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Abstract

In this thesis, we consider three cuspidal modular forms

f ∈ Sk(Nf , χf ), g ∈ Sl(Ng, χg), h ∈ Sm(Nh, χh)

of weight k ≥ 2 and l, m ≥ 1 with conductor Nf , Ng, Nh and characters χf , χg and χh respectively.
We assume that χf · χg · χh = 1. We üx a rational prime p and suppose that p ≥ 3. We assume
that the root αf of the p-th Hecke polynomial of f has positive p-adic valuation. We denote by f³f

the αf stabilisation of f . Similarly, for ξ = g, h, the p-th Hecke polynomial has roots αξ and βξ.
We consider the p-stabilisations g³g

and h³h
. Under some assumptions, there are unique Coleman

families f , g and h passing through f³f
, g³g

and h³h
respectively. We üx a ünite extension L of

Qp containing all the Fourier coeþcients of f , g, h, the roots αξ and also the N -th roots of unity,
where N is the least common multiple of Nf , Ng, Nh. For ξ = f , g and h, we denote by Uξ the
L-rational open disc centered at u ∈ Z≥1 in the weight space WL deüned over L. Let Λξ be the ring
of bounded by 1 analytic functions over Uξ with respect to Gauss norm and we set Oξ = Λξ[1/p] and
Ofgh = Of ⊗̂LOg⊗̂LOh. We attach to ξ a Galois representation V (ξ) and consider

V (f, g, h) = V (f)⊗L V (g)⊗L V (h)((4− k − l −m)/2)

Following [63], [22, Section 2] and [13, Section 3], we can deüne a three variable p-adic height pairing

〈〈·, ·〉〉fgh : H
1(V (f, g, h), D(f, g, h)+)×H1(V (f, g, h), D(f, g, h)+) −→ I /I 2

where I is the ideal of analytic functions inOfgh vanishing at ω = (k, l,m), H1(V (f, g, h), D(f, g, h)+)
is the extended selmer group of V (f, g, h) which is constructed by Benois [10] and [11]. In [1], An-
dreatta and Iovita construct a triple product p-adic L-function L AI

p (f , g,h) for ünite slope families.
In [44], Huang investigates the reciprocity law of the AI p-adic L-function. Combining the calcula-
tion in [71] and [13] for the p-adic height pairing and the reciprocity law proved by Huang, we can
generalize [22, Theorem 3.2] to our setting.

In the end, we formulate a p-adic BSD conjecture for AI p-adic L-function. We consider the
elliptic curve E deüned over Q with good ordinary reduction at p. Furthermore, we suppose that
E does not have complex multiplication. From the modularity theorem, we can attached to E a
weight 2 cuspidal modular form f . The p-th Hecke polynomial of f has a root αf with positive p-adic
valuation. We assume that f is non-critical, then there is a unique Coleman family f specializing to
the αf -stabilisation of f at weight 2, which is the critical stabilisation of f . Suppose that we have two
odd irreducible Artin representations %1 and %2 of the absolute Galois group of Q. Let % = %1 ⊗ %2.
From the work of Khare and Winterberg, we can associate these two Artin representations to weight
1 cuspidal modular forms g and h respectively. Similarly, under some assumptions, we have two
unique Coleman families g and h specializing to the p-stabilisation of g and h respectively. We set
Lp(E, %) = L AI

p (f , g,h)2, which interpolation the value of complex L-function L(f ⊗ g⊗ h, s) at the
central point s = 1. We can deüne E(Kϱ)

ϱ the Mordell–Weil group of E twisted by %. We restrict
our p-adic height pairing 〈〈·, ·〉〉fgh to E(Kϱ)

ϱ, then we obtain

〈〈·, ·〉〉fgh : E(Kϱ)
ϱ × E(Kϱ)

ϱ −→ I /I 2,

where I is the ideal of analytic functions in Ofgh vanishing at ω0 = (2, 1, 1). Using this p-adic height
pairing, we can deüne the regulator Rp(E, ρ). We then give a conjectural relation between the p-adic
L-function Lp(E, %) and the regulator Rp(E, ρ).
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CHAPTER 1

Introduction

In [22], Bertolini, Seveso and Venerucci consider the cuspidal modular forms

f ∈ S2(Nf ), g ∈ S1(Ng, χg) h ∈ S1(Nh, χh)

satisfying χg ·χh = 1. Furthermore, they suppose that ordp(Nf ) ≤ 1 and the p-th Hecke polynomial of
ξ has a root αξ which is a p-adic unit. Hence there is a Hida family f passing through the ordinary p-
stabilisation f³f

. Assume that p ∤ NgNh and g, h are classical p-regular weight one newforms without
p-split real multiplication. Then there are also Hida families g, h passing through the p-stabilisation
g³g

and h³h
respectively. We üx a ünite extension L of Qp which contains the Fourier coeþcients of

f , g, h, the roots αf , αg and αh and the N -th roots of unity, where N is the least common multiple
of Nf , Ng and Nh. For ξ = f , g and h, we let Uξ be an L-rational open disc centered at u ∈ Z≥1 in
the weight space WL which is a rigid analytic space deüned over L. Let Λξ be the ring of bounded
by 1 analytic functions over Uξ with respect to Gauss norm. Set Oξ = Λξ[1/p] and we denote by
Ofgh = Of ⊗̂LOg⊗̂LOh. We can attach each modular form ξ a Galois representation V (ξ) and
consider

V (f, g, h) = V (f)⊗L V (g)⊗L V (h)

In [22, Section 2.5], they construct a three variable p-adic height pairing

〈〈·, ·〉〉fgh : H̃
1
f (V (f, g, h))× H̃1

f (V (f, g, h)) −→ I /I 2

Here I is the ideal of Ofgh vanishing at ω = (2, 1, 1) and H̃1
f (V (f, g, h)) is the extended Selmer

group of V (f, g, h) whose construction is introduced by Nekovar in [63]. They prove the following
theorem in [22, Section 3.4].

Theorem 1.0.1. Assume that the complex Garrett L-function L(f ⊗ g⊗h, 1) = 0 and (f, g, h) is not
exceptional. Then

1−
αgαh

αf

1−
αf

pαgαh

〈〈κ(f, g, h), y〉〉fgh = log++(resp(y)) ·Lp(f , g,h) mod I
2

for y ∈ Sel(Q, V (f, g, h)).

Here Sel(Q, V (f, g, h)) is the Bloch–Kato Selmer group of V (f, g, h), κ(f, g, h) is the diagonal
class constructed in [23, Section 3], we recall its construction in Section 7.1.1. The map log++ is from
H1

f (Qp, V (f, g, h)) to L, where H1
f (Qp, V (f, g, h)) is the Bloch–Kato ünite subspace(See [22, Section

3.1] for the deünition) and Lp(f , g,h) is the Hida–Garrett p-adic L-function constructed in [35].
In this thesis, we would like to generalize the Theorem 1.0.1 to Coleman families and more general

weights. We let
f ∈ Sk(Nf , χf ), g ∈ Sl(Ng, χg), h ∈ Sm(Nh, χh).

Here k ≥ 2, l and m ≥ 1 and their conductors are Nf , Ng and Nh respectively. We suppose that

1



2 Introduction

Assumption 1.0.2. χf · χg · χh = 1.

We üx p a rational prime satisfying p ≥ 3 and p ∤ NfNgNh. For ξ = f , g or h, we write u for the
weight of ξ respectively. We assume that ξ satisües following assumptions

Assumption 1.0.3. 1. If u ≥ 2, ξ is p-regular and non-critical. Furthermore, the p-stabilisation
of ξ is not θ-critical.

2. If u = 1, ξ is a classical p-regular cuspidal weight one newform without p-split real multiplication.

We refer to Section 3.1 and Section 3.5 for more details on these deünitions. Since ξ is p-regular,
the p-th Hecke polynomial of ξ has two distinct roots αξ and βξ. We assume that αf has positive
p-adic valuation. Furthermore, we assume that ordp(αξ) < u− 1. Under our Assumption 1.0.3, there
exist unique Coleman families passing through the p-stabilisations ξ³ξ

( See Lemma 3.5.5). We denote
by f , g and h the corresponding Coleman families respectively. As before, we üx a ünite extension L
of Qp containing all the Fourier coeþcients of f , g, h, the roots αξ and also the N -th roots of unity.
For ξ = f , g and h, we still denote by Uξ the L-rational open disc centered at u ∈ Z≥1 in the weight
spaceWL. Let Λξ be the ring of bounded by 1 analytic functions over Uξ with respect to Gauss norm
and we set Oξ = Λξ[1/p] and Ofgh = Of ⊗̂LOg⊗̂LOh. We attach to ξ a Galois representation V (ξ)
and consider

V (f, g, h) = V (f)⊗L V (g)⊗L V (h)((4− k − l −m)/2)

Following [63], [22, Section 2] and [13, Section 3], we can deüne a three variable p-adic height
pairing

〈〈·, ·〉〉fgh : H
1(V (f, g, h), D(f, g, h)+)×H1(V (f, g, h), D(f, g, h)+) −→ I /I 2

where I is the ideal of analytic functions inOfgh vanishing at ω = (k, l,m), H1(V (f, g, h), D(f, g, h)+)
is the extended selmer group which is constructed by Benois [10] and [11] generalizing the original
ideas of Nekovar. The construction of H1(V (f, g, h), D(f, g, h)+) relies on the p-adic Hodge theory
and the theory of (ϕ,Γ)-modules. We refer to Section 2 and 4 for more details.

Under the Assumption 1.0.2, the complex Garrett L-function L(f ⊗ g ⊗ h, s) has an analytic
continuation to the whole C and it has a functional equation which relates the values at s and
k+l+m−2−s. The sign of the functional equation is always {±1}. We assume that (Ng, Nh, Nf ) = 1.
This assumption guarantees that the sign in the above functional equation is +1 if k ≥ l+m. We recall
these facts in Section 6.1. In [1], Andreatta and Iovita construct a triple product p-adic L-function
L AI

p (f , g,h) for ünite slope families. Under our Assumption 1.0.3, the p-adic L-function L AI
p (f , g,h)

interpolates the central critical values of the complex L-functions L(fk ⊗ gl ⊗ hm, (k + l +m− 2)/2)
at triples of classical weights ω = (k, l,m) such that k ≥ l +m ( see Equation 6.2.1). In [44], Huang
investigates the reciprocity law of the AI p-adic L-function which generalizes the reciprocity law
in [23, Theorem A] to the ünite slope case. Huang’s reciprocity law is

L
AI
p (f , g,h) = Lf (resp(κ(f , g,h))).

Here Lf : H
1
bal(Qp, V (f , g,h)) −→ Ofgh is the Perrin-Riou big logarithm( See Section 5 for more

details) and κ(f , g,h) is the big diagonal class constructed in [23, Section 8.1], which is an element
in H1

bal(Qp, V (f , g,h)). We recall the construction of κ(f , g,h) in Section 7.1.2. This reciprocity law
is similar to the one proved by Bertolini, Seveso and Venerucci in [23].

We can deüne a map
log++ : H1

f (Qp, V (f, g, h)) −→ L,

using the Bloch–Kato logarithm. We refer to Section 8.1 for the deünition of log++. Combining the
calculation in [71] and [13] for the p-adic height pairing and the reciprocity law proved by Huang, we
prove the following theorem with the strategy in the proof [22, Theorem 3.2].

Theorem 1.0.4. Assume that the complex Garrett L-function L(f ⊗ g ⊗ h, (k + l +m − 2)/2) = 0
and ω is not exceptional. Then

1−
αgαh

αf

1−
αf

pαgαh

〈〈κ(f, g, h), y〉〉fgh = log++(resp(y)) ·L
AI
p (f , g,h) mod I

2

for y ∈ Sel(Q, V (f, g, h)).
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Remark 1.0.5. 1. Here we only prove the result when ordp(αξ) < u− 1. It is interesting to prove
the result when ordp(αξ) = u− 1, which we would like to consider in the future.

2. We deal with the case that the (f, g, h) is not exceptional. We also would like to discuss the
exceptional case in the future.

This work follows closely the ideas, arguments and techniques developed by Bertolini–Seveso–
Venerucci, especially in [22] and [23] and Bertolini–Darmon–Venerucci [20]; the notation and exposi-
tion follow the ones in loc.cit. with mild adaptions. Our contribution consists of replacing in these
arguments the p-adic L-function in loc. cit. with that constructed by Andreatta–Iovita in [1], the
p-adic height in loc. cit. with that constructed by Benois in [11] and the explicit reciprocity law in
loc. cit. with that of [21]; see also Huang [44].

We conclude this introduction by oûering a p-adic equivariant BSD conjecture in the case of
critical stabilisation. This is similar to [22, Conjecture 1.1] in the case of ordinary p-stabilisation.

Suppose we have two odd Artin representations %1, %2 of Gal(Q̄/Q) which are two dimensional.
Furthermore, we assume that %1, %2 are irreducible and that the self-duality hypothesis is satisüed

det(%1) · det(%2) = 1.

We set % : = %1 ⊗ %2. Suppose that E has good ordinary reduction at p and does not have complex
multiplication. We deüne by

E(Kϱ)
ϱ : = (E(Kϱ)⊗Z Vϱ)

Gal(Kϱ/Q)

the Mordell–Weil group of E twisted by %.
Using the modularity theorem, we may consider (f, g, h) the three cuspidal modular forms as-

sociated to (E, %1, %2). Since E has good ordinary reduction at p, we know that one of the roots
of the p-th Hecke polynomial of f has valuation 1. We denote by αf this roots. We consider the
p-stabilisation f³f

of f with respect to αf , which is called of critical slope( See Section 3.1 for more
details). We can associate to f³f

a Coleman family f and we can also associate to (g, h) the p-adic
families of cuspidal modular forms. We set Lp(E, %) : = L AI

p (f , g,h)2. We restrict the p-adic height
pairing 〈〈·, ·〉〉fgh to E(Kϱ)

ϱ, then we obtain

〈〈·, ·〉〉fgh : E(Kϱ)
ϱ × E(Kϱ)

ϱ −→ I /I 2, (1.0.1)

where I is the ideal of analytic functions in Ofgh vanishing at ω0 = (2, 1, 1). See Section 9 for more
details. We set

r(E, %) = dimQ(ϱ) E(Kϱ)
ϱ.

Using the p-adic height pairing in Equation 1.0.1, we can deüne the regulator Rp(E, %)( see Equation
9.0.1). From the deünition of the regulator Rp(E, %), we know it is non-zero if the p-adic height
pairing is non degenerate. We say that a non zero element F of Ofgh has order of vanishing r ∈ Z≥0

at ω0 = (2, 1, 1) if it belongs to I r − I r+1, and denote by F ∗ the image of F in the quotient
I r/I r+1. Then we formulate the following conjecture.

Conjecture 1.0.6. The p-adic L-function Lp(E, %) has vanishing order r(E, %) at ω0 = (2, 1, 1) and
then the following equality holds up to (Q(%)2)×.

Lp(E, %)∗ = Rp(E, %) mod I
r(E,ϱ)/I r(E,ϱ)+1.

In particular, the p-adic height pairing 〈〈·, ·〉〉fgh is non-degenerate.
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CHAPTER 2

The theory of (ϕ,Γ)-modules

2.1 Period rings

In this section, we recall the constructions of Fontaine’s rings of p-adic periods in [37]. We also recall
the period rings in [33] and [14]. We also refer to [40].

We always let p be a prime number. We üx an algebraic closure Qp of Qp and Cp is the p-adic
completion of Qp. Choose a valuation νp : C

×
p −→ R ∪ {+∞} satisfy that νp(p) = 1. We denote by

GQp
: = Gal(Qp/Qp) the absolute Galois groups of Qp. One chooses a system of primitive roots of

unity ε : = (ζpn)n≥1, such that ζ1 = 1, ζppn+1 = ζpn for any n ≥ 0 and ζp 6= 1. Let Qn : = Qp(ζpn) and
Q∞ : =

⋃
n≥1

Qn. Let χcyc be the p-adic cyclotomic character

χcyc : GQp
−→ Z×

p . (2.1.1)

We denote its kernel H which can be identiüed with Gal(Qp/Q∞). We put Γ: = GQp
/H and we

identify it with Gal(Q∞/Qp). We still use the same symbol to denote the map χcyc : Γ −→ Z×
p which

is induced from Equation 2.1.1. We normalized the Hodge–Tate weight of Qp(1) to be +1.
We ürst deüne the ring

Ẽ+ : = lim
←−

x 7−→xp

OCp
/pOCp

.

This ring is perfect of characteristic p and its residue üeld is Fp. We refer to [40, Proposition 5.2 and
Theorem 5.5]. The elements in Ẽ+ can be written as (x0, x1, · · · , xn, · · · ) such that xn ∈ OCp

/pOCp

and xp
n+1 = xn for all n. For each n, we choose a lifting x̂n ∈ OCp

of xn. For every m ≥ 0,
the sequence {x̂pn

m+n} converges to x(m) ∈ OCp
, which does not depend on the choice of x̂n. This

can be seen from the proof of [40, Proposition 5.3]. We then deüne the valuation ν
Ẽ+ on Ẽ+ by

ν
Ẽ+(x) = νp(x

(0)). This valuation makes Ẽ+ a complete valuation ring, see [40, Theorem 5.5] for
more details. We denote by Ẽ : = Frac(Ẽ+) the fraction üeld of Ẽ+. The valuation ν

Ẽ+ can be
extended to a valuation ν

Ẽ
on Ẽ. We have a natural continuous action of GQp

on Ẽ+ given by

g(x) : = (gx(n))n.

We can view ε as an element in Ẽ+ and we denote π = ε− 1. We can show

ν
Ẽ
(π) =

p

p− 1
.

Furthermore, the action of g ∈ GQp
on ε and π is given by

g(ε) = εχcyc(g), g(π) = (1 + π)χcyc(g) − 1.

