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Abstract

This thesis is concerned with the study of stochastic differential games with
many players, under structural hypotheses that differ from the classic ones of Mean
Field Game theory. We focus on Nash equilibria and the systems of partial differ-
ential equations that describe them, within two main settings, namely games with
sparse interactions and Generalised Mean Field Games.

In the first part of the thesis, we deal with network games with interactions
between players governed by sparse graphs. We introduce the concept of unimpor-
tance of distant players and provide two precise declinations of it, one for open-loop
and one for closed-loop games. Related implications are also investigated.

The main character of the second part is the Nash system, of parabolic equa-
tions of Hamilton—Jacobi—Bellman type, describing closed-loop equilibria. We make
use of structural assumptions inspired by the unimportance of distant players to
prove short-time existence and uniqueness for a class of Nash systems in infinitely
many dimensions.

Afterwards, we enter the framework of Generalised Mean Field Games and, for
some N-player nonsymmetric Nash systems under hypotheses of semimonotonicity,
we prove certain a priori estimates historically known to be both hard to obtain and
crucial for a rigorous derivation of the Master Equation directly from of the Nash
system as N diverges. Making use of such estimates in this bottom-up approach to
the large population limit of the Nash system, we conclude by proving that in our
context suitable generalisations of both the Mean Field system and a weak form of

the Master Equation can be obtained.
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Notations

see Definition 2.3.1.

the space of all bounded and continuous functions on X.
the space of all functions in f € C°(]0, +00)) such that
lim,— 400 f(r) = 0.

given v € (0,1), the space of all bounded and ~y-Hélder
continuous Y-valued functions on X. Y = R is implied. If
the domain involves R, see Section 3.2 instead.

for k € NU {00}, the space of all infinitely many times dif-
ferentiable functions on X, with (locally) bounded deriva-
tives, zeroth-order included.

given two Banach spaces, X (X) of functions on X, and
Y(Y) of functions on Y, the corresponding Bochner space
of functions on X x Y.

the space of all continuous functions on R7 (with typical
variables (t,)) with continuous derivatives 8;, D and D?.
Derivatives are understood to be defined on (0,7") x R™.
the space of all bounded and continuous functions on R7
(with typical variables (¢, z)) with bounded and continuous
derivatives 0y, D and D?2. Derivatives are understood to
be defined on (0,7) x R".

given m € N and 6 € (0,1), the classic high-order
Hélder space on X; cf. [57]. As for the subscript loc,
u € P (R?) if and only if u € C™F°(Q) for any Q € R%.
If the domain involves R“ see Section 3.2 instead.

given § € (0, 1), the classic parabolic Hélder spaces; cf. [57].
As for the subscript loc, see the previous notation. If the
domain involves R, see Section 3.2 instead.

see Definitions 3.2.8 and 3.2.9.

the time derivative (with respect to the typical variable t).
the gradient, or space derivative (with respect to the typical
variable x).

the derivative with respect to the typical j-th coordinate
.

spatial derivatives of second and third order, in analogy

with the notations for the first order.
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the Laplacian (with respect to the typical variable ).
given o = (@, ...,an—1) € NV, the multi-index notation
for derivatives, namely Dyt --- D3N .

the flat derivative (with respect to the typical probability
measure variable m); cf. [23, Definition 2.2.1].

the intrinsic derivative (with respect to the typical proba-
bility measure variable m); cf. [23, Definition 2.2.2].

see (4.2.4).

the open complex disc of radius r about z. We omit the
centre when it is 0 and the radius when it is 1; hence, e.g.,
D, =D,(0) = rD.

the indegree and the outdegree of the vertex v.

abridged notation for deg™ v.

given x = (mi)ie[[n]] € R", the n x n diagonal matrix having
x" as the entry (i,1).

the divergence (with respect to the typical variable x).
the Dirac delta distribution centred at x.

the probabilistic expectation.

(v,v') € E.

given a function f, the difference f(z) — f(y).

given an n X n real matrix A = (Aij); je[n) (not necessarily
symmetric), Zi,je[[n]] A€ >0 for all £ € R™.

the n x n identity matrix.

the matrix Ing.

the identity map on X.

the n x n matriz of ones.

the matrix Jy ® 14.

see (4.2.6).

given a random variable X, on a probability space with
probability P, the law of X, namely X;P.

for p € (0,00] and Y Banach, the space of Y-valued mea-
surable functions f on a measure space (X, u) such
that ||fll, == [ I} du < o0 (for p # 50) or |fllee i=
esssupy || flly < oo (for p = 00). Y = R, with Euclidean
metric, is implied.

L?(X;Y) when X is countable, M is the discrete o-algebra
and p is the counting measure.

less than or equal to, up to a positive multiplicative con-
stant.

the space of all locally Lipschitz continuous functions on
X.

given a vector z = (2');e[y), the empirical measure
% Zie[[n]] O

the set of all natural numbers, including 0.
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the FEuclidean morm when applied to a vector, the
Frobenius norm for matrices and, more generally, the
full tensor contraction for temsors (and according to
this, inner products between tensors are understood
as tensor contractions); for example, |DJu’|*> =
Zhi,hj,hke[d]] |D;himjh,jackhkuj|2 if 2%, 27 2% € R,

the p-norm ||-||, on £7(N; R?), with R? equipped with the
Euclidean metric; that is, |z|b := Z]EN |z7|P. The same
notation is used for the p-norm of z € (R*)", n € N, given
the natural embedding = — (z,0,...) into £/ (N;R%).

the norm on the space X.

given a function f defined on X, its supremum norm,

namely sup, ¢ x |(z)].

given a function f defined on R x X and an interval I C R,
supse [l £, loo-

the Hélder seminorm of order v of the function f. For
functions defined on R*, see Section 3.2.

the i-th weighted norm of thle vector z € X", defined as
(11 + % Zjepnngn 1#) %

see Definition 3.2.3.

the all-ones vector in R"™.

the FEuclidean inner product between the vectors z,y €
X. The subscript X can be implied if it is clear from the
context.

the outer product between vectors, or the Kronecker prod-
uct between matrices, or the (tensor) product between mea-
sures.

the space of probability measures on X.

the Wasserstein space of order p € [1,00); cf. [78, Defini-
tion 6.4].

given a vector v # 0 in a Hilbert space, the projection onto
the direction of v, namely ﬁ ® ﬁ

see below (4.2.4).

the set of all couplings of the measures (u,v).

given a product space X = Hiel X* the projection of X
onto X*°.

the set [0,77] x R™.

the space RY endowed with the product topology.

given n € Z4, the set {0,...,n — 1}.

given m € Z and n € Z4, the unique natural number
r € [n] such that 7 = m modn.

see (2.2.28).

the set of all positive real numbers.

the cardinality (or counting measure) of the set S.
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the push-forward (or image) measure of the measure p via
the map f.

the group of all permutations on [n].

given a vector x = (mi)ieﬂnﬂ and a permutation o € S,
the vector (27, cfny-

the support of the measure p.

given two functions f, g defined on a measure space (X, u),
the convolution between f, g, namely fx FWg(-—y) p(dy).
given two vectors = (z°)icn], ¥ = (¥')ic[n) € R", the
cyclic discrete convolution of order n between z,y, namely
D ictnl alyl =i

X CY, bounded and with closure also contained in Y.
the space of all real symmetric linear operators on X.

the space of all real symmetric n x n matrices. .’(R™) and
. (n) are identified through the canonical basis on R".
the trace of the matrix A.

the transpose of the matrix A.

if h is a function, see (4.2.7); if h € Z4, it is the diagonal
{(z,y) eR" xR" : 2 =y}.

max{z,y}, min{z,y}.

given = = (z')icfn] € X", ¥y = (¥ )icpn) € Y", the vector
(=", y")iegny € (X x Y)™.

given a vector x, the vector obtained by remowving the i-th
coordinate from z.

given two vectors z,y, the vector obtained from x by
replacing its i-th coordinate with y. — The order is
important, in the sense that we specify first the vec-
tor x and then the replacement y; both the follow-
ing mot equivalent notations will occur: given a func-
tion h, h(z=%y) = h(z' ... ="y, . 2Y), but
h(y,z=") = h(y,z', ..., 2" 2T, 2.

given a vector z, see Section 5.1.

the Wasserstein distance of order p € [1,00); cf. [78, Defi-
nition 6.1].

the standard parabolic Sobolev space with exponent p €
[1,00); cf. [58, Chapter 2, Section 2].

the sets of all positive integers and of all negative integers.



Introduction

Contents
Exordia of the chapters xi
Chapter 1 (d’aprés [30]) xi
Chapter 2 (d’aprés [32]) xiv
Chapter 3 (d’aprés [77]) xvi
Chapter 4 (d’aprés [31, 32]) xxi
Chapter 5 (d’apreés [31]) xxviii
Acknowledgements XXXi

This thesis contains new results on stochastic differential games (henceforth
simply games) from the viewpoint of partial differential equations (PDEs). The
trait d’union between the different works collected herein is the interest in studying
games under assumptions outside or beyond the Mean Field Game (MFG) canon,
with the intent of identifying substantial dissimilarities with or attainable general-
isations of that renowned standard.

The introduction of MFG theory, independently by Lasry and Lions [65] and
Huang, Caines and Malhamé [51], has been the most influential contribution to the
rapid development of the study of games with many players in the last two decades.
The theory provides an effective paradigm to deal with dynamic games with many
players that are both indistinguishable from one another and individually negligible
as the number of players grows; we refer to the book [25] and the lecture notes [24]
for a recent account of it.

If the foundational assumptions of MFGs are abandoned, or at least eased, one
enters the broader framework of network games. In particular, the last few years
have witnessed an increasing interest in the understanding of the large population
limits of Nash equilibria among players whose interactions are described by graphs.

Broadly speaking, when the number of interactions is large, the MFG descrip-
tion, or a suitable generalisation based on the notion of graphon, effectively char-
acterises large population limits: see for instance [3, 8, 19, 37, 63] and references
therein.

On the other hand, when the underlying network structure is sparse, few results

are available in the literature; for instance, the reader can have a look at [61]

ix
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and references therein. While in the dense regime one expects all the players to
have an individual negligible influence on a given player, because their running
costs involve cumulative functions of a number of variables that diverges with the
number of players, in sparse regimes, only most of the players should have a small
impact, just because they are far enough with respect to the graph distance. This
mechanism of independency between distant players, in the sense of an underlying

graph, has been first observed in [62], by means of correlation estimates.

The first part of the thesis concerns the study of such games with sparse in-
teractions, with particular interest in the equations describing Nash equilibria in
the limit of infinitely many players. We highlight two crucial features in contrast
to those of MFGs and deriving from the aforementioned unimportance of distant
players.

As a first illustrative setting, we consider open-loop equilibria. Under the
hypotheses of MFG theory, one exploits the averaging structure of the costs to
reduce the prospective infinitely many equations describing Nash equilibria in the
large population limit to the familiar two-equation Mean Field system, whereas in
games with sparse interactions we have no hope to be able to exploit any aggregate
effect coming into play as the number of player grows. On the contrary, we shall
show that, if one wishes to find, with a small error, the optimal trajectory of a
given player, a reduction of the complexity of the system to be studied is possible
by going in the opposite direction; that is, by neglecting distant players and thus
considering a new game governed by just a subgraph of the original one. This is
presented in Chapter 1.

Considering instead closed-loop equilibria, the canonical object describing them
is the Nash system, a notoriously strongly coupled, and thus intricate, system
of parabolic equations of Hamilton—Jacobi-Bellman (HJB) type. As described in
[23] expanding ideas of [68], within the MFG scenario the natural limit of the
Nash system is provided by the fabled Master Equation, a parabolic equation set
in the space of probability measures. On the other hand, under hypotheses of
sparse interactions, we have quantified the mutual influence of players by estimating
the derivatives of the solutions to the Nash system, consequently showing that
a formally-written infinite-dimensional Nash system can be well-posed. This is

introduced in Chapter 2.

The second part of the thesis is focused on the study of the Nash system.

Local existence and uniqueness for a rather general infinite-dimensional Nash
system are proven in Chapter 3, adapting ideas developed in the previous chapter
within the linear-quadratic (LQ) framework. Contextually, we also prove a general
linear result, providing a priori estimates, stable with respect to the dimension, for
transport-diffusion equations whose drifts (and their derivatives) enjoy appropriate

decay properties.
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In Chapter 4, again inspired by results in the LQ setting, we exit the realm
of sparse interactions and recover some structure of Mean Field type: under Gen-
eralised Mean Field hypotheses (also referred to as Mean-Field-like), for a class
of nonsymmetric Nash systems with semimonotonicity we prove a priori estimates
enjoying the stability with respect to the number of equations first prospected in
[68] for the standard symmetric case and expected to allow to pass the system to
the infinite population limit and obtain the Master Equation.

Finally, Chapter 5 is devoted to the use of our a priori estimates to deal with
such a passage to the limit. We obtain both a weak form of the Master Equation
and the Mean Field system expected in our generalised MFG context.

Exordia of the chapters

Chapter 1 (d’aprés [30]). We consider a graph I" := (V, E) with #V = N €
NU{oo}, which can be directed but is assumed to have no loops. We recall that this
means that the existence of the edge (v,v’) € E does not imply that of (v/,v) € E,
while (v,v) ¢ F for any vertex v € V.

The indegree and the outdegree of a vertex are respectively defined as deg™ v :=
#{v' €V : v ~v} and deg’ v = #{v' € V : v ~ '}, where v/ ~ v if and only if
(v',v) € E; however, in the following, since the former will appear quite often, we
will use the lighted notation degwv := deg™ v. We shall assume that degv > 0 for
all v € V and, if V is countable, sup,cy degv < oo.

The main object of our study is a system of N HJB and N Fokker—Planck—
Kolmogorov (FPK) equations in R% := [0, T] x R?, which we call the graph-game

system, of the form
—Owu? — Au¥ + H(t, Du’) = F¥ (¢, x)
(1) Oym? — Am? — div(0,H"(t, Du’)m’) =0 veV.
UU(T, ) = Gva mv(o) = mga
The unknowns are the (value) functions u¥ and the measure flows m?; the Hamil-

tonians H"(t, p), the data (or cost functions) F"(t,z) and G"(z), and the initial

distributions m{ are given. In particular, we consider

FY(ta) = / Py i (dy), () = / g (2, ) 1ie(dy)
(Rd)deg v (Rd)degv

for some functions f: [0, T]xR%x (R%)4¢&v — R and g¥: R%x (R?)4ev — R, where
1t € P((RY)48) is the product measure having m?’, v’ ~ v, as its marginals.
Such a graph-game system naturally arises to describe open-loop Nash equi-
libria for a differential game with interactions between the players governed by the
graph I'. Indeed, consider an N-player game where players are labelled with v € V



xii INTRODUCTION

and the state of the player v is governed by the following R%valued SDE on [0, T]:
(11) dXy =b°(t,al) dt + V2dBY,

with given X§j = Z¥. The B" are independent Brownian motions, defined on a fil-
tered probability space (2, F,F,P), F being the completion of the natural filtration
of the Brownian motion; the controls a are progressively measurable processes
with values in R?; the drift b° is a given map [0,7] x R? — R?. Player v aims at

minimising the cost functional

T ’ ’
T (a) = E[ [ (L0 + 170 X0 (X ) ) i+ 97 (X (X )|

where LV: [0,7] x A — R is given. Note that such a cost depends (directly) only
on the behaviour of the neighbours of player v; that is, players that are adjacent to
it according to the graph I'. Also note right away that if degv = 0, then player v
is by no means connected to the other, so it will be playing alone an optimisation
problem; nevertheless, such players will be of no interest in our study of the game,
whence our assumption that degwv > 0.

The Hamiltonian of player v is defined as H"(t,p) := —inf,cpa (p ~b¥(t,a) +
L"(t,a)). Hence, if for any (t,p) there exists a unique a(¢t,p) € R? such that
HY(t,p) = —p - b"(t,a’(t,p)) — L¥(t,a"(t,p)), and that the map a¥ is continuous
(for example, this is the case if p - b¥(t,a) + L¥(t,a) is continuous in all variables,
and is C?, strictly convex and coercive in a), then the envelope theorem yields
O, H"(t,p) = —b"(t,a"(t,p)). Under these circumstances, the choice of = a? :=
—0,H"(t, Du’(t, X})) in (11), with u” solving system (I), is expected to provide
the open-loop equilibria of the game (see Remark 1.1.1 for further discussion). In
particular, one has mg§ = Z%4P and p? := (X! )y~vyP, when X solves (11) with

optimal drift o*?.

If T is complete (that is, E =V xV\{(v,v) : v € V})and f* and g” depend on
the average of (X"),/~y, then we are in the setting of MFG theory; in particular, the
MFG paradigm presumes that we have an increasing sequence of graphs (I'V) yen
(that is, I'V is a subgraph of I'N*!) with min,cy~ degv = N — 0o as N — o0
(and actually much more that that). On the contrary, here we are interested in
addressing the antipodal problem when sup y ¢ sup,cy~ degv < oo.

The crucial difference with this dense regime is the loss of the negligibility
assumption, and thus basically the loss of a fruitful ground to have a Law of Large
Numbers: if the costs of the players do not depend on cumulative functions of a
diverging number of variables, one is led to expect that most of the players should
have a small influence on a given one, with no cumulative effect arising from their
interactions in the large population limit. In other words, given a player, we expect
players that far from it with respect to the graph distance to be asymptotically

unimportant in determining the optimal distribution of that player.
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Here we focus on open-loop games governed by fairly general sparse graphs,
with the goal of showing the unimportance of distant players under the following
perspective: in order to play almost optimally, a given player can neglect all players
that are far enough from it and assume to be taking part in a new reduced game

where interactions are modelled according to a subgraph of the original one.

Our main result will be Theorem 1.2.8, yet we informally state here an imme-
diate consequence of it (precisely formalised as Corollary 1.2.9), which we believe

to be illustrative of the meaning of the preceding paragraph.

THEOREM I. Let (m,u) solve (1) with infinite-dimensional underlying graph T' =
(V,E) and mg € P2(RYY. Under suitable structural assumptions, for any ¢ > 0
there exists k € N such that, for any v € V, one has

sup Wa(my,my) <e
te[0,T]
if ™ solves (1) with graph Ty (which is the minimal subgraph of T' in which v is
k-stable with respect to T, according to Definition 1.2.2).

The subgraph Iy, is basically the smallest subgraph of I' obtained by removing
all vertices that are more than k edges apart from v.

The idea of the proof is rather simple: by means of a synchronous coupling,
we show that (objects very close to) the Wasserstein distances of two distributions
solving the graph-game system with two different underlying graphs obey a recur-
sive inequality; then, analysing such inequality, we are able to provide quantitative
decay of that “distance” with respect to k, which is the radius of the neighbourhood

of a vertex we wish, or need, to keep when performing our dimensional reduction.

We have implicitly taken into account that not only we are losing the negligi-
bility assumptions of MFG theory, also we are making no symmetry assumptions;
therefore, the localisation provided by I';,; depends indeed on v, in general. It
clearly follows that in order to determine approximate optimal trajectories for all
the players, one needs to localise around each of them.

On the other hand, if T' is vertex-transitive and the players have identically
distributed initial states (that is, m{ is independent of v € V'), then system (1)
is invariant under automorphisms of T" (as observed and exploited in [62]), which
implies that any player is representative for the game equilibrium. In this setting,
the localisation I is independent of v, so our result says that, instead of solving
a system of infinitely many HJB and FPK equations, one can only solve (making
a small error) one system of N HJB and N FPK equations, with N depending on
I' and k.

Our results mentioned so far are genuine a priori estimates, valid for solutions
(u,m) = ((u?,m"))pev to system (1) with Du’ € Cp?(R%) and sublinear (that

loc
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is, [Du’(t,z)| < 1+ ||, with implied constant independent of (t,x) € R%), and
m? € CO([0, T); P2(R%)).

For the sake of a more complete discussion, in Section 1.3, we will prove the ex-
istence of unbounded solutions fitting the aforementioned requirements, in a couple
of cases compatible with our main assumptions, which we are going to present here
below. Let us also point out that those will be general existence results which do
not rely on the information provided by the unimportance of distant players, and
thus Section 1.3 is independent of Section 1.2. A different approach to the well-
posedness of a graph-game Nash system is instead adopted in Chapter 3, where the
expected behaviour of the solution according to the results in Chapter 2 is exploited

as a starting point to prove existence.

Chapter 2 (d’apreés [32]). We consider an N-player game, indexed by ¢ € [N],
where the state X? of the i-th player evolves according to the R-valued SDE

dX; = aidt +v2dB!.
Its cost, in the fixed time horizon [0, T, is given by

T
JHa) = ;EUO (| + (F'X, X)) dt + (G'Xp, X1)| ,

for some F' = fi®I; and G = ¢'® I, with f* € C°([0,T]; #(N)) and ¢g* € . (N).
The B are independent R%valued Brownian motions, and the o are closed-loop
controls in feedback form, that is o’ = o' (t, X;).

It is known (see for instance [25, Section 2.1.4], or [46]) that the value functions
of the players, u! = w'(t,x) with i € [N], t € [0,T] and z = (2,...,2V"1) €
(RN solve the Nash system of Hamilton—Jacobi PDEs

78,511,1’ — Aui + %|Dluz|2 —+ Zj;ﬁi DjUijui = FZ

) u'(T,-) = G

where F' = L(F'..), G' = (G",") and i € [N]. The equilibrium feedbacks are
then given by o’ = —D;u’. Since the dynamic of each player is linear, and the costs
are quadratic in the state and control variables, it is well-known that the previous
system can be recast into a system of ODEs of Riccati type, by making the ansatz
that u’ are quadratic functions of the states. Here, we look for conditions on the
solvability of such system, and we focus in particular on properties that are stable as
the number of players goes to infinity, with the aim of addressing the limit problem
with infinitely many players, whenever possible. The Laplacian appears in (111) by
the presence of the independent noises B?, but it will not actually play any relevant
role in our analysis. We keep it since the purely deterministic system is not known
to be well posed, beyond the linear quadratic setting.

Our framework is somehow similar to that addressed in [62]. The linear-

quadratic setting is considered, and under some symmetry assumptions on the
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underlying graph, Nash equilibria are computed explicitly (exploiting also the run-
ning costs F* being identically zero, and G’ having a specific structure). Then, a
probabilistic information on the covariance of any two players’ equilibrium state
processes is derived. A main goal in our work is to derive an analogous information
in more analytic terms; that is, we wish to quantify the influence of the j-th player
on the i-th one by estimating D;u’, with the perspective of developing some ideas

that could be applied also beyond the linear-quadratic framework.

We now describe our results more in detail. The first part of the chapter is
devoted to the analysis of a sort of sparse regime with a special structure, namely

shift-invariance, where basically f* and ¢* coincide with f*~! and g*~!

, respectively,
after the permutation of variables z° — xi~1. Most importantly, we assume players

to have nearsighted interactions, that means

(v) | frkls | ghel S BriBr—i

for all h,k, where (Bx)r is a suitable sequence in £*(Z). Since Bx_; decays as
|k — i] — oo, this means that f;,, which quantifies the influence of the h-th and
k-th player on the i-th one, decreases as |h —i| and |k — 7| increase. A prototypical
example is given by the bi-directed chain, where f}, is a sparse matrix with zero
entries except for |h —i| < 1 and |k — ¢| < 1, so that the i-th player cost depends
only on the (i 4+ 1)-th and the (¢ — 1)-th state. See also [42] for results on models
that build upon a similar structure.

The first statement we get, which sums up Theorems 2.2.11 and 2.2.12, is the
following.

THEOREM 11. There exists T* > 0 such that if T < T* then for any N € NU {o0}

there exists a smooth solution to system (2.1.2) such that, for any i,j and m € N,

(30w

Note in particular that we get existence of a smooth classical solution to the

S Bh—iBr—i-

infinite-dimensional Nash system (111) with N = oo, i € Z. We stress that the key
issue in the analysis of our problem is that, despite the cost functions f*, g* may
depend on very few variables, the system itself is strongly coupled by the transport
terms > ki Dju? Dju’, which become in fact series when N = oo. The closed-loop
structure of equilibria forces the equilibrium feedbacks o/ = —D;u’ to be strongly
“nonlocal”, that is, they depend on the full vector state x. Hence, decay estimates
on Dju’ which are stable as N increases are crucial to pass to the limit N — oco.
These are obtained here by a careful choice of 3: below, we will use the terminology
self-controlled for the discrete convolution, or briefly c-self-controlled (where the “c”
stands for “convolution”; see Definition 2.2.3), that fits well with the structure of
cyclic discrete convolution appearing in our problem. From the game perspective,

the equilibrium feedbacks a7 turn out to be almost “local”, in the sense that the
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influence of “far” players is still negligible in the sense explained above. In other
words, despite the strong coupling given by the full information structure of closed-
loop equilibria, the property of unimportance of distant players is observed (see

Remark 2.2.13 for further discussions).

While the shift-invariance condition can actually be dropped (see Section 2.2.3),
one of the main restrictions of the previous result is that it guarantees short-time
existence only. Note that, even with a finite number of players N, Riccati sys-
tems may fail to have long time solutions in general; therefore we look for further
conditions on f* and ¢’ such that existence holds for any time horizon T, and inde-
pendently on N. To achieve this goal, we strengthen the previous assumption on
nearsighted interactions, that now become of strongly gathering type, and require
further directionality conditions. Section 2.2.4 contains precise definition of this
notion and examples. The main existence result is stated in Theorem 2.2.24. Here,
we exploit the possibility to relate a solution to system (I11) to a flow of generating
functions, which works well when N = oo but has no clear adaption to the finite
N setting.

Within the special setting of systems with cost of strongly gathering type and
directionality, we are able to push further our analysis and study the long time
limit T — oo, that is, we show that the value functions u’ converge to solutions of
the ergodic problem as the time horizon goes to infinity. To complete this program,
estimates on solutions of the Riccati system are obtained at the level of the game
with N = oo players, uniformly with respect to T'. Theorem 2.5.1 is the main result
of this second part of the chapter, which we conclude by showing that equilibria
of the infinite-dimensional game provide e-Nash closed-loop equilibria of suitable
N-player games, see Section 2.3.

Chapter 3 (d’aprés [77]). We consider the following system of infinitely many
backward parabolic differential equations of HJB type, which we refer to as an

infinite-dimensional Nash system;:

—0w' = > At x) DY’ + Hi(t,2,Du) + Y 0, H (t, 2, Du)Dju’ = 0
(v) ik i
u'(T,-) = G*, i €N,

where Du := (Dju?)jen, set in R% := [0,7] x R¥, where the space R¥ is RN
equipped with the product topology.

The unknowns are the value functions u': R% — R; the data are the horizon T,
the diffusion A = (A7%); pen: [0,T] — R¥*%, the Hamiltonians H': R% x R¥ — R
and the terminal costs G': R¥ — R.

The notation R¥*“ indicates infinite-dimensional square matrices, or equiva-
lently the space (R¥)“, in analogy with the notation RV*Y for N x N matrices.
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The typical element of [0, 7] x R¥ x R¥ is denoted by (¢, x,p), with coordinates z7
and p’, j € N.

Derivatives are understood in the sense of Gateaux. We denote by 0; the
derivative with respect to ¢, by D; the derivative with respect 27 (that is, with

respect to = along e;) and by 0d,, the derivative with respect to .

Finite-dimensional systems like (V) (that is, with ¢ € [N] and thus set in RY :=
[0,T] x RY) naturally arise to describe closed-loop Nash equilibria in stochastic
differential N-player games, and they are notoriously hard to study due to the
strong coupling Hamiltonian terms. Let us briefly recall how this happens, referring
the reader to [25, 46] for further details.

Consider a game in which the vector X; = (Xti)ie[[N]] of the states of the players
obeys the following R¥-valued SDE on [0, 7]:

dXt = B(t, Xt, Oét) dt + Z(t, Xt) dBt 5

where B = (B%);cny: [0,T) x RY x RN — R¥ is the given vector of the drifts,
a = (o/)ie[[N]] : [0,T] — R¥ is the vector of closed-loop controls in feedback form
(that is, ol = ¢'(t, X;) for some ¢': [0,T] x RY — R), £: [0,T] x RV — RVN*M jg
the volatility matrix and B is an RM-valued Brownian motion. Suppose that each

player i aims at minimising a cost of the form
Jia) = E[/T Fi(t, X¢, o) dt + G*(X7)
0
and that there exists a unique a*(¢,z,q) (with ¢ € (RV)Y) such that
a*(t,z,q) € arg Holéltn (B (t, z, (', o™ (t, z, q))) '+ F! (t, z, (', a7 (t, x, q))))
for each i € [N]. Then one defines the Hamiltonians
(V1) Hi(t,x,q) := —B(t,z,a*(t,z,q))) - ¢ — F'(t,z,a*(t,z,q)),

and the optimal controls (in the sense of Nash equilibrium) for the game are ex-
pected to be given by a*(t, z, Du), where the so-called value functions u’: [0, T] x
RY — R solve the Nash system

(vin) — Ot — Tr(A(t, x)DQUi) + Hi(t,z,Du) =0,

with A = %ZZT and terminal condition v!(T,-) = G*. Now, by the envelope
theorem (see, e.g., [24, Lemma 1.1]) one has B(t,z,a*(t,z,q)) = —aqil:li(t,a:,q);
therefore, if in addition B’ is independent of o, then we can consider a** (and
thus also H’) that is independent of ¢?% for j # k. In this situation one gets to a
system of the form (V) by letting H' (¢, z, (¢77);) :== —B(t,z, a*(t, z, (¢%7);)) ¢" —
Fit,z,0%(t, 3, (¢7);))

Note that in this setting we are considering each state X to be one-dimensional,

while in general one could consider X} € R%. Our choice is only made for the sake
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of a simpler notation, as the willing reader can check that our results can be easily

extended to the d-dimensional case, where one has (R%)“ instead of R“.

In general, system (V1) is not well-defined for i € N, and thus in [0, 7] x RY;
when formally writing its infinite-dimensional analogue, two series appear which are
not guaranteed to converge: one coming from the trace and another one carried by
the Hamiltonian due to the scalar product in its definition (vI). The most notable
example that such a system cannot be taken to the limit “as it is” is offered by
MFG theory, where the natural limit of the Nash system is provided by the Master
Equation, a parabolic equation set in the space [0,7] x R x P(R), where P stands
for probability measures; in other words, exploiting the structural hypotheses of
MFGs and letting N — oo one passes from RY to R x P(R) instead of RY.

In network games one drops the general symmetry and negligibility assumptions
of MFGs, which basically lead to assume that the functions B, F' and G above
depend on X and ¢ only through X* and the mean ﬁ Zj;éi X7; instead, it is
assumed that interactions are governed by a graph I' = (V, E), with #V = N,
in such a way that players are labelled by v € V and, for example, GY(X) =
G (X", X v wyer w(O, v ) X" for some weights w. Nevertheless, when, as one lets
N — 00, the corresponding sequence of graphs consists of dense graphs converging
(in an appropriate sense) to a limit object which is a graphon, it is possible to find
conditions that allow to pass to the limit in a spirit analogous to that of MFGs
(basically exploiting suitable generalisations of the Law of Large Numbers), thus
entering the theory of Graphon Mean Field Games (GMFGs); see, e.g., [3, 8, 19,
63| and the references therein.

Relatively few results are available, instead, for sparse graphs; see, e.g., [61]
and references therein. Studying large population games governed by such graphs
is intrinsically more difficult due to the general lack of any overall effect that could
come into play as the number of players increases. In (G)MFGs (most of) the other
players have an asymptotically negligible impact on a given one, which is though
influenced by the mean distribution of them altogether, thus making their average
not negligible in the large population limit. One the other hand, if for instance the
sequence of graphs has eventually constant maximum degree, then a given player
is not affected at all (at least directly) by most of the others. What one expects in
this case is that mutually distant players (in the sense of the graph) should have
an unimportant impact on one another, so that a characteristic property of such
games should be the possibility for a player to neglect all those too far from it and
still play almost optimally. This situation is indeed antipodal to that of (G)MFGs,
since a natural way to obtain e-Nash equilibria for games with many players turns
out to be cutting some of them out of the game instead of supposing them to be

infinitely many in order to exploit the aforementioned typical effects occurring in
(G)MFG theory.
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The above claims have been investigated and proved to be true in the previous
chapter, in peculiar LQ settings for closed-loop equilibria, as well as in Chapter 1,
in more general sparse-graph-based open-loop games. In particular, we recall that
the way of depicting the unimportance of distant players proposed in Chapter 2 is
showing that, if the graphs have vertices V' = [N], then Dju’ — 0 as N, |i—j| — oo
(u being the solution to the corresponding Nash system), whereas in (G)MFGs one
has Dju’ — 0 for any j # 4. Indeed, note that the derivative of the i-th value
function along the direction j vanishing is interpreted as the i-th player’s optimal
behaviour disregarding the j-th player, and, more in general, a small absolute value
of Dju’ is associated to a small impact of the j-th player’s behaviour on the i-th
player’s optimal strategy.

As a byproduct, we showed that there exist structural conditions under which
Dju® vanish fast enough for the series appearing in the formally-written infinite-
dimensional Nash system to be convergent. In other words, a consequence of the
unimportance of distant players is the possibility to preserve the formal structure of
the Nash system in the limit V — oo. This is done in Chapter 2 in a LQ framework,
so the purpose of this third chapter is to make use of the takeaways of that case
study in order to formulate suitable assumptions to prove short-time existence and

uniqueness for more general infinite-dimensional Nash systems.

Our main result of this chapter is Theorem 3.4.2; we informally state it here

for the convenience of the reader and of the following discussion.

THEOREM I11. Let 3 € (2 (Z) be positive, even and c-self-controlled. Under suitable
reqularity and decay assumptions (involving ) on the data, there exists T* > 0

such that if T < T* the Nash system (V) has a unique classical solution u.

The notion of classical solution to (V) is specified in Definition 3.2.15; in par-
ticular, it entails that the derivatives Dju’ (as well as higher-order ones) decay, as
j diverges, fast enough for the series appearing in the equations to be summable.

The regularity and decay assumptions are formalised in the definitions of con-
venient weighted Holder spaces, in Section 3.2. We point out that we assume, for

instance, that

(Vi) DG S B ABTE AN Bk
which is a weaker form of (1v), seemingly more manageable in a non-L() context.
The strategy of the proof consists in obtaining such a solution as the limit of
solutions to finite-dimensional Nash systems, rather than working directly in an
infinite-dimensional setting. This “bottom-up” approach anticipates that pursued
in Chapters 4 and 5, where a weak formulation of the Master Equation is deduced
from a detailed analysis of N-dimensional Nash systems in a generalised MFG
framework. Herein just as therein, the key step consists in proving certain a priori

estimates for the N-dimensional system that are stable with respect to N, and in
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this work we will need more precise index-wise a priori estimates in order to have a
sufficiently fine control on all partial derivatives of the solutions (because we wish
to exploit bounds like that in (vii1), provided by the c-self controlled sequence).

The pivotal result we prove to this end is stated as Proposition 3.3.2, which we
believe to be of interest in itself as well; it provides, for solutions to linear drift-
diffusion equations on an arbitrary — finite — time horizon, a priori estimates that
are stable with respect to the dimension, provided that the data — drift included —
fulfil bounds like (viI).

Finally, we point out that the above theorem only providing existence for suffi-
ciently small time horizons (while under our other assumptions uniqueness always
holds; see Theorem 3.4.1) is to be considered a natural consequence of our assump-
tions only concerning the regularity and the decay of the data. Indeed, in MFG
theory it is well-known that having long-time well-posedness of the Master Equation
(which is the limit object corresponding to our infinite-dimensional Nash system
in the symmetric and dense setting) requires additional structural assumptions of
monotonicity, the most influential ones being the Lasry—Lions monotonicity and the
displacement monotonicity; the reader can have a look at [1, 5, 23, 29, 47, 49, 73],
and references therein.

Outside the MF context, it is not clear how an analogous assumption should
be formulated. A sufficient condition in order to deal with long horizons in our
sparse setting is presented in Chapter 2, Section 2.2.4, yet it is so tailored to the
LQ structure that adapting it to other frameworks seems unviable. Summing up,
proving long-time well-posedness for the problem we are considering should require
the identification of some correct notion of “monotonicity” in this sparse setting,

but this is way beyond what we are able to do at the moment.

We conclude these introductory lines by stressing that, despite the strong re-
lationship between the infinite-dimensional Nash system and network games, this
work deals with system (V) from a purely PDE viewpoint, as the reader could have
realised by this point. To the best of our knowledge, our approach is novel among
those adopted so far to study infinite-dimensional (or abstract) HIB equations (we
refer, e.g., to [16, 17, 20, 34, 70, 71], and references therein), for multiple reasons.
First, as already noted, we mainly work on finite-dimensional problems, deducing
estimates that are stable with respect to the dimension. Second, our method does
not make use of any spectral theoretic or Hilbert-space-related tool, rather it relies
on particular decay properties of the data G and H. Third, our ambient space R¥
is not even Banach, though we note that our strategy could be set in £>°(N), which
is the most natural Banach space for our Nash system; in that case, we would be
considering A to be £>°(N?)-valued, so we should expect to work with solutions
such that D?u’ (in the Fréchet sense) belongs to ¢!(N?), which is indeed consistent
with our decay assumptions.
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Chapter 4 (d’aprés [31, 32]). We open the fourth chapter by considering the
system of Riccati equations arising from the Nash system in the LQ framework,
introduced in Chapter 2, but within the dense regime, and without any symmetry
assumption (like shift-invariance). Our goal is to deduce some estimates on the
Riccati system that do not depend on the number of players, under the Mean-
Field-like condition

sup (N3 fiel? + N IR+ 17412) S 1,
v hk ki
ki

and the same for ¢°; see Remark 4.1.2 for a basic explanation of the connection
between this condition and the standard Mean Field setting. It is crucial to observe
that in this dense setting there is no hope to have a limit system of the same form.
Indeed, in the sparse case we had an ¢! control of coefficients independent of N
(given by f8), so that the series Y, ., Dju/ Dju* carries to the limit by dominated
convergence, which now cannot be performed. In fact, at least in the symmetric
case, where the costs are of the form F'(z) = V (2%, 5 > j2i0xi), the correct
limiting object is the so-called Master Equation, which has been the object of the
seminal work [23]. The convergence of u’ to a limit function defined on the space
of probability measures has been shown under monotonicity assumptions of f¢, and
its regularity is obtained as a consequence of the stability properties of the MFG

system, which characterises the limit model.
Here, we wish to deduce the estimates on u’ that allow for a passage to the
limit N — oo directly on the Riccati system (that is, on the Nash system). For
short time horizon, one can basically reproduce the same approach of Chapter 2

(cf. Theorem 2.2.15). To achieve stability for arbitrary values of T', we impose a

bound from below on the matrices (f7;)i; and (g;;)i;:

(1x) (f5)is» (gij)is = —KI, & >0.

If k is small enough, then the existence of a solution to the Nash system is guar-
anteed for large T, by a mechanism that produces an analogous bound from below
on the matrix (Dijui)ij. Recalling that the equilibrium feedbacks are given by

ol = —Djuj7 this is equivalent to the one-sided Lipschitz condition

(%) D (el (tx) = ol (ty), 2’ — ) < dlo -yl

J
Our main estimate, which pave the way for a convergence result in the N —
oo limit, is contained in Theorem 4.1.1. Interestingly, the monotonicity (or mild
non-monotonicity) condition (1X) generates the nice structural property (X) of the
equilibrium drift vector (—Dj;u’);; it is worth observing that, when x = 0 and
in the symmetric MFG case, (1X) is equivalent to the displacement monotonicity

condition used in [47] to get well-posedness of the Master Equation.
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Further related references are [6, 41], where the convergence problem of open-
loop equilibria in symmetric N-person linear-quadratic games is addressed, or [38],
which deals with the selection problem for models without uniqueness. See also [7]
for a convergence result in a finite state model. LQ MFGs are studied in several
works, see for instance [13, 14, 48, 66, 67] and references therein. Further contri-
butions on the convergence problem are contained in [22, 39, 43, 55, 59|, while
recent results on the structure of many players cooperative equilibria can be found
in [27, 35, 54].

Treasuring the intuitions tested in such LQ case study, we wish to derive anal-
ogous bounds on u’ in a larger Mean-Field-like setting, again by working directly
on the Nash system, and without making use of limit objects such as the Mas-
ter Equation. This is the content of the main part of this chapter, in which we
consider the following semilinear (backward) parabolic system for the unknowns
ut =l [0, 7] x (RHN - R, i€ [N],

=0t — Tr((ol + BI)D?u?) + 1|Diui|2 + Z Dju’ - Dju' = f
(x1) 2 4 4

I p— JEINI\{i}
stated in [0,7] x (RHN 3 (t,z) = (t,2°,..., 2V 1. As said, our main goal will
be deriving estimates on u’ and their space/time derivatives that are stable with
respect to the number of equations; that is, uniformly in N.

The data are the maps f?,g*: (R9)Y — R, the parameters ¢ > 0 and 8 > 0
and the horizon T' > 0. The symbol | = In4 denotes the Nd-dimensional identity
matrix and J = Jy ® I4, where Jy = 1y ® 1 is the N-dimensional matrix of ones.
Hence, (XI) is a compact formulation of

— Ol (t, ) Z Ayt (t, ) Z Tr D2, ,u'(t, )
JElN] J:k€[N]
1 i 2 j i i
+§‘D$zu (t,ﬂ?)‘ + Z ijuj(tﬂz)'D:vfu (t,fE):f (t,:l?)
JEINI\{i}

u'(T,z) = g'(x).

