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Abstract

In this thesis, we consider three cuspidal modular forms

F €SNy, xr), g€ Si(Ng,xg), h € Sm(Nn,xn)

of weight k¥ > 2 and [, m > 1 with conductor Ny, N4, N}, and characters x, x4 and xj respectively.
We assume that xs - x4 - Xn = 1. We fix a rational prime p and suppose that p > 3. We assume
that the root a; of the p-th Hecke polynomial of f has positive p-adic valuation. We denote by fa,
the oy stabilisation of f. Similarly, for £ = g, h, the p-th Hecke polynomial has roots a¢ and je.
We consider the p-stabilisations g,, and ha,. Under some assumptions, there are unique Coleman
families f, g and h passing through f,,, ga, and ha, respectively. We fix a finite extension L of
Qp containing all the Fourier coefficients of f, g, h, the roots a¢ and also the N-th roots of unity,
where NV is the least common multiple of Ny, Ny, N. For & = f, g and h, we denote by Ug the
L-rational open disc centered at u € Z>1 in the weight space Wy, defined over L. Let A¢ be the ring
of bounded by 1 analytic functions over Ug with respect to Gauss norm and we set Og = A¢[1/p] and
Ofgh = Of®L0g®LOh. We attach to £ a Galois representation V() and consider

V(f.9,h) =V(f)@L V(g) @ V(h)((4 =k —1—m)/2)
Following [63], [22, Section 2] and [13, Section 3], we can define a three variable p-adic height pairing
<<'a .>>fgh: Hl(V(f,g7h),D(f7g,h)+) X HI(V(fagah)7D(f7g7h)+) — y/jQ

where . is the ideal of analytic functions in Ofgp, vanishing at w = (k,1,m), H (V(f, g, h), D(f,g,h)")
is the extended selmer group of V(f,g,h) which is constructed by Benois [10] and [11]. In [1], An-
dreatta and Iovita construct a triple product p-adic L-function XPAI( f,g,h) for finite slope families.
In [44], Huang investigates the reciprocity law of the AI p-adic L-function. Combining the calcula-
tion in [71] and [13] for the p-adic height pairing and the reciprocity law proved by Huang, we can
generalize [22, Theorem 3.2] to our setting.

In the end, we formulate a p-adic BSD conjecture for Al p-adic L-function. We consider the
elliptic curve E defined over Q with good ordinary reduction at p. Furthermore, we suppose that
FE does not have complex multiplication. From the modularity theorem, we can attached to E a
weight 2 cuspidal modular form f. The p-th Hecke polynomial of f has a root ay with positive p-adic
valuation. We assume that f is non-critical, then there is a unique Coleman family f specializing to
the ay-stabilisation of f at weight 2, which is the critical stabilisation of f. Suppose that we have two
odd irreducible Artin representations ¢; and gs of the absolute Galois group of Q. Let o = 01 ® 02.
From the work of Khare and Winterberg, we can associate these two Artin representations to weight
1 cuspidal modular forms g and h respectively. Similarly, under some assumptions, we have two
unique Coleman families g and h specializing to the p-stabilisation of g and h respectively. We set
L,(E, o) = prl(f, g, h)?, which interpolation the value of complex L-function L(f ® g ® h, s) at the
central point s = 1. We can define E(K,)? the Mordell-Weil group of E twisted by o. We restrict
our p-adic height pairing (-, ->>fgh to E(K,)?, then we obtain

<<'7'>>fgh: E(K,)* x E(K,)* — f/an

where .7 is the ideal of analytic functions in Ogp, vanishing at wy = (2,1, 1). Using this p-adic height
pairing, we can define the regulator R,(E, p). We then give a conjectural relation between the p-adic
L-function L,(E, ¢) and the regulator R,(E, p).
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CHAPTER 1

Introduction

In [22], Bertolini, Seveso and Venerucci consider the cuspidal modular forms

f€82(Ny), g€ Si(Ng,xyg) he€Si1(Nnxn)

satisfying x4-x» = 1. Furthermore, they suppose that ord,(Ny) < 1 and the p-th Hecke polynomial of
& has a root a¢ which is a p-adic unit. Hence there is a Hida family f passing through the ordinary p-
stabilisation fo,. Assume that p{ NyNj, and g, h are classical p-regular weight one newforms without
p-split real multiplication. Then there are also Hida families g, h passing through the p-stabilisation
ga, and h,, respectively. We fix a finite extension L of @, which contains the Fourier coefficients of
f, g, h, the roots af, ag and o, and the N-th roots of unity, where N is the least common multiple
of Ny, Ny and Np,. For £ = f, g and h, we let Ug be an L-rational open disc centered at u € Z>, in
the weight space Wy, which is a rigid analytic space defined over L. Let Ag be the ring of bounded
by 1 analytic functions over Ug with respect to Gauss norm. Set Og = A¢[1/p] and we denote by
Ofgh = Of210,81,0p. We can attach each modular form ¢ a Galois representation V(¢) and
consider

V(f.g,:h) =V(f)@LV(g)®L V(h)
In [22, Section 2.5], they construct a three variable p-adic height pairing
oV pgn: HIV(fr9.0) x HHV(f,9,h) — S/ 5

Here .# is the ideal of Ofgp vanishing at w = (2,1,1) and fI}(V(f,g,h)) is the extended Selmer
group of V(f,g,h) whose construction is introduced by Nekovar in [63]. They prove the following
theorem in [22, Section 3.4].

Theorem 1.0.1. Assume that the complex Garrett L-function L(f @ g®h,1) =0 and (f,g,h) is not
exceptional. Then

AgQp
1 Q%
«
ﬁ((li(f,g, h),y) sgn = log™ " (vesy(y)) - Z,(f,g.h) mod 2
pagQp

Jory € Sel(Q,V(f,g,h)).

Here Sel(Q,V(f,g,h)) is the Bloch-Kato Selmer group of V(f,g,h), k(f,g,h) is the diagonal
class constructed in [23, Section 3], we recall its construction in Section 7.1.1. The map log™ ™ is from
H}((@p7 V(f,g,h)) to L, where H}((@p, V(f,g,h)) is the Bloch-Kato finite subspace(See [22, Section
3.1] for the definition) and .Z,(f, g, h) is the Hida—Garrett p-adic L-function constructed in [35].

In this thesis, we would like to generalize the Theorem 1.0.1 to Coleman families and more general
weights. We let

[ € Se(Ng.xs)s g€ S1(Ng,xg), h € Sm(Nn,Xn)

Here k > 2, [ and m > 1 and their conductors are N¢, N, and N}, respectively. We suppose that

1



2 Introduction

Assumption 1.0.2. x7-x4-xn = 1.

We fix p a rational prime satisfying p > 3 and p{ NyNyNj,. For £ = f, g or h, we write u for the
weight of £ respectively. We assume that £ satisfies following assumptions

Assumption 1.0.3. 1. If u > 2, £ is p-regular and non-critical. Furthermore, the p-stabilisation
of & is not f-critical.

2. If u =1, £ is a classical p-regular cuspidal weight one newform without p-split real multiplication.

We refer to Section 3.1 and Section 3.5 for more details on these definitions. Since £ is p-regular,
the p-th Hecke polynomial of { has two distinct roots a¢ and 5. We assume that oy has positive
p-adic valuation. Furthermore, we assume that ord,(c¢) < v —1. Under our Assumption 1.0.3, there
exist unique Coleman families passing through the p-stabilisations &, ( See Lemma 3.5.5). We denote
by f, g and h the corresponding Coleman families respectively. As before, we fix a finite extension L
of Q, containing all the Fourier coefficients of f, g, h, the roots a¢ and also the N-th roots of unity.
For £ = f, g and h, we still denote by Ug the L-rational open disc centered at u € Z> in the weight
space Wr. Let Ag be the ring of bounded by 1 analytic functions over Ug with respect to Gauss norm
and we set Og = Ag[1/p] and Opgn = Of&104@1 0. We attach to ¢ a Galois representation V (£)
and consider

V(f,9.h) = V(f) @1 V(g) @1 V()4 —k —1—m)/2)

Following [63], [22, Section 2] and [13, Section 3|, we can define a three variable p-adic height

pairing

<<'v'>>fgh: Hl(V(f,g,h),D(f,g,h)+) X H1<V(f7g’h)7D(f’gvh)+) — <y/‘ﬁ2

where .# is the ideal of analytic functions in Of4p, vanishing at w = (k,I,m), H*(V(f, g, h), D(f,g,h)™)
is the extended selmer group which is constructed by Benois [10] and [11] generalizing the original
ideas of Nekovar. The construction of HY(V(f,g,h), D(f,g,h)") relies on the p-adic Hodge theory
and the theory of (¢, I')-modules. We refer to Section 2 and 4 for more details.

Under the Assumption 1.0.2, the complex Garrett L-function L(f ® g ® h,s) has an analytic
continuation to the whole C and it has a functional equation which relates the values at s and
k+14+m—2—s. The sign of the functional equation is always {£1}. We assume that (Ng, Nj, Ny) = 1.
This assumption guarantees that the sign in the above functional equation is 41 if & > [+m. We recall
these facts in Section 6.1. In [1], Andreatta and Iovita construct a triple product p-adic L-function
fPAI(ﬁ g, h) for finite slope families. Under our Assumption 1.0.3, the p-adic L-function prl(f, g,h)
interpolates the central critical values of the complex L-functions L(f ® g; ® hu, (kK +14+m —2)/2)
at triples of classical weights w = (k, [, m) such that k > I + m ( see Equation 6.2.1). In [44], Huang
investigates the reciprocity law of the AI p-adic L-function which generalizes the reciprocity law
in [23, Theorem A] to the finite slope case. Huang’s reciprocity law is

L. 9.h) = Zy(ves, ((F.9.h).

Here Z5: H.(Qp, V(f,g,h)) — Oggn is the Perrin-Riou big logarithm( See Section 5 for more
details) and x(f, g, k) is the big diagonal class constructed in [23, Section 8.1], which is an element
in HL,,(Q,, V(f,g,h)). We recall the construction of x(f, g, h) in Section 7.1.2. This reciprocity law
is similar to the one proved by Bertolini, Seveso and Venerucci in [23].
We can define a map
log™*: H}(Qp, V(f,9.h)) — L,

using the Bloch-Kato logarithm. We refer to Section 8.1 for the definition of logt™. Combining the
calculation in [71] and [13] for the p-adic height pairing and the reciprocity law proved by Huang, we
prove the following theorem with the strategy in the proof [22, Theorem 3.2].

Theorem 1.0.4. Assume that the complex Garrett L-function L(f ® g @ h, (k+14+m —2)/2) =0
and w is not exceptional. Then

QqQp
1— 4
o
a7 (K (9., 0 g, = 108" (resy (1) - 2 (F.9. ) mod 52
bagip

fory € Sel(Q,V(f,g,h)).



Remark 1.0.5. 1. Here we only prove the result when ord,(c¢) < uw — 1. It is interesting to prove
the result when ord,(ag) = u — 1, which we would like to consider in the future.

2. We deal with the case that the (f,g,h) is not exceptional. We also would like to discuss the
exceptional case in the future.

This work follows closely the ideas, arguments and techniques developed by Bertolini—Seveso—
Venerucci, especially in [22] and [23] and Bertolini-Darmon—Venerucci [20]; the notation and exposi-
tion follow the ones in loc.cit. with mild adaptions. Our contribution consists of replacing in these
arguments the p-adic L-function in loc. cit. with that constructed by Andreatta—Iovita in [1], the
p-adic height in loc. cit. with that constructed by Benois in [11] and the explicit reciprocity law in
loc. cit. with that of [21]; see also Huang [44].

We conclude this introduction by offering a p-adic equivariant BSD conjecture in the case of
critical stabilisation. This is similar to [22, Conjecture 1.1] in the case of ordinary p-stabilisation.

Suppose we have two odd Artin representations o1, 0o of Gal(Q/Q) which are two dimensional.
Furthermore, we assume that pq, 0o are irreducible and that the self-duality hypothesis is satisfied

det(p1) - det(g2) = 1.

We set 0: = p1 ® 2. Suppose that E has good ordinary reduction at p and does not have complex
multiplication. We define by

E(K,)?: = (BE(K,) ®z Vg)Gal(KQ/Q)

the Mordell-Weil group of E twisted by o.

Using the modularity theorem, we may consider (f,g,h) the three cuspidal modular forms as-
sociated to (F, 01, 02). Since E has good ordinary reduction at p, we know that one of the roots
of the p-th Hecke polynomial of f has valuation 1. We denote by oy this roots. We consider the
p-stabilisation f,, of f with respect to ay, which is called of critical slope( See Section 3.1 for more
details). We can associate to f,, a Coleman family f and we can also associate to (g,h) the p-adic
families of cuspidal modular forms. We set L,(E,0): = prl(f, g,h)%. We restrict the p-adic height
pairing (-, ) f,5, to E(K,)¢, then we obtain

(N pgnt B,)? x B(K)* — /.97, (1.0.1)

where .# is the ideal of analytic functions in Ofgp vanishing at wy = (2,1,1). See Section 9 for more
details. We set
T(E, Q) = dimQ(g) E(KQ)Q.

Using the p-adic height pairing in Equation 1.0.1, we can define the regulator R,(E, g)( see Equation
9.0.1). From the definition of the regulator R,(E, o), we know it is non-zero if the p-adic height
pairing is non degenerate. We say that a non zero element F' of Oy4p has order of vanishing r € Zx>
at wo = (2,1,1) if it belongs to #" — 7T and denote by F* the image of F in the quotient
I/ #7+L Then we formulate the following conjecture.

Conjecture 1.0.6. The p-adic L-function L,(E, ) has vanishing order r(E, 0) at wo = (2,1,1) and
then the following equality holds up to (Q(p)?)*.

Ly(E,0)* = Ry(E,0) mod #7(F:0) ) gr(Eotl,

In particular, the p-adic height pairing (-, ->>fgh is non-degenerate.
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CHAPTER 2

The theory of (p,[')-modules

2.1 Period rings

In this section, we recall the constructions of Fontaine’s rings of p-adic periods in [37]. We also recall
the period rings in [33] and [14]. We also refer to [40]. B
We always let p be a prime number. We fix an algebraic closure Q,, of Q, and C,, is the p-adic

completion of Q,. Choose a valuation v,: C; — R U {+o0o} satisfy that v,(p) = 1. We denote by
Go,: = Gal(@p /Q,) the absolute Galois groups of Q,. One chooses a system of primitive roots of
unity e: = ((pn)n>1, such that {; =1, <£n+1 = (pn for any n > 0 and ¢, # 1. Let Q,,: = Q,({pn) and
Qx:= U Qn. Let Xcyc be the p-adic cyclotomic character
n>1
Xeye: Go, — Zj, . (2.1.1)

We denote its kernel H which can be identified with Gal(Q,/Qs). We put I': = Gg,/H and we
identify it with Gal(Quo/Qp). We still use the same symbol to denote the map xeye: I' — Z,° which
is induced from Equation 2.1.1. We normalized the Hodge—Tate weight of Q,(1) to be +1.
We first define the ring B
E+: = 1&1 Ocp/po(cp.
r—>xP
This ring is perfect of characteristic p and its residue field is Fp. We refer to [40, Proposition 5.2 and
Theorem 5.5]. The elements in E* can be written as (zo, 1, , Tp,---) such that z,, € (’)@p /p(’)cp

and $Z+1 = x, for all n. For each n, we choose a lifting z,, € Oc, of z,. For every m > 0,
the sequence {Eﬁ: 4n) converges to z(m ¢ Oc,, which does not depend on the choice of Z,. This
can be seen from the proof of [40, Proposition 5.3]. We then define the valuation vg, on E* by
vgs (2) = vp(2(@). This valuation makes ET a complete valuation ring, see [40, Theorem 5.5] for
more details. We denote by E: = Frac(ﬁ"‘) the fraction field of E*. The valuation Vg+ can be

extended to a valuation vz on E. We have a natural continuous action of Ggq, on E* given by

E
g(x): = (g2'"),,.
We can view ¢ as an element in E* and we denote 7 = ¢ — 1. We can show
p
V= = —,
E(W) p—1
Furthermore, the action of g € Gg, on € and 7 is given by

gle) =@, glm) = (14 m)xor® 1.