See more details in [40, Lemma 5.11]. Now we let Ã+ : = W (Ẽ+), Ã : = W (Ẽ) be the rings of Witt
vectors of Ẽ+ and Ẽ respectively, which are naturally equipped with actions of ϕ and GQp

. More

5



6 The theory of (ϕ,Γ)-modules

explicitly, if we write the element in Ã+(resp. Ã) as
∞∑
k=0

pk[xk] for xk ∈ Ẽ+(resp. xk ∈ Ẽ), we have

ϕ

(
∞∑

k=0

pk[xk]

)
=

∞∑

k=0

pk[xp
k] and g

(
∞∑

k=0

pk[xk]

)
=

∞∑

k=0

pk[g(xk)]

for any g ∈ GQp
. We know that ϕ commutes with the action of GQp

, i.e., ϕ(ga) = gϕ(a) for any
g ∈ GQp

and a ∈ Ã+(resp. a ∈ Ã). We deüne

B̃+ : = Ã+[1/p] =

{ ∑

k�−∞

pk[xk] | xk ∈ Ẽ+

}

and B̃ = Ã[1/p]. The Frobenius of Ã and Ã+ induce the Frobenius on B̃+ and B̃. We have a natural
GQp

-equivariant surjective ring homomorphism θ : B̃+ −→ Cp such that

θ


∑

k≥0

pk[xk]


 : =

∑

k≥0

pkx
(0)
k

The construction of this map, we refer to [40, Section 6.2.1 and Section 6.2.2]. We consider P̃ : = (P (n))

to be an element in Ẽ+, where P (0) = p. We can check that ker(θ) = ([P̃ ]− p), see [40, Proposition
6.12]. We deüne B+

dR : = lim
←−
n≥0

B̃+/ ker(θ)n and an element

t : = log([ε]) =
∑

n≥1

(−1)n−1

n
([ε]− 1)n ∈ B+

dR.

The ring B+
dR is a discrete valuation ring with the maximal ideal tB+

dR and the residue üeld Cp. We
have ϕ(t) = pt and γ(t) = χ(γ)t for any γ ∈ Γ. We put

BdR : = Frac(B+
dR) = B+

dR[1/t].

We know that B+
dR and BdR are equipped with the action of GQp

. There exists a ültration on BdR

given by Fili(BdR) : = tiB+
dR for i ∈ Z.

We suppose that Amax is the separate completion of Ã+[ [P̃ ]
p ] with respect to the p-adic topology.

We deüne by B+
max = Amax[1/p] and by Bmax = B+

max[1/t]. The ring Bmax is canonically contained in
BdR, then it is equipped with Galois action of GQp

, the ültrations induced from BdR and the Frobenius
ϕ induced from that of Ã+. We deüne Be : = Bφ=1

max . The series log(π(0)) + log([π]/π(0)) converges to
an element log([π]) in B+

dR which is transcendent over Bmax, then we deüne Bst : = Bmax[log([π])].
We deüne the following rings for r > 0

Ã(0,r] : =

{
x =

∞∑

k=0

pk[xk] ∈ Ã | lim
k−→∞

(
ν
Ẽ
(xk) +

k

r

)
= +∞

}
.

This is a subring of Ã stable under the action of GQp
, ϕ induces a ring isomorphism

Ã(0,r] ∼
−→ Ã(0,p−1r]

and the action of ϕ and GQp
on Ã(0,r] are continuous. We refer to [33, Corollaire 5.5, Proposition

5.10] for more details. There is a valuation ν(0,r] on Ã(0,r] which is given by

ν(0,r](x) = inf
k≥0

(
ν
Ẽ
(xk) +

k

r

)
.

We deüne the ring Ãr : = Ã(0, p−1
pr

] and then the subring Ã†,r of Ãr as following

Ã†,r : = {x =

∞∑

k=0

pk[xk] ∈ Ãr | ν
Ẽ
(xk) +

pr

p− 1
k ≥ 0 for every k ≥ 0}.
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We deüne B̃†,r : = Ã†,r[1/p] and we set B̃† : = ∪r≥0B̃
†,r. We consider the complete discrete valuation

ring AQp
consisting of the Laurent series of the form

∑
k∈Z

akπ
k, where ak ∈ Zp and ak tends 0 if k

goes to −∞. Set BQp
: = AQp

[1/p]. Then BQp
is stable under ϕ and GQp

. See [29, Section 2] for
more details. We denote by B is the p-adic completion of the maximal unramiüed extension of BQp

in B̃. Then we deüne B†,r : = B ∩ B̃†,r and B† = ∪r≥0B
†,r. We deüne the following ring

B̃
†
rig : =

⋃

r≥0

⋂

s≥r

Ã+

{
p

[π]r
,
[π]s

p

}[
1

p

]
, (2.1.2)

where if A is a p-adic complete ring, A{X,Y } denotes the p-adic completion of A[X,Y ].

2.2 p-adic Hodge theory

We call an L-representation of GQp
is a ünite dimensional L-vector space equipped with a continuous

L-linear action of GQp
. For an L-representation V of GQp

, we can associate several diûerent L-vector
spaces introduced by Fontaine in [38].

1. We can deüne a L-vector space DdR(V ) : = (BdR ⊗Qp
V )GQp . There is a L-linear ültration

on DdR(V ) given by Fili DdR(V ) : = (Fili BdR ⊗Qp
V )GQp . We call V de Rham if it satisües

dimL DdR(V ) = dimL(V ).

2. We deüne a L-vector space Dst(V ) : = (Bst⊗Qp
V )GQp . The L-vector space Dst(V ) is a ültered

(ϕ,N)-modules which means that it is a ünite dimensional E-vector space equipped with L-
linear Frobenius ϕ, ültrations by L-vector subspaces induced from DdR(V ) and a E-linear
operator N called monodromy operator satisfying Nϕ = pϕN . We call V is semi-stable if it
satisües dimL Dst(V ) = dimL(V ).

3. We deüne a L-vector space Dcris(V ) : = (Bmax ⊗Qp
V )GQp . The module Dcris(V ) is equipped

with L-linear Frobenius ϕ and ültrations by L-vector subspaces. We call V is crystalline if it
satisües dimL Dcris(V ) = dimL V . It is known that V is crystalline if and only if that it is
semi-stable and N = 0 on Dst(V ).

2.3 The theory of (ϕ,Γ)-module over Robba ring

In this section, we recall the basic properties of (ϕ,Γ)-modules. The notion of (ϕ,Γ)-modules was
introduced by Fontaine in his fundamental paper [39].

Let L be a ünite extension of Qp and OL its ring of integers. We denote the p-adic valuation on
L by νL. For each 0 ≤ r < 1, we denote by ann(r, 1) the p-adic annulus

ann(r, 1) =
{
x ∈ Cp | p

−1/r ≤ |x|p < 1
}
,

here |x|p = p−νp(x). We deüne R
(r)
L over L to be the ring of power series f(X) =

∑
n∈Z

anX
n, where

an ∈ L such that f(X) converges on ann(r, 1). The Robba ring RL is deüned to be RL =
⋃

0≤r<1

R
(r)
L .

The power series t′ = log(1+X) belongs to the RL. The Robba ring RL is endowed with a Frobenius
map ϕ given by (ϕf)(X) = f((1 + X)p − 1). The Robba ring RL is also endowed with an action
of Γ given by (af)(X) = f((1 + X)χcyc(a) − 1) and this action commutes with ϕ. We can see that
ϕ(t′) = pt′ and a(t′) = at′. Moreover, we have

τ(R
(r)
L ) = R

(r)
L , τ ∈ Γ,

ϕ(R
(r)
L ) = R

(pr)
L .

We also deüne the ring EL, which is the subring of RL consisting of the power series f(X) =
∑
n∈Z

anX
n

for which the sequence {an} is bounded. We denote by EOL
the subring of EL consisting of those

f(X) =
∑
n∈Z

anX
n for which νL(an) ≤ 1.
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2.3.1 The ϕ-modules over RL

We recall Kedlaya’s slope theory for ϕ-modules over RL. We ürst give the deünition of ϕ-modules
over RL.

Definition 2.3.1. We say D is a ϕ-module over RL if it is a free RL-module of ünite rank d with a
ϕ-semi-linear map ϕD such that the matrix Mat(ϕD) for some basis of D is in GLd(RL).

If s ∈ Q, then we write s = a/h for a, h ∈ Z and (a, h) = 1. We say that a ϕ-module over
RL is pure of slope s if it is rank ≥ 1 and has a basis in which Mat(p−aϕh) ∈ GLd(EOL

). A ϕ-
module over RL which is pure of certain slope is said to be isoclinic. We have the following theorem
from [50, Theorem 6.10].

Theorem 2.3.2. If D is a ϕ-module over RL, then there exists a unique filtration

{0} = D0 ⊂ D1 ⊂ · · · ⊂ Dℓ = D

of D by sub-ϕ-modules such that

1. for all i ≥ 1, Di/Di−1 is an isoclinic ϕ-module.

2. if si is the slope of Di/Di−1, then s1 < s2 < · · · < sℓ.

2.3.2 The (ϕ,Γ)-modules over RL

Definition 2.3.3. We say that D is a (ϕ,Γ)-module over RL if

1. D is a free RL-module of ünite rank d,

2. D is equipped with a ϕ-semi-linear map ϕD : D −→ D such that the matrix Mat(ϕD) of ϕD in
some basis belongs to GLd(RL),

3. D is equipped with a continuous semi-linear action of Γ which commutes with ϕD. Here semi-
linear means that γ(ax) = γ(a)γ(x) for any a ∈ RL, x ∈ D and γ ∈ Γ.

We denote by M
φ,Γ
RL

the category of (ϕ,Γ)-modules over RL.

Definition 2.3.4. We say that a (ϕ,Γ)-module over RL is étale if it has a basis in which Mat(ϕD) ∈
GLd(EOL

).

Remark 2.3.5. We can see that étale is equivalent to being pure of slope zero.

We denote M
φ,Γ
RL,étale the category of étale (ϕ,Γ)-modules over RL. We denote by RepL(GQp

) the

category of L-representation of GQp
. If D is a (ϕ,Γ)-module over RL, then V (D) = (B̃†

rig⊗RL
D)φ=1

is an L-vector space, equipped with the action of GQp
given by g(x ⊗ e) = g(x) ⊗ [χcyc(g)](e).

From the results of Fontaine [39, Theorem 3.4.3], Cherbonnier–Colmez [28, Corollary III.5.2] and
Kedlaya [51, Theorem 6.3.3], we have the following result.

Theorem 2.3.6. If D is an étale (ϕ,Γ)-module of rank d over RL, then V (D) is an L-linear rep-
resentation of dimension d of GQp

and the resulting functor from M
φ,Γ
RL,étale to RepL(GQp

) is an

equivalence of categories. We denote by D
†
rig(V ) the inverse functor from RepL(GQp

) to M
φ,Γ
RL,étale.

Remark 2.3.7. From the discussion in [17, Section 2.4], the condition that D is étale is the right one
for V (D) to be ünite dimensional L-vector space.

2.4 Relation to the p-adic Hodge theory

We want to recover the classical Fontaine’s functors DdR(V ), Dst(V ) and Dcris(V ) from D
†
rig(V ).

The work of Berger [14] and [16] gives the solution to this problem. In this section, we recall some
results of Berger.
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We write Q∞[[t′]] for the ring of power series. We have a natural action of Γ given by

γ

(∑

i∈Z

ait
′i

)
=
∑

i∈Z

γ(ai)χcyc(γ)
it′i.

We deüne n(r) is the smallest integer n such that pn−1(p − 1) ≥ r. We know that there exists an
integer r(K) such that if pn−1(p− 1) ≥ r ≥ r(K), for any n ≥ n(r), we have a well deüned injective
homomorphism

ιn : R
(n)
L −→ Q∞[[t′]]⊗Qp

E.

See more details from [61, Section 2.1]. Let D be a (ϕ,Γ)-module over RL. We have the following
theorem.

Theorem 2.4.1. We let D is a (ϕ,Γ)-module over RL and there exists r(D) > 0 such that for all
r ≥ r(D), there is a unique R

(r)
L -module D(r) of D satisfying

1. D = RL ⊗R
(r)
L

D(r).

2. If s > r, then D(s) ∼= D(r) ⊗
R

(r)
L

R
(s)
L .

3. D(rp) ∼= R
(rp)
L ⊗

R
(r)
L

,φ
D(r).

Proof. See [16, Théorèm I.3.3].

Hence we can write D = D(r) ⊗
R

(r)
L

RL for r ≥ r(D). We denote

D
+
dif(D) : = D(r) ⊗

R
(r)
L

, ιn
Q∞[[t′]]⊗Qp

L

for r ≥ r(D) and for all n such that pn(p− 1) ≥ r and Ddif(D) : = D
+
dif(D)[1/t′]. We then deüne

D
+
dR(D) : = D

+
dif(D)Γ and DdR(D) : = Ddif(D)Γ

This deünition does not depend on the choice of r and n. We know that DdR(D) is a ünite dimensional
L-vector space such that

dimL DdR(D) ≤ rankRL
(D).

Moreover, DdR(D) is equipped with a ültration

Fili DdR(D) : = DdR(D) ∩ t′iD+
dif(D),

which also does not depend on the choice of r and n. Now we let RL[logX] denote the ring of power
series in variable logX with coeþcients in RL. We can extend the actions of ϕ and Γ to RL[logX],
which is given by

ϕ(logX) = p logX + log

(
ϕ(X)

Xp

)

γ(logX) = logX + log

(
γ(X)

X

)
, for γ ∈ Γ.

Here log

(
ϕ(X)

Xp

)
and log

(
γ(X)

X

)
converge in RL. See [14, Section 2.6]. We can also deüne a

monodromy operator N : RL[logX] −→ RL[logX] by

N = −

(
1−

1

p

)−1
d

d logX
.

Definition 2.4.2. For a (ϕ,Γ)-module D over RL, we deüne

Dcrys(D) : = (D ⊗RL
RL[1/t

′])Γ, Dst(D) : = (D ⊗RL
RL[logX, 1/t′])Γ.
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Then Dst(D) is a ünite dimensional L-vector space equipped with natural actions of ϕ and N
such that Nϕ = pϕN . Moreover, it is equipped with a canonical exhaustive decreasing ültration. On
the other hand, Dcris(D) = Dst(D)N=0 and

dimL Dcris(D) ≤ dimL Dst(D) ≤ dimL DdR(D).

Definition 2.4.3. We say that D is crystalline (resp., semistable, resp., de Rham) if

dimL Dcris(D) = rankRL
(D)

(resp., dimL Dst(D) = rankRL
(D), resp., dimL DdR(D) = rankRL

(D)).

Proposition 2.4.4. Let V be an L-representation of GQp
. Then

D∗(V ) ∼= D∗(D
†
rig(V )), ∗ ∈ {st, cris}.

In particular, V is crystalline( resp., semistable) if and only if D†
rig(V ) is.

Proof. See [14, Theorem 0.2].

2.5 Families of (ϕ,Γ)-module

Let A be an aþnoid algebra over L. We deüne

R
(r)
L,A = A⊗̂LR

(r)
L , RL,A =

⋃

0≤r<1

R
(r)
L,A.

The actions of ϕ and Γ on RL extend to RL,A by linearity.

Definition 2.5.1. 1. A (ϕ,Γ)-module over R
(r)
L,A is a ünite generated projective R

(r)
L,A-module

D(r) equipped with the following structures

(a) A ϕ-semi-linear map
ϕD : D(r) −→ D(r) ⊗

R
(r)
L,A

R
(pr)
L,A

such that the induced linear map

ϕD ⊗ id
R

(r)
L,A

: D(r) ⊗
R

(r)
L,A

, φ
R

(pr)
L,A −→ D(r) ⊗

R
(r)
L,A

R
(pr)
L,A

is an isomorphism of R
(pr)
L,A -modules.

(b) A semi-linear continuous action of Γ on D(r).

2. D is a (ϕ,Γ)-module over RL,A if D = D(r) ⊗
R

(r)
L,A

RL,A for some (ϕ,ΓK)-module D(r) over

R
(r)
L,A.

A p-adic representation of GQp
with coeþcients in an aþnoid algebra A over L is a ünitely

generated projective A-module equipped with a continuous A-linear action of GQp
. Let RepA(GQp

)

denote the tensor category of p-adic representations with coeþcients in A and M
φ,Γ
RL,A

denote the

tensor category of (ϕ,Γ)-modules over RL,A. We can generalize the functor D†
rig in Theorem 2.3.6 to

these more general representations. More precisely, from the work [18, Théorèm A] and [48, Theorem
0.1], we know there is a fully faithful exact functor

D
†
rig,A : RepA(GK) −→M

φ,Γ
RL,A

which commutes with base change. We recall the explicit description of functor D
†
rig,A. We let A be

a Banach algebra over L and the valuation ValA on A, which satisües

1. ValA(f) = +∞⇐⇒ f = 0.
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2. ValA(fg) ≥ ValA(f) + ValA(g)

3. ValA(f + g) ≥ inf{ValA(f),ValA(g)}

for all f , g ∈ A. Let OA be the ring consisting of the element whose valuation is greater or equal
to 0. Now we consider V is a p-adic representations of GQp

with coeþcients in A of dimension
d. From [18, Théorèm 4.2.9], there exists an s(V,A) ≥ 0, such that for any s ≥ s(V,A), there is a
A⊗̂Qp

B†,s-module D
†,s
A (V ) which is locally free of rank d. The module D

†,s
A (V )⊗A⊗̂Qp

B†,s (A⊗̂Qp
B†,s)

is isomorphic to V ⊗A (A⊗̂Qp
B†,s). Then we deüne

D
†
A(V ) : = D

†,s
A (V )⊗A⊗̂Qp

B†,s A⊗̂Qp
B†

for any such s. Our functor D
†
rig,A is given by

D
†
rig,A(V ) : = D

†
A(V )⊗A⊗̂Qp

B† A⊗̂Qp
B

†
rig.

Remark 2.5.2. When A is a ünite extension L of Qp, then the functor D†
rig,L is the same as the functor

D
†
rig in Theorem 2.3.6.