System (x1) describes Markovian Nash equilibria in N-player differential games, in
particular it characterises the value function u® of the i-th agent for each i € [N].
In our setting, agents control via feedbacks o = a’(t,z) their own states, which
are driven by the following R?-valued SDEs on [0, T):

dX} = ai(t, X;)dt + V20 dBi +/28dW;, i€ {l,...,N},

where the Bi’s and W, are d-dimensional independent Brownian motions. The
Brownian motions B} correspond to the individual noises, while W; is the so-called

common noise, as it is the same for all the equations. The i-th agents aims at
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minimising the following cost functional
, o1 . , .
ot B[ [ (Gl 0P + £00) ds b g'(xr)|
0

It is known that the choice a*(t,x) = —D;u‘(t,z) characterises Nash equilibria,
see for instance [25, 46]. Moreover, since one expects uniqueness of solutions to
(x1) by its (uniformly) parabolic structure, such equilibria are unique.

For fized N, existence and uniqueness results for semilinear systems of the
form (X1) (or close to it) are now classical, see for example [9, 10, 26, 46, 53, 64].
Nevertheless, the methods that are involved seem to be strongly sensitive to the
dimension N. The main reason is that one typically wants to employ parabolicity to
get existence, uniqueness and regularity, but its smoothing effect may deteriorate as
N increases (a simple and concrete example can be found, e.g., [36, Example 2.13]
in the setting of mean field control), while the strong transport term y-; Dju/ - D;u’
may take over. In fact, it is now widely accepted that (X1) should be regarded as
a nonlinear transport system for large N. On top of that, the quadratic behaviour
in the gradients is critical: for some quadratic systems, one may even have that
solutions fail to be Holder continuous [44] (at least in the elliptic case). For the
sake of self-containedness, we included an existence theorem for (x1) (for any fixed
N) in the appendix to this chapter (Section 4.6.3).

If interactions are assumed to be symmetric (that is, fi(x) = f(x%, 2~*) with f
being symmetric in the variable =%, and the same for g*), one expects, borrowing
intuitions from Statistical Mechanics, that a simplified limit model could be derived
in the limit N — oco. In this direction, MFG theory, originated by the works
[61, 65], has seen during the last fifteen years extensive development in many
fields of mathematics and applied sciences. Within this framework, the problem

can be embedded into the space of probability measures P(R%): one may write
fi(x) = F(a',my—:),

where m,—i 1= > _isj 0zi 1 the empirical measure and F : R? x P(RY) — R,
and the same for ¢g* (everything that will be said on f* in this introduction will hold
for g* also). Note that not only one is assuming symmetry, but also that interactions
between players are “small”, since a variation in 27 produces a variation in F (and
then in f?) of order 1/N if j # i. Nevertheless, this smallness is compensated by
the number N of interactions. Ideally, since each u’ is also symmetric in =% one
may hope in the convergence of u(t, z) to U(t, z%, m,—:), where U is a function over
[0, 7] x R? x P(R?) that should be characterised by being the solution of the formal
limgt of (x1). This limit object is called the Master Equation, and it is a nonlinear
transport equation over the set of probability measures. The function U(¢,x,m)
can be regarded as the value function of a player with state x at time ¢, observing

a population distribution m. This approach to the limit of N-player symmetric
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games has been discussed for the first time by P.-L. Lions during his lectures at
the College de France [68]. Since then, the derivation of the estimates needed to
complete the program in a general framework remained an open problem.

Such a convergence result is of primary importance. Not only does it justify the
use of the limit object (broadly speaking, the MFG theory) to approximate Nash
equilibria of the N-players problem, but it carries fundamental implications. For
instance, the optimal control in the limit for each agent reads as —D,U (¢, 2%, m),
so it has decentralised structure, or, in other words, it is open-loop in nature. This
fact reflects into the possibility of characterising Nash equilibria in the limit by a
simple (compared to the Nash system (X1)) backward-forward PDE system that
goes under the name of MFG system.

The convergence problem has been a matter of extensive research, and the
fundamental contribution from the PDE perspective has been given by [23]. Inter-
estingly, since the estimates for the Nash system (x1) seemed to be out of reach, the
authors proposed a different approach: from the stability properties of the MFG
system, one may produce smooth solutions U (¢, z, m) to the Master equation. These
can be in turn projected over empirical measures; the vé(x) = U(t, 2%, m,:) are
then shown to be “almost” solutions to the Nash system. Comparing the v* with
the solutions u!, one observes a discrepancy that vanishes as N — oo.

This program has been carried out under the so-called Lasry-Lions monotonic-

ity assumption
(x) / (F(z,m) — F(z,m2))(m1 — mo)(dz) 0 Vrmy,ms € P(RY),
Rd

which is crucial to get uniqueness and stability at the level of the MFG system.
Later on, other conditions guaranteeing uniqueness of solutions have been formu-
lated [1, 5, 29, 47, 49, 73]. Among them, we focus our attention now on the

displacement monotonicity assumption
(x111) / (Do F(xz,m1) — Do F(y,m2)) - (x — y) p(dz,dy) >0
R4 xR

for all mq, me and p having m; and my as first and second marginal, respectively.
This has been used successfully to obtain the well-posedness of the Master Equation
in [47], and later in [72] to deduce uniqueness of solutions to the MFG system. To
the best of our knowledge, the convergence problem in this framework has not
been addressed, at least in the closed-loop case (for a recent result in the open-
loop framework, see [55]). An important observation is that the monotonicity
assumptions (X11) and (X111) both propagate at the level of the (limit) value function
U(t, z,m); that is, (x11) or (x111) hold for U(t, -, -) in place of F(-,-) for any ¢ € [0, T].

To attack the convergence problem directly from the Nash system (that is,

without employing smooth solutions of the Master Equation), one has to look for
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estimates of the following form:
, , , . 1
(XIV) ‘Dw"’ul|7 |DI1(D3&’U1)| S, 1, |D1jul|’ |Dz-i(DaziuZ)| 5 N Vi, j 7é i.

Roughly speaking, if such bounds are uniform in N, a compactness argument allows
to define (up to subsequences) a limit value function U and a limit drift D, U, which
is the optimal feedback of a typical player. These will be Lipschitz continuous in
the (x,m) variables. Our strategy to derive these estimates adapts that originated
within the displacement monotone setting and used in the introductory LQ case.
It can be described as follows.

As we already mentioned, under the monotonicity condition (XI11) one knows
that U(t,-,-) also satisfies (x111) for any ¢ € [0,T], see for example [72, eq. (4.7)].
Hence, by evaluating such inequality on empirical measures, and assuming that
u'(t,z) is close to U(t,x%,m,—:), one observes that for all ¢ € [0, 7]

(xV) S (Dai(t,2) — Dy (1) - (& — o) > —ewlz -y,

i€[N]
where ¢y vanishes as N — oo (see Remark 4.2.5). We recall that a™(t,z) =
—D;u'(t,x) is the optimal drift for the i-th player. Therefore, the previous in-
equality reads as a one-sided Lipschitz condition (or dissipativity) on the global
drift vector o*. This property turns out to be crucial in deriving estimates on the
derivatives of u’. For example, one can deduce gradient bounds that are indepen-

dent of the dimension N for «?, which solves in fact

A . , . 1 .
—Opu' = Tx((o + fID*u) + 3 (=) Dju' = f' + 5 |Diu'?,
1<GEN
by using doubling of variables methods (see Lemma 4.3.3). This observation on the

structure of o™ suggests to pursue the following program:

(1) assume first that the vector (D;u’) satisfies the one-sided Lipschitz condition
(xv) with some ¢y = M > 0 (so, uniformly in N), and, with this condition in
force, prove the desired estimates on the derivatives of u?;

(2) employ the estimates (that will depend on the value of M, but not on N),
along with the full structure of the Nash system to show that in fact the vector
(D;u') satisfies (Xv) with ¢y = M/2, at least for N large enough.

This shows that the Nash system enforces one-sided Lipschitz estimates on the
optimal drift, or, in other words, (xVv) defines (with suitable ¢y = M) an invariant
set for the equilibrium controls. Practically, it allows to show that solutions u’
satisfy the one-sided Lipschitz condition for some constant that does not depend
on N, implying the desired estimates on u’.

We will first show that this strategy works in a framework which resembles
the one of displacement monotonicity in the symmetric case. In particular, we will
prove that such an M exists, and it has to be smaller and smaller as T increases.
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We stress that we are not going to assume any symmetry on the data, but only
the fact that derivatives of f?, ¢* with respect to 27 behave as in the MF case.
This is why we will use the terminology Mean-Field-like costs, see (MF') at p. 82.

Similarly, we will not assume (XI1I), rather we formulate the condition

> (Difi(a) ~ Dif ) (&' —y) > ~Cle —y? Y,y € @YY,

1€[N]
which reads like (XI11) once it is specialised to the MF setting and C' = 0. Since we
are going to allow for a negative right-hand side, we will refer to this case as the
P-semimonotone one, see (DS) at p. 83.

Let us now come back to the Lasry-Lions monotonicity assumption (X11), and
discuss how the previous program can be adapted to this case. It is convenient
to look at the one-sided Lipschitz condition (XV) via the second-order formulation
(cf. Remark 4.2.3)

(xv1) Y Dhui(ta)e - = —enléP VEe RN

i,5€[N]
It turns out that, under Lasry-Lions monotonicity, the counterpart of (xvI) is (as
before by projecting onto empirical measures the Lasry-Lions monotonicity of U)

Yo Druita)e ¢ = Y DXuita)e ¢ — Y DRui(t,x)e €

i,5€[N] i,j€[N] i€[N]
itj
> —cnl¢]?.

Therefore, we have now an off-diagonal one-sided Lipschitz information on the drift.
To get the full one-sided Lipschitz control, it is necessary to bound from below the
term >, DZu'(t, z)¢" - £, which encodes a sort of “global” semiconvexity of the set
of value functions u*. This introduces an additional step in our analysis, that is
handled as before. Under Lasry-Lions monotonicity, we show that the Nash system
enforces not only the one-sided Lipschitz estimates on the optimal drift a*, but also
this kind of global semiconvexity. In other words, in step (1) we assume that both
D Djjui(t,z)€" - & and Y, DZu'(t, z)&" - £ are bounded below, and in step (2)
we verify that these bounds are improved. To do so, as before we do not require
symmetry, but the Mean-Field-like assumption (MF') and the global (with respect
to ) condition

ST (Fi@) = Filah ) - Fly ) + Fw) = —klz —y* Ya,ye RHN

i€[N]
(7% y) = (2°,..., 2" Ly, 2t ... 2N~ as the monotonicity condition. This
inquality will be called the Z-semimonotone assumption (see (LS) at p. 83), and
becomes (XI1) once it is specialised to the MF setting and x = 0.

Our main result on the estimates for u’ is stated in Theorem 4.2.7: assum-

ing Mean-Field-like costs and either Z-semimonotonicity or Z-semimonotonicity,
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the desired (a priori) estimates follow for any fixed T > 0, sufficiently small semi-
monotonicity constants and sufficiently large NV € N. Note that we are not exactly
obtaining (X1V); regarding second-order derivatives, we get a bound of the form
sup; >, | DjDyu’[> S 1/N. This is still enough, in the symmetric case described
below, to produce in the limit N — oo a Lipschitz function (with respect to the

Wasserstein Wy distance).

A few comments on the two steps (1) and (2) are now in order. Step (2)
is achieved, in the Z-semimonotone case, in Section 4.4. We evaluate the quan-
tity >, (Dsu'(t, @) — Diu'(t,y)) - (¢' — y*) along optimal trajectories, see Propo-
sition 4.4.1. One observes some nice properties (signs...) that appear also when
operating at the limit, with an additional term, which is proven to be of order 1/N
provided that derivatives of u’ are suitably controlled up to the third order. A
similar strategy is developed in Section 4.5 for the .Z-monotone case, see in par-
ticular Proposition 4.5.3. We speculate that the two concepts of semimonotonicity
explored here might be two special cases of a more general framework.

The estimates under the one-sided Lipschitz condition are the core of step (1)
presented above, which are developed in Section 4.3. Mainly two techniques are
employed there: the method of doubling variables and the Bernstein method. Both
are well suited to exploit the a priori one-sided assumption on D;u® (the former uses
(xv), while the latter works well in the form (xv1)). To reach the third-order deriva-
tives, several steps are necessary: sometimes we address each equation separately
(Lemma 4.3.3, Proposition 4.3.8), sometimes we need to proceed by estimating
derivatives of u® for all i at the same time (Proposition 4.3.6, Proposition 4.3.7,
Proposition 4.3.9, Proposition 4.3.11).

Our main result is the following, which consists in the merging of Theorems 4.4.2
and 4.5.5.

THEOREM 1v. Assume Mean-Field-like and semimonotone interactions (that is,
assume (MF), and either (DS) or (LS)). If, given T > 0, the semimonotonicity
constants are sufficiently small (or vice versa), and N € N is sufficiently large, any
solution u to the Nash system (4.2.1) on [0,T] x (RN satisfies

oo |pEd)

JeININ{i}

i 1
DI LA R

sup( sup Dyl +
0 je[N]\{i}

i€[N] \je[N]\{:}

and

sup [[Du'llos + sup > |IDDad) %+ Y 1D(Diyu))|% S 1,
il €N ey i.j€[N]

J#i
where the implied constants are independent of N. In addition, u shares the same

type of semimonotonicity of the data.
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The “vice versa” part in the statement could be not straightforwardly clear, so
let us clarify that it means that the relationship between T and the semimonotonic-
ity constants can be rephrased as follows: it is sufficient that the semimonotonicity
constants are less than some threshold, which depends on T in such a way that it
vanishes as T — oo and explodes as T — 0 (at suitable rates). In other words,
Theorem 1v holds both for fixed time and small semimonotonicity constants, and

for fixed semimonotonicity constants and small time.

What is developed in this chapter is restricted to quadratic Hamiltonians. We
expect that this method can be adapted to more general Hamiltonians H' (¢, z, D;u’)
with suitable semimonotone structure, though there are nontrivial technical issues
that need to be overcome. Most importantly, while one still verifies the one-sided
Lipschitz condition on D;u® in step (2), this does not propagate immediately to the
optimal drift a**(t,z) = —D,H'(t,z, D;u’), since a composition of semimonotone

maps needs not be semimonotone in general.

Chapter 5 (d’aprés [31]). With the estimates obtained in the previous chap-
ter, we address the convergence problem of N — oo. In the full symmetric case,
where all the players react in the same way with respect to the empirical measure of
the population, we are able to obtain the classical MFG limit (Proposition 5.3.1),
while the convergence problem in full generality appears to be at this stage too
complicated. We put ourselves in a sort of intermediate setting: each player ob-
serves the empirical measure as in the standard MFG theory, but players can react
differently. More precisely, we assume that the costs f¢ (and g*) are taken from a

pool of possible costs; that is,
fz(x) = F()‘Zv $i7 mm*i) 3

where the parameter A" belongs to [0, 1]. If A’ varies in a finite subset of [0, 1] for all
N, one may think of a multi-population MFGs as in [12, 28], but A\’ can actually
vary in the continuum [0, 1]. To obtain a convergence result, we assume Lipschitz
regularity of F' in the A variable. This setting is somehow similar to the one of
Graphon MFGs [3, 19, 63], with the difference that typically the cost functionals
are player-independent in Graphon games, but may depend on weighted empirical
measures, and weights are player-dependent. Here, costs are player-dependent, but
they see the standard empirical measure of the others.

Our convergence argument is in the spirit of [63]. If one thinks of any player
i in terms of its label-state couple (A%, X}), it is natural to work in the limit with
probabilities i over [0, 1] x R?. More precisely, we are able to define a value function
U\ t,z, p) from limits of the Nash system. Furthermore, U generates a solution
of a generalised MFG system, that is a continuum of classical MFG systems that
are parametrised by A. This is the second main result of this work, and it is stated
in Theorem V.
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For simplicity, we proceed in this part without common noise; that is, § = 0
in (x1). A compactness argument allows to define U from limits of u’ (Theo-
rem 5.2.6), and the convergence is strong enough to pass to the limit the notion
of Nash equilibrium (via a propagation of chaos argument; see Proposition 5.3.1
and Theorem 5.3.4); this in turn yields the MFG system. We first show how to
get convergence in the usual MFG setting; that is, for A¥ = \V* = X for all N,i.
In the multi-population (but finite) case, the argument is similar, even though it is
technically more involved. Finally, the general case is obtained by approximating
via a finite (and increasing) number of populations.

Our main contribution contained in this chapter consists in identifying a limit
function and showing that it satisfies a certain representation formula. This in
turn implies that a solution to a generalised Mean Field system can be constructed.
These results are contained in Theorems 5.2.6, 5.3.4 and 5.4.2 and we summarise
them here below, omitting the more technical integral characterisation provided by
the second theorem. The novel assumptions (S) and (LP) can be found at p. 115
and p. 116, respectively.

In the upcoming statement, we use the notation z = (z,#) € R? x (RN -1
and A = (A, A) € A x AN=1 with A := [0,1]. The map uy: AN x [0,T] x (R)N —
R is defined as un(A,t,z) := ul(t,z), where, in order to specify the choice of
A € AN with which a Nash system is built, (Ug)z‘e[[N]] denotes the solution to (XI)
on [0,7] x (RN where h' = hy (N, -) for h € {f,g}, i € [N]. As discussed in
Remark 5.2.1, the function uy is representative of any solution of an N-dimensional
Nash system of the form we are considering.

THEOREM V. Let assumptions (MF), (S) and (LP) be in force. Assume also that
one between (DS) and (LS) holds, and that the corresponding semimonotonicity
constants are such that the thesis of Theorem 1V holds.

Then, there exists a Lipschitz continuous map
U: A x[0,T] xR x Py(A xRY) = R

with bounded derivative 8,U which is Lipschitz continuous on A x R% x Py(A x R?)

and %—Hdlder continuous on [0,T], such that, up to a subsequence,

sup laljuN(A,t,g) — 8’;U()\,t,x,m(;\:j))’ —— 0, ke{0,1},

N—oco

whenever the supremum is taken over a set of the form
{\t2) € AN x[0,T] x (RYN : |z| < R, m; € K}

for some R > 0 and some compact set K C Po(R?).
Furthermore, given p € Po(A x RY) with continuous disintegration with respect
to the projection onto A, the function u*(t,z) := UN(t,x, u;) solves the following
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(generalised) Mean Field system on (0,T) x A x R%:
1
—Ouu* — Agut + i\Dzu’\F = fMa, TRaghie)
Oupt — At — dive (Dutp) = 0

UA(T7') :g)\('aWRdﬁﬂT)7 Ho = My
where both the Hamilton—Jacobi and the Fokker—Planck equations are satisfied in

the classical sense.

Note that, since compactness arguments are involved, convergence is obtained
up to subsequences. Clearly, under displacement or Lasry—Lions monotonicity and
in the classical homogeneous MFG setting one has that limit objects (MFG equi-
libria, or solutions to the MFG system, or solutions U (¢, z,m) of the Master Equa-
tion,...) are unique, hence convergence is a posteriori along the full sequence.
Nevertheless, we prefer not to stress this point here, as in fact we are requiring
the milder assumptions of semimonotonicity, and we allow for a certain degree of
heterogeneity among agents. While we are not aware of uniqueness theorems in
such generality, we believe that they should be true, as consequence of the fact that

UM\ t,z,pn) and D,U(N t, 2z, u) are Lipschitz continuous.

In this chapter, we propose a new PDE approach to the convergence problem
in large population stochastic differential games, which allows to treat in a unified
way two scenarios of monotonicity. In addition, by employing the notion of semi-
monotonicity of Chapter 4, we can consider at the same time the large time horizon
T case, where one needs almost monotonicity, and the short time 7' case, where
(almost) no monotonicity is needed, as in [22].

Besides the aforementioned approach via the Master Equation, let us mention
that different probabilistic methods have been developed to tackle the convergence
problem in MFGs, within the framework of closed-loop equilibria. In [76], propa-
gation of chaos for BSDEs arguments are employed. In [39], by making use of the
notion of measure-valued MFG equilibria, convergence is studied for a general class
of MFGs of controls; remarkably, no uniqueness of MF equilibria is assumed here,
as in the important works [59, 60], where semi-Markov equilibria are obtained by
means of compactness arguments.

By developing further the analytic approach proposed here, we plan to extend
our convergence arguments in the following two directions, for which, to the best of
our knowledge, no results are yet available. First, the Z-monotone setting appears
to be strong enough to guarantee estimates that are not only independent of N,
but also on T, thus allowing to study the infinite-horizon (or ergodic) problem.
Second, we aim at analysing the vanishing viscosity limit, where the idiosyncratic
noise o = o(N) > 0 vanishes as N — co. Note that the estimates obtained here
are stable with respect to the common noise strength 3, but ¢ needs to be bounded

away from 0 uniformly in N.
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1.1. Setting and main assumptions

Consider a graph T' := (V, E) with #V = N € NU {oo}, which can be directed
but is assumed to have no loops. In the following, since the indegree of a vertex
will appear quite often, we will use the lighted notation degv := deg™ v. We shall
assume that degv > 0 for all v € V and, if V' is countable, sup,cy degv < oo.

The main object of our study is a system of N HJB and N FPK equations in
R4, which we call the graph-game system, of the form

—0wu? — Au¥ + H(t, Du’) = F¥(¢,x)
(1.1.1) Im? — Am? — div(9,H" (t, Du’)m”) = 0 veV.
u? (T, -) = G?, m”(0) =my,
The unknowns are the value functions u¥ and the measure flows m?; the Hamilto-

nians H"(t,p), the cost functions FV(t,z) and G¥(x), and the initial distributions

my € Py(R?) are given. In particular, we consider

(112) Fv(t,l’) = / fv(taxa ')d/u'?a Gv(z) = / gv(x’ ~)d,u§’~,
(Rd)deg'u (Rd)deg'u

for some functions f¥: [0, T]xR?x (R%)4€¥ — R and g¥: R x (R?)4°8? — R, where

1t € P((R%)98v) is the product measure having m?’, v’ ~ v, as its marginals.

REMARK 1.1.1. In the introduction we claimed that system (1.1.1) is expected to
provide open-loop Nash equilibria of a certain stochastic differential game. Such a
statement could seem unclear if one has in mind some well-known general definitions
of open-loop equilibria, such as those in [25, Chapter 2], so let us point out the

correct interpretation of our terminology. By a standard duality argument between

3
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the HJB and the FPK equations of (1.1.1) (and the relationship between H" and

LV discussed in the Introduction) one obtains that, for each v € V|

T
/u”(0,~)dm8</ / (L°(t,a(t,-)) + F(t,-)) dmydt + [ GYdm¥,
R4 R4 JO R4

for any a’: R%: — R, with equality if a¥(t,z) = —0,H"(t, Du®(t,x)). With the
notation used in the Introduction, this is equivalent to J¥(a*) < J¥(a* ™7, o) for
any o adapted to BY, for each v € V. Hence, in other words, by an open-loop
game we precisely mean that the controls af, at any given time ¢ € [0,T], can
depend only on the initial state Xo = (X{)yey and the noise By .

Our main structural assumptions on the data are the following, which are
supposed to hold for all v € V, t € [0,T], z € R%, 5,5/ € (R)48" and p,p’ € R%:

(L) there exists a constant £ > 0 such that

029" (z,y) — 0ug" (2, 9)| < Loly — /],

and analogously for f¥(t, -) in lieu of gV, with constant ly 2 0;
(C) there exists a function & : [0,00) — R, with

V. 3 v 2
£y = £1)121%fig(g)g < 400,
such that
(1.1.3) (029" (2,y) = 029" (2", y)) - (x — ') = Ry (|x — 2'|)|x — 2|,

and analogously for f(t, -) in lieu of g¥, with function &% : [0,400) = R
and corresponding limit £% < 4-o00;
(H) the Hamiltonian has the form

1 _
H'(t,p) = 5 6" (t)|p|> + H"(t, p)

with 6”: [0,T] — R and |9,H"| < C” for some C” > 0, also it satisfies
AV < 6§pH v < AY for some positive constants AV and Av.

We can note that the requirements in condition (H) imply that AY — 0(t) <
8§pﬁ”(t, ) < AU —0°(t), and thus \Y < 0¥ < AY, otherwise d,H" could not be
bounded.

In assumption (C) we do not make any sign assumption on Ry and K%, nor
we give any lower bound for them. We will give one in the hypotheses of Proposi-
tion 1.2.3, showing that we can allow them to be negative as long as they vanish
at a suitable rate as 7' — oco. On the other hand, the requirement £¢ < +o0 im-
plies that liminf, , ﬁz(g) > 0, meaning that while we can allow some concavity
near the origin, we will be needing “convexity at infinity”. Note that a function &
fulfilling an inequality like (1.1.3) is, for instance, the convexity profile used in [33]

to model a suitable notion of weak semiconvexity for the quadratic HJIB equation.
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It is worth noting also that assumption (C) is genuinely needed to deal with
data with bounded second-order derivatives but unbounded (sublinear) gradients.
Let us anticipate that it will be used (in the proof of Proposition 1.2.3) basically
to guarantee that m" has bounded second moment; on the other hand, since the
other conditions on f and g (namely, assumption (L) and the semiconvexity bounds
(1.2.3) in the hypotheses of Proposition 1.2.3) are compatible with the requirement
of f and g having bounded derivatives, our following results can be adapted to
such data as well. Indeed, in this case assumption (C) can be dropped and the
needed bound on the second moments is provided by standard estimates on the
HJB and FPK equations. Additionally, the existence of solutions to system (1.1.1)
is well-known if f and ¢ are themselves bounded (for example, by classic general

results on quasi-linear parabolic equations; see, e.g., [64]).

1.2. Unimportance of distant players

Throughout this section, even if not specified, solution (u,m) = ((u”,m")),ecv
to system (1.1.1) are understood to have sublinear Du’ € CI{)’CZ(RdT) and m" €
CO([0, T); P2 (RY)).

We start with a useful standard result on FPK equations.

PROPOSITION 1.2.1. Let b € Lip,,.([0,7] x R% R?) be sublinear. Then the FPK

equation
(1.2.1) Om — Am + div(bm) =0
with my € P2(RY) has a unique solution m € C2 ([0, T]; Py(R%)).

Recall that the space C([0,T]; P2(R%)) of all 1-Hélder continuous Pp(R%)-
valued functions on [0, T is defined as that of all m € C°([0, T; Po(R%)) such that

Wo(mye, m
sup 2(7t18) < +o0.
sitef0,7] |t —s|?
s#t

PROOF OF PROPOSITION 1.2.1. Let Z be a random variable with law mg and
consider the following SDE: dX; = b(¢, X;)dt + v/2dB,, with initial condition
Xo = Z. By [4, Theorems 9.1, 9.4 and 9.5], it has a unique solution in law, with
distribution m; € C ([0, T]; P2(R%)). By It&’s formula (see, e.g., [4, Theorem 8.3]),
for any function ¢ € CT2((0,T) x RY) N C°([0,T] x R?) with derivatives that are
bounded in ¢ € [0, 7] and subquadratic in z € R9,

(1.2.2) /Rdw(t,-)dmt:/w@(o,~)dmo+/0t/Rd O+ A +b- D) (s, -)dmy ds

for all ¢ € [0,7]. In particular, m is the (unique, by, e.g., [18, Theorem 9.4.6])
solution to (1.2.1). L]
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Our key estimate (Proposition 1.2.3) essentially provides a recursive inequality
for the (Wasserstein) distance of two distributions solving system (1.1.1), with
possibly different underlying graphs. Before stating it, let us give the following
definition. Recall that the (quasi-)distance d(v,v’) on a graph I' between v, v’ € V
is given by the length of the shortest directed path of arcs from v to v’; hence, for

example v ~ v’ if and only if d(v,v") = 1.

DEFINITION 1.2.2. Given ' = (V,E) < T = (V,E) (that is, V C V and E C E)
and a positive integer k, we say that a vertex v € V is k-stable with respect to T
if the subgraphs of " and T, respectively, containing v and all vertices v’ such that
d(v',v) < k coincide.

Also, given I' and v € V, we will denote by I';.;; the minimal subgraph of T’

containing v such that v is k-stable with respect to I'.

For example, v € V is 1-stable if and only if (v/,v) € E implies (v/,v) € E for
allv' € V.

PROPOSITION 1.2.3. Assume (L), (C) and (H), with
(1.2.3) inf & + T'inf &} > 6T()\AU)2 .
Let (u?, m)yey and (w¥,m")yev be solutions to (1.1.1) with underlying graph T and
T, respectively. Let v} be the coupling of (m¥,my) such that v§ = (idga, idga)gmg.
Define

DY = sup / |z —y|? v (dz, dy).

t€[0,T] JRd xRd

Suppose that T < T and v € V is 1-stable. Then one has

(1.2.4) Y < (5;, 3 @;’) AKY,
with
00 \2
2005 + 2
(1.2.5) &= (,f T ) —
T (A2 + 1Dfﬁf + T 1nfﬁg

and

T
(1.2.6) K% = (2(2;+T2;)/ 0”+(0”)2T)6T.

0

REMARK 1.2.4. For g*(-,y) of class C?, one has 92,9" (x,y) > &(0) for all (z,y) €
R? x (R?)4°8? a5 an immediate consequence of the fundamental theorem of calculus.
Also, we can replace & in assumption (C) with
. Rg(0) if Rg(e)- = Ry(0)-
v 9 g
R(0) 1= { ’

£;(0) otherwise;

in this case, inf &) = £ (0), so condition (1.2.3) can rightfully be considered as a

lower bound on the semiconvexity constants of the data f and g.
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REMARK 1.2.5. In the convex case 8 > 0 and 8] > 0, from (1.2.5) one sees that
limyp_, oo 05 = 25;2/ inf Ry is finite.

PROOF OF PROPOSITION 1.2.3. Tt is not difficult to see (for example, by Ito’s
formula for the synchronous coupling of two processes with laws m® and m?) that
¥ solves in the sense of distributions in (0,7) x R? x R? the PDE

0" — Ap v’ —2 Z 8i,~yj v
jeld]
— divg (0, H(t, Du"(t,z))v") — divy (0, H" (t, Du’(t,y))v’) =0,

and that we can test the above equation by any function ¢ € C*2((0,7T) x (R%)?)N
C°([0,T] x (R%)?) with derivatives that are bounded in ¢ € [0, T] and subquadratic
n (z,y) € (RY)?; cf.,, e.g., [4, Chapter 8].

Let us now define 8} := [ palz — y|? v} (dz, dy). Testing the above equation

by |z — y|? one gets

(1.2.7) o) = 72/0 /(Rd)Q(aPHU(S’D“U(S’I)) — 0,H" (s, Du"(s,y)))
(2 —y)v(de,dy) ds,

where we have also used that d§ = 0 because v is supported on the diagonal
Ng = {(z,y) € R* xR? : x = y}. By Hoélder’s and Young’s inequalities one
obtains

t
(1.2.8) ngT// |0, H" (s, Du®(s,z))
0 J(R)? _ 2 1
— OpH" (s, Du"(s,9))|" v (dw,dy) ds + = D ,

whence, recalling the Lipschitz continuity of 0, H" and using Gronwall’s lemma,

t

(1.2.9) W< 3T(A”)2/ / |Du” (s, 2) — D@ (s, y)|* v (dz, dy) ds.
0 J(®rd)

Now define

(1.2.10) ©U(t,x,y) == (Du(t,x) — Du’(t,y)) - (x —y)

and note that
— O’ — L
= (DF*(t,x) — DF"(t,y)) - (x — y)
+ (8,H" (t,, Du® (t,x)) — ,H" (t,y, D’ (t,y))) - (Du’(t,x) — D@’ (t,y))
with

Li=Agy)+2 Y 9%y — OpH (8, Du(t,x)) - Dy — O, H"(t, D@’ (t,y)) - Dy
J€ld]
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here we used that v is 1-stable to have that F¥ is the same with respect to both I"
and T, and the same will be true for G here below. Testing the equation of v* by

" one gets

(1.2.11) /O /@W (0pH"(t, Du"(t,z)) — O,H"(t, Du"(t,y)))
- (Du’(t,x) — Du’(t,y)) vy (dz,dy) dt

= — /(Rd)2(DGU(JJ> — DGU(y)) (I _ y) V'_qz)“(d.’II,dy)

- / / (DF¥(t,2) — DF"(t,))-(x — ) v} (dz, dy) dt ;
0 J(R4)2

here we have also used that fRded ©(0,z,y) v§(dz,dy) = 0, again because v is
supported on Ay and ¢(0, -)|a, = 0. By the strong convexity of H” and (1.2.9),
the first line of (1.2.11) is bounded below by W ©%. On the other hand, note

that we can write

DF"(t,x) — DF’(t,y) = / (&Cf”(t,x, z) — 0 f (1, y,w)) 0y (dz, dw)
((R4)dez v)2

for any coupling ny of uy and [y, the latter being defined in the obvious man-
ner; then, by our structural assumptions on fY along with Hélder’s and Young’s

inequalities, we have, for any 5}2 > 0,

/ (DF*(t,2) - DF"(t,3)) - (x — ) v} (dz, dy)
R4 xRd

V4
> () —evemyoy — / 2 — wl? 7 (dz, dw),
€f ((Rd)degv)2

where ¢} := inf R}. Also note now that, since n; can be an arbitrary coupling of

1 and iy, we can choose it in such a way that

/((Rd)degv)2 2 = wPnp (dz dw) = 9.

v/~

Analogous considerations and an akin estimate hold for the term in (1.2.11) involv-

ing G, with parameter ;. Plugging all estimates together, with

A g
v_ o _lsmxp TGt T
Ef:Eg:§

v 4 4
0y +
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we obtain the first upper bound in (1.2.4). To get the second one, namely ©%. < K7,
it suffices to estimate

/(Rd)2 (DF’U(t,LU) - DF'U(t’y)) . (x _ y) Vf(dl‘?dy)
= o o T ) =0 0 ) - ) o )
= /(Ri)2 ﬁif)(‘l‘ —ylz - y|2 v{ (dz, dy) > —gy,

and analogously for G. Indeed, testing the equation of v by ¢V over (¢,T) and
using the convexity of H” as well as the estimate here above, one deduces that

- [ (Dut) - D (tw) - (o )y (e dy) < 5 4+ T,
(R)2
Using the structure of H", this allows to deduce from (1.2.7) that
t t
of < 2(L5 +TLY) / 6 +(C*)*t + / 0 ds,
0 0
so Gronwall’s lemma yields the desired bound. ]

In the following, to lighten the notation, we will be implying the subscript T
in the quantities appearing in inequality (1.2.4); that is, we will be writing v, §v,
and K" in lieu of ©%., 07, and K7, respectively.

An immediate consequence of (1.2.4) in the case I' = T is a uniqueness result
for system (1.1.1).

COROLLARY 1.2.6. In addition to the assumptions of Proposition 1.2.3, suppose
that either

RZ,R; >0 and C"=0
or

dsupdeg v <1,
veV
where 6 1= sup, ey 0¥. Then, if (u,m) and (u,m) are solutions to (1.1.1), one has

m =m and u’ = u¥ m"-almost everywhere for all v € V.

PROOF. In the former regime we have £ = % = 0 and thus K" =0 for all
v €V, see (1.2.6). In the latter one, summing (1.2.4) (with ' =T) over v € V, we
have o, DY <), oy deg v DY, yielding ¥ = 0 for all v € V. Hence, in either
case, m = m. Note that this also implies that 14 = (idga,idga)ym;. Now, using the
strong convexity of HY to control the left-hand side of (1.2.11) from below and the
estimates on the right-hand side obtained in the previous proof, we see that this
implies that Du” = Du” mU-almost everywhere, for all v € V. Then testing the
v[2

FPK equation by |u” — u”|* one obtains that u” = u¥ m"-a.e., for allv € V. [
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The above corollary states that system (1.1.1) has at most one solution, at least
in two regimes: either if K, 8% > 0 and C¥ = 0 for all v € V (that is, f and g
are convex with respect to x € R% and H is constant) or if 0 is small enough with
respect to the maximum outdegree of a vertex of I'. Note that, looking at (1.2.5),
we can say that we are in the latter regime if 7' is small, or so are the Lipschitz
constants é;, £y and A”; or f and g have large convexity constants, or the strong
convexity constant \V is large.

Besides highlighting cases in which we have uniqueness, the importance of
Proposition 1.2.3 for our purposes resides in the fact that it can be iterated to obtain
some interesting information, as stated in upcoming Proposition 1.2.7. We will use
the notations v ~y, v’ if and only if d(v,v’) = k, and deg, v := #{v' € V : v/ ~y v}.
PROPOSITION 1.2.7. Let v € V' be k-stable. Suppose that 6¥ < 1 and
(1.2.12) vj = sup 5 < !

v/ ~jv 3
forall j € {1,...,k}. Define by recursion of := 6% and
'yv
F R E—
i+l L—77(1+af)
for j = 1. Then of € (0,1) for all j € {1,...,k} and
(1.2.13) D' <a® N 2

v/ ~EY
. k
with a®*) := [T=; af.

PROOF. The entire proof is by induction. We start by showing that af is
well-defined as a real number in (0,1), for j € {1,...,k}. This is true for j = 1,
so suppose it is true for some j € {2,...,k —1}. We have 1 — (1 + a¥) > 0,
which implies that oj ; > 0; then we also have that af,, < 1 if and only if
vy < (2+ %), which is true since 2 + a < 3. We now prove that

(1.2.14) YooV <al, Y, DV Vi<k
v/~ v v/~ 1Y

It is clearly true for j = 0, because it reduces to (1.2.4); then, since if j < k then
all v such that v' ~; v are 1-stable, from (1.2.4) we obtain

Yoy Y otay Y Yo

v~ v/ ~jv v ~v! [l—j|<1 v~
v v’ v v’
<X e ++an Y 9,
v/~ v~

so (1.2.14) is proved. At this point (1.2.13) follows by iteratively using (1.2.14) in
(1.2.4). -
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We can now exploit this result to prove the unimportance of distant players.
As we explained in the Introduction, under suitable conditions, given a player v
of a game with underlying graph T, it is possible to consider an analogous game
with a subgraph [ <T as the underlying graph in such a way that the respective
optimal distributions m? and /" are arbitrarily close (in the Wasserstein sense).
Such a subgraph does not contain players that are too far from player v (in the
sense of the graph), so this means that that player can neglect distant players and

still play almost optimally.

THEOREM 1.2.8. Let m solve (1.1.1) with graph T = (V,E).! Let v € V and
e > 0. With the notation of Proposition 1.2.7, suppose that §* < 1 and there exists
k < #V such that
1 7
max 7] < - and o (k) Z KY <¢&?,

1<5<k 3

v/~

where KV = K7 is that given in (1.2.6). Then, given M solving (1.1.1) with graph
sk, one has

(1.2.15) [Wa(m”,m")]ec <e.

Proor. Combine Propositions 1.2.3 and 1.2.7 and note that, by its definition,
DY > [[Wa(m?,m?)||3,. =

This theorem provides a fairly explicit insight on the interplay between the
structural parameters related to the graph and the data in order for the localisation
of the game described above to be possible. The following corollary presents the
main implication of this result in the interesting case of I" being infinite-dimensional

(that is, having a countable vertex set V).

COROLLARY 1.2.9. Let m solve (1.1.1) with an infinite-dimensional underlying
graph T' = (V, E) having sup,cy degv < oo, and assume that all the structural
constants in assumptions (L), (C) and (H) are independent of v € V' (thus, we
will omit the superscript v in the following). Suppose that § < 1, supj>qy; < %
Then a := sup;>; a; < 1 and, if a¥deg,v — 0 as k — oo, for any € > 0 there
exists k € N such that, for any v € V, (1.2.15) holds for m solving (1.1.1) with
graph I'y.p.

’

K" =
Ka* deg, v < &2 for k large enough (independent of v). "

PROOF. Assup,>;7; < %, one easily sees that o < 1. Then a/(¥) >

v/~

We give a couple of basic examples, in the LQ setting, to illustrate this last

corollary.

!That is, there exists u such that (u,m) is a solution to (1.1.1) with graph T.
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EXAMPLE 1.2.10. Consider H"(t,p) = 16°(t)|p|?,
v 1 v v 1 v
otz y) =51 @)@ y) - (2,y) and g°(z,y) = 5 0°(z,y) - (2,9)

for all t € [0,7] and (z,y) € R? x (R?)4°8V where f°: [0,T] — .Z(R? x (R4)dee?)
is a matrix-valued function and g* € .7 (R¢ x (R?)4°8?) is a matrix. We refer to
Section 1.3.2 for general considerations on the properties needed to be fulfilled by
0, f and g in order for our structural assumptions to be satisfied.

Take T' to be the bi-directed chain, given by V. =Z and E = {(i,i+1) : i € Z},
which is the natural limit of a sequence of cycle graphs of length N — oco. Clearly
deg, v =2for all k € N. Let g =0 and

a+b —a —b
f=| —a a 0| ®Ii
—b 0 b

—_a

for some constants a,b € R, so that f'(t,z,y) = f'(t,z,y4,y-) = Sz —ys|* +
g|x —y_|?. In this case, we have Eg =0 and 63} = 1Va®? 4+ b for all i € Z, and one
sees that, if a +b > 0,

a’® + b?
i =0 < —— Vj>1.
g 2(a+0b) J
Hence, a sufficient condition for Corollary 1.2.9 to apply is that (a,b) is a point

11

11 V2
373 3

inside the circle of centre (3, z) and radius

EXAMPLE 1.2.11. Consider I being an infinite r-regular graph, for some r > 2. As-
sume it is undirected; nevertheless very similar considerations hold for the directed

case as well. Let g =0 and

j 1 2 r
Yicjr@ —at —a® - —a
—al al 0 -~ 0

f’l) = _a2 0 a2 e 0 ® Id
—ar 0 0 - a

for constants a’ such that 21@@ a’ > 0. The situation is analogous to that of
Example 1.2.10, with 7; = 0 < % provided that the vector a = (aj)lgjgr € R" lies
in the ball of centre %h and radius % The main difference with the above case is
that deg, v has in general exponential growth: indeed, we have the universal bound
deg;, v < (r—1)* (corresponding to the case without closed paths), or, for example,
in the natural setting of I' being a rectangular lattice one has deg, v = 2F*1.

