two fundamental relations satisfied by the de-
scendant potential. The string equation is

∂FWK

∂t0
=

t2
0

2
+ ∑

k≥0
tk+1

∂FWK

∂tk
,

and the dilaton equation is
∂FWK

∂t1
=

1
24

+
1
3 ∑

k≥0
(2k + 1)tk

∂FWK

∂tk
.

Taking the coefficient of ε2g yields genus-by-genus versions of these equations.

Proposition 1.2 ([Wit91]). The string equation is equivalent to

⟨τ0 τi1 . . . τin⟩g,n+1 =

n

∑
j=1
⟨τi1 · · · τij−1 · · · τin⟩g,n,

which holds for all stable pairs (g, n) satisfying 2g− 2 + n > 0.

Corollary 1.3. Using the string equation inductively, one obtains the genus-zero formula

⟨τi1 · · · τin⟩0,n =
(n− 3)!
i1! · · · in!

.

Proposition 1.4 ([Wit91]). The dilaton equation is equivalent to

⟨τ1 τi1 · · · τin⟩g,n+1 = (2g− 2 + n) ⟨τi1 · · · τin⟩g,n,

which again holds when 2g− 2 + n > 0.
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The KdV hierarchy. The key insight of Witten’s conjecture is that the descendant potential governs
a distinguished solution of the Korteweg–de Vries (KdV) hierarchy. To describe the hierarchy, let
u = u(t) be a smooth function and define

u̇ =
∂u
∂t0

, ü =
∂2u
∂t2

0
, . . .

Let pi(u, u̇, ü, . . .) be differential polynomials obtained recursively from

ṗi+1 =
1

2i + 1

Å

piu̇ + 2ṗi u +
1
4

˙̇ṗi

ã

, p1 = u.

The KdV hierarchy is the infinite system of PDEs

∂u
∂ti

=
∂pi+1

∂t0
, i ≥ 0.

The first equation is the classical KdV equation:

∂u
∂t1

= u
∂u
∂t0

+
1
12

∂3u
∂t3

0
=

∂

∂t0

Ç

u2

2
+

1
12

∂2u
∂t2

0

å

. (1.4)

The parameter ε keeps track of genus in the expansion of FWK, but it does not appear in the
differential equations of the KdV hierarchy. Thus, to compare the WK potential with a solution of
KdV, one specializes to ε = 1:

FWK
(t) := FWK(t; 1) = ∑

g≥0
Fg(t).

All derivatives in the KdV hierarchy are taken with respect to FWK
.

Theorem 1.5 ([Wit91; Kon92]). Let

u =
∂2FWK

∂t2
0

.

Then u satisfies the KdV equation (1.4). Moreover, together with the string and dilaton equations, FWK

satisfies the entire KdV hierarchy.

This theorem provides a complete recursive method for computing all descendant correlators; see
[Zvo14, p. 60] for explicit recursion formulas.

1.4 Gromov–Witten theory

A celebrated example in enumerative geometry is Kontsevich’s formula for rational plane curves,
which gives a recursive answer to the question: How many plane rational curves of degree d pass through
3d− 1 points in general position? This formula arises as a byproduct of Kontsevich and Manin’s [KM94]
development of Gromov–Witten theory. Beyond this example, Gromov–Witten theory provides the
mathematical foundation for the well-known mirror conjecture. In this section, we review relevant
aspects of Gromov–Witten theory. Standard references include [KM94; GP98; CK99] for algebraic
Gromov–Witten classes, and [CI15; CI18] for Gromov–Witten potentials.

1.4.1 Moduli space of stable maps

Let X be a smooth complex projective variety and let d ∈ H2(X, Z). A tuple (C, p1, . . . , pn, f ) is called
a stable map if:
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• (C, p1, . . . , pn) is a nodal, genus-g, compact Riemann surface with n marked points.

• f : C → X is a morphism such that every irreducible component C̃ of C satisfies one of the
following:

i. C̃ has genus 0, at least three special points (marked or nodes), and is contracted (i.e., f |C̃ is
constant).

ii. C̃ has genus 1, at least one special point, and is contracted.

iii. C̃ has genus at least 2, or it is not contracted.

A stable map of class d is a stable map (C, p1, . . . , pn, f ) such that f∗([C]) = d, where [C] ∈ H2(C, Z) is
the fundamental class of C. If d = [C′] for a curve C′ ⊂ X and f is injective, then f∗([C]) = d means
that f is a parametrization of C′ = f (C).

In the degenerate case where X is zero-dimensional (i.e. a point), a stable map is the same as a
stable curve. The moduli space of stable maps Mg,n(X, d) parametrizes stable maps f : (C, p1, . . . , pn) →
X of degree d ∈ H2(X, Z), up to isomorphism. In particular,

X = pt, d = 0 ⇒ Mg,n(pt, 0) ≃ Mg,n,

and for general X, if d = 0 then all stable maps are constant, so

Mg,n(X, 0) ≃ Mg,n × X.

In contrast with Mg,n, the moduli space Mg,n(X, d) is in general not smooth and typically not an
orbifold. Its deformation theory is governed by a perfect obstruction theory, and its “dimension” is
captured by the expected dimension

edim Mg,n(X, d) = (1− g)(dim X− 3)−
∫

d
c1(TX) + n,

which is always an integer. The actual geometric dimension of Mg,n(X, d) may differ from this ex-
pected value due to obstructions.

The obstruction theory determines the virtual fundamental class

[Mg,n(X, d)]vir ∈ H2·edim
(

Mg,n(X, d)
)
,

which plays the role of a fundamental class in Gromov–Witten theory. Unless otherwise stated, we
work with rational cohomology.

Several important morphisms are associated with Mg,n(X, d):

• Evaluation maps: For each marked point i = 1, . . . , n, the evaluation map

evi : Mg,n(X, d) −→ X (1.5)

sends (C, p1, . . . , pn, f ) 7→ f (pi).

• Forgetful morphisms:

– Forgetting the map:
µ : Mg,n(X, d) −→ Mg,n (1.6)

discards f and stabilizes the resulting curve.
– Forgetting a marked point:

π : Mg,n+1(X, d) −→ Mg,n(X, d) (1.7)

removes the (n + 1)-st marked point and stabilizes if necessary.
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• Boundary divisor maps: These are special gluing maps corresponding to universal sections on
Mg,n+1(X, d). For example,

ρi : Mg,n(X, d) −→ Mg,n+1(X, d) (1.8)

glues a genus-0 component containing the i-th marked point, producing a boundary divisor
(recall M0,3 ×Mg,n ≃ Mg,n; see Figure 1.4).

1.4.2 Gromov–Witten classes

We now introduce the central object of interest, the Gromov–Witten class. For g, n ≥ 0 and d ∈
H2(X, Z), it is defined as a Q-multilinear map

Ig,n,d : (H∗(X))⊗n −→ H∗(Mg,n),

γ1 ⊗ · · · ⊗ γn 7−→ Ig,n,d(γ1, . . . , γn),
(1.9)

which may be regarded, via the Künneth isomorphism, as an element of

Ig,n,d∈H∗(Mg,n)⊗
(
(H∗(X))∗

)⊗n.

The class is defined by the formula

Ig,n,d(γ1, . . . , γn) = µ∗
Ä

ev∗1(γ1) · · · ev∗n(γn)[Mg,n(X, d)]vir
ä

, (1.10)

where µ : Mg,n(X, d)→ Mg,n is the forgetful map, evi : Mg,n(X, d)→ X are the evaluation morphisms,
and µ∗ denotes the pushforward in cohomology (using Poincaré duality).

The associated primary Gromov–Witten invariants are

⟨Ig,n,d(γ1, . . . , γn)⟩ =
∫

Mg,n

Ig,n,d(γ1, . . . , γn). (1.11)

Descendants and ψ-classes. For each marked point i, let Li be the i-th cotangent line bundle over
Mg,n(X, d), and let

ψi = c1(Li) ∈ H2(Mg,n(X, d))

be its first Chern class (the i-th ψ-class). The descendant Gromov–Witten invariants are defined by

⟨τi1(γ1) · · · τin (γn)⟩Xg,n,d =

∫

[Mg,n(X,d)]vir
ev∗1(γ1) ψi1

1 · · · ev∗n(γn) ψin
n , (1.12)

where γk ∈ H∗(X) and ik ∈ Z≥0 for k = 1, . . . , n.
These classes satisfy a number of important properties, which can be found in [CK99, p. 191].

In the next section, we will see that cohomological field theories generalize Gromov–Witten classes,
retaining several of their key properties.

Remark 1. In general, computing Gromov–Witten invariants for a given variety X is a highly non-
trivial problem. A celebrated exception is Kontsevich’s formula for enumerating degree-d rational
curves in P2, passing through 3d − 1 points in general position (see [CK99, p. 196]). A powerful
approach to extracting further information about these invariants is to package them into generating
functions, particularly those encoding descendant Gromov–Witten invariants. This perspective, in-
spired by Witten’s conjecture [Wit91], reveals deep connections between Gromov–Witten theory and
integrable hierarchies, providing recursive structures that can be exploited in explicit computations.
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1.4.3 Gromov–Witten potentials

We follow the notation and conventions of [CI15; CI18]. Recall that for a smooth projective variety X,
we have the moduli space Mg,n(X, d) of n-pointed, genus-g stable maps to X of degree d ∈ H2(X, Z).
The Gromov–Witten descendant invariants are defined by

⟨τi1(γ1) · · · τin (γn)⟩Xg,n,d =

∫

[Mg,n(X,d)]vir
ev∗1(γ1)ψi1

1 · · · ev∗n(γn)ψin
n , (1.13)

where γk ∈ H∗(X, Q), evk : Mg,n(X, d) → X are the evaluation maps, ψk ∈ H2(Mg,n(X, d), Q) are the
cotangent line classes, and ik ∈ Z≥0.

Let HX be the even part of H∗(X, Q), a Q-vector space of rank N. Choose dual bases (ϕi)N
i=0 and

(ϕj)N
j=0 of HX such that:

i. ϕ0 = 1 ∈ HX is the identity;

ii. (ϕi)r
i=1 is a Z-basis for H2(X, Z) ⊂ HX;

iii. Each ϕi is homogeneous;

iv. They are dual with respect to the Poincaré pairing ⟨·, ·⟩ : HX ⊗ HX → Q, i.e., ⟨ϕi, ϕj⟩ = ηij =∫
X ϕiϕj and ϕi

= ∑j ηijϕj, where (ηij) is the inverse of (ηij).

Novikov ring. Let r = rk H2(X, Z) and define the Novikov ring:

Λ = QJq1, . . . , qrK =

{

∑
d∈H2(X,Z)

adqd

∣∣∣∣∣∣
ad ∈ Q, |{d : ad ̸= 0}| < ∞

}
, (1.14)

where qd
= qd1

1 · · · q
dr
r if d = ∑

r
i=1 diϕi ∈ H2(X, Z). Let E(X) ⊂ H2(X, Z) be the semigroup of effective

2-cycles in X; the variables qd are taken in the semigroup ring of E(X).

Genus-zero potential. For t ∈ HX, write t = ∑i tiϕi. The genus-zero Gromov–Witten potential is the
formal series

FX
0 = ∑

d∈E(X)
∑
n≥0

qd

n!
⟨τ0(t) · · · τ0(t)⟩X0,n,d ∈ ΛJt0, . . . , tNK. (1.15)

Expanding t in the chosen basis gives

⟨τ0(t)n⟩X0,n,d =

∫

[M0,n(X,d)]vir
ev∗1(t) · · · ev∗n(t) (1.16)

= ∑
i1,...,in

ti1 · · · tin

∫

[M0,n(X,d)]vir
ev∗1(ϕi1) · · · ev∗n(ϕin ). (1.17)

Quantum product. Define the (big) quantum product on HX by

ϕi · ϕj =

N

∑
k=0

∂3FX
0

∂ti ∂tj ∂tk
ϕk. (1.18)

This product is bilinear over Λ and defines a formal family of algebras HX ⊗Λ parametrized by (ti).
The structure (HX, η, ·, 1) is called the big quantum cohomology.

Proposition 1.6. We have FX
0 ∈ Jt0, q1et1

, . . . , qretr
, tr+1, . . . , tNK.
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Remark 2 (Convergence at genus zero). In many cases, FX
0 converges to an analytic function

FX
0 ∈ Q{t0, et1

, . . . , etr
, tr+1, . . . , tN}

after setting q1 = · · · = qr = 1. In this case, the quantum product defines a genuine analytic family
of algebras HX parametrized by (ti).

Higher genus potentials. Let

t = (t0, t1, . . . ) ∈ H⊕∞
X :=

∞⊕

i=0

HX

denote a sequence of elements of HX with finite support, where each

ti =

N

∑
α=0

tα
i ϕα

is expanded in the fixed homogeneous basis {ϕα}N
α=0 of HX. While individual correlators involve

only finitely many insertions, generating functions such as the Gromov–Witten potentials naturally
require allowing infinitely many nonzero ti. In that setting, one replaces the direct sum by the com-
pleted product

HXJzK :=
∞

∏
i=0

HX zi,

the space of formal HX-valued power series in z. We adopt this completed framework when writing
ΛJtK below, meaning the ring of formal power series in the coordinates {tα

i }, completed with respect
to the grading v(tα

i ) = i + 1.
The genus-g Gromov–Witten potential is

FX
g = ∑

d∈E(X)
∑

n, i∗≥0

qd

n!
⟨τi1(ti1) · · · τin (tin )⟩Xg,n,d ∈ ΛJtK, (1.19)

and the total descendant potential is

FX
=

∞

∑
g=0

ε2g FX
g . (1.20)

Proposition 1.7. We have FX ∈ ΛJt, εK, where the valuation is given by v(tα
i ) = i + 1.

Ancestor potentials. Let πm : Mg,n+m → Mg,n forget the last m marked points, ρ : Mg,n+m(X, d) →
Mg,n+m forget the map f , and define ψi = (πm ◦ ρ)∗ψi. The Gromov–Witten ancestor invariants are

⟨τi1(γ1) · · · τin (γn); τ0(β1) · · · τ0(βm)⟩Xg,n+m,d (1.21)

=

∫

[Mg,n+m(X,d)]vir
ev∗1(γ1)ψi1

1 · · · ev∗n(γn)ψin
n ev∗n+1(β1) · · · ev∗n+m(βm), (1.22)

where γk, β j ∈ HX.
Let s = (s0, s1, . . . ) ∈ H⊕∞

X and t ∈ HX. The genus-g ancestor potential is

F
X
g = ∑

d∈E(X)
∑

n,m, i∗≥0

qd

n!m!
⟨τi1(si1) · · · τin (sin ); τ0(t)m⟩Xg,n+m,d. (1.23)
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The total ancestor potential is

AX
=

∞

∑
g=0

ε2gF
X
g . (1.24)

Proposition 1.8. We have AX ∈ ΛJs, t, εK.

Dilaton shift. Let q = (q0, q1, . . . ) ∈ H⊕∞
X and regard q(z) = ∑i≥0 ∑

N
α=0 qα

i ϕαzi ∈ HXJzK. Similarly,
write t(z) = ∑i≥0 ∑

N
α=0 tα

i ϕαzi. The affine coordinate transformation

tα
i = qα

i + δα0δi1 ⇔ t(z) = q(z) + ϕ0z (1.25)

is called the dilaton shift. It re-centres the descendant potential around the formal neighbourhood of
−ϕ0z ∈ HXJzK.

1.5 Cohomological field theory

Cohomological field theories (CohFTs) are families of cohomology classes on moduli spaces of curves
satisfying natural compatibility conditions, inspired by the structure of the tautological ring and the
properties of Gromov–Witten classes. They can be viewed as a natural generalization of Gromov–
Witten theory. The notion of a CohFT was introduced by Kontsevich and Manin [KM94]. In many
cases, the genus-zero sector of a CohFT determines a Frobenius manifold structure.

1.5.1 CohFT correlators

Let V be a finite-dimensional C-vector space with basis {e1, . . . , eN}, where e1 is the distinguished
unit element. Equip V with a nondegenerate symmetric bilinear form η : V ×V → C.

A cohomological field theory is a family of maps

cg,n : V⊗n −→ H∗(Mg,n, C), v1 ⊗ · · · ⊗ vn 7−→ cg,n(v1, . . . , vn), (1.26)

defined for all 2g− 2 + n > 0, such that cg,n satisfies the following axioms:

i. Each class cg,n lies in the even cohomology.

ii. The classes are graded-symmetric under the action of the symmetric group Sn, acting simulta-
neously on V⊗n and on Mg,n by relabeling the marked points. For s ∈ Sn, let σs : Mg,n → Mg,n

be the induced isomorphism. Then

cg,n(vs(1), . . . , vs(n)) = (σ−1
s )∗ cg,n(v1, . . . , vn).

iii. For the gluing morphism
ρ : Mg1, n1+1 ×Mg2, n2+1 −→ Mg, n,

where g = g1 + g2 and n = n1 + n2, let S1 (resp. S2) index the markings lying on the first (resp.
second) component, with S1 ⊔ S2 = {1, . . . , n}. Then

ρ∗(cg,n(v1, . . . , vn)) = cg1,n1+1
(
eα ⊗

⊗

i∈S1

vi
)
ηαβcg2,n2+1

(
eβ ⊗

⊗

i∈S2

vi
)
,

where ηαβ is the inverse matrix to ηαβ := η(eα, eβ).

iv. For the morphism
σ : Mg−1, n+2 −→ Mg, n,
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we require
σ∗ cg,n(v1, . . . , vn) = cg−1, n+2(v1, . . . , vn, eα, eβ)ηαβ.

v. For the forgetful morphism
π : Mg, n+1 −→ Mg, n,

we have
π∗ cg,n(v1, . . . , vn) = cg,n+1(v1, . . . , vn, e1),

and the metric η is given by
η(v1, v2) = c0,3(v1, v2, e1).

The descendant correlators of a CohFT are defined by

⟨τi1(eα1) · · · τin (eαn )⟩g,n :=
∫

Mg,n

cg,n(eα1 , . . . , eαn )ψi1
1 · · ·ψin

n , (1.27)

where ψk ∈ H2(Mg,n, C) is the cotangent-line class at the k-th marking.

A topological field theory (TFT) is a triple (V, η, ω) where ω = (ωg,n)2g−2+n>0 consists of the degree-
zero components of a CohFT:

ωg,n := [cg,n]0 ∈ H0(Mg,n, C)⊗ (V∗)⊗n.

If the underlying CohFT has a unit, we say the TFT also has a unit.

Example 4.

i. The trivial TFT: V = C, η = 1, and ωg,n = 1. The Witten–Kontsevich intersection numbers
define a trivial CohFT.

ii. The classes Ωg,n := exp(2π2κ1) define a CohFT, which has been used in the study of Weil–
Petersson volumes.

iii. For any smooth projective variety X, the Gromov–Witten classes Ig,n,d form a canonical example
of a CohFT.

iv. Witten’s r-spin theory defines a CohFT known as the Witten r-spin class. The genus-zero sec-
tor was constructed in [DM93]; the higher-genus theory was later computed in [PPZ15] via
Givental’s formalism.

1.5.2 CohFT potentials

Let (V, η, c) be a CohFT, and fix a basis {eα}N
α=0 of V. We equip

VJzK := V ⊗CJzK

with coordinates
q =

(
qα

i ∈ C : i ≥ 0, 0 ≤ α ≤ N
)
.

For a fixed δ ∈ V, we define the dilaton-shifted coordinates

t(z) := q(z) + δ z.

We write CJtK for the ring of formal power series in the tα
i with valuation

v(tα
i ) := i + 1.
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The descendant correlators of c are

⟨τi1(eα1) · · · τin (eαn )⟩g,n :=
∫

Mg,n

cg,n(eα1 , . . . , eαn )ψi1
1 · · ·ψin

n ,

where ψk ∈ H2(Mg,n, C) is the cotangent-line class at the k-th marking.
The genus-g CohFT potential is

Fg := ∑
n, i∗≥0

N

∑
α∗=0

⟨τi1(eα1) · · · τin (eαn )⟩g,n

n!
tα1
i1
· · · tαn

in
∈ CJtK.

We assume F0 is analytic in the variables tα
0 .

The total descendant potential is

F :=
∞

∑
g=0

ε2gFg. (1.28)

With respect to the dilaton shift t(z) = q(z)+ δz, the function F is defined on a formal neighbour-
hood of the point −δ z ∈ VJzK.

We say that F is tame if Fg ∈ CJtK satisfies

∂n

∂tα1
i1
· · · ∂tαn

in

∣∣∣
t=0

Fg = 0 whenever i1 + · · ·+ in > 3g− 3 + n, (1.29)

The tameness condition (1.29) is a direct expression of the dimension constraint on Mg,n, which forces

correlators to vanish whenever the total ψ-degree exceeds dim Mg,n = 3g− 3 + n. As a consequence,
if F is tame, then for every g ≥ 1 the potential Fg depends only on descendants of order at most
3g − 2. Equivalently, Fg is independent of the variables tα

i with i ≥ 3g − 1, and its dependence on
tα
3g−2 is at most linear. This finite–jet consequence is usually referred to as the 3g−2 jet property. In

particular, for each fixed g, Fg involves only finitely many of the variables tα
i , and thus lies in CJtK.

Proposition 1.9. We have F ∈ CJt, εK.

The Fock space associated to (V, δ) is

Fock(V, δ) :=
ß

F ∈ CJt, εK

∣∣∣∣ F associated to a tame CohFT
™

.

Proposition 1.10. Let (V, η, c) be a CohFT. If F is tame and F0 satisfies the string equation

∂F0

∂t1
0
=

1
2

N

∑
α,β=0

ηαβ tα
0tβ

0 + ∑
i≥1

N

∑
α=0

tα
i+1

∂F0

∂tα
i

,

then F0|{tα
i =0 ∀i>0} defines the potential function of a Frobenius manifold structure on a neighbour-

hood of 0 ∈ V.

1.6 Frobenius structure

Frobenius manifolds are smooth manifolds encoding integrability structures, developed in Dubrovin’s
program, with deep connections to Gromov–Witten theory. In many cases, the genus-zero generating
function of a Gromov–Witten theory or a cohomological field theory defines a Frobenius manifold;
conversely, given a Frobenius manifold, one can reconstruct such a theory. We follow [Dub96].
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1.6.1 Frobenius algebras

A (commutative) Frobenius algebra over C is a tuple (V, η, ·, 1), where (V, ·, 1) is a C-algebra and η is a
non-degenerate symmetric bilinear form satisfying η(v1 · v2, v3) = η(v1, v2 · v3).

Any CohFT (V, η, c) defines a quantum product by

η(v1 · v2, v3) = c0,3(v1, v2, v3).

If the CohFT has a unit 1, then η(v1, v2) = c0,3(v1, v2, 1), so 1 is the identity for ·. A TFT with quan-
tum product is a commutative Frobenius algebra, and conversely, a Frobenius algebra defines a TFT
whose classes are determined from the product via pullback relations.

1.6.2 Frobenius manifolds

A Frobenius manifold is a tuple (M, η, ·, 1), where M is a smooth complex manifold and (Tp M, ηp, ·|p, 1p)
is a commutative Frobenius algebra for each p ∈ M, such that:

i. η is flat.

ii. The unit vector field 1 is η-flat.

iii. The tensor c(X, Y, Z) = η(X ·Y, Z) is such that (∇Wc)(X, Y, Z) is symmetric in all four entries.

The Dubrovin connection is defined by

∇z,XY = ∇XY +
1
z

X ·Y.

If η is flat, there exist local flat coordinates (tα)n
α=1 with ∂t1 = 1, and a holomorphic potential F such that

cαβγ =
∂3F

∂tα∂tβ∂tγ
.

The following are equivalent:

i. · is associative.

ii. F satisfies the Witten–Dijkgraaf–Verlinde–Verlinde (WDVV) equations

∑
µ,ν

cαβµηµνcνγκ = ∑
µ,ν

cαγµηµνcνβκ.

iii. ∇z is flat for all z.

An Euler vector field E acts conformally on η and rescales the product, with ∇(∇E) = 0:

LE(η) = α η, LE(·) = β ·, LE(1) = γ 1.

A conformal Frobenius manifold is one with an Euler vector field, which in flat coordinates takes the
form

E =

n

∑
i=1

(αit
i
+ βi)∂ti , LE(η) = (2− δ)η,

where δ is the conformal dimension.
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1.6.3 Semisimple Frobenius manifolds

A semisimple Frobenius algebra is one whose underlying algebra has vanishing Jacobson radical. A
CohFT is semisimple if its quantum product is semisimple at a generic point. In this case, for an
n-dimensional vector space V there exists a basis of idempotents (ϕi)n

i=1 such that

ϕi · ϕj = δij ϕi, η(ϕi, ϕj) = ∆−1
i δij,

for some nonzero scalars ∆i ∈ C \ {0} (the norms of the idempotents).
A semisimple point p ∈ M is one where Tp M is semisimple; M is semisimple if such points are dense.

For a semisimple M, there are local canonical coordinates (ui) with orthogonal idempotent vector fields

∂ui · ∂uj = δij ∂ui , η(∂ui , ∂uj ) = 0 (i ̸= j).

If ∆i := η(∂ui , ∂ui )−1, then

η =

n

∑
i=1

(∆i)−1 dui ⊗ dui, c =
n

∑
i=1

(∆i)−1 dui ⊗ dui ⊗ dui.

If M is conformal, then in normalized canonical coordinates

E =

n

∑
i=1

ui ∂ui .

The orthonormal frame (∂vi ) is given by ∂vi =

√
∆i ∂ui , with η(∂vi , ∂vj ) = δij. The transition matrix Ψ

between flat and normalized canonical frames satisfies

∂tα =

n

∑
i=1

Ψi
α∂vi , Ψi

α = η(∂vi , ∂tα ).

For a semisimple point u, the equation ∇zS = 0 has a fundamental solution S(z) = ΨR(z)eU/z,
where U = diag(u1, . . . , un), Ψ is the transition matrix, and R(z) = ∑i≥0 Rizi satisfies R0 = Id and
R∗(−z)R(z) = Id. The series R(z) is unique up to right multiplication by exp(∑i≥0 a2i+1z2i+1) with
diagonal a2i+1. If M is conformal, R(z) is uniquely fixed by the homogeneity condition

(z∂z + ∑
i

ui∂ui )R(z) = 0.

1.7 Givental–Teleman’s reconstruction formalism

We present Givental’s group action from two complementary perspectives, the differential operator
approach [Giv01b; Giv01a; Giv02; Giv04] and the graph-theoretic approach [PPZ15]. As this material
is now classical, we omit proofs and refer to the literature for details.

The Givental action reconstructs the higher-genus part of a Gromov–Witten potential from its
genus-zero data, which is encoded in the structure of a semisimple Frobenius manifold. Semisimplic-
ity ensures the existence of an orthogonal idempotent coordinate system, with multiplication coming
from quantum cohomology. In this framework, the action is expressed via geometric quantization
and differential operators, and Teleman’s theorem [Tel12] shows that it applies in full generality to
semisimple cohomological field theories.
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1.7.1 Quantization of symplectic transformations

Let V be a C-vector space with basis (ϕα)N
α=0, equipped with a non-degenerate symmetric bilinear

form η : V ×V → C. Let (ϕα)N
α=0 be the dual basis with respect to η. Define

V = V[z, z−1] =

®

∑
i∈Z

aiz
i
∣∣∣ ai ∈ V, finitely many ai ̸= 0

´

.

Givental’s symplectic form. The Givental symplectic form ω on V is

ω( f , g) =
1

2πi

∮

S1
η( f (−z), g(z)) dz, f , g ∈ V .

The symplectic vector space (V , ω) is called the Givental space.

