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Abstract

In this thesis we study various properties of p-adic cohomology theories. We
construct a duality between the kernel and cokernel of the monodromy oper-
ator on the Hyodo-Steenbrink double complex associated to a semistable log
scheme when the log scheme admits a well-behaved lift, and prove that it is
perfect by comparison to Poincaré duality in rigid cohomology. In addition we
prove a conjecture of Flach and Morin computing the cone of the monodromy
operator on log-crystalline cohomology as rigid cohomology in the case of a
family over a curve, using the techniques of Chiarellotto and Tsuzuki in their
proof of the Clemens-Schmid exact sequence in characteristic p. Finally, we
prove the well-definedness in the general case of a Hodge-type filtration on
rigid cohomology encountered in the context of syntomic cohomology.



Sommario

In questa tesi andiamo a studiare alcune proprieta delle coomologie p-adiche.
In primis, per un log-schema semistabile, costruiamo una dualita tra il ker
e il coker dell’operatore di monodromia che agisce sul complesso doppio di
Hyodo-Steenbrink: questo nel caso il log-schema abbia un opportuno lifting.
Proviamo che tale dualita e perfetta usando una interpretazione via la dualita
di Poincaré in ambito rigido. In seguito proviamo un caso particolare della
congettura di “Flach-Morin”: questa congettura lega il cono dell’operatore
di monodromia con la coomologia rigida di uno log-schema semistabile (in
ch.p). Proviamo la congettura nel caso il nostro log-schema appaia come la
fibra speciale di una famiglia sopra una curva: le tecniche utilizzate sono
quelle di Chiarellotto-Tsuzuki nella loro dimostrazione della esattezza della
sequenza di Clemens-Schmid. Infine diamo una definizione di una filtrazione
“a la Hodge” sulla coomologia rigida e mostriamo la sua indipendenza dalle
scelte: questa filtrazione era apparsa nell’ambito della coomologia sintomica.
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Introduction

This thesis orbits around structures on p-adic cohomology theories of schemes
defined in characteristic p and over discrete valuation rings of mixed charac-
teristic (0, p), specifically log-crystalline cohomology and rigid cohomology.
For this introduction, let k be a complete field of characteristic p and X be
a semistable k log-scheme over the log point.

The Complex Monodromy Operator and Mixed Hodge
Structures

The first two chapters are concerned with the p-adic monodromy operator
on the log-crystalline cohomology groups Hﬁ)g_crys(X ), also known as Hyodo-
Kato cohomology, introduced by Hyodo and Kato in [HK94]|. The motivation
and inspiration for the construction ultimately stems from the classical case of
the monodromy operator for a complex semistable family over a disk. Let A
denote the complex unit disk and let f : X — A be a proper flat holomorphic
map of relative dimension n smooth outside 0 € A and such that X, =
f71(0) is a normal crossing divisor. Fix a smooth fiber X; (there is nothing
exceptional about this choice since, by Ehresmann’s fibration theorem, under
these conditions the family is a locally trivial fibration). We can transport
the cohomology groups H'(X;) along loops h € m(A*), and this gives us a

representation

72 m (AY) — Aut(H (X))

which is called the monodromy representation.

It was proven by Landman [Lan73] and later by Grothedieck using ¢-adic
techniques that action of the generator T" of 7 (A*) = Z is unipotent; in fact,
even if f : X — A is not a semistable degeneration but simply a degeneration
the operator T remains quasi-unipotent. In particular, in the semistable case
this theorem allows us to define a well-defined logarithm

1 1
N =logT := (T—])—E(T—I)2+§(T_]3)_|_...



which is nilpotent. We call this the monodromy operator on H*(X;).

It happens that this monodromy operator tells us a tremendous amount
about the relationship between the cohomologies of a generic fiber X; and
the central fiber Xy. An illustrative example is the following:

Theorem 0.1. (Clemens-Schmid (simplified)) There are morphisms «,i*,
and B of C-vector spaces such that the sequence

= Hopaoom(X) S H™X0) S H™(X) 5 H™(X) D Hopon(X) S H™2(X0) — ...

18 exact.

Here the morphism ¢* is induced by the inclusion 7 : X; < X and the fact
that retraction provides an isomorphism H™(X) = H™(X,). The exactness
of the snippet

H™(%0) & H™(%,) 5 H™(%,)

is already an interesting result, called the local invariant cycle theorem. It
says that the cocycles which are invariant under the monodromy action are
precisely those that come from the central fiber X,.

But we can say much more. Deligne [Del71; Del74] extended the ‘clas-
sical’ Hodge structure on a compact Kahler manifold to arbitrary separated
schemes X of finite type over C by associating functorially to every such
scheme a mized Hodge structure, whose ingredients are a weight filtration
H™(X,Q) and a Hodge filtration H"(X,C). The weight filtration is triv-
ial on compact smooth manifolds, in which case the mixed Hodge structure
degenerates into the standard Hodge structure.

As such, the cohomology of the singular fiber H™(X,) has a nontrivial
mixed Hodge structure and the cohomology of the smooth fiber H™(X;) has
its standard Hodge structure. It turns out, however, that with the default
filtrations the morphism i* : H™(X,) — H™(X;) is not a morphism of mixed
Hodge structures. Steenbrink [Ste76] remedied this deficiency by defining a
limit mized Hodge structure on H™(X;, C) which captures the the behavior of
the Hodge decomposition as ¢ tends to 0. He proved that H™(X,;) equipped
with this new mixed Hodge structure, which we denote by H|" (%), the
morphism i* : H™(X,) — H{" (%) is a morphism of mixed Hodge structures.

The full force of the Clemens-Schmid exact sequence is that it even re-
spects the respective filtrations:

Theorem 0.2. (Clemens-Schmid) The maps a,i*, N, and 3 are morphisms
of weighted vector spaces, and the sequence

o Hopaoom(X) S H™X0) S HP (%) 2 HT (X)) 2 Hopo(X) S H™2(X) = ...

1s an exact sequence of weighted vector spaces.
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/- and p-adic analogues of monodromy and mixed Hodge
structures

These sorts of results directed the search for similar structures and results on
their /- and p-adic cohomological analogues. The closed disk is replaced in
general by a Henselian (or, simply, complete) trait (.5, s,n) where s = Spec(k)
denotes the closed point and 1 = Spec(K) the generic point, and the family
f:X — S is replaced with a morphism f: X — §.

In ¢-adic cohomology one compares the cohomology of the (geometric)
special and generic fibers of X using the formalism of nearby and vanishing
cycles (as described by Deligne in [DK73, p. XIII]). Choose a ring of coeffi-
cients A € {Z/(*7,74,Qq,, Q,} where k > 1 and ¢ is a prime not equal to p;
for brevity we write D(—) for D(—, A). The theory associates to every com-
plex K € D*(X,) a so-called nearby cycles complex RV ;(K) and vanishing
cycles complex R®;(K), and for f proper we obtain an exact sequence

o= H"YX;, ROy (K)) » H(X;, K) 2 H' (X7 K) = H(X; ROx(K)) — -

where sp is the specialization map.

The role of the fundamental group is replaced by inertia group of I of the
Galois group G = Gal(K/K). When f is projective, the Galois group Gy
acts on the geometric generic fiber H'(X5, A) and by restriction we obtain
an action by I. Grothendieck proved the (-adic monodromy theorem which
states that, analogous to the complex case, this action is quasi-unipotent:

Theorem 0.3. (Grothendieck, SGA 7 t.I) There exists an open subgroup
I C I such that, for all g € I, and all © € Z, g acts unipotently on
H{(X7,A).

Later on the p-adic side, when the special fiber X, of X is semistable,
Hyodo-Kato or log-crystalline cohomology was conjectured by Jannsen and
Fontaine and defined by Hyodo [Hyo91] and Kato [Kat89] (see also [HK94])
to be a mixed characteristic analogue of the limit mixed Hodge structure.
Let S = Spec(V), write V* denote Spec(V) with the trivial log struc-
ture, and let (X, M) denote X equipped with the log structure M; given
by the semistable structure of X;. Then the log-crystalline cohomology
Hiyerys (X5, M) /V*) is defined over the ring of Witt vectors W (k) and
was designed so that D = H; ((Xs, My)/V*) @ Frac(W(k)) would be a

log-crys
finite-dimensional vector space over K := Frac(W (k)) equipped with

e A bijective Frobenius-semilinear endomorphism ¢ : D — D called the
Frobenius;



e A nilpotent operator N’ : D — D called the monodromy operator sat-
isfying Ny = ppN;

e a K-isomorphism with de-Rham cohomology

D ®g, K = HJW(Xk/K)

To reach the analogy between the /-adic and classical cases we need to extend
our perspective to see this cohomology theory as an object in the category
of filtered (¢, N)-modules, which are essentially characterized as those K-
vector spaces with these listed properties, and use the tools and framework
of p-adic Hodge theory.

The formalism of p-adic Hodge theory associates to every such (¢, N)-
module a well-behaved representation of the Galois group, called a semi-
stable representation because of the above connection to semistable schemes.
They are the p-adic equivalent of the unipotent representations we saw in the
context of the ¢-adic monodromy theorem, and one can in fact show [Ber01]
that semi-stable representations correspond to unipotent p-adic differential
equations.

The widest class of p-adic representations are the so-called de Rham rep-
resentations: it was conjectured and proved that all representations coming
‘from geometry’ are de Rham (the class of all Galois representations is much
too large, and many p-adic Galois representations are not de Rham; on the
other hand, there are de Rham representations that do not come from geom-
etry). The p-adic analogue to the f-adic fact that the monodromy operator
is quasi-unipotent would, then, be Fontaine’s conjecture that every de Rham
representation is semi-stable after a finite extension of the base field K. It was
proven by Berger [BerO1] that this follows Crew’s conjecture regarding the
quasi-unipotency of differential modules over the Robba ring endowed with
a Frobenius structure, which in turn was proven independently by André
[And02], Mebkhout [Meb02], and by Kedlaya [Ked04]. This result is the p-
adic analogue of the classical monodromy theorem over C and Grothendieck’s
{-adic monodromy theorem and is known as the p-adic monodromy theorem.

Chapter 1 of this thesis study the properties of the monodromy operator
N on log-crystalline cohomology.

If instead of a mixed characteristic family f : X — S over a Henselian
trait we are in the setting of a family f : X — C over a curve, the Clemens-
Schmid exact sequence involving the limit mixed Hodge structure also has
a close p-adic analogue. Chiarellotto and Tsuzuki [CT03] constructed a se-



quence

o (X)) D Hy (X, ML)V @ K 22
H (X, M) V) @ K(=1) 2 HE2 (X) S HIP(X,) — ..

Xs,rig rig

and proved its exactness, where N,, is the monodromy operator at level m
and HY ;. (X) denotes the rigid cohomology of X with support in X, which
in this case is the dual of rigid cohomology by Poincaré duality [Ber97].
The proof of the exactness of this sequence requires sophisticated techniques
linked to the coincidence of the so-called monodromy and weight filtrations on
log-crystalline cohomology, which is a deep question in the field. In Chapter
2 we link this result to a motivic conjecture of Flach and Morin [FM18] and
use similar techniques to prove the conjecture in this case of a family over a
curve.

Chapter 3 of the thesis may be considered independent of the rest, going
in another direction that one can take in studying p-adic cohomology theories.
It deals not with the logarithmic cohomology of semistable varieties but with
a filtration on rigid cohomology of general varieties. Our interest in the
filtration stems from constructions surrounding the syntomic cohomology of
a scheme defined over a mixed characteristic discrete valuation ring.

This cohomology theory has several, overlapping definitions (see as a
sampler [CCM13, Definition 5.3.2], [Gro94, Definition 2.1], and [Bes00, Def-
inition 8.4]) but the idea is that for a scheme X — Spec(V) over a DVR one
searches for a filtration that entwines the Hodge filtration on the cohomology
of the generic fiber Hji(Xk) with the Frobenius on the p-adic cohomology
of the special fiber. From a broader point of view, it is the p-adic analogue
of Deligne-Beilinson cohomology.

Instead of a traditional Hodge filtration, Gros’s definition of syntomic
cohomology in the proper and smooth case used a distinct filtration [Gro94,
(3.2)] on the rigid cohomology arising from the characteristic p special fiber.
This filtration has also been contextualized by Besser [Bes00, §9], who showed
that it was related to his definition of syntomic cohomology. Just as the
construction of rigid cohomology involves the choice of an embedding X, C
Y followed by a choice of compactification ¥ C P, the definition of this
filtration involves same choices. An essential part of the construction of rigid
cohomology is that the resulting complex RI',(X}) is independent of the
choices. The same independence has been suggested as proven by both Gros
and Besser but no such proof in fact exists, leaving a hole in the literature:
our goal in Chapter 3 is to prove that the filtration is independent of the
choice of frame. This filtration turns out to be trivial in in the smooth and



affine case (corresponding to Monsky-Washnitzer cohomology), but there are
potential links to prismatic cohomology and the Nygaard filtration.

Outline

In Chapter 1 we study the monodromy operator on log-crystalline cohomol-
ogy. Originally defined in [HK94] as an analogue to the complex-analytic
monodromy operator, Mokrane [Mok93] and later Grofle-Klonne [Gro07] use
techniques introduced by Steenbrink [Ste76] to define a double complex A**
given a semistable log-scheme X whose cohomology computed log-crystalline
cohomology, and on which exists an endomorphism v which induced the mon-
odromy operator in cohomology

Ni . Hl

log-crys

(X) — H]

log-crys

(X)

for any 7. This operator v is neither surjective nor injective on A**®, and
hence the link between the kernel and cokernel of the monodromy operators
N; and the kernel and cokernel of v is subtle. This motivates the study of
the kernel and cokernel of the operator v, and our goal is to define a natural
duality between the kernel and cokernel of v at the level of complexes which
induces a perfect pairing in cohomology, and to provide a possible geometric
interpretation.

