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Abstract

In this thesis we present a joint work with F. Andreatta and A. Iovita about a BGG decomposition of the
de Rham sheaves W, defined over the modular elliptic curves. In Chapter [I| we study the infinitesimal site
of smooth rigid analytic varieties and we define the linearization and delinearization functors. In Chapter
we introduce the BGG decomposition for some infinite dimensional g—modules, where g is a semisimple
Lie algebra. Thanks to this decomposition we compute the de Rham cohomology of the sheaves W,. The
techniques presented could be used in order to study infinite dimensional g—modules over more general

Shimura varieties.
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Introduction

The main goal of this thesis is to study the Berstein—Gelfand-Gelfand (BGG) decomposition for certain de
Rham sheaves on a specific p-adic rigid analytic open subvariety of a modular elliptic curve, via a linearization
and delinearization method. This method should give a way to decompose de Rham sheaves defined over
more general Shimura varieties. In Chapter |1f we get a technical result about a delinearization functor over
smooth rigid analytic varieties defined over a complete p-adic field K. In Chapter [2| we describe an ongoing
project with F. Andreatta and A. Iovita about a decomposition of de Rham sheaves defined over the modular

elliptic curve.

The BGG decomposition was first presented in the article [BGGT5] for a finite dimensional C-vector space
V'V, with an action of a semisimple Lie algebra g. This theory starts by building a resolution of V'V using the

g-action and a parabolic sub-algebra p of g. The resolution takes the following form

U(3) Bu(p) (VV ®c {;\(Q/P)) — VY

the complex on the left is called the Koszul complex. If the Lie algebra g decomposes as g =n~ @ p one gets

U(g) ®u(p) (Vv ®c {z\(g/p)) *Un") ¢ VY ®c {i\n_.

The objects of the Koszul complex are built using the parabolic induction, where only the p-action on V'V is
involved; the maps of the Koszul complex are given by the n™-action on VV. The Koszul complex is exact,

hence it is a resolution of VV.

At this point we assume that there is a reductive, algebraic group G and a parabolic subgroup P of it

such that g is a semisimple Lie sub-algebra of Lie(G) and that n~ is commutative, i.e. U(n7) 2 Symen~.

Now we dualize the complex above and we look at it as a complex of sheaves on the projective variety

G/P, we get the exact sequence

Ogip®cV —» Ogp ®c (U(g) ®u(p) (Vv ®c {;\(Q/P))) :

The complex Og/p ®c (U(g) ®uu(py (VY &c /\('C(g/p)))v = L(Vecl g, pyc) is the linearized de Rham complex
of the Ogyp-module Og/p ®c V', where the connection is defined by the n™-action on V. The BGG decom-
position gives us a way in order to “cut” the Koszul complex and then the linearized de Rham complex. Now
we want to explain how this decomposition works; in order to simplify the exposition we make the assumption

that V'V is irreducible; in the rest of the manuscript this assumption will be removed. Fix a maximal Cartan

7
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sub-algebra § c p; then b acts on VV via a character x, : h = C and we can consider the resolution

(“(9) ®u(p) (VV ®c {;\(g/p))) — VY.

Xr

of generalized y-eigenspaces for the action of the center Z(g) of the universal envelopping algebra U(g) of
g; this is the BGG complex. In [BGGTH| it is showed that the BGG complex is also exact and there is an

explicit description of each object in the resolution. For more details see Appendix [B.
Then we get a resolution of the Og/p-module Og/p ®c V' given by

\

Oc/p®cV = Ogp ®c (U(g) ®u(p) (Vv ®c {;\(Q/P))) ,

Xk

112

L] 4 ') .
and Og;p ®c (U(g) ®ue) (VY ®c /\C(g/p)))h L ((V ®c Q(G/P)/C)Xn). The BGG theory works for split
semisimple Lie algebra g and split g-modules V'V defined for any finite dimensional K-module, where K is a
field of characteristic 0. The study of the infinitesimal site done by Grothendieck in [Gro68] and Berthelot—