Let X = Spm(A). Then for every point x in X , we denote by mx the maximal ideal of A
associated to x, then we denote Ex : = A/mx. Suppose that V ( resp. D) is an object of RepA(GQp

)(
resp. of Mφ,Γ

RL,A
), we set Vx = V ⊗A Ex( resp. Dx = D⊗A Ex). We have the following commutative

diagram

RepA(GQp
) M

φ,Γ
RL,A

RepEx
(GQp

) M
φ,Γ
RL,Ex

,

D
†
rig,A

⊗Ex ⊗Ex

D
†
rig

i.e. we have D
†
rig,A(V )x ∼= D

†
rig,Ex

(Vx). We refer to [18, Théorèm A] and [48, Theorem 0.1] for more
details.
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CHAPTER 3

Big Galois representation

3.1 p-stabilization of modular forms

Let f =
∑

anq
n be a newform of level Γ1(N) and of weight k+2 ≥ 2 with nebentype χf . We assume

that p ∤ N . We then have Tpf = apf and 〈p〉f = χf (p)f . We denote αf and βf the roots of the
polynomial

X2 − apX + χf (p)p
k+1.

Definition 3.1.1. We call f is p-regular if αf 6= βf .

Remark 3.1.2. It is conjectured that f is always p-regular, but we only know for f of weight 2.
See [30].

We let Γ: = Γ1(N) ∩ Γ0(p). We assume that f is p-regular. Hence there are two normalized
modular forms for Γ of weight k + 2 deüned by

f³f
(z) = f(z)− βff(pz),

f´f
(z) = f(z)− αff(pz).

As is well known, these two modular forms are eigenforms for the Hecke operators Tℓ, for ` ∤ pN and
the diamond operators with the same eigenvalues as f . In addition, they are also eigenforms for the
Atkin–Lehner operator Up satisfying Upf³f

= αff³f
and Upf´f

= βff´f
.

We say that the modular form f´f
is of critical slope if ordp(βf ) = k + 1. We have the following

classiücation.

Proposition 3.1.3. When f is a cuspidal newform, then there exists a f´f
of critical slope in and

only in the following cases:

1. f is not CM and ordp(ap) = 0.

2. f is CM for a quadratic imaginary field K where p is split.

Proof. See [5, Proposition 2.13].

Definition 3.1.4. 1. We call f´f
is critical if ordp(βf ) > 0 and the representation ρf |GQp

is the
direct sum of two characters. Here ρf is the unique Galois representation ρf : GQ −→ GL2(Q̄p)
such that ρf is unramiüed outside Np and satisües

tr(ρf (Frobℓ)) = aℓ

for all ` ∤ Np.

2. We call f´f
is θ-critical if it is in the image of the operator θk : M

†
−k(Γ) −→ M†

k+2(Γ), which

acts on q-expansion by (q
d

dq
)k+1. Here M†

i (Γ) denote the space of overconvergent modular

form for Γ of weight i.

13
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Remark 3.1.5. The usual deünition of non-critical is given by ordp(βf ) < k − 1, which is diûerent
from the deünition we give here. The condition ordp(βf ) < k − 1 is called numerically non-critical
in our case and it can be shown that the numerically non-critical implies the non-critical, but the
converse is false in general. See [6, Remark 2.4.6(ii)] for more details.

From [5, Proposition 2.11], when f is cuspidal and f´f
is of critical slope, then f´f

critical is
equivalent to that f´f

θ-critical.

Remark 3.1.6. 1. It is conjectured that every cuspidal non CM form is non-critical(c.f. [5, Remark
2.14]). Hence in the ürst case in Proposition 3.1.3, we expect that f´f

of critical slope is
non-critical, hence not θ-critical.

2. In the second case in Proposition 3.1.3, the f´f
of critical slope is always critical and hence

θ-critical.

3.2 Locally analytic functions and distributions

We always assume that N is an integer and N ≥ 4. We also assume p ≥ 3. We let Λ: = Zp[[Z
×
p ]]

be the Iwasawa algebra. We write M : = Spf(Λ). Now we deüne W the rigid analytic space over Qp

associated to the formal scheme M. We let L be a ünite extension of Qp with ring of integers OL

and maximal ideal m = πOL. We base change W over L, which we denote by WL. If y ∈ WL(L), we
denote by κy : Z

×
p −→ L× the associated character. We consider Z as a subset of WL(L) identifying

k ∈ Z with the character t 7−→ tk−2. We call the point in Z the classical point. We set

W∗
L : = {y ∈ WL(L) | vp(κy(a)

p−1 − 1) >
1

p− 1
, for all a ∈ Z×

p }.

If U ⊂ W∗
L is either an aþnoid disk or a wide open disk, we write ΛU for the ring of analytic

functions on U that are bounded by 1 with respect to Gauss norm which is an OL-algebra isomorphic
to OL[[T ]]. The OL-algebra ΛU is complete with respect to mU -adic topology for mU the maximal
ideal of ΛU . See [2, Section 3.1] for more details. Set OU = ΛU [1/p] for the ring of bounded
analytic functions on U . We denote by κU : Z×

p −→ Λ×
U the universal weight character given by

κU : Z×
p ↪−→ OL[[Z

×
p ]]

× −→ Λ×
U .

We set T : = Z×
p × Zp and T

′ : = pZp × Z×
p . Let

Σ0(p) =

{(
a b
c d

)
∈M2×2(Zp) ∩GL2(Qp) | a ∈ Z×

p , c ∈ pZp

}

and

Σ′
0(p) =

{(
a b
c d

)
∈M2×2(Zp) ∩GL2(Qp) | d ∈ Z×

p , c ∈ pZp

}
.

These two semi-groups act on Z2
p by right multiplication and preserve the subset T and T

′ respectively.
Hence T and T

′ are preserved by scalar multiplication by Z×
p and right multiplication by the Iwahori

subgroup Γ0(pZp) = Σ0(p) ∩ Σ′
0(p).

Definition 3.2.1. Let U ⊂ W∗
L be an aþnoid or wide open disc.

1. Let A(U)◦ denote the space of functions f : T −→ ΛU satisfying

(a) f(at) = κU (a)f(t), for all a ∈ Z×
p .

(b) The function f(1, z) can be written in the form
∞∑

n=0
cnz

n, where cn ∈ ΛU and cn goes to

zero when n −→∞ with respect to the mU -adic topology.

2. Let A′(U)◦ denote the space of functions f : T′ −→ ΛU satisfying

(a) f(at) = κU (a)f(t), for all a ∈ Z×
p .

(b) The function f(pz, 1) can be written in the form
∞∑

n=0
cnz

n, where cn ∈ ΛU and cn goes to

zero when n −→∞ with respect to the mU -adic topology.
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Set D·(U)◦ : = HomΛU ,cont(A
·(U)◦,ΛU ), A·(U) = A·(U)◦[1/p] and D·(U) : = D·(U)◦[1/p] for

· = {∅, ′}. The ΛU -module A·(U)◦ is preserved by the left action of Σ·
0(p) i.e. if f : T· −→ ΛU is

an element in A·(U)◦, then γ · f(t) = f(t · γ) for every γ ∈ Σ·
0(p) and t ∈ T

·. See [55, Proposition
4.2.5] for more details. This gives the structure of a ΛU [Σ

·
0(p)]-module on A·(U)◦ which induces a

structure of a right ΛU [Σ
·
0(p)]-module on D·(U)◦.

We suppose that r ∈ WL(L). We have the following similar deünition.

Definition 3.2.2. 1. Let A◦
r denote the space of functions f : T −→ OL satisfying

(a) f(at) = r(a)f(t), for all a ∈ Z×
p .

(b) The function f(1, z) can be written in the form
∞∑

n=0
cnz

n, where cn ∈ OL and cn goes to

zero when n −→∞.

2. Let A′,◦
r denote the space of functions f : T′ −→ OL satisfying

(a) f(at) = r(a)f(t), for all a ∈ Z×
p .

(b) The function f(pz, 1) can be written in the form
∞∑

n=0
cnz

n, where cn ∈ OL and cn goes to

zero when n −→∞.

We can also set D·,◦
r : = HomOL,cont(A

·,◦
r ,OL), A·

r = A·,◦
r [1/p] and D·

r : = D
·,◦
r [1/p] for · = {∅, ′}.

Let k = r + 2 ∈ U and πk ∈ ΛU be a uniformizer at k − 2. From [2, Proposition 3.11], we have
short exact sequences of Σ·

0(p)-modules

0 −→ A·(U)
πk−→ A·(U)

ρk−→ A·
r −→ 0,

0 −→ D·(U)
πk−→ D·(U)

ρk−→ D.·r −→ 0

We can make the morphisms ρk more precise:

ρk(f)(x, y) = f(x, y)(k) and ρk(µ)(γ) = µ(γU )(k)

for every f ∈ A·(U), (x, y) ∈ T
·, µ ∈ D·(U) and γ ∈ A·

r, where

γU =

{
κU (x) · γ(1, y/x), if T′ = T

κU (y) · γ(x/y, 1), if T· = T
′.

3.3 Slope decompositions

Let B be a L-Banach algebra and h ∈ Q≥0. We say that a polynomial P (t) in B[t] has slope ≤ h
if every edge of its Newton polygon has slope ≤ h. Let B[t]≤h be the set of polynomials in B[t]
of slope ≤ h and whose leading coeþcient is a multiplicative unit. For every P (t) ∈ B[t], we write
P ∗(t) = tdeg(P )P (1/t). Now we consider a B-module N and let u be a B-linear endomorphism of
N . Following [4], we say that N admits a slope ≤ h decomposition with respect to u if there exists
a direct sum decomposition N = N≤h ⊕N>h into B[u]-modules satisfying

1. N≤h is ünite generated over B.

2. There exists P (t) ∈ B[t]≤h such that P ∗(u) kills N≤h.

3. For every P (t) ∈ B[t]≤h, the endomorphism P ∗(u) of N>h is an isomorphism.

We let U be a connected wide open disc of WL containing an element k = r + 2. From the
discussion in [23, Section 4.1.4], there is a L-Banach algebra structure on OU . We recall how to give
the L-Banach algebra norm on OU . We know that OU is isomorphic to the L-module L[[T ]]◦ of
power series in L[[T ]] with bounded Gauss norm. If s is a real number satisying 0 < s < 1, we deüne
| · |s : L[[T ]]

◦ −→ R≥0 by |
∑
n≥0

an · T
n|s = supn≥0 s

n · |an|p. The | · |s is an L-Banach algebra norm on

L[[T ]]◦, which is independent of s, hence this corresponds to a L-Banach algebra norm on OU . We
set

Tr =
{
(L,A·

r, U
·
p), (L,D

·
r, U

·
p), (L, Sr(L), U

·
p), (L,Lr(L), Up)

}
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where Sr(L) is the set of two variable homogeneous polynomials of degree i in L[x1, x2] and Lr(L) is
the L-linear dual of Sr(L) and we set

TU =
{
(OU ,A

·(U), U ·
p), (OU ,D

·(U), U ·
p)
}
.

Then we can discuss slope ≤ h decomposition of each triple (B,M,u) in Tr ∪ TU . From the work of
Coleman [32] and Ash–Stevens [4], we have the following proposition. See also [2] and [23, Proposition
4.2].

Proposition 3.3.1. Let (B,M,u) be a triple in Tr ∪ TU . Shrinking U if necessary, the B-module
H1(Γ,M) admits a slope ≤ h decomposition with respect to u. Moreover, for · = ∅, ′, the specialisation
maps ρk in Equation 3.2 induce Hecke equivariant isomorphisms

ρk : H
1(Γ,A·(U))≤h ⊗ΛU

ΛU/πk
∼= H1(Γ,A·

r)
≤h

and
ρk : H

1(Γ,D·(U))≤h ⊗ΛU
ΛU/πk

∼= H1(Γ,D·
r)

≤h

Lemma 3.3.2. Let U is a wide open disc containing an integer k > h + 1, we have a morphism of
GQ-modules

sU : H1(Γ,A(U))≤h −→ H1(Γ,D′(U))≤h(−κU ),

where κU : GQ −→ Λ×
U is defined by κU (g) = κU (χcyc(g)) for every g ∈ GQ.

Proof. This is from [23, Equation (83)]. See [24] for more details.

3.4 Local description of the eigencurve

Now we brieýy recall the local pieces of the eigencurve constructed in [12, Section 5.3], which is a
variant of Bellaiche’s construction in [5, Section 3.4]. The construction of eigencurve is ürst given by
Coleman and Mazur in [31] and later generalized by Buzzard in [27].

For any W the aþnoid disc of WL, we set HW : = H⊗ZOW . We üx a nice aþnoid disk W of the
weight space WL See [5, Deünition 3.5]. We also set W to be ν-adapted(c.f. [5, Section 3.2.4]). We
denote by M†(Γ,W ) the Coleman’s space of overconvergent modular forms of level Γ and weight in W .
See [32, Section B.4] for more details. The M†(Γ,W )≤ν is the OW -submodule of M†(Γ,W ) on which
Up acts with slope at most ν. Similarly, we denote by S†(Γ,W ) the space of cuspidal overconvergent
modular forms of level Γ and weights in W . We also deüne the OW -submodule S†(Γ,W )≤ν in the
same way. Let TW,ν denote the image of HW in EndOW

(M†(Γ,W )≤ν) and Tcusp
W,ν denote the image of

HW in EndOW
(S†(Γ,W )≤ν). Then we deüne CW,ν : = Spm(TW,ν) and Ccusp

W,ν : = Spm(Tcusp
W,ν ). We know

that CW,ν is an open aþnoid subspace of the Coleman–Mazur–Buzzard eigencurve C and Ccusp
W,ν is an

open aþnoid subspace of the cuspidal eigencurve Ccusp. See more details in [5, Section 2.1.1, Section
2.1.3]. If x ∈ Ccusp

W,ν , then Ccusp
W,ν and CW,ν are locally isomorphic at the point x. See [5, Corollary 2.17].

We denote by κ : CW,ν −→W the weight map which is ünite and ýat. See [5, Section 2.1.1].
We denote by Hi

c(Γ,−) the cohomology groups with compact support of Γ, which is deüned to be
Hi−1(Γ, I(·)) the i− 1-th cohomology group of Γ with values in the Γ-module

I(·) = HomZ(Div0(P1(Q)), ·),

where Div0(P1(Q)) is the abelian group of divisors of degree 0 on P1(Q). We set

H1
c (Γ,D(U)±,≤ν

W : = H1
c (Γ,D(U))±,≤ν ⊗OU

OW ,

H1
c (Γ,A

′(U)±,≤ν
W : = H1

c (Γ,A
′(U))±,≤ν ⊗OU

OW .

Here H1
c (Γ, ·)

±,≤ν is the ±1 eigenspace of the action of
(

0 1
−1 0

)
. Then we let

r±1 : HW −→ EndOW
(H1

c (Γ,D(U))±,≤ν
W ), r±2 : HW −→ EndOW

(H1
c (Γ,A

′(U))±,≤ν
W ).

We deüne the ideal I±1 : = ker(r±1 ) and I±2 : = ker(r±2 ).
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Definition 3.4.1. We deüne C±W,ν : = Spm(HW /I±1 ) and C′,±W,ν : = Spm(HW /I±2 )

We have the following properties.

Theorem 3.4.2. 1. C±W,ν
∼= C

′,±
W,ν and CW,ν = C+W,ν ∪ C

−
W,ν .

2. Suppose x0 ∈ CW,ν is cuspidal and k0 = κ(x0). For sufficiently small wide open neighborhood
U of k0 and an affinoid W ⊂ U containing k0, we have x0 ∈ C

+
W,ν ∩ C

−
W,ν . Furthermore,

(a) x0 belongs to a unique connected component X of CW,ν .

(b) Both OX -modules H1
c (Γ,D(U))≤ν

W ⊗HW
OX and H1

c (Γ,A
′(U))≤ν

W ⊗HW
OX are free of rank

2.

Proof. See [12, Theorem 5.6, Corollary 5.7] and [5, Theorem 3.30].

We have the following theorem given by Bellaiche for the description of X .

Theorem 3.4.3. After shrinking W and enlarge L, for x0 ∈ C
cusp
W,ν , there exist integers r ≥ 1, we

write OW = L〈Y/pre〉, where e is the degree of ramification of the weight map κ at the point x0.
Furthermore there exists an affinoid neighborhood X of x0, we have an isomorphism of OW -modules

OW [X]/(Xe − Y ) ∼= OX .

Proof. We can prove the theorem by combining [5, Proposition 4.11 and Corollary 2.17], see [12,
Proposition 5.3].

Remark 3.4.4. We know that e ≥ 2 if fk0 is a critical slope CM cuspidal form. It is conjectured that
e = 2 in this case. When fk0 is critical slope non CM cuspidal form, it is conjectured that e = 1.
See [5, Remark 1] for more details.

3.5 Coleman families

Let L be a ünite extension of Qp with ring of integers OL and let U ⊂ W∗
L be a wide open disc

containing a classical point.

Definition 3.5.1. A Coleman family ξ over U of tame level Nξ with character χξ is a formal power
series

∞∑

n=1

an(ξ)q
n ∈ ΛU [[q]]

satisfying the following properties

1. a1(ξ) = 1 and ap(ξ) ∈ O
×
U .

2. For all but ünitely many classical weights u contained in U , the specialization

ξu =

∞∑

n=1

an(ξ)(u)q
n ∈ OL[[q]]

is the q-expansion of a classical modular form of weight k + 2 and level Γ1(N) ∩ Γ0(p) with
character χξu

: (Z/NξZ)
× −→ L× that is a normalized eigenform for the Hecke operators.

3. For all but ünitely many classical weights k contained in U , the specialization of χξ at k coincides
with the nebentypus χξk

of ξk.

For a Coleman family ξ, if ξu is old at p, it is a p-stabilisation of a newform ξu of level Γ1(Nξ).

Definition 3.5.2. We say that a cuspidal eigenform f of level Γ1(N) ∩ Γ0(p) and weight k + 2 is
noble if

1. f is the p-stabilization of normalized cuspidal newform f ′ of level Γ1(N) such that f ′ is p-regular.