In Section 1.3 we prove general results regarding induced pairings on to-
tal complexes. Namely, given pairings A®* x B* — [®* and C* x D* — [*®
of complexes, along with morphisms C* — A® and B* — D°®, we prove
the necessary form of a pairing between Tot(C* — A®) and Tot(B* — D*)
under general circumstances (Proposition 1.3.1). In Section 1.4 we use this
calculation to show that two natural pairings involving the hom functor on
complexes of sheaves over a scheme or rigid-analytic space coincide in co-
homology. Namely, if f : . Z#°®* — ¥* is a surjective morphism of complexes
and 7 : ker f — Z°* is the inclusion (a quasi-isomorphism in the derived
category), we show that in the derived category we have a compatibility of
pairings

(Hom*(4*,.#%) — Hom*(#*,.9*)), x (F*—>9*), — I*

S

lcp li71 lid
Hom* (ker f, .#*) X ker f ——— I*
where the top pairing is induced by the composition pairing on .# and ¥

respectively as in Proposition 1.3.1 and bottom pairing is the standard com-
position pairing.



We specialize to the setting of rigid-analytic spaces in Section 1.5 where
we establish natural functorialities of pairings of overconvergent sheaves. The
previous results are used to show that the pairing of sheaves which induces
Poincaré duality in [Ber97] in fact coincides with a natural hom pairing, and
we use the fact that Poincaré duality is perfect to conclude that this hom
pairing is perfect as well (Corollary 1.5.5).

Finally, in Section 1.6 we use a pairing defined by El Zein [El 83] to define
a pairing between the kernel and cokernel of the monodromy operator on the
Hyodo-Steenbrink double complex. In the case that our semistable scheme
Y/k has a good lifting to a proper scheme over V, we show that the perfect
hom pairing in Section 1.4 can be interpreted via El Zein’s methods as a
perfect pairing between the cohomology of the kernel and the cokernel of the
monodromy operator on the Hyodo-Steenbrink double complex.

In Chapter 2 we continue our study of the monodromy operator on log-
crystalline cohomology by looking at a conjecture of Flach and Morin [FM18,
Conjecture 7.15]. Inspired by motivic ideas, it posits that for a semistable log-
scheme Y over k the cones of the monodromy operator NN; can be described
purely in terms of the rigid cohomology of Y and its dual. Namely, they
conjecture the existence of an exact triangle
RPrig(Yg/O?) - [RFlog-CrYS(Y> % erog-cryS(Y)(_l)] - Rffig(yg/og)(—”—l)[—2”—1] —
in the derived category of p-modules.

We prove the conjecture in the case where Y can be viewed as the fiber
over a k-rational point s of a proper family X — C where C' is a curve. In
this setting Poincaré Duality [Ber97] provides a canonical dual to rigid co-
homology. Our proof is modeled on Chiarellotto and Tsuzuki’s construction
and proof of the p-adic Clemens-Schmid exact sequence [CT03]

co Hag(X) 5 HP (X, M) /O2) @ K 2
ar . (X, M,)/02) @ K(—-1) > HEP2 (X) S HEP (X)) = .

log-crys rig
whose resemblance to the conjectured exact triangle is clear in light of Poincaré
duality identifying cohomology with support in a closed subset as the canon-
ical dual of rigid cohomology.

In Chapter 3 we pivot from the monodromy operator on log-crystalline
cohomology and explore a Hodge-type filtration on rigid cohomology. Recall
that if X is a k-scheme then rigid cohomology respect to a frame (X CY C
P) is defined to be

H’I’L

rig

(X) = H"(Y[p, 5k )
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It is a classical and foundational result that this definition is independent of
the choice of frame (X CY C P) in the derived category of overconvergent
sheaves. Using the fact that the rigid generic fiber Yf;g is a closed subset of
1Y [p, say with ideal of definition I, we define a filtration

Fﬂg{,Y,P = ];((]s_. ® Q].Y[p)
of jLQ]'Y[P and an induced filtration

Fil* H;

rig

(X) = Im(H"(Fily y p) = Hp,(X)).

on rigid cohomology. The question we answer in this chapter is the inde-
pendence of this filtration on the chosen frame (X C Y C P). To be more
precise, we need to show that given a morphism of frames

Y/ Pl

Y —— P
where ¢ is proper and u is smooth, we have a quasi-isomorphism
1S ~Y 18
Fl]‘X,Y,P — RUK* F11X7Y/7P’ .

Our technique of proof, which follows Berthelot’s idea for the independence
of rigid filtration detailed in [Le 07, Chapter 6], is detailed in 3.2. We reduce
the general situation to two cases: that of a proper étale morphism of frames

Y —— P

Y —— P

i.e. where g is proper and u is étale, which is the content of Section 3.3, and
to a smooth morphism of frames




where u is smooth, the content of Section 3.4. Recent suggestion made by
Kedlaya may indicate some possible connection between this filtration and
some filtrations (namely the Nyaagard filtration) arising in the framework of
prismatic cohomology: we plan to investigate this suggestion.

Notation

For reference we collect the notation that we will use throughout the thesis.

k: This will denote a perfect field of characteristic p > 0 unless specified
otherwise.

V: A complete or Henselian discrete valuation ring of mixed characteristic
(p,0). We denote the residue field of V by k as above.

K: The fraction field of a complete discrete valuation ring V or the field of
fractions of the ring of Witt vectors W (k).

(X CY C P): Let V be a complete discrete valuation ring with residue field
k and let X be an algebraic variety over k. A frame is a sequence of
embeddings

X—=Y =P

where X — Y is an open immersion into another algebraic variety over
k and Y — P is a closed immersion of Y into a formal V-scheme P. A
frame is denoted (X CY C P).

Ei_}: The sheaf of overconvergent sections with support in |Z[p. Suppose h :
T — V is an inclusion of an admissible open subset into a rigid analytic
variety, it induces a canonical pair of adjoint functors (h~1, h.) on topoi.
The functor h~! has a left adjoint hi, and the sheaf of overconvergent
sections with support in 7T is given by

rhe = nh €.
It fits into a short exact sequence
0—>£}5—>5—>j‘t\T5—>0.
([Le 07, Proposition 5.2.4])

Ty\7: The sheaf of sections with support in V/ \T. Suppose h : T — V is
again an inclusion of an admissible open subset into a rigid analytic
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variety and let i : V' \ T" < V be the embedding of the closed com-
plement. It induces a canonical pair of adjoint functors (i~!,4,). The
functor 4, has a right adjoint 4, and the sheaf of sections with support
in V'\ T is given by

L€ = id'E.

If (X CY C P) is a frame, then Iy, can be computed as
E}X[P(‘: = ker(é' — h*hilg)
([Le 07, Proposition 5.2.14])

RT 7,is(X): Rigid cohomology of X with support in Z. Lei X be a k-scheme
and Z C X a closed subscheme. Fix a frame (X C X C P). Then the
rigid cohomology of X with support in Z is defined to be

RT 7,ig(X) := BT (X [p, I, 5500 )

RT. ig(X): Rigid cohomology of X with compact support. Fix a frame (X C

X C P). Then the rigid cohomology of X with compact support is
defined to be

R ig(X) := RU(X[p, RL)x, %, )

P X [p

Op : If k is a field of characteristic of p > 0, we denote by Op the ring of
Witt vectors of k. We will typically denote by K its field of fractions.

RTyuk(Y/O%): 1tY is a semistable k-log scheme, then we denote by RI'uk (Y/O%)
the cohomology

RPHK (Y/Og) = erog—crys (Y/O?‘> & K.

M(d): If M is an object with a Frobenius action, say K or log-crystalline
cohomology H; (X), we denote by M (d) the same object M with

log-crys
d-twisted Frobenius.

SY: The log point (Speck, 1~ 0).

20: For V a complete discrete valuation ring, 20 := (Spf(V), triv) where triv
is the trivial log structure.

&% (Spf(V), 1+ 0).
S: (Spt(V[t]), (N = V[t], 1+ t)).

11



Chapter 1

Pairing on the Kernel and
Cokernel of the Monodromy
Operator in Log-Crystalline
Cohomology

1.1 Introduction

Let V be a complete discrete valuation ring and consider a semistable scheme
Xy, with special fiber X. In this chapter we try to contribute to the study of
the monodromy operator

Ni : Hliog-crys (X) - Hliog-crys (X)

This operator, which is the arithmetic analogue of the monodromy opera-
tor over C, is the basis of several results and open conjectures about the
arithmetic of Hyodo-Kato cohomology. One of the central conjectures is the
p-adic weight-monodromy conjecture [Mok93, Conjecture 3.27], which states
the so-called monodromy filtration induced by the operators N; coincide with
the weight filtration, related to the Frobenius structure on Hj,, ... Another
conjecture along these lines is the invariant cycles conjecture (see [Chi99,
Corollary 4.8]) which relates the kernel ker N; of the monodromy operator to
the rigid cohomology H}, (X).

In this chapter we try to contribute to the study of the monodromy oper-
ator via a study of an appropriate variation of the Hyodo-Steenbrink double
complex A®** for rigid cohomology. This double complex has an endomor-
phism v which induces the monodromy operators N, in cohomology. With

the hope of understanding the kernel and cokernel ker N; and coker N; on
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cohomology, we study the cohomology of ker v and coker v and their rela-
tionship to one another. Our main result concerning this is Theorem 1.6.7,
which states that when X has a nice formal model ) then there exists a
perfect pairing

H (Y, kerv) x H" 7Yk, cokerv) — K

where n = dimY.

1.2 Overview

We briefly review Berthelot’s construction [Ber97] of Poincaré duality for
rigid cohomology. As usual, let V be a complete discrete valuation ring with
residue field £ of characteristic p > 0 and fraction field K. Let X be a
k-scheme, Z C X a closed subscheme, and let U := X \ Z be its open
complement. Choose a compactification X over k and suppose we have a
closed immersion into a p-adic formal scheme P over V. In this situation
Berthelot defines (e.g. in [Ber97]) the rigid cohomology with support in X
(resp. with compact support) as

R 7,35(X) = RU(X[p, I, Q) = REOX e, (G5 g, = 36 2,,):)

RUerig(2) = RU(JX[p, D71, 5,) = BE(X e, (D (7)) = Ly (I7)s)

where .#* is a resolution of Q% and (—)s denotes the total complex. This

IX[p
notation is somewhat ambiguous, since the degrees of the total complex de-
pend on the embedding of the constituent complexs as rows or columns in

a double complex; here the columns of ( jLQ]'Y[P — j,T]Q}'Y[P)S) are embed-
ded as rows with ji((’)}y[P in degree (0,0), and similarly for (Ly;(,(#*) —
D x(p(#°)s) but with I}y, (.#°) in degree (0,0).

Now let .#® be an injective resolution of 2°- ; which extends the canonical

pairing. It is easy to show that this can be extended to a pairing
73I° @k Ly, #* = Lgy, I

where ? = X, U (see [Ber97, Lemme 2.1] or [Le 07, Corollary 5.3.6]). This
pairing for X and U combine in the manner of §1.3 to produce a pairing

RFZ,rig<X) QK ch,rig(Z) — RFc,rig(X>
and composed with the trace map

H2n

c,rig

(X) = K

13



we obtain a pairing
RT'7,ig(X) = RHomg (RT . ,ig(Z), K)[—2n]

which Berthelot proves is perfect [Ber97, Théoréme 2.4].

There is another natural pairing is latent in this construction. It is well-
known (see §1.4 for details) by general homological principles that, because
the following map f is surjective, there is a quasi-isomorphism

. [ ] f . ) 7
(];(Q]Y[p = JITJQ]Y[p)S — ker f.

In addition, letting Homfzm (—, —) denote the hom functor in the category
P

of Q}.Y[ -modules, we have an exact sequence
P

0 — Hom¢, _ (ji.#°,.7°) = Hom¢, _ (jL.#°* .#*) — Hom?,  (ker f,.#*) = 0
1X[p 1X(p 1X(p
since .#* is injective. Combined with the canonical isomorphism
. -t e 0\ ~ ° . e\ ~ .
HomQ]Y[P <j7f s 54 ) = E]?[PHomQ]Y[P (j s 52 ) = E}?[Pj

where 7 = U, X, (see for example [Le 07, Proposition 5.3.5]) we obtain a
quasi-isomorphism

Lo = Oxp ?°)s % Hom;lmp (ker f,.7°).

Thus it’s natural to ask in what way the Poincaré pairing is related to
the natural Hom pairing

Hom}zlY (ker f, #°) Q@ ker [ — F°

P
Our main result which we prove in §1.5 is that these two pairings coincide:

Corollary 2.1. (c.f. Corollary 1.5.4) Let i~' denote the inverse of i in the
derived category. The pairings

(Lo = Oxr®), x (ko Lifr) — s

| bk

Hom{lm (ker f, .7*) X ker f ——— 7
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are compatible in cohomology. Q

In §1.6 we use this result to study the kernel and cokernel of the mon-
odromy operator on the Hyodo-Steenbrink double complex when Xj has a
‘good’ lifting to V. Following [Chi99] we explicitly compute the kernel and
cokernel of the monodromy operator on the Hyodo-Steenbrink double com-
plex, and as a corollary of the above we will obtain

Theorem 2.2. Let (Y, Ny) be a semistable k-log scheme of dimension n
which admits a proper formal lift (Z,)). Then there exists a perfect pairing

H (Y, kerv) x H" 2Pk, cokerv) — K

where ) = j)\

Notation 2.3. For the sake of consistency we will adopt the notational con-
ventions of the Stacks project. In particular we adopt once and for all the
conventions in Section OFNB for double complexes and their associated total
complexes. Q

1.3 Induced Pairings of Total Complexes

Suppose we have pairings A®* x B®* — [* and C* x D* — I°* along with
morphisms f : C* — A® and g : B* — D®. Under what circumstances can
we define a pairing

(C* L A%, x (B* % D*), — I*?

Here (—), denotes the total complex of each respective morphism interpreted
as a double complex.

