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Abstract

This thesis is concerned with the study of stochastic differential games with
many players, under structural hypotheses that differ from the classic ones of Mean
Field Game theory. We focus on Nash equilibria and the systems of partial differ-
ential equations that describe them, within two main settings, namely games with
sparse interactions and Generalised Mean Field Games.

In the first part of the thesis, we deal with network games with interactions
between players governed by sparse graphs. We introduce the concept of unimpor-
tance of distant players and provide two precise declinations of it, one for open-loop
and one for closed-loop games. Related implications are also investigated.

The main character of the second part is the Nash system, of parabolic equa-
tions of Hamilton–Jacobi–Bellman type, describing closed-loop equilibria. We make
use of structural assumptions inspired by the unimportance of distant players to
prove short-time existence and uniqueness for a class of Nash systems in infinitely
many dimensions.

Afterwards, we enter the framework of Generalised Mean Field Games and, for
some N -player nonsymmetric Nash systems under hypotheses of semimonotonicity,
we prove certain a priori estimates historically known to be both hard to obtain and
crucial for a rigorous derivation of the Master Equation directly from of the Nash
system as N diverges. Making use of such estimates in this bottom-up approach to
the large population limit of the Nash system, we conclude by proving that in our
context suitable generalisations of both the Mean Field system and a weak form of
the Master Equation can be obtained.
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Notations

AR,L see Definition 2.3.1.
C0(X) the space of all bounded and continuous functions on X.
C0

0 ([0,+∞)) the space of all functions in f ∈ C0([0,+∞)) such that
limr→+∞ f(r) = 0.

Cγ(X;Y ) given γ ∈ (0, 1), the space of all bounded and γ-Hölder
continuous Y -valued functions on X. Y = R is implied. If
the domain involves Rω, see Section 3.2 instead.

Ck(loc)(X) for k ∈ N∪{∞}, the space of all infinitely many times dif-
ferentiable functions on X, with (locally) bounded deriva-
tives, zeroth-order included.

X (X;Y(Y )) given two Banach spaces, X (X) of functions on X, and
Y(Y ) of functions on Y , the corresponding Bochner space
of functions on X × Y .

C1,2
loc (RnT ) the space of all continuous functions on RnT (with typical

variables (t, x)) with continuous derivatives ∂t, D and D2.
Derivatives are understood to be defined on (0, T )× Rn.

C1,2(RnT ) the space of all bounded and continuous functions on RnT
(with typical variables (t, x)) with bounded and continuous
derivatives ∂t, D and D2. Derivatives are understood to
be defined on (0, T )× Rn.

Cm+δ
(loc) (X) given m ∈ N and δ ∈ (0, 1), the classic high-order

Hölder space on X; cf. [57]. As for the subscript loc,
u ∈ Cm+δ

loc (Rd) if and only if u ∈ Cm+δ(Ω) for any Ω b Rd.
If the domain involves Rω, see Section 3.2 instead.

C
δ
2 ,δ

(loc)(X), C1+ δ
2 ,2+δ

(loc) (X) given δ ∈ (0, 1), the classic parabolic Hölder spaces; cf. [57].
As for the subscript loc, see the previous notation. If the
domain involves Rω, see Section 3.2 instead.

Cm+γ
β , ‖·‖m+γ;β , . . . see Definitions 3.2.8 and 3.2.9.

∂t the time derivative (with respect to the typical variable t).
D , or Dx , or ∂x the gradient, or space derivative (with respect to the typical

variable x).
Dj , or ∂xj the derivative with respect to the typical j-th coordinate

xj .
D2, D2

ij , ∂
2
xy, D

3, D3
ijk spatial derivatives of second and third order, in analogy

with the notations for the first order.

v



vi NOTATIONS

∆ , or ∆x the Laplacian (with respect to the typical variable x).
Dα given α = (α0, . . . , αN−1) ∈ NN , the multi-index notation

for derivatives, namely Dα1
1 · · ·D

αN
N .

δ
δm

the flat derivative (with respect to the typical probability
measure variable m); cf. [23, Definition 2.2.1].

Dm the intrinsic derivative (with respect to the typical proba-
bility measure variable m); cf. [23, Definition 2.2.2].

D see (4.2.4).
Dr(z) the open complex disc of radius r about z. We omit the

centre when it is 0 and the radius when it is 1; hence, e.g.,
Dr = Dr(0) = rD.

deg− v, deg+ v the indegree and the outdegree of the vertex v.
deg v abridged notation for deg− v.
diag x given x = (xi)i∈[[n]] ∈ Rn, the n×n diagonal matrix having

xi as the entry (i, i).
div , or divx the divergence (with respect to the typical variable x).
δx the Dirac delta distribution centred at x.
E the probabilistic expectation.
v ∼ v′ (v, v′) ∈ E.
f
∣∣x
y

given a function f , the difference f(x)− f(y).
A > 0 given an n×n real matrix A = (Aij)i,j∈[[n]] (not necessarily

symmetric),
∑

i,j∈[[n]] Aijξ
iξj > 0 for all ξ ∈ Rn.

In the n× n identity matrix.
I the matrix INd.
idX the identity map on X.
Jn the n× n matrix of ones.
J the matrix JN ⊗ Id.
L see (4.2.6).
LX given a random variable X, on a probability space with

probability P, the law of X, namely X]P.
Lp(X;Y ) for p ∈ (0,∞] and Y Banach, the space of Y -valued mea-

surable functions f on a measure space (X,M, µ) such
that ‖f‖p :=

∫
X
‖f‖pY dµ < ∞ (for p 6= ∞) or ‖f‖∞ :=

ess supX‖f‖Y < ∞ (for p = ∞). Y = R, with Euclidean
metric, is implied.

`p(X;Y ) Lp(X;Y ) when X is countable, M is the discrete σ-algebra
and µ is the counting measure.

. less than or equal to, up to a positive multiplicative con-
stant.

Liploc(X) the space of all locally Lipschitz continuous functions on
X.

mx given a vector x = (xi)i∈[[n]], the empirical measure
1
n

∑
i∈[[n]] δxi .

N the set of all natural numbers, including 0.
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| · | the Euclidean norm when applied to a vector, the
Frobenius norm for matrices and, more generally, the
full tensor contraction for tensors (and according to
this, inner products between tensors are understood
as tensor contractions); for example, |D3

ijku
j |2 =∑

hi,hj ,hk∈[[d]] |D
3
xihix

jhj xkhk
uj |2 if xi, xj , xk ∈ Rd.

| · |p the p-norm ‖·‖p on `p(N;Rd), with Rd equipped with the
Euclidean metric; that is, |x|pp :=

∑
j∈N |x

j |p. The same
notation is used for the p-norm of x ∈ (Rd)n, n ∈ N, given
the natural embedding x 7→ (x, 0, . . . ) into `p(N;Rd).

‖·‖X the norm on the space X.
‖f‖∞ given a function f defined on X, its supremum norm,

namely supx∈X |f(x)|.
‖f‖∞;I given a function f defined on R×X and an interval I ⊂ R,

supt∈I‖f(t, ·)‖∞.
[f ]γ the Hölder seminorm of order γ of the function f . For

functions defined on Rω, see Section 3.2.
‖x‖i the i-th weighted norm of the vector x ∈ XN , defined as(

|xi|2 + 1
N

∑
j∈[[N ]]\{i} |x

j |2
) 1

2 .
‖·‖∞;β,α, [ · ]γ;β,α see Definition 3.2.3.
1n the all-ones vector in Rn.
x · y , or 〈x, y〉X the Euclidean inner product between the vectors x, y ∈

X. The subscript X can be implied if it is clear from the
context.

⊗ the outer product between vectors, or the Kronecker prod-
uct between matrices, or the (tensor) product between mea-
sures.

P(X) the space of probability measures on X.
Pp(X) the Wasserstein space of order p ∈ [1,∞); cf. [78, Defini-

tion 6.4].
Pv given a vector v 6= 0 in a Hilbert space, the projection onto

the direction of v, namely v
|v| ⊗

v
|v| .

Q see below (4.2.4).
Π(µ, ν) the set of all couplings of the measures (µ, ν).
πXi given a product space X =

∏
i∈I X

i, the projection of X
onto Xi.

RnT the set [0, T ]× Rn.
Rω the space RN endowed with the product topology.
[[n]] given n ∈ Z+, the set {0, . . . , n− 1}.
[m]n given m ∈ Z and n ∈ Z+, the unique natural number

r ∈ [[n]] such that r = m modn.
Qr see (2.2.28).
R+ the set of all positive real numbers.
#S the cardinality (or counting measure) of the set S.
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f ]µ the push-forward (or image) measure of the measure µ via
the map f .

Sn the group of all permutations on [[n]].
xσ given a vector x = (xi)i∈[[n]] and a permutation σ ∈ Sn,

the vector (xσ(i))i∈[[n]].
sptµ the support of the measure µ.
f ? g given two functions f, g defined on a measure space (X,µ),

the convolution between f, g, namely
∫
X
f(y)g( ·−y)µ(dy).

x ?n y given two vectors x = (xi)i∈[[n]], y = (yi)i∈[[n]] ∈ Rn, the
cyclic discrete convolution of order n between x, y, namely∑

i∈[[n]] x
iy[ ·−i]n .

X b Y X ⊆ Y , bounded and with closure also contained in Y .
S (X) the space of all real symmetric linear operators on X.
S (n) the space of all real symmetric n×n matrices. S (Rn) and

S (n) are identified through the canonical basis on Rn.
TrA the trace of the matrix A.
AT the transpose of the matrix A.
4h if h is a function, see (4.2.7); if h ∈ Z+, it is the diagonal

{(x, y) ∈ Rh × Rh : x = y}.
x ∨ y, x ∧ y max{x, y}, min{x, y}.
(x : y) given x = (xi)i∈[[n]] ∈ Xn, y = (yi)i∈[[n]] ∈ Y n, the vector

((xi, yi))i∈[[n]] ∈ (X × Y )n.
x−i given a vector x, the vector obtained by removing the i-th

coordinate from x.
(x−i, y) given two vectors x, y, the vector obtained from x by

replacing its i-th coordinate with y. — The order is
important, in the sense that we specify first the vec-
tor x and then the replacement y; both the follow-
ing not equivalent notations will occur: given a func-
tion h, h(x−i, y) = h(x1, . . . , xi−1, y, xi+1, . . . , xN ), but
h(y, x−i) = h(y, x1, . . . , xi−1, xi+1, . . . , xN ).

x̂ given a vector x, see Section 5.1.
Wp the Wasserstein distance of order p ∈ [1,∞); cf. [78, Defi-

nition 6.1].
W 1,2
p the standard parabolic Sobolev space with exponent p ∈

[1,∞); cf. [58, Chapter 2, Section 2].
Z+, Z− the sets of all positive integers and of all negative integers.
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This thesis contains new results on stochastic differential games (henceforth
simply games) from the viewpoint of partial differential equations (PDEs). The
trait d’union between the different works collected herein is the interest in studying
games under assumptions outside or beyond the Mean Field Game (MFG) canon,
with the intent of identifying substantial dissimilarities with or attainable general-
isations of that renowned standard.

The introduction of MFG theory, independently by Lasry and Lions [65] and
Huang, Caines and Malhamé [51], has been the most influential contribution to the
rapid development of the study of games with many players in the last two decades.
The theory provides an effective paradigm to deal with dynamic games with many
players that are both indistinguishable from one another and individually negligible
as the number of players grows; we refer to the book [25] and the lecture notes [24]
for a recent account of it.

If the foundational assumptions of MFGs are abandoned, or at least eased, one
enters the broader framework of network games. In particular, the last few years
have witnessed an increasing interest in the understanding of the large population
limits of Nash equilibria among players whose interactions are described by graphs.

Broadly speaking, when the number of interactions is large, the MFG descrip-
tion, or a suitable generalisation based on the notion of graphon, effectively char-
acterises large population limits: see for instance [3, 8, 19, 37, 63] and references
therein.

On the other hand, when the underlying network structure is sparse, few results
are available in the literature; for instance, the reader can have a look at [61]

ix



x INTRODUCTION

and references therein. While in the dense regime one expects all the players to
have an individual negligible influence on a given player, because their running
costs involve cumulative functions of a number of variables that diverges with the
number of players, in sparse regimes, only most of the players should have a small
impact, just because they are far enough with respect to the graph distance. This
mechanism of independency between distant players, in the sense of an underlying
graph, has been first observed in [62], by means of correlation estimates.

The first part of the thesis concerns the study of such games with sparse in-
teractions, with particular interest in the equations describing Nash equilibria in
the limit of infinitely many players. We highlight two crucial features in contrast
to those of MFGs and deriving from the aforementioned unimportance of distant
players.

As a first illustrative setting, we consider open-loop equilibria. Under the
hypotheses of MFG theory, one exploits the averaging structure of the costs to
reduce the prospective infinitely many equations describing Nash equilibria in the
large population limit to the familiar two-equation Mean Field system, whereas in
games with sparse interactions we have no hope to be able to exploit any aggregate
effect coming into play as the number of player grows. On the contrary, we shall
show that, if one wishes to find, with a small error, the optimal trajectory of a
given player, a reduction of the complexity of the system to be studied is possible
by going in the opposite direction; that is, by neglecting distant players and thus
considering a new game governed by just a subgraph of the original one. This is
presented in Chapter 1.

Considering instead closed-loop equilibria, the canonical object describing them
is the Nash system, a notoriously strongly coupled, and thus intricate, system
of parabolic equations of Hamilton–Jacobi–Bellman (HJB) type. As described in
[23] expanding ideas of [68], within the MFG scenario the natural limit of the
Nash system is provided by the fabled Master Equation, a parabolic equation set
in the space of probability measures. On the other hand, under hypotheses of
sparse interactions, we have quantified the mutual influence of players by estimating
the derivatives of the solutions to the Nash system, consequently showing that
a formally-written infinite-dimensional Nash system can be well-posed. This is
introduced in Chapter 2.

The second part of the thesis is focused on the study of the Nash system.
Local existence and uniqueness for a rather general infinite-dimensional Nash

system are proven in Chapter 3, adapting ideas developed in the previous chapter
within the linear-quadratic (LQ) framework. Contextually, we also prove a general
linear result, providing a priori estimates, stable with respect to the dimension, for
transport-diffusion equations whose drifts (and their derivatives) enjoy appropriate
decay properties.
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In Chapter 4, again inspired by results in the LQ setting, we exit the realm
of sparse interactions and recover some structure of Mean Field type: under Gen-
eralised Mean Field hypotheses (also referred to as Mean-Field-like), for a class
of nonsymmetric Nash systems with semimonotonicity we prove a priori estimates
enjoying the stability with respect to the number of equations first prospected in
[68] for the standard symmetric case and expected to allow to pass the system to
the infinite population limit and obtain the Master Equation.

Finally, Chapter 5 is devoted to the use of our a priori estimates to deal with
such a passage to the limit. We obtain both a weak form of the Master Equation
and the Mean Field system expected in our generalised MFG context.

Exordia of the chapters

Chapter 1 (d’après [30]). We consider a graph Γ := (V,E) with #V = N ∈
N∪{∞}, which can be directed but is assumed to have no loops. We recall that this
means that the existence of the edge (v, v′) ∈ E does not imply that of (v′, v) ∈ E,
while (v, v) /∈ E for any vertex v ∈ V .

The indegree and the outdegree of a vertex are respectively defined as deg− v :=
#{v′ ∈ V : v′ ∼ v} and deg+ v := #{v′ ∈ V : v ∼ v′}, where v′ ∼ v if and only if
(v′, v) ∈ E; however, in the following, since the former will appear quite often, we
will use the lighted notation deg v := deg− v. We shall assume that deg v > 0 for
all v ∈ V and, if V is countable, supv∈V deg v <∞.

The main object of our study is a system of N HJB and N Fokker–Planck–
Kolmogorov (FPK) equations in RdT := [0, T ] × Rd, which we call the graph-game
system, of the form

(i)


−∂tuv −∆uv +Hv(t,Duv) = F v(t, x)

∂tm
v −∆mv − div(∂pHv(t,Duv)mv) = 0

uv(T, ·) = Gv, mv(0) = mv
0 ,

v ∈ V .

The unknowns are the (value) functions uv and the measure flows mv; the Hamil-
tonians Hv(t, p), the data (or cost functions) F v(t, x) and Gv(x), and the initial
distributions mv

0 are given. In particular, we consider

F v(t, x) :=
∫

(Rd)deg v
fv(t, x, y)µvt (dy) , Gv(x) :=

∫
(Rd)deg v

gv(x, y)µvT (dy) ,

for some functions fv : [0, T ]×Rd×(Rd)deg v → R and gv : Rd×(Rd)deg v → R, where
µvt ∈ P((Rd)deg v) is the product measure having mv′

t , v′ ∼ v, as its marginals.

Such a graph-game system naturally arises to describe open-loop Nash equi-
libria for a differential game with interactions between the players governed by the
graph Γ. Indeed, consider an N -player game where players are labelled with v ∈ V
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and the state of the player v is governed by the following Rd-valued SDE on [0, T ]:

(ii) dXv
t = bv(t, αvt ) dt+

√
2 dBvt ,

with given Xv
0 = Zv. The Bv are independent Brownian motions, defined on a fil-

tered probability space (Ω,F ,F,P), F being the completion of the natural filtration
of the Brownian motion; the controls αv are progressively measurable processes
with values in Rd; the drift bv is a given map [0, T ] × Rd → Rd. Player v aims at
minimising the cost functional

Jv(α) := E
[ ∫ T

s

(
Lv(t, αvt ) + fv

(
t,Xv

t , (Xv′

t )v′∼v
))

dt+ gv
(
Xv
T , (Xv′

T )v′∼v
)]
,

where Lv : [0, T ] × A → R is given. Note that such a cost depends (directly) only
on the behaviour of the neighbours of player v; that is, players that are adjacent to
it according to the graph Γ. Also note right away that if deg v = 0, then player v
is by no means connected to the other, so it will be playing alone an optimisation
problem; nevertheless, such players will be of no interest in our study of the game,
whence our assumption that deg v > 0.

The Hamiltonian of player v is defined as Hv(t, p) := − infa∈Rd
(
p · bv(t, a) +

Lv(t, a)
)
. Hence, if for any (t, p) there exists a unique av(t, p) ∈ Rd such that

Hv(t, p) = −p · bv(t, av(t, p)) − Lv(t, av(t, p)), and that the map av is continuous
(for example, this is the case if p · bv(t, a) + Lv(t, a) is continuous in all variables,
and is C2, strictly convex and coercive in a), then the envelope theorem yields
∂pH

v(t, p) = −bv(t, av(t, p)). Under these circumstances, the choice αvt = α∗vt :=
−∂pHv(t,Duv(t,Xv

t )) in (ii), with uv solving system (i), is expected to provide
the open-loop equilibria of the game (see Remark 1.1.1 for further discussion). In
particular, one has mv

0 = Zv]P and µvt := (Xv′

t )v′∼v]P, when Xv solves (ii) with
optimal drift α∗v.

If Γ is complete (that is, E = V ×V \{(v, v) : v ∈ V }) and fv and gv depend on
the average of (Xv)v′∼v, then we are in the setting of MFG theory; in particular, the
MFG paradigm presumes that we have an increasing sequence of graphs (ΓN )N∈N
(that is, ΓN is a subgraph of ΓN+1) with minv∈V N deg v = N → ∞ as N → ∞
(and actually much more that that). On the contrary, here we are interested in
addressing the antipodal problem when supN∈N supv∈V N deg v <∞.

The crucial difference with this dense regime is the loss of the negligibility
assumption, and thus basically the loss of a fruitful ground to have a Law of Large
Numbers: if the costs of the players do not depend on cumulative functions of a
diverging number of variables, one is led to expect that most of the players should
have a small influence on a given one, with no cumulative effect arising from their
interactions in the large population limit. In other words, given a player, we expect
players that far from it with respect to the graph distance to be asymptotically
unimportant in determining the optimal distribution of that player.
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Here we focus on open-loop games governed by fairly general sparse graphs,
with the goal of showing the unimportance of distant players under the following
perspective: in order to play almost optimally, a given player can neglect all players
that are far enough from it and assume to be taking part in a new reduced game
where interactions are modelled according to a subgraph of the original one.

Our main result will be Theorem 1.2.8, yet we informally state here an imme-
diate consequence of it (precisely formalised as Corollary 1.2.9), which we believe
to be illustrative of the meaning of the preceding paragraph.

Theorem i. Let (m,u) solve (i) with infinite-dimensional underlying graph Γ =
(V,E) and m0 ∈ P2(Rd)V . Under suitable structural assumptions, for any ε > 0
there exists k ∈ N such that, for any v ∈ V , one has

sup
t∈[0,T ]

W2(mv
t , m̂

v
t ) < ε

if m̂ solves (i) with graph Γv;k (which is the minimal subgraph of Γ in which v is
k-stable with respect to Γ, according to Definition 1.2.2).

The subgraph Γv;k is basically the smallest subgraph of Γ obtained by removing
all vertices that are more than k edges apart from v.

The idea of the proof is rather simple: by means of a synchronous coupling,
we show that (objects very close to) the Wasserstein distances of two distributions
solving the graph-game system with two different underlying graphs obey a recur-
sive inequality; then, analysing such inequality, we are able to provide quantitative
decay of that “distance” with respect to k, which is the radius of the neighbourhood
of a vertex we wish, or need, to keep when performing our dimensional reduction.

We have implicitly taken into account that not only we are losing the negligi-
bility assumptions of MFG theory, also we are making no symmetry assumptions;
therefore, the localisation provided by Γv;k depends indeed on v, in general. It
clearly follows that in order to determine approximate optimal trajectories for all
the players, one needs to localise around each of them.

On the other hand, if Γ is vertex-transitive and the players have identically
distributed initial states (that is, mv

0 is independent of v ∈ V ), then system (i)
is invariant under automorphisms of Γ (as observed and exploited in [62]), which
implies that any player is representative for the game equilibrium. In this setting,
the localisation Γv;k is independent of v, so our result says that, instead of solving
a system of infinitely many HJB and FPK equations, one can only solve (making
a small error) one system of N HJB and N FPK equations, with N depending on
Γ and k.

Our results mentioned so far are genuine a priori estimates, valid for solutions
(u,m) = ((uv,mv))v∈V to system (i) with Duv ∈ C1,2

loc (RdT ) and sublinear (that
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is, |Duv(t, x)| . 1 + |x|, with implied constant independent of (t, x) ∈ RdT ), and
mv ∈ C0([0, T ];P2(Rd)).

For the sake of a more complete discussion, in Section 1.3, we will prove the ex-
istence of unbounded solutions fitting the aforementioned requirements, in a couple
of cases compatible with our main assumptions, which we are going to present here
below. Let us also point out that those will be general existence results which do
not rely on the information provided by the unimportance of distant players, and
thus Section 1.3 is independent of Section 1.2. A different approach to the well-
posedness of a graph-game Nash system is instead adopted in Chapter 3, where the
expected behaviour of the solution according to the results in Chapter 2 is exploited
as a starting point to prove existence.

Chapter 2 (d’après [32]). We consider an N -player game, indexed by i ∈ [[N ]],
where the state Xi of the i-th player evolves according to the Rd-valued SDE

dXi
t = αit dt+

√
2 dBit .

Its cost, in the fixed time horizon [0, T ], is given by

J i(α) = 1
2 E
[ ∫ T

0

(
|αi|2 + 〈F iX,X〉

)
dt+ 〈GiXT , XT 〉

]
,

for some F i = f i⊗Id and Gi = gi⊗Id, with f i ∈ C0([0, T ]; S (N)) and gi ∈ S (N).
The Bi are independent Rd-valued Brownian motions, and the αi are closed-loop
controls in feedback form, that is αi = αi(t,Xt).

It is known (see for instance [25, Section 2.1.4], or [46]) that the value functions
of the players, ui = ui(t, x) with i ∈ [[N ]], t ∈ [0, T ] and x = (x0, . . . , xN−1) ∈
(Rd)N , solve the Nash system of Hamilton–Jacobi PDEs

(iii)

−∂tui −∆ui + 1
2 |Diu

i|2 +
∑
j 6=iDju

jDju
i = F̄ i

ui(T, ·) = Ḡi

where F̄ i = 1
2 〈F

i·, ·〉, Ḡi = 〈Gi·, ·〉 and i ∈ [[N ]]. The equilibrium feedbacks are
then given by αi = −Diu

i. Since the dynamic of each player is linear, and the costs
are quadratic in the state and control variables, it is well-known that the previous
system can be recast into a system of ODEs of Riccati type, by making the ansatz
that ui are quadratic functions of the states. Here, we look for conditions on the
solvability of such system, and we focus in particular on properties that are stable as
the number of players goes to infinity, with the aim of addressing the limit problem
with infinitely many players, whenever possible. The Laplacian appears in (iii) by
the presence of the independent noises Bi, but it will not actually play any relevant
role in our analysis. We keep it since the purely deterministic system is not known
to be well posed, beyond the linear quadratic setting.

Our framework is somehow similar to that addressed in [62]. The linear-
quadratic setting is considered, and under some symmetry assumptions on the
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underlying graph, Nash equilibria are computed explicitly (exploiting also the run-
ning costs F̄ i being identically zero, and Ḡi having a specific structure). Then, a
probabilistic information on the covariance of any two players’ equilibrium state
processes is derived. A main goal in our work is to derive an analogous information
in more analytic terms; that is, we wish to quantify the influence of the j-th player
on the i-th one by estimating Dju

i, with the perspective of developing some ideas
that could be applied also beyond the linear-quadratic framework.

We now describe our results more in detail. The first part of the chapter is
devoted to the analysis of a sort of sparse regime with a special structure, namely
shift-invariance, where basically f i and gi coincide with f i−1 and gi−1, respectively,
after the permutation of variables xi 7→ xi−1. Most importantly, we assume players
to have nearsighted interactions, that means

(iv) |f ihk|, |gihk| . βh−iβk−i

for all h, k, where (βk)k is a suitable sequence in `1(Z). Since βk−i decays as
|k − i| → ∞, this means that f ihk, which quantifies the influence of the h-th and
k-th player on the i-th one, decreases as |h− i| and |k− i| increase. A prototypical
example is given by the bi-directed chain, where f ihk is a sparse matrix with zero
entries except for |h − i| 6 1 and |k − i| 6 1, so that the i-th player cost depends
only on the (i + 1)-th and the (i − 1)-th state. See also [42] for results on models
that build upon a similar structure.

The first statement we get, which sums up Theorems 2.2.11 and 2.2.12, is the
following.

Theorem ii. There exists T ∗ > 0 such that if T 6 T ∗ then for any N ∈ N ∪ {∞}
there exists a smooth solution to system (2.1.2) such that, for any i, j and m ∈ N,∥∥∥∥( d

dt

)m
Dhku

i

∥∥∥∥
∞
. βh−iβk−i.

Note in particular that we get existence of a smooth classical solution to the
infinite-dimensional Nash system (iii) with N = ∞, i ∈ Z. We stress that the key
issue in the analysis of our problem is that, despite the cost functions f i, gi may
depend on very few variables, the system itself is strongly coupled by the transport
terms

∑
j 6=iDju

jDju
i, which become in fact series when N =∞. The closed-loop

structure of equilibria forces the equilibrium feedbacks αj = −Dju
j to be strongly

“nonlocal”, that is, they depend on the full vector state x. Hence, decay estimates
on Dju

i which are stable as N increases are crucial to pass to the limit N → ∞.
These are obtained here by a careful choice of β: below, we will use the terminology
self-controlled for the discrete convolution, or briefly c-self-controlled (where the “c”
stands for “convolution”; see Definition 2.2.3), that fits well with the structure of
cyclic discrete convolution appearing in our problem. From the game perspective,
the equilibrium feedbacks αj turn out to be almost “local”, in the sense that the
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influence of “far” players is still negligible in the sense explained above. In other
words, despite the strong coupling given by the full information structure of closed-
loop equilibria, the property of unimportance of distant players is observed (see
Remark 2.2.13 for further discussions).

While the shift-invariance condition can actually be dropped (see Section 2.2.3),
one of the main restrictions of the previous result is that it guarantees short-time
existence only. Note that, even with a finite number of players N , Riccati sys-
tems may fail to have long time solutions in general; therefore we look for further
conditions on f i and gi such that existence holds for any time horizon T , and inde-
pendently on N . To achieve this goal, we strengthen the previous assumption on
nearsighted interactions, that now become of strongly gathering type, and require
further directionality conditions. Section 2.2.4 contains precise definition of this
notion and examples. The main existence result is stated in Theorem 2.2.24. Here,
we exploit the possibility to relate a solution to system (iii) to a flow of generating
functions, which works well when N = ∞ but has no clear adaption to the finite
N setting.

Within the special setting of systems with cost of strongly gathering type and
directionality, we are able to push further our analysis and study the long time
limit T →∞, that is, we show that the value functions ui converge to solutions of
the ergodic problem as the time horizon goes to infinity. To complete this program,
estimates on solutions of the Riccati system are obtained at the level of the game
with N =∞ players, uniformly with respect to T . Theorem 2.5.1 is the main result
of this second part of the chapter, which we conclude by showing that equilibria
of the infinite-dimensional game provide ε-Nash closed-loop equilibria of suitable
N -player games, see Section 2.3.

Chapter 3 (d’après [77]). We consider the following system of infinitely many
backward parabolic differential equations of HJB type, which we refer to as an
infinite-dimensional Nash system:

(v)


−∂tui −

∑
jk

Ajk(t, x)D2
jku

i +Hi(t, x,Du) +
∑
j 6=i

∂pjH
j(t, x,Du)Dju

i = 0

ui(T, ·) = Gi , i ∈ N ,

where Du := (Dju
j)j∈N, set in RωT := [0, T ] × Rω, where the space Rω is RN

equipped with the product topology.
The unknowns are the value functions ui : RωT → R; the data are the horizon T ,

the diffusion A = (Ajk)j,k∈N : [0, T ]→ Rω×ω, the Hamiltonians Hi : RωT ×Rω → R
and the terminal costs Gi : Rω → R.

The notation Rω×ω indicates infinite-dimensional square matrices, or equiva-
lently the space (Rω)ω, in analogy with the notation RN×N for N × N matrices.
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The typical element of [0, T ]×Rω ×Rω is denoted by (t, x, p), with coordinates xj

and pj , j ∈ N.
Derivatives are understood in the sense of Gateaux. We denote by ∂t the

derivative with respect to t, by Dj the derivative with respect xj (that is, with
respect to x along ej) and by ∂pj the derivative with respect to pj .

Finite-dimensional systems like (v) (that is, with i ∈ [[N ]] and thus set in RNT :=
[0, T ] × RN ) naturally arise to describe closed-loop Nash equilibria in stochastic
differential N -player games, and they are notoriously hard to study due to the
strong coupling Hamiltonian terms. Let us briefly recall how this happens, referring
the reader to [25, 46] for further details.

Consider a game in which the vector Xt = (Xi
t)i∈[[N ]] of the states of the players

obeys the following RN -valued SDE on [0, T ]:

dXt = B(t,Xt, αt) dt+ Σ(t,Xt) dBt ,

where B = (Bi)i∈[[N ]] : [0, T ] × RN × RN → RN is the given vector of the drifts,
α = (αi)i∈[[N ]] : [0, T ] → RN is the vector of closed-loop controls in feedback form
(that is, αit = φi(t,Xt) for some φi : [0, T ]× RN → R), Σ: [0, T ]× RN → RN×M is
the volatility matrix and B is an RM -valued Brownian motion. Suppose that each
player i aims at minimising a cost of the form

J i(α) = E
[ ∫ T

0
F i(t,Xt, αt) dt+Gi(XT )

]
and that there exists a unique α∗(t, x, q) (with q ∈ (RN )N ) such that

α∗i(t, x, q) ∈ arg min
αi

(
B
(
t, x, (αi, α∗,−i(t, x, q))

)
· qi + F i

(
t, x, (αi, α∗,−i(t, x, q))

))
for each i ∈ [[N ]]. Then one defines the Hamiltonians

(vi) H̃i(t, x, q) := −B(t, x, α∗(t, x, q))) · qi − F i(t, x, α∗(t, x, q)) ,

and the optimal controls (in the sense of Nash equilibrium) for the game are ex-
pected to be given by α∗(t, x,Du), where the so-called value functions ui : [0, T ]×
RN → R solve the Nash system

(vii) − ∂tui − Tr
(
A(t, x)D2ui

)
+ H̃i(t, x,Du) = 0 ,

with A = 1
2ΣΣT and terminal condition ui(T, ·) = Gi. Now, by the envelope

theorem (see, e.g., [24, Lemma 1.1]) one has B(t, x, α∗(t, x, q)) = −∂qiH̃i(t, x, q);
therefore, if in addition Bi is independent of α−i, then we can consider α∗i (and
thus also Hi) that is independent of qjk for j 6= k. In this situation one gets to a
system of the form (v) by letting Hi(t, x, (qjj)j) := −Bi(t, x, α∗i(t, x, (qjj)j)) qii −
F i(t, x, α∗(t, x, (qjj)j)).

Note that in this setting we are considering each stateXi
t to be one-dimensional,

while in general one could consider Xi
t ∈ Rd. Our choice is only made for the sake
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of a simpler notation, as the willing reader can check that our results can be easily
extended to the d-dimensional case, where one has (Rd)ω instead of Rω.

In general, system (vii) is not well-defined for i ∈ N, and thus in [0, T ] × RN;
when formally writing its infinite-dimensional analogue, two series appear which are
not guaranteed to converge: one coming from the trace and another one carried by
the Hamiltonian due to the scalar product in its definition (vi). The most notable
example that such a system cannot be taken to the limit “as it is” is offered by
MFG theory, where the natural limit of the Nash system is provided by the Master
Equation, a parabolic equation set in the space [0, T ]×R×P(R), where P stands
for probability measures; in other words, exploiting the structural hypotheses of
MFGs and letting N →∞ one passes from RN to R× P(R) instead of RN.

In network games one drops the general symmetry and negligibility assumptions
of MFGs, which basically lead to assume that the functions B, F and G above
depend on X and i only through Xi and the mean 1

N−1
∑
j 6=iX

j ; instead, it is
assumed that interactions are governed by a graph Γ = (V,E), with #V = N ,
in such a way that players are labelled by v ∈ V and, for example, Gv(X) =
Gv(Xv,

∑
(v′,v)∈E w(v, v′)Xv′) for some weights w. Nevertheless, when, as one lets

N →∞, the corresponding sequence of graphs consists of dense graphs converging
(in an appropriate sense) to a limit object which is a graphon, it is possible to find
conditions that allow to pass to the limit in a spirit analogous to that of MFGs
(basically exploiting suitable generalisations of the Law of Large Numbers), thus
entering the theory of Graphon Mean Field Games (GMFGs); see, e.g., [3, 8, 19,
63] and the references therein.

Relatively few results are available, instead, for sparse graphs; see, e.g., [61]
and references therein. Studying large population games governed by such graphs
is intrinsically more difficult due to the general lack of any overall effect that could
come into play as the number of players increases. In (G)MFGs (most of) the other
players have an asymptotically negligible impact on a given one, which is though
influenced by the mean distribution of them altogether, thus making their average
not negligible in the large population limit. One the other hand, if for instance the
sequence of graphs has eventually constant maximum degree, then a given player
is not affected at all (at least directly) by most of the others. What one expects in
this case is that mutually distant players (in the sense of the graph) should have
an unimportant impact on one another, so that a characteristic property of such
games should be the possibility for a player to neglect all those too far from it and
still play almost optimally. This situation is indeed antipodal to that of (G)MFGs,
since a natural way to obtain ε-Nash equilibria for games with many players turns
out to be cutting some of them out of the game instead of supposing them to be
infinitely many in order to exploit the aforementioned typical effects occurring in
(G)MFG theory.
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The above claims have been investigated and proved to be true in the previous
chapter, in peculiar LQ settings for closed-loop equilibria, as well as in Chapter 1,
in more general sparse-graph-based open-loop games. In particular, we recall that
the way of depicting the unimportance of distant players proposed in Chapter 2 is
showing that, if the graphs have vertices V = [[N ]], then Dju

i → 0 as N, |i−j| → ∞
(u being the solution to the corresponding Nash system), whereas in (G)MFGs one
has Dju

i → 0 for any j 6= i. Indeed, note that the derivative of the i-th value
function along the direction j vanishing is interpreted as the i-th player’s optimal
behaviour disregarding the j-th player, and, more in general, a small absolute value
of Dju

i is associated to a small impact of the j-th player’s behaviour on the i-th
player’s optimal strategy.

As a byproduct, we showed that there exist structural conditions under which
Dju

i vanish fast enough for the series appearing in the formally-written infinite-
dimensional Nash system to be convergent. In other words, a consequence of the
unimportance of distant players is the possibility to preserve the formal structure of
the Nash system in the limit N →∞. This is done in Chapter 2 in a LQ framework,
so the purpose of this third chapter is to make use of the takeaways of that case
study in order to formulate suitable assumptions to prove short-time existence and
uniqueness for more general infinite-dimensional Nash systems.

Our main result of this chapter is Theorem 3.4.2; we informally state it here
for the convenience of the reader and of the following discussion.

Theorem iii. Let β ∈ ` 1
2 (Z) be positive, even and c-self-controlled. Under suitable

regularity and decay assumptions (involving β) on the data, there exists T ∗ > 0
such that if T < T ∗ the Nash system (v) has a unique classical solution u.

The notion of classical solution to (v) is specified in Definition 3.2.15; in par-
ticular, it entails that the derivatives Dju

i (as well as higher-order ones) decay, as
j diverges, fast enough for the series appearing in the equations to be summable.

The regularity and decay assumptions are formalised in the definitions of con-
venient weighted Hölder spaces, in Section 3.2. We point out that we assume, for
instance, that

(viii) |D2
hkG

i| . βi−h ∧ βi−k ∧
√
βi−hβi−k ,

which is a weaker form of (iv), seemingly more manageable in a non-LQ context.
The strategy of the proof consists in obtaining such a solution as the limit of

solutions to finite-dimensional Nash systems, rather than working directly in an
infinite-dimensional setting. This “bottom-up” approach anticipates that pursued
in Chapters 4 and 5, where a weak formulation of the Master Equation is deduced
from a detailed analysis of N -dimensional Nash systems in a generalised MFG
framework. Herein just as therein, the key step consists in proving certain a priori
estimates for the N -dimensional system that are stable with respect to N , and in
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this work we will need more precise index-wise a priori estimates in order to have a
sufficiently fine control on all partial derivatives of the solutions (because we wish
to exploit bounds like that in (viii), provided by the c-self controlled sequence).

The pivotal result we prove to this end is stated as Proposition 3.3.2, which we
believe to be of interest in itself as well; it provides, for solutions to linear drift-
diffusion equations on an arbitrary – finite – time horizon, a priori estimates that
are stable with respect to the dimension, provided that the data – drift included –
fulfil bounds like (viii).

Finally, we point out that the above theorem only providing existence for suffi-
ciently small time horizons (while under our other assumptions uniqueness always
holds; see Theorem 3.4.1) is to be considered a natural consequence of our assump-
tions only concerning the regularity and the decay of the data. Indeed, in MFG
theory it is well-known that having long-time well-posedness of the Master Equation
(which is the limit object corresponding to our infinite-dimensional Nash system
in the symmetric and dense setting) requires additional structural assumptions of
monotonicity, the most influential ones being the Lasry–Lions monotonicity and the
displacement monotonicity; the reader can have a look at [1, 5, 23, 29, 47, 49, 73],
and references therein.

Outside the MF context, it is not clear how an analogous assumption should
be formulated. A sufficient condition in order to deal with long horizons in our
sparse setting is presented in Chapter 2, Section 2.2.4, yet it is so tailored to the
LQ structure that adapting it to other frameworks seems unviable. Summing up,
proving long-time well-posedness for the problem we are considering should require
the identification of some correct notion of “monotonicity” in this sparse setting,
but this is way beyond what we are able to do at the moment.

We conclude these introductory lines by stressing that, despite the strong re-
lationship between the infinite-dimensional Nash system and network games, this
work deals with system (v) from a purely PDE viewpoint, as the reader could have
realised by this point. To the best of our knowledge, our approach is novel among
those adopted so far to study infinite-dimensional (or abstract) HJB equations (we
refer, e.g., to [16, 17, 20, 34, 70, 71], and references therein), for multiple reasons.
First, as already noted, we mainly work on finite-dimensional problems, deducing
estimates that are stable with respect to the dimension. Second, our method does
not make use of any spectral theoretic or Hilbert-space-related tool, rather it relies
on particular decay properties of the data G and H. Third, our ambient space Rω

is not even Banach, though we note that our strategy could be set in `∞(N), which
is the most natural Banach space for our Nash system; in that case, we would be
considering A to be `∞(N2)-valued, so we should expect to work with solutions
such that D2ui (in the Fréchet sense) belongs to `1(N2), which is indeed consistent
with our decay assumptions.
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Chapter 4 (d’après [31, 32]). We open the fourth chapter by considering the
system of Riccati equations arising from the Nash system in the LQ framework,
introduced in Chapter 2, but within the dense regime, and without any symmetry
assumption (like shift-invariance). Our goal is to deduce some estimates on the
Riccati system that do not depend on the number of players, under the Mean-
Field-like condition

sup
i

(
N
∑
h,k
k 6=i

|f ihk|2 +N
∑
k 6=i
|fkki|2 + |f iii|2

)
. 1 ,

and the same for gi; see Remark 4.1.2 for a basic explanation of the connection
between this condition and the standard Mean Field setting. It is crucial to observe
that in this dense setting there is no hope to have a limit system of the same form.
Indeed, in the sparse case we had an `1 control of coefficients independent of N
(given by β), so that the series

∑
j 6=iDju

jDju
i carries to the limit by dominated

convergence, which now cannot be performed. In fact, at least in the symmetric
case, where the costs are of the form F i(x) = V (xi, 1

N−1
∑
j 6=i δxj ), the correct

limiting object is the so-called Master Equation, which has been the object of the
seminal work [23]. The convergence of ui to a limit function defined on the space
of probability measures has been shown under monotonicity assumptions of f i, and
its regularity is obtained as a consequence of the stability properties of the MFG
system, which characterises the limit model.

Here, we wish to deduce the estimates on ui that allow for a passage to the
limit N → ∞ directly on the Riccati system (that is, on the Nash system). For
short time horizon, one can basically reproduce the same approach of Chapter 2
(cf. Theorem 2.2.15). To achieve stability for arbitrary values of T , we impose a
bound from below on the matrices (f iij)ij and (giij)ij :

(ix) (f iij)ij , (giij)ij > −κI, κ > 0.

If κ is small enough, then the existence of a solution to the Nash system is guar-
anteed for large T , by a mechanism that produces an analogous bound from below
on the matrix (Diju

i)ij . Recalling that the equilibrium feedbacks are given by
αj = −Dju

j , this is equivalent to the one-sided Lipschitz condition

(x)
∑
j

〈αj(t, x)− αj(t, y), xj − yj〉 6 δ|x− y|2.

Our main estimate, which pave the way for a convergence result in the N →
∞ limit, is contained in Theorem 4.1.1. Interestingly, the monotonicity (or mild
non-monotonicity) condition (ix) generates the nice structural property (x) of the
equilibrium drift vector (−Dju

j)j ; it is worth observing that, when κ = 0 and
in the symmetric MFG case, (ix) is equivalent to the displacement monotonicity
condition used in [47] to get well-posedness of the Master Equation.
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Further related references are [6, 41], where the convergence problem of open-
loop equilibria in symmetric N -person linear-quadratic games is addressed, or [38],
which deals with the selection problem for models without uniqueness. See also [7]
for a convergence result in a finite state model. LQ MFGs are studied in several
works, see for instance [13, 14, 48, 66, 67] and references therein. Further contri-
butions on the convergence problem are contained in [22, 39, 43, 55, 59], while
recent results on the structure of many players cooperative equilibria can be found
in [27, 35, 54].

Treasuring the intuitions tested in such LQ case study, we wish to derive anal-
ogous bounds on ui in a larger Mean-Field-like setting, again by working directly
on the Nash system, and without making use of limit objects such as the Mas-
ter Equation. This is the content of the main part of this chapter, in which we
consider the following semilinear (backward) parabolic system for the unknowns
ui = uiN : [0, T ]× (Rd)N → R, i ∈ [[N ]],

(xi)

−∂tui − Tr((σI + βJ)D2ui) + 1
2 |Diu

i|2 +
∑

j∈[[N ]]\{i}

Dju
j ·Dju

i = f i

ui|t=T = gi

stated in [0, T ] × (Rd)N 3 (t, x) = (t, x0, . . . , xN−1). As said, our main goal will
be deriving estimates on ui and their space/time derivatives that are stable with
respect to the number of equations; that is, uniformly in N .

The data are the maps f i, gi : (Rd)N → R, the parameters σ > 0 and β > 0
and the horizon T > 0. The symbol I = INd denotes the Nd-dimensional identity
matrix and J = JN ⊗ Id, where JN = 1N ⊗1N is the N -dimensional matrix of ones.
Hence, (xi) is a compact formulation of

− ∂tui(t, x)− σ
∑
j∈[[N ]]

∆xju
i(t, x)− β

∑
j,k∈[[N ]]

TrD2
xjxku

i(t, x)

+ 1
2 |Dxiu

i(t, x)|2 +
∑

j∈[[N ]]\{i}

Dxju
j(t, x) ·Dxju

i(t, x) = f i(t, x)

ui(T, x) = gi(x).

System (xi) describes Markovian Nash equilibria in N -player differential games, in
particular it characterises the value function ui of the i-th agent for each i ∈ [[N ]].
In our setting, agents control via feedbacks αi = αi(t, x) their own states, which
are driven by the following Rd-valued SDEs on [0, T ]:

dXi
t = αi(t,Xt) dt+

√
2σ dBit +

√
2β dWt, i ∈ {1, . . . , N},

where the Bit’s and Wt are d-dimensional independent Brownian motions. The
Brownian motions Bit correspond to the individual noises, while Wt is the so-called
common noise, as it is the same for all the equations. The i-th agents aims at
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minimising the following cost functional

αi 7→ E
[ ∫ T

0

( 1
2 |α

i(s,Xs)|2 + f i(Xs)
)

ds+ gi(XT )
]
.

It is known that the choice α∗,i(t, x) = −Diu
i(t, x) characterises Nash equilibria,

see for instance [25, 46]. Moreover, since one expects uniqueness of solutions to
(xi) by its (uniformly) parabolic structure, such equilibria are unique.

For fixed N , existence and uniqueness results for semilinear systems of the
form (xi) (or close to it) are now classical, see for example [9, 10, 26, 46, 53, 64].
Nevertheless, the methods that are involved seem to be strongly sensitive to the
dimension N . The main reason is that one typically wants to employ parabolicity to
get existence, uniqueness and regularity, but its smoothing effect may deteriorate as
N increases (a simple and concrete example can be found, e.g., [36, Example 2.13]
in the setting of mean field control), while the strong transport term

∑
j Dju

j ·Dju
i

may take over. In fact, it is now widely accepted that (xi) should be regarded as
a nonlinear transport system for large N . On top of that, the quadratic behaviour
in the gradients is critical: for some quadratic systems, one may even have that
solutions fail to be Hölder continuous [44] (at least in the elliptic case). For the
sake of self-containedness, we included an existence theorem for (xi) (for any fixed
N) in the appendix to this chapter (Section 4.6.3).

If interactions are assumed to be symmetric (that is, f i(x) = f(xi, x−i) with f
being symmetric in the variable x−i, and the same for gi), one expects, borrowing
intuitions from Statistical Mechanics, that a simplified limit model could be derived
in the limit N → ∞. In this direction, MFG theory, originated by the works
[51, 65], has seen during the last fifteen years extensive development in many
fields of mathematics and applied sciences. Within this framework, the problem
can be embedded into the space of probability measures P(Rd): one may write

f i(x) = F (xi,mx−i),

where mx−i := 1
N−1

∑
i 6=j δxj is the empirical measure and F : Rd × P(Rd) → R,

and the same for gi (everything that will be said on f i in this introduction will hold
for gi also). Note that not only one is assuming symmetry, but also that interactions
between players are “small”, since a variation in xj produces a variation in F (and
then in f i) of order 1/N if j 6= i. Nevertheless, this smallness is compensated by
the number N of interactions. Ideally, since each ui is also symmetric in x−i one
may hope in the convergence of ui(t, x) to U(t, xi,mx−i), where U is a function over
[0, T ]×Rd×P(Rd) that should be characterised by being the solution of the formal
limit of (xi). This limit object is called the Master Equation, and it is a nonlinear
transport equation over the set of probability measures. The function U(t, x,m)
can be regarded as the value function of a player with state x at time t, observing
a population distribution m. This approach to the limit of N -player symmetric
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games has been discussed for the first time by P.-L. Lions during his lectures at
the Collège de France [68]. Since then, the derivation of the estimates needed to
complete the program in a general framework remained an open problem.

Such a convergence result is of primary importance. Not only does it justify the
use of the limit object (broadly speaking, the MFG theory) to approximate Nash
equilibria of the N -players problem, but it carries fundamental implications. For
instance, the optimal control in the limit for each agent reads as −DxU(t, xi,m),
so it has decentralised structure, or, in other words, it is open-loop in nature. This
fact reflects into the possibility of characterising Nash equilibria in the limit by a
simple (compared to the Nash system (xi)) backward-forward PDE system that
goes under the name of MFG system.

The convergence problem has been a matter of extensive research, and the
fundamental contribution from the PDE perspective has been given by [23]. Inter-
estingly, since the estimates for the Nash system (xi) seemed to be out of reach, the
authors proposed a different approach: from the stability properties of the MFG
system, one may produce smooth solutions U(t, x,m) to the Master equation. These
can be in turn projected over empirical measures; the vi(x) = U(t, xi,mx−i) are
then shown to be “almost” solutions to the Nash system. Comparing the vi with
the solutions ui, one observes a discrepancy that vanishes as N →∞.

This program has been carried out under the so-called Lasry-Lions monotonic-
ity assumption

(xii)
∫
Rd

(
F (x,m1)− F (x,m2)

)
(m1 −m2)(dx) > 0 ∀m1,m2 ∈ P(Rd),

which is crucial to get uniqueness and stability at the level of the MFG system.
Later on, other conditions guaranteeing uniqueness of solutions have been formu-
lated [1, 5, 29, 47, 49, 73]. Among them, we focus our attention now on the
displacement monotonicity assumption

(xiii)
∫
Rd×Rd

(
DxF (x,m1)−DxF (y,m2)

)
· (x− y)µ(dx, dy) > 0

for all m1,m2 and µ having m1 and m2 as first and second marginal, respectively.
This has been used successfully to obtain the well-posedness of the Master Equation
in [47], and later in [72] to deduce uniqueness of solutions to the MFG system. To
the best of our knowledge, the convergence problem in this framework has not
been addressed, at least in the closed-loop case (for a recent result in the open-
loop framework, see [55]). An important observation is that the monotonicity
assumptions (xii) and (xiii) both propagate at the level of the (limit) value function
U(t, x,m); that is, (xii) or (xiii) hold for U(t, ·, ·) in place of F (·, ·) for any t ∈ [0, T ].

