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Abstract

This dissertation investigates recent machine learning architectures that aim to bridge
traditional model-based methods with data-driven approaches, with a particular focus
on interpretability, structure, and consistency. Central to this work is the paradigm of
deep unfolding, which provides a unifying framework to reinterpret iterative algorithms as
trainable neural networks. We show that deep unfolding naturally manifests through two
complementary mechanisms: algorithm unrolling, which defines the network architecture
by unfolding iterative procedures into layered structures, and backpropagation through
time, which enables the optimization of temporally structured models. Within this frame-
work, bilevel optimization emerges as a principled mathematical foundation that connects
classical optimization algorithms with modern learning-based formulations, yielding neu-
ral architectures that remain grounded in well-understood mathematical principles.
The first part of the dissertation focuses on audio processing applications, specifically
source separation and detection. We revisit nonnegative matrix factorization (NMF) and
its variants as a powerful model-based framework for time-frequency analysis. Algorithm
unrolling is then employed to enhance NMF-based methods, leading to competitive deep
architectures such as PAD-NMF and Deep-NMFD. These approaches overcome limitations
of traditional NMF, including slow convergence and limited adaptability, while preserving
interpretability. We further analyze how temporal dependencies are incorporated through
di!erent mechanisms, highlighting complementary strengths across practical scenarios.
The second part of the dissertation addresses state estimation in dynamical systems, a
domain traditionally dominated by Kalman filtering. After reviewing the Kalman filter,
ensemble Kalman methods, and particle filters, we frame state estimation as a general
data assimilation problem and explore learning-enhanced extensions of classical filtering
techniques. Conditional di!usion models are presented as a data-driven alternative to
particle filters, capable of sampling from complex conditional posteriors without requir-
ing explicit likelihood models. In parallel, KalmanNet and the proposed Deep Kalman
Filter are introduced as learned extensions of the Kalman filter that preserve its predictor-
corrector structure while overcoming classical assumptions such as linearity and known
noise statistics. Both methods exemplify deep unfolding, combining algorithmic structure
with learning-based optimization.
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Notation

In the upcoming notation, we consider:

f : Rn

x
→↑
→↑↓

Rk

f(x)
g : Rn ↓ Rm

(x,y)
→↑
→↑↓

R
g(x,y)

h : Rn↔m

M
→↑
→↑↓

R
h(M)

Mm↔n(X) Set of m↓ n matrices with elements in X

1n n↓ n identity matrix
1m↔n m↓ n ones matrix
0m↔n m↓ n zeroes matrix

ωij or ωi,j Kronecker delta
Mij or Mi,j Element (i, j) of M

M:,j j-th column of M
Mi,: i-th row of M

C(X) Set of continuous functions with domain X

Ck
(X)

Set of k-times di!erentiable and continuous functions with
domain X

↔xf(x)
For k = 1: n↓ 1 gradient vector of f
For k > 1: k ↓ n Jacobian matrix of f

↔2
xf(x) For k = 1: n↓ n Hessian of f

↔2
xyg(x, y) m↓ n Hessian block of g

↔2
yxg(x, y) n↓m Hessian block of g

↔Mh(M) n↓m reshaped gradient of h

X̊ Interior of X
Bω(x) Ball of radius ω centered at x

Y ↗ pY Random variable Y with distribution pY
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Introduction

The development of methods for inference, optimization, and dynamical system analysis
has historically been shaped by two methodological traditions that were long regarded as
conceptually distinct. Model-based approaches rely on explicit mathematical formulations
derived from physical principles, statistical assumptions, or expert knowledge, and empha-
size interpretability, stability, and theoretical guarantees [15, 85]. In contrast, data-driven
approaches, and in particular modern deep learning, prioritize expressive parametric mod-
els trained end-to-end from data, often achieving remarkable empirical performance but
at the expense of transparency and structural insight [78, 53]. As real-world systems grow
in complexity and data availability continues to increase, the limitations of treating these
paradigms as mutually exclusive have become increasingly apparent. This has motivated
a growing body of research aimed at bridging the gap between model-based and learning-
based methods [110, 23, 26, 51, 27], giving rise to hybrid approaches that seek to combine
the structure and reliability of classical algorithms with the flexibility and adaptivity of
data-driven learning.
Within this evolving landscape, Deep Unfolding [57, 96] has emerged as a powerful and
unifying conceptual framework. The key observation underlying deep unfolding is that
many algorithms used across signal processing, optimization and control are inherently it-
erative, defined by the repeated application of an update rule that progressively refines an
estimate or state. Classical examples include gradient-based optimization methods [98],
proximal algorithms [104], matrix factorization schemes [80], and recursive estimators for
dynamical systems [72]. Deep unfolding reinterprets such iterative procedures as layered
computational graphs, where each iteration corresponds to a layer of a deep network. Pa-
rameters that were traditionally fixed or manually tuned, such as step sizes, thresholds,
gains, or regularization weights, are instead treated as learnable quantities and optimized
from data using gradient-based techniques [57, 64]. This reinterpretation preserves the
inductive biases, constraints, and interpretability of the original algorithm while enabling
data-driven adaptation and performance improvements. A central theme of this work is
that deep unfolding is not a single technique but rather a general paradigm that manifests
in di!erent forms depending on the role played by the underlying iterative process. On
the one hand, algorithm unrolling [57, 96] provides an architectural design principle, in
which the structure and depth of a neural network are explicitly derived from a known
algorithm. The learning process is then focused on optimizing the algorithmic parameters
so that a truncated number of iterations yields high-quality solutions, often with emphasis
on convergence behavior or task-specific objectives. On the other hand, backpropagation
through time [132, 112] o!ers an optimization mechanism for models with temporal or
recursive structure, such as recurrent or auto-regressive neural networks. In this case, the
unfolding occurs implicitly during training, as the recurrent computation is expanded over
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INTRODUCTION

time to enable gradient propagation. Although these two perspectives are often presented
separately in the literature, this work adopts the viewpoint that they represent comple-
mentary expressions of the same underlying idea: iterative evolution, whether algorithmic
or dynamical, can be represented as a deep computation and optimized end-to-end. From
this standpoint, the distinction between model-based and learning-based approaches be-
comes a matter of how much structure is imposed a priori, rather than a fundamental
conceptual divide.
Framing deep unfolding in this way has important implications for optimization and learn-
ing. In particular, it naturally leads to bilevel optimization formulations [55, 99, 14, 86,
123], where the objective of interest depends on the solution of an inner problem defined
implicitly through an iterative procedure. Such structures arise when learning algorith-
mic parameters, hyperparameters, or surrogate models whose performance is evaluated
through the outcome of an optimization or inference process. Bilevel optimization pro-
vides a rigorous mathematical framework for these problems, but also introduces signifi-
cant computational and analytical challenges, especially when the inner solution cannot
be computed exactly or in closed form [122]. Iterative di!erentiation techniques [115] ad-
dress this di"culty by replacing the inner problem with a truncated iterative scheme and
di!erentiating through it explicitly, a strategy that closely mirrors algorithm unrolling.
This connection highlights how deep unfolding can serve not only as a modeling paradigm
but also as a practical tool for scalable and interpretable learning in complex optimization
settings.
The relevance of deep unfolding is further illustrated through its application to nonnega-
tive matrix factorization (NMF), a classical unsupervised learning technique grounded in
constrained optimization [79]. NMF decomposes nonnegative data into additive compo-
nents that are often highly interpretable, making it particularly attractive in domains such
as audio processing [118, 134], document analysis [136], and bioinformatics [16]. However,
classical NMF formulations are limited by their unsupervised nature and by the rigidity
of their cost functions and update rules. Deep unfolded variants address these limita-
tions by mapping iterative NMF updates onto multilayer architectures and training them
discriminatively [64, 22], thereby guiding the factorization toward task-specific solutions
while retaining nonnegativity constraints and interpretability. These models exemplify
how deep unfolding enables the integration of domain knowledge and learning, producing
architectures that are both structured and adaptable.
A complementary and equally important application domain considered in this work is
data assimilation [40, 109], which concerns the estimation of latent states of dynamical
systems from noisy and incomplete observations. Data assimilation lies at the intersection
of modeling and learning, as it explicitly combines predictions derived from a dynami-
cal model with observational data in a probabilistic framework. The Kalman filter [72]
and its many extensions [39, 70] constitute a cornerstone of this field, o!ering recursive
estimation schemes with well-understood optimality properties under specific assump-
tions. From the perspective adopted in this work, Kalman filtering can be viewed as
an iterative inference algorithm whose prediction and update steps define a structured
computational graph. This interpretation opens the door to learning-enhanced variants
in which components of the filter, such as dynamics, observation models, or gain matrices,
are adapted from data while preserving the overall recursive structure. Recent develop-
ments in learning-enhanced data assimilation, including neural and hybrid Kalman-based
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INTRODUCTION

architectures [110, 20, 23] as well as di!usion-based models [30, 121, 120], exemplify the
broader trend toward blurring the line between model-based inference and data-driven
learning. These approaches leverage neural networks to compensate for model mismatch,
unknown noise statistics, or incomplete physical knowledge, while still relying on the al-
gorithmic backbone of classical filters. Viewed through the lens of deep unfolding, they
represent a natural continuation of the same paradigm: iterative inference procedures are
unfolded into trainable architectures that combine structure, interpretability, and learning
capacity.
Overall, this work advocates deep unfolding as a unifying framework for understanding
and designing hybrid models that merge classical algorithms with modern learning tech-
niques. By consistently interpreting optimization methods, matrix factorizations, and
state estimation algorithms as unfolded computational graphs, it demonstrates how ar-
chitectural design, learning, and inference can be integrated in principled manner across
diverse application domains.

The structure of the thesis is as follows. Chapters 1 and 2 lay the mathematical and
conceptual foundations of deep unfolding. In particular, Chapter 1 introduces algorithm
unrolling and backpropagation through time as two complementary manifestations of the
unfolding paradigm, while Chapter 2 elucidates the connection between unrolled archi-
tectures and iterative di!erentiation methods for bilevel optimization. Chapters 3 and 4
then focus on nonnegative matrix factorization, presenting the classical formulation and
its variants before exploring deep unfolded architectures for audio analysis tasks such as
speech enhancement, source separation, and event detection. Here, the original contri-
butions of the thesis include the PAD-NMF [22] and Deep-NMFD [24] architectures, as
well as the ARD-NMFD optimization algorithm. Finally, Chapters 5 and 6 review the
Kalman filter and selected generalizations, and examine recent learning-based extensions
within the broader context of learning-enhanced data assimilation. Within this appli-
cation domain, the original contributions include an audio tracking algorithm based on
particle filters and the Deep Kalman Filter [21, 23].
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Deep Unfolding

This chapter introduces deep unfolding as a unifying framework bridging classical model-
based algorithms and data-driven learning. We show how algorithm unrolling and back-
propagation through time can be interpreted as complementary unfolding paradigms,
corresponding respectively to architectural design and optimization mechanisms.

1.1 Introduction

In recent years, the boundaries between classical model-based algorithms and data-driven
learning have become increasingly blurred. A prominent example of this convergence is
the paradigm known as Deep Unfolding, which provides a principled framework for in-
tegrating domain knowledge, iterative algorithms, and modern deep learning techniques.
Within this perspective, both Algorithm Unrolling and Backpropagation Through Time
(BPPT) can be understood as complementary manifestations of the same underlying idea:
representing iterative or dynamical processes as deep computational graphs, and optimiz-
ing them using gradient-based methods. In this view, algorithm unrolling primarily serves
as an architectural design paradigm, while BPTT functions as an optimization mechanism
for training models with temporal or iterative structure.
The concept of algorithm unrolling originates form the observation that many signal pro-
cessing, control, and inference problems are traditionally solved using iterative algorithms
with well-defined update rules. Examples include gradient descent, proximal methods,
Kalman filtering, and message-passing algorithms. By mapping each iteration of such an
algorithm to a layer in a neural network, one obtains a structured deep architecture whose
forward pass of the original algorithm. Crucially, parameters that are fixed or heuristi-
cally chosen in classical formulations, such as step sizes, thresholds, or gains, can be made
learnable and optimized form data. This idea has led to influential works such as LISTA,
which unrolls the iterative shrinkage-thresholding algorithm into a trainable network for
sparse coding, achieving significantly faster convergence with fewer iterations than its
classical counterpart [57]. Section 1.2.1, in particular, provides a general introduction to
algorithm unrolling and briefly presents LISTA as a paradigmatic example. Since then,
algorithm unrolling has been successfully applied across a wide range of domains, includ-
ing inverse problems, communications, control, and state estimation, o!ering improved
performance, interpretability, and data e"ciency compared to generic black-box models
[96].
While algorithm unrolling focuses on the explicit design of network architectures inspired
by known algorithms, recurrent neural networks (RNNs) [78, 65] and auto-regressive neu-
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1.2. UNFOLDING PARADIGMS

ral networks (ARNNs) [128, 126] address a related challenge from a di!erent angle: mod-
eling sequential and dynamical data. RNNs and ARNNs define a recursive relationship
between (hidden) states across time, enabling the representation of temporal dependencies
through shared parameters. Training such models requires accounting for the influence
of parameters across multiple time steps, which is achieved through backpropagation
through time. As we will see in Section 1.2.2, BPTT conceptually unfolds the recurrent
computation over time, transforming it into a deep feedforward graph to which standard
backpropagation can be applied [132, 112]. Although this unfolding is often viewed as
a purely computational step for gradient calculations, it implicitly reveals that RNNs
and ARNNs correspond to deep networks whose depths are determined by the sequence
length. From the standpoint of Deep Unfolding, BPTT can therefore be interpreted as
applying the same unrolling principle, not to a hand-crafted algorithm, but to a learned
dynamical system. In contrast to algorithm unrolling, where the depth and structure are
fixed by design, the unfolded depth in BPTT is data-dependent. Nonetheless, both ap-
proaches rely on the same fundamental mechanism: representing iterative evolution as a
layered computation and optimizing it end-to-end via gradient descent. This unifying in-
terpretation highlights that the distinction between "model-based" and "learning-based"
approaches is often one of degree rather than kind.
Recognizing algorithm unrolling and BPTT as complementary aspects of deep unfolding
has important practical and conceptual implications. It provides a common language for
hybrid models that embed learned components within principled algorithmic structures
such as learned Kalman filters, unrolled optimization networks, and physics-informed re-
current architectures. Moreover, it clarifies how prior knowledge and interpretability can
be preserved without sacrificing the expressive power and adaptability of deep learning.
As highlighted in the introduction to this work, this perspective serves as a guiding frame-
work for developing models that combine the stability and structure of classical algorithms
with the flexibility of neural networks, while relying on deep unfolding as the unifying
design and training principle.

1.2 Unfolding paradigms

The purpose of this section is to briefly introduce the mathematical frameworks underlying
algorithm unrolling and backpropagation through time. This discussion provides the
foundation for Chapter 2, where algorithm unrolling is shown to yield a natural and
e"cient approach to bilevel optimization through iterative di!erentiation (ITD) methods.
In a similar vein, backpropagation through time o!ers a valuable perspective for analyzing
and comparing several of the algorithms developed in the subsequent chapters.

1.2.1 Algorithm unrolling

Algorithm unrolling can be viewed as an architectural design paradigm that enables the
construction of deep networks from iterative algorithms. Consider a ε-parametric update
map fε : !X ↑ !X acting on a state x ↘ !X . Many iterative algorithms explore the
search space !X through updates of the form:

xk = fε(xk↑1) ≃k ⇐ 1 (1.2.1)

6



CHAPTER 1. DEEP UNFOLDING

with the objective of converging to a desired optimal state. A broad and widely used
instance of this paradigm is gradient descent, where the map fε encodes the direction
of steepest descent of a given objective function. In this setting, ε typically corresponds
to the step size, which is commonly treated as a hyperparameter governing the conver-
gence speed. Through the recursive updates in (1.2.1), the map fε fully specifies the
optimization procedure, while the sequence {xk}k↗0 represents the trajectory generated
from a given initial condition x0. It is important to emphasize that, within this classical
optimization perspective, the role of fε is purely instrumental: it serves as the mechanism
by which the optimization trajectory {xk}k↗0 is guided towards the desired optimal state,
and is therefore intended to be applied repeatedly. Algorithm unrolling, as schematized
in Figure 1.2.1, arises from a similar shift in viewpoint, one that places emphasis on the
algorithm induced by fε, rather than on the update map in isolation.

Learned algorithm

Unrolling
fε

x0 {xk}k↗0

Figure 1.2.1: General algorithm unrolling paradigm. The algorithm defined by the
update map fε is optimized to produce output sequences with desired properties.

Under this reinterpretation, the iterative scheme in (1.2.1) is viewed as a deep architecture
in which each iteration corresponds to a layer, and the iterate xk plays the role of the
hidden state at the k-th layer. The map fε is then naturally interpreted as the (nonlinear)
transformation that propagates the state from one layer to the next, akin to activations
in deep neural networks. By truncating the number of iterations to a fixed integer K ⇐ 1,
this construction yields a finite-depth network in which ε becomes a set of learnable
parameters. A schematic illustration of such an unrolled architecture is provided in Figure
1.2.2.

x0 x1 · · · xK↑1 xK L(xK)
fω fω fω fω

Figure 1.2.2: Unrolled iterations (1.2.1) into a K-layer network trainable end-to-
end with the outer objective L as a loss function.

The resulting network can be trained end-to-end using an appropriate loss function L.

Learned-ISTA

As a design paradigm, algorithm unrolling was first introduced in [57], a seminal work that
reformulated the Iterative Shrinkage-Thresholding Algorithm (ISTA) within a machine
learning framework. ISTA specifies an iterative update rule for computing a sparse repre-
sentation x ↘ Rn of a given observation y ↘ Rm, using a fixed dictionary D ↘ Mm↔n(R).
Starting from the initialization x0 = 0, the ISTA iterations take the form:

7



1.2. UNFOLDING PARADIGMS

xk = Sε

L

(
xk↑1 →

1

L
D

↘
(Dxk↑1 → y)

)
(1.2.2)

where ϑ > 0, L > 0 is an upper bound on the largest eigenvalue of D↘
D, and Sϑ is the

soft-thresholding operator, defined as:

Sϑ(x) =






x→ ϖ if x > ϖ

0 if x ↘ [→ϖ, ϖ]

x+ ϖ if x < →ϖ

(1.2.3)

To address one of ISTA’s most well-known limitations, namely its slow convergence, the
algorithm unrolling paradigm was introduced. By unrolling the ISTA iterations into a
fixed-depth network, this approach enabled the learning of an enhanced variant of the
algorithm, known as Learned ISTA (LISTA). For a prescribed (small) depth K, LISTA
is trained to approximate the optimal sparse representation within only K iterations,
thereby significantly outperforming the classical ISTA algorithm in terms of convergence
speed and practical performance.
The unrolled network was obtained by considering the following update map:

fε(x) = Sε1 (ε2y + ε3x) (1.2.4)

where ε = {εi}3i=1, with ε1, ε2, and ε3 serving as learnable surrogates for ϖ
L , 1

LD
↘, and

1n → 1
LD

↘
D, respectively1. Moreover, for a training pair (y, xy), where xy is the optimal

sparse representation of y provided by ISTA, the network is trained using the loss:

L(xK) =
1

2
⇒xK → xy⇒22 (1.2.5)

1.2.2 Backpropagation through time

Backpropagation through time was originally introduced in [132] as an optimization mech-
anism for training models endowed with temporal or iterative structure. Consider again
a ε-parametric map fε : !X ↑ !X ; unlike in the previous section, we now assume that
this map is explicitly designed to propagate a discrete-time state x(k→1) forward in time,
namely:

x(k) = fε(x(k → 1)) ≃k ⇐ 1 (1.2.6)

Such update maps naturally arise in the discretization of dynamical systems (see Sec-
tion 5.2), where they often encode essential information about the underlying physical
laws governing state evolution. In this setting, all states are treated on equal footing, and
the estimate produced by fε at each time step is required to be as accurate as possible.
This perspective stands in clear contrast to that of algorithm unrolling. In the latter, pri-
mary emphasis is placed on the states at convergence, leading to the optimization of the
1
Compare (1.2.4) to (1.2.2).
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CHAPTER 1. DEEP UNFOLDING

algorithm as a whole rather than of individual state updates. In the context of backpropa-
gation through time, the focus instead returns to the update map itself, which is optimized
directly with respect to the state estimation problem across time. A schematization of
BPTT is shown in Figure 1.2.3.

Optimization

BPTT
ε

fε fε̂

Figure 1.2.3: General backpropagation through time paradigm. The parameters ε

entering the definition of the update map fε are optimized to a value ε̂ by learning
time-dependencies between states.

Assume that a sequence of target states {x(k)}k↗0 is given. If the objective is to optimize
ε with respect to the state estimation at a single time step k, a natural and straightforward
choice of loss function is:

Lk(ε) =
1

2
⇒fε(x(k → 1))→ x(k)⇒22 . (1.2.7)

However, the loss in (1.2.7) is inherently myopic, as it fails to account for long-term
dependencies in the evolution of the state sequence. In many dynamical systems, the state
x(k) may depend strongly on earlier states x(k → j) for j ⇐ 1. In such cases, restricting
the optimization to a single-step prediction can prevent the update map from capturing
the underlying dynamics of the system. Backpropagation through time is specifically
designed to overcome this limitation by incorporating the influence of parameters across
multiple time steps during optimization. By choosing a time-horizon T ⇑ k and defining
the predictions:





x̂(k → T + 1) = fε(x(k → T ))

x̂(k → j) = fε(x̂(k → j → 1)) ≃j = 0, . . . , T → 2

(1.2.8)

we can define the more suitable loss:

Lk(ε) =
1

2T

T↑1∑

j=0

⇒x̂(k → j)→ x(k → j)⇒22 (1.2.9)

Unlike (1.2.7), the K-step prediction loss in (1.2.9) produces parameter updates that
explicitly account for temporal dependencies, thereby yielding an update map fε capable
of providing more informed state estimates at time k. Extending this reasoning to all time
steps k ⇐ T , we can either consider a loss function optimizing all possible sub-trajectories
of length T :

9



1.2. UNFOLDING PARADIGMS

L(ε) =
∑

k↗T

Lk(ε) (1.2.10)

or split the optimization into non-overlapping sub-trajectories:

L(ε) =
∑

j↗1

LjT (ε) (1.2.11)

Among the most widely used black-box architectures trained via backpropagation through
time are auto-regressive neural networks (ARNNs) and recurrent neural networks (RNNs).
The latter can be viewed as a generalization of the former, with the primary distinction ly-
ing in how memory is represented and propagated across time steps. In particular, ARNNs
update the state exactly according to (1.2.6). The corresponding unrolled computation
graph induced by BPTT is illustrated in Figure 1.2.4.

x(k → T ) x̂(k → T + 1) · · · x̂(k → 1) x̂(k) Lk(ε)
fω fω fω fω

Figure 1.2.4: Unrolled computation graph generated by BPTT for an ARNN.

Note in particular the similarity with the standard unrolled architecture shown in Figure
1.2.2. Recurrent neural networks, on the other hand, interpret x(k) as a hidden state and
explicitly introduce input signals u(k) as well as output variables y(k), with the latter typi-
cally constituting the primary quantity of interest in the optimization process. In addition
to the state-transition map, the observation map also contains learnable parameters. A
general RNN architecture can therefore be written in the form:

x(k) = fε1(x(k → 1), u(k))

y(k) = gε2(x(k))

(1.2.12)

The unrolled computation graph induced by BPTT is shown in Figure 1.2.5.

ŷ(k → T + 1) ŷ(k → 1) ŷ(k) Lk(ε)

x(k → T ) x̂(k → T + 1) · · · x̂(k → 1) x̂(k)

u(k → T + 1) u(k → T + 2) u(k → 1) u(k)

fω1

gω2

fω1 fω1

gω2

fω1

gω2

Figure 1.2.5: Unrolled computation graph generated by BPTT for an RNN.
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Bilevel optimization

This chapter introduces the bilevel optimization framework and reviews several optimiza-
tion methodologies proposed in the literature. Special emphasis is placed on bilevel ap-
proaches that provide a flexible and rigorous framework for linking unrolled deep networks
with more interpretable, model-based paradigms.

2.1 Introduction

Several machine learning problems can be naturally posed as bilevel problems, where the
optimal solution of an inner (or lower) objective enters the formulation of an outer (or up-
per) problem. Paradigms of this framework, which will be presented in Section 2.2, span a
wide variety of topics, including meta-learning [3, 42], recurrent neural networks [78, 106],
and, most notably, hyperparameter optimization [88, 86, 44]. With respect to the lat-
ter, in particular, popular strategies involve grid and random searches [12], discrepancy
methods [43, 87], and L curves [10]. Oftentimes, these approaches are either unsuitable
for high-dimensional parameter spaces or su!er from a restricted range of applicability,
confining their relevance to specific classes of problems. Gradient-based methods, on the
other hand, scale well with problem size and are quite general, thus providing a convincing
alternative to the aforementioned approaches. However, in a bilevel optimization setting,
computing the gradient of the outer problem, often called hypergradient, can be challeng-
ing. The root of the problem complexity lies in the dependence of the outer problem on
the inner objective optimal solution: in many instances, such a solution either does not
admit a closed-form or is simply too costly to compute. Moreover, in the most general
setting, the inner solution itself depends on the parameters of the outer problem, adding
an extra layer of complexity when dealing with the outer optimization.
Bilevel optimization problems are usually tackled by one of the general strategies briefly
described hereafter, each with its strengths and shortcomings: in the following Section 2.3
we will delve more into the details of a few paradigmatic approaches present in the litera-
ture, which will serve as an introduction to the main ideas needed to describe and motivate
some of the frameworks employed in the later chapters. The first strategy revolves around
exploiting the Implicit Function Theorem 2.A.1 to derive a formula for the hypergradient.
These methods, based on Implicit Di!erentiation (ID) or Approximate Implicit Di!er-
entiation (AID) [123, 14, 55], o!er a straightforward solution to the bilevel optimization
problem, but often require many regularity assumptions to guarantee the applicability of
the implicit function theorem and to derive convergence results. Moreover, in order to
overcome the need to explicitly compute the inner optimum, AID methods allow one to
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2.2. INNER AND OUTER OPTIMIZATION

relax the optimality requirement but, in turn, need stronger assumptions on the maps
involved to control the approximation error of the hypergradient. The second strategy
addresses this critical point by replacing the inner objective with a smooth, convergent
iterative scheme, which can be truncated to obtain an arbitrary level of precision on the
inner optimum. These methods can then exploit Iterative Di!erentiation (ITD) [115, 45]
paired with either forward- or reverse-mode automatic di!erentiation (backpropagation)
to compute an approximation of the hypergradient. The ITD approach is not dissimilar
to the algorithm unrolling paradigm presented in Section 1.2.1. Remarkably, unlike most
AID methods, ITD does not require assumptions on the regularity of the inner objec-
tive, as long as a smooth iterative scheme for it can be derived. However, compared to
AID, ITD methods are usually more computationally taxing in terms of memory, since all
intermediate iterations need to be stored in order to (back)propagate the gradients and
assemble the approximate hypergradient.
In later chapters, we will employ ITD-like approaches together with the Deep Unfolding
presented in Chapter 1 to tackle bilevel optimization problems. In particular, Section 2.4
explores this idea, which was first introduced in [64], and provides the general notation
and backpropagation scheme that will be adapted to specific problem instances later on.

2.2 Inner and outer optimization

In this section, we present the bilevel optimization framework in its most general form.
We postpone the discussion on the regularity assumptions required to make the overall
problem well-posed in the following Section 2.3, where we will explore di!erent solution
approaches. We warn the reader that, in the literature, the notation for this type of
framework is not universally agreed upon: the one we chose for this work is general
enough to encompass many variants but is ultimately catered towards the specific needs
of the later chapters.
We formulate the inner optimization problem as the minimization of an objective function
F in

: !X ↓ !! ↓ !Y ↑ R with respect to the x ↘ !X variables, namely:

min F in
(x, ε, y)

s.t. x ↘ !X

(2.2.1)

In this general context x is the quantity of interest (or state) to be optimized, while y ↘ !Y

is a given observation and ε ↘ !! is a fixed parameter. In most cases ε encodes some
unknown quantity in the mathematical model of a system that leads to the optimization
of (2.2.1). Likewise, y is often thought of as an observation or measurement taken directly
from the system and intrinsically related to the optimal solutions of (2.2.1). Examples
of this framework include Bayesian inference [19, 109] and data assimilation [41, 40], to
cite a few. In the following, we may highlight the dependence on ε of the inner objective
by writing F in

ε . A minimizer of (2.2.1) will be denoted by:

x̂(ε; y) ↘ argmin
x≃”X

F in
(x, ε, y) (2.2.2)

where, again, we emphasize the dependence on ε (and y).
Likewise, the outer problem is formulated as the minimization of an objective function
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CHAPTER 2. BILEVEL OPTIMIZATION

F out
: !X ↓ !! ↓ !Z ↑ R with respect to the parameters ε ↘ !!, where the minimizer

x̂(ε; y) enters into the variables x:

min F out
(x̂(ε; y), ε, z)

s.t. ε ↘ !!

(2.2.3)

Similarly to y in the inner problem, the variables z ↘ !Z are observations or measurements
related to the optimal solutions of (2.2.3). In particular, we remark that the nature of
y and z can be deterministic [54] as well as stochastic [55]: in the latter, y (resp. z)
is a realization of a random variable Y (resp. Z) with values in !Y (resp. !Z). The
distinction between y and z is typical, for example, in hyperparameter tuning involving
neural networks: while the model parameters x are learned using a training dataset that
samples some random variable Y , the hyperparameters ε are tuned using a validation
dataset sampling a di!erent random variable Z [84, 86]. Of course, one may use the same
observation variables for both the inner and outer problem (letting y = z in (2.2.3)), as
will be the case for most applications described in later chapters. In some formulations,
the inner and outer problem optimize over multiple realizations of the random variables
Y and Z. In most cases this is done simply by considering the expected value of some
intermediate maps F̄ in and F̄ out:

F in
(x, ε,Y) = EY

[
F̄ in

(x, ε,Y)
]

F out
(x, ε,Z) = EZ

[
F̄ out

(x, ε,Z)
]

(2.2.4)

A minimizer of (2.2.3) will be denoted by:

ε̂(y, z) ↘ argmin

ε≃”!

F out
(x̂(ε; y), ε, z) (2.2.5)

For notational convenience and clarity when computing the hypergradient, especially
within bilevel formulations that do not expect observations, we may drop the dependence
on y, z (or Y ,Z) and denote:

F̂(ε) = F̂(ε, y, z) = F out
(x̂(ε; y), ε, z) (2.2.6)

A similar treatment can also be adopted for x̂(ε) = x̂(ε; y), ε̂ = ε̂(y, z) and F in
(x, ε) =

F in
(x, ε, y), F out

(x, ε) = F out
(x, ε, z). In total generality, we stress that minimizers of

(2.2.1) and (2.2.3) may not even exist, and if they do, may not be finite or unique: as
already mentioned, the well-posedness will be a matter of later discussions.
From a modeling standpoint, bilevel optimization can be quite flexible, allowing one to
shift the focus towards either the inner or outer problem depending on the specific task.
In fact, in many cases, the main optimization target is the minimizer x̂(ε; y) of the inner
problem, and the outer parameters ε are used to impose additional a priori properties,
such as sparsity, smoothness, orthogonality, proximity to prescribed targets, etc. Here,
ε resemble degrees of freedom that can be exploited to explore the manifold of optimal
solutions in search of one that satisfies the prior. Examples include [122, 57, 64], where
learnable dictionaries are optimized in a supervised setting to guide the inner minimizer
closer to a desired representation. These works are discussed in a more detailed way in
Sections 2.3.1, 1.2.1 and 4.2. In other scenarios, the inner and outer parameters x and ε

are placed at similar hierarchical levels, resulting in frameworks in which both minimizers
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are required to fully describe the final optimized model. A paradigmatic example can
be found in [84], where the inner and outer parameters encode, respectively, the weights
and architecture of a neural network. At the other end of the spectrum, some approaches
may even concentrate entirely on recovering the optimal parameter ε̂(y, z) of the outer
problem. In this case, x̂(ε; y) is just a constraint on the outer objective arising from other
modeling requirements and is ultimately discarded.

2.3 Di!erent approaches

Despite its seemingly simple formulation, bilevel optimization has become a central topic
in mathematical optimization in recent years, as reflected by the growing number of pub-
lications proposing new frameworks and refinements of existing solution approaches. A
comprehensive review of all these contributions is beyond the scope of this work. Instead,
this section introduces a selection of representative frameworks that provide an overview
of the main mathematical ideas developed to address bilevel optimization. First, we begin
by considering a specific bilevel optimization instance where all minimizers admit closed-
forms. This will serve as an ideal reference case for the subsequent general analysis, where
the explicit forms of the minimizers may be unknown. Each of the following subsections,
on the other hand, presents a slight variation of the general framework introduced previ-
ously, progressively leading to the main formulation discussed in Section 2.4, which forms
the foundation of the architectures developed in Chapter 4. Throughout this section, the
focus gradually shifts from formulations based on strict regularity assumptions and exact
analytical relationships to more flexible approaches that allow controlled approximations
and incorporate machine learning techniques.

2.3.1 Preliminar toy problem

Let us consider the generalization of a Lasso-type pursuit problem described in [122].
Given some matrices M1 ↘ Mm↔k(R), M2 ↘ Mm↔n(R), M3 ↘ Mr↔n(R) and an observa-
tion y ↘ Rk, the problem is formulated as the following unconstrained optimization:

min 1

2
⇒M1y →M2x1⇒22 + ϱ1⇒M3x1⇒1 +

ϱ2

2
⇒x1⇒22

s.t. x1 ↘ Rn
(2.3.1)

where ϱ2, ϱ2 > 0 are regularization parameters. This general framework encompasses
many particular cases. For example, letting k = m < r = n, M1 = 1k, M3 = 1n yields
a sparse synthesis model. Conversely, letting m = k = n < r, M1 = M2 = 1n yields a
sparse analysis model.
Notice that, for a general M3, the map x ⇓↑ ⇒M3x⇒1 does not admit a closed-form proximal
operator. As a consequence, the authors propose to introduce an auxiliary variable x2 =

M3x1 and to relax such a constraint by employing a penalization term. For t > 0, the
resulting optimization problem becomes:

min 1

2
⇒M1y →M2x1⇒22 +

t

2
⇒M3x1 → x2⇒22 + ϱ1⇒x2⇒1 +

ϱ2

2
⇒x1⇒22

s.t. (x1, x2) ↘ Rn+r
(2.3.2)
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Given the strong convexity of the objective, problem (2.3.2) admits a unique minimizer
x̂(ε; y, t) = (x̂1(ε; y, t), x̂2(ε; y, t)), which depends on the given collection of matrices
ε = (M1,M2,M3) defining the original formulation (2.3.1), as well as the constraint
hyperparameter t. In particular, letting t ↑ +⇔ allows one to recover the optimal so-
lution x̂1(ε; y) = limt↓+⇐ x̂1(ε; y, t) of (2.3.1), where x̂2(ε; y) = limt↓+⇐ x̂2(ε; y, t) =

M3x̂1(ε; y). In [122] the matrices within ε are then treated as tunable parameters to opti-
mize a problem-specific objective acting on x̂1(ε; y). More precisely, given an observation
z ↘ Rp, they consider the general problem:

min l(x̂1(ε; y), z)

s.t. ε ↘ Mm↔k(R)↓Mm↔n(R)↓Mr↔n(R)
(2.3.3)

As an example, one could have p = n and let l(x1, z) = 1
2⇒x1→z⇒22 penalize the distance to

the optimal observation vector z, or even have z ↘ {→1, 1} play the role of a label and let
l(x1, z) = log(1 + e

↑z(w→x1+b)
) be the logistic regression loss for binary classification. In

particular, we remark that the problem we just introduced fits perfectly within the bilevel
optimization framework presented in Section 2.2. Indeed, in our previous notation, we
have !X = Rn, !Y = Rk, !Z = Rp, !! = Mm↔k(R) ↓ Mm↔n(R) ↓ Mr↔n(R) and
F in

(x, ε, y) =
1
2⇒M1y →M2x⇒22 + ϱ1⇒M3x⇒1 + ϱ2

2 ⇒x⇒
2
2, F out

(x, ε, z) = l(x, z).
For this specific instance of bilevel optimization, we will now show how to derive a closed-
form for the hypergradient. We will hereon drop the dependence on y and z for notational
convenience. The general argument relies on the observation that, for a su"ciently smooth
outer objective l:

↔εF̂(ε) = ↔εl(x̂1(ε)) = lim
t↓+⇐

↔εl(x̂1(ε; t)) (2.3.4)

First order optimality conditions of problem (2.3.2) yield:

M
↘
2 (M2x̂1(ε; t)→M1y ) + tM

↘
3 (M3x̂1(ε; t)→ x̂2(ε; t) ) + ϱ2x̂1(ε; t) = 0

t ( x̂2(ε; t)→M3x̂1(ε; t) ) + ϱ1 ( sign(x̂2(ε; t)) + ϑ ) = 0
(2.3.5)

where ϑ ↘ ςx⇒x̂2(ε; y)⇒1. In particular, denoting ” = {i | x̂2(ε; t)i ↖= 0} the support of
x̂2(ε; t), we have ϑ# = 0 and |ϑ#c | ⇑ 1. Moreover, if P# = diag( |sign(x̂2(ε; t))| ) we
notice that P#x̂2(ε; t) = x̂2(ε; t) and P#sign(x̂2(ε; t)) = sign(x̂2(ε; t)). As a consequence,
pre-multiplying the second equation in (2.3.5) by P# we obtain:

x̂2(ε; t) = P#M3x̂1(ε; t)→
ϱ1

t
sign(x̂2(ε; t)) (2.3.6)

Substituting (2.3.6) into the first equation of (2.3.5) yields:

x̂1(ε; t) = Q(t)
(
M

↘
2 M1y → ϱ1M

↘
3 sign(x̂2(ε; t))

)
(2.3.7)

where Q(t) =
(
tM

↘
3 P#cM3 +B

)↑1
=

(
t(B

↑1
M

↘
3 P#cM3) + 1n

)↑1
B

↑1
= (tC+1n)

↑1
B

↑1,
P#c = 1r → P#, and B = M

↘
2 M2 + ϱ21n. Owing to the properties of Lasso-type prob-

lems, it can be shown [89] that small perturbations of the parameters ε do not influence
sign(x̂2(ε; t)) (or ”), thus its partial derivatives with respect to the components of ε will
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be zero. Finally, by using the explicit form for the minimizer in (2.3.7), we can compute
↔εl(x̂1(ε; t)):

↔M1l(x̂1(ε; t)) = M2ϖ(t)y
↘

↔M2l(x̂1(ε; t)) = M1yϖ(t)
↘ →M2

(
x̂1(ε; t)ϖ(t)

↘
+ ϖ(t)x̂1(ε; t)

↘ )

↔M3l(x̂1(ε; t)) = →ϱ1sign(x̂2(ε; t))ϖ(t)↘ → P#cM3

(
tx̂1(ε; t)ϖ(t)

↘
+ tϖ(t)x̂1(ε; t)

↘ )

(2.3.8)
where ϖ(t) = Q(t)↔xl(x̂1(ε; t)). For more details on the derivation, which led to a correc-
tion of the relations reported in [122], see Appendix 2.B. Lastly, letting C = UDU

↑1 be
the eigen-decomposition of C with D = diag({di}i), one can easily show that:

Q
⇒

= lim
t↓+⇐

Q(t) = UD
⇒
U

↑1
B

↑1 with D
⇒
= diag({d⇒i}i), d

⇒
i =





0 if di ↖= 0

1 if di = 0

Q
⇒⇒

= lim
t↓+⇐

tQ(t) = UD
⇒⇒
U

↑1
B

↑1 with D
⇒⇒
= diag({d⇒⇒i }i), d

⇒⇒
i =






1
di

if di ↖= 0

0 if di = 0

(2.3.9)
As a consequence, defining:

x̂
⇒
1(ε) = Q

⇒ (
M

↘
2 M1y → ϱ1M

↘
3 sign(x̂2(ε)

)
(= x̂1(ε) )

x̂
⇒⇒
1(ε) = Q

⇒⇒ (
M

↘
2 M1y → ϱ1M

↘
3 sign(x̂2(ε)

)

ϖ
⇒

= Q
⇒↔xl(x̂1(ε))

ϖ
⇒⇒

= Q
⇒⇒↔xl(x̂1(ε))

(2.3.10)

we obtain the hypergradient by combining (2.3.4), (2.3.8), (2.3.9) and (2.3.10):

↔M1l(x̂1(ε)) = M2ϖ
⇒
y
↘

↔M2l(x̂1(ε)) = M1yϖ
⇒↘ →M2

(
x̂1(ε)ϖ

⇒↘
+ ϖ

⇒
x̂1(ε)

↘ )

↔M3l(x̂1(ε)) = →ϱ1sign(M3x̂1(ε) )ϖ
⇒↘ → P#cM3

(
x̂
⇒⇒
1(ε)ϖ

⇒↘
+ ϖ

⇒⇒
x̂1(ε)

↘ )
(2.3.11)

2.3.2 Joint optimization

The first general approach we consider roughly follows the work of [123]. For simplicity, we
restrict the analysis to finite-dimensional real vector spaces rather than the general Hilbert
spaces examined therein. Similarly, we slightly strengthen certain regularity requirements.
This will allow us to avoid invoking functional derivatives and subdi!erentials, for the
sake of brevity and exposition clarity. In particular, in this work we will always assume
!X ↙ Rn and !! ↙ Rm.
Le us suppose, as a preliminary step, that F out ↘ C1

(!X ↓ !!) and ε ⇓↑ x̂(ε) ↘ C1
(!!).

The hypergradient ↔εF̂(ε) can then be expressed as the sum of a direct and indirect
component [86]:
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↔εF̂(ε) = ↔εF out
(x̂(ε), ε) + ↔εx̂(ε)

↘↔xF out
(x̂(ε), ε)

= ↔dir
ε F̂(ε) + ↔ind

ε F̂(ε)

(2.3.12)

While the direct gradient measures how ε directly influences the outer objective, the
indirect gradient takes into account how the inner minimizer x̂(ε) changes with respect
to the parameters. Computing and assuring the well-posedness of ↔εx̂(ε) is at the core
of most ID and AID methods. In particular, the well-posedness of the Jacobian can be
guaranteed locally by the Implicit Function Theorem 2.A.1 applied to the map ↔xF in.
Indeed, if F in ↘ C1

(!X ↓!!) and x̂(ε) ↘ !̊X , by first-order optimality conditions on the
inner objective, we have:

↔xF in
(x̂(ε), ε) = 0 ≃ε ↘ !! (2.3.13)

Assuming further F in ↘ C2
(!X ↓!!) and that ↔2

xF in
(x̂(ε̂), ε̂) is invertible, the Implicit

Function Theorem assures that for a su"ciently small ω > 0, the map Bω(ε̂) ∝ ε ⇓↑ x̂(ε)

is uniquely defined and continuously di!erentiable, with the Jacobian given by:

↔εx̂(ε) = →
(
↔2

xF in
(x̂(ε), ε)

)↑1↔2
εxF in

(x̂(ε), ε) (2.3.14)

The combination of (2.3.12) and (2.3.13) results in an explicit1 yet local representation
of the hypergradient:

↔εF̂(ε) = ↔εF out
(x̂(ε), ε)→↔2

xεF in
(x̂(ε), ε)

(
↔2

xF in
(x̂(ε), ε)

)↑1↔xF out
(x̂(ε), ε)

(2.3.15)
where we have used the relation

(
↔2

εxF in
(x̂(ε), ε)

)↘
= ↔2

xεF in
(x̂(ε), ε) as well as the

symmetry of the Hessian. Notice, in particular, that first-order optimality conditions
applied to the outer objective imply:

↔εF̂(ε̂) = 0 (2.3.16)

The main drawback of (2.3.15) is its local validity, which is directly tied to the neighbor-
hood of ε̂ in which ↔2

xF in
(x̂(ε), ε) allows an inverse. In order to address this limitation,

in [123] the authors require fairly strong yet necessary assumptions on the Hessian block,
essentially forcing its non-degeneracy on a parametric neighborhood of (x̂(ε̂), ε̂). We will
explore the precise assumption at the end of this section.
Using an adjoint variable p = ↔εx̂(ε) for the Jacobian of the inner minimizer, and letting:

H(x, p, ε) =




↔xF in

(x, ε)

↔2
xF in

(x, ε)p+↔2
εxF in

(x, ε)

↔εF out
(x, ε) + p

↘↔xF out
(x, ε)




(Inner optimality)

(Jacobian adjoint equation)
(Outer optimality)

(2.3.17)
1
The representation is explicit in the sense that the Jacobian ↔ωx̂(ω) is expressed as a function of the inner

objective, but the dependence on the exact minimizer x̂(ω) means the hypergradient is still implicitly

defined.
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we can derive joint inner and outer optimality conditions by combining (2.3.13), (2.3.14),
(2.3.15) and (2.3.16). Indeed, any φ̄ = (x̄, p̄, ε̄) satisfying:

H(φ̄) = 0 (2.3.18)

will be candidate optimal solutions for the bilevel optimization problem, that is, (x̄, p̄, ε̄) =
(x̂(ε̂),↔εx̂(ε̂), ε̂). The proposed algorithm to tackle (2.3.18) is a quasi-Newton method
that iteratively solves:

Hk+1(φk+1) +M(φk+1 → φk) = 0 (2.3.19)

where M = diag(ϱ↑1
x 11↔n, 01↔mn,ϱ

↑1
ε 11↔m) is a preconditioning operator that preserves

the decoupling of the three sets of variables and:

Hk+1(φk+1) =




↔xF in

(xk, εk)

↔2
xF in

(xk+1, εk)pk+1 +↔2
εxF in

(xk+1, εk)

↔εF out
(xk+1, εk+1) + p

↘
k+1↔xF out

(xk+1, εk+1)



 (2.3.20)

Algorithm 2.3.2A: Forward-Exact-Forward-Backward (FEFB) method [123]

Input: Functions F in, F out, initial estimates (x0, p0, ε0) satisfying [123, Assump-
tions 2.2] and step length parameters ϱx, ϱε > 0 satisfying [123, Assumptions 2.2].
Output: An approximate optimal solution of (2.3.18).