We choose to embed complexes as rows as in Stacks Project, Remark
0G6B with A™ and B™ being in position (n, 0) of the double complexes C* ER
A* and B* % D*, respectively; note that C* is in the lower half plane but
D* is in the upper!

First we expand what it means for A®* x B®* — I*® to be a pairing. Es-
sentially a shorthand for a morphism (-,-) : A* ® B®* — I* of complexes, it
means that in degree n the morphism

EB AP @ BT — "

ptq=n

Z ap ® by = (ap, by)

ptq=n
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is compatible with the differentials on each side (of course that’s not a general
element of the tensor product, but by linearity these considerations extend
to a general representative).

Following the aforementioned conventions for the differentials of the total

complex of a double complex, the differentials of the tensor product are given
by

Y ay @by Y (da, ® by + (—1)7a, @ db,)
ptg=n ptg=n

Thus compatibility with the differentials concretely means that

dr ( Z <apqu>) = Z (day, bg) + (=1)"(ap, dby)

p+q=n ptq=n

and of course setting a; = b; = 0 for (4,7) # (p,q) gives the necessary and
sufficient compatibility

dr{ay, by) = (day, by) + (—=1)"(ay, dby)

for all a, € A? and b, € B1.

When there’s no possibility of confusion we’ll go back and forth between
thinking of a pairing of complexes as a tensor product and as a family of
bilinear maps (-,-) : AP x B? — [PT4,

The following gives one condition under which the above pairing is well-
defined.

Proposition 3.1. Assume the pairing of total complexes has the form
(c* ER A®Y x (B* 2L D*)? — [P+
(cpr15ap) X (bgy dg—1) = k(p, q){ap, by) + £(p, q){cps1,dg—1)

with k(p,q),l(p,q) € Z —{0}. Then this pairing is well-defined if and only
if there exists an integer o such that

(f(ep); bg) = alcp, 9(bg)),

and in this case, up to a constant, k(p,q) =1 and £(p,q) = (—=1)"a for all
b,q. <

Proof. First some rote computation. We have
d((cp1, ap) @ (bg, dg-1)) = d(cpi1, ap) @ (by, dg—1) + (=1)"(Cpy1, ap) @ d(by, dg—1)
= (depa, (_1)p+1fp+1 (cp1) + day) @ (bys dg-1)
+ (=1)P((cpt1, ap) ® (dbg, (—1)7g7(bg) + d(dy-1)))

16



which gets mapped via our pairing to

k(p+1, Q)<(_1)p+1fp+1(cp+1) + day, by) +L(p + 1, q){dcp1, dg—1)
D00 1)) 000 ity (1) + )
1.1

Compatibility with the differentials means that this must equal

d (k(p, @){ap, by) + £(p, @) {cpi1,dg-1))

which by our previous computation is equal to

k(p: @) ({day, by) + (=1)"{ap, dby))+L(p, q) ({deps1s dg-1) + (=1)" {epar, d(dg-1))
(1.2)
Set cpy1 = dg—1 = 0. The required equality reduces to

k(p, q)d(ay, by) = k(p +1,q)(day, by) + (=1)"k(p, q + 1){ay, db,)

which implies [x * x Assuming k(p, q) are never zero and the pairing is...
reasonable?] that k(p,q) = k(p+1,q) = k(p,q+1) for all p,q. So k(p,q) =k
where k is constant.

Similarly, set a, = b, = 0. Then the equality reduces to

g(p, Q)d<cp+1a dq—1> = K(p + 17 Q) <dcp+1> dq—1> + (_1)p£(p’ q + 1)<CP+1a d(dq—1)>

Since
d(Cpi1,dg-1) = {depir, dg-1) + (1) {1, dy)

this demands that ¢(p,q) = £(p + 1,q) and {(p,q) = —€(p,q + 1) for all p,q.
These two conditions together imply that ¢(p,q) = (—1)7¢(0,0) for all p, q.

These conditions on k and ¢ provide necessary conditions for the pairing to
be well-defined. Under that extra conditions are they sufficient? Substituting
these values into equations (1.1) and (1.2) and simplifying, we get

k(f7 bg) = —£(0,0){(cp1, 9% (by))

So given the above formulas for £ and ¢ such an equality is necessary and
sufficient for the pairing to be well-defined. Setting o = —£(0,0)/k we get
our stated result. O

In particular, in the typical case

(f(cp)ybg) = (cp, 9(by)),
the pairing takes the form

(cpr1,ap) X (bgydy—1) = {ap, by) + (1) Cpi, dg1)

17



1.4 Pairings of Hom Complexes

Let Z be any scheme or a rigid-analytic space over a field. Suppose f : #°* —
¢* is a surjective morphism of complexes of Q%-modules and let .#* be an
injective complex (that is, an injective object in the category of complexes
of sheaves). Let ¢ : ker f — .Z* be the inclusion. By injectivity we have an
exact sequence

H{(i)

0 — Hom*(%*,.#*) 1Y% Hom*(7*, 7*) 29 Hom® (ker f, 7*) — 0.
By general theory there is a quasi-isomorphism
¢ : (Hom*(¥°, .#°) — Hom*(#*, .#*)), = Hom"(ker f, .#*)

given by (¢Yg,¥7) — H(1)(¢#); here Hom"(.#*, #°) is taken to be in degree
(n,0) in the double complex.

There is also a quasi-isomorphism ker f = (F* — ¥*), given by inclu-
sion, where this time .#" is in degree (n,0). It is easy to show that the map is
injective. The proof that it is surjective provides the preimage of an element
in the target so we give it here. Let [(az,ay)] € h?(F* — ¥°*);. The usual
conventions state that

d(ay, (lg) = (dag;, (—1)qf(ag;) + daq) (13)

so being in the kernel means that dag + (—1)7f(ay) = 0 and daz = 0. Since
f is surjective, there exists a (not necessarily unique) bz € #% ! such that
f(bz) = ag. Then

SO

(ag/:, ag) ~ (ay, ag) + (—1)qd(b5z, 0)
= (ay + (—1)qdbgz,0).

This element is in the kernel of f since

flaz + (=1)%dbz) = f(az) + (=1)1f(dbs)
= flaz) + (=1)%d(f(bs))
= (ag) + (—1)qdag

18



by Equation (1.3). Hence i([az + (—1)%dbz]) = [(az, ay)] as desired.
The morphism 4 is not bijective in general so ! is not well-defined as
a morphism, but being a quasi-isomorphism it is well-defined in the derived
category; the above proof provides an explicit inverse equivalence class. So
when we speak of 7! it will always be the inverse in the derived category.
These morphisms fit into the below diagram in the derived category
(Hom*(¥*,.7*) — Hom*(#*, .7°)), x (F°*—=¥°%), — I°

S

} )
Hom* (ker f, .#*) X ker f ———— I°*
where the top pairing is induced by the composition pairing on .# and ¢

respectively as in Proposition 1.3.1 and bottom pairing is the standard com-
position pairing.

Proposition 4.1. The above diagram commutes in cohomology. Q

More formally, we're saying that the diagram

(Hom*(¥*, .#*) — Hom*(F*, .9*)). @ (F* — 4*), — I*

lcp@fl lid

Hom®(ker f, .#*) ® ker f > I°

commutes in cohomology.

Proof. Fix n € Z”° and integers p, ¢ such that p+ ¢ = n and fix (Y, Vz) €
(Hom*(9¢°, .#°*) — Hom*(.#*, .#*)) and (az,ay) € (F* — 9°)°.

If (-, : Hom®*(%*, #°*) x F* — I* is the composition pairing, with a
similar definition for ¢, then

(H(f)(g), az)7 == Yg(f(az)) = (Vg, f(az))y
so by Proposition 1.3.1 the top pairing is given by
(Vg 07) X (az,a9) = Vz(az) + (=1)" iy ay).

By definition ¢(1y, ¥ #) = 1%, and as we explicitly calculated when prov-
ing the surjectivity of the map ker f — (#* — G*); we have i '(az,ay) =
az+(—1)%dbgs where f(bgz) = ay. Hence the top pairing maps to the pairing

Vg X (CLg; —+ (—1)qdbg;) — wﬂ‘(ag; —+ (—1)qdb/@‘)

We apply the conventions in Section 0A8H for hom complexes. Since
we're working in cohomology, d(ty, %) = (dilg, bz +(~ )P H(f) () =
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0. Writing vy = (y;); € [[;Hom(47, #774) and vz = (Y7,); €
[ 1, Hom(F7, #77) we have

(dibg); = dr oty + (=1)"yjr10dy € H.Hom(%j, FIHPE?)
J

and

(dpz + (1) H(f) (7)) = (dr otz j + (1) Mz ja 0d s
+ (=1 Ny 0 f;); € | [ Hom(F7, 774+,

J

In particular setting j = ¢ — 1 in the latter equation and inputting bz we
obtain

0=di (7 -1(b5)) + (=1)""bz4(dzbz) + (=17 g g1 (b))

SO
Yz (dby) = =g (fi(bs)) + (=1)Pdi(Y5,4-1(b7))
= —Yy(ag) + (=1)Pd; (V7 4-1(bz))
Thus
1/132 X (agz -+ (—1)qdby) — 77/)52(@52 -+ (—1)qdby)
=g(az)+ (—1)"Wz(dbs)
= Yz(az) + (1) My (ag) + (1)1 d; (V5 4-1(b5))
~ Yz(az) + (=1)" 1y (ag)
which is what we needed to show. O

1.5 Pairings of Overconvergent Complexes

Before we start, we prove an expected functoriality.

Lemma 5.1. Let (X CY C P) be a frame, V an admissible open subset
of [Yp, and A a sheaf of rings on V. If €& and F are two A-modules, the
canonical isomorphism

Hom , (j%&, F) = Iy, Hom (€, F)

from [Le 07, Proposition 5.5.5] is functorial in € and F, and if U C X is
open then the natural diagram
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I_Io_m,él(jg]guf) =  DyHom4(&, F)

! !

Hom , (%€, F) Ly x;,Hom 4 (€, F)

I

commutes. )

Proof. We start with the functoriality for U C X open. From the proof of
[Le 07, Proposition 5.2.5] it is clear that if V' is a rigid analytic variety, T C V'
an admissible open subset, u : V' — V a morphism of rigid analytic varieties,
T’ an admissible open subset of V' containing «~'(T), and £ a sheaf on V,
then the following diagram commutes:

0 —— v 'TheE —— v —— u‘lj‘T/\TS — 0

[

0 —— Thu'é —— u'é —— j‘f//\T,u‘IE — 0

where all of the nontrivial morphisms are the natural ones arising from ad-
junction.

In the given setting, set V' =V, u =id, and 7" =V \ (VN]|U[p). Then
the above diagram is

0 » I1E ><I S g—
0 > 1,8 » & y i€ —— 0

where Z = Y \ X and Z' = Y \ U are the closed complements of X and
U, respectively. If we let h : V\|X[p— V and h' : V\|U[p— V denote the
inclusions as usual, we obtain as in the proof of the isomorphism a morphism
of exact sequences

0 — Hom (&, F) —— Hom ,(§, F) —— h,h~"Hom 4(E, F)

| - I

0 —— Hom 4(j},&, F) —— Hom 4(E, F) — h'h'~'"Hom ,(&, F)

It then follows from general principles that we have a commutative diagram
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Hom, (j} €, F) — ker (Hom 4(€, F) — h.h~'Hom (€, F))
Hom ,(j1,€, F) —— ker (Hom 4 (€, F) — h.h'~'Hom 4(&, F))

Finally, noting that in general the morphism I'jy,, & — Iy, & for X "C X
open is induced via the identification with the kernel as in the proof of [Le
07, Proposition 5.2.16], this translates to a commutative diagram

Ho_mA(jL&]:) - E]X[PHO_IHA(&}_)

I I

Hom 4 (j€, F) —— Ljy,Hom 4(€, F)

as desired.
Next we check functoriality in €. Tt follows from [Bou+06, Exposé IV,
14] that the short exact sequence

0=ThesE—jleE—0

is functorial in €. So if £ is another A-module and & — £’ is a morphism
then we have a morphism of short exact sequences

0 s L€ nj s jLE —— 0
0 —— L& > & y i E —— 0

and the remainder of the argument is the same as in the above proof of
functoriality for U C X open.

Finally, suppose F' is another A-module and let F — F’ be a morphism.
Then by functoriality of Hom we have a morphism of exact sequences

0 —— Hom ,(j1.&, F) —— Hom ,(£, F) —— h,h~"Hom ,(&, F)

I [ T

0 — Hom ,(jL.&, F') —— Hom 4(£, F') — h,h~"Hom 4 (£, F')

and again the remainder of the argument is identical to the end of the proof
of functoriality for U C X open. O]
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Let X C X C P be a frame and fix an injective resolution ¢ : Q]%[ —
S with a pairing #* x #* — #° lifting that of Q].Y[‘ Such an injective
resolution is equivalent to the data of an injective resolution in the category

of Q]’Y[—modules, which has enough injectives by [HLT71, Proposition 2.4].

This pairing induces a pairing j;(f * X Ly — J°, corresponding to the
morphism

E}X[f. - E]X[I-I()_m;lm(f°, I°) = HO_m;z]Y[(j;(j.?f.)

where the first morphism is the restriction of the original pairing on .#°.
Consider the diagram

_Homgzm(ji(ﬂ' J°) — E]X[_Homgzm(Q]'y[, J°) — INNE

X
X X
4 e ke . o
];(Q]Y[ = ’ ];(j
BA BA

The left pairing is the composition pairing and the right pairing is the one
described above.

Lemma 5.2. These two pairings are compatible. Q

Proof. By adjunction, it suffices to show that the following diagram com-
mutes:

Hom?, (j4 Q. #*) +———— L5/

Ju !
—Homs.)]y[(j;(Q].Y[aj.) — —Homglly[(jg(‘ﬂ.aj.)

