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Abstract

This thesis is devoted to the representation theory of finite groups of Lie type and
of p-adic groups, with a particular emphasis on their interplay. The central theme
is the classification of irreducible representations over an algebraically closed field
of characteristic zero, approached from both finite and p-adic perspectives.

Each chapter develops a self-contained study within this broad framework. To
preserve autonomy, every chapter begins with its own introduction, situating the
problem in the literature and highlighting the main results. The present introduc-
tion provides a concise overview of the topics addressed, while the reader is referred
to the individual chapter introductions for more technical and detailed expositions.

The first part of the thesis concerns the representation theory of finite groups of
Lie type.

Chapter I extends the classical theory of parabolically induced cuspidal repre-
sentations from connected algebraic groups to the case of disconnected groups. In
the connected setting, the associated endomorphism algebras are known to be fi-
nite extended Hecke algebras. We show that this remains true when the ambient
group is disconnected through extension by an automorphism stabilizing both a Levi
subgroup and a cuspidal representation. In addition, the chapter establishes an ana-
logue of the classical comparison theorem, and provides a systematic analysis of the
restriction of characters from the rational points of a disconnected group to those
of its connected components. These structural results are not only of independent
interest, but also provide the necessary groundwork for the developments of Chapter
II.

Building on this foundation, Chapter II addresses the compatibility of Lusztig’s
non-abelian Fourier transform for unipotent representations of finite classical groups
of types B, C, and D with parabolic induction. Its main contribution is a detailed
combinatorial proof of this compatibility, with particular focus on disconnected
groups of type Dn, where both split and non-split forms occur. Treating these inner
twists simultaneously simplifies the combinatorial framework underlying Lusztig’s
construction, and this perspective arises naturally when considering connections to
the representation theory of p-adic groups.

The second part of the thesis turns to the relationship between the representation
theory of finite groups of Lie type and that of p-adic groups, within a Langlands-
theoretic framework. The guiding problem is to establish parameterizations of irre-
ducible representations of finite groups of Lie type in a manner compatible with the
(tame) local Langlands correspondence for p-adic groups.
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Chapter III develops this connection for the general linear group. We review
the tame local Langlands correspondence for GLn over a p-adic field, together with
the Macdonald correspondence for GLn over a finite field, which may be viewed as
a Langlands-type parameterization in the finite setting. Both constructions yield
bijections between isomorphism classes of irreducible representations of the appropri-
ate group and a suitable set of parameters. We then show that parahoric restriction
to maximal compact subgroups provides a link between these two parametrizations,
thereby establishing the expected compatibility. Although this study was carried
out independently, the main result is not original, as we became aware upon com-
pletion that it had already been established by Silberger and Zink. We include our
approach here because it is presented in a form that is convenient for generalization
to other cases, and in particular it serves as the basis for Chapter IV.

Chapter IV extends the analysis to the special linear group. We introduce a pa-
rameterization for the irreducible representations of the finite special linear group,
which we call the Macdonald–Vogan correspondence, analogous in spirit to the Mac-
donald correspondence for GLn. This construction is motivated by a conjecture orig-
inally formulated by Vogan in 2016, which has been very recently formalized by Imai
and Vogan and subsequently established in full generality for all finite groups of Lie
type by the first author. In contrast to the case of GLn, the Macdonald–Vogan cor-
respondence, like the local Langlands correspondence for SLn, is surjective but not
bijective. The representations in each fiber are parametrized by irreducible repre-
sentations of a certain component group depending on the parameter, mirroring the
p-adic situation. Confirming a prediction of Vogan, we prove that the Macdonald–
Vogan correspondence is compatible with the tame local Langlands correspondence
for SLn via parahoric restriction, linking together the finite and local theories.



Chapter I

Hecke Algebras for disconnected
groups
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Introduction
The subject of this chapter is ordinary (i.e. characteristic 0) representation theory of
finite groups of Lie type. Its main goal is to extend the study of the endomorphism
algebra of a parabolically induced cuspidal representation of a finite group of Lie
type to the case in which the underlying algebraic group is disconnected.

In the setting in which the defining algebraic group is connected, the endomor-
phism algebra of a parabolically induced cuspidal representation is a finite (ex-
tended) Hecke algebra [31, 22].

Here, we examine the next easiest possible situation: that is, if the envelop-
ing algebraic group is extended by an outer automorphism that stabilizes both a
Levi subgroup and a cuspidal representation defined on the Levi subgroup’s ratio-
nal points. In this context, we show that the corresponding endomorphism algebra
is still a finite extended Hecke algebra, which can be viewed as a split extension of
the endomorphism algebra of the representation obtained parabolically inducing the
same cuspidal representation to the rational points of the identity component of the
enveloping algebraic group.

After a brief review of the classical theory in Section 1.1.1, we study the struc-
ture of the endomorphism algebra in the disconnected setting in Section 1.2. The
main result is Theorem 1.2.17. The arguments we use to prove it follow closely the
arguments available in the literature for the connected case.

Moreover, in Section 1.2.3, we show that an analogue of the comparison theorem
of Howlett and Lehrer [32, Theorem 5.9] still applies in this case, reducing the prob-
lem of the decomposition into irreducible constituents of parabolically induced (or,
equivalently, restricted) representations to analogous questions about induced (re-
spectively restricted) representations of extended Weyl groups. The relevant result
in this regard is Theorem 1.2.24.

Finally, Section 1.2.4 is devoted to the study of the restriction of characters of
the group of the rational points of the disconnected algebraic group to the cosets
of the group of the rational points of the identity component. This restriction
exhibits a remarkably ordered behaviour, and in particular we show that studying
this behaviour can be reduced to an analogous problem on an extended Weyl group
(see Theorem 1.2.41).

For us, the interest of this subject lies in the use that we will make of these results
in chapter II.

Notation
˛ For any finite set S, we write CrSs for the complex finite-dimensional vector

space having as basis the elements of S. We endow it with the Hermitian scalar
product defined by requiring S to be an orthonormal basis.

˛ For any finite group H, we will denote by IrrpHq the set of isomorphism classes
of irreducible complex representations of H. We denote by RpHq the space of
complex class functions of H, that is the same as the complexification of the
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Grothendieck group of the representations of H. More in general, if A is a
semisimple algebra over C, we denote by IrrpAq the set of isomorphism classes
of simple modules over A. If A :“ CH is the group algebra of some finite group
H, we have IrrpCHq “ IrrpHq.

˛ Let H be a finite group and let K ď H. If π is a representation of H, we write
ResHK for the restriction of π to K.
If γ is a representation of K, we write IndHKγ for the induced representation.
More specifically, it is the representation given by the left multiplication action
ofH on CHbCKVγ, where Vγ is the representation space of γ. More in general, if
A is an algebra over C and B is a subalgebra, we denote by ResAB the restriction
of scalars from A-modules to B-modules, and by IndBA the extension of scalars
A bB ´ from B-modules to A-modules.

LetN be a normal subgroup ofH. If π is a representation ofH, we denote by πN
the H{N representation on the N -fixed subspace of π. If γ is a representation
of H{N , we denote by InflHHäN

γ the inflated representation. More specifically,
writing the idempotent element in CH associated to N as eN “ 1

|N |

ř

nPN n, it is
the representation given by the left multiplication action of H on CHeN bCH{N

Vγ, where Vγ is the representation space of γ.

˛ Let p be a prime number. Let G be a connected reductive linear algebraic
group over Fp. Let q be a power of p and assume G to be defined over Fq with
a Frobenius morphism F . We denote by GF the finite group of Lie type given
by the F -fixed points in G.

˛ For any F -stable Levi subgroup L of some parabolic subgroup P of G we
denote by RG

LĂP : RpLF q Ñ RpGF q the parabolic induction functor and by
˚RG

LĂP : RpGF q Ñ RpLF q the parabolic restriction functor [20, Definition 5.1.7].
In the following we will be mostly concerned with the case in which P
is F -stable, in which case we define explicitly the parabolic induction as
RG
LĂP “ IndG

F

PF ˝ InflP
F

LF and the parabolic restriction as ˚RG
LĂP “ pResG

F

PF qU
F ,

where U denotes the unipotent radical of P . In this case, RG
LĂP and ˚RG

LĂP do
not depend on the parabolic, so we denote them by RGF

LF and ˚RGF

LF respectively.

1.1 Finite Hecke algebras

Let pW,Sq be a finite Coxeter system. Denote by l the length function on W relative
to S, and let txs|s P Su be a set of indeterminates such that xs “ xs1 if s, s1 P S are
conjugate in W .

Let Ω be a finite group acting on W preserving S, and set WĂ :“ W ¸ Ω. We
allow the case Ω “ 1. Let µ : WĂ ˆ WĂ Ñ C˚ be a cocycle that is trivial on W ˆ W .
The extended twisted generic finite Hecke algebra HµpWĂ, txsusPSq is the associative
algebra over the free module over CrtxsusPSs with basis tbx | x P WĂu, and with the
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following relations: for x, y P W and ω, ν P Ω

bxby “ bxy, if lpxq ` lpyq “ lpxyq

b2
s “ px2

s ´ 1qbs ` x2
s s P S

bxbω “ µpx, ωqbxω

bωbx “ µpω, xqbωx

bωbν “ µpω, νqbων

When the cocycle µ is the trivial cocycle 1, we drop it in the notation, and we
call HpWĂ, txsusPSq “ H1pWĂ, txsusPSq an extended generic finite (untwisted) Hecke
algebra.

If Ω “ 1, we call HpW, txsusPSq a generic finite Hecke algebra.

For a C-algebras morphism f : CrtxsusPSs Ñ C the specialization of a extended
twisted generic Hecke algebra HµpWĂ,txsusPSq

by f is

HµpWĂ, tfpxsqusPSq :“ HµpWĂ, txsusPSq bf C,

where C is regarded as a CrtxsusPSs-module via the morphism f . We call it a
(specialized) extended twisted Hecke algebra.

Let CµrWĂs denote the twisted group algebra of WĂ determined by the cocycle
µ, that is the algebra with C-basis tx |x P WĂu and multiplication given by x y “

µpx, yqxy for any two elements of the basis. This is a semisimple algebra, and it
is the specialization of HµpWĂ, txsusPSq by the morphism given by the assignment
f1 : xs ÞÑ 1 for any s P S.

By Tits’ deformation theorem, the following theorem holds.

Theorem 1.1.1. [31, Theorem 5.3] For any C-algebra morphism f : CrtxsusPSs Ñ

C such that the finite extended twisted Hecke algebra HµpWĂ, tfpxsqusPSq is semisim-
ple, it holds HµpWĂ, tfpxsqusPSq – CµWĂ

In particular when µ “ 1 this theorem states that any semisimple finite extended
Hecke algebra HpWĂ, tcsusPSq, with cs P C, is isomorphic to the group algebra of WĂ.

1.1.1 Finite Hecke algebras as endomorphism algebras
An irreducible representation σ P IrrpGF q is said to be cuspidal if it does not
appear as an irreducible component of any representation parabolically induced
from some proper F -stable Levi subgroup of an F -stable parabolic subgroup of G.
In other words, σ is cuspidal if for any F -stable Levi subgroup L of a proper F -stable
parabolic subgroup, and for any ρ P IrrpLF q, it holds

xσ,RGF

LF ρy “ 0.

Since an F -stable Levi subgroup L of a F -stable parabolic subgroup of G is a con-
nected reductive algebraic group over Fp with Fq-structure given by the restriction
to L of the Frobenius morphism F , the same definition of cuspidality can be given
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for irreducible representations of LF .
Let L be an F -stable Levi subgroup F -stable parabolic subgroup P of G such that
LF has a cuspidal representation σ. Then we say that pL, σq is a cuspidal pair,
and we denote by EGpL, σq the set of irreducible representations of GF that ap-
pear in RGF

LF pσq (this set is called an "Harish-Chandra series"). Two series EGpL, σq,
EGpL1, σ1q are equal if pL, σq and pL1, σ1q are conjugate by an element of GF , and
are disjoint otherwise [20, Theorem 5.3.7] . Hence the Harish-Chandra series yield
a partition of the set IrrpGF q:

IrrpGF
q “

ğ

pL,σq

EGpL, σq

where the disjoint union runs through GF -conjugacy classes of cuspidal pairs pL, σq.
The relative Weyl group of the cuspidal pair pL, σq is given by

WGF pL, σq :“ tg P GF
| gLg´1

“ L , σ ˝ adpgq “ σu
äLF .

The group WGF pL, σq decomposes as WGF pL, σq “ W 1 ¸ Ω [31, Lemma 2.7], see also
[49, Theorem 3.1.8], where W 1 is a Weyl group and Ω is a finite group acting on it.
If G has connected centre or σ is unipotent (in the sense of [14, Section 12.1]), then
Ω is trivial, i.e. WGF pL, σq is a Weyl group [49, Theorem 3.2.5].

Let T be an F -stable maximal torus in G contained in an F -stable Borel subgroup
B such that T ď L. We realize the Weyl group of G as W :“ NGpT qäT , and we
let S be the set of simple reflections of W corresponding to B. The GF -conjugacy
class of L corresponds to an F -stable subset I Ă S of simple reflections. Let WI be
the subgroup of W generated by I. Then the relative Weyl group WGF pL, σq can be
identified with a subgroup of W F through an appropriate choice of representative
thanks to the following lemma.

Lemma 1.1.2. [20, Lemma 6.1.7] In the notation above, it holds

NGF pLqäLF – NF
I :“ tw P W F

|
wI “ I, w has minimal length in wWIu

The relative Weyl group plays a central role in the study of the representations
of GF , thanks to the following theorem.

Theorem 1.1.3. [49, Theorem 3.2.5] Let pL, σq be a cuspidal pair. Then the endo-
morphism algebra EndGF pRGF

LF pσqq is isomorphic to the finite extended Hecke algebra
HpWGF pL, σq, tqsusPSq for some suitable parameters, and

EndpRGF

LF pσqq – CWGF pL, σq. (1.1)

The isomorphism (1.1) holds by Theorem 1.1.1 applied to the case in which Ω
and µ are trivial. Indeed EndGF pRGF

LF pσqq is a semisimple algebra because RGF

LF pσq

is semisimple.
For any cuspidal pair pL, σq, there is a bijection

EGpL, σq Ñ IrrpEndGF pRGF

LF pσqqq

ρ ÞÑ HomGF pρ,RGF

LF pσqq
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and by Theorem 1.1.3, there is canonical isomorphism IrrpEndGF pRGF

LF pσqqq –

IrrpWGF pL, σqq, given by specialization of characters values. It follows that there is
a canonical bijection

RepGF : EGpL, σq Ñ IrrpWGF pL, σqq. (1.2)

Extending by linearity we obtain invertible linear maps

RepGF : CrEGpL, σqs Ñ RpWGF pL, σqqs. (1.3)

The isomorphism RepGF is an isometry, since it maps the orthonormal base of
CrEGpL, σqs given by EGpL, σq to the orthonormal base of RpWGF pL, σqq given by
IrrpWGF pL, σqq. The following result, due to Howlett and Lehrer and known as the
comparison theorem, describes parabolic induction in terms of induction of repre-
sentations in the relative Weyl groups.

Theorem 1.1.4. ([32, Theorem 5.9], see also [49, Theorem 3.2.7]). Let M be an
F -stable Levi subgroup of an F -stable parabolic subgroup of G. Let L be an F -
stable Levi subgroup of an F -stable parabolic subgroup of M , and let σ be a cuspidal
representation of L. Then the following diagram commutes

CrEMpL, σqs CrIrrpWMF pL, σqqs

CrEGpL, σqs CrIrrpWGF pL, σqqs

RG
F

MF

Rep
MF

Ind
W
GF

pL,σq

W
MF pL,σq

Rep
GF

where IndWGF
pL,σq

W
MF pL,σq

denotes the extension by linearity on CrIrrpWMF pL, σqqs of the
usual induction of representations of finite groups.

Corollary 1.1.5. Let M be an F -stable Levi subgroup of an F -stable parabolic
subgroup of G. Let L be an F -stable Levi subgroup of an F -stable parabolic subgroup
of G, and let σ be a cuspidal representation of L. Then

˛ If L is contained in M , the following diagram commutes

CrEGpL, σqs CrIrrpWGF pL, σqqs

CrEMpL, σqs CrIrrpWMF pL, σqqs

˚RG
F

MF

Rep
GF

Res
W
GF

pL,σq

W
MF pL,σq

Rep
MF

where ResWGF
pL,σq

W
MF pL,σq

denotes the extension by linearity to CrIrrpWMF pL, σqqs of
the usual restriction of representations of finite groups.

˛ If no GF -conjugate to L is contained in M , then ˚RGF

MF “ 0 on EGpL, σq.

Proof. The last statement follows from the disjointedness of the Harish-Chandra
series. Indeed, suppose there is χ P EGpL, σq such that ˚RGF

MF pχq ‰ 0. Then there
is a Levi subgroup L1 contained in M supporting a cuspidal representation σ1 such

I - 5



that x˚RM
L1 ˝˚ RGF

MFχ, σ1yL1 ‰ 0, and so, by transitivity of restriction and Frobenius
reciprocity, it holds χ P EGpL1, σ1q. So pL, σq and pL1, σ1q are conjugate in GF .

By the same argument, the image through ˚RGF

MF of CrEGpL, σqs is contained in
CrEMpL, σqs . We check that for any ψ P EGpL, σq, the irreducible constituents of
pRes

W
GF

pL,σq

W
MF pL,σq

q ˝ RepGF pψqq and pRepMF ˝ ˚RGF

MF pψqq are the same.
For any π P IrrpWMF pL, σqq, it holds π “ RepMpρq for some ρ P EMpL, σq. Then

xRes
W
GF

pL,σq

W
MF pL,σq

˝ RepGF pψq, πyW
MF pL,σq

“xRes
W
GF

pL,σq

W
MF pL,σq

˝ RepGF pψq, RepMF pρqyW
MF pL,σq adjunction of IndWGF

pL,σq

W
MF pL,σq

and Res
W
GF

pL,σq

W
MF pL,σq

“xRepGF pψq, Ind
W
GF

pL,σq

W
MF pL,σq

˝ RepMF pρqyW
MF pL,σq Theorem 1.1.4

“xRepGF pψq, RepGF ˝ RGF

MF pρqyW
GF

pL,σq RepGF is an isometry

“xψ,RGF

MF pρqyGF adjunction of RGF

MF and ˚RGF

MF

“x
˚RGF

MF pψq, ρyMF RepMF is an isometry
“xRepMF ˝

˚RGF

MF pψq, RepMF pρqyW
MF pL,σq

“xRepMF ˝
˚RGF

MF pψq, πyW
MF pL,σq.

1.2 Endomorphism algebras, the disconnected
case

The main goal of the rest of this chapter is to generalize Theorem 1.1.3 and The-
orem 1.1.4 in a case in which the underlying algebraic group is not connected. In
particular, we focus on the case of a split extension of the group G given by a finite
cyclic group. To the knowledge of the author, these results have not been published
anywhere at the time of writing.

1.2.1 General setting
Let δ be an automorphism of order d acting on G and commuting with F . Then δ
acts on the finite group of Lie type GF , and consequently induces a bijection δ˚ on
IrrpGF q. If M is an F -stable and δ-stable Levi subgroup of a parabolic subgroup
of G, then δ acts on the finite group of Lie type MF , and consequently induces an
action δ˚ on IrrpMF q.
Lemma 1.2.1. Let M be an F -stable and δ-stable Levi subgroup of an F -stable and
δ-stable parabolic subgroup P of G, and let U be the unipotent radical of P . Then:

1. The bijections δ˚ on IrrpGF q and IrrpMF q are compatible with the parabolic
restriction ˚RGF

MF and the parabolic induction RGF

MF , that is
˚RGF

MF ˝ δ˚χ “ δ˚
˝

˚RGF

MFχ for any χ P IrrpGF
q,

RGF

MF ˝ δ˚ϕ “ δ˚
˝

˚RGF

MFϕ for any ϕ P IrrpMF
q.
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2. The bijection δ˚ maps cuspidal representations to cuspidal representations

3. The bijection δ˚ maps unipotent representations to unipotent representations.

In particular, if G is simple of classical type, the action δ˚ fixes unipotent cuspidal
representations.

Proof. 1. We show that δ˚ is compatible with the parabolic restriction ˚RGF

MF : for
any χ P IrrpGF q and for any m P MF

˚RGF

MF ˝ δ˚χpmq “
1

|UF |

ÿ

uPUF

δ˚χpmuq

“
1

|UF |

ÿ

uPUF

χpδ´1
pmuqq

“
1

|UF |

ÿ

uPUF

χpδ´1
pmqδ´1

puqq δ is a bijection on UF

“
1

|UF |

ÿ

vPUF

χpδ´1
pmqvq

“
˚ RGF

MFχpδ´1
pmqq

“ δ˚
˝

˚ RGF

MFχpmq.

It follows that the action of δ˚ is also compatible with parabolic induction: for
any χ P IrrpGF q and for any ϕ P IrrpMF q, it holds

xRGF

MF ˝ δ˚ϕ , χyGF “ xδ˚ϕ , ˚RGF

MFχyMF “ xϕ , pδ˚
q

´1
˝

˚RGF

MFχyMF

“ xϕ , ˚RGF

MF ˝ pδ˚
q

´1χyMF “ xRGF

MFϕ , pδ˚
q

´1χyGF “ xδ˚
˝ RGF

MFϕ , χyGF

In the above calculation we used the fact that δ˚ is an isometry because it is in-
duced by an automorphism, so it maps irreducible representations to irreducible
representations, and we used the adjunction between parabolic induction and
parabolic restriction.

2. Follows from (1).

3. We claim that for any F -stable maximal torus T of G, it holds

δ˚RG
T 1 “ RG

δ´1pT q1 (1.4)

where RG
T 1 is the Deligne-Lusztig generlized character as in [14, 7.2]. Indeed,

let B be a Borel subgroup of G containing T and let U denote the unipotent
radical of B; let

XU :“ tx P G | x´1F pxq P F pUqu
äU X F pUq,

Xδ´1pUq :“ tx P G | x´1F pxq P F pδ´1
pUqqu

äδ´1
pUq X F pδ´1

pUqq
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be the Deligne-Lusztig varieties associated to T and δ´1pT q respectively, with
left GF action by multiplication. Then, since δ and F commute, δpXδ´1pUqq “

XU and the following diagram commutes for any g P GF :

Xδ´1pUq XU

Xδ´1pUq XU

g

δ

δpgq

δ

(1.5)

Hence the following diagram is commutative:

H˚
c pXUq H˚

c pXδ´1pUqq

H˚
c pXUq H˚

c pXδ´1pUqq

δpgq

δ

g

δ

(1.6)

where H˚
c denotes l-adic cohomology, with l prime different from p, and the

arrows are the maps on the cohomology spaces induced from the corresponding
ones in the above diagram [14, 7.1.3]. Therefore

δ˚
˝

˚ RG
T 1pgq “ Trpδpgq |H˚

c pXUqq “ Trpg | H˚
c pXδ´1pUqqq “ RG

δ´1pT q1pgq.

Hence, if GF affords a cuspidal unipotent representation σ, then δ˚σ is still
unipotent and cuspidal. In particular, if G is simple of classical type, GF

affords at most one cuspidal unipotent representation, so this has to be fixed
by δ˚.

We now consider the group GF ¸ xδy.
For each F -stable Levi subgroup M of an F -stable parabolic subgroup P of G,

with unipotent radical U , we define the parabolic induction to GF ¸ xδy as

R
GF¸xδy

MF :“ Ind
GF¸xδy

GF ˝ RGF

MF “ Ind
GF¸xδy

PF ˝ InflP
F

MF . (1.7)

and the parabolic restriction as the adjoint functor
˚R

GF¸xδy

MF :“ ˚RGF

MF ˝ Res
GF¸xδy

GF “ pRes
GF¸xδy

PF q
UF (1.8)

where p¨qU
F denotes the projection to the UF -invariant subspace.

Moreover, if M and P are δ-stable, we set

R
GF¸xδy

MF¸xδy
:“ Ind

GF¸xδy

PF¸xδy
˝ Infl

PF¸xδy

MF¸xδy
(1.9)

and denote by ˚R
GF¸xδy

MF¸xδy
the adjoint functor

˚R
GF¸xδy

MF¸xδy
:“ pRes

GF¸xδy

PF¸xδy
q
UF . (1.10)

If L is an F -stable and δ-stable Levi subgroup of an F -stable and δ-stable parabolic
subgroup of M , we write RMF¸xδy

LF and RMF¸xδy

LF¸xδy
for the functors analogously defined

plugging in M in place of G and L in place of M .
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Remark 1.2.2. Let N be a finite group, H ď K ď AutpNq. Then it holds

IndN¸K
N¸H ˝ InflN¸H

H “ InflN¸K
K ˝ IndKH . (1.11)

Indeed for any χ P IrrpHq, n P N, k P K, it holds

pIndN¸K
N¸HInfl

N¸H
H χqpnkq “

1
|N ||K|

ÿ

n1PN,k1PK
pn1k1q´1nkn1k1PN¸H

InflN¸H
H χppn1k1

q
´1nkn1k1

q

“
1

|N ||K|

ÿ

n1PN,k1PK
pk1q´1kk1PH

InflN¸H
H χppk1

q
´1kk1

q

“
1

|K|

ÿ

k1PK
pk1q´1kk1PH

χppk1
q

´1kk1
q

“ IndKHχpkq “ pInflN¸K
K IndKHχqpnkq.

Lemma 1.2.3. Let M be an F -stable and δ-stable Levi subgroup of an F -stable and
δ-stable parabolic subgroup P of G. Then

R
GF¸xδy

MF “ R
GF¸xδy

MF¸xδy
˝ R

MF¸xδy

MF (1.12)

Proof. The unipotent radical U of P is F -stable and δ-stable, and so UF is a normal
subgroup in P F ¸ xδy yielding a projection P F ¸ xδy ↠MF ¸ xδy. Applying (1.11)
to UF , MF and MF ¸ xδy we get

Ind
PF¸xδy

PF ˝ InflP
F

MF “ Infl
PF¸xδy

MF¸xδy
˝ Ind

MF¸xδy

MF .

It follows that
R
GF¸xδy

MF “ R
GF¸xδy

MF¸xδy
˝ R

MF¸xδy

MF

where RMF¸xδy

MF “ Ind
MF¸xδy

MF , compatibly with (1.9) for M viewed as an F -stable
Levi subgroup of itself.

Corollary 1.2.4. Let M and L be F -stable and δ-stable Levi subgroups of F -stable
and δ-stable parabolic subgroups PL and PM of G, respectively. Assume that PL ď

PM and L ď M . Then

R
GF¸xδy

LF “ R
GF¸xδy

MF ˝ RMF

LF “ R
GF¸xδy

MF¸xδy
˝ R

MF¸xδy

LF . (1.13)

Proof. The first equality follows directly from the definition of RGF¸xδy

LF and transi-
tivity of parabolic induction:

R
GF¸xδy

LF “ Ind
GF¸xδy

GF ˝ RGF

LF “ Ind
GF¸xδy

GF ˝ RGF

MF ˝ RMF

LF “ R
GF¸xδy

MF ˝ RMF

LF .

The second equality then follows from (1.12) and transitivity of parabolic induction:

R
GF¸xδy

LF “ R
GF¸xδy

MF ˝ RMF

LF “ R
GF¸xδy

MF¸xδy
˝ R

MF¸xδy

MF ˝ RMF

LF “ R
GF¸xδy

MF¸xδy
˝ R

MF¸xδy

LF .
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The notion of Harish-Chandra series can be extended to the group GF ¸ xδy: if
L is an F -stable Levi subgroup of an F -stable parabolic subgroup of G such that
LF affords a cuspidal representation σ, we set

EGF¸xδy
pL, σq :“ tχ P IrrpGF

¸ xδyq | xχ,R
GF¸xδy

LF σyGF¸xδy ‰ 0u.

Lemma 1.2.5. Let L and L1 be δ-stable and F -stable Levi subgroups of δ-stable and
F -stable parabolic subgroups of G. Assume that LF and L1F afford δ˚-stable cuspidal
representations σ and σ1 respectively.
Then

xR
GF¸xδy

LF σ , R
GF¸xδy

L1F σ1
yGF¸xδy “ dxRGF

LF σ , R
GF

L1Fσ1
yGF . (1.14)

In particular the Harish-Chandra series EGF¸xδypL, σq and EGF¸xδypL1, σ1q are equal
if pL, σq and pL1, σ1q are GF -conjugate, and they are disjoint otherwise.

Proof. Frobenius reciprocity gives

xR
GF¸xδy

LF σ , R
GF¸xδy

L1F σ1
yGF¸xδy “

xInd
GF¸xδy

GF RGF

LF σ , Ind
GF¸xδy

GF RGF

L1Fσ1
yGF¸xδy “

xRGF

LF σ , Res
GF¸xδy

GF Ind
GF¸xδy

GF RGF

L1Fσ1
yGF . (1.15)

Since tδi|i “ 0, . . . , d ´ 1u is a set of representatives for the double cosets of GF

in GF ¸ xδy, and GF is δ-stable, the Mackey formula gives

Res
GF¸xδy

GF Ind
GF¸xδy

GF pRGF

L1Fσ1
q “

d´1
ÿ

i“0
pδiq˚ RGF

L1Fσ1. (1.16)

By Remark 1.2.1 we have δ˚pRGF

L1Fσ1q “ RGF

L1F pδ˚σ1q. Combining with (1.15) gives

xR
GF¸xδy

LF σ , R
GF¸xδy

L1F σ1
yGF¸xδy “

xRGF

LF σ ,
d´1
ÿ

i“0
RGF

L1F pδiq˚σ1
yGF “

xRGF

LF σ ,
d´1
ÿ

i“0
RGF

L1Fσ1
yGF “ dxRGF

LF σ , R
GF

L1Fσ1
yGF .

The statement on Harish-Chandra series follows since if pL, σq and pL1, σ1q are not
GF conjugate, then xRGF

LF σ , R
GF

L1Fσ1yGF “ 0, so

xR
GF¸xδy

LF σ , R
GF¸xδy

L1F σ1
yGF¸xδy “ 0

and hence RGF¸xδy

LF σ and RGF¸xδy

L1F σ1 don’t have any common irreducible constituents.
On the other hand, if pL, σq and pL1, σ1q are GF -conjugate, then RGF

LF σ – RGF

L1Fσ1,
therefore inducing to GF ¸ xδy yields isomorphic representations.
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Corollary 1.2.6. Retaining notation from Lemma 1.2.5, there holds

xR
GF¸xδy

LF σ , R
GF¸xδy

LF σyGF¸xδy “ |WGF¸xδypL, σq|.

Proof. By [20, Corollary 5.3.8]

xRGF

LF σ , R
GF

LF σyGF “ |WGF pL, σq|

and Lemma 1.2.5 gives

xR
GF¸xδy

LF σ , R
GF¸xδy

LF σyGF¸xδy “ dxRGF

LF σ , R
GF

LF σyGF .

Since WGF¸xδypL, σq “ WGF pL, σq ¸ xδy, with δ of order d, it holds

|WGF¸xδypL, σq| “ d|WGF pL, σq|.

Let L be an F -stable Levi subgroup of an F -stable parabolic subgroup P of G.
We set

NGF pLq :“ tg P GF
| gLg´1

“ Lu WGF pLq :“ NGF pLqäLF

NGF¸xδypLq :“ tg P GF
¸ xδy | gLg´1

“ Lu WGF¸xδypLq “ NGF¸xδypLqäLF .

If LF affords a cuspidal representation σ, we set

NGF pL, σq :“ tg P GF
| gLg´1

“ L , σ ˝ adpgq – σu (1.17)

WGF pL, σq :“ NGF pL, σqäLF (1.18)
NGF¸xδypL, σq :“ tg P GF

¸ xδy | gLg´1
“ L , σ ˝ adpgq – σu (1.19)

WGF¸xδypL, σq “ NGF¸xδypL, σqäLF . (1.20)

If L is δ-stable and σ is δ˚-stable, then δ stabilizes the subgroup NGF pL, σq, and
NGF¸xδypL, σq – NGF pL, σq ¸ xδy.

Taking quotient by LF , we have

WGF pL, σq ¸ xδy – WGF¸xδypL, σq

where on the left hand side the action of δ on WGF pL, σq is induced by the action
of δ on NGF pL, σq.

If M is an F -stable and δ-stable Levi subgroup of G containing L, we write
NMF pL, σq, WMF pL, σq, NMF¸xδypL, σq, WMF¸xδypL, σq for the groups analogous to
the ones defined above for G but relative to M .

1.2.2 The structure of the endomorphism algebra
Until the end of chapter I, we assume the centre of G to be connected.

Moreover we assume that δ stabilizes a pair pT,Bq consisting of an F -stable
maximal torus T contained in an F -stable Borel subgroup B, and we fix such a
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pair. Note that up to composing δ with an inner automorphism of GF , a stable
pair always exists. Indeed, since δ commutes with F , if pT,Bq is a pair consist-
ing of an F -stable maximal torus T contained in an F -stable Borel subgroup B,
then pF pδpT qq, F pδpBqqq “ pδpF pT qq, δpF pBqqq “ pδpT q, δpBqq, that is the pair
pδpT q, δpBqq is F -stable. All pairs consisting of an F -stable maximal torus con-
tained in an F -stable Borel are GF -conjugate [20, Corollary 4.2.15], so there exists
x P GF such that pδpT q, δpBqq “ pxT, xBq. Hence composing δ with the inner au-
tomorphism given by conjugation by x we obtain an automorphism stabilizing the
pair pT,Bq.

From now until the end of Section 1.2.2, L is a δ-stable and F -stable Levi sub-
group of a δ-stable and F -stable parabolic subgroup P of G containing T , and U
denotes the unipotent radical of P . We assume that LF has a δ-stable cuspidal
representation σ.

We show that the endomorphism algebra EndGF¸xδypL, σq is a finite extended
Hecke algebra. Firstly, we construct a basis for EndGF¸xδypR

GF¸xδy

L pσqq and then we
exhibit a set of relations for this algebra, in the spirit of [31]. The exposition follows
closely [20, Section 6].
Let V be the C-vector space affording the representation σ. For any n P

NGF¸xδypL, σq, there is a linear operator tn on V , determined up to a scalar multiple,
such that for any l P LF

σpn´1lnq “ t´1
n σplqtn. (1.21)

A choice for the tn, with n P WGF¸xδypL, σq, determines a two-cocycle

λp : NGF¸xδypL, σq ˆ NGF¸xδypL, σq Ñ C (1.22)
pn,mq ÞÑ tntmt

´1
nm

The cocycle property follows from the associativity of multiplication of the linear
operators tn. For any x P WGF¸xδypL, σq, we fix a choice of a representative x9 P

NGF¸xδypL, σq. Then, for any choice of the linear operator tx9 and for any l, l1 P LF

it holds

σppl1x9 q
´1ll1x9 q “ σpx9 ´1

pl1q´1ll1x9 q “ t´1
x9 σppl1q´1ll1qtx9 (1.23)

“ t´1
x9 σpl1q´1σplqσpl1qtx9 “ pσpl1qtx9 q

´1σplqσpl1qtx9 .

For any n P NGF¸xδypL, σq there exists an x P WGF¸xδypL, σq and an l1 P LF such
that n “ l1x9 , and by (1.23) the linear operator tn can be chosen to satisfy

tl1x9 :“ σpl1qtx9 . (1.24)

Since σ is multiplicative, it follows that for any n P NGF¸xδypL, σq and any l P LF it
holds

tln :“ σplqtn. (1.25)
Remark 1.2.7. Given a choice of the linear operators tn satisfying (1.25), the
cocycle (1.22) induces a well defined cocycle λ on WGF¸xδypL, σq.
Indeed, for any l, l1 P LF and for any n,m P NGF¸xδypL, σq there holds

tlntl1m “ λppln, l1mqtlnl1m “ λppln, l1mqσplqtpnl1n´1qnm “ λppln, l1mqσplqσpnl1n´1
qtnm

tlntl1m “ σplqtnσpl1qtm “ σplqtnσpl1qt´1
n tntm “ σplqσpnl1n´1

qλppn,mqtnm.
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Therefore λppln, l1mq “ λppn,mq, and so

λ : WGF¸xδypL, σq ˆ WGF¸xδypL, σq Ñ C

px, yq ÞÑ λppx9 , y9 q

is well defined.

Moreover the linear maps tx9 with x P WGF¸xδypL, σq can be chosen so that the
cocycle λ is trivial on WGF pL, σq, [20, Theorem 6.1.9]. We fix such a choice.

We write CpGF ¸ xδyq for the complex group algebra of the group GF ¸ xδy, and
set

eU “
1

|UF |

ÿ

uPUF

u P CpGF
¸ xδyq.

Note that since LF normalizes UF , the idempotent eU commutes with any l P LF .
The representation R

GF¸xδy

LF σ can be realised as the GF ¸ xδy-module

CpGF
¸ xδyqeU bCLF V

where GF ¸ xδy acts by left multiplication.
For any n P NGF¸xδypL, σq define

Bn : CpGF
¸ xδyqeU bCLF V Ñ CpGF

¸ xδyqeU bCLF V (1.26)
geU b v ÞÑ geUn

´1eU b tnpvq.

These maps are well-defined:

BnpgeU l b vq “ geU ln
´1eU b tnpvq “ geUn

´1
pnln´1

qeU b v

“ geUn
´1eUpnln´1

q b v “ geUn
´1eU b σpnln´1

qtnv

“ geUn
´1eU b tnσplqv “ BnpgeU b σplqvq.

By construction the maps Bn commute with the action of GF ¸ xδy, so they
belong to EndGF¸xδypR

GF¸xδy

LF σq.

Remark 1.2.8. For any n P NGF¸xδypL, σq, for any l P LF and
geU b v P CpGF ¸ xδyqeU bCLF V it holds

BlnpgeU b vq “ geUn
´1l´1eU b tlnpvq

“ geUn
´1eU l

´1
b σplqtnpvq

“ geUn
´1eU b tnpvq “ BnpgeU b vq.

Therefore Bn depends only on the class of n in WGF¸xδypL, σq.

In consequence of Remark 1.2.8, in the following we will write Bx, with x P

WGF¸xδypL, σq in place of Bn, where x is the class of n in WGF¸xδypL, σq.
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Remark 1.2.9. The representation RGF

LF σ can be realized as CGF eU bCLF V , where
GF acts by left multiplication. By [20, Lemma 6.1.6] a basis for EndGF pRGF

LF σq is
given by the endomorphisms

Brx : RGF

LF σ Ñ RGF

LF σ

geU ÞÑ geUx9
´1eU b tx9 pvq

for x running in WGF pL, σq. Note that Brx is the restriction of Bx to CGF eU bCLF V ,
and that RGF¸xδy

LF “ CpGF ¸ xδyq bGF R
GF

LF , so

Bx “ idCpGF¸xδyq b Brx. (1.27)

Now we prove that the intertwiners tBx | x P WGF¸xδypL, σqu are a basis for
EndGF¸xδypR

GF¸xδy

LF σq. We will need the following lemma.

Lemma 1.2.10. The map

WGF¸xδypLq Ñ P F
zGF

¸ xδy{P F

induced by the inclusion NGF¸xδypLq ãÑ GF ¸ xδy is injective

Proof. By [66, Proposition 2.20], the map

WGF pLq ãÑ P F
zGF

{P F (1.28)
ω ÞÑ P FωP F

induced through natural projection by the inclusion NGF¸xδypLq ãÑ GF ¸ xδy is
injective. In (1.28) we write P FωP F instead of P Fω9P F with ω9 a representative of
ω in NGF pLq, because the P F double coset P Fω9P F does not depend on the choice
of the representative ω9 in NGF pLq.

Since L is δ-stable, so are LF and its normalizer in GF , therefore δ induces an
action on WGF pLq and WGF¸xδypLq – WGF pLq¸xδy. Moreover since P is δ-stable, so
is P F . Let ω1δ

i1 , ω2δ
i2 P WGF¸xδypLq with ω1, ω2 P WGF pLq, and i1, i2 P t0, . . . , d´1u.

The corresponding P F -double cosets in GF are given respectively by P Fω19 P
F δi1 and

P Fω29 P
F δi2 . Two such cosets are equal if and only if i1 “ i2 and P Fω19 P

F “ P Fω29 P
F

and by the injectivity of (1.28), if and only if ω1 “ ω2. So the P F -double coset in
GF corresponding to ω1δ

ϵ1 and ω2δ
ϵ2 P WGF¸xδypLq are equal if and only if ω1δ

i1 “

ω2δ
i2 .

Proposition 1.2.11. The set tBx | x P WGF¸xδypL, σqu is a C-linear basis for
EndGF¸xδypR

GF¸xδy

LF σq.

Proof. We adopt the strategy of the proof of [66, Proposition 5.8].
By Corollary 1.2.6, it holds dimCEndGF¸xδypR

GF¸xδy

LF σqq “ |WGF¸xδypL, σq|, therefore
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it is enough to show that the set tBx | x P WGF¸xδypL, σqu is linearly independent.
Assume that

ÿ

xPW
GF¸xδy

pL,σq

cxBx “ 0

for some cx P C. Then for v P V we get
ÿ

xPW
GF¸xδy

pL,σq

cxBxpeU b vq “
ÿ

xPW
GF¸xδy

pL,σq

cxpeUx9
´1eU b tx9 pvqq “ 0.

As a vector space, CpGF ¸ xδyqeU bCLF V admits a decomposition given by

CpGF
¸ xδyqeU bCLF V “

à

gPF P
GF¸xδy

äPF

geU bCLF V. (1.29)

For y9 P NGF¸xδypL, σq, the coset y9P F P
GF ¸ xδyäP F depends only on the

class y P NGF¸xδypL, σq, so we denote it by yP F . Let πy be the projection of
CpGF ¸ xδyqeU bCLF V on y9 ´1eU bCLF V along the decomposition(1.29). Then

0 “ πy

ˆ

ÿ

xPW
GF¸xδy

pL,σq

cxBxpeU b vq

̇

“ πy

ˆ

ÿ

xPW
GF¸xδy

pL,σq

cx
` 1

|UF |

ÿ

uPUF

ux9 ´1eU b tx9 pvq
˘

̇

“
1

|UF |

ÿ

xPW
GF¸xδy

pL,σq

uPUF

ux9 ´1Py9 ´1PF

cxux9
´1eU b tx9 pvq.

If ux9 ´1
P y9 ´1P F for some u P UF then x9 P P Fy9P F , so Lemma 1.2.10 gives x “ y.

Therefore

0 “ πy

ˆ

ÿ

xPW
GF¸xδy

pL,σq

cxBxpeU b vq

̇

“
1

|UF |
cy

ÿ

uPUF

y9uy9 ´1PPF

uy9 ´1eU b ty9 pvq

Since y9 P NGF¸xδypL
F q, the conditions u P UF and y9uy9 ´1

P P F force y9uy9 ´1
P UF ,

because yPy´1 XP “ pyUy´1 XUq ¸L, so yUy´1 XP Ď U XyUy´1. Then all of the
terms in the last sum are equal, since they satisfy uy9 ´1eU b ty9 pvq “ y9 ´1eU b ty9 pvq.
Moreover there is at least one non-zero summand (take u “ 1). Hence cy “ 0, for
any y P WGF¸xδypL, σq.

In order to exploit the results known for connected groups, we choose an appro-
priate scaling of the basis tBx | x P WGF¸xδypL, σqu, which allows us to express the
multiplicative relations in a favourable way. Since the center of G is connected, the
group WGF pL, σq is a Weyl group [49, Theorem 3.2.5], and it is identified with a
reflection subgroup of the finite Weyl group W F

G of GF as recalled in Lemma 1.1.2.
Here WG “ NGpT qäT with T the δ-stable and F -stable maximal torus fixed at the
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beginning of this section.
Let S be the set of simple reflections of WG with respect to the elements in the base
of the root system determined by the δ-stable and F -stable Borel B fixed at the
beginning of this section. Let S be the set of simple reflections of WGF pL, σq with
respect to the elements in the base of the root system associated with WGF pL, σq as
in [31, Lemma 2.7]. We denote by l the length function in WG with respect S, and
by lrpωq the length of ω in WGF pL, σq with respect to S. For any ω P WGF pL, σq,
we write lpωq for the length of the element in WG corresponding to ω through the
identification in Lemma 1.1.2.

The basis for the endomorphism algebra EndGF pRGF

LF σq given by

Trω :“ qlpωqBrω

for any ω P WGF pL, σq, with Brω as in Remark 1.2.9, satisfies [20, Proposition 6.1.16],
i.e.

Trω1Trω2 “ Trω1ω2 if lrpω1q ` lrpω2q “ lrpω1ω2q (1.30)

Tr
2
s “ pqcs ´ 1qTrs ` qcs s P S

where the cs P N are defined as in [20, Proposition 6.1.16(ii)].
The assumption of connectedness on the centre of G ensures that WGF pL, σq

is a reflection group [49, Theorem 3.2.5], and since S is a set of simple reflections
in WGF pL, σq the relations in (1.30) generate a complete set of relations for the
endomorphism algebra EndGF pRGF

LF σq.

For each ω P WGF pL, σq and i P t1, . . . , du, set lpωδiq “ lpωq. Note that since δ
stabilizes the pair pT,Bq, it induces an automorphism on W F

G stabilizing the set of
the simple reflections, hence it preserves the length l of the elements. In particular
lpδxq “ lpxq “ lpxδq for any x P WGF¸xδypL, σq. For any x P WGF¸xδypL, σq, set

Tx :“ qlpxqBx.

Note that by Remark 1.2.9 for ω P WGF pL, σq, it holds

Tω “ qlpωqBω “ qlpωqidCpGF¸xδyq b Brω “ idCpGF¸xδyq b Trω.

Proposition 1.2.12. Let S be the set of simple reflections for WGF pL, σq, and
denote by lr the associated length function. A complete set of relations for the basis
tTx | x P WGF¸xδypL, σqu of EndGF¸xδypR

GF¸xδy

LF σq can be deduced from the following
fundamental relations: for any x, y P WGF pL, σq, i P t0, . . . , d ´ 1u it holds

TxTy “ Txy, if lrpxq ` lrpyq “ lrpxyq (1.31)
T 2
s “ pqcs ´ 1qTs ` qcs , s P S

TδiTx “ λpδi, xqTδix,

TxTδi “ λpx, δiqTxδi ,

TδiTδj “ λpδi, δjqTδi`j

where cs P N is defined as in [20, Proposition 6.1.16(ii)], and λ : WGF¸xδypL, σq ˆ

WGF¸xδypL, σq Ñ C is the 2-cocycle on WGF¸xδypL, σq defined in Remark 1.2.7.
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Proof. First we focus on the first two relations. For any x P WGF pL, σq

Tx “ idCpGF¸xδyq b Trx,

hence exploiting the relations 1.30 we have

TxTy “ pidCpGF¸xδyq b TrxqpidCpGF¸xδyq b Tryq “ idCpGF¸xδyq b Trxy “ Txy

if lrpxq ` lrpyq “ lrpxyq and

T 2
s “ pidCpGF¸xδyq b Trsq

2
“ idCpGF¸xδyq b ppqcs ´ 1qTrs ` qcsq “ pqcs ´ 1qTs ` qcs

for any s P S.

Now we focus on the relations involving Tδ. Note that since δ induces a bijection
on UF , it holds δpeUq “ eU . For any g P GF ¸ xδy, x P WGF pL, σq and v P V ,

TδiTxpgeU b vq “ Tδipq
lpxqgeUx9

´1eU b tx9 pvqq

“ qlpxqgeUx9
´1eUδ

´ieU b tδiptx9 pvqq

“ qlpxqgeUx9
´1δ´ieU b λpδi, xqtδix9 pvq

“ λpδi, xqqlpδ
ixqgeUpδix9 q

´1eU b tδix9 pvq “ λpδi, xqTδixpgeU b vq,

TxTδipgeU b vq “ TxpgeUδ
´ieU b tδipvqq

“ qlpxqgeUδ
´ieUx9

´1eU b tx9 ptδipvqq

“ qlpxqgeUδ
´ix9 ´1eU b λpx, δiqtx9 δipvq

“ λpx, δiqqlpxδ
iqgeUpx9 δiq´1eU b tx9 δipvq “ λpx, δiqTxδipgeU b vq,

TδiTδjpgeU b vq “ TδipgeUδ
´jeU b tδjpvqq

“ geUδ
´jeUδ

´ieU b tδiptδjpvqq

“ geUδ
´jδ´ieU b λpδi, δjqtδi`jv “ λpδi, δjqTδi`jpgeU b vq.

This shows that the algebra EndGF¸xδypR
GF¸xδy

LF σq is a quotient of the algebra Er
generated by tbx, x P WGF¸xδypL, σqu with relations as in (1.31). Now we show that
dimCpErq “ dimCEndGF¸xδypR

GF¸xδy

LF σq.
For any pair of elements xδi, yδj P WGF¸xδypL, σq, with x, y P WGF pL, σq and

i, j P t0, . . . , d ´ 1u the product bxδibxδj can be computed in terms of the relations
(1.31):

bxδibyδj “ λpx, δiq´1λpy, δjq´1bxbδibybδj

“ λpx, δiq´1λpy, δjq´1λpδi, yqbxbδiybδj

“ λpx, δiq´1λpy, δjq´1λpδi, yqbxbδipyqδibδj

“ λpx, δiq´1λpy, δjq´1λpδi, yqλpδipyq, δiq´1bxbδipyqbδibδj

“ λpx, δiq´1λpy, δjq´1λpδi, yqλpδipyq, δiq´1λpδi, δjqbxbδipyqbδi`j .

Then the product bxbδpyq can be expressed as a linear combination of tbz, z P

WGF pL, σqu using the first two relations in (1.31), and the product of any bz with
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z P WGF pL, σq with bδi`j is given by the second to last relation in (1.31). It fol-
lows that tbx, x P WGF¸xδypL, σqu is a C-linear basis for the algebra Er . Hence
dimpErq “ dimpEndGF¸xδypR

GF¸xδy

LF σq, so the two algebras are isomorphic and (1.31)
is a complete set of relations.

Remark 1.2.13. The parameters cs for s P S appearing in Proposition 1.2.11 are
determined locally. By [49, Proposition 3.1.29] and the discussion above, there
exists an F -stable Levi subgroup M of a parabolic subgroup of G containing L and
such that WMpL, σq “ xsy. Then qcs is the quotient of the dimensions of the two
irreducible constituents of RMF

LF pσq.

Corollary 1.2.14. Retain notation from Proposition 1.2.12. The al-
gebra EndGF¸xδypR

GF¸xδy

LF σq is the finite extended twisted Hecke algebra
HλpWGF pL, σq, tqcsusPSq. Therefore,

EndGF¸xδypR
GF¸xδy

LF σq – CλWGF pL, σq.

Proof. The first statement follows by comparing the relations in Proposition 1.2.12
and the definition of finite twisted extended Hecke algebra in Section 1.1. The
isomorphism with the twisted group algebra of WGF¸xδypL, σq follows from Theorem
1.1.1, since EndGF¸xδypR

GF¸xδy

LF σq is semisimple.

Lemma 1.2.15. The cocycle λ as in Remark 1.2.7 is a coboundary.

Proof. The cocycle λ is a coboundary if and only if EndGF¸xδypR
GF¸xδy

LF σq has a
1-dimensional representation, that is, if and only if RGF¸xδy

LF σ has an irreducible
constituent with multiplicity 1, [31, Lemma 6.5]. It is known that RGF

LF σ always has
an irreducible constituent χsgn of multiplicity 1 that is uniquely determined by its
degree [22, Theorem 1]. Therefore χsgn is δ-stable. We claim that if ρ is another
irreducible consitituent of RGF

LF σ, the representations IndG
F¸xδy

GF χsgn and IndG
F¸xδy

GF ρ
have no irreducible constituent in common. Indeed by Frobenius reciprocity and the
Mackey formula,

xInd
GF¸xδy

GF χsgn, Ind
GF¸xδy

GF ρyGF¸xδy “ xRes
GF¸xδy

GF Ind
GF¸xδy

GF χsgn, ρyGF “

x

d´1
ÿ

i“0
pδiq˚

pχsgnq, ρyGF “ dxχsgn, ρyGF “ 0.

Moreover since GF ¸ xδy is the semidirect product of GF with a cyclic group, the in-
duction of a representation in IrrpGF q to GF ¸ xδy is multiplicity free [21, Theorem
9.12]. Therefore all the irreducible constituents of IndG

F¸xδy

GF χsgn have multiplicity 1
in RGF¸xδy

LF σ, since they appear with multiplicity 1 in IndG
F¸xδy

GF χsgn and cannot ap-
pear in the induction to GF ¸ xδy of any other constituent of RGF

LF σ. It follows that
EndGF¸xδypR

GF¸xδy

LF σq has a representation of degree 1, and therefore the cocycle λ
is a coboundary.
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Lemma 1.2.16. There exists a choice of the linear maps tn for n P NGF¸xδypL, σq

satisfying (1.25) and such that λ is trivial.

Proof. By Lemma 1.2.15 the cocycle λ is a coboundary, so there exists a 1-
cocycle α : WGF¸xδypL, σq Ñ C such that λpx, yq “ αpxyqαpxq´1αpyq´1. Let
αr : NGF¸xδypL, σq Ñ C be the lift of α through the quotient by LF . We set
trn :“ αrpnqtn for any n P NGF¸xδypL, σq. Then for any n and m P NGF¸xδypL, σq

whose class in WGF¸xδypL, σq is denoted respectively by n and m, it holds

trntrmtr
´1
nm “ αrpnqαrpmqαrpnmq

´1λppn,mq “ αpnqαpnqαpnmq
´1λpn,mq “ 1.

Moreover for any l P LF and n P NGF¸xδypL, σq it holds

trln :“ αrplnqtln “ αrpnqσplqtn “ σplqtrn.

We now fix a scaling of the linear maps tn for n P WGF¸xδypL, σq for which the
cocycle λ is trivial as in Lemma 1.2.16. In this way, the relations in Proposition
1.2.12 for the basis tTx, x P WGF pL, σqu become

TxTy “ Txy, if lrpxq ` lrpyq “ lrpxyq (1.32)
T 2
s “ pqcs ´ 1qTs ` qcs , s P S

TδiTx “ Tδix,

TxTδi “ Txδi ,

TδiTδ “ Tδi`1

and Corollary 1.2.14 simplifies as follows.

Theorem 1.2.17. The algebra EndGF¸xδypR
GF¸xδy

LF σq is isomorphic to the finite ex-
tended Hecke algebra HpWGF pL, σq, tqcsusPSq, for some cs P N. Therefore,

EndGF¸xδypR
GF¸xδy

LF σq – CWGF¸xδypL, σq.

Remark 1.2.18. Particular cases of Theorem 1.2.17 have already been studied by
different authors. The case of EndGF¸xδypR

GF¸xδy

TF 1q, where 1 denotes the trivial rep-
resentation, was settled in [48, Bemerkung 1.2]. In [53, 2.9], the authors describe the
structure of EndGF¸xδypR

GF¸xδy

LF σq where G is of type D, δ is an outer automorphism
of G corresponding to a graph automorphism and σ is unipotent.