2. f ′ is non-critical.
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We make the following assumptions.

Assumption 3.5.3. We call a classical point u is good if

1. p does not divide the conductor of ξu.

2. ξ satisües one of the following conditions at u:

(a) when u ≥ 2, ξu is noble and ξu is not θ-critical.

(b) When u = 1, then ξ1 is a p-stabilization of a classical p-regular cuspidal weight one newform
without p-split real multiplication. Here ξ1 has p-split real multiplication means that it
is the weight one theta series attached to a ray class character of a real quadratic üeld in
which p splits.

Remark 3.5.4. The Assumption 3.5.3 (2) makes sure that the eigenform ξu is an étale point of
κcusp : Ccusp

W,ν −→W . We talk about these two assumptions for more details.

1. In the case of Assumption 3.5.3 (2) (a), we see κcusp is étale at ξu from [5, Proposition 2.11].

2. The main result of [7] proves that κcusp is étale at ξ1 in the case of Assumption 3.5.3 (2) (b).

Lemma 3.5.5. Let f be a noble eigenform of weight k + 2 or f is the p-stabilization of a classical
p-regular cuspidal weight one newform without p-split real multiplication. Then for any sufficiently
small Uf containing k, there is a unique Coleman family f over Uf such that fk = f .

Proof. We only need that κcusp is étale at the point corresponding to f . This follows from Remark
3.5.4. See the discussion in [55, Theorem 4.6.4].

Remark 3.5.6. If f corresponds to a point x0 on Ccusp
W,ν , then we have the aþne neighborhood X of

x0 as in Theorem 3.4.2. It is convenient to identify X with the Coleman family f through f . So the
overconvergent eigenform fx that corresponds to a point x ∈ X (L) is simply the specialisation fκ(x)

of f .

3.6 Big Galois representations

We consider three Coleman families f , g, h which are of tame levels Nf , Ng, Nh with characters χf ,
χg, χh respectively. These three families are parametrised by connected aþnoid dics Uf , Ug and Uh

ofWL centered at k ≥ 1, l ≥ 1 and m ≥ 1 respectively. We assume k, l and m are good points. Write
ξ to be one of them. Let Uξ be a wide open subset containing Uξ in W∗. Set Γξ = Γ1(Nξ) ∩ Γ0(p)
and let D′(Uξ) and D(Uξ) as in Section 3.2. Deüne

V ∗(ξ) ↪−→ H1
c (Γξ,D(Uξ))

≤h(−κUξ
)⊗OUξ

OUξ

to be the maximal OUξ
-submodule of H1

c (Γξ,D
′(Uξ))

≤h(−κUξ
) ⊗OUξ

OUξ
on which the Hecke op-

erators Tℓ, Tp and 〈d〉 act as multiplication by aℓ(ξ), ap(ξ) and χf (d) for each prime ` ∤ Np and
every d ∈ (Z/NξZ)

×. Here κUξ
: GQp

−→ Λ×
Uξ

which is given by κUξ
= κUξ

◦ χcyc, κUξ
: Z×

p −→ Λ×
Uξ

.
Dually, deüne

H1(Γξ,D
′(Uξ))

≤h(1)⊗OUξ
OUξ

−↠ V (ξ)

to be the maximal OUξ
quotient of H1(Γξ,D

′(Uξ))
≤h(1)⊗OUξ

OUξ
on which the dual Hecke operators

T ′
ℓ , T ′

p and 〈d〉′ act as multiplication by aℓ(ξ), ap(ξ) and χf (d) for each prime ` ∤ Np and every
d ∈ (Z/NξZ)

×. For the deünition of Hecke operators, dual Hecke operators, diamond operators and
dual diamond operators, we refer to [3, Section 1.1] and [23, Section 4.1.1 and Section 4.1.2].

If u is good point of ξ, we have V ·(ξ) is free OUξ
-module of rank 2. There is a perfect duality of

Oξ-modules
〈·, ·〉ξ : V (ξ)× V ∗(ξ) −→ OUξ

.

See [55, Theorem 4.6.6], Theorem 3.4.2 and [24].

3.7 Galois representations of modular forms

We recall the deünition of the Galois representations for ξu and ξu.
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3.7.1 Galois representation I

Let u ≥ 2 be a classical point in Uξ. We ürst construct the Galois representations for ξu. We consider
the aþne modular curve Y = Y1(Nξ, p) of level Γ1(Nξ) ∩ Γ0(p) over Q. Assume Nξp ≥ 5. Let
π : E −→ Y be the universal elliptic curve. We consider the p-adic sheaves

Lu−2 : = TSymu−2R1π∗Zp(1) and Su−2 : = Symmu−2R1π∗Zp

on Y . Here R1π∗ is the ürst right derivative of π∗, TSymi· and Symmi· denote the submodule
of symmetric tensors and the symmetric quotient of the i-th tensor power of · respectively. Set
YQ̄ : = Y ⊗Q Q̄. Let L/Qp be a ünite extension containing the Fourier coeþcients of ξu, the values of
χξu

and OL be its ring of integers. Then we deüne

H1
ét(YQ̄,Lu−2(1))⊗ L −↠ V (ξu)

to be the maximal L-quotient on which the dual Hecke operator T ′
ℓ and the diamond operator 〈d〉′

act as multiplication by aℓ(ξu) and χξu
(d) respectively, for all ` ∤ Nξp and d ∈ (Z/NξpZ)

×. Dually
let

V ∗(ξu) ↪−→ H1
ét(YQ̄,Su−2)⊗ L

be the maximal L-submodule on which the Hecke operators Tℓ and 〈d〉 act as multiplication by
aℓ(ξu) and χξu

(d) respectively, for every prime ` ∤ Nξp and unit d ∈ (Z/NξpZ)
×. For the deünition

of Hecke operator, dual Hecke operator, the diamond operator and dual diamond operator, we refer
to [23, Section 2.3 and Section 2.3.1] for more details. There are canonical specialisation isomorphisms

ρu : V
·(ξ)⊗u L ∼= V ·(ξu),

where · ⊗u L denotes base change along evaluation at u on Oξ. See [12, Proposition 6.6] for more
details. For ξu, we working with Y1(Nξ) and we assume that Nξ ≥ 4. Similarly we can deüne V (ξu)
and V ∗(ξu). For h = ξu, ξu, the morphism Lu−2⊗Su−2 −→ Zp arising from the relative Weil pairing
induces a pairing

〈·, ·〉h : V (h)⊗L V ∗(h) −→ L,

which is perfect by Poincaré duality [57, Chapter VI]. If ξu is p-old, from [20, Section 2.2], we have
a map

Πξu,∗ : H
1
ét(Y1(Nξ, p),Lu−2) −→ H1

ét(Y1(Nξ),Lu−2)

induces an isomorphism between V (ξu) and V (ξu). Its adjoint Π∗
ξu

with respect to 〈·, ·〉ξu
and 〈·, ·〉ξu ,

yields an isomorphism between V ∗(ξu) and V ∗(ξu).

3.7.2 Galois representation II

Now we assume that u0 = 1, we set

V ∗(ξ1) = V ∗(ξ)⊗1 L, V (ξ1) = V (ξ)⊗1 L,

here · ⊗1 L denotes the base change along evaluation at 1 on Oξ. We denote by

ρ1 : V
∗(ξ) −→ V ∗(ξ1)

the projection map. The weight one specialisation of the pairing 〈·, ·〉ξ yields a canonical perfect
duality

〈·, ·〉ξ1
: V (ξ1)⊗L V ∗(ξ1) −→ L.

From [20, Proposition 2.2], we know V ∗(ξ1) and V (ξ1) is the Deligne–Serre Artin representation of
GQ associated with ξ1 and its dual respectively.
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3.7.3 p-adic Hodge theory

We denote • = cris, st, dR, · = ∅, ∗ and h = ξu, ξu, then we deüne V ·
•(h) = D•(V

·(h)) in Section
2.2. Since p does not divide the conductor of h, V ·(h) is semistable at p, we can identify V ·

st(h) with
V ·

dR(h) (cf. [40, Proposition 8.11]), hence we can equip V ·
dR(h) with the action of semistable Frobenius

ϕ. We also have the following perfect pairing

〈·, ·〉h : V•(h)⊗ V ∗
• (h) −→ L.

If we extend L to contain a primitive Nξ-th root of unit, then from the comparison theorem of
Faltings [36] and Tsuji [70], we have

Fil0 VdR(h) = Su(Γ1(Nξpr ), χh)hω and Fil1 V ∗
dR(h) = Su(Γ1(Nξpr ), χh)h,

here r = 1, if h = ξu and r = 0 if ξu is p-old and h = ξu and hω is the image of h under
the Atkin–Lehner operator. We refer to [23, Section 2.5] for more details. We choose ωh is the
element of Fil1 V ∗

dR(h) corresponding to h. At the good point, we know the V (h) is crystalline, then
V ∗

dR(h) = V ∗
cris(h). Hence we have the decomposition

VdR(h) = Fil1 V ∗
dR(h)⊕ V ∗

dR(h)
φ=³h

here αh = ap(h). So we can deüne η³h ∈ V ∗
dR(h)

φ=³h to be the unique element such that for each ξ in
Su(Nξpr , χh)h, we have

〈η³f , ωξ〉f =
〈ξω, fω〉f
〈fω, fω〉f

.

.

3.8 Triangulation

We now recall the deünition of trianguline representations which is ürst introduced in Colmez paper
[34, Section 0.4]. We also refer to [17] and [54].

Definition 3.8.1. If V is a p-adic representation of GQp
with coeþcients in A of rank d, then we

say that V is trianguline if the (ϕ,Γ)-module D
†
rig,A(V ) has a ültration

0 = Fil0(D†
rig,A(V )) ⊂ Fil1(D†

rig,A(V )) ⊂ · · · ⊂ Fild−1(D†
rig,A(V )) ⊂ Fild(D†

rig,A(V )) = D
†
rig,A(V )

by (ϕ,Γ)-submodules over RA such that

Fili(D†
rig,A(V ))/Fili−1(D†

rig,A(V ))

is rank 1 (ϕ,Γ)-module over RA.

3.8.1 In the case of big Galois representations

Let Rξ = RL⊗̂LOUξ
. We write D·(ξ) : = D

†
rig,Oξ

(V ·(ξ)|GQp
) the associated (ϕ,Γ)-modules over Rξ.

Definition 3.8.2. We write Rξ(α) for the free rank 1 (ϕ,Γ)-module over Rξ with basis vector e
such that ϕ(e) = α · e and γe = e for all γ ∈ Γ.

From the work of [54, Theorem 1.13], we know that in the case of Assumption 3.5.3 (1) and (2)
(a), one can ünd an aþnoid disc Uξ containing u and we have the following exact sequence

0 −→ D·(ξ)+ −→ D·(ξ) −→ D·(ξ)− −→ 0

of (ϕ,Γ)-module over Rξ. More precisely, we have the following descriptions of D(ξ)±:

1. D(ξ)+ ∼= Rξ(ap(ξ) · χξ(p)
−1)[1 + κUξ

]

2. D(ξ)− ∼= Rξ(ap(ξ)
−1).
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See [55, Theorem 6.3.2] for more details. We can see that the duality 〈·, ·〉ξ between V (ξ) and V ∗(ξ)
induces a perfect duality

〈·, ·〉ξ : D(ξ)⊗Rξ
D∗(ξ) −→ Rξ

on the associated (ϕ,Γ)-modules, which is perfect between D(ξ)± and D∗(ξ)∓. See [20, Section
2.3.2].

If u = 1 and the condition assumption 3.5.3 (2) (b) is satisüed, then ξ is ordinary and the
restriction of V (ξ) to GQp

is nearly-ordinary: there exists a short exact sequence

∆ξ : V (ξ)+ ↪−→ V (ξ) −↠ V (ξ)−

of OUξ
[GQp

]-modules, where V (ξ)+ is the submodule on which GQp
acts via the character

χξ · κξ · ǎp(ξ)
−1 : GQp

−→ O∗
ξ,

and V (ξ)− = V (ξ)/V (ξ)+ is unramiüed. Here ǎp(ξ) is the unramiüed character sending the arith-
metic Frobenius to ap(ξ). The étaleness of the cuspidal eigencurve C cusp(Nξ) −→ WL at ξ1 guaran-
tees that the GQp

-modules V (ξ)± are free of rank one over Oξ. Applying D
†
rig,Rξ

to V (ξ)±, we have
the triangulation of V (ξ). See [20, Section 2.3.2] for more details.

3.8.2 In the case of modular forms

Since the representation V ·(h)|GQp
is semistable, the representations V ·(h)|GQp

are trianguline. See

[17, Theorem 3.3.4]. Using the functor D
†
rig in Theorem 2.3.6, we deüne

D·(h) = D
†
rig(V

·(h)|GQp
),

There exists a short exact sequence for D·(h).

0 −→ D·(h)+ −→ D·(h) −→ D·(h)− −→ 0

of (ϕ,Γ)-modules over RL. The perfect Poincaré duality 〈·, ·〉h induces a perfect duality

〈·, ·〉h : D(h)⊗RL
D∗(h) −→ RL,

from which D(h)± is perfect to D∗(h)∓. The base change of 〈·, ·〉ξ along evaluation at a good point
u corresponds to the pairing 〈·, ·〉ξu

. See [20, Section 2.3.2] for more details.

3.8.3 Specialization

We have the specialisation map
ρu : D

·(ξ)⊗u L ∼= D·(ξu).

See the discussion in Section 2.5. We have

D·(ξ)± ⊗u L ∼= D·(ξu)
±

at the good point. This is the result of [49, Proposition 6.4.5].

3.9 Differentials

We have the following theorem from [55, Theorem 6.4.1 and Corollary 6.4.3], when it satisües As-
sumption 3.5.3 (2) (a).

Theorem 3.9.1. After shrinking Uξ, there is a canonical OUξ
-basis vector

ηξ ∈ (D(ξ)−)Γ=1

such that for every classical weight u ≥ 0 in Uξ, the specialisation of ηξ at u coincides with the image
of the differential form ηξu attached to the normalized eigenform ξu. There is a OUξ

-basis vector

ωξ ∈ (D(ξ)+(−1− κUξ
− χξ(p)))

Γ=1

such that for every classical weight u ≥ 0 in Uξ, the specialisation of ωξ at u coincides with the image
of the differential form ωξu attached to the normalized eigenform ξu.
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If u = 1, then under the assumption 3.5.3 (2) (b), we refer to [23, Section 5] for more details. We
deüne ωξ1 and ηξ1 in V ∗

dR(ξ1) to be the weight one specialisations of ωξ and ηξ respectively. In this
case, we set η³ξ1

= ηξ1
.



CHAPTER 4

Selmer complexes

4.1 Some basic of derived category

4.1.1 The complex category and derived category

We always assume that R is a commutative ring. Let K (R) be the category of complexes of R-
modules. We say that a complex C• = (Cn, dnC•) is cohomologically ünitely generated if H∗(C•)
are ünitely generated modules over R for all i ∈ Z. We denote by Kft(R) the subcategory of
R(R) consisting of all cohomologically ünitely generated complexes. We write D(R) and Dft(R)
for the corresponding derived categories. We write [·] : K∗(R) −→ D∗(R) for the obvious functors
when ∗ ∈ {∅, ft}. We denote by K

[a,b]
ft (R) the subcategory of Kft(R) consisting of objects whose

cohomology groups are concentrated in degrees [a, b]. Consider the complex of R-modules of the form

0 −→ Pa −→ Pa+1 −→ · · · −→ Pb −→ 0,

where each Pi is a ünitely generated projective R-module. We call these complexes of R-modules
perfect. If R is noetherian, we denote by D

[a,b]
perf the full subcategory of Dft(R) consisting of objects

quasi-isomorphic to perfect complexes concentrated in degree [a, b].
Now we let C• = (Cn, dnC•)n∈Z be a complex of R-modules. For any m ∈ Z, we denote by C•[m]

the complex deüned by C•[m]n = Cn+m and dnC•[m](x) = (−1)mdC•(x). For each m, the truncation
τ≥mC• of C• is the complex

0 −→ coker(dm−1
C• ) −→ Cm+1 −→ Cm+2 −→ · · · .

Hence from the deünition

Hi(τ≥mC•) =

{
0, if i < m,

Hi(C•), if i ≥ m.

4.1.2 The mapping cone

If f : A• −→ B• is a morphism of complexes, the cone of f is deüned to be the complex

Cone(f) = A•[1]⊕B•,

with diûerentials
dnCone(f)(an+1, bn) = (−dn+1

A• (an+1), f(an+1) + dnB•(bn)).

We have a canonical distinguished triangle

A• f
−→ B• −→ Cone(f) −→ A•[1].

23
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4.1.3 The complex T •(A•)

Let A• = (An, dn) be a complex equipped with a morphism ϕ : A• −→ A•. The total complex

T •(A•) = Tot(A• φ−1
−→ A•)

is given by Tn(A•) = An−1 ⊕An with diûerential

dnT•(A•)(an−1, an) = (dn−1an−1 + (−1)n(ϕ− 1)an, d
nan)

for (an−1, an) ∈ Tn(A•).

4.2 Cohomology of (ϕ,Γ)-module

We recall that Γ = Gal(Q∞/Q). Let ∆ be the p-torsion subgroup of Γ, we know it is trivial if p 6= 2.
We choose a topological generator γ ∈ Γ. For a (ϕ,Γ)-module D over RL, we can deüne

C•
µ(D) : D

µ−1
−→ D,

where the ürst term is placed in degree 0. We denote by Hi
µ(D) its cohomology group. we deüne a

complex C•
φ,µ(D) concentrated in degree [0, 2] by

C•
φ,µ(D) : = [D

d1−→ D ⊕D
d2−→ D].

with d1(x) : = ((γ − 1)x, (ϕ − 1)x) and d2(x, y) : = (ϕ − 1)x − (γ − 1)y. These deünitions are
independent of the choice of γ. This complex conincides with the complex of Fontaine–Herr [42], [43].
The cohomology of D is deüned by

Hi(D) = Hi(C•
φ,µ(D)).