1: for k = 1, 2, ... do:

2: xk+1 = xk → ϱx↔xF in
(xk, εk)

3: pk+1 = →(↔2
xF in

(xk+1, εk) )
↑1↔2

εxF in
(xk+1, εk)

4: εk+1 = proxϱωF out

2

(
εk → ϱεp

↘
k+1↔xF out

1 (xk+1)
)

5: end for

Owing to a particular choice for the outer objective, that additively decouples the x

and ε variables as F out
(x, ε) = F out

1 (x) + F out
2 (ε), updates (2.3.19) give rise to a

Forward-Exact-Forward-Backward (FEFB) method, described in Algorithm 2.3.2A. The
name stems from the forward update of the x variables, the exact computation of the
adjoint variable p (requiring a matrix inversion), and the forward-backward update of
the ε variable (which requires a proximal step due to weaker assumptions on F out

2 ).
In order to alleviate the computational burden caused by the matrix inversion in step
4 of Algorithm 2.3.2A, the authors also propose a Forward-Inexact-Forward-Backward
(FIFB) method, described in Algorithm 2.3.2B. Here, they suggest using the precondi-
tioner M = diag(ϱ↑1

x 11↔n,ϱ
↑1
p 11↔mn,ϱ

↑1
ε 11↔m) and replacing Hk+1(φk+1) in (2.3.20)

by:

Hk+1(φk+1) =




↔xF in

(xk, εk)

↔2
xF in

(xk+1, εk)pk +↔2
εxF in

(xk+1, εk)

↔εF out
(xk+1, εk+1) + p

↘
k+1↔xF out

(xk+1, εk+1)



 (2.3.21)
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Algorithm 2.3.2B: Forward-Inxact-Forward-Backward (FIFB) method [123]

Input: Functions F in, F out, initial estimates (x0, p0, ε0) satisfying [123, Assump-
tions 2.5] and step length parameters ϱx, ϱp, ϱε > 0 satisfying [123, Assump-
tions 2.5].
Output: An approximate optimal solution of (2.3.18).

1: for k = 1, 2, ... do:

2: xk+1 = xk → ϱx↔xF in
(xk, εk)

3: pk+1 = pk → ϱp

(
↔2

xF in
(xk+1, εk)pk +↔2

εxF in
(xk+1, εk)

)

4: εk+1 = proxϱωF out

2

(
εk → ϱεp

↘
k+1↔xF out

1 (xk+1)
)

5: end for

Let us now focus on some key regularity assumptions required to prove the convergence
of the FEFB and FIFB methods. A complete list can be found in [123, Assumptions 2.2,
Assumptions 2.5]. As already mentioned, the hypergradient formulation (2.3.15) holds
locally. This implies that any convergent scheme relying on that analytical expres-
sion must have its initial iterate (x0, p0, ε0) initialized within the local neighborhood of
(x̄, p̄, ε̄) = (x̂(ε̂),↔εx̂(ε̂), ε̂) in which the expression holds true. Of course, this is quite
a stringent assumption that can only be relaxed depending on the specific problem. For
this reason, the convergence of the proposed method is proved locally on an (↼, ω) para-
metric neighborhood Bς(x̄) ↓ Bω(ε̄) of (x̄, ε̄). In order to guarantee the existence of the
Jacobian (2.3.14), within that neighborhood, the Hessian block ↔2

xF in
(x, ε) is assumed

(uniformly) positive definite, namely, ↽1n ⇑ ↔2
xF in

(x, ε) ≃(x, ε) ↘ Bς(x̄)↓Bω(ε̄) for some
↽ > 0. In specific problem instances where letting ↼, ω ↑ +⇔ is allowed, both methods
achieve global convergence, at the expense of a very restrictive global assumption on the
Hessian block ↔2

xF in
(x, ε).

A similar approach can be found in [14], where the update for εk+1 in step 4 of Algo-
rithm 2.3.2B is completed with an inexact Proximal Gradient Line-search (iPGL). Here,
the main objective was to establish a framework capable of providing controlled estimates
f̃k and g̃k for the outer objective F̂(εk) and the indirect gradient ↔ind

ε F̂(εk), respectively.
For any given ⇀k > 0, they should satisfy:

⇒f̃k → F̂(εk)⇒ ⇑ Cf⇀k ⇒g̃k →↔ind
ε F̂(εk)⇒ ⇑ Cg⇀k (2.3.22)

for some Cf , Cg > 0. These estimates are of interest because ↔ind
ε F̂(εk) defines the

descent direction in the proximal gradient step, whereas F̂(εk) is used in the line-search
procedure. The authors show that by computing x̃k+1 and q̃k+1 such that:

⇒↔xF in
(x̃k+1, εk)⇒ ⇑ ⇀k ⇒↔2

xF in
(x̃k+1, εk)q̃k+1 →↔xF out

1 (x̃k+1)⇒ ⇑ ⇀k (2.3.23)

then the following quantities will satisfy (2.3.22):

f̃k = F out
(x̃k+1, εk) g̃k = →↔2

xεF in
(x̃k+1, εk)q̃k+1 (2.3.24)
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We remark on the connection between these conditions and steps 2-3 of Algorithm 2.3.2B.
Indeed, step 2 consists of a forward iteration, starting from xk, of a quasi-Newton method
to find zeros of ↔xF in

( · , εk). This is consistent with the first requirement in (2.3.23);
hence, as a rough approximation, we could write x̃k+1 ′ xk+1 = xk → ϱx↔xF in

(xk, εk).
Similarly, both step 3 and the second requirement in (2.3.23) deal with the optimization of
the adjoint equation for the inner minimizer Jacobian (although the involved matrix-vector
products are computed in di!erent orders). Ultimately, step 3 allows for the computation
of an estimated indirect gradient given by gk = p

↘
k+1↔xF out

1 (xk+1), which is used within
the proximal operator in step 4. Recalling that x̃k+1 ′ xk+1, this estimate is again
consistent with the definition of g̃k provided in the second part of (2.3.24).

2.3.3 Contraction reformulation

The second approach we consider [56, 55], while remaining within the scope of AID-based
frameworks, provides a crucial insight that underpins the general strategy employed by
ITD methods. Instead of defining x̂(ε; y) as the optimal solution of an inner problem,
here we assume the existence of a ε parametric map f

in
: !X ↓!!↓!Y ↑ !X for which

x̂(ε; y) is a fixed point. The inner problem (2.2.1) is therefore replaced by a parametric
fixed-point equation in the form:

x̂(ε; y) = f
in
(x̂(ε; y), ε, y) (2.3.25)

We note that one may still start by examining problem (2.2.1) and subsequently derive a
suitable map f

in that satisfies (2.3.25). Although this framework can be adopted both
in a deterministic as well as in a stochastic setting, the work in [56, 55] focuses on the
latter. As a consequence, in this section we adopt the stochastic definition for the outer
objective F out in (2.2.4) and include the expectation operator in the definition of f in:

f
in
(x, ε,Y) = EY

[
f̄

in
(x, ε,Y)

]
(2.3.26)

When not needed, we will drop the dependence on the observations.
To guarantee the well-posedness of (2.3.25), f in is assumed to be a contraction. More
precisely, the working assumption will be f

in ↘ C1
(!X ↓ !!) and:

⇒↔xf
in
(x, ε)⇒ ⇑ ϑ < 1 ≃(x, ε) ↘ !X ↓ !! (2.3.27)

As highlighted in Section 2.3.2, a key limitation of the general inner problem formulation
(2.2.1) is the local nature of the hypergradient and its dependence on the inner minimizer
x̂(ε), whose computation or approximation can be particularly demanding. The global
contraction assumption (2.3.27) resolves both issues. Under this reformulation of the
inner problem, as we will see shortly, the hypergradient becomes globally defined, and,
by virtue of the (parametric) Fixed-Point Theorem 2.A.2, arbitrarily accurate estimates
of x̂(ε) can be readily obtained. Indeed, it is well-known that for any x0 ↘ !X , with !X

a Banach space, the fixed-point iterations xk+1(ε) = f
in
(xk(ε), ε) converge to x̂(ε) and

satisfy the relation:

⇒x̂(ε)→ xk+1(ε)⇒ ⇑ ϑ
k

1→ ϑ
⇒x1(ε)→ x0⇒ (2.3.28)
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which can be used to control the approximation error.
It should be noted that this alternative formulation of the inner problem may be equivalent
to the formulation presented in Section 2.2. Indeed, assuming F in to be Lipschitz smooth
and strongly convex in its first argument, there always exists a su"ciently small constant
⇀ > 0 for which the gradient descent map:

f
in
(x, ε) = x→ ⇀↔xF in

(x, ε) (2.3.29)
is a contraction2. Moreover, under these assumptions, x̂(ε) is uniquely defined, and the
fixed point iterations of (2.3.29) will converge to this solution.
Let us now focus on the hypergradient representation for this bilevel optimization frame-
work. In particular, since (2.3.12) still holds, it su"ces to obtain an expression for ↔εx̂(ε)

analogous to (2.3.14). To this end, assuming f
in ↘ C1

(!X ↓!!), by di!erentiating both
sides of the fixed-point equation (2.3.25) with respect to ε, it can be easily shown that:

↔εx̂(ε) =
(
1n →↔xf

in
(x̂(ε), ε)

)↑1↔εf
in
(x̂(ε), ε) (2.3.30)

As a consequence, the complete hypergradient is in the form:

↔εF̂(ε) = ↔εF out
(x̂(ε), ε)+↔εf

in
(x̂(ε), ε)

↘ (
1n →↔xf

in
(x̂(ε), ε)

↘ )↑1↔xF out
(x̂(ε), ε)

(2.3.31)
Both Jacobian representations (2.3.14) and (2.3.30) require a matrix inversion. The
key di!erence is that, in the former, the existence of the inverse is only local, while in
the latter, owing to our global contraction assumption (2.3.27) and Proposition 2.A.2,
the inverse is always well-defined. These two representations are actually equivalent by
virtue of the above observation regarding the Lipschitzianity of F in. Indeed, plugging
(2.3.29) into (2.3.30) yields precisely (2.3.14). The assumption on the invertibility of
the Hessian block ↔2

xF in
(x̂(ε), ε) required in the previous Section 2.3.2 is here translated

into a contraction assumption on the gradient descent map (2.3.29) applied to F in
(x, ε).

In the following, we denote q(x, ε) the solution of the linear system:
(
1n →↔xf

in
(x, ε)

↘ )
q = ↔xF out

(x, ε) (2.3.32)
which is again well-defined on account of the contraction assumption. Note that in order
to construct the hypergradient (2.3.31) both x̂(ε) and q̂(ε) = q(x̂(ε), ε) are required.
Unlike the FEFB and FIFB methods described in Section 2.3.2, where the proposed
optimization scheme updated the x and p variables only once for each new ε iteration,
in [56] the authors propose a two-phase algorithm composed of nested loops. In the
inner loop, in particular, the variables x and q are updated multiple times via stochastic
fixed-point iterations to approximate x̂(ε) and q̂(ε), thereby enabling an estimation of the
hypergradient. These updates form the Stochastic Implicit Di!erentiation (SID) method,
described in Algorithm 2.3.3A. Lastly, in the outer loop the ε variables are updated
once using the hypergradient approximation provided by SID. The resulting optimization
scheme, Bilevel Stochastic Gradient Method (BSGM), can be found in Algorithm 2.3.3B.
Apart from the stochastic setting, we remark the similarity between conditions (2.3.23)
proposed in [14] and the fixed point iterations in step 3, 9 of Algorithm 2.3.3A. In [56]
2
If F in

is Lipschitz smooth with constant L > 0, it su!ces to choose ε <
1
L .
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Algorithm 2.3.3A: Stochastic Implicit Di!erentiation (SID) method [56]

Input: Functions f
in, F out, iteration bounds kx, kq > 0, batch size J > 0, initial

estimates x0, q0, current value of ε and step length parameters {ϱk}k↗0 > 0 satisfying
the assumptions of [123, Theorem 8].
Output: An approximation of the hypergradient (2.3.31).

1: Choose {yxk}
kx↑1
k=0 , {yqk}

kq↑1
k=0 , {yj}Jj=1 realizations of Y and

{zj}Jj=1 realizations of Z.
2: for k = 0, 1, . . . , kx → 1 do:

3: xk+1 = xk + ϱk

(
f̄

in
(xk, ε, y

x
k)→ xk

)

4: end for

5: Compute ↔xF out
J =

1
J

J
j=1↔xF̄ out

(xkx , ε, zj)

6: Compute ↔εF out
J =

1
J

J
j=1↔εF̄ out

(xkx , ε, zj)

7: Compute ↔εf
in
J =

1
J

J
j=1↔εf̄

in
(xkx , ε, yj)

8: for k = 0, 1, . . . , kq → 1 do:

9: qk+1 = qk + ϱk

(
↔xf̄

in
(xkx , ε, y

q
k)

↘
qk +↔xF out

J → qk

)

10: end for

11: Compute ↔̃εF̂(ε) = ↔εF out
J +

(
↔εf

in
J

)↘
qkq

Algorithm 2.3.3B: Bilevel Stochastic Gradient Method (BSGM) [56]

Input: Functions f
in, F out, iteration bounds hε, {khx}hω↑1

h=0 , {khq }hω↑1
h=0 > 0 satisfying

the assumptions of [123, Theorem 16], batch sizes {Jh}hω↑1
h=0 > 0 satisfying the as-

sumptions of [123, Theorem 16], initial estimates ε0, x0 and step length parameters
ϱε, {ϱk}k↗0 > 0 satisfying the assumptions of [123, Theorem 16, Theorem 8].
Output: An approximation of ε̂.

1: for h = 0, 1, . . . , hε → 1 do:

2: Compute ↔̃εF̂(εh) using Algorithm 2.3.3A (SID) with kx = k
h
x, kq = k

h
q ,

J = Jh, x0 = x0, q0 = 0, ε = εh, ϱk = ϱk.
3: εh+1 = proj”!


εh → ϱε↔̃εF̂(εh)



4: end for

it is shown that xkx = xkx(ε) and qkq = qkq(ε), as functions of the iteration bounds
kx and kq, converge (sublinearly) in Mean Squared Error (MSE) to x̂(ε) and qJ(xkx , ε)

respectively, where qJ(xkx , ε) is the solution of (2.3.32) with the right-hand side replaced
by its stochastic approximation ↔xF out

J defined in step 5. More precisely, there exist
some constants dx, dq, ↽ > 0 such that:
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E
[
⇒xkx → x̂(ε)⇒2

]
⇑ dx

↽ + kx
E
[
⇒qkq → qJ(xkx , ε)⇒2

]
⇑ dq

↽ + kq
(2.3.33)

For some appropriate bounds kx and kq, the proposed SID method can therefore be inter-
preted as an operative way of obtaining estimates satisfying conditions (2.3.23), which
are su"cient to approximate the hypergradient to any level of precision (see (2.3.22)).
Indeed, the approximation ↔̃F̂(ε) of the hypergradient computed in step 11 of Algorithm
2.3.3A is shown to satisfy similar convergence properties. For K = kx = kq = J , there
exists a constant d⇑ > 0 such that:

E

⇒↔̃F̂(ε)→↔F̂(ε)⇒2


⇑ d⇑

K
(2.3.34)

2.3.4 Fixed point iterations

As previously discussed in Section 2.3.3, the idea of replacing the inner problem with a
fixed-point equation lies at the core of most ITD methods for bilevel optimization. In
particular, we examine the work of [115], where this general framework is introduced and
compared with AID methods. We assume again the existence of a ε parametric map
f

in satisfying the fixed-point equation (2.3.25), but relax the contraction assumption
that drove the previous analysis. Here, we simply require that the fixed point iterations
xk+1(ε) = f

in
(xk(ε), ε) converge to x̂(ε):

x̂(ε) = lim
k↓+⇐

xk(ε) (2.3.35)

Just like before, one can start by examining problem (2.2.1) in order to derive a suitable
map f

in. The advantage of this formulation is that, depending on the inner problem,
barely any regularity assumptions may be needed for the inner objective F in. In [99], for
example, a primal-dual scheme with Bregman distances [18] applied to the inner problem
produces a smooth map f

in without requiring the smoothness of the inner objective3.
Naturally, if F in is Lipschitz smooth, the gradient descent map (2.3.29) is still a notable
option.
Up to this point, the AID methods discussed have followed a common strategy: they
approximate specific components of the hypergradient, such as the Jacobian (2.3.14) or
the inner minimizer, while maintaining the overall analytic form defined in (2.3.12). In
contrast, ITD methods take a di!erent route to bilevel optimization: they approximate
the global objective F̂ with a suitable surrogate F̃K and then compute its gradient exactly.
Recalling the definition of F̂ in (2.2.6), ITD methods truncate the fixed-point iterations
at a prescribed index K ⇐ 0 and essentially approximate x̂(ε) ′ xK(ε), yielding the
surrogate objective:

F̃K(ε) = F out
(xK(ε), ε) (2.3.36)

A minimizer of (2.3.36) will be denoted by ε̃K . This particular choice of surrogate,
combined with mild smoothness assumptions on the map f

in, ensures that the surrogate
3
As we will see in this section, the iteration map smoothness is a core assumption of ITD methods.
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hypergradient ↔εF̃K(ε) can be computed exactly, without the need for costly matrix
inversions.
Intuitively, as K ↑ +⇔, one would expect the minimizers ε̃K to converge to a minimizer
of the global objective. The work in [45], under very natural assumptions, shows precisely
this. We include the main results in the following Theorem 2.3.1.

Theorem 2.3.1 (Existence and Convergence Theorems [45]). Under the following
assumptions:

(i) !! ↙ Rm is compact;

(ii) F out ↘ C(!X ↓ !!);

(iii) F in ↘ C(!X ↓ !!) and x̂(ε) is uniquely defined ≃ε ↘ !!;

(iv) ⇒x̂(ε)⇒ ⇑ B ≃ε ↘ !! for some B > 0.

The bilevel optimization problem is well-posed. In addition, if:

(v) F out
( · , ε) is ε-uniformly Lipschitz continuous;

(vi) The iterates {xK(ε)}K↗1 converge ε-uniformly to x̂(ε).

Then the limit points of {ε̃K}K↗1 are minimizers of the global objective F̂4.

We remark that condition (vi), which is slightly stronger than (2.3.35), constitutes an
indirect assumption on the iteration map f

in. In particular, under the global contraction
hypothesis (2.3.27) introduced in the previous section, assumptions (iii), (iv), and (vi)
are automatically satisfied. This slightly weaker formulation is therefore a generalization
of the contraction-based approach.
Let us now derive an expression for the surrogate hypergradient. On top of the usual
smoothness assumptions on F out, in order for the surrogate objective to be di!erentiable,
it su"ces to require that f ↘ C1

(!X ↓ !!). Indeed, this implies xK ↘ C1
(!!) and thus

the di!erentiability of F̃K . Since xk+1(ε) = f
in
(xk(ε), ε), it holds:

↔εxk+1(ε) = ↔εf
in
(xk(ε), ε) +↔xf

in
(xk(ε), ε)↔εxk(ε) ≃k ⇐ 0 (2.3.37)

From the chain rule, by iteratively applying (2.3.37) we obtain the following representa-
tion for the surrogate hypergradient:

↔εF̃K(ε) = ↔εF out
(xK(ε), ε) +

K∑

k=0

Bk(ε)Ak+1(ε) · · ·AK(ε)↔xF out
(xK(ε), ε) (2.3.38)

where B0(ε) = ↔εx0(ε)
↘ and Ak+1(ε) = ↔xf

in
(xk(ε), ε)

↘, Bk+1(ε) = ↔εf
in
(xk(ε), ε)

↘

for k ⇐ 0. Unlike previous representations, (2.3.38) does not involve matrix inversions nor
the knowledge of the inner minimizer x̂(ε). All its components can therefore be evaluated
4
In general, we cannot state that the chosen minimizer ω̂ is a limit point of {ω̃K}K→1 since F̂ may have

multiple minimizers.
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exactly. In practice, ↔εF̃K(ε) is computed using either Forward-Mode Di!erentiation
(FMD):






h0(ε) = B0(ε)

hk+1(ε) = hk(ε)Ak+1(ε) + Bk+1(ε) ≃k = 0, . . . , K → 1

↔εF̃K(ε) = ↔εF out
(xK(ε), ε) + hK(ε)↔xF out

(xK(ε), ε)

(2.3.39)

or Reverse-Mode Di!erentiation (RMD):





hK(ε) = ↔εF out
(xK(ε), ε)

ϑK(ε) = ↔xF out
(xK(ε), ε)

hk↑1(ε) = hk(ε) + Bk(ε)ϑk(ε) ≃k = K, . . . , 0

ϑk↑1(ε) = Ak(ε)ϑk(ε) ≃k = K, . . . , 1

↔εF̃K(ε) = h↑1(ε)

(2.3.40)

The two modes di!er in both computational and memory complexity. Although FMD is
generally more computationally demanding than RMD, its memory usage does not scale
with K. In contrast, RMD requires storing all variables xk(ε) for k = 1, . . . , K computed
during the forward pass, as they are needed for the backward pass.
Regarding the relationship between the surrogate hypergradient (2.3.38) and the exact
hypergradient (2.3.31), the study in [115] establishes an insightful connection. Assuming
once again the contraction hypothesis (2.3.27), and denoting:

A⇐(ε) = lim
k↓+⇐

Ak(ε) = lim
k↓+⇐

↔xf
in
(xk(ε), ε)

↘
= ↔xf

in
(x̂(ε), ε)

↘

B⇐(ε) = lim
k↓+⇐

Bk(ε) = lim
k↓+⇐

↔εf
in
(xk(ε), ε)

↘
= ↔εf

in
(x̂(ε), ε)

↘
(2.3.41)

by Proposition 2.A.2 we have:

(
1n →↔xf

in
(x̂(ε), ε)

↘ )↑1
=

⇐∑

k=0

(
↔xf

in
(x̂(ε), ε)

↘ )k
=

⇐∑

k=0

A⇐(ε)
k (2.3.42)

Therefore, the hypergradient in (2.3.31) can be written as:

↔εF̂(ε) = ↔εF out
(x̂(ε), ε) +B⇐(ε)

⇐∑

k=0

A⇐(ε)
k↔xF out

(x̂(ε), ε) (2.3.43)

The above representation shares many similarities with the surrogate hypergradient in
(2.3.38). In the very special case where xk(ε) ∞ x̂(ε) ≃k ⇐ 0, which can be achieved
by initializing x0(ε) = x̂(ε), we get Ak(ε) ∞ A⇐(ε) and Bk(ε) ∞ B⇐(ε) ≃k ⇐ 0. The
surrogate hypergradient then reduces to:
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↔εF̃K(ε) = ↔εF out
(x̂(ε), ε) +B⇐(ε)

K∑

k=0

A⇐(ε)
k↔xF out

(x̂(ε), ε) (2.3.44)

which is an approximation of (2.3.43) obtained by truncating the series at its K-th term.
In particular, as K ↑ +⇔, one recovers the exact hypergradient:

↔εF̂(ε) = lim
K↓+⇐

↔εF̃K(ε) (2.3.45)

It is also worth mentioning that to further reduce the computational and memory cost of
constructing the surrogate hypergradient (2.3.38), a possible strategy is to truncate the
first terms in the summation. More precisely, given K̄ ⇑ K, one could use:

↔εF̃K,K̄(ε) = ↔εF out
(xK(ε), ε) +

K∑

k=K̄

Bk(ε)Ak+1(ε) · · ·AK(ε)↔xF out
(xK(ε), ε)

(2.3.46)
Applying RMD to (2.3.46) is equivalent to performing a (K → K̄ + 1)-step truncated
backpropagation on the original formulation (2.3.38). Under some necessary technical
requirements [115, Theorem 3.4], it can be shown that optimizing ε using (2.3.46) (even
for K̄ = K, a single backpropagation step), still produces a sequence whose limit points
are exact stationary points of the global objective F̂ .

2.4 Unfolding and untying the inner problem

The principle underlying ITD methods for bilevel optimization, namely truncating the it-
erative process used to solve the inner problem and di!erentiating the resulting surrogate
outer objective, is conceptually aligned with the algorithm unrolling approach discussed in
Section 1.2.1. From a mathematical standpoint, the developments that resulted in Section
2.3.4 o!er a flexible framework that rigorously connects unrolled deep networks to more
interpretable modeling paradigms. By doing so, the framework bridges data-driven and
model-based perspectives, promoting interpretable and principled learning architectures.
Within this context, the function fε, which served as a generic update map in Section
1.2.1, now takes on a problem-specific role as the iteration map f

in
ε = f

in
( · , ε), encoding

the chosen optimization strategy for the inner problem. Similarly, the parameters ε, opti-
mized solely with respect to a data-driven loss L, now act as degrees of freedom within the
bilevel framework, enabling the exploration of the manifold of optimal solutions parame-
terized by x̂(ε), as discussed in Section 2.2. Finally, the number of layers in the network,
traditionally treated as a tunable hyperparameter, acquires a new interpretation, becom-
ing directly linked to the approximation quality of the inner minimizer.
As far as this work is concerned, we present one final extension to the previous ITD
approach, which was first introduced in [64]. From an architectural standpoint, the fun-
damental distinction between the unrolled networks introduced in Section 1.2.1 and stan-
dard deep networks lies in the parameterization: in unrolled networks, the parameters
ε are usually shared among all layers, whereas in conventional deep architectures, they
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are independently learned for each layer. The process of allowing the parameters ε to
vary across layers (or iterations, within a bilevel optimization framework) is referred to
as untying. As highlighted in [64], the rationale for untying such parameters in a model-
based-inspired architecture is to enable the network to represent a richer and more flexi-
ble family of inference functions than the original model. Denoting f

in
εk

= f
in
( · , εk) and

xk+1 = xk+1(εk) = f
in
εk

(xk) for a collection of layer-specific parameters ⇁ = {εk}Kk=0 ↙ !!,
the high-level architecture of the network is displayed in Figure 2.4.1.

x0 x1 · · · xK↑1 xK F out
(xK , εK)

f in

ω0
f in

ω1
f in

ωK↑2
f in

ωK↑1

Figure 2.4.1: Unrolled iterations for the optimization of the inner problem into a K-
layer, untied parameters architecture trainable end-to-end with the outer objective
F out as a loss function.

Let us also denote ⇁̂ a minimizer for the global loss function:

F̂(⇁) = F out
(xK , εK) (2.4.1)

where the dependence of the right-hand side on all εk is implied. In this configuration,
the parameter search space grows from !! to !

K+1
! , where the optimal solution ε̂ defined

previously corresponds to the collection ⇁̃ = (ε̂, . . . , ε̂) ↘ !
K+1
! . In this sense, the archi-

tecture in Figure 2.4.1 represents an actual generalization of the tied parameters network.
Indeed, shifting the focus exclusively to the minimization of the loss (which is typical of
deep learning with neural networks), in the worst case, ⇁̂ achieves the same loss value as
ε̂ for the tied parameters case:

F̂(⇁̂) ⇑ F̂(⇁̃) = F̂(ε̂) (2.4.2)

Untying the outer parameters also introduces certain drawbacks. From an interpretability
standpoint, the final variables xK no longer correspond directly to an approximate min-
imizer of the inner problem. Within our framework, this interpretation holds only when
the parameters are tied, that is, when the iteration index k does not influence ε. A more
general formulation than the one considered in the preceding sections, in which ε is al-
lowed to vary across iterations, could potentially restore this correspondence between xK

and the inner problem minimizer. Conversely, from the perspective of algorithm unrolling
independent of bilevel optimization, untying the parameters can often be the more nat-
ural choice. This is the case, for instance, when unrolling iterations of a time-dependent
dynamical system [23, 110], where the set of parameters to be optimized may itself depend
on time, giving rise to time-varying parameters εk. Another important consideration is
the linear growth of the parameter search space with respect to K. Larger parameter
spaces can pose additional challenges during optimization, including increased memory
and computational demands, as well as a higher risk of convergence to suboptimal local
minima. Taken as a whole, untying in the context of bilevel optimization represents a
trade-o! between interpretability and the expressive power of the model.
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2.4. UNFOLDING AND UNTYING THE INNER PROBLEM

2.4.1 General backpropagation scheme

In this section, we begin by deriving the general backpropagation framework used to
train the network illustrated in Figure 2.4.1. We also introduce notation that will be used
throughout the subsequent chapters.
We start by establishing a set of general assumptions regarding the key components of the
network. These assumptions specialize the general architecture described in Section 2.4 to
the specific cases we will examine later. First, we impose minimal smoothness conditions
to ensure that the loss function is di!erentiable with respect to the model parameters:

(i) [Smoothness] f in ↘ C1
(!X ↓ !!) and F out ↘ C1

(!X ↓ !!).

Next, we assume that the outer objective is independent of the optimization parameters.
This e!ectively eliminates the contribution of the direct term in the hypergradient:

(ii) [No direct hypergradient] F out
(x, ε) ∞ F out

(x), or, equivalently, ↔εF out
(x, ε) ∞ 0.

Finally, we restrict our analysis to deterministic observations y ↘ !Y and z ↘ !Z for the
inner and outer optimization problems, respectively. Accordingly, we adopt deterministic
formulations for both the iteration map and the outer objective, explicitly emphasizing
their dependence on the observations:

(iii) [Deterministic observations] f in
(x, ε) = f

in
(x, ε, y) and F out

(x) = F out
(x, z).

Let us now briefly assume that !X ↙ Rn and !! ↙ Rm. By applying the chain rule, the
backpropagation of the gradients of the global loss function F̂ with respect to the states
xk leads to the following recursive relations:





↔xK

F̂ = ↔xF out
(xK , z)

↔xk
F̂ = (↔xk

xk+1 )
↘↔xk+1F̂ = ↔xf

in
(xk, εk, y)

↘↔xk+1F̂ ≃k = 0, . . . , K → 1

(2.4.3)
Using (2.4.3) we can then compute the gradients of F̂ with respect to the parameters at
each layer:

↔εkF̂ = (↔εkxk+1 )
↘↔xk+1F̂ = ↔εf

in
(xk, εk, y)

↘↔xk+1F̂ ≃k = 0, . . . , K → 1 (2.4.4)

These relations are analogous to (2.3.39) in the case of tied parameters. A limitation of
(2.4.4), however, is that it assumes the states xk and parameters εk are vector-valued.
In practice, these quantities often consist of multi-dimensional tensors (e.g., matrices).
To avoid the cumbersome process of vectorization and de-vectorization, it is therefore
preferable to define the corresponding gradients in a manner that preserves their inherent
tensor structure. With a slight abuse of notation, the first step in this direction will
be to write ↔xk

F̂ ↘ !X and ↔εkF̂ ↘ !!, where !X and !! are now generic vector
(tensor) spaces. Moreover, since the tensor representation of those gradients varies on a
case-by-case basis, we simply rewrite (2.4.3) as:
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




↔xK
F̂ = #K (xK , z)

↔xk
F̂ = #x


↔xk+1F̂ , xk, εk, y


≃k = 0, . . . , K → 1

(2.4.5)

and (2.4.4) as:

↔εkF̂ = #ε


↔xk+1F̂ , xk, εk, y


≃k = 0, . . . , K → 1 (2.4.6)

where:

• #K : !X ↓!Z ↑ !X is the final state gradient map, which depends on the explicit
form of ↔xF out

(x, z);

• #x : !
2
X ↓!! ↓!Y ↑ !X is the state gradient update map, which depends on the

explicit form of ↔xf
in
(x, ε, y);

• #ε : !
2
X ↓ !! ↓ !Y ↑ !! is the parameter gradient map, which depends on the

explicit form of ↔εf
in
(x, ε, y).

Up to this point, we have treated both parameters x ↘ !X and ε ↘ !! as collections of
homogeneous variables. However, this assumption is not strictly necessary. In many cases,
it is more natural to regard x and ε as being composed of multiple subsets of variables:

x =

x
1
, . . . , x

JX


ε =


ε
1
, . . . , ε

J!


(2.4.7)

where !X = !
1
X ↓ · · ·↓!

JX

X and !! = !
1
!↓ · · ·↓!

J!
! . In these cases, the gradient maps

defined above can be split into an analogous collection:

#K =


#
1
K , . . . ,#

JX

K


#x =


#
1
x, . . . ,#

JX

x


#ε =


#
1
ε, . . . ,#

J!
ε


(2.4.8)

where each sub-map #
j depends on the explicit form of the Jacobian with respect to the

corresponding subset of variables xj or εj . A similar split also occurs in the iteration map:

f
in
ε =

(
f

in
ε

)1
, . . . ,

(
f

in
ε

)JX


(2.4.9)
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Appendix

2.A Supporting results

Proposition 2.A.1. Let M : I ↙ R ↑ Mn↔n(R), M ↘ C1
(I) be a matrix-valued map

such that M(x)
↑1 exists ≃x ↘ I and M

↑1 ↘ C1
(I). Then it holds:

d

dx
M

↑1
(x) = →M

↑1
(x)

(
d

dx
M(x)

)
M

↑1
(x) ≃x ↘ I

Proof: Di!erentiating the relation M(x)M
↑1

(x) = 1n, we obtain:
(

d

dx
M(x)

)
M

↑1
(x) +M(x)

(
d

dx
M

↑1
(x)

)
= 0n

Isolating the term
d

dx
M

↑1
(x) then yields the desired result.

Theorem 2.A.1 (Implicit Function Theorem). Let f : Rn+m ↑ Rn, f ↘ C1
(Rn+m

)

and (x̂, ŷ) ↘ Rn+m such that f(x̂, ŷ) = 0. If ↔yf(x̂, ŷ) is invertible, then:

1. ∈ω > 0 and ∈! y : Bω(x̂) ↑ Rm, y ↘ C1
(Bω(x̂)) satisfying y(x̂) = ŷ and f(x, y(x)) = 0

≃x ↘ Bω(x̂);

2. ↔yf(x, y(x)) is invertible ≃x ↘ Bω(x̂).

Moreover, it holds:

↔xy(x) = → (↔yf(x, y(x)) )
↑1↔xf(x, y(x))

Proof: See [77].

Theorem 2.A.2 (Fixed-Point Theorem). Let (X, d) be a complete metric space and
F : X ↑ X a contraction with Lipschitz constant 0 ⇑ q < 1. Then:

• ∈!x̂ ↘ X fixed point of F ;

• Defining xk+1 = F (xk) ≃k ⇐ 0 for any x0 ↘ X, it holds:

d(x̂, xk+1) ⇑
q
k

1→ q
d(x1, x0)

In particular, lim
k↓+⇐

xk = x̂.
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Proof: See [91].

Proposition 2.A.2. Let A ↘ Mn↔n(R) such that ⇒A⇒ ⇑ ϑ < 1. Then:

1. 1n → A is invertible and (1n → A)
↑1

=

⇐
k=0

A
k;

2. ⇒ (1n → A)
↑1 ⇒ ⇑ 1

1→ ϑ
.

Proof: Since ⇒A⇒ ⇑ ϑ < 1, we have:

⇐∑

k=0

⇒A⇒k ⇑
⇐∑

k=0

ϑ
k
=

1

1→ ϑ
< +⇔

therefore the series
⇐

k=0A
k is convergent. Let B =

⇐
k=0A

k. By noticing that:

lim
k↓⇐

(1n → A)


k∑

i=0

A
i


= lim

k↓⇐


k∑

i=0

A
i


(1n → A) = lim

k↓⇐


k∑

i=0

A
i →

k+1∑

i=0

A
i
+ 1n


= 1n

we get (1n → A)B = B (1n → A) = 1n, hence the first claim is proved. Lastly:

⇒ (1n → A)
↑1 ⇒ = ⇒B⇒ =



⇐∑

k=0

A
k

 ⇑
⇐∑

k=0

⇒A⇒k ⇑ 1

1→ ϑ

2.B Details for Section 2.3.1

Let us show the derivation of the gradients in (2.3.8). For conciseness, we drop the
dependence on all arguments, so we will write x̂1(ε; t) = x̂1, x̂2(ε; t) = x̂2, ϖ(t) = ϖ and
Q(t) = Q. Let us also denote v = M

↘
2 M1y → ϱ1M

↘
3 sign(x̂2) (so that x̂1 = Qv), P = tP#c

and W = Q
↑1

= M
↘
3 PM3 +B. To begin, we have:

(x̂1)k =


aQkava

va =


b,c(M2)ba(M1)bcyc → ϱ1


d(M3)dasign(x̂2)d

Wef =


gh(M3)gePgh(M3)hf +


m(M2)me(M2)mf + ϱ2ωef

(2.B.1)

In particular:

ςva

ς(M1)ij
= (M2)iayj

ςva

ς(M2)ij
=


c(M1)icycωaj = (M1y)iωaj

ςva

ς(M3)ij
= →ϱ1sign(x̂1)iωaj

(2.B.2)
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Moreover, by applying Proposition 2.A.1 we have:

ςQka

ς(M1)ij
= →


ef Qke

ςWef

ς(M1)ij
Qfa = 0

ςQka

ς(M2)ij
= →


ef Qke

ςWef

ς(M2)ij
Qfa = →


ef Qke [ (M2)ifωej + (M2)ieωfj ]Qfa

= →(QM
↘
2 )kiQja →Qkj(M2Q)ia

ςQka

ς(M3)ij
= →


ef Qke

ςWef

ς(M3)ij
Qfa = →


ef Qke


h Pih(M3)hfωej +


g(M3)gePgiωfj


Qfa

= →


ef Qke

[
(PM3)ifωej + (M

↘
3 P )eiωfj

]
Qfa = →(QM

↘
3 P )kiQja →Qkj(PM3Q)ia

(2.B.3)
Combining (2.B.1), (2.B.2), (2.B.3) and observing that Q

↘
= Q, we obtain:

ςl(x̂1)

ς(M1)ij
=


k

ςl(x̂1)

ςxk

ς(x̂1)k

ς(M1)ij
=


k

ςl(x̂1)

ςxk


a

(
ςQka

ς(M1)ij

)
va +Qka

(
ςva

ς(M1)ij

)

=


k

ςl(x̂1)

ςxk
[


aQka(M2)iayj ] =


k

ςl(x̂1)

ςxk
(QM

↘
2 )kiyj

=


k

ςl(x̂1)

ςxk
(M2Q)ikyj = (M2Q↔xl(x̂1))iyj = (M2ϖ)iyj = (M2ϖy

↘
)ij

ςl(x̂1)

ς(M2)ij
=


k

ςl(x̂1)

ςxk

ς(x̂1)k

ς(M2)ij
=


k

ςl(x̂1)

ςxk


a

(
ςQka

ς(M2)ij

)
va +Qka

(
ςva

ς(M2)ij

)

=


k

ςl(x̂1)

ςxk

[
a

(
→(QM

↘
2 )kiQja →Qkj(M2Q)ia

)
va +Qka(M1y)iωaj

]

=


k

ςl(x̂1)

ςxk

[
→(QM

↘
2 )ki(Qv)j →Qkj(M2Qv)i +Qkj(M1y)i

]

=


k

ςl(x̂1)

ςxk

[
→(QM

↘
2 )ki(x̂1)j →Qkj(M2x̂1)i +Qkj(M1y)i

]

=


k

ςl(x̂1)

ςxk
[→(M2Q)ik(x̂1)j →Qkj(M2x̂1)i +Qkj(M1y)i ]

= →(M2Q↔xl(x̂1))i(x̂1)j → (M2x̂1)i(Q↔xl(x̂1))j + (M1y)i(Q↔xl(x̂1))j

= →(M2ϖ)i(x̂1)j → (M2x̂1)iϖj + (M1y)iϖj

= →(M2ϖ(x̂1)
↘
)ij → (M2x̂1ϖ

↘
)ij + (M1yϖ

↘
)ij

=
[
→M2

(
ϖ(x̂1)

↘
+ x̂1ϖ

↘ )
+M1yϖ

↘ ]
ij
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ςl(x̂1)

ς(M3)ij
=


k

ςl(x̂1)

ςxk

ς(x̂1)k

ς(M2)ij
=


k

ςl(x̂1)

ςxk


a

(
ςQka

ς(M3)ij

)
va +Qka

(
ςva

ς(M3)ij

)

=


k

ςl(x̂1)

ςxk

[
a

(
→(QM

↘
3 P )kiQja →Qkj(PM3Q)ia

)
va → ϱ1Qkasign(x̂1)iωaj

]

=


k

ςl(x̂1)

ςxk

[
→(QM

↘
3 P )ki(Qv)j →Qkj(PM3Qv)i → ϱ1Qkjsign(x̂1)i

]

=


k

ςl(x̂1)

ςxk

[
→(QM

↘
3 P )ki(x̂1)j →Qkj(PM3x̂1)i → ϱ1Qkjsign(x̂1)i

]

=


k

ςl(x̂1)

ςxk
[→(PM3Q)ik(x̂1)j →Qkj(PM3x̂1)i → ϱ1Qkjsign(x̂1)i ]

= →(PM3Q↔xl(x̂1))i(x̂1)j → (PM3x̂1)i(Q↔xl(x̂1))j → ϱ1sign(x̂1)i(Q↔xl(x̂1))j

= →(PM3ϖ)i(x̂1)j → (PM3x̂1)iϖj → ϱ1sign(x̂1)iϖj

= →(PM3ϖ(x̂1)
↘
)ij → (PM3x̂1ϖ

↘
)ij → (ϱ1sign(x̂1)ϖ↘

)ij

=
[
→PM3

(
ϖ(x̂1)

↘
+ x̂1ϖ

↘ )
→ ϱ1sign(x̂1)ϖ↘ ]

ij
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Nonnegative matrix factorizations

This chapter introduces nonnegative matrix factorizations, covering problem definitions,
optimization approaches, and the selection of relevant hyperparameters. We conclude
with a brief overview of how these methods serve as a foundational baseline in audio
processing.

3.1 Introduction

Nonnegative Matrix Factorization (NMF) is a family of unsupervised learning techniques
that aim to approximate a nonnegative data matrix as the product of two lower-rank
nonnegative matrices. Introduced in the 1990s by Paatero et al. [103] as an alternative to
the established principal component analysis, NMF has since emerged as an e!ective and
flexible data analysis technique. In their influential 1999 paper, Lee and Seung [79], who
played a key role in popularizing the method, emphasized how the nonnegativity con-
straints enable NMF to learn interpretable, observable components while simultaneously
inferring latent variables, in a manner reminiscent of neural networks. In particular, the
nonnegativity of the modeled quantities is closely related to the fact that neuronal firing
rates are inherently nonnegative, motivating the additive and parts-based nature of the
representations produced by NMF.
Beyond representation learning, NMF has a well-established connection to clustering and
interpretable data decomposition. Early studies demonstrated that NMF can be inter-
preted as a soft clustering method, where the factor matrices encode cluster centroids and
membership degrees [136]. Subsequent work formalized its equivalence to spectral clus-
tering, explaining its e!ectiveness in partitioning data into meaningful groups [34]. At
the same time, the additive, nonnegative nature of the factorization ensures that learned
components often correspond to meaningful structures in the data, such as spectral tem-
plates in audio processing [118], topics in document analysis [136], or localized features
in images [66]. This combination of clustering capability and interpretability makes NMF
particularly attractive in domains where the data are naturally nonnegative and compo-
sitional, including signal processing, document modeling, bioinformatics, and computer
vision. For a comprehensive review of NMF applications in machine learning, we refer
the reader to [119] and the references therein.
Over the years, numerous variants of NMF have been proposed to address the limita-
tions of the basic formulation and to better capture specific data characteristics. One
major research direction concerns the choice of the cost function or divergence measure,
with alternatives such as the Kullback-Leibler divergence [80] and the Itakura-Saito diver-
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gence [46] being introduced to better reflect underlying noise models, particularly in audio
and speech applications. Further works [47] generalized those measures to the family of
ϖ-divergences. Other extensions incorporate regularization terms that promote sparsity
[66], smoothness, orthogonality [137], data adherence [83], or temporal continuity [130],
thereby improving robustness, interpretability, and task-specific performance.
To explicitly model temporal structure and local dependencies, Nonnegative Matrix Factor
Deconvolution (NMFD) [117, 114, 129] has been introduced. This approach is particu-
larly well suited to time-frequency representations, where patterns may repeat over time
with local shifts. More recently, deep and multilayer NMF models have been proposed
[31, 29, 125], in which multiple factorization layers are stacked to capture hierarchical
representations. These models draw conceptual parallels with deep neural networks while
retaining the interpretability and optimization transparency of classical NMF formula-
tions.
Overall, NMF and its many extensions constitute a versatile and extensible framework for
nonnegative data modeling. Their balance between mathematical simplicity, interpretabil-
ity, and adaptability has ensured their continued relevance in the literature, where they
are widely used both as standalone methods and as baseline models for more advanced
approaches.

3.2 Nonnegative Matrix Factorization (NMF)

Let X ↘ Mm↔n(R↗0) be a nonnegative matrix, D : Mm↔n(R↗0) ↓ Mm↔n(R↗0) ↑ R
an error measure between matrices, and r ↘ N a factorization rank. The problem of
computing an NMF of X can then be formulated as the following constrained optimization:

min D(X,WH)

s.t. W ↘ Mm↔r(R↗0)

H ↘ Mr↔n(R↗0)

(3.2.1)

In terms of notation, NMF closely resembles traditional dictionary learning. Specifically,
the left factor W is commonly referred to as the dictionary, whose columns serve as the
atoms used to approximate the observation matrix X. Conversely, the right factor H

represents the matrix of activation coe"cients. Due to the nonlinear coupling between
the optimization variables and the imposed nonnegativity constraints, problem (3.2.1)
is, in general, NP-hard [50]. Polynomial-time solutions can only be computed for specific
choices of the error measure D and small factorization ranks. For example, suppose D is
the squared Euclidean norm (Frobenius norm), let r = 1 and denote X1 = σ1u1v

↘
1 the

rank-1 truncated SVD of X. It follows directly from the Eckart-Young Theorem 3.A.1,
together with the simple inequality:

⇒X → wh
↘⇒F ⇐ ⇒X → |wh↘|⇒F = ⇒X → |w||h|↘⇒F (3.2.2)

that, in this setting, the pair W =
∋
σ1|u1|, H =

∋
σ1|v1|↘ constitutes an optimal solution

to our NMF problem, which can be computed in polynomial time. Interestingly, if the
nonnegativity constraints are relaxed and D is again the Euclidean norm, Eckart-Young
Theorem immediately provides us with a solution for any r. These constraints are, in
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fact, central to the overall NP-hardness of problem (3.2.1).
A commonly used class of error measures in NMF is the ϖ-divergence family. This

family forms a ϖ-parameterized set of divergences which, unlike true metrics, are not
necessarily symmetric and do not need to satisfy the triangle inequality. Such divergences
will be denoted by Dϑ. In particular, letting:

dϑ(a, b) =






a
b → log

a
b → 1 if ϖ = 0,

a log
a
b → a+ b if ϖ = 1,

1
ϑ(ϑ↑1)(a

ϑ
+ (ϖ → 1)b

ϑ → ϖab
ϑ↑1

) if ϖ ↖= 0, 1.