To attack the convergence problem directly from the Nash system (that is,
without employing smooth solutions of the Master Equation), one has to look for
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estimates of the following form:

(xiv) |Dxiu
i|, |Dxi(Dxiu

i)| . 1, |Dxju
i|, |Dxj (Dxiu

i)| . 1
N

∀ i, j 6= i.

Roughly speaking, if such bounds are uniform in N , a compactness argument allows
to define (up to subsequences) a limit value function U and a limit drift DxU , which
is the optimal feedback of a typical player. These will be Lipschitz continuous in
the (x,m) variables. Our strategy to derive these estimates adapts that originated
within the displacement monotone setting and used in the introductory LQ case.
It can be described as follows.

As we already mentioned, under the monotonicity condition (xiii) one knows
that U(t, ·, ·) also satisfies (xiii) for any t ∈ [0, T ], see for example [72, eq. (4.7)].
Hence, by evaluating such inequality on empirical measures, and assuming that
ui(t, x) is close to U(t, xi,mx−i), one observes that for all t ∈ [0, T ]

(xv)
∑
i∈[[N ]]

(
Diu

i(t, x)−Diu
i(t, y)

)
· (xi − yi) > −cN |x− y|2,

where cN vanishes as N → ∞ (see Remark 4.2.5). We recall that α∗,i(t, x) =
−Diu

i(t, x) is the optimal drift for the i-th player. Therefore, the previous in-
equality reads as a one-sided Lipschitz condition (or dissipativity) on the global
drift vector α∗. This property turns out to be crucial in deriving estimates on the
derivatives of ui. For example, one can deduce gradient bounds that are indepen-
dent of the dimension N for ui, which solves in fact

−∂tui − Tr((σI + βJ)D2ui) +
∑

16j6N
(−α∗,j) ·Dju

i = f i + 1
2 |Diu

i|2,

by using doubling of variables methods (see Lemma 4.3.3). This observation on the
structure of α∗ suggests to pursue the following program:

(1) assume first that the vector (Diu
i) satisfies the one-sided Lipschitz condition

(xv) with some cN = M > 0 (so, uniformly in N), and, with this condition in
force, prove the desired estimates on the derivatives of ui;

(2) employ the estimates (that will depend on the value of M , but not on N),
along with the full structure of the Nash system to show that in fact the vector
(Diu

i) satisfies (xv) with cN = M/2, at least for N large enough.

This shows that the Nash system enforces one-sided Lipschitz estimates on the
optimal drift, or, in other words, (xv) defines (with suitable cN = M) an invariant
set for the equilibrium controls. Practically, it allows to show that solutions ui

satisfy the one-sided Lipschitz condition for some constant that does not depend
on N , implying the desired estimates on ui.

We will first show that this strategy works in a framework which resembles
the one of displacement monotonicity in the symmetric case. In particular, we will
prove that such an M exists, and it has to be smaller and smaller as T increases.
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We stress that we are not going to assume any symmetry on the data, but only
the fact that derivatives of f i, gi with respect to xj behave as in the MF case.
This is why we will use the terminology Mean-Field-like costs, see (MF) at p. 82.
Similarly, we will not assume (xiii), rather we formulate the condition∑

i∈[[N ]]

(Dif
i(x)−Dif

i(y)) · (xi − yi) > −C|x− y|2 ∀x, y ∈ (Rd)N ,

which reads like (xiii) once it is specialised to the MF setting and C = 0. Since we
are going to allow for a negative right-hand side, we will refer to this case as the
D-semimonotone one, see (DS) at p. 83.

Let us now come back to the Lasry-Lions monotonicity assumption (xii), and
discuss how the previous program can be adapted to this case. It is convenient
to look at the one-sided Lipschitz condition (xv) via the second-order formulation
(cf. Remark 4.2.3)

(xvi)
∑

i,j∈[[N ]]

D2
jiu

i(t, x)ξi · ξj > −cN |ξ|2 ∀ ξ ∈ (Rd)N .

It turns out that, under Lasry-Lions monotonicity, the counterpart of (xvi) is (as
before by projecting onto empirical measures the Lasry-Lions monotonicity of U)∑

i,j∈[[N ]]
i 6=j

D2
jiu

i(t, x)ξi · ξj =
∑

i,j∈[[N ]]

D2
jiu

i(t, x)ξi · ξj −
∑
i∈[[N ]]

D2
iiu

i(t, x)ξi · ξi

> −cN |ξ|2 .

Therefore, we have now an off-diagonal one-sided Lipschitz information on the drift.
To get the full one-sided Lipschitz control, it is necessary to bound from below the
term

∑
iD

2
iiu

i(t, x)ξi · ξi, which encodes a sort of “global” semiconvexity of the set
of value functions ui. This introduces an additional step in our analysis, that is
handled as before. Under Lasry-Lions monotonicity, we show that the Nash system
enforces not only the one-sided Lipschitz estimates on the optimal drift α∗, but also
this kind of global semiconvexity. In other words, in step (1) we assume that both∑
i,j Diju

i(t, x)ξi · ξj and
∑
iD

2
iiu

i(t, x)ξi · ξi are bounded below, and in step (2)
we verify that these bounds are improved. To do so, as before we do not require
symmetry, but the Mean-Field-like assumption (MF) and the global (with respect
to i) condition∑
i∈[[N ]]

(
f i(x)− f i(x−i, yi)− f i(y−i, xi) + f i(y)

)
> −κ|x− y|2 ∀x, y ∈ (Rd)N ,

(x−i, y) = (x0, . . . , xi−1, y, xi+1, . . . , xN−1), as the monotonicity condition. This
inquality will be called the L -semimonotone assumption (see (LS) at p. 83), and
becomes (xii) once it is specialised to the MF setting and κ = 0.

Our main result on the estimates for ui is stated in Theorem 4.2.7: assum-
ing Mean-Field-like costs and either D-semimonotonicity or L -semimonotonicity,
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the desired (a priori) estimates follow for any fixed T > 0, sufficiently small semi-
monotonicity constants and sufficiently large N ∈ N. Note that we are not exactly
obtaining (xiv); regarding second-order derivatives, we get a bound of the form
supi

∑
j 6=i |DjDiu

i|2 . 1/N . This is still enough, in the symmetric case described
below, to produce in the limit N → ∞ a Lipschitz function (with respect to the
Wasserstein W2 distance).

A few comments on the two steps (1) and (2) are now in order. Step (2)
is achieved, in the D-semimonotone case, in Section 4.4. We evaluate the quan-
tity

∑
i

(
Diu

i(t, x) − Diu
i(t, y)

)
· (xi − yi) along optimal trajectories, see Propo-

sition 4.4.1. One observes some nice properties (signs . . . ) that appear also when
operating at the limit, with an additional term, which is proven to be of order 1/N
provided that derivatives of ui are suitably controlled up to the third order. A
similar strategy is developed in Section 4.5 for the L -monotone case, see in par-
ticular Proposition 4.5.3. We speculate that the two concepts of semimonotonicity
explored here might be two special cases of a more general framework.

The estimates under the one-sided Lipschitz condition are the core of step (1)
presented above, which are developed in Section 4.3. Mainly two techniques are
employed there: the method of doubling variables and the Bernstein method. Both
are well suited to exploit the a priori one-sided assumption on Diu

i (the former uses
(xv), while the latter works well in the form (xvi)). To reach the third-order deriva-
tives, several steps are necessary: sometimes we address each equation separately
(Lemma 4.3.3, Proposition 4.3.8), sometimes we need to proceed by estimating
derivatives of ui for all i at the same time (Proposition 4.3.6, Proposition 4.3.7,
Proposition 4.3.9, Proposition 4.3.11).

Our main result is the following, which consists in the merging of Theorems 4.4.2
and 4.5.5.

Theorem iv. Assume Mean-Field-like and semimonotone interactions (that is,
assume (MF), and either (DS) or (LS)). If, given T > 0, the semimonotonicity
constants are sufficiently small (or vice versa), and N ∈ N is sufficiently large, any
solution u to the Nash system (4.2.1) on [0, T ]× (Rd)N satisfies

sup
i∈[[N ]]

(
sup

j∈[[N ]]\{i}
‖Dju

i‖∞ +
∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j
∣∣2∥∥∥∥
∞

+
∑

j∈[[N ]]\{i}

‖D(Dju
i)‖2∞

)
.

1
N

and

sup
i∈[[N ]]

‖Dui‖∞ + sup
i∈[[N ]]

∑
j∈[[N ]]

‖D(Diu
j)‖2∞ +

∑
i,j∈[[N ]]
j 6=i

‖D(Diju
j)‖2∞ . 1,

where the implied constants are independent of N . In addition, u shares the same
type of semimonotonicity of the data.
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The “vice versa” part in the statement could be not straightforwardly clear, so
let us clarify that it means that the relationship between T and the semimonotonic-
ity constants can be rephrased as follows: it is sufficient that the semimonotonicity
constants are less than some threshold, which depends on T in such a way that it
vanishes as T → ∞ and explodes as T → 0 (at suitable rates). In other words,
Theorem iv holds both for fixed time and small semimonotonicity constants, and
for fixed semimonotonicity constants and small time.

What is developed in this chapter is restricted to quadratic Hamiltonians. We
expect that this method can be adapted to more general HamiltoniansHi(t, x,Diu

i)
with suitable semimonotone structure, though there are nontrivial technical issues
that need to be overcome. Most importantly, while one still verifies the one-sided
Lipschitz condition on Diu

i in step (2), this does not propagate immediately to the
optimal drift α∗,i(t, x) = −DpH

i(t, x,Diu
i), since a composition of semimonotone

maps needs not be semimonotone in general.

Chapter 5 (d’après [31]). With the estimates obtained in the previous chap-
ter, we address the convergence problem of N → ∞. In the full symmetric case,
where all the players react in the same way with respect to the empirical measure of
the population, we are able to obtain the classical MFG limit (Proposition 5.3.1),
while the convergence problem in full generality appears to be at this stage too
complicated. We put ourselves in a sort of intermediate setting: each player ob-
serves the empirical measure as in the standard MFG theory, but players can react
differently. More precisely, we assume that the costs f i (and gi) are taken from a
pool of possible costs; that is,

f i(x) = F (λi, xi,mx−i) ,

where the parameter λi belongs to [0, 1]. If λi varies in a finite subset of [0, 1] for all
N , one may think of a multi-population MFGs as in [12, 28], but λi can actually
vary in the continuum [0, 1]. To obtain a convergence result, we assume Lipschitz
regularity of F in the λ variable. This setting is somehow similar to the one of
Graphon MFGs [3, 19, 63], with the difference that typically the cost functionals
are player-independent in Graphon games, but may depend on weighted empirical
measures, and weights are player-dependent. Here, costs are player-dependent, but
they see the standard empirical measure of the others.

Our convergence argument is in the spirit of [63]. If one thinks of any player
i in terms of its label-state couple (λi, Xi

t), it is natural to work in the limit with
probabilities µ over [0, 1]×Rd. More precisely, we are able to define a value function
U(λ, t, x, µ) from limits of the Nash system. Furthermore, U generates a solution
of a generalised MFG system, that is a continuum of classical MFG systems that
are parametrised by λ. This is the second main result of this work, and it is stated
in Theorem v.
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For simplicity, we proceed in this part without common noise; that is, β = 0
in (xi). A compactness argument allows to define U from limits of ui (Theo-
rem 5.2.6), and the convergence is strong enough to pass to the limit the notion
of Nash equilibrium (via a propagation of chaos argument; see Proposition 5.3.1
and Theorem 5.3.4); this in turn yields the MFG system. We first show how to
get convergence in the usual MFG setting; that is, for λi = λN,i = λ for all N, i.
In the multi-population (but finite) case, the argument is similar, even though it is
technically more involved. Finally, the general case is obtained by approximating
via a finite (and increasing) number of populations.

Our main contribution contained in this chapter consists in identifying a limit
function and showing that it satisfies a certain representation formula. This in
turn implies that a solution to a generalised Mean Field system can be constructed.
These results are contained in Theorems 5.2.6, 5.3.4 and 5.4.2 and we summarise
them here below, omitting the more technical integral characterisation provided by
the second theorem. The novel assumptions (S) and (LP) can be found at p. 115
and p. 116, respectively.

In the upcoming statement, we use the notation x = (x, x̂) ∈ Rd × (Rd)N−1

and λ = (λ, λ̂) ∈ Λ×ΛN−1, with Λ := [0, 1]. The map uN : ΛN × [0, T ]× (Rd)N →
R is defined as uN (λ, t, x) := u0

λ(t, x), where, in order to specify the choice of
λ ∈ ΛN with which a Nash system is built, (uiλ)i∈[[N ]] denotes the solution to (xi)
on [0, T ] × (Rd)N where hi = hN (λi, ·) for h ∈ {f, g}, i ∈ [[N ]]. As discussed in
Remark 5.2.1, the function uN is representative of any solution of an N -dimensional
Nash system of the form we are considering.

Theorem v. Let assumptions (MF), (S) and (LP) be in force. Assume also that
one between (DS) and (LS) holds, and that the corresponding semimonotonicity
constants are such that the thesis of Theorem iv holds.

Then, there exists a Lipschitz continuous map

U : Λ× [0, T ]× Rd × P2(Λ× Rd)→ R

with bounded derivative ∂xU which is Lipschitz continuous on Λ×Rd×P2(Λ×Rd)
and 1

3 -Hölder continuous on [0, T ], such that, up to a subsequence,

sup
∣∣∂kxuN (λ, t, x)− ∂kxU(λ, t, x,m(λ̂:x̂))

∣∣ −−−−→
N→∞

0 , k ∈ {0, 1} ,

whenever the supremum is taken over a set of the form{
(λ, t, x) ∈ ΛN × [0, T ]× (Rd)N : |x| 6 R, mx̂ ∈ K

}
for some R > 0 and some compact set K ⊂ P2(Rd).

Furthermore, given µ ∈ P2(Λ×Rd) with continuous disintegration with respect
to the projection onto Λ, the function uλ(t, x) := Uλ(t, x, µt) solves the following
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(generalised) Mean Field system on (0, T )× Λ× Rd:
−∂tuλ −∆xu

λ + 1
2 |Dxu

λ|2 = fλ(x, πRd ]µt)

∂tµ−∆xµ− divx(Duλµ) = 0

uλ(T, ·) = gλ(·, πRd ]µT ), µ0 = µ ,

where both the Hamilton–Jacobi and the Fokker–Planck equations are satisfied in
the classical sense.

Note that, since compactness arguments are involved, convergence is obtained
up to subsequences. Clearly, under displacement or Lasry–Lions monotonicity and
in the classical homogeneous MFG setting one has that limit objects (MFG equi-
libria, or solutions to the MFG system, or solutions U(t, x,m) of the Master Equa-
tion, . . . ) are unique, hence convergence is a posteriori along the full sequence.
Nevertheless, we prefer not to stress this point here, as in fact we are requiring
the milder assumptions of semimonotonicity, and we allow for a certain degree of
heterogeneity among agents. While we are not aware of uniqueness theorems in
such generality, we believe that they should be true, as consequence of the fact that
U(λ, t, x, µ) and DxU(λ, t, x, µ) are Lipschitz continuous.

In this chapter, we propose a new PDE approach to the convergence problem
in large population stochastic differential games, which allows to treat in a unified
way two scenarios of monotonicity. In addition, by employing the notion of semi-
monotonicity of Chapter 4, we can consider at the same time the large time horizon
T case, where one needs almost monotonicity, and the short time T case, where
(almost) no monotonicity is needed, as in [22].

Besides the aforementioned approach via the Master Equation, let us mention
that different probabilistic methods have been developed to tackle the convergence
problem in MFGs, within the framework of closed-loop equilibria. In [76], propa-
gation of chaos for BSDEs arguments are employed. In [39], by making use of the
notion of measure-valued MFG equilibria, convergence is studied for a general class
of MFGs of controls; remarkably, no uniqueness of MF equilibria is assumed here,
as in the important works [59, 60], where semi-Markov equilibria are obtained by
means of compactness arguments.

By developing further the analytic approach proposed here, we plan to extend
our convergence arguments in the following two directions, for which, to the best of
our knowledge, no results are yet available. First, the D-monotone setting appears
to be strong enough to guarantee estimates that are not only independent of N ,
but also on T , thus allowing to study the infinite-horizon (or ergodic) problem.
Second, we aim at analysing the vanishing viscosity limit, where the idiosyncratic
noise σ = σ(N) > 0 vanishes as N → ∞. Note that the estimates obtained here
are stable with respect to the common noise strength β, but σ needs to be bounded
away from 0 uniformly in N .
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CHAPTER 1

Open-loop games
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1.1. Setting and main assumptions

Consider a graph Γ := (V,E) with #V = N ∈ N∪ {∞}, which can be directed
but is assumed to have no loops. In the following, since the indegree of a vertex
will appear quite often, we will use the lighted notation deg v := deg− v. We shall
assume that deg v > 0 for all v ∈ V and, if V is countable, supv∈V deg v <∞.

The main object of our study is a system of N HJB and N FPK equations in
RdT , which we call the graph-game system, of the form

(1.1.1)


−∂tuv −∆uv +Hv(t,Duv) = F v(t, x)

∂tm
v −∆mv − div(∂pHv(t,Duv)mv) = 0

uv(T, ·) = Gv, mv(0) = mv
0 ,

v ∈ V .

The unknowns are the value functions uv and the measure flows mv; the Hamilto-
nians Hv(t, p), the cost functions F v(t, x) and Gv(x), and the initial distributions
mv

0 ∈ P2(Rd) are given. In particular, we consider

(1.1.2) F v(t, x) :=
∫

(Rd)deg v
fv(t, x, ·) dµvt , Gv(x) :=

∫
(Rd)deg v

gv(x, ·) dµvT ,

for some functions fv : [0, T ]×Rd×(Rd)deg v → R and gv : Rd×(Rd)deg v → R, where
µvt ∈ P((Rd)deg v) is the product measure having mv′

t , v′ ∼ v, as its marginals.

Remark 1.1.1. In the introduction we claimed that system (1.1.1) is expected to
provide open-loop Nash equilibria of a certain stochastic differential game. Such a
statement could seem unclear if one has in mind some well-known general definitions
of open-loop equilibria, such as those in [25, Chapter 2], so let us point out the
correct interpretation of our terminology. By a standard duality argument between

3
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the HJB and the FPK equations of (1.1.1) (and the relationship between Hv and
Lv discussed in the Introduction) one obtains that, for each v ∈ V ,∫

Rd
uv(0, ·) dmv

0 6
∫
Rd

∫ T

0

(
Lv(t, αv(t, ·)) + F v(t, ·)

)
dmv

t dt+
∫
Rd
Gv dmv

T

for any αv : RdT → R, with equality if αv(t, x) = −∂pHv(t,Duv(t, x)). With the
notation used in the Introduction, this is equivalent to Jv(α∗) 6 Jv(α∗,−v, αv) for
any αv adapted to Bv, for each v ∈ V . Hence, in other words, by an open-loop
game we precisely mean that the controls αvt , at any given time t ∈ [0, T ], can
depend only on the initial state X0 = (Xv

0 )v∈V and the noise Bvt .

Our main structural assumptions on the data are the following, which are
supposed to hold for all v ∈ V , t ∈ [0, T ], x ∈ Rd, y, y′ ∈ (Rd)deg v and p, p′ ∈ Rd:

(L) there exists a constant `vg > 0 such that∣∣∂xgv(x, y)− ∂xgv(x, y′)
∣∣ 6 `vg |y − y′| ,

and analogously for fv(t, ·) in lieu of gv, with constant `vf > 0;
(C) there exists a function Kvg : [0,∞)→ R, with

Lvg := − inf
%>0

Kvg(%)%2 < +∞ ,

such that

(1.1.3)
(
∂xg

v(x, y)− ∂xgv(x′, y)
)
· (x− x′) > Kvg(|x− x′|)|x− x′|2 ,

and analogously for fv(t, ·) in lieu of gv, with function Kvf : [0,+∞)→ R
and corresponding limit Lvf < +∞;

(H) the Hamiltonian has the form

Hv(t, p) = 1
2 θ

v(t)|p|2 + H̃v(t, p)

with θv : [0, T ] → R+ and |∂pH̃v| 6 Cv for some Cv > 0, also it satisfies
λv 6 ∂2

ppH
v 6 Λv for some positive constants λv and Λv.

We can note that the requirements in condition (H) imply that λv − θv(t) 6
∂2
ppH̃

v(t, ·) 6 Λv − θv(t), and thus λv 6 θv 6 Λv, otherwise ∂pH̃v could not be
bounded.

In assumption (C) we do not make any sign assumption on Kvg and Kvf , nor
we give any lower bound for them. We will give one in the hypotheses of Proposi-
tion 1.2.3, showing that we can allow them to be negative as long as they vanish
at a suitable rate as T → ∞. On the other hand, the requirement Lvg < +∞ im-
plies that lim inf%→+∞ Kvg(%) > 0, meaning that while we can allow some concavity
near the origin, we will be needing “convexity at infinity”. Note that a function K

fulfilling an inequality like (1.1.3) is, for instance, the convexity profile used in [33]
to model a suitable notion of weak semiconvexity for the quadratic HJB equation.
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It is worth noting also that assumption (C) is genuinely needed to deal with
data with bounded second-order derivatives but unbounded (sublinear) gradients.
Let us anticipate that it will be used (in the proof of Proposition 1.2.3) basically
to guarantee that mv has bounded second moment; on the other hand, since the
other conditions on f and g (namely, assumption (L) and the semiconvexity bounds
(1.2.3) in the hypotheses of Proposition 1.2.3) are compatible with the requirement
of f and g having bounded derivatives, our following results can be adapted to
such data as well. Indeed, in this case assumption (C) can be dropped and the
needed bound on the second moments is provided by standard estimates on the
HJB and FPK equations. Additionally, the existence of solutions to system (1.1.1)
is well-known if f and g are themselves bounded (for example, by classic general
results on quasi-linear parabolic equations; see, e.g., [64]).

1.2. Unimportance of distant players

Throughout this section, even if not specified, solution (u,m) = ((uv,mv))v∈V
to system (1.1.1) are understood to have sublinear Duv ∈ C1,2

loc (RdT ) and mv ∈
C0([0, T ];P2(Rd)).

We start with a useful standard result on FPK equations.

Proposition 1.2.1. Let b ∈ Liploc([0, T ] × Rd;Rd) be sublinear. Then the FPK
equation

(1.2.1) ∂tm−∆m+ div(bm) = 0

with m0 ∈ P2(Rd) has a unique solution m ∈ C 1
2 ([0, T ];P2(Rd)).

Recall that the space C 1
2 ([0, T ];P2(Rd)) of all 1

2 -Hölder continuous P2(Rd)-
valued functions on [0, T ] is defined as that of all m ∈ C0([0, T ];P2(Rd)) such that

sup
s,t∈[0,T ]
s6=t

W2(mt,ms)
|t− s| 12

< +∞.

Proof of Proposition 1.2.1. Let Z be a random variable with law m0 and
consider the following SDE: dXt = b(t,Xt) dt +

√
2 dBt, with initial condition

X0 = Z. By [4, Theorems 9.1, 9.4 and 9.5], it has a unique solution in law, with
distribution mt ∈ C

1
2 ([0, T ];P2(Rd)). By Itô’s formula (see, e.g., [4, Theorem 8.3]),

for any function ϕ ∈ C1,2((0, T ) × Rd) ∩ C0([0, T ] × Rd) with derivatives that are
bounded in t ∈ [0, T ] and subquadratic in x ∈ Rd,

(1.2.2)
∫
Rd
ϕ(t, ·) dmt =

∫
Rd
ϕ(0, ·) dm0 +

∫ t

0

∫
Rd

(∂t + ∆ + b ·D)ϕ(s, ·) dms ds

for all t ∈ [0, T ]. In particular, m is the (unique, by, e.g., [18, Theorem 9.4.6])
solution to (1.2.1). �
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Our key estimate (Proposition 1.2.3) essentially provides a recursive inequality
for the (Wasserstein) distance of two distributions solving system (1.1.1), with
possibly different underlying graphs. Before stating it, let us give the following
definition. Recall that the (quasi-)distance d(v, v′) on a graph Γ between v, v′ ∈ V
is given by the length of the shortest directed path of arcs from v to v′; hence, for
example v ∼ v′ if and only if d(v, v′) = 1.

Definition 1.2.2. Given Γ = (V,E) 6 Γ̄ = (V̄ , Ē) (that is, V ⊆ V̄ and E ⊆ Ē)
and a positive integer k, we say that a vertex v ∈ V is k-stable with respect to Γ̄
if the subgraphs of Γ and Γ̄, respectively, containing v and all vertices v′ such that
d(v′, v) 6 k coincide.

Also, given Γ and v ∈ V , we will denote by Γv;k the minimal subgraph of Γ
containing v such that v is k-stable with respect to Γ.

For example, v ∈ V is 1-stable if and only if (v′, v) ∈ Ē implies (v′, v) ∈ E for
all v′ ∈ V̄ .

Proposition 1.2.3. Assume (L), (C) and (H), with

(1.2.3) inf Kvg + T inf Kvf > −
λv

6T (Λv)2 .

Let (uv,mv)v∈V and (ūv, m̄v)v∈V be solutions to (1.1.1) with underlying graph Γ and
Γ̄, respectively. Let νvt be the coupling of (mv

t , m̄
v
t ) such that νv0 = (idRd , idRd)]mv

0.
Define

Dv
T := sup

t∈[0,T ]

∫
Rd×Rd

|x− y|2 νvt (dx, dy).

Suppose that Γ 6 Γ̄ and v ∈ V is 1-stable. Then one has

(1.2.4) Dv
T 6

(
δvT
∑
v′∼v

Dv′

T

)
∧Kv

T ,

with

(1.2.5) δvT :=
2
(
`vf + `vg

T

)2
λv

6T (Λv)2 + inf Kvf + 1
T inf Kvg

and

(1.2.6) Kv
T :=

(
2
(
Lvg + TLvf

) ∫ T

0
θv + (Cv)2T

)
eT .

Remark 1.2.4. For gv( · , y) of class C2, one has ∂2
xxg

v(x, y) > Kvg(0) for all (x, y) ∈
Rd×(Rd)deg v, as an immediate consequence of the fundamental theorem of calculus.
Also, we can replace Kvg in assumption (C) with

K̃vg(%) :=
{
Kvg(0) if Kvg(%)− > Kvg(0)−
Kvg(%) otherwise ;

in this case, inf Kvg = Kvg(0), so condition (1.2.3) can rightfully be considered as a
lower bound on the semiconvexity constants of the data f and g.
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Remark 1.2.5. In the convex case Kvf > 0 and Kvg > 0, from (1.2.5) one sees that
limT→+∞ δvT = 2`vf/ inf Kvf is finite.

Proof of Proposition 1.2.3. It is not difficult to see (for example, by Itô’s
formula for the synchronous coupling of two processes with laws mv and m̄v) that
νv solves in the sense of distributions in (0, T )× Rd × Rd the PDE

∂tν
v −∆(x,y)ν

v − 2
∑
j∈[[d]]

∂2
xjyjν

v

− divx(∂pHv(t,Duv(t, x))νv)− divy(∂pHv(t,Dūv(t, y))νv) = 0 ,

and that we can test the above equation by any function ϕ ∈ C1,2((0, T )× (Rd)2)∩
C0([0, T ]× (Rd)2) with derivatives that are bounded in t ∈ [0, T ] and subquadratic
in (x, y) ∈ (Rd)2; cf., e.g., [4, Chapter 8].

Let us now define dvt :=
∫
Rd×Rd |x− y|

2 νvt (dx, dy). Testing the above equation
by |x− y|2 one gets

(1.2.7) dvt = −2
∫ t

0

∫
(Rd)2

(
∂pH

v(s,Duv(s, x))− ∂pHv(s,Dūv(s, y))
)

· (x− y) νvs (dx, dy) ds ,

where we have also used that dv0 = 0 because νv0 is supported on the diagonal
4d := {(x, y) ∈ Rd × Rd : x = y}. By Hölder’s and Young’s inequalities one
obtains

(1.2.8) dvt 6 T
∫ t

0

∫
(Rd)2

∣∣∂pHv(s,Duv(s, x))

− ∂pHv(s,Dūv(s, y))
∣∣2 νvs (dx,dy) ds+ 1

T
Dv
t ,

whence, recalling the Lipschitz continuity of ∂pHv and using Gronwall’s lemma,

(1.2.9) dvt 6 3T (Λv)2
∫ t

0

∫
(Rd)2

∣∣Duv(s, x)−Dūv(s, y)
∣∣2 νvs (dx, dy) ds .

Now define

(1.2.10) ϕv(t, x, y) := (Duv(t, x)−Dūv(t, y)) · (x− y)

and note that

− ∂tϕv − Lϕv

=
(
DF v(t, x)−DF v(t, y)

)
· (x− y)

+
(
∂pH

v(t, x,Duv(t, x))− ∂pHv(t, y,Dūv(t, y))
)
·
(
Duv(t, x)−Dūv(t, y)

)
with

L := ∆(x,y) + 2
∑
j∈[[d]]

∂2
xjyj − ∂pH

v(t,Duv(t, x)) ·Dx − ∂pHv(t,Dūv(t, y)) ·Dy ;
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here we used that v is 1-stable to have that F v is the same with respect to both Γ
and Γ̄, and the same will be true for Gv here below. Testing the equation of νv by
ϕv one gets

(1.2.11)
∫ T

0

∫
(Rd)2

(
∂pH

v(t,Duv(t, x))− ∂pHv(t,Dūv(t, y))
)

· (Duv(t, x)−Dūv(t, y)) νvt (dx, dy) dt

= −
∫

(Rd)2

(
DGv(x)−DGv(y)

)
·(x− y) νvT (dx, dy)

−
∫ T

0

∫
(Rd)2

(DF v(t, x)−DF v(t, y))·(x− y) νvt (dx, dy) dt ;

here we have also used that
∫
Rd×Rd ϕ(0, x, y) νv0 (dx, dy) = 0, again because νv0 is

supported on 4d and ϕ(0, ·)|4d = 0. By the strong convexity of Hv and (1.2.9),
the first line of (1.2.11) is bounded below by λv

6T (Λv)2 Dv
T . On the other hand, note

that we can write

DF v(t, x)−DF v(t, y) =
∫

((Rd)deg v)2

(
∂xf

v(t, x, z)− ∂xfv(t, y, w)
)
ηvt (dz,dw)

for any coupling ηvt of µvt and µ̄vt , the latter being defined in the obvious man-
ner; then, by our structural assumptions on fv along with Hölder’s and Young’s
inequalities, we have, for any εvf > 0,

∫
Rd×Rd

(DF v(t, x)−DF v(t, y)) · (x− y) νvt (dx,dy)

> (cvf − εvf `vf ) dvt −
`vf
εvf

∫
((Rd)deg v)2

|z − w|2 ηvt (dz,dw) ,

where cvf := inf Kvf . Also note now that, since ηvt can be an arbitrary coupling of
µvt and µ̄vt , we can choose it in such a way that

∫
((Rd)deg v)2

|z − w|2 ηvt (dz,dw) =
∑
v′∼v

dv
′

t .

Analogous considerations and an akin estimate hold for the term in (1.2.11) involv-
ing Gv, with parameter εvg . Plugging all estimates together, with

εvf = εvg = 1
2

λv

6(Tλv)2 + cvf + cvg
T

`vf + `vg
T
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we obtain the first upper bound in (1.2.4). To get the second one, namelyDv
T 6 K

v
T ,

it suffices to estimate∫
(Rd)2

(
DF v(t, x)−DF v(t, y)

)
· (x− y) νvt (dx, dy)

=
∫

(Rd)2

∫
(Rd)deg v

(
∂xf

v(t, x, ·)− ∂xfv(t, y, ·)
)
· (x− y) dµvt νvt (dx, dy)

>
∫

(Rd)2
Kvf (|x− y|)|x− y|2 νvt (dx, dy) > −Lvf ,

and analogously for G. Indeed, testing the equation of νv by ϕv over (t, T ) and
using the convexity of Hv as well as the estimate here above, one deduces that

−
∫

(Rd)2

(
Duv(t, x)−Dūv(t, y)

)
· (x− y) νvt (dx, dy) 6 Lvg + TLvf .

Using the structure of Hv, this allows to deduce from (1.2.7) that

dvt 6 2
(
Lvg + TLvf

) ∫ t

0
θv + (Cv)2t+

∫ t

0
dvs ds ,

so Gronwall’s lemma yields the desired bound. �

In the following, to lighten the notation, we will be implying the subscript T
in the quantities appearing in inequality (1.2.4); that is, we will be writing Dv, δv,
and Kv in lieu of Dv

T , δvT , and Kv
T , respectively.

An immediate consequence of (1.2.4) in the case Γ = Γ̄ is a uniqueness result
for system (1.1.1).

Corollary 1.2.6. In addition to the assumptions of Proposition 1.2.3, suppose
that either

Kvg ,K
v
f > 0 and Cv = 0

or

δ sup
v∈V

deg−v < 1 ,

where δ := supv∈V δv. Then, if (u,m) and (ū, m̄) are solutions to (1.1.1), one has
m = m̄ and uv = ūv mv-almost everywhere for all v ∈ V .

Proof. In the former regime we have Lvg = Lvf = 0 and thus Kv = 0 for all
v ∈ V , see (1.2.6). In the latter one, summing (1.2.4) (with Γ = Γ̄) over v ∈ V , we
have

∑
v∈V Dv 6 δ

∑
v∈V deg−vDv, yielding Dv = 0 for all v ∈ V . Hence, in either

case, m = m̄. Note that this also implies that νt = (idRd , idRd)]mt. Now, using the
strong convexity of Hv to control the left-hand side of (1.2.11) from below and the
estimates on the right-hand side obtained in the previous proof, we see that this
implies that Duv = Dūv mv-almost everywhere, for all v ∈ V . Then testing the
FPK equation by |uv − ūv|2 one obtains that uv = ūv mv-a.e., for all v ∈ V . �
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The above corollary states that system (1.1.1) has at most one solution, at least
in two regimes: either if Kvg ,Kvf > 0 and Cv = 0 for all v ∈ V (that is, f and g

are convex with respect to x ∈ Rd and H̃ is constant) or if δ is small enough with
respect to the maximum outdegree of a vertex of Γ. Note that, looking at (1.2.5),
we can say that we are in the latter regime if T is small, or so are the Lipschitz
constants `vf , `vg and Λv, or f and g have large convexity constants, or the strong
convexity constant λv is large.

Besides highlighting cases in which we have uniqueness, the importance of
Proposition 1.2.3 for our purposes resides in the fact that it can be iterated to obtain
some interesting information, as stated in upcoming Proposition 1.2.7. We will use
the notations v ∼k v′ if and only if d(v, v′) = k, and degk v := #{v′ ∈ V : v′ ∼k v}.

Proposition 1.2.7. Let v ∈ V be k-stable. Suppose that δv < 1 and

(1.2.12) γvj := sup
v′∼jv

δv
′
<

1
3

for all j ∈ {1, . . . , k}. Define by recursion αv1 := δv and

αvj+1 :=
γvj

1− γvj (1 + αvj )
.

for j > 1. Then αvj ∈ (0, 1) for all j ∈ {1, . . . , k} and

(1.2.13) Dv 6 αv,(k)
∑
v′∼kv

Dv′ ,

with αv,(k) :=
∏k
j=1 α

v
j .

Proof. The entire proof is by induction. We start by showing that αvj is
well-defined as a real number in (0, 1), for j ∈ {1, . . . , k}. This is true for j = 1,
so suppose it is true for some j ∈ {2, . . . , k − 1}. We have 1 − γvj (1 + αvj ) > 0,
which implies that αvj+1 > 0; then we also have that αvj+1 < 1 if and only if
γvj < (2 + αvj )−1, which is true since 2 + αvj < 3. We now prove that

(1.2.14)
∑
v′∼jv

Dv′ 6 αvj+1
∑

v′∼j+1v

Dv′ ∀ j < k.

It is clearly true for j = 0, because it reduces to (1.2.4); then, since if j < k then
all v such that v′ ∼j v are 1-stable, from (1.2.4) we obtain∑

v′∼jv
Dv′ 6

∑
v′∼jv

δv
′ ∑
v′′∼v′

Dv′′ 6 γvj
∑
|l−j|61

∑
v′∼lv

Dv′

6 γvj
( ∑
v′∼j+1v

Dv′ + (1 + αvj )
∑
v′∼jv

Dv′
)
,

so (1.2.14) is proved. At this point (1.2.13) follows by iteratively using (1.2.14) in
(1.2.4). �
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We can now exploit this result to prove the unimportance of distant players.
As we explained in the Introduction, under suitable conditions, given a player v
of a game with underlying graph Γ, it is possible to consider an analogous game
with a subgraph Γ̂ 6 Γ as the underlying graph in such a way that the respective
optimal distributions mv and m̂v are arbitrarily close (in the Wasserstein sense).
Such a subgraph does not contain players that are too far from player v (in the
sense of the graph), so this means that that player can neglect distant players and
still play almost optimally.

Theorem 1.2.8. Let m solve (1.1.1) with graph Γ = (V,E).1 Let v ∈ V and
ε > 0. With the notation of Proposition 1.2.7, suppose that δv < 1 and there exists
k < #V such that

max
16j6k

γvj <
1
3 and αv,(k)

∑
v′∼kv

Kv′ < ε2 ,

where Kv = Kv
T is that given in (1.2.6). Then, given m̂ solving (1.1.1) with graph

Γv;k, one has

(1.2.15) ‖W2(mv, m̂v)‖∞ < ε .

Proof. Combine Propositions 1.2.3 and 1.2.7 and note that, by its definition,
Dv > ‖W2(mv, m̂v)‖2∞. �

This theorem provides a fairly explicit insight on the interplay between the
structural parameters related to the graph and the data in order for the localisation
of the game described above to be possible. The following corollary presents the
main implication of this result in the interesting case of Γ being infinite-dimensional
(that is, having a countable vertex set V ).

Corollary 1.2.9. Let m solve (1.1.1) with an infinite-dimensional underlying
graph Γ = (V,E) having supv∈V deg v < ∞, and assume that all the structural
constants in assumptions (L), (C) and (H) are independent of v ∈ V (thus, we
will omit the superscript v in the following). Suppose that δ < 1, supj>1 γj <

1
3 .

Then α := supj>1 αj < 1 and, if αk degk v → 0 as k → ∞, for any ε > 0 there
exists k ∈ N such that, for any v ∈ V , (1.2.15) holds for m̂ solving (1.1.1) with
graph Γv;k.

Proof. As supj>1 γj <
1
3 , one easily sees that α < 1. Then α(k)∑

v′∼kvK
v′ =

Kαk degk v < ε2 for k large enough (independent of v). �

We give a couple of basic examples, in the LQ setting, to illustrate this last
corollary.

1That is, there exists u such that (u,m) is a solution to (1.1.1) with graph Γ.
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Example 1.2.10. Consider Hv(t, p) = 1
2θ
v(t)|p|2,

fv(t, x, y) = 1
2 fv(t)(x, y) · (x, y) and gv(x, y) = 1

2 gv(x, y) · (x, y)

for all t ∈ [0, T ] and (x, y) ∈ Rd × (Rd)deg v, where fv : [0, T ] → S (Rd × (Rd)deg v)
is a matrix-valued function and gv ∈ S (Rd × (Rd)deg v) is a matrix. We refer to
Section 1.3.2 for general considerations on the properties needed to be fulfilled by
θ, f and g in order for our structural assumptions to be satisfied.

Take Γ to be the bi-directed chain, given by V = Z and E = {(i, i±1) : i ∈ Z},
which is the natural limit of a sequence of cycle graphs of length N →∞. Clearly
degk v = 2 for all k ∈ N. Let g = 0 and

fi ≡

a+ b −a −b
−a a 0
−b 0 b

⊗ Id
for some constants a, b ∈ R, so that f i(t, x, y) = f i(t, x, y+, y−) = a

2 |x − y+|2 +
b
2 |x− y−|

2. In this case, we have `ig = 0 and `if = 1
2
√
a2 + b2 for all i ∈ Z, and one

sees that, if a+ b > 0,

γj = δ <
a2 + b2

2(a+ b) ∀ j > 1 .

Hence, a sufficient condition for Corollary 1.2.9 to apply is that (a, b) is a point
inside the circle of centre ( 1

3 ,
1
3 ) and radius

√
2

3 .

Example 1.2.11. Consider Γ being an infinite r-regular graph, for some r > 2. As-
sume it is undirected; nevertheless very similar considerations hold for the directed
case as well. Let g = 0 and

fv ≡



∑
16j6r a

j −a1 −a2 · · · −ar

−a1 a1 0 · · · 0
−a2 0 a2 · · · 0
...

...
...

. . .
...

−ar 0 0 · · · ar


⊗ Id

for constants aj such that
∑

16j6r a
j > 0. The situation is analogous to that of

Example 1.2.10, with γj = δ < 1
3 provided that the vector a = (aj)16j6r ∈ Rr lies

in the ball of centre 1
31r and radius

√
r

3 . The main difference with the above case is
that degk v has in general exponential growth: indeed, we have the universal bound
degk v 6 (r−1)k (corresponding to the case without closed paths), or, for example,
in the natural setting of Γ being a rectangular lattice one has degk v = 2k+1.

As δ < 1
3 , we have αj > αj+1 if and only if αj < 1−δ+

√
1−2δ−3δ2

2δ , this latter
number being greater than δ; therefore, αj < 1

3 for all j > 1, so that we can estimate
αk < 3−k. This shows that for the rectangular lattice the condition αk degk v → 0
as k → ∞ is fulfilled without any further assumptions. In general, one can write
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sharper estimates on α = α(δ) and show that Corollary 1.2.9 applies provided that
δ is less than some δ̄(r); in other words, the vector a needs to be inside the ball of
centre δ̄(r)1r and radius

√
r

δ̄(r) .

1.3. Existence of solutions to the graph-game system

In this last section, we consider two settings in which we prove existence of
solutions to the graph-game system (1.1.1) belonging to the class for which the a
priori estimates of the previous section hold.

The first one deals with data with bounded derivatives, hence sublinear. As
foreshadowed in Section 1.1, this case is compatible with our main structural as-
sumptions once (C) is dropped and T is finite, so that (1.2.3) allows f and g to be
semiconvex.

The second one is linear-quadratic, thus allowing for the most explicit compu-
tations in a genuinely quadratic setting. We are not able to deal with a general
subquadratic framework, for which, to the best of our knowledge, the problem of
(determining conditions for) existence of classical solutions with bounded second-
order derivatives is still open. We mention, for example, the results of [11] or [52]
on HJB equations with quadratic growth, which though cannot provide sufficiently
strong second-order estimates.

1.3.1. Data with bounded derivatives. We start with a standard a priori
estimate on the derivative of the solution to an HJB equation. It will be used in
the proof of the following intermediate result (Proposition 1.3.2), stating existence
of sublinear solutions to such HJB equation with data having bounded derivatives.

Lemma 1.3.1. Let u ∈ C1,2(RdT ) with Du ∈ C1,2(RdT ) solve

(1.3.1)
{
−∂tu−∆u+H(t,Du) = F in RdT
u(T, ·) = G

where |DF | 6 cF , |DG| 6 cG and (t, p) 7→ H(t, p) continuous in t and differentiable
in p. Then ‖Du‖∞ 6 C with C depending only on T , cF and cG.

Proof. Fix (τ, x) ∈ RdT and let m solve

(1.3.2)
{
∂tm−∆m− div(∂pH(t,Du(t, x))m) = 0

m(τ) = δx .

Testing the FPK equation by |Du|2, we get

(1.3.3)
∫
Rd
|Du(t, ·)|2 dm(t) +

∫ T

t

∫
Rd
|D2u(s, ·)|2 dm(s)ds

=
∫
Rd
|DG|2 dm(T ) + 2

∫ T

t

∫
Rd
DF (s, ·) ·Du(s, ·) dm(s,dy)ds
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for all t ∈ [τ, T ]. Let now, for the sake of shortness,

V(t) := sup
s∈[t,T ]

∫
Rd
|Du(s, ·)|2 dm(s) ;

using Young’s inequality on the right-hand side of the identity above, we have

V(t) 6 c2G + Tc2F + (T − t)V(t) ∀ t ∈ [τ, T ] .

For T − t 6 1
2 this yields V(t) 6 2(c2G + Tc2F ); then we can iterate this argument

(with different final time) finitely many times to get V(τ) 6 cT (c2G + Tc2F ), where
cT is a constant depending only on T . In particular, ‖Du‖2∞ 6 cT (c2G + Tc2F ) by
the arbitrariness of (τ, x). �

Proposition 1.3.2. For some δ ∈ (0, 1), let F ∈ C
δ
2 ,δ

loc (RdT ) with DF ∈ C δ
2 ,δ(Rd)d

and G ∈ C3+δ
loc (RdT ) with DG ∈ C2+δ(Rd)d. Suppose that F (t, ·) is both semiconcave

and semiconvex uniformly in t. Let H ∈ C δ
2 ([0, T ];C2

loc(Rd)) with bounded second-
order derivative ∂2

ppH. Then there exists a unique solution u ∈ C1+δ,2+δ
loc (RdT ) with

Du ∈ C1+δ,2+δ(RdT ) to (1.3.1).

Proof. Suppose that D2F is of class C δ
2 ,δ and G ∈ C4+δ

loc (Rd) with DG ∈
C3+δ(Rd)d. Let ψ := (1 + | · |2)− 1

2 and, for each n ∈ N, let ψn := ψ( ·n ). Define
Fn := Fψn and Gn := Gψn. Let un ∈ C1+δ,2+δ(RdT ) with Dun and D2un of class
C1+δ,2+δ solve (1.3.1) with Fn and Gn in lieu of F and G, respectively. In the
following, cF , cψ, cG and cH denote constants that respectively depend only on F ,
ψ, G and H. Observe that we have

(1.3.4) |DFn| 6 |FDψ|+ |ψDF | 6 cF (1 + cψ)

and an akin estimate holds for Gn as well. By Lemma 1.3.1, ‖Dun‖∞ is controlled
by a constant depending only on T and the right-hand sides of (1.3.4) and its
analogue for DGn; in particular such a norm is bounded uniformly with respect to
n. Fix now (τ, x) ∈ RdT and test (1.3.2), with u = un, by |un|2; we obtain∫

Rd
|un(t, ·)|2 dm(t)

=
∫
Rd
|Gn|2 dm(T ) + 2

∫ T

t

∫
Rd
F (s, ·)un(s, ·) dm(s)ds

+ 2
∫ T

t

∫
Rd

(
∂pH(s,Dun(s, ·)) ·Dun(s, ·)−H(s,Dun(s, ·))

)
un(s, ·) dm(s)ds

for any t ∈ [τ, T ]. From this identity, using that if |∂2
ppH| 6 Λ then∣∣∂pH(s,Dun(s, ·)) ·Dun(s, ·)−H(s,Dun(s, ·))
∣∣ 6 |H(s, 0)|+ Λ|Dun(s, ·)|2

along with Young’s inequality, we deduce that

U(t) 6 (1 + cψ)(cG + TcF )
(

1 + sup
s∈[τ,T ]

∫
Rd
| · |2 dm(s)

)
+ TcH(1 + ‖Dun‖4∞)

+ 2(T − t)U(t) ,
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with U(t) := sups∈[t,T ]
∫
Rd |un(s, ·)|2 dm(s). Arguing as in the proof of Lemma 1.3.1,

we deduce that there exists a constant C depending only on T , F , G, ψ and H

such that

|un(τ, x)|2 6 C
(

1 + sup
s∈[τ,T ]

∫
Rd
| · |2 dm(s)

)
.

Testing now the same FPK equation by | · |2 it is easy to see that Gronwall’s
lemma ensures that the right-hand side above is controlled by C ′(1+ |x|2), for some
constant C ′ which depends only on the same parameters as C. We conclude that
‖ψun‖∞ is bounded uniformly in n.

To estimate the second-order derivatives, we test the FPK equation by |D2un|2.
After easy computations, we obtain∫

Rd
|D2un(t, ·)|2 dm(t)

=
∫
Rd
|D2Gn|2 dm(T ) + 2

∫ T

t

∫
Rd
D2F (s, ·) : D2un(s, ·) dm(s)ds

+ 2
∫ T

t

∫
Rd
∂2
ppH(s,Dun(s, ·))D2un(s, ·)2 : D2un(s, ·) dm(s)ds ,

where A : B := Tr(AB). Note that by (1.3.3) we can deduce that∫ T

t

∫
Rd
|D2un(s, ·)|2 dm(s)ds 6 C

for some constant C which does not depend on n or (τ, x). Therefore we have∫
Rd
|D2un(t, ·)|2 dm(t)

6 cG + TcF + (T − t) sup
s∈[t,T ]

‖D2un‖2∞ + 2Λ2C2 + 1
2 sup
s∈[t,T ]

‖D2un‖2∞

for any m solving the FPK equation (that is, regardless the initial time and distri-
bution); so, choosing m(t) = δz with z ∈ arg maxRd |D2un(t, ·)|, we have

‖D2un(t, ·)‖2∞
6 cG + TcF + (T − t) sup

s∈[t,T ]
‖D2un(s, ·)‖2∞ + 2Λ2C2 + 1

2 sup
s∈[t,T ]

‖D2un(s, ·)‖2∞ ,

whence
W(t) 6 2(cG + TcF + 2Λ2C2) + 2(T − t)W(t) ,

with W(t) := sups∈[t,T ]‖D2un(s, ·)‖2∞. We deduce from the above inequality that
‖D2un‖∞ is bounded uniformly in n, again arguing as in the proof of Lemma 1.3.1.

At this point, by the equation of un we have a uniform bound on ‖∂tun‖, while
by a standard Hölder estimate for the heat equation (see, e.g., Lemma 4.6.2) we
have Dun ∈ C

1
3 ,

2
3 (RdT )d uniformly in n. By the Ascoli–Arzelà theorem there exists

u ∈ C 1
3 ([0, T ];C1

loc(Rd)) with Du ∈ C 1
3 ,

2
3 (RdT )d∩C0([0, T ]; Lip(Rd))d such that, up

to a subsequence, un → u locally uniformly and Dun → Du uniformly (as n→∞).
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Then we can pass to the limit Duhamel’s formula for the heat equation and say
that v = u solves in the mild sense{

−∂tv −∆v = F −H(t,Du) in RdT
v(T, ·) = G .

It is now standard to prove that u is the unique classical solution to (1.3.1), and
the desired regularity follows from classic Hölder estimates for parabolic equations.

For less regular data than we supposed at the beginning of the proof, it suffices
to consider smooth approximations fn and gn of Fn and Gn, respectively, such that
(ψfn, Dfn)→ (ψF,DF ) uniformly and the semi-convexity/concavity constants are
preserved (and the same for G) and note that the estimates on un used to pass to
the limit as n→∞ are stable under such an approximation. �

We can now state our first main existence theorem.