For (ϕ,Γ)-modules D1, D2 over RL, we can deüne a cup product pairing:

Hq1(D1)×Hq2(D2) −→ Hq1+q2(D1 ⊗D2).

When (q1, q2) = (0, 1), (1, 1), the pairing is deüned by

H0(D1)×H1(D2) −→ H1(D1 ⊗D2), (a, [x, y]) 7−→ [a⊗ x, a⊗ y],

and
H1(D1)×H1(D2) −→ H2(D1 ⊗D2), ([x, y], [x′, y′]) 7−→ [y ⊗ ϕ(x′)− x⊗ γ(y′)].

See [61, Section 2.2]. The following theorem is proved in [53, Theorem 0.2].

Theorem 4.2.1. Let D be a (ϕ,Γ)-module over RL. Then Hi(D) satisfies:

1. Hi(D) = 0 if i 6= 0, 1, 2.

2. Hi(D) are all finite-dimensional L-vector spaces.

3.
2∑

i=0

(−1)i dimL Hi(D) = − rankD.

4. There is a pairing 〈·, ·〉 given by

〈·, ·〉 : Hi(D)×H2−i(D∗(1)) −→ L,

This pairing is perfect for i = 0, 1 and 2.

We also have the following theorem.

Theorem 4.2.2. Let V be an L-representation of GQp
. Then we have the following isomorphisms

Hi(D†
rig(V )) = Hi(Qp, V )

which are functorial in V and compatible with cup products.

Proof. See [53, Theorem 0.1].
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4.3 Analogues of Bloch–Kato subspaces

We ürst recall the generalization of the Bloch–Kato subspaces in term of (ϕ,Γ)-modules. We deüne

H1
f (D) : = ker(H1(D) −→ H1

µ(D ⊗RL
RL[1/t

′])),

H1
g (D) : = ker(H1(D) −→ H1

µ(Ddif(D))).

We have the following theorem.

Theorem 4.3.1. For ∗ = {f, g} and V is a L-representation of GQp
, we have

H1
∗ (Qp, V ) = H1

∗ (D
†
rig(V )).

Proof. See [8, Proposition 1.4.2].

We can also extend the deünitions of Bloch–Kato maps to the (ϕ,Γ)-modules.

Theorem 4.3.2. If L is a finite extension of Qp and D is a de Rham (ϕ,Γ)-module over RL, then
there are Bloch–Kato exponential and dual exponential maps

exp: DdR(D)/Fil0 DdR(D) −→ H1(D), exp∗ : H1(D) −→ Fil0 DdR(D).

Proof. See [61, Section 2.3, Section 2.4].

4.4 The cohomology of families of (ϕ,Γ)-modules

Let D be a (ϕ,Γ)-module over RL,A, here RL,A is deüned in Section 2.5. We deüne

C•
µ(D) : D

µ−1
−→ D,

where the ürst term is placed in degree 0. We denote its cohomology group Hi
µ(D). We consider the

total complex

C•
φ,µ(D) = Tot

(
C•

µ(D)
µ−1
−→ C•

µ(D)
)
.

More explicitly,

C•
φ,µ(D) : = [D

d1−→ D⊕D
d2−→ D].

with d1(x) : = ((γ − 1)x, (ϕ− 1)x) and d2(x, y) : = (ϕ− 1)x− (γ − 1)y. This complex conincides with
the complex of Fontaine–Herr [42], [43]. If D1 and D2 are (ϕ,Γ)-modules over RA, we denote by

∪µ : C
•
µ(D1)⊗ C•

µ(D2) −→ C•
µ(D1 ⊗D2)

the bilinear map

∪µ(xn ⊗ ym) =

{
xn ⊗ γn(ym), for xn ∈ Cn

µ (D1), ym ∈ Cm
µ (D2) and n+m = 0 or 1,

0, if n+m ≥ 2.

Then we have a bilinear map induced by ∪µ .

∪φ,µ : C
•
φ,µ(D1)⊗ C•

φ,µ(D2) −→ C•
φ,µ(D1 ⊗D2).

Explicitly, the map is given by

∪φ,µ((xn−1, xn)⊗ (ym−1, ym)) = (xn ∪µ ym−1 + (−1)mxn−1 ∪µ ϕ(ym), xn ∪µ ym),

where (xn−1, xn) ∈ Cn
φ,µ(D1) and (ym−1, ym) ∈ Cm

φ,µ(D2).
For a (ϕ,Γ)-module D over RL,A, we denote by RΓ(D) = [C•

φ,µ(D)] the corresponding object in
the derived category D(A). The cohomology of D is deüned by

Hi(D) : = RiΓ(D) = Hi(C•
φ,µ(D)).
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From [49, Theorem 4.4.3 (2)], we have the following base change in term of the complex C•
φ,µ(D): if

f : A −→ B is a morphism of L-aþnoid algebras, then

C•
φ,µ(D)⊗L

RL,A
RL,B

∼
−→ C•

φ,µ(D⊗̂RL,A
RL,B).

In particular, if x ∈ Spm(A) and Ex = A/mx, where mx the maximal ideal in Spm(A) corresponding
to x, then

C•
φ,µ(D)⊗L

RL,A
Ex

∼
−→ C•

φ,µ(Dx).

Theorem 4.4.1. Let D be a (ϕ,Γ)-module over RL,A where A is an affinoid algebra over L.

1. We have RΓ(D) ∈ D
[0,2]
perf (A).

2. we have the Euler–Poincaré formula, which means that

2∑

i=0

(−1)i dimA Hi(D) = − rankRL,A
D.

3. We have the isomorphism in the derived category D(A)

RΓ(D∗(1)) ∼= RHomA(RΓ(D), A)[−2].

In particular, we have
∪ : Hi(D)⊗H2−i(D∗(1)) −→ A.

Proof. See [49, Theorem 4.4.5].

From [67, Theorem 2.8], we have the following theorem similar to Theorem 4.2.2.

Theorem 4.4.2. Let V be a p-adic representation of GQp
with coefficients in A. Then there are

functorial isomorphisms
Hi(Qp, V ) ∼= Hi(D†

rig,A(V ))

4.5 The complex K•(V )

In this section, we recall the construction of complex K•(V ) following [10, Section 1.5] and [11, Section
2.5.1].

Suppose that M is a topological GQp
-module. We denote by C•(GQp

,M) the complex of contin-
uous cochains with coeþcients in M . Let V be a p-adic representation of GQp

with coeþcients in an
aþnoid algebra A over L and D be D

†
rig,A(V ). We have the ring B̃

†
rig constructed in Equation 2.1.2

and we set B̃
†
rig,A : = B̃

†
rig⊗̂Qp

A. We have the following exact sequence from [11, Equation 32]

0 −→ A −→ B̃
†
rig,A

φ−1
−→ B̃

†
rig,A −→ 0. (4.5.1)

We set V †
rig : = V ⊗A B̃

†
rig,A and consider the the continuous cochain C•(GQp

, V †
rig). Equation 4.5.1

gives an exact sequence

0 −→ C•(GQp
, V ) −→ C•(GQp

, V †
rig)

φ−1
−→ C•(GQp

, V †
rig) −→ 0.

From this exact sequence, we deüne

K•(V ) = Tot(C•(GQp
, V †

rig)
φ−1
−→ C•(GQp

, V †
rig)),

here Tot means the total complex.
We consider the map

αV : C•
µ(D) −→ C•(GQp

, V †
rig)

given by 


αV (x0) = x0, x0 ∈ C0

µ(D)

αV (x1)(g) =
g|Γ − 1

γ − 1
(x1), x1 ∈ C1

µ(D),
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where g ∈ GQp
. We can check that αV is a morphism of complexes which commutes with ϕ. Then

using functorial, we have a morphism, which we still denote by αV

αV : C•
φ,µ(D) −→ K•(V ).

At the same time, we have a morphism

ξV : C•(GQp
, V ) −→ K•(V ),

xn 7−→ (0, xn),

Here (0, xn) ∈ Cn−1(GQp
, V †

rig)⊕Cn(GQp
, V †

rig). We have the following proposition about αV and ξV .

Proposition 4.5.1. The map αV and ξV are quasi-isomorphisms.

Proof. See [9, Proposition A.3].

4.6 Selmer complexes

Let f , g, h be three Coleman families with tame characters satisfying the relation χf · χg · χh = 1
and let af , ag and ah be their respective slopes. We set Ofgh : = Of ⊗̂LOg⊗̂LOh. Consider the
character Ξ: GQp

−→ O×
fgh deüned by

Ξ: = (4− κf − κg − κh) ◦ χ
1/2
cyc .

Here χ
1/2
cyc = 〈χcyc〉

1/2ω1/2, ω is the Teichmuller character and 〈χcyc〉 is the restriction of χcyc to
1 + pZp. We set

V (f , g,h) : = V (f)⊗̂LV (g)⊗̂LV (h)⊗Ofgh
Ξ,

which is Kummer self-dual( See [23, Section 7.2] for more details).
For three modular forms f ∈ Sk(Nf , χf ), g ∈ Sl(Ng, χg) and h ∈ Sm(Nh, χh) satisfying χf · χg ·

χh = 1, we set
V (f, g, h) = V (f)⊗L V (g)⊗L V (h)((4− k − l −m)/2).

This is also Kummer self-dual. Furthermore, for all ω = (k, l,m) a triple weights, the specialisation
maps induce isomorphisms

ρω : V (f , g,h)⊗ω L ∼= V (fk, gl, hm).

See [23, Section 7.2].

4.6.1 Definition of Selmer complexes

We set a ünite set of primes S such that p ∈ S. Let GQ,S denote the Galois group of the maximal alge-
braic extension of Q unramiüed outside S and∞. For each prime `, we üx a decomposition group at `
which we identify with Gℓ = Gal(Q̄ℓ/Qℓ) and denote by Iℓ the inertia subgroup of Gℓ. We will write Vp

for the restriction of V on Gp. Let Rfgh : = RL⊗Ofgh. We set D(f , g,h) : = D
†
rig,Rfgh

(V (f , g,h)p)

and D(f, g, h) : = D
†
rig,RL

(V (f, g, h)p). Then D(f , g,h) = D(f)⊗RL
D(g)⊗RL

D(h)⊗Rfgh
Rfgh(Ξ)

and
D(f, g, h) = D(f)⊗RL

D(g)⊗RL
D(h)⊗RL

RL(χ
(4−k−l−m)/2
cyc ).

We denote by D(f , g,h)+ : = D(f)+ ⊗RL
D(g) ⊗RL

D(h) ⊗Rfgh
Rfgh(Ξ). Similarly, we deüne

D(f, g, h)+. We then write D+ = D(f , g,h)+ or D(f, g, h)+, V = V (f , g,h) or V (f, g, h) and
D = D(f , g,h) or D(f, g, h). Set U+

p (V,D+) = C•
φ,µ(D

+). We compose the quasi-isomorphism αV

in Proposition 4.5.1 with the canonical morphism U+
p (V,D+) −→ C•

φ,µ(D) to obtain a map

i+p : U+
p (V,D) −→ K•

p (V).

For each ` ∈ S\{p}, we set

U+
ℓ (V) : =

[
VIℓ Frobℓ −1

−→ VIℓ
]
,
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where Frobℓ denotes the geometric Frobenius. Set K•
ℓ (V) : = C•(Gℓ,V). We then deüne a morphism

i+ℓ : U+
ℓ (V) −→ K•

ℓ (V)

by

i+ℓ (x) = x in degree 0,

(i+ℓ (x))(Frobℓ) = x in degree 1.

We then set

U+
S (V,D+) = U+

p (V,D+)⊕


 ⊕

ℓ∈S\{p}

U+
ℓ (V)




and

K•
S(V) = Kp(V)⊕


 ⊕

ℓ∈S\{p}

K•
ℓ (V)


 .

Then we have a diagram
C•(GQ,S , V ) K•

S(V)

U+
S (V,D+),

resS

i+
S

where i+S = (i+ℓ )ℓ∈S and resS denotes the localization map.

Definition 4.6.1. The selmer complex associated to these data is deüned as

C•(V,D+) = Cone
[
C•(GQ,S ,V)⊕ U+

S (V,D+)
resS−i+

S−→ K•
S(V)

]
[−1].

Each element xf ∈ Ci(V,D+) can be written as a triple

xf = (x, (x+
ℓ )ℓ∈S , (λℓ)ℓ∈S),

where x ∈ Ci(GQ,S ,V), (x+
ℓ )ℓ∈S ∈ U+

S (V,D+)i and (λℓ)ℓ∈S ∈ Ki−1
S (V). Furthermore, xf is a

cocycle if and only if

d(x) = 0, d((x+
ℓ )ℓ∈S) = 0, iS((x

+
ℓ )ℓ∈S) = resS(x) + d(λℓ)ℓ∈S .

Definition 4.6.2. We denote by RΓ(V,D+) the class of C•(V,D+) in the derived category of
A-modules, here A = Ofgh or L and deüne Hi(V,D+) : = RiΓ(V,D+). For each cocycle x ∈
Ci(V,D+), we write [x] for the class of x in Hi(V,D+).

We deüne
Z• : = Cone

(
τ≥2C

•(GQ,S , A(1))
resS−→ τ≥2K

•
S(A(1))

)
[−1].

We then have a canonical quasi-isomorphism

rS : Z
• ∼= A[−3].

See [63, Section 5.4.1] for more details. We can deüne a morphism of complexes

∪K,p : K
•
p (V)⊗K•

p (V) −→ K•
p (A(1)).

See more details from [11, Proposition 1.1.5] and [13, Section 2.7]. We have the following map

C•(V,D+)⊗A C•(V,D+) −→ Z• (4.6.1)

which is induced by the cup product

(x, (x+
ℓ ), (λℓ)) ∪K,p (y, (y

+
ℓ ), (µℓ)) = (x ∪K,p y, (λℓ ∪K,p i

+
S (y

+
ℓ ) + (−1)deg(x)resS(x) ∪K,p µℓ)).

See [63, Proposition 1.3.2]. Following Nekovar, we deüne a pairing

∪V,D+ : C•(V,D+)⊗A C•(V,D+) −→ A[−3]

to be the composition map in Equation 4.6.1 and rS : Z
• −→ A[−3]. We then have a morphism

∪V,D+ : H1(V,D+)⊗A H2(V,D+) −→ A. (4.6.2)
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4.7 p-adic height pairing

We construct a p-adic heights following [11, Section 3.2]. We also refer to [13, Section 3, Section 4.3]
for more details.

In this section, we denote V (f , g,h) by V, V (f, g, h) by V , D+(f , g,h) by D+ and D(f, g, h)+

by D+. The specialisation map ρω0
gives isomorphisms

ρω0 : RΓ(V,D+)⊗L

Ofgh,ω0
L ∼= RΓ(V,D+) (4.7.1)

and
ρω0 ⊗ id : RΓ(V,D+)⊗L

Ofgh
I /I 2 ∼= RΓ(V,D+)⊗L I /I 2. (4.7.2)

We consider the exact triangle

I /I 2 −→ Ofgh/I
2 −→ L −→ I /I 2[1],

in Dft(Ofgh). Applying RΓ(V,D+)⊗L

Ofgh
in Dft(Ofgh), we have a morphism

RΓ(V,D+)⊗L

Ofgh,ω0
L −→ RΓ(V,D+)⊗L

Ofgh,ω0
I /I 2[1].

Using Equation 4.7.1 and 4.7.2, we get the map

β̃fgh : RΓ(V,D+) −→ RΓ(V,D+)[1]⊗L I /I 2.

Furthermore, we have the following map

β̃fgh : H
1(V,D+) −→ H2(V,D+)⊗L I /I 2.

We then deüne the p-adic height pairing

〈〈·, ·〉〉fgh : H
1(V,D+)⊗L H1(V,D+) −→ I /I 2 (4.7.3)

to be the composition of the cup product pairing in Equation 4.6.2

∪V,D+ ⊗I /I 2 : H2(V,D+)⊗L H1(V,D+)⊗L I /I 2 −→ I /I 2

with the morphism

β̃fgh ⊗ id : H1(V,D+)⊗L H1(V,D+) −→ H2(V,D+)⊗L H1(V,D+)⊗L I /I 2.

4.8 The extended Selmer group

We set D(f, g, h)− : = D(f, g, h)/D(f, g, h)+.

Lemma 4.8.1. We have the following exact sequence

0 −→ H0(D(f, g, h)−) −→ H1(V (f, g, h), D(f, g, h)+) −→ Sel(Q, V (f, g, h)) −→ 0.

Proof. We follow the strategy in [10, Proposition 11]. By the deünition, H1(V (f, g, h), D(f, g, h)+)
is the kernel of the map

H1
S(Q, V (f, g, h))⊕


 ⊕

v∈S−{p}

H1
f (Qv, V (f, g, h))


⊕H1(D(f, g, h)+) −→

⊕

v∈S

H1(Qv, V (f, g, h)).

We need to prove the following two things

1. H0(D(f, g, h)−) = ker
(
H1(D(f, g, h)+) −→ H1(Qp, V (f, g, h)

)
.

2. H1
f (Qp, V (f, g, h)) = Im

(
H1(D(f, g, h)+) −→ H1(Qp, V (f, g, h))

)
.

Since the Hodge–Tate weight of D(f, g, h)+ is negative and D(f, g, h)− is non-negative and that we
prove

Dcris(V (f, g, h))φ=1 = 0,

in the proof of Lemma 7.1.2, we prove the result from [68, Lemma 2.3.2].

Definition 4.8.2. We call H1(V (f, g, h), D(f, g, h)+) to be the extended Selmer group in this case.
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CHAPTER 5

Perrin-Riou big logarithm

5.1 Balanced Selmer group

We follow the strategy in [23, Section 7.2] to deüne the balanced Selmer group. We also refer to [44,
Section 4.3]. We recall that D(ξ) = D

†
rig,Oξ

(V (ξ)). There is a ültration on D(ξ) by F 0D(ξ) = D(ξ),
F 1D(ξ) = D(ξ)+, F 2D(ξ) = 0. These ültrations induce a ültration on D(f , g,h) deüned by

FnD(f , g,h) : =

[ ∑

p+q+r=n

F pD(f)⊗̂RL
F qD(g)⊗̂RL

F rD(h)

]
⊗Rfgh

Rfgh(Ξ).