(3.2.3)

one defines:

Dϑ(A,B) =

∑

i,j

dϑ(Aij , Bij) (3.2.4)

Notable members of the family include the Itakura-Saito divergence (ϖ = 0), the Kullback-
Leibler divergence (ϖ = 1) and the squared Euclidean norm (ϖ = 2). Some key properties
of the ϖ-divergences, as illustrated in Figure 3.1 below, can be summarized as follows:

· Convexity. The map dϑ(a, b) is convex in the second argument for ϖ ↘ [1, 2]. This
implies that Dϑ(X,WH) is convex in H for W fixed and vice versa, making alternat-
ing optimization strategies easier to implement. In general, all ϖ-divergences admit a
convex-concave-constant additive split with respect to the second parameter. In the
following, this split will be denoted as:

dϑ(a, b) = ďϑ(a, b) + d̂ϑ(a, b) + d̄ϑ(a, b) (3.2.5)

Table 1 provides a complete overview of each component as a function of ϖ. As we shall
see shortly in Section 3.2.1, the derivation of optimization schemes for problem (3.2.1)
in the case of ϖ-divergences heavily relies on exploiting this additive decomposition.

· Positive homogeneity. All ϖ-divergences are positively homogeneous of degree ϖ, that
is, they satisfy:

dϑ(↽a, ↽b) = ↽
ϑ
dϑ(a, b) ≃↽ > 0, ≃a, b ⇐ 0 (3.2.6)

This implies that as ϖ increases, the ϖ-divergences become more and more sensitive to
large input values.

· Limit behaviour. For ϖ ⇑ 1 it holds lim
b↓0

dϑ(a, b) = +⇔ while for b ⇑ a we notice that
the ϖ-divergences decrease as ϖ increases. This implies that NMF formulations with
ϖ-divergences will tend to overapproximate (resp. underapproximate) the entries of X
for ϖ ⇑ 1 (resp. ϖ ⇐ 1). We also remark the slight di!erence in domain for dϑ and
d

↓

ϑ =
φdϑ
φb , described in Table 2. An optimization scheme encompassing all ϖ-divergences

must take into account that, in some cases, only strictly positive arguments are allowed.
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Figure 3.1: Plots of the ϖ-divergences dϑ(1, · ) for ϖ ↘ {→1, 0, 1, 2, 3}.

Table 1: Convex-concave-constant split of dϑ(a, b) with respect to b (fixed a) and
di!erent values of ϖ.

ďϑ(a, b) d̂ϑ(a, b) d̄ϑ(a)

ϖ < 1, ϖ ↖= 0 → 1
ϑ↑1ab

ϑ↑1 1
ϑ b

ϑ 1
ϑ(ϑ↑1)a

ϑ

ϖ = 0 ab
↑1

log b a(log a→ 1)

ϖ ↘ [1, 2] dϑ(a, b) 0 0

ϖ > 2
1
ϑ b

ϑ → 1
ϑ↑1ab

ϑ↑1 1
ϑ(ϑ↑1)a

ϑ

Table 2: Domains of dϑ(a, · ) (top) and d
↓

ϑ(a, · ) (bottom) for di!erent values of a

and ϖ.

dom(dϑ)dom(dϑ)dom(dϑ) ϖ ⇑ 0 ϖ ↘ (0, 1] ϖ > 1

a = 0 ⊋ R↗0 R↗0

a > 0 R>0 R>0 R↗0

dom(d
↓

ϑ)dom(d
↓

ϑ)dom(d
↓

ϑ) ϖ ⇑ 0 ϖ ↘ (0, 1) ϖ ↘ [1, 2) ϖ ⇐ 2

a = 0 ⊋ R>0 R↗0 R↗0

a > 0 R>0 R>0 R>0 R↗0

The general NMF formulation in problem (3.2.1) is often adapted to enforce specific
regularizing properties on the factors W and H. The motivation for introducing such
constraints is twofold. First, the standard formulation lacks identifiability: multiple op-
timal pairs (W,H) may exist, and additional restrictions can help eliminate redundant
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solutions. Second, one may wish to design an NMF model where the factors possess dis-
tinct physical or analytical interpretations, in which case nonnegativity alone may not be
su"cient. A broader class of NMF models that is often used to address these issues is the
following:

min F (W,H,X) = D(X,WH) + ϑWφW (W ) + ϑHφH(H)

s.t. W ↘ Mm↔r(R↗0)

H ↘ Mr↔n(R↗0)

(3.2.7)

where φW ,φH are regularizers that promote solutions with the desired properties and
ϑW ,ϑH ⇐ 0 are penalty hyperparameters. In [32] the authors propose a bilevel framework
for the joint optimization of W,H and ϑW ,ϑH for a particular formulation of problem
(3.2.7). We highlight that, when only one of the two factors is regularized, i.e. ϑW = 0,
it is generally advisable to include some other form of regularization on W , and vice
versa. Indeed, due to identifiability issues, if (W,H) is a solution pair to (3.2.1), then
so is (↽W,

1
↼H) for any ↽ > 0. Consequently, without additional regularization, most

regularizers tend to drive the penalized factor toward zero while causing the other to
grow unbounded in norm. A common strategy to keep both factors bounded during an
iterative scheme is to normalize them after each update. For example, one may proceed
as follows:

W △ W⇒W⇒↑1
F H △ ⇒W⇒FH (3.2.8)

This enforces the dictionary W to maintain unitary norm and, at the same time, the main
term in the optimization objective ensures that ⇒H⇒F ′ ⇒X⇒F . Another approach is to
normalize separately each column of W and row of H by a weight vector w = [w1, . . . , wr]:

W △ Wdiag(w)↑1
H △ diag(w)H (3.2.9)

where ws = ⇒W:,s⇒F or ws = ⇒W:,s⇒⇐ ≃s = 1, . . . , r. In practice, the numerical stability
for this kind of regularization is guaranteed by adding a small positive constant to the
entries of w. Some general-purpose regularizers frequently employed in the literature are
listed below:

· Sparsity-promoting. In order to promote sparse factors it is common practice to exploit
the sparsification properties of the 1-norm [93]. Thus, a possible regularizer choice is
given by:

φW (W ) = ⇒W⇒1
φH(H) = ⇒H⇒1

(3.2.10)

· Smoothness-promoting. It is not uncommon in applications for the columns of W or
rows of H to be discretizations of piecewise smooth functions. In these cases, in order
to promote such structure, one may employ the following regularizers:
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φW (W ) =

r
s=1

m↑1
i=1

(Wi,s →Wi+1,s )
2

= ⇒DW⇒2F

φH(H) =

r
s=1

n↑1
j=1

(Hs,j →Hs,j+1 )
2

= ⇒DH
↘⇒2F

(3.2.11)

where D is a first order finite di!erence matrix of appropriate dimension.

· Orthogonality-promoting. To promote the columns of W or the rows of H to over-
lap as little as possible [137], orthogonality constraints may be enforced through the
regularizers:

φW (W ) = ⇒W↘
W → 1r⇒2F

φH(H) = ⇒HH
↘ → 1r⇒2F

(3.2.12)

· Minimum volume-promoting. In some applications it may be useful to look for factors
W as close as possible to the data points contained in X [83]. This can be achieved by
enforcing the columns of W to span small volumes. With this in mind, one may use the
regularizer:

φW (W ) = det(W↘
W ) (3.2.13)

The choice of the specific value for the parameter ϖ in a ϖ-divergence formulation of
problem (3.2.1) often depends on the assumed statistical nature of the observed data
distribution [50]. Given Ŵ ↘ Mm↔r(R↗0) and Ĥ ↘ Mr↔n(R↗0), assume X to be an
observation of a collection of i.i.d. random variables Xij that depend on the deterministic
parameters (Ŵ Ĥ)ij through the relations E[ Xij ] = (Ŵ Ĥ)ij . For certain distributions
satisfying these premises, problem (3.2.1) is equivalent to a Maximum Likelihood Esti-
mation (MLE) of the parameters W and H. More precisely, denoting p(W,H | X) the
likelihood function, it holds:

Dϑ(X,WH) = →log p(W,H | X) (3.2.14)

In particular:

· Gamma. For Xij ↗ $


k,

(Ŵ Ĥ)ij
k


(with k > 0) we get ϖ = 0;

· Poisson. For Xij ↗ P

(Ŵ Ĥ)ij


we get ϖ = 1;

· Gaussian. For Xij ↗ N

(Ŵ Ĥ)ij , σ


(with σ > 0) we get ϖ = 2.

In this setting, the regularized problem (3.2.7) is equivalent to a Maximum a Posteriori
(MAP) estimation with exponential priors in the form:

p(W ) ▽ e
↑ϖW↽W (W )

p(H) ▽ e
↑ϖH↽H(H) (3.2.15)
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Indeed, since the posterior distribution is obtained by multiplying the likelihood and
priors, the objective in (3.2.7) can be written as:

F (W,H,X) = →log p(W,H | X)p(W )p(H) + C (3.2.16)

where C is a normalization constant independent of W , H.
In this work, we will mainly focus on NMF optimization problems where the error

distance D is a simple ϖ-divergence. However, in certain applications, the statistical
characteristics of the observations may be unknown or susceptible to outliers. In these
cases, a noise-robust problem formulation could represent a more appealing option. In
[76] the authors propose an L2,1 norm NMF formulation as an alternative to the more
traditional Frobenius variant. The error measure, in this case, is given by:

D(X,WH) = ⇒X →WH⇒2,1 =
n∑

j=1

⇒(X →WH):,j⇒F =

n∑

j=1


m∑

i=1

(X →WH)
2
ij (3.2.17)

The presence of the unsquared Frobenius norm makes the resulting NMF formulation
more resistant to outliers in the data points, i.e. the columns of X. From a statistical
point of view, the formulation is equivalent to a MLE where the data points are assumed
i.i.d. and following a Laplace distribution, that is:

X:,j ↗ L

(Ŵ Ĥ):,j ,ϱ


ϱ > 0 (3.2.18)

Similarly, by assuming a Cauchy distribution:

X:,j ↗ C

(Ŵ Ĥ):,j , ↽


↽ > 0 (3.2.19)

one obtains an error measure in the form:

D(X,WH) = ⇒X →WH⇒2,cau =

n∑

j=1

log
(
⇒(X →WH):,j⇒2F + ↽

2
)

(3.2.20)

which is again more robust to outliers compared to the Frobenius norm. To conclude this
section, we highlight the work in [8], where a distributionally robust NMF formulation is
proposed. Here, the error measure is a combination of multiple terms accounting for a
variety of statistics:

D(X,WH) = max
ϱ↗0, ⇓ϱ⇓1=1

ϱ1⇒X→WH⇒2,1+ϱ2⇒X→WH⇒2F+ϱcau⇒X→WH⇒2,cau (3.2.21)

In the following, we review a general framework for optimizing NMF problems in the
form (3.2.7), which also includes all of the aforementioned noise-robust variants. We
then provide a detailed derivation of well-known update rules resulting in convergent
schemes for ϖ-divergence error measures.
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3.2.1 Optimization

A general NMF problem of the form (3.2.7), as noted earlier, is NP-hard. Consequently,
algorithms developed for it typically rely on iterative local-optimization schemes aimed at
converging to stationary points. A notable family of algorithms used in this setting is the
class of two-block coordinate descent (2-BCD) methods, in which the variable blocks W

and H are optimized alternately, holding one block fixed at each iteration. A high-level
overview of this type of approach can be found in Algorithm 3.2.1, where, in particular:

· updateH(W
(k)

, H
(k)

, X) is an approximate or exact 1-step solution to an iterative
subroutine employed to solve:

min F (W
(k)

, H,X)

s.t. H ↘ Mr↔n(R↗0)

(3.2.22)

starting from the initial estimate H
(k);

· updateW (W
(k)

, H
(k+1)

, X) is an approximate or exact 1-step solution to an iterative
subroutine employed to solve:

min F (W,H
(k+1)

, X)

s.t. W ↘ Mm↔r(R↗0)

(3.2.23)

starting from the initial estimate W
(k).

Algorithm 3.2.1: Two-block coordinate descent scheme for problem (3.2.7)

Input: A matrix X ↘ Mm↔n(R↗0), a factorization rank r ↘ N and initial estimates
(W

(0)
, H

(0)
).

Output: An approximate solution to problem (3.2.7).

1: for k = 0, 1, . . . do:

2: H
(k+1)

= updateH(W
(k)

, H
(k)

, X)

3: W
(k+1)

= updateW (W
(k)

, H
(k+1)

, X)

4: end for

If at each iteration both updateW and updateH are initialized to the exact 1-step
solution of their respective subroutines, the resulting algorithm is called exact 2-BCD
method.
Recalling the structure of the objective function F , it is not unusual for the latter to
satisfy some symmetric properties, such as:

F (W,H,X) = F (H
↘
,W

↘
, X

↘
) (3.2.24)
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This is the case, for example, when F = Dϑ or F = Dϑ +ϑWφW + ϑHφH with ϑW = ϑH

and φW ( · ) = φH( ·↘ ). When condition (3.2.24) is satisfied, problems (3.2.23) and
(3.2.22) become equivalent. Consequently, Algorithm 3.2.1 can be significantly simplified,
since any update rule for H induces an update rule for W , and vice versa. Indeed, given
updateH , step 3 of the algorithm can be replaced by:

W
(k+1)

= updateH(H
(k+1)→

,W
(k)→

, X
↘
)
↘ (3.2.25)

Ultimately, such symmetry in the objective function allows us to develop only one update
rule for problem (3.2.23) or (3.2.22) instead of two distinct update rules.
A common way [28, 46] to generate iterative updates for the blocks in the 2-BCD frame-
work is to use the following multiplicative rules, which serve as heuristic substitutes for
updateH and updateW :

H
(k+1)

= H
(k) ̸

[
↔HF

(
W

(k)
, H

(k)
, X

)]
↑[

↔HF
(
W (k), H(k), X

)]
+

(3.2.26)

W
(k+1)

= W
(k) ̸

[
↔WF

(
W

(k)
, H

(k+1)
, X

)]
↑[

↔WF
(
W (k), H(k+1), X

)]
+

(3.2.27)

where ̸, ·
· and [ · ]± are the elementwise product, division and positive/negative part.

The heuristic nature of (3.2.26)-(3.2.27) is motivated by basic calculus results, namely:

· If φ
φHsj

F
(
W

(k)
, H

(k)
, X

)
> 0 and H

(k)
sj > 0, then a su"ciently small decrease of H(k)

sj

will decrease the objective. In particular, since:


φ

φHsj

F
(
W

(k)
, H

(k)
, X

)

↑
φ

φHsj

F
(
W (k), H(k), X

)

+

< 1

we get H
(k+1)
sj < H

(k)
sj .

· If φ
φHsj

F
(
W

(k)
, H

(k)
, X

)
< 0, then a su"ciently small increase of H(k)

sj will decrease the
objective. In particular, since:


φ

φHsj

F
(
W

(k)
, H

(k)
, X

)

↑
φ

φHsj

F
(
W (k), H(k), X

)

+

> 1

we get H
(k+1)
sj > H

(k)
sj (if H(k)

sj > 0).

A similar reasoning holds for the W variables as well. The merit of updates (3.2.26)-
(3.2.27) is that they preserve the nonnegativity of the iterates and are compatible with
Karush-Kuhn-Tucker (KKT) first order optimality conditions:
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W ⇐ 0, ↔WF (W,H,X) ⇐ 0, W ̸ ↔WF (W,H,X) = 0

H ⇐ 0, ↔HF (W,H,X) ⇐ 0, H ̸ ↔HF (W,H,X) = 0

(3.2.28)

Indeed, for a stationary point (Ŵ , Ĥ) we can have the following configurations:

· Ŵis = 0 and φ
φWis

F (Ŵ , Ĥ,X) ⇐ 0;

· Ŵis > 0 and


φ
φWis

F (Ŵ , Ĥ,X)



+
=


φ

φWis

F (Ŵ , Ĥ,X)



↑
from the slackness condition

in (3.2.28);

· Ĥsj = 0 and φ
φHsj

F (Ŵ , Ĥ,X) ⇐ 0;

· Ĥsj > 0 and


φ
φHsj

F (Ŵ , Ĥ,X)



+
=


φ

φHsj

F (Ŵ , Ĥ,X)



↑
from the slackness condition

in (3.2.28).

As a consequence, we deduce that (Ŵ , Ĥ) is always a fixed point for (3.2.26)-(3.2.27).
Alternatively, the same update rules can also be derived by performing a single iteration
of rescaled gradient descent on problems (3.2.23)-(3.2.22), choosing the step size so that
the updated estimates remain nonnegative. We remark that a drawback of multiplicative
updates such as the ones above is the zero-locking phenomenon. In fact, multiplicative
updates cannot modify entries of the blocks that have been set to zero. This seemingly
small detail raises major concerns about the convergence of the resulting algorithm to
stationary points. Indeed, from the KKT slackness conditions we deduce that some sta-
tionary points may have strictly positive entries. Such points can never be reached if,
during optimization, those entries become zero. As we will see at the end of the section,
this issue is usually addressed by artificially maintaining the entries of new iterates above
a fixed threshold.

The heuristic updates described above are particularly appealing when the objective
function F is complex, as they provide a simple way to implement 2-BCD schemes with
minimal assumptions, namely, the di!erentiability of F . In the remainder of the sec-
tion we will briefly present a more mathematically grounded alternative to design the
update maps updateH and updateW , the properties of which are crucial for the con-
vergence of the overall 2-BCD scheme. In Appendix 3.B we include some of the main
convergence theorems for n-BCD and comment on their applicability to our general NMF
problem. Here, however, we focus specifically on 2-BCD and the main framework we will
use is that of Smooth Majorization-Minimization (SMM) applied to the particular case
of F = Dϑ. Given the symmetry in the objective considered and our remark leading
to relation (3.2.25), it su"ces to derive updateH . We can therefore assume W

(k) to
be fixed and H

(k) to be given. The problem of updating H to time k + 1 can then be
further simplified by splitting the optimization of (3.2.22) between columns1. Denoting
x = X:,j , h = H:,j , h(k) = H

(k)
:,j and x

(k)
= (W

(k)
H

(k)
):,j = W

(k)
h
(k) for any 1 ⇑ j ⇑ n,

our optimization problem boils down to:
1
The ϑ-divergence dε is applied elementwise to the input matrices and then summed. The resulting

objective Dε can be therefore additively split between columns, each term involving only one column of

H, which can be optimized independently.
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min f(h) =

m
i=1

dϑ( xi,W
(k)
i,: h )

s.t. h ↘ Rr
↗0

(3.2.29)

In order to tackle it, we employ an SMM framework; see Appendix 3.B and [50, 47]
for more details. In particular, we seek a (smooth) majorizer g(h;h

(k)
) for f(h) whose

optimum h = h
(k+1) can be easily computed. This is the case, for example, when g is

convex. Recalling the convex-concave-constant split for ϖ-divergences described in Table
1, one can easily obtain such a function by majorizing each term in the split with a convex
function. More precisely:

· Convex term. ďϑ( xi,W
(k)
i,: h ) can be majorized using Jensen’s inequality:

ďϑ( xi,W
(k)
i,: h ) ⇑

∑

s≃S
ϱ
(k)
is ďϑ


xi,

W
(k)
is hs

ϱ
(k)
is


=

r∑

s=1

ϱ
(k)
is ďϑ


xi,

W
(k)
is hs

ϱ
(k)
is


(3.2.30)

where S = {s : W
(k)
is ↖= 0} and ϱ

(k)
is =

W
(k)
is h

(k)
s

x
(k)
i

. Notice that

s≃S

ϱ
(k)
is = 1 and ϱ

(k)
is = 0

for s ↖↘ S.

· Concave term. d̂ϑ( xi,W
(k)
i,: h ) can be majorized by its first order Taylor approximation:

d̂ϑ( xi,W
(k)
i,: h ) ⇑ d̂ϑ( xi, x

(k)
i ) + d̂

↓

ϑ( xi, x
(k)
i )W

(k)
i,: (h→ h

(k)
) (3.2.31)

· Constant term. d̄ϑ(xi) can be majorized by itself.

The overall majorizer for f(h) at h
(k) is therefore given by:

g(h;h
(k)

) =

m∑

i=1


r∑

s=1

ϱ
(k)
is ďϑ


xi,

W
(k)
is hs

ϱ
(k)
is


+


d̂ϑ( xi, x

(k)
i ) + d̂

↓

ϑ( xi, x
(k)
i )W

(k)
i,: (h→ h

(k)
)


+d̄ϑ(xi)

(3.2.32)
Since (3.2.32) is convex, the minimizer h = h

(k+1) is readily obtained by setting its
gradient to zero. Using Table 1 and the derivatives of the maps therein, one obtains the
following multiplicative update:

h
(k+1)

= h
(k) ̸




W

(k)→

x
(k)↔(ϑ↑2) ̸ x



W (k)→x(k)
↔(ϑ↑1)




⇔↼(ϑ)

(3.2.33)

where ( · )⇔ϖ denotes the elementwise exponentiation by ϑ and:

↽(ϖ) =






1

2→ ϖ
if ϖ < 1

1 if 1 ⇑ ϖ ⇑ 2

1

ϖ → 1
if ϖ > 2

(3.2.34)
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Joining updates (3.2.33) for all columns finally yields the complete update rule for H:

H
(k+1)

= H
(k) ̸




W

(k)→
(

W
(k)

H
(k)

)⇔(ϑ↑2) ̸X


W (k)→
(
W (k)H(k)

)⇔(ϑ↑1)




⇔↼(ϑ)

(3.2.35)

Similarly, using (3.2.25), the update rule for W reads:

W
(k+1)

= W
(k) ̸





(
W

(k)
H

(k+1)
)⇔(ϑ↑2) ̸X


H

(k+1)→

(
W (k)H(k+1)

)⇔(ϑ↑1)
H(k+1)→




⇔↼(ϑ)

(3.2.36)

Interestingly, it can be shown that these updates di!er from the heuristic ones (3.2.26)-
(3.2.27) only by the exponent ↽(ϖ). In particular, for ϖ ↘ [1, 2] the two coincide. The
remaining issues to resolve for updates (3.2.35)-(3.2.36) concern their range of validity
with respect to ϖ and the occurrence of zero-locking. Indeed, as Table 2 shows, some
ϖ-divergences require their arguments to be strictly positive. Related to this issue and
given the multiplicative nature of these updates, the zero-locking phenomenon remains a
troublesome obstacle for the convergence of the iterates to a stationary point. Fortunately,
both concerns can be quickly addressed by simply relaxing the nonnegativity assumption
[50]. In particular, by choosing a small ↼ > 0, it su"ces to replace our original NMF
problem:

min Dϑ(X,WH)

s.t. W ↘ Mm↔r(R↗ς)

H ↘ Mr↔n(R↗ς)

(3.2.37)

and to project the updated iterates at each step so that they remain at least ↼-away from
zero:

H
(k+1)

= max



↼, H
(k) ̸




W

(k)→
(

W
(k)

H
(k)

)⇔(ϑ↑2) ̸X


W (k)→
(
W (k)H(k)

)⇔(ϑ↑1)




⇔↼(ϑ)



W
(k+1)

= max



↼, W
(k) ̸





(
W

(k)
H

(k+1)
)⇔(ϑ↑2) ̸X


H

(k+1)→

(
W (k)H(k+1)

)⇔(ϑ↑1)
H(k+1)→




⇔↼(ϑ)



(3.2.38)

In applications, it is common practice to let ↼ ′ 10
↑16. The convergence of Algorithm

3.2.1 is then guaranteed, in this specific setting, by applying Theorem 3.B.3 in the case
of n = 2 blocks.
In relation to the contents of this section, we highlight the work in [94], where a joint
Majorization-Minimization approach is proposed. Rather than employing a 2-BCD frame-
work, where the H and W subproblems are treated separately, the authors derive a joint
optimization framework where the majorizer g acts on both H and W at the same time.
The resulting updates are mostly similar to the ones we included above, but slightly more
e"cient in terms of computation thanks to the caching of certain components during each
iteration.
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3.2.2 Choice of the rank

Choosing the optimal rank r for a specific NMF problem formulation is a critical step,
as the rank a!ects the resulting model complexity and interpretability. This choice is
application dependent since it is contingent on the intrinsic properties of the data ma-
trix X that we intend to factorize. In this setting, expert knowledge is often the most
common approach, but it relies on prior data analysis. In general, there is no single
consensus method, and in the literature, one can find many di!erent techniques. For
instance, heuristics based on the Reconstruction Error [82] or the Cophenetic Correlation
Coe"cient [16] are both popular options, thanks to their simplicity. The former chooses
the rank as the elbow point of the reconstruction error curve, while the latter measures
the stability of the clustering results from multiple NMF runs with di!erent random ini-
tializations. Other more data-driven approaches involve Cross-Validation [101] or the
application of renowned parsimony criteria, such as the Minimum Description Length
[61]. In this section, however, we briefly review a famous Bayesian framework introduced
in [124], the Automatic Relevance Determination (ARD).
In ARD, the r rank-1 factors obtained by coupling each column of W with the corre-
sponding row of H are associated with a relevance weight, which is updated alongside
the factors during NMF inference. Let us denote ϱs ⇐ 0 ≃s = 1, . . . , r such weights and
ω = (ϱ1, . . . ,ϱr). As the name suggests, ω measures the relevance of each rank-1 factor
in the overall reconstruction of the data: if at any point ϱs goes below a given thresh-
old ▷ > 0, the corresponding factor is pruned. The optimal rank r̂ will be the number of
rank-1 factors that have survived this pruning. Let us now see this method in more detail.
In order to tie the rank-1 factors to the weights, the authors in [124] propose introducing
the priors p(Was|ϱs) and p(Hsb|ϱs) on the entries of W and H. Specifically, they adopt
either Half-Normal (◁2-ARD) or Exponential (◁1-ARD) priors in the form:

p(x|ϱ) = HN (x|ϱ) =
(

2
⇀ϱ

) 1
2 e

↑x
2

2ϖ

p(x|ϱ) = E(x|ϱ) = 1
ϱe

↑ x

ϖ

(3.2.39)

Moreover, they assume the weights to be independent and inverse-Gamma distributed:

p(ϱ; a, b) = IG(ϱ; a, b) = b
a

$(a)
ϱ
↑(a+1)

e
↑ b

ϖ (3.2.40)

for some shape and scale hyperparameters a, b > 0. In this framework, the MAP objective
function is readily given by:

F (W,H,X,ω) = Dϑ(X,WH) +

r∑

s=1

(
f(W:,s) + f(Hs,:) + b

ϱs
+ c log ϱs

)
(3.2.41)

where f(x) =
1
2⇒x⇒

2
2, c =

n+m
2 + a + 1 for the Half-Normal case and f(x) = ⇒x⇒1,

c = n + m + a + 1 for the Exponential case. In essence, we notice that ARD imposes
group sparsity on the rank-1 factors through the joint regularizer:

R(W,H,ω) =
r∑

s=1

(
f(W:,s) + f(Hs,:) + b

ϱs
+ c log ϱs

)
(3.2.42)
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By applying an SMM framework to derive updates for W,H, as well as updating ω by
simply setting to zero the gradient of F , one obtains the following scheme for ◁2-ARD:

H
(k+1)

= H
(k) ̸





W
(k)→

(
W

(k)
H

(k)
)⇔(ϑ↑2) ̸X



W (k)→
(
W (k)H(k)

)⇔(ϑ↑1)
+

H
(k)

repmat(ω(k)
, 1, n)





⇔⇁(ϑ)

W
(k+1)

= W
(k) ̸





(
W

(k)
H

(k+1)
)⇔(ϑ↑2) ̸X


H

(k+1)→

(
W (k)H(k+1)

)⇔(ϑ↑1)
H(k+1)→ +

W
(k)

repmat(ω(k)
,m, 1)





⇔⇁(ϑ)

ϱ
(k+1)
s =

1
2⇒W

(k+1)
:,s ⇒22 + 1

2⇒H
(k+1)
s,: ⇒22 + b

c
≃s = 1, . . . , r

(3.2.43)
and, similarly, for ◁1-ARD:

H
(k+1)

= H
(k) ̸




W

(k)→
(

W
(k)

H
(k)

)⇔(ϑ↑2) ̸X


W (k)→
(
W (k)H(k)

)⇔(ϑ↑1)
+

1r↔n

repmat(ω(k)
, 1, n)





⇔↼(ϑ)

W
(k+1)

= W
(k) ̸





(
W

(k)
H

(k+1)
)⇔(ϑ↑2) ̸X


H

(k+1)→

(
W (k)H(k+1)

)⇔(ϑ↑1)
H(k+1)→ +

1m↔r

repmat(ω(k)
,m, 1)





⇔↼(ϑ)

ϱ
(k+1)
s =

⇒W (k+1)
:,s ⇒1 + ⇒H(k+1)

s,: ⇒1 + b

c
≃s = 1, . . . , r

(3.2.44)
where ↽(ϖ) is defined as in (3.2.34) and:

0(ϖ) =






1

3→ ϖ
if ϖ ⇑ 2

1

ϖ → 1
if ϖ > 2

(3.2.45)

Upon completion of the optimization process, since ϱ
(k)
s ⇐ B =

b

c
, the optimal rank will

be given by:

r̂ =

∣∣∣∣∣

{
s ↘ {1, . . . , r} :

ϱ
(k)
s →B

B
> ▷

}∣∣∣∣∣ (3.2.46)
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The authors also propose a rule for selecting the scale hyperparameter b > 0. In particular,
by the law of large numbers (assuming mn 7 1), it holds:

µX =
1

nm

∑

ij

Xij ′ E[Xij ] = E[(WH)ij ] =

r∑

s=1

E[WisHsj ] (3.2.47)

where µX can be computed directly from the data matrix X. Similarly, one can derive a
closed form for the right-hand side of (3.2.47) by using the moments of the distributions
(3.2.39), (3.2.40). Indeed, since:

E[WisHsj ] = Eϱs

[
E[Wis|ϱs]E[Hsj |ϱs]

]
(3.2.48)

and:

E[Hsj |ϱs] = E[Wis|ϱs] =






(
2ϱs

1

) 1
2

for ◁2-ARD

ϱs for ◁1-ARD

E[ϱs] =
b

a→ 1

E[ϱ2s] =
b
2

(a→ 1)(a→ 2)

(3.2.49)

by combining (3.2.47), (3.2.48) and (3.2.49) we obtain:

µX =






2rb

1(a→ 1)
for ◁2-ARD

rb
2

(a→ 1)(a→ 2)
for ◁1-ARD

(3.2.50)

The relations above can then be transformed to yield the desired rule for b:

b̂ =






1(a→ 1)µX

2r
for ◁2-ARD

√
(a→ 1)(a→ 2)µX

r
for ◁1-ARD

(3.2.51)

Example

The Swimmer dataset [35] consists of n = 256 synthetic, vectorized images (20↓11 pixels
each). Each image shows a stylized swimmer with an invariant torso and four articulated
limbs, each of which can take one of four distinct configurations. In Figure 3.2, some of
the dataset’s elements are shown. The data matrix X containing such vectorized images
has an intrinsically low-rank r̂ = 16.
In Figure 3.3, we show the results obtained by applying ◁1-ARD to this dataset. We
chose ϖ = 1 and added Poisson noise to the input data matrix, initial rank r = 32, shape
hyperparameter a = 10 and threshold ▷ = 10

↑6.

49



3.3. NONNEGATIVE MATRIX FACTOR DECONVOLUTION (NMFD)

Figure 3.2: Sample of noisy images from the swimmer dataset.

3.3 Nonnegative Matrix Factor Deconvolution (NMFD)

Let X ↘ Mm↔n(R↗0) be a nonnegative matrix, D : Mm↔n(R↗0)↓Mm↔n(R↗0) ↑ R an
error measure between matrices, and rj ↘ N for j = 1, . . . , J some factorization ranks. The
problem of computing an NMFD of X can then be formulated as the following constrained
optimization:

min D(X,W ∀H)

s.t. W (j) ↘ Mm↔rj(R↗0) ≃j = 1, . . . , J

H(j) ↘ M1↔n(R↗0) ≃j = 1, . . . , J

(3.3.1)

where the convolution product ∀ is defined by:

W ∀H =

J∑

j=1

rj↑1∑

r=0

W (j):,r

↑↓ r

H(j) (3.3.2)

and ↑↓ r· denotes the column-wise right-shift operator of r columns, padding the r left-
most columns with zeroes. An analogous notation will be used for the left-shift operator
↖↑ r· . Unlike NMF, where each row of H is responsible for the activation of a single
column of W , in NMFD, the rows H(j) of the right factor are associated with an entire
dictionary W (j). The columns of W (j) are then activated in succession, one after the
other, whenever a coe"cient in H(j) is non-zero. Each W (j) is therefore a collection of
rj temporally-correlated columns2. The appeal of NMFD resides in its ability to model
correlation between data points (i.e. the columns of X). As we will briefly see in Section
3.4, this property is especially relevant when the data points form a time-series of features.
We remark that in this particular NMFD formulation, each dictionary W (j) has its own
rank rj . This idea was first proposed in [9] as a generalization of the work in [117], which
introduced NMFD. We also note that the NMFD framework described in (3.3.1), (3.3.2)
can be extended to handle convolutions along both input dimensions, i.e. features and
data points. Indeed, given some maximal feature shifts sj ↘ N for j = 1, . . . , J , one could
also consider the optimization:

2
For notational simplicity, in NMFD we label the columns of each W (j) starting from zero.
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Figure 3.3: Top: values of ϱ
(k)
s along iterations. The theoretical lower bound B

is the dashed red line. Bottom: unvectorized columns of W that survived the
pruning.

min D(X,W ∀H)

s.t. W (j) ↘ Mm↔rj(R↗0) ≃j = 1, . . . , J

H(j) ↘ Msj↔n(R↗0) ≃j = 1, . . . , J

(3.3.3)
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where now ∀ also cycles along the features:

W ∀H =

J∑

j=1

rj↑1∑

r=0

sj↑1∑

s=0

↙ s
W (j):,r

↑↓ r

H(j)s,: (3.3.4)

Here,
↙ s
· denotes the row-wise down-shift operator of s rows, padding the s top-most rows

with zeroes. Similar NMFD models [114, 129] have been explored in the case of both
constant ranks rj ∞ r and constant shifts sj ∞ s. To the authors’ knowledge, the specific
custom-sized formulation in (3.3.3), (3.3.4) has not yet been explored and is left for fu-
ture work.
Just like NMF, in NMFD the family of ϖ-divergences is again among the most popular
choices for the error measure D. In fact, everything that was presented in Section 3.2
still holds true with minor adjustments. Although less common compared to NMF, reg-
ularization of the factors is also an option in NMFD, leading to a general problem in the
form:

min F (W,H,X) = D(X,W ∀H) + ϑWφW (W ) + ϑHφH(H)

s.t. W (j) ↘ Mm↔rj(R↗0) ≃j = 1, . . . , J

H(j) ↘ M1↔n(R↗0) ≃j = 1, . . . , J

(3.3.5)

With a slight abuse of notation, throughout this section we may write W = {W (j)}j=1,...,J

and H = {H(j)}j=1,...,J .

3.3.1 Optimization

Generalizing Section 3.2.1, NMFD problems in the form (3.3.5) can be tackled by 2J-
BCD methods, where H(j) and W (j) are treated as individual blocks and updated in
succession. A high-level overview of this type of approach can be found in Algorithm
3.3.1, where, in particular:

· updateH(j)(W
(k)

, H
(k)

, X) is an approximate or exact 1-step solution to an iterative
subroutine employed to solve:

min F (W
(k)

, H,X)

s.t. H(j) ↘ M1↔n(R↗0)

(3.3.6)

starting from the initial estimate H
(k);

· updateW (j)(W
(k)

, H
(k+1)

, X) is an approximate or exact 1-step solution to an iterative
subroutine employed to solve:

min F (W,H
(k+1)

, X)

s.t. W (j) ↘ Mm↔rj(R↗0)

(3.3.7)

starting from the initial estimate W
(k).
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Algorithm 3.3.1: 2J-block coordinate descent scheme for problem (3.3.5)

Input: A matrix X ↘ Mm↔n(R↗0), factorization ranks rj ↘ N for j = 1, . . . , J and
initial estimates (W

(0)
, H

(0)
).

Output: An approximate solution to problem (3.3.5).

1: for k = 0, 1, . . . do:

2: for j = 1, . . . , J do:

3: H(j)
(k+1)

= updateH(j)(W
(k)

, H
(k)

, X)

4: end for

5: for j = 1, . . . , J do:

6: W (j)
(k+1)

= updateW (j)(W
(k)

, H
(k+1)

, X)

7: end for

8: end for

We highlight that Algorithm 3.3.1, as reported here, slightly deviates from standard 2J-
BCD schemes. Indeed, in a traditional 2J-BCD scheme, one should update H(j) (resp.
W (j)) to time k + 1 starting from {H(1)

(k+1)
, . . . , H(j → 1)

(k+1)
, H(j)

(k)
, . . . , H(J)

(k)}
(resp. {W (1)

(k+1)
, . . . ,W (j → 1)

(k+1)
,W (j)

(k)
, . . . ,W (J)

(k)}), while here we use H
(k)

(resp. W
(k)). This is commonplace in practical implementations. In fact, most up-

date rules require computing the reconstructed data matrix X̂ = W ∀H after each block
update. This slight variation allows the matrix X̂ to be reused across multiple steps,
significantly reducing the computational burden of the convolution operation.
Perhaps the most significant di!erence compared to NMF lies in the choice of update
rules. Whereas the SMM framework is by far the most common approach for NMF,
NMFD most often relies on heuristic update rules analogous to (3.2.26) and (3.2.27):

H(j)
(k+1)

= H(j)
(k) ̸

[
↔H(j)F

(
W

(k)
, H

(k)
, X

)]
↑[

↔H(j)F
(
W (k), H(k), X

)]
+

≃j = 1, . . . , J (3.3.8)

W (j)
(k+1)

= W (j)
(k) ̸

[
↔W (j)F

(
W

(k)
, H

(k+1)
, X

)]
↑[

↔W (j)F
(
W (k), H(k+1), X

)]
+

≃j = 1, . . . , J (3.3.9)

In the case F = Dϑ, one can easily obtain [129] the following:
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H(j)
(k+1)

= H(j)
(k) ̸

rj↑1
r=0 W (j)

(k)→
:,r

∃→→→→→→→→→→→→→→→→ r(
W

(k) ∀H(k)
)⇔(ϑ↑2) ̸X



rj↑1
r=0 W (j)

(k)→
:,r

∃→→→→→→→→→→→→ r(
W (k) ∀H(k)

)⇔(ϑ↑1)
 ≃j = 1, . . . , J

(3.3.10)

W (j)
(k+1)

= W (j)
(k) ̸



 · · ·

(
W

(k) ∀H(k)
)⇔(ϑ↑2) ̸X

 →→→↑ r

H(j)
(k)

↘

(
W (k) ∀H(k)

)⇔(ϑ↑1)
→→→↑ r

H(j)(k)
↘ · · ·





r=0,...,rj↑1

≃j = 1, . . . , J

(3.3.11)

3.3.2 Choice of the rank and number of dictionaries

Choosing the correct number of dictionaries, as well as their ranks, is crucial for NMFD
to produce the desired separation of the input data. For specific applications, expert
knowledge is often su"cient to identify the correct number of dictionaries J , as it involves
estimating the number of di!erent patterns (or sources) present in X. Estimating the
ranks rj for each pattern, on the other hand, is still a delicate matter. In this context,
NMFD carries an intrinsic ambiguity: a given pattern can either be inserted as a whole
into a dictionary W (j) and reconstructed in X̂ = W ∀H using a single coe"cient of H(j),
or it can be encoded as a low-rank pattern that requires multiple coe"cient activations.
Both cases have their merits: the former prioritizes data fidelity and the sparsity of the
right factor, while the latter trades such sparsity for a more parsimonious representation
of the data. If data fidelity is the main concern, however, one can still recover it even in
the latter case by postprocessing the final dictionary and activations. For example, one
may compress consecutive activations into a single activation and modify the dictionary
accordingly.
Although most techniques valid in an NMF setting can still be applied to NMFD, the
problem of estimating rj and, in particular, J , remains mostly unexplored. The closest
work on this topic can be found in [75], where either J is estimated given rj ∞ r, or vice
versa. In this section, we propose a possible approach for the joint estimation of J and
rj by generalizing the ARD method presented in Section 3.2.2 to an NMFD setting.
Just like in ARD, we assume a given upper bound J on the number of dictionaries, as
well as upper bounds rj ≃j = 1, . . . , J for their ranks. The goal is to find the optimal Ĵ
and r̂j . We then assign some dictionary-specific weights to each column of W (j), namely,
ω(j) = (ϱ1(j), . . . ,ϱrj(j)) ≃j = 1, . . . , J . Unlike before, each row H(j) is paired to a whole
dictionary W (j), rather than just a column; hence, the priors we place on the entries of
H must reflect this di!erence. We choose priors:

p(W (j)ar|ω(j)) = p (W (j)ar | ϱ(j)r)

p(H(j)b|ω(j)) = p

(
H(j)b

∣∣ 1
rj

rj
r=1

ϱ(j)r

) (3.3.12)
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where p is again either Half-Normal (◁2-ARD) or Exponential (◁1-ARD), as in (3.2.39).
Similarly, we use the same prior as in (3.2.40) for the weights; namely, p(ϱ(j)r; a, b) is
an inverse-Gamma distribution. For conciseness, we will write µω(j) =

1
rj

rj
r=1 ϱ(j)r and

ω = {ω(j)}j=1,...,J . In this framework, the MAP objective function is given by:

F (W,H,X,ω) = Dϑ(X,W ∀H)

+

J
j=1

 rj
r=1

(
f(W (j):,r) + b

ϱ(j)r
+ c1 log ϱ(j)r

)
+

f(H(j))

µω(j)
+ c2 log µω(j)



(3.3.13)

where f(x) =
1
2⇒x⇒

2
2, c1 =

m
2 + a + 1, c2 =

n
2 for the Half-Normal case and f(x) = ⇒x⇒1,

c1 = m + a + 1, c2 = n for the Exponential case. Notice that when rj ∞ 1, NMFD is
equivalent to NMF, and the objective (3.3.13) simplifies to (3.2.41). By employing the
heuristic updates for W,H, as well as updating ω(j) by setting to zero the gradient of F ,
one obtains the following scheme for ◁2-ARD:

H(j)
(k+1)

= H(j)
(k) ̸

rj↑1
r=0 W (j)

(k)→
:,r

∃→→→→→→→→→→→→→→→→ r(
W

(k) ∀H(k)
)⇔(ϑ↑2) ̸X



rj↑1
r=0 W (j)

(k)→
:,r

∃→→→→→→→→→→→→ r(
W (k) ∀H(k)

)⇔(ϑ↑1)

+
H(j)

(k)

µω(j)

≃j = 1, . . . , J

W (j)
(k+1)

= W (j)
(k) ̸




· · ·

(
W

(k) ∀H(k)
)⇔(ϑ↑2) ̸X

 →→→↑ r

H(j)
(k)

↘

(
W (k) ∀H(k)

)⇔(ϑ↑1)
→→→↑ r

H(j)(k)
↘
+
W (j)

(k)
:,r

ϱ(j)
(k)
r

· · ·





r=0,...,rj↑1

≃j = 1, . . . , J

0 =
1

rjµω(j)(k+1)

(
c2 → ⇓H(j)(k+1)⇓22

2µ
ω(j)(k+1)

)
ω(j)(k+1)↔2

+ c1ω(j)(k+1) → 1
2


W (j)

(k+1)↔2
↘

1m↔1 → b ≃j = 1, . . . , J

(3.3.14)

and, similarly, for ◁1-ARD:
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H(j)
(k+1)

= H(j)
(k) ̸

rj↑1
r=0 W (j)

(k)→
:,r

∃→→→→→→→→→→→→→→→→ r(
W

(k) ∀H(k)
)⇔(ϑ↑2) ̸X



rj↑1
r=0 W (j)

(k)→
:,r

∃→→→→→→→→→→→→ r(
W (k) ∀H(k)

)⇔(ϑ↑1)

+
11↔n

µω(j)

≃j = 1, . . . , J

W (j)
(k+1)

= W (j)
(k) ̸




· · ·

(
W

(k) ∀H(k)
)⇔(ϑ↑2) ̸X

 →→→↑ r

H(j)
(k)

↘

(
W (k) ∀H(k)

)⇔(ϑ↑1)
→→→↑ r

H(j)(k)
↘
+
1m↔1

ϱ(j)
(k)
r

· · ·





r=0,...,rj↑1

≃j = 1, . . . , J

0 =
1

rjµω(j)(k+1)

(
c2 → ⇓H(j)(k+1)⇓1

µ
ω(j)(k+1)

)
ω(j)(k+1)↔2

+ c1ω(j)(k+1) →
(
W (j)

(k+1)
)↘

1m↔1 → b

(3.3.15)
Unlike the analogous relations (3.2.44) and (3.2.43) for NMF, updating ω(j) in this
newly proposed framework requires solving a quadratic system of coupled equations. In
practice, we use a non-linear solver with ω(j)(k) as the starting point. Notice again
that when rj ∞ 1, the system contains only one equation, and we recover the updates
presented in Section 3.2.2. Let us now discuss the lower bound B(j) needed for pruning
the dictionaries W (j). Assuming that such a value is reached when both H(j) and W (j)

are driven to zero by the multiplicative updates, one obtains the equation:

c2

rjµω(j)
ω(j)⇔2 + c1ω(j)→ b = 0 (3.3.16)

For the dictionary W (j) to be pruned, the mean µω(j) must reach the lower bound B(j).
At the same time, when that is the case, we expect all weights ϱ(j)r to be equal. We can
therefore obtain B(j) by simply setting ϱ(j)r ∞ B(j) in (3.3.16). With this configuration,
the system rank drops to 1, and we obtain:

B(j) =
b

c1 +
c2

rj

≃j = 1, . . . , J (3.3.17)

which is again consistent with the previous lower bound for NMF. For a threshold ▷ > 0,
the optimal number of dictionaries will be given by:

Ĵ =

∣∣∣∣

{
j ↘ {1, . . . , J} :

µω(j)(k) →B(j)

B(j)
> ▷

} ∣∣∣∣ (3.3.18)

Due to the coupling of the equations, deriving lower bounds for the single weights ϱ(j)r

within dictionaries W (j) that survive the pruning is not straightforward. In general, such
a lower bound will depend on the total number of columns of W (j) that have been driven
to zero by the multiplicative updates: in our notation, this number is rj → r̂j . As a
result, if we knew the correct lower bound, we would already know r̂j , hence defeating
the purpose of applying this lower bound-based pruning. Nevertheless, r̂j can still be
estimated empirically by either inspecting which columns of W (j) have been driven to
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zero or simply by inspecting the weight vector ω(j). In the latter option, the weights
ϱ(j)r associated with zero-columns will be much lower than those associated with non-
zero-columns.
When it comes to the selection of the hyperparameter b > 0, only ◁1-ARD admits a closed
form solution. In particular, letting:

µX =
1

nm

∑

ab

Xab ′ E[Xab] = E[(W ∀H)ab] (3.3.19)

we can expand the right-hand side as a function of b:

µX = b
2


J

(a→ 1)(a→ 2)
+

J
j=1 rj → J

(a→ 1)2


for ◁1-ARD (3.3.20)

The desired rule for b is, therefore, given by:

b̂ =

√
µX

J
(a↑1)(a↑2) +

∑
J

j=1 rj↑J

(a↑1)2

for ◁1-ARD (3.3.21)

Consistency with (3.2.51) is preserved when rj ∞ 1. We refer the reader to Appendix 3.C
for more details regarding the derivation of (3.3.20).