Theorem 1.3.3. Let Γ = (V,E) be a graph with D := supv∈V deg v <∞. For each
v ∈ V let fv : RdT ×(Rd)deg v → R, gv : Rd×(Rd)deg v → R and Hv : [0, T ]×Rd → R
be given. Assume the following, for each (t, x, y) ∈ RdT × (Rd)deg v:

• (L) is in force;
• there exists δ ∈ (0, 1) and constants Cf , Cg and CH such that

‖fv( · , x, y)‖
C
δ
2 ([0,T ])

6 Cf (1 + |y|2) 1
2 (1 + |x|2) 1

2 ,

‖∂xfv( · , y)‖
C
δ
2 ,δ(Rd

T
)
6 Cf (1 + |y|2) 1

2 ,

‖∂xgv( · , y)‖C2+δ(Rd) 6 Cg(1 + |y|2) 1
2 ,

and Hv ∈ C δ
2 ([0, T ];C2

loc(Rd)) with |∂2
ppH

v| 6 CH ;
• ∂xfv(t, · , y) is Lipschitz continuous and there exist (positive) constants κvf and
Kv
f such that

−κvf (1 + |y|2) 1
2 Id 6 ∂

2
xxf

v(t, x, y) 6 Kv
f (1 + |y|2) 1

2 Id

in the sense of distributions.

Let mv
0 ∈ P2(Rd) with supv∈V

∫
Rd | · |

2 dµv0 6 M̄ for some finite constant M̄ .
Then, for any T > 0, there exists a solution (u,m) to system (1.1.1), with uv

having the growth and the regularity guaranteed by Proposition 1.3.2 and mv ∈
C

1
2 ([0, T ];P2(Rd)), uniformly in v.

Proof. For some constant K > 0 to be determined, define

X v :=
{
µv ∈ C0([0, T ];P1((Rd)deg v)) : sup

[0,T ]

∫
(Rd)deg v

| · |2 dµv + [µv] 1
2
6 K

}
,

where [µv] 1
2

:= sups6=t |s− t|−
1
2W1(µvs , µvt ); note that X v is a convex and compact

subset of C0([0, T ];P1((Rd)deg v)) (this follows, e.g., from [24, Lemma 1.5] and the
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Ascoli–Arzelà theorem). Given µv ∈ X v, let

F v(t, x;µvt ) :=
∫

(Rd)deg v
fv(t, x, y)µvt (dy) , Gv(x;µvT ) :=

∫
(Rd)deg v

gv(x, y)µvT (dy) .

Observe that

‖DF v( · ;µv)‖
C
δ
2 ,δ(Rd

T
)
6 Cf sup

[0,T ]

∫
Rd

Ψ dµv + `vfKT
1−δ

2 ,

where Ψ := (1 + | · |2) 1
2 and the second term in the right-hand side comes only from

the Hölder seminorm supx∈Rd [DF v( · , x;µv· )] δ2 ; similarly,

‖D2F v( · ;µv)‖L∞(Rd
T

) 6
√
d (κvf ∨Kv

f ) sup
[0,T ]

∫
Rd

Ψ dµv

and an analogous estimate holds for ‖DGv( · ;µv)‖C2+δ(Rd) as well.
For each v ∈ V , let uv be the solution to{

−∂tuv −∆uv +Hv(t,Duv) = F v(t, x;µvt ) in RdT
uv(T, ·) = Gv( · ;µvT )

provided by Proposition 1.3.2; note that the strategy of the proof of Lemma 1.3.1
applies to estimate

(1.3.5) ‖Duv‖2∞ 6 cT (C2
g + TC2

f ) sup
[0,T ]

∫
Rd

Ψ2 dµv 6 cT (C2
g + TC2

f )(1 +K)

Then let µ̄v ∈ C 1
2 ([0, T ];P2((Rd)deg v) be the solution to∂tµ̄

v −∆µ̄v −
∑
v′∼v

divyv′ (∂pH
v′(t,Duv

′
(t, yv

′
))µ̄v) = 0 in [0, T ]× (Rd)deg v

µ̄v(0) = µv0 ∈ P2(Rd) ,

where we denoted by yv′ , v′ ∼ v, the coordinates of y ∈ (Rd)deg v. It is easy to
see that the marginals of µ̄v solve the FPK equations of (1.1.1) corresponding to
vertexes v′ ∼ v, provided that µv0 is a suitable measure with marginals mv′

0 , v′ ∼ v
(recall the definition (1.1.2) of F and G); on the other hand, such features of µv0
are actually enough to have the only piece of information we need about it, namely
that

∫
Rd | · |

2 dµv0 6 DM̄ .
By (1.3.5) and standard Hölder estimates for the FPK equation (cf., e.g., [24,

Lemma 1.6]),

[µ̄] 1
2
6 1 +

(
TĈHD

(
1 + cT (C2

g + TC2
f )(1 +K)

)) 1
2 ,

where ĈH := ‖∂pH( · , 0)‖2∞ + C2
H ; hence, for K > 3 and TĈHD

(
1 + cT (C2

g +
TC2

f )(1 + K) < 1 we have [µ̄] 1
2
6 K. Testing instead the FPK equation of µ̄v by

| · |2, Gronwall’s lemma yields

(1.3.6) sup
[0,T ]

∫
Rd
| · |2 dµ̄v 6

(∫
Rd
| · |2 dµv0 + T

(
2ddeg v +

∑
v′∼v
‖Duv

′
‖2∞
))

eT ,
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which along with (1.3.5) gives

sup
[0,T ]

∫
Rd
| · |2 dµ̄v 6 D

(
M̄ + T

(
2d+ ĈH

(
1 + cT (C2

g + TC2
f )(1 +K)

))
eT .

Hence, for instance, for K > 2(1 + eDM̄) and T < 1 so small that also 4edDT < 1
and 2eT ĈHD

(
1 + cT (C2

g + TC2
f )(1 +K) < 1, we have sup[0,T ]

∫
Rd | · |

2 dµ̄v 6 K.
We deduce that for K large (depending only on M̄ and D) and T sufficiently

small (depending only on D, Cg, Cf and ĈH) the map Φ: µ 7→ µ̄ is well-defined
from X :=

∏
v∈V X v to itself. Since X is a convex and compact (by Tychonoff’s

theorem), Schauder’s fixed point theorem guarantees that Φ has a fixed point µ =
(µv)v∈V . This proves that, for small T (say T 6 T̄ ), system (1.1.1) has a solution,
with (uniformly in v) mv ∈ C 1

2 ([0, T ];P2(Rd)) and uv having the growth and the
regularity guaranteed by Proposition 1.3.2. Nevertheless, since T̄ does not depend
on K, we can iterate such an existence argument finitely many times (enlarging K
and keeping the horizon’s length constantly equal to T̄ ) to obtain existence on any
arbitrary (finite) horizon [0, T ]. �

1.3.2. Linear-Quadratic data. As in Example 1.2.10, suppose that, for all
v ∈ V , Hv(t, p) = 1

2θ
v(t)|p|2 and there exist a matrix-valued function fv : [0, T ] →

S (Rd × (Rd)deg v) and a matrix gv ∈ S (Rd × (Rd)deg v) such that

fv(t, x, y) = 1
2 fv(t)(x, y) · (x, y) and gv(x, y) = 1

2 gv(x, y) · (x, y)

for all t ∈ [0, T ] and (x, y) ∈ Rd × (Rd)deg v.
It will be useful to denote the coordinates of y ∈ (Rd)deg v by yv′ , v′ ∼ v, and

to consider gv (as well as fv(t)) as a block matrix with entries gviv′ ∈ (Rd)∗, with
i ∈ {1, . . . , d} and v′ ∼ v. Also, we introduce some notation for four super-blocks
partitioning gv which will come into play:

gvpp := (gvij)i,j∈{1,...,d}, gvnn := (gvv′v′′)v′,v′′∼v,

gvpn = (gvnp)T := (gviv′)i∈{1,...,d}, v′∼v ,

p and n standing for “player” and “neighbours”, respectively; similar notation will
be used for fv(t) as well.

Let us have a look at how our main structural assumptions appear in this
setting. Assumption (L) is essentially a control on the mixed derivatives ∂2

xyf
v

and ∂2
xyg

v, so with this notation it reads

|fvnp(t)| 6 `vf , |gvnp| 6 `vg

for all t ∈ [0, T ]. Assumption (C), as we have already mentioned, basically forces
fv and gv to be convex in x ∈ Rd at large distances, and so in all of Rd in the LQ
setting; that is, it reads

fvpp(t), gvpp > 0
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for all t ∈ [0, T ]. Finally, assumption (H) is satisfied if θv([0, T ]) ⊆ [λv,Λv] ⊂
(0,+∞).

As for the definitions of F v and Gv (recall (1.1.2)), letting β(µ) :=
∫
X y µ(dy)

for µ ∈ P1(X ), we have

F v(t, x) = 1
2 fvpp(t)x · x+ 1

2
(
fvpn(t) + fvnp(t)T)β(µvt ) · x

+ 1
2

∫
(Rd)deg v

fvnn(t)y · y µvt (dy)

and

Gv(x) = 1
2 gvppx · x+ 1

2
(
gvpn + gv T

np

)
β(µvT ) · x+ 1

2

∫
(Rd)deg v

gvnny · y µvT (dy) .

Then we make the ansatz that

(1.3.7) uv(t, x) = 1
2 uv(t)x · x+ vv(t) · x+ hv(t) , (t, x) ∈ RdT ,

for some uv : [0, T ]→ S (Rd), v : [0, T ]→ Rd and hv : [0, T ]→ R. The HJB equation
in (1.1.1) reads

1
2
(
−u̇v + θv(uv)2 − fvpp

)
x · x+

(
−v̇v + θvuvvv − 1

2
(
fvpn + fv T

np

)
β(µv)

)
· x

− ḣv − Tr uv + 1
2 θ|v

v|2 − 1
2 β

v
f (µv) = 0 ,

where the dot over a symbol indicates the time derivative and we have set

βvf (µv) :=
∫

(Rd)deg v
fvnn(t)y · y µvt (dy) ,

thus yielding

(1.3.8)


−u̇v + θv(uv)2 − fvpp = 0

−v̇v + θvuvvv − 1
2
(
fvpn + fv T

np

)
β(µv) = 0

−ḣv − Tr uv + 1
2 θ|v

v|2 − 1
2 β

v
f (µv) = 0 .

Note that, having fixed µv, the existence of uv of the form (1.3.7) is equivalent to the
solvability of the first equation in (1.3.8) (which is of Riccati type and completely
by its own), since the system is decoupled and the other two equations are linear.
For example, by standard methods one can explicitly solve the Riccati equation,
with terminal condition uv(T ) = gvpp, if (θv)−1fv is constant and positive definite.

As for the FPK equation in (1.1.1), it turns out to be driven by the drift
−θv(t)(uv(t)x+ vv(t)), hence the corresponding SDE

dXv
t = −θv(t)(uv(t)Xv

t + vv(t)) dt+
√

2 dBvt

is linear. According to our setting, µvt is the law of Y v := (Xv′

t )v′∼v, which solves

dY vt = −
(
diag(θv

′
uv
′
)v′∼vY vt + (vv

′
)v′∼v

)
dt+

√
2 d(Bv

′

t )v′∼v .
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It follows that βv = β(µv) solves the equation

(1.3.9) β̇v + ∆vβv + V v = 0 ,

with ∆v := diag(θv′uv′)v′∼v and V v := (vv′)v′∼v.
Therefore, the strategy to find a solution to the graph-game system is the

following. We start by solving the Riccati equation for uv, for each v ∈ V . Then,
equation (1.3.9) gives us the relation

(1.3.10) β(µvt ) = e
−
∫ t

0
∆v
(
β(µv0)−

∫ t

0

∑
v′∼v

e

∫ s
0
θv
′
uv
′

vv
′
(s) ds

)
At this point it all amounts to proving that there exists a fixed point for the map
Φ that associates to v̄ ∈ C0([0, T ];Rd)#V the vector (vv)v∈V with vv solving the
second equation of (1.3.8) where β(µv) is given by (1.3.10) with v = v̄. Indeed,
once vv is also given for all v ∈ V , we can compute βvf (µv) and the third equation
of (1.3.8) readily gives hv.

Let us admit that, as gvpp, fvpp > 0, we have uv > 0 on [0, T ]. Standard estimates
for linear equations yield

|Φ(v)v(t)− Φ(v̄)v(t)| 6 (T − t)T‖fvnp‖∞
√

deg v sup
v′∼v
|vv
′
− v̄v

′
| ,

so the contraction theorem ensure the existence of a unique fixed point (and thus,
a solution), provided that T is small enough with respect to f and the graph Γ
only. For arbitrary T , we conclude by iterating this argument finitely many times
on time horizon with smaller fixed length.

We have thus arrived at the following result.

Theorem 1.3.4. Let Γ = (V,E) be a graph, with supv∈V deg v < ∞. For each
v ∈ V , let Hv(t, p) = 1

2θ
v(t)|p|2 be continuous and, for all t ∈ [0, T ] and (x, y) ∈

Rd × (Rd)deg v, let

fv(t, x, y) = 1
2 fv(t)(x, y) · (x, y) and gv(x, y) = 1

2 gv(x, y) · (x, y)

for some fv ∈ C0([0, T ]; S (Rd × (Rd)deg v)) and gv ∈ S (Rd × (Rd)deg v) such that
∂2
xxf

v, ∂2
xxg

v > 0 and supv∈V (|∂2
xyf

v|+|∂2
xyg

v|) <∞. Suppose that, for each v ∈ V ,
there exists a solution to{

−u̇v + θv(uv)2 = ∂2
xxf

v in [0, T )

uv(T ) = ∂2
xxg

v .

Then there exists a unique classical solution to the graph-game system (1.1.1) with
uv of the form (1.3.7).

Proof. Standing all the preceding discussion, we only need to prove that
uv > 0 and that the Riccati equation has a unique solution. For τ ∈ [0, T ) and any
ζ ∈ Rd, let ξ : [0, T ] → Rd solve ξ̇ = − 1

2θ
vuvξ with ξ(τ) = ζ. Then d

dt (u
vξ · ξ) =

−fvppξ · ξ 6 0, yielding uvζ · ζ > gvppξ(T ) · ξ(T ) > 0, and the first conclusion
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follows by the arbitrariness of ζ. Now, given two solution uv and ūv, we have
d
dt |u

v − ūv|2 = θ((uv)2 − (ūv)2) : (uv − ūv) > 0 because uv, ūv > 0, and uniqueness
follows. �
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2.1. The setting: shift-invariant games

Consider a stochastic differential game with N players, indexed by i ∈ [[N ]],
where the state Xi of the i-th player evolves according to the Rd-valued SDE

dXi
t = αit dt+

√
2 dBit .

Its cost, in the fixed time horizon [0, T ], is given by

(2.1.1) J i(α) = 1
2 E

∫ T

0

(
|αi|2 + 〈F iX,X〉

)
dt+ 〈GiXT , XT 〉 ,

for some F i = f i⊗Id and Gi = gi⊗Id, with f i ∈ C0([0, T ]; S (N)) and gi ∈ S (N).
The Bi’s are independent Rd-valued Brownian motions, and the αi’s are closed-loop
controls in feedback form, that is αi = αi(t,Xt).

It is known (see for instance [25, Section 2.1.4], or [46]) that the value functions
of the players, ui = ui(t, x) with i ∈ [[N ]], t ∈ [0, T ] and x = (x0, . . . , xN−1) ∈ (Rd)N

solve the so-called Nash system of Hamilton–Jacobi PDEs

(2.1.2)

−∂tui −∆ui + 1
2 |Diu

i|2 +
∑
j 6=iDju

jDju
i = F̄ i

ui(T, ·) = Ḡi

23
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where F̄ i = 1
2 〈F

i·, ·〉, Ḡi = 〈Gi·, ·〉 and i ∈ [[N ]]. The equilibrium feedbacks are
then given by αi = −Diu

i. Since the dynamic of each player is linear, and the costs
are quadratic in the state and control variables, it is well-known that the previous
system can be recast into a system of ODEs of Riccati type, by making the ansatz
that ui are quadratic functions of the states. Here, we look for conditions on the
solvability of such system, and we focus in particular on properties that are stable as
the number of players goes to infinity, with the aim of addressing the limit problem
with infinitely many players, whenever possible. The Laplacian appears in (2.1.2)
by the presence of the independent noises Bi, but it will not actually play any
relevant role in our analysis.

For a ∈ Z and b ∈ Z+, we will use the notation [a]b to identify the unique
natural number r ∈ [[b]] such that r = a mod b. The entries of a N × N matrix
will be indexed over [[N ]]. We will denote by L(N) ∈ S (N) the lower shift matrix
modN , defined by

L
(N)
hk = δh,[k+1]N ∀h, k ∈ [[N ]] ,

where δ is the Kronecker symbol.
Our main assumption, on the structure of the running cost, is that f i and gi

are shift-invariant, in the sense of the following definition.

Definition 2.1.1. A collection of matrices (M i)i∈[[N ]] ⊂ S (N) is shift-invariant
if

(2.1.3) M [i+1]N = L(N)M iL(N)T ∀ i ∈ [[N ]].

Note that this is equivalent to requiring that for all i ∈ [[N ]] and x ∈ RN ,

〈M i(x0, x1, . . . , xN−1), (x0, x1, . . . , xN−1)〉

= 〈M [i+1]N (x1, . . . , xN−1, x0), (x1, . . . , xN−1, x0)〉 .

Example 2.1.2. A very basic shift-invariant case is that with g0 = 0 and

(2.1.4) f0 = w ⊗ w,

with
w = 1

`− 1 (`− 1,−1, . . . ,−1︸ ︷︷ ︸
`−1 times

, 0, . . . , 0︸ ︷︷ ︸
N−` times

), ` 6 N ;

that is, by (2.1.3),

(2.1.5) 〈F iXt, Xt〉 =
∣∣∣∣Xi

t −
1

`− 1

[i+`−1]N∑
j=[i+1]N

Xj
t

∣∣∣∣2.
When ` = N , the cost is actually of Mean Field type, that is, it penalises the

deviation of the private state Xi from the mean of the vector X.
Here f0 induces an underlying directed circulant graph structure G` to the

problem; indeed, by assumption (2.1.3)

A = (f iij)i,j∈[[N ]] − diag (f iii)i∈[[N ]] = (f iij)i,j∈[[N ]] − IN
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can be considered as the asymmetric and circulant adjacency matrix of G`, so that
(2.1.5) reads

(2.1.6) 〈F iXt, Xt〉 =
∣∣∣∣Xi

t −
1

#{j : (i, j) ∈ G`}
∑

j: (i,j)∈G`

Xj
t

∣∣∣∣2.
The same is true in the more general case when

(2.1.7) w = (1,−w1, . . . ,−w`−1), with wj > 0 ∀ j,
`−1∑
j=1

wj = 1;

here the wj ’s are regarded as normalised weights, and we have

〈F iXt, Xt〉 =
∣∣∣∣Xi

t −
∑

j: (i,j)∈G`

wjX
j
t

∣∣∣∣2,
which generalises (2.1.6).

Note finally that a sort of “directionality” is encoded in the above examples,
that is, each player i is affected by the “following” ones j > i in the chain. This is
not yet important at the current stage, namely we may allow for

(2.1.8) w = 1
`− 1 (`− 1,−1, . . . ,−1︸ ︷︷ ︸

`−1 times

, 0, . . . , 0︸ ︷︷ ︸
N−`−m times

,−1, . . . ,−1︸ ︷︷ ︸
m times

), `+m 6 N ;

It is only from Section 2.2.4 that m = 0 will be required.

2.2. The evolutive infinite-dimensional Nash system

The main object of our study is the Nash system

(2.2.1)

−∂tui −∆ui + 1
2 |Diu

i|2 +
∑
j 6=iDju

jDju
i = F̄ i on (0, T )× (Rd)N

ui(T, ·) = Ḡi

When N =∞, we need to be a bit careful about the notion of solution. In this
case, x ∈ X = `∞(Z;Rd). Then, we mean that (2.2.1) admits a classical solution
in the following sense.

Definition 2.2.1. A sequence of R-valued functions (ui)i∈Z defined on [0, T ]×X
is a classical solution to the Nash system (2.2.1) on [0, T ]×X if the following hold:

(S1) each ui is of class C1 with respect to t ∈ (0, T ) and C2 with respect to
x ∈ X , in the Fréchet sense;

(S2) for each i ∈ N, the Laplacian series ∆ui =
∑
j ∆ju

i and the series∑
j 6=iDju

jDju
i uniformly converge on all bounded subsets of [0, T ]×X ;

(S3) system (2.2.1) is satisfied pointwise for all (t, x) ∈ (0, T )×X ;
(S4) ui(T, ·) = Ḡi for all i ∈ N.
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Remark 2.2.2. Here we made a choice of Banach space, namely X = `∞(Z;Rd).
This seems a natural choice for a twofold reason. First, it is the largest `p space
contained in the limit set (Rd)∞ ∼= (Rd)Z, so it seems to provide a quite general
setting for a Nash system for infinitely many players. Second, in a linear-quadratic
setting as the one we are considering, it is fairly clear that (see the upcoming
discussion about the standard ansatz ui(t, x) = 1

2 〈(c
i(t) ⊗ Id)x, x〉RNd + ηi(t)) the

uniform convergence of ∆ui when N = ∞ is strictly related to (cijj)j∈Z being
summable; therefore the variable x is expected to live in the dual space of `1, that
is `∞. This is even more evident if one considers the case (and the results we
present can indeed be adapted to it) of a more general diffusion such as the one
arising from common noise,

∑
j ∆ju

i + β
∑
jk Tr(D2

jku
i).

As it is customary in linear-quadratic N -player games, we look for solutions of
the form

(2.2.2) ui(t, x) = 1
2 〈(c

i(t)⊗ Id)x, x〉RNd + ηi(t),

for some functions ci : [0, T ] → S (N) such that ci(T ) = gi and ηi : [0, T ] → R
which vanish at T . We have Dju

i(t, x) = ejT(ci(t) ⊗ Id)x, where ej = ej ⊗ Id,
{ej}N−1

j=0 being the canonical basis of RN . Hence, from (2.2.1) we obtain

xT
(
−1

2 ċ
i ⊗ Id + 1

2(ci ⊗ Id)eieiT(ci ⊗ Id)

+
∑

j∈[[N ]]\{i}

(cj ⊗ Id)ejejT(ci ⊗ Id)−
1
2F

i

)
x = Tr(ci ⊗ Id) + η̇i;

that is,

xT
((
−1

2 ċ
i + 1

2c
ieiei

Tci +
∑

j∈[[N ]]\{i}

cjejej
Tci − 1

2f
i

)
⊗ Id

)
x = dTr ci + η̇i.

As this must hold for all x ∈ RNd, it follows that

η̇i = −d
∑
j∈[[N ]]

cijj ,

and

(2.2.3) −ċi + cieiei
Tci +

∑
j∈[[N ]]\{i}

(
cjejej

Tci + ciejej
Tcj
)

= f i,

as xTAx = 0 for all x if and only if A+AT = 0 for any square matrix A.
Now, given the shift invariance of f i and gi, one expects a solution to (2.2.3)

to enjoy the same property, hence we look for a solution such that

(2.2.4) ci =
(
L(N))ic (L(N)T)i,

for some c : [0, T ]→ S (N). Clearly, this makes ηi independent of i, as we will have
ηi = η :=

∫ T
· Tr c. By plugging (2.2.4) into (2.2.3) and letting i = 0 one obtains
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the following system of ODEs for the entries of c:

(2.2.5)


−ċhk − c0hc0k +

∑
j∈[[N ]]

(
c0,[h−j]N cjk + c0,[k−j]N cjh

)
= fhk

chk(T ) = ghk ,

where f := f0 and g := g0.
As we are interested in the limit problem of infinitely many players, which we

expect to be indexed by Z since we have an undirected structure, it is convenient
to shift the indices in such a way that i = 0 “stays in the middle”; that is, we
let i = −N ′, . . . , N ′′, instead of i = 0, . . . , N , where, for example, N ′ = N ′′ =
(N − 1)/2 if N is odd, and N ′ = N/2 = N ′′+ 1 if N is even. Therefore, we rewrite
system (2.2.5) as

(2.2.6)

−ċhk + c0hc0k +
∑
j 6=0

(c0,h−jcjk + chjc0,k−j) = fhk

chk(T ) = ghk ,

i = −N ′, . . . , N ′′ ,

where all indices are understood mod N and between −N ′ and N ′′. Now it is
immediate to identify a convenient limit system by letting N →∞.

2.2.1. Self-controlled sequences for the discrete convolution. We can
recognise a structure of a cyclic discrete convolution in the sums in (2.2.5); that is,

(2.2.7)
N−1∑
j=0

c0,[h−j]N cjk = (c·0 ?N c·k)h,
N−1∑
j=0

chjc0,[k−j]N = (ch· ?N c0·)k.

We wish to exploit this fact in order to prove existence of the solution to sys-
tem (2.2.6) for small T , for any (possibly infinite) N .

Our main tool will be the following.

Definition 2.2.3. A nonnegative sequence β ∈ `2(Z) is said to be convolution-
self-controlled, or c-self-controlled, if β ? β . β; that is,

(2.2.8)
∑
j∈Z

βjβi−j 6 Cβi ∀ i ∈ Z,

for some constant C > 0 independent of i.

We will mainly consider positive c-self-controlled sequences in `1(Z) that are
even and “weakly decreasing”, in the sense that βi = β−i and there exists K > 0
such that βj 6 Kβi, for all i, j ∈ N with j > i. Such sequences, which we will refer
to as regular, indeed exist, as shown by the following result.

Lemma 2.2.4. For any ε > 0, there exists a positive sequence β ∈ `1(Z), with
‖β‖2 < ε and such that β ? β 6 4β. In particular, one can choose β of the form

βi = βi(α) := 2α
α2 + i2

(
1− (−)ie−απ

)
, i ∈ Z,
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for some α = α(ε) > 0, so that β is even and βj 6 coth(απ2 )βi for all i, j ∈ N with
j > i.

Proof. Recall that the Fourier coefficients of a function f ∈ L2((−π, π)), given
by

f̂j := 1
2π

∫ π

−π
f(x)e−ijxdx, j ∈ Z,

satisfy the following property: if f, g ∈ L2((−π, π)), then f̂gj = (f̂ ? ĝ)j for all
j ∈ Z. Let now be fα := e−α|·|, for any α > 0. It is elementary to compute, for
each j ∈ Z,

(2.2.9) f̂αj = 2α
α2 + j2

(
1− (−)je−απ

)
> 0,

whence (f̂α ? f̂α)j = f̂2
αj = f̂2αj 6 4f̂αj , the last inequality being straightforward to

check using the explicit expression (2.2.9). Also, by Parseval’s identity ‖f̂α‖2`2(Z) =
‖fα‖2L2(−π,π) = α−1(1 − e−2απ) → 0 as α → +∞, so that β = f̂α has the desired
properties for any choice of α = α(ε) sufficiently large. Finally, note that βj 6
coth(απ2 )βi for all i, j ∈ N with j > i. �

Remark 2.2.5 (Variations on a c-self-controlled sequence). Clearly any positive
multiple of a c-self-controlled sequence stays self-controlled. This allows to have self-
controlled sequences of arbitrarily large `∞-norm, although with a larger constant
C in (2.2.8). On the other hand, one can also build c-self-controlled sequences which
decay exponentially faster; indeed, if β is c-self-controlled, then for any γ > 0 so is
the sequence defined by setting β̃i := βie

−γ|i|, with the same implied constant C.
This is easily proven as follows. Suppose that i 6 0; then

(β̃ ? β̃)i = eγi
∑
j>0

βjβi−je
−2γj + eγi

∑
i6j60

βjβi−j + e−γi
∑
j<i

βjβi−je
2γj

6 eγi
(∑
j>0

βjβi−j +
∑
i6j60

βjβi−j

)
+ e−γi

∑
j<i

βjβi−je
2γi

= eγi
∑
j∈Z

βjβi−j

6 Cβie
γi.

The case i > 0 is analogous.

The next result will be useful to deal with convolution of the form (2.2.7). It
essentially states that c-self-controllability is preserved by suitable perturbations,
which include all perturbations with compact support.
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Lemma 2.2.6. Let β be c-self-controlled and let θ = (θhk)h,k∈Z be a nonnegative
sequence such that θ . β⊗β.1 Let d be the sequence given by d := β⊗β+ θ. Then

(d·0 ? d·k)h . βhβk ∀h, k ∈ Z.

Proof. It suffices to compute

(d·0 ? d·k)h = β0(β ? β)hβk + (θ·0 ? β)hβk + β0(β ? θ·k)h + (θ·0 ? θ·k)h . βhβk. �

Remark 2.2.7. A straightforward implication of the above inequality is that (d·0 ?
d·k)h . dhk.

2.2.2. Short-time existence for nearsighted interactions. We are now
ready for our first existence and uniqueness results (Theorems 2.2.11 and 2.2.12
below), which is a direct consequence of the following proposition.

By a game with nearsighted interactions we are meaning that |f | ∨ |g| 6 θ

pointwise (that is, index-wise) for some θ ∈ `1(Z2) satisfying the hypotheses of
Lemma 2.2.6; said differently, we are meaning that |f | ∨ |g| . β ⊗ β for some
regular c-self-controlled β.

Remark 2.2.8. Any compactly supported sequence h : Z2 → [0,+∞) is near-
sighted. Indeed, given a positive c-self-controlled sequence β, define

β̃ := max
(i,j)∈sptβ

hij
βiβj

· β ;

then h . β̃ ⊗ β̃.

Proposition 2.2.9. Let N ∈ N and β be a regular c-self-controlled sequence. Let
f ∈ C0([0, T ]; S (N)) and g ∈ S (N) satisfy |f | ∨ |g| . β ⊗ β. Define CN :=
C0([0, T ])2N+1 and write c = (cij)Ni,j=−N ∈ CN . For d = β ⊗ β + |g| ∨ sup[0,T ] |f |,
set

(2.2.10) KN :=
N∏

i,j=−N

{
w ∈ C0([0, T ]) : ‖w‖∞ 6 2dij

}
.

Let JN : KN → CN be the map given, for each i, j = −N, . . . , N , by

(2.2.11) JN (c)ij(t) := gij +
∫ T

t

(
fij + c0ic0j − (c·0 ?2N+1 c·j)i − (ci· ?2N+1 c0·)j

)
.

Then there exist T ∗ > 0, depending on β but independent of N , such that

T 6 T ∗ =⇒ JN (KN ) ⊆ KN .

1We mean (β ⊗ β)hk = βhβk for all h, k ∈ Z.
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Proof. Let c ∈ KN . If i > 0,

‖(c·0 ?N c·j)i‖∞ =
∥∥∥∥ N∑
k=−N+i

c0,i−kcjk +
−N+i−1∑
k=−N

c0,i−k−2N−1cjk

∥∥∥∥
∞

6 4
N∑

k=−N+i
d0,i−kdjk + 4

−N+i−1∑
k=−N

d0,i−k−2N−1djk

6 4(d·0 ? d·j)i + 4(d·0 ? d·j)i−2N−1

. (βi + βi−2N−1)βj ,

where the last estimate comes from Lemma 2.2.6. As β is regular and |i−2N−1| =
2N + 1 − i > i, we have that βi−2N−1 . βi, and thus ‖(c·0 ?N c·j)i‖∞ . dij , with
an implied constant which does not depend on N . The same holds for −N 6
i < 0 by a symmetrical argument. Analogously, ‖(ci· ?N c0·)j‖∞ . dij and clearly
‖c0ic0j‖∞ 6 4d0id0j 6 4(d·0 ? d·j)i . dij . Therefore,

(2.2.12) ‖JN (c)ij‖∞ 6 |gij |+ CTdij 6 (1 + CT )dij ,

where the constant C depends only on β. It follows that for T > 0 small enough,
depending on β, one has ‖JN (c)ij‖∞ < 2dij for all i, j = −N, . . . , N . �

Remark 2.2.10. We stated and proved Proposition 2.2.9 for an odd number of
players. This is just a matter of having expressions that look more symmetrical,
yet there is no preference about the parity of the number of players, so that the
above result holds, mutatis mutandis, also if the number of players is even. It is
also clear that, with a very much analogous proof, the thesis of Proposition 2.2.9
also holds for N =∞, where one defines, in a natural way,

K∞ :=
∏
i,j∈Z

{
w ∈ C0([0, T ]) : ‖w‖∞ 6 2dij

}
and

J∞(c)ij(t) := gij +
∫ T

t

(
fij + c0ic0j − (c·0 ? c·j)i − (ci· ? c0·)j

)
.

Theorem 2.2.11. Under the hypotheses of Proposition 2.2.9, there exists T ∗ > 0
such that if T 6 T ∗ then for any N ∈ N∪{∞} there exists a unique smooth solution
to system (2.2.6) such that, for any i, j ∈ −N ′, . . . , N ′′ and m ∈ N,

(2.2.13)
∥∥∥∥( d

dt

)m
cij

∥∥∥∥
∞
. βiβj ,

where the implied constants depend only on T ∗, f , g and m.

Proof. A fixed point of the map JN defined in (2.2.11) is a solution. We
deal with the case of JN with N = ∞, as the case with N ∈ N can be included
therein. Note that K∞ can be considered as a closed ball of the Banach space
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`∞d (Z2;C0([0, T ])); that is, the space of functions from Z2 to C([0, T ]) with finite
norm

||| · |||∞ := sup
i,j∈Z

d−1
ij ‖·ij‖∞.

We prove that the map J∞ is a contraction on K∞, provided that T is sufficiently
small with respect to d. The conclusion will follow from Proposition 2.2.9, Re-
mark 2.2.10 and the contraction mapping theorem; then, once one have a continu-
ous solution, by the structure of equations (2.2.6), one bootstraps its regularity up
to C∞, while estimate (2.2.13) for m > 1 follows by induction differentiating (2.2.6)
and estimating as in the proof of Proposition 2.2.9. Let now c, c̄ ∈ K∞. We have,
for i, j fixed,

(2.2.14)
∥∥J∞(c̄)ij − J∞(c)ij

∥∥
∞

6 T
(∥∥(c̄·0 ?N c̄·j)i − (c·0 ?N c·j)i

∥∥
∞

+
∥∥c0ic̄0j − c0ic0j − ((c̄i· ?N c̄0·)j − (ci· ?N c0·)j

)∥∥
∞

)
.

We have∥∥(c̄·0 ? c̄·j)i − (c·0 ? c·j)i
∥∥
∞

6
∑
k∈Z

(
‖c̄k0‖∞‖c̄i−k,j − ci−k,j‖∞ + ‖c̄k0 − ck0‖∞‖ci−k,j‖∞

)
. dij |||c̄− c||| ;

that is, |||(c̄·0 ? c̄·j)i − (c·0 ? c·j)i||| . |||c̄− c||| and analogously for the second term in
(2.2.14). Hence |||J∞(c̄)− J∞(c)||| . T |||c̄− c|||. �

Theorem 2.2.12. Suppose that f i and gi are shift-invariant and there exists a
regular c-self-controlled β such that |f0| ∨ |g0| 6 C(β ⊗ β), C > 0. There exists
T ∗ > 0, depending only on C and β, such that if T 6 T ∗ then there exists a smooth
classical solution to the infinite-dimensional Nash system (2.2.1) with i ∈ Z on
[0, T ] × X . Furthermore, such a solution is unique in the class of functions of the
form (2.2.2).

Proof. Let c be the solution given by Theorem 2.2.11. For x = (xi)i∈Z ∈
`∞(Z;Rd), define

U(t, x) = 1
2
∑
i,j∈Z

cij(t)xi · xj +
∫ T

t

∑
i∈Z

cii(s) ds,

where we denoted by · the standard scalar product on Rd. U is well-defined for
x ∈ `∞(Z;Rd), and continuous in t, because the series normally converge thanks to
estimate (2.2.13); for the same reason, also

t 7→ ∂kt U(t, x) = 1
2
∑
i,j∈Z

( d
dt

)k
cij(t)xi · xj −

∑
i∈Z

( d
dt

)k−1
cii(t), k ∈ N,
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are well-defined and continuous. Finally, for h ∈ `∞(Z;Rd), note that (omitting
the dependence on t)

U(x+ h)− U(x) =
∑
i,j∈Z

cijx
ihj + 1

2
∑
i,j∈Z

cijh
i · hj ,

thus U(t, ·) is infinitely many times Fréchet-differentiable in `∞(Z;Rd). Define now
u = (ui)i∈Z by setting

u0 := U, ui+1(t, x) := ui(t, σx), i ∈ Z,

where (σx)j := xj−1 for j ∈ Z. We have

Dju
i(t, x) = Dj [u(t, σix)] = Dj−iu(t, x) =

∑
k∈Z

cj−i,k(t)xk, i, j ∈ Z,

hence
∑
j∈ZDju

jDju
i locally uniformly converges by estimate (2.2.13). Hence, by

construction, u solves (2.2.1) in the desired sense. �

Remark 2.2.13 (Unimportance of distant players). What essentially allows the
Nash system to have a solution in infinite dimensions is what we call an unimpor-
tance of distant players, in the sense that the farther a player is from a given one
(say the 0-th player) the smaller the impact it has on it is. This is seen in the fact
that, on any bounded B ⊂ X ,

‖DjU‖∞,[0,T ]×B =
∥∥∥∥∑
i∈Z

cijx
i

∥∥∥∥
∞,[0,T ]×B

. βj

is infinitesimal as |j| → ∞.

2.2.3. Beyond shift-invariance. We have made the shift-invariance hypoth-
esis to reduce our system of infinitely many equations for c to one equation. Nev-
ertheless, the reader should be aware that the above results can be adapted to a
more general setting.

One can suppose that we only have a shift-invariant control on the data; that
is

(2.2.15) |f ihk| ∨ |gihk| . βh−iβk−i.

In this case, the most natural limit of (2.2.3) is indexed over N and it suffices to
replace K∞ with

K̃∞ :=
{
w = (wihk)i,h,k∈N ∈ `∞(N3;C0([0, T ])) :

‖wihk‖∞ 6 2d|h−i|,|k−i| ∀ i, h, k ∈ N
}
,

which is a closed ball in `∞
d̃

(N3;C0([0, T ])), letting d̃ihk := d|h−i|,|k−i|. Then, for
instance, one obtains the following result.
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Theorem 2.2.14. Assume (2.2.15). There exists T ∗ > 0 such that if T 6 T ∗ then
for any N ∈ N ∪ {∞} there exists a unique smooth solution to system (2.2.3) such
that, for any i, h, k ∈ [[N ]] and m ∈ N,∥∥∥∥( d

dt

)m
cihk

∥∥∥∥
∞
. β|h−i|β|k−i|,

where the implied constants depend only on T ∗, f , g and m.

Also, one can fix the dimension N > 2 and consider βN ∈ (R+)2N+1 given by

βNj :=

1 if j = 0
1

N − 1 if |j| ∈ {1, . . . , N − 1} ,

which is c-self-controlled in the sense that for |j| ∈ [[N ]]

(βN ?βN )j =
∑
|k|∈[[N ]]

βNk β
N
j−k = βNj + 1

N − 1
∑

|k|∈[[N ]]\{0}

βNj−k 6 β
N
j + 3

N − 1 6 4βNj .

In this case one can look for a solution to (2.2.3) starting with assumption (2.2.15)
with β = βN ; that is,

(2.2.16) |f ihk| ∨ |gihk| .


1 if h = i = k

N−1 if h 6= i = k or vice versa

N−2 if h 6= i and k 6= i.

What we get is the following statement.

Theorem 2.2.15. Let N ∈ N, N > 2 and assume (2.2.16). There exists T ∗ > 0
such that if T 6 T ∗ then there exists a unique smooth solution to system (2.2.3)
such that, for any i, h, k ∈ [[N ]] and m ∈ N,

∥∥∥∥( d
dt

)m
cihk

∥∥∥∥
∞
.


1 if h = i = k

N−1 if h 6= i = k or vice versa

N−2 if h 6= i and k 6= i.

where the implied constants depend only on T ∗, f , g and m.

Notice that this can be regarded as a result in a nonsymmetric Mean-Field-like
setting (which we will consider in Chapter 4), as assumption (2.2.16) is consistent
with the fact that we expect the j-th derivative of a Mean-Field-like cost for the
i-th player to scale by a factor of N−1 whenever j 6= i.

2.2.4. Long-time existence for shift-invariant directed strongly gath-
ering interactions. It is clear that the previous construction follows the standard
Cauchy-Lipschitz local (in time) existence argument, and the existence (and unique-
ness) of a solution can be as usual continued up to a maximal time T ∗, that is when
the quantity maxi,j β−1

i β−1
j |c0ij | blows up. So far, we cannot exclude in general that

such blow up time T ∗ is finite.
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Upcoming Definition 2.2.16 introduces an additional assumption on the running
and terminal costs which will allow us to prove long-time existence of a solution to
the infinite-dimensional Nash system. Given m 6 n, we will identify M ∈ S (m) ⊂
S (n) by considering Rm ' Rm × {0} ⊂ Rm × Rn−m = Rn and then extending
M = 0 on Rn−m; that is, identify M ∈ S (m) with (M 0

0 0 ) ∈ S (n). Also, given
M ∈ S (m) and M ′ ∈ S (n) we will say that M = M ′ if M ′ equals the above-
mentioned extension of M over Rn.

Definition 2.2.16. Let M = (M (N))N∈N be a sequence of matrices, withM (N) ∈
S (N). We say that M is directed if there exists ` ∈ N such that M (N) = M (`) ∈
S (`) for all N large enough. Given % > 1, we say that M ∈ S (`) is %-strongly
gathering if the polynomial

µ(z, w) =
∑

h,k∈[[`]]

Mhkz
hwk, z, w ∈ C

is such that µ(z, 0) /∈ (−∞, 0) if z ∈ %D̄.

Remark 2.2.17. We anticipate here the main idea behind this definition. We
wish to consider the generating function of the coefficients chk in (2.2.6) with
N = ∞; that is, formally, Ξ(t, z, w) :=

∑
h,k∈Z chk(t)zhwk. This is a priori sin-

gular on zw = 0, nevertheless we are going to show that if ((fhk)|h|,|k|6N )N∈N and
((ghk)|h|,|k|6N )N∈N are directed, then one can assume that chk = 0 if h ∧ k < 0, so
that Ξ is analytic and satisfies a “functional Riccati equation” (see (2.2.23) below).

At this point the strong gathering condition, which will be put on f (see up-
coming Assumptions (?)), has a twofold utility. First, it ensures that the functional
Riccati equation has a solution which is defined in a neighborhood of (z, w) = (0, 0)
and has real coefficients chk; this is basically due to the fact that the principal
branch of the square root of the function µ(·, 0) associated to f is well-defined.
Second, as we require % > 1 (and not just % > 0), it ensures that the chk’s will be
summable by standard properties of the derivatives of an analytic function.

We also point out that % > 1 is not necessary in order for summability to be
satisfied, while % = 1 is not a priori sufficient. This makes the latter a limiting
condition that we have found as interesting as difficult to study in the generality
we would have wished for; we have devoted to it a brief discussion in Section 2.6.

Remark 2.2.18. The reader could find a first sight quite strange that the crucial
condition in the notion of strong gathering regards µ(·, 0), which sees only the first
column (Mh0)h∈[[`]] of the matrixM . From a technical point of view, we claimed in
Remark 2.2.17 that it is all we need to solve the functional Riccati equation (2.2.23).
From an interpretative point of view, instead, recalling that we will require f to
be strongly gathering, it is interesting to note that the coefficients fh0 quantify the
interaction of the 0-th player with the others; in the shift-invariant setting the 0-th
player is basically our reference player for the game, hence we are somehow saying
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that the solvability of the Nash system is related to a condition which sees only
the “direct” interactions between the reference player and the others, and not the
“indirect” influence of the interactions between pairs of other players.

Remark 2.2.19. The term directed is related to the fact that the i-th player’s cost
is affected by the states of the following players j > i in the chain, and this fact
might not be immediately clear from the previous definition, which just requires
the matrices M (N) to be extensions of a fixed matrix, not depending on N . One
may then have a look to the matrices of the form M = w ⊗ w in (the end of)
Example 2.1.2. In particular, w = w(N) in (2.1.8) gives rise to a directed family
only when m = 0.

Moreover, in the situations described in Example 2.1.2, the associated sequence
of matrices as the dimension N diverges is not strongly gathering. Indeed, even
though ` stays bounded, one has that µ is a polynomial with µ(1, 0) = 0. In fact, as
said in Remark 2.2.17, those situations can be seen as limit settings corresponding
to taking % = 1 and we will comment on this case later on in Section 2.6.

The validity of the strong gathering assumption as it is, can be achieved in
different ways; two basic settings are given in the following examples.

Example 2.2.20. If we want to stick to a matrix f0 of the form (2.1.4), in order
to have (f0(N))N∈N (where N is the dimension) directed with strongly gathering
limit one can require that ` is independent of N large and

`−1∑
j=1

wj = 1− ε, ε > 0,

so that µ(z, 0) > ε if |z| 6 1. Put it differently, it suffices to consider

w = (ν,−w1, . . . ,−w`−1), with wj > 0 ∀ j,
`−1∑
j=1

wj = 1, and ν > 1;

this means that we are considering an underlying graph where each node is directly
connected with itself as well, and such link has a negative weight. As in this model
a positive weight is associated to the tendency, in order to reduce their cost, of
each player to get closer to their neighbours, a negative connection with themself is
to be interpreted as a drift towards self-annihilation. More prosaically, this means
that the state of each player will also tend to the common position 0 ∈ Rd.

Regarding this example, it is also worth pointing out that the common attrac-
tive position 0 ∈ Rd cannot be any other arbitrary point, in the sense that the
structure of problem is not invariant under translation of the coordinates. This
is due to the fact that we are considering a graph whose nodes have outdegree
different from 1.
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Example 2.2.21. Another setting with directedness and strong gathering is that
of

q0 = νE0 + w ⊗ w,

where w can be given by (2.1.7) with ` independent of N , ν > 0 and E0x = x0 for
all x = (x0, . . . , xN−1) ∈ (Rd)N . Here

〈F iXt, Xt〉 = ν|Xi
t |2 +

∣∣∣∣Xi
t −

∑
j: (i,j)∈G`

wjX
j
t

∣∣∣∣2,
and with a translation of the coordinates we can lead to this situation also costs
like

J i(α) = 1
2 E

∫ T

0

(
|αi|2 + ν|Xi

t − y|2 +
∣∣∣∣Xi

t −
∑

j: (i,j)∈G`

wjX
j
t

∣∣∣∣2),
for any given y ∈ Rd. This example, more genuinely than the previous one, shows
that the strong gathering assumption entails that we are giving some sort of prefer-
ence about where the players should aggregate. This will strengthen the attractive
structure yielded by a graph satisfying only assumption (2.1.3) (Example 2.1.2),
thus providing more stability to our game.

From this section on in this part, the following assumptions will be in force,
declined according to suitable choices of the interval I which will be specified (com-
pare, for instance, the statements of Theorems 2.2.24 and 2.5.1).

Assumptions (?). The matrices f i and gi are shift-invariant and f0 = f0(N) and
g0 = g0(N) are directed with limits f, g ∈ S (`) for some ` ∈ N. The matrix f

is %-strongly gathering for some % > 0 and g is compatible on I with f for some
interval I ⊂ R, in the following sense: given

φ(z, w) :=
`−1∑
h,k=0

fhkz
hwk, Ψ(z, w) :=

`−1∑
h,k=0

ghkz
hwk

and setting
ξ :=

√
ϕ(·, 0), 2 ψ := Ψ(·, 0),

we have

(2.2.17) inf
t∈I
|ψ tanh(tξ) + ξ| > 0 on %D.

Remark 2.2.22. Note that for any t ∈ R, one has that ψ tanh(tξ) + ξ is bounded
on D, as ξ(z)t can be a singular point only if ξ(z)2 = ϕ(z, 0) < 0, which contradicts
that z ∈ D. Also note that condition (2.2.17) holds with I = R if, e.g., g = 0 or
|ψ| > |ξ|.

2The symbol
√
· denotes the principal branch of the square root function.
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Considering system (2.2.6), we see that for any N sufficiently large with respect
to ` we have fhk = 0 = ghk if either h or k is negative; hence the limit system as
N →∞ will be given by

(2.2.18) − ċhk − c0hc0k +
∑
j∈Z

(
c0,h−jcjk + c0,k−jcjh

)
= fhk, chk(T ) = ghk,

where fhk and ghk extend to h, k ∈ Z2 by letting fhk = 0 = ghk if (h, k) /∈ [[`]]2.3

Given this system, another reduction is possible. Since fhk = 0 = ghk whenever
h ∧ k < 0, the assumption that chk = 0 if h ∧ k < 0 is not a priori incompatible
with the structure of system (2.2.19). Therefore we will look for a solution with
this additional property; in this way, the coefficients which are not a priori null,
(chk)h,k∈N, will define in a natural way a symmetric operator c(t)⊗ Id on X which
vanishes on `∞(Z−;Rd), so that it can also be seen as a trivial extension to X of a
symmetric operator on `∞(N;Rd). This reduces the system of ODEs in (2.2.18) to

(2.2.19) − ċhk − c0hc0k +
h∑
j=0

c0,h−jcjk +
k∑
j=0

c0,k−jcjh = fhk, chk(T ) = ghk,

which will be the object of our following study, and will eventually provide a solution
with the particular form presented in the upcoming definition.

Definition 2.2.23. A quadratic shift-invariant directed (QSD) solution to (2.2.1)
is a classical solution of the form

(2.2.20) ui(t, x) = 1
2
∑
h,k∈N

chk(t)〈xh+i, xk+i〉Rd +
∫ T

t

Tr c(s) ds,

for some c : [0, T ]→ `1(N2) ⊂ `1(Z2).4

Theorem 2.2.24. Under Assumptions (?) with [0, T ] ⊆ I, there exists a unique
QSD solution to (2.2.1) on [0, T ]×X .

The following lemmata, in whose statement the hypotheses of Theorem 2.2.24
will be implied, provide the steps of our proof of Theorem 2.2.24.

Lemma 2.2.25. There exists a unique sequence (chk)h,k∈N ⊂ C([0, T ])∩C∞((0, T )),
with chk = ckh, which solves the infinite dimensional system (2.2.19) on [0, T ].

Proof. We perform the change of variables t 7→ T − t and prove that there
exists a unique solution on [0, T ] with initial condition c(0) = g to the forward
system

(2.2.21) ċhk − c0hc0k +
h∑
j=0

c0,h−jcjk +
k∑
j=0

c0,k−jcjh = fhk

3Note that the limit operator q is exactly the matrix f ∈ S (`) seen as embedded into the
space of symmetric linear operators on RZ.

4A natural immersion ı : `1(N2) ↪→ `1(Z2) is given by ı(x)i = xi if i ∈ N and ı(x)i = 0
otherwise.
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which smoothly extends to R. Then, the solution to (2.2.19) on [0, T ] with c(T ) = 0
will be given by the restriction to [0, T ] of ĉ(T − ·), where ĉ is the unique solution
to (2.2.21) on R with ĉ(0) = g. Note that ĉ00 is the solution to the Riccati equation
˙̂c00 + ĉ200 = f00, where f00 = φ(0, 0) > 0 by strong gathering, hence

ĉ00(t) = ν
ν sinh(νt) + g cosh(νt)
g sinh(νt) + ν cosh(νt) , g := g00, ν :=

√
f00 .