As § < %, we have a; > ;41 if and only if a; < 1-04v1-26-36% W7 this latter
number being greater than d; therefore, o; < % for all 7 > 1, so that we can estimate
ak < 37k, This shows that for the rectangular lattice the condition o* deg, v — 0

as k — oo is fulfilled without any further assumptions. In general, one can write
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sharper estimates on « = a(d) and show that Corollary 1.2.9 applies provided that
§ is less than some §(r); in other words, the vector a needs to be inside the ball of
\/F

centre §(r)1, and radius R

1.3. Existence of solutions to the graph-game system

In this last section, we consider two settings in which we prove existence of
solutions to the graph-game system (1.1.1) belonging to the class for which the a
priori estimates of the previous section hold.

The first one deals with data with bounded derivatives, hence sublinear. As
foreshadowed in Section 1.1, this case is compatible with our main structural as-
sumptions once (C) is dropped and T is finite, so that (1.2.3) allows f and g to be
semiconvex.

The second one is linear-quadratic, thus allowing for the most explicit compu-
tations in a genuinely quadratic setting. We are not able to deal with a general
subquadratic framework, for which, to the best of our knowledge, the problem of
(determining conditions for) existence of classical solutions with bounded second-
order derivatives is still open. We mention, for example, the results of [11] or [52]
on HJB equations with quadratic growth, which though cannot provide sufficiently

strong second-order estimates.

1.3.1. Data with bounded derivatives. We start with a standard a priori
estimate on the derivative of the solution to an HJB equation. It will be used in
the proof of the following intermediate result (Proposition 1.3.2), stating existence

of sublinear solutions to such HJB equation with data having bounded derivatives.

LEMMA 1.3.1. Let u € CY2(R%) with Du € C12(R%) solve

(1.3.1)

—0wu — Au+ H(t,Du) = F in R%
uwT, ) =G

where |DF| < ¢p, |DG| < cg and (t,p) — H(t,p) continuous int and differentiable
in p. Then |Dul|so < C with C depending only on T, cp and cq.

PRrOOF. Fix (7,7) € R% and let m solve

oym — Am — div(0,H (t, Du(t,z))m) =0
(1.3.2) {

m(7) = 0, .

Testing the FPK equation by |Dul|?, we get
T
(1.3.3) / |Du(t, -)|* dmi(t) +/ / |D?u(s, -)|* dm(s)ds
R t Jrd

T
:/ |DG|2dm(T)+2/ DF(s, ) - Du(s, -)dm(s,dy)ds
R4 t R4
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for all ¢ € [r,T]. Let now, for the sake of shortness,
V()= sup [ [Du(s, ) dm(s);
s€t,T] JRd

using Young’s inequality on the right-hand side of the identity above, we have
V() <A+ Tk + (T —t)V(t) VternT].

For T —t < % this yields V(t) < 2(c% + T'c%); then we can iterate this argument
(with different final time) finitely many times to get V(1) < er(cZ + T'c%), where
er is a constant depending only on 7. In particular, ||Dul|%, < er(c% + Tc%) by

the arbitrariness of (7, x). L]

2% (R%) with DF € C39(R%)4
and G € C2H°(RE) with DG € C?+ (R4, Suppose that F(t, -) is both semiconcave
and semiconvez uniformly in t. Let H € C'%([0,T); C2 (RY)) with bounded second-
order derivative 92,H. Then there exists a unique solution u € C’ll()té’2+5(RdT) with

Du € CH92+5(RL) to (1.3.1).

S
PROPOSITION 1.3.2. For some § € (0,1), let F € cz?

PROOF. Suppose that D2F is of class C39 and G € C*(R?) with DG €

loc
C3O(RYL Let ¢ == (1+ |- [%)7% and, for each n € N, let ¢, = Y(5). Define
F, := Fi, and G, := Gt,,. Let u,, € C'T%?(R%) with Du,, and D?u,, of class
C1+92+9 solve (1.3.1) with F,, and G,, in lieu of F' and G, respectively. In the
following, cp, ¢y, ¢ and cy denote constants that respectively depend only on F,

1, G and H. Observe that we have
(1.3.4) IDFy| < [FDY| + [0DF| < cp(1+ )

and an akin estimate holds for G,, as well. By Lemma 1.3.1, || Du, || is controlled
by a constant depending only on 7' and the right-hand sides of (1.3.4) and its
analogue for DG, ; in particular such a norm is bounded uniformly with respect to
n. Fix now (7,z) € R% and test (1.3.2), with u = u,,, by |u,|?; we obtain

[ e ) amo
— /]Rd|Gn|2dm(T) + Q/tT/RdF(s, (s, ) dm(s)ds

+ 2/T/Rd(8pH(s,Dun(s, ) - Duy (s, -) — H(s, Duy(s, -))) un(s, -) dm(s)ds
t
for any ¢ € [7,T]. From this identity, using that if \8ng | < A then
|3pH(s,Dun(s, ) - Dun(s, -) — H(s, Duy(s, ))| < |H(s,0)] + A|Duy(s, -)|?
along with Young’s inequality, we deduce that

UEt) < (1 +cy)(eg + Ter) <1 + sup |2 dm(s)) + Tey (14 || Duy||L)
se[r,T] JRA

+2T —t)U(t),
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wWith U (t) := supyepy 7] fraltn(s, -)|> dm(s). Arguing as in the proof of Lemma 1.3.1,
we deduce that there exists a constant C' depending only on T', F, G, ¥ and H

such that
|t (T, 2)]? < C(l + sup / |- ]2 dm(s)) .
s€[r,T] JR

Testing now the same FPK equation by |- |? it is easy to see that Gronwall’s
lemma ensures that the right-hand side above is controlled by C’(1+ |z|?), for some
constant C’ which depends only on the same parameters as C. We conclude that
[lttin ||oo is bounded uniformly in n.

To estimate the second-order derivatives, we test the FPK equation by |D?u,,|?.

After easy computations, we obtain
[ 1% unt. )P dm(t
Rd
T
:/ \DQGn\Qdm(T)+2/ D2F(s, -) : D2up(s, -) dm(s)ds
Rd t JRd

T
+2/ /R 02 H(s, Dun (s, ) D%up(s, -2 : D2up(s, -) dm(s)ds

where A : B := Tr(AB). Note that by (1.3.3) we can deduce that

/ / Zup (s dm(s)ds <C
Rd

for some constant C' which does not depend on n or (7, z). Therefore we have

/ D2 (¢, -)[2 dim(t)
Rd

1
<cg+Tep+ (T —t) sup ||[D*un % +202C? + = sup ||D%u,|%
s€[t,T) 2 s€(t,T]
for any m solving the FPK equation (that is, regardless the initial time and distri-

bution); so, choosing m(t) = §, with z € arg maxga |D?u,(t, )|, we have
ID?un (t, -)II3

1
<cg+Tep+ (T —t) sup [[D?un(s, )12 +2A2C? + = sup [|[D?un(s, -)[|%
selt,T] 2 sept,1)

whence
W(t) < 2(cg + Tep + 202C?%) + 2(T — H)W(1),

with W(t) := sup,ep 7 | D%un (s, )||%,. We deduce from the above inequality that
|| D?up oo is bounded uniformly in n, again arguing as in the proof of Lemma 1.3.1.

At this point, by the equation of u,, we have a uniform bound on ||0;u,||, while
by a standard Holder estimate for the heat equation (see, e.g., Lemma 4.6.2) we
have Du,, € C5'3 (R4)4 uniformly in n. By the Ascoli-Arzela theorem there exists
u e C3(]0,T); CL (RY) with Du € C3:3 (R%)4NCO([0, T); Lip(R%))¢ such that, up

to a subsequence, u,, — u locally uniformly and Du,, — Du uniformly (as n — c0).
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Then we can pass to the limit Duhamel’s formula for the heat equation and say

that v = u solves in the mild sense
—0ww — Av=F — H(t,Du) inR%
o(T,-)=G.

It is now standard to prove that u is the unique classical solution to (1.3.1), and
the desired regularity follows from classic Holder estimates for parabolic equations.

For less regular data than we supposed at the beginning of the proof, it suffices
to consider smooth approximations f,, and g, of F,, and G,,, respectively, such that
(Y fn, Dfn) = (YF, DF) uniformly and the semi-convexity/concavity constants are
preserved (and the same for G) and note that the estimates on u,, used to pass to

the limit as n — oo are stable under such an approximation. [

We can now state our first main existence theorem.

THEOREM 1.3.3. LetT' = (V, E) be a graph with D := sup, ¢y degv < co. For each
vEV let fr: RE x (RY)desy 5 R gv: RE x (RY)48 5 R and HY: [0,T] xR — R
be given. Assume the following, for each (t,x,y) € R% x (R4)deev;

e (L) is in force;

o there exists 6 € (0,1) and constants Cy, Cy and Cy such that

L 1
va(.7x’y)||cg([0,T]) < Cf<1 + |y‘2)z (1 + ‘m|2>2 ?
1
101"l 5.5y < Cr(1+ o2
v 1
||6xg ('7y)HC2+‘S(Rd) < Cg(l + ‘y|2)2 ’

and H € C3 ([0, T); C2

loc

(RY)) with |07,H"| < Cy;
e 0, f"(t, -, y) is Lipschitz continuous and there exist (positive) constants k% and
K3 such that

1 v v 1
=651+ [y*) 2 la < 02, (t 2,y) < KF(L+ [y*)2 14

in the sense of distributions.
Let m§ € Pa(RY) with sup,cy [ga| - [2dug < M for some finite constant M.
Then, for any T > 0, there exists a solution (u,m) to system (1.1.1), with u"
having the growth and the reqularity guaranteed by Proposition 1.3.2 and m® &
Cz ([0, T); P2(RY)), uniformly in v.

PrOOF. For some constant K > 0 to be determined, define

i {0 € COQ0.THPUEY ) sup [ | P+ ), < K
[07T] (Rd)degv

where [p"]1 = sup ., [s — =2 Wy (uY, 1b); note that X is a convex and compact
subset of C°([0, T]; P1 ((R4)4¢8v)) (this follows, e.g., from [24, Lemma 1.5] and the
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Ascoli-Arzela theorem). Given ¥ € X let

Pt = [ Plegn@), )= [ ),
(Rd)degu (]Rd)degv

Observe that

[DE" (-5 ")

v v 19
o} @) <Gy Sup/Rd\I/du +GKT ™=,

(0,7
where ¥ := (1+]-|2)2 and the second term in the right-hand side comes only from

the Holder seminorm sup,cpa [DFY(-, x; /ﬂ)]%; similarly,

1D (i) gy < Vv Ky sup [ wape
0,7] Jr4
and an analogous estimate holds for [[DGY(-; u")|c2+s(ray as well.

For each v € V, let u” be the solution to
—0u® — Au® + H(t, Du") = F(t,x; ) in RE
{UU(T, ) =G ()
provided by Proposition 1.3.2; note that the strategy of the proof of Lemma 1.3.1
applies to estimate

(1.3.5) |1Du”||2, < er(C2 +TCF) sup/ U2dp’ < ep(Ch +TC3)(1+ K)
[0,T] JRd

Then let z2° € C% ([0, T]; Po((R4)8 ) be the solution to

QUi — A° — 37 v, (0, HY (1, Du? (1,9 )A") = 0 in 0,7 x (RY)e"

i°(0) = iy € Pa(RY),

where we denoted by y¥’, v/ ~ v, the coordinates of y € (R%)desv,

It is easy to
see that the marginals of ¥ solve the FPK equations of (1.1.1) corresponding to
vertexes v’ ~ v, provided that pf is a suitable measure with marginals mgl, v~
(recall the definition (1.1.2) of F' and G); on the other hand, such features of u
are actually enough to have the only piece of information we need about it, namely
that [o. |- |*duy < DM.

By (1.3.5) and standard Holder estimates for the FPK equation (cf., e.g., [24,
Lemma 1.6]),

[y <1+ (TCuD(1 + cr(C2+TCH(1 + K)))% ;

where Cr = ||0,H(-,0)||% + C%; hence, for K > 3 and TC’HD(l + cer(CF +
TC?)(1+4 K) < 1 we have [4]1 < K. Testing instead the FPK equation of i* by

| - |2, Gronwall’s lemma yields

(1.3.6) sup/ |- 2 dp’ < (/ || dpd —|—T(2ddegv + Z ||Du”/||§o>)eT7
Rd Rd

[0,T] v’ ~v
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which along with (1.3.5) gives

sup /d [ < D(M +T(2d+ Crr (1+ r(C2 + TCH(1 + K)) )"
0,7] JR
Hence, for instance, for K > 2(1+eDM) and T < 1 so small that also 4edDT < 1
and 2¢TCyD(1 + er(Cg +TCH(1 + K) < 1, we have supyg 7y fpa | - 2 dp” < K.
We deduce that for K large (depending only on M and D) and T sufficiently
small (depending only on D, C,, Cy and C’H) the map ®: p — [ is well-defined
from X := [[,cyv
theorem), Schauder’s fixed point theorem guarantees that ® has a fixed point u =

X" to itself. Since X is a convex and compact (by Tychonoff’s
(1?)vev- This proves that, for small 7' (say T < T), system (1.1.1) has a solution,
with (uniformly in v) m” € C ([0, T]; Po(R%)) and u* having the growth and the
regularity guaranteed by Proposition 1.3.2. Nevertheless, since T does not depend
on K, we can iterate such an existence argument finitely many times (enlarging K
and keeping the horizon’s length constantly equal to T) to obtain existence on any
arbitrary (finite) horizon [0, T. L]

1.3.2. Linear-Quadratic data. As in Example 1.2.10, suppose that, for all
v eV, H(t,p) = 36°(t)|p|* and there exist a matrix-valued function §: [0, 7] —
S (R? x (R?)4°8?) and a matrix g¥ € .7 (R? x (R?)4°8?) such that

P ) = 3 W) (y) and *(y)= g (9) (.9)

for all t € [0,7] and (z,y) € RY x (R9)deev,

It will be useful to denote the coordinates of y € (R%)dev by y”/, v’ ~ v, and
to consider gV (as well as §*()) as a block matrix with entries g?, € (R%)*, with
i €{1,...,d} and v' ~ v. Also, we introduce some notation for four super-blocks

partitioning g¥ which will come into play:

g;p = (gyj)i,jE{l,--qd}? g;}Ln = (gz’u”)v’,v”f\/lh
T.
g;n = (gfw) = (g;‘}v’)iG{l,...,d},v’Nva
p and n standing for “player” and “neighbours”, respectively; similar notation will
be used for f(t) as well.
Let us have a look at how our main structural assumptions appear in this

setting. Assumption (L) is essentially a control on the mixed derivatives agy Y

and 6§yg“, so with this notation it reads

@I <L lanpl <4

for all ¢ € [0,T]. Assumption (C), as we have already mentioned, basically forces
fU and ¢° to be convex in x € R? at large distances, and so in all of R? in the LQ

setting; that is, it reads

fop(t); Gpp =0
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for all ¢ € [0,7]. Finally, assumption (H) is satisfied if 6Y([0,7]) C [A\",A?] C
(0, +00).

As for the definitions of F and G¥ (recall (1.1.2)), letting 8(p) == [, y pu(dy)
for p € P1(X), we have

FY(6) = 5 Rl 24 3 (0 0) + T (07) B10) - 2
+ ;/(Rd)degv fon (D)y -y 1 (dy)

and

v 1 v 1 v v v 1 v v
G"(x) = 29ppm'~’0+2(9pn+gnl)ﬂ(w)-x+QARd)degvgnny-yuT(dyw

Then we make the ansatz that

1
(1.3.7) u’(t,x) = 3 Wtz -z +0v(t)-x+b%(t), (t,x) eR%,
for some u?: [0, 7] — .Z(R%), v: [0,T] — R? and h?: [0,T] — R. The HIB equation
in (1.1.1) reads

1 0] v, v\2 ) ) U, VLV 1 ) v T v
5(—u + 0" (") — )T T+ (—n + 6%u%p? — i(fpn+fnp)ﬂ(,u )) -z
(v v 1 v 1 v, v
—bh" —Tru +§9|U |2—§5f(ﬂ )=0,
where the dot over a symbol indicates the time derivative and we have set
G = [ Ry ).
(Rd)degv
thus yielding
—0" 4+ 0" (u")? —f, =0

U UV, VU 1 v v v
(138) —0" + 6°u"p _i(fp7b+f'rL;—)ﬁ(M ):O

(v v 1 v |2 1 v, v
Note that, having fixed p*, the existence of u? of the form (1.3.7) is equivalent to the
solvability of the first equation in (1.3.8) (which is of Riccati type and completely
by its own), since the system is decoupled and the other two equations are linear.
For example, by standard methods one can explicitly solve the Riccati equation,
with terminal condition u¥(T) = g3, if (§)~'f" is constant and positive definite.

As for the FPK equation in (1.1.1), it turns out to be driven by the drift
—07(t)(u¥(t)z + v¥(t)), hence the corresponding SDE

AXP = —0°(t)(u’(t) X} + 0°(t)) dt + /2d B}
is linear. According to our setting, p} is the law of YV := (X,}")U/NU, which solves

Y} = — (diag(0 " )Yy + (0" )orwn) dt + V2A(BY )y -
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It follows that 5 = B(u") solves the equation
(1.3.9) BU+ABY+ VY =0,

with AV := diag(0” u?" )y oy and V1= (0 )y s

Therefore, the strategy to find a solution to the graph-game system is the
following. We start by solving the Riccati equation for u", for each v € V. Then,
equation (1.3.9) gives us the relation

(1.3.10) ) = I (50 - [ S iy as)

v~

At this point it all amounts to proving that there exists a fixed point for the map
® that associates to v € C°([0,T];RY)#V the vector (v¥),cy with vV solving the
second equation of (1.3.8) where S(pV) is given by (1.3.10) with v = b. Indeed,
once v is also given for all v € V| we can compute ﬂ%’ (1¥) and the third equation
of (1.3.8) readily gives .

Let us admit that, as g, f,, = 0, we have u” > 0 on [0, T]. Standard estimates
for linear equations yield

[9(0)"(1) = (0" (1) < (T =T o v/degv sup [0 — 5"

so the contraction theorem ensure the existence of a unique fixed point (and thus,
a solution), provided that T is small enough with respect to f and the graph T’
only. For arbitrary 7', we conclude by iterating this argument finitely many times
on time horizon with smaller fixed length.

We have thus arrived at the following result.

THEOREM 1.3.4. Let I' = (V,E) be a graph, with sup,¢y degv < oco. For each
v eV, let H(t,p) = 16°(t)|p|* be continuous and, for all t € [0,T] and (z,y) €
R? x (R¥)de8 v [et
v 1 v v 1 v
ot y) =51 W)@ y) - (x,y) and g°(z,y) = 5 0"(z,9) - (2,9)
for some §* € C°([0,T]; ' (R? x (R?)4°8?)) and g € ./ (R? x (R?)4°2?) such that
02,1°,02,9" = 0 and sup, ¢y (102, f°|+02,9"|) < oo. Suppose that, for eachv € V,
there exists a solution to
—0 402 =92 f° in[0,T)
u(T) = 83,9".
Then there exists a unique classical solution to the graph-game system (1.1.1) with

u? of the form (1.3.7).

PROOF. Standing all the preceding discussion, we only need to prove that
u? > 0 and that the Riccati equation has a unique solution. For 7 € [0,T) and any
¢ € RY, let &: [0,7] — RY solve { = —16°u¥¢ with £(7) = (. Then & (uv¢ - ¢) =
—fpp€ - & < 0, yielding u¢ - ¢ > g,,§(T) - £(T) > 0, and the first conclusion
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follows by the arbitrariness of (. Now, given two solution u” and u’, we have

L — 0?2 = 9((u?)? — (@)?) : (u¥ — u¥) > 0 because u”, i’ > 0, and uniqueness

follows. n
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2.1. The setting: shift-invariant games

Consider a stochastic differential game with N players, indexed by i € [N],
where the state X* of the i-th player evolves according to the R%valued SDE

dX} = aldt ++v2dB! .

Its cost, in the fixed time horizon [0, T], is given by
) 1 r o ) )

(2.1.1) Ji(a) = 5IE/O (lo'2 + (FiX, X)) dt + (G X1, X1),
for some F* = fi®I; and G = g'® 14, with fi € CY([0,T];.7(N)) and g* € Z(N).
The B%’s are independent R%-valued Brownian motions, and the o?’s are closed-loop
controls in feedback form, that is af = o' (¢, X;).

It is known (see for instance [25, Section 2.1.4], or [46]) that the value functions
of the players, u’ = u’(t,r) withi € [N], ¢ € [0,T] and x = (2°,..., 2V 1) € (RH)V
solve the so-called Nash system of Hamilton—Jacobi PDEs

—Ou’ — Au’ + L Dyu'|? + > Djw! Djut = F?

(2.1.2) T - G

23
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where F* = 2(F'..), G' = (G".,-) and i € [N]. The equilibrium feedbacks are
then given by o = —D;u’. Since the dynamic of each player is linear, and the costs
are quadratic in the state and control variables, it is well-known that the previous
system can be recast into a system of ODEs of Riccati type, by making the ansatz
that u® are quadratic functions of the states. Here, we look for conditions on the
solvability of such system, and we focus in particular on properties that are stable as
the number of players goes to infinity, with the aim of addressing the limit problem
with infinitely many players, whenever possible. The Laplacian appears in (2.1.2)
by the presence of the independent noises B, but it will not actually play any
relevant role in our analysis.

For a € Z and b € Z,, we will use the notation [a], to identify the unique
natural number r € [b] such that r = a modb. The entries of a N x N matrix
will be indexed over [N]. We will denote by L") € .#(N) the lower shift matrix
mod N, defined by

L = 0y Vhok € [N],
where J is the Kronecker symbol.
Our main assumption, on the structure of the running cost, is that f* and ¢

are shift-invariant, in the sense of the following definition.

DEFINITION 2.1.1. A collection of matrices (M");epny C - (N) is shift-invariant
if

(2.1.3) MUY — LNARLMNT w4 e [N].
Note that this is equivalent to requiring that for all i € [N] and = € RV,
(M2, 2t . 2N, (20,2t 2N )
= (MO~ (gt N 20 (2t eV 20)).

EXAMPLE 2.1.2. A very basic shift-invariant case is that with ¢° = 0 and

(2.1.4) fP=wew,
with 1
w=-—L-1,-1,...,-1,0,...,0), £<N;
/-1 N —— N——

£—1 times N—/{ times

that is, by (2.1.3),

1 [i+e—1]n

7 _ 7 J

(2.1.5) <FXW&>‘XtéL1‘§: X
j=li+1]n

2

When ¢ = N, the cost is actually of Mean Field type, that is, it penalises the
deviation of the private state X* from the mean of the vector X.

Here f° induces an underlying directed circulant graph structure Gy to the
problem; indeed, by assumption (2.1.3)

A= (fl)ijevy — diag (ff)iepny) = (fij)ijevy — In
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can be considered as the asymmetric and circulant adjacency matrix of Gy, so that
(2.1.5) reads

i _|yi 1 I
(2.1.6) (X Xo) = X = e e e ) %:GGE Xi| -
The same is true in the more general case when
-1
(2.1.7) w=(1,—wy,...,~we_1), withw; >0Vj, Y w;=1
j=1

here the w;’s are regarded as normalised weights, and we have

2
(F'IX, X)) = X[ — Y wX]
J: (4,J)€Gy

)

which generalises (2.1.6).
Note finally that a sort of “directionality” is encoded in the above examples,
that is, each player i is affected by the “following” ones j > i in the chain. This is

not yet important at the current stage, namely we may allow for

1
(2.1.8) wzi(ﬂ—l,—l,...,—L 0,...,0 ,—17...,—1), f+m< N;
/-1 —_— —— e —

¢—1 times N—{¢—m times m times

It is only from Section 2.2.4 that m = 0 will be required.

2.2. The evolutive infinite-dimensional Nash system

The main object of our study is the Nash system

—Opu' — Au' + 3D [P + 32, Dyw Djul = F* on (0,T) x (RN

(2.2.1) T = &

When N = oo, we need to be a bit careful about the notion of solution. In this
case, ¢ € X = (*(Z;R?). Then, we mean that (2.2.1) admits a classical solution

in the following sense.

DEFINITION 2.2.1. A sequence of R-valued functions (u%);cz defined on [0,7] x X
is a classical solution to the Nash system (2.2.1) on [0, T] x X if the following hold:

(S1) each u® is of class C'* with respect to t € (0,7) and C? with respect to
x € X, in the Fréchet sense;

(S2) for each i € N, the Laplacian series Au’ = > Aju’ and the series
> Djw! Dju’ uniformly converge on all bounded subsets of [0, T] x X;

(S3) system (2.2.1) is satisfied pointwise for all (¢,z) € (0,T) x X;

(S4) u!(T,-) = G for all i € N.
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REMARK 2.2.2. Here we made a choice of Banach space, namely X' = £>°(Z;R%).
This seems a natural choice for a twofold reason. First, it is the largest ¢P space
contained in the limit set (R%)>* = (R%)%) so it seems to provide a quite general
setting for a Nash system for infinitely many players. Second, in a linear-quadratic
setting as the one we are considering, it is fairly clear that (see the upcoming
discussion about the standard ansatz u’(t, ) = 3((c'(t) ® Iq)x, z)gna + n'(t)) the
uniform convergence of Au’ when N = oo is strictly related to (Céj)jez being
summable; therefore the variable z is expected to live in the dual space of ¢!, that
is £>°. This is even more evident if one considers the case (and the results we
present can indeed be adapted to it) of a more general diffusion such as the one

arising from common noise, Ajut+ >k Tr(Djz.kui).

As it is customary in linear-quadratic N-player games, we look for solutions of
the form

. 1. .
(2.2.2) u'(t,z) = 5((cl(t) ® Ig)x,x)gya +1°(t),

for some functions ¢: [0,T] — % (N) such that ¢*(T) = ¢* and n': [0,T] — R
which vanish at T. We have D;u(t,z) = e/T(c'(t) ® I)x, where ¢/ = ¢; ® Iy,
{e; };V:*Ol being the canonical basis of RYV. Hence, from (2.2.1) we obtain

1, 1 .
xT<—2é1®Id+ 2(c @ Ig)ele' T (' @ 1)

. 1 _ _
+ Z (d @ 1) eJeJT(l®Id)—2Fl)x:Tr(c’®Id)—|—7']z;
JEININ{i}
that is,
T 1 1 ‘ i i
T 26 +§cezezc+ Z Hejej ¢ f QI )x=dTrc* +n'.
JEININ{i}
As this must hold for all z € RV, it follows that
0W’=—d )y
JE[N]
and
(2.2.3) —& 4 e T+ Z (cjejechi + ciejechj) = f°
JEININ{i}
as ' Az = 0 for all 2 if and only if A+ AT = 0 for any square matrix A.

Now, given the shift invariance of f? and ¢°, one expects a solution to (2.2.3)

to enjoy the same property, hence we look for a solution such that
(2.2.4) ¢ = (LMY e (LT

for some c: [0,T] — .(N). Clearly, this makes 1’ independent of i, as we will have
nt =n = fT Trc. By plugging (2.2.4) into (2.2.3) and letting ¢« = 0 one obtains
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the following system of ODEs for the entries of c:

—Chk — ConCok + Z (Co,(n—jin Gk + Co—jln Cin) = fri
(2.2.5) j€IN]

cnk(T) = gnk

where f := f0 and g := ¢°.

As we are interested in the limit problem of infinitely many players, which we
expect to be indexed by Z since we have an undirected structure, it is convenient
to shift the indices in such a way that ¢ = 0 “stays in the middle”; that is, we
let i = —N',...,N”, instead of i = 0,..., N, where, for example, N’ = N" =
(N—-1)/2if N is odd, and N’ = N/2 = N" 4+ 1 if N is even. Therefore, we rewrite

system (2.2.5) as
—Chk + ConCok + Z (co,h—jCik + Crjcok—j) = [nk

(2.2.6) j#0 i=-N',...,N",
cnk(T) = gnk

where all indices are understood mod N and between —N’ and N”. Now it is

immediate to identify a convenient limit system by letting N — oc.

2.2.1. Self-controlled sequences for the discrete convolution. We can

recognise a structure of a cyclic discrete convolution in the sums in (2.2.5); that is,

N-1 N-1
(2.2.7) Z CO,[h—j]NCjk = (C.O *N C-k)h, Z ChjCO,[k—j]N = (Ch. *N C().)k.
j=0 j=0

We wish to exploit this fact in order to prove existence of the solution to sys-
tem (2.2.6) for small T, for any (possibly infinite) N.

Our main tool will be the following.

DEFINITION 2.2.3. A nonnegative sequence 3 € (?(Z) is said to be convolution-
self-controlled, or c-self-controlled, if * 8 < (; that is,

(228) Zﬁjﬁi,j < Cﬁl Vi€ Z,

JEz
for some constant C' > 0 independent of i.

We will mainly consider positive c-self-controlled sequences in ¢!(Z) that are
even and “weakly decreasing”, in the sense that §; = f_; and there exists K > 0
such that g; < Kj;, for all 7,5 € N with j > 7. Such sequences, which we will refer
to as regular, indeed exist, as shown by the following result.

LEMMA 2.2.4. For any ¢ > 0, there ewists a positive sequence 3 € (*(Z), with
I18ll2 < & and such that 8 x B < 4. In particular, one can choose 8 of the form

2
a? 442

Bi = Bi(a) := (1—(=)e "), i€,
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for some o = a(e) > 0, so that 3 is even and B; < coth(%5F)B; for alli,j € N with
j=i.
PROOF. Recall that the Fourier coefficients of a function f € L?((—m,m)), given
by
1 us

fj =5 (z)e “*dx, jE€Z,

satisfy the following property: if f,g € L?((—m, 7)), then f?;j = (f*g)j for all

j € Z. Let now be f, := e Il for any o > 0. It is elementary to compute, for
each j € Z,

— 2 i —ar
(2.2.9) foa; = (1—(=)le ™) >0,

Oé2+j2

whence (ﬁ*f;) = }gj = fgzj < 4};]-, the last inequality being straightforward to
check using the explicit expression (2.2.9). Also, by Parseval’s identity ||EH?2 @ =
1 fallZ2 =a}(1—e227) 5 0 as a — 400, so that 3 = f, has the desired

—m,m)
properties for any choice of a@ = «(e) sufficiently large. Finally, note that 8; <

coth(%F)p; for all 4, j € N with j > 4. [

REMARK 2.2.5 (Variations on a c-self-controlled sequence). Clearly any positive
multiple of a c-self-controlled sequence stays self-controlled. This allows to have self-
controlled sequences of arbitrarily large £*°-norm, although with a larger constant
C'in (2.2.8). On the other hand, one can also build c-self-controlled sequences which
decay exponentially faster; indeed, if 3 is c-self-controlled, then for any v > 0 so is
the sequence defined by setting B; := Bie il with the same implied constant C.
This is easily proven as follows. Suppose that ¢ < 0; then

BxB)i=e"Y BiBije P+ Y Bifij+e Y BBV

j>0 i<j<0 j<i

< ew(Zﬁjﬁz‘j + Z 5j5ij> +e7 Zﬁjﬁiﬁ‘@zw

j>0 i<j<0 j<i
— 3.
=€ E 5]517‘]

JEZ

< Cﬁiew.
The case ¢ > 0 is analogous.

The next result will be useful to deal with convolution of the form (2.2.7). It
essentially states that c-self-controllability is preserved by suitable perturbations,

which include all perturbations with compact support.
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LEMMA 2.2.6. Let 8 be c-self-controlled and let 0 = (Onk)n.xez be a nonnegative
sequence such that 0 < B® .1 Let d be the sequence given by d := BQ B+0. Then

(doxdp)n S BuBe Vhk €Z.

PRrooFr. It suffices to compute
(do*d.i)n = Bo(B* B)nBr + (0.0 % B)nBr + Bo(B*0.k)n + (0.0 % 0.6)n S Brbi. m

REMARK 2.2.7. A straightforward implication of the above inequality is that (d.ox
d-k)h f/ dhk~

2.2.2. Short-time existence for nearsighted interactions. We are now
ready for our first existence and uniqueness results (Theorems 2.2.11 and 2.2.12
below), which is a direct consequence of the following proposition.

By a game with nearsighted interactions we are meaning that |f| V |g| < 6
pointwise (that is, index-wise) for some 6 € ('(Z?) satisfying the hypotheses of
Lemma 2.2.6; said differently, we are meaning that |f| V |g] < 8 ® B for some

regular c-self-controlled S.
REMARK 2.2.8. Any compactly supported sequence h: Z?> — [0,+0c0) is near-

sighted. Indeed, given a positive c-self-controlled sequence 3, define

3 = max hij
(i.)esptB BiB;

B
then h < f® 3.

ProOPOSITION 2.2.9. Let N € N and B be a reqular c-self-controlled sequence. Let
f e (0,7} 7(N)) and g € S (N) satisfy |f| vV |g] S B® B. Define Cn =
CO([0, T))*N* and write ¢ = (¢ij));=_n € Cn. For d = ® B+ |g| V supg 11 | f],

ij=—

set

N
(2.2.10) Ky:= [ {wec®0,1)): |wlw < 2d;;}.
i,j=—N

Let Jn: Kn — Cn be the map given, for each i,j7 = —N,...,N, by

T

(2211) JN(C)Z](t) = Gij —|—/ (f” —+ CoiCoj — (C.() *ON+1 C-j)i — (Ci. *ON+1 CO-)j)’
t

Then there exist T* > 0, depending on 3 but independent of N, such that

TLT? - IN(KN) C Kn.

'We mean (8 ® B)nr = BrPy for all h,k € Z.
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PROOF. Let c € Ky. If i > 0,

N —N+i—1

E C0,i—kCjk + E C0,i—k—2N—1Cjk
k=—N+i k=—N

N ~N+i-1
<4 E do,i—kdjk +4 g doi—k—2N—1d;k

k=—N+i k=—N

l[(c.oxn cj)ill o =

(oo}

< 4(d0 * d.j)i + 4(d0 * d.j)i,QNfl
S (Bi + Bi—an—1)Bj
where the last estimate comes from Lemma 2.2.6. As f3 is regular and |[i —2N —1| =

2N +1 —1i > i, we have that 8;_an—1 < fi, and thus ||(co *n c.;) < dij, with
an implied constant which does not depend on N. The same holds for —N <

ZHoo

i < 0 by a symmetrical argument. Analogously, [|(c;. xn ¢o.);|| . S dsj and clearly
||COiCOj||oc < 4d01;d0j < 4(d0 *d~j>i 5 dlj Therefore,

(2.2.12) [Jn(€)ijlloe < 1gis] + CTdi; < (14 CT)dy,

where the constant C' depends only on 3. It follows that for 7" > 0 small enough,

depending on S, one has || Jn(¢)ijllco < 2d;; for all 4,5 = —N,...,N. ]

9

REMARK 2.2.10. We stated and proved Proposition 2.2.9 for an odd number of
players. This is just a matter of having expressions that look more symmetrical,
yet there is no preference about the parity of the number of players, so that the
above result holds, mutatis mutandis, also if the number of players is even. It is
also clear that, with a very much analogous proof, the thesis of Proposition 2.2.9

also holds for N = oo, where one defines, in a natural way,

Koo =[] {weC(0.1): |lwloo < 2di}
i,JEZL

and
T
Joo(€)i5(t) = gij + / (fij + coicoj — (c.ox )i = (ci- x co.);)-
t

THEOREM 2.2.11. Under the hypotheses of Proposition 2.2.9, there exists T* > 0
such that if T < T* then for any N € NU{oo} there exists a unique smooth solution
to system (2.2.6) such that, for any i,j € —N',...,N"” and m € N,

(2.2.13) H (%)m%.

where the implied constants depend only on T*, f, g and m.

g 6iﬂja

o0

PROOF. A fixed point of the map Jy defined in (2.2.11) is a solution. We
deal with the case of Jy with NV = oo, as the case with N € N can be included
therein. Note that Ko, can be considered as a closed ball of the Banach space
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05°(22;C°([0,T))); that is, the space of functions from Z? to C([0,T]) with finite
norm
: 1H'ij||00‘

I lloc == sup d;;
i,jEZ

We prove that the map J., is a contraction on K., provided that T is sufficiently
small with respect to d. The conclusion will follow from Proposition 2.2.9, Re-
mark 2.2.10 and the contraction mapping theorem; then, once one have a continu-
ous solution, by the structure of equations (2.2.6), one bootstraps its regularity up
to C*°, while estimate (2.2.13) for m > 1 follows by induction differentiating (2.2.6)
and estimating as in the proof of Proposition 2.2.9. Let now ¢,¢ € K. We have,

for 4, j fixed,
(22.14)  [|Jo (@i — Joo(©)ig]| .

< T([|@o w25 = (con el

+ ||coico; — coico; — (G %N €0.); — (¢ *n €0.);) Hoo)
We have

[(@ox ;)i = (coxeg)il|

<Y <\|5k0||oo||51‘—k,j — Cih,jl

keZ
< dijlle —ll;

<)

0o F [[€ro — crolloc || Ci—k,j

that is, ||(¢.o * €.;)i — (c.ox c.j)ill S ||€é — ¢]| and analogously for the second term in
(2.2.14). Hence [|Joo(¢) = Joo ()| S TlE = €]- =

THEOREM 2.2.12. Suppose that f' and g' are shift-invariant and there exists a
regular c-self-controlled B such that |f°| V |¢°] < C(B® B), C > 0. There exists
T* > 0, depending only on C and [, such that if T < T* then there exists a smooth
classical solution to the infinite-dimensional Nash system (2.2.1) with i € Z on

[0,T] x X. Furthermore, such a solution is unique in the class of functions of the

form (2.2.2).

PROOF. Let ¢ be the solution given by Theorem 2.2.11. For z = (2%);cz €
0>°(Z; R?), define
1 o T
e .. l. ..
Ult,x) = 3 Z ()’ +/t Zcu(s) ds,
i,JEZL i€Z
where we denoted by - the standard scalar product on R%. U is well-defined for

x € £°(Z;R?), and continuous in ¢, because the series normally converge thanks to

estimate (2.2.13); for the same reason, also

t OFU(t,z) = % Z (%)kcij(t)xi. - Z (;t)k_lcii(t), k eN,

1,J€EL i€Z
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are well-defined and continuous. Finally, for h € £°°(Z;R?), note that (omitting
the dependence on t)

1 o
U+h)—Ulz) =Y cija'h! + 5 > cight- b,
i,j€EZ i,j€EZ
thus U (¢, -) is infinitely many times Fréchet-differentiable in ¢>°(Z;R%). Define now
u = (u');ez by setting
u =1, ut(t, x) == ui(t, o), i€,
where (ox); 1=z for j € Z. We have
Djui(t,x) = Dj[u(taix)] = D]‘,iu(t, J,‘) = ch,i,k(t)xk, Z,j (S Z,
kEZ

hence ;7 Djw Dju® locally uniformly converges by estimate (2.2.13). Hence, by
construction, u solves (2.2.1) in the desired sense. L]

REMARK 2.2.13 (Unimportance of distant players). What essentially allows the
Nash system to have a solution in infinite dimensions is what we call an unimpor-
tance of distant players, in the sense that the farther a player is from a given one
(say the 0-th player) the smaller the impact it has on it is. This is seen in the fact
that, on any bounded B C X,

E cijm’

€L

1 DU || 0,078 = < Bj

00,[0,T]x B
is infinitesimal as |j| — oo.

2.2.3. Beyond shift-invariance. We have made the shift-invariance hypoth-
esis to reduce our system of infinitely many equations for ¢ to one equation. Nev-
ertheless, the reader should be aware that the above results can be adapted to a
more general setting.

One can suppose that we only have a shift-invariant control on the data; that
is

(2.2.15) |k V ghel S Br—iBr—i-

In this case, the most natural limit of (2.2.3) is indexed over N and it suffices to

replace Koo with

’Coo = {w = (wzk)i7h7keN S gm(Ng,CO([O,T])) :
[wiglloo < 2djn—if ki Vi, h,k € N},

which is a closed ball in é?f(NS; C°([0,T7))), letting di, := dih—i|,|k—i|- Then, for
instance, one obtains the following result.
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THEOREM 2.2.14. Assume (2.2.15). There exists T* > 0 such that if T < T* then
for any N € NU {oo} there exists a unique smooth solution to system (2.2.3) such
that, for anyi,h,k € [N] and m € N,

()"

where the implied constants depend only on T*, f, g and m.

S Bih—i|Blr—i|»

oo

Also, one can fix the dimension N > 2 and consider 8V € (R;)?V*! given by

. if =0
K P if 5] € {1,...,N — 1}
N _ 1 J yr )
which is c-self-controlled in the sense that for |j| € [N]
1 3
(BN*BN)j: Z /B]i\/ jN_kzﬁév‘Fm Z ﬁjl\[_kgﬁjv+m§4ﬁ§v~

k|€IN] kl€[NT\{0}
In this case one can look for a solution to (2.2.3) starting with assumption (2.2.15)
with 3 = g%; that is,
1 ith=i=k
(2.2.16) \fiil VIghel S A N-1 if h £ =k or vice versa
N2 ifh#4and k #1.
What we get is the following statement.
THEOREM 2.2.15. Let N € N, N > 2 and assume (2.2.16). There exists T* > 0

such that if T < T* then there exists a unique smooth solution to system (2.2.3)
such that, for anyi,h,k € [N] and m € N,

|G

where the implied constants depend only on T*, f, g and m.

