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Abstract

This thesis is devoted to the representation theory of finite groups of Lie type and
of p-adic groups, with a particular emphasis on their interplay. The central theme
is the classification of irreducible representations over an algebraically closed field
of characteristic zero, approached from both finite and p-adic perspectives.

Each chapter develops a self-contained study within this broad framework. To
preserve autonomy, every chapter begins with its own introduction, situating the
problem in the literature and highlighting the main results. The present introduc-
tion provides a concise overview of the topics addressed, while the reader is referred
to the individual chapter introductions for more technical and detailed expositions.

The first part of the thesis concerns the representation theory of finite groups of
Lie type.

Chapter [[] extends the classical theory of parabolically induced cuspidal repre-
sentations from connected algebraic groups to the case of disconnected groups. In
the connected setting, the associated endomorphism algebras are known to be fi-
nite extended Hecke algebras. We show that this remains true when the ambient
group is disconnected through extension by an automorphism stabilizing both a Levi
subgroup and a cuspidal representation. In addition, the chapter establishes an ana-
logue of the classical comparison theorem, and provides a systematic analysis of the
restriction of characters from the rational points of a disconnected group to those
of its connected components. These structural results are not only of independent
interest, but also provide the necessary groundwork for the developments of Chapter
[

Building on this foundation, Chapter [[I] addresses the compatibility of Lusztig’s
non-abelian Fourier transform for unipotent representations of finite classical groups
of types B, C, and D with parabolic induction. Its main contribution is a detailed
combinatorial proof of this compatibility, with particular focus on disconnected
groups of type D,,, where both split and non-split forms occur. Treating these inner
twists simultaneously simplifies the combinatorial framework underlying Lusztig’s
construction, and this perspective arises naturally when considering connections to
the representation theory of p-adic groups.

The second part of the thesis turns to the relationship between the representation
theory of finite groups of Lie type and that of p-adic groups, within a Langlands-
theoretic framework. The guiding problem is to establish parameterizations of irre-
ducible representations of finite groups of Lie type in a manner compatible with the
(tame) local Langlands correspondence for p-adic groups.
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Chapter [[IT] develops this connection for the general linear group. We review
the tame local Langlands correspondence for GL,, over a p-adic field, together with
the Macdonald correspondence for GL,, over a finite field, which may be viewed as
a Langlands-type parameterization in the finite setting. Both constructions yield
bijections between isomorphism classes of irreducible representations of the appropri-
ate group and a suitable set of parameters. We then show that parahoric restriction
to maximal compact subgroups provides a link between these two parametrizations,
thereby establishing the expected compatibility. Although this study was carried
out independently, the main result is not original, as we became aware upon com-
pletion that it had already been established by Silberger and Zink. We include our
approach here because it is presented in a form that is convenient for generalization
to other cases, and in particular it serves as the basis for Chapter [[V]

Chapter [[V] extends the analysis to the special linear group. We introduce a pa-
rameterization for the irreducible representations of the finite special linear group,
which we call the Macdonald—Vogan correspondence, analogous in spirit to the Mac-
donald correspondence for GL,,. This construction is motivated by a conjecture orig-
inally formulated by Vogan in 2016, which has been very recently formalized by Imai
and Vogan and subsequently established in full generality for all finite groups of Lie
type by the first author. In contrast to the case of GL,, the Macdonald—Vogan cor-
respondence, like the local Langlands correspondence for SL,,, is surjective but not
bijective. The representations in each fiber are parametrized by irreducible repre-
sentations of a certain component group depending on the parameter, mirroring the
p-adic situation. Confirming a prediction of Vogan, we prove that the Macdonald—
Vogan correspondence is compatible with the tame local Langlands correspondence
for SL,, via parahoric restriction, linking together the finite and local theories.



Chapter I

Hecke Algebras for disconnected
groups



Introduction

The subject of this chapter is ordinary (i.e. characteristic 0) representation theory of
finite groups of Lie type. Its main goal is to extend the study of the endomorphism
algebra of a parabolically induced cuspidal representation of a finite group of Lie
type to the case in which the underlying algebraic group is disconnected.

In the setting in which the defining algebraic group is connected, the endomor-
phism algebra of a parabolically induced cuspidal representation is a finite (ex-
tended) Hecke algebra [31) 22].

Here, we examine the next easiest possible situation: that is, if the envelop-
ing algebraic group is extended by an outer automorphism that stabilizes both a
Levi subgroup and a cuspidal representation defined on the Levi subgroup’s ratio-
nal points. In this context, we show that the corresponding endomorphism algebra
is still a finite extended Hecke algebra, which can be viewed as a split extension of
the endomorphism algebra of the representation obtained parabolically inducing the
same cuspidal representation to the rational points of the identity component of the
enveloping algebraic group.

After a brief review of the classical theory in Section [I.1.1], we study the struc-
ture of the endomorphism algebra in the disconnected setting in Section [1.2 The
main result is Theorem [1.2.17, The arguments we use to prove it follow closely the
arguments available in the literature for the connected case.

Moreover, in Section [1.2.3], we show that an analogue of the comparison theorem
of Howlett and Lehrer [32, Theorem 5.9] still applies in this case, reducing the prob-
lem of the decomposition into irreducible constituents of parabolically induced (or,
equivalently, restricted) representations to analogous questions about induced (re-
spectively restricted) representations of extended Weyl groups. The relevant result
in this regard is Theorem [1.2.24]

Finally, Section is devoted to the study of the restriction of characters of
the group of the rational points of the disconnected algebraic group to the cosets
of the group of the rational points of the identity component. This restriction
exhibits a remarkably ordered behaviour, and in particular we show that studying
this behaviour can be reduced to an analogous problem on an extended Weyl group
(see Theorem [L.2.41)).

For us, the interest of this subject lies in the use that we will make of these results
in chapter [T}

Notation

o For any finite set S, we write C[S] for the complex finite-dimensional vector
space having as basis the elements of S. We endow it with the Hermitian scalar
product defined by requiring S to be an orthonormal basis.

o For any finite group H, we will denote by Irr(H) the set of isomorphism classes
of irreducible complex representations of H. We denote by R(H) the space of
complex class functions of H, that is the same as the complexification of the
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Grothendieck group of the representations of H. More in general, if A is a
semisimple algebra over C, we denote by Irr(A) the set of isomorphism classes
of simple modules over A. If A := CH is the group algebra of some finite group
H, we have Irr(CH) = Irr(H).

Let H be a finite group and let K < H. If 7 is a representation of H, we write
Restt for the restriction of 7 to K.

If v is a representation of K, we write Indiy for the induced representation.
More specifically, it is the representation given by the left multiplication action
of H on CH®ck V5, where V, is the representation space of v. More in general, if
A is an algebra over C and B is a subalgebra, we denote by Res? the restriction
of scalars from A-modules to B-modules, and by Ind% the extension of scalars
A ®p — from B-modules to A-modules.

Let N be a normal subgroup of H. If 7 is a representation of H, we denote by 7V

the H/N representation on the N-fixed subspace of . If 7 is a representation

of H/N, we denote by Infli 7 the inflated representation. More specifically,
N

writing the idempotent element in CH associated to N as ey = |—Ji,| Dnen T 1t 8
the representation given by the left multiplication action of H on CHey ®cpu/n
V,, where V, is the representation space of .

Let p be a prime number. Let G be a connected reductive linear algebraic
group over F,. Let ¢ be a power of p and assume G to be defined over F, with
a Frobenius morphism F. We denote by G* the finite group of Lie type given
by the F-fixed points in G.

For any F-stable Levi subgroup L of some parabolic subgroup P of G we
denote by RY_p: R(L') — R(GY) the parabolic induction functor and by
*RY_p: R(GT) — R(LF) the parabolic restriction functor [20, Definition 5.1.7].
In the following we will be mostly concerned with the case in which P
is F-stable, in which case we define explicitly the parabolic induction as
RS_, = IndSr o Infl¥r and the parabolic restriction as *RG_, = (ResGr)V",
where U denotes the unipotent radical of P. In this case, RY_p, and *RY_p do
not depend on the parabolic, so we denote them by Rgﬁ and *Rgﬁ respectively.

1.1 Finite Hecke algebras

Let (W, S) be a finite Coxeter system. Denote by [ the length function on W relative
to S, and let {z;|s € S} be a set of indeterminates such that x4 = zy if 5,5 € S are
conjugate in W.

Let €2 be a finite group acting on W preserving S, and set Wi=W xQ. We

allow the case = 1. Let u: W x W — C* be a cocycle that is trivial on W' x W.
The extended twisted generic finite Hecke algebra H, (W, {x,}ses) is the associative

algebra over the free module over C[{z}ses]| with basis {b, | x € W}, and with the
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following relations: for z,y € W and w,v € €}

biby = byy, if [(z) + l(y) = l(2y)
b2 = (22 — )b, + 22 ses
beby = (T, w)bey,
buby = p(w, )by
bub, = p(w, V)b,

When the cocycle  is the trivial cocycle 1, we drop it in the notation, and we
call H(W, {zs}ses) = Hi(W, {xs}ses) an extended generic finite (untwisted) Hecke
algebra.

If Q =1, we call H(W,{zs}ses) a generic finite Hecke algebra.

For a C-algebras morphism f : C[{zs}ss] — C the specialization of a extended
twisted generic Hecke algebra HM(W (2e}acs) by f is

IHM(W7 {f(x)}ses) = HM(MN/v {Zs}ses) ®r C,

where C is regarded as a C[{zs}ss|-module via the morphism f. We call it a
(specialized) extended twisted Hecke algebra.

Let (C#[I/IN/] denote the twisted group algebra of W determined by the cocycle
i, that is the algebra with C-basis {T |z € W} and multiplication given by T 7 =
p(x,y)Ty for any two elements of the basis. This is a semisimple algebra, and it
is the specialization of ’HM(W, {xs}ses) by the morphism given by the assignment
fiixs— 1forany se S.

By Tits’ deformation theorem, the following theorem holds.

Theorem 1.1.1. [31, Theorem 5.3] For any C-algebra morphism f : C[{zs}ses] —
C such that the finite extended twisted Hecke algebra H,(W,{f(zs)}ses) is semisim-
ple, it holds H, (W, {f(zs)}ses) = C,W

In particular when p = 1 this theorem states that any semisimple finite extended
Hecke algebra H(W, {cs}ses), with ¢ € C, is isomorphic to the group algebra of W.

1.1.1 Finite Hecke algebras as endomorphism algebras

An irreducible representation o € Irr(GY) is said to be cuspidal if it does not
appear as an irreducible component of any representation parabolically induced
from some proper F-stable Levi subgroup of an F-stable parabolic subgroup of G.
In other words, o is cuspidal if for any F-stable Levi subgroup L of a proper F-stable
parabolic subgroup, and for any p € Irr(L¥), it holds

{0, RS p) = 0.

Since an F-stable Levi subgroup L of a F-stable parabolic subgroup of G is a con-
nected reductive algebraic group over F, with F,-structure given by the restriction
to L of the Frobenius morphism F', the same definition of cuspidality can be given
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for irreducible representations of L.

Let L be an F-stable Levi subgroup F-stable parabolic subgroup P of GG such that
L¥ has a cuspidal representation o. Then we say that (L, o) is a cuspidal pair,
and we denote by £Y(L, o) the set of irreducible representations of G that ap-
pear in RSy (o) (this set is called an "Harish-Chandra series'). Two series £¢(L, o),
EY(L',0") are equal if (L,o) and (L', 0’) are conjugate by an element of G, and
are disjoint otherwise [20, Theorem 5.3.7] . Hence the Harish-Chandra series yield
a partition of the set Irr(GF):

Irr(G") = | | £9(L,0)
)

(L,o

where the disjoint union runs through G*-conjugacy classes of cuspidal pairs (L, o).
The relative Weyl group of the cuspidal pair (L, o) is given by

F -1 _ _
Wer(L,o) ;= 19€G" | 9Ly —L,aoad(9>—<f}/LF,

The group Wgr (L, o) decomposes as Wgr (L, 0) = W’ % Q [31], Lemma 2.7], see also
[49, Theorem 3.1.8], where W’ is a Weyl group and €2 is a finite group acting on it.
If G has connected centre or o is unipotent (in the sense of [14, Section 12.1}), then
Q is trivial, i.e. Wgr(L,0) is a Weyl group [49, Theorem 3.2.5].

Let T be an F-stable maximal torus in G contained in an F-stable Borel subgroup
B such that T' < L. We realize the Weyl group of G as W := NG(T)/T, and we
let S be the set of simple reflections of W corresponding to B. The G¥-conjugacy
class of L corresponds to an F-stable subset I < S of simple reflections. Let W} be
the subgroup of W generated by I. Then the relative Weyl group Wgr (L, o) can be
identified with a subgroup of W through an appropriate choice of representative
thanks to the following lemma.

Lemma 1.1.2. [20, Lemma 6.1.7] In the notation above, it holds
NGF(L)/LF ~ N} = {we WF|"I = I, w has minimal length in wW;}

The relative Weyl group plays a central role in the study of the representations
of G¥', thanks to the following theorem.

Theorem 1.1.3. [/9, Theorem 3.2.5] Let (L, o) be a cuspidal pair. Then the endo-
morphism algebra Endgr RSy (0)) is isomorphic to the finite extended Hecke algebra
H(Wear(L,0),{qs}ses) for some suitable parameters, and

End(RGr (0)) =~ CWer (L, 0). (1.1)

The isomorphism holds by Theorem applied to the case in which
and p are trivial. Indeed Endgr(RGr (0)) is a semisimple algebra because RGx (o)
is semisimple.

For any cuspidal pair (L, o), there is a bijection

E9(L, o) — Irr(Endgr(RSr (o))
p > Homer (p, RSr (0))
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and by Theorem [1.1.3) there is canonical isomorphism Ir7(Endgr (REFF (0))) =
Irr(Wgr(L,0)), given by specialization of characters values. It follows that there is
a canonical bijection

Reper : E9(L, o) — Irr(Wer (L, 0)). (1.2)
Extending by linearity we obtain invertible linear maps
Repgr : C[EY(L,0)] — R(Wer (L, 0))]. (1.3)

The isomorphism Repgr is an isometry, since it maps the orthonormal base of
C[EY(L, )] given by £Y(L, o) to the orthonormal base of R(Wgr (L, o)) given by
Irr(Wgr(L,0)). The following result, due to Howlett and Lehrer and known as the
comparison theorem, describes parabolic induction in terms of induction of repre-
sentations in the relative Weyl groups.

Theorem 1.1.4. ([32, Theorem 5.9/, see also [49, Theorem 3.2.7]). Let M be an
F-stable Levi subgroup of an F-stable parabolic subgroup of G. Let L be an F'-
stable Levi subgroup of an F-stable parabolic subgroup of M, and let o be a cuspidal
representation of L. Then the following diagram commutes

€P\ F

C[EM(L, 0)] Z245 ClIrr(Wyr (L, 0))]

RS", Indi 6" )
MF

CIEY(L,0)]

EPGF

BPer I (Wer (L, 0))]

where Indgfi;(é’?) denotes the extension by linearity on C[Irr(Wyr(L,0))] of the

usual induction of representations of finite groups.

Corollary 1.1.5. Let M be an F-stable Levi subgroup of an F'-stable parabolic
subgroup of G. Let L be an F-stable Levi subgroup of an F'-stable parabolic subgroup
of G, and let o be a cuspidal representation of L. Then

o If L is contained in M, the following diagram commutes

C[EC(L, 0)] 225, CIrr(Wer (L, 0))]

J{*REZ lRes“j‘V/G};((LI;?)
CIEM(L, 0)] Z25 CIrr(Wgr (L, 0))]

where Resvméii(é’?) denotes the extension by linearity to C[Irr(Wywr(L,0))] of

the usual restriction of representations of finite groups.
o If no GF -conjugate to L is contained in M, then *Rfﬂ =0 on E%(L,0).

Proof. The last statement follows from the disjointedness of the Harish-Chandra
series. Indeed, suppose there is x € £4(L, o) such that *R$/x(x) # 0. Then there
is a Levi subgroup L’ contained in M supporting a cuspidal representation o’ such
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that (*RM o Rf/lpp X,0 ) # 0, and so, by transitivity of restriction and Frobenius
reciprocity, it holds y € E9(L',0"). So (L,o) and (L', 0’) are conjugate in GF'.

By the same argument, the image through *R$» of C[£F(L,0)] is contained in
C[EM(L,0)] . We check that for any ¢ € £9(L, a) the irreducible constituents of

W, L,o %
(Reswi;((L,U))) o Repgr(¥)) and (Repyr o *R$/r (1)) are the same.
For any 7 € [rr(WMF(L 0)), it holds m = Repy(p) for some p e EM(L, o). Then

r(L,o
<R€S L G' o RepGF( )7 7T>W]\/[F L U)

—<Re LLU o Repar (), Repur (p))w, p(Lo) adjunction of Indy, Wor ((LLC; and ResW F(ILZ))
:<Reng (v), ]ndwf;((LL;) o Repar (0))w, (L) Theorem [L.1.4]
=(Repgr(¥), Repar o RS (P))W_r (Lo) Repgr is an isometry
N adjunction of RS % and *RS/x
= RS (4), poase Repyr is an isometry

=(Repyr o *R$yr(¥), Repare ()0, x (Lo)
=(Repyr o *RAG/;; (¥), 7T>WMF (Lyo)-
]

1.2 Endomorphism algebras, the disconnected
case

The main goal of the rest of this chapter is to generalize Theorem and The-
orem in a case in which the underlying algebraic group is not connected. In
particular, we focus on the case of a split extension of the group G given by a finite
cyclic group. To the knowledge of the author, these results have not been published
anywhere at the time of writing.

1.2.1 General setting

Let 6 be an automorphism of order d acting on G and commuting with F. Then §
acts on the finite group of Lie type GT', and consequently induces a bijection * on
Irr(GF). If M is an F-stable and d-stable Levi subgroup of a parabolic subgroup
of G, then ¢ acts on the finite group of Lie type M, and consequently induces an
action 6* on Irr(MT).

Lemma 1.2.1. Let M be an F-stable and §-stable Levi subgroup of an F-stable and
0-stable parabolic subgroup P of G, and let U be the unipotent radical of P. Then:

1. The bijections §* on Irr(GY) and Irr(MY) are compatible with the parabolic
restriction *RAG; and the parabolic induction R%I;‘; that is

*R$, o8y = 6% o RMFX for any x € Irr(GF),
R$/r 0 8*¢ = 0* o *RSr for any ¢ € Irr(MF).



2. The bijection 0* maps cuspidal representations to cuspidal representations
3. The bijection 6* maps unipotent representations to unipotent representations.

In particular, if G is simple of classical type, the action 6* fixes unipotent cuspidal
representations.

Proof. 1. We show that ¢* is compatible with the parabolic restriction *R]\Gﬁ: for
any x € Irr(GT) and for any m € M*

* F * 1 *
Rfpe 0 6*x(m) = W Z 0% x (mu)

ueU¥F

— x(07Y(m)d Y (u)) & is a bijection on UF

It follows that the action of 0* is also compatible with parabolic induction: for
any y € Irr(GY) and for any ¢ € Irr(MF), it holds

(R§jr 06°6 , Xoar = (5°¢ , “Ripexour = (&, (6%)7" o *RiprxOur
F _ F _ F
= {6, *Rijpr o (0") "xomr = (Ripré . (6%) e = (0% 0 Rjr e . Xoar
In the above calculation we used the fact that §* is an isometry because it is in-
duced by an automorphism, so it maps irreducible representations to irreducible

representations, and we used the adjunction between parabolic induction and
parabolic restriction.

2. Follows from .

3. We claim that for any F-stable maximal torus 7" of G, it holds
§*R$1 = R§ 1 ()1 (1.4)

where R$1 is the Deligne-Lusztig generlized character as in [14], 7.2]. Indeed,
let B be a Borel subgroup of G containing T and let U denote the unipotent
radical of B; let

Xy O @ FW) oy

ngl(U) — {JZ e | T F($’) € F(é_ (U))}/(S_I(U) A F(é_l(U))
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be the Deligne-Lusztig varieties associated to T and §~(T') respectively, with
left G action by multiplication. Then, since § and F commute, (X5 ) =
Xy and the following diagram commutes for any g € GI:

X5—1(U) L> XU

E l&(g) (1.5)
X5y —— Xy
Hence the following diagram is commutative:
H(Xy) —— H}(X5-11)
l&(g) |s (1.6)
HX(Xy) —— H}(X5-1))
where H} denotes l-adic cohomology, with [ prime different from p, and the

arrows are the maps on the cohomology spaces induced from the corresponding
ones in the above diagram [14, 7.1.3]. Therefore

0% o* RE1(g) = Tr(d(g) [H} (Xu)) = Tr(g | H (Xs-w))) = B§vr)1(9).

Hence, if G affords a cuspidal unipotent representation o, then §*c is still
unipotent and cuspidal. In particular, if G is simple of classical type, G¥
affords at most one cuspidal unipotent representation, so this has to be fixed

by 6*.
]

We now consider the group G x (§).
For each F-stable Levi subgroup M of an F-stable parabolic subgroup P of G,
with unipotent radical U, we define the parabolic induction to G x {§) as

RSXY = IndC ™ o RSl = IndS. ™ o Infile. (1.7)
and the parabolic restriction as the adjoint functor

*R]\G4?<5> = *R%w o Resgix@ = (ResgiM@)UF (1.8)

where (-)U" denotes the projection to the UF-invariant subspace.
Moreover, if M and P are d-stable, we set

GF x(s§ GF (5§ PF (s
and denote by *Rﬁ?j& the adjoint functor
GF x(§ GF «(§ F
*RMFN<<(5>> = (ReSPFxééi)U : (11())

If L is an F-stable and d-stable Levi subgroup of an F-stable and d-stable parabolic
F F
subgroup of M, we write R]LWF ) and RfF ;é;? for the functors analogously defined

plugging in M in place of G and L in place of M.
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Remark 1.2.2. Let N be a finite group, H < K < Aut(N). Then it holds
IndN2% o InfIy* ™ = Infli™ " o Indl. (1.11)

Indeed for any x € Irr(H), n€ N,k € K, it holds

1
(IndNX B InfIN*Hy)(nk) = > InfIy* M (('k) 'nkn'k)
INIKT e

(n'K") " Inkn'k'eNxH
1
= > Infl"x((K)"'kE)
INIKT e
(K'Y Lkk'eH
1
= X((K)7'kK)
Koo
(k) 1kk'eH

= IndEx(k) = (Infl3> % Indlyx) (nk).

Lemma 1.2.3. Let M be an F-stable and §-stable Levi subgroup of an F-stable and
0-stable parabolic subgroup P of G. Then

GF % GF % MF (s
Ry = RS0 o Rype™® (1.12)

Proof. The unipotent radical U of P is F-stable and d-stable, and so U is a normal
subgroup in P¥ x (§) yielding a projection P¥ x () — M* x (§). Applying ((1.11]
to UF, M¥ and M¥ x (§) we get

Indpe™® o Infllye = Infly ) o Indjpe .

It follows that Pt P ) Pt
G X G x M* %
RMF = RMF %18 RMF

where R%FN@ In d <>, compatibly with (| . ) for M viewed as an F-stable
Levi subgroup of 1tself O

Corollary 1.2.4. Let M and L be F-stable and 0-stable Levi subgroups of F'-stable
and d-stable parabolic subgroups P;, and Py; of G, respectively. Assume that P, <
Pyand L < M. Then

REEAD — RO o R RERS o RO, (113)

Proof. The first equality follows directly from the definition of RE;EM@ and transi-
tivity of parabolic induction:

RS = IndSe ™ o RGr = IndS™® o R§jw o RM = RS o R
The second equality then follows from (|1.12)) and transitivity of parabolic induction:



The notion of Harish-Chandra series can be extended to the group G x (§): if
L is an F-stable Levi subgroup of an F-stable parabolic subgroup of G such that
LT affords a cuspidal representation o, we set

EC D (L,0) 1= {x € Irr(GT % (8)) | (xR ™V 0dar asy # 0},

Lemma 1.2.5. Let L and L' be 0-stable and F'-stable Levi subgroups of §-stable and
F-stable parabolic subgroups of G. Assume that L¥ and L'" afford 6*-stable cuspidal
representations o and o’ respectively.

Then

(RS Pg | RS V6" ar sy = dRSr o, REraar. (1.14)

In particular the Harish-Chandra series EGF*‘@(L, o) and EGF”@(L’,J’) are equal
if (L,o) and (L',0") are GF'-conjugate, and they are disjoint otherwise.

Proof. Frobenius reciprocity gives

GF x(§ GF x(§
<R >4< > , RL/FN< >OJ>GF>0<5> —

<[ndG ORI, IndSr Y RGro"yr s, =
(RSro | ResGF”@J S P RS oy (1.15)

Since {6°|i = 0,...,d — 1} is a set of representatives for the double cosets of G¥
in G x (§), and GF" is §-stable, the Mackey formula gives

d—1
ReSGFx<6>] dGFx<5>(R§1; o) = 2(52)* Rgl;a/ (1.16)
i=0

By Remark - 1.2.1| we have 6*(R%r0’) = RS (6*0"). Combining with (T.15) gives

F
<RG N<6> 5 RS/FN<6>OJ>GF><1<5> =

UZRL/F(;Z*/>F—

0' Z RL/FOJ>GF = d<R O' s RL/FO' >GF‘
The statement on Harish- Chandra series follows since if (L,0) and (L', 0’) are not
GF conjugate, then <RLF0 , RL,FU Yar =0, so

<RG ><<6> ’ Rf;x<6>0',>GF>q<5> -0

F
and hence RfF ’o and RG *@ 5" don’t have any common irreducible constituents.
On the other hand, if (L,0) and (I/,0") are GF-conjugate, then RSro =~ RS0’
therefore inducing to G x (§) yields isomorphic representations. O
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Corollary 1.2.6. Retaining notation from Lemma[1.2.5, there holds
F (s F(s
<RfF @q RSF <>0>GFN<5> = |Wer e (L, o).

Proof. By [20, Corollary 5.3.8]

(Riro , Riro)er = [Wer(L,o)
and Lemma [1.2.5] gives

<R§§N<§>U > Rf;:x<5>0'>gF>q<5> = d<R§£O’, R€1€0'>GF.

Since Wer 5y (L,0) = Wer(L,0) x {(5), with § of order d, it holds

‘WGfFM<5>(L, 0)’ = d‘WGfF(L, O’)‘

0

Let L be an F-stable Levi subgroup of an F-stable parabolic subgroup P of G.
We set

Ngr(L):={geG" | gLg™" = L} Wer(L) = Ner (D) s
Norwisy(L) = {g € GF % (8) | gLg™ = L}  War g (L) = Neraa (L) /.

If LT affords a cuspidal representation o, we set

Ngr(L,0) :={geG" | gLg™ = L, 0 oad(g) = o} (1.17)

Wor(L,o) = Nor(L:0) /g (1.18)

Negruey(L,0) == {g € GF (6) | gLg ' =L, coad(g) =0} (1.19)

Wer (L) = Nerua(Ls0) /g (1.20)
)

NGFM<5><L,O') = NGF(L,O') X <(5>
Taking quotient by L¥', we have

Wer(L, o) x46) = War (L, 0)

where on the left hand side the action of § on Wgr(L, o) is induced by the action
of 6 on Ngr(L, o).

If M is an F-stable and d-stable Levi subgroup of G containing L, we write
Nyr (L, o), Wyr (L, ), Nagr sy (L, 0), War sy (L, o) for the groups analogous to
the ones defined above for G' but relative to M.

1.2.2 The structure of the endomorphism algebra

Until the end of chapter [[, we assume the centre of G to be connected.
Moreover we assume that ¢ stabilizes a pair (7, B) consisting of an F-stable
maximal torus 7' contained in an F-stable Borel subgroup B, and we fix such a
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pair. Note that up to composing § with an inner automorphism of G¥', a stable
pair always exists. Indeed, since § commutes with F', if (7, B) is a pair consist-
ing of an F-stable maximal torus 7' contained in an F-stable Borel subgroup B,
then (F(6(T)),F(6(B))) = (0(F(T)),6(F(B))) = (6(T),d(B)), that is the pair
(0(T),d8(B)) is F-stable. All pairs consisting of an F-stable maximal torus con-
tained in an F-stable Borel are G¥-conjugate [20, Corollary 4.2.15], so there exists
x € G such that (6(T),5(B)) = (*T,*B). Hence composing § with the inner au-
tomorphism given by conjugation by x we obtain an automorphism stabilizing the
pair (T, B).

From now until the end of Section L is a é-stable and F-stable Levi sub-
group of a d-stable and F-stable parabolic subgroup P of G containing T, and U
denotes the unipotent radical of P. We assume that L has a d-stable cuspidal
representation o.

We show that the endomorphism algebra Endgrs,(L,0) is a finite extended

Hecke algebra. Firstly, we construct a basis for EndGm<5>(RfFN<6> (0)) and then we
exhibit a set of relations for this algebra, in the spirit of [31]. The exposition follows
closely [20, Section 6].
Let V' be the C-vector space affording the representation o. For any n €
Ngr (L, o), there is a linear operator ¢, on V, determined up to a scalar multiple,
such that for any [ € L”

o(n~tn) =t 'o(Dt,. (1.21)

A choice for the t,, with n € Wer(s(L, o), determines a two-cocycle
A NgFX<5>(L,O') X NGFX<5>(L,O') —C (122)
(n,m) — totut,h
The cocycle property follows from the associativity of multiplication of the linear
operators t,. For any o € Wgr, (s (L,0), we fix a choice of a representative & €

Ngruesy (L, o). Then, for any choice of the linear operator t; and for any [,I' € L”
it holds

o((3)"'%) = o(@ ()" W) = o (1))t (1.23)
=ty o) oo (I)ts = (o(I')tz) o (Do (')t

For any n € Ngru(L,0) there exists an & € Wgr s, (L,0) and an ' € L such
that n = 'z, and by (1.23)) the linear operator ¢, can be chosen to satisfy

tl’i = O'(l/)tw (124)

Since o is multiplicative, it follows that for any n € Ngry (5 (L,0) and any [ € LY it
holds
tin = o ()t,. (1.25)

Remark 1.2.7. Given a choice of the linear operators ¢, satisfying (|1.25), the
cocycle ([1.22) induces a well defined cocycle A on Wer sy (L, 7).
Indeed, for any {,1' € L" and for any n,m € Ngrs,(L, o) there holds

tintrm = AU, Um)tim = A0, 'm)o (Dt gim-ymm = A, 'm)a (D)o (nl'n™ Yt
tintrm = (D) tno (Ut = o(Dtao (It it = o(l)o(nl'n~ ))\(n, M) tpm,
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Therefore X(Zn, I'm) = X(n, m), and so

A WGFN<(5>(L,O') X WgFX]<6>(L70_) — C
(2, y) = A(@,9)

is well defined.

Moreover the linear maps t; with x € Wgr,s,(L,0) can be chosen so that the
cocycle A is trivial on Wgr (L, o), [20, Theorem 6.1.9]. We fix such a choice.

We write C(G* x (§)) for the complex group algebra of the group G x (§), and
set

ey = UF| D ue G x (6)).

ueU¥

Note that since LT normahzes U¥, the idempotent ey commutes with any [ € L .

x(8)

The representation RLF o can be realised as the G x {(§)-module

C(G™ x (8))er ®cyr V

where G x (§) acts by left multiplication.
For any n € Ngr s, (L, 0) define

B (C( X <(5>)€U ®(CLF V — C(GF X <5>)€U ®(CLF \%4 (126)
geu ®v — geyn” ey @t,(v).

These maps are well-defined:

Bn(gerl @v) = geyln ey @ t,(v) = geyn H(nin Hey @ v
= geyn tey(nin™h) @ v = gepn ey @ o(nln )t
= geyn ey @ tuo(l)v = By(gey @ a(l)v).

By construction the maps B, commute with the action of G¥ x (§), so they

belong to Endgpx@(RG <& o).

Remark 1.2.8. For any n € Ngryg(L,0), for any [ € LY and
gey @v e C(GF x {6))ey ®crr V it holds

Bi(geu ®v) = gegn™ ey @ tin(v)
= geyn~ eUl '@ a(l)tn(v)
= geyn ey @t,(v) = Bu(gey @ v).

Therefore B,, depends only on the class of n in Wgr s, (L, o).

In consequence of Remark [1.2.8] in the following we will write B,, with = €
Wer wsy(L, o) in place of B, where z is the class of n in Wer s (L, 0).
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Remark 1.2.9. The representation Rgﬁ o can be realized as CG¥ ey ®@cpr V, where

G* acts by left multiplication. By [20, Lemma 6.1.6] a basis for Endgr (Rflfa) is
given by the endomorphisms

~ F F
Bw . R%FO- - RgFO-

gey — gepi ey @ ti(v)

for z running in Wgr (L, o). Note that B, is the restriction of B, to CGFey @cpr V,
and that Rfﬁx@ = C(GF % (8)) ®¢gr RSr, s0

B, = idc(ar wsy ® B, (1.27)

Now we prove that the intertwiners {B, | * € Wgry s, (L,0)} are a basis for

Endgr s (RS "), We will need the following lemma.
Lemma 1.2.10. The map

Wer ey (L) = PP\GT x (8)/P"

induced by the inclusion Ngr5,(L) — G' % (0) is injective
Proof. By [60, Proposition 2.20], the map

Wer (L) — P\G* /PF (1.28)

w— PFupPf

induced through natural projection by the inclusion Ngrues (L) < GF x (6) is
injective. In (1.28)) we write PFwP! instead of PFwPY with w a representative of
w in Ngr(L), because the P double coset PFwPF does not depend on the choice
of the representative w in Ngr(L).

Since L is d-stable, so are L and its normalizer in G, therefore ¢ induces an
action on Wer (L) and Wer 5y (L) = Wer (L) x{(5). Moreover since P is d-stable, so
is PP, Let w16, we0™ € War sy (L) with wy, we € Wer (L), and 4y, i3 € {0,...,d—1}.
The corresponding P¥-double cosets in G are given respectively by PFw; PFé and
PFu,PY§%2. Two such cosets are equal if and only if i, = iy and PFw, P = PFuw, PF
and by the injectivity of , if and only if w; = ws. So the PF-double coset in
G corresponding to w0 and wy0 € War s, (L) are equal if and only if w6 =
WQ(SZQ. ]

Proposition 1.2.11. The set {B, | v € Wgry(s(L,0)} is a C-linear basis for
E?’Ldng<5>(RIGJ§M<6>O).

Proof. We adopt the strategy of the proof of [66, Proposition 5.8].
F
By Corollary [1.2.6} it holds dime Endgr g (RS: " 0)) = |War s (L, )|, therefore
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it is enough to show that the set {B, | # € Wgr (s (L, o)} is linearly independent.

Assume that
Z c; B, =0

meWGFX<5>(L’U)

for some ¢, € C. Then for v e V we get

Z ¢ Bi(ey ®v) = Z cz(epi ey ®ty(v)) = 0.

Q?EWGF >4<5>(L70') Z‘EWGF ><‘<5>(L70')
As a vector space, C(GF x (§))ey ®crr Vadmits a decomposition given by

CG" % e @crr V=" @D  ger@cpr V. (1.29)
gPFeGF><1<5>/PF

- cpr - GF 3 (6)
For y € Ngrys(L,0), the coset yP" € // pF depends only on the
class y € Ngrys(L,0), so we denote it by yP¥. Let m, be the projection of
C(GF % {(6))ey ®crr V on § ey @crr V along the decomposition(T.29). Then

0= Wy(xew > o By (e ®v))

aF >4<5>(L7‘7)

:wy( > cx(|U1F‘ > uileU@M(U)))

:EEWGFX<5>(L,0) ueUF

1
= F Z cxui_leU ® tx(U)
| ’ erGFx<6>(L7U)

ueUF¥
ui eyt PF

If uz~' e §~'P¥ for some v € U¥ then & € PFyP¥, so Lemma [1.2.10 gives = = y.
Therefore

1 -
0= 7Ty< Z c. B (ev ®1))> = ch Z uy ey @ty (v)
zeW,

GF s (L7J) UEUF
<& juy—LePF

Since § € Ngr s, (L), the conditions u € UF and juy " € PF force juy™" € UF,
because yPy 'n P = (yUy ' nU)x L,soyUy ' nP < UnyUy ' Then all of the
terms in the last sum are equal, since they satisfy ujy ey ® t;,(v) = 7 ey ® ty(v).

Moreover there is at least one non-zero summand (take v = 1). Hence ¢, = 0, for
any y e WGFX<5><L, O'). O

In order to exploit the results known for connected groups, we choose an appro-
priate scaling of the basis {B, | z € Wgr (s, (L, )}, which allows us to express the
multiplicative relations in a favourable way. Since the center of GG is connected, the
group Wer(L,0) is a Weyl group [49, Theorem 3.2.5], and it is identified with a
reflection subgroup of the finite Weyl group WZ of GF" as recalled in Lemma .

Here Wg = Ne(T) /7 with T' the d-stable and F-stable maximal torus fixed at the
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beginning of this section.

Let S be the set of simple reflections of W with respect to the elements in the base
of the root system determined by the d-stable and F-stable Borel B fixed at the
beginning of this section. Let S be the set of simple reflections of Wgr (L, o) with
respect to the elements in the base of the root system associated with Wgr (L, o) as
in [31, Lemma 2.7]. We denote by [ the length function in Wg with respect S, and
by I(w) the length of w in Wer(L, o) with respect to S. For any w € Wgr(L,0),
we write [(w) for the length of the element in W corresponding to w through the
identification in Lemma [[.T.2

The basis for the endomorphism algebra Endgr (Rg; o) given by

~

T, := ql(w)Ew

for any w € Wgr (L, 0), with B, as in Remark|[1.2.9] satisfies [20, Proposition 6.1.16],
Le.

~ ~ ~

ToTw, = T, if T(wy) + [(w2) = [(wiws) (1.30)
i:(qcs—l)%ﬁqcs ses

where the ¢ € N are defined as in [20, Proposition 6.1.16(ii)].

The assumption of connectedness on the centre of G ensures that Wgr(L, o)
is a reflection group [49, Theorem 3.2.5], and since S is a set of simple reflections
in Wgr(L, o) the relations in generate a complete set of relations for the
endomorphism algebra Endgr (RS o).

For each w € Wgr(L,0) and i € {1,...,d}, set [(wd') = l(w). Note that since §
stabilizes the pair (T, B), it induces an automorphism on W} stabilizing the set of
the simple reflections, hence it preserves the length [ of the elements. In particular
[(0x) = l(z) = l(xd) for any & € Wgr (s, (L, ). For any v € Wer,s5,(L, o), set

T, := ql(x)Bz.
Note that by Remark for we Wgr(L, o), it holds

T, = ¢ B, = ¢ “ideor iy ® Bu = ide(oraisy ® T

Proposition 1.2.12. Let S be the set of simple reflections for Wgr(L, o), and
denote by? the associated length function. A complete set of relations for the basis
(T | v € Werus (L, o)} of Endgpx<5>(RfFFN<5>0) can be deduced from the following
fundamental relations: for any x,y € Wgr(L,0),i € {0,...,d — 1} it holds

~ ~

T.Ty = Toy, if l() +1(y) = U(xy) (1.31)
T? = (¢* — )T, + ¢*, sesS
Ts5iT, = N6, 2) Ty,
T, Tsi = M, 0)Tysi,
T5: Ty = N6, 67) Tyivs
where ¢, € N is defined as in [20, Proposition 6.1.16(ii)], and X : Wgr s, (L, o) X
Wear sy (L, o) — C is the 2-cocycle on Wer s5y(L,0) defined in Remark .
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Proof. First we focus on the first two relations. For any € Wgr (L, o)
Ty = tde(arusy) T,
hence exploiting the relations we have

T. T, = (ideGr ey @ Te)(idear wsy ® Ty) = tder sy @ Tay = Tyy

~ ~ ~

if {(x) + (y) = l(zy) and

~

T2 = (ide(ar sy ® Ts)* = idearuiy ® (@ — VTs + ¢%) = (¢ — 1T, + ¢*

for any s € S.

Now we focus on the relations involving Ts. Note that since § induces a bijection
on U, it holds d(ey) = ey. For any g € GF x (8, 1 € Wgr(L,0) and v e V,

Ts5:Ty(gey @ v) = Tsi(¢"Dgepi™ ey ®t;(v))

= ¢ WgepiT ey ey @ tsi(t:(v))

= ¢ Dgepi 6 ey @ MN(0%, )t 515 (v)

= A6, 2)¢" " gey (8'3) ey @ tyiz(v) = A8, 2)Tyin(gey @ v),
T Ty (gev @ v) = Te(geud ey @ tgi(v))

= ¢"WgeydTlepi ey @ ta(tsi (v))

= ql(x)geyé_ii’*ley R Mz, )t 45 (V)

= M, 0)¢" ) gey (2:6°) ey @ tagi(v) = M, 69) Thgi (gey @ v),
T5iTyi (gev @) = Tyi(geud ey @ tsi(v)

= geyd Yepd ey R tsi(tsi(v))

= geyd 16 ey @ N8, 6 )tsiviv = N(8", 67) Tsivs (gey @ ).

This shows that the algebra Endng<5>(ngx<5>a) is a quotient of the algebra E
generated by {b,, x € WGFN<5>(L o)} with relations as in (1.31)). Now we show that

dZTTL(c(E) = dlm(cEndgFNQ”(RG s )
For any pair of elements 20", yd’ € Wgr,(5(L,0), with z,y € Wgr(L,0) and

i,7 € {0,...,d — 1} the product b,sib,5; can be computed in terms of the relations
(1.31)):
busibysi = Az, 0) A (y, 09) b +Ds:bybs,
= Mz, ) My, ) A0, y)b, bsiybsi
= Az, 6") " Ay, &) TIA(0, y)babsi ()5 bss
= A, 0") 7' A(y, 07) I8, y) A8 (y), 0°) ™ bubsiy) baibi
= M, ) A (y, )TN, y) A (0 (y), 6°) 1)\(51,53)bxb51(y)b5i+j.

Then the product b,bs,) can be expressed as a linear combination of {b.,z €
Wear(L,0)} using the first two relations in ((1.31]), and the product of any b, with
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z € Wgr(L,0) with bsi+; is given by the second to last relation in (1.31). It fol-
lows that {b,,v € Wgrysy(L,0)} is a C-linear basis for the algebra E. Hence
dim(E) = dim(EndgFM@(ngM@a), so the two algebras are isomorphic and (|1.31])
is a complete set of relations.

O

Remark 1.2.13. The parameters ¢, for s € S appearing in Proposition [1.2.11] are
determined locally. By [49, Proposition 3.1.29] and the discussion above, there
exists an F-stable Levi subgroup M of a parabolic subgroup of G containing L and
such that Wy (L,0) = (s). Then ¢ is the quotient of the dimensions of the two
irreducible constituents of R} (o).

Corollary 1.2.14. Retain notation from Proposition [1.2.12 The al-
gebra End(;Fx<5>(RG X1<5>c7) is the finite extended twisted Hecke algebra

Hr(Wgr(L,0),{q%}ses). Therefore,
Endgr sy (RS V0) = CWer (L, 0).
Proof. The first statement follows by comparing the relations in Proposition

and the definition of finite twisted extended Hecke algebra in Section [1.1} The
isomorphism with the twisted group algebra of Wgrs,(L, o) follows from Theorem

1.1.1}, since Endng<5>(Rf§>q<6>a) is semisimple. O

Lemma 1.2.15. The cocycle X as in Remark[1.2.7 is a coboundary.

Fx(8)

Proof. The cocycle X is a coboundary if and only if End(;FN@(R o) has a

<>0' has an irreducible

1-dimensional representation, that is, if and only if R
constituent with multiplicity 1, [31, Lemma 6.5]. It is known that R o always has
an irreducible constituent x4, of multiplicity 1 that is uniquely determined by its
degree [22, Theorem 1]. Therefore Xsgn 15 6-stable. We claim that if p is another
irreducible consitituent of RY w0, the representations [ ndG M<6>ngn and [ ndG M@

have no irreducible constituent in common. Indeed by Frobemus reciprocity and the

Mackey formula,

F F Fy
<IndG ><1<5>ngn> IndgF >q<6>p>G’F X8y = <R€SgF>q<6>IndgF <6>ngna p>GF =
d—1

<Z (5i)*(ngn)a p>GF = d<ngn, p>GF = 0.