Polarization. We polarize V as
V = V+ ⊕ V− ≃ T∗V+,

where

V+ = V[z] =

{
q(z) = ∑

i≥0

Ç

N

∑
α=0

qα
i ϕα

å

zi

}
,

V− = z−1V[z−1] =

{
p(z) = ∑

i≥0

Ç

N

∑
α=0

pα
i ϕα

å

(−z)−i−1

}
.

Both V+ and V− are Lagrangian with respect to ω. The coordinates (qα
i , pα

i ) are Darboux coordinates,
since

ω = ∑
i≥0

N

∑
α=0

dpα
i ∧ dqα

i .

An element f ∈ V is written as

f (z) = ∑
i≥0

qiz
i
+ ∑

i≥0
pi(−z)−i−1.

Infinitesimal symplectic transformations. Let End(V) be the space of C-linear maps V → V . A
map A ∈ End(V) has the form

A(z) = ∑
i∈Z

Aiz
i, Ai ∈ End(V).

It is infinitesimal symplectic if

η((A f )(−z), g(z)) + η( f (−z), (Ag)(z)) = 0,

equivalently,
ω(A f , g) + ω( f , Ag) = 0.

Denote the space of such maps by

S = {A ∈ End(V)[z, z−1] | ω(A f , g) + ω( f , Ag) = 0}.

With the commutator [A, B] = A ◦ B− B ◦ A, (S , [·, ·]) is a Lie algebra.
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Quadratic polynomials and Poisson bracket. Let P be the space of quadratic polynomials in (p, q):

P =

¶

∑
Ä

aij
αβ pα

i pβ
j + bij

αβqα
i qβ

j + cij
αβ pα

i qβ
j

ä

| aij
αβ, bij

αβ, cij
αβ ∈ C

©

.

Equip P with the Poisson bracket

{ f , g} = ∑
i≥0

N

∑
α=0

∂ f
∂pα

i

∂g
∂qα

i
− ∂g

∂pα
i

∂ f
∂qα

i
.

The map S → P , A 7→ HA defined by

HA =
1
2

ω(A·, ·), HA( f ) =
1
2

ω(A f , f )

is a Lie algebra isomorphism:
H[A,B] = {HA, HB}.

Quantization. The quantization map ·̂ : S → Ŝ is given by

A 7→ HA 7→ Â,

where Â is obtained from HA via the rules:

pα
i pβ

j 7→ ε ∑
α̃,β̃

ηαα̃ηββ̃ ∂qα̃
i ∂qβ̃

j , qα
i qβ

j 7→ ε−1qα
i qβ

j ,

pα
i qβ

j 7→ qβ
j ∑

α̃

ηαα̃∂qα̃
i , qβ

j pα
i 7→ qβ

j ∑
α̃

ηαα̃∂qα̃
i .

Then (Ŝ , [·, ·]) is a Lie algebra, and

{HA, HB}∧ = [Â, B̂] + C(HA, HB),

where the cocycle C satisfies

C(pα
i pβ

j , qα
i qβ

j ) = 1 + δαβδij, −C(qα
i qβ

j , pα
i pβ

j ) = 1 + δαβδij,

and C = 0 for all other quadratic Darboux monomials.

1.7.2 Action via differential operators

We reuse the notation from the previous section: (V , ω) is the Givental space, and (V, η) is an (N + 1)-
dimensional C–vector space equipped with a non-degenerate symmetric bilinear form. Let (ϕα)N

α=0
be the basis of V dual to (ϕα)N

α=0 with respect to η.

Twisted loop group. The twisted loop group is

L(2)GL(V) =

®

M(z) = ∑
i∈Z

Miz
i ∈ End(V)((z))

∣∣∣ M†(−z)M(z) = Id

´

,

where Mi ∈ End(V), the adjoint is defined by

M†(z) = η−1Mt(z)η,
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and Mt denotes the transpose. The condition M†(−z)M(z) = Id is the symplectic (unitary) condition,
ensuring that M defines a symplectic transformation on V .

Triangular subgroups. The group L(2)GL(V) is generated by:

i. Upper triangular subgroup

G+ =

®

R(z) = Id + ∑
i>0

Riz
i ∈ End(V)JzK

∣∣∣ R†(−z)R(z) = Id

´

.

ii. Lower triangular subgroup

G− =

®

S(z) = Id + ∑
i>0

Siz
−i ∈ End(V)Jz−1K

∣∣∣ S†(−z)S(z) = Id

´

.

Infinitesimal symplectic transformations. If R ∈ G+, write

R = exp(log R), r := log R.

The symplectic condition implies r†(−z)+ r(z) = 0, so r is an infinitesimal symplectic transformation.
The same applies to S ∈ G−.

We define the corresponding Lie algebras:

g+ =

®

r(z) = ∑
l>0

rlz
l ∈ End(V)JzK

∣∣∣ r†(−z) + r(z) = 0

´

,

g− =

®

s(z) = ∑
l>0

slz
−l ∈ End(V)Jz−1K

∣∣∣ s†(−z−1) + s(z−1) = 0

´

.

These are Lie algebras under the commutator [·, ·].

Quantization. Since r ∈ g+ and s ∈ g− are infinitesimal symplectic transformations, we can define
their quantizations r̂ and ŝ by

R̂ := (exp r)̂ = exp(r̂), Ŝ := (exp s)̂ = exp(ŝ).

In applications to cohomological field theories, G− acts as a change of coordinates, so we focus pri-
marily on G+.

The quantization maps ·̂ : g± → ĝ± are Lie algebra isomorphisms. Explicitly, for r(z) = ∑l>0 rlzl ∈
g+ and s(z) = ∑l>0 slz−l ∈ g−:

r̂ = ∑
l>0, i≥0

N

∑
α,β=0

(rl)
β
α qα

i ∂
qβ

i+l
+

ε

2 ∑
i,j≥0

N

∑
α,β=0

(−1)i+1(ri+j+1)αβ ∂qα
i
∂

qβ
j
, (1.30)

ŝ = ∑
l>0, i≥0

N

∑
α,β=0

(sl)
β
α qα

i+l ∂
qβ

i
+

1
ε ∑

i,j≥0

N

∑
α,β=0

(−1)i(si+j+1)αβ qα
i qβ

j , (1.31)

where (rl)αβ
= ∑ρ ηαρ(rl)

β
ρ , and similarly for (sl)αβ.

For any R, P ∈ G+ and F ∈ Fock(V, δ),

(RP)̂F = R̂P̂F .
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Simplified action. For R ∈ G+ and F ∈ Fock(V, δ), we have

R̂F = exp

(

∑
l>0,i≥0

N

∑
α,β=0

(rl)
β
αqα

i
∂

∂qβ
i+l

)
exp

Ñ

ε

2 ∑
i,j≥0

N

∑
α,β=0

(Eij)αβ ∂2

∂qα
i ∂qβ

j

é

F ,

where Eij is defined by

∑
i,j≥0

(−1)i+jEij wizj
=

R†(w)R(z)− Id
w + z

.

This matches Givental’s original formula [Giv01a, p. 9].
Following Givental’s and Teleman’s convention for R−1, we make the following definition.

Definition 1.11. Let R ∈ G+. The (upper) Givental differential action is the operator

R̂ : Fock(V, δ)→ Fock(V, δ)

defined by

R̂F (q) =
(

exp
( ε

2
∆
)
F
)

(R−1q),

where R−1q denotes the product of formal series R−1(z)q(z), and the propagator ∆ is

∆ = ∑
i,j≥0

N

∑
α,β=0

(Eij)αβ ∂2

∂qα
i ∂qβ

j

, (1.32)

with coefficients determined by

∑
i,j≥0

(−1)i+j(Eij)αβwizj
= η

Ç

ϕα,
R†(w)R(z)− Id

w + z
ϕβ

å

.

Theorem 1.12 ([Giv02, p. 17]). The Givental differential action in Definition 1.11 is well-defined and defines
a left group action of G+ on the Fock space Fock(V, δ).

1.7.3 Action via stable graphs

Let (V, η) be an (N + 1)-dimensional C-vector space with a non-degenerate symmetric bilinear form,
and let (ϕα)N

α=0 be a basis of V. Let G+ denote the upper-triangular subgroup of End(V)JzK. For v ∈ V
and R ∈ G+,

R(z)v = v + ∑
i≥0

Ri(v)zi ∈ VJzK.

Denote by Gg,n the (finite) set of stable graphs of genus g with n legs, up to isomorphism. For
Γ ∈ Gg,n, write:

• V(Γ): vertices of Γ,

• E(Γ): edges of Γ,

• L(Γ): legs of Γ.

The associated gluing morphism is

glΓ : MΓ = ∏
v∈V(Γ)

Mg(v),n(v) −→ Mg,n.

We let Hg,n be the even cohomology Heven(Mg,n, C).
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Graph action. Given a CohFT (V, η, c) and R ∈ G+, the Givental graph action is the map

R : CohFTs −→ CohFTs, c 7−→ Rc,

where
(Rc)g,n = ∑

Γ∈Gg,n

1
|Aut(Γ)|ContΓ,

and ContΓ ∈ Hg,n ⊗ (V∗)⊗n is defined by

ContΓ = (glΓ)∗

(

∏
v∈V(Γ)

Contv ∏
e∈E(Γ)

Conte ∏
l∈L(Γ)

Contl

)
.

Decorations.

• Legs: For l ∈ L(Γ),
Contl = R−1(ψl) ∈ End(V)JψlK,

where ψl is the ψ-class at the marked point l.

• Edges: For e = {e1, e2} ∈ E(Γ),

Conte =
η−1 − R−1(ψe1) η−1 R−1(ψe2)t

ψe1 + ψe2

equivalently,

Conte =
Id⊗ Id− R−1(ψe1)⊗ R−1(ψe2)

ψe1 + ψe2

η−1.

• Vertices: For v ∈ V(Γ),
Contv = cg(v),n(v) ∈ Hg(v),n(v) ⊗ (V∗)⊗n(v),

with ψ-powers pulled out of the vertex classes, so for γi ∈ V, we set:

Contv(. . . , ψdi
i γi, . . .) = ψdi

i Contv(. . . , γi, . . .).

Given γ1 ⊗ · · · ⊗ γn ∈ V⊗n,

ContΓ(γ1, . . . , γn) = (glΓ)∗

(

∏
v∈V(Γ)

Contv
(
{Conthe}e∈E(v), {Contli (γi)}li∈L(v)

)
)

.

where Conthe is one part of the bivector Conte.

Theorem 1.13 ([PPZ15, p. 21]). For any R ∈ G+, the above defines a well-defined left group action on
CohFTs.

Translation action. Given T(z) = ∑i≥2 Tizi ∈ z2VJzK, define

(Tc)g,n(γ1, . . . , γn) = ∑
m≥0

1
m!

(πm)∗
(
cg,n+m(γ1, . . . , γn, T(ψn+1), . . . , T(ψn+m))

)
,

where πm : Mg,n+m → Mg,n forgets the last m markings.

Proposition 1.14 ([PPZ15, p. 24]). The translation action is an abelian group action on CohFTs.
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Unit-preserving action. If (V, η, c, 1) is a CohFT with unit, define

R · c := R Tc,

where
T(z) = z(1− R(z)1) ∈ z2VJzK.

Theorem 1.15 ([PPZ15, p. 30]). This defines a left group action of G+ on CohFTs with unit.

1.7.4 Givental–Teleman’s theorem

The reconstruction of higher genus data from genus zero input was first developed by Givental in
the context of Gromov–Witten theory, and later proved in full generality for semisimple CohFTs by
Teleman. Their results can be formulated as follows.

Theorem 1.16 ([Tel12]). Let ω = (c0,n)n be a genus–zero, homogeneous, semisimple CohFT with unit. Then
there exists a unique CohFT c = (cg,n)g,n with unit extending ω to all genera. Moreover, this unique extension
is obtained by applying Givental’s R–matrix action to the degree–zero (topological) part of ω.

Teleman’s theorem provides a complete classification of semisimple CohFTs and has led to im-
portant applications, including the derivation of tautological relations in the cohomology of moduli
spaces of curves [PPZ15]. In this framework, Givental’s formalism, initially derived via geomet-
ric quantization and expressed in terms of differential operators, extends naturally to the setting of
CohFTs, where it can also be described in terms of decorated stable graphs.

Theorem 1.17 ([Giv01a; Tel12]). Let M be a complex, conformal Frobenius manifold of dimension N with
semisimple origin, and let R ∈ G+ be the R–matrix determined by the Euler vector field of M. Then the total
descendant potential FM associated to the genus–zero potential F0 of M is given by

FM
= Ψ̂1 R̂ Ψ̂2 T , T = FWK · · · FWK

︸ ︷︷ ︸
N factors

where T is the N–fold product of Witten–Kontsevich tau–functions, and Ψ̂1, Ψ̂2 are quantized symplectic
transformations associated to changes of basis between flat and canonical coordinates.

Together, Theorems 1.16 and 1.17 establish that for semisimple Frobenius manifolds (and hence
semisimple CohFTs), all higher–genus data is uniquely and explicitly determined by the genus–zero
structure.

1.8 Integrable hierarchies of topological type

Integrable systems are evolutionary partial differential equations constrained by special relations
such as compatibility conditions, symmetries, or conserved quantities. These constraints make the
equations exactly solvable, hence the term integrable. An integrable hierarchy is a natural extension, in-
stead of a finite number of equations, one considers infinitely many commuting evolutionary PDEs
organized in a hierarchical structure. The term integrable hierarchies of topological type refers to a mod-
ern class of hierarchies that can be constructed from cohomological field theories (CohFTs). In this
framework, the geometry of the moduli space of curves provides the input data, while the associated
hierarchy encodes intersection theory in analytic form. A central example is the Witten–Kontsevich
theorem, which identifies the KdV hierarchy with the generating function of ψ-class intersections. In
this section we introduce the notation that will be used throughout and give a brief overview of the
subject. For a more elaborate overview, see the surveys [Ros17; Bur17].
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1.8.1 Hamiltonian systems

Fix N ≥ 1. We define the ring of differential polynomials as

A = CJuαK[uα
j ]JεK,

equipped with an additional ∂x-gradation

deg∂x
: A → Z,

where:

• uα
j are formal variables indexed by α = 1, . . . , N and j ∈ Z≥0, with deg∂x

(uα
j ) = j;

• ε is the dispersion parameter with deg∂x
(ε) = −1.

Total derivative. We have the following even differential operator on A of deg∂x
-degree +1:

∂x = ∑
i≥0

uα
i+1

∂

∂uα
i

.

In particular, uα
j = ∂

j
xuα.

The variables uα may be interpreted as maps S1 → V, x 7→ uα(x), where V is an N-dimensional
vector space. Thus, an evolutionary PDE of the form

∂tuβ
= Fβ

(
(uα

j )α=1,...,N; j≥0
)
.

can be heuristically regarded as a vector field on the infinite-dimensional space of all loops u(x) =

(u1(x), . . . , uN(x)).

Local functionals. The space of local functionals is defined as the quotient

Â := A/
(
Im(∂x)⊕CJεK

)
,

where C denotes the subspace of constants in the variables uα
j . The projection operator from Amod-

ulo constants to Â is
A/CJεK −→ Â

f 7−→ f :=
∫

f dx

Fourier variables. We often use another set of formal variables pα
k related to the u-variables by a

Fourier series expansion:
uα

= ∑
k∈Z

pα
k eikx. (1.33)

This embeds elements of A into the auxiliary ring

CJpα
k>0K[pα

k≤0]JεK[eix, e−ix],

where pα
k are formal variables indexed by α = 1, . . . , N and k ∈ Z.

Poisson structure. For any f , g ∈ Â, the Poisson bracket is defined as

{ f , g}K =

∫
δ f
δuα

Kαβ δg
δuβ

dx,
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where:

• The variational derivative operators δ
δuα : Â → A are defined by

δ f
δuα

= ∑
j≥0

(−∂x)j ∂ f
∂uα

j
.

• The Poisson operator K = (Kαβ) is an N × N matrix of differential operators:

Kαβ
= ∑

j≥0
Kαβ

j ∂
j
x, with Kαβ

j ∈ A.

• The bracket {·, ·}K is antisymmetric and satisfies the Jacobi identity.

This definition extends to f ∈ A and g ∈ Â via

{ f , g}K = ∑
j≥0

∂ f
∂uα

j
∂

j
x Kαβ δg

δuβ
,

so that
{ f , g}K =

∫
{ f , g}K dx.

Example 5. The standard Poisson operator is K = η∂x, where η is a symmetric non-degenerate complex
matrix. In this case, the Poisson bracket has a particularly simple form in the pα

j variables:

{pα
i , pβ

j }η∂x = ij ηαβ δi+j,0.

Hamiltonian hierarchies. A Hamiltonian integrable hierarchy in one spatial variable x with times tα
j

is a system of evolutionary PDEs of the form

∂uα

∂tβ
d

= {uα, hβ,d}K = Kαµ δhβ,d

δuµ
, (1.34)

where:

• α, β = 1, . . . , N and d ≥ 0;

• h
β
d ∈ Â[0] are Hamiltonians satisfying the integrability condition

{hα
i , h

β
j }K = 0.

1.8.2 Tau–functions

Assume we have a Hamiltonian hierarchy as in Equation (1.34). Suppose the Hamiltonian h1,0 gen-
erates spatial translations:

Kαµ δh1,0

δuµ
= uα

1 .

A tau–structure for a Hamiltonian hierarchy is a family of differential polynomials hβ,d ∈ A[0], in-
dexed by 1 ≤ β ≤ N and d ≥ −1, satisfying the following conditions:

• The Hamiltonians hβ,−1 =
∫

hβ,−1 dx are Casimirs of K:

Kαµ δhβ,−1

δuµ
= 0.
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• The elements hβ,−1 are linearly independent for all β = 1, . . . , N.

• For d ≥ 0, we have hβ,d =
∫

hβ,d dx.

• Tau–symmetry holds:

{hα,i−1, hβ,j}K = {hβ,j−1, hα,i}K, 1 ≤ α, β ≤ N, i, j ≥ 0.

A Hamiltonian hierarchy equipped with a tau–structure is often called a tau–symmetric hierar-
chy. A tau–function is a function associated to any solution of a tau–symmetric hierarchy. From the
properties of a tau–structure, there exists a unique polynomial

Ωα,i;β,j ∈ Â[0]

such that

Ωα,i;β,j =
∂hα,i−1

∂tβ
j

, Ωα,i;β,j|(uα
j )α=1,...,N; j≥0=0 = 0,

and moreover
Ωα,i;β,j = Ωβ,j;α,i.

For a given solution

u
(
x, (tα

j )α=1,...,N; j≥0, ε
)
=
(
uα(x, (tγ

j )γ=1,...,N; j≥0, ε)
)

α=1,...,N

of the Hamiltonian hierarchy, assume

u
(
x, (tα

j )α,j, ε
)∣∣∣

x=(tα
j )α,j=ε=0

= 0

(for convergence reasons). Then the tau–structure implies the existence of a function

T ∈ ε−2CJ(tα
j )α=1,...,N; j≥0, εK

such that

Ωα,i;β,j (u
(
x, (tα

j )α,j, ε
)ä ∣∣∣

x=0
= ε2 ∂2T

∂tα
i ∂tβ

j

, 1 ≤ α, β ≤ N, i, j ≥ 0.

The exponent
τ = eT

is called the tau–function associated to the solution

u
(
x, (tα

j )α,j, ε
)

with respect to the given tau–structure. In practice, one usually studies the function T, since it com-
pactly encodes the evolution along a particular solution for all the Hamiltonians.

Example 6. The most famous example of a tau–symmetric hierarchy is the Korteweg–de Vries (KdV)
hierarchy. Here, V = C, η = 1, and K = ∂x. The primary Hamiltonian is

h1 =

∫ Çu3

6
+

ε2

24
uu2

å

dx,

which yields the KdV equation

∂tu = uu1 +
ε2

24
u3.
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The remaining Hamiltonians hi =
∫

hi dx can be determined recursively [BR16b] by

∂x

(

∑
i≥0

(i + 1)ui
∂

∂ui
− 1

)
hi+1 = {hi, h1},

starting from h−1 = u. The first few Hamiltonian densities (see [Sin24] for the computational code)
are

h0 =
u2

2
+

ε2

24
u2,

h1 =
u3

6
+

ε2

24
uu2 +

ε4

1152
u4,

h2 =
u4

24
+ ε2 u2u2

48
+ ε4

Ç

7u2
2

5760
+

uu4

1152

å

+ ε6 u6

82944
.

A tau–structure {gd}d≥0 can then be obtained by setting gd =
δhd+1

δu . In this case gd = hd, and tau–
symmetry follows.

1.8.3 Dubrovin–Zhang hierarchy

The Dubrovin–Zhang hierarchy is the canonical dispersive integrable hierarchy associated to a semisim-
ple CohFT. Built as a deformation of the principal hierarchy for a Frobenius manifold, it is uniquely
characterized by tau-symmetry together with the two polynomiality conditions. Its canonical string
solution reproduces the CohFT free energy through its tau-function, and in the semisimple case the
hierarchy is equivalent to the DR hierarchy, providing a deep link between the intersection theory of
moduli spaces and integrable systems. Moreover, the Dubrovin–Zhang framework provides the nat-
ural language for generalizing Witten’s conjecture. In particular, the classical statement relating the
Gromov–Witten theory of a point to the KdV hierarchy extends, within this framework, to arbitrary
semisimple CohFTs.

Let (V, η, 1, Ω) be a CohFT with state space V, flat metric η, and unit 1. The total descendant
potential (Equation (1.28)) admits the genus expansion

F
(
(tα

i )α,i; ε
)
=∑g≥0ε2gFg

(
(tα

i )α,i
)
, Ωα,i;β,j

(
(tγ

k )γ,k; ε
)

:=
∂2F

∂tα
i ∂tβ

j

.

Here ε is the genus parameter and tα
i are descendant variables.

Dispersionless limit (principal hierarchy). The genus-0 sector of the CohFT determines a Frobe-
nius manifold structure on V. From this structure, Dubrovin’s principal hierarchy is obtained, a system
of evolutionary PDEs for fields vα(x), whose Hamiltonian densities are

hα,i
(
(vγ)N

γ=1
)
=Ω

[0]
α,i; 1,1

(
tγ
0 = vγ, tγ

j>0 = 0
)
,

and whose Poisson operator is ηαβ∂x. This hierarchy is commutative and tau-symmetric, and its
defining relations follow from the basic geometry ofM0,4.

Dispersive deformation (DZ hierarchy). Dubrovin–Zhang extended the principal hierarchy to in-
corporate higher-genus contributions. The resulting DZ hierarchy is a dispersive deformation in the
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parameter ε, with Hamiltonians Hα,i defined relative to a quasi-Miura transformation of the fields:

wα
(
(vγ)γ; ε

)
= vα

+ ∑
g≥1

ε2g
∂2Fg

(
vγ

0 , . . . , vγ
3g−2

)

∂tα
0 ∂t1

0
,

where the genus expansions of the descendant potentials Fg((tα
i )α,i) are known to be expressible in

terms of the finitely many variables vγ
0 , . . . , vγ

3g−2 (see [BPS12]). The Hamiltonians are then given by

Hα,i
(
(wγ)γ; ε

)
= hα,i

(
(vγ(w; ε))γ

)
+ ∑

g≥1
ε2g ∂2Fg ((vγ(w; ε))γ

)

∂tα
i+1 ∂t1

0
,

so that the densities are formal ε-deformations of their genus-0 counterparts. The distinguished string
solution vα(x, (tγ)γ, ε), with initial condition vα|(tγ)=0 = δα,1x, recovers the CohFT free energy via the
standard topological solution recipe.

Polynomiality conditions. The Dubrovin–Zhang construction is uniquely characterized by tau-
symmetry together with two polynomiality requirements:

1. First polynomiality condition. Each Ωα,i;β,j must be a differential polynomial in the fields wα

and their x-derivatives, with coefficients depending polynomially on ε. This guarantees that
the Hamiltonians are well-defined local functionals and close under the evolutionary flows.

2. Second polynomiality condition. The deformed Poisson operator takes the form

Kαβ
=ηαβ ∂x+∑g≥1ε2g Kαβ

[g]

(
(wγ

j )γ,j; ∂x
)
,

where each Kαβ
[g] is a finite-order differential operator with coefficients in the polynomial algebra

of the fields wα and their x-derivatives. This ensures that the Poisson bracket of two local func-
tionals remains local, preserving the Hamiltonian formalism under dispersive deformation.

Semisimplicity and DR/DZ equivalence. When the Frobenius manifold of the CohFT is semisim-
ple, the DZ hierarchy exists as the canonical tau-symmetric integrable system attached to the theory.
Semisimplicity allows diagonalization in canonical coordinates and guarantees compatibility of the
deformation. Moreover, in this case the DZ hierarchy is equivalent, under a normal Miura transfor-
mation, to the Double Ramification (DR) hierarchy. This strong DR/DZ equivalence provides a unifying
framework, with classical examples such as KdV (trivial CohFT) and extended Toda (Gromov–Witen
of P1).

1.9 Quantum integrability and quasimodularity

There is by now a broad expectation that quasimodularity lies at the intersection of enumerative
geometry for elliptic targets and integrable systems. This appears in several settings, the quasimod-
ularity of generating series of Hurwitz numbers on elliptic curves, which also form KP/Toda tau-
functions [Dij95; KZ95; OP06a]; the appearance of quasimodular forms in Gromov–Witten theory
of elliptic curves and related targets [SZ17; MRS15; OP18]; and, more recently, connections between
quasimodularity and quantum deformations, in particular the quantum KdV hierarchy [IR24; IR25].
These examples suggest that quasimodularity naturally accompanies enumerative problems with el-
liptic structures and quantum integrable systems, though often only implicitly. In Chapter 4 we make
this connection explicit by constructing a quantum double ramification hierarchy with coefficients in
the ring of quasimodular forms, focusing on the case where the target of the Gromov–Witten theory
is an elliptic curve.
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1.9.1 Deformation quantization

In the integrable setting, deformation quantization amounts to constructing a deformed multiplica-
tion that yields a new family of commuting Hamiltonians. In many practical cases the Moyal product
is the canonical choice, for instance, the classical KdV hierarchy admits a quantization via the Moyal
product, leading to the quantum KdV. In Chapter 4 we present the construction of a quantum double
ramification hierarchy, viewed as the quantization of the classical double ramification hierarchy.

Formal deformation. Let A be an associative algebra over C. A formal deformation of A is a CJh̄K-
bilinear product

mh̄ : AJh̄K⊗CJh̄K AJh̄K−→AJh̄K

on the space of formal power series in h̄, of the form

mh̄(a, b)=a · b+m1(a, b) h̄+m2(a, b) h̄2
+· · ·, a, b ∈ A,

where a · b is the original multiplication on A. The associativity of mh̄ is equivalent to the condition

mh̄(mh̄(a, b), c)=mh̄(a, mh̄(b, c)), a, b, c ∈ A.

If A is commutative, the first-order term of the commutator defines a Poisson bracket:

{a, b} :=
1

2h̄

(
mh̄(a, b)−mh̄(b, a)

)
mod h̄ =

1
2
(
m1(a, b)−m1(b, a)

)
.

Thus, a formal deformation of A induces the structure of a Poisson algebra on A. In physical terms,
the parameter h̄ is interpreted as the quantum parameter (Planck’s constant), and the Poisson algebra
(A, {·, ·}) arises as the quasi-classical limit of the deformed algebra AJh̄K. The deformation quantization
problem asks, conversely, to construct a formal deformation whose quasi-classical limit recovers a
given Poisson structure on A.