1 ifh=i=k
SANY ifh#i=k or vice versa
AN fhiandk#£i

Notice that this can be regarded as a result in a nonsymmetric Mean-Field-like
setting (which we will consider in Chapter 4), as assumption (2.2.16) is consistent
with the fact that we expect the j-th derivative of a Mean-Field-like cost for the
i-th player to scale by a factor of N~! whenever j # i.

2.2.4. Long-time existence for shift-invariant directed strongly gath-
ering interactions. It is clear that the previous construction follows the standard
Cauchy-Lipschitz local (in time) existence argument, and the existence (and unique-
ness) of a solution can be as usual continued up to a maximal time 7%, that is when
the quantity max; ; 5; 1,6’;1 \c?j| blows up. So far, we cannot exclude in general that

such blow up time T™* is finite.
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Upcoming Definition 2.2.16 introduces an additional assumption on the running
and terminal costs which will allow us to prove long-time existence of a solution to
the infinite-dimensional Nash system. Given m < n, we will identify M € .(m) C
Z(n) by considering R™ ~ R™ x {0} C R™ x R*™ = R" and then extending
M = 0 on R™™; that is, identify M € .(m) with (¥ 9) € .#(n). Also, given
M € (m) and M’ € .#(n) we will say that M = M’ if M’ equals the above-
mentioned extension of M over R™.

DEFINITION 2.2.16. Let . = (M) yen be a sequence of matrices, with M (V) €
F(N). We say that .# is directed if there exists £ € N such that MN) = M©®) ¢
() for all N large enough. Given ¢ > 1, we say that M € .7 ({) is o-strongly
gathering if the polynomial

w(z,w) = Z Myz"w*,  z,weC
h,ke[4]

is such that u(z,0) ¢ (—o0,0) if z € gD.

REMARK 2.2.17. We anticipate here the main idea behind this definition. We
wish to consider the generating function of the coefficients cpy in (2.2.6) with
N = oo; that is, formally, Z(¢, z,w) = Zh,keZ ek (t)zMw”. This is a priori sin-
gular on zw = 0, nevertheless we are going to show that if ((fnr)|n,jk|<n)ven and
((gnk)|n), k<) Nen are directed, then one can assume that cpr =0 if h Ak <0, so
that = is analytic and satisfies a “functional Riccati equation” (see (2.2.23) below).

At this point the strong gathering condition, which will be put on f (see up-
coming Assumptions (%)), has a twofold utility. First, it ensures that the functional
Riccati equation has a solution which is defined in a neighborhood of (z,w) = (0,0)
and has real coefficients cpx; this is basically due to the fact that the principal
branch of the square root of the function pu(-,0) associated to f is well-defined.
Second, as we require ¢ > 1 (and not just ¢ > 0), it ensures that the cpx’s will be
summable by standard properties of the derivatives of an analytic function.

We also point out that ¢ > 1 is not necessary in order for summability to be
satisfied, while o = 1 is not a priori sufficient. This makes the latter a limiting
condition that we have found as interesting as difficult to study in the generality

we would have wished for; we have devoted to it a brief discussion in Section 2.6.

REMARK 2.2.18. The reader could find a first sight quite strange that the crucial
condition in the notion of strong gathering regards u(-,0), which sees only the first
column (Mpo)nefje) of the matrix M. From a technical point of view, we claimed in
Remark 2.2.17 that it is all we need to solve the functional Riccati equation (2.2.23).
From an interpretative point of view, instead, recalling that we will require f to
be strongly gathering, it is interesting to note that the coefficients fjo quantify the
interaction of the 0-th player with the others; in the shift-invariant setting the 0-th

player is basically our reference player for the game, hence we are somehow saying
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that the solvability of the Nash system is related to a condition which sees only
the “direct” interactions between the reference player and the others, and not the

“indirect” influence of the interactions between pairs of other players.

REMARK 2.2.19. The term directed is related to the fact that the i-th player’s cost
is affected by the states of the following players j > i in the chain, and this fact
might not be immediately clear from the previous definition, which just requires

(N

the matrices M) to be extensions of a fixed matrix, not depending on N. One

may then have a look to the matrices of the form M = w ® w in (the end of)

Example 2.1.2. In particular, w = w®)

in (2.1.8) gives rise to a directed family
only when m = 0.

Moreover, in the situations described in Example 2.1.2, the associated sequence
of matrices as the dimension N diverges is not strongly gathering. Indeed, even
though ¢ stays bounded, one has that u is a polynomial with p(1,0) = 0. In fact, as
said in Remark 2.2.17, those situations can be seen as limit settings corresponding
to taking ¢ = 1 and we will comment on this case later on in Section 2.6.

The validity of the strong gathering assumption as it is, can be achieved in

different ways; two basic settings are given in the following examples.

EXAMPLE 2.2.20. If we want to stick to a matrix fO of the form (2.1.4), in order
to have (f°(N))nyen (where N is the dimension) directed with strongly gathering

limit one can require that ¢ is independent of N large and

-1
ijzl—a, e >0,
Jj=1

so that u(z,0) > e if |z] < 1. Put it differently, it suffices to consider

-1
w=(v,—wi,...,—we—1), withw; >0Vj, ij =1, and v > 1;
j=1

this means that we are considering an underlying graph where each node is directly
connected with itself as well, and such link has a negative weight. As in this model
a positive weight is associated to the tendency, in order to reduce their cost, of
each player to get closer to their neighbours, a negative connection with themself is
to be interpreted as a drift towards self-annihilation. More prosaically, this means
that the state of each player will also tend to the common position 0 € R¢.

Regarding this example, it is also worth pointing out that the common attrac-
tive position 0 € R? cannot be any other arbitrary point, in the sense that the
structure of problem is not invariant under translation of the coordinates. This
is due to the fact that we are considering a graph whose nodes have outdegree
different from 1.
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EXAMPLE 2.2.21. Another setting with directedness and strong gathering is that
of

@ =vE'+wew,
where w can be given by (2.1.7) with ¢ independent of N, v > 0 and E°z = 2 for
allz = (20,...,2V 1) € (RY)N. Here
2

Y

(F1 Xy, X0) = vXI[2 + \Xz‘ Y wx
j: (4,5)€Ge

and with a translation of the coordinates we can lead to this situation also costs

like
)

for any given y € R?. This example, more genuinely than the previous one, shows

% 1 4 % %
s =58 [ (I uixi-yP
0

Xi— > wx]
j: (4,)€EG,

that the strong gathering assumption entails that we are giving some sort of prefer-
ence about where the players should aggregate. This will strengthen the attractive
structure yielded by a graph satisfying only assumption (2.1.3) (Example 2.1.2),
thus providing more stability to our game.

From this section on in this part, the following assumptions will be in force,
declined according to suitable choices of the interval I which will be specified (com-

pare, for instance, the statements of Theorems 2.2.24 and 2.5.1).

ASSUMPTIONS (). The matrices f* and g are shift-invariant and f° = f°(N) and
g° = ¢°(N) are directed with limits f,g € .#(¢) for some ¢ € N. The matrix f
is g-strongly gathering for some ¢ > 0 and g is compatible on I with f for some

interval I C R, in the following sense: given

-1 -1
d(z,w) = Z Frez"w", U(z,w) := Z gnkz"wk

h,k=0 h,k=0

and setting

we have
(2.2.17) %n§ ¢ tanh(t€) + & > 0 on gD.
€

REMARK 2.2.22. Note that for any ¢ € R, one has that 1 tanh(¢£) + £ is bounded
on D, as £(2)t can be a singular point only if £(2)? = (z,0) < 0, which contradicts
that z € D. Also note that condition (2.2.17) holds with I = R if, e.g., g = 0 or
Y] > [€].

2The symbol /- denotes the principal branch of the square root function.
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Considering system (2.2.6), we see that for any N sufficiently large with respect
to ¢ we have fpr = 0 = gy, if either h or k is negative; hence the limit system as
N — oo will be given by
(2.2.18) = énr — concor + Y _ (Con—jCik + cok—icin) = furs  can(T) = gnk,

JEL
where frr and gny extend to h,k € Z? by letting fnx = 0 = gn if (h, k) ¢ [[€ﬂ2.3
Given this system, another reduction is possible. Since fpr = 0 = gpr Whenever
h Ak < 0, the assumption that ¢y, = 0 if h A k < 0 is not a priori incompatible
with the structure of system (2.2.19). Therefore we will look for a solution with
this additional property; in this way, the coefficients which are not a priori null,
(chi)n, ken, Will define in a natural way a symmetric operator ¢(t) ® Iy on X which
vanishes on £>°(Z_;RR?), so that it can also be seen as a trivial extension to X of a
symmetric operator on ¢£°°(N;R%). This reduces the system of ODEs in (2.2.18) to

h k

(2.2.19) = ¢k — concor + Z Co,h—jCjk + Z cok—jCih = frk,  cae(T) = g,
=0 =0

which will be the object of our following study, and will eventually provide a solution
with the particular form presented in the upcoming definition.

DEFINITION 2.2.23. A quadratic shift-invariant directed (QSD) solution to (2.2.1)
is a classical solution of the form

. 1 . . T
(2.2.20) u'(t,z) = = Z cni () (@ 2P ey —I—/ Trc(s) ds,
h,kEN ¢

for some c: [0,T] — ¢}(N?) C ¢*(2?).*

THEOREM 2.2.24. Under Assumptions (x) with [0,T] C I, there exists a unique
QSD solution to (2.2.1) on [0,T] x X.

The following lemmata, in whose statement the hypotheses of Theorem 2.2.24
will be implied, provide the steps of our proof of Theorem 2.2.24.

LEMMA 2.2.25. There exists a unique sequence (cpi)n.ken C C([0,T])NC((0,T)),
with ¢y, = cgn, which solves the infinite dimensional system (2.2.19) on [0,T].

ProOOF. We perform the change of variables ¢ — T — ¢ and prove that there
exists a unique solution on [0,7] with initial condition ¢(0) = ¢ to the forward
system

h k
(2.2.21) Chk — ConCok + Z Co,h—jCik + Z €0,k—jCin = fnk

Jj=0 Jj=0

SNote that the limit operator g is exactly the matrix f € .#(¢) seen as embedded into the
space of symmetric linear operators on RZ.
4A natural immersion 2: £1(N?) < ¢1(Z2) is given by #(z)’ = 2* if i € N and 2(z)? = 0

otherwise.
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which smoothly extends to R. Then, the solution to (2.2.19) on [0, T] with ¢(T") =0
will be given by the restriction to [0, 7] of é(T — -), where ¢ is the unique solution
to (2.2.21) on R with ¢(0) = g. Note that ¢y is the solution to the Riccati equation
oo + €29 = foo, where foo = ¢(0,0) > 0 by strong gathering, hence

R vsinh(vt) + gcosh(vt)
t) = = = 4/ .
Coolt) =¥ gsinh(vt) + v cosh(vt)’ 8= oo, ¥ foo

All the other ép;’s satisfy first-order ODEs with coefficient which are second-order
polynomials depending only on fyx and é,/p with (R', k") < (h, k), where < denotes
the strict Pareto preference.® Therefore, existence and uniqueness of the solution
to the infinite system may be proved by induction. Indeed, suppose (éor o<k <k C
C*(R) are given, and note that

k—1

éor + 26000k = for — Z Co,k—;5C0j;

j=1
then égx is unique and smooth as well. This proves the existence and uniqueness
of ¢y for all k& € N; then, looking at this argument as the base step for a new
induction over h, one proves analogously the existence and uniqueness of éy, for all
h € N and any k € N. Finally, ¢, = ckp since equations (2.2.5) are invariant with
respect to the swap (h, k) — (k, h). L]

The arguments below show that the coefficients ¢j, can be thought as deriva-
tives of a generating function é, which will play a fundamental role in the long-time

analysis.

LEMMA 2.2.26. The solution to (2.2.19) on [0,T] is given by
1 athk

(T —t), Ytelo,T]
(0,0)
for some function 2:1x oD? — C, of class C™ with respect to t € I and analytic
in oD?, such that Z(-, z,w) = 2(-, w, z) and 2(0,-,-) = ¥,

PROOF. Suppose that, for all z,w € D fixed, there exists a solution Zonl to
(2.2.23)
0:E(t, z,w) — E(t,2,0)E(t, 0,w) + (E(t, 2,0) + E(t,0,w))Z(t, 2, w) = ¢(z,w),

with the desired properties of smoothness, invariant with respect the swap (z,w) —
(w, z) and such that (0, z,w) = ¥(z,w). Then by taking the derivatives otk 0,0
one recovers equation (2.2.21), and thus the coefficients given by (2.2.22) satisfy
(2.2.19) on [0,T].5 To see that (2.2.23) admits such a solution, note that Z(t, z, 0)

5That is, (k/, k') < (h, k) if and only if A’ < h and k¥’ < k with at least one strict inequality.
8In other words, we are saying that 6285,@(15, 0,0) = hlk!épi(t), where the coefficients ¢pg

are those in the proof of Lemma 2.2.25.
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solves the Riccati equation 8,2(t, z,0) + Z(t, z,0)2 = ¢(z,0); hence,
Bt 2.0) = £(» &(z) sinh(&(2)t) + ¥(2) cosh(&(2)t) s
=020 = G (e T G eoshigy VY00

Note that letting
E(t,2;C, G2) == Ci(2) sinh(£(2)t) + Ca(2) cosh((2)t)
one can write

- 5(t7 2 57 ’l/}) 0
2(t,2,0) = Lo £t
(12,0 = €02) Gy o) = 5 TogE(t z1006)
For any ¢ € I fixed, this function is well-defined for z € gD and analytic therein by
the compatibility assumption (2.2.17). At this point, (2.2.23) becomes a first-order

ODE in t € I, for all z,w € gD fixed, whose solution is given by

(2.2.24)
L EEEw) e [ (e e
2(t20) = g et (V) + [ (B vt
) s
+ P50, 060w 1.6)) ).

Note that f( t,-,-) is well-defined for z,w € gD by the same argument we applied
to E(t,-,0). Also, it is trivial that Z(-, z, w) € C°°(I), and by differentiating under

the mtegral sign one proves the analyticity of é(t7 ) [

REMARK 2.2.27. Let £(t,2: (1, (o) = E(t,2;C2,C1). As, omitting the dependence
on (1 and (o in £, we have %S(t, z) = £(2)E(L, 2), it is easy to see that

gt( (t, 2)E(t,w) £ E(t, 2)E(t, w)) = (&(2) £ §(w))(5(t, 2)E(t,w) + E(t,2)E(t, w))

and thus

/0 E(s,2)E(s,w)ds
— 1( ('7 Z)5<7 ’LU) + g('7 z)g(, w) + (‘:’(7 Z)g(v w) — 5(-’ Z>g(7 w))
2 £(2) +&(w) £(2) — &(w)
Letting (¢1,¢2) € {(&,%), (¥,£)} one can then compute the integral in (2.2.24). Set
(2.2.25)

oF(t, z,w) =

t

O,

0

.F(t,Z)#*./_'.(t,w):t‘/—'.(t,Z)* ~
E(ta';§7w)’

F(t,
£(2) +&(w) §(z) — &(w)

then
(2.2.26) 28(t, z,w) = W(z,w) + ¢(z,w)o™ (t, z,w) + £(2)E(w)o ™ (t, z,w),

where
U(z,w) = ¥(z,w) — ¢(2,w)0 " (0, 2,w) + £(2)&(w)o™ (0, 2, w).
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LEMMA 2.2.28. Let ¢ = (cpi)n ken be the solution to system (2.2.19) on [0,T].
Then, for any r € (1, 0),

K(r,T)
(2227) ||Cthoo;[O,T] < W Vh, ke N,
for some constant K(r,T) depending only on T, r, f and g. In particular, ¢ €
CY([0,T); £1(N?)) and the same is true for ¢.”

PROOF. By the strong gathering assumption, the function é(t7~7~) given in

Lemma 2.2.26 is analytic in a neighbourhood of

(2.2.28) Q, =D, x Dy,
with r € (1, 0). Then, by Cauchy’s theorem on derivatives,
1 .
2.2.2 . < —— =|.
222 fenloton < i, s,

This proves that ¢ € CY([0,T]; ¢1(N?)), and further regularity is easily proven by
induction by exploiting system (2.2.19). [

LEMMA 2.2.29. Let ¢ be the solution to (2.2.19) on [0,T]. The functions u® given
by (2.2.20) are well-defined for (t,xz) € [0,T] x X, differentiable with respect to t,
and twice Fréchet-differentiable with respect to x.

PROOF. Since a suitable shift of coordinates in X transforms u‘(t, -) into u’(¢, -),

0. The existence of a solution follows from

it is sufficient to prove the result for w
Lemma 2.2.28, and the differentiability with respect to ¢ follows from the same
lemma and the fundamental theorem of calculus. The differentiability with respect
to « follows again from Lemma 2.2.28, as it is trivial to see that for any h € X

small one has
1
u(t,x +h) —ul(t, ) — ((c(t) @ 1)z, h)x — §<(c(t) ® Ig)h,h)x =0,
where, with an obvious notation, ((c(t) ® 1a)y, 2)x = >, pen k(D) (Y, 2" )pa. =

LEMMA 2.2.30. Let u® be given by (2.2.20), where c is the solution to (2.2.19) on
[0,T]. Let Br be the closed ball of radius R in X. Then, for any r € (1, p),

o 1 (REr\?
Z ||Dj“JDj“ Hoo;[o,T]xBR S r—1 (r — 1) ’
JEZ\{i}

where K = K(r,T) is the constant appearing in Lemma 2.2.28.

PROOF. We have Dju'(t,z) =0 if j < i, and Dju’(t,z) = >, cn Cj—in(t)z" if
j = 4. Then, for x € Bg, and r € (1, ) fixed, estimate (2.2.27) yields

|Dju’ (t, x)Dju’(t,x)| < R? Z|c (O)lej—ar(t)] < RKr 2L
S h,kEN A A

7And for all higher order derivatives.
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for all £ € [0, T]. The thesis now follows by computing >, 7"/. n

Since, by construction, choosing u® as in (2.2.20) satisfying (S1) and (S2) in
Definition 2.2.1 yields a classical solution, the proof of Theorem 2.2.24 is complete.

2.3. Almost-optimal controls for the N-player game

We did not prove long-time existence of a solution to the Nash system for the
N-player game, with N > / finite; nevertheless, in Corollary 2.3.4 below we show
that on any fixed horizon [0, T| the infinite-dimensional optimal control for the i-th
player, given by a*!(t, X;) := disi co7j_i(t)th, if suitably “projected” onto (R%)™,
provides an e-Nash equilibrium for the N-player game, with e - 0 as N — oo. In
claiming so, we consider classes of admissible controls in the sense of the following
definition.

DEFINITION 2.3.1. Let R, L > 0. A control a: [0,T] x (R?)Y — (RY)Y in feedback
form belongs to Ag . if, for all t € [0,T], z,y € (R,

lat, 0 <R, falt,z) — a(t,y)| < Lz —y|.
The Lipschitz constant L is said to be admissible if L > ||co.||co([o0,1:01 (v))-

REMARK 2.3.2. For such controls, it is known (cf., e.g., [4, Theorems 9.1 and 9.2])
that

dX; = a(t, X;)dt +v2dB; t€[0,T]

(2.3.1)
Xo=29 € (Rd)N

has a unique solution, satisfying E supy, 7 | X|? < C where C is a locally bounded
function of R, L and T, directly proportional to 1 + |zg|2.

THEOREM 2.3.3. Consider the N-player game on [0,T] with time evolution of the
state of the players given by (2.3.1) and costs given by (2.1.1) with f°, g% > 0. Let
Assumptions (%) be in force with [0,T] C I. Let ¢ solve (2.2.19) and define the

control a* by

N—i—1 N—-1
o (X0, LX) = Y X D o)XY, ie [N].
=0 j=N—i

Then, for any R > 0 and admissible L, for anyi € [N] and any (a*~%, %) € Ap.1,°®
THa) < T (@75 9) + CM + (7M™ + N)§Y) Ve (oh 1), VM >,

where £ is the dimension appearing in Assumptions (x) and the constant Cisa
locally bounded function of R, L, T and §, directly proportional to 1 + |zo|?.

8With this notation we mean that all components are those of a* but the i-th one, which is
a suitable R%-valued function v = % (t,z). Note that o* € Apg, 1, for any R and admissible L.
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PROOF. Since f and g* are shift-invariant and o* is linear in the state variable
with Da* circulant, without loss of generality we can prove the thesis for ¢ = 0.
We denote by X* the solution to (2.3.1) when o = a* and by X the solution to
(2.3.1) when o = (¢, a*!,...,a*N~1) =: 4*. We wish to estimate from above the

quantity
T
232) S =26 = 38| [ (X - oo XoP
+F(X]) = F(X0) b + G(XF) - G(Xn)|,

where F := (F°.,.) and G := (G°-,-). Let u be the QSD solution to (2.2.1) on
[0,7] x X. Since G is convex and DG = Du’(T, "),

G(X7) - G(Xr) < (Du’(T, X7), X7 — X1)gan

=2 > (DX, X — X )a

+ e (X, X7 = X )ra + e (0)(XF, d(X7 — th)had)-

Note that we can replace ¢ with any M > ¢ because ¢;,(T) = g;x(T) =0 if k > ¢.
As ¢ solves (2.2.19) we obtain

1M-1

i) —atxn < > ([ Zco,] R0, X7~ X
j=0 k=0 0
T _k ‘
Y e e (G~ X
O h=0

T
~ f / (X2 X2 — X g dlt
0
T . .
+/ e (t, X7), X7 — X )ga dt
0
T ) ‘
[ enO0 % 0X) — (0 X))o dt) + 21,
0

where (Z;)o<i<r is a martingale starting from 0. Straightforward computations
show that, omitting the dependence on t,

g

-1

M—1 k N-1
*k *k

- Z iR (X Z Co,k—hChj X" + Z

k=0 h=N—M

M—-1
*,h+k—N
E COthkX
0 h=0 1k=N-h

e
Il

+
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and
N-1
=) ep(a(X7) = @Y (X)) = —cop(a™(X¥) = 9(X))
3=0
N—-1 j )
+ )0 enncojon(XT = X7)
7=0 h=1
2N—-2 N-1
+ Z C_]k;cOh ](X*h N Xh N)
h=N j=h—N+1
therefore,
M-1 T
(233) G(X7)—G(Xr) <= Y | cou®)(X* a*(X*) = (X))pa dt
k=0 0
N—1M-1 T
- ijk/ (X* X - X Rddt—/ & dt,
j=0 k=0 0

where we have set

,h+k—N j j
COthX* + ,X*J—XJ>R4

92 _
Z Z cjk:CO7h—j <X*k, X*,h—N _ Xh_N>Rd .
=h—N+1
Note now that by the convexity of %| - |2, omitting the dependence on t,

(234) e (X~ SRR - (@(X7),a"(X) ~ 9(X))ps <O
and by the convexity of F

(2.3.5) F(X*) — F(X) — (DF(X*), X* — X)ga < 0.

Using (2.3.3), (2.3.4) and (2.3.5) in (2.3.2) we obatin

(2.3.6)  JO>a*) — JO>&")
T
c *0 *\ 4 _ " .
[2/ DX, (0) = oKt~ [ 8 dt}
As, whenever {Y, Z} C {X*, X},

T
sup IE/ (Y, Z])ga|dt < TC,
4,k€[N] 0
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where C' = C(|zo|, R, L,T) is the constant appearing in Remark 2.3.2, we have

T
\E / etdt]<2Tc(||c||co([o,ﬂ;w>> S feonlloor
0

h2N—M
N-1
+y > ch‘”CU([O,T];Zl(N))||CO7h—j||00;[0,T])7
h=N j=0
so that by Lemma 2.2.28, for any 6 € (o~ !, 1), there exists K > 0 such that
T 2
. - 2TCK
(2.3.7) ]E/ Edt| <CO M4 NN, C:= .
0 (1-0)?
On the other hand,
T
(2.3.8) sup IE/ HX* a*0(X*) — h(X))ga| < 2RVTC +2LC,
k 0

where we used again that a*,&* € Ag 1. Therefore, from (2.3.6), (2.3.7), (2.3.8)

and Lemma 2.2.28 we obtain
~ ~ K ~
JO>a*) = %) < (M + (M + N)§Y), C:=2RVTC + LC)—VC.
This concludes the proof. [
COROLLARY 2.3.4. Let Q C R? bounded, and assume the same as in Theorem 2.3.3,
but with xg € QV. Let R > 0 and L be admissible (in the sense of Definition 2.5.1);
consider as admissible those controls belonging to Ag 1. Then, for any e > 0 there

exists No = No(g, R, L, 0,¢,Q) such that if N > Ny then the control o* provides an

e-Nash equilibrium of the game.
PRrROOF. It suffices to require that
(2.3.9) CEM + (™M £ N)N)<e VYN >N,

where, for instance, one sets § = (1 4+ ¢~'). Choose M = M(N) such that
M — 0o and M = o(N) as N — oo; for example, M = [v/N| for all N > ¢2. Since
zo € OV there exists a constant ¢, independent of N, such that ¢ < NC’. Then
the conclusion follows from the fact that the left-hand side of (2.3.9) goes to 0 as
N — oo. n

2.4. The ergodic Nash system

Consider now the related ergodic problem, with costs

_ 1 . ,
) — i 7|2 i
J' () —%gr_lu_xg 2T]E/O (|o']? 4+ (F'X, X)),

where the dynamics and the assumptions on F* are the same as before. The corre-

sponding Nash system reads

) 1 ) ) L
(2.4.1) No— Avt + 5|Dﬂﬂ|2 +) DD  =F' in Y,
J#i
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where ) is either (R?)Y, for the N-player game, or X, for the limit game with
infinitely many players. In the latter case we give notions of classical solution and

QSD solution which are analogous as those in the previous section.

DEFINITION 2.4.1. A sequence of pairs ((\?,v?));ez of real numbers A\* and R-valued
functions v® defined on X is a classical solution to the ergodic Nash system (2.4.1)
on X if the following hold:

(E1) each v’ is of class C? with respect to x € X, in the Fréchet sense;
(E2) for each i € N, the series } DjviDjv* uniformly converges on all
bounded subsets of X’;
(E3) system (2.4.1) is satisfied pointwise for all x € X;
A QSD ergodic (QSDE) solution will be a classical solution to (2.4.1) with

. . 1 _ _
(2.4.2) AN=A=Tre, v'(x) = 3 Z i (z" T, 2P ) pa,
h,kEN

for some ¢ € £1(N?).

REMARK 2.4.2. By the structure of (2.4.1), it is clear that if (A%, v%));ez is a
classical solution, then so will be (A%, v? + ut));ez for any choice of real numbers
pt. We will prove that there exists a special choice of u € R, and of ¢ € (1(N?),
such that the solution ((\, v+ p))iez, with A and v given by (2.4.2), is in a precise
sense the limit of the QSD solution as ' — +o00 (see Theorem 2.5.1).

Arguing as in the previous section, the coefficients ¢, of a QSDE solution are

given by the solutions of the following system:

h k

(2.4.3) — ConCok + Z Co,h—5Cik + Z €o,k—jCjh = fnk-
§=0 §=0

It is immediate to see that if ¢ solves (2.4.3), then so does —¢, hence we cannot

have a unique solution to this limit system.

LEMMA 2.4.3. There are exactly two sequences (¢, )n.ren which solve (2.4.3). Such

sequences are one the opposite of the other; that is, ¢~ = —c™.

PROOF. We have c3, = foo > 0, hence cog € {£+/foo }. Once the sign of cqg is
chosen, all other cp; can be uniquely determined by induction on h, k. ]

Both solutions can be represented also in this case by a generating function.

LEMMA 2.4.4. The two solutions to (2.4.3) are given by
1 8h+k
M k! 8zhowk

[1]]

(2.4.4) cf =+

)

(0,0)

for some analytic function Z: oD? — C such that Z(z,w) = Z(w, 2).
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PROOF. A function Z is the desired generating function if it solves the equation
—E(2,0)E(0,w) + (E(2,0) + E(0,w)) =(z, w) = ¢(2,w),
for z,w € gD. It follows that =(z,0)? = ¢(z,0), so choose Z(-,0) = &; then

¢(z,w) +§(2)€(w)
§(z) +¢(w)

Note that the real part of the denominator in (2.4.5) can vanish only if |z|, |w| = o,

(2.4.5) E(z,w) =

hence Z is well-defined and analytic for (z,w) € oD?. n

This is sufficient to prove the existence of exactly two opposite QSDE solutions,
and thus that the limiting ergodic Nash system in X is soluble. We state this as a

theorem.

THEOREM 2.4.5. There exist exactly two QSDE solutions to (2.4.1) on X. Such
solutions are one the opposite of the other.

PRrROOF. Argue as in the first part of the proof of Lemma 2.2.28 to say that
¢t € (*(N?), then argue as in the proof of Lemma 2.2.29 to build the QSDE solution
determined by choosing ¢ = ¢*. Finally note that the solution determined by the
choice ¢ = ¢~ is the opposite function. [

2.5. Long-time asymptotics

As expected by KAM theory and ergodic control, we are going to prove now
that, up to a constant, the QSDE solution corresponding to ¢t (that is, the solution
with ¢gp > 0) describes the long-time asymptotics of the QSD solution as T — 400,
while the opposite solution should be regarded as the result of considering the limit
T — —oo instead. To highlight the dependence of the QSD solution on T, we will
write it as ul; on the other hand, since by the shift-invariance property it will
suffice to show the convergence of uJ to the QSDE solution v°, we will omit the

superscript 0.

THEOREM 2.5.1. Let Assumptions (x) be in force with [0,4+00) C I. Let ur be the
value function of the 0-th player corresponding to the QSD solution to the Nash
system on [0, T] x X; let v be the value function of the 0-th player corresponding
to the QSDE solution on X determined by ¢ = cT. Let X\ := Tré. Then, for any
t>0, ast <T — +o0o, the following limits hold, locally uniformly in both x € X
and t:

ur(t, )

— A
T—1

(2.5.1)
and there exists a constant p € R such that

(2.5.2) up(t,x) = MT —t) = v(z) + p.
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The proof is based on the following result, which is strictly related to a refine-
ment of Lemma 2.2.28 (cf. Remark 2.5.3 below) and is due to the possibility of
explicitly compute the integral in formula (2.2.24) as showed in Remark 2.2.27.

LEMMA 2.5.2. Under Assumptions (x) with [0, 4+00) C I, there exists a nonnegative

function v € CJ(]0, +00)) N L ([0, +0)), depending only on r, f and g, such that

2
+ e
ui??gr otz ) £(z) + &(w) <)

for all t >0, where oF are defined as in (2.2.25).

PROOF. By the continuity of &, given 7’ € (r, 0),° there exists € > 0 such that

(2.5.3) RE>e on Dy
whence
(2.5.4) ]irelg |E(w)t — (k+ 3)ir| >0(t)  VYweDy, te0,+),

for some function ® which is uniformly positive on [0,400).!° By (2.5.4) there
exists a uniformly positive function f: [0, +00) — R, which depends only on r and
f, such that |cosh(-t)| > f(t) on £(D,.); also, by (2.5.3) we can suppose that f be
asymptotic to eIl at co. Since, with F defined as in (2.2.25),

5 1 (R~ () - s

gg 71 # VR = SRR ) b E)) + £()2

we obtain, also using (2.2.17),

F(t,z) — F(t,w) <t
§(z) —&(w) |~ §()?

where the implied constant depends only on 7, f and g. At this point, it is easy to

(2.5.5) Y (t,z,w) € [0,400) X Qp,

see that the desired conclusion follows. n

REMARK 2.5.3. This proof shows that if [0,4+0c0) C I, then the constant K ap-
pearing in Lemma 2.2.28 is in fact independent of T', since supRXQJé\ is finite. In
particular, ¢ € C°([0, T]; ¢! (N?)) along with its derivatives, and their the norms are

bounded uniformly with respect to T" > 0.

PROOF OF THEOREM 2.5.1. Fixr € (1, 9). By comparing expressions (2.2.26)
and (2.4.5) one sees that

(2.5.6) sup [E(t,z,w) — Z(z,w)| S (T 1),

2|, |wl<r

°E.g.,r = %(rJr 0).
For instance, ?(t) = (t \Y %”5”;26 /)5.
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where « is the function given in Lemma 2.5.2, and the implied constant depends
only on the L*-norms of ¢ and £ on D, and Q,., respectively. By Lemma 2.2.26
and Cauchy’s theorem on derivatives,

(2.5.7) ‘Cz;k(t) —cni| < sup |2(t, z,w) — E(z,w)| Vh,keN;

h+k
r 2], w|<r

where we have used the superscript T to stress the fact that cpi(t) = ¢k, (t) depends
on the horizon T'. Plugging (2.5.6) into (2.5.7) yields

(2.5.8) D lehi(t) = enel ST 1)
h,keN

as well as

(2.5.9) [ Tre’ () = A ST - ),

where the implied constants depend only on 7 and f. As « is integrable on [0, +00),
by (2.5.9) so is Tré — A, where we use the notation é = ¢(T — -) introduced in the
proof of Lemma 2.2.25; thus by the dominated convergence theorem there exists
1 € R such that

T

/ Tre! — (T —t)A = p as T — +oo,

t

locally uniformly in ¢. Along with (2.5.8), this proves (2.5.1) and (2.5.2). [

REMARK 2.5.4. The argument of the previous proof also applies to the case when
t = sT, with s € [0,1]. In this case, we can give the following estimate of the rate
of convergence of (2.5.1): for any r € (1, o),

up(sT,x 1
LA T

sup
|lz||» <L, s€[0,1]

The implied constant can be computed quite explicitly, by retracing the proofs
above; we confine ourselves to pointing out that it depends only on L, r and f, and
that it explodes as L — oo or r — 1.

2.6. Digression on a delicate limit case

We have noted in Example 2.1.2 that the case of a cost designed according to
an underlying directed circulant graph structure is limit among those satisfying our
assumptions, in the sense that Definition 2.2.16 holds with o = 1.

Results like Lemmata 2.2.25, 2.2.26, 2.2.28, 2.4.3 and 2.4.4 continue to hold,
but the other methods used in the previous sections are not refined enough to
successfully prove all the previous theorems for those limit cases, even though,
along with Remark 2.5.3, they are sufficient in order to establish £*°-stability at
the level of the system for ¢; that is, convergence in ¢°°(N?) of the solution to
(2.2.19) to a solution of (2.4.3).

On the other hand, having a closer look at the simplest limit case, which is the
directed chain given by the choice g = 0, f§, = f =1=—f4 = —fand ), =0
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for all other h, k, we note that we are also able to compute QSDE solutions quite
easily, thanks to formula (2.4.5). In this case we have ¢(z,0) =1 — z, and we find

the expansion

S(zw) =1+ (-) ()zﬂﬂuf +> (=) <J> 7 2wk

j>1 =2 hk>1
h+k=j

yielding
(2.6.1) GE = ()t 5 — 8o,hk .
hk btk

As by Stirling’s formula |cfk| = (h—&-k)‘sovhk_g, one easily sees that these coefficients
well-define a QSDE solution, hence the limit ergodic Nash system has a solution.

One can also note that the coefficients enjoy the property that
(2.6.2) Chik = CO,h4k — COhtk—1 if hk #£ 0,

where ¢ is either ¢ or ¢7; this can be seen from (2.6.1) or proved by induction
using system (2.4.3). In fact, the same can be done for system (2.2.19), so that
property (2.6.2) also holds for the'* solution of (2.2.19) on [0, T, for any fixed T' > 0.
Therefore, the information about the coefficients of a prospective QSD or QSDE
solution is encoded in the functions of one complex variable Z(t, ) := Z(¢, -,0) and

Zo = Z(+,0), namely
Eo(t,z) =vV1—ztanh (VI—2(T —t)) and Zo(z) =v1-—=z.

This peculiar fact is specific of the directed chain. It could be useful as it allows
to conclude existence of a solution to the infinite-dimensional evolutive Nash system
provided that the sequence of functions (cox)ren is monotone,'? yet this would not
still be enough to deal with convergence to an ergodic solution.

Another property is instead shared by all problems having f of the form (2.1.4):
the polynomial ¢ factors as ¢(z,w) = £2(2)¢2(w); this makes = and = functions of
(£(2),&(w)), possibly helping in the analysis of the aforementioned limit cases.

" Note that it is indeed unique, as Lemma 2.2.25 is still true with the same proof.

12 As it would seem by computing the first functions of the sequence. . .
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Nash systems in infinitely many dimensions
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3.1. The problem

We consider the following system of infinitely many (backward) parabolic dif-
ferential equations of Hamilton—Jacobi-Bellman (HJB) type, which we refer to as

an infinite-dimensional Nash system:

—opu’ — Z Ak (¢, x)Djzk.ui

ik
(3.1.1) + H'(t,z,Du) + > _ 0, H (t, 2, Du) Dju’ =0 i€EN,
J#i
u'(T, ) = G
where Du := (Dju?)jen, set in R% := [0,7] x R¥, where the space R¥ is RN

equipped with the product topology.

The unknowns are the value functions u’: R% — R; the data are the horizon T,
the diffusion A = (A%); pen: [0,T] — R¥*  the Hamiltonians H': R% x R¥ — R
and the terminal costs G': R¥ — R.

The notation R¥*“ indicates infinite-dimensional square matrices, or equiva-
lently the space (R¥)“, in analogy with the notation RV*Y for N x N matrices.
The typical element of [0,7] x R¥ x R* is denoted by (¢, x,p), with coordinates x’
and p?, j € N. Also, we will use the notation R% and R} when we need to specify
which copy of R¥ we are considering, while R% will always mean [0, 7] x RY.

Derivatives are understood in the sense of Gateaux; recall that given k vectors

vl ..., 0% € R¥, the k-th Gateaux derivative of V along them is recursively defined
by
0
DMV (x50t ... o) = 55 DF IV (x4 so; 0t 0P
0

53
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We denote by 0; the derivative with respect to ¢, by D; the derivative with respect
x7 (that is, with respect to x along e;) and by Opi the derivative with respect to .

The strategy in Chapter 2 to prove existence for the LQ infinite-dimensional
Nash system is based on the existence of a positive c-self-controlled sequence [ €

01(Z) providing bounds for the derivatives on the data; that is, for instance,
D G| S BB,
with g satisfying the peculiar property to control its discrete self-convolution:

(BxB) =D _BIF B Viel.

JEL

Thinking of the simpler form of (3.1.1) where the equations are given by

, 1 4 , ,
—8tu’ — Au'* + §|Dlul‘2 + ZD]"LLJ . DjuZ = 0’
J#i
the above hypotheses allow to obtain nice a priori estimates by efficiently handling
the strongly coupling terms 3, Dju’ - Dju’.

Our main result (Theorem 3.4.2) is a local existence and uniqueness theorem for
(3.1.1) under suitable decay assumptions inspired by those described here above;
we refer to the Introduction for a more extensive discussion. Contextually, we
also prove (see Proposition 3.3.2) a priori estimates, stable with respect to the
dimension, for general linear transport-diffusion equations whose drifts (and their

derivatives) enjoy appropriate decay properties.

3.2. Weighted Holder spaces of functions on R%

We start with some useful definitions and related comments. At first sight, the
reader might find the spaces defined in this section a bit odd, nevertheless we point
out that they will turn out to be appropriate for dealing with decays governed by
a c-self controlled sequence.

DEFINITION 3.2.1. For V: R¥ — R and « € [0, 1] we define

V()] i —s — V()] i
[V]y :=sup sup sup | (@)es Y (x)| ’ J‘ .
JEN =3 €R® yi £z lyd — 23|7
REMARK 3.2.2. We included also v = 0, for which [V]y < 2||V||, where ||| oo is
the usual sup-norm.

DEFINITION 3.2.3. Given 8 € (R;)" and a € NY with |a] = Y, o < oo, for
V:R¥ - Rand vy € [0,1) we define

_ IVl

V],
Vv 008, *=
IVlliso = 5,

g

and V]84 =
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where 8¢ is recursively defined as follows: if |a] =0, 8¢ := 1, and for |a| > 1,

1
. i TaT . o
B = (H(ﬂ’)a ) A min 5%,
ieN
the minimum being taken over all o' < « (according to the lexicographic order)
with |o/| = |a| — 1.

EXAMPLE 3.2.4. We will essentially use the above definition of 5 for |a| < 2.
For example, note that if o/ = 1 = o* and o = 0 for all i ¢ {j, k}, then 8 =
BINBY N BIBE.

REMARK 3.2.5. One has that ||V ;8,0 = [|[V|leo and [V]y.50 = [V], are in fact

independent of 8. Similarly, with 1 denoting the all-ones sequence, [|[V|oc:1,0 =
[Vllso and [V]yi1.a = [V]5-

REMARK 3.2.6. Since 8¢ is non-increasing with respect to «, one has ||V||co;8.a <
IV ]loo:B,0 if @ < .

REMARK 3.2.7. Let o € NY and suppose that || D V| se:5.o- is finite for all j € N
and o > a with |o/| = |a|+1, where we are using the standard multi-index notation
for derivatives (that is, D*V = DS‘OD?1 = ~D§‘£V, with ¢ := max{i € N: o' # 0}).
Then

sup, || D; DV |0 V 2[| DV |

[Dav]'y;ﬁ,a < Ber
< sup [[D* V”OO;B,Q N 2||Dav||00;ﬁ,a'
o' >a
o |=[al+1

DEFINITION 3.2.8. Given m € N, v € [0,1) and 8 € (R4 )Y, the space CE+V(R“’)
is that of all functions V: R¥ — R such that, for all & € NN with |a| < m, the
derivative D*V exists and it is continuous, with finite norm
IV l[mtris = Z sup |D*Vlosip,a + sup [D*V]y:5.a-
k<m|a\:k |a]=m
For v = 1, we denote by Cg“l(Rw) the space of all functions as above, with finite

norm
[Vlimag =Y sup [DV]ocipa+ sup [D*V]ig,a.

k<m || =k al=m
We will also benefit of a slight variant of the above spaces, which is given as

follows.