1.2.3 Comparison theorem
In this section, we will always consider Levi and parabolic subgroups that are
standard with respect to the based root datum of G corresponding to the δ and
F -stable pair pT,Bq fixed at the beginning of the Section 1.2.2. Let L be a δ-stable
and F -stable Levi subgroup of δ-stable and F -stable parabolic subgroup PL of G,
such that LF affords a δ-stable cuspidal representation σ. Let M be a δ-stable and
F -stable Levi subgroup of a δ-stable and F -stable parabolic subgroup PM of G
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such that L ď M and PL ď PM . We denote by UL and UM the unipotent radicals
of PL and PM respectively.

By Corollary 1.2.4

R
GF¸xδy

LF σ “ R
GF¸xδy

MF¸xδy
˝ R

MF¸xδy

LF σ “ CpGF
¸ xδyqeUM bCpMF¸xδyq R

MF¸xδy

LF σ,

where the last equality follows from the definition of RGF¸xδy

MF¸xδy
in (1.9). Therefore

there is a natural embedding

EndMF¸xδypR
MF¸xδy

LF σq Ñ EndGF¸xδypR
GF¸xδy

LF σq

T ÞÑ idCpGF¸xδyqeUM
b T

Using the construction carried on in Section 1.2.2 but with M in place of G,
we define a basis tTMx , x P WMF¸xδypL, σqu of EndMF¸xδypR

MF¸xδy

LF σq analogous
to the one defined for G. This basis satisfies relations analogous to the ones sat-
isfied by tTx , x P WGF¸xδypL, σqu, and so EndMF¸xδypR

MF¸xδy

LF σq is the finite ex-
tended Hecke algebra HpWMF¸xδypL, σq, tqc

M
S usPSq for suitable cMs P N. It follows

that EndMF¸xδypR
MF¸xδy

LF σq – CWMF¸xδypL, σq.
The goal of this section is to show the analogue of Theorem 1.1.4 in the dis-

connected setting, using the explicit description of the endomorphism algebras of
parabolically induced representations obtained in Section 1.2.2.

To lighten the presentation, we introduce the following notation. For any fi-
nite group H and for any representation π of H, we denote by EpH|πq the set
of isomorphism classes of the irreducible constituents of π, i.e. EpH|πq :“ tρ P

IrrpHq | xρ , πyH ‰ 0u. We recall the following result.

Lemma 1.2.19. [32, Corollary 1.14] Let J ď K ď H be finite groups and let
χ P IrrpJq. Let

idK b p´q : EndKpIndKJ χq Ñ EndHpIndHJ χq

and set

θK “ Homp´, IndKJ χq : EpK|IndKJ χq Ñ IrrpEndKpIndKJ χqq

θH “ Homp´, IndHJ χq : EpK|IndKJ χq Ñ: IrrpEndHpIndHJ χqq

where the module structures on the endomorphism algebras on the Hom spaces are
given by composition. Then θK and θH are bijections, and their linear extensions
make the following diagram commute:

CrEpH|IndHJ χqs CrIrrpEndHpIndHJ χqqs

CrEpK|IndKJ χqs CrIrrpEndKpIndKJ χqqs

ResHK

θH

Res
EndH pIndH

J
χq

EndK pIndK
J
χq

θK

(1.33)

where ResEndHpIndHJ χq

EndKpIndKJ χq
denotes the restriction of scalars.
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Corollary 1.2.20. Retain notation from Lemma 1.2.19. The following diagram
commutes

CrEpH|IndHJ χqs CrIrrpEndHpIndHJ χqqs

CrEpK|IndKJ χqs CrIrrpEndKpIndKJ χqqs

θK

Ind
EndH pIndH

J
χq

EndK pIndK
J
χq

θH

IndKH
(1.34)

Proof. Endowing all the spaces in diagram (1.33) with the scalar product obtained
by extending linearly the one given by the dimension of the Hom spaces on ac-
tual modules, the horizontal maps are isometries, because they are induced from
bijections between the sets of simple objects. It follows that the commutativity of
diagram (1.33) is equivalent to the commutativity of diagram (1.34).

We set

θGF¸xδy “ Homp´, R
GF¸xδy

LF σq : EGpL, σq Ñ IrrpEndGF¸xδypR
GF¸xδy

LF σqq (1.35)

θMF¸xδy “ Homp´, R
MF¸xδy

LF σq : EMpL, σq Ñ IrrpEndMF¸xδypR
MF¸xδy

LF σqq (1.36)

We denote by the same symbols their linear extensions.

Proposition 1.2.21. ˛ The maps θGF¸xδy, θMF¸xδy are bijections.

˛ The following diagram commutes:

CrEGF¸xδypL, σqs CrIrrpEndGF¸xδypR
GF¸xδy

LF σqqs

CrEMF¸xδypL, σqs CrIrrpEndMF¸xδypR
MF¸xδy

LF σqqs

θ
GF¸xδy

R
GF¸xδy

MF¸xδy

θ
MF¸xδy

Ind
End

GF¸xδy
pR
GF¸xδy

LF
σq

End
MF¸xδy

pR
MF¸xδy

LF
σq

(1.37)

Proof. Retain notation from the beginning of Section 1.2.3. We specialize Lemma
1.2.19 to the situation J “ P F

L , K “ P F
M ¸ xδy, H “ GF ¸ xδy and χ “ Infl

PFL
LF σ.

Then θGF¸xδy is bijective, since

EGF¸xδy
pL, σq “ E

`

GF
¸ xδy|Ind

GF¸xδy

PFL
pInfl

PFL
LF pσqq

˘

.

Since θMF¸xδy is the analogous map for M , it is a bijection as well.
Now we show how to deduce the commutativity of the diagram (1.37) from

Corollary 1.2.20. In this case, IndHJ pχq “ Ind
GF¸xδy

PFL
pInfl

PFL
LF σq “ R

GF¸xδy

LF pσq and

IndKJ pχq “ Ind
PFM¸xδy

PFL
pInfl

PFL
LF σq.

We apply Remark 1.2.2 with N “ UF
M , H “ P F

L X MF and K “ MF ¸ xδy. Since
P F
L “ UF

M ¸ pP F
L X MF ) and P F

M ¸ xδy “ UF
M ¸ pMF ¸ xδy) we have

Ind
PFM¸xδy

PFL
˝ Infl

PFL
PFL XMF “ Infl

PFM¸xδy

MF¸xδy
˝ Ind

MF¸xδy

PFL XMF .
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Composing both terms with Infl
PFL XMF

LF on the right yields

Ind
PFM¸xδy

PFL
˝ Infl

PFL
LF “ Infl

PFM¸xδy

MF¸xδy
˝ R

MF¸xδy

LF .

Then

EndPFM¸xδypInd
PFM¸xδy

PFL
˝ Infl

PFL
LF σq “ EndPFM¸xδypInfl

PFM¸xδy

MF¸xδy
˝ R

MF¸xδy

LF σq.

To lighten the notation, we temporarily set RPFM¸xδy

LF σ :“ Infl
PFM¸xδy

MF¸xδy
˝ R

MF¸xδy

LF pσq.
Specializing diagram (1.34) to this case yields

CrEpGF ¸ xδy |R
GF¸xδy

LF pσqqs CrIrrpEndGF¸xδypR
GF¸xδy

LF pσqqqs

CrEpP F
M ¸ xδyq|R

PFM¸xδy

LF σs CrIrrpEndPFM¸xδypR
PFM¸xδy

LF σqqs

θ
GF¸xδy

Ind
GF¸xδy

PF
M

¸xδy

θ
PF
M

¸xδy

Ind
End

GF¸xδy
pR
GF¸xδy

LF
pσqq

End
PF
M

¸xδy
pR
PF
M

¸xδy

LF
σq

(1.38)

A linear endomorphism is an intertwiner for an inflated representation if and only
if it is an intertwiner for the original representation, so

EndPFM¸xδypR
PFM¸xδy

LF σq “ EndMF¸xδypR
MF¸xδy

LF pσqq

and therefore the following diagram commutes and all the arrows are bijections:

CrEpP F
M ¸ xδy|R

PFM¸xδy

LF σqs CrIrrpEndPFM¸xδypR
PFM¸xδy

LF σqqs

CrEMF¸xδypL, σqs CrIrrpEndMF¸xδypR
MF¸xδy

LF σqqs

θ
PF
M

¸xδy

Infl
PF
M

¸xδy

MF¸xδy

θ
MF¸xδy

id (1.39)

So composing vertically the diagrams (1.39), (1.38) we get commutativity of (1.37)

Corollary 1.2.22. The following diagram commutes:

CrEGF¸xδypL, σqs CrIrrpEndGF¸xδypR
GF¸xδy

LF σqqs

CrEMF¸xδypL, σqs CrIrrpEndMF¸xδypR
MF¸xδy

LF σqqs

˚R
GF¸xδy

MF¸xδy

θ
GF¸xδy

Res
End

GF¸xδy
pR
GF¸xδy

LF
σq

End
MF¸xδy

pR
MF¸xδy

LF
σq

θ
MF¸xδy

(1.40)

where Res
End

GF¸xδy
pR
GF¸xδy

LF
σq

End
MF¸xδy

pR
MF¸xδy

LF
σq

denotes the restriction of scalars.
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Proof. Endowing all the spaces in (1.37) with the scalar product given by the di-
mension of the Hom spaces, the horizontal maps are isometries, because they are
induced from bijections between the simple objects. Then, commutativity of dia-
gram (1.37) is equivalent to the commutativity of (1.40) replacing the vertical maps
with their right adjoint.

Proposition 1.2.23. There exist bijections

SGF¸xδy : IrrpEndGF¸xδypR
GF¸xδy

LF σqq Ñ IrrpWGF¸xδypL, σqq (1.41)

SMF¸xδyIrrpEndMF¸xδypR
MF¸xδy

LF σqq Ñ IrrpWMF¸xδypL, σq (1.42)

whose linear extensions make the following diagram commutative

CrIrrpEndGF¸xδypR
GF¸xδy

LF σqqs CrIrrpWGF¸xδypL, σqqs

CrIrrpEndMF¸xδypR
MF¸xδy

LF σqqs CrIrrpWMF¸xδypL, σqqs

Res
End

GF¸xδy
pR
GF¸xδy

LF
σq

End
MF¸xδy

pR
MF¸xδy

LF
σq

S
GF¸xδy

Res
W
GF¸xδy

pL,σq

WMF¸xδypL,σq

S
MF¸xδy

(1.43)

Proof. Let S be the set of simple reflections of WGpL, σq. Let f : Crxs|s P Ss Ñ C
be the C-algebra morphism defined by fpxsq “ qcs and g : Crxs|s P Ss Ñ C be
the C-algebra morphism defined by gpxsq “ 1. Let f˚ and g˚ be respectively the
extensions of f and g to the integral closure of Crxss in Cpxsq, the algebraic closure of
Cpxsq. Such extensions exists by [16, Lemma 68.16]. By Theorem 1.2.17, the algebra
EndGF¸xδypR

GF¸xδy

LF σq is the specialization at f of the finite generic extended Hecke
algebra HpWGF¸xδypL, σq, txsusPSq, for some cs P N. Moreover the specialization of
the same algebra at g yields the group algebra CWGF¸xδypL, σq. By [16, Corollary
68.20], the character of any simple module of HpWGF¸xδypL, σq, txsusPSq bCrxs|sPSs

Cpxs|s P Sq takes values in the integral closure of Crxss.
Let χ be the character of a simple module of

HpWGF¸xδypL, σq, txsusPSq bCrxs|sPSs Cpxs|s P Sq. We define

χf pTxq :“ f˚
pχpbxqq, χgpxq :“ g˚

pχpbxqq

where bx for x P WGF¸xδypL, σq is an element of the basis of HpWGF¸xδypL, σq, txsusPSq

as in Section 1.1. By [16, Corollary 68.20], the assignment χ Ñ χf defines a bi-
jection between the set of simple modules of HpWGF¸xδypL, σq, txsusPSq bCrxs|sPSs

Cpxs|s P Sq and the set of simple modules of EndGF¸xδypR
GF¸xδy

LF σq, while the as-
signment and χ Ñ χg define a bijection between the set of simple modules of
HpWGF¸xδypL, σq, txsusPSq bCrxs|sPSs Cpxs|s P Sq and the set of irreducible represen-
tations of WGF¸xδypL, σq. Therefore we have a bijection

SGF¸xδy : IrrpEndGF¸xδypR
MF¸xδy

LF σqq Ñ IrrpWGF¸xδypL, σqq (1.44)
χf ÞÑ χg
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We can reproduce the same argument with M in place of G. Since M is stan-
dard, the set J of simple reflections of WMpL, σq is a subset of the set S of sim-
ple reflections of WGpL, σq [32, Proposition 4.3, (i)], so we can take as special-
ization morphism the restrictions of f and g to Crxs|s P Js. Indeed by Remark
1.2.13 the parameters cMs , s P J for EndMF¸xδypR

MF¸xδy

LF pσqq are determined locally,
so are the same as the parameters cs, s P J for EndGF¸xδypR

GF¸xδy

LF pσqq. Hence
EndMF¸xδypR

MF¸xδy

LF pσqq is the specialization at f of the generic extended Hecke
algebra HpWMF¸xδypL, σq, txsusPJq. Therefore also in this case we have a bijection

SMF¸xδy : IrrpEndMF¸xδypR
MF¸xδy

LF σqq Ñ IrrpWMF¸xδypL, σqq (1.45)
χf ÞÑ χg

Now since the algebra HpWMF¸xδypL, σq, txsusPSq is semisimple, the restriction of χ
to HpWMF¸xδypL, σq, txsusPSq decomposes as

ÀN
i“1 miχi, with N P N, where χi are

characters of simple modules and mi P N are their multiplicities.
It follows that for any ω P WMF¸xδypL, σq

Res
W
GF¸xδy

W
MF¸xδy

pχgqpwq “ χgpωq “ gpχpbωqq “ gp

N
ÿ

i“1
miχipbωqq “

N
ÿ

i“1
miχ

g
i .

Similarly

Res
End

GF¸xδy
pR
GF¸xδy

LF
σq

End
MF¸xδy

pR
MF¸xδy

LF
σq

pχf q “

N
ÿ

i“1
miχ

f
i .

Therefore

Res
End

GF¸xδy
pR
GF¸xδy

LF
σq

End
MF¸xδy

pR
MF¸xδy

LF
σqq

pSGF¸xδypχ
g
qq “ Res

End
GF¸xδy

pR
GF¸xδy

LF
σq

End
MF¸xδy

pR
MF¸xδy

LF
σq
χf

“

N
ÿ

i“1
miχ

f
i

“ SMF¸xδyp

N
ÿ

i“1
miχ

g
i q

“ SMF¸xδypRes
W
GF¸xδy

W
MF¸xδy

pχgqq.

We are now in a position to state and prove the main result of this section.

Theorem 1.2.24. There are bijections

EMF¸xδy
pL, σq

Rep
MF¸xδy

ÝÝÝÝÝÝÝÑ IrrpWMF¸xδypL, σqq (1.46)

EGF¸xδy
pL, σq

Rep
GF¸xδy

ÝÝÝÝÝÝÑ IrrpWGF¸xδypL, σqq (1.47)
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such that their linear extensions fit in the following commutative diagrams:

CrEGF¸xδypL, σqs CrIrrpWGF¸xδypL, σqqs

CrEMF¸xδypL, σqs CrIrrpWMF¸xδypL, σqqs

˚R
GF¸xδy

MF¸xδy

Rep
GF¸xδy

Res
W
GF¸xδy

pL,σq

W
MF¸xδy

pL,σq

Rep
MF¸xδy

(1.48)

CrEGF¸xδypL, σqs CrIrrpWGF¸xδypL, σqqs

CrEMF¸xδypL, σqs CrIrrpWMF¸xδypL, σqqs

Rep
GF¸xδy

R
GF¸xδy

MF¸xδy

Rep
MF¸xδy

Ind
W
GF¸xδy

pL,σq

W
MF¸xδy

pL,σq
(1.49)

Proof. We define
RepGF¸xδy :“ pSGF¸xδy ˝ θGF¸xδyq

RepMF¸xδy :“ pSMF¸xδy ˝ θMF¸xδyq.

Composing horizontally the commutative diagrams (1.43) and (1.40), we get

Res
W
GF¸xδy

pL,σq

W
MF¸xδy

pL,σq
˝ SGF¸xδy ˝ θGF¸xδy “ SMF¸xδy ˝ θMF¸xδy ˝

˚R
GF¸xδy

MF¸xδy
,

giving commutativity of (1.48).
The diagram (1.49) is obtained from (1.48) by substituting the vertical maps

with their adjoint maps. Equipping all the spaces with the scalar product given
by the dimension of the Hom spaces, the horizontal maps are isometries, because
they map simple modules to irreducible representations. So commutativity of (1.49)
follows.

Remark 1.2.25. It is well-known that EndGF pRGF

LF σq – CWGF pL, σq, [31]. Replac-
ing MF ¸ xδy with GF in this section, we obtain the analogue of Theorem 1.2.24,
i.e., the following diagrams commute:

CrEGF¸xδypL, σqs CrIrrpWGF¸xδypL, σqqs

CrEGF pL, σqs CrIrrpWGF pL, σqqs

Res
GF¸xδy

GF

Rep
GF¸xδy

Res
W
GF¸xδy

pL,σq

W
GF

pL,σq

Rep
GF

(1.50)

CrEGF¸xδypL, σqs CrIrrpWGF¸xδypL, σqqs

CrEGF pL, σqs CrIrrpWGF pL, σqqs

Rep
GF¸xδy

Ind
GF¸xδy

GF

Rep
GF

Ind
W
GF¸xδy

pL,σq

W
GF

pL,σq

(1.51)
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1.2.4 Restriction to cosets
1.2.4.1 Restriction of characters to cosets

Let H be a finite group, let γ P AutpHq be an automorphism of H of order d, and
let H ¸ xγy be the extension of H by the cyclic group generated by γ. Then for any
i “ 0, . . . , d ´ 1 we consider the space ClpHγiq of complex functions on ClpHγiq
that are constant on H ¸ xγy conjugacy classes and denote by

πH,i : RpH ¸ xγyq Ñ ClpHγiq

the restriction of class functions to the coset Hγi.
The space ClpHγiq can be endowed with a non-degenerate sesquilinear form defined
by

xf , gyHγi “
1

|H|

ÿ

hPH

gphγiqfphγiq.

In this section we prove that with respect to this sesquilinear form, an orthonormal
basis for ClpHγq is given by the restrictions toHγ of irreducible characters ofH¸xγy

that have irreducible and distinct restrictions to H.
We denote by ζγ a generator for the character group of xγy, and we still denote by
ζγ its inflation to H ¸ xγy. We set ζ :“ ζγpγq, so ζ is a primitive dth root of 1.

Lemma 1.2.26. Let χ P IrrpH ¸ xγyq be such that ResH¸xγy

H χ is not irreducible.
Then πH,1pχq “ 0.

Proof. By Clifford theory, for χ P IrrpH ¸ xγyq it holds ResH¸xγy

H χ P IrrpHq if and
only if χ b ζ iγ ‰ χ for any i “ 1, . . . , d ´ 1. Indeed

xRes
H¸xγy

H χ,Res
H¸xγy

H χyH “ xχ, Ind
H¸xγy

H Res
H¸xγy

H χyH¸xγy “ xχ,
d´1
ÿ

i“0
χ b ζ iγyH¸xγy.

Then if ResH¸xγy

H χ is not irreducible, there exists some 1 ď j ď d ´ 1 such that
χ “ χ b ζjγ. Hence for any x P Hγ it holds χpxq “ ζjχpxq, and since ζj ‰ 1 for
1 ď j ď d ´ 1 this implies χpxq “ 0 for any x P Hγ.

Corollary 1.2.27. The set

tπH,1pχq | χ P IrrpH ¸ xγyqq , Res
H¸xγy

H χ P IrrpHqu (1.52)

is a generating set for ClpHγq.

Proof. The coset Hγi is stable under the conjugation action of H ¸ xγy, therefore
any H ¸ xγy-invariant function on Hγi can be extended by 0 to a class function
on H ¸ xγy. It follows that the restriction map πH,i is surjective, and therefore
the set of non-zero elements in Ki “ tπH,ipχq | χ P IrrpH ¸ xγyqu is a generating
set for ClpHγiq. By Lemma 1.2.26, this is the set consisting of all πH,1pχq with
χ P IrrpH ¸ xγyqq and Res

H¸xγy

H χ P IrrpHq.

Lemma 1.2.28. Let χ, χ1 P IrrpH¸xγyq with irreducible restrictions to H and such
that ResH¸xγy

H χ “ Res
H¸xγy

H χ1. Then πH,1pχq and πH,1pχ1q are linearly dependent.
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Proof. We have

1 “ xRes
H¸xγy

H χ,Res
H¸xγy

H χ1
yH “ xχ, Ind

H¸xγy

H Res
H¸xγy

H χ1
yH¸xγy “ xχ,

d´1
ÿ

i“0
χ1

bζ iγyH¸xγy,

and so χ1 “ χ b ζj for some 0 ď j ď d ´ 1.
It follows that πH,1pχ1q “ ζjπH,1pχq.

Corollary 1.2.29. Let tχiu
r
i“1 be a maximal subset of IrrpH ¸ xγyq such that the

χ1
is have irreducible and distinct restictions to H. Then

tπH,1pχiq |i “ 1, . . . , ru (1.53)

is a generating set for ClpHγq.

Proof. By Lemma 1.2.28, it is enough to take in (1.52) one element in each fiber
π´1
H,0pπH,0pχqq, where χ P IrrpH ¸ xγyqq with Res

H¸xγy

H χ P IrrpHq.

Proposition 1.2.30. Let tχiu
r
i“1 be a maximal subset of IrrpH ¸ xγyq such that

the χi have irreducible and distinct restictions to H, as in Corollary 1.2.29. Then
tχiu

r
i“1 is an orthonormal basis for ClpHγq, i.e. ,

xπH,1pχiq, πH,1pχiqyHγ “ 1, 1 ď i ď r, (1.54)
xπH,1pχiq, πH,1pχkqyHγ “ 0, 1 ď i ‰ k ď r.

Proof. Let
yikj :“ xπH,jpχiq, πH,jpχkqyHγj

For any 1 ď i, k ď r we have

d´1
ÿ

j“0
yikj “

d´1
ÿ

j“0
xπH,jpχiq, πH,jpχkqyHγj (1.55)

“

d´1
ÿ

j“0
p

1
|H|

ÿ

hPH

χiphγ
j
qχkphγiqq

“
1

|H|

ÿ

xPH¸xγy

χipxqχkpxq

“
d

|H ¸ xγy|

ÿ

xPH¸xγy

χipxqχkpxq

“ dxχi, χkyH¸xγy “ dδi,k

where the last equality comes from the first orthogonality relations of irreducible
characters for H ¸ xγy. Similarly, for any 1 ď i, k ď r and for any 1 ď l ď d ´ 1

d´1
ÿ

j“0
ζ ljyikj “ dxχi b ζ lγ, χkyH¸xγy. (1.56)
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Since ResH¸xγy

H χi is irreducible, by Clifford theory χ ‰ χbζ lγ for any l “ 1, . . . , d´1.
On the other hand, if i ‰ k, then χi and χk have different restrictions to H, and so
χi ‰ χbk ζ

l
γ for any l “ 1, . . . , d´ 1. Hence by orthogonality xχi b ζ lγ, χkyH¸xγy “ 0

for any 1 ď i ‰ k ď r and for any 1 ď l ď d ´ 1. Therefore equation (1.56) gives

d´1
ÿ

j“0
ζ ljyikj “ 0. (1.57)

For any pair i, k the equations (1.55) together with (1.57) where l runs from 1 to
d´ 1 form a system of d equations and d indeterminates yi,kj with j “ 1, . . . , d. The
coefficient matrix is the following Vandermonde matrix:

¨

˚

˚

˚

˝

1 1 ¨ ¨ ¨ 1
1 ζ ¨ ¨ ¨ ζd´1

... ... ... ...
1 ζd´1 ¨ ¨ ¨ ζpd´1q2

˛

‹

‹

‹

‚

Its determinant
ś

1ďjălďdpζ
l ´ ζjq is non-zero because ζ is a primitive dth root of 1.

Therefore, for any 1 ď i, k ď r the system has a unique solution. Since yikj “ δik for
j “ 1, . . . , d is a solution, by uniqueness we obtain

xπH,1pχiq, πH,1pχkqyHγ “ yik1 “ δik,

giving (1.54).

Corollary 1.2.31. It holds

KerpπH,1q “ spanCtζjχ ´ χ b ζjγ | χ P IrrpH ¸ xγyq, j “ 1, . . . , d ´ 1u

Proof. For any χ P IrrpH ¸ xγyq, for any j P t0, . . . , d ´ 1u and for any h P H we
have pζjχ ´ χ b ζjγqphγq “ ζjχphγq ´ ζjγpγqχphγq “ 0. Therefore

K :“ spanCtζjχ ´ χ b ζjγ | χ P IrrpH ¸ xγyq, i “ 0, . . . , d ´ 1u Ď KerpπH,1q.

To prove equality, we show that K and KerpπH,1q have the same dimension over C.
Let

Airr “ tχ P IrrpH ¸ xγyq | Res
IrrpH¸xγyq

H χ P IrrpHqu

“ tχ P IrrpH ¸ xγyq | χ b ζjγ ‰ χ for any i “ 1, . . . , du

Ared “ tχ P IrrpH ¸ xγyq | Res
IrrpH¸xγyq

H χ R IrrpHqu

“ tχ P IrrpH ¸ xγyq | χ b ζjγ “ χ for some i P t1, . . . , duu.

Since IrrpH ¸ xγyq “ Airr
Ů

Ared, it holds dimCRpH ¸ xγyq “ |Airr| ` |Ared|.
Let tχiu

r
i“1 be the orthonormal basis of ClpHγq in Proposition 1.2.30, given by a

maximal set of irreducible representations of H¸xγy having irreducible and distinct
restrictions to H. Then Airr “ tχi b ζjγ | 1 ď i ď r, 0 ď j ď d ´ 1u, therefore
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|Airr| “ dr. Since πH,1 is surjective and tχiu
r
i“1 is a basis of ClpHγq, it holds

dimCpImpπH,1qq “ dimCpClpHγqq “ r. It follows that

dimCpKerpπH,1qq “ dimCRpH ¸ xγyq ´ pdimCpImpπH,1qq (1.58)
“ |Airr| ` |Ared| ´ r “ |Ared| ` pd ´ 1qr.

Now we prove that dimCpKq “ |Ared| ` pd ´ 1qr
We have spanCpAredq Ď K: indeed for any χ P Ared, there exists j P t1, . . . , d ´ 1u

such that χ “ χ b ζjγ, therefore

χ “
1

pζj ´ 1q
pζj ´ 1qχ “

1
pζj ´ 1q

pζjχ ´ χq “
1

pζj ´ 1q
pζjχ ´ χ b ζjγq P K.

Since RpH ¸ xγyq “ spanCpAirrq
À

spanCpAredq, it holds
K “ pspanCpAirrq X Kq

À

spanCpAredq and so

dimCpKq “ |Ared| ` dimCpspanCpAirrq X Kq.

By (1.58), we need to prove that dimCpspanCpAirrq X Kq “ pd ´ 1qr. We have

spanCpAirrq X K “ spanCtζjχi ´ χi b ζjγ | i P t1, . . . , ru, j P t1, . . . , d ´ 1u u.

Since the characters χi b ζjγ for i P t1, . . . , ru and j P t1, . . . , du are linearly in-
dependent, the set tζjχi ´ χi b ζjγ | i P t1, . . . , ru, j P t1, . . . , d ´ 1u u is linearly
independent. It follows that

dimCpspanCpAirrq X Kq “ |tζjχi ´ χi b ζjγ ; i P t1, . . . , ru, j P t1, . . . , d ´ 1u u| “ pd ´ 1qr,

giving the claim.

Remark 1.2.32. Let j P t1, . . . , d´ 1u be coprime with d. Then all the arguments
in this section hold for πH,j and ClpHγjq in place of πH,1 and ClpHγq, because γj
is a generator for xγy.

Let H 1 be a γ-stable subgroup of H. We define

IndHγ
i

H 1γi : ClpH 1γiq Ñ ClpHγiq

by
IndHγ

i

H 1γipfqpxq “
1

|H 1|

ÿ

hPH
h´1xhPH 1γi

fph´1xhq

for any f P ClpH 1γiq and x P Hγi. We define

ResH
1γi

Hγi : ClpH 1γiq Ñ ClpHγiq

by
ResHγ

i

H 1γipfqpxq “ fpxq

for any f P ClpHγiq and x P H 1γi.
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Proposition 1.2.33. With the above notation, for any f P ClpH 1γiq and g P

ClpHγiq it holds
xIndHγ

i

H 1γif, gyHγi “ xf,ResH
1γi

Hγi gyH 1γi

Proof. It holds

xIndHγ
i

H 1γif, gyHγi “
1

|H|

ÿ

xPHγi

IndHγ
i

H 1γifpxqgpxq

“
1

|H|

ÿ

xPHγi

1
|H 1|

ÿ

hPH
h´1xhPH 1γi

fph´1xhqgpxq

“
1

|H|

1
|H 1|

ÿ

hPH
xPHγi

h´1xhPH 1γi

fph´1xhqgpxq

“
1

|H|

1
|H 1|

ÿ

hPH
yPH 1γi

fpyqgphyh´1q

“
1

|H|

1
|H 1|

ÿ

hPH
yPH 1γi

fpyqgpyq

“
1

|H 1|

ÿ

yPH 1γi

fpyqgpyq “ xf,ResHγ
i

H 1γiyH 1γi .

Let N be a γ-stable normal subgroup of H. Then γ induces an automorphism
on HäN , that we still denote by γ. We consider the group HäN ¸ xγy. For
i “ 1, . . . , d we define

InflHγ
i

HäNγ
i

: ClpHäNγ
i
q Ñ ClpHγiq

by
InflHγ

i

HäNγ
i
pfqphq “ fphNq

for any f P ClpHäNγ
iq and h P Hγi, where hN P HäN .

We also define the map

p´q
N : ClpHγiq Ñ ClpHäNγ

i
q

by
pfq

N
pxNq “

1
|N |

ÿ

nPN

fpxnq

for any f P ClpHγiq and x P Hγi.
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Proposition 1.2.34. With the above notation, for any f P ClpHäNγ
iq and h P

ClpHγiq it holds
xInflHγ

i

HäNγ
i
pfq, gyHγi “ xf, pgq

N
yHäNγ

i

Proof. It holds

xInflHγ
i

H{Nγipfq, gyHγi “
1

|H|

ÿ

xPHγi

InflHγ
i

H{Nγifpxqgpxq

“
1

|H|

ÿ

xPHγi

fpxNqgpxq

“
1

|H|

ÿ

yNPH{Nγi

nPN

fpyNqgpynq

“
|N |

|H|

ÿ

yNPH{Nγi

fpyNq

ˆ

1
|N |

ÿ

nPN

gpynq

̇

“
1

|H{N |

ÿ

yNPH{Nγi

fpyNqpgqNpyNq “ xf, pgq
N

yH{Nγi .

1.2.4.2 Comparison theorem on cosets

We use the same notation as in Section 1.2.3.
Let ζδ be a generator of the group of irreducible characters of xδy. We denote by

ζ iδ
r the inflation of this character to WGF pL, σq ¸ xδy – WGF¸xδypL, σq. With abuse
of notation, we denote by ζ iδr also the inflation of this character to GF ¸ xδy.

Lemma 1.2.35. With notation as above, for any π P EGF¸xδypL, σq it holds

RepGF¸xδypπ b ζ iδ
r

q “ RepGF¸xδypπq b ζ iδ
r

´1

for i P t0, . . . , d ´ 1u.

Proof. By definition, RepGF¸xδy “ SGF¸xδy ˝ θGF¸xδy, where SGF¸xδy and θGF¸xδy are
respectively as in Proposition 1.2.21 and Proposition 1.2.23 . Let π P EGF¸xδypL, σq.
Then θGF¸xδypπq is the EndGF¸xδypR

GF¸xδy

L σq-module Hompπ,R
GF¸xδy

L σq, where the
module structure is given by composition. Let Iζi

δ
be the linear map on the repre-

sentation space of RGF¸xδy

L σ defined as the linear extension of

CpGF
¸ xδyqeU bCLF V Ñ CpGF

¸ xδyqeU bCLF V,

geU b v ÞÑ ζ iδ
r

´1
pgqgeU b v
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where V is the representation space of σ. Note that this map is not an GF ¸ xδy-
endomorphism. Indeed for any h P GF ¸ xδy, we have

Iζi
δ
phgeU b vq “ ζ iδ

r

´1
phqhIζi

δ
pgeU b vq.

The composition with Iζi
δ

defines a C-linear isomorphism between
HomGF¸xδypπ,R

GF¸xδy

L σq and HomGF¸xδypπ b ζ iδ
r , R

GF¸xδy

L σq. Indeed let
ι P HomGF¸xδypπ,R

GF¸xδy

L σq. For any w in the representation space of π and
for any g P GF ¸ xδy it holds ιpπpgqwq “ gιpwq. It follows that

Iζi
δ

˝ ι
`

pπ b ζ iδ
r

qpgqw
˘

“ ζ iδ
r

pgqIζi
δ

˝ ιpπpgqwq

“ ζ iδ
r

pgqIζi
δ
pιpπpgqwqq

“ ζ iδ
r

pgqIζi
δ
pgιpwqq

“ ζ iδ
r

pgqζ iδ
r

´1
pgqgIζi

δ
pιpwqq “ gIζi

δ
˝ ιpwq,

that is Iζi
δ

˝ ι P HomGF¸xδypπ b ζ iδ
r , R

GF¸xδy

L σq.
For x P WGF¸xδypL, σq, let Tx P EndGF¸xδypR

GF¸xδy

L σq be as defined in Section
1.2.2. Then

ζ iδ
r

pxqTx ˝ Iζi
δ

“ Iζi
δ

˝ Tx. (1.59)

Indeed for any geU b v in the representation space of RGF¸xδy

L σ it holds

Iζi
δ

˝ TxpgeU b vq “ Iζi
δ
pqlpxqgeUx

´1eU b txpvqq

“ ζ iδ
r

´1
pgx´1

qqlpxqgeUx
´1eU b txpvq

“ ζ iδ
r

pxqpζ iδ
r

´1
pgqqlpxqgeUx

´1eU b txpvqq

“ ζ iδ
r

pxqpζ iδ
r

´1
pgqTxpgeU b vqq “ ζ iδ

r

pxqTx ˝ Iζi
δ
pgeU b vq.

Let χπ be the character of θGF¸xδypπq, that is, the character of the
EndGF¸xδypR

GF¸xδy

L σq-module Hompπ,R
GF¸xδy

L σq, and similarly let χ
πbζi

δ
r

be the

character of θGF¸xδypπbζ iδ
r q. Since Iζi

δ
is an isomorphism between Hompπ,R

GF¸xδy

L σq

and Hompπ b ζ iδ
r , R

GF¸xδy

L σq, by Equation (1.59) for any x P WGF¸xδypL, σq it holds

χπpTxq “ ζ iδ
r

pxqχ
πbζi

δ
r

pTxq.

Identifying representations with their characters, by definition of SGF¸xδy for any
x P WGF¸xδypL, σq it holds

SGF¸xδypχπqpxq “ χπpTxq,

SGF¸xδypχπbζi
δ

r

qpxq “ χ
πbζi

δ
r

pTxq.

Therefore

SGF¸xδypχπqpxq “ χπpTxq “ ζ iδ
r

pxqχ
πbζi

δ
r

pTxq “ ζ iδ
r

pxqSGF¸xδypχπbζi
δ

r

qpxq,
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so
SGF¸xδypχπq “ ζ iδ

r

b SGF¸xδypχπbζi
δ

r

q.

This shows that

ζ iδ
r

b SGF¸xδy ˝ θGF¸xδypπ b ζ iδ
r

q “ SGF¸xδy ˝ θGF¸xδypπq

that is
RepGF¸xδypπ b ζ iδ

r

q “ ζ iδ
r

´1
b RepGF¸xδypπq.

Using the notation introduced in Section 1.2.4.1, we denote the restriction maps

πGF ,1 : RpGF
¸ xδyq Ñ ClpGF δq

f ÞÑ f |GF δ

πW
GF

pL,σq,´1 : RpWGF¸xδypL, σqq Ñ ClpWGF pL, σqδ´1
q

f ÞÑ f |W
GF

pL,σqδ´1

We denote by EGF δpL, σq the image of EGF¸xδypL, σq through πGF ,1 .

Lemma 1.2.36.

1. It holds

KerpπGF ,1q X CrEGF¸xδy
pL, σqs “

spanCtζδpδ
j
qχ ´ χ b ζjδ |χ P EGF¸xδy

pL, σq, 1 ď j ď d ´ 1u.

2. A basis for CrEGF δpL, σqs is given by πGF ,1pXpL,σqq where XpL,σq Ď EGF¸xδypL, σq

is a maximal subset in EGF¸xδypL, σq consisting of irreducible representations
with distinct and irreducible restriction to GF .

Proof. 1. We set

KpL,σq :“ spanCtζδpδq
jχ ´ χ b ζjδ | χ P IrrpEGF¸xδy

pL, σqq, 1 ď j ď d ´ 1u

and

KK
pL,σq :“ spanCtζδpδq

jχ´χbζjδ | χ P IrrpGF
¸ xδyqzIrrpEGF¸xδy

pL, σqq, 1 ď j ď d´1u.

If χ P EGF¸xδypL, σq, by Clifford theory χ b ζjδ P EGF¸xδypL, σq for any
j “ 1 . . . , d ´ 1. Hence KpL,σq Ď CrEGF¸xδypL, σqs, and KK

pL,σq lies in the or-
thogonal complement of CrEGF¸xδypL, σqs. Moreover by Corollary 1.2.31

KerpπGF ,1q “ spanCtζδpδq
jχ ´ χ b ζjδ | χ P IrrpGF

¸ xδyq, j “ 1, . . . , d ´ 1u,

so the subspaces KpL,σq and KK
pL,σq yield an orthogonal decomposition of

KerpπGF ,1q. It follows that

KerpπGF ,1q X CrEGF¸xδy
pL, σqs “ KpL,σq
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2. By the definition of EGF δpL, σq, the set πGF ,1pEGF¸xδypL, σq is a generating
set for CrEGF δpL, σqs. By Lemma 1.2.26, the elements in EGF¸xδypL, σq with
reducible restriction to GF have 0 restriction to GF δ, and by Lemma 1.2.28
the elements in EGF¸xδypL, σq with the same restriction to GF have linearly
dependent restrictions to GF δ. It follows that the set XpL,σq is a generating set
for CrEGF δpL, σqs.
If χ R EGF¸xδypL, σq, then the restriction of χ to GF differs from the restriction
of any other character in EGF¸xδypL, σq. Therefore XpL,σq can be completed to
be a maximal set X of irreducible representations of GF ¸ xδy with distinct and
irreducible restrictions of GF . By Proposition 1.2.30 the set πGF ,1pXq is linearly
independent, and therefore the subset πGF ,1pXpL,σqq is linearly independent.

Lemma 1.2.37. There exists a linear isomorphism

RepGF δ : CrEGF δpL, σqs Ñ ClpWGF¸xδypL, σqδd´1
q

such that the following diagram commutes:

CrEGF¸xδypL, σqs RpWGF¸xδypL, σqq

CrEGF δpL, σqs ClpWGF pL, σqδ´1q

π
GF ,1

Rep
GF¸xδy

πW
GF

pL,σq,´1

Rep
GF δ

(1.60)

Proof. Let πpL,σq

GF ,1 denote the restriction of pπGF ,1q to CrEGF¸xδypL, σqs. By Lemma
1.2.36 1 we obtain

Kerpπ
pL,σq

GF ,1 q “ spanCtζδpδ
j
qχ ´ χ b ζjδ |χ P EGF¸xδy

pL, σq, j “ 1, . . . , d ´ 1u.

Similarly, by Corollary 1.2.31, substituting δd´1 “ δ´1 to δ as in Remark 1.2.32,

KerpπW
GF

pL,σq,´1q “ spanCtζδpδ
´j

qχ´χbζjδ |χ P IrrpWGF¸xδypL, σqq, j “ 1, . . . , d´1u.

By Lemma 1.2.35, it holds

RepGF¸xδypζδpδ
j
qχ ´ χ b ζjδ q “ ζδpδ

j
qRepGF¸xδypχq ´ RepGF¸xδypχ b ζjδ q “

ζδpδ
j
qRepGF¸xδypχq ´ RepGF¸xδypχq b ζ´j

δ .

So the map RepGF¸xδy is an isomorphism respecting the kernels of the projections
π

pL,σq

GF ,1 and πW
GF

pL,σq,´1. Hence, setting for any χ P IrrpWGF¸xδypL, σqq

RepGF δpπGF ,1pχqq :“ πW
GF

pL,σq,´1pRepGF¸xδypχq

gives a well-defined isomorphism between CrEGF δpL, σqs and ClpWGF pL, σqδ´1q.

Corollary 1.2.38. The map RepGF δ is an isometry with respect to the scalar product
of class functions on cosets: for any f, h P CrEGF δpL, σqs it holds

xf, hyGF δ “ xRepGF δpfq, RepGF δphqyW
GF

pL,σqδ´1

I - 34



Proof. Let tχiu
r
i“1 Ď EGF¸xδypL, σq be a maximal subset of irreducible represen-

tations with distinct and irreducible restriction to GF . By Lemma (1.2.36) 2,
tπGF ,1pχiquri“1 is an orthonormal basis of CrEGF pL, σqs.

We claim that tRepGF δpπGF ,1pχiqquri“1 is an orthonormal ba-
sis for RpWGF pL, σqδ´1q. By Lemma 1.2.37, RepGF δpπGF ,1pχiqq “

πW
GF

pL,σq,1pRepGF¸xδypχiqq. The maps RepGF¸xδy, RepGF restricted to irre-
ducible representations are bijections, and by diagram (1.50) they are compatible
with restriction. So the set tRepGF¸xδypχiquri“1 is a set of irreducible representations
of WGF¸xδypL, σq with irreducible and distinct restrictions to WGF pL, σq. By Propo-
sition 1.2.30, tRepGF δpπGF ,1pχiqquri“1 is an orthonormal basis for ClpWGF pL, σqδ´1q.

This proves that RepGF δ is an isometry, since it maps an orthonormal basis to
an orthonormal basis.

Let M be an F -stable and δ-stable standard Levi subgroup of an F -stable and
δ-stable standard parabolic subgroup PM of G, such that M contains L. We define
the restriction maps

πMF ,1 : RpMF
¸ xδyq Ñ ClpMF δq,

πW
MF pL,σq,´1 : RpWMF¸xδypL, σqq Ñ ClpWMF pL, σqδ´1

q.

We define EMF δpL, σq similarly to how we defined it for G. As for G, there exists a
linear isomorphism

RepMF δ : CrEMF δ
pL, σqs Ñ ClpWMF¸xδypL, σqδd´1

q

such that the following diagram commutes:

CrEMF¸xδypL, σqs RpWMF¸xδypL, σqq

CrEMF δpL, σqs ClpWMF pL, σqδ´1q

π
MF ,1

Rep
MF¸xδy

πW
MF pL,σq,´1

Rep
MF δ

(1.61)

For f P ClpMF δq, we define

RGF δ
MF δf :“ IndG

F δ
PF δpInfl

PF δ
MF δpfqq P ClpGF δq, (1.62)

that is for any x P GF δ:

RGF δ
MF δf “

1
|P F |

ÿ

gPGF

g´1xgPPF δ

InflP
F δ

MF δpfqpg´1xgq.

For any f P ClpGF δq we define
˚RGF δ

MF δf :“ pResG
F δ

PF δpfqq
UFM P ClpMF δq, (1.63)

that is for any m P MF δ,

˚RGF δ
MF δf “

1
|UF

M |

ÿ

uPUFM

fpmuq

I - 35



Proposition 1.2.39. With the above notation, for any f P ClpMF δq and h P

ClpGF δq it holds
xRGF δ

MF δf, hyGF δ “ xf, ˚RGF δ
MF δhyMF δ

Proof. We have

xRGF δ
MF δf, hyGF δ “ xIndG

F δ
PF δpInfl

PF δ
MF δpfqq, hyGF δ Proposition 1.2.33

“ xInflP
F δ

MF δpfq, ResG
F δ

PF δphqyPF δ Proposition 1.2.34
“ xf, pResG

F δ
PF δq

UFM phqyMF δ “ xf, ˚RGF δ
MF δphqyMF δ.

Lemma 1.2.40. The following diagrams commute:

RpMF ¸ xδyq RpGF ¸ xδyq RpGF ¸ xδyq RpMF ¸ xδyq

ClpMF δq ClpGF δq ClpGF δq ClpMF δq

R
GF¸xδy

MF¸xδy

π
MF ,1 π

GF ,1

˚R
GF¸xδy

MF¸xδy

π
GF ,1 π

MF ,1

RG
F δ

MF δ
˚RG

F δ
MF δ

(1.64)

Proof. We first check the commutativity of the diagram on the left.
For any f P RpMF ¸ xδyq and x P GF δ, by (1.9)

R
GF¸xδy

MF¸xδy
fpxq “

1
|P F ¸ xδy|

ÿ

gPGF¸xδy

g´1xgPPF¸xδy

Infl
PF¸xδy

MF¸xδy
fpg´1xgq

“
1

d|P F |

d
ÿ

i“0

ÿ

gδiPGF δi

pgδiq´1xgδiPPF¸xδy

pInfl
PF¸xδy

MF¸xδy
fqpg´1xgq

The condition pgδiq´1xgδi “ δ´ipg´1xgq P P F ¸xδy holds if and only if g´1xg P P F ¸

xδy, and since x P GF δ, it is equivalent to g´1xg P P F δ. Moreover InflP
F¸xδy

MF¸xδy
f is a

class function, so pInfl
PF¸xδy

MF¸xδy
fqpδ´ig´1xgδiq “ pInfl

PF¸xδy

MF¸xδy
fqpg´1xgq. Therefore

R
GF¸xδy

MF¸xδy
fpxq “

1
|P F |

ÿ

gPGF

g´1xgPPF δ

Infl
PF¸xδy

MF¸xδy
fpg´1xgq.

For any xδ P P F δ, writing xδ “ muδ with m P MF , u P UF
M , it holds

Infl
PF¸xδy

MF¸xδy
fpxδq “ fpmδq “ πMF ,1pfqpmδq “ InflP

F δ
MF δpπMF ,1pfqqpxδq.

Therefore
R
GF¸xδy

MF¸xδy
fpxq “ RGF δ

MF δ ˝ πMF ,1fpxq

for any x P GF δ, that is

πGF ,1 ˝ R
GF¸xδy

MF¸xδy
“ RGF δ

MF δ ˝ πMF ,1.
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The commutativity of the diagram on the right follows immediately from the defi-
nition of ˚R

GF¸xδy

MF¸xδy
and ˚RGF δ

MF δ. Indeed for any f P RpGF ¸ xδyq, and any x P MF δ
it holds

πMF ,1 ˝
˚R

GF¸xδy

MF¸xδy
pfqpxq “

1
|UF

M |

ÿ

uPUFM

fpxuq “
˚RGF δ

MF δ ˝ πGF ,1pfqpxq.

We now have all the necessary setup for the main result of this section.

Theorem 1.2.41. The following diagrams commute:

CrEGF δpL, σqs ClpWGF pL, σqδ´1q

CrEMF δpL, σqs ClpWMF pL, σqδ´1q

Rep
GF δ

˚RG
F δ

MF δ
Res

W
GF

pL,σqδ´1

W
MF pL,σqδ´1

Rep
MF δ

(1.65)

CrEGF δpL, σqs ClpWGF pL, σqδ´1q

CrEMF δpL, σqs ClpWMF pL, σqδ´1q

Rep
GF δ

Rep
MF δ

RG
F δ

MF δ
Ind

W
GF

pL,σqδ´1

W
MF pL,σqδ´1

(1.66)

Proof. We first show the commutativity of the first diagram. Consider the following
diagram:

CrEGF¸xδypL, σqs RpWGF¸xδypL, σqq

CrEGF δpL, σqs ClpWGF pL, σqδ´1q

CrEMF¸xδypL, σqs RpWMF¸xδypL, σqq

CrEMF δpL, σqs ClpWMF pL, σqδ´1q

Rep
GF¸xδy

π
GF ,1

˚R
GF¸xδy

MF¸xδy

πW
GF

pL,σq,´1

Res
W
GF¸xδy

pL,σq

W
GF¸xδy

pL,σq

˚RG
F δ

MF δ

Rep
GF δ

Res
W
GF

pL,σqδ´1

W
MF pL,σqδ´1

π
MF ,1

Rep
MF¸xδy

πW
MF pL,σq,´1

Rep
MF δ

(1.67)

˛ the back face commutes by Proposition 1.48,

˛ the top and the bottom faces commute by Lemma 1.2.37,

˛ the left side face commutes by Lemma (1.2.40),

˛ the right side face commutes because ResWGF
pL,σqδ

W
MF pL,σqδ ˝ πW

GF
pL,σq,´1 and πWM

˝

Res
W
GF¸xδy

pL,σq

W
MF¸xδy

pL,σq
are both just the restriction of functions to WMF pL, σqδ.
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Since all the diagonal arrows are surjective, it follows that the front face commutes
as well.

The commutativity of the second diagram is equivalent to the commutativity of
the first one. Indeed for any f P CrEMF δpL, σqs and any ϕ P ClpWMF pL, σqδ´1q we
have

xInd
W
GF

pL,σqδ´1

W
MF pL,σqδ´1 ˝ RepMF δpfq, ϕyW

GF
pL,σqδ´1 Proposition 1.2.33

“ xRepMF δpfq, Res
W
GF

pL,σqδ´1

W
MF pL,σqδ´1pϕqyW

MF pL,σqδ´1 Corollary 1.2.38

“ xf,Rep´1
MF δ ˝ Res

W
GF

pL,σqδ´1

W
MF pL,σqδ´1pϕqyMF δ Diagram (1.66)

“ xf, ˚RGF δ
MF δ ˝ Rep´1

GF δpϕqyMF δ Proposition (1.2.39)
“ xRGF δ

MF δpfq, Rep´1
GF δpϕqyGF δ Corollary 1.2.38

“ xRepGF δ ˝ RGF δ
MF δpfq, ϕyW

GF
pL,σqδ´1
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Chapter II

Lusztig’s Fourier transform and
parabolic induction
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Introduction

The main aim of this chapter is to give a detailed proof of the compatibility of
Lusztig’s non-abelian Fourier transform with parabolic induction for unipotent rep-
resentations of finite groups of classical type B,C and D. The relevant theorems
in this regard are Theroem 2.4.12, where we deal with groups of rational points of
disconnected algebraic groups whose identity component is a simple group of type
Dn (e.g. finite orthogonal groups in spaces of even dimension), Theorems 2.5.16
and 2.5.17, where we deal with the split and non-split rational forms of groups of
type Dn (e.g. the two forms of the finite special orthogonal groups in spaces of
even dimension), and Theorem 2.6.8, where we deal with finite groups of Lie type
of type Bn and Cn (e.g. finite special orthogonal group in odd dimension or finite
symplectic groups).

The Lusztig non-abelian Fourier transform [42, Section 4] is a map on the space
of unipotent class functions on a finite group of Lie type. Lusztig’s conjecture [44]
claims that this map gives the change of basis between two natural bases: the one of
unipotent characters of representations and the one of the characteristic functions of
character sheaves. Lusztig’s conjecture has been proved for connected groups with
a connected center in [62, 63], and subsequently extended to more general cases (see
[23] and the references therein).

We believe that the content of this chapter is in large part already known to
experts (see [1, 2, 40]). Nevertheless, we think that a detailed exposition of a
combinatorial proof of the compatibility can be of some relevance. In particular,
we believe there is some novelty in our exposition on disconnected groups of type
D, whose content we are now going to explain in some detail.

Groups of type Dn admit two forms over a finite field, a split and a non-split
one. If G is a simple algebraic group of type Dn over Fq, the disconnected algebraic
group obtained by extending G by an outer automorphism δ corresponding to the
Dynkin-diagram automorphism of order 2 has two inner twists over the finite field
Fq, as defined in Secion 2.1.2.3. The subgroups of these inner twists corresponding
to the identity component of G¸xδy are respectively the split and the non-split form
of a simple group of type Dn. The Lusztig’s Fourier transforms for the split and the
non-split groups of type Dn [42, Section 4] can be regarded as the restriction of an
involution Rr defined on the sum of the spaces of unipotent class functions on the two
inner twists of G¸xδy. The definition of the involution Rr was given in [40]. A similar
involution F was defined in [53], see Remark 2.5.6. The compatibility of F with
parabolic induction, that is the analogue of our Theorem 2.4.12 with F in place of
Rr , was already stated in [53, 2.11], but there it is deduced admitting an extension of
Lusztig’s conjecture for disconnected groups, which was subsequently proved in [69].
We prove Theorem 2.4.12 making use just of elementary combinatorial techniques.

Working with disconnected groups comes up naturally in the classification theory
of finite groups of Lie type, when dealing with the classification of non-unipotent
representations of groups with disconnected center, see for instance [19]. Consid-
ering the split and non-split form of a group together gives a natural setting that
simplifies the combinatorial description of Lusztig’s non-abelian Fourier transform.
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Moreover, in [3] the authors define an "elliptic Fourier transform" for p-adic groups,
that is an involution on the space of unipotent representations of inner twists of a
p-adic group. This map is conjectured to be compatible with Lusztig’s non-abelian
Fourier transform for finite groups of Lie type via parahoric restriction on the
maximal compact subgroups [3, Conjecture 9.7]. The parahoric restriction to a
maximal compact subgroup of unipotent representations of inner twists of a p-adic
group lands in the space generated by unipotent representations of the inner forms
of a possibly disconnected algebraic group over a finite field. Therefore, from this
point of view it is natural to consider the disconnected setting and account for all
the inner twists together.

The chapter is organized as follows.
In Section 2.1 we review the parameterization of unipotent representations of

finite groups of Lie type of classical type A, B and C via partitions and bipartitions
obtained using the parametrization of Harish-Chandra series by irreducible repre-
sentations of the relative Weyl group and the combinatorial description of Weyl
groups of type A and B [14, 13.8]. For groups of type D, we exploit the same strat-
egy to parametrize together the irreducible representations of the two inner forms
of the disconnected group via bipartitions and a sign, exploiting the results known
in the connected setting [14, 13.8] and the results of Chapter I, in particular Theo-
rem 1.2.24. We then recall how to describe combinatorially the parabolic restriction
of a representation to a rational Levi subgroup of a rational parabolic subgroup,
exploiting the Murnaghan-Nakayama rule for Weyl groups of type B.

Sections 2.2 and 2.3 are devoted to introducing the formalism of Symbols, due
to Lusztig [41]. We show how ordered Symbols parametrize irreducible unipotent
representations of the inner twists of disconnected groups of type D, and how the
parabolic restriction translates to these combinatorial objects.