The Hochschild complex. The main tool for studying deformations of an algebra A is the Hochschild
complex

0 −→ C0(A, A) d−→ · · · d−→ Cn(A, A) d−→ Cn+1(A, A) d−→ · · · ,

where Cn(A, A) := Hom(A⊗n, A) is the space of n-linear maps f (a1, . . . , an) with values in A. The
differential is defined by

(d f )(a1, . . . , an+1) := a1 f (a2, . . . , an+1)

+

n

∑
i=1

(−1)i f (a1, . . . , ai−1, aiai+1, ai+2, . . . , an+1)

+ (−1)n+1 f (a1, . . . , an)an+1.

The associated cohomology is
H∗(A, A): = kerd / im d,

and encodes the deformation theory of A.

The Gerstenhaber bracket. The Hochschild complex carries a natural graded Lie bracket,

[ ·, · ] : Cm(A, A)⊗ Cn(A, A)−→Cm+n−1(A, A),

called the Gerstenhaber bracket. This bracket makes the Hochschild cochain complex into a differential
graded Lie algebra, and provides the algebraic structure underlying deformation theory.
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Associativity and the Gerstenhaber bracket. The following basic property may be viewed as the
foundation of deformation theory. A formal multiplication

mh̄(a, b) = m0(a, b) + m1(a, b) h̄ + m2(a, b) h̄2
+ · · · , a, b ∈ A,

is associative precisely when the Gerstenhaber bracket satisfies [mh̄, mh̄] = 0. Indeed, one computes

[mh̄, mh̄](a, b, c) = 2
(
mh̄(mh̄(a, b), c)−mh̄(a, mh̄(b, c))

)
,

so that the condition [mh̄, mh̄] = 0 is equivalent to the associativity of mh̄.
In particular, the original multiplication m0(a, b) := a · b is associative, hence [m0, m0] = 0. The

commutator with m0 then defines a differential on the Hochschild complex, namely

d f = [ f , m0],

which coincides with the Hochschild differential introduced earlier. Thus, the Gerstenhaber bracket
provides the natural framework in which associativity and deformations can be expressed.

Deformation quantization. In a geometric or physical setting, the deformation quantization prob-
lem asks whether a given Poisson algebra of functions can be deformed into a noncommutative
algebra in such a way that the deformation recovers the Poisson bracket in the classical limit. A
celebrated result due to Kontsevich provides an answer to this problem.

Theorem 1.18 ([Kon03]). Every Poisson manifold (M, {·, ·}) admits a deformation quantization. In other
words, there exists a formal associative product

f ⋆ g = mh̄( f , g) = f g + m1( f , g) h̄ + m2( f , g) h̄2
+ · · · , f , g ∈ C∞(M),

on the algebra A = C∞(M) of smooth functions, where each mi is a bidifferential operator on M. The product
⋆ is associative and, in the quasi-classical limit, reproduces the Poisson bracket:

1
2
(
m1( f , g)−m1(g, f )

)
= { f , g}.

Physics motivation. In classical mechanics, the algebra of observables is the commutative Poisson
algebra C∞(P) of smooth functions on a symplectic manifold (phase space) P, with dynamics gener-
ated by a Hamiltonian h ∈ C∞(P) through the Poisson bracket,

d f
dt

= { f , h}, f ∈ C∞(P).

Quantum mechanics, on the other hand, replaces C∞(P) with a noncommutative algebra of operators
D ⊂ End(H) acting on a Hilbert space H. The time evolution of an observable Ot ∈ D in the
Heisenberg picture is governed by

dOt

dt
=

1
h̄

[Ot, H],

where [ · , · ] is the commutator and H is the Hamiltonian operator. The correspondence principle
asserts that, in the classical limit h̄→ 0, this quantum dynamics reduces to the classical Hamiltonian
flow.

Deformation quantization is a technique to formalize this correspondence, it realizes the quantum
algebra of observables as a deformation of the commutative Poisson algebra, so that the commuta-
tor reproduces the Poisson bracket in the quasi-classical limit. From this perspective, a quantum
integrable hierarchy is naturally viewed as a deformation of a classical integrable hierarchy, where a
family of commuting Hamiltonians is deformed into a family of commuting quantum Hamiltonians.
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Example 7. Consider the algebra C[q, p] of polynomials in two variables, endowed with the Poisson
bracket

{ f , g} = ∂ f
∂q

∂g
∂p
− ∂g

∂q
∂ f
∂p

.

A star product on C[q, p] is given explicitly by

f ⋆ g = f exp
Å

h̄
←−

∂
∂p

−→
∂
∂q

ã

g = ∑
k≥0

h̄k

k!
∂k f
∂qk

∂kg
∂pk .

To interpret this construction, note that q acts as the operator of multiplication by q, while p corre-
sponds to the operator h̄ ∂

∂q , so that
[p, q] = h̄.

Normal ordering is obtained by placing powers of q to the left and powers of p to the right, which
yields a well-defined correspondence between polynomials in (q, p) and differential operators. The
star product f ⋆ g is then recovered by transporting the usual product of operators back to C[q, p]
under this correspondence.

1.9.2 Quasimodular forms

Modular forms arise as functions on the upper half-plane that transform with precise weight un-
der the action of SL(2, Z), the symmetry group of elliptic curves. They are fundamental objects in
number theory, geometry, and physics, as they encode invariants of elliptic curves and appear nat-
urally in contexts ranging from arithmetic problems to partition functions in conformal field theory.
A quasimodular form transforms almost like a modular form, but acquires a polynomial correction
in (cτ + d)−1 under the SL(2, Z)-action. The simplest and most important example is the Eisenstein
series E2(τ), which fails to be modular but generates, together with E4(τ) and E6(τ), the full ring of
quasimodular forms.

Let H = {τ ∈ C | ℑ(τ) > 0} be the upper half-plane. A holomorphic function f : H → C is

called a quasimodular form of weight k for Γ = SL(2, Z) if for every
ï

a b
c d

ò

∈ Γ one has

1
(cτ + d)k f

Å

aτ + b
cτ + d

ã

= f (τ) + p f

Å

c
cτ + d

ã

,

where p f (x) is a polynomial with coefficients in C. If p f ≡ 0, the function f is an ordinary modular
form of weight k.

Applying this condition to the generators

S =

ï

1 1
0 1

ò

, T =

ï

0 −1
1 0

ò

of SL(2, Z), one finds that a modular form f of weight k satisfies

f (τ + 1) = f (τ), f
Ä

− 1
τ

ä

= τk f (τ).

The modular transformation properties imply that modular forms are periodic of period 1, and there-
fore admit a Fourier expansion of the form

f (τ) =
∞

∑
n=0

anqn, q = e2πiτ.
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The condition of holomorphy as ℑ(τ) → ∞ can be restated by requiring that the coefficients an are
rational and of polynomial growth. We denote by Mod and QMod the spaces of modular and quasi-
modular forms, respectively. Both are graded rings under multiplication of q-series, with grading
determined by the weight.

Eisenstein series. For k ∈ Z>0 one defines

G2k(τ)=−B2k

4k
+

∞

∑
d=1

d2k−1 qd

1− qd ,

where B2k are the Bernoulli numbers determined by the generating function

t
et − 1

=

∞

∑
k=0

Bk

k!
tk.

The series G2k is a modular form of weight 2k for k > 1, while G2 is quasimodular of weight 2. It is
often convenient to introduce the normalized Eisenstein series

E2k(q) := − 4k
B2k

G2k(τ) = 1− 4k
B2k

∞

∑
d=1

d2k−1 qd

1− qd , k ∈ N>0.

The first three play a central role and are traditionally denoted in Ramanujan’s notation by

P = E2, Q = E4, R = E6.

Here Q and R are modular forms, while P is quasimodular with pP(x) = 6x
2πi .

It is a classical fact that the rings of modular and quasimodular forms of the full modular group
have the explicit structure

Mod = C[Q, R], QMod = C[P, Q, R].

A fundamental property of the ring QMod is that it is closed under the differential operator

Dq =
1

2πi
d

dτ
= q

d
dq

.

In particular, using Ramanujan’s relations one finds

Dq(P) =
P2 −Q

12
, Dq(Q) =

PQ− R
3

, Dq(R) =
PR−Q2

2
.

The operator Dq acts as a derivation of degree +2, meaning that it increases the weight of a quasi-
modular form by 2.
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Chapter 2

Geometry and integrable structures of the
double ramification cycle

2.1 Double ramification cycle

The double ramification cycle describes the locus of curves that admit a meromorphic function with
prescribed zero and pole orders. Its construction is naturally formulated via the moduli spaces of
relative and rubber stable maps, which provides the geometric framework for defining and analyzing
its fundamental class in cohomology.

2.1.1 Moduli space of relative maps

This section follows the exposition in [Kat07]. Let X be a projective manifold and D ⊂ X a divisor.
Fix integers g, n, n1, n2 > 0 with n = n1 + n2. We aim to construct the moduli space of stable maps to
X relative to D, denoted by

Mg,n(X/D, Γ),

where Γ encodes the relevant topological data of the maps.

Expanded targets. Given a tuple of positive integers µ = (µ1, . . . , µn1), consider a marked pre-stable
curve

(C, p1, . . . , pn1 , q1, . . . , qn2)

together with a map f : C → X such that

f ∗D =

n1

∑
i=1

µi pi.

Let L = ND/X be the normal bundle of D in X, and set

P := PD(L⊕ 1D),

the projective completion of L. The zero and infinity sections of L determine divisors D0 and D∞ in
P. For k ≥ 1, define the expanded target

Xk := X ⊔P1 ⊔ · · · ⊔Pk,

where the copies Pi are glued by identifying

D ⊂ X with D∞ ⊂ P1, D0 ⊂ Pi with D∞ ⊂ Pi+1, i = 1, . . . , k− 1.

The singular locus of Xk is thus the disjoint union of k− 1 copies of D.
Finally, note that the group

Aut(Xk) ∼= (C∗)k
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acts on Xk by scaling the fibers of the P1-bundle P → D. Concretely, if we denote homogeneous
coordinates on the fiber of P by [u : v], the standard C∗–action is given by

λ · [u : v] = [λu : v], λ ∈ C∗,

which scales the L–direction while fixing the trivial direction. In particular, the divisors D0 = {u =

0} and D∞ = {v = 0} are fixed under this action. On Xk, each copy Pi admits such an action
independently, yielding the product action of (C∗)k.

Relative topological type. We now introduce the discrete data that controls maps into such expan-
sions.

A relative topological type Γ is a combinatorial object encoding the discrete data of a relative stable
map to (X, D). Concretely, it consists of:

• a finite set of vertices V(Γ), each representing an irreducible component of the source curve;

• a genus assignment g : V(Γ)→ Z≥0;

• a degree assignment d : V(Γ)→ H2(X, Z), prescribing the curve class of each component;

• two collections of marked points:

– relative markings R = {1, . . . , n1}mapping into D0 ⊂ Pk ⊂ Xk, together with an incidence
map aR : R→ V(Γ) and multiplicities µ : R→ Z≥1 recording their contact orders with D;

– interior markings I = {1, . . . , n2}mapping to X \ D, with incidence map aI : I → V(Γ).

In other words, Γ encodes the combinatorial skeleton of a relative stable map, recording both the
topology of the domain curve and the distribution of marked points.

Maps of type Γ. Given a relative topological type Γ, a map of type Γ consists of a marked curve

(C, p1, . . . , pn1 , q1, . . . , qn2)

together with a morphism f : C → Xk such that:

• C is a disjoint union of pre-stable curves Cv indexed by the vertices v ∈ V(Γ);

• each component Cv is connected of arithmetic genus g(v);

• the class of the map on each component satisfies

(π ◦ f |Cv )∗[Cv] = d(v);

where π : Xk → X is the map that is the identity on X and projects each Pi to D.

• the relative markings pj lie on the component CaR(j);

• the interior markings qj lie on the component CaI (j);

• the pullback of the divisor D is given by

f ∗D = ∑
i∈R

µ(i) pi.

Hence, a map of type Γ realizes this skeleton geometrically by specifying the curve, its decomposi-
tion, and the placement of marked points with tangency conditions along D.



2.1. Double ramification cycle 39

Pre-deformability and stability. To obtain a proper moduli space, one must impose conditions
ensuring good behavior under degeneration.

A map f : C → Xk is said to be pre-deformable if for each singular divisor Di ⊂ Xk the preimage
f−1(Di) consists only of nodes of C, such that at every node p ∈ f−1(Di) the two branches of C are
mapped to different irreducible components of Xk and meet Di with equal contact order. A pre-
deformable map f : C → Xk is called stable if it admits only finitely many automorphisms. This is
the usual finiteness condition ensuring that the resulting moduli space is a Deligne–Mumford stack.

The moduli stack. Thus, for a fixed relative topological type Γ, the data above assembles into a
Deligne–Mumford stack

Mg,n(X/D, Γ),

called the moduli space of relative stable maps, which parameterizes isomorphism classes of stable pre-
deformable maps to Xk for varying k. This provides the natural compactification of the space of
maps to X with prescribed tangency along D. The moduli space carries a virtual fundamental class
of complex dimension

vdim Mg,n(X/D, Γ) = ∑
v∈V(Γ)

(
(dim X− 3)(1− g(v)) + ⟨c1(TX)− D, d(v)⟩

)
+ n,

2.1.2 Moduli space of rubber maps

In the construction of Mg,n(X/D, Γ) we considered maps to expansions Xk containing chains of
P1–bundles. It is often useful to further quotient by the natural C∗–action on these fibers, leading
to the notion of rubber maps. Intuitively, one studies maps to a chain of P1–bundles but only up to
rescaling in the fiber direction.

Rubber targets. Let X be a projective manifold and L a line bundle on X. Set

P = PX(L⊕ 1X),

with distinguished divisors X0 and X∞ denoting the zero and infinity sections. We consider stable
maps to P relative to X0 and X∞, where we quotient by the C∗–factor dilating the fibers of P → X.

For k ≥ 0, define the expanded rubber target

Pk := P0 ⊔X P1 ⊔X · · · ⊔X Pk,

by gluing X∞ ⊂ Pi to X0 ⊂ Pi+1 for i = 0, . . . , k− 1. The resulting space Pk has two distinguished
divisors:

D∞ = X∞ ⊂ P0, D0 = X0 ⊂ Pk.

Its automorphism group is
Aut(Pk) ∼= (C∗)k+1,

acting by fiberwise scalings on each copy of P.

Rubber topological type. A rubber topological type Γ consists of:

• a finite set of vertices V(Γ), representing components of the source curve;

• a genus assignment g : V(Γ)→ Z≥0;

• a degree assignment d : V(Γ)→ H2(X, Z);

• two sets of relative markings:
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– R0 = {1, . . . , r0} indexing markings mapping to D0,

– R∞ = {1, . . . , r∞} indexing markings mapping to D∞,

together with incidence maps

a0 : R0 → V(Γ), a∞ : R∞ → V(Γ),

and multiplicity assignments

µ0 : R0 → Z≥1, µ∞ : R∞ → Z≥1;

• a set of interior markings I = {1, . . . , n0} with assignment

aI : I → V(Γ).

We require that the total number of markings satisfies

n = r0 + r∞ + n0.

In other words, a rubber topological type records the same discrete data as in the relative case, but
now with two boundary divisors D0 and D∞, together with interior markings, such that the total
number of markings is fixed.

Maps of rubber type. Let Γ be a rubber topological type. A map of type Γ consists of a marked curve

(C, p0
1, . . . , p0

r0
, p∞

1 , . . . , p∞
r∞

, q1, . . . , qn0)

together with a morphism f : C → Pk such that:

• C is a disjoint union of pre-stable curves Cv indexed by v ∈ V(Γ);

• each component Cv has arithmetic genus g(v);

• the class of the map on each component satisfies

(π ◦ f |Cv )∗[Cv] = d(v);

where π : Pk → X is the natural projection, restricting on each copy Pi to the bundle projection
P → X.

• the interior markings qj lie on the component CaI (j);

• the boundary markings p0
i lie on Ca0(i), while the markings p∞

i lie on Ca∞(i);

• the pullback of the boundary divisors satisfies

f ∗D0 = ∑
i∈R0

µ0(i) p0
i , f ∗D∞ = ∑

i∈R∞

µ∞(i) p∞
i .

Thus, maps of rubber type realize the combinatorial data of Γ while recording prescribed tangency
conditions along both D0 and D∞.

Pre-deformability and stability. The notion of pre-deformability is defined exactly as in the relative
case. Nodes mapping to singular divisors must join components with equal contact order. Stability
is also analogous, requiring finitely many automorphisms.
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The rubber moduli stack. For a fixed rubber topological type Γ, there exists a proper Deligne–
Mumford stack

M
∼
g,n(X, Γ),

called the moduli space of rubber stable maps, which parameterizes isomorphism classes of stable pre-
deformable maps to Pk for varying k. This stack carries a virtual fundamental class of expected
dimension

vdim M
∼
g,n(X, Γ) = ∑

v∈V(Γ)

(
(dim X− 2)(1− g(v)) + ⟨c1(TX), d(v)⟩

)
+ r0 + r∞ + n0 − 1.

Specialization to P1. We have described the general construction of the moduli space of relative
and rubber maps to a pair (X, D). A particularly important case arises when we restrict to X = P1

with boundary divisors D0 = {0} and D∞ = {∞}. Here the expanded targets are chains of P1’s glued
at 0 and ∞, and rubber maps correspond to stable maps into such expansions, modulo rescaling in
the C∗–direction. This specialization therefore yields a moduli space

M
∼
g,n0

(P1, A−, A+),

which parameterizes stable relative maps of connected genus g curves to the rubber P1, with pre-
scribed ramification profiles A− and A+ over 0 and ∞, together with n0 additional interior markings.

In the general setting, one works with a fixed relative or rubber topological type Γ, which specifies
the decomposition of the domain curve into components, their genera, degrees, and the incidence of
marked points. In the case of P1, however, it is more natural to drop the Γ–notation and describe
the moduli space directly in terms of ramification data. This is because the ramification profile A =

(a1, . . . , an) already determines the global degree of the map. Moreover, the stack M
∼
g,n0

(P1, A−, A+)
automatically incorporates all possible degenerations of the source curve into multiple components,
so that the summation over admissible topological types Γ is built into its definition.

2.1.3 Fundamental class and its properties

Let A = (a1, . . . , an) ∈ Zn be a tuple such that ∑i ai = 0. Let A+ denote a partition of A consisting of
all the positive integers in A, and let A− denote a partition of A consisting of all the negative integers
in A, and let n0 be the number of ai’s that are equal to 0. Let M

∼
g,n0

(P1, A−, A+) be the moduli space
of stable relative maps of connected genus g curves to the rubber, with ramification profiles A− and
A+ over the points 0, ∞ ∈ P1, respectively. Let

src : M
∼
g,n0

(P1, A−, A+)→ Mg,n

be the source map that forgets the stable relative map and retains the stabilization of the source
curve. Moreover, the space M

∼
g,n0

(P1, A−, A+) is endowed with the virtual fundamental class, whose
Poincaré dual is denoted by

î

M
∼
g,n0

(P1, A−, A+)
óvir ∈ H2(2g−3+n)(M

∼
g,n0

(P1, A−, A+)).

Define the double ramification cycle DRg(A) for a given tuple A as:

DRg(A) := src∗
î

M
∼
g,n0

(P1, A−, A+)
óvir ∈ H2g(Mg,n).

Basic properties. The double ramification cycle satisfies a number of basic identities which illus-
trate its structure. In genus zero, the cycle is trivial:

DR0(a1, . . . , an) = 1 ∈ H0(M0,n, Q).
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Moreover, let
π : Mg,n+1 −→ Mg,n

be the forgetful map dropping the last marking. Then DRg is compatible with forgetting marked
points in the sense that

DRg(a1, . . . , an, 0)=π∗DRg(a1, . . . , an).

Finally, in the degenerate case where all entries of A vanish, one obtains a λ–class:

DRg(0, . . . , 0) = (−1)gλg∈H2g(Mg,n, Q),

where λg denotes the top Chern class of the Hodge bundle over Mg,n.

Further properties. The double ramification cycle can be seen as a partial CohFT. It defines a co-
homological field theory with respect to the infinite-dimensional C–vector space V generated by
{ei}i∈Z, equipped with the metric

η(ei, ej) = δi+j,0, and unit e0,

via the identification
DRg(a1, . . . , an) = cg,n(ea1 ⊗ · · · ⊗ ean ).

Here the structure satisfies all CohFT axioms except for the loop constraint, hence a partial CohFT.
A fundamental result is that the cycle depends polynomially on the ramification data A = (a1, . . . , an).

More precisely, the restriction of DRg(A) to the compact type locus M
ct
g,n is a homogeneous polyno-

mial of degree 2g in the variables a1, . . . , an, with coefficients in H2g(M
ct
g,n). In general, DRg(A) is an

even polynomial of degree 2g in the variables a1, . . . , an, with coefficients in H2g(Mg,n).
An additional property, proved in [Bur+15], describes the behavior of DRg(A) under pushforward

along a forgetful morphism. Let
π : Mg,n+g −→ Mg,n

be the map forgetting the last g marked points. Then one has

π∗
(
DRg(a1, . . . , an+g)

)
=g! a2

n+1 · · · a2
n+g [Mg,n].

Explicit formulas for the double ramification cycle will be presented in the following sections, both
via Hain’s description on the locus of curves of compact type, and through the general formula of
Pixton.

2.2 Hain’s divisor

On the locus of curves of compact type Mct
g,n ⊂ Mg,n (curves without non-separating nodes), the

double ramification cycle admits a remarkably explicit form due to Hain [Hai12]. The formula reads

DRg(A)|Mct
g,n

=
1
g!

Ü

n

∑
i=1

a2
i

2
ψi − ∑

0≤h≤g
S⊂{1,...,n}

a2
S

4
δh,S

êg

,

where aS = ∑i∈S ai. Here ψi denotes the ψ–class associated to the i–th marked point, and δh,S is
the boundary divisor corresponding to a separating node, one component of genus h carries the
markings indexed by S, and the complementary component of genus g − h carries the remaining
markings.
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Hain’s formula is especially useful for computations involving λg. Since the top Hodge class λg

vanishes outside Mct
g,n, intersection numbers of the form

∫
Mg,n

DRg(A) λg(· · · ) reduce immediately to
compact type, where the explicit expression above is valid.

Example 8. As an illustration, consider the integral appearing in [OP23, p. 20], which will be used in
later chapters. Let A = (a1, . . . , an+1) ∈ Zn+1 and let

π : Mg,n+1 −→ Mg,n

be the forgetful map that forgets the first marked point. Then one has

∫

Mg,n

π∗
(
DRg(A)

)
λgλg−1

n

∏
i=1

ψi

n

∑
i=1

1
ψi

= (−1)g B2g

4g
(2g− 1)!

(2g− 2 + n)!
a2

1

22g−2 ∑
∑ bi=g−1

n+1

∏
i=1

a2bi
i

(2bi + 1)!
.

The key simplification comes from Hain’s formula, together with the fact that λgλg−1ψ1 · · ·ψn−1 van-
ishes on all boundary divisors of Mg,n. As a result, almost all terms in the pushforward π∗DRg(a1, . . . , an+1)
disappear, leaving only three types of contributions:

i. terms with at least one factor of ψ1, which push forward to κ–classes,

ii. pure ψ–class contributions,

iii. terms involving rational tails divisors, which are contracted by the pushforward.

Thus, the evaluation of the integral reduces to computing pairings of ψ– and κ–classes with λgλg−1,
and this is accomplished by the standard socle evaluation formula of Faber [GP98].

2.3 Pixton’s formula

Pixton proposed a conjectural formula for the double ramification cycle as a tautological class on
Mg,n, expressed via weighted sums over stable graphs. This conjecture was later established in
[Jan+17], providing a powerful combinatorial description of DRg(A) within the tautological ring.
We now present a general expression for the double ramification cycle in terms of stable graphs and
ψ–classes, following [Jan+17].

The result. For g ≥ 0 and ramification data A = (a1, . . . , an) ∈ Zn with ∑i ai = 0, the double
ramification cycle is given by

DRg(A)=2−g Pg
g (A) ∈ H2g(Mg,n),

where Pg
g (A) denotes the degree-g part of a tautological class Pg(A) defined via a sum over stable

graphs of genus g with n legs.

The formula. Let Γ be a stable graph of genus g with n legs. Denote by V(Γ) its set of vertices, H(Γ)
its half-edges, and E(Γ) its edges. Then the degree-d component of Pixton’s class is defined by

Pd,r
g (A) = ∑

Γ

1
|Aut(Γ)| ∑

w∈WΓ,r

(glΓ)∗

(
n

∏
i=1

ea2
i ψℓi · ∏

e=(h,h′)∈E(Γ)

1− e−w(h)w(h′)(ψh+ψh′ )

ψh + ψh′

)
.

Weightings. For a given graph Γ, a weighting with respect to A is a map

w : H(Γ) −→ Z

satisfying:
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• for each leg ℓi corresponding to the i-th marking, w(ℓi) = ai;

• for each edge e = (h, h′), w(h) + w(h′) = 0;

• for each vertex v, the sum of weights of all incident half-edges vanishes.

Since Γ may carry infinitely many weightings, Pixton introduces a regularization, one works modulo
a positive integer r, defining

w : H(Γ)→ {0, 1, . . . , r− 1},
with all conditions interpreted modulo r. The resulting finite set of weightings is denoted WΓ,r. Pixton
proves that for fixed g, A, d, the class Pd,r

g (A) is polynomial in r for all sufficiently large r, and defines

Pd
g (A) := Pd,r

g (A)|r=0,

i.e. the constant term of this polynomial.

Graph contributions. Each summand comes from pushing forward classes from

MΓ = ∏
v∈V(Γ)

Mg(v),n(v)

via the gluing map glΓ. The contribution factors are:

• Legs: for each marking i, the factor ea2
i ψℓi arises;

• Edges: for each edge e = (h, h′), the factor

1− e−w(h)w(h′)(ψh+ψh′ )

ψh + ψh′

encodes the interaction between the two half-edges.

The denominator is well-defined since it formally divides the numerator, and the expression is sym-
metric in h, h′.

Polynomiality. The key structural result is Pixton’s polynomiality theorem, which states that for
fixed g, A, and d, the class Pd,r

g (A) is polynomial in r (for r sufficiently large). The tautological class
Pd

g (A) is then defined as its evaluation at r = 0. Thus Pixton’s formula provides a universal expres-
sion for DRg(A) as a tautological class, encoded entirely in the combinatorics of stable graphs and
ψ–classes.

2.4 Buryak–Shadrin–Spitz–Zvonkine splitting formula

The double ramification cycle admits a recursive structure under degenerations of curves, formalized
in the splitting formula of Buryak–Shadrin–Spitz–Zvonkine [Bur+15]. This relation expresses the
product of ψ–classes with DRg(A) in terms of double ramification cycles of lower genus, glued along
relative marked points.
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The result. Let A = (a1, . . . , an) be integers with ∑i ai = 0 and assume as ̸= 0 for some s ∈
{1, . . . , n}. Then the splitting formula reads

asψs DRg(A) = ∑
I⊔J={1,...,n}

p≥1
g1,g2≥0

∑
k1,...,kp>0

∑ ki=∑i∈I ai
g1+g2+p−1=g

ρ

r
· ∏

p
i=1 ki

p!
DRg1(AI ,−k1, . . . ,−kp) ⊠ DRg2(AJ , k1, . . . , kp),

where the terms are described below.

Description of terms.

• The partition I ⊔ J = {1, . . . , n} satisfies ∑i∈I ai > 0, ensuring that the balancing condition
holds.

• The integers k1, . . . , kp record new ramification orders inserted at the nodes, chosen such that

∑
i∈I

ai −
p

∑
j=1

k j = 0.

• The genera g1, g2 correspond to the two components, with the condition g1 + g2 + p − 1 = g
ensuring that the total genus is preserved after gluing.