Moreover since G x {§) is the semidirect product of G with a cyclic group, the in-
duction of a representation in Irr(G¥) to GF' x (§) is multiplicity free |21, Theorem

9.12]. Therefore all the irreducible constituents of I ndG <
in RGF @ >a since they appear with multiplicity 1 in [ ndGF

ngn have multiplicity 1

<5>ngn and cannot ap-
pear in the mduction to G¥ x () of any other constituent of R ro. It follows that
EndG”@(R - o) has a representation of degree 1, and therefore the cocycle A

is a coboundary. O]
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Lemma 1.2.16. There exists a choice of the linear maps t,, for n € Ngrys,(L,0)
satisfying (1.25) and such that \ is trivial.

Proof. By Lemma the cocycle A\ is a coboundary, so there exists a 1-
cocycle @ : Wgryuy(L,o) — C such that A(z,y) = a(zy)a(z)'a(y)™'. Let
& : Ngryey(L,0) — C be the lift of « through the quotient by L. We set
t, := a(n)t, for any n € Nerysy(L,0). Then for any n and m € Ngr s, (L, 0)
whose class in Wgrys,(L, 0) is denoted respectively by 7 and 7, it holds

Tt = a(n)&(m)&(nm)’IX(n,m) = a(n)a(n)a(mm) N7, m) = 1.

Moreover for any I € L* and n € Ngr s (L, 0) it holds

~

T o= &)ty = 3(n)o )ty = o(1)E.
]

We now fix a scaling of the linear maps ¢, for n € Wgr,s,(L, o) for which the
cocycle A\ is trivial as in Lemma [1.2.16, In this way, the relations in Proposition

1.2.12| for the basis {1,z € Wgr(L,0)} become

T,T, = Ty, if 1(z) +1(y) = I(zy) (1.32)
T? = (¢ — )T, + ¢, se S

T5:T, = Tsig,

Ty T5 = T,

T61T6 == T6i+1

and Corollary [1.2.14] simplifies as follows.

Theorem 1.2.17. The algebra End(;Fx<5>(Rf§N<5>o) is isomorphic to the finite ex-
tended Hecke algebra H(Wer(L,0),{q% }ses), for some c; € N. Therefore,

Fx
EndGFN<5>(R§F <6>O’) = (CWGFN<5>(L, O').

Remark 1.2.18. Particular cases of Theorem [1.2.17 have already been studied by

different authors. The case of Endng<5>(R§§X<6>1), where 1 denotes the trivial rep-

resentation, was settled in [48, Bemerkung 1.2]. In [53], 2.9], the authors describe the

F)(l . . .
structure of EndgFN<5>(RfF <6>a) where G is of type D, ¢ is an outer automorphism
of G corresponding to a graph automorphism and ¢ is unipotent.

1.2.3 Comparison theorem

In this section, we will always consider Levi and parabolic subgroups that are
standard with respect to the based root datum of G corresponding to the § and
F-stable pair (T, B) fixed at the beginning of the Section[1.2.2] Let L be a d-stable
and F-stable Levi subgroup of d-stable and F-stable parabolic subgroup Pj, of G,
such that L affords a d-stable cuspidal representation o. Let M be a d-stable and
F-stable Levi subgroup of a d-stable and F-stable parabolic subgroup P,; of G
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such that L < M and P, < Py;. We denote by Uy, and U,; the unipotent radicals
of P;, and P, respectively.

By Corollary [I.2.4]

F F F F
Ry Vo = REFN;% o Ry Vo = C(GT % (8))ev,, ®ciarxisy Rir "0,

where the last equality follows from the definition of RAG;N;% in (1.9). Therefore
there is a natural embedding

EndMFx<5>(R%:FN<5>U) — Endgpx<5>(Rf§N<6>a)
T —> Z.d(C(GFXJ<5>)eUM ® T

Using the construction carried on in Section but with M in place of G,
we define a basis {T |, © € Wyr,us(L,0)} of EndMFx<5>(R%mFX<5>U) analogous
to the one defined for G. This basis satisfies relations analogous to the ones sat-
isfied by {T, , x € Wgr, s (L,0)}, and so EndMFM<5>(R%TFN<5>J) is the finite ex-

tended Hecke algebra H(Wyr 5 (L, ), {¢°5' }oes) for suitable ¢ e N. Tt follows

that EndMFX<5>(RfFFN<6>U) = CWir ey (L, 0).

The goal of this section is to show the analogue of Theorem in the dis-
connected setting, using the explicit description of the endomorphism algebras of
parabolically induced representations obtained in Section [I.2.2]

To lighten the presentation, we introduce the following notation. For any fi-
nite group H and for any representation m of H, we denote by E(H|r) the set
of isomorphism classes of the irreducible constituents of w, i.e. E(H|m) := {p €
Irr(H) | {p, mym # 0}. We recall the following result.

Lemma 1.2.19. [32, Corollary 1.14] Let J < K < H be finite groups and let
x € Irr(J). Let

idg ® (—) : Endg(Ind’y x) — Endy(Ind%y)
and set
O = Hom(—, Ind5x) : E(K|Ind5 x) — Irr(Endg (Ind’ x))

0y = Hom(—, Ind% x) : E(K|Ind x) —: Irr(Endy(Ind X))

where the module structures on the endomorphism algebras on the Hom spaces are
given by composition. Then Ok and Oy are bijections, and their linear extensions
make the following diagram commute:

ClE(H|Ind%y)] —2 C[Irr(Endy(Indiy))]
J{Resg J{ResEndH(Ind?” (133)

EndK(Indi(x)

CE(K|IndS )] —2 C[Irr(Endg (IndSx))]

Endy (Ind x

) -
Endsc (Indx) denotes the restriction of scalars.

where Res
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Corollary 1.2.20. Retain notation from Lemma |1.2.19. The following diagram
commutes

ClE(H|Indy)] —2 C[Irr(Endy(Indty))]

IndEndH(Indgx)T Indﬂ (1.34)

EndK(Ind5<x)

CIE(K|IndSx)] —2 C[Irr(Endg(IndSy))]

Proof. Endowing all the spaces in diagram (|1.33|) with the scalar product obtained
by extending linearly the one given by the dimension of the Hom spaces on ac-
tual modules, the horizontal maps are isometries, because they are induced from
bijections between the sets of simple objects. It follows that the commutativity of

diagram (|1.33)) is equivalent to the commutativity of diagram ([1.34)). O]
We set

Ocr sy = Hom(—, RS Va) : £9(L, o) — Irr(Endgr w5 (RS:*P0))  (1.35)

Orirsaisy = Hom(—, RY: V) - EM(L,0) — Irr(Endyr s (Ray *P0))  (1.36)

We denote by the same symbols their linear extensions.
Proposition 1.2.21. o The maps Ogr sy, Onr sy are bijections.

o The following diagram commutes:

OaF Fy
CIE™ D (L, 0)] =% C[Irr(Endgr s (RSy ™ a))]

GF><<6>
GF w¢sy IndE”ch sy By )

MF x5y MF x5y )

R

(1.37)

EndMFxl<6>(RLF

F GMFx F o
C[EM (L, 0)] 2% CIrr(Endyrwisy(Rye "V 0))]

Proof. Retain notation from the beginning of Section [I.2.3] We specialize Lemma

1.2.19| to the situation J = P¥, K = P x (§), H = G x {(§) and x = InflLFa
Then Ogr (s, is bijective, since

(L, 0) = £(G" x ()| IndS “O(Infllk (o).

Since 0yrr (5, is the analogous map for M, it is a bijection as well.
Now we show how to deduce the commutativity of the diagram (1.37) from

Corollary [1.2.20L In this case, Ind¥(y) = Indgix<5>(lnﬂf§0) = Rf§x<5>(0) and
L
F o F
Indf(x) = Ind,} O (Infllt o).

We apply Remark with N = UL, H = PF'n M¥ and K = M¥ % {(§). Since
PF =UL x (PF'n M) and Pf; x (0) = Uk, x (M* x {§)) we have

PE x(5)

pF x{J F o
Indpt™ o Inflgh e = Inflygto o Indye "o
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Fﬁ F . .
Composing both terms with In flf% M on the right yields

Indpt™ o Inflyt = Infrje s o Ry ™.

Then

Endpg sy (In ndpi o InflLF o) = EndPFx<6>(fnflMFi<<fS>> o prFﬂ@ ).

To lighten the notation, we temporarily set R ¥ P ® o flzngé RJL‘/[FFX<5>(U).

Specializing diagram (|1.34 - to this case yields

CIE(GT = (8 [RSE*P(0))] % CIrr(Endgr wisy (RSP (0)))]

aF x¢sy
End (R (o))
GF s GF x5y
IndP]{}M@ Ind PF N (138)
EndP]FMN<5>(RLF o)

F (s Fix¢
CLEPf = ()R o) 5—— ClIrr(Endpg 5 (R 0))]

GPF x{8)

A linear endomorphism is an intertwiner for an inflated representation if and only
if it is an intertwiner for the original representation, so

P x(s Fy
EndPF >4<5>(R © ) EndMFN<(5>(RM <6>(0>>
and therefore the following diagram commutes and all the arrows are bijections:
0,5, .
CIE(PY x IR V)] 5 ClIrr(Bndpg s (R Vo)
It Mﬁ idT (1.39)

MF x5y

GMFN F>q
CIEM™ (L, 0)] —Cs ClIrr(Endyr (R ™V 0))]

So composing vertically the diagrams (|1.39)), (1.38) we get commutativity of (|[1.37))
]

Corollary 1.2.22. The following diagram commutes:

F 0 F oy X
C[EF ™D (L, 0)] =25 C[Jrr(Ende@(RG REM

GFw¢sy o)

% f/lf;ma; ResEndGFx<5><RLj\j S (1,40)
o EndyF syt p ;e )

F GMFx F
CIEM™O (L, 0)] 22X ClIrr(Endyr sy (RY: ™ a))]

GF sy
Endg,r >q<(5>(R

RMF X0, denotes the restriction of scalars.

where Res

EndMFx;<5>(
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Proof. Endowing all the spaces in (|1.37)) with the scalar product given by the di-
mension of the Hom spaces, the horizontal maps are isometries, because they are
induced from bijections between the simple objects. Then, commutativity of dia-
gram (|1.37)) is equivalent to the commutativity of replacing the vertical maps
with their right adjoint. O]

Proposition 1.2.23. There exist bijections

Sar sy Jrr(Endm<5>(RG “D5)) = Irr(Wer sy (L, o)) (1.41)
SMFX,<5>[7’r(EndMFX<5>(RM “Da)) = Irr(Wge iy (L, o) (1.42)

whose linear extensions make the following diagram commutative

Ser,
(C[Irr(EndGN@(RG Do) =K ClIrr(Wer sy (L, 0))]

n e,
ResE dex,<6>(R . ) ReSWGFM@(L,o) (1‘43)
Brdy b gy By o) wMF 38 (1,0)

Syr x{8>
—

C[h’r(E”defFx<6>(/7"2MFN<6> )] C[[TT(WMFx@}(L?U))]
Proof. Let S be the set of simple reflections of W (L, o). Let f : Clas|s e S] —» C
be the C-algebra morphism defined by f(zs) = ¢* and g : Clzs|s € S] — C be
the C-algebra morphism defined by g(zs) = 1. Let f* and g* be respectively the
extensions of f and g to the integral closure of C[xz;] in C(xy), the algebraic closure of
C(z). Such extensions exists by [16, Lemma 68.16]. By Theorem[1.2.17] the algebra
EndGm<5>(RSFFN<6>U) is the specialization at f of the finite generic extended Hecke
algebra H(Wegr sy (L, 0),{Zs}ses), for some ¢, € N. Moreover the specialization of
the same algebra at g yields the group algebra CWgr,s,(L, ). By [16, Corollary
68.20], the character of any simple module of H(Wgr (s, (L, ), {Zs}ses) ®cla|ses]
C(xs|s € S) takes values in the integral closure of C[xz;].

Let X be the character of a simple module of

H(Wer oy (L, 0), {Ts}ses) Qclz,|ses) C(ws]s € S). We define

X (T) = f*(x (b)), X(x) := g" (x(ba))

where b, for x € Wr s5y(L, o) is an element of the basis of H(Wgr sy (L, 0), {Zs}ses)
as in Section (1.1, By [16, Corollary 68.20], the assignment y — x/ defines a bi-
jection between the set of simple modules of H(ngx<5>(L U) {2s}ses) ®c[z,|ses]

C(zs|s € S) and the set of simple modules of Endc;F‘X<5><R o< o), while the as-
signment and y — xY define a bijection between the set of simple modules of
H(Wer sy (L, 0),{Ts}ses) Qclasjses] C(ws]s € S) and the set of irreducible represen-
tations of Wgrsy(L, o). Therefore we have a bijection

SaF sy - frr(Ende5>(RM “D5)) = Irr(Wer wsy (L, o)) (1.44)
Xf N Xg



We can reproduce the same argument with M in place of G. Since M is stan-
dard, the set J of simple reflections of Wy, (L, o) is a subset of the set S of sim-
ple reflections of Wg (L, o) [32, Proposition 4.3, (i)], so we can take as special-
ization morphism the restrictions of f and g to C[xs|s € J]. Indeed by Remark

1.2.13| the parameters ¢, s e J for EndMFN<5>(RM " (g)) are determined locally,

so are the same as the parameters c¢,,s € J for Endng,<5>(R X'<5>(J)). Hence

EndMFN<5>(Rﬁ4pFN<6>(O')) is the specialization at f of the generic extended Hecke
algebra H(Wyri55(L, 0), {#s}ses). Therefore also in this case we have a bijection

SMF sy Irr(EndMFN<5>(RM (9 )) — Irr(War sy (L, 0)) (1.45)
Xy

Now since the algebra H(Wy rs,(L, 0), {Zs}ses) is semisimple, the restriction of x

to H(Warrwisy(L, 0),{2s}ses) decomposes as @Y | mixi, with N € N, where x; are

characters of simple modules and m; € N are their multiplicities.
It follows that for any w € Wyyr s, (L, 0)

Wk {8

Resy % ()(w) = x/() = g(x(b.)) = 903 max(b.)) = Y .

Similarly
Fy g
Endgr 5 (RS R
ResEndMF ><<6>(RMF>“<5> Z lel
Therefore
F F
Endgr 5 (RS Vo) Endgr 5 (RS ™V 0)
Res ¢ % S Res ¢ %
EW‘dMFx<6>(RIMFX<6> ) ( GFN<6>( )) EndMFX<5>(RﬁIFFX<6>U)X
N
= Z minf
i=1
N
= Sarriey (O mixd)
i=1
F><l
= Sur sy (Res ZFNX(X )-
m
We are now in a position to state and prove the main result of this section.
Theorem 1.2.24. There are bijections
Re
EMIO(L ) O, L (Wge sy (L, ) (1.46)
Re
EF (L, o)~ [ (Wegr sy (L, ) (1.47)
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such that their linear extensions fit in the following commutative diagrams:

Repar sy
—_—

C[gGFx@(L’J)] ClIrr(Wer sy (L, 0))]
*RGFN@l ResWGFX<5><L’U>l (1.48)

MF 5y WLF sy (29
RepyF sy
—

C[EM™(L,0)] CLIrr (W wesy (L, 0))]

- Repr
CLE® (L, 0)] —SCLIrr(Werisy (L, )]

GF'N<(5> w Fy (L,o) 149

RG> @T IndWJC;F ><1<<65>> WJ ( )
Re

C[EM" 0L, 0)] Mé@[[rr(WMFM@(L,U))]

Proof. We define
RepGFx<5> 1= (Sgr x(8) © Ogr ><1<6>)

R@pMFN<5> = (SMF><,<5> ¢) GMFN<5>).
Composing horizontally the commutative diagrams (1.43)) and ([1.40]), we get

Wer 5 (L,o) GF x(s
Resy; o () © SaF ey © 0Gracsy = Sarracs) © Oarras) © R s,

giving commutativity of .

The diagram is obtained from by substituting the vertical maps
with their adjoint maps. Equipping all the spaces with the scalar product given
by the dimension of the Hom spaces, the horizontal maps are isometries, because
they map simple modules to irreducible representations. So commutativity of
follows. m

Remark 1.2.25. It is well-known that Endgr(RGr o) = CWer(L, o), [31]. Replac-
ing M¥ x (§) with G¥ in this section, we obtain the analogue of Theorem [1.2.24],
i.e., the following diagrams commute:

REPGF

(C[SGF ”<5>(L, o)] 4X§5>C[ITT(WGF >q<5>(L7 )]
[z [y 080
RepGF

C[ES" (L, 0)] C[Irr(Wer (L, 0))]

Repor sy
e

(C[SGFN<5>(L’0')] ClIrr(Wer sy (L, 0))]
] a7 e
RePGF

C[EY" (L, 0)] ClIrr(Wer (L, 0))]
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1.2.4 Restriction to cosets
1.2.4.1 Restriction of characters to cosets

Let H be a finite group, let v € Aut(H) be an automorphism of H of order d, and
let H x {7) be the extension of H by the cyclic group generated by . Then for any
i =0,...,d — 1 we consider the space Cl(H~") of complex functions on CI(H~")
that are constant on H x () conjugacy classes and denote by

it R(H x (7)) — CI(H~")

the restriction of class functions to the coset H ”yi.
The space Cl(H fyi) can be endowed with a non-degenerate sesquilinear form defined
by
1
| H|

s Dy > gy F(hy).

heH

In this section we prove that with respect to this sesquilinear form, an orthonormal
basis for C'1(Hw) is given by the restrictions to H+ of irreducible characters of H x{7y)
that have irreducible and distinct restrictions to H.

We denote by (, a generator for the character group of (7), and we still denote by
¢, its inflation to H x {y). We set ¢ := (,(7), so € is a primitive d'* root of 1.

Lemma 1.2.26. Let x € Irr(H x (7)) be such that RengwX is not irreducible.
Then mr1(x) = 0.

Proof. By Clifford theory, for x € Irr(H x (7)) it holds RGSZMWX € Irr(H) if and
only ifx®ny #x forany i =1,...,d— 1. Indeed

d—1
Hx Hx H x Hx i
<R€SH <’Y>X> RGSH <’Y>X>H — <X7 [ndH <7>R€3H <7>X>H><1<’y> = <X7 Z X &® C,y>H>q<,y>.
i=0

Then if Resﬁ“wx is not irreducible, there exists some 1 < 7 < d — 1 such that
X = XxX® C% Hence for any x € H~ it holds x(z) = (?x(z), and since ¢ # 1 for
1 < j < d—1 this implies x(z) = 0 for any x € H~. O

Corollary 1.2.27. The set
{ma(0) | x & Irr(H % (), Resy™Vx e Irr(H)) (1.52)
is a generating set for Cl(H~).

Proof. The coset H~' is stable under the conjugation action of H x (v), therefore
any H x (v)-invariant function on H~" can be extended by 0 to a class function
on H x (7). It follows that the restriction map mp, is surjective, and therefore
the set of non-zero elements in IC; = {my,;(x) | x € Irr(H x (7))} is a generating
set for CI(H~"). By Lemma [1.2.26] this is the set consisting of all mp () with

X € Irr(H x {v))) and ResgN V>X e Irr(H). O

Lemma 1.2.28. Let x, x’ € Irr(H x{v)) with irreducible restrictions to H and such
that Resgx<v>x = Resgx<w>x’. Then mr1(x) and T (X') are linearly dependent.
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Proof. We have

d-1
1 = (Resy"Vx, Resyy ™ VX o = O Indyy ™ Resyr ™ VX iy = (G Y X®C i,
=0
and so Y’ = y® ¢ forsome 0 < j <d— 1.
It follows that 7 1(X') = Cmai(x)- O

Corollary 1.2.29. Let {x;}I_, be a maximal subset of Irr(H x (7)) such that the
X;s have irreducible and distinct restictions to H. Then

{WH,1<X7Z) |Z = 1,...,’/“} (153)
is a generating set for Cl(H~).

Proof. By Lemma |1.2.28] it is enough to take in (1.52)) one element in each fiber
Tio(mmo(X)), where x € Irr(H x (7)) with Resh” Yy e Irr(H). O

Proposition 1.2.30. Let {x;}/_; be a maximal subset of Irr(H x {v)) such that
the x; have irreducible and distinct restictions to H, as in Corollary|1.2.29. Then
{xi}i_, @s an orthonormal basis for CI(H~), i.e. ,

Taa(Xa) T (X z)>H7 =1, 1<i<nr, (1.54)
(ra1(Xi), a1 (Xk)) Yy = 0, <i#Ek<r
Proof. Let '
yi = () T (k) D
For any 1 <1,k < r we have
-1 d-1
Dyl = 2<7THJ Xi)s 7,5 (Xk ) Hri (1.55)
7=0 —0
d—1
= Z Z Xi () xi ()
7=0 heH
1
@ Z Xi(2)xk(2)
xeH x{v)

d
= 7‘}[ ()] erZx:<~,> Xi (%) Xk ()

= d<Xi7 Xk>H><1<fy> = d5i,k

where the last equality comes from the first orthogonality relations of irreducible
characters for H x (vy). Similarly, for any 1 < i,k <r and forany 1 <1 <d—1

d—1

Dy = dlx ® G Xy (1.56)

7=0
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Since Resgx<7>xi is irreducible, by Clifford theory x # X®§§ foranyl=1,...,d—1.
On the other hand, if ¢ # k, then x; and yj; have different restrictions to H, and so
Xi # X Qk C,ly forany [ = 1,...,d — 1. Hence by orthogonality {x; ®ny, Xk)Hx(yy =0
for any 1 <i # k <r and for any 1 <[ < d — 1. Therefore equation (|1.56|) gives

d—1

D¢yt =o0. (1.57)

7=0

For any pair i, k the equations ([1.55]) together with ((1.57)) where [ runs from 1 to
d — 1 form a system of d equations and d indeterminates y;-’ with j =1,...,d. The
coefficient matrix is the following Vandermonde matrix:

1 1 .. 1
1 ¢ oo
i Cd'—l . ) g(d'—l)2

Its determinant [ [, _ i< 4(C"— ¢7) is non-zero because ( is a primitive d' root of 1.

Therefore, for any 1 < i, k < r the system has a unique solution. Since yj-k’ = 0y for

j=1,...,d is a solution, by uniqueness we obtain

(Taa(X)s T (Xe))Ey = yik = du,
giving . O
Corollary 1.2.31. It holds
Ker(my,) = spanc{{’x — X@d | xelrr(H x{(y)),j=1,...,d—1}

Proof. For any x € Irr(H x (7)), for any j € {0,...,d — 1} and for any h € H we
have (¢7x —x @ ) (") = x(hy) — G (7v)x(hy) = 0. Therefore

K = spanc{{’x —x Q¢ | x e Irr(H x{7)),i =0,...,d =1} = Ker(my,).

To prove equality, we show that IC and Ker(my 1) have the same dimension over C.
Let

Apr = {x € Irr(H x{v)) | ResZT(HN@»X eIrr(H)}
={xelrr(H x{y)) | X@@ # x forany 1 =1,...,d}

Avea = {x € Irr(H 5 () | Resyy™ "™ ¢ Irr(H)}
={xelrr(H x{y)) | x®¢] = x for some i € {1,...,d}}.

Since Irr(H » (v)) = Ay | | Area, it holds dimcR(H x {v)) = |Aipr| + | Aredl-

Let {x;}/_; be the orthonormal basis of Cl(H+) in Proposition given by a
maximal set of irreducible representations of H x (vy) having irreducible and distinct
restrictions to H. Then A, = {x;® |1 <i <7, 0<j < d— 1}, therefore
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|Ajpr| = dr. Since g is surjective and {x;}i_, is a basis of CI(H~), it holds
dimc(Im(mp,)) = dime(ClU(H7y)) = r. It follows that

dime(Ker(my,)) = dimcR(H x {y)) — (dimc(Im(mp 1)) (1.58)
= |Airr| + |Ared| =7 = |Area| + (d — 1)r.

Now we prove that dimc(K) = [Apeq| + (d — 1)1
We have spanc(Ayeq) S K: indeed for any x € A,.q, there exists j € {1,...,d — 1}
such that x = x ® ¢, therefore

1 1 1
YT o (G —1) (G —1)

Since  R(H x {v)) = spanc(Aim) @D spanc(Ared), it holds
K = (spanc(Aiyr) 0 K) @ spanc(Areq) and so

(¢ —1)x = (Ix—x) = (x—x®d)ek.

dimc(K) = |Area| + dime(spanc(Ai) 0 K).
By (|1.58)), we need to prove that dimc(spanc(Ai) N K) = (d —1)r. We have
Spa'n(C(Airr) NK = Spa'n(C{Cin — Xi X C'Jy | L€ {17 s 7r}aj € {]-7 ce 7d - ]-} }

Since the characters x; ® ¢J for i € {1,...,r} and j € {1,...,d} are linearly in-
dependent, the set {¢/x; —xi ® ¢ | i € {1,...,r},j € {1,...,d — 1} } is linearly
independent. It follows that

dime(spanc(Ai) 0 K) = [{x: — xi®C$ cief{l,...,rhje{l,....,d—=1} }| = (d— D)r,
giving the claim. O

Remark 1.2.32. Let j € {1,...,d — 1} be coprime with d. Then all the arguments
in this section hold for 7y ; and CI(H~?) in place of my 1 and CI(H~), because +’
is a generator for (7).

Let H' be a ~y-stable subgroup of H. We define

Indyy, - CI(H'Y') — CU(HY')

by
i 1 _
Indyl () (@) = = Y, f(h~'wh)
|H | heH
h~lzheH'y

for any f e CI(H'y') and x € Hvy'. We define
Resp : CI(H'y') — CL(H~')

by ‘
Resy) (f)(@) = f(x)
for any f € Cl(H~") and x € H'~".
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Proposition 1.2.33. With the above notation, for any f € CI(H'Y') and g €
CI(H~") it holds

<I7’Ld f7 g>H'yl - <f> RBSH,Y g>H’

Proof. 1t holds

Indyy! f, g my: = Z Indg. f(x)g(x)
:L"EH’y
> f(hzh)g(x)
xeH~Y! heH ]
h lyheH'~*

:|];||[ir/| S eh)g(@)

heH
zeH~*
h~lzheH'~!
f(y)g(hyh=1)
|H||H’ ,;‘{
yeH'v*
1 1 —_
= fwg(y)
H[H ZH
yeH'v*
- 2 S0 = (o Resi
yeH'~*

]

Let N be a 7-stable normal subgroup of H. Then v induces an automorphism
n H/N, that we still denote by 7. We consider the group H/N x (7). For
t=1,...,d we define

Infliy) - CUH/ ny') = ClHy)
by
Infliy (£)(h) = f(hN)

for any f € CZ(H/NWZ') and h € Hy', where hN € H/N.
We also define the map
()Y CUHY) = Cl/ §y)
by
1
(HN( DSPIRAG
CIN&

for any f e Cl(H~') and x € H~'.



Proposition 1.2.34. With the above notation, for any f € Cl(H/N’Vi) and h €
CIU(H~") it holds

<]nflg;;\mﬂ<f)7 g>H7¢ = <f7 (g)N>H/N,yi

Proof. It holds

<Inflg7N7( )7g>H'yi = | Z In flg;yNw ) ( )

zeH~!

~ TN Z SNGTGN) = 6, @)

1.2.4.2 Comparison theorem on cosets

We use the same notation as in Section [1.2.3]
Let (s be a generator of the group of irreducible characters of (§). We denote by

&5 the inflation of this charNacter to War(L,0) x (0) = Wgr s (L,0). With abuse

of notation, we denote by ¢} also the inflation of this character to G¥* x (4).

Lemma 1.2.35. With notation as above, for any m € ES (L, o) it holds

~—1

Repar sy (T ® C5) = Repgr sy (m) ® (5

forie{0,...,d—1}.

Proof. By definition, Repgrsy = Sar sy © 0ar sy, where SG”@ and Ogr s, are
respectively as in Proposition and Proposition [1. .Letmel& GF”@(L, o).
Then g s5,(7) is the Endng<5>(Rfo<6> )-module Hom(w RG *@g), where the
module structure is given by composition. Let Icg be the linear map on the repre-

GF x5

sentation space of R o defined as the linear extension of

C(G" % {d))ev ®crr V — C(GT % (8))ey ®crr V.,
~—1

ger v — (5 (g)gey ®v
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where V is the representation space of 0. Note that this map is not an G¥ x {§)-
endomorphism. Indeed for any h € G x (§), we have

~—1
Iii(hgey @) = (5 (h)hIi(gevy ®v).
The composition with IC’ defines a C-linear isomorphism between
Homgpx<5>(7r,R§FN<5> ) and  Homgru (T ® (J,RG < o). Indeed let

L € Homgr, (T, RG ) o). For any w in the representation space of 7 and
for any g € G % <6> it holds ¢(m(g)w) = ge(w). Tt follows that

= Glo)G (g)glgg(b(w)) = gl o v(w),

For = € WG”<5>(L,J) let T, € Endng,@(RG < o) be as defined in Section

122 Then
G(a)Ty o I = I o T (1.59)

Indeed for any gey ® v in the representation space of RfFX@a it holds
ICZ oTy(gey ®v) = ICZ( )gepx™ ley ®t,(v))
=G (97 )g" W gevaley @ tu(v)
= GG Wi gerater D)
= Ca( )(Ca (Q)Tx(QGU Q) = Ca( )T 0 i (gev @ v).

Let x, be the character of GGU@( 7), that is, the character of the
EndGm<5>(RfFN<6>a)—module Hom(mw, RG X<6>0), and similarly let yx 80 be the

character of 00Fx<5>(7r®(~§) Since I is an isomorphism between Hom(, RG % o)
and Hom(m ® C(;, RG < o), by Equation (L.59) for any x € Wir s,(L, o) it holds
Xe(T) = ) i (T2,

Identifying representations with their characters, by definition of Sgr s, for any
x € Wer s (L, 0) it holds

SGFN<5>(Xﬂ)($) = Xﬂ(TI)7
SGF><1<§>(X7T®E§>($) = XW®§§ (Tz)

Therefore

Sy (Xn)(2) = Xx(Tz) = Ga)x o (T2) = aé(x)Sch<a>(X,,®gg )(@),



SO
Sars (Xr) = (G ® SGFx<5>(X,T®g§)-

This shows that
s ® S sy © 07 sy (T @ (§) = Sar sy © 0 sy (T)

that is N o
Repar sy (T ®(s) = G @ Repar sy (7).
Il

Using the notation introduced in Section [1.2.4.1], we denote the restriction maps

Tar @ R(GY % (8)) — CI(G"6)

[ flars
TWep (Lo)—1 : B(Waru (L, 0)) — Cl(Wer(L,0)d)

= flwap o)
We denote by £¢"%(L, o) the image of £¢"*¥(L, o) through TGF 1 -
Lemma 1.2.36.
1. It holds
Ker(mgr 1) N C[EC ™)L, 0)] =
spanc{Gs(87)x — x® Cl[x € 9 (L, 0),1 < j <d—1}.
2. A basis for C[ES"(L,0)] is given by mar 1(X (1.0)) where X (10 € ES (L, o)

is a mazimal subset in SGFX]<6>(L,O') consisting of irreducible representations
with distinct and irreducible restriction to G* .

Proof. 1. We set
Kirg) = spanc{G(6)x = x® ¢ | x € Irr(€7 O (L,0)), 1<j<d—1}
and
IC(lLJ) = span((;{((;(é)jx—x@Cg | x € Irr(GF x <5>)\]TT(5GF”<6>(L,J)), 1<j<d-1}.

If v € SGF”@(L,J), by Clifford theory x ® Cg € SGF”@(L,J) for any
j=1...,d—1. Hence K, < C[SGF”<5>(L,J)], and IC(LLU) lies in the or-
thogonal complement of C[EGF”<5>(L, 0)]. Moreover by Corollary |1.2.31

Ker(rgry) = spanc{Cs(0)x —x @ | x € Irr(GF % (8)), j=1,...,d -1},

so the subspaces K, and IC(LL,U) yield an orthogonal decomposition of
Ker(mgr ;). It follows that

Ker(ngr1) N C[E (L, 0)] = KL
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2. By the definition of £"%(L, o), the set ngvl(SGFW”(L,U) is a generating
set for C[ES"9(L,0)]. By Lemma [1.2.26, the elements in £ ¥ (L, o) with
reducible restriction to Gf have 0 restriction to G¥§, and by Lemma
the elements in 5GF”<5>(L,0) with the same restriction to G have linearly
dependent restrictions to G¥4. It follows that the set X(;, ) is a generating set
for C[ES"(L, 0)].

Ifxyé¢& GF”@(L, o), then the restriction of y to G differs from the restriction
of any other character in £ *@(L, o). Therefore X (L) can be completed to
be a maximal set X of irreducible representations of G x (§) with distinct and
irreducible restrictions of G¥. By Proposition the set mgr 1(X) is linearly
independent, and therefore the subset mgr 1 (X (1)) is linearly independent.

O
Lemma 1.2.37. There exists a linear isomorphism
Repgrs : C[EC" (L, 0)] — CL(War iy (L, 0)8%Y)
such that the following diagram commutes:
CLE D (L,0)] “ R(Wer (L, )
lw’l fwamm—l (1.60)

RepFrg

C[ES"(L, 0)] Cl(Wer (L, o)1)

Proof. Let WéLF’?) denote the restriction of (7gr ;) to C[ES" (L, 0)]. By Lemma

[1.2.36][1 we obtain

Ke'r’(ﬂ(GLgi)) = spanc{¢(0)x — x Q@ Ly € ES*(L,0),j =1,...,d— 1}.
Similarly, by Corollary [1.2.31] substituting 64! = §~* to  as in Remark [1.2.32]
Ker(mw,_p(L0),-1) = spanc{C (677 ) x—x®C|x € Irr(Wer sy (L, o)), j =1,...,d—1}.
By Lemma [1.2.35] it holds

Repar sy (Cs(67)x — X ® () = G(07) Repar sy (X) — Repar sy (X ® ) =
C5(67) Repar sy (X) — Repar sy (X) ® (57

So the map Repgr sy is an isomorphism respecting the kernels of the projections

W(C;Lp’gl) and TW o (Lyo),—1- Hence, setting for any x € ]TT(WGFX]<5>(L, o))

RBPGFa(WGF,l(X)) = Tw,p (L,a),fl(RepGFx@}(X)
gives a well-defined isomorphism between C[E9"%(L, )] and Cl(Wer(L,0)67Y). O

Corollary 1.2.38. The map Repgrs is an isometry with respect to the scalar product
of class functions on cosets: for any f,h € (C[SGF‘S(L, o)] it holds

(fsars = (Repars(f), Repars(h))wp(L0)5-1
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Proof. Let {xi}i_, < SGF”@(L,J) be a maximal subset of irreducible represen-
tations with distinct and irreducible restriction to G¥. By Lemma 2
{mar1(xi)}i_, is an orthonormal basis of C[EY" (L, 0)].

We  claim  that {Repgrs(meri(xi))}i—y is an  orthonormal  ba-
sis for R(Wgr(L,0)d™ ). By Lemma [1.2.37, Repgrs(ngri(xi)) =
TWp (Lo)1 (Reparacsy(Xi)).  The maps Repgr.s), Reng restricted to irre-
dumble representations are bijections, and by diagram ((1.50)) they are compatible
with restriction. So the set { Repgr.(sy(X:)}i— is a set of 1rreduc1ble representations
of Wgr sy (L, o) with irreducible and distinct restrictions to Wgr(L, o). By Propo-
sition [1.2.30 {Repgrs(mar 1(X:))}i_q is an orthonormal basis for Cl(Wgr(L,0)d™1).

This proves that Repgrs is an isometry, since it maps an orthonormal basis to
an orthonormal basis. O

Let M be an F-stable and é-stable standard Levi subgroup of an F-stable and
0-stable standard parabolic subgroup P, of G, such that M contains L. We define
the restriction maps

ey s RIMY % (8)) — CL(M*F9),
W, o (Lo)-1 - RWiarrssy (L, 0)) = CUWyr (L, )0 1).

We define £M Fé(L, o) similarly to how we defined it for G. As for G, there exists a
linear isomorphism

Repyrs : CLEMT (L, 0)] — CUW s sy (L, 0) 347
such that the following diagram commutes:
CIEM D (L,0)] S R(Wagr ais (L)
JWMFJ fwMﬂm—l (1.61)
CIEMT (L, 0)] 2258 CUWgr (L, 0)571)
For f e CI(MT§), we define
R f o= IndGef(Inflyds(f)) € CUGTS), (1.62)

that is for any z € G¥'d:

R§f = | Ao Inflid(f)e ).
geGF
g lzgePts
For any f € CI(G¥§) we define
*RGTA = (ResGrl(f)Var € CUMTS), (1.63)

that is for any m e M¥6,



Proposition 1.2.39. With the above notation, for any f € CI(M¥6) and h €
CIU(GF6) it holds

(RS ars = (" R§pdshars
Proof. We have

(RSG5 f Wygrs = ndZed(Inflis (), hyars Proposition [[2.33)
= (InfIYA(f), ResGrd(h))pr Proposition [I.2.34]
=/, (Resgig)UF( h))urs = {f, *Rﬁiaa(h)>MFa-

O

Lemma 1.2.40. The following diagrams commute:

GF><<5> % pGT N<6>
R(M¥ % (6)) — L Y R(GF % (5)) R(G" % (8)) —"R(M" » (5))
lFIMF,l Rgl;(g JWG‘FJ JWGF,l *RGI;(s J”MFJ
CI(MF§) —22— CI(GFY) CI(GF) — 2 CUMTY)
(1.64)

Proof. We first check the commutativity of the diagram on the left.
For any f e R(MY % (§)) and z € GFd, by (1.9)

RGT O 1 PFx(8y p/ —1
Ryprsyf () = (PP (8] eG; " Inflye.s,flg~ zg)
g’gl]:tgePFx@)

d
d\PF X X ARG

g6eGF 5t
(g&i)_lmgéiePF x (&)

The condition (gd") tzgd* = 64 (g~ wg) € PF x{§) holds if and only if g~txg € P¥
(8), and since z € GT'¢, it is equivalent to g~'zg € PF'§. Moreover InflMFX;i%f is a

class function, so (InflMFX;%f)(d g lrgdt) = ([nflﬁﬁjf%f)(g '2g). Therefore

G 1 PF (s _
MF>;<<5>>f() PF| Z fnflMFi<<5>>f(g 'zg).
GF
g’lg;gGPFé

For any xd € PF'§, writing 20 = mud with m € M¥ w e UL}, it holds

Inflye o f(@0) = f(md) = mygr 1 (£)(m8) = Inflidy(mae 1 () (x0).
Therefore s i
MF>;<<6>>f( )= Rz\Gﬂ&a © 7TMF,1f(~iL')
for any x € G¥'9, that is

F {8 GFs
ﬂ-GFloRMFxKJ} RMF5O7TMF1
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The commutativity of the diagram on the right follows immediately from the defi-
F

nition of *R]\G4F2<<5§> and *RMF5 Indeed for any f € R(GF x (§)), and any z € M

it holds

GFx(s
7TMF’1 O*RMFN<<(S>><

|UM|

We now have all the necessary setup for the main result of this section.

Theorem 1.2.41. The following diagrams commute:

C[EY"(L, 0)] 2258 ClWgr (L, o))
R [ (1.65)

MFs -1
W]\/IF (L,o0)é

C[EMTO(L, 0)] “258 CUW e (L, 0)5 )

C[EF (L, 0)] 2258 CUWgr (L, 0)6~")
RGFaT gV GF L) IT (1.66)

F
M5 W, (L)1

C[EMT(L, 0)] “258 CUW e (L, 0)5 )

Proof. We first show the commutativity of the first diagram. Consider the following
diagram:

Repgr x(8>

ClES (L, 0)] R(War sy (L, o))

TGF 1 wp([“”),1
Repl.rs

C[EC"(L, 0)] Cl(Wer(L,0)6™ 1)
lRe WGF N<(;>(L ,0)

x pGT (8
MEF %8y

C[EM™ (L, 0)]

GF ><<§>(L ,0)
R(Wrsy(L, )
C[EM™3(L, 0)] HePaes CUW e (L, 0)8)
(1.67)

Repir o ¢sy

o the back face commutes by Proposition [1.48
o the top and the bottom faces commute by Lemma [I.2.37]

o the left side face commutes by Lemma ((1.2.40)),

5
o the right side face commutes because ResW ((LL(;)) 5 O W p(Lo),—1 and myy,, ©

GE %8
RGSW

i eon (L 0)) are both just the restriction of functions to Wy, (L, 0)J.
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Since all the diagonal arrows are surjective, it follows that the front face commutes

as well.
The commutativity of the second diagram is equivalent to the commutativity of
the first one. Indeed for any f e C[EM™(L,0)] and any ¢ € Cl(Wyr(L,0)071) we

have

(Indy GF(L U))é o Reparrs(f), ¢>WGF(L,U)5*1 Proposition [I.2.33]
- <RepMF5<f> Resy & G0 (0)w (Lot Corollary [2.3§)
= (f, Repy s © ResW o LL?)% () wrFs Diagram
= (f,*R§S o Repgis(0))ues Proposition ({1.2.39)
= (RSG5(f), Repghs(6)ars Corollary [1.2.38]

= (Repgrs © RMFJ( ), ¢5>WGF(L,U)5*1



Chapter 11

Lusztig’s Fourier transform and
parabolic induction
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Introduction

The main aim of this chapter is to give a detailed proof of the compatibility of
Lusztig’s non-abelian Fourier transform with parabolic induction for unipotent rep-
resentations of finite groups of classical type B, C' and D. The relevant theorems
in this regard are Theroem [2.4.12 where we deal with groups of rational points of
disconnected algebraic groups whose identity component is a simple group of type
D,, (e.g. finite orthogonal groups in spaces of even dimension), Theorems [2.5.16
and 2.5.17] where we deal with the split and non-split rational forms of groups of
type D, (e.g. the two forms of the finite special orthogonal groups in spaces of
even dimension), and Theorem where we deal with finite groups of Lie type
of type B, and C,, (e.g. finite special orthogonal group in odd dimension or finite
symplectic groups).

The Lusztig non-abelian Fourier transform [42, Section 4] is a map on the space
of unipotent class functions on a finite group of Lie type. Lusztig’s conjecture [44]
claims that this map gives the change of basis between two natural bases: the one of
unipotent characters of representations and the one of the characteristic functions of
character sheaves. Lusztig’s conjecture has been proved for connected groups with
a connected center in [62, [63], and subsequently extended to more general cases (see
[23] and the references therein).

We believe that the content of this chapter is in large part already known to
experts (see [I, 2, [40]). Nevertheless, we think that a detailed exposition of a
combinatorial proof of the compatibility can be of some relevance. In particular,
we believe there is some novelty in our exposition on disconnected groups of type
D, whose content we are now going to explain in some detail.

Groups of type D,, admit two forms over a finite field, a split and a non-split
one. If G is a simple algebraic group of type D,, over F,, the disconnected algebraic
group obtained by extending GG by an outer automorphism ¢ corresponding to the
Dynkin-diagram automorphism of order 2 has two inner twists over the finite field
[F,, as defined in Secion . The subgroups of these inner twists corresponding
to the identity component of G x () are respectively the split and the non-split form
of a simple group of type D,,. The Lusztig’s Fourier transforms for the split and the
non-split groups of type D,, [42], Section 4] can be regarded as the restriction of an
involution R defined on the sum of the spaces of unipotent class functions on the two
inner twists of G x{d). The definition of the involution R was given in [40]. A similar
involution F was defined in [53], see Remark 2.5.6l The compatibility of F with
parabolic induction, that is the analogue of our Theorem [2.4.12f with F in place of
R, was already stated in [53, 2.11], but there it is deduced admitting an extension of
Lusztig’s conjecture for disconnected groups, which was subsequently proved in [69].
We prove Theorem [2.4.12] making use just of elementary combinatorial techniques.

Working with disconnected groups comes up naturally in the classification theory
of finite groups of Lie type, when dealing with the classification of non-unipotent
representations of groups with disconnected center, see for instance [19]. Consid-
ering the split and non-split form of a group together gives a natural setting that
simplifies the combinatorial description of Lusztig’s non-abelian Fourier transform.