In Section 2.4 we introduce the combinatorial map Rr and review its main combi-
natorial properties. We then show how this map induces an involution on the sum
of the spaces of unipotent class functions on the two inner twists of a disconnected
group of type Dn. In Theorem 2.4.12 we exploit the combinatorial result to prove
that this map is compatible with parabolic induction.

Section 2.5 is devoted to showing how the results of Section 2.4 can be used to
deduce compatibility of the Fourier Transform defined by Lusztig in [42, 4.6, 4.15]
and in [42, 4.18] with parabolic induction.

The final section is an account of the analogous results for groups of type B.
We retain notation from Chapter I

2.1 Parameterization of unipotent representa-
tions of finite groups of Lie type

We are interested in unipotent representations of a finite group of Lie type [14,
Section 12.1]. Let G be a connected reductive linear algebraic group defined over
Fq, and let F be a Frobenius morphism for G. We will denote by IrrupGF q the subset
of IrrpGF q consisting of unipotent representations, and by RupGF q the subspace of
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RpGF q generated by IrrupGF q.

2.1.1 Reduction to simple groups
The classification of unipotent representations of a finite group of Lie type can be
reduced to the classification of unipotent representations of finite groups of Lie type
that are rational points of a simple algebraic group of adjoint type. We recall the
reduction argument from [49, Remark 4.2.1].
The parameterization of unipotent representations of GF is independent of the
isogeny class of the group G. Indeed, for any reductive group G, let

π : G Ñ GäZpGq – Gad

be the natural projection to the adjoint group Gad, and let F : Gad Ñ Gad be the
Frobenius morphism such that F ˝ π “ π ˝ F .
The projection π restricts to a group morphism,

πF : GF
Ñ GF

ad.

that is not necessarily surjective, and it induces by pullback a map π˚
F from repre-

sentations of GF
ad to representations of GF . By [18, Theorem 7.10], the restriction

of π˚
F to unipotent representations of GF

ad yields a bijection

π˚
F : IrrupGF

adq Ñ IrrupGF
q.

χ Ñ χ ˝ πF

Therefore, it suffices to study unipotent representations of GF
ad. The group Gad

admits always a decomposition as a direct product

Gad “ G1 ˆ G2 ˆ ¨ ¨ ¨ ˆ Gk

for some k P N, with Gi an adjoint simple algebraic group for any i “ 1, . . . , n.
If F stabilizes each of the simple factors Gi, the unipotent representations of GF

ad

are given by tensor products of the unipotent representations of the GF
i .

Otherwise, F induces a permutation of the simple factors, and collecting together
those in the same F -orbits, we can write

Gad “ H1 ˆ H2 ˆ ¨ ¨ ¨ ˆ Hr

where each Hj is a direct product of those Gi that are cyclically permuted by F .
If mj is the number of simple factors in Hj, then any simple factor Gi in Hj is
preserved by Fmj and there is an injective homomorphism of algebraic groups

ij : Gi Ñ Hj

g Ñ gF pgq ¨ ¨ ¨F
mj´1

pgq

II - 3



that induces an isomorphism GF
mj

i – HF
j . Furthermore, this isomorphism induces

a bijection between unipotent representations of GF
mj

i and of HF
j . Therefore the

irreducible unipotent representations of GF
ad are given by tensor products of the

unipotent representations of finite Lie groups that are rational points of simple al-
gebraic groups of adjoint type (i.e. the various GFmj

i ).
All the maps we used for the reduction argument are compatible with parabolic
induction, hence, in order to study unipotent cuspidal representations and the pa-
rameterization given by the map (1.2) for connected reductive groups, it is enough
to study the case of adjoint simple algebraic groups. In this case, the cuspidal
representations are completely classified,[14, Section 13.7] (see also [49, Theorem
4.4.28]).

In the next section, we recall the combinatorial parameterization for groups of
classical type B,C and D.

2.1.2 Classical groups
We recall a classical combinatorial parameterization of the Harish-Chandra series
of groups of classical type, by making use of the map (1.2). We follow [14, Section
13.8].

Let P` “ tpα1, α2, . . . , αlq P Nl|l P N, αi ď αi´1u . For α “ pα1, α2, . . . , αlq P P`

we call l the length of α and denote it by lpαq , and we call the rank of α the number

ϱpαq :“
l

ÿ

i“1
αi.

We also set
P`

n “ tα P P`
|ϱpαq “ nu,

i.e. P`
n is the set of "partitions admitting 0s" of n.

We set P :“ tpα1, α2, . . . , αlq P Nl|l P N, 0 ă αi ď αi´1u and set Pn :“ P`
n XP,

that is, Pn is the set of partitions of n. We denote by P0 the set of 1 element
consisting of the empty partition.

We denote by Bn the set of the bipartitions of n P N. A bipartition is a pair of
partitions pα, βq P P ˆ P, and pα, βq P Bn if ϱpαq ` ϱpβq “ n. We denote by B0
the set of 1 element consisting of the empty bipartition.

Let pα, βq P Bn. If α ‰ β, we set

rrpα, βqss :“ tpα, βq, pβ, αqu (2.1)

and we call rrpα, βqss a non degenerate unordered bipartition. If α “ β, we say that
pα, αq is a degenerate bipartition of n, and we formally associate to it two degenerate
unordered bipartitions of n, that we denote by rrpα, αqss` and rrpα, αqss´. We set

Dn :“ trrpα, βqss|pα, βq P Bn, α ‰ βu Y trrpα, αqss`, rrpα, αqss´|pα, αq P Bnu,

and we call it the set of unordered bipartitions of n. Inside CrDns, we set rrpα, αqss :“
rrpα, αqss` ` rrpα, αqss´.
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We will exploit some well-known parametrizations for representations of classical
Weyl groups in terms of partitions and bipartitions. We recall them here.

Let n P N.

˛ ([49, Example 4.1.2]) Let W pAnq “ Sn`1 be the Weyl group of type An, i.e. the
symmetric group on n ` 1 elements. Then there exists a bijection

κA : IrrpW pAnqq Ñ Pn`1 (2.2)

which is uniquely determined as follows. For any α “ pα1, . . . αlq P Pn`1 write
Sα for the standard Young subgroup Sα1 ˆ ¨ ¨ ¨ ˆSαl of Sn. Let ρ P IrrpW pAnqq.
Then there is a unique α P Pn`1 such that ρ is an irreducible constituent of
both the representations indSnSαsign, where sign denotes the sign representation,
and indSnSα1

1, where α1 denotes the transpose of α and 1 denotes the trivial
representation [24, Theorem 5.4.7]. We set κApρq “ α.
This parameterization is obtained from the one in [49, Example 4.1.2] by tensor
product with the sign representation [24, Corollary 5.4.9]. We choose this
parameterization since it will be convenient in Chapter III.

˛ ([49, Example 4.1.3]), [24, 5.5.1, 5.5.3] Let W pBnq be the Weyl group of type
Bn. Then there is a bijection

κB : IrrpW pBnqq Ñ Bn (2.3)

which is uniquely determined as follows. For any m P N, the group W pBmq

decomposes as W pDmq ¸Z2, where W pDmq denotes a Weyl group of type Dm.
Let ε1

m be InflW pBmq

Z2 sign. Let ρ P IrrpW pBnq. Then there exists a unique
pα, βq P Bn such that

ρ “ Ind
W pBnq

W pBϱpαqqˆW pBϱpβqq
pInfl

W pBϱpαqq

Sϱpαq
pκ´1

A pαq b ε1
aq b Infl

W pBϱpβqq

Sϱpβq
κ´1
A pβqq,

[24, 5.5.4]. We set κBpρqq “ pα, βq.
This parameterization is obtained from the one in [49, Example 4.1.3] by tensor
product with the character sign [24, Theorem 5.5.6 (c)]. We choose it this way
to be consistent with the choice of κA.
We assume W pB0q to be the group with 1 element, and in this case the map
κB : IrrpW pB0qq Ñ B0 is the unique one.

˛ [49, Example 4.1.4], [24, 5.6.1] Let W pDnq be Weyl group of type Dn. Then
there is a bijection

κD : IrrpW pDnqq Ñ Dn (2.4)

which is uniquely determined as follows. We identify the group W pDnq with
the kernel of the character ε1

n of W pBnq. Let pα, βq P Bn. If rrpα, βqss is
non-degenerate, then Res

W pBnq

W pDnq
κ´1
B pα, βq P IrrpW pDnqq, and we set κDpρq “

rrpα, βqss. If rrpα, αqss is degenerate, then Res
W pBnq

W pDnq
κ´1
B pα, αq “ ρ` ` ρ´ with

ρ˘ P IrrpW pDnq, and we set κDpρ˘q “ rrpα, βqss˘. The representations ρ˘
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form an orbit under the Z2-action on Dn corresponding to a graph automor-
phism of order 2. To distinguish between the two irreducible constituents of
Res

W pBnq

W pDnq
κ´1
B pα, αq and for a concrete choice of which sign assign to each one

of them, see [24, Proposition 5.6.3].
This parameterization is obtained from the one in [49, Example 4.1.4] by tensor
product with the character sign [24, Theorem 5.5.6 (c)]. We choose it this way
to be consistent with the choice of κB. In particular, for any ρ P IrrpW pBnqq,
the maps κB, κD satisfy

rrκBpρqss “ κD ˝ Res
W pBnq

W pDnq
pρq, (2.5)

where rrκBpρqss P Dn is the unordered bipartition associated to the bipartition
κBpρq, as in (2.1).

We will use the same notation to denote the isomorphisms obtained by linear
extension of the bijections above.

2.1.2.1 Type A

Let G be of type An, and F be a split Frobenius morphism. Then GF admits a
unipotent cuspidal representation if and only if n “ 0, that is if the group is a torus,
and in this case it is the trivial representation. Therefore in a split group of type An
the only Levi subgroup affording a unipotent cuspidal representation is the maximal
split torus T , and all the unipotent representations of G lie in the principal series.
The relative Weyl group WGF pT, 1T q is the Weyl group of G, i.e. the symmetric
group Sn`1. Its representations parametrize via (1.2) the Harish Chandra series
EGF pT, 1T q:

RepGF : EGF pT, 1T q Ñ IrrpWGF pT, 1T qq “ IrrpSn`1q.

The map κA as in (2.2) gives a bijection

κA : IrrpSn`1q Ñ Pn`1.

Composing these bijections yields a bijection

κA ˝ RepGF : EGF pT, 1T q Ñ Pn`1,

whose linear extension is an isomorphism

κA ˝ RepGF : RupGF
q “ CrEGF pT, 1T qs

„
ÝÑ CrPn`1s.

2.1.2.2 Type B and C

Let G be of type Bn (or Cn). We use the convention that B1 “ A1. Then GF admits
a unipotent cuspidal representation if and only if n “ s2 ` s for some s P N. If this
is the case, such a representation is unique.
Therefore in a group of type Bn (respectively Cn) the Levi subgroups affording a
unipotent cuspidal representation are either the maximal split torus T or reductive
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of type Bs2`s (respectively Cs2`s), with s2 ` s ď n. We denote by Ls the (standard)
Levi subgroup of type Bs2`s (respectively Cs2`s), and by σs the unipotent cuspidal
representation of LFs . The relative Weyl group WGF pLs, σsq is of type Bn´ps2`sq, and
its representations parameterize via (1.2) the Harish Chandra series EGF pLs, σsq:

RepGF : EGF pLs, σsq Ñ IrrpWGF pLs, σsqq “ IrrpW pBn´ps2`sqqq.

With an abuse of notation, we allow s “ 0 and treat the principal series together
with the other series, setting L0 “ T and σ0 “ 1T , the trivial character of T . In this
case WGF pL0, σ0q “ W is of type Bn.
For any s P N with s2 ` s ď n, the map κB as in Lemma (2.3) gives a bijection

κB : IrrpW pBn´ps2`sqqq Ñ Bn´ps2`sq.

Composing κB with RepGF yields a bijection

κB ˝ RepGF : EGF pLs, σsq Ñ Bn´ps2`sq.

2.1.2.3 Type D

Let n P N, and let G be of type Dn. We use the convention that D2 “ A1 ˆ A1,
D3 “ A3, and that D1 is the empty root system .

Let F0 be a split Frobenius morphism, and let δ be an automorphism of G cor-
responding to a graph automorphism of order 2. Let F1 :“ δF0, that is, a non-split
Forbenius morphism. We will sometimes write Fs with s P N, where s stands for its
equivalence class modulo 2.

The rational forms of G¸ xδy over Fq are classified by H1pFq, AutpG¸ xδyqq, with
the split form GF0 ¸ xδy corresponding to the trivial cocycle. A rational form of G¸

xδy over Fq is called an inner twist if it corresponds to an element of H1pFq, InnpG¸

xδyqq, where InnpG¸ xδyq denotes the group of the inner automorphisms of G¸ xδy
[3, Section 6]. By Lang Steinberg theorem, we have (see [61, III, 2.4, Corollary 3]),

H1
pFq, InnpG¸xδyqq – H1

pFq, G¸xδyq – H1
pFq, G ¸ xδyäGq – H1

pFq, xδyq – xδy,

where the last isomorphism follows from the fact that F0 and δ commute.
Therefore the group G ¸ xδy has two inner twists over Fq, one corresponding to

the identity and the other corresponding to δ, given respectively by

Gr
0

:“ GF0 ¸ xδy Gr
1

:“ GF1 ¸ xδy. (2.6)

We will sometimes write Gr
s

with s P N, where s stands for its equivalence class
modulo 2.

We will make use of the results of Chapter I, in particular of Theorem 1.2.24,
to study the combinatorics of the unipotent representations of the groups Gr

i
for

i P t0, 1u.
We say that an irreducible representation of Gr

i
is unipotent if it appears as an

irreducible constituent of the induction of some unipotent representation of GFi .
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The group GF0 (respectively GF1) is of type Dn (respectively 2Dn). The Levi
subgroups Ls of G such that LF0

s (respectively LF1
s ) affords a unipotent cuspidal

representation σs are the maximal split (respectively quasi-split) torus, that we
denote by L0 (respectively L1), and Levi subgroups of type Ds2 , with s ą 0 such
that s2 ď n and s is even (respectively odd). For any s ą 0 with s2 ď n, both
the Levi subgroup Ls and the unipotent cuspidal representation σs are δ-stable.
The relative Weyl group WGFs pLs, σsq is isomorphic to W pBn´s2q if s ě 0, while
WGF0 pL0, σ0q is isomorphic to W pDnq. For any s ą 0, composing the map κB with
the map RepGFs yields a bijection

κB ˝ RepGFs : EGFs pLs, σsq Ñ Bn´s2 .

For s “ 0, composing the map κD with the map RepGF0 yields a bijection

κD ˝ RepGF0 : EGF0
pL0, σ0q Ñ Dn.

The group automorphism δ corresponds to the graph automorphism of W pDnq

of order 2, therefore

WGr
spLs, σsq – W pBn´s2q ˆ xδy – W pBn´s2q ˆ Z2 for any s ą 0

W
Gr

0pL0, σ0q – W pDnq ¸ xδy – W pBnq.

For any s ą 0, we have the following canonical identification

IrrpW pBn´s2q ˆ Z2q – IrrpW pBn´s2qq ˆ IrrpZ2q.

We denote by ev´1 : IrrpZ2q Ñ t˘1u the bijection given by evaluating the characters
of IrrpZ2q on the non trivial element of Z2.

Then for any s ą 0, composing the map pκB ˆ ev´1q with the map RepGr s as in
(1.47) yields a bijection

pκB ˆ ev´1q ˝ RepGr s : EGr
s

pLs, σsq Ñ Bn´s2 ˆ t˘1u.

For s “ 0, composing the map κB with Rep
Gr

0 yields a bijection

κB ˝ Rep
Gr

0 : EGr
0
pL0, σ0q Ñ Bn.

2.1.3 Parabolic restriction and removing hooks
We present in this section how the parabolic restriction of unipotent representations
can be described in a combinatorial way for groups of classical type B,C and D. The
comparison theorem allows to reduce this problem to the computation of restrictions
of representations of Weyl groups. In turn, this problem can be solved with com-
binatorial methods, with the main ingredient being the Murnaghan–Nakayama rule
[36, 2.4.7]. This strategy is well known in literature, see for instance [49, Section
4.6]. In this section, we explicitly apply it to the cases in which we need to compute
the restrictions.

II - 8



To our scope, by transitivity of parabolic restriction, it will be sufficient to focus
on the case in which we restrict a Levi subgroup that is maximal among the F -
stable ones (see Remarks 2.4.10, 2.6.4). Moreover we can, and will, assume the
Levi subgroup to be standard, since all the F -stable Levi subgroups of an F -stable
parabolic subgroup are GF conjugate to a standard one.

By Corollary 1.1.5, computing the parabolic restriction of an irreducible repre-
sentation of a finite group of Lie type reduces to computing the restriction of the
corresponding representation in the appropriate relative Weyl Group.

Let G be a simple group of type Bn (or Cn). A maximal standard Levi subgroup
M is of type Ar´1 ˆ Bn´r (repectively Ar´1 ˆ Cn´r) for some 1 ď r ď n.
Lemma 2.1.1. Let G be a simple group of type Bn. Let r, s P N be such that
1 ď r ď n and s2`s ď n´r. Let M be a standard Levi subgroup of type Ar´1ˆBn´r.
Then the following diagram commutes

CrEGF pLs, σsqs RpW pBn´ps2`sqqq

CrEMF
pLs, σsqs RpSr ˆ W pBn´ps2`sq´rqq

˚RG
F

MF

Rep
GF

Res
W pB

n´ps2`sq
q

SrˆW pB
n´ps2`sq´r

q

Rep
MF

Proof. This is Corollary 1.1.5 specialized to a simple group of type Bn.
In Theorem 1.2.24, we showed that computing the parabolic restriction translates

into computing the restriction in the appropriate relative Weyl groups also in the
case in which the finite group of Lie type has a disconnected underlying algebraic
group.

Let G be of type Dn and retain the notation from Section 2.1.2.3. Let M be
a maximal δ-stable standard Levi subgroup of G of type Ar´1 ˆ Dn´r for some
1 ď r ď n´ 1. Then the automorphism δ stabilizes M and the restriction of δ to M
induces an automorphism of M corresponding to a graph automorphism of order 2
on Dn´r. It follows that M ¸ xδy has two inner twists: MF0 ¸ xδy, that is of type
Ar´1 ˆDn´r, and MF1 ¸ xδy, that is of type Ar´1 ˆ 2Dn´r. We set MĂ

i
:“ MFi ¸ xδy

for i P t0, 1u.
The Levi subgroup M is reductive but not semisimple in general. Nevertheless,

by the reduction argument in 2.1 the unipotent representations of MĂ
0

(respectively
MĂ

1
) are the same as the unipotent representations of the group given by the direct

product of a group of untwisted type An´r and the split (respectively non-split)
inner twist over Fq of a disconnected group with identity component of type Dn´r

and component group given by xδy. Therefore a parameterization for unipotent
representations of MĂ

i
is obtained by combining the results for groups of type A

from Section 2.1.2.1 with the results for inner twists of type D from Section 2.1.2.3.
In the limit case r “ n´ 1, the Levi subgroup M is of type An´2 ˆD1. Since D1

corresponds to a torus, in this case the irreducible unipotent representations of MĂ
0

and of MĂ
1

are both classified by IrrpSn´1 ˆ Z2q. This case can be treated, as we
will in the following of the chapter, with the same formalism as the others, keeping
the conventions introduced in Section 2.1.2 for W pB0q and B0.
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Lemma 2.1.2. Let G be a simple group of type Dn. Let r, s P N be such that
1 ď r ď n´1 and s2 ď n´r. Let M be a standard Levi subgroup of type Ar´1ˆDn´r.
Then the following diagrams commute

CrEGr
s

pLs, σsqs RpW pBn´s2q ˆ Z2q

CrEMĂ
s

pLs, σsqs RpSr ˆ W pBn´s2´rq ˆ Z2q

˚RG
r

s

MĂ
s

Rep
Gr
s

Res
W pB

n´s2 qˆZ2
SrˆW pB

n´s2´r
qˆZ2

Rep
MĂ
s

for s ą 0, and

CrEGr
0
pL0, σ0qs RpW pBnqq

CrEMĂ
0
pL0, σ0qs RpSr ˆ W pBn´rqq

˚RG
r

0

MĂ
0

Rep
Gr

0

Res
W pBnq

SrˆW pBn´rq

Rep
MĂ

0

Proof. This is Theorem 1.2.24 specialized to a simple group of type Dn extended by
a graph automorphism of order 2.

Remark 2.1.3. For any n, s P N such that n ě s2, we have RpW pBn´s2q ˆ Z2q –

RpW pBn´s2qq b RpZ2q, and the following diagram commutes

RpW pBn´s2q ˆ Z2q RpW pBn´s2qq b RpZ2q

RpSr ˆ W pBn´s2´rq ˆ Z2q RpSr ˆ W pBn´s2´rqq b RpZ2q

„

Res
W pB

n´s2 qˆZ2
SrˆW pB

n´s2´r
qˆZ2

Res
W pB

n´s2 q

SrˆW pB
n´s2´r

q
bid

„

Therefore, to describe combinatorially the parabolic restriction in the above sit-
uations it is enough to describe combinatorially the restriction from W pBnq to
Sr ˆ W pBn´rq, with 1 ď r ď n.

2.1.3.1 Removing hooks on bipartitions

Let α P Pn be a partition. We quickly recall the definition of hooks, leg length, and
removing hooks following [54].

An r-hook for α is a pair pi, jq with 1 ď i ď lpαq and 1 ď j ď αj, i.e., a box in
the Young digram of α, that satisfies αi ´ j ` pα1qj ´ i ` 1 “ r, where pα1q denotes
the transpose partition. The number r is called the hook length of the hook pi, jq.
The leg length of a hook pi, jq is given by lpi, jq “ pα1qj ´ i. Removing the r-hook
pi, jq from the partition α yields the partition α∖ pi, jq of n´r corresponding to the
Young diagram obtained by removing all the boxes pi, j1q with j1 ě j and pi1, jq with
i1 ě i, and translating any box ph, kq with h ą i and k ą j in position ph´ 1, k´ 1q.
We write Hrpαq for the set of the r-hooks of α.

Example 2.1.4. Here below we draw on the left the Young diagram of the partition
p4, 3, 1q P P8 with each box filled with the hook length of the corresponding hook,
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and on the right the same Young diagram with each box filled with the leg length of
the corresponding hook

6 4 3 1
4 2 1
1

2 1 1 0
1 0 0
0

Removing the 4-hook p1, 2q, one obtains the following Young diagram

i.e. the partition p2, 1, 1q P P4.

Let pα, βq P Bn be a bipartition of n. An r-hook for pα, βq is pi, jq P

Hrpαq YHrpβq, i.e. an r-hook for α or β. We define the removing r-hooks maps for
bipartitions as follows:

Hr : CrBns ÝÑ CrBn´rs (2.7)
pα, βq ÞÑ

ÿ

pi,jqPHrpαq

p´1q
lpi,jq

pα∖ pi, jq, βq `
ÿ

pi,jqPHrpβq

p´1q
lpi,jq

pα, β ∖ pi, jqq.

Let γ “ pγ1, . . . , γkq P Pr. We consider the composition

Hγ “ Hγk ˝ ¨ ¨ ¨ ˝ Hγ1 : CrBns Ñ CrBn´rs.

Let r P N. The conjugacy class of any element of Sr is uniquely determined by its
cycle type, thus by a partition γ P Pr. We denote by χγ P RpSrq the characteristic
function of the conjugacy class labelled by γ in Sr, that is

χγpxq “

#

1 if x has cycle type γ
0 if x has cycle type α P Pn ∖ tγu

The following Proposition is an application of the Murnaghan–Nakayama rule to
the cases we are interested in.

Proposition 2.1.5. Let n P N and r P N, with r ď n. Then

pκA b kBq ˝ Res
W pBnq

SrˆW pBn´rq
“ p

ÿ

γPPr

κApχγq b Hγq ˝ κB. (2.8)

Proof. Let pα, βq P Bn. Then κ´1
B pα, βq is the character of W pBnq parametrized

by the bipartition pα, βq. Let x1 P Sr be an r-cycle and let y P W pBn´rq. Then
x1y P Sr ˆW pBn´rq ď W pBnq. By the Murnaghan–Nakayama rule [49, Proposition
4.6.3] [36, 2.4.7] it holds

pκ´1
B pα, βqqpx1yq “ pκ´1

B ˝ Hrpα, βqqpyq. (2.9)
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Now let x P Sr be of cycle type γ “ pγ1, . . . , γkq P Pr, and let y P Bn´r. We now
show that for any pα, βq P Bn it holds

pκ´1
B pα, βqqpxyq :“ pκ´1

B ˝ Hγpα, βqqpyq. (2.10)
Since we are just interested in character values, it is enough to consider elements
up to conjugacy, and therefore we might assume that x lies in Sγ1 ˆ Sγ2 ˆ ¨ ¨ ¨ ˆ Sγk ,
the standard Young subgroup of Sr. Then we argue by induction on the number of
disjoint cycles of x:

˛ If k “ 1, this is the Murnaghan–Nakayama rule, i.e. Equation (2.9).

˛ Assume that the result holds for k´1. Write x “ x1x2, with x1 P Sγ1 a γ1-cycle,
and x2 P Sγ2 ˆ ¨ ¨ ¨ ˆ Sγk of cycle type pγ2, . . . , γkq. Then for any y P W pBm´rq

pκ´1
B pα, βqqpxyq “ pκ´1

B pα, βqqpx1x2yq.

Since x1 is a γ1-cycle and x2y P W pBn´γ1q, applying (2.9) yields
κ´1
B pα, βqqpx1x2yq “ pκ´1

B ˝ Hγ1pα, βqqpx2yq.

Since x2 has cycle type pγ2, . . . , γkq, it factors in k ´ 1 cycles. By induction
hypothesis, we have

κ´1
B pHγ1pα, βqqpx2yq “ κ´1

B ˝ Hγk ˝ ¨ ¨ ¨ ˝ pHγ1pα, βqqpyq,

so it holds
κ´1
B pα, βqpxyq “ κ´1

B ˝ Hγk ˝ ¨ ¨ ¨ ˝ Hr2 ˝ Hr1pα, βqpyq “ pκ´1
B ˝ Hγpα, βqqpyq.

By (2.10), we have thus

Res
W pBnq

SrˆW pBn´rq
pκ´1

B pα, βqq “
ÿ

γPPr

χγ b κ´1
B pHγpα, βqq.

Indeed evaluating both sides on any element xy P Sr ˆ W pBn´rq, with x P Sr of
cycle type γ and y P Bn´r, we obtain κ´1

B pHγpα, βqqpyq.
It follows that

Res
W pBnq

SrˆW pBn´rq
˝ κ´1

B “ pκA b κBq
´1

ÿ

γPPr

κApχγq b Hγ,

whence (2.8) holds.
For r P N, we set

Resr :“
ÿ

γPPr

κApχγq b Hγ. (2.11)

By Proposition 2.1.5, this map encodes a combinatoria description via bipartitions
of the restriction of representations of Weyl groups of type B, as we record in the
following corollary.
Corollary 2.1.6. For any n, r P N with 1 ď r ď n the following diagram commutes:

RpW pBnqq CrBns

RpSr ˆ W pBn´rqq CrPrs b CrBn´rs

κB

Res
W pBnq

SrˆW pBn´rq Resr

κAbκB

(2.12)

Proof. This is a restatement of Lemma 2.1.5
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2.2 β-sets and symbols
In order to parametrize the unipotent characters belonging to the same group, it
is useful to introduce Symbols [41], see also [49, Section 4.4]. These are combi-
natorial objects that encode a bipartition and a natural number, allowing to keep
track at once of the Harish-Chandra series to which a character belongs and of the
representation of the relative Weyl group corresponding to that character.

Before defining symbols and their relation to bipartitions, it is convenient to
define the analogous objects for partitions, that is given by β-sets.

2.2.1 β-sets
In this section, we recall the formalism of β-sets, and the translation of hooks for
partitions into this formalism as given in [54].

For k P N, the shift of α P P` is the sequence αÑk P P` obtained adding k
zeros at the end of α, that is αÑk “ pα1, . . . , αl, 0, . . . , 0q. Then the shift determines
a relation on P` given by α „ αÑk for any k P N. The symmetric and transitive
closure of this relation is an equivalence relation on P` that preserves the rank.
We denote by rαs the equivalence class of α P P` with respect to this relation.
The inclusion Pn ãÑ P`

n induces a bijection Pn
„
ÝÑ P`

n ä„. In other words, any
equivalence class in P`

n has a representative in Pn.
Let PpNq be the power set of N, and let PpNqă8 “ tA P PpNq | |A| ă 8u. We

define the rank of A P PpNqă8 to be

ϱpAq “
ÿ

aPA

a ´
|A|p|A| ´ 1q

2

and set
PpNq

ă8
n “ tA P PpNq

ă8
|ϱpAq “ nu.

For any A P PpNqă8 and for any k P N, the shift of A by k is the set AÑk “

t0, 1, . . . , k ´ 1u Y ta` k | a P Au. This defines a relation on A P PpNqă8 given by
A „ AÑk for any k P N. We denote by rAs the equivalence class of A P PpNqă8 with
respect of the equivalence relation given by its symmetric and transitive closure.
Lemma 2.2.1. For any A P PpNqă8 and any k P N, it holds ϱpAq “ ϱpAÑkq.

Proof. Let A P PpNqă8 and k P N. Then

ϱpAÑk
q “

ÿ

aPAÑk

a ´
|AÑk|p|AÑk| ´ 1q

2

“

k´1
ÿ

i“1
i `

ÿ

aPA

pa ` kq ´
p|A| ` kqp|A| ` k ´ 1q

2

“
kpk ´ 1q

2 `
ÿ

aPA

a ` |A|k ´
|A|p|A| ´ 1q

2 ´
kpk ´ 1q

2 ´ k|A|

“
ÿ

aPA

a ´
|A|p|A| ´ 1q

2 “ ϱpAq.
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We define the following map

B : P`
Ñ PpNq

ă8 (2.13)
α ÞÑ tαi ` plpαq ´ iq | i “ 1, . . . , lpαqu

The map B is a bijection: for any A P PpNqă8, there always exists a unique
monotone decreasing function a : t1, . . . , |A|u Ñ A, and then the map defined by
the assignment A Ñ αpAq with αpAq P P` such that lpαpAqq “ |A| and αpAqi :“
apiq ` i ´ |A| for any i “ 1, . . . |A| yields an inverse of B.

Example 2.2.2. We have P3 “ tp3q, p2, 1q, p1, 1, 1qu, and

Bp3q “ t3u, Bp2, 1q “ t1, 3u, Bp1, 1, 1q “ t1, 2, 3u (2.14)

Lemma 2.2.3. Let α P P` and k P N. Then BpαÑkq “ BpαqÑk and ϱpαq “

ϱpBpαqq.

Proof. ˛ For the first equality, lpαÑkq “ lpαq ` k, and so

BpαÑk
q “ tpαÑk

qi ` plpαq ` k ´ iq|i “ 1, . . . , lpαq ` ku

“ tαi ` plpαq ´ iq ` k|i “ 1, . . . , lpαqu
ğ

t0 ` plpαq ` k ´ iq|i “ lpαq, . . . , lpαq ` ku

“ t0, 1, . . . , k ´ 1u
ğ

ta ` k|a P Bpαqu “ Bpαq
Ñk.

˛ We prove the second equality.

ϱpBpαqq “
ÿ

aPBpαq

a ´
|Bpαq|p|Bpαq| ´ 1q

2

“

lpαq
ÿ

i“1
pαi ` i ´ 1q ´

lpαqplpαq ´ 1q

2

“

lpαq
ÿ

i“1
αi `

lpαq
ÿ

i“1
pi ´ 1q ´

lpαqplpαq ´ 1q

2

“

lpαq
ÿ

i“1
αi `

lpαqplpαq ´ 1q

2 ´
lpαqplpαq ´ 1q

2 “

lpαq
ÿ

i“1
αi “ ϱpαq.

By Lemma 2.2.3, for any n P N the map B induces a bijection

rBs : P`
n ä„ Ñ PpNq

ă8
n ä„ (2.15)

α ÞÑ rBpαqs

We say that any element in the equivalence class rBpαqs for α P Pn is a β-set
associated to α.
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2.2.2 Ordered Symbols
We recall that we denote by Bn the set of bipartitions of n.

The analogue of β-sets for bipartitions is given by Symbols. Symbols were intro-
duced in [41]. We follow the notation in [40], see also [49, Section 4.4].

Definition 2.2.4. An array is a pair pX0, X1q P PpNqă8 ˆ PpNqă8. The sets
X0 and X1 are called respectively the top row and the bottom row of the array. The
defect and the rank of an array X “ pX0, X1q are respectively

defpXq : “ |X0
| ´ |X1

|, (2.16)

ρpXq : “
ÿ

x0PX0

x0
`

ÿ

x1PX1

x1
´

Y

ˆ

|X0| ` |X1| ´ 1
2

̇2
]

(2.17)

Example 2.2.5. Let X0 :“ t1, 2u and X1 :“ t0, 2u, and let X “ pX0, X1q. We
adopt the following notation:

X “

ˆ

X0

X1

̇

“

ˆ

1 2
0 2

̇

In this case,

defpXq “ 0, ρpXq “ 1 ` 2 ` 0 ` 2 ´

Y9
4

]

“ 3.

Lemma 2.2.6. Let X “ pX0, X1q be an array. Then

ρpXq “ ϱpX0
q ` ϱpX1

q ´

Y1 ´ defpXq2

4

]

.

Proof. The proof is a direct computation. Indeed

ρpXq : “
ÿ

x0PX0

x0
`

ÿ

x1PX1

x1
´

Y

ˆ

|X0| ` |X1| ´ 1
2

̇2
]

“ ϱpX0
q `

|X0|p|X0| ´ 1q

2 ` ϱpX1
q `

|X1|p|X1| ´ 1q

2

´

Y

|X0|2 ` |X1|2 ` 1 ´ 2|X0| ´ 2|X1| ` 2|X0||X1|

4

]

“ ϱpX0
q `

|X0|p|X0| ´ 1q

2 ` ϱpX1
q `

|X1|p|X1| ´ 1q

2

´

Y

|X0|p|X0| ´ 1q

2 `
|X1|p|X1| ´ 1q

2 `
´|X0|2 ´ |X1|2 ` 2|X0||X1| ` 1

4

]

“ ϱpX0
q ` ϱpX1

q ´

Y1 ´ |X0|2 ´ |X1|2 ` 2|X0||X1|

4

]

“ ϱpX0
q ` ϱpX1

q ´

Y1 ´ p|X0| ´ |X1|q2

4

]

“ ϱpX0
q ` ϱpX1

q ´

Y1 ´ defpXq2

4

]

.
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Let k P N and let X “ pX0, X1q P PpNqă8 ˆ PpNqă8 be an array. The shift by
k of X is the array

XÑk :“ ppX0
q

Ñk, pX1
q

Ñk
q

and for any k P N we define the shift operation
Ñk : CrPpNq

ă8
ˆ PpNq

ă8
s Ñ CrPpNq

ă8
ˆ PpNq

ă8
s

as the linear extension of the map associating with each array its shift by k. The shift
determines a relation on PpNqă8 ˆPpNqă8 given by X „ XÑk for any k P N, and
we consider the equivalence relation given by its symmetric and transitive closure.

Definition 2.2.7. Let X P PpNqă8 ˆ PpNqă8 be an array. We denote by rXs the
equivalence class of X with respect to the shift equivalence relation, and we call such
a class an ordered symbol. We denote the set of all ordered symbols by Sr.

Lemma 2.2.8. The rank and the defect of an array are invariant by shift: for any
X P PpNqă8 ˆ PpNqă8 and for any k P N it holds

defpXÑk
q “ defpXq, ρpXÑk

q “ ρpXq.

Proof. Let X “ pX0, X1q. Then XÑk :“ ppX0qÑk, pX1qÑkq, and for any A P

PpNqă8 it holds |AÑk| “ |A| ` k. Therefore

defpXÑk
q “ |pX0

q
Ñk

| ´ |pX1
q

Ñk
| “ |X0

| ` k ´ p|X1
| ` kq “ |X0

| ´ |X1
| “ defpXq.

Regarding the rank, by Lemma 2.2.6 and the above equality we have

ρpXÑk
q “ ϱppX0

q
Ñk

q ` ϱppX1
q

Ñk
q ´

Y1 ´ defpXq2

4

]

.

It follows from Lemma 2.2.1 that

ρpXÑk
q “ ϱpX0

q ` ϱpX1
q ´

Y1 ´ defpXq2

4

]

“ ρpXq.

By Lemma 2.2.8, we may define the rank and defect of an ordered symbol as the
rank and the defect of any array representing it.

For n P N we set

Srn :“trXs ordered symbols of rank nu Ă Sr,

and for d P Z

Sr
d

:“trXs ordered symbols of defect du Ă Sr

and we set Sr
d

n :“ Srn X Sr
d
. Following r40s we set

Sr
od,0

: “
ď

d”1 mod 4
Sr
d
, Sr

od,1
:“

ď

d”3 mod 4
Sr
d
, (2.18)

Sr
ev,0

: “
ď

d”0 mod 4
Sr
d
, Sr

ev,1
:“

ď

d”2 mod 4
Sr
d
.
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We now relate symbols with bipartitions. Let n P N and d P Z. We define the map

SĂn,d : Bn ÞÑ Sr (2.19)

pα, βq ÞÑ

#

rpBpαqÑlpβq`d,BpβqÑlpαqqs if d ě 0,
rpBpαqÑlpβq,BpβqÑlpαq´dqs if d ă 0.

where B is as defined in (2.15).

Lemma 2.2.9. For n P N and d P Z, the map SĂn,d is a bijection between Bn and
Sr
d

pn´

X

1´d2
4

\

q.

Proof. The map SĂn,d lands in Sr
d

pn´

X

1´d2
4

\

q. Indeed for any pα, βq P Bn it holds

defpSĂn,dpα, βqq “

#

|BpαqÑlpβq`d| ´ |BpβqÑlpαq| “ plpαq ` lpβq ` dq ´ plpβq ` lpαqq “ d if d ě 0,
|BpαqÑlpβq| ´ |BpβqÑlpαq´d| “ plpαq ` lpβqq ´ plpβq ` lpαq ´ dq “ d if d ă 0.

Moreover using that the rank of a β-set is invariant by shift (Lemma 2.2.8) and
Lemma 2.2.3 we have

ρpSĂn,dpα, βqq “ ϱpBpαqq ` ϱpBpβqq ´

Y1 ´ defpSĂn,dpα, βqq

4

]

“ ϱpαq ` ϱpβq ´

Y1 ´ d2

4

]

“ n ´

Y1 ´ d2

4

]

.

To show that SĂn,d is a bijection we exhibit the inverse. Let rpX0, X1qs be an ordered
symbol of rank n. Let α` :“ B´1pX0q, β` :“ B´1pX1q. Then pα`, β`q P P` ˆ P`

satisfies pX0, X1q “ pBpα`q,Bpβ`qq and ϱpα`q ` ϱpβ`q “ n. Then removing all
the entries equal to 0 from α` and β` we obtain a bipartition pα, βq P Bn. A
straightforward computation using the commutativity of B with the shift shows
that this algorithm gives the inverse of SĂn,d.

In virtue of Lemma 2.2.9, we denote by SĂn,d also the linear isomorphism

SĂn,d : CrBns ÞÑ CrSr
d

pn´

X

1´d2
4

\

qs. (2.20)

Example 2.2.10. Under the bijection SĂ3,0, the bipartition
`

p1, 1q, p1q
˘

P B3 corre-

sponds to the array
ˆ

1 2
0 2

̇

from the Example 2.2.5

2.2.2.1 The opposite involution

There is an involution on PpNqă8 ˆ PpNqă8 given by exchanging the rows:

op : PpNq
ă8

ˆ PpNq
ă8

Ñ PpNq
ă8

ˆ PpNq
ă8

X “ pX0, X1
q Ñ Xop

“ pX1, X0
q
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Shifting a symbol by k P N commutes with exchanging the rows.Therefore the
assignment rXs ÞÑ rXops gives a well-defined involution on Sr. We write rXsop for
rXops. An ordered symbol rXs is said to be degenerate if rXs “ rXsop.

We now define an enhancement of the map SĂn,d as in (2.19) that allows to relate
pairs consisting of bipartitions and a sign to symbols. For any n, d P N with d ą 0,
we define

SĂ
˘

n,d : Bn ˆ t˘1u Ñ Sr
d

pn´t
1´d2

4 uq

ğ

Sr
´d

pn´t
1´d2

4 uq (2.21)

ppα, βq, εq ÞÑ

#

SĂn,dpα, βq if ε “ 1,
pSĂn,dpα, βqqop if ε “ ´1

.
This is a bijection, since SĂ

d

n is a bijection between Bn and Sr
d

n´t
1´d2

4 u, and pqop is

bijection between Sr
d

n´t
1´d2

4 u and Sr
´d

n´t
1´d2

4 u.
For d “ 0, we let

SĂ
˘

n,0 :“ SĂn,0 : Bn Ñ S0
n

Ă. (2.22)

For any n, d P N, we denote by SĂ
˘

n,d also the isomorphism obtained extending
linearly SĂ

˘

n,d.

Remark 2.2.11. Let n P N. For any d ą 0, composing SĂ
˘

n`t
1´d2

4 u,d with κB ˆ ev´1
yields a bijection

ℓn,dĂ :“ SĂ
˘

n`t
1´d2

4 u,d ˝ pκB ˆ ev´1q : IrrpW pB
n`t

1´d2
4 u

q ˆ Z2q Ñ Sr
d

n

ğ

Sr
´d

n (2.23)

and for d “ 0, composing SĂn,0 with κB yields a bijection

ℓn,0Ă : IrrpW pBnqq Ñ Sr
0
n. (2.24)

2.2.2.2 Parameterization of Unipotent representations of inner twists of
type Dn

Let G be of type Dn and retain notation from Section 2.1.2.3.
For i “ 1, 2, we denote by RupGr

i
q the subspace of RpGr

i
q generated by irreducible

unipotent representations. We have

RupGr
i
q “

à

s”i mod 2
s2ďn

EGr
i

pLs, σsq.

For any s ě 0, the bijection ℓn,2sĄ as in Remark 2.2.11 is a bijection between
IrrpWGr

spLs, σsqq and
Ů

dP˘2s Sr
d

n, and the composition

ℓn,2sĄ

˝ RepGr s : EGr
s

pLs, σsq Ñ
ğ

s1P˘s

Sr
2s1

n

II - 18



is a bijection.
Then collecting all the series together and extending linearly yields the isomor-

phisms
à

sPN even
s2ďn

ℓn,2sĄ

˝ Rep
Gr

0 : RupGr
0
q Ñ CrSr

ev,0
n s.

à

sPN odd
s2ďn

ℓn,2sĄ

˝ Rep
Gr

1 : RupGr
1
q Ñ CrSr

ev,1
n s.

Collecting together the two inner twists we have an isomorphism

SymbČ

D :“
à

sPN
s2ďn

ℓn,2sĄ

˝ RepGr s : RupGr
0
q ‘ RupGr

1
q Ñ CrSr

ev

n s. (2.25)

Where
à

sPN
s2ďn

ℓn,2sĄ

˝ RepGr s “ p
à

sPN even
s2ďn

ℓn,2sĄ

˝ Rep
Gr

0q ‘ p
à

sPN odd
s2ďn

ℓn,2sĄ

˝ Rep
Gr

1q

The map SymbČ

D is an isometry, since it maps the orthonormal basis of RupGr
0
q ‘

RupGr
1
q consisting of irreducible unipotent characters onto the orthonormal basis of

CrSr
ev

s consisting of unordered symbols.

2.3 Parabolic restriction and removing hooks on
symbols

In this section, we show how the combinatorial description of the parabolic restric-
tion discussed in Section 2.1.3 translates in the language of Symbols.

2.3.1 Removing hooks on β-sets
We now recall, following [54], how the notion of hook, leg length, and removing
hooks translates to β-sets.

Let A P PpNqă8 and r P N . An r-hook of A is an element h P A such that
r ď h and h ´ r R A. We denote by HrpAq the set of the r-hooks of A P PpNqă8.
Let A P PpNqă8. The leg length of a hook h P HrpAq is the integer given by

lphq :“ |ta P A | h ´ r ă a ă hu|.

Let h P HrpAq. We define A∖r phq P PpNqă8 to be

A∖r phq :“ A∖ thu Y th ´ ru.

We say that A∖r phq is obtained from A removing the r-hook h. Removing a r-hook
A diminishes the rank of a set by r, i.e. ϱpA∖r phqq “ ϱpAq ´ r.
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Example 2.3.1. Let t1, 4, 6u P PpNqă8. Then 6 is a 4-hook, as 4 ă 6 and 6 ´ 4 “

2 R t1, 4, 6u, and t1, 4, 6u ∖4 t6u “ t1, 2, 4u.

Lemma 2.3.2. [54, Proposition 1.8] Let α P Pn. The map

Hrpαq Ñ HrpBpαqq

pi, jq ÞÑ pαi ` lpαq ´ iq

is a well-defined leg length preserving bijection. Moreover for any pi, jq P Hrpαq it
holds

Bpαq ∖r pαi ` lpαq ´ iq “ Bpα∖ pi, jqq
Ñlpαq´lpα∖pi,jqq,

where α∖ pi, jq P Pn´r is the partition obtained removing the r-hook pi, jq from the
partition α as in Section 2.1.3.1.

The following map on CrPpNqă8s is called the removing r-hooks map:

Hr : CrPpNq
ă8

s ÝÑ CrPpNq
ă8

s

A Ñ
ÿ

hPHrpAq

p´1q
lphqA∖r phq.

We extend by linearity the shift by k on CrPpNqă8s. The following observation
will be used in Lemma 2.3.5.

Lemma 2.3.3. Let A P PpNqă8 and r, k P N. Then

HrpAq
Ñk

“ HrpA
Ñk

q

Proof. For any k P N there is a bijection

HrpAq Ñ HrpA
Ñk

q.

h ÞÑ h ` k

Moreover the leg length of h`k in AÑk is the same as the leg length of h in A, since

lph ` kq “ |ta P AÑk
| h ´ r ` k ă a ă h ` ku|

“ |ta P A | h ´ r ` k ă a ` k ă h ` ku|

“ |ta P A | h ´ r` ă a ă hu “ lphq.

In addition, via this bijection, removing an r-hook is compatible with shifting. In-
deed for any h P HrpAq

pA∖r phqq
Ñk

“ t0, 1, . . . k ´ 1u
ğ

ta ` k|a P A∖ thu Y th ´ ruu “ AÑk ∖r ph ` kq.

Then

HrpA
Ñk

q “
ÿ

hPHrpAÑkq

p´1q
lphqAÑk ∖r phq

“
ÿ

hPHrpAq

p´1q
lph`kqAÑk ∖r ph ` kq

“
ÿ

hPHrpAq

p´1q
lphq

pA∖r phqq
Ñk

“ HrpAq
Ñk.
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2.3.2 Removing hooks on Symbols
Definition 2.3.4. For i P t0, 1u, we say that ph, iq is a r-hook of the array X “

pX0, X1q P PpNqă8 ˆ PpNqă8 if h is a r-hook of X i. We denote by HrpXq the set
of the r-hooks of X.

Let X be an array. The leg length of a hook ph, iq of an array X, with i P t0, 1u,
is the leg length of the hook h in X i:

lph, iq :“ |tx P X i
|h ´ r ă x ă hu|.

Let ph, iq P HrpXq. We define the array X ∖r ph, iq to be the array obtained from
X by removing the r-hook h from X i, and leaving the other row invariant. We say
that X ∖r ph, iq is the array obtained from X removing the r-hook ph, iq. Removing
a r-hook does not change the defect of an array, while decreases the rank by r. The
removing r-hooks map is defined as follows:

Hr : CrPpNq
ă8

ˆ PpNq
ă8

s Ñ CrPpNq
ă8

ˆ PpNq
ă8

s

X ÞÑ
ÿ

ph,iqPHrpXq

p´1q
lph,iqX ∖r ph, iq.

As for subsets, shift and removing hooks are compatible. For the sake of com-
pleteness, we record in the following Lemma the computation showing it.

Lemma 2.3.5. Let X be an array and let r, k P N. Then

HrpXq
Ñk

“ HrpX
Ñk

q

Proof. Using Lemma 2.3.3, it holds

HrpX
Ñk

q “
ÿ

ph,iqPHrpXÑkq

p´1q
lph,iqXÑk ∖r ph, iq

“
ÿ

ph,0qPHrpXÑkq

p´1q
lph,0qXÑk ∖r ph, 0q `

ÿ

ph,1qPHrpXÑkq

p´1q
lph,1qXÑk ∖r ph, 1q

“
ÿ

hPHrpX0Ñk
q

p´1q
lphq

pX0Ñk ∖r phq, X1Ñk
q `

ÿ

hPHrpX1Ñk
q

p´1q
lphq

pX1Ñk
, X1Ñk ∖r phqq

“
ÿ

hPHrpX0q

p´1q
lphq

pX0Ñk ∖r ph ` kq, X1Ñk
q `

ÿ

hPHrpX1q

p´1q
lphq

pX1Ñk
, X1Ñk ∖r ph ` kqq

“
ÿ

hPHrpX0q

p´1q
lphq

ppX0 ∖r phqq
Ñk, X1Ñk

q `
ÿ

hPHrpX1q

p´1q
lphq

pX1Ñk
, pX1 ∖r phqq

Ñk
q

“
ÿ

ph,iqPHrpXq

p´1q
lph,iq

pX ∖r ph, iqq
Ñk

“ HrpX
Ñk

q.

Since for any r P N the map Hr commutes with any shift, it induces a well-defined
map

Hr : CrSrs Ñ CrSrs. (2.26)
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Moreover, since Hr preserves the defect of a symbol and diminishes the rank by r,
for any n P N such that n ě r and d P Z the map Hr restricts to a map, that we
still denote by Hr,

Hr : CrSr
d

ns Ñ CrSr
d

n´rs. (2.27)

Lemma 2.3.6. Let n, r P N with r ď n and d P Z. Then the following diagram
commutes

CrBns CrSr
d

pn´

X

1´d2
4

\

qs

CrBn´rs CrSr
d

pn´r´

X

1´d2
4

\

qs

Hr

SĂn,d

Hr

SĂn´r,d

(2.28)

Proof. Let pα, βq P Bn. Assume d ě 0. Then, using Lemma 2.3.3 we have

Hr ˝ SĂn,dpα, βq “ HrprpBpαq
Ñlpβq`d,Bpβq

Ñlpαq
qsq

“
ÿ

ph,iqPHrppBpαqÑlpβq`d,BpβqÑlpαqqq

p´1q
lph,iq

rpBpαq
Ñlpβq`d,Bpβq

Ñlpαq
q ∖r ph, iqs

“
ÿ

hPHrpBpαqÑlpβq`dq

p´1q
lphq

rpBpαq
Ñlpβq`d ∖r phq,Bpβq

Ñlpαq
qs

`
ÿ

hPHrpBpβqÑlpαqq

p´1q
lphq

rpBpαq
Ñlpβq`d,Bpβq

Ñlpαq ∖r phqqs

“
ÿ

hPHrpBpαq

p´1q
lph`lpβq`dq

rpBpαq
Ñlpβq`d ∖r ph ` lpβq ` dq,Bpβq

Ñlpαq
qs

`
ÿ

hPHrpBpβqq

p´1q
lph`lpαqq

rpBpαq
Ñlpβq`d,Bpβq

Ñlpαq ∖r ph ` lpαqqqs

“
ÿ

hPHrpBpαq

p´1q
lphq

rppBpαq ∖r phqq
Ñlpβq`d,Bpβq

Ñlpαq
qs

`
ÿ

hPHrpBpβqq

p´1q
lphq

rpBpαq
Ñlpβq`d, pBpβq ∖r phqq

Ñlpαq
qs.

By Lemma 2.3.2, there is a bijection between the set of r-hooks of a partition and
the set of r-hooks of the corresponding β-set, and it is compatible with removing
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hooks. Therefore the above linear combination becomes
ÿ

pi,jqPHrpαq

p´1q
lphq

rppBpα∖ pi, jqq
Ñlpαq´lpα∖pi,jqq

q
Ñlpβq`d,Bpβq

Ñlpαq
qs

`
ÿ

pi,jqPHrpβq

p´1q
lphq

rpBpαq
Ñlpβq`d, pBpβ ∖ pi, jqq

Ñlpβq´lpβ∖pi,jqq
q

Ñlpαq
qs

“
ÿ

pi,jqPHrpαq

p´1q
lphq

rpBpα∖ pi, jqq
Ñlpβq`d,Bpβq

Ñlpα∖pi,jqq
q

Ñlpαq´lpα∖pi,jqq
s

`
ÿ

pi,jqPHrpβq

p´1q
lphq

rpBpαq
Ñlpβ∖pi,jqq`d,Bpβ ∖ pi, jqq

Ñlpαq
q

Ñlpβq´lpβ∖pi,jqq
s

“
ÿ

pi,jqPHrpαq

p´1q
lphq

rpBpα∖ pi, jqq
Ñlpβq`d,Bpβq

Ñlpα∖pi,jqq
qs

`
ÿ

pi,jqPHrpβq

p´1q
lphq

rpBpαq
Ñlpβ∖pi,jqq`d,Bpβ ∖ pi, jqq

Ñlpαq
qs

“ SĂn´r,d

`

ÿ

pi,jqPHrpαq

p´1q
lphq

ppα∖ pi, jqq, βq `
ÿ

pi,jqPHrpβq

p´1q
lphq

pα, pβ ∖ pi, jqq
˘

“ SĂn´r,d ˝ Hrpα, βq.

The case d ă 0 is completely analogous.

Lemma 2.3.7. For any rXs P Sr and for any r P N it holds HrprXsqop “ HrprXopsq.

Proof. Since the r-hooks for a symbol rXs are defined as the r-hooks for some row
in any array representing it, there is a bijection between HrpXq and HrpX

opq given
by the assignment ph, iq ÞÑ ph, |i ´ 1|q. This bijection preserves the leg length of
ph, iq and satisfies pX ∖r ph, iqqop “ Xop ∖r ph, |i ´ 1|q. Then

HrprXop
sq “

ÿ

ph,iqPHrpXopq

p´1q
lph,iq

prXop ∖r ph, iqsq

“
ÿ

ph,iqPHrpXq

p´1q
lph,iq

prXop ∖r ph, |i ´ 1|qsq

“
ÿ

ph,iqPHrpXq

p´1q
lph,iq

rpX ∖r ph, iqq
op

s “ HrprXsq
op.

Lemma 2.3.8. Let n P N and d P Z. Then, for any pα, βq P Bn it holds

SĂn,dpβ, αq “ pSĂn,´dpα, βqq
op

Proof. Assume d ě 0. Then,

pSĂn,dpβ, αqq
op

“ rpBpβq
Ñlpαq`d,Bpαq

Ñlpβq
q
op

s “ rpBpαq
Ñlpβq,Bpβq

Ñlpαq´p´dq
qs “ SĂn,´dpα, βq.