• The coefficient ρ depends on the side containing the marking s, and is defined by

ρ =

®

r′′ if s ∈ I,

−r′ if s ∈ J,

where r′ = 2g1 − 2 + |I|+ p and r′′ = 2g2 − 2 + |J|+ p are the numbers of additional branch
points on each component.

• The factor r = 2g− 2 + n is the total number of branch points for the initial cycle DRg(A).

Interpretation. The formula expresses the effect of multiplying a double ramification cycle by a
ψ–class at a nonzero marking. The right-hand side involves only double ramification cycles of strictly
simpler type (either lower genus or fewer markings), glued along new points with positive ramifica-
tion orders. Thus the splitting formula provides a recursive tool for computing intersection numbers
involving DRg(A).

Example 9. For any g ≥ 2 and (a1, . . . , an) ∈ Zn
̸=0, consider the integral

∫

Mg,n

DRg(a1, . . . , an) λgλg−2

n

∏
i=1

ψi

n

∑
i=1

1
ψi

.
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Let a := ∑
n
i=1 ai, then the splitting formula provides the recursion

a1 ·
∫

Mg,n+1

DRg(a1, . . . , an,−a) λgλg−2

n

∏
i=1

ψi =

∑
S1⊔S2={2,...,n}

S2 ̸=∅

−(2g− 1 + |S2|)|S1|
2g− 1 + n

·
(

∑
i∈S2

ai

)
·

∫

Mg,|S2 |+1

DRg

(
{aj}j∈S2 ,− ∑

i∈S2

ai

)
λgλg−2

|S2|
∏
i=1

ψi

+ ∑
S1⊔S2={2,...,n}

g1+g2=g
g1,g2≥1

2g1 + |S1|
2g− 1 + n

·
(

a1 + ∑
i∈S2

ai

)
·

∫

Mg1,|S1 |+2

DRg1

(
{aj}j∈S1 , a1 + ∑

i∈S2

ai,−a

)
λg1 λg1−1

|S1|
∏
i=1

ψi·

∫

Mg2,|S2 |+2

DRg2

(
{aj}j∈S2 , a1,−a1 − ∑

i∈S2

ai

)
λg2 λg2−1

|S2|
∏
i=1

ψi.

This recursion reduces the computation of the integral to simpler terms,

∫

Mg,n+1

DRg(a1, . . . , an,−a) λgλg−1

n−1

∏
i=1

ψi.

which can be evaluated explicitly using Hain’s formula together with Faber’s socle intersection for-
mula. By iterating the recursion, one eventually obtains a closed expression, although in a compli-
cated but computable form. As a concrete illustration, for n = 2 one finds
∫

Mg,2

DRg(a,−a) λgλg−2ψ1 = ∑
g1+g2=g
g1,g2≥1

2g1

2g
·
∫

Mg1,2

DRg1(a,−a) λg1 λg1−1 ·
∫

Mg2,2

DRg2(a,−a) λg2 λg2−1.

2.5 Relations from DR/DZ equivalence

In this section, we review a further property of the double ramification cycle in connection with
λg. This property arises in the proof of the DR/DZ equivalence conjecture [BGR19; BLS24a], which
relates double ramification hierarchies to Dubrovin–Zhang hierarchies. Although the results will not
be used in later chapters, we include them for completeness and to highlight new perspectives on
relations and computations involving double ramification cycles.

Let A = (a1, . . . , an,−a) ∈ Zn+1 with a = ∑
n
i=1 ai. Define

S(A) =

®

n

∑
i=1

siai

∣∣∣∣∣ si ∈ {0, 1}
´

.

Let PTm
g,n denote the set of rooted planar trees Γ satisfying the following conditions:

• Vertices: The set of vertices V(Γ) is equipped with a genus function g : V(Γ)→ Z≥0, such that

∑
v∈V(Γ)

g(v) = g.
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• Legs: The set of legs L(Γ) is labeled by a map ã : L(Γ) → {a1, . . . , an,−a}, with the root vertex
vroot carrying at least one leg decorated by −a.

• Edges: For each vertex v, let ein(v) denote the unique ingoing edge to its parent, and eout(v) the
set of outgoing edges to its children.

• Edge decorations: Each edge is assigned a weight a : E(Γ) → S(A), subject to the balance
condition

a(ein(v)) = ∑
e∈eout(v)

a(e) + ∑
l∈L(v)

ã(l),

where L(v) ⊆ L(Γ) is the set of legs attached to v.

• Vertex decorations: Each vertex v ∈ V(Γ) carries a cohomology class Ψd(v) ∈ H2d(v)(Mg(v),n(v)),
encoded by a degree function d : V(Γ)→ Z≥0.

• Level structure: A level function l : V(Γ)→ {1, . . . , m} satisfies:

– l(vroot) = 1;

– if e = (v1, v2) with v1 the parent of v2, then l(v1) ≤ l(v2);

– the maximum level is m = maxv∈V(Γ) l(v);

– for each k, let Lk = {v ∈ V(Γ) | l(v) = k} ̸= ∅. Then {L1, . . . , Lm} partitions V(Γ).

• Level constraints: For every k < m,

∑
v∈V(Γ)
l(v)≤k

d(v) ≤ 2 ∑
v∈V(Γ)
l(v)≤k

g(v)− 1,

while for the final level,
∑

v∈V(Γ)
l(v)≤m

d(v) = 2g.

Let λg = cg(E) ∈ H2g(Mg,n) denote the top Chern class of the Hodge bundle E on Mg,n. It was
shown in [BGR19; BLS24a] that the product DRg(A) · λg admits an explicit expansion as a sum over
such trees.

m

DRg(A)λg =

a2
+

a3
+

...

a1 + a4 + ...

a2

a1

a3

a4

a3 +
...

a4 + ...
a4 + ...

...

Ψd1

Ψd2

Ψd3

Ψd5

Ψd4

Ψd6

Ψd7

−a

g2

g3

g5

g4

g6

g7

g1
(−1)m+1

1
2

3

∑PTm
g,n

m>0

where for a generic node:

aµ1Ψd

g
aµn
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The decoration at a vertex is given by the degree-d part of

Ψd =

Ç

1
∏

n
i=1(1− aµi ψi)

å[d]

∈ H2d(Mg,n).

To apply this construction concretely, we introduce a computational framework. Fix m ∈ Z>0
and let N = {1, . . . , n}. Consider a partition

N = I1 ⊔ . . . ⊔ Im,

with nα = |Iα| for each α ∈ {1, . . . , m}.

Intersection numbers. For α ∈ {1, . . . , m− 1}, define

⟨λgα⟩Iα =

∫

Mgα ,nα+2

λgα ψ1 · · ·ψnα

Ö

nα

∏
i=1

µi∈Iα

1
1− aµi ψi

· 1
1− aIα+1⊔···⊔Im ψn+1

è[2gα−1]

aIα+1⊔···⊔Im ,

where we use the shorthand aS = ∑i∈S ai. For the final block α = m, we set

⟨λ̃gm−1⟩Im =

∫

Mgm ,nm+1

λgm−1 ψ1 · · ·ψnm−1

Ö

nm

∏
i=1

µi∈Im

1
1− aµi ψi

è[2gm]

,

and

⟨λ̃gm−2⟩Im =

∫

Mgm ,nm+1

λgm−2 ψ1 · · ·ψnm

Ö

nm

∏
i=1

µi∈Im

1
1− aµi ψi

è[2gm]

.

Associated polynomials. For A = (a1, . . . , an,−a) ∈ Zn+1, define

Pg,n =

∫

Mg,n+1

DRg(A) λgλg−1 ψ1 · · ·ψn−1+δ
∫

Mg,n+1

DRg(A) λgλg−2 ψ1 · · ·ψn,

where δ is an auxiliary parameter, and

Qg,n = ∑g1+...+gm=g
I1⊔...⊔Im=N

m>0

(−1)m−1∏
m−1
α=1 ⟨λgα⟩Iα⟨λ̃gm−1⟩Im

+ δ∑g1+...+gm=g
I1⊔...⊔Im=N

m>0

(−1)m−1∏
m−1
α=1 ⟨λgα⟩Iα⟨λ̃gm−2⟩Im

g1

I1

g2

I2

gm

Im

g1

I1

g2

I2

gm

Im

We now state the following result.

Proposition 2.1. The polynomials satisfy the identity

Pg,n = Qg,n.
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Proof. We prove the equality for the second term, namely [δ]Pg,n = [δ]Qg,n; the argument for the first
term is analogous. Using the relation for DRg(A)λg, we obtain

∫

Mg,n+1

DRg(A) λgλg−2ψ1 · · ·ψn =

∫

Mg,n+1
∑

Γ∈PTm
g,n

m>0

Γ · λg−2 ψ1 · · ·ψn.

Consider the case where Γ is a planar rooted tree whose root vertex has two outgoing edges, each
connecting to a child vertex. Suppose the root vertex is decorated with n1 − 2 legs, while the two
child vertices carry n2 and n3 legs, respectively. The contribution of this tree Γ is given by the integral

∫

Mg,n+1

Γ · λg−2ψ1 · · ·ψn.

The optimal contribution from the root vertex in this configuration is
∫

Mg1,n1+1

λg1 ψ1 · · ·ψn1−2Ψ2g1−1.

By dimension counting, this integral vanishes. The same reasoning applies when the root vertex
has more than two children, in each case, the number of ψ–classes is insufficient to produce a top-
dimensional form, and the integral is zero. This argument extends to any vertex of the tree, not just
the root. Hence, only planar rooted trees with a bamboo-like structure (a single chain of vertices)
contribute nontrivially. This proves the claim.

Example 10. For n = 1, the polynomials are given by

î

δ0
ó

Pg,1 = a2g
1

∫

Mg,2

1
g! 2g λgλg−1(ψ1 + ψ2)g

= a2g
1

(
1
2g ∑

b1+b2=g

1
b1! b2!

∫

Mg,2

λgλg−1ψb1
1 ψb2

2

)
.

[
δ0]Qg,1 = ∑g1+...+gm=g

m>1
(−1)m−1∏

m−1
α=1 ⟨λgα⟩⟨λ̃gm−1⟩{1}g1 g2 gm

1

⟨λ̃g−1⟩{1}g

1

+

We can simplify this expression to obtain

î

δ0
ó

Qg,1 = a2g
1

Ö

∫

Mg,2

λg−1ψ
2g
1 + ∑

g1+···+gm=g
m>1

m−1

∏
α=1

∫

Mgα ,2

λgα ψ
2gα−1
1 ·

∫

Mgm ,2

λgm−1ψ
2gm
1

è

.

Thus, we obtain the relation between intersection numbers

[δ0a2g
1 ]Pg,1=[δ0a2g

1 ]Qg,1.

2.6 Double ramification hierarchy

The double ramification hierarchy is a system of commuting Hamiltonians on an infinite-dimensional
phase space, which can be viewed heuristically as the loop space of a fixed vector space. It arises
naturally from the geometry of the double ramification cycle and provides an algebraic counterpart
to constructions in symplectic field theory, leading to a quantum integrable system formulated in the
language of cohomological field theories.
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2.6.1 Commutator and local functionals

We reuse the notation and construction in Section 1.8. Fix N ≥ 1 and consider the N-dimensional
vector space V with basis {eα}N

α=1. We introduce the formal variables uα
j , α = 1, . . . , N, j ≥ 0, with

uα
0 = uα, corresponding heuristically to the derivatives ∂

j
xuα(x) of a formal loop u : S1 → V. The ring

of differential polynomials is
A := CJuαK[uα

j>0]JεK,

and the space of local functionals is the image of the quotient map,

A → Â := A/
(
Im(∂x)⊕C

)
, f 7→ f :=

∫
f dx.

Fourier variables. It is often convenient to work with another set of formal variables {pα
k}k∈Z de-

fined by the Fourier expansion
uα(x) = ∑

k∈Z

pα
k eikx.

This change of variables embeds A into the auxiliary ring

CJpα
k>0K[pα

k≤0]JεK[eix, e−ix],

and local functionals f correspond to the constant Fourier mode of f .

Poisson structure. The space Â carries a natural Poisson bracket associated to the Hamiltonian
operator K = η∂x, where η is a nondegenerate symmetric bilinear form on V. In terms of the Fourier
variables, this bracket is given by

{pα
i , pβ

j }η∂x = ij ηαβ δi+j,0.

2.6.2 Hamiltonian densities

Consider a CohFT cg,n : V⊗n → Heven(Mg,n, C) with unit e1 ∈ V. Let ψ1 be the cotangent line class
at the first marking and λj = cj(E) ∈ H2j(Mg,n) the Chern classes of the Hodge bundle E over Mg,n.
The Hamiltonians of the double ramification hierarchy are defined by

gα,d := ∑
g≥0, n≥2

2g−2+n>0

(−ε2)g

n! ∑
A=(a1,...,an)∈Zn

a1+···+an=0

∫

Mg,n+1

DRg(0, A)λg ψd
1 cg,n+1(eα ⊗

n⊗

i=1

eαi p
αi
ai

), (2.1)

for α = 1, . . . , N and d ≥ 0.

Polynomiality. The integrals appearing in (2.1) are homogeneous polynomials of degree 2g in the
integers a1, . . . , an. Concretely, one can write

∫

Mg,n+1

DRg(0, A)λg ψd
1 cg,n+1(eα ⊗

n⊗

i=1

eαi ) = ∑
b1,...,bn≥0

b1+···+bn=2g
α=(α,α1,...,αN)

Pb1,...,bn
α,d;g,n ab1

1 · · · abn
n ,
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with coefficients Pb1,...,bn
α,d;g,n depending only on the CohFT and tautological classes on Mg,n+1. Thus the

Hamiltonian densities can also be expressed in the u-variables as

gα,d = ∑
g≥0, n≥2

2g−2+n>0

ε2g

n! ∑
b1,...,bn≥0

b1+···+bn=2g
α=(α,α1,...,αN)

Pb1,...,bn
α,d;g,n uα1

b1
· · · uαn

bn
.

The corresponding Hamiltonians are

gα,d =

∫
gα,d dx.

Casimirs. The definition extends naturally to d = −1, by setting

gα,−1 := ηαµuµ, gα,−1 =

∫
ηαµuµ dx,

which correspond to Casimir elements for the Poisson bracket.

Integrability. For all α, β = 1, . . . , N and p, q ≥ −1 one has

{gα,p, gβ,q}η∂x = 0.

The Hamiltonians gα,d define an integrable hierarchy of evolutionary PDEs, as shown initially in
[Bur15]. Thus the double ramification hierarchy is a Hamiltonian integrable system associated to
arbitrary CohFTs.

The proof of commutativity relies on the geometric behavior of double ramification cycles under
boundary degenerations. The main input is the splitting formula of [Bur+15], which expresses prod-
ucts of DR cycles on boundary strata of Mg,n as sums of glued DR cycles with explicit combinatorial
coefficients. When inserted into the definition of the Hamiltonians, this splitting identity matches
exactly the algebraic expression for the Poisson brackets of the generating functions. In particular,
the positive and negative contributions in the splitting formula cancel after summing over all bound-
ary components, which yields the vanishing of the Poisson brackets. This geometric mechanism
provides the machinery needed to prove that the Hamiltonians gα,d commute, and hence establishes
integrability of the DR hierarchy.

2.6.3 Recursion relations and tau–structure

An important structural property of the double ramification hierarchy is that its Hamiltonian den-
sities satisfy universal recursion relations. These relations are obtained from the intersection theory
of ψ–classes with the double ramification cycle (the statement can be found in [Bur+15]), and play a
fundamental role in reconstructing the hierarchy from a minimal amount of initial data [BR16b].

Recursion relations. For all α = 1, . . . , N and p ≥ −1, let gα,−1 = ηαµuµ. Then the Hamiltonian
densities of the double ramification hierarchy satisfy

∂x

Ç

ε
∂

∂ε
+ ∑

s≥0
uα

s
∂

∂uα
s
− 1

å

gα,p+1 = {gα,p, g1,1}, (2.2)

Equation (2.2) is remarkable in that it allows the entire hierarchy to be reconstructed from the single
Hamiltonian g1,1. Such a universal recursion had not appeared previously in the theory of integrable
systems, and it differs fundamentally from the reconstruction procedures known for classical hier-
archies such as KdV. Its independent of the underlying CohFT which indicates that this structure is
not accidental, but rather an intrinsic property underlying a wide class of integrable hierarchies. In
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particular, it highlights the geometric origin of the DR hierarchy, where the interaction of ψ–classes
with the DR cycle translates directly into recursion at the level of Hamiltonians.

Tau-structure. The double ramification hierarchy is tau-symmetric, and therefore admits a natural
tau-structure. Concretely, the tau-structure is given by the Hamiltonian densities

hDR
α,p :=

δgα,p+1

δu1 ,

which ensure the compatibility condition required for tau-symmetry.
Let ũα

= ηµνhDR
µ,−1 be the normal coordinates of the hierarchy, and consider the topological solu-

tion defined by the initial condition
ũα(x, 0; ε) = xδα

1 .

The tau-function associated to this solution is expressed as the generating series

FDR((tα
i )α,i; ε) = ∑

g≥0
ε2gFDR

g ((tα
i )α,i),

where

FDR
g ((tα

i )α,i) = ∑
n≥0

2g−2+n>0

1
n! ∑

d1,...,dn≥0

Æ

n

∏
i=1

τdi
(eαi )

∏DR

g

n

∏
i=1

tαi
di

.

The series FDR is often referred to as the DR partition function. Contrary to the Dubrovin–Zhang
hierarchy, where the tau-function coincides with the CohFT partition function and its correlators are
intersection numbers on Mg,n, the correlators

Æ

n

∏
i=1

τdi
(eαi )

∏DR

g

arising from the DR hierarchy are not a priori defined as intersection numbers of tautological classes.
Thus the DR partition function carries a more indirect geometric meaning, for now, its viewed as an
algebraic object determined by the hierarchy rather than as a direct enumerative generating func-
tion. Nonetheless, FDR encodes the complete integrable structure of the hierarchy and serves as
the natural analogue of the topological tau-function in the Dubrovin–Zhang setting. Moreover, in
the semisimple case, the DR and DZ hierarchies are equivalent, their tau-functions coincide up to a
Miura-type transformation, establishing a strong equivalence between the two theories.

Remark 3. Several important instances of the double ramification hierarchy have been explicitly
constructed and shown how to coincide with their Dubrovin–Zhang counterparts [Bur+18; BGR19].
Examples include the trivial CohFT, where the DR hierarchy reduces to the KdV hierarchy (see Sec-
tion 6); the full Hodge class; Witten’s 3-, 4-, and 5-spin classes, yielding the corresponding r–spin
hierarchies; and the Gromov–Witten theory of P1.

Example 11. Following Proposition 10.1 of [Bur+18], let X be a smooth projective variety with dim X >
0 and non-positive first Chern class. Then the associated double ramification hierarchy is

g = g[0]
+

ε2

48
χ(X)

∫
u1u1

2 dx,

and

gα,p = g[0]
α,p+δα,1

ε2

24
χ(X)

p!
(u1)pu1

2,

where χ(X) is the Euler characteristic of X and u1 is the variable associated to the unit class.
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We sketch the main ideas of the proof. For the CohFT given by the Gromov–Witten classes of
X, the degree condition on correlators shows that the potential g vanishes unless the number of unit
insertions satisfies

a =

M

∑
i=1

bi

Ä

deg θi
2 − 1

ä

+ g(dim X− 1)− (dim X− 3)− ⟨c1(X), d⟩,

where {1, θ1, . . . , θM} is a homogeneous basis of Heven(X, Q) with deg θi ≥ 2. If dim X ≥ 2, one
checks that a > g for g ≥ 1, so all contributions vanish, and the only nontrivial case is g = 1, n = 2.
Using the known push-forward formula for DR1(a,−a) together with λ1 =

1
24 δirr, one obtains

∫

DR1(a,−a)
λ1 c1,2(e2

1) = δa,0
χ(X)

24
a2,

which produces the correction term in the Hamiltonians.

In the case of target curves (dim X = 1), a simple degeneration argument due to Pandharipande
shows that positive degree contributions vanish, since λg vanishes on boundary divisors with non-
separating nodes. This extends the result to this case as well.

Finally, the Hamiltonian densities gα,p can be computed using the recursion relation [BR16b],

∂x(D− 1)gα,p={gα,p−1, (D− 2)g}, D := ∑
k≥0

(k + 1)uα
k

∂

∂uα
k

,

which reconstructs the full hierarchy from the genus-zero data together with the correction term
above.





55

Chapter 3

Faber’s socle intersection numbers via
Gromov–Witten theory of elliptic curves

3.1 Overview

Faber’s formula [Fab99] for the socle intersection numbers in the tautological ring of Mg has now
several proofs, with quite different geometric ideas behind them. It can be stated in terms of the
Deligne–Mumford compactification of the moduli spaces of curves Mg,n, g ≥ 1, n ≥ 1, as

∫

Mg,n

λgλg−1

n

∏
i=1

ψdi
i =

(−1)g−1B2g(2g− 3 + n)!
22g−1 · (2g)!

n

∏
i=1

1
(2di − 1)!!

, (3.1)

for all d1, . . . , dn ≥ 0 such that d1 + · · · + dn = g − 2 + n. Here B2g denote the Bernoulli numbers.
Originally it was conjectured in [Fab99] and by now it is a well-established statement with the fol-
lowing five proofs based on a variety of quite different ideas:

• Virasoro constraints for the projective plane, [GP98; Giv01a].

• Mumford’s formula and related combinatorics, [LX09].

• Intersections with double ramification cycles, [BS11].

• The 3-spin relations and related combinatorics, [Pix13].

• The half-spin relations and related combinatorics, [Gar+19; GZ22].

The purpose of this chapter is to give yet another proof that is based on a new tautological relation
that follows from a recent work of Oberdieck–Pixton on the Gromov–Witten theory of the elliptic
curve [OP18; OP23].

Although the utility of a new proof of a well-known statement might be questionable, it involves
a completely new set of powerful ideas and allows us to exhibit a new tautological relation, which
are all to be used in the analysis of the quantum integrable systems of Buryak–Rossi [BR16a].

3.2 New tautological relation

We consider a subset N of the set of stable graphs corresponding to the strata in Mg,m, g ≥ 1, m ≥ 1,
which have the form of a necklace:

• There are m vertices and to each of them we attach exactly one leaf labeled by i, i = 1, . . . , m.

• There are m edges, and they connect the vertices in one cycle of length m.

There are (m − 1)!/2 graphs of this shape for m ≥ 2 (for m = 2 it is just one graph, but then with
the automorphism group of order 2). The graphs Γ ∈ N are further equipped by the genus function
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g : V(Γ) → Z≥0, where V(Γ) = {v1, . . . , vm} is the set of vertices, and we assume that the leaf i is
attached to vi, i = 1, . . . , m. The genus condition reads ∑

m
i=1 g(vi) = g− 1.

It will be a bit more convenient to introduce an orientation on these necklace graphs and consider
the set of wheels N⃗ (necklaces with an added choice of orientation); then we have exactly (m − 1)!
wheels.

Proposition 3.1. We have the following relation in H∗(Mg,m):

1
(m− 1)! ∑

Γ∈N⃗
g : V(Γ)→Z≥0

(bΓ,g)∗

(
m⊗

i=1

DRg(vi)(0, 1,−1) λg(vi)

)

=
2 · (2g)!

(−1)g−1B2g(2g− 2 + m)!
λgλg−1

m

∏
i=1

ψi

m

∑
i=1

1
ψi

.

(3.2)

Here bΓ,g : ∏
m
i=1 Mg(vi),3 → Mg,m is the boundary map, DRg(vi)(0, 1,−1) is the double ramification

cycle on Mg(vi),3 assigned to vi, where the multiplicity 0 is assigned to the marked point corresponding
to the leaf.

Proof. This relation comes from two independent computations of the class cg,m(p⊗m)λg−1, g ≥ 1,
m ≥ 1 in [OP23], where cg,m(p⊗m) ∈ H∗(Mg,m) ⊗ C[[q]] are the classes of the cohomological field
theory associated to the Gromov–Witten theory of the elliptic curve, where all primary fields are the
classes of a point in the target curve, and q is the variable that controls the degree of the stable maps.

Let QMod = C[G2,G4,G6] be the algebra of quasimodular forms, where Gk(q) is the k-weighted
Eisenstein series is given by

Gk(q) = −Bk

2k
+ ∑

n≥1
qn ∑

d|n
dk, k = 2, 4, 6, . . . . (3.3)

It is graded by nonnegative even integers, QMod =
⊕∞

ℓ=0 QMod2ℓ, where the grading is given by the
weight of the modular forms wt(Gk) := k, k = 2, 4, 6. Note that for all even k ≥ 2, QModk ∋ Gk. Note
also that the operator q∂q acts on QMod increasing the weight by 2.

Using the holomorphic anomaly equation, Oberdieck and Pixton prove [OP23, Proposition 6.8]
that

cg,m(p⊗m)λg−1 =
2 · (2g)!

(−1)g−1B2g(2g− 2 + m)!
λgλg−1

m

∏
i=1

ψi

m

∑
i=1

1
ψi
× (q∂q)m−1G2g(q). (3.4)

On the other hand, in [OP18, Proof of Theorem 5] they give a formula for cg,m(p⊗m) as a sum over
graphs:

cg,m (p⊗m)
= ∑

Γ

1
|Aut(Γ)|∑k

(bΓ)∗

(
m⊗

i=1

∆gi

(
(k(h))h∈vi

)
)

(3.5)

× ∏
e={h,h′}
e is a loop

2(−1)k(h)
Å

Bk(h)+k(h′)+2

2 (k(h) + k(h′) + 2)
+ Gk(h)+k(h′)+2

ã

×∑
w

∏
e={h,h′}

e not a loop

(−1)k(h′)w(h) k(h)+k(h′)+1

1− qw(h) .

Here

• Γ is a stable graph representing a boundary stratum in Mg,n and bΓ is the corresponding bound-
ary map. We think of edges and vertices as subsets of the set H(Γ) of the half-edges of Γ.
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• The m legs of Γ labeled by 1, . . . , m are attached to m pairwise different vertices v1, . . . , vm of
genera g1, . . . , gm ≥ 0, and there are no further additional vertices.

• Each edge of Γ can be included in a cycle in the graph, that is, if we cut any edge, the graph
remains connected. Loops are allowed.

• The sum over k is the sum over all possible maps k : H(Γ) → Z≥0 such that for every loop
e = (h, h′) the sum k(h) + k(h′) is even and k(h) = 0 if h is a leaf.

• The sum over w is the sum over all possible systems of “kissing weights” on the set of half-
edges of Γ, which are the functions w : H(Γ)→ Z such that

– w(h) + w(h′) = 0 for every edge e = {h, h′};
– ∑h∈v w(h) = 0 for every vertex v.

– w(h) = 0 whenever h is a leaf or if it belongs to a loop.

• If e = (h, h′) is not a loop, then it is assumed that h is attached to a vertex with smaller index
than h′. This gives an orientation on each edge that we refer to as index orientation below.

• The classes ∆g̃(k1, . . . , km̃) are defined in such a way that for any a1, . . . , am̃ ∈ Z, a1 + · · ·+ am̃ =

0, we have

DRg̃(a1, . . . , am̃) = ∑
k1,...,km̃∈Z≥0

∆g̃(k1, . . . , km̃)
m̃

∏
i=1

aki
i . (3.6)

and the latter expression is a symmetric polynomial in ai’s (such expression exists by [Pix;
Spe24]).

The series (5.5) is well-defined as a formal power series in q. Each factor (1− qw(h))−1 is expanded
in positive powers of q, including the case w(h) < 0, where we use

1
1− q−m = qm

+ q2m
+ · · · .