IT-1



Moreover, in [3] the authors define an "elliptic Fourier transform" for p-adic groups,
that is an involution on the space of unipotent representations of inner twists of a
p-adic group. This map is conjectured to be compatible with Lusztig’s non-abelian
Fourier transform for finite groups of Lie type via parahoric restriction on the
maximal compact subgroups [3, Conjecture 9.7]. The parahoric restriction to a
maximal compact subgroup of unipotent representations of inner twists of a p-adic
group lands in the space generated by unipotent representations of the inner forms
of a possibly disconnected algebraic group over a finite field. Therefore, from this
point of view it is natural to consider the disconnected setting and account for all
the inner twists together.

The chapter is organized as follows.

In Section we review the parameterization of unipotent representations of
finite groups of Lie type of classical type A, B and C' via partitions and bipartitions
obtained using the parametrization of Harish-Chandra series by irreducible repre-
sentations of the relative Weyl group and the combinatorial description of Weyl
groups of type A and B [14, 13.8]. For groups of type D, we exploit the same strat-
egy to parametrize together the irreducible representations of the two inner forms
of the disconnected group via bipartitions and a sign, exploiting the results known
in the connected setting [14, 13.8] and the results of Chapter , in particular Theo-
rem [1.2.24] We then recall how to describe combinatorially the parabolic restriction
of a representation to a rational Levi subgroup of a rational parabolic subgroup,
exploiting the Murnaghan-Nakayama rule for Weyl groups of type B.

Sections and are devoted to introducing the formalism of Symbols, due
to Lusztig [41]. We show how ordered Symbols parametrize irreducible unipotent
representations of the inner twists of disconnected groups of type D, and how the
parabolic restriction translates to these combinatorial objects.

In Section we introduce the combinatorial map R and review its main combi-
natorial properties. We then show how this map induces an involution on the sum
of the spaces of unipotent class functions on the two inner twists of a disconnected
group of type D,,. In Theorem we exploit the combinatorial result to prove
that this map is compatible with parabolic induction.

Section is devoted to showing how the results of Section can be used to
deduce compatibility of the Fourier Transform defined by Lusztig in [42] 4.6, 4.15]
and in [42) 4.18] with parabolic induction.

The final section is an account of the analogous results for groups of type B.

We retain notation from Chapter [

2.1 Parameterization of unipotent representa-
tions of finite groups of Lie type

We are interested in unipotent representations of a finite group of Lie type [14]
Section 12.1]. Let G be a connected reductive linear algebraic group defined over
F,, and let F' be a Frobenius morphism for G. We will denote by Irr,(G*) the subset
of Irr(GY) consisting of unipotent representations, and by R,(G') the subspace of
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R(G*) generated by Irr,(GF).

2.1.1 Reduction to simple groups

The classification of unipotent representations of a finite group of Lie type can be
reduced to the classification of unipotent representations of finite groups of Lie type
that are rational points of a simple algebraic group of adjoint type. We recall the
reduction argument from [49, Remark 4.2.1].

The parameterization of unipotent representations of G* is independent of the
isogeny class of the group . Indeed, for any reductive group G, let

) G ~
m:G— /Z(G)ZGad

be the natural projection to the adjoint group G.qe, and let F : G — Gaq be the
Frobenius morphism such that Fom = mo F.
The projection 7 restricts to a group morphism,

eGP — GE,.

that is not necessarily surjective, and it induces by pullback a map 77 from repre-
sentations of GI, to representations of gF . By [18, Theorem 7.10], the restriction
of 7% to unipotent representations of GZ, yields a bijection

w5 Irry (GE) — Irry (GT).
X > XOTF

Therefore, it suffices to study unipotent representations of GZ. The group Gug
admits always a decomposition as a direct product

Gaa = G1 X Gg x -+ x G,

for some k£ € N, with G; an adjoint simple algebraic group for any i = 1,...,n.
If F stabilizes each of the simple factors G;, the unipotent representations of GZ,
are given by tensor products of the unipotent representations of the G
Otherwise, I induces a permutation of the simple factors, and collecting together
those in the same F-orbits, we can write

Gad:Hlx_HQX"'XHT
where each H; is a direct product of those G; that are cyclically permuted by F'.

If m; is the number of simple factors in H;, then any simple factor G; in H; is
preserved by F and there is an injective homomorphism of algebraic groups

ij : GZ - Hj
- —=m;—1
g—gF(g)-F (g)
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that induces an isomorphism Gifmj ~ HJF. Furthermore, this isomorphism induces
a bijection between unipotent representations of GI° " and of H JF . Therefore the

irreducible unipotent representations of Gafd are given by tensor products of the
unipotent representations of finite Lie groups that are rational points of simple al-

gebraic groups of adjoint type (i.e. the various Gf "7,
All the maps we used for the reduction argument are compatible with parabolic
induction, hence, in order to study unipotent cuspidal representations and the pa-
rameterization given by the map for connected reductive groups, it is enough
to study the case of adjoint simple algebraic groups. In this case, the cuspidal
representations are completely classified,[14, Section 13.7] (see also [49, Theorem
4.4.28]).

In the next section, we recall the combinatorial parameterization for groups of
classical type B,C and D.

2.1.2 Classical groups

We recall a classical combinatorial parameterization of the Harish-Chandra series
of groups of classical type, by making use of the map ((1.2)). We follow [14, Section
13.8].

Let 2% = {(aq, 0, ...,0) e N[l e N oy < a1} . Fora = (ay,an,...,qp) € P
we call [ the length of o and denote it by I(«) , and we call the rank of o the number

o(a) = Z Q.

We also set
P} = {ae 2*|o(a) = n},

ie. 2} is the set of "partitions admitting 0s" of n.

We set & := {(a1,q9,...,00) e NJl e N,0 < oy < ;_1} and set P, .= PP,
that is, &7, is the set of partitions of n. We denote by &, the set of 1 element
consisting of the empty partition.

We denote by 4, the set of the bipartitions of n € N. A bipartition is a pair of
partitions (a, ) € & x £, and (a, 8) € B, if o(a) + o(8) = n. We denote by %y
the set of 1 element consisting of the empty bipartition.

Let (o, B) € B,. If a # 3, we set

[[(c, O)1) := {(ex, B), (B, )} (2.1)

and we call [[(a, B)]] a non degenerate unordered bipartition. If & = 3, we say that
(o, ) is a degenerate bipartition of n, and we formally associate to it two degenerate
unordered bipartitions of n, that we denote by [[(a, @)]]+ and [[(a, a)]]-. We set

D = {llle, H)]I(ev, B) € Bn, e # B} 0 {{[(, )], [, )] -[(ev, @) € B},

and we call it the set of unordered bipartitions of n. Inside C[Z,], we set [[(a, a)]] :=

[[(c; )]+ + [[(a, )]
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We will exploit some well-known parametrizations for representations of classical
Weyl groups in terms of partitions and bipartitions. We recall them here.
Let n e N.

o ([49, Example 4.1.2]) Let W(A,,) = S,+1 be the Weyl group of type A, i.e. the
symmetric group on n + 1 elements. Then there exists a bijection

Ka:Irr(W(A,)) = P (2.2)

which is uniquely determined as follows. For any o = (o, ... ;) € P, 41 write
S, for the standard Young subgroup S,, x - -+ xS,, of S,,. Let p € Irr(W(A,)).
Then there is a unique a € &, 1 such that p is an irreducible constituent of
both the representations z'ndS " sign, where sign denotes the sign representation,
and mdS" 1, where o’ denotes the transpose of o and 1 denotes the trivial
representatlon [24, Theorem 5.4.7]. We set ka(p) = .

This parameterization is obtained from the one in [49, Example 4.1.2] by tensor
product with the sign representation [24, Corollary 5.4.9]. We choose this
parameterization since it will be convenient in Chapter [[TI}

o ([49, Example 4.1.3]), [24, 5.5.1, 5.5.3] Let W (B,) be the Weyl group of type
B,,. Then there is a bijection

kg : Irr(W(B,)) — %, (2.3)

which is uniquely determined as follows. For any m € N, the group W(B,)
decomposes as W (D,,,) % Zs, where W (D,,) denotes a Weyl group of type D,,.
Let €, be ]nflg;(Bm)sign. Let p € Irr(W(B,). Then there exists a unique
(o, B) € A, such that

ga) — Q ) -

[24, 5.5.4]. We set kp(p)) = («, 5).

This parameterization is obtained from the one in [49, Example 4.1.3] by tensor
product with the character sign [24, Theorem 5.5.6 (c)]. We choose it this way
to be consistent with the choice of 4.

We assume W (DBy) to be the group with 1 element, and in this case the map
kg : Irr(W(By)) — %, is the unique one.

o [49, Example 4.1.4], [24, 5.6.1] Let W(D,,) be Weyl group of type D,,. Then
there is a bijection
kp : Irr(W(Dy,)) — Pn (2.4)

which is uniquely determined as follows. We identify the group W(D,,) with
the kernel of the character ¢/, of W(B,). Let (o,8) € %B,. If [[(«,)]] is

non-degenerate, then ResW g”))/-iB (a, B) € [rr(W(Dn)), and we set Kp(p) =

[[(a, B)]]- If [[(er, @)]] is degenerate, then ResW(D ))liBl<a,Oé> = p* + p~ with
p* € Irr(W(D,), and we set kp(p*) = [[(«,3)]]+. The representations p*
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form an orbit under the Zs-action on I,, corresponding to a graph automor-
phism of order 2. To distinguish between the two irreducible constituents of
Resgggz))/ﬁgl(a, a) and for a concrete choice of which sign assign to each one
of them, see [24, Proposition 5.6.3].

This parameterization is obtained from the one in |49, Example 4.1.4] by tensor
product with the character sign [24, Theorem 5.5.6 (c)]. We choose it this way
to be consistent with the choice of kg. In particular, for any p € Irr(W(B,)),
the maps kg, kp satisfy

[[55(p)]] = £p © Resy o) (p), (2.5)

where [[k5(p)]] € 2, is the unordered bipartition associated to the bipartition
ke(p), as in (2.1)).

We will use the same notation to denote the isomorphisms obtained by linear
extension of the bijections above.
2.1.2.1 Type A

Let G be of type A,, and F be a split Frobenius morphism. Then G¥ admits a
unipotent cuspidal representation if and only if n = 0, that is if the group is a torus,
and in this case it is the trivial representation. Therefore in a split group of type A,
the only Levi subgroup affording a unipotent cuspidal representation is the maximal
split torus 7', and all the unipotent representations of GG lie in the principal series.
The relative Weyl group Wgr (T, 17) is the Weyl group of G, i.e. the symmetric
group Sni1. Its representations parametrize via the Harish Chandra series
EG (T, 17):

Repgr : E" (T, 17) — Irr(Wer (T, 17)) = Irr(Spi1).
The map x4 as in gives a bijection
Ka: Irr(Spi1) =& Pt
Composing these bijections yields a bijection
ka0 Repar : SGF(T, 1r) = Py,
whose linear extension is an isomorphism

ka0 Repar : Ry(GF) = C[EY" (T, 17)] = C[Pi1].

2.1.2.2 Type B and C

Let G be of type B, (or C,,). We use the convention that B; = A;. Then G admits
a unipotent cuspidal representation if and only if n = s* + s for some s € N. If this
is the case, such a representation is unique.

Therefore in a group of type B, (respectively C,,) the Levi subgroups affording a
unipotent cuspidal representation are either the maximal split torus 7" or reductive
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of type By, (respectively Cy2, ), with s>+ s < n. We denote by L, the (standard)
Levi subgroup of type Bz, (respectively C2, ), and by o, the unipotent cuspidal
representation of LY. The relative Weyl group Wgr (Ls, o) is of type B, (s2+s), and
its representations parameterize via the Harish Chandra series £ GF(LS, 0s):

Repgr : £ (L, 04) — Irr(War (Ls, 05)) = Irr(W(B,_(2+))-

With an abuse of notation, we allow s = 0 and treat the principal series together
with the other series, setting Ly = T and oy = 17, the trivial character of T'. In this
case Wgr (Lo, 09) = W is of type B,,.

For any s € N with s2 + s < n, the map xp as in Lemma gives a bijection

Rp . ITT(W(Bn_(s2+s))) — f%n—(32+s)'
Composing kg with Repgr yields a bijection

kp o Repar : EGF(LS, 0s) = B (s2+s)-

2.1.2.3 Type D

Let n € N, and let G be of type D,,. We use the convention that Dy = A; x Ay,
D3 = Az, and that D, is the empty root system .

Let Fy be a split Frobenius morphism, and let § be an automorphism of G cor-
responding to a graph automorphism of order 2. Let F} := dFy, that is, a non-split
Forbenius morphism. We will sometimes write F with s € N, where s stands for its
equivalence class modulo 2.

The rational forms of G x (&) over F, are classified by H*(F,, Aut(G x {(0))), with
the split form G x (§) corresponding to the trivial cocycle. A rational form of G x
() over F is called an inner twist if it corresponds to an element of H'(F,, Inn(G x
(0))), where Inn(G x {§)) denotes the group of the inner automorphisms of G x (&)
[3, Section 6]. By Lang Steinberg theorem, we have (see [61], III, 2.4, Corollary 3]),

H'(F,, Inn(G 1(0))) = H'(Fy, Gx(0)) = H'(F,, & 20/ o) = HI(F,, () = (8),

where the last isomorphism follows from the fact that £y and 6 commute.
Therefore the group G' x (§) has two inner twists over F,, one corresponding to
the identity and the other corresponding to d, given respectively by

G =GP % (5 G =GP % (), (2.6)

We will sometimes write & with s € N, where s stands for its equivalence class
modulo 2.

We will make use of the results of Chapter [[ in particular of Theorem [1.2.24]

to study the combinatorics of the unipotent representations of the groups G for
i€ {0,1}. 4

We say that an irreducible representation of G s unipotent if it appears as an
irreducible constituent of the induction of some unipotent representation of G*%.
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The group G (respectively G) is of type D, (respectively 2D,). The Levi
subgroups L, of G such that LI (respectively L) affords a unipotent cuspidal
representation oy are the maximal split (respectively quasi-split) torus, that we
denote by Ly (respectively L;), and Levi subgroups of type D2, with s > 0 such
that s> < n and s is even (respectively odd). For any s > 0 with s> < n, both
the Levi subgroup L, and the unipotent cuspidal representation o, are d-stable.
The relative Weyl group Wgr, (L, 05) is isomorphic to W(B,,_,2) if s = 0, while
Wery (Lo, 0¢) is isomorphic to W(D,,). For any s > 0, composing the map xkp with
the map Repgrs yields a bijection

kp o Repar, : gar (Lg,04) > PBy_s2.
For s = 0, composing the map xp with the map Repgr, yields a bijection
Kp © Repgr, - £am (Lo, 00) — Dp.

The group automorphism § corresponds to the graph automorphism of W(D,,)
of order 2, therefore

Wes(Ls,05) = W(B,,_s2) x (6) = W(B,,_s2) X Zy for any s > 0
Wéo (Lo, 0'0) = W(Dn) X <5> = W(Bn)

lle

For any s > 0, we have the following canonical identification
Irr(W(B,_s2) X Zo) = Irr(W(B,,_s2)) x Irr(Zs).

We denote by ev_; : Irr(Zs) — {£1} the bijection given by evaluating the characters
of Irr(Zsy) on the non trivial element of Zs.
Then for any s > 0, composing the map (kp x ev_;) with the map Repgs as in

(1.47) yields a bijection
(ki x ev 1) 0 Repg : €9 (Lo, 0,) = By x {1},

For s = 0, composing the map kg with Rep o yields a bijection

~0

kg o Repgo : EY (Ly, 00) — B,.

2.1.3 Parabolic restriction and removing hooks

We present in this section how the parabolic restriction of unipotent representations
can be described in a combinatorial way for groups of classical type B, C' and D. The
comparison theorem allows to reduce this problem to the computation of restrictions
of representations of Weyl groups. In turn, this problem can be solved with com-
binatorial methods, with the main ingredient being the Murnaghan—Nakayama rule
[36, 2.4.7]. This strategy is well known in literature, see for instance [49, Section
4.6]. In this section, we explicitly apply it to the cases in which we need to compute
the restrictions.
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To our scope, by transitivity of parabolic restriction, it will be sufficient to focus
on the case in which we restrict a Levi subgroup that is maximal among the F-
stable ones (see Remarks . Moreover we can, and will, assume the
Levi subgroup to be standard, since all the F-stable Levi subgroups of an F-stable
parabolic subgroup are G¥' conjugate to a standard one.

By Corollary computing the parabolic restriction of an irreducible repre-
sentation of a finite group of Lie type reduces to computing the restriction of the
corresponding representation in the appropriate relative Weyl Group.

Let G be a simple group of type B,, (or C,,). A maximal standard Levi subgroup
M is of type A,_1 x B,,_, (repectively A, 1 x C,_,) for some 1 < r < n.

Lemma 2.1.1. Let G be a simple group of type B,. Let r,s € N be such that
1 <r<nands?®+s<n—r. Let M be a standard Levi subgroup of type A,_1 X By_,.
Then the following diagram commutes

F Rep F
ClEY (Ls, 04)] “— R(W(Ba-(s2+5)))
F W<Bn7 s2+4s )
l*RﬁF JReSSMW(B(n_tS;H)_T)

CLEM" (Ly,00)] "5 R(S, x W(By—(s249)-))

Proof. This is Corollary specialized to a simple group of type B,. O

In Theorem [1.2.24], we showed that computing the parabolic restriction translates
into computing the restriction in the appropriate relative Weyl groups also in the
case in which the finite group of Lie type has a disconnected underlying algebraic
group.

Let G be of type D,, and retain the notation from Section [2.1.2.3, Let M be
a maximal d-stable standard Levi subgroup of G of type A, 1 x D,,_, for some
1 <r <n-—1. Then the automorphism ¢ stabilizes M and the restriction of d to M
induces an automorphism of M corresponding to a graph automorphism of order 2
on D, _,. It follows that M x (§) has two inner twists: M*0 x (§), that is of type
A1 x Dy, and MT1 x (§), that is of type A,_1 x 2D,,_,.. We set M = MF x ()
for i € {0, 1}.

The Levi subgroup M is reductive but not semisimple in general. Nevertheless,
by the reduction argument in the unipotent representations of M ’ (respectively

Ml) are the same as the unipotent representations of the group given by the direct
product of a group of untwisted type A,_, and the split (respectively non-split)
inner twist over I, of a disconnected group with identity component of type D,,_,
and component group given by (§). Therefore a parameterization for unipotent

representations of M is obtained by combining the results for groups of type A
from Section [2.1.2.1| with the results for inner twists of type D from Section [2.1.2.3]
In the limit case » = n — 1, the Levi subgroup M is of type A, _» x D;. Since D;
~0

corresponds to a torus, in this case the irreducible unipotent representations of M

~1
and of M are both classified by Irr(S,,_1 X Zs). This case can be treated, as we
will in the following of the chapter, with the same formalism as the others, keeping
the conventions introduced in Section for W(By) and B,.
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Lemma 2.1.2. Let G be a simple group of type D,,. Let r;s € N be such that
1<r<n—1ands®<n—r. Let M be a standard Levi subgroup of type A,_1 x D,,_,.
Then the following diagrams commute

~s Repxs
C[EY (Ls,05)] ——— R(W(Bn_s2) x Zo)
~ s W(Bn—s ) z
J,*R%S lReSSTxW(Bi_ZQQ_T)XZQ

C[5MS<LS’US>] % R(ST x W<B"7527T> X ZZ)

for s >0, and

Rep -0

ClES (Lo, 00)] ——2— R(W/(B,))

~0
* RG W(Bn)
J/ MO JReSSTXW(Bnr)
RepMO

CIE™ (Lo, 00)] —5% R(S, x W(Bo_,))

Proof. This is Theorem [I.2.24] specialized to a simple group of type D,, extended by
a graph automorphism of order 2. O

Remark 2.1.3. For any n,s € N such that n > s?, we have R(W (B, _,2) x Zy) =
R(W(B,_s)) ® R(Zs), and the following diagram commutes

RW(B, o) x Zy) ——— R(W(B,_))® R(Z)
W(B, _ 2)xZLy W(B, _.2) .
JResSrXW(Bn,Q,T)XZQ J{RESSTXW(Bn,S2,T)®Zd

R(S, x W(By_s2_,) % Zo) —— R(S, x W(Bp_s2_,)) ® R(Zs)

Therefore, to describe combinatorially the parabolic restriction in the above sit-
uations it is enough to describe combinatorially the restriction from W(B,) to
Sr x W(Bp_y), with 1 <r <n.

2.1.3.1 Removing hooks on bipartitions

Let a € &2, be a partition. We quickly recall the definition of hooks, leg length, and
removing hooks following [54].

An r-hook for « is a pair (4,j) with 1 <4 <I(«a) and 1 < j < oy, i.e., a box in
the Young digram of «, that satisfies a; — j + (¢/); — i + 1 = r, where (o) denotes
the transpose partition. The number r is called the hook length of the hook (i, ).
The leg length of a hook (i, 7) is given by I(z,7) = (/); —i. Removing the r-hook
(1, 7) from the partition « yields the partition o~ (4, 7) of n—r corresponding to the
Young diagram obtained by removing all the boxes (7, j') with j* > j and (¢, j) with
i’ = i, and translating any box (h, k) with h > ¢ and k > j in position (h — 1,k —1).
We write H,.(«) for the set of the r-hooks of a.

Example 2.1.4. Here below we draw on the left the Young diagram of the partition
(4,3,1) € P with each box filled with the hook length of the corresponding hook,
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and on the right the same Young diagram with each box filled with the leg length of
the corresponding hook

61431 2111110
4121 11010
0

Remowving the 4-hook (1,2), one obtains the following Young diagram

i.e. the partition (2,1,1) € 2.

Let (a,fp) € %, be a bipartition of n. An r-hook for (a,f) is (i,j) €
H,(a) U H,.(B), i.e. an r-hook for o or . We define the removing r-hooks maps for
bipartitions as follows:

H,:C[B,] — C[Bn] (2.7)
(Oé,ﬁ) — Z <_1)l(i7j)(a ~ (27])75) + 2 (_1>l(i’j)<a7ﬁ ~ (17]))
(i,4)eHr () (4,4)eHr(8)

Let v = (71,...,7) € . We consider the composition
Hy,=H, 0--0H, : C[B,] = C[B—r].

Let r € N. The conjugacy class of any element of S, is uniquely determined by its
cycle type, thus by a partition v € &,.. We denote by x, € R(S,) the characteristic
function of the conjugacy class labelled by v in S,, that is

1 if x has cycle type ~
XA(T) = .
0 if = has cycle type a € &, \ {7}

The following Proposition is an application of the Murnaghan—Nakayama rule to
the cases we are interested in.

Proposition 2.1.5. Let ne N and r € N, with r <n. Then

(ka® kg) o Resy ﬁ;}BM = (D] walx,) BH,) 0 k. (2.8)
YePr

Proof. Let (a, ) € %,. Then k3 (a,f) is the character of W(B,) parametrized
by the bipartition («, ). Let 2’ € S, be an r-cycle and let y € W(B,_,). Then
r'ye S, x W(B,—,) < W(B,). By the Murnaghan—Nakayama rule |49, Proposition
4.6.3] [36, 2.4.7] it holds

(k5 (o, 8))(@'y) = (k5" o Ho(a, B))(y). (2.9)
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Now let = € S, be of cycle type v = (71,...,7%) € &, and let y € B,,_,.. We now
show that for any («, 8) € 4, it holds

(k5 (o, B))(zy) = (k5" © Hyla, ) (y)- (2.10)
Since we are just interested in character values, it is enough to consider elements
up to conjugacy, and therefore we might assume that x lies in S, x S,, x --- xS, ,
the standard Young subgroup of S,. Then we argue by induction on the number of
disjoint cycles of x:

o If k =1, this is the Murnaghan—Nakayama rule, i.e. Equation (2.9)).

o Assume that the result holds for £ —1. Write x = x,2,, with 2, € S,, a y;-cycle,
and x5 € S,, x --- x S, of cycle type (72,...,7). Then for any y € W(B,,_,)

(k5" (. B)(wy) = (k' (a, B))(122y).
Since x; is a y1-cycle and xoy € W(B,,_-, ), applying yields
k5 (@, 8))(w122y) = (k5" 0 Hay (@, B)) (22y).

Since x5 has cycle type (72,...,7), it factors in k — 1 cycles. By induction
hypothesis, we have

Kgl(H’Yl (Oé,ﬁ))(l’gy) = "1231 © H% ©-r-0 (H% (O‘7B))<y)v
so it holds

kg (0, B)(xy) = k' oMy, 00 My, 0 Hyy (o, B)(y) = (k5" 0 Hyla, B))(y)-

By (2.10), we have thus
W(Bn) -1 _ -1
Resg Siis, (55 (@, 8) = D Xy Bk (Hy(, 8)).

YePy
Indeed evaluating both sides on any element zy € S, x W(B,_,), with x € S, of
cycle type v and y € B,,_,, we obtain k5" (H,(c, 8))(y).
It follows that

Resg switp, o k5 = (ka®rp) ™" D kalxy) B H,,

VEPr
whence (2.8) holds. O
For r € N, we set
Res, = Z Ka(Xy) X Hy. (2.11)

YEDPy
By Proposition [2.1.5] this map encodes a combinatoria description via bipartitions
of the restriction of representations of Weyl groups of type B, as we record in the
following corollary.

Corollary 2.1.6. For anyn,r € N with 1 < r < n the following diagram commutes:

R(W(B,)) & C[%.]
[t [ 212)
R(S, x W(Ba-r)) C[2,]®C[#, ]
Proof. This is a restatement of Lemma O
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2.2 [-sets and symbols

In order to parametrize the unipotent characters belonging to the same group, it
is useful to introduce Symbols [41], see also [49, Section 4.4]. These are combi-
natorial objects that encode a bipartition and a natural number, allowing to keep
track at once of the Harish-Chandra series to which a character belongs and of the
representation of the relative Weyl group corresponding to that character.

Before defining symbols and their relation to bipartitions, it is convenient to
define the analogous objects for partitions, that is given by S-sets.

2.2.1 [-sets

In this section, we recall the formalism of S-sets, and the translation of hooks for
partitions into this formalism as given in [54].

For k € N, the shift of o € &% is the sequence a~* € &2+ obtained adding k
zeros at the end of o, that is a™* = (ay,...,a4,0,...,0). Then the shift determines
a relation on 27 given by o ~ a~* for any k € N. The symmetric and transitive
closure of this relation is an equivalence relation on &% that preserves the rank.
We denote by [a] the equivalence class of o € &t with respect to this relation.
The inclusion &, — £ induces a bijection &,, — Py / ~. In other words, any
equivalence class in &7 has a representative in Z,.

Let Z(N) be the power set of N, and let Z(N)<* = {Ae Z(N) | |A| < w0}. We
define the rank of A € Z(N)=* to be

acA
and set
PN);” ={Ae Z(N)="[o(A) = n}.

For any A € 2(N)=® and for any k € N, the shift of A by k is the set A% =
{0,1,...,k—1} u{a+ k| ae A}. This defines a relation on A € Z(N)=* given by
A ~ A™F for any k € N. We denote by [A] the equivalence class of A € 2(N)=* with
respect of the equivalence relation given by its symmetric and transitive closure.

Lemma 2.2.1. For any Ae Z(N)<% and any k € N, it holds o(A) = o(A™*).
Proof. Let Ae Z(N)=* and k € N. Then

—k k| _
A = F a ATAT =)

acA—k 2
- ;Ha;(mm_ (’A1+k)(\;4\+k—1)
_ ’f<’<?2—1> WIS |A|<f;r -1 k:(k:2— D
- ;a— |A|(|142|—1) = o(A).
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We define the following map

B: 2" > P(N)=* (2.13)
a—{a;+ (o) —i) |i=1,...,l(«)}

The map B is a bijection: for any A € L (N)= there always exists a unique
monotone decreasing function a : {1,...,|A|} — A, and then the map defined by
the assignment A — a(A) with a(A) € Z* such that I(«(A)) = |A| and a(A); :=
a(i) + i — |A| for any i = 1,...|A]| yields an inverse of B.

Example 2.2.2. We have &5 = {(3),(2,1), (1,1,1)}, and
B(3) = {3}, B(2,1) = {1,3}, B(1,1,1) = {1,2,3} (2.14)

Lemma 2.2.3. Let a € 2% and k € N. Then B(a™*) = B(a)™* and o(a) =
o(B(e)).

Proof. ¢ For the first equality, [(a~*) = I(a) + k, and so

Bla™®) = {(a™®); + (l(a) + k—d)|i = 1,...,1(a) + k}
= {ai + (o) = i) + ki = L., 1)} | [{0+ (I(a) + k= i)|i = (a),....I(a) + k}
={0,1,....k—1} |_|{a + kla e B(a)} = B(a)™".

o We prove the second equality.

o(B(a)) = D} a- 5
aeB(a)
I(a)
:;(Oéi—i-z 1)_1(04)@(;)_1)
N4 N gy M) Ue) 1)
=20¢i+2(2—1)—f

i=1 =1

2 2

i=1 i=1

(@) B (lla) — I(a)
S @U@ ) K@=y Y

By Lemma [2.2.3] for any n € N the map B induces a bijection

B]: Pn /o PN (2.15)
o [B(o)]

We say that any element in the equivalence class [B(«a)] for a € &2, is a [-set
associated to a.
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2.2.2 Ordered Symbols

We recall that we denote by %, the set of bipartitions of n.
The analogue of §-sets for bipartitions is given by Symbols. Symbols were intro-
duced in [4I]. We follow the notation in [40], see also [49, Section 4.4].

Definition 2.2.4. An array is a pair (X% X') € 2(N)=® x P2(N)<®. The sets
XY and X! are called respectively the top row and the bottom row of the array. The
defect and the rank of an array X = (X% X) are respectively

def(X):=|X —|X1, (2.16)
p(X): = O%Oxu lz)](lxl—[(p( |+|2X |_1> | (2.17)

Example 2.2.5. Let X° := {1,2} and X' := {0,2}, and let X = (X°, X!). We

adopt the following notation:
X0 1 2
()63

def(X) =0, p(X)=1+2+o+2—[ZJ=3.

In this case,

Lemma 2.2.6. Let X = (X° X1') be an array. Then

1 —def(X)2J‘

p(X)=@(X°)+Q(X1)—{ 1

Proof. The proof is a direct computation. Indeed

p(X):= > 2%+ ) Il_l<|X0|+|2X1|_1)2J

20eX0 rleX!

XO(|X° -1 XH(IXY -1
g0y XDy XX -
_{|X0|2+|X1|2+1—2|X0|—2|X1|+2|X0||X1|J
4
XO(|X° -1 XH(IXY -1
o0+ U0y IR0
XX = 1) XX = 1) | X~ X + 2O+
—{ + + J
2 2 4
1— X012 — X2 4 2| XO| X!
ZQ(XO)-FQ(Xl)—{ | | | 4| | || ’
1— (| X° — | X1))? 1 —def(X)?
= o) + o(x") - [P =y 4 gy - | AR
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Let ke Nand let X = (X° X') € Z2(N)~® x 2(N)=* be an array. The shift by
k of X is the array
X7E = ((X0)7H (xH)™h)
and for any k € N we define the shift operation
~kL C[2(N)=* x 22(N)~*] - C[Z2(N)~* x 2(N)~"]

as the linear extension of the map associating with each array its shift by k. The shift
determines a relation on Z(N)<* x 2 (N)=<® given by X ~ X~k for any k € N, and
we consider the equivalence relation given by its symmetric and transitive closure.

Definition 2.2.7. Let X € Z(N)=* x Z(N)<% be an array. We denote by [X] the
equivalence class of X with respect to the shift equivalence relation, and we call such
a class an ordered symbol. We denote the set of all ordered symbols by S.

Lemma 2.2.8. The rank and the defect of an array are invariant by shift: for any
X e Z(N)=* x Z(N)=* and for any k € N it holds

de f(X~¥) = def(X), p(X~F) = p(X).

Proof. Let X = (X% X'). Then X% := ((X9)7k (X1)~F) and for any A €
P(N)<* it holds |A~*| = |A| + k. Therefore

def(X7F) = [(XO)7F = |(X) 7" = X0 + k= (IX'| + k) = [X°] = [X'] = def(X).
Regarding the rank, by Lemma [2.2.6) and the above equality we have

p(X) = p((X0)) + (X)) — [ L 2SR

It follows from Lemma 2.2.1] that
1 —def(X)>?

PXH) = o(X°) + o(X1) - [ —

J = p(X).
0

By Lemma [2.2.8] we may define the rank and defect of an ordered symbol as the
rank and the defect of any array representing it.
For n € N we set

e

» :={[X] ordered symbols of rank n} c S,
and for de Z

~d

S" :={[X] ordered symbols of defect d} = &

~d o~ ~d
and we set S,, := S, NS . Following [40] we set

~od,0 ~d ~od,1 ~d
STi= |y S, ST= 1 S, (2.18)
d=1 mod 4 d=3 mod 4
N@U’O ~d ~ev,1 ~d
D= S, ST= | §.
d=0 mod 4 d=2 mod 4
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We now relate symbols with bipartitions. Let n € N and d € Z. We define the map
T nd: By 8 (2.19)
(o, §) [(B(a) ™"+, B(B) )] it d = 0,
a, fB) —
[(B(a)™"@,B(3)~"=9)] if d <0.
where B is as defined in (2.15)).

Lemma 2.2.9. Forn € N and d € Z, the map ymd s a bijection between 9B, and

~d

S| 152)-

Proof. The map 7 n.d lands in 3?71_[ 1@ J). Indeed for any («, B) € 4, it holds

[B(a) 4] — B(8) )

def(yn,d(a,ﬁ)) = {|B(a)_’l(ﬁ)| B |B(6)_,l(a)_d

I
—
=~
—

Q
S~—

Moreover using that the rank of a (-set is invariant by shift (Lemma [2.2.8) and
Lemma 2.2.3] we have

~

p(Fnala, ) = o(B(@)) + o(B(B)) — |

1 — def(S al, B)) J

To show that . n.d 18 a bijection we exhibit the inverse. Let [(X?, X!)] be an ordered
symbol of rank n. Let a™ := B7}(X?), 8T := B7}(X"'). Then (a™,3") e 2T x T
satisfies (X, X') = (B(a™),B(8")) and o(a™) + o(87) = n. Then removing all
the entries equal to 0 from ot and " we obtain a bipartition («, 3) € %,. A
straightforward computation using the commutativity of B with the shift shows
that this algorithm gives the inverse of 7z nd- O]

In virtue of Lemma , we denote by 7z n.d also the linear isomorphism

~

Fna: ClB] — C[B(, = )] (2.20)

4

Example 2.2.10. Under the bijection :573,0, the bipartition ((1, 1), (1)) € ABs corre-

sponds to the array ((1) 3) from the Example|2.2.5

2.2.2.1 The opposite involution

There is an involution on & (N)=* x Z(N)<® given by exchanging the rows:

op . :@(N)<OO X (@(N)<OO _ 9(N)<OO X 9(N)<OO
X = (X% X" - X7 = (X' X
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Shifting a symbol by k € N commutes with exchanging the rows.Therefore the
assignment [X] — [XP] gives a well-defined involution on §. We write [ X ] for
[X°P]. An ordered symbol [X] is said to be degenerate if [X]| = [X].

We now define an enhancement of the map 7 n,d as in that allows to relate
pairs consisting of bipartitions and a sign to symbols. For any n,d € N with d > 0,
we define

ynd B, ><{+1}—>~n 1d2 |_|S 1d2 (2.21)

N _, )T nala, B) Zfﬁ— 1,
(( 76)7€> {(yn,d(aaﬁ))op Zf€:—

This is a bijection, since ., Is a bijection between %, and S,,_, 12|, and ()P is

~d ~—d
bijection between &, 1-a2 and S, _|1-a2.
For d = 0, we let

~*

o= o B —>SO (2.22)

For any n,d € N, we denote by 7 ;d also the isomorphism obtained extending

~+
linearly .7,

~+
Remark 2.2.11. Let n € N. For any d > 0, composing ynﬂ#J,d with kg x ev_;
yields a bijection

~+

d S 1= )a © (KB X ev_1) : ITT(W(BnHl_dz X Zs) Ny |_|8 (2.23)

and for d = 0, composing 7 n,0 With kp yields a bijection

~ ~0

0 Irr(W(B,)) — S (2.24)

n*

2.2.2.2 Parameterization of Unipotent representations of inner twists of
type D,
Let G be of type D,, and retain notation from Section [2.1.2.3|

For i = 1,2, we denote by Ru(éz) the subspace of R(éz) generated by irreducible
unipotent representations. We have

R(GY= @ &%(L,a).

s=i mod 2
s“<n

For any s > 0, the bijection /™% a5 in Remark |2.2.11] is a bijection between
~d
Irr(Wes (Ls, 05)) and | |40, S, and the composition

&L\/’QS o Repgs EGS(LS,OS) — |_| 325,

n
s'ets
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is a bijection.
Then collecting all the series together and extending linearly yields the isomor-
phisms

P 25 6 Repgo Ru(éo) — (C[gzv’o].
seN even

s“<n

(_B En,2s o Repél : Ru(él) - C[gff’l].
sel§<odd

Collecting together the two inner twists we have an isomorphism

Symb,, = P 25 6 Repgs Ru(éo) &) Ru(él) - C[S]. (2.25)
s%eéNn
Where
@MoRep@s =( & Z”VQSORepéo)@( ) Wf\’zlsoRepél)
seN seN even seN odd
s2<n s“<n s“<n

~0

The map S’W) p is an isometry, since it maps the orthonormal basis of R, (G )@

~1

R,(G") consisting of irreducible unipotent characters onto the orthonormal basis of
~ev

C[S ] consisting of unordered symbols.

2.3 Parabolic restriction and removing hooks on
symbols

In this section, we show how the combinatorial description of the parabolic restric-
tion discussed in Section translates in the language of Symbols.

2.3.1 Removing hooks on (-sets

We now recall, following [54], how the notion of hook, leg length, and removing
hooks translates to [3-sets.

Let Ae Z(N)=* and r € N . An r-hook of A is an element h € A such that
r < hand h—r¢ A We denote by H,(A) the set of the r-hooks of A € Z(N)=>.
Let Ae P(N)=*. The leg length of a hook h € H,.(A) is the integer given by

I(h):={ae A|h—r<a<h}.

Let h e H.(A). We define A N, (h) € Z(N)=* to be
AN, (h)=A~{h}u{h—r1}

We say that A~ (h) is obtained from A removing the r-hook h. Removing a r-hook
A diminishes the rank of a set by 7, i.e. (AN, (h)) = o(A) —r.
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Example 2.3.1. Let {1,4,6} € Z(N)<®. Then 6 is a 4-hook, as 4 < 6 and 6 — 4 =
2¢{1,4,6}, and {1,4,6} ~4 {6} = {1,2,4}.

Lemma 2.3.2. [5J, Proposition 1.8] Let « € &,,. The map
H, (o) — H,(B(a))
(4,7) = (i + () — 1)

is a well-defined leg length preserving bijection. Moreover for any (i,j) € H,.(«) it
holds -
B(a) ~, (o + l(e) —3) = B(a ~ (i, 7))~ UenGa),

where a\ (i,7) € P, is the partition obtained removing the r-hook (i, j) from the

partition o as in Section [2.1.5.1]
The following map on C[Z?(N)=%] is called the removing r-hooks map:
H, : C[Z(N)™"] — C[Z(N)™"]
A (=)' PAN, (h).

heH,(A)

We extend by linearity the shift by & on C[Z2(N)=*]. The following observation
will be used in Lemma [2.3.5]

Lemma 2.3.3. Let Ae Z(N)~* and r,k € N. Then
H(A)7F =H, (A7)
Proof. For any k € N there is a bijection

H,(A) — H.(A™F).
h h+k

Moreover the leg length of h+k in A~ is the same as the leg length of h in A, since

I(h+k)={ae A" |h—r+k<a<h+k}
={acA|h—r+k<a+k<h+k}
=[{faeA|h—r+ <a<h}=Ih).

In addition, via this bijection, removing an r-hook is compatible with shifting. In-
deed for any h € H,.(A)

(A, (B)7F =101, k—1}| [fa+klae AN (B} U{h—r}} = A%, (h+ k).
Then
H(A™F) = > (D)WATF S (h)

heH,(A™Fk)

= D (1) RATE (Bt k)
heH,(A)

= D (=D'WAN ()7 = A, (A) 7R
heH,(A)
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2.3.2 Removing hooks on Symbols

Definition 2.3.4. For i € {0,1}, we say that (h,i) is a r-hook of the array X =
(X9 X1 e 2(N)<* x P(N)~® if h is a r-hook of X*. We denote by H,(X) the set
of the r-hooks of X.

Let X be an array. The leg length of a hook (h, ) of an array X, with i € {0, 1},
is the leg length of the hook h in X%

I(h,q) := [{x € Xi|h —r <z < h}].

Let (h,i) € H.(X). We define the array X \, (h,4) to be the array obtained from
X by removing the r-hook h from X, and leaving the other row invariant. We say
that X ~, (h,1) is the array obtained from X removing the r-hook (h,7). Removing
a r-hook does not change the defect of an array, while decreases the rank by r. The
removing r-hooks map is defined as follows:

H, : C[Z2(N)=* x Z(N)=*] - C[Z(N)=* x Z(N)=%]

X > (=)®IX N, (i),
(h,i)eHr(X)

As for subsets, shift and removing hooks are compatible. For the sake of com-
pleteness, we record in the following Lemma the computation showing it.

Lemma 2.3.5. Let X be an array and let v,k € N. Then
H(X)7F =H, (X7

Proof. Using Lemma [2.3.3 it holds

H(X7F) = > (—D)IXTE (hyi)

(h,i)eH, (X —FK)
= > (FD)OXTE (R0 + D (—D)YX TR (B

(h,0)eH (X —F) (h,1)eH (X—F)

= > FDOEOTEG )X Y (C)XT X ()
heH, (X0~F) heH,(X17F)

= Y CDOXOTEG (), X Y (D)W X  (h k)
heH,.(X09) heH,(X1)

= > DX ()T X YT (1) (X, () )
heH,(X0) heHr(X1)

= Y (DI ()T = HAXR).

(hyi)eHr(X)
U

Since for any r € N the map H,. commutes with any shift, it induces a well-defined
map

1, : C[S] — C[3]. (2.26)



Moreover, since H,. preserves the defect of a symbol and diminishes the rank by r,
for any n € N such that n > r and d € Z the map H, restricts to a map, that we
still denote by H,,

~d

M, :C[3T] - C[3% ] (2.27)

Lemma 2.3.6. Let n,r € N with r < n and d € Z. Then the following diagram
commautes

H, JH,« (2.28)

Proof. Let (o, ) € #,. Assume d = 0. Then, using Lemma we have

Hy 0 ala, B) = Ho([(Bla) 1D+, B(3)~1))])
= > (=1)!PD[(B(a)= D+, B(B)1) N, (h,i)]

(h,i)eH, ((B(a)=UB)+d B(B)—la)))

_ S (C®Ba) O, (h), B(B) )]

heH,(B(a)=l(B)+d)

+ D (D) O[Ba) I BB N, (h))]
heH,(B(B)~!®)

= > (~D)!EHOF(B(a) O (b4 1(B) + d), B(B) )]
heH, (B(a)

+ > (FD)OFHEO(B(a) T B(B) T N (h+ 1())]
heH(B(B))

= D (CD'M((B(e) N (R) 1O B(3) )]

heH, (B(c)

D (CD)WB) O (B(B) N, (1)),

heH,(B(B))

By Lemma [2.3.2] there is a bijection between the set of r-hooks of a partition and
the set of r-hooks of the corresponding [-set, and it is compatible with removing
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hooks. Therefore the above linear combination becomes

(S LBl (5. )) e )0 ()]

(i.7)eHr ()

Y N MB) O (BB N (6,4)) OO )]
(i.5)eHr(B)

- Z (=)D [(B(a ~ (1, 7)) " O+ B(B)~ e ~le)=len ()]
(i.5)eHy (o)

+ Z (=) W [(B() WG+ B3 (4, 7)) U =UA=UENED)]
(é.5)eHr (B)

= 2 (FD™IB(a~ (i) B(g) )]

(i.5)eHr (a)

) (CDOIBe) I BB (i) )]

(i.)Hr(B)

= Fura( Y, GV @)A+ Y (D)W (04))

(i,7)eHr(a) (4,.5)eH(B)

= ynfr,d o Hr(aaﬁ)'
The case d < 0 is completely analogous. O
Lemma 2.3.7. For any [X] € S and for any r € N it holds H,([X])® = H,([X°"]).