DEFINITION 3.2.9. Given m € N\ {0}, v € [0,1) and 8 € (R;)Y, the space

C’gHV*(R‘*’) is that of all functions V' € C’Z%H'Y(]R‘”) such that, for all @ € NV

with |a| = m, the derivative DV exists and it is continuous, with finite norm
[VIImay=8 = IV lm-144:8 + ‘SUP sup (||Dav“oo;6,a’ + [DQV]W;@Q’)'

al=m o'<a
la'|=m—1
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One also defines C’gn_’l(R“’) in an analogous manner.

REMARK 3.2.10. By Remark 3.2.6 (and the fundamental theorem of calculus) one
has that C’;""M (R¥) is a closed subspace of C’gLM_(R“’), and by Remark 3.2.7

Z sup [[D*V|[os;8,0 + sup  sup (||DaV||OO;ﬁ,a’ + [DQV]“/;B@’)

k<m—1 al=k lal=m o'<a
|’ |=m—1

is an equivalent norm on C’gz+77(R“’).

In the following, in light of Remark 3.2.5, for v € [0,1) we will simply write
C7(R¥) in lieu of C)J(R¥) and omit the subscripts # and « in the seminorms;
similarly C%Y(R¥) := Cg’l(R‘*’). We will also omit the § when it is the all-ones
sequence; that is, C"7(R¥) := C7*"7(R¥). The same conventions are understood

for the spaces given in Definition 3.2.9 as well.
LEMMA 3.2.11. The spaces Cg+7_(Rw) and C?+7(R“) are Banach.

ProOOF. We prove that C7(R¥) is Banach, and then that so is C’gﬂ"y_(]R“’) for
m > 1. This will give also the completeness of CZH'W(R‘”) due to Remark 3.2.10.

If (VN¥)yen C CY(R¥) is Cauchy, by the Ascoli-Arzela theorem there exists a
subsequence VN» — V € C°(R¥) as n — oo in the topology of compact conver-
gence. We have, for any z,y € R¥ with 2! = ¢’ for all i # j,

[V(z) = V¥ (z) = (V(y) = V¥ (y))]
<limsup [V (z) = VA (y) — (VV () = V¥ (y))]

n—roo

< Jod — M limsup [V — VY],
n—oo

and |V — V|| < limsup,,_, ||V — V¥ . Therefore VY — V in C7(R¥).
Fix now a bijection &: N — {a € N¥ : |a] < m} and let ) be the spaces of
sequences of functions W € £°°(N; C7(R¥)) with finite norm

Wiy =3 sup Wt V7

ke<m 1EN:|a()|=k w(d(i))
where »
Be® if |a(i)] < m
w(a(i)) == r<nir(1.) B if |a(i)| = m;
\a'|\:m71

Y is easily seen to be a Banach space. Then consider the linear map +: CE”J”(]R“) —
Y given by o(V)" := DDV for V € C’;"'M(R‘“) and i € N By Remark 3.2.7,
IVlhir—spa < Je(V)lly < BVl Thercfore, if (V) ven © CF~ (R#) is
Cauchy, then «(VY) — W in ). By compact convergence, if |a(j)| = |a(i)| + 1
with a(5)*¥ = a(i)k +1, then Wi(z) — W(z)|k—g = fozk W ()| k=, dy. Exploiting
the fundamental theorem of calculus, one can prove by induction that this implies
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that Wi = De@OWwe " ©O): therefore, W = «(W® (). By the above equivalence of
norms and the linearity of 2, we conclude that VN — We (0 ip CgLJ“’*(R“’). "

In a similar fashion, we define parabolic (Holder) spaces on R%.
DEFINITION 3.2.12. For V: R%¥ — R and « € [0,1) we define

[V]%,’y ‘= Sup [V(7x)]1 + sup [V(t7 )]’Y

TER® 2 tefo,1]
Vv t7 )=V s " )lloo
= sup H ( ) (18 )H + sup [V(t, )]7 )
st |t — s|2 te[0,T]

Then, given 3 € (R;)YN and a € N with |a| < oo, for V: R% — R we define

V()2 V()]
V]2 ogo i= SUp ——2 4 sup ;’7,
Vigmpa = sup =20 500 —pa

where 8% is defined as in Definition 3.2.3.

DEFINITION 3.2.13. Given 7 € [0, 1), the space C'3+7(R%) is that of all continuous
functions V': Rf — R with finite norm

Vg = Vlleo + V1],

Given also 8 € (Ry)N, the space C’é’Q(R‘%) is that of all functions V: R% — R
such that the derivatives 9,V and DV, for all a € NY with |a| < 2 exists and are

continuous on (0,7) x R¥, with finite norm

v

126 = 10V lloo + > 5P [D*V[ocisa-
k<2 |a|=k
With a proof very much similar to that of Lemma 3.2.11 (which we thus omit),

we can also show the following fact.
LEMMA 3.2.14. The spaces C27(R%) and C’é’Q(R%) are Banach.

We can now set the notion of classical solution to the infinite-dimensional Nash
system. The space C°(R%) appearing below is defined in the usual way as the space
of all continuous functions from R% to R with bounded norm ||-||; alternatively,
it can be understood as the space C%°(R%) defined above, as the two respective

norms are equivalent.

DEFINITION 3.2.15. We will say that u = (u?);ey is a classical solution to the Nash
system (3.1.1) if the following happens:
e for each i € N, u’ € C}f(]R"f) for some B3; € (R4)N, and sup;ey||ut||1,2,5, < o0;
e the series appearing in the equations converge in C°(R%) uniformly in i;

e the equations are satisfied pointwise in R%.
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3.3. A priori estimates on linear parabolic equations

We begin with an important general estimate on the derivatives of a solution
to a Fokker—Planck—Kolmogorov equation. We state this result under slightly more
general hypotheses than the ones under which we will use it, for the convenience of
possible further applications.

LEMMA 3.3.1. Let N € N. Let A: R xRN — .Z(N) and B: R x RV — RN be
bounded and continuous, with D; A™ D%—Ahk and D;B7 bounded for alli,j,h,k €
[N]. Suppose that A > X for some X\ > 0 and DAY = 0 if i # k # j. Let
p=pc. €CL2((s,T) x RN)NC%[s,T) x RY) solve

Op — ZD (A¥p) —div(Bp) =0 in (s,T) x RY
(3.3.1)

p(s) = 6y * 7767
for T > 0 and some (s,y) € [0,T) x RN, with (n.)e>o being an approzimation of
the identity as € — 0. Then there exists T* > 0, depending only on

A, su_p‘ Z DB
% J 0o
sup ZDZ-A” , susz:D2 AVl and Sup‘ ZD AR H ,
j (oo}

and C > 0, depending only on the above quantities and T*, such that, if T < T*,
then

t
(3.3.2) lim sup/ / |Dipel < CVt—s Vit e [s,T].
RN

—)Ok

PROOF. By the results in [45, Chapter 1], we know that (3.3.2) holds for some
constant C' and any 1" > 0. We want to make explicit the dependence of C on the
data, for T near 0. Let 7 € (s,T) and consider a sequence of smooth functions

Tk (RN) as n — oo, with [T F]|« = 1 for all n. Since

Jon Dipe(T)YTR(T) = [on |Drepe(T)| as n — oo, for any sequence &, — 0 we can
consider ¢,, — oo such that

— sgnkaE( ) in L}

loc

/ Dkpn () 7) — IDapu(]| 0 asm > o0,
where p, 1= p., and P7F =1, , . Let now w = wX* solving
(3.3.3) — Oyw — Tr(AD*w) 4+ (B, Dw) =0 on (s,7) x R,

with terminal condition w|i=r = ¥, = w;’k. We first notice that testing the

2

equation of p. by %w over (s,7) we get

(3.34) (w(s, )% *n.)(y) + Q/T - (ADw, Dw)p. < 1.
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On the other hand, v(t, ) := Z5%|Dyw(t, z)|* satisfies
— 8,51} — ( ) <B7 DU)
1
f\Dkw\Q (7 — t){By, Dw)Dyw + (7 — t) Tr(Dy AD*w) Dyw,

so testing by p. over (s,7) one obtains

(3.3.5) /RN v(s, In-(y — -)
_ ;/ST /]RN \Dewl?pe — /ST /]RN (1 — t){Dy, B, Dw)Dywp.
+/: /RN(T_I:) Te(Dy AD*w) Dywps. .

Using estimate (3.3.4) and the ellipticity assumption A > AI, along with Young’s
and the Cauchy—Schwarz inequalities, we estimate

1 [ T 1 1+C
’// |Dkw|2pa—/ / (r — )(DyB, Dw) Dywp, < -1+ CB),
2 ). Jan . e 4N

with Cp = ||[DyB||3 .. On the other hand, using our assumptions on A and
integrating by parts,

T 1 T .
/ /RN (1 —t) Tr(D AD*w)Dywp. = —5/ /]RN (r—1) ZD?kAJk\Dkapa
S S J
1 /7 )
-3/ | =0 DAty
s J

whence

/ / (r—1) Tr(DkADQw)Dkwa
RN

TC 4
< T4 4 ¢y sup ot Hoosup// D;p.].
4)‘ tEST

with Ca = supy || 3, D3, A% || and C)y := sup,, || X, DxA7*|| . Let now y = z
with z = 2(s, N, 7,n) such that |Dyw(s,2)|> > |[|[Drw(s, -)||% — 1 for all k € [N].
We will write p. = pZ to stress that pZ(s) = 0, *n.. Then for €, > 0 so small that

Jan v(s, )0, (z— ) = (s, z) — 1, from the previous estimates we have

T 1+TQ+C C
(336) fols, )l <1+ 2 LHTUA T8 HCL)

+Ch s ult, ) o sup / / D307,

te[s,T]

By continuity, for any 7 close enough to s (say s < 7 < 7 = 7(s,n,N) < T) one

T 1
su D;p?| < —,
jp/g /]RN | Jpn| ~ 261,4

has
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so (3.3.6) yields

1+T(1+Cp+Ca)
2\ '

This implies that for all 7 < 7 := mine[s 71 7(t,n, V) one has

[o(s, Mo <2+ T +

Q

(3.3.7) sup HDkajk(t, Moo < Vit e [s, 7],
k

~

F—
with C = C(\,T,Cp, C4) being the square root of the constant above. We want

to show that we can choose 7 = T, provided that T is small enough. Testing the

equation for of w by Dyp,, over (s,T) we get

/ Dipn (T)t0n (T / Dyw(s,)pn(s / . (DB, Dw)p
R
+Z/ / D% AYD; wpn—|—Z/ DkAiijwDipn,

whence, by the Cauchy—Schwarz and Young’s inequalities, and estimate (3.3.4),

(3.3.8) /RN Diopn (7)o (1) < | D5, |oo +T( Cp+C" ) -

+Chsup [ sup | Dy, ) o [ 1Dty e,
z s R
where C’} := supy ||, D3 A" H; - Let ng =ng(7,N) € N be such that

Dipnle0i (1) > [ Dipn(r) =1

RN

for all n > ng and for all k € [N]; for those n, by Gronwall’s lemma,
swp [ 1Dipnl(r)
k JrN
< (4w Dz s, )+ G en{h [T Djurte i
k s 7
where € := T(lCB + C’”) + i. For 7 < 7 as above, we obtain
(3.3.9) bup/ / Diopnl < VT35 (VT(L+ C) + C)eCaCT
<SVT(VT(1+ C) + C)eCaCT |

which holds for any p, = p¥; in particular, if \/T(\/T(1+é)+c‘*) eCalT < Qéﬁa and
we let y = z as above, by a continuity argument we see that we can choose 7 =T,
and thus 7 = T. We deduce that estimate (3.3.9) in fact holds for all 7 € [s,T] and
we can let n — oo to get (3.3.2). ]

The following result provides a crucial decay estimates for the derivatives of a
solution to a linear transport-diffusion equation whose differential operator is the

adjoint of the one of the FPK equation.
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ProrosiTioN 3.3.2. Let N € N. Consider A and B as in Lemma 3.5.1, and
let G € C3(RY) and F € C°([0,T); C3(RY)). Suppose that DAY = 0 unless
i=j=k. LetB €l (Z;Ry) be even and such that * 3 < ¢f3; that is,

Zﬂjﬂi*j <cB VieZ.

JEL
Suppose there exist constants cg,cp,cq = 0 such that, for all i, j,k,l € [N],
(3:310) DBl < enf ™ IDkB e < en(B AVBTIB),
(3.3.11) IDjFlloc <cpf,  |DFFlloc < cr(B7 AVBIBY),
(3312)  |D;Gllss <ccB,  ID5G oo V I D3uGllse < ca(B AV BIBE).
Then a classical solution w € C°([0,T]; C3(RN)) to

—Ow — Tr(AD*w) + (B,Dw) = F  on (0,T) x RN

(3.3.13)
’w|t:T = G
satisfies
(3.3.14) IDjwlloe + | Dpwlloe + [ Diwlloc < K (57 A/BIB)

for all j,k,1 €{0,...,N —1}, where the constant K depends only on T, ¢, cg, cF,
ca, |18l and ca = maxi<ocs supy||(Dy) A¥*|| . More precisely, one can choose
K = cg + cp K(T) with K(T) vanishing as T — 0.

Note that recalling Example 3.2.4 the above bounds (3.3.10), (3.3.11) (3.3.12)
and (3.3.14) can be expressed in terms of the norms of suitable spaces among those
introduced Section 3.2. This allows a more compact notation, which will be used
in the following Section 3.4; nevertheless, here we agreed to write the estimates in
a more explicit form, for the benefit of the reader who needs to get used to the
kind of controls we wish to eventually have on the derivatives of the data and the

solution of the Nash system.

PrOOF OF PROPOSITION 3.3.2. The following computations are performed as-
suming w to be smooth; nevertheless, by means of a standard approximation ar-
gument, one can prove that the estimates we get hold for w as regular as in the

statement of this proposition.

First-order estimates. Testing the equation of Dyw by p. solving (3.3.1) and

letting € — 0, after easy computations one gets

[ Drw(s, )lloo
Diw eeHE]
< [|DkGlloo + (T — 5) (cB sup I1Ds10lloo 5,7y

Tl 5 5 ||DkF||oo;[s,T])

JEIN]

T
o

- DkAkkDikwp' ;
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here || [|ooi(s, 7] 7= SUD[s 7yxrn | - | and p(t) = lime 0 pc(t) € CO(RY), and we have
used (3.3.10). The last integral is obtained exploiting our assumption on A and

which is controlled by

HDZ'wHOO;[s,T]

R YN

with Ca = supy || Dr A**||s. Then, if T'— s small enough, using that x5 < ¢f8 we
deduce from the above estimates that

(3.3.15) sup w <e(T —s) <1 +sup W)
k B ij  B'ANBBI

where ¢1(T — s) is an increasing function of T — s that can be explicitly written

using the parameters ¢, Cqa,cp, cr, cq, || 5]1-

Second order estimates. Testing the equation of DJQ-kw by p one gets
(3.3.16) [IDjpw(s, )lloo < 1D5Glloo + (T = )| D3t F llocsfs,)

+// |D2,.(B, Dw) — (B, D, Dw)|p
s JRN

T
o

/R (D5 AV D3 w + D; AV D3 w

where in particular D?kAjj = 0 if j # k. It easy to see that the last integral is
controlled by

||Di2!w||00;[8,T] ”D?lmwllom[syT]

—s5)C
3( S> A( Bz A /616[ Slh}: ﬁz A /616[

)8 A VBIBE),

with CY := Ca + supy||DixA¥*||o. On the other hand, using (3.3.10) and the
property 8 8 < ¢f, one can estimates in two ways, according to whether one uses
that \D?kBﬂ <cgBloor |DJ2-kBi| < egy/B78*: we have either

/R _|Dji(B, Dw) = (B, Dj Dw)|p
Diw||so:(s o
< CB(Sup 7” Zw”‘ o1l 'Zﬂjﬂﬂl

i B
|| ||OO,S Q1
(] Ve o))

D;w||so:rs D w s
<cB(csupH”’[’T]+(||B||1+c)sup”ﬁ°°[ﬂ)63
]

i g
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or, exploiting the Cauchy-Schwarz inequality,

| 138, Dw) = (8.7 D)o

| Diw|| oos (s, 7 i—i\L/pk—i\L ai
<CBSHPT[]'Z(5J )2 (65725
Dzw oo;s
+CBSI_1_p H ij || i[s,T]

e (ARt + e e

) (“BS“F’”D”U”M%B c||ﬁ||1supw%wW)W .
S SN

Therefore, also using (3.3.15), we deduce that, for small T' — s,

Dzwoo.s D'Q'woo-s
(3.3.17) aup 1Dikllostor g (1 + sup ”ﬂc”[T])
ik B AN/BIBE ijk BN/ BB

where co(T — s) is an increasing function of T'— s depending also on the parameter
C’, and those listed for ¢;.

Third-order estimates. Testing the equation of D;’?klw by pe one gets
3
D5 (s, -)lloo

T
< ID%uG 1+ (| [ [ (DRl Du) ~ (B, D).

T
/ / D?lepe +A5)7
s RN

where A, collects all terms involving derivatives of A. By analogous estimates as

+

above, it is not difficult to see that all terms in A where no fourth-order derivatives

of w appear can be controlled by

D2w|| so.1s D3 wl|soifs
(1 = )13l (sap L2t 1D o
i BiAVBB  im B ABB
with C’f := O’y + supy|| Dk A**||. This excludes three terms, which are of the
form

’

) (87 A BIBE),

D; AV D;'ljklwps

RN
T T
< o

for any permutation of j, k, [, and thus, using also Lemma 3.3.1, as ¢ — 0 they are

2 43i 3
. D5, A D5 pwpe
R

/ N D; AV D3 wDype
R

controlled by

D3 wllocifs, 1] , :
VT —s(C + VT — sCiC susz,lm—oof[s’(ﬁ]/\ Bipk).
( ) ilm Bz/\ \/Bzﬁl
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On the other hand, we have

(3.3.18) ‘/RN (D3(B, Dw) — (B, D3, Dw)) p(t, .)‘
<Y _(IKD;B, Dy Dw)lscifs, 1) + (D5, B, DiDw) | oc:fs,71)
- ||<D32‘kB’DlDw>||oo;[s,T] + H(DJQ‘kB7Dw>||OO;[s,T] /RN|Dlps(ta )|7

where the sums are over cyclic permutations of the indices j, k,l. The basic idea
to derive (3.3.18) is using integration by parts to move a derivative from B to p.
when otherwise the order of the derivative applied to B would be greater than 2.
Then using (3.3.10), the property 5 8 < ¢ and Lemma 3.3.1, one can show that
the integral of the right-hand side of (3.3.18), as ¢ — 0, is controlled either by

D3 .
VT —scp <\/m(”6|1 + 2¢) sup 1Dt llocifs )
ilm

Bz
D2w|| o015 Diw|| s[5 )
+ VT — 5 (||B]|l1 + ¢) sup 7” d g" LIy + Cesup 7“ gz il ’T])5J>
il i

or, exploiting the Cauchy—Schwarz inequality, by

D}l soifs,
VT (3T = )l sup 1 e
ilm \/W

D2wl| . Diwl|so.rs :
+2mcsupww+€csupww> /B3 BF.
il 7

Finally, integrating by parts and using (3.3.2) and (3.3.11),

T
/ / D?lepe
s RN

Collecting the estimates we have proved and also using (3.3.15) and (3.3.17) we can

< CepVT — s (87 N/ BISR).

lim
e—0

now obtain that

”D?jkaoo;[S;T]
Sup ———————
ijk BN/ BB

for some ¢z increasing in T — s and depending only on C’;, C' and the same param-

(3.3.19) < ce3(T —s),

eters already listed above.
Plugging (3.3.19) back into (3.3.17) and the resulting estimate into (3.3.15), we
conclude that there exists ¢(T' — s) such that
||Diw||oo;[s,T] ”Dizjw”oo;[s,T] ”ngkaoo;[s,T]

sup - + sup — —— 4+ sup ——————— < (T — 9),
i Bt ij  BPANBYBI ijk PPN A/ BBI ( )

provided that T — s is small enough, depending on ¢, C’y, cp, cr, ca, ||B]]1,C. It is

now standard to iterate these estimates a finite number of times and get the desired

ones on the whole interval [0, T7]. L]
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Using the bounds we have obtained, it is also possible to deduce a Lipschitz
estimate in time of the space derivatives up to the second-order, as we state here
below.

COROLLARY 3.3.3. Let the assumptions of Proposition 3.3.2 be in force; also, sup-
pose that 3 € (3(Z). Then, for all j,k € [N], one has w € C%1([0,T]; C*(RN)),
with

0 D:w| o D2 w(s, ) — D% w(t, )|
(oYL TR, KD, VISR P
jk VB st VB s —t

where K' depends only on sup;|| A7 || s, sup;||B? | s, [Blly. K and the parameters

thereof. Furthermore, one can choose K' = CK with C linearly depending on cg.

PRrROOF. The differentiability in time of Dw comes directly from the equation.
We prove now only the Lipschitz estimate for the second-order derivatives; the other
ones are obtained in an analogous manner. Testing over (s, t) the equation of Df-kw
by p. (solving (3.3.1), with arbitrary y € RY) and letting & — 0, the analogue of

(3.3.16) one obtains, after using all estimates on the data and w, is
D3uts.n) = [ Dhntt. ) ap(0)] 5 (0= )37 AT,

with implied constant (also below) depending only on K and the parameters thereof.
Therefore,

|Djpw(s,y) — Diyw(t,y)| < (t = s)(B7 A/ B76Y)

| D2ty dot) - Dﬁw(t,y)\

RN

(t—s > \F/ —ylldp(t))\/@-

1KIKN

As A and B are bounded, we can test (3.3.1) by | - ! — y!|? to get

/ | yl|2dp / / A”dp 2/ / Be I l dp7
RN RN

so that Young’s inequality and Gronwall’s lemma yield
L1t = R o0 < (= 1A e+ 1B )T

Using Holder’s inequality, we conclude that |D]2-kw(s, y)— Djz-kw(t, y)| S (t—9)V/ 59,

with implied constant depending also on supj||Ajj||007 supj||Bj||OO and Hﬁ”% [

3.4. Existence and uniqueness for the Nash system

We first prove that, under suitable bounds on the Hamiltonian, the infinite-
dimensional Nash system can have at most one classical solution, according to
Definition 3.2.15.
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THEOREM 3.4.1. Let H be such that 8, H'(t, -) is twice differentiable in RY x R¥,
with

WH' |+ D02 H' | 4102, 5 H'[) < 00

pip 2 pIpkpt

SipZ(laiji|+|Dj JH'| + 0]
o

uniformly for (t,x,p) € [0, T] x R¥ x Q with Q C R¥ bounded with respect to the co-

norm.* Then there exists at most one classical solution to the Nash system (3.1.1).

PRrROOF. Let u and v be two classical solutions as in the statement. Let w =
u — v, so that it solves

— dw’ fZA]szw + / OpH (D(su+ (1 — s)v ))ds) - Dw

jk

Z i H (Du) Djw' +Z / 02 HI(D su—l—(l—s)v))ds)~Dijvi:0

pp?
J#i J#i
for each i € N, with terminal condition w|;—7 = 0. Let now p’ solve (3.3.1) where

Ops H (Du) if j #1i
B = 1 4
/ 0y H'(D(su+ (1 —s)v))ds if j =i
0

for the sake of simplicity we will do the computation assuming that p(s) = 4y,
nevertheless what follows is to be understood in the limit as ¢ — 0. Testing the

equation for w’ by p’ over (s,T) we get, with the notation z_y := (27);>n,

(S Y, T— N

= Oy H' (D(s'u + (1 — §')v)) ds’ ) Djw’ i(t, z) dzdt
Z/ /RN / (s'u+( s")v)) s) jw)‘(t,(z,LN))p( z)dz

J#i

+Z/ /RN / ppf dS)Dkw D]v)

J#i

+Z/ /RN ZAJkDka+ Hf(Du)Djwi)

= (t(z-n))

i(t, 2) dzdt
(t1(z1z—N))p ( )

p(t, z) dzdt,

!That is, Q is such that supg | - |co = sup,cq sup; |p?| < co. Later, we will refer to such sets

as co-bounded sets.
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where for the sake of brevity we used * as a placeholder for D(s'u + (1 — s')v). As
long as j < N, integrating by parts one finds

/ / Opi HI D wj)
RN

Opi H' ( wﬂ Dipi(t, z) dzdt
/RN / >(t,<z,x7N>> i#(8:2)
+ D0 H (%) ds' |w? i(t, z) dzdt
‘/]RN / 7P ( ) ) ) (t,(z,w,N))p ( )

AP i .
/ / e pi H )Dﬂ(su + (1 =9 )w )‘(t)(z)LN))p (t,2z) dzdt;

U(t,2) dzdt
(t7(zvz—N))p ( )

analogously,
pi(t, z) dzdt

/]RN / i H *) ds )Dkka v ) o)
/]RN / P p7 ) kDJzkvi)
/ / e H )kaij)

p'(t, z)dz

(t,(z,2-n))

Dypi(t, z)dz
(t,(z,x-n)) p(t2)

Jr/RN / D},.9? i H )ds) Djv) (t.’(zyz_N))p (t,2z)dz
%) d
+ /]RN - / ot pi H S) | |
D?,(su’ + (1 — s)v*) kajM) p'(t,z)dz.
(t,(Z,I_N))

Therefore, using Lemma 3.3.1 and the properties required to classical solutions, we
deduce that for T'— s < T*

sup /] |ociory S VT = 5 (b ']l sciory + )
3 K3

with ey — 0 as N — oo and implied constant independent of N. It follows that if
s is sufficiently close to T one has w® = 0 for all i (that is, u = v) on [s,T] x R*.
Finally define 8 := min{s € [0,7] : u = v on [s,T] x R¥}; if § > 0 then by the
argument above with § in lieu of T' we get a contradiction, thus § = 0 and the proof
is complete. [

To prove existence, we solve a version of the Nash system (3.1.1) reduced onto
RY :=[0,7] x RY and then pass to the limit as N — oo to obtain a solution to
the infinite-dimensional system, thanks to the stability provided by our estimates
of Proposition 3.3.2. This is going to be done by observing that letting B; (¢, ) :=
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B;(t,z,D(t,z)), with

i H (t, 2, p) if j #14
(3.4.1) Bl(t,x,p) o
/ Opi Hi(t,z,p~ ", sp')ds if j =1,
and
(3.4.2) Fi(t,z) := H'(t,z, Du""(t, x),0),

the equations in (3.1.1) take the form —d;u’ — Tr(AD?u?) + (B;, Du') = F', in such
a way that they can be regarded as a system of linear transport-diffusion equations
in the context of a fixed point argument.

When performing the reduction from R% to RY, we will identify RY C R¥ via
(20 ..., 2N ) = (2., 2N710,...). Given V:R¥ — R we will consider the
projection Vi (y) := V(y) for all y € RY, while for A: R¥ — ¢>°(N?) the notation
Ay will mean that we have also restricted the infinite-dimensional matrix to RY;
that is, An(y) == A(y)|ny = (A(y)¥); jeqng for all y € RY. Finally, the spaces
defined in Section 3.2 are readily adapted to functions on RY, simply by replacing
R* with R,

In the upcoming statement, which is our main theorem, we will make use of
the notations R7 and R} presented in the opening section; R7 will always mean
[0,T] x R¥.

THEOREM 3.4.2. Let 8 be as in Corollary 3.3.3; for any i € N, define p; =
B € K%(Z). Assume that the following hypotheses are fulfilled, uniformly in the
parameters i, j, k € N:

o A: R% — (°°(N?) is such that
AT = AT e O3V (RY)  for some v € (0,1),
with DAY =0 unless i = j =k, and
D AFF ¢ C37(R) N CO([0, T); C*(R)) ;
o G'eCyIT(RY);
e for any co-bounded ) C R},
0, H' € CO(10.T1: O3, (B x 0) N OO O3 (42):
also,
D;8, HY, 9,0, H' € CO(Q; CF7(RY)) .
Then there exists T* > 0 such that if T < T* the Nash system (3.1.1) has

a unique classical solution w (with B; defined as above), which also belongs to

>2(N; C°([0, 71, €5 (R¥)) n €O ([0, TT; Ci]E(R”)))-
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PROOF. We only need to prove existence, since uniqueness will then follow
because the hypotheses of Theorem 3.4.1 are satisfied.
Let N € N and let Y be the closed subset of

(C°(l0,7]; €2 ®M)) N ¢ ([0, T]; c%(&N)))N

of all u such that
(343) bup HU ||CO([0 TJ; Cg RN)) R and bup ||U ||Co A([0,T7; C?(RN)) RI,

for some R,R’ > 0 to be determined. We will denote by |lu| the norm on
(Co([0, T C3HRN)) N 0071([0,7’];0%(@)))% defined as the sum of the two
norms above. Given u € ), let S be the map that associates to u the solution w to
—Ow' — Z A]kD2kw + Z Bl ~Djw' =Fj; inRY
j.ke[N] JEIN] ie[N],
w'li=r = Gy
with B and F being defined as in (3.4.1) and (3.4.2); here we have used the notation
with the subscript N that we have previously introduced. By [57, Theorem 8.12.1],

w and Dw are of class C'+2:217. Also, it is not difficult to see that there exists a

constant ki which depends only on 3, ¢y and R such that
S}}ZP(HBihHcoqo,T];cgh(RN)) + 1 Flleoqo,ryes, mvy) < kR

so, by Proposition 3.3.2 and Corollary 3.3.3 one can choose R > sup,||G*||34+—:4;
T sufficiently small and R’ large enough in such a way that, for all N € N, S is
well-defined with values in Y.

Consider now u,v € Y and denote by B; y[u] and B; n[v] the corresponding
drifts;? then, letting w = S(u) — S(v) and Fi = (B; n[v] — Bin[u], DS(v)?) we
have

— 9" — ZAJ’“D?kw’ + (B n[u], D@") = F

1I)|t:T = 0
Note that
1

(3.4.4) Fi= Z(/ apBiN[su + (1= s)v] ds) -D(u —v) D;S(v)’,

—~\Jo

J
hence, letting cz := supi||Fi||CO([0,T];C§‘(RN)), we have ¢ < Kigflu — v, with K’
independent of N. In addition, by Proplosition 3.3.2,

SUpl[ 0l oo o, r1;8- vy < K (T) -

2That is, B; n[u](t,z) is a short notation for Bin(t,x, Du(t,z)), according to (3.4.1), and

analogously for v.
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Then, also using Corollary 3.3.3, we deduce that there exists T > 0, independent
of N, such that if T < T then [|S(u) — S(v)|| < 3|lu — v[|; hence the contraction
theorem yields the existence of a unique fixed point for S in ), which is by its
definition the solution uy to the Nash system on R¥ with data An, Hy and Gy.

For any ¢ € (0,1), by the Ascoli-Arzela theorem and a standard diagonal argu-
ment, up to a subsequence which is common to all i € N, each (u'y)n>; compactly
converges in C°([0, T); Céjé(R‘“)) N Co([0,T); C%
bounds (3.4.3).

Since 8 € (2 (Z), by the dominated convergence theorem

S Dty — Y HDiar

o0 a function u’ enjoyin
(R¥)) to a function u’ enjoying

k<N 7,keN
> 0, HY(Dun)Djuly — Y 9y HY (Du) Dju’
J<N JjEN
J#i J#i

compactly in CO(R%) as N — oco. As also Hi(Duy) — H!(Du) compactly in
CY(R%), by the equation we have that so d;u’y compactly converges in C°(R%) as
well. In particular, for any z € R%, dyu’(-, x)% uniformly converges to some v’ (-, x)
which is thus d;u’(-,z) by the fundamental theorem of calculus. We conclude that
u solves (3.1.1) pointwise. Furthermore, by the decay estimates on the derivatives
we see that the series appearing in the equations converge in C°(R%.). To complete
the proof, we need to show that such a convergence is uniform in i.
Note that

> 7“)2,

0<G<N

S P2 < (

0<j, k<N

where we have set ¥* := /8% and the implied constant is independent of i € N.
The latter sum equals

> ifi >N
i—-N<k<i
P2 > A+ > A*ifi < N.
1<E<IA(N —1) iIAN(N =) <k<iV(N—i)

Since (v¥)x>o is summable, Zingkgi'Yk — 0 as i — oo, thus there exists 7 =
#(N) > N such that Zi—Ngkgi’Yk < Pocksr 4" for all i > N; then one easily sees
that
A 2
> ||D3-kul||oo5< > 7’“) VieN.
0<J k<N 0<k<T
Similarly, there exists 7 = Z(IN) > N such that
Yo DD S8 Y TS Y. BF VieN

0<j<N 0<G<N 0<k<I(N)
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Then the series appearing in the Nash system converge in C°(R%) uniformly in
1€ N. [
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4.1. Amuse-bouche. Linear-quadratic Mean-Field-like games

Consider the Nash system (2.2.3) without the shift-invariance assumption. In-
stead, make a Mean-Field-like assumption. Given (a%); jx € ' (N)N we will use
the notation B(a) for the matrix B(a)n, = af,. Given the i-th vector e’ of the
canonical basis of RY | we will write £% = e’(e?)". The indices will range over [N].

Note that system (2.2.3) can be rewritten in a forward form as
& —(ATEE + B(c)Tet + ¢'B(c) = f°
c¢(0)=g'

where c'(t), fi(t),g* € #(N) for all i € [N] and t € [0, T].

(4.1.1) i € [N],

73
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THEOREM 4.1.1. Let T > 0 and let f € L*((0,T); (N)V) and g € .Z(N)N
satisfy

(41.2) sup (NZI-M|2+NZ\-M|2+|-”| ) <he me>0, foree{f.gh
h.k
k;ﬁz k?”
Suppose that B(f) > —K¢I and B(g) > —K4I for some constants Ky and K, such
that

1 M(Me MT — K
(4.1.3) K, < sup Me M = —_ Ky < sup (Me ST o)
MEeR 2eT mer  T(1V Sppt)

Then there exists Ng € N such that if N > Ny there exists a unique absolutely

continuous solution ¢ to (4.1.1) on [0,T), which satisfies

(4.1.4) sup (NZ |chil® + NZ leial® + Il )

k;éz k?él
for some constant C which is independent of N.

Note that (4.1.3) is automatically satisfied when Ky, K, < 0 for any T > 0.
Otherwise, for fixed Ky and K, it poses a restriction on the size of T' (or, similarly,
a restriction on the size of (Kf); and (Kj)4 once T is fixed). Back to the value
functions u?, the previous estimate reads as follows:

sup (NZ |DRg e+ N Y DRk 2 + | D%, ) < C
k
k#z ki
in particular,
C
sup > | Dja’|% =sup Y [[Dful]% :
‘ JigFi : JijFi
REMARK 4.1.2. We use the terminology Mean-Field-like since any f* such that
sup|ff;| + Nsup | f;| + N? sup \fil <C
[3 1,] 2,7,
i i, ki

satisfies (4.1.2), with £y depending on C' (and not on N). In turn, the previous in-
equality is satisfied when f*(z) = V*(a*, (N —=1)7" 32, ; 645), where V" is a smooth
enough function defined over R? x P(R?) (see for instance [23, Proposition 6.1.1]).

The proof of the theorem is based on the following lemmata.

LEMMA 4.1.3. Let ¢ be an absolutely continuous solution to (4.1.1) with B(c) >
—MTI on [0,T) for some M € R. Assume (4.1.2). Then the following estimates
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hold on [0,T):
(4.1.5) Solehal? S HNTYL ko(t) i= (g + mpt)eHMOL
i
(4.1.6) bupz |clk| < kN1, K (t) := 2ot f \ﬁ
i#£k
(417) sup |C”|2 Ko, /<;2(t) = (/ig + (F':f + /€0/<L1N72)t)6(2+M+)t,

where My = M V0. As a consequence, ¢ continuously extends on [0,T).

PrOOF. Multiplying the equation for ¢}, by ¢, and summing over h and k # i

we have

1d
7EZ|Chk|2 thkchk Z Chk;cjhcjjk Z ChkC]ijh
J,h,k 7,h,k
k;éz k;ﬁz 7 k‘;él k?f’L
=Y fiChe — Te(@TB(c)¢") — Tr(@ T B(0)e),

ki

[\

where we have set é%k i=c, (1 —0pi) and &, = b, (1 — 8;). It follows that

T Z|Chk| <RENTH 4+ (1+4My) Z|Chk|

hk
k;éz ki

thus, by Gronwall’s inequality, (4.1.5) is proved. Multiplying the equation for c;:k

by ¢!, and summing over i # k we obtain
Y Cik

5 dt Z| zk|2 fokcik - ZB(C)kHCZkF - Z c;kczzcjk - Zcékcé'kcg‘i

i#k i#k ik i,j#k i#k
J#i
< Z fz’ikcik - Z B(C)kk|cik|2 - TI”(B(C)TB(C)B(C)) - Z Cikcé'kcj'm
i#k ik i#k

J#i
where B(¢)nr = B(c)nk if h =k and it is null otherwise. By (4.1.5)

Zdwﬁ-wﬁ SUPZ |Cw|2(z |cjk‘|2) < VKo SUPZ |Cze|2

i#k i#£L i#k 1Al
J#i J#i
We have
dtZ|czk| ‘L{fN +(1+4M+ Z|Czk‘2+2v Ko SUPZ‘CZAQ
itk ik Ly,
that is,

SUPZMk < (kg + Rpt) N +/(1+4M++2\/HO)SUPZ\C§k|2~

ik ko itk
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By Gronwall’s inequality one finds (4.1.6). Consider at this point that cf; solves
(418) Cu + |Cu|2 + 22 ji zj = zlu

J#i
where by (4.1.5) and (4.1.6)

’Z 3iCij < kor N2
J#i
Therefore, multiplying equation (4.1.8) by c%; one obtains
d
dt |sz|2 Hf+(2+M+)|sz| +’€0“£1N 2
and thus (4.1.7) by Gronwall’s inequality. [

LEMMA 4.1.4. Under the hypotheses of Theorem 4.1.1, let ¢ be as in Lemma 4.1.3.
Suppose that
M(Me MT — K,)
€2MT
T(1V “77)
Then there exists N.(T) such that B(c)(T) > —MI provided that N > N.(T).

Furthermore, the map T — N.(T) is continuous on [0, +00).

Me2MT > K, K;<

PRrROOF. Consider that B(c) solves the equation

(4.1.9) B(c)+ B(c)> = B(f) = D.  where Dy =Y _cj;cl,.
J#i
By estimates (4.1.5) and (4.1.6),

||D||§Z(Zczjc§i) <Y 3 el < o N

ik Ve VED) i,5,k
J#i
Let now £ solve the linear equation £ = B(c)T¢ on [0,T) with terminal condition

&(T) = ¢, for some arbitrary ¢ € SV~ note that since $[¢[> > —4M|¢|? we have
1AEMIT=) gl <1ve2MT=) on [0,T].
By (4.1.9) we get
(€7B(c)¢) =€T(B(f) = D+ Be)B(c)")¢ > £ (B(f) — D)
~(Ky + VRom N~ 2)[¢*.
If K; <0 and N is large enough, then B(c)(T) > —vKyI, where

2MT if MK, >0
V=
1 if MK, <0,
thus it is easily seen that B(c)(T) > —M1I. If K; > 0, then

(4.1.10) B(e)(T) = —(ng +/O (Kf+ \/MN_%) (1v eZM(T—')))I.



4.2. MAIN SETTING AND ASSUMPTIONS s

It follows that in order to have B(c)(T') > —MT1 it suffices that

VK +TK(1Vh(MT)) + N~ 2T/ ko(T)k1(T) h(MT) < M,
where h(z) := (e**—1)/(2z). This is guaranteed by our assumptions on K, Ky and
M (by which vK,+TK;(1Vh(MT)) < M), provided that N is large enough. The

continuity of N, (T') is easily seen as one can write it explicitly using the estimates

above. (]

PROOF OF THEOREM 4.1.1. Fix M according to Lemma 4.1.4 (note that this
implies that M > K,). By the Cauchy-Lipschitz theorem there exists 7 > 0 such
that (4.1.1) has a unique absolutely continuous solution on [0,7). By taking 7
smaller if necessary, we may suppose that by continuity B(c) > —M1T on [0, 7).
Then

7:=sup{7 > 0: (4.1.1) has a unique absolutely continuous solution
with B(c) > —M1I on [0,7)}

is well-defined. Seeking for a contradiction, suppose that 7 < T. Let Ny :=
max[g, 7] N«, where N, is given by Lemma 4.1.4. By Lemma 4.1.3, ¢ continuously
extends on [0, 7], with B(c)(7) > —M1I as guaranteed by Lemma 4.1.4, thanks to
our choice of Ny. By the Cauchy—Lipschitz theorem one can extend the solution
on [0,7") for some 7 > 7 and by continuity we may suppose that B(c) > —M1I on
[0,7"). This contradicts the maximality of 7, thus 7 > T. Finally, estimate (4.1.4)
follows from (4.1.5), (4.1.6) and (4.1.7). This concludes the proof. ]

‘We can now move on to the main course.