See more details in [40, Lemma 5.11]. Now we let AT: = W(E'), A: = W(E) be the rings of Witt

vectors of E* and E respectively, which are naturally equipped with actions of ¢ and Gg,. More

5



6 The theory of (¢, ')-modules

~ ~ oo ~ ~
explicitly, if we write the element in A* (resp. A) as Y. p*[zy] for z, € E* (resp. z) € E), we have
k=0

@ <Zpk[xk]> =Y paf] and g (Zpk[zk]> = pFlg(an)]
k=0 k=0 k=0 k=0

for any g € Gg,. We know that ¢ commutes with the action of Gq,, i.e., p(ga) = gp(a) for any
g € Gg, and a € AT (resp. a € A). We define

1§+:A+[1/p}{ > Pl | xk€E+}

kE>—oc0

and B = A[l /p]. The Frobenius of A and A induce the Frobenius on BT and B. We have a natural
Gq,-equivariant surjective ring homomorphism 6: B¥ — C, such that

0 Zpk[xk] ::Zpk:z:,(go)

k>0 k>0

The construction of this map, we refer to [40, Section 6.2.1 and Section 6.2.2]. We consider P:= (PM)
to be an element in E*, where P(®) = p. We can check that ker(f) = ([P] — p), see [40, Proposition

6.12]. We define B : = Jim B*/ker(6)" and an element
n>0

t: =log([e]) = Z %([3] - 1)" € Big.

n>1

The ring BZ{R is a discrete valuation ring with the maximal ideal tBjR and the residue field C,. We
have (t) = pt and v(t) = x(y)t for any v € I'. We put

Bar: = Frac(BjR) = BIz [1/t].

We know that Bj‘R and Bgyr are equipped with the action of Gg,. There exists a filtration on Bgr
given by Fil'(Bar): = By for i € Z.

We suppose that Ap.x is the separate completion of .K"‘[%] with respect to the p-adic topology.
We define by Bl = Aax[1/p] and by Bax = B, [1/t]. The ring Byyax is canonically contained in

max

Byr, then it is equipped with Galois action of Gq,, the filtrations induced from Bggr and the Frobenius
¢ induced from that of AT. We define B, : = B&ZL. The series log(7(®) +log([]/7(?)) converges to

max*

an element log([7]) in Bz which is transcendent over Byax, then we define By : = Byax[log([7])].
We define the following rings for r > 0

~ > ~ k
0,r] . _ _ k : _
AT, — {x—Zp [zk] 6A|khﬂmoo <1/E(xk)+r> —+oo}.
k=0
This is a subring of A stable under the action of Gq,, ¢ induces a ring isomorphism
A0~ A0p7 ]

and the action of ¢ and Gg, on A©] are continuous. We refer to [33, Corollaire 5.5, Proposition
5.10] for more details. There is a valuation v(*"1 on A©] which is given by
(077"] — 1 f k
O (x) = inf vg(or) + ~

k>

We define the ring A7: = A®% ] and then the subring AT of AT as following

Abr: = {2 = Zpk[xk} €A vg(ok) + ﬂlk > 0 for every k > 0}.
p—
k=0



2.2 p-adic Hodge theory 7

We define B": = K“’[l/p] and we set B : = UT20]§T’T. We consider the complete discrete valuation

ring Ag, consisting of the Laurent series of the form > arm®, where ai € Z, and ay, tends 0 if &
keZ
goes to —oo. Set Bg,: = Aq,[1/p]. Then Bg, is stable under ¢ and Gg,. See [29, Section 2| for

more details. We denote by B is the p-adic completion of the maximal unramified extension of Bg,
in B. Then we define B"": = BN B" and BT = U,>,B"". We define the following ring

Bl,:=UN IU{ P m} H , (2.1.2)

S0s5r 7" p J Lp

where if A is a p-adic complete ring, A{X,Y} denotes the p-adic completion of A[X,Y].

2.2 p-adic Hodge theory

We call an L-representation of G, is a finite dimensional L-vector space equipped with a continuous
L-linear action of Gg,. For an L-representation V' of Gq,, we can associate several different L-vector
spaces introduced by Fontaine in [38].

1. We can define a L-vector space Dgr(V): = (Bar ®q, V)9% . There is a L-linear filtration
on Dyr(V) given by Fil' Dyr(V): = (Fil' Bar ®g, V)“%. We call V' de Rham if it satisfies
dHﬂLI)dR(VU ::dhnL(Vq.

2. We define a L-vector space Dy (V): = (Bs; ®g, V)% . The L-vector space Dg (V) is a filtered
(¢, N)-modules which means that it is a finite dimensional E-vector space equipped with L-
linear Frobenius ¢, filtrations by L-vector subspaces induced from Dgg (V) and a E-linear
operator N called monodromy operator satisfying Ny = ppoN. We call V is semi-stable if it
satisfies dimy, Dg (V) = dimg (V).

3. We define a L-vector space Deis(V): = (Bmax ®q, V)G@p. The module Dg,i5(V) is equipped
with L-linear Frobenius ¢ and filtrations by L-vector subspaces. We call V is crystalline if it
satisfies dimy, D,is(V) = dimy V. It is known that V' is crystalline if and only if that it is
semi-stable and N = 0 on Dg/(V).

2.3 The theory of (¢,I')-module over Robba ring

In this section, we recall the basic properties of (p,I')-modules. The notion of (¢,T')-modules was
introduced by Fontaine in his fundamental paper [39].

Let L be a finite extension of Q, and Oy, its ring of integers. We denote the p-adic valuation on
L by vr,. For each 0 <r < 1, we denote by ann(r, 1) the p-adic annulus

ann(r,1) = { € C, | p™1/" < al, < 1},

here |z|, = p~*»(*). We define %y) over L to be the ring of power series f(X) = > a, X", where
nez

an € L such that f(X) converges on ann(r,1). The Robba ring %y, is defined to be Zr, = | 9?(;).
0<r<1

The power series ¢ = log(14 X) belongs to the Z;,. The Robba ring #, is endowed with a Frobenius
map ¢ given by (pf)(X) = f((1 4+ X)? —1). The Robba ring Zy, is also endowed with an action
of T given by (af)(X) = f((1 + X)Xeve(® — 1) and this action commutes with ¢. We can see that
p(t') = pt’ and a(t') = at’. Moreover, we have

(%)=, rerl,
o)) = ",

We also define the ring £, which is the subring of #Z, consisting of the power series f(X) = > a, X"
nez
for which the sequence {a,} is bounded. We denote by £», the subring of £, consisting of those
f(X)= > a,X™ for which vy (a,) < 1.
nez
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2.3.1 The p-modules over %,

We recall Kedlaya’s slope theory for p-modules over Z;. We first give the definition of ¢-modules
over Zr,.

Definition 2.3.1. We say D is a ¢-module over Zy, if it is a free Z-module of finite rank d with a
p-semi-linear map ¢p such that the matrix Mat(¢p) for some basis of D is in GL4(Zy).

If s € Q, then we write s = a/h for a, h € Z and (a,h) = 1. We say that a p-module over
Z1, is pure of slope s if it is rank > 1 and has a basis in which Mat(p~?¢") € GL4(E0,). A ¢-
module over Zy, which is pure of certain slope is said to be isoclinic. We have the following theorem
from [50, Theorem 6.10].

Theorem 2.3.2. If D is a p-module over Zy, then there exists a unique filtration
{0}=DycDyC---CD¢=D
of D by sub-p-modules such that
1. foralli>1, D;/D;_4 is an isoclinic p-module.

2. if s; is the slope of D;/D;_1, then s1 < s < -+ < 8.

2.3.2 The (¢,I')-modules over %,
Definition 2.3.3. We say that D is a (¢, ')-module over %y, if

1. D is a free Zr-module of finite rank d,

2. D is equipped with a ¢-semi-linear map ¢p: D — D such that the matrix Mat(¢p) of pp in
some basis belongs to GL4(ZL),

3. D is equipped with a continuous semi-linear action of I which commutes with ¢ . Here semi-
linear means that y(az) = y(a)vy(z) for any a € Zr, x € D and v € T.

We denote by M}’}f the category of (¢,T')-modules over Zy.

Definition 2.3.4. We say that a (¢, ')-module over Zy, is étale if it has a basis in which Mat(¢p) €
GLa(E0,)-

Remark 2.3.5. We can see that étale is equivalent to being pure of slope zero.

We denote Mf%f stale the category of étale (o, I')-modules over %1 We denote by Rep (Gg,) the

category of L-representation of Gg,. If D is a (p,I')-module over %, then V(D) = (]~31ig R, D)¢=!
is an L-vector space, equipped with the action of Gg, given by g(z ® ) = g(x) ® [xcye(9)](e).
From the results of Fontaine [39, Theorem 3.4.3], Cherbonnier—Colmez [28, Corollary II1.5.2] and

Kedlaya [51, Theorem 6.3.3], we have the following result.

Theorem 2.3.6. If D is an étale (¢,T')-module of rank d over Zy,, then V(D) is an L-linear rep-
resentation of dimension d of Gq, and the resulting functor from Mf%,’f’émle to Repr(Gq,) is an

equivalence of categories. We denote by D:ig(V) the inverse functor from Repy(Gq,) to Mgz,’f’émle.

Remark 2.3.7. From the discussion in [17, Section 2.4], the condition that D is étale is the right one
for V(D) to be finite dimensional L-vector space.

2.4 Relation to the p-adic Hodge theory

We want to recover the classical Fontaine’s functors Dgr(V), Dgt (V) and Deis(V) from Diig(V).
The work of Berger [14] and [16] gives the solution to this problem. In this section, we recall some

results of Berger.



2.4 Relation to the p-adic Hodge theory 9

We write Quo[[t']] for the ring of power series. We have a natural action of ' given by
v (Z aﬁ”) =) (@) Xeye (V)"
i€z i€z

We define n(r) is the smallest integer n such that p"~1(p — 1) > r. We know that there exists an
integer r(K) such that if p"~1(p — 1) > r > r(K), for any n > n(r), we have a well defined injective
homomorphism

tn: B — Quollt]) ®g, E-

See more details from [61, Section 2.1]. Let D be a (¢,T')-module over Z;,. We have the following
theorem.

Theorem 2.4.1. We let D is a (p,I')-module over Z1, and there exists r(D) > 0 such that for all
r > r(D), there is a unique %g)—module D) of D satisfying

1. D=%1 ® D),

)

2. If s >r, then D) = D) ) %25).
L

3. D(rp) = %’2”’) R D),
Proof. See [16, Théorém 1.3.3]. O

Hence we can write D = D) ® pr) Zy, for r > r(D). We denote
L
Zii(D): = D7 @gn , Quollt]) @, L
for r > r(D) and for all n such that p"(p — 1) > r and Zair(D): = Z(D)[1/t']. We then define
@jR(D): = .@(;f(D)P and Zyr(D): = @dif(D)F

This definition does not depend on the choice of r and n. We know that Zyr (D) is a finite dimensional
L-vector space such that
dimy, Zar (D) < rankg, (D).

Moreover, Zqr (D) is equipped with a filtration
Fil’ @dR(D): = @dR(D) N t/i@;f(D),

which also does not depend on the choice of  and n. Now we let Z [log X] denote the ring of power
series in variable log X with coefficients in #Z;,. We can extend the actions of ¢ and I" to Z,[log X],
which is given by

_ p(X)
p(log X) = plog X + log ( X )

v(log X) = log X + log (7(XX)) , for v eT.

X X
Here log <90§(p)> and log (7()()> converge in Zy. See [14, Section 2.6]. We can also define a

monodromy operator N: Zy [log X] — % [log X] by

N\"' d
N=-(1-= .
( p) dlog X

Definition 2.4.2. For a (p,I')-module D over Zr,, we define

Derys(D): = (D @4, Z[1/t)", PD4(D): = (D @4, Zrlog X, 1/t'DT.
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Then % (D) is a finite dimensional L-vector space equipped with natural actions of ¢ and N
such that Ny = ppN. Moreover, it is equipped with a canonical exhaustive decreasing filtration. On
the other hand, Zis(D) = Z4(D)N=" and

dimy, Deris(D) < dimp, st (D) < dimy, Zar (D).
Definition 2.4.3. We say that D is crystalline (resp., semistable, resp., de Rham) if
dimy, Peyis(D) = rankg, (D)
(resp., dimy, st (D) = rankg, (D), resp., dimy Zgr(D) = rankg, (D)).
Proposition 2.4.4. Let V be an L-representation of Gq,. Then

D.(V) = 2,(D!

Tig

(V), =€ {st, cris}.

In particular, V is crystalline( resp., semistable) if and only if DT, (V) is.

Tig

Proof. See [14, Theorem 0.2]. O

2.5 Families of (¢, [')-module
Let A be an affinoid algebra over L. We define

R, = Ao &, ga= | 2.

0<r<1

The actions of ¢ and I on #Z;, extend to Zr 4 by linearity.

Definition 2.5.1. 1. A (¢,I')-module over %@4 is a finite generated projective %,(-Z)A—module
D) equipped with the following structures

(a) A ¢-semi-linear map
ep: D — D@0 &)

such that the induced linear map

o0 ®@idgm DO @ 2 — D" @

is an isomorphism of e%’(Lp Q-modules.
(b) A semi-linear continuous action of I' on D).
2. D is a (p,I')-module over Z;, 4 if D = D) ®
2,

2 A1, 4 for some (¢, k)-module D) over
L,A

A p-adic representation of Gg, with coefficients in an affinoid algebra A over L is a finitely
generated projective A-module equipped with a continuous A-linear action of Gg,. Let Rep4(Gq,)

denote the tensor category of p-adic representations with coefficients in A and Mf%’fA denote the

tensor category of (¢, I')-modules over Z1,_4. We can generalize the functor Diig in Theorem 2.3.6 to
these more general representations. More precisely, from the work [18, Théoréem A] and [48, Theorem
0.1], we know there is a fully faithful exact functor

L
D], 4: Rep,(Gx) — M%, |

which commutes with base change. We recall the explicit description of functor Diig 4- We let A be
a Banach algebra over L and the valuation Valy on A, which satisfies

1. Vala(f) = +oo <= f=0.
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2. Vala(fg) > Vala(f) + Vala(g)
3. Vala(f 4 g) > inf{Vala(f), Vala(g)}

for all f, g € A. Let O4 be the ring consisting of the element whose valuation is greater or equal
to 0. Now we consider V' is a p-adic representations of Gg, with coefficients in A of dimension
d. From [18, Théorem 4.2.9], there exists an s(V, A) > 0, such that for any s > s(V, A), there is a
ABq,B*-module D*(V) which is locally free of rank d. The module D';*(V) ®ago, Bl (A®g,B?)

is isomorphic to V ® 4 (A@)QPBT’S). Then we define
D\ (V): = D}’ (V) ©,45, i ABg,B!
for any such s. Our functor Diig 4 1s given by
DIig,A(V): = DL(V) ®agq, B A@’QPBLg-

Remark 2.5.2. When A is a finite extension L of Qp, then the functor DiigL is the same as the functor

Diig in Theorem 2.3.6.