Proof. Since the r-hooks for a symbol [X] are defined as the r-hooks for some row
in any array representing it, there is a bijection between #,.(X) and H,.(X) given
by the assignment (h,i) — (h,|i — 1|). This bijection preserves the leg length of
(h,1) and satisfies (X N, (h,1))? = X\, (h,|i — 1]). Then

HA(XT) = D (DX, (b))

(hyi)eH,(X°P)

= Y D)X, (b i - 1))

(h,i)eHy, (X)

= ) (D)X N, (h0)7] = HA([X]).

(h,i)eHyp (X)

Lemma 2.3.8. Let ne€ N and d € Z. Then, for any («, 8) € B, it holds

~

?n,d(ﬁaa) = (yn,—d(aaﬂ))op
Proof. Assume d > 0. Then,

(Fna(B,0)) = [(B(8) ™", B(a) > O)¥] = [(B(a) '), B(8) ) =CD)] :<yn,)—d<05:5)-
2.29
Applying °? to both sides we get the statement for d > 0. If d < 0, then —d > 0

and ([2.29) gives

~ ~

(S n—a(B,))” = S nala, B).
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Lemma 2.3.9. Let n,r,d € N, with r < n and d > 0. Then the following diagram
commutes

C|%, x {£1}] ﬂ C[E*? | =) ]Q—)C[ [1 dzj)]

JH,@id lHT (2.30)

~+
~d

Clar x (£1)] 74 O[5, |52 [ |OCIS, |1e )

Proof. The vertical map H,. on the right hand side of ([2.30) - denotes the restriction
~d
of the map H, as in (2.26)) on the space C[S(nillldQJ 16 (C[ [1 2 |) ]. Since the

map H, preserves the defect of a symbol, it is the direct sum of the restriction of
the map H, on each of the direct summands. The space C[%,, x {£+1}] decomposes
+

as (C[%’ X {+1}](—DC[% x {—1}]. With respect to this decomposition, ?;d =
(yn,d) @ ()P o Yn d4)- By Lemma it holds

H’I’ o yn,d = Lynfr,d o Hm

so the restriction of the diagram ([2.30) to C[%, x {1}] commutes. Moreover, by
Lemma [2.3.7] it holds
Hyo ()P =("oH,,

therefore the restriction of the diagram (12.30)) to C[%#,, x {—1}] commutes as well. [
For any r € N we define the analogue of (2.11)) for symbols, setting

Res, : C[S] — C[2,] ® C[S] (2.31)
[(XT = > kalxy) BH,([X])

YEPy

where for any v € &2, the function x,, is the characteristic function of the conjugacy
class labelled by v = (y1,...,7) in S,, and H, is the composition H,, o--- o H.,

Since for any v € &, the map H. preserves the defect of an ordered symbol and
lowers the rank by r, for any n € N with n > r and d € Z the map Res, restricts to
a map

~d ~d
Res, : C[S,] — C[Z,.]®C[S,,_.].
In Proposition [2.3.11] we will show that this map is a combinatorial description
of the parabolic restriction to a maximal Levi subgroup. The following Corollary

2.3.10 relates the map Res, to restriction of representations of (extended) Weyl
groups of type B, and it is an intermediate step toward Proposition [2.3.11]

Corollary 2.3.10. Let n,r € N with r < n. For any d > 0, let m :=n + [1 4d J
Then the following diagrams commute

R(W (By,) x Z») c3 @[3,
JR&S;‘;S;T();Z?X% JRESr (232)

R(S, x W(Bm_,) x Zo) 23l @ C[S_ 1@ C[S. " ]
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7 <0

R(W(Bx)) ClS,]
JR%ggwb%ﬁ | e (2.33)

R(S, x W(B,) 2 Cl,] @ C[3)_,]

where the map (™ is as in ([2.23)) and the map Res, is as in (2.31)).
Proof. The diagram (2.32)) factors as

~+

R(W(By) % Zs) C[ B x {£1}] _ cl3 @[3,

J{Resgi%g(jir)x% J{Resr®id J{ReST
kaR(kp xev_1) 'dz}jyin_n ~d ~—d
R(Sr X W(Bm—r) X Z2) - (C[gzr] ®(C[<@m—r X {il}j - [@r] ® (C[Sn—r] @C[Sn—r])
The left diagram commutes by Corollary and Remark [2.1.3]
The right diagram commutes by Lemma [2.3.9] Indeed for any ((«, 8),¢) € %, x
Zo and j € N such that j < m it holds

KB Xev—_i

Hi (7 (0 B),2)) = P (M @ id((01, B),2) = T oM, B),6)  (2.34)

by the commutativity of (2.30). Then for any v = (y1,...,7%) € <, applying
repeatedly ([2.34)) yields

Ho (T (@, 8),€)) = Moy 0 0 Hoy (T ol(, B), €))
Hp o0 Moy (T a(Hop (0, 8), )
— Hy 00 Moy (P (o 0 Hoy (0 B), €))

+ ~+

== ymfj,d(H’)’k S OH’n(a7B)7€>> = mfj,d(HW(Oé?ﬁ)’g)'

Therefore
Res, 0 7 al(.5).) = 2, Kalx) B H, (Fal(, 5),2))
-3 k() B 7 pa(Ho 0, 9). )
= (B 70 2 walr) B (0 9).€)
~ (id ?;_T,d><;ze;<a,ﬁ>7e>

+

= (i3S, q) © (Res, ®id) (@, f). )
The diagram (2.33)) factors as

~+

R(W(B,)) o Cl%,) no Cl3)]

JReng(XBM’}ZBnT) JREST J{Re‘S’I‘

o~
R(S, x W(B,_,)) —ate_, [y

C[2] ® C[Z, ] clz]ecs, ]
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The left diagram commutes by Corollary|2.1.6] the right square commutes by Lemma
2.0.0
O

Proposition 2.3.11. Let G be of type D, and retain the notation from Section
2123

Let r € Ng,, and let M be a mazximal 0-stable standard Levi subgroup of G of type
Ar1 X Dy with 1 <r <n—1. Then the following diagram commutes:

@ seN ﬁoRepés

~0 ~1 s2<n ~ev
R,(G) @D R.(G) C[S, ]
J* RCEOO @* Rfill o lResr
. M 1]M @ 23€N (HAenfr,Zs)oRepMs
Ry(M )@ Ry(M ) ——=" Clz,]®C[S, ]

Proof. For any s € N satisfying s> < n —r we have L, € MS, since Ls and M are
standard Levi subgroups of type Dy and A, x D,,_, respectively.
The restriction of the diagram (2.3.11]) to the subspace C[EY (L, 0)] with s? <

n — r is the diagram

zn,Qs

;s Repo /
C[gG (LS7 O-S)] ? @s’e{is} C[SELS ]

l*R%s lResr

CIE™ (Lo, o) T 2] ® (@ ey CISZ)

Repo(k A" ~T29)

which factors as:

Repgs

s

C[SG (st JS)] R<WNS (LS7 US)) @s’e{is} C[Sﬁs’]
J*Rl\é;s JResZﬁs ((LLS ’(;s)> JResr
Rep~s K alX ms ,
I R(Wige (L, 0,)) — 2% CLZ] ® (Dyeras CISILD)

C[EM (Ly, 04)] —255
The left square commutes by Corollary [1.1.5. The right square commutes by
Corollary [2.3.10] since

Wes(Ls,05) = W(B,_s2) X Zy for s >0
Wiz (Ls, 05) =Sy x W(Bp_p_g2) X Zs for s > 0
Wxo(Lo, 00) = W(B,)

Woo(Lo,00) = S, x W(B,_,).

Therefore the diagram commutes on each subspace (C[Sés(Ls, os)] with
s2<n—r. y
It commutes on each subspace C[EY (L, 0,)] with s*> > n—r because the vertical
maps are 0.
[
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2.4 Fourier transform for inner twists of type D,

In [42, Section 4] Lusztig defines a map on the space of unipotent class functions for
any finite group of Lie type, the so-called Lusztig’s Fourier transform. For groups
of classical type, such a map has a combinatorial description. N

In this section, following [40] we define the combinatorial map R on the C-span
of arrays , that induces a map on the C-span of.ordered symbols. By
transport, the map R gives an involution on the sum of the spaces of unipotent
class functions on the inner twists of a disconnected group of type D as in ([2.6)),
see . We call R the Fourier transform (for disconnected groups of type D). It
is closely related to Lusztig’s Fourier transform for connected groups of type D, as
we explain in detail in Section (see Remarks [2.5.10[ and [2.6.1]) .

Given an array X = (X° X1') e Z(N)=* x Z(N)=*, we denote by

o XV := XY U X1 that is, the set of entries that appear in at least one of the
rows of X;

o X" := X%~ X! that is, the set of entries that appear in both rows of X;

o X© := X0 X!, where © denotes the symmetric difference, i.e. X°Q X! =
XY\X", so that X© is the set of entries that appear in one row of X but not
in both of them.

With these notations, for any X € #(N)<® x Z(N)=*,

p(X)= D z+ > 2+ K‘XU’JFLXm'_l)QJ (2.35)

reX" zeX"

Definition 2.4.1. The similarity class of an array X = (X X1) € 2(N)=® x
P(N)=* is the set of arrays

Sim(X) = {Y = (Y°, Y1) e Z(N)<* x Z(N)<® | Y¥ = XV, Y" = X"}

In other words, Sim(X) is the set of arrays with the same set of entries as X, with
some multiplicity of occurrence.

All the arrays in a similarity class have the same rank, as one can see from ([2.35)).
Moreover, the defects of all arrays in the same similarity class have the same parity:
def(X) = [ X = [X!| = [XO + [ XY| = [XV] + [X"[ (mod 2).

Definition 2.4.2. Let X be an array. The special array X, € Sim(X) is the array
determined by the following conditions:

o Ifdef(X) is even:
* def(Xgp) =0,

* Ordering the elements of (Xs,)® in increasing order, consecutive elements
never occur in the same row of Xs,, and the lowest of these elements belongs
to the bottom row of X,.
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o Ifdef(X) is odd:
* def(Xgp) = 1,

* Ordering the elements of (Xp)® in increasing order, consecutive elements
never occur in the same row of X,, and the lowest of these entries belongs
to the top row of Xgp.

For any array X, we set
X*=X'oX..

In other words, X* is the set of the entries by which the bottom row of X differs
from the bottom row of X,. The assignment X — X# defines a bijection between
Sim(X) and the power set of X©. It follows that |Sim/(X)| = 2X°,

We set

|XO|—def (Xsp)
2

s(X):=2

We are now in the position to give the combinatorial definition of the linear map
that is the main object of this chapter. Appropriate restrictions of this map coincide
with the Fourier transform defined by Lusztig in [42, Section 4]. The latter is a map
on the space of unipotent class functions on groups of type D and B. We refer to
Remarks [2.5.10] and [2.6.1] for a more precise statement. Let

R : C[P2(N)<® x Z(N)<*] - C[2(N)<* x 2 (N)<“] (2.36)
1 )X AYH]
. s(X) YeSzZn;(X)( Y "

1 2

o= {(1D-0 D107}

In this case, def(X) =0 and X, = ((1) g)
We have X© :={0,1}, and

((1) 3)#=@, (‘j 3)#={0,1}, (0 , 2)#:{0}, (0 2 2)#:{1}'

Computing the map R on X yields

(X):;((l) Z)Jr;((l) g)_;(o ; 2)‘3(0 ? 2)‘

The following compatibility, first stated in [1],[2], will be crucial for our treatment.

Example 2.4.3. Let X = (O 2). Then

2

Theorem 2.4.4. [0, Theorem 3.1] The map R commutes with H, for any r € N:
R o H, =H,o R.
IT - 28



We now prove some properties of the map R that will be useful in the following;:
namely, the fact that the map R induces an isometric involution on the space of
symbols.

Lemma 2.4.5. Let X € 2(N)=* x Z(N)=* and let k € N. Then

1. the map induced by the shift by k

()7F: Sim(X) — Sim(X™F)
Yy F
is a bijection.

2. (X7 ={z+k|reX®

3 (X7 = (Xp) ™"

4. (X0 ={z+k|re X¥)}
Proof. We first observe that by the definition of the shift, it holds

(XM = (X" 0 (XM ={0,1,...,k—1} u{z + klze XV} = (XV)F
(XA (XM =1{0,1,...,k—1} u{z+klze X"} = (X")~F

<
!
N
>

Il

Now we prove the assertions in the statement of this lemma.

1. Since (-)~F is injective , it is enough to check that the map (-)~* : Sim(X) —
Sim(X ") is well-defined and surjective. First we check that Sim(X)~* <
Sim(X k). For any Y € Sim(X), it holds

(V)2 = (V) = ()6 = ()
(V) = (V) = (X7) 6 = ()

so Y7k e Sim(X—F).

Now we check that Sim(X™F) < Sim(X)~*. For any Z = (Z°2') €
Sim(X™F), it holds Z¥ = (X~F)Y = {0,1,...,k — 1} U {z + klz € XV}
and Z" = (X7F)" = {0,1,....,k — 1} n {z + k|]z € X"}. Hence setting
Yi={z—-klzeZ z>k}fori=1,2and Y = (Y Y!) we get Z = Yk and
Y e Sim(X).

2. We have
(X™F)© = (XF)o\(X~h)"
=({0,1,....,k—=1} u{r+ klz e X"}\({0,1,....k =1} u{x + klz e X"})
={r+k|reX\X"}={z+k]|zeX®}

3. If X, is the special array in Sim(X), by the previous point, X >* € Sim/(X").
We have to check that X ;k satisfies the conditions to be the special array in
Sim(X~F). Shifting by k does not change the defect of an array, so X_* has the
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right defect. Ordering the elements of XS% in increasing order, two consecutive
elements never occur in the same row and the lowest element occurs in the
appropriate row according to the parity defect. Therefore, ordering elements of
(X7K)© = {x+k | z € X®} in increasing order, they satisfy the same property,
since shifting preserves the relative order of elements in different rows.

4. Tt follows from that

(X~HF = (X e (XN, = X) e (x,)™"
=({0,1,.. k=1 u{z+k|ze X))o ({0,1,.... k=1 u{z +k|ze X}
={z+k|zeX'OX.}={z+k]|zeX?}

O

Corollary 2.4.6. The map R defined in (2.36)), preserves the kernel of the projection

~

[1: C[Z(N)=" x Z(N)=*] — C[S]
defined by X — [X] for any X € Z(N)=* x P(N)=>.

Proof. The kernel of the projection [ ] is spanned by the elements X — X~k for
X € P(N)=® x P(N)<* and k € N. So it is enough to prove that for any k € N:

R(X™F) = R(X)~*.

We have )
RIX™F) = —— _1)I&xTHFAYFy
(K™= 2 ()
YeSim(X—k)

We use the properties of invariance by shift collected in Lemma [2.4.5] First of all we
prove that s(X %) = s(X). The assignment z — z + k induces a bijection between
X© and (X7%)©, so in particular [(X~%)°| = | X©|. Moreover (X F),, = (X,,)~F,

SO
I(X™F)O)—der(X5%) IXO|—def(Xsp)

s(X7F) =2 2 =2 2 = s5(X).
Lemma guarantees that Y € Sim(X) if and only if Y% € Sim(X~*). Then

we have

1
s(X)

Applying Lemma [2.4.5][4] we have

(XM A (YR = otk |oe Xt n{y+k|ye YT ={z+k|ze X*nYH),

ﬁ(X”k) =

ST (1) TR0y
YeSim(X)

SO
~ 1 ~
R(X™H) = D ()T ly R S R(X) R,

YeSim(X)
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As a consequence, the map R induces a well-defined endomorphism of the vector

space C[S], that we still denote by R, given by R([X]) = [R(X)].

Since all the arrays belonging to the same family have defects of the same parity,

the map R preserves the spaces C[S" | and C[gOd]

From now until the end of Section [2.5} we will be mostly concerned with the
restriction of the map R to the space (C[S ], since the latter is relevant for the
parameterization of unipotent representations of groups of type D, as seen in ([2.25]).

~ ~od
The restriction of the map R to the space C[S | will be relevant in Section ,
where we study groups of type B and C.
The following computation will be used in Lemmas [2.4.8 and [2.4.9]

Lemma 2.4.7. Let [X] € S, and let [Z] € Sim(X)\[X]. Then

D (—peTezhl g, (2.37)
YeSim(X)

Proof. We recall that the assignment Y +— Y# is a bijection between Sim(X) and
the set of the subsets of X©. Since Z € Sim(X)\{X}, then Z# # X# so there is
some a € Z#* © X¥.

The assignment Y# — Y# © {a} determines a bijection without fixed points
of the power set of (X©) into itself, By transport of structure, it determines a
bijection of Sim(X) into itself. Therefore there is some array Y’ € Sim(X) such that
v = Y#©{a}. By the choice of a, it holds |Y#n(X#OZ#)| = |[Y'#n(X#OZ#)|+1
(mod 2), so follows. O

Lemma 2.4.8. The map

~ ~Eev ~EV

R:C[S | —-C[S |
s an tnvolution.

Proof. Let [X] € S Let Z € Sim(X)\{X}. The coefficient of Z in R o R(X) is
given by

1 2 (_1>|X#mY#|+|Y#mZ#| _ ; Z (_1)\Y#m(x#ez#)\ -0

s(X)?

2
s(X) YeSim(X) YeSim(X)

by Lemma . On the other hand, the coefficient of [X] in RoTR is given by

1 9|X9| 9|X9|

S Sm0)] =

9IX8|—def(Xsp)  9IXO|

Lemma 2.4.9. The map
R:C[S™] > C[8™]

1S an isometry.
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Proof. We prove that R maps an orthonormal basis to an orthonormal basis.

Let [X],[Z] € S”. Then

(R([X]), RA2])) SO Z R D S CH L )

YeSim(X YeSim(Z)

If Z ¢ Sim(X), the two sums have no symbols in common, and hence this scalar
product is 0. If Z € Sim(X),

R(XD).R((2)) = T (CpREertireaz

YeSim(X)

_ Y (—p)rEaerezn)
YeSim(X)

If [Z] # [X] this is 0 by Lemma [2.4.7]

If [Z] = [X] , we have

RAXD, RUXD) = grorgmyy 1Sim(X)] = 1

]

2.4.1 Compatibility of parabolic induction and Fourier
transform

Let G be of type D,, and retain the notation from Section 2.1.2.3] We define

GYP R(G) = RGP R

as the map making the following diagram commutative:

RG)® Ru(G) 25 R(E) @ RU(G

ijme JS;;% (2.38)
8 R C[8]

This is well-posed since the vertical maps are linear isomorphisms.
ev
By Lemmas and |2 - the map R on C[S, ] is an 1nvolut1ve 1sometry

Therefore, since Symb p as in is an isometry, the map R on R, (G ) P R.(G )
is an involutive isometry.

Let M be a maximal J-stable standard Levi subgroup of G of type A,_1 x D,,_,,
with 1 < r < n — 1 and retain notation from Section 2.1.3] The Fourier transform
on groups of type A is defined to be the identity [42, 4.4]. Therefore we define

MY R.(M') — R, @ R,
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as the map making the following diagram commutative:

~0 ~1 rfélw ~0 ~1
J{@(HAZmS)ORepMS J{@(/{Aéms)o}?epﬂs (239)

cl2,]eC(3) ] clz,|ec(3) ]

As for G, the map R on Ru(MO) P RU(MI) is an involutive isometry.
Remark 2.4.10. Let L be a standard Fj-stable and d-stable Levi subgroup of a
standard Fy-stable and d-stable parabolic subgroup. Then L is isogenous to a direct
product of groups of type A and a group of type D,, for some 1 < m <n —1. We
include the limit cases in which the type A factor or the type D factor reduce to a
torus, admitting the situations in which the former is a product of groups of type
Ag or the latter is a group of type D;.

Hence L is a standard Levi subgroup of the maximal §-stable Levi subgroup M
of type A,_m_1 X D,,. Similarly as we did for G and M, we set

I’ = Lh x {9, I'=h x ()

Since the Fourier transform is the identity on groups of type A, it commutes with
the map *R%N/{)O *Rgll. It follows that by transitivity of parabolic restriction, to
prove compatibility of the Fourier transform with parabolic restriction from G to
standard Fy and F} stable Levi subgroups L, it is enough to prove compatibility of
the Fourier transform with parabolic restriction from G to a maximal J-stable Levi
subgroup.

Lemma 2.4.11. Let r € Ng,, and let Res, be the map defined in (2.31). Then the
following diagram commutes

~ev

C[3.] L C[s, |

\LRGST JRESr

~ev

Cl2,]®C[3 ] Cl2]®C[3 ]

Proof. For each [X] e 8, it holds

Res, o R([X]) = > ka(0,) @ Hy(R([X])) by Theorem 244
= > #a(0y) @ R(H,([X]))
= ([dRR)( Y. Ka(d,) ®H, (X)) = (id®R) o Res, ([X]).
O

The following theorem (and the corollary below), stating the compatibility of
the Fourier transform R for inner twists of disconnected groups of type D and the
parabolic restriction (respectively induction) is the main result of this chapter.
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Theorem 2.4.12. We retain notation from the beginning of Section |2.4.1. The
following diagram commutes:

R D R,(G) —E R(G) B RG
J{*RG ®*RS, kRG ©*RC), (2.40)

RO ® R 2 R, ()@ R,(OT)

Proof. We consider the following diagram.

Cls, ] % cls, ] _
Res, . Res;
~0 ~1 > ~0 ~1
RE RC;;OO @* Rl\%ll e R%O()@* Rgl
C[2,]®C[S, ] —— C[2,]eC[3 ] N
WZ”’%)OReiﬂs Z”’QS)ORe 7

~0 ~1 M ~0 ~1

R,(M ) D Ru(M) R,(M )Y@ R, (M)

The upper and lower faces commute by the definition of R on the space of unipotent

representations, that is, the diagrams and . The side faces commute

because of Proposition [2.3.11] the back face commutes because of Lemma [2.4.11]
The front face commutes because all the other faces commute and the diagonal

arrows P, £ 250Rep s and @82<n_r(ﬁAW) o Repsz+ are isomorphisms. [
Corollary 2.4.13. The following diagram commutes:

R @ R 2 B, ® R.(G)
lRGO@R lRGO@R (2.41)

M JVI M ]W
~G

Ru(C') D Ru(G) =2 R,(G') D R.(T)

~G ~M
Proof. 1t follows from Theorem [2.4.12| by adjunction. Indeed, R and R are
involutive isometries, hence are self-adjoint. O]

2.5 Groups of type D, and %D,

In this Section, we will show how our results can be applied to study connected
groups of type D,, and 2D,,.

In particular, in Section [2.5.1] we will recall how to parametrize unipotent rep-
resentations of groups of type D,, and 2D,, via Symbols, relating it to the parame-
terization of the unipotent representations of inner twists of disconnected groups of
type D,, described in Section [2.2.2.2]
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In Sectionwe will show how to deduce from the map R the Fourier transform
on the space of unipotent class functions on connected groups of type D,, and 2D,
defined by Lusztig in [42] Section 4]. In Section [2.5.3] we will exploit Theorem [2.4.12]
to show compatibility of the maps defined in Section with parabolic restriction
and induction.

2.5.1 Unordered Symbols
Definition 2.5.1. Let [X] € S. We set

LX) = {IXT X7 ]}
and call [[X]] a (unordered) symbol.

If X0 = X1 we say that [ X] is degenerate and we introduce two degenerate unordered

symbols denoted by [[X]]+, [[X]]-. We set
S:={[[X]] | [X]e 8, X=X} u{[[X]]s, [X]]- | [X]eS, X=X},

and for any degenerate [X] € S we define [X]] to be the sum [[X]]+ + [[X]]- in
C[S].

The rank and the defect of an unordered symbol [[X]] are given respectively by

p([[X]]) == p([X]), def([[X]]) := [def([X])]

They are well-posed since def(X) = —def(X) and p([X]) = p([X]?), as one can
see from the symmetry in (2.17)). If [X] is degenerate, we set p([[X]]+) := p([X])

and def([[X]]+) = 0.
We partition S according to the rank and the defect. For n,d € N, we denote by

S, the set of unordered symbols of rank n, and by S¢ the set of unordered symbols
of defect d. We put 8 := S,, n S Moreover we set

SOd o U Sd, Sev,O — U Sd, Sev,l o U Sd,

d odd d=0 mod 4 d=2 mod 4

and
S;;d =85, N SOd, Sff’o =85,Nn Se”’o, Sfl“’l =38, NS

We define the map
[[1]: C[S]— C[S] (2.42)

as the linear extension of the map given by the assignment [X| — [[X]] for any
XeS. o

For any d # 0, the restriction of [[ ]] to C[S | defines an isomorphism between
C[3"] and C[S1].

For d = 0 we denote by C[S°]" the image of C[go] in C[S8°] through the map
[[ ]], that is

LS = spanc{[[X]] | [X] 3" }.
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We set 0
C[S]° := spanc{[[X]]+ — [[X]]-| [X] € S degenerate },
so C[S]¢ @ C[S°]™ = C[S"].
Moreover, we denote by C[S]"? the image of C[S] in C[S] through the map [[ ],
that is, the subspace C[S°]" @ (@Py=; C[S?]). Then we have

ClS] = C[s]" @ C[S°],

and

nd ~ C § ~
C[Ss]™ = [ ]/span(c{[X] — [X°P] | [X] € S non degenerate}’

Recall that C[S] is endowed with the scalar product that makes S into an or-
thonormal basis. Then C[S]™® and C[S°]¢ are orthogonal complements in C[S].
We define the quotient space

AV = C[S ]

~ev,0

7 spanc{[X] + [X7] | [X] e &™)
and denote by ¢ ) the natural projection

():C[8T] - A, (2.43)
We set

~ev,0

Aev,O _ <<C[3ev,0]>> ~ C[S

~ev,0

]
7 spanc{[X] + [X] | [X] € & (2.44)

}7
ev 1 "’6'1)70 ~ C gev71 1
AT =LCS D= | ]/span(c{[X] +[XP] | [X] e S b

~

For any n,d € N, denote by A,, the subspace of A that is the image of C[S,]
through the map ¢ ), and denote by A? the subspace of A that is the image of

C[S’d] || (C[S'_d] through the map ¢ ). Moreover we set A% := A, n A% that is the
subspace of A that is the image of the restriction of (C[S’Z] L |C[S, d] through the
map ¢ ). We set

ev,0 .__ d ev,1 .__ d
‘An T @ ‘Am 'An T @ An'
d=0 mod4 d=2 mod4

They are respectively the images of C[g‘zv’o] and C[gzv’l] through the map ¢ ).
The space C[A?"] is endowed with a scalar product defined by

LX) YD) = drx1 vy = Oy er
for any [X],[Y] e S™.
Proposition 2.5.2. The map

~EV

i3] (RIE)) LS @ A
[XT] = ([[X]], <XD)

is an isomorphism. Moreover, if we endow the space on the right-hand side with
orthogonal sum euclidean structure, the map ([[ []@® < )) is a 2-dilation.
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Proof. The map ([[ ]] ®< )) is surjective. Indee,d the set {[[X]],{X)| [X] € S’Zv}
is a generating set for C[S]"¢ @ A, and for any [X] € S:J it holds

e Oy ) -

ey (F5E) o,

The map ([[ ]] @ )) is injective since

Ker([[ 1@ )) = Ker(([[ 1) n Ker({))
= spanc{[X] — [X7][[X] € 8.’} n spanc{[X] + [X*]|[X] € &},

and for any [X],[Y] €S, it holds

(XT = [XPL Y]+ [Y]) = Oy + Opxq[yer) — Opxer) [y] — Ofxer] [yor] = 0

since Opx)[y] = Opxer)ver] and Opxjpyer] = Opxery]. Therefore Ker([[ ]]) and
Ker({ )) are orthogonal, and consequently have trivial intersection, giving injec-
tivity.

Now we prove that the map is a 2-dilation. Let [X],[Y] €S, . Then

XL CXN), (Y11, <Y ))) = (XL (YT + X, <Y ))
= Orx],[v] T O[x,vjer + O[x][v] — O[x],[v]er
= 20y, vy = 2([XT, [Y])-

]

2.5.1.1 Parameterization of Unipotent representations of groups of type
D,, and %D,

Let s,n € N be such that s> < n. The linear extensions of the bijections ¢*2?* as in
Remark [2.2.11] are isomorphisms

(" RW(B,_2) x (0)) — C[S @ C[3, ] (2.45)
(0 . ROW(D,) % (8)) — C[3"] (2.46)

where 0 has order 2 and acts trivially for s > 0, while it acts as the automorphism
of W(D,,) corresponding to a graph automorphism for s = 0. Retaining notation
from Section , for m € N and 7 = 0,1 we denote by CI(W(B,,)d"), respectively
Cl(W (D,,)d"), the space of complex functions on W(B,,)d" that are constant on
W (B,,) x {§)-conjugacy classes, respectively on W (D,,) x {§)-conjugacy classes.
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We observe that Cl(W(B,,)) = R(W(B,,)), because ¢ acts trivially on W (B,,),
while CI(W (D,,)) is the subspace of R(W (D,,)) generated by the irreducible charac-
ters of W(D,,) that are stable by the action of 9, i.e., the characters of Irr(W (D,,))
labelled by non degenerate unordered bipartitions via kp. We set

R(W (D)) := spanc{rp! ([(, a)]1) = x5 ({0, @)]-) | [(@, )] € %y, degenerate)

so that

R(W (D)) = CU(W (Dy)) @ R(W (Dy)).
The following proposition shows how to deduce a parameterization via symbols for
the spaces Cl(W(B,,)d") and Cl(W (D,,)d"), for i = 0, 1, that is compatible with the
parameterization for R(W (B,,) x {§)) and R(W (D,,) x {0)) in (2.45).

Proposition 2.5.3. Let s,n € N be such that s> < n. Let § be as in . Then
there exist unique linear isomorphisms

"2 Cl(W(B,_s2)) — C[S*] for s >0
(3% Cl(W (B,_i2)0) — A* for s >0
0 ClY (W (D,,)) — C[S°]™ for s =0

20 Cl(W(D,)d) — A° for s =0

so that the following diagrams commute

w(B, 2),0®WW(B 2201

R(W (B, x Tp)) =t CUW (B, ) ® CUW (B, _2)0)
lﬁfs P"?S@eg’% (2.47)
Cl3, 1D Cl3,” e C[S2] @ A
ROW(Dy x Z)) X Le0 MO0 (DY) @ CUW (D)5)
Jﬁo Jenv(’@z;") (2.48)
C[3,] A CSII™ D A

Proof. Let s > 0. We set

(™2 Cl(W(B,_s2)) — C[S*] (2.49)
s, a0(f) = [ ()]

(3% Cl(W(B,_p)0) — A* (2.50)
TW (B, _ .2 1(f) ’_’<<€n28( ))s

where f e R(W(B,_s2) X Zs).
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Since the restriction maps mw (g, _ ) for ¢ = 0,1 are surjective, in order to prove

gn,Qs 67’%25

that the maps and {5 are well-defined we need to show that

Ker([1]0 ") 2 Ker(mws, 0), Ker({ ) o ™) 2 Ker(mwp, ). (251)

We show the stronger assertion that

Ker([[]] o E”f\fs) = KeT(WW(Bn_ﬂ),O), Ker({ Yo 2”\55) = KeT(T('W(Bn_SQ),l), (2.52)

gn,Qs €n725

so the maps and /5“" are not only well-defined, but they are also injective. We

have

Ker([[ 1] 0 %) = (%) (spanc{[X] - [X]7 | X € 5. })
= (KJB X 61)_1)_1(8]?@71@{((04,6), 1) - ((a7/3)7 _1) | (Oé,ﬁ) € ‘@n—SQ})
= spanc{pX 1 — pX sign | p€ Irr(W(B,_s))}

W(B,_, )X<5>)

= Ker(ResW(B ) Ker(mws,_).0)

and similarly

Ker({ ) o 07%) = (072) N (spanc{[X] + [X]? | X € 5.})
— (ks x ev_1) " (spanc{((a, ), 1) + (o, ), =1) | (e, B) € By_s2})
= spancipX 1+ pXsign | pe Irr(W(B,_2))} = Ker(tw,_,)1)-

The map (™2 @ (5 % makes the diagram (2.47) commute by definition of ¢2% and
(2% in (2-49). Moreover they are isomorphisms, since they are injective by (2.52)

~n,2s
and they are surjective because £~ is an isomorphism and the maps [[ ]] and ¢ )

are surjective. This proves the statement for (2.47]).
We turn to diagram ([2.47)). Let s = 0. We set

0 Cl(W(D,)) — C[S°]™ (2.53)
T om0 (f) = [0 ()]]
Cl(W(D,)0) — A (2.54)
i (f) = (),

with f € R(W(B,)). Similarly to the case s > 0, in order to prove that the maps
9 and €3 are well-defined and injective we show that

Ker([[]] o 62’/0) = Ker(mw(,)0), Ker({ )o Ef’;jo) = Ker(mw(p,)1).  (2.55)

By (2.5), for any p € Irr(W(B,)) it holds [[k5(p)]] = kp o Resgggz)) (p).
It follows that Ker(ResW(Dn))) (spanc{(a,ﬁ) — (B,) | (o, 8) € Bn}).
it

Moreover Proposition (2 gives 3 ( B) = (S, (B, a))”
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Then

Ker([[1]0 €7 = (")~ (spanc{[X] — [X]* | X e 3o})
— k5 (spanc{(a, B) — (B,0) | (o, B) € B,})

= Ker(Res%Egzgx@) = Ker(mw(p,),0)-

Let p € Irr(W(B,)). By (2.5)), since kp(p) and kp(p ® sign) have the same
restriction to W(D,,), if kg(p) = (a, ) then kp(p ® sign) = (5, «), where sign
denotes the inflation of the sign character of (§). It follows that

~ ~

("(p® sign) = ((*°(p))*. (2.56)

Equation (2.56) proves that E/”\’JD(K er(mw(p,)a)) = Ker({ )), and equality follows
from the fact that ¢*° is a bijection between Irr(W(B,)) and 32 Then

Ker({ ) o ") = (%) (spanc{[X] + [X]? | X € 5,})
= rg' (spanc{(e, 8) + (8,a) | (a, B) € B,})
= spanc{p®@ 1+ p@sign | p € Irr(W(B,))} = Ker(mw(,)1)-

The maps ¢™° and £;° are isomorphisms and the map ¢*° @ ¢3° makes the diagram
(2.48) commute by arguments analogue to the ones used for the case s > 0.
O

Remark 2.5.4. For any n, s € Z with s> < n, the maps ¢ and (3"** are isometries.
Indeed the isomorphism ¢™2% is an isometry, and the maps TW(B, _2)0 (respectively
Tw (D)0 for s = 0) and [[ ]] are orthogonal projections along subspaces that by

(2.52)) (respectively (2.55))) correspond to each other through (™% Hence the map
(™25 is an isometry.
Similarly, the maps myp _,)1 (respectively mw(p,)1 for s = 0) and ) are

orthogonal projections along subspaces that by (2.52)) (respectively ([2.55)) correspond
to each other through ¢™2°. Hence, the map £} is an isometry as well.

We extend the map
0 CUW(D,)) — C[So]™
to the whole R(W(D,,)) by setting

~ ~

O (kp ([, )]4) = w5 ([, @)]-)) == [ noles a)]]s = [ noler, )]

for any (o, ) € %,. This map is still an isometry, since with this definition 6750
maps R(W(D,,))¢ isometrically in the orthogonal complement C[S]¢ of C[S]".

We retain notation from Section [2.1.2.3} so that G is a simple group of type D,
and G for i = 0,1 denote respectively the split and non-split inner twist of G x (0)

as in (2.6). We denote by Cl,(G'6) (respectively Cl,(G)) the image of Ry(G') in
Cl(G"9) (respectively CI(G")) through mgr, | (respectively mgr, o), with notation

IT - 40



as in Section [[.2.4]

For any s € N with 5% < n, composing the isomorphisms ¢ (respectively 3%%)
with Repgr, (respectively Repgr,s) we obtain isomorphisms
Repgr, o 07 : C[€9" (L, 0,)] — C[SY’]
Repgreg o U2 C[EC™ (L, 0,)] — A%,

Collecting together all the series for s = 0 mod 2, we get the isomorphisms

SymbOD = 6—) Repgrs o s RU(GFO) — C[SEU’O]

s=0 mod2

Symb}’ = P  Repgr.s oy : ClL(GT5) — A0

s=0 mod2

Collecting together all the series for s = 1 mod 2 we get the isomorphisms

Symbp == @  Repgr. o (™ : R,(G™) — C[S:"']

s=1 mod2

Symby = @ Repgr.so 3% O, (GF6) — At

s=1 mod2

Let
T Clu(GF°5) @Clu(GFl) — Clu(GFl) @Clu(GFO(S)

be the swap isomorphism.
Proposition 2.5.5. The following diagram commutes

ToFo (®TO(T Ry (O Gy ’O)('BTFGFl

Ru(G") ® R () Ly CL(GP) @ CL(GP) @ Cl, (GFo6) @ Ol (GF16)
J{S,’yTn/bD lSymb%@Symle@Symb%‘S@Symbgé
Cl3, E— CLSe ) © CLSi] @ A7 @ A7t
(2.57)

Proof. For any s € N with s? < n, the restriction of the diagram to C[SGS(LS, 0s)]
factors as

~s TaFs o@ToFs 1 F. F.
C[EY (Ls, 05)] e CIES™ (L5, 05)| @ C[ET™ (L, 05)]

lRepés lRSPGFS @RGPGF55

ClUWps (L, 04) ClWer (Ls, 05)) ® CUWer (Ls, 04)0)

l[ﬂ,—y\js Jén,25®€?723

TW i py (Lsy08) 0DTW o (Ls,05),1

~2s ®
C—Ds/e{is} C[Sn ] ([ Ne< > C[Sﬁs]nd &) Ais,ﬂ
(2.58)
The upper square commutes by Remark [1.2.25 and Proposition [1.2.37, The lower
square commutes by Proposition [2.5.3] O
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2.5.2 Fourier transform

In this section, we show, following [40], how the Fourier transform for groups of
type D,,, which was defined in [42] 4.6, 4.15], and the Fourier transform for groups
of type and 2D,,, which was defined in [42] 4.18], are related to the map R. See
Remark for the precise statement.

For any X € Z(N)<* x Z(N)=*, let

def(X) —def(Xsp)

d(X) := 5

(2.59)

and, for i = 0,1, let
Sim;(X) :={Y € Sim(X) | d(Y) = i mod 2}. (2.60)

The assignment Y — Y# defines a bijection between Sim;(X) and the subsets of
X© of cardinality equivalent to ¢ mod 2.

The map R can be decomposed as R = Ro + Rl, where RO,R1 are endomor-
phisms of C[Z(N)=* x P (N)=*] defined as follows:

Ro(X) 1= —— 3 (c)XF oy, (2.61)
s(X) YeSimo(X)
Ra(X) = 55 YES;(X)<—1>'X rly (2.62)

The bijection given by the shift by k
()7 Sim(X) — Sim(X ™)
Y Yy oF

maps Sim;(X) to Sim;(X~F) for i = 1,0. Therefore The maps Ro, Ry preserve the
kernel of the projection

[]: C[2(N)** x 2(N)=*] - C[8]

defined by X — [X] for any X € ZZ(N)=* x Z(N)=*. As a consequence, the
maps Ry and Ry induce well-defined endomorphisms of the vector space C[S], still
denoted by Ro and Rl, given by

Ro([X]) = [Ro(X)]. Ri([X]) = [Ru(X)):

Remark 2.5.6. In [53] the authors define a map F on C[S¢] that is similar to our
map 7~2, that is, the map F is the combinatorial description of an extension of the
Fourier transform defined in [42, Secton 4] for unipotent representations of a special
orthogonal group to the space of unipotent representations of an inner form of the
relative orthogonal group. The relation between F and R is given by

F([X]) = Ro([X]) + (=1 TPR,([X]).
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Lemma 2.5.7. Let X € Z(N)=* x 2(N)=* and let Y € Sim(X). Then
IX# A (YP)#| = | X* A Y#| +d(X)  (mod 2). (2.63)

Proof. Since (-)°P just interchanges the rows of an array, for any Y € #(N)=* x

P (N)=® it holds Sim(Y) = Sim(Y°P), and so Yy, = (YY), and Y© = (Y)°.
Moreover (Yop)l NYS=Y0nY® = YO\(Y®n Yl)’ 0 (Yop)# - y@\y#‘ It follows
that

X ()| |XF 0 Y E] = X (2.64)

The following computation shows that |X#| = d(X) (mod 2):
[X#] =X, 0 X =X, v X' - [X;, n X'

def(X) —def(Xsp)
2

= | X, |+ 1X = 21X, n X =2[X] |+ —2[X} n X"|.
O
Proposition 2.5.8. Let X € 2(N)<* x Z(N)<®. Then fori = 0,1 it holds
R,(X%) = (1) Ry(X)
Ri(X)* = (=) Ry e ) (X)
where i + def(X) denotes the residue mod 2.

Proof. By definition of 7~€i, it holds

Rorm - s 3 ey
s(XP) YeSimy (Xop)
We observe that Sim;(X) = Sim;(X°) for i = 0,1 and moreover

[(X°P)O|—def ((XP)sp) IXO|—def(Xsp)

s(XP) =2 P =2 P = s(X).
N Ri(XP ! |(XPyEAY#|y
= 5(X) YeS%,(X)(_l) ‘
Lemmagives (=1D)IXMFAYF] — () XFYFHd(Y) herefore
rféi(Xop) _ L 2 (_1)|X#mY#|+iY

s(X) YeSimi(X)

S0 N DRI = 1 R(),

YeSim;(X)

giving the first equality.
For the second one, we compute

~ 1 1
) op __ N\ X#FAY#|yop _ N\X)#FAY# |y 0
R,(X)p—S(X) > (-1 Yp—s( ) > (—1) YoP.
YeSim;(X) Yore(Sim;(X))op
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Since d(Y?) = d(Y') + def(Y') (mod 2), we obtain (Sim;(X))%® = Simiaerx)(X).
Lemma gives (—1)X7YFl — (_1)XFn ") F+d(X) therefore
Ri(X) — D (1) XF (X)X yop
s(X) Y oPeSim, i ges(x)(X)

S T DY = ) R ()

YeSim;ger(x)

Corollary 2.5.9. 1. The map 7~20 preserves the kernel of

[[11: C[8] - C[S].

2. The map 7~€1 preserves the kernel of

¢y C[8™] — A

3. If[X]€ 8™, then [Ri([X])]] = 0 fori =0,1.
4o IF[X] € 8™, then (R([X])) = 0 fori=0,1.

Proof. 1. The kernel of the map [[-]] is generated by [X] — [X]° with X running
through S, so the statement follows from the identity

Ro([X]7) = Ro([X])

in Proposition [2.5.8]

2. The kernel of the map ¢-) is generated by [X]+[X ] with X running through
Sev, so the statement follows from the identity

Ra([X]7) = —Ra([X])

in Proposition [2.5.8]

3. If [X] € 361}71, then by Proposition [2.5.8

SO

hence
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4. 1f [X] € 361},0’ then by Proposition [2.5.8

[Ri([XD)” = [Ri([X])],

(Ri([XD)Y = CRA(IX)PY = —(Ri([X]))
hence
(Ri([X])y = 0.
O

By Corollary , the map Ry factors through [[ ]], and we denote the induced
map by N N
Ro : C[S]"™ — C[S].