Since the degree in q grows with the absolute values of w(h), and the balancing conditions imply that
only finitely many weightings w exist with all |w(h)| bounded, only finitely many terms contribute
to each fixed degree in q. This ensures that (5.5) converges for |q| < 1. By [OP18, Corollary 1], the
series (5.5) is a quasimodular form of pure weight 2g− 2 + 2m, though the individual summands on
the right hand side of (5.5) might have terms of lower weight that cancel out.

When we multiply this expression by λg−1, we get contributions only from the necklace graphs
for m ≥ 2, and the contributions from the graph with one vertex and no edges and the graphs with
one vertex and one loop for m = 1. The class assigned to the vertex vi is subsequently multiplied by
λgi .

In H∗(Mgi ,3)[a, b]/(a + b), we have

λgi DRgi (0, a, b) =
a2gi

2
λgi DRgi (0, 1,−1) +

b2gi

2
λgi DRgi (0, 1,−1), (3.7)

since λgi DRgi (0, a,−a) = a2gi λgi DRgi (0, 1,−1). Therefore, we use only the following classes

∆gi (0, 0, 2gi)λgi = ∆gi (0, 2gi, 0)λgi =
1
2

DRgi (0, 1,−1)λgi , (3.8)

to decorate the vertices (we assume here that the first index is for k(h) = 0, where h is the leaf attached
to vi). Finally, we know that the resulting formula should be a quasimodular form of pure weight
2g− 2+ 2m (as prescribed by Equation (3.4)), which allows us to drastically simplify the computation
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of the coefficients of the relevant graphs. To this end it might be seen as a refinement of [OP23, Proof
of Lemma 6.6].

In the case m = 1, the graph with no edges doesn’t contribute anything of weight other than 0 (in
fact, it contributes a constant term that offsets the B2g/4g constant in the second line of (5.5) in the
one-loop graph). Thus, the final result is simply given by

cg,1
(

p
)

λg−1 =
1
2

(bΓ)∗(DRg−1(0, 1,−1)λg−1) · 2G2g(q), (3.9)

where Γ is the one-vertex graph with a single loop (and its group of automorphisms has order 2).
This expression matches exactly the left-hand side of (3.2) for m = 1.

In the case m ≥ 2, there are (m − 1)!/2 necklace graphs (for m = 2 it is just one graph, whose
automorphism group has order 2), but we prefer to consider them as (m − 1)! oriented necklace
graphs, and then divide the resulting expression by 2, and this way it works equally well for m = 2,
with an additional choice of the genus labels g1, . . . , gm for the vertices. The vertices are decorated
by DRgi (0, 1,−1)λgi , and the kissing weights are fully determined by the choice of one kissing weight
a ∈ Z, say, for the half-edge attached to the vertex v1 that points in the direction prescribed by the
orientation of the necklace.

The coefficient for each necklace is then given by

∑
a∈Z ̸=0

a2g−2
Å

a
1− qa

ãj+ Å −a
1− q−a

ãj−
, (3.10)

where j+ (resp., j−) is the number of edges, whose index orientation agrees (resp., disagrees) with
the orientation of the necklace. Note that j+ + j− = m and with our conventions j+ ≥ 1. The latter
coefficient can then be computed as

l̃im
p→1

(

∑
a∈Z ̸=0

(p∂p)2g−2Pj+,j−(p∂p, q∂q)
a

1− qa pa

)
, (3.11)

where Pj+,j− is some polynomial, the series expansion is assumed to be taken in the ring 0 < |q| <
|p| < 1, and the operation l̃imp→1 takes the limit of the expression that is regularized, if necessary, by
removing the principal part of the singularity at p = 1 (as we see below, the principal part doesn’t
depend on q).

In order to compute (3.11), we rely on the following observations (see e.g. [OP18])):

• In the ring 0 < |q| < |p| < 1 the sum

∑
a∈Z ̸=0

a
1− qa pa,

is equal to the shifted by constant Weierstraß function ℘τ(z) := ℘τ(z) + 2G2(q), where q =

exp(2πiτ) and p = exp(2πiz).

• The shifted Weierstraß function ℘τ(z) expands at z = 0 as

1
(2πiz)2 + 2

∞

∑
ℓ=0

G2ℓ+2(q)
(2πiz)2ℓ

(2ℓ)!
. (3.12)

• The limit p→ 1 in the ring 0 < |q| < |p| < 1 in (3.11) is equal to the limit z→ 0 for 0 < Im(z) <
Im(τ) in terms of the shifted Weierstraß function regularized by removing the principal part at
z = 0.

• Note that the principal part of ( 1
2πi ∂z)2g−2Pj+,j−( 1

2πi ∂z, q∂q)℘τ(z) at z = 0 is independent of τ.
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Now, consider (3.11) in terms of ℘τ(z). Note that with respect to the weight grading, wt(p∂p) = 1 and
wt(q∂q) = 2. Moreover, for arbitrary j+, j−, the polynomial

Pj+,j−(p∂p, q∂q) =
(q∂q)m−1

(m− 1)!
+ (lower order terms with respect to the weight grading). (3.13)

So, since we are only interested in the pure weight grading 2g− 2 + 2m and it appears to be the top
weight grading in Equation (3.11), we only have to apply limz→0 to

1
(m− 1)!

(
q∂q
)m−1

Å

1
2πi

∂z

ã2g−2

℘τ(z), (3.14)

where the latter expression is regular at z = 0 and the limit gives 2
(m−1)! (q∂q)m−1G2g(q).

Thus, for m ≥ 2, for the pure weight 2g − 2 + 2m, we obtain the sum over all oriented neck-
lace graphs, whose vertices are decorated by DRgi (0, 1,−1), with the coefficient 1

2 · 2
(m−1)! =

1
(m−1)! .

This is exactly the expression that we have on the left-hand side of (3.2). As a final remark, using
the explicit expression in Proposition 3.2, a direct combinatorial check shows that the lower-weight
quasimodular contributions of each necklace cancel out collectively.

An alternative to the computation above is given by the following proposition:

Proposition 3.2. For all integers g, m > 0 such that j+ + j− = m, with the convention j+ ≥ 1, we
have:

∑
a∈Z ̸=0

a2g−2
Å

a
1− qa

ãj+ Å −a
1− q−a

ãj−
= 2

m−1

∑
l=0

cm,l,j−(q∂q)lG2g+m−1−l + δj−,0
B2g+m−1

2g + m− 1

where the sum is over all l such that m− 1− l is even, and the constants cm,l,j− are defined by:

Ç

b− j− + m− 1
m− 1

å

=

m−1

∑
l=0

cm,l,j−bl

for a formal variable b.

Proof. For j− > 0, we compute for positive integers a:

∑
a>0

a2g−2
Å

a
1− qa

ãm

qj−a
= ∑

a>0
a2g−2+m ∑

i≥0

Ç

i + m− 1
m− 1

å

q(i+j−)a

= ∑
n≥1

qn ∑
n=ab

a2g−2+m

Ç

b− j− + m− 1
m− 1

å

=

m−1

∑
l=0

cm,l,j− ∑
n≥1

qn ∑
n=ab

a2g−2+mbl

=

m−1

∑
l=0

cm,l,j− ∑
n≥1

qn ∑
a|n

a2g−2+m−lnl

=

m−1

∑
l=0

cm,l,j−(q∂q)lG2g+m−1−l .

Combining with the contributions from negative integers a, the terms with m − 1 − l odd cancel,
yielding:

2
m−1

∑
l=0

cm,l,j−(q∂q)lG2g+m−1−l
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with the sum over l such that m− 1− l is even.
In the case j− = 0, the constant term of the Eisenstein series G2g+m−1 acts as the regularization

parameter to ensure convergence:

− B2g+m−1

2g + m− 1
= ζ(−2g + 2−m) = ∑

a>0
a2g−2+m.

3.3 Intersection numbers with the double ramification cycles

In order to intersect Equation (3.2) with ψ-classes, we need certain specializations of the following
general formula:

Proposition 3.3. For any a1, a2 ∈ Z and for any g ≥ 0 we have:

∫

Mg,3

DRg(−a1 − a2, a1, a2)λgψ
g
1 =

g

∑
j=0

(2j− 1)!!
(2g + 1)!!(2j)!!

(a1 + a2)2j(a2
1 − a1a2 + a2

2)g−j

12g . (3.15)

Proof. Noting that this integral is a (homogenenous) polynomial in a1, a2 [Bur15, Lemma 3.2], it is
sufficient to compute it for a1, a2 > 0. To this end, we use the recursion relation for the ψ-class on a
double ramification cycle in [Bur+15, Theorem 4], which implies (after we multiply the correspond-
ing expression by λg and cancel the terms vanishing for the dimensional reasons) that

(a1 + a2)(2g + 1)
∫

Mg,3

DRg(−a1 − a2, a1, a2)λgψ
g
1 = (a1 + a2)

∫

Mg,2

DRg(−a1 − a2, a1 + a2)λgψ
g−1
1 +

(3.16)

2
∫

Mg−1,3

DRg−1(−a1 − a2, a1, a2)λg−1ψ
g−1
1

Å

a1

∫

M1,2

DR1(−a1, a1)λ1 + a2

∫

M1,2

DR1(−a2, a2)λ1

ã

.

This recursion relation is exactly the same as the one used in [Sha06] for the intersection numbers
with the cycles of admissible covers. Another reincarnation of this relation is the recursion of Buryak–
Rossi for the Hamiltonian densities of the KdV hierarchy in [BR16b].

The integrals
∫

Mg,2
DRg(−b, b)λgψ

g−1
1 can either be computed by the same type of recursion, or,

otherwise, using the bamboo formula for DRg(−b, b)λg conjectured in [BHS22, Conjecture 2.1] and
proved in [BS24, Theorem 2.2] it is straightforward to see that

∫

Mg,2

DRg(−b, b)λgψ
g−1
1 = b2g

∫

Mg,2

ψ
3g−1
1 =

b2g

24gg!
. (3.17)

Thus Equation (3.16) is equivalent to the following recursion relation:

(2g + 1)
∫

Mg,3

DRg(−a1 − a2, a1, a2)λgψ
g
1 =

(a1 + a2)2g

24gg!
+ (3.18)

a2
1 − a1a2 + a2

2

12

∫

Mg−1,3

DRg−1(−a1 − a2, a1, a2)λg−1ψ
g−1
1 .

It then follows directly that Equation (3.15) satisfies this recursion.

3.4 A new proof of the socle intersection numbers

A direct corollary of Propositions 3.1 and 3.3 is the following:
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Corollary 3.4. Equation (5.32) holds for all g ≥ 1, n ≥ 1, d1, . . . , dn ≥ 0 such that d1 + · · · + dn =

g− 2 + n.

Proof. Using the string equation [Wit91], we see that it is sufficient to prove (5.32) for n = m + 1,
m ≥ 1, with dm+1 = 0 and d1, . . . , dm ≥ 1. Then, using the string equation again, we see that under
these assumptions

2 · (2g)!
(−1)g−1B2g(2g− 3 + n)!

∫

Mg,n

λgλg−1

n

∏
i=1

ψdi
i = (3.19)

∫

Mg,m

Å

2 · (2g)!
(−1)g−1B2g(2g− 2 + m)!

λgλg−1

m

∏
i=1

ψi

m

∑
i=1

1
ψi

ã m

∏
i=1

ψdi−1
i .

By Proposition 3.1 the latter expression is equal to

1
(m− 1)! ∑

Γ∈N⃗
g:V(Γ)→Z≥0

m

∏
i=1

∫

Mg(vi ),3

DRg(vi)(0, 1,−1) λg(vi) ψdi−1
1 . (3.20)

For the dimensional reason, the integrals in this expression are non-trivial if and only if g(vi) = di− 1.
Thus the genus function g on the vertices is uniquely determined for every graph Γ, and there are
exactly (m− 1)! identical summands in the sum. Thus, the expression is equal to

m

∏
i=1

∫

Mdi−1,3

DRdi−1(0, 1,−1)λdi−1ψdi−1
1 , (3.21)

which is equal to

m

∏
i=1

1
(2di − 1)!!22di−2 =

1
22g−2

m

∏
i=1

1
(2di − 1)!!

, (3.22)

by Proposition 3.3.
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Chapter 4

Quantum hierarchy for the
Gromov–Witten theory of elliptic curves

4.1 Overview

In this chapter, we construct the quantum double ramification (DR) hierarchy associated with the
Gromov-Witten theory of elliptic curves. We use results of Oberdieck and Pixton [OP18; OP23] on
the intersection numbers of the double ramification cycle, the Gromow-Witten classes of the ellip-
tic curve and the Hodge class λg−1, together with vanishing results for λg−2 to produce a closed,
modular expression for the resulting integrable hierarchy. It is the first explicit nontrivial example
of a quantum integrable hierarchy from a (non-semisimple) cohomological field theory containing
fermionic fields, which correspond to the odd classes in the cohomology of the elliptic curve.

4.2 (Super) quantum double ramification hierarchy

The purpose of this section is to remind a definition of the quantum double ramification hierar-
chy [BR16a] indicating the needed adjustments in the case of an additional Z2-grading on the target
space.

4.2.1 (Super) cohomological field theories

Let V be a finite-dimensional C-vector space with basis {e1, . . . , eN}, where e1 denotes the distin-
guished unit. Assume that V is Z2–graded, i.e. V = V0 ⊕V1, where vectors in V0 are called even and
those in V1 are called odd, with e1 ∈ V0. We use the degree map degZ2

: V → Z2 sending even vectors
to 0 and odd vectors to 1. Equip V with a non-degenerate bilinear form η : V × V → C that is even
and graded-symmetric, meaning:

• η is symmetric on V0 ⊗V0,

• η is skew-symmetric on V1 ⊗V1,

• η vanishes on V0 ⊗V1 and V1 ⊗V0.

A (super) cohomological field theory (CohFT) is a family of maps {cg,n}2g−2+n>0, where

cg,n : V⊗n → H∗(Mg,n, C), v1 ⊗ · · · ⊗ vn 7→ cg,n(v1 ⊗ · · · ⊗ vn). (4.1)

We can also identify cg,n as elements of H∗(Mg,n, C)⊗ (V∗)⊗n, and we refer to them as ‘classes’. The
classes cg,n are required to satisfy the following properties:

i. The classes cg,n are even, i.e., the maps (4.1) preserve the Z2-grading.

ii. The classes cg,n are graded equivariant under the action of the symmetry group Sn by permu-
tations on the factors of V⊗n and by relabeling of the marked points on Mg,n. This means that
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for a given permutation s ∈ Sn we denote σs : Mg,n → Mg,n to be the isomorphism induced by
the relabeling of the marked points according to s, and then

±cg,n(vs(1) ⊗ . . .⊗ vs(n))) = (σ−1
s )∗cg,n(v1 ⊗ . . .⊗ vn),

where the sign ± is the Koszul sign corresponding to the reordering of the homogeneous vec-
tors vi by the permutation s.

iii. Consider the gluing map of the first type,

gl1 : Mg1,n1+1 ×Mg2,n2+1 → Mg,n,

where g = g1 + g2 and n = n1 + n2, and we assume that the points with the labels i ∈ S1
(resp., i ∈ S2) lie on the first (resp., second) component of the degenerated curve, so S1 ⊔ S2 =

{1, . . . , n} and |S1| = n1 and |S2| = n2. Then its pullback on cg,n is given by

gl1
∗(cg,n(v1, . . . , vn)) = ±cg1,n1+1

(
eα ⊗

⊗

i∈S1

vi
)
ηαβcg2,n2+1

(
eβ ⊗

⊗

i∈S2

vi
)
,

where the sign ± is the Koszul sign.

iv. For the gluing map of the second type,

gl2 : Mg−1,n+2 → Mg,n,

its corresponding pullback on cg,n is expressed as

gl2
∗cg,n(v1 ⊗ · · · ⊗ vn)) = cg−1,n+2(v1 ⊗ · · · ⊗ vn ⊗ eα ⊗ eβ)ηαβ.

Note that there is no Koszul sign in this case since η is even.

v. For the forgetful map that forgets the last marked point,

fg : Mg,n+1 → Mg,n,

its corresponding pullback on cg,n is expressed as

fg∗(cg,n(v1 ⊗ · · · ⊗ vn)) = cg,n+1(v1 ⊗ · · · ⊗ vn ⊗ e1)

Note that there is no Koszul sign in this case since e1 is even. We also demand that

η(v1, v2) = c0,3(v1 ⊗ v2 ⊗ e1).

4.2.2 Double ramification cycle

Let A = (a1, . . . , an) ∈ Zn with ∑i ai = 0, and let A+ and A− denote the positive and negative parts
of A, with n0 the number of zero entries. The double ramification cycle is defined as

DRg(A) := src∗
[
M
∼
g,n0

(P1, A−, A+)
]vir∈H2g(Mg,n),

where M
∼
g,n0

(P1, A−, A+) is the moduli space of relative stable maps to the rubber, and

src : M
∼
g,n0

(P1, A−, A+) −→ Mg,n

is the source map forgetting the relative map and stabilizing the domain curve.
The double ramification cycle DRg(A) can be described as a restriction to the hyperplane ∑i ai = 0

an even polynomial of degree 2g in the parameters ai with the coefficients in the tautological classes
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in H2g(Mg,n). This description is not unique (as we can add an arbitrary polynomial that vanishes
on the hyperplane ∑i ai = 0); so we fix it in the way that doesn’t depend a particular variable aj,
j = 1, . . . , n

DRg(A) = ∑
K=(k1,...,kn)

k j=0
ki∈Z≥0,i ̸=j

k1+···+kn≤2g

D
(j)
g (K)

n

∏
i=1

aki
i .

The average of these expressions over j = 1, . . . , n gives us another expression for the double ramifi-
cation cycle, denoted by

DRg(A) = ∑
K=(k1,...,kn)

ki∈Z≥0
k1+···+kn≤2g

D
sym
g (K)

n

∏
i=1

aki
i , (4.2)

which is a polynomial symmetric all variables a1, . . . , an:

4.2.3 Quantum commutator and local functionals

Let V be the N-dimensional graded C-vector space considered in Section 4.2.1. We associate to it the
ring of quantum differential polynomials defined as the Z2-graded ring

A = CJuαK[uα
j ]Jε, h̄K,

equipped with an additional ∂x-gradation deg∂x
: A → Z, where

• uα
j are formal variables indexed by α = 1, . . . , N and j ∈ Z≥0 with the ∂x-degree deg∂x

uα
j = j;

• ε is the dispersion parameter with ∂x-degree deg∂x
(ε) = −1;

• h̄ is the quantization parameter with ∂x-degree deg∂x
(h̄) = −2.

The Z2-grading A = A0 ⊕A1 descents from the Z2-grading on V. That is, we assume that the basis
{eα} of V is homogeneous with respect to the Z2-grading, and then defined degZ2

: A → Z2 as a ring
morphism with the following initial values of degZ2

on the generators:

• degZ2
(uα

j ) := degZ2
(eα);

• degZ2
(ϵ) := 0;

• degZ2
(h̄) := 0.

We have the following even differential operator on A of deg∂x
-degree +1:

∂x = ∑
i≥0

uα
i+1

∂

∂uα
i

.

Note that in particular uα
j = ∂

j
xuα. We define the space of quantum local functionals as the quotient

space
A/(Im(∂x)⊕CJε, h̄K),

where C is the subspace of constants in uα
j in A. The projection operator from the ring of differential

polynomials modulo the constants to the space of local functionals is given by:

A/CJε, h̄K→ A/ (Im(∂x)⊕CJε, h̄K) ;

f 7→ f :=
∫

f dx.
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We often use another set of formal variables pα
k that are related to the u-variables via a Fourier series

expansion,
uα

= ∑
k∈Z

pα
k eikx. (4.3)

This allows us to consider elements of the ring A inside the auxiliary ring

CJpα
k>0K[pα

k≤0]Jε, h̄K[eix, e−ix].

Here pα
k are formal variables indexed by α = 1, . . . , N and k ∈ Z, and degZ2

pα
k := degZ2

uα. This
auxiliary ring is used for construction of the ⋆ product and the quantum commutator as follows. For
any f , g ∈ A homogeneous with respect to the Z2-grading, the quantum commutator is given in terms
of the star product defined on A:

[ f , g] := f ⋆ g−±g ⋆ f (4.4)

where the sign ± is the Koszul sign (which is equal in this case to (−1)degZ2
( f )·degZ2

(g)) and the ⋆
product is defined as

f ⋆ g = f exp

(

∑
k≥0

ih̄kηαβ
←−
∂

∂pα
k

−→
∂

∂pβ
−k

)
g

= ∑
n≥0

k1,k2,...,kn≥0

± h̄n

n!
k1ηα1β1 . . . knηαn βn

∂n f
∂pα1

k1
. . . ∂pαn

kn

∂ng

∂pβ1
−k1

. . . ∂pβn
−kn

,

where ± is the Koszul sign. As a consequence, in the auxiliary ring we obtain the standard commu-
tation rules for creation and annihilation operators,

1
ih̄

[pα
k , pβ

j ] = kηαβδk+j,0.

The quantum commutator can be explicitly expressed in the u-variables, as shown in [BR16a]. It
defines a structure of the Z2-graded Lie algebra, that is, it is Z2-graded skew-symmetric and satisfies
the Z2-graded Jacobi identity.

4.2.4 Hamiltonian densities

The Hamiltonians Gα,d of the quantum double ramification hierarchy are defined in terms of their
densities,

Gα,d =

∫
Gα,d(x) dx,

and the latter ones can be expressed in terms of the p- and u-variables, respectively, as

Gα,d = ∑
g,n∈Z≥0

2g−1+n>0

h̄g

n! ∑
A=(a1,...,an)

ai∈Z

∫

Mg,n+1

DRg
(
−∑

n
i=1 ai, A

)
Λ(−ε2

ih̄ ) ψd
1 cg,n+1

(
eα ⊗

n⊗

i=1

eαi p
αi
ai

eiaix
)

= ∑
g,n∈Z≥0

2g−1+n>0

h̄g

n! ∑
K=(0,k1,...,kn)

ki∈Z≥0
k1+···+kn≤2g

∫

Mg,n+1

D
(1)
g (K) Λ(−ε2

ih̄ ) ψd
1 cg,n+1

(
eα ⊗

n⊗

i=1

eαi u
αi
ki

)

Here Λ(−ε2

ih̄ ) = ∑
g
j=0(−ε2

ih̄ )jλj, where λj = cj(E) ∈ H2j(Mg,n+1) denote the j-th Chern class of the Hodge

bundle E over Mg,n+1, j = 1, . . . , g. Also, in both cases we extend the linearity of cg,n+1 with respect
to coefficients in the auxiliary ring and the ring A, respectively. In it not necessary as one can collect
all variables in an extra factor, but it is convenient to do so since the products eα pα

a and eαuα
k are even

and this way the Koszul sign doesn’t enter the formula.
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It is useful to separately define Gα,−1 := ηαµuµ, which gives the Casimir elements of the quantum
commutator, and the local functional

G =

∫


 ∑

g,n∈Z≥0
2g−2+n>0

(ih̄)g

n! ∑
K=(k1,...,kn)

ki∈Z≥0
k1+···+kn≤2g

∫

Mg,n

D
sym
g (K) Λ(−ε2

ih̄ ) cg,n
( n⊗

i=1

eαi u
αi
ki

)




dx (4.5)

which we refer to as the DR hierarchy potential. This last local functional plays a role towards the DR
hierarchy analogous to the role of the Dubrovin-Frobenius potential towards the principal hierarchy
of the corresponding Frobenius manifold. In particular, pushing fowards with respect to the first
marked point and using the dilaton equation, we obtain immediately

G1,1 =

Ä

ε
∂

∂ε
+ 2h̄

∂

∂h̄
+

∞

∑
s=0

uα
s

∂

∂uα
s
− 2
ä

G. (4.6)

All together, the quantum Hamiltonians form a quantum integrable system:

Proposition 4.1 ([BR16a]). For all α, β = 1, . . . , N and p, q ∈ Z≥−1 we have:

[Gα,q, Gβ,q] = 0.

4.2.5 Recursion relation

We can reconstruct the entire quantum double ramification hierarchy from the knowledge of G1,1
(and hence from G) alone:

Proposition 4.2 ([BR16a]). For all α = 1, . . . , N and p ∈ Z≥−1 we have:

∂x

Ä

ε
∂

∂ε
+ 2h̄

∂

∂h̄
+

∞

∑
s=0

uα
s

∂

∂uα
s
− 1
ä

Gα,p+1 =
1
h̄

[Gα,p, G1,1].

Notice how, in light of Proposition 4.1, the right-hand side of the equation in Proposition 4.2 lies
in the image of the operator ∂x, and how the operator in parenthesis in the left-hand side of the above
equation has densities of Casimirs as kernel. This is why Proposition 4.2 allows to renconstruct the
entire integrable hierarchy.

4.3 Quantum hierarchy for elliptic curves

4.3.1 Gromov–Witten classes

Let E be a non-singular complex elliptic curve. Its cohomology H∗(E) is a Z2-graded vector space
spanned by {e1, e2, e3, e4}, where

• e1 ∈ H0(E) is the unit.

• e2, e3 ∈ H1(E) are odd classes such that
∫

E e2 ∪ e3 = 1.

• e4 ∈ H2(E) is the Poincaré dual of a point,
∫

E e4 = 1.

The moduli space of stable maps to E of degree d from the genus g curves with n marked points is
denoted by Mg,n(E, d) and we assume that 2g− 2 + n > 0. There are natural maps

• srcd : Mg,n(E, d)→ Mg,n forgets the stable map and retains the stabilization of the source curve;

• evi : Mg,n(E, d)→ E is the evaluation map at the i-th marked point, i = 1, . . . , n.
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The cohomological field theory {cg,n} associated with the Gromov–Witten theory of E is defined over
the ring of formal power series CJqK by

cg,n(eα1 ⊗ . . .⊗ eαn ) := ∑
d≥0

(srcd)∗
Ä

[Mg,n(E, d)]vir
∏

n
i=1 ev

∗
i (eαi )

ä

qd ∈ H∗(Mg,n)⊗CJqK.

4.3.2 Quasimodular forms

For even k ≥ 2, the k-weighted Eisenstein series is given by

Gk(q) = −Bk

2k
+ ∑

n≥1
σk−1(n)qn

= −Bk

2k
+ ∑

d≥1
dk−1 qd

1− qd ,

where Bk are the Bernoulli numbers and σk(n) = ∑d|n dk is the divisor function. The algebra of
quasimodular forms if defined as

QMod = C[G2,G4,G6].

It is graded by non-negative even integers, QMod =
⊕∞

ℓ=1 QMod2ℓ, where the grading (also called
weight) is defined on the generators as degQMod(Gk) := k, k = 2, 4, 6. Note that for all even k ≥
2, QModk ∋ Gk. There are two differential operators that are often used in computations with
quasimodular forms:

d
dG2

: QModk → QModk−2;

Dq := q
d
dq

: QModk → QModk+2.

Their commutator
î

d
dG2

, Dq

ó

acts on QModk as the operator of multiplication by −2k.

4.3.3 Closed formula for the quantum DR potential

Proposition 4.2 and Equation (4.6) imply that it is enough to know the DR hierarchy potential G to
reconstruct the full system of quantum Hamiltonians from the recursion relations.
From Equation (4.5), to write down G we need to compute the following integrals:

∫

Mg,n

DRg(A) Λ(−ε2

ih̄ ) cg,n(eα1 ⊗ · · · ⊗ eαn ) (4.7)

Let us collect some remarks that will restrict the number of non-trivial integrals we have to handle:

• First of all, since the double ramification cycle DRg
(
− ∑

n
i=1 ai, A

)
is symmetric in a1, . . . , an,

while cg,n is graded-Sn-equivariant we have non-trivial contributions to (4.7) only when cg,n
(⊗n

i=1 eαi

)

contains at most one αi = 2 and at most one αi = 3.