From the deünition, we know F 4D(f , g,h) = 0 and F 0D(f , g,h) = D(f , g,h). We set

D(f , g,h)f = D(f)−⊗̂RL
D(g)+⊗̂RL

D(h)+ ⊗Rfgh
Rfgh(Ξ),

and deünes similarly D(f , g,h)g and D(f , g,h)h, then

gr2D(f, g, h) = D(f , g,h)f ⊕D(f , g,h)g ⊕D(f , g,h)h.

Definition 5.1.1. We deüne the balanced Selmer group of V (f , g,h) to be

H1
bal(Qp, V (f , g,h)) : = H1(F 2D(f , g,h))

Lemma 5.1.2. The map

H1
bal(Qp, V (f , g,h)) −→ H1(Qp, V (f , g,h))

induced by F 2D(f , g,h) −→ D(f , g,h) is injective.

Proof. We consider the short exact sequence

0 −→ F 2D(f , g,h) −→ D(f , g,h) −→ D(f , g,h)/F 2D(f , g,h) −→ 0,

which induces the morphisms of cohomology groups

H0(D(f , g,h)/F 2) −→ H1(F 2D(f , g,h)) −→ H1(D(f , g,h)). (5.1.1)

From the Theorem 4.2.2 and the deünition of balanced Selmer group, the Equation 5.1.1 becomes

H0(D(f , g,h)/F 2) −→ H1
bal(Qp, V (f , g,h)) −→ H1(Qp, V (f , g,h)).

We then study the cohomology group H0(D(f , g,h)/F 2). We can write D(f , g,h)/F 2D(f , g,h) as

D(f , g,h)f ⊕D(f , g,h)g ⊕D(f , g,h)h ⊕D(f)−⊗̂RL
D(g)−⊗̂RL

D(h)−⊗̂Rfgh
Rfgh(Ξ).

We only deal with D(f , g,h)f , the other cases are similar. We know that

D(f , g,h)f = Rfgh(χ
−1
f (p) · ap(f)ap(g)

−1ap(h)
−1)[(6 + κf − κg − κh) ◦ χ

1/2
cyc ].

The Γ-action on D(f , g,h)f is given by (6+ κf − κg − κh) ◦χ
1/2
cyc , this can not be 1. Hence from the

deünition of the cohomology group, we have H0(D(f , g,h)/F 2) = 0. So we prove the result.
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We have the following lemma.

Lemma 5.1.3. If ω = (k, l,m) is a balanced classical triple, i.e. k < l+m, l < k+m and m < k+ l,
then

H1
bal(Qp, V (fk, gl,hm)) = H1

f (Qp, V (fk, gl,hm)),

where H1
f (Qp, ·) is the Bloch–Kato finite subspace.

Proof. See [44, Lemma 4.21].

5.2 Perrin-Riou’s big logarithms

If ω = (k, l,m) satisfying any sum of two is greater than the other, we can construct an element

η³fk
⊗ ωgl

⊗ ωhm
∈ Fil0 DdR(V (fk, gl,hm))

as in Section 3.7.3 and we refer to [21, Section 3.1.3] for more details. We have the Bloch–Kato
logarithm

logp : H
1
f (Qp, V (fk, gl,hm))

∼
−→ [Fil0 DdR(V (fk, gl,hm))]∨.

Lemma 5.1.3 enables us to have

logp,f : H
1
bal(Qp, V (fk, gl,hm)) −→ L

as the composition of logp and evaluation at η³fk
⊗ ωgl

⊗ ωhm
. On the other hand, if ω = (k, l,m)

satisfying k ≥ l +m, we have the Bloch–Kato dual exponential map

exp∗p : H
1(Qp, V (fk, gl,hm)) −→ Fil0 DdR(V (fk, gl,hm)).

We also let exp∗p,f be the composition of exp∗p with the valuation at η³fk
⊗ωgl

⊗ωhm
. Here we need to

identify Fil0 DdR(V (fk, gl,hm)) as a subspace of [Fil0 DdR(V (fk, gl,hm))]∨ via the Poincaré duality.
See [23, Section 7.3] for more details.

Now we let ω = (k, l,m) be a classical weight, we write αfk
= ap(f)k and βfk

= χf (p)p
k−1/αfk

and similarly for g and h. We also set cω : = (k + l +m− 2)/2.

Proposition 5.2.1. There is a unique Ofgh-module morphism

Lf : H
1
bal(Qp, V (f , g,h)) −→ Ofgh

such that, for all ω = (k, l,m) ∈ Σcl with αfk
βgy

βhz
6= pcω and Z ∈ H1

bal(Qp, V (f , g,h)),

Lf (Z)ω = (p− 1)αfk
·
1−

βfx
αgy

αhz

pcω

1−
αfx

βgy
βhz

pcω

·





(−1)cω−k

(cω − k)!
logp,f (Zω) if ω ∈ Σbal

(k − cω − 1)! exp∗p,f (Zω) if ω ∈ Σf ,

where the subscription ω means the specialization at ω. Moreover, we have

H1
bal(Q, V (f , g,h)) Ofgh

H1(D(f , g,h)f )

Lp

we still denote the dot map by Lp.

Proof. In the non-ordinary case, it is constructed in [55]. We also refer to [44, Proposition 4.22] for
more details.



CHAPTER 6

The triple product of p-adic L-function for finite

slope families

6.1 Garrett–Rankin triple product L-function

We recall the Garrett–Rankin triple product L-function in this section for reader’s convenience. We
use the same notation as in [35, Section 4.1].

Let f ∈ Sk(Nf , χf ), g ∈ Sl(Ng, χg) and h ∈ Sm(Nh, χh) be three normalized primitive cuspidal
eigenforms which satisfy that

χf · χg · χh = 1.

We denote by Qf,g,h the üeld generated by an(f), an(g), an(h) over Q. We write N : = lcm(Nf , Ng, Nh).
The Garrett–Rankin triple product L-function L(f ⊗ g ⊗ h, s) is deüned by the Euler product

L(f ⊗ g ⊗ h, s) =
∏

p

L(p)(f ⊗ g ⊗ h, p−s)−1.

For the primes p ∤ N , the local factor L(p)(f ⊗ g ⊗ h, T ) is a polynomial

L(p)(f ⊗ g ⊗ h, T ) : =(1− αfαgαhT )× (1− αfαgβhT )

× (1− αfβgαhT )× (1− αfβgβhT )

× (1− βfαgαhT )× (1− βfαgβhT )

× (1− βfβgαhT )× (1− βfβgβhT ).

In [66], Piatetski-Shapiro and Rallis give the local Euler factors L(p)(f ⊗ g⊗ h, s) for the primes p|N .
They also showed that there exists an Archimedean factor L(∞)(f ⊗g⊗h, s) such that the completed
L-function

Λ(f, g, h, s) = L(f ⊗ g ⊗ h, s) · L(∞)(f ⊗ g ⊗ h, s)

has the functional equation

Λ(f, g, h, s) = ε(f, g, h)Λ(f, g, h, k + l +m− 2− s),

where ε(f, g, h) ∈ {±1}. The sign ε(f, g, h) can be written as the product of local root number∏
q
εq(f, g, h), here εq(f, g, h) ∈ {±1} for all the places q of Q.

Assumption 6.1.1. The local sign εq(f, g, h) = +1 for all ünite prime.

We know it is satisüed when (Nf , Ng, Nh) = 1. From [69], we have

ε(f, g, h) =

{
−1, if (k, l,m) are balanced,
+1, if (k, l,m) are unbalanced.
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34 The triple product of p-adic L-function for finite slope families

Here (k, l,m) is balanced means that any one of them is smaller than the sum of the other two and
otherwise, (k, l,m) is unbalanced .

We can relate the central critical value on L(f ⊗ g⊗ h, s) to certain trilinear period integrals. We
assume that (k, l,m) is unbalanced such that k = l +m+ 2t with t ≥ 0. We consider φ ∈ Sk(N,χϕ),
we write φ∗ for the dual form obtained by twisting φ by the character χ−1

f . We denote by πϕ the
automorphic representation of GL2(AQ) generated by φ. If N is a multiple of Nf , we let Sk(N,χϕ)[πϕ]
denote the φ-isotypic subspace of Sk(N,χϕ) attached to πϕ. We give the deünition of the trilinear
period.

Definition 6.1.2. The trilinear period attached to

(f̃ , g̃, h̃) ∈ Sk(N,χf )[πf ]× Sl(N,χg)[πg]× Sm(N,χh)[πh]

is
I(f̃ , g̃, h̃) : = (f̃∗, δtl g̃ × h̃)N ,

here δl is the Shimura–Maass operators.

From [35, Theorem 4.2], we have the following result, which is ürst proved by Harris and Kudla
in [41] and reüned by Ichino [46] and Watson [72].

Theorem 6.1.3. Let (f, g, h) be the triple of modular forms with unbalanced weights (k, l,m) with
k = l +m+ 2t for t ≥ 0. Then there exists

1. holomorphic modular forms f̃ ∈ Sk(N,χf )[πf ], g̃ ∈ Sl(N,χg)[πg] and h̃ ∈ Sm(N,χh)[πh].

2. The local constant Cv ∈ Qf,g,h for v|N∞ only depend on the local components at v of f̃ , g̃ and
h̃.

such that ∏
v|N∞ Cv

π2k
· L(f, g, h,

k + l +m− 2

2
) = |I(f̃ , g̃, h̃)|2.

There is a choice of (f̃ , g̃, h̃) such that the constants Cq are all non-zero.

6.2 The triple product p-adic L-function

We use the notations and the assumptions for f , g and h as in the last section. Furthermore, we
assume that f has ünite slope a. We further assume that a < 1 if k = 2 and 2a < k − 1 if k > 2.

Remark 6.2.1. In [1, Section 5.2.1], Andreatta and Iovita explain that the assumption on the slope
is to make sure that the interpolation formula is valid. The interpolation formula is valid when the
point correspond to the p-stabilisation of f is an étale point on the eigencurve.

We let f̃ , g̃ and h̃ be as in Theorem 6.1.3 such that all constants Cq are non-zero. We denote
by K a ünite extension of Qp which contains Qf,g,h and all the values of χf , χg, χh. We denote
by OK the ring of integer of K. We denote by f , g and h the overconvergent families of modular
forms deforming f , g and h respectively. We also denote by f̃ , g̃ and h̃ the overconvergent families of
modular forms deforming f̃ , g̃ and h̃ respectively as in [35, Section 2.6.1]. We make it more precise.
We set ξ = f , g, h, ξ = f , g, h and ξ̃ = f , g, h. There are scalars λd ∈ K indexed by the divisors of
N/Nξ and satisfying

ξ̃ =
∑

d|(N/Nξ)

λd · ξ(q
d).

The p-stabilization of the modular form ξ(qd) is the weight k specialization of the formal q-series

ξ(qd) : =
∑

an(ξ)(q
d).

We then set
ξ̃(q) : =

∑

d|(N/Nξ)

λd · ξ(q
d).
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We denote by Uξ the rational open subsets centered at u deüned over K for these families re-
spectively and as before we write Λξ = ΛUξ

for the bounded by 1 analytic functions on Uξ. We
write

kf : Z
×
p −→ Λ×

f , kg : Z
×
p −→ Λ×

g , kh : Z
×
p −→ Λ×

h

are the weights of these families respectively.

Assumption 6.2.2. 1. Suppose that the weights kf , kg, kh are such that kf − kg − kh is even,
which means that there is a weight u : Z×

p −→ Λ×
u such that 2u = kf − kg − kh.

2. we can write the weights kg, u as kg(t) = ta·χg(t)·exp(ug log(t)) and u(t) = tb·ε(t)·exp(us log(t)),
where a and b are integers, χg, ε are ünite order cahracters and χg is an even character and
ug ∈ pΛg, us ∈ pΛu.

Remark 6.2.3. The second assumption can be removed using reünement of the vector bundles with
marked sections in [59] and [47].

In [1], Andreatta and Iovita constructed a triple product p-adic L-function Lp(f̃ , g̃, h̃) attached
to the triple (f̃ , g̃, h̃) of p-adic families of modular forms, of which f̃ has ünite slope at most h. This
p-adic L-function is in Kf ⊗̂OK

Λg⊗̂OK
Λh, where if we write kf (t) = tc · χf (t) · exp(uf log(t)), and

then Kf is obtained from Λf by inverting the elements {uf − n | n ∈ N}. Now let k, l and m are
obtained by specializing kf , kg and kh at integral weights in Z≥2 and there is a classical weight t′ ≥ 0
with k − l −m = 2t′. We assume that fk, gl and hm are the specialization of f , g, h at k, l and m
and also assume fk, gl and hm are eigenforms of level Γ1(N) and nebentypus χf , χg, χh respectively.
We set αξ and βξ to be the corresponding roots of the Hecke polynomials for the form ξu for ξu = fk,
gl, hm. We assume that ξu is p-regular. We write

Lalg

(
fk, gl, hm,

k + l +m− 2

2

)
: =

(∏
q|N∞ Cq

π2k
L(fk, gl, hm,

k + l +m− 2

2
)

) 1
2

〈f∗
k , f

∗
k 〉

.

Following [35, Theorem 1.3], we deüne

E(gl, hm, T ) : = (1− pt
′

αgαhT
−1)(1− pt

′

αgβhT
−1)(1− pt

′

βgαhT
−1)(1− pt

′

βgβhT
−1),

E1(gl, hm, T ) : = 1− p2t
′

αgβgαhβhT
−2, E0(S, T ) : = 1−

T

S

and

E2(T ) : = 1−
χ−2
f (p)ᾱfT

pk−1(p+ 1)
.

Then we have the following interpolation formula for Lp(f̃ , g̃, h̃) at unbalanced weights.

Lp(f̃ , g̃, h̃)(k, l,m) =

(
E(gl, hm, ᾱf )E2(β̄f )

E0(ᾱf , β̄f )E1(gl, hm, ᾱf )
+

E(gl, hm, β̄f )E2(ᾱf )

E0(β̄f , ᾱf )E1(gl, hm, β̄f )

)
(6.2.1)

Lalg

(
fk, gl, hm,

k + l +m− 2

2

)
,

where ᾱf and β̄f is the complex conjugation of αf and βf respectively.
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CHAPTER 7

Explicit reciprocity law

7.1 Diagonal class

The following construction is taken with no modiücations from [23, Section 3, Section 8.1]. We
reproduce it here for the reader’s convenience with the same notation,.

7.1.1 Diagonal class for modular forms

Let Si(Zp) be the set of two-variable homogeneous polynomials of degree i in Zp[x1, x2]. We also
let Li(Zp) be the Zp-linear dual of Si(Zp). There are GL2(Zp)-actions on these two sets. From the
discussion in [23, Section 3], there is a natural functor ·ét from the category of p-adic representations
of GL2(Zp) to the category of p-adic étale sheaves on Y1(N). Then one deünes

Li(Zp) = Li(Zp)
ét and Si(Zp) = Si(Zp)

ét

on Y1(N). Let r = (r1, r2, r3) ∈ N3 be a triple of non-negative integers satisfying the following
assumption

1. r1 + r2 + r3 = 2r with r ∈ N.

2. For every permutation {i, j, k} of {1, 2, 3}, one has ri + rj > rk.

Let Sr denote the GL2(Zp)-representation Sr1(Zp)⊗Zp
Sr2(Zp)⊗Zp

Sr3(Zp). Then Sr is the module of
six-variable polynomials in Zp[x,y, z] which are homogeneous of degree r1, r2 and r3 in the variables
x = (x1, x2), y = (y1, y2) and z = (z1, z2) respectively. We can check that

DetrN = det

(
x1 x2

y1 y2

)r−r3

· det

(
x1 x2

z1 z2

)r−r2

· det

(
y1 y2
z1 z2

)r−r1

is an element in H0(GL2(Zp), Sr ⊗ det−r). We set Sr : = Sr1(Zp)⊗Zp
Sr2(Zp)⊗Zp

Sr3(Zp). Using
the injection( [23, Equation (40)])

H0(GL2(Zp), Sr ⊗ det−r) −→ H0
ét(Y1(N),Sr(r)),

we can view DetrN ∈ H0
ét(Y,Sr(r)). Now we let pj : Y1(N)3 −→ Y1(N) be the natural projections

and we deüne
S[r] : = p∗1Sr1(Zp)⊗Zp

p∗2Sr2(Zp)⊗Zp
p∗3Sr3(Zp)

and
WN,r : = H3

ét(Y1(N)3
Q̄
,S[r](r + 2)).

Since Y1(N)Q̄ is a smooth aþne curve over Q̄, we obtain H4
ét(Y1(N)3

Q̄
,S[r](r + 2)) = 0, which gives

the morphism
HS : H4

ét(Y1(N)3,S[r](r + 2)) −→ H1(Q,WN,r).
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from the Hochschild–Serre spectral sequence

Hp(Q,Hq
ét(Y1(N)3

Q̄
,I[r](r + 2))) =⇒ Hp+q

ét (Y1(N)3,I[r](r + 2)).

Let d : Y1(N) −→ Y1(N)3 be the diagonal embedding. There is a natural isomorphism d∗S[r]
∼= Sr of

smooth sheaves on Y1(N)ét( [23, Section 3]). From [56, Theorem 16.1], the map d gives a pushforward
map

d∗ : H
0
ét(Y1(N),Sr(r)) −→ H4

ét(Y1(N)3,S[r](r + 2)),

and one deünes
κ̃N,r = HS ◦ d∗(DetrN ) ∈ H1(Q,WN,r).

to be the diagonal class of level N and weight (r1 + 2, r2 + 2, r3 + 2).
Let WN,r = WN,r ⊗Zp

Qp and let H1
g (Q,WN,r) be the geometric Bloch–Kato Selmer group of

WN,r over Q. The classes in H1
g (Q,WN,r) are unramiüed at every prime diûerent from p and the

restriction at p belong to the geometric subspace in the sense of Bloch–Kato(cf. [26, Section 3]). The
result of [65, Theorem 5.9] yields the following fact about the diagonal class.