Ogus in [BOTS]| allows us to say that there is a de-linearization functor u, over the scheme G/P and
U*L(V ®c QEG/P)/K)lnf =2V ®cC QzG/P)/K’

where L(V ®c QEG/P)/K)inf is a sheaf over the infinitesimal topos associated to the sheaf L(V ®c QZG/P)/K).
One can show that the cohomology of the complex V ®¢ QZG /Py K i.e. the de Rham cohomology of the sheaf
V ®k Og/p, is the cohomology of the complex

Moreover if there is an étale map f : U - G/P one can perform the same computations for the de Rham
cohomology of the sheaf f* (V K OG/p) =V ®k Op. The BGG theory presented above works only for finite

dimensional g-modules and over algebraic varieties.

In this thesis we describe a new method by F. Andreatta and A. Iovita in order to get the BGG decom-
position of some infinite dimensional g-modules. Since we will apply the BGG decomposition with g = sl
we suppose that p = b is a Borel subalgebra of g. We consider a g-module V = 20599 with an increasing
filtration {F;};en such that Q05als = cﬁmv F;. We assume that the p-action preserves the filtration and
the n~-action increases the filtration by one;.ENFirstly we reduce to the finite dimensional case looking at the

g-module F, getting a resolution of the form

U(e) Su) (F: ox {(\m/p)) Y

Thanks to the Lemma |2.1.3|one shows that the BGG decomposition is well defined on the limit on s and we

get the two sequences

F i (UG0) Su Pl A0 =l U0 s (P 0 Alal)) = €
S€ K SE K

Xk

Moreover we are interested in the other limit:

k k
D <= (a) Sy (1 (F2) 9 A(afo)) =) our (2 o1 AGalo)).



CONTENTS 9

The Theorem says that the composition map v*: D* - C* - C*/F* =C2

X#F Xk
Subsection we show that also the dual map «*V is zero on the cohomology groups. Finally in Subsection

we get that also the continuous dual map

vanishes on cohomology. In

\%

’yc,\/,cont : colim L(Fg+. RK gzz(;/B)/I()X;tXN = C(&m (U(g) ®M(b) (F;i. K /\(g/b))) =t (C./]:.
€ K

)V,cont
—
seN seN X* Xr

° Vv
— LW o myn) - lmeotin_ (@) 0w (Pl Alalt))) =2
ne K

N — seN

vanishes on the cohomology groups. In Chapter [1| we make some explicit computations that allow us to write

Qﬁf’alg ®K QZG/B)/K ~ u*col_iznaS NL(Fﬁ. ®K QZG/B)/K)inf ~u, L (Qﬂﬁfﬂalg K ng/B)/K)

€

We get that the de Rham cohomology of 205318 is the direct sum of the cohomologies of u,F*V and
uy (C*JF*)°™ and the map

o, . Y ,cont ,a °
ey s (CF) N S WM @ Oty i
is zero on cohomology, hence our main Theorem
H*(G/B,u.F*") = H3 (G/B,2/e).

Another consequence of the Lemma is that u,F*" is finite dimensional, hence we cut the de Rham
complex of the infinite dimensional g-module 255218 getting a quasi isomorphic complex of finite dimensional

modules. If one takes as before a finite g-module V' one gets that C* = D*, hence the quasi isomorphism

In our infinite dimensional case we need to apply the delinearization functor u, in order to say that these

complexes are quasi isomorphic.