• Second, by [Jan17], the number of αi’s equal to 2 should be the same as the number of αi’s equal
to 3, otherwise cg,n

(⊗n
i=1 eαi

)
vanishes.

• Third, by [OP23], the class λg cg,n
(⊗n

i=1 eαi

)
vanishes for g ≥ 1.

• Finally, the total cohomological degree of the class in (4.7) must be equal to 2(3g− 3 + n), and
the cohomological degrees of the involved classes are given by

dim DRg(A) = 2g, dim λj = 2j, and dim cg,n(eα1 ⊗ · · · ⊗ eαn ) = 2g− 2 + ∑
n
i=1 dim eαi .
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Thus the potentially nontrivial integrals (4.7) are reduced to:
∫

M0,n

c0,n(e4 ⊗ e⊗(n−1)
1 ),

∫

M0,n

c0,n(e2 ⊗ e3 ⊗ e⊗(n−2)
1 ), (4.8)

∫

Mg,n

DRg(A) λg−1 cg,n(e1 ⊗ e⊗(n−1)
4 ),

∫

Mg,n

DRg(A) λg−1 cg,n(e2 ⊗ e3 ⊗ e⊗(n−2)
4 ), (4.9)

∫

Mg,n

DRg(A) λg−2 cg,n(e⊗n
4 ). (4.10)

By axiom (v) of cohomological field theories, the genus 0 integrals (4.8) vanish unless n = 3, and for
n = 3 both integrals are equal to 1, see e.g. [Bur23]. The higher genera integrals with λg−1 (4.9) are
computed in [OP23]:

Proposition 4.3 ([OP23, Theorem 6.10]). For g ≥ 1, n ≥ 1 and A = (a1, . . . , an) ∈ Zn, we have

∫

Mg,n

DRg(A) λg−1 cg,n

Ä

e1 ⊗ en−1
4

ä

=
a2

1

22g−2 ∑
∑ bi=g−1

n

∏
i=1

a2bi
i

(2bi + 1)!
Dn−2

q G2g

∫

Mg,n

DRg(A) λg−1 cg,n

Ä

e2 ⊗ e3 ⊗ en−2
4

ä

=
−a1a2

22g−2 ∑
∑ bi=g−1

n

∏
i=1

a2bi
i

(2bi + 1)!
Dn−2

q G2g

Finally, the integral (4.10) vanishes by the following Proposition.

Proposition 4.4. Let (a1, . . . , an) ∈ Zn with ∑i ai = 0 and g ≥ 2. Then
∫

Mg,n

DRg(a1, . . . , an) λg−2 cg,n
(
e⊗n

4

)
= 0.

Proof. If a1 = · · · = an = 0, then DRg(a1, . . . , an) = (−1)gλg and the desired vanishing follows from
the vanishing of λg cg,n

(⊗n
i=1 eαi

)
for g ≥ 1 that we recall above.

Assume that not all ai vanish. Then we prove a more refined statement, using the following
interpretation of the product DRg(a1, . . . , an) cg,n

(
e⊗n

4

)
. As before, let A+ denote the subtuple of A

consisting of all the positive integers in A, and let A− denote the subtuple of A consisting of all the
negative integers in A, and let n0 be the number of ai’s that are equal to 0. Namely, let M

∼
g,n0

(E ×
P1, d, A−, A+) be the moduli space of stable relative maps of connected genus g curves to the rubber
trivial bundle over E, whose projection to E has degree d. By relative we mean relative to the zero
and infinity sections, with ramification profiles given by A− and A+, respectively. Let

src : M
∼
g,n0

(E×P1, d, A−, A+)→ Mg,n

be the source map that forgets the stable relative map and retains the stabilization of the source curve.
Then we have

∫

Mg,n

DRg(a1, . . . , an)λg−2cg,n
(
e⊗n

4

)

=

∞

∑
d=0

qd
∫

Mg,n

src∗

Ç

î

M
∼
g,n0

(E×P1, d, A−, A+)
óvir n

∏
i=1

ev∗i (e4)

å

λg−2,

where evi : M
∼
g,n0

(E × P1, d, A−, A+) → E is the evaluation map at the i-th marked point for the
relative stable map combined with the projection to E.

Now the statement of the proposition follows from the following lemma:
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Lemma 4.5. Assume that not all ai vanish. Then for any g, d ≥ 0 we have

î

M
∼
g,n0

(E×P1, d, A−, A+)
óvir n

∏
i=1

ev∗i (e4) = 0.

The proof of the lemma is based on the following general observation. Let F : C1 → C2 be a
holomorphic map of smooth compact curves and ∑

n
i=1 bi pi be a principal divisor on C1. Let us prove

that then ∑
n
i=1 biF(pi) is a principal divisor on C2. If F is constant map, then the statment is obvious.

Assume F is non-constant and let ∑
k
i=1 bi pi = ( f ), where f : C1 → P1 is a meromorphic function.

Then ∑
k
i=1 biF(pi) = (g), with g : C2 → P1 defined as g(q) := ∏p∈F−1(q) f (p)ordpF, where ordpF denotes

the local ramification degree of F at p ∈ C1.
This observation implies that for a choice of points p1, . . . , pn ∈ E such that ∑

n
i=1 ai pi is not a

principal divisor on E, the geometric intersection ∩n
i=1ev

−1
i (pi) on M

∼
g,n0

(E× P1, d, A−, A+) is empty.
Indeed, let (C, x, . . . , xn, F, f ) ∈ M

∼
g,n0

(E × P1, d, A−, A+) be a possibly nodal curve C with marked
points x1, . . . , xn whose normalization has l components C1, . . . , Cl , equipped with a map F to E
whose restriction to Cj is denoted by Fj, j = 1, . . . , l, and a relative stable map f to the rubber P1,
whose restriction to Cj is denoted by f j, j = 1, . . . , l. Note that

• The divisor of f j on Cj is principal and supported on nodes and marked points. Applying the
observation above to the map Fj : Cj → E, we conclude that the image of the divisor of f j under
the map Fj is a principal divisor on E, j = 1, . . . , l.

• Each marked point xi enters the divisor of exactly one f j with coefficient ai. Each node enters
the divisors of exactly two f j’s, with the opposite coefficients. Hence, the sum of these principal
divisors is equal to ∑

n
i=1 aiF(xi) = ∑

n
i=1 aievi(C, x, . . . , xn, F, f ).

Thus, ∩n
i=1ev

−1
i (pi) is empty if ∑

n
i=1 ai pi is not a principal divisor on E, which implies the statement

of the lemma and, as a corollary, the statement of the proposition.

Given two power series f (ε) = ∑i≥0 aiε
i ∈ RJεK and g(ε) = ∑i≥0 biε

i ∈ MJεK with R a ring and M
a left module over R, consider their Hadamard product ( f ⊙ g)(ε) := ∑i≥0 aibiε

i ∈ MJεK. Moreover,

for any power series h(ε1, ε2) = ∑i,j≥0 ci,jε
i
1ε

j
2 ∈ MJε1, ε2K, we define its diagonal as the power series

diagε1,ε2
{h(ε1, ε2)} := ∑i≥0 ci,iε

i
1 ∈ MJε1K.

Corollary 4.6. The quantum double ramification hierarchy for the Gromov–Witten theory of the el-
liptic curve is uniquely determined by the DR potential

G =

∫
î (u1)2u4

2
+ u1u2u3

+
ih̄
ε2

Ä

∑
g≥1
n≥2

ϵ2g

22g−2(n− 2)! ∑
∑

n
i=1 bi=g−1

Ä u1
2b1+1

(2b1 + 1)!

u4
2b2+1

(2b2 + 1)!

+
u2

2b1+1

(2b1 + 1)!

u3
2b2+1

(2b2 + 1)!

ä
n

∏
i=3

u4
2bi

(2bi + 1)!
Dn−2

q G2g(q)
äó

dx.

or, equivalently,

G =

∫ ñ (u1)2u4

2
+ u1u2u3

+ ih̄
ÄÄ

Sε(u1
x)Sε(u4

x) + Sε(u2
x)Sε(u3

x)
ä

exp
Ä

Sε(u4)Dq

ää

⊙ G(ε, q)

ô

dx

=

∫ ñ (u1)2u4

2
+ u1u2u3

+ ih̄ diagε,ε′
¶Ä

Sε(u1
x)Sε(u4

x) + Sε(u2
x)Sε(u3

x)
ä

G
Ä

ε′, q exp
Ä

Sε(u4)
ää©

ô

dx,



4.3. Quantum hierarchy for elliptic curves 71

where

S↑ :=
sinh( 1

2 ε∂x)
1
2 ε∂x

, G(ε, q) := ∑
g≥0

ε2gG2g+2(q).

Proof. The genus 0 integrals (4.8) vanish unless n = 3, and for n = 3 both integrals are equal to
1 and by Proposition 4.3 (exploiting a1 = −∑

n
i=2 ai in the first type of intersection numbers) and

Proposition 4.4, we compute formula (4.5) as

G =

∫
î (u1)2u4

2
+ u1u2u3

+
ih̄
ε2

Ä

∑
g≥1
n≥2

ϵ2g

22g−2(n− 2)! ∑
∑

n
i=1 bi=g−1

Ä u1
2b1+1

(2b1 + 1)!

u4
2b2+1

(2b2 + 1)!

+
u2

2b1+1

(2b1 + 1)!

u3
2b2+1

(2b2 + 1)!

ä

n

∏
i=3

u4
2bi

(2bi + 1)!
Dn−2

q G2g(q)
äó

dx.

Next we remark that, for a formal variable δ and for 1 ≤ α ≤ 4,

∑
b≥0

δ2buα
2b

22b(2b + 1)!
= Sδ(uα),

so that

∑
g≥1
n≥2

ϵ2g−2

22g−2(n− 2)! ∑
∑

n
i=1 bi=g−1

Ä u1
2b1+1

(2b1 + 1)!

u4
2b2+1

(2b2 + 1)!
+

u2
2b1+1

(2b1 + 1)!

u3
2b2+1

(2b2 + 1)!

ä
n

∏
i=3

u4
2bi

(2bi + 1)!
Dn−2

q G2g(q)

= ∑
g≥1
n≥2

ε2g−2

(n− 2)!
Coeffδ2g−2

[
Ä

Sδ(u1
x)Sδ(u4

x) + Sδ(u2
x)Sδ(u3

x)
ä Ä

Sδ(u4) Dq

än−2]
G2g(q)

= ∑
g≥1

ε2g−2 Coeffδ2g−2

îÄ

Sδ(u1
x)Sδ(u4

x) + Sδ(u2
x)Sδ(u3

x)
ä

exp
Ä

Sδ(u4)Dq

äó

G2g(q).

The above power series is the Hadamard product
îÄ

Sε(u1
x)Sε(u4

x) + Sε(u2
x)Sε(u3

x)
ä

exp
Ä

Sε

Ä

u4
ä

Dq

äó

⊙ G(ε, q).

In the second line of the statement, we have made use of the following identity, valid for any differ-
ential polynomial f :

e f DqG(ε, q) = G(ε, e f q).

Remark 4. Notice that, since the power series whose coefficients are the Bernoulli numbers is diver-
gent, so is the series G(ε, q) as a power series in ε. This means that, in the above formulae, G(ε, q) must
be treated as a formal power series only. With the idea of finding an expression for G which avoids
the use of divergent power series, let us recall some facts about the Weierstraß elliptic function and
its relation with the Eisenstein series Gk, see for instance [OP18]. In the ring 0 < |q| < |p| < 1, define
the shifted Weierstraß elliptic function as

℘τ(z) := ∑
a∈Z ̸=0

a
1− qa pa, where q = exp(2πiτ), p = exp(2πiz).
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The shifted Weierstraß function ℘τ(z) expands at z = 0 as

1
(2πiz)2 + 2

∞

∑
ℓ=0

G2ℓ+2(q)
(2πiz)2ℓ

(2ℓ)!
.

The Weierstraß elliptic function ℘τ(z) is then defefined by removing the constant term from ℘τ(z), i.e.
℘τ(z) := ℘τ(z) + 2G2(q).

Next, consider the following elementary fact about residues and the Laplace transform:

1
2πi

∮

|ζ|=1

∫

δ∈R≥0

δkζℓe−δζdδ dζ := δkℓℓ! , k ∈ Z≥0, ℓ ∈ Z.

We combine these two observations to rewrite the formula for G in the following equivalent way:

G =

∫ ñ (u1)2u4

2
+ u1u2u3

+
h̄

4π

∮ ∫
Ä

Sδ(u1
x)Sδ(u4

x) + Sδ(u2
x)Sδ(u3

x)
ä

℘
τ+
Sδ(u4)

2πi

Ä ζ

2πi

ä e−δζ/ε

ε
dδdζ

ô

dx,

where in the choice of the contour one has to assume that either |ζ/ε| = 1 and δ ∈ R≥0, or, alterna-
tively, |ζ| = 1 and δ/ε ∈ R≥0.

It is also interesting to compute the primary Hamiltonians of the DR hierarchy, Gα,0 =
∂G
∂uα , 1 ≤

α ≤ 4, as

G1,0 =

∫
Ä

u1u4
+ u2u3

ä

dx,

G2,0 =

∫
Ä

u1u3
ä

dx,

G3,0 =

∫
Ä

−u1u2
ä

dx,

G4,0 =

∫ ñ (u1)2

2
− ih̄

8π2

∮ ∫
Ä

Sδ(u1
x)Sδ(u4

x) + Sδ(u2
x)Sδ(u3

x)
ä

∂τ℘
τ+
Sδ(u4)

2πi

Ä ζ

2πi

ä e−δζ/ε

ε
dδ dζ

ô

dx.

The last Hamiltonian can be written as well as

G4,0 =

∫ ñ (u1)2

2
− ih̄

8π2

∮ ∫
Ä

∆δ(u1) ∆δ(u4) + ∆δ(u2) ∆δ(u3)
ä

∂τ℘
τ+

∆δ(∂−1
x u4)

2πi

Ä ζ

2πi

ä e−δζ/ε

ε
dδ dζ

ô

dx,

where ∆y(uα)(x) = 2
y

(
uα(x + y/2)− uα(x− y/2)

)
, τ =

1
2πi log q.

Remark 5. There are several interesting limits for the potential computed in Corollary 4.6. First, the
dispersionless limit ε→ 0,

G
∣∣∣
ε=0

=

∫ ñ (u1)2u4

2
+ u1u2u3

+ ih̄ (u1
xu4

x + u2
xu3

x)G2
(
qeu4

)
ô

dx.

Second, the trigonometric q→ 0 limit, or τ → +i∞. Since G2g(q)→ − B2g

4g as q→ 0 we have

lim
τ→+i∞

℘τ

Å

εζ

2πi

ã

= − 1

4 sin2
Ä

εζ
2i

ä
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and we obtain

G
∣∣∣
q=0

=

∫

 (u1)2u4

2
+ u1u2u3

+
h̄

4π

∮ ∫ Sδ(u1
x)Sδ(u4

x) + Sδ(u2
x)Sδ(u3

x)

4 sin2
Ä

εζ
2i

ä e−δζdδdζ


 dx.

Third, the double scaling classical limit obtained by replacing

u1
k 7→ a−1u1

k , u2
k 7→ a−1u2

k , k ≥ 0,
u3

k 7→ au3
k , u4

k 7→ au4
k , k ≥ 0,

τ 7→ aτ, ε 7→ aε, h̄ 7→ aµ2
(4.11)

in the rescaled potential aG, with µ a new formal variable, and then taking the a → 0+ limit, along
the real axis, with τ fixed in the upper half plane. Because G2g(e2πiaτ) ∼ − B2g

4g (aτ)−2g as a → 0+, we
have

lim
a→0+

a2℘aτ

Å

aεζ

2πi

ã

= − 1

4τ2 sin2
Ä

εζ
2iτ

ä

and we obtain a new classical DR potential

h =

∫




(u1)2u4

2
+ u1u2u3

+
µ2

4π

∮ ∫ Sδ(u1
x)Sδ(u4

x) + Sδ(u2
x)Sδ(u3

x)

4
Ä

τ +
Sδ(u4)

2πi

ä2
sin2

Ñ

εζ

2i

Å

τ+
Sδ(u4)

2πi

ã

é e−δζdδdζ




dx.

In particular, the Hamiltonian densities hα,d, 1 ≤ α ≤ 4, d ≥ −1, obtained, in the a → 0 limit, by
the replacements (4.11) in the rescaled DR Hamiltonian densities adG1,d, adG2,d, ad+2G3,d, ad+2G4,d,
respectively, satisfy the DR recursion

∂x(D− 1)hα,d+1 = {hα,d, h1,1}, 1 ≤ α ≤ 4, d ≥ −1,

where D = µ ∂
∂µ + ε ∂

∂ε + ∑
∞
s=0 uα

s
∂

∂uα
s
, h1,−1 = u4, h2,−1 = u3, h3,−1 = −u2, h4,−1 = u1, {·, ·} =

Ä

1
h̄ [·, ·]

ä

∣∣∣
h̄=0

and h1,1 = (D− 2)h.
Further sending ε→ 0 (i.e. taking the double scaling limit of the quantum dispersionless limit above)
we obtain

h
∣∣∣
ε=0

=

∫ [ (u1)2u4

2
+ u1u2u3

+
iπ2µ2

6
(u1

xu4
x + u2

xu3
x)

(
2πiτ + u4

)2

]
dx.

which produces, in particular, the Hamiltonians h4,0 =
∫ ï (u1)2

2 −
iπ2µ2

3
(u1

xu4
x+u2

xu3
x)

(2πiτ+u4)3

ò

dx and h1,1 =

∫ ï (u1)2u4

2 + u1u2u3 − 2π3µ2τ
3

(u1
xu4

x+u2
xu3

x)

(2πiτ+u4)3

ò

dx.
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Chapter 5

Quasimodular structures for the
Gromov–Witten classes of elliptic curves

5.1 Overview

In this chapter, we investigate the quasimodular structure of the Gromov–Witten classes of elliptic
curves paired with the Hodge class λg−2. Our main result is an explicit bi-cyclic expression for the
pairing

cg,n(e⊗n
4 ) λg−2,

where cg,n(e⊗n
4 ) denotes the Gromov–Witten class of the elliptic curve with stationary insertions only.

Together with the splitting formula of Buryak–Shadrin–Spitz–Zvonkine [Bur+15], this yields a recur-
sive technique for computing descendant integrals of the form

∫

Mg,n

cg,n(e⊗n
4 ) λg−2

n

∏
i=1

ψdi
i . (5.1)

Although the above integrals are of independent interest, they also play a role in the reconstruction of
the Dubrovin–Zhang (DZ) hierarchy. The DZ hierarchy for the Gromov–Witten theory of the elliptic
curve can be completely recovered from the stationary invariants (see [OP06a; Bur23])

∫

Mg,n

cg,n(e⊗n
4 )

n

∏
i=1

ψdi
i .

Specializing (5.1) to the case g = 2 provides a computational framework for these invariants.
Finally, we present an alternative approach to evaluating (5.1), by expressing the pairing with

λg−2 through the Pixton–Zagier formula for the double ramification cycle. This leads to a more ex-
plicit expression for the same intersection numbers and allows for a direct comparison between two
distinct computational frameworks. Such comparisons may shed light on new tautological relations
on Mg,n.

5.2 Holomorphic anomaly equation

We recall some results from Oberdieck and Pixton’s work that we will use in the next sections.

Proposition 5.1 ([OP18, Theorem 2 and Corollary 1]). Consider the cohomological field theory {cg,n}
associated to an elliptic curve E. For any eα1 , . . . , eαn

cg,n(eα1 ⊗ . . .⊗ eαn ) ∈ H∗(Mg,n)⊗QMod,

and more specifically,
cg,n(e⊗n

4 ) ∈ H∗(Mg,n)⊗QMod2g−2+2n (5.2)
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Proposition 5.2 ([OP18, Theorem 3]). In the setup of the previous proposition, the following equa-
tion, called the holomorphic anomaly equation (HAE), holds in H∗(Mg,n)⊗QMod:

d
dG2

cg,n(eα1 ⊗ · · · ⊗ eαn ) = (gl2)∗cg−1,n+2
(
eα1 ⊗ . . .⊗ eαn ⊗ e1 ⊗ e1

)

+ ∑
g1+g2=g

S1⊔S2={1,...,n}

±(gl1)∗
Ä

cg1,|S1|+1
(
e1 ⊗

⊗

i∈S1

eαi

)
⊠ cg2,|S2|+1

(
e1 ⊗

⊗

i∈S2

eαi

)ä

− 2 ∑
1≤i≤n
αi=4

cg,n(eα1 ⊗ · · · ⊗ eαi−1 ⊗ e1 ⊗ eαi+1 ⊗ · · · ⊗ eαn )ψi.

Here ± is the eventual Koszul sign.

In the special case of eα1 ⊗ · · · ⊗ eαn = e⊗n
4 the HAE reads:

d
dG2

cg,n(e⊗n
4 ) = (gl2)∗cg−1,n+2(e⊗n

4 ⊗ e⊗2
1 )

+ ∑
g1+g2=g

S1⊔S2={1,...,n}

(gl1)∗
Ä

cg1,|S1|+1
(
e1 ⊗ e⊗|S1|

4

)
⊠ cg2,|S2|+1

(
e1 ⊗ e⊗|S2|

4

)ä

− 2
n

∑
i=1

cg,n(e⊗(i−1)
4 ⊗ e1 ⊗ e⊗(n−i)

4 )ψi.

5.3 Rankin–Cohen brackets

The algebra of modular forms is defined as

Mod = C[G4,G6],

with grading inherited from the grading on QMod. For even integers k, ℓ > 0 and even n ≥ 0, the
n-th Rankin–Cohen bracket is a bilinear map

[ · , · ]n = [ · , · ](k,ℓ)
n : Modk ⊗Modℓ −→ Modk+ℓ+n,

defined by the formula

[ f , g]n(q) =
n

∑
s=0

(−1)s

Ç

k + n− 1
n− s

åÇ

ℓ+ n− 1
s

å

Ds
q f (q) · Dn−s

q g(q).

For even integers k > 0 and r ∈
¶

0, 1, 2, . . . ,
ö

k
2

ù©

, we denote by QMod≤r
k the algebra of quasi-

modular forms of weight k and depth at most r. The depth parameter governs the maximal power of
the strictly quasimodular part. Concretely, a function f ∈ QMod≤r

k can be written as

f (q) =
r

∑
j=0

f j(q)G2(q)j, with f j ∈ Modk−2j.

Following [MR09], the Rankin–Cohen bracket admits an extension to quasimodular forms. For
even integers k, ℓ > 0, and depths r ∈

¶

0, 1, 2, . . . ,
ö

k
2

ù©

and t ∈
¶

0, 1, 2, . . . ,
ö

ℓ
2

ù©

, the n-th Rankin–Cohen
bracket of type (r, t) is a bilinear map

[ · , · ](r,t)
n = [ · , · ](r,t,k,ℓ)

n : QMod≤r
k ⊗QMod≤t

ℓ −→ QMod≤r+t
k+ℓ+n,
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defined by the formula

[ f , g](r,t)
n (q) =

n

∑
s=0

(−1)s

Ç

k− r + n− 1
n− s

åÇ

ℓ− t + n− 1
s

å

Ds
q f (q) · Dn−s

q g(q).

The use of Rankin–Cohen brackets to construct algebraic relations among modular forms is well
established. Beyond this, the entire family of n-th Rankin–Cohen brackets equips the algebra of mod-
ular forms with a formal deformation structure, originally proposed by Cohen, Manin, and Zagier
[CMZ97] through its connection to the Moyal product. This perspective has since been developed
in various directions; see, for example, [OS00; Yao07; Pev08]. An extension of this framework was
carried out in [DR14], where formal deformations on the algebra of quasimodular forms were con-
structed. In Section 5.6, we heuristically derive a family of bilinear differential operators on the
algebra of quasimodular forms that mimic the structure of Rankin–Cohen brackets, giving rise to a
non-commutative product structure.

5.4 Derivatives of Eisenstein series and weighted Lambert series

Proposition 5.3. For p ≥ 1, we have

∑
d∈Z ̸=0

dk
Å

d
1− qd

ãp

=





(no quasimodular terms), if k is odd;
2

(p−1)! D
p−1
q Gk+2(q) + (terms with lower weight), if k is even and k ≥ 0;

2
(p−1)! D

k+p
q Gk(q) + (terms with lower weight), if k is even and k < 0.

Proof. Let k = 2m for some integer m ≥ 0. We write the Eisenstein series of weight 2m + 2 as

G2m+2(q) = − B2m+2

4m + 4
+ ∑

d>0
d2m
Å

d
1− qd − d

ã

. (5.3)

Note that, with respect to the weight grading degQMod(Dq) = 2, the operator acts as

Dp
q

Å

d
1− qd

ã

= p!
Å

d
1− qd

ãp+1

+ (terms with lower weight).

Applying the operator Dp
q to both sides of (5.3), we obtain

1
p!

Dp
qG2m+2(q) = ∑

d>0
d2m
Å

d
1− qd

ãp+1

+ (terms with lower weight),

combining with negative integers of d, we get a factor of 2, which establishes the second case.
For the third case, let k = −2m for some integer m > 0. Then we have

∑
d>0

d−2m
Å

d
1− qd

ãp+1

=
1
p!

Dp
q

Ç

∑
d>0

d−2m d
1− qd

å

+ (terms with lower weight),

=
1
p!

Dp
q

(

∑
n>0

∑
d|n

d−2m+1qn

)
+ (terms with lower weight).

Using the involution d 7→ d′ = n/d, we arrive at

∑
d>0

d−2m
Å

d
1− qd

ãp+1

=
1
p!

Dp+1−2m
q G2m(q) + (terms with lower weight),
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combining with negative integers of d, we get a factor of 2, which proves the third case. Moreover,
the first case follows from a straightforward observation.

5.5 Quasimodularity of the classes

Denote by QModE,d ⊂ QMod, d ≥ 1, the linear subspace spanned by the polynomials of degree at
most d in the generators of the form {Di

qG2ℓ | i ≥ 0, ℓ ≥ 1}.

Proposition 5.4. We have cg,n(e⊗n
4 )λg−2 ∈ H∗(Mg,n)⊗QModE,2.

Proof. We briefly recall some results from [OP18; OP23]. Degenerate the elliptic curve E into the
necklace of n projective lines P1 glued consecutively at points 0 and ∞. Then apply Li’s degeneration
formula [Li02] to [Mg,n(E, d)]vir, and subsequently to cg,n(e⊗n

4 ). The resulting expression is identified
in [OP18] with the following formula:

cg,n(e⊗n
4 ) = ∑

Γ

1
|Aut(Γ)| (glΓ)∗

(

∑
w

∏
e={h,h′}

w(h)
1− qw(h)

n⊗

i=1

DRgi

(
(w(h))h∈vi

)
)

. (5.4)

Here

• Γ is a stable graph representing a boundary stratum in Mg,n and glΓ is the corresponding bound-
ary map. We think of edges and vertices as subsets of the set H(Γ) of the half-edges of Γ.

• The n legs of Γ labeled by 1, . . . , n are attached to n pairwise different vertices v1, . . . , vn of
genera g1, . . . , gn ≥ 0, and there are no further vertices.

• Each edge of Γ can be included in a cycle in the graph, that is, if we cut any edge, the graph
remains connected. Loops are allowed.

• The sum over w is the sum over all possible systems of “kissing weights” on the set of half-
edges of Γ, which are the functions w : H(Γ)→ Z such that

– w(h) + w(h′) = 0 for every edge e = {h, h′};
– ∑h∈v w(h) = 0 for every vertex v.