4.2. Main setting and assumptions

Consider the following semilinear (backward) parabolic system for the un-
knowns u! = ul; : [0,T] x (RN - R, i € [N],

) . 1 . . ) .
—oput — Tr((ol + B)D?u?) + §|Diu’|2 + Z D;vw - Dju’ = f*

(4.2.1) JelNI\(3}

ui|t:T =g
stated in [0, 7] x (RD)N > (t,2) = (t,2°,...,2V~1). The main goal of this chapter
is to derive estimates on u’ and their space/time derivatives that are stable with
respect to the number of equations; that is, uniformly in N.

The data are the maps f?, g*: (R9)Y — R, the parameters ¢ > 0 and 8 > 0
and the horizon T' > 0. Recall that | = Ing and J = Jy ® 1.

System (4.2.1) describes Markovian Nash equilibria in N-player differential
games, in particular it characterises the value function u’ of the i-th agent for each
i € [N]. In our setting, agents control via feedbacks o’ = a(t, z) their own states,
which are driven by the following R¢-valued SDEs on [0, T):

(4.2.2) dX} = ai(t, X;)dt + V20 dBi +/28dW;, i€ {l,...,N},



78 4. A PRIORI ESTIMATES ON NASH SYSTEMS WITH SEMIMONOTONICITY

where the Bj’s and W, are d-dimensional independent Brownian motions. The
Brownian motions B! correspond to the individual noises, while W; is the so-called
common noise, as it is the same for all the equations. The i-th agents aims at

mimimising the following cost functional
) T, . ) .
ot | [ (Gl K0P + £100) ds ')
0

It is known that the choice a*(t,z) = —D;u'(t,z) characterises Nash equilibria,
see for instance [25, 46]. Moreover, since one expects uniqueness of solutions to
(4.2.1) by its (uniformly) parabolic structure, such equilibria are unique.

We will suppose that all data f* and ¢* are sufficiently smooth (locally C?
and C4, respectively) with bounded derivatives. Solutions to the Nash system
are assumed to be classical, locally C! in time and C* in space, with bounded
derivatives. Moreover, we require second order derivatives in space to be uniformly
continuous. Note that we are not assuming that f?, g* are globally bounded here:

they may have linear growth.

4.2.1. Two notions of (semi)monotonicity. Along with the hypothesis of
Mean-F'ield-like interactions (which will be presented later in Section 4.2.2), our
main structural assumption on the system will be of semimonotonicity of the data,

according to either one of the following definitions.

DEFINITION 4.2.1. Let h € C*((RY)M;RY). For M > 0, we say that h is M-

9-semimonotone if
(4.2.3) > (Diki(x) = Dib'(y)) - (2" = y') = —Mla — y/?
1€[N]

for all x,y € (RN, and M is called the Z-semimonotonicity constant. We simply
say that h is Z-semimonotone if (4.2.3) holds for some M > 0. If (4.2.3) holds
with M = 0, we say that h is Z-monotone.

In order to abridge the notation in what follows we shall write h[j = h(z)—h(y)
and

(4.2.4) Dlh)(z,y) == D> Dib'[}- (' =),
i€[N]

so that, inequality (4.2.3) will appear as D[h] = —MQ on (R?)?N ~ (R})N x (RN,
where Q = Qa is the quadratic form induced on (R%)2YN by the matrix A :=
(4 ) ®les(2Nad).

DEFINITION 4.2.2. Let h: (RN — RY. For k > 0, we say that h is k-.Z-semi-

monotone if

(4.2.5) > (W) = by = Byt + B () = —klr —y)?
i€[N]
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for all z,y € (RY)YN, and & is called the .Z-semimonotonicity constant. We simply
say that h is .Z-semimonotone if (4.2.5) holds for some x > 0. If (4.2.5) holds with

k =0, we also say that f is Z-monotone.

For the sake of brevity, we define
(4.2.6) L) (z,y) =Y () = 'z y') — by~ a") + B (y)),
1€[N]
so that inequality (4.2.5) will appear as £[h] > —kQ on (R?)2V
REMARK 4.2.3 (Second-order characterisations of semimonotonicity, and compar-

ison). If h is of class C?, then exploiting the mean value theorem and the funda-
mental theorem of calculus one easily shows that

h is M-Z-semimonotone (that is, D[h] > —MQ on (R?)?V)
Analogously, applying the mean value theorem twice to (4.2.5),
LIJ( / / Z DZhi (2 20 (@) —y7) - (2" — y') dsds’,
1,JE[N]
J#i
where we have set z5 := sz + (1 — s)y; thus, one easily shows that
h is k-Z-semimonotone (that is, £[h] > —xQ on (R?)?V)
— (Dijh’ Nijeiny — diag (DER)icpny = —+l.
At the level of second-order derivatives, one then observes that the two notions
of semimonotonicity differ by the diagonal term

(4.2.7) Ay = diag (D5 ie[ny-

Therefore, under some unilateral control of such diagonal, they can be somehow
compared: if DZh? > —vyI; on R?, for some constant v > 0 and all i, .#-semimono-

tonicity implies Z-semimonotonicity

E[h]>> —kQ on (R%)2N — D > —(k+7)Q on (RN

Ap, ~ on (RN

On the other hand, if D%h? < vI; on (R)Y | Z-semimonotonicity implies .#-semi-
monotonicity

Dlh] > —MQ on (R%)?N

Ap <9l (RN L[h] > —(M +~)Q on (R%)2N
h S on

Nevertheless, for a given h, it is clear that the two constants involved in the
definitions may differ substantially, hence one should not regard the two notions

as comparable at all, especially when x or M are small, that will be likely in our
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analysis. For instance, in the limit case that h be Z-monotone, it will be false that

h is also Z-monotone, and vice versa.

REMARK 4.2.4. Having a look at the second-order characterisation above, one
notes that the notion of Z-monotonicity is rather strict, in the sense that only
functions with a very particular structure can be .Z-monotone. In fact, for h
to be Z-monotone one needs the zero-diagonal matrix (D?jhi)i’jew]} — Ap to be
positive semidefinite (in the generalised sense that its symmetrisation is positive
semidefinite), which happens only if such a matrix is the null one. Hence this
forces each h' to have the form h'(z) = h{(2%) + hi(2~?), for some hj): R? — R and
Ri: (RHN-1 5 R.

REMARK 4.2.5 (Relationship with monotonicity in the Mean Field setting). Con-
sider the case fi(z) = F(x%,m,) for all i € [N], where F : R x P(R?) — R is
smooth enough for the following computations to be admissible.

e Suppose that F'is displacement monotone; that is,
(4.2.8) /d , (DwF(a:,ml) — Dl.F(y,mg)) (z—y)p(de,dy) 20
R xR

for every my,ms € P(RY) and pu € P(R? x RY) having m; and my as first and
second marginal, respectively. We show that f is “almost” Z-monotone. Indeed,

for every i,
D;f'(x) = D, F(x',m;) + %DmF(zi, My, "),
hence
> (Dif'(x) = Dif'(y) - (= — ")
i€[N]

1
= N/ (DyF'(x,my) — Dy F(y,my)) - (z —y) N Z 5(mi,yi)(dxa dy)
(R7)? i€[N]
1 i i i i i
+ N Z (DmF(m y My T ) _DmF(y y My, Y )) ' ('T -y )
1€[N]
The former term on the right-hand side is nonnegative by the displacement mono-
tonicity of F. The latter one can be estimated in absolute value, assuming that
D, F is globally L-Lipschitz with respect to the (| - |, W1, |- |) distance, by

L ; . 2L : ; 3L . .
S Wilme,my) > |2 =y |+ 2 > =y P <SS D )
N _ N N

i€[N] i€[N] i€[N]

Therefore, f is %— -semimonotone. More generally, if the right-hand side of (4.2.8)
is not zero, but —M [5, pa |2—y|? p(dz, dy), then F is just displacement semimono-
tone, as in [47, Definition 2.7]. In such case, f becomes (3£ +M)-Z-semimonotone.
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e Suppose now that F is monotone in the Lasry—Lions sense; that is, for all
my,my € P(RY),

(4.2.9) / (F(z,m1) — F(z,m2))(m1 — ms)(dz) > 0.
Rd
Then,
Do (@ =y =y e + ()
1€[N]

=N y (F(z,mw) — F(z,my))(mw —my)(dz)
. 4 Oyi — O
L5 (o r{rm 55
i€[N]

- F(mi,my + 6&37]:75@”) + F(2, my)> .

While the former term on the right-hand side is nonnegative by the monotonicity

of F', the latter one can be written as

L6 : g ; @t
i Z /O (i(ylvm&') i_é('xiam&') l)dS

N 1€[N] om Y Y
1 L/oF et GF @t
AT < ! S - e Za 7 S5 d
by 2 [ Gt = S, ) as
1€[N]
where % denotes the flat derivative (see, e.g., [23, Definition 2.2.1]) and we set

yi — 0gi) and 1y = my + %(53” — 0yi). Using repeatedly the

mean value theorem, these two sums can be bounded, respectively, by

[ Do D F|| i i
WP=DonFlloe 5 |ty
i€[N]

Mms = My + 1]\,;5(5

and

zlv%ﬂ( L2200 ) astasas ) - o)
0Pl (5 1) o 3 ),

i€[N] i€[N]

where x = (2%, s'mgs+ (1 —s")1hg, s"2° + (1 —s")y’, 2). Therefore, f is k-Z-semiono-
tone with k = O(N~1). More generally, if the right-hand side of (4.2.9) is not zero,
but —MW(my, m2)?, then f becomes (M + O(N~!))-Z-semimonotone.

4.2.2. Mean-Field-like and semimonotone interactions. As prefigured,

we work in a regime of Mean-Field-like interactions, assuming the following:
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(MF) for h € {f, g}, there exists Ly, > 0, independent of N, such that

sup ([ Dih||oe + |1 D5 o) < Li,

i€[N]
| k2 ) < L
sup (sup Db+ Y IDRAMR) < 2L,
i€[N] N ke[N]\{:} ke[N]\{:}

and in addition

sup Y [ID(Deg))|Z + D ID(DRg)II2 <
kEINT ;e [N] ki€[N]
ik

2
s Y DD < 52
IV kN \ iy
We stress the fact that these bounds are of Mean Field type in that they pro-
vide the weight with respect to N which one expects in the Mean Field setting,
as described in the remark below. Yet, we are not asking for any symmetry with
respect to the variables of h; that is, we are essentially dropping the classic indis-
tinguishability (or exchangeability) hypothesis of Mean Field Games.

REMARK 4.2.6. Consider f(x) = F(a',m,+); recall that my—i = 57 32, 4; 0au
Suppose that F?: R? x P;(R?) — R is Lipschitz continuous with Lipschitz constant
L > 0. Since for any v € R? and k # i

@02t T b o a ) — ()]
< j [
\LW1<N_ ¢;k}6zJ+N_ a:+v7 Z5ZE]> N+1| |
JE,

one easily checks that the assumptions on f? in (MF) hold, independently of N,
provided that

(4.2.10)  F" and D,F" are Lipschitz continuous w.r.t. the (| - |, ;) distance,

since in such case || Dy F*| s and || D%, F||o remain bounded proportionally to 1/N
uniformly with respect to k # i and N.

On the other hand, the assumptions on g* in (MF) are a bit more restric-
tive. This is because several estimates below exploit the regularisation effect of
the diffusion, hence bounds on D%u’ will depend on D®~!f? and on D%g’. If
g'(z) = G'(2', 75 > j4i02s), where G' € CH(R? x Py (R?)), then, whenever j # i,

1 v 1 )
0 7 . J
N_17m¢ (‘T’N—1§5“’”x>’

see [23, Remark 6.1.2]. Therefore, for (MF') to hold one should require (4.2.10)
with G in lieu of F' and that

Djg(x) =

D,,G" and D, D,,G" are Lipschitz continuous w.r.t. the (| - |, Wy, |- |) distance.
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The a priori estimates are derived on the N-dimensional Nash system under
one of the following two additional structural assumptions of semimonotonicity of

fand g: for h € {f, g},

(DS) h is Mp-2-semimonotone, for some constant M, > 0 independent of N;

(LS) h is kp-Z-semimonotone, for some constant kp, > 0 independent of N;

Our main result has been presented in the Introduction. We reproduce it here

for the convenience of the reader.

THEOREM 4.2.7. Assume Mean-Field-like and semimonotone interactions; that is,
assume (MF), and either (DS) or (LS). If, given T > 0, the semimonotonicity
constants are sufficiently small (or vice versa), and N € N is sufficiently large, any
solution u to the Nash system (4.2.1) on [0,T] x (RN satisfies

o , 1
> el + X o) s 5
JEINT\{i} 0 je[NI\{s}

sup( sup HDjuiHOO—i—
i€[N] \ je[NT\{i}

and

sup [[Du'llos + sup > [|ID(Dad) %+ Y 1D(Diyu))|% S 1,
€N €N ey i.5€[N]
J#i
where the implied constants are independent of N. In addition, u shares the same

type of semimonotonicity of the data.

As discussed in the introduction, we proceed as follows. First, if the solution u
to the Nash system is semimonotone, then the desired estimates on the derivatives
hold; then, the semimonotonicity of the data provide semimonotonicity u near the
final time T in such a way that, as a consequence of the aforementioned estimates,
the semimonotonicity of u “propagates” up to time 0, provided that NN is large
enough.

This is done for Z-semimonotone data first. Then, making use of the rela-
tionship highlighted in Remark 4.2.3 between the two notions of semimonotonicity,

with little additional effort the case of Z-semimonotone data is covered as well.

4.3. Estimates under the one-sided Lipschitz condition on the drift

For the following computations, we assume that u is of class C' in time and
of class C* in space. Throughout the section, we will always assume a one-sided
Lipschitz condition on the first-order (drift) term, as in (4.3.2) below. Such term
will be often the one appearing in (4.2.1), that is b* = D;u’, in which case the

one-sided condition is equivalent to the Z-semimonotonicity of u.
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4.3.1. A Lipschitz estimate for linear equations. The first ingredient is a
Lipschitz estimate for solutions of linear equations with semimonotone drifts. Here,
we implement the method of doubling variables (also known as Ishii-Lions method,
or coupling method in the probabilistic community) as in [75]. The crucial features
of the estimate are that the Lipschitz constant is universal with respect to IV, and
its dependence on the Lipschitz norm of the final condition, the supremum norm of
the right-hand side and ¢ is explicit. We note that the technique is well-known, but
we are aware of very few examples of statements that are dimensional independent
(e.g., [2]). Having a nondegenerate diffusion is crucial here, while the size of 5 does

not play any role.

LEMMA 4.3.1. Let v: [0,7] x (R")Y — R be a bounded classical solution to

—0w —Tr((ol + B))D*v) + > ¥ -Djw=F
(4.3.1) I<GEN
U|t:T = G7

where F' and G are continuous and bounded, G having bounded derivative, b: [0, T]x
(RHN — (RN s continuous and bounded and for some 7 € [0,T] and M > 0,

(4.3.2) Z (bi(t,x)=bi(t,y) (2" —y") > —M|z—y|*> Vte (r,T)], z,y € (RH)V,
1€[N]

Then
[Do(t, Yoo < (407 2| Fllao(T = )2 M T 4 || DG o) eMTD i€ [7,T).

Note that the rate ||F|looy/(T —t)/o is sharp and coincides with the one of
the heat equation —(9; + cA)v = F, that can be obtained, for instance, using
Duhamel’s formula.

PROOF. Let w: [0,T] x (RN x (RY)N — R be given by
w(t, ,y) = o(t, )y = ot |z = y|) = [|DGlace™ T |z — g,
where
Bty 1) i= 20 | Flaoe™ T (ry/T— i + 03 (T —t)(1 — ¢ VoirD)),
Computations show that for z # y

D(zm,y)w(t7 Zz, y)

P,y —P._

— diag(D?u(t, 2), ~ D0 (t,y)) ~ Yo, |x—y|>( ., P )
—P,_, P._,

b

- | =Py —I+ Py
~ o el =) + DG e ) (R )

— 4Py, 1-P.,
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where P, := |e|2e @ e for e € (RY)N \ {0}. We now want to show that w is a
subsolution of the parabolic operator —9; — L on (0,T") x ((Rd)N x (RHN\{z = y}),
where

L="Tr((J2® (ol + BI)DE, ) — 40 Tr(Py_yD3,) — b(t, ) - Dy — b(t,y) - Dy,

(z,y)
Note that the operator is indeed (degenerate) parabolic, since its diffusion matrix
ol+8J ol+ 8 —20P;_,
ol+ B8 —20P,_, ol +J

is nonnegative. We have

Tr((J, @ (ol + ﬂJ))D(Z%y)w(t, z,y)) = Tr((ol + BI)D?v(t, )|

x

y
and
_4U’I‘I‘(Pm—yDiyw(t7 x,y)) = _4U¢Tr(ta |$ - y|)a
where we used the notation 1, = %z/}. Also, we compute
1 _
Dewlt,,9) = Doltz) = = (Ut | =) + |DCle™ =) (@ — ),
1 _
Dyt ) = ~Dv(t.y) + = (U (12 = 3l) + DG e T )

and, according to (4.2.1),
dew(t,w,y) = = Tr((ol + BID%(t,)7) + Y U (t,)Djo(t, )], - FIj
1<GEN
—u(t, |2 = y|) + M| DGl oce™ T |z -y,
where ¢, = 2. It follows that
(0 + D)w(t, z,y)

= —dot,,(t,|x = y|) = FIj = ve(t, |z = yl) + M| DG oce™ Tz — y|

o (et o — ) (2 — )

|z -yl _ o
+ DG o™ T0) N Wt )] - (@ — g
INENY

hence by the hypothesis (4.3.2) on b,
(0 + D)w(t, z,y)
2 —dotp(t, [ —y|) = Moy (L, [ =yl =y = P, |2 — y]) = 2[|F|oc -
Now, direct computations show that, with r = |z —y|, s = T—tand y = r//T — t,
— Aot (t,7) — Mapy(t,7)r — u(t, 1)

= 2073 || F|| oo™ (0% +30%e7Y7

1 N _1
P4 2Mso2(1—e ¥ 7))
_1
+%(1+2Ms)(1—e—y” 2))

> 2| F| o-
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Since w(t,-)|z=y = 0 for all ¢, by the maximum principle*

— d\N d\N
WS ((Rd)}’vnf%%d)]v w(Tv ))+ =0 on [7—7 T] X (R ) X (R ) :

Being the choice of ¢, z and y arbitrary, the desired conclusion follows by observing
that 1(t,r) < 407 2||F||eee2MT=0p /T — 1. .

REMARK 4.3.2. The previous estimate can be proven also for viscosity solutions,
using standard methods. Unbounded solutions (with controlled growth) can be also

considered.

The following estimates will make use of Lemma 4.3.1 with ' = D;u’. They
will be all derived under the assumption that u be Z-semimonotone on (R%)2Y
uniformly with respect to ¢ € (7,T]; that is, according to the introduced notation,
Dlu] > —MQ on (7,T] x (R%)2N.

4.3.2. First-order derivatives of the value functions. The next result is
a Lipschitz estimate for the value function, it is obtained by doubling variables. We
show that the Hamilton-Jacobi equations preserve some weighted Lipschitz semi-
norm on (R%)¥. Note that, contrarily to the previous lemma, possible regularisation
effects from the diffusion are not exploited below.

Recall that, for any 2 € (R?)"™, we have the i-th weighted norm

i i 1 2) 2
lall = (Jo'P+ 5 > 7P)".

JEINI\{i}
LEMMA 4.3.3 (Weighted Lipschitz continuity of the value functions). Let T € [0,T).

Suppose that Dlu] > —MQ on (1,T] x (RN for some M > 0 and that, for
h e {f g}, there exist Ly, > 0 such that

(4.3.3) B () = B ()| < Ll —yl* Yo,y e RN, i€ [N].
Then
(434)  [itta) ity <alo—yll  ViernT] 2y e RYY,

where the constant ¢y depends only on T, M, Eg and Ef.

!Here one needs to apply the maximum principle for classical subsolutions of parabolic equa-
tions on unbounded domains. The proof of this is rather classical, and it is based on the fact
that interior maxima of w cannot exist. Since w may not have a maximum on the unbounded set
(RHN x (R4)N | it should be additively perturbed for instance by —e(eX(T=8) (1 4 |z|2 + |y|2) +
(T — 7)71), with K large enough. Being now w bounded (as well as b), then the conclusion
follows by letting ¢ — 0. We do not provide here further details, but we mention that identical
computations appear in the proof of the next Lemma 4.3.3. Alternatively, see Section 4.6.3 for a

more probability-oriented proof.
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PRrOOF. For € > 0, let w’ be the function

w(t,z,y) =l (t, )2 — 0 () | — gl — ol ) — —

defined for t € (7,T), z,y € (R)V, with

~ M(T—t) _q
() = ML, + I,

o(t,z,y) = KT+ |22 + [y[?),

t—T1

)

87

for some constant K > 0 to be determined. Since u’ is bounded, w’ attains its
maximum at some point (¢,7,7) € (1,7] x (RN x (R?)V. Suppose that t # T
and Z # y. Computations show that for = # y (for simplicity, one may follow the

computations below with € = 0, being the corresponding terms merely necessary to

guarantee the existence of a maximum for w, and therefore of perturbative nature)

D2 (t,z) — 2eeK(T=1)] 0
0 —D?ul(t,y) — 2ee

_W<'ipi—y 'i+P?’c—y)
lo =yl \=r+P,_, 1 —P,_ )

D, yw'(t,z,y) = (

where I? is the block diagonal matrix given by

i I, ifj =i
ig=9 0
N~y ifj#£i
and we have set, for e € (R4)N \ {0},
, N; N; , et ifj=1
P O e N9 = ’
el llell

N=ted if j #i.
Then, as Jo ® (ol + £J) > 0 and Tr(D?*w'(t,z,¥)) < 0, we have

(4.3.5) 0> Tr((J2 ® (ol + 8J)) D}, ,yw'(t, 2, 7))

= Tr((ol + ) D*u' (2, ))g — 4(0 + B)NdeeS T,

(4.3.6) 0= Du'(t,z) — ——2—

(4.3.7) 0 = —Du'(t, ) + T

K(Tt)|>
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and, using (4.2.1) when computing d;w?,
(438)  0=—Te((ol+B)DX'(E )[) + > Djl(t,-)- Dyu'(E, )|
. JEININ{}
+ SIDi’ (5 P[] = F15 = ¢ Ollz = gl
KK T4 (2 + 15 +
(t—7)2
Exploiting relations (4.3.6) and (4.3.7) one sees that

(439 > Djul (£, +) - Dyu'(F, -)[; + 51D (£ )]

FEINT\{i}
1 (t) N A
- — 7\ D (E N (7 — 7
NE-gF 2 D@l @ -9
FEINT\{i}
+ 4eeBT-D) Iwa—( z/lli (' — 7" - (2 + 7°) + 422K TV (1202 — |5°)
+2eeXTD N (D (£,7) -3 + Dyl (£9) - 7) -
JEINT\(}

The terms on the right-hand side of identity (4.3.9) can be estimated as follows:
since D[u](t) = —MQ and V'N |lz —y||* > |z —y|, using relations (4.3.6) and (4.3.7)
along with the Cauchy—Schwarz inequality,

(4310) L YO Y. D)@~ )

N — )
e =9l e v
1 (1) Nl A
= — D"U/]t,' ,'Jf‘]—y‘]
JEIN]

_iﬂ WHE T (7
N TE o g P @ -9

> M)z~ gl - zlvnw(t)n 2K TN (4 ) - (2~ 7)

>-M Dz — gl — ==y t,T,9);
()l -yl Wi (), z,y)
since ||z — y||* < |r — y|, by the Cauchy—Schwarz inequality

) i D)1~ i
(4.3.11) 4eeE(T DH(QZ)/V(x -y (2" + 9" + 4e2e2K(T ﬂ(|x 12— 5%

> —4eeK T D@ (o] + |57 — 42270 (] + |gP?)
> —4e (w(f) + seK(T_a)w(f,i,g);
finally, by the Cauchy—Schwarz and Young’s inequalities,
(4312) 2eeXT=0 N" (Djud(8,7) - 7 + Dyul (,5) - )
JEININ{i}

(zN sup | D;u? ||, + 1)<p(f Z, 7).
J€E[N]
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Plugging (4.3.9) into (4.3.8) and exploiting inequalities (4.3.5), (4.3.10), (4.3.11)
and (4.3.12) as well as (4.3.3), we get

(4.3.13) 0< (My(?) + Ly +¢'(®) 7 - 7]’
+e(4(o + B)Nd + 49 (F) + 2eeT=D L 2aNCOy + 1 - K) p(t, 2,7)
where Ciy = sup, ¢ ;< v[|D;ju[|%,. At this point, choose
K =4(c + f)Nd + 4¢(0) + 2NCyn + 3;
thus for all ¢ < e~%7 one has
4(0 + B)Nd + 49 (F) + 2T~ L aINCy +1 - K < 0.

On the other hand, by the definition of ¥ we have M1 + Ef + ¢’ = 0, thus the
above inequality (4.3.13) cannot hold. We conclude that one must have ¢ = T or

x =y, for any sufficiently small . Letting ¢ — 0, we deduce that

u'(t, )5 — @Iz = g1 < (¢'lF — Lol — 7l")+ =0,

where we have used (4.3.3) to obtain the last equality. The desired conclusion
follows with ¢; = 9(0). L]

REMARK 4.3.4. The previous result can be obtained for solutions to Hamilton—
Jacobi equations where the transport term Y JEINI\{i} Djuj . Djui is replaced by
2 jeN v - Dju’, with b satisfying (4.3.2).

The previous proposition immediately provides an estimate for the skew first-
order derivatives; that is, for those derivatives of the i-th value functions with
respect to z7 with j # i.

PROPOSITION 4.3.5 (Estimate on skew first-order derivatives). Let T € [0,T"). Sup-
pose that Du] > —MQ on (7,T] x (RY)?N. Then

) 2
swp |0 Dt P <L veelnTl,
E€INT T e\ (i} >

where ¢y is the constant given in Lemma 4.3.3 (that applies with Ef = \/§Lf and
L, = /2L,, where Ly and L, are the constants appearing in (MF)).

PRroOOF. Note first that by the mean value theorem and (MF) we have

1
@) = )l < || (1D R+ N2 D)
J#i
Let now & € (RN be such that |(| = 1 and ¢ = 0. Plug y = x + h¢ into (4.3.4)
and let h — 0 to obtain |Du’(t,z) - &| < ¢1/v/N. Taking now the supremum over &
1

yields (32, [Dju'(t,x)]*)* < e1/VN. "

Nz =yl < V2Ll -yl
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4.3.3. Second-order derivatives of the value functions. Although all
constants contained in the following statements will depend also on the dimension
d, we shall omit to specify it.

We now show that certain sums of second-order derivatives over the indices of
the players are controlled uniformly with respect to V. This is a preliminary step

to achieve more precise control on second-order derivatives.
PROPOSITION 4.3.6. Let T € [0,T). Suppose that D[u] > —MQ on (,T] x (R?)2V.
Then

sup Y [|ID(Dyu’)(t, )% < Ca Vi€ 7,77,
ke[[N]]ie[[N]]

where the constant Cy depends only on o, T', M, Ly and Ly.
PrOOF. Let k € [N], ¢ € [d] and s € [0,T — 7]. Note that v = v =

Dgreu® solves (4.3.1) on [T — s,T] x (RN with & = Dju!, F = Dy f? —
eIV {1} D;(Dyrew?)Djut and G = D,reg'. By Lemma 4.3.1,

(4.3.14) 1Dyt DU ||og < Cop | Dyt f¥]| 0087 €M + | D(Dyre ') || soe™*

+ CUS%eZMS

)
oo

> Dj(Dgeev’)Djut
JEINI\{i}

where the L>-norm are understood to be computed on [T —s, T] x (RY)Y or (R%)N.

By Proposition 4.3.5 and the Cauchy—Schwarz inequality we have

2 2
. i c .2
> Di(Dyuu))Djul|| < NI >R
JEINT\{i} o JEINT o
therefore from (4.3.14) and Young’s inequality we get
(4315)  [D(Dyu) |2, < 3dC2|Def |26 + 3d]| D(Dyg' |22
3dC2c2etMs g 9 2

JEIN]

Since by (MF) we have sup; cx<n Y1 <icn |1 Drf |3 < 2L7, summing (4.3.15) over
1 one deduces that

> ID(Dgu')|%, < 6dCZe*M*sLT + 3de®™* > || Dy D12,

i€[N] i€[N]
+3dC2c e s > || D(Dyu)||2,
1€[N]
If 3dC2c2etMss % this yields
2\ (|2 2L?c 2Ms 7|12
(4.3.16) Y ID(Dyu))% < — +0de > ID(Drg)llz-
1

i€[N] i€[N]
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Considering that ¢g* = u*(T), ), by iterating estimate (4.3.16) on the intervals [T —
05, T — (1 —1)s] with u*(T — (I —1)s, -) in lieu of g* for any positive integer [ < I* :=
(T — 7)/s] and then on the interval [7,T — [*s], one can prove by induction that

> I3
1€[N] 012
< Z <2f Z (6d621\/15)m d 2Ms Z ||D Dkg ”2 )

1<i<i1 Y 4 mell] i€[N]
where the L>°-norms are understood to be computed on [r,7] x (RY)N. We can

estimate sl* < T and choose s = (6dC2c2e*MT)~1 A (T — 7), hence we conclude
using that (MF) includes supjepng 2icqng 1D(Drg)lI3 < L. n

Exploiting the estimates deduced so far, Bernstein’s method yields the first
estimate on the skew second-order derivatives. It provides a control when letting one
derivative be “in the direction” of the player to which the value function corresponds
while the other derivative is skew and then summing the squares of the second-order
derivatives over the players. In this sense, as the sum touches all value functions,

we will refer to it as a transversal estimate.

PROPOSITION 4.3.7 (Transversal estimate on skew second-order derivatives). Let
7€ [0,7T). Suppose that D[u] > —MQ on (1,T] x (R")2N. Then

} C
S DR | <=2 vtelnT)
JEINI\{}

sup <
- N
where the constant Cs depends only on o, T', M, Ly and Ly.

1€[N]

PRrROOF. Let
7 1 1 %
W= 2( > Di' P+ 5 IDfu |2)
Ce[NI\{i}
Direct computations exploiting (4.2.1) show that

2
— 0w’ — Tr((ol + B)D*w') + > Dju/ -Djw'+8 > | Y Dl
JEINT CeINI\{} ' GEINT
i 2 g
A ol v S ot 2 pgef
JE[[N]] J,KZG[UV]] JE[N]

+ Z D2 DY/ Diju’ + Z (D}ju' D2 Diju’ + Dju’ D} u? Diyut)

JLE[N] J,LE[N]
Z;éi JAC£
1
+7 > D}u'D jul Digu' + > (D} D} Diu' + Dy DY jud Diu'
N jem JEINT\{}
= D Dif'Diu'+ © D3J D3,

Le[NIN{#}
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where according to the fact that the we are considering the Frobenius inner product
on R?, all products between tensors are to be understood in the sense of tensor

contraction over the coordinates of repeated derivative indices; that is, for example,

D3’ Dl Dju’ = Tr(DFju D3 w? Diu)

J ) N2 14
il Dzéu E Dzjkzu Dwiklek2a:[k3u DIikmmgu s
k‘l,kz,kge[[d]]

- ¥

k1,k2,k3€[d]

Dju‘D}

2

D Dig

JEIN]

3 %
E Dxiklxikngksu

JEIN]

We now estimate the terms above: since, according to Remark 4.2.3, D[u] > —MQ
is equivalent to (D%,h%); seny = —M],

E Df—eueD?juijzué = E Df—eueD?juijzué + E D2’ D3l D3u’

Ge[N] JLelN] EiNG!
04£i G O£
—2M Y D) = —AMuw’;
CeINT\{i}

by the Cauchy—Schwarz inequality and Proposition 4.3.6,

1

j 3
= iy, T (5. )
JLelnl €INT pe (3} eI
JAH el
1 .
< CF sup w';
1€[N]

by the Cauchy—Schwarz inequality, Proposition 4.3.5 and Young’s inequality,

E ‘D u DUZUJDMu ‘
J.L€[N]
JALEG

ST |Dju‘|2)é( S g u|)( ) |Dwu|)é

CINT jenn\ () JLEIN] ee[N\{i}
JALFEL
1
C1 i 2
< \/N( Z S}euq + Z |Du] |2) < Z | zeu | )
j,éze#ﬂN]] JEIN] Ce[NI\ {5}

2
g Z £)2 g Z 02, 61,
<2]\] |D1Jlu| +2N |D7,z] | +;’LU,
]’eeim]] JelN]
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by the Cauchy—Schwarz inequality, Young’s inequality and Proposition 4.3.6,
Y D}’ Dl Diu|
JEIN] 1
comt( X ) (3 o) s onr
JEINT\{i} JEINT\ {4}
3 1
<205 +C3w

Nl
-

by the Cauchy—Schwarz inequality, Young’s inequality and Proposition 4.3.5,

1 1
Z |Dqu’Uu]D2uZ| |szul< Z Djui2>2< Z |D”Ju7|2>

JEINI\{i} JEINI\{i} JEINT\{i}
C% i 9 Ji2.
< ;’UJ + 5 Z |D“JU ‘
JEINT\{4}

by Young’s inequality,
1 . _
> DAf'Diu’ + < Dif Diul <
Le[NIN{i}

Therefore, we get

N | —

(5 DR DA

Le[NT\{i}

— 9w’ — Tr((ol + BJ)D*w") ZDu] Djw'

J€[N]
205
<1+4M+f+C2>w +C2 sup w’ + =2
¢e[N] N
1 012 P2
w3 X AP I,
Le[NI\{#}

By (MF), >y giy D5 f 1P + §|D3f/* < 2L3/N, thus

: 1
—0yw’ — Tr((ol + B)D*w") ZDu - Djw’ C( sup we—i——),
¢€[N] N
JelN]
where the constant C' depends only on o, T, M, Ly and L. By the maximum
principle we get
i i 1
[, Yloe < (T, o + (T = 0O ( 500 0 o) + 5 ).
Le[N]
for any s € (0,7 — 7] and ¢ € [T — s,T7]; here we used the notation || - ||oc;s for the
standard norm of L>(I x (R%)N). For s < (2C)~! we obtain
. , 1
(4317> sup ”wZ”oo;[T—s,T] < 2 sup ||wZ(Ta )Hoo + N;
i€[N] ic[N]
letting s = (20)~! A (T — 7) and iterating estimate (4.3.17) on the intervals [T —
ls, T —(£—1)s] for all positive integers ¢ < £* := |(T'—7)/s| and then on [r,T —£*s],
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we get by induction

4 . } 1y 41
sup ([0l scirry < 2027+ = 1)(2 sup [l (T, ) oo + 1 ) -

i€[N] br-T] e[ N] N N
The conclusion follows recalling that u*(T, -) = ¢’, and thus sup;cpnpllw’(T, -)|| <
2L2/N by (MF). .

In order to proceed, we need further control, for fixed ¢, on second-order deriva-
tives Dj,u’ of the value function as j, k vary. We will refer to it as a horizontal
estimate. Differently from the one obtained in Proposition 4.3.6, we sum over k # i,
thus expecting a decay of order 1/N. To achieve this, we need more precise control
on first-order derivatives: in Proposition 4.3.5, a cumulative information on Du’
was stated; here below, we show index-wise bounds, in the sense that no sum over
the direction 27 is involved.

PROPOSITION 4.3.8 (Index-wise estimate on skew first-order derivatives). Let T €
[0,T). Suppose that D[u] = —MQ on (1,T] x (R))2N. Then

, C
sup ||Dpul(t, )lloe < — Vit [r,T),
i,kE€[N] N
ki

where the constant Cy depends only on o, T, M, Ly and L.

PROOF. Let i,k € [N], i # k, and £ € [d]. Note that v = v* = D_xeu’ solves
the linear problem

— 0w — Tr((ol 4+ ) D?v) + Z Djw’ - Djv

JEIN] i _ _
= kai.fz - Z Dj (Dmkzuj) . Djuz

, e [N\ {i

Voot = Dyeeg' JEINT\{i}

Recall that by (MF), || Dk f*|| o < L¢/N. For any s € (0,T—7]and t € [T—s,T],

we control the second term of the right-hand side of the previous equation using

Proposition 4.3.5, Proposition 4.3.7 and Proposition 4.3.6 as follows:

Z D; (wauj) . Djui + Dk(Dzuuk) . Dkui

JEIN]
kit . s
B 2 . 2 B
< (Zwikuﬂﬁ) (ijuqz) D2 | Dt
7k i
<6103

< + Co|| Dyt || oy r—s,77 -

Therefore, by the maximum principle we have

c1C3+ L . .
[olloeiz—s,r) < 5 =7 + 502 D!l s(r— .7 + 1 Dicg | -
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Since the previous estimate holds for all £ € [d], for s < (2¢/dC3)~" we conclude

that
C1 03 + Lf

CoN
By iterating the previous inequality as in the previous proof, and using (MF)

1Dkt lociir—s,7) < +2Vd | Dieg'[loo-

again to control | D rg'||cc < Ly/N we obtain the assertion on the time interval
[T —7,T). n

We can now get the horizontal bounds on skew second-order derivatives.

PROPOSITION 4.3.9 (Horizontal estimate on skew second-order derivatives). Let
7€ [0,7T). Suppose that D[u] > —MQ on (1,T] x (R")2N. Then

; C
sup Y DDt ) < 5 VEE T,

EINT e N\ {3}

where the constant Cy depends only on o, T, M, Ly and Ly.

PRrOOF. From inequality (4.3.14) we have

(4.3.18) 1Dyt DU || oe < Col| Dy f¥]l 0082 €M + | D(Dyreg") || soe™*

+ Cpsze®Ms Z Dj;(Dgreu? ) Dju’
J€IN]
k#j#i

+ Cy52M3|| Dy (D e tt?) Dyt oo -

o0

By the Cauchy—Schwarz inequality, Proposition 4.3.5 and Proposition 4.3.7,

‘ 112 2 ‘ 20
S DDt <L pRaf <95
JE[N] & JEININ{k} e
k#j#i
therefore from (4.3.18) and Young’s inequality we get
C2c2C3eMss

(4.3.19) |D(Dxu) % S Coll DiflIZe*s + [ D(Drg) |2 + ==

F G2 | D 2 Dy 2,
where the implied constant depends only on d. By (MF), 3=, x4 IDxf11136 <

L7/N and Zke[[Nﬂ\{i}HD(Dkgi)Hgo < L2/N; by Proposition 4.3.6 and Proposi-
tion 4.3.8

. CC
(43.20) > IRt Drer < =
ke[NT\{:}
The desired conclusion now follows, summing (4.3.19) over k # . [ ]

REMARK 4.3.10. Proposition 4.3.8 is clearly stronger than Proposition 4.3.5, nev-
ertheless we cited them both in the previous proof in order to highlight when the
weaker Proposition 4.3.5 was sufficient and, consequently, that the stronger Propo-
sition 4.3.8 is only needed to get estimate (4.3.20).
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4.3.4. Third-order derivatives of the value functions. Finally, we prove
the most basic third-order version of the transversal estimate on skew-second order

derivatives.

PROPOSITION 4.3.11 (Transversal estimate on third-order derivatives). Let 7 €
[0,T). Suppose that D[u] = —MQ on (1,T] x (R))2N. Then

> DDy, 2, < C5 Vte[rT],
i,j€[N]
J#i

where the constant Cs depends only on o, T, M, Ly and Ly.

PROOF. Proceed as in the proof of Proposition 4.3.6. Let h, k € [N], £, m € [d]
and s € [0,7 — 7]. Note that v = D ke nmu’ solves problem (4.3.1) on [T — s, 7] x
(RYN with v/ = Dju?,

F=Duynt = > Dj(Diupnt?)Dju’ — > Dj(Dyrer)Dj(Dynmut’)
FEINT\{3} FEINT\{i}
— > Dj(Dynnt?)Dj(Dyrert’) — Di(Dynmti’) Dy(Dyrert’)
FEINT\{3}

and G = Diuzhmgi. By Lemma 4.3.1,

(4.3.21) [ D(D2 )|

< DikethDgiHoceMs—FOg( > Dj(Diu ) Dyl

JEINT\{i} >
+ Y. Dj(Dyew?)Dy(Dyrmut’) ‘

FEINT\{i} >
+| Y. Di(Dynmu?)Di(Dyrent’)

JEINT\{i} o0

| Di(Dyren ) Dy Do’ s eM* + ||D§wthf"|oo>séems ’

where the implied constant is a number and the L°°-norm are understood to be
computed on [T — s,T] x (RY)N or (RY)N. By Proposition 4.3.5 and the Cauchy—
Schwarz inequality we have

2 c? 3 42
<xl 2 [P
JEINT\{i}

Y Di(Diueyumu!) Dyt
JEINI\{i)

)
o0

o0
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therefore, choosing k = i in (4.3.21), and applying Young’s inequality we get

2 iy)12
(4.3.22) ||D(Dj;u’)l5

Se4Ms

o0

< ID7iDg'[[3.e*™* +

> DRt 3o DRl

Je[NI\{i} Je[NI\{i}

> Dkl X DRl

JEINT\{i} JEINT\{i}

setMs |2, st
o0

+

i2 i2 . AMs C%3€4MS 3 g2
+ 1Dn o | Daai ose ™ + So— 37 IDRw
JEINT\(3}

where the implied constant depends only on C, and d. By assumption (MF),
ZhJE[IN]]’#hHD,%ifngo < L?; by Propositions 4.3.7 and 4.3.9,

I IS D ol D ot FE =
NI jev gy * hicN] T SEIN] -

by Propositions 4.3.6 and 4.3.7,

> | Dpart’ |12, | Disu' |2, < CoCs.
h,i€[N]
iZh

Therefore, summing inequality (4.3.22) over h and k =i # h yields

> IDDRu)%

h,i'i[[hN]]
1
. 1 .
S setMs 4 2Me N ||ID(DRg |15 + N Y DR [Sese™
h,i€[N] h,i,j€[N]
i#h VED)

where the implied constant (here as well as below) depends only on o, T', M, Ly

and L,. Exploiting now the fact that

Z IID%ijujllio <N Z Z |Dl?;ijuj| =N Z HD(DijuJ)”go )
h,i,j€[N] i,j€[N] " he[N] o0 i,j€[N]
J#i J#i J#i

we obtain, for small s,

Y IDDR)L 1+ Y IRy =1+ D ID(DR') (T, )3 -
h,i€[N] h,i€[N] h,i€[N]
i#h i#h i#h
Using that Zh’ie[[N]]’#hHD(D}QLig’:)HgO < L2 due to assumption (MF), one con-
cludes by arguing as in the proof of Proposition 4.3.6.
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4.4. The Y-semimonotone case

We prove in this section Theorem 4.2.7 in the Z-semimonotone case. The
following result shows the crucial interplay between the previous estimates and the
Z2-semimonotonicity of the value functions. It basically shows that if there exists
a left temporal open neighbourhood (7,T] of T in which u is M-Z-semimonotone
for some suitable M, then exploiting the estimates on the skew derivatives one can
show that such a semimonotonicity actually holds with constant %M on the whole
[7,T] x (RY)N | provided that N is large.