Our application is related to modular elliptic curves, set G := GLy and P = B be the Borel subgroup
of upper triangular matrices. Let X be an overconvergent locus of the modular elliptic curve defined over
Sp(K), where K is a finite extension of Q,. Locally on X we find étale morphisms wgar : 4 - G/P, where
{U}ges is an affinoid covering of X (see Theorem . We consider the Ox modules W28 that p-adic
interpolate the sheaves Symk (Hg), where Hg is the de Rham cohomology of the Hodge bundle. These
sheaves have an integrable connection and they are introduced in [AIP18] and [AI2I]. We show that for
any 4 €U we have 7l (Qﬂf 2lg @ O / p) = (Wzlg )\u for a K-module Qﬂf 218 with the properties as before,
see the Theorem The Ox-module W28 is endowed with an exhausting filtration {Fil;W8},.y and a
g-action; the filtrations and the actions on W28 and 255218 are compatible respect to the morphisms mgas.
All these properties and the BGG decomposition for infinite dimensional g-modules that we have explained
show that if k ¢ N

(i), = (219), @0, Ry )~ (0 o))

is a quasi isomorphism; where w£+2 is the line bundle of modular forms of weight x+2 and the complex on the

right is computed locally via the BGG decomposition. We recover the Corollary 3.35 of [AI21]. We denote
with W, := W29 the p-adic closure of W29, The finite slope part of the de Rham cohomology of W9 and
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W, are equal via the Lemma 3.33 [AI21], i.e.
Hp (4, W, )™ = Hop (4, Wy'e)<"

for any h € N, hence we compute the finite slope part of the de Rham cohomology of the sheaf W,,.

Our result is local on X; in order to get a global result it suffices to check that the BGG resolutions
on different &l glue. This is true since the generalized yx,-eigenspace does not depend on the choosen local
trivialization of W,.

In the computation of the de Rham cohomology that we described above we needed to use the delinar-
ization functor over an overconvergent locus of the modular elliptic curve, which is a rigid analytic variety.
Now we explain some history and the technical result that we get in Chapter [I]about the infinitesimal topos.

The infinitesimal site was introduced by A. Grothendieck in |Gro68] over schemes of zero characteristic.
He used this site in order to give an algebraic interpretation of the de Rham cohomology: this cohomology
has not nice properties in positive characteristic; hence he develops the infinitesimal cohomology for schemes
with arbitrary characteristic that, in zero characteristic, is compatible with the de Rham cohomology; see
p-352 of [Gro68] and Berthelot-Ogus [BO78]. Grothendieck showed that the infinitesimal cohomology of
a sheaf with connection is equal to its de Rham cohomology; we refer to this result as the Grothendieck
comparison Theorem. The main result of Chapter [I]is an analogue of the Grothendieck comparison Theorem
in the rigid analytic setting. More precisely let K be a complete field over @, and X be a smooth rigid
analytic variety over S = Sp(K). Let F be an Ox-module, we say that F is flat if for any exact sequence of

coherent Ox-modules R°, also the sequence R* ®p, F is exact. A connection on F is a morphism
V:F > Fooyx Qg

that satisfies the Leibnitz rule, see We use the definition of the infinitesimal site for rigid analytic
varieties given by H. Guo in [Guo21]. From an Ox-module F with connection V we associate an Ox,, ,-module
Finy: a sheaf on the infinitesimal site of X. We build a linearization functor L(-);s, that is an analogue
of the Grothendieck linearization functor in this setting. The linearization functor sends Ox-modules to
OXinf
main Theorem of the first Chapter is the Theorem

-modules and differential morphisms to linear morphisms, hence it “linearizes” the morphisms. Our

Theorem. For any flat Ox-module F with integrable connection V the de Rham complex associated to V

and the linearized de Rham complex have the same cohomology, i.e. there is a natural isomorphism
H* (X,F®0, Wy/5) = H* (Xinf, L(F®oy Q}c/s)mf) > H*(Xing, Finy)-

Moreover the Proposition |1.3.12] shows that for any Ox-module F with integrable connection V the

complexes of Q. .-modules

inf
(fmf@’oxme(Q}/s)mfy idg,, ®L(d°)mf) 2 (L(F ®ox Vx/s), LV )ins) (1)

are isomorphic. Hence the main Theorem shows that the de Rham cohomology does not depend on the
connection V, since the equation shows that the cohomology of the linearized de Rham complex in the
infinitesimal site does not depend on V.