All the other ĉhk’s satisfy first-order ODEs with coefficient which are second-order
polynomials depending only on fhk and ĉh′k′ with (h′, k′) ≺ (h, k), where ≺ denotes
the strict Pareto preference.5 Therefore, existence and uniqueness of the solution
to the infinite system may be proved by induction. Indeed, suppose (ĉ0k′)06k′<k ⊂
C∞(R) are given, and note that

˙̂c0k + 2ĉ00ĉ0k = f0k −
k−1∑
j=1

ĉ0,k−j ĉ0j ;

then ĉ0k is unique and smooth as well. This proves the existence and uniqueness
of ĉ0k for all k ∈ N; then, looking at this argument as the base step for a new
induction over h, one proves analogously the existence and uniqueness of ĉhk for all
h ∈ N and any k ∈ N. Finally, chk = ckh since equations (2.2.5) are invariant with
respect to the swap (h, k) 7→ (k, h). �

The arguments below show that the coefficients chk can be thought as deriva-
tives of a generating function Ξ̂, which will play a fundamental role in the long-time
analysis.

Lemma 2.2.26. The solution to (2.2.19) on [0, T ] is given by

(2.2.22) chk(t) = 1
h! k!

∂h+k

∂zh∂wk

∣∣∣∣
(0,0)

Ξ̂(T − t), ∀ t ∈ [0, T ]

for some function Ξ̂ : I × %D2 → C, of class C∞ with respect to t ∈ I and analytic
in %D2, such that Ξ̂(·, z, w) = Ξ̂(·, w, z) and Ξ̂(0, ·, ·) = Ψ.

Proof. Suppose that, for all z, w ∈ D fixed, there exists a solution Ξ̂ on I to
(2.2.23)

∂tΞ̂(t, z, w)− Ξ̂(t, z, 0)Ξ̂(t, 0, w) +
(
Ξ̂(t, z, 0) + Ξ̂(t, 0, w)

)
Ξ̂(t, z, w) = φ(z, w),

with the desired properties of smoothness, invariant with respect the swap (z, w) 7→
(w, z) and such that Ξ̂(0, z, w) = Ψ(z, w). Then by taking the derivatives ∂hz ∂kw|(0,0)

one recovers equation (2.2.21), and thus the coefficients given by (2.2.22) satisfy
(2.2.19) on [0, T ].6 To see that (2.2.23) admits such a solution, note that Ξ̂(t, z, 0)

5That is, (h′, k′) ≺ (h, k) if and only if h′ 6 h and k′ 6 k with at least one strict inequality.
6In other words, we are saying that ∂hz ∂kwΞ̂(t, 0, 0) = h! k! ĉhk(t), where the coefficients ĉhk

are those in the proof of Lemma 2.2.25.
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solves the Riccati equation ∂tΞ̂(t, z, 0) + Ξ̂(t, z, 0)2 = φ(z, 0); hence,

Ξ̂(t, z, 0) = ξ(z) ξ(z) sinh(ξ(z)t) + ψ(z) cosh(ξ(z)t)
ψ(z) sinh(ξ(z)t) + ξ(z) cosh(ξ(z)t) , ψ := Ψ(·, 0).

Note that letting

E(t, z; ζ1, ζ2) := ζ1(z) sinh(ξ(z)t) + ζ2(z) cosh(ξ(z)t)

one can write

Ξ̂(t, z, 0) = ξ(z) E(t, z; ξ, ψ)
E(t, z;ψ, ξ) = ∂

∂t
log E(t, z;ψ, ξ).

For any t ∈ I fixed, this function is well-defined for z ∈ %D and analytic therein by
the compatibility assumption (2.2.17). At this point, (2.2.23) becomes a first-order
ODE in t ∈ I, for all z, w ∈ %D fixed, whose solution is given by

Ξ̂(t, z, w) = ξ(z)ξ(w)
E(t, z;ψ, ξ)E(t, w;ψ, ξ)

(
Ψ(z, w) +

∫ t

0

(
E(t, z; ξ, ψ)E(t, w; ξ, ψ)

+ φ(z, w)
ξ(z)ξ(w)E(t, z;ψ, ξ)E(t, w;ψ, ξ)

))
.

(2.2.24)

Note that Ξ̂(t, ·, ·) is well-defined for z, w ∈ %D by the same argument we applied
to Ξ̂(t, ·, 0). Also, it is trivial that Ξ̂(·, z, w) ∈ C∞(I), and by differentiating under
the integral sign one proves the analyticity of Ξ̂(t, ·, ·). �

Remark 2.2.27. Let Ẽ(t, z; ζ1, ζ2) := E(t, z; ζ2, ζ1). As, omitting the dependence
on ζ1 and ζ2 in E , we have ∂

∂tE(t, z) = ξ(z)Ẽ(t, z), it is easy to see that

∂

∂t

(
Ẽ(t, z)E(t, w)± E(t, z)Ẽ(t, w)

)
= (ξ(z)± ξ(w))

(
E(t, z)E(t, w)± Ẽ(t, z)Ẽ(t, w)

)
and thus∫ t

0
E(s, z)E(s, w) ds

= 1
2

( Ẽ(·, z)E(·, w) + E(·, z)Ẽ(·, w)
ξ(z) + ξ(w) + Ẽ(·, z)E(·, w)− E(·, z)Ẽ(·, w)

ξ(z)− ξ(w)

)∣∣∣∣t
0
.

Letting (ζ1, ζ2) ∈ {(ξ, ψ), (ψ, ξ)} one can then compute the integral in (2.2.24). Set
(2.2.25)

σ±(t, z, w) = F(t, z) + F(t, w)
ξ(z) + ξ(w) ± F(t, z)−F(t, w)

ξ(z)− ξ(w) , F(t, ·) := E(t, ·; ξ, ψ)
Ẽ(t, ·; ξ, ψ)

;

then

(2.2.26) 2 Ξ̂(t, z, w) = Ψ̃(z, w) + φ(z, w)σ+(t, z, w) + ξ(z)ξ(w)σ−(t, z, w),

where
Ψ̃(z, w) = Ψ(z, w)− φ(z, w)σ+(0, z, w) + ξ(z)ξ(w)σ−(0, z, w).
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Lemma 2.2.28. Let c = (chk)h,k∈N be the solution to system (2.2.19) on [0, T ].
Then, for any r ∈ (1, %),

(2.2.27) ‖chk‖∞;[0,T ] 6
K(r, T )
rh+k ∀h, k ∈ N,

for some constant K(r, T ) depending only on T , r, f and g. In particular, c ∈
C0([0, T ]; `1(N2)) and the same is true for ċ.7

Proof. By the strong gathering assumption, the function Ξ̂(t, ·, ·) given in
Lemma 2.2.26 is analytic in a neighbourhood of

(2.2.28) Qr := Dr × Dr ,

with r ∈ (1, %). Then, by Cauchy’s theorem on derivatives,

(2.2.29) ‖chk‖∞;[0,T ] 6
1

rh+k max
[0,T ]×∂Qr

|Ξ̂|.

This proves that c ∈ C0([0, T ]; `1(N2)), and further regularity is easily proven by
induction by exploiting system (2.2.19). �

Lemma 2.2.29. Let c be the solution to (2.2.19) on [0, T ]. The functions ui given
by (2.2.20) are well-defined for (t, x) ∈ [0, T ] × X , differentiable with respect to t,
and twice Fréchet-differentiable with respect to x.

Proof. Since a suitable shift of coordinates in X transforms ui(t, ·) into u0(t, ·),
it is sufficient to prove the result for u0. The existence of a solution follows from
Lemma 2.2.28, and the differentiability with respect to t follows from the same
lemma and the fundamental theorem of calculus. The differentiability with respect
to x follows again from Lemma 2.2.28, as it is trivial to see that for any h ∈ X
small one has

u0(t, x+ h)− u0(t, x)− 〈(c(t)⊗ Id)x, h〉X −
1
2 〈(c(t)⊗ Id)h, h〉X = 0,

where, with an obvious notation, 〈(c(t)⊗ Id)y, z〉X =
∑
h,k∈N chk(t)〈yh, zk〉Rd . �

Lemma 2.2.30. Let ui be given by (2.2.20), where c is the solution to (2.2.19) on
[0, T ]. Let BR be the closed ball of radius R in X . Then, for any r ∈ (1, %),∑

j∈Z\{i}

∥∥Dju
jDju

i
∥∥
∞;[0,T ]×BR

6
1

r − 1

(
RKr

r − 1

)2
,

where K = K(r, T ) is the constant appearing in Lemma 2.2.28.

Proof. We have Dju
i(t, x) = 0 if j < i, and Dju

i(t, x) =
∑
h∈N cj−i,h(t)xh if

j > i. Then, for x ∈ BR, and r ∈ (1, %) fixed, estimate (2.2.27) yields∣∣Dju
j(t, x)Dju

i(t, x)
∣∣ 6 R2

∑
h,k∈N

|c0h(t)||cj−i,k(t)| 6
(
RKr

r − 1

)2 1
rj−i

,

7And for all higher order derivatives.
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for all t ∈ [0, T ]. The thesis now follows by computing
∑
j>i r

i−j . �

Since, by construction, choosing ui as in (2.2.20) satisfying (S1) and (S2) in
Definition 2.2.1 yields a classical solution, the proof of Theorem 2.2.24 is complete.

2.3. Almost-optimal controls for the N-player game

We did not prove long-time existence of a solution to the Nash system for the
N -player game, with N > ` finite; nevertheless, in Corollary 2.3.4 below we show
that on any fixed horizon [0, T ] the infinite-dimensional optimal control for the i-th
player, given by ᾱ∗i(t,Xt) :=

∑
j>i c0,j−i(t)X

j
t , if suitably “projected” onto (Rd)N ,

provides an ε-Nash equilibrium for the N -player game, with ε→ 0 as N →∞. In
claiming so, we consider classes of admissible controls in the sense of the following
definition.

Definition 2.3.1. Let R,L > 0. A control α : [0, T ]× (Rd)N → (Rd)N in feedback
form belongs to AR,L if, for all t ∈ [0, T ], x, y ∈ (Rd)N ,

|α(t, 0)| 6 R, |α(t, x)− α(t, y)| 6 L|x− y|.

The Lipschitz constant L is said to be admissible if L > ‖c0·‖C0([0,T ];`1(N)).

Remark 2.3.2. For such controls, it is known (cf., e.g., [4, Theorems 9.1 and 9.2])
that

(2.3.1)

dXt = α(t,Xt) dt+
√

2 dBt t ∈ [0, T ]

X0 = x0 ∈ (Rd)N

has a unique solution, satisfying E sup[0,T ] |X|2 6 C where C is a locally bounded
function of R, L and T , directly proportional to 1 + |x0|2.

Theorem 2.3.3. Consider the N -player game on [0, T ] with time evolution of the
state of the players given by (2.3.1) and costs given by (2.1.1) with f0, g0 > 0. Let
Assumptions (?) be in force with [0, T ] ⊆ I. Let c solve (2.2.19) and define the
control α∗ by

−α∗i(t,X0
t , . . . , X

N−1
t ) :=

N−i−1∑
j=0

c0j(t)Xj+i
t +

N−1∑
j=N−i

c0j(t)Xj+i−N
t , i ∈ [[N ]].

Then, for any R > 0 and admissible L, for any i ∈ [[N ]] and any (α∗,−i, ψ) ∈ AR,L,8

J i(α∗) 6 J i((α∗,−i, ψ)) + Ĉ(δM + (δ−M +N)δN ) ∀ δ ∈ (%−1, 1), ∀M > `,

where ` is the dimension appearing in Assumptions (?) and the constant Ĉ is a
locally bounded function of R, L, T and δ, directly proportional to 1 + |x0|2.

8With this notation we mean that all components are those of α∗ but the i-th one, which is
a suitable Rd-valued function ψ = ψ(t, x). Note that α∗ ∈ AR,L for any R and admissible L.
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Proof. Since f i and gi are shift-invariant and α∗ is linear in the state variable
with Dα∗ circulant, without loss of generality we can prove the thesis for i = 0.
We denote by X∗ the solution to (2.3.1) when α = α∗ and by X the solution to
(2.3.1) when α = (ψ, α∗1, . . . , α∗,N−1) =: α̂∗. We wish to estimate from above the
quantity

(2.3.2) J0(α∗)− J0(α̂∗) = 1
2 E
[ ∫ T

0

(
|α∗0(t,X∗t )|2 − |ψ(t,Xt)|2

+ F (X∗t )− F (Xt)
)

dt+G(X∗T )−G(XT )
]
,

where F := 〈F 0·, ·〉 and G := 〈G0·, ·〉. Let u be the QSD solution to (2.2.1) on
[0, T ]×X . Since G is convex and DG = Du0(T, ·),

G(X∗T )−G(XT ) 6 〈Du0(T,X∗T ), X∗T −XT 〉RdN

=
N−1∑
j=0

`−1∑
k=0

cjk(T )〈X∗kT , X∗jT −X
j
T 〉Rd

=
N−1∑
j=0

`−1∑
k=0

(∫ T

0
ċjk(t)〈X∗kt , X∗jt −X

j
t 〉Rd dt

+ cjk(t)〈dX∗kt , X∗jt −X
j
t 〉Rd + cjk(t)〈X∗kt ,d(X∗jt −X

j
t )〉Rd

)
.

Note that we can replace ` with any M > ` because cjk(T ) = gjk(T ) = 0 if k > `.
As c solves (2.2.19) we obtain

G(X∗T )−G(XT ) 6
N−1∑
j=0

M−1∑
k=0

(∫ T

0

j∑
h=1

c0,j−h(t)chk(t)〈X∗kt , X∗jt −X
j
t 〉Rd dt

+
∫ T

0

k∑
h=0

c0,k−h(t)chj(t)〈X∗kt , X∗jt −X
j
t 〉Rd dt

− fjk
∫ T

0
〈X∗kt , X∗jt −X

j
t 〉Rd dt

+
∫ T

0
cjk(t)〈α∗k(t,X∗t ), X∗jt −X

j
t 〉Rd dt

+
∫ T

0
cjk(t)〈X∗kt , α∗j(t,X∗t )− α̂∗j(t,Xt)〉Rd dt

)
+ ZT ,

where (Zt)06t6T is a martingale starting from 0. Straightforward computations
show that, omitting the dependence on t,

−
M−1∑
k=0

cjkα
∗k(X∗) =

M−1∑
k=0

k∑
h=0

c0,k−hchjX
∗k +

N−1∑
h=N−M+1

M−1∑
k=N−h

c0hcjkX
∗,h+k−N
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and

−
N−1∑
j=0

cjk(α∗j(X∗)− α̂∗j(X)) = −c0k(α∗0(X∗)− ψ(X))

+
N−1∑
j=0

j∑
h=1

chkc0,j−h(X∗j −Xj)

+
2N−2∑
h=N

N−1∑
j=h−N+1

cjkc0,h−j(X∗,h−N −Xh−N ) ;

therefore,

G(X∗T )−G(XT ) 6 −
M−1∑
k=0

∫ T

0
c0k(t)〈X∗kt , α∗0(X∗)− ψ(X)〉Rd dt

−
N−1∑
j=0

M−1∑
k=0

fjk

∫ T

0
〈X∗kt , X∗jt −X

j
t 〉Rd dt−

∫ T

0
Et dt ,

(2.3.3)

where we have set

E :=
N−1∑
j=0

N−1∑
h=N−M+1

M−1∑
k=N−h

c0hcjk〈X∗,h+k−N , X∗j −Xj〉Rd

+
M−1∑
k=0

2N−2∑
h=N

N−1∑
j=h−N+1

cjkc0,h−j〈X∗k, X∗,h−N −Xh−N 〉Rd .

Note now that by the convexity of 1
2 | · |

2, omitting the dependence on t,

(2.3.4) 1
2 |α
∗0(X∗)|2 − 1

2 |ψ(X)|2 − 〈α∗0(X∗), α∗0(X∗)− ψ(X)〉Rd 6 0

and by the convexity of F

(2.3.5) F (X∗)− F (X)− 〈DF (X∗), X∗ −X〉Rd 6 0.

Using (2.3.3), (2.3.4) and (2.3.5) in (2.3.2) we obatin

(2.3.6) J0(α∗)− J0(α̂∗)

6 E
[N−1∑
k=`

∫ T

0
c0k(t)〈X∗kt , α∗0(X∗)− ψ(X)〉Rd dt−

∫ T

0
Et dt

]
.

As, whenever {Y,Z} ⊆ {X∗, X},

sup
j,k∈[[N ]]

E
∫ T

0
|〈Y kt , Z

j
t 〉Rd |dt 6 TC ,
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where C = C(|x0|, R, L, T ) is the constant appearing in Remark 2.3.2, we have∣∣∣∣E∫ T

0
Et dt

∣∣∣∣ 6 2TC
(
‖c‖C0([0,T ];`1(N2))

∑
h>N−M

‖c0h‖∞;[0,T ]

+
∑
h>N

N−1∑
j=0
‖cj·‖C0([0,T ];`1(N))‖c0,h−j‖∞;[0,T ]

)
,

so that by Lemma 2.2.28, for any δ ∈ (%−1, 1), there exists K > 0 such that

(2.3.7)
∣∣∣∣E ∫ T

0
Et dt

∣∣∣∣ 6 C̃(δ−M +N)δN , C̃ := 2TCK2

(1− δ)3 .

On the other hand,

(2.3.8) sup
k

E
∫ T

0
|〈X∗kt , α∗0(X∗)− ψ(X)〉Rd | 6 2R

√
TC + 2LC ,

where we used again that α∗, α̂∗ ∈ AR,L. Therefore, from (2.3.6), (2.3.7), (2.3.8)
and Lemma 2.2.28 we obtain

J0(α∗)− J0(α̂∗) 6 Ĉ(δM + (δ−M +N)δN ) , Ĉ := 2(R
√
TC + LC) K

1− δ ∨ C̃ .

This concludes the proof. �

Corollary 2.3.4. Let Ω ⊂ Rd bounded, and assume the same as in Theorem 2.3.3,
but with x0 ∈ ΩN . Let R > 0 and L be admissible (in the sense of Definition 2.3.1);
consider as admissible those controls belonging to AR,L. Then, for any ε > 0 there
exists N0 = N0(ε,R, L, %, `,Ω) such that if N > N0 then the control α∗ provides an
ε-Nash equilibrium of the game.

Proof. It suffices to require that

(2.3.9) Ĉ(δM + (δ−M +N)δN ) 6 ε ∀N > N0,

where, for instance, one sets δ = 1
2 (1 + %−1). Choose M = M(N) such that

M →∞ and M = o(N) as N →∞; for example, M = b
√
Nc for all N > `2. Since

x0 ∈ ΩN there exists a constant Ĉ ′, independent of N , such that Ĉ 6 NĈ ′. Then
the conclusion follows from the fact that the left-hand side of (2.3.9) goes to 0 as
N →∞. �

2.4. The ergodic Nash system

Consider now the related ergodic problem, with costs

J̄ i(α) = lim inf
T→+∞

1
2T E

∫ T

0

(
|αi|2 + 〈F iX,X〉

)
,

where the dynamics and the assumptions on F i are the same as before. The corre-
sponding Nash system reads

(2.4.1) λi −∆vi + 1
2 |Div

i|2 +
∑
j 6=i

Djv
jDjv

i = F̄ i in Y,
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where Y is either (Rd)N , for the N -player game, or X , for the limit game with
infinitely many players. In the latter case we give notions of classical solution and
QSD solution which are analogous as those in the previous section.

Definition 2.4.1. A sequence of pairs ((λi, vi))i∈Z of real numbers λi and R-valued
functions vi defined on X is a classical solution to the ergodic Nash system (2.4.1)
on X if the following hold:

(E1) each vi is of class C2 with respect to x ∈ X , in the Fréchet sense;
(E2) for each i ∈ N, the series

∑
j 6=iDjv

jDjv
i uniformly converges on all

bounded subsets of X ;
(E3) system (2.4.1) is satisfied pointwise for all x ∈ X ;

A QSD ergodic (QSDE) solution will be a classical solution to (2.4.1) with

(2.4.2) λi ≡ λ = Tr c̄, vi(x) = 1
2
∑
h,k∈N

c̄hk〈xh+i, xk+i〉Rd ,

for some c̄ ∈ `1(N2).

Remark 2.4.2. By the structure of (2.4.1), it is clear that if ((λi, vi))i∈Z is a
classical solution, then so will be ((λi, vi + µi))i∈Z for any choice of real numbers
µi. We will prove that there exists a special choice of µ ∈ R, and of c̄ ∈ `1(N2),
such that the solution ((λ, vi+µ))i∈Z, with λ and vi given by (2.4.2), is in a precise
sense the limit of the QSD solution as T → +∞ (see Theorem 2.5.1).

Arguing as in the previous section, the coefficients c̄hk of a QSDE solution are
given by the solutions of the following system:

(2.4.3) − c0hc0k +
h∑
j=0

c0,h−jcjk +
k∑
j=0

c0,k−jcjh = fhk.

It is immediate to see that if c solves (2.4.3), then so does −c, hence we cannot
have a unique solution to this limit system.

Lemma 2.4.3. There are exactly two sequences (c±hk)h,k∈N which solve (2.4.3). Such
sequences are one the opposite of the other; that is, c− = −c+.

Proof. We have c200 = f00 > 0, hence c00 ∈ {±
√
f00 }. Once the sign of c00 is

chosen, all other chk can be uniquely determined by induction on h, k. �

Both solutions can be represented also in this case by a generating function.

Lemma 2.4.4. The two solutions to (2.4.3) are given by

(2.4.4) c±hk = ± 1
h! k!

∂h+k

∂zh∂wk

∣∣∣∣
(0,0)

Ξ,

for some analytic function Ξ: %D2 → C such that Ξ(z, w) = Ξ(w, z).
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Proof. A function Ξ is the desired generating function if it solves the equation

−Ξ(z, 0) Ξ(0, w) +
(
Ξ(z, 0) + Ξ(0, w)

)
Ξ(z, w) = φ(z, w),

for z, w ∈ %D. It follows that Ξ(z, 0)2 = φ(z, 0), so choose Ξ(·, 0) = ξ; then

(2.4.5) Ξ(z, w) = φ(z, w) + ξ(z)ξ(w)
ξ(z) + ξ(w) .

Note that the real part of the denominator in (2.4.5) can vanish only if |z|, |w| = %,
hence Ξ is well-defined and analytic for (z, w) ∈ %D2. �

This is sufficient to prove the existence of exactly two opposite QSDE solutions,
and thus that the limiting ergodic Nash system in X is soluble. We state this as a
theorem.

Theorem 2.4.5. There exist exactly two QSDE solutions to (2.4.1) on X . Such
solutions are one the opposite of the other.

Proof. Argue as in the first part of the proof of Lemma 2.2.28 to say that
c+ ∈ `1(N2), then argue as in the proof of Lemma 2.2.29 to build the QSDE solution
determined by choosing c̄ = c+. Finally note that the solution determined by the
choice c̄ = c− is the opposite function. �

2.5. Long-time asymptotics

As expected by KAM theory and ergodic control, we are going to prove now
that, up to a constant, the QSDE solution corresponding to c+ (that is, the solution
with c00 > 0) describes the long-time asymptotics of the QSD solution as T → +∞,
while the opposite solution should be regarded as the result of considering the limit
T → −∞ instead. To highlight the dependence of the QSD solution on T , we will
write it as uiT ; on the other hand, since by the shift-invariance property it will
suffice to show the convergence of u0

T to the QSDE solution v0, we will omit the
superscript 0.

Theorem 2.5.1. Let Assumptions (?) be in force with [0,+∞) ⊆ I. Let uT be the
value function of the 0-th player corresponding to the QSD solution to the Nash
system on [0, T ] × X ; let v be the value function of the 0-th player corresponding
to the QSDE solution on X determined by c̄ = c+. Let λ := Tr c̄. Then, for any
t > 0, as t < T → +∞, the following limits hold, locally uniformly in both x ∈ X
and t:

(2.5.1) uT (t, x)
T − t

→ λ

and there exists a constant µ ∈ R such that

(2.5.2) uT (t, x)− λ(T − t)→ v(x) + µ.
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The proof is based on the following result, which is strictly related to a refine-
ment of Lemma 2.2.28 (cf. Remark 2.5.3 below) and is due to the possibility of
explicitly compute the integral in formula (2.2.24) as showed in Remark 2.2.27.

Lemma 2.5.2. Under Assumptions (?) with [0,+∞) ⊆ I, there exists a nonnegative
function γ ∈ C0

0 ([0,+∞)) ∩ L1([0,+∞)), depending only on r, f and g, such that

sup
(z,w)∈Qr

∣∣∣∣σ±(t, z, w)− 2
ξ(z) + ξ(w)

∣∣∣∣ 6 γ(t)

for all t > 0, where σ± are defined as in (2.2.25).

Proof. By the continuity of ξ, given r′ ∈ (r, %),9 there exists ε > 0 such that

(2.5.3) < ξ > ε on Dr′

whence

(2.5.4) inf
k∈Z
|ξ(w)t−

(
k + 1

2
)
iπ| > d(t) ∀w ∈ Dr′ , t ∈ [0,+∞),

for some function d which is uniformly positive on [0,+∞).10 By (2.5.4) there
exists a uniformly positive function f : [0,+∞)→ R+, which depends only on r and
f , such that |cosh(· t)| > f(t) on ξ(Dr); also, by (2.5.3) we can suppose that f be
asymptotic to 1

2e
3ε|·| at ∞. Since, with F defined as in (2.2.25),

∂

∂ξ
F(t, z; ξ(z), ψ(z)) = 1

cosh(ξ(z)t)
(ξ(z)2 − ψ(z)2)t− ψ(z)

cosh(ξ(z)t)

(ψ(z) tanh(ξ(z)t) + ξ(z))2 ,

we obtain, also using (2.2.17),

(2.5.5)
∣∣∣∣F(t, z)−F(t, w)

ξ(z)− ξ(w)

∣∣∣∣ . t

f(t)2 ∀ (t, z, w) ∈ [0,+∞)×Qr,

where the implied constant depends only on r, f and g. At this point, it is easy to
see that the desired conclusion follows. �

Remark 2.5.3. This proof shows that if [0,+∞) ⊆ I, then the constant K ap-
pearing in Lemma 2.2.28 is in fact independent of T , since supR×Qr |Ξ̂| is finite. In
particular, c ∈ C0([0, T ]; `1(N2)) along with its derivatives, and their the norms are
bounded uniformly with respect to T > 0.

Proof of Theorem 2.5.1. Fix r ∈ (1, %). By comparing expressions (2.2.26)
and (2.4.5) one sees that

(2.5.6) sup
|z|,|w|6r

|Ξ(t, z, w)− Ξ(z, w)| . γ(T − t),

9E.g., r′ = 1
2 (r + %).

10For instance, d(t) =
(
t ∨ 1

3‖ξ‖
−2
∞;Dr′

)
ε.
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where γ is the function given in Lemma 2.5.2, and the implied constant depends
only on the L∞-norms of φ and ξ on Dr and Qr, respectively. By Lemma 2.2.26
and Cauchy’s theorem on derivatives,

(2.5.7) |cThk(t)− c̄hk| 6
1

rh+k sup
|z|,|w|6r

|Ξ(t, z, w)− Ξ(z, w)| ∀h, k ∈ N;

where we have used the superscript T to stress the fact that chk(t) = cThk(t) depends
on the horizon T . Plugging (2.5.6) into (2.5.7) yields

(2.5.8)
∑
h,k∈N

|cThk(t)− c̄hk| . γ(T − t)

as well as

(2.5.9) |Tr cT (t)− λ | . γ(T − t),

where the implied constants depend only on r and f . As γ is integrable on [0,+∞),
by (2.5.9) so is Tr ĉ− λ, where we use the notation ĉ = c(T − ·) introduced in the
proof of Lemma 2.2.25; thus by the dominated convergence theorem there exists
µ ∈ R such that ∫ T

t

Tr cT − (T − t)λ→ µ as T → +∞,

locally uniformly in t. Along with (2.5.8), this proves (2.5.1) and (2.5.2). �

Remark 2.5.4. The argument of the previous proof also applies to the case when
t = sT , with s ∈ [0, 1]. In this case, we can give the following estimate of the rate
of convergence of (2.5.1): for any r ∈ (1, %),

sup
‖x‖X6L, s∈[0,1]

∣∣∣∣uT (sT, x)
T

− (1− s)λ
∣∣∣∣ .L,r 1

T
.

The implied constant can be computed quite explicitly, by retracing the proofs
above; we confine ourselves to pointing out that it depends only on L, r and f , and
that it explodes as L→∞ or r → 1.

2.6. Digression on a delicate limit case

We have noted in Example 2.1.2 that the case of a cost designed according to
an underlying directed circulant graph structure is limit among those satisfying our
assumptions, in the sense that Definition 2.2.16 holds with % = 1.

Results like Lemmata 2.2.25, 2.2.26, 2.2.28, 2.4.3 and 2.4.4 continue to hold,
but the other methods used in the previous sections are not refined enough to
successfully prove all the previous theorems for those limit cases, even though,
along with Remark 2.5.3, they are sufficient in order to establish `∞-stability at
the level of the system for c; that is, convergence in `∞(N2) of the solution to
(2.2.19) to a solution of (2.4.3).

On the other hand, having a closer look at the simplest limit case, which is the
directed chain given by the choice g = 0, f0

00 = f0
11 = 1 = −f0

01 = −f0
10 and f0

hk = 0
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for all other h, k, we note that we are also able to compute QSDE solutions quite
easily, thanks to formula (2.4.5). In this case we have φ(z, 0) = 1− z, and we find
the expansion

Ξ(z, w) = 1 +
∑
j>1

(−)j
( 1

2
j

)(
zj + wj

)
+
∑
j>2

(−)j
( 3

2
j

) ∑
h,k>1
h+k=j

zhwk,

yielding

(2.6.1) c±hk = ±(−)h+k
( 3

2 − δ0,hk
h+ k

)
.

As by Stirling’s formula |c±hk| � (h+k)δ0,hk− 5
2 , one easily sees that these coefficients

well-define a QSDE solution, hence the limit ergodic Nash system has a solution.
One can also note that the coefficients enjoy the property that

(2.6.2) c̄hk = c̄0,h+k − c̄0,h+k−1 if hk 6= 0 ,

where c̄ is either c+ or c−; this can be seen from (2.6.1) or proved by induction
using system (2.4.3). In fact, the same can be done for system (2.2.19), so that
property (2.6.2) also holds for the11 solution of (2.2.19) on [0, T ], for any fixed T > 0.
Therefore, the information about the coefficients of a prospective QSD or QSDE
solution is encoded in the functions of one complex variable Ξ0(t, ·) := Ξ(t, ·, 0) and
Ξ0 = Ξ(·, 0), namely

Ξ0(t, z) =
√

1− z tanh
(√

1− z (T − t)
)

and Ξ0(z) =
√

1− z .

This peculiar fact is specific of the directed chain. It could be useful as it allows
to conclude existence of a solution to the infinite-dimensional evolutive Nash system
provided that the sequence of functions (c0k)k∈N is monotone,12 yet this would not
still be enough to deal with convergence to an ergodic solution.

Another property is instead shared by all problems having f of the form (2.1.4):
the polynomial φ factors as φ(z, w) = ξ2(z)ξ2(w); this makes Ξ and Ξ functions of
(ξ(z), ξ(w)), possibly helping in the analysis of the aforementioned limit cases.

11Note that it is indeed unique, as Lemma 2.2.25 is still true with the same proof.
12As it would seem by computing the first functions of the sequence. . .
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Nash systems in infinitely many dimensions
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3.1. The problem

We consider the following system of infinitely many (backward) parabolic dif-
ferential equations of Hamilton–Jacobi–Bellman (HJB) type, which we refer to as
an infinite-dimensional Nash system:

(3.1.1)



−∂tui −
∑
jk

Ajk(t, x)D2
jku

i

+Hi(t, x,Du) +
∑
j 6=i

∂pjH
j(t, x,Du)Dju

i = 0

ui(T, ·) = Gi

i ∈ N ,

where Du := (Dju
j)j∈N, set in RωT := [0, T ] × Rω, where the space Rω is RN

equipped with the product topology.
The unknowns are the value functions ui : RωT → R; the data are the horizon T ,

the diffusion A = (Ajk)j,k∈N : [0, T ]→ Rω×ω, the Hamiltonians Hi : RωT ×Rω → R
and the terminal costs Gi : Rω → R.

The notation Rω×ω indicates infinite-dimensional square matrices, or equiva-
lently the space (Rω)ω, in analogy with the notation RN×N for N × N matrices.
The typical element of [0, T ]×Rω ×Rω is denoted by (t, x, p), with coordinates xj

and pj , j ∈ N. Also, we will use the notation Rωx and Rωp when we need to specify
which copy of Rω we are considering, while RωT will always mean [0, T ]× Rωx .

Derivatives are understood in the sense of Gateaux; recall that given k vectors
v1, . . . , vk ∈ Rω, the k-th Gateaux derivative of V along them is recursively defined
by

DkV (x; v1, . . . , vk) := ∂

∂s

∣∣∣∣
0
Dk−1V (x+ svk; v1, . . . , vk−1) .

53
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We denote by ∂t the derivative with respect to t, by Dj the derivative with respect
xj (that is, with respect to x along ej) and by ∂pj the derivative with respect to pj .

The strategy in Chapter 2 to prove existence for the LQ infinite-dimensional
Nash system is based on the existence of a positive c-self-controlled sequence β ∈
`1(Z) providing bounds for the derivatives on the data; that is, for instance,

|D2
hkG

i| . βi−hβi−k ,

with β satisfying the peculiar property to control its discrete self-convolution:

(β ? β)i :=
∑
j∈Z

βi−jβj . βi ∀ i ∈ Z .

Thinking of the simpler form of (3.1.1) where the equations are given by

−∂tui −∆ui + 1
2 |Diu

i|2 +
∑
j 6=i

Dju
j ·Dju

i = 0 ,

the above hypotheses allow to obtain nice a priori estimates by efficiently handling
the strongly coupling terms

∑
j 6=iDju

j ·Dju
i.

Our main result (Theorem 3.4.2) is a local existence and uniqueness theorem for
(3.1.1) under suitable decay assumptions inspired by those described here above;
we refer to the Introduction for a more extensive discussion. Contextually, we
also prove (see Proposition 3.3.2) a priori estimates, stable with respect to the
dimension, for general linear transport-diffusion equations whose drifts (and their
derivatives) enjoy appropriate decay properties.

3.2. Weighted Hölder spaces of functions on Rω

We start with some useful definitions and related comments. At first sight, the
reader might find the spaces defined in this section a bit odd, nevertheless we point
out that they will turn out to be appropriate for dealing with decays governed by
a c-self controlled sequence.

Definition 3.2.1. For V : Rω → R and γ ∈ [0, 1] we define

[V ]γ := sup
j∈N

sup
x−j∈Rω

sup
yj 6=zj

∣∣V (x)|xj=yj − V (x)|xj=zj
∣∣

|yj − zj |γ
.

Remark 3.2.2. We included also γ = 0, for which [V ]0 6 2‖V ‖∞, where ‖·‖∞ is
the usual sup-norm.

Definition 3.2.3. Given β ∈ (R+)N and α ∈ NN with |α| =
∑
i∈N α

i < ∞, for
V : Rω → R and γ ∈ [0, 1) we define

‖V ‖∞;β,α := ‖V ‖∞
βα

and [V ]γ;β,α := [V ]γ
βα

,
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where βα is recursively defined as follows: if |α| = 0, βα := 1, and for |α| > 1,

βα :=
(∏
i∈N

(βi)α
i

) 1
|α|

∧min βα
′
,

the minimum being taken over all α′ 6 α (according to the lexicographic order)
with |α′| = |α| − 1.

Example 3.2.4. We will essentially use the above definition of βα for |α| 6 2.
For example, note that if αj = 1 = αk and αi = 0 for all i /∈ {j, k}, then βα =
βj ∧ βk ∧

√
βjβk.

Remark 3.2.5. One has that ‖V ‖∞;β,0 = ‖V ‖∞ and [V ]γ;β,0 = [V ]γ are in fact
independent of β. Similarly, with 1 denoting the all-ones sequence, ‖V ‖∞;1,α =
‖V ‖∞ and [V ]γ;1,α = [V ]γ .

Remark 3.2.6. Since βα is non-increasing with respect to α, one has ‖V ‖∞;β,α 6

‖V ‖∞;β,α′ if α 6 α′.

Remark 3.2.7. Let α ∈ NN and suppose that ‖Dα′V ‖∞;β,α′ is finite for all j ∈ N
and α′ > α with |α′| = |α|+1, where we are using the standard multi-index notation
for derivatives (that is, DαV = Dα0

0 Dα1

1 · · ·Dα`

` V , with ` := max{i ∈ N : αi 6= 0}).
Then

[DαV ]γ;β,α 6
supj‖DjD

αV ‖∞ ∨ 2‖DαV ‖∞
βα

6 sup
α′>α

|α′|=|α|+1

‖Dα′V ‖∞;β,α ∨ 2‖DαV ‖∞;β,α .

Definition 3.2.8. Given m ∈ N, γ ∈ [0, 1) and β ∈ (R+)N, the space Cm+γ
β (Rω)

is that of all functions V : Rω → R such that, for all α ∈ NN with |α| 6 m, the
derivative DαV exists and it is continuous, with finite norm

‖V ‖m+γ;β :=
∑
k6m

sup
|α|=k

‖DαV ‖∞;β,α + sup
|α|=m

[DαV ]γ;β,α.

For γ = 1, we denote by Cm,1β (Rω) the space of all functions as above, with finite
norm

‖V ‖m,1;β :=
∑
k6m

sup
|α|=k

‖DαV ‖∞;β,α + sup
|α|=m

[DαV ]1;β,α.

We will also benefit of a slight variant of the above spaces, which is given as
follows.

Definition 3.2.9. Given m ∈ N \ {0}, γ ∈ [0, 1) and β ∈ (R+)N, the space
Cm+γ−
β (Rω) is that of all functions V ∈ Cm−1+γ

β (Rω) such that, for all α ∈ NN

with |α| = m, the derivative DαV exists and it is continuous, with finite norm

‖V ‖m+γ−;β := ‖V ‖m−1+γ;β + sup
|α|=m

sup
α′6α

|α′|=m−1

(
‖DαV ‖∞;β,α′ + [DαV ]γ;β,α′

)
.
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One also defines Cm−,1β (Rω) in an analogous manner.

Remark 3.2.10. By Remark 3.2.6 (and the fundamental theorem of calculus) one
has that Cm+γ

β (Rω) is a closed subspace of Cm+γ−
β (Rω), and by Remark 3.2.7∑

k6m−1
sup
|α|=k

‖DαV ‖∞;β,α + sup
|α|=m

sup
α′6α

|α′|=m−1

(
‖DαV ‖∞;β,α′ + [DαV ]γ;β,α′

)
is an equivalent norm on Cm+γ−

β (Rω).

In the following, in light of Remark 3.2.5, for γ ∈ [0, 1) we will simply write
Cγ(Rω) in lieu of Cγβ (Rω) and omit the subscripts β and α in the seminorms;
similarly C0,1(Rω) := C0,1

β (Rω). We will also omit the β when it is the all-ones
sequence; that is, Cm+γ(Rω) := Cm+γ

1 (Rω). The same conventions are understood
for the spaces given in Definition 3.2.9 as well.

Lemma 3.2.11. The spaces Cm+γ−
β (Rω) and Cm+γ

β (Rω) are Banach.

Proof. We prove that Cγ(Rω) is Banach, and then that so is Cm+γ−
β (Rω) for

m > 1. This will give also the completeness of Cm+γ
β (Rω) due to Remark 3.2.10.

If (V N )N∈N ⊂ Cγ(Rω) is Cauchy, by the Ascoli–Arzelà theorem there exists a
subsequence V Nn → V ∈ C0(Rω) as n → ∞ in the topology of compact conver-
gence. We have, for any x, y ∈ Rω with xi = yi for all i 6= j,∣∣V (x)− V N (x)−

(
V (y)− V N (y)

)∣∣
6 lim sup

n→∞

∣∣V Nn(x)− V Nn(y)−
(
V N (x)− V N (y)

)∣∣
6 |xj − yj |γ lim sup

n→∞
[V Nn − V N ]γ ,

and ‖V − V N‖∞ 6 lim supn→∞‖V Nn − V N‖∞. Therefore V N → V in Cγ(Rω).
Fix now a bijection α̂ : N → {α ∈ NN : |α| 6 m} and let Y be the spaces of

sequences of functions W ∈ `∞(N;Cγ(Rω)) with finite norm

‖W‖Y :=
∑
k6m

sup
i∈N : |α̂(i)|=k

‖W i‖∞ + [W i]γ
w(α̂(i)) ,

where

w(α̂(i)) :=


βα̂(i) if |α̂(i)| < m

min
α6α̂(i)
|α′|=m−1

βα if |α̂(i)| = m ;

Y is easily seen to be a Banach space. Then consider the linear map ı : Cm+γ
β (Rω)→

Y given by ı(V )i := Dα̂(i)V , for V ∈ Cm+γ
β (Rω) and i ∈ N By Remark 3.2.7,

‖V ‖m+γ−;β,α 6 ‖ı(V )‖Y 6 3‖V ‖m+γ−;β . Therefore, if (V N )N∈N ⊂ Cm+γ−
β (Rω) is

Cauchy, then ı(V N ) → W in Y. By compact convergence, if |α(j)| = |α(i)| + 1
with α(j)k = α(i)k+1, thenW i(x)−W i(x)|xk=0 =

∫ xk
0 W j(x)|xk=y dy. Exploiting

the fundamental theorem of calculus, one can prove by induction that this implies
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that W i = Dα(i)Wα−1(0); therefore, W = ı(Wα−1(0)). By the above equivalence of
norms and the linearity of ı, we conclude that V N →Wα−1(0) in Cm+γ−

β (Rω). �

In a similar fashion, we define parabolic (Hölder) spaces on RωT .

Definition 3.2.12. For V : RωT → R and γ ∈ [0, 1) we define

[V ] γ
2 ,γ

:= sup
x∈Rω

[V ( · , x)] γ
2

+ sup
t∈[0,T ]

[V (t, ·)]γ

= sup
s6=t

‖V (t, ·)− V (s, ·)‖∞
|t− s| γ2

+ sup
t∈[0,T ]

[V (t, ·)]γ .

Then, given β ∈ (R+)N and α ∈ NN with |α| <∞, for V : RωT → R we define

[V ] γ
2 ,γ;β,α := sup

x∈Rω

[V ( · , x)] γ
2

(βα) 1
2

+ sup
t∈[0,T ]

[V (t, ·)]γ
βα

,

where βα is defined as in Definition 3.2.3.

Definition 3.2.13. Given γ ∈ [0, 1), the space C
γ
2 ,γ(RωT ) is that of all continuous

functions V : RωT → R with finite norm

‖V ‖ γ
2 ,γ

:= ‖V ‖∞ + [V ] γ
2 ,γ

.

Given also β ∈ (R+)N, the space C1,2
β (RωT ) is that of all functions V : RωT → R

such that the derivatives ∂tV and DαV , for all α ∈ NN with |α| 6 2 exists and are
continuous on (0, T )× Rω, with finite norm

‖V ‖1,2;β := ‖∂tV ‖∞ +
∑
k62

sup
|α|=k

‖DαV ‖∞;β,α .

With a proof very much similar to that of Lemma 3.2.11 (which we thus omit),
we can also show the following fact.

Lemma 3.2.14. The spaces C
γ
2 ,γ(RωT ) and C1,2

β (RωT ) are Banach.

We can now set the notion of classical solution to the infinite-dimensional Nash
system. The space C0(RωT ) appearing below is defined in the usual way as the space
of all continuous functions from RωT to R with bounded norm ‖·‖∞; alternatively,
it can be understood as the space C0,0(RωT ) defined above, as the two respective
norms are equivalent.

Definition 3.2.15. We will say that u = (ui)i∈N is a classical solution to the Nash
system (3.1.1) if the following happens:

• for each i ∈ N, ui ∈ C1,2
βi

(RωT ) for some βi ∈ (R+)N, and supi∈N‖ui‖1,2;βi <∞;
• the series appearing in the equations converge in C0(RωT ) uniformly in i;
• the equations are satisfied pointwise in RωT .
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3.3. A priori estimates on linear parabolic equations

We begin with an important general estimate on the derivatives of a solution
to a Fokker–Planck–Kolmogorov equation. We state this result under slightly more
general hypotheses than the ones under which we will use it, for the convenience of
possible further applications.

Lemma 3.3.1. Let N ∈ N. Let A : R × RN → S (N) and B : R × RN → RN be
bounded and continuous, with DiA

hk, D2
ijA

hk and DiB
j bounded for all i, j, h, k ∈

[[N ]]. Suppose that A > λI for some λ > 0 and DkA
ij = 0 if i 6= k 6= j. Let

ρ = ρε ∈ C1,2((s, T )× RN ) ∩ C0([s, T )× RN ) solve

(3.3.1)


∂tρ−

∑
jk

D2
ij(Aijρ)− div(Bρ) = 0 in (s, T )× RN

ρ(s) = δy ? ηε,

for T > 0 and some (s, y) ∈ [0, T ) × RN , with (ηε)ε>0 being an approximation of
the identity as ε→ 0. Then there exists T ∗ > 0, depending only on

λ, sup
i

∥∥∥∥∑
j

|DiB
j |2
∥∥∥∥
∞
,

sup
i

∥∥∥∥∑
j

DiA
ij

∥∥∥∥
∞
, sup

i

∥∥∥∥∑
j

D2
ijA

ij

∥∥∥∥
∞
, and sup

i

∥∥∥∥∑
j

∣∣∣∑
k

D2
ikA

jk
∣∣∣2∥∥∥∥
∞
,

and C > 0, depending only on the above quantities and T ∗, such that, if T < T ∗,
then

(3.3.2) lim
ε→0

sup
k

∫ t

s

∫
RN
|Dkρε| 6 C

√
t− s ∀ t ∈ [s, T ].

Proof. By the results in [45, Chapter 1], we know that (3.3.2) holds for some
constant C and any T > 0. We want to make explicit the dependence of C on the
data, for T near 0. Let τ ∈ (s, T ) and consider a sequence of smooth functions
ψτ,kε,n → sgnDkρε(τ) in L1

loc(RN ) as n → ∞, with ‖ψτ,kε,n‖∞ = 1 for all n. Since∫
RN Dkρε(τ)ψτ,kε,n(τ) →

∫
RN |Dkρε(τ)| as n → ∞, for any sequence εn → 0 we can

consider `n →∞ such that∫
RN

∣∣Dkρn(τ)ψτ,kn (τ)− |Dkρn(τ)|
∣∣→ 0 as n→∞,

where ρn := ρεn and ψτ,kn := ψεn,`n . Let now w = wτ,kn solving

(3.3.3) − ∂tw − Tr(AD2w) + 〈B,Dw〉 = 0 on (s, τ)× RN ,

with terminal condition w|t=τ = ψn = ψτ,kn . We first notice that testing the
equation of ρε by 1

2w
2 over (s, τ) we get

(3.3.4) (w(s, ·)2 ? ηε)(y) + 2
∫ τ

s

∫
RN
〈ADw,Dw〉ρε 6 1.
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On the other hand, v(t, x) := τ−t
2 |Dkw(t, x)|2 satisfies

− ∂tv − Tr(AD2v) + 〈B,Dv〉

6
1
2 |Dkw|2 − (τ − t)〈Bk, Dw〉Dkw + (τ − t) Tr(DkAD

2w)Dkw,

so testing by ρε over (s, τ) one obtains

(3.3.5)
∫
RN

v(s, ·)ηε(y − ·)

6
1
2

∫ τ

s

∫
RN
|Dkw|2ρε −

∫ τ

s

∫
RN

(τ − t)〈DkB,Dw〉Dkwρε

+
∫ τ

s

∫
RN

(τ − t) Tr(DkAD
2w)Dkwρε .

Using estimate (3.3.4) and the ellipticity assumption A > λI, along with Young’s
and the Cauchy–Schwarz inequalities, we estimate

1
2

∫ τ

s

∫
RN
|Dkw|2ρε −

∫ τ

s

∫
RN

(τ − t)〈DkB,Dw〉Dkwρε 6
1 + τ(1 + CB)

4λ ,

with CB := ‖DkB‖22,∞. On the other hand, using our assumptions on A and
integrating by parts,∫ τ

s

∫
RN

(τ − t) Tr(DkAD
2w)Dkwρε = −1

2

∫ τ

s

∫
RN

(τ − t)
∑
j

D2
jkA

jk|Dkw|2ρε

− 1
2

∫ τ

s

∫
RN

(τ − t)
∑
j

DkA
jk|Dkw|2Djρε ,

whence∫ τ

s

∫
RN

(τ − t) Tr(DkAD
2w)Dkwρε

6
TCA
4λ + C ′A sup

t∈[s,τ ]
‖v(t, ·)‖∞ sup

j

∫ τ

s

∫
RN
|Djρε| ,

with CA := supk
∥∥∑

j D
2
jkA

jk
∥∥
∞ and C ′A := supk

∥∥∑
j DkA

jk
∥∥
∞. Let now y = z

with z = z(s,N, τ, n) such that |Dkw(s, z)|2 > ‖Dkw(s, ·)‖2∞ − 1 for all k ∈ [[N ]].
We will write ρε = ρzε to stress that ρzε(s) = δz ? ηε. Then for εn > 0 so small that∫
RN v(s, ·)ηεn(z − ·) > v(s, z)− 1, from the previous estimates we have

(3.3.6) ‖v(s, ·)‖∞ 6 1 + T

2 + 1 + T (1 + CB + CA)
4λ

+ C ′A sup
t∈[s,τ ]

‖v(t, ·)‖∞ sup
j

∫ τ

s

∫
RN
|Djρ

z
n| .

By continuity, for any τ close enough to s (say s < τ < τ̂ = τ̂(s, n,N) 6 T ) one
has

sup
j

∫ τ

s

∫
RN
|Djρ

z
n| 6

1
2C ′A

,
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so (3.3.6) yields

‖v(s, ·)‖∞ 6 2 + T + 1 + T (1 + CB + CA)
2λ .