Let 2 = Spm(A). Then for every point z in £, we denote by m, the maximal ideal of A
associated to x, then we denote E,: = A/m,. Suppose that V( resp. D) is an object of Rep 4(Gg, )(

resp. of MEJE.A), we set V, =V ®4 E,(resp. D, =D ®4 E,). We have the following commutative
diagram '

Dliya ol
Rep,(Gq,) —— M=@jL,A

Jo= Jor.
DIig T
RepE‘E (GQp) MLP,

RL,B,’

i.e. we have DI

rig,a (V)2 = D! g, (V). We refer to [18, Théorem A] and [48, Theorem 0.1] for more
details.

rig,
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CHAPTER 3

Big Galois representation

3.1 p-stabilization of modular forms

Let f =) ang™ be a newform of level I'1 (V) and of weight k42 > 2 with nebentype x ;. We assume
that p { N. We then have T,,f = a,f and (p)f = xs(p)f. We denote oy and By the roots of the
polynomial

X% —a,X + Xf(p)pk+1.

Definition 3.1.1. We call f is p-regular if oy # B5.

Remark 3.1.2. It is conjectured that f is always p-regular, but we only know for f of weight 2.
See [30].

We let T': = T';(N) N Ty(p). We assume that f is p-regular. Hence there are two normalized
modular forms for I of weight k + 2 defined by

fas(2) = f(z) = By f(p2),
fa,(2) = f(2) — apf(p2).

As is well known, these two modular forms are eigenforms for the Hecke operators Ty, for £1pN and
the diamond operators with the same eigenvalues as f. In addition, they are also eigenforms for the
Atkin-Lehner operator U, satisfying U, fo, = o fo, and Uy, fg, = By fs,-

We say that the modular form fg, is of critical slope if ord,(8;) = k + 1. We have the following
classification.

Proposition 3.1.3. When f is a cuspidal newform, then there exists a fg, of critical slope in and
only in the following cases:

1. f is not CM and ordy(a,) = 0.
2. fis CM for a quadratic imaginary field K where p is split.
Proof. See [5, Proposition 2.13]. O

Definition 3.1.4. 1. We call fg, is critical if ord,(8f) > 0 and the representation p¢|c,, is the

direct sum of two characters. Here p; is the unique Galois representation ps: Gg — GL2(Q,)
such that ps is unramified outside Np and satisfies

tr(ps(Froby)) = ag
for all £1 Np.
2. We call fs, is f-critical if it is in the image of the operator 6y : Mik(f‘) — M,iJFQ(F)7 which

d
acts on g-expansion by (¢— )*t1. Here M (') denote the space of overconvergent modular
d 3
q

form for I' of weight i.

13
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Remark 3.1.5. The usual definition of non-critical is given by ord,(8) < k — 1, which is different
from the definition we give here. The condition ord,(8s) < k — 1 is called numerically non-critical
in our case and it can be shown that the numerically non-critical implies the non-critical, but the
converse is false in general. See [6, Remark 2.4.6(ii)] for more details.
From [5, Proposition 2.11], when f is cuspidal and fs, is of critical slope, then fg, critical is
equivalent to that fs, f-critical.
Remark 3.1.6. 1. Tt is conjectured that every cuspidal non CM form is non-critical(c.f. [5, Remark
2.14]). Hence in the first case in Proposition 3.1.3, we expect that fsz, of critical slope is
non-critical, hence not #-critical.

2. In the second case in Proposition 3.1.3, the fz, of critical slope is always critical and hence
f-critical.

3.2 Locally analytic functions and distributions

We always assume that N is an integer and N > 4. We also assume p > 3. We let A: = Z,[[Z]]
be the Iwasawa algebra. We write 9t: = Spf(A). Now we define W the rigid analytic space over Q,
associated to the formal scheme 9t. We let L be a finite extension of @, with ring of integers Of,
and maximal ideal m = 7. We base change W over L, which we denote by Wr. If y € W (L), we
denote by k,: Z, — L* the associated character. We consider Z as a subset of W (L) identifying
k € Z with the character ¢t — t*~2. We call the point in Z the classical point. We set

1
Wi ={y € Wr(L) | vp(ky(a)Pt —1) > ST foralla € Z}.

If U C Wj is either an affinoid disk or a wide open disk, we write Ay for the ring of analytic
functions on U that are bounded by 1 with respect to Gauss norm which is an Op-algebra isomorphic
to Op[[T]]. The Op-algebra Ay is complete with respect to my-adic topology for my the maximal
ideal of Ay. See [2, Section 3.1] for more details. Set Oy = Ay[l/p] for the ring of bounded
analytic functions on U. We denote by ry: Z,; — A the universal weight character given by

Ry : Z; — OL[[Z;HX —)A;}
Weset T: =2 x Z, and T': = pZ, x Z). Let

So(p) = {(‘; 2) € Mays(Z,) N GLa(Q,) | a € Z5,c € pzp}

and
b
Zé(p): {(CCI d) €M2><2(Zp)mGL2(Qp) |d€Z;,C€pr}

These two semi-groups act on Zi by right multiplication and preserve the subset T and T’ respectively.
Hence T and T’ are preserved by scalar multiplication by Z and right multiplication by the Iwahori
subgroup I'o(pZ,) = o (p) N G (p).

Definition 3.2.1. Let U C Wj be an affinoid or wide open disc.

1. Let A(U)° denote the space of functions f: T — Ay satisfying
(a) f(at) = ky(a)f(t), for all a € Z.
(b) The function f(1,z) can be written in the form § cn 2™, where ¢, € Ay and ¢, goes to

zero when n — oo with respect to the my-adic ‘?gsology.

2. Let A'(U)° denote the space of functions f: T" — Ay satisfying
(a) f(at) = ky(a)f(t), for all a € Z).
(b) The function f(pz,1) can be written in the form io: cn 2", where ¢, € Ay and ¢, goes to

n=0
zero when n — oo with respect to the my-adic topology.
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Set D' (U)°: = Homy, cont(A (U)°, Ay), A(U) = A(U)°[1/p] and D (U): = D(U)°[1/p] for
- = {0,/}. The Ay-module A (U)° is preserved by the left action of Xy(p) i.e. if f: T — Ay is
an element in A (U)°, then v - f(t) = f(t- ) for every v € Ey(p) and ¢t € T'. See [55, Proposition
4.2.5] for more details. This gives the structure of a Ay[X;(p)]-module on A (U)° which induces a
structure of a right Ay [E;(p)]-module on D (U)°.

We suppose that » € Wy (L). We have the following similar definition.

Definition 3.2.2. 1. Let Ap denote the space of functions f: T — Oy, satisfying
(a) f(at) =r(a)f(t), for all a € Z).

o0
(b) The function f(1,z) can be written in the form > ¢,z", where ¢, € O, and ¢, goes to
n=0
zero when n — oo.

2. Let A%° denote the space of functions f: T" — O, satisfying
(a) f(at) =r(a)f(t), for all a € Z).

o)
(b) The function f(pz,1) can be written in the form Y ¢,z", where ¢, € O, and ¢, goes to
n=0
zero when n — oo.

We can also set D;°: = Homo, cont(A;°, OL), A, = A:°[1/p] and D;.: = D;°[1/p] for - = {0,/}.
Let k =r+2 € U and 7, € Ay be a uniformizer at k — 2. From [2, Proposition 3.11], we have
short exact sequences of Xj(p)-modules

0— AU) = AU) 25 A, — 0,
0— DU DU 2D —0
We can make the morphisms p; more precise:

pe(f)(@,y) = f(z,y)(k) and  pr(p)(v) = plyo) (k)
for every f € A (U), (x,y) € T, p €D (U) and v € A, where

o ku(z)-y(Ly/z), HT =T
ku(y) - y(x/y, 1), T =T.

3.3 Slope decompositions

Let % be a L-Banach algebra and h € Q>¢. We say that a polynomial P(¢) in J|t] has slope < h
if every edge of its Newton polygon has slope < h. Let Z[t]<" be the set of polynomials in Z[t|
of slope < h and whose leading coefficient is a multiplicative unit. For every P(t) € %|t], we write
P*(t) = t%e(P) P(1/t). Now we consider a #-module N and let u be a %-linear endomorphism of
N. Following [4], we say that N admits a slope < h decomposition with respect to w if there exists
a direct sum decomposition N = N=" @ N>" into %[u]-modules satisfying

1. N=" is finite generated over 2.
2. There exists P(t) € 2[t|=" such that P*(u) kills N=".
3. For every P(t) € B[t|=", the endomorphism P*(u) of N>" is an isomorphism.

We let U be a connected wide open disc of Wy, containing an element & = r + 2. From the
discussion in [23, Section 4.1.4], there is a L-Banach algebra structure on Op. We recall how to give
the L-Banach algebra norm on Opy. We know that Oy is isomorphic to the L-module L[[T]]° of
power series in L[[T]] with bounded Gauss norm. If s is a real number satisying 0 < s < 1, we define
|“|s: L[T))° — Rxo by | > apn-T"|s = sup,;>¢ 8" - |an|p- The |-|s is an L-Banach algebra norm on

n>0

L[[T)]°, which is independent of s, hence this corresponds to a L-Banach algebra norm on Op. We
set
Tr = {(L, A U), (L, Dy U), (L, (D), U ), (L L (L), Up) }
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where S,.(L) is the set of two variable homogeneous polynomials of degree i in L[z1,22] and L,.(L) is
the L-linear dual of S,.(L) and we set

TU = {(OUvA(U)a Up>7 (OU7D(U)7U;D)} .

Then we can discuss slope < h decomposition of each triple (%, M, u) in 7, U Ty. From the work of
Coleman [32] and Ash—Stevens [4], we have the following proposition. See also [2] and [23, Proposition
4.2].

Proposition 3.3.1. Let (%, M,u) be a triple in T, U Ty. Shrinking U if necessary, the B-module
HY(T, M) admits a slope < h decomposition with respect to w. Moreover, for- = 0, 1, the specialisation
maps pi in Equation 3.2 induce Hecke equivariant isomorphisms

pr: HY(T, A (U))=" @4, Au/mp = HY(T, A,)="

and
pr: H'(L,D'(U))=" @a, Av/mp = H'(T, D;)="

Lemma 3.3.2. Let U is a wide open disc containing an integer k > h + 1, we have a morphism of
Gg-modules
HY(T,AU))=" — HY(L,D'(U))="(—kv),

where ki : Gg — A is defined by ku(g) = ku(Xeye(9)) for every g € Gg.
Proof. This is from [23, Equation (83)]. See [24] for more details. O

3.4 Local description of the eigencurve

Now we briefly recall the local pieces of the eigencurve constructed in [12, Section 5.3], which is a
variant of Bellaiche’s construction in [5, Section 3.4]. The construction of eigencurve is first given by
Coleman and Mazur in [31] and later generalized by Buzzard in [27].

For any W the affinoid disc of Wy, we set Hyy : = H ®z Ow. We fix a nice affinoid disk W of the
weight space Wy, See [5, Definition 3.5]. We also set W to be v-adapted(c.f. [5, Section 3.2.4]). We
denote by M (T, W) the Coleman’s space of overconvergent modular forms of level I' and weight in W.
See [32, Section B.4] for more details. The MT(T', W)=V is the Oy -submodule of MT(I', W) on which
U, acts with slope at most v. Similarly, we denote by ST(I', W) the space of cuspidal overconvergent
modular forms of level ' and weights in W. We also define the Oy -submodule ST(T', W)<¥ in the
same way. Let Ty, denote the image of Hy in Endo,, (MT(I',W)<") and Ty denote the image of
Hw in Endo,, (ST(T, W)=¥). Then we define Cyy,,, : = Spm(Ty,,) and Cyp) : = Spm(TcuSp) We know
that Cy,,, is an open affinoid subspace of the Coleman-Mazur-Buzzard eigencurve C and CCpr is an
open affinoid subspace of the cuspidal eigencurve C°*SP. See more details in [5, Section 2.1. 1 Sectlon
2.1.3]. If z € Cyy), then Cyp5Y and Cw,, are locally isomorphic at the point 2. See [5, Corollary 2.17).
We denote by x: Cw,, — W the weight map which is finite and flat. See [5, Section 2.1.1].

We denote by H i(F, —) the cohomology groups with compact support of I'; which is defined to be
Hi=1(T,I(-)) the i — 1-th cohomology group of I' with values in the I'-module

I(-) = Homgz(Div’(P1(Q)), ),
where Div’(P!(Q)) is the abelian group of divisors of degree 0 on P'(Q). We set

HXD,DU)5=": = H(D, DU))*=" @0, Ow,
HYT, A'(U ﬁﬁ”: = H\(D, A (U)*=" @0, Ow.

0 1

Here HX(T',-)* =" is the +1 eigenspace of the action of <_1 0

). Then we let

"y — Endoy, (HA(T, D(U)ESY), 1 Hw — Endo,, (HX(T, A'(U))5=Y).

We define the ideal I7: = ker(ri) and IF: = ker(ry).
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Definition 3.4.1. We define C#,EV’V: = Spm(Hw /1) and C{/",%V: = Spm(Hw /I5)
We have the following properties.
Theorem 3.4.2. 1. C#,[VW ~ C{/’Vi and Cy,, = C;‘V,V U CV_VW.

2. Suppose xg € Cw,, is cuspidal and ko = k(xg). For sufficiently small wide open neighborhood
U of kg and an affinoid W C U containing ko, we have xg € CITV’V NCyy,,- Furthermore,

(a) zo belongs to a unique connected component X of Cyy,,.

(b) Both Ox-modules HX(T, D(U))5 @4y Ox and HXT, A (U))5) @y Ox are free of rank
2.

Proof. See [12, Theorem 5.6, Corollary 5.7] and [5, Theorem 3.30]. O
We have the following theorem given by Bellaiche for the description of X.

Theorem 3.4.3. After shrinking W and enlarge L, for xo € CyF, there exist integers r > 1, we
write Oy = L{Y/p"®), where e is the degree of ramification of the weight map k at the point xg.
Furthermore there exists an affinoid neighborhood X of xq, we have an isomorphism of Ow -modules

Ow[X]/(X¢ —Y) = Oq.

Proof. We can prove the theorem by combining [5, Proposition 4.11 and Corollary 2.17], see [12,
Proposition 5.3]. O

Remark 3.4.4. We know that e > 2 if f; is a critical slope CM cuspidal form. It is conjectured that
e = 2 in this case. When fj, is critical slope non CM cuspidal form, it is conjectured that e = 1.
See [5, Remark 1] for more details.

3.5 Coleman families

Let L be a finite extension of QQ, with ring of integers Or and let 4 C W; be a wide open disc
containing a classical point.

Definition 3.5.1. A Coleman family & over U of tame level Ng with character x¢ is a formal power
series

> an(€)q" € Aullq]

satisfying the following properties
1. a1(§) =1 and a,(&) € O.