The strategy of the proof of the main Theorem is to show that the linearized sheaves are acyclic with
respect to the delinearization functor w, introduced in §1.3] Due to the flatness of F one gets that the
sequence

0 Fing » L(F ®0y Q}/S)mf -0
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is exact, hence
H® (Xing, Fing) 2 H (Xint, L(F ®0x Oxys),,,) = H (X, 0L (F @0k O/s),,,)-
Via the flatness of F and an application of the Mittag—Leffler condition we get that
U L(F & Qy/g)ing 2 F ® Vg

and the main Theorem is proved. We followed the techniques used in [BOT78]. It should be possible to give
a homotopic proof following [BdJ11].

What is new in this thesis is the description of a method in order to get a BGG decomposition of the
de Rham complex of some infinite dimensional g-modules defined over smooth rigid analytic varieties locally
étale over G/P.

Chapter[I]is the main contribute of the author: there is a description of some properties of the infinitesimal
site over smooth rigid analytic varieties and the delinearization functor; this Chapter is useful in order to
have an analogue of the Grothendieck delinearization functor in this rigid analytic setting.

Chapter [2| describes the ongoing project with F. Andreatta and A. Iovita: we get a BGG decomposition
of some infinite dimensional g-modules and we apply this decomposition in order to compute the de Rham
cohomology of some sheaves defined over some overconvergent locus of the modular elliptic curve. We believe
that the methods involved could be generalized to some sheaves with connection over some PEL Shimura
varieties.

In Appendix [A] we prove some technical Lemmas; in the Appendix B we describe the classical BGG
decomposition of a finite dimensional g-module and in Appendix[C we resume the vector bundle with marked

sections (VBMS) construction.
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Chapter 1

Infinitesimal cohomology

In this Chapter we describe the (small) infinitesimal site relative to a smooth rigid space X defined over
S = Sp(K), where K is a complete p-adic field. We are interested, following Grothendieck’s work, in the
description of the de Rham cohomology of a flat Ox-module F with an integrable connection V in terms of

the cohomology of the linearized De Rham complex

L(v)in L(vl)in L(Vz)in
L(F)int —" L(F 80y U /9)int —" L(F®0x Vx/s)int — ...

in the infinitesimal site.

1.1 Infinitesimal category

Let K be a complete p-adic field, we denote S := Sp(K), let X be a smooth rigid space defined over S. We
recall some definitions.

Definition 1.1.1. Let g: U — T be a morphism of rigid spaces over K, we say that g is:

e nilpotent if it is a closed immersion defined by a coherent ideal I ¢ Op that is locally nilpotent, i.e.

for each t € T there is an open t € V cT and an n € N s.t. I"‘l/ =0;
e nilpotent of order N e N if it is a closed immersion defined by a coherent ideal I ¢ Op with IV = 0.

Observe that if T is quasi-compact, then you can cover T with a finite cover where g is nilpotent of a
certain finite order, so you get that ¢ has finite order. Now we define the (small) infinitesimal category over
X following the Definition 2.1.2 in [Guo21].

Definition 1.1.2. The infinitesimal category over X is the category, denoted by (X/S5),, described by

the following objects and arrows:

e The objects are denoted by (U,T) where U,T are rigid spaces (over S) equipped with a nilpotent
S-morphism ¢ : U — T and an open embedding i : U - X defined over S;

e The arrows from (U, Ty) to (Us,Ty) are pair of S-morphisms («, ) : (Uy,T1) = (Us,To) s.t. « is an

P

open immersion and the following diagram commutes [, —% (7, -

b

Ty i}TQ

13



14 CHAPTER 1. INFINITESIMAL COHOMOLOGY

Before introducing Grothendieck topology in these categories we prove some nice properties.

Lemma 1.1.3. The category (X/S); ; has equalizers and fiber products.

inf

Proof. Let W; = (U;, T;) € (X/S),,s with ¢ =0,1,2 and (a4, 5;) : (U;, T;) — (Up, Tp) with ¢ = 1,2. We claim
that W <y, Wa = (U 0 Us, Ty x7, T3).