Example

We employ the swimmer dataset [35] again; however, instead of vectorizing the images, we
construct the data matrix X by concatenating them. The resulting matrix has n = 256↓11

columns. Unlike before, the optimal number of dictionaries J to use with NMFD is not
necessarily 16. Indeed, we notice that the patterns "left arm up" and "right arm up"
can be compressed into a single one, "arm up", which is then activated either on the
left or on the right of the torso. A similar reasoning also holds for the pairs ("left arm
out", "right arm out"), ("left leg down", "right leg down"), and ("left leg out", "right leg
out"). Assuming that single patterns are not split into multiple dictionaries during the
optimization, the optimal number of dictionaries is Ĵ = 13. As for the ranks, we notice
that the patterns "leg out" and "arm out" can be described either with a rank-1 pattern
that is activated 3 times in succession or by a single activation of a rank-3 pattern.
In Figure 3.4, we show the results obtained by applying ◁1-ARD to this dataset. We chose
ϖ = 1 and added Poisson noise to the input data matrix, initial number of dictionaries
J = 26, ranks rj ∞ 6, shape hyperparameter a = 5 ↓ 10

4 and threshold ▷ = 10
↑3. In

particular, we see that the patterns "leg down", "left leg at 45⇔" and "right leg at 45⇔" have
been split into 3 patterns encoding individual pixels (dictionaries 8, 9, 13). Nevertheless,
this does not a!ect the recovered optimal number of dictionaries. Lastly, Figure 3.5 shows
the weights ω(j)(k) for a selection of dictionaries.

3.4 NMF-based audio analysis

Single-channel audio processing and analysis are among the most significant application
domains in which NMF is widely used. In fact, the spectrogram of a discrete audio
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Figure 3.4: Top: values of µω(k) along iterations. The theoretical lower bound
B(j) ∞ B is the dashed red line. Bottom: dictionaries W (j) that survived the
pruning.

signal is a frequency-by-time nonnegative matrix that captures the signal’s frequency
evolution over time. In this context, time frames are seen as data points and frequencies as
features. By applying NMF to spectrograms, one can therefore extract relevant frequency
patterns, monitor their appearance within the signal, and relate them to their sources.
As a high-level approach, NMF can therefore be regarded as a solid and versatile baseline
for spectrogram-based audio processing, allowing customization to specific application
requirements and objectives, thanks to its many variants. In particular, its relatively
inexpensive update rules and straightforward algorithmic implementation make it well
suited for real-time applications where computational resources are limited.
In the following sections, we will denote x ↘ RN a discrete-time audio signal, X̌ =

STFT(x) ↘ Mm↔n(C) its (complex) Short-Time Fourier Transform (STFT)3 and X =

|X̌|2 its spectrogram, computed by taking the elementwise squared norm of X̌. In general,
the size of X depends on the chosen STFT parameters, such as window length and hop
size.

3
For audio signals, the check ·̌ will always denote the STFT operator.
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Figure 3.5: Top: a selection of dictionaries W (j) that survived the pruning. Bot-
tom: the corresponding weight vectors ω(j)(k)

3.4.1 Noise reduction

Audio signals are frequently a!ected by a wide range of noise sources, which can signif-
icantly degrade signal quality and hinder subsequent analysis. Consequently, denoising
represents a fundamental step in audio processing, as it aims to suppress unwanted noise
components while preserving the underlying clean (or target) signal, thereby enabling
more accurate and reliable analysis. In this context, the recorded audio mixture x can be
additively decomposed into a target component s ↘ RN and a noise component n ↘ RN :

x = s+ n (3.4.1)

and the goal is to recover s given x. Spectrogram-based denoising and separation are
based on the observation that the spectrogram X can be expressed through a comparable
approximate decomposition. Namely, denoting S and N the spectrograms of s and n

respectively, it holds:

X ′ S +N (3.4.2)

This property, commonly referred to as spectrogram additivity, holds only approximately,
as the phase information of the signals is discarded. In general, the greater the overlap
between s and n in the frequency domain, the more pronounced the discrepancy between
X and S + N becomes. Nevertheless, spectrogram additivity is typically assumed in
practice, and in most applications (3.4.2) provides a su"ciently accurate approximation.
The key insight linking spectrogram-based audio processing with NMF is that NMF pro-
vides a naturally additive decomposition of the data X. In particular, given an NMF
approximation X ′ WH, the factors can be partitioned into two distinct blocks:
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W =
[
WS WN

]
H =


HS

HN


(3.4.3)

which leads to the additive decomposition:

X ′ WSHS +WNHN = X̂ (3.4.4)
The estimated target and noise spectrograms are therefore given by Ŝ = WSHS and
N̂ = WNHN . This general framework can be fine-tuned in countless ways, depending
on the specific task [134, 74, 60]. Here and in Chapter 4, however, we will focus on a
particular approach that takes advantage of Wiener filtering. In order to recover the
desired target signal s from the estimated spectrograms Ŝ and N̂ is to apply a Wiener
filter F ↘ Mm↔n(R↗0) to the complex STFT X̌:

ŝ = ISTFT

F

⇔ 1
2 ̸ X̌


= ISTFT


F

⇔ 1
2 ̸ STFT(x)


(3.4.5)

where ISTFT denotes the inverse STFT operator. The Wiener filter, in particular, can
be constructed as:

F =
Ŝ

X̂
=

WSHS

WH
(3.4.6)

The objective of F is to selectively attenuate the time-frequency patterns corresponding
to noise while preserving those that constitute the target signal. Observe, in fact, that
the spectrogram of the complex matrix to which we apply the ISTFT in (3.4.5) provides
an approximation of the estimated clean spectrogram:

|F ⇔ 1
2 ̸ X̌|2 = F ̸X =

Ŝ

X̂
̸X ′ Ŝ (3.4.7)

The main challenge in this framework is obtaining an NMF of X with a suitable two-block
split of the factors. In (3.4.4), we implicitly assumed that the frequency patterns in WS

characterize the target signal, while those in WN characterize the noise. In general, apply-
ing NMF to X without prior knowledge of the problem will not yield such a factorization.
Accordingly, one often assumes a given optimal dictionary Ŵ that inherently possesses
these properties. Depending on the application, Ŵ can be constructed from available
data as a preprocessing step. By optimizing only the right factor while keeping Ŵ fixed,
we obtain the desired NMF of X:

min D1(X, ŴH) + ϑH⇒H⇒1
s.t. H ↘ Mr↔n(R↗0)

(3.4.8)

When working with audio spectrograms, the Kullback-Leibler divergence (ϖ = 1) is one
of the most popular choices. In (3.4.8), we also added a sparsity regularizer for H.

3.4.2 Source separation and detection

Audio source separation involves decomposing an input mixture x into its additive parts.
Unlike conventional noise reduction, this process can account for several target compo-
nents si ↘ RN (i = 1, . . . , I) and multiple noise components nj ↘ RN (j = 1, . . . , J):
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x = s1 + · · ·+ sI + n1 + · · ·+ nJ (3.4.9)
The goal is to recover each si given x. As before, approximate spectrogram additivity
yields:

X ′ S1 + · · ·+ SI +N1 + · · ·+NJ (3.4.10)
and with an appropriate split of the NMF factors:

W =
[
WS1 · · · WSI

WN1 · · · WNJ

]

H =
[
H

↘
S1

· · · H
↘
SI

H
↘
N1

· · · H
↘
NJ

]↘
(3.4.11)

one possible approach is to proceed as in Section 3.4.1, treating each si as the target and
all remaining components as the noise [102]:

ŝ
i

= ISTFT

F

⇔ 1
2

i ̸ X̌

= ISTFT


F

⇔ 1
2

i ̸ STFT(x)



Fi =
Ŝi

X̂
=

WSi
HSi

WH

(3.4.12)

Again, one often assumes a given optimal dictionary Ŵ that inherently allows for the
desired splitting of the factors. The right factor H is then optimized as in (3.4.8) keeping
W fixed.
An e!ective and elegant strategy for source separation, especially with sources displaying
distinct time-frequency signatures, is to use NMFD. The method’s ability to incorporate
multiple dictionaries enables the allocation of one dictionary per source for accurate recon-
struction. In this setting, we can let J̄ = JS¬̇JN with JS = {1, . . . , I}, JN = {1, . . . , J}
and replace the Wiener filter in (3.4.12) with:

Fi =
Ŝi

X̂
=

W (i) ∀H(i)

W ∀H (3.4.13)

where W (i) is the dictionary associated with si. The optimization problem for the right
factor becomes:

min D1(X, Ŵ ∀H)

s.t. H(j) ↘ M1↔n(R↗0) ≃j ↘ J̄

(3.4.14)

In the following Chapter 4, we will focus on a variant of the source separation problem,
namely source detection. Unlike source separation, where the goal is to reconstruct the full
target si, source detection is concerned solely with determining its presence or absence.
The mixture is therefore in the form:

x = ϑ
S
1 s1 + · · ·+ ϑ

S
I sI + n1 + · · ·+ nJ (3.4.15)

where ϑ
S
i ↘ {0, 1} are binary coe"cients that model the presence or absence of the

corresponding target component.
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Appendix

3.A Supporting results

Theorem 3.A.1 (Eckart-Young). Let X ↘ Mm↔n(R) and let (U,%, V ) be its SVD. Let

also r ⇑ min(m,n) and Xr =

r
s=1

σsU:,sV
↘
:,s be the rank-r truncated SVD of X. Then it

holds:

min
rank(B)∝r

⇒X →B⇒2F = ⇒X →Xr⇒2F =

min(m,n)∑

s=r+1

σ
2
s

Proof: See [38].

3.B Convergence results for n-BCD schemes

Algorithm 3.2.1 relies on two iterative subroutines applied to problems (3.2.23) and
(3.2.22) to produce update rules for each factor. In this context, Majorization-Minimization
(MM) schemes form a class of iterative methods that can be applied to the following, more
general optimization problem:

min f(x)

s.t. x ↘ !

(3.B.1)

Denoting x
(k) ↘ ! the current iterate, such schemes have a two-step structure:

1. Majorization step. Construct a majorizer of f at x
(k), that is, a function g(x

(k)
; · )

satisfying:

(i) g(x
(k)

; x) ⇐ f(x) ≃x ↘ !;
(ii) g(x

(k)
; x

(k)
) = f(x

(k)
).

2. Minimization step. Define x
(k+1) ↘ argmin

x≃”
g(x

(k)
; x).

The simple conditions satisfied by the majorizer g are enough to guarantee a monotone
decrease of the objective function. Indeed, it is trivial to check that:

f(x
(k+1)

) ⇑ g(x
(k)

; x
(k+1)

) ⇑ g(x
(k)

; x
(k)

) = f(x
(k)

)
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As a consequence, the only hurdle in applying these schemes is constructing a majorizer
simple enough so that a global minimizer of g(x(k); · ) can be computed in closed form at
every iteration. One way of achieving this, for example, is choosing g in the form:

g(x
(k)

; x) =

∑

i

gi(x
(k)

; xi)

where the gi’s are univariate functions. In this case computing a global minimizer of g is
equivalent to working out global minimizers for every gi.
Problem (3.B.1), although more general than (3.2.23) and (3.2.22), does not take into
account that in our NMF setting the objective function depends also on external pa-
rameters, namely the H

(k) variables for problem (3.2.23) and the W
(k+1) variables for

problem (3.2.22). The majorization-minimization framework presented so far imposes
no regularity on the majorizer with respects to those parameters. As a consequence, it
will be useful to introduce a more encompassing framework which we will refer to as
Smooth Majorization-Minimization (SMM). Given a map f : X = !1 ↓ · · · ↓ !n ↑ R
where !i ∅ Rni and a current iterate (x

(k)
1 , . . . , x

(k)
n ) ↘ X , such schemes can be applied

to optimization problems in the form:

min f(x1, x
(k)
2 , . . . , x

(k)
n )

s.t. x1 ↘ !1

(3.B.2)

Much like in the MM framework, SMM schemes follow a similar two-step structure:

1. Majorization step. Construct a smooth, uniform majorizer of f , that is, a function
g : !1 ↓ X ↑ R satisfying:

(i) g(x, x1, . . . , xn) ⇐ f(x, x2, . . . , xn) ≃x ↘ !1, ≃(x1, . . . , xn) ↘ X ;

(ii) g(x1, x1, . . . , xn) = f(x1, . . . , xn) ≃(x1, . . . , xn) ↘ X ;

(iii) g ↘ C1
(!1 ↓ X );

(iv) d • (↔xg(x1, x1, . . . , xn)→↔x1f(x1, . . . , xn)) = 0 ≃(x1, . . . , xn) ↘ X and ≃d ↘ Rn1

such that x1 + d ↘ !1.

2. Minimization step. Define x
(k+1)
1 ↘ argmin

x≃”1

g(x, x
(k)
1 , . . . , x

(k)
n ).

Simply put, SMM schemes require additional regularity on the majorizer. Indeed, at the
current parameter iterate, the chosen map g must be a majorizer and its partial derivatives
must coincide with those of the objective function. Moreover, these two properties must
be satisfied uniformly for all such iterates.
In the following, we will provide some convergence results for n-Block Coordinate Descent
(n-BCD) methods. In particular, given the problem:

min f(x1, . . . , xn)

s.t. (x1, . . . , xn) ↘ X = !1 ↓ · · ·↓ !n

(3.B.3)

all n-BCD methods follow the scheme presented in Algorithm 3.B below:
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Algorithm 3.B Block coordinate descent scheme for problem (3.B.3)

Input: An initial point x
(0)

= (x
(0)
1 , . . . , x

(0)
n ) ↘ X

Output: An approximate solution to problem (3.B.3).

1: for k = 0, 1, . . . do:

2: for i = 1, 2, . . . do:

3: x
(k+1)
i = updatexi

(x
(k+1)
1 , . . . , x

(k+1)
i↑1 , x

(k)
i , . . . , x

(k)
n )

4: end for

5: end for

where, in particular, updatexi
(x

(k+1)
1 , . . . , x

(k+1)
i↑1 , x

(k)
i , . . . , x

(k)
n ) is either an approximate

or exact 1-step solution to an iterative subroutine employed to solve:

min f(x
(k+1)
1 , . . . , x

(k+1)
i↑1 , xi, x

(k)
i+1, . . . , x

(k)
n )

s.t. xi ↘ !i

(3.B.4)

starting from the initial estimate x
(k)
i .

Again, if at each iteration all updatexi
’s are initialized to the exact 1-step solution of

their respective subroutines, the resulting algorithm is called exact n-BCD method.
With respect to the above notation, we are now ready to state three convergence results:

Theorem 3.B.1. The limit points of the iterates of an exact 2-BCD algorithm are sta-
tionary points of problem (3.B.3) provided that the following conditions hold:

1. f ↘ C1
(X );

2. !1 and !2 are closed convex sets.

Proof: See [59, Corollary 2].

As far as Algorithm 3.2.1 is concerned, the second condition is always satisfied since
the nonnegative orthant is a closed convex set. On the other hand, when working with
ϖ-divergences, the validity of the first condition must be cross-checked using Table 2.

Theorem 3.B.2. The limit points of the iterates of an exact n-BCD algorithm are sta-
tionary points of problem (3.B.3) provided that the following conditions hold:

1. f ↘ C1
(X );

2. !i is a closed convex set ≃i = 1, . . . , n;

3. Problem (3.B.4) admits a unique global solution independently of the variables
(x1, . . . , xi↑1, xi+1, . . . .xn) ↘ !1 ↓ · · ·↓ !i↑1 ↓ !i+1 ↓ · · ·↓ !n, ≃i = 1, . . . , n;

4. updatexi
must return the exact global solution ≃i = 1, . . . , n.
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Proof: See [11, Proposition 2.7.1].

The main drawback of this result lies in condition 4, which requires solving problems
(3.B.4) exactly rather than simply returning a 1-step solution of an iterative subroutine.
The following theorem addresses precisely this inconvenience:

Theorem 3.B.3. The limit points of the iterates of an exact n-BCD algorithm are sta-
tionary points of problem (3.B.3) provided that the following conditions hold:

1. f ↘ C1
(X );

2. !i is a closed convex set ≃i = 1, . . . , n;

3. The subroutines employed for problems (3.B.4) follow a SMM framework and either
one of the following is satisfied:

(i) the majorizers are quasi-convex in the first variables and their minimum is
uniquely attained;

(ii) the level set X0 = {x ↘ X : f(x) ⇑ f(x
(0)

)} is compact and at least n → 1 of
the majorizers have an uniquely attained minimum.

Proof: See [107, Theorem 2].

In particular, an exact n-BCD algorithm that satisfies the hypothesis of Theorem (3.B.3)
is part of the so called Block Successive Upper-bound Minimization (BSUM) framework.

3.C Details for Section 3.3.2

Let us denote J ↘ Mn↔n(R) the following nilpotent matrix and rewrite the shift operators
for any A ↘ Mm↔n(R) as:

J =





0 1 0 0

0

1

0 0





↑↓ r
A = AJ

r
↖↑ r
A = A (J

r
)
↘

We can therefore write:

(W ∀H)ab =

J∑

j=1

rj↑1∑

r=0

W (j)ar

n∑

q=1

H(j)q(J
r
)qb (3.C.1)

Taking the expectation and conditioning over ω(j), we get:
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E[(W ∀H)ab] =

J
j=1

rj↑1
r=0

n
q=1

(J
r
)qbE[W (j)arH(j)q]

=

J
j=1

rj↑1
r=0

n
q=1

(J
r
)qbEω(j)[E[W (j)ar|ω(j)]E[H(j)q|ω(j)] ]

(3.C.2)

For ◁1-ARD, recalling (3.2.49) and (3.3.12), we get:

E[(W ∀H)ab] =

J
j=1

rj↑1
r=0

n
q=1

(J
r
)qbEω(j)[ϱ(j)rµω(j) ]

=

J
j=1

rj↑1
r=0

Eω(j)[ϱ(j)rµω(j) ] =

J
j=1

rjEω(j)[ϱ(j)rµω(j) ]

=

J
j=1

Eω(j)[ϱ(j)r

rj
s=1

ϱ(j)s ] =

J
j=1

Eω(j)[ϱ(j)
2
r +

rj
r ′=s=1

ϱ(j)rϱ(j)s ]

=

J
j=1


b2

(a↑1)(a↑2) +
b2

(a↑1)2 (rj → 1)


= b

2

(
J

(a↑1)(a↑2) +

∑
J

j=1 rj↑J

(a↑1)2

)

(3.C.3)
where, in the second step, we assume b ⇐ maxj rj so that

n
q=1(J

r
)qb ∞ 1. For ◁2-ARD,

on the other hand, we get:

E[(W ∀H)ab] =

J
j=1

rj↑1
r=0

n
q=1

(J
r
)qbEω(j)


2ϱ(j)r

⇀

 1
2

2µω(j)

⇀

 1
2



=

J
j=1

rj↑1
r=0

Eω(j)


2ϱ(j)r

⇀

 1
2

2µω(j)

⇀

 1
2


=

J
j=1

rj↑1
r=0

2
⇀Eω(j)

√
ϱ(j)rµω(j)



=

J
j=1

2
∞
rj

⇀ Eω(j)

√

ϱ(j)r

rj
s=1

ϱ(j)s



(3.C.4)
In this case, E[(W ∀H)ab] does not admit a simple closed form.
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Deep nonnegative matrix factorizations

This chapter investigates several deep architectures derived from NMF and their applica-
tion to audio tasks, including enhancement and hit detection. We detail the distinctions
between these architectures, explain the rationale behind key design choices, and provide
a comprehensive overview of the training procedure, covering all backpropagation rela-
tions. The chapter concludes with a comparison of computational and memory costs,
focusing on real-time deployment on resource-constrained microcontrollers.

4.1 Introduction

While Nonnegative Matrix Factorization (NMF) provides a powerful framework for de-
composing signals into additive, interpretable components, it is inherently limited by its
unsupervised nature and the simplicity of its factorization model. Standard NMF often
produces factorizations that are generic and may not align with specific application goals,
such as emphasizing particular features in the data or capturing domain-specific structure.
Moreover, in complex signals, such as audio mixtures or mechanical vibrations, classical
NMF can struggle to exploit temporal correlations or prior knowledge about the sources,
leading to suboptimal separations. These limitations motivate the use of supervised and
structured machine learning approaches to guide the factorization towards solutions that
are both meaningful and task-specific. By incorporating training data, prior information,
or architectural constraints, such methods can enforce desirable properties in the learned
components, improve robustness to noise, and enable the detection of subtle patterns
that would otherwise be obscured. In this chapter, we focus on deep extensions of NMF
that leverage the idea of unrolling iterative NMF updates into multi-layer architectures.
These frameworks integrate data-driven learning with the interpretability and constraints
of NMF, e!ectively combining model-based and learning-based paradigms. In particular,
we study three architectures in detail: Deep-NMF [64], which unrolls standard NMF into
a deep network to enable discriminative training; PAD-NMF (Physics-Aware Deep-NMF)
[22], which incorporates structured priors and masks to embed physical knowledge and
temporal correlations; and Deep-NMFD, which extends the NMF framework to convo-
lutional dictionaries to capture long-range temporal dependencies. Across these archi-
tectures, we analyze their design choices, training procedures, and applications to audio
processing tasks such as source separation, enhancement, and hit detection, highlighting
how deep NMF variants can overcome the limitations of classical NMF while remaining
interpretable and computationally e"cient.
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4.2 Deep-NMF (DNMF)

This section briefly introduces the Deep-NMF architecture, originally proposed in [64]
as a canonical example of the Deep Unfolding paradigm. We consider the same general
setting described in Section 3.4.1, in which NMF-based methods are employed for noise
reduction, with a particular focus on speech enhancement. Within this framework, the
observed spectrogram X represents a mixture of target speech and environmental noise.
As discussed in Section 3.4.1, denoising is achieved by constructing an appropriate Wiener
filter from the resulting NMF factors. The key idea explored in [64] is to leverage ma-
chine learning techniques to optimize the NMF factorization explicitly for Wiener filter
estimation. This is accomplished by embedding the traditional NMF optimization prob-
lem (3.4.8) into a bilevel optimization framework and subsequently applying the Deep
Unfolding methodology described in Section 2.4. The resulting network will be used as a
baseline for the proposed methodology of Section 4.3.

4.2.1 Network architecture

To employ the bilevel optimization framework, the original optimization problem must
first be reformulated. Specifically, among the NMF factorizations that are optimal in
the sense of (3.4.8), we aim to identify those that yield an optimal Wiener filter F as
defined in (3.4.6). Under this perspective, the inner optimization problem is given by
(3.4.8). Using the notation introduced in Chapter 2, the matrix X corresponds to the
observation, while the task-specific optimal dictionary Ŵ plays the role of the parameter
vector ε. Similarly, the admissible search space for the optimization variable H is the
nonnegative orthant, namely !H = Mr↔m(R↗0). Note that the factorization rank r is
not treated as a hyperparameter in this setting, as it is implicitly determined by the
dictionary Ŵ . The resulting inner objective function is therefore given by:

F in
(H,W,X) = D1(X,WH) + ϑH⇒H⇒1 (4.2.1)

Moreover, as discussed in Section 3.2.1, the update rule (3.2.26) defines an optimization
scheme for the inner problem (4.2.1). In the particular case ϖ = 1 with an additional
sparsity regularization term, this leads to the following inner map:

f
in
(H,W,X) = f

in
W (H) = H ̸

W
↘
(

X

WH

)

W↘1m↔n + ϑH
(4.2.2)

As for the outer optimization problem, given the target spectrogram S (which we consider
part of the observation (X,S) for the inner problem), we define the following objective:

F out
(H,W, (X,S)) = F out

(H,W ) =
1

2
⇒S → F ̸X⇒22 =

1

2

S → WSHS

WH
̸X


2

2

(4.2.3)

where we assume a two-block split of the factors, as in (3.4.3). As can be seen from
(4.2.3), the objective of the resulting network architecture is to optimize the construction
of the Wiener filter F to more e!ectively extract the target spectrogram S from the noisy
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mixture X.
The baseline network is constructed by unrolling the inner mapping (4.2.2) for a fixed
number of iterations K and by untying the parameters W across layers. However, such an
architecture is generally insu"cient to recover the desired NMF factors and, consequently,
to produce an e!ective Wiener filter F . This limitation arises because the network,
in its current form, imposes no constraints on the types of spectral patterns it should
preferentially learn, nor on how these patterns should be distributed between the two
dictionary blocks W

(k)
S and W

(k)
N at each layer. To address these issues, in [64], the

authors propose distinguishing between two types of network layers: non-discriminative
and discriminative. In a non-discriminative layer k, the dictionary is fixed to the optimal
one, namely W

(k)
= Ŵ , and those parameters are not modified by backpropagation. In

a discriminative layer k, on the other hand, the network is free to update the dictionary
W

(k) by backpropagation. For a given C ⇑ K, the first K → C layers are set as non-
discriminative. The remaining C layers, with the exception of the final reconstruction
layer, are discriminative. The last dictionary W

(K), which is used only for reconstruction
within the outer objective (i.e. the loss function), is also fixed and set equal to Ŵ . An
overview of the architecture is shown in Figure 4.1.

H
(0) · · · H

(K↑C) · · · H
(K) F out

(H
(K)

,W
(K)

)

f in

W
(0) f in

W
(K↑C↑1) f in

W
(K↑C) f in

W
(K↑1)

K↑C non-discriminative layers C discriminative layers

Figure 4.1: Deep-NMF network architecture [64]. The last C discriminative layers
have trainable dictionaries W (k) while the first K→C non-discriminative layers have
fixed dictionaries W

(k) ∞ Ŵ .

The motivation for adopting this architecture lies in the interpretability preserved by the
unfolded NMF iterations:

· The first K → C layers of the network correspond to the initial K → C iterations of the
update scheme (3.2.26). Their role is to drive the coe"cient matrix H

(K↑C) su"ciently
close to a minimizer of Problem (3.4.8), using a dictionary Ŵ that is optimal for the
task under consideration.

· The subsequent C intermediate layers employ learned dictionaries to further refine the
representation, guiding H

(K↑C) toward the final coe"cient matrix H
(K) used to produce

the network output. Unlike the preceding layers, these dictionaries are trained and
therefore can both help escape poor local minima and enforce task-specific structure on
H

(K), as dictated by the training loss F out.

· Finally, the last layer again makes use of the optimal dictionary Ŵ together with the
optimized coe"cient matrix H

(K) to reconstruct and extract the features of interest
from the input spectrogram X.

As a general rule of thumb, the greater the complexity of the dataset to be modeled by
the Deep-NMF architecture, the larger the value of C should be. Furthermore, since in
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the present implementation the first K → C layers employ a fixed dictionary Ŵ , the to-
tal number of layers K may be chosen according to standard NMF practice for selecting
the maximum number of iterations. In particular, K can be set such that, after K → C

coe"cient updates, the relative residual ⇒H(K↑C) →H
(K↑C↑1)⇒2 falls below a predefined

threshold. This criterion guarantees the convergence of H(K↑C) to a stationary point of
(3.4.8).
We also note an additional technical modification aimed at incorporating temporal cor-
relations into the network architecture. In the non-discriminative layers, the observed
spectrogram matrix X (together with the optimal dictionary Ŵ ) is extended to form a
block-Hankel–augmented spectrogram. The extent of this augmentation is governed by
a parameter T ↘ N, which determines the number of consecutive spectrogram frames
assumed to be temporally correlated. Further discussion of this modification is deferred
to the next section.

4.2.2 Backpropagation

The general backpropagation scheme for unfolded networks derived from bilevel opti-
mization was introduced in Section 2.4.1. We emphasize, however, that standard gradient
descent updates applied to the network parameters W

(k) do not preserve their nonnega-
tivity, a property that is essential for maintaining interpretability within the NMF frame-
work. As a result, the standard backpropagation relations require a slight modification.
Motivated by the multiplicative NMF update rule (3.2.27), and adopting the notation
introduced in Section 2.4.1, in [64], the authors propose updating each W

(k) according to:

W
(k) △ W

(k) ̸


↔W (k)F̂



↑
↔W (k)F̂



+

≃k = K → C, . . . , K → 1 (4.2.4)

This modification requires backpropagating both the positive and negative components
of the gradient, rather than the gradient as a whole, as is typically done in conventional
neural networks. Specifically, (4.2.4) involves [↔W (k)F̂ ]±, which in turn depend on the
parameter gradient map #W through the terms [#W (↔H , H,W,X)]±. These terms are
defined as follows:

[#W (↔H , H,W,X)]± =
X

WH

(
H

W↘1m↔n + ϑH
̸ [↔H ]±

)↘

+


X

(WH)
⇔2 ̸


W

(
H

W↘1m↔n + ϑH
̸ [↔H ]∈

)
H

↘

+ 1m↔n


H

(W↘1m↔n + ϑH)
⇔2 ̸

(
W

↘ X

WH

)
̸ [↔H ]∈

↘

→ W ̸


X

(WH)
⇔2


H

⇔2

W↘1m↔n + ϑH
̸
(
[↔H ]± + [↔H ]∈

)↘


(4.2.5)
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Similarly, (4.2.5) applied to (2.4.6) involves [↔H ]± = [↔H(k)F̂ ]±, which in turn depend
on the state gradient map #H and the final state gradient map #K through the terms
[#H(↔H , H,W,X)]± and [#K(H,X)]±. The latter are in the form:

[#H(↔H , H,W,X)]± =

W
↘
(

X

WH

)

W↘1m↔n + ϑH
̸ [↔H ]±

+ W
↘


X

(WH)
⇔2 ̸


W

(
H

W↘1m↔n + ϑH
̸ [↔H ]∈

)
(4.2.6)

[#K(H,X)]+ =





Ŵ
↘
S




X

⇔2 ̸ ŴSHS ̸ ŴNHN
ŴH

⇔3





Ŵ
↘
N




X ̸ S ̸ ŴSHS

ŴH

⇔2









[#K(H,X)]↑ =





Ŵ
↘
S




X ̸ S ̸ ŴNHN

ŴH

⇔2





Ŵ
↘
N




X

⇔2 ̸

ŴSHS

⇔2


ŴH

⇔3









(4.2.7)

For a detailed derivation of these relations, refer to [64].

4.3 Physics-Aware Deep-NMF (PAD-NMF)

The Deep-NMF architecture presented in the previous section should not be regarded as
a general-purpose solution for audio processing. It was specifically designed for speech
denoising, and therefore there is no guarantee that it will perform e!ectively on other
audio-related tasks, even when such tasks exhibit apparent similarities. In this section,
we revisit the work presented in [22], in which the Deep-NMF architecture is adapted
to address a source detection problem. More specifically, we focus on hit detection in
mechanical systems. In this context, the recorded audio signals arise from the response
of a mechanical system to impulsive excitations, referred to as hits. The objective of the
architecture described in the following sections is to accurately detect the presence or
absence of such responses, whose characteristics may vary depending on the component
of the system involved. This setting naturally leads to a multiple-target source detection
problem analogous to the one discussed in Section 3.4.2. A key advantage of working with
mechanical systems lies in the possibility of mathematically modeling their responses,
which facilitates the generation of synthetic datasets and, in particular, provides access
to clean target responses that can be used either for training or for the construction
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of optimal dictionaries. Moreover, as is typical of causal physical systems, hit responses
exhibit strong temporal correlations. As will be shown, explicitly embedding this property
into the Deep-NMF architecture is crucial to the success of the hit detection task. The
resulting optimized architecture is referred to as the Physics-Aware Deep-NMF (PAD-
NMF).

4.3.1 Physics-aware enhancements

Since our objective di!ers substantially from that of audio enhancement, we now describe
how the Deep-NMF architecture was modified and optimized to incorporate a form of
physics awareness tailored to the applications considered here.

·Hankel-extended matrices for temporal correlation. The spectrogram matrices produced
by the physico-mathematical models considered in this section exhibit a distinctive tem-
poral structure. In particular, for any mixture X̃ containing a target source spectrogram
S̃, the columns of S̃ necessarily appear in X̃ in the same temporal order. Consequently,
embedding this temporal correlation into the Deep-NMF architecture is essential for de-
veloping an algorithm capable of reliably identifying such signals, even in the presence of
strong noise. With this in mind, given a (nonnegative) matrix A ↘ Mm↓↔n(R↗0) with a
column-wise representation A = {Aj}nj=1 and a correlation index T ↘ N∝n, we will denote
HT (A) ↘ Mm↓T↔n(R↗0) the column-wise-Hankel extension of A:

HT (A) =





0 · · · 0 A1 · · · An↑T+1
... . . . . . . A2 . . . ...
0 A1 . . . ... . . . An↑1

A1 A2 · · · AT · · · An




(4.3.1)

Consequently, given a mixture spectrogram X̃ ↘ Mm↓↔n(R↗0) to be processed by the
Deep-NMF network, we instead propagate its augmented representation X = HT (X̃).
With this construction, the feature dimension increases to m = m

⇒
T , where the hyperpa-

rameter T controls the extent of temporal context and must be chosen su"ciently large
to capture long-range temporal correlations. As a result of this augmentation, the net-
work weights partially inherit a Hankel-like structure, although additional mechanisms
are required to preserve this structure throughout training, as discussed in the following
paragraphs. More importantly, since each dictionary atom encodes a feature present in
the mixture X, the Hankel augmentation ensures that these atoms represent features
spanning consecutive frames of the original spectrogram X̃. This, in turn, enables the
Deep-NMF architecture to learn the temporal correlations that characterize the signals
of interest. We emphasize that in [64] the Hankel structure was introduced only in the
non-discriminative layers, thereby preventing backpropagation from acting on augmented
dictionaries. In contrast, our implementation extends this construction to the discrimi-
native layers as well, where the dictionaries are learned. The following sections further
investigate this design choice, with particular emphasis on preserving the structure of
both the learned weights and the coe"cient matrices.

·Discriminative dictionary initialization. Let {S̃i}Ii=1 and {Ñj}Jj=1 denote su"ciently
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rich collections of target source spectrograms and noise spectrograms, respectively. We
refer to these collections as Initialization Sets, and they are assumed to contain all the
signal features that the Deep-NMF algorithm is expected to detect. Our objective is to
construct an optimal dictionary Ŵ capable of encoding both the characteristic features
of the underlying physico-mathematical model and their temporal structure across all
instances S̃i and Ñj . To this end, the dictionary Ŵ must include specialized atoms that
enable discriminative reconstruction of both source and noise spectrograms. Accordingly,
we define Ŵ as follows:

Ŵ =
[
ŴS1 · · · ŴSI

ŴN1 · · · ŴNJ

]
(4.3.2)

where ŴSi
(resp. ŴNj

) is an NMF solution to the following problem (4.3.3) (resp. (4.3.4))

min D1(Si, ŴSi
ĤSi

)

s.t. ŴSi
↘ Mm↔rSi

(R↗0)

ĤSi
↘ MrSi

↔n(R↗0)

(4.3.3)
min D1(Nj , ŴNj

ĤNj
)

s.t. ŴNj
↘ Mm↔rNj

(R+
)

ĤNj
↘ MrNj

↔n(R+
)

(4.3.4)

and we let:

· TSi
(resp. TNj

) the number of temporally correlated consecutive frames in S̃i (resp.
Ñj);

· T = max {TSi
, TNj

| i = 1, . . . , I, j = 1, . . . , J};

· rSi
= min {n, TSi

+ T → 1} (resp. rNj
= min {n, TNj

+ T → 1});

· Si = HT (S̃i) (resp. Nj = HT (Ñj)).

Moreover, whenever necessary, the atoms in each subdictionary ŴSi
and ŴNj

are per-
muted to recover the column-wise Hankel structure. Once Ŵ is constructed and before
the training process begins, all weights in the network are initialized to Ŵ . Lastly, in the
notation introduced earlier, the overall factorization rank is given by r =


i rSi

+


j rNj
.

Figure 4.2 illustrates the e!ect of the discriminative initialization procedure on the opti-
mal dictionary. Instead of subdividing the initialization process into I + J independent
NMF problems, the dictionary shown in Figure 4.2a is constructed using only two fac-
torizations: one for the target source spectrograms and one for the noise spectrograms.
More precisely, the augmented spectrograms corresponding to each category (target and
noise) are concatenated sequentially, and two separate subdictionaries are obtained via
NMF. These subdictionaries are then combined to form the resulting dictionary.
The primary motivation for employing a discriminative dictionary initialization in our
proposed physics-aware Deep-NMF algorithm is that it imposes structure on the coef-
ficient matrices. Indeed, as illustrated in Figure 4.3, the combination of discriminative
initialization with Hankel-structured discriminative layers causes the final output matrix
H

(K) to inherit a block-wise upper-diagonal layout that mirrors the structure of Ŵ . As
will be discussed in the next section, this property is central to our hit-detection pro-
cedure, as it enables a direct assessment of the contribution of each spectrogram in the
Initialization Sets to the reconstruction of the propagated mixture. Furthermore, compar-
ison of Figures 4.3c and 4.3d highlights the importance of preserving the Hankel structure
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(a) (b)

Figure 4.2: E!ect of discriminative initialization on the optimal dictionary Ŵ =

W
(K). Shown are the optimal dictionary (a) without and (b) with discriminative

initialization. Parameters are set to T = 7, I = 10, J = 1, rSi
∞ 8, and rNj

∞ 7.

throughout the discriminative layers, a choice not made in the original algorithm pro-
posed by Hershey et al. [64]. Specifically, Figure 4.3c shows a clear deterioration of
detected features, evidenced by the loss of the block-wise diagonal behavior characteristic
of Hankel-augmented dictionaries. In contrast, Figure 4.3d demonstrates improved per-
formance, with the block-wise structure preserved and features absent from the mixture
appropriately attenuated.

·Preservation of Hankel structure by projection. To preserve the Hankel-augmented struc-
ture of the dictionaries, which naturally arises from the models under consideration, it is
necessary to project the coe"cient matrices H

(k) for all k ↘ {1, . . . , K} during the for-
ward propagation, and the trainable weights W (k) for all k ↘ {K → C, . . . ,K → 1} during
backpropagation, onto the appropriate structured space. By decomposing the weights
into blocks as in (4.3.2):

W
(k)

=


W

(k)
S1

· · · W
(k)
SI

W
(k)
N1

· · · W
(k)
NJ


(4.3.5)

after each backpropagation update, the elementwise binary masks M
W
Si

↘ Mm↔rSi
(0, 1)

and M
W
Nj

↘ Mm↔rNj
(0, 1) are applied to the subdictionaries W (k)

Si
and W

(k)
Nj

, respectively,
as defined by:

M
W
Si

= HT (1m↓↔rSi
) (4.3.6) M

W
Nj

= HT (1m↓↔rNj
) (4.3.7)

More concretely, denoting the complete W mask by:

M
W

=
[
M

W
S1

· · · M
W
SI

M
W
N1

· · · M
W
NJ

]
(4.3.8)

The update rule for the weights will be:
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(a) (b)

(c) (d)

Figure 4.3: E!ect of discriminative dictionary initialization and Hankel-structured
discriminative layers on the coe"cient matrix H

(K). Shown are: (a) H
(K) from

the standard Deep-NMF algorithm, (b) H
(K) from a standard Deep-NMF with

Hankel-structured discriminative layers, (c) H
(K) from a modified Deep-NMF us-

ing discriminative dictionary initialization without Hankel-structured discrimina-
tive layers, and (d) H

(K) from a modified Deep-NMF with both discriminative
dictionary initialization and Hankel-structured discriminative layers. Here, ‘mod-
ified’ indicates the use of discriminative dictionary initialization. Parameters are
set to K = 1000, C = 4, and T = 7. All matrices are displayed on a log scale.

W
(k) △ W

(k) ̸


↔W (k)F̂



↑
↔W (k)F̂



+

̸MW ≃k = K → C, . . . , K → 1 (4.3.9)

Similarly, by decomposing the coe"cient matrices in a symmetric way:
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H
(k)

=


H

(k)→

S1
· · · H

(k)→

SI
H

(k)→

N1
· · · H

(k)→

NJ

↘
(4.3.10)

after each propagation update, the elementwise binary masks M
H
Si

↘ MrSi
↔n({0, 1}) and

M
H
Nj

↘ MrNj
↔n({0, 1}) are applied to the submatrices H

(k)
Si

and H
(k)
Nj

, respectively, as
defined by:

(
M

H
Si

)
s,j

=





1 for (s = j) ℜ (j > s = rSi

)

0 otherwise
(4.3.11)


M

H
Nj



s,j
=





1 for (s = j) ℜ

(
j > s = rNj

)

0 otherwise
(4.3.12)

Once again, denoting the complete H mask by:

M
H
=


M

H→

S1
· · · M

H→

SI
M

H→

N1
· · · M

H→

NJ

↘
(4.3.13)

the update rule for the coe"cient matrices will be:

H
(k+1)

= f
in
W (k)(H

(k)
) ̸MH ≃k = 0, . . . , K → 1 (4.3.14)

Within the context of our bilevel optimization framework, implementing (4.3.14) requires
replacing (4.2.2) with:

f
in
(H,W,X) = f

in
W (H) = H ̸

W
↘
(

X

WH

)

W↘1m↔n + ϑH
̸MH (4.3.15)

We emphasize, however, that as a consequence of this projection, the backpropagation
updates encoded by the maps (4.2.5), (4.2.6) and (4.2.7) need to be modified accord-
ingly. The adjusted maps are provided in the following Section 4.3.2.
Furthermore, to obtain an optimal dictionary Ŵ that is more compatible with the masked
H matrices, all matrices involved in the discriminative dictionary initialization problems
(4.3.3) and (4.3.4) can be projected using their corresponding masks after each update.
As illustrated in Figure 4.4, the proposed masks preserve both the Hankel structure of the
learned dictionaries and the temporal correlation between their columns by allowing only
synchronous activations within each block. At any given time, only the corresponding
column in each subdictionary can be active. We also explored an alternative approach
in which the total energy of the coe"cient matrix is preserved rather than partially
discarded. However, due to its higher computational cost and comparable results, we
ultimately adopted the simpler projection-based approach described above..

·Loss function. The loss function at the last layer (or outer objective, in our bilevel
optimization framework) plays the key role of imposing some desirable structure on the
output coe"cient matrix H

(K). In particular, given a training triplet (X̃, S̃, Ñ) in which
S̃ is the target signal spectrogram we are interested in detecting, we want to design a loss
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(a) (b)

Figure 4.4: Complete masks for Hankel structure preservation. Shown are the
mask for the W matrices (a) and the mask for the H matrices (b). Parameters are
set to T = 7, I = 10, J = 1, rSi

∞ 8, and rNj
∞ 7.

function that prioritizes an accurate reconstruction of S̃ using the available atoms in the
final dictionary W

(K)
= Ŵ . Denoting:

WS = [WS1 · · · WSI
] (4.3.16) WN = [WN1 · · · WNJ

] (4.3.17)

HS =




HS1

...
HSI



 (4.3.18) HN =




HN1

...
HNJ



 (4.3.19)

the outer objective we adopted is:

F out
(H,W ) =

1

2
⇒S → F ̸X⇒22 +

ϑS

2
⇒S →WSHS⇒22 (4.3.20)

where F =
WSHS

WH is a Wiener filter defined as in the noise reduction setting of Section
3.4.1 and X = HT (X̃), S = HT (S̃).
During inference, the two terms in (4.3.20) serve complementary purposes. The first
term, involving the Wiener filter, is responsible for identifying the correct target spec-
trogram S within the mixture and for approximating the noise spectrogram via the term
WNHN in the denominator of the filter. The second term, in contrast, is specialized in re-
constructing S with an accuracy controlled by the hyperparameter ϑS. Although the loss
function itself is not present during inference, the complementary roles of these terms are
reflected in the way the discriminative dictionaries propagate the coe"cient matrices as a
result of the training phase. It is important to emphasize that an accurate reconstruction
of S is crucial for the subsequent hit detection process, and therefore ϑS should be set to
a su"ciently high value. However, because the penalty term in (4.3.20) does not involve
the noise-related portions of the coe"cient matrix HN or the dictionary WN , the Wiener
filter term remains the only mechanism providing a descent direction for these blocks.
Consequently, the Wiener filter term cannot be omitted, as it plays a fundamental role

79



4.3. PHYSICS-AWARE DEEP-NMF (PAD-NMF)

in reconstructing the noise spectrogram, especially in cases where certain target features
could be mistaken for deterministic noise components. As will be illustrated in the nu-
merical experiments section, omitting the Wiener filter leads to target features present in
the noise being represented using WS rather than WN , which would compromise the hit
detection procedure. Therefore, while the Wiener filter term is essential for accurate noise
reconstruction, its influence on the reconstruction of S is secondary due to the presence of
the specialized penalty. Regarding the hyperparameter ϑS, it can be set su"ciently high to
suppress the influence of the Wiener filter on the descent directions of WS and HS. In our
experiments, results were largely insensitive to the specific value chosen for ϑS, provided
it was high enough to achieve this goal. Nevertheless, excessively large values should be
avoided, as they may introduce bias toward the last instance used during network training.