(2.29)
Applying op to both sides we get the statement for d ě 0. If d ă 0, then ´d ą 0
and (2.29) gives

pSĂn,´dpβ, αqq
op

“ SĂn,dpα, βq.

II - 23



Lemma 2.3.9. Let n, r, d P N, with r ď n and d ą 0. Then the following diagram
commutes

CrBn ˆ t˘1us CrSr
d

pn´

X

1´d2
4

\

qs
À

CrSr
´d

pn´

X

1´d2
4

\

q
s

CrBn´r ˆ t˘1us CrSr
d

pn´r´

X

1´d2
4

\

qs ‘ CrSr
´d

pn´r´

X

1´d2
4

\

q
s

Hrbid

SĂ
˘

n,d

Hr

SĂ
˘

n´r,d

(2.30)

Proof. The vertical map Hr on the right hand side of (2.30) denotes the restriction
of the map Hr as in (2.26) on the space CrSr

d

pn´

X

1´d2
4

\

qs
À

CrSr
´d

pn´

X

1´d2
4

\

q
s. Since the

map Hr preserves the defect of a symbol, it is the direct sum of the restriction of
the map Hr on each of the direct summands. The space CrBn ˆ t˘1us decomposes
as CrBn ˆ t`1us

À

CrBn ˆ t´1us. With respect to this decomposition, SĂ
˘

n,d “

pSĂn,dq ‘ ppqop ˝ SĂn,dq. By Lemma 2.3.6, it holds

Hr ˝ SĂn,d “ SĂn´r,d ˝ Hr,

so the restriction of the diagram (2.30) to CrBn ˆ t1us commutes. Moreover, by
Lemma 2.3.7, it holds

Hr ˝ pq
op

“ pq
op

˝ Hr,

therefore the restriction of the diagram (2.30) to CrBnˆt´1us commutes as well.

For any r P N we define the analogue of (2.11) for symbols, setting

Resr : CrSrs Ñ CrPrs b CrSrs (2.31)
rXs ÞÑ

ÿ

γPPr

κApχγq b HγprXsq

where for any γ P Pr the function χγ is the characteristic function of the conjugacy
class labelled by γ “ pγ1, . . . , γkq in Sr, and Hγ is the composition Hγk ˝ ¨ ¨ ¨ ˝ Hγ1

Since for any γ P Pr the map Hγ preserves the defect of an ordered symbol and
lowers the rank by r, for any n P N with n ě r and d P Z the map Resr restricts to
a map

Resr : CrSr
d

ns Ñ CrPrs b CrSr
d

n´rs.

In Proposition 2.3.11, we will show that this map is a combinatorial description
of the parabolic restriction to a maximal Levi subgroup. The following Corollary
2.3.10 relates the map Resr to restriction of representations of (extended) Weyl
groups of type B, and it is an intermediate step toward Proposition 2.3.11.

Corollary 2.3.10. Let n, r P N with r ď n. For any d ą 0, let m :“ n `
X1´d2

4

\

.
Then the following diagrams commute

RpW pBmq ˆ Z2q CrSr
d

ns ‘ CrSr
´d

n s

RpSr ˆ W pBm´rq ˆ Z2q CrPrs b CrSr
d

n´rs ‘ CrSr
´d

n´rs

ℓn,dĄ

Res
W pBmqˆZ2
SrˆW pBmqˆZ2

Resr

κAbℓn´r,dČ

(2.32)
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RpW pBnqq CrSr
0
ns

RpSr ˆ W pBn´rqq CrPrs b CrSr
0
n´rs

ℓn,0Ą

Res
W pBnq

SrˆW pBmq
Resr

κAbℓn´r,0Č

(2.33)

where the map ℓn,dĂ is as in (2.23) and the map Resr is as in (2.31).

Proof. The diagram (2.32) factors as

RpW pBmq ˆ Z2q CrBm ˆ t˘1us CrSr
d

ns ‘ CrSr
´d

n s

RpSr ˆ W pBm´rq ˆ Z2q CrPrs b CrBm´r ˆ t˘1us CrPrs b pCrSr
d

n´rs ‘ CrSr
´d

n´rsq

κBˆev´1

Res
W pBmqˆZ2
SrˆW pBm´rqˆZ2

Resrbid

SĂ
˘

m,d

Resr

κAbpκBˆev´1q idbSĂ
˘

m´r,d

The left diagram commutes by Corollary 2.1.6 and Remark 2.1.3.
The right diagram commutes by Lemma 2.3.9. Indeed for any ppα, βq, εq P Bm ˆ

Z2 and j P N such that j ď m it holds

HjpSĂ
˘

m,dppα, βq, εqq “ SĂ
˘

m´j,dpHj b idppα, βq, εq “ SĂ
˘

m´j,dpHjpα, βq, εq (2.34)

by the commutativity of (2.30). Then for any γ “ pγ1, . . . , γkq P Pr, applying
repeatedly (2.34) yields

HγpSĂ
˘

m,dppα, βq, εqq “ Hγk ˝ ¨ ¨ ¨ ˝ Hγ1pSĂ
˘

m,dppα, βq, εqq

“ Hγk ˝ ¨ ¨ ¨ ˝ Hγ2pSĂ
˘

m´j,dpHγ1pα, βq, εqq

“ Hγk ˝ ¨ ¨ ¨ ˝ Hγ3pSĂ
˘

m´j,dpHγ2 ˝ Hγ1pα, βq, εqq

“ ¨ ¨ ¨ “ SĂ
˘

m´j,dpHγk ˝ ¨ ¨ ¨ ˝ Hγ1pα, βq, εqq “ SĂ
˘

m´j,dpHγpα, βq, εq.

Therefore

Resr ˝ SĂ
˘

m.dppα, βq, εq “
ÿ

γPPr

κApχγq b HγpSĂ
˘

m,dppα, βq, εqq

“
ÿ

γPPr

κApχγq b SĂ
˘

m´r,dpHγpα, βq, εq

“ pid b SĂ
˘

m´r,dqp
ÿ

γPPr

κApχγq b pHγpα, βq, εqq

“ pid b SĂ
˘

m´r,dqpResrpα, βq, εq

“ pid b SĂ
˘

m´r,dq ˝ pResr b idqppα, βq, εq

The diagram (2.33) factors as

RpW pBnqq CrBns CrSr
0
ns

RpSr ˆ W pBn´rqq CrPrs b CrBn´rs CrPrs b CrSr
0
n´rs

κB

Res
W pBnq

SrˆW pBn´rq Resr

SĂ
˘

n,0

Resr

κAbκB idbSĂ
˘

n´r,0
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The left diagram commutes by Corollary 2.1.6, the right square commutes by Lemma
2.3.6

Proposition 2.3.11. Let G be of type Dn and retain the notation from Section
2.1.2.3.

Let r P Nďn and let M be a maximal δ-stable standard Levi subgroup of G of type
Ar´1 ˆ Dn´r with 1 ď r ď n ´ 1. Then the following diagram commutes:

RupGr
0
q

À

RupGr
1
q CrSr

ev

n s

RupMĂ
0
q

À

RupMĂ
1
q CrPrs b CrSr

ev

n´rs

˚RG
r

0

MĂ
0 ‘˚RG

r

1

MĂ
1

À

sPN
s2ďn

ℓn,2sĆ ˝Rep
Gr
s

Resr
À

sPN
s2ďn´r

pκAbℓn´r,2sČ q˝Rep
MĂ
s

Proof. For any s P N satisfying s2 ď n ´ r we have Ls Ď MĂ
s
, since Ls and M are

standard Levi subgroups of type Ds2 and Ar ˆ Dn´r respectively.
The restriction of the diagram (2.3.11) to the subspace CrEGr

s

pLs, σsqs with s2 ď

n ´ r is the diagram

CrEGr
s

pLs, σsqs
À

s1Pt˘su
CrS2s1

n s

CrEMĂ
s

pLs, σsqs CrPrs b p
À

s1Pt˘su
CrS2s1

n´rsq

˚RG
r

s

MĂ
s

Rep˝ℓn,2sĆ

Resr

Rep˝pκAbℓn´r,2sČ q

which factors as:

CrEGr
s

pLs, σsqs RpWGr
spLs, σsqq

À

s1Pt˘su
CrS2s1

n s

CrEMĂ
s

pLs, σsqs RpWMĂ
spLs, σsqq CrPrs b p

À

s1Pt˘su
CrS2s1

n´rsq

˚RG
r

s

MĂ
s

Rep
Gr
s ℓn,2sĆ

Res
W
Gr
s pLs,σsq

W
MĂ
s pLs,σsq

Resr

Rep
MĂ
s κAbℓn´r,2sČ

The left square commutes by Corollary 1.1.5. The right square commutes by
Corollary 2.3.10, since

WGr
spLs, σsq – W pBn´s2q ˆ Z2 for s ą 0

WMĂ
spLs, σsq – Sr ˆ W pBn´r´s2q ˆ Z2 for s ą 0

W
Gr

0pL0, σ0q – W pBnq

W
MĂ

0pL0, σ0q – Sr ˆ W pBn´rq.

Therefore the diagram (2.3.11) commutes on each subspace CrEGr
s

pLs, σsqs with
s2 ď n ´ r.

It commutes on each subspace CrEGr
s

pLs, σsqs with s2 ą n´r because the vertical
maps are 0.
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2.4 Fourier transform for inner twists of type Dn

In [42, Section 4] Lusztig defines a map on the space of unipotent class functions for
any finite group of Lie type, the so-called Lusztig’s Fourier transform. For groups
of classical type, such a map has a combinatorial description.

In this section, following [40] we define the combinatorial map Rr on the C-span
of arrays (2.36), that induces a map on the C-span of.ordered symbols. By
transport, the map Rr gives an involution on the sum of the spaces of unipotent
class functions on the inner twists of a disconnected group of type D as in (2.6),
see (2.38). We call Rr the Fourier transform (for disconnected groups of type D). It
is closely related to Lusztig’s Fourier transform for connected groups of type D, as
we explain in detail in Section 2.5 (see Remarks 2.5.10 and 2.6.1) .

Given an array X “ pX0, X1q P PpNqă8 ˆ PpNqă8, we denote by

˛ XY :“ X0 Y X1, that is, the set of entries that appear in at least one of the
rows of X;

˛ XX :“ X0 X X1, that is, the set of entries that appear in both rows of X;

˛ Xa :“ X0 a X1, where a denotes the symmetric difference, i.e. X0 a X1 “

XYzXX, so that Xa is the set of entries that appear in one row of X but not
in both of them.

With these notations, for any X P PpNqă8 ˆ PpNqă8,

ρpXq “
ÿ

xPXY

x `
ÿ

zPXX

z `

Zˆ

|XY| ` |XX| ´ 1
2

̇2^

(2.35)

Definition 2.4.1. The similarity class of an array X “ pX0, X1q P PpNqă8 ˆ

PpNqă8 is the set of arrays

SimpXq :“ tY “ pY 0, Y 1
q P PpNq

ă8
ˆ PpNq

ă8
| Y Y

“ XY, Y X
“ XX

u

In other words, SimpXq is the set of arrays with the same set of entries as X, with
some multiplicity of occurrence.

All the arrays in a similarity class have the same rank, as one can see from (2.35).
Moreover, the defects of all arrays in the same similarity class have the same parity:
defpXq “ |X0| ´ |X1| ” |X0| ` |X1| “ |XY| ` |XX| pmod 2q.

Definition 2.4.2. Let X be an array. The special array Xsp P SimpXq is the array
determined by the following conditions:

˛ If defpXq is even:

‹ defpXspq “ 0,
‹ Ordering the elements of pXspq

a in increasing order, consecutive elements
never occur in the same row of Xsp, and the lowest of these elements belongs
to the bottom row of Xsp.
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˛ If defpXq is odd:

‹ defpXspq “ 1,
‹ Ordering the elements of pXspq

a in increasing order, consecutive elements
never occur in the same row of Xsp, and the lowest of these entries belongs
to the top row of Xsp.

For any array X, we set
X# :“ X1

a X1
sp.

In other words, X# is the set of the entries by which the bottom row of X differs
from the bottom row of Xsp. The assignment X ÞÑ X# defines a bijection between
SimpXq and the power set of Xa. It follows that |SimpXq| “ 2|Xa|.

We set
spXq :“ 2

|Xa|´defpXspq

2

We are now in the position to give the combinatorial definition of the linear map
that is the main object of this chapter. Appropriate restrictions of this map coincide
with the Fourier transform defined by Lusztig in [42, Section 4]. The latter is a map
on the space of unipotent class functions on groups of type D and B. We refer to
Remarks 2.5.10 and 2.6.1 for a more precise statement. Let

Rr : CrPpNq
ă8

ˆ PpNq
ă8

s Ñ CrPpNq
ă8

ˆ PpNq
ă8

s (2.36)

X ÞÑ
1

spXq

ÿ

Y PSimpXq

p´1q
|X#XY #|Y.

Example 2.4.3. Let X “

ˆ

0 2
1 2

̇

. Then

SimpXq “

" ˆ

1 2
0 2

̇

,

ˆ

0 2
1 2

̇

,

ˆ

0 1 2
2

̇

,

ˆ

2
0 1 2

̇ *

.

In this case, defpXq “ 0 and Xsp “

ˆ

1 2
0 2

̇

.

We have Xa :“ t0, 1u, and
ˆ

1 2
0 2

̇#

“ H,

ˆ

0 2
1 2

̇#

“ t0, 1u,

ˆ

0 1 2
2

̇#

“ t0u,

ˆ

2
0 1 2

̇#

“ t1u.

Computing the map Rr on X yields

Rr pXq “
1
2

ˆ

1 2
0 2

̇

`
1
2

ˆ

0 2
1 2

̇

´
1
2

ˆ

0 1 2
2

̇

´
1
2

ˆ

2
0 1 2

̇

.

The following compatibility, first stated in [1],[2], will be crucial for our treatment.

Theorem 2.4.4. [40, Theorem 3.1] The map Rr commutes with Hr for any r P N:

Rr ˝ Hr “ Hr ˝ Rr .
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We now prove some properties of the map Rr that will be useful in the following:
namely, the fact that the map Rr induces an isometric involution on the space of
symbols.

Lemma 2.4.5. Let X P PpNqă8 ˆ PpNqă8 and let k P N. Then

1. the map induced by the shift by k

p¨q
Ñk : SimpXq Ñ SimpXÑk

q

Y ÞÑ Y Ñk

is a bijection.

2. pXÑkqa “ tx ` k | x P Xau

3. pXÑkqsp “ pXspq
Ñk

4. pXÑkq# “ tx ` k | x P X#u

Proof. We first observe that by the definition of the shift, it holds

pXÑk
q

Y
“ pXÑk

q
0

Y pXÑk
q

1
“ t0, 1, . . . , k ´ 1u Y tx ` k|x P XY

u “ pXY
q

Ñk

pXÑk
q

X
“ pXÑk

q
0

X pXÑk
q

1
“ t0, 1, . . . , k ´ 1u Y tx ` k|x P XX

u “ pXX
q

Ñk

Now we prove the assertions in the statement of this lemma.

1. Since p¨qÑk is injective , it is enough to check that the map p¨qÑk : SimpXq Ñ

SimpXÑkq is well-defined and surjective. First we check that SimpXqÑk Ď

SimpXÑkq. For any Y P SimpXq, it holds

pY Ñk
q

Y
“ pY Y

q
Ñk

“ pXY
q

Ñk
“ pXÑk

q
Y

pY Ñk
q

X
“ pY X

q
Ñk

“ pXX
q

Ñk
“ pXÑk

q
X

so Y Ñk P SimpXÑkq.
Now we check that SimpXÑkq Ď SimpXqÑk. For any Z “ pZ0, Z1q P

SimpXÑkq, it holds ZY “ pXÑkqY “ t0, 1, . . . , k ´ 1u Y tx ` k|x P XYu

and ZX “ pXÑkqX “ t0, 1, . . . , k ´ 1u X tx ` k|x P XXu. Hence setting
Y i “ tz ´ k|z P Zi, z ě ku for i “ 1, 2 and Y “ pY 0, Y 1q we get Z “ Y Ñk, and
Y P SimpXq.

2. We have

pXÑk
q

a
“ pXÑk

q
Y

zpXÑk
q

X

“ pt0, 1, . . . , k ´ 1u Y tx ` k|x P XY
uqzpt0, 1, . . . , k ´ 1u Y tx ` k|x P XY

uq

“ tx ` k | x P XY
zXX

u “ tx ` k | x P Xa
u

3. If Xsp is the special array in SimpXq, by the previous point, XÑk
sp P SimpXÑkq.

We have to check that XÑk
sp satisfies the conditions to be the special array in

SimpXÑkq. Shifting by k does not change the defect of an array, soXÑk
sp has the
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right defect. Ordering the elements of Xa
sp in increasing order, two consecutive

elements never occur in the same row and the lowest element occurs in the
appropriate row according to the parity defect. Therefore, ordering elements of
pXÑkqa “ tx`k | x P Xau in increasing order, they satisfy the same property,
since shifting preserves the relative order of elements in different rows.

4. It follows from (3) that

pXÑk
q

#
“ pX1

q
Ñk

a pXÑk
q

1
sp “ pX1

q
Ñk

a pX1
spq

Ñk

“ pt0, 1, . . . , k ´ 1u Y tx ` k | x P X1
uq a pt0, 1, . . . , k ´ 1u Y tx ` k | x P X1

spuq

“ tx ` k | x P X1
a X1

spu “ tx ` k | x P X#
u.

Corollary 2.4.6. The map Rr defined in (2.36), preserves the kernel of the projection

r¨s : CrPpNq
ă8

ˆ PpNq
ă8

s Ñ CrSrs

defined by X ÞÑ rXs for any X P PpNqă8 ˆ PpNqă8.

Proof. The kernel of the projection r s is spanned by the elements X ´ XÑk for
X P PpNqă8 ˆ PpNqă8 and k P N. So it is enough to prove that for any k P N:

Rr pXÑk
q “ Rr pXq

Ñk.

We have
Rr pXÑk

q :“ 1
spXÑkq

ÿ

Y PSimpXÑkq

p´1q
|pXÑkq#XY #|Y.

We use the properties of invariance by shift collected in Lemma 2.4.5. First of all we
prove that spXÑkq “ spXq. The assignment x ÞÑ x` k induces a bijection between
Xa and pXÑkqa, so in particular |pXÑkqa| “ |Xa|. Moreover pXÑkqsp “ pXspq

Ñk,
so

spXÑk
q “ 2

|pXÑkqa|´defpXÑk
sp q

2 “ 2
|Xa|´defpXspq

2 “ spXq.

Lemma 2.4.5 1 guarantees that Y P SimpXq if and only if Y Ñk P SimpXÑkq. Then
we have

Rr pXÑk
q :“ 1

spXq

ÿ

Y PSimpXq

p´1q
|pXÑkq#XpY Ñkq#|Y Ñk.

Applying Lemma 2.4.5 4 we have

pXÑk
q

#
X pY Ñk

q
#

“ tx` k | x P X#
u X ty` k | y P Y #

u “ tz ` k | z P X#
X Y #

u,

so
Rr pXÑk

q :“ 1
spXq

ÿ

Y PSimpXq

p´1q
|X#XY #|Y Ñk

“ Rr pXq
Ñk.
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As a consequence, the map Rr induces a well-defined endomorphism of the vector
space CrSrs, that we still denote by Rr , given by Rr prXsq “ rRr pXqs.

Since all the arrays belonging to the same family have defects of the same parity,
the map Rr preserves the spaces CrSr

ev
s and CrSr

od
s.

From now until the end of Section 2.5, we will be mostly concerned with the
restriction of the map Rr to the space CrSr

ev
s, since the latter is relevant for the

parameterization of unipotent representations of groups of type D, as seen in (2.25).
The restriction of the map Rr to the space CrSr

od
s will be relevant in Section 2.6,

where we study groups of type B and C.
The following computation will be used in Lemmas 2.4.8 and 2.4.9.

Lemma 2.4.7. Let rXs P Sr, and let rZs P SimpXqzrXs. Then
ÿ

Y PSimpXq

p´1q
|Y #XpX#aZ#q|

“ 0. (2.37)

Proof. We recall that the assignment Y ÞÑ Y # is a bijection between SimpXq and
the set of the subsets of Xa. Since Z P SimpXqztXu, then Z# ‰ X#, so there is
some a P Z# a X#.

The assignment Y # ÞÑ Y # a tau determines a bijection without fixed points
of the power set of pXaq into itself, By transport of structure, it determines a
bijection of SimpXq into itself. Therefore there is some array Y 1 P SimpXq such that
Y

1 #
“ Y #atau. By the choice of a, it holds |Y #XpX#aZ#q| ” |Y 1#XpX#aZ#q|`1

(mod 2), so (2.37) follows.

Lemma 2.4.8. The map

Rr : CrSr
ev

s Ñ CrSr
ev

s

is an involution.

Proof. Let rXs P Sr
ev

. Let Z P SimpXqztXu. The coefficient of Z in Rr ˝ Rr pXq is
given by

1
spXq2

ÿ

Y PSimpXq

p´1q
|X#XY #|`|Y #XZ#|

“
1

spXq2

ÿ

Y PSimpXq

p´1q
|Y #XpX#aZ#q|

“ 0

by Lemma 2.4.7. On the other hand, the coefficient of rXs in Rr ˝ Rr is given by

1
spXq2 |SimpXq| “

2|Xa|

2|Xa|´defpXspq
“

2|Xa|

2|Xa|
“ 1

Lemma 2.4.9. The map

Rr : CrSr
ev

s Ñ CrSr
ev

s

is an isometry.
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Proof. We prove that Rr maps an orthonormal basis to an orthonormal basis.
Let rXs, rZs P Sr

ev
. Then

xRr prXsq,Rr prZsqy “
1

spXq2 x
ÿ

Y PSimpXq

p´1q
|X#XY #|

rY s,
ÿ

Y PSimpZq

p´1q
|Z#XY #|

rY sy

If Z R SimpXq, the two sums have no symbols in common, and hence this scalar
product is 0. If Z P SimpXq,

xRr prXsq,Rr prZsqy “
1

spXq2

ÿ

Y PSimpXq

p´1q
|X#XY #|`|Y #XZ#|

“
1

spXq2

ÿ

Y PSimpXq

p´1q
|Y #XpX#aZ#q|.

If rZs ‰ rXs this is 0 by Lemma 2.4.7.

If rZs “ rXs , we have

xRr prXsq,Rr prXsqy “
1

2|Xa|´defpXspq
|SimpXq| “ 1.

2.4.1 Compatibility of parabolic induction and Fourier
transform

Let G be of type Dn and retain the notation from Section 2.1.2.3. We define

Rr
G

: RupGr
0
q

à

RupGr
1
q Ñ RupGr

0
q

à

RupGr
1
q

as the map making the following diagram commutative:

RupGr
0
q

À

RupGr
1
q RupGr

0
q

À

RupGr
1
q

CrSr
ev

n s CrSr
ev

n s

RrG

SymbČ

D SymbDČ

Rr

(2.38)

This is well-posed since the vertical maps are linear isomorphisms.
By Lemmas 2.4.8 and 2.4.9, the map Rr on CrSr

ev

n s is an involutive isometry.
Therefore, since SymbČ

D as in (2.25) is an isometry, the map Rr on RupGr
0
q

À

RupGr
1
q

is an involutive isometry.
Let M be a maximal δ-stable standard Levi subgroup of G of type Ar´1 ˆDn´r,

with 1 ď r ď n ´ 1 and retain notation from Section 2.1.3. The Fourier transform
on groups of type A is defined to be the identity [42, 4.4]. Therefore we define

Rr
M

: RupMĂ
0
q

à

RupMĂ
1
q Ñ RupMĂ

0
q

à

RupMĂ
1
q
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as the map making the following diagram commutative:

RupMĂ
0
q

À

RupMĂ
1
q RupMĂ

0
q

À

RupMĂ
1
q

CrPrs b CrSr
ev

n´rs CrPrs b CrSr
ev

n´rs

RrM

‘pκAbℓn´r,2sČ q˝Rep
MĂ
s ‘pκAbℓn´r,2sČ q˝Rep

MĂ
s

idbRr

(2.39)

As for G, the map Rr on RupMĂ
0
q

À

RupMĂ
1
q is an involutive isometry.

Remark 2.4.10. Let L be a standard F0-stable and δ-stable Levi subgroup of a
standard F0-stable and δ-stable parabolic subgroup. Then L is isogenous to a direct
product of groups of type A and a group of type Dm for some 1 ď m ď n ´ 1. We
include the limit cases in which the type A factor or the type D factor reduce to a
torus, admitting the situations in which the former is a product of groups of type
A0 or the latter is a group of type D1.

Hence L is a standard Levi subgroup of the maximal δ-stable Levi subgroup M
of type An´m´1 ˆ Dm. Similarly as we did for G and M , we set

Lr
0

:“ LF0 ¸ xδy, Lr
1

:“ LF1 ¸ xδy

Since the Fourier transform is the identity on groups of type A, it commutes with
the map ˚RMĂ

0

Lr
0 ‘ ˚RMĂ

1

Lr
1 . It follows that by transitivity of parabolic restriction, to

prove compatibility of the Fourier transform with parabolic restriction from G to
standard F0 and F1 stable Levi subgroups L, it is enough to prove compatibility of
the Fourier transform with parabolic restriction from G to a maximal δ-stable Levi
subgroup.

Lemma 2.4.11. Let r P Nďn, and let Resr be the map defined in (2.31). Then the
following diagram commutes

CrSr
ev

n s CrSr
ev

n s

CrPrs b CrSr
ev

n´rs CrPrs b CrSr
ev

n´rs

Rr

Resr Resr

idbRr

Proof. For each rXs P Sev
n , it holds

Resr ˝ Rr prXsq “
ÿ

γPPr

κApδγq b HγpRr prXsqq by Theorem 2.4.4

“
ÿ

γPPr

κApδγq b Rr pHγprXsqq

“ pid b Rr qp
ÿ

γPPr

κApδγq b HγpXqq “ pid b Rr q ˝ ResrprXsq.

The following theorem (and the corollary below), stating the compatibility of
the Fourier transform R for inner twists of disconnected groups of type D and the
parabolic restriction (respectively induction) is the main result of this chapter.
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Theorem 2.4.12. We retain notation from the beginning of Section 2.4.1. The
following diagram commutes:

RupGr
0
q

À

RupGr
1
q RupGr

0
q

À

RupGr
1
q

RupMĂ
0
q

À

RupMĂ
1
q RupMĂ

0
q

À

RupMĂ
1
q

˚RG
r

0

MĂ
0 ‘˚RG

r

1

MĂ
1

RrG

˚RG
r

0

MĂ
0 ‘˚RG

r

1

MĂ
1

RrM

(2.40)

Proof. We consider the following diagram.

CrSr
ev

n s CrSr
ev

n s

RupGr
0
q

À

RupGr
1
q RupGr

0
q

À

RupGr
1
q

CrPrs b CrSr
ev

n´rs CrPrs b CrSr
ev

n´rs

RupMĂ
0
q

À

RupMĂ
1
q RupMĂ

0
q

À

RupMĂ
1
q

Rr

Resr Resr

RrG

À

ℓn,2sĆ ˝Rep
Gr
s

˚RG
r

0

MĂ
0 ‘˚RG

r

1

MĂ
1

À

ℓn,2sĆ ˝Rep
Gr
s

˚RG
r

0

MĂ
0 ‘˚RG

r

1

MĂ
1

idbRr

RrM

À

pκAbℓn,2sĆ q˝Rep
MĂ
s

À

pκAbℓn,2sĆ q˝Rep
MĂ
s

The upper and lower faces commute by the definition of Rr on the space of unipotent
representations, that is, the diagrams (2.38) and (2.39). The side faces commute
because of Proposition 2.3.11, the back face commutes because of Lemma 2.4.11.

The front face commutes because all the other faces commute and the diagonal
arrows

À

s2ďn
ℓn,2sĄ ˝RepGr s and

À

s2ďn´r
pκAbℓn´r,2sČ q˝RepMĂs are isomorphisms.

Corollary 2.4.13. The following diagram commutes:

RupMĂ
0
q

À

RupMĂ
1
q RupMĂ

0
q

À

RupGr
1
q

RupGr
0
q

À

RupGr
1
q RupGr

0
q

À

RupGr
1
q

RG
r

0

MĂ
0 ‘RG

r

1

MĂ
1

RrM

RG
r

0

MĂ
0 ‘RG

r

1

MĂ
1

RrG

(2.41)

Proof. It follows from Theorem 2.4.12 by adjunction. Indeed, Rr
G

and Rr
M

are
involutive isometries, hence are self-adjoint.

2.5 Groups of type Dn and 2Dn

In this Section, we will show how our results can be applied to study connected
groups of type Dn and 2Dn.

In particular, in Section 2.5.1 we will recall how to parametrize unipotent rep-
resentations of groups of type Dn and 2Dn via Symbols, relating it to the parame-
terization of the unipotent representations of inner twists of disconnected groups of
type Dn described in Section 2.2.2.2.
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In Section 2.5.2 we will show how to deduce from the map Rr the Fourier transform
on the space of unipotent class functions on connected groups of type Dn and 2Dn

defined by Lusztig in [42, Section 4]. In Section 2.5.3, we will exploit Theorem 2.4.12
to show compatibility of the maps defined in Section 2.5.2 with parabolic restriction
and induction.

2.5.1 Unordered Symbols
Definition 2.5.1. Let rXs P Sr. We set

rrXss :“ trXs, rXop
su

and call rrXss a (unordered) symbol.
If X0 “ X1, we say that rXs is degenerate and we introduce two degenerate unordered
symbols denoted by rrXss`, rrXss´. We set

S :“ trrXss | rXs P Sr, X0
‰ X1

u Y trrXss`, rrXss´ | rXs P Sr, X0
“ X1

u,

and for any degenerate rXs P Sr we define rrXss to be the sum rrXss` ` rrXss´ in
CrSs.

The rank and the defect of an unordered symbol rrXss are given respectively by

ρprrXssq :“ ρprXsq, defprrXssq :“ |defprXsq|.

They are well-posed since defpXq “ ´defpXopq and ρprXsq “ ρprXsopq, as one can
see from the symmetry in (2.17). If rXs is degenerate, we set ρprrXss˘q :“ ρprXsq

and defprrXss˘q “ 0.
We partition S according to the rank and the defect. For n, d P N, we denote by

Sn the set of unordered symbols of rank n, and by Sd the set of unordered symbols
of defect d. We put Sd

n :“ Sn X Sd. Moreover we set

Sod :“
ď

d odd
Sd, Sev,0 :“

ď

d”0 mod 4
Sd, Sev,1 :“

ď

d”2 mod 4
Sd,

and

Sod
n “ Sn X Sod, Sev,0

n “ Sn X Sev,0, Sev,1
n “ Sn X Sev,1.

We define the map
rr ss : CrSrs Ñ CrSs (2.42)

as the linear extension of the map given by the assignment rXs ÞÑ rrXss for any
X P Sr.

For any d ‰ 0, the restriction of rr ss to CrSr
d
s defines an isomorphism between

CrSr
d
s and CrS |d|s.

For d “ 0 we denote by CrS0snd the image of CrSr
0
s in CrS0s through the map

rr ss, that is
CrS0

s
nd

“ spanCtrrXss | rXs P Sr
0

u.
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We set
CrSs

C :“ spanCtrrXss` ´ rrXss´| rXs P Sr
0

degenerate u,

so CrSsC ‘ CrS0snd “ CrS0s.
Moreover, we denote by CrSsnd the image of CrSrs in CrSs through the map rr ss,

that is, the subspace CrS0snd ‘
`

À

dě1 CrSds
˘

. Then we have

CrSs “ CrSs
nd

‘ CrS0
s
C ,

and
CrSs

nd
–

CrSrs
äspanCtrXs ´ rXop

s | rXs P Sr non degenerateu
.

Recall that CrSs is endowed with the scalar product that makes S into an or-
thonormal basis. Then CrSsnd and CrS0sC are orthogonal complements in CrSs.

We define the quotient space

Aev :“ CrSr
ev

s
ä
spanCtrXs ` rXop

s | rXs P Sr
ev,0

u

and denote by xx yy the natural projection

xx yy : CrSr
ev

s Ñ Aev. (2.43)

We set

Aev,0
“ xxCrSr

ev,0
syy –

CrSr
ev,0

s
ä
spanCtrXs ` rXop

s | rXs P Sr
ev,0

u
, (2.44)

Aev,1
“ xxCrSr

ev,0
syy –

CrSr
ev,1

s
ä
spanCtrXs ` rXop

s | rXs P Sr
ev,1

u
.

For any n, d P N, denote by An the subspace of Aev that is the image of CrSrns

through the map xx yy, and denote by Ad the subspace of Aev that is the image of
CrSr

d
s

Ů

CrSr
´d

s through the map xx yy. Moreover we set Ad
n :“ An X Ad, that is the

subspace of Aev that is the image of the restriction of CrSr
d

ns
Ů

CrSr
´d

n s through the
map xx yy. We set

Aev,0
n :“

à

d”0 mod4
Ad
n, Aev,1

n :“
à

d”2 mod4
Ad
n.

They are respectively the images of CrSr
ev,0
n s and CrSr

ev,1
n s through the map xx yy.

The space CrAevs is endowed with a scalar product defined by

xxxXyy , xxY yyy “ δrXs,rY s ´ δrXs,rY sop

for any rXs, rY s P Sr
ev

.
Proposition 2.5.2. The map

CrSr
ev

n s
prr ss‘xx yyq
ÝÝÝÝÝÝÝÑ CrSev

n s
nd

‘ Aev
n

rXs ÞÑ prrXss, xxXyyq

is an isomorphism. Moreover, if we endow the space on the right-hand side with
orthogonal sum euclidean structure, the map prr ss ‘ xx yyq is a 2-dilation.
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Proof. The map prr ss ‘ xx yyq is surjective. Indee,d the set trrXss, xxXyy| rXs P Sr
ev

n u

is a generating set for CrSev
n snd ‘ Aev

n , and for any rXs P Sr
ev

n it holds

prr ss ‘ xx yyq

ˆ

rXs ` rXops

2

̇

“ rrXss

prr ss ‘ xx yyq

ˆ

rXs ´ rXops

2

̇

“ xxXyy.

The map prr ss ‘ xx yyq is injective since

Kerprr ss ‘ xx yyq “ Kerpprr ssq X Kerpxx yyq

“ spanCtrXs ´ rXop
s|rXs P Sr

ev

n u X spanCtrXs ` rXop
s|rXs P Sr

ev

n u,

and for any rXs, rY s P Sr
ev

n it holds

xrXs ´ rXop
s, rY s ` rY op

sy “ δrXs,rY s ` δrXs,rY ops ´ δrXops,rY s ´ δrXops,rY ops “ 0

since δrXs,rY s “ δrXops,rY ops and δrXs,rY ops “ δrXop,rY s. Therefore Kerprr ssq and
Kerpxx yyq are orthogonal, and consequently have trivial intersection, giving injec-
tivity.

Now we prove that the map is a 2-dilation. Let rXs, rY s P Sr
ev

n . Then

xprrXss, xxXyyq, prrY ss, xxY yyqy “ xrrXss, rrY ssy ` xxxXyy, xxY yyy

“ δrXs,rY s ` δrXs,rY sop ` δrXs,rY s ´ δrXs,rY sop

“ 2δrXs,rY s “ 2xrXs, rY sy.

2.5.1.1 Parameterization of Unipotent representations of groups of type
Dn and 2Dn

Let s, n P N be such that s2 ď n. The linear extensions of the bijections ℓn,2sĄ as in
Remark 2.2.11 are isomorphisms

ℓn,2sĄ : RpW pBn´s2q ˆ xδyq Ñ CrSr
2s
n s ‘ CrSr

´2s
n s (2.45)

ℓn,0Ă : RpW pDnq ¸ xδyq Ñ CrSr
0
ns (2.46)

where δ has order 2 and acts trivially for s ą 0, while it acts as the automorphism
of W pDnq corresponding to a graph automorphism for s “ 0. Retaining notation
from Section 1.2.4, for m P N and i “ 0, 1 we denote by ClpW pBmqδiq, respectively
ClpW pDmqδiq, the space of complex functions on W pBmqδi that are constant on
W pBmq ˆ xδy-conjugacy classes, respectively on W pDmq ¸ xδy-conjugacy classes.
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We observe that ClpW pBmqq “ RpW pBmqq, because δ acts trivially on W pBmq,
while ClpW pDmqq is the subspace of RpW pDmqq generated by the irreducible charac-
ters of W pDmq that are stable by the action of δ, i.e., the characters of IrrpW pDmqq

labelled by non degenerate unordered bipartitions via κD. We set

RpW pDmqq
C :“ spanCtκ´1

D prpα, αqs`q ´κ´1
D prpα, αqs´q | rpα, αqs˘ P Bm degenerateu

so that
RpW pDmqq “ ClpW pDmqq ‘ RpW pDmqq

C .

The following proposition shows how to deduce a parameterization via symbols for
the spaces ClpW pBmqδiq and ClpW pDmqδiq, for i “ 0, 1, that is compatible with the
parameterization for RpW pBmq ˆ xδyq and RpW pDmq ¸ xδyq in (2.45).

Proposition 2.5.3. Let s, n P N be such that s2 ď n. Let δ be as in (2.45). Then
there exist unique linear isomorphisms

ℓn,2s : ClpW pBn´s2qq Ñ CrS2s
n s for s ą 0

ℓn,2sδ : ClpW pBn´s2qδq Ñ A2s
n for s ą 0

ℓn,0 : ClpW pDnqq Ñ CrS0
ns
nd for s “ 0

ℓn,0δ : ClpW pDnqδq Ñ A0
n for s “ 0

so that the following diagrams commute

RpW pBn´s2 ˆ Z2qq ClpW pBn´s2qq
À

ClpW pBn´s2qδq

CrSr
2s
n s

À

CrSr
´2s
n s CrS2s

n s
À

A2s
n

ℓn,2sĆ

πW pB
n´s2 q,0‘πW pB

n´s2 q,1

ℓn,2s‘ℓn,2s
δ

rr ss‘xx yy

(2.47)

RpW pDn ˆ Z2qq ClpW pDnqq
À

ClpW pDnqδq

CrSr
0
ns CrS0

nsnd
À

A0
n

ℓn,0Ą

πW pDn,0q,0‘πW pDnq,1

ℓn,0‘ℓn,0
δ

rr ss‘xx yy

(2.48)

Proof. Let s ą 0. We set

ℓn,2s : ClpW pBn´s2qq Ñ CrS2s
n s (2.49)

πW pBn´s2 q,0pfq ÞÑ rrℓn,2sĄ

pfqss

ℓn,2sδ : ClpW pBn´s2qδq Ñ A2s
n (2.50)

πW pBn´s2 q,1pfq ÞÑ xxℓn,2sĄ

pfqyy,

where f P RpW pBn´s2q ˆ Z2q.
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Since the restriction maps πW pBn´s2 q,i for i “ 0, 1 are surjective, in order to prove
that the maps ℓn,2s and ℓn,2sδ are well-defined we need to show that

Kerprr ss ˝ ℓn,2sĄ

q Ě KerpπW pBn´s2 q,0q, Kerpxx yy ˝ ℓn,2sĄ

q Ě KerpπW pBn´s2 q,1q. (2.51)

We show the stronger assertion that

Kerprr ss ˝ ℓn,2sĄ

q “ KerpπW pBn´s2 q,0q, Kerpxx yy ˝ ℓn,2sĄ

q “ KerpπW pBn´s2 q,1q, (2.52)

so the maps ℓn,2s and ℓn,2sδ are not only well-defined, but they are also injective. We
have

Kerprr ss ˝ ℓn,2sĄ

q “ pℓn,2sĄ

q
´1

pspanCtrXs ´ rXs
op

| X P Sr
2s
n uq

“ pκB ˆ ev´1q
´1

pspanCtppα, βq, 1q ´ ppα, βq,´1q | pα, βq P Bn´s2uq

“ spanCtρ b 1 ´ ρ b sign | ρ P IrrpW pBn´s2qqu

“ KerpRes
W pBn´s2 qˆxδy

W pBn´s2 q
q “ KerpπW pBn´s2 q,0q

and similarly

Kerpxx yy ˝ ℓn,2sĄ

q “ pℓn,2sĄ

q
´1

pspanCtrXs ` rXs
op

| X P Sr
2s
n uq

“ pκB ˆ ev´1q
´1

pspanCtppα, βq, 1q ` ppα, βq,´1q | pα, βq P Bn´s2uq

“ spanCtρ b 1 ` ρ b sign | ρ P IrrpW pBn´s2qqu “ KerpπW pBn´s2 q,1q.

The map ℓn,2s ‘ ℓn,2sδ makes the diagram (2.47) commute by definition of ℓn,2s and
ℓn,2sδ in (2.49). Moreover they are isomorphisms, since they are injective by (2.52)
and they are surjective because ℓr

n,2s
is an isomorphism and the maps rr ss and xx yy

are surjective. This proves the statement for (2.47).
We turn to diagram (2.47). Let s “ 0. We set

ℓn,0 : ClpW pDnqq Ñ CrS0
ns
nd (2.53)

πW pDnq,0pfq ÞÑ rrℓn,2sĄ

pfqss

ℓn,0δ : ClpW pDnqδq Ñ A0
n (2.54)

πW pDnq,1pfq ÞÑ xxℓn,0Ă

pfqyy,

with f P RpW pBnqq. Similarly to the case s ą 0, in order to prove that the maps
ℓn,0 and ℓn,0δ are well-defined and injective we show that

Kerprr ss ˝ ℓn,0Ă

q “ KerpπW pDnq,0q, Kerpxx yy ˝ ℓn,0Ă

q “ KerpπW pDnq,1q. (2.55)

By (2.5), for any ρ P IrrpW pBnqq it holds rrκBpρqss “ κD ˝ Res
W pBnq

W pDnq
pρq.

It follows that KerpRes
W pBnq

W pDnq
q “ κ´1

B pspanCtpα, βq ´ pβ, αq | pα, βq P Bnuq.
Moreover Proposition (2.3.8) gives Sr

0
npα, βq “ pSr

0
npβ, αqqop.
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Then

Kerprr ss ˝ ℓn,0Ă

q “ pℓn,0Ă

q
´1

pspanCtrXs ´ rXs
op

| X P Sr
0
nuq

“ κ´1
B pspanCtpα, βq ´ pβ, αq | pα, βq P Bnuq

“ KerpRes
W pDnq¸xδy

W pDnq
q “ KerpπW pDnq,0q.

Let ρ P IrrpW pBnqq. By (2.5), since κBpρq and κBpρ b signq have the same
restriction to W pDnq, if κBpρq “ pα, βq then κBpρ b signq “ pβ, αq, where sign
denotes the inflation of the sign character of xδy. It follows that

ℓn,0Ă

pρ b signq “ pℓn,0Ă

pρqq
op. (2.56)

Equation (2.56) proves that ℓn,0Ă pKerpπW pDmq,1qq “ Kerpxx yyq, and equality follows
from the fact that ℓn,0Ă is a bijection between IrrpW pBnqq and Sr

0
n. Then

Kerpxx yy ˝ ℓn,0Ă

q “ pℓn,0Ă

q
´1

pspanCtrXs ` rXs
op

| X P Sr
0
nuq

“ κ´1
B pspanCtpα, βq ` pβ, αq | pα, βq P Bnuq

“ spanCtρ b 1 ` ρ b sign | ρ P IrrpW pBnqqu “ KerpπW pDnq,1q.

The maps ℓn,0 and ℓn,0δ are isomorphisms and the map ℓn,0 ‘ ℓn,0δ makes the diagram
(2.48) commute by arguments analogue to the ones used for the case s ą 0.

Remark 2.5.4. For any n, s P Z with s2 ď n, the maps ℓn,2s and ℓn,2sδ are isometries.
Indeed the isomorphism ℓn,2sĄ is an isometry, and the maps πW pBn´s2 q,0 (respectively
πW pDnq,0 for s “ 0) and rr ss are orthogonal projections along subspaces that by
(2.52) (respectively (2.55)) correspond to each other through ℓn,2sĄ . Hence the map
ℓn,2s is an isometry.

Similarly, the maps πW pBn´s2 q,1 (respectively πW pDnq,1 for s “ 0) and xx yy are
orthogonal projections along subspaces that by (2.52) (respectively (2.55) correspond
to each other through ℓn,2sĄ . Hence, the map ℓn,2sδ is an isometry as well.

We extend the map
ℓn,0 : ClpW pDnqq Ñ CrS0

ns
nd

to the whole RpW pDnqq by setting

ℓn,0pκ´1
D prpα, αqs`q ´ κ´1

D prpα, αqs´qq :“ rrSĂn,0pα, αqss` ´ rrSĂn,0pα, αqss´

for any pα, αq P Bn. This map is still an isometry, since with this definition ℓn,0D

maps RpW pDnqqC isometrically in the orthogonal complement CrSsC of CrSsnd.

We retain notation from Section 2.1.2.3, so that G is a simple group of type Dn

and Gr
i

for i “ 0, 1 denote respectively the split and non-split inner twist of G¸ xδy

as in (2.6). We denote by ClupGiδq (respectively ClupGiq) the image of RupGr
i
q in

ClpGFiδq (respectively ClpGFiq) through πGFi ,1 (respectively πGFi ,0), with notation
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as in Section 1.2.4.

For any s P N with s2 ď n, composing the isomorphisms ℓn,2s (respectively ℓn,2sδ )
with RepGFs (respectively RepGFsδ) we obtain isomorphisms

RepGFs ˝ ℓn,2s : CrEGFs pLs, σsqs Ñ CrS2s
n s

RepGFsδ ˝ ℓn,2sδ : CrEGFsδpLs, σsqs Ñ A2s
n .

Collecting together all the series for s ” 0 mod 2, we get the isomorphisms

Symb0
D :“

à

s”0 mod2
RepGFs ˝ ℓn,2s : RupGF0q Ñ CrSev,0

n s

Symb0,δ
D :“

à

s”0 mod2
RepGFsδ ˝ ℓn,2sδ : ClupGF0δq Ñ Aev,0

n

Collecting together all the series for s ” 1 mod 2 we get the isomorphisms

Symb1
D :“

à

s”1 mod2
RepGFs ˝ ℓn,2s : RupGF1q Ñ CrSev,1

n s

Symb1,δ
D :“

à

s”1 mod2
RepGFsδ ˝ ℓn,2sδ : ClupGF1δq Ñ Aev,1

n

Let
τ : ClupGF0δq ‘ ClupGF1q Ñ ClupGF1q ‘ ClupGF0δq

be the swap isomorphism.

Proposition 2.5.5. The following diagram commutes

RupGr
0
q ‘ RupGr

1
q ClupGF0q ‘ ClupGF1q ‘ ClupGF0δq ‘ ClupGF1δq

CrSr
ev

n s CrSev,0
n snd ‘ CrSev,1

n s ‘ Aev,0
n ‘ Aev,1

n

SymbČ

D

π
GF0 ,0‘τ˝pπ

GF0 ,1‘π
GF1 ,0q‘π

G
F1
1

Symb0
D‘Symb1

D‘Symb0,δ
D ‘Symb1,δ

D

prr ss
À

xx yyq

(2.57)

Proof. For any s P N with s2 ď n, the restriction of the diagram to CrEGr
s

pLs, σsqs

factors as

CrEGr
s

pLs, σsqs CrEGFs pLs, σsqs ‘ CrEGFsδpLs, σsqs

ClpWGr
spLs, σsqq ClpWGFs pLs, σsqq ‘ ClpWGFs pLs, σsqδq

À

s1Pt˘su
CrSr

2s1

n s CrS2s
n snd ‘ A2s,0

n

Rep
Gr
s

π
GFs ,0‘π

GFs ,1

Rep
GFs

‘Rep
GFsδ

ℓn,2sĆ

πW
GFs

pLs,σsq,0‘πW
GFs

pLs,σsq,1

ℓn,2s‘ℓn,2s
δ

rr ss‘xx yy

(2.58)
The upper square commutes by Remark 1.2.25 and Proposition 1.2.37. The lower
square commutes by Proposition 2.5.3
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2.5.2 Fourier transform
In this section, we show, following [40], how the Fourier transform for groups of
type Dn, which was defined in [42, 4.6, 4.15], and the Fourier transform for groups
of type and 2Dn, which was defined in [42, 4.18], are related to the map Rr . See
Remark 2.5.10 for the precise statement.

For any X P PpNqă8 ˆ PpNqă8, let

dpXq :“ defpXq ´ defpXspq

2 (2.59)

and, for i “ 0, 1, let

SimipXq :“ tY P SimpXq | dpY q ” i mod 2u. (2.60)

The assignment Y ÞÑ Y # defines a bijection between SimipXq and the subsets of
Xa of cardinality equivalent to i mod 2.

The map Rr can be decomposed as Rr “ Rr 0 ` Rr 1, where Rr 0,Rr 1 are endomor-
phisms of CrPpNqă8 ˆ PpNqă8s defined as follows:

Rr 0pXq :“ 1
spXq

ÿ

Y PSim0pXq

p´1q
|X#XY #|Y, (2.61)

Rr 1pXq :“ 1
spXq

ÿ

Y PSim1pXq

p´1q
|X#XY #|Y (2.62)

The bijection given by the shift by k

p¨q
Ñk : SimpXq Ñ SimpXÑk

q

Y ÞÑ Y Ñk

maps SimipXq to SimipX
Ñkq for i “ 1, 0. Therefore The maps Rr 0,Rr 1 preserve the

kernel of the projection

r¨s : CrPpNq
ă8

ˆ PpNq
ă8

s Ñ CrSrs

defined by X ÞÑ rXs for any X P PpNqă8 ˆ PpNqă8. As a consequence, the
maps Rr 0 and Rr 1 induce well-defined endomorphisms of the vector space CrSrs, still
denoted by Rr 0 and Rr 1, given by

Rr 0prXsq “ rRr 0pXqs, Rr 1prXsq “ rRr 1pXqs.

Remark 2.5.6. In [53] the authors define a map F on CrSevs that is similar to our
map Rr , that is, the map F is the combinatorial description of an extension of the
Fourier transform defined in [42, Secton 4] for unipotent representations of a special
orthogonal group to the space of unipotent representations of an inner form of the
relative orthogonal group. The relation between F and Rr is given by

FprXsq “ Rr 0prXsq ` p´1q
dprXsqRr 1prXsq.
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Lemma 2.5.7. Let X P PpNqă8 ˆ PpNqă8 and let Y P SimpXq. Then

|X#
X pY op

q
#

| ” |X#
X Y #

| ` dpXq pmod 2q. (2.63)

Proof. Since p¨qop just interchanges the rows of an array, for any Y P PpNqă8 ˆ

PpNqă8 it holds SimpY q “ SimpY opq, and so Ysp “ pY opqsp and Y a “ pY opqa.
Moreover pY opq1 XY a “ Y 0 XY a “ Y azpY a XY 1q, so pY opq# “ Y azY #. It follows
that

|X#
X pY op

q
#

| ` |X#
X Y #

| “ |X#
|. (2.64)

The following computation shows that |X#| ” dpXq (mod 2):

|X#
| “ |X1

sp a X1
| “ |X1

sp Y X1
| ´ |X1

sp X X1
|

“ |X1
sp| ` |X1

| ´ 2|X1
sp X X1

| “ 2|X1
sp| `

defpXq ´ defpXspq

2 ´ 2|X1
sp X X1

|.

Proposition 2.5.8. Let X P PpNqă8 ˆ PpNqă8. Then for i “ 0, 1 it holds

Rr ipX
op

q “ p´1q
iRr ipXq

Rr ipXq
op

“ p´1q
dpXqRr i`defpXqpXq

where i ` defpXq denotes the residue mod 2.

Proof. By definition of Rr i, it holds

Rr ipX
op

q “
1

spXopq

ÿ

Y PSimipXopq

p´1q
|pXopq#XY #|Y.

We observe that SimipXq “ SimipX
opq for i “ 0, 1 and moreover

spXop
q “ 2

|pXopqa|´defppXopqspq

2 “ 2
|Xa|´defpXspq

2 “ spXq.

So
Rr ipX

op
q “

1
spXq

ÿ

Y PSimipXq

p´1q
|pXopq#XY #|Y.

Lemma 2.5.7 gives p´1q|pXopq#XY #| “ p´1q|X#XY #|`dpY q, therefore

Rr ipX
op

q “
1

spXq

ÿ

Y PSimipXq

p´1q
|X#XY #|`iY

“ p´1q
i 1
spXq

ÿ

Y PSimipXq

p´1q
|X#XY #|Y “ p´1q

iRr ipXq,

giving the first equality.
For the second one, we compute

Rr ipXq
op

“
1

spXq

ÿ

Y PSimipXq

p´1q
|X#XY #|Y op

“
1

spXq

ÿ

Y opPpSimipXqqop

p´1q
|pXq#XY #|Y op.
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Since dpY opq ” dpY q ` defpY q pmod 2q, we obtain pSimipXqqop “ Simi`defpXqpXq.
Lemma 2.5.7 gives p´1q|X#XY #| “ p´1q|X#XpY opq#|`dpXq, therefore

Rr ipXq
op

“
1

spXq

ÿ

Y opPSimi`defpXqpXq

p´1q
|X#XpY opq#|`dpXqY op

“ p´1q
dpXq 1

spXq

ÿ

Y PSimi`defpXq

p´1q
|X#XY #|Y “ p´1q

dpXqRr i`defpXqpXq.

Corollary 2.5.9. 1. The map Rr 0 preserves the kernel of

rr¨ss : CrSrs Ñ CrSs.

2. The map Rr 1 preserves the kernel of

xx¨yy : CrSr
ev

s Ñ Aev.

3. If rXs P Sr
ev,1

, then rrRr iprXsqss “ 0 for i “ 0, 1.

4. If rXs P Sr
ev,0

, then xxRr iprXsqyy “ 0 for i “ 0, 1.

Proof. 1. The kernel of the map rr¨ss is generated by rXs ´ rXsop with X running
through Sr, so the statement follows from the identity

R0prXs
op

q “ R0prXsq

in Proposition 2.5.8.

2. The kernel of the map xx¨yy is generated by rXs ` rXops with X running through
Sr
ev

, so the statement follows from the identity

R1prXs
op

q “ ´R1prXsq

in Proposition 2.5.8.

3. If rXs P Sr
ev,1

, then by Proposition 2.5.8

rRr iprXsqs
op

“ ´rRr iprXsqs,

so
rrRr iprXsqss “ ´rrRr iprXsq

op
ss “ ´rrRr iprXsqss

hence
rrRr iprXsqss “ 0.
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4. If rXs P Sr
ev,0

, then by Proposition 2.5.8

rRr iprXsqs
op

“ rRr iprXsqs,

so
xxRr iprXsqyy “ xxRr iprXsq

op
yy “ ´xxRr iprXsqyy

hence
xxRr iprXsqyy “ 0.