Firstly we have to show that (U,T) := (Uy nUs, Ty x7, T) is in the category. For ¢ = 1,2 let us denote
p? :U - U; and p;fr : T — T; the maps induced by the fiber product as rigid spaces.

The following diagrams are commutative:

U
IR
1 :g Pé]
v v N
U, T U, U——— U
YA EENAN
e N
T Uo T U e » Up s X
\lfo/ \_/
To

Then there is a unique induced map g: U — T s.t. that the diagram is still commutative. Once we show that
; the fact that this is the fiber

inf?

product Wy xyw, Wa could be checked rephrasing that U = Uy xy, Uz and T =T} xq, T» are fibered products

g is nilpotent we will have a commutative diagram in the category (X/S)

of rigid spaces.

We have to show that g: U — T is nilpotent.

We can check locally on T that it is a nilpotent map. Since f1, f2, f3 are nilpotent, we can cover Ty, Ty
and Ty with affinoid opens Sp(R;) where f; corresponds to the projection for some nilpotent ideal I;, say

I =0. Then T is covered by Sp(R1®g, R2) and the map g corresponds locally on T to the projection
¢: R1®Rr, Ry » R1/11®p, 1, R2/ 5.

Since each map is surjectve we get that g is closed. The first tensor product is along the morphism ¢; : Ry - R;
corresponding to 3; and the other along ¢;modI; corresponding to a;. The kernel of ¢ is [1®r, Ra + R1®R, I2
and it is nilpotent via the Lemma then (U,T) € (X/S),, is the fiber product we looked for.

Now we prove that the category (X/S). . has equalizers. Let

inf
(o1,51), (a2, B2) : (Ur, To) —= (U2, T3) ,

we claim that the pair (U,T) := (Eq(a1,a2),Eq(51,82)) formed by equalizers as rigid spaces is the equalizer
for the diagram above. Observe that U = U; and denote §:T — T; the natural map.

Since the diagram of the equalizer of the U; maps into the diagram of the equalizer for T;, there is a map
g:U = T. We have to show, as before, that g is nilpotent. In order to show that g is closed, observe that

one can build the equalizers as the fibered product

U—U

| L

Uy — Uz xg Us
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where Ay, is the diagonal map of Us and « = («a1,a2). One can proceed similarly for T. As before, in
order to show that g is nilpotent, we have to work locally on 7. Let’s work locally and assume that T; are
the affinoids Sp(R;), the maps g; correspond to quotient by the ideal I; with I = 0 and the maps aj,as
correspond to ¢1,¢s : Re - Ry. Then g corresponds to the map

R2®R2®KR2 Ry — R2/I2®R2/12®R2/12 Ri/1

where the Rs® g Ro-module structure is induced by:
(a®b) - (c®d)=(abc®d) =c® (p1(a)p2(b)d).

Since the map is surjective, we have that g is closed and, as before, g is nilpotent via the Lemma
We proved that (U, T) € (X/S);,;- It is an equalizer since U and T are equalizers in the category of rigid

spaces. O

Now we can define coverings on the category (X/S);.; and the topos associated.

Definition 1.1.4. A covering in the small infinitesimal site is a collection of morphism {(«;, ;) :
(Ui, T;) = (U,T)}ier in the category (X/S),, s-t. the collections {a;}ier and {B;}ier are open admissible

coverings in the site of rigid spaces over S.
Lemma 1.1.5. The coverings on (X/S),,s describe a topology.

Proof. This fact follows via the explicit description of the fiber products in the Lemma and the property

of coverings in the rigid category over S. O

We denote as Xijn¢ the (small) infinitesimal site, i.e. the category of sheaves over (X/S); ;-

1.1.1 Pre-sheaves and sheaves in the infinitesimal topos

We give a description of the (small) infinitesimal topos. Firstly we would like to introduce some notations
that (we hope) could simplify the reading of this Section.