2. For all but finitely many classical weights « contained in U, the specialization

€= au(€)(uwg" € OLllq]

is the g-expansion of a classical modular form of weight k + 2 and level 'y (N) N Tg(p) with
character xg, : (Z/NeZ)* — L* that is a normalized eigenform for the Hecke operators.

3. For all but finitely many classical weights k contained in ¢/, the specialization of x¢ at £ coincides
with the nebentypus x¢, of &.

For a Coleman family &, if £, is old at p, it is a p-stabilisation of a newform &, of level I'; (Ng).

Definition 3.5.2. We say that a cuspidal eigenform f of level I';(N) N Tg(p) and weight k + 2 is
noble if

1. f is the p-stabilization of normalized cuspidal newform f’ of level I'; (N) such that f” is p-regular.

2. f’ is non-critical.
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We make the following assumptions.

Assumption 3.5.3. We call a classical point u is good if
1. p does not divide the conductor of &,.
2. & satisfies one of the following conditions at w:

(a) when u > 2, &, is noble and &, is not H-critical.

(b) When u = 1, then & is a p-stabilization of a classical p-regular cuspidal weight one newform
without p-split real multiplication. Here &; has p-split real multiplication means that it
is the weight one theta series attached to a ray class character of a real quadratic field in
which p splits.

Remark 3.5.4. The Assumption 3.5.3 (2) makes sure that the eigenform &, is an étale point of

KCUSP C‘C,;? — W. We talk about these two assumptions for more details.

1. In the case of Assumption 3.5.3 (2) (a), we see kP is étale at &, from [5, Proposition 2.11].
2. The main result of [7] proves that kP is étale at &; in the case of Assumption 3.5.3 (2) (b).

Lemma 3.5.5. Let f be a noble eigenform of weight k + 2 or f is the p-stabilization of a classical
p-reqular cuspidal weight one newform without p-split real multiplication. Then for any sufficiently
small Uy containing k, there is a unique Coleman family f over Uy such that fr, = f.

Proof. We only need that x*P is étale at the point corresponding to f. This follows from Remark
3.5.4. See the discussion in [55, Theorem 4.6.4]. O

Remark 3.5.6. If f corresponds to a point zo on Cy;)}, then we have the affine neighborhood X of
zo as in Theorem 3.4.2. It is convenient to identify X with the Coleman family f through f. So the
overconvergent eigenform f, that corresponds to a point 2 € X'(L) is simply the specialisation f, ()

of f.

3.6 Big Galois representations

We consider three Coleman families f, g, h which are of tame levels Ny, Ng, Ny, with characters x,
Xg» Xh respectively. These three families are parametrised by connected affinoid dics Uy, Ug and Uy,
of Wy, centered at k > 1,1 > 1 and m > 1 respectively. We assume k, [ and m are good points. Write
& to be one of them. Let Ug be a wide open subset containing Ug in W*. Set I'e = I'1(Ng) N To(p)
and let D'(Ug) and D(Ug) as in Section 3.2. Define

V(&) < H;(Le, DUe))~" (k) @0y, Ou

to be the maximal Oy, -submodule of H}(I'¢, D' (Ue))="(—ky,) ®0y, Ove on which the Hecke op-
erators Ty, T, and (d) act as multiplication by a¢(§), a,(§) and xf(d) for each prime ¢ { Np and
every d € (Z/N¢Z)*. Here Ky, : Go, — A[X]E which is given by Ky, = kv, © Xeye, Fue: Ly — A[ng.
Dually, define
H'(T¢, D' (Ug))="(1) ®0,,, Ove — V(€)

to be the maximal Oy, quotient of H'(I'¢, D’ (Ue))<"(1) ®oy, Ov, on which the dual Hecke operators
Ty, T, and (d)’ act as multiplication by a,(§), a,(§) and xy(d) for each prime ¢ { Np and every
d € (Z/N¢Z)*. For the definition of Hecke operators, dual Hecke operators, diamond operators and
dual diamond operators, we refer to [3, Section 1.1] and [23, Section 4.1.1 and Section 4.1.2].

If u is good point of £, we have V' (£) is free Oy,-module of rank 2. There is a perfect duality of
O¢-modules

(e V(E) x V7(€) — Ou.

See [55, Theorem 4.6.6], Theorem 3.4.2 and [24].

3.7 (alois representations of modular forms

We recall the definition of the Galois representations for &, and &,.
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3.7.1 Galois representation I

Let u > 2 be a classical point in Ug. We first construct the Galois representations for &,. We consider
the affine modular curve Y = Y7(Ng,p) of level T'1(Ng) N To(p) over Q. Assume Ngp > 5. Let
m: E — Y be the universal elliptic curve. We consider the p-adic sheaves

Lo = TSym“72R17T*Zp(1) and Y _9: = Symmuszlﬂ*Zp

on Y. Here Rl7, is the first right derivative of 7,, TSym‘. and Symm’- denote the submodule
of symmetric tensors and the symmetric quotient of the i-th tensor power of - respectively. Set
Yo: =Y ®gQ. Let L/Q, be a finite extension containing the Fourier coefficients of §,, the values of
Xe, and Oy, be its ring of integers. Then we define

to be the maximal L-quotient on which the dual Hecke operator T, and the diamond operator (d)’

act as multiplication by as(&,) and xe, (d) respectively, for all £t Ngp and d € (Z/NgpZ)*. Dually
let

V¥ (€u) — Hey (Yo, Su—2) ® L
be the maximal L-submodule on which the Hecke operators T, and (d) act as multiplication by
a¢(&.) and xe, (d) respectively, for every prime ¢ Ngp and unit d € (Z/NgpZ)*. For the definition

of Hecke operator, dual Hecke operator, the diamond operator and dual diamond operator, we refer
to [23, Section 2.3 and Section 2.3.1] for more details. There are canonical specialisation isomorphisms

where - ®, L denotes base change along evaluation at u on Og. See [12, Proposition 6.6] for more
details. For &,, we working with Y7 (V¢) and we assume that Ng > 4. Similarly we can define V()
and V*(&,). For h = &, &, the morphism %, ®.%,_2 — Z, arising from the relative Weil pairing
induces a pairing

(,)n: V(h)®@LV*(h) — L,

which is perfect by Poincaré duality [57, Chapter VI]. If &, is p-old, from [20, Section 2.2], we have
a map

ngu*: Hélt(Yl(NE7p)7°2pu—2) — Helt(}/l(Ng)agu—Z)

induces an isomorphism between V' (&,) and V/(§,). Its adjoint ITg with respect to (-, )¢, and (-, -)¢,,
yields an isomorphism between V*(&,) and V*(&,).

3.7.2 Galois representation 11

Now we assume that ug = 1, we set
V(&) =V™(§) @1 L, V(&) =V(§) @1 L,
here - ®1 L denotes the base change along evaluation at 1 on O¢. We denote by

p1: V(&) — V(&)

the projection map. The weight one specialisation of the pairing (-,-)¢ yields a canonical perfect
duality

(Ve V(&) @1 V*(&) — L.

From [20, Proposition 2.2], we know V*(&;) and V(&) is the Deligne-Serre Artin representation of
G associated with &; and its dual respectively.
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3.7.3 p-adic Hodge theory

We denote o = cris, st, dR, - = 0, and h = &,, &,, then we define V,(h) = Do(V'(h)) in Section
2.2. Since p does not divide the conductor of h, V"(h) is semistable at p, we can identify V,, (h) with
Vir(h) (cf. [40, Proposition 8.11]), hence we can equip Vj (h) with the action of semistable Frobenius
. We also have the following perfect pairing

(yYn: Vo(h) @ VJF(h) — L.

If we extend L to contain a primitive Ng-th root of unit, then from the comparison theorem of
Faltings [36] and Tsuji [70], we have

Fil’ Var (h) = Su(T1(Nepr ), xn)ne  and Fil' Vig(h) = Su(T1(Nepr), Xn)ns

here r = 1, if h = &, and r = 0 if &, is p-old and h = &, and h* is the image of h under
the Atkin-Lehner operator. We refer to [23, Section 2.5] for more details. We choose wy, is the
element of Fil* Vir(h) corresponding to h. At the good point, we know the V' (h) is crystalline, then
Vi (h) = V2 (h). Hence we have the decomposition

Var(h) = Fil' Vg (h) ® Vig (h)#=*"

here a, = ap(h). So we can define ¢ € Vi (h)?=* to be the unique element such that for each ¢ in
Su(Nepr; Xn)n, we have
(€2, /)y
<77a,w > = .
forwelf <fw’ fw>f

3.8 Triangulation

We now recall the definition of trianguline representations which is first introduced in Colmez paper
[34, Section 0.4]. We also refer to [17] and [54].

Definition 3.8.1. If V is a p-adic representation of Gg, with coefficients in A of rank d, then we

say that V is trianguline if the (¢, ')-module DY, (V') has a filtration

rig,A

0 = Fil’(DF,

liga(V)) C FI'(D, 4 (V) € - C Fil*"!(D]

rig,A(V)) C Fﬂd(DIig,A(V)) =D/

rig,A(V)

by (¢, T')-submodules over Z4 such that

Fil'(D!

Tea(V))/Fil'H(DL (V)

is rank 1 (¢, T')-module over Z4.

3.8.1 In the case of big Galois representations

Let Ze = %181 0y,. We write D'(€): = D!

rig,0¢ (V' (€)]Gq, ) the associated (¢, I')-modules over Z.

Definition 3.8.2. We write #Z¢(a) for the free rank 1 (¢,I")-module over %Z¢ with basis vector e
such that p(e) = a-e and ye = e for all y € T.

From the work of [54, Theorem 1.13], we know that in the case of Assumption 3.5.3 (1) and (2)
(a), one can find an affinoid disc Ug containing u and we have the following exact sequence

0— D" —D(E —D(E —0
of (¢,T")-module over Ze. More precisely, we have the following descriptions of D(£)*:
1. D(&)" = Ze(ay(€) - xe(p) 1 + ku
2. D(§)” = Re(ap(€)™1).
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See [55, Theorem 6.3.2] for more details. We can see that the duality (-,-)¢ between V(§) and V*(§)
induces a perfect duality
()¢ D(§) ®z D*(§) — Ze
on the associated (@, I")-modules, which is perfect between D(£)* and D*(€)T. See [20, Section
2.3.2].
If] u = 1 and the condition assumption 3.5.3 (2) (b) is satisfied, then £ is ordinary and the
restriction of V(§) to Gg, is nearly-ordinary: there exists a short exact sequence

Ag: V(€T == V() — V(€)™
of Oy, [Gq,]-modules, where V' (£)7 is the submodule on which Gg, acts via the character

Xe - Ke -+ dp(€)71: GQP — Oz,
and V(&)™ = V(&)/V(€)T is unramified. Here G,(&) is the unramified character sending the arith-
metic Frobenius to a,(§). The étaleness of the cuspidal eigencurve €°"P(Ng) — Wy, at & guaran-
tees that the Gg,-modules V/(£)* are free of rank one over O¢. Applying Djigﬂ,g to V(&)*, we have
the triangulation of V(£). See [20, Section 2.3.2] for more details.

3.8.2 In the case of modular forms
Since the representation V'(h)|g,, is semistable, the representations V"(h)|g,, are trianguline. See
[17, Theorem 3.3.4]. Using the functor Djig in Theorem 2.3.6, we define
D' (h) = Dl (V' (h)lag, ),

There exists a short exact sequence for D'(h).

0— D(h)* — D'(h) — D' (h)~ — 0
of (¢, T')-modules over #Z;. The perfect Poincaré duality (-, -);, induces a perfect duality

(s)n: D(h) ©g,, D*(h) — Z1,

from which D(h)* is perfect to D*(h)¥. The base change of (-, )¢ along evaluation at a good point
u corresponds to the pairing (-, -)¢,. See [20, Section 2.3.2] for more details.

3.8.3 Specialization

We have the specialisation map
See the discussion in Section 2.5. We have

D (¢)* @, L= D'(&.)*
at the good point. This is the result of [49, Proposition 6.4.5].

3.9 Differentials
We have the following theorem from [55, Theorem 6.4.1 and Corollary 6.4.3], when it satisfies As-
sumption 3.5.3 (2) (a).
Theorem 3.9.1. After shrinking Ug, there is a canonical Oy, -basis vector
e € (D(§)7)

such that for every classical weight u > 0 in Ug, the specialisation of n¢ at u coincides with the image
of the differential form ne, attached to the normalized eigenform &,. There is a Oy, -basis vector

we € (D(E)*(~1 — Ky, — xe()) ™

such that for every classical weight u > 0 in Ug, the specialisation of we at u coincides with the image
of the differential form we, attached to the normalized eigenform &,.
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If w = 1, then under the assumption 3.5.3 (2) (b), we refer to [23, Section 5] for more details. We
define we, and ng, in Vi (&1) to be the weight one specialisations of we and ne respectively. In this
case, we set g, = g,



CHAPTER 4

Selmer complexes

4.1 Some basic of derived category

4.1.1 The complex category and derived category

We always assume that R is a commutative ring. Let J#(R) be the category of complexes of R-
modules. We say that a complex C* = (C”,df.) is cohomologically finitely generated if H*(C*)
are finitely generated modules over R for all i € Z. We denote by J(R) the subcategory of
Z(R) consisting of all cohomologically finitely generated complexes. We write Z(R) and % (R)
for the corresponding derived categories. We write [-]: L (R) — Z«(R) for the obvious functors
when * € {(),ft}. We denote by ,/"i/ft[a’b] (R) the subcategory of J (R) consisting of objects whose
cohomology groups are concentrated in degrees [a,b]. Consider the complex of R-modules of the form

0—PFP, —FPoy1— -+ — P —0,

where each P; is a finitely generated projective R-module. We call these complexes of R-modules
perfect. If R is noetherian, we denote by @I[)iﬁ] the full subcategory of Z¢(R) consisting of objects
quasi-isomorphic to perfect complexes concentrated in degree [a, b].

Now we let C* = (C™, d}e )nez be a complex of R-modules. For any m € Z, we denote by C*®[m]
the complex defined by C*[m]™ = C"*™ and df.. (m] () = (—=1)™dge(x). For each m, the truncation
T>mC*® of C*® is the complex

0 — coker(dfe ') — C™ T — O™ — ...

Hence from the definition

_ vy
HZ(szO,) {0, if 1 <m,

H(C*), if i > m.

4.1.2 The mapping cone

If f: A* — B* is a morphism of complexes, the cone of f is defined to be the complex
Cone(f) = A*[1] @ B®,

with differentials
dgone(f)(anJrla bn) = (—dﬁfl(anﬂ), f(ant1) + dpe (bn)).

We have a canonical distinguished triangle
A* L5 B* — Cone(f) — A*[1].

23



24 Selmer complexes

4.1.3 The complex T*(A*)
Let A®* = (A", d"™) be a complex equipped with a morphism ¢: A®* — A®. The total complex
T*(A®) = Tot(A® £=3 A®)
is given by T"(A°®) = A"~! @ A™ with differential
e goy(an-1,an) = (A" an_1 + (=1)"(p = Dan, d"ay,)
for (an—1,a,) € T"(A®).