This implies that for all τ 6 τ̄ := mint∈[s,T ] τ̂(t, n,N) one has

(3.3.7) sup
k
‖Dkw

τ,k
n (t, ·)‖∞ 6

C̄√
τ − t

∀ t ∈ [s, τ ],

with C̄ = C̄(λ, T, CB , CA) being the square root of the constant above. We want
to show that we can choose τ̄ ≡ T , provided that T is small enough. Testing the
equation for of w by Dkρn over (s, τ) we get

−
∫
RN

Dkρn(τ)ψn(τ) =
∫
RN

Dkw(s, ·)ρn(s) +
∫ τ

s

∫
RN
〈DkB,Dw〉ρn

+
∑
ij

∫ τ

s

∫
RN

D2
ikA

ijDjwρn +
∑
ij

∫ τ

s

∫
RN

DkA
ijDjwDiρn,

whence, by the Cauchy–Schwarz and Young’s inequalities, and estimate (3.3.4),

(3.3.8)
∫
RN

Dkρn(τ)ψn(τ) 6 ‖Dkw(s, ·)‖∞ + T
(1

2CB + C ′′A

)
+ 1

2λ

+ C ′A sup
i

∫ τ

s

sup
j
‖Djw(t, ·)‖∞

∫
RN
|Diρn|(t) dt ,

where C ′′A := supk
∥∥∑

iD
2
ikA

i ·
∥∥2

2,∞. Let n0 = n0(τ,N) ∈ N be such that∫
RN

Dkρn(τ)ψτ,kn (τ) >
∫
RN
|Dkρn(τ)| − 1

for all n > n0 and for all k ∈ [[N ]]; for those n, by Gronwall’s lemma,

sup
k

∫
RN
|Dkρn|(τ)

6
(
1 + sup

k
‖Dkw

τ,k
n (s, ·)‖∞ + Ĉ

)
exp
{
C ′A

∫ τ

s

sup
j
‖Djw

τ,k
n (t, ·)‖∞ dt

}
,

where Ĉ := T
( 1

2CB + C ′′A
)

+ 1
2λ . For τ 6 τ̄ as above, we obtain

sup
k

∫ τ

s

∫
RN
|Dkρn| 6

√
τ − s

(√
T (1 + Ĉ) + C̄

)
eC
′
AC̄T

6
√
T
(√
T (1 + Ĉ) + C̄

)
eC
′
AC̄T ,

(3.3.9)

which holds for any ρn = ρyn; in particular, if
√
T
(√
T (1+Ĉ)+C̄

)
eC
′
AC̄T 6 1

2C′
A
and

we let y = z as above, by a continuity argument we see that we can choose τ̂ ≡ T ,
and thus τ̄ = T . We deduce that estimate (3.3.9) in fact holds for all τ ∈ [s, T ] and
we can let n→∞ to get (3.3.2). �

The following result provides a crucial decay estimates for the derivatives of a
solution to a linear transport-diffusion equation whose differential operator is the
adjoint of the one of the FPK equation.
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Proposition 3.3.2. Let N ∈ N. Consider A and B as in Lemma 3.3.1, and
let G ∈ C3(RN ) and F ∈ C0([0, T ];C2(RN )). Suppose that DkA

ij = 0 unless
i = j = k. Let β ∈ `1(Z;R+) be even and such that β ? β 6 cβ; that is,∑

j∈Z
βjβi−j 6 cβi ∀ i ∈ Z.

Suppose there exist constants cB , cF , cG > 0 such that, for all i, j, k, l ∈ [[N ]],

‖DjB
i‖∞ 6 cBβj−i , ‖DjkB

i‖∞ 6 cB(βj−i ∧
√
βj−iβk−i ) ,(3.3.10)

‖DjF‖∞ 6 cFβj , ‖D2
jkF‖∞ 6 cF (βj ∧

√
βjβk ) ,(3.3.11)

‖DjG‖∞ 6 cGβj , ‖D2
jkG‖∞ ∨ ‖D3

jklG‖∞ 6 cG(βj ∧
√
βjβk ) .(3.3.12)

Then a classical solution w ∈ C0([0, T ];C3(RN )) to

(3.3.13)

−∂tw − Tr(AD2w) + 〈B,Dw〉 = F on (0, T )× RN

w|t=T = G

satisfies

(3.3.14) ‖Djw‖∞ + ‖D2
jkw‖∞ + ‖D3

jklw‖∞ 6 K(βj ∧
√
βjβk )

for all j, k, l ∈ {0, . . . , N − 1}, where the constant K depends only on T , c, cB, cF ,
cG, ‖β‖1 and cA := max16`63 supk‖(Dk)`Akk‖∞. More precisely, one can choose
K = cG + cF K̃(T ) with K̃(T ) vanishing as T → 0.

Note that recalling Example 3.2.4 the above bounds (3.3.10), (3.3.11) (3.3.12)
and (3.3.14) can be expressed in terms of the norms of suitable spaces among those
introduced Section 3.2. This allows a more compact notation, which will be used
in the following Section 3.4; nevertheless, here we agreed to write the estimates in
a more explicit form, for the benefit of the reader who needs to get used to the
kind of controls we wish to eventually have on the derivatives of the data and the
solution of the Nash system.

Proof of Proposition 3.3.2. The following computations are performed as-
suming w to be smooth; nevertheless, by means of a standard approximation ar-
gument, one can prove that the estimates we get hold for w as regular as in the
statement of this proposition.

First-order estimates. Testing the equation of Dkw by ρε solving (3.3.1) and
letting ε→ 0, after easy computations one gets

‖Dkw(s, ·)‖∞

6 ‖DkG‖∞ + (T − s)
(
cB sup

i

‖Diw‖∞;[s,T ]

βi

∑
j∈[[N ]]

βk−jβj + ‖DkF‖∞;[s,T ]

)

+
∫ T

s

∣∣∣∣∫
RN

DkA
kkD2

kkwρ

∣∣∣∣ ;
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here ‖·‖∞;[s,T ] := sup[s,T ]×RN | · | and ρ(t) := limε→0 ρε(t) ∈ C0(Rd), and we have
used (3.3.10). The last integral is obtained exploiting our assumption on A and
which is controlled by

(T − s)CA sup
ij

‖D2
ijw‖∞;[s,T ]

βi ∧
√
βiβj

βk,

with CA := supk‖DkA
kk‖∞. Then, if T − s small enough, using that β ?β 6 cβ we

deduce from the above estimates that

(3.3.15) sup
k

‖Dkw‖∞;[s,T ]

βk
6 c1(T − s)

(
1 + sup

ij

‖D2
ijw‖∞;[s,T ]

βi ∧
√
βiβj

)
,

where c1(T − s) is an increasing function of T − s that can be explicitly written
using the parameters c, CA, cB , cF , cG, ‖β‖1.

Second order estimates. Testing the equation of D2
jkw by ρ one gets

‖D2
jkw(s, ·)‖∞ 6 ‖D2

jkG‖∞ + (T − s)‖D2
jkF‖∞;[s,T ]

+
∫ T

s

∫
RN

∣∣D2
jk〈B,Dw〉 − 〈B,D2

jkDw〉
∣∣ρ

+
∫ T

s

∣∣∣∣∫
RN

(
D2
jkA

jjD2
jjw +DjA

jjD3
jjkw

+DkA
kkD3

jkkw
)
ρ

∣∣∣∣ ,

(3.3.16)

where in particular D2
jkA

jj = 0 if j 6= k. It easy to see that the last integral is
controlled by

3(T − s)C ′A
(

sup
il

‖D2
ilw‖∞;[s,T ]

βi ∧
√
βiβl

+ sup
ilm

‖D3
ilmw‖∞;[s,T ]

βi ∧
√
βiβl

)
(βj ∧

√
βjβk ),

with C ′A := CA + supk‖DkkA
kk‖∞. On the other hand, using (3.3.10) and the

property β ? β 6 cβ, one can estimates in two ways, according to whether one uses
that |D2

jkB
i| 6 cBβj or |D2

jkB
i| 6 cB

√
βjβk: we have either∫

RN

∣∣D2
jk〈B,Dw〉 − 〈B,D2

jkDw〉
∣∣ρ

6 cB

(
sup
i

‖Diw‖∞;[s,T ]

βi
·
∑
i

βj−iβi

+ sup
ij

‖D2
ijw‖∞;[s,T ]

βi
·
(
‖β‖1βj +

∑
i

βj−iβi
))

6 cB

(
c sup

i

‖Diw‖∞;[s,T ]

βi
+ (‖β‖1 + c) sup

ij

‖D2
ijw‖∞;[s,T ]

βi

)
βj ,



3.3. A PRIORI ESTIMATES ON LINEAR PARABOLIC EQUATIONS 63

or, exploiting the Cauchy-Schwarz inequality,∫
RN

∣∣D2
jk〈B,Dw〉 − 〈B,D2

jkDw〉
∣∣ρ

6 cB sup
i

‖Diw‖∞;[s,T ]

βi
·
∑
i

(βj−i) 1
2 (βk−i) 1

2 βi

+ cB sup
ij

‖D2
ijw‖∞;[s,T ]√
βiβj

·
(∑

i

βk−i(βj) 1
2 (βi) 1

2 +
∑
i

βj−i(βk) 1
2 (βi) 1

2

)
6

(
ccB sup

i

‖Diw‖∞;[s,T ]

βi
+ 2cB

√
c‖β‖1 sup

ij

‖D2
ijw‖∞;[s,T ]√
βiβj

)√
βjβk .

Therefore, also using (3.3.15), we deduce that, for small T − s,

(3.3.17) sup
jk

‖D2
jkw‖∞;[s,T ]

βj ∧
√
βjβk

6 c2(T − s)
(

1 + sup
ijk

‖D2
ijkw‖∞;[s,T ]

βi ∧
√
βiβj

)
,

where c2(T − s) is an increasing function of T − s depending also on the parameter
C ′A and those listed for c1.

Third-order estimates. Testing the equation of D3
jklw by ρε one gets

‖D3
jklw(s, ·)‖∞

6 ‖D3
jklG‖∞ + lim

ε→0

(∣∣∣∣∫ T

s

∫
RN

(
D3
jkl〈B,Dw〉 − 〈B,D3

jklDw〉
)
ρε

∣∣∣∣
+
∣∣∣∣∫ T

s

∫
RN

D3
jklFρε

∣∣∣∣+Aε
)
,

where Aε collects all terms involving derivatives of A. By analogous estimates as
above, it is not difficult to see that all terms in A where no fourth-order derivatives
of w appear can be controlled by

(T − s)C ′′A‖β‖∞
(

sup
il

‖D2
ilw‖∞;[s,T ]

βi ∧
√
βiβl

+ sup
ilm

‖D3
ilmw‖∞;[s,T ]

βi ∧
√
βiβl

)
(βj ∧

√
βjβk ),

with C ′′A := C ′A + supk‖DkkkA
kk‖∞. This excludes three terms, which are of the

form∫ T

s

∣∣∣∣∫
RN

DjA
jjD4

jjklwρε

∣∣∣∣
6
∫ T

s

∣∣∣∣∫
RN

D2
jlA

jjD3
jjkwρε

∣∣∣∣+
∫ T

s

∣∣∣∣∫
RN

DjA
jjD3

jjkwDlρε

∣∣∣∣
for any permutation of j, k, l, and thus, using also Lemma 3.3.1, as ε→ 0 they are
controlled by

√
T − s

(
C ′A +

√
T − sC ′′AC

)
sup
ilm

‖D3
ilmw‖∞;[s,T ]

βi ∧
√
βiβl

(βj ∧
√
βjβk ).
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On the other hand, we have

(3.3.18)
∣∣∣∣∫

RN

(
D2
jkl〈B,Dw〉 − 〈B,D3

jklDw〉
)
ρε(t, ·)

∣∣∣∣
6
∑(
‖〈DjB,D

2
klDw〉‖∞;[s,T ] + ‖〈D2

jkB,DlDw〉‖∞;[s,T ]
)

− ‖〈D2
jkB,DlDw〉‖∞;[s,T ] + ‖〈D2

jkB,Dw〉‖∞;[s,T ]

∫
RN
|Dlρε(t, ·)| ,

where the sums are over cyclic permutations of the indices j, k, l. The basic idea
to derive (3.3.18) is using integration by parts to move a derivative from B to ρε
when otherwise the order of the derivative applied to B would be greater than 2.
Then using (3.3.10), the property β ? β 6 cβ and Lemma 3.3.1, one can show that
the integral of the right-hand side of (3.3.18), as ε→ 0, is controlled either by

√
T − s cB

(√
T − s (‖β‖1 + 2c) sup

ilm

‖D3
ilmw‖∞;[s,T ]

βi

+
√
T − s (‖β‖1 + c) sup

il

‖D2
ilw‖∞;[s,T ]

βi
+ Cc sup

i

‖Diw‖∞;[s,T ]

βi

)
βj ,

or, exploiting the Cauchy–Schwarz inequality, by

√
T − s cB

(
3
√

(T − s)c‖β‖1 sup
ilm

‖D3
ilmw‖∞;[s,T ]√

βiβl

+ 2
√
T − s c sup

il

‖D2
ilw‖∞;[s,T ]

βi
+ Cc sup

i

‖Diw‖∞;[s,T ]

βi

)√
βjβk.

Finally, integrating by parts and using (3.3.2) and (3.3.11),

lim
ε→0

∣∣∣∣∫ T

s

∫
RN

D3
jklFρε

∣∣∣∣ 6 CcF√T − s (βj ∧
√
βjβk ).

Collecting the estimates we have proved and also using (3.3.15) and (3.3.17) we can
now obtain that

(3.3.19) sup
ijk

‖D3
ijkw‖∞;[s,T ]

βi ∧
√
βiβj

6 c3(T − s),

for some c3 increasing in T − s and depending only on C ′′A, C and the same param-
eters already listed above.

Plugging (3.3.19) back into (3.3.17) and the resulting estimate into (3.3.15), we
conclude that there exists c(T − s) such that

sup
i

‖Diw‖∞;[s,T ]

βi
+ sup

ij

‖D2
ijw‖∞;[s,T ]

βi ∧
√
βiβj

+ sup
ijk

‖D3
ijkw‖∞;[s,T ]

βi ∧
√
βiβj

6 c(T − s),

provided that T − s is small enough, depending on c, C ′′A, cB , cF , cG, ‖β‖1, C. It is
now standard to iterate these estimates a finite number of times and get the desired
ones on the whole interval [0, T ]. �
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Using the bounds we have obtained, it is also possible to deduce a Lipschitz
estimate in time of the space derivatives up to the second-order, as we state here
below.

Corollary 3.3.3. Let the assumptions of Proposition 3.3.2 be in force; also, sup-
pose that β ∈ ` 1

2 (Z). Then, for all j, k ∈ [[N ]], one has w ∈ C0,1([0, T ];C2(RN )),
with

sup
jk

(
‖∂tw‖∞ + ‖∂tDjw‖∞√

βj
+ sup

s 6=t

‖D2
jkw(s, ·)−D2

jkw(t, ·)‖∞√
βj |s− t|

)
6 K ′,

where K ′ depends only on supj‖Ajj‖∞, supj‖Bj‖∞, ‖β‖ 1
2
, K and the parameters

thereof. Furthermore, one can choose K ′ = CK with C linearly depending on cB.

Proof. The differentiability in time of Dw comes directly from the equation.
We prove now only the Lipschitz estimate for the second-order derivatives; the other
ones are obtained in an analogous manner. Testing over (s, t) the equation of D2

jkw

by ρε (solving (3.3.1), with arbitrary y ∈ RN ) and letting ε → 0, the analogue of
(3.3.16) one obtains, after using all estimates on the data and w, is∣∣∣∣D2

jkw(s, y)−
∫
RN

D2
jkw(t, ·) dρ(t)

∣∣∣∣ . (t− s)(βj ∧
√
βjβk),

with implied constant (also below) depending only onK and the parameters thereof.
Therefore,∣∣D2

jkw(s, y)−D2
jkw(t, y)

∣∣ . (t− s)(βj ∧
√
βjβk)

+
∣∣∣∣∫

RN
D2
jkw(t, ·) dρ(t)−D2

jkw(t, y)
∣∣∣∣

.

(
(t− s) +

∑
16l6N

√
βl
∫
RN
| · l − yl|dρ(t)

)√
βj .

As A and B are bounded, we can test (3.3.1) by | · l − yl|2 to get∫
RN
| · l − yl|2 dρ(t) =

∫ t

s

∫
RN

All dρ− 2
∫ t

s

∫
RN

B`( · l − yl) dρ,

so that Young’s inequality and Gronwall’s lemma yield∫
RN
| · l − yl|2 dρ(t) 6 (t− s)(‖All‖∞ + ‖Bl‖2∞)eT .

Using Hölder’s inequality, we conclude that
∣∣D2

jkw(s, y)−D2
jkw(t, y)

∣∣ . (t−s)
√
βj ,

with implied constant depending also on supj‖Ajj‖∞, supj‖Bj‖∞ and ‖β‖ 1
2
. �

3.4. Existence and uniqueness for the Nash system

We first prove that, under suitable bounds on the Hamiltonian, the infinite-
dimensional Nash system can have at most one classical solution, according to
Definition 3.2.15.
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Theorem 3.4.1. Let H be such that ∂piHi(t, ·) is twice differentiable in Rω ×Rω,
with

sup
ik

∑
j

(
|∂pjHi|+ |Dj∂pjH

i|+ |∂2
pjpkH

i|+ |Dj∂
2
pjpkH

i|+ |∂3
pjpkpiH

i|
)
<∞

uniformly for (t, x, p) ∈ [0, T ]×Rω×Ω with Ω ⊂ Rω bounded with respect to the ∞-
norm.1 Then there exists at most one classical solution to the Nash system (3.1.1).

Proof. Let u and v be two classical solutions as in the statement. Let w =
u− v, so that it solves

− ∂twi −
∑
jk

AjkD2
jkw

i +
(∫ 1

0
∂pH

i(D(su+ (1− s)v)) ds
)
· Dw

+
∑
j 6=i

∂pjH
j(Du)Djw

i +
∑
j 6=i

(∫ 1

0
∂2
ppjH

j(D(su+ (1− s)v)) ds
)
· DwDjv

i = 0

for each i ∈ N, with terminal condition w|t=T = 0. Let now ρi solve (3.3.1) where

Bj =


∂pjH

j(Du) if j 6= i∫ 1

0
∂piH

i(D(su+ (1− s)v)) ds if j = i;

for the sake of simplicity we will do the computation assuming that ρ(s) = δy,
nevertheless what follows is to be understood in the limit as ε → 0. Testing the
equation for wi by ρi over (s, T ) we get, with the notation x−N := (xj)j>N ,

wi(s, y, x−N )

=
∑
j 6=i

∫ T

s

∫
RN

((∫ 1

0
∂pjH

i(D(s′u+ (1− s′)v)) ds′
)
Djw

j
)∣∣∣

(t,(z,x−N ))
ρi(t, z) dzdt

+
∑
j 6=i

∫ T

s

∫
RN

(∑
k

(∫ 1

0
∂2
pkpjH

j(∗) ds′
)
Dkw

kDjv
i
)∣∣∣

(t,(z,x−N ))
ρi(t, z) dzdt

+
∑
j>N

∫ T

s

∫
RN

(
2
∑
k

AjkD2
jkw

i + ∂pjH
j(Du)Djw

i
)∣∣∣

(t,(z,x−N ))
ρi(t, z) dzdt,

1That is, Ω is such that supΩ | · |∞ := supp∈Ω supi |pi| <∞. Later, we will refer to such sets
as ∞-bounded sets.



3.4. EXISTENCE AND UNIQUENESS FOR THE NASH SYSTEM 67

where for the sake of brevity we used ∗ as a placeholder for D(s′u+ (1− s′)v). As
long as j < N , integrating by parts one finds

−
∫
RN

((∫ 1

0
∂pjH

i(∗) ds′
)
Djw

j
)∣∣∣

(t,(z,x−N ))
ρi(t, z) dzdt

=
∫
RN

((∫ 1

0
∂pjH

i(∗) ds′
)
wj
)∣∣∣

(t,(z,x−N ))
Djρ

i(t, z) dzdt

+
∫
RN

((∫ 1

0
Dj∂pjH

i(∗) ds′
)
wj
)∣∣∣

(t,(z,x−N ))
ρi(t, z) dzdt

+
∫
RN

(∑
`

(∫ 1

0
∂2
p`pjH

i(∗) ds′
)
D2
j`(su` + (1− s)v`)wj

)∣∣∣
(t,(z,x−N ))

ρi(t, z) dzdt ;

analogously,

−
∫
RN

((∫ 1

0
∂2
pkpjH

j(∗) ds′
)
Dkw

kDjv
i
)∣∣∣

(t,(z,x−N ))
ρi(t, z) dzdt

=
∫
RN

((∫ 1

0
∂2
pkpjH

j(∗) ds′
)
wkD2

jkv
i
)∣∣∣

(t,(z,x−N ))
ρi(t, z) dz

+
∫
RN

((∫ 1

0
∂2
pkpjH

j(∗) ds′
)
wkDjv

i
)∣∣∣

(t,(z,x−N ))
Dkρ

i(t, z) dz

+
∫
RN

((∫ 1

0
Dk∂

2
pkpjH

j(∗) ds′
)
wkDjv

i
)∣∣∣

(t,(z,x−N ))
ρi(t, z) dz

+
∫
RN

(∑
`

(∫ 1

0
∂3
p`pkpjH

j(∗) ds′
)

D2
k`(su` + (1− s)v`)wkDjv

i
)∣∣∣

(t,(z,x−N ))
ρi(t, z) dz .

Therefore, using Lemma 3.3.1 and the properties required to classical solutions, we
deduce that for T − s < T ∗

sup
i
‖wi‖∞;[s,T ] .

√
T − s

(
sup
i
‖wi‖∞;[s,T ] + εN

)
with εN → 0 as N →∞ and implied constant independent of N . It follows that if
s is sufficiently close to T one has wi = 0 for all i (that is, u = v) on [s, T ] × Rω.
Finally define ŝ := min{s ∈ [0, T ] : u = v on [s, T ] × Rω}; if ŝ > 0 then by the
argument above with ŝ in lieu of T we get a contradiction, thus ŝ = 0 and the proof
is complete. �

To prove existence, we solve a version of the Nash system (3.1.1) reduced onto
RNT := [0, T ] × RN and then pass to the limit as N → ∞ to obtain a solution to
the infinite-dimensional system, thanks to the stability provided by our estimates
of Proposition 3.3.2. This is going to be done by observing that letting Bi(t, x) :=
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B̂i(t, x,D(t, x)), with

(3.4.1) B̂ji (t, x, p) :=


∂pjH

j(t, x, p) if j 6= i∫ 1

0
∂piH

i(t, x, p−i, spi) ds if j = i ,

and

(3.4.2) F i(t, x) := Hi(t, x,Du−i(t, x), 0),

the equations in (3.1.1) take the form −∂tui−Tr(AD2ui)+ 〈Bi, Dui〉 = F i, in such
a way that they can be regarded as a system of linear transport-diffusion equations
in the context of a fixed point argument.

When performing the reduction from RωT to RNT , we will identify RN ⊂ Rω via
(x0, . . . , xN−1) 7→ (x0, . . . , xN−1, 0, . . . ). Given V : Rω → R we will consider the
projection VN (y) := V (y) for all y ∈ RN , while for A : Rω → `∞(N2) the notation
AN will mean that we have also restricted the infinite-dimensional matrix to RN ;
that is, AN (y) := A(y)|[[N ]] = (A(y)ij)i,j∈[[N ]] for all y ∈ RN . Finally, the spaces
defined in Section 3.2 are readily adapted to functions on RN , simply by replacing
Rω with RN .

In the upcoming statement, which is our main theorem, we will make use of
the notations Rωx and Rωp presented in the opening section; RωT will always mean
[0, T ]× Rωx .

Theorem 3.4.2. Let β be as in Corollary 3.3.3; for any i ∈ N, define βi :=
βi−· ∈ ` 1

2 (Z). Assume that the following hypotheses are fulfilled, uniformly in the
parameters i, j, k ∈ N:

• A : RωT → `∞(N2) is such that

Aij = Aji ∈ C
γ
2 ,γ(RωT ) for some γ ∈ (0, 1) ,

with DkA
ij = 0 unless i = j = k, and

DkA
kk ∈ C

γ
2 ,γ(RωT ) ∩ C0([0, T ];C2(Rω)) ;

• Gi ∈ C3+γ−
βi

(Rω);
• for any ∞-bounded Ω ⊂ Rωp ,

∂piH
i ∈ C0([0, T ];C2

βi(R
ω
x × Ω)) ∩ C0(RωT ;C3−

βi
(Ω)) ;

also,

Dj∂piH
i, ∂pj∂piH

i ∈ C0(Ω;C
γ
2 ,γ(RωT )) .

Then there exists T ∗ > 0 such that if T < T ∗ the Nash system (3.1.1) has
a unique classical solution u (with βi defined as above), which also belongs to
`∞(N;C0([0, T ];C2,1

βi
(Rω)) ∩ C0,1([0, T ];C2−√

βi
(Rω))).
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Proof. We only need to prove existence, since uniqueness will then follow
because the hypotheses of Theorem 3.4.1 are satisfied.

Let N ∈ N and let Y be the closed subset of(
C0([0, T ];C2,1

βi
(RN )) ∩ C0,1([0, T ];C2−√

βi
(RN ))

)N
of all u such that

(3.4.3) sup
i
‖ui‖C0([0,T ];C3−

βi
(RN )) 6 R and sup

i
‖ui‖C0,1([0,T ];C2−√

βi
(RN )) 6 R

′,

for some R,R′ > 0 to be determined. We will denote by |||u||| the norm on
(C0([0, T ];C2,1

βi
(RN )) ∩ C0,1([0, T ];C2−√

βi
(RN )))N , defined as the sum of the two

norms above. Given u ∈ Y, let S be the map that associates to u the solution w to
−∂twi −

∑
j,k∈[[N ]]

AjkND
2
jkw

i +
∑
j∈[[N ]]

Bji,NDjw
i = F iN in RNT

wi|t=T = GiN

i ∈ [[N ]] ,

with B and F being defined as in (3.4.1) and (3.4.2); here we have used the notation
with the subscript N that we have previously introduced. By [57, Theorem 8.12.1],
w and Dw are of class C1+ γ

2 ,2+γ . Also, it is not difficult to see that there exists a
constant κR which depends only on β, cH and R such that

sup
ih

(
‖Bhi ‖C0([0,T ];C2

βh
(RN )) + ‖F i‖C0([0,T ];C2

βi
(RN ))

)
6 κR ,

so, by Proposition 3.3.2 and Corollary 3.3.3 one can choose R > supi‖Gi‖3+γ−;βi ,
T sufficiently small and R′ large enough in such a way that, for all N ∈ N, S is
well-defined with values in Y.

Consider now u, v ∈ Y and denote by Bi,N [u] and Bi,N [v] the corresponding
drifts;2 then, letting w̄ = S(u) − S(v) and F̃ iN = 〈Bi,N [v] − Bi,N [u], DS(v)i〉 we
have 

−∂tw̄i −
∑
jk

AjkND
2
jkw̄

i + 〈Bi,N [u], Dw̄i〉 = F̃ iN

w̄|t=T = 0.
Note that

(3.4.4) F̃ i =
∑
j

(∫ 1

0
∂pB̂

j
i,N [su+ (1− s)v] ds

)
· D(u− v)DjS(v)i,

hence, letting cF̃ := supi‖F̃ i‖C0([0,T ];C2
βi

(RN )), we have cF̃ 6 κ′R|||u − v|||, with κ′R
independent of N . In addition, by Proposition 3.3.2,

sup
i
‖w̄i‖C0([0,T ];C3−

βi
(RN )) 6 cF̃ K̃(T ) .

2That is, Bi,N [u](t, x) is a short notation for B̂i,N (t, x,Du(t, x)), according to (3.4.1), and
analogously for v.
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Then, also using Corollary 3.3.3, we deduce that there exists T̄ > 0, independent
of N , such that if T 6 T̄ then |||S(u) − S(v)||| 6 1

2 |||u − v|||; hence the contraction
theorem yields the existence of a unique fixed point for S in Y, which is by its
definition the solution uN to the Nash system on RNT with data AN , HN and GN .

For any δ ∈ (0, 1), by the Ascoli–Arzelà theorem and a standard diagonal argu-
ment, up to a subsequence which is common to all i ∈ N, each (uiN )N>i compactly
converges in C0([0, T ];C2+δ

βi
(Rω)) ∩Cδ([0, T ];C2−√

βi
(Rω)) to a function ui enjoying

bounds (3.4.3).
Since β ∈ ` 1

2 (Z), by the dominated convergence theorem∑
j,k<N

AjkND
2
jku

i
N −→

∑
j,k∈N

AjkD2
jku

i ,

∑
j<N
j 6=i

∂piH
j
N (DuN )Dju

i
N −→

∑
j∈N
j 6=i

∂piH
j(Du)Dju

i

compactly in C0(RωT ) as N → ∞. As also Hi
N (DuN ) → Hi(Du) compactly in

C0(RωT ), by the equation we have that so ∂tuiN compactly converges in C0(RωT ) as
well. In particular, for any x ∈ RωT , ∂tui( · , x)iN uniformly converges to some vi( · , x)
which is thus ∂tui( · , x) by the fundamental theorem of calculus. We conclude that
u solves (3.1.1) pointwise. Furthermore, by the decay estimates on the derivatives
we see that the series appearing in the equations converge in C0(RωT ). To complete
the proof, we need to show that such a convergence is uniform in i.

Note that ∑
06j,k6N

‖D2
jku

i‖∞ .
( ∑

06j6N
γj−i

)2
,

where we have set γi :=
√
βi and the implied constant is independent of i ∈ N.

The latter sum equals
∑

i−N6k6i

γk if i > N

γ0 + 2
∑

16k6i∧(N−i)

γk +
∑

i∧(N−i)<k6i∨(N−i)

γk if i < N.

Since (γk)k>0 is summable,
∑
i−N6k6i γ

k → 0 as i → ∞, thus there exists ı̄ =
ı̄(N) > N such that

∑
i−N6k6i γ

k 6
∑

06k6ı̄ γ
k for all i > N ; then one easily sees

that ∑
06j,k6N

‖D2
jku

i‖∞ .
( ∑

06k6ı̄
γk
)2

∀ i ∈ N.

Similarly, there exists ı̃ = ı̃(N) > N such that∑
06j6N

‖Dju
jDju

i‖∞ . β0
∑

06j6N
βj−i .

∑
06k6ı̃(N)

βk ∀ i ∈ N.
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Then the series appearing in the Nash system converge in C0(RωT ) uniformly in
i ∈ N. �
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4.1. Amuse-bouche. Linear-quadratic Mean-Field-like games

Consider the Nash system (2.2.3) without the shift-invariance assumption. In-
stead, make a Mean-Field-like assumption. Given (aijk)i,j,k ∈ S (N)N we will use
the notation B(a) for the matrix B(a)hk = ahhk. Given the i-th vector ei of the
canonical basis of RN , we will write Ei = ei(ei)T. The indices will range over [[N ]].

Note that system (2.2.3) can be rewritten in a forward form as

(4.1.1)

ċi − (ci)TEici +B(c)Tci + ciB(c) = f i

ci(0) = gi
i ∈ [[N ]],

where ci(t), f i(t), gi ∈ S (N) for all i ∈ [[N ]] and t ∈ [0, T ].

73
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Theorem 4.1.1. Let T > 0 and let f ∈ L1((0, T ); S (N)N ) and g ∈ S (N)N

satisfy

(4.1.2) sup
i

(
N
∑
h,k
k 6=i

|•ihk |2 +N
∑
k
k 6=i

|•kki |2 + |•iii |2
)
6 κ•, κ• > 0, for • ∈ {f, g}.

Suppose that B(f) > −KfI and B(g) > −KgI for some constants Kf and Kg such
that

(4.1.3) Kg < sup
M∈R

Me−2MT = 1
2eT , Kf < sup

M∈R

M(Me−MT −Kg)
T
(
1 ∨ e2MT−1

2MT

) .

Then there exists N0 ∈ N such that if N > N0 there exists a unique absolutely
continuous solution c to (4.1.1) on [0, T ), which satisfies

(4.1.4) sup
i

(
N
∑
h,k
k 6=i

|cihk|2 +N
∑
k
k 6=i

|ckki|2 + |ciii|2
)
6 C

for some constant C which is independent of N .

Note that (4.1.3) is automatically satisfied when Kf ,Kg 6 0 for any T > 0.
Otherwise, for fixed Kf and Kg, it poses a restriction on the size of T (or, similarly,
a restriction on the size of (Kf )+ and (Kg)+ once T is fixed). Back to the value
functions ui, the previous estimate reads as follows:

sup
i

(
N
∑
h,k
k 6=i

‖D2
hku

i‖2∞ +N
∑
k
k 6=i

‖D2
kiu

k‖2∞ + ‖D2
iiu

i‖2∞
)
6 C;

in particular,

sup
i

∑
j: j 6=i

‖Djα
i‖2∞ = sup

i

∑
j: j 6=i

‖D2
iju

i‖2∞ 6
C

N
.

Remark 4.1.2. We use the terminology Mean-Field-like since any f i such that

sup
i
|f iii|+N sup

i,j
j 6=i

|f iij |+N2 sup
i,j,k

j 6=i, k 6=i

|f ijk| 6 C

satisfies (4.1.2), with κf depending on C (and not on N). In turn, the previous in-
equality is satisfied when f i(x) = V i(xi, (N−1)−1∑

j 6=i δxj ), where V i is a smooth
enough function defined over Rd×P(Rd) (see for instance [23, Proposition 6.1.1]).

The proof of the theorem is based on the following lemmata.

Lemma 4.1.3. Let c be an absolutely continuous solution to (4.1.1) with B(c) >
−MI on [0, T ) for some M ∈ R. Assume (4.1.2). Then the following estimates
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hold on [0, T ):∑
h,k
k 6=i

|cihk|2 6 κ0N
−1, κ0(t) := (κg + κf t)e(1+4M+)t,(4.1.5)

sup
k

∑
i 6=k
|ciik|2 6 κ1N

−1, κ1(t) := 2κ0(t)e2
∫ t

0

√
κ0 ,(4.1.6)

sup
i
|ciii|2 6 κ2, κ2(t) = (κg + (κf + κ0κ1N

−2)t)e(2+M+)t,(4.1.7)

where M+ = M ∨ 0. As a consequence, c continuously extends on [0, T ].

Proof. Multiplying the equation for cihk by cihk and summing over h and k 6= i

we have
1
2

d
dt
∑
h,k
k 6=i

|cihk|2 =
∑
h,k
k 6=i

f ihkc
i
hk −

∑
j,h,k
j,k 6=i

cihkc
i
jhc

j
jk −

∑
j,h,k
k 6=i

cihkc
i
jkc

j
jh

=
∑
h,k
k 6=i

f ihkc
i
hk − Tr(ĉiTB(c)ĉi)− Tr(c̃iTB(c)c̃i),

where we have set ĉihk := cihk(1− δhi) and c̃ihk = cihk(1− δki). It follows that

d
dt
∑
h,k
k 6=i

|cihk|2 6 κfN−1 + (1 + 4M+)
∑
h,k
k 6=i

|cihk|2,

thus, by Gronwall’s inequality, (4.1.5) is proved. Multiplying the equation for ciik
by ciik and summing over i 6= k we obtain

1
2

d
dt
∑
i 6=k
|ciik|2 =

∑
i 6=k

f iikc
i
ik −

∑
i 6=k

B(c)kk|ciik|2 −
∑
i,j 6=k

ciikc
i
jic

j
jk −

∑
i6=k
j 6=i

ciikc
i
jkc

j
ji

6
∑
i6=k

f iikc
i
ik −

∑
i 6=k

B(c)kk|ciik|2 − Tr(B̂(c)TB(c)B̂(c))−
∑
i 6=k
j 6=i

ciikc
i
jkc

j
ji,

where B̂(c)hk = B(c)hk if h = k and it is null otherwise. By (4.1.5)∣∣∣∣∑
i 6=k
j 6=i

ciikc
i
jkc

j
ji

∣∣∣∣ 6 sup
`

∑
i 6=`
|cii`|2

(∑
i6=k
j 6=i

|cijk|2
) 1

2

6
√
κ0 sup

`

∑
i 6=`
|cii`|2.

We have
d
dt
∑
i6=k
|ciik|2 6 κfN−1 + (1 + 4M+)

∑
i 6=k
|ciik|2 + 2

√
κ0 sup

`

∑
i 6=`
|cii`|2;

that is,

sup
k

∑
i 6=k
|ciik(t)|2 6 (κg + κf t)N−1 +

∫ t

0
(1 + 4M+ + 2

√
κ0 ) sup

k

∑
i 6=k
|ciik|2.
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By Gronwall’s inequality one finds (4.1.6). Consider at this point that ciii solves

(4.1.8) ċiii + |ciii|2 + 2
∑
j 6=i

cjjic
i
ij = f iii,

where by (4.1.5) and (4.1.6) ∣∣∣∑
j 6=i

cjjic
i
ij

∣∣∣2 6 κ0κ1N
−2.

Therefore, multiplying equation (4.1.8) by ciii one obtains
d
dt |c

i
ii|2 6 κf + (2 +M+)|ciii|2 + κ0κ1N

−2

and thus (4.1.7) by Gronwall’s inequality. �

Lemma 4.1.4. Under the hypotheses of Theorem 4.1.1, let c be as in Lemma 4.1.3.
Suppose that

Me−2MT > Kg, Kf <
M(Me−MT −Kg)
T
(
1 ∨ e2MT−1

2MT

) .

Then there exists N∗(T ) such that B(c)(T ) > −MI provided that N > N∗(T ).
Furthermore, the map T 7→ N∗(T ) is continuous on [0,+∞).

Proof. Consider that B(c) solves the equation

(4.1.9) Ḃ(c) +B(c)2 = B(f)−D. where Dik =
∑
j 6=i

cikjc
j
ji.

By estimates (4.1.5) and (4.1.6),

‖D‖22 =
∑
i,k

(∑
j 6=i

cikjc
j
ji

)2
6 sup

i

∑
j 6=i
|cjji|

2 ·
∑
i,j,k
j 6=i

|cijk|2 6 κ0κ1N
−1.

Let now ξ solve the linear equation ξ̇ = B(c)Tξ on [0, T ) with terminal condition
ξ(T ) = ζ, for some arbitrary ζ ∈ SN−1; note that since d

dt |ξ|
2 > −4M |ξ|2 we have

1 ∧ e2M(T−·) 6 |ξ| 6 1 ∨ e2M(T−·) on [0, T ].

By (4.1.9) we get

(ξTB(c)ξ)̇ = ξT(B(f)−D +B(c)B(c)T)ξ > ξT(B(f)−D)ξ

> −(Kf +
√
κ0κ1N

− 1
2 )|ξ|2 .

If Kf < 0 and N is large enough, then B(c)(T ) > −νKgI, where

ν :=

e2MT if MKg > 0

1 if MKg 6 0,

thus it is easily seen that B(c)(T ) > −MI. If Kf > 0, then

(4.1.10) B(c)(T ) > −
(
νKg +

∫ T

0
(Kf +

√
κ0κ1N

− 1
2 ) (1 ∨ e2M(T−·))

)
I.
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It follows that in order to have B(c)(T ) > −MI it suffices that

νKg + TKf (1 ∨ h(MT )) +N−
1
2T
√
κ0(T )κ1(T )h(MT ) < M,

where h(z) := (e2z−1)/(2z). This is guaranteed by our assumptions onKg, Kf and
M (by which νKg +TKf (1∨h(MT )) < M), provided that N is large enough. The
continuity of N∗(T ) is easily seen as one can write it explicitly using the estimates
above. �

Proof of Theorem 4.1.1. Fix M according to Lemma 4.1.4 (note that this
implies that M > Kg). By the Cauchy–Lipschitz theorem there exists τ > 0 such
that (4.1.1) has a unique absolutely continuous solution on [0, τ). By taking τ

smaller if necessary, we may suppose that by continuity B(c) > −MI on [0, τ).
Then
τ̄ := sup{τ > 0 : (4.1.1) has a unique absolutely continuous solution

with B(c) > −MI on [0, τ)}

is well-defined. Seeking for a contradiction, suppose that τ̄ < T . Let N0 :=
max[0,T ]N∗, where N∗ is given by Lemma 4.1.4. By Lemma 4.1.3, c continuously
extends on [0, τ̄ ], with B(c)(τ̄) > −MI as guaranteed by Lemma 4.1.4, thanks to
our choice of N0. By the Cauchy–Lipschitz theorem one can extend the solution
on [0, τ ′) for some τ ′ > τ̄ and by continuity we may suppose that B(c) > −MI on
[0, τ ′). This contradicts the maximality of τ̄ , thus τ̄ > T . Finally, estimate (4.1.4)
follows from (4.1.5), (4.1.6) and (4.1.7). This concludes the proof. �

We can now move on to the main course.

4.2. Main setting and assumptions

Consider the following semilinear (backward) parabolic system for the un-
knowns ui = uiN : [0, T ]× (Rd)N → R, i ∈ [[N ]],

(4.2.1)

−∂tui − Tr((σI + βJ)D2ui) + 1
2 |Diu

i|2 +
∑

j∈[[N ]]\{i}

Dju
j ·Dju

i = f i

ui|t=T = gi

stated in [0, T ]× (Rd)N 3 (t, x) = (t, x0, . . . , xN−1). The main goal of this chapter
is to derive estimates on ui and their space/time derivatives that are stable with
respect to the number of equations; that is, uniformly in N .

The data are the maps f i, gi : (Rd)N → R, the parameters σ > 0 and β > 0
and the horizon T > 0. Recall that I = INd and J = JN ⊗ Id.

System (4.2.1) describes Markovian Nash equilibria in N -player differential
games, in particular it characterises the value function ui of the i-th agent for each
i ∈ [[N ]]. In our setting, agents control via feedbacks αi = αi(t, x) their own states,
which are driven by the following Rd-valued SDEs on [0, T ]:

(4.2.2) dXi
t = αi(t,Xt) dt+

√
2σ dBit +

√
2β dWt, i ∈ {1, . . . , N},
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where the Bit’s and Wt are d-dimensional independent Brownian motions. The
Brownian motions Bit correspond to the individual noises, while Wt is the so-called
common noise, as it is the same for all the equations. The i-th agents aims at
mimimising the following cost functional

αi 7→ E
[ ∫ T

0

( 1
2 |α

i(s,Xs)|2 + f i(Xs)
)

ds+ gi(XT )
]
.

It is known that the choice α∗,i(t, x) = −Diu
i(t, x) characterises Nash equilibria,

see for instance [25, 46]. Moreover, since one expects uniqueness of solutions to
(4.2.1) by its (uniformly) parabolic structure, such equilibria are unique.

We will suppose that all data f i and gi are sufficiently smooth (locally C2

and C4, respectively) with bounded derivatives. Solutions to the Nash system
are assumed to be classical, locally C1 in time and C4 in space, with bounded
derivatives. Moreover, we require second order derivatives in space to be uniformly
continuous. Note that we are not assuming that f i, gi are globally bounded here:
they may have linear growth.

4.2.1. Two notions of (semi)monotonicity. Along with the hypothesis of
Mean-Field-like interactions (which will be presented later in Section 4.2.2), our
main structural assumption on the system will be of semimonotonicity of the data,
according to either one of the following definitions.

Definition 4.2.1. Let h ∈ C1((Rd)N ;RN ). For M > 0, we say that h is M -
D-semimonotone if

(4.2.3)
∑
i∈[[N ]]

(Dih
i(x)−Dih

i(y)) · (xi − yi) > −M |x− y|2

for all x, y ∈ (Rd)N , and M is called the D-semimonotonicity constant. We simply
say that h is D-semimonotone if (4.2.3) holds for some M > 0. If (4.2.3) holds
with M = 0, we say that h is D-monotone.

In order to abridge the notation in what follows we shall write h|xy = h(x)−h(y)
and

(4.2.4) D[h](x, y) :=
∑
i∈[[N ]]

Dih
i
∣∣x
y
· (xi − yi),

so that, inequality (4.2.3) will appear as D[h] > −MQ on (Rd)2N ' (Rd)N×(Rd)N ,
where Q = QA is the quadratic form induced on (Rd)2N by the matrix A :=( 1 −1
−1 1

)
⊗ I ∈ S (2Nd).

Definition 4.2.2. Let h : (Rd)N → RN . For κ > 0, we say that h is κ-L -semi-
monotone if

(4.2.5)
∑
i∈[[N ]]

(
hi(x)− hi(x−i, yi)− hi(y−i, xi) + hi(y)

)
> −κ|x− y|2
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for all x, y ∈ (Rd)N , and κ is called the L -semimonotonicity constant. We simply
say that h is L -semimonotone if (4.2.5) holds for some κ > 0. If (4.2.5) holds with
κ = 0, we also say that f is L -monotone.

For the sake of brevity, we define

(4.2.6) L[h](x, y) :=
∑
i∈[[N ]]

(
hi(x)− hi(x−i, yi)− hi(y−i, xi) + hi(y)

)
,

so that inequality (4.2.5) will appear as L[h] > −κQ on (Rd)2N .

Remark 4.2.3 (Second-order characterisations of semimonotonicity, and compar-
ison). If h is of class C2, then exploiting the mean value theorem and the funda-
mental theorem of calculus one easily shows that

h is M -D-semimonotone (that is, D[h] > −MQ on (Rd)2N )
⇐⇒ (D2

ijh
i)i,j∈[[N ]] > −M I .

Analogously, applying the mean value theorem twice to (4.2.5),

L[h](x, y) =
∫ 1

0

∫ 1

0

∑
i,j∈[[N ]]
j 6=i

D2
ijh

i(z−is′ , z
i
s)(xj − yj) · (xi − yi) dsds′ ,

where we have set zs := sx+ (1− s)y; thus, one easily shows that

h is κ-L -semimonotone (that is, L[h] > −κQ on (Rd)2N )
⇐⇒ (D2

ijh
i)i,j∈[[N ]] − diag (D2

iih
i)i∈[[N ]] > −κI .

At the level of second-order derivatives, one then observes that the two notions
of semimonotonicity differ by the diagonal term

(4.2.7) 4h := diag (D2
iih

i)i∈[[N ]].

Therefore, under some unilateral control of such diagonal, they can be somehow
compared: if D2

iih
i > −γId on Rd, for some constant γ > 0 and all i, L -semimono-

tonicity implies D-semimonotonicityL[h] > −κQ on (Rd)2N

4h > −γI on (Rd)N
=⇒ D[h] > −(κ+ γ)Q on (Rd)2N .

On the other hand, if D2
iih

i 6 γId on (Rd)N , D-semimonotonicity implies L -semi-
monotonicityD[h] > −MQ on (Rd)2N

4h 6 γI on (Rd)N
=⇒ L[h] > −(M + γ)Q on (Rd)2N .

Nevertheless, for a given h, it is clear that the two constants involved in the
definitions may differ substantially, hence one should not regard the two notions
as comparable at all, especially when κ or M are small, that will be likely in our
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analysis. For instance, in the limit case that h be D-monotone, it will be false that
h is also L -monotone, and vice versa.

Remark 4.2.4. Having a look at the second-order characterisation above, one
notes that the notion of L -monotonicity is rather strict, in the sense that only
functions with a very particular structure can be L -monotone. In fact, for h
to be L -monotone one needs the zero-diagonal matrix (D2

ijh
i)i,j∈[[N ]] − 4h to be

positive semidefinite (in the generalised sense that its symmetrisation is positive
semidefinite), which happens only if such a matrix is the null one. Hence this
forces each hi to have the form hi(x) = hi0(xi) +hi1(x−i), for some hi0 : Rd → R and
hi1 : (Rd)N−1 → R.

Remark 4.2.5 (Relationship with monotonicity in the Mean Field setting). Con-
sider the case f i(x) = F (xi,mx) for all i ∈ [[N ]], where F : Rd × P(Rd) → R is
smooth enough for the following computations to be admissible.
• Suppose that F is displacement monotone; that is,

(4.2.8)
∫
Rd×Rd

(
DxF (x,m1)−DxF (y,m2)

)
· (x− y)µ(dx, dy) > 0

for every m1,m2 ∈ P(Rd) and µ ∈ P(Rd × Rd) having m1 and m2 as first and
second marginal, respectively. We show that f is “almost” D-monotone. Indeed,
for every i,

Dif
i(x) = DxF (xi,mx) + 1

N
DmF (xi,mx, x

i),

hence∑
i∈[[N ]]

(Dif
i(x)−Dif

i(y)) · (xi − yi)

= N

∫
(Rd)2

(DxF (x,mx)−DxF (y,my)) · (x− y) 1
N

∑
i∈[[N ]]

δ(xi,yi)(dx, dy)

+ 1
N

∑
i∈[[N ]]

(DmF (xi,mx, x
i)−DmF (yi,my, y

i)) · (xi − yi).

The former term on the right-hand side is nonnegative by the displacement mono-
tonicity of F . The latter one can be estimated in absolute value, assuming that
DmF is globally L-Lipschitz with respect to the (| · |,W1, | · |) distance, by

L

N
W1(mx,my)

∑
i∈[[N ]]

|xi − yi|+ 2L
N

∑
i∈[[N ]]

|xi − yi|2 6 3L
N

∑
i∈[[N ]]

|xi − yi|2.

Therefore, f is 3L
N -D-semimonotone. More generally, if the right-hand side of (4.2.8)

is not zero, but −M
∫
Rd×Rd |x−y|

2 µ(dx, dy), then F is just displacement semimono-
tone, as in [47, Definition 2.7]. In such case, f becomes

( 3L
N +M

)
-D-semimonotone.



4.2. MAIN SETTING AND ASSUMPTIONS 81

• Suppose now that F is monotone in the Lasry–Lions sense; that is, for all
m1,m2 ∈ P(Rd),

(4.2.9)
∫
Rd

(
F (z,m1)− F (z,m2)

)
(m1 −m2)(dz) > 0.

Then,∑
i∈[[N ]]

(
f i(x)− f i(x−i, yi)− f i(y−i, xi) + f i(y)

)
= N

∫
Rd

(
F (z,mx)− F (z,my)

)
(mx −my)(dz)

+
∑
i∈[[N ]]

(
F (yi,mx)− F

(
yi,mx +

δyi − δxi
N

)
− F

(
xi,my +

δxi − δyi
N

)
+ F (xi,my)

)
.

While the former term on the right-hand side is nonnegative by the monotonicity
of F , the latter one can be written as

1
N

∑
i∈[[N ]]

∫ 1

0

( δF
δm

(yi,ms, ·)
∣∣∣xi
yi
− δF

δm
(xi,ms, ·)

∣∣∣xi
yi

)
ds

+ 1
N

∑
i∈[[N ]]

∫ 1

0

( δF
δm

(xi,ms, ·)
∣∣∣xi
yi
− δF

δm
(xi, m̂s, ·)

∣∣∣xi
yi

)
ds

where δ
δm denotes the flat derivative (see, e.g., [23, Definition 2.2.1]) and we set

ms = mx + 1−s
N (δyi − δxi) and m̂s = my + 1−s

N (δxi − δyi). Using repeatedly the
mean value theorem, these two sums can be bounded, respectively, by

‖DxDmF‖∞
N

∑
i∈[[N ]]

|xi − yi|2

and∣∣∣∣∣ 1
N

∑
i∈[[N ]]

(∫ 1

0

∫ 1

0

∫ 1

0

∫
Rd

δ(DmF )
δm

(∗) (ms − m̂s)(dz) ds′′ds′ds
)
· (xi − yi)

∣∣∣∣∣
6 ‖D2

mmF‖∞
((

1
N

∑
i∈[[N ]]

|xi − yi|
)2

+ 2
N2

∑
i∈[[N ]]

|xi − yi|2
)
,

where ∗ = (xi, s′ms+(1−s′)m̂s, s
′′xi+(1−s′′)yi, z). Therefore, f is κ-L -semiono-

tone with κ = O(N−1). More generally, if the right-hand side of (4.2.9) is not zero,
but −MW2(m1,m2)2, then f becomes

(
M +O(N−1)

)
-L -semimonotone.