By Corollary 2.5.9 1, the map Rr 0 factors through rr ss, and we denote the induced
map by

Rr 0 : CrSs
nd

Ñ CrSrs.

We recall that the map Rr 0 is extended to the whole CrSs by setting Rr 0 to be the
identity on CrSsC .

We set

R0 : CrSs Ñ CrSs. (2.65)
rrXss ÞÑ rrRr 0prXsqss

The map R0 preserves the subspaces CrSods, CrSev,0s, while by Corollary 2.5.9 3
its restriction on CrSev,1s is 0. We consider the restrictions

R0 : CrSev,0
s Ñ CrSev,0

s, R0 : CrSod
s Ñ CrSod

s (2.66)

We set

Q0 : CrSev
s Ñ Aev,0

rrXss ÞÑ xxRr 0prXsqyy

By Corollary 2.5.9 4, the restriction of the map Q0 to CrSev,0s is 0. We consider
the restriction

Q0 : CrSev,1
s Ñ Aev,0. (2.67)

By Corollary 2.5.9 2, the map Rr 1 restricted to CrSr
ev

s factors through xx yy, and
we denote the induced map by

Rr 1 : Aev
Ñ CrSrs.

We set

R1 : Aev
Ñ CrSev,1

s

xxXyy ÞÑ rrRr 1prXsqss.
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By Corollary 2.5.9 3 the restriction of R1 to Aev,1 is 0. We consider the restriction

R1 : Aev,0
Ñ CrSev,1

s. (2.68)

We set

Q1 : Aev
Ñ Aev,1

xxXyy ÞÑ xxRr 1prXsqyy

By Corollary 2.5.9 4, the restriction of the map Q1 to Aev,0 is 0. We consider the
restriction

Q1 : Aev,1
Ñ Aev,1. (2.69)

Remark 2.5.10. The map R0 on CrSev,0s coincides with the Fourier transform
defined by Lusztig in [42, 4.6, 4.15]. The map R1 coincides with the Fourier
transform defined by Lusztig in [42, 4.18].

Let n P N and let

τ : Aev,0
n ‘ CrSev,1

n s Ñ CrSev,1
n s ‘ Aev,0

n

be the swap isomorphism.
The following proposition is a precise statement of the relation between the map

Rr and the maps Ri,Qi for i “ 0, 1 defined above. In Proposition 2.5.13, it will be
translated in terms of unipotent class functions on groups of type D.

Proposition 2.5.11. The following diagram commutes

CrSr
ev

n s CrSev,0
n snd ‘ CrSev,1

n s ‘ Aev,0
n ‘ Aev,1

n

CrSr
ev

n s CrSev,0
n snd ‘ CrSev,1

n s ‘ Aev,0
n ‘ Aev,1

n

rr¨ss‘xx¨yy

Rr R0‘τ˝pQ0‘R1q‘Q1

rr¨ss‘xx¨yy

(2.70)

Proof. We need to prove that for any rXs P Sr
ev,0
n it holds

prr ss ‘ xx yyqpRr pXqq “ R0prrXssq ` R1pxxXyyq,

and that for any rXs P Sr
ev,1
n it holds

prrRr prXsqss, xxRr pXqyyq “ Q0prrXssq ` Q1pxxXyyqq.

For any rXs P Sr
ev

n , it holds

prr ss ‘ xx yyqpRr pXqq “ rrRr prXsqss ` xxRr pXqyyq

“ rrR0Ă pXq ` Rr 1pXqss ` xxR0Ă pXq ` Rr 1pXqyy

“ prrR0Ă pXqss ` rrRr 1pXqss, xxR0Ă pXqyy ` xxRr 1pXqyyq

“ R0prrXssq ` Q0prrXssq ` R1pxxXyyq ` Q1pxxXyyq.
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By Corollary 2.5.9(3), if rXs P Sr
ev,1

then

R0prrXssq “ rrRr 0prXsqss “ 0, R1pxxXyyq “ rrRr 1prXsqss “ 0.

By Corollary 2.5.9 (4) if rXs P Sr
ev,0

then

Q0prrXssq “ xxRr 0prXsqyy “ 0, Q1pxxXyyq “ xxRr 1prXsqyy “ 0

Corollary 2.5.12. The maps

R0 : CrSev,0
s Ñ CrSev,0

s R1 : Aev,0
Ñ CrSev,1

s

Q0 : CrSev,1
s Ñ Aev,0 Q1 : Aev,1

Ñ Aev,1

are isometries. Moreover the maps R0 and Q1 are involutions, while the maps R1
and Q0 are inverse to each other.

Proof. The map Rr is an isometry by Lemma 2.6.3 and the map prr ss ‘ xx yyq is a
2-dilation by Lemma 2.5.2. By Proposition 2.5.11, it follows that the maps Ri,Qi

for i “ 0, 1 are isometries.
The map Rr is an involution by Lemma 2.4.8, and so by Proposition 2.5.11 the

maps R0 and Q1 are involutions and the maps R1 and Q0 are inverse to each
other.

2.5.3 Compatibility of parabolic induction and Fourier
transform

In this section, we show how to deduce from Theorem 2.4.12 the compatibility
of the Fourier transforms defined by Lusztig for groups of type Dn and 2Dn (see
Remark 2.5.10). The relevant results in this sense are Theorems 2.5.16 and 2.5.17.
We discuss in Remark 2.5.18 the equivalence of these theorems with Theorem 2.4.12.

Retain notation from Section 2.5.1.1, so that G is a simple group of type Dn and
Gr
i

for i “ 0, 1 denote respectively the split and non-split inner twist of G¸ xδy. We
define

RG
0 : RupGF0q Ñ RupGF0q

RG
1 : ClupGF0δq Ñ RupGF1q

QG
0 : RupGF1q Ñ ClupGF0δq

QG
1 : ClupGF1δq Ñ ClupGF1δq

as the maps making the following diagrams commutative:
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RupGF0q RupGF0δq

CrSev,0
n s CrSev,0

n s

RG
0

Symb0
D Symb0

D

R0

RupGF1q ClupGF0δq

CrSev,1
n s Aev,1

n

QG
0

Symb1
D Symb0,δ

D

Q0

ClupGF0δq RupGF1q

Aev,1
n CrSev,1

n s

Symb0,δ
D

RG
1

Symb1
D

R1

ClupGF1δq ClupGF1δq

Aev,1
n Aev,1

n

QG
1

Symb1,δ
D Symb1,δ

D

Q1

The maps RG
i and QG

i for i “ 0, 1 are isometries, since they are compositions of
isometries.

Let
τ : ClupGF1q ‘ ClupGF0δq Ñ ClupGF0δq ‘ ClupGF1q

be the swap isomorphism. The next proposition is a translation of Proposition 2.5.11
in terms of spaces of unipotent class functions on groups of type D, so it gives a
precise statement of the relation between the Fourier transform on the sum of spaces
of unipotent class functions for inner twists of a disconnected group of type Dn with
the Fourier transforms of groups of type Dn and 2Dn (see Remark 2.5.10).

Proposition 2.5.13. The following diagram commutes

RupGr
0
q ‘ RupGr

1
q ClupGF0q ‘ ClupGF0δq ‘ ClupGF1q ‘ ClupGF1δq

RupGr
0
q ‘ RupGr

1
q ClupGF0q ‘ ClupGF0δq ‘ ClupGF1q ‘ ClupGF1δq

RrG

π
GF0 ,0‘π

GF0 ,1‘π
GF1 ,0‘π

GF1 ,1

RG
0 ‘τ˝pRG

1 ‘QG
0 q‘QG

1

π
GF0 ,0‘π

GF0 ,1‘π
GF1 ,0‘π

GF1 ,1

(2.71)

Proof. By Proposition 2.5.5, the commutativity of the diagram in the statement is
equivalent to the commutativity of (2.70)

Remark 2.5.14. We observe that substituting the map QG
1 with the map ´QG

1 in
(2.71), we obtain a commutative diagram analogue to (2.71) for the map F defined
in [53] (see Remark 2.5.6) in place of the map Rr . It follows that the remainder of
this section could be applied to the map F in place of Rr with minor modifications.

Let M be a maximal δ-stable standard Levi subgroup of G of type Ar´1 ˆDn´r

with 1 ď r ď n ´ 1, and retain notation from Section 2.2.2.2.
Since the Fourier transform is the identity on groups of type A, we define

RM
0 : RupMF0q Ñ RupMF0q

RM
1 : ClupMF0δq Ñ RupMF1q

QM
0 : RupMF1q Ñ ClupMF0δq

QM
1 : ClupMF1δq Ñ ClupMF1δq

as the maps making the following diagrams commutative:
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RupMF0q RupMF0q

CrPrs b CrSev,0
n´rs CrPrs b CrSev,0

n´rs

RM
0

À

s”0pkAbℓn,2sq˝Rep
MF0 ‘s”0pkAbℓn,2sq˝Rep

MF0

idbR0

RupMF1q ClupMF0δq

CrPrs b CrSev,1
n s CrPrs b Aev,1

n

QM
0

‘s”1pkAbℓn,2sq˝Rep
MF1 ‘s”0pkAbℓn,2s

δ
q˝Rep

MF0δ

Q0

ClupMF0δq RupMF1q

CrPrs b Aev,1
n CrPrs b CrSev,1

n s

‘s”0pkAbℓn,2s
δ

q˝Rep
MF0δ

RM
1

‘s”1pkAbℓn,2sq˝Rep
MF1

idbR1

ClupMF1δq ClupMF1δq

CrPrs b Aev,1
n CrPrs b Aev,1

n

QM
1

‘s”1pkAbℓn,2s
δ

q˝Rep
MF1δ

‘s”1pkAbℓn,2sq˝Rep
MF1δ

idbQ1

Remark 2.5.15. Proposition 2.5.13 holds for M as well, since for i “ 0, 1 the space
RupMĂ

i
q of unipotent class functions is the tensor product of the space of unipotent

class functions on a group of type Ar with the space of unipotent class function on
a group of type Dn´r or 2Dn´r, and on the factor of type A all the maps in (2.71)
are the identity maps.

The restrictions πGF ,i (respectively πMF ,i), for i “ 0, 1, are orthogonal pro-
jections on the space RupGr

i
q ( respectively RupMĂ

i
q) along the decomposition

ClupGFiq ‘ ClupGFiδq (respectively ClupMFiq ‘ ClupMFiδq). We now show that
projecting diagram (2.40) using the appropriate restrictions of class functions, we
obtain the compatibility of the Fourier transform maps with parabolic restriction.

By Proposition 2.5.13, we have

pπGF0 ,0 ‘ 0q ˝ Rr
G

“ RG
0 ˝ pπGF0 ,0 ‘ 0q (2.72)

pπGF0 ,1 ‘ 0q ˝ Rr
G

“ QG
0 ˝ p0 ‘ πGF1 ,0q (2.73)

p0 ‘ πGF1 ,0q ˝ Rr
G

“ RG
1 ˝ pπGF0 ,1 ‘ 0q (2.74)

and similarly for M in place of G.
Moreover for i P t0, 1u it holds

πMFi ,0 ˝
˚RGr

i

MĂ
i “

˚RGFi
MFi ˝ πGFi ,0 Lemma 1.12

πMFi ,1 ˝
˚RGr

i

MĂ
i “

˚RGFiδ
MFiδ ˝ πGFi ,1 Lemma 1.2.40
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Since ˚RGr
0

MĂ
0 ‘ ˚RGr

1

MĂ
1 maps RupGr

i
q to RupMĂ

i
q, it follows that

pπMF0 ,0 ‘ 0q ˝ p
˚RGr

0

MĂ
0 ‘

˚RGr
1

MĂ
1q “

˚RGF0
MF0 ˝ pπGF0 ,0 ‘ 0q (2.75)

p0 ‘ πMF1 ,0q ˝ p
˚RGr

0

MĂ
0 ‘

˚RGr
1

MĂ
1q “

˚RGF1
MF1 ˝ p0 ‘ πGF1 ,0q Lemma 1.12

pπMF0 ,1 ‘ 0q ˝ p
˚RGr

0

MĂ
0 ‘

˚RGr
1

MĂ
1q “

˚RGF0δ
MF0δ ˝ pπGF0 ,1 ‘ 0q

p0 ‘ πMF1 ,1q ˝ p
˚RGr

0

MĂ
0 ‘

˚RGr
1

MĂ
1q “

˚RGFiδ
MFiδ ˝ p0 ‘ πGFi ,1q Lemma 1.2.40

The following Theorem shows how to deduce the compatibility of Lusztig’s
Fourier transform for split groups of type D [42, 4.6, 4.15] and parabolic restric-
tion (or induction) from Theorem 2.4.12.

Theorem 2.5.16. The following diagrams commute:

RupGF0q RupGF0q

RupMF0q RupMF0q

˚RG
F0

MF0

RG
0

˚RG
F0

MF0
RM

0

(2.76)

RupGF0q RupGF0q

RupMF0q RupMF0q

RG
0

RG
F0

MF0
RM

0

RG
F0

MF0
(2.77)

Proof. We prove the commutativity of (2.76). The one of (2.77) then follows from
adjunction, since RG

0 and RG
0 is an involutive isometry.

The following diagram commutes

ClupGF0q ClupGF0q

ClupMF0q ClupMF0q.

˚RG
F0

MF0

RG
0

˚RG
F0

MF0
RM

0

(2.78)

Indeed by (2.72) and (2.75), the diagram (2.78) is obtained from the diagram (2.40)
in Theorem 2.4.12 by projecting RupGr

0
q ‘RupGr

1
q (respectively RupMĂ

0
q ‘RupMĂ

1
q)

along pπGF0 ,0 ‘ 0q (respectively pπMF0 ,0 ‘ 0q).

Now we show the commutativity of the restriction of (2.76) to the orthogonal
complement of ClupGF0q in RupGF0q.

Recall that for any m P N, we set

RpW pDmqq
C :“ spanCtpκ´1

D prpα, αqs`q´κ´1
D prpα, αqs´qqq | rpα, αqs P Bm degenerateu.

The orthogonal complement of ClupGF0q in RupGF0q is given by
Rep´1

GF0 pRpW pDnqqCq, and the orthogonal complement of ClupMF0q in RupMF0q is
given by RpSrq b Rep´1

MF0 pRpW pDn´rqqCq.
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By definition, the map R0 is the identity on both the spaces Rep´1
GF0 pRpW pDnqqCq

and RpSrq b Rep´1
MF0 pRpW pDn´rqqCq. Then to prove that (2.76) commutes it is

sufficient to show that
˚RGF0

MF0 pRep´1
GF0 pRpW pDnqq

C
qq Ď RpSrq b Rep´1

MF0 pRpW pDn´rqq
C

q.

By Theorem 1.1.5, it is equivalent to prove that

Res
W pDnq

SrˆW pDn´rq
pRpW pDnqq

C
q Ď RpSrq b RpW pDn´rqq

C (2.79)
By the definition of κD [49, Example 4.1.4], for any ρ P IrrpW pBnqq the maps

κB and kappaD satisfy (2.5), that is

rrκBpρqss “ κD ˝ Res
W pBnq

W pDnq
pρq. (2.80)

Since for any m P N the space RpW pDmqqC is the orthogonal complement of
ClpDmq “ spanCtκ´1

D prpα, βqsq | pα, βq P Bn non degenerateu in RpW pDmqq,
to show (2.79) it is enough to prove that for any f P RpW pDnqqC and g P

RpSrq b ClpW pDn´rqq it holds

xRes
W pDnq

SrˆW pDn´rq
pfq, gySrˆW pDn´rq “ 0.

By definition of RpW pDnqqC , it is enough to take f “ κ´1
D ppα, αq` ´ pα, αq´q with

pα, αq P Bn degenerate.
For any m P N, let δm : W pDmq Ñ W pDmq be the involution of W pDmq corre-

sponding to a graph automorphism of the Dynkin diagram of type Dm. Let δ˚
m be

the involution induced by δm on IrrpW pDmqq and also the linear extension of δ˚
m

on RpW pDmqq. This map is an isometry because it preserves the orthonormal basis
IrrpDmq. The involution δn on W pDnq preserves the subgroup Sr ˆ W pDn´rq for
any r ă n´ 1, and the restriction of δn to this subgroup is given by idˆ δn´r. Since
the restriction is the pullback of the inclusion, we have

Res
W pDnq

SrˆW pDn´rq
˝ δ˚

n “ pid b δ˚
n´rq ˝ Res

W pDnq

SrˆW pDn´rq
. (2.81)

The involution δ˚
n on IrrpW pDnqq interchanges the characters κ´1

D ppα, αq`q and
κ´1
D ppα, αq´q ([24, Proposition 5.6.3] and its proof) and fixes the other ones. Hence

for any g P RpSrq b ClpW pDn´rqq it holds pid b δ˚
n´rqpgq “ g and

xRes
W pDnq

SrˆW pDn´rq
pκ´1

D ppα, αq`q ´ κ´1
D ppα, αq´qq, gySrˆW pDn´rq

“ xRes
W pDnq

SrˆW pDn´rq
˝ δ˚

npκ´1
D ppα, αq´ ´ κ´1

D ppα, αq`qq, gySrˆW pDn´rq

“ xpid b δ˚
n´rq ˝ Res

W pDnq

SrˆW pDn´rq
pκ´1

D ppα, αq´ ´ κ´1
D ppα, αq`qq, gySrˆW pDn´rq

“ xRes
W pDnq

SrˆW pDn´rq
pκ´1

D ppα, αq´ ´ κ´1
D ppα, αq`qq, pid b δ˚

n´rqpgqySrˆW pDn´rq “

“ xRes
W pDnq

SrˆW pDn´rq
pκ´1

D ppα, αq´ ´ κ´1
D ppα, αq`qq, gqySrˆW pDn´rq

“ ´xRes
W pDnq

SrˆW pDn´rq
pκ´1

D ppα, αq`q ´ κ´1
D ppα, αq´qq, gySrˆW pDn´rq.

Therefore the above scalar product vanishes, and so ResW pDnq

SrˆW pDn´rq
pκ´1

D ppα, αq`q ´

κ´1
D ppα, αq´qq is orthogonal to RpSrq b ClpW pDn´rqq, so it lies in RpSrq b

RpW pDn´rqqC .
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The following Theorem shows how to deduce from Theorem 2.4.12 the compatibil-
ity of Lusztig’s Fourier transform [42, 4.18] and parabolic restriction (or induction)
for non split groups of type D.

Theorem 2.5.17. The following diagrams commute:

RupGF1q ClupGF0δq

RupMF1q ClupMF0δq

˚RG
F1

MF1

QG
0

˚RG
F0δ

MF0δ
QM

0

ClupGF0δq RupGF1q

ClupMF0δq RupMF1q

˚RG
F0δ

MF0δ

RG
1

˚RG
F1

MF1
RM

1

(2.82)

RupGF1q ClupGF0δq

RupMF1q ClupGF0δq

QG
0

RG
F1

MF1
QM

0

RG
F0δ

MF0δ

ClupGF0δq RupGF1q

ClupMF0δq RupMF1q

RG
1

RG
F0δ

MF0δ
RM

1

RG
F1

MF1
(2.83)

Proof. We prove the commutativity of the diagrams (2.82). The commutativity of
the diagrams (2.83) follows by adjunction, since Q0 and R1 are mutually inverse
isometries.

The commutativity of diagrams (2.82) follows from the commutativity of diagram
(2.40) in Theorem 2.4.12.

Indeed projecting the space RupGi˜ q along the decomposition ClupGFiq ‘

ClupGFiδq, using (2.72) and (2.75) we get

˚RGF1
MF1 ˝ RG

1 ˝ pπGF0 ,1 ‘ 0q “
˚RGF1

MF1 ˝ p0 ‘ πGF1 ,0q ˝ Rr
G

“ p0 ‘ πMF1 ,0q ˝ p
˚RGr

0

MĂ
0 ‘

˚RGr
1

MĂ
1q ˝ Rr

G

“ p0 ‘ πMF1 ,0q ˝ Rr
M

˝ p
˚RGr

0

MĂ
0 ‘

˚RGr
1

MĂ
1q

“ RM
1 ˝ pπMF0 ,1‘0q ˝ p

˚RGr
0

MĂ
0 ‘

˚RGr
1

MĂ
1q

“ RM
1 ˝

˚RGF0δ
MF0δ ˝ pπGF0 ,1 ‘ 0q

and since pπGF0 ,1 ‘ 0q is surjective, it implies

˚RGr
1

MĂ
1 ˝ RG

1 “ RM
1 ˝

˚RGr
1

MĂ
1 .

Similarly

˚RGF0δ
MF0δ ˝ QG

0 ˝ p0 ‘ πGF1 ,0q “
˚RGF0δ

MF0δ ˝ pπGF0 ,1 ‘ 0q ˝ Rr
G

“ pπMF0 ,1 ‘ 0q ˝ p
˚RGr

0

MĂ
0 ‘

˚RGr
1

MĂ
1q ˝ Rr

G

“ pπMF0 ,1 ‘ 0q ˝ Rr
M

˝ p
˚RGr

0

MĂ
0 ‘

˚RGr
1

MĂ
1q

“ QM
0 ˝ p0 ‘ πMF1 ,0q ˝ p

˚RGr
0

MĂ
0 ‘

˚RGr
1

MĂ
1q

“ QM
0 ˝

˚RGF1
MF1 ˝ p0 ‘ πGF1 ,0q
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and since p0 ‘ πGF1 ,0q is surjective, it implies

˚RGF0δ
MF0δ ˝ QG

0 “ QM
0 ˝

˚RGF1
MF1 .

Remark 2.5.18. Theorem 2.4.12 is equivalent to the commutativity of the diagram
(2.78) in Theorem 2.5.16 and of the diagrams (2.82) in Theorem 2.5.17, together
with the commutativity of the following diagram

RupGF1δq ClupGF0δq

RupMF1δq ClpMF1δq

˚RG
F1δ

MF1δ

QG
1

˚RG
F1δ

MF1δ
QM

1

(2.84)

We showed how to prove Theorem 2.4.12 and deduce the commutativity of dia-
grams (2.78), (2.82), (2.84). The draw-back of this approach is that it only considers
δ-stable Levi subgroups, so it does not take into account the maximal Levi subgroup
of type An´1 in GF0 .

An alternative strategy is to prove the commutativity of the diagrams (2.76),
(2.82), (2.84) and deduce the commutativity of (2.40), gluing them together via
Lemma 2.5.13. To prove the commutativity of (2.78), (2.82), (2.84), the strategy is
analogous to the one used to prove Theorem 2.4.12, exploiting the results in Section
1.2.4.2, in particular Theorem 1.2.41. Following this approach, since it consider
any group individually, it is possible to include proving the commutativity of the
diagram (2.76) the case in which M is of type An´1.

2.6 Groups of type Bn

In this section, we show results analogous to those of Section 2.5.3 for groups of type
B (or C). More precisely, we show the compatibility of the Fourier transform for
groups of type B, that we will denote by R0 [42, 4.5, 4.15], with parabolic induction.
The strategy is similar to the one used in Section 2.4.1.

2.6.0.1 Parameterization of Unipotent representations of groups of type
Bn

In the remainder of this chapter, G is of type Bn (or Cn). We retain notation from
Section 2.1.2.2.

For any s ě 0 such that s2 ` s ď n, we have a bijection

κB : IrrpW pBn´ps2`sqqq Ñ Bn´ps2`sq.

Composing it with the map SĂn´s2´s,2s`1 as in (2.19) yields a bijection

Sn´s2´s,2s`1 ˝ κB : IrrpWGF pLs, σsqq Ñ Bn´ps2`sq Ñ Sr
2s`1
n .
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Since 2s ` 1 ‰ 0 for any s ą 0, the map rr ss induces a bijection between Sr
2s`1
n

and S2s`1
n , and we set

ℓn,2s`1 :“ rrss ˝ Sn´s2´s,2s`1 ˝ κB : IrrpW pBn´ps2`sqqq Ñ S2s`1
n , (2.85)

and we still denote by ℓn,2s`1 the isomorphism obtained by linear extension of this
bijection.

Since IrrpWGF pLs, σsqq – IrrpW pBn´ps2`sqqq for any s such that s2 ` s ď n,
composing ℓn,2s`1 with RepGF yields a bijection

ℓn,2s`1
˝ RepGF : EGF pLs, σsq Ñ S2s`1

n .

Collecting together all the series yields an isomorphism of vector spaces

SymbB :“
à

sPN
s2`sďn

ℓn,2s`1
˝ RepGF : RupGF

q Ñ CrSod
n s (2.86)

This map is an isometry, since it maps the orthonormal basis of RupGF q consisting
of irreducible unipotent characters onto the orthonormal basis of CrSod

n s consisting
of ordered symbols.

2.6.1 Compatibility of parabolic induction and Fourier
transform

We define
RG

0 : RupGF
q Ñ RupGF

q

as the map making the following diagram commutative:

RupGF q RupGF q

CrSod
n s CrSod

n s

RG
0

SymbB SymbB

R0

(2.87)

where R0 : CrSod
n s Ñ CrSod

n s is as in (2.66).
This is well-posed since the vertical maps are linear isomorphism.

Remark 2.6.1. The map R0 on CrSods coincides with the Fourier transform defined
by Lusztig in [42, 4.5, 4.15].

The vertical maps SymbB in (2.87) are isometries. In Lemma 2.6.3 we will show
that RG

0 is an involutive isometry.
We need a variant of Lemma 2.4.7

Lemma 2.6.2. Let rXs P Sr and let Z P SimpXqztX,Xopu. Then
ÿ

Y PSim0pXq

p´1q
|Y #XpX#aZ#q|

“ 0, (2.88)
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Proof. Since Z P SimpXqztX,Xopu, there exists some a P Z# a X# and some
b R Z# a X#.

The assignment Y ÞÑ Y # is a bijection between Sim0pXq and the set of the
subsets of Xa with even cardinality. The assignment Y # ÞÑ Y # a ta, bu determines
a bijection without fixed points of the set of subsets of even cardinality of Xa into
itself. By transport of structure, it determines a bijection without fixed points
of Sim0pXq into itself. Therefore there is some array Y 1 P Sim0pXq such that
Y

1 #
“ Y # a ta, bu. By our choice of a and b, it holds |Y # X pX# a Z#q| ”

|Y 1# X pX# a Z#q| ` 1 (mod 2), and (2.88) follows.

Lemma 2.6.3. The map

R0 : CrSod
s Ñ CrSod

s

is an isometry and an involution.

Proof. We begin by proving that the map R0 is an involution.
Let rXs P Sr

od
. If SimpXq “ tX,Xopu, then R0prrXssq “ rrXss and so

R2
0prrXssq “ rrXss. Assume tX,Xopu Ĺ SimpXq and let Z P SimpXqztX,Xopu.

The coefficient of Z in Rr 0 ˝ Rr 0pXq is given by

1
spXq2

ÿ

Y PSim0pXq

p´1q
|X#XY #|`|Y #XZ#|

“
1

spXq2

ÿ

Y PSim0pXq

p´1q
|Y #XpX#aZ#q|

“ 0

by Lemma (2.6.2). It follows that the coefficient of rrZss in R2
0prrXssq “ rrRr 0 ˝

Rr 0prXsqss vanishes for any rrZss ‰ rrXss.
On the other hand, the coefficient of rXs in Rr 0 ˝ Rr 0prXsq is

1
spXq2 |Sim0pXq| “

2|Xa|´1

2|Xa|´defpXspq
“

2|Xa|´1

2|Xa|´1 “ 1

if X P Sim0pXq, and 0 otherwise. Similarly, the coefficient of rXsop in Rr 0 ˝ Rr 0 is 1
if Xop P Sim0pXq, and 0 otherwise.

Since rrXss P Sod, one and only one between X and Xop lies in Sim0pXq, and so
the coefficient of rrXss in R2

0prrXssq is given by the sum of the coefficients of rXs

and rXops in Rr 0 ˝ Rr 0prXsq, that is 1, whence R2
0 “ id.

Now we prove that the map R0 is an isometry, showing that it maps an orthonor-
mal basis to an orthonormal basis. For any rrXss P Sod, it holds

xR0prrXssq,R0prrZssqy “
1

spXq2 x
ÿ

Y1PSim0pXq

p´1q
|X#XY #

1 |
rrY1ss,

ÿ

Y2PSim0pZq

p´1q
|Z#XY #

2 |
rrY2ssy.

If SimpXq ‰ SimpZq, the two sums have no symbols in common and hence this
scalar product is 0.
If SimpZq “ SimpXq, since X has odd defect, any Y P SimpXq has odd defect,
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hence Y P Sim0pXq implies Y op R Sim0pXq. Therefore rrY1ss “ rrY2ss in the above
sums if and only if rY1s “ rY2s. It follows that

xR0prrXssq,R0prrZssqy “
1

spXq2

ÿ

Y PSim0pXq

p´1q
|X#XY #|`|Y #XZ#|

“
1

spXq2

ÿ

Y PSim0pXq

p´1q
|Y #XpX#aZ#q|.

If rrZss ‰ rrXss, this sum vanishes by (2.88).

If rrZss “ rrXss, we have

xR0prrXssq,R0prrXssqy “
1

2|X#|´1 |Sim0pXq| “ 1.

Let M be a maximal standard Levi subgroup of G of type Ar´1 ˆ Bn´r (or
Ar´1 ˆ Cn´r) for some 1 ď r ď n.

We define
RM

0 : RupMF
q Ñ RupMF

q

as the map making the following diagram commutative:

RupMF q RupMF q

CrPrs b CrSod
n s CrPrs b CrSod

n s

RM
0

‘pκAbℓn´r,2s`1q˝Rep
MF ‘pκAbℓn´r,2s`1q˝Rep

MF

idbR0

(2.89)

As for G, the map R0 on RupMF q is an involutive isometry.
Remark 2.6.4. Since the Fourier transform on groups of type A is the identity,
by an argument analogous to the one used in Remark 2.4.10, the compatibility of
the Fourier transform with the parabolic restriction to a maximal standard Levi
subgroup implies the compatibility of the Fourier transform with the parabolic re-
striction to any standard Levi subgroup.

Indeed if L is a standard F -stable Levi subgroup, then L is isogenous to a direct
product of groups of type A and a group of type Bm (or Cm) for some 0 ď m ď n. It
follows that L is a standard Levi subgroup of the maximal Levi subgroup M of type
An´m´1ˆBm (or An´m´1ˆCm). Since the Fourier transform is the identity on groups
of type A, it commutes with the map ˚RMĂ

0

Lr
0 ‘ ˚RMĂ

1

Lr
1 . By transitivity of parabolic

restriction, to prove compatibility of the Fourier transform with parabolic restriction
from G to a standard Levi subgroup L it is enough to prove compatibility of the
Fourier transform with parabolic restriction from G to a maximal Levi subgroup.

By Lemma 2.3.7, for any r P N the map Hr factors through rr ss : CrSrs Ñ CrSs.
It follows that the map Resr as in (2.31) induces a well defined map

Resr : CrSs
nd

Ñ CrPrs b CrSs
nd (2.90)

rrXss ÞÑ
ÿ

γPPr

κApχγq b HγprrXssq
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The following proposition shows that the map Resr is a combinatorial description
of the parabolic restriction to maximal Levi subgroups.

Proposition 2.6.5. Let s, r, n P N satisfy s2 ` s ď n ´ r.
Then the following diagram is commutative

CrEGF pLs, σsqs CrS2s`1
n s

CrEMF
pLs, σsqs CrPrs b CrS2s`1

n´r s

˚RG
F

MF

Rep
GF

˝ℓn,2s`1

Resr

Rep
MF ˝pκAbℓn´r,2s`1q

Proof. The diagram in the statement factors as

CrEGF pLs, σsqs RpW pBn´ps2`sqqq CrS2s`1
n s

CrEMF
pLs, σsqs RpSr ˆ W pBn´r´ps2`sqqq CrPrs b CrS2s`1

n´r s

˚RG
F

MF

Rep
GF ℓn,2s`1

Res
W pB

n´ps2`sq
q

SrˆW pB
n´ps2`sq´r

q
Resr

Rep
MF κAbℓn´r,2s`1

The left square commutes by Corollary 1.1.5, the right square commutes by Corol-
lary 2.1.6 and Lemma 2.3.6.

Corollary 2.6.6. The following diagram is commutative

RupGF q CrSod
n s

RupMF q CrPrs b CrSod
n´rs

˚RG
F

MF

À

ℓn,2s`1˝Rep
GF

Resr
À

pκAbℓn´r,2s`1q˝Rep
GF

Proof. The restriction of diagram (2.6.6) to a subspace CrEGF pLs, σsqs with s such
that s ` s2 ď n ´ r commutes by Proposition 2.6.5. The restriction of diagram
(2.6.6) to a subspace CrEGF pLs, σsqs with s such that s ` s2 ą n ´ r commutes
because the vertical maps are 0. Since the subspaces CrEGF pLs, σsqs give a direct
sum decomposition of RupGF q, diagram (2.6.6) commutes.

Lemma 2.6.7. Let r P Nďn. The following diagram commutes

CrSod
n s CrSod

n s

CrPrs b CrSod
n´rs CrPrs b CrSod

n´rs

R0

Resr Resr

idbR0

Proof. As a consequence of Theorem 2.4.4 the following diagram commutes:

CrSods CrSods

CrSods CrSods

R0

Hr Hr

R0

(2.91)
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Then for rrXss P Sod
n , it holds

Resr ˝ R0prrXssq “
ÿ

γPPr

κApδγq b HγpR0pXqq

“
ÿ

γPPr

κApδγq b R0pHγpXqq

“ pid b R0qp
ÿ

γPPr

κApδγq b HγpXqq “ pid b R0q ˝ ResrpXq.

The following theorem (and the corollary below), stating the compatibility of
the Lusztig’s Fourier transform R0 for groups of type B and parabolic restriction
(respectively induction) is the main result of this section.
Theorem 2.6.8. The following diagram commutes:

RupGF q RupGF q

RupMF q RupMF q

˚RG
F

MF

RG
0

˚RG
F

MF

RM
0

Proof. We consider the following diagram.

CrSod
n s CrSod

n s

RupGF q RupGF q

CrPrs b CrSod
n´rs CrPrs b CrSod

n´rs

RupMF q RupMF q

R0

Resr Resr
RG

0

˚RG
F

MF

À

ℓn,2s`1˝Rep
GF

˚RG
F

MF

À

ℓn,2s`1˝Rep
GF

idbR0

RM
0

À

pκAbℓn´r,2s`1q˝Rep
GF

À

pκAbℓn´r,2s`1q˝Rep
GF

The upper and lower faces commute by definition of R0 on the spaces of class
functions, the side faces commute because of Corollary 2.6.6, and the back face
commutes because of Lemma 2.6.7.

The front face commutes because all the other faces commute and the diagonal
arrows

À

ℓn,2s`1 ˝ RepGF and
À

pκA b ℓn´r,2s`1q ˝ RepGF are isomorphisms.
Corollary 2.6.9. The following diagram commutes:

RupMF q RupMF q

RupGF q RupGF q

RG
F

MF

RM
0

RG
F

MF

RG
0

(2.92)

Proof. The statement follows from Theorem 2.6.8 by adjunction, because RG
0 and

RM
0 are involutive isometries.
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Nomenclature

P` The set of partitions admitting 0s, page 4

P`
n The set of partitions of n admitting 0s, page 4

P The set of partitions, page 4

Pn The set of partitions of n, page 4

lpαq The length of the partition α, page 4

ϱpαq The rank of the partition α, page 4

Bn The set of bipartitions of n, page 4

Dn The set of unordered bipartitions of n, page 4

κA The bijection between IrrW pAn´1q and Pn as in (2.2), page 5

κB The bijection between IrrW pBnq and Bn as in (2.3), page 5

κD The bijection between IrrW pDnq and Dn as in (2.4), page 6

Hrpαq The set of r-hooks of the partition α, page 10

lpi, jq The leg length of pi, jq P Hrpαq, page 10

Hr The removing r-hook map for bipartitions as in (2.7) , page 11

Resr The map on bipartitions as in (2.11), page 12

Ñk The shift operation, page 13

PpNqă8 The set of subsets of N of finite cardinality, page 13

ϱpAq The rank of A P PpNqă8, page 13

B The bijection in (2.13), page 14

defpXq The defect of the array X, page 15

ρpXq The rank of the array X, page 15

Sr The set of ordered symbols, page 16
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Srn The set of ordered symbols of rank n, page 16

Sr
d

The set of ordered symbols of defect d, page 16

Sr
od,0

,Sr
od,1

,Sr
ev,0

,Sr
ev,1

The subsets of Sr as in (2.18), page 16

SĂn,d The bijection as in (2.19) and its linear extension., page 17

SĂ
˘

n,d The bijection as in (2.21) (resp.(2.22) for d “ 0) and its linear extension,
page 18

ℓn,dĂ The bijection as in (2.23) (resp.(2.24) for d “ 0) and its linear extension,
page 18

SymbDČ The isomorphism as in (2.25), page 19

HrpAq The set of the r-hooks of A P PpNqă8., page 19

lphq The leg length of h P HrpAq., page 19

HrpXq The set of r-hooks of the array X, page 21

lph, iq The leg length of ph, iq P H ´ rpXq., page 21

Hr The removing r-hooks map on Symbols as in (2.26), page 21

Resr The map on CrSrs as in (2.31), page 24

Xa The entries that appear in one row of the array X but not in both of them,
page 27

SimpXq The similarity class of the array X, page 27

Xsp The special array in SimpXq, page 28

X# X1 a X1
sp, page 28

Rr The Lusztig’s Fourier transform on ordered Symbols, page 28
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Introduction

In this chapter, we begin by studying the representation theory of p-adic groups
and its connection with that of finite groups of Lie type. In particular, we focus
here on general linear groups, while in Chapter IV we address the case of special
linear groups.

The research direction of this and the next chapter is inspired by ideas presented
in [68]. We give a quick overview of these ideas in general terms before specializing
to the case relevant for this chapter, namely that of GLN .

Let F be a non-archimedean local field of characteristic 0, with residue field kF .
Let G be a connected, reductive, F -split linear algebraic group defined over F , and
let G “ GpF q denote its group of F -points.

A (tame) Langlands parameter for G is a pair pρ, Eq, where ρ is a continuous
homomorphism from the Weil group of F into G_pCq, the complex dual group of G
[5, Section 2.1], and E is a nilpotent element in the Lie algebra of G_ [5, Section 8.1],
satisfying certain compatibility conditions.

The (tame) Langlands correspondence is conjectured to be a surjective map
with finite fibers, called L-packets from the set of isomorphism classes of (depth-0)
smooth admissible representations of G to the set of equivalence classes of (tame)
Langlands parameters for G. Within an L-packet, representations are conjecturally
parametrized by irreducible representations of a (slightly modified) component group
associated with the centralizer of the parameter. For a detailed overview, see [37].

The finite group of Lie type G “ GpkF q, given by the kF -points of G, arises
as a quotient of the hyperspecial maximal compact subgroup K “ GpOF q. The
most comprehensive and general parameterization for irreducible representations of
finite groups of Lie type is due to Lusztig [42, 43]. While it resembles a Langlands
parameterization in some respects, it differs in some important aspects. In [35], the
relation between Lusztig’s construction and a Langlands-type parameterization is
discussed in detail, and [35, Conjecture 4.3] proposes a set of Langlands parameters
for the group G, which can be viewed as equivalence classes of the tame Langlands
parameters for G. As in the p-adic case, the conjecture [35, Conjecture 4.3] predicts
that for each parameter, the corresponding packet is parametrized by the irreducible
representations of a component group derived from the parameter.

Additionally, in [68] a compatibility between this parameterization and the depth-
0 Langlands correspondence for G is proposed: if an irreducible representation π of
G corresponds to the equivalence class of a tame Langland parameter pρ, Eq, then
its inflation to K should appear as a K-subrepresentation of a representation in the
L-packet associated to pρ, Eq.

Furthermore, there is a natural map ι between the component groups of the
centralizers in G_pCq of pρ, Eq, whose irreducible representations parametrize
the L-packet for pρ, Eq, and the component group of the centralizer in G_pCq of
the equivalence class of pρ, Eq, whose irreducible representations parametrize the
representations of G associated to the equivalence class of pρ, Eq. This map is
expected to link the parametrizations of irreducible representations of G associated
to the equivalence class of pρ, Eq and the representations in the L-packet of G
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corresponding to pρ, Eq: if π is associated with a representation ζ of the second
component group, then the representation of G in the L-packet containing the
inflation of π is the one associated with ζ ˝ ι.

In the case G “ GLN , the local Langlands correspondence is established in
[27, 30, 60], and an explicit description for depth-0 representations, i.e. for the tame
Local Langland correspondence, is provided in [6, 7, 10]. We review this description
in Sections 3.1.1 and 3.2.1.3. A parametrization for the irreducible representations
of GLNpkF q consistent with the perspective in [35] was already constructed in [47],
as we recall in Sections 3.1.2.1 and 3.2.2.

In this case, both parameterizations are bijections, simplifying the expected
compatibility: each Langlands parameter corresponds to a unique irreducible
admissible representation of GLNpF q, whose restriction to GLNpOF q contains the
inflation of the GLNpkF q-representation associated with the equivalence class of the
parameter. The proof of this compatibility is the main result of this chapter, and
it is given by Theorem 3.2.32. The main steps toward establishing this theorem
are given by Proposition 3.1.11, where the compatibility is proved in the case of
cuspidal representations and irreducible parameters, and Theorem 3.2.24, where the
compatibility is proved in the case of essentially square integrable representations
and indecomposable parameters.

The work presented in this chapter was developed independently. However, af-
ter completing the main results, I became aware of [64, Appendix A], which proves
the same compatibility. The argument there relies on the construction in [59], par-
ticularly on the “reduction to tempered types” map, which in the depth-0 setting
coincides with the “head of the parahoric restriction” defined in Section 3.63.

The simplifications arising here by working entirely in the depth-0 setting allow
this chapter to avoid the full machinery of the Bushnell–Kutzko theory of types
(see [11]), which plays a major role in [59]. While we do rely on types for some
key technical points (e.g., Proposition 3.2.15), the overall presentation here is more
direct and self-contained. As such, despite the lack of originality in the main result,
this chapter offers an independent, and in some respects simpler, account of the
compatibility in the case of GLN .

Notation
.

˛ Let F be a non-archimedean local field of characteristic 0 with residue field kF ,
the finite field with q elements. Let OF be the valuation ring in F and pF be
the maximal ideal of OF , and let O˚

F denote the units in OF . We denote by kF
the algebraic closure of kF .
For any E finite extension of F , we use analogous notation.
We denote by WF the Weil group of F . We denote by IF and PF respectively
the inertia and the wild ramification subgroups of WF , and by Fr a Frobenius
element of WF .
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˛ Let H be a group. We denote by Hp the character group of H, sometimes with
H^ for notation reasons. With a slight abuse of notation, when H “ F ˚ or
H “ WF , we write Fx̊ and WF

y for the groups of tamely ramified characters of
F ˚ and WF respectively.

If H acts on a set X, for any x P X we write StabHpxq for the subgroup of H
fixing x

˛ Let H be a group and let K ď H. If π is a representation of H, we write ResHK ,
or sometimes π|K , for the restriction of π to K.
If γ is a representation of K, we write IndHKγ for the induced representation
and c-indHK γ for the compactly induced representation.
For any h P H, we write hγ for the representation of hK “ hKh´1 defined by
hγpxq “ γph´1xhq for any x P hK.

LetN be a normal subgroup ofH. If π is a representation ofH, we denote by πN
the H{N representation on the N -fixed subspace of π. If γ is a representation
of H{N , we denote by InflHHäN

γ the inflated representation.

˛ We denote by Gn :“ GLnpF q. We denote by ΩpGnq0 the set of isomorphism
classes of irreducible admissible representations of Gn of depth 0.

We set Kn to be the hyperspecial maximal compact subgroup GLnpOF q of Gn,
and we denote by K`

n its pro-unipotent radical. We write Gn :“ KnäK`
n

–

GLnpkF q.

We write the parahoric restriction for Gn as

PGn
Gn

: ΩpGnq0 Ñ IrrpGnq (3.1)

π ÞÑ pResGnKnπq
K`
n

˛ We denote the normalized parabolic induction functor by R. We will mainly
need it for the general linear group, so we introduce a notation tailored on the
situations in which we will use it. Let n P N and pm1, . . . ,mkq be a compo-
sition of n, and let πj (respectively πj) be a representation of Gmj (respec-
tively Gmj) for j P t1, . . . , ku. Then we write RGn

śk
j“1 Gmj

Òk
j“1 πj (respectively

RGn
śk
j“1 Gmj

Òk
j“1 πj) for the parabolic induction to Gn (respectively to Gn) from

the standard Levi subgroup sitting diagonally in Gn (respectively Gn) with
blocks of the prescribed dimensions, where the inflation is performed through
the parabolic subgroup of block upper triangular matrices containing the afore-
mentioned Levi subgroup.
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3.1 The cuspidal - irreducible case

3.1.1 Explicit Local Langlands Correspondence for depth-0
supercuspidal representations

3.1.1.1 Admissible pairs

Let N P N. We recall the explicit description of the local Langlands correspondence
for supercuspidal representations of GN of depth 0 given in [6, 7, 10].

Definition 3.1.1. [6, 0.3]Let E{F be a finite, tamely ramified field extension and
let ζ be a character of E˚. The pair pE{F, ζq is called admissible if it satisfies the
following two conditions, where K ranges over intermediate fields, F Ď K Ď E:

˛ If ζ factors through the relative norm NE{K , then K “ E.

˛ If ζ|1`pE factors through NE{K, then E{K is unramified.

Two admissible pairs pE{F, ζq, pE{F, ζ 1q are F -isomorphic if there exists an F -
isomorphism j : E Ñ E 1 such that ζ “ ζ 1 ˝ j. In the case E “ E 1 this corresponds
to ζ 1 “ ζσ for some σ P GalpE{F q.

We denote by PNpF q0 the set of F -isomorphism classes of admissible pairs
pE{F, ζq such that E{F is of degree N and ζ is a tamely ramified character, i.e.
ζ|1`pE “ 1. This implies that E{F is unramified, by the definition of admissible
pairs.

Lemma 3.1.2. Let E{F be an unramified extension of degree N and let ζ be a
tamely ramified character of E˚. Then the following are equivalent

1. the pair pE{F, ζq is admissible;

2. ζ ‰ ζσ for any non trivial σ P GalpE{F q;

3. ζ|O˚
E

‰ ζσ|O˚
E

for any non trivial σ P GalpE{F q.

Proof. When N “ 2 this is [8, Lemma 19.1]. The proof given there actually applies
to any N , we write it here for the reader’s convenience. Conditions p2q and p3q

are equivalent since E is an unramified extension, therefore E˚ “ F ˚O˚
E. Let K

be an intermediate extension F Ď K Ď E. Then E{K is unramified and so it
is cyclic, so by Hilbert’s theorem 90 the kernel of NE{K contains all and only the
elements of shape xσpx´1q with x P E˚ for σ a generator of GalpE{Kq. Therefore
ζ factorizes through NE{K if and only if ζ “ ζσ for some generator σ of GalpE{Kq.
Since the subgroup generated by an element in GalpE{F q is the Galois group of
some intermediate extension K, it follows that the first condition of admissibility is
equivalent to condition (2). The second condition of admissibility is empty in this
case, since ζ is unramified.

Thus PNpF q0 is the set of F -equivalence classes of admissible pairs pE{F, ζq

where E{F is unramified of degree N and ζ P E˚ is tamely ramified, with ζ ‰ ζσ
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for any non trivial σ P GalpE{F q. Since the unramified extension of degree N of
F is unique up to isomorphism, we can consider such an extension E to be fixed,
and an F -equivalence class of admissible pairs corresponds to an orbit of the Galois
group acting on the tamely ramified characters of E˚.

3.1.1.2 Parameterization of supercuspidal representations of depth 0

We denote by CusppGNq the set of isomorphism classes of irreducible cuspidal rep-
resentations of GN .

We denote by CusppGNq the set of isomorphism classes of irreducible supercus-
pidal representations of GN , and by CusppGNq0 “ CusppGNq X ΩpGNq0 the set
of isomorphism classes of irreducible supercuspidal representations of GN of depth
0. Following [6, 2.2], to an element of PNpF q0 we can associate an element of
CusppGNq0 as follows. Let pE{F, ζq P PNpF q0. Since ζ is tamely ramified, the char-
acter ζ|O˚

E
is the inflation of a character ζ of O˚

Eä1 ` pE – kE and by Lemma 3.1.2
the pair pE{F, ζq is admissible if and only if ζ|O˚

E
‰ ζσ|O˚

E
for any σ P GalpE{F q.

Identifying GalpE{F q – GalpkE{kF q, this is equivalent to ζ ‰ ζ
σ. In other words,

there is a surjection

PNpF q0 Ñ tGalpkE{kF q -orbits on k˚
E

x of cardinality Nu (3.2)
ζ Ñ GalpkE{kF qζ

By [26], there is a canonical bijection between GalpkE{kF q-orbits of characters of k˚
E

of cardinality N and cuspidal representations of GN “ GLNpkF q:

tGalpkE{kF q - orbits on k˚
E

x of cardinality Nu Ñ CusppGNq (3.3)
GalpkE{kF qζ ÞÑ λζ

So let λζ be the cuspidal representation ofGN corresponding toGalpkE{kF qζ through
this bijection. We denote by λrζ the inflation of this representation to KN , obtained
letting K`

N act trivially. Then λrζ can be extended to a representation Λζ of F ˚KN

by requiring that Λζ |F˚ is a scalar multiple of ζ|F˚ . Finally, we set

Fπζ :“ c-indGNF˚KN
Λζ .

Proposition 3.1.3. [6, Proposition 2.2] For any pE{F, ζq P PNpF q0 the represen-
tation Fπζ defined as above is an irreducible supercuspidal representation of GN of
depth 0, and the isomorphism class of Fπζ depends only on the F -equivalence class
of the admissible pair pE{F, ζq. The map

Fπ : PNpF q0 Ñ CusppGNq0 (3.4)
pE{F, ζq ÞÑ Fπζ

is a canonical bijection.
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3.1.1.3 Parameterization of tamely ramified representations of WF

We write Φ0pGNq for the set of equivalence classes of irreducible smooth (complex)
representations of WF of dimension N .

By local class field theory, Artin reciprocity map

aE : WE Ñ E˚

yields by transposition a canonical isomorphism between Ex̊ and WE
y [8, 29.1, 29.2].

Hence any character ζ of E˚ can be regarded as a character ζ ˝ aE of WE. Note
that since aEpIEq “ O˚

E and aEpPEq “ 1 ` pE, characters that are trivial on O˚
E

correspond to characters that are trivial on IE, and characters that are trivial on 1`

pE correspond to characters that are trivial on PE [8, 29.2]. We denote by Φ0pGNq0
the subset of Φ0pGNq consisting of tamely ramified (or tame) representations of WF ,
i.e., representations whose restriction to PF is trivial.

Proposition 3.1.4. The map

Σ : PNpF q0 Ñ Φ0
pGNq0 (3.5)

pE{F, ζq ÞÑ Σζ :“ IndWF
WE

pζ ˝ aEq

is a canonical bijection.

Proof. The map (3.5) is the restriction to PNpF q0 of the canonical bijection in [6,
A.3]. So it is enough to prove that ζ P E˚ is trivial on 1 ` pE if and only if
IndWF

WE
pζ ˝ aEq is trivial on PF . Recall that ζ is trivial on 1 ` pE if and only if

pζ ˝ aEq is trivial on PE.
Since it will be useful in the following, we first compute the restriction of IndWF

WE
ζ

to IF . We apply Mackey’s theorem [39], and since the restriction of any finite
dimensional representation of WF to IF is semisimple we can write

ResWF
IF

˝ IndWF
WE

pζ ˝ aEq “
à

xPIFåWFäWE

IndIFIFXxWE
ResWE

IFXxWE

x
pζ ˝ aEq. (3.6)

Since E{F is Galois, WE is normal in WF [8, Proposition 28.5 (2)] and since E{F
is unramified, IF “ IE Ď WE. So any conjugate of IE lies in WE and hence

IF å WF ä WE “ WFäWE
.

Therefore

ResWF
IF

˝ IndWF
WE

pζ ˝ aEq “
à

xPWF {WE

IndIFIFXxWE
ResWE

IFXxWE

x
pζ ˝ aEq. (3.7)

Moreover by normality of WE in WF it holds xWE “ WE for any x P WF {WE, and
hence IF X xWE “ IF XWE “ IF “ IE where the last two equalities follow from the
fact that E{F is unramified. Hence

ResWF
IF

˝ IndWF
WE

pζ ˝ aEq “
à

xPWF {WE

IndIFIFRes
WE
IF

x
pζ ˝ aEq

“
à

xPWF {WE

ResWE
IF

x
pζ ˝ aEq. (3.8)
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Since E{F is unramified, the ramifications groups of E and F are the same, i.e.
PE “ PF , so

ResWF
PF

˝IndWF
WE

pζ˝aEq “ ‘xPWF {WE
ResIFPFRes

WE
IF

x
pζ˝aEq “ ‘xPWF {WE

ResWE
PE

x
pζ˝aEq

so ResWF
PF

˝ IndWF
WE

pζ ˝ aEq is trivial if and only if each term in the last direct sum is
trivial, that is equivalent to the condition that ResE˚

p1`pEqζ is trivial.

3.1.1.4 Description of Langlands correspondence

Composing the inverse of the bijection (3.5) with the bijection (3.4) one obtains a
bijection

FNN : Φ0
pGNq0 Ñ CusppGNq0 (3.9)
FΣζ ÞÑ Fπζ .

Now let

L 0
N : Φ0

pGNq0 Ñ CusppGNq0 (3.10)

denote the tame local Langlands correspondence as in [7]. By [10, 5.2 Corollary 3],
for any pE{F, ζq P PNpF q0, there exists a character µζ of E˚ such that

L 0
NpΣζq “ Fπµζζ . (3.11)

Moreover, in the case we are considering, it follows from [10, 5.2 Corollary 3, 8.2
Proposition 21] that µζ is unramified and µζppF q “ p´1qN´1 where pF is an uni-
formizer of OF . Note that since E{F is unramified, pF is an uniformizer in OE as
well.

Remark 3.1.5. By [6, Proposition 3.2], the map L 0
1 is the restriction to tame

characters of the bijection of local class field theory induced by the Artin reciprocity
map [9, Section 29], and for any tame character χ P WF

y and any ρ P ΦpGNq0 it
holds

L 0
n pχρq “ pL 0

1 pχq ˝ detqL 0
Npρq. (3.12)

3.1.2 Parahoric restriction and Macdonald’s correspon-
dence

Our aim in the following is to give a reduction of the Langlands correspondence
over a finite field for the "supercuspidal-irreducible" case. In particular, we will
recall a construction of Macdonald [47] that gives a correspondence between the
restriction to the inertia subgroup of irreducible Weil representations of dimension
N and cuspidal representations of GN , (3.15). We show that the compatibility
between Macdonald’s correspondence and Langlands correspondence is given by the
Parahoric restriction functor, which will be defined in 3.1.3.
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3.1.2.1 Macdonald correspondence for GN : the cuspidal-irreducible case

Following [47, Section 3] two irreducible smooth representations ρ1, ρ2 of WF of
dimension N are called IF -equivalent if

ρ1|IF – ρ2|IF .