4.2 Cohomology of (¢, ')-module

We recall that I' = Gal(Qs/Q). Let A be the p-torsion subgroup of I', we know it is trivial if p # 2.
We choose a topological generator v € I'. For a (¢, I')-module D over Z|,, we can define

. . y—1
C2(D): D3 D,

where the first term is placed in degree 0. We denote by HKY(D) its cohomology group. we define a
complex C¢ _ (D) concentrated in degree [0, 2] by

. . dy da
Cs,(D):=[D— D&D— D].

with dy(z): = ((v — Dz, (p — D) and do(x,y): = (¢ — 1)x — (v — 1)y. These definitions are
independent of the choice of . This complex conincides with the complex of Fontaine-Herr [42], [43].
The cohomology of D is defined by

H'(D)= H'(CS (D))
For (¢,T')-modules Dy, Dy over %y, we can define a cup product pairing:
H%(Dy) x H®(Dy) — H'T2(Dy @ Dy).
When (q1,¢2) = (0,1), (1,1), the pairing is defined by
H°(Dy) x H'(Ds) — H' (D1 ® D3), (a,[z,y]) — [a®z,a @ Y],

and
HY(D1) x H(D3) — H*(D1 ® D3), ([, 9], [2",¢/]) — [y @ (') — z @ ~v(y")].

See [61, Section 2.2]. The following theorem is proved in [53, Theorem 0.2].
Theorem 4.2.1. Let D be a (p,T)-module over Z1,. Then H'(D) satisfies:
1. H'(D)=0ifi#£0,1,2.

2. HY(D) are all finite-dimensional L-vector spaces.
2

3. S (—=1)*dimy HY(D) = —rank D.
i=0

4. There is a pairing {-,-) given by
() : H(D) x H* *(D*(1)) — L,
This pairing is perfect for i =0, 1 and 2.
We also have the following theorem.
Theorem 4.2.2. Let V be an L-representation of Gg,. Then we have the following isomorphisms
H'(Dl,(V)) = H'(Q,, V)
which are functorial in V' and compatible with cup products.

Proof. See [53, Theorem 0.1]. O
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4.3 Analogues of Bloch—Kato subspaces

We first recall the generalization of the Bloch-Kato subspaces in term of (p, I')-modules. We define

H}(D): =ker(H' (D) — H(D ®4, #.[1/1])),

H,(D): =ker(H" (D) — H}(Zait(D))).
We have the following theorem.

Theorem 4.3.1. For x = {f,g} and V is a L-representation of Gq,, we have
H(Qp, V) = H}(Dly(V).
Proof. See [8, Proposition 1.4.2]. O

We can also extend the definitions of Bloch-Kato maps to the (¢, T')-modules.

Theorem 4.3.2. If L is a finite extension of Q, and D is a de Rham (¢,I")-module over Zr,, then
there are Bloch—-Kato exponential and dual exponential maps

exp: D4r(D)/Fil° D4r(D) — HY(D),  exp*: H(D) — Fil’ Z4r(D).

Proof. See [61, Section 2.3, Section 2.4]. O

4.4 The cohomology of families of (p,I')-modules

Let D be a (¢,I')-module over %y, 4, here Zy, 4 is defined in Section 2.5. We define
. . -1
C’V(D). D — D,

where the first term is placed in degree 0. We denote its cohomology group H,iY(D). We consider the
total complex

s (D) = Tot (o;(D) 4 c;(D)) .

More explicitly,
c:. (D):=[D - DD -2 D]

with di(x): = ((y— 1)z, (¢ — 1)x) and da(z,y): = (¢ — 1)z — (v — 1)y. This complex conincides with
the complex of Fontaine-Herr [42], [43]. If Dy and Dy are (¢, I')-modules over Z4, we denote by

the bilinear map

n "(Ym), f n € C"(D1),ym € C™(D d =0 1,
Ufy(fvn@)ym){x 7" (Ym) or & 7 (D1),y 7(D2) and n +m or

0, ifn+m>2.
Then we have a bilinear map induced by U,,.
U¢,75 0;7,),(D1) X O;W(DQ) — 0;77(D1 X DQ)
Explicitly, the map is given by
U‘P»’Y(('xn—la -rn) ® (ynL—la y’rn)) = (xn UW Ym—1 + (_l)mxn—l U’Y @(y’m% Tn U'y ym),
where (z,_1,z,) € C;}’W(Dl) and (Ym—1,Ym) € Cgf,y(Dg).
For a (¢,T')-module D over %, 4, we denote by RI'(D) = [C¢ _ (D)] the corresponding object in
the derived category Z(A). The cohomology of D is defined by

H'(D): = RT(D) = H'(C?,,(D)).
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From [49, Theorem 4.4.3 (2)], we have the following base change in term of the complex C¢ . (D): if
f: A — B is a morphism of L-affinoid algebras, then

C: (D)@Y, , #rp — Cs (DR, ,#LB).

In particular, if x € Spm(A) and E, = A/m,,, where m,, the maximal ideal in Spm(A) corresponding
to x, then
C:,(D) @5, , Ex — Cp_ (D).

Theorem 4.4.1. Let D be a (p,I')-module over Zr, a4 where A is an affinoid algebra over L.

1. We have RT'(D) € .@ﬁff] (4).

2. we have the Euler—Poincaré formula, which means that

2
> (~1)"dims H'(D) = —rankg, , D.
=0

3. We have the isomorphism in the derived category 2(A)
RI'(D*(1)) 2 RHomy(RI'(D), A)[—2].

In particular, we have _ A
U: H(D) ® H* {(D*(1)) — A.

Proof. See [49, Theorem 4.4.5]. O

From [67, Theorem 2.8], we have the following theorem similar to Theorem 4.2.2.

Theorem 4.4.2. Let V be a p-adic representation of Gq, with coefficients in A. Then there are
functorial isomorphisms , 4
H'(Q,, V) = H'(D];, 4(V)

4.5 The complex K*(V)

In this section, we recall the construction of complex K* (V') following [10, Section 1.5] and [11, Section
2.5.1].

Suppose that M is a topological Gg,-module. We denote by C*(Gq,, M) the complex of contin-
uous cochains with coefficients in M. Let V' be a p-adic representation of Gg, with coefficients in an

affinoid algebra A over L and D be D! (V). We have the ring B! constructed in Equation 2.1.2

rig,A rig
and we set Biig’ A= Biig@)QPA. We have the following exact sequence from [11, Equation 32]
0— A—Bf, , “3Bl, , —o0 (4.5.1)
We set Vr];g: =V®a Eiig’A and consider the the continuous cochain C*(Gy,, V;{g). Equation 4.5.1

gives an exact sequence
e—1
0 — C*(Gg,,V) — C*(Gg,,Vi,) £ C*(Gq,, Vily) — 0.
From this exact sequence, we define

K*(V) = Tot(C*(G,. Vily) “= C* (G, Vily),
here Tot means the total complex.
We consider the map
ay: C3(D) — C*(Gy,, Vi)
given by
av(zg) =9, o € CS(D)

@) = L), w i),
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where g € Gig,. We can check that ay is a morphism of complexes which commutes with ¢. Then
using functorial, we have a morphism, which we still denote by ay

ayv: Cg (D) — K*(V).
At the same time, we have a morphism

Ev: C*(Gq,,V) — K*(V),
Ty — (0,24,),

Here (0,2,) € C"(Gy,, vi)® C"(Gq,, V.l.). We have the following proposition about ay and &y

ig rig

Proposition 4.5.1. The map ay and &y are quasi-isomorphisms.

Proof. See [9, Proposition A.3]. O

4.6 Selmer complexes

Let f, g, h be three Coleman families with tame characters satisfying the relation x¢ - xg - xn =1
and let ay, ag and a, be their respective slopes. We set Opgn: = Or®R10g®1Op. Consider the
character Z: Gg, — OF,, defined by

Ei=A4—Kg— kg —Iih)OX(lj}/,g.
Here Xi}/,cz = (chc>1/ 2012 w is the Teichmuller character and (Xeye) is the restriction of Xcye to

1+ pZ,. We set
V(f,g,h):=V(f)oLV(g)oLV (h) X0sgn =,
which is Kummer self-dual( See [23, Section 7.2] for more details).

For three modular forms f € Si(N¢,xyr), 9 € Si(Ng, xg) and h € S, (Np, xn) satisfying x5 - x4 -
Xn = 1, we set

V(f,9,0) =V(f)@rV(g)@r V(h)((4 -k —1—m)/2).
This is also Kummer self-dual. Furthermore, for all w = (k,I,m) a triple weights, the specialisation
maps induce isomorphisms

Puw: V(fuq’h) QOw L= V(fkaglah'm)'
See [23, Section 7.2].

4.6.1 Definition of Selmer complexes

We set a finite set of primes S such that p € S. Let Gg,s denote the Galois group of the maximal alge-
braic extension of Q unramified outside S and oco. For each prime ¢, we fix a decomposition group at ¢
which we identify with G, = Gal(Q,/Q¢) and denote by I, the inertia subgroup of G,. We will write V,,

for the restriction of V on G,. Let Zggn: = Zr Q0 ¢gn. Weset D(f, g, h): = Diigﬂ,fgh(V(f,g7 h),)

and D(f,g,h): = D, ,, (V(f.g,h)p). Then D(f,g,h) = D(f)®%, D(g) ®%, D(h) ®%,,, Z1gn(E)
and

D(f,9,h) = D(f) ®z, D(9) ®z, D(h) @z, Zr(xi"7m/2).

We denote by D(f,g,h)": = D(f)* ®%, D(g) ®%, D(h) ®2%,,, Zfgn(Z). Similarly, we define
D(f,g,h)*. We then write D¥ = D(f,g,h)" or D(f,g,h)", V = V(f,g,h) or V(f,g,h) and
D = D(f,g,h) or D(f,g,h). Set Uf(V,D*) =C? _(D*). We compose the quasi-isomorphism ay
in Proposition 4.5.1 with the canonical morphism U,S (V,D*) — C¢ _ (D) to obtain a map

iy US(V,D) — K (V).

For each ¢ € S\{p}, we set
UF (V)i = [VI Ry
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where Frob, denotes the geometric Frobenius. Set K7 (V): = C*(G¢, V). We then define a morphism
if 1 US(V) — KJ (V)

by
if () =2 in degree 0,
(i} (x))(Froby) = x in degree 1.
We then set
uf(v,ph) =U (v.Dhe [ P US(V)
tes\{r}
and

K(V)=K,V)e | @ K(V)
teS\{p}
Then we have a diagram
C*(Ggs,V) —=— K&(V)
iﬂ\
Ug (V,D),
where if = (i] )ses and resg denotes the localization map.

Definition 4.6.1. The selmer complex associated to these data is defined as
resg—id
C*(V,D*) = Cone |C*(Gg,s, V) ® UL (V,DF) "5 K3(V) | [-1].

Each element z; € C*(V,DV) can be written as a triple

zy = (z, (] )ies, (Ae)ees),

where z € C(Gq,s,V), (7] )ees € Ud(V,D*)" and (M)ees € K5 '(V). Furthermore, z; is a
cocycle if and only if

d(x) =0, d((z))ees) =0, is((z))ees)=ress(x)+d(Xe)ees.

Definition 4.6.2. We denote by RI'(V,D%) the class of C*(V,D%) in the derived category of
A-modules, here A = Oggp, or L and define H(V,DT): = RT(V,D%). For each cocycle x €
C{(V,D%), we write [z] for the class of z in H'(V,DT).

We define
Z.: = Cone (TZQC.(GQs,A(l)) ﬂ TZQKé(A(l))) [71]'

We then have a canonical quasi-isomorphism
rg: Z° = A[-3].
See [63, Section 5.4.1] for more details. We can define a morphism of complexes
Urp: Ky (V) ® Ky (V) — Ky (A(1)).
See more details from [11, Proposition 1.1.5] and [13, Section 2.7]. We have the following map
C*(V,D")®4 C*(V,D") — Z°* (4.6.1)

which is induced by the cup product

(2, (@), ) s (1 () (1)) = (& Uscp 9 Ohe U 76 (5F) + (1) res (2) Urcp 10))-
See [63, Proposition 1.3.2]. Following Nekovar, we define a pairing

Uy p+: C*(V,DT)®4 C*(V,DT) — A[-3]

to be the composition map in Equation 4.6.1 and rg: Z* — A[—3]. We then have a morphism

Uyp+: H(V,DT)®4 H*(V,D") — A. (4.6.2)
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4.7 p-adic height pairing

We construct a p-adic heights following [11, Section 3.2]. We also refer to [13, Section 3, Section 4.3]
for more details.

In this section, we denote V(f,g,h) by V, V(f,g,h) by V, D¥(f,g,h) by D* and D(f,g,h)"
by DT. The specialisation map p,,, gives isomorphisms

puo: RO(V, D) @p, ., L=RI(V,D") (4.7.1)

and
P, @id: RI(V, DY) @5, 7 /72 2RIV, DY) @ 7 /.72 (4.7.2)

We consider the exact triangle
I|I?* — Opgn/I? — L — I 71,
in Py (Oggn). Applying RT'(V, D+)®%fgh in Z%(Oy¢gn), we have a morphism
RI'(V, D) g, . ., L — RI(V,D) g, . 7/721].

Using Equation 4.7.1 and 4.7.2, we get the map

Btgn: RO(V,DT) — RI(V,D1)[1] @, 7 /.72
Furthermore, we have the following map

Btgn: H'(V,DT) — H*(V,D") @ .7 .72

We then define the p-adic height pairing

(s D pgn: H' (V. DY) @ H'(V,DF) — 7 /.57 (4.7.3)
to be the composition of the cup product pairing in Equation 4.6.2

Uyp+ ® /5% HX(V, DY) @, H'(V,D") @ S| I? — 7| 5>

with the morphism

Btgn @id: H'(V, DY) @y, H'(V, DY) — H*(V, D) @, H'(V,D") @y, 7 /.72

4.8 The extended Selmer group

We set D(f,g,h)™: = D(f,9,h)/D(f,9,h)".
Lemma 4.8.1. We have the following exact sequence
0— H()(D(f7g? h)i) — Hl(V(f,g’ h)v D(faga h)Jr) — Sel(@7 V(fagv h)) — 0.