4.2.2. Mean-Field-like and semimonotone interactions. As prefigured,
we work in a regime of Mean-Field-like interactions, assuming the following:
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(MF) for h ∈ {f, g}, there exists Lh > 0, independent of N , such that

sup
i∈[[N ]]

(
‖Dih

i‖∞ + ‖D2
iih

i‖∞
)
6 Lh,

sup
i∈[[N ]]

(
sup

k∈[[N ]]\{i}
‖Dkh

i‖∞ +
∑

k∈[[N ]]\{i}

‖D2
ikh

k‖2∞
)
6
L2
h

N
,

and in addition

sup
k∈[[N ]]

∑
i∈[[N ]]

‖D(Dkg
i)‖2∞ +

∑
k,i∈[[N ]]
i 6=k

‖D(D2
kig

i)‖2∞ 6 L2
g,

sup
i∈[[N ]]

∑
k∈[[N ]]\{i}

‖D(Dkg
i)‖2∞ 6

L2
g

N
.

We stress the fact that these bounds are of Mean Field type in that they pro-
vide the weight with respect to N which one expects in the Mean Field setting,
as described in the remark below. Yet, we are not asking for any symmetry with
respect to the variables of h; that is, we are essentially dropping the classic indis-
tinguishability (or exchangeability) hypothesis of Mean Field Games.

Remark 4.2.6. Consider f i(x) = F i(xi,mx−i); recall that mx−i = 1
N−1

∑
j 6=i δxj .

Suppose that F i : Rd×P1(Rd)→ R is Lipschitz continuous with Lipschitz constant
L > 0. Since for any v ∈ Rd and k 6= i

|f i(x0, . . . , xk−1, xk + v, xk+1, . . .)− f i(x)|

6 LW1

( 1
N − 1

∑
j /∈{i,k}

δxj + 1
N − 1δxk+v,

1
N − 1

∑
j 6=i

δxj
)
6

L

N + 1 |v| ,

one easily checks that the assumptions on f i in (MF) hold, independently of N ,
provided that

(4.2.10) F i and DxF
i are Lipschitz continuous w.r.t. the (| · |,W1) distance,

since in such case ‖DkF
i‖∞ and ‖D2

kiF
i‖∞ remain bounded proportionally to 1/N

uniformly with respect to k 6= i and N .
On the other hand, the assumptions on gi in (MF) are a bit more restric-

tive. This is because several estimates below exploit the regularisation effect of
the diffusion, hence bounds on Dαui will depend on Dα−1f i and on Dαgi. If
gi(x) = Gi(xi, 1

N−1
∑
j 6=i δxj ), where Gi ∈ C1(Rd ×P1(Rd)), then, whenever j 6= i,

Djg
i(x) = 1

N − 1DmG
i
(
xi,

1
N − 1

∑
j 6=i

δxj , x
j
)
,

see [23, Remark 6.1.2]. Therefore, for (MF) to hold one should require (4.2.10)
with G in lieu of F and that

DmG
i and DxDmG

i are Lipschitz continuous w.r.t. the (| · |,W1, | · |) distance.
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The a priori estimates are derived on the N -dimensional Nash system under
one of the following two additional structural assumptions of semimonotonicity of
f and g: for h ∈ {f, g},

(DS) h is Mh-D-semimonotone, for some constant Mh > 0 independent of N ;

(LS) h is κh-L -semimonotone, for some constant κh > 0 independent of N ;

Our main result has been presented in the Introduction. We reproduce it here
for the convenience of the reader.

Theorem 4.2.7. Assume Mean-Field-like and semimonotone interactions; that is,
assume (MF), and either (DS) or (LS). If, given T > 0, the semimonotonicity
constants are sufficiently small (or vice versa), and N ∈ N is sufficiently large, any
solution u to the Nash system (4.2.1) on [0, T ]× (Rd)N satisfies

sup
i∈[[N ]]

(
sup

j∈[[N ]]\{i}
‖Dju

i‖∞ +
∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j
∣∣2∥∥∥∥
∞

+
∑

j∈[[N ]]\{i}

‖D(Dju
i)‖2∞

)
.

1
N

and

sup
i∈[[N ]]

‖Dui‖∞ + sup
i∈[[N ]]

∑
j∈[[N ]]

‖D(Diu
j)‖2∞ +

∑
i,j∈[[N ]]
j 6=i

‖D(Diju
j)‖2∞ . 1,

where the implied constants are independent of N . In addition, u shares the same
type of semimonotonicity of the data.

As discussed in the introduction, we proceed as follows. First, if the solution u
to the Nash system is semimonotone, then the desired estimates on the derivatives
hold; then, the semimonotonicity of the data provide semimonotonicity u near the
final time T in such a way that, as a consequence of the aforementioned estimates,
the semimonotonicity of u “propagates” up to time 0, provided that N is large
enough.

This is done for D-semimonotone data first. Then, making use of the rela-
tionship highlighted in Remark 4.2.3 between the two notions of semimonotonicity,
with little additional effort the case of L -semimonotone data is covered as well.

4.3. Estimates under the one-sided Lipschitz condition on the drift

For the following computations, we assume that u is of class C1 in time and
of class C4 in space. Throughout the section, we will always assume a one-sided
Lipschitz condition on the first-order (drift) term, as in (4.3.2) below. Such term
will be often the one appearing in (4.2.1), that is bi = Diu

i, in which case the
one-sided condition is equivalent to the D-semimonotonicity of u.
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4.3.1. A Lipschitz estimate for linear equations. The first ingredient is a
Lipschitz estimate for solutions of linear equations with semimonotone drifts. Here,
we implement the method of doubling variables (also known as Ishii–Lions method,
or coupling method in the probabilistic community) as in [75]. The crucial features
of the estimate are that the Lipschitz constant is universal with respect to N , and
its dependence on the Lipschitz norm of the final condition, the supremum norm of
the right-hand side and t is explicit. We note that the technique is well-known, but
we are aware of very few examples of statements that are dimensional independent
(e.g., [2]). Having a nondegenerate diffusion is crucial here, while the size of β does
not play any role.

Lemma 4.3.1. Let v : [0, T ]× (Rd)N → R be a bounded classical solution to

(4.3.1)


−∂tv − Tr((σI + βJ)D2v) +

∑
16j6N

bj ·Djv = F

v|t=T = G,

where F and G are continuous and bounded, G having bounded derivative, b : [0, T ]×
(Rd)N → (Rd)N is continuous and bounded and for some τ ∈ [0, T ] and M > 0,

(4.3.2)
∑
i∈[[N ]]

(bi(t, x)−bi(t, y))·(xi−yi) > −M |x−y|2 ∀t ∈ (τ, T ], x, y ∈ (Rd)N .

Then

‖Dv(t, ·)‖∞ 6
(
4σ− 1

2 ‖F‖∞(T − t) 1
2 eM(T−t) + ‖DG‖∞

)
eM(T−t) ∀ t ∈ [τ, T ].

Note that the rate ‖F‖∞
√

(T − t)/σ is sharp and coincides with the one of
the heat equation −(∂t + σ∆)v = F , that can be obtained, for instance, using
Duhamel’s formula.

Proof. Let w : [0, T ]× (Rd)N × (Rd)N → R be given by

w(t, x, y) := v(t, ·)|xy − ψ(t, |x− y|)− ‖DG‖∞eM(T−t)|x− y| ,

where

ψ(t, r) := 2σ− 1
2 ‖F‖∞e2M(T−t)(r√T − t+ σ

1
2 (T − t)(1− e

− r√
σ(T−t) )

)
,

Computations show that for x 6= y

D2
(x,y)w(t, x, y)

= diag
(
D2v(t, x),−D2v(t, y)

)
− ψrr(t, |x− y|)

(
Px−y −Px−y
−Px−y Px−y

)

− 1
|x− y|

(
ψr(t, |x− y|) + ‖DG‖∞eM(T−t))( I− Px−y −I + Px−y

−I + Px−y I− Px−y

)
,
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where Pe := |e|−2e ⊗ e for e ∈ (Rd)N \ {0}. We now want to show that w is a
subsolution of the parabolic operator −∂t−L on (0, T )×

(
(Rd)N×(Rd)N \{x = y}

)
,

where

L = Tr
(
(J2 ⊗ (σI + βJ))D2

(x,y)
)
− 4σTr

(
Px−yD2

xy

)
− b(t, x) ·Dx − b(t, y) ·Dy.

Note that the operator is indeed (degenerate) parabolic, since its diffusion matrix(
σI + βJ σI + βJ− 2σPx−y

σI + βJ− 2σPx−y σI + βJ

)
is nonnegative. We have

Tr
(
(J2 ⊗ (σI + βJ))D2

(x,y)w(t, x, y)
)

= Tr((σI + βJ)D2v(t, ·))
∣∣x
y

and
−4σTr

(
Px−yD2

xyw(t, x, y)
)

= −4σψrr(t, |x− y|),

where we used the notation ψr = ∂
∂rψ. Also, we compute

Dxw(t, x, y) = Dv(t, x)− 1
|x− y|

(
ψr(t, |x− y|) + ‖DG‖∞eM(T−t))(x− y),

Dyw(t, x, y) = −Dv(t, y) + 1
|x− y|

(
ψr(t, |x− y|) + ‖DG‖∞eM(T−t))(x− y)

and, according to (4.2.1),

∂tw(t, x, y) = − Tr
(
(σI + βJ)D2v(t, ·)

∣∣x
y

)
+

∑
16j6N

bj(t, ·)Djv(t, ·)
∣∣x
y
− F |xy

− ψt(t, |x− y|) +M‖DG‖∞eM(T−t)|x− y|,

where ψt = ∂
∂tψ. It follows that

(∂t + L)w(t, x, y)

= −4σψrr(t, |x− y|)− F |xy − ψt(t, |x− y|) +M‖DG‖∞eM(T−t)|x− y|

+ 1
|x− y|

(
ψr(t, |x− y|)(|x− y|)

+ ‖DG‖∞eM(T−t)) ∑
16j6N

bj(t, ·)
∣∣x
y
· (xj − yj) ;

hence by the hypothesis (4.3.2) on b,

(∂t + L)w(t, x, y)
> −4σψrr(t, |x− y|)−Mψr(t, |x− y|)|x− y| − ψt(t, |x− y|)− 2‖F‖∞ .

Now, direct computations show that, with r = |x−y|, s = T − t and y = r/
√
T − t,

− 4σψrr(t, r)−Mψr(t, r)r − ψt(t, r)

= 2σ− 1
2 ‖F‖∞e2Ms

(
σ

1
2 + 3σ 1

2 e−yσ
− 1

2 + 2Msσ
1
2 (1− e−yσ

− 1
2 )

+ y

2(1 + 2Ms)(1− e−yσ
− 1

2 )
)

> 2‖F‖∞.
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Since w(t, ·)|x=y = 0 for all t, by the maximum principle1

w 6

(
max

(Rd)N×(Rd)N
w(T, ·)

)
+

= 0 on [τ, T ]× (Rd)N × (Rd)N .

Being the choice of t, x and y arbitrary, the desired conclusion follows by observing
that ψ(t, r) 6 4σ− 1

2 ‖F‖∞e2M(T−t)r
√
T − t. �

Remark 4.3.2. The previous estimate can be proven also for viscosity solutions,
using standard methods. Unbounded solutions (with controlled growth) can be also
considered.

The following estimates will make use of Lemma 4.3.1 with bj = Dju
j . They

will be all derived under the assumption that u be D-semimonotone on (Rd)2N

uniformly with respect to t ∈ (τ, T ]; that is, according to the introduced notation,
D[u] > −MQ on (τ, T ]× (Rd)2N .

4.3.2. First-order derivatives of the value functions. The next result is
a Lipschitz estimate for the value function, it is obtained by doubling variables. We
show that the Hamilton–Jacobi equations preserve some weighted Lipschitz semi-
norm on (Rd)N . Note that, contrarily to the previous lemma, possible regularisation
effects from the diffusion are not exploited below.

Recall that, for any x ∈ (Rd)N , we have the i-th weighted norm

‖x‖i :=
(
|xi|2 + 1

N

∑
j∈[[N ]]\{i}

|xj |2
) 1

2
.

Lemma 4.3.3 (Weighted Lipschitz continuity of the value functions). Let τ ∈ [0, T ).
Suppose that D[u] > −MQ on (τ, T ] × (Rd)2N for some M > 0 and that, for
h ∈ {f, g}, there exist L̃h > 0 such that

(4.3.3) |hi(x)− hi(y)| 6 L̃h‖x− y‖i ∀x, y ∈ (Rd)N , i ∈ [[N ]].

Then

(4.3.4) |ui(t, x)− ui(t, y)| 6 c1‖x− y‖i ∀ t ∈ [τ, T ], x, y ∈ (Rd)N ,

where the constant c1 depends only on T , M , L̃g and L̃f .

1Here one needs to apply the maximum principle for classical subsolutions of parabolic equa-
tions on unbounded domains. The proof of this is rather classical, and it is based on the fact
that interior maxima of w cannot exist. Since w may not have a maximum on the unbounded set
(Rd)N × (Rd)N , it should be additively perturbed for instance by −ε(eK(T−t)(1 + |x|2 + |y|2) +
(T − τ)−1), with K large enough. Being now w bounded (as well as b), then the conclusion
follows by letting ε → 0. We do not provide here further details, but we mention that identical
computations appear in the proof of the next Lemma 4.3.3. Alternatively, see Section 4.6.3 for a
more probability-oriented proof.
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Proof. For ε > 0, let wi be the function

wi(t, x, y) := ui(t, ·)|xy − ψ(t)‖x− y‖i − εϕ(t, x, y)− ε

t− τ
,

defined for t ∈ (τ, T ], x, y ∈ (Rd)N , with

ψ(t) := eM(T−t)L̃g + eM(T−t) − 1
M

L̃f ,

ϕ(t, x, y) = eK(T−t)(1 + |x|2 + |y|2) ,

for some constant K > 0 to be determined. Since ui is bounded, wi attains its
maximum at some point (t̄, x̄, ȳ) ∈ (τ, T ] × (Rd)N × (Rd)N . Suppose that t̄ 6= T

and x̄ 6= ȳ. Computations show that for x 6= y (for simplicity, one may follow the
computations below with ε = 0, being the corresponding terms merely necessary to
guarantee the existence of a maximum for w, and therefore of perturbative nature)

D2
(x,y)w

i(t, x, y) =
(
D2ui(t, x)− 2εeK(T−t)I 0

0 −D2ui(t, y)− 2εeK(T−t)I

)

− ψ(t)
‖x− y‖i

(
Ii − Pix−y −Ii + Pix−y
−Ii + Pix−y Ii − Pix−y

)
,

where Ii is the block diagonal matrix given by

(Ii)jj =

Id if j = i

N−1Id if j 6= i

and we have set, for e ∈ (Rd)N \ {0},

Pie := Nie

‖e‖i
⊗ Nie

‖e‖i
, (Nie)j =

ei if j = i

N−1ej if j 6= i.

Then, as J2 ⊗ (σI + βJ) > 0 and Tr(D2wi(t̄, x̄, ȳ)) 6 0, we have

0 > Tr
(
(J2 ⊗ (σI + βJ))D2

(x,y)w
i(t̄, x̄, ȳ)

)
= Tr((σI + βJ)D2ui(t̄, ·))

∣∣x̄
ȳ
− 4(σ + β)NdεeK(T−t).

(4.3.5)

Also, since (Dx, Dy, ∂t)wi(t̄, x̄, ȳ) = 0, we have

0 = Dui(t̄, x̄)− ψ(t̄)
‖x̄− ȳ‖i

Ni(x̄− ȳ)− 2εeK(T−t)x̄,(4.3.6)

0 = −Dui(t̄, ȳ) + ψ(t̄)
‖x̄− ȳ‖i

Ni(x̄− ȳ)− 2εeK(T−t)ȳ(4.3.7)
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and, using (4.2.1) when computing ∂twi,

0 = −Tr
(
(σI + βJ)D2ui(t̄, ·)

∣∣x̄
ȳ

)
+

∑
j∈[[N ]]\{i}

Dju
j(t̄, ·) ·Dju

i(t̄, ·)
∣∣x̄
ȳ

+ 1
2 |Diu

i(t̄, ·)|2
∣∣x̄
ȳ
− f i|x̄ȳ − ψ′(t̄)‖x̄− ȳ‖i

+ εKeK(T−t)(1 + |x̄|2 + |ȳ|2) + ε

(t̄− τ)2 .

(4.3.8)

Exploiting relations (4.3.6) and (4.3.7) one sees that

(4.3.9)
∑

j∈[[N ]]\{i}

Dju
j(t̄, ·) ·Dju

i(t̄, ·)
∣∣x̄
ȳ

+ 1
2 |Diu

i(t̄, ·)|2
∣∣x̄
ȳ

= 1
N

ψ(t̄)
‖x̄− ȳ‖i

∑
j∈[[N ]]\{i}

Dju
j(t̄, ·)

∣∣x̄
ȳ
· (x̄j − ȳj)

+ 4εeK(T−t̄) ψ(t̄)
‖x̄− ȳ‖i

(x̄i − ȳi) · (x̄i + ȳi) + 4ε2e2K(T−t̄)(|x̄i|2 − |ȳi|2)

+ 2εeK(T−t̄)
∑

j∈[[N ]]\{i}

(
Dju

j(t̄, x̄) · x̄j +Dju
j(t̄, ȳ) · ȳi

)
.

The terms on the right-hand side of identity (4.3.9) can be estimated as follows:
since D[u](t̄) > −MQ and

√
N ‖x−y‖i > |x−y|, using relations (4.3.6) and (4.3.7)

along with the Cauchy–Schwarz inequality,

(4.3.10) 1
N

ψ(t̄)
‖x̄− ȳ‖i

∑
j∈[[N ]]\{i}

Dju
j(t̄, ·)

∣∣x̄
ȳ
· (x̄j − ȳj)

= 1
N

ψ(t̄)
‖x̄− ȳ‖i

∑
j∈[[N ]]

Dju
j(t̄, ·)

∣∣x̄
ȳ
· (x̄j − ȳj)

− 1
N

ψ(t̄)
‖x̄− ȳ‖i

Diu
i(t̄, ·)

∣∣x̄
ȳ
· (x̄i − ȳi)

> −Mψ(t̄)‖x̄− ȳ‖i − 1
N

ψ(t̄)
‖x̄− ȳ‖i

2εeK(T−t̄)(x̄i + ȳi) · (x̄i − ȳi)

> −Mψ(t̄)‖x̄− ȳ‖i − 2ε√
N
ψ(t̄)ϕ(t̄, x̄, ȳ);

since ‖x− y‖i 6 |x− y|, by the Cauchy–Schwarz inequality

(4.3.11) 4εeK(T−t̄) ψ(t̄)
‖x̄− ȳ‖i

(x̄i − ȳi) · (x̄i + ȳi) + 4ε2e2K(T−t̄)(|x̄i|2 − |ȳi|2)

> −4εeK(T−t̄)ψ(t̄)(|x̄i|+ |ȳi|)− 4ε2e2K(T−t̄)(|x̄|2 + |ȳ|2)

> −4ε
(
ψ(t̄) + εeK(T−t̄)

)
ϕ(t̄, x̄, ȳ);

finally, by the Cauchy–Schwarz and Young’s inequalities,

(4.3.12) 2εeK(T−t̄)
∑

j∈[[N ]]\{i}

(
Dju

j(t̄, x̄) · x̄j +Dju
j(t̄, ȳ) · ȳi

)
> −ε

(
2N sup

j∈[[N ]]
‖Dju

j‖2∞ + 1
)
ϕ(t̄, x̄, ȳ).



4.3. ESTIMATES UNDER THE ONE-SIDED LIPSCHITZ CONDITION ON THE DRIFT 89

Plugging (4.3.9) into (4.3.8) and exploiting inequalities (4.3.5), (4.3.10), (4.3.11)
and (4.3.12) as well as (4.3.3), we get

0 <
(
Mψ(t̄) + L̃f + ψ′(t̄)

)
‖x̄− ȳ‖i

+ ε
(
4(σ + β)Nd+ 4ψ(t̄) + 2εeK(T−t̄) + 2NCN + 1−K

)
ϕ(t̄, x̄, ȳ) ,

(4.3.13)

where CN := sup16j6N‖Dju
j‖2∞. At this point, choose

K = 4(σ + β)Nd+ 4ψ(0) + 2NCN + 3 ;

thus for all ε < e−KT one has

4(σ + β)Nd+ 4ψ(t̄) + 2εeK(T−t̄) + 2NCN + 1−K < 0 .

On the other hand, by the definition of ψ we have Mψ + L̃f + ψ′ = 0, thus the
above inequality (4.3.13) cannot hold. We conclude that one must have t̄ = T or
x̄ = ȳ, for any sufficiently small ε. Letting ε→ 0, we deduce that

ui(t, ·)|x̄ȳ − ψ(t)‖x̄− ȳ‖i 6 (gi|x̄ȳ − L̃g‖x̄− ȳ‖i)+ = 0 ,

where we have used (4.3.3) to obtain the last equality. The desired conclusion
follows with c1 = ψ(0). �

Remark 4.3.4. The previous result can be obtained for solutions to Hamilton–
Jacobi equations where the transport term

∑
j∈[[N ]]\{i}Dju

j · Dju
i is replaced by∑

j∈[[N ]] b
j ·Dju

i, with b satisfying (4.3.2).

The previous proposition immediately provides an estimate for the skew first-
order derivatives; that is, for those derivatives of the i-th value functions with
respect to xj with j 6= i.

Proposition 4.3.5 (Estimate on skew first-order derivatives). Let τ ∈ [0, T ). Sup-
pose that D[u] > −MQ on (τ, T ]× (Rd)2N . Then

sup
i∈[[N ]]

∥∥∥ ∑
j∈[[N ]]\{i}

|Dju
i(t, ·)|2

∥∥∥
∞
6
c21
N

∀ t ∈ [τ, T ],

where c1 is the constant given in Lemma 4.3.3 (that applies with L̃f =
√

2Lf and
L̃g =

√
2Lg, where Lf and Lg are the constants appearing in (MF)).

Proof. Note first that by the mean value theorem and (MF) we have

|f i(x)− f i(y)| 6
∥∥∥(|Dif

i|2 +N
∑
j 6=i
|Djf

i|2
) 1

2
∥∥∥
∞
‖x− y‖i 6

√
2Lf‖x− y‖i.

Let now ξ ∈ (Rd)N be such that |ξ| = 1 and ξi = 0. Plug y = x + hξ into (4.3.4)
and let h→ 0 to obtain |Dui(t, x) · ξ| 6 c1/

√
N . Taking now the supremum over ξ

yields
(∑

j 6=i |Dju
i(t, x)|2

) 1
2 6 c1/

√
N . �
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4.3.3. Second-order derivatives of the value functions. Although all
constants contained in the following statements will depend also on the dimension
d, we shall omit to specify it.

We now show that certain sums of second-order derivatives over the indices of
the players are controlled uniformly with respect to N . This is a preliminary step
to achieve more precise control on second-order derivatives.

Proposition 4.3.6. Let τ ∈ [0, T ). Suppose that D[u] > −MQ on (τ, T ]×(Rd)2N .
Then

sup
k∈[[N ]]

∑
i∈[[N ]]

‖D(Dku
i)(t, ·)‖2∞ 6 C2 ∀ t ∈ [τ, T ] ,

where the constant C2 depends only on σ, T , M , Lg and Lf .

Proof. Let k ∈ [[N ]], ` ∈ [[d]] and s ∈ [0, T − τ ]. Note that v = vk` =
Dxk`u

i solves (4.3.1) on [T − s, T ] × (Rd)N with bj = Dju
j , F = Dxk`f

i −∑
j∈[[N ]]\{i}Dj(Dxk`u

j)Dju
i and G = Dxk`g

i. By Lemma 4.3.1,

‖Dxk`Du
i‖∞ 6 Cσ‖Dxk`f

i‖∞s
1
2 e2Ms + ‖D(Dxk`g

i)‖∞eMs

+ Cσs
1
2 e2Ms

∥∥∥∥ ∑
j∈[[N ]]\{i}

Dj(Dxk`u
j)Dju

i

∥∥∥∥
∞
,

(4.3.14)

where the L∞-norm are understood to be computed on [T−s, T ]×(Rd)N or (Rd)N .
By Proposition 4.3.5 and the Cauchy–Schwarz inequality we have∥∥∥∥ ∑

j∈[[N ]]\{i}

Dj(Dxk`u
j)Dju

i

∥∥∥∥2

∞
6
c21
N

∥∥∥∥ ∑
j∈[[N ]]

∣∣D2
jku

j
∣∣2∥∥∥∥
∞

;

therefore from (4.3.14) and Young’s inequality we get

‖D(Dku
i)‖2∞ 6 3dC2

σ‖Dkf
i‖2∞e4Mss+ 3d‖D(Dkg

i)‖2∞e2Ms

+ 3dC2
σc

2
1e

4Mss

N

∥∥∥∥ ∑
j∈[[N ]]

∣∣D2
jku

j
∣∣2∥∥∥∥
∞
.

(4.3.15)

Since by (MF) we have sup16k6N
∑

16i6N‖Dkf
i‖2∞ 6 2L2

f , summing (4.3.15) over
i one deduces that∑

i∈[[N ]]

‖D(Dku
i)‖2∞ 6 6dC2

σe
4MssL2

f + 3de2Ms
∑
i∈[[N ]]

‖DkDg
i‖2∞

+ 3dC2
σc

2
1e

4Mss
∑
i∈[[N ]]

‖D(Dku
i)‖2∞.

If 3dC2
σc

2
1e

4Mss 6 1
2 this yields

(4.3.16)
∑
i∈[[N ]]

‖D(Dku
i)‖2∞ 6

2L2
f

c21
+ 6de2Ms

∑
i∈[[N ]]

‖D(Dkg
i)‖2∞.
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Considering that gi = ui(T, ·), by iterating estimate (4.3.16) on the intervals [T −
`s, T − (l−1)s] with ui(T − (l−1)s, ·) in lieu of gi for any positive integer l 6 l∗ :=
b(T − τ)/sc and then on the interval [τ, T − l∗s], one can prove by induction that∑

i∈[[N ]]

‖D(Dku
i)‖2∞

6
∑

16l6l∗+1

(2L2
f

c21

∑
m∈[[l]]

(6de2Ms)m + (6de2Ms)`
∑
i∈[[N ]]

‖D(Dkg
i)‖2∞

)
,

where the L∞-norms are understood to be computed on [τ, T ] × (Rd)N . We can
estimate sl∗ 6 T and choose s = (6dC2

σc
2
1e

4MT )−1 ∧ (T − τ), hence we conclude
using that (MF) includes supk∈[[N ]]

∑
i∈[[N ]]‖D(Dkg

i)‖2∞ 6 L2
g. �

Exploiting the estimates deduced so far, Bernstein’s method yields the first
estimate on the skew second-order derivatives. It provides a control when letting one
derivative be “in the direction” of the player to which the value function corresponds
while the other derivative is skew and then summing the squares of the second-order
derivatives over the players. In this sense, as the sum touches all value functions,
we will refer to it as a transversal estimate.

Proposition 4.3.7 (Transversal estimate on skew second-order derivatives). Let
τ ∈ [0, T ). Suppose that D[u] > −MQ on (τ, T ]× (Rd)2N . Then

sup
i∈[[N ]]

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j(t, ·)
∣∣2∥∥∥∥
∞
6
C3

N
∀ t ∈ [τ, T ].

where the constant C3 depends only on σ, T , M , Lg and Lf .

Proof. Let

wi := 1
2

( ∑
`∈[[N ]]\{i}

|D2
i`u

`|2 + 1
N
|D2

iiu
i|2
)
.

Direct computations exploiting (4.2.1) show that

− ∂twi − Tr((σI + βJ)D2wi) +
∑
j∈[[N ]]

Dju
j ·Djw

i + β
∑

`∈[[N ]]\{i}

∣∣∣∣ ∑
j∈[[N ]]

D3
ij`u

`

∣∣∣∣2

+ β

N

∣∣∣∣ ∑
j∈[[N ]]

D3
iiju

i

∣∣∣∣2 + σ
∑

j,`∈[[N ]]
` 6=i

∣∣D3
ij`u

`
∣∣2 + σ

N

∑
j∈[[N ]]

∣∣D3
iiju

i
∣∣2

+
∑

j,`∈[[N ]]
` 6=i

D2
j`u

`D2
iju

jD2
i`u

` +
∑

j,`∈[[N ]]
j 6=` 6=i

(
D2
iju

`D2
j`u

jD2
i`u

` +Dju
`D3

ij`u
jD2

i`u
`
)

+ 1
N

∑
j∈[[N ]]

D2
iju

iD2
iju

jD2
iiu

i + 1
N

∑
j∈[[N ]]\{i}

(
D2
iju

iD2
iju

jD2
iiu

i +Dju
iD3

iiju
jD2

iiu
i
)

=
∑

`∈[[N ]]\{i}

D2
i`f

`D2
i`u

` + 1
N
D2
iif

iD2
iiu

i,
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where according to the fact that the we are considering the Frobenius inner product
on Rd, all products between tensors are to be understood in the sense of tensor
contraction over the coordinates of repeated derivative indices; that is, for example,

D2
j`u

`D2
iju

jD2
i`u

` = Tr(D2
`ju

`D2
jiu

jD2
i`u

`) ,

Dju
`D3

ij`u
jD2

i`u
` =

∑
k1,k2,k3∈[[d]]

Dxjk2u
`D3

xik1xjk2x`k3u
jD2

xik1x`k3u
` ,

∣∣∣∣ ∑
j∈[[N ]]

D3
iiju

i

∣∣∣∣2 =
∑

k1,k2,k3∈[[d]]

∣∣∣∣ ∑
j∈[[N ]]

D3
xik1xik2xjk3u

i

∣∣∣∣2 .
We now estimate the terms above: since, according to Remark 4.2.3, D[u] > −MQ

is equivalent to (D2
j`h

`)j,`∈[[N ]] > −M I,

∑
j,`∈[[N ]]
6̀=i

D2
j`u

`D2
iju

jD2
i`u

` =
∑

j,`∈[[N ]]
j,` 6=i

D2
j`u

`D2
iju

jD2
i`u

` +
∑

`∈[[N ]]\{i}

D2
i`u

`D2
iiu

iD2
i`u

`

> −2M
∑

`∈[[N ]]\{i}

|D2
i`u

`|2 > −4Mwi ;

by the Cauchy–Schwarz inequality and Proposition 4.3.6,

∑
j,`∈[[N ]]
j 6=` 6=i

∣∣D2
iju

`D2
j`u

jD2
i`u

`
∣∣ 6 sup

i∈[[N ]]

∑
`∈[[N ]]\{i}

|D2
i`u

`|2
( ∑
j,`∈[[N ]]
j 6=` 6=i

|D2
iju

`|2
) 1

2

6 C
1
2
2 sup
i∈[[N ]]

wi ;

by the Cauchy–Schwarz inequality, Proposition 4.3.5 and Young’s inequality,

∑
j,`∈[[N ]]
j 6= 6̀=i

∣∣Dju
`D3

ij`u
jD2

i`u
`
∣∣

6

(
sup
`∈[[N ]]

∑
j∈[[N ]]\{i}

|Dju
`|2
) 1

2
( ∑
j,`∈[[N ]]
j 6= 6̀=i

|D3
ij`u

j |2
) 1

2
( ∑
`∈[[N ]]\{i}

|D2
i`u

`|2
) 1

2

6
c1√
N

( ∑
j,`∈[[N ]]
` 6=i

|D3
ij`u

`|2 +
∑
j∈[[N ]]

|D3
iiju

i|2
) 1

2
( ∑
`∈[[N ]]\{i}

|D2
i`u

`|2
) 1

2

6
σ

2N
∑

j,`∈[[N ]]
` 6=i

|D3
ij`u

`|2 + σ

2N
∑
j∈[[N ]]

|D3
iiju

i|2 + c21
σ
wi;
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by the Cauchy–Schwarz inequality, Young’s inequality and Proposition 4.3.6,∑
j∈[[N ]]

∣∣D2
iju

iD2
iju

jD2
iiu

i
∣∣

6 |D2
iiu

i|
( ∑
j∈[[N ]]\{i}

|D2
iju

i|2
) 1

2
( ∑
j∈[[N ]]\{i}

|D2
iju

j |2
) 1

2

+ |D2
iiu

i|3

6 2C
3
2
2 + C

1
2
2 w

i;

by the Cauchy–Schwarz inequality, Young’s inequality and Proposition 4.3.5,

∑
j∈[[N ]]\{i}

∣∣Dju
iD3

iiju
jD2

iiu
i
∣∣ 6 |D2

iiu
i|
( ∑
j∈[[N ]]\{i}

|Dju
i|2
) 1

2
( ∑
j∈[[N ]]\{i}

|D3
iiju

j |2
) 1

2

6
c21
σ
wi + σ

2
∑

j∈[[N ]]\{i}

|D3
iiju

j |2;

by Young’s inequality,∑
`∈[[N ]]\{i}

D2
i`f

`D2
i`u

` + 1
N
D2
iif

iD2
iiu

i 6
1
2

( ∑
`∈[[N ]]\{i}

|D2
i`f

`|2 + 1
N
|D2

iif
i|2
)

+ wi.

Therefore, we get

− ∂twi − Tr((σI + βJ)D2wi) +
∑
j∈[[N ]]

Dju
j ·Djw

i

6
(

1 + 4M + 2c21
σ

+ C
1
2
2

)
wi + C

1
2
2 sup
`∈[[N ]]

w` + 2C
3
2
2

N

+ 1
2

( ∑
`∈[[N ]]\{i}

|D2
i`f

`|2 + 1
N
|D2

iif
i|2
)
.

By (MF),
∑
`∈[[N ]]\{i} |D2

i`f
`|2 + 1

N |D
2
iif

i|2 6 2L2
f/N , thus

−∂twi − Tr((σI + βJ)D2wi) +
∑
j∈[[N ]]

Dju
j ·Djw

i 6 C
(

sup
`∈[[N ]]

w` + 1
N

)
,

where the constant C depends only on σ, T , M , Lg and Lf . By the maximum
principle we get

‖wi(t, ·)‖∞ 6 ‖wi(T, ·)‖∞ + (T − t)C
(

sup
`∈[[N ]]

‖w`‖∞;[T−s,T ] + 1
N

)
.

for any s ∈ (0, T − τ ] and t ∈ [T − s, T ]; here we used the notation ‖ · ‖∞;I for the
standard norm of L∞(I × (Rd)N ). For s 6 (2C)−1 we obtain

(4.3.17) sup
i∈[[N ]]

‖wi‖∞;[T−s,T ] 6 2 sup
i∈[[N ]]

‖wi(T, ·)‖∞ + 1
N

;

letting s = (2C)−1 ∧ (T − τ) and iterating estimate (4.3.17) on the intervals [T −
`s, T−(`−1)s] for all positive integers ` 6 `∗ := b(T−τ)/sc and then on [τ, T−`∗s],
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we get by induction

sup
i∈[[N ]]

‖wi‖∞;[τ,T ] 6 2(2`
∗+1 − 1)

(
2 sup
i∈[[N ]]

‖wi(T, ·)‖∞ + 1
N

)
− `∗ + 1

N
.

The conclusion follows recalling that ui(T, ·) = gi, and thus supi∈[[N ]]‖wi(T, ·)‖ 6
2L2

g/N by (MF). �

In order to proceed, we need further control, for fixed i, on second-order deriva-
tives Djku

i of the value function as j, k vary. We will refer to it as a horizontal
estimate. Differently from the one obtained in Proposition 4.3.6, we sum over k 6= i,
thus expecting a decay of order 1/N . To achieve this, we need more precise control
on first-order derivatives: in Proposition 4.3.5, a cumulative information on Dui

was stated; here below, we show index-wise bounds, in the sense that no sum over
the direction xj is involved.

Proposition 4.3.8 (Index-wise estimate on skew first-order derivatives). Let τ ∈
[0, T ). Suppose that D[u] > −MQ on (τ, T ]× (Rd)2N . Then

sup
i,k∈[[N ]]
k 6=i

‖Dku
i(t, ·)‖∞ 6

C1

N
∀ t ∈ [τ, T ],

where the constant C1 depends only on σ, T , M , Lg and Lf .

Proof. Let i, k ∈ [[N ]], i 6= k, and ` ∈ [[d]]. Note that v = vk` = Dxk`u
i solves

the linear problem
− ∂tv − Tr((σI + βJ)D2v) +

∑
j∈[[N ]]

Dju
j ·Djv

= Dxk`f
i −

∑
j∈[[N ]]\{i}

Dj(Dxk`u
j) ·Dju

i

v|t=T = Dxk`g
i .

Recall that by (MF), ‖Dxk`f
i‖∞ 6 Lf/N . For any s ∈ (0, T−τ ] and t ∈ [T−s, T ],

we control the second term of the right-hand side of the previous equation using
Proposition 4.3.5, Proposition 4.3.7 and Proposition 4.3.6 as follows:∣∣∣∣∣ ∑

j∈[[N ]]
k 6=j 6=i

Dj(Dxk`u
j) ·Dju

i +Dk(Dxk`u
k) ·Dku

i

∣∣∣∣∣
6

(∑
j 6=k
|D2

jku
j |2
) 1

2
(∑
j 6=i
|Dju

i|2
) 1

2

+ |D2
kku

k| |Dku
i|

6
c1C3

N
+ C2‖Dku

i‖∞;[T−s,T ].

Therefore, by the maximum principle we have

‖v‖∞;[T−s,T ] 6 s
c1C3 + Lf

N
+ sC2‖Dku

i‖∞;[T−s,T ] + ‖Dkg
i‖∞.
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Since the previous estimate holds for all ` ∈ [[d]], for s 6 (2
√
dC2)−1 we conclude

that
‖Dku

i‖∞;[T−s,T ] 6
c1C3 + Lf
C2N

+ 2
√
d ‖Dkg

i‖∞.

By iterating the previous inequality as in the previous proof, and using (MF)
again to control ‖Dxkg

i‖∞ 6 Lg/N we obtain the assertion on the time interval
[T − τ, T ]. �

We can now get the horizontal bounds on skew second-order derivatives.

Proposition 4.3.9 (Horizontal estimate on skew second-order derivatives). Let
τ ∈ [0, T ). Suppose that D[u] > −MQ on (τ, T ]× (Rd)2N . Then

sup
i∈[[N ]]

∑
k∈[[N ]]\{i}

‖D(Dku
i)(t, ·)‖2∞ 6

C4

N
∀ t ∈ [τ, T ] ,

where the constant C4 depends only on σ, T , M , Lg and Lf .

Proof. From inequality (4.3.14) we have

‖Dxk`Du
i‖∞ 6 Cσ‖Dxk`f

i‖∞s
1
2 e2Ms + ‖D(Dxk`g

i)‖∞eMs

+ Cσs
1
2 e2Ms

∥∥∥∥ ∑
j∈[[N ]]
k 6=j 6=i

Dj(Dxk`u
j)Dju

i

∥∥∥∥
∞

+ Cσs
1
2 e2Ms‖Dk(Dxk`u

k)Dku
i‖∞ .

(4.3.18)

By the Cauchy–Schwarz inequality, Proposition 4.3.5 and Proposition 4.3.7,∥∥∥∥ ∑
j∈[[N ]]
k 6=j 6=i

Dj(Dxk`u
j)Dju

i

∥∥∥∥2

∞
6
c21
N

∥∥∥∥ ∑
j∈[[N ]]\{k}

∣∣D2
jku

j
∣∣2∥∥∥∥
∞
6
c21C3

N2 ;

therefore from (4.3.18) and Young’s inequality we get

‖D(Dku
i)‖2∞ . C2

σ‖Dkf
i‖2∞e4Mss+ ‖D(Dkg

i)‖2∞e2Ms + C2
σc

2
1C3e

4Mss

N2

+ C2
σe

4Mss‖D2
kku

k‖2∞‖Dku
i‖2∞,

(4.3.19)

where the implied constant depends only on d. By (MF),
∑
k∈[[N ]]\{i}‖Dkf

i‖2∞ 6
L2
f/N and

∑
k∈[[N ]]\{i}‖D(Dkg

i)‖2∞ 6 L2
g/N ; by Proposition 4.3.6 and Proposi-

tion 4.3.8

(4.3.20)
∑

k∈[[N ]]\{i}

‖D2
kku

k‖2∞‖Dku
i‖2∞ 6

C1C2

N
.

The desired conclusion now follows, summing (4.3.19) over k 6= i. �

Remark 4.3.10. Proposition 4.3.8 is clearly stronger than Proposition 4.3.5, nev-
ertheless we cited them both in the previous proof in order to highlight when the
weaker Proposition 4.3.5 was sufficient and, consequently, that the stronger Propo-
sition 4.3.8 is only needed to get estimate (4.3.20).
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4.3.4. Third-order derivatives of the value functions. Finally, we prove
the most basic third-order version of the transversal estimate on skew-second order
derivatives.

Proposition 4.3.11 (Transversal estimate on third-order derivatives). Let τ ∈
[0, T ). Suppose that D[u] > −MQ on (τ, T ]× (Rd)2N . Then

∑
i,j∈[[N ]]
j 6=i

‖D(Diju
j)(t, ·)‖2∞ 6 C5 ∀ t ∈ [τ, T ] ,

where the constant C5 depends only on σ, T , M , Lg and Lf .

Proof. Proceed as in the proof of Proposition 4.3.6. Let h, k ∈ [[N ]], `,m ∈ [[d]]
and s ∈ [0, T − τ ]. Note that v = Dxk`xhmu

i solves problem (4.3.1) on [T − s, T ]×
(Rd)N with bj = Dju

j ,

F = D2
xk`xhmf

i −
∑

j∈[[N ]]\{i}

Dj(D2
xk`xhmu

j)Dju
i −

∑
j∈[[N ]]\{i}

Dj(Dxk`u
j)Dj(Dxhmu

i)

−
∑

j∈[[N ]]\{i}

Dj(Dxhmu
j)Dj(Dxk`u

i)−Di(Dxhmu
i)Di(Dxk`u

i)

and G = D2
xk`xhmg

i. By Lemma 4.3.1,

(4.3.21) ‖D(D2
xk`xhmu

i)‖∞

. ‖D2
xk`xhmDg

i‖∞eMs + Cσ

(∥∥∥∥ ∑
j∈[[N ]]\{i}

Dj(D2
xk`xhmu

j)Dju
i

∥∥∥∥
∞

+
∥∥∥∥ ∑
j∈[[N ]]\{i}

Dj(Dxk`u
j)Dj(Dxhmu

i)
∥∥∥∥
∞

+
∥∥∥∥ ∑
j∈[[N ]]\{i}

Dj(Dxhmu
j)Dj(Dxk`u

i)
∥∥∥∥
∞

+ ‖Di(Dxhmu
i)Di(Dxk`u

i)‖∞s
1
2 e2Ms + ‖D2

xk`xhmf
i‖∞

)
s

1
2 e2Ms ,

where the implied constant is a number and the L∞-norm are understood to be
computed on [T − s, T ]× (Rd)N or (Rd)N . By Proposition 4.3.5 and the Cauchy–
Schwarz inequality we have

∥∥∥∥ ∑
j∈[[N ]]\{i}

Dj(D2
xk`xhmu

j)Dju
i

∥∥∥∥2

∞
6
c21
N

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D3
hjku

j
∣∣2∥∥∥∥
∞

;
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therefore, choosing k = i in (4.3.21), and applying Young’s inequality we get

(4.3.22) ‖D(D2
hiu

i)‖2∞

. ‖D2
hiDg

i‖2∞e2Ms +
∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
jiu

j
∣∣2 ∑
j∈[[N ]]\{i}

∣∣D2
hju

i
∣∣2∥∥∥∥
∞
se4Ms

+
∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
hju

j
∣∣2 ∑
j∈[[N ]]\{i}

∣∣D2
jiu

i
∣∣2∥∥∥∥
∞
se4Ms + ‖D2

hif
i‖2∞se4Ms

+ ‖Dhiu
i‖2∞‖Diiu

i‖2∞se4Ms + c21se
4Ms

N

∑
j∈[[N ]]\{i}

‖D3
hiju

j‖2∞ ,

where the implied constant depends only on Cσ and d. By assumption (MF),∑
h,i∈[[N ]], i 6=h‖D2

hif
i‖2∞ 6 L2

f ; by Propositions 4.3.7 and 4.3.9,

sup
i∈[[N ]]

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j
∣∣2∥∥∥∥
∞

∑
h,i∈[[N ]]
h6=i

∥∥∥∥ ∑
j∈[[N ]]

∣∣D2
hju

i
∣∣2∥∥∥∥
∞
6
C3C4

N
;

by Propositions 4.3.6 and 4.3.7,∑
h,i∈[[N ]]
i 6=h

‖Dhiu
i‖2∞‖Diiu

i‖2∞ 6 C2C3.

Therefore, summing inequality (4.3.22) over h and k = i 6= h yields∑
h,i∈[[N ]]
i 6=h

‖D(D2
hiu

i)‖2∞

. se4Ms + e2Ms
∑

h,i∈[[N ]]
i6=h

‖D(D2
hig

i)‖2∞ + 1
N

∑
h,i,j∈[[N ]]

j 6=i

‖D3
hiju

j‖2∞se4Ms ,

where the implied constant (here as well as below) depends only on σ, T , M , Lf
and Lg. Exploiting now the fact that

∑
h,i,j∈[[N ]]

j 6=i

‖D3
hiju

j‖2∞ 6 N
∑

i,j∈[[N ]]
j 6=i

∥∥∥∥ ∑
h∈[[N ]]

∣∣D3
hiju

j
∣∣2∥∥∥∥
∞

= N
∑

i,j∈[[N ]]
j 6=i

‖D(Diju
j)‖2∞ ,

we obtain, for small s,∑
h,i∈[[N ]]
i 6=h

‖D(D2
hiu

i)‖2∞ . 1 +
∑

h,i∈[[N ]]
i6=h

‖D(D2
hig

i)‖2∞ = 1 +
∑

h,i∈[[N ]]
i6=h

‖D(D2
hiu

i)(T, ·)‖2∞ .

Using that
∑
h,i∈[[N ]], i 6=h‖D(D2

hig
i)‖2∞ 6 L2

g due to assumption (MF), one con-
cludes by arguing as in the proof of Proposition 4.3.6.

�
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4.4. The D-semimonotone case

We prove in this section Theorem 4.2.7 in the D-semimonotone case. The
following result shows the crucial interplay between the previous estimates and the
D-semimonotonicity of the value functions. It basically shows that if there exists
a left temporal open neighbourhood (τ, T ] of T in which u is M -D-semimonotone
for some suitable M , then exploiting the estimates on the skew derivatives one can
show that such a semimonotonicity actually holds with constant 1

2M on the whole
[τ, T ]× (Rd)N , provided that N is large.

This implies that if the matrix (Diju
j)i,j∈[[N ]] +M I is positive definite near T ,

then it cannot degenerate at any time in [0, T ]. In this sense, we can consider this
fact as a (backward) propagation of the semimonotonicity. Such an argument will in
turn imply that all estimates on the derivatives themselves propagate, thus small-
time existence of a D-semimonotone solution to the Nash system is sufficient to
prove global existence on [0, T ] of a solution which satisfies all the above estimates
(see Theorem 4.4.2 below).

Proposition 4.4.1 (Improvement of D-semimonotonicity). Assume (MF). There
exist positive constants M∗, M∗f and M∗g (with M∗g < M∗) depending on T , and a
natural number N∗ depending on σ, T , Lg and Lf such that for any τ ∈ [0, T ) one
has

D[u] > −M∗Q on (τ, T ]× (Rd)2N

D[f ] > −M∗fQ on (Rd)2N

D[g] > −M∗gQ on (Rd)2N

N > N∗


=⇒ D[u(τ, ·)] > −1

2M
∗Q on (Rd)2N .

Looking at (4.4.7) below, one can in fact choose M∗g = (12eT )−1, M∗f =
(12eT 2)−1 and M∗ = (2T )−1.

The proof involves again the method of doubling variables. We could proceed
with a PDE approach as before, but we prefer to follow a “dynamic” approach;
that is, we argue along optimal trajectories. This is probably closer in the spirit to
what is usually done in the MFG theory.

More precisely, we use a synchronous coupling between two solutions of (4.2.2),
for agents playing optimally. For the benefit of the reader we briefly recall what
one means by such a coupling. Let t̄ ∈ [0, T ) and consider the (Rd)m-valued SDE

(4.4.1) dZt = b(t, Zt) dt+ Σ(t, Zt) dB̃t, t ∈ [t̄, T ],

where Σ is anmd×`dmatrix and B̃t is an `d-dimensional Brownian motion. Assume
that the drift b and the diffusion coefficient Σ are locally Lipschitz continuous and
have sublinear growth with respect to the state variable, uniformly with respect to
time. If Z solves (4.4.1) with Zt̄ = z̄ ∈ (Rd)m, then the following Dynkin’s formula
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holds for any h ∈ C1,2([t̄, T ]× (Rd)m) such that ∂`tDγh(t, ·) has polynomial growth
for all t ∈ [t̄, T ] and 2`+ |γ| 6 2:

(4.4.2) E
[
h(T,ZT )

]
= h(t̄, z̄) +

∫ T

t̄

E
[
∂th(t, Zt) + Lh(t, Zt)

]
dt,

where L = 1
2 Tr

(
ΣΣTD2

z

)
+ b ·Dz is the differential generator of the process Z; see,

e.g., [4, Chapter 9]. We are interested in the particular case where m = 2N and Z
is the following coupling of two solution of the (Rd)N -valued SDE

(4.4.3) dXt = α(t,Xt) dt+ σ(t,Xt) dB̃t, t ∈ [t̄, T ],

where σ is an Nd× `d matrix and B̃t is a `d-dimensional Brownian motion. Given
X and Y which both solve (4.4.3), with Xt̄ = x̄ and Yt̄ = ȳ, respectively, we
say that Z = (X,Y )T with Zt̄ ∼ µ having marginals δx̄ and δȳ is a synchronous
coupling of X and Y . It solves equation (4.4.1) with b(t, x, y) = (α(t, x), α(t, y))T

and Σ(t, x, y) = (σ(t, x), σ(t, y))T, thus

b·Dz = α(t, x)·Dx + α(t, y)·Dy, ΣΣT =
(
σ(t, x)σ(t, x)T σ(t, x)σ(t, y)T

σ(t, y)σ(t, x)T σ(t, y)σ(t, y)T

)
.

In particular, when (4.4.3) coincides with (4.2.2) in the equilibrium, which happens
for α = α∗ := (−Diu

i)i∈[[N ]], B̃ = (B,W )T and σ ≡
√

2
(√

σ I |
√
β 1N ⊗ Id

)
, one

has ΣΣT = 2(J2 ⊗ (σI + βJ)) and thus

(4.4.4) L = Tr
(
(J2 ⊗ (σI + βJ))D2

(x,y)
)

+ α∗(t, x) ·Dx + α∗(t, y) ·Dy.

Clearly, analogous considerations hold if Zt̄ is any random variable with finite
E
[
|Zt̄|k

]
for some k ∈ N; in this case, (4.4.2) holds with h(t̄, z̄) replaced by

E
[
h(t̄, Zt̄)

]
and provided that ∂`tDγh(t, ·) . 1 + | · |k.