We recall that the map Rq is extended to the whole C[S] by setting Ry to be the
identity on C[S]°.
We set

Ro : C[S] — C[S]. (2.65)
[[XT] — [[Ro([X]]]

The map Ry preserves the subspaces C[S°], C[S¢°], while by Corollary
its restriction on C[S] is 0. We consider the restrictions

Ro : (C[Sev’o] — C[Se”’o], Ro : C[SOd] — (C[S"d] (2.66)
We set

QO . C[sev] N Aev,O
[[X]] = (Ro([X]))

By Corollary 2.5.9/4] the restriction of the map Qg to C[S¢*°] is 0. We consider
the restriction

Q : C[ST1] — A=, (2.67)

By Corollary , the map Ry restricted to (C[S'ev] factors through ¢ ), and
we denote the induced map by

Ry A® — C[S].
We set

Ry A% — C[S]
(X = [[Ra (XD
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By Corollary the restriction of R to A1 is 0. We consider the restriction
Ri: A — C[S]. (2.68)

We set
Ql . Ae'u _)Aev,l
(XY = (R([X]))

By Corollary [l the restriction of the map Q; to A is 0. We consider the
restriction

Q) : A — AL, (2.69)

Remark 2.5.10. The map Ry on C[S"] coincides with the Fourier transform
defined by Lusztig in [42, 4.6, 4.15]. The map R; coincides with the Fourier
transform defined by Lusztig in [42), 4.18].

Let n € N and let
T AT @ CSE - OIS @ A

be the swap isomorphism.

The following proposition is a precise statement of the relation between the map
R and the maps R;, Q; for i = 0,1 defined above. In Proposition , it will be
translated in terms of unipotent class functions on groups of type D.

Proposition 2.5.11. The following diagram commutes

Cf3;] —1E . clspopeClsi @ A @ A
ﬁl J{’RO@TO(QO@RI)@Ql (270)
CI8)] — s S O OIS @ A © A7

Proof. We need to prove that for any [X] € S’Zv’o it holds
([[ N @ MR(X)) = Ro([[X]]) + Ra(¢X)),
and that for any [X] € S’Zv’l it holds

(MRAXDIL CR(X))) = Qo([[X]]) + QLX)
For any [X] e gzv, it holds

(L@ MR(X))

[[RAXDI] + CR(X)))
[[Ro(X) + Ri(X)]] + (Ro(X) + Ra(X))

([[Ro(X)]]+[[ (X)), CRo (X)) + (Ri(X)))
Ro([[X]]) + Qo([[X]]) + Ra(€X)) + Qi (€X)).
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By Corollary 2.5.9, if [X] e 3" then

Ro([[X]]) = [[Ro([XD]] = 0, Ri(¢X)) = [[Ra([X])]] = 0.

By Corollary [2.5.9| (4)) if [X] € 3" then

Q([[X]]) = (Ro([X])) =0, Q1 ((X)) = (Ru([X]))y = 0

Corollary 2.5.12. The maps

RO . C[sev,ﬂ] N C[sev,[)] Rl . Aev,O N C[sev,l]
QO . C[sev,l] N AEU,O Ql . Aev,l N Aev,l

are isometries. Moreover the maps Ry and Q1 are involutions, while the maps Ry
and Qg are inverse to each other.

Proof. The map R is an isometry by Lemma and the map ([[ ]]®@( )) is a
2-dilation by Lemma [2.5.2] By Proposition [2.5.11] it follows that the maps R;, Q;
for ¢+ = 0,1 are isometries.

The map R is an involution by Lemma and so by Proposition the
maps Ro and @ are involutions and the maps R, and Qy are inverse to each
other. ]

2.5.3 Compatibility of parabolic induction and Fourier
transform

In this section, we show how to deduce from Theorem the compatibility
of the Fourier transforms defined by Lusztig for groups of type D, and 2D, (see
Remark [2.5.10). The relevant results in this sense are Theorems [2.5.16] and [2.5.17]
We discuss in Remark the equivalence of these theorems with Theorem [2.4.12]

‘Retain notation from Section [2.5.1.1] so that G is a simple group of type D,, and
G fori = 0, 1 denote respectively the split and non-split inner twist of G x (4). We
define

RS R,(G™) — R,(G™)
RY : Cl,(GF6) — R,(G™)
Q5 : R, (G™) — C1,(G™0)

Q% : ClL,(GM6) — ClL,(GM6)

as the maps making the following diagrams commutative:
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RS oF
R, (GT) —— R, (G*06) R, (G —— (C1,(G*)

lSymb% lSymb% lSymbb JSymb%(s
C[8°] —— C[S;] Csi] —= A
G G
Cl(GFo8) 2 Ry (G1) Cl(GR9) —25, o1, (GP)
JSymb%é lsymbb JSymbBé JSymbBé
ATelv,l R C[Szv,l] A::Lv,l Q1 Aff’l

The maps RS and QY for i = 0,1 are isometries, since they are compositions of
isometries.
Let
7: Cl,(G™) ® Cl,(GT6) — Cl1,(G™6) ® CL,(G™)

be the swap isomorphism. The next proposition is a translation of Proposition[2.5.11
in terms of spaces of unipotent class functions on groups of type D, so it gives a
precise statement of the relation between the Fourier transform on the sum of spaces
of unipotent class functions for inner twists of a disconnected group of type D,, with
the Fourier transforms of groups of type D,, and 2D,, (see Remark .

Proposition 2.5.13. The following diagram commutes

~ ~ ToFy (O Fy (@7 oF (O Fy
R (G @ Ry (G — el el TIenoThehn - oy (GFoY @ (O, (GF06) @ ClL(GF) @ Cl,(GF14)
Jﬁc JRS;@TO(R%’@QS’)@Q?
~ ~ ToFy o®ToFy (@7 oF (BT Fy
R (G @ Ry (G —clo0TelonTIenoThehin oy R0y @ O, (GF06) @ ClL(GF) @ CLL(GF16)

(2.71)

Proof. By Proposition [2.5.5, the commutativity of the diagram in the statement is
equivalent to the commutativity of (2.70) ]

Remark 2.5.14. We observe that substituting the map Qf with the map —Qf in
, we obtain a commutative diagram analogue to for the map F defined
n [53] (see Remark [2.5.6) in place of the map R. It follows that the remainder of
this section could be applied to the map F in place of R with minor modifications.

Let M be a maximal J-stable standard Levi subgroup of G of type A,_1 x D, _,
with 1 <r < n — 1, and retain notation from Section [2.2.2.2]
Since the Fourler transform is the identity on groups of type A, we define

Ry Ru(M™) — R, (M)
RM : Cl, (M*68) — R, (M)
Q)+ Ry(M™) — CL,(M"4)

oM . Cl,(M*16) — Cl,(M*6)

as the maps making the following diagrams commutative:
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M
Ry(MP0) — 0 R (M)

l@szo(k:A(@Zn,QS)oReplwpo lC—BSEO(kA@Zn’QS)ORGPMFO
C[2,] ®C[S;)] C[2,] ® T[S
QM
Ry(MP) — 2, o1, (MFos)
J{GDSEI(kA@fn’QS)OR@pMFl J{(‘BSEO(!’CA@Z;'2S)OR6P]WFO6

C[2,] @ C[S] —2 C[2,] ® A

RM
Cl(MP§) — 1 R (MP)
l®szo (kA®fg’23)OR€pMFO s l@szl (k‘A®€”’2$)OR€PMF1

Cl2,] ® A C[2,] ® C[S]

Cly(MF6) —2 . Ol (MP14)

J{(‘Bszl (ka®€3**)oRep, 1y 5 J(@szl (ka®E™2*)oRep, Fy s

C[2,] ® A C[2,] @ A

Remark 2.5.15. Proposition [2.5.13| holds for M as well, since for i = 0,1 the space

RU(J\N/[ 1) of unipotent class functions is the tensor product of the space of unipotent
class functions on a group of type A, with the space of unipotent class function on
a group of type D,_, or 2D,,_,, and on the factor of type A all the maps in ([2.71))
are the identity maps.

The restrictions mgr; (respectively myr;), for ¢ = 0,1, are orthogonal pro-
i L

jections on the space Ru(él) ( respectively R,(M )) along the decomposition

Cl.(G") @ C1,(G6) (respectively CI,(M%) & Cl,(M*5)). We now show that

projecting diagram ([2.40|) using the appropriate restrictions of class functions, we

obtain the compatibility of the Fourier transform maps with parabolic restriction.
By Proposition [2.5.13] we have

~G

(Tar o @0) o R =R o (Tgr o ®0) (2.72)
~G

(o1 ®0)o R = QF o (0@ mar ) (2.73)
~G

0@ mgr ) oR =RY o (rgr, ®0) (2.74)

and similarly for M in place of G.
Moreover for i € {0, 1} it holds

TmFip © *R]\G“Zi = *Rir, 0 TGFi 0 Lemma
Ty © RS = *R§pily o mgr Lemma 2400
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Since *R]\%Oo &) *R]\%ll maps Ru(él) to Ru(MZ), it follows that

Taro o ®0) o (* Rﬁo ® R ) = *RER o (g o @0) (2.75)
0@y ) 0 ("R ®*R ]\G/[?l (0@ mgr ) Lemma [[.12]
(*

( )
( ) )
(WMFo,l ®0)o RQO S R ) AG;;Qoéa (WGFo,l ®0)
( ) )

0@ Ty q) o (R *R$ 0 (0@ mgr, ) Lemma 240

The following Theorem shows how to deduce the compatibility of Lusztig’s
Fourier transform for split groups of type D [42, 4.6, 4.15] and parabolic restric-
tion (or induction) from Theorem [2.4.12]

Theorem 2.5.16. The following diagrams commute:

G
RU(GFO) L Ru(GFO)
J*RGFO J*RGFO (276)

MmFo mFo
M

Ry (MP0) S0 R (M)

RG
R, (GF) —— R,(G*)
RGFUT RGFUT (277)

MmEo mto
M

Ru(MFo) 05 R (M)

Proof. We prove the commutativity of (2.76]). The one of (2.77)) then follows from
adjunction, since RS and RS is an involutive isometry.
The following diagram commutes

RG
ClL(GP) — 20 1, (GFo)
J*RGFO J*RGFO (278)

mto MmFo

Ol (MP0) 0 1, (MF),

Indeed by (2.72) and (2.75)), the diagram ([2.78)) is obtained from the diagram 1-)
in Theorem [2.4.12| by projecting Ru(éo) @Ru(@l) (respectively R, (M )@R (M)
along (mgr, o @ 0) (respectively (mym o @ 0)).

Now we show the commutativity of the restriction of (2.76) to the orthogonal
complement of CI,(G™) in R,(G™).
Recall that for any m € N, we set

R(W (D)) = spanc{(sp' ([(e, a)]1)=#5' ([(er, @)]-))) | [, a)] € By, degenerate}.

The orthogonal complement of Cl,(G™) in R,(Gf) is given by
RepGFO(R(W(Dn))C), and the orthogonal complement of C1,(M*?) in R, (M) is
given by R(S,)® Repﬁpo (R(W(D,_.))%).
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By definition, the map R is the identity on both the spaces Repa}po (R(W(D,)))
and R(S,) ® Rep) s (R(W(D,,))). Then to prove that (2.76) commutes it is
sufficient to show that

“RSr (Repgh, (R(W (D)) < R(S,) ® Repy r, (R(W (Dy ) ).
By Theorem [1.1.5} it is equivalent to prove that

Resy Nilh (R(W(D,))) € R(S,) ® R(W (D,,—,))¢ (2.79)

By the definition of xkp [49, Example 4.1.4], for any p € Irr(W(B,)) the maps
kp and kappap satisfy (2.5)), that is

[[k5(p)]] = £ © Resyy(5)(p)- (2.80)

Since for any m € N the space R(W(D,,)) is the orthogonal complement of
Cl(D,,) = spanc{kp ([(, B)]) | (o, B) € B, non degenerate} in R(W(D,,)),
to show it is enough to prove that for any f € R(W(D,))¢ and g €
R(S,) ® CI(W(D,_,)) it holds

(Dn
<ReSS XW%Dn r ( )7g>Sr><W(Dn—r) = 0

By definition of R(W(D,))%, it is enough to take f = xp'((a, @)y — (o, @)_) with
(o, ) € BB, degenerate.

For any m € N, let 6, : W(D,,) — W(D,,) be the involution of W(D,,) corre-
sponding to a graph automorphism of the Dynkin diagram of type D,,. Let ¢, be
the involution induced by 0, on Irr(W(D,,)) and also the linear extension of 67,
on R(W(D,,)). This map is an isometry because it preserves the orthonormal basis
Irr(D,,). The involution 6, on W(D,,) preserves the subgroup S, x W(D,,_,) for
any r < n — 1, and the restriction of d,, to this subgroup is given by id x §,,_,.. Since
the restriction is the pullback of the inclusion, we have

Resgiﬁ),;an_T) ooy = (idX16;_,) o Resgf%ﬁzm_”. (2.81)

The involution & on Irr(W(D,)) interchanges the characters x5'((a,a);) and
kp ((o, ) ) ([24], Proposition 5.6.3] and its proof) and fixes the other ones. Hence
for any g € R(S,) ® Cl(W (D,,—,)) it holds (id[x]d;:_,)(g) = g and

(Resg, xDanDn T)(“Bl (@) 4) — K5 (0, @) ), @s,xw (Do)

= (Resg Sty 005 (k5! (s )~ — 55" ((00.0) 1)), 95w (D)

= {(id® ;) o Resg wyiip, . (kp (0, a) = = 5! (0, @)1)), 95, sw(pa_)
= (Resg Soip, (k55 (s 0)— — w5 ({0, 0)2)), (A B 65_,)(9))s, xw(p,,) =

(Resy Nety (k5 (e a)— = 55 (0, 0) 1)), 9))s, xw(D,)

= —(Resg iip. (55 (0, a)y) = 651 (0, 0)2)), 9, sxw(Da)-

Therefore the above scalar product vanishes, and so ResS D”g o 1)( "(a,a)y) —

kp ((a,a)_)) is orthogonal to R(S,) ® CI(W(D,_,)), so it lies in R(S,) ®
R(W(D,_,))¢.
[
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The following Theorem shows how to deduce from Theorem the compatibil-
ity of Lusztig’s Fourier transform [42], 4.18] and parabolic restriction (or induction)
for non split groups of type D.

Theorem 2.5.17. The following diagrams commute:

G G

RGP —2, 1, (G™6) CL.(GP08) — 2 R(GFY)

[t J»aezs et o [mho @
Ry (M"Y~ ¢l (MFo5) Clu(MFo5) 2, Ru(MFl)

F’ Q(CJ; F{ F{ G F’

Ru(GF) —20 Ol (GFo5) Cl(GPs) — S RGP
Rfﬁ’ll T foffg)oés T Rifi‘goéa T RJ\Gﬁ“ll T ( 2.83 )
Ru(M™) —20, 01, (G™6) Ol (M) s Ry(M™)

Proof. We prove the commutativity of the diagrams . The commutativity of
the diagrams follows by adjunction, since Qy and R; are mutually inverse
isometries.

The commutativity of diagrams follows from the commutativity of diagram

in Theorem m

Indeed prOJectlng the space R, (G’) along the decomposition Cl,(GF) @

Cl,(G¥i0), using and (2.75)) we get
1 % ~G
"R 0 RY 0 (Tgr 1 ©0) = *Ri 0 (0@ 76 o) o R
. o0 s ~G
= (0@ mym ) o ( R%o @ R%l) oR
~M ~0 ~1
=(0@7mymg)oR © (*R]\%O &) *RJ%Q
~0 ~1
=Ri" o (7170 1600) © (*RJ\%O ® *R%l)
= Riw © *RJ\G;E“)O&& © (WGFO,l ®0)
and since (mgr, ; @ 0) is surjective, it implies
*RE, 0 RS = RM o *RC,
M s

Similarly

*RGS 0 Q5 0 (0@ mgm o) = *R§ieds o (mgm , ®0) o R
= (muro, ®0) 0 ("RE @ *RE,) o R
= (Tam, ®0) o R o (*R%OO @*R%ﬂ)
= Q' 0 (0@ myn o) o ("RGy @7 RE))
= Qo O*RMFl (0@7TGF1,O)
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and since (0 @ mgr ) is surjective, it implies
* pGT0§ G M _ x pGf1
Ryrs 0 Qo = Qo o "Ry,
[l

Remark 2.5.18. Theorem is equivalent to the commutativity of the diagram
(2.78) in Theorem [2.5.16[ and of the diagrams (2.82) in Theorem [2.5.17} together

with the commutativity of the following diagram

of

RL(GF16) —2 Cl,(GFo6)
l* RiFl}l&é l* RIC:IFI“}ISJ (2 ’ 84)

M
R (MF18) 21 c1(MP6)

We showed how to prove Theorem [2.4.12| and deduce the commutativity of dia-
grams (2.78)), (2.82)), (2.84]). The draw-back of this approach is that it only considers
0-stable Levi subgroups, so it does not take into account the maximal Levi subgroup
of type A,_; in G0,

An alternative strategy is to prove the commutativity of the diagrams ,
(2.82), (2.84) and deduce the commutativity of (2.40)), gluing them together via
Lemma [2.5.13] To prove the commutativity of (2.78)), (2.82)), (2.84)), the strategy is
analogous to the one used to prove Theorem [2.4.12] exploiting the results in Section
[1.2.4.2] in particular Theorem [I.2.41] Following this approach, since it consider
any group individually, it is possible to include proving the commutativity of the
diagram the case in which M is of type A,,_1.

2.6 Groups of type B,

In this section, we show results analogous to those of Section for groups of type
B (or C'). More precisely, we show the compatibility of the Fourier transform for
groups of type B, that we will denote by R [42, 4.5, 4.15], with parabolic induction.
The strategy is similar to the one used in Section [2.4.1]

2.6.0.1 Parameterization of Unipotent representations of groups of type
B,

In the remainder of this chapter, G is of type B, (or C,). We retain notation from
Section 2.1.2.21

For any s > 0 such that s* + s < n, we have a bijection
Rp: [TT(W(BTL,(S2+S))) - %n,(sus).

Composing it with the map yn,sz,s’zsﬂ as in (2.19) yields a bijection

~2s+1

ynfs2fs,23+1 OKB : ITT(WGF <L87 Us)) - f@nf(shrs) - Sn .
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~2s+1
Since 2s + 1 # 0 for any s > 0, the map [[ |] induces a bijection between S, "

and S**1 and we set
024 = [[]] © S 252541 © KB ° Irr(W(Bp—(s245))) — S2s+1 (2.85)

and we still denote by £25*! the isomorphism obtained by linear extension of this
bijection.

Since Irr(Wgr(Ls,05)) = Irr(W(B,_(s2+5)) for any s such that s* +s < n,
composing £**1 with Repqr yields a bijection

("% o Repgr : E9" (L, 0,) — S+

Collecting together all the series yields an isomorphism of vector spaces

Symbg := P (**' o Repgr : R, (G") — C[82%] (2.86)
seN
82+s<n

This map is an isometry, since it maps the orthonormal basis of R, (G*") consisting
of irreducible unipotent characters onto the orthonormal basis of C[S%?] consisting
of ordered symbols.

2.6.1 Compatibility of parabolic induction and Fourier
transform

We define
RS Ry (GF) — R, (G")

as the map making the following diagram commutative:

RG
R, (GF) —— R,(GF)

B [ sumo (2.87)

C[set] —2os ¢S]

where R : C[8%?] — C[8%] is as in (2.66)).
This is well-posed since the vertical maps are linear isomorphism.

Remark 2.6.1. The map Ry on C[S°?] coincides with the Fourier transform defined
by Lusztig in [42, 4.5, 4.15].

The vertical maps Symbg in (2.87)) are isometries. In Lemma we will show
that RS is an involutive isometry.

We need a variant of Lemma 2.4.7]

Lemma 2.6.2. Let [X] € S and let Z € Sim(X)\{X, X?}. Then

3 (mpFEeereznl g, (2.88)
YESimo(X)
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Proof. Since Z € Sim(X)\{X, X°P}, there exists some a € Z# © X% and some
b¢ Z# O X7,

The assignment Y + Y# is a bijection between Simy(X) and the set of the
subsets of X© with even cardinality. The assignment Y# — Y# O {a, b} determines
a bijection without fixed points of the set of subsets of even cardinality of X© into
itself. By transport of structure, it determines a bijection without fixed points
of Simy(X) into itself. Therefore there is some array Y’ € Simg(X) such that
Y —v#to {a,b}. By our choice of a and b, it holds |Y# n (X# © Z#)|
Y'# A (X# © Z#)| + 1 (mod 2), and follows.

(Il

Lemma 2.6.3. The map
Ry : C[S*] — C[S*]
s an isometry and an involution.

Proof. We begin by proving that the map Ry is an involution.

Let [X] € 371 Sim(X) = {X, X}, then Ro([[X]]) = [[X]] and so
RA([[X]]) = [[X]]- Assume {X, X’} < Sim(X) and let Z € Sim(X)\{X, X°}.
The coefficient of Z in Ry o Ro(X) is given by

3()1()2 Z (_1)|X#mY#|+|Y#mZ#| _ 3()1()2 Z (_1)\Y#m(x#ez#)| —0

YGSimo (X) YES’imo (X)

by Lemma (2.6.2)). It follows that the coefficient of [[Z]] in RE([[X]]) = [[Ro ©
Ro([X])]] vanishes for any [[Z]] # [[X]].
On the other hand, the coefficient of [X] in Rg o Ro([X]) is

1 9lX©|-1 91X®|-1

W’Simo(X)’

T OIXO[—def(Xsp) | QIXO|-1 L

if X € Simo(X), and 0 otherwise. Similarly, the coefficient of [X]% in Rq o Rg is 1
if X°P e Simo(X), and 0 otherwise.

Since [[X]] € 8%, one and only one between X and X lies in Simg(X), and so
the coefficient of [[X]] in RZ([[X]]) is given by the sum of the coefficients of [X]
and [X°?] in Ry o Ro([X]), that is 1, whence RZ = id.

Now we prove that the map Rg is an isometry, showing that it maps an orthonor-
mal basis to an orthonormal basis. For any [[X]] € §°¢, it holds

Ro[IXID Ro[[Z])) = (S ()X wag, S ()2 ).

2
S(X) YleSimo(X) YQESimo(Z)

If Sim(X) # Sim(Z), the two sums have no symbols in common and hence this

scalar product is 0.
If Sim(Z) = Sim(X), since X has odd defect, any Y € Sim(X) has odd defect,

IT - 55



hence Y € Simg(X) implies YP ¢ Simo(X). Therefore [[Y1]] = [[Y2]] in the above
sums if and only if [Y;] = [Y2]. It follows that

Ro([[X1]), Ro([[Z]])) = ! S () Ear ez

_ [Y#~(X#OZH#)|
- 2 Z (=1) :
s(X) YeSimo(X)

If [[Z]] # [[X]], this sum vanishes by ([2.88).

If [[Z]] = [[X]], we have

(Ro([[XTD), Ro([[X1])) = 2Xi|1|5im0(X>| =1

]

Let M be a maximal standard Levi subgroup of G of type A, 1 x B,_, (or
A1 x Cy_,) for some 1 < r < n.
We define
R R,(MT) — R, (MT)
as the map making the following diagram commutative:

M
RO

R, (MF) R,(MF)

J@(KAW_T’QSH)ORGPMF J@(KAW_T’QSH)ORBPMF (289>

C[2,]) ® C[s24] ‘B8 [ 2, @ C[S4]

As for G, the map Ry on R, (M) is an involutive isometry.

Remark 2.6.4. Since the Fourier transform on groups of type A is the identity,
by an argument analogous to the one used in Remark [2.4.10] the compatibility of
the Fourier transform with the parabolic restriction to a maximal standard Levi
subgroup implies the compatibility of the Fourier transform with the parabolic re-
striction to any standard Levi subgroup.

Indeed if L is a standard F'-stable Levi subgroup, then L is isogenous to a direct
product of groups of type A and a group of type B,, (or C,,) for some 0 < m < n. It
follows that L is a standard Levi subgroup of the maximal Levi subgroup M of type
Ap—m-1%x By, (or Ay_m—1xCy,). Since the Fourier transform is the identity on groups
of type A, it commutes with the map *R{L‘N/{)O *R?ll. By transitivity of parabolic
restriction, to prove compatibility of the Fourier transform with parabolic restriction
from G to a standard Levi subgroup L it is enough to prove compatibility of the
Fourier transform with parabolic restriction from G to a maximal Levi subgroup.

By Lemma [2.3.7, for any r € N the map #, factors through [[ ]] : C[S] — C[S].
It follows that the map Res, as in (2.31)) induces a well defined map

Res, : C[S]™ — C[2,] ® C[S]™ (2.90)
[(XT] = ) malxs) BH, (X))

YEPy
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The following proposition shows that the map Res, is a combinatorial description
of the parabolic restriction to maximal Levi subgroups.

Proposition 2.6.5. Let s,r,n € N satisfy s> +s<n —r.
Then the following diagram is commutative

RepGFOE"’23+1

C[EC" (Ls, 0.)] C[Sz+]
J*Rg‘;} lResT

e ro(kalX n—r,2s+1
ClEM (L, 0,)] B ) ¢l 2, @ €S2

Proof. The diagram in the statement factors as

RepGF én,2s+1

(C[EGF(Lm 0'3)] R(W(an(shrs))) C[Sgs-&-l]
% pGF W(B, _(s214))
l Rng lReSSTXW(én(s;+s)r) J{Resr
CIEM" (L, 0,)] =5 RS, x W(Byr(24)) — s C[2,] @ C[S241]

The left square commutes by Corollary[I.1.5] the right square commutes by Corol-
lary and Lemma [2.3.6 O

Corollary 2.6.6. The following diagram is commutative

@ [n,2s+1ORepGF

R.(G") C[s:]

J*Rfﬁﬂ J{Resr

@(KAZn_r’2s+1)OR€pGF

R (M") Clz]eC[sye,]

Proof. The restriction of diagram to a subspace C[EY" (L, 0,)] with s such
that s + s> < n — 7 commutes by Proposition 2.6.5, The restriction of diagram
to a subspace C[EC" (L,,0,)] with s such that s + s > n — r commutes
because the vertical maps are 0. Since the subspaces C[(S'GF(LS, 0s)] give a direct
sum decomposition of R,(GF), diagram commutes.

[

Lemma 2.6.7. Let r € Ng,. The following diagram commutes

Ro

C[8%7 C[Sy7]

JREST JR@ST

C[2,] ®C[S524,] C[2,]®C[5,]

Proof. As a consequence of Theorem the following diagram commutes:

C[se!] 2o C[s87Y)

lar JHT (2.91)
C[seY] 2o ¢[s°Y]
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Then for [[X]] € 8%, it holds
Res, o Ro([[X]) = 3 #a5,) & Hy (Ro(X))

VEPy

= Z K4(0y) @ Ro(H,(X))

VEPy

= (id X Ro)( Y. ka(d,) ®H,(X)) = (id X Ro) o Res, (X).

YEP)
]

The following theorem (and the corollary below), stating the compatibility of
the Lusztig’s Fourier transform R, for groups of type B and parabolic restriction
(respectively induction) is the main result of this section.

Theorem 2.6.8. The following diagram commutes:
G
R(GF) == R,(GF)
[ #ne | #nes
M
R (MF) = R, (MT)

Proof. We consider the following diagram.

C[S2] Ko C[sy]

(—B[n’25+1ORech @en,25+1oRepGF
Res, Res

R.(GF) e Ru(GF)
*RG}; ‘/ *RG};
ClZz.]®C[S,] B clz]ecs,]
wln—r, s+1)ORepGF wen—r, S+1)OR€PGF
R, (MF) %o R, (MT)

The upper and lower faces commute by definition of Ry on the spaces of class
functions, the side faces commute because of Corollary [2.6.6, and the back face

commutes because of Lemma
The front face commutes because all the other faces commute and the diagonal

arrows (P ">t o Repgr and @ (k4 X "1 o Repgr are isomorphisms. O

Corollary 2.6.9. The following diagram commutes:

M
R (MF) 20 R (MF)
| | (2.92)

G
RL(GF) 0, R,(GF)

Proof. The statement follows from Theorem by adjunction, because R§ and
R are involutive isometries. [l
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Nomenclature

Pt The set of partitions admitting 0s, page 4

P+ The set of partitions of n admitting 0s, page 4

P The set of partitions, page 4

2, The set of partitions of n, page 4

[(ar) The length of the partition «, page 4

o(«) The rank of the partition «, page 4

P, The set of bipartitions of n, page 4

2,  The set of unordered bipartitions of n, page 4

ka  The bijection between IrrW(A,_1) and 2, as in ([2.2), page 5
kg The bijection between IrrW(B,,) and %, as in , page 5
kp  The bijection between IrrW(D,) and %, as in , page 6
H, (o) The set of r-hooks of the partition «, page 10

l(i,7) The leg length of (i,7) € H,(«), page 10

H,  The removing r-hook map for bipartitions as in (2.7)) , page 11
Res, The map on bipartitions as in , page 12

—k  The shift operation, page 13

P (N)=* The set of subsets of N of finite cardinality, page 13
o(A) The rank of Ae Z(N)=*, page 13

B The bijection in (2.13), page 14

def(X) The defect of the array X, page 15

p(X) The rank of the array X, page 15

S The set of ordered symbols, page 16
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S’n The set of ordered symbols of rank n, page 16

3d The set of ordered symbols of defect d, page 16

~od,0 ~od,1 ~ev,0 ~ev

S ,§ ., 8,8 " The subsets of S as in (2.18]), page 16

7 nd The bijection as in (2.19) and its linear extension., page 17

~+
< n.a The bijection as in (2.21]) (resp.(2.22) for d = 0) and its linear extension,
page 18
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page 18
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H,(X) The set of r-hooks of the array X, page 21

[(h,i) The leg length of (h,i) € H — r(X)., page 21

H,  The removing r-hooks map on Symbols as in , page 21

Res, The map on (C[g'] as in (2.31), page 24
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page 27

Sim(X) The similarity class of the array X, page 27

X, The special array in Sim(X), page 28

X# X'oX], page 28
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C[S]™ The image of the map [[ ]], page 36
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Introduction

In this chapter, we begin by studying the representation theory of p-adic groups
and its connection with that of finite groups of Lie type. In particular, we focus
here on general linear groups, while in Chapter we address the case of special
linear groups.

The research direction of this and the next chapter is inspired by ideas presented
n [68]. We give a quick overview of these ideas in general terms before specializing
to the case relevant for this chapter, namely that of GLy.

Let F' be a non-archimedean local field of characteristic 0, with residue field kg.
Let G be a connected, reductive, F-split linear algebraic group defined over F'; and
let G = G(F) denote its group of F-points.

A (tame) Langlands parameter for G is a pair (p, E), where p is a continuous
homomorphism from the Weil group of F' into G (C), the complex dual group of G
[5, Section 2.1], and E is a nilpotent element in the Lie algebra of G [5, Section 8.1},
satisfying certain compatibility conditions.

The (tame) Langlands correspondence is conjectured to be a surjective map
with finite fibers, called L-packets from the set of isomorphism classes of (depth-0)
smooth admissible representations of G to the set of equivalence classes of (tame)
Langlands parameters for G. Within an L-packet, representations are conjecturally
parametrized by irreducible representations of a (slightly modified) component group
associated with the centralizer of the parameter. For a detailed overview, see [37].

The finite group of Lie type G = G(kr), given by the kp-points of G, arises
as a quotient of the hyperspecial maximal compact subgroup K = G(Op). The
most comprehensive and general parameterization for irreducible representations of
finite groups of Lie type is due to Lusztig [42], 43]. While it resembles a Langlands
parameterization in some respects, it differs in some important aspects. In [35], the
relation between Lusztig’s construction and a Langlands-type parameterization is
discussed in detail, and [35], Conjecture 4.3] proposes a set of Langlands parameters
for the group G, which can be viewed as equivalence classes of the tame Langlands
parameters for G. As in the p-adic case, the conjecture [35, Conjecture 4.3] predicts
that for each parameter, the corresponding packet is parametrized by the irreducible
representations of a component group derived from the parameter.

Additionally, in [68] a compatibility between this parameterization and the depth-
0 Langlands correspondence for G is proposed: if an irreducible representation 7 of
G corresponds to the equivalence class of a tame Langland parameter (p, ), then
its inflation to K should appear as a K-subrepresentation of a representation in the
L-packet associated to (p, F).

Furthermore, there is a natural map ¢ between the component groups of the
centralizers in GY(C) of (p, E), whose irreducible representations parametrize
the L-packet for (p, E'), and the component group of the centralizer in G (C) of
the equivalence class of (p, E), whose irreducible representations parametrize the
representations of G associated to the equivalence class of (p, E). This map is
expected to link the parametrizations of irreducible representations of G associated
to the equivalence class of (p, F) and the representations in the L-packet of G
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corresponding to (p, F): if 7 is associated with a representation ( of the second
component group, then the representation of G in the L-packet containing the
inflation of 7 is the one associated with o ¢.

In the case G = GLy, the local Langlands correspondence is established in
[277, 130, [60], and an explicit description for depth-0 representations, i.e. for the tame
Local Langland correspondence, is provided in [6] [7, 10]. We review this description
in Sections 3.1.1) and [3.2.1.3] A parametrization for the irreducible representations
of GLy(kr) consistent with the perspective in [35] was already constructed in [47],
as we recall in Sections B.1.2.7] and [3.2.2]

In this case, both parameterizations are bijections, simplifying the expected
compatibility: each Langlands parameter corresponds to a unique irreducible
admissible representation of GLy(F"), whose restriction to GLy(Op) contains the
inflation of the GLy (kr)-representation associated with the equivalence class of the
parameter. The proof of this compatibility is the main result of this chapter, and
it is given by Theorem [3.2.32 The main steps toward establishing this theorem
are given by Proposition [3.1.11] where the compatibility is proved in the case of
cuspidal representations and irreducible parameters, and Theorem |3.2.24] where the
compatibility is proved in the case of essentially square integrable representations
and indecomposable parameters.

The work presented in this chapter was developed independently. However, af-
ter completing the main results, I became aware of [64, Appendix A], which proves
the same compatibility. The argument there relies on the construction in [59], par-
ticularly on the “reduction to tempered types” map, which in the depth-0 setting
coincides with the “head of the parahoric restriction” defined in Section [3.63]

The simplifications arising here by working entirely in the depth-0 setting allow
this chapter to avoid the full machinery of the Bushnell-Kutzko theory of types
(see [I1]), which plays a major role in [59]. While we do rely on types for some
key technical points (e.g., Proposition , the overall presentation here is more
direct and self-contained. As such, despite the lack of originality in the main result,
this chapter offers an independent, and in some respects simpler, account of the
compatibility in the case of GLy.

Notation

¢ Let F' be a non-archimedean local field of characteristic 0 with residue field kp,
the finite field with g elements. Let O be the valuation ring in F' and pp be
the maximal ideal of OF, and let O% denote the units in Op. We denote by kx
the algebraic closure of kg.

For any F finite extension of F', we use analogous notation.

We denote by Wr the Weil group of F'. We denote by Ir and Pr respectively
the inertia and the wild ramification subgroups of Wg, and by F'r a Frobenius
element of Wg.
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o Let H be a group. We denote by H the character group of H, sometimes with
H" for notation reasons. With a slight abuse of notation, when H = F* or
H = Wg, we write F* and W for the groups of tamely ramified characters of
F* and Wp respectively.

If H acts on a set X, for any € X we write Staby(x) for the subgroup of H
fixing x

o Let H be a group and let K < H. If 7 is a representation of H, we write Res%,,
or sometimes 7|, for the restriction of 7 to K.
If 7 is a representation of K, we write Indi~ for the induced representation
and c—indg ~ for the compactly induced representation.
For any h € H, we write "y for the representation of "/ = hKh~' defined by
hy(x) = y(h~tzh) for any z € "K.

Let N be a normal subgroup of H. If 7 is a representation of H, we denote by 7V
the H/N representation on the N-fixed subspace of m. If 7 is a representation
of H/N, we denote by Inflg/ ~ the inflated representation.

N

o We denote by G, := GL,(F). We denote by Q(G},)o the set of isomorphism
classes of irreducible admissible representations of GG,, of depth 0.

We set K, to be the hyperspecial maximal compact subgroup GL, (OFr) of G,
and we denote by K its pro-unipotent radical. We write G,, := Ky, SR =

GL, (k).
We write the parahoric restriction for G,, as

PEm: QG )o — Irr(G) (3.1)

T (Res%;w)lq

o We denote the normalized parabolic induction functor by R. We will mainly
need it for the general linear group, so we introduce a notation tailored on the
situations in which we will use it. Let n € N and (myq,...,my) be a compo-
sition of n, and let 7; (respectively 7;) be a representation of G,,; (respec-
tively G,,) for j € {1,...,k}. Then we write R% . le m; (respectively

= J
R%zl G, ?:1 7;) for the parabolic induction to G,, (respectively to G,,) from
the standard Levi subgroup sitting diagonally in G, (respectively G,) with
blocks of the prescribed dimensions, where the inflation is performed through

the parabolic subgroup of block upper triangular matrices containing the afore-
mentioned Levi subgroup.
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3.1 The cuspidal - irreducible case

3.1.1 Explicit Local Langlands Correspondence for depth-0
supercuspidal representations

3.1.1.1 Admissible pairs

Let N € N. We recall the explicit description of the local Langlands correspondence
for supercuspidal representations of Gy of depth 0 given in [6] [7, [10].

Definition 3.1.1. [6, 0.3/Let E/F be a finite, tamely ramified field extension and
let ¢ be a character of E*. The pair (E/F, () is called admissible if it satisfies the
following two conditions, where K ranges over intermediate fields, F < K € E:

o If ¢ factors through the relative norm Ng/i , then K = E.
o If Cl14py factors through Ngjk, then E/K is unramified.

Two admissible pairs (E/F, (), (E/F,(’) are F-isomorphic if there exists an F-
isomorphism j : E — E’ such that ( = (' o j. In the case F = E’ this corresponds
to ¢’ = (7 for some o € Gal(E/F).

We denote by Py(F)o the set of F-isomorphism classes of admissible pairs
(E/F,() such that E/F is of degree N and ( is a tamely ramified character, i.e.
Cli4pp = 1. This implies that E/F is unramified, by the definition of admissible
pairs.

Lemma 3.1.2. Let E/F be an unramified extension of degree N and let ¢ be a
tamely ramified character of E*. Then the following are equivalent

1. the pair (E/F,() is admissible;
2. ¢ # (7 for any non trivial o € Gal(E/F);
5. Clox # (%lox for any non trivial o € Gal(E/F).

Proof. When N = 2 this is [8, Lemma 19.1]. The proof given there actually applies
to any N, we write it here for the reader’s convenience. Conditions (2) and (3)
are equivalent since £ is an unramified extension, therefore E* = F*O%. Let K
be an intermediate extension F' € K < E. Then E/K is unramified and so it
is cyclic, so by Hilbert’s theorem 90 the kernel of Ng/k contains all and only the
elements of shape ro(z™!) with x € E* for o a generator of Gal(E/K). Therefore
¢ factorizes through Ng/k if and only if ¢ = (7 for some generator o of Gal(E/K).
Since the subgroup generated by an element in Gal(E/F') is the Galois group of
some intermediate extension K, it follows that the first condition of admissibility is
equivalent to condition (2). The second condition of admissibility is empty in this
case, since ( is unramified. O]

Thus Py (F)p is the set of F-equivalence classes of admissible pairs (E/F, ()
where E/F is unramified of degree N and ¢ € E* is tamely ramified, with ¢ # (7
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for any non trivial o € Gal(E/F). Since the unramified extension of degree N of
F' is unique up to isomorphism, we can consider such an extension E to be fixed,
and an F-equivalence class of admissible pairs corresponds to an orbit of the Galois
group acting on the tamely ramified characters of E*.

3.1.1.2 Parameterization of supercuspidal representations of depth 0

We denote by Cusp(Gy) the set of isomorphism classes of irreducible cuspidal rep-
resentations of Gy .

We denote by Cusp(Gy) the set of isomorphism classes of irreducible supercus-
pidal representations of Gy, and by Cusp(Gy)o = Cusp(Gy) n Q(Gy)o the set
of isomorphism classes of irreducible supercuspidal representations of Gy of depth
0. Following [6, 2.2], to an element of Py(F'), we can associate an element of
Cusp(Gy)o as follows. Let (E/F,() € Py(F)p. Since ( is tamely ramified, the char-
acter C|O§ is the inflation of a character ¢ of OE/l tpp = kg and by Lemma |3.1.2
the pair (E/F, () is admissible if and only if (|px # (7| for any o € Gal(E/F).
Identifying Gal(E/F) = Gal(kg/ky), this is equivalent to ¢ # ¢ . In other words,
there is a surjection

Pn(F)o — {Gal(kg/kr) -orbits on l% of cardinality N} (3.2)

By [26], there is a canonical bijection between Gal(kg/kp)-orbits of characters of k¥
of cardinality N and cuspidal representations of Gy = GLy(kr):

{Gal(kp/kp) - orbits on k% of cardinality N} — Cusp(Gy) (3.3)

So let Az be the cuspidal representation of Gy corresponding to Gal(kg/kr)¢ through
this bijection. We denote by XZ the inflation of this representation to Ky, obtained

letting K act trivially. Then XE can be extended to a representation A; of F* Ky
by requiring that A¢|p+ is a scalar multiple of (|z+. Finally, we set

FT¢ 1= c-indSy K Ne-

Proposition 3.1.3. [6, Proposition 2.2] For any (E/F,() € Py(F)o the represen-
tation pme defined as above is an irreducible supercuspidal representation of Gy of
depth 0, and the isomorphism class of pme depends only on the F-equivalence class
of the admissible pair (E/F,(). The map
FTC PN(F)Q — CUSP(GN)O (34)
(E/F,C) — FT¢

s a canonical bijection.
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3.1.1.3 Parameterization of tamely ramified representations of Wy

We write (G y) for the set of equivalence classes of irreducible smooth (complex)
representations of Wr of dimension N.
By local class field theory, Artin reciprocity map

aE:WE—>E*

yields by transposition a canonical isomorphism between E* and ﬁ/\E 18, 29.1, 29.2].
Hence any character ¢ of E* can be regarded as a character ( o ag of Wg. Note
that since ag(lg) = O and ag(Pg) = 1 + pg, characters that are trivial on OF
correspond to characters that are trivial on Iz, and characters that are trivial on 1+
pr correspond to characters that are trivial on Pg [8, 29.2]. We denote by ®°(Gy)o
the subset of ®°(Gy) consisting of tamely ramified (or tame) representations of W,
i.e., representations whose restriction to Pg is trivial.

Proposition 3.1.4. The map

Y Py(F)o — ®%(G)o (3.5)
(B/F,¢) = ¢ := Indyi (C o ag)

s a canonical bijection.

Proof. The map is the restriction to Py(F")o of the canonical bijection in [6],
A.3]. So it is enough to prove that ( € E* is trivial on 1 + pg if and only if
I ndgg (C o ag) is trivial on Pr. Recall that ¢ is trivial on 1 + pg if and only if
(Coap) is trivial on Pg.

Since it will be useful in the following, we first compute the restriction of I nd%g ¢
to Ir. We apply Mackey’s theorem [39], and since the restriction of any finite
dimensional representation of Wy to Ir is semisimple we can write

Res‘gF o Ind%g(g cag) = @ IndﬁﬁzWERes}/Z’f\zWEz(C ocag).  (3.6)
xelp\WFr,/ Wg
Since E/F is Galois, W is normal in Wy [8, Proposition 28.5 (2)] and since E/F
is unramified, Ir = I € Wg. So any conjugate of I lies in Wg and hence
]F\WF/WE:WF/WE-
Therefore

Res}/zp o Indgg(c oag) = @ Indﬁ?szEResZﬂzWEx(C oag). (3.7)
$EWF/WE
Moreover by normality of Wg in W it holds *Wg = W for any x € Wr/Wg, and

hence Ir N *Wg = I nWg = Ir = I where the last two equalities follow from the
fact that F/F is unramified. Hence

RGSKF o Indwg({’ cag)= P Innges‘;ZE *(Coag)
:ISEWF/WE

= P Res%E “(Coag). (3.8)

{EEWF/WE
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Since E/F is unramified, the ramifications groups of £ and F are the same, i.e.
Pr = Pr, so

Res%Folnd%Z(gan) = @zEWF/WEResf:’F};Re‘SZE “(Coagp) = C‘BmeWF/WEReSg/EE “(Coag)

SO Res}vgf o ]nd%g(g oap) is trivial if and only if each term in the last direct sum is

trivial, that is equivalent to the condition that Resﬁim)( is trivial. O

3.1.1.4 Description of Langlands correspondence

Composing the inverse of the bijection (3.5)) with the bijection (3.4) one obtains a
bijection

FNN : (I)O(GN)O — Cusp(GN)g (39)
Fzg — FT¢.
Now let
Ly 9°(Gn)o — Cusp(Gr)o (3.10)

denote the tame local Langlands correspondence as in [7]. By [10, 5.2 Corollary 3],
for any (E/F,() € Py(F)o, there exists a character y of E* such that

L) = FTuc. (3.11)

Moreover, in the case we are considering, it follows from [10, 5.2 Corollary 3, 8.2
Proposition 21] that p is unramified and pc(pr) = (—1)V~! where pr is an uni-
formizer of Op. Note that since E/F is unramified, pr is an uniformizer in O as
well.