We denote by Φ0pGNq0ä„IF
the set of IF -equivalence classes in Φ0pGNq0. A par-

ticular case of [47] is the following:

Proposition 3.1.6. There is a canonical bijection

M 0
N : Φ0

pGNq0ä„IF
Ñ CusppGNq.

We recall briefly the description of the bijection given in [47] in this special case.
Let k “ kF and Fr be the Frobenius automorphism x ÞÑ xq of k{k. We denote by
kn the extension of k of degree n and let

Γ :“ lim
Ñ
k˚
n

p

where the direct system is defined by setting the transition morphisms to be the
transposes of the norm maps. Since Fr acts on any knp and the action is compatible
with the norm maps, the Frobenius Fr acts on Γ, and we can identify kp

˚

N with
pΓqFr

N

. In particular regular characters of k˚
N are identified with elements of Γ

belonging to Fr-orbits in Γ of cardinality N , and so Fr-orbits in Γ of cardinality N
are in canonical bijection with GalpkN{kq-orbits in k˚

N
x of cardinality N . Therefore

the map (3.3) yields a canonical bijection

tFr-orbits in Γ of cardinality Nu Ñ CusppGNq (3.13)
xFryζ ÞÑ λζ .

The character group of IFäPF is canonically isomorphic to Γ, and the action of a
Frobenius element Fr of WF on IFäPF induced by conjugacy in WF is the same
as the action of Fr on Γ described above. Therefore there is a natural identification

tFr-orbits in Γ of cardinality Nu – tFr-orbits in IFäPF of cardinality Nu.

If ρ P Φ0pGNq0, then ρ|PF “ 1, so ρ|IF is the inflation through PF of a representation
of IFäPF . Moreover since ρ is an irreducible representation of WF , the restriction
ρ|IF is the direct sum of all and only the characters belonging to a single Fr-orbit
in Γ of cardinality N [47, Section 3]. Therefore there is a bijection

Φ0
pGNq0ä„IF

Ñ tFr-orbits in IFäPF of cardinality Nu (3.14)
ρ ÞÑ ρ|IF .

Composing the maps (3.13) and (3.14) yields a description of the bijection

M 0
N : Φ0

pGNq0ä„IF
Ñ CusppGNq. (3.15)
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Remark 3.1.7. We denote by F ur a maximal unramified extension of F , and denote
by Fn the unramified extension of F of degree n contained in F ur. For any n P N,
it holds IFn “ IF and PFn “ PF , since we are taking into account unramified
extensions. For any d,m P N such that d|m, the Artin reciprocity maps fit into the
following commutative diagram [8, 29.1, (4)]

WFm F ˚
m

WFd F ˚
d

aFm

Nm{d

aFd

(3.16)

where the left vertical map is the inclusion and Nm{d denotes the norm map between
Fm and Fd. Since for any n P N it holds that aFnpIFnq “ O˚

Fn and aFnpPFnq “ 1`pFn ,
the diagram (3.16) induces the following commutative diagram:

IFäPF – IFmäPFm
O˚
Fmä1 ` pFm

– k˚
m

IFäPF – IFdäPFd
O˚
Fdä1 ` pFd

– k˚
d

id

aFm

Nm{d

aFd

(3.17)

where km and kd denote respectively the residue fields of Fm and Fd, and Nm{d

denotes the map induced by the norm map on the residue fields, that is the norm
map between km and kd.

It follows that for any n P N the transpose of the map aFn realizes the inclusion
of k˚

n
p into Γ considered as the character group of IFäPF .
Moreover a character χ of IFäPF factors through aFn if and only if it is Frn-

stable. Therefore the transpose of the map aFn is an isomorphism between k˚
n

p and
the subgroup of Γ given by Frn-stable characters.

Remark 3.1.8. Retain the notation from Remark 3.1.7.
The character group of k˚

F acts on IrrpGNq, with a character χ acting by π ÞÑ

π b pχ ˝ detq for π P IrrpGNq. Moreover k˚
F

x acts on k˚
m

x by γ ÞÑ pχ ˝ Nmqγ for any
m P N, and hence it acts on Γ. The map (3.13) is equivariant with respect to these
actions of k˚

F by [38, Proposition, Section 3].
By Remark 3.1.7, the transpose of the map aF yields an isomorphism between

k˚
F

x and the set of Frobenius stable characters of IFäPF . Any Frobenius stable
character χ of IFäPF can be extended to WF by letting the Frobenius elements
act trivially, and we still denote by χ the extended character. Then χ acts on WF

y

and on IFäPF
{ by multiplication. The embedding of k˚

m
x into IFäPF

{ given by
the transpose of aFm is equivariant with respect to the k˚

F
x-actions because diagram

(3.17) is commutative. So the identification of Γ with IFäPF
{ is equivariant with

respect to the k˚
F

x-actions. It follows that the map (3.14) is equivariant.
Therefore the map M 0

N is equivariant with respect to the k˚
F

x-actions.
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3.1.3 From Langlands to Macdonald correspondence
We write PGN

GN
for the parahoric restriction with respect to the maximal compact

subgroup KN .The parahoric restriction is an exact functor: the restriction functor
is exact, and taking the invariant subspace for a compact open subgroup is exact [8,
2.3 Corollary 1].

Proposition 3.1.9. Let pE{F, ζq P PNpF q0. Then

PGN
GN

Fπµζζ “ λζ

where µζ is as in (3.11), Fπµζζ is the image of pE{F, ζq through the bijection (3.4)
and λζ is the image of ζ through the composition of the maps (3.2) and (3.3).

Proof. We use the same notation as in Subsection 3.1.1.2. We show that λζ is a
constituent of PGN

GN
Fπµζζ . Using the definition of Fπµζζ and Mackey’s formula, we

have

ResGNKN Fπµζζ “ ResGNKN c-indGNF˚KN
Λµζζ

“
à

xPKNåGNäF˚KN

IndKNKNXxF˚KN
ResF

˚KN
KNXxF˚KN

xΛµζζ .

The summand corresponding to 1 in the double coset is ResF
˚KN

KNXF˚KN
Λµζζ , and

by construction Λµζζ is an extension to F ˚KN of λrµζζ , the inflation to KN of the
cuspidal representation λµζζ of GN . Note that since µζ is an unramified character,
µζζ|O˚

E
“ ζ|O˚

E
, therefore µζζ “ ζ, and hence

λrζ “ λrµζζ .

It follows that
ResF

˚KN
KNXF˚KN

Λµζζ
“ λrµζζ “ λrζ .

By construction λrζ |K`
N

“ 1, and the action of GN – KNäK`
N

is given by λζ . So
since ResGNKN Fπµζζ contains λrζ as KN -subrepresentation, PGN

GN
Fπµζζ contains λζ as

an irreducible component.
The stronger assertion that λζ is the unique constituent of PGN

GN
Fπµζζ and it has

multiplicity 1 is an application of [55, Proposition 6.12].

Proposition 3.1.10. Let pE{F, ζq P PNpF q0. Then

ResWF
IF FΣζ “

à

wPGalpkE{kF q

pInflIFIFäPF
p
wζq ˝ aEq. (3.18)

Proof. By (3.8), it holds

ResWF
IF FΣζ “

à

wPWF {WE

ResWE
IF

w
pζ ˝ aEq.
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Since E{F is unramified, IF “ IE and so is normal in WE, and since aEpIEq “ O˚
E

it holds, as IE-representations

ResWE
IE

w
pζ ˝ aEq “

w
pResEO˚

E
pζq ˝ aEq.

But ζ is unramified, so
ResEO˚

E
pζq “ Infl

O˚
E

O˚
Eä1`pE

ζ

where ζ is the representation of kE – O˚
Eä1 ` pE given by ζ|O˚

E
.

For any w in WF , let w denote its image in GalpkF q. Then the norm }w} is
defined by the equation wpxq “ x}w} for any element x P kF . It holds wxw´1 ” x}w}

mod PF for any x P IF , therefore aEpwxw´1q ” aEpxq}w} mod 1 ` pF . For any
y P O˚

E, we write y P kE for the image through the projection mod 1 ` pF . Then for
any x P IF

w
pInfl

O˚
E

O˚
Eä1`pE

ζ ˝ aEqpxq “ pInfl
O˚
E

O˚
Eä1`pE

ζqpaEpw´1xwqq

“ ζpaEpw´1xwqq

“ ζpaEpxq
}w´1}

q

“ ζpw´1 aEpxq w´1q

“
w´1

ζpaEpxqq

“ Infl
O˚
E

O˚
Eä1`pE

p
w´1

ζqpaEpxqq “ Infl
O˚
E

O˚
Eä1`pE

p
w´1

ζq ˝ aEpxq.

The assignment w ÞÑ w establishes a well-defined bijection WF {WE Ñ GalpkE{kF q,
so in conclusion we have

ResWF
IF FΣζ “

à

wPWF {WE

w
pInfl

O˚
E

O˚
Eä1`pE

ζ ˝ aEq “
à

wPGalpkE{kF q

Infl
O˚
E

O˚
Eä1`pE

p
wζq ˝ aE.

Then defining aE as in Remark 3.1.7, the following diagram is commutative

IF “ IE O˚
E

IFäPF “ IEäPE
O˚
Eä1 ` pE – k˚

E

aE

aE

(3.19)

Therefore
Infl

O˚
E

O˚
Eä1`pE

pζ
w

q ˝ aE “ InflIFIFäPF
pζ
w

˝ aEq

gives the statement.

Proposition 3.1.11. The following diagram commutes:

Φ0pGNq0 CusppGNq0

Φ0pGNq0ä„IF
CusppGNq

Res
WF
IF

L 0
N

PGN
GN

M 0
N

(3.20)
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Proof. Let pE{F, ζq P PNpF q0. By Proposition 3.1.10 the representation ResWF
IF FΣζ

is the direct sum of the inflation to IF of the characters tpσζq ˝aE | σ P GalpkE{kF qu

of Γ – IFäPF , so the IF -equivalence class of the representation FΣζ corresponds
through the map (3.14) to the orbit by the Frobenius action in Γ of ζ ˝ aE. By
Remark 3.1.7, the character ζ ˝ aE of Γ is identified with the character ζ of kE, and
since the map (3.3) gives the assignemnt GalpkE{kF qζ ÞÑ λζ , the map (3.13) maps
the Frobenius-orbit in Γ of ζ ˝ aE to λζ . Since the Macdonald correspondence M 0

N

is obtained composing the bijections (3.14) and (3.13), it follows that

M 0
NpFΣζq “ λζ .

On the other hand, L 0
NpΣζq “ πµζζ so the statament follows from Proposition

3.1.9.

3.2 The non-cuspidal case
In this section we describe the compatibility between Langlands and Macdonald
correspondence for non-cuspidal representations.

3.2.1 Local Langlands correspondence in the non-cuspidal
case

3.2.1.1 Zelevensky parameterization

In this section we recall the classification of the irreducible admissible represen-
tations of Gn from supercuspidal ones from [70]. We denote by ΩpGnq the set of
irreducible admissible representations of Gn, and by ΩpGnq0 the subset of irreducible
representations of Gn with supercuspidal support of depth 0.

A segment ∆ “ ∆pπ, rq with r P N and π P CusppGmq0 for some m P N, is a
subset of CusppGmq0 of the form

∆pπ, rq :“ tπ b |detp¨q|
i, i “ 0, . . . , r ´ 1u.

Two segments ∆1,∆2 are said to be linked if none of neither is contained in the other
and ∆1 Y ∆2 is still a segment. The segment ∆1 “ ∆pπ1, r1q precedes the segment
∆2 “ ∆pπ2, r2q if ∆1 and ∆2 are linked and π2 “ π1 b | detpq9|k for some k P N.
Let r P N and π P ΩpGmq0 for m P N. We set

ρp∆pπ, rqq :“ RGmr
Grm

pπ b pπ b |detp¨q|q b ¨ ¨ ¨ b pπ b |detp¨q|
r´1

qq

where RGmr
Grm

denotes the normalized parabolic induction functor with respect to
the standard parabolic subgroup of Gmr containing Gr

m consisting of block upper
triangular matrices.

Proposition 3.2.1. [70, Proposition 2.10] For any segment ∆, the representation
ρp∆q has a unique irreducible quotient Qp∆q (and a unique irreducible subrepresen-
tation Zp∆q).
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Remark 3.2.2. Let r,m P N and π P CusppGmq0. Let ∆ “ ∆pπ, rq, and let χ P Fx̊ .
We set χ∆ :“ ∆pπ b pχ ˝ detq, rq. Then

Qpχ∆q “ Qp∆q b pχ ˝ detq. (3.21)

Indeed ρpχ∆q “ ρp∆q b pχ ˝ detq because parabolic induction is compatible with
twisting by a character, and (3.21) follows from uniqueness of the quotient.

Let t∆1, . . . ,∆ku be a multiset (i.e. a set allowing repetitions of elements, see [70,
Notation]) of segments, where ∆i “ ∆pπi, riq with πi P CusppGmiq0 and mi, ri P N
for 1 ď i ď k are such that

řk
i“1 miri “ N . We set

Ip∆1, . . .∆kq :“ RGN
śk
i“1 Gmiri

pQp∆1q b Qp∆2q b ¨ ¨ ¨ b Qp∆kqq.

Theorem 3.2.3. ([70, Theorem 6.1], see also [58, Theorem 3]) Let t∆1, . . .∆ku

be a multiset of segments such that ∆i does not precedes ∆j for any i ď j, where
∆i “ ∆pπi, riq with πi P CusppGmiq0 and mi, ri P N for 1 ď i ď k are such that
řk
i“1 miri “ N . Then the representation Ip∆1,∆2, . . . ,∆kq has a unique irreducible

quotient Qp∆1,∆2, . . . ,∆kq.
Any admissible irreducible representation of GN is isomorphic to a representation
of the form Qp∆1,∆2, . . . ,∆kq for some k and some uniquely determined (up to
permutations) multiset t∆1, . . .∆ku.

Remark 3.2.4. We retain notation from Remark 3.2.2. For any χ P Fx̊ it holds

Qpχ∆1, . . . , χ∆kq “ Qp∆1, . . . ,∆kq b pχ ˝ detq (3.22)

for t∆1, . . . ,∆ku a multiset of segments as in Theorem 3.2.3. Indeed by the com-
patibility of parabolic induction with the twisting by a character

Ipχ∆1, . . . , χ∆kq “ Ip∆1, . . . ,∆kq b pχ ˝ detq

and (3.2.4) follows from the uniqueness of the quotient.
An elementary move on a multiset t∆1 . . .∆ku of segments is the replacement of

two linked segments ∆i,∆j with 1 ď i, j ď k by the segments ∆i Y ∆j and ∆i X ∆j,
omitting the intersection if it is trivial [70, Section 7.1].
Theorem 3.2.5. ([70, Theorem 9.7], see also [58, Proposition 13], [58, Theorem
5, Remark 7]) The representation Ip∆1, . . . ,∆kq is irreducible if and only if none of
the segments ∆i is linked to another.

A representation Qp∆1
1,∆1

2, ¨ ¨ ¨ ,∆1
k1qq is an irreducible subquotient of

Ip∆1, . . . ,∆kq if and only if the multiset of segments t∆1
1, . . . ,∆1

k1u can be
obtained from the segments t∆1, . . . ,∆ku by a sequence of elementary moves.
Remark 3.2.6. A representation of Gmr with m, r P N is essentially square in-
tegrable, i.e., square integrable up to a twist by a character, if and only if it is
of the form Qp∆q for some segment ∆ “ ∆pπ, rq, and it is square integrable if
πb |detp¨q|

r´1
2 , i.e. the middle element of ∆, has unitary central character [70, The-

orem 9.3]. A representation Qp∆1, . . . ,∆kq of GN is tempered if and only if Qp∆iq

is square integrable for any i “ 1, . . . , k. Note that if Qp∆1, . . . ,∆kq is tempered,
any segment ∆i has middle element with unitary central character, so it cannot be
linked to another. It follows that for a tempered representation Qp∆1, . . . ,∆kq there
holds Qp∆1, . . . ,∆kq “ Ip∆1, . . . ,∆kq.
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3.2.1.2 Weil-Deligne representations

The group Gn is split, and its complex dual group is GLnpCq. In this case, the set of
Langlands parameters for Gn is given by equivalence classes of Weil-Deligne repre-
sentations. We now define Weil-Deligne representations and explain the conventions
we adopt.

The Weil-Deligne group of F is the group W 1
F :“ C ¸ WF , with wxw´1 :“ }w}x

for any w P WF and x P C, where } ¨ } denotes the norm in WF . Let n P N. An
n-dimensional complex representation of W 1

F is an homomorphism

ϕ : W 1
F Ñ GLnpCq

that is trivial on an open subgroup of IF . It can be described through a pair pρ, uq

where: ρ is a smooth n-dimensional representations of WF and u is a unipotent
element in GLnpCq satisfying

ρpwquρpwq
´1

“ u}w} for any w P WF .

The pair is obtained from Φ by setting pρ, uq “ pϕ|WF
, ϕpp1, 1WF

qq, where 1 P C ď

W 1
F . Moreover for u P GLnpCq unipotent let Eu be the nilpotent element in the Lie

algebra glnpCq of GLnpCq satysfing exppEuq “ u. Then, the assignment pρ, uq ÞÑ

pρ, Euq is a bijection between the set of n-dimensional representations of W 1
F and the

set of pairs given by a smooth n-dimensional representation ρ of WF and a nilpotent
element Eu P glnpCq satisfying

AdpρpwqqpEuq “ }w}Eu (3.23)

for any w P WF .
From now on, by an n-dimesional Weil-Deligne representation we mean a pair

pρ, Eq consisting of a smooth n-dimensional representation ρ of WF and a nilpotent
element E P glnpCq satisfying (3.23), as in [17, 3.1.1]. Two n-dimensional Weil-
Deligne representations pρi, Eiq, for i “ 1, 2 are equivalent if there exists A P GLnpCq

such that Aρ1A
´1 “ ρ2 and AdpAqE1 “ E2.

Let pρ1, E1q, pρ2, E2q be two Weil-Deligne representations of dimension respec-
tively n1, n2. Their tensor product is defined as

pρ1, E1q b pρ2, E2q “ pρ1 b ρ2, E1 b In2 ` In1 b E2q.

A Weil-Deligne representation pρ, Eq is said to be semisimple if ρ is semisimple
as a representation of WF , or equivalently if the image ρpFrq of a Frobenius element
Fr P WF is semisimple as an element of GLnpCq, [8, Proposition 28.7]. We denote
by ΦpGnq the set of equivalence classes of semisimple n-dimensional Weil-Deligne
representations. From now on, we will always assume Weil-Deligne representations
to be semisimple.

A Weil-Deligne representation φ is irreducible if and only if there is a ρ P Φ0pGnq,
i.e. ρ is an irreducible n-dimesional smooth representation of WF , such that φ “

pρ, 0q [17, Proposition 3.1.3 (i)].
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We denote by Sppnq the n-dimensional special Weil-Deligne representation de-
fined in [17, 3.1.2]. By definition, Sppnq is given by the pair pρ, Eq such that,
with respect of some basis for the representation space of ρ, it holds ρpwq “

diagp1, }w}, . . . , }w}n´1q for any w P WF and E is an n-dimesional nilpotent Jordan
block.

An n-dimesional Weil-Deligne representation ϕ is indecomposable if and only
if there is a d diving n and an irreducible d-dimesional irreducible Weil-Deligne
representation φ such that ϕ “ φ b Sppn

d
q [17, Proposition 3.1.3 (ii)].

A Weil-Deligne representation pρ, Eq is said to be tamely ramified (or tame) if ρ is
tamely ramified as a representation of WF .

We denote by ΦpGnq0 the set of equivalence classes of semisimple tamely ramified
n-dimensional Weil-Deligne representations. In particular an irreducible tamely
ramified Weil-Deligne representation is of the form pρ, 0q, with ρ an irreducible
tamely ramified n-dimensional smooth representation of WF , i.e., ρ P Φ0pGnq0.
Note that the special Weil-Deligne representations are tamely ramified, so an
indecomposable n-dimensional Weil-Deligne representation φ b Sppn

d
q is tamely

ramified if and only if the d-dimensional irreducible Weil-Deligne representation φ
is tamely ramified.

3.2.1.3 Local Langlands correspondence

The Zelevinsky parameterization allows one to deduce the Langlands parameteriza-
tion for irreducible representations of GN from the Langlands parameterization of
supercuspidal representations of Gn for any n ď N .

For any n P N, the tamely ramified supescuspidal Langlands correspondence is
the bijection (3.10). Any tamely ramified Weil-Deligne representation ϕ P ΦpGNq0
is a sum of indecomposable ones, so

ϕ “ ‘
k
i“1φi b Sppriq

where each φi P Φ0pGmiq0 and mi, ri P N are such that
řk
i“1 miri “ N . So for all

i there is a ρi P Φ0pGmiq0 such that φi “ pρi, 0q, and L 0
mi

pρiq is a supercuspidal
representation of Gmi of depth 0. Therefore we can associate to ϕ the collection of
segments t∆pL 0

mi
pρiq, riq | i “ 1, . . . , ku and hence, by Theorem 3.2.3, we associate

to ϕ the irreducible representation of GN given by Qpt∆pL 0
mi

pρiq, riq | i “ 1, . . . , kuq.
The tamely ramified local Langlands correspondence for N -dimesional representa-
tions is then given by the map:

LN : ΦpGNq0 Ñ ΩpGNq0 (3.24)
‘
k
i“1pρi, 0q b Sppriq ÞÑ Qpt∆pL 0

mi
pρiq, riq | i “ 1, . . . , kuq.

Remark 3.2.7. Let χ P WF
y be a tame character. The map LN satisfies

LNpχρq “ pL1pχq ˝ detqLNpρq (3.25)

Indeed for any pϕ,Eq “ ‘k
i“1pρi, 0q b Sppriq in ΦpGNq0 it holds

LNpχρq “ Qpt∆pL 0
mi

pχρi, riq | i “ 1, . . . , kuq.
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By Remark 3.1.5
L 0
mi

pχρiq “ pL1pχq ˝ detqLNpρq,

and by Remark 3.2.4 it holds

Qpt∆ppL1pχq˝detqLNpρq, riq | 1 ď i ď kuq “ Qpt∆pL 0
mi

pρi, riq | 1 ď i ď kuqbpL1pχq˝detq.

3.2.2 Macdonald correspondence: the general case
In this section, we briefly recall a construction from [47]. It builds on the
correspondence recalled in Section 3.1.2.1 between IF -equivalence classes of
irreducible n-dimensional Weil representations and cuspidal representations of
Gn, with n ď N , and gives a correspondence between IF -equivalence classes of
N -dimensional Weil-Deligne representations, that we are going to define next, and
irreducible representations of GN .

3.2.2.1 IF -equivalence

Two n-dimensional Weil-Deligne representations pρi, Eiq, for i “ 1, 2 are called IF -
equivalent if there exists A P GLnpCq such that

Apρ1|IF qA´1
“ ρ2|IF , (a)

AdpAqE1 “ E2. (b)

In this case, we write pρ1, E1q „IF pρ2, E2q. We denote by ΦpGNq0ä„IF
the set

of IF -equivalence classes in ΦpGNq0, and by pρ, EqIF the IF -equivalence class of
pρ, Eq P ΦpGNq0.

The next Lemma will be useful in Chapter IV. For any pρ, Eq P ΦpGNq0, we
denote by CGLN pCqpρ|IF , Eq the simultaneous centralizer of all the elements in ρpIF q

and E. We denote by C0
GLN pCqpρ|IF , Eq the connected component of the identity.

Lemma 3.2.8. Let pρi, Eiq P ΦpGNq0 for i “ 1, 2 be such that pρ1, E1q „IF pρ2, E2q.
Then for any A P GLNpCq satisfying (a),(b) it holds

Apρ1pFrqC0
GLN pCqpρ1|IF , E1qqA´1

“ ρ2pFrqC0
GLN pCqpρ2|IF , E2q. (c)

Proof. The centralizer in GLNpCq of any subset S Ď MNpCq is connected. Indeed it
is a principal open subset of an affine space, namely the centralizer of S in MNpCq

[33, Section 1.2]. So in particular for i “ 1, 2 it holds

C0
GLN pCqpρi|IF , Eiq “ CGLN pCqpρi|IF , Eiq.

If A P GLNpCq satisfies conditions (a) and (b), then

ACGLN pCqpρ1|IF , E1qA´1
“ CGLnpCqpApρ1|IF qA´1, AE1A

´1
q “ CGLN pCqpρ2|IF , E2q.

Therefore A satisfies (c) if and only if

ρ2pFrq´1Aρ1pFrqA´1
P CGLnpCqpρ2|IF , E2q.
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The ρi’s are tame representations, so they are representations of WFäPF “

IFäPF ¸ xFry, where Fr acts by powering to the q every element in IFäPF .
Therefore using condition (a) twice we get

ρ2pFrq´1Aρ1pFrqA´1ρ2|IFAρ1pFrq´1A´1ρ2pFrq

“ ρ2pFrq´1Aρ1pFrqρ1|IF ρ1pFrq´1A´1ρ2pFrq

“ ρ2pFrq´1Apρ1|IF q
qA´1ρ2pFrq

“ ρ2pFrq´1
pAρ1|IFA

´1
q
qρ2pFrq

“ ρ2pFrq´1
pρ2|IF q

qρ2pFrq

“ ρ2|IF .

Similarly, using condition (b) twice we get

Adpρ2pFrq´1Aρ1pFrqA´1
qE2

“ Adpρ2pFrq´1
q ˝ AdpAq ˝ Adpρ1pFrqq ˝ AdpA´1

qE2

“ Adpρ2pFrq´1
q ˝ AdpAq ˝ Adpρ1pFrqqE1

“ Adpρ2pFrq´1
q ˝ AdpAqqE1

“ qAdpρ2pFrq´1
qE2 “ qq´1E2

“ E2.

This shows that ρ2pFrq´1Aρ1pFrqA´1 P CGLN pCqpρ2|IF , E2q.

For any pρ, Eq P ΦpGNq0, we set

ρpFrq :“ ρpFrqCGLN pCqpρ|IF , Eq.

3.2.2.2 Macdonald correspondence

Proposition 3.2.9. [47] There is a canonical bijection

MN : ΦpGNq0ä„IF
Ñ IrrpGNq. (3.26)

We now introduce the notation needed to give a description of this map. All the
claims in this section are restatements of results in [47].

Let pρ, Eq P ΦpGNq0. We write the decomposition into sum of indecomposable
representations of pρ, Eq as follows:

pρ, Eq “ ‘
k
i“1pρi, 0q b Sppriq,

with uniquely determined ρi P Φ0pGmiq0 and mi, ri P N such that
řk
i“1 miri “ N .

Let Pr denote the set of the partitions of r for r P N, and let P :“
Ů

rPN Pr

denote the set of all partitions. For any λ P P, we write |λ| “ r if λ P Pr.
We define the partition valued function associated to pρ, Eq by:

Λpρ,Eq :
ğ

mPN

Φ0
pGmq0ä„IF

ÝÑ P (3.27)

ρ0 ÞÑ pri | i P t1, . . . , ku s.t. ρ0|IF – ρi|IF q
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where pri | i P t1, . . . , ku s.t. ρ0|IF – ρi|IF q is ordered to have decreasing entries.
For any ρ0 P

Ů

mPN
Φ0pGmq0ä„IF

, let mpρ0q be the dimension of the representation
space of ρ0, i.e., ρ0 P Φ0pGmpρ0qq0. Then since pρ, Eq P ΦpGNq0, the partition valued
function Λpρ,Eq satisfies

ř

ρ0
mpρ0q|Λpρ0q| “ N , where the ρ0 runs through a set of

representatives for
Ů

mPN
Φ0pGmq0ä„IF

. We say that Λpρ,Eq has degree N .
The assignment pρ, Eq ÞÑ Λpρ,Eq is constant on the IF -equivalence classes, because

Λpρ,Eq depends only on pρ|IF , Eq. Therefore it defines a map from ΦpGNq0ä„IF
to

partition valued functions on
Ů

mPN
Φ0pGmq0ä„IF

of degree N .
This map is a bijection. It is injective because if two tame Weil-Deligne

representations pρ1, E1q, pρ2, E2q P ΦpGNq0 are associated to the same partition
valued function, then their indecomposable constituent are pairwise IF -equivalent
and so pρ1, E1qIF “ pρ2, E2qIF . It is surjective because any partition valued function
Λ satisfying

ř

ρ0
mpρ0q|Λpρ0q| “ N is the image of

À

ρ0
p
À

rPΛpρ0q
ρ0 b Spprqq, where

ρ0 runs through a set of representatives for
Ů

mPN
Φ0pGmq0ä„IF

.

Let m P N and τ P CusppGmq. For any r P N, the irreducible components in
RGmr
G
r
m
τ are in bijection with simple modules over a finite Hecke algebra with equal

parameters HpSr, qmq, that is isomorphic to CrSrs. In particular simple modules
over HpSr, qmq are parametrized by Pr, and we normalize the parametrization in
such a way that the partition prq corresponds to the sign representation. As a con-
sequence, irreducible components in RGmr

G
r
m
τ are parametrized by partitions of r.

Let λ P Pr. Then there is a uniquely determined irreducible component in
RGmr
G
r
m

br
i“1τ corresponding to λ . We denote it by πλτ .

Let Λ :
Ů

mPNCusppGmq Ñ P be a partition valued function such that
ř

σmpσq|Λpσq| “ N , where σ runs through
Ů

mPNCusppGmq and mpσq is such that
σ P CusppGmpσqq. We say that N is the degree of Λ. We set

πΛ :“ RGN
Ò

τ Gmpτq|Λpτq|

p
ò

τ

πΛpτq
τ q. (3.28)

It is in an irreducible representation since it is the parabolic induction of pairwise
not-isomorphic irreducible representations. Any irreducible representation of GN

corresponds to a partition-valued function as in (3.28).

We are now in the position to describe the map (3.26).
For any m P N, the map M 0

m in (3.15) is a bijection from Φ0pGmq0äIF to
CusppGmq. Collecting together these bijections for any m yields a bijection

M 0 :
ğ

mPN

Φ0
pGmq0ä„IF

Ñ
ğ

mPN
CusppGmq

satisfying mpM 0pρ0|IF qq “ mpρ0q for any ρ0 P
Ů

mPN
Φ0pGmq0ä„IF

. It follows
that the composition with pM 0q´1 yields a preserving degree bijection between
partition valued functions on

Ů

mPN
Φ0pGmq0ä„IF

and partition valued functions
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on
Ů

mPNCusppGmq.

Let pρ, Eq P ΦpGNq0, and let Λpρ,Eq be the partition valued function on
Ů

mPN
Φ0pGmq0ä„IF

associated to pρ, EqIF as in (3.27). Then Λpρ,Eq ˝ pM 0q´1 is a
partition-valued function on

Ů

mPNCusppGmq of degree N . The image of pρ, EqIF
through the map MN is defined by

MNppρ, EqIF q :“ πΛpρ,Eq˝pM 0q´1 (3.29)

where πΛpρ,Eq˝pM 0q´1 is the irreducible representation associated with Λpρ,Eq ˝ pM 0q´1

as in (3.28).

The following observations will be useful in Chapter IV.

Lemma 3.2.10. Let Λ be a partition valued function on
Ů

mPNCusppGmq of degree
N and let χ P k˚

F
x. Let χΛ be the the partition valued function on

Ů

mPNCusppGmq

of degree N defined by
χΛpτq :“ Λpτ b pχ´1

˝ detqq

for τ P
Ů

mPNCusppGmq. Then

πχΛ :“ πΛ b pχ ˝ detq. (3.30)

Proof. The representation πΛ is defined in (3.28) as πΛ “ RGN
ś

τ Gmpτq|Λpτq|

p
Ò

τ τ
Λpτqq,

with τ P
Ů

mPNCusppGmq and where τΛpτq is the irreducible constituent of
RGmpτq|Λpτq|

G
|Λpτq|

mpτq

p
Ò|Λpτq|

i“1 τq corresponding to the partition Λpτq. It follows that

πΛbpχ˝detq “ RGN
ś

τ Gmpτq|Λpτq|

p
ò

τ

τΛpτq
qbpχ˝detq “ RGN

ś

τ Gmpτq|Λpτq|

p
ò

τ

pτΛpτq
bpχ˝detqqq.

(3.31)
On the other hand,

πχΛ “ RGN
ś

τ Gmpτq|χΛpτq|

p
ò

τ

τχΛpτq
q “ RGN

ś

τ Gmpτq|Λpτq|

p
ò

τ

pτ b pχ ˝ detqq
Λpτq

q. (3.32)

We show that for any τ P
Ů

mPNCusppGmq it holds

τΛpτq
b pχ ˝ detq “ pτ b pχ ˝ detqq

Λpτq. (3.33)

Let m :“ mpτq and n :“ |Λpτq|. We have

RGmn
G
n
m

p

n
ò

i“1
τq b pχ ˝ detq “ RGmn

G
n
m

p

n
ò

i“1
pτ b pχ ˝ detqqq.

It implies that the EndGmn
`

RGmn
G
n
d

`
Òn

i“1pτ b pχ ˝ detqq
˘˘

-module structure on
HomGmn

`

RGmn
G
n
d

`
Òn

i“1pτ b pχ ˝ detqq
˘

, τΛpτq b pχ ˝ detq
˘

is the same as the
EndGmn

`

RGmn

G
|Λpτq|

d

p
Òn

i“1 τq
˘

-module structure on HomGmn

`

RGmn

G
|Λpτq|

d

`
Òn

i“1 τ
˘

, τΛpτq
˘

.

This proves (3.33). Comparing (3.31) and (3.32), it follows that πΛ b pχ ˝ detq “

πχΛ.
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Remark 3.2.11. We retain notation from Remark 3.1.8. Let χ P k˚
F

x. Then χ acts
on IrrpGNq by π ÞÑ π b pχ ˝ detq. Moreover, as in Remark 3.1.8 we identify χ with
a Frobenius stable character of IFäPF and lift it to WF by letting the Frobenius
elements act trivially. Then χ acts on ΦpGNq0 by pρ, Eq ÞÑ pρ b χ,Eq. Since
pρ1, E1q „IF pρ2, E2q implies pρ1 b χ,E1q „IF pρ2 b χ,E2q, this defines an action of
the character group of k˚

F on ΦpGNq0ä„IF
.

The Macdonald correspondence

MN : ΦpGNq0ä„IF
Ñ IrrpGNq

is equivariant with respect to the actions of the character group of k˚
F just described

[47, Proposition 1.3].
Indeed, for any pρ, Eq “ ‘pρi, 0q b Sppriq in ΦpGNq0, retaining notation from

Lemma 3.2.10, it holds

Λpχρ,Eq ˝ pM 0
q

´1
“ χpΛpρ,Eq ˝ pM 0

q
´1

q,

because for any τ P
Ů

mPNCusppGmq we have

Λpχρ,Eq ˝ pM 0
q

´1
pτq

“
`

ri | i P t1, . . . , ku s.t. pM 0´1
qpτq|IF – ρi|IF

˘

by (3.27)
“

`

ri | i P t1, . . . , ku s.t. pM 0
q

´1
pτq|IF – χρi|IF

˘

“
`

ri | i P t1, . . . , ku s.t. χ´1
pM 0

q
´1

pτq|IF – ρi|IF
˘

by Remark 3.1.8
“

`

ri | i P t1, . . . , ku s.t. pM 0
q

´1
pτ b pχ´1

˝ detqq|IF – ρi|IF
˘

“ Λpρ,Eqpτ b pχ´1
˝ detqq “ χΛpρ,Eqpτq.

Hence by Lemma 3.2.10

MNppχρ,EqIF q “ πΛpχρ,Eq˝pM 0q´1 “ πχΛpρ,Eq˝pM 0q´1 (3.34)
“ πΛpρ,Eq˝pM 0q´1 b pχ ˝ detq “ MNppρ, EqIF q b pχ ˝ detq.

3.2.3 The indecomposable - essentially square integrable
case

In this section, we assume N “ mr for m, r P N.
Now that we recalled how to build the tame Langlands correspondence and

the Macdonald correspondence in the general case starting from the irreducible-
supercuspidal one, we start addressing the problem of the compatibility of these
bijections via parahoric restriction.

The following results were developed indipendently, but after their completion
the author became aware of [59, 64], that get to the same conclusions (see the
introduction of this chapter). The result in [64, Appendix A], is stated in terms of the
"reduction to tempered type" map [59]. We are interested just in the depth-0 case,
where this map can be described just in terms of the parahoric restriction functor,
as we do in (3.63). One reason to adopt this description is that the "reduction to
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tempered type" map is not yet available for a general split reductive group, and
giving statements in terms of parahoric restriction will make the extension of the
results to the SLN case in chapter IV more straightforward.

As first step toward proving the desired compatibility of the tame Langlands
correspondence and the Macdonald correspondence, we consider indecomposable
tamely ramified Weil-Deligne representations and essentially square integrable rep-
resentations, that correspond to each other through the bijection (3.24). Indeed, if
ρ P Φ0pGmq0,

Lmrppρ, 0q b Spprqq “ Qp∆pL 0
mpρq, rqq. (3.35)

So the aim of this section is to show that

PGmr
Gmr

Lmrppρ, 0q b Spprqq “ Mmrpppρ, 0q b SpprqqIF q. (3.36)

In the notation of Section 3.2.2, by construction of the map (3.26)

Mmrpppρ, 0q b SpprqqIF q “ π
prq

M 0
mpρ|IF q

, (3.37)

where π
prq

M 0
mpρ|IF q

is the irreducible constituent of RGmr
G
r
m

M 0
mpρ|IF q parametrized by

the partition prq, i.e.,corresponding to the sign representation in the corresponding
Hecke algebra.

Indeed, the partition valued function Λpρ,0qbSpprq associated with the indecompos-
able representation pρ, 0q b Spprq as in (3.27) is supported on the IF -equivalence
class of ρ, and it holds Λpρ,0qbSpprqpρ|IF q “ prq. Therefore

πΛpρ,0qbSpprq˝pM 0q´1 “ RGmr
Gmr

π
prq

M 0
mpρ|IF q

“ π
prq

M 0
mpρ|IF q

,

and so (3.29) reduces in this case to (3.37).
Combining (3.35) with (3.37), in order to have (3.36) we need to prove that

PGmr
Gmr

Qp∆pL 0
mpρq, rqq “ π

prq

M 0
mpρ|IF q

. (3.38)

This is what we are going to show in the rest of this section.

We will need the following result about compatibility of parabolic induction and
parahoric restriction.

Proposition 3.2.12. Let σm be a supercuspidal representation of Gm. Then, the
representation

PGmr
Gmr

Qp∆pσm, rqq

is a subrepresentation of
RGmr
G
r
m

pPGm
Gm
σmq

r.

Proof. By definition, Qp∆pσm, rqq is the unique irreducible quotient of

RGmr
Grm

pσm b pσm b |detp¨q|q b ¨ ¨ ¨ b pσm b |detp¨q|
r´1

q
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so, since the parahoric restriction functor PGmr
Gmr

is exact,

PGmr
Gmr

Qp∆pσm, rqq

is a quotient of

PGmr
Gmr

RGmr
Grm

pσm b pσm b |detp¨q|q ¨ ¨ ¨ pσm b |detp¨q|
r´1

qq.

By [52, Proposition 2.1],

PGmr
Gmr

RGmr
Grm

pσm b pσm b |detp¨q|q b ¨ ¨ ¨ b pσm b |detp¨q|
r´1

qq

“ RGmr
G
r
m

PGrm
G
r
m

pσm b pσm b |detp¨q|q b ¨ ¨ ¨ b pσm b |detp¨q|
r´1

qq

“ RGmr
G
r
m

pPGm
Gm
σm b PGm

Gm
pσm b |detp¨q|q b ¨ ¨ ¨ b PGm

Gm
pσm b |detp¨q|

r´1
qq. (3.39)

Note that
PGm
Gm

pσm b |detp¨q|
i
q “ PGm

Gm
σm

for any i “ 1, . . . , r ´ 1, as |detpkq| “ 1 for any k P Km.
Therefore PGmr

Gmr
Qp∆pσm, rqq is a quotient of RGmr

G
r
m

pPGm
Gm
σmqr. Since the category

of representations of Gmr is semisimple, any quotient of a representation of Gmr is
isomorphic to a subrepresentation.

Corollary 3.2.13. The representation

PGmr
Gmr

Qp∆pL 0
mpρq, rqq

is a subrepresentation of
RGmr
G
r
m

ppM 0
mpρ|IF qq

r
q.

Proof. It directly follows by combining Proposition 3.2.12 and Proposition 3.1.11.

Therefore, to completely characterize PGmr
Gmr

Qp∆pL 0
mpρq, rqq it is enough to un-

derstand which irreducible constituents of RGmr
G
r
m

ppM 0
mpρ|IF qqrq it contains and with

which multiplicity. In the rest of this Section, we prove that the only irreducible con-
stituent appearing is the one corresponding to the sign representation of HpSr, qmq,
with multiplicity 1.

3.2.3.1 Bernstein blocks

Let G be a reductive p-adic group, and let M be a Levi subgroup of G. We de-
note by M c the subgroup of M generated by all the compact subgroups of M . An
unramified character of M is a character that is trivial on M c, and the group of
unramified characters of M is denoted by XnrpMq. Two supercuspidal representa-
tions of M are called equivalent if they differ by a twist by an unramified character:
if σ P CusppMq and χ P XnrpMq we write σ „ σ b χ. We denote by rM,σs the
equivalence class of σ.
We say that an irreducible representation π of G has supercuspidal support in rM,σs
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if π is a subquotient of a representation parabolically induced from σ b χ for some
χ P XnrpMq. We denote by BrM,σspGq the full subcategory of smooth representa-
tions of G whose irreducible subquotients have supercuspidal support in rM,σs. The
subcategory BrM,σspGq is called a Bernstein block. The Bernstein blocks for M can
be defined analogously, and in particular BrM,σspMq is the full subcategory of repre-
sentations of M whose irreducible subquotients are isomorphic to some unramified
twist of σ.
We recall the construction of a projective generator of BrM,σspGq as in [56, Section
1]. Let σc be an irreducible constituent of the semisimple representation ResMMcσ.
Then

ΠrM,σs

M :“ c-indMMc σc

is a projective generator for BrM,σspMq, and

ΠrM,σs

G :“ RG
MpΠrM,σs

M q

is a projective generator of BrM,σspGq.
The projective generator ΠrM,σs

G of BrM,σspGq induces an equivalence of categories

BrM,σs
pGq

HomGpΠrM,σs

G ,¨q
ÝÝÝÝÝÝÝÝÝÑ Mod ´ EndGpΠrM,σs

G q (3.40)
V ÞÑ HomGpΠrM,σs

G , V q.

3.2.3.2 Compatibility of Parahoric restriction with Restriction to the
finite Hecke Algebra

The aim of this section is to interpret parahoric restriction through the equivalence
of categories (3.40).

The parahoric restriction functor PGN
GN

“ pResGNKN qK
`
N has a left adjoint, namely

IGN
GN

:“ c-indGNKN ˝InflKN
GN
,

as we now show. Recall that GN – KNäK`
N

. The inflation functor InflKNKNäK`
N

is

left adjoint the fixed point functor p¨qK
`
N , so for any representation τ1 of KNäK`

N
and any representation τ2 of KN the identity induces a natural isomorphism

HomKNäK`
N

pτ1, pτ2q
K`
N q – HomKN pInflKNKNäK`

N

τ1, τ2q. (3.41)

On the other hand, c-indGNKN is left adjoint to ResGNKN . For any representation τ
of KN and any representation π of GN , the natural isomorphism of the Hom-spaces
can be explicitly written as follows [57, 1.1.1]:

HomKN pτ, ResGNKNπq
„
ÝÑ HomGN pc-indGNKN τ, πq (3.42)

ψ ÞÑ sψ

where sψ for any f P c-indGNKN τ is given by

sψpfq “
ÿ

xPGNäKN

πpxqψpfpx´1
qq. (3.43)
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Composing the isomorphisms (3.41) and (3.42), we have that for any represen-
tation τ of GN and any smooth admissible representation π of GN we have an
isomorphism

HomGN
pτ,PGN

GN
πq

„
ÝÑ HomGN pIGN

GN
τ, πq. (3.44)

ψ ÞÑ sψ

The left hand space is a right EndGN pτq-module with action given by composition,
and the right hand space is a right EndGN pIGN

GN
τq-module with action given by

composition. The functor IGN
GN

gives a map

EndGN pτq Ñ EndGN pIGN
GN
τq. (3.45)

T ÞÑ IGN
GN

pT q

More explicitly, for any f P IGN
GN
τ ,

IGN
GN

pT qpfq “ T ˝ f. (3.46)

From this description it is easy to see that the map (3.45) is an injective morphism
of algebras. We denote its image by IGN

GN
pEndGN pτqq, so we have an algebra isomor-

phism
EndGN pτq

„
ÝÑ IGN

GN
pEndGN pτqq. (3.47)

As any EndGN pIGN
GN
τq-module is an IGN

GN
pEndGN pτqq-module by restriction, it can

be regarded as an EndGN pτq module.

Lemma 3.2.14. The map (3.44) is an isomorphism of right EndGN pτq-modules.

Proof. Let τ be a representation of GN and π a smooth admissible representation
of GN . We need to prove that for any T P EndGN pτq, it holds

sψ˝T “ sψ ˝ IGN
GN

pT q

Let f P IGN
GN
τ . Then

sψ˝T pfq “
ÿ

xPGNäKN

πpxqψ ˝ T pfpx´1
qq “ (3.43)

ÿ

xPGNäKN

πpxqψpT ˝ fpx´1
qq “ (3.46)

ÿ

xPGNäKN

πpxqψpIGN
GN

pT qpfqpx´1
qq “ sψ ˝ IGN

GN
pT qpfq. (3.43)
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We now specialize to the case we are interested in: let N “ mr, let σ P

CusppGmq0, and let σ “ PGm
Gm
σ. By Proposition 3.1.9, σ P CusppGmq, and we

write σr “ br
i“1σ.

Proposition 3.2.15. In the notation above, it holds:

IGmr
Gmr

˝ RGmr
G
r
m
σr “ ΠrGrm,σ

rs

Gmr .

Proof. Let Pm,r be the parabolic subgroup of of Gmr of block upper triangular
matrices containing G

r
m. Let KP be the preimage in Kmr of Pm,r through the

projection Kmr Ñ KmräK`
mr

– Gmr. Let K`
P denote the pro-unipotent radical of

KP . Then,

KPäK`
mr

– Pm,r, KPäK`
P

– G
r
m.

Since the group K`
mr is a normal subgroup of Kmr and KP , we have

InflKmr
Gmr

˝ IndGmr
Pm,r

“ InflKmrKmräK`
mr

˝ c-ind
KmräK`

mr
KPäK`

mr

“ c-indKmrKP
˝InflKPKPäK`

mr

“ c-indKmrKP
˝InflKP

Pm,r

where we used that that KmräKP
is a compact space, so there is no difference

between induction and compact induction. Therefore

IGmr
Gmr

˝ RGmr
G
r
m
σr “ c-indGmrKmr ˝InflKmr

Gmr
˝ IndGmr

Pm,r
˝ Infl

Pm,r

G
r
m
σr

“ c-indGmrKmr ˝ c-indKmrKP
˝InflKP

Pm,r
˝ Infl

Pm,r

G
r
m
σr “ c-indKmrKP

˝InflKP
G
r
m
σr.

(3.48)

The pair pKr
m, Infl

Kr
m

G
r
m
σrq is a type for BrGrm,σ

rspMq, in the sense of [13]. Indeed
since σr “ PGrm

G
r
m
σr, the restriction of the supercuspidal representation σr to Kr

m

contains InflK
r
m

G
r
m
σr and so pKr

m, Infl
Kr
m

G
r
m
σrq is a type by [11, Theorem 6.2.3] .

Moreover pKP , Infl
KP
G
r
m
σrq is a cover for pKr

m, Infl
Kr
m

G
r
m
σrq, in the sense of [13,

Defnition 8.1]: it is a particular case of [51, 3.8].
In particular, [4, Lemma B1] applies to this situation, and it yields

c-indGmrKP
˝InflKPGrmσ

r
“ ΠrGrm,σ

rs

Gmr .

Therefore (3.48) gives

IGmr
Gmr

˝ RGmr
G
r
m
σr “ ΠrGrm,σ

rs

Gmr . (3.49)

Proposition 3.2.16. For any π P BrGrm,σ
rspGq, there is an isomorphism of right

EndGmrpR
Gmr
G
r
m
σrq-modules

HomGmr
pRGmr

G
r
m
σr,PGmr

Gmr
πq

„
ÝÑ HomGmrpΠ

rGrm,σ
rs

Gmr , πq.
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Proof. By Proposition 3.2.15, the map (3.45) gives an embedding

EndGmrpR
Gmr
G
r
m
σrq Ñ EndGmrpΠ

rGrm,σ
rs

Gmr q (3.50)

and for any π P BrGrm,σ
rspGq the map (3.44) gives an isomorphism

HomGmr
pRGmr

G
r
m
σr,PGmr

Gmr
πq

„
ÝÑ HomGmrpΠ

rGrm,σ
rs

Gmr , πq. (3.51)

By Lemma 3.2.14 the isomorphism (3.51) is an isomorphism of right
EndGmrpR

Gmr
G
r
m
σrq-modules, where the EndGmrpR

Gmr
G
r
m
σrq-module structure on the

right hand side is given by restriction to the image of the map (3.50).

Remark 3.2.17. We already recalled that the algebra EndGmrpR
Gmr
G
r
m
σrq is iso-

morphic to the finite Hecke algebra HpSr, qmq. The endomorphism algebra
EndGmrpΠ

rGrm,σ
rs

Gmr q is isomorphic to Hr pr, qmq, the affine Hecke algebra relative to
a based root datum of type GLr [28, Proposition 1.14, Proposition 1.15, Theo-
rem 7.7], with parameters equal to qm [50, 8.2]. The algebra Hr pr, qmq is isomor-
phic to HpSr, qmq b CrZrs as a vector space, it contains HpSr, qmq and CrZrs as
subalgebras, and satisfies cross relations as in [65, Definition 1.6]. The inclusion
EndGmrpR

Gmr
G
r
m
σrq ãÑ EndGmrpΠ

rGrm,σ
rs

Gmr q given by (3.45) in this case is the natural
inclusion HpSr, qmq ãÑ Hr pr, qmq.

Then Proposition 3.2.16 can be restated as follows: given a smooth
admissible representation π of Gmr, the HpSr, qmq-module structure on
HomGmr

pRGmr

G
r
m
σr,PGmr

Gmr
πq is given by restriction of the Hr pr, qmq module structure

on HomGmrpΠ
rGrm,σ

rs

Gmr , πq.

3.2.3.3 Segments and Steinberg representation

In this section we describe explicitly the equivalence (3.40) for G “ Gmr, M “ Gr
m

and σ “ br
i“1σm :“ pσmqr,with σm P CusppGmq0 .

In this case, ΠrGrm,σ
r
ms

Grm
“

Òr
i“1 ΠrGm,σms

Gm , and therefore EndGrmpΠrGrm,σ
r
ms

Grm
q –

br
i“1EndGmpΠrGm,σms

Gm q. By [57, Remark 1.6.1.3], it holds EndGmpΠrGm,σms

Gm q – CrZs.
Following [57], this isomorphism can be realized as we now explain. Retaining no-
tation from Section 3.2.3.1, we denote by Gc

m the subgroup of Gm generated by all
the compact subgroups of Gm, and we denote by σcm an irreducible constituent of
the restriction of σm to Gc

m. Then we have ΠrGm,σms

Gm :“ c-indGmGcm σ
c.

Let
NGmpσcmq “ tx P Gm |

xσcm – σcmu

be the stabilizer in Gm of σcm. By [57, Remark 1.6.1.3], the semisimple representation
ResGmGcmσm is multiplicity-free. It follows that NGmpσcmq stabilizes the representation
space Vσcm of σcm. We write σmĂ for the representation of NGmpσcmq on Vσcm obtained
by restriction of σm. Note that ResNGm pσcmq

Gcm
σmĂ “ σcm.

Let

HpGm, σ
c
mq :“ tf : Gm Ñ EndpVσcq |fpgxg1

q “ σcmpgqfpxqσcpg1
q,

supppfq is a finite union of Gc
m-cosetsu.
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The vector space HpGm, σ
c
mq is an algebra with convolution product

pf ˚ hqpxq :“
ÿ

gPGmäGcm

fpgqhpg´1xq.

There is a canonical algebra isomorphism [57, 1.1.2]

EndGcmpΠrGm,σms

Gm q – HpGm, σ
c
mq. (3.52)

A C-basis for HpGm, σ
c
mq is given by

tδGcmn |Gc
mn P tGc

m-coset in NGmpσcmquu

with δGcmn supported on Gc
mn and satisfying δGcmnpnq “ σNpnq. This yields an

algerbra isomorphism between HpGm, σ
c
mq and the group algebra of NGmpσcmqäGc

m:

HpGm, σ
c
mq

„
ÝÑ C

“NGmpσcmqäGc
m

‰

(3.53)

δGcmn ÞÑ n

Since any central element ofGm stabilizes σcm, we have ZpGmqGc
m Ď NGmpσcmq. So we

can write the chain of inclusions ZpGmqGc
m Ď NGmpσcmq Ď Gm, and the valuation of

the determinant gives isomorphisms GmäGc
m

– Z and ZpGmqGc
mäGc

m
– mZ – Z.

This implies that NGmpσcmqäGc
m

– Z.
We determine NGmpσcmq when σm is a depth 0 supercuspidal representations of Gm.

Lemma 3.2.18. Let σm P CusppGmq0 and let σcm be an irreducible subrepresentation
of ResGmGcmσ. Then NGmpσcmq “ ZpGmqGc

m.

Proof. We need to prove that NGmpσcmq Ď ZpGmqGc
m. Consider ResGmGcmσm. Since

σm is a supercuspidal representation of depth 0 , it holds σm “ c-indGmZpGmqKm
Λ for

some representation Λ of ZpGmqKm. Since representations of Gc
m are semisimple,

Mackey formula gives

ResGmGcm c-indGmZpGmqKm
Λ “

à

xPGcmåGmäZpGmqKm

RGcm
GcmXxZpGmqKm

Res
xZpGmqKm
GcmXxZpGmqKm

xΛ.

Since Km Ď Gc
m, and Gc

m is normal in Gm, there holds

Gc
m å Gm ä ZpGmqKm “ Gc

m å Gm ä ZpGmq “ GmäZpGmqGc
m
.