In this section we will denote an object g = (U,T) € (X/S),,; as the morphism g : U — T attached to
it, moreover we denote U =: s(g) and T =: ¢(g) where s stands for source and ¢ stands for target. For a

morphism ~: g; - go we denote

¥s:8(g91) > s(g2) and v :t(g1) > t(g2)
the morphisms between sources and between targets.
Lemma 1.1.6. The data of a presheaf F € PSh((X/S),,) is equivalent to:

e a collection of presheaves {Fy}ye(x/s), ., where Fy is a presheaf over t(g) for each g€ (X/S)

inf~’

e a collection of morphisms {¢~ : vy ' Fyy = Fgi brigroges Where y varies between all the morphisms in

(X/9)

inf*

with the following properties:
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1. Zf’Y =7Y2°71, then QS'Yl ° (’yliiqs’m) = ¢7; i.e.

-1
_ _ 1Py _ [
'Yl,%& (’72}&-7:573) s ’Yl,lt]:gz - Fa
J/ ¢'v

()™ Fyy
is a commutative diagram, where v, : g1 = g2 and 2 : g2 =~ g3;
2. bia, = 1dF,.
Moreover F is a sheaf over the small infinitesimal topos if and only if each Fg is a sheaf over t(g).

Proof. Given an object g = (U,T') € (X/S),,; and an open T} c T, we can build Uy := U x7 T;. The natural
map Uy — U is an open immersion and (Uy,71) € (X/5)

Let F be a presheaf on (X/S); ,, we build the families of presheaves and of morphisms as in the statement.
For a g=(U,T) € (X/S),,; we define the presheaf F; as the functor

inf*

T, € Open®?(T) » F(Uy,Ty) € Set

where Uy = U xp T1. The restriction morphism of F, corresponding to an open inclusion 3 : Ty — T ¢
Open(T) is F(a, ), where a :=idy xpf:

Uy :=Uxr T —2 U :i=U x7 15

| |

n—2_2
We have to verify that F, is actually a functor (hence a presheaf). The restriction corresponding to an

identity § = idg, : T1 = Th € Open(T'), corresponds to F(id(y, 1)) = idr gy, r, =idz, (1), where Uy := U xp Ty

T1)

as above, via the functoriality of F. The cocycle condition follows directly from the cocycle condition on F.
For a morphism (a,8) =v:9=(U,T) - g = (U, T") € (X/S),,; we want to build ¢, : 371 F, - F,. Via
adjunction we can also build a map ¢ : F, - 3, F, and two conditions on the family become (notation as in

the statement):
® dyy 0 (('YQJ)* Pr1) = Przoms
[ ] (;Abidg = id]-‘g.

Let T] c T' be an open, then T} = B71(T]) = T| x7+ T is an open of T; moreover U := U’ x¢ T| and
Uy := U xyr U] are open of X. We can define

(62)gy : For () = FOLTY) Z0% F (U1, 1) = 7, () = (8.5,) (T9)

where +' is the restriction of 7. The fact that the morphism is a pre-sheaf morphism (compatible with the
restrictions) follows by the cocycle condition of F. The cocycle condition 4572 ° ((’}/Q}t)* évl) = QAS'Y2°'YI and the
equality gﬁidg =idg, follow via the functoriality of 7. We have just verified that given a presheaf we obtain
the data as in the statement.

Now let {F,}4 and {¢}, as in the statement, we will define a presheaf F on (X/S), ;. Given an object
(U,T) € (X/S)n¢, we define F(U,T) := Fyry(T). Given a morphism (a,f) : (Ur,T1) - (U2, Tz), we define

inf>
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the restriction

an, , Ty
F(a,B): F(Us, Ty) = Fymoy(To) 25" (BuFu, myy) (T2) = F(UL, Th)

where qg(aﬁ) : Fuy,my) = BeF(u,,1,) is the morphism of presheaves on T3 that (by adjunction) corresponds to
the morphism ¢, g) on T given by the data. The fact that F is a functor (cocycle condition and restriction
corresponding to the identity morphism is the identity) follows by the two conditions on the collection of
morphisms. These associations are the inverse of each other.