Remark 3.1.5. By [6, Proposition 3.2], the map %) is the restriction to tame
characters of the bijection of local class field theory induced by the Artin reciprocity
map [9, Section 29|, and for any tame character x € Wr and any p € ®(Gy)o it
holds

Lxp) = (L (x) o det) Ly (p). (3.12)

3.1.2 Parahoric restriction and Macdonald’s correspon-
dence

Our aim in the following is to give a reduction of the Langlands correspondence
over a finite field for the "supercuspidal-irreducible' case. In particular, we will
recall a construction of Macdonald [47] that gives a correspondence between the
restriction to the inertia subgroup of irreducible Weil representations of dimension
N and cuspidal representations of Gy, . We show that the compatibility
between Macdonald’s correspondence and Langlands correspondence is given by the
Parahoric restriction functor, which will be defined in [3.1.3]
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3.1.2.1 Macdonald correspondence for Gy: the cuspidal-irreducible case

Following [47, Section 3| two irreducible smooth representations pi, po of Wg of
dimension N are called [g-equivalent if

pilre = palrp-

0
We denote by (G )o S~ I the set of Ip-equivalence classes in ®(Gy)o. A par-
ticular case of [47] is the following:

Proposition 3.1.6. There is a canonical bijection

M CI)O(GN)O/NIF — Cusp(Gy).

We recall briefly the description of the bijection given in [47] in this special case.
Let k = kr and Fr be the Frobenius automorphism z — x4 of k/k. We denote by
k, the extension of k of degree n and let

= limk*

where the direct system is defined by setting the transition morphisms to be the
transposes of the norm maps. Since F'r acts on any k, and the action is compatible

with the norm maps, the Frobenius Fr acts on I', and we can identify %; with

(0)F A particular regular characters of k% are identified with elements of I
belonging to Fr-orbits in I of cardinality N, and so E—orbits in I" of cardinality NV
are in canonical bijection with Gal(ky/k)-orbits in k% of cardinality N. Therefore
the map yields a canonical bijection

{Fr-orbits in T of cardinality N} — Cusp(Gy) (3.13)

The character group of Ik y Pr is canonically isomorphic to I', and the action of a

Frobenius element F'r of Wy on Ip J/ Pp induced by conjugacy in Wy is the same

as the action of Fr on I' described above. Therefore there is a natural identification
{Fr-orbits in T' of cardinality N} = {Fr-orbits in ¥ / py. of cardinality N}.

If p € ®°(Gn)o, then p|p, = 1, so p|z, is the inflation through Pr of a representation
of Ir / Py Moreover since p is an irreducible representation of W, the restriction

p|r is the direct sum of all and only the characters belonging to a single Fr-orbit
in I" of cardinality N [47, Section 3]. Therefore there is a bijection

0
® (GN)O/NIF — {Fr-orbits in IF/PF of cardinality N} (3.14)
p = plre.
Composing the maps (3.13)) and (3.14)) yields a description of the bijection
q)O -
My (GN)O/NIF — Cusp(Gy). (3.15)

IIT - 8



Remark 3.1.7. We denote by F*" a maximal unramified extension of /', and denote
by F, the unramified extension of F' of degree n contained in F*". For any n € N,
it holds Ip, = Ir and Pgr, = Pp, since we are taking into account unramified
extensions. For any d,m € N such that d|m, the Artin reciprocity maps fit into the
following commutative diagram [8, 29.1, (4)]

W, —my F
J le/d (3.16)

QFd «
WFd > Fd

where the left vertical map is the inclusion and N,,/q denotes the norm map between
Fy, and Fy. Since for any n € N it holds that ap, (Ip») = OF. and ap, (Ppn) = 14+pp,,
the diagram (3.16)) induces the following commutative diagram:

[F/PF ~ IFm/PFm A, OFm/l tpp, =k

[F/PF;[Fd/PFd Fq OFd/1+de;k;

where k,, and k; denote respectively the residue fields of F,, and Fj, and Nm/d
denotes the map induced by the norm map on the residue fields, that is the norm
map between k,, and k.

It follows that for any n € N the transpose of the map @p, realizes the inclusion

of k:AZ into I' considered as the character group of Ik y Pp
Moreover a character y of Ir J/ Py factors through ap, if and only if it is F'r"-

stable. Therefore the transpose of the map @, is an isomorphism between kj”; and
the subgroup of I' given by Fr™-stable characters.

Remark 3.1.8. Retain the notation from Remark B.1.7
The character group of k% acts on Irr(Gy), with a character y acting by m —

T ® (x o det) for m € Irr(Gy). Moreover k¥ acts on k* by v — (x o N, )y for any
m € N, and hence it acts on I'. The map is equivariant with respect to these
actions of k} by [38, Proposition, Section 3].

By Remark [3.1.7 the transpose of the map ap ylelds an isomorphism between
kF and the set of Frobenius stable characters of IF / p,- Any Frobenius stable

character x of Ip / P, can be extended to Wy by letting the Frobenius elements
act trivially, and we still denote by x the extended character. Then yx acts on W;

and on 1F / Pr by multiplication. The embedding of lgi into 1r / Pr given by
the transpose of @g, is equivariant with respect to the /@—aetions because diagram
(3.17) is commutative. So the identification of I' with Ik /S Pp is equivariant with

respect to the l%—actions. It follows that the map (3.14) is equivariant.
Therefore the map .Y is equivariant with respect to the k¥-actions.
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3.1.3 From Langlands to Macdonald correspondence

We write Pg;: for the parahoric restriction with respect to the maximal compact
subgroup Ky.The parahoric restriction is an exact functor: the restriction functor

is exact, and taking the invariant subspace for a compact open subgroup is exact [8|
2.3 Corollary 1].

Proposition 3.1.9. Let (E/F,() € Py(F)o. Then
G
,Péj\\; Fﬂ-McC = )\Z

where p¢ is as in (3.11)), pm, ¢ is the image of (E/F,() through the bijection (3.4)
and Xz is the image of ¢ through the composition of the maps (13-2) and (3.3).

Proof. We use the same notation as in Subsection [3.1.1.2,  We show that A7 is a

constituent of ngvv FTucc- Using the definition of g, . and Mackey’s formula, we
have

Gn _ GN . inCN
Resy pmucc = Resghy c-indpilye Aye
_ Ky F*Ky @
= @ Indyey e ey BESey ey e
:UEKN\GN/F*KN

The summand corresponding to 1 in the double coset is Res?;ﬁ]}* xoyNuce, and

by construction A, ¢ is an extension to [ Ky of Xﬂ, the inflation to Ky of the
cuspidal representation )\W of Gy. Note that since p¢ is an unramified character,
11cClox = Clox, therefore y1cC = ¢, and hence

It follows that
F*K £y £y
RGSKNQJ}*KNAH = )\R = )\Z
By construction XEIKX, = 1, and the action of Gy = KN/KX, is given by Az. So

. el . g . G .

since Resg pmyu. ¢ contains )\Z as K -subrepresentation, Pag FTyuc¢ contains )‘E as
an irreducible component.

The stronger assertion that Az is the unique constituent of Pg}i’ FTu.¢c and it has

multiplicity 1 is an application of [55, Proposition 6.12]. 0

Proposition 3.1.10. Let (E/F,() € Pn(F)o. Then

Resy" pSc= P (In fzfg/P (“C) oap). (3.18)
weGal(kg/kr) r

Proof. By (13.8)), it holds

ResZF rEc= P Resl‘-}zEw(Can).
weWr/Wg
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Since E/F is unramified, Ir = Ir and so is normal in Wg, and since ag(Ig) = OF
it holds, as Ig-representations

Resyl® (¢ o ag) = "(Resty () o a).

But ¢ is unramified, so
O* —
Res? = Infl £
O}E(g) f OE/IHJEC
where ( is the representation of kp =~ O% 1+ Pe given by ¢ |OE'

For any w in Wg, let @ denote its image in Gal(kp). Then the norm |w] is
defined by the equation w(x) = Il for any element x € kp. It holds wazw™" = z!vI
mod Pr for any x € Ip, therefore ap(wzw™) = ag(z)!”! mod 1 + pr. For any
y € Op, we write y € kg for the image through the projection mod 1+ pp. Then for
any r € Ip

“Unflgh,  Coaw)w) = (nflgf,  Olaputew))
ap(wlzw))

)

Jw=?]

= Inflgs (" Olap) = Infloy ("0 can(x).

B 4pp B 4pp

The assignment w — w establishes a well-defined bijection Wr/Wg — Gal(kg/kr),
so in conclusion we have

w O% = O* —_
Res‘[/zF FY¢ = @ (Inflog Coap) = @ Inflog/ (“C)oag.
weWp/Wg g weGal (kg /kr) I+pp

Then defining ag as in Remark [3.1.7] the following diagram is commutative
Ip = Ig e 0%

l | (3.19)

I/ pp =18/ py = 05/ 1 gy = b

Therefore

O% —w I W _
Infl % ocap = Infl;" oa
nf Oz/1+pE(g ) E f IF/PF<C E)
gives the statement.

Proposition 3.1.11. The following diagram commutes:
lResZﬂF lpgg (320)
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Proof. Let (E/F,() € Py(F)o. By Proposition [3.1.10| the representation Res‘l/‘f FY¢

is the direct sum of the inflation to I of the characters {(?¢)cag | 0 € Gal(kg/kr)}
of T =~ Ir / Py 80 the Ip-equivalence class of the representation pX¢ corresponds
through the map (3.14) to the orbit by the Frobenius action in I' of ( o ag. By
Remark [3.1.7) the character ¢ o @g of T is identified with the character ¢ of kg, and
since the map gives the assignemnt Gal(kg/kr)C — Az, the map maps
the Frobenius-orbit in I' of ( o @ to Az. Since the Macdonald correspondence ., o

is obtained composing the bijections (3.14) and ([3.13)), it follows that

AN (FEC) = A

On the other hand, £y (X¢) = m,.¢ so the statament follows from Proposition
3.1.9 O

3.2 The non-cuspidal case

In this section we describe the compatibility between Langlands and Macdonald
correspondence for non-cuspidal representations.

3.2.1 Local Langlands correspondence in the non-cuspidal
case

3.2.1.1 Zelevensky parameterization

In this section we recall the classification of the irreducible admissible represen-
tations of G,, from supercuspidal ones from [70]. We denote by (G,,) the set of
irreducible admissible representations of G,,, and by (Gy,)o the subset of irreducible
representations of GG,, with supercuspidal support of depth 0.

A segment A = A(nw,r) with » € N and 7 € Cusp(G,,)o for some m € N, is a
subset of Cusp(Gy,)o of the form

Am,r) == {n®|det(")|", i =0,...,r —1}.

Two segments Ay, A, are said to be linked if none of neither is contained in the other
and A; U Ay is still a segment. The segment Ay = A(my, 1) precedes the segment

Ay = A(m,79) if Ap and Ay are linked and my = m; ® | det()|* for some k € N.
Let r € N and m € Q(G,,)o for m € N. We set

p(A(m,r)) == Rz (n R (7 @ |det(-)]) K- & (w ® |det(-)]" "))

where Rgl’”" denotes the normalized parabolic induction functor with respect to
the standard parabolic subgroup of G,,, containing G consisting of block upper
triangular matrices.

Proposition 3.2.1. [70, Proposition 2.10] For any segment A, the representation
p(A) has a unique irreducible quotient Q(A) (and a unique irreducible subrepresen-
tation Z(A)).
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Remark 3.2.2. Let r,m € N and 7 € Cusp(Gy,)o. Let A = A(m,r), and let x € F*.
We set YA := A(r ® (y odet),r). Then

Q(xA) = Q(A) ® (x o det). (3.21)

Indeed p(xA) = p(A) ® (x o det) because parabolic induction is compatible with
twisting by a character, and ({3.21)) follows from uniqueness of the quotient.

Let {Aq, ..., Ag} be a multiset (i.e. a set allowing repetitions of elements, see [70),
Notation]) of segments, where A; = A(m;, ;) with m; € Cusp(Gy,)o and m;,r7; € N
for 1 <7 < k are such that Zf;l m;r; = N. We set

I(Ar,. . Ap) =R o (QA)EQ(A)E - FQ(AL).

Theorem 3.2.3. ([70, Theorem 6.1], see also [58, Theorem 3]) Let {Aq,...Ag}
be a multiset of segments such that A; does not precedes A; for any i < j, where
A; = A(m, 1) with m; € Cusp(G,)o and m;,r; € N for 1 < i < k are such that
Zle m;r; = N. Then the representation I(Aq, Ao, ..., Ay) has a unique irreducible
quotient Q(Aq, Ag, ..., Ag).

Any admissible irreducible representation of Gy is isomorphic to a representation
of the form Q(A1,As, ..., Ag) for some k and some uniquely determined (up to
permutations) multiset {Aq, ... Ag}.

Remark 3.2.4. We retain notation from Remark . For any x € F* it holds

Q(xA1, ..., XAr) = Q(Ay, ..., Ay) ® (x o det) (3.22)

for {Ay,...,Ax} a multiset of segments as in Theorem [3.2.3] Indeed by the com-
patibility of parabolic induction with the twisting by a character

I(xAq1, ..., xAg) = I(Ay, ..., Ag) ® (x o det)
and ([3.2.4]) follows from the uniqueness of the quotient.

An elementary move on a multiset {A; ... A} of segments is the replacement of
two linked segments A;, A; with 1 <4, j < k by the segments A; U A; and A; N A,
omitting the intersection if it is trivial |70, Section 7.1].

Theorem 3.2.5. ([70, Theorem 9.7], see also [58, Proposition 13/, [58, Theorem
5, Remark 7]) The representation I(Ay, ..., Ay) is irreducible if and only if none of
the segments A; is linked to another.

A representation Q(A}, AL, - JAL)) s an irreducible  subquotient of
I(Ay, ..., A) if and only if the multiset of segments {A),... AL} can be
obtained from the segments {Aq, ..., Ax} by a sequence of elementary moves.

Remark 3.2.6. A representation of G,,. with m,r € N is essentially square in-
tegrable, i.e., square integrable up to a twist by a character, if and only if it is
of the form Q(A) for some segment A = A(m,r), and it is square integrable if
7®|det(-)|"T, i.e. the middle element of A, has unitary central character [70, The-
orem 9.3]. A representation Q(Aq,...,Ax) of Gy is tempered if and only if Q(4A;)
is square integrable for any ¢ = 1,...,k. Note that if Q(Ay,...,Ay) is tempered,
any segment A; has middle element with unitary central character, so it cannot be
linked to another. It follows that for a tempered representation Q(Aq, ..., Ay) there
holds Q(Al, ce Ak) = I(Al, R ,Ak)
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3.2.1.2 Weil-Deligne representations

The group G, is split, and its complex dual group is GL,(C). In this case, the set of
Langlands parameters for G,, is given by equivalence classes of Weil-Deligne repre-
sentations. We now define Weil-Deligne representations and explain the conventions
we adopt.

The Weil-Deligne group of F' is the group W} := C x Wg, with wrw™! := |w||z
for any w € Wg and = € C, where || - | denotes the norm in Wg. Let n € N. An
n-dimensional complex representation of Wy is an homomorphism

¢: Wy — GL,(C)

that is trivial on an open subgroup of Ir. It can be described through a pair (p, u)
where: p is a smooth n-dimensional representations of Wr and w is a unipotent
element in GL, (C) satisfying

pw)up(w)~t = ulvl for any w e Wg.

The pair is obtained from ® by setting (p,u) = (¢|wy, ¢((1, 1w, )), where 1 € C <
Wi.. Moreover for u € GL, (C) unipotent let E, be the nilpotent element in the Lie
algebra gl (C) of GL,(C) satysfing exp(F,) = u. Then, the assignment (p,u) —
(p, E,) is a bijection between the set of n-dimensional representations of W}, and the
set of pairs given by a smooth n-dimensional representation p of Wr and a nilpotent
element E, € gl,(C) satisfying

Ad(p(w))(Ev) = [w]E, (3.23)

for any w € Wp.

From now on, by an n-dimesional Weil-Deligne representation we mean a pair
(p, E) consisting of a smooth n-dimensional representation p of Wy and a nilpotent
element E € gl,(C) satisfying (3.23)), as in [I7, 3.1.1]. Two n-dimensional Weil-
Deligne representations (p;, E;), for i = 1,2 are equivalent if there exists A € GL,(C)
such that Ap; A~ = py and Ad(A)E; = E.

Let (p1, E1), (p2, E2) be two Weil-Deligne representations of dimension respec-
tively ny,ns. Their tensor product is defined as

(p1, E1) ® (p2, B2) = (11 ® pa, By ® Iy, + 1, ® E).

A Weil-Deligne representation (p, E) is said to be semisimple if p is semisimple
as a representation of W, or equivalently if the image p(F'r) of a Frobenius element
Fr e Wp is semisimple as an element of GL,,(C), [8, Proposition 28.7]. We denote
by ®(G,,) the set of equivalence classes of semisimple n-dimensional Weil-Deligne
representations. From now on, we will always assume Weil-Deligne representations
to be semisimple.

A Weil-Deligne representation ¢ is irreducible if and only if there is a p € ®°(G,,),
i.e. p is an irreducible n-dimesional smooth representation of Wg, such that ¢ =
(p,0) [17, Proposition 3.1.3 (i)].
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We denote by Sp(n) the n-dimensional special Weil-Deligne representation de-
fined in [I7, 3.1.2]. By definition, Sp(n) is given by the pair (p, E') such that,
with respect of some basis for the representation space of p, it holds p(w) =
diag(1,||w|, ..., |w|*1) for any w € W and E is an n-dimesional nilpotent Jordan
block.

An n-dimesional Weil-Deligne representation ¢ is indecomposable if and only
if there is a d diving n and an irreducible d-dimesional irreducible Weil-Deligne
representation ¢ such that ¢ = ¢ ® Sp(%) [17, Proposition 3.1.3 (ii)].

A Weil-Deligne representation (p, E) is said to be tamely ramified (or tame) if p is
tamely ramified as a representation of Wg.

We denote by ®(G,,)o the set of equivalence classes of semisimple tamely ramified
n-dimensional Weil-Deligne representations. In particular an irreducible tamely
ramified Weil-Deligne representation is of the form (p,0), with p an irreducible
tamely ramified n-dimensional smooth representation of Wg, ie., p € ®°(G,)o.
Note that the special Weil-Deligne representations are tamely ramified, so an
indecomposable n-dimensional Weil-Deligne representation ¢ ® Sp(%) is tamely
ramified if and only if the d-dimensional irreducible Weil-Deligne representation ¢
is tamely ramified.

3.2.1.3 Local Langlands correspondence

The Zelevinsky parameterization allows one to deduce the Langlands parameteriza-
tion for irreducible representations of G from the Langlands parameterization of
supercuspidal representations of G,, for any n < N.

For any n € N, the tamely ramified supescuspidal Langlands correspondence is
the bijection . Any tamely ramified Weil-Deligne representation ¢ € ®(Gy)o
is a sum of indecomposable ones, so

¢ = @f:l%’ ® Sp(r;)

where each p; € ®°(G,,,)o and m;, r; € N are such that Zle m;r; = N. So for all
i there is a p; € ®°(Gy,,)o such that ¢; = (p;,0), and Z2 (p;) is a supercuspidal
representation of G,,, of depth 0. Therefore we can associate to ¢ the collection of
segments {A(Z) (pi),7:) | i = 1,...,k} and hence, by Theorem we associate
to ¢ the irreducible representation of G given by Q({A(Zy (pi),7:) [ i =1,...,k}).
The tamely ramified local Langlands correspondence for N-dimesional representa-
tions is then given by the map:

,,%N . (I)<GN)O — Q(GN)O (324)
®1(pi,0) ® Sp(ri) = QUA(Z,, (o), 1) | i =1,..., k}).

Remark 3.2.7. Let y € W; be a tame character. The map £y satisfies
Zn(xp) = (Zi(x) o det)Zn(p) (3.25)
Indeed for any (¢, E) = ®F_,(p;, 0) ® Sp(r;) in ®(Gy)o it holds
Dn(xp) = QUAL, (xpisri) [ 1= 1, K}).
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By Remark
L, (xpi) = (Li(x) o det) v (p),

and by Remark [3.2.4] it holds

QUA((A)odet) L (p),m:) | 1 < i < k}) = QUA(L,, (pi, i) | 1 < i < BH@(L(x)odet).

3.2.2 Macdonald correspondence: the general case

In this section, we briefly recall a construction from [47]. It builds on the
correspondence recalled in Section between [g-equivalence classes of
irreducible n-dimensional Weil representations and cuspidal representations of
G,, with n < N, and gives a correspondence between Ip-equivalence classes of
N-dimensional Weil-Deligne representations, that we are going to define next, and
irreducible representations of G y.

3.2.2.1 Ip-equivalence

Two n-dimensional Weil-Deligne representations (p;, E;), for i = 1,2 are called Ip-
equivalent if there exists A € GL,(C) such that

Alpilip) A~ = pol iy (a)
Ad(A)E, = EB,. (b)

In this case, we write (p1, E1) ~1. (p2, E2). We denote by CI)(GN)O/NIF the set
of Ir-equivalence classes in ®(Gy)o, and by (p, E);,. the Ip-equivalence class of
(p, E) € ®(GN)o-

The next Lemma will be useful in Chapter [[V] For any (p, E) € ®(Gy)o, we
denote by Cary ) (p|1,, E) the simultaneous centralizer of all the elements in p(I)
and E. We denote by Cg, © (pl1p, E) the connected component of the identity.

Lemma 3.2.8. Let (p;, E;) € ®(Gn)o fori = 1,2 be such that (p1, E1) ~1, (p2, E2).
Then for any A € GLy(C) satisfying (a).(D) it holds

A(p1(Fr)Cepy ) (o1lie, B1)A™ = pa(Fr)Cepy o) (P2l 155 Bo). (c)

Proof. The centralizer in GLy(C) of any subset S € My (C) is connected. Indeed it
is a principal open subset of an affine space, namely the centralizer of S in My (C)
[33, Section 1.2]. So in particular for ¢ = 1,2 it holds

Cery ) (Pilir Ei) = Covy©)(piliy, Ei).-
If A e GLy(C) satisfies conditions () and (b)), then
ACcry© (p1lre, E1)A™" = Car,) (Alpr| 1) A7 AELATY) = Cavy o) (p2lies Bo).
Therefore A satisfies (d) if and only if
p2(Er) ' Api (Fr)A™" € Car, o) (p2l i, Ba).
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The p;’s are tame representations, so they are representations of Wr / Py =

Ir S/ Pp X (Fr), where Fr acts by powering to the ¢ every element in Ir / Pp-
Therefore using condition @ twice we get

pa(Fr)  Apy (Fr) A~ ol 1, Apy (Fr) T A~ po(F'r)
= pa(Fr)” lAﬂl(FT)PﬂIFPl(FT) LA po(Fr)
= p2(Fr) " A(pilr, )T A™ pa(F7)

= pa(Fr) " (Api| 1, A1) po(Fr)

= p2(Fr) " (p2|1,) pa(F7)

= pZ‘IF'

Similarly, using condition (]ED twice we get

Ad(pa(Fr)™ 1(F7’)A )Ez
= Ad(pz(Fr)™") o Ad(A) o Ad(p(Fr)) 0 Ad(A™) E;
= Ad(ps(Fr)™") o Ad(A) o Ad(p:(Fr)) Ey
= Ad(pa(Fr)” ) Ad(A)qEn
= qAd(pa(Fr) ") By = g4 Es
= Fs.
This shows that po(Fr) ' Api(Fr)A™" € Cavy ) (p2]1p, E2)- O

For any (p, E) € ®(Gn)o, we set

p(FT) = p(FT)CGLN((C)<p|IF7E)'

3.2.2.2 Macdonald correspondence

Proposition 3.2.9. [f7] There is a canonical bijection

My P GN)o s Irr(@). (3.26)

We now introduce the notation needed to give a description of this map. All the
claims in this section are restatements of results in [47].

Let (p, E) € ®(Gn)o. We write the decomposition into sum of indecomposable
representations of (p, E) as follows:

(p, E) = @l (psi, 0) @ Sp(r:),

with uniquely determined p; € ®(G,,,)o and m;, r; € N such that Zle m;r; = N.
Let &, denote the set of the partitions of r for r € N, and let & := | | &
denote the set of all partitions. For any A € &2, we write |A| = r if A € Z,.
We define the partition valued function associated to (p, E) by:

O
Apy | |2 Cmbo s — 2 (3.27)

meN

Jo) '—>(TZ|Z€{1,,]€} s.t. p0|1F§pi|]F)
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where (r; | i € {1,...,k} s.t. polr, = pilr.) is ordered to have decreasing entries.
0

For any po e | | PV (Gm)o / ~1,» let m(po) be the dimension of the representation

space of po, 1.e., pg € P°(G () )o- Then since (p, E) € (G )o, the partition valued

function A, gy satisfies >, m(po)|A(po)| = N, where the py runs through a set of

0
representatives for | | (G )o S~ - We say that A, ) has degree N.
The assignment (p, E') — A(, g is constant on the Ip-equivalence classes, because

A(y,r) depends only on (p|7,, /). Therefore it defines a map from CI)(GN)O/NIF to

partition valued functions on | | _¢ (G )o S ~1 of degree N.

This map is a bijection. It is injective because if two tame Weil-Deligne
representations (p1, E1), (pa, E2) € ®(Gy)o are associated to the same partition
valued function, then their indecomposable constituent are pairwise /g-equivalent
and so (p1, E1)r. = (p2, F2)1,. It is surjective because any partition valued function

A satisfying >, m(po)|A(po)| = N is the image of @, (D,cp(n) P0 @ Sp(r)), where
po runs through a set of representatives for | | _. (G S~

“Let m € N and 7 € Cusp(G,,). For any r € N, the irreducible components in
Rg?” 7 are in bijection with simple modules over a finite Hecke algebra with equal

parameters H(S,, ¢™), that is isomorphic to C[S,]. In particular simple modules
over H(S,,q™) are parametrized by &,., and we normalize the parametrization in
such a way that the partition (r) corresponds to the sign representation. As a con-
émr
G
Let A € &,.. Then there is a uniquely determined irreducible component in

sequence, irreducible components in RZ"" 7 are parametrized by partitions of r.

Rga* XII_,7 corresponding to A . We denote it by 2.

Let A : || _Cusp(Gn) — & be a partition valued function such that

Y. m(o)|A(o)| = N, where o runs through | | _ Cusp(G,,) and m(c) is such that

0 € Cusp(Gm(r)). We say that N is the degree of A. We set

.— RGN _ A7)
e Rer<T>|A<T>|(7TT ) (3.28)

It is in an irreducible representation since it is the parabolic induction of pairwise
not-isomorphic irreducible representations. Any irreducible representation of Gy
corresponds to a partition-valued function as in (3.28)).

We are now in the position to describe the map (3.26)).
0
For any m € N, the map .Z° in (3.15) is a bijection from ¢ (Gm)O/IF to

Cusp(G,,). Collecting together these bijections for any m yields a bijection

LR |_| CI)O(Gm)O/NIF N |_| Cusp(Gon)

meN meN

0
satisfying m(.#°(polr.)) = m(po) for any py € |_|meN(I) (Gm)O/NIF. It follows
that the composition with (.#Z°)~! yields a preserving degree bijection between

%(G)

partition valued functions on | |,y 0/« I and partition valued functions
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on | |, .y Cusp(Gp).

Let (p,E) € ®(Gn)o, and let A, gy be the partition valued function on

L, e (I)O(GW)O/NIF associated to (p, E)Ii as in (3.27). Then A, p) o (#£°)'is a
partition-valued function on | | _ Cusp(Gy,) of degree N. The image of (p, E),
through the map .#y is defined by

AN ((p, E) 1) = TA (. myo(0) 1 (3.29)

where 7y, ; o(#0)-1 is the irreducible representation associated with A, g) o (®)~1

as in 3.2.

The following observations will be useful in Chapter [[V]

Lemma 3.2.10. Let A be a partition valued function on | | _ Cusp(Gp) of degree

meN

N and let x € @ Let xA be the the partition valued function on | |,y Cusp(Gp,)
of degree N defined by
YA(T) := A(T® (x ! o det))
for €], .y Cusp(Gy). Then
Tya 1= A ® (x o det). (3.30)
Proof. The representation 7, is defined in (3.28) as my = R%N G )‘( _TAMY,
with 7 e | ] _ C’usp(ém) and where 787 is the irreducible constituent of
’"” IO XIMOI 1) corresponding to the partition A(7). It follows that
i)
_ 51\77 A(T) _ éNi A(T)
TA®(xodet) RHT Gm(f)\A(T)\(T )®(yodet) RHT Gm(T)lA(T”((T ®(xodet))).
(3.31)

On the other hand,

TyA = REV_ ([X] 7)) = R% ((7’ ® (x o det))™).  (3.32)

[- Ginyeam Gm(n)A@)]

We show that for any 7 €| | _ Cusp(Gp,) it holds

@ (yodet) = (T ® (x o det)) M. (3.33)
Let m :=m(7) and n := |A(7)|. We have

n — n

RGW"( 7) ® (x o det) = Rgn:”((T ® (x o det))).

i=1 =1

It implies that the Endg (Rgzm (?:1(7 ® (x o det)))) -module structure on

. mn d
Homg,, (Rgmn (i (m ® (x © det))), 77 ® (x o det)) is the same as the
Endg,  ( RGm" (? , 7)) -module structure on Homen ( RG\’X"TM (X, 7), 7).

IA(‘F)I

This proves . Comparing (3 and (3.32)), it follows that A ® (x odet) =

TxA- ]
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Remark 3.2.11. We retain notation from Remark m Let x € /2}“; Then x acts
on Irr(Gy) by m — 7 ® (x o det). Moreover, as in Remark we identify y with
a Frobenius stable character of IF / Pp and lift it to Wg by letting the Frobenius
elements act trivially. Then y acts on ®(Gn)o by (p, E) — (p® x, E). Since
(p1, Ev) ~1p (pa, Es) implies (p1 ® x, E1) ~1 (p2 ® X, E2), this defines an action of

the character group of k}. on (G )o S~ I
The Macdonald correspondence

My cb(GN)O/NIF — Irr(Gy)

is equivariant with respect to the actions of the character group of £, just described
[47, Proposition 1.3].

Indeed, for any (p, E) = ®(p;,0) ® Sp(r;) in &(Gy)o, retaining notation from
Lemma [3.2.10} it holds

Aoy 0 (A°) ™ = XAy © (A°)7H),
because for any 7 €| | . Cusp(Gr,) we have
Ao,y © (A°) (1)
= (ri | ie{l, ...k} st. (2°7))ip = pilry) by
= (ri i€ {1, k) st (%) (D = xpilie)
=(ri|ie{l,... k} st X_l(//lo)_l(T)hF ~ pil1,) by Remark [3.1.§]

— (rilie{l,... k) st () (r@(x " o det)r, = pil1,)
= Ny (T® (x ' odet)) = xApp) (7).

Hence by Lemma |3.2.10

AMN((xp, E)1p) = TA (xp, )0 ()1 = TxXA(, pyo(a0)~1 (3.34)
= TA(pmo(a®) 1 & (xodet) = Mn((p, E)1p) @ (x 0 det).

3.2.3 The indecomposable - essentially square integrable
case

In this section, we assume N = mr for m,r € N,

Now that we recalled how to build the tame Langlands correspondence and
the Macdonald correspondence in the general case starting from the irreducible-
supercuspidal one, we start addressing the problem of the compatibility of these
bijections via parahoric restriction.

The following results were developed indipendently, but after their completion
the author became aware of [59, [64], that get to the same conclusions (see the
introduction of this chapter). The result in [64, Appendix A, is stated in terms of the
"reduction to tempered type" map [59]. We are interested just in the depth-0 case,
where this map can be described just in terms of the parahoric restriction functor,
as we do in . One reason to adopt this description is that the "reduction to
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tempered type" map is not yet available for a general split reductive group, and
giving statements in terms of parahoric restriction will make the extension of the
results to the SLy case in chapter [[V] more straightforward.

As first step toward proving the desired compatibility of the tame Langlands
correspondence and the Macdonald correspondence, we consider indecomposable
tamely ramified Weil-Deligne representations and essentially square integrable rep-
resentations, that correspond to each other through the bijection . Indeed, if
pPe (I)O(Gm>07

e ((p,0) ® Sp(r)) = Q(A(Z,(p), 7). (3.35)

So the aim of this section is to show that
PE L (,0) ® Sp(r)) = M ((,0) ® Sp(r))1,). (3.36)

In the notation of Section [3.2.2 by construction of the map (3.26)

M (((9,0) ® Sp() 1) = 770 (1, ), (3.37)

where 71'{(/;/)791 (i) 15 the irreducible constituent of Rgﬂ" M2 (p|r) parametrized by
the partition (r), i.e.,corresponding to the sign represgntation in the corresponding
Hecke algebra.

Indeed, the partition valued function A, 0)gsp) associated with the indecompos-
able representation (p,0) ® Sp(r) as in is supported on the Ir-equivalence

class of p, and it holds A, 0)sper)(pl1.) = (7). Therefore

(r) (r)

— 6777,7‘
TAo@snno 21 = R T g (o, ) = Ta9, 1 ,0):

mr

and so (3.29) reduces in this case to (3.37)).
Combining (3.35)) with (3.37)), in order to have (3.36)) we need to prove that

PgZIQ(A<$r?L(p)7 T)) = W(/;/)%(p‘IF)- (3,38)

This is what we are going to show in the rest of this section.

We will need the following result about compatibility of parabolic induction and
parahoric restriction.

Proposition 3.2.12. Let 0, be a supercuspidal representation of G,,. Then, the
representation

P Q(A(om, 7))
is a subrepresentation of
émr m
Ra:n (Pgm O'm>T.

Proof. By definition, Q(A(o,y,,r)) is the unique irreducible quotient of

RGE (0m B (00 @ |det(-)]) B - B (0 ® [det ()"
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so0, since the parahoric restriction functor Pg"“" is exact,
mr

Gm’f‘
Pémr Q(A<0m7 T))
is a quotient of
Pg::: RGgT(Um ® (Um & ’d@t()‘) s (Jm ® ’d€t<)‘r—l))
By [52, Proposition 2.1],

PEm R (0 B (0 ® |det(4)]) - - B (0 @ [det ()| ))
= RZ PEr (0 B (0 ® |det () ) B -+ [ (00 ® [det(-)|"™))
- Rgirmggam K P (00 @ |det(-)) B - B PG (00 @ |det(-)]™1)).  (3.39)

Note that
Pg::(am ® |det()]") = ng:am
forany i = 1,...,7 — 1, as |det(k)| = 1 for any k € K,,.
Therefore Pg::Q(A<O'm, 7)) is a quotient of RG”" (P om)". Since the category

of representations of G,,, is semisimple, any quotlent of a representation of G, is
isomorphic to a subrepresentation. O

Corollary 3.2.13. The representation
Pe QAL (p), 7))

is a subrepresentation of

RGP (A5 (plip))").

Proof. Tt directly follows by combining Proposition [3.2.12] and Proposition [3.1.11]
[l

Therefore, to completely characterize PgWQ(A(ﬁrg(p), r)) it is enough to un-

derstand which irreducible constituents of Rginr((///,%(ﬂ 1)) it contains and with
which multiplicity. In the rest of this Section, we prove that the only irreducible con-
stituent appearing is the one corresponding to the sign representation of H(S,, ¢™),
with multiplicity 1.

3.2.3.1 Bernstein blocks

Let G be a reductive p-adic group, and let M be a Levi subgroup of G. We de-
note by M€ the subgroup of M generated by all the compact subgroups of M. An
unramified character of M is a character that is trivial on M€, and the group of
unramified characters of M is denoted by X,,,.(M). Two supercuspidal representa-
tions of M are called equivalent if they differ by a twist by an unramified character:
if 0 € Cusp(M) and x € X,,,(M) we write 0 ~ 0 ® x. We denote by [M, o] the
equivalence class of o.

We say that an irreducible representation 7 of G has supercuspidal support in [M, o]
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if 7 is a subquotient of a representation parabolically induced from o ® x for some
X € Xpr(M). We denote by BIMel(G) the full subcategory of smooth representa-
tions of G whose irreducible subquotients have supercuspidal support in [M, o]. The
subcategory BIMl(@) is called a Bernstein block. The Bernstein blocks for M can
be defined analogously, and in particular BM-1(M) is the full subcategory of repre-
sentations of M whose irreducible subquotients are isomorphic to some unramified
twist of o.

We recall the construction of a projective generator of BIM71(G) as in [56, Section
1]. Let o¢ be an irreducible constituent of the semisimple representation Res}l.o.
Then

HE\J}/[’U] := c-ind}}. o°

is a projective generator for BIMl(M), and
M,o M,o
"7 = RE (57

is a projective generator of BIM7l(@).

The projective generator H[éw ol of BIM 1(@) induces an equivalence of categories

Homg(H[M’o]

By 2omele T, o Endg (2 (3.40)
V > Homg(IIA"1 ).

3.2.3.2 Compatibility of Parahoric restriction with Restriction to the
finite Hecke Algebra

The aim of this section is to interpret parahoric restriction through the equivalence

of categories ((3.40)).

The parahoric restriction functor ng = (Resgx )K1+V has a left adjoint, namely
GN ._ . ;. 1GN Ky
IéN i= c-ind Y oInflaN,

KN

= K . . :
as we now show. Recall that Gy = *N /7 K3 The inflation functor Infl KN/KfV is

left adjoint the fixed point functor (-)5~, so for any representation 7, of Ky o K
and any representation 7 of Ky the identity induces a natural isomorphism

+
HomKN/K;’,(TI’ (7—2)KN) ~ HomKN(f”flﬂ(ﬁ/K{hh)‘ (3.41)

On the other hand, c—indIG{x is left adjoint to Res%i. For any representation 7
of Ky and any representation m of G, the natural isomorphism of the Hom-spaces
can be explicitly written as follows [57, 1.1.1]:

Homg, (T, Resi%w) - HomGN(c—ind%\V’ T, ) (3.42)
Y= sy
where s, for any f e c—ind?}% T is given by
so(f) = D, m@w(fla™). (3.43)
:EEGN/KN
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Composing the isomorphisms (3.41]) and (3.42)), we have that for any represen-
tation 7 of G and any smooth admissible representation = of Gy we have an
isomorphism

G ~ G
Homg, (7, PgYm) = Home, (I57T, ). (3.44)
Y sy

The left hand space is a right EndéN(T)—module with action given by composition,
and the right hand space is a right Endg, (Igjvv 7)-module with action given by

composition. The functor Igg gives a map
Endg, (r) — Endg, (ZgNT). (3.45)
T — ZgN(T)
More explicitly, for any f € Ig]’vv T,
G
I@]VV(T)(f) =Tof. (3.46)

From this description it is easy to see that the map (3.45) is an injective morphism
of algebras. We denote its image by Igg (Endg (7)), so we have an algebra isomor-
phism
~ 4G
Endg, (1) — Iéj’v\’(EndéN(T)). (3.47)

As any Endg, (Igjvv 7)-module is an Igg (Endg, (7))-module by restriction, it can
be regarded as an Endg, (1) module.

Lemma 3.2.14. The map (3.44)) is an isomorphism of right Endg (7)-modules.

Proof. Let T be a representation of Gy and 7 a smooth admissible representation
of Gy. We need to prove that for any T'e Endg (7), it holds

SypoT = Sy © Ig]]\\; (T)

G
Let f € Zégr Then

spor(f) = D, o T(f(z™")) = (3.43)
meGN/KN
Z m(@)(T o f(z7h) =
xEGN/KN
> w(w)w(lgg(T)(f)(:v‘l))=8¢OI§§(T)(f)- (3.43)
xEGN/KN
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We now specialize to the case we are interested in: let N = mr, let 0 €
Cusp(Gm)o, and let 7 = Pg::a. By Proposition |3.1.9, @ € Cusp(G,,), and we
write 0" = X[}_,0

Proposition 3.2.15. In the notation above, it holds:

Gmr Gmr —=T an’o—r
IGm o RS 5" = Ty,

Gmr 'm mr

Proof. Let P,,, be the parabolic subgroup of of G, of block upper triangular
matrices containing @:n Let Kp be the preimage in K,,, of Pmﬂ, through the
projection K,,, — Koy SR = Gor- Let K}, denote the pro-unipotent radical of
Kp. Then, "

KP/K’;;/’" = Fm,ra K—P/[(IJDr = é:n
Since the group K is a normal subgroup of K,,, and Kp, we have

B,
Kp
VK,

Ko K . 1Ko K
= c-ind2"" oIn fl3* = c-ind"" oIn fl=F
Kp fKP/K+ Kp ‘fP

Km'r émr — K’mr 3
[nflémr o ]ndpm’r = [nflKW/K+ o c-ind

m,r
mr

where we used that that fKmr /" I, is a compact space, so there is no difference
between induction and compact induction. Therefore

I8 o RG"”“ T =c- 1ndG”” o]nfle’“ o IndG”” o ]nflJ” o

GmT 'm

Pmr
= c- dem’“ oc- md mr o]nflKP el Infl 7 =c- deW o]nfli(erT.

(3. 48)
The pair (K], [nflgfnﬁ") is a type for Bl 1(M), in the sense of [I3]. Indeed
since " = ’ngna’”, the restriction of the supercuspidal representation o” to K,

Gm
contains [nfl&”?’" and so (K7 ,Inflglnﬁ’“) is a type by [11, Theorem 6.2.3] .

Moreover (Kp,lnf H”) is a cover for (Kfn,lnflgflﬁ’”), in the sense of [13,
Defnition 8.1]: it is a partlcular case of [b1], 3.8].
In particular, [4, Lemma B1] applies to this situation, and it yields
c- dem’“ o]nflKP*T = H[GG:”’UT].

Therefore (3.48) gives

g o Rgr o =g, (3.49)

]

Proposition 3.2.16. For any © € BlSn"1(Q), there is an isomorphism of right
Endg (RG”"* )-modules

Homg,, (RG" o, PErm) = Hom,, (g7 ), x).
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Proof. By Proposition [3.2.15 the map (3.45)) gives an embedding
Endg, (RS 5") — Endg,,, (Ig")) (3.50)

and for any 7 € BI%m"1(@) the map (3.44)) gives an isomorphism
Homg, (RG”" T PG"”‘ ) = HomGW(H[GG:”’UT],ﬂ). (3.51)

mr

By Lemma [3.2.14] the isomorphism (3.51) is an isomorphism of right
Endg (RGW* )-modules, where the Endg (RG’"’" o")-module structure on the
right hand side is given by restriction to the image of the map O

Remark 3.2.17. We already recalled that the algebra Endg (RGW ") is iso-
morphic to the finite Hecke algebra H(S,,¢™). The endomorphlsm algebra
EndGW(H[GG "“UT]) is isomorphic to #(r,¢™), the affine Hecke algebra relative to
a based root datum of type GL, [28, Proposition 1.14, Proposition 1.15, Theo-
rem 7.7], with parameters equal to ¢ [50, 8.2]. The algebra 71(7", q™) is isomor-
phic to H(S,,¢™) ® C[Z"] as a vector space, it contains H(S,,¢™) and C[Z"] as
subalgebras, and satisfies cross relations as in [65, Definition 1.6]. The inclusion
End@mr(Rg’ir ") — EndGW(Hﬁﬁ’ar]) given by in this case is the natural
inclusion H(S,, ¢™) — H(r,q™).

Then Proposition [3.2.16] can be restated as follows: given a smooth
admissible representation 7 of Gy, the H(S,,¢™)-module structure on
Homg (Rg"” o Pg’":ﬂ) is given by restriction of the H(r,¢™) module structure

(G0

on Homg,, (Ilgm 4 m).