Proof. We follow the strategy in [10, Proposition 11]. By the definition, H(V (£, g,h), D(f,g,h)")
is the kernel of the map

HYQV(f.9.m)e | @ HiQ,V(fg.h) | ®H(D(f,9,0)") — P H (Qu, V(f,9,1)).

veS—{p} ves
We need to prove the following two things

1. HY(D(f,g,h)") = ker (H"(D(f,g,h)") — H"(Qyp, V(f, 9, 1))

2. Hi(Qp, V(f,g,h)) = Im (H(D(f,9,h)") — H"(Qp, V(f,9,1))).

Since the Hodge-Tate weight of D(f,g,h)" is negative and D(f,g,h)” is non-negative and that we
prove
Dcris(v(f7 9, h))w:1 = 07

in the proof of Lemma 7.1.2, we prove the result from [68, Lemma 2.3.2]. O
Definition 4.8.2. We call HY(V (f,g,h), D(f,g,h)T) to be the extended Selmer group in this case.
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CHAPTER 5

Perrin-Riou big logarithm

5.1 Balanced Selmer group

We follow the strategy in [23, Section 7.2] to define the balanced Selmer group. We also refer to [44,

Section 4.3]. We recall that D(€) = DLngg(V(E)). There is a filtration on D (&) by F'D(¢) = D(¢),

FID(¢) = D(¢)", F?2D(¢) = 0. These filtrations induce a filtration on D(f, g, h) defined by

FnD(.f7gah): = Z FpD(f)®%LFqD<g)®%LF7D(h) ®=%fgh =%fgh(E)
p+q+r=n

From the definition, we know F4D(f,g,h) =0 and F°D(f,g,h) = D(f,g,h). We set
D(f7ga h’)f = D(f)7®%LD(g)+®@LD(h)+ ®f9?fgh '%fgh(E)a
and defines similarly D(f, g, h), and D(f,g,h)n, then
gt’D(f,g,h) = D(f,g.h); © D(f,g.h); ® D(f,g,h).
Definition 5.1.1. We define the balanced Selmer group of V(f, g, h) to be
Htl)al(QZN V(fag7 h)) = Hl(F2D(.fug7 h))
Lemma 5.1.2. The map
Hgal(QZN V(f, g, h’)) — Hl(Qiﬂ? V(f,g, h))
induced by F2D(f,g,h) — D(Ff,g,h) is injective.
Proof. We consider the short exact sequence
0— F2D(.fa97h) — D(fvgvh) — D(f7gah')/F2D(fagvh) — 07
which induces the morphisms of cohomology groups
H°(D(f.g,h)/F?) — H'(F?’D(f,g,h)) — H'(D(f,g,h)). (5.1.1)
From the Theorem 4.2.2 and the definition of balanced Selmer group, the Equation 5.1.1 becomes
HO(D(f7gvh)/F2) — Héal(@pﬂ V(fvg7h)) — Hl(@pvv(fagvh))
We then study the cohomology group H°(D(f,g,h)/F?). We can write D(f,g,h)/F?*D(f,g,h) as
D(f.g,h); ® D(f,g.h)y ® D(f,g.h)r ®D(f) ®%,D(g) Bz, D(h)” ®z,,,Ztqn(E).
We only deal with D(f,g, )y, the other cases are similar. We know that
D(f,9,h); = Zson(x5' (D) - ap(F)ap(g)  ap(h) (6 + kg — g — k) © xel2]-

The I'-action on D(f,g,h) is given by (6 + kf — kg — kp) © xgy/f, this can not be 1. Hence from the
definition of the cohomology group, we have H°(D(f,g,h)/F?) = 0. So we prove the result. O
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32 Perrin-Riou big logarithm

We have the following lemma.

Lemma 5.1.3. Ifw = (k,1,m) is a balanced classical triple, i.e. k <l+m,l <k+m andm < k+1,
then

Hgal(Qp’ V(fka ai, hm)) = H} (Q;m V(fka g, hm))a
where H}c (Qp, ) ts the Bloch-Kato finite subspace.

Proof. See [44, Lemma 4.21]. O

5.2 Perrin-Riou’s big logarithms
If w = (k,l, m) satisfying any sum of two is greater than the other, we can construct an element

N}, ®wg, @ wh,, € Fil’ Dar(V(fr. g1, hm))

as in Section 3.7.3 and we refer to [21, Section 3.1.3] for more details. We have the Bloch—Kato
logarithm

log,: H}(Qp, V(s g1, hm)) — [Fil” Dar(V (frr g1, b))V
Lemma 5.1.3 enables us to have

log%f: H&al(@ﬁa V(fkagla hm)) — L

as the composition of log, and evaluation at 7%, ® wg, ® wWh,,. On the other hand, if w = (k,I,m)
satisfying k > [ + m, we have the Bloch—Kato dual exponential map

exph: H'(Qp, V(fi, gt ) — Fil° Dar (V(fx, 91, hum)).

We also let expj, ; be the composition of exp, with the valuation at %, ®wg, @ wh,, . Here we need to

identify Fil® Dar(V (fx, g1, hm)) as a subspace of [Fil° Dar (V (fx, g1, hm))]Y via the Poincaré duality.
See [23, Section 7.3] for more details.

Now we let w = (k,l,m) be a classical weight, we write ay, = a,(f)r and 85, = x5(p)p* "1/ ay,
and similarly for g and h. We also set ¢,: = (k+1+m —2)/2.

Proposition 5.2.1. There is a unique Opgp-module morphism

gf: H;al(@pvv(f7gah)) — Ofgh,
such that, for all w = (k,1,m) € X with ag, Bg, Br, # p* and Z € H},(Qp, V(f, g, h)),

1— /B.ffnagyahz (_1)Cw—k

Cos ———log
L (D)= (-1 R k) ont
+(2) (p Jag, 1_afx5gy5hz (c )
pe

where the subscription w means the specialization at w. Moreover, we have

"gp
Hl}al((@av(fvg7h)) *; Ofgh

H'(D(f,g,h);)

we still denote the dot map by 2.

Proof. In the non-ordinary case, it is constructed in [55]. We also refer to [44, Proposition 4.22] for
more details. O



CHAPTER 0

The triple product of p-adic L-function for finite
slope families

6.1 Garrett—Rankin triple product L-function

We recall the Garrett—Rankin triple product L-function in this section for reader’s convenience. We
use the same notation as in [35, Section 4.1].

Let f € Sk(Nyg,xf), 9 € Si(Ng, xg) and h € Sy, (Np, xn) be three normalized primitive cuspidal
eigenforms which satisfy that

Xf Xg Xn =1

We denote by Qy 4 1, the field generated by a,(f), an(g), an(h) over Q. We write N: = lem(Ny, Ny, Np,).
The Garrett—Rankin triple product L-function L(f ® g ® h, s) is defined by the Euler product

Lfegehs) =LY (fogehp) "
P

For the primes p t N, the local factor L®)(f ® g ® h,T) is a polynomial

L(p)(f RghT):=(1—aragopT) x (1 —aa,B,T)
X (1 — af,BgahT) X (1 — afﬁgBhT)
x (1= BragapT) x (1 — BragfrT)
X (1 — ﬁfﬁgahT) X (]. — ﬂfﬂgﬂhT)-
In [66], Piatetski-Shapiro and Rallis give the local Euler factors L(P)(f ® g ® h, s) for the primes p|N.

They also showed that there exists an Archimedean factor L(°) (f®g®h,s) such that the completed
L-function

A(frg.h8) = L(f @ g @ hys) - L (f @ g@ b, s)
has the functional equation
A(f7g7ha8) = 5<f7g7h>A(fagahak+l+m_ 2 - 8)7

where e(f,g,h) € {£1}. The sign e(f,g,h) can be written as the product of local root number
[1eq(f, g, h), here e4(f,g,h) € {£1} for all the places ¢ of Q.
q

Assumption 6.1.1. The local sign €,4(f, g, h) = +1 for all finite prime.

We know it is satisfied when (Ny, Ny, Nj) = 1. From [69], we have

-1, if (k,1,m) are balanced,
+1, if (k,1,m) are unbalanced.

e(f,g,h) = {

33



34 The triple product of p-adic L-function for finite slope families

Here (k,1,m) is balanced means that any one of them is smaller than the sum of the other two and
otherwise, (k,l,m) is unbalanced .

We can relate the central critical value on L(f ® g ® h, s) to certain trilinear period integrals. We
assume that (k,l,m) is unbalanced such that £ = [+ m + 2t with ¢t > 0. We consider ¢ € S(NV, x4),
we write ¢* for the dual form obtained by twisting ¢ by the character inl. We denote by my4 the
automorphic representation of GLa(Ag) generated by ¢. If N is a multiple of N, we let Sk (N, x4 )[74]
denote the ¢-isotypic subspace of Si(NN, x4) attached to m,;. We give the definition of the trilinear
period.

Definition 6.1.2. The trilinear period attached to

(F,3:h) € Su(N, xp)lms] X St Xg) ] X Sin (N, X))
is o
I(f,g,h): = (f*,0{g x h)x,
here ¢; is the Shimura—Maass operators.

From [35, Theorem 4.2], we have the following result, which is first proved by Harris and Kudla
in [41] and refined by Ichino [46] and Watson [72].

Theorem 6.1.3. Let (f,g,h) be the triple of modular forms with unbalanced weights (k,1,m) with
k=14+m+2t fort > 0. Then there exists

1. holomorphic modular forms f € Si(N, X))l g € Si(N,xq)lmg| and h € Sp(N,xn)[mn]-

2. The local constant Cy, € Qf 4.1 for v|Noo only depend on the local components at v of f, g and
h.
such that

[Lojnoo Co k+1+m—2

There is a choice of (f, ﬁ,%) such that the constants Cy are all non-zero.

6.2 The triple product p-adic L-function

We use the notations and the assumptions for f, g and h as in the last section. Furthermore, we
assume that f has finite slope a. We further assume that a < 1 if k =2 and 2a < k — 1 if & > 2.

Remark 6.2.1. In [1, Section 5.2.1], Andreatta and Iovita explain that the assumption on the slope
is to make sure that the interpolation formula is valid. The interpolation formula is valid when the
point correspond to the p-stabilisation of f is an étale point on the eigencurve.

We let f, g and h be as in Theorem 6.1.3 such that all constants C, are non-zero. We denote
by K a finite extension of @, which contains Q¢ 45 and all the values of xf, x4, xn. We denote
by Ok the ring of integer of K. We denote by f, g and h_the overconvergent families of modular
forms deforming f, g and h respectively. We also denote by f , g and h the overconvergent families of
modular forms deforming f, § and h respectively as in [35, Section 2.6.1]. We make it more precise.

Weset E=f,g9,h, €= Ff,g, hand £ = f, g, h. There are scalars Ay € K indexed by the divisors of
N/N¢ and satisfying
> Xa-&gh
d|(N/N¢)

The p-stabilization of the modular form £(q?) is the weight k specialization of the formal g-series

= an(§)(q"
> A€

d|(N/Ne)

We then set
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We denote by Ug the rational open subsets centered at u defined over K for these families re-
spectively and as before we write A¢ = Ay, for the bounded by 1 analytic functions on Ug. We

write
kg:Zy HA;, kg: Zy — Ay, kn:Z; — Ap

are the weights of these families respectively.

Assumption 6.2.2. 1. Suppose that the weights k¢, kg, knr are such that ky — kg — kp is even,
which means that there is a weight u: Z) — A such that 2u = ky — kg — kp.

2. we can write the weights kg, u as kg(t) = t%-x4(t)-exp(uy log(t)) and u(t) = t*-€(t)-exp(us log(t)),
where a and b are integers, xg4, € are finite order cahracters and x4 is an even character and
Uug € pAg, us € pA,,.

Remark 6.2.3. The second assumption can be removed using refinement of the vector bundles with
marked sections in [59] and [47].

In [1], Andreatta and Iovita constructed a triple product p-adic L-function .Z,( 1.9, 71,) attached
to the triple ( f, g, E) of p-adic families of modular forms, of which f has finite slope at most h. This
p-adic L-function is in K;®0, A,@0, An, where if we write ks(t) = t° - x;(t) - exp(uy log(t)), and
then Ky is obtained from Ay by inverting the elements {uy —n | n € N}. Now let k, [ and m are
obtained by specializing k¢, k, and kj, at integral weights in Z>4 and there is a classical weight ¢’ > 0
with & — [ — m = 2t'. We assume that fx, g; and h,, are the specialization of f, g, h at k, [ and m
and also assume f, g; and h,, are eigenforms of level I'; (N) and nebentypus X ¢, xg, X» respectively.
We set a¢ and 3¢ to be the corresponding roots of the Hecke polynomials for the form &, for &, = f,
gi, ham. We assume that &, is p-regular. We write

7'['2k L(fk7gl7hm7 2

{(Fi 1)

1

k+1 -2
Lalg (flmgh hm7 —"_—"_Tn)

2

Following [35, Theorem 1.3], we define

E(Ggr, hm, T): = (1= p* agan T (1 = p g BT~ 1) (1 = pt BganT~1)(1 = pt' ByBuT ™),

/ T
gy, b, T): =1 —p*" agByan T2,  &(S,T): =1-— S
and 2( )
X+ (p @fT
E(T):=1- kjili
pFHp+1)
Then we have the following interpolation formula for .Z,( f . g, 71,) at unbalanced weights.
gp(]’{g’ E)(k,l,m) _ (5 5Eglvzlm7af)82(ﬁfz ggglaflmaﬁf)52<afz ) (621)
O(af’Bf)gl(ghhﬂuaf) g()(ﬁf7af)gl(glahmaﬁf)
-2
Lalg <fk’ g1, hma W) )

where &y and B + is the complex conjugation of ay and B¢ respectively.
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CHAPTER 7

Explicit reciprocity law

7.1 Diagonal class

The following construction is taken with no modifications from [23, Section 3, Section 8.1]. We
reproduce it here for the reader’s convenience with the same notation,.

7.1.1 Diagonal class for modular forms

Let Si(Z,) be the set of two-variable homogeneous polynomials of degree i in Z,[z1,x2]. We also
let L;(Z,) be the Z,-linear dual of S;(Z,). There are GLy(Z,)-actions on these two sets. From the
discussion in [23, Section 3|, there is a natural functor -* from the category of p-adic representations
of GLy(Z,) to the category of p-adic étale sheaves on Y7(IN). Then one defines

"iﬂi(ZP) = Li(Zp)ét and %(Zp) = Si(Zp)ét

on Yi(N). Let r = (r1,72,73) € N3 be a triple of non-negative integers satisfying the following
assumption

1. 1 +7ro +r3 =2r with r € N.

2. For every permutation {i, 7, k} of {1,2,3}, one has r; +r; > .

Let S, denote the GLy(Z,)-representation S, (Zy) ®z, Sr,(Zy) @z, Sr;(Zp). Then S, is the module of
six-variable polynomials in Z,[x, y, 2] which are homogeneous of degree 71, ro and r3 in the variables
x = (21,22), ¥y = (y1,y2) and z = (21, 22) respectively. We can check that

T—T3 T—T2 T—T1
Det?, = det [ ** "2 Sdet (1 T2 det (192
Yyr Y2 zZ1 Z2 z1  Z2

is an element in H°(GLy(Zy), Sy @ det™"). We set S.: = S (Zy) ®z, Sy (Ly) @z, S, (Zy). Using
the injection( [23, Equation (40)])

H°(GLy(Zp), Sy @ det™") —> HE(Y1(N), S7(r)),

we can view Detly, € HY (Y, .7-(r)). Now we let p;: Y1(N)> — Y1(N) be the natural projections
and we define
fjﬂ[r] D= pi (Zp) ®z, P55 (Zp) Rz, pz;yTg (Zp)

and
Wi p: = HE(Yi(N)E, S (r + 2)).

Since Y7(N)g is a smooth affine curve over Q, we obtain HZ (Y; (N)%7 S (r +2)) = 0, which gives
the morphism
HS: HE(Yi(N)?, Sy (r +2) — HY(Q, Wi ).
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from the Hochschild—Serre spectral sequence
HP(Q, HE(Yi(N)3, Iy (r +2))) = HE VLN, Sy (r + 2)).

Let d: Y1(N) — Y1(N)? be the diagonal embedding. There is a natural isomorphism d*.#,) = .7, of
smooth sheaves on Y7 (IV)gt( [23, Section 3]). From [56, Theorem 16.1], the map d gives a pushforward
map

di: HY(Y1(N), (1)) — H& (Yi(N)?, S (r +2)),

and one defines
REnr=HSod.(Dety) € Hl(Qv Wn ).

to be the diagonal class of level N and weight (r1 + 2,79 + 2,73 + 2).