The fact that the pairing on .#* extends that of %, means that the
Qg-module structure on #* is compatible with the pairing on .#°, in the
sense that the ()x-action is induced by the composition

Qe 5 7 — Hompy _(S°,.5°).

In other words, the following diagram commutes:
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Homf,  (Qf, #/*) ———

S~

HomQ (f °)

Alongside the functoriality from Lemma 1.5.1 we can glean that the following
commutes too:

Homs, _ (j Qe 7)) «—— L) Homs, (g, 7) ———— D7

X \ l

E]X[—Homglly[ (j.a j.>

|

Hom?, _(j%.7*,.7*)
but this is precisely what we wanted to show. O]

Next, note that the natural morphism I'y;;.#* — L) x.#* coincides with

the natural morphism Hom® (5}, Q‘X[, 7*) — Hom* (5 Q’ ﬂ’). That is to

say, the following diagram commutes in the category of Q]Y[ modules:

Ly » Dy s*

E}U[Ho_mém(QL I*) —— E}X[HO_IH;)] (Q X[,f )

° - e . . . .
LB Y[(]UQ* 54 ) —)HO_HIQ] ( Q]X[aj)
The commutativity of the top square comes from the functoriality of the
morphism

Woh' ' — hhE

in the proof of [Le 07, Proposition 5.2.16]. The bottom square commutes by
Lemma 1.5.1; indeed, from its proof we know that the bottom morphism is
the one derlved from the morphism j XQ]'X[ — jUQ' so the diagram above
coincides with the diagram in Lemma 1.5.1.

Finally, if ¢ : Ly — L)x#* and [ : j;f’ — jU,ﬂ' are the usual
morphisms, the commutativity of the diagram
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(which is of course proven in exactly the same way) implies the adjoint rela-
tion

(¥(a),b)x = (a, f(b))u

where we denote by (,-)x : [jx.#* X jl..7* — 7* the usual pairing and
similarly for U.
We infer from all of this the following:

Proposition 5.3. There is a compatibility of pairings

(L 7® = Dy 7)), X (ks > J}W°>s
(Homs, (19 #*) = Homty _ (74 77) (ks =)

where the pairings are given by Proposition 1.5.1. Q

Hence by Proposition 1.4.1 we’ve proven

Corollary 5.4. Let f : j;ﬂ' — jTUﬂ' denote the usual map. Then the
pairings

L] L] ; [ ] f ; L] [ ]
(Lo = Oxr?), x (ko Lifor) — s
| bk
Hom&m (ker f, .7°) X ker f ——— .#*

are compatible in cohomology. Q

Since the cohomology of the top pairing is Poincaré duality, we piggyback
on Berthelot’s result to obtain

Corollary 5.5. Suppose X is a smooth k-scheme. Then the pairing
R (]7[, Hom?, _ (ker . f‘)) x BT (JX[ ker f) — R, yg(X) = K

induces a perfect pairing. Q

25

— 7

— 7



1.6 Poincaré Duality and the Monodromy Op-
erator

We now apply Corollary 1.5.5 to the study of the kernel and cokernel of the
monodromy operator on the rigid-analytic analogue of the Hyodo-Steenbrink
double complex.

Our spaces live over the logarithmic extensions of the standard base

schemes in rigid-analytic geometry.

Notation 6.1. We define

S% .= (Speck, 1+ 0)

200 := (Spf(V), triv)

&° == (Spf(V), 1+~ 0)

S = (Spt(V[t]), (N = V[t], 1 — 1))

Y

The construction requires the additional assumption that, essentially, our
model can be lifted to a family in characteristic 0 as well as in characteristic

P
Definition 6.2. Let (Y, Ny) be a semistable k-log scheme.

1. An admissible lift is a log-scheme (Z,N') defined over V[t] such that

(a) Z is smooth over V;
(b) (Y, Ny) = (2,N) xe 8%

(c) the scheme Y := V/(t) is a normal crossing divisor in Z and N is
the log structure corresponding to this divisor.

We say that an admissible lift is proper if Z is proper over V.
2. An admissible formal lift is a formal & log-scheme (3, A3) such that

(a) 3 is smooth over 20 and flat over &;
(b) (Y’NY) = (37N3) Xe& SO;

(c) The fiber 9 = V(t) is a normal crossing divisor on 3 and Nj is
the log structure corresponding to this divisor.

We say that a formal admissible lift is proper if 3 is proper over 27.
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Let (Y, Ny) be a semistable k-log scheme with a proper admissible lift
(Z,N). We visualize the base change of Z to k and K as well as its fibers
over t =0 and t = 7 as below:

X
X
Y I? =T
Z Z
N% Yy
Y t=0
k K

The formal completion of the constitutent schemes can be visualized as
follows:

X .
Y % =T
Z Z,
N Yo
Y t=0
k K

Since Y = V/(t) remains a normal crossing divisor after completion, this is
the data of a proper adm1531ble formal lift of (Y, Ny).

Write 3 = Z and ) = y Since the lifting is proper, we have an isomor-
phism 3x = Z¥ and we may take Zj to be its own compatification, so that
(Y C Z;, C 3) is a frame; note that by construction we have | Zj[3= 3. Let
U = Z;\ 'Y be the open complement of Y in Zj and let .#* be an injective
resolution of 2§~ with a pairing extending the wedge product. By Corollary
1.5.5 the pairing

Hi(35, Homg, (93, = 3505, )5 ) X H7 27 (35, (95, = jh925,)s) = K
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is perfect.

Our goal is to interpret this as a pairing between the kernel and cokernel
of the monodromy operator on Grosse-Klonne’s rigid analogue of the Hyodo-
Steenbrink double complex. As a preparatory step we have a transmutation
of this pairing.

Lemma 6.3. Let (Y, N) be a semistable k-log scheme of dimension n which
admits a proper formal admissible lift (3,2)). Then the hom pairing

Hi+1<3K7 I—Io_mE)aK (QEK <£’DK>/Q§K> j')) XH2n+27i71(3K’ Q;)K <2)K>/Q3K> S K
15 perfect. Q
Proof. First, it’s observed in [CT03, §4] that there is a quasi-isomorphism
fitting into the commutative diagram

Q;)K - Q%K <Q~)K>

FE

0 — 300,
This induces a quasi-isomorphism
. . = . T e
(Q3K - QBK <®K>)s — <Q3K — ]UQ3K>S :

Secondly, since Q3 — Q3 (k) is injective there is a standard quasi-
isomorphism

(Q3, — Q5 (Dk))s 5 coker(Q3, — Q3 _(Dx))[—1] = Q3 (Dk) /5, [—1]

given by projection. Substituting these isomorphisms into our perfect pairing
we obtain a pairing

H' (35, Homgy (03, (V) /5, [—1], 7)< H" 7 (35, O3, (V) /5, [-1]) = K,
that is,
H™' (3, Homgy, (O3, (Yr)/Q,, I )< H" 277 (35, 95, (D) /Q5,) = K

which is what we wanted to show. O
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1.6.1 The Monodromy Operator and the rigid Hyodo-
Steenbrink Double Complex

We briefly describe Grosse-Klonne’s description of the rigid analogue of the
Hyodo-Steenbrink double complex, described in [Gro07] and elaborated upon
in [Grol4]. Let (Y, Ny) be a semistable k-log scheme. Admissible lifts exist
étale locally on Y. Indeed, it is a feature of semistable k-log schemes that
they étale locally have embeddings as normal crossing divisors into smooth
k-schemes, say Y < Z, which we may assume affine [Kat96, Proposition
11.3]. Smooth affine schemes can be lifted to formally smooth affine formal
schemes, so we can find a W (k)-scheme 3 lifting Z. Then we lift the equations
of Y in Oy to equations in O3, and we let ) be the formal scheme defined
by these equations.

Given this, let Y = [J, .y Un be an open covering such that each U), has
an admissible lifting (35,9s). For each G C H, let Ug = (s Un- Through
blow-ups Grosse-Klonne constructs a canonical embedding

U = Qe — Ra

where Ug — Q)¢ is an exact closed embedding of formal G-log schemes, K¢
is smooth over 2, and Qs — K¢ is an embedding of a normal crossing
divisor. We give K¢ the log structure provided by Qg¢.

Denote by wg . the log de Rham complex of 8¢ — 2, write § = dlogt,
and let ~
W
Ty, = 05, © O Wy = =

DY) R Va> DY) ~e1

G G G WQJG /\0

Let Q¢ x be the generic fiber of 9 and let
LT)QT)G,K = @&;)G ® K wgtjG,K = th)G ® K’

when there’s no risk of ambiguity, we’ll denote by the same (Z@G L and wy
their respective restrictions to the tube ]U(;[@G. For G; C (G5 there is a
natural transition map

]UG2 [@GQ _>]UG1 [Q.)Gl

which provides the data for a simplicial rigid-analytic space |Us[y,, and it is
easy to see that wy and Wy, are sheaves on the associated site.
It follows from the definition of (log-)rigid cohomology [Grol4, §1] that

R4 (Y) = RU(JUs[y.,wy,)

revealing that this complex can be seen as a rigid-analytic analogue of the
complex W,wy* in [Mok93] which computes log-crystalline cohomology, in
fact coinciding with it in the proper case.
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The following construction of the double complex is essentially identical
to that of [Mok93, §3.8] and [Ste76, §4]. For j > 0, let

Pak = Im(@}, @ Qb7 — &k
and let .
Pjwg,
wg, @ Iy,
where Jy, is the ideal of definition of the embedding ), — R.. They are
the sheaves of differentials on K, and %),, respectively, with poles of degree

at most j. The graded part, then, can be computed as usual via the residue
maps and in our setting we have a residue isomorphism

Gr; (@) = D O, -]

‘Jte®]-,c

P, =

where the sum runs through the set of all intersections 91 of j distinct irre-
ducible components of 9¢.
Finally, we define a double complex
~it+j+1
Al “9a,x
G T 5 ~itjtl
Py )

DileN’e

where the horizontal differentials A — Agﬂ)j are induced by (—1)7d and
the vertical differentials Ag — AiG(j ) are induced by w — w A 6. We denote
its total complex by AZ..

Following Mokrane and Steenbrink, we define an endomorphism v : A2, —
Ag by

yg = (—1)’ proj : Ag — AiG_l’jJrl

where proj denotes the projection of the quotient. The choice of sign differs
from Mokrane, who used a sign of (—1)"7*!: it was pointed out by Nakkajima
in [Nak05, Remark 11.9], who attributes the observation to GroBe-Klénne,
that Mokrane’s choice of sign fails to define a morphism of double complexes
and needs to be amended to the above. Interpreting everything as compo-
nents of a simplicial object, we obtain a complex A® on 2),.

The monodromy operator

N:H:.(Y)— H;

rig rig

(Y)

on rigid cohomology is defined to be the connecting homomorphism in coho-
mology associated to the exact sequence

0 — why, [-1] 2% Ty, — wy, = 0.
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It is purely formal (see [Mok93, Proposition 3.18] or [Ste76, §4.22]) that the
connecting homomorphism of [Grol4, §5.4] coincides with the action of the
monodromy operator v on A®. The cohomology of the kernel and cokernel
of the monodromy operator on A® can be described explicitly as follows:

Lemma 6.4. With the above notation, we have
H' Qi kerv) = H' (35, Gr. (@5 ) [*])

and

. , w3
H' (Y, cokerv) = H'T | 3, i—f{
PO(W,s,K)

S

Proof. The argument of Chiarellotto in [Chi99, Proposition 1.8] shows that
kerv = (0 — Grl(&%@)[l] — GrQ(JJ%’Q)D] — Grg(@%@)[fﬂ] — ).

Since all of the morphisms Vg which are nontrivial are surjective, we imme-

diately have

&.
cokerv = A*Y = 2.

~ Ry

To apply Corollary 1.5.5 we specialize to the case in which Y globally
has a proper admissible lift. In this case we have G = {x} the singleton set,
Us=Y,Yc =12, and RKg = 3. Let i : P — 3 denote the closed immersion.
Since we assume properness, we have |Ug[y,=]Y [y= D k. By definition,

(Dg,K = Q;)K <QJK>
Since i, is an exact functor, for all 7 > k we have

P.co2 P03
P.o%/ Puio® = I3 3
95/ P (5’5 ® ]23) / (@5 ® f@)

> Py [i Py

This holds even after passing to the generic fiber. In particular

Gr; (03,0) ] = 2(Gr; (@ o) 7))
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for all j. It is standard that 7, preserves injectives since its left adjoint ¢* is
exact so we have an isomorphism

(31, Gra(@,0)[#]) = H' (3. i (Cr. (@,0) )
= H'(Yx, Gru(@h o)[+])
= H'(Yg, kerv)

Similarly, the surjectivity of v on each AP except when ¢ = 0 implies that
coker v = (0 = @y o/ Po g g = 0o/ Po Wy o — @o/Podhg — )
and the same isomorphisms show

H'(3k,@5 o/ Po@s o) = H' (Y, coker v).

1.6.2 El Zein’s Isomorphism

We now define a pairing between the cohomology groups of the previous
subsection using El Zein’s isomorphisms in [El 83].

For a moment we step into El Zein’s settings and consider varieties over
C. Let X be a smooth and proper variety of dimension n + 1 and Y a
normal crossing divisor in X. For each i, let Y denote the disjoint union
of intersections of ¢ distinct irreducible components of Y. There is a natural
inclusion IT : Y® — Y and canonical maps

;YO - y(=h
whose restrictions to the components are simply the inclusions
Yilﬂ"‘ﬂYti%Klﬂ"‘ﬂﬁjﬂ“'ﬂYti

where }A/t]. denotes the fact that the component Y}, is omitted. One can then
define maps p; : 5., — Q3.1 as the alternating sum

pi= (-1 Y~

1<j<it1
We let €)7.,) denote the natural complex

0 — ILOY o — ILOS o) — ...
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induced by these maps.

El Zein’s construction also requires the residual complex K% of X, which
we will identify with its image in the derived category where we will call it
the dualizing complex of X. For completeness we briefly describe it here;
Hartshorne’s [Har66] is the standard reference for the constructions.