3.2.3.3 Segments and Steinberg representation

In this section we describe explicitly the equivalence (3.40) for G = G, M = G},
and 0 = X|_,0, 1= (0y,)",with o, € Cusp(G.,)o -
In this case, H[Gm’a — X, T5mm]and therefore Endey (H[Ci’r"’ar”]) ~

_Endg,, (11 Gmm’gm]) By |57, Remark 1.6.1.3], it holds Endg,, (11 G;’:“Um]) ~ C|Z].
Followmg [57], this isomorphism can be realized as we now explain. Retaining no-
tation from Section [3.2.3.1 we denote by G¢, the subgroup of G,, generated by all
the compact subgroups of GG,,, and we denote by o an irreducible constituent of
the restriction of o, to Gf,. Then we have H[ moml c—indgg o

Let
Ng, (0¢) ={r e G, | “of, =o'}
be the stabilizer in G,, of ¢¢,. By [57, Remark 1.6.1.3], the semisimple representation
Resggom is multiplicity-free. It follows that Ng, (of,) stabilizes the representation
space V,e of of,. We write 0, for the representation of Ng,, (cf,) on V,. obtained
by restriction of 7,,. Note that ResGGm( m)am =00 .
Let

H(Gm,07,) = {f : Gm = End(Voe) |f(9g') = 07,(9)f ()0"(g),
supp(f) is a finite union of GY, -cosets}.
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The vector space H(G,,,0¢,) is an algebra with convolution product

(feh) @)= >, flo)hlg ).

geGm/ggn
There is a canonical algebra isomorphism [57, 1.1.2]
Endge, (ME™7) ~ H(G,, 06)). (3.52)
A C-basis for H(Gp, of,) is given by
{0ce n |Gyyn € {Gy,~coset in Ng,, (o7,)}}

with dge ,, supported on G¢§n and satisfying dge n(n) = on(n). This yields an

algerbra isomorphism between H(G,,, 0¢,) and the group algebra of Ne,,(07,) / Ge

H(Go,05,) = C[Newlom) /e | (3.53)

5G$nn = n

Since any central element of G,, stabilizes o¢,, we have Z(G,,)GS, < Ng,, (05,). So we
can write the chain of inclusions Z(G,,)G%, < Ng,.(05,) S Gy, and the valuation of

the determinant gives isomorphisms G /e = Zand Z2(Gn)G5, S e =mZ =17
This implies that V6 () / - ~ 7.

We determine Ng,, (0¢,) when o, is a depth 0 supercuspidal representations of G,,.

Lemma 3.2.18. Let 0, € Cusp(Gy,)o and let o¢, be an irreducible subrepresentation
of Resgga. Then Ng,, (05,) = Z(G,)GS,.

m

Proof. We need to prove that Ng, (0¢,) < Z(G,,)GS,. Consider Resggam. Since

om is a supercuspidal representation of depth 0 , it holds o, = c—ind(Z;z"Gm) x,, \\ for
some representation A of Z(G,,)K,,. Since representations of G¢, are semisimple,
Mackey formula gives

Gm . 3 1Gm _ Ge ©Z (G ) Ko -
Reng C_lndZ(Gm)Km A= @ R‘GgmmZ(Gm)Km Resagnmwz(cm)Km A.
2GS\ G/ Z(Gm) K m

Since K, < GY,, and G¢, is normal in G,,, there holds

Gor N G/ Z{Go) Ko = Gy N\ G/ Z{Gon) = O/ 0 e

Moreover G¢, = *GY, for any = € G,,, hence

Ge, *Z(Gm) Km
@ chnan(Gm)Km Rescgnme(Gm)KmmA
2€GS,\Gm ” Z(Gm)Km
_ G Z(Gm)Km
= @ I(RngmZ(Gm)Km Restan(Gm)KmA)’

zeGm/Z(Gm)ng
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Hence

20 Z(Gm)Km
Rech o= P (Rée' w2y Rest QZ)( i V- (3.54)
meGm/Z(Gm)G%@

Since of, is an irreducible subrepresentation of Resgga, it is an irreducible sub-
representation of y(Rgc C A Z(Go) Ko Rech ;”Z)é’" 1k, A) for some y € Gm/Z( )G -

By [57, Remark 1.6.1.3] the representation Rech o is multiplicity-free, so the di-
rect summands in - ) don’t have any irreducible subrepresentation in common.
If ¢ Z(G,)GS,, then of, and *of, will be irreducible subrepresentations of two
different direct summands in ([3.54), hence x ¢ Ng, (05,). O

Lemma 3.2.19. Let 0, € Cusp(Gp)o, and let | det(-)|* with s € C be an unrami-
fied character of G,,. Then the modules corrsponding to simple objects through the
equivalence (3.40) for BISmom)(G,.) are given by

BlEmoml(G) — Mod — C[Z]
Om ® ’ det()’s = C(qms),

where Cgms) is the unidimensional module over C|Z] defined by

zZms

z.1l=gq
for any z € 7.

Proof. Since C[Z)] is abelian, we do not distinguish between left and right modules.
It holds

Homg,, (57, 0,0 ® | det()|") = Hom,, (c-ind§y" 05, 0, @ | det(-)[)
~ Homge (o7, Resggam ® |det(-)]*).  (3.55)

The latter is a 1-dimesional C-vector space because Resgg(am ® |det(-)]*) =
Resggam is multiplicity-free, [57, Remark 1.6.1.3].
There is a right H(G,, 0f,)-action on Homge (0¢,, Resggam®| det(-)|*) given by

t.f(v) = Z (0m @ [ det(-)[*)(9)t(f (g™ )v)

gelm/, Ge

m

for any f € H(G,,,05,), t € Homggn(aﬁl,Resggzam ® | det(-)|*) and v € V,. . Note
that this expression is well defined, since each summand on the right does not depend
on the choice of representative for G /e in Gy for any g € Gy, g1 € G}, and
v E Vg%,

(o @ | det(-)[") (gg1)t(f ((991) " )v) fe H(Gm,0y,)
=(0 ® | det()*)(991)t (0, (g1 ) f(9)v) t € Homg, (07, ResGe o ® | det(:)[)
=(0m ® | det()[*)(991) (o @ | det(-)|") (g )t(f (g)v)
=(om ® | det())[")(9)t(f (g™ )v)



Under the isomorphism (3.52) Endg,, (H[G’” U’”]) H(Gn,08) , the
isomorphism  (3.59)) intertwines the EndGm(H[Gni”’ composition  ac-
tion on Home (H[Gm o) G ®|det())]") with the H(Gp,0oS )-action on
Homge (of, Rech om ® | det(-)|®) by [57, Section 1.5.4].

In  other  words, the  Endg,, (H [Gmoml) module  structure  of
Homgm(H[G?r’L’“am], om ® | det(-)|®) corresponds to the H(G,,,o¢,)-module struc-
ture of Homge (0%, Resg’c”am ® | det(-)]®).

Let ¢ be the canonical inclusion of Ve in the representation space of o. Since
Rech (om ® |det(-)]?) = ResGC Om , the inclusion ¢ is a non zero element in

Homge (0F,, Resggam ® | det(-)|* ) For any n € Ng,,(05,) and v € V. it holds

lle

q

m])

(LOagn)v =" >, (0m®|det()]")(9)u(dasn(9™")0) = (0,@] det(-)|*)(n~)el(T (n)0).

gelm/ Ge

By construction, a,, is the representation of Ng, (0¢,) obtained by restriction of o,
to Ve , and ¢ is the canonical inclusion, so it holds

~

LOm(n)v) = oy (n)i(v).
Therefore
(0m ® | det()[*)(n™)u(Tn(n)v) = (00 @ [det(-)|") (0™ )om(n)e(v) = [det(n™")[*u(v)

So &, acts on Homge (05, ResGé”am ® | det(-)[*) by the scalar | det(n~1)|*.
Via the isomorphism , this is the same as saying that Ne,(o7,) /G acts
on Homge (05, Resggam ® | det(-)|*) by the character |det(-)|*. "
Let v : F — Z be the valuation of F'. By Lemma (3.2.18] we have the isomorphism
Ng,, (o} )/Gc - Z(Gm>an/G; ~7 (3.56)
v(det(n))

m

n +—

For z € Z, let n, € Z(G,, )Gc be such that z = M Through the isomorphism
(3-56), Homg: (0¢,, Res 2 (om @ det()]%)) is a Z- module with action

det(n,
= PRI | = et = g% =
m

for z € Z. O

Remark 3.2.20. Note that BlEmeml(Gr)y =~ [x]_, Bl¢=oml(G,,) and
EndGr (H . U:”]) ~ [X|_, Endg,, (H [Cm. Um]), and the equivalence (3.40) for
BlGmomm] (GT ) is given by

BlEmeml (G
i=1

XI;_, Homg,, (L™ 7m .

Gm .EndGm (momly — Mod — (3.57)
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As already recalled in Remark [3.2.17, the endomorphism algebra
EndGW(H[g m’UT"]) is isomorphic to the affine Hecke algebra H(r, ¢™).

Proposition 3.2.21. The representation Q(A(o,, ® |det(-)|*,r)) € Bl N (G )
corresponds to a (twisted) Steinberg representation of H(r,q™) through the equiva-
lence (]3.40) .

Proof. For any a € C, let St, denote the a-twisted Steinberg representation of
H(r,q™). This representation is the unique irreducible quotient of the represen-
tation

—r 3—r r—1 )

1
(qma)qm(T» P

I nd?g[(zr;]m)(c

where Ind denotes the extension of scalars, and C = 1 ior sor ro1y S the irreducible

aqm( 5
unidimensional module over C[Z"] defined by

1—r42i
| | ma gmz
(zla Sy R 1 = q b2

for (z1,...,2,) e AR
o [Gr Gmr G7n " [G:nio'r] o
Since g ™" * = R g™ 7, the algebra Endg; (Ig,™” 7) is naturally a sub-

algebra of EndGW(H[G 7 ]) and by [56, Theorem 5.3], the following diagram com-

mutes:
Hom(Ilg,,, )
—>

Mod — Endg,, (157

Rgﬂ zmﬁ (3.58)
Hom(11Gmml )

BlGwe (G ) ——"—— Mod — Endg;, (IIge™"))

By Remark 3.2.20), the bottom horizontal map in

(13.58)) is X|;_, Homg,, (Hg;mm’am], ), and by Lemma (13.2.19))

HOme(H[GGanUm], O @ |det(-)| ) = C(ymes+y as C[Z]—module. Therefore

Hom(l'[gifma;ﬂ (gm X ‘det(”s) (Um ® ’det(,)‘sﬁ-l) . (O—m ® ‘det(‘)|s+r—1))
~ -Hom ol o @ det(-)[+)

= C(qm(s+i))
=1

= (Cqmsqm(l,Z,...T)
=C

1 1— 3— —1
gD gm G A )

Since the diagram (3.58|) commutes,

Hom(HGGm ol RGmT((0m®‘det(.)|s) (Um® |d€t( )‘erl)... (0m®‘det(.)|s+r71)>>
_[nd(Hom(H[G O] (0 @ |det()|*) & (o, ‘det(')‘sﬂ)"'(0m®|det(-)]s+’"_1)))
:Ind(c[z;] 'C

147 1—r 3—r r—1,.
m(s+ =Ty es
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Moreover the top horizontal functor in the diagram (3.58) is an equiva-
lence of categories, so it maps the unique irreducible quotient Q(A(o,, ®
|det(-)|*,r)) of the representation RGgT((am ® |det()]*) ® (o @ |det()]* T ® - ®
(om ® |det(:)]**""1)) to the unique irreducible quotient St e of the module
]ndg[%;‘i’m)@ lr 3—r 71, O

iry
7 )gm (2T

qm(5+

Proposition 3.2.22. Let 0 € Cusp(G,,)o and r € N. Then

PE QAo 7)) = w2 (3:59)

Grmr PEm”
m

Proof. By Proposition [3.2.21) the representation Q(A(o,7)) corresponds to a
(twisted) Steinberg representation St.. Then by Proposition [3.2.16] and Remark
3.2.17, the parahoric restriction PSQ(A(o,7)) is the irreducible constituent of

Rg?’” (Pg’"ﬁ)’” corresponding to the restriction to H(S,, ¢™) of St, . The restric-

tion of the representation St, of ’;tl(r, q™) to the finite Hecke algebra H(S,, ¢™) is
the sign representation, that is parameterized by the partition (r). Hence we have

identity (3.59)). ]
Proposition 3.2.23. For any p € ®°(G,,)o it holds

P QAZLA(0): 1) =700 1
Proof. By Proposition |3.2.22

PEQ(A(LL (p), 7)) = 72

PEr 25 ()

and by Corollary |3.2.13 o .
TpSm g9, (0) — A (ol

This concludes the proof of the identity (3.36]).

Theorem 3.2.24. For any indecomposable tamely ramified Weil-Deligne represen-
tation (p,0) ® Sp(r), with p € ®°(G)o, it holds:

PE™ Lo ((p,0) @ Sp(r)) = Mo (((p,0) ® Sp(r)) 1) (3.60)

Proof. By Proposition (3.2.23)), the identity (3.38) is proved, so we can use the chain
of identities at the beginning of this Section as follows:

PE (L ((p,0) ® Sp(r))) by
:PgmrQ(A(ofg(p), r)) by Proposition [3.2.23

:W<(T/)791(P|IF) by (3.37)
=M (((p,0) ® Sp(r))1).
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3.2.4 The general case

In this section, we extend the compatibility via parahoric restriction to the whole
tame Langlands corresponence and Macdonald correspondence, treating the gen-
eral case of an N-dimensional tame semisimple Weil-Deligne representation and the
corresponding smooth irreducible representation of G .

While the parahoric restriction of essentially square integrable representations
is irreducible, as we have seen in the last section, this is not the case for a gen-
eral smooth irreducible representation of Gy. In the beginning of this section, we
describe which representations of G appear as irreducible constituents of the para-
horic restriction of a smooth irreducible representation of G. This description
allows us to introduce a way of selecting an irreducible constituent, that is given in
(3.63). Therefore we obtain a truncated version of the parahoric restriction, that
yields the desired compatibility between the tame Langlands correspondence and
the Macdonald correspondence.

As already mentioned in the introduction of this chapter and at the beginning of
Section this compatibility has already been proved in [64, Appendix A]. The
"Head of parahoric restriction" that we define in coincides in the depth-0 case
with the "reduction to tempered types" map defined in [59].

Lemma 3.2.25. Let & be a cuspidal representation of G,,, and let
01y ..,0% € Cusp(Gy,)o be such that Pg’"al- = 7@ for any i € {1,...,k}. Let
A= (r1,...,rx) € Pp with Pe N, and let n = Pm. Let

7w =R% (Q(A(oy, 7)) X - X Q(A(0k, T1))).

i=1 Gmr;

Then the irreducible constituents of PS"n are the irreducible representations T2

were X' runs through the partitions of P such that N = \ with respect to the domi-
nance order. Moreover the representation T2 appears with multiplicity one.

Proof. By compatibility of parahoric restriction with parabolic induction, it holds

Perr =P RE  (Q(A(0n,m) B B Q(A(0r, 7))

o et
=R} 5 P QA1) B - B Q(A(ok 1))
_ Ré%:lémm (P;::(Q(A(al,ﬁ))) o ngfjj (Q(A(ox,7x))))  (3:59)
= R{{i 3, (Tpiny, B BT, )

By [32, Theorem 5.9], the irreducible constituents and multiplicities of the repre-
sentation R%‘ (ﬂg R WE;T ’“)) correspond to the irreducible constituents of the
induced representation [ ndgfl Xor XSr, sign [x] - - - [X] sign of the symmetric group Sp.
Recall that the parameterization of the representations of the symmetric group Sp
is normalized in such a way that the highest partition (P) corresponds to the sign
representation and the lowest partition (1) corresponds to the trivial representa-
tion. Hence, in the representation [ ndgfl Xor XSrg stgn [x] - - - [X] sign the irreducible
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constituents are parametrized by partitions X’ = X in the dominance order, and the

irreducible constituent relative to (ry,rs,...,r,) appears with multiplicity 1. Hence
the irreducible constituents of Pg"ﬂ' are the irreducible representations 72 with
N = X and 72 has multiplicity 1. O

We retain notation from Section|3.2.1} Let {Aq,... A} be a multiset of segments,
with

A; = Aoy, 1), for o; € Cusp(Gp,)o, mr; € N
and Zle mir; = N.We recall that I(Ay,...,A;) = R o QA1) K-
i=1"MgTy

Q(Ay)).

We associate to the multiset of segments {Ay, ... Ax} the partition-valued func-
tion of degree N on | | _ Cusp(G,,) defined by

May.ay || Cusp(@) — 2 (3.61)
meN
G o (rlie{l....k} s.t. PS"0, =)

where (r; | ie{l... k} s.t. Pgmf 0; = 0) is ordered to have decreasing entries.

Let A, A’ be two partition valued functions on | | _yCusp(G,,). We say that
A < N if for any 7 € | | Cusp(Gy,) it holds A(7) < A'(7), where < denotes the
dominance order on partitions.

Lemma 3.2.26. Retain the notation above. Let A be a partition valued function

dneN Cusp(G,,) of degree N. Then wy as in (3.28)) is an irreducible constituent
ofP I(Av, ... Ay) if and only if A = Aga,.ayy-

Moreover the irreducible representation my, N , appears with multiplicity 1.

Proof. By compatibility of parahoric restriction and parabolic induction, it holds

ng[(Ah... k) = PGNR%NIGMT(Q(Al)...Q(Ak))
N i= 1Gm T
_ R?L e sz G QAR - K Q(AR))
=R g (P2 QAN H - B Q(AL)
:R N (r1)
i=1Gmyr; (WPg:: = .W 2:: k>

where the last equality is obtained using on each factor. We decompose
Gm
{1,2,...,k}=JiuJou-- qusothathlaz_P—

Com, G,
i,j € {1,2,...,k}, belong to the same J,, for some s < [, so m; =m; . Forie J;

'0; if and only if ¢ and j for

_ G, ~ ,
we set o5 1= Pém’ o; and mg := m; for i € J; . Moreover we set P, = ZZ-GJS ri, and

mj

As = Ma,,..a,)(Ts), that is the partition of P, having as entries the lengths of the
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segments relative to the cuspidal representations whose parahoric restriction in &g,
ordered in decreasing order. We write the entries of A\; as Ay = (As1,. .., Asjg,))-
Transitivity of parabolic induction gives

G r
R g (T, B R8, )
i=19m;r; P_
G7n1 P, °
__ 61\7 mg Pg ()‘51) . ()\S|JS‘)
N RHls Gy py (.R e, Grigr 5 7T ﬂ-gs ))

By Lemma(3.2.25} for any s € {1,. l} an irredueible representation is an irreducible

constituent of R7" )‘” XX 7T7 Y1) i and only if it is of the shape T

Hjer 5%37‘]
with \' > A, and the irreducible constituent ﬂﬁf has multiplicity 1.
Therefore an irreducible representation of Gy is an irreducible constituent of

REY (Wgcl;)ml XK Gmk ) that is, of PENI(Al, ..., Ay), if and only if it

1_[7, 1 Gm i
my Gm

is an irreducible constituent of a representation of the shape

RG}zzléﬁsPs (mor -+ ms!)  with g > A for any s=1,... l. (3.62)

We claim that a representation of Gy is of the form (3.62) if and only if it is a
representation 7y as in for A a partition-valued function on | | _ Cusp(G,,)
of degree N satisfying A > Aga,,..a,3-

Indeed let A be a partition-valued function on | | _ Cusp(G,,) of degree N
such that A > Aga, . a,;- In particular it holds |[A(T)| = [A¢a,,..a,1(@)| for any
7 € |,y Cusp(Gr,), that is, |A(e)] = P, if & = 7, for some s = 1,...,1l and 0
otherwhise. Then w5 as in is given by

G AT AT
™ = RHJQV:E%SPS (71'0—1( SRR T‘-UT( l))
and since A = Aga, . a,} it holds A(G) = A, for any s = 1,...,[, that is, 7, is one
of the representations as in (3.62).
Conversely let RGQSVZI i (T [X1- - - 75! ) be a representation as in 1} Then
it is equal to mp where A is the partition-valued function on | |y Cusp(G,,) defined
by A(G) = us is @ = o, for some s = 1,...,l and 0 otherwise. Since pus = A, for any

s=1,...,1it follows that A = Aja, . a,}-
Hence, any representation of the form (3.62)) is irreducible, and the irreducible

constituents of PQN](Al, ..., Ay) are exactly the 7w with A > AA(A1 7777 Y Moreover
the representation ma , — ROy ' G (7%1 --®@72!) has multiplicity 1, since
any 7r— for s =1,...,1 appears only once.

O

Corollary 3.2.27. Let m € Q(Gn)o, let {Aq, ..., Ak} be a multiset of segments such

that m = Q(Ay, ..., Ag) as in Theoremm Let A be a partition valued function

on |_|mEN Cusp(G m) of degree N. If wp as in is an irreducible constituent of
NQ(AI, .. Ak) then A > A{Al,‘..,Ak}'
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Proof. Since Q(Aq,...,Ag) is a quotient of I(Aq,...,Ax), the representation
ngQ(Al, ...,Ag) is a subrepresentation of ngl(Al, ..., A), by exactness of

parahoric restriction and semisemplicity of the representations of Gy . By
Lemma |3.2.26, an irreducible representation of GG is an irreducible constituent of
ng[(Ah ..., Ay) if and only if it is of the form 75 for A a partition valued function

-----

Let m € Q(Gpn)o. Then by Theorem [3.2.3) m = Q(Ay, ..., Ag) for {Ay, ..., Ax} a
multiset of segments such that A; does not precede A; for any @ < j.

We define the Head of the parabolic restriction of Q(Aq,...,Ax) to be the irre-
ducible representation of Gy

HPEN(Q(Ar, ., Ay)) o= T, (3.63)

Corollary 3.2.28. Let {Ay, ..., A} be a multiset of segments such that none of the
segments \; is linked to each other. Then HP%Z (Q(A1,...,Ay)) is an irreducible

constituent of ng(Q(Al, <, Ag)) of multiplicity 1.

Proof. Since none of the segments A; is linked to each other, by Theorem [3.2.5| it
holds
Q(Ala"'aAk) = I(AlaaAk)

The statement follows from Lemma [3.2.26] O

Remark 3.2.29. If 7 € Q(Gy)o is a tempered representation, then by Remark
T = Q(Aq,...,A) with no linked segments. It follows that if 7 is tempered, then
the representation ’HP%N 7 is an irreducible constituent of multiplicity 1 of ngvv 70

by Corollary [3.2.28
We now extend the result of Corollary to representations in Q(Gy)o. We

will need the following combinatorial lemma.

Lemma 3.2.30. Let {Aq,..., Ay} be a multiset of segments, and let {AY, ..., AL}
be a multiset of segments obtained from {Aq, ..., Ax} by an elementary move. Then

Agasay < Mag.ary

Proof. The multiset {A], ..., AL} is obtained from {A;, ... A;} by substituting two
linked segments A;; A; by A; U A; and A; n A, Let A; = Aoy, 1) and A; =
A(oj,7;). We are assuming A; and A; to be linked, so there exists k € Nog such
that 0; = 0; ® |det|* with k < r; < k + r;. Then ngai = ngaj, since |det| is an

a
unramified character, and it holds A;UA; = Aoy, k+7r;) and A;nA; = Aoy, ri—k).
Let 7 := ngvvoi = ngaj. Since the elementary move that brings {Aq, ..., Ax} to
{A, ..., AL} involves only segments relative to supercuspidal representations whose

parahoric restriction is @, for any 7 € | | _ Cusp(Gy,) different from @ it holds
Afareay(T) = Magoar 3 (7).

To conclude we prove that Aga,  a,1(7) > Agar . A;/}(E).

Let A := Aga,,.23(@). We write A = (Aq,...,\) and denote by A; and
the entries relative respectively to the segments A; and A;, namely r; and r;. Let
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No=Mar A;/}(E). We write A = (A}, ..., ) and denote by A, and A, the entries
relative respectively to the segments A; U A; and A; N A, namely 7, — k and 7; + k.
So the partition )\ is obtained from the partition A by substituting the entries
{As; A} by {No = As — k, A}, = A\, + k}, and leaving the other entries unchanged.
Let d = A — k. Then X, = d and N, = A\, + \y — d. We observe that d > 0
since k < 1r; = Ag, and Ay —d =k > 0 and \; —d > 0 since r; + & > r;. Recall
also that the partitions are ordered in decreasing order. The following computation
shows that A > X with respect to the dominance order, i.e. 3 X — X, = 0 for

any 0 < h <[, and there is at least one h for which the inequality is strict.

h
DN, =X =0 0<h<t,
v=0
h
DN =X =X =M =Xy = Xy =0 ' < h < min{s,t},
v=0

h
Z Ay = Ao = Ay = Aninfts} = Amasfts) —d >0 min{s, t} <h < max{s,t},
v=0

h
DN = A =X, —d =X, =X, >0 maz{s,t} <h <,
v=0
h
DN =X =0 h=s.
v=0

O

Proposition 3.2.31. Let m € Q(Gn)o. Then /H,PgZ(ﬂ') is an irreducible constituent
of Pg;vv (1) of multiplicity 1.

Proof. By Theorem [3.2.3] there exists a multiset of segments {Ay,..., Ax} such
that A; does not precede A; for any i < j for which 7 = Q(A4,...,Ay). Then
7—[77%; (T) = TAg,. s, By Lemma 3.2.26, my ., , , is an irreducible constituent

,,,,,

of multiplicity 1 of ng (I(A1,...,Ag)). Therefore mp ., , is an irreducible con-
stituent of multiplicity 1 of the parahoric restriction of one of the irreducible sub-
quotients of I(Aq,...,Ax). Now we prove that TAa,. . a,, 18 DOt an irreducible con-
stituent of the parahoric restriction of any irreducible subquotient of I(Aq, ..., Ag)

irreducible constituent of multiplicity 1 of ng (Q(Ay, ..., Ap)) = Pgﬁ (7).

By Theorem , a representation in Q(Gy) is an irreducible subquotient of
I(Aq, ..., Ay) if and only if it is of the form Q(A], ..., A},) for a multiset of segments
{AL, ..., AL} obtained from {Aq,...,Ax} by a sequence of elementary moves. It
follows that if Q(A], ..., A},) is an irreducible constituent of I(Ay, ..., A;) different

from Q(A], ..., A}), by Lemma 3.2.30)it holds Aqa,,..a,) < Aqar,..a7 )
By Corollary |3.2.27, any irreducible constituent of 'ngva(A’l, ..., A},) is of the
form 7y for A a partition valued function such that A > Aa; Ay > Agay,.An-

It follows that my, is not a subrepresentation of ngvv Q(AY, ..., A},) for any
subquotient of (A1, ..., Ag) different from Q(Ay, ..., Ag). ]
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By Proposition [3.2.31} the head of the parabolic restriction ”HPgZ 7 is indeed a

truncated version of the parahoric restriction Pg;vv m, selecting a specific irreducible
constituent of the latter.

Now we are ready to prove the main result of this chapter, namely the fact that
the tame Langlands corresponence ad the Macdonald correspondence are compatible
via the head of the parabolic restriction.

Theorem 3.2.32. Let (p, E) € ®(Gn)o. Then
My ((p, B)ip) = HPGY Zn(p, E).

In particular #n((p, E)1,) is an irreducible constituent of PgIIVVXN(,m E) of multi-
plicity 1.

Proof. With notation as in Section [3.2.2) by (3.29) we have

AN ((p; E) 1) = TA(p, )0 (0) 1+ (3.64)
We write the decomposition into indecomposables of (p, E) as

(0. E) = @ (pi,0) ® Sp(rs),

i=1

where p; € °(G,)o and r; € N for any i € {1,2,...,k}.
Then by (8.27) for any e | | _ Cusp(Gy,) it holds

Appyo (#°)'(@) = (r; | i =1,...k such that p;|;, = (2£°)7'(7)),
that is
Appyo (%) (@) = (ri | i =1,...k such that .#°(p;|s,) = 7). (3.65)
By (3.24), it holds
In((p E)) = LN (@1 (pi, 0)@Sp(1:)) = QUA(L, (pi), i) |1 =1, k}). (3.66)
By (3.63), we have
HPEX (QUA(Z, (pi)yri) | i =1, k})) =

A{A(f%im)m | i=1,...,k}’

and by (3.61)) for any 7 €| | _ Cusp(Gp,) it holds
_ . G,y _
A{A(fr%i(/’i)fi) | i=1,..., k}(O’) = (Ti ‘ 1= 1, ey k such that Pém- (ggz(pl)) = U).
(3.68)
For any 1 = 1,...,k, Proposition (3.1.11) gives
Gm,
Péngngi(pi) = //fy?%(Pi’IF)-
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Therefore for any 7 € || _Cusp(Gn) comparing (3.63) and (3.68) gives
MA@, (o)) | =10} (@) = Moy © (4°)71(7), and so

A(A, (o)) | i=1ky = Doy © (A°) 7 (3.69)
Therefore
AN (P E) 1) = Ta, gyo(a0)1 by
= T, () | =1 ) by
= HPEN(QUA(Zy, (pi) ) | i=1,...,k}) by
= HPEY (Zn((p, E)). by
It follows by Proposition that .#n((p, E)r,) is an irreducible constituent
of multiplicity 1 of ng (Ln((p, E))). O
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Chapter IV

A reduction of the tame
Langlands correspondence for SL,,
over finite fields
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Introduction

In this chapter, we extend the results of Chapter [[TI] to the case of SLy.

In particular, we establish a Langlands-type parameterization of the irreducible
representations of the finite group SLy (kr), thereby confirming [35, Conjecture 4.3]
in this case. We then prove a compatibility result with the tame local Langlands
correspondence for SLy(F'), in line with the prediction from [68] discussed in the
introduction to Chapter [[TI]

The first instance in the literature where a Langlands-type parameterization for
representations of a finite group of Lie type along the lines of [35] had been es-
tablished is the Macdonald correspondence in [47] for GLy. After this chapter
was completed, in [34] such a parameterization for any connected reductive groups,
called there "finite Laglands correspondence", has been constructed, yielding a gen-
eral proof of [35, Conjecture 4.3]. The construction in [34] relies on categorical
equivalences (see [34, Proposition 4.1, Theorem 4.5]) and on deep results on the re-
lation between representations and Character sheaves (e.g. [45 [46]). The SLy case
considered here allows for several simplifications and a more direct construction,
which we exploit in our approach.

The results presented in this chapter have been recently published in [I5], and
the exposition here follows closely that of the article.

The key idea, following [35], is to refine the notion of Ir-equivalence by retaining
partial information about the image of a Frobenius element. In Conjecture [4.2.5]
we formulate a version of [35, Conjecture 4.3] specialized to our setting; see Remark
1] for a detailed comparison between the two formulations.

We define the Macdonald-Vogan correspondence M’y in Equation (4.14)), which
provides the desired parameterization of the irreducible representations of SLy (kr).
Theorem [4.3.3] proves that the fibers of this correspondence are in bijection with ir-
reducible representations of the expected component groups, thus establishing Con-
jecture [£.2.5] Although the parameterization is not canonical, it becomes so upon
fixing a “base point” representation. The proof of Theorem draws inspiration
from [25], Section 4], adapting the arguments to the finite field setting.

The remainder of the chapter is devoted to prove the compatibility between the
tame local Langlands correspondence Ly for SLy (F') and the Macdonald-Vogan cor-
respondence M’y for SLy(kr) as conjecetured by Vogan. An explicit formulation
of this conjecture in the case of SLy is given in Conjecture [£.4.1} The key results to
establish Conjectured.4.1lare Theorem [4.4.6, which establishes the compatibility be-
tween L-packets for SLy(F’) and the fibers of the Macdonald—Vogan correspondence
for SLy (kr), and Theorem [4.4.16] which confirms Vogan’s prediction regarding the
interplay between the parameterizations of the fibers via irreducible representations
of component groups and the restriction to maximal compact subgroups [6§].

V-1



Notation
o We retain notation from Chapter [[TI]

o Let H be a group. Let 7 be a representation H and 7’ is a subrepresentation
of 7, not necessarily irreducible. We say that 7’ has multiplicity 1 in 7 if
Hompg(n',7) = Hompy (7', 7").

oLet H = GL, or PGL,. If X < HC), we write
Cu)(X) = {he H(C)|[hXh™' = X} for the stabilizer of X in
H with respect to the conjugation action. If f is a map to
H(C), we write Chc)(f)={heH(C)|lheh™" =z for any xe Im(f)}
for the centralizer of the image of f. For = € b =
Lie(H(C)), we write Cy)(z)= {heH(C)|Ad(h)r = x}. We  set

Cue)(f, X, ) := Cuc)(f) N Cuey(X) N Crey(z). Similarly, if Y is a
collection of subsets of H(C), maps to H(C) and elements of b, we set
Ci(c)(Y) = [yey Cuic)(y) and CH(Y) for the identity component of Cy(Y).

We denote by Ag()) := CHO})/C']%(J}) the component group of Cy()).
o We set G, := SL,(F) and we denote by Q(G,)o the set of isomorphism classes

of irreducible admissible representations of ,, of depth 0.

We set K7, to be the hyperspecial maximal compact subgroup SL, (Or) of G/,
J— /!

and we denote by K'™ its pro-unipotent radical. We set G7,, := K, St =

SL,,(kr).

We write the parahoric restriction functor for GJ, as

Por QG — Irr(GT) (4.1)

T (RGSIG(;ZLW)K;‘JF

¢ In Chapter we described the tame Local Langlands correspondence (|3.24))

gN : (I)(GN>0 — Q(GN)O

We chose to define this maps rather than the inverse in order to align with
[6, [7, [10].

On the other hand, the tame Langlands correspondence for G’y (see Section
4.1)) is not a bijection, but a surjection from Q(G’)o to the set of Langlands
parameters for G'y. In order to maintain consistency and readability, we define

EN = 9%1\71 : Q(GN)O - (I)(GN)O (42)
Similarly, for the Macdonald correspondence (3.26]) we set
My = 5" Irr(Gy) — (I)(GN)O/NIF. (4.3)
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4.1 Local Langlands correspondence for SLy(F)

We recall the construction of the local Langlands correspondence for G’y as carried
out in [25]. The two "Working Hypothesis" assumed in [25] have been confirmed: the
existence of a local Langlands correspondence for Gy was established independently
in [27, 30, [60], and the restrictions of irreducible representations of G to G’y have
been proved to be multiplicity free in [67].

Since the dual group of SLy is PGLy, and G’y is split over F', a tame Langlands
parameter for G’y is a pair (p, E') where p : Wr — PGLy(C) is a continuous group
morphism that is trivial on the wild ramification subgroup Pr and has semisimple
image, and F € sly(C) is a nilpotent element satisfying Ad(p(w))(E) = ||w|E for
any w € Wg. The group PGLy(C) acts on the set of tame Langlands parameters
by adjoint action, and two tame Langlands parameters are equivalent if they are in
the same orbit by this action. We denote by ®(G’y)o the set of equivalence classes
of tame Langlands parameters for G'y.

The group F* acts on Q(Gn)o, with a character x acting by 7 — T ® (x o det)
for 7 € Q(Gy)o. The group Wr acts on ®(Gy)o by multiplication. Identifying
* and W; by the bijection of local class field theory, the tame local Langlands
correspondence £y for Gy becomes equivariant with respect to these group actions
by (3.12), and therefore the inverse Ly = £y " is equivariant with respect to these
group actions.

Therefore, denoting the orbit-sets of the action of the tame character groups by

(Gw)o / W; and (G )o a2 the local Langlands correspondence for Gy induces

a bijection
e Q(GN)O/ﬁ - MGN)O/I/I//;‘

Let n: GLy(C) — PGLy(C) be the natural projection. Then the map

0 ‘I’(GMO/W; S B(G)o (4.4)

WF<:07E) = (UOPaE)

is a bijection.

For any 7 € Q(Gy)o, the restriction Resg,}]z 7 is a direct sum of finitely many mutually
inequivalent representations of G’,. Moreover, the restrictions of 7,7 € Q(Gn)o
to Gy are either equal, and that happens if and only if 7, = Ty ® x o det for some
X € ]3\*, or they do not have any irreducible constituent in common.

Let Q(G'y)o be the set of isomorphism classes of irreducible smooth admissible
representations of G’y with supercuspidal support of depth 0. For any = € Q(G'y)o,
let D(m) € Q(Gn)o be an irreducible representation of Gy containing m as G’y
subrepresentation. Then the map

2 Q(Gly)o — HEVD /= (4.5)
T ﬁD(ﬂ')
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is a well-defined surjection. We will usually denote by D(7) a representative of the
orbit Z(m).

The local Langlands correspondence for G’y is the surjection given by the com-
position

L QG S Q(GN)O/}/?; Lw, q)(GN)o/W; s (G )o- (4.6)

The fibers of this surjection are called L-packets. For any (p, E) € ®(G'y)o, the
character group of the component group Apgry(c)(p, E) has a canonical simply
transitive action on the L-packet £y '(p, E) [25, Theorem 4.3]. To lighten the
notation, we will omit the group PGLy(C) and write A(p, E) for Apgr,c)(p, E).

4.2 The Macdonald-Vogan correspondence for
SLy(F)

We set G’y := SLy(kr), so that G'y = G/N/K]/V. We denote by Irr(G'y) the set

of isomorphism classes of irreducible representations of G’ .

4.2.1 The Ip-equivalence classes

Definition 4.2.1. The elements (p1, E1), (p2, E2) € ®(G'\)o are Ir-equivalent if
there exists A € PGLy(C) such that

Apil A7 = po (a’)
Ad(A)E, = F, (b7)
A(Pl(F'f’)CgGLN(C)(PﬂIFa El))A*1 = P2(F7”)CgGLN(C) (p2|1p, Ea). (c”)

We denote by ~p, the Ip-equivalence relation and (p, E), for the Ip-equivalence
class of (p, E) € ®(G'y)o

To lighten the notation, for any (p, E) € ®(G'y)o we set

p(Fr) = p(F)Chary o) (Plrr: E).

Remark 4.2.2. In view of Lemma |[3.2.8] this definition of Ir-equivalence is actually
analogous to the one given for G .

Remark 4.2.3. The equivalence relation on (G’ )o in [47, Section 5] requires the
conditions and only. The set of equivalence classes with respect to this
relation is denoted by ®{(SLy). The Ir-equivalence relation from Definition [4.2.1]
is an actual refinement of Macdonald’s one. We give an example in which the two
notions are different.

Let N = 2, and let ¢ be odd. Let (p1,0), (p2,0) € ®(GY)o be defined by p1(Ip) =
po(Ir) = (5 %)) and pi(F7) = (§79), p2(Fr) = (1§). Then (p1,0), (p2,0) are
equivalent for the relation in [47], since they have the same restriction to the inertia
subgroup, but they are not Ip-equivalent. Indeed, Cpgr,c)(pil1.,0) = T % (14),
where T" denotes the diagonal torus in PGLy(C), and there is no A € PGLy(C) fixing

(4 %) and conjugating T to (9§)T.
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CI)(GN)O/ ~Ip introduced in Remark|3.2.11}

We will make use of the lgl;;—action on

Lemma 4.2.4. Let n: GLN(C) — PGLN(C) be the natural projection. The assign-
ment (p, E) — (nop, E), for (p, E) € ®(Gn)o, induces a well-defined bijection

()

Uk e (47)

Proof. We first show that the map (p, E) — (1o p, E') induces a well defined map
/
(G y)o oy = D(Gy)o J o~ (4.8)

If (p;, E;) € ®(Gn)o, for ¢ = 1,2, are such that (p1, E1) ~1,. (p2, F2), by Lemma

there exists A € GLy/(C) satisfying conditions (a)), (b)), (). Therefore applying
N gives

n(A) (o pilr)n(A™") =no Api|r, A~ =no palr, condition (&)
Ad(n(A))E; = FEy condition (b))

We check condition . We claim that for ¢ = 1,2 it holds

N Cary(©(pil1r, Bi)) = Coary(e) (1 © pil e, Bi).- (4.9)

Indeed the inclusion € in equation follows from connectedness of centralizers of
GLxy(C), together with the fact that n(Cary(c)(pilry; Ei)) S Crary ) (0 © pil 1y, Ei).
Now we show the inclusion 2. For any g € Cpar, (<) (1°p:| 1., £i) we denote by § a lift
of g in GLy(C). Let z be an element in the image of p;|r,.. Since gn(z)g~! = n(x),
there exists a scalar A\ € C*, not depending on the choice of the lift §, such that
J23 " = Az, and equating the determinant in the last identity yields that X is an
N root of 1. Therefore the assignment ¢ — gag ‘2! defines a continuous map
from Cpar () (10 pi| 1., £;) to the set of scalar matrices of order a divisor of N. Since
the target set is finite, the connected component C’BGLN(C) (n o pilrp, E;) has trivial
image. Hence for any y € C’gGLN(C)(n o pilrs, Fi), any lift 7 satisfies Y2y~ = & with
 in the image of p|r,, and so §J € Cary(c)(pil1,). Moreover § centralizes E;, because
y centralizes F; and the adjoint action of GLx(C) factorizes through as the adjoint
action of PGLy(C), so ¥ € Cary ) (p|1x, £i). By definition of lift we have n(y) = v,
and so y € 7(Cary(c)(piliy, £:)). This concludes the proof of equality (£.9).

By (4.9) there holds

S0 (7] OplaEl) ~p (770/)27E2) in (E)\(G/N)O

The map (4.8]) is constant on kj-orbits because (no (p® x), E) = (no p, E) for
any (p, F) € ®(Gy)o, hence n* is well defined.
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We show that it is injective. Let (p1, £1), (p2, E2) € ®(Gn)o be such that (n o
p1, E1) ~1. (nopa, Ey) in ®(Gy)o. Then there exists A € PGLy(C) satisfying
conditions , and .

Let A € GLy(C) be such that 5(A) = A. Then Ad(A)E, = B, and Apy|;, A =
Xp2l1p for some character y of Ir. Since p; and py are tame, x is a character of
IF/pF, so (p1, E1) ~1p (p2 ® x, Es) in ®(Gn)o. In order to prove injectivity, it is
therefore sufficient to show that x is Frobenius stable. For ¢ = 1,2 it holds

Pi(Fr)pil 1opi(Fr—) = (pil1,)"
It follows that
~ ~ll o~ Nl o~ ~—1
Api(Fr)(pilip)pn(Fr DA = A(pi1,)"A = (Alpalin)A )" = (xpalin)® = x4 (2l 1p)"-

(4.10)
Moreover lifting to GLx(C) the relation Ano pi(Fr)A™" = no py(Fr) we obtain

~—1

Api(Fr)A = po(Fr).

In particular there exists a ¢ € Cary () (p2|15, £2) such that

~ —

Api(Fr)A = po(Fr)e.

Therefore

~—1

Apu(Fr) (o) pr (Fr A = Apy(Fr) A (pa] 1) A Ap(Fr A
= pa(Fr)ex(pelre ) pa(Fr)
= xp2(Fr)(po|rp)p2(Frt)
— X(palip)". (4.11)

Comparing (4.10) and (4.11)) we get

~ a~—1
XU (p2le)? = Ap1(Fr)(pr] e )pr (Fr= A~ = x(p2|r,)?,

giving x¢ = x. Hence, x is a Frobenius stable character of ]F/PF, ie. it is an

element of @ In other words, the Ip-equivalence classes in ®(Gy)g of (p1, F1) and
(p2, E2) are in the same kj-orbit.

It remains to show that is surjective. Let (p, F) € ®(G'y)o. The existence
of (p,E) € ®(Gy)o such that (p, F) = (no p, E) amounts to the existence of a
semisimple Weil representation p : Wr — GLy(C) that is a lift of p, which was
proved in [29, Theorem 2.7]. O

4.2.2 Imai and Vogan’s Conjecture

We are now in a position to state Imai and Vogan’s conjecture [35, Conjecture 4.3]
for G' . We write

C(p, E)ip) := Crary ) (Plip, p(FT), E)
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and C°((p, F);,) for its identity component, and we denote by
Al(p, B)ry) o= O BDie) /oy

its component group.

Conjecture 4.2.5. There exists a surjective map
- !
My Irr(G'y) — q)(GN)O/NIF

such that, for any (p,E)r. € (I)<G3V)0/~IF, there is a bijection between
M ((p, E)1,.) and the character group A((p, E)1,)".

Remark 4.2.6.