·Mini-batches. For a training set {(X̃q, S̃q, Ñq)}Qq=1 the complete loss function for our
proposed architecture will be:

F out
(H,W ) =

Q∑

q=1

1

2
⇒Sq → F ̸Xq⇒22 +

ϑS

2
⇒Sq →WSHS⇒22 (4.3.21)

where Xq = HT (X̃q) and Sq = HT (S̃q). Consequently, the final aspect to discuss regard-
ing the training process of our physics-aware Deep-NMF is the use of stochastic gradients
and mini-batch size. Algorithmically, the relations involving the final state gradient map
#K presented so far correspond to mini-batches of size 1. However, in Section 4.3.2, we
provide an overview of the complete training scheme, which generalizes naturally to any
batch size by leveraging the linear dependence of the recursively updated gradients on
their previous iterate. During training, we employed mini-batches of varying size for our
physics-aware Deep-NMF, up to 50% of the available training set. In contrast, the stan-
dard Deep-NMF proposed by [64] relied on pure stochastic gradient updates (mini-batches
of size 1). Our experiments indicate that larger mini-batches result in a more e!ective
and robust training process, enabling the network to learn our physics-based datasets
more e"ciently and accurately. Figure 4.5 illustrates the Deep-NMF outputs for di!erent
mini-batch sizes. To emphasize di!erences in reconstruction accuracy, a discriminative
dictionary initialization was employed. A plausible explanation for this behavior is that
accurately retrieving features from a dictionary constructed from deterministic, physically
modeled target sources requires higher precision than a pure stochastic gradient can pro-
vide. Conversely, in [64], the objective was simply to attenuate noise in speech signals,
for which mini-batches of size 1 were su"cient to learn a su"ciently general Wiener filter.
In comparison, our datasets demand a more precise learning process, motivating the use
of larger mini-batches.

4.3.2 Backpropagation

Compared to the standard Deep-NMF architecture, PAD-NMF exhibits two principal
di!erences. The first is the introduction of binary masks M

W and M
H , which enforce

the Hankel-augmented structure of the dictionary and coe"cient matrices, respectively.
The second is the modification of the outer objective function, which now includes an
additional regularization term. Both changes a!ect the backpropagation mappings defined
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(a) (b)

(c) (d)

Figure 4.5: E!ect of mini-batch size on the final output matrices H(K) of a modified
Deep-NMF algorithm. Shown are results for mini-batch sizes of (a) 1, (b) 5, (c) 10,
and (d) 35 on a dataset containing 70 instances. Here, ‘modified’ refers to the use
of discriminative dictionary initialization. Parameters are set to K = 1000, C = 10,
and T = 7. All matrices are displayed on a log scale.

for the Deep-NMF architecture in Section 4.2.2. In addition, [22] introduces a third, more
technical modification concerning the parameter gradient map #W . By slightly altering
the decomposition of the gradients into positive and negative components, a simplified
expression for #W is obtained, involving only three terms instead of the four originally
proposed in [64]. Details of this derivation are provided in Appendix 4.A, and the resulting
modified mappings are reported below.
The parameter gradient map for the PAD-NMF architecture is given by:
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[#W (↔H , H,W,X)]± =
X

WH

(
H

W↘1m↔n + ϑH
̸ [↔H ]± ̸MH

)↘

+


X

(WH)
⇔2 ̸


W

(
H

W↘1m↔n + ϑH
̸ [↔H ]∈ ̸MH

)
H

↘

+ 1m↔n


H

(W↘1m↔n + ϑH)
⇔2 ̸

(
W

↘ X

WH

)
̸ [↔H ]∈ ̸MH

↘

(4.3.22)
The state gradient update map is also modified by taking into account M

H :

[#H(↔H , H,W,X)]± =

W
↘
(

X

WH

)

W↘1m↔n + ϑH
̸ [↔H ]± ̸MH

+ W
↘


X

(WH)
⇔2 ̸


W

(
H

W↘1m↔n + ϑH
̸ [↔H ]∈ ̸MH

)

(4.3.23)
Lastly, the final state gradient map shows the contribution of the added penalty:

[#K(H,X)]+ =





Ŵ
↘
S




X

⇔2 ̸ ŴSHS ̸ ŴNHN
ŴH

⇔3 +ϑSŴSHS





Ŵ
↘
N




X ̸ S ̸ ŴSHS

ŴH

⇔2









[#K(H,X)]↑ =





Ŵ
↘
S




X ̸ S ̸ ŴNHN

ŴH

⇔2 +ϑSS





Ŵ
↘
N




X

⇔2 ̸

ŴSHS

⇔2


ŴH

⇔3









(4.3.24)

Algorithm 4.3.2 shows the complete training scheme for the PAD-NMF architecture.

4.3.3 Detection indices

Let us assume that the PAD-NMF network has been initialized, as described in Section
4.3.1, using the Initialization Sets {S̃i}Ii=1 and {Ñj}Jj=1, and subsequently trained on a
collection of triplets {(X̃q, S̃q, Ñq)}Qq=1. Moreover, suppose that we are given a partition
of the set:
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Algorithm 4.3.2: Physics-aware Deep-NMF training

Input: A discriminatively initialized set of weights {W (k)}Kk=0 and a training set
{(X̃q, S̃q, Ñq)}Qq=1.
Output: A set of trained weights {W (k)}Kk=0.

1: for Epoch = 1 : EpochsNum do:

2: Permute training set

3: for BatchBegin = 1 : BatchSize : Q

4: Initialize [%⇑(k) ]± = 0 ≃k = K → C, . . . , K → 1

5: for q = BatchBegin : BatchBegin+BatchSize→1 do:

6: X = HT (X̃q), S = HT (S̃q) (4.3.1)
7: Randomly initialize H

(0) ↘ Mr↔n(R+
)

8: for k = 0 : K → 1 do:

9: H
(k+1)

= f
in
(H

(k)
,W

(k)
, X) (4.3.15)

10: end for

11: Compute

↔H(K)F̂



±
using #K (4.3.24)

12: for k = K → 1 : →1 : K → C do:

13: Compute

↔W (k)F̂



±
using #W (4.3.22)

14: Update

↔H(k)F̂



±
using #H (4.3.23)

15: [%⇑(k) ]± = [%⇑(k) ]± + [↔W (k)E ]±
16: end for

17: for k = K → C : K → 1 do:

18: W
(k)

= W
(k) ̸ [$↗(k) ]↑

[$↗(k) ]+

̸MW (4.3.8)

19: end for

20: end for

21: end for

22: end for

{1, . . . , I} =

L⋃

l=1

Fl (4.3.25)

into L subsets of feature indices Fl, which induce an analogous partition of the Initializa-
tion Set’s target spectrograms into feature sets :
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{S̃i}i=1,...,I =

L⋃

l=1

{S̃i}i≃Fl
(4.3.26)

This partition should reflect the distinct features of the signals generated by the physico-
mathematical model that we aim to detect and subsequently discriminate. As an illustra-
tive example, consider an n-mass system composed of multiple macro-components that
induce a partition of the masses. If the objective is to identify which macro-component
has been excited by an impulse, the Initialization Set may be constructed by probing
the system response to impulses applied at each individual mass and then partitioning
the resulting spectrograms accordingly. Numerical results for this type of scenario are
presented in Section 4.3.5. Given a new mixture X̃ whose decomposition into a target
spectrogram S̃ and noise spectrogram Ñ is unknown, our goal is to determine which fea-
ture among those represented in the Initialization Set is most dominant within S̃. To
ensure that such a determination is meaningful, we assume prior knowledge of the set of
possible features to be su"ciently comprehensive. This requirement motivates the need
for a rich Initialization Set. Nevertheless, there is no unique procedure for constructing
such a set, as it depends both on the intrinsic complexity of the underlying model and on
the specific detection task of interest.
Once we have propagated the mixture X̃ through the net, we obtain a final coe"cient
matrix H

(K) and the associated optimal dictionary W
(K), which we recall can be decom-

posed into blocks as in (4.3.10) and (4.3.5), respectively. By grouping those blocks based
on the feature indices Fl = {l1, . . . , l|Fl|}, we can define:

W
(K)
SF

l

=


W

(K)
Sl1

· · · W
(K)
Sl|F

l
|



H
(K)
SF

l

=





H
(K)
Sl1...

H
(K)
Sl|F

l
|




≃l = 1, . . . , L (4.3.27)

In particular, the matrix H
(K)
SF

l

provides a quantitative measure of the relative contribution

of the feature-specific dictionary W
(K)
SF

l

to the reconstruction of the estimated augmented
spectrogram S = HT (S̃)

1. Owing to the Hankel structure of each dictionary sub-block
W

(K)
Slj

, the presence of the corresponding feature in the mixture X̃ manifests itself as

nonzero coe"cients along the main diagonal of the associated coe"cient sub-block H
(K)
Slj

,
with magnitudes that reflect the relevance of that feature. Consequently, by denoting the
main diagonals of H(K)

Slj

as row vectors:

d
(K)
lj

= diag H
(K)
Slj

≃l = 1, . . . , L, ≃j = 1, . . . , |Fl| (4.3.28)

and their feature-wise concatenations:
1
Since X̃ ′ S̃ + Ñ , by linearity of the Hankel extension operator we obtain X = HT (X̃) ′ HT (S̃) +
HT (Ñ) = S +N .
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D
(K)
l =


d
(K)
l1

· · · d
(K)
l|F

l
|


≃l = 1, . . . , L (4.3.29)

we employ the geometric mean of the concatenated diagonals (4.3.29) as the feature
detection index I(l):

I(l) = GM (D
(K)
l ) ≃l = 1, . . . , L (4.3.30)

We emphasize that, due to the nonnegative thresholding inherent in the multiplicative
update rules for the coe"cient matrices, as discussed in Section 3.2.1, none of the sub-
block diagonals can be exactly zero. When a feature is absent and therefore not detected,
the corresponding sub-block diagonal consists of small thresholded values, typically close
to machine precision. This property ensures that, even in cases where only one diagonal
d
(K)
lj

within a given set of feature indices Fl is significantly positive, the geometric mean
GM(D

(K)
l ) remains nonzero and thus defines a well-posed detection index. In its simplest

form, the detection procedure therefore concludes that the feature most strongly present
in the clean signal spectrogram S̃ is the one associated with the feature indices Fl̄, where:

l̄ = argmax

l≃{1,...,L}
I(l) (4.3.31)

Moreover, we can also render the above-described procedure more robust by introducing
a set of feature-specific thresholds {▷l}l=1,...,L, one for each feature set, and letting:

l̄ = argmax

l≃L
I(l), L = {l ↘ {1, . . . , L} : I(l) > ▷l} (4.3.32)

In Sections 4.3.5 and 4.3.6 we will provide an example on how such a threshold set can
be chosen in order to attenuate some bias towards one or more feature set due to the
presence of clean signal features within the noise component of the mixture. Lastly, it
will be useful to define the partial index I(lj) = GM (d

(K)
lj

).
Algorithm 4.3.3 shows the complete hit detection procedure.

4.3.4 Uncertainty reduction

The hit detection procedure can be further enhanced by incorporating an uncertainty
reduction module. In certain scenarios, particularly when the target sources and the noise
share a substantial portion of their spectral content, the sub-blocks of ŴS may partially
account for noise components. This can lead to a contamination of the corresponding
coe"cient blocks in H

(K)
S , which in turn may degrade the reliability of the hit detection

indices I(l). To mitigate this issue, we now outline the approach proposed in [25].
The idea is to form the concatenation of the detection indices:

I =
[
I(1) · · · I(L)

]↘ (4.3.33)

and interpret it as a possibly noisy, active detection vector. To carry out the actual
detection, we introduce a latent detection vector Î ↘ RL

↗0, which should be interpreted
as a denoised version of I. These two vectors are then connected, within a Bayesian
framework, through a linear operator Â ↘ ML↔L(R↗0):
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Algorithm 4.3.3 Hit detection

Input: A set of trained weights {W (k)}Kk=0, a set of feature-specific thresholds
{▷l}l=1,...,L, and a mixture spectrogram X̃.
Output: A feature index l̄ ↘ {1, . . . , L} associated to the recognized feature within
X̃.
1: X = HT (X̃) (4.3.1)
2: Randomly initialize H

(0) ↘ Mr↔n(R↗0)

3: for k = 0 : K → 1 do:

4: H
(k+1)

= f
in
(H

(k)
,W

(k)
, X) (4.3.15)

5: end for

6: Extract d
(K)
lj

≃l = 1, . . . , L ≃j = 1, . . . , |Fl| (4.3.10)-(4.3.27)-(4.3.28)
7: Assemble D

(K)
l and compute I(l) ≃l = 1, . . . , L (4.3.29)-(4.3.30)

8: Compute l̄ (4.3.32)

ÂÎ = I (4.3.34)
Given Â and once I has been constructed from the PAD-NMF output, the latent vector
Î is obtained by matrix inversion within this Bayesian framework. Let us now describe
how to construct Â and how to recover Î. A visual description of the process is shown in
Figures 4.6 and 4.7.
From the training set {(X̃q, S̃q, Ñq)}Qq=1 used to train the PAD-NMF architecture, we
construct, for each training instance, the active vector Iq as defined in Step 7 of Algorithm
4.3.3, together with a corresponding target latent vector (or label) Îq. The latter can, for
instance, be chosen as a binary vector encoding the specific feature present in the training
triplet (X̃q, S̃q, Ñq). We then concatenate these vectors in two matrices:

ÎQ =
[
Î1 · · · ÎQ

]
IQ =

[
I1 · · · IQ

]
(4.3.35)

Given the nonnegativity of both matrices, the linear operator Â is obtained by solving an
NMF optimization problem over the left factor:

min Dϑ(IQ, ÂÎQ)

s.t. Â ↘ ML↔L(R↗0)

(4.3.36)

where ϖ implicitly governs the noise assumptions on the active vectors Iq, as discussed
in Section 3.2. Since the indices Iq(l) are constructed from geometric means, the multi-
plicative (Gamma) noise model corresponding to ϖ = 0 constitutes a particularly natural
and well-suited choice.
During inference, Â is assumed to be known, and a new vector of active indices I is com-
puted from the coe"cient matrix H

(K) using Algorithm 4.3.3. To recover the estimated
latent vector Î, we then employ a similar regularized NMF model, this time optimizing
only with respect to the right factor:
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Îq(1)
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Figure 4.6: Construction of the linear operator Â mapping latent indices to active
indices in the case of L = 3 features.
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Figure 4.7: Inference of the latent index vector in the case of L = 3 features.

min Dϑ(I, ÂÎ) + ϑÎ⇒Î⇒
p
p

s.t. Î ↘ ML↔1(R↗0)

(4.3.37)

Given the desired sparsity of the latent detection vectors, we employ an aggressive sparsity
regularizer in the form:

R(x) = ⇒x⇒pp =
∑

i

|xi|p (4.3.38)

with p ↘ (0, 1]. We note that for p < 1 this regularizer is concave; nevertheless, (4.3.37)
can still be optimized in practice using the heuristic update rule (3.2.26). Moreover, as
discussed in Section 3.2, problem (4.3.37) is equivalent, within a Bayesian framework, to
a MAP estimate with a sparsity-promoting exponential prior [19] given by:

p(Î) ▽ e
↑ϖÎ⇓Î⇓

p

p (4.3.39)
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We also remark that, although (4.3.37) is essentially equivalent to solving the linear
system (4.3.34), it can be implemented far more easily on resource-constrained hardware,
thanks to the low computational cost of the NMF updates.

4.3.5 Numerical experiments: hit detection in dynamical systems

We evaluated the hit detection procedure described in Algorithm 4.3.3 on a general and
paradigmatic model, namely the multiple degrees-of-freedom system illustrated in Fig-
ure (4.8). As is well known, this model encompasses a wide range of lumped-parameter
systems and serves as a discretized representation of continuum models arising in lin-
ear elastodynamics. We considered several system configurations and report here results
obtained from two representative cases: one consisting of n = 23 masses, springs, and
dampers, and another with n = 28 such elements. External forces were applied to ar-
bitrary subsets of the masses, and the observed mixture was taken as the sum of their
displacements. This modeling choice was made to ensure that the resulting mixtures could
be meaningfully interpreted as audio signals captured by a microphone.

mn mn↑1

cn

kn

cn↑1

kn↑1

cn↑2

kn↑2

fn fn↑1

Figure 4.8: General n-degrees-of-freedom model used for the generation of audio
mixture datasets.

Datasets

Let us denote by Dataset1 and Dataset2 the two synthetic datasets used to evaluate
the proposed PAD-NMF–based hit detection procedure. As detailed below, each dataset
consists of mixtures generated from a specific instance of the n-mass model introduced
above. In particular, each mass is subjected either to a fixed, fully deterministic peri-
odic excitation, giving rise to the noise component of the mixture, or to an impulsive
excitation, which constitutes the target signal to be detected. We emphasize that the
use of deterministic noise excitations capable of producing system responses similar to
those induced by impulsive inputs is a deliberate design choice, intended to rigorously
stress-test the proposed hit detection algorithm. The specific forcing function employed
in our experiments is given by:

f(t) =


1→ e

↑ 1
2
t2
 25∑

i=1

sin(i2t) = A(t)

25∑

i=1

sin(i2t), 2 = 2800 rad/s (4.3.40)

The forcing described above is representative of a typical engine order excitation encoun-
tered in rotating machinery. Note that the transient behavior modeled by A(t) is identical
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for all harmonics. This assumption is not restrictive for our experiments, as each 1 s mix-
ture acquisition begins at least 3 s after the deterministic forcing in (4.3.40) is activated,
by which time the system has reached steady state. Likewise, neglecting phase shifts
in the harmonic components of the forcing does not impose a limitation. Indeed, the
natural frequencies of the n-mass models considered here do not coincide with the exci-
tation harmonics. In practical applications, such a coincidence would be undesirable and
would instead motivate a di!erent choice of 2, aside from its low statistical likelihood.
Moreover, due to the spectrogram-based formulation of PAD-NMF, the algorithm applied
to Dataset1 and Dataset2 is inherently insensitive to phase shifts. These simplifications
allow us to restrict the number of experimental configurations to the minimum neces-
sary. In the following, we compare the proposed PAD-NMF approach with the standard
Deep-NMF algorithm. To ensure a fair comparison, both networks employ identical ar-
chitectures.

·Dataset1. The first dataset is generated by setting n = 23 and adopting the following
model parameters: M = [m1:8 = 2.00 ↓ 10

↑4
, m9:12 = 1.05 , m13:23 = 7.04 ↓ 10

↑2
] kg,

K = [k1:8 = 1.36↓ 10
7
, k9:13 = 2.00↓ 10

6
, k14:19 = 4.00↓ 10

8
, k20:23 = 8.00↓ 10

8
] N/m,

C = [c1:7 = 2.14 ↓ 10
↑1

, c8 = 1.10 , c9:12 = 3.00 ↓ 10
3
, c13 = 1.50 , c14:23 = 1.50 ↓ 10

↑1
]

N s/m. Table 1 and Figure 4.9 provide a modal representation of such model. The noise
forcing (4.3.40) is applied to mass m10. Six impulses at varying intensities are applied
to each of the masses m1:8 and m14:23. As a consequence, for any of the latter, Dataset1
will contain six mixtures at di!erent SNRs, with an impulse response at the beginning
of each mixture. The value for the impulses’ intensities are chosen in order to produce
mixtures at SNRs ranging from →40 dB to 10 dB. Moreover, we also include 18 mixtures
containing no impulses.

·Dataset2. The second dataset is generated by setting n = 28 and adopting the following
model parameters: M = [m1:4 = 5.25 ↓ 10

↑2
, m5:6 = 1.00 ↓ 10

3
, m7:10 = 1.50 ↓

10
↑1

, m11:12 = 1.00 ↓ 10
3
, m13:16 = 2.00 ↓ 10

↑1
, m17:18 = 1.00 ↓ 10

3
, m19:22 = 2.50 ↓

10
↑1

, m23:24 = 1.00 ↓ 10
3
, m25:28 = 3.50 ↓ 10

↑1
] kg, K = [k1:4 = 1.27 ↓ 10

6
, k5 =

1.00 ↓ 10
5
, k6:10 = 2.20 ↓ 10

7
, k11 = 1.00 ↓ 10

5
, k12:16 = 9.60 ↓ 10

7
, k17 = 1.00 ↓

10
5
, k18:22 = 2.25 ↓ 10

8
, k23 = 1.00 ↓ 10

5
, k24:18 = 6.30 ↓ 10

8
] N/m, C = [c1:4 =

5.00 , c5 = 5.00 ↓ 10
1
, c6:10 = 7.00 , c11 = 5.00 , c12:16 = 5.00 , c17 = 5.00 ↓ 10

1
, c18:22 =

5.00 , c23 = 5.00↓ 10
1
, c24:28 = 7.00 ] N s/m. Table (2) and Figure (4.10) provide a modal

representation of such model. The noise forcing (4.3.40) is applied to masses m4, m10,
m16, m22 and m27. Six impulses at varying intensities are applied to each of the masses
m2:3, m8:9, m14:15, m20:21, m26 and m28. As a consequence, for any of the latter, Dataset2
will contain six mixtures at di!erent SNRs, with an impulse response at the beginning
of each mixture. The value for the impulses’ intensities are chosen in order to produce
mixtures at SNRs ranging from →40 dB to 20 dB. Moreover, we also include 10 mixtures
containing no impulses.
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Table 1: Modal representation of the
23-DOF model for Dataset1, showing
each mode’s damped frequency f and
damping ratio 0.

Mode f(Hz) ε

1 0 1.0
2 0 1.0
3 0 1.0
4 64 1.9↔ 10↑1

5 180 6.6↔ 10↑1

6 2229 9.0↔ 10↑4

7 3402 1.1↔ 10↑3

8 6086 1.0↔ 10↑4

9 9622 4.5↔ 10↑5

10 10080 1.4↔ 10↑3

11 13504 3.6↔ 10↑5

12 16686 2.1↔ 10↑3

13 16966 2.8↔ 10↑5

14 19414 2.5↔ 10↑5

15 20096 1.5↔ 10↑3

16 21556 2.7↔ 10↑5

17 23315 2.8↔ 10↑5

18 24334 1.2↔ 10↑3

19 26638 1.5↔ 10↑3

20 26895 1.8↔ 10↑5

21 32066 1.9↔ 10↑5

22 57662 1.9↔ 10↑3

23 78012 2.6↔ 10↑3

Table 2: Modal representation of the
28-DOF model for Dataset2, showing
each mode’s damped frequency f and
damping ratio 0.

Mode f(Hz) ε

1 1 7.0↔ 10↑4

2 1 1.9↔ 10↑3

3 2 2.9↔ 10↑3

4 2 3.5↔ 10↑3

5 15 3.0↔ 10↑4

6 31 1.0↔ 10↑4

7 48 1.0↔ 10↑4

8 57 1.0↔ 10↑4

9 282 3.7↔ 10↑3

10 785 1.0↔ 10↑2

11 1170 1.1↔ 10↑3

12 1185 1.2↔ 10↑2

13 1561 1.9↔ 10↑2

14 2155 4.0↔ 10↑4

15 2169 2.0↔ 10↑3

16 2961 2.0↔ 10↑4

17 3417 3.7↔ 10↑3

18 3928 3.9↔ 10↑3

19 4108 8.0↔ 10↑4

20 4169 2.0↔ 10↑4

21 5439 5.0↔ 10↑4

22 5642 8.0↔ 10↑4

23 6646 1.1↔ 10↑3

24 7853 3.0↔ 10↑4

25 8090 5.0↔ 10↑4

26 9204 6.0↔ 10↑4

27 11159 4.0↔ 10↑4

28 12992 5.0↔ 10↑4

Figure 4.9: Modal shapes of the 23-
DOF model used for Dataset1, shown
as normalized displacements. Black cir-
cles indicate mass displacements from
equilibrium, marked by equidistant gray
crosses.

Figure 4.10: Modal shapes of the 28-
DOF model used for Dataset2, shown
as normalized displacements. Black cir-
cles indicate mass displacements from
equilibrium, marked by equidistant gray
crosses.
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Two macro-components experiment

For this experiment, we consider Dataset1, which is generated from a model that, by
construction, exhibits two dominant frequency responses. The first response arises when
exciting masses m1, . . . ,m8 (first macro-component), while the second corresponds to
excitations applied to masses m14, . . . ,m23 (second macro-component). Consequently, the
dataset contains two distinct features that can be targeted for detection. The Initialization
Sets for the PAD-NMF algorithm are constructed using target spectrograms obtained from
impulsive excitations applied to the same masses at a fixed intensity, together with a single
isolated forcing–response spectrogram to model the noise. The training set is formed
by selecting, for each probed mass, the mixtures corresponding to the second-highest
and second-lowest signal-to-noise ratios (SNRs), as well as all 18 mixtures containing
no impulsive excitations. The testing set coincides with Dataset1 itself. The network
parameters are set to I = 18, J = 1, rSi

∞ 8, rNj
∞ 7, K = 1000, C = 20, T = 7,

ϑH = 0, and ϑS = 10
6. Training is performed over 3 epochs using mini-batches of size

27. Figure (4.11) illustrates selected detection indices computed from the outputs of
both PAD-NMF and standard Deep-NMF. The thresholds ▷l are determined by taking
the geometric mean of the corresponding detection indices calculated from all mixtures
containing no impulses. This procedure e!ectively reduces any bias toward the target
features that could be introduced by the deterministic noise forcing.

(a) (b)

In particular, Figure4.11b shows that, when applied to the Deep-NMF output, the de-
tection algorithm fails to correctly identify any of the five displayed hits. In contrast,
Figure4.11d demonstrates that the PAD-NMF output enables the detection procedure to
correctly recognize the target feature in each test mixture.

Five macro-components experiment

For this experiment, we consider Dataset2, which is generated from a model that, by con-
struction, exhibits five dominant frequency responses. These correspond to excitations
applied to the following masses: m2,m3 (first macro-component), m8,m9 (second macro-
component), m14,m15 (third macro-component), m20,m21 (fourth macro-component),
and m26,m28 (fifth macro-component). Consequently, the dataset contains five distinct
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(c) (d)

Figure 4.11: Hit detection indices computed from Deep-NMF outputs (a), (b)
and PAD-NMF outputs (c), (d) on Dataset1 across five di!erent SNRs. Hits cor-
respond to the first macro-component (asterisk) in (a) and (c), and the second
macro-component (circle) in (b) and (d). Triangular markers denote a 1-standard-
deviation interval for each detection index2. Thresholds ▷l are displayed as dashed
lines matching the thickness of the corresponding symbol. Symbols, standard de-
viation markers, and thresholds associated with the correct feature present in each
test mixture are shown in bold.

features that can be detected. The Initialization Sets for the PAD-NMF algorithm are
built using clean spectrograms obtained from impulsive excitations applied to the same
masses at a fixed intensity, along with a single isolated forcing–response spectrogram
to represent the noise. The training set is formed by selecting, for each probed mass,
the mixtures corresponding to the second-highest and second-lowest signal-to-noise ratios
(SNRs), in addition to all 10 mixtures containing no impulses. The testing set consists
of Dataset2 itself. The network parameters are set as follows: I = 10, J = 1, rSi

∞ 8,
rNj

∞ 7, K = 1000, C = 40, T = 7, ϑH = 0, and ϑS = 10
6. Training is performed over

3 epochs using mini-batches of size 30. Figure 4.12 shows some of the detection indices
computed from the PAD-NMF output.
Despite the increased number of possible features to be detected, our proposed algorithm
performs e!ectively up to →20 dB SNR test mixtures and, in some particular cases, namely
those in Figures 4.12a and 4.12d, it was able to recognize features closing in on the →25 dB

SNR mark.

Multiple hits experiment

We conclude this section by extending the detection procedure to handle multiple hits,
i.e., cases where a single mixture contains two or more distinct features to be recognized.

2
Since we chose rSi ∞ 8, we observe that I(l) = GM(D(K)

l ) = GM( I(l1), . . . , I(l|Fl|) ), thus in a (dB) log-

scale plot we get log I(l) = mean( log I(l1), . . . , log I(l|Fl|) ) and we can similarly compute the standard

deviation of the set {log I(lj)}j=1,...,|Fl|

92



CHAPTER 4. DEEP NONNEGATIVE MATRIX FACTORIZATIONS

(a) (b)

(c) (d)

Figure 4.12: Hit detection indices computed from PAD-NMF outputs on Dataset2
across five di!erent SNRs. Hits correspond to the first macro-component (asterisk)
in (a), second macro-component (circle) in (b), third macro-component (square)
in (c), and fourth macro-component (diamond) in (d). Thresholds ▷l are shown
as dashed lines matching the thickness of the corresponding symbol. The symbol
and threshold associated with the correct feature present in the test mixture are
highlighted in bold.

Once again, we use Dataset2 and initialize and train the PAD-NMF network as described
in the previous section. For testing, we consider five mixtures, each containing exactly
two impulses applied to di!erent macro-components, along with five mixtures containing
no impulses. Figure 4.13 presents the detection indices computed from the outputs of
both PAD-NMF and standard Deep-NMF.
Once again, Figure 4.13a shows that the source reconstruction provided by Deep-NMF is
not accurate enough to correctly detect both features present in the mixtures. In all five
test cases, at least one feature is missed, either because its corresponding detection index
falls below the computed threshold or because an index associated with another, absent
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(a) (b)

Figure 4.13: Hit detection indices computed from Deep-NMF output (a) and PAD-
NMF output (b) on mixtures containing two distinct features. From high to low
SNR: hits on the first (asterisk) and second (circle) macro-components, second and
third (square) macro-components, third and fourth (diamond) macro-components,
fourth and fifth (star) macro-components, and fifth and first macro-components.
Thresholds ▷l are shown as dashed lines matching the thickness of the corresponding
symbol. Symbols associated with the correct features present in each test mixture
are highlighted in bold.

feature is larger. In contrast, Figure 4.13b demonstrates that the PAD-NMF algorithm
successfully identifies all pairs of features, even though these specific mixtures were not
included in the training set. Here, we assume prior knowledge that two features are
present, so (4.3.31) is modified to return the features corresponding to the two largest
detection indices.

4.3.6 Numerical experiments: detection of piano notes

We conclude this experimental section by evaluating the PAD-NMF algorithm on real-
world audio signals. Specifically, we consider mixtures in which the hit-responses cor-
respond to piano notes. Each piano note is generated by a hammer striking the piano
strings, which can be modeled as a mechanical system and, when discretized, resembles
the multiple degrees-of-freedom system shown in Figure 4.8. Compared to the previous
synthetic examples, these mixtures are significantly more complex: the noise consists of a
poly-instrumental music track, producing highly non-stationary and overlapping spectral
patterns that partially coincide with the piano notes. The resulting audio signals are
recorded at a sampling frequency of fs = 48 kHz and compiled into Dataset3, which will
be described in the following.

Dataset

Let us denote Dataset3 as the real-world dataset used to evaluate the PAD-NMF al-
gorithm. This dataset contains mixtures derived from a single 277 s poly-instrumental
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music track, which includes a total of 84 piano notes, the hit-responses we aim to detect.
The track is segmented into 277 consecutive 1 s mixtures. Unlike the previous synthetic
datasets, the transient amplitudes here are roughly uniform, partially determined by the
pianist’s playing intensity. The diversity of the mixtures in Dataset3 arises from the
background music, which features frequency sweeps, drum beats, and other instruments,
making the recognition of piano notes particularly challenging. Figure 4.14 illustrates the
spectrogram of a segment containing one piano note embedded within the music track.

Figure 4.14: Spectrogram of a 4 s segment from the audio signal in Dataset3. The
piano note (transient) within the segment is indicated by the red box.

·Dataset3. Of the 277 mixtures, only 84 contain an actual transient, while the remaining
193 consist solely of background noise. The piano notes in this dataset are C4, E4, and
G4, played sequentially with at least one second between each note to ensure that each
mixture contains at most one transient. The dataset is then divided into a training set
and a testing set, as described in the following paragraph.

Three-notes experiment

For this experiment, we use Dataset3, which contains three distinct detectable features
corresponding to the piano notes C4, E4, and G4. The Initialization Sets for the PAD-
NMF algorithm are built using target spectrograms of these notes along with multiple
isolated noise spectrograms capturing some of the repetitive instrumental patterns present
in the background track. The training set consists of 12 mixtures: 9 containing piano notes
(three instances each of C, E, and G) and 3 containing only background noise. The testing
set includes all 277 mixtures. The network parameters are I = 3, J = 55, rSi

∞ 8, rNj
∞ 8,

K = 1000, C = 3, T = 8, ϑH = 0.05, and ϑS = 10
6, and training is performed over 15

epochs with mini-batches of size 12. Figure 4.15 displays the detection indices computed
from the PAD-NMF output for a subset of the testing set. The thresholds ▷l are obtained
by taking the maximum detection index from the network’s output across all training-set
mixtures containing only background noise. Unlike in the previous experiments, detection
indices for mixtures without any piano notes are also shown.
We note that the mixtures in Dataset3 di!er substantially in structure from those in the
previous datasets. In particular, the clean sources are no longer constrained to appear at
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Figure 4.15: Hit detection indices computed from the PAD-NMF output on a
selection of 30 consecutive mixtures. The first (C4), second (E4), and third (G4)
features are represented by an asterisk, circle, and square, respectively. Thresholds
▷l are shown as dashed lines matching the thickness of the corresponding symbol.
The symbol corresponding to the correct feature present in each test mixture is
highlighted in bold.

the beginning of the signal, as was the case for the synthetic mixtures generated from the
model in Figure 4.8. As a result, both the forward pass of the network and the detection
procedure require slight modifications. During forward passes, since each target source
can occur at any point within the mixture, we do not apply the mask M

H ; equivalently,
the PAD-NMF algorithm can be run with M

H
= 1r↔n. For the detection indices I(l), the

procedure is largely unchanged, except that the computations in (4.3.28)-(4.3.30) must
be repeated for all o!-diagonals of the sub-blocks, with the feature index then taken as
the maximum. This e!ectively generalizes the detection to handle clean sources that are
time-shifted within the mixture.
Finally, Table 3 reports the detection results obtained using the uncertainty reduction
method described in Section 4.3.4, tested under various noise assumptions. In all cases,
a sparsity regularizer (4.3.38) with p = 0.25 was applied.

Table 3: Detection results (%) under normal (ϖ = 2), Poisson (ϖ = 1), and Gamma
(ϖ = 0) noise assumptions. Slashes “/” separate results for each note (C4/E4/G4);
overall percentage is shown in brackets.

% True positives False negatives True negatives False positives
Normal 68/89/100 (86) 32/11/0 (14) 96 1/1/3 (4)

Poisson 54/89/75 (73) 46/11/25 (27) 96 3/0/1 (4)

Gamma 82/96/100 (93) 18/4/0 (7) 97 2/0/1 (3)
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4.4 Deep-NMFD (DNMFD)

Most of the modeling e!orts presented in Section 4.3.1 to adapt the Deep-NMF archi-
tecture to the hit detection task focused on embedding temporal correlation into the
network. This was achieved through the use of Hankel-augmented matrices and binary
masks to preserve the desired structure. An alternative way to overcome this limitation
of Deep-NMF is provided by NMFD, a family of NMF-like algorithms that, as discussed
in Section 3.3, naturally enforces temporal correlation within dictionary atoms via con-
volution. In this section, we introduce the Deep-NMFD architecture, originally proposed
in , as another instance of the Deep Unfolding paradigm.

4.4.1 Network architecture

At a high level, the Deep-NMFD architecture closely resembles Deep-NMF, with only
minor modifications. We again consider the hit detection task introduced in Section 3.4.2
and define J̄ = JS¬̇JN , where JS = 1, . . . , I and JN = 1, . . . , J index the target and noise
components, respectively. The corresponding bilevel optimization reformulation can then
be stated as follows: among the NMFD factorizations that are optimal in the sense of
(3.4.14), we seek those that yield an optimal Wiener filter F :

F =
WS ∀HS

W ∀H =


j≃JS

W (j) ∀H(j)

W ∀H (4.4.1)

The inner objective function is therefore given by:

F in
(H,W,X) = D1(X,W ∀H) (4.4.2)

As discussed in Section 3.3.1, the update rule (3.3.10) constitutes an optimization scheme
for the inner problem (4.4.2). In the specific case ϖ = 1, and using the notation introduced
in Section 2.4.1, this yields the following inner map:

(f
in
)
j
(H,W,X) = (f

in
W )

j
(H) = H(j) ̸

rj↑1
r=0 W (j)

↘
:,r

∃→→→ r(
X

W ∀H

)

rj↑1
r=0 W (j)↘:,r

∃→→ r
1m↔n

≃j = 1, . . . , J

(4.4.3)
A minor di!erence with respect to the architecture proposed in [24] concerns the denomi-
nator of (4.4.3). While [24] adopts the multiplicative update rule originally introduced in
[117], here we instead use the variant proposed in [129], which includes an additional shift
operation applied to the all-ones matrix 1m↔n. As for the outer optimization problem,
given the target spectrogram S (which we consider part of the observation (X,S) for the
inner problem), we define the following objective:

F out
(H,W, (X,S)) = F out

(H,W ) =
1

2
⇒S → F ̸X⇒22 +

ϑS

2
⇒S →WS ∀HS⇒22 (4.4.4)

where F is defined as in (4.4.1). The outer objective (4.4.4) is equivalent to PAD-NMF’s
(4.3.20).
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As in the PAD-NMF case, we distinguish between non-discriminative and discriminative
layers in the unrolled architecture generated by (4.4.3). For a given C ⇑ K, where K de-
notes the total number of layers, the first K→C layers are chosen to be non-discriminative,
while the remaining C layers, excluding the final reconstruction layer, are discriminative.
This distinction implies that the dictionaries W

(k) for k ↘ 0, . . . , K → C → 1, K are not
treated as network parameters and are instead fixed to the optimal dictionary Ŵ . More
specifically, since NMFD involves J̄ dictionaries, in these layers we impose W (k)

(j) = Ŵ (j)

for all j ↘ J̄ . An overview of the architecture is shown in Figure 4.16

H
(0) · · · H

(K↑C) · · · H
(K) F out

(H
(K)

,W
(K)

)

(
f in

W
(0)

)
j

...

(
f in

W
(K↑C↑1)

)
j

...

(
f in

W
(K↑C)

)
j

...

(
f in

W
(K↑1)

)
j

...

K↑C non-discriminative layers C discriminative layers

Figure 4.16: Deep-NMFD network architecture [24]. The last C discriminative
layers have trainable dictionaries W (j)

(k) while the first K → C non-discriminative
layers have fixed dictionaries W (j)

(k)
= Ŵ (j).

Unlike the previous two architectures, no Hankel-augmented matrices are employed here,
as temporal correlation is naturally captured by the convolution operation.

4.4.2 Backpropagation

Using the notation introduced in Section 2.4.1, we now present the maps required to
perform backpropagation in the proposed Deep-NMFD architecture. Further details on
their derivation are provided in Appendix 4.B. As in the Deep-NMF and PAD-NMF cases,
the trainable dictionaries W

(k)
(j) are updated using standard split-gradient relations:

W (j)
(k) △ W (j)

(k) ̸


↔W (j)(k)F̂



↑
↔W (j)(k)F̂



+

≃k = K → C, . . . , K → 1, ≃j ↘ J̄ (4.4.5)

In particular, (4.4.5) involves [↔W (j)
(k)F̂ ]±, which in turn depend on the parameter

gradient maps #W (j) through the terms [#W (j)(↔H , H,W,X)]±. These terms are defined
as follows:
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[
#W (j)(↔H , H,W,X)

]
± =

(
X

W∋H
)





...
→→→→→→→→→→→→→→→→→→↑ r([
↔H(j)

]
± ̸ H(j)

∑rj↑1

t=0 W (j)→
t

∃→ t

1m↘n

)

...





↘

r=0, ..., rj↑1

+






X
(W∋H)↔2


̸





i≃ J̄

ri↑1
s=0

W (i)s

→→→→→→→→→→→→→→→→↑ s([
↔H(i)

]
∈ ̸ H(i)

∑ri↑1
t=0 W (i)→

t

∃→ t

1m↘n

)











...
→↑ r

H(j)

...





↘

r=0, ..., rj↑1

+



 · · · 1m↔1



(
X

W∋H
)
̸




rj↑1
s=0

W (j)s

→→→→→→→→→→→→→→→→→→→→→→→→→↑ s

[
↔H(j)

]
∈ ̸ H(j)(∑rj↑1

t=0 W (j)→
t

∃→ t

1m↘n

)↔2̸
∃→ r
11↔n










1

· · ·





r=0, ..., rj↑1

(4.4.6)
Similarly, (4.4.6) applied to (2.4.6) involves [↔H(j)]± = [↔H(j)(k)F̂ ]±, which in turn
depend on the state gradient maps #H(j) and the final state gradient maps #

j
K through

the terms [#H(j)(↔H , H,W,X)]± and [#
j
K(H,X)]±. The latter are in the form:

[
#H(j)(↔H , H,W,X)

]
± =

[⇑H(j)]±
∑rj↑1

t=0 W (j)→
t

∃→ t

1m↘n

̸


rj↑1
r=0

W (j)
↘
r

∃→ r(
X

W∋H
)


+

rj↑1
r=0

W (j)
↘
r

∃→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ r




X
(W∋H)↔2


̸





i≃ J̄

ri↑1
s=0

W (i)s

→→→→→→→→→→→→→→→→→↑ s([
↔H(i)

]
∈ ̸ H(i)

∑ri↑1
t=0 W (i)→

t

∃→ t

1m↘n

)







(4.4.7)


#
j
K(H,X)



+
=

rj↑1
r=0

Ŵ (j)
↘
r

∃→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→→ r
(ŴS∋HS)⇔X↔2+S⇔X⇔(ŴS∋HS)

(Ŵ∋H)
↔2 + ϑS


ŴS ∀HS


≃j ↘ JS


#
j
K(H,X)



↑
=

rj↑1
r=0

Ŵ (j)
↘
r

∃→→→→→→→→→→→→→→→→→→→→ r
S⇔X
Ŵ∋H +

(ŴS∋HS)
↔2⇔X↔2

(Ŵ∋H)
↔3 + ϑSS


≃j ↘ JS


#
j
K(H,X)



+
=

rj↑1
r=0

Ŵ (j)
↘
r

∃→→→→→→→ r
S⇔X⇔(ŴS∋HS)

(Ŵ∋H)
↔2


≃j ↘ JN


#
j
K(H,X)



↑
=

rj↑1
r=0

Ŵ (j)
↘
r

∃→→→→→→→→ r
(ŴS∋HS)

↔2⇔X↔2

(Ŵ∋H)
↔3


≃j ↘ JN

(4.4.8)
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4.5 Computational complexity comparison

In this section, we compare the computational and memory costs of the three architectures
introduced in this chapter: Deep-NMF, PAD-NMF, and Deep-NMFD. This analysis is
crucial for the development of real-time applications based on these models, particularly
when targeting resource-constrained microcontrollers, where a careful trade-o! between
computational load and memory usage is required. We report the computational cost
C, measured as the number of basic floating-point operations for a single forward pass,
and the memory cost M, expressed as the number of floating-point scalars, for each
architecture.

CDeep↑NMF = rn [ (K → C) (4mT + 1) + C (4m+ 1) ] (4.5.1)
MDeep↑NMF = mTr + Cmr + {(C + 1) r} (4.5.2)

CPAD↑NMF = rnK (4mT + 1) (4.5.3)
MPAD↑NMF = (C + 1)mTr + {(C + 1) r} (4.5.4)

CDeep↑NMFD = K



 J̄n
(
m+ J̄ → 1

)
+
(
J̄ + 1

)
m



(2n+ 1)

∑

j ≃ J̄

rj →
∑

j ≃ J̄

r
2
j → nJ̄









(4.5.5)
MDeep↑NMFD = (C + 1)m

∑

j ≃ J̄

rj +

(C + 1) J̄


(4.5.6)

We note that the reported computational costs assume that certain quantities (specifically,
the denominators appearing in the update maps f

in) are precomputed and stored in
memory to improve e"ciency. The corresponding increase in memory usage, relative to
that required to store the network parameters, is indicated in curly brackets for each
algorithm; in practice, this overhead is relatively small.
We now focus on a direct comparison between PAD-NMF and Deep-NMFD. For fairness,
Deep-NMF is excluded from this analysis, as it lacks the ability to embed strong temporal
correlations within the nonnegative factors. Table 4 reports the costs associated with the
following three representative scenarios:

1. Musical notes detection: |JS|(= I) = 88, |JN |(= J) = 12, m = 2|JS|, T = 3, n = 2T ,
K = 10, C = 5, rj ∞ T , r =


j ≃ J̄ rj ;

2. Natural phenomena monitoring : |JS| = 3, |JN | = 12, m = 3|JS|, T = 20, n = 2T ,
K = 10, C = 5, rj ∞ T , r =


j ≃ J̄ rj ;

3. Machine monitoring : |JS| = 6, |JN | = 6, m = 3|JS|, T = 6, n = 2T , K = 40, C = 10,
rj ∞ T , r =


j ≃ J̄ rj ;
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Table 4: Comparison of computational cost (MFLOPS) and memory usage (MB)
for PAD-NMF and Deep-NMFD across the three scenarios described above.