The dualizing complex of an arbitrary scheme X is a complex R® € D°(X)
of finite injective dimension such that for any coherent sheaf F'* € D(X)
the functorial isomorphism

F* — RHom*(RHom®(F*, R*), R®)

of [Har66, Lemma V.1.2], which we think of as the ‘double dual’ of F*
with respect to R®, is an isomorphism. In the course of [Har66, Chapter
V/VI] Hartshorne shows that dualizing complexes exist for a wide variety
of schemes, not just varieties over C; for example, any regular scheme of
finite dimension and any scheme of finite type over a field admits a dualizing
complex (see [Har66, §V.10]).

Hartshorne shows in [Har66, Proposition VI.1.1] that the image of a so-
called residual complexr on X is always a representative of the dualizing com-
plex of X. In particular, for a regular scheme X the Cousin complex of the
structure sheaf Ox is a residual complex [Har66, Example §VI.1.1]. From
this we can use [Har66, Theorem V.3.1], which says that dualizing complexes
are unique up to shifting of degrees and multiplication by an invertible sheaf,
to produce other representatives for the dualizing complex. The particular
residual complex which El Zein uses in his construction is the Cousin com-
plex K% of Q%"'[n + 1]; by general properties of the Cousin complex [Har66,
§IV.2] is an injective resolution of Q%'[n + 1] consisting of quasi-coherent
sheaves.

We now continue with El Zein’s construction. Let K% be the Cousin
complex of Q%" [n + 1] and identify it with its image in the derived category.
The variety X being smooth its sheaf of differentials is locally free, so we
have an isomorphism

Hom (%, K%) = K% @ (Q%)".

Since K is the Cousin complex of Q% [n+1] it follows that this is an injec-
tive resolution of %' ~“[n+1], and in fact a Cousin complex of Q%' ~*[n+1].
The temptation is to incorporate these into a morphism

Q%[0 + 1) — Homy (O, KX)

where the latter is the hom complex, but unfortunately this is not well-
defined: since the differentials of (2% are not Ox-linear we have to strip it
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of its differential structure and imagine it as simply as a graded algebra to
include it in the category of Ox-modules. But while the hom complex con-
struction is not well-defined, in [El 78, §II] El Zein proves that the temptation
can be realized:

Proposition 6.5. ([El 78, Proposition 2.1.1]) There ezists on
Ky := Homy (2, K)

the structure of a double complex, and its total complex is a canonical injective
resolution of the de Rham complex Q%[—2n — 2]. <

In addition to its structure as a complex, K%* has the structure of an Q%-
module by multiplication on Q% from the right. The action is characterized
by the relation

Dy + (=1)"'pD = dp

for ¢ € Q' where D is the differential on K%". For general definitions and
constructions about Q%-modules we refer the reader to [HL71].

The main result we use, which is a variation of [El 83, Theorem I1.2.1]
and whose proof we omit for brevity, is

Theorem 6.6. ([El 83, Theorem 11.2.1]) Let X be a smooth and proper va-
riety, Y a normal crossing divisor in X. There 1s a quasi-isomorphism

¢t Qi > Hom, (U (V) /Q, K3)[~2n — 1

The basic idea is that first by a change of rings formula we have an
isomorphism

Homg,. (25 (Y), K¥") = Hom¥ (% (Y), K%).
El Zein then defines a morphism

Ny v — Hom% (5 (Y), K%)[2n — 2]

*

where (27 .., denotes the resolution 2% — €F, ) by defining for each 0 <
A,m < n+ 1 a morphism
A 1-A 1 1
0 ey, — Homy (Q5F72), ! (37)).
Here y;...;,. denotes the generic point of the intersection of components Y, N

---NYj, and H;?OH] (%) denotes the local cohomology with support on
Yjo--jm» Which can be computed as

HIH () = P (),

Yig-im
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(see [Har66, §IV.1]). El Zein imposes a filtration on both sides of this mor-
phism and shows that this is a bifiltered quasi-isomorphism by reducing this
morphism to Poincaré duality at each graded level. The cited theorem is this
isomorphism after applying the same change of rings formula and truncating
the filtration.

While El Zein works over C, his arguments and constructions are algebraic
and transfer seamlessly to the algebraic setting of schemes over K. Using
this result, we prove the following:

Theorem 6.7. Let (Y,Ny) be a semistable k-log scheme of dimension n
which admits a proper formal lift (Z,)). Then there exists a perfect pairing

H' Yk, kerv) x H* 7Y, cokerv) — K
where ) = .
Proof. By El Zein’s theorem, we have a quasi-isomorphism

2o = Homty, (%, (log Vi) /Qz,, Kz )[=2n — 1]

We now transfer this quasi-isomorphism into the rigid-analytic setting via
analytification. Since the admissible lift is assumed to be proper, we have
identifications

Zy = 3k, Vi =Dk
as well as canonical identifications
Q)" =k (5, (og Vi)™ = Q5 (D)
In addition, there is a natural isomorphism
(Homs,, (9%, log Vi) /s, K57)) = Homy, (905,50(Di)/9% s, (K)™).
To see this, first note that there is a change of rings formula
Homg,, (9%, (log Vic)/Qz,., KZ,) = Home, (0%, Vi), KZ,)

(see [El 83, §I1.1.2] or the proof of [HL71, Proposition 2.9 (3)]). Analytifica-
tion on Oz, -modules is a fully faithful functor when the first component is
of finite presentation, and in particular when it is coherent. Hence we can
deduce an isomorphism

(Home, (2%, (Vi) K2,)) " = Home, (95,c(Di) /.1 (K2,)™)
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Then by the same change of rings formula we have

Home, (€% (), (K2,)™) = Homp, (@ (0 x)/9% s, Homo, (250, (K3,)™)).

But again by fully faithfulness we have

an

Homog, (0% (K2,)"™) 2 (Homo, (93, K2,)
(K

and substituting these isomorphisms into each other we obtain the desired
isomorphism.

The analytification functor is exact (for example by [Con06, Example
2.2.11]) so we may apply it in the derived category as its own derived functor.
Thus we have a quasi-isomorphism

Q;g;) 1> RHO_mS.]gK (QEK <10g iDK>/Q§K7 (K;It)an){_zn . 1]

However, it is not clear that after analytification the resolution

~

(Q25,)" = (KZ)™

is an injective resolution. To get around this, let Q3 ~— .#* be an injective
resolution extending the pairing on €25 . We then have quasi-isomorphisms

70 S (K )™ 20 + 2]
and via their composition we deduce a pairing

Q*@?) = RHO_IH;z;K(QgK (logD k) /5, 7°)[1]

By definition (it’s just a different choice of notation; see [CT03, pp.997]) we
have

(Z)g,@/PO (':);),Q - QEK <10g QJK>/Q§K

so that the above reads
Q*@gy = Ho_mgng (@5,0/Po @5 g, #°) (1]
Recall from §1.6.1 that the residue map gives an isomorphism

~Y

Gr; (W0, )] = °%>~
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As in [Ste76] and [Mok93] this isomorphism is defined in such a way that,
with the standard transition morphisms, we have an isomorphism

Gr*(@%G’K)[*} & Q;Jg;)
of complexes. Substituting into Lemma 1.6.4 we obtain
H' (Yk, kerv) = H (3, Ho_m;ng (@3 0/ Po@5 g, 7))

Since , ;
H?" 27 (3, cokerv) = H?M 277 (340, @5 1/ Po(&5 )

by the same lemma, the hom pairing
HHI(SK,I{()_mE%K (QE,Q/PO W30, 7)) X H2n+2_i+1(3K7@E,K/PO@B,K)) — K
provides a pairing

H Yk, kerv) x H" 7Y, cokerv) — K.

The hom pairing is perfect by Lemma 1.5.5 so we have our claim. ]

A corollary of the proof could be of independent interest:

Corollary 6.8. Let (Y,Ny) be a semistable k-log scheme of dimension n
which admits a proper formal lift (Z,Y). Then we have isomorphisms

H (s kerv) = Hiy (V)

H' (Y, coker ) = Hf/,rig(:’)k)

There is another way to arrive at an isomorphism

H' Yk, kerv) = H!

rig

(Y).
Namely, there is a Poincaré Lemma for the complex &g, [Grol4, §5.2 (3)]
RI(JUs[y., Gr;(@3,)[1]) = Rlwg(YY /Ko)

and hence if Y is proper we have, by proper descent [Tsu03], a canonical
isomorphism

RT(JU,|y,, kerv) = Rl (Y).

But it is not clear that the isomorphism in Corollary 1.6.8, which passes
through El Zein’s isomorphism instead, coincides with this one.
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Chapter 2

On a Conjecture of Flach and
Morin for a Semistable Family
over a Curve

2.1 Introduction

Notation 1.1. Throughout this chapter, k& will be a finite field of characteristic
p > 0 and Op := W (k) the ring of Witt vectors of k with fraction field K. For
any scheme X, we denote by X? the scheme X with the trivial log structure.
By abuse of notation, when A is a ring we denote by A? the log-scheme
(Spec A)“.
For a semistable k-log scheme Y, denote by RI'yk(Y/O%) the cohomology
with values in K-vector spaces Rl'jogerys(Y/OF) ® K.
<

Let k£ be a finite field of characteristic p and Y a proper semistable log
scheme of dimension n over k. Let Op := W (k) be the Witt ring of k. A
conjecture of Flach and Morin [FM18, Conjecture 7.15] suggests the existence
of an exact triangle in category of ¢-modules

RL,y(Y) — [RPHK(Y/C)?) Ny Rk (Y/02)(=1)| = RI% (V) (—n—1)[-2n—1] —

rig

The motivation for this sequence is motivic. Here RI'};, denotes the motivic
dual of rigid cohomology.

Rigid cohomology is finite-dimensional, so an abstract dual always exists,
but it is noncanonical in general. However, when Y can be viewed as the

closed subscheme of a proper k-scheme X, Poincaré duality [Ber97]

RDy1ig(X) 2 RL(Y)(—n — D)[~2n - 2],
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where RI'y,;; denotes rigid cohomology with support in Y, provides a geo-
metric and canonical dual to rigid cohomology and the prospect of stating
and proving the conjecture of Flach-Morin in this case.

One cannot help but see the resemblance between the Flach-Morin con-
jecture and the p-adic Clemens-Schmid exact sequence

o= Hag(Xo) 5 HP (X, ML) J02) @ K 2

il arys(Xo, M)/ OF) @ K (1) 2 HEZ(X) % HEFP(X) = ..
whose existence and exactness Chiarellotto and Tsuzuki proved in [CT03]
for a proper family f : X — C over a curve and X, = f~!(s) the fiber of
a k-rational point s € C. In this chapter we follow their general method
to prove the Flach-Morin conjecture in this setting. Namely, we will link
the localization triangle for rigid cohomology with respect to the closed sub-
scheme X, with the canonical exact triangle for the monodromy operator in
log-crystalline cohomology, using the fact that the rigid cohomology of an
open complement of a closed subscheme can be computed using logarithmic
structures.

Remark 1.2. As noted in [CT03, §2], there is no loss of generality in working
with the ring of Witt vectors of k as opposed to the more general setting
of a complete discrete valuation ring F' with residue field k. Indeed all of
our constructions are rational, that is, all of our constructions over the Witt
ring are tensored by the fraction field K. Hence ramification does not affect
the constructions or results and we can work under the assumption that F
is absolutely unramified. Q

2.2 The Flach-Morin Conjecture for a Semistable
Family over a Curve

Let k be a field of characteristic p > 0 and let
f:X—=>C

be a proper and flat morphism over k£ where C' is a smooth curve and X is
a smooth variety of dimension n + 1. Assume that for some k-rational point
s € C the fiber X; is a normal crossing divisor in X. We endow X with the
log structure corresponding to the divisor X and to X itself the pullback
log structure. Our goal is to prove the following variant of the conjecture of
Flach and Morin [FM18, Conjecture 7.15]:

Proposition 2.1. There is an ezxact triangle
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RI; (X)) (=n — 1)[=2n — 1]
RT i (X,) » | RTuk (X./02) & RTuk(X,/0%)(~1)
in the derived category of p-modules. Q
To describe the dual RI'}, (X;) we recall the definition of cohomology

with support in a closed subset (see [Ber97] or [Le 07, Definition 6.3.1]). For
the moment we ignore log structures. Recall the following definition:

Definition 2.2. Let X be a k-scheme, Z C X a closed subscheme, and fix
a frame (X C X C P). Then the rigid cohomology of X with support in Z
is defined to be

RFZ,rig<X) = RF(]Y[H E]TZ[Pj;(Q}.Y[p)'

)

Its relation to standard rigid cohomology is the following. By abstract
nonsense the functor E]T 2l satisfies

0—If

L€ =€ —jk& =0

for any sheaf & on |X|[p. In particular, if we denote by U = X \ Z the
open complement of X in Z and use the fact that j{, o j; = j(T] (see [Le 07,
Proposition 5.1.11]) we obtain a natural exact sequence

T st e T )e T )e
0= Dz, xSz, = Ix g, = Jofhxg, = 0-
This induces in cohomology the localization triangle
RFZ,rig(X) — RI‘rig(X) — RFrig(U) — .

On the other hand, by definition [HK94, §1.6] the monodromy operator
on RDjogcrys(Z/O%) is defined to be limit of the connecting homomorphisms
of the exact sequence

0 — Wowy[—1] 2% W,&% — Wawl — 0.
Log-crystalline cohomology is defined to be

def def
Rliogs(2/02) = m RI(Wow})  Rliogenys(2°/0%) = lim RT(W,35%)
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where Z? denotes Z with the trivial log structure [HK94, §1.3] But for Z
proper the log-crystalline cohomology over the trivial log structure coincides
with convergent cohomology, so that we obtain an exact triangle

RUeone(Z) = RTu(Z2/0%) & RTyk (2/02)(—1) = .