Moreover Gc
m “ xGc

m for any x P Gm, hence
à

xPGcmåGmäZpGmqKm

RGcm
GcmXxZpGmqKm

Res
xZpGmqKm
GcmXxZpGmqKm

xΛ

“
à

xPGmäZpGmqGcm

x
pRGcm

GcmXZpGmqKm
Res

ZpGmqKm
GcmXZpGmqKm

Λq.
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Hence

ResGmGcmσ “
à

xPGmäZpGmqGcm

x
pRGcm

GcmXZpGmqKm
Res

ZpGmqKm
GcmXZpGmqKm

Λq. (3.54)

Since σcm is an irreducible subrepresentation of ResGmGcmσ, it is an irreducible sub-
representation of ypRGcm

GcmXZpGmqKm
Res

ZpGmqKm
GcmXZpGmqKm

Λq for some y P GmäZpGmqGc
m

.
By [57, Remark 1.6.1.3] the representation ResGmGcmσ is multiplicity-free, so the di-
rect summands in (3.54) don’t have any irreducible subrepresentation in common.
If x R ZpGmqGc

m, then σcm and xσcm will be irreducible subrepresentations of two
different direct summands in (3.54), hence x R NGmpσcmq.

Lemma 3.2.19. Let σm P CusppGmq0, and let | detp¨q|s with s P C be an unrami-
fied character of Gm. Then the modules corrsponding to simple objects through the
equivalence (3.40) for BrGm,σmspGmq are given by

BrGm,σms
pGmq Ñ Mod ´ CrZs

σm b | detp¨q|
s

ÞÑ Cpqmsq,

where Cpqmsq is the unidimensional module over CrZs defined by

z.1 “ qzms

for any z P Z.

Proof. Since CrZs is abelian, we do not distinguish between left and right modules.
It holds

HomGmpΠrGm,σms

Gm , σm b | detp¨q|
s
q “ HomGmpc-indGmGcm σ

c
m, σm b | detp¨q|

s
q

– HomGcmpσcm, Res
Gm
Gcm
σm b | detp¨q|

s
q. (3.55)

The latter is a 1-dimesional C-vector space because ResGmGcmpσm b | detp¨q|sq “

ResGmGcmσm is multiplicity-free, [57, Remark 1.6.1.3].
There is a right HpGm, σ

c
mq-action on HomGcmpσcm, Res

Gm
Gcm
σmb | detp¨q|sq given by

t.fpvq “
ÿ

gPGmäGcm

pσm b | detp¨q|
s
qpgqtpfpg´1

qvq

for any f P HpGm, σ
c
mq, t P HomGcmpσcm, Res

Gm
Gcm
σm b | detp¨q|sq and v P Vσcm . Note

that this expression is well defined, since each summand on the right does not depend
on the choice of representative for GmäGc

m
in Gm: for any g P Gm, g1 P Gc

m and
v P Vσcm ,

pσm b | detp¨q|
s
qpgg1qtpfppgg1q

´1
qvq f P HpGm, σ

c
mq

“pσm b | detp¨q|
s
qpgg1qtpσcmpg´1

1 qfpgqvq t P HomGcmpσcm, Res
Gm
Gcm
σm b | detp¨q|

s
q

“pσm b | detp¨q|
s
qpgg1qpσm b | detp¨q|

s
qpg´1

1 qtpfpgqvq

“pσm b | detp¨q|
s
qpgqtpfpg´1

qvq.
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Under the isomorphism (3.52) EndGmpΠrGm,σms

Gm q – HpGm, σ
c
mq , the

isomorphism (3.55) intertwines the EndGmpΠrGm,σms

Gm q composition ac-
tion on HomGmpΠrGm,σms

Gm , σm b | detp¨q|sq with the HpGm, σ
c
mq-action on

HomGcmpσcm, Res
Gm
Gcm
σm b | detp¨q|sq by [57, Section 1.5.4].

In other words, the EndGmpΠrGm,σms

Gm q-module structure of
HomGmpΠrGm,σms

Gm , σm b | detp¨q|sq corresponds to the HpGm, σ
c
mq-module struc-

ture of HomGcmpσcm, Res
Gm
Gcm
σm b | detp¨q|sq.

Let ι be the canonical inclusion of Vσcm in the representation space of σ. Since
ResGmGcmpσm b | detp¨q|sq “ ResGmGcmσm , the inclusion ι is a non zero element in
HomGcmpσcm, Res

Gm
Gcm
σm b | detp¨q|sq. For any n P NGmpσcmq and v P Vσcm it holds

pι.δGcmnqv “
ÿ

gPGmäGcm

pσmb| detp¨q|
s
qpgqιpδGcmnpg´1

qvq “ pσmb| detp¨q|
s
qpn´1

qιpσmĂpnqvq.

By construction, σmĂ is the representation of NGmpσcmq obtained by restriction of σm
to Vσcm , and ι is the canonical inclusion, so it holds

ιpσmĂpnqvq “ σmpnqιpvq.

Therefore

pσm b | detp¨q|
s
qpn´1

qιpσmĂpnqvq “ pσm b | detp¨q|
s
qpn´1

qσmpnqιpvq “ | detpn´1
q|
sιpvq

So δn acts on HomGcmpσcm, Res
Gm
Gcm
σm b | detp¨q|sq by the scalar | detpn´1q|s.

Via the isomorphism (3.53), this is the same as saying that NGmpσcmqäGc
m

acts
on HomGcmpσcm, Res

Gm
Gcm
σm b | detp¨q|sq by the character | detp¨q|´s.

Let ν : F Ñ Z be the valuation of F . By Lemma 3.2.18, we have the isomorphism

NGmpσcmqäGc
m

“ ZpGmqGc
mäGc

m
Ñ Z (3.56)

n ÞÑ
νpdetpnqq

m

For z P Z, let nz P ZpGmqGc
m be such that z “

νpdetpnzqq

m
. Through the isomorphism

(3.56), HomGcmpσcm, Res
Gm
Gcm

pσm b | detp¨q|sqq is a Z-module with action

z.ι “
νpdetpnzqq

m
.ι “ nz.ι “ |detpnzq|

´si “ qνpdetpnzqsι “ qmzsι

for z P Z.

Remark 3.2.20. Note that BrGrm,σ
r
mspGr

mq –
Òr

i“1 BrGm,σmspGmq and
EndGrmpΠrGrm,σ

r
ms

Grm
q –

Òr
i“1 EndGmpΠrGm,σms

Gm q, and the equivalence (3.40) for
BrGrm,σ

r
mspGr

mq is given by

r
ò

i“1
BrGm,σms

pGmq

Òr
i“1 HomGm pΠrGm,σms

Gm
,¨q

ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ

r
ò

i“1
EndGmpΠrGm,σms

Gm q ´ Mod (3.57)
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As already recalled in Remark 3.2.17, the endomorphism algebra
EndGmrpΠ

rGrm,σ
r
ms

G q is isomorphic to the affine Hecke algebra Hr pr, qmq.

Proposition 3.2.21. The representation Qp∆pσm b |detp¨q|s, rqq P BrGrm,σ
rspGmrq

corresponds to a (twisted) Steinberg representation of Hr pr, qmq through the equiva-
lence (3.40) .

Proof. For any a P C, let Sta denote the a-twisted Steinberg representation of
Hr pr, qmq. This representation is the unique irreducible quotient of the represen-
tation

Ind
Hr pr,qmq

CrZrs
C

pqmaqqmp
1´r

2 , 3´r
2 ... r´1

2 q

where Ind denotes the extension of scalars, and C
qmaqmp

1´r
2 , 3´r

2 ... r´1
2 q

is the irreducible
unidimensional module over CrZrs defined by

pz1, . . . , zrq.1 “

r
ź

i“1
qmaqmzi

1´r`2i
2

for pz1, . . . , zrq P Zr.
Since ΠrGrm,σ

rs

Grm “ RGmr
Grm

ΠrGrm,σ
rs

Grm
, the algebra EndGrmpΠrGrm,σ

rs

Grm
q is naturally a sub-

algebra of EndGmrpΠ
rGrm,σ

rs

Grm q, and by [56, Theorem 5.3], the following diagram com-
mutes:

BrGrm,σ
rspGmrq Mod ´ EndGmrpΠ

rGrm,σ
rs

Gmr q

BrGrm,σ
rspGr

mq Mod ´ EndGrmpΠrGrm,σ
rs

Grm
q

HompΠGmr ,¨q

HompΠrGrm,σ
r
ms

Grm
,¨q

RGmr
Grm

Ind (3.58)

By Remark 3.2.20, the bottom horizontal map in
(3.58) is

Òr
i“1 HomGmpΠrGm,σms

Gm , ¨q, and by Lemma (3.2.19)
HomGmpΠrGm,σms

Gm , σm b |detp¨q|ps`iqq – Cpqmps`iqq as CrZs´module. Therefore

HompΠrGrm,σ
r
ms

Grm
, pσm b |detp¨q|

s
q b pσm b |detp¨q|

s`1
q b ¨ ¨ ¨ b pσm b |detp¨q|

s`r´1
qq

–

r
ò

i“1
HompΠrGm,σms

Gm , σm b | detp¨q|
s`i

q

“

r
ò

i“1
Cpqmps`iqq

– Cqmsqmp1,2,...rq

“ C
qmps`

1`r
2 qqmp

1´r
2 , 3´r

2 ... r´1
2 q

Since the diagram (3.58) commutes,

HompΠrGrm,σ
r
ms

Gmr ,RGmr
Grm

ppσm b |detp¨q|
s
q b pσm b |detp¨q|

s`1
q b ¨ ¨ ¨ b pσm b |detp¨q|

s`r´1
qqq

“IndpHompΠrGrm,σ
r
ms

Grm
, pσm b |detp¨q|

s
q b pσm b |detp¨q|

s`1
q b ¨ ¨ ¨ b pσm b |detp¨q|

s`r´1
qqq

“Ind
Hr pd,qmq

CrZrs
C
qmps`

1`r
2 qqmp

1´r
2 , 3´r

2 ... r´1
2 q
.
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Moreover the top horizontal functor in the diagram (3.58) is an equiva-
lence of categories, so it maps the unique irreducible quotient Qp∆pσm b

|detp¨q|s, rqq of the representation RGmr
Grm

ppσm b |detp¨q|sq b pσm b |detp¨q|s`1q b ¨ ¨ ¨ b

pσm b |detp¨q|s`r´1qq to the unique irreducible quotient Sts`
1`r

2
of the module

Ind
Hr pr,qmq

CrZrs
C
qmps`

1`r
2 qqmp

1´r
2 , 3´r

2 ... r´1
2 q

.

Proposition 3.2.22. Let σ P CusppGmq0 and r P N. Then

PGmr
Gmr

Qp∆pσ, rqq “ π
prq

PGm
Gm

σ
. (3.59)

Proof. By Proposition 3.2.21, the representation Qp∆pσ, rqq corresponds to a
(twisted) Steinberg representation Stc. Then by Proposition 3.2.16 and Remark
3.2.17, the parahoric restriction PG

G
Qp∆pσ, rqq is the irreducible constituent of

RGmr
G
r
m

pPGm
Gm
σqr corresponding to the restriction to HpSr, qmq of Sta . The restric-

tion of the representation Sta of Hr pr, qmq to the finite Hecke algebra HpSr, qmq is
the sign representation, that is parameterized by the partition prq. Hence we have
identity (3.59).

Proposition 3.2.23. For any ρ P Φ0pGmq0 it holds

PGmr
Gmr

Qp∆pL 0
mpρq, rqq “ π

prq

M 0
mpρ|IF q

.

Proof. By Proposition 3.2.22,

PG
G
Qp∆pL 0

mpρq, rqq “ π
prq

PGm
Gm

L 0
mpρq

and by Corollary 3.2.13
π

prq

PGm
Gm

L 0
mpρq

“ π
prq

M 0
mpρ|IF q

.

This concludes the proof of the identity (3.36).

Theorem 3.2.24. For any indecomposable tamely ramified Weil-Deligne represen-
tation pρ, 0q b Spprq, with ρ P Φ0pGmq0, it holds:

PGmr
Gmr

Lmrppρ, 0q b Spprqq “ Mmrpppρ, 0q b SpprqqIF q. (3.60)

Proof. By Proposition (3.2.23), the identity (3.38) is proved, so we can use the chain
of identities at the beginning of this Section as follows:

PGmr
Gmr

pLmrppρ, 0q b Spprqqq by (3.35)
“PGmr

Gmr
Qp∆pL 0

mpρq, rqq by Proposition 3.2.23

“π
prq

M 0
mpρ|IF q

by (3.37)

“Mmrpppρ, 0q b SpprqqIF q.
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3.2.4 The general case
In this section, we extend the compatibility via parahoric restriction to the whole
tame Langlands corresponence and Macdonald correspondence, treating the gen-
eral case of an N -dimensional tame semisimple Weil-Deligne representation and the
corresponding smooth irreducible representation of GN .

While the parahoric restriction of essentially square integrable representations
is irreducible, as we have seen in the last section, this is not the case for a gen-
eral smooth irreducible representation of GN . In the beginning of this section, we
describe which representations of GN appear as irreducible constituents of the para-
horic restriction of a smooth irreducible representation of GN . This description
allows us to introduce a way of selecting an irreducible constituent, that is given in
(3.63). Therefore we obtain a truncated version of the parahoric restriction, that
yields the desired compatibility between the tame Langlands correspondence and
the Macdonald correspondence.

As already mentioned in the introduction of this chapter and at the beginning of
Section 3.2.3, this compatibility has already been proved in [64, Appendix A]. The
"Head of parahoric restriction" that we define in (3.63) coincides in the depth-0 case
with the "reduction to tempered types" map defined in [59].

Lemma 3.2.25. Let σ be a cuspidal representation of Gm, and let
σ1, . . . , σk P CusppGmq0 be such that PGm

Gm
σi “ σ for any i P t1, . . . , ku. Let

λ “ pr1, . . . , rkq P PP with P P N, and let n “ Pm. Let

π “ RGn
śk
i“1 Gmri

pQp∆pσ1, r1qq b ¨ ¨ ¨ b Qp∆pσk, rkqqq.

Then the irreducible constituents of PGn
Gn
π are the irreducible representations πλ1

σ

were λ1 runs through the partitions of P such that λ1 ě λ with respect to the domi-
nance order. Moreover the representation πλσ appears with multiplicity one.

Proof. By compatibility of parahoric restriction with parabolic induction, it holds

PGn
Gn
π “ PGn

Gn
RGn

śk
i“1 Gmri

pQp∆pσ1, r1qq b ¨ ¨ ¨ b Qp∆pσk, rkqqq

“ RGn
śk
i“1 Gmri

P
śk
i“1 Gmri

śk
i“1 Gmri

pQp∆pσ1, r1qq b ¨ ¨ ¨ b Qp∆pσk, rkqqq

“ RGn
śk
i“1 Gmri

pPGmr1
Gmr1

pQp∆pσ1, r1qqq b ¨ ¨ ¨ b PGmkrk
Gmkrk

pQp∆pσk, rkqqqq (3.59)

“ RGn
śk
i“1 Gmri

pπ
pr1q

PGm
Gm

σ1
b ¨ ¨ ¨ b π

prkq

PGm
Gm

σk
q

“ RGn
śk
i“1 Gmri

pπ
pr1q

σ b ¨ ¨ ¨ b π
prkq

σ q.

By [32, Theorem 5.9], the irreducible constituents and multiplicities of the repre-
sentation RGn

M
pπ

pr1q

σ b ¨ ¨ ¨ b π
prkq

σ q correspond to the irreducible constituents of the
induced representation IndSPSr1 ˆ¨¨¨ˆSrk

sign b ¨ ¨ ¨ b sign of the symmetric group SP .
Recall that the parameterization of the representations of the symmetric group SP
is normalized in such a way that the highest partition pP q corresponds to the sign
representation and the lowest partition p1P q corresponds to the trivial representa-
tion. Hence, in the representation IndSPSr1 ˆ¨¨¨ˆSrk

sign b ¨ ¨ ¨ b sign the irreducible
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constituents are parametrized by partitions λ1 ě λ in the dominance order, and the
irreducible constituent relative to pr1, r2, . . . , rkq appears with multiplicity 1. Hence
the irreducible constituents of PGn

Gn
π are the irreducible representations πλ1

σ with
λ1 ě λ and πλσ has multiplicity 1.

We retain notation from Section 3.2.1. Let t∆1, . . .∆ku be a multiset of segments,
with

∆i “ ∆pσi, riq, for σi P CusppGmiq0, miri P N

and
řk
i“1 miri “ N .We recall that Ip∆1, . . . ,∆kq :“ RGN

śk
i“1 Gmiri

pQp∆1q b ¨ ¨ ¨ b

Qp∆kqq.
We associate to the multiset of segments t∆1, . . .∆ku the partition-valued func-

tion of degree N on
Ů

mPNCusppGmq defined by

Λt∆1,...∆ku :
ğ

mPN
CusppGmq ÝÑ P (3.61)

σ ÞÑ
`

ri | i P t1 . . . , ku s.t. PGmi
Gmi

σi “ σ
˘

where
`

ri | i P t1 . . . , ku s.t. PGmi
Gmi

σi “ σ
˘

is ordered to have decreasing entries.

Let Λ,Λ1 be two partition valued functions on
Ů

mPNCusppGmq. We say that
Λ ď Λ1 if for any σ P

Ů

mPNCusppGmq it holds Λpσq ď Λ1pσq, where ď denotes the
dominance order on partitions.

Lemma 3.2.26. Retain the notation above. Let Λ be a partition valued function
on

Ů

mPNCusppGmq of degree N . Then πΛ as in (3.28) is an irreducible constituent
of PGN

GN
Ip∆1, . . . ,∆kq if and only if Λ ě Λt∆1,...,∆ku.

Moreover the irreducible representation πΛt∆1,...,∆ku
appears with multiplicity 1.

Proof. By compatibility of parahoric restriction and parabolic induction, it holds

PGN
GN
Ip∆1, . . . ,∆kq “ PGN

GN
RGN

śk
i“1 Gmiri

pQp∆1q b ¨ ¨ ¨ b Qp∆kqq

“ RGN
śk
i“1 Gmiri

P
śk
i“1 Gmiri

śk
i“1 Gmiri

pQp∆1q b ¨ ¨ ¨ b Qp∆kqq

“ RGN
śk
i“1 Gmiri

pPGm1r1
Gm1r1

pQp∆1qq b ¨ ¨ ¨ b Qp∆kqq

“ RGN
śk
i“1 Gmiri

pπ
pr1q

P
Gm1
Gm1

σ1
b ¨ ¨ ¨ b π

prkq

P
Gmk

Gmk

σk
q

where the last equality is obtained using (3.59) on each factor. We decompose
t1, 2, . . . , ku “ J1 \ J2 \ ¨ ¨ ¨ \ Jl so that PGmi

Gmi
σi – P

Gmj

Gmj
σj if and only if i and j for

i, j P t1, 2, . . . , ku, belong to the same Js, for some s ď l, so mi “ mj . For i P Js

we set σs :“ PGmi
Gmi

σi and mr s :“ mi for i P Js . Moreover we set Ps “
ř

iPJs
ri, and

λs “ Λt∆1,...∆kupσsq, that is the partition of Ps having as entries the lengths of the
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segments relative to the cuspidal representations whose parahoric restriction in σs,
ordered in decreasing order. We write the entries of λs as λs “ pλs1, . . . , λs|Js|q.

Transitivity of parabolic induction gives

RGN
śk
i“1 Gmiri

pπ
pr1q

P
Gm1
Gm1

σ1
b ¨ ¨ ¨ b π

prkq

P
Gmk

Gmk

σk
q

“ RGN
śl
s“1 GmĂsPs

`

l
ò

s“1
RGmĂsPs

ś

jPJs
GmĂsrj

pπ
pλs1q

σs b ¨ ¨ ¨ b π
pλs|Js|q

σs q
˘

.

By Lemma 3.2.25, for any s P t1, . . . , lu an irreducible representation is an irreducible
constituent of RGmĂsPs

ś

jPJs
GmĂsrj

π
pλs1q

σs b ¨ ¨ ¨ b π
pλs|Js|q

σs if and only if it is of the shape πλ1

σs

with λ1 ě λs, and the irreducible constituent πλsσs has multiplicity 1.
Therefore an irreducible representation of GN is an irreducible constituent of

RGN
śk
i“1 Gmiri

pπ
pr1q

P
Gm1
Gm1

σ1
b ¨ ¨ ¨ b π

prkq

P
Gmk

Gmk

σk
q, that is, of PGN

GN
Ip∆1, . . . ,∆kq, if and only if it

is an irreducible constituent of a representation of the shape

RGN
śl
s“1 GmĂsPs

pπµ1
σ1 b ¨ ¨ ¨ b πµlσl q with µs ě λs for any s=1,. . . ,l. (3.62)

We claim that a representation of GN is of the form (3.62) if and only if it is a
representation πΛ as in (3.28) for Λ a partition-valued function on

Ů

mPNCusppGmq

of degree N satisfying Λ ě Λt∆1,...,∆ku.
Indeed let Λ be a partition-valued function on

Ů

mPNCusppGmq of degree N
such that Λ ě Λt∆1,...,∆ku. In particular it holds |Λpσq| “ |Λt∆1,...,∆kupσq| for any
σ P

Ů

mPNCusppGmq, that is, |Λpσq| “ Ps if σ “ σs for some s “ 1, . . . , l and 0
otherwhise. Then πΛ as in (3.28) is given by

πΛ “ RGN
śl
s“1 GmĂsPs

pπ
Λpσ1q

σ1 b ¨ ¨ ¨ b π
Λpσlq
σl

q

and since Λ ě Λt∆1,...,∆ku it holds Λpσsq ě λs for any s “ 1, . . . , l, that is, πΛ is one
of the representations as in (3.62).

Conversely let RGN
śl
s“1 GmĂsPs

pπµ1
σ1 b ¨ ¨ ¨ bπµlσl q be a representation as in (3.62). Then

it is equal to πΛ where Λ is the partition-valued function on
Ů

mPNCusppGmq defined
by Λpσq “ µs is σ “ σs for some s “ 1, . . . , l and 0 otherwise. Since µs ě λs for any
s “ 1, . . . , l it follows that Λ ě Λt∆1,...,∆ku.

Hence, any representation of the form (3.62) is irreducible, and the irreducible
constituents of PGN

GN
Ip∆1, . . . ,∆kq are exactly the πΛ with Λ ě ΛΛt∆1,...,∆ku

. Moreover
the representation πΛt∆1,...,∆ku

“ RGN
śl
s“1 GmĂsPs

pπλ1
σ1 b ¨ ¨ ¨ bπλlσlq has multiplicity 1, since

any πλsσs for s “ 1, . . . , l appears only once.

Corollary 3.2.27. Let π P ΩpGNq0, let t∆1, . . . ,∆ku be a multiset of segments such
that π “ Qp∆1, . . . ,∆kq as in Theorem 3.2.3. Let Λ be a partition valued function
on

Ů

mPNCusppGmq of degree N . If πΛ as in (3.28) is an irreducible constituent of
PGN
GN
Qp∆1, . . . ,∆kq, then Λ ě Λt∆1,...,∆ku.
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Proof. Since Qp∆1, . . . ,∆kq is a quotient of Ip∆1, . . . ,∆kq, the representation
PGN
GN
Qp∆1, . . . ,∆kq is a subrepresentation of PGN

GN
Ip∆1, . . . ,∆kq, by exactness of

parahoric restriction and semisemplicity of the representations of GN . By
Lemma 3.2.26, an irreducible representation of GN is an irreducible constituent of
PGN
GN
Ip∆1, . . . ,∆kq if and only if it is of the form πΛ for Λ a partition valued function

such that Λ ě Λt∆1,...,∆ku. Hence any irreducible constituent of PGN
GN
Qp∆1, . . . ,∆kq

is of the form πΛ for Λ a partition valued function such that Λ ě Λt∆1,...,∆ku.

Let π P ΩpGNq0. Then by Theorem 3.2.3, π “ Qp∆1, . . . ,∆kq for t∆1, . . . ,∆ku a
multiset of segments such that ∆i does not precede ∆j for any i ă j.

We define the Head of the parabolic restriction of Qp∆1, . . . ,∆kq to be the irre-
ducible representation of GN

HPGN
GN

pQp∆1, . . . ,∆kqq :“ πΛt∆1,...,∆ku
. (3.63)

Corollary 3.2.28. Let t∆1, . . . ,∆ku be a multiset of segments such that none of the
segments ∆i is linked to each other. Then HPGN

GN
pQp∆1, . . . ,∆kqq is an irreducible

constituent of PGN
GN

pQp∆1, . . . ,∆kqq of multiplicity 1.

Proof. Since none of the segments ∆i is linked to each other, by Theorem 3.2.5 it
holds

Qp∆1, . . . ,∆kq “ Ip∆1, . . . ,∆kq.

The statement follows from Lemma 3.2.26.

Remark 3.2.29. If π P ΩpGNq0 is a tempered representation, then by Remark 3.2.6
π “ Qp∆1, . . . ,∆kq with no linked segments. It follows that if π is tempered, then
the representation HPGN

GN
π is an irreducible constituent of multiplicity 1 of PGN

GN
π

by Corollary 3.2.28.

We now extend the result of Corollary 3.2.6 to representations in ΩpGNq0. We
will need the following combinatorial lemma.

Lemma 3.2.30. Let t∆1, . . . ,∆ku be a multiset of segments, and let t∆1
1, . . . ,∆1

k1u

be a multiset of segments obtained from t∆1, . . . ,∆ku by an elementary move. Then
Λt∆1,...∆ku ă Λt∆1

1,...,∆1

k1 u.

Proof. The multiset t∆1
1, . . . ,∆1

k1u is obtained from t∆1, . . .∆ku by substituting two
linked segments ∆i,∆j by ∆i Y ∆j and ∆i X ∆j. Let ∆i “ ∆pσi, riq and ∆j “

∆pσj, rjq. We are assuming ∆i and ∆j to be linked, so there exists k P Ną0 such
that σj “ σi b |det|k with k ď ri ă k ` rj. Then PGN

GN
σi “ PGN

GN
σj, since |det| is an

unramified character, and it holds ∆iY∆j “ ∆pσi, k`rjq and ∆iX∆j “ ∆pσj, ri´kq.
Let σ :“ PGN

GN
σi “ PGN

GN
σj. Since the elementary move that brings t∆1, . . . ,∆ku to

t∆1
1, . . . ,∆1

k1u involves only segments relative to supercuspidal representations whose
parahoric restriction is σ, for any τ P

Ů

mPNCusppGmq different from σ it holds
Λt∆1,...,∆kupτq “ Λt∆1

1,...,∆1

k1 upτq.
To conclude we prove that Λt∆1,...∆kupσq ą Λt∆1

1,...,∆1

k1 upσq.
Let λ :“ Λt∆1,...∆kupσq. We write λ “ pλ1, . . . , λlq and denote by λs and λt

the entries relative respectively to the segments ∆i and ∆j, namely ri and rj. Let
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λ1 :“ Λt∆1
1,...,∆1

k1 upσq. We write λ1 “ pλ1
1, . . . , λ

1
l1q and denote by λ1

s1 and λ1
t1 the entries

relative respectively to the segments ∆i Y ∆j and ∆i X ∆j, namely ri ´k and rj `k.
So the partition λ1 is obtained from the partition λ by substituting the entries

tλs, λtu by tλ1
s1 “ λs ´ k, λ1

t1 “ λt ` ku, and leaving the other entries unchanged.
Let d “ λs ´ k. Then λ1

s1 “ d and λ1
t1 “ λs ` λt ´ d. We observe that d ě 0

since k ď ri “ λs, and λs ´ d “ k ą 0 and λt ´ d ą 0 since rj ` k ą ri. Recall
also that the partitions are ordered in decreasing order. The following computation
shows that λ1 ą λ with respect to the dominance order, i.e.

řh
v“0 λ

1
v ´ λv ě 0 for

any 0 ď h ď l, and there is at least one h for which the inequality is strict.
h

ÿ

v“0
λ1
v ´ λv “ 0 0 ď h ă t1,

h
ÿ

v“0
λ1
v ´ λv “ λ1

t1 ´ λh “ λ1
t1 ´ λ1

h`1 ě 0 t1 ď h ă mints, tu,

h
ÿ

v“0
λ1
v ´ λv “ λ1

t1 ´ λmintt,su “ λmaxtt,su ´ d ą 0 mints, tu ď h ă maxts, tu,

h
ÿ

v“0
λ1
v ´ λv “ λ1

h ´ d “ λ1
h ´ λ1

s1 ě 0 maxts, tu ď h ă s1,

h
ÿ

v“0
λ1
v ´ λv “ 0 h ě s1.

Proposition 3.2.31. Let π P ΩpGNq0. Then HPGN
GN

pπq is an irreducible constituent
of PGN

GN
pπq of multiplicity 1.

Proof. By Theorem 3.2.3, there exists a multiset of segments t∆1, . . . ,∆ku such
that ∆i does not precede ∆j for any i ď j for which π “ Qp∆1, . . . ,∆kq. Then
HPGN

GN
pπq “ πΛt∆1,...,∆ku

. By Lemma 3.2.26, πΛt∆1,...,∆ku
is an irreducible constituent

of multiplicity 1 of PGN
GN

pIp∆1, . . . ,∆kqq. Therefore πΛt∆1,...,∆ku
is an irreducible con-

stituent of multiplicity 1 of the parahoric restriction of one of the irreducible sub-
quotients of Ip∆1, . . . ,∆kq. Now we prove that πΛt∆1,...,∆ku

is not an irreducible con-
stituent of the parahoric restriction of any irreducible subquotient of Ip∆1, . . . ,∆kq

different from Qp∆1, . . .∆kq, and so it follows that πΛt∆1,...,∆ku
“ HPGN

GN
pπq is an

irreducible constituent of multiplicity 1 of PGN
GN

pQp∆1, . . . ,∆kqq “ PGN
GN

pπq.
By Theorem 3.2.5, a representation in ΩpGNq0 is an irreducible subquotient of

Ip∆1, . . . ,∆kq if and only if it is of the form Qp∆1
1, . . . ,∆1

k1q for a multiset of segments
t∆1

1, . . . ,∆1
k1u obtained from t∆1, . . . ,∆ku by a sequence of elementary moves. It

follows that if Qp∆1
1, . . . ,∆1

k1q is an irreducible constituent of Ip∆1, . . . ,∆kq different
from Qp∆1

1, . . . ,∆1
k1q, by Lemma 3.2.30 it holds Λt∆1,...∆ku ă Λt∆1

1,...,∆1

k1 u.
By Corollary 3.2.27, any irreducible constituent of PGN

GN
Qp∆1

1, . . . ,∆1
k1q is of the

form πΛ for Λ a partition valued function such that Λ ě Λt∆1
1,...,∆1

k1 u ą Λt∆1,...,∆ku.
It follows that πΛt∆1,...,∆ku

is not a subrepresentation of PGN
GN
Qp∆1

1, . . . ,∆1
k1q for any

subquotient of Ip∆1, . . . ,∆kq different from Qp∆1, . . . ,∆kq.
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By Proposition 3.2.31, the head of the parabolic restriction HPGN
GN
π is indeed a

truncated version of the parahoric restriction PGN
GN
π, selecting a specific irreducible

constituent of the latter.
Now we are ready to prove the main result of this chapter, namely the fact that

the tame Langlands corresponence ad the Macdonald correspondence are compatible
via the head of the parabolic restriction.

Theorem 3.2.32. Let pρ, Eq P ΦpGNq0. Then

MNppρ, EqIF q “ HPGN
GN

LNpρ, Eq.

In particular MNppρ, EqIF q is an irreducible constituent of PGN
GN

LNpρ, Eq of multi-
plicity 1.

Proof. With notation as in Section 3.2.2, by (3.29) we have

MNppρ, EqIF q “ πΛpρ,Eq˝pM 0q´1 . (3.64)

We write the decomposition into indecomposables of pρ, Eq as

pρ, Eq “

k
à

i“1
pρi, 0q b Sppriq,

where ρi P Φ0pGnq0 and ri P N for any i P t1, 2, . . . , ku.
Then by (3.27) for any σ P

Ů

mPNCusppGmq it holds

Λpρ,Eq ˝ pM 0
q

´1
pσq “

`

ri | i “ 1, . . . k such that ρi|IF “ pM 0
q

´1
pσq

˘

,

that is

Λpρ,Eq ˝ pM 0
q

´1
pσq “

`

ri | i “ 1, . . . k such that M 0
pρi|IF q “ σ

˘

. (3.65)

By (3.24), it holds

LNppρ, Eqq “ LNp‘
k
i“1pρi, 0qbSppriqq “ Qpt∆pL 0

mi
pρiq, riq | i “ 1, . . . , kuq. (3.66)

By (3.63), we have

HPGN
GN

pQpt∆pL 0
mi

pρiq, riq | i “ 1, . . . , kuqq :“ πΛ
t∆pL 0

mi
pρiq,riq | i“1,...,ku

, (3.67)

and by (3.61) for any σ P
Ů

mPNCusppGmq it holds

Λt∆pL 0
mi

pρiq,riq | i“1,...,kupσq “
`

ri | i “ 1, . . . , k such that PGm1
Gmi

pL 0
mi

pρiqq “ σ
˘

.

(3.68)
For any 1 “ 1, . . . , k, Proposition (3.1.11) gives

PGmi
Gmi

L 0
mi

pρiq “ M 0
mi

pρi|IF q.
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Therefore for any σ P
Ů

mPNCusppGmq comparing (3.65) and (3.68) gives
Λt∆pL 0

mi
pρiq,riq | i“1,...,kupσq “ Λpρ,Eq ˝ pM 0q´1pσq, and so

Λt∆pL 0
mi

pρiq,riq | i“1,...,ku “ Λpρ,Eq ˝ pM 0
q

´1. (3.69)

Therefore

MNppρ, EqIF q “ πΛpρ,Eq˝pM 0q´1 by (3.64)
“ πΛ

t∆pL 0
mi

pρiq,riq | i“1,...,ku
by (3.69)

“ HPGN
GN

pQpt∆pL 0
mi

pρiq, riq | i “ 1, . . . , kuqq by (3.67)

“ HPGN
GN

pLNppρ, Eqq. by (3.66)

It follows by Proposition 3.2.31 that MNppρ, EqIF q is an irreducible constituent
of multiplicity 1 of PGN

GN
pLNppρ, Eqqq.
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Chapter IV

A reduction of the tame
Langlands correspondence for SLn
over finite fields
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Introduction

In this chapter, we extend the results of Chapter III to the case of SLN .
In particular, we establish a Langlands-type parameterization of the irreducible

representations of the finite group SLNpkF q, thereby confirming [35, Conjecture 4.3]
in this case. We then prove a compatibility result with the tame local Langlands
correspondence for SLNpF q, in line with the prediction from [68] discussed in the
introduction to Chapter III.

The first instance in the literature where a Langlands-type parameterization for
representations of a finite group of Lie type along the lines of [35] had been es-
tablished is the Macdonald correspondence in [47] for GLN . After this chapter
was completed, in [34] such a parameterization for any connected reductive groups,
called there ”finite Laglands correspondence", has been constructed, yielding a gen-
eral proof of [35, Conjecture 4.3]. The construction in [34] relies on categorical
equivalences (see [34, Proposition 4.1, Theorem 4.5]) and on deep results on the re-
lation between representations and Character sheaves (e.g. [45, 46]). The SLN case
considered here allows for several simplifications and a more direct construction,
which we exploit in our approach.

The results presented in this chapter have been recently published in [15], and
the exposition here follows closely that of the article.

The key idea, following [35], is to refine the notion of IF -equivalence by retaining
partial information about the image of a Frobenius element. In Conjecture 4.2.5,
we formulate a version of [35, Conjecture 4.3] specialized to our setting; see Remark
1 for a detailed comparison between the two formulations.

We define the Macdonald–Vogan correspondence M1
N in Equation (4.14), which

provides the desired parameterization of the irreducible representations of SLNpkF q.
Theorem 4.3.3 proves that the fibers of this correspondence are in bijection with ir-
reducible representations of the expected component groups, thus establishing Con-
jecture 4.2.5. Although the parameterization is not canonical, it becomes so upon
fixing a “base point” representation. The proof of Theorem 4.3.3 draws inspiration
from [25, Section 4], adapting the arguments to the finite field setting.

The remainder of the chapter is devoted to prove the compatibility between the
tame local Langlands correspondence L1

N for SLNpF q and the Macdonald-Vogan cor-
respondence M1

N for SLNpkF q as conjecetured by Vogan. An explicit formulation
of this conjecture in the case of SLN is given in Conjecture 4.4.1. The key results to
establish Conjecture 4.4.1 are Theorem 4.4.6, which establishes the compatibility be-
tween L-packets for SLNpF q and the fibers of the Macdonald–Vogan correspondence
for SLNpkF q, and Theorem 4.4.16, which confirms Vogan’s prediction regarding the
interplay between the parameterizations of the fibers via irreducible representations
of component groups and the restriction to maximal compact subgroups [68].
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Notation
˛ We retain notation from Chapter III

˛ Let H be a group. Let π be a representation H and π1 is a subrepresentation
of π, not necessarily irreducible. We say that π1 has multiplicity 1 in π if
HomHpπ1, πq “ HomHpπ1, π1q.

˛ Let H “ GLn or PGLn. If X Ď HpCq, we write
CHpCqpXq “ th P HpCq|hXh´1 “ Xu for the stabilizer of X in
H with respect to the conjugation action. If f is a map to
HpCq, we write CHpCqpfq “ th P HpCq|hxh´1 “ x for any x P Impfqu

for the centralizer of the image of f . For x P h “

LiepHpCqq, we write CHpCqpxq “ th P HpCq|Adphqx “ xu. We set
CHpCqpf,X, xq :“ CHpCqpfq X CHpCqpXq X CHpCqpxq. Similarly, if Y is a
collection of subsets of HpCq, maps to HpCq and elements of h, we set
CHpCqpYq :“

Ş

yPY CHpCqpyq and C0
HpYq for the identity component of CHpYq.

We denote by AHpYq :“ CHpYqäC0
HpYq the component group of CHpYq.

˛ We set G1
n :“ SLnpF q and we denote by ΩpG1

nq0 the set of isomorphism classes
of irreducible admissible representations of Gn of depth 0.
We set K 1

n to be the hyperspecial maximal compact subgroup SLnpOF q of G1
n,

and we denote by K 1
n

` its pro-unipotent radical. We set G1
n :“ K 1

näK 1
n

` –

SLnpkF q.
We write the parahoric restriction functor for G1

n as

PG1
n

G1
n

: ΩpG1
nq0 Ñ IrrpG1

nq (4.1)

π ÞÑ pRes
G1
n

K1
n
πq

K1
n

`

˛ In Chapter III we described the tame Local Langlands correspondence (3.24)

LN : ΦpGNq0 Ñ ΩpGNq0.

We chose to define this maps rather than the inverse in order to align with
[6, 7, 10].
On the other hand, the tame Langlands correspondence for G1

N (see Section
4.1) is not a bijection, but a surjection from ΩpG1

Nq0 to the set of Langlands
parameters for G1

N . In order to maintain consistency and readability, we define

LN :“ L ´1
N : ΩpGNq0 Ñ ΦpGNq0. (4.2)

Similarly, for the Macdonald correspondence (3.26) we set

MN :“ M ´1
N : IrrpGNq Ñ ΦpGNq0ä„IF

. (4.3)
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4.1 Local Langlands correspondence for SLNpF q

We recall the construction of the local Langlands correspondence for G1
N as carried

out in [25]. The two "Working Hypothesis" assumed in [25] have been confirmed: the
existence of a local Langlands correspondence for GN was established independently
in [27, 30, 60], and the restrictions of irreducible representations of GN to G1

N have
been proved to be multiplicity free in [67].

Since the dual group of SLN is PGLN , and G1
N is split over F , a tame Langlands

parameter for G1
N is a pair pρ, Eq where ρ : WF ÞÑ PGLNpCq is a continuous group

morphism that is trivial on the wild ramification subgroup PF and has semisimple
image, and E P slNpCq is a nilpotent element satisfying AdpρpwqqpEq “ }w}E for
any w P WF . The group PGLNpCq acts on the set of tame Langlands parameters
by adjoint action, and two tame Langlands parameters are equivalent if they are in
the same orbit by this action. We denote by ΦpG1

Nq0 the set of equivalence classes
of tame Langlands parameters for G1

N .
The group Fx̊ acts on ΩpGNq0, with a character χ acting by πr ÞÑ πr b pχ ˝ detq

for πr P ΩpGNq0. The group WF
y acts on ΦpGNq0 by multiplication. Identifying

Fx̊ and WF
y by the bijection of local class field theory, the tame local Langlands

correspondence LN for GN becomes equivariant with respect to these group actions
by (3.12), and therefore the inverse LN “ L ´1

N is equivariant with respect to these
group actions.

Therefore, denoting the orbit-sets of the action of the tame character groups by
ΦpGNq0ä

WF
y

and ΩpGNq0ä
Fx̊

, the local Langlands correspondence for GN induces
a bijection

LN : ΩpGNq0ä
Fx̊

Ñ ΦpGNq0ä
WF
y

.

Let η : GLNpCq Ñ PGLNpCq be the natural projection. Then the map

η˚ : ΦpGNq0ä
WF
y

Ñ ΦpG1
Nq0 (4.4)

WF
ypρ, Eq ÞÑ pη ˝ ρ, Eq

is a bijection.
For any πr P ΩpGNq0, the restriction ResGNG1

N
πr is a direct sum of finitely many mutually

inequivalent representations of G1
N . Moreover, the restrictions of πr1, πr2 P ΩpGNq0

to G1
N are either equal, and that happens if and only if πr1 “ πr2 b χ ˝ det for some

χ P Fx̊ , or they do not have any irreducible constituent in common.
Let ΩpG1

Nq0 be the set of isomorphism classes of irreducible smooth admissible
representations of G1

N with supercuspidal support of depth 0. For any π P ΩpG1
Nq0,

let Dpπq P ΩpGNq0 be an irreducible representation of GN containing π as G1
N

subrepresentation. Then the map

D : ΩpG1
Nq0 Ñ ΩpGNq0ä

Fx̊
(4.5)

π ÞÑ Fx̊Dpπq
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is a well-defined surjection. We will usually denote by Dpπq a representative of the
orbit Dpπq.

The local Langlands correspondence for G1
N is the surjection given by the com-

position

L1
N : ΩpG1

Nq0
D
ÝÑ ΩpGNq0ä

Fx̊
LN
ÝÝÑ ΦpGNq0ä

WF
y

η˚

ÝÑ ΦpG1
Nq0. (4.6)

The fibers of this surjection are called L-packets. For any pρ, Eq P ΦpG1
Nq0, the

character group of the component group APGLN pCqpρ, Eq has a canonical simply
transitive action on the L-packet L1

N
´1

pρ, Eq [25, Theorem 4.3]. To lighten the
notation, we will omit the group PGLNpCq and write Apρ, Eq for APGLN pCqpρ, Eq.

4.2 The Macdonald-Vogan correspondence for
SLNpF q

We set G1
N :“ SLNpkF q, so that G1

N – G1
NäK 1

N
. We denote by IrrpG1

Nq the set
of isomorphism classes of irreducible representations of G1

N .

4.2.1 The IF -equivalence classes
Definition 4.2.1. The elements pρ1, E1q, pρ2, E2q P ΦpG1

Nq0 are IF -equivalent if
there exists A P PGLNpCq such that

Aρ1|IFA
´1

“ ρ2 (a’)
AdpAqE1 “ E2 (b’)

A
`

ρ1pFrqC0
PGLN pCqpρ1|IF , E1q

˘

A´1
“ ρ2pFrqC0

PGLN pCqpρ2|IF , E2q. (c’)

We denote by „IF the IF -equivalence relation and pρ, EqIF for the IF -equivalence
class of pρ, Eq P ΦpG1

Nq0

To lighten the notation, for any pρ, Eq P ΦpG1
Nq0 we set

ρpFrq :“ ρpFrqC0
PGLN pCqpρ|IF , Eq.

Remark 4.2.2. In view of Lemma 3.2.8, this definition of IF -equivalence is actually
analogous to the one given for GN .

Remark 4.2.3. The equivalence relation on ΦpG1
Nq0 in [47, Section 5] requires the

conditions (a’) and (b’) only. The set of equivalence classes with respect to this
relation is denoted by Φt

IpSLNq. The IF -equivalence relation from Definition 4.2.1
is an actual refinement of Macdonald’s one. We give an example in which the two
notions are different.
Let N “ 2, and let q be odd. Let pρ1, 0q, pρ2, 0q P ΦpG1

2q0 be defined by ρ1pIF q “

ρ2pIF q “ xp 1 0
0 ´1 qy and ρ1pFrq “ p 1 0

0 1 q, ρ2pFrq “ p 0 1
1 0 q. Then pρ1, 0q, pρ2, 0q are

equivalent for the relation in [47], since they have the same restriction to the inertia
subgroup, but they are not IF -equivalent. Indeed, CPGL2pCqpρi|IF , 0q “ T ¸ p 0 1

1 0 q,
where T denotes the diagonal torus in PGL2pCq, and there is no A P PGL2pCq fixing
p 1 0

0 ´1 q and conjugating T to p 0 1
1 0 qT .
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We will make use of the k˚
F

x-action on ΦpGNq0ä„IF
introduced in Remark 3.2.11.

Lemma 4.2.4. Let η : GLNpCq Ñ PGLNpCq be the natural projection. The assign-
ment pρ, Eq ÞÑ pη ˝ ρ, Eq, for pρ, Eq P ΦpGNq0, induces a well-defined bijection

η˚ :

ˆ

ΦpGNq0ä„IF

̇

ä
k˚
F

x

Ñ ΦpG1
Nq0ä„IF

. (4.7)

Proof. We first show that the map pρ, Eq ÞÑ pη ˝ ρ, Eq induces a well defined map

ΦpGNq0ä„IF
Ñ ΦpG1

Nq0ä„IF
. (4.8)

If pρi, Eiq P ΦpGNq0, for i “ 1, 2, are such that pρ1, E1q „IF pρ2, E2q, by Lemma
3.2.8 there exists A P GLNpCq satisfying conditions (a), (b), (c). Therefore applying
η gives

ηpAqpη ˝ ρ1|IF qηpA´1
q “ η ˝ Aρ1|IFA

´1
“ η ˝ ρ2|IF condition (a’)

AdpηpAqqE1 “ E2 condition (b’).

We check condition (c’). We claim that for i “ 1, 2 it holds

ηpCGLN pCqpρi|IF , Eiqq “ C0
PGLN pCqpη ˝ ρi|IF , Eiq. (4.9)

Indeed the inclusion Ď in equation (4.9) follows from connectedness of centralizers of
GLNpCq, together with the fact that ηpCGLN pCqpρi|IF , Eiqq Ď CPGLN pCqpη ˝ ρi|IF , Eiq.
Now we show the inclusion Ě. For any g P CPGLN pCqpη˝ρi|IF , Eiq we denote by gr a lift
of g in GLNpCq. Let x be an element in the image of ρi|IF . Since gηpxqg´1 “ ηpxq,
there exists a scalar λ P C˚, not depending on the choice of the lift gr, such that
grxgr´1

“ λx, and equating the determinant in the last identity yields that λ is an
N th root of 1. Therefore the assignment g ÞÑ grxgr´1x´1 defines a continuous map
from CPGLN pCqpη˝ρi|IF , Eiq to the set of scalar matrices of order a divisor of N . Since
the target set is finite, the connected component C0

PGLN pCqpη ˝ ρi|IF , Eiq has trivial
image. Hence for any y P C0

PGLN pCqpη ˝ ρi|IF , Eiq, any lift yr satisfies yrxyr´1
“ x with

x in the image of ρ|IF , and so yr P CGLN pCqpρi|IF q. Moreover yr centralizes Ei, because
y centralizes Ei and the adjoint action of GLNpCq factorizes through as the adjoint
action of PGLNpCq, so yr P CGLN pCqpρ|IF , Eiq. By definition of lift we have ηpyrq “ y,
and so y P ηpCGLN pCqpρi|IF , Eiqq. This concludes the proof of equality (4.9).

By (4.9) there holds

ηpAqη ˝ ρ1pFrqηpA´1
q “ ηpAqηpρ1pFrqqηpA´1

q

“ ηpAρ1pFrqqA´1
q

“ ηpρ2pFrqq

“ η ˝ ρ2pFrqq

so pη ˝ ρ1, E1q „IF pη ˝ ρ2, E2q in ΦpG1
Nq0.

The map (4.8) is constant on k˚
F

x-orbits because pη ˝ pρ b χq, Eq “ pη ˝ ρ, Eq for
any pρ, Eq P ΦpGNq0, hence η˚ is well defined.
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We show that it is injective. Let pρ1, E1q, pρ2, E2q P ΦpGNq0 be such that pη ˝

ρ1, E1q „IF pη ˝ ρ2, E2q in ΦpG1
Nq0. Then there exists A P PGLNpCq satisfying

conditions (a’),(b’) and (c’).
Let Ar P GLNpCq be such that ηpArq “ A. Then AdpArqE1 “ E2, and Arρ1|IFA

r

´1
“

χρ2|IF for some character χ of IF . Since ρ1 and ρ2 are tame, χ is a character of
IFäPF , so pρ1, E1q „IF pρ2 b χ,E2q in ΦpGNq0. In order to prove injectivity, it is
therefore sufficient to show that χ is Frobenius stable. For i “ 1, 2 it holds

ρipFrqρi|IF ρipFr
´1

q “ pρi|IF q
q.

It follows that

Arρ1pFrqpρ1|IF qρ1pFr´1
qAr

´1
“ Arpρ1|IF q

qAr
´1

“ pArpρ1|IF qAr
´1

q
q

“ pχρ2|IF q
q

“ χqpρ2|IF q
q.

(4.10)
Moreover lifting to GLNpCq the relation Aη ˝ ρ1pFrqA´1 “ η ˝ ρ2pFrq we obtain

Arρ1pFrqAr
´1

“ ρ2pFrq.

In particular there exists a c P CGLN pCqpρ2|IF , E2q such that

Arρ1pFrqAr
´1

“ ρ2pFrqc.

Therefore

Arρ1pFrqpρ1|IF qρ1pFr´1
qAr

´1
“ Arρ1pFrqArAr

´1
pρ1|IF qAr

´1
Arρ1pFr´1

qAr
´1

“ ρ2pFrqcχpρ2|IF qc´1ρ2pFr´1
q

“ χρ2pFrqpρ2|IF qρ2pFr´1
q

“ χpρ2|IF q
q. (4.11)

Comparing (4.10) and (4.11) we get

χqpρ2|IF q
q

“ Arρ1pFrqpρ1|IF qρ1pFr´1
qAr

´1
“ χpρ2|IF q

q,

giving χq “ χ. Hence, χ is a Frobenius stable character of IFäPF , i.e. it is an
element of k˚

F
x. In other words, the IF -equivalence classes in ΦpGNq0 of pρ1, E1q and

pρ2, E2q are in the same k˚
F

x-orbit.

It remains to show that (4.7) is surjective. Let pρ, Eq P ΦpG1
Nq0. The existence

of pρ, Eq P ΦpGNq0 such that pρ, Eq “ pη ˝ ρ, Eq amounts to the existence of a
semisimple Weil representation ρ : WF Ñ GLNpCq that is a lift of ρ, which was
proved in [29, Theorem 2.7].

4.2.2 Imai and Vogan’s Conjecture
We are now in a position to state Imai and Vogan’s conjecture [35, Conjecture 4.3]
for G1

N . We write

Cppρ, EqIF q :“ CPGLN pCqpρ|IF , ρpFrq, Eq
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and C0ppρ, EqIF q for its identity component, and we denote by

Appρ, EqIF q :“ Cppρ, EqIF qäC0
ppρ, EqIF q

its component group.
Conjecture 4.2.5. There exists a surjective map

M1
N : IrrpG1

Nq Ñ ΦpG1
Nq0ä„IF

such that, for any pρ, EqIF P ΦpG1
Nq0ä„IF

, there is a bijection between
M1

N
´1

ppρ, EqIF q and the character group Appρ, EqIF q^.
Remark 4.2.6.

1. Conjecture 4.2.5, stated here for SLN , is a specialization of [35, Conjecture 4.3],
which is formulated for reductive groups. In our version the representation
field is taken to be C rather than Ql as in [35, Conjecture 4.3]. For a detailed
comparison between our notation and that of [35], see point (3) below. We
prove Conjecture 4.2.5 in Theorem 4.3.3.

2. Aside from our result for SLN , the only previous case in the literature where
[35, Conjecture 4.3] has been proved is for GLN , established in [47] via the con-
struction of the Macdonald correspondence, that we recalled in 3.2.2. Indeed in
the GLN case by connectedness of centralizers (see Lemma 3.2.8) the conjecture
amounts to the existence of a bijection between IrrpGNq and ΦpGNq0ä„IF

.
A general proof of the conjecture for reductive groups has recently appeared in
[34].

3. Conjecture 4.2.5 is the version over C (rather than Ql) of [35, Conjecture 4.3]
for G1

N . Since we adopted some different notation, we show more in detail how
the objects described in [35, Section 4] relate to ours.

3.a Conventions on Langlands parameters The Frobenius semisimple L-
parameters of Weil Deligne type φ defined in [35, Definition 4.1] for the group
G1
N are in bijection with our tame Langlands parameters. Given pρ, Eq P

ΦpG1
Nq0, the corresponding φ is defined by φpw, aq “ pexppaEqρpwq, F r}w}q

for w P Wk and a P C, and this assignment defines a bijection. Note that
this makes sense because the finite Weil group Wk defined in [35, Definition
3.1] is isomorphic to WFäPF . We worked with the complex dual group
rather that with the L-group because we are dealing with a split group, and,
following Macdonald [47], we preferred the formalism of a nilpotent element
E rather than using a morphism C Ñ PGLNpCq.
The notion of special parameters introduced in [35] does not play a role in
the present setup since in type A all unipotent/nilpotent orbits are special.
The IF -equivalence relation on ΦpG1

Nq0 corresponds under the bijection
pρ, Eq ÞÑ φ above to the equivalence relation on Frobenius semisimple L-
parameters of Weil Deligne type defined in [35, Section 4] . So the set
ΦpG1

Nq0ä„IF
is in bijection with the set denoted by ΦCpSLNqsp in [35, Sec-

tion 4].
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3.b Definition of the component groups - Centralizers of semisimple ele-
ments in PGLNpCq are direct products of groups of type A, and centralizers
of unipotent elements are connected in type A. In particular, the notion
of Lusztig’s canonical quotient does not play any role in our situation. It
follows that the groups denoted by Apφ0q and Apφ0q in [35, Section 4] both
coincide with the group that we denote by APGLN pCqpρ|IF , Eq, where pρ, Eq

is the tame Langlands parameter corresponding to the L-parameter of Weil-
Deligne type φ as in (3.a).
The group denoted by Aφ in [35, Section 4] is isomorphic to the group
Appρ, EqIF q. Indeed using the equality Apφ0q “ APGLN pCqpρ|IF , Eq, it follows
from the definition of Aφ that quotienting by C0

PGLN pCqpρ|IF , Eq yields a
projection

π : Cppρ, EqIF q “ CCPGLN pCqpρ|IF ,Eq

`

ρpFrq
˘

Ñ Aφ

with kerpπq “ C0
PGLN pCpρ|IF , Eq X Cppρ, EqIF q. We claim that kerpπq “

C0ppρ, EqIF q. The inclusion Ě holds because Aφ is a finite set and
the projection is continuous. The inclusion Ď is obtained as follows.
Since ρpFrq normalizes ρ|IF and acts by a scalar on E, it normal-
izes CPGLN pρ|IF , Eq, and therefore ρpFrq normalizes C0

PGLN pCqpρ|IF , Eq.
It follows that C0

PGLN pCqpρ|IF , Eq Ď Cppρ, EqIF q. By connectdness,
C0

PGLN pCqpρ|IF , Eq Ď C0ppρ, EqIF q, and so kerpπq “ C0
PGLN pCqpρ|IF , Eq X

Cppρ, EqIF q Ď C0ppρ, EqIF q.
Therefore the projection π induces a group isomorphism Appρ, EqIF q Ñ Aφ.