1. Conjecture , stated here for SLy, is a specialization of [35, Conjecture 4.3],
which is formulated for reductive groups. In our version the representation
field is taken to be C rather than Q; as in [35, Conjecture 4.3]. For a detailed
comparison between our notation and that of [35], see point below. We
prove Conjecture [4.2.5] in Theorem [4.3.3

2. Aside from our result for SLy, the only previous case in the literature where
[35, Conjecture 4.3] has been proved is for GLy, established in [47] via the con-
struction of the Macdonald correspondence, that we recalled in[3.2.2] Indeed in
the GLy case by connectedness of centralizers (see Lemma [3.2.8) the conjecture

amounts to the existence of a bijection between Irr(Gy) and b(Gv)o S~

A general proof of the conjecture for reductive groups has recently appeared in
[34].

3. Conjecture is the version over C (rather than Q;) of [35, Conjecture 4.3]
for G'y. Since we adopted some different notation, we show more in detail how
the objects described in [35, Section 4] relate to ours.

3.a Conventions on Langlands parameters The Frobenius semisimple L-
parameters of Weil Deligne type ¢ defined in [35] Definition 4.1] for the group
'v are in bijection with our tame Langlands parameters. Given (p, E) €
®(G'y)o, the corresponding ¢ is defined by p(w,a) = (exp(aF)p(w), Friv!)
for w € W}, and a € C, and this assignment defines a bijection. Note that
this makes sense because the finite Weil group W, defined in [35, Definition
3.1] is isomorphic to W / Py We worked with the complex dual group
rather that with the L-group because we are dealing with a split group, and,
following Macdonald [47], we preferred the formalism of a nilpotent element
E rather than using a morphism C — PGLy(C).
The notion of special parameters introduced in [35] does not play a role in
the present setup since in type A all unipotent/nilpotent orbits are special.
The Ig-equivalence relation on ®(G’y)o corresponds under the bijection
(p, E) — ¢ above to the equivalence relation on Frobenius semisimple L-
parameters of Weil Deligne type defined in [35, Section 4] . So the set
CI)(GIN)O/NIF is in bijection with the set denoted by ®¢(SLy)sp, in [35, Sec-
tion 4].
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3.b Definition of the component groups - Centralizers of semisimple ele-

ments in PGLy (C) are direct products of groups of type A, and centralizers
of unipotent elements are connected in type A. In particular, the notion
of Lusztig’s canonical quotient does not play any role in our situation. It
follows that the groups denoted by A(pg) and A(pp) in [35, Section 4] both
coincide with the group that we denote by Apgr,(c)(p|1r, ), where (p, E)
is the tame Langlands parameter corresponding to the L-parameter of Weil-
Deligne type ¢ as in ({3.al).
The group denoted by A, in [35, Section 4] is isomorphic to the group
A((p, E)1,,). Indeed using the equality A(pg) = Apcry©) (pliy, E), it follows
from the definition of A, that quotienting by CPar, (c)(plre, E) yields a
projection

™ O((ﬂ? E>]F) = CC’PGLN(Q(P\JF,E) (p(FT)) - A<P

with ker(m) = Chapyc(plies E) 0 C((p, E)r,). We claim that ker(r) =
C%(p,E)1p). The inclusion 2 holds because A, is a finite set and
the projection is continuous. The inclusion < is obtained as follows.
Since p(Fr) normalizes p|;. and acts by a scalar on E, it normal-
izes CpaLy (plry, E), and therefore p(F'r) normalizes Cpar () (plres B)-
It follows that Cpgp, (o) (plissE) < C((p,E)rp). By connectdness,
CgGLN((C)<p|1FaE) = Co«pv E)IF)7 and so keT(W) = gGLN(C)(p‘IwE) A
C((pa E)IF) = CO((p7 E)IF>

Therefore the projection 7 induces a group isomorphism A((p, E),.) — A,.

4.2.3 The Macdonald-Vogan Correspondence for G’y

We explain now how to construct a map My as predicted by Conjecture [4.2.5]

We recall from Remark|3.2.11|that the group k% acts on Irr(Gy) with a character
X acting by ™ — 7 ® (xodet) for m € Irr(Gy). By (3.34), the Macdonald correspon-

dence .y (3.26) is equivariant with respect to the action of @ on (G )o S~ I

and Irr(Gy), so the inverse My is equivariant as well. Tt follows that My induces
a bijection between orbit sets

- ~ O(Gr)o s )
MN . ]TT(GN)/];}E—) ( N 0/ I /I;;(:

Since G’y is normal in Gy, the latter acts on I7r(G’y) by conjugation, inducing

an action of GN/@N >~ k% on Irr(G'y).
For any 7 € Ir7(G'y) let D(r) € Irr(Gy) be such that 7 is a subrepresentation
of Res%fjv D(r). From Clifford theory it follows that the map

Irr (G Irr(Gy) , ~
rr( N>/k;—> rr( N)/k;g (4.12)
ki — @E(ﬂ)
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is a bijection [47), Proposition 5.1]. In particular, the map

Z: Ir(@y) - 176N (4.13)
F

—~

7w — kinD(m)

is a well-defined surjection. In the following, we will denote by D(r) a representative
of the orbit 2 ().

Definition 4.2.7. We call the surjection

_ = ral v (I)<GN)0 ~ ) % /
MiN . [TT(G’N) 2, ITT(GN)/@ M, ( / Ir /];?\7 n, (I)(GN)O/“’[F
(4.14)

the Macdonald-Vogan correspondence.

Remark 4.2.8. The surjection built by Macdonald in [47, Section 5] can be re-
covered by composing the Macdonald-Vogan correspondence M’y with the natural

projection CI)(G?V)U/NIF — ®L(SLy), see Remark 4.2.3, We exploited the idea in
[47] for the construction of the map M’y, but some caution is needed because the
fibers in the surjection in loc. cit. are bigger than claimed there, i.e., larger than
ki-orbits. An example is given by the equivalence class in the sense of [47] defined
in Remark [£.2.3] whose fiber by Macdonald’s surjection contains two cuspidal and
two principal series representations.

We refined the equivalence relation on ®(G'y)o as proposed in [68] precisely to
ensure that the fibers of the Macdonald-Vogan correspondence M’y are the orbits

for the action of k}, see Equations (4.17)) and (4.18]).

4.3 Parametrization of the fibers of M/,

The goal of this Section is to establish Conjecture [4.2.5/ in Theorem [4.3.3| which
yields a parameterization of each fiber of My in terms of irreducible representations
of the suitable component group.

Lemma 4.3.1. For 7 € Irr(G'y), let D(w) € Irr(Gy) be such that 7 is an irre-
ducible G’y subrepresentation of D(r). There is a canonical isomorphism

e Stabys () = (Stabgz (D(m))". (4.15)
where (Stab; (D(m)))" denotes the character group of Stab (D(m)).

s _ k:* A .
Proof. We show that Stabk;(D(ﬁ)) = (" gy abk;;i(ﬁ)) , where the equality makes

sense viewing y € (k;/ Stabys (7T)> " as a character in /gf that is trivial on Stabys (7).
F

The statement will then follow by duality.
We start by proving that (kF/ Stabys (7r)) "< Stab (D(7)).
F F

IV-9



Let x € k/:% such that y| Stabys () = 1. The determinant map gives an isomorphism

Gy / Gy = k% and the action of k% on Irr(G’y) is induced by the conjugation

action of Gy. It follows that the determinant map induces a group isomorphism

Gy J/ Stabg () ~ kg J/ Stabys () that in turn induces the group isomorphism
N F

X — x odet between the group of characters of kj. that are trivial on Stabyx () and
the group of characters of Gy that are trivial on Stabg (7).

Let {g1,...,0x} be a set of representatives of the cosets of Stabg, () in G-
Then Res%jvb(ﬂ) = @F %7 Let A:= @, x(det(g;)), that is, the linear map

acting as the scalar y(det(g;'')) on the subspace on which ResgN D( ) acts as 9.
Then
AD(m)A™! = D(7) ® (x o det).

Hence
D(m) ® (x odet) =~ D(m)
<

that is, x € Stab@(ﬁ(ﬂ)). So ( F/Stabk* (7r)) Stab (E( ).
F
By Clifford theory, [47, Proposition 5.1]

|kpm| = \Stab@(ﬁ(ﬁ))\.
Therefore
% Stay (1)1 = 1"/ Stabyg ()] = W] = IStabg (D)
and hence, by cardinality,

(*F/ Stabyy (x) " = Stabg (D). (4.16)

Since FF /st abys ( ) is a finite abelian group, it is canonically isomorphic to its

double character group Dualizing (4.16)) we get (4.15 - ]
We now describe the fibers of ./\/l’N

Lemma 4.3.2. Let (p, E), € (I)(GIN)O/NIF and (p, E)r
that (77 Oﬁa E)IF = (p7 E>1F7 and let

Stabgs (7. E)r,) = {x € ki | (X®P. E)r, = (5, E)1,.}-

(I)<GN)0/~IF be such

F

Then the character group of Stabs (( E)r.) acts simply transitively on
M/N_l((p>E)IF)‘

ioof. Set % (3.m) 1= My ((7, E)iF) By construction MIN =n*oMy i@. The maps
My and n* are bijections, so k7 gy is the unique Af-orbit in Irr(Gy) satisfying
(p, E) = 77* OMN(]{J;%(57E)). Then

My (p, E)ry) = 7 (k37 (B.E))- (4.17)
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The map 2 factorizes as
Irr(Gy) _/ETT_)ITT‘(@N)/I{:* . Irr(@N)/]?
F F

where the last map is the bijection defined in (4.12)). Therefore if 7, g) € Irr(G'N)
satisfies D(m(, p)) = ki (3.5), then

L 7%~ *
@ (]CFT('(;,,E)) = kFW(p,E)- (418)

(7r( E)) has a canonical simply transitive
p7

action on M '((p,E)r,). Therefore by Lemma [4.3.1, the character group
(Stab]% (T3,2)))" has a simply transitive action on My~ ((p, E)r,.).

It follows that the group ki / Stabyx
F

Since the map My is compatible with the /%—actions,

Smb@ﬁ(?)ﬂ)) = Stab@;((ﬁ? E>IF) = {X € k; ‘ (X®ﬁ7 E)IF = (ﬁ’ E)IF}

and dualizing

(Stabgs (Fip)" = (Stabs (. E)ip))" = {x € B | (x®@7. B)ip = (7, B}
O

Theorem 4.3.3. Let (p,E);, € (I)<G3V)0/NIF. Then A((p, E)r1.) is a finite
abelian group and its character group A((p, E)r.)" acts simply transitively on

M/N_l((pv E>]F)

Proof. Let (p,E),. € q)(GN)O/NIF be such that (nop,E). = (p,E).. By
Lemma it is enough to provide a group isomorphism between A((p, F)r,) and
Stabz ((p, E)1y). Since the latter is a subgroup of k7, it is finite and abelian.

F

Let g€ C((p, E)1,), and let § be a representative of g in GLy(C). We set
Xg = 3Pr)3 (77 1) - Ir — GLn(C). (4.19)

We observe that x, does not depend on the choice of §. Since in particular g €
Crary(©)(p|1,), there holds

n(xg) (W) = n(Gp(w)g~ ' plw)™") =1
for any w € I, so x,(w) is a scalar for any w € Ip. In this way we have a character
Xg - IF — C*.

We show that it is Frobenius stable. Since g € Cpar,yc)(p(F7)), we have

c:=p(Fr)"'gp(Fr)g~ € Coapy(c) (Pl E).
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Lifting this identity to GLx(C) yields
= P(Fr) "' gp(Fr)g~" € Cav,© (Plip, E). (4.20)
Therefore, for any w € I

Xo(Frw Fr1)
= G((Frw Fro)g  (p(Fr w Frot)™h
1

= Gp(Er)(p))p(Er g BEr ) (Blw) p(Fr)

= Gp(Er)(p(w))p(Er) g BET) (plw) p(Fr) ™

= DET)EG(p(w))g e BET) T BET) (Plw) p(Fr) ™ gp(Fr) = p(Fr)eg by [{20)
= pET)EG(p(w))g e (lw) ™ p(Fr) ™
= pET)EG(D(w))g ™ (Plw) e p(Fr) ™ ¢ € CoLy(©(Plir) by
= D(Fr)exg(w)e p(Fr)™

= Xg(w)- Xg(w) € C*

Hence x, is a Frobenius stable character of Ir. Moreover by definition x4|p, = 1,
hence we can regard x, as a character of k3. By construction of y, it holds

Xobl1e = G(Pl1)T

In addition, g € Cpgry(c)(E) and hence § € Car ) (E), so (P, E) ~1,. (P ® xg: F)
in (I)(GN)O
Therefore the assignment g — x, gives a map

[1]2

: C(p, B)rp) — Stabgz (9, E)ry). (4.21)

The map = is a group morphism: for any g1, go € C ((p, E)rp)
XDl = 0GPl B G = GiXeaPlre)Gi " = XeG1 (Pl12) 31 = Xgu XaoPl i1

hence xg,g, = Xg1 Xge- N .

We prove the surjectivity of =. Let x € k} be such that (x ® p, E)r,. = (p, E) 1,
There exists an element A € GLyN(C) satisfying conditions @, (]ED and for
(x ® 7, E)1, and (p,E);,. This implies that A := n(4) € C((p, E)1,). From

~ ~—_1 - .
APli)A = Xx® (plr,) we obtain

[1]?

= AP A @l = xa = Z(A),

Since the image of = is a finite group, the morphism (4.21)) factors through the
component group

C((p, E)iy)

J \ (4.22)

Allp, B)rp) — Stabg (5, E)1y)
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so the map = in (4.22) is a surjective group morphism. We prove that it is also
injective by showing that ker(Z) = C°((p, E)1,).
Let g € ker(Z) and let § be a representative of g in GLy(C). Then

JPle)d ) = 1,

that is § € Cary(c)(P|1,)- Since g € Cpary () (£), it holds § € Cary () (Pl1,, E), and
the latter is connected.
By Lemma [3.2.8] for any § € Car(c)(Pli,., E) it holds gp(Fr)g~" = p(Fr) , so

g€ Cory© (plie, E) = CoLy©) (Plig, p(Fr), E).

Then

g = 77(5) € n(CGLN(C)(b|IF7ﬁ(FT)’E)) < C((pv E)IF)

Since Cary () (Pl1r, P(Fr), E) is the same as Cary(c)(plrp, E), it is connected. It
follows that

U(CGLN((C)(b/’IFa/ﬁ(FTLE)) < CO((pa E)IF)
that is,
ge OgGLN(C)((p7 E)h«“)?

giving injectivity of =. O]

4.3.1 Comparison of the fibers of M’y andl

The aim of this section is to show that the fibers of the Langlands correspondence and
the fibers of the Macdonald-Vogan correspondence may have different cardinality,
and the natural map between them is neither an injection nor a surjection in
general.

Let (p, E) € ®(G'y)o. By [25, Theorem 4.3] the component group A(p, F) is finite
and abelian and there is a canonical simply transitive action of its character group
on L '(p, E). Therefore there is a bijection between £y ' (p, E) and the group
A(p, E)".

Similarly, by Theorem m there is a bijection between M’ ((p, E);,) and the
group A((p, E)r,)".

The inclusion Cpary () (p, £) — C((p, £)1,.) induces a map between the compo-
nent groups

L Alp, E) = Al(p, B)s) (4.23)
that gives by duality a map

i A((p, E)1,)" — Alp. E)". (4.24)

This map is neither injective nor surjective in general. We give two examples to
illustrate this.
We denote by T the diagonal torus in PGLy(C).

1. Failure of the surjectivity: Let (p, E) € ®(G'y)o be given by
% p|IF = 1;
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o p(Fr) = . where ( € C a primitive N-th root of 1;

CN_l
o F=0.

In this case

_ CpraLy© (p(Fr))
Alp, B) /(o) (P(FT))
and
01
0 1
CPGLN(C)(P<F7")) =T x < >
0... ... 01
10 0

Therefore A(p, E) is isomorphic to the cyclic group of order N and
1Ly (p. B) = N.

On the other hand, Cpqy () (Pl1pr E) = CSGLN((C)(L 0) = PGLx(C), hence

C((p, E)1p) = Cpary(c)(1, PGLy(C),0) = PGLy(C) = C°((p, E)1y)-

Hence ’Mg\fil«p’ E)IF>’ = ’A((,O, E)IF)A| =L

In this case, the map
t:l= A<<IO7 E)IF)A - A(p7 E)A

is injective but not surjective.

For the sake of completeness, we describe explicitly the representations in
My (p, E)r,) and Ly ' (p, E). Let xc € F* be the unramified character
of F'* that takes value ¢ on any uniformizer of F*. This corresponds by the
bijection of local class field theory to the unramified character of Wy that takes
value ¢ at Fr. Then 7 := Rg?(::ol XZ) is an irreducible representation of

Gy. The representations in £y ' (p, E) are the N irreducible constituents of
ResN7.

N
On the other hand, M’y "' ((p, E);,) contains only the trivial representation.

. Failure of injectivity: Assume that (¢ — 1, V) # 1. Let e > 1 be a common
divisor of ¢ — 1 and N and let ( € C be a primitive e-th root of 1.

We consider (p, E') € ®(G’y)o such that

1x
(1w
M = o
Cefllﬂ
N.

o p(Ir) = (M) with

e

where 1~ denotes the identity matrix of dimension

e
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o p(Fr) is a regular element of T’

o B =0.

By construction, M? = M, so a Weil-Deligne representation needs to map F'r
to an element commuting with M, and p(F'r) satisfies this condition. We have

(Ly@r 2/ )

Crary () (M) = o

Moreover Cpgry () (p(Fr)) =T. So

CraLy(C) (p, E) = CPGLN(C)<M>p(FT)) =T = CgGLN((C) (p, ).
Hence
A(p,E) = 1.
On the other hand,

CBGLN((C)<p|IF7E) = ClgGLN((C)(M) = GL%(C) /@*-

This group contains 7', and hence p(F'r), so

C((p, E) 1) = Crany©) (M, Char ) (M) = CraLy(c)(M).

Hence,

_ Crary () (M) ~ Z
Allp Byy) = ram @ S g oy =7 e
Since we assumed e > 1, it follows that in this case, the map
i Allp, E)ip)” — Alp B) = 1

is surjective but not injective.

As in the previous example, we describe explicitly the representations in
My H(p, E)p,.) and Ly '(p, E). For the sake of simplicity of the descrip-
tion, assume p(F'r) to be an element of the compact torus, i.e. assume the
entries of p(F'r) to have all the same absolute value in C.

t1
¢
Let p be a lift of p to GLy(C) such that p(F'r) = ( ’ . ) with [¢;| = 1
”»

for any j = 1,...,N. Then p = @;Vzl x; with x; € ﬁ/; By the bijection

of local class field theory, any x; can be regarded as a tame character

of F*. More explicitly, x; takes value ¢; on any uniformizer of F*, and
Alﬁ(j—l)

* ~
Xjlox = fnflgg/HpFC ¥ where ¢ denotes a character of k¥ = Ol*m/l Y

of order e. Then 7 := Rg%(;:ol X;) is a tempered irreducible representation
1

of Gy. This representation remains irreducible upon restriction to G’y, and
Resg,x 7 is the unique element in £y~ (p, E).
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On the other hand, the Ip-equivalence class of (p,0) corresponds, accord-
ing to Macdonald’s construction for G, to the partition valued function on

L, e Cusp(Gr) taking value (1) on C'forany 0 < i <e—1, and 0 ev-

erywhere else. Hence My~'((p,0)r.) = Rg]]vv (XI(Zo(C o det)). This is an

irreducible representation of Gy, but when restricted to G’y it splits into e
inequivalent irreducible subrepresentations. These are exactly the representa-
tions in M ((p, E) 1)

4.4 Compatibility between L, and M/,

In Section we observed that the natural map 7 in (4.24]) is not injective nor

surjective in general. Nevertheless, it allows to establish a compatibility between

v and My along the lines of the one predicted in [68]. We denote by Pg]jv the
parahoric restriction with respect to the hyperspecial maximal compact subgroup
K, of G'y. We now state a conjecture proposed by Vogan in [68] specialized to the
case of SLy.

Conjecture 4.4.1. Let (p, E) € ®(G’y)o. Then there exist bijections
f(p,E) : A(p7 E)/\ - E/N_l<p7 E)
and - X
‘F(sz)IF : A((p, E>IF)A - Mil\/_ (:07 E)
such that for any ¢ € A(p, E)* and any ¢ € A((p, E);,)" it holds
: a —= — —
dim(Homes, (PS (Fio.o(0)), Fun, 0)) = 6(@)  (4:25)

where d;-1,,y denotes the indicator function on ().

Conjecture will be established in Theorem [{.4.16]

4.4.1 Compatibility of the fibers

An intermediate result toward the proof of Conjecture is given by Theorem
[4.4.6], where we establish a preliminary compatibility of Langlands and Macdonald
correspondences considering all the representations in the same fiber together.

4.4.1.1 The head of Parahoric Restriction

We retain notation from Section 3.2.4, Let 7 € Q(Gy)o. By Theorem there
exists a multiset {Aq, ..., A} of segments such that 7 = Q(Aq, ..., Ag). By Corol-
lary [3.2.27 the irreducible constituents of the parahoric restriction ng (7) are of

the form 7, as in (3.28), with A a partition valued function on | | _ Cusp(G,,) of
degree N such that A > Aa, . a,}. Moreover by Proposition [3.2.31} the irreducible
representation HPgZ (T) = Taa,

multiplicity 1.

is an irreducible constituent of PEY (%) of
~~~~~ Ak} GN

IV -16



Let x € F*. Since X is tame, the restriction Resgix gives a character Y €
F

(O;/l + pF)A x> l% We recall from Lemma |3.2.10| that the character group l%
acts on the set of partition valued functions on | |y Cusp(G,,) by

(XM (7) .= A(F® (Y ' odet)). (4.26)

Lemma 4.4.2. With the above notation, the irreducible constituents of ng (T ®
(x odet)) are of the form mga with A = Aa, A, -

Proof. As a first step, we show that ng (T ® (x odet)) = ngv\’(?r) ® (x o det).
Indeed since x|i1p, = 1, there holds y o de75|K]4Q — 1, therefore (% ® (x o det))E~ =
N @ (x o det). Moreover det(Ky) < O%, so

PEN(F @ (x o det)) = Resgh (F ® (x o det)) X~
— Res'% N (F)K N ®R68K]]\\77 (xo det)KXf
= Res N(T) N®(yodet)
= 'PGN( ) ® (X o det).

Therefore the irreducible constituents of Pg}fv\’ (T ® (x o det)) are of the form

A @ (X o det) for A = Aga,,. A,
By Lemma [3.2.10]
7TA®(yOd6t) = TyAs

so the irreducible constituents of ngv\’ (T ® (x o det)) are of the form m, for A >

]

Corollary 4.4.3. For any representation T € Q(Gn)o and for any tame character
x € F*, it holds

Gn (~ GN () o (=
7-[7352(# ® (x odet)) = HPEY () ® (¢ o det)

where X is the character of ki obtained by restriction of x to OF.

Proof. We retain notatlon from Lemma 2l By Corollary [3.2.27] the head of the
parahoric restriction 7—[77 (7T®(XOdet)) is the irreducible constituent of PGN (T®(xo
det)) corresponding to the minimal partition valued function appearing. Actmg by
the same character y preserves the relative order between partition valued functions,
so the description of the irreducible constituents of ng (T®xodet) in Lemma(4.4.2
gives

HPEY (¥ @ (x o det)) = Tga,y,
By Lemma [3.2.10



For any m € Q(G'y)o, we denote by F*m the orbit of 7 under the conjugation
action of the group Gy / G, = F*. This orbit is a finite set |25, Theorem 4.1]. We
set

™= P . (4.27)

m'eF*m
Similarly, for any 7 € Irr(G’y), we denote by k37 the orbit of @ under the

conjugation action of the group Gn / Gy = k%, and we set

= @ 7. (4.28)

k=
TEkLT

Since the restriction of irreducible representations from Gy (respectively Gy) to Gy
(respectively G’y ) is multiplicity free, it holds

7@ = Resgf;D(w) 7P = ResZX D(7) (4.29)

where D(7) (respectively D(7)) is an irreducible representation of Gy (respectively
of Gy) containing 7 (respectively 7) as G’y-subrepresentation (respectively G’ y-
subrepresentation).

Moreover by definition of the maps £/ and My, for any 7 € Q(G'y)o and for
any T € Irr(G'y) it holds

7™ = @ and 7O = @ . (4.30)
el T (L () 7eMy " M (7))

We extend the notion of head of parahoric restriction from representations of G
to representations of G’y of the form 7® for some 7 € Q(G'y)o as follows.

Definition 4.4.4. Let m € Q(G'y)o and let D(m) € Q(Gy)o be a representation of
Gy containing 7 as G'y-subrepresentation. The head of the parahoric restriction of
7@ is the G’ y-representation

el G
HP 7 := Resg HPEN D(r).

The definition above is well posed: by Corollary [£.4.3] the representation
'HP%& 7® does not depend on the choice of D(r).

Lemma 4.4.5. Let m € Q(G'\)o. The representation ’HP%}W@ is a subrepresenta-
tion of PE,JJVV 7@, and every irreducible constituent of HP%TV 7@ occurs exactly once
G
n 'P@Nﬂ' .

Proof. By [12, Lemma 1.11] , for any T € Q(Gx)o the K-fixed subspace and the
K, *-fixed subspace of the representations space of # coincide. It follows that

Resgg’z(Resgx%)&t = (Resf(’,;%)l{fv+.
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Hence
PO 7® = Resyy (n®)n" by (#:29)
= (Resigy (ResSy D))"
= (Resy (D(m))"
= Resk) (Res N(D(m ))N) = Res%jvpgg(D(w)). (4.31)

The representation ’HP%Z (D(m)) is an irreducible constituent of multiplicity 1 of
ngv\’(D(ﬂ)) by Theorem [3.2.26]

Therefore HP%N @ = ResgN ’HPgN D(m) is a subrepresentation of PE:N 79 =
B N N N G'n
Gy pG

Resgy Pg” (D(m)).

Since ’HP%}L 7@ is multiplicity free, to prove that all its irreducible constituents

occur in 'ng (D(m)) exactly once it is enough to show that there are no irreducible
constituents of ng (D(m)) different from ’HP%Z D() and having its same restriction

to G’ 5. Indeed the restrictions of irreducible representations of G to G’y are either
equal or don’t have any common irreducible constituent.

Irreducible representations of Gy have the same restriction to G’ only if they dif-
fer by the tensor product with a character induced by the determinant map. Hence
it is sufficient to show that for any x e kF the representation HPZ ND( ) ® (x odet)

is a subrepresentation of PGN( (7)) if and only if it is equal to HPgZ D(r). Let
{Aq,...,Ax} be a multiset of segments such that D(mw) = Q(A,...,Ax) as in
Theorem [3.2.3l By Corollary |4.4.3 HP%g(D(W) ® (x o det)) = mya, O If

Lreees Ap}
TxAa,. a, 1S an irreducible constituent of ngvv(D(ﬂ)), then by Theorem (3.2.31
it holds xA¢a,,..a0(T) = Aga,,..ay(7) for any 7 € || _Cusp(Gpn), hence
_____ Ak}(xfl ®T) = Ma,,..an(T). Tterating, we get Aga,, a7 ' QT) =
Aay, (X ®T) for i > 0. By transitivity it implies

A2 (XTT®T) = Mayoan(T) = Aar o ang (X2 QT) = My, ag (X ®T),
that is XAqa,,..a3(T) = Aay,..ay(7) for any 7 € || _ Cusp(G,,). Hence if
’HP%Z(D(W)) ® (x o det) is a subrepresentation of ngvv(D(w)) it holds

HPEY D(m) ® (x o det) = Ty, = Thay, ay = HPEYD(r).

,,,,,

Loreens Apt

4.4.1.2 Compatibility of £, and M/,
Let

Yy = {7® | e QGy)o} and Yy = {7% | 7e Irr(G'y)}. (4.32)

where 7® and 7 are respectively as in (4.27) and (4.28). By (4.30) these sets are
in bijection with the sets of the fibers of £, and My respectively.
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In other words, defining the maps

S:QGy) — XN S : Irr(G'y) — Xy, (4.33)

T 7 T T (4.34)

we have that the maps & as in (4.5) and £y factor through S, and we write
9 = DgoS and Ly = (Lyy)y 08, where Zg and (L)), are bijections. Analogously,

the maps 2 ([£.13) and MYy factor through S, and we write = Pg o S and
N = (My)g oS, where Pg and (M), are bijections.
With this notation, the following diagrams are commutative:

Q(GN)O/ﬁ _Ew, ‘I)(GN)O/W\
F

/ T% (L)a Jn* (4.35)

/ P@ [ (4.36)
i = My)e /

Irr(G'y)
Theorem 4.4.6. For any 7 € Q(Gy)o , it holds
/ / G’y
(LR 7)1 = (M) (HPEY 79)

Proof. By (4.29)), the restriction from Gy to Gy (respectively from Gy to G'y)
lands in Xy (respectively Xy ), and by (4.29) it factors through the inverse of the
map Zg (respectively Zg). So the following diagrams are commutative:

G
ResG,N
N

B QG g,

O(G)o —E5 QA
Ln lg [wN)@ (4.37)

ST *
O(Gr)o — 5 PN/ s 0(Gy)g

w
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]TT(GN) — ITT(GN)/’I{’;;* en Y
‘MN |7 ‘(M’N)CD (4.38)

and so for a representation ™ € Q(G')o, and for any D(7w) € Q(Gy)o containing 7
as G'y-subrepresentation, we have

(M) o (HPEY 7®) =(MYy)  (ResS! HPEN D(r))

= 1" o My(HPZY D(r)) by ([E33)
=n* o (Ln(D(7)))1, by Theorem [3.2.32]

= (1" o L (D)),
= (L) (ResSy D)), by
= (L) ™)1 by
]

Remark 4.4.7. Theorem does not depend on the choice of the maximal com-
pact subgroup K of G'y.
Indeed, any maximal compact subgroup Jy of G’y is of the form Jy = 9K}, for some
g€ GN-
For any 7 € Q(G'y)o, we have 7% = 7@ and so
(ResGym®)v" = (Resiy m) " = (“Resi (7 'n®)) 4" = 9((Resiyn®) ),

We have /N / gLt = Ky J/ Kt = G’y where the first isomorphism is induced by
N N

. . e + G + . .
conjugation by g. Therefore (Res " 79/~ and (Res 0o @)Ky are isomorphic as
J— N N

G’ N representations.

4.4.2 Enhancement of the compatibility via the
parametrization of the fibers

The central result of this section is Theorem [4.4.16|, where Theorem [4.4.6is refined
in order to consider representations individually, rather than fibers, confirming Con-

jecture [A.4.1]
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For the rest of this section, we fix (p, E) € ®(G'y)o, and we let 7, gy € L' (p, E)
and 7T,z € M ((p E) +). We fix (p, E) € ®(Gy)o such that nop = p, and we set
T(p.p) = LY (P, E) and 7T (.E) - = = MNP, E)1p)-

By [25, Theorem 4.3], the character group A(p, E)" acts simply transitively on
Ly p, E), and by Theorem the character group A((p, E)r.)" acts simply
transitively on ./\/l’N_l(p, E). We now describe explicitly these actions.

For any g € Cpary(c)(p; E), let g be alift of g in GLx(C). Let x, : Wr — GLy(C)
be the map defined by x,(w) := §p(w)g~"p(w)~'. This map does not depend on the

choice of g, and its image consist of scalar matrices. By [25, Theorem 4.3] x, € ﬁf\p
and the assignment g — x, induces an isomorphism

Er : Alp, E) — Stabg- (p, E) (4.39)
9] — xg =35 D

Remark 4.4.8. In [25] Theorem 4.3| the map Zf is defined from A(p, E) to the
stabilizer in the whole character group of Wr. But a character x of Wy stabilizing a
tame Langlands parameter (p, E') € ®(Gy)o is necessarily tame: indeed since (p, F)
is tame, p|p, = 1, hence

Xlpr = Xl ® plp, = (X®p)|pp = plp, = 1.

The bijection of class field theory induces an identification Stabv/v; (p, E) =~
Stab; (T (3,z)). We still denote by Zp the isomorphism A(p, E) = Stabz (T ;,5))
obtained using this identification. Hence A(p, E) is a finite abelian group and Zp
induces the dual isomorphism

EF . Stabf;(?r(;)vE))A — A(p, E)A

By [25, Corollary 2.2] it holds Stabg (%) = (7 Stabpe (m(, ) - Dualizing

we have a canonical isomorphism

F* N
/ Stabps (7)) — 15 (T G.) (4.40)

T = Py

defined by v, (x) := x(z) for any x € Stabz (7 k). Then Zr o U is a canonical
isomorphism between £ / Stabps (7.1 and A(p, E)". The determinant induces
P

*
an isomorphism det : GN/StabGN (Tpp) F /Sme* (T(pu))" By abuse of
notation we denote with the same symbol elements corresponding to each other
through this isomorphism. For any ¢ € A(p, E)", let z, = (Ep o ¥)7'(¢b). The
action of A(p, E)" on L'"(p, E) is given by .1 = v
The canonical isomorphism = defined in Theorem [4 induces by duality the
isomorphism

[

: Stab— (5, E)" — A((p, E)1)"
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and by Lemma there is a canonical isomorphism

i -~
F/Stabkj; (Tpm) Stabg (T(m)) (4.41)

T =,
defined by ¢, (x) := X(z) for any X € Stabs (T(5.;)). As before, the determinant
F

. . e ok . .
induces an isomorphism ~'N / ¢, abg, (T (o) = F/ g tabkj; (T i)’ and we identify

(nE)
corresponding elements in these groups. For any v € A((p, E)r,.)", let Ty = (Eo

@) (@D) The action of A((p, E)r,)" is given by B.r = o,

Recall that the group morphism (4.23) induces by duality a canonical group
morphism

P2 A((p. E)p)" — Alp, B)".
Lemma 4.4.9. The following diagram commutes:

N (Res\o*)
Stab (f ))A -5 Stab ( (pE))A

(4.42)

F

A((p, E)IF)/\ —?> A(pv E)/\

<7
[
[

Proof. The diagram below, where the vertical maps labelled by =~ are the identifi-
cations given by local class field theory, commutes by definition of the maps = and

=, as in (12) and (£30):

Stab (f p)) ————— Stab=(T;.p))

AE;tCZZ)éEi (257 127) <““‘}%;;gi;;;““" ;S;t(ll7ii;; (;5; ZE:)
| =
A<<IO7 E)IF) L A(p’ E)
Dualizing, we obtain the statement. ]

Any section of the projection OF — (’)}/1 topp = kr induces a map

~ % F*
T ke = Stabps (7))

The map J does not depend on the choice of the section: in order to check that
(14 pp) < Stabps(m(, p)) it is enough to check that W(1 + pp) = 1, because V¥ is
a group isomorphism. For any y € 1 + pp it holds ¥(y)(x) = x(y) = 1 since any
X € Stab (7 (3,r)) is tame (see Remark .
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Lemma 4.4.10. With notation as above, the map J induces a map

ki L F*F
J: F/Stabk; (f(p,E)) /Stabp* (W(p’Eﬂ (4'43)

that makes the following diagram commutative:

k3 J , F*
F/Stabk;x;(ﬁ(pﬁ)) /Stabp*(W(p,E))

ﬁ F (4.44)
(Res| o )"

Stab@(%(ﬁE))A - Stabf;(%@,E))A
Proof. Let p: k} — kg /g tabys (T(p.5)) denote the natural projection. It holds
F b

(Res|(9F>x<)A oWop= \Ilo\~7, (4.45)
Indeed for any x € £} and for any x e P
(R€5|o§)A oW op(z)(x) = (R€3|Ojs)A@p(x))(X) = Jp(x) (X|o§)

= Xloz(x) = x(T (@) = ¥50,)(x) = ¥ o T(2)(x).

~

Therefore Stabysx (T(pp)) < Ker(J) because ¥ is an isomorphism and
Stabyx (T(pr)) < Ker(p). So J induces a map J such that J = J op. Since
p is an epimorphism, equation (4.45)) yields

(Res|p,)" oW =WoJ
that is the commutativity of (4.44]). O

Proposition 4.4.11. With notation as above, the following diagram commutes:

. 7, F*
F/St&bk;(f(pﬂ)) /StabF*(ﬂ'(p,E))
~ 4.46
J{éo@ J{EFO‘I’ ( )
A((p, B)rp)" Z Alp, )"

Proof. The statement is obtained stacking the commutative diagram (4.44) in

Lemma on top of the commutative diagram (4.42)) in Lemma [4.4.10} O

Proposition 4.4.12. Let ¢ € A((p, E)1,)". If T(p.p) is an irreducible constituent

of nglﬂ(p,f;), then .7, gy is an irreducible constituent of Pg&(l(ﬂ).ﬁ(pﬂ)).

Proof. Let x = (é o W)~Y(¢) so that ¢.7(, gy = “T(y,r). By Proposition |4.4.11



and therefore i(¢).7m(, m) = 77, p).
We mneed to prove that if 7, is an irreducible constituent of

7’2, T(pE), then .7 pE) = "Tp 1s an irreducible constituent of
(( V)T = PG/ (V@ r,m). Rephrasing it, we need to show that

G o G/
gf omigg (T (p,5), P (T(p,1)) # 0 implies that Homgs (“T(,,m), P (70, p))) #
The inflation by K} is left adjoint to taking the K’ -fixed subspace, so

T—= G/ T J,’ xT
Homgs ("T(p,5), P (7 70,))) = Homuey (Infl K oz o), ResK/ (D7, 1))
(4.47)

G'~n
The lifting of the map J through the map det, that by abuse of notation we still
denote by 7. is the map 7+ O spap (1) = G5 Stabg () b0
by any section of the projection map r : Ky — KN/K;\; ~ Gy, so the element
J(x) e GN/StabGN (1) has a representative in Ky < Gy. In the following of this

proof we fix such a representative. Note that 7 (I)W(pﬂ) does not depend on the
choice of the representative of J(z) in Gy.
We observe that

Ky (o— x Ky
Infiz (" (pm) = 7O Infih 7, ), (4.48)

where the right-hand side is a representation of K by normality of K in Ky.
!/
Indeed, since the natural projection K} — Ky / ot s obtained by restriction of
N

r, for any k e K’
InfIEN (T (o)) () = Ty (27 (k))
— 7o) (1T (2) 'R T (2))) = T I fIEY 7 ) (K).
Combining (4.47)) and ( gives
Hom@N(””ﬁ(va),PGN(J(@W(,LE))) ~ Homy, (I Infl T (p.B)s ResK, (j(z)w(pﬂ)))
= HomK&r(]nfl@]]VVﬁ(p’E),J(”ﬁ) Res® Kl (‘7( )W(p,E))).

: o) Ay (T : :
We rewrite 7@ 1ResKJ,;(j( T om)) = Resﬂz g, (T(p,p)). By normality of K in
Ky, it holds Resﬂ e, (T p)) = ReSK;V(W(p,E))- Then

T— G T G'y
Homg ( ﬂ(p,E),P@JJ"V(J( T pm))) = Homy, (Infl T (o), Res T(p,E))

Gy
>~ Hom@N(W( E) PG, (W(p,E)» # 0.
]

Lemma 4.4.13. For any T,z € M’ '((p,E)r,) there exists a unique m(, g €

E’_l(p, E) such that T, g is an irreducible constituent of 'Pg,]jvﬂ'(pﬂ). Moreover

T (p,E) has multiplicity 1 in 77 ;T (o)
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Proof. Denote m ( E) = @ﬂeﬁ,_1(p7E)7T and f??;,E) = @repv-1(pp) T- By Theorem

4.4.6| it holds HP 7T(p B = faE). Hence by Lemma [4.4.5, the representation

4(’9[) ) is a subrepresentation of P ( 8 ) and it satisfies:

G'zv@)

Homg;, (70, ), P\ T Ti.5))

= Homg (70, ) (), 1))-

Since T(, ) is an irreducible constituent of fa ), it is an irreducible constituent
of multiplicity 1 of 77 (ﬂ'(p B) = @ﬂeﬁ/l(p;E)<ngjv 7). Therefore it is an ir-
reducible constituent of multiplicity 1 of P%IVV (o) for a uniquely determined
T (p.E) € L (p, E). O

From now on, we fix a representation 7, z) € M’ ((p, E)r,) and we denote by
T(,.;) the representation in £'~'(p, F) as in Lemma [4.4.13|
This choice determines the bijections

Fiom) : Alp, E)* — Ly (p, B),
Chadl E7¥:
Flomy,  Alp, E)1p)" = My (p, E).
U= PR
For any ¢ € A(p, E)", the preimage i~'(v)) is either empty or a coset of Ker()

in A(( E)r.)". We define the head of parahoric restriction for the representations

in £/~ ( p, E).
Definition 4.4.14. With notation as above, we define
el —_
H’P@Aj\r(w.ﬂ(p,};)) = C—B Qﬂ.’n’(p’E)
et ()
Definition [4.4.14] is compatible with the Definition [£.4.4] because
el el
YeA(p,E)"

Remark 4.4.15. Let ¢ € A(p, E)". By the definition of 7 and Frobenius reciprocity,
the coset i~ (¢) in A((p, E)1,)" can be described as follows. If ) € A(p, E)* does
not factor through ¢, then i~'(v) is empty. Otherwise, there exists a character ¢ of
L(A(p, E)) such that £ or = 1. Then i~ '(1) is the set of the irreducible constituents

of ind sty 5 ¢
Theorem 4.4.16. For any w e A(p,E)", the representation ’HP%&(w.ﬂ(p,E))
is a subrepresentation of 73 (¢ ﬂ(pE)) and every irreducible constituent of
HP@ (Y. (p,E)) occurs exactly once in 73 (¢ T(p,5))-

Moreover if @ € My~ ((p, E)1,.) is an m"educzble component of 733,'1; (V7m),

then T is an irreducible component of ’HP%YV (V7))
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Proof. By Proposition [4.4.12} for any ¢ € i~'(¢) the representation .7, gy is an
irreducible constituent of 73 2/1 T (,E), and by Lemma [4.4.13| it has multiplicity 1.

: el
Hence HP@N (7 E) = (—Baez_l(w) ., p) is a subrepresentation of P@];w.ﬂ(pﬂ)
and all of its irreducible components appear exactly once.
If 7€ M ((p, E)r,), there exists & € A((p, E);,)" such that T = &7, m) by
transitivity of the action. By Pr0p081t10n 7 is an irreducible constituent of

Pg,lN 1W&).mpp). Then if 7 < PG, VT B, by the uniqueness statement in Lemma
4.4.13|it holds 9.7, gy = i(€).m(, &) and since the action of A(p, E)" over Ly~ (p, E)

is free, i(¢) = 9. Therefore, £ € i7'(1), and so T = M, is an irreducible
constituent of HP%AJ’V (V.7 ))- O

Remark 4.4.17. Theorem [4.4.16] depends on the choice of the maximal compact
subgroup K of G’%. When a different maximal compact subgroup Jj is con-
sidered, the correspondence in Lemma between a representation 7, ) €

My p, E) and 7, ) € Ly ' (p, E) given by Hom@N(ﬁ(p,E),Pg]jv?T(p,E)) # 0, for
(p, E) € ®(G'y)o, varies as follows. Let g € G be such that Jy = 9K),. Then
gﬂ-(p,E) € £/N_1(p7 E)J and

1+

G !+ G « +
(Res5Y ("mp,m))'> = (Resgy (“m(pm)" "™

= g((ResIG<Z7T(p7E))K§V ).
We have G’y =~ Ky J/ Kt ~ Jn J/ Jit where the last isomorphism is induced by

K/

conjugation by g. Hence (ResSN 7 W(p,E))JflV+ and (Resngﬂ(p,E)) ~" are isomorphic

ali : — G ;7 +
as G’y representations. It follows that Homg (T, k), (Res‘]ﬁgﬂ(p’E))JN ) # 0.
Therefore, considering the parahoric restriction with respect to Jj rather than K,
Lemma [4.4.13| would associate to 7,z € M’y ' (p, E) the representation 97, ) €
L (p, E) rather than T(p,E) € Ly p, E).

However, the equivariance result in Proposition [£.4.12]still holds when considering

parahoric restriction with respect to a different maximal parahoric subgroup.
We conclude that if we replace K% by Jy = 9K}, then Theorem |4.4.16[ holds
replacing 7, g) with 97, g).
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