Our proof of Proposition 2.2.1 consists of combining these two exact tri-
angles via results connecting the cohomologies of X, X, and X \ Xj.

Proof of Proposition 2.2.1. Note that since X and X are proper, rigid coho-
mology coincides with convergent cohomology. Our setting is the derived cat-
egory of p-modules, and it will be implicit that all of the quasi-isomorphisms
below are compatible with the Frobenius when the objects have a nontrivial
p-module structure.

As a first step, Chiarellotto and Tsuzuki show ([CT03, Proposition 4.1])
that the mapping fiber

RTx, vig = [RT conv(X) = RIi(U)]
corresponding to the localization triangle can be interpreted as
RFXS,rig(X> = [chonv<X) — Rralmostconv<<X \ Xs))]

where R aimostconv (X \ X5)), denoted by RI'ie((X \ X, X)) in [CTO03, §4],
is overconvergent along X, and convergent along the rest of X.

A result of Shiho [Shi02, Proposition 2.4.4] says that the non-logarithmic
object RT aimosteonv (X \ X)) can be interpreted in terms of logarithmic struc-
tures. Intuitively, it says that the poles introduced by the overconvergence
over X, are, in cohomology, exactly those captured by the logarithmic struc-
ture on X induced by the normal crossing divisor X,. More precisely, it
implies an isomorphism

Rrrig((X \ XS> X)) = RFlog-conv (X/O%)

so that the rigid cohomology with support in X is computed as the mapping
cone

RPXS,rig (X> = [chonv (X) — RFlog-conv (X/O?‘)]

Finally, in their remarks after [CT03, Lemma 4.6] Chiarellotto and Tsuzuki
prove that the respective cohomologies in the mapping fiber can be computed
on their restrictions to the divisor Xg, i.e.

chonv (X) = RFconv (Xs)
erog—conv (X/ O%) = erog—conv (Xs /0}%)
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so that in the end we are rewarded with an exact triangle
RT x, 4ig(X) = RDig(X5) = Rl cony (X5)- (2.1)
As we remarked previously, by definition there is an exact triangle
RT conv (Xs) — BTk (X,/02) &5 RTyk(X,/02)(~1) —

for the monodromy operator on log-crystalline cohomology; in other words,
there is an isomorphism

R oy (X,) 2 [RTuk (X, /O%2) & RTug(X,/O%)(~1)]

computing convergent cohomology of X, as the mapping cone of the mon-
odromy operator. Plugging into (2.1) we obtain an exact triangle

RU'x, 4ig(X) = RIyig(Xs) — [RTuk(Xs/O%) X, RTux (X, /O%)(—1)] —

Finally, Poincaré duality [Ber97, Théoréme 2.4] (see [CL99, §2.1] for details
on the Frobenius action) provides a canonical isomorphism

RT'x, 1ig(X) 2 RL(X)(—n — D[~2n — 2

so after substitution and shifting the triangle we obtain an exact triangle

RTyig(Xs)*(—n — 1)[—2n — 1]

RT i (X,) s | RDuk (X, /O2) = RPuk(X,/O2)(—1)
of ¢-modules, as desired. O

Remark 2.3. 1t is important to notice that the Clemens-Schmid exact se-
quence is significantly stronger than the Flach-Morin conjecture in this set-
ting. The two exact triangles we worked with above can be fitted together
into the Clemens-Schmid exact sequence just as we did in the above proof.
However, the Flach-Morin conjecture proven above is simply an intertwining
of two exact triangles, while the Clemens-Schmid exact sequence involves
the cohomology groups directory. In particular, the exactness of the result-
ing complex requires much deeper ideas, including comparisons between the
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weight and monodromy filtration on the relative cohomology of X over the
curve; see for example [CT03, Theorem 5.1]. So while the use of the curve C'
may have a more formal character, the proof of exactness concretely requires
the use of the curve C' and the embedding of X as the fiber over a point. <

Remark 2.4. Of course a scheme Y in characteristic p can be embedded as
a closed subscheme in other ways and these suggest further directions for
research. For example, Y may be the fiber of a 1-dimensional arithmetic
family, such as a discrete valuation ring of mixed or equal characteristic. In
general the Clemens-Schmid exact sequence is connected only with logarith-
mic objects in characteristic p. It may be interesting to consider Y as as the
special fiber of a scheme X over V where V is a complete discrete valuation
ring with residue field £ and to give meaning to the cohomology

RTy (X)

with support in the special fiber. Since the above proof, in contrast to the
exactness of the Clemens-Schmid exact sequence, uses the curve C'in a more
formal way it may be possible to extend the proof to this situation if such
a cohomology is defined. One could also study a family over a discrete
valuation ring of equicharacteristic p, for example when Y is the special fiber
of a scheme X over k[t]. Rigid cohomology over such a Laurent series has a
more analytic flavor. It is defined to be a functor

X = H (X/Ek)

taking values in graded vector spaces over the Amice ring

Ex = {Z a;it’ € K[t,t7'] : sup;|a;| < o0,a; — 0 asi — —oo} .

1EL

To study these objects one can study instead rigid cohomology over the
bounded Robba ring X Hgg(X/éa;r(), where

&l = {Z a;it’ € K[t,t™'] : sup;|a;| < oo, < 1s.t.|asn’ — 0 as i — —oo}
i€z

The bounded Robba ring has the additional virtue that it is a Henselian

discrete valued field with residue field k((¢)). This cohomology theory is

constructed so that when we base change to &% one recovers &x-valued rigid

cohomology (see [LP16, §2.2] for details). This is a direction for further
research. 9
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Chapter 3

A Hodge-Type Filtration on
Rigid Cohomology

3.1 Introduction

Let V be a discrete valuation ring with a perfect residue field k of characteris-
tic p and fraction field K. For any algebraic k-variety X}, Berthelot [Ber86|
defines the rigid cohomology groups HJ}, (X)) by embedding X} within a
K-frame

Xk — Yk — PV

where X}, < Y}, is an open immersion and Y, < Py, is a closed immersion of
Y}, into a formal V-scheme Py, smooth in a neighborhood of Xj. In this con-
text he constructs the complex of overconvergent differential forms j;(k Q]'Y[P
and defines
H (Xy) = H"(1Yilp, 5k, Qi)

This construction is shown to be independent of the choice of K-frame.

Following a construction introduced in [Gro94] in the crystalline setting
we define a filtration Fil® C j;Q}‘Y[P of complexes of j} Oy [,-modules, which
we call the Gros filtration, and define an induced filtration
FPHL (X)) = Im(H"(]Y,[p, Fil*) — Hj, (X)) © Hj (Xk)
on rigid cohomology. Our goal in this chapter is to prove the independence
of the filtration Fil® in the derived category.

3.2 The Gros Filtration

Fix an algebraic k-variety Xj. Locally we may embed it inside a K-frame
X, — Y, — P arising from an algebraic V-frame, i.e. a sequence of embed-
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dings

Xy =Yy — PV
where Xy, Yy, and P are V-schemes, both Yy, and P, are proper, and Yy, is
closed in Py. For brevity, we'll write | X [p:=]Xj[p_ and |Y[p:=]Y}[p_when
there’s no risk of confusion. Let I = Ixy p be the ideal defining the closed
subspace Yy in ]Y[p, that is, the kernel

0—=1—= Oyl — .0y, —0.

Finally, recall that the dagger functor ji : Sh(]Y[p) — Sh(]Y[p) where
Sh(]Y[p) can denote sheaves of sets, abelian groups, or Oyy(,-modules (see,
for example, [Le 07, §5.1]) is defined to be

IxE = limjy.ji '€

where the injective limit runs over all strict neighborhoods of | X[p in |Y[p.
The sheaf computing rigid cohomology is the overconvergent de Rham
complex j;Q]‘Y[P, and rigid cohomology is defined to be

HE (Xy) = Hn(]Y[PJLQ].Y[p)

Our goal in this chapter is to study the following filtrations on jLQ]’Y[P
and the corresponding filtration in cohomology:

Definition 2.1.

1. The Gros filtration on jLQ]’Y[P is given by
Fil* = Fil% y p == k(I = I"7'Qly, = 204, — ) = ik (I @0 ,)
2. The induced filtration

F*HY

rig

rig

) € Hyjy(Xk)
we call the Hodge-type filtration on rigid cohomology.

<

The term Hodge-type filtration on rigid cohomology is justified in part
by the following special cases.

Example 2.2. Suppose X admits a frame of the form (X C Y C P) =
(Xx C Yy CYy) where Yy is a V-model for Y, and Yy, denotes its p-adic
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completion. Then this filtration collapses into the usual “naive” filtration.
Indeed, if such a frame exists then with respect to this frame we have

so that IX,YJJ = 0. Then

(Fﬂi,y,P)i = j;((fs_i ® QTY[P)
B {0 when 7 < s

jLQ]"Y[P when i > s

which is the filtration inducing the “naive” filtration.

This happens for instance X}, is affine smooth or when it has a proper
and smooth model Xy,. In the latter case the trivial V-frame

Xy = Xy — Xy

satisfies the hypothesis. If X = Spec(k[xy,...,z,]/a) is smooth and affine,
in which case rigid cohomology coincides with Monsky-Washnitzer cohomol-
ogy, X has a smooth lifting

Xy = Spec(V[zy,...,z,]/a).

Then if Yy = Xy C P}, denotes the closure of Xy in P}, then the algebraic
V-frame
X]; — YV = YV

induces a frame satisfying the condition. Q
Berthelot shows that Hyj,(X}) is independent of the frame (X, C V) C
P)) in the derived category. In order to use this filtration to induce a well-
defined filtration on rigid cohomology, we need to show that this filtration is
independent of our choices in the derived category as well. More precisely,
our goal is to show the following:

Theorem 2.3. Suppose we have a morphism of algebraic V-frames

Yy «s— P

7

Xk g u

AN

YV%_)P
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where g is proper and separated and u is smooth. Then the filtration induced
by these frames are isomorphic, that is, the natural base change map

s ~ s
Filyy p = Rug. Fﬂx,f/,ﬁ

s an isomorphism.

This result should be thought of as a variant of the independence of rigid
cohomology proven by Berthelot and detailed by Le Stum in [Le 07]:

Proposition 2.4. (Le Stum) Let

?V%‘—)]B

s

Xk; g u

AN

YV%_)P

be a proper smooth morphism of S-frames. If E is a coherent j;(’)}y[P—module
with an integrable conection over Sk, the base change map is an isomorphism

vk B @pvip Wyipys,e = Rt E@oy O

<

Notation. In the above scenarios the notation j} is ambiguous since
j; = j]TX[P depends on the formal embedding X < P. When there’s risk of

confusion we’ll write leD = j]TX[P for the dagger functor corresponding to a
frame (X CY C P).

Our argument for the independence of the filtration follows closely Berth-
elot’s argument for the above. It is a series of reductions concluding in an
explicit computation of the filtration; namely, one reduces the general result
to the case where (1) g is proper and w is étale, and (2) ¢ = idy and u is
smooth. Likewise, two special cases to which our result is reduced are the
following:

Lemma 2.5. Suppose

|

<<—<z
N ™

|



is a proper étale morphism of frames (recall that this hypothesis means that
g is proper and u is étale). Then

)

Theorem 2.6. (Global Filtered Poincaré Lemma) Let

P/

be a smooth morphism of frames, and let uyx denote the the induced map of
tubes ug :|Y[p—|Y [p. Then there is a quasi-isomorphism

. Y ~ . {—e °
JJTDIX,Y,P — RuK*j;[D’(IX,Y,P’ ®O]Y[P, Q]Y[P//]Y[P>'

Moreover, Filyy p & Ru, Filky pr.
We’ll return to these special cases in §3.3 and §3.4, respectively. For now
we’ll prove the main result supposing that they are given.

Proof of Theorem 3.2.3. By Chow’s lemma [GR71, Corollary 5.7.14] we may
blow up a closed subvariety of Y’ outside X in P’, and similarly for P’, and
obtain diagram

}7/ 3 f)/

E R

> P

N

Y ——P

where f : Y’ =Y and v : P/ — P are blow-ups and g o f is projective.
Because g is separated, it follows from [Sta22, Lemma 0C4Q)] that f is pro-
jective. This reduces the theorem to the case where g is projective and u is
smooth. Indeed, if the theorem holds in this special case then since go f and
f are projective in the above diagram we can infer isomorphisms

1S ~Y 1S 1S ~Y 1S
Filyy p = R(uov). Fill ¢ 5 and  Fill ¢ 5= Ro, Fill ¢, 5,
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for their respective frames. The result for our original frame then follows
immediately by composing the latter with Ru,.

Having reduced it to the case where g is projective, we can further reduce
it to the case that u is the projection u : P} — P as follows. From the
projectivity of the map g : Y Y we get a map ¢ : Y - P, for some n. If

we embed Y < P?% x P’ diagonally using ¢ and the given morphism Y P
we obtain the following commutative diagram:

]P’}f—,xﬁ

T 1
~

/]
. L/

Y —n— P

By the Global Filtered Poincaré Lemma (Theorem 3.2.6) we have

A\

/
\

18 ~ s _
FllX,{/,ﬁ = R']TQ* FﬂX,Y,PT}éXP

318 ~ 3 ~ ~
F11X’1~,’P$ & Ry, FllX,Y,]P’;;xP
and hence

Ru* Fll;’}‘;’ﬁ = R(u @) 7T2)* Fil®

XY P xP
1S
= R(mpom). Fil}, & Prx P
Y 115 ~
= Rrp, F11X7Y,]P’§; .
.18 ~ .18 . 18 ~
Thus to show that Fil y p & Ru. FlleJg it suffices to prove that Fil y p =
1S
Rrp, FﬂX,?,IP;;'

Thus we find ourselves in the setting
Y s

X lg
Y «——
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where ¢ is projective and u is the canonical projection (smooth around Xj).
We may further find a closed subscheme Y’ C Y and P’ such that the
composition of frames

Y — P

A

X > > P%

N

3 P

is proper étale. Indeed, note that the closed immersion X — p~}(X) = P%
is a section of the canonical projection which is smooth. It follows that there
exists a covering of P% by open sets U defined in X by a regular sequence
(t1,...,tq), induced by sections t,...,tq € T(P%, O(n)). We may assume
that U = DT (s) Nu='(Y}). It then suffices to take P o= V(ty,...,t;) and
Y =YNP.