Proof of Proposition 4.4.1. Let wi(t, x, y) := Diu
i(t, ·)

∣∣x
y
· (xi − yi). We

want to use formula (4.4.2) where t̄ = τ , h = wi and Z = (X,Y ) is a synchronous
coupling of two solutions to (4.2.2); that is, formula (4.4.2) with L given by (4.4.4).
We have

Lwi(t, x, y) = Di Tr
(
(σI + βJ)D2ui(t, ·)

∣∣x
y

)
· (xi − yi)

−
∑
j∈[[N ]]

D2
iju

i(t, ·)Dju
j(t, ·)

∣∣x
y
· (xi − yi)−

∣∣Diu
i(t, ·)

∣∣x
y

∣∣2,
and, according to (4.2.1),

∂tw
i(t, x, y) = −Di Tr

(
(σI + βJ)D2ui(t, ·)

∣∣x
y

)
· (xi − yi)

+
∑
j∈[[N ]]

D2
iju

i(t, ·)Dju
j(t, ·)

∣∣x
y
· (xi − yi)

+
∑

j∈[[N ]]\{i}

D2
iju

j(t, ·)Dju
i(t, ·)

∣∣x
y
· (xi − yi)−Dif

i
∣∣x
y
· (xi − yi) .
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Then equality (4.4.2) gives

E[wi(T,XT , YT )] 6 wi(τ, x̄, ȳ)−
∫ T

τ

E
[
Dif

i
∣∣Xt
Yt
· (Xi

t − Y it )
]

+
∫ T

τ

E E it dt,

where
E it :=

∑
j∈[[N ]]\{i}

D2
iju

j(t, ·)Dju
i(t, ·)

∣∣Xt
Yt
· (Xi

t − Y it ) .

Letting w :=
∑
i∈[[N ]] w

i, it follows that

w(τ, x̄, ȳ) > −M∗g E
[
|XT − YT |2

]
−M∗f

∫ T

τ

E
[
|Xt − Yt|2

]
dt

−
∫ T

τ

E
[ ∑
i∈[[N ]]

E it
]

dt .

(4.4.5)

By the mean value theorem

D2
iju

j(t, ·)Dju
i(t, ·)

∣∣Xt
Yt

=
(∫ 1

0
D
(
D2
iju

j(t, Zt(s))Dju
i(t, Zt(s))

)
ds
)

(Xt − Yt) ,

with Zt(s) = sXt + (1− s)Yt; then note that∑
i∈[[N ]]

E it

=
∫ 1

0

∑
i,k∈[[N ]]

∑
j∈[[N ]]\{i}

(
D3
ijku

j(t, Zt(s))Dju
i(t, Zt(s))

)
(Xk

t − Y kt ) · (Xi
t − Y it ) ds

+
∫ 1

0

∑
i,k∈[[N ]]

∑
j∈[[N ]]\{i}

(
D2
iju

j(t, Zt(s)))D2
jku

i(t, Zt(s))
)
(Xk

t − Y kt ) · (Xi
t − Y it ) ds ,

where∣∣∣∣ ∫ 1

0

∑
i,k∈[[N ]]

∑
j∈[[N ]]\{i}

(
D3
ijku

j(t, Zt(s))Dju
i(t, Zt(s))

)
(Xk

t − Y kt ) · (Xi
t − Y it ) ds

∣∣∣∣
6

∥∥∥∥ ∑
i,k∈[[N ]]

∣∣∣∣ ∑
j∈[[N ]]\{i}

D3
ijku

jDju
i

∣∣∣∣2∥∥∥∥ 1
2

∞
|Xt − Yt|2

6

( ∑
i∈[[N ]]

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D(D2
iju

j)
∣∣2∥∥∥∥
∞

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣Dju
i
∣∣2∥∥∥∥
∞

) 1
2

|Xt − Yt|2

and similarly∣∣∣∣ ∫ 1

0

∑
i,k∈[[N ]]

∑
j∈[[N ]]\{i}

(
D2
iju

j(t, Zt(s)))D2
jku

i(t, Zt(s))
)
(Xk

t − Y kt ) · (Xi
t − Y it ) ds

∣∣∣∣
6

( ∑
i∈[[N ]]

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j
∣∣2∥∥∥∥
∞

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D(Dju
i)
∣∣2∥∥∥∥
∞

) 1
2

|Xt − Yt|2.



4.4. THE D-SEMIMONOTONE CASE 101

Propositions 4.3.5 and 4.3.11 ensure that∑
i∈[[N ]]

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D(D2
iju

j)
∣∣2∥∥∥∥
∞

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣Dju
i
∣∣2∥∥∥∥
∞
6
c21C5

N

and Propositions 4.3.7 and 4.3.9 give∑
i∈[[N ]]

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j
∣∣2∥∥∥∥
∞

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D(Dju
i)
∣∣2∥∥∥∥
∞
6
C3C4

N
.

Therefore we have ∫ T

τ

E
[ ∑
i∈[[N ]]

E it
]
6

C√
N

sup
t∈[τ,T ]

E
[
|Xt − Yt|2

]
for some constant C which depends only σ, T , M∗, Lf and Lg. On the other hand,
by the equation of X − Y ,

d|Xt − Yt|2 = −2
∑
i∈[[N ]]

(Diu
i(t,Xt)−Diu

i(t, Yt)) · (Xi
t − Y it ) dt

6 2M∗|Xt − Yt|2 dt ,

where the inequality comes from the D-semimonotonicity of u, so that Gronwall’s
lemma yields

(4.4.6) E
[
|Xt − Yt|2

]
6 |x̄− ȳ|2e2M∗(t−τ) ∀ t ∈ [τ, T ].

Hence, from (4.4.5) we have obtained

w(τ, x̄, ȳ) > −e2M∗T
(
M∗g + TM∗f + C√

N

)
|x̄− ȳ|2.

Fix now M∗ = (2T )−1; choosing M∗g and M∗f small enough and N∗ large enough
so that

(4.4.7) M∗g + TM∗f + C√
N∗
6

M∗

2e2M∗T = 1
4eT

we see that w(τ, x̄, ȳ) > − 1
2M

∗|x̄ − ȳ|2 holds for any N > N∗. The conclusion
follows by the arbitrariness of x̄, ȳ ∈ (Rd)N . �

As anticipated, such a non-degeneration of semimonotonicity of the solution
is the key ingredient for the propagation of all derivative estimates, and of semi-
monotonicity, over the whole time horizon [0, T ]. This constitutes the first half of
Theorem 4.2.7.

Theorem 4.4.2 (Estimates on the Nash system with D-semimonotone data). As-
sume that f and g satisfy assumptions (MF) and (DS). Let T > 0. There exist
positive constants M∗f and M∗g depending on T (in such a way that M∗f ,M∗g → 0
as T → +∞ and M∗f ,M∗g → +∞ as T → 0), and a natural number N∗ depending
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only on σ, T , Lf and Lg, such that if Mg 6M∗g , Mf 6M∗f and N > N∗ then any
solution u to (4.2.1) on [0, T ]× (Rd)N satisfies

sup
i∈[[N ]]

(
sup

j∈[[N ]]\{i}
‖Dju

i‖∞ +
∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j
∣∣2∥∥∥∥
∞

+
∑

j∈[[N ]]\{i}

‖D(Dju
i)‖2∞

)
.

1
N

and

sup
i∈[[N ]]

‖Dui‖∞ + sup
i∈[[N ]]

∑
j∈[[N ]]

‖D(Diu
j)‖2∞ +

∑
i,j∈[[N ]]
j 6=i

‖D(Diju
j)‖2∞ . 1,

where the implied constants depend only on σ, T , Lf and Lg. In addition, there
exists M∗ > 0 (depending only on T ) such that u is M∗-D-semimonotone on [0, T ].

Proof. Let M∗f , M∗g , M∗ and N∗ be given by Proposition 4.4.1. By assump-
tion (DS), D[u(T, ·)] +M∗Q > εQ on (Rd)2N , with ε = M∗ −M∗g > 0; that is, by
Remark 4.2.3, (D2

iju
i(T, ·))i,j∈[[N ]] +M∗I > εI on (Rd)N . Since D2

iju
i are assumed

to be uniformly continuous, there exists τ ∈ [0, T ) (a priori dependent of N) such
that (D2

iju
i(t, ·))i,j∈[[N ]] +M∗I > ε

2 I on (Rd)N for all t ∈ (τ, T ]. Therefore,

T :=
{
s ∈ [0, T ) : u extends to a solution on (s, T ]× (Rd)N

and D[u] > −M∗Q therein
}
6= ∅

and τ∗ := inf T ∈ [0, τ ]. Seeking for a contradiction, suppose that τ∗ > 0. Then
D[u] > −M∗Q on [τ∗, T ]× (Rd)2N and by Proposition 4.4.1 we have D[u(τ∗, ·)] >
− 1

2M
∗Q on (Rd)2N . Repeating the same argument as at the beginning of the proof,

there exists τ ′ ∈ T , τ ′ < τ∗, thus contradicting the definition of τ∗. This proves
the D-semimonotonicity of u on [0, T ], hence all estimates on the derivatives are
given by Propositions 4.3.6 to 4.3.9 and 4.3.11. �

4.5. The L -semimonotone case

We prove in this section Theorem 4.2.7 in the L -semimonotone case. Our
observations in Remark 4.2.3 motivate the following result, which comprehends all
estimates on derivatives we have made in the previous section, under the assumption
of L -semimonotonicity and a lower bound on the diagonal of the Jacobian matrix
of the vector of optimal controls.

Proposition 4.5.1 (Estimates on the derivatives). Let τ ∈ [0, T ). Suppose that
L[u] > −κQ on (τ, T ] × (Rd)2N and there exists γ > 0 (independent of N), such
that

(4.5.1) 4u(t, ·) > −γI on (Rd)N ∀ t ∈ (τ, T ].
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Then there exists constants Ki, i ∈ {1, . . . , 5}, depending only on σ, T , κ, γ, Lg
and Lf , such that the following estimates hold for all t ∈ [τ, T ]:

sup
i,j∈[[N ]]
j 6=i

‖Dju
i(t, ·)‖∞ 6

K1

N
;(4.5.2)

sup
i∈[[N ]]

∑
j∈[[N ]]

‖D(Diu
j)(t, ·)‖2∞ 6 K2;(4.5.3)

sup
i∈[[N ]]

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j(t, ·)
∣∣2∥∥∥∥
∞
6
K3

N
;(4.5.4)

sup
i∈[[N ]]

∑
j∈[[N ]]\{i}

‖D(Dju
i)(t, ·)‖2∞ 6

K4

N
;(4.5.5)

∑
i,j∈[[N ]]
j 6=i

‖D(Diju
j)(t, ·)‖2∞ 6 K5.(4.5.6)

More precisely, each Ki is given by the constant Ci appearing in Propositions 4.3.6
to 4.3.9 and 4.3.11 with M replaced by κ+ γ.

Proof. As noted in Remark 4.2.3, we have D[u] > −(κ + γ)Q on (τ, T ] ×
(Rd)2N . Then the estimates follows from Propositions 4.3.6 to 4.3.9 and 4.3.11. �

With this piece of information one can show that the pair formed by L -semi-
monotonicity and diagonal lower bound (4.5.1) does not degenerate, just like dis-
placement semiconvexity did not (cf. Proposition 4.4.1).

Proposition 4.5.2 (Improvement of L -monotonicity and diagonal lower bound).
There exist nonnegative constants κ∗f , κ∗g, κ∗ and γ∗ and a natural number N∗, all
depending only on σ, T , Lg and Lf , such that κ∗g < κ∗, Lg < γ∗ and, for any
τ ∈ [0, T ), one has

L[u] > −κ∗Q on (τ, T ]× (Rd)2N

4u > −γ∗I on (τ, T ]× (Rd)N

L[f ] > −κ∗fQ on (Rd)2N

L[g] > −κ∗gQ on (Rd)2N

N > N∗


=⇒


L[u(τ, ·)] > −1

2κ
∗Q on (Rd)2N

4u(τ, ·) > −1
2γ
∗I on (Rd)N .

We are going to split the proof of this result in two propositions. We will prove
that the L -semimonotonicity improves, provided that one has the diagonal lower
bound (see Proposition 4.5.3). Then, symmetrically, that such a lower bound im-
proves, provided that one knows that u is L -semimonotone (see Proposition 4.5.4).

Proposition 4.5.3 (Improvement of L -semimonotonicity). Let γ > 0. Then there
exist a nonnegative constant κ∗ depending on T (but not on γ), and constants κ∗f ,
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κ∗g (with κ∗g < κ) and a natural number N ′∗, all depending only on σ, T , γ, Lg and
Lf , such that for any τ ∈ [0, T ) one has

4u(t,·) > −γI on (τ, T ]× (Rd)N

L[u] > −κ∗Q on (τ, T ]× (Rd)2N

L[f ] > −κ∗fQ on (Rd)2N

L[g] > −κ∗gQ on (Rd)2N

N > N ′∗


=⇒ L[u(τ, ·)] > −1

2κ
∗Q on (Rd)2N .

Looking at the proof below, one can in fact choose κ∗g = (12Te2γT+1)−1, κ∗f =
(12T 2e2γT+1)−1 and κ∗ = (2T )−1, therefore κ∗h is actually independent of Lg and
Lf .

Proof of Proposition 4.5.3. Let w(t, x, y) := L[u(t, ·)](x, y). We want to
use formula (4.4.2) where t̄ = τ , h = w and Z = (X,Y ) is a synchronous coupling of
two solutions to (4.2.2); that is, formula (4.4.2) with L given by (4.4.4). Omitting
the dependence on t, we have

Lw(x, y)

= Tr
(
(σI + βJ)L[D2u](x, y)

)
−
∑
j∈[[N ]]

(
Dju

j(x) ·Dxj +Dju
j(y) ·Dyj

)
L[u](x, y) ,

and, according to (4.2.1),

∂tw(x, y) = −Tr
(
(σI + βJ)L[D2u](x, y)

)
+ 1

2L[(|Diu
i|2)i∈[[N ]]](x, y)

+
∑

j∈[[N ]]\{i}

L[Dju
j ·Dju](x, y)− L[f ](x, y).

Note that

∑
j∈[[N ]]

(
Dju

j(x) ·Dxj +Dju
j(y) ·Dyj

)
L[u](x, y)

=
∑

i,j∈[[N ]]

Dju
j(x) ·Dju

i(x)−
∑

i,j∈[[N ]]
j 6=i

Dju
j(x) ·Dju

i(x−i, yi)

−
∑
i∈[[N ]]

Diu
i(x) ·Diu

i(y−i, xi)−
∑
i∈[[N ]]

Diu
i(y) ·Diu

i(x−i, yi)

−
∑

i,j∈[[N ]]
j 6=i

Dju
j(y) ·Dju

i(y−i, xi) +
∑

i,j∈[[N ]]

Dju
j(y) ·Dju

i(y)
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and ∑
j∈[[N ]]\{i}

L[Dju
j ·Dju](x, y)

=
∑

i,j∈[[N ]]
j 6=i

Dju
j(x) ·Dju

i(x)−
∑

i,j∈[[N ]]
j 6=i

Dju
j(x−i, yi) ·Dju

i(x−i, yi)

−
∑

i,j∈[[N ]]
j 6=i

Dju
j(y−i, xi) ·Dju

i(y−i, xi) +
∑

i,j∈[[N ]]
j 6=i

Dju
j(y) ·Dju

i(y) .

Then easy computations show that

(∂t + L)w(x, y)

=
∑

i,j∈[[N ]]
j 6=i

Dju
j
∣∣x
(x−i,yi) ·Dju

i(x−i, yi) +
∑

i,j∈[[N ]]
j 6=i

Dju
j
∣∣y
(y−i,xi) ·Dju

i(y−i, xi)

−
∑
i∈[[N ]]

∣∣Diu
i(x)−Diu

i(y−i, xi)
∣∣2 − ∑

i∈[[N ]]

∣∣Diu
i(y)−Diu

i(x−i, yi)
∣∣2

− L[f ](x, y) .

Exploiting the mean value theorem,∑
i,j∈[[N ]]
j 6=i

Dju
j
∣∣x
(x−i,yi) ·Dju

i(x−i, yi) +
∑

i,j∈[[N ]]
j 6=i

Dju
j
∣∣y
(y−i,xi) ·Dju

i(y−i, xi)

=
∑

i,j∈[[N ]]
j 6=i

(
Dju

j
∣∣x
(x−i,yi) +Dju

j
∣∣y
(y−i,xi)

)
·Dju

i(x−i, yi)

+
∑

i,j∈[[N ]]
j 6=i

Dju
j
∣∣y
(y−i,xi) ·Dju

i
∣∣(y−i,xi)
(x−i,yi)

=
∑

i,k∈[[N ]]
k 6=i

∫ 1

0

∫ 1

0

∑
j∈[[N ]]\{i}

D3
ijku

j(z−is′ , z
i
s)Dju

i(x−i, yi)(xi − yi)·(xk − yk) dsds′

+
∑

i,k∈[[N ]]

∫ 1

0

∫ 1

0

∑
j∈[[N ]]\{i}

D2
iju

j(y−i, zis)D2
jku

i(z−is , zi1−s)(xi − yi)·(xk − yk) dsds′,

where zs := y + s(x − y) and products between tensors are understood in the
sense of tensor contraction as discussed in the proof of Proposition 4.3.7. By the
Cauchy–Schwarz inequality and assumption (LS),

(∂t + L)w(x, y)

6

(
κf +

( ∑
i∈[[N ]]

∥∥∥∥ ∑
j,k∈[[N ]]
j,k 6=i

∣∣D3
ijku

j
∣∣2∥∥∥∥
∞

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣Dju
i
∣∣2∥∥∥∥
∞

) 1
2

+
( ∑
i∈[[N ]]

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j
∣∣2∥∥∥∥
∞

∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D(Dju
i)
∣∣2∥∥∥∥
∞

) 1
2
)
|x− y|2 .

(4.5.7)
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We can now proceed with the proof as we did for the one of Proposition 4.4.1. By
formula (4.4.2), estimate (4.5.7), Proposition 4.5.1 and estimate (4.4.6), we obtain

w(τ, x̄, ȳ) > −e2(κ∗+γ)T
(
κ∗g + Tκ∗f + K√

N

)
|x̄− ȳ|2,

where the constant K depend only on σ, T , κ∗ + γ, Lg and Lf . Then we conclude
by arguing as in the proof of Proposition 4.4.1: pick κ∗ = (2T )−1, κ∗g and κ∗f small
enough and N ′∗ large enough so that

κ∗g + Tκ∗f + K√
N ′∗
6

κ∗

2e2(κ∗+γ)T = 1
4Te2γT+1 . �

Proposition 4.5.4 (Improvement of the diagonal lower bound). Let κ > 0. Then
there exists a constant γ∗ depending only on σ, T , Lg and Lf (and not on κ) and
a natural number N ′′∗ depending only on σ, T , κ, Lg and Lf , such that for any
τ ∈ [0, T ) one has

L[u] > −κQ on (τ, T ]× (Rd)N

4u > −γ∗I on (τ, T ]× (Rd)N

N > N ′′∗

 =⇒ 4u(τ, ·) > −
1
2γ
∗I on (Rd)N .

The explicit constant γ∗ can be found below, see (4.5.12).

Proof of Proposition 4.5.4. We are going to use an argument “along op-
timal trajectories”, but without doubling variables/coupling. Consider v = Diu

i;
it satisfies the Rd-valued equation2

(4.5.8) −∂tv−Tr((σI+βJ)D2v)+
∑
j∈[[N ]]

Dju
j ·Djv = Dif

i−
∑

j∈[[N ]]\{i}

D2
iju

jDju
i .

Fix x ∈ (Rd)N , s ∈ [τ, T ) and let ρ be a flow of probability measures on (Rd)N

solving

(4.5.9)

∂tρ− Tr((σI + βJ)D2ρ) + div(Bρ) = 0 on (s, T )× (Rd)N

ρ(s) = δx,

where B = (−Dju
j)16j6N . Duality between equations (4.5.8) and (4.5.9) gives

Diu
i(s, x)

=
∫

(Rd)N
Dig

i dρ(T ) +
∫ T

s

∫
(Rd)N

Dif
i dρ−

∫ T

s

∫
(Rd)N

∑
j∈[[N ]]\{i}

D2
iju

jDju
i dρ ,

2We point out that we use the natural notation Tr((σI + βJ)D2v) to denote the vector with
coordinates ∑

j,k∈[[N ]], a,b∈[[d]]

(σI + βJ)dj+a,dk+bD
3
xkbxjaxi`

vi , ` ∈ [[d]] .
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hence by assumption (MF), the Cauchy–Schwarz inequality, estimates (4.5.2) and
(4.5.4) and the arbitrariness of s ∈ [τ, T ),

(4.5.10) ‖Diu
i(t, ·)‖∞ 6 Lg + TLf +KN−1 ∀ t ∈ [τ, T ],

where the constant K depends only on σ, T , κ, γ∗ (that will be chosen below), Lg
and Lf .

Letting w = 1
2 |Diu

i|2, which satisfies

− ∂tw − Tr((σI + βJ)D2w) +
∑
j∈[[N ]]

Dju
j ·Djw

+ σ
∑
j∈[[N ]]

|D2
iju

i|2 + β

∣∣∣∣ ∑
j∈[[N ]]

D2
iju

i

∣∣∣∣2 = Diu
i ·Dif

i −
∑

j∈[[N ]]\{i}

D2
iju

jDju
i ·Diu

i ,

again by duality with (4.5.9) with s = τ one obtains

1
2 |Diu

i(τ, x)|2 + σ

∫ T

τ

∫
(Rd)N

∑
j∈[[N ]]

|D2
iju

i|2 dρ+ β

∫ T

τ

∫
(Rd)N

∣∣∣∣ ∑
j∈[[N ]]

D2
iju

i

∣∣∣∣2dρ

=
∫

(Rd)N

1
2 |Dig

i|2 dρ(T ) +
∫ T

τ

∫
(Rd)N

Diu
i ·Dif

i dρ

−
∫ T

τ

∫
(Rd)N

∑
j∈[[N ]]\{i}

D2
iju

jDju
i ·Diu

i dρ .

Therefore, using assumption (MF), the Cauchy–Schwarz inequality and estimates
(4.5.2), (4.5.4) and (4.5.10), one obtains in particular

(4.5.11)
∫ T

τ

∫
(Rd)N

|D2
iiu

i|2 dρ 6
L2
g

2σ + TLf
σ

(Lg + TLf ) +K ′N−1,

where the constant K ′ depends only on σ, T , κ, γ∗, Lg and Lf .
As a last step, V = D2

iiu
i solves the following S (d)-valued equation

− ∂tV − Tr((σI + βJ)D2V ) +
∑
j∈[[N ]]

Dju
jDjV + V 2

= D2
iif

i −
∑

j∈[[N ]]\{i}

D2
iju

iD2
jiu

j −
∑

j∈[[N ]]\{i}

D2
iju

jD2
jiu

i −
∑

j∈[[N ]]\{i}

D3
iiju

jDju
i ;

thus duality with equation (4.5.9) with s = τ gives

D2
iiu

i(τ, x) +
∫ T

τ

∫
(Rd)N

(D2
iiu

i)2 dρ−
∫

(Rd)N
Diig

i dρ(T )−
∫ T

τ

∫
(Rd)N

D2
iif

i dρ

=
∫ T

τ

∫
(Rd)N

∑
16j6N
j 6=i

(
D2
iju

iD2
jiu

j +D2
iju

jD2
jiu

i +D3
iiju

jDju
i
)

dρ .
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By assumption (MF), the Cauchy–Schwarz inequality, the estimates in Proposi-
tion 4.5.1 and estimate (4.5.11), we get

D2
iiu

i(τ, x) > −
(
Lg + Lf +

L2
g

2σ + TLf
σ

(Lg + TLf ) + K ′

N
+ K ′′√

N

)
Id,

where the constant K ′′ depends only on σ, T , κ, γ∗, Lg and Lf . At this point one
sees that if

(4.5.12) γ∗ = 4
(
Lg + Lf +

L2
g

2σ + TLf
σ

(Lg + TLf )
)

then for any N large enough so that K ′N−1 +K ′′N− 1
2 6 1

4γ
∗ one has Diiu

i(τ, x) >
− 1

2γ
∗Id, uniformly with respect to i ∈ [[N ]]. The conclusion follows from the arbi-

trariness of x ∈ (Rd)N . �

For the benefit of the reader, we make explicit how Proposition 4.5.2 can be
now obtained.

Proof of Proposition 4.5.2. Let κ∗ be as in Proposition 4.5.3 and γ∗ be
as in Proposition 4.5.4 (note that these two do not depend on each other). Then,
Proposition 4.5.3 applies with γ = γ∗, yielding the improvement of L -semimono-
tonicity for N > N ′∗. On the other hand, Proposition 4.5.4 applies with κ = κ∗, so
that the diagonal lower bound improves for N > N ′′∗ . Taking N∗ = max{N ′∗, N ′′∗ }
gives the assertion. �

Theorem 4.5.5 (Estimates on the Nash system with L -semimonotone data). As-
sume that f and g satisfy assumptions (MF) and (LS). Let T > 0. There exist
nonnegative constants κ∗f and κ∗g and a natural number N∗, all depending only on
σ, T , Lf and Lg (in such a way that κ∗f , κ∗g → 0 as T → +∞ and κ∗f , κ∗g → +∞ as
T → 0), such that if κg 6 κ∗g, κf 6 κ∗f and N > N∗ then any solution u to (4.2.1)
on [0, T ]× (Rd)N satisfies

sup
i∈[[N ]]

(
sup

j∈[[N ]]\{i}
‖Dju

i‖∞ +
∥∥∥∥ ∑
j∈[[N ]]\{i}

∣∣D2
iju

j
∣∣2∥∥∥∥
∞

+
∑

j∈[[N ]]\{i}

‖D(Dju
i)‖2∞

)
.

1
N

and

sup
i∈[[N ]]

‖Dui‖2∞ + sup
i∈[[N ]]

∑
j∈[[N ]]

‖D(Diu
j)‖2∞ +

∑
i,j∈[[N ]]
j 6=i

‖D(Diju
j)‖2∞ . 1,

where the implied constants depend only on σ, T , Lf and Lg. In addition, there
exists κ∗ > 0 (depending only on T ) such that u is κ∗-L -semimonotone on [0, T ].

Proof. The argument is very much analogous to the one of Theorem 4.4.2, so
we omit it. �
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4.6. Appendix

4.6.1. An existence and uniqueness theorem for the Nash system.
For the sake of self-containedness, we present an existence theorem for (4.2.1).

Theorem 4.6.1. Let f i ∈ Cγ+α((Rd)N ) and gi ∈ C2+γ+α((Rd)N ), for some in-
teger γ > 1 and α ∈ (0, 1). Then for any T > 0 there exists a unique bounded
solution to the Nash system (4.2.1) which is of class C1+ γ

2 +α
2 ,2+γ+α.

Proof. Step 1. For τ ∈ [0, T ), let X := Xτ = C([τ, T ];C1
b ((Rd)N ) )N , with

norm ‖v‖X := supi∈[[N ]](‖vi‖∞ + ‖Dvi‖∞). For v ∈ X , let ui = S(v)i be the
solution of the parabolic equation

−∂tui − Tr((σI + βJ)D2ui) = f i − 1
2 |Div

i|2 −
∑

16j6N
j 6=i

Djv
j ·Djv

i

ui|t=T = gi.

By [69, Theorem 5.1.2], S(v) ∈ X (solutions actually enjoy further Hölder reg-
ularity). We have the following standard representation formula: let Φ be the
fundamental solution to the diffusion equation ∂tu − Tr((σI + βJ)D2u) = 0 on
[0, T ]× (Rd)N ; that is,

Φ(t, x) := 1√
det(4π(σI + βJ)t)

e−
(σI+βJ)−1x·x

4t

= 1√
1 +Ndβ/σ

1
(4πσt)Nd2

e−
(I− β

σ+Ndβ J)x·x
4σt .

Then for v ∈ X and i ∈ {1, . . . , N}, we have

S(v)i(t, x) := (Φ(T − t, ·) ? gi)(x) +
∫ T

t

(Φ(T − s, ·) ? (f i − wi(s− t, ·))(x) ds,

where ? is the convolution operator over (Rd)N and wi := 1
2 |Div

i|2 +
∑
j 6=iDjv

j ·
Djv

i. Then ‖S(v)i‖∞ . ‖g‖X + (T − τ)(‖f‖X +‖v‖2X ), where the implied constant
depends only on N and d. Also, for j ∈ [[N ]] and k ∈ [[d]]

DxjkS(v)i(t, x) = (Φ(T − t, ·) ? Dxjkg
i)(x) +

∫ T

t

(Φ(T − s, ·) ? Dxjkf
i)(x) ds

−
∫ T

t

(DxjkΦ(T − s, ·) ? wi(s− t, ·))(x) ds ;

then, using that
∫

(Rd)N |DxjkΦ(t, y)|dy 6 Nd/
√
πσt , one has ‖DS(v)i‖∞ . ‖g‖X +

(T − τ)‖f‖X +
√
T − τ ‖v‖2X , the implied constant depending only on σ, N and d.

Furthermore, given v, v̄ ∈ X similar computations show that ‖S(v) − S(v̄)‖X .
(1 +

√
T − τ )

√
T − τ max{‖v‖X , ‖v̄‖X }‖v − v̄‖X , with implied constant depend-

ing only on σ, N and d. Letting Bc := {v ∈ X : ‖v‖X 6 c}, we deduce that
S : Bc → Bc is a contraction for any c = c(‖g‖X , σ,N, d) sufficiently large and
τ = τ(c, σ,N, d, β, ‖f‖X ) such that T − τ is sufficiently small. It follows by the
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Banach–Caccioppoli theorem that S has a unique fixed point u ∈ Bc, which by the
definition of S solves system (4.2.1) in the mild sense. Then note that by standard
parabolic Schauder estimates we can bootstrap up to the desired regularity.

Step 2. In order to see that such a solution extends to the whole time horizon
[0, T ], we consider the following a priori estimates, that hold for classical solutions
that are C3 in space and C1 in time (therefore they will apply to the short-time
solutions obtained in the previous step, since γ > 1). Recall the representation
formula for the solution of the Nash system: for any (s, z) ∈ [τ, T ]× (Rd)N ,

ui(s, z) =
∫ T

s

∫
(Rd)N

( 1
2 |Diu

i(t, x)|2 + f i(x)
)
ρ(t, dx)dt

+
∫

(Rd)N
gi(x) ρ(T, dx) ,

(4.6.1)

where ρ = ρs,z solves ∂tρ−Tr((σI+βJ)D2ρ)+
∑
j∈[[N ]] divxj (Dju

jρ) = 0 on [s, T ]×
(Rd)N with ρ|t=s = δz. This is easily obtained by testing the equation of ρ by ui.
In particular,

ui(s, z) >
∫ T

s

∫
(Rd)N

f i(y) ρ(t,dx)dt+
∫

(Rd)N
gi(x) ρ(T, dx).

On the other hand, since −∂tui−Tr((σI+βJ)D2ui)+
∑
j∈[[N ]]\{i}Dju

j ·Dju
i 6 f i,

if ρ̂i solves instead ∂tρ̂i − Tr((σI + βJ)D2ρ̂i) +
∑
j∈[[N ]]\{i} divxj (Dju

j ρ̂i) = 0 then

ui(s, z) 6
∫ T

s

∫
(Rd)N

f i(x) ρ̂i(t, dx)dt+
∫

(Rd)N
gi(x) ρ̂i(T, dx).

Then supt∈[τ,T ]‖ui(t, ·)‖∞ 6 (T + 1) max{‖f i‖∞, ‖gi‖∞}.
We now want to control the gradient of ui. As a preliminary step, we show

that the quantity

c = c(s, z) :=
∫ T

s

∫
(Rd)N

∑
i,j∈[[N ]]

|Dju
i(t, ·)|2 dρ(t)dt,

can be bounded uniformly in (s, z). Note indeed that vi := 1
2 |u

i|2 satisfies

− ∂tvi − Tr((σI + βJ)D2vi) + σ
∑
j∈[[N ]]

|Dju
i|2 + β

∣∣∣∣ ∑
j∈[[N ]]

Dju
i

∣∣∣∣2
+ 1

2Diu
iDiv

i +
∑

i,j∈[[N ]]
j 6=i

Dju
jDjv

i = f iui ,
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so that by testing the equation of ρ by vi one gets

σ

∫ T

τ

∫
(Rd)N

∑
16j6N

|Dju
i(t, ·)|2 dρ(t)dt

6
∫

(Rd)N

1
2 |g

i|2 dρ(T ) +
∫ T

τ

∫
(Rd)N

1
2 |Diu

i(t, ·)|2ui(t, ·) dρ(t)dt

+
∫ T

τ

∫
(Rd)N

f iui(t, ·) dρ(t)dt .

Then, letting A := max{‖f i‖∞, ‖gi‖∞} and noting that (4.6.1) yields∫ T

τ

∫
(Rd)N

1
2 |Diu

i(t, ·)|2 dρ(t)dt 6 2(T + 1)A,

we obtain

(4.6.2) c 6 c̄ :=
( 1

2 + T (T + 1)(2T + 3)
)NA2

σ
.

Consider now that w̃ :=
∑
i,j∈[[N ]] |Dju

i|2 solves

− ∂tw̃ − Tr((σI + βJ)D2w̃) + σ
∑

i,j,k∈[[N ]]

|D2
jku

i|2 + β

∣∣∣∣ ∑
i,j,k∈[[N ]]

D2
jku

i

∣∣∣∣2
+
∑
k∈[[N ]]

Dku
kDkw̃ =

∑
i,j∈[[N ]]

Djf
iDju

i −
∑

i,j,k∈[[N ]]
k 6=i

D2
kju

kDku
iDju

i .

By testing the equation of ρ by w, using Young and Hölder inequality, we deduce
that

‖w̃(s, ·)‖∞ 6
1
2
∑

i,j∈[[N ]]

∫
(Rd)N

|Djg
i|2 dρ(T ) + 1

2
∑

i,j∈[[N ]]

∫ T

s

∫
(Rd)N

|Djf
i|2 dρ(t)dt

+
∫ T

s

(
1 + 1

σ

∫
(Rd)N

∑
i,j∈[[N ]]
j 6=i

|Dju
i(t, ·)|2 dρ(t)

)
‖w̃(t, ·)‖∞ dt .

(For the sake of accuracy, we point out that one should consider ρs,z such that
w̃(s, z) > ‖w̃(s, ·)‖∞ − ε for ε > 0, and let ε → 0 in the following computations.)
Whence, for

(4.6.3) s > s∗ := T − (2(T + σ−1c̄))−1

one has supt∈[s∗∨0,T ]‖w̃(t, ·)‖∞ 6 C, where C depends only on maxij‖Djf
i‖∞,

maxij‖Djg
i‖∞, σ, N and T . Then by iterating the estimate a finite number of

times κ, one obtains supt∈[τ,T ]‖w̃(t, ·)‖∞ 6 2κC.
This is sufficient to conclude that ‖u‖Xτ 6 C ′ for some constant C ′ independent

of τ . Define at this point

τ∗ := inf{τ ∈ [0, T ] : (4.2.1) has a unique solution belonging to Xτ} .
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We proved that τ∗ < T ; seeking for a contradiction, suppose that τ∗ > 0. Let
ε ∈ (0, T − τ∗) to be announced and consider a solution u ∈ Xτ∗+ε. We have proved
that ‖u‖Xτ∗+ε 6 C ′. Then one can redo the initial fixed point argument with
u(τ∗ + ε, ·) in lieu of g and conclude that u extends to the horizon [τ ′, T ], provided
that τ∗ + ε − τ ′ 6 δ for some δ > 0 which is independent of τ∗ and ε. So one can
fix δ0 = τ∗

2 ∧ δ, ε = 1
2 (δ0 ∧ (T − τ∗)) and τ ′ = τ∗ − δ0

2 ∈ (0, τ∗), thus contradicting
the definition of τ∗ �

4.6.2. An estimate on the space-time regularity for the heat equation.
The Lemma below shows how to transfer weighted Lipschitz regularity in space of
solution to heat equations to Hölder regularity in time, following a standard idea
proposed in [56]. We state it for forward equations for simplicity. Note again that
Hölder continuity is independent of N .

Lemma 4.6.2. Let f : [0, T ] × (Rd)N → R, σ > 0, β > 0, and u be a classical
solution of

∂tu− Tr((σI + βJ)D2u) = f in (0, T )× (Rd)N .

Assume also that

|u(t, x)− u(t, y)| 6 c1‖x− y‖i ∀ t ∈ [0, T ], x, y ∈ (Rd)N ,

and ‖f‖∞, ‖u‖∞ 6 c2 for some c1, c2 > 0 and i ∈ [[N ]]. Then,

|u(τ, z)− u(s, z)| 6 (c1 + 4(σ + β)dc2)|τ − s| 13 + c2|τ − s|

for all τ, s ∈ [0, T ] and z ∈ (Rd)N .

Proof. Assume first that s = 0, z = 0 and u(0, 0) = 0. Let ρ > 0 and

v(t, x) = c1ρ+ 4(σ + β)dc2
ρ2 t+ c2t+ c2

ρ2 (‖x‖i)2.

Since

∂tv − Tr((σI + βJ)D2v)− f = 4(σ + β)dc2
ρ2 + c2 −

(σ + β)dc2
ρ2

(
4− 2

N

)
− f > 0

everywhere, and

v(0, x) > c1ρ > c1‖x‖i > u(0, x) on {‖x‖i 6 ρ},

v(t, x) > c2
ρ2 (‖x‖i)2 > u(t, x) on [0, T ]× {‖x‖i = ρ},

by the comparison principle we get u(t, x) 6 v(t, x) on [0, T ] × {‖x‖i 6 ρ}. For
τ > 0, pick then ρ = τ

1
3 , so that the previous inequality yields

u(τ, 0) 6 c1τ
1
3 + 4(σ + β)dc2τ

1
3 + c2τ.

Using −v as a subsolution yields the analogous bound from below. It is now
straightforward to conclude the estimate for general s, z. �
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4.6.3. An alternative proof of Lemma 4.3.1. Since we used explicitly
the more probability-oriented technique of synchronous coupling to prove Proposi-
tions 4.4.1 and 4.5.3, and we did not give all the details about the application of
the maximum principle in the proof of Lemma 4.3.1, we take the occasion to briefly
write here an alternative proof of that lemma, based on coupling by reflection. This
“bypasses” (or “hides”) the use of the maximum principle by relying on Itô’s for-
mula. In a similar manner, the proof of Lemma 4.3.3 can also be carried out by
exploiting a synchronous coupling.

For the benefit of the reader, let us recall the basis we need of coupling by re-
flection. Assume that the diffusion coefficient σ in (4.4.3) is constant and invertible.
Consider X and Y which solve, respectively, (4.4.3) with Xt̄ = x̄ anddYt = 1t<θ

(
α(t, Yt) dt+ σ(I− 2Pσ−1(Xt−Yt)) dB̃t

)
+ 1t>θ dXt, t ∈ [t̄, T ]

Yt̄ = ȳ,

where θ := inf{t > t̄ : Xt = Yt} is the first hitting time for Z = (X,Y )T of the
diagonal of (Rd)N × (Rd)N , and 1t<θ and 1t>θ are shorthands for the indicator
functions of the intervals (−∞, θ) and [θ,+∞), respectively, computed at t. Also,
recall that, according to the notation we adopted,

Pσ−1(Xt−Yt) = σ−1(Xt − Yt)
|σ−1(Xt − Yt)|

⊗ σ−1(Xt − Yt)
|σ−1(Xt − Yt)|

.

If Zt̄ ∼ µ having marginals δx̄ and δȳ, then it is called a coupling by reflection
of two solution to (4.4.3) starting at x̄ and ȳ (cf., e.g., [40]). If T < θ, Z solves
equation (4.4.1) with

b(t, x, y) = (α(t, x), α(t, y))T, Σ(t, x, y) = (σ, σ(I− 2Pσ−1(x−y)))T

thus

b ·Dz = α(t, x) ·Dx + α(t, y) ·Dy

and

ΣΣT = J2 ⊗ σσT − 2
(

0 1
1 0

)
σPσ−1(x−y)σ

T

= J2 ⊗ σσT − 2 |x− y|2

|σ−1(x− y)|2

(
0 1
1 0

)
Px−y .

In order to adapt this setting to that of system (4.2.2) where a common noise is
present, we add a variable a consider, in lieu of (4.4.3), the (Rd)N+1-valued SDE
dX̂t = α̂(t, X̂t) dt+ σ̂ dB̃t, with

α̂ = (α∗, 0), B̃ = (B,W )T, σ̂ =
√

2
(

I
√
β 1N ⊗ Id

0 1

)
.
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Letting x̂ = (x, x′), ŷ = (y, y′) and considering the starting points ¯̂x = (x̄, 0) and
¯̂y = (x̄, 0), the corresponding coupling by reflection Ẑ is such thatd(X ′ − Y ′)t = 2 (X ′ − Y ′)t

|σ̂−1(X̂t − Ŷt)|
d
∫ t

0

σ−1(X̂t − Ŷt)
|σ−1(X̂t − Ŷt)|

⊗ dB̃s, t ∈ [t̄, T ]

(X ′ − Y ′)t̄ = 0,

hence Ẑt = ((Xt, 0), (Yt, 0)) for all t ∈ [t̄, T ]. We deduce that for h = h(t, x, y)
formula (4.4.2) reads

(4.6.4) E[h(T,XT∧θ, YT∧θ)] = h(t̄, x̄, ȳ) +
∫ T∧θ

t̄

E[∂th(t,Xt, Yt) + Lh(t,Xt, Yt)] dt

with

(4.6.5) L = Tr
(
(J2 ⊗ (I + βJ))D2

(x,y)
)
− 4|x− y|2

|x− y|2β
Tr
(
Px−yD2

xy

)
+ α∗(t, x) ·Dx + α∗(t, y) ·Dy ,

where | · |β is the norm given by the metric induced by the matrix I + βJ. We can
refer to such an operator L as the differential generator of the coupling by reflection
of two solution to (4.2.2).

Alternative proof of Lemma 4.3.1. Let w and ψ be as in the former proof
of Lemma 4.3.1. We are going to use formula (4.4.2) where h = w and Z = (X,Y )
is a coupling by reflection of two solutions to (4.2.2); that is, formula (4.6.4) with
L given by (4.6.5). The same computations as in the former proof of Lemma 4.3.1,
along with the fact that | · |β > | · |, yield

(∂t + L)w(t, x, y)
> −4ψ(t)ϕ′′(|x− y|)−Mψ(t)ϕ′(|x− y|)|x− y| − ψ′(t)ϕ(|x− y|)− 2‖F‖∞
> 0 .

Then formula (4.6.4) gives

w(t̄, x̄, ȳ) 6 E[w(T ∧ θ,XT∧θ, YT∧θ)] 6
(
g|xy − ‖DG‖∞|x− y|

)
+ = 0

and the desired conclusion follows. �
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5.1. Generalised Mean Field assumptions

In this last chapter, we show that the estimates of Theorem 4.2.7 allow to
attack the convergence problem in the N → ∞ limit. To be sure that, for any
fixed N , solutions to the Nash system exist, we assume that f i and gi are of class
C2+α((Rd)N ) and C4+α((Rd)N ) respectively, for every i and N . By Theorem 4.6.1,
solutions ui indeed exists and are unique, and belong to the class C2+α

2 ,4+α. We
have then enough regularity to apply the a priori estimates obtained in the previous
chapter.

We work, for the sake of simplicity, without common noise; that is, we set β = 0
in (4.2.2) and thus in (4.2.1). Then we set σ = 1.

Besides this reduction, we let Λ := [0, 1] and we suppose that, for h ∈ {f, g},
the following symmetry assumption is fulfilled:

(S) in the N -dimensional Nash system, hi(x) = hN (λiN , xi, x−i), for some
bounded sequence of maps hN : Λ × Rd × (Rd)N−1 → R, N ∈ N, that
are symmetric on (Rd)N−1, and for some λiN ∈ Λ.

More explicitly, the assumption of symmetry means that for any σ ∈ SN−1 (that
is, σ which is a permutation on [[N − 1]])1 one has

hN (λ, y, zσ) = hN (λ, y, z), zσ := (zσ(0), . . . , zσ(N−2)),

1Note that we are using now σ to denote both the diffusion coefficient in the Nash system
and a permutation. Nevertheless, we believe this should not cause any confusion, also because, as
we have said, in this part of the work the former is set to be 1 (and thus it will not even explicitly
appear).

115
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for all λ ∈ Λ, y ∈ Rd and z ∈ (Rd)N−1.

Remark 5.1.1. The additional parameters λiN in Assumption (S) provide a conve-
nient way of modelling a situation where, although each player observes the empir-
ical measure as in the standard MFG theory, different players can react differently.
This generalises standard symmetric MFG interactions, which, on the other hand,
are recovered by letting λiN = λ ∈ Λ for all N, i, so that ui(x) = u1(xi, x−i).

Remark 5.1.2. A bounded and continuous function hN : (Rd)N → R that is sym-
metric on its domain can be seen as a “finite-dimensional projection” of the function
hN : Pp(Rd) → R. Indeed, suppose that hN has a modulus of continuity ω with
respect to the Euclidean distance (that is, |hN (x)−hN (y)| 6 ω(|x−y|)), and define

hN (m) := inf
x∈(Rd)N

{hN (x) + ω̃(Wp(mx,m))} ,

with ω̃ := ω(N ·). It is known (cf. [74, Theorem 2.1]) that there exists σ ∈ SN such
that

Wp(mx,my) = N−
1
p

( ∑
i∈[[N ]]

∣∣xi − yσ(i)∣∣p) 1
p

= N−
1
p |x− yσ|p ∀x, y ∈ (Rd)N ,

hence |hN (x) − hN (y)| 6 ω̃(Wp(mx,my)), by the symmetry of hN and Hölder’s
inequality; then one readily checks that hN (x) = hN (mx).

With this additional structure on the data, we require Lipschitz continuous
dependence on the parameter λ: for h ∈ {f, g}, h = h(λ, y, z) as above,

(LP) there exist a LΛ > 0, independent of N , such that

‖∂kyhN (λ, ·)− ∂kyhN (λ′, ·)‖∞ 6 LΛ|λ− λ′| ∀λ, λ′ ∈ Λ,

for k = 0 if h = f and k ∈ {0, 1} if h = g.

Since we have introduced new hypotheses to the pool from Chapter 4, let us
briefly discuss their implications in the MF scenario and their relationship with the
assumptions of Theorem 4.2.7, which we wish to continue to hold.

Example 5.1.3. Let F,G : Λ × Rd × P2(Rd) → R be bounded, and consider
fN (λ, y, z) = F (λ, y,mz) and gN (λ, y, z) = G(λ, y,mz), so that

f i(x) = F (λiN , xi,mx−i), gi(x) = G(λiN , xi,mx−i);

that is, players’ costs are taken from a pool of admissible symmetric costs, according
to some label λiN .

While (S) clearly holds and so does (MF) provided that the properties high-
lighted in Remark 4.2.6 are satisfied for any fixed λ (uniformly), (LP) requires
Lipschitz continuity with respect to λ uniformly in the other variables. Summing
up, F needs to satisfy

F and DxF are Lipschitz continuous with respect to the (| · |, | · |,W1) distance
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and so does G, for which we also require that DmG(λ, ·) and DxDmG(λ, ·) are
Lipschitz continuous with respect to the (| · |,W1, | · |) distance, uniformly in λ.

Finally, one can check the semimonotonicity assumption (DS) or (LS) by
revising Remark 4.2.5, as follows. For any fixed T > 0, Theorem 4.2.7 gives some
smallness condition on the semimonotonicity constant M0.
• Suppose that, for any ν ∈ P(Λ× (Rd)2),∫

Λ

∫
Rd×Rd

(
DxF (λ, x, π(1)

Rd ]ν)−DxF (λ, y, π(2)
Rd ]ν) +M(x− y)

)
· (x− y) ν(dλ,dx, dy) > 0 ,

where π(i)
Rd : Λ× (Rd)2 → Rd is the projection onto the i-th copy of Rd (i = 1, 2). If

DmF (λ, ·) is L-Lipschitz with respect to the (| · |,W1, | · |) distance, uniformly in λ,
then fN is (M + 3L/N)-D-semimonotone. Therefore, if M < M0, Theorem 4.2.7
applies (by requiring also the same inequality on G of course).

• Suppose that, for any µ1, µ2 ∈ P2(Λ× Rd),∫
Λ×Rd

(
F (λ, z, πRd ]µ1)− F (λ, z, πRd ]µ2)

)
(µ1 − µ2)(dλ,dz)

> −MW2(πRd ]µ1, πRd ]µ2)2 .

Then, arguing as in Remark 4.2.5, fN is (M+O(N−1))-L -semimonotone. Hence, if
DxDmF , D2

mmF are bounded uniformly in λ and M < M0, Theorem 4.2.7 applies.

5.2. A limit value function

For the benefit of the following discussion, we explicitly recall that the estimates
on the Nash system we obtained imply

sup
i∈[[N ]]

‖Diu
i‖∞ . 1 , sup

i∈[[N ]]
sup

j∈[[N ]]\{i}
‖Dju

i‖∞ .
1
N
,(5.2.1a)

sup
i∈[[N ]]

‖D2
iiu

i‖∞ . 1 , sup
i∈[[N ]]

∑
j∈[[N ]]\{i}

‖DjDiu
i‖2∞ .

1
N
.(5.2.1b)

In order to specify the choice of λ ∈ ΛN with which a Nash system is built,
we use the notation uλ to denote the solution to (4.2.1) on [0, T ] × (Rd)N where
hi = hN (λi, ·) for h ∈ {f, g}, i ∈ [[N ]]. Then, we focus on the map

uN : (λ, t, x) 7→ u0
λ(t, x),

which is representative of any solution of an N -dimensional Nash system of the
form we are considering, as the following remark shows.

Remark 5.2.1. A solution uλ is recovered by noticing that uiλ(t, x) = uN (λσ, t, xσ)
for any σ ∈ SN such that σ(0) = i, as by construction uN is symmetric on (Λ ×
(Rd))N−1, in the sense that it is invariant under permutations of the pairs (λj , xj),
j > 0. Similarly, the optimal controls Diu

i are recovered from D0u. Heuristically,
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this means that switching two players does not affect the value functions, but the
two corresponding labels need to be switched correspondingly in the Nash system.

As the first coordinate of x ∈ (Rd)N and of λ ∈ ΛN have a distinct role for u

with respect to the other coordinates, a switch in our notation is now convenient:
hereinafter, the typical element of (Rd)N will be denoted by x, and we will write
x = (x, x̂) ∈ Rd × (Rd)N−1, thus using the notation x as a shortening for x0 (or,
more generally, as a typical element of Rd); analogously, we will have λ = (λ, λ̂) ∈
Λ × ΛN−1. We will write ∂x for the derivative with respect to x0 (or x), and Dj

for the derivative with respect to xj = x̂j−1 ∈ Rd, with j ∈ {1, . . . , N − 1}.
We begin by showing that assumption (LP) reflects in a Lipschitz dependence

of uN and ∂xuN with respect to λ ∈ ΛN . We recall the notation

|λ̂− λ̂′|1 :=
∑

i∈[[N−1]]

|λ̂i − λ̂′i| =
∑

j∈[[N ]]\{0}

|λj − λ′j | .