4.2.3 The Macdonald-Vogan Correspondence for G1
N

We explain now how to construct a map M1
N as predicted by Conjecture 4.2.5.

We recall from Remark 3.2.11 that the group k˚
F

x acts on IrrpGNq with a character
χ acting by π ÞÑ πbpχ˝detq for π P IrrpGNq. By (3.34), the Macdonald correspon-
dence MN (3.26) is equivariant with respect to the action of k˚

F
x on ΦpGNq0ä„IF

and IrrpGNq, so the inverse MN is equivariant as well. It follows that MN induces
a bijection between orbit sets

MN : IrrpGNq
ä
k˚
F

x

Ñ

ˆ

ΦpGNq0ä„IF

̇

ä
k˚
F

x

.

Since G1
N is normal in GN , the latter acts on IrrpG1

Nq by conjugation, inducing
an action of GNäG1

N
– k˚

F on IrrpG1
Nq.

For any π P IrrpG1
Nq let Dpπq P IrrpGNq be such that π is a subrepresentation

of ResGN
G1
N
Dpπq. From Clifford theory it follows that the map

IrrpG1
Nq

äk˚
F

Ñ
IrrpGNq

ä
k˚
F

x

(4.12)

k˚
Fπ ÞÑ k˚

F
xDpπq

IV - 8



is a bijection [47, Proposition 5.1]. In particular, the map

D : IrrpG1
Nq Ñ

IrrpGNq
ä
k˚
F

x

(4.13)

π ÞÑ k˚
F

xDpπq

is a well-defined surjection. In the following, we will denote by Dpπq a representative
of the orbit Dpπq.

Definition 4.2.7. We call the surjection

M1
N : IrrpG1

Nq
D
ÝÑ

IrrpGNq
ä
k˚
F

x

MN
ÝÝÑ

ˆ

ΦpGNq0ä„IF

̇

ä
k˚
F

x

η˚

ÝÑ ΦpG1
Nq0ä„IF

(4.14)
the Macdonald-Vogan correspondence.

Remark 4.2.8. The surjection built by Macdonald in [47, Section 5] can be re-
covered by composing the Macdonald-Vogan correspondence M1

N with the natural
projection ΦpG1

Nq0ä„IF
Ñ Φt

IpSLNq, see Remark 4.2.3. We exploited the idea in
[47] for the construction of the map M1

N , but some caution is needed because the
fibers in the surjection in loc. cit. are bigger than claimed there, i.e., larger than
k˚
F -orbits. An example is given by the equivalence class in the sense of [47] defined

in Remark 4.2.3, whose fiber by Macdonald’s surjection contains two cuspidal and
two principal series representations.

We refined the equivalence relation on ΦpG1
Nq0 as proposed in [68] precisely to

ensure that the fibers of the Macdonald-Vogan correspondence M1
N are the orbits

for the action of k˚
F , see Equations (4.17) and (4.18).

4.3 Parametrization of the fibers of M1
N

The goal of this Section is to establish Conjecture 4.2.5 in Theorem 4.3.3, which
yields a parameterization of each fiber of M1

N in terms of irreducible representations
of the suitable component group.

Lemma 4.3.1. For π P IrrpG1
Nq, let Dpπq P IrrpGNq be such that π is an irre-

ducible G1
N subrepresentation of Dpπq. There is a canonical isomorphism

k˚
FäStabk˚

F
pπq “ pStab

k˚
F

x

pDpπqqq
^. (4.15)

where pStab
k˚
F

x

pDpπqqq^ denotes the character group of Stab
k˚
F

x

pDpπqq.

Proof. We show that Stab
k˚
F

x

pDpπqq “
`k˚

FäStabk˚
F

pπq

˘^, where the equality makes

sense viewing χ P
`k˚

FäStabk˚
F

pπq

˘^ as a character in k˚
F

x that is trivial on Stabk˚
F

pπq.
The statement will then follow by duality.

We start by proving that
`k˚

FäStabk˚
F

pπq

˘^
ď Stab

k˚
F

x

pDpπqq.
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Let χ P k˚
F

x such that χ|Stab
k˚
F

pπq “ 1. The determinant map gives an isomorphism
GNäG1

N
– k˚

F and the action of k˚
F on IrrpG1

Nq is induced by the conjugation
action of GN . It follows that the determinant map induces a group isomorphism
GNäStabGN pπq – k˚

FäStabk˚
F

pπq, that in turn induces the group isomorphism
χ ÞÑ χ ˝ det between the group of characters of k˚

F that are trivial on Stabk˚
F

pπq and
the group of characters of GN that are trivial on StabGN pπq.

Let tg1, . . . , gku be a set of representatives of the cosets of StabGN pπq in GN .
Then ResGN

G1
N
Dpπq “

Àk
i“1

giπ. Let A :“
Àk

i“1 χpdetpg´1
i qq, that is, the linear map

acting as the scalar χpdetpg´1
i qq on the subspace on which ResGN

G1
N
Dpπq acts as giπ.

Then
ADpπqA´1

“ Dpπq b pχ ˝ detq.
Hence

Dpπq b pχ ˝ detq – Dpπq

that is, χ P Stab
k˚
F

x

pDpπqq. So
`k˚

FäStabk˚
F

pπq

˘^
ď Stab

k˚
F

x

pDpπqq.
By Clifford theory, [47, Proposition 5.1]

|k˚
Fπ| “ |Stab

k˚
F

x

pDpπqq|.

Therefore
ˇ

ˇ

`k˚
FäStabk˚

F
pπq

˘^ˇ

ˇ “
ˇ

ˇ

k˚
FäStabk˚

F
pπq

ˇ

ˇ “ |k˚
Fπ| “ |Stab

k˚
F

x

pDpπqq|

and hence, by cardinality,
`k˚

FäStabk˚
F

pπq

˘^
“ Stab

k˚
F

x

pDpπqq. (4.16)

Since k
˚
FäStabk˚

F
pπq is a finite abelian group, it is canonically isomorphic to its

double character group. Dualizing (4.16) we get (4.15).

We now describe the fibers of M1
N .

Lemma 4.3.2. Let pρ, EqIF P ΦpG1
Nq0ä„IF

and pρr, EqIF P ΦpGNq0ä„IF
be such

that pη ˝ ρr, EqIF “ pρ, EqIF , and let

Stab
k˚
F

x

ppρr, EqIF q “ tχ P k˚
F

x | pχ b ρr, EqIF “ pρr, EqIF u.

Then the character group of Stab
k˚
F

x

ppρr, EqIF q acts simply transitively on
M1

N
´1

ppρ, EqIF q.

Proof. Set πrpρr,Eq :“ M´1
N ppρr, EqIF q. By construction M1

N “ η˚ ˝MN ˝D . The maps
MN and η˚ are bijections, so k˚

F
xπrpρr,Eq is the unique k˚

F
x-orbit in IrrpGNq satisfying

pρ, Eq “ η˚ ˝ MNpk˚
F

xπrpρr,Eqq. Then

M1
N

´1
ppρ, EqIF q “ D

´1
pk˚
F

xπrpρr,Eqq. (4.17)

IV - 10



The map D factorizes as

IrrpG1
Nq

{k˚
F

ÝÝÑ
IrrpG1

Nq
äk˚

F
Ñ
IrrpGNq

ä
k˚
F

x

where the last map is the bijection defined in (4.12). Therefore if πpρ,Eq P IrrpG1
Nq

satisfies Dpπpρ,Eqq “ k˚
F

xπrpρr,Eq, then

D
´1

pk˚
F

xπrpρr,Eqq “ k˚
Fπpρ,Eq. (4.18)

It follows that the group k˚
FäStabk˚

F
pπpρ,Eqq

has a canonical simply transitive

action on M1
N

´1
ppρ, EqIF q. Therefore by Lemma 4.3.1, the character group

pStab
k˚
F

x

pπrpρr,Eqqq^ has a simply transitive action on M1
N

´1
ppρ, EqIF q.

Since the map MN is compatible with the k˚
F

x-actions,

Stab
k˚
F

x

pπrpρr,Eqq “ Stab
k˚
F

x

ppρr, EqIF q “ tχ P k˚
F

x | pχ b ρr, EqIF “ pρr, EqIF u

and dualizing

pStab
k˚
F

x

pπrpρr,Eqqq
^

“ pStab
k˚
F

x

ppρr, EqIF qq
^

“ tχ P k˚
F

x | pχ b ρr, EqIF “ pρr, EqIF u
^.

Theorem 4.3.3. Let pρ, EqIF P ΦpG1
Nq0ä„IF

. Then Appρ, EqIF q is a finite
abelian group and its character group Appρ, EqIF q^ acts simply transitively on
M1

N
´1

ppρ, EqIF q.

Proof. Let pρr, EqIF P ΦpGNq0ä„IF
be such that pη ˝ ρr, EqIF “ pρ, EqIF . By

Lemma 4.3.2 it is enough to provide a group isomorphism between Appρ, EqIF q and
Stab

k˚
F

x

ppρr, EqIF q. Since the latter is a subgroup of k˚
F

x, it is finite and abelian.

Let g P Cppρ, EqIF q, and let gr be a representative of g in GLNpCq. We set

χg :“ grpρr|IF qgr´1
pρr´1

|IF q : IF Ñ GLNpCq. (4.19)

We observe that χg does not depend on the choice of gr. Since in particular g P

CPGLN pCqpρ|IF q, there holds

ηpχgqpωq “ ηpgrρrpωqgr´1ρrpωq
´1

q “ 1

for any ω P IF , so χgpωq is a scalar for any ω P IF . In this way we have a character

χg : IF Ñ C˚.

We show that it is Frobenius stable. Since g P CPGLN pCqpρpFrqq, we have

c :“ ρpFrq´1gρpFrqg´1
P C0

PGLN pCqpρ|IF , Eq.
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Lifting this identity to GLNpCq yields

cr :“ ρrpFrq´1grρrpFrqgr´1
P CGLnpCqpρr|IF , Eq. (4.20)

Therefore, for any ω P IF

χgpFr ω Fr´1
q

“ grpρrpFr ω Fr´1
qqgr´1

pρrpFr ω Fr´1
q

´1
q

“ grρrpFrqpρrpωqqρrpFr´1
qgr´1ρrpFr´1

q
´1

pρrpωq
´1

qρrpFrq´1

“ grρrpFrqpρrpωqqρrpFrq´1gr´1ρrpFrqpρrpωq
´1

qρrpFrq´1

“ ρrpFrqcrgrpρrpωqqgr´1cr´1ρrpFrq´1ρrpFrqpρrpωq
´1

qρrpFrq´1 grρrpFrq “ ρrpFrqcrgr by (4.20)
“ ρrpFrqcrgrpρrpωqqgr´1cr´1

pρrpωq
´1

qρrpFrq´1

“ ρrpFrqcrgrpρrpωqqgr´1
pρrpωq

´1
qcr´1ρrpFrq´1 cr P CGLN pCqpρr|IF q by (4.20)

“ ρrpFrqcrχgpωqcr´1ρrpFrq´1

“ χgpωq. χgpωq P C˚

Hence χg is a Frobenius stable character of IF . Moreover by definition χg|PF “ 1,
hence we can regard χg as a character of k˚

F . By construction of χg it holds

χgρr|IF “ grpρr|IF qgr´1.

In addition, g P CPGLN pCqpEq and hence gr P CGLN pCqpEq, so pρr, Eq „IF pρr b χg, Eq

in ΦpGNq0.
Therefore the assignment g ÞÑ χg gives a map

Ξr : Cppρ, EqIF q Ñ Stab
k˚
F

x

ppρr, EqIF q. (4.21)

The map Ξr is a group morphism: for any g1, g2 P Cppρ, EqIF q

χg1g2ρr|IF “ g1r g2r pρr|IF qg2r
´1g1r

´1
“ g1r pχg2ρr|IF qg1r

´1
“ χg2g1r pρr|IF qg1r

´1
“ χg1χg2ρr|IF

hence χg1g2 “ χg1χg2 .
We prove the surjectivity of Ξr. Let χ P k˚

F
x be such that pχ b ρr, EqIF “ pρr, EqIF .

There exists an element Ar P GLNpCq satisfying conditions (a), (b) and (c) for
pχ b ρr, EqIF and pρr, EqIF . This implies that A :“ ηpArq P Cppρ, EqIF q. From
Arpρr|IF qAr

´1
“ χ b pρr|IF q we obtain

χ “ Arpρr|IF qAr
´1

pρr|IF q
´1

“ χA “ ΞrpAq.

Since the image of Ξr is a finite group, the morphism (4.21) factors through the
component group

Cppρ, EqIF q

Appρ, EqIF q Stab
k˚
F

x

ppρr, EqIF q

Ξr

Ξ

(4.22)
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so the map Ξ in (4.22) is a surjective group morphism. We prove that it is also
injective by showing that kerpΞrq “ C0ppρ, EqIF q.

Let g P kerpΞrq and let gr be a representative of g in GLNpCq. Then

grpρr|IF qgr´1
pρr´1

|IF q “ 1,

that is gr P CGLN pCqpρr|IF q. Since g P CPGLN pCqpEq, it holds gr P CGLN pCqpρr|IF , Eq, and
the latter is connected.
By Lemma 3.2.8, for any gr P CGLN pCqpρr|IF , Eq it holds grρrpFrqgr´1

“ ρrpFrq , so

gr P CGLN pCqpρ|IF , Eq “ CGLN pCqpρr|IF , ρrpFrq, Eq.

Then
g “ ηpgrq P η

`

CGLN pCqpρr|IF , ρrpFrq, Eq
˘

ď Cppρ, EqIF q.

Since CGLN pCqpρr|IF , ρrpFrq, Eq is the same as CGLN pCqpρr|IF , Eq, it is connected. It
follows that

η
`

CGLN pCqpρr|IF , ρrpFrq, Eq
˘

ď C0
ppρ, EqIF q

that is,
g P C0

PGLN pCqppρ, EqIF q,

giving injectivity of Ξ.

4.3.1 Comparison of the fibers of M1
N andL1

N

The aim of this section is to show that the fibers of the Langlands correspondence and
the fibers of the Macdonald-Vogan correspondence may have different cardinality,
and the natural map (4.24) between them is neither an injection nor a surjection in
general.

Let pρ, Eq P ΦpG1
Nq0. By [25, Theorem 4.3] the component group Apρ, Eq is finite

and abelian and there is a canonical simply transitive action of its character group
on L1

N
´1

pρ, Eq. Therefore there is a bijection between L1
N

´1
pρ, Eq and the group

Apρ, Eq^.
Similarly, by Theorem 4.3.3 there is a bijection between M1

N
´1

ppρ, EqIF q and the
group Appρ, EqIF q^.

The inclusion CPGLN pCqpρ, Eq ãÑ Cppρ, EqIF q induces a map between the compo-
nent groups

ι : Apρ, Eq Ñ Appρ, EqIF q (4.23)
that gives by duality a map

ι̂ : Appρ, EqIF q
^

Ñ Apρ, Eq
^. (4.24)

This map is neither injective nor surjective in general. We give two examples to
illustrate this.

We denote by T the diagonal torus in PGLNpCq.

1. Failure of the surjectivity: Let pρ, Eq P ΦpG1
Nq0 be given by

˛ ρ|IF “ 1;
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˛ ρpFrq “

¨

˚

˚

˚

˝

1
ζ

. . .
ζN´1

˛

‹

‹

‹

‚

where ζ P C a primitive N -th root of 1;

˛ E “ 0.

In this case
Apρ, Eq “ CPGLN pCqpρpFrqqäC0

PGLN pCqpρpFrqq

and

CPGLN pCqpρpFrqq “ T ¸

C

¨

˝

0 1
0 1

... ...
0 ... ... 0 1
1 0 ... ... 0

˛

‚

G

.

Therefore Apρ, Eq is isomorphic to the cyclic group of order N and
|L1

N
´1

pρ, Eq| “ N .
On the other hand, C0

PGLN pCqpρ|IF , Eq “ C0
PGLN pCqp1, 0q “ PGLNpCq, hence

Cppρ, EqIF q “ CPGLN pCqp1,PGLNpCq, 0q “ PGLNpCq “ C0
ppρ, EqIF q.

Hence |M1
N

´1
ppρ, EqIF q| “ |Appρ, EqIF q^| “ 1.

In this case, the map

ι̂ : 1 – Appρ, EqIF q
^

Ñ Apρ, Eq
^

is injective but not surjective.
For the sake of completeness, we describe explicitly the representations in
M1

N
´1

ppρ, EqIF q and L1
N

´1
pρ, Eq. Let χζ P Fx̊ be the unramified character

of F ˚ that takes value ζ on any uniformizer of F ˚. This corresponds by the
bijection of local class field theory to the unramified character of WF that takes
value ζ at Fr. Then πr :“ RGN

GN1
p
Òn´1

i“0 χ
i
ζq is an irreducible representation of

GN . The representations in L1
N

´1
pρ, Eq are the N irreducible constituents of

ResGNG1
N
πr.

On the other hand, M1
N

´1
ppρ, EqIF q contains only the trivial representation.

2. Failure of injectivity: Assume that pq ´ 1, Nq ‰ 1. Let e ą 1 be a common
divisor of q ´ 1 and N and let ζ P C be a primitive e-th root of 1.
We consider pρ, Eq P ΦpG1

Nq0 such that

˛ ρpIF q “ xMy with

M :“

¨

˚

˚

˚

˝

1N
e

ζ1N
e . . .

ζe´11N
e

˛

‹

‹

‹

‚

where 1N
e

denotes the identity matrix of dimension N
e

;
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˛ ρpFrq is a regular element of T ;
˛ E “ 0.

By construction, M q “ M , so a Weil-Deligne representation needs to map Fr
to an element commuting with M , and ρpFrq satisfies this condition. We have

CPGLN pCqpMq –

ˆ

GLN
e

pCq
e

¸ ZäeZ

̇

äC˚.

Moreover CPGLN pCqpρpFrqq “ T . So

CPGLN pCqpρ, Eq “ CPGLN pCqpM,ρpFrqq “ T “ C0
PGLN pCqpρ, Eq.

Hence
Apρ, Eq “ 1.

On the other hand,

C0
PGLN pCqpρ|IF , Eq “ C0

PGLN pCqpMq “ GLN
e

pCq
e
äC˚.

This group contains T , and hence ρpFrq, so

Cppρ, EqIF q “ CPGLN pCqpM,C0
PGLN pCqpMqq “ CPGLN pCqpMq.

Hence,
Appρ, EqIF q “ CPGLN pCqpMqäC0

PGLN pCqpMq
– ZäeZ.

Since we assumed e ą 1, it follows that in this case, the map

ι̂ : Appρ, EqIF q
^

Ñ Apρ, Eq
^

– 1

is surjective but not injective.
As in the previous example, we describe explicitly the representations in
M1

N
´1

ppρ, EqIF q and L1
N

´1
pρ, Eq. For the sake of simplicity of the descrip-

tion, assume ρpFrq to be an element of the compact torus, i.e. assume the
entries of ρpFrq to have all the same absolute value in C.

Let ρr be a lift of ρ to GLNpCq such that ρrpFrq “

˜ t1
t2

...
tN

¸

with |tj| “ 1

for any j “ 1, . . . , N . Then ρr “
ÀN

j“1 χj with χj P WF
y. By the bijection

of local class field theory, any χj can be regarded as a tame character
of F ˚. More explicitly, χj takes value tj on any uniformizer of Fx̊ , and

χj|O˚
F

“ Infl
O˚
F

O˚
Fä1`pF

ζp
t
epj´1q

N
u

, where ζp denotes a character of k˚
F – O˚

Fä1 ` pF

of order e. Then πr :“ RGN
GN1

p
Òn´1

i“0 χjq is a tempered irreducible representation
of GN . This representation remains irreducible upon restriction to G1

N , and
ResGNG1

N
πr is the unique element in L1

N
´1

pρ, Eq.
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On the other hand, the IF -equivalence class of pρr, 0q corresponds, accord-
ing to Macdonald’s construction for GN , to the partition valued function on
Ů

mPNCusppGmq taking value p1N
e q on ζp

i
for any 0 ď i ď e ´ 1, and 0 ev-

erywhere else. Hence MN
´1

ppρr, 0qIF q “ RGN
G
e
N
e

p
Òe´1

i“0 pζp
i

˝ detqq. This is an

irreducible representation of GN , but when restricted to G1
N it splits into e

inequivalent irreducible subrepresentations. These are exactly the representa-
tions in M1

N
´1

ppρ, EqIF q.

4.4 Compatibility between L1
N and M1

N

In Section 4.3.1 we observed that the natural map ι̂ in (4.24) is not injective nor
surjective in general. Nevertheless, it allows to establish a compatibility between
L1
N and M1

N along the lines of the one predicted in [68]. We denote by PG1
N

G1
N

the
parahoric restriction with respect to the hyperspecial maximal compact subgroup
K 1
N of G1

N . We now state a conjecture proposed by Vogan in [68] specialized to the
case of SLN .

Conjecture 4.4.1. Let pρ, Eq P ΦpG1
Nq0. Then there exist bijections

Fpρ,Eq : Apρ, Eq
^

Ñ L1
N

´1
pρ, Eq

and
F pρ,EqIF

: Appρ, EqIF q
^

Ñ M1
N

´1
pρ, Eq

such that for any ψ P Apρ, Eq^ and any ψ P Appρ, EqIF q^ it holds

dim
`

HomG1
N

`

PG1
N

G1
N

pFpϕ,Eqpψqq,F pρ,EqIF
pψq

˘˘

“ δι̂´1pψqpψq (4.25)

where δι̂´1pψq denotes the indicator function on ι̂´1
pψq.

Conjecture 4.4.1 will be established in Theorem 4.4.16.

4.4.1 Compatibility of the fibers
An intermediate result toward the proof of Conjecture 4.4.1 is given by Theorem
4.4.6, where we establish a preliminary compatibility of Langlands and Macdonald
correspondences considering all the representations in the same fiber together.

4.4.1.1 The head of Parahoric Restriction

We retain notation from Section 3.2.4. Let πr P ΩpGNq0. By Theorem 3.2.3 there
exists a multiset t∆1, . . . ,∆ku of segments such that πr “ Qp∆1, . . . ,∆kq. By Corol-
lary 3.2.27 the irreducible constituents of the parahoric restriction PGN

GN
pπrq are of

the form πΛ as in (3.28), with Λ a partition valued function on
Ů

mPNCusppGmq of
degree N such that Λ ě Λt∆1,...,∆ku. Moreover by Proposition 3.2.31, the irreducible
representation HPGN

GN
pπrq “ πΛt∆1,...,∆ku

is an irreducible constituent of PGN
GN

pπrq of
multiplicity 1.
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Let χ P Fx̊ . Since χ is tame, the restriction ResF
˚

O˚
F
χ gives a character χ P

`O˚
Fä1 ` pF

˘^
– k˚

F
x. We recall from Lemma 3.2.10 that the character group k˚

F
x

acts on the set of partition valued functions on
Ů

mPNCusppGmq by

pχΛqpτq :“ Λpτ b pχ´1
˝ detqq. (4.26)

Lemma 4.4.2. With the above notation, the irreducible constituents of PGN
GN

pπr b

pχ ˝ detqq are of the form πχΛ with Λ ě Λ∆1,...,∆k
.

Proof. As a first step, we show that PGN
GN

pπr b pχ ˝ detqq “ PGN
GN

pπrq b pχ ˝ detq.
Indeed since χ|1`pF “ 1, there holds χ ˝ det|K`

N
“ 1, therefore pπr b pχ ˝ detqqK

`
N “

πrK
`
N b pχ ˝ detq. Moreover detpKNq Ď O˚

F , so

PGN
GN

pπr b pχ ˝ detqq “ ResGNKN pπr b pχ ˝ detqq
K`
N

“ ResGNKN pπrq
K`
N b ResGNKN pχ ˝ detqK

`
N

“ ResGNKN pπrq
K`
N b pχ ˝ detq

“ PGN
GN

pπrq b pχ ˝ detq.

Therefore the irreducible constituents of PGN
GN

pπr b pχ ˝ detqq are of the form
πΛ b pχ ˝ detq for Λ ě Λt∆1,...,∆ku.

By Lemma 3.2.10,
πΛ b pχ ˝ detq “ πχΛ,

so the irreducible constituents of PGN
GN

pπr b pχ ˝ detqq are of the form πχΛ for Λ ě

Λt∆1,...,∆ku.

Corollary 4.4.3. For any representation πr P ΩpGNq0 and for any tame character
χ P Fx̊ , it holds

HPGN
GN

pπr b pχ ˝ detqq “ HPGN
GN

pπrq b pχ ˝ detq

where χ is the character of k˚
F obtained by restriction of χ to O˚

F .

Proof. We retain notation from Lemma 4.4.2. By Corollary 3.2.27 the head of the
parahoric restriction HPGN

GN
pπrbpχ˝detqq is the irreducible constituent of PGN

GN
pπrbpχ˝

detqq corresponding to the minimal partition valued function appearing. Acting by
the same character χ preserves the relative order between partition valued functions,
so the description of the irreducible constituents of PGN

GN
pπr bχ˝detq in Lemma 4.4.2

gives
HPGN

GN
pπr b pχ ˝ detqq “ πχΛt∆1,...,∆ku

.

By Lemma 3.2.10

πχΛt∆1,...,∆ku
“ πΛt∆1,...,∆ku

b pχ ˝ detq “ HPGN
GN

pπrq b pχ ˝ detq.
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For any π P ΩpG1
Nq0, we denote by F ˚π the orbit of π under the conjugation

action of the group GNäG1
N

– F ˚. This orbit is a finite set [25, Theorem 4.1]. We
set

π‘ :“
à

π1PF˚π

π1. (4.27)

Similarly, for any π P IrrpG1
Nq, we denote by k˚

Fπ the orbit of π under the
conjugation action of the group GNäG1

N
– k˚

F , and we set

π‘ :“
à

π1Pk˚
F π

π1. (4.28)

Since the restriction of irreducible representations from GN (respectively GN) to G1
N

(respectively G1
N ) is multiplicity free, it holds

π‘ :“ ResGNG1
N
Dpπq π‘ :“ ResGN

G1
N
Dpπq (4.29)

where Dpπq (respectively Dpπq) is an irreducible representation of GN (respectively
of GN) containing π (respectively πq as G1

N -subrepresentation (respectively G1
N -

subrepresentation).
Moreover by definition of the maps L1

N and M1
N , for any π P ΩpG1

Nq0 and for
any π P IrrpG1

Nq it holds

π‘
“

à

π1PL1
N

´1
pL1
N pπqq

π1 and π‘
“

à

π1PM1
N

´1
pM1

N pπqq

π1. (4.30)

We extend the notion of head of parahoric restriction from representations of GN

to representations of G1
N of the form π‘ for some π P ΩpG1

Nq0 as follows.

Definition 4.4.4. Let π P ΩpG1
Nq0 and let Dpπq P ΩpGNq0 be a representation of

GN containing π as G1
N -subrepresentation. The head of the parahoric restriction of

π‘ is the G1
N -representation

HPG1
N

G1
N
π‘ :“ ResGN

G1
N

HPGN
GN
Dpπq.

The definition above is well posed: by Corollary 4.4.3, the representation
HPG1

N

G1
N
π‘ does not depend on the choice of Dpπq.

Lemma 4.4.5. Let π P ΩpG1
Nq0. The representation HPG1

N

G1
N
π‘ is a subrepresenta-

tion of PG1
N

G1
N
π‘, and every irreducible constituent of HPG1

N

G1
N
π‘ occurs exactly once

in PG1
N

G1
N
π‘.

Proof. By [12, Lemma 1.11] , for any πr P ΩpGNq0 the K`
N -fixed subspace and the

K 1
N

`-fixed subspace of the representations space of πr coincide. It follows that

ResKNK1
N

pResGNKNπrq
K`
N “ pResGNK1

N
πrq

K1
N

`

.
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Hence

PG1
N

G1
N
π‘

“ Res
G1
N

K1
N

pπ‘
q
K1
N

`

by (4.29)

“
`

Res
G1
N

K1
N

pResGNG1
N
Dpπqq

˘K1
N

`

“
`

ResGNK1
N

pDpπqq
˘K1

N
`

“ ResKNK1
N

pResGNKN pDpπqq
K`
N q “ ResGN

G1
N

PGN
GN

pDpπqq. (4.31)

The representation HPGN
GN

pDpπqq is an irreducible constituent of multiplicity 1 of
PGN
GN

pDpπqq by Theorem 3.2.26.
Therefore HPG1

N

G1
N
π‘ “ ResGN

G1
N

HPGN
GN
Dpπq is a subrepresentation of PG1

N

G1
N
π‘ “

ResGN
G1
N

PGN
GN

pDpπqq.
Since HPG1

N

G1
N
π‘ is multiplicity free, to prove that all its irreducible constituents

occur in PGN
GN

pDpπqq exactly once it is enough to show that there are no irreducible
constituents of PGN

GN
pDpπqq different from HPGN

GN
Dpπq and having its same restriction

to G1
N . Indeed the restrictions of irreducible representations of GN to G1

N are either
equal or don’t have any common irreducible constituent.

Irreducible representations of GN have the same restriction to G1
N only if they dif-

fer by the tensor product with a character induced by the determinant map. Hence
it is sufficient to show that for any χ P k˚

F
x the representation HPGN

GN
Dpπq b pχ ˝ detq

is a subrepresentation of PGN
GN

pDpπqq if and only if it is equal to HPGN
GN
Dpπq. Let

t∆1, . . . ,∆ku be a multiset of segments such that Dpπq “ Qp∆1, . . . ,∆kq as in
Theorem 3.2.3. By Corollary 4.4.3, HPGN

GN
pDpπq b pχ ˝ detqq “ πχΛt∆1,...,∆ku

. If
πχΛt∆1,...,∆ku

is an irreducible constituent of PGN
GN

pDpπqq, then by Theorem 3.2.31
it holds χΛt∆1,...,∆kupτq ě Λt∆1,...,∆kupτq for any τ P

Ů

mPNCusppGmq, hence
Λt∆1,...,∆kupχ´1 b τq ě Λt∆1,...,∆kupτq. Iterating, we get Λt∆1,...,∆kupχi´1 b τq ě

Λt∆1,...,∆kupχi b τq for i ě 0. By transitivity it implies

Λt∆1,...,∆kupχ´1
b τq ě Λt∆1,...,∆kupτq ě Λt∆1,...,∆kupχq´2

b τq “ Λt∆1,...,∆kupχ´1
b τq,

that is χΛt∆1,...,∆kupτq “ Λt∆1,...,∆kupτq for any τ P
Ů

mPNCusppGmq. Hence if
HPGN

GN
pDpπqq b pχ ˝ detq is a subrepresentation of PGN

GN
pDpπqq it holds

HPGN
GN
Dpπq b pχ ˝ detq “ πχΛt∆1,...,∆ku

“ πΛt∆1,...,∆ku
“ HPGN

GN
Dpπq.

4.4.1.2 Compatibility of L1
N and M1

N

Let

ΣN :“ tπ‘
| π P ΩpG1

Nq0u and ΣN :“ tπ‘
| π P IrrpG1

Nqu. (4.32)

where π‘ and π‘ are respectively as in (4.27) and (4.28). By (4.30) these sets are
in bijection with the sets of the fibers of L1

N and M1
N respectively.
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In other words, defining the maps

S : ΩpG1
Nq0 Ñ ΣN S : IrrpG1

Nq Ñ ΣN , (4.33)
π ÞÑ π‘ π ÞÑ π‘ (4.34)

we have that the maps D as in (4.5) and L1
N factor through S, and we write

D “ D‘ ˝S and L1
N “ pL1

Nq
‘

˝S, where D‘ and pL1
Nq

‘
are bijections. Analogously,

the maps D (4.13) and M1
N factor through S, and we write D “ D‘ ˝ S and

M1
N “ pM1

Nq
‘

˝ S, where D‘ and pM1
Nq

‘
are bijections.

With this notation, the following diagrams are commutative:

ΩpGNq0ä
Fx̊

ΦpGNq0ä
WF
y

ΣN ΦpG1
Nq0

ΩpG1
Nq0

LN

η˚D‘

pL1
N q‘

S L1
N

D
(4.35)

pIrrpGNqq
ä
k˚
F

x

ˆ

ΦpGNq0ä„IF

̇

ä
k˚
F

x

ΣN
ΦpG1

Nq0ä„IF

IrrpG1
Nq

MN

η˚
D‘

pM1
N q‘

D

S M1
N

(4.36)

Theorem 4.4.6. For any π P ΩpG1
Nq0 , it holds

ppL1
Nq

‘
π‘

qIF “ pM1
Nq

‘
pHPG1

N

G1
N
π‘

q

Proof. By (4.29), the restriction from GN to G1
N (respectively from GN to G1

N)
lands in ΣN (respectively ΣN), and by (4.29) it factors through the inverse of the
map D‘ (respectively D‘). So the following diagrams are commutative:

ΩpGNq0
ΩpGNq0ä

Fx̊
ΣN

ΦpGNq0
ΦpGNq0ä

WF
y

ΦpG1
Nq0

ä
Fẙ

LN

Res
GN
G1
N

LN

Res
GN
G1
N

pL1
N q

‘

ä
WF
y

η˚

η˚

(4.37)
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IrrpGNq
IrrpGNq

ä
kFx

˚ ΣN

ΦpGNq0ä„IF

ˆ

ΦpGNq0ä
k˚
F

x

̇

ä„IF
ΦpG1

Nq0ä„IF

ä
k˚
F

x

MN

Res
GN

G1
N

MN

Res
GN

G1
N

pM1
N q

‘

ä
k˚
F

x

η˚

η˚

(4.38)

and so for a representation π P ΩpG1
Nq0, and for any Dpπq P ΩpGNq0 containing π

as G1
N -subrepresentation, we have

pM1
Nq

‘
pHPG1

N

G1
N
π‘

q “pM1
Nq

‘
pResGN

G1
N

HPGN
GN
Dpπqq

“ η˚
˝ MNpHPGN

GN
Dpπqq by (4.38)

“ η˚
˝ pLNpDpπqqqIF by Theorem 3.2.32

“ pη˚
˝ LNpDpπqqqIF

“ ppL1
Nq

‘
pResGNG1

N
DpπqqqIF by (4.37)

“ ppL1
Nq

‘
π‘

qIF . by (4.29)

Remark 4.4.7. Theorem 4.4.6 does not depend on the choice of the maximal com-
pact subgroup K 1

N of G1
N .

Indeed, any maximal compact subgroup J 1
N of G1

N is of the form J 1
N “ gK 1

N for some
g P GN .

For any π P ΩpG1
Nq0, we have gπ‘ “ π‘ and so

pRes
G1
N

J 1
N
π‘

q
J 1
N

`

“ pRes
G1
N

gK1
N
π‘

q
gK1

N
`

“ p
gRes

G1
N

K1
N

p
g´1
π‘

qq
gK1

N
`

“
g
ppRes

G1
N

K1
N
π‘

q
K1
N

`

q,

We have J
1
NäJ 1

N
` – K 1

NäK 1
N

` – G1
N where the first isomorphism is induced by

conjugation by g. Therefore pRes
G1
N

J 1
N
π‘qJ

1
N

` and pRes
G1
N

K1
N
π‘qK

1
N

` are isomorphic as
G1

N representations.

4.4.2 Enhancement of the compatibility via the
parametrization of the fibers

The central result of this section is Theorem 4.4.16, where Theorem 4.4.6 is refined
in order to consider representations individually, rather than fibers, confirming Con-
jecture 4.4.1.
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For the rest of this section, we fix pρ, Eq P ΦpG1
Nq0, and we let πpρ,Eq P L1´1

pρ, Eq

and πpρ,Eq P M1´1
ppρ, EqIF q. We fix pρr, Eq P ΦpGNq0 such that η ˝ ρr “ ρ, and we set

πrpρr,Eq :“ L´1
N pρr, Eq and πrpρr,Eq :“ M´1

N ppρr, EqIF q.
By [25, Theorem 4.3], the character group Apρ, Eq^ acts simply transitively on

L1
N

´1
pρ, Eq, and by Theorem 4.3.3 the character group Appρ, EqIF q^ acts simply

transitively on M1
N

´1
pρ, Eq. We now describe explicitly these actions.

For any g P CPGLN pCqpρ, Eq, let gr be a lift of g in GLNpCq. Let χg : WF Ñ GLNpCq

be the map defined by χgpwq :“ grρrpwqgr´1ρrpwq´1. This map does not depend on the
choice of gr, and its image consist of scalar matrices. By [25, Theorem 4.3] χg P WF

y

and the assignment g ÞÑ χg induces an isomorphism

ΞF : Apρ, Eq Ñ StabWF
y

pρr, Eq (4.39)
rgs ÞÑ χg :“ grρrgr´1ρr´1.

Remark 4.4.8. In [25, Theorem 4.3] the map ΞF is defined from Apρ, Eq to the
stabilizer in the whole character group of WF . But a character χ of WF stabilizing a
tame Langlands parameter pρ, Eq P ΦpGNq0 is necessarily tame: indeed since pρ, Eq

is tame, ρ|PF “ 1, hence

χ|PF “ χ|PF b ρ|PF “ pχ b ρq|PF – ρ|PF “ 1.

The bijection of class field theory induces an identification StabWF
y

pρr, Eq –

Stab
F˚y

pπrpρr,Eqq. We still denote by ΞF the isomorphism Apρ, Eq – Stab
F˚y

pπrpρr,Eqq

obtained using this identification. Hence Apρ, Eq is a finite abelian group and ΞF

induces the dual isomorphism

ΞpF : Stab
F˚y

pπrpρr,Eqq
^

Ñ Apρ, Eq
^.

By [25, Corollary 2.2] it holds Stab
F˚y

pπrpρr,Eqq –
`F ˚

äStabF˚pπpρ,Eqq

˘^. Dualizing
we have a canonical isomorphism

Ψ : F
˚

äStabF˚pπpρ,Eqq
Ñ Stab

F˚y

pπrpρr,Eqq
^ (4.40)

x ÞÑ ψx

defined by ψxpχq :“ χpxq for any χ P Stab
F˚y

pπrpρr,Eqq. Then ΞpF ˝ Ψ is a canonical
isomorphism between F ˚

äStabF˚pπpρ,Eqq
and Apρ, Eq^. The determinant induces

an isomorphism det : GNäStabGN pπpρ,Eqq
Ñ F ˚

äStabF˚pπpρ,Eqq
. By abuse of

notation we denote with the same symbol elements corresponding to each other
through this isomorphism. For any ψ P Apρ, Eq^, let xψ “ pΞpF ˝ Ψq´1pψq. The
action of Apρ, Eq^ on L1´1

pρ, Eq is given by ψ.π “ xψπ.
The canonical isomorphism Ξ defined in Theorem 4.3.3 induces by duality the

isomorphism

Ξp : StabkF˚
z

pρr, Eq
^

Ñ Appρ, EqIF q
^

IV - 22



and by Lemma 4.3.1 there is a canonical isomorphism

Ψ : k
˚
FäStabk˚

F
pπpρ,Eqq

Ñ Stab
k˚
F

x

pπrpρr,Eqq
^ (4.41)

x ÞÑ ψx

defined by ψxpχq :“ χpxq for any χ P Stab
k˚
F

x

pπrpρr,Eqq. As before, the determinant

induces an isomorphism GNäStabGN pπpρ,Eqq
– k˚

FäStabk˚
F

pπpρ,Eqq
, and we identify

corresponding elements in these groups. For any ψ P Appρ, EqIF q^, let xψ “ pΞp ˝

Ψq´1pψq. The action of Appρ, EqIF q^ is given by ψ.π “
x
ψπ.

Recall that the group morphism (4.23) induces by duality a canonical group
morphism

ι̂ : Appρ, EqIF q
^

Ñ Apρ, Eq
^.

Lemma 4.4.9. The following diagram commutes:

Stab
k˚
F

x

pπrpρr,Eqq
^ Stab

F˚y

pπrpρr,Eqq
^

Appρ, EqIF q^ Apρ, Eq^

pRes|O˚
F

q^

Ξp ΞpF

ι̂

(4.42)

Proof. The diagram below, where the vertical maps labelled by – are the identifi-
cations given by local class field theory, commutes by definition of the maps Ξ and
ΞF as in (4.21) and (4.39):

Stab
k˚
F

x

pπrpρr,Eqq Stab
F˚y

pπrpρr,Eqq

Stab
k˚
F

x

pρr, Eq StabWF
y

pρr;Eq

Appρ, EqIF q Apρ, Eq

Res|O˚
F

–

Res|IF

–

Ξ

ι

ΞF

Dualizing, we obtain the statement.

Any section of the projection O˚
F Ñ O˚

Fä1 ` pF – kF induces a map

Jr : k˚
F Ñ F ˚

äStabF˚pπpρ,Eqq
.

The map Jr does not depend on the choice of the section: in order to check that
p1 ` pF q ď StabF˚pπpρ,Eqq it is enough to check that Ψp1 ` pF q “ 1, because Ψ is
a group isomorphism. For any y P 1 ` pF it holds Ψpyqpχq “ χpyq “ 1 since any
χ P Stab

F˚y

pπrpρr,Eqq is tame (see Remark 4.4.8).
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Lemma 4.4.10. With notation as above, the map Jr induces a map

J : k
˚
FäStabk˚

F
pπpρ,Eqq

Ñ F ˚

äStabF˚pπpρ,Eqq
(4.43)

that makes the following diagram commutative:

k˚
FäStabk˚

F
pπpρ,Eqq

F ˚
äStabF˚pπpρ,Eqq

Stab
k˚
F

x

pπrpρr,Eqq
^ Stab

F˚y

pπrpρr,Eqq
^

J

Ψ Ψ
pRes|O˚

F
q^

(4.44)

Proof. Let p : k˚
F Ñ k˚

FäStabk˚
F

pπpρ,Eqq
denote the natural projection. It holds

pRes|OF
˚q

^
˝ Ψ ˝ p “ Ψ ˝ Jr . (4.45)

Indeed for any x P k˚
F and for any χ P Fx̊

pRes|O˚
F

q
^

˝ Ψ ˝ ppxqpχq “ pRes|O˚
F

q
^

pψppxqqpχq “ ψppxqpχ|O˚
F

q

“ χ|O˚
F

pxq “ χpJr pxqq “ ψJr pxq
pχq “ Ψ ˝ Jr pxqpχq.

Therefore Stabk˚
F

pπpρ,Eqq ď KerpJr q because Ψ is an isomorphism and
Stabk˚

F
pπpρ,Eqq ď Kerppq. So Jr induces a map J such that Jr “ J ˝ p. Since

p is an epimorphism, equation (4.45) yields

pRes|OF
˚q

^
˝ Ψ “ Ψ ˝ J

that is the commutativity of (4.44).

Proposition 4.4.11. With notation as above, the following diagram commutes:

k˚
FäStabk˚

F
pπpρ,Eqq

F ˚
äStabF˚pπpρ,Eqq

Appρ, EqIF q^ Apρ, Eq^

J

Ξp˝Ψ ΞpF ˝Ψ

ι̂

(4.46)

Proof. The statement is obtained stacking the commutative diagram (4.44) in
Lemma 4.4.9 on top of the commutative diagram (4.42) in Lemma 4.4.10.

Proposition 4.4.12. Let ψ P Appρ, EqIF q^. If πpρ,Eq is an irreducible constituent
of PG1

N

G1
N
πpρ,Eq, then ψ.πpρ,Eq is an irreducible constituent of PG1

N

G1
N

pι̂pψq.πpρ,Eqq.

Proof. Let x “ pΞp ˝ Ψq´1pψq so that ψ.πpρ,Eq “ xπpρ,Eq. By Proposition 4.4.11

pΞpF ˝ Ψq
´1

pι̂pψqq “ J ppΞp ˝ Ψq
´1

pψqq “ J pxq
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and therefore ι̂pψq.πpρ,Eq “ J pxqπpρ,Eq.
We need to prove that if πpρ,Eq is an irreducible constituent of

PG1
N

G1
N
πpρ,Eq, then ψ.πpρ,Eq “ xπpρ,Eq is an irreducible constituent of

PG1
N

G1
N

pι̂pψq.πpρ,Eqq “ PG1
N

G1
N

pJ pxqπpρ,Eqq. Rephrasing it, we need to show that
HomG1

N
pπpρ,Eq,P

G1
N

G1
N

pπpρ,Eqqq ‰ 0 implies that HomG1
N

pxπpρ,Eq,P
G1
N

G1
N

pJ pxqπpρ,Eqqq ‰

0.
The inflation by K 1

N
` is left adjoint to taking the K 1

N
`-fixed subspace, so

HomG1
N

p
xπpρ,Eq,P

G1
N

G1
N

p
J pxqπpρ,Eqqq – HomK1

N
pInfl

K1
N

G1
N

xπpρ,Eq, Res
G1
N

K1
N

p
J pxqπpρ,Eqqq.

(4.47)
The lifting of the map J through the map det, that by abuse of notation we still
denote by J , is the map J : GNäStabGN pπpρ,Eqq

Ñ GNäStabGN pπpρ,Eqq
induced

by any section of the projection map r : KN Ñ KNäK`
N

– GN , so the element

J pxq P GNäStabGN pπq has a representative in KN ď GN . In the following of this
proof we fix such a representative. Note that J pxqπpρ,Eq does not depend on the
choice of the representative of J pxq in GN .

We observe that

Infl
K1
N

G1
N

p
xπpρ,Eqq “

J pxqInfl
K1
N

G1
N
πpρ,Eq, (4.48)

where the right-hand side is a representation of K 1
N by normality of K 1

N in KN .
Indeed, since the natural projection K 1

N Ñ K 1
NäK 1

N
` is obtained by restriction of

r, for any k P K 1

Infl
K1
N

G1
N

p
xπpρ,Eqqpkq “ πpρ,Eqpx

´1rpkqxq

“ πpρ,EqprpJ pxq
´1kJ pxqqq “

J pxqInfl
K1
N

G1
N
πpρ,Eqpkq.

Combining (4.47) and (4.48) gives

HomG1
N

p
xπpρ,Eq,P

G1
N

G1
N

p
J pxqπpρ,Eqqq – HomK1

N
p

J pxqInfl
K1
N

G1
N
πpρ,Eq, Res

G1
N

K1
N

p
J pxqπpρ,Eqqq

“ HomK1
N

pInfl
K1
N

G1
N
πpρ,Eq,

J pxq
´1
Res

G1
N

K1
N

p
J pxqπpρ,Eqqq.

We rewrite J pxq´1
Res

G1
N

K1
N

pJ pxqπpρ,Eqq “ Res
G1
N

J pxq´1
K1
N

pπpρ,Eqq. By normality of K 1
N in

KN , it holds ResG
1
N

J pxq´1
K1
N

pπpρ,Eqq “ Res
G1
N

K1
N

pπpρ,Eqq. Then

HomG1
N

p
xπpρ,Eq,P

G1
N

G1
N

p
J pxqπpρ,Eqqq – HomK1

N
pInfl

K1
N

G1
N
πpρ,Eq, Res

G1
N

K1
N
πpρ,Eqq

– HomG1
N

pπpρ,Eq,P
G1
N

G1
N

pπpρ,Eqqq ‰ 0.

Lemma 4.4.13. For any πππpρ,Eq P M1´1
ppρ, EqIF q there exists a unique πππpρ,Eq P

L1´1
pρ, Eq such that πππpρ,Eq is an irreducible constituent of PG1

N

G1
N
πππpρ,Eq. Moreover

πππpρ,Eq has multiplicity 1 in PG1
N

G1
N
πππpρ,Eq.
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Proof. Denote π‘
pρ,Eq

“
À

πPL1´1pρ,Eq
π and π‘

pρ,Eq
“

À

πPM1´1pρ,Eq
π. By Theorem

4.4.6, it holds HPG1
N

G1
N
π‘

pρ,Eq
“ π‘

pρ,Eq
. Hence by Lemma 4.4.5, the representation

π‘
pρ,Eq

is a subrepresentation of PG1
N

G1
N

pπ‘
pρ,Eq

q and it satisfies:

HomG1
N

pπ‘
pρ,Eq

,PG1
N

G1
N
π‘

pρ,Eq
q “ HomG1

N
pπ‘

pρ,Eq
, π‘

pρ,Eq
q.

Since πππpρ,Eq is an irreducible constituent of π‘
pρ,Eq

, it is an irreducible constituent
of multiplicity 1 of PG1

N

G1
N

pπ‘
pρ,Eq

q “
À

πPL1´1pρ,Eq
pPG1

N

G1
N
πq. Therefore it is an ir-

reducible constituent of multiplicity 1 of PG1
N

G1
N
πππpρ,Eq for a uniquely determined

πππpρ,Eq P L1´1
pρ, Eq.

From now on, we fix a representation πππpρ,Eq P M1´1
ppρ, EqIF q and we denote by

πππpρ,Eq the representation in L1´1
pρ, Eq as in Lemma 4.4.13.

This choice determines the bijections

Fpρ,Eq : Apρ, Eq
^

Ñ L1
N

´1
pρ, Eq,

ψ ÞÑ ψ.πππpρ,Eq

F pρ,EqIF
: Appρ, EqIF q

^
Ñ M1

N
´1

pρ, Eq.

ψ ÞÑ ψ.πππpρ,Eq

For any ψ P Apρ, Eq^, the preimage ι̂´1
pψq is either empty or a coset of Kerpι̂q

in Appρ, EqIF q^. We define the head of parahoric restriction for the representations
in L1´1

pρ, Eq.

Definition 4.4.14. With notation as above, we define

HPG1
N

G1
N

pψ.πππpρ,Eqq :“
à

ψPι̂´1pψq

ψ.πππpρ,Eq.

Definition 4.4.14 is compatible with the Definition 4.4.4 because

HPG1
N

G1
N

pπ‘
pρ,Eq

q “
à

ψPApρ,Eq^

HPG1
N

G1
N

pψ.πππpρ,Eqq.

Remark 4.4.15. Let ψ P Apρ, Eq^. By the definition of ι̂ and Frobenius reciprocity,
the coset ι̂´1

pψq in Appρ, EqIF q^ can be described as follows. If ψ P Apρ, Eq^ does
not factor through ι, then ι̂´1

pψq is empty. Otherwise, there exists a character ξ of
ιpApρ, Eqq such that ξ ˝ ι “ ψ. Then ι̂´1

pψq is the set of the irreducible constituents
of indAppρ,EqIF q

ιpApρ,Eqq
ξ.

Theorem 4.4.16. For any ψ P Apρ, Eq^, the representation HPG1
N

G1
N

pψ.πππpρ,Eqq

is a subrepresentation of PG1
N

G1
N

pψ.πππpρ,Eqq, and every irreducible constituent of
HPG1

N

G1
N

pψ.πππpρ,Eqq occurs exactly once in PG1
N

G1
N

pψ.πππpρ,Eqq.
Moreover if π P M1

N
´1

ppρ, EqIF q is an irreducible component of PG1
N

G1
N

pψ.πππpρ,Eqq,
then π is an irreducible component of HPG1

N

G1
N

pψ.πππpρ,Eqq.
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Proof. By Proposition 4.4.12, for any ψ P ι̂´1
pψq the representation ψ.πππpρ,Eq is an

irreducible constituent of PG1
N

G1
N
ψ.πππpρ,Eq, and by Lemma 4.4.13 it has multiplicity 1.

Hence HPG1
N

G1
N

pψ.πππpρ,Eqq “
À

ψPι̂´1pψq
ψ.πππpρ,Eq is a subrepresentation of PG1

N

G1
N
ψ.πππpρ,Eq

and all of its irreducible components appear exactly once.
If π P M1´1

ppρ, EqIF q, there exists ξ P Appρ, EqIF q^ such that π “ ξ.πππpρ,Eq by
transitivity of the action. By Proposition 4.4.12, π is an irreducible constituent of
PG1

N

G1
N
ι̂pξq.πππpρ,Eq. Then if π ď PG1

N

G1
N
ψ.πππpρ,Eq, by the uniqueness statement in Lemma

4.4.13 it holds ψ.πππpρ,Eq “ ι̂pξq.πππpρ,Eq and since the action of Apρ, Eq^ over L1
N

´1
pρ, Eq

is free, ι̂pξq “ ψ. Therefore, ξ P ι̂´1
pψq, and so π “ ξ.πππpρ,Eq is an irreducible

constituent of HPG1
N

G1
N

pψ.πpρ,Eqq.

Remark 4.4.17. Theorem 4.4.16 depends on the choice of the maximal compact
subgroup K 1

N of G1
N . When a different maximal compact subgroup J 1

N is con-
sidered, the correspondence in Lemma 4.4.13 between a representation πpρ,Eq P

M1
N

´1
pρ, Eq and πpρ,Eq P L1

N
´1

pρ, Eq given by HomG1
N

pπpρ,Eq,P
G1
N

G1
N
πpρ,Eqq ‰ 0, for

pρ, Eq P ΦpG1
Nq0, varies as follows. Let g P GN be such that JN “ gK 1

N . Then
gπpρ,Eq P L1

N
´1

pρ, Eq, and

pResGNJ 1
N

p
gπpρ,Eqqq

J 1
N

`

“ pResGNgK1
N

p
gπpρ,Eqqq

gK1
N

`

“
g
ppResGNK1

N
πpρ,Eqq

K1
N

`

q.

We have G1
N – K 1

NäK 1
N

` – J 1
NäJ 1

N
` where the last isomorphism is induced by

conjugation by g. Hence pResGNJ 1
N

gπpρ,Eqq
J 1
N

` and pResGNK1
N
πpρ,Eqq

K1
N

` are isomorphic
as G1

N representations. It follows that HomG1
N

pπpρ,Eq, pRes
GN
J 1
N

gπpρ,Eqq
J 1
N

`

q ‰ 0.
Therefore, considering the parahoric restriction with respect to J 1

N rather than K 1
N ,

Lemma 4.4.13 would associate to πpρ,Eq P M1
N

´1
pρ, Eq the representation gπpρ,Eq P

L1
N

´1
pρ, Eq rather than πpρ,Eq P L1

N
´1

pρ, Eq.
However, the equivariance result in Proposition 4.4.12 still holds when considering

parahoric restriction with respect to a different maximal parahoric subgroup.
We conclude that if we replace K 1

N by J 1
N “ gK 1

N , then Theorem 4.4.16 holds
replacing πππpρ,Eq with gπππpρ,Eq.
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