Let Wy, = Wi, ®z, Q, and let Hgl((@,WN,T) be the geometric Bloch—-Kato Selmer group of
Wy over Q. The classes in H)(Q, Wy,,) are unramified at every prime different from p and the
restriction at p belong to the geometric subspace in the sense of Bloch-Kato(cf. [26, Section 3]). The
result of [65, Theorem 5.9] yields the following fact about the diagonal class.

Proposition 7.1.1. The class Ry belongs to H;(Q,WN,).

From [23, Equation (44)], we obtain an isomorphism of sheaves
si: Li(Qp) = Z5(Qp) @z, Zp(—1). (7.1.1)

We set V2 = H3 (Y} (N)%,D?”[r] (2—-r)) and Vy,: = Vy,» ®z, Qp. The tensor product of s, in
Equation 7.1.1 gives an isomorphism s,: Wy » = Vi .. Through this isomorphism, we get a class

N = 8re(RNr) € Hyeo(Q, Vivp).

Now let k =11 4+ 2,1l =ry + 2, m = r3 + 2. From the Kiinneth decomposition and projection to
the (f, g, h)-isotypic component, we have a morphism of Gg-modules

prfgh: VN,T ®Qp L — V(f,ga h)
and then we can define the diagonal class associated to the triple (f,g,h) by

K(f:9,h) = prigna (k) € Hgeo(Q, V(f, 9, h)).
Lemma 7.1.2. We assume that
1. ordy(N) < 1.
2. p does not divide the conductor of x¢, Xg and Xp.

For e is one of {g, f, e}, the Bloch-Kato local conditions

Hy(Qy, V(f,9,h) — H'(Qy, V(f,9,h))
are all equal.

Proof. Here we use the strategy in the proof of [23, Lemma 3.5] and [23, Lemma 9.1].
We know that V(f, g,h) is Kummer self dual, hence from [26, Proposition 3.8], we only need to
prove that H.(Qp, V(f,9,h)) = H;(Qp, V(f, g, h)). On the other hand, [26, Corollary 3.8.4] gives that

H} (QP7 V(fa g, h))/Hel (Q;m V(fa g, h)) = Dcris(V(fa g, h))/((P - 1)Dcris(V(f; g, h)) SO it Sufﬁcient to
show that

Dcris(v(f7 9, h))W:1 = Oa

For ¢ = f, g, h, we denote by £"°% the newform of conductor N¢|N and weight u = k, I, m
associated to £. We set

V=V @r V(g"™") @ V(K)((4 =k —1—m)/2).

From [23, Section 2.4], we have that V() is isomorphic to the direct sum of finite copies of V (£™V).
Hence we only need to prove the statement after replacing V' (f, g, h) with V.
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From the assumption here, we have V(§“QW)|GQP is semi-stable, hence Vg, is also semi-stable.
One has
Dy (V(E™Y)) = L-ag @ L - be,

where a¢ and be are p-eigenvectors with eigenvalues a, (V)™ and p'~“x¢(p) 1@, (€7°V). See [23,
Section 2.5]. We define the monodromy operator Ng on Dg(V (£™°Y)) to be zero, if p { N and

Ne(ag) = be and  Ne(be) = ae
if p || Ne. We define
Dy (V) = Dt (V(f*Y)) @1 Dst(V(¢"")) @1 Dst(V/(h"Y)) @, Dst(Qp((4 — k —1—m)/2)),

then we consider the set B, which is an L-basis of g-eigenvectors of D¢ (V). The elements in B,
are given by af and bf,, where £ = (), f, g and h. We refer to the proof of [23, Lemma 3.5] for the

w?

explicit form. The respective eigenvalues &, = {a5,, 35} are given by

Py ()
) g o, ()

pcwfl
- ap(fnew)ap(gnew)ap(hnew) ’

o ol =

We can calculate o, and o similarly. Furthermore, 85 are defined by
p-ad -8 =1

We set
{() if p divides the conductor V¢
E¢ =

1 if p does not divide the conductor N

and also set €, = €5 + &4 + €5. According to [58, Theorem 4.5.17 and Theorem 4.6.17], we have

|aw|oo — p(swfl)/Z ‘/Bw‘oo :p(fswfl)/2’ |O(£)|(><> — p(5w72s£71)/2’ |6§J|oo — p(2s£75w71)/2.

)

Here | - | denotes the complex absolute value. Now if €, = 0, we have

|twloo = |Buloo = |O‘EJ|O<> = |ﬂ£|oo :p71/2.

Hence Dy (V)#=! vanishes. When ¢, = 2, we say £ = 0, then

lawloo = P2 [Buloe =72

p—1/2 gz gnew and hrew
p1/2 5 — fnew’

|B§|Oo _ p—1/2 §: gnev and Arew
w p—3/2 gz fnew.

In this case, we also have Dy (V)?=! vanishes.
Ife, =1, welet ef =1. Then

|aw|w =1, ‘6w‘oo :p_l

c 1 £ = ¢g™v and h™V
|aW|O° = —1/2 __ fnew
p £ =,

|ﬂ§| B p—l 52 gnew and Arew
wloo p71/2 § — fncw'

Then we have Dy (V)#=! is contained in L-a, ® L-a? @ L -al. Considering the operator N on
D (V), we get
N(r-a,+s-al +t-a’')=r-al +s-b" +t-b

Hence we know that Dg(V)?=1V=0 vanishes.
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Finally, if ,, = 3, we have
lotw]oo = P, |Beoloo =p?
laflo =1, Bl =p""
So Dy (V)#=1 is contained in @¢L - a$. We know that
N(a) = bS + b

for each permutation (£,¢,€"”) = (f,g,h). Hence Dy (V)?=1V=9 = 0. We prove the argument. [J

7.1.2 Big diagonal class

Let f, g and h be three Coleman families with slopes af, ag and ap. We set ordy(ay) > 0 and
ord,(ag) <u—1. For £ = f, g, hand - =0, /7, we set A (§): = A (Ug) and D' (&): = D' (Ug). From
the discussion in [23, Section 4.2], we can associate A (€) and D' (€) to the étale sheaves A (€) and
D (§) on Yi(N,p). We recall that T =72 x Z, and T' = pZ, x Z; as before. We let

(T xT)o={(ts,t2) € T x T | det(t1,t2) € ZX},

where det((x1,22), (y1,%2)) = T1y2 — 22y1. Let (T x T)? be the complement of (T x T)g in T x T.
From discussion in [23, Section 8.1], we know that (T x T)p and (T x T)? are open compact subsets
of T x T, preserved by the diagonal action of T'g(pZ,). We denote by A(g)2A(h): = A(g)®0, A(h)
the space of locally analytic functions on T x T. From [23, Remark 4.1], we have the orthonormal
basis of A(g)®.A(h) which gives a decomposition of T'(pZ,)-modules

Ag)DA(R) = (A(g)BA(R)o © (A(g)RA(R))°.

where (Ag®Ap)o and (Ay®.Ap)° consist in locally analytic functions supported on (T x T)o and
(T x T)° respectively. Let Aggn = A@0, Ag®o, An, and we define Kgnt Ly — Ajgp, by

Kigh = (Kf + kg + kn —6)/2.
We define the characters k% : Z, — A%, by
H;c = (—Kf+ Kg+ Kn —2)/2

Similarly, we define rg and k. We can see K}y, = K} + kg + K},. We have an Abel-Jacobi map

AJL™: HY(Yi(N,p), A(f) ® Alg) ® A(h)(~K}gn)) — H'(Q,V(£,g,h)).

We refer to [23, Section 8.1] for more details.
We can find that det: Zf, X Zg — Zp maps T' x T to Z;, we let

Det = Det{?": T/ x Tx T — Aggn

be the function which vanishes identically on T’ x (T x T)? and on elements (x,y, z) in T’ x (T x T)g
takes the value
Det(x,y, z) = det(x, y)"» - det(x, z)"s - det(y, z)"7.
We can check
Det(y - @,7-y,7 - z) = det(y)"7o» - Det(z, y, 2)
for every v € T'o(pZ,). So we can view Det as an element of A}@A;@Ag(fﬁ} gr) Which is invariant

under the diagonal action of I'g(pZ,). Since I'g(pZ,)-representation A}@Ag@)Ah corresponds to the
sheaf A ®.A43®Ap, on Yi(N,p), we have

Det!?" € HY, (Yi(N,p), A @A, BA} (—Kgn))-

We then define
K(f,g, h) = W . AJeftgh(Detﬁf?::) c Hl(@y V(.f)g’ h’))7
P



7.2 Reciprocity law 41

Let (k,1,m) be a balanced triple of classical weights, let » = (r1,72,7r3) = (k— 2,1 —2,m —2) and
r = (ry 4+ re+r3)/2. We can define the twisted diagonal class(cf. [23, Equation (157)])

KT(.fkaglah'm) S H;(vi(fkvglahm))

Then from [23, Theorem 8.1], we have the following result.

Theorem 7.1.3. For each balanced triple w = (k,l,m), we have

(0= Doy, - pus(F.g. ) = (1= S8 ) T (£ g1 ).

We can show that the big diagonal class x(f,g,h) € HL,,(Q,, V(f,g,h)) following the proof
of [23, Corollary 8.2].

7.2 Reciprocity law

Now let B/ — X7(N) be the universal elliptic curve over the modular curve defined over Q,. For any
n > 0, we let W, be the n-th Kuga—Sato variety over X;(N). See [19, Appendix] for the definition of
Kuga—Sato variety. Now we fix a balanced weight (k,l,m). We write (k,l,m) = (r1 +2,72+2,r3+2),
r:= 3(ri +rs+r3), and we set

W:=W,, x Wy, x W,,.

In [35, Section 3.1], Darmon and Rotger construct a homologically trivial cycle which is called the
generalized diagonal cycle

A € CHT2(W): = ker(CH™H2(W) -5 H2H(W/C,)).
We have the p-adic Abel-Jacobi map
AJ,: CH™ (W) — [Fil"t2 H2P3(W/Cp)]Y.

For the construction of the p-adic Abel-Jacobi map, we refer to [25] and [64, (1.2)]. We consider
f e Sk(N,xr), g € Si(N,xq) and h € S,,,(N,xp). We assume that xs - xg - xn = 1. We denote
k=1l4+m—2tand c= (k+1+m —2)/2. In [35, Section 3], one can construct an element

N ® wy @ wy, € Fil"F? HIEH (W/C,).

Hence we can consider the valuation of AJy(Ag;m) on 1§ ® wy ® wy. Using the finite polynomial
cohomology in [45], Huang proves the following p-adic Gross—Zagier formula for a triple modular
forms (f, g, h).

Lemma 7.2.1. We let

E(f) =0 =Bix; ™), &(f) =0 =8ix; (")

and
E = (1—Braganp™ ) (1 = BrayBup™ ) (1 — BrBganp™ ) (1 — B ByBrp™ ).

Then we have

E(f,g,h)
(t =D& (f)E(Sf)

Proof. See [44, Theorem 3.9]. O

jp(fi g, Tl)(k, I,m) = (71)t71

X Adp(Ak1m)(NF @ wg @ wh)

We know the class x(f,g,h) € HL,,(Q,, V(f,g,h)). Using the p-adic Gross—Zagier formula above,
we can prove the following reciprocity law.

Theorem 7.2.2.
"gf(resp(ﬁ(fvg’h))) :gp(.fagvh)' (721)

Proof. See [44, Theorem 4.23]. O
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7.3 Some discussions in exceptional case

We do not prove any results in exceptional case, but we would like to show when the exceptional zero
phenomenon occurs following [23, Section 1.2]. It would be interesting to deal with the exception
case in the future work.

Let Hg be the g-improving plane in Ug x Ug x Uy, defined by the equation

k—l+m=k—-1+m.

Let Ogn = OUg®LOUh and vg: Oggn — Ogn be the map sending F(k,l,m) to its restriction
F(l—-m+k+m—11,m)toHy Set V(f,g,h)|n,: =V(Ff,g,h) ®,, Ogn and denote by

H(.fag>h’)|7'lg € Hl(Q7V(.fag7h)|7{g)

the image of k(f, g, h) under the morphism induced in cohomology by 4. Define the Euler factor

Xg “ bp(1) (k—l4+m—2)/2
= 1 — . .
&(f.9.h) cp(m)-a,(l—m+k+m—1) b € Ogn

In [23, Section 9.3], we can show that there is a canonical g-improved balanced diagonal class

H;(f,g,h) € Hgal(Qpa V(f’g7h)|Hg)

and we have the following factorisation

l‘{‘;(nf7g7h)|Hg = gg(fug?h) . K;Z(f’g7h)'

If £4(f, g, h) = 0, this implies the specialisation of k(f, g, h) at wy vanishes independently of whether
the complex L-function L(fx ® g; ® hy,, s) vanishes at s = (k4 { +m — 2)/2. This is the first source
of exceptional zeros. The second source of the exceptional zeros is the vanishing of the Euler factor
in Equation 6.2.1.

7.4 Non exceptional case

When wy is not exceptional, we prove the result following the proof in [23, Section 9.1].

Theorem 7.4.1. When wy is not exceptional, L(fi ® gi ® hp, s) vanishes at s = (k+1+m —2)/2,
we have k(fi, gi, hm) is crystalline at p.

Proof. From the interpolation formula Equation 6.2.1, since wq is not exceptional, we can see that
L(fr ® g1 @ b, (k +1+m —2)/2) = 0 if and only if Z,(fx, g1, hm) = 0

for each level N test vector (f, g, E) for (f,g,h). Combining Theorem 7.2.1, Theorem 5.2.1 and the
fact that wy is not exceptional, we have

gp(fk ®§l ® hm) == gwo : <eXp;(H(.fka§la hm)f),nfkwglwﬁ >fk§l’ﬁm

m

for a non-zero algebraic number &,,,. Hence the Garrett L-function L(f; ® g ® hpm, s) vanishes at
s=(k+1+m—2)/2if and only if

(expy(K(fr: g1 ) £) .5, W wh, ) Fogiin, = O

where Nf,Wa Wy, 18 tl~1e specialisation of n Fwgwy, at w = (k,l,m). Sirice njwgwy, is the basis of 1

dimesional space (D(f)7)"=' @ (D(g)"(~1 — Ky, — x5(»)))" = ® (D(h)" (-1 — kv, — x;(p)" =",
we have that the Garrett L-function L(fx ® g1 ® hp, ) vanishes at s = (k +1+m — 2)/2 if and only
if expy (k(fk, g1, hm) ) = 0, which proves the result. O



CHAPTER 8

Proof of the main theorem

8.1 Logarithms

Set Var(f,9,h): = Dar(V(f,g,h)). From the discussion in [21, Section 3.1.2], we have a perfect
duality
() rgn: Var(f, 9, h) ®r Var(f,9,h) — L, (8.1.1)

which identifies Vagr (f, g, h)/ Fil® with the L-linear dual of Fil” Var (f, g, h). We have the Bloch-Kato
logarithm

log,,: H}(QP7V(f,g,h)) — Var(f, g, h)/Fil".
We then define the ++-logarithm

log™t = (log,,(+),nf ® wg ® wh) fgn: H}(QP’ V(f.g,h)) — L.
to be the composition of the Bloch-Kato p-adic logarithm with evaluation on the class
% ® wy ®wy € Fil’ Var(f, 9, h)

under the duality (-, ) rgn-

8.2 The main theorem

The main theorem is the following

Theorem 8.2.1. Assume that the complex Garrett L-function L(f @ g h, (k+1+m —2)/2) =0
and wq is not exceptional. Then

QgQp
19"
«
G L9100 g = 08 e, (0) - Z5(£.9.B) mod 5
pagap

Jory € Sel(Q,V(f,g,h)).