This implies that if the matrix (Dijuj)i,je[[]v]] + M| is positive definite near T,
then it cannot degenerate at any time in [0, 7]. In this sense, we can consider this
fact as a (backward) propagation of the semimonotonicity. Such an argument will in
turn imply that all estimates on the derivatives themselves propagate, thus small-
time existence of a Z-semimonotone solution to the Nash system is sufficient to
prove global existence on [0, 7] of a solution which satisfies all the above estimates
(see Theorem 4.4.2 below).

PROPOSITION 4.4.1 (Improvement of Z-semimonotonicity). Assume (MF). There
exist positive constants M*, M3 and Mg (with My < M*) depending on T, and a
natural number N, depending on o, T, Ly and Ly such that for any T € [0,T) one
has

—M*Q on (1,T] x (R}
—M;Q on (R%)2N
fMg*Q on (R%)2N

S
)
\ARVARY,

— D[u(T,-)]}—%M*Q on (R%)2N.

=
\Y
=

Looking at (4.4.7) below, one can in fact choose My = (12T)~', M} =
(12e72)~! and M* = (2T)~ 1.

The proof involves again the method of doubling variables. We could proceed
with a PDE approach as before, but we prefer to follow a “dynamic” approach;
that is, we argue along optimal trajectories. This is probably closer in the spirit to
what is usually done in the MFG theory.

More precisely, we use a synchronous coupling between two solutions of (4.2.2),
for agents playing optimally. For the benefit of the reader we briefly recall what
one means by such a coupling. Let ¢ € [0,T) and consider the (R?)™-valued SDE

(4.4.1) dZ; = b(t, Z;) dt + X(t, Z;)dB,, te[t, T,

where ¥ is an md x ¢d matrix and B; is an ¢d-dimensional Brownian motion. Assume
that the drift b and the diffusion coefficient 3 are locally Lipschitz continuous and
have sublinear growth with respect to the state variable, uniformly with respect to
time. If Z solves (4.4.1) with Z; = z € (R%)™, then the following Dynkin’s formula
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holds for any h € C12([t, T] x (R%)™) such that §f DVh(t, -) has polynomial growth
for all t € [t,T] and 20 + |y| < 2:

(4.4.2) E[n(T, Zr)] = h(t, 2) + /TE[ath(t,Zt) + Lh(t, Zy)] dt,

where L = % Tr(ZETDg) +0b- D, is the differential generator of the process Z; see,
e.g., [4, Chapter 9]. We are interested in the particular case where m = 2N and Z
is the following coupling of two solution of the (R%)N-valued SDE

(4.4.3) dX; = a(t, X;)dt + o(t, X;)dB;, te[t,T],

where o is an Nd x ¢d matrix and B, is a ¢d-dimensional Brownian motion. Given
X and Y which both solve (4.4.3), with X; = Z and Y; = y, respectively, we
say that Z = (X,Y)7 with Z; ~ p having marginals d; and &5 is a synchronous
coupling of X and Y. It solves equation (4.4.1) with b(t,z,y) = (a(t,z), a(t,y))"
and X(t,z,y) = (o(t,z),0(t,y))T, thus

b-D, = a(t,z) D, +alt,y)-D,, LT = (U(tvx)d(t,:ﬂ)T U(t,x)a(t,y)T)'

ot,y)o(t,z)T o(t,y)olt,y)’
In particular, when (4.4.3) coincides with (4.2.2) in the equilibrium, which happens

for a = o 1= (=Dju");eqnys B=(B,W)" and ¢ = V2 (ol | VBly ®1y), one
has ¥XT = 2(Jo ® (ol + 4J)) and thus

(4.4.4) L=T((J® (ol +BI)DE, ) +a*(t,x) - Dy + a*(t,y) - Dy

Clearly, analogous considerations hold if Z; is any random variable with finite
E[|Z¥] for some k € N; in this case, (4.4.2) holds with h(%, %) replaced by
E|[h(t, Z;)] and provided that of DVh(t,-) S 1+]-|*.

PROOF OF PROPOSITION 4.4.1. Let w'(t,z,y) := D;u'(t, )|Z (2t —y). We
want to use formula (4.4.2) where t = 7, h = w* and Z = (X,Y) is a synchronous
coupling of two solutions to (4.2.2); that is, formula (4.4.2) with L given by (4.4.4).
We have

Lwi(t,x,y) = Dz TI‘((O" + 6J)D2ui(ta )|Z) ' (xi - yl)
- Z D?jui(tv ')Djuj(ta )|z ’ (‘ri - yz) - |Diui(t7 )|z|2’
JEIN]

and, according to (4.2.1),
5‘twi(t,x,y) =-D; Tr((al + 5J)D2ui(t, )|z) . (g:z — yi)
+ Z Dizjui(t’ ')Djuj(tv )|z ! (xi - yi)
JEIN]

Y DR D ()] @ )~ D[ (o ).
JEINI\{i}
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Then equality (4.4.2) gives
Blui (T X, Vo)l < w'(r.9) - [ E[Dl - (-] + [ Eeiar
where
i j i Xt i i
515 = Z D?ju](tv')Dju (tv) Y, (Xt_Yt)
JEINT\{i}
Letting w := 3, cn w', it follows that

T

(4.4.5) w(r,z,9) > —M,; E[|Xr — Yr|*] - M}‘/ E[|X; — Y;?]dt
T .
—/ E[ > g;] dt.
T i€[N]

By the mean value theorem

1

j i Xt j i

D31, 1Dt = ([ D(DRw 0 2Dt 251 s ) X, = ¥,
0

with Z;(s) = sX; + (1 — s)Y%; then note that

D &

i€[N]

- /0 Y. D (Dl (tZu(s)) Dyul(t Zu(s))) (X = V) - (X[ = V) ds

i,ke[N] je[NI\{:}

XS (DR Dl Al (X - V) (X - Y ds,

i,ke[N] je[NI\{:}

where

1
‘/0 Yo Y (Dt Zu(e)Dyul(t, Zu(s))) (X) = V) - (X = Y))ds

i,k€[N] j€[N]\ {4}

2,4
<|[ X | X Diw Dyl X -
i,k€[NT 'FEINT\{¢} >
1
) . 2
(x| = pwar| | S ol ) -
ie[N] " jE[NT\{i} ool je[NI\{i} o

and similarly

‘/0 ST (DUt Zuls)) DRl (t, Zu(s)) (XF = YF) - (X[ — Vi) ds

i, k€[N Fe[NT\{i}

<<Z

i€[N]

> JowuP| ) x-vie

JeINI\{i}

Z |D?j“j’2

JeINI{#}

o ‘ o
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Propositions 4.3.5 and 4.3.11 ensure that

2
S| s porep| | 2 o] <9
ie[N] " je[NT\{i} ool je[NI\{i} o

and Propositions 4.3.7 and 4.3.9 give
> > Eel ‘ > [pmuf’ <C§\?4
ie[N] " je[NI\{i} ol jeINT\{i} >

Therefore we have

T _
. C
/ E{ ) é’z} < sup E[IX, - VP
T i€[N] N te[r,T)

for some constant C' which depends only o, T', M*, L ¢ and Ly. On the other hand,
by the equation of X — Y,

dIX, = Vil = =2 > (D' (t, Xy) — Dy’ (1, 7)) - (X] — Y7 dt
1€[N]
<2M*| X, — Y |*dt,

where the inequality comes from the Z-semimonotonicity of u, so that Gronwall’s

lemma yields
(4.4.6) E[|X, - Y:|?] < |z — g2 =7 vt [r,T).

Hence, from (4.4.5) we have obtained

. C
w(r, z,y) > —e*M T(M* +TM7 + —) z— 1l
(7,2,7) p Iy 1z —
Fix now M* = (2T)~'; choosing M; and M7} small enough and N, large enough
so that
C M* 1

4.4.7 M ATM; + — < = = ——

( ) g T Tt /N, 2e2M*T 4eT

we see that w(7,Z,y) > —3M*|Z — y|* holds for any N > N,. The conclusion
follows by the arbitrariness of z,y € (R?)V. [

As anticipated, such a non-degeneration of semimonotonicity of the solution
is the key ingredient for the propagation of all derivative estimates, and of semi-
monotonicity, over the whole time horizon [0, T]. This constitutes the first half of
Theorem 4.2.7.

THEOREM 4.4.2 (Estimates on the Nash system with Z-semimonotone data). As-
sume that f and g satisfy assumptions (MF) and (DS). Let T > 0. There exist
positive constants M and M; depending on T (in such a way that M, My — 0
as T — +oo and M}‘, M; — 400 as T — 0), and a natural number N* depending
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only ono, T, Ly and Ly, such that if Mg < Mg, My < My and N 2 N* then any
solution u to (4.2.1) on [0,T] x (RN satisfies

>

JeININ{i}

LY D) £ 5

sup( sup Dyl +
0 je[N]\{i}

i€[N] \je[N\{:}

and

sup [ Do + sup > [D(Dad)|Z + D (ID(Did)|%
il €INY jeny i,j€[N]
J#i
where the implied constants depend only on o, T', Ly and Ly. In addition, there
exists M* > 0 (depending only on T') such that u is M*-Z-semimonotone on [0, T).

PrOOF. Let M}, My, M* and N* be given by Proposition 4.4.1. By assump-
tion (DS), D[u(T, -)] + M*Q > Q on (R)?V, with e = M* — M > 0; that is, by
Remark 4.2.3, (D3u'(T, -)); jegny + M*1 > €l on (RN Since DZu’ are assumed
to be uniformly continuous, there exists 7 € [0,7) (a priori dependent of N) such
that (DZu’(t, -))ijerny + M*1 = 51 on (RY)N for all ¢ € (7,T]. Therefore,

T :={s€[0,T): u extends to a solution on (s, T] x (RHN
and Dlu] > —M*Q therein} # 0

and 7% := inf T € [0,7]. Seeking for a contradiction, suppose that 7* > 0. Then
Dlu] > —M*Q on [7*,T] x (R?)2Y and by Proposition 4.4.1 we have Du(r*, -)] >
f%M*Q on (R?)2V . Repeating the same argument as at the beginning of the proof,
there exists 7/ € T, 7/ < 7*, thus contradicting the definition of 7*. This proves
the Z-semimonotonicity of u on [0, 7], hence all estimates on the derivatives are
given by Propositions 4.3.6 to 4.3.9 and 4.3.11. [

4.5. The Y-semimonotone case

We prove in this section Theorem 4.2.7 in the Z-semimonotone case. Our
observations in Remark 4.2.3 motivate the following result, which comprehends all
estimates on derivatives we have made in the previous section, under the assumption
of .Z-semimonotonicity and a lower bound on the diagonal of the Jacobian matrix
of the vector of optimal controls.

PROPOSITION 4.5.1 (Estimates on the derivatives). Let 7 € [0,T). Suppose that
Llu] = —kQ on (1,T] x (RY)2N and there exists v > 0 (independent of N ), such
that

(4.5.1) Ay,y = =y on RYN Vte (r,T).
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Then there exists constants K;, i € {1,...,5}, depending only on o, T, k, 7y, L,
and Ly, such that the following estimates hold for allt € [1,T):

. K
(4.5.2) sup || Djul(t, -)|lso < Wl;
1,jE[N]
j#i
(4.5.3) sup > [ D(Dud)(t, )12 < Ko
ie[[N]]je[[N]]
2 4 2 K3
(4.5.4) sup Z | D} (¢, )| < N
NI vy e
. K
(4.5.5) sup Y [ DDul)(E I <
IR ING!
(4.5.6) > IDDyd)(t, )% < Ks.
i,j€[N]
J#i

More precisely, each K; is given by the constant C; appearing in Propositions 4.3.6
to 4.3.9 and 4.5.11 with M replaced by k + .

PROOF. As noted in Remark 4.2.3, we have D[u] > —(k + 7)Q@ on (7,T] x
(R4)2N. Then the estimates follows from Propositions 4.3.6 to 4.3.9 and 4.3.11. m

With this piece of information one can show that the pair formed by .#-semi-
monotonicity and diagonal lower bound (4.5.1) does not degenerate, just like dis-

placement semiconvexity did not (cf. Proposition 4.4.1).

PROPOSITION 4.5.2 (Improvement of Z-monotonicity and diagonal lower bound).

g7
depending only on o, T, Ly and Ly, such that kj < £*, Ly < v* and, for any

T €1[0,T), one has

There exist nonnegative constants k%, kg, * and ¥* and a natural number Ny, all

Ll > —k*Q on (7,7] x (RN

Dy z ="l on (r,T] x (RH)N Llu(r, )] > —Lg*Q on (R4)2N
L[f1> —r5Q on (RN = 12

E[g] = */i; on (Rd)2N Au(T, ) = *iv*l on (Rd)N
N > N,

We are going to split the proof of this result in two propositions. We will prove
that the -Z-semimonotonicity improves, provided that one has the diagonal lower
bound (see Proposition 4.5.3). Then, symmetrically, that such a lower bound im-

proves, provided that one knows that u is .Z-semimonotone (see Proposition 4.5.4).

PROPOSITION 4.5.3 (Improvement of .#-semimonotonicity). Let~y > 0. Then there

exist a nonnegative constant k* depending on T (but not on v), and constants K%,
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Ky (with k; < k) and a natural number Ny, all depending only on o, T, v, Ly and
Ly, such that for any T € [0,T) one has

Nyt =2 = on (7,T] x (RHN

L] > —5*Q  on (,T] x (RY)2N

LIf) > —3Q  on REN — Lfu(r )] > ~5x°Q on (R,
Llg) > —K5Q o (R1)2N

N > N/

Looking at the proof below, one can in fact choose s} = (12Te*""+1)~1 g% =
(1272 TH1) =1 and k* = (2T) 7!, therefore x} is actually independent of L, and
L.

PROOF OF PROPOSITION 4.5.3. Let w(t,z,y) := Lu(t, -)](z,y). We want to
use formula (4.4.2) where t = 7, h = w and Z = (X, Y’) is a synchronous coupling of
two solutions to (4.2.2); that is, formula (4.4.2) with L given by (4.4.4). Omitting
the dependence on t, we have

Lw(z,y)

= Tr((ol + BJ)E[DQu](x, y)) — Z (Djuj(x) - Dy + Djuj(y) . Dyj)ﬁ[u](x,y) ,
JEIN]

and, according to (4.2.1),

Ow(z,y) = — Tr((al + BJ)E[DQu}(x,y)) + %E[(|Diui\2)ieﬂw](x,y)

+ > LDyl - Dul(w,y) - L[], y).
JEINT\{i}

Note that

Z (Djuj(x) - Dy + Djuj (y) - Dyj)ﬁ[u](x, y)

JElN] ' ’ 4 o
= Z Dju! (z) - Dju'(z) — Z Dj;v’(x) - Dju'(z™",y")
i,j€[N] i,5€[N]
J#i

- Z Dlul(gj) : Diui(yiivxi) - Z Dzul(y) . Diui(ajfi,yi)
i€[N] i€[N]

— 3 D) Dy et + Y Dyd(y) - Dyul(y)
i,j€[N] i,jE[N]

J#i
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and
> LDl - Djul(x,y)
JEINT\{i}
= Z Dj;v’ (x) - Dju'(z) — Z D;v’ (z™",y") - Dju' (™", y")

i,5€[N] i,J€[N]

J#i VE

- > Dpdy et DywlyThat) + Y Dijul(y) - Dyu'(y)
i,j€[N] i,7€[N]
J#i J#i

Then easy computations show that

(0 + Lyw(z,y)

Z D! ‘( —i i) Du A TE Z Djw’ |(y_1 29 Dju (y™ ' ")
4,§€[N] i,j€[N]
71 J#i
= Y [Dai(@) = Dy~ 2 = Y (Do (y) — Dy (o )|
i€[N] i€[N]
— L[f)(z,y) .
Exploiting the mean value theorem,
Z Dju | o Djut (7t yt) + Z Djuj|z(/y_i’$j) -Dju'(y~", z")
i,jE[N] i,€[N]
J#i J#i
= Z (Dju ‘( i gy + D, u]‘(y i i) ) - Dju'(z™" y")
Z’JG;L[N]] i —i z)
J#i y e
Z D, u]{(y it D ju |(9c*i,yi)
i,J€[N]
i#i
= > [ et e ) - asas
i,k€[N] JEININ{i}
k#i
¥ / > DHw A DRl (5 A )@~y — ) dsds,
i,k€[N] JEINI\{i}
where z5 := y + s(z — y) and products between tensors are understood in the

sense of tensor contraction as discussed in the proof of Proposition 4.3.7. By the
Cauchy—Schwarz inequality and assumption (LS),

(4.5.7) (0y + L)w(x,y)

<<nf+<z

i€[N]

> 1Dy

J:k€[N]

G ki
>

JEINT\{i}

1
2 >2
oo
1
2 2
) )Iw—yl-
o0

>

JeINI\#}

> DD ?

JEINT\{}

ae>

i€[N]
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We can now proceed with the proof as we did for the one of Proposition 4.4.1. By
formula (4.4.2), estimate (4.5.7), Proposition 4.5.1 and estimate (4.4.6), we obtain

. K
w(r,,9) > =T (G 4+ T+ i =g,

VN
where the constant K depend only on o, T, k* 4, Ly and L¢. Then we conclude
by arguing as in the proof of Proposition 4.4.1: pick x* = (27) 71, ky and £} small
enough and N/ large enough so that
K < K* _ 1
\/]Ti = 9p2(k*+)T T gATe2YT+1°
PROPOSITION 4.5.4 (Improvement of the diagonal lower bound). Let k > 0. Then

there exists a constant v* depending only on o, T, Ly and Ly (and not on k) and

li; —|—Tf<;;‘c +

a natural number N depending only on o, T, k, Ly and Ly, such that for any
7 €[0,T) one has

Llu] > —kQ on (1,7] x (RHN
ANy z =71 on(r,T]x RYN L = Ay, > —%’y*l on (RHN
N> NV
The explicit constant v* can be found below, see (4.5.12).
PROOF OF PROPOSITION 4.5.4. We are going to use an argument “along op-

timal trajectories”, but without doubling variables/coupling. Consider v = D;u’;
it satisfies the R?-valued equation?

(4.5.8) — 0w —Tr((ol+BJ)D%v) Z Dju/-Djv = D;f'— Z D2 u! Dju’
FEIN] JEININ{4}

Fix x € (RY)N, s € [r,T) and let p be a flow of probability measures on (R%)Y

solving

0ip — Tr((ol + BI)D?p) +div(Bp) =0 on (s,T) x (RHN

p(s) = 0z,

where B = (—Dju’)1<j<n. Duality between equations (4.5.8) and (4.5.9) gives

Diu'(s,x)

:/ Dig" dp(T / / D;ftdp— / / Z D? uJDudp,
(RN RHN

JeINI\{#}

(4.5.9)

2We point out that we use the natural notation Tr((ol 4+ 8J)D?v) to denote the vector with
coordinates

Yo @+ BgraartsD agiert, L€ [d].
J>k€[N], a,be[d]
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hence by assumption (MF), the Cauchy—Schwarz inequality, estimates (4.5.2) and
(4.5.4) and the arbitrariness of s € [r,T),

(4.5.10) |Div'(t,)||o < Ly + TLy + KN~ Vte [r,T],

where the constant K depends only on o, T, k, v* (that will be chosen below), L,
and Ly.
Letting w = %|Diui|2, which satisfies

— Oyw — Tr((ol + BI)D*w Z Dju! - Djw
JEIN]
"‘UZ \D?jul|2—|—5 Z D?jul = D;u' - D;f" — Z D2u3Du Dt

JelN] J€[N] JEINT\{i}

again by duality with (4.5.9) with s = 7 one obtains

1 . T
—|D;ut (7, x 2+O'/ / D?, ’de—i—ﬁ/ /
Do [Cf 3 Dt .

JE[N] GHN]]

— [ 3D apr // Dyt Dif dp
(RE)N 2 (RN
/ / uijui -Dyutdp.
(RN

E[[N]]\{}

12
uZ dp

Therefore, using assumption (MF), the Cauchy—Schwarz inequality and estimates
(4.5.2), (4.5.4) and (4.5.10), one obtains in particular

TL
(4.5.11) / / |DZut*dp < + (L, +TLs)+K'N7Y,
(RA)N g

where the constant K’ depends only on o, T, «, v*, L, and Ly.
As a last step, V = DZu’ solves the following .#(d)-valued equation

— 0V = Tr((ol + BHD?V) + > Dju/D;V +V?
JEIN]

=D}f'— > Diu'Diw/— > DiwDiu'— Y DjuiDjul;
FEINT\{i} FEINT\{i} FEINT\{i}

thus duality with equation (4.5.9) with s = 7 gives

D2 (r, ) + // (D2 dp— [ Dugidp(r // D2fidp
(RI)N (RN RA)N

/ / Z DzuD2uJ+D2uJD2u —|—Df’”uDu)d
1<]<N
J#i
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By assumption (MF), the Cauchy—Schwarz inequality, the estimates in Proposi-
tion 4.5.1 and estimate (4.5.11), we get

2 / "

TL

g f

+ —(L,+TL

a(g f) N \/ )

20
where the constant K" depends only on o, T, k, v*, Ly and L. At this point one
sees that if

D2 Z(7- g;) (L +Lf+ Id,

. Ly  TLy
(4.5.12) v =a(Ly+ L+ 52 2+, +TLy))
then for any N large enough so that K'N -1+ K”N~2 < 17" one has Dju’(1,z) >
— 3714, uniformly with respect to i € [N]. The conclusion follows from the arbi-
trariness of x € (RY)N. "

For the benefit of the reader, we make explicit how Proposition 4.5.2 can be
now obtained.

PROOF OF PROPOSITION 4.5.2. Let x* be as in Proposition 4.5.3 and v* be
as in Proposition 4.5.4 (note that these two do not depend on each other). Then,
Proposition 4.5.3 applies with v = +*, yielding the improvement of .Z-semimono-
tonicity for N > N.. On the other hand, Proposition 4.5.4 applies with k = k*, so
that the diagonal lower bound improves for N > N/. Taking N, = max{N,, N/}
gives the assertion. [

THEOREM 4.5.5 (Estimates on the Nash system with Z-semimonotone data). As-
sume that f and g satisfy assumptions (MF') and (LS). Let T > 0. There exist
nonnegative constants k% and kg and a natural number N*, all depending only on
o,T, Ly and Ly (in such a way that n},n; —0asT — 400 and K?,HZ — 400 as
T —0), such that if kg < Ky, Ky < K} and N > N* then any solution u to (4.2.1)
on [0,T] x (RHYN satisfies

>

Je[NT\{i}

+OX DDl ) s 5

sup< sup \|Djui||oo+
oo je[NI\{i}

i€[N] \ je[N]\{s}
and

sup, IDu|% + sup > (ID(Dw)[% + Y [D(Dyud)|[3 S 1,
ey €N ey i.5€[N]
i#i
where the implied constants depend only on o, T', Ly and Ly. In addition, there

exists k* > 0 (depending only on T') such that u is k*-£-semimonotone on [0, T).

PrOOF. The argument is very much analogous to the one of Theorem 4.4.2; so
we omit it. [
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4.6. Appendix

4.6.1. An existence and uniqueness theorem for the Nash system.

For the sake of self-containedness, we present an existence theorem for (4.2.1).

THEOREM 4.6.1. Let f* € CYF*((RYN) and g € C*TTo((RYHN), for some in-
teger v =2 1 and a € (0,1). Then for any T > 0 there exists a unique bounded
solution to the Nash system (4.2.1) which is of class C1TzT52t7+a,

PROOF. Step 1. For 7 € [0,7), let X := X, = C([r,T); CL(RY)N))N, with
norm [[v[x = sup;eqny(v]loc + [|1DV]loo). For v € X, let u’ = S(v)’ be the
solution of the parabolic equation

—0ut — Tr((ol + B)D?u?) = fi — %|Divi|2 — Z Djv’ - Djv*
1N
ui|t:T =g s
By [69, Theorem 5.1.2], S(v) € X (solutions actually enjoy further Holder reg-
ularity). We have the following standard representation formula: let ® be the
fundamental solution to the diffusion equation dyu — Tr((ol + BJ)D?u) = 0 on
[0, T] x (RY)N; that is,

1 _ (ol4+8) " 'a-x
O(t,x) = e 4t
V/det(4r (ol + BI)t)

= ~a7 € 4ot
V1+ NdB/o (4mot) =2

Then for v € X and i € {1,..., N}, we have

S(v)'(t,z) = (®(T — ¢, ')*gi)($)+/t (B(T =5, )% (f' —w'(s — t,))(x)ds,

where % is the convolution operator over (RY)N and w’ := |Dyv'[* + 37, ,; D;jv7 -
Djv'. Then |S(v)!oo < llglla + (T —7)(|| fllx + |v]|%), where the implied constant
depends only on N and d. Also, for j € [N] and k € [d]

D,k S()i(t,2) = (B(T —t, -)  Dyng’) (&) + / (O(T = s, -) % Dy f1) () ds

—/t (D ®(T — s, -) % w'(s —t,-))(x)ds;

then, using that f(Rd)N|D$_jk<I>(t,y)| dy < Nd/v/mat, one has |DS(v)|co < |l9lla+
(T — )| fllx + VT — 7 ||v||%, the implied constant depending only on o, N and d.
Furthermore, given v,v € X similar computations show that ||S(v) — S(0)||x <
(1 + VT —7)VT — Tmax{|v||x, ||v|lx}|v — ©lx, with implied constant depend-
ing only on o, N and d. Letting B. := {v € X : |jv||lx < ¢}, we deduce that
S: B. — B. is a contraction for any ¢ = ¢(||g|lx,0, N,d) sufficiently large and
7 = 7(¢,0,N,d, B, || f|lx) such that T — 7 is sufficiently small. It follows by the



110 4. A PRIORI ESTIMATES ON NASH SYSTEMS WITH SEMIMONOTONICITY

Banach—Caccioppoli theorem that S has a unique fixed point u € B., which by the
definition of S solves system (4.2.1) in the mild sense. Then note that by standard

parabolic Schauder estimates we can bootstrap up to the desired regularity.

Step 2. In order to see that such a solution extends to the whole time horizon
[0, T, we consider the following a priori estimates, that hold for classical solutions
that are C® in space and C* in time (therefore they will apply to the short-time
solutions obtained in the previous step, since v > 1). Recall the representation
formula for the solution of the Nash system: for any (s, z) € [, T] x (RH)N

(4.6.1) (s, 2) / /Rd)N SIDai (1, ) + F(2)) plt, )t

/ g () p(T, dz)
(RN

where p = p*# solves 8tprr((0|+5J)D2p)+zje[[m] divs (Dju?p) = 0 on [s,T] x
(RHN with p|s—s = 6.. This is easily obtained by testing the equation of p by u’.

(s,2) / / p(t dm)dt+/ g'(x) p(T, dx).
(RN (R4)N

On the other hand, since —0yu’ — Tr((al+ BJ)D?u’) + 37wy 14y D’ - Dju’ < 7,
if p* solves instead 9;p" — Tr((ol + BJ)D?p?) + 2 ey divas (Dju? p*) = 0 then

(s,2) / / t dx)dt+/ g'(x) pH(T, dx).
(RE)N (R4)N

Then supyr. 7pl[w (¢, ) [loo < (T + 1) max{[|f*[loc, 9" [loc }-
We now want to control the gradient of u'. As a preliminary step, we show

In particular,

that the quantity

= c(s.2) ::/ST/(W)N S 1Dt )P ol

FEINT

can be bounded uniformly in (s,z). Note indeed that v’ := L|uf|? satisfies

2
— ' — Tr((ol + BI)D*) + 0 > [Dyul]* +
J€E[N]

> Dy
JEIN]

1 L , . o
+ §Diu1Divl + Z Djw Djv' = f'u',
i,j€[N]

J#i
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so that by testing the equation of p by v* one gets

a/TT/(Rd)N > Djul(t, ) dp(t)dt

1<jEN

</(d) Sl dp(T //RM'D“ (t, )Pt ) dp(t)dt
+ / /() Flui(t, ) dp(t)dt

Then, letting A := max{||f*||oc, |9°]loc} and noting that (4.6.1) yields

T
1 )

we obtain

(4.6.2) c<ti= (% +T(T+1)(2T+3)) NAT

Consider now that @ := 37, . yny [Dju’[* solves

2
E 2 1

— 9y — Tr((ol + BID*T) + 0 > D'+ 8

1,7,k€[N] 1,5,k€[N]
+ > DwtDyiv= > Dijf'Dju'— Y DiuFDyu'Dju’.
ke[N] 1,j€[N] i,7,k€[N]
ki

By testing the equation of p by w, using Young and Hélder inequality, we deduce
that

ol sy X [ maam ey X[ inireas

ue[[zv]] ue[[N]]

+/ <1+/ >, Dt |2dp<>)||w<t7~>||wdt.
z]E[[N]]
J#i

(For the sake of accuracy, we point out that one should consider p** such that
w(s,2) = ||w(s, )|l —€ for e > 0, and let € — 0 in the following computations.)
Whence, for

(4.6.3) s2s =T—-2T+0))"

one has supceevo,71l|0(¢, )| < C, where C depends only on max;; || D; f]|oos
max;;||D;g'||cc, o, N and T. Then by iterating the estimate a finite number of
times r, one obtains sup,¢(, rl|@(t, )| < 27C.

This is sufficient to conclude that ||u||x, < C’ for some constant C” independent
of 7. Define at this point

T :=1inf{r € [0,T] : (4.2.1) has a unique solution belonging to X}.
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We proved that 7, < T seeking for a contradiction, suppose that 7, > 0. Let
e € (0,T —.) to be announced and consider a solution u € X, .. We have proved
that ||u|‘Xr*+a
u(T« +¢,-) in lieu of g and conclude that u extends to the horizon [/, T], provided

< C’. Then one can redo the initial fixed point argument with

that 7, + ¢ — 7’ < ¢ for some § > 0 which is independent of 7, and €. So one can
fix o =Z A0, e=L1(0oAN(T—7.)) and 7/ =7, — %0 € (0, 7), thus contradicting
the definition of 7, n

4.6.2. An estimate on the space-time regularity for the heat equation.
The Lemma below shows how to transfer weighted Lipschitz regularity in space of
solution to heat equations to Holder regularity in time, following a standard idea
proposed in [56]. We state it for forward equations for simplicity. Note again that
Hoélder continuity is independent of N.

LEMMA 4.6.2. Let f : [0,T] x (RHN - R, ¢ > 0, 3 > 0, and u be a classical

solution of
Owu — Tr((ol 4+ BI)D?*u) = f in (0,T) x (RHN
Assume also that
u(t,2) —ult,y)l <allz —yl*  Vtel0,T], z,y € (RN
and || flloo, [|ulloo < 2 for some c1,¢0 > 0 and i € [N]. Then,
lu(r, z) —u(s, 2)| < (c1 + 4(0 + B)dea)|T — s|% + co|T — 5
for all 7,5 € [0,T) and z € (RH)N

PRrROOF. Assume first that s =0, z = 0 and «(0,0) = 0. Let p > 0 and

v(t, ) =c1p+ SGASOLE +26)ch t+est + 2 g 5 (lell’)>.
Since
0o — Tr((ol + BI)D?v) — f = ‘W’t)f)‘ic?ﬂz—(”:f)d@(zl—fv) —f>0

everywhere, and
v(0,2) > e1p > exllzll’ > u(0,2)  on {Jlal < p},
C2 i
u(t,x) 2 7(II$H ) > ut,z)  on [0,7] x {|lz]|" = p},

by the comparison principle we get u(t,z) < v(t,z) on [0,T] x {||z||* < p}. For
7 > 0, pick then p = T%, so that the previous inequality yields

u(r,0) < o3 +4(0 + B)dCQTs + coT.

Using —v as a subsolution yields the analogous bound from below. It is now
straightforward to conclude the estimate for general s, z. [
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4.6.3. An alternative proof of Lemma 4.3.1. Since we used explicitly
the more probability-oriented technique of synchronous coupling to prove Proposi-
tions 4.4.1 and 4.5.3, and we did not give all the details about the application of
the maximum principle in the proof of Lemma 4.3.1, we take the occasion to briefly
write here an alternative proof of that lemma, based on coupling by reflection. This
“bypasses” (or “hides”) the use of the maximum principle by relying on Ito’s for-
mula. In a similar manner, the proof of Lemma 4.3.3 can also be carried out by
exploiting a synchronous coupling.

For the benefit of the reader, let us recall the basis we need of coupling by re-
flection. Assume that the diffusion coefficient o in (4.4.3) is constant and invertible.
Consider X and Y which solve, respectively, (4.4.3) with X; = z and

dY; = Ti<9 (Oé(t, }/t) dt + 0’(| - 2PU’1(Xt—Yt)) dBt) + ]lt29 dX;, te [7?, T]
Yi=y,
where 0 := inf{t >t : X; = Y;} is the first hitting time for Z = (X,Y)T of the
diagonal of (RY)YN x (R?)V, and 1;-4 and 1:>¢ are shorthands for the indicator
functions of the intervals (—oo, ) and [0, 4+00), respectively, computed at ¢. Also,
recall that, according to the notation we adopted,

P . _ O'il(Xt—}/;:) O'il(Xt—Y%)
oY) T I(X, — V)| o (X, - Y|

If Z; ~ p having marginals 6z and dy, then it is called a coupling by reflection
of two solution to (4.4.3) starting at & and gy (cf., e.g., [40]). If T < 0, Z solves
equation (4.4.1) with

bt,z,y) = (alt,z),alt,y)’,  B(t,z,y) = (0,001 = 2Py-1(,-y)))"
thus
b-D,=al(t,z) Dy +at,y) - D,
and

0 1
Yl =Jh@oo! — 2(1 O)Upal(x_y)O'T

lz — y? (o 1>
=Jo® T_o I J1 P._..
2R T e Tw—yP\1 o) Y

In order to adapt this setting to that of system (4.2.2) where a common noise is
present, we add a variable a consider, in lieu of (4.4.3), the (R?)¥*+1-valued SDE
dX; = a(t, X;) dt + 6 d B, with

&= (a0, B=(BWT, &=ﬁ<
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Letting & = (x,2'), § = (y,y’) and considering the starting points & = (z,0) and
J= (z,0), the corresponding coupling by reflection Z is such that
(XI—Y/>t 1 t a—l(Xt_f/t) 5

AX -V, =2 —~— ! =Y @dB,, teltT)
671X = Yy)| Jo o7 (X = Vh)

(X' =Y"); =0,

hence Z; = ((X¢,0), (Y;,0)) for all t € [£,7]. We deduce that for h = h(t,z,y)
formula (4.4.2) reads

TNO
(464) ]E[h(T7 XT/\97 YT/\G)] = h(t_7 jv g) +[ E[ath(tv Xta }/t) + Lh(ta Xta YZ)] dt
t
with
Az -yl
2
|z — y|ﬁ
+a”(t,x) - Dy +a*(t,y) - Dy,

(4.65) L=T((J®(+p8))DE, )~

(:E,y) Tr(Pa:—yDiy)

where | - |3 is the norm given by the metric induced by the matrix | + 8J. We can
refer to such an operator L as the differential generator of the coupling by reflection
of two solution to (4.2.2).

ALTERNATIVE PROOF OF LEMMA 4.3.1. Let w and % be as in the former proof
of Lemma 4.3.1. We are going to use formula (4.4.2) where h = w and Z = (X,Y)
is a coupling by reflection of two solutions to (4.2.2); that is, formula (4.6.4) with
L given by (4.6.5). The same computations as in the former proof of Lemma 4.3.1,
along with the fact that | - [g > | - |, yield

(0 + L)w(t, x,y)
> —4(t)¢e" (Jx — yl) — My )¢ (| — yl)lz =yl = ¢'(O)p(lz — y]) — 2| Fll
>0.
Then formula (4.6.4) gives
w(t, z,9) < E[w(T A0, Xrpo, Yrro)] < (9l — [DGlsclz —yl), =0

and the desired conclusion follows. [ ]
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5.1. Generalised Mean Field assumptions

In this last chapter, we show that the estimates of Theorem 4.2.7 allow to
attack the convergence problem in the N — oo limit. To be sure that, for any
fixed N, solutions to the Nash system exist, we assume that f? and g° are of class
C*re((RYN) and CHo((RY)N) respectively, for every i and N. By Theorem 4.6.1,
solutions u* indeed exists and are unique, and belong to the class C?*T 24+ We
have then enough regularity to apply the a priori estimates obtained in the previous
chapter.

We work, for the sake of simplicity, without common noise; that is, we set 5 = 0
in (4.2.2) and thus in (4.2.1). Then we set o = 1.

Besides this reduction, we let A := [0, 1] and we suppose that, for h € {f, g},
the following symmetry assumption is fulfilled:

(S) in the N-dimensional Nash system, h'(z) = hy(Ny,z% z7%), for some
bounded sequence of maps hy: A x R? x (RH)N-1 R N € N, that

are symmetric on (R4)N=1 and for some \§; € A.

More explicitly, the assumption of symmetry means that for any o € Sy_; (that

is, 0 which is a permutation on [N — 1])* one has
hvAy,27) = hy(Ny,2), 27 = (270, 272,

!Note that we are using now o to denote both the diffusion coefficient in the Nash system
and a permutation. Nevertheless, we believe this should not cause any confusion, also because, as
we have said, in this part of the work the former is set to be 1 (and thus it will not even explicitly

appear).
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forall A € A, y € R? and 2z € (RN L.

REMARK 5.1.1. The additional parameters A, in Assumption (S) provide a conve-
nient way of modelling a situation where, although each player observes the empir-
ical measure as in the standard MFG theory, different players can react differently.
This generalises standard symmetric MFG interactions, which, on the other hand,

are recovered by letting Ay = X € A for all N, i, so that u'(z) = u! (2%, 277%).

REMARK 5.1.2. A bounded and continuous function hy: (RY)N — R that is sym-

metric on its domain can be seen as a “finite-dimensional projection” of the function

hy: Pp(RY) — R. Indeed, suppose that hy has a modulus of continuity w with

respect to the Euclidean distance (that is, |hx(z) —hn(y)| < w(lx—1y])), and define
Bv(m) = _inf o (2) + S(0V(m,m)}

with @ := w(N-). It is known (cf. [74, Theorem 2.1]) that there exists o € Sy such

that

Wytimzom) =873 (3 Jol =y OP) " =N He -y, Yo e @Y,
1€[N]
hence |hy(z) — hn(y)| < @(Wp(mg, my)), by the symmetry of hx and Hoélder’s
inequality; then one readily checks that hy(z) = hn(my).

With this additional structure on the data, we require Lipschitz continuous
dependence on the parameter \: for h € {f, g}, h = h(\,y, 2) as above,

(LP) there exist a Ly > 0, independent of N, such that
[0ghn (A, ) = O hn (N, )llse < LalA =N VA XN €A,
for k=0if h= fand k€ {0,1} if h =g.

Since we have introduced new hypotheses to the pool from Chapter 4, let us
briefly discuss their implications in the MF scenario and their relationship with the

assumptions of Theorem 4.2.7, which we wish to continue to hold.

EXAMPLE 5.1.3. Let F,G : A x R? x P,(RY) — R be bounded, and consider
IN(Ay,2) = F(A\ y,m;) and gy (A, y, 2) = G(A,y,m.), so that

fz(x) = F( ﬂv,xi,mx_i), gi(x) :G(Aﬂv,xi,mx_i);

that is, players’ costs are taken from a pool of admissible symmetric costs, according
to some label \Y;.