Proposition 7.1.1. The class κ̃N,r belongs to H1
g (Q,WN,r).

From [23, Equation (44)], we obtain an isomorphism of sheaves

si : Si(Qp) ∼= Li(Qp)⊗Zp
Zp(−i). (7.1.1)

We set VN,r : = H3
ét(Y1(N)3

Q̄
,L[r](2 − r)) and VN,r : = VN,r ⊗Zp

Qp. The tensor product of srj in
Equation 7.1.1 gives an isomorphism sr : WN,r

∼= VN,r. Through this isomorphism, we get a class

κN,r = sr∗(κ̃N,r) ∈ H1
geo(Q,VN,r).

Now let k = r1 + 2, l = r2 + 2, m = r3 + 2. From the Künneth decomposition and projection to
the (f, g, h)-isotypic component, we have a morphism of GQ-modules

prfgh : VN,r ⊗Qp
L −↠ V (f, g, h)

and then we can deüne the diagonal class associated to the triple (f, g, h) by

κ(f, g, h) = prfgh∗(κN,r) ∈ H1
geo(Q, V (f, g, h)).

Lemma 7.1.2. We assume that

1. ordp(N) ≤ 1.

2. p does not divide the conductor of χf , χg and χh.

For • is one of {g, f, e}, the Bloch–Kato local conditions

H1
• (Qp, V (f, g, h)) ↪−→ H1(Qp, V (f, g, h))

are all equal.

Proof. Here we use the strategy in the proof of [23, Lemma 3.5] and [23, Lemma 9.1].
We know that V (f, g, h) is Kummer self dual, hence from [26, Proposition 3.8], we only need to

prove that H1
e (Qp, V (f, g, h)) = H1

f (Qp, V (f, g, h)). On the other hand, [26, Corollary 3.8.4] gives that
H1

f (Qp, V (f, g, h))/H1
e (Qp, V (f, g, h)) = Dcris(V (f, g, h))/(ϕ − 1)Dcris(V (f, g, h)). So it suþcient to

show that
Dcris(V (f, g, h))φ=1 = 0,

For ξ = f , g, h, we denote by ξnew the newform of conductor Nξ|N and weight u = k, l, m
associated to ξ. We set

V = V (fnew)⊗L V (gnew)⊗L V (hnew)((4− k − l −m)/2).

From [23, Section 2.4], we have that V (ξ) is isomorphic to the direct sum of ünite copies of V (ξnew).
Hence we only need to prove the statement after replacing V (f, g, h) with V .
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From the assumption here, we have V (ξnew)|GQp
is semi-stable, hence V |Qp

is also semi-stable.
One has

Dst(V (ξnew)) = L · aξ ⊕ L · bξ,

where aξ and bξ are ϕ-eigenvectors with eigenvalues ap(ξ
new)−1 and p1−uχξ(p)

−1ap(ξ
new). See [23,

Section 2.5]. We deüne the monodromy operator Nξ on Dst(V (ξnew)) to be zero, if p ∤ Nξ and

Nξ(aξ) = bξ and Nξ(bξ) = aξ

if p ‖ Nξ. We deüne

Dst(V ) = Dst(V (fnew))⊗L Dst(V (gnew))⊗L Dst(V (hnew))⊗Qp
Dst(Qp((4− k − l −m)/2)),

then we consider the set Bω which is an L-basis of ϕ-eigenvectors of Dst(V ). The elements in Bω
are given by aξ

ω and bξω, where ξ = ∅, f , g and h. We refer to the proof of [23, Lemma 3.5] for the
explicit form. The respective eigenvalues Eω = {αξ

ω, β
ξ
ω} are given by

αω =
pcω−1

ap(fnew)ap(gnew)ap(hnew)
, αf

ω =
pcω−kap(f

new)

χf (p)ap(gnew)ap(hnew)
.

We can calculate αg
ω and αh

ω similarly. Furthermore, βξ
ω are deüned by

p · αξ
ω · β

ξ
ω = 1.

We set

εξ =

{
0 if p divides the conductor Nξ

1 if p does not divide the conductor Nξ

and also set εω = εf + εg + εh. According to [58, Theorem 4.5.17 and Theorem 4.6.17], we have

|αω|∞ = p(εω−1)/2, |βω|∞ = p(−εω−1)/2, |αξ
ω|∞ = p(εω−2εξ−1)/2, |βξ

ω|∞ = p(2εξ−εω−1)/2.

Here | · |∞ denotes the complex absolute value. Now if εω = 0, we have

|αω|∞ = |βω|∞ = |αξ
ω|∞ = |βξ

ω|∞ = p−1/2.

Hence Dst(V )φ=1 vanishes. When εω = 2, we say εf = 0, then

|αω|∞ = p1/2, |βω|∞ = p−3/2

|αξ
ω|∞ =

{
p−1/2 ξ = gnew and hnew

p1/2 ξ = fnew,

|βξ
ω|∞ =

{
p−1/2 ξ = gnew and hnew

p−3/2 ξ = fnew.

In this case, we also have Dst(V )φ=1 vanishes.
If εω = 1, we let εf = 1. Then

|αω|∞ = 1, |βω|∞ = p−1

|αξ
ω|∞ =

{
1 ξ = gnew and hnew

p−1/2 ξ = fnew,

|βξ
ω|∞ =

{
p−1 ξ = gnew and hnew

p−1/2 ξ = fnew.

Then we have Dst(V )φ=1 is contained in L · aω ⊕ L · ag
ω ⊕ L · ah

ω. Considering the operator N on
Dst(V ), we get

N(r · aω + s · ag
ω + t · ah

ω) = r · af
ω + s · bhω + t · bgω

Hence we know that Dst(V )φ=1,N=0 vanishes.
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Finally, if εw = 3, we have

|αω|∞ = p, |βω|∞ = p−2,

|αξ
ω|∞ = 1, |βξ

ω|∞ = p−1.

So Dst(V )φ=1 is contained in ⊕ξL · a
ξ
ω. We know that

N(aξ
ω) = bξ

′

ω + bξ
′′

ω

for each permutation (ξ, ξ′, ξ′′) = (f, g, h). Hence Dst(V )φ=1,N=0 = 0. We prove the argument.

7.1.2 Big diagonal class

Let f , g and h be three Coleman families with slopes af , ag and ah. We set ordp(af ) > 0 and
ordp(aξ) < u− 1. For ξ = f , g, h and · = ∅, ′, we set A·(ξ) : = A·(Uξ) and D·(ξ) : = D·(Uξ). From
the discussion in [23, Section 4.2], we can associate A·(ξ) and D·(ξ) to the étale sheaves A

·(ξ) and
D

·(ξ) on Y1(N, p). We recall that T = Z×
p × Zp and T

′ = pZp × Z×
p as before. We let

(T× T)0 = {(t1, t2) ∈ T× T | det(t1, t2) ∈ Z×
p },

where det((x1, x2), (y1, y2)) = x1y2 − x2y1. Let (T × T)0 be the complement of (T × T)0 in T × T.
From discussion in [23, Section 8.1], we know that (T× T)0 and (T× T)0 are open compact subsets
of T× T, preserved by the diagonal action of Γ0(pZp). We denote by A(g)⊗̂A(h) : = A(g)⊗̂OL

A(h)
the space of locally analytic functions on T × T. From [23, Remark 4.1], we have the orthonormal
basis of A(g)⊗̂A(h) which gives a decomposition of Γ0(pZp)-modules

A(g)⊗̂A(h) = (A(g)⊗̂A(h))0 ⊕ (A(g)⊗̂A(h))0.

where (Ag⊗̂Ah)0 and (Ag⊗̂Ah)
0 consist in locally analytic functions supported on (T × T)0 and

(T× T)0 respectively. Let Λfgh = Λf ⊗̂OL
Λg⊗̂OL

Λh, and we deüne κ∗
fgh : Z

×
p −→ Λ×

fgh by

κ∗
fgh = (κf + κg + κh − 6)/2.

We deüne the characters κ∗
f : Z

×
p −→ Λ×

fgh by

κ∗
f = (−κf + κg + κh − 2)/2

Similarly, we deüne κ∗
g and κ∗

h. We can see κ∗
fgh = κ∗

f + κ∗
g + κ∗

h. We have an Abel–Jacobi map

AJfgh
ét : H0

ét(Y1(N, p),A(f)′ ⊗A(g)⊗A(h)(−κ∗
fgh)) −→ H1(Q, V (f , g,h)).

We refer to [23, Section 8.1] for more details.
We can ünd that det : Z2

p × Z2
p −→ Zp maps T

′ × T to Z×
p , we let

Det = Det
fgh
N,p : T′ × T× T −→ Λfgh

be the function which vanishes identically on T
′× (T×T)0 and on elements (x,y, z) in T

′× (T×T)0
takes the value

Det(x,y, z) = det(x,y)κ
∗
h · det(x, z)κ

∗
g · det(y, z)κ

∗
f .

We can check
Det(γ · x, γ · y, γ · z) = det(γ)κ

∗
fgh ·Det(x,y, z)

for every γ ∈ Γ0(pZp). So we can view Det as an element of A′
f ⊗̂A

′
g⊗̂A

′
h(−κ

∗
fgh) which is invariant

under the diagonal action of Γ0(pZp). Since Γ0(pZp)-representation A′
f ⊗̂Ag⊗̂Ah corresponds to the

sheaf A′
f ⊗̂Ag⊗̂Ah on Y1(N, p), we have

Det
fgh
N,p ∈ H0

ét(Y1(N, p),A′
f ⊗̂A

′
g⊗̂A

′
h(−κ

∗
fgh)).

We then deüne
κ(f , g,h) =

1

ap(k)
·AJfghét (Det

fgh
N,p ) ∈ H1(Q, V (f , g,h)),
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Let (k, l,m) be a balanced triple of classical weights, let r = (r1, r2, r3) = (k− 2, l− 2,m− 2) and
r = (r1 + r2 + r3)/2. We can deüne the twisted diagonal class(cf. [23, Equation (157)])

κ†(fk, gl,hm) ∈ H1
g (Q, V (fk, gl,hm)).

Then from [23, Theorem 8.1], we have the following result.

Theorem 7.1.3. For each balanced triple ω = (k, l,m), we have

(p− 1)αfk
· ρω(κ(f , g,h)) = (1−

αfα
βgl

βhm

pr+2
) · κ†(fk, gl,hm).

We can show that the big diagonal class κ(f , g,h) ∈ H1
bal(Qp, V (f , g,h)) following the proof

of [23, Corollary 8.2].

7.2 Reciprocity law

Now let E′ −→ X1(N) be the universal elliptic curve over the modular curve deüned over Qp. For any
n ≥ 0, we let Wn be the n-th Kuga–Sato variety over X1(N). See [19, Appendix] for the deünition of
Kuga–Sato variety. Now we üx a balanced weight (k, l,m). We write (k, l,m) = (r1+2, r2+2, r3+2),
r : = 1

2 (r1 + r2 + r3), and we set
W : = Wr1 ×Wr2 ×Wr3 .

In [35, Section 3.1], Darmon and Rotger construct a homologically trivial cycle which is called the
generalized diagonal cycle

∆k,l,m ∈ CHr+2(W )0 : = ker(CHr+2(W )
cl
−→ H2r+4

dR (W/Cp)).

We have the p-adic Abel–Jacobi map

AJp : CHr+2(W )0 −→ [Filr+2 H2r+3
dR (W/Cp)]

∨.

For the construction of the p-adic Abel–Jacobi map, we refer to [25] and [64, (1.2)]. We consider
f ∈ Sk(N,χf ), g ∈ Sl(N,χg) and h ∈ Sm(N,χh). We assume that χf · χg · χh = 1. We denote
k = l +m− 2t and c = (k + l +m− 2)/2. In [35, Section 3], one can construct an element

η³f ⊗ ωg ⊗ ωh ∈ Filr+2 H2r+3
dR (W/Cp).

Hence we can consider the valuation of AJp(∆k,l,m) on η³f ⊗ ωg ⊗ ωh. Using the ünite polynomial
cohomology in [45], Huang proves the following p-adic Gross–Zagier formula for a triple modular
forms (f, g, h).

Lemma 7.2.1. We let

E1(f) = (1− β2
fχ

−1
f (p)p−k), E0(f) = (1− β2

fχ
−1
f (p)p1−k)

and
E = (1− βfαgαhp

−c)(1− βfαgβhp
−c)(1− βfβgαhp

−c)(1− βfβgβhp
−c).

Then we have

Lp(f̃ , g̃, h̃)(k, l,m) = (−1)t−1 E(f, g, h)

(t− 1)!E0(f)E1(f)
× AJp(∆k,l,m)(η³f ⊗ ωg ⊗ ωh)

Proof. See [44, Theorem 3.9].

We know the class κ(f , g,h) ∈ H1
bal(Qp, V (f , g,h)). Using the p-adic Gross–Zagier formula above,

we can prove the following reciprocity law.

Theorem 7.2.2.

Lf (resp(κ(f , g,h))) = Lp(f , g,h). (7.2.1)

Proof. See [44, Theorem 4.23].
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7.3 Some discussions in exceptional case

We do not prove any results in exceptional case, but we would like to show when the exceptional zero
phenomenon occurs following [23, Section 1.2]. It would be interesting to deal with the exception
case in the future work.

Let Hg be the g-improving plane in Uf × Ug × Uh deüned by the equation

k − l+m = k − l +m.

Let Ogh = OUg
⊗̂LOUh

and νg : Ofgh −→ Ogh be the map sending F (k, l,m) to its restriction
F (l−m+ k +m− l, l,m) to Hg. Set V (f , g,h)|Hg

: = V (f , g,h)⊗νg
Ogh and denote by

κ(f , g,h)|Hg
∈ H1(Q, V (f , g,h)|Hg

)

the image of κ(f , g,h) under the morphism induced in cohomology by νg. Deüne the Euler factor

Eg(f , g,h) = 1−
χ̄g · bp(l)

cp(m) · ap(l−m+ k +m− l)
· p(k−l+m−2)/2 ∈ Ogh.

In [23, Section 9.3], we can show that there is a canonical g-improved balanced diagonal class

κ∗
g(f , g,h) ∈ H1

bal(Qp, V (f , g,h)|Hg
)

and we have the following factorisation

κ(f , g,h)|Hg
= Eg(f , g,h) · κ

∗
g(f , g,h).

If Eg(f , g,h) = 0, this implies the specialisation of κ(f , g,h) at ω0 vanishes independently of whether
the complex L-function L(fk ⊗ gl ⊗ hm, s) vanishes at s = (k + l+m− 2)/2. This is the ürst source
of exceptional zeros. The second source of the exceptional zeros is the vanishing of the Euler factor
in Equation 6.2.1.

7.4 Non exceptional case

When ω0 is not exceptional, we prove the result following the proof in [23, Section 9.1].

Theorem 7.4.1. When ω0 is not exceptional, L(fk ⊗ gl ⊗ hm, s) vanishes at s = (k + l +m− 2)/2,
we have κ(f̃k, g̃l, h̃m) is crystalline at p.

Proof. From the interpolation formula Equation 6.2.1, since ω0 is not exceptional, we can see that

L(fk ⊗ gl ⊗ hm, (k + l +m− 2)/2) = 0 if and only if Lp(f̃k, g̃l, h̃m) = 0

for each level N test vector (f̃ , g̃, h̃) for (f , g,h). Combining Theorem 7.2.1, Theorem 5.2.1 and the
fact that ω0 is not exceptional, we have

Lp(f̃k ⊗ g̃l ⊗ h̃m) = Eω0
· 〈exp∗p(κ(f̃k, g̃l, h̃m)f ), ηf̃k

ωg̃l
ω
h̃m
〉
f̃kg̃lh̃m

for a non-zero algebraic number Eω0
. Hence the Garrett L-function L(fk ⊗ gl ⊗ hm, s) vanishes at

s = (k + l +m− 2)/2 if and only if

〈exp∗p(κ(f̃k, g̃l, h̃m)f ), ηf̃k
ωg̃l

ω
h̃m
〉
f̃kg̃lh̃m

= 0,

where η
f̃k
ωg̃l

ω
h̃m

is the specialisation of η
f̃
ωg̃ωh̃

at ω = (k, l,m). Since η
f̃
ωg̃ωh̃

is the basis of 1

dimesional space (D(f̃)−)Γ=1 ⊗ (D(g̃)+(−1 − κUg̃
− χg̃(p)))

Γ=1 ⊗ (D(h̃)+(−1 − κU
h̃
− χ

h̃
(p)))Γ=1,

we have that the Garrett L-function L(fk ⊗ gl ⊗ hm, s) vanishes at s = (k + l+m− 2)/2 if and only
if exp∗p(κ(f̃k, g̃l, h̃m)f ) = 0, which proves the result.



CHAPTER 8

Proof of the main theorem

8.1 Logarithms

Set VdR(f, g, h) : = DdR(V (f, g, h)). From the discussion in [21, Section 3.1.2], we have a perfect
duality

〈·, ·〉fgh : VdR(f, g, h)⊗L VdR(f, g, h) −→ L, (8.1.1)

which identiües VdR(f, g, h)/Fil
0 with the L-linear dual of Fil0 VdR(f, g, h). We have the Bloch–Kato

logarithm
logp : H

1
f (Qp, V (f, g, h)) −→ VdR(f, g, h)/Fil

0 .

We then deüne the ++-logarithm

log++ = 〈logp(·), η
³
f ⊗ ωg ⊗ ωh〉fgh : H

1
f (Qp, V (f, g, h)) −→ L.

to be the composition of the Bloch–Kato p-adic logarithm with evaluation on the class

η³f ⊗ ωg ⊗ ωh ∈ Fil0 VdR(f, g, h)

under the duality 〈·, ·〉fgh.