8.3 Proof of the main theorem

The following proof is identical to the proof of [22, Theorem 3.2], which is given in [22, Section 3.4].
We reproduce it here for the reader’s convenience with the same notation.
We fix a 1-cocyle
Z=(z2%,0) € CY(V(f,9,h),D(f,9,h) ")

43
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which represents the diagonal class k(f, g, h) in HX(V(f,g,h), D(f,g,h)*"). Here
Zecl(GNP7V(fagvh))7 zt ecglo,'y(D(fvg7h)+)

and a = (ag)enp € B KP(V(f,g,h)) which satisfy dz =0, dz =0, resy,(z) =i (21) — da.
{|Np

We then fix another 1-cocyle Z € C'(Gnyp, V(f, g, h)) representing x(f, g, h). We have dZ = 0.
In addition, from

Pwyo * Cl(GNP’ V(f’g7 h)) — Cclont(GNP’ V<f7g7 h))’

we have py,(Z) = z. On the other hand, using the morphism of complexes

puwy: C*(V(f,9.h),D(f,g,h)") — C*(V(f,9,h), D(f.9,h)"),
we have that the 1-cocyle Z is then lifted by a 1-cochain of the form
7=(2,2%,4) € C'(V(f.g.h).D(f.g.h)"),
where the cochain Z* € C}_(D(f,g,h)") is a lift of z* and A = (A¢)¢np € zﬁz\? K)(V(f,g,h)) is
P

a lift of a.
Since Z is a 1-cocyle, the differential dZ in C2 (V(f,g,h),D(f,g,h)") can be written as

dZ =k —k)-Zy+(1=1)-Z1+(m—m) - Zm

with 2-cochains Z, for - = k, I, m. These 2-cochains are in C*(V(f,g,h),D(f,g,h)) and then we
write Z. = (Z.,Z1,W.) for Z. € C*(Gnp, V(f,g,h)), ZT € CF_(D(f,g,h)"), and the 1-cochains
W. = (Wwf)ele € @ Kzl(v(fagvh’)) SatiSfying

£|Np

(k—k) Wi+ —=1)- Wi+ (m—m) Wy, =i"(Z1) —resn,(Z2) — dA. (8.3.1)

Lemma 8.3.1. Let 3 € CL(V(f,g,h), D(f,g,h)") be a 1-cocycle and let Z € C*(V(f,g,h),D(f,g,h)")
and Zy, Zy and Zm € C*(V(f,g9,h),D(F,g,h)") satisfy

1 pu(Z) =%

2. d(Z)=(k—k)-Z+U—1)-Z+ (m —m) - Zp,.

Then we have Z.: = p,,,(Z.) are 2-cocycles of C*(V(f,g,h), D(f,g,h)*) and
~Bran((f.9.h)) = (k = k) - cl(Z) + (L= 1) - cllZ) + (m = m) - cllZm). (8:32)
Here cl(-) means that the class represented by -.
Proof. This follows from the proof of [71, Lemma 5.5] using the Koszul complex. O
For D = D(f,g,h) or D(f,g,h), we have p~: Cg (D) — Cg, (D). We let
X.=p~(W.,) € Cy ,(D(f.g,h)7)

and
T = pwo(X') € C;,W(D(fmga h)i)

We also let A, =p~(Ay).
Applying p~ to Equation 8.3.1, we get

(k—k) X+ (1 —=1)- Xi+(m—m) Xpm =—p (resnp(2)) — dA,. (8.3.3)
As Z is a 1-cocyle, this implies that the 1-cochain . are 1-cocyles. We set

r.=cl(z.) € H'(D(f.9,1)").
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On the other hand, Z is a 1-cocycle, then we have p,,(Z.) = 0. Hence
2= (0, puo (Z75), puy (W)
We set 2,0 Sel(Q, V(f,9,h)) — H'(V(f,g,h), D(f,9,h) "),
T HY(V(f,9,h), D(f,9.0)") — H'(D(f,9,h)").

and
J: Hl(D(f,ga h)i) — H2(V(fvga h)vD(fvgah)Jr)
Since C$,..(Qe¢, V(f,g,h)) is acyclic for £ # p, this implies
cl(z) =(x) (8.3.4)
From Equation 8.3.2 and 8.3.4, we have

(5 (f,9:1),-) = (Brgn(r(f, 9, 1)), ->Nek ® 77 (8.3.5)
= Z (rw); INek  (u — uo)
= _Z Im Tate‘ _UO)~

Here (-, )ate: HY(D(f,g,h)") @ H*(D(f,g,h)~) — L is the local Tate duality induced by the
perfect pairing. The last equality follows from the adjointness of the maps 7 and -+ with respect to
the pairings (-, ‘)nek and (-, )ate(See [71, Lemma 5.7] and [13, Corollary 4.16]).

As in Section 5.1, we have D(f, g, h); and F?D(f,g,h). The projection

p :D(f,9,h) — D(f,g,h)"
maps F2D(f,g,h) onto D(f,g,h)y, hence it induces a morphism
Py: Hyy(Qp, V(f,9.h)) — H'(D(f,g,h);).
Lemma 8.3.2. There exist Yi, Vi, Vm € H'(D(f,g.h)¢) such that
Pp(resp(r(f,9,h)) = (k= k) - Di + (L= 1) - D+ (m —m) - D
Furthermore, we have ty = —puy(Du)-

Proof. We set D(f,g,h)s: = D(f)” ®%, D(9)" ®a%, D(h)T((4—k—1—m)/2). It is a direct summand
of D(f,g,h)” and the specialisation map p,,, induces an isomorphism

D(f,g,h)f ®u, Ogn = D(f,g,h)s.
Since the kernel of evaluation at wg on Oggp is generated by a regular sequence and
H*(D(f,9,h)s) =0,
the specialisation isomorphism p,,, induces an isomorphism
H'(D(f,g.h)s) ®u, L= H'(D(f.g.h)y). (8.3.6)

From Theorem 7.4.1, k(f, g, h) = pu,(k(f, g, h)) is crystalline at p. And we know that H} (Qp, V(f,g9,h))
is HY(D(f,g,h)") from the proof of Lemma 4.8.1, hence

K: = Py(resy(k(f,g,h)))

belongs to the kernel of Equation 8.3.6, thus we prove the first statement.
Let 9., in H'(D(f,g,h)¢) be local classes satisfying

K’f*ZQ‘ju‘ U — Up).

We only prove the case that p,,(9.) is equal to —g,, for u = k. The other proofs are similar.
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From Equation 8.3.3 and the construction cl(Z) = k(f, g, h), we have

l (Z Xu - (u— uo)) =Y i/ (Va) - (u—u) € H'(D(f.g.h)"), (8.3.7)

where iy denotes the morphism in cohomology induced by the inclusion D(f,g,h); — D(f,g,h)".
Let v: Oggn — Oy be the surjective morphism of rings sending the analytic function F'(k,l,m) to
F(k,l,m) and set

D(f,9,h)” =D(f,g.h)” ®, Oy and D(f)"*" =D(f,g,h); @, Of.
Then from Equation 8.3.3, we have v(Xy) is a 1-cocyle in C¢  (D(f, g,h)”) and Equation 8.3.7 gives
(k= k) - (cl(v(Xk)) + v(Yk)) = 0.

We know that the (k — k)-torsion of H'(D(f,g,h)”) is a quotient of H°(D(f,g,h)~), which is
zero since we assume that (f, g, h) is not exceptional. Then v(9x) = —cl(¥(Xg)), hence we have

Puwo (Q.)u) = k- O

Let y be an element of HY(V(f,g,h), D(f,g,h)T). Equation 8.3.5 and Lemma 8.3.2 give the
identity

(r(f,9,h), :T/»fgh = Z<pwo (D), T Tate - (w — uo). (8.3.8)

If ¥ = 24 (y) corresponds to y € Sel(Q, V(f, g,h)), then the image of ™ under the map induced in
cohomology by the inclusion iT: D(f,g,h)™ — D(f, g, h) is equal to the restriction of y at p.

Lemma 8.3.3. We have that

(Pwo (D), UT) Tate = log ™ (ves, () - (expy(Puwy (D)), 1y @ Wy @ wh) pgh- (8.3.9)

where expy,: HYD(f,g,h)) — Zar(D(f,g,h)) is the Bloch-Kato dual exponential map in Theorem
4.3.2.

Proof. The Bloch—Kato dual exponential map in Theorem 4.3.2 gives an morphism
eXp;;: Hl(D(fa 9, h)) — @dR(D(faga h))
As it (gT) = res,(y), it follows that

<pw0 (qu)a §+>Tate = <exp;(pw0 (Q.ju»vl()gp(resp(y)»fgh' (8‘3'10)

Here (-, -) gn is the pairing in Equation 8.1.1. Since the p,, () belongs to H'(D(f,g,h)s), and for
the linear form

<eXp;(pwo(Q‘ju))v>fgh: VdR(f7ga h)/FllO — L7

there is a commutative diagram

Var(f,g,h)/ Fil’ — L

lpr++ e

Dar(D(f) @z, D(9)* ©z, D(h)*)/Fil’
By definition, we have
pr (log, (res, ())) = log ™" (ves, (y)) - 1y ® wy @ wh,
then the result follows from Equation 8.3.10. O

We set
exp;r+*(pw0 (@u)) L= <eXp;(pwo (mu))a Ny Qwg @ wh>fgh;

Then Equation 8.3.8 and 8.3.9 give the equality

(K (f.9:7),9) ggn = log™* (resy(y) - Y exp™ (g (V) - (w — o) (8.3.11)
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for y € Sel(Q, V(f,g,h)).
From Proposition 5.2.1, we have a morphism

gf: Hl(D(ﬁg,h)f) — Ofgh.

For each local class Z in H},,(Qp, V(f,g,h)), we have

L
« *
27(2)en) = (p = Doy - a1 ] (2 (2))
pagap

We apply .Z% to both sides of the equation in Lemma 8.3.2 and use the explicit reciprocity law
in Theorem 7.2.1 to obtain

1— QgQp
. @ *
Z(f,9.h) mod 5% = a7 3 e (pun (Du)) - (u — o)
bagaip

Then the theorem follows from the previous equation and Equation 8.3.11.
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CHAPTER 9

p-adic BSD conjecture for Al p-adic L-function

In this part, we formulate a p-adic BSD conjecture for Al p-adic L-function. We let E be an elliptic
curve defined over the field Q and its conductor is Ng. We also let g1, o2 be two-dimensional odd
Artin representations of the absolute Galois group Gg of Q, i.e.,

0;: Gg — GL(V,,).

Set 0: = 01 ®q o2 and V,: =V, ®g(e) V.- We denote by K, the extension of Q cut out by o. Assume
that the det(o1) - det(g2) = 1. From the modularity theorem, we can associate E' with a cuspidal

newform f = > an(f) - ¢" € S2(Ng). From the work of Khare and Wintenberger [52, Corollary
n>1
10.2], we can associate g1 and g2 to normalised Hecke eigenforms

9= an(g) q" € Mi(Ng,xy)

n>1

and
h=> an(h)-q" € My(Np,xn)

n>1

of levels N, and N}, that are equal to the conductors of o1 and g2 respectively and also the characters
Xg and xp which satisfy x4 - xn = 1. Assume that E has good ordinary reduction at p. We consider
the p-th Hecke polynomial T},(X) = X2 —a,(f) - X + 1n,(p) - p of f, here 1y, is the trivial character
modulo Ng. Then we denote by ay the root of T,(X) with positive p-adic valuation and by Sy
the other root, which is a p-adic unit. In addition, we suppose that E does not have complex
multiplication and that f is non-critical. Then the critical p-stabilisation

fa; (@) = f(q) = By - f(¢") € S2(Nep)

is the specialisation at weight two of a unique cuspidal Coleman family f for suitable connected open
disc Uy centred at 2 in the weight space WW. Here Oy, is the ring of bounded analytic functions on
Uy with respect to Gauss norm. Let £ be either g or h, and let ¢ and ¢ be the roots of p-th Hecke
polynomial X2 — a,(€) - X + x¢(p). We assume that p does not divide N¢ and ¢ satisfies Assumption
3.5.3 (2) (b). The p-stabilisation

ac(q) = €(q) — Be - £(q7) € S1(Nep, xe)L

is the weight one specialisation of a unique cuspidal Coleman family & for some Ug which is an affinoid
disc centered in 1 in Wry,.

Let 2! denote the set of classical triples, the intersection of U 7 x Ug x Up, with Zil. Under the
assumption x, - xn, = 1, for each (k,l,m) € £, the complex Garrett L-function L(f ® g1 ® hum, )
admits an analytic continuation and satisfies a functional equation with sign +1 relating its values at
sand k+!4+m—2—s. The assumption (N, Nj,, Ng) = 1 guarantees that the signs in the functional
equations are equal to +1 for all classical triples (k,l, m) such that & > [+ m. See [35, Section 4.1].
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In this case, the complex Garrett L-function L(F,o,s): = L(f ® g ® h, s) vanishes to even order at
the central critical point s = 1. We denote by .Z,(E, g) the AI p-adic L-function .Z,(f,g,h) and
we know that L,(E, 0): = .%,(E, p)? interpolates the central critical values L (fx ® g1 ® hy,, 1) from
Equation 6.2.1. Now we define by

B, )% = (B(,) @7 Vy) G40/
the Mordell-Weil group of E twisted by o. Enlarging L if necessary, we fix isomorphisms
Yg: Vo @) L=V (g), and vyp: Vy, Qg L=V(h)
of L[Gg]-modules. Using the Kummer map and the Shapiro isomorphism yields an injective morphism
(BE(K,) 7 V) ¥ Ke/D @) L — Sel(Q, V(f) ®g(g) Vo)-
See [22, Section 2.3] for more details. Using the isomorphism of L{Ggl-modules
Yo @ Vo Qo) L= V(g) @1 V (),

we have

E(KQ)Q — Sel(@7 V(fvgv h))
The p-adic height pairing
(D gt B(K,)* @) E(K,)® — 7 /.57

is defined to be restriction of the canonical p-adic height pairing ( see Equation 4.7.3) to the Mordell-
Weil group E(K,)?. Here .# is the ideal of Ogp vanishing at wy = (2,1,1). Using the height pairing,
we define the regulator R,(E, o) to be

Ry(E, 0): = det((F, Pj>>fgh)1§i,j§r(E,g)7 (9.0.1)
where P; is a Q(o)-basis of Mordell-Weil group E(K,)? and r(E, ¢): = dimg(,) E(K,)?. We have
Ry(E, 0) € (#7150 |77 /(Q(0)*)".

We say that a non zero element F' of Oggp has order of vanishing r € Z>o at wo = (2,1,1) if it
belongs to .#" — .#"*1 and we denote by F* the image of F in the quotient .#"/.#"+1,

Conjecture 9.0.1. The p-adic L-function L,(E, o) has order of vanishing r(E, 0) at wo = (2,1,1),
and the following equality holds up to (Q(0)?)*.

LP(Ea 9)* = Rp(E7 Q) mod jT(EaQ)/VgT(E,g)+1

In particular, the p-adic height pairing (-, -, >>fgh is non-degenerate.
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