CPAD-NMF CDeep-NMFD MPAD-NMF MDeep-NMFD

Scenario 1 25.94 437.99 3.71 1.24

Scenario 2 45.48 25.63 1.24 0.06

Scenario 3 11.85 11.62 0.09 0.01

In terms of memory, Deep-NMFD is roughly T times more e"cient. Regarding compu-
tational cost, both Deep-NMFD and PAD-NMF can be competitive depending on the
parameter configuration. Specifically, for a small number of sources J̄ (Scenarios 2 and
3), Deep-NMFD performs better, but its advantage diminishes as J̄ increases (Scenario
1). This trade-o! can be inferred from Equations (4.5.3) and (4.5.5): when J̄ ↭ 2T ,
Deep-NMFD generally outperforms PAD-NMF, especially for larger r. Conversely, for
larger J̄ (J̄ ↫ 2T ), PAD-NMF is more e"cient for smaller r, though its performance
degrades as r grows. Consequently, PAD-NMF is preferable for scenarios with short
temporal correlations, while Deep-NMFD is better suited for longer correlations. Addi-
tionally, unlike Deep-NMFD, where each source can have its own correlation length rj ,
PAD-NMF enforces a uniform correlation length T across all sources. The values reported
in Table 4 indicate that both PAD-NMF and Deep-NMFD are suitable for implementa-
tion on low-cost embedded microprocessors, such as ARM4 or ARM7, achieving roughly
20 MFLOPS.
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Appendix

4.A PAD-NMF backpropagation details

The goal of this section is to derive the backpropagation maps for the PAD-NMF archi-
tecture presented in Section 4.3.2.
Denote W

(k)
= {w(k)

m,r}m,r, H(k)
= {h(k)r,n}r,n, MH

= {mH
r,n}r,n, and X = {xm,n}m,n. The

update rule for H
(k) (4.3.15) written elementwise then becomes:

h
(k+1)
r,n = m

H
r,n

h
(k)
r,n


m

w
(k)
m,r + ϑH




∑

m

w
(k)
m,r

xm,n

s
w

(k)
m,sh

(k)
s,n



 (4.A.1)

Deriving (4.A.1) with respect to w
(k)
m,r, we obtain:

φh(k+1)
r,n

φw(k)
m,r

= m
H
r,n

h(k)
r,n∑

m

w(k)
m,r

+ϖH


xm,n∑

s

w(k)
m,s

h(k)
s,n


ωr,r

→ m
H
r,n

h(k)
r,n∑

m

w(k)
m,r+ϖH



w(k)
m,r

xm,nh
(k)
r,n(∑

s

w(k)
m,s

h(k)
s,n

)2





→ m
H
r,n

h(k)
r,n(∑

m

w(k)
m,r

+ϖH

)2



m

w
(k)
m,r

xm,n∑
s

w(k)
m,sh

(k)
s,n


ωr,r

=
(

X
W (k)H(k)

)
m,n


H(k)

W (k)→1m↘n+ϖH



r,n

(
M

H
)
r,n

ωr,r

→
(

X

(W (k)H(k))
↔2

)

m,n

(
W

(k)
)
m,r


H(k)

W (k)→1m↘n+ϖH



r,n

(
M

H
)
r,n

(
H

(k)
)
r,n

→
(

H(k)

(W (k)→1m↘n+ϖH)
↔2

)

r,n


W

(k)→ X
W (k)H(k)



r,n

(
M

H
)
r,n

ωr,r

(4.A.2)
Similarly, deriving (4.A.1) with respect to h

(k)
r,n, we obtain:
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φh(k+1)
r,n

φh(k)
r,n

= m
H
r,n

1∑
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
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
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W (k)→1m↘n+ϖH
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
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(4.A.3)
Therefore, since:

ςF̂
ςw

(k)
m,r

=

∑

r,n

ςF̂
ςh

(k+1)
r,n

ςh
(k+1)
r,n

ςw
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from (4.A.2) we get the following split gradient relations:
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Similarly, since:
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from (4.A.3), we get the following split gradient relations:
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Denote ŴS = {(ŵS)m,r}m,r, ŴN = {(ŵN )m,r}m,r, H
(K)
S = {(h(K)

S )r,n}r,n, H(K)
N = {(h(K)

N )r,n}r,n
and S = {sm,n}m,n. The loss-function (4.3.20) written elementwise (for a single training
instance) is of the form:
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 ∑
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(4.A.6)

Deriving (4.A.6) with respect to (h
(K)
S )r,n, we obtain:
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ŴH(K)
̸X → S

)

m,n


X
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(4.A.7)
Similarly, deriving (4.A.6) with respect to (h

(K)
N )r,n, we obtain:
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
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
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(4.A.8)

4.B DNMFD backpropagation details

The goal of this section is to derive the backpropagation maps for the Deep-NMFD ar-
chitecture presented in Section 4.4.2.
Denote W (i)

(k)
= {w(i)(k)m,r}m,r, H(i)

(k)
= {h(i)(k)n }m, and X = {xm,n}m,n. The update

rule for H(i)
(k) (4.4.3) written elementwise then becomes:

h(i)
(k+1)
n =

h(i)
(k)
n


t,m

w(i)
(k)
m,t


q
(J t)n,q




∑

s,m

w(i)
(k)
m,s

∑

p

xm,p

l,u

w(l)
(k)
m,u


q
h(l)

(k)
q (Ju)q,p

(J
s
)n,p





(4.B.1)
Deriving (4.B.1) with respect to w(j)

(k)
m,r, we obtain:
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∑
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
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
ωi,j

→ h(i)(k)n∑
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∑
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∑
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∑
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∑
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∑
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
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
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(4.B.2)

Similarly, deriving (4.B.1) with respect to h(j)
(k)
n , we obtain:
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∑
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
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
p

xm,p∑
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
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
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∑
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
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
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

(4.B.3)

Therefore, since:

ςF̂
ςw(j)

(k)
m,r

=

∑

i,n

ςF̂
ςh(i)

(k+1)
n

ςh(i)
(k+1)
n

ςw(j)
(k)
m,r

from (4.B.2), we get the following split gradient relations:
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
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
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(4.B.4)

Similarly, since:
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n
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from (4.B.3), we get the following split gradient relations:
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(4.B.5)

Denote Ŵ (i) = {ŵ(i)m,r}m,r and S = {sm,n}m,n. The loss-function written elementwise
(for a single training instance) is of the form:
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∑
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∑
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∑
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(4.B.6)

Deriving (4.B.6) with respect to h(j)
(K)
n for j ↘ JS, we obtain:

109



4.B. DNMFD BACKPROPAGATION DETAILS

φF̂
φh(j)(K)

n

=

m,n

(
X⇔

(
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(Ŵ∋H(K))
↔2 + ϑS


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Similarly, deriving (4.B.6) with respect to h(j)
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Kalman filtering

In this chapter, we review the Kalman filter and a set of ensemble-based extensions, in-
cluding the Ensemble Kalman filter and particle filters. We present a unified probabilistic
perspective that highlights the common structure underlying these algorithms, while em-
phasizing their key di!erences in assumptions and objectives. Each method is described
in detail, with particular attention to its prediction and update mechanisms.

5.1 Introduction

State estimation from incomplete, noisy, and heterogeneous information sources is a fun-
damental problem in science and engineering. In many applications, ranging from control
systems and signal processing to geophysics, robotics, and finance, the goal is to infer the
latent state of a dynamical system by combining a mathematical model of its evolution
with partial and noisy observations. This general inference task is commonly referred to
as data assimilation, a paradigm that formalizes the fusion of prior model-based predic-
tions with measurement data in a principled probabilistic framework [41, 40, 109].
Within this context, the Kalman filter (KF) stands as one of the most influential and
widely used data assimilation techniques. Originally introduced in the early 1960s for
aerospace navigation problems [72], the Kalman filter provides an optimal recursive so-
lution, under linearity and Gaussian noise assumptions, to the problem of estimating the
state of a dynamical system from sequential observations. Its appeal lies in its recur-
sive predictor-corrector structure, which enables real-time operation, and in its strong
optimality guarantees: among all linear unbiased estimators, it minimizes the estimation
error covariance [95, 71]. From a data assimilation perspective, the Kalman filter can be
interpreted as a sequential Bayesian estimator that propagates and updates probability
distributions over the system state. At each time step, prior information obtained from
the system dynamics is combined with new observational evidence to produce a posterior
estimate. Under the assumptions of linear dynamics and additive Gaussian noise, all rel-
evant distributions remain Gaussian and are therefore fully characterized by their first-
and second-order statistics, namely the mean and covariance. This observation explains
both the computational e"ciency and the limitations of the classical Kalman filter [116].
Despite its success, the standard Kalman filter relies on assumptions that are often vi-
olated in practical scenarios. Real-world systems frequently exhibit nonlinear dynamics,
non-Gaussian noise, partial observability, or model uncertainty. To address these chal-
lenges, a broad family of Kalman filter extensions has been developed. Deterministic
approximations such as the Extended Kalman Filter (EKF) and the Unscented Kalman
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Filter (UKF) relax the linearity assumption at the cost of additional approximations [70].
In parallel, ensemble-based methods, most notably the Ensemble Kalman Filter (EnKF),
reinterpret the Kalman update in a Monte Carlo setting, enabling scalable state estima-
tion for high-dimensional systems commonly encountered in data assimilation problems
in meteorology and oceanography [39, 40]. Beyond ensemble Kalman methods, particle
filters provide a fully nonparametric alternative by representing probability distributions
through weighted samples. These methods can, in principle, approximate arbitrary pos-
terior distributions and thus overcome both linearity and Gaussianity assumptions. How-
ever, this generality comes at a significant computational cost and introduces challenges
such as sample degeneracy, especially in high-dimensional settings [36, 5].
In this chapter, we review the Kalman filter and its ensemble-based extensions from a
unified data assimilation viewpoint. We begin by revisiting discrete-time linear dynami-
cal systems and their state-space representations, which form the foundation of Kalman
filtering theory. We then present the classical Kalman filter, emphasizing its probabilis-
tic interpretation and recursive structure. Building upon this framework, we introduce
ensemble Kalman methods and particle filters, highlighting their connections, di!erences,
and respective trade-o!s. This progression sets the stage for the following chapter, where
modern learning-based extensions of Kalman filtering are discussed.

5.2 DLTI systems

Throughout this section, we denote by x(:) a Z-indexed sequence, namely x(:) = {x(k)}k≃Z.
A discrete linear time-invariant (DLTI) dynamical system is an operator T that maps
discrete-time input sequences u(:) to discrete-time output sequences y(:) = T [u(:)] and
satisfies the following properties:

1. Linearity. T [ϑ1u1(:) + ϑ2u2(:)] = ϑ1T [u1(:)] + ϑ2T [u2(:)] ≃ϑ1,ϑ2, ≃u1(:), u2(:);

2. Time-invariance. T [u(: →j)] = T [u(:)](: →j) ≃j ↘ Z.

Interestingly, by exploiting the Z-transform [100], DLTI systems can be expressed in three
equivalent ways:

· Convolution sum. By introducing the discrete impulse ω(:), defined by ω(k) = ω0,k

with ω0,k denoting the Kronecker delta, a DLTI system is uniquely characterized by its
discrete impulse response h(:) = T [ω(:)]. Indeed:

y(:) = (h ∀ u)(:) =
∑

j≃Z
u(j)h(: →j) (5.2.1)

This is a direct consequence of the linearity and time-invariance assumptions applied to
the input u(:) =


j≃Z u(j)ω(: →j).

· Auto-regressive moving-average (ARMA). For suitable coe"cient sets {ai}i=1,...,na

and {bj}j=1,...,nb
, the following relation holds:

112



CHAPTER 5. KALMAN FILTERING

na∑

i=0

aiy(k → i) =

nb∑

j=0

bju(k → j) (5.2.2)

In this formulation, na denotes the model order. Furthermore, to ensure a one-to-one
correspondence between the model parameters and the resulting input–output behavior,
it is customary to impose the normalization condition a0 = 1.

· State-space. For some suitable matrices A ↘ Mn↔n(R), B ↘ Mn↔q(R), C ↘ Mm↔n(R)
and D ↘ Mm↔q(R), it holds:

x(k) = Ax(k → 1) +Bu(k)

y(k) = Cx(k) +Du(k)
(5.2.3)

In this formulation, n denotes the model order, and the first equation in (5.2.3) is
known as the state equation. In particular, we remark that systems in the form (5.2.3)
are often obtained by discretizing a Linear Time-Invariant (LTI) system in continuous
time:

ẋ(t) = Ã(t)x(t) + B̃(t)u(t)

y(t) = C̃(t)x(t) + D̃(t)u(t)
(5.2.4)

State-space representations are particularly attractive because they naturally enable the
analysis of fundamental system properties such as reachability and observability. Given
an initial condition x0 ↘ Rn and an input sequence u(:), we denote by:

x(k;u, x0) = A
k
x0 +

k↑1∑

j=0

A
k↑1↑j

Bu(j) (5.2.5)

the solution of the state equation at time k, and by:

y(k; u, x0) = Cx(k; u, x0) +Du(k) (5.2.6)

the corresponding output. A state x̄ ↘ Rn is:

· Reachable if ∈ū(:) and ∈k̄ such that x̄ = x(k̄; ū, 0). In particular, by letting:

3R = {x ↘ Rn | x is reachable}

it holds 3R = Im(R), where R ↘ Mn↔nq(R) is the reachability matrix:

R =
[
B AB · · · A

n↑1
B
]

(5.2.7)

If rank(R) = n, the state-space system (5.2.3) is reachable.
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· Not observable if ≃u(:) and ≃k it holds y(k; u, x̄) = y(k; u, 0). In particular, by letting:

3NO = {x ↘ Rn | x is not observable}

it holds 3NO = ker(O), where O ↘ Mnm↔n(R) is the observability matrix:

O =





C

CA

...
CA

n↑1




(5.2.8)

If rank(O) = n, the state-space system (5.2.3) is observable.

Moreover, one can also define the following reachability and observability Gramians:

GR = RR↘
GO = O↘O (5.2.9)

In this context, the reachability and observability Gramians provide quantitative mea-
sures of how easily states can be controlled or observed. The reachability Gramian GR

characterizes the ability to steer the system from the origin to a given state using admis-
sible inputs, while the observability Gramian GO quantifies how well internal states can
be inferred from output measurements. These matrices are fundamental tools in control
theory, as they allow the assessment of controllability and observability, support model
reduction techniques, and are central to energy-based analyses of system behavior [71, 4].

5.3 Kalman filter

In this section, we present a comprehensive overview of the Kalman filter, largely following
the exposition in [67]. Let us consider a noisy state-space system1 in the form:

x(k) = A(k)x(k → 1) +B(k)u(k) + w(k)

y(k) = C(k)x(k) + v(k)
(5.3.1)

where w(k) ↗ N (0, Q(k)) and v(k) ↗ N (0, R(k)) are uncorrelated, zero-mean normal ran-
dom vectors with positive-definite covariances Q(k) ↘ Mn↔n(R) and R(k) ↘ Mm↔m(R),
respectively. Let us also assume the initial state of the system to be given by x(0) =

µ0 + w(0), for some known µ0 ↘ Rn.
Given l known observations y(1), . . . , y(l) and k known inputs u(1), . . . , u(k), with k ⇐
l, we consider the problem of finding the best linear unbiased estimate of the states
x(1), . . . , x(k). A possible approach is to rewrite (5.3.1) as a linear system:

1
In the particular case of constant matrices A(k) ∞ A, B(k) ∞ B and C(k) ∞ C we obtain a DLTI system

as in (5.2.3).

114



CHAPTER 5. KALMAN FILTERING

µ0 = x(0) → w(0)

B(1)u(1) = x(1)→ A(1)x(0) → w(1)

y(1) = C(1)x(1) + v(1)

...
...

B(l)u(l) = x(l)→ A(l)x(l → 1) → w(l)

y(l) = C(l)x(l) + v(l)

B(l + 1)u(l + 1) = x(l + 1)→ A(l + 1)x(l) → w(l + 1)

...
...

B(k)u(k) = x(k)→ A(k)x(k → 1) → w(k)

(5.3.2)

which admits a compact representation in the form:

b(k | l) = A(k | l)z(k) + ↼(k | l), z(k) =




x(0)

...
x(k)



 (5.3.3)

Since ↼(k | l) is a zero-mean random vector with block-diagonal inverse covariance:

W (k | l) = diag(Q(0)
↑1

, Q(1)
↑1

, R(1)
↑1

, . . . , Q(l)
↑1

, R(l)
↑1

, Q(l + 1)
↑1

, . . . , Q(k)
↑1

)

(5.3.4)
and since A(k | l) is full rank by construction, the desired estimate ẑ(k | l) of z(k) is
obtained by solving (5.3.3) in a weighted least-squares sense:

ẑ(k | l) =
[
A(k | l)↘W (k | l)A(k | l)

]↑1A(k | l)↘W (k | l)b(k | l), ẑ(k | l) =




x̂(0 | l)

...
x̂(k | l)





(5.3.5)
This general state estimation framework can be specialized in several ways, depending on
the choice of l and the intended objective. In particular, we distinguish three well-known
scenarios:

• Kalman prediction. For k > l, the framework specializes to state prediction, where the
states x(l+1), . . . , x(k) are estimated using only the prior estimate x̂(l | l) and the inputs
u(l + 1), . . . , u(k):

x̂(l | l), u(l + 1), . . . , u(k) =ℑ
prediction

x̂(l + 1 | l), . . . , x̂(k | l)

• Kalman filtering. For k = l, the framework yields the standard Kalman filtering prob-
lem, in which the state x(k) is estimated from the previous estimate x̂(k→1 | k→1) using
the input u(k) and the measurement y(k):

x̂(k → 1 | k → 1), u(k), y(k) =ℑ
filtering

x̂(k | k)
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• Kalman smoothing. In the smoothing setting, the entire state trajectory z(k) is esti-
mated from the prior estimate ẑ(k | l → 1) after incorporating the measurement y(l):

ẑ(k | l → 1), y(l) =ℑ
smoothing

ẑ(k | l)

In this chapter, and in the following one, we focus on Kalman filtering. The next section,
in particular, provides an overview of the classical two-step Kalman filter algorithm, while
a more detailed derivation of the associated relations and additional technical insights are
deferred to Appendix 5.B.

5.3.1 Predictor-corrector state estimation

The Kalman filter links the optimal state estimate at discrete time k, x̂(k) = x̂(k | k), to
the previous estimate x̂(k→ 1) = x̂(k→ 1 | k→ 1). By definition, these vectors correspond
to the last components of ẑ(k) = ẑ(k | k) and ẑ(k → 1) = ẑ(k → 1 | k → 1), respectively,
which solve the normal equations associated with (5.3.3) for l = k → 1 and l = k. The
strength of the Kalman filter lies in its ability to compute x̂(k) recursively from x̂(k→ 1),
without explicitly solving these systems.
The recursive updates proceed via a two-step procedure, initialized with x̂(0) = µ0 and
P (0) = P (0 | 0) = Q(0). In the prediction step, both the state estimate and its error
covariance are propagated forward according to the DLTI system (5.3.1):

P (k | k → 1) = A(k)P (k → 1)A(k)
↘
+Q(k) (5.3.6)

x̂(k | k → 1) = A(k)x̂(k → 1) +B(k)u(k) (5.3.7)

This step requires the input u(k). In the correction step, these quantities are then updated
using the observation y(k). In particular, by defining the prediction error (or innovation):

ey(k) = y(k)→ C(k)x̂(k | k → 1) (5.3.8)
one obtains:

P (k) =
[
P (k | k → 1)

↑1
+ C(k)

↘
R(k)

↑1
C(k)

]↑1 (5.3.9)
x̂(k) = x̂(k | k → 1) + P (k)C(k)

↘
R(k)

↑1
ey(k) (5.3.10)

Equation (5.3.10) shows that the Kalman filter applies a proportional feedback on the
prediction error ey(k), scaled by the (Kalman) gain:

K(k)
G = P (k)C(k)

↘
R(k)

↑1 (5.3.11)
By invoking Proposition 5.A.1, one can further derive the following equivalent expressions
for K(k)

G and P (k):

K(k)
G = P (k | k → 1)C(k)

↘ [
C(k)P (k | k → 1)C(k)

↘
+R(k)

]↑1 (5.3.12)

P (k) =


1n → K(k)

G C(k)


P (k | k → 1) (5.3.13)
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In particular, (5.3.12) shows that the Kalman gain can be expressed as the product of
two covariance matrices:

K(k)
G = cov [x(k), y(k) | k → 1] cov [y(k), y(k) | k → 1]

↑1

cov [x(k), y(k) | k → 1] = P (k | k → 1)C(k)
↘

cov [y(k), y(k) | k → 1] = C(k)P (k | k → 1)C(k)
↘
+R(k)

(5.3.14)

where we use k→ 1 as shorthand for the observation sequence y(1), . . . , y(k→ 1). Equiva-
lently, the Kalman gain is the solution to the linear system:

K(k)
G cov [y(k), y(k) | k → 1] = cov [x(k), y(k) | k → 1] (5.3.15)

As will be discussed in the next Section 5.4.1, this formulation naturally enables a gen-
eralization of the Kalman filter to particle ensembles, where the covariance matrices are
replaced by their empirical counterparts.

When the system matrices are constant, i.e., A(k) ∞ A, B(k) ∞ B and C(k) ∞ C, the
notions of reachability and observability introduced in Section 5.2 can be directly applied
to the Kalman filter. This connection provides valuable insight into the filter’s ability to
predict and correct state estimates. Indeed, the reachability and observability Gramians
(5.2.9) quantify how easily states can be influenced by inputs and inferred from outputs,
respectively. From this perspective, the reachability Gramian GR determines how process
noise propagates through the system, influencing the predicted uncertainty P (k | k → 1).
Similarly, the observability Gramian GO governs how e!ectively measurements reduce
uncertainty in the updated covariance P (k). States with low observability energy (small
eigenvalues of GO) are inherently harder to estimate, leading to higher posterior uncer-
tainty, whereas states with low reachability energy (small eigenvalues of GR) are more
sensitive to process noise, potentially degrading prediction accuracy. The Kalman filter’s
performance can therefore be directly interpreted in terms of system structure: the Grami-
ans provide a theoretical foundation for understanding which states are well-estimated,
which are inherently uncertain, and how the choice of Q(k) and R(k) interacts with sys-
tem dynamics to shape estimation accuracy. A practical demonstration of this interplay
is provided in Section 6.4.4.

5.3.2 Limitations

While the Kalman filter provides optimal state estimates for linear systems with Gaussian
noise, it su!ers from several important limitations that must be considered in practical
applications.

· Known dynamics. Its performance critically depends on accurate knowledge of the
system dynamics and the noise covariances; any mismatch in the system model or mis-
estimation of the process and measurement noise can lead to biased estimates or even
divergence of the filter [116];

· Linearity. The standard Kalman filter is inherently limited to linear systems. For non-
linear dynamics, extensions such as the Extended Kalman Filter (EKF) or the Unscented
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Kalman Filter (UKF) are required, but these approaches introduce approximations that
may compromise accuracy and increase computational cost [70];

· Gaussianity. The Kalman filter assumes Gaussian noise. In the presence of heavy-tailed,
impulsive, or otherwise non-Gaussian disturbances, its estimates are no longer optimal
and may exhibit instability [5];

· Cost. The computational and memory requirements grow rapidly with the system di-
mension, which can pose challenges for real-time implementation on resource-constrained
platforms [58].

These limitations are partially addressed in the next section, 5.4, which presents ensemble-
based extensions of the Kalman filter. By contrast, Chapter 6 tackles all of the aforemen-
tioned challenges using recent Kalman filter extensions that integrate machine learning
techniques.

5.4 Ensemble extensions to the Kalman filter

In this section, we briefly review the mathematical foundations of the Bayes filter [5,
113], a general framework that encompasses the Kalman filter and several of its ensemble
extensions. At a high level, the Bayes filter recursively estimates p(x(k) | k) from the
filtered distribution at the previous time step p(x(k → 1) | k → 1), where, as before, k → 1

and k are used as shorthand for the corresponding sequences of observations.
Similarly to the Kalman filter, the Bayes filter updates the state distribution through a
two-step procedure. In the prediction step, the distribution p(x(k→1) | k→1) is propagated
forward using only the process model, which specifies the conditional distribution p(x(k) |
x(k → 1)):

p(x(k) | k → 1) =

∫
p(x(k) | x(k → 1)) · p(x(k → 1) | k → 1) dx(k) (5.4.1)

In the update step, Bayes’ theorem is applied to compute the posterior distribution, taking
p(x(k) | k → 1) as the prior and p(y(k) | x(k)) as the likelihood, the latter being specified
by the observation model. The resulting posterior is thus given by:

p(x(k) | k) ▽ p(y(k) | x(k)) · p(x(k) | k → 1) (5.4.2)

Let us now relate the Bayes filter to the Kalman filter described in Section 5.3. Under
linear dynamics and Gaussian noise, all relevant distributions are Gaussian, and thus fully
determined by their mean (first-order statistic) and covariance (second-order statistic).
At each iteration, the Kalman filter implicitly estimates p(x(k) | k) by propagating the
state estimate x̂(k) and its covariance P (k) to time k. Specifically, in the prediction step,
the prior distribution (5.4.1) is characterized by computing its mean x̂(k | k → 1) and
covariance P (k | k → 1) according to (5.3.7) and (5.3.6):

x(k) | k → 1 ↗ N (x̂(k | k → 1), P (k | k → 1)) (5.4.3)

By exploiting the fact that the likelihood takes the form:
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y(k) | x(k) ↗ N (C(k)x(k), R(k)) (5.4.4)
with a slight abuse of notation, the posterior (5.4.2) reduces to:

x(k) | k ↗ N (C(k)x(k), R(k)) · N (x̂(k | k → 1), P (k | k → 1)) = N (x̂(k), P (k)) (5.4.5)

where x̂(k) and P (k) are computed using (5.3.10) and (5.3.9). Interestingly, the MAP
estimate of x̂(k) provided by (5.4.5) reads2:

x̂(k) = argmin
x≃Rn

1

2
⇒y(k)→ C(k)x⇒2R(k)↑1 +

1

2
⇒x→ x̂(k | k → 1)⇒2P (k|k↑1)↑1 (5.4.6)

From this perspective, the Kalman filter can be viewed as a highly specialized instance of
the Bayes filter.

5.4.1 Ensemble Kalman filter

The Ensemble Kalman Filter [40] extends the classical Kalman filter to alleviate several
of its well-known limitations, most notably the assumption of linear system dynamics
and the requirement of Gaussian process and observation noise. In particular, let us now
consider a general state-space system in the form:

x(k) = f(x(k → 1), w(k), k)

y(k) = h(x(k), v(k), k)
(5.4.7)

where f is the system’s forward operator and h is the observation model, both of which
may be nonlinear. As in (5.3.1), w(k) and v(k) represent uncorrelated process and ob-
servation noise; however, the Gaussianity assumption is no longer imposed. As we will
now detail, the EnKF provides a Monte Carlo approximation to the states’ first- and
second-order statistics x̂(k) and P (k), respectively.
Suppose that, at time k→1, we are given an ensemble of N particles {xi(k→1)}Ni=1 acting
as surrogate samples from the distribution p(x(k→ 1) | k→ 1). The EnKF provides a pro-
cedure to propagate and update this ensemble to time k, yielding {xi(k)}Ni=1. First, each
particle is propagated through the forward operator and observation model to obtain:

x
i
(k | k → 1) = f(x

i
(k → 1), w

i
(k), k) (5.4.8)

y
i
(k | k → 1) = h(x

i
(k | k → 1), v

i
(k), k) (5.4.9)

where v
i
(k) and w

i
(k) are sampled from p(v(k)) and p(w(k)), respectively. This ensures

that the ensembles {xi(k | k → 1)}Ni=1 and {yi(k | k → 1)}Ni=1 can be regarded as surrogate
samples from p(x(k) | k → 1) and p(y(k) | k → 1). Next, the propagated ensemble is
corrected using a relation analogous to (5.3.10):

x
i
(k) = x

i
(k | k → 1) + K(k)

En
(
y(k)→ y

i
(k | k → 1)

)
(5.4.10)

2
We denote ⇒v⇒2W = v

↓
Wv the 2-norm squared of a vector v weighted by W .
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where K(k)
En is an ensemble Kalman gain matrix obtained by replacing the covariances in

(5.3.14) with their empirical counterparts, computed from (5.4.8) and (5.4.9). Denoting:

x̄(k | k → 1) =
1

N

N∑

i=1

x
i
(k | k → 1) ȳ(k | k → 1) =

1

N

N∑

i=1

y
i
(k | k → 1) (5.4.11)

the ensemble Kalman gain is given by:

K(k)
En = covEn [x(k), y(k) | k → 1] covEn [y(k), y(k) | k → 1]

↑1

covEn [x(k), y(k) | k → 1] =
1

N

N
i=1

(
x
i
(k | k → 1)→ x̄(k | k → 1)

) (
y
i
(k | k → 1)→ ȳ(k | k → 1)

)↘

covEn [y(k), y(k) | k → 1] =
1

N

N
i=1

(
y
i
(k | k → 1)→ ȳ(k | k → 1)

) (
y
i
(k | k → 1)→ ȳ(k | k → 1)

)↘

(5.4.12)
The update (5.4.10) ensures that the ensemble {xi(k)}Ni=1 represents surrogate samples
from the posterior distribution p(x(k) | k). As a consequence, the first and second order
statistics can be recovered as follows:

x̂En(k) =
1

N

N∑

i=1

x
i
(k) (5.4.13)

PEn(k) =
1

N

N∑

i=1

(
x
i
(k)→ x̂En(k)

) (
x
i
(k)→ x̂En(k)

)↘ (5.4.14)

Before moving to the next section, it is important to clarify an implicit convention used
in our presentation of the EnKF. Throughout the exposition, we treated the ensembles
generated at each stage of the algorithm as surrogate samples for the true distributions
governing the system, as discussed in the Bayes filter in Section 5.4. This notational
caveat arises because the ensembles represent samples from the true distributions only
in the case of linear systems with additive Gaussian noise, where the EnKF converges
to the Kalman filter solution as the ensemble size N ↑ +⇔. For nonlinear systems or
non-Gaussian noise, this property does not hold, since the update step (5.4.10) inherently
assumes linearity and Gaussianity. As a result, the EnKF primarily provides estimates of
the first- (5.4.13) and second- (5.4.14) order statistics, which are exact only under the
standard Kalman filter assumptions.

5.4.2 Particle filters

In general non-Gaussian noise settings, the first- and second-order statistics provided by
the EnKF are not su"cient to fully characterize the state distributions generated by
systems of the form (5.4.7). Particle filters [36, 68], on the other hand, o!er a more
general inference framework by explicitly representing and propagating approximations
of the full state distributions through the prediction and update steps. Unlike the EnKF,
whose ensembles primarily encode low-order moments, particle filters aim to produce
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ensembles that asymptotically approximate the true posterior distributions as the number
of particles increases.
Suppose that, at time k → 1, we are given an ensemble of N weighted particles {xi(k →
1),ϱ

i
(k→1)}Ni=1 representing the distribution p(x(k→1) | k→1). In particular, this allows

us to approximate the distribution by its corresponding weighted empirical measure:

p(x(k → 1) | k → 1) ′ 1

N

N∑

i=1

ϱ
i
(k → 1)ω

(
x(k → 1)→ x

i
(k → 1)

)
(5.4.15)

Particle filters provide a procedure to propagate and update this weighted ensemble to
time k, yielding {xi(k),ϱi(k)}Ni=1. First, each particle is propagated through the forward
operator and observation model to obtain:

x
i
(k | k → 1) = f(x

i
(k → 1), w

i
(k), k) (5.4.16)

y
i
(k | k → 1) = h(x

i
(k | k → 1), v

i
(k), k) (5.4.17)

This step remains identical to that of the EnKF. Next, the particle weights are updated
according to the likelihood of the observation y(k) given each predicted observation y

i
(k |

k → 1), namely:

ϱ̃
i
(k) = ϱ

i
(k → 1) · p(y(k) | yi(k | k → 1)) = ϱ

i
(k → 1) · p(y(k) | xi(k | k → 1)) (5.4.18)

The resulting weights are then self-normalized:

ϱ
i
(k) =

ϱ̃
i
(k)

N
i=1 ϱ̃

i(k)
(5.4.19)

Finally, particle filters based on Sequential Importance Resampling (SIR) construct the
ensemble {xi(k)}Ni=1 at time k by drawing samples from:

N∑

i=1

ϱ
i
(k)ω

(
x(k)→ x

i
(k | k → 1)

)
′ p(x(k) | k) (5.4.20)

The corresponding weights are then set to be uniform, i.e. ϱ
i
(k) =

1
N ≃i = 1, . . . , N . By

comparing (5.4.20) with (5.4.5), we observe that the weights ϱ
i
(k) encode information

about the likelihood p(y(k) | x(k)), while the Dirac delta centered at xi(k | k→1) captures
the prior information p(x(k) | k → 1). Given the weighted ensemble {xi(k),ϱi(k)}Ni=1, the
first- and second-order statistics can be estimated analogously to the EnKF:

x̂PF(k) =

N∑

i=1

w
i
(k)x

i
(k) (5.4.21)

PPF(k) =

N∑

i=1

w
i
(k)

(
x
i
(k)→ x̂PF(k)

) (
x
i
(k)→ x̂PF(k)

)↘ (5.4.22)
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Audio tracker

We now present an application of particle filters to a tracking problem. The general
algorithm was originally introduced in [135, 131], where a standard visual tracker employs
an NMF-based likelihood to track and recursively update a low-rank signature of a target
object. Here, we adapt this approach to real-time tracking in audio signals. The key
idea is to interpret consecutive column batches of a spectrogram as video frames. Before
presenting the proposed algorithm, we briefly introduce the general tracking problem and
review the original NMF tracker.
In visual tracking, we are given a real-time stream of video frames F (1), . . . , F (k), . . .

where each F (k) ↘ Mw↔h(R↗0) is a grayscale image containing the target object. We
adopt a state-space formulation of the form (5.4.7), with the following components:

· the state x(k) ↘ R4 encodes the object xy-position and its size (width and height)
within the frame;

· the forward model f propagates the state by additive Gaussian perturbations, i.e.:

x(k) = f(x(k → 1), w(k), k) = x(k → 1) + w(k) (5.4.23)

with w(k) ↗ N (0, σ
214);

· the observation model h is deterministic and extracts from the current frame F (k) the
vectorized image patch y(k) ↘ Rm

↗0 corresponding to the state x(k), i.e.:

y(k) = h(x(k), k) (5.4.24)

With a slight abuse of notation, we will also denote the observed frames F (k) by y(k),
even though they are w ↓ h matrices and not outputs of the observation model h. This
notational simplification does not a!ect the particle filtering procedure and will be clarified
in the following discussion.
With respect to the general particle filter framework described in the previous section, the
only remaining component to be specified is the likelihood associated with a given particle
observation, namely the quantity p

(
y(k) | yi(k | k → 1)

)
used to update the weights in

(5.4.18). Let us suppose to be at time k → 1 and denote:

ŷPF(l) = h(x̂PF(l), l) ≃l = 1, . . . , k → 1 (5.4.25)
the vectorized patches computed at all previous times by the filter. Assembling these
observations within a nonnegative matrix:

Ŷ (k → 1) =
[
ŷPF(1) · · · ŷPF(k → 1)

]
(5.4.26)

we extract a nonnegative, low-rank signature dictionary W (k→1) by solving the following
NMF optimization problem:

min ⇒Ŷ (k → 1)→W (k → 1)H⇒22
s.t. W (k → 1) ↘ Mm↔r(R↗0)

H ↘ Mr↔(k↑1)(R↗0)

(5.4.27)
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The underlying rationale is that W (k→1) contains feature vectors encoding the appearance
history of the tracked object until frame F (k → 1). Under the assumption of a smooth
temporal evolution of the object’s appearance, a standard and well-justified assumption
in visual tracking, these features can be leveraged to localize and track the object in the
subsequent frame y(k) = F (k). More precisely, given y(k), we measure the fitness of the
i-th particle observation y

i
(k | k → 1)

3 by solving:

min ⇒yi(k | k → 1)→W (k → 1)H⇒22
s.t. H ↘ Mr↔1(R↗0)

(5.4.28)

Denoting H
i
(k | k → 1) the optimal solution of (5.4.28), the residue:

r
i
(k | k → 1) = ⇒yi(k | k → 1)→W (k → 1)H

i
(k | k → 1)⇒22 (5.4.29)

is inversely proportional to the fitness of the particle. As a consequence, for a constant
C > 0, we define the likelihood as:

p(y(k) | yi(k | k → 1)) ▽ e
↑Cri(k|k↑1) (5.4.30)

In practice, the dictionary W (k) at the next filter iteration can be e"ciently obtained by
updating W (k → 1), without explicitly forming the observation matrix Ŷ (k). This trick
ensures that the memory footprint of the algorithm remains constant over time. Finally,
for clarity of presentation, the objective functions defining the two NMF problems in
(5.4.27) and (5.4.30) have been simplified. A complete description of the regularized
NMF formulations used in the actual tracker implementation can be found in [135].
We now describe how this general framework can be adapted to tracking tasks in audio
signals. The objective is to modify the particle filter so as to follow continuous time-
frequency patterns in the spectrogram of an audio signal. Such patterns typically arise
from nonstationary fundamental frequencies associated with excited systems, such as
rotating machinery, car engines, or musical instruments. Figure 5.1 shows a typical time-
frequency pattern observed from the spectrogram of an accelerating car engine. Moreover,
the particle filter should be able to track an arbitrary number of harmonics simultaneously,
as these often carry valuable information about the underlying system. As discussed
earlier, an audio signal acquired in real time is represented by treating consecutive batches
of columns of its spectrogram as video frames, with the batch size chosen a priori. Within
each batch, the objective is to track n frequency components: the fundamental frequency
and its first n→ 1 harmonics. We again adopt the state-space formulation (5.4.7), where:

· the state x(k) ↘ Rn represents the n target frequencies. Unlike the visual tracking case,
no bounding box width or height is estimated: the width is fixed by the number of
columns in each spectrogram batch, while the height (in pixels) associated with each
tracked frequency is selected during initialization and kept constant. This reflects the
assumption that the shape of the system’s frequency response remains approximately
constant or, at least, bounded;

· the forward model f propagates the state while taking into account that the information
it carries is intrinsically one-dimensional. In fact, given a perfect state estimate x(k→1),

3
Notice that computing y

i(k | k → 1) by (5.4.24) requires F (k) = y(k).
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Figure 5.1: Spectrogram of an accelerating car engine. The fundamental and two
of its harmonics can be easily recognized.

any entry can be recovered from any other by multiplication with a suitable rational
factor. The proposed forward model is constructed by pre-multiplying (5.4.23) with
the following rank-1 matrix A:

x(k) = f(x(k → 1), w(k), k) = A ( x(k → 1) + w(k) ) A =





1

2

...
n






ϑ1

ϑ2

2
· · · ϑn

n



(5.4.31)
where ϑ1 + · · · + ϑn = 1 and each ϑj ⇐ 0 represents the confidence in the estimate of
the (j → 1)-th harmonic frequency at time k → 1;

· the observation model h is deterministic and extracts from the current frame F (k) the
set of n vectorized image patches y(k) = {yj(k)}nj=1 ↙ Rm corresponding to the entries
of x(k), i.e.:

yj(k) = h(xj(k), k) ≃j = 1, . . . , n (5.4.32)

The likelihood for the filter is constructed by generalizing the above procedure to n distinct
objects, each having its own NMF dictionary. In particular, let us suppose to be at time
k → 1 and denote, for j = 1, . . . , n:

(ŷPF)j(l) = h
(
(x̂PF)j(l), l

)
≃l = 1, . . . , k → 1 (5.4.33)

the vectorized patches computed at all previous times by the filter. We then assemble
these observations within n nonnegative matrices:

Ŷj(k → 1) =
[
(ŷPF)j(1) · · · (ŷPF)j(k → 1)

]
≃j = 1, . . . , n (5.4.34)

and extract the corresponding dictionaries Wj(k → 1) by solving the NMF optimization
problems:
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min ⇒Ŷj(k → 1)→Wj(k → 1)H⇒22
s.t. Wj(k → 1) ↘ Mm↔r(R↗0)

H ↘ Mr↔(k↑1)(R↗0)

(5.4.35)

As before, given y(k), we measure the fitness of the i-th particle observation y
i
(k | k→1) =

{yij(k | k → 1)}nj=1 by solving, for j = 1, . . . , n:

min ⇒yij(k | k → 1)→Wj(k → 1)H⇒22
s.t. H ↘ Mr↔1(R↗0)

(5.4.36)

Denoting H
i
j(k | k → 1) the optimal solution of (5.4.36) and the residue:

r
i
j(k | k → 1) = ⇒yij(k | k → 1)→Wj(k → 1)H

i
j(k | k → 1)⇒22 ≃j = 1, . . . , n (5.4.37)

we define the likelihood as:

p(y(k) | yi(k | k → 1)) ▽ e

↑C

n

n∑
j=1

ri
j
(k|k↑1)

(5.4.38)
In particular, the confidence weights ϑ1, . . . ,ϑn to be used in the next filter iteration can
be constructed by normalizing {e↑Cr̂j(k)}nj=1, where {r̂j(k)}nj=1 are analogous residues
to (5.4.37) computed from (ŷPF)j(k) = h

(
(x̂PF)j(k), k

)
using the updated dictionaries

Wj(k). To conclude, Figure 5.2 shows the results obtained by applying the proposed
audio tracker on the spectrogram of an accelerating car. We chose to track 2 harmonics
(n = 3) using N = 50 particles. Each column batch has a size of 3, and we set r = 15

and C = 3↓ 10
↑1.

Figure 5.2: Output of the proposed audio tracker on a spectrogram segment of
an accelerating car. Red boxes indicate the fixed-size regions associated with each
tracked frequency, the yellow lines show the estimated frequencies, and the green
line corresponds to a smoothed version of the frequency estimate.
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Appendix

5.A Supporting results

Proposition 5.A.1. Let A ↘ Mn↔n(R), B ↘ Mm↔n(R) and C ↘ Mm↔m(R) with A,C

positive definite. Denoting:

S = BAB
↘
+ C

↑1
G = AB

↘
S
↑1

it holds:

1.
(
A

↑1
+B

↘
CB

)↑1
= (1n →GB)A;

2.
(
A

↑1
+B

↘
CB

)↑1
= (1n →GB)A(1n →B

↘
G

↘
) +GC

↑1
G

↘;

3. G =
(
A

↑1
+B

↘
CB

)↑1
B

↘
C.

Proof: See [67].

Proposition 5.A.2 (Schur). Let A ↘ Mn↔n(R), D ↘ Mm↔m(R), B ↘ Mn↔m(R),
C ↘ Mm↔n(R) and denote M the matrix with block form:

M =


A B

C D



1. If D and the Schur complement MA = A→BD
↑1

C are invertible, then it holds:

M
↑1

=


M

↑1
A →M

↑1
A BD

↑1

→D
↑1

CM
↑1
A D

↑1
+D

↑1
CM

↑1
A BD

↑1



2. If A and the Schur complement MD = D → CA
↑1

B are invertible, then it holds:

M
↑1

=


A

↑1
+ A

↑1
BM

↑1
D CA

↑1 →A
↑1

BM
↑1
D

→M
↑1
D CA

↑1
M

↑1
D



Proof: It can be easily checked by direct computation.

Proposition 5.A.3 (Woodbury). Let A ↘ Mn↔n(R), D ↘ Mm↔m(R), B ↘ Mn↔m(R)
and C ↘ Mm↔n(R). If A, D, A→BD

↑1
C and D → CA

↑1
B are invertible, then it holds:

(
A→BD

↑1
C
)↑1

= A
↑1

+ A
↑1

B
(
D → CA

↑1
B
)↑1

CA
↑1

Proof: Follows by equating the upper-left blocks of M↑1 in 5.A.2.
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5.B Details for Section 5.3.1

Following [67], we now show how to obtain the recursive predictor-corrector update rule
typical of the Kalman filter. Let us begin by noticing that the objective defining the least
squares problem with solution ẑ(k | l) (5.3.5) can be written as:

Fk|l(z(k)) =
1

2
⇒x(0)→ µ0⇒2Q(0)↑1 +

1

2

k
i=1

⇒y(i)→ C(i)x(i)⇒2R(i)↑1

+
1

2

k
i=1

⇒x(i)→ A(i)x(i→ 1)→B(i)u(i)⇒2Q(i)↑1

(5.B.1)

In the prediction step, we seek x̂(k | k → 1), which is defined as the last component of
ẑ(k | k → 1). The latter, is associated to the objective in (5.B.1) for l = k → 1, which we
can recursively write in function of Fk↑1 = Fk↑1|k↑1:

Fk|k↑1(z(k)) = Fk↑1(z(k → 1)) +
1

2
⇒x(k)→A(k)z(k → 1)→B(k)u(k)⇒2Q(k)↑1 (5.B.2)

where A(k) =
[
0 · · · 0 A(k)

]
↘ Mn↔kn(R), so that A(k)z(k → 1) = A(k)x(k → 1). In

particular, the gradient and Hessian for Fk|k↑1 are in the form:

↔z(k)Fk|k↑1(z(k)) =


↔z(k↑1)Fk↑1(z(k → 1)) +A(k)

↘
Q(k)

↑1
(A(k)z(k → 1)→ x(k) +B(k)u(k))

→Q(k)
↑1

(A(k)z(k → 1)→ x(k) +B(k)u(k))



↔2
z(k)Fk|k↑1(z(k)) =


↔2

z(k↑1)Fk↑1(z(k → 1)) +A(k)
↘
Q(k)

↑1A(k) →A(k)
↘
Q(k)

↑1

→Q(k)
↑1A(k) Q(k)

↑1



(5.B.3)
Since the Hessian is positive definite, we can obtain ẑ(k | k→ 1) by applying a single step
of Newton’s method with any starting point z(k):

ẑ(k | k → 1) = z(k)→

↔2

z(k)Fk|k↑1(z(k))

↑1
↔z(k)Fk|k↑1(z(k)) (5.B.4)

Choosing:

z(k) =


ẑ(k → 1)

A(k)x̂(k) +B(k)u(k)


(5.B.5)

we observe that ↔z(k)Fk|k↑1(z(k)) = 0. By virtue of (5.B.4), we get ẑ(k | k → 1) = z(k),
and x̂(k | k → 1) is then given by the last component of (5.B.5), recovering the Kalman
filter state prediction in (5.3.7). If we then recall that the inverse of the Hessian in (5.B.3)
defines the state covariances through the following relation:


↔2

z(k)Fk|k↑1(z(k))

↑1
=


cov [z(k → 1), z(k → 1) | k → 1] ∀

∀ P (k | k → 1)


(5.B.6)

by observing that:
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A(k) cov [z(k → 1), z(k → 1) | k → 1]A(k)
↘
= A(k)P (k → 1)A(k)

↘ (5.B.7)
Proposition 5.A.2-1 applied to ↔2

z(k)Fk|k↑1(z(k)) yields the predicted state covariance in
(5.3.6).
In the correction step, we seek x̂(k), which is defined as the last component of ẑ(k) = ẑ(k |
k). Its associated objective is obtained by letting l = k in (5.B.1), and can be recursively
written as a function of Fk|k↑1 :

Fk(z(k)) = Fk|k↑1(z(k)) +
1

2
⇒y(k)→ C(k)z(k)⇒2R(k)↑1 (5.B.8)

where C(k) =
[
0 · · · 0 C(k)

]
↘ Mm↔(k+1)n(R), so that C(k)z(k) = C(k)x(k). The

gradient and Hessian for Fk are in the form:

↔z(k)Fk(z(k)) = ↔z(k)Fk|k↑1(z(k)) + C(k)↘R(k)
↑1

(C(k)z(k)→ y(k))

= ↔z(k)Fk|k↑1(z(k)) +


0

C(k)
↘
R(k)

↑1
(C(k)x(k)→ y(k))



↔2
z(k)Fk(z(k)) = ↔2

z(k)Fk|k↑1(z(k)) + C(k)↘R(k)
↑1C(k)

= ↔2
z(k)Fk|k↑1(z(k)) +


0 0

0 C(k)
↘
R(k)

↑1
C(k)



(5.B.9)

Since the Hessian is positive definite, we again apply a single step of Newton’s method:

ẑ(k) = z(k)→

↔2

z(k)Fk(z(k))

↑1
↔z(k)Fk(z(k)) (5.B.10)

Choosing again z(k) = ẑ(k | k → 1) as in (5.B.5), the gradient reduces to:

↔z(k)Fk(z(k)) =


0

C(k)
↘
R(k)

↑1
(C(k)x̂(k | k → 1)→ y(k))


(5.B.11)

As before, since:

↔2

z(k)Fk(z(k))

↑1
=


cov [z(k → 1), z(k → 1) | k] ∀

∀ P (k)


(5.B.12)

by combining (5.B.10), (5.B.11) and (5.B.12), we recover the Kalman filter state cor-
rection in (5.3.10). Lastly, by Proposition 5.A.3, one obtains the following relation:

A(k)


↔2

z(k↑1)Fk↑1(z(k → 1)) +A(k)
↘
Q(k)

↑1A(k)

↑1
A(k)

↘
= Q(k)→Q(k)P (k | k→1)

↑1
Q(k)

(5.B.13)
Applying Proposition 5.A.2-2 to ↔2

z(k)Fk(z(k)), together with (5.B.13), yields the explicit
form for the corrected state covariance in (5.3.9).
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Deep Kalman filtering

This chapter introduces learning-enhanced data assimilation, focusing on deep Kalman
filtering as a unifying framework. We review conditional di!usion models and their role
within filtering algorithms, and present KalmanNet and the Deep Kalman Filter as struc-
tured, deep-unfolded generalizations of classical Kalman filtering.