The last thing that we have to prove is that the association sends a sheaf over (X/S);  to a collection of
sheaves and vice versa sends a collection of sheaves to a sheaf over (X/S);

Let F be a sheaf over (X/S), ¢, let (U',T") € (X/S);,s and {T; };e; an admissible open cover of T', where
T is an open of T'; we get that {U; := U’ xqp+ T; = U x1 T} }4er is an open covering of U := U’ xp T. We have

inf>

to verify the sheaf condition for F (7). Since F is a sheaf we get that the first row of the following diagram

is an equalizer

f(U’T) I HieI‘F(UivTi) :; H(j,k)ep f(UjﬂUk,Tj ﬂTk)

Fr oy (T) —— Tier Forony(Ti) ——= T (jxyerz Feorony (Tj 0 T)

Then also the second row is an equalizer and F(y+ 7y is a sheaf over 7”. The converse is similar.

If we want to specify that ¢, is attached to the sheaf F we write gbf .

1.1.2 Envelop

Usually the global sections of a sheaf F over a topos C are defined as the elements of F(1¢), where 1¢ is the

terminal object of C. Observe that in general the category (X/S); . has not the terminal object; in this case

inf
one can define global sections of a sheaf F as

I (X, F) := Homy, , (1, F)

inf

where 1 is the terminal object in Xj¢, i.e. is the sheafification of 177¢, where

1P"(U,T) = {+} for each (U, T) € (X/S);ns -
In this section we define the envelop of a closed morphism and we look for the basic properties of the envelop.
The envelop construction plays a central role in this theory since it provides a hypercovering of the sheaf 1,
hence a way to compute global sections of a given sheaf. Moreover via the envelop one can see that there are
finite products in the ind category of (X/S), ;-

Let j: X - Y be a closed immersion, then there is an ideal J c Oy s.t. j71Oy/J = Ox via the morphism
J. Let Py Iy be the rigid space given by | X| as space with a Grothendieck topology and with ring of definition
Oy /J™ 1. Observe that X is isomorphic (via j) to P)O( Jy a8 rigid space, moreover the morphism X — Py )y

inf*

is nilpotent of order n + 1, hence (X, P)’}/Y) is an object in the category (X/S)

Definition 1.1.7. The object
D (Y) = (X, P%)y) € (X/9)

inf
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is called the n —th envelop of X in Y.

We have already seen that P)O(/Y = X, moreover if X =Y and j =idx, then P)’}/Y = X for any n € N and
D% (X) = (X, X) € (X/S)

morphism

An interesting example is given by taking the n-th envelop of the diagonal

inf*
k+1

A X — X*s

k+1
/X5
and D% (k) := (X, P¥(k)). Moreover I(k) c OXX1§+1 will denote the ideal defined via the closed immersion of

X k+1
X in X*s  and

Remember that X is smooth, hence Ay, is a closed immersion for all k£ € N. We will denote P¥ (k) := P;

P (k) = AL (O e [1(R)™)
denote the structural sheaf of ring of P (k); we see it P% (k) over X since the topologies of P¥ (k) and X
are equal. For each i € Ng;, let us denote with p}'(k) the morphism

Pr(k) 25 pr (o)

Lo

k+1

Xt P X
induced by the ¢ — th projection p;. If k =1 we simplify the notation:
I:=1(1), P%:=Py(1) and P%:=P%(1).
For 4, j € Neo we denote pj’;(2) the morphism

n P;L,j (2) "
Px(2) Px

| [

X xg X xg X 493 X xg X

induced via the projection on the i — th and j — th coordinates (where the order does matter).