The theorem holds for the upper morphisms of frames by a combination of
Theorem 3.2.6 and Lemma 3.2.5. Therefore, as before, to prove the theorem
for the lower morphism of frames it suffices to prove it for the outermost one.
Thus we’ve reduced our theorem to a morphism

<
\Y%%P

which is proper étale. But this is precisely the content of Lemma 3.2.5. [

3.3 The Proper Etale Case

In this section we prove Lemma 3.2.5 [how to repeat theorem numbers??]:

Lemma 3.1. Suppose
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Y s P
Xk ‘g ‘u
Y P
is a proper étale morphism of frames (recall that this hypothesis means that
g is proper and u is étale). Then

;/_)

We first prove a special case:

Lemma 3.2. Given a morphism of algebraic V-frames

X s Y’
\£g
Y

where g is a closed immersion, the natural open immersion of tubes |Y'[p—
[Yp induces an isomorphism jyO, = jxOlyl.. Moreover, it gives an
isomorphism of complexes

s P

*1S ~ 18
FllX,Y,P _> FllX,Y’,P
<

Proof. The claim is local on P and X, so we may suppose that P is affine
and X} is the complement of a hypersurface of Y}, defined by a function f on
Y. Of course since Xj, C Y{ we have Y; = Y/ U (Y} \ X;). Take a lifting f
of f. We then have that R R
Yi =Y UuV(f)

as a closed analytic subspace of the tube |Y[p.

On the other hand, recall from [Le 07, Corollary 3.3.3] that the admissible
open subsets

VA=Y ISl < A

for A = 1 form a cofinal system of strict neighborhoods of | X[p in Pg.
Furthermore, by [Le 07, Proposition 3.3.4] we have that {V*N]Y”[p}, still
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form a cofinal system of strict neighborhoods of | X[p in Pk (in both |Y'[p
and |Y'[p). .
Since |f| > A > 0 on V*, we have that V(f) N V* = & and hence

Y NV =YLV
for all \. Intersecting with |Y'[p, we have
Yie N(VANY'[p) = Y 0 (VANY'[p) = VA]Y[p.
But the ideals of the immersions
Y N (V)Y [p) < VAN)Y'[p
Vi n(VAN)Y'[p) = V)Y [p

are respectively the restrictions of Ixy p and Ixys p to the strict neighbor-
hood V*N]Y'[p. That these two immersions are identical means that

IX,Y,P‘(vAﬁ]Y/[P) = ]X,Y’,P|(V/\m]y/[P)

Since j & is the limit over the cofinal system (V*N]Y”[p),, we have our lemma.
[

In addition, we provide for completion a proof of a fact that is well-known:

Fact 3.3. Let (X CY C P) be a frame and let f: & — &5 be a morphism
of complexes of overconvergent sheaves in D(]Y[p). If there exists a strict
neighborhood V' of | X[p in |Y[p such that f|y is a quasi-isomorphism, then
f is a quasi-isomorphism. <

Proof. The category of overconvergent modules has enough injectives and
the construction of injective resolutions is functorial, so there exist injective
resolutions £ = Z? and £ = Z3 and a morphism g : Z — Z3 such that

gL

F F

T 2 T3
commutes.

If a sheaf F is overconvergent then it trivially satisfies the universal prop-
erty of j}]—" so F = j}]—" . Hence we have I? = j;Il‘ and similarly for Zs.
Furthermore, restriction to V' is functorial and we can check that a morphism
¢ is a quasi-isomorphism by checking that RT'(W, ¢) is a quasi-isomorphism
for all affinoid open subsets of |Y[p.

Putting this together, let W be an affinoid open, which in particular is a
quasi-compact admissible open subset of |Y[p. We have
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RU(f)

RT(W, £7) » RO(W, E3)
T(W, 1) o) » T(W,Z3)
D(W, j4T¢) » T(W, 5L T3)

liﬂ rwnv, ;) —— hg (W nVv',1s)
v'clY[p V/clYlp

lim T(WAV,T,) — lim T(WNV,I3,)

V/C]Y[p V/C]Y[p

where the last morphism (equal to RI'(W, g|y)) is a quasi-isomorphism since
f|v is a quasi-isomorphism by assumption. This gives the result. O

Proof of Lemma 3.2.5. We first show that it suffices to provide strict neigh-
borhoods V' and V of Y’ and Y, respectively, such that ux restricts to a
morphism ug : V' — V and the vertical morphisms in the diagram

YNV s V'
[ l
YNV e—rs V

are isomorphisms. To see this, note the top (resp. bottom) closed immersion
is the restriction to V' (resp. V') of the closed immersion

Y =Y [p
(resp. Yi —]Y[p)

whose ideals of definition is Ip := Ixys p (vesp. Ip := Ixys pr). [Le 07,
Proposition 6.2.2] tells us that

RUK* Fil;{}y/’P/ = Rurig (]}.3/ ]1537.)
is overconvergent and that

(Ruge, Fill yo p)lv = Ruge (6 157° @ Qv v
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But ug is an isomorphism so in particular its own derived functor, and
restiction commutes with dagger functors ([Le 07, Proposition 5.1.5]) so

(Ruges Fileyr po)|v = s (b (157 1) © Q%)

But the fact that the above vertical maps are isomorphisms means precisely

that 177*|y = ug. (I35 *|y), since the closed immersions are the restrictions to

V and V' of the closed immersions defining the ideals Ip and Ip/, respectively.
This implies that

Fﬂ?(,Y,P |V = j;(IISD_.h/) ® Q;/
= e, (51 (157 ) @ Q)

= (RUK* Fﬂ;(,Y’,P’) |V

and by Fact 3.3.3 this is enough to conclude the lemma.
Now we move onto proving the claim. Proper maps are in particular
closed, so we have a factorization

Y —r— P

b I

Xy —o—s Tm(g) ——s
\i/

where Im(g) is the schematic image of g. We know from Lemma 3.3.2 that

Filk v p = FilX 1m(g).p

so we may replace Y by Im(g) and thus suppose that g is proper surjective.
We know from the proof of [Le 07, Proposition 3.4.12] and [Le 07, Propo-
sition 3.3.11] that given a proper étale morphism of frames we may find

;1 UK

isomorphic stright neighborhoods V' — V as follows. [Le 07, Proposition
3.3.11] tells us that for a fixed sequence 7, = 1 we can find On = 1 and
A = 1 such that, for each n € N, the morphism ug induces an isomorphism

Vi = (V) OV = [ s, Qg (V) 2 V2

n Tin Mn

and that the induced morphism ugx : V' := U, V! — UnVn*n" =: V is an iso-
morphism of strict neighborhoods. We show that these strict neighborhoods
suffice.
Since g : Y’ — Y is proper surjective, it follows from base change that
Y — Yg is surjective. We may identify Y and Yy with their i images
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in |Y'[p and |Y[p, respectively, and by commutativity this identification is
compatible with ug. Hence for each n we have a surjection

ug YN ug (V) — Vi N v
Since }/}I’{ C [Y']prs for all 0, we have
Vi N [Y )b, il (Vor) = Yie N (Vo)
so this is identical to the map
kYR O Y s, Nu (Vo) — Y NV
Taking the union over all n, we find that
uK:?}(ﬂV'—»?KﬂV

is surjective.

In addition, this map is clearly a closed immersion. Being a surjective
closed immersion does not guarantee in itself that uy is an isomorphism. It
does follow, however, that the ideal corresponding to this closed immersion
is locally nilpotent. Indeed, locally it is a morphism of the form

ug : Spm(B/I) — Spm(B)

for B an affinoid K-algebra and I an ideal. Algebraically this means that
every maximal ideal of B contains I, so that I is contained in the intersection
of all maximal ideals of B. But all affinoid algebras are Jacobson, so I is
nilpotent.

But we have the additional fact that Y is a reduced scheme - the schematic
image of a closed map is the topological image endowed with the reduced
induced closed subscheme structure. It would suffice, then, to show that the
rigid-analytic variety Yy associated to the reduced scheme Y is itself reduced:
if YK is reduced then the admissible open subset YK NV is reduced as well,
and it would follow that the locally nilpotent ideal sheaf corresponding to
the closed immersion ug is in fact zero.

This is done in the work of Conrad and De Jong that we now describe,
and completes the proof of the lemma. n

Since the question of whether the ideal of definition is zero is local, we
may suppose Y = Spec(A) for a finite-generated reduced V-algebra A.

The work of Conrad and De Jong in [Con99] and [Jon95] allows us to
transport the reducedness of Y to the corresponding rigid-analytic variety
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Y. As a technical point, the passage hinges on the fact that A is excellent:
this is guaranteed for A by the fact that Noetherian complete local rings are
excellent and that excellence is stable under passage to a finitely-generated
algebra (see [Mat80, §34]). It is proven in [Gro65, 7.8.3 (v)] that an excellent
local ring R is reduced if and only if its completion R with respect to its
maximal ideal is reduced, so we can conclude that the p-adic completion A
of A is reduced.

We are now in the setting to evoke a general fact established by De
Jong which transfers reducedness of formal schemes to their associated rigid-
analytic varieties.

Definition 3.4. We denote by FSp the category consisting of Noetherian
adic formal schemes X whose reduction X,.q via its biggest ideal of definition
is a k-scheme locally of finite type. Q

Any formal scheme studied here is an examples of an object of FSy since
they are explicitly chosen to be formal models of k-schemes locally of finite
type.

Let (—)"8 be the functor FSp — Rigy defined by Berthelot in [Ber96,
§0.2.2, 0.2.6]. The link between the reducedness of formal schemes and their
rigid-analytification is

Proposition 3.5. (De 95, Proposition 7.2.4 (c)) Let X € Ob(FSep). If X
is a formally reduced formal scheme (see definition following) then X™® is
reduced. Q

Here a formal scheme is said to be formally reduced if it can be covered
by affine formal schemes Spf(B) where B is reduced.

It is taken for granted, but not obvious, that if B is a reduced ring then
Spf(B) is reduced as a formal scheme. This is clarified by Conrad, who
proved the following. Let P denote any of the following standard homological
properties of noetherian rings: reduced, normal, regular, Gorenstein, Cohen-
Macaulay, complete intersection. If A is a Noetherian ring, we denote by
P(A) the statement that P is true for the ring A; if X is a rigid space,
scheme, or formal scheme, we define by P(X) the statement that the non-P
locus

{r € X : P(Ox.) fails}

is empty. Then we have

Lemma 3.6. (Con99, Lemma 1.2.1) Suppose R is a complete discrete val-
uation ring and let X be a formal scheme over R covered by affines of type
Spf(A) where A is a quotient of an R-algebra of the form

R{(z1,. .. ;2o Y1, -+, Yml]-
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1. The non-P locus in X is a Zariski-closed set.
2. If X = Spf(A) is affine, then P(X) is equivalent to P(A).

A

In particular, Spf(A) € FSp is reduced if and only if A is a reduced ring,.

Putting it together, from the fact that ¥ = Spec(A) is reduced and A is
excellent, we can infer that Alis reduced; Conrad assures us that Y = Spf (/Al)
is reduced; and finally De Jong’s result ensures that }/}K is reduced.

3.4 The Global Filtered Poincaré Lemma

Here we prove the remaining case, which is a variant of the Global Poincaré
Lemma for rigid cohomology [Le 07, Lemma 6.5.5].

Theorem 4.1. (Global Poincaré Lemma) Let

P/

be a smooth morphism of frames, and let uyx denote the the induced map of
tubes ug :|Y[p—]Y [p. Then there is a quasi-isomorphism

jTlff,Y7P l> RUK*jT([gf_,;,P/ ®O]Y[P, Q}.Y[P//}Y[p)

Moreover, Filyy p = Ru, Filyy pr.
The first simplification we can make is the following:

Lemma 4.2. The theorem is local on X and on P, and we may assume that
P and P’ are affine. <

Proof. The theorem is local on X by [Le 07, Proposition 5.2.8]. Furthermore,
by [Le 07, Proposition 6.2.9] we can reduce to the case that P = Spec A is
affine; in this case, since all closed subschemes of affine schemes are affine,
we have Y = Spec(A/I) for some ideal I C A.

Our morphism of frames thus looks like
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L

X —e— Spec(A/I) —— Spec A

Since we know that the result is local on X we will omit it from the below
diagrams for brevity. Choose an affine open subset Spec B =2 U C P’ and
the intersection Y N U; they fit into a diagram

U = Spec B

i
/l

Y NU <—e— Spec(A/I) —— Spec A

Let D(f) bea principal open subset of the open subscheme Y'NU of Spec(A/T),
where f € Aand f € A/I is the reduction. Since localization commutes with
quotients, we have a commutative diagram

U = Spec B

t
/l

Y NU <—e— Spec(A/I) ——— Spec A

e -

D(F) » D(f)

Again by [Le 07, Proposition 6.2.9] we may consider the base change of
our morphism of frames with respect to the open Cartesian open subframe
induced by D(f) <= Spec A. Observe that Y N D(f) = D(f); indeed if
i : Spec(A/I) — Spec(A) is the closed immersion and 7 : A — A/I the
corresponding projection, then

Y N D(f) =i (D(f)) = D(=(f)) = D(f).

Hence we obtain
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D(f) = D(f)

By the above diagram, the morphism D(f) < u~*(D(f)) factors through
UnuY(D(f)). In addition, if p : A — B is the morphism corresponding
to the morphism of affine schemes uw o+ : U = Spec B — Spec A, then by
the same reasoning as above, U Nu~*(D(f)) = D(p(f)). We end up with a
diagram

D(f) —— D(f)

Since the tube |Y[pr depends only on an open neighborhood of Y we may
replace w1 (D(f)) with D(p(f)). Thus by restriction we may assume that P
and P’ are both affine.