– w(h) = 0 whenever h is a leg.

• If e = (h, h′) is a loop, than w(h) is assumed to be negative. Otherwise it is assumed that h is
attached to a vertex with smaller index than h′.

Recall (4.2) for the double ramification cycles. In [OP18] it is used to substitute

DRgi

(
(w(h))h∈vi

)
= ∑

k : {h∈vi}→Z≥0

D
sym
gi

(
(k(h))h∈vi

)
∏
h∈vi

w(h)k(h), i = 1, . . . , n,

in Equation (5.4) and further rewrite it as

cg,n
(
e⊗n

4

)
= ∑

Γ

1
|Aut(Γ)|∑k

(glΓ)∗

(
n⊗

i=1

D
sym
gi

(
(k(h))h∈vi

)
)

(5.5)

× ∏
e={h,h′}
e is a loop

2(−1)k(h)
Ä Bk(h)+k(h′)+2

2(k(h)+k(h′)+2) + Gk(h)+k(h′)+2

ä

×∑
w

∏
e={h,h′}

e is not a loop

(−1)k(h′)w(h)k(h)+k(h′)+1

1− qw(h) .

Here
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1 3

g1 g3

g2 g5 g4

2 5 4

FIGURE 5.1: A graph with the first Betti number equal to 2 and one vertex of index 5.

• The sum over k is the sum over all possible maps k : H(Γ) → Z≥0 such that for every loop
e = (h, h′) the sum k(h) + k(h′) is even.

• As it follows from Equation (4.2), we assume that Dsym
gi

(
(k(h))h∈vi

)
= 0 if ∑h∈vi

k(h) > 2gi.

• The sum over w is the sum over all possible systems of “kissing weights” on the set of half-
edges of Γ that do not belong to loops, with the conditions exactly as above.

When we multiply Equation (5.5) by λg−2, the sum over graphs on the right hand side restricts to the
graphs Γ with the first Betti number b1(Γ) ≤ 2. We have then the following possible cases:

Case 1 b1(Γ) = 0, n = 1, that is, Γ is the graph with one vertex and no further edges. It means that
the degree of the corresponding stable map is 0 (and thus n cannot be bigger than 1), and we
obtain some class constant in q, which belongs to QModE,0.

Case 2 b1(Γ) = 1, n = 1, that is, Γ is the graph with one vertex and one loop. In this case the coefficient
in (5.5) manifestly belongs to QModE,1.

Case 3 b1(Γ) = 1, n ≥ 2. Then Γ is a necklace graph, and the coefficient in (5.5) belongs to QModE,1 by
the same argument as in [OP23, Lemma 6.6], see also [BSS25].

Case 4 b1(Γ) = 2, there are exactly two loops. Then n = 1, that is, Γ is the graph with one vertex and
two loops. In this case the coefficient in (5.5) manifestly belongs to QModE,2.

Case 5 b1(Γ) = 2, there is exactly one loop. Then n ≥ 2 and Γ is a necklace graph with one loop
attached to one of its vertices. We combine the argument of [OP23, Lemma 6.6] or rather its
version in [BSS25] for the necklace graph and the explicit formula of the coefficient of the loop
to see that in this case the coefficient in (5.5) belongs to QModE,2.

Case 6 b1(Γ) = 2, there are no loops, and there is one vertex of index 5 (and all other vertices are of
index 3). Then n ≥ 3 and Γ is of the form as in Figure 5.1. In this case we treat both necklaces
independently, and get by the argument of [OP23, Lemma 6.6] or [BSS25] that the coefficient
belongs to QModE,2.

Case 7 b1(Γ) = 2, there are no loops, and there are two vertices of index 4 (and all other vertices are of
index 3). Then n ≥ 2 and Γ is of the form as in Figure 5.2. Analysis of this type of graphs takes
up the rest of the proof.

Remark 6. Note that Case 4, Case 5, and Case 6 can be combined together and covered by the same
argument. The only reason to keep them separated is that in (5.5) the sum over possible kissing
weights on the loops is already expressed explicitly in the second line of the formula.

Consider the graph Γ in Figure 5.2. The kissing weights are labeled by ±a,±b,±c ∈ Z ̸=0, a + b +
c = 0. Assume that there are exactly i± (resp., j±, k±) edges e = (h, h′) such that w(h) = ±a (resp.,
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1 3

g1 g3

2
g2

a
b

c

g4 4

g5

5

FIGURE 5.2: A graph with the first Betti number equal to 2 and two vertices of index 4.

±b, ±c). Note that i+ + i− + j+ + j− + k+ + k− = n + 1 Up to a total sign, the coefficient of Γ in (5.5)
is equal to

∑
a,b,c∈Z ̸=0
a+b+c=0

aI
Å

a
1− qa

ãi+ Å −a
1− q−a

ãi−
bJ
Å

b
1− qb

ãj+ Å −b
1− q−b

ãj−
cK
Å

c
1− qc

ãk+ Å −c
1− q−c

ãk−
, (5.6)

for some non-negative integer constants I, J, K such that I + J + K = 2g− 4. Our goal is to repre-
sent (5.6) as an element of QMod. As we show below, it is in general a non-homogeneous quasimod-
ular form with the components of degree degQMod ≤ 2g− 2 + 2n. From Equation (5.2) we know that
we are interested only in its top weight term with degQMod = 2g− 2 + 2n. To this end, we use below
≈ for the equalities that hold modulo the terms of lower quasimodular weight. Expression (5.6) can
be rewritten as

∑
a,b,c∈Z ̸=0
a+b+c=0

P
(
a, b, c, 1

1−qa , 1
1−qb , 1

1−qc

)
,

a polynomial P in a, b, c and 1
1−qa , 1

1−qb , and 1
1−qc . In order to keep track of the quasimodular weight,

we define the grading degQMod on the ring C[a, b, c, 1
1−qa , 1

1−qb , 1
1−qc ] by assigning

degQMod a = degQMod b = degQMod c = degQMod
1

1−qa = degQMod
1

1−qb = degQMod
1

1−qc = 1

(this assignment is justified by the subsequent computation) and note that degQMod P ≤ 2g− 2 + 2n
and

P
(
a, b, c, 1

1−qa , 1
1−qb , 1

1−qc

)
≈ a Ĩ

Å

1
1− qa

ãi

b J̃
Å

1
1− qb

ãj

cK̃
Å

1
1− qc

ãk

,

where Ĩ = I + i, J̃ = J + j, K̃ = K + k, and i = i+ + i−, j = j+ + j−, k = k+ + k−. Note that

1
1− qb

1
1− qc ≈ −

qb

1− qb

1
1− q−c = − 1

1− qa

1
1− qb +

1
1− qa

1
1− q−c ≈ −

1
1− qa

1
1− qb −

1
1− qa

1
1− qc .

Applying this identity multiple times and using that a + b + c = 0, we see that

P
(
a, b, c, 1

1−qa , 1
1−qb , 1

1−qc

)

≈ ∑
s+p+t+r
=2g−2+2n
s,t≥0,p,r≥1

Bsptr · as
Å

1
1− qa

ãp

bt
Å

1
1− qb

ãr

+ Csptr · as
Å

1
1− qa

ãp

ct
Å

1
1− qc

ãr

,
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where Bsptr and Csptr are some explicit coefficients (we compute them below). By reparametrization
we conclude that

∑
a,b,c∈Z ̸=0
a+b+c=0

P
(
a, b, c, 1

1−qa , 1
1−qb , 1

1−qc

)
≈ ∑

s+p+t+r
=2g−2+2n
s,t≥0,p,r≥1

Asptr ∑
a∈Z ̸=0

as
Å

1
1− qa

ãp

∑
b∈Z ̸=0

bt
Å

1
1− qb

ãr

,

where Asptr = Bsptr +Csptr. We conclude the proof by applying Proposition 5.3, which holds for s ≥ 0
and p ≥ 1.

∑
a∈Z ̸=0

as
Å

1
1− qa

ãp

≈





0 s + p is odd;
2

(p−1)! D
p−1
q Gs−p+2 s + p is even, s ≥ p;

2
(p−1)! D

s
qGp−s s + p is even, s < p.

(5.7)

Note that Equation (5.7) also justifies that all the terms that we dropped throughout the computation
of (5.6) using our extension of the quasimodular weight degQMod are either vanishing or give the
quasimodular terms of lower weight.

5.6 Deformed Rankin–Cohen type brackets

Let T = (I, J, K, i, j, k) ∈ Z6
≥0 be a tuple of non-negative integers satisfying i + j + k = n + 1 and

I + J + K = 2g − 4. We define two types of bilinear differential operators acting on the algebra of
quasimodular forms, motivated by considerations in the following section.

Let γ be a formal variable. For each s ∈ {0, . . . , j − 1}, define the coefficients of the bilinear
operators by

f T
s (γ) = (−1)s

(s+k−1
s

)( K+k
γ+k+s−I−2

)

(n− j + s)!(j− 1− s)!
.

For even non-negative integers α ∈ {2, 4, . . . , 2g− 2− J}, define the bi-differential operator of type (T, 1)
by

[Gα,G2g−α](T,1)
=

j−1

∑
s=0

f T
s (α) Dn−j+s

q Gα · Dj−1−s
q G2g−α ∈ QMod2g−2+2n.

Similarly, for even non-negative integers β ∈ {2, 4, . . . , n− I − i}, define the bi-differential operator of
type (T, 2) by

[Gβ,G2g−2+β](T,2)
=

j−1

∑
s=0

f T
s (−β + 2) Dn−j−β+1+s

q Gβ · Dj−1−s
q G2g−2+β ∈ QMod2g−2+2n.

Example 12. We focus on operators of type (T, 1), choosing T such that j = n and J = 0. To obtain
non-trivial contributions, we require i = 0 and k = 1, and set I = 2 so that the bracket becomes
antisymmetric when n = 2. Then, for α ∈ {2, 4, . . . , 2g− 2}, we obtain the bracket

[Gα,G2g−α](T,1)
=

n−1

∑
s=0

(−1)s

(s+k−1
s

)( 2g−5
α+s−3

)

s!(n− 1− s)!
Ds

qGα · Dn−1−s
q G2g−α,

which satisfies the basic properties of a (n−1)-th Rankin–Cohen bracket on QMod, with modified
coefficients.

We define a non-commutative product ∗T by specifying a left action of C[G2] on QMod. That is,
for each g ≥ 2, the product G2 ∗T G2g−2 is defined, although ∗T is not extended to arbitrary pairs of
quasimodular forms. (We emphasize that the product ∗T is not necessarily associative.) The explicit
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formula for the product is

G2 ∗T G2g−2 =

Ç

2K + 2k
K + k

å

(
2g−2−J

∑
α=2

[Gα,G2g−α](T,1)
+

n−I−i

∑
β=2

[Gβ,G2g−2+β](T,2)

)

+ (−1)I

Ç

2J + 2j
J + j

å

(
2g−2−K

∑
α=2

[Gα,G2g−α](T,1)
+

n−I−i

∑
β=2

[Gβ,G2g−2+β](T,2)

)
,

(5.8)

where all sums range over even positive integers, and T denotes the tuple T with the components
(K, k) and (J, j) exchanged.

5.7 Triple weighted Lambert series and quasimodularity

We compute the coefficients in Equation (5.6) and express them in terms of the brackets and products
defined previously. As before, set i = i+ + i−, j = j+ + j−, k = k+ + k−.

Proposition 5.5. Let g, n > 1. For any tuple T = (I, J, K, i, j, k) ∈ Z6
≥0 satisfying i + j + k = n + 1 and

I + J + K = 2g− 4, the product G2 ∗T G2g−2 equals the top quasimodular weight part of:

1
4 ∑

a,b,c∈Z ̸=0
a+b+c=0

aI
Å

a
1− qa

ãi+ Å −a
1− q−a

ãi−
bJ
Å

b
1− qb

ãj+ Å −b
1− q−b

ãj−
cK
Å

c
1− qc

ãk+ Å −c
1− q−c

ãk−
.

Proof. As in Proposition 5.4, we write ≈ to denote equality modulo terms of lower quasimodular
weight. Then Equation (5.6) simplifies to

≈ 1
4 ∑

a,b,c∈Z ̸=0
a+b+c=0

a Ĩ
Å

1
1− qa

ãi

b J̃
Å

1
1− qb

ãj

cK̃
Å

1
1− qc

ãk

, (5.9)

where Ĩ = I + i, J̃ = J + j, K̃ = K + k. Using the identity

Å

1
1− qb

ãj Å 1
1− qc

ãk

=

j−1

∑
s=0

(−1)s

Ç

s + k− 1
s

å

Å

1
1− qa

ãk+s Å 1
1− qb

ãj−s

+ (−1)j
k−1

∑
s=0

Ç

s + j− 1
s

å

Å

1
1− qa

ãj+s Å 1
1− qc

ãk−s

,

and substituting into Equation (5.9), we obtain:

≈ 1
4

j−1

∑
s=0

r+t=K̃

(−1)s

Ç

s + k− 1
s

åÇ

K̃
r, t

å

∑
a,b∈Z ̸=0

a Ĩ+rb J̃+t
Å

1
1− qa

ãi+k+s Å 1
1− qb

ãj−s

+
(−1)j

4

k−1

∑
s=0

r+t= J̃

(−1)r

Ç

s + j− 1
s

åÇ

J̃
r, t

å

∑
a,c∈Z ̸=0

a Ĩ+rcK̃+t
Å

1
1− qa

ãi+j+s Å 1
1− qc

ãk−s

.
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We focus on the first term, as the second follows analogously by exchanging (K̃, k)↔ ( J̃, j). Applying
Proposition 5.7 and working modulo lower-weight terms, we have:

≈
j−1

∑
s=0

r+t=K̃

(−1)s

(s+k−1
s

)( K̃
r,t

)

(n− j + s)!(j− s− 1)!
Dn−j+s

q GI+r−k−s+2Dj−s−1
q GJ+t+s+2

+

j−1

∑
s=0

r+t=K̃

(−1)s

(s+k−1
s

)( K̃
r,t

)

(n− j + s)!(j− s− 1)!
D Ĩ+r

q Gk+s−I−rDj−s−1
q GJ+t+s+2.

The first sum corresponds to the case I + r ≥ k + s, and the second to I + r < k + s. We encode these
conditions by substituting α = I + r − k − s + 2, β = k + s − I − r, and account for overcounting
by including a factor of

(2K̃
K̃

)
. After reindexing, we recover the first two terms of the product G2 ∗T

G2g−2.

5.8 Bi-cyclic graph representations of the classes

Building on our analysis of the quasimodular behaviour of the pairing cg,n(e⊗n
4 )λg−2 in the previous

sections, we can now derive an explicit formula for this pairing. We denote by Ne the subset of stable
graphs corresponding to strata in Mg,n, with g ≥ 2 and n ≥ 1, whose underlying graph has the shape
of a necklace. Each Γ ∈ Ne satisfies the following properties:

• It has n vertices V(Γ) = {v1, . . . , vn}, each carrying exactly one leaf labeled by i, with leaf i
attached to vi.

• The n edges connect the vertices in a single cycle of length n.

For n ≥ 2, there are (n− 1)!/2 distinct graphs of this type (for n = 2, the unique such graph has an
automorphism group of order 2). Each graph Γ ∈ Ne is equipped with a genus function g : V(Γ) →
Z≥0, satisfying the stability condition ∑

n
i=1 g(vi) = g− 1. We fix an orientation on these necklaces,

then there exactly (n− 1)! oriented necklaces.
Next, we denote by Bi(m) the subset of stable graphs corresponding to strata in Mg,n, with g ≥ 2

and n ≥ 1, whose underlying graph has the shape of a bi-cyclic graph. Each Γ ∈ Bi(m) satisfies the
following properties:

• It has n vertices V(Γ) = {v1, . . . , vn}, each carrying exactly one leaf labeled by i, with leaf i
attached to vi.

• When m = 1, the graph has n + 1 edges forming two cycles that meet at a single vertex. All
vertices have index 3 except for the common vertex, which has index 5 (see Figure 5.1).

• When m > 1, the graph has n + 1 edges forming two cycles that share m common vertices,
so that the cycles are glued along a chain of m consecutive vertices. All vertices have index 3
except for the two endpoints of the shared chain, each having index 4 (see Figure 5.2).

Each graph Γ ∈ Bi(m) is equipped with a genus function g : V(Γ) → Z≥0 satisfying the stability
condition ∑

n
i=1 g(vi) = g− 2. We also introduce vertex-counting functions n1(Γ) and n2(Γ), recording

the numbers of edges in the two cycles, such that n1(Γ) + n2(Γ) + (m − 1) = n + 1. Analogously,
let g1(Γ) and g2(Γ) denote the total genera along the two cycles, and g3(Γ) the total genus on the
connecting chain, satisfying g1(Γ) + g2(Γ) = g− g3(Γ).
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Proposition 5.6. Let g ≥ 2 and n ≥ 1, then we have

cg,n
(
e⊗n

4

)
λg−2 =

g
(n− 1)! ∑

Γ1∈Ne
g : V(Γ1)→Z≥0

j=1,...,n

(glΓ1,g)∗ (5.10)

Ñ

⊗

v∈V(Γ1)\{vj}
DRg(v)(0,−1, 1)λg(v) ⊗D

sym
g(vj)

(0, 2g(vj), 0)λg(vj)−1

é

Dn−1
q G2g

+
4
n! ∑

Γ2∈Bi(1)
g:V(Γ2)→Z≥0

(

∑
n1(Γ2) ̸=n2(Γ2)

+2 ∑
n1(Γ2)=n2(Γ2)

)
1

(n1(Γ2)− 1)!(n2(Γ2)− 1)!

∑
j=1,...,n

h1+h2=2g(vj)

(glΓ2,g)∗

Ñ

⊗

v∈V(Γ2)\{vj}
DRg(v)(0,−1, 1)λg(v) ⊗D

sym
g(vj)

(0, h1, 0, h2, 0)λg(vj)

é

Dn1(Γ2)−1
q G2(g1(Γ2)+h1+1)D

n2(Γ2)−1
q G2(g2(Γ2)+h2+1)

+
1
n! ∑

Γ3∈Bi(m)
g:V(Γ3)→Z≥0

(

∑
n1(Γ3) ̸=n2(Γ3)

+2 ∑
n1(Γ3)=n2(Γ3)

)

∑
j,k=1,...,n

h1+h2+h3=2g(vj)
l1+l2+l3=2g(vk)

(glΓ3,g)∗

Ñ

⊗

v∈V(Γ3)\{vj,vk}
DRg(v)(0,−1, 1)λg(v) ⊗D

(1)
g(vj)

(0, h1, h2, h3)λg(vj) ⊗D
(1)
g(vk)(0, l1, l2, l3)λg(vk)

é

G ∗T(Γ3) G2g−2.

Here, the boundary morphisms are given by

glΓ1,g : ∏
v∈V(Γ1)

Mg(v),3 → Mg,n, glΓ2,g : ∏
v∈V(Γ2)\{vj}

Mg(v),3 ×Mg(vj),5 → Mg,n,

and
glΓ3,g : ∏

v∈V(Γ3)\{vj,vk}
Mg(v),3 ×Mg(vj),4 ×Mg(vk),4 → Mg,n.

Moreover, DRg(v)(0, 1,−1) denotes the double ramification cycle on Mg(v),3 assigned to the vertex
v, where the multiplicity 0 corresponds to the marked point associated with the leaf. The classes
D

sym
g and D

(1)
g are the cohomology classes associated to the double ramification cycle defined in

Equations (4.2) and (4.2.2), respectively. Finally, ∗T(Γ3) denotes the product defined in Equation (5.8),
where T(Γ3) is the tuple datum determined by the graph Γ3.

Application. By pairing the bi-cyclic expression with ψ-classes and integrating over Mg,n, we obtain
an explicit algorithm for computing the integrals in (5.1). The resulting computation closely parallels
that of Corollary 3.4, where we integrate over each vertex, with contributions involving either λg or
λg−1, together with a double ramification cycle on each component. The only remaining step is the
evaluation of intersection numbers involving the double ramification cycle at each individual vertex,
which is addressed in the following section.
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5.9 Intersection numbers with the double ramification cycle

To obtain an explicit evaluation of the pairing in Equation (5.1), we require specializations of the
following results. We introduce the following notation:

P (0)
g,n(a1, . . . , an) =

∫

Mg,n+1

DRg

Ç

−
n

∑
i=1

ai, a1, . . . , an

å

λgψ
g+n−2
1 . (5.11)

Note that this integral is a homogeneous polynomial in a1, . . . , an. We now present a formula that is
recursive with respect to the genus and the number of marked points.

Proposition 5.7. For any (a1, . . . , an) ∈ Zn, with g ≥ 0 and n > 2, we have:

P (0)
g,n(a1, . . . , an) =

(
∑

n
i=1 a3

i

)

12
(
∑

n
i=1 ai

)
(2g + n− 1)

P (0)
g−1,n(a1, . . . , an) (5.12)

+
1(

∑
n
i=1 ai

)
(2g + n− 1) ∑

1≤i<j≤n
(ai + aj)P (0)

g,n−1(ai + aj, (ak)k∈{1,...,n}\{i,j}).

The case n ≤ 2 is given in [BSS25, Proposition 3.1].

Proof. We apply the recursion relation for the ψ-class on the double ramification cycle from [Bur+15,
Theorem 4]. After pairing with λg and discarding terms that vanish for dimensional reasons, we
obtain
Ç

n

∑
i=1

ai

å

(2g + n− 1)
∫

Mg,n+1

DRg

Ç

−
n

∑
i=1

ai, A

å

λgψ
g+n−2
1 = ∑

1≤i<j≤n
(ai + aj)

×
∫

Mg,n

DRg

Ç

−
n

∑
i=1

ai, ai + aj, (ak)k∈{1,...,n}\{i,j}

å

λgψ
g+n−3
1

+ 2
∫

Mg−1,n+1

DRg−1

Ç

−
n

∑
i=1

ai, A

å

λg−1ψ
g+n−3
1

Ç

n

∑
i=1

ai

∫

M1,2

DR1(−ai, ai)λ1

å

.

(5.13)
Applying [Bur+15, Theorem 4] again (see also [BSS25, Proposition 3.1]), we obtain

∫

Mg,2

DRg(−b, b)λg =
b2g

24gg!
. (5.14)

Substituting this into (5.13) and rearranging, we derive the desired recursion relation.

Introduce the following notation:

P (1)
g,n(a1, . . . , an) =

∫

Mg,n+1

DRg

Ç

−
n

∑
i=1

ai, a1, . . . , an

å

λg−1ψ
g+n−1
1 (5.15)

We now present a recursive formula to construct the above polynomial.

Proposition 5.8. For any (a1, . . . , an) ∈ Zn and g, n ≥ 1, we have:

P (1)
g,n(a1, ..., an) =

(∑n
i=1 a3

i )
12
(
∑

n
i=1 ai

)
(2g + n− 1)

P (1)
g−1,n(a1, ..., an) (5.16)

+
1(

∑
n
i=1 ai

)
(2g + n− 1) ∑

1≤i<j≤n
(ai + aj)P (1)

k,n−1(ai + aj, (ak)k∈{1,...,n}\{i,j})

+
1

2
(
∑

n
i=1 ai

)
(2g + n− 1)

n

∑
i=1

ai

∑
α=1

α(ai − α)P (0)
g−1,n+1((aj)j∈{1,...,n}\{i}, α, ai − α)
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Proof. We apply the recursion relation for the ψ-class on the double ramification cycle from [Bur+15,
Theorem 4]. After pairing with λg−1 and discarding terms that vanish for dimensional reasons, we
obtain
Ç

n

∑
i=1

ai

å

(2g + n− 1)
∫

Mg,n+1

DRg

Ç

−
n

∑
i=1

ai, A

å

λg−1ψ
g+n−1
1 = ∑

1≤i<j≤n
(ai + aj)

×
∫

Mg,n

DRg(ai + aj, (ak)k∈{1,...,n}\{i,j})λg−1ψ
g+n−2
1

+ 2
∫

Mg,n+1

DRg

Ç

−
n

∑
i=1

ai, A

å

λg−1ψ
g+n−2
1

Ç

n

∑
i=1

ai

∫

Mg,2

DR1(−ai, ai)λ1

å

+
1
2

n

∑
i=1

ai

∑
α=1

α(ai − α)
∫

Mg,n+2

DRg((aj)j∈{1,...,n}\{i}, α, ai − α)λg−1ψ
g+n−2
1

(5.17)
Substituting (5.14) into (5.17) and rearranging, we obtain the claim.

Example 13. For g = 2 and n = 3, the previous propositions implies:

P (0)
2,3(a1, a2, a3) =

1
1152

a4
1 +

7
2880

a2
1a2

2 +
1

1152
a4

2 +
7

2880
a2

1a2
3 +

7
2880

a2
2a2

3 +
1

1152
a4

3

and,

P (1)
2,3(a1, a2, a3) =

1
720

a4
1 +

1
240

a2
1a2

2 +
1

720
a4

2 +
1

240
a2

1a2
3 +

1
240

a2
2a2

3

+
1

720
a4

3 −
1

576
a2

1 −
1

576
a2

2 −
1

576
a2

3 +
1

2880

5.10 Shaving down Pixton–Zagier formula

From this section onward, we present an alternative approach to computing (5.1). Our strategy is to
analyze the integral (4.10) and use the vanishing result of Proposition 4.4. We recall the Pixton–Zagier
formula for the double ramification cycle and we study its coupling with cg,n(e⊗n

4 )λg−2. As we shall
see, this coupling gives rise to only a small number of non-vanishing contributions.

Pixton–Zagier formula

We use a variation of Pixton’s formula [Jan+17, p. 9] for the double ramification cycle. The variation
is based on a combination of Pixton’s formula with Zagier’s spanning tree formula [Pix]. Specifically,
we follow the explicit formulation given in [BLS24b, Equation 3.1]. The notation and structure of the
formula are explained in detail in [BLS24b, p. 10]. Let A = (a1, . . . , an) ∈ Zn satisfy ∑

n
i=1 ai = 0. The

Pixton–Zagier formula is given by:

DRg(A) =
1
2g ∑

Γ

(−2)|E(Γ)|

|Aut(Γ)| ∑
d:H(Γ)→Z≥0

[
(glΓ)∗

(
n

∏
i=1

ψd(ℓi)
ℓi ∏

e∈E(Γ)
ψd(h(e))

h(e) ψd(t(e))
t(e)

)]

g

(5.18)

×
n

∏
i=1

a2d(ℓi)
i

d(ℓi)!
∏

e∈E(Γ)

(2d(h(e)) + 2d(t(e)) + 1)!
d(h(e))!d(t(e))!

×CoeffÄ
∏e∈E(Γ) x2d(h(e))+2d(t(e))+2

e

ä ∑
T∈SpTr(Γ)

∏
f∈E(T)

ea f ,Tx f ∏
f /∈E(T)

x f

ex f ,T − 1
.

Here we use the following notation and conventions:
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• The first sum is over the stable graphs Γ of genus g with n leaves. The set of leaves (resp.,
edges, vertices) is denoted by L(Γ) (resp., E(Γ), V(Γ)). The leaves are labeled by the bijection
ℓ : {1, . . . , n} → L(Γ), i 7→ ℓi. |Aut(Γ)| denotes the order of the automorphism group of Γ. On
each edge of Γ we choose an orientation.

• Let H(Γ) be the set of half-edges of Γ. The orientations on the edges allow us to define h : E(Γ) ↪→
H(Γ) and t : E(Γ) ↪→ H(Γ) (heads and tails), and we have H(Γ) = L(Γ)⊔ h(E(Γ))⊔ t(E(Γ)).