6.1 Introduction

Data assimilation addresses the problem of estimating the evolving state of a dynamical
system by combining partial, noisy observations with a predictive model of the system
dynamics. Classical filtering methods, such as the Kalman filter and its nonlinear and
ensemble-based extensions, provide principled Bayesian solutions to this problem under
specific assumptions on the system structure and uncertainty statistics. As reviewed in
Chapter 5, the Kalman filter yields an optimal recursive estimator for linear systems
with Gaussian noise, while extensions such as the Extended Kalman Filter, the Un-
scented Kalman Filter, the Ensemble Kalman Filter, and particle filters progressively
relax assumptions on linearity, Gaussianity, and dimensionality at the cost of additional
approximations or computational burden [72, 40, 36, 109]. Despite their success across
a wide range of scientific and engineering applications, these methods remain fundamen-
tally model-driven and rely on accurate knowledge of the system dynamics, observation
operators, and noise statistics. In many real-world scenarios, however, these assumptions
are di"cult to satisfy. Forward models may be only partially known, a!ected by modeling
errors, or computationally expensive to evaluate; observation operators may be nonlin-
ear or implicitly defined; and noise statistics may be unknown, time-varying, or strongly
non-Gaussian. These challenges have motivated increasing interest in learning-enhanced
data assimilation, a paradigm that augments classical filtering methods with data-driven
components learned from observations or simulations. Rather than replacing model-based
approaches altogether, learning-enhanced methods aim to complement and extend them,
preserving their recursive structure and interpretability while leveraging the expressive
power of modern machine learning to compensate for model inadequacies.
The integration of learning into data assimilation raises a number of conceptual and practi-
cal questions. From a probabilistic perspective, one must determine which components of
the filtering pipeline should be learned and how learned models interact with uncertainty
propagation. From an algorithmic standpoint, it is crucial to retain stability, robustness,
and scalability, particularly in sequential and high-dimensional settings. From a method-
ological viewpoint, learning-enhanced filtering methods must strike a balance between

131



6.1. INTRODUCTION

data e"ciency, generalization, and adherence to physical or statistical constraints. These
considerations have led to a broad spectrum of hybrid approaches, ranging from learn-
ing parametric corrections to classical filters, to fully data-driven inference mechanisms
embedded within recursive estimation frameworks [13, 109]. Within this broader land-
scape, learning-enhanced data assimilation can be understood as part of a more general
trend that blurs the traditional boundary between model-based and data-driven methods.
Rather than viewing learning and filtering as separate stages, modern approaches increas-
ingly treat filtering itself as a trainable computational process, optimized end-to-end using
data. In this sense, learning-enhanced filtering can be seen as a natural extension of clas-
sical data assimilation, adapting its core principles to the realities of modern data-rich
but model-imperfect environments.
This chapter focuses on Deep Kalman Filtering, understood broadly as the incorporation
of learned components into Kalman-style recursive estimators. Building on the classi-
cal filtering framework introduced in Chapter 5, we examine how learning can be used
to relax key assumptions underlying traditional methods, while maintaining their recur-
sive structure and probabilistic interpretation. Rather than advocating a single universal
solution, the goal of this chapter is to highlight di!erent design philosophies and illus-
trate how learning-enhanced data assimilation can be realized in practice through com-
plementary approaches. We begin by considering learning-based generative models for
filtering, with particular emphasis on di!usion models [30, 121, 120]. In contrast to par-
ticle filters, which require explicit evaluation of the likelihood to update particle weights,
di!usion-based approaches enable sampling from posterior distributions without requir-
ing a closed-form likelihood. By learning to represent conditional distributions directly,
these models provide a scalable and flexible alternative for state estimation in complex,
high-dimensional, or implicitly defined systems. From a data assimilation perspective,
di!usion models can be interpreted as learning-enhanced filtering algorithms that replace
explicit Bayesian updates with learned generative mechanisms. We then turn to Kalman-
Net [110], a neural-network-aided filtering architecture that extends the Kalman filter to
settings with nonlinear dynamics and unknown noise statistics. KalmanNet replaces an-
alytically derived gain computations with learned recurrent modules, enabling the filter
to adapt to complex system behavior while retaining the predictor-corrector structure
of classical Kalman filtering. This approach exemplifies how learning can be introduced
selectively into the filtering pipeline, targeting the most restrictive modeling assumptions
without abandoning the underlying recursive estimation framework. Finally, we explore
the Deep Kalman Filter [21, 23], which further generalizes Kalman filtering by allowing
the forward operator itself to be learned from data. In this setting, learning is not limited
to auxiliary components such as gains or covariances, but extends to the system dynam-
ics, which are embedded within a structured filtering architecture. The training process
is guided by statistical principles inherited from classical filtering theory, in particular
through objectives that enforce the whiteness of the prediction error. This careful bal-
ance between learned representations and model-based regularization exemplifies the core
philosophy of learning-enhanced data assimilation: combining flexibility with structure to
achieve robust and interpretable state estimation. As will be shown, KalmanNet and the
Deep Kalman Filter constitute representative examples of the deep unfolding paradigm
presented in Chapter 1, which underpins the conceptual framework of this dissertation.
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6.2 Conditional di!usion models

One of the main limitations of particle filters, presented in Section 5.4.2, is their re-
liance on a known likelihood function p(y(k) | x(k)) to update the particle weights in
(5.4.18). When such a likelihood is unavailable or intractable, conditional di!usion mod-
els provide a principled alternative to classical particle filtering. By learning to generate
samples directly from the conditional posterior p(x(k) | k), these models eliminate the
need for explicit likelihood evaluation while preserving the ability to represent complex,
high-dimensional, and potentially multimodal uncertainty. The purpose of this section
is to briefly review the mathematical foundations of conditional di!usion models, with
particular emphasis on denoising score matching, and to illustrate how these methods can
be integrated within filtering iterations. For the theoretical background, we loosely follow
[30], which builds upon earlier seminal works [121, 120].
Let ptgt(x | y) denote a target conditional distribution of interest. A key observation
behind di!usion models is that, independently of the specific form of ptgt, propagating
this distribution through a drift-di!usion process for a su"ciently long time results in a
distribution that is arbitrarily close to a Gaussian. More precisely, denoting pt(x | y) a
time-dependent distribution satisfying:






ςpt(x | y)
ςt

=
b(t)

2
↔x · (xpt(x | y)) + g(t)

2
&xpt(x | y) ≃t > 0

p0(x | y) = ptgt(x | y)
(6.2.1)

for T 7 0, it holds pT (x | y) ′ N (0, σ
2
(T )1n). We note that (6.2.1) encompasses

both the variance-exploding and variance-preserving di!usion formulations [121]. For a
concise summary of the corresponding definitions of b(t), g(t), σ2

(t), and m(t), the reader
is referred to Table 1. As their names suggest, the primary distinction between the two
formulations lies in the asymptotic behavior of σ2

(t), which denotes the variance of the
Gaussian distribution approximating pt(x | y) in the limit. As can be seen from Table
1, in the variance-exploding formulation one has limt↓+⇐ σ

2
(t) = +⇔, whereas in the

variance-preserving case the variance remains bounded, i.e., limt↓+⇐ σ
2
(t) < +⇔.

The system in (6.2.1) defines the forward di!usion process, which progressively transforms
an arbitrary target distribution into a Gaussian. To generate samples from ptgt, the
key idea is to reverse this di!usion in time, starting from samples drawn from a simple
Gaussian distribution and mapping them back to the more complex target distribution.
Introducing the time-reversal variable ▷ = T → t and defining p̃τ (x | y) = pT↑τ (x | y), the
corresponding reverse process can be readily derived [30]:






ςp̃τ (x | y)
ς▷

= →↔x ·
((

b(t)

2
x+

(1 + ϑ)g(t)

2
st(x | y)

)
p̃τ (x | y)

)
+

ϑg(t)

2
&xp̃τ (x | y) ≃▷ ↘ (0, T ]

p̃0(x | y) = N (0, σ
2
(T ))

(6.2.2)
where ϑ ⇐ 0 and:

st(x | y) = ↔x log pt(x | y) (6.2.3)
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Table 1: Definitions of the scalar quantities associated to the drift-di!usion equa-
tion (6.2.1). In the variance-preserving formulation, µ > 0 is an hyperparameter
that controls σ

2
(t), and is usually set to µ = 2 [30].

Quantity Variance exploding Variance preserving
b(t) 0 ϖ(t)

g(t) ↽(t) ϖ(t)


1→ e

↑µ

2

t∫

0
ϑ(s) ds

 2
µ
↑1

m(t) 1 e
↑ 1

2

t∫

0
ϑ(s) ds

σ
2
(t)

t∫

0
↽(s) ds (1→m

µ
(t))

2
µ

User inputs ↽(t) > 0 ϖ(t) > 0

is the score function. This quantity e!ectively links the reverse di!usion process in (6.2.2)
to the forward process in (6.2.1), ensuring that at ▷ = T the solution of the reverse process
satisfies p̃T (x | y) = ptgt(x | y).
Let us now assume that the score function st(x | y) is known. By inspection of (6.2.2),
the corresponding drift µ(x, t; y) and di!usion coe"cient D(t) are given by

µ(x, t; y) =
b(t)

2
x+

(1 + ϑ)g(t)

2
st(x | y)

D(t) =
ϑg(t)

2

(6.2.4)

As a result, equation (6.2.2) can be interpreted as the Fokker-Planck equation associated
with the following Itô stochastic di!erential equation (SDE) [111, 127]:





dxτ = µ(x, t; y) d▷ +

√
2D(t) dwτ ≃▷ ↘ (0, T ]

x0 ↗ N
(
0, σ

2
(T )

) (6.2.5)

where wτ denotes an n-dimensional Wiener process. This particle-level formulation of the
drift-di!usion equation in (6.2.2) guarantees that at ▷ = T the stochastic process satisfies
xT ↗ ptgt(x | y). To generate samples from ptgt(x | y), the Itô SDE in (6.2.5) can be
discretized using, for example, the Euler-Maruyama method:

xτ+%τ = xτ + µ(xτ , t; y)&▷ +

√
2D(t)&▷z ≃▷ = 0,&▷, . . . , T →&▷ (6.2.6)

where z is independently drawn from N (0,1n) at each discretization step. The procedure
described above relies on knowledge of the score function st(x | y), which in turn requires
solving (6.2.1). However, the initial condition of this forward di!usion involves the very
target distribution from which we ultimately wish to sample, making direct access to
st(x | y) infeasible. Conditional di!usion models address this circular dependency by
replacing the true score s(x, t, y) = st(x | y) with a learned surrogate sε(x, t, y). This
substitution yields the surrogate drift term:
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µε(x, t; y) =
b(t)

2
x+

(1 + ϑ)g(t)

2
sε(x, t, y) (6.2.7)

which can then be employed within the Euler-Maruyama discretization in (6.2.6) to gen-
erate approximate samples from ptgt(x | y). In order to train the score network sε(t, x, y),
a common choice of loss function is:

L(ε) =
∫

Rm




T∫

0

∫

Rn

⇒sε(x, t, y)→ s(x, t, y)⇒22pt(x | y) dx dt



 p(y) dy (6.2.8)

which can be approximated by a Monte Carlo sum obtained by sampling from the joint
distribution p(x, y). Specifically, given a set {(ti, xi, yi, zi)}Ni=1, where t

i is sampled from
U(0, T ), (x

i
, y

i
) is sampled from p(x, y), and z

i is sampled from N (0,1n), the loss in
(6.2.8) can be approximated [30] by the conditional denoising score matching objective:

L(ε) =
N∑

i=1

⇒σ(ti)sε(x̃i, ti, yi) + z
i⇒22 (6.2.9)

where x̃
i
= m(t

i
)x

i
+ σ(t

i
)z

i.
We conclude this section by illustrating how conditional di!usion models can be embedded
within a particle filtering framework. Consider the setting of Section 5.4.2 and assume
that, at time k→ 1, an ensemble of N particles {xi(k→ 1)}Ni=1 is available, approximating
the filtering distribution p(x(k → 1) | k → 1). Given a new observation y(k), the objective
is to generate N particles from the updated posterior p(x(k) | k). The procedure can be
summarized as follows:

1. As in the classical particle filter, the particles are first propagated through the forward
operator and observation model using (5.4.16) and (5.4.17), yielding predicted states
x
i
(k | k → 1) and corresponding predicted observations y

i
(k | k → 1);

2. Leveraging the framework introduced above, a score network sε(x, t, y) is then trained
using the loss in (6.2.9), treating the pairs (xi(k | k→ 1), y

i
(k | k→ 1)) as samples from

the joint distribution p(x(k), y(k)). The optimized network parameters are denoted by
ε̂;

3. Once training is complete, the predicted particles are discarded and a new set of
N particles {xi}Ni=1 is drawn from the Gaussian distribution N (0, σ

2
(T )1n). Each

particle is then evolved according to the Euler-Maruyama discretization (6.2.6), using
the surrogate drift (6.2.7) conditioned on the observation y(k):





x
i
τ+%τ = x

i
τ + µε̂(x

i
τ , t; y(k))&▷ +

√
2D(t)&▷z ≃▷ = 0,&▷, . . . , T →&▷

x
i
0 = x

i

(6.2.10)
where z ↗ N (0,1n) is resampled independently at each step;
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4. The updated particles approximating the posterior p(x(k) | k) are finally obtained as
{xi(k)}Ni=1, with x

i
(k) = x

i
T .

As can be expected, training a score network at every filtering step is computationally
demanding and may preclude real-time deployment. A possible strategy to mitigate this
issue, together with a detailed discussion of the score network architecture, is presented
in Section 6.5.

6.3 KalmanNet

KalmanNet [110] is an RNN-based architecture that extends Kalman filtering to settings
where the standard assumptions, namely linear system dynamics and known Gaussian
noise statistics, are violated. KalmanNet considers a state-space system in the form:

x(k) = f(x(k → 1)) + w(k)

y(k) = h(x(k)) + v(k)
(6.3.1)

where f and h denote the (possibly nonlinear) forward and observation operators, respec-
tively. The additive noise terms w(k) and v(k) are assumed to be uncorrelated, zero-mean
Gaussian, i.e., w(k) ↗ N (0, Q(k)) and v(k) ↗ N (0, R(k)), with unknown covariance ma-
trices Q(k) and R(k). This state-space system is a particular case of the formulation used
for the Ensemble Kalman filter (5.4.7).
For an initial state estimate x̂(0), KalmanNet employs a 2-step prediction-correction pro-
cedure akin to the traditional Kalman filter. In particular, for the system in (6.3.1), the
prediction step is in the form:

x̂(k | k → 1) = f(x̂(k → 1)) (6.3.2)
while the correction step is given by:

x̂(k) = x̂(k | k → 1) +K(k)
G ( y(k)→ h(x̂(k | k → 1)) ) (6.3.3)

Since classical Kalman theory is not applicable, the gain matrix K(k)
G is instead computed

recursively at each filtering step by an RNN. A high-level overview of the architecture is
shown in Figure 6.1.
With respect to its RNN component, KalmanNet supports two distinct parameterizations
of the output gain matrix:

1. One-component parameterization. The gain matrix K(k)
G is produced by a single Gated

Recurrent Unit (GRU) module, formed by a standard GRU embedded between two
fully connected layers. The dimension of the GRU hidden state is C(n

2
+m

2
), for some

integer C > 0;

2. Three-component parameterization. The gain matrix K(k)
G is obtained from three in-

terconnected GRU modules, each of which updates a distinct surrogate component of
the Kalman gain expressed in (5.3.12). More specifically, the three GRU modules are
tasked with computing surrogate representations of Q(k), P (k | k → 1), and the quan-
tity that reduces to C(k)P (k | k → 1)C(k) + R(k) in the linear setting. Consequently,
their hidden states have dimensions n

2, n2, and m
2, respectively.
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k
=

0

k
>

0

Z↑1 f h

+

→

+

+

↓

Recurrent Neural Network

Z↑1

x̂(0)

y(k)

x̂(k)

x̂(k → 1)

+

+

→

x̂(k | k → 1)

y(k | k → 1)

!y(k)

!x̂(k → 1)
K(k)

G

x̂(k)

Figure 6.1: KalmanNet architecture. The gain matrix K(k)
G is computed recursively

by an RNN, whose inputs encode the stochastic components of the system (6.3.1).
In the displayed architecture, the chosen inputs are the output prediction error
&y(k) = ey(k) at time k, and the correction &x(k → 1) at time k → 1.

The choice of inputs provided to the RNN may also vary. Since the network is tasked
with producing the gain matrix, according to either of the two parameterizations intro-
duced above, its inputs must convey information about the stochastic components of the
underlying system. KalmanNet supports four such inputs: the observation increment
&ỹ(k) = y(k)→y(k→1), the output prediction error &y(k) = y(k)→y(k | k→1), the state
increment &x̃(k) = x̂(k)→ x̂(k→ 1), and the state correction &x(k) = x̂(k)→ x̂(k | k→ 1).
Lastly, we mention that KalmanNet is trained using backpropagation through time, as
described in Section 1.2.2. In particular, for a given state trajectory {x(k)}Kk=0, the loss
is in the form:

L =
1

2K

K∑

k=1

⇒x̂(k)→ x(k)⇒22 (6.3.4)

which is equivalent to (1.2.9) for the particular choice of k = K = T . To mitigate
numerical instabilities, the trajectory {x(k)}Kk=0 is, in practice, partitioned into multiple
sub-trajectories of fixed length T , and the loss in (1.2.11) is adopted.
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6.4 Deep Kalman Filter

This section reviews and slightly extends the Deep Kalman Filter architecture originally
proposed in [21, 23]. Let us begin by considering a state-space system in the form:

x(k) = f(x(k → 1), p
(k)

, u(k)) + w(k)

y(k) = C
(k)

x(k) + v(k)

(6.4.1)

where f is the system’s nonlinear forward operator, depending on a possibly time-varying
parameter vector p ↘ Rr. The additive noise terms w(k) and v(k) are assumed only
to be uncorrelated. This state-space system lies between the formulations used for the
traditional Kalman filter (5.3.1) and the Ensemble Kalman filter (5.4.7). It adopts
a linear observation model as in (5.3.1), while extending the forward operator to the
nonlinear case considered in (5.4.7). Unlike the EnKF formulation, however, the present
model assumes strictly additive process and observation noise.
Given an initial state estimate x̂(0), we consider the iterations of a Kalman-like filter that
operates through prediction (5.3.7) and correction (5.3.10) steps. In particular, for the
system in (6.4.1), the prediction step is given by:

x̂(k | k → 1) = f(x̂(k → 1), p
(k)

, u(k)) (6.4.2)

Similarly, the correction step:

x̂(k) = x̂(k | k → 1) +K(k)
G


y(k)→ C

(k)
x̂(k | k → 1)


(6.4.3)

assumes a known gain matrix K(k)
G , analogous to (5.3.11). As with KalmanNet, classical

Kalman theory for computing the gains is not applicable. Indeed, the forward operator
f is retained in its fully nonlinear form, in contrast to the Extended Kalman filter, which
relies on a linearized forward operator. Moreover, the prediction step (6.4.2) is entirely
deterministic, unlike in the Ensemble Kalman filter or particle filter. In contrast, the Deep
Kalman Filter determines the gain matrices K(k)

G required in the correction step (6.4.3)
via backpropagation-based learning on measured data. More precisely, we consider the
network architecture obtained by unrolling the correction updates (6.4.3) for a fixed
number K of iterations. The network is shown in Figure 6.2.
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x̂(0) f +

C

→

K(1)
G

y(1)

u(1)

x̂(1) f +

C

→

K(2)
G

y(2)

u(2)

x̂(K → 1) f +

C

→

K(K)
G

x̂(K)

y(K)

u(K)

{u(k)}k

p

{y(k)}k

Figure 6.2: Structure of the Deep Kalman Filter network. Each layer is contained
in a gray box. The k-th layer receives a state x̂(k→ 1), observation y(k), input u(k),
parameter p, and outputs the new estimated state x̂(k). The predictor component
f (blue box) receives u(k) and p to form the predicted state x̂(k | k→1) (6.4.2). The
corrector component, composed of the observation matrix C (yellow box) and gain
matrix K(k)

G (orange box), receives y(k) and assembles the correction. Predicted
state and correction are then summed to form the new state (6.4.3).

In addition to the untied gain matrices K(k)
G , this machine-learning reinterpretation of

the Kalman filter allows other parameters to be treated as learnable weights. In its most
general form, the Deep Kalman Filter treats both p

(k) ∞ p and C
(k) ∞ C as shared weights

across layers. Overall, the weights learnable via backpropagation in this architecture
include:

· Gain matrices: {K(k)
G }Kk=1;

· Forward operator parameters: p
(k) ∞ p;

· Observation model parameters: C
(k) ∞ C.

In Section 6.4.1, we will show how the proposed architecture can further optimize the
forward operator f in cases where the weights p

(k) are insu"cient. Moreover, although
p
(k) and C

(k) are shared across layers, the architecture can be readily generalized to ac-
commodate untied parameters. In addition, certain weights can be fixed at predetermined
optimal values instead of being learned, as will be the case in most of the numerical ex-
periments of Sections 6.4.4 and 6.4.5. From a high-level perspective, the three sets of
weights address uncertainties associated with di!erent components of the reference sys-
tem (6.4.1). Specifically, the gain matrices {K(k)

G }Kk=1 capture stochastic contributions,
whereas p(k) and C

(k) model deterministic discrepancies. This clear separation provides a
level of control over the network architecture that is crucial for maintaining interpretabil-
ity. In contrast, the KalmanNet architecture [110], briefly reviewed in Section 6.3, does
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not di!erentiate between stochastic and deterministic error sources, instead relying on
a single RNN to perform state estimation. This aspect will be discussed in more detail
in later sections. Furthermore, as we will see in the following, the Deep Kalman Filter
does not require access to the complete state trajectory during training, a requirement
that can be restrictive in many applications and potentially infeasible for PDE-based
models. Another key feature of the Deep Kalman Filter is that, while the gain matrices
are untied and seamlessly integrated within the algorithm unrolling framework described
in Section 1.2.1, the shared parameters are updated using the conventional backpropa-
gation through time procedure outlined in Section 1.2.2, thereby combining these two
computational paradigms.

6.4.1 Architecture details

Building on the general overview of the previous section, we now examine the Deep
Kalman Filter architecture in more detail. In particular, we discuss alternative parame-
terizations, explain the rationale behind the training loss function by connecting it to the
traditional Kalman filter equations, and show how the Deep Kalman Filter can further
refine its internal model using established data-driven techniques, such as SINDy.

Di!erent parameterizations for K(k)
G

The most direct approach involves learning the elements of the gain matrices K(k)
G . An al-

ternative network architecture, which imposes additional structure and aligns more closely
with the original Kalman filter algorithm, can be obtained by decomposing the gain ma-
trices as follows:

K(k)
G = C

(k)
xy


C

(k)
yy

↑1
≃k = 1, . . . , K (6.4.4)

where C
(k)
xy corresponds to the covariance matrix between the state and the observation,

while C
(k)
yy corresponds to the covariance matrix of the observations, as in (5.3.14). Since

the positive definiteness of these matrices should be preserved, this alternative architecture
replaces the weights {K(k)

G }Kk=1 with {L(k)
xy }Kk=1 and {L(k)

yy }Kk=1, where L
(k)
xy , L(k)

yy are lower
triangular matrices satisfying:

C
(k)
xy = L

(k)
xy L

(k)→
xy


C

(k)
yy

↑1
= L

(k)
yy L

(k)→
yy (6.4.5)

Since K(k)
G ↘ Mn↔m(R), p ↘ Rr and C ↘ Mm↔n(R), the number of parameters in this

second architecture increases from mn(K+1)+r to 1
2 [n(n+ 1) +m(m+ 1) ]K+mn+r.

For this reason, we adopt the first formulation.

Loss function and backpropagation

We now turn to the loss function used to train the Deep Kalman Filter architecture.
Given a prescribed terminal state x(K), we consider the following loss function:

140



CHAPTER 6. DEEP KALMAN FILTERING

L =
ϱK

2
⇒x̂(K)→ x(K)⇒22 +

1

2

K∑

k=1

y(k)→ C
(k)

x̂(k)


2

R↑1
k

+

+
1

2

K∑

k=1

K(k)
G


y(k)→ C

(k)
x̂(k | k → 1)


2

P↑1
k

+
ϱD

2mn

m,n∑

i,j=1

Dv
ij
2
2

=

= EϱK
+

K∑

k=1

Fk
+

K∑

k=1

Gk
+HϱD

(6.4.6)

where Rk, Pk are symmetric weight matrices, D is the second order finite di!erences
matrix, and v

ij
=


(K(1)

G )ij . . . (K(K)
G )ij

↘
.

The loss function defined in (6.4.6) consists of four distinct components:

· EϱK
penalizes deviations of the state at the final network layer from a prescribed (mea-

sured) terminal state x(K). This term can be used to mitigate the e!ects of model
uncertainty and errors in the initial state, particularly in chaotic systems, where small
perturbations may significantly a!ect the final state. Since full knowledge of the termi-
nal state is rarely available, especially in PDE-based models, x(K) may be replaced by
a coarse approximation, with the weighting parameter ϱK tuned accordingly.

· Fk penalizes the observation error at the k-th layer and is weighted by the matrix
R

↑1
k . This term enforces consistency between the intermediate estimated states and

the available observation y(k), where Rk can be selected to reflect the known stochastic
properties of the observation noise.

· Gk penalizes the correction step at the k-th layer and is weighted by the matrix P
↑1
k .

Indeed, rearranging (6.4.3) yields K(k)
G

(
y(k)→ C

(k)
x̂(k | k → 1)

)
= x̂(k)→ x̂(k | k → 1).

This term encourages the updated state estimates to remain close to the corresponding
predictions x̂(k | k → 1), with Pk chosen to reflect the associated stochastic properties.

· HϱD
acts as a regularization term on the gain matrices, promoting smooth variations

of their entries across network layers.

The last three terms in the loss function are essential for ensuring consistency between
the Deep Kalman Filter and its model-based counterpart. Recall that, in the classical
Kalman filter, the corrected state x̂(k) is obtained as the solution of the MAP problem
(5.4.6), whose objective function comprises two components analogous to Fk and Gk, for
the specific choice Rk = R(k) and Pk = P (k | k→1). In (5.4.6), the optimization variable
is the state vector x̂(k), whereas in the proposed architecture (6.4.6), the optimization
variable is the gain matrix K(k)

G . We return to this distinction at the end of this section.
Finally, the state covariance matrices P (k) generated by the Kalman filter evolve according
to a well-known Riccati-type equation [6, 7], which induces a smooth temporal evolution
of the Kalman gain entries. The role of the regularization term HϱD

is therefore to enforce
this intrinsic property on the learned gain matrices, which would otherwise be completely
independent across layers.
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As for the backpropagation procedure, we refer the reader to Appendix 6.A, where
explicit expressions for the partial derivatives required to compute the overall gradients
of the proposed architecture are provided:






↔K(k)
G

L = ↔K(k)
G

EϱN
+

K
l=1

↔K(k)
G

F l
+

K
l=1

↔K(k)
G

Gl
+↔K(k)

G

HϱD
≃k = 1, . . . , K

↔pL =

K
k=1

(
↔p(k)EϱK

+

K
l=1

↔p(k)F l
+

K
l=1

↔p(k)Gl

)

↔CL =

K
k=1

(
↔C(k)EϱK

+

K
l=1

↔C(k)F l
+

K
l=1

↔C(k)Gl

)

(6.4.7)
The weight update rules, for given learning rates µK, µp, and µC , are therefore given by:






K(k)
G △ K(k)

G → µK↔K(k)
G

L ≃k = 1, . . . , K

p △ p→ µp↔pL

C △ C → µC↔CL

(6.4.8)

In practice, an optimizer is used in place of the above stochastic gradient descent. For
our implementation we adopted Adam with moment parameters ϖ1 = 0.9 and ϖ2 = 0.999.
We will expand on the initialization of the weights in sec. 6.4.3.
We now examine in greater detail the consistency between the Deep Kalman Filter and
the classical Kalman filter. With regard to the Kalman gains, the nature of the com-
plete backpropagation procedure (6.A.3)-(6.A.4) implies that the gain matrices K(k)

G are
updated during training using observations y(k) through y(K). In other words, future
measurements influence the present state estimation. While access to the full observa-
tion sequence can enhance the learning process and potentially yield better-performing
gain matrices, it complicates a direct comparison with the classical Kalman filter, which
operates using only past and present observations. Indeed, complete backpropagation is
closely related to Kalman smoothing [116], as reviewed in Section 5.3. Consequently, to
facilitate a more meaningful comparison with the standard Kalman filter, it is useful to
introduce a truncated version of the backpropagation algorithm for the gain matrices K(k)

G .
In particular, recalling that the state x̂(k) estimated by the Kalman filter is the solution
of the MAP problem (5.4.6), we assume x̂(k) to be of the form:

x̂(k) = x̂(k | k → 1) +K(k)
G


y(k)→ C

(k)
x̂(k | k → 1)



= x̂(k | k → 1) +K(k)
G ey(k)

(6.4.9)

For some unknown, unconstrained K(k)
G , we can therefore rewrite (5.4.6) as:

K(k)
G ↘ argmin

K

y(k)→ C
(k)

( x̂(k | k → 1) +Key(k) )


2

R(k)↑1
+

+ ⇒Key(k)⇒2P (k|k↑1)↑1

(6.4.10)
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This observation shows that, given the predictor x̂(k | k→1), its associated covariance ma-
trix P (k | k → 1) and observation covariance matrix R(k), the Kalman gain K(k)

G depends
solely on the observation at time k, namely y(k). The proposed truncated backpropaga-
tion scheme therefore ensures that each term in the loss function (6.4.6) influences only
the gain matrix at the corresponding network layer. This can be implemented by replac-
ing (6.A.4) with (6.A.5). We note that the gradients with respect to the parameters p

and C in the proposed architecture remain unchanged.
It is also worth noting that the optimization problem in (6.4.10) admits infinitely

many minimizers. Indeed, owing to the unconstrained nature of the optimization variable
K, any matrix of the form K(k)

G +M(k), with ey(k) ↘ kerM(k), constitutes an alternative
optimal solution. This observation further motivates the inclusion of the regularization
term HϱD

. We emphasize, however, that although this smoothness-promoting term, whose
e!ectiveness is demonstrated in Section 6.4.4, encourages a gradual temporal evolution of
the gain matrices, it does not guarantee exact convergence of the truncated backpropaga-
tion algorithm to the Kalman gains of the model-based filter. Indeed, while HϱD

enforces
smooth temporal behavior, the model-based Kalman gains K(k)

G evolve according to more
intricate dynamics. Under suitable non-singularity assumptions [7], one can show that
the latter satisfy:

K(k+1)
G =


C +D K(k)

G


A+ B K(k)

G

↑1
= F ( K(k)

G ) (6.4.11)

where A, B, C and D depend on the state-space matrices (5.3.1). As a consequence,
one possible strategy to achieve exact convergence of the gain matrices, and thus full
consistency between the proposed architecture and the classical Kalman filter, is to replace
the regularization term HϱD

with a more specialized smoothing term of the form:

HϱF
=

ϱF

2

K↑1∑

k=1

K(k+1)
G → F (K(k)

G )


2

2
(6.4.12)

Nevertheless, since (6.4.12) relies heavily on the underlying model satisfying the assump-
tions of the Kalman filter, we choose to partially relax consistency with the classical
formulation by adopting HϱD

as our smoothing term. This choice, in turn, allows the
proposed architecture to be applied to a significantly broader class of models.

To conclude this section, we present experimental evidence showing that, in the ab-
sence of the smoothing term HϱD

, the gain matrices learned by the Deep Kalman Filter
di!er from the model-based Kalman gains by matrices whose kernels contain the innova-
tion vectors. Specifically, we consider the toy model defined in (5.3.1) and set:

A(k) ∞


1.05 0.05

→0.005 1


B(k) ∞ 0 C(k) ∞


1 0

0 1



The observations y(k) are generated using:

Q(k) ∞

0.01 0

0 0.01


R(k) ∞


1 0

0 1


P (0) =


0.1 0

0 0.1



with initial condition µ0 = ( 02 ). We then train the Deep Kalman Filter to convergence on
a single trajectory (with K = 50), using the truncated backpropagation scheme (6.A.5),
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setting ϱK = ϱD = 0, and choosing the weights Rk = R(k) and Pk = P (k | k → 1). From
the resulting gain matrices K(k)

G , we construct the residuals:

M(k) = K(k)
G →K(k)

G

and compute their singular value decompositions (SVDs), denoting by V (k) the matrix
of right singular vectors.

Figure 6.3: Left: Absolute correlations between the columns of V (k) and the inno-
vation ey(k) at each layer. Right: Singular values of M(k) across the layers.

Figure 6.3 illustrates the correlation between the columns of V (k) and the corresponding
innovation vectors ey(k), as well as the singular values of M(k). As expected, the inno-
vations are closely aligned with the right singular vectors associated with the smallest
singular values.

Forward operator extensions

In this section, we discuss several important extensions to the forward operator (or pre-
dictor) f . A common approach to define f in state-space systems of the form (6.4.1) is to
employ a parametric model governed by di!erential equations and discretize it. For PDE
systems, however, the full state vector can be prohibitively large. In such cases, a sur-
rogate model obtained via operator inference methods can be used within the predictor.
Examples include extensions of the Variationally Mimetic Operator Network (VarMiON)
[105], Latent Dynamics Networks [108], or classical Operator Inference [49]. The Deep
Kalman Filter allows the propagation of even a subset of state variables predicted by the
operator network, an option that is not feasible in the traditional model-based Kalman
filter, which requires propagation of the complete state vector.
Moreover, since the Kalman filter implements essentially a proportional control of the
state-estimation error, certain problems may yield poor performance. In such cases,
adding a feed-forward term to the predictor f can substantially improve results; for exam-
ple, [92] proposes an adaptive feed-forward with gains chosen according to the maximum
principle for the heat equation. Importantly, such feed-forward terms can be incorporated
directly into f in (6.4.1) without modifying the Deep Kalman Filter formulation.
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The map f can also be extended with a general parametric term to enable data-driven
model discovery during training, compensating for potential inaccuracies or unmodeled
dynamics beyond mere parameter mismatches. One such approach is Sparse Identification
of Nonlinear Dynamics (SINDy) [17], which preserves interpretability by representing the
learned correction explicitly as a function of the state variables. For instance, suppose
the known part of the model is a linear system of di!erential equations:

Mẋ = Kx+ d (6.4.13)
where M , K, and d are known. A state matrix X ↘ Mn↔K(R) can be constructed by
stacking the state estimates x̂(k) from a forward run of the Deep Kalman Filter. An
overcomplete dictionary #(X) ↘ MN↔ns

(R) can then be generated from a predetermined
set of functions of the state vector [37]. Numerical derivatives of the states, computed
using noise-robust methods available in the Python derivative package and utilized by
PySINDy [73], are stored in Ẋ ↘ Mn↔K(R). Sparse recovery can then be performed on
the underdetermined system:

#(X)s =
(
MẊ →KX →D

)↘
, (6.4.14)

where s ↘ Mns↔n(R) is the sparse coe"cient matrix and D ↘ Mn↔K(R) is constructed
column-wise from d. Finally, the predictor at each layer can be defined using the dis-
cretization of the extended, data-driven model:

Mẋ = Kx+ d+ s
↘
#(x)

↘
, (6.4.15)

so that f now depends on s as well: f = f(x, p, s, u). This approach naturally generalizes
to nonlinear models; the linear system (6.4.13) is used here solely for notational conve-
nience. It is important to note that the SINDy extension may overlap with the learnable
model parameters p, potentially leading to identifiability issues. Consequently, the con-
struction of the dictionary #(X) must be carried out with care, ensuring that no terms
are included that could undermine the identifiability of the overall parametric model.
Further discussion on this matter is provided in Section 6.4.5. This framework natu-
rally aligns with the hybrid approach proposed by Glasner [52], where the Deep Kalman
Filter minimizes the prediction error while the SINDy residual enforces sparsity in the
discovered dynamics. In summary, when an accurate model of the underlying dynamics
is unavailable or incomplete, the Deep Kalman Filter provides a flexible framework that
can incorporate three core categories of unknown dynamics:

· Parametric dynamical models with unknown parameters;

· Complex or partially unknown dynamics captured by interpretable surrogate mod-
els, such as neural networks;

· Inaccurate or partially known dynamical models that can be augmented through
data-driven extensions.

Finally, even data-driven extensions that introduce “fictitious” terms can remain physically
interpretable if they correspond to di"cult-to-formulate physical properties. For example,
estimating inner cavities in a nonlinear geometric inverse problem can be reformulated as
estimating fictitious heat sources in a linear inverse problem [51].
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6.4.2 Regularization strategies

The Kalman filter updates the state trajectory by computing the innovations (5.3.8),
interpreting them as stochastic model and/or observation errors, and correcting the tra-
jectory using the Kalman gains as a proportional feedback on these prediction errors. The
dynamics of the gains, and consequently of the resulting corrections, are computed using
only a priori knowledge of the reference model (5.3.1) and the second-order moments (co-
variances) of the model errors. In contrast, the Deep Kalman Filter learns the gains by
minimizing the model-based loss function (6.4.6) directly from the output and final state
prediction errors. These data reflect not only stochastic model and observation errors,
but also other phenomena such as unmodeled deterministic dynamics, incorrect model
parameters, and similar e!ects. Therefore, it is crucial to guide the learning process so
that the algorithm can discriminate between error components arising from stochastic
versus deterministic sources, updating each set of parameters accordingly. The under-
lying assumption is that there exists a unique set of optimal parameters, which can be
obtained when all error components are minimized through precise tuning of the cor-
responding subset of parameters. Crucially, the individual error contributions are not
directly observable; only their combined e!ect can be measured. In this section, we show
how these errors can be separated implicitly through regularization, guided by two key
principles: the whiteness of the prediction error as an indicator of a well-tuned reference
model [48, 63], and the classical parsimony principle (Occam’s razor). It is important to
note that the di!erent error components cannot be distinguished instantaneously. Each
source of error evolves according to its own dynamics, yet multiple sources may produce
similar contributions at any given time step. In the final part of this section, we describe
the dynamic regularization procedure employed during the training of the Deep Kalman
Filter to address this challenge.

Whiteness of the predictor error

The underlying motivation for the following procedure is that the Kalman Filter is con-
sidered perfectly tuned when the output prediction errors ey(k) behave as white noise
[116]. We now detail how this property can be leveraged to guide the learning process of
the Deep Kalman Filter and prevent mis- or overfitting during training.

Let us first establish some notation. For a vector v ↘ Rn, we denote by N (v) ↘ Rq

its normalized cumulative periodogram (NCP)1 and by D ↘ Rq a vector of q equispaced
points on [0, 1], namely Di =

i↑1
q↑1 for i = 1, . . . , q. According to Bartlett’s whiteness test,

if v is white noise, the quantity:

Wdev(v) = ⇒D →N (v)⇒2 (6.4.16)

will be small, since the NCP of white noise lies within a confidence region centered at
D [62, 48]. In the Deep Kalman Filter, we use (6.4.16) as a whiteness deviation index
for the predictor estimates during training. This index allows us to determine when to
stop updating specific rows of the gain matrices K(k)

G via backpropagation. Specifically,
if the prediction error for a given observed state begins to lose whiteness during training
(i.e., its whiteness deviation index Wdev increases), we freeze the corresponding row of the
1
The dimension q of the NCP depends on the length n of the input vector.
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gain matrix. The rationale is that further updates could overfit the state estimate. Once
the prediction errors for all observed states achieve whiteness, one can either update the
predictor f and restart the whitening procedure or terminate training altogether.

We now describe the whiteness-control procedure in detail. Assume we are at the j-th
backpropagation update of the Deep Kalman Filter for a single training trajectory. After
performing a forward pass, we assemble the predictor error vectors for each observed state:

v
j
i = {ey(k)i}Kk=1 (6.4.17)

and compute their corresponding whiteness deviation indices Wdev(v
j
i ). We then identify

the set of observed states satisfying a prescribed stop condition, for instance:

Wdev(v
j
i ) ⇐ Wdev(v

j↑1
i ) (6.4.18)

which encodes that “after the (j → 1)-th update, the whiteness of the i-th observed state
prediction error has not increased”. Let Ij ↙ {1, . . . ,m} denote the indices satisfying
(6.4.18). From iteration j onward, we stop updating the rows of K(k)

G corresponding
to φ(Ij), where φ : {1, . . . ,m} ↑ {1, . . . , n} maps each observed state index to its cor-
responding full-state index. If the observation matrix C consists of identity rows, φ

is single-valued; otherwise, φ(i) identifies the support of the i-th row of C. From an
implementation perspective, we introduce a gain mask M

K ↘ Mn↔m(R), initialized as
M

K
= 1n↔m, and set the rows corresponding to φ(Ij) to zero as training progresses. The

backpropagation update for the gain matrices in (6.4.8) is then replaced with:

K(k)
G △ K(k)

G → µK


M

K ̸ ↔K(k)
G

L


(6.4.19)

where ̸ denotes element-wise multiplication. It is important to note that this procedure
does not entirely prevent updates to observed states that have reached the stop condition.
If the predictor f is nonlinear or couples multiple states, updates to rows of K(k)

G outside
of φ({1, . . . ,m}) may still influence the observed states. The primary goal of this strat-
egy is to significantly slow down learning for states that have reached a locally optimal
configuration with respect to the Kalman filter tuning condition and to reduce the risk of
overfitting to the observations.

Model discovery parsimony

Sparse recovery over a redundant dictionary using SINDy is a data-driven modeling op-
eration that requires parsimony [90]. In the Deep Kalman Filter framework [23], vari-
ous sparse solvers can be employed, such as Orthogonal Matching Pursuit (OMP) and
Lawson-Hanson (LH) with the positivity trick [33]. In OMP, the sparsity level must be
specified a priori, while in LH it is estimated at runtime. However, in both cases, there
is no guarantee that the recovered solution satisfies broader parsimony requirements. For
example, in OMP, if the sparsity level is set too low, the recovered solution may fail to
capture essential components of the target right-hand side; if it is too high, unnecessary
dictionary columns may be included, contributing little to the reconstruction. This chal-
lenge is exacerbated in the presence of noisy data, since choosing the correct sparsity
level is crucial to avoid overfitting. To address this, we employ a leave-one-out support
pruning procedure based on the relative residues of the sparse solution provided by the
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solver. In the literature, successive pruning or thresholding of the solution’s support has
been extensively studied [1, 69, 81, 97]. What distinguishes the approach presented here,
however, is its simplicity and low computational cost, enabling implementation without
altering the underlying sparse solver. Consider the following sparse regression problem:

min ⇒x⇒0
s.t. Ax = b

Let x̂ denote its sparse solution, with initial support S = S
(0)

= {i | x̂i ↖= 0}, and let
▷ > 0 be a user-defined parsimony parameter. For any set of indices I, the relative residue
is defined as:

r(I) =
⇒b→ AI x̂I⇒2

⇒b⇒2
(6.4.20)

The pruning procedure iteratively removes from the current support the index whose
omission produces the smallest increase in relative residue relative to the original solution.
At iteration j ⇐ 0, define:

ī = argmin

i≃S(j)

r(S
(j)
i ) (6.4.21)

The support is then updated according to:

S
(j+1)

=





S
(j)
ī

if r(S
(j)
ī

) < (1 + ▷)r(S)

S
(j) if r(S

(j)
ī

) ⇐ (1 + ▷)r(S)

(6.4.22)

Pruning terminates when S
(j+1)

= S
(j), and all components of x̂ outside of S(j+1) are set

to zero. This procedure allows OMP to be run with an initially high sparsity level while
using pruning to remove unnecessary indices, thereby enforcing parsimony and reducing
the risk of overfitting.

Regularized learning process

For interpretability, the Deep Kalman Filter separates the learning of its components by
starting from a single quantity: the prediction error. This error arises from several sources,
including parameter mismatch in the model, unmodelled dynamics, and stochastic errors
in both the model and observations. Because these contributions cannot be separated
instantaneously, the Deep Kalman Filter implements a dynamic strategy to disentangle
them. Here, we outline the rationale behind this design.
The three main sources of error can be addressed in the Deep Kalman Filter via di!er-
ent components: the model parameters p and C handle parameter mismatch, the sparse
matrix s (learned via SINDy) captures unmodelled dynamics, and the gain matrices K(k)

G
account for stochastic error terms. The learning procedure aims to balance these com-
ponents, respecting their individual roles and interactions. First, it is important to note
the role of the gain matrices K(k)

G : in classical Kalman filtering, these gains are designed
to correct for stochastic errors assuming an accurate deterministic model. If the model is
inaccurate, the gains may inadvertently compensate for deterministic “model gaps”, which
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should instead be corrected by p, C, or s. Therefore, these parameters are given prior-
ity. Similarly, the recovery of unmodelled dynamics via SINDy depends on a su"ciently
accurate current model, so sparse recovery should be activated only after p and C have
largely converged. Ignoring this ordering may result in poor or unstable support estima-
tion. Based on these considerations, we adopt a three-step training procedure (Algorithm
6.3.3), each targeting a specific source of prediction error:

1. Model parameter mismatch. After initializing p, C, and K(k)
G , training begins to

correct any model parameter discrepancies. To prevent the gain matrices from
learning deterministic gaps, the learning rates µp, µC , and µK are set to prioritize
p and C:

µp

µK
,
µC

µK
7 1 (6.4.23)

In practice, scale factors of 102–103 are used. Prediction error whiteness is then mon-
itored to determine convergence: when all predictor error vectors v

j
i ≃i = 1, . . . ,m

satisfy the stop condition (6.4.18), the p and C parameters are considered locally
converged.