To complete the proof, it suffices to show that Y can be covered by affine
open subsets of this form. If (U;) be an affine open covering of P’, then

(Y NU;) is an open covering of Y. For any principal subset D(f) CY we can

choose the U; such that D(f) C Y NU;, and this provides the data needed
to construct the open immersion of frames. O

As a technicality, we also need the following:

Lemma 4.3. In the situation of Theorem 3.2.6, the following are equivalent:

1. The base change map

S84 ~ . {—e
JTIX,Y,P - Ru*]T(IX,Y,P’ ®O]Y[P, Q]Y[P,/]Y[P)
s an isomorphism.

2. For any (finite) locally free sheaf M of Oy,-modules the base change
map

jTIﬁ(,Y,P M = R“*]'T(]?,;/,P' ®0mp, u'M ®O]Y[P/ Q].Y[p//}Y[P)
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s an isomorphism.
Q

Proof. This is an immediate consequence of the following projection formula
in the derived category [Sta22, Lemma 0B54]. Let f: X — Y is a morphism
of ringed spaces and let F € D(Ox) and K € D(Oy). If K is perfect (see
[Sta22, Section 08CL]), then

Rf.E®¢, K =Rf.(E®" Lf*K).

Note that the functor u* is exact and locally free sheaves are both perfect
complexes and their own projective resolutions. Using [Le 07, Proposition
5.3.2] we can infer that
. {—e % ° ~ . /—e ° *
RujH (I3 @0y, 0" M@0y, Ay pvie) = Rua((T (2 pr @0y, Ayt nvie) @0y, v M)
~ . {—e °
= Ruj (I3 pr @0y, Yyivis) ® M.

Hence we can infer (2) from (1) by tensoring each side with M. O

Proof of Global Filtered Poincaré Lemma. For brevity, let A =|Y[p, B =
1Y[p, and write I4 := Ixyp and Ip := Ixy p. Consider the double complex

C0(s) = JH(IT ™ @4 u™Qf ®a Uy p)

where the horizontal (resp. vertical) differential is induced by that of Q%
(resp. Q° / ). Its total complex is given by

Tot(C**(s))" = @ (I @auwQh @4 D))
a+b=k

= LI ®a ( P wp®a QZ/B>
a+b=k

= jL[ﬁl—k Xa QIZ
I e
= (Filyy,p)"*
so we have a natural isomorphism Tot(C**(s)) = Fil% y pr.
Hence it suffices to prove that Ru, Tot(C**(s)) = Filyy p. To do this,

we may show that the direct image Ru,C**(s) of each column of the total
complex is isomorphic to (Fil y p)¥, ie.,

JE(I5" @p Q) = Rujh (17 @ w0 © QY 5). (3.1)
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By Lemma 3.4.3 it suffices to prove that
Il = Ruagh (177" @ Q8 ).

In the course of reducing this quasi-isomorphism to an explicitly computable
special case we’ll need the following expected fact:

Lemma 4.4. Consider a diagram of smooth morphisms of frames

/l
N

P/I

If isomorphism (3.1) holds for the frames corresponding to v and u, respec-
tively, then it holds for the frame corresponding to v o u. Q

Proof. We keep the notation of the proof and further write C' =|Y [p» and
write Io := Ixy p» for the ideal corresponding to the frame (X CY C P”).
By assumption, we have

JEUIET © Q) 2 Rugh(Iyh ™ @ v'Qf @ Q)
On the other hand, by assumption and Lemma 3.4.3 we have
FHUE T ® 0" Q8 ® Q) = Rua (G (1774 @ w” (0" Q8 © Qo) © Q)
= Ru (JA(I57" 74 ® (wo )" Qp @ u' Qe © O p))
and hence
JLIEF " @ v Ok @ Q%/0) = Ru.(Tot jL(I57* 4 @ (uov) QL @ u 050 ® Q% p))
But the i*® component of the total complex on the right is

ih (Iz’“' ©(uov) e ® @ (e ® Qz/g)> = LT @ (uov) Qg @ Qo)

o+ A=—1

and so
JBUE @ Q8 © Oy)0) = Ru (i (I7F" ® (uov) Qg @ yc)).
Thus
G5 @ 0%) = Ro,(Ru. (G (I57F7° © (uov)" Qg ® Q% 0)))
~ R(vou).jh(I5** @ (uov)Q ® Q%))
as desired. n
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We go back to proving our theorem. By Lemma 3.4.2 we can assume
that P and P’ are affine. Further, since the question is local on X}, we can
assume that the complement of Xj in Y is a hyperplane. Finally, consider
the diagram

Y X Pl —e—s P!

R

By Lemma 3.3.2 we have Filyy p = Fily y, p p and Filk y p = Fil vy pr pr,
hence we may even assume that the morphisms of frames is Cartesian.

By [Le 07, Proposition 3.3.13] we may assume, locally, that there is an
étale morphism of affine frames

P/

aNd
Ap

where Y is embedded into 1&3’3 using the zero section. We thus have a factor-

1zation
Pl
ad

X >y Y —— A%
\\lﬂp
P

We already have the result for the upper morphism of frames by Lemma
3.2.5. Lemma 3.4.4 then reduces the theorem to the case

u

~

Ap

u

X;e—>Y/
N

P
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with u the canonical projection. Chaining together multiple instances of
Lemma 3.4.4, we may further reduce ourself to the case d = 1. Since we may
prove the result by checking it on RT'(W, —) for all affinoid subsets W C]Y[p,
it remains to prove the following variation of the Local Poincaré Lemma ([Le
07, Lemma 6.5.7]). O

Lemma 4.5. (Local Filtered Poincaré Lemma) Let (X C Y C P) be a
strictly local frame and R
p:Ap — P

be the projection. Consider the morphism of affine frames

e

Xk;e—>y p
P

Let Iy1 denote the ideal corresponding to the frame (X CY C 1&}3) and Ip
the ideal corresponding to the frame (X CY C P). If W is an affinoid subset
of |Y[p, there is a canonical isomorphism

AL

L(W,jT15) = RU(W x D(0,17), 5 16 2% i1

We start by giving an explicit description of If,.

Lemma 4.6. Let W = Sp(A) C|Y[p be an affinoid subset and let 0 < n < 1.
We have

(W x D(0,n%), I[}h) = {Zaiti € A{t}, : a; eT(W, J;;—i)}

>0

for all n >0, where

A{t}, = {Z a;it’ : a; € A, |ag|n’ — 0} .

>0

Proof. Let Px = Sp(R). The diagram
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LAI
Y u
>\

corresponding to the ideals Ip and I, induces on sheaves of sections the
diagram

(1.0, )W) = Oy, (W x D(0,17)) & A g R{t} = A{t}

O]Y[P (W) =A

tps Oy, (W)

where the vertical arrow is the natural inclusion. Since Y is embedded into
AL by the zero section, LEM(W) is the map t — 0. By restriction, we get
a similar diagram with the uppermost group being replaced by O]Y%(W X
D(0,n")) = A{t},; as an abuse of notation we’ll use the same notation for
any 1 > 0.

Hence if T'(W, Ip) = ker(:},(W)) is generated as an A-module by sections
(hi,...,hs) (such a finite set of generators exists since Ip is coherent), then
I'(W x D(0,n7%), In1) is generated as an A{t},-module by (h4,..., hs,1).

With this description it is easy to see that

(W x D(0,n"), In) = {Z ait' € A{t}, : ap € T(W, Ip)}

>0

which is precisely the lemma when n = 1. We'll prove the general case by
induction.

For the rest of the proof, we write I and I}, for I'(W,I3) and I'(W x
D(0,n™), I}1), respectively, with the implicit assumption that we're always
working with sections.

Let
S™i= {Z ait' € A{t}, : a; € ]173_’} :

i>0
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First note that this is an ideal. Indeed, if Y~ bt/ € A{t}, is arbitrary and
> isoait’ € S™ then

But a;b; € I C I for all such i and j, so this product is in S™.
As our inductive hypothesis suppose I}, L= gn-1

o S" C I} : Let > a;t' € S™ and view this sum as
P

Z a,-ti = ag + t Z ai+1ti

i>0 i>0

Since a;y; € 15! for all i by assumption, we have by the inductive
hypothesis that Y., ait1t’ € 1[5 ", and hence that ¢ >, i1t € 17, .
= = P

AL
Since also
we have that each summand is in I}, , which is all we need.
P
e I}, C S™ By definition I}, = I}, L. Iy, Applying the inductive
P P P
hypothesis we see that this ideal consists of sums of elements of the

fOI‘m
>0 ]>0

where a; € Ilﬁ_i_l for all 4 and by € Ip. We rearrange this as

(o) (Zoe) = (30e) (e (300

- Zboaiti> +t (Zat) (ijtjl>

i>0 i>0 j>1
_ Zboaiﬂ) + (Z ai_lti> (Z bjtj—1>
i>0 i>1 i>1

We have bya; € I} for all i so the first summand is in S". Likewise,
ai—1 € Ip~™ for all i so Y, a;_1t" € S™, and since S™ is an ideal the
second summand is in S™ also.
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]

Proof (of local filtered Poincaré lemma). Let V* be the usual cofinal system
of strict neighborhoods of | X[p in |Y[p (see, e.g., [Le 07, Proposition 3.3.1]).
If M(0) := T(W, jLI%), it follows from [Le 07, Proposition 5.1.12] that

M(0) = lim MA(£)
A
where MA(0) :=T(W NVAT%).
Choose a sequence 7y = 1 and define
My(£) == T(W x D0, 1), i}, I41)

The neighborhoods V* x ID(0,17) form a cofinal system of strict neighbor-
hoods of | X [&}) in ]Y[&}), so again we have

My(€) = lim M (0)

where MR (¢) = T(W N V) x D(0,n), I5,). Note that Lemma 3.4.6 gives
an explicit description of this module.

Since X can be assumed to be the complement of a hypersuface in Y it
follows from [Le 07, Proposition 5.4.14] that the affinoid covering

W xD(0,17) = [ JW x D(0,n))

is acyclic for coherent modules. Hence we are in the setting of [Le 07, Lemma
6.5.10], which tells us that the cohomology

RU(W x D(0,17), 5118, 2225 47t
can be computed as the total complex of the double complex
[1; Mi(2) T [T, Mi(€—1)
|2 J#

Hk Mk(@ L sz Mk(f - 1)

where d(sg) = (3k+1|D(0,n,j) — sg) and O(sg) = (0/0t(sk)).
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Let i : M*(¢) — M} (¢) denote the inclusion as the constant coefficient
(see Lemma 3.4.6). We'll also make use of the integration map

MMO) L M) (04 1) (3.2)
) ti—i—l
t . .
] (3.3)

This is well-defined: |*=2|n; _; — 0 if |a;|n}, — 0 given that ny =4 1 is strictly
increasing, and if Y a;t* € M} ({) then

ST MY (C+1)

i>1

since a;_; € I5 for all 4.

Taking limits we can extend ¢ and I to maps map i : M (¢) < M;(¢) and
I My(l) — Myg_1(€ + 1), respectively, and taking the product we obtain
maps

i: M(ON < [ Mi(0) (3.4)
I T Mu(0) = T Ma(e+1). (3.5)

Finally, let 6 : M (¢) — M (£)Y be the diagonal embedding.
With these notations, the lemma is equivalent to the following claim:

Claim 4.7. The sequence
0 — M(6) 2% T Mu(0) &2 T] Mu(0)@ ][ Mi(e—1) 2% TT Mi(e—1) =0
k k k k

1s exact. 9

1. It’s immediate that this is a complex and that the first map is injective.

2. To see that the last map is surjective, note that for all s = (s;) €
My (¢ — 1) we have

(Sk)k & (I(Sk+1))k 'i (Sk+1)k-

Hence
(81)k = (Skr1)k — (k41 — sp)k = O(I(s1)) — d(s)
that is, (0 — d)(I(s),s) = s.
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3. Next we show exactness in the second term. Let (s;) € [], Mi(¢)
and suppose that d(s;) = J(sx) = 0. Each s, can be represented as
a compatible system of power series (3, a)xit')r € lim M} (0). The
fact that d(sx) = 0 means that (9/9t(>"; axkit"))x = 0 for all k. The
transition functions are simply restrictions of coefficients of power series
so this means, as expected, that all of these power series are constant,
ie. ayg; = 0 for ¢ > 1. On the other hand, d(s;) = 0 means that, as
systems of power series, s; = s; for all 4, 7 > 0. Thus

(s1)x = (s0)r = ((@x)a)x = (i 0 9)((a)x)

as needed.

4. Finally we show exactness in the third term. As an abuse of notation
we’ll imagine an element (sy,) € [ [, M (€) to consist of power series s, =
>~ apt', with the implicit understanding that these are in actuality
compatible sets of power series as in the previous step.

Let s = (s) = (O agit’) € [[, Mx(€) and s = (s},) = Dby st’) €
[T, Mi(¢ —1) with O(s) = d(s"). We're looking for s” € [], M (¢) such
that d(s”) = s and 0(s”) = s’. We have

b'—l k+1 ,4
I / — J s tl
k

Jj=1

(Z bj—1 k2 — bj—l,k:-i—lti)
- 7
Jj=1 k

= d(I(sy))

3;c+1 - S;q)k
d(s"))
d(s))

= (5k+1 - ao,k—l—l)k-

I(
I(
I(
Hence
d(I(s") — s+ (aok+1)) = (Sk+1 — @op+1)k — (Sk+1 — Sk)k — (Qok+1)k
=35

and

II(s") = s+ (aors+1)r) = 0(I(s") — s)

=3¢ +d(s')— (s
=5 +d(s') —d(s)
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(see the computation in (2)), so s” = I(s") — s+ (ag+1)r does the trick.

]
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