8.2 The main theorem

The main theorem is the following

Theorem 8.2.1. Assume that the complex Garrett L-function L(f ⊗ g ⊗ h, (k + l +m − 2)/2) = 0
and ω0 is not exceptional. Then

1−
αgαh

αf

1−
αf

pαgαh

〈〈κ(f, g, h), y〉〉fgh = log++(resp(y)) ·Lp(f , g,h) mod I
2

for y ∈ Sel(Q, V (f, g, h)).

8.3 Proof of the main theorem

The following proof is identical to the proof of [22, Theorem 3.2], which is given in [22, Section 3.4].
We reproduce it here for the reader’s convenience with the same notation.

We üx a 1-cocyle
z̃ = (z, z+, a) ∈ C1(V (f, g, h), D(f, g, h)+)

43
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which represents the diagonal class κ(f, g, h) in H1(V (f, g, h), D(f, g, h)+). Here

z ∈ C1(GNp, V (f, g, h)), z+ ∈ C1
φ,µ(D(f, g, h)+)

and a = (aℓ)ℓ|Np ∈
⊕
ℓ|Np

K0
ℓ (V (f, g, h)) which satisfy dz = 0, dz+ = 0, resNp(z) = i+(z+)− da.

We then üx another 1-cocyle Z ∈ C1(GNp, V (f , g,h)) representing κ(f , g,h). We have dZ = 0.
In addition, from

ρw0 : C
1(GNp, V (f , g,h)) −→ C1

cont(GNp, V (f, g, h)),

we have ρw0
(Z) = z. On the other hand, using the morphism of complexes

ρw0
: C•(V (f , g,h),D(f , g,h)+) −→ C•(V (f, g, h), D(f, g, h)+),

we have that the 1-cocyle z̃ is then lifted by a 1-cochain of the form

Z̃ = (Z,Z+, A) ∈ C1(V (f , g,h),D(f , g,h)+),

where the cochain Z+ ∈ C1
φ,µ(D(f , g,h)+) is a lift of z+ and A = (Aℓ)ℓ|Np ∈

⊕
ℓ|Np

K0
ℓ (V (f , g,h)) is

a lift of a.
Since z̃ is a 1-cocyle, the diûerential dZ̃ in C2(V (f , g,h),D(f , g,h)+) can be written as

dZ̃ = (k − k) · Z̃k + (l− l) · Z̃l + (m−m) · Z̃m

with 2-cochains Z̃·, for · = k, l, m. These 2-cochains are in C2(V (f , g,h),D(f , g,h)) and then we
write Z̃· = (Z·, Z

+
· ,W·) for Z· ∈ C2(GNp, V (f , g,h)), Z+

· ∈ C2
φ,µ(D(f , g,h)+), and the 1-cochains

W· = (W·,ℓ)ℓ|Np ∈
⊕
ℓ|Np

K1
ℓ (V (f , g,h)) satisfying

(k − k) ·Wk + (l− l) ·Wl + (m−m) ·Wm = i+(Z+)− resNp(Z)− dA. (8.3.1)

Lemma 8.3.1. Let z̃ ∈ C1(V (f, g, h), D(f, g, h)+) be a 1-cocycle and let Z̃ ∈ C1(V (f , g,h),D(f , g,h)+)

and Z̃k, Z̃l and Z̃m ∈ C2(V (f , g,h),D(f , g,h)+) satisfy

1. ρω0
(Z̃) = z̃

2. d(Z̃) = (k − k) · Z̃k + (l− l) · Z̃l + (m−m) · Z̃m.

Then we have z̃· : = ρω0(Z̃·) are 2-cocycles of C2(V (f, g, h), D(f, g, h)+) and

−β̃fgh(κ(f, g, h)) = (k − k) · cl(z̃k) + (l− l) · cl(z̃l) + (m−m) · cl(z̃m). (8.3.2)

Here cl(·) means that the class represented by ·.

Proof. This follows from the proof of [71, Lemma 5.5] using the Koszul complex.

For D = D(f, g, h) or D(f , g,h), we have p− : C•
φ,µ(D) −→ C•

φ,µ(D
−). We let

X· = p−(W·,p) ∈ C1
φ,µ(D(f , g,h)−)

and
x· = ρw0(X·) ∈ C1

φ,µ(D(f, g, h)−).

We also let A−
p = p−(Ap).

Applying p− to Equation 8.3.1, we get

(k − k) ·Xk + (l− l) ·Xl + (m−m) ·Xm = −p−(resNp(Z))− dA−
p . (8.3.3)

As Z is a 1-cocyle, this implies that the 1-cochain x· are 1-cocyles. We set

x· = cl(x·) ∈ H1(D(f, g, h)−).
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On the other hand, Z is a 1-cocycle, then we have ρw0(Z·) = 0. Hence

z̃· = (0, ρw0(Z
+
· ), ρw0(W·)).

We set ıur : Sel(Q, V (f, g, h)) ↪−→ H1(V (f, g, h), D(f, g, h)+),

·+ : H1(V (f, g, h), D(f, g, h)+) −→ H1(D(f, g, h)+).

and
 : H1(D(f, g, h)−) −→ H2(V (f, g, h), D(f, g, h)+).

Since C•
cont(Qℓ, V (f, g, h)) is acyclic for ` 6= p, this implies

cl(z̃·) = (x·) (8.3.4)

From Equation 8.3.2 and 8.3.4, we have

〈〈κ(f, g, h), ·〉〉 = 〈β̃fgh(κ(f, g, h)), ·〉Nek ⊗I /I 2 (8.3.5)

= −
∑
〈(xu), ·〉Nek · (u− u0)

= −
∑
〈xu, ·

+〉Tate · (u− u0).

Here 〈·, ·〉Tate : H
1(D(f, g, h)+) ⊗L H1(D(f, g, h)−) −→ L is the local Tate duality induced by the

perfect pairing. The last equality follows from the adjointness of the maps  and ·+ with respect to
the pairings 〈·, ·〉Nek and 〈·, ·〉Tate(See [71, Lemma 5.7] and [13, Corollary 4.16]).

As in Section 5.1, we have D(f , g,h)f and F 2D(f , g,h). The projection

p− : D(f , g,h) −→ D(f , g,h)−

maps F 2D(f , g,h) onto D(f , g,h)f , hence it induces a morphism

Pf : H
1
bal(Qp, V (f , g,h)) −→ H1(D(f , g,h)f ).

Lemma 8.3.2. There exist Yk, Yl, Ym ∈ H1(D(f , g,h)f ) such that

Pf (resp(κ(f , g,h))) = (k − k) ·Yk + (l− l) ·Yl + (m−m) ·Ym.

Furthermore, we have xu = −ρw0
(Yu).

Proof. We set D(f, g, h)f : = D(f)−⊗RL
D(g)+⊗RL

D(h)+((4−k− l−m)/2). It is a direct summand
of D(f, g, h)− and the specialisation map ρω0 induces an isomorphism

ρω0 : D(f , g,h)f ⊗ω0 Ofgh
∼= D(f, g, h)f .

Since the kernel of evaluation at ω0 on Ofgh is generated by a regular sequence and

H2(D(f, g, h)f ) = 0,

the specialisation isomorphism ρω0
induces an isomorphism

ρω0 : H
1(D(f , g,h)f )⊗ω0 L

∼= H1(D(f, g, h)f ). (8.3.6)

From Theorem 7.4.1, κ(f, g, h) = ρω0(κ(f , g,h)) is crystalline at p. And we know that H1
f (Qp, V (f, g, h))

is H1(D(f, g, h)+) from the proof of Lemma 4.8.1, hence

κ : = Pf (resp(κ(f , g,h)))

belongs to the kernel of Equation 8.3.6, thus we prove the ürst statement.
Let Yu in H1(D(f , g,h)f ) be local classes satisfying

κf =
∑

Yu · (u− u0).

We only prove the case that ρω0
(Yu) is equal to −xu for u = k. The other proofs are similar.
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From Equation 8.3.3 and the construction cl(Z) = κ(f , g,h), we have

cl
(∑

Xu · (u− u0)
)
= −

∑
if (Yu) · (u− u0) ∈ H1(D(f , g,h)−), (8.3.7)

where if denotes the morphism in cohomology induced by the inclusion D(f , g,h)f ↪−→ D(f , g,h)−.
Let ν : Ofgh −→ Of be the surjective morphism of rings sending the analytic function F (k, l,m) to
F (k, l,m) and set

D(f , g, h)− = D(f , g,h)− ⊗ν Of and D(f)−++ = D(f , g,h)f ⊗ν Of .

Then from Equation 8.3.3, we have ν(Xk) is a 1-cocyle in C•
φ,µ(D(f , g, h)−) and Equation 8.3.7 gives

(k − k) · (cl(ν(Xk)) + ν(Yk)) = 0.

We know that the (k − k)-torsion of H1(D(f , g, h)−) is a quotient of H0(D(f, g, h)−), which is
zero since we assume that (f, g, h) is not exceptional. Then ν(Yk) = −cl(ν(Xk)), hence we have
ρω0

(Yu) = −xk.

Let ỹ be an element of H1(V (f, g, h), D(f, g, h)+). Equation 8.3.5 and Lemma 8.3.2 give the
identity

〈〈κ(f, g, h), ỹ〉〉fgh =
∑
〈ρw0(Yu), ỹ

+〉Tate · (u− u0). (8.3.8)

If ỹ = ıur(y) corresponds to y ∈ Sel(Q, V (f, g, h)), then the image of ỹ+ under the map induced in
cohomology by the inclusion i+ : D(f, g, h)+ ↪−→ D(f, g, h) is equal to the restriction of y at p.

Lemma 8.3.3. We have that

〈ρw0(Yu), ỹ
+〉Tate = log++(resp(y)) · 〈exp

∗
p(ρw0(Yu)), ηf ⊗ ωg ⊗ ωh〉fgh. (8.3.9)

where exp∗p : H
1(D(f, g, h)) −→ DdR(D(f, g, h)) is the Bloch–Kato dual exponential map in Theorem

4.3.2.

Proof. The Bloch–Kato dual exponential map in Theorem 4.3.2 gives an morphism

exp∗p : H
1(D(f, g, h)) −→ DdR(D(f, g, h)).

As i+(ỹ+) = resp(y), it follows that

〈ρω0(Yu), ỹ
+〉Tate = 〈exp∗p(ρω0(Yu)), logp(resp(y))〉fgh. (8.3.10)

Here 〈·, ·〉fgh is the pairing in Equation 8.1.1. Since the ρω0
(Yu) belongs to H1(D(f, g, h)f ), and for

the linear form
〈exp∗p(ρω0

(Yu)), 〉fgh : VdR(f, g, h)/Fil
0 −→ L,

there is a commutative diagram

VdR(f, g, h)/Fil
0 L

DdR(D(f)⊗RL
D(g)+ ⊗RL

D(h)+)/Fil0

pr++

By deünition, we have

pr++(logp(resp(y))) = log++(resp(y)) · ηf ⊗ ωg ⊗ ωh,

then the result follows from Equation 8.3.10.

We set
exp++∗

p (ρω0(Yu)) : = 〈exp
∗
p(ρω0(Yu)), ηf ⊗ ωg ⊗ ωh〉fgh,

Then Equation 8.3.8 and 8.3.9 give the equality

〈〈κ(f, g, h), y〉〉fgh = log++(resp(y)) ·
∑

exp++∗(ρω0(Yu)) · (u− u0) (8.3.11)
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for y ∈ Sel(Q, V (f, g, h)).
From Proposition 5.2.1, we have a morphism

Lf : H
1(D(f , g,h)f ) −→ Ofgh.

For each local class Z in H1
bal(Qp, V (f , g,h)), we have

Lf (Z)(ω0) = (p− 1)αf ·

1−
αgαh

αf

1−
αf

pαgαh

· exp++∗
p (ρω0

(Z)).

We apply Lf to both sides of the equation in Lemma 8.3.2 and use the explicit reciprocity law
in Theorem 7.2.1 to obtain

Lp(f , g,h) mod I
2 = α·

f

1−
αgαh

αf

1−
αf

pαgαh

·
∑

exp++∗(ρω0(Yu)) · (u− u0).

Then the theorem follows from the previous equation and Equation 8.3.11.



48 Proof of the main theorem



CHAPTER 9

p-adic BSD conjecture for AI p-adic L-function

In this part, we formulate a p-adic BSD conjecture for AI p-adic L-function. We let E be an elliptic
curve deüned over the üeld Q and its conductor is NE . We also let %1, %2 be two-dimensional odd
Artin representations of the absolute Galois group GQ of Q, i.e.,

%i : GQ −→ GL(Vϱi
).

Set % : = %1⊗Q %2 and Vϱ : = Vϱ1
⊗Q(ϱ)Vϱ2

. We denote by Kϱ the extension of Q cut out by %. Assume
that the det(%1) · det(%2) = 1. From the modularity theorem, we can associate E with a cuspidal
newform f =

∑
n≥1

an(f) · q
n ∈ S2(NE). From the work of Khare and Wintenberger [52, Corollary

10.2], we can associate %1 and %2 to normalised Hecke eigenforms

g =
∑

n≥1

an(g) · q
n ∈M1(Ng, χg)

and
h =

∑

n≥1

an(h) · q
n ∈M1(Nh, χh)

of levels Ng and Nh that are equal to the conductors of %1 and %2 respectively and also the characters
χg and χh which satisfy χg · χh = 1. Assume that E has good ordinary reduction at p. We consider
the p-th Hecke polynomial Tp(X) = X2− ap(f) ·X +1NE

(p) · p of f , here 1NE
is the trivial character

modulo NE . Then we denote by αf the root of Tp(X) with positive p-adic valuation and by βf

the other root, which is a p-adic unit. In addition, we suppose that E does not have complex
multiplication and that f is non-critical. Then the critical p-stabilisation

f³f
(q) = f(q)− βf · f(q

p) ∈ S2(NEp)

is the specialisation at weight two of a unique cuspidal Coleman family f for suitable connected open
disc Uf centred at 2 in the weight space W. Here OUf

is the ring of bounded analytic functions on
Uf with respect to Gauss norm. Let ξ be either g or h, and let αξ and βξ be the roots of p-th Hecke
polynomial X2− ap(ξ) ·X +χξ(p). We assume that p does not divide Nξ and ξ satisües Assumption
3.5.3 (2) (b). The p-stabilisation

ξ³ξ
(q) = ξ(q)− βξ · ξ(q

p) ∈ S1(Nξp, χξ)L

is the weight one specialisation of a unique cuspidal Coleman family ξ for some Uξ which is an aþnoid
disc centered in 1 in WL.

Let Σcl denote the set of classical triples, the intersection of Uf × Ug × Uh with Z3
≥1. Under the

assumption χg · χh = 1, for each (k, l,m) ∈ Σcl, the complex Garrett L-function L(fk ⊗ gl ⊗ hm, s)
admits an analytic continuation and satisües a functional equation with sign ±1 relating its values at
s and k+ l+m−2− s. The assumption (Ng, Nh, NE) = 1 guarantees that the signs in the functional
equations are equal to +1 for all classical triples (k, l,m) such that k ≥ l +m. See [35, Section 4.1].
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In this case, the complex Garrett L-function L(E, %, s) : = L(f ⊗ g ⊗ h, s) vanishes to even order at
the central critical point s = 1. We denote by Lp(E, %) the AI p-adic L-function Lp(f , g,h) and
we know that Lp(E, %) : = Lp(E, %)2 interpolates the central critical values L (fk ⊗ gl ⊗ hm, 1) from
Equation 6.2.1. Now we deüne by

E(Kϱ)
ϱ : = (E(Kϱ)⊗Z Vϱ)

Gal(Kϱ/Q)

the Mordell–Weil group of E twisted by %. Enlarging L if necessary, we üx isomorphisms

γg : Vϱ1
⊗Q(ϱ) L ∼= V (g), and γh : Vϱ2

⊗Q(ϱ) L ∼= V (h)

of L[GQ]-modules. Using the Kummer map and the Shapiro isomorphism yields an injective morphism

(E(Kϱ)⊗Z Vϱ)
Gal(Kϱ/Q) ⊗Q(ϱ) L ↪−→ Sel(Q, V (f)⊗Q(ϱ) Vϱ).

See [22, Section 2.3] for more details. Using the isomorphism of L[GQ]-modules

γg ⊗ γh : Vϱ ⊗Q(ϱ) L ∼= V (g)⊗L V (h),

we have
E(Kϱ)

ϱ ↪−→ Sel(Q, V (f, g, h)).

The p-adic height pairing

〈〈·, ·〉〉fgh : E(Kϱ)
ϱ ⊗Q(ϱ) E(Kϱ)

ϱ −→ I /I 2

is deüned to be restriction of the canonical p-adic height pairing ( see Equation 4.7.3) to the Mordell–
Weil group E(Kϱ)

ϱ. Here I is the ideal of Ofgh vanishing at ω0 = (2, 1, 1). Using the height pairing,
we deüne the regulator Rp(E, %) to be

Rp(E, %) : = det(〈〈Pi, Pj〉〉fgh)1≤i,j≤r(E,ϱ), (9.0.1)

where Pi is a Q(%)-basis of Mordell–Weil group E(Kϱ)
ϱ and r(E, %) : = dimQ(ϱ) E(Kϱ)

ϱ. We have

Rp(E, %) ∈ (I r(E,ϱ)/I r(E,ϱ)+1)/(Q(%)2)×.

We say that a non zero element F of Ofgh has order of vanishing r ∈ Z≥0 at ω0 = (2, 1, 1) if it
belongs to I r −I r+1 and we denote by F ∗ the image of F in the quotient I r/I r+1.

Conjecture 9.0.1. The p-adic L-function Lp(E, %) has order of vanishing r(E, %) at ω0 = (2, 1, 1),
and the following equality holds up to (Q(%)2)×.

Lp(E, %)∗ = Rp(E, %) mod I
r(E,ϱ)/I r(E,ϱ)+1

In particular, the p-adic height pairing 〈〈·, ·, 〉〉fgh is non-degenerate.
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