2. Unmodelled dynamics. The next step estimates unmodelled dynamics via SINDy
using the state estimates from the Deep Kalman Filter. Here, the gain matrices are
temporarily used to provide accurate state estimates for SINDy, even though their
intended role is to handle stochastic errors. This step involves cyclic updates:

2.1. Update s with SINDy using current state estimates;

2.2. Re-initialize the gain matrices K(k)
G and reset the Gain Mask M

K
= 1n↔m;

2.3. Resume training until all predictor error vectors v
j
i satisfy the whiteness stop

condition.

This cycle can be repeated until s stabilizes or after a preset number of iterations.
Each cycle incrementally improves the predictor map f by incorporating the learned
deterministic dynamics.

3. Stochastic terms. Finally, the gain matrices K(k)
G are trained to account for stochastic

errors. With p, C, and s considered converged, the learning rate µK can be increased
to accelerate training. The procedure stops once the predictor error vectors reach
the whiteness stop condition or according to other standard stopping criteria.

Figure 6.4 illustrates the e!ect of this training procedure on the loss function of a numerical
example (detailed in Section 6.4.5). Each step is highlighted in di!erent shades of gray,
and the SINDy cycles are separated by dash-dotted vertical lines.
Depending on the application, one or more steps may be skipped. For instance, if f does
not depend on p, or if unmodelled dynamics are negligible, the first and second steps can
be omitted.
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Figure 6.4: E!ect of the training process on the running loss function. Three steps
of the training procedure are shown in di!erent shades of gray. Each SINDy cycle
is separated by dash-dotted vertical lines.

6.4.3 Parameter initialization

Let us now discuss how parameter initialization is handled in the Deep Kalman Filter.
Unlike standard neural networks, where parameters are typically initialized only once
at the start of training, the Deep Kalman Filter may require re-initialization of certain
parameters during training, as noted in Section 6.4.2. This aspect is crucial, as it can
significantly a!ect overall performance. We distinguish between the three families of
parameters updated via backpropagation in our architecture:

· Forward model parameters p are initialized at the beginning of training and never
reset. Their purpose is to correct discrepancies between the initial predictor map
f and the true model underlying the observed data. It is therefore natural to set
p = 0, so that f0 = f( · , 0, · ) represents our current best estimate of the governing
model. Initializing p to any other value, say p0, is equivalent to setting p = 0 and
redefining the predictor as f̃( · , p, · ) = f( · , p0 + p, · ), which sets fp0 = f( · , p0, · )
as the initial model estimate. As long as f embeds all available prior knowledge,
starting with p = 0 is straightforward and natural.

· Observation model parameters C are also initialized at the start and never reset.
Since their role is to adjust the observation model to match the true system, it is
reasonable to initialize C = C0, where C0 represents our current best estimate of
the observation matrix.

· Gain matrices K(k)
G are initialized at the start of training and additionally re-

initialized after each SINDy cycle. During SINDy updates, the gains temporar-
ily encode deterministic model gaps to provide accurate state estimates for sparse
recovery (see Section 6.4.2). To ensure that the state estimates x̂(k) follow the
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observations y(k) rather than potentially inaccurate predictions x̂(k | k → 1), in
traditional Kalman filtering, one can choose the covariance matrices Q(k), R(k),
and P (0) such that Q(k) ∞ Q = σ

2
Q1n, R(k) ∞ R = σ

2
R1m, and P (0) = σ

2
P1n,

with σQ ′ σP 7 σR. This choice biases the initial Kalman gains towards the ob-
servations, with the first gain K(1)

G = P (1)C
↘
R

↑1 particularly influenced by P (0).
Accordingly, in the Deep Kalman Filter, all gains are (re-)initialized as:

K(k)
G = P (1)C

↘
R

↑1 ≃k = 1, . . . , K (6.4.24)

for an appropriate choice of Q, R, and P (0). This initialization ensures that state
estimates are primarily guided by observations during the early backpropagation
steps following each initialization, while preserving interpretability and consistency
with classical Kalman filtering.

For completeness, we note that standard random initialization of learnable parameters
generally led to worse performance compared to the strategy described above. Conse-
quently, all experiments reported in subsequent sections use this proposed initialization
approach. Algorithm 6.3.3 provides a schematic overview of the complete Deep Kalman
Filter training procedure.

6.4.4 Numerical experiments: linear state-space models

For the first set of experiments, we consider several linear state-space configurations of
the form (5.3.1). We start from the linear ODE (6.4.13), treating d(t) as an input and
augmenting it with the output equation

Mẋ(t) = Kx(t) + d(t)

y(t) = Cx(t)
(6.4.25)

Discretizing (6.4.25) with an implicit Euler scheme and time step &t, we obtain at iter-
ation k:

M

(
x(k + 1)→ x(k)

&t

)
= Kx(k + 1) + d(k + 1)

ℑ (1n →&t M
↑1

K)x(k + 1) = x(k) +&t M
↑1

d(k + 1)

This yields a discrete-time system in the form (5.3.1) with:

A(k) ∞ A = (1n →&t M
↑1

K)
↑1

B(k) ∞ B = (1n →&t M
↑1

K)
↑1

&t M
↑1

u(k) = d(k + 1)

Finally, we include process noise w(k) ↗ N (0, Q) and observation noise v(k) ↗ N (0, R),
with prescribed covariance matrices Q and R. By varying the parameters in (6.4.25) and
the noise covariance matrices, we can generate a range of distinct state-space models for
the following sections.
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Algorithm 6.3.3: Deep Kalman Filter training

Input: A set of gain matrices {K(k)
G }Kk=1 and model parameters p, C. A set of train-

ing trajectories comprising of an initial state x̂(0), observations {y(k)}Kk=1, inputs
{u(k)}Kk=1 and target final state x(K). An initial forward map f .
Output: A set of trained gain matrices {K(k)

G }Kk=1, estimated model parameters p,
C and sparse dynamics matrix s describing unmodeled dynamics.
1: Initialize M

K
= 1n↔m

2: for Epoch = 1 : EpochsNum do:

3: for TrajectoryIdx = 1 : TrajectoryNum do:

4: select TrainTrajectory(TrajectoryIdx)

5: for k = 1 : K do:

6: x̂(k) = x̂(k | k → 1) +K(k)
G (y(k)→ Cx̂(k | k → 1)) (6.4.2)-(6.4.3)

7: end for

8: update whiteness deviation indices for current trajectory’s

output states (6.4.16)
9: if whiteness deviation indices have increased for a given

output state across all trajectories (6.4.18)
10: set corresponding row of M

K to zero

11: end if

12: if (CM
K
== 0m↔m )

13: Update s with SINDy

14: Re-initialize {K(k)
G }Kk=1 and reset ADAM moments

15: Re-initialize M
K
= 1n↔m

16: else

17: for k = 1 : K do:

18: Compute ↔K(k)
G

L (6.A.3)-(6.A.4)-(6.A.5)-(6.4.7)
19: end for

20: Compute ↔pL (6.A.3)-(6.A.4)-(6.A.5)-(6.4.7)
21: Compute ↔CL (6.A.3)-(6.A.4)-(6.A.5)-(6.4.7)
22: for k = 1 : K do:

23: Update K(k)
G △ K(k)

G → µK


M

K ̸ ↔K(k)
G

L


(6.4.19)
24: end for

25: Update p △ p→ µp↔pL
26: Update C △ C → µC↔CL
26: end if

27: end for

28: end for
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Strongly observable and known model

Consider the state-space system defined by:

A =


1.01 →0.002

0 1.005


C =


1 0

0 1


u(k) ∞ 0

with initial state x̂(0) = ( 11 ) and diagonal covariance matrices:

Q = σ
2
Q12 R = σ

2
R12 P (0) = σ

2
P12

where σQ = 2 ↓ 10
↑2, σR = 3.5 ↓ 10

↑2, and σP = 10
↑1. For this DLTI system, the

observability Gramian (5.2.9) is:

GO =


2.0201 →0.0020

→0.0020 2.0100



indicating that both states are comparably and strongly observable. We now assess the
interpretable consistency of the Deep Kalman Filter. In the loss function (6.4.6), the
matrices Rk and Pk correspond to R(k) and P (k | k→1) in the MAP formulation (5.4.6),
which determine the Kalman gain update (5.3.11). Although the Deep Kalman Filter
gains are more general than their model-based counterparts, the first column of Figure 6.5
shows that, for this class of systems, using truncated backpropagation (6.A.5), setting
Rk = R, Pk = P (k | k → 1) for all k, and choosing ϱK = 0, ϱD > 0, the learned
gains K(k)

G converge rapidly in k to the classical Kalman gains (5.3.11). The role of
the smoothing regularization is highlighted by the second column of Figure 6.5, where
ϱD = 0. In this case, the gains exhibit pronounced oscillations, whereas ϱD > 0 enforces
the smooth temporal evolution characteristic of the Riccati-based update (6.4.11). As
with any regularization term, this introduces a small bias in the learned gains. The
importance of a k-dependent weighting matrix Pk is illustrated in the third and fourth
columns of Figure 6.5, where Pk is set constant to P (0) and Q, respectively. In both
cases, the learned gains deviate noticeably from those in the first column. These results
capture the essence of interpretable consistency for the Deep Kalman Filter: when applied
to problems where the model-based Kalman filter is optimal, backpropagation does not
introduce significant bias. At the same time, the Deep Kalman Filter naturally extends
the classical framework to more general settings, including nonlinear dynamics, partially
known models, and non-Gaussian noise, as demonstrated in the following subsections.

Model with incorrect covariance matrices

The Deep Kalman Filter is more robust than its model-based counterpart to uncertainty
in the model specification when additional information is available, such as knowledge of
the final state x(K). This information enters the loss function (6.4.6) through the term
weighted by ϱK , inducing a trade-o! between deviations in the state trajectory, caused
by inaccurate a priori estimates of Q, R, and P (0), and enforcement of the prescribed
final state. Here we assume, for simplicity, that the final state is fully and accurately ob-
served, although the approach readily extends to partial observations. Numerical results
show that, for su"ciently large ϱK (and ϱD), this information is e!ectively backprop-
agated through the network, yielding performance superior to that of the model-based
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Figure 6.5: Gain matrices comparison for di!erent values of Pk and ϱD. First
column: DKF gains obtained for Pk = P (k | k → 1) and ϱD = 10; Second column:
DKF gains obtained for Pk = P (k | k → 1) and ϱD = 0; Third column: DKF gains
obtained for Pk ∞ P (0) and ϱD = 10; Fourth column: DKF gains obtained for
Pk ∞ Q and ϱD = 10. The components of the gains vary across the rows. In each
plot, the component of the DKF gains is denoted by a blue continued curve, while
the corresponding component of the KF gains is denoted by a red dash-dotted
curve.

Kalman filter. We now examine the e!ect of the loss term EϱK
on the gain matrices

K(k)
G learned by the DKF under both truncated and complete backpropagation. In the

truncated backpropagation case (6.A.5), we use the same state-space model as in the pre-
vious experiments, but deliberately provide an inaccurate estimate of the process noise
covariance, Q = 0.1Q. Figure 6.6 shows that, for su"ciently large values of ϱK and ϱD,
the DKF outperforms the standard Kalman filter up to an optimal regime. Beyond this
regime, the state estimates become unstable (exhibiting oscillations, not shown), leading
to degraded performance.
In the complete backpropagation case (6.A.4), we again use the same state-space model,
but now provide inaccurate estimates for all stochastic components: Q = 0.1Q, R = 5R,
and P (0) = 0.1P (0). We generate 100 trajectories with di!erent noise realizations and
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Figure 6.6: Case of wrong covariance matrix Q = 0.1Q: running DKF MSEs com-
puted with respect to the measurements (red) and the true trajectory without
measurement noise (blue). The horizontal dashed lines are the corresponding KF
MSEs. From left to right: ϱK = 0 and ϱD = 1; ϱK = 10

3 and ϱD = 2.5 ↓ 10
5;

ϱK = 7↓ 10
4 and ϱD = 2.5↓ 10

5; ϱK = 5↓ 10
5 and ϱD = 2.5↓ 10

5.

train the DKF for various values of ϱK and ϱD.

Figure 6.7: Case of wrong covariance matrices Q = 0.1Q, R = 5R and P (0) =

0.1P (0): e!ect of the loss-function term EϱK
on the DKF gain matrices. Diagonal

entries of the gains as a function of the layer for ϱK = 0 (left) and ϱK = 10
3

(right). In both figures "NoSmoothing" refers to the choice ϱD = 0 (circles) and
"Smoothing" to ϱD = 10

3 (asterisks). We also include the diagonal entries of the
model-based Kalman gains obtained from the true covariances Q, R, P (0) (dash-
dots) and wrong covariances Q, R, P (0) (crosses).

Figure 6.7 illustrates the e!ect of EϱK
on the learned gain matrices. In particular, this

term influences the gains at the final layers, preventing their diagonal entries from drifting
toward the stationary Kalman gains computed using the inaccurate covariances Q, R,
and P (0). Finally, for each set of learned gain matrices, we simulate the 100 estimated
trajectories and compute their mean-squared error with respect to the corresponding true
trajectories generated without observation noise but with identical noisy initial conditions.
The averaged results, reported in Table 2, show that when the stochastic components of
the model are misspecified, the Deep Kalman Filter substantially improves performance
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over the standard Kalman filter and achieves accuracy comparable to that of a model-
based Kalman filter constructed using the true covariance matrices.

Table 2: Average MSE between true and simulated trajectories obtained from
di!erent sets of gain matrices.

KF DKF

MSE True
covariances

Wrong
covariances

ϖD = 0 ϖD = 103

ϖK = 0 ϖK = 103 ϖK = 0 ϖK = 103

All states 3.30↓ 10↑4 2.10↓ 10↑3 7.72↓ 10↑4 7.59↓ 10↑4 7.78↓ 10↑4 7.64↓ 10↑4

Last 10 states 3.69↓ 10↑4 2.22↓ 10↑3 8.44↓ 10↑4 7.47↓ 10↑4 8.50↓ 10↑4 7.47↓ 10↑4

Weakly observable and known model

Consider the state-space system defined by:

A =




1.0030 0.0502 0.0001

0.0502 1.0030 0.0001

0.0000 0.0000 1.0005



 C =


1 0 0

0 1 0


u(k) ∞ 0

with initial state x̂(0) =


2.0
1.0
1.5


and diagonal covariance matrices:

Q = σ
2
Q13 R = σ

2
R12 P (0) = σ

2
P13

where σQ = 10
↑4, σR = 10

↑4 and σP = 5. For this DLTI system, the observability
Gramiam (5.2.9) is:

GO =




3.0358 0.3037 0.0002

0.3037 3.0358 0.0002

0.0002 0.0002 3↓ 10
↑8





indicating that the third state is weakly observable. In particular, the model-based
Kalman filter applies a proportional feedback correction based on the output predic-
tion error and typically performs poorly for weakly observable state variables. The Deep
Kalman Filter shows improved performance in this setting, but at the cost of an improper
use of the gains: the weak observability of the third state is compensated through the
gains rather than through the predictor. We recall that, in this set of experiments, the
forward-model parameters p are not employed. For this reason, we introduce a feed-
forward (FF) term ωx̂FF (k) in the state estimate, following [92]. With this addition, the
prediction step for the considered DLTI system becomes:

x̂(k | k → 1) = A ( x̂(k → 1) +GFF ωx̂FF (k → 1) )

where ωx̂FF (k → 1) represents an estimate of the state-estimation increment anticipated
by the feed-forward action. In the illustrative example considered here, the feed-forward

156



CHAPTER 6. DEEP KALMAN FILTERING

gain GFF is trained during the learning phase using the known di!erence x(K) → x(0),
while during operation it is computed iteratively. In practical applications, this approach
is most e!ective when the feed-forward term can exploit analytic insights, such as the
maximum principle for the heat equation employed in [92].
Figure 6.8 shows that complete backpropagation (second panel from the left) o!ers no
improvement over truncated backpropagation (leftmost panel) and, overall, the DKF
performs worse than the model-based Kalman filter (dashed lines). As training proceeds
(third panel from the left), the loss continues to decrease (not shown), yet state-estimation
accuracy degrades: overfitting the observed outputs comes at the expense of poorer state
estimates. By contrast, the rightmost panel highlights the e!ect of the feed-forward term,
which preserves accurate state estimates even at convergence despite overfitting. Table
3 further shows that, with feed-forward, the gains associated with the observable states
are closer to the Kalman filter gains and remain bounded for the weakly observable state,
whereas the Kalman filter gains diverge for that variable.

Table 3: Comparison between the gain matrices K(k)
G obtained with KF and DKF

at the first (k = 1) and last (k = 50) layer.

K(k)
G KF DKF

no feed-forward
DKF

with feed-forward

k = 1

1.0000

0.0000

0.0000

0.0000

1.0000

0.0000

1.0602

0.0602

→0.4651

0.0602

1.0602

→0.4650

1.0001

0.0001

→0.0923

→0.0002

0.9998

→0.0922

k = 50

0.6227

0.0146

123.9904

0.0146

0.6227

123.9904

0.9518

→0.0592

0.3487

→0.0483

0.9390

0.3607

0.6885

→0.2767

0.1695

→0.3017

0.7254

0.1993

Figure 6.8: Case of a weakly-observable, known model, first example: running DKF
MSEs computed with respect to the observations (red) and the true trajectory with-
out observation noise (blue). The horizontal dashed lines are the corresponding
KF MSEs. From left to right: running MSEs obtained with truncated backpropa-
gation over 40 iterates; complete backpropagation over 40 iterates; complete back-
propagation over 120 iterates; complete backpropagation with feed-forward over
120 iterates.

In the previous example the Kalman filter performed satisfactorily and was therefore
used as a reference. Figure 6.9 instead illustrates a case in which it performs poorly:
here the Deep Kalman Filter yields a clear improvement over the Kalman filter (left
panel). The benefit of the feed-forward term is also evident (right panel): without it,
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convergence is significantly slower (note the di!erent x-axis scales), the final MSEs are
slightly higher, and the gain components associated with the weakly observable state
exhibit larger magnitudes and noticeable oscillations, as reported in Table 4.

Table 4: Comparison between the gain matrices K(k)
G obtained with the KF and

DKF at the first (k = 1) and last (k = 50) layer.

K(k)
G KF DKF

no feed-forward
DKF

with feed-forward

k = 1

1.0000

0.0000

0.0000

0.0000

1.0000

0.0000

1.0640

0.1203

→1.0322

0.0097

1.0269

→0.9437

1.0013

0.0013

→0.0908

→0.0043

0.9957

→0.0859

k = 50

0.6226

0.0144

119.7517

0.0144

0.6226

119.7517

1.0135

→0.0599

0.3895

→0.1437

0.8049

0.4775

1.0194

0.0019

0.0409

→0.0025

0.9937

0.1119

Figure 6.9: Case of a weakly-observable, known model, second example: running
DKF MSEs computed with respect to the observations (red) and the true trajec-
tory without observation noise (blue). The horizontal dashed lines are the corre-
sponding KF MSEs. From left to right: running MSEs obtained with truncated
backpropagation over 1000 iterates; truncated backpropagation with feed-forward
over 200 iterates.

Model with non-diagonal covariance matrices

Consider again the state-space system from the strongly observable experiment, but now
assume that the covariance matrices Q and R are not diagonally constant. We test
the Deep Kalman Filter both with the true covariances Q and R and with diagonally
constant approximations Q and R, where the constant diagonal entries are set to the
mean of the corresponding true diagonals. Figure 6.10 shows a representative example of
the improvement obtained by using matrix-valued weightings instead of scalar penalties,
and again highlights convergence toward the Kalman filter.
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Figure 6.10: Case of non-diagonally constant covariance matrices Q and R: run-
ning DKF MSEs computed with respect to the observations (red) and the true
trajectory without observation noise (blue). The horizontal dashed lines are the
corresponding KF MSEs. Left: running DKF MSEs obtained with truncated back-
propagation and wrong, diagonally constant covariances Q, R. Right: running DKF
MSEs obtained with truncated backpropagation and true, non-diagonally constant
covariances Q, R.

6.4.5 Numerical experiments: nonlinear state-space models

This section examines the ability of the Deep Kalman Filter to generalize the model-based
Kalman filter to nonlinear state-space systems. Unlike the previous experiments, we fully
exploit the regularized training procedure from Section 6.4.2, using the forward model
parameters p to correct small mismatches and the sparse SINDy dictionary s to capture
unmodeled dynamics.

FitzHugh-Nagumo

For the first set of experiments on non-linear state-space models, we consider the perturbed
FitzHugh-Nagumo ODE system:


ẋ

ẏ


=


0.01 2

→3 →0.08

 
x

y


+


ϑx

3

0


+


ϖ

↽x
2


(6.4.26)

where ϑ = →0.5, ϖ = 1, ↽ = 0.1 and provide the Deep Kalman Filter with only partial
knowledge of the true dynamics, namely the linear ODE:


ẋ

ẏ


=


0.01 2

→3 →0.08

 
x

y


(6.4.27)

We then integrate numerically (using MATLAB’s ode45) equation (6.4.26) with start-
ing condition x(0) = 0.1, y(0) = 0.2 for t ↘ [0, 20] evaluated at a regular time step of
&t = 8 ↓ 10

↑2. We train the Deep Kalman Filter with C = 13 (fixed, not optimized by
backpropagation) on single trajectories obtained by adding di!erent levels of process and
observation noise. The goal is to estimate the unmodeled dynamics and the corresponding
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parameters ϑ
∋
= →0.5, ϖ∋

= 1, ↽∋
= 0.1. In particular, we consider process and observa-

tion noises with scalar covariance matrices and standard deviations σQ, σR respectively,
sampled linearly in the intervals %Q = [0, 0.4], %R = [0, 0.4] and for each we train the
network on 20 di!erent realizations. We also add initial state uncertainty with covariance
P (0) = R. Lastly, the chosen loss-function weight matrices are Rk = R, Pk = P (k | k→ 1)

≃k = 1, . . . , K and we let ϱK = ϱD = 1. The SINDy dictionary is constructed with
polynomial terms up to degree three. For every pair (σQ, σR) the euclidean norms of the
relative residuals


|ϖ̂↑ϖ⇐|
|ϖ⇐| ,

|ϑ̂↑ϑ⇐|
|ϑ⇐| ,

|↼̂↑↼⇐|
|↼⇐|


are averaged over all realizations and displayed in

Figure 6.11. Moreover, Figure 6.12 shows the training results obtained with a realization
of process and observation noise for σQ = 0.4, σR = 0.4.

Figure 6.11: Mean relative residues of parameter estimates for the perturbed
FitzHugh-Nagumo system (6.4.26). The residues were averaged over 20 realizations
of synthetic data for each combination of σQ and σR. Above each mean residue is
shown the number of noise realizations for which the support of the sparse SINDy
matrix was estimated incorrectly.

We remark that, unlike other similar works [52], here we do not explicitly tell the network
which unmodeled dynamics we expect to be present in the noisy trajectory. As a matter
of fact, all entries in the SINDy sparse matrix are essentially parameters that the Deep
Kalman Filter can estimate, thus greatly increasing the algorithm complexity. In Figure
6.11 we also include, for each pair (σQ, σR), the number of noise realizations that led
the algorithm to recover an incorrect support for the matrix. As expected, increasing
levels of process and observation noise a!ects SINDy’s ability to correctly estimate the
unmodeled dynamics. As one can observe from the left and right plots of Figure 6.11, the
higher values for the mean relative residues are directly correlated to an incorrect support
estimation.

Lorenz ’63

For the last set of non-linear state-space experiments, we begin by considering the per-
turbed Lorenz ’63 ODE system:




0.1 0 0

0 0.1 0

0 0 0.1








ẋ

ẏ

ż



 =




→7 7 0

28 →1 0

0 0 →8
3








x

y

z



+




0

→xz

xy



+




↼x

3

0

0



 (6.4.28)
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Figure 6.12: Top left: states estimates (circles) and given noisy observations
(crosses) for the perturbed FitzHugh-Nagumo system (6.4.26). Top right: train
running loss decrease. Bottom left: comparison between estimated (circles) and
true (crosses) final state. Bottom right: reconstructed sparse SINDy matrix.

where ↼ = 0.01 and provide the Deep Kalman Filter with only partial knowledge of the
true dynamics, namely the true Lorenz ODE:




0.1 0 0

0 0.1 0

0 0 0.1








ẋ

ẏ

ż



 =




→7 7 0

28 →1 0

0 0 →8
3








x

y

z



+




0

→xz

xy



 (6.4.29)

We then integrate numerically (using MATLAB’s ode45) equation (6.4.28) with starting
condition x(0) = →30, y(0) = 25, z(0) = 50 for t ↘ [0, 0.2] evaluated at a regular time
step of &t = 10

↑3. We choose to observe the first two states, thus C = ( 1 0 0
0 1 0 ) (fixed, not

optimized by backpropagation) and add both process and observation noise with scalar
covariance matrices and standard deviations σQ = 4, σR = 2. We also add initial state
uncertainty with covariance P (0) = R. Lastly, the chosen loss-function weight matrices
are Rk = R, Pk = P (k | k → 1) ≃k = 1, . . . , K and we let ϱK = ϱD = 1. The SINDy
dictionary is constructed with polynomial terms up to degree three. Figure 6.13 shows
the results after training on a single trajectory.

To conclude this section, we again consider equation (6.4.28) as the true dynamics model
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Figure 6.13: Top left: states estimates (circles) and given noisy observations
(crosses) for the perturbed Lorenz system (6.4.28). Top right: train running loss
decrease. Bottom left: comparison between estimated (circles) and true (crosses)
final state. Bottom right: reconstructed sparse SINDy matrix.

but provide the Deep Kalman Filter with a rescaled version of equation (6.4.29), namely:
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Instead of relying completely on SINDy, which would need to re-discover the given (cor-
rect) x-state dynamic and rescale the linear terms accordingly, we employ the p parameters
in our architecture to account for such mass-like discrepancy. In particular, the complete
forward model encoded in the network is obtained by discretizing:
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ẋ

ẏ

ż



 =




→7 7 0

28 →1 0

0 0 →8
3








x

y

z



+




0

→xz

xy



 (6.4.31)

This formulation highlights the inherent risk of identifiability issues arising when simul-
taneously employing SINDy and the learned parameters p. In this particular case, exact
identifiability could be achieved by excluding the linear terms associated with the x-state
from the SINDy dictionary. However, such a modification is unnecessary, as the adopted
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regularized learning procedure is explicitly designed to prioritize the accurate estima-
tion of the known deterministic model discrepancies encoded by p. We train the Deep
Kalman Filter with C = 13 (fixed, not optimized by backpropagation) on single trajec-
tories obtained by adding di!erent levels of process and observation noise. The goal is to
estimate the missing dynamic, its associated parameter ↼

∋
= 0.01, and the mass discrep-

ancy p
∋
= →0.4. We consider process and observation noises with standard deviations σQ

and σR respectively, sampled linearly in the intervals %Q = [0, 4], %R = [0, 2] and for each
we train the network on 20 di!erent realizations. We also add initial state uncertainty
with covariance P (0) = R. The loss-function is constructed as in the previous example.
For every pair (σQ, σR) the euclidean norms of the relative residuals


|ς̂↑ς⇐|
|ς⇐| ,

|p̂↑p⇐|
|p⇐|


are av-

eraged over all realizations and displayed in Figure 6.14. Moreover, Figure 6.15 shows the
training results obtained with a realization of process and observation noise for σQ = 4,
σR = 2.

Figure 6.14: Mean relative residues of parameter estimates for the perturbed Lorenz
system (6.4.28). The residues were averaged over 20 realizations of synthetic data
for each combination of σQ and σR. Above each mean residue is shown the number of
noise realizations for which the support of the sparse SINDy matrix was estimated
incorrectly.

6.5 Comparisons and experiments

The remainder of this chapter is devoted to comparing the Deep Kalman Filter with al-
ternative data assimilation approaches introduced earlier. We first provide a qualitative
comparison with KalmanNet, highlighting both conceptual similarities and key method-
ological di!erences. We then introduce a numerical experimental framework designed to
assess the impact of predictor accuracy on filtering performance, thereby illustrating how
the Deep Kalman Filter leverages its ability to optimize and extend the forward operator
in partially unknown models.

6.5.1 Deep Kalman Filter and KalmanNet

In this section, we provide a qualitative comparison between the Deep Kalman Filter and
KalmanNet, structured around four key aspects.
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Figure 6.15: Top left: states estimates (circles) and given noisy observations
(crosses) for the Lorenz system (6.4.28). Top right: train running loss decrease.
Bottom left: train running comparison between estimated (circles) and true (line)
p parameter. Bottom right: reconstructed sparse SINDy matrix.

· Interpretability. From a methodological standpoint, the Deep Kalman Filter and
KalmanNet share several important similarities. Both provide learning-enhanced frame-
works for data assimilation within the Kalman filtering paradigm, alleviating some of
the restrictive assumptions of the classical formulation while retaining a clear predictor-
corrector structure. In both approaches, learning primarily targets the construction of
the gain matrices K(k)

G , which govern the correction step and compensate for unknown
or misspecified noise statistics. The Deep Kalman Filter, however, extends this phi-
losophy further by also allowing the forward operator and the observation model to be
refined through the learning of shared parameters p, C, and the sparse SINDy coe"-
cients s. This additional modeling flexibility, combined with the regularized training
strategy described in Section 6.4.2, enables the Deep Kalman Filter to explicitly distin-
guish between deterministic modeling errors and stochastic uncertainty, and to adapt
the corresponding components accordingly. In contrast, KalmanNet absorbs all sources
of discrepancy, both deterministic and stochastic, into the learned gain matrices. As a
result, the Deep Kalman Filter o!ers a higher degree of interpretability and modularity,
particularly when model correction and uncertainty quantification must be disentangled.

· Consistency. Both algorithms exhibit a degree of consistency with the classical Kalman
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filter in regimes where the model-based solution is optimal. In KalmanNet, this consis-
tency is primarily demonstrated empirically through convergence of the mean squared
error in numerical experiments. The Deep Kalman Filter, by contrast, is explicitly
designed to mirror the analytical structure of the Kalman filter. This design choice
is reflected in its training objective, which closely parallels the optimization problems
underlying the model-based correction step, as discussed in Section 6.4.1. Moreover,
the truncated backpropagation strategy ensures that information flow during training
remains aligned with the causal structure of the filtering recursion. In comparison,
KalmanNet relies on a purely data-driven loss optimized via standard backpropaga-
tion through time, without explicitly enforcing consistency with the analytical Kalman
filtering objectives.

· Architecture and training. At a high level, KalmanNet combines an auto-regressive
filtering structure with recurrent neural components. The auto-regressive aspect mir-
rors the Kalman predictor-corrector recursion, while the recurrent GRU modules are
responsible for producing the gain matrices. Training KalmanNet therefore constitutes
a canonical application of backpropagation through time. The Deep Kalman Filter, on
the other hand, fully embraces the algorithm unrolling paradigm by focusing on the
auto-regressive structure of Kalman filtering and untying the gain matrices across lay-
ers. At the same time, the shared parameters of the forward and observation models are
optimized through backpropagation through time, making the Deep Kalman Filter an
instance that combines both facets of deep unfolding, as presented in Chapter 1. From
a data perspective, KalmanNet typically requires access to full state trajectories during
training, whereas the Deep Kalman Filter can be trained using only observation data
y(k), which often reside in a significantly lower-dimensional space.

· Computational cost. Owing to its close correspondence with the model-based Kalman
filter, the Deep Kalman Filter has essentially the same online computational cost as its
classical counterpart, provided that the gain matrices can be computed o#ine. This as-
sumption is valid in specific settings, such as problems with a known time horizon and
fixed model parameters, but may not hold in more adaptive or nonstationary scenarios.
KalmanNet o!ers greater flexibility in this regard, as it constructs the gain matrices
online through its recurrent architecture and does not require a predefined horizon.
The trade-o! is an increased online computational burden associated with the GRU-
based gain computation, which, while avoiding explicit matrix inversions, introduces
additional neural network evaluations at each filtering step.

6.5.2 Numerical experiments: predictor impact on the perfor-

mance of Data Assimilation

One of the defining features of the Deep Kalman Filter is its ability to correct and ex-
tend the forward operator f , which we will hereafter refer to simply as the predictor. To
illustrate the importance of predictor accuracy in the data assimilation process, we eval-
uate the performance of three methods, the Ensemble Kalman Filter (EnKF), the Deep
Kalman Filter (DKF), and conditional di!usion models (CDM), under two distinct pre-
dictor configurations: one accurate and one inaccurate. In particular, we again consider
a perturbed Lorenz ’63 ODE system:
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as the true model that generates the observations to be assimilated. As before, we set
↼ = 0.01. Likewise, the associated partially unknown model is:
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The accurate predictor f = fς is obtained by applying a single step of a fourth-order
Runge-Kutta (RK4) discretization to the true system in (6.5.1). The inaccurate predic-
tor f̃ = f0 is constructed in an analogous manner by applying the same discretization
scheme to the approximate system in (6.5.2). These two predictors are used in conjunc-
tion with each of the three data assimilation methods considered in this study. To generate
the trajectories used for data assimilation, we integrate the true system (6.5.1) using the
Python numerical solver DOPRI5, under varying levels of process and observation noise,
namely σQ ↘ {0, 0.15, 0.3} and σR ↘ {0, 0.33, 0.66, 1}. Initial state uncertainty is intro-
duced by sampling from a Gaussian distribution with standard deviation σP = 0.05. The
initial condition for (6.5.1) is set to x(0) = →5.686, y(0) = →8.492, and z(0) = 17.845.
The system is integrated with time step &t = 10

↑3 for K = 100 steps. All three state
components are observed, corresponding to C(= h) = 13. Figure 6.16 shows some of the
trajectories for di!erent noise levels.

Figure 6.16: Generated trajectories across di!erent noise levels. The reference
noiseless trajectory is shown in gray while the noisy observations are shown in
magenta. The initial state is marked in green. Left: low noise (σQ = 0.15, σR = 0).
Center: medium noise (σQ = 0.15, σR = 0.33). Right: high noise (σQ = 0.3, σR = 1).

We now describe the specific configurations adopted for each method:

· EnKF. The Ensemble Kalman Filter is used as a benchmark, as it provides a favorable
compromise between accuracy and computational cost in nonlinear systems. We use
an ensemble of N = 1000 particles, and conduct experiments with both the accurate
predictor f and the inaccurate predictor f̃ .
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· DKF. The Deep Kalman Filter is trained using complete backpropagation on the gain
matrices K(k)

G , with learning rate µK = 0.2 and batch size 30. The shared parameters
p and C are not optimized. We set ϱK = 1 and ϱD = 10

3, and employ early stopping
based on the whiteness of the prediction error. Training is performed either using the
accurate predictor f with SINDy disabled, or using the inaccurate predictor f̃ with
SINDy enabled. Comparing these two settings enables a direct evaluation of the model
discovery capabilities of the Deep Kalman Filter.

· CDM. The score network sε(x, t, y) is implemented as a five-layer fully connected neural
network with ReLU activations. In our previous notation, the input to the network is
the concatenated vector [x̃, temb, y], where the time embedding is defined as:

temb = [t→ 0.5, cos(2t), sin(2t),→ cos(4t)]

As a result, in this experiment the input dimension is 10. The hidden layers have di-
mension 50, and the output dimension matches the state dimension, namely 3.
To reduce training time at each filtering step, the network is warm-started at the begin-
ning of each experiment using a learning rate of 10↑3 for 500 epochs with batch size 256.
The resulting weights are then used as initialization during each filtering step, allowing
training to converge using only 200 epochs and a reduced learning rate of 10↑4.
The reverse-time SDE is integrated using the Euler–Maruyama scheme with time in-
crements &▷ = 10

↑2. We adopt the variance-preserving formulation with parameters
T = 1, ϑ = 1, µ = 2, and ϖ(t) = 0.01 + 19.99t. With these settings, a single filtering
step requires less than one second. As with the EnKF, experiments are conducted on an
ensemble of N = 1000 particles using both the accurate predictor f and the inaccurate
predictor f̃ .

For each experiment and noise configuration, the accuracy of the estimated trajectories is
assessed by computing the Root Mean Squared Error (RMSE) with respect to a reference
noiseless trajectory. The reported RMSE values are then obtained by averaging over 15

independent filtering runs, each corresponding to a di!erent realization of process and
observation noise. The results are shown in Figure 6.17. For both the EnKF and CDM,

Figure 6.17: Mean RMSE across di!erent noise levels. The reported values are
averaged over 15 synthetic data realizations for each combination of σQ and σR.
Solid lines correspond to the use of the accurate predictor f , while dashed lines
indicate the inaccurate predictor f̃ . Results for EnKF, DKF, and CDM are shown
in red, green, and blue, respectively.
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the use of the inaccurate predictor f̃ leads to a noticeable degradation in performance,
reflected by a clear increase in RMSE. This e!ect is especially pronounced for the EnKF
in the absence of process noise, i.e. σQ = 0, underscoring its strong reliance on model
accuracy. As the process noise level increases, however, the EnKF with an inaccurate
predictor becomes progressively more competitive, indicating that deterministic model
errors are e!ectively absorbed and compensated for as stochastic uncertainty. In contrast,
the performance of CDM does not exhibit a comparable improvement as the process
noise grows. Notably, the DKF shows a markedly di!erent behavior: its performance
remains largely insensitive to the initial use of the inaccurate predictor f̃ , which is rapidly
corrected through the SINDy-based model adaptation during training. Lastly, Figure 6.18
reports the corresponding results for the mean generalized variance [133, 2] computed for
the two ensemble-based methods. As a scalar summary of the ensemble covariance, the
generalized variance provides a global measure of the uncertainty associated with the state
estimates over the entire filtering horizon. In particular, we observe that the accuracy
of the predictor has a limited impact on the estimated state uncertainty. By contrast,
increasing levels of process noise lead to a marked growth in uncertainty for the EnKF,
whereas the uncertainty estimates produced by CDM remain largely insensitive to such
variations.

Figure 6.18: Mean generalized variance across di!erent noise levels. The reported
values are averaged over 15 synthetic data realizations for each combination of σQ

and σR. Solid lines correspond to the use of the accurate predictor f , while dashed
lines indicate the inaccurate predictor f̃ . Results for EnKF and CDM are shown
in red and blue, respectively.
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Appendix

6.A DKF backpropagation details

This section derives the backpropagation relations for the Deep Kalman Filter introduced
in Section 6.4. In particular, we present a detailed analytical treatment of both the
complete and truncated backpropagation algorithms. For conciseness, not all relations
are derived explicitly; instead, we focus on a small selection of key quantities.
The state correction relation (6.4.3) written elementwise is in the form:

x̂(k)i = x̂(k | k → 1)i +

∑

j

(K(k)
G )i,j


y(k)j →

∑

q

C
(k)
j,q x̂(k | k → 1)q


(6.A.1)

In order to assemble the backpropagation algorithm for the Deep Kalman Filter architec-
ture and loss (6.4.6), we need four key components:

ςx̂(k)i

ςx̂(k → 1)i

ςx̂(k)i

ς(K(k)
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ςx̂(k)i

ςp(k)

ςx̂(k)i

ςC
(k)

i,j

The first quantity is the derivative of the state at time k with respect to the state at time
k → 1. This term is central to the backpropagation procedure, as it enables the propa-
gation of gradients from one layer to the previous one. The remaining three quantities
are associated with the network’s learned parameters and are required to assemble the
gradients of the loss function. From (6.A.1), these expressions follow directly:
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(6.A.2)

In particular, using (6.A.2), one obtains the recursive relations:
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as well as the partial gradients:
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where T

(k) ↘ Mn↔m(R) is given by T
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)
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and v
ij is defined as in (6.4.6). In

particular, (6.A.4) describes the complete backpropagation algorithm. In contrast, the
truncated backpropagation algorithm uses the following partial gradients, as motivated in
Section 6.4.1:
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Conclusions

In this dissertation, we investigated a broad class of modern machine learning architectures
that seek to bridge the gap between traditional model-based methods and data-driven
approaches. Motivated by the increasing need for methods that are both expressive and
interpretable, we focused on the paradigm of deep unfolding as a unifying framework
capable of reconciling these two perspectives. We showed that deep unfolding naturally
encompasses two complementary manifestations, algorithm unrolling as an architectural
design principle and backpropagation through time as an optimization mechanism, both
of which recur across many recent developments in learning-enhanced signal processing
and state estimation.
A central discussion point of this work is the identification of bilevel optimization as a rig-
orous mathematical foundation underlying deep unfolding. By framing learning problems
in a bilevel setting, iterative algorithms can be systematically transformed into structured
neural architectures whose parameters are optimized end-to-end while preserving the se-
mantics of the original algorithm. This perspective not only clarifies the relationship
between classical optimization and modern deep learning, but also provides a principled
path toward highly interpretable models whose behavior can be directly linked to well-
understood mathematical procedures.
The first application domain explored in this dissertation was audio processing, with a
focus on source separation and detection. Within this context, we revisited nonnegative
matrix factorization (NMF) and its variants as a powerful and flexible model-based frame-
work. We extended automatic relevance determination (ARD) to the nonnegative matrix
factorization deconvolution (NMFD) setting, demonstrating its e!ectiveness on standard
benchmark datasets and highlighting its ability to promote parsimonious representations
in time-frequency analysis. Building upon this foundation, we applied algorithm unrolling
to NMF-based methods, resulting in competitive deep architectures such as PAD-NMF
and Deep-NMFD. These models overcome key limitations of traditional NMF, notably
slow convergence and limited adaptability, while retaining interpretability. Importantly,
we analyzed how time correlations are embedded di!erently in these architectures: PAD-
NMF relies on Hankel-augmented representations that encode temporal structure as ex-
tended features, whereas Deep-NMFD exploits the intrinsic convolutional structure of
NMFD to model temporal dependencies directly. Through extensive experimentation, we
showed that these approaches are complementary, each excelling under di!erent practical
constraints and application scenarios.
The second major theme of this dissertation concerned state estimation in dynamical
systems, a domain historically dominated by Kalman filtering and its extensions. After
reviewing the Kalman filter and ensemble-based variants, we emphasized the challenges
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that arise in real-world applications, including model mismatch, nonlinearity, unknown
noise statistics, and high dimensionality. Particle filters were introduced as a flexible
alternative capable of addressing some of these issues, and were employed to design a
novel audio tracking algorithm for continuous time-frequency pattern analysis. While
powerful, particle filters also revealed intrinsic limitations, particularly their reliance on
explicit likelihood models and their computational burden. By reframing state estimation
as a data assimilation problem and allowing for learned components, we then explored
a new generation of learning-enhanced data assimilation methods. Conditional di!usion
models were presented as a data-driven alternative to particle filters, capable of sampling
from complex conditional posteriors without requiring explicit likelihood evaluations. In
parallel, KalmanNet and the Deep Kalman Filter were introduced as learned extensions
of classical Kalman filtering that remain closely tied to its predictor-corrector structure.
These methods exemplify deep unfolding in both of its forms: backpropagation through
time enables the optimization of temporally structured models, while algorithm unrolling
preserves the interpretability and consistency of the filtering process. Both architectures
focus on learning gain matrices to overcome classical assumptions such as linearity and
known Gaussian noise, while maintaining a clear connection to the original Kalman frame-
work. A distinctive contribution of this dissertation is the review and slight extension of
the Deep Kalman Filter architecture, which further generalizes Kalman filtering by en-
abling the data-driven enhancement of the dynamical model itself. By jointly optimizing
gain matrices and components of the governing dynamical system within a regularized
learning framework, the Deep Kalman Filter is able to disentangle deterministic modeling
errors from stochastic uncertainty. This capability proved crucial in scenarios involv-
ing inaccurate predictors, where the method demonstrated robustness and adaptability
beyond that of ensemble-based and purely data-driven alternatives. Through carefully
designed numerical experiments, we highlighted the importance of model fidelity in data
assimilation and showed how learning-enhanced approaches can compensate for, and even
correct, structural deficiencies in the underlying model.
Overall, this dissertation demonstrates that deep unfolding provides a powerful conceptual
and practical framework for merging model-based reasoning with data-driven learning. By
grounding neural architectures in established algorithms and optimization principles, it is
possible to achieve a balance between expressiveness, interpretability, and computational
e"ciency. The results presented here suggest that learning-enhanced formulations of clas-
sical methods, whether in audio processing or state estimation, are not merely heuristic
extensions, but principled generalizations that preserve the strengths of both paradigms.
As the boundaries between model-based and data-driven approaches continue to blur,
deep unfolding stands out as a compelling direction for the design of next-generation al-
gorithms in signal processing, dynamical systems, and beyond.
Lastly, several avenues for future research emerge from the results presented in this disser-
tation. From a theoretical perspective, an important open question concerns the conver-
gence properties and stability guarantees of deep unfolded architectures, particularly in
the widely used untied setting where parameters are allowed to vary across layers. While
algorithm unrolling inherits intuition from the underlying iterative procedures, the intro-
duction of learned and untied parameters breaks many of the classical assumptions that
ensure convergence. Developing a rigorous analysis for such networks, possibly within
the broader framework of bilevel optimization and dynamical systems, would therefore
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represent a significant step toward establishing stronger theoretical foundations for deep
unfolding. In the context of NMF-based models for audio processing, further investigation
of the role of the ϖ parameter in the multiplicative update rules is also warranted. The
architectures explored in this work, namely Deep-NMF, PAD-NMF and Deep-NMFD,
have focused exclusively on the case ϖ = 1, corresponding to the Kullback-Leibler diver-
gence that is commonly adopted in audio applications. Extending these models to other
values of ϖ within the ϖ-divergence family may provide additional flexibility and robust-
ness, potentially improving performance in scenarios involving di!erent noise statistics or
signal characteristics. Finally, in the context of learning-enhanced state estimation, the
Deep Kalman Filter framework could benefit from more expressive representations of the
underlying dynamical model. In particular, integrating learned operator networks within
the prediction step may o!er a promising direction for capturing complex and possibly
infinite-dimensional dynamics, thereby extending the applicability of the approach to a
broader class of systems. Taken together, these directions highlight how the deep unfold-
ing paradigm continues to open both theoretical and practical challenges, suggesting a rich
landscape for future developments at the intersection of optimization, machine learning,
and dynamical systems.
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