While (S) clearly holds and so does (MF) provided that the properties high-
lighted in Remark 4.2.6 are satisfied for any fixed A (uniformly), (LP) requires
Lipschitz continuity with respect to A uniformly in the other variables. Summing
up, F needs to satisfy

F and D, F are Lipschitz continuous with respect to the (| -|,| - |, W1) distance
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and so does G, for which we also require that D,,G()\,-) and D, D,,G(},-) are

Lipschitz continuous with respect to the (] - |, W1, |- |) distance, uniformly in A.
Finally, one can check the semimonotonicity assumption (DS) or (LS) by

revising Remark 4.2.5, as follows. For any fixed T > 0, Theorem 4.2.7 gives some

smallness condition on the semimonotonicity constant Mjy.

e Suppose that, for any v € P(A x (R%)?),

/A / (Do F(\ 2,70 s0) — DaF (A, y, ol yv) + M(z — y))
R4 x R4

where 7'(']1(@: A x (R%)? — R? is the projection onto the i-th copy of R? (i = 1,2). If

D, F()\, ) is L-Lipschitz with respect to the (| - |, Wi, | - |) distance, uniformly in A,
then fn is (M + 3L/N)-Z-semimonotone. Therefore, if M < My, Theorem 4.2.7

applies (by requiring also the same inequality on G of course).

e Suppose that, for any p, po € Po(A x RY),
/ , (F(\, 2, TRagpn) — F(X, 2, mRagp)) (11 — p2)(dA, dz)
AXR
> — MW (mgagpun, Tragpia)? .
Then, arguing as in Remark 4.2.5, fx is (M +O(N~!))-Z-semimonotone. Hence, if
D.D,,F, D2, F are bounded uniformly in A and M < M;, Theorem 4.2.7 applies.
5.2. A limit value function

For the benefit of the following discussion, we explicitly recall that the estimates

on the Nash system we obtained imply

. 4 1
(5.2.1a) sup || Diu'|loo S 1, sup  sup ||Dju'|x S =,
i€[N] i€[N1 jEINT\{3} N
, . 1
(5.2.1b) sup [|[Diu'lle S1,  sup Y |[D;Dulls S =
i€[N] €IV jeny\ iy N

In order to specify the choice of A € AY with which a Nash system is built,
we use the notation uy to denote the solution to (4.2.1) on [0,T] x (R?)" where
ht = hn (XY, -) for h € {f,g}, i € [N]. Then, we focus on the map

un: (At x) = ul(t, o),

which is representative of any solution of an N-dimensional Nash system of the

form we are considering, as the following remark shows.

REMARK 5.2.1. A solution u, is recovered by noticing that u (¢,z) = un (A7, ¢, 27)
for any o € Sy such that o(0) = 4, as by construction uy is symmetric on (A x
(R?))N=1 in the sense that it is invariant under permutations of the pairs (M, z7),
j > 0. Similarly, the optimal controls D;u’ are recovered from Dyu. Heuristically,
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this means that switching two players does not affect the value functions, but the

two corresponding labels need to be switched correspondingly in the Nash system.

As the first coordinate of z € (R?)™ and of A € AV have a distinct role for u
with respect to the other coordinates, a switch in our notation is now convenient:
hereinafter, the typical element of (R%)" will be denoted by z, and we will write
z = (z,2) € RY x (RY)V~1 thus using the notation z as a shortening for z° (or,
more generally, as a typical element of R?); analogously, we will have A = (), 5\) €
A x AN=1. We will write 8, for the derivative with respect to 2° (or z), and D;
for the derivative with respect to 2/ = 3971 € RY, with j € {1,..., N —1}.

We begin by showing that assumption (LP) reflects in a Lipschitz dependence
of uV and 9,u” with respect to A € AN. We recall the notation

PESUI S I S )
i€[N—1] JEINT\{0}
LEMMA 5.2.2. For any \,\ € AN, one has
/ / / |5‘ — 5‘/‘1
lun (A, ) —un(d', )lleo + [102un (A, -) = Fun (A, )lloo SIA =N+ N
where the implied constant depends only onT’, Ly, Ly and Ly.

Proor. All implied constants appearing in this proof depend only on T, L,
and Ly. Let ), N € AN, Consider w'’ := ul — ug\, that solves the following equation
in (0,7) x (RH)N:

(522) —ow' —Aw'+ Y Djul - Djuw'

JelN] v )
AL j i i
= fn Exi,»)) - Z Djw’ - Djuy + §|D,;w 2
JEINT\{4}
, | , ,
K3 143 3
SW=Xl+5 > D]+ D,
JEINT\{4}

where the inequality is obtained by exploiting assumption (LP) and estimates
(5.2.1a). By Lemma 4.3.1 we deduce that, for any 7 € [0, 7],
(5:23)  sup [Da'(t,)|oo S (T —7)2 <W = X+ sup [ Dy’ (t, )]s
te(r,T) telr,T]
1 .
+ ~ Z sup || Djw’ (¢, )|Oo> .
jeIN\{iy €T
Since by summing over i we get
i 1 i i i
sup [P () < (=) (WX 3 s D) ).
ie[ny t€-T) ie[N] ie[N] tEmT]
possibly by iterating this estimate a finite number of times we obtain

sup [|Diw'(t,)loo S D |AT = N7
ie[N] tEO-T] i€[N]
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then plugging this back into (5.2.3) (and again possibly iterating the estimate) we
have

. , 1 4 ,

sup [[Dswt(t, ) oo S N = N4+ = DT 1A =N,

te[0,T] i€[N]

which is equivalent to [|d,un (A, -) — deun (N, oo S IA= N[+ N"HA=N|;. Now
by the maximum principle one deduces that [|w!]lee < [A— N|+ N7LA = Xy as
well, thus concluding the proof. [

REMARK 5.2.3. As a consequence of Lemma 5.2.2, by Rademacher’s theorem )\ —
O uN (N t,z) is £ N-a.e. differentiable on AN for each (t,2) € [0,T] x (R%)¥, and
we have sup; ey fo3]/0ai Oxttlloo S N~1, where the implied constant depends only
on T, Ly, Ly and Ly. The same can be said for u (clearly, with differentiability
everywhere).

The following result will be instrumental in our study of the limit of the (solu-
tion to the) Nash system as N — oo; it adapts [21, Theorem 2.1].

LEMMA 5.2.4. Let (T',d) be a metric space and let (E, ||-||) be a finite-dimensional
normed vector space. Let (hy)nen be a sequence of functions such that hy: T X
EN — R is symmetric on EN and there exist C > 0 and concave moduli of conti-
nuity wr, wp, all independent of N, such that ||hn|lec < C and, for some p > 1,

(5.2.4) Ihn (7,v) = h (7, 0)] < wrld(7, 7)) + wp (W (m, mor))
for all v,4" € T and v,v' € EN. Then there exists h € C°(T x P,(E)) such that,
up to a subsequence, for any compact sets H CT' and K C Pp(E),

lim sup sup |hn (y,v) = h(y,m,)| = 0.
N—=ooneH yeEN: m, €K

Furthermore, h has the same moduli of continuity with respect to v € T' and m €
Pp(E).
PROOF. Define hy: I' x P,(E) — R by
v (yom) o= inf {hiv(7,0) + 0y (W (ma, )}

This is well-defined since hy is bounded. By (5.2.4), by (v, my) = hn(y,v). Given
7,9 € T, mym’ € P,(E) and v € EN which is e-optimal in the definition of
by (v, m'),

v (v, m) < hn(7,0) + wp(Wy(my, m))
<bhn (', m) +wr(d(7,7) + wp (W (my, m)) — wp(Wy(my, m')) + &
< by (Y m') +wr(d(y,7) + wp(Wp(m, m')) + e
We have used that w, is subadditive because it is concave and w,(0) = 0. Therefore,
(bN)ven is a sequence of equicontinuous and equibounded functions, so a generali-
sation of the Ascoli-Arzela theorem guarantees the existence of h € CO(T' x P,(E))
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such that, up to a subsequence, hy — h in the topology of compact convergence,
that is our assertion. ]

The importance of this lemma lies in the fact mentioned in [21, Remark 2.3]
that if £ = RV and sup;erny | Diblloo < N~1, then z + h(v,r) is Lipschitz con-
tinuous with respect to the 1-Wasserstein distance of the empirical measures in the
sense of (5.2.4). Hence we will be able to apply this lemma to fy and gy thanks
to the symmetry (S) and assumptions (MF)—(LP) as well as to u and d,u thanks
to Remark 5.2.3 and our estimates on the derivatives.

We formalise a generalisation of the above-mentioned fact in the following
lemma, where we denote by | - |, the standard p-norm on EN | with E being as
in Lemma 5.2.4.

LEMMA 5.2.5. Let h: EN — R be symmetric and such that

1 1
[1DAlglloo < CN~ %, with ~+-=1,
P q

for some constants C > 0 and q € (1,00] independent of N. Then
[h(v) = h(v")| < CWy (1, mr)
for all v,v" € EN.

PrROOF. Recall that W, (m,, m,) = N_%|v — 07|, for some ¢ € Sy. By the
symmetry of h and Holder’s inequality, |h(v) — h(v")| < |||Dhlq4l|s|v — v"7|p. The
conclusion follows. [

We are now ready to prove the existence of a limit of uy as N — oo.

THEOREM 5.2.6. Let assumptions (MF), (S) and (LP) be in force. Assume also
that one between (DS) and (LS) holds, with the corresponding semimonotonicity
constants being such that the thesis of Theorem 4.2.7 holds.

Then there exists a map
U: Ax[0,T] x R x Po(A x R?) —» R,

with bounded derivative 0,U, such that U and 0,U are Lipschitz continuous on
A x R% x Py(A x RY) and %—H()'lder continuous on [0,T], and, up to a subsequence,

(5.2.5) sup ’(i)lgjuN(A,t,g) - an()\,t,x,m(M))’ o 0, ke {0,1},
whenever the supremum is taken over any set of the form

{(At,z) € AV < [0,T] x (RHY : 2| < R, mz €K}
for some R > 0 and some compact set K C Pa(R?).

PROOF. For the local uniform convergence of a subsequence uy, we apply
Lemma 5.2.4 with v = (£, A\, z) and v = (\ : 2). Indeed, first note that the uy are

globally bounded, uniformly in N, by a standard comparison argument (recall that
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f* and ¢° are now assumed to be bounded uniformly). The second inequality in
(5.2.1a) and the estimate of Lemma 5.2.2 yield uniform Lipschitz continuity with
respect to (5\ : &) in Wy distance, in the sense provided by Lemma 5.2.5. Lipschitz
continuity in (A, z) is also a consequence of Lemma 5.2.2, and the first estimate in

(5.2.1a). Finally, since the right-hand side of the equation for uy

—Ouy — Auy = —%|8muN|2 — Z Dju! - Djuy + fn
JEINT\{0}
is uniformly bounded by (5.2.1a), and uy is uniformly Lipschitz in the z-variable
with respect to the weighted norm || - ||°, again by (5.2.1a), the desired uniform
Holder regularity in t follows by Lemma 4.6.2.
The local uniform convergence of d,uy is analogous. We argue as before,
employing estimates in (5.2.1b) instead of (5.2.1a). Time regularity is obtained

from the equation
— 315(8111]\/) — A(@muN)
=— Y Dyl -Dj(@un)— Y (Djw’)-Djun +0:fn,
JEIN] JEINT\{0}

whose right-hand side can be controlled using (5.2.1a), (5.2.1b). L]

REMARK 5.2.7. Regularity of U is actually a bit better. First, (5.2.1a) yields Lips-
chitz continuity in the measure variable with respect to the W; distance. Moreover,
looking at the equation for uy one observes that ||O:un||co S 1, that gives uniform

Lipschitz continuity in the variable t.

REMARK 5.2.8. In Example 5.1.3 we discussed the implications of our assumption
when taking the data hy (that is, fx and gx) as projections over empirical measures
of given hy : A x R? x P,(RY) — R, and in Remark 5.1.2 we argued that this can
be considered a natural choice.

Furthermore, our standing assumptions force in fact also the convergence of hy
to functions defined on probability measures, at least up to subsequences. Indeed,
assumption (MF) guarantees that ||[Djhn (X, -)|lec < Lp N~ for all j > 0. Then
by Lemma 5.2.5 we can apply Lemma 5.2.4 and say that there exists a map h €
Lip(A x R? x P;(R%)) such that, up to a subsequence,

(5.2.6) sup |0Fhn (N, z) — O%h(N, 2, mz)| — 0,
AEA, |z|<R, mz €K N—oo

for any R > 0 and K C P;(R?) compact, and for k as in (LP).

5.3. Characterisation of the limit

Henceforth, we will work with the three limit functions f, g and U defined in
Remark 5.2.8 and Theorem 5.2.6. We will adopt the notation f* = f(),-) and
analogously for ¢g* and U”.
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Our aim is to give a characterisation of U. As a first step and a starter, the
most basic result we can prove regards the standard symmetric setting of MFGs;
that is, when A = A1y for some A € A, so that all f* (and all %) coincide up to a
permutation of the coordinates of (R%)V.

PROPOSITION 5.3.1. For all 7 € [0,T], m,m € Pa(R?) and X € A,
(5.3.1) /U)\(Tfyfs/\@m)dﬁl
R4 T ) 2
:/ / (5’390U/\(8, -,(5>\®m5)’ +fA(.’mS))dmst
T R4

+/ g)\(’va)mea
Rd

where m and m solve, respectively,

Oym — Am — div(0, U (t, z,5,® m)m) = 0
m|t:r =m
and
oym — Am — div(9, U t, 2, 6,®@ m)m) = 0
M=y = M.
fort € [r,T] and x € R%.
In order to abridge the notation, given m € Py(R%) we will write U (¢, z,m)
in lieu of U*(t,x,6,® m). Also, throughout the proofs we will imply all constants

which depend only on T, Ly, Ly and L. We state the basic propagation of chaos
results needed for the proof in the following two lemmata.

LEMMA 5.3.2. Let A € A, m,mg € Py(R?), ¢ > 4, and let Z ~ fn@m?w_l); then
consider XN and YN solving, respectively,
AX N = —0,UMNt, X{' ,myn)dt + V2dBi, i€ [N]
XN =z
and
Ay Ni = —9, UM ¢, YN, Lyna)dt+v2dB], ie [N]\{0}
Ay N0 = g, UMt YN0, Lyva)dt +V2dBY
Y =2Z.
Let my := LYtN,i ifi = 1 (note that EYtN,i is independent of i > 1) and my := EYtN,o.
Then

(5.3.2) lim sup IE[ sup |Xth — Y;N’iﬂ =0
N—=ooicIN] lielo,T]
and
(5.3.3) lim E[ sup WQ(mXNvmt)} =0.
N—o00 t

t€[0,T]
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PROOF. Subtracting the equations of X~ and Y and using the Lipschitz

continuity of 0,U, we have
t
RARES ARIPS / (IXN =Y NI+ Wy (myn, my~) + Wa(my~,m));
0

therefore, since due to the boundedness of 9,U one estimates?

1
IE[ sup Wz(mYN —0 myN)Q} < -,
te[0,T) N
we obtain
t
5.3.4 XNi_yNiz < [ (1xNi_yNaz L XN _ y N
t t N N
0 1<GEN

1
+ Wg(TTLyN,—o,Tﬁ)) + N

Averaging over 1,

7Z|XN27 N1|

i€[N]

/ 3 XN YN 4 W (my. o m))

16[[N]]
thus by Gronwall’s lemma
-l Z XNy < N / Wa(myn~,—o,m)
ZE[[N]]
and plugging this back into (5.3.4) one concludes that
P12 1 T
sup IE{ sup |XNZ YtN’z| } S 7_,_/ E[Wa(myn~.—1,m)?],
1€[N] t€[0,T] N 0
where the right-hand side goes to 0 as N — oo by [25, Theorem 5.8]. Then note
that by the triangle inequality one deduces (5.3.3) as well. [
LEMMA 5.3.3. Let X~ be as in Lemma 5.3.2 and consider XN solving
AXN = —gun (M, t, XN XN dt + v2dBi, i e [N]
XN =1z
Then

(5.3.5) th sup E| sup X}V —Xiv’i|2] =0.
— 0 4g[N] te[0,T

2According to the notation adopted for empirical measures, we are writing my~,—0 =
0y N,5; note that in the literature the same empirical measure is often denoted

1
N-1 ZjEHN]]\{O}
b N,0

y My
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PROOF. Note that, since E[sup;c( 7 Wg(thN,,i’ngv)ﬂ <N
(5.3.6) | XN - x]Ni?
< / (yaxuN(AlN,t,ng,X;V**i) — dpun (AL, 8, XV, XN P

0
+ |0y WLy, £, X0 XV = 0,07 (8, X mg) [
+ (0,026, XV mg ) = 0,07 (8, XN [ at
Y SN Ni N,
,S/O (|Xt _Xt |2+5t +W2(m)’(t{vamx,{v)2)dt

where we have set
2

_|_

. N ) 1
50 = 0pun AL, t, X1 X = 0,UM X migno) ¥

Taking the averages,

7Z|XNl XN1|2< Z/ 5det+/ Z XNz XNz d,
16[[N]] ze[[N]] 16[[N]]
so that Gronwall’s lemma yields
sup — Z |XN— x N2 Z / SN dt
tefo,r] V ic[N] 16[[N]]
and, plugging this back into (5.3.6),
(5.3.7) sup 11«:[ sup |XNZ—XN’ < — Z / E&N dt — 0;
1€[N] te[0,T) ze[[N]] N — 00

in order to justify the convergence to 0 of the right-hand side of (5.3.7), we proceed
as follows. First note that, since 9,u”, D,U are bounded uniformly and m,mg €
Py(RY), ¢ > 4, it is standard that E|X}V| and E|X}V*|? are uniformly bounded
(and thus, so is N7'EYS, oy |X7]7). Then, for z € (RHYN, let M,(z) :=

N7 e 279 since

T T T
N,i _ N,i Ni
/0 Eo, —/0 B[ o, e 41x 1<y ]+/0 B[, cxnyaiximy e

the second term can be made arbitrarily small provided that R is large, by the
aforementioned bounds on g-th moments, while the first can be made small by
choosing N large enough (6" is bounded uniformly). Indeed, it is sufficient to
apply the uniform convergence (5.2.5) on the set K of all probability measures with
¢-th moment bounded by R,® which is compact in P(R?). Note that the previous
limit is uniform in 4, since K and the bounds on the moments are independent of

7. (]

3here we mean that K := {v € Pa(R?) : fRd |z|?v(dx) < R}.
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PROOF OF PROPOSITION 5.3.1. We have

‘|8 U/\(t )|2‘(th,i,mt) )\‘(YtN’i’m‘) n gA’(YtN’ivmt)
o e m) (X m) (X )

ST =Y 4 Wa(mw,my)

the expectation of the right-hand side going to 0 as N — oo (uniformly in ¢ € [0,T])
by Lemma 5.3.2. Then we deduce that

(5.3.8) ]E{/OT <%|8mU’\(t,XtN’0,me{v)|2 + f/\(XtN,O,ngV))dt
A )|
— /T/ (1|8xU/\(t,o,mt)|2+f’\(',mt)>dmtdt
N—oo Jg Jra \2
+/ g (,mp)dmr.
Rd

Now, by the representation formula for the value functions solving of the Nash
system (see, e.g., [25, Section 2.1.4]),

(5.3.9) EUN()\].N,O,Z)
——E|:/ (*1|8 ]LN(AIN t X~N)}2+ fN()\ 5(~N)>dt—|—gN()\ )(~N):|
0 2 T Y t ) t ) l )

where X% is the vector of optimal trajectories for the N-player game; that is, X
is as in Lemma 5.3.3. Then, combining (5.3.8), (5.3.9) and (5.3.5) one deduces that

T
1
(5.3.10) Eun(My,0,2) —>/ / (f|8wU’\(t,-,mt)|2+f’\(.7mt)>dﬁztdt
N—=o00 0 Rd 2

—i—/ g’\(-,mT)me.
Rd

Finally, since E Wy(myz-1,mg) — 0 by [25, Theorem 5.8], from (5.2.5) and (5.3.10)
we obtain

/d U0, -,mg) dm
R

N /OT /]Rd (%}a@U)‘(t, "mt)|2 + f)\('amt))dmtdt + /]Rd g)\(’,mT) dmrp.

As m,mg can be chosen in a dense subset of Py(R?) and the choice of 7 = 0 as
initial time is arbitrary, (5.3.1) follows by standard stability of the Fokker-Planck

equation. -

We finally extend the characterisation (5.3.1) to any measure u € Po(A x RY),
with a continuous disintegration with respect to the projection my: A x R — A.
This will be the main result of this section. The extension is rather technical, but
the main point is performing the following reduction: the continuity in A (of the

disintegration and of the data) allows to approximate the problem with a simpler
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one, where the first marginal of y is supported on a finite subset of A. This is
a sort of problem with finitely many populations, where we apply the previous
convergence argument; in other words, we are going to perform a sort of multiple

“localised” propagation of chaos.

THEOREM 5.3.4. Let pu € Po(A x R?) admit a disintegration m: K — Po(R?) with
respect to wa which is continuous on some compact subset K D spt(mapp). Let

m € Po(RY)A. Then for all 7 € [0,T] and A € K,

(5.3.11) / U>‘(7-7 ) dm> .,
R4 1 ) )
:/ /Rd (a‘azU)‘(s7-,us)| +f)\('77T]RdﬁMs)) dm?ds

+/ g/\('77T]R’1ﬁ,u'T)dm’;\"7
Rd
where p € CO([7, T); P2(A x RY)) and m € CO([r, T]; Pa(R%))A solve, respectively,

om* — Am> — div(0, UM (¢, x, puy)m™) =0

(5.3.12) U fA mi‘ WAﬁ/L(d)\)

m) =m’

and

oym> — Am> — div(9,UNt, x, ug)m?) = 0

(5.3.13)
m; = m?

forte[r,T], x € R? and \ € A.

REMARK 5.3.5. Since 9,U* and div(9,U”) are globally bounded, m” is locally
continuous as a function with values in L!(R?), it solves the Fokker-Planck equation
in the strong sense, and it belongs locally to me for every p, see for example [18].

Regularity extends up to time 7 provided that m* is smooth enough.

Problem (5.3.13) is simply an uncoupled system of (possibly uncountably many)
Fokker—Planck equations. On the other hand, before proceeding with the proof of
this theorem we show that problem (5.3.12) is well-posed, as a result of the following
lemma. Also note that it can be written as

(5.3.14) 0o — Dup — divy (8, U (8, 2, )p) = 0 on [7,T] x A x R

Hr = [,

so that p solves an equation of Fokker—Planck type with no derivatives with respect
to A.

LEMMA 5.3.6. Let B: A x [0,T] x R? x Py(A x RY) — R? be bounded Lipschitz
continuous on A x R? x Pa(A x RY) uniformly on [0,T]. Let u € Pa(A x RY) and
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let p = magp € P(A) be its first marginal. Then problem*

oym> — Am> +div(B M t,z, ue)m>) =0 on [0,T] x R, Ve A
(53.15) { py = [y mip(dN) Vte[0,T)

Ho = H
has a unique solution p € C2([0,T); Po(A x RY)), whose disintegration m with
respect to p is unique as well if one fizes the disintegration of p.

Furthermore, if p and i are the solutions relative to data p and fi with respective

disintegrations given by m and W, respectively, one has

(5316) sup WQ(/'Ltaﬂt) 5 WQ(/’L)ﬂ)?
te(0,7]
(5.3.17) sup Wa(m),m)) < Wam*, @) + Wa(u, i) VAN € A,
t€(0,T]

where the implied constants depend only on T and || B||Lip-

PrOOF. For some A > 0 to be determined, let € be the set of all u €
CO([0, T]; P2(A x R?)) such that [o,1 = SUP, tef0,17, st IS — ™2 Waps, j1) < A.
Note that € a closed convex subset C°([0,77;P2(A x R%)). Given u € € and
A € A, let m* € C°I0,T]; P2(R?)) be the unique solution to dym> — Am* +
div(BMt, z, ue)m*) = 0 with m)) = m*, where (m*)y¢, is a fixed disintegration of
1 with respect to p. Let ®(p) := [, m*p(dX). It is standard (cf. [24, Lemma 1.6]) to
show that [m*], 1 is bounded by a constant which increases with | B oo In addi-
tion, if 73, is an optimal coupling of (m3,m}), then [, 72, ((ida,ida)gp)(dA, dX)
is a coupling of (fis, fir), showing that Wa(®(u)s, ®(p):)* < [, Wa(m2, m})?p(dN).
Therefore, since supye,||B*||oo is finite, if A is sufficiently large then the map
®: ¢ = Cis well-defined.

The following estimates will prove that ® is a contraction for 7" small, and
thus (by iteration) the existence of a unique solution to (5.3.15) with arbitrary 7'
Furthermore, a posteriori, they will also yield the desired estimates (5.3.16) and
(5.3.17).

Let y,fi € € and let two initial data u, i € P(A x RY) be given; let p = mayp,
p = magii and (m*)yea (vesp. (m*)yca) be a disintegration of u (resp. i) with
respect to p (resp. p). Let v € C°([0,T]; Po((A x R?)?) satisfy

O — Apv — Ayv 42 Z azjyju
1<j<d
+ divg (Bt @, uy)v) + divy (BY (t,y, fu)v) =0,

so that if vy € II(u, 1), then 1 is a coupling of (®(u)s, P(i):). Testing by |\ —
N|? + |z — y|? and assuming that vg is optimal for the 2-Wasserstein distance, we

4With an abuse of notation we write fA m}p(d)\) instead of fA m}p(d\) with m}(E) =
m (mga (BN ﬂXl({)\}))) for all Borel sets E C A x R%. We will continue to identify 1m* with m?*.
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obtain

/(A RY) (I/\ — )\/|2 + |3; — y|2) l/t(d/\,d.r, d/\/,dy)
X 2

= Wa(u, 1) +2/ / Mt,w, ) — BY (ty, fir)
A><]Rd)2
“(x — y) dvs(dA, dz,dN, dy)ds.

By the Cauchy—Schwarz and Young’s inequalities,

~/(A Rd)2(|)\—)\/|2 + ‘x—y‘2) I/t(d)\7d$,d)\/,dy)
xR
t
gWQ(N”ﬂ)2+C/ W2(,U's,/15)2ds
0

t
+c/ / (X = N2 + |z — y|?) vs(dA, dz,dN, dy) ds,
AxR2)2

where C depends only on || B||rip. Apply Gronwall’s lemma to deduce

(5318)  Wa@(u)r B())? < (sz,m? o W2<us,ﬂs>2ds)ect,

which implies that ® is a contraction on € C C°([0, T]; Po(A x RY)) if CTeT < 1.
Since this smallness condition on T depends only on || B||Lip, We can iterate finitely
many times the short-time uniqueness provided by the contraction theorem in order
to obtain uniqueness on an arbitrary horizon.

Now ®(u) = p and ®(i) = f1 in (5.3.18) above, then we can apply Gronwall’s
lemma once again to get (5.3.16). With a similar argument (which considers a

coupling of (m)},7m"), where m» is a solution to (5.3.15) given m) = m* and
analogously for ﬁf‘/) one can also deduce that

Wa(mi,my)? < Wa(m?, i / Wa(pus, fis)®
Then, using (5.3.16), one has (5.3.17). ]

For the benefit of the reader, we also collect the crucial steps of the proof of
Theorem 5.3.4 in some lemmata, in order to isolate the propagation of chaos and

the approximation arguments. We begin with the latter.

LEMMA 5.3.7. Suppose that Theorem 5.3.4 holds for a sequence (pg)ren C Pa(A x
RY) such that masp is finitely supported and weakly converges to p € P(A). Then
Theorem 5.3.4 holds for any p as in its statement such that mazp = p.

PROOF. Given p € Pa(A x R?) as in the statement of Theorem 5.3.4 and p :=
mTagt, let (pr)ren C P(K) be a sequence of finitely-supported probability measures
such that pp — p weakly. Since Wy metrises the weak convergence of probability
measures on K (see, e.g., [78, Corollary 6.13]), the existence of such a sequence
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comes from the Banach—Alaoglu and the Krein—-Milman theorems. Moreover, note
that one can in particular choose py supported only on rational numbers.

Consider the continuous disintegration m: K — Po(R?) of u with respect to 7
and define p, == [, m* pr(d)); then, let my, be the corresponding solution to (5.3.12)
(note that may(uk)r = px for all ¢). Thanks to the continuity of the disintegration
m, the map A — [o, F(X, z)m*(dz) is continuous, so, for any F' € C(A x R?) with
sub-quadratic growth with respect to 2 € R, by the weak convergence p;, — p we
have

/ PO, 2)m* (da) e (dX) — PO 2)m* (da)p(d)):
AXR4 AxRd

that is, pux — p in Po(A x RY). Therefore, by (5.3.16), ux, — p in CO([7, T]; Pa(A x
R9)), which implies that mgayus — mragp in CO([7, T]; P2(RY)) as well.

Let now A € K and assume that A\ € [, .y spt(px). Standard stability of the
Fokker—Planck equation gives the convergence mjy — m* in CO([r,T]; P(R?)), so
we have all the ingredients to pass the identity (5.3.11) (that we are assuming to
hold when mayp is finitely supported) to the limit k& — oo. On the other hand, if
A & (Ngen SPt(pr) one can consider, in place of p, measures py := %pk + %5%
so that still gy — p weakly and the above argument can be still performed. ]

LEMMA 5.3.8. Let £ € Zy and X\ € A*. Let (0;);cpq C Ry satisfy Yjergbi =1
Define
(5.3.19) UN (4,2, m) = UV (t,z, 3 ajam@omj)
jeld]
for any i€ [f], t €[0,T], » € R? and m € Po(RY)E. Let mg € Py(RYY, ¢ > 4, and
consider m* = (m*’ )jelq solving
om> — AmN — div axU)‘j t,x, m) mN) = 0, jel¢
550) t @0 (e mdym) =0, j € [
mMi—r = mg .

Fizm € Po(RY). Let (I;);epq be a partition of N and let Z be an (R*)N -valued
random variable such that

m/ifi =min I} (for some j € [(])
mi ifi € N\ Uyegg (min N},

where IJN = I; N [N]. Define Ax € AN by letting Ny, := N if i € IJN. Let X"
and XN be the solutions of

7'~

dX = —9,UN (t, X1, (mi " om ) dt+V2dB], el jeld].

and
dXN’i = _azuN()\é\]a )‘Ji\livu XtNﬂ 7XtN7_i) dt + \/§de’ S [[N]] ?

5For the sake of clarity, we remark that, according to the notation we are adopting, the vector

(m/\fj ,m) is that with all coordinates given by m** but the j-th one, which is m, hence (recall
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N ~
respectively, with Xé‘ =z=X}.If

- #IY .
Jim T =g Ve,
then
~ . N
(5.3.21) lim sup sup IE[ sup |XtN’Z —thJ ’ ﬂ =0.
N=oo jeld iy ttel0T]
A

Proor. We first note that, since m; is a given flow of measures, each agent
1el JN is driven by the same drift

J

v (axffvi,mx,;v) = =0, U (6, X5 (m} 7 m v)),

t t

we can invoke Lemma 5.3.2 to have, in particular,

(5.3.22) lim E[ sup Wa(m ,N,mf‘j)} =0;
N—oo  Liclo,T] x,7

this will be needed afterwards.
Now, if i € IJN we have

(5.3.23) |XMi—xD)?

< 2/ (Joaa (VAR 8, XN K
0 . . N~ .
— 0N (WAL X XN

) N /\j )\—i + XIJN,i XN’_i 9 U)\] " XIJI-V,i }
+’$u( AN A A )_ x ( » by At 7m()\N:X,{V))|

. N
10U 4, X0 miy | x)
j N -
- aIUA] (thth " (mi\ , M IN)) |2) dt;

note that, according to the notation we are adopting,

1
MAx:XN) = v Z (5/\1]cv®(5)~<tz\1,k.
ke[N]
By the Lipschitz continuity of 9, U (throughout the proof we will imply constants
if they depend only on T, L,, Ly and Ly),

J 2

. N i N _
(5.3.24) [UN . £,X" " my | xx) = U (£,X0 7 (m) m )|

2
5W2<m<AN:Xm’ 605 @m v + > ekaxkeam?’“) ;
© keld\{s}
also notation (5.3.19))

QIUAj(t,x,(mi‘ij,m))ZBIU)‘j (t,x,9j5>\j®m+ Z 9k5>\k®m?k).
ke[e]\{s}
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on the other hand, recalling the definition of Ay and then controlling the Wasser-
stein distance with the total variation (cf., e.g., [78, Theorem 6.15]), one easily

gets

Wa (moxpy D udn® o 3 s N,)

kele] ielN

1,
<2 sup | XV Z ‘#7—91@‘ =,

€N veln N

where E[supgy 717"V] = 0 as N — oo thanks to the uniform boundedness of d,uy.
Then applying the triangle inequality to the right-hand side of (5.3.24) we see that
it is controlled by

(5.3.25) ( 3 Oy ® Z S
kele] ielN

N 2
bio@m n+ Y ka@m?") +AN.
X0 kela\}

Now, by the convexity of W2 (cf., e.g., [78, Theorem 4.8]), the first term in (5.3.25)

is in turn controlled by

GWQ(#IN > G, ) 3 ekWQ(#IN 3 G, mi )

el ¢ 1<k<e eIy
k#j
<Y o 2R X2 Y Wl i
ke[e] ieIN ke[e] X

Therefore, from (5.3.23) we have
(5.3.26) XN x5 / ( S — Z XN X[ +5,{V=j> dt,
kell] ielly
where
N,j i oy—i Vi SN, j INi 2
67 = |0aun (N AV X LX) = .UV X, ,m(ANXtN))|

k
++ ) Wz(mxz,{wm? )?
ke[4] t

is such that E[sup[O’T] 6tN’j} — 0 as N — oo (cf. Theorem 5.2.6, property (5.3.22)
and see the last argument in the proof Lemma 5.3.2). Averaging (5.3.26) over i € I;

and summing over j € [¢] we have

N’L
Z NZ’XNZ_ J"z
1<j<15 ] ieIN
<[ (05 g S )

jela iell jelaq
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whence

1 ni N
> o SB[ sup [KY - x50 as N oo
jele #1; iery  tE0T]

J

by Gronwall’s lemma; then, plugging this back into (5.3.26), we obtain (5.3.21). =

PROOF OF THEOREM 5.3.4. By Lemma 5.3.7 it suffices to prove the theorem
by assuming that the first marginal is of the form p = Zje[[@]] 0;6ni € P(A) for
some (fixed) £ € Zy, 0; € Q4 and M € A.

We now want to construct N-player games, where each player is suitably la-
belled with A, j € [¢]. The distribution of labels in the limit N — oo must be p.
It is elementary to construct a partition (I;);cqq of N such that d(7;) = 6;, where
0 denotes the natural density;® indeed, it suffices to consider the minimum natural
number D such that Df; € N for all j € [{], take a partition {©;};epq of [D]
such that #0; = Df; and set I; := ©; + DN. So we can define M € (2(N;A) by
letting \* := X if i € I; and then Ay € AV for any N € N by taking the first N
coordinates of .

With the notation of Lemma 5.3.8, we want argue as in the proof of Proposi-
tion 5.3.1, with the replacements

[N] ~ IJN and 9, UM(t,z,m) ~ A, U (t,x, (mi‘_j,m)) .

This crucial intermediate step is an “intra-population” propagation of chaos. As
noted at the beginning of the proof of Lemma 5.3.8, we can exploit Lemma 5.3.2
and argue exactly as in the proof of Proposition 5.3.1 (note that #IJN — 00 as
N — o0) to obtain, for ¢ = min IJN,
T
1 j IN i —j 2
(5.3.27) E[/ (§|81U>\7 (t7Xt] 1’ (mi\ J’mx,ﬁv))’
o .

%

A IN,'L AT A IN, A~
+f (th a(mt 7mX1]N)))dt+g (XT] 7(mT , M IN))

t T

= LGl e
N —o00 0 Rd 2 * B t

+f)\](,m§\))dﬁli\7dt+/ g)\j(.,m%) dm’i\j ’
Rd

where m* and m* solve, respectively, (5.3.20) and
o™ — AmN — div(8,UN (t,z,mM)mN ) =0, je [
m)\|t:7' =m,

both with initial time 7 = 0.

6Recall that the natural density of S C N is defined as 9(S) := limpy 0o N™1#(S N [N]), if

the limit exists.
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At this point consider the representation formula for the value functions solving

the Nash system constructed above,
(5.3.28) ]EUN()\N, 0, Z)

T
1 ~ -0 o~ - o~

where X% is as in Lemma 5.3.8; in order to pass to the limit this identity, we
need to compare X~ and XX, which we have thus already done in Lemma 5.3.8.
Having fixed j € [¢], note that we can assume without loss of generality that 0 € I;
(otherwise, just take a different partition {©;} ;¢ at the beginning of Step 2);
therefore, A\’ = M, and one deduces (5.3.11) from (5.3.27), passing (5.3.28) to the
limit. In order to motivate this last claim, for the sake of completeness, we prove
that, for h € {f, g}, one has

—

. A IN,i A
lim E{ sup |pM (X7, (my

.
N=oo  Lycpo,1] ’mX:JN)) — (X, X )” =0

(the other analogous convergence that we will need, involving d,uy and U, can be

N N
i _ xINo

proved in a similar manner). Under our latest assumption, X , 80, by

the Lipschitz continuity of i and the triangle inequality,

9

A IN, A~ i Ny |2
|PM (X7, (my ,mX,Jz_v))—hN()\J,Xt )|

N - 2
< ‘th7 0 XtN’O|2 + W2<9jm v + Z ekmi\’“, m);-tN)
¢ kelel\{s}
+ WQ(thN,mXN,—O)Z + ‘h)\j (XtN’17mXN,—0) — h]\[()\j,)?tN)’2 ;

it is straightforward to show that, after taking the supremum over ¢ € [0,7] and
then the expectation, the third term in the left-hand side vanished as N — oo, while
the first one and the last one go to 0 as well thanks to (5.3.21) and Remark 5.2.8,
respectively. As for the second term, by the triangle inequality and convexity of
W3,

W1<9jm Ijz_v-i- Z kai‘k,thN>

X kela\)
- 1 5 2 AR 1 5 2
< ejWQ(mXI;V,#W Z sz;) + Z 4 0, Wo (mt ) #I]év Z va‘)
¢ I eIy kel } =

+W2( Z % Z 5)2;\171" m)?g\f)2;

kel "k ery

by using the estimates obtained in the previous lemmata, Esup,c(y ) of the right-
hand side can be shown to vanish as N — oo. [
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5.4. A continuum of MFG systems

Some considerations about the characterisation provided by (5.3.11)—(5.3.12)—

(5.3.13) are now in order.

REMARK 5.4.1. If U? is sufficiently regular on [0,7] x R? x Py(A x RY) (e.g.,
according to Definition 2.4.1 in [23] of a classical solution to the first-order Master
Equation, so, in particular it is differentiable with respect to x), one can differentiate
t = [oa UMt -, i) dmp with m2 = 6, and use (5.3.11), (5.3.12), (5.3.13) to get,
after standard computations,

- 8tU)\(t7$7/’5) - AwU)\(tamvl’é) - / Ayi(] (t,x,u,)\’,y) M(d/\l7dy)
AxRE op

1 1) /
+ §|8IUA(tvmnu’)|2 +/ D ?U/\(tvxa/h)‘l?y) ’ 8yU)\ (tvyvﬂ) #(d)‘lady)
AxR4

= (@, TRagh).
This is exactly the form one would expect a Master Equation associated to our
non-symmetric game to exhibit. In this sense, the limit game (5.3.11)—(5.3.12)—
(5.3.13) can be considered as a weak formulation of the Master Equation for a
nonsymmetric game parametrised by A € A. Since U* is Lipschitz continuous with
respect to the measure variable, this formulation is very close to the one proposed
n [15]. Moreover, it brings naturally a continuum of standard MFG systems, as

described below.

THEOREM 5.4.2. With the notation of Theorem 5.5.4, define
uMt, x) = UMt x, pue) -
Then u solves the following (generalised) Mean Field system on (0,T) x A x R%:
—9u? — Agud + %|DIU>\|2 = f)\<.'lf,7TRdﬁ/J,t)
(5.4.1) gt — Ayt — divy (Dutp) = 0

UA(TV) :g/\('vﬂ—]Rdﬁ:uT)v Ho = M,
where both the Hamilton—Jacobi and the Fokker—Planck equations are satisfied in

the classical sense.

Proor. Fix A € A. Note that, by (5.3.11), for every 7 and smooth m*,

(5.4.2) / ) dm? //Rd 7|Du -\ +f*(-,7erWs))dm§ds

/ 9 (-, mragpr) ding. .
Rd
Let v be solution of the linear backward Cauchy problem
1
_atv - A:rfv + DQ:UA : va = fk(l.?ﬂ—Rdﬂ:ut) + §‘D$UA|2

o(T, ") = g*(-, TRagr)-
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By standard linear theory (see, e.g., [64]), v solves the equation a.e., and since
coefficients are in L°, it is globally bounded and locally in sz’l for every p €
(1,00). By duality between the equation for v and the equation for m?*, for every
7 € [0, T] we have

/ dm / / 7|D u™(s, - ’ +f>‘(-,7erﬁus)) dﬁl:‘ds
]Rd
/ g’\( , TRAFIT) me
]Rd

Since the previous equation has the same right-hand side of (5.4.2), by the arbi-
trariness of m» and 7, we obtain v = u*. Plugging back D,v = D,u” into the
equation for v we obtain the assertion. That u” is a classical solution follows by

standard parabolic regularity. [

REMARK 5.4.3. If f and g are constant in A, then (5.4.1) is the classic Mean
Field system (this case corresponds to the situation in Proposition 5.3.1). We also
mention that, as a byproduct, under assumptions of monotonicity, one can then
deduce uniqueness of the limit function U by classic uniqueness results for the
Mean Field system.

REMARK 5.4.4. The above result says, within the setting of the previous example,
that the Mean Field system arises from a sequence of N-player games built by
choosing certain Ay, provided that the labels A%, are “sufficiently well distributed”,
in the sense that their empirical measures weakly converge to some p € P(A) as
N — oo. Limit properties of those games are then captured by the Mean Field
system when one chooses p = [, m*p(dX), being m* the distribution of A-labelled
players.

On the other hand, by a theorem of Hedrlin (see [50]), for each Mean Field
system of that kind there exists a suitable choice of Ay in order for it to arise from

the respective sequence of N-player games.
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