• We apply the boundary map glΓ to the tensor product of the monomials of ψ-classes on the
moduli spaces of curves corresponding to the vertices of Γ. Notation [C]g means that we take
the homogeneous component of degree g of the resulting class C ∈ R∗(Mg,n).

• The operator Coeff
∏

k
i=1 x

pi
i

extracts the coefficient of ∏
k
i=1 xpi

i from the Laurent series next to it.
The latter Laurent series is the sum over the set SpTr(Γ) of the spanning trees of Γ.

• In the expression associated to a spanning tree T,

– xe’s are the formal variables associated to the edges of Γ;

– a f ,T is defined as the sum of ai’s over all leaves attached to the vertices that are ahead of f
in T with respect to the orientation of f .

– x f ,T is the sum of ±xe over all edges e that enter the unique cycle formed by f and edges
in T. The sign is positive if the orientation of e agrees with the orientation of f in the cycle,
and negative otherwise.

Remark 7. There are several features of this expression that are important to mention. First, the
ingredients of the formula depend on the choices of orientations of edges, but the whole formula
does not depend on these choices. Second, the summands in the final sum over spanning trees are
not formal power series in xe, but the whole sum is.

Coupling to cg,n(e⊗n
4 )λg−2

Consider the product DRg(A)cg,n(e⊗n
4 )λg−2 and use Equation (5.18) for DRg(A). The factorization

properties of cg,n and λg−2 imply that this product has a similar expression, where in addition to the
monomials of ψ-classes the vertices v of stable graphs are also decorated by the classes cg(v),n(v) with
some primary fields and λh with g(v)− 2 ≤ h ≤ g(v), where g(v) and n(v) are the genus and the
index of the vertex v. Thus we get a Pixton–Zagier type formula for DRg(A)cg,n(e⊗n

4 )λg−2.

Proposition 5.9. The only stable graphs Γ that non-trivially contribute to the Pixton–Zagier type
formula for DRg(A)cg,n(e⊗n

4 )λg−2 are listed in Figures 5.3–5.8 below.

g

1 2 ... ... n

FIGURE 5.3: A graph with the first Betti number equal to 0 and one vertex of genus g
and index n.

g1 g2

l1 l2 ... ... ln1 k1 k2 ... ... kn2

FIGURE 5.4: For each L = {l1, . . . , ln1}, K = {k1, . . . , kn2} such that I ⊔ K = {1, . . . , n},
and g1, g2 ≥ 0 such that g1 + g2 = g, a graph with two vertices and the first Betti number

equal to 0.
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g1 0 g2

l1 l2 ... ... ln1 j k1 k2 ... ... kn2

FIGURE 5.5: For each j ∈ {1, . . . , n} and L = {l1, . . . , ln1}, K = {k1, . . . , kn2} such that
{j} ⊔ I ⊔ K = {1, . . . , n}, and g1, g2 ≥ 0 such that g1 + g2 = g, a graph with three

vertices and the first Betti number equal to 0.

0 h

1 2 ... ... n

FIGURE 5.6: A graph with two vertices, one of genus 0 and index 3 with an attached
loop, and the other one of genus h = g− 1 with all leaves attached to the second vertex.

h

1 2 ... ... n

FIGURE 5.7: A graph with one vertex of genus h = g − 1 and the first Betti number
equal to 1 (that is, a one-vertex graph with a loop).

0 h

j 1 ... ĵ ... n

FIGURE 5.8: For each j ∈ {1, . . . , n}, a graph with two vertices connected by two edges,
such that one vertex is of genus 0 and the other one is of genus h = g− 1. The notation

ĵ indicates that the j-th leaf is not attached to the second vertex.

Proof. Recall some properties of the Gromov–Witten classes for elliptic curves, which we will use
throughout this proof:

(i) The only non-trivial classes in genus 0 are c0,n+1(e4 ⊗ e⊗n
1 ) and c0,n+2(e2 ⊗ e3 ⊗ e⊗n

1 ).

(ii) cg,n(e⊗n
1 ) = 0 for all g ≥ 0, n ≥ 1, 2g− 2 + n > 0.

(iii) cg,n(⊗n
i=1eαi )λg = 0 for all g ≥ 1, n ≥ 1.

Statement (i) follows from the fact that, in genus zero, there are only degree zero stable maps from
an algebraic curve to an elliptic curve, and constant maps cannot pass through two distinct points.
Statements (ii) and (iii) are proven in [OP23, Lemma 6.1] and [OP23, Lemma 6.4], respectively. More-
over, we use the shorthand notation cg,n for the Gromov–Witten classes of the elliptic curve whenever
we wish to suppress dependence on specific inputs.

To proceed with the argument, we temporarily disregard all structure of the Pixton–Zagier for-
mula except for the stable graphs Γ that enter it, and consider the pull-backs (glΓ)∗(cg,n(e⊗n

4 )λg−2) that
might be identified with the restictions of cg,n(e⊗n

4 )λg−2 to the corresponding strata in Mg,n. Since
λg−2 vanishes on the strata represented by the stable graphs with the first Betti number greater than
2, the Pixton–Zagier type formula for DRg(A)cg,n(e⊗n

4 )λg−2 reduced to a sum over stable graphs Γ

with first Betti number b1(Γ) = 0, 1, 2. Below we discuss all these cases. Furthermore, we frequently
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use that the restruction of (glΓ)∗(cg,n(e⊗n
4 )) factorizes into the product of cg′,n′ associated to the ver-

tices of the graph, and the primary fields on the edges of the graph are prescribed by the pairing∫
E e1 ∪ e4 =

∫
E e2 ∪ e3 = 1.

Consider stable graphs Γ with the first Betti number b1(Γ) = 0. Recall that a stable graph Γ

is decorated with a genus function g : V(Γ) → Z≥0. Since b1(Γ) = 0, the genus condition reads
∑v∈V(Γ) g(v) = g. Also, let n(v) denote the index of a vertex v ∈ V(Γ). We have then the following
possible cases:

Case 1 Assume (glΓ)∗λg−2 factorizes to λg(v)−2 for some vertex v ∈ V(Γ) and hence to λg(w) for every
other vertex w ∈ V(Γ), w ̸= v. By (iii), we are constrained by g(w) = 0 for w ̸= v, hence
g(v) = g. Furthermore, if there is at least one vertex w with g(w) = 0, then there should a vertex
w connected with exactly one edge to the rest of the graph (a “terminal” vertex). On this vertex
w of index n(w) ≥ 3 the even part of the class obtained by the restriction of cg,n(e⊗n

4 ) is equal
to c0,n(w)(e1 ⊗ e⊗n(w)−1

4 ) or c0,n(w)(e
⊗n(w)
4 ). Since n(w) ≥ 3, by (i) we see that (glΓ)∗cg,n(e⊗n

4 ) = 0
if there is at least one vertex w with g(w) = 0. As a result, the only non-trivial contribution is
possible from the graph given in Figure 5.3.

Case 2 Assume (glΓ)∗λg−2 factorizes to λg(v1)−1 and λg(v2)−1 for some vertices v1, v2 ∈ V(Γ) and hence to
λg(w) for every other vertex w ∈ V(Γ), w ̸= v1, v2. Assume also that v1 and v2 are connected by
an edge. Then repeating literally the argument of Case 1, we see that we obtain a non-vanishing
contribution only from the graphs with V(Γ) = {v1, v2}, which are the graph in Figure 5.4.

Case 3 In the same setup as in Case 2, assume that v1 and v2 are not connected by an edge. This means
that the set of additional genus 0 vertices w is non-empty.

By the same argument as in Case 1 and Case 2, we know that in the non-vanishing restrictions
of cg,n(e⊗n

4 ) the genus 0 vertices cannot be “terminal”, that is, they all must be in a chain of
vertices between v1 and v2. Thus, we may have graphs only of the following shape:

g1 0 0 g2

l1 l2 ... ... ... ... ... ... ... ... k1 k2 ...
,

where the number of vertices of genus 0 is ≥ 1. Analyzing (glΓ)∗(cg,n(e⊗n
4 )) and insisting that

we should get a class of even cohomological degree on each irreducible component, we see that
the primary fields for the factorization of cg,n(e⊗n

4 ) all must be e1 or e4 on all internal half-edges.
Moreover, the shape of pairing implies that if we assign e1 to t(e), then we must assign e4 to h(e)
for any e ∈ E(Γ), and vice versa.

Thus, if there are two vertices of genus 0 connected by an edge, the primary field assigned to
the half-edge incident to one of them is e4. By the stability condition there is also at least one
leaf incident to each genus 0 vertex, and the primary fields assigned to the leaves are always e4.
Thus, the factorization of cg,n(e⊗n

4 ) contains a factor c0,n(w)(em′
4 en′

1 ), m′ ≥ 2, n′ ≤ 1, m′+ n′ = n(w),
which vanishes by (i). Therefore, there is exactly one vertex of genus 0. Moreover, (i) implies
that this vertex must be of index 3, that is, there is exactly one leaf attached to it. Thus we obtain
the graph as in Figure 5.5, and the primary fields of the factorization of cg,n(e⊗n

4 ) are necessarily
as follows:

g1
e4 e1

0
e1 e4 g2

e4 e4 ... ... e4 e4 e4 e4 ... ... e4

Now consider stable graphs Γ with the first Betti number b1(Γ) = 1. The condition on the genus
function reads ∑v∈V(Γ) g(v) = g− 1. Moreover, (glΓ)∗λg−2 factorizes in such a way that there is always
a vertex v0 ∈ V(Γ) where the associated class is λg(v0)−1, and for all other vertices v ̸= v0 the corre-
sponding factor in the factorization of λg−2 is λg(v). Note that this implies that every other vertex
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v ∈ V(Γ) is of genus 0, by the same argument as in Case 1, and h := g(v0) = g− 1. Note also that
(glΓ)∗cg,n(e⊗n

4 ) = 0 on all graphs with two or more leaves attached to a genus 0 vertex, and by the
same argument as in Case 3 we may not have chains of genus 0 vertices each with attached leaf of
length more than 1. We then have the following possible cases:

Case 4 Assume the only nontrivial cycle in Γ does not pass through v0. Then this non-trivial cycle
consists of genus 0 vertices. Since there are no “terminal” genus zero vertices in the graph, all
but one half-edges attached to the vertices in the cycle that do not belong to the edges of the
cycle are leaves. Thus there are at most two vertices in the cycle. Using further the condition
that we may not have two genus 0 vertices both with leaves attached to each other, we see that
the only possible non-vanishing graphs are:

0
e1 ∗

h

... ... ...
, 0 0 0 h

e4 ... ... ... ...

e1 ∗

e1 ∗
,

0
e1 ∗

0 h

e4 ... ... ...
, 0 0 h

e4 ... ... ...

e1 ∗

e1 ∗
.

In these pictures, we have already marked the graphs with the primary fields that must occur
there once we consider the factorization rules for (glΓ)∗cg,n(e⊗n

4 ) and use (i) to ensure that the
non-vanishing c0,3 on the irreducible component corresponding to the leftmost vertex of genus
0 in each picture. Note that the structure of the pairing implies that the primary fields marked
by ∗ on the second left vertex in each picture must be e4. Thus, by (i) used once again, in all
cases when the second left vertex is of genus 0, the class (glΓ)∗cg,n(e⊗n

4 ) vanishes. Hence, the
only non-trivial case is given by the first graph, which is the one given in Figure 5.6.

Case 5 Assume the only nontrivial cycle in Γ does pass through v0. Since there are no “terminal”
genus zero vertices in the graph, all vertices belong to this cycle, and all half-edges attached
to the vertices in the cycle that do not belong to the edges of the cycle are leaves. Since we
may not have chains of genus 0 vertices each with attached leaf of length more than 1, the cycle
either consists of one vertex (then it is v0 with a loop attached to it, as in Figure 5.7), or of two
vertices. In the latter case the second vertex is of genus 0, with exactly one leaf attached to it, so
we obtain the graph in Figure 5.8.

Finally, consider stable graphs Γ with the first Betti number b1(Γ) = 2. The condition on the
genus function reads ∑v∈V(Γ) g(v) = g − 2. Moreover, (glΓ)∗λg−2 factorizes in such a way that for
all vertices v V(Γ) the corresponding factor in the factorization of λg−2 is λg(v). This implies that all
vertices v ∈ V(Γ) are of genus 0. Recall that (glΓ)∗cg,n(e⊗n

4 ) = 0 on all graphs with two or more leaves
attached to a genus 0 vertex, and by the same argument as in Case 3 we may not have chains of genus
0 vertices each with attached leaf of length more than 1. This leaves a very small number of possible
graphs, and for each of them (glΓ)∗cg,n(e⊗n

4 ) vanishes by the analysis of the primary fields in the same
vein as we performed in Case 4 using (i).

5.11 Intersection with the Pixton–Zagier formula

We use the graphs listed in Propoposition 5.9 in order to reduce the computation of the integral (4.10)
considered as a polynomial a1, . . . , an to a finite number of integrals.
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Proposition 5.10. The intersection number
∫

Mg,n

DRg(A) λg−2 cg,n(e⊗n
4 ) (5.19)

is equal to the sum of the following terms:

1
2g ∑

d1,...,dn≥0
d1+···+dn=g

n

∏
i=1

a2di
i

di!

∫

Mg,n

n

∏
i=1

ψdi
i λg−2 cg,n(e⊗n

4 ); (5.20)

1
2g ∑

g1,g2≥1
g1+g2=g

L⊔K={1,...,n}

∑
d1,...,dn ,d′ ,d′′≥0

d1+···+dn
+d′+d′′=g−1

n

∏
i=1

a2di
i

di!
(∑i∈K ai)2d′+2d′′+2

d′!d′′!(2d′ + 2d′′ + 2)
(5.21)

×
∫

Mg1,|L|+1

|L|
∏
i=1

ψ
dιL(i)

i ψd′
|L|+1 λg1−1 cg1,|L|+1(e⊗|L|4 ⊗ e1)

×
∫

Mg2,|K|+1

|K|
∏
i=1

ψ
dιK (i)

i ψd′′
|K|+1 λg2−1 cg1,|K|+1(e⊗(|K|+1)

4 );

1
2g+1

n

∑
j=1

∑
g1,g2≥1

g1+g2=g
L⊔K⊔{j}={1,...,n}

∑
d1,...,dn ,d′ ,d′′≥0

d1+···+dn
+d′+d′′=g−2

dj=0

n

∏
i=1

a2di
i

di!
(∑i∈L ai)2d′+2

d′!(2d′ + 2)
(∑i∈K ai)2d′′+2

d′′!(2d′′ + 2)
(5.22)

×
∫

Mg1,|L|+1

|L|
∏
i=1

ψ
dιL(i)

i ψd′
|L|+1 λg1−1 cg1,|L|+1(e⊗(|L|+1)

4 )

×
∫

Mg2,|K|+1

|K|
∏
i=1

ψ
dιK (i)

i ψd′′
|K|+1 λg2−1 cg1,|K|+1(e⊗(|K|+1)

4 );

1
2g ∑

d1,...,dn ,d′ ,d′′≥0
d1+···+dn

+d′+d′′=g−1

n

∏
i=1

a2di
i

di!
(2d′ + 2d′′ + 1)!B2d′+2d′′+2

d′!d′′!
(5.23)

×
∫

Mg−1,n+2

n

∏
i=1

ψdi
i ψd′

n+1ψd′′
n+2 λg−2

Ä

cg−1,n+2(e⊗(n+1)
4 ⊗ e1) + cg−1,n+2(e⊗(n)

4 ⊗ e2 ⊗ e3)
ä

;

and

1
2g+1

n

∑
j=1

∑
d1,...,dn ,d′ ,d′′≥0

d1+···+dn
+d′+d′′=g−2

dj=0

n

∏
i=1

a2di
i

di!
(2d′ + 1)!(2d′′ + 1)!

d′!d′′!
Coeff((x′)2d′+2(x′′)2d′′+2)

Ç

eajx′x′′

ex′′−x′ − 1
+

eajx′′x′

ex′−x′′ − 1

å

(5.24)

×
∫

Mg−1,n+1

n−1

∏
i=1

ψ
dι ĵ(i)

i ψd′
n ψd′′

n+1 λg−2 cg−1,n+1(e⊗(n+1)
4 ).

Here ιL (resp., ιK) is the monotonely increasing isomorphism {1, . . . , |L|} → L (resp., {1, . . . , |K|} →
K), L, K ⊆ {1, . . . , n}, and ι ĵ is the monotonely increasing isormorphism {1, . . . , n− 1} → {1, . . . , n} \
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{j}. We use these maps to relable the indices. The symbol B2d′+2d′′+2 denotes the Bernoulli number,

B2d′+2d′′+2 := Coeff(x2d′+2d′′+2)
x

ex − 1
. (5.25)

Proof. We apply the Pixton–Zagier formula directly to the graphs shown in Figures 5.3–5.8, pairing
each with cg,n(e⊗n

4 )λg−2. The only exception is the graph in Figure 5.6, whose contribution vanishes
under this pairing.

Corollary 5.11. For g ≥ 2, n ≥ 1 and d1 + · · ·+ dn = g, the integral

∫

Mg,n

n

∏
i=1

ψdi
i λg−2 cg,n(e⊗n

4 ), (5.26)

can be expressed in terms of the following integrals:

∫

Mg,n

n

∏
i=1

ψdi
i λg−1 cg,n(e⊗n

4 ), d1 + · · ·+ dn = g− 1; (5.27)

∫

Mg,n

n

∏
i=1

ψdi
i λg−1 cg,n(e⊗(n−1)

4 ⊗ e1), d1 + · · ·+ dn = g; (5.28)

∫

Mg,n

n

∏
i=1

ψdi
i λg−1 cg,n(e⊗(n−2)

4 ⊗ e2 ⊗ e3), d1 + · · ·+ dn = g. (5.29)

Proof. The statement follows by applying the vanishing result of Proposition 4.4 to the relations es-
tablished in Proposition 5.10, and reorganizing the terms according to their polynomial degree pro-
files.

Remark. The three integrands appearing in Corollary 5.11, Equations (5.27)–(5.29), can be com-
puted using the holomorphic anomaly equation [OP18], Faber’s socle intersection number formula [Fab99],
and a lemma proved in [OP23].

(See [OP23, Proposition 6.8].) We have

λg−1 cg,n(e⊗n
4 ) =

(−1)g−1 2 · (2g)!
B2g · (2g− 2 + n)!

λgλg−1

n

∏
i=1

ψi

n

∑
i=1

1
ψi

Dn−1
q G2g. (5.30)

As an example of computation, we obtain the following immediate consequence. The intersection
number (5.27) is given by

∫

Mg,n

n

∏
i=1

ψdi
i λg−1 cg,n(e⊗n

4 ) =
1

22g−2

n

∏
i=1

1
(2di + 1)!!

Dn−1
q G2g. (5.31)

Indeed, we obtain this by using Faber’s intersection number formula, which states that

∫

Mg,n

λgλg−1

n

∏
i=1

ψd̃i
i =

(−1)g−1B2g(2g− 3 + n)!
22g−1 · (2g)!

n

∏
i=1

1
(2d̃i − 1)!!

, (5.32)

for all d̃1, . . . , d̃n ≥ 1 satisfying d̃1 + · · ·+ d̃n = g− 2 + n. (This formula was conjectured in [Fab99]
and has since been proved in several ways; see [BSS25] for a recent new proof using methods similar
to those of the present paper, as well as an overview of existing proofs.) The condition d̃i ≥ 1 can be
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relaxed using the string equation, allowing at most one d̃j = 0. We then obtain

∫

Mg,n

n

∏
i=1

ψdi
i λg−1 cg,n(e⊗n

4 ) =
(−1)g−1 2 · (2g)!

B2g · (2g− 2 + n)!

∫

Mg,n

λgλg−1

n

∏
i=1

ψdi+1
i

n

∑
i=1

1
ψi

Dn−1
q G2g (5.33)

=
1

22g−2

n

∏
i=1

1
(2di + 1)!!

Dn−1
q G2g. (5.34)

Next, consider the intersection number with cg,n(e⊗(n−1)
4 ⊗ e1) in the case dn = 0. Then Equa-

tion (5.28) gives

∫

Mg,n

n−1

∏
i=1

ψdi
i λg−1 cg,n(e⊗(n−1)

4 ⊗ e1) =
2g + n− 1− |{j | dj = 0}|

22g−2 ∏
n−1
i=1 (2di + 1)!!

Dn−2
q G2g. (5.35)

Indeed, applying the string equation gives

∫

Mg,n

n−1

∏
i=1

ψdi
i λg−1 cg,n(e⊗(n−1)

4 ⊗ e1) = ∑
1≤j≤n−1

dj≥1

∫

Mg,n−1

n−1

∏
i=1

ψ
di−δij

i λg−1 cg,n−1(e⊗(n−1)
4 ) (5.36)

=
1

22g−2

n−1

∏
i=1

1
(2di + 1)!! ∑

1≤j≤n−1
dj≥1

(2dj + 1) Dn−2
q G2g,

and note that

∑
1≤j≤n−1

dj≥1

(2dj + 1) =
n−1

∑
j=1

(2dj + 1)− |{j | dj = 0}| = 2g + n− 1− |{j | dj = 0}|.

5.12 Conclusion and future work

Main result. The quantum double ramification hierarchy for the Gromov–Witten theory of the el-
liptic curve is uniquely determined by the DR potential

G =

∫ ñ (u1)2u4

2
+ u1u2u3

+ ih̄
ÄÄ

Sε(u1
x)Sε(u4

x) + Sε(u2
x)Sε(u3

x)
ä

exp
Ä

Sε(u4)Dq

ää

⊙ G(ε, q)

ô

dx

where ⊙ denotes the Hadamard product, and

S↑ :=
sinh( 1

2 ε∂x)
1
2 ε∂x

, G(ε, q) := ∑
g≥0

ε2gG2g+2(q).

Generalizations and refinements. The construction developed in this chapter admits natural gen-
eralizations, though further work is required to establish them rigorously. In particular, our approach
suggests that the quasimodularity of the classes extends beyond the cases proven here. We conjecture
that

cg,n(e⊗n
4 ) λg−l ∈ H∗(Mg,n)⊗QModE,l ,

for all l = 3, . . . , g− 1. The statement holds for l = 1, 2, and our arguments indicate that the same
method may apply in general. This would provide an explicit cyclic representation of the pairings
cg,n(e⊗n

4 )λg−l , extending Equation (5.10). Moreover, a necessary refinement concerns obtaining closed
formulas or developing a more effective treatment of the recursions introduced in Section 5.9.
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Quadratic Hodge integrals. Assuming the above generalizations hold, an interesting application
emerges. Using techniques analogous to those in Chapter 3, one can derive new tautological rela-
tions. In particular, combining the holomorphic anomaly equation with a generalized cyclic expres-
sion for cg,n(e⊗n

4 )λg−l yields an expression for λgλg−l ∏
n
i=1 ψi ∑

n
i=1

1
ψi

in terms of a sum over neck-
lace graphs paired with λg−l . Following the approach of Chapter 3 and using the splitting formula
of [Bur+15], one can then recursively compute quadratic Hodge integrals of the form

∫

Mg,n

λgλg−l

n

∏
i=1

ψdi
i ,

for l = 2, . . . , n. In particular, the case l = 2 can already be treated explicitly.

Relation to the Dubrovin–Zhang hierarchy. The precise relationship between the quantum dou-
ble ramification (qDR) hierarchy and the Dubrovin–Zhang (DZ) hierarchy remains an open question.
Nevertheless, our results suggest several connections where information from the qDR side can in-
form the construction of the DZ hierarchy.

For the case of the elliptic curve, it was observed in [OP06a] and made explicit in [Bur23] that all
descended Gromov–Witten invariants can be expressed in terms of those with stationary insertions
only (corresponding to e4 in our notation). In particular, the DZ hierarchy can be fully reconstructed
from the invariants ∫

Mg,n

cg,n(e⊗n
4 )

n

∏
i=1

ψdi
i .

In this work, we studied explicit cohomological expressions for cg,n(e⊗n
4 )λg−l with l = 1, 2, which are

relevant to the qDR hierarchy. Restricting these formulas to g = 1 and g = 2 respectively provides
concrete ways to compute

∫

M1,n

c1,n(e⊗n
4 )

n

∏
i=1

ψdi
i and

∫

M2,n

c2,n(e⊗n
4 )

n

∏
i=1

ψdi
i .

If the general pattern we observe extends to higher genus, a complete understanding of the classes
cg,n(e⊗n

4 )λg−l would allow, in principle, the computation of

∫

Ml,n

cl,n(e⊗n
4 )

n

∏
i=1

ψdi
i , l = 3, . . . , g− 1.

Quantization of the Calabi–Yau case. Another interesting observation arises when extending and
quantizing Example 11. Let X be a Calabi–Yau variety with cohomology ring H∗(X, Q) spanned by
even-degree classes {e1, . . . , eM} and odd-degree classes {ϕ1, . . . , ϕN}. In [Bur+18], it was shown that
when restricted to even classes, the DR hierarchy for the Gromov–Witten theory of X is determined
by the primary Hamiltonian density

g1,1 = g[0]
1,1 + ε2 χ(X)

24

∫
u1u1

2 dx,

where g[0]
1,1 is the genus-zero contribution, χ(X) is the Euler characteristic of X, and u1 corresponds to

the identity element e1. Our goal is to promote this hierarchy to its quantum version.
To compute G1,1, one must evaluate intersection numbers of the form

∫

Mg,n

DRg(A) Λ(ϵ) cg,n

Ä

eb1
1 ⊗ · · · ⊗ ebM

M ⊗ ϕc1
1 ⊗ · · · ⊗ ϕcN

N

ä

, (5.37)
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where cg,n is the Gromov–Witten class associated with X. These intersection numbers satisfy the
dimensional constraint

2g− 3 + n = j + dim X (g− 1) +
M

∑
i=1

bi
deg ei

2 +

N

∑
i=1

ci
deg ϕi

2 − ⟨c1(X), d⟩,

with j the degree of the Hodge class λg, c1(X) the first Chern class of X, and d the degree of stable
maps.

Focusing on the case of a Calabi–Yau threefold, we find b1 ≥ g for all g > 0. Using the push-
forward relation

π∗DRg(a1, . . . , an) = g! a2
1 · · · a2

g [Mg,n−g],

for the forgetful morphism π : Mg,n →Mg,n−g, one deduces that the intersection numbers in (5.37)
vanish unless b1 = g. This occurs only when j = N = 0 and ei ∈ H2(X) for all i ∈ {1, . . . , M}. In this
case, Equation (5.37) simplifies to

∫

Mg,n

DRg(A) cg,n

Ä

eb1
1 ⊗ · · · ⊗ ebM

M

ä

= g! a2
1· · ·a2

g

∫

Mg,n−g

cg,n−g (eb2
2 ⊗ · · · ⊗ ebM

M

ä

.

Consequently, the primary Hamiltonian density for the qDR hierarchy of a Calabi–Yau threefold is

G1,1 = G
[0]
1,1 + ∑

g∈Z>0

h̄g G
[2g]
1,1 ,

where

G
[2g]
1,1 = ∑

n∈Z>0
α1,...,αn−g=2,...,M

g! (2g− 2 + n)
n!

Ç∫

Mg,n−g

cg,n−g

Ä

eα1 ⊗ · · · ⊗ eαn−g

ä

å ∫
(u1

2)guα1 · · ·uαn−g dx,

with eαi ∈ H2(X) for all αi ∈ {2, . . . , M} and i ∈ {1, . . . , n − g}. This computation shows that, for
Calabi–Yau threefolds, the Hamiltonians of the qDR hierarchy encode precisely the Gromov–Witten
invariants required to construct the primary DZ hierarchy. The quantization from DR to qDR thus
enhances the underlying enumerative structure, and a deeper understanding of this connection may
clarify how the qDR hierarchy relates to the DZ framework.
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