Lemma 5.2.2. For any λ, λ′ ∈ ΛN , one has

‖uN (λ, ·)− uN (λ′, ·)‖∞ + ‖∂xuN (λ, ·)− ∂xuN (λ′, ·)‖∞ . |λ− λ′|+
|λ̂− λ̂′|1

N
,

where the implied constant depends only on T , Lg, Lf and LΛ.

Proof. All implied constants appearing in this proof depend only on T , Lg
and Lf . Let λ, λ′ ∈ ΛN . Consider wi := uiλ−uiλ′ that solves the following equation
in (0, T )× (Rd)N :

(5.2.2) − ∂twi −∆wi +
∑
j∈[[N ]]

Dju
j
λ ·Djw

i

= fN
∣∣(λi, ·)
(λ′i, ·) −

∑
j∈[[N ]]\{i}

Djw
j ·Dju

i
λ′ + 1

2 |Diw
i|2

. |λi − λ′i|+ 1
N

∑
j∈[[N ]]\{i}

|Djw
j |+ |Diw

i| ,

where the inequality is obtained by exploiting assumption (LP) and estimates
(5.2.1a). By Lemma 4.3.1 we deduce that, for any τ ∈ [0, T ],

(5.2.3) sup
t∈[τ,T ]

‖Diw
i(t, ·)‖∞ . (T − τ) 1

2

(
|λi − λ′i|+ sup

t∈[τ,T ]
‖Diw

i(t, ·)‖∞

+ 1
N

∑
j∈[[N ]]\{i}

sup
t∈[τ,T ]

‖Djw
j(t, ·)‖∞

)
.

Since by summing over i we get∑
i∈[[N ]]

sup
t∈[τ,T ]

‖Diw
i(t, ·)‖∞ . (T − τ) 1

2

( ∑
i∈[[N ]]

|λi − λ′i|+
∑
i∈[[N ]]

sup
t∈[τ,T ]

‖Diw
i(t, ·)‖∞

)
,

possibly by iterating this estimate a finite number of times we obtain∑
i∈[[N ]]

sup
t∈[0,T ]

‖Diw
i(t, ·)‖∞ .

∑
i∈[[N ]]

|λi − λ′i| ;
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then plugging this back into (5.2.3) (and again possibly iterating the estimate) we
have

sup
t∈[0,T ]

‖Diw
i(t, ·)‖∞ . |λi − λ′i|+

1
N

∑
i∈[[N ]]

|λi − λ′i| ,

which is equivalent to ‖∂xuN (λ, ·)− ∂xuN (λ′, ·)‖∞ . |λ−λ′|+N−1|λ− λ̂′|1. Now
by the maximum principle one deduces that ‖w1‖∞ . |λ − λ′| + N−1|λ − λ̂′|1 as
well, thus concluding the proof. �

Remark 5.2.3. As a consequence of Lemma 5.2.2, by Rademacher’s theorem λ 7→
∂xu

N (λ, t, x) is L N -a.e. differentiable on ΛN for each (t, x) ∈ [0, T ] × (Rd)N , and
we have supj∈[[N ]]\{0}‖∂λj∂xu‖∞ . N−1, where the implied constant depends only
on T , Lg, Lf and LΛ. The same can be said for u (clearly, with differentiability
everywhere).

The following result will be instrumental in our study of the limit of the (solu-
tion to the) Nash system as N →∞; it adapts [21, Theorem 2.1].

Lemma 5.2.4. Let (Γ, d) be a metric space and let (E, ‖·‖) be a finite-dimensional
normed vector space. Let (hN )N∈N be a sequence of functions such that hN : Γ ×
EN → R is symmetric on EN and there exist C > 0 and concave moduli of conti-
nuity ωΓ, ωp, all independent of N , such that ‖hN‖∞ 6 C and, for some p > 1,

(5.2.4) |hN (γ, v)− hN (γ′, v′)| 6 ωΓ(d(γ, γ′)) + ωp(Wp(mv,mv′))

for all γ, γ′ ∈ Γ and v, v′ ∈ EN . Then there exists h ∈ C0(Γ × Pp(E)) such that,
up to a subsequence, for any compact sets H ⊂ Γ and K ⊂ Pp(E),

lim
N→∞

sup
γ∈H

sup
v∈EN :mv∈K

|hN (γ, v)− h(γ,mv)| = 0.

Furthermore, h has the same moduli of continuity with respect to γ ∈ Γ and m ∈
Pp(E).

Proof. Define hN : Γ× Pp(E)→ R by

hN (γ,m) := inf
v∈EN

{
hN (γ, v) + ωp(Wp(mv,m))

}
.

This is well-defined since hN is bounded. By (5.2.4), hN (γ,mv) = hN (γ, v). Given
γ, γ′ ∈ Γ, m,m′ ∈ Pp(E) and v ∈ EN which is ε-optimal in the definition of
hN (γ′,m′),

hN (γ,m) 6 hN (γ, v) + ωp(Wp(mv,m))

6 hN (γ′,m′) + ωΓ(d(γ, γ′)) + ωp(Wp(mv,m))− ωp(Wp(mv,m
′)) + ε

6 hN (γ′,m′) + ωΓ(d(γ, γ′)) + ωp(Wp(m,m′)) + ε.

We have used that ωp is subadditive because it is concave and ωp(0) = 0. Therefore,
(hN )N∈N is a sequence of equicontinuous and equibounded functions, so a generali-
sation of the Ascoli–Arzelà theorem guarantees the existence of h ∈ C0(Γ×Pp(E))
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such that, up to a subsequence, hN → h in the topology of compact convergence,
that is our assertion. �

The importance of this lemma lies in the fact mentioned in [21, Remark 2.3]
that if E = RN and supi∈[[N ]]‖Dih‖∞ . N−1, then x 7→ h(γ, x) is Lipschitz con-
tinuous with respect to the 1-Wasserstein distance of the empirical measures in the
sense of (5.2.4). Hence we will be able to apply this lemma to fN and gN thanks
to the symmetry (S) and assumptions (MF)–(LP) as well as to u and ∂xu thanks
to Remark 5.2.3 and our estimates on the derivatives.

We formalise a generalisation of the above-mentioned fact in the following
lemma, where we denote by | · |p the standard p-norm on EN , with E being as
in Lemma 5.2.4.

Lemma 5.2.5. Let h : EN → R be symmetric and such that

‖|Dh|q‖∞ 6 CN−
1
p , with 1

p
+ 1
q

= 1 ,

for some constants C > 0 and q ∈ (1,∞] independent of N . Then

|h(v)− h(v′)| 6 CWp(mv,mv′)

for all v, v′ ∈ EN .

Proof. Recall that Wp(mv,mv′) = N−
1
p |v − v′σ|p for some σ ∈ SN . By the

symmetry of h and Hölder’s inequality, |h(v) − h(v′)| 6 ‖|Dh|q‖∞|v − v′σ|p. The
conclusion follows. �

We are now ready to prove the existence of a limit of uN as N →∞.

Theorem 5.2.6. Let assumptions (MF), (S) and (LP) be in force. Assume also
that one between (DS) and (LS) holds, with the corresponding semimonotonicity
constants being such that the thesis of Theorem 4.2.7 holds.

Then there exists a map

U : Λ× [0, T ]× Rd × P2(Λ× Rd)→ R ,

with bounded derivative ∂xU , such that U and ∂xU are Lipschitz continuous on
Λ×Rd×P2(Λ×Rd) and 1

3 -Hölder continuous on [0, T ], and, up to a subsequence,

(5.2.5) sup
∣∣∂kxuN (λ, t, x)− ∂kxU(λ, t, x,m(λ̂:x̂))

∣∣ −−−−→
N→∞

0 , k ∈ {0, 1} ,

whenever the supremum is taken over any set of the form{
(λ, t, x) ∈ ΛN × [0, T ]× (Rd)N : |x| 6 R, mx̂ ∈ K

}
for some R > 0 and some compact set K ⊂ P2(Rd).

Proof. For the local uniform convergence of a subsequence uN , we apply
Lemma 5.2.4 with γ = (t, λ, x) and v = (λ̂ : x̂). Indeed, first note that the uN are
globally bounded, uniformly in N , by a standard comparison argument (recall that
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f i and gi are now assumed to be bounded uniformly). The second inequality in
(5.2.1a) and the estimate of Lemma 5.2.2 yield uniform Lipschitz continuity with
respect to (λ̂ : x̂) in W2 distance, in the sense provided by Lemma 5.2.5. Lipschitz
continuity in (λ, x) is also a consequence of Lemma 5.2.2, and the first estimate in
(5.2.1a). Finally, since the right-hand side of the equation for uN

−∂tuN −∆uN = −1
2 |∂xuN |

2 −
∑

j∈[[N ]]\{0}

Dju
j ·DjuN + fN

is uniformly bounded by (5.2.1a), and uN is uniformly Lipschitz in the x-variable
with respect to the weighted norm ‖ · ‖0, again by (5.2.1a), the desired uniform
Hölder regularity in t follows by Lemma 4.6.2.

The local uniform convergence of ∂xuN is analogous. We argue as before,
employing estimates in (5.2.1b) instead of (5.2.1a). Time regularity is obtained
from the equation

− ∂t(∂xuN )−∆(∂xuN )

= −
∑
j∈[[N ]]

Dju
j ·Dj(∂xuN )−

∑
j∈[[N ]]\{0}

(D2
j0u

j) ·DjuN + ∂xfN ,

whose right-hand side can be controlled using (5.2.1a), (5.2.1b). �

Remark 5.2.7. Regularity of U is actually a bit better. First, (5.2.1a) yields Lips-
chitz continuity in the measure variable with respect to theW1 distance. Moreover,
looking at the equation for uN one observes that ‖∂tuN‖∞ . 1, that gives uniform
Lipschitz continuity in the variable t.

Remark 5.2.8. In Example 5.1.3 we discussed the implications of our assumption
when taking the data hN (that is, fN and gN ) as projections over empirical measures
of given hN : Λ× Rd × Pp(Rd)→ R, and in Remark 5.1.2 we argued that this can
be considered a natural choice.

Furthermore, our standing assumptions force in fact also the convergence of hN
to functions defined on probability measures, at least up to subsequences. Indeed,
assumption (MF) guarantees that ‖DjhN (λ, ·)‖∞ 6 LhN

−1 for all j > 0. Then
by Lemma 5.2.5 we can apply Lemma 5.2.4 and say that there exists a map h ∈
Lip(Λ× Rd × P1(Rd)) such that, up to a subsequence,

(5.2.6) sup
λ∈Λ, |x|6R,mx̂∈K

|∂kxhN (λ, x)− ∂kxh(λ, x,mx̂)| −−−−→
N→∞

0,

for any R > 0 and K ⊂ P1(Rd) compact, and for k as in (LP).

5.3. Characterisation of the limit

Henceforth, we will work with the three limit functions f , g and U defined in
Remark 5.2.8 and Theorem 5.2.6. We will adopt the notation fλ = f(λ, ·) and
analogously for gλ and Uλ.
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Our aim is to give a characterisation of U . As a first step and a starter, the
most basic result we can prove regards the standard symmetric setting of MFGs;
that is, when λ = λ1N for some λ ∈ Λ, so that all f i (and all gi) coincide up to a
permutation of the coordinates of (Rd)N .

Proposition 5.3.1. For all τ ∈ [0, T ], m, m̄ ∈ P2(Rd) and λ ∈ Λ,

(5.3.1)
∫
Rd
Uλ(τ, · , δλ⊗m) dm̄

=
∫ T

τ

∫
Rd

( 1
2
∣∣∂xUλ(s, · , δλ⊗ms)

∣∣2 + fλ( · ,ms)
)

dm̄sds

+
∫
Rd
gλ( · ,mT ) dm̄T ,

where m and m̄ solve, respectively,∂tm−∆m− div(∂xUλ(t, x, δλ⊗m)m) = 0

m|t=τ = m

and ∂tm̄−∆m̄− div(∂xUλ(t, x, δλ⊗m)m̄) = 0

m̄|t=τ = m̄.

for t ∈ [τ, T ] and x ∈ Rd.

In order to abridge the notation, given m ∈ P2(Rd) we will write Uλ(t, x,m)
in lieu of Uλ(t, x, δλ⊗ m). Also, throughout the proofs we will imply all constants
which depend only on T , Lg, Lf and LΛ. We state the basic propagation of chaos
results needed for the proof in the following two lemmata.

Lemma 5.3.2. Let λ ∈ Λ, m̄,m0 ∈ Pq(Rd), q > 4, and let Z ∼ m̄⊗m⊗(N−1)
0 ; then

consider XN and Y N solving, respectively,dXN,i = −∂xUλ(t,XN,i
t ,mXNt

) dt+
√

2 dBit, i ∈ [[N ]]

XN
0 = Z

and 
dY N,i = −∂xUλ(t, Y N,it ,LY N,it

) dt+
√

2 dBit, i ∈ [[N ]] \ {0}

dY N,0 = −∂xUλ(t, Y N,0t ,LY N,1t
) dt+

√
2 dB0

t

Y N0 = Z.

Let mt := LY N,it
if i > 1 (note that LY N,it

is independent of i > 1) and m̄t := LY N,0t
.

Then

(5.3.2) lim
N→∞

sup
i∈[[N ]]

E
[

sup
t∈[0,T ]

∣∣XN,i
t − Y N,it

∣∣2] = 0

and

(5.3.3) lim
N→∞

E
[

sup
t∈[0,T ]

W2(mXNt
,mt)

]
= 0.
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Proof. Subtracting the equations of XN and Y N and using the Lipschitz
continuity of ∂xU , we have

|XN,i
t − Y N,it | .

∫ t

0

(
|XN,i − Y N,i|+W2(mXN ,mY N ) +W2(mY N ,m)

)
;

therefore, since due to the boundedness of ∂xU one estimates2

E
[

sup
t∈[0,T ]

W2(mY N,−0
t

,mY Nt
)2] . 1

N
,

we obtain

|XN,i
t − Y N,it |2 .

∫ t

0

(
|XN,i − Y N,i|2 + 1

N

∑
16j6N

|XN,j − Y N,j |2

+W2(mY N,−0 ,m)
)

+ 1
N
.

(5.3.4)

Averaging over i,

1
N

∑
i∈[[N ]]

|XN,i
t − Y N,it |2

.
1
N

+
∫ t

0

( 1
N

∑
i∈[[N ]]

|XN,i − Y N,i|2 +W2(mY N,−0 ,m)
)
,

thus by Gronwall’s lemma

1
N

∑
i∈[[N ]]

|XN,i
t − Y N,it |2 . 1

N
+
∫ t

0
W2(mY N,−0 ,m)

and plugging this back into (5.3.4) one concludes that

sup
i∈[[N ]]

E
[

sup
t∈[0,T ]

∣∣XN,i
t − Y N,it

∣∣2] . 1
N

+
∫ T

0
E
[
W2(mY N,−1 ,m)2] ,

where the right-hand side goes to 0 as N → ∞ by [25, Theorem 5.8]. Then note
that by the triangle inequality one deduces (5.3.3) as well. �

Lemma 5.3.3. Let XN be as in Lemma 5.3.2 and consider X̃N solvingdX̃N,i
t = −∂xuN (λ1N , t, X̃N,i

t , X̃N,−i
t ) dt+

√
2 dBit, i ∈ [[N ]]

X̃N
0 = Z.

Then

(5.3.5) lim
N→∞

sup
i∈[[N ]]

E
[

sup
t∈[0,T ]

|X̃N,i
t −XN,i

t |2
]

= 0.

2According to the notation adopted for empirical measures, we are writing mYN,−0 =
1

N−1
∑

j∈[[N ]]\{0} δYN,j ; note that in the literature the same empirical measure is often denoted

by mN,0Y .



124 5. GENERALISED MEAN FIELD LIMIT

Proof. Note that, since E
[
supt∈[0,T ]W2(mX̃N,−it

,mX̃Nt
)2] . N−1,

(5.3.6) |X̃N,i
s −XN,i

s |2

.
∫ s

0

(∣∣∂xuN (λ1N , t, X̃N,i
t , X̃N,−i

t )− ∂xuN (λ1N , t,XN,i
t , X̃N,−i

t )
∣∣2

+
∣∣∂xuN (λ1N , t,XN,i

t , X̃N,−i
t )− ∂xUλ(t,XN,i

t ,mX̃Nt
)
∣∣2

+
∣∣∂xUλ(t,XN,i

t ,mX̃Nt
)− ∂xUλ(t,XN,i

t ,mXNt
)
∣∣2)dt

.
∫ s

0

(
|X̃N,i

t −XN,i
t |2 + δN,it +W2(mX̃Nt

,mXNt
)2) dt

where we have set

δN,it :=
∣∣∂xuN (λ1N , t,XN,i

t , X̃N,−i
t )− ∂xUλ(t,XN,i

t ,mX̃N,−it
)
∣∣2 + 1

N
.

Taking the averages,

1
N

∑
i∈[[N ]]

|X̃N,i
s −XN,i

s |2 .
1
N

∑
i∈[[N ]]

∫ T

0
δN,it dt+

∫ s

0

1
N

∑
i∈[[N ]]

|X̃N,i
t −XN,i

t |2 dt ,

so that Gronwall’s lemma yields

sup
t∈[0,T ]

1
N

∑
i∈[[N ]]

|X̃N,i
t −XN,i

t |2 .
1
N

∑
i∈[[N ]]

∫ T

0
δN,it dt

and, plugging this back into (5.3.6),

(5.3.7) sup
i∈[[N ]]

E
[

sup
t∈[0,T ]

|X̃N,i
t −XN,i

t |2
]
.

1
N

∑
i∈[[N ]]

∫ T

0
E δN,it dt −−−−→

N→∞
0 ;

in order to justify the convergence to 0 of the right-hand side of (5.3.7), we proceed
as follows. First note that, since ∂xuN , DxU are bounded uniformly and m̄,m0 ∈
Pq(Rd), q > 4, it is standard that E|X̃N,i

t |q and E|XN,i
t |q are uniformly bounded

(and thus, so is N−1E
∑

16j6N |X̃
N,j
t |q). Then, for x ∈ (Rd)N , let Mq(x) :=

N−1∑
16j6N |xj |q; since∫ T

0
E δN,it =

∫ T

0
E
[
1{Mq(X̃Nt )+|XN,it |6R}δ

N,i
t

]
+
∫ T

0
E
[
1{Mq(X̃Nt )+|XN,it |>R}δ

N,i
t

]
,

the second term can be made arbitrarily small provided that R is large, by the
aforementioned bounds on q-th moments, while the first can be made small by
choosing N large enough (δN,it is bounded uniformly). Indeed, it is sufficient to
apply the uniform convergence (5.2.5) on the set K of all probability measures with
q-th moment bounded by R,3 which is compact in P2(Rd). Note that the previous
limit is uniform in i, since K and the bounds on the moments are independent of
i. �

3here we mean that K := {ν ∈ P2(Rd) :
∫
Rd |x|

q ν(dx) 6 R}.
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Proof of Proposition 5.3.1. We have∣∣∣∣∣∣∂xUλ(t, ·)
∣∣2∣∣∣(Y N,it ,mt)

(XN,it ,m
XN
t

)

∣∣∣∣+
∣∣∣∣fλ∣∣∣(Y N,it ,mt)

(XN,it ,m
XN
t

)

∣∣∣∣+
∣∣∣∣gλ∣∣∣(Y N,it ,mt)

(XN,it ,m
XN
t

)

∣∣∣∣
.
∣∣XN,i

t − Y N,it

∣∣+W2(mXNt
,mt) ,

the expectation of the right-hand side going to 0 as N →∞ (uniformly in t ∈ [0, T ])
by Lemma 5.3.2. Then we deduce that

(5.3.8) E
[ ∫ T

0

( 1
2
∣∣∂xUλ(t,XN,0

t ,mXNt
)
∣∣2 + fλ(XN,0

t ,mXNt
)
)

dt

+ gλ(XN,0
T ,mXN

T
)
]

−−−−→
N→∞

∫ T

0

∫
Rd

( 1
2
∣∣∂xUλ(t, ·,mt)

∣∣2 + fλ(·,mt)
)

dm̄tdt

+
∫
Rd
gλ(·,mT ) dm̄T .

Now, by the representation formula for the value functions solving of the Nash
system (see, e.g., [25, Section 2.1.4]),

(5.3.9) E uN (λ1N , 0, Z)

= E
[ ∫ T

0

( 1
2
∣∣∂xuN (λ1N , t, X̃N

t )
∣∣2 + fN (λ, X̃N

t )
)

dt+ gN (λ, X̃N
T )
]
,

where X̃N is the vector of optimal trajectories for the N -player game; that is, X̃N

is as in Lemma 5.3.3. Then, combining (5.3.8), (5.3.9) and (5.3.5) one deduces that

E uN (λ1N , 0, Z) −−−−→
N→∞

∫ T

0

∫
Rd

( 1
2
∣∣∂xUλ(t, · ,mt)

∣∣2 + fλ( · ,mt)
)

dm̄tdt

+
∫
Rd
gλ( · ,mT ) dm̄T .

(5.3.10)

Finally, since EW2(mZ−1 ,m0)→ 0 by [25, Theorem 5.8], from (5.2.5) and (5.3.10)
we obtain∫

Rd
Uλ(0, · ,m0) dm̄

=
∫ T

0

∫
Rd

( 1
2
∣∣∂xUλ(t, · ,mt)

∣∣2 + fλ( · ,mt)
)

dm̄tdt+
∫
Rd
gλ( · ,mT ) dm̄T .

As m̄,m0 can be chosen in a dense subset of P2(Rd) and the choice of τ = 0 as
initial time is arbitrary, (5.3.1) follows by standard stability of the Fokker-Planck
equation. �

We finally extend the characterisation (5.3.1) to any measure µ ∈ P2(Λ×Rd),
with a continuous disintegration with respect to the projection πΛ : Λ × Rd → Λ.
This will be the main result of this section. The extension is rather technical, but
the main point is performing the following reduction: the continuity in λ (of the
disintegration and of the data) allows to approximate the problem with a simpler
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one, where the first marginal of µ is supported on a finite subset of Λ. This is
a sort of problem with finitely many populations, where we apply the previous
convergence argument; in other words, we are going to perform a sort of multiple
“localised” propagation of chaos.

Theorem 5.3.4. Let µ ∈ P2(Λ×Rd) admit a disintegration m : K → P2(Rd) with
respect to πΛ which is continuous on some compact subset K ⊇ spt(πΛ]µ). Let
m̄ ∈ P2(Rd)Λ. Then for all τ ∈ [0, T ] and λ ∈ K,

(5.3.11)
∫
Rd
Uλ(τ, · , µ) dm̄λ

=
∫ T

τ

∫
Rd

( 1
2
∣∣∂xUλ(s, · , µs)

∣∣2 + fλ( · , πRd ]µs)
)

dm̄λ
sds

+
∫
Rd
gλ( · , πRd ]µT ) dm̄λ

T ,

where µ ∈ C0([τ, T ];P2(Λ× Rd)) and m̄ ∈ C0([τ, T ];P2(Rd))Λ solve, respectively,

(5.3.12)


∂tm

λ −∆mλ − div(∂xUλ(t, x, µt)mλ) = 0

µt =
∫

Λm
λ
t πΛ]µ(dλ)

mλ
τ = mλ

and

(5.3.13)

∂tm̄λ −∆m̄λ − div(∂xUλ(t, x, µt)m̄λ) = 0

m̄λ
τ = m̄λ

for t ∈ [τ, T ], x ∈ Rd and λ ∈ Λ.

Remark 5.3.5. Since ∂xUλ and div(∂xUλ) are globally bounded, m̄λ is locally
continuous as a function with values in L1(Rd), it solves the Fokker-Planck equation
in the strong sense, and it belongs locally to W 2,1

p for every p, see for example [18].
Regularity extends up to time τ provided that m̄λ is smooth enough.

Problem (5.3.13) is simply an uncoupled system of (possibly uncountably many)
Fokker–Planck equations. On the other hand, before proceeding with the proof of
this theorem we show that problem (5.3.12) is well-posed, as a result of the following
lemma. Also note that it can be written as

(5.3.14)

∂tµ−∆xµ− divx(∂xUλ(t, x, µt)µ) = 0 on [τ, T ]× Λ× Rd

µτ = µ,

so that µ solves an equation of Fokker–Planck type with no derivatives with respect
to λ.

Lemma 5.3.6. Let B : Λ × [0, T ] × Rd × P2(Λ × Rd) → Rd be bounded Lipschitz
continuous on Λ × Rd × P2(Λ × Rd) uniformly on [0, T ]. Let µ ∈ P2(Λ × Rd) and
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let ρ := πΛ]µ ∈ P(Λ) be its first marginal. Then problem4

(5.3.15)


∂tm

λ −∆mλ + div(Bλ(t, x, µt)mλ) = 0 on [0, T ]× Rd, ∀λ ∈ Λ

µt =
∫

Λm
λ
t ρ(dλ) ∀ t ∈ [0, T ]

µ0 = µ

has a unique solution µ ∈ C
1
2 ([0, T ];P2(Λ × Rd)), whose disintegration m with

respect to ρ is unique as well if one fixes the disintegration of µ.
Furthermore, if µ and µ̃ are the solutions relative to data µ and µ̃ with respective

disintegrations given by m and m̃, respectively, one has

sup
t∈[0,T ]

W2(µt, µ̃t) . W2(µ, µ̃),(5.3.16)

sup
t∈[0,T ]

W2(mλ
t , m̃

λ′

t ) . W2(mλ, m̃λ
′
) +W2(µ, µ̃) ∀λ, λ′ ∈ Λ,(5.3.17)

where the implied constants depend only on T and ‖B‖Lip.

Proof. For some A > 0 to be determined, let C be the set of all µ ∈
C0([0, T ];P2(Λ× Rd)) such that [µ]0, 1

2
:= sups,t∈[0,T ], s 6=t |s− t|−

1
2W2(µs, µt) 6 A.

Note that C a closed convex subset C0([0, T ];P2(Λ × Rd)). Given µ ∈ C and
λ ∈ Λ, let mλ ∈ C0([0, T ];P2(Rd)) be the unique solution to ∂tm

λ − ∆mλ +
div(Bλ(t, x, µt)mλ) = 0 with mλ

0 = mλ, where (mλ)λ∈Λ is a fixed disintegration of
µ with respect to ρ. Let Φ(µ) :=

∫
Λm

λρ(dλ). It is standard (cf. [24, Lemma 1.6]) to
show that [mλ]0, 1

2
is bounded by a constant which increases with ‖Bλ‖∞. In addi-

tion, if πλs,t is an optimal coupling of (mλ
s ,m

λ
t ), then

∫
Λ×Λπ

λ
s,t((idΛ, idΛ)]ρ)(dλ, dλ′)

is a coupling of (µ̃s, µ̃t), showing that W2(Φ(µ)s,Φ(µ)t)2 6
∫

ΛW2(mλ
s ,m

λ
t )2ρ(dλ).

Therefore, since supλ∈Λ‖Bλ‖∞ is finite, if A is sufficiently large then the map
Φ: C→ C is well-defined.

The following estimates will prove that Φ is a contraction for T small, and
thus (by iteration) the existence of a unique solution to (5.3.15) with arbitrary T .
Furthermore, a posteriori, they will also yield the desired estimates (5.3.16) and
(5.3.17).

Let µ, µ̃ ∈ C and let two initial data µ, µ̃ ∈ P(Λ× Rd) be given; let ρ = πΛ]µ,
ρ̃ = πΛ]µ̃ and (mλ)λ∈Λ (resp. (m̃λ)λ∈Λ) be a disintegration of µ (resp. µ̃) with
respect to ρ (resp. ρ̃). Let ν ∈ C0([0, T ];P2((Λ× Rd)2) satisfy

∂tν −∆xν −∆yν + 2
∑

16j6d
∂2
xjyjν

+ divx(Bλ(t, x, µt)ν) + divy(Bλ
′
(t, y, µ̃t)ν) = 0 ,

so that if ν0 ∈ Π(µ, µ̃), then νt is a coupling of (Φ(µ)t,Φ(µ̃)t). Testing by |λ −
λ′|2 + |x − y|2 and assuming that ν0 is optimal for the 2-Wasserstein distance, we

4With an abuse of notation we write
∫

Λ m
λ
t ρ(dλ) instead of

∫
Λ m̂

λ
t ρ(dλ) with m̂λt (E) :=

mλ(πRd (E ∩ π−1
Λ ({λ}))) for all Borel sets E ⊆ Λ×Rd. We will continue to identify m̂λ with mλ.
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obtain∫
(Λ×Rd)2

(|λ− λ′|2 + |x− y|2) νt(dλ, dx,dλ′,dy)

= W2(µ, µ̃)2 + 2
∫ t

0

∫
(Λ×Rd)2

(
Bλ(t, x, µt)−Bλ

′
(t, y, µ̃t)

)
· (x− y) dνs(dλ,dx, dλ′,dy) ds .

By the Cauchy–Schwarz and Young’s inequalities,∫
(Λ×Rd)2

(|λ− λ′|2 + |x− y|2) νt(dλ,dx, dλ′,dy)

6W2(µ, µ̃)2 + C

∫ t

0
W2(µs, µ̃s)2 ds

+ C

∫ t

0

∫
(Λ×Rd)2

(|λ− λ′|2 + |x− y|2) νs(dλ, dx,dλ′,dy) ds ,

where C depends only on ‖B‖Lip. Apply Gronwall’s lemma to deduce

(5.3.18) W2(Φ(µ)t,Φ(µ̃)t)2 6

(
W2(µ, µ̃)2 + C

∫ t

0
W2(µs, µ̃s)2 ds

)
eCt,

which implies that Φ is a contraction on C ⊂ C0([0, T ];P2(Λ×Rd)) if CTeCT < 1.
Since this smallness condition on T depends only on ‖B‖Lip, we can iterate finitely
many times the short-time uniqueness provided by the contraction theorem in order
to obtain uniqueness on an arbitrary horizon.

Now Φ(µ) = µ and Φ(µ̃) = µ̃ in (5.3.18) above, then we can apply Gronwall’s
lemma once again to get (5.3.16). With a similar argument (which considers a
coupling of (mλ

t , m̃
λ′

t ), where mλ is a solution to (5.3.15) given mλ
0 = mλ and

analogously for m̃λ′) one can also deduce that

W2(mλ
t , m̃

λ′

t )2 . W2(mλ, m̃λ
′
)2 +

∫ t

0
W2(µs, µ̃s)2 ds.

Then, using (5.3.16), one has (5.3.17). �

For the benefit of the reader, we also collect the crucial steps of the proof of
Theorem 5.3.4 in some lemmata, in order to isolate the propagation of chaos and
the approximation arguments. We begin with the latter.

Lemma 5.3.7. Suppose that Theorem 5.3.4 holds for a sequence (µk)k∈N ⊂ P2(Λ×
Rd) such that πΛ]µk is finitely supported and weakly converges to ρ ∈ P(Λ). Then
Theorem 5.3.4 holds for any µ as in its statement such that πΛ]µ = ρ.

Proof. Given µ ∈ P2(Λ×Rd) as in the statement of Theorem 5.3.4 and ρ :=
πΛ]µ, let (ρk)k∈N ⊂ P(K) be a sequence of finitely-supported probability measures
such that ρk → ρ weakly. Since W2 metrises the weak convergence of probability
measures on K (see, e.g., [78, Corollary 6.13]), the existence of such a sequence
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comes from the Banach–Alaoglu and the Krein–Milman theorems. Moreover, note
that one can in particular choose ρk supported only on rational numbers.

Consider the continuous disintegration m : K → P2(Rd) of µ with respect to πΛ

and define µk :=
∫

Λ mλρk(dλ); then, letmk be the corresponding solution to (5.3.12)
(note that πΛ](µk)t = ρk for all t). Thanks to the continuity of the disintegration
m, the map λ 7→

∫
Rd F (λ, x)mλ(dx) is continuous, so, for any F ∈ C(Λ× Rd) with

sub-quadratic growth with respect to x ∈ Rd, by the weak convergence ρk → ρ we
have ∫

Λ×Rd
F (λ, x)mλ(dx)ρk(dλ)→

∫
Λ×Rd

F (λ, x)mλ(dx)ρ(dλ);

that is, µk → µ in P2(Λ×Rd). Therefore, by (5.3.16), µk → µ in C0([τ, T ];P2(Λ×
Rd)), which implies that πRd ]µk → πRd ]µ in C0([τ, T ];P2(Rd)) as well.

Let now λ ∈ K and assume that λ ∈
⋂
k∈N spt(ρk). Standard stability of the

Fokker–Planck equation gives the convergence m̄λ
k → m̄λ in C0([τ, T ];P(Rd)), so

we have all the ingredients to pass the identity (5.3.11) (that we are assuming to
hold when πΛ]µ is finitely supported) to the limit k → ∞. On the other hand, if
λ /∈

⋂
k∈N spt(ρk) one can consider, in place of ρk, measures ρ̃k := N−1

N ρk + 1
N δλ,

so that still ρ̃k → ρ weakly and the above argument can be still performed. �

Lemma 5.3.8. Let ` ∈ Z+ and λ ∈ Λ`. Let (θj)j∈[[`]] ⊂ R+ satisfy
∑
j∈[[`]] θj = 1.

Define

(5.3.19) Uλ
i

(t, x,m) := Uλ
i
(
t, x,

∑
j∈[[`]]

θjδλj⊗mj
)

for any i ∈ [[`]], t ∈ [0, T ], x ∈ Rd and m ∈ P2(Rd)`. Let m0 ∈ Pq(Rd)`, q > 4, and
consider mλ := (mλj )j∈[[`]] solving

(5.3.20)

∂tmλj −∆mλj − div(∂xUλ
j (t, x,mλ

t )mλj ) = 0 , j ∈ [[`]]

mλ|t=τ = m0 .

Fix m̄ ∈ P2(Rd)`. Let (Ij)j∈[[`]] be a partition of N and let Z be an (Rd)N -valued
random variable such that

Zi ∼

m̄j if i = min INj (for some j ∈ [[`]])

mj
0 if i ∈ INj \

⋃
k∈[[`]]{min INk },

where INj := Ij ∩ [[N ]]. Define λN ∈ ΛN by letting λiN := λj if i ∈ INj . Let XIN·

and X̃N be the solutions of

dXINj ,i = −∂xUλ
j(
t,XINj ,i, (mλ−j

t ,m
X
IN
j
t

)
)

dt+
√

2 dBit , i ∈ INj , j ∈ [[`]] , 5

and

dX̃N,i = −∂xuN (λiN , λ−iN , t, X̃N,i
t , X̃N,−i

t ) dt+
√

2 dBit, i ∈ [[N ]] ,

5For the sake of clarity, we remark that, according to the notation we are adopting, the vector
(mλ−j ,m) is that with all coordinates given by mλi but the j-th one, which is m, hence (recall
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respectively, with XIN·
0 = Z = X̃N

0 . If

lim
N→∞

#INj
N

= θj ∀ j ∈ [[`]] ,

then

(5.3.21) lim
N→∞

sup
j∈[[`]]

sup
i∈IN

j

E
[

sup
t∈[0,T ]

∣∣X̃N,i
t −XINj ,i

t

∣∣2] = 0 .

Proof. We first note that, since mλ
t is a given flow of measures, each agent

i ∈ INj is driven by the same drift

V j
(
t,XINj ,i,m

X
IN
j
t

) := −∂xUλ
j(
t,XINj ,i, (mλ−j

t ,m
X
IN
j
t

)
)
,

we can invoke Lemma 5.3.2 to have, in particular,

(5.3.22) lim
N→∞

E
[

sup
t∈[0,T ]

W2(m
X
IN
j
t

,mλj

t )
]

= 0;

this will be needed afterwards.
Now, if i ∈ INj we have

(5.3.23)
∣∣X̃N,i

s −XINj ,i
s

∣∣2
6 2

∫ s

0

(∣∣∂xuN (λj , λ−iN , t, X̃N,i
t , X̃N,−i

t )

− ∂xuN (λj , λ−iN , t,X
INj ,i

t , X̃N,−i
t )

∣∣2
+
∣∣∂xuN (λj , λ−iN , t,X

INj ,i

t , X̃N,−i
t )− ∂xU(λj , t,XINj ,i

t ,m(λN :X̃Nt ))
∣∣2

+
∣∣∂xU(λj , t,XINj ,i

t ,m(λN :X̃Nt ))

− ∂xUλ
j(
t,X

INj ,i

t , (mλ−j

t ,m
X
IN
j
t

)
)∣∣2)dt ;

note that, according to the notation we are adopting,

m(λN :X̃Nt ) = 1
N

∑
k∈[[N ]]

δλk
N
⊗ δX̃N,kt

.

By the Lipschitz continuity of ∂xU (throughout the proof we will imply constants
if they depend only on T , Lg, Lf and LΛ),

(5.3.24)
∣∣∂xU(λj , t,XINj ,i

t ,m(λN :X̃Nt ))− ∂xU
λj
(
t,X

INj ,i

t , (mλ−j

t ,m
X
IN
j
t

)
)∣∣2

.W2

(
m(λN :X̃Nt ), θjδλj⊗m

X
IN
j
t

+
∑

k∈[[`]]\{j}

θkδλk⊗mλk

t

)2
;

also notation (5.3.19))

∂xU
λj (t, x, (mλ

−j
t ,m)) = ∂xU

λj
(
t, x, θjδλj⊗m+

∑
k∈[[`]]\{j}

θkδλk⊗m
λk

t

)
.
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on the other hand, recalling the definition of λN and then controlling the Wasser-
stein distance with the total variation (cf., e.g., [78, Theorem 6.15]), one easily
gets

W2

(
m(λN :X̃Nt ),

∑
k∈[[`]]

θkδλk⊗
1

#INk

∑
i∈IN

k

δX̃N,it

)2

6 2 sup
i∈[[N ]]

|X̃N,i
t |2

∑
k∈[[`]]

∣∣∣#INk
N
− θk

∣∣∣ =: γNt ,

where E
[
sup[0,T ] γ

N
]
→ 0 as N →∞ thanks to the uniform boundedness of ∂xuN .

Then applying the triangle inequality to the right-hand side of (5.3.24) we see that
it is controlled by

(5.3.25) W2

( ∑
k∈[[`]]

θkδλk⊗
1

#INk

∑
i∈IN

k

δX̃N,it
,

θjδλj⊗m
X
IN
j
t

+
∑

k∈[[`]]\{j}

θkδλk⊗mλk

t

)2
+ γNt .

Now, by the convexity ofW 2
2 (cf., e.g., [78, Theorem 4.8]), the first term in (5.3.25)

is in turn controlled by

θjW2

( 1
#INj

∑
i∈IN

j

δX̃N,it
, m

X
IN
j
t

)2
+
∑

16k6`
k 6=j

θkW2

( 1
#INk

∑
i∈IN

k

δX̃N,it
, mλk

t

)2

6 2
∑
k∈[[`]]

1
#INk

∑
i∈IN

k

∣∣X̃N,i
t −XINk ,i

t

∣∣2 + 2
∑
k∈[[`]]

W2(m
X
IN
k
t

,mλk

t )2

Therefore, from (5.3.23) we have

(5.3.26)
∣∣X̃N,i

s −XINj ,i
s

∣∣2 . ∫ s

0

( ∑
k∈[[`]]

1
#INk

∑
i∈IN

k

∣∣X̃N,i
t −XINk ,i

t

∣∣2 + δN,jt

)
dt ,

where

δN,jt :=
∣∣∂xuN (λj , λ−iN , t,X

INj ,i

t , X̃N,−i
t )− ∂xU(λj , t,XINj ,i

t ,m(λN ,X̃Nt ))
∣∣2

+ γNt +
∑
k∈[[`]]

W2(m
X
IN
k
t

,mλk

t )2

is such that E
[

sup[0,T ] δ
N,j
t

]
→ 0 as N →∞ (cf. Theorem 5.2.6, property (5.3.22)

and see the last argument in the proof Lemma 5.3.2). Averaging (5.3.26) over i ∈ Ij
and summing over j ∈ [[`]] we have∑

16j6`

1
#INj

∑
i∈IN

j

∣∣X̃N,i
s −XINj ,i

s

∣∣2
.
∫ s

0

(
`
∑
j∈[[`]]

1
#INj

∑
i∈IN

k

∣∣X̃N,i
t −XINj ,i

t

∣∣2 +
∑
j∈[[`]]

δN,jt

)
dt ,
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whence ∑
j∈[[`]]

1
#INj

∑
i∈IN

j

E
[

sup
t∈[0,T ]

∣∣X̃N,i
t −XINj ,i

t

∣∣2]→ 0 as N →∞.

by Gronwall’s lemma; then, plugging this back into (5.3.26), we obtain (5.3.21). �

Proof of Theorem 5.3.4. By Lemma 5.3.7 it suffices to prove the theorem
by assuming that the first marginal is of the form ρ =

∑
j∈[[`]] θjδλj ∈ P(Λ) for

some (fixed) ` ∈ Z+, θj ∈ Q+ and λj ∈ Λ.
We now want to construct N -player games, where each player is suitably la-

belled with λj , j ∈ [[`]]. The distribution of labels in the limit N → ∞ must be ρ.
It is elementary to construct a partition (Ij)j∈[[`]] of N such that d(Ij) = θj , where
d denotes the natural density;6 indeed, it suffices to consider the minimum natural
number D such that Dθj ∈ N for all j ∈ [[`]], take a partition {Θj}j∈[[`]] of [[D]]
such that #Θj = Dθj and set Ij := Θj + DN. So we can define λ̄ ∈ `∞(N; Λ) by
letting λ̄i := λj if i ∈ Ij and then λN ∈ ΛN for any N ∈ N by taking the first N
coordinates of λ̄.

With the notation of Lemma 5.3.8, we want argue as in the proof of Proposi-
tion 5.3.1, with the replacements

[[N ]] INj and ∂xU
λ(t, x,m) ∂xU

λj (t, x, (mλ−j

t ,m)) .

This crucial intermediate step is an “intra-population” propagation of chaos. As
noted at the beginning of the proof of Lemma 5.3.8, we can exploit Lemma 5.3.2
and argue exactly as in the proof of Proposition 5.3.1 (note that #INj → ∞ as
N →∞) to obtain, for i = min INj ,

E
[ ∫ T

0

( 1
2
∣∣∂xUλj(t,XINj ,i

t , (mλ−j

t ,m
X
IN
j
t

)
)∣∣2

+ fλ
j(
X
INj ,i

t , (mλ−j

t ,m
X
IN
j
t

)
))

dt+ gλ
j(
X
INj ,i

T , (mλ−j

T ,m
X
IN
j
T

)
)]

−−−−→
N→∞

∫ T

0

∫
Rd

( 1
2
∣∣∂xUλj (t, ·,mλ

t )
∣∣2

+ fλ
j

(·,mλ
t )
)

dm̄λj

t dt+
∫
Rd
gλ

j

(·,mλ
T ) dm̄λj

T ,

(5.3.27)

where mλ and m̄λ solve, respectively, (5.3.20) and∂tm̄λj −∆m̄λj − div(∂xUλ
j (t, x,mλ

t )m̄λj ) = 0 , j ∈ [[`]]

m̄λ|t=τ = m̄ ,

both with initial time τ = 0.

6Recall that the natural density of S ⊂ N is defined as d(S) := limN→∞N−1#(S ∩ [[N ]]), if
the limit exists.
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At this point consider the representation formula for the value functions solving
the Nash system constructed above,

(5.3.28) E uN (λN , 0, Z)

= E
[ ∫ T

0

( 1
2
∣∣∂xuN (λN , t, X̃N

t )
∣∣2 + fN (λ̄0, X̃N

t )
)

dt+ gN (λ̄0, X̃N
T )
]
,

where X̃N is as in Lemma 5.3.8; in order to pass to the limit this identity, we
need to compare X̃N and XIN· , which we have thus already done in Lemma 5.3.8.
Having fixed j ∈ [[`]], note that we can assume without loss of generality that 0 ∈ Ij
(otherwise, just take a different partition {Θj}j∈[[`]] at the beginning of Step 2);
therefore, λ̄0 = λj , and one deduces (5.3.11) from (5.3.27), passing (5.3.28) to the
limit. In order to motivate this last claim, for the sake of completeness, we prove
that, for h ∈ {f, g}, one has

lim
N→∞

E
[

sup
t∈[0,T ]

∣∣hλj(XINj ,i

t , (mλ−j

t ,m
X
IN
j
t

)
)
− hN (λj , X̃N

t )
∣∣] = 0

(the other analogous convergence that we will need, involving ∂xuN and U , can be
proved in a similar manner). Under our latest assumption, XINj ,i = XINj ,0, so, by
the Lipschitz continuity of h and the triangle inequality,∣∣hλj(XINj ,i

t , (mλ−j

t ,m
X
IN
j
t

)
)
− hN (λj , X̃N

t )
∣∣2

.
∣∣XINj ,0

t − X̃N,0
t

∣∣2 +W2

(
θjm

X
IN
j
t

+
∑

k∈[[`]]\{j}

θkm
λk

t , mX̃Nt

)2

+W2(mX̃Nt
,mX̃N,−0

t
)2 +

∣∣hλj (X̃N,1
t ,mX̃N,−0

t
)− hN (λj , X̃N

t )
∣∣2 ;

it is straightforward to show that, after taking the supremum over t ∈ [0, T ] and
then the expectation, the third term in the left-hand side vanished as N →∞, while
the first one and the last one go to 0 as well thanks to (5.3.21) and Remark 5.2.8,
respectively. As for the second term, by the triangle inequality and convexity of
W 2

2 ,

W1

(
θjm

X
IN
j
t

+
∑

k∈[[`]]\{j}

θkm
λk

t , mX̃Nt

)
6 θjW2

(
m
X
IN
j
t

,
1

#INj

∑
i∈IN

j

δX̃N,it

)2
+

∑
k∈[[`]]\{j}

θkW2

(
mλk

t ,
1

#INk

∑
i∈IN

k

δX̃N,it

)2

+W2

( ∑
k∈[[`]]

θk
#INk

∑
i∈IN

k

δX̃N,it
, mX̃Nt

)2
;

by using the estimates obtained in the previous lemmata, E supt∈[0,T ] of the right-
hand side can be shown to vanish as N →∞. �
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5.4. A continuum of MFG systems

Some considerations about the characterisation provided by (5.3.11)–(5.3.12)–
(5.3.13) are now in order.

Remark 5.4.1. If Uλ is sufficiently regular on [0, T ] × Rd × P2(Λ × Rd) (e.g.,
according to Definition 2.4.1 in [23] of a classical solution to the first-order Master
Equation, so, in particular it is differentiable with respect to µ), one can differentiate
t 7→

∫
Rd U

λ(t, · , µt) dmλ
t with mλ

τ = δx and use (5.3.11), (5.3.12), (5.3.13) to get,
after standard computations,

− ∂tUλ(t, x, µ)−∆xU
λ(t, x, µ)−

∫
Λ×Rd

∆y
δ

δµ
Uλ(t, x, µ, λ′, y)µ(dλ′,dy)

+ 1
2
∣∣∂xUλ(t, x, µ)

∣∣2 +
∫

Λ×Rd
Dy

δ

δµ
Uλ(t, x, µ, λ′, y) · ∂yUλ

′
(t, y, µ)µ(dλ′,dy)

= fλ(x, πRd ]µ).

This is exactly the form one would expect a Master Equation associated to our
non-symmetric game to exhibit. In this sense, the limit game (5.3.11)–(5.3.12)–
(5.3.13) can be considered as a weak formulation of the Master Equation for a
nonsymmetric game parametrised by λ ∈ Λ. Since Uλ is Lipschitz continuous with
respect to the measure variable, this formulation is very close to the one proposed
in [15]. Moreover, it brings naturally a continuum of standard MFG systems, as
described below.

Theorem 5.4.2. With the notation of Theorem 5.3.4, define

uλ(t, x) := Uλ(t, x, µt) .

Then u solves the following (generalised) Mean Field system on (0, T )× Λ× Rd:

(5.4.1)


−∂tuλ −∆xu

λ + 1
2 |Dxu

λ|2 = fλ(x, πRd ]µt)

∂tµ−∆xµ− divx(Duλµ) = 0

uλ(T, ·) = gλ(·, πRd ]µT ), µ0 = µ ,

where both the Hamilton–Jacobi and the Fokker–Planck equations are satisfied in
the classical sense.

Proof. Fix λ ∈ Λ. Note that, by (5.3.11), for every τ and smooth m̄λ,∫
Rd
uλ(τ, ·) dm̄λ =

∫ T

τ

∫
Rd

( 1
2
∣∣Dxu

λ(s, ·)
∣∣2 + fλ( · , πRd ]µs)

)
dm̄λ

sds

+
∫
Rd
gλ( · , πRd ]µT ) dm̄λ

T .

(5.4.2)

Let v be solution of the linear backward Cauchy problem−∂tv −∆xv +Dxu
λ ·Dxv = fλ(x, πRd ]µt) + 1

2
∣∣Dxu

λ
∣∣2

v(T, ·) = gλ(·, πRd ]µT ).
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By standard linear theory (see, e.g., [64]), v solves the equation a.e., and since
coefficients are in L∞, it is globally bounded and locally in W 2,1

p for every p ∈
(1,∞). By duality between the equation for v and the equation for m̄λ, for every
τ ∈ [0, T ] we have∫

Rd
v(τ, ·) dm̄λ =

∫ T

τ

∫
Rd

( 1
2
∣∣Dxu

λ(s, ·)
∣∣2 + fλ( · , πRd ]µs)

)
dm̄λ

sds

+
∫
Rd
gλ( · , πRd ]µT ) dm̄λ

T .

Since the previous equation has the same right-hand side of (5.4.2), by the arbi-
trariness of m̄λ and τ , we obtain v ≡ uλ. Plugging back Dxv ≡ Dxu

λ into the
equation for v we obtain the assertion. That uλ is a classical solution follows by
standard parabolic regularity. �

Remark 5.4.3. If f and g are constant in λ, then (5.4.1) is the classic Mean
Field system (this case corresponds to the situation in Proposition 5.3.1). We also
mention that, as a byproduct, under assumptions of monotonicity, one can then
deduce uniqueness of the limit function U by classic uniqueness results for the
Mean Field system.

Remark 5.4.4. The above result says, within the setting of the previous example,
that the Mean Field system arises from a sequence of N -player games built by
choosing certain λN , provided that the labels λiN are “sufficiently well distributed”,
in the sense that their empirical measures weakly converge to some ρ ∈ P(Λ) as
N → ∞. Limit properties of those games are then captured by the Mean Field
system when one chooses µ =

∫
Λm

λρ(dλ), being mλ the distribution of λ-labelled
players.

On the other hand, by a theorem of Hedrlín (see [50]), for each Mean Field
system of that kind there exists a suitable choice of λN in order for it to arise from
the respective sequence of N -player games.
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