Coming back to the general case, if j: X — Y is a closed immersion defined via the ideal J c Oy, then
for any n < m there is a map (identity between the topologies and projection by J"™! as morphism between
the sheaves)

P)ré/y —’P)r?/r

We get an inductive system {D% (Y') },en; we would like to define the envelop of X in Y as the colimit of the
D% (Y), but in general this colimit does not exist in our site. Then we consider the Yoneda embedding and

we compute the colimit in the infinitesimal topos.
Definition 1.1.8. The envelop of X in Y is
Dx(Y) = colim™™ hpn vy € Xint
— neN X

where hpn vy := Hom(x/s) (-, D%(Y)).

inf

The overscript in the colimit stands to remember in which category the colimit is computed. Observe
that one can compute colimits of sheaves as colimit of presheaves and then sheafify, moreover the colimit
of presheaves is easy to compute. More concretely: for each object (U,T') € (X/S),,; there is a covering
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{gi = (U“Tl)} with

Dx(Y)(U,T) = (colimPSh((X/S)‘“f)hD}(y)) (gi) = colim®" Hom(x/s), . (9i, DX (Y)).
— neN — neN

Now we would like to give another description of the envelop Dx(Y). Let g : U — T be an object in the

infinitesimal category, we define

—

X
Homx/s), ((U,T),(X,Y)):={BeHoms(T,Y)| |, lj is commutative },
Y

N<— S

N

One can verify that this functor, with the obvious restriction maps, is a sheaf in the infinitesimal topos.
We denote these sheaves as
Hom(X/S)inf( ) (Xa Y))

We remark that the pair (X,Y’) is not in general in the site, as we do not require that the morphism f is

nilpotent.

Lemma 1.1.9. If j: X - Y is a closed immersion, then
Dx(Y)= Hom(xs), ,( -, (X,Y))

Proof. Let’s denote DX/ (Y) = colimPSh(X‘"‘)hD?((y), the sheafification of the presheaf DY (Y is Dx(Y).
— neN
Moreover for each (U,T) € (X/S);.¢ one has that

DYE(Y)(U,T) = colim®* Hom (U, T), (X, P y)).
—> neN

The commutative diagrams
Pyy — Y

|7

n+1
PX}—Y

induce a morphism

DY (Y)(U,T) - Hom ((U,T),(X,Y)).

This is functorial in (U,T'), hence we get a morphism of pre-sheaves
DI))(re(Y) - HOIIl( ] (XaY)) .

For the universal property of the sheafification we get a natural morphism of sheaves
DX(Y) - HOHI( - a(va)) :

We have to show that this morphism is an isomorphism of sheaves, i.e. that the morphism of pre-sheaves is
locally an isomorphism.

Let (U,T) € (X/S),,- Take 5 e Hom ((U,T),(X,Y)), i.e. a diagram

X
I
Y

inf"
U——

Is
B

T ——
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We want to say that locally the map g factors uniquely through P)’}/Y for some n € N. Let {(U;,T;) }ier be a
covering of (U,T) s.t. for any i € I, T; = Sp(R;), U; = Sp(R;/1;), I™*! = 0, where I; is the ideal of the map
U; - T;. We have a diagram

Due to the commutativity of the diagram, the ideal J c Oy is sent to the ideal I; ¢ Or,, hence J™*! is sent
to the ideal I™*! = 0 c Or,. Hence there is a unique morphism Py = 10y [J ¥ - B, +R; and a unique
corresponding morphism of rigid spaces

T, — Py

s.t. the diagram above is still commutative. Hence we showed that for any (U,T') there is a cover (U;,T;)
s.t.
Dgge(y)(UlvTi) - Hom((UlvTi)a (X7Y))

is an isomorphism, hence
Dx(Y) ~Hom ( -, (X,Y))

is an isomorphism of sheaves.

1.1.3 Global sections of a sheaf

Observe that the two projection maps py(1),p7(1) : P¥(1) = X make the following diagram commute for

any n; <ng and ¢ =0,1:

1
pu p; t(1) X

L]

ng
pu p;2(1) X

hence we get two induced projection maps
Dx(1):=Dx(X xs X) = (X,X).
These projection maps correspond to the two projection maps
Hom(x/sy. . (= (X, X xg X)) = Hom (-, (X, X))
Lemma 1.1.10. The canonical morphism
Dx(0) = Hom(x/sy, . (=, (X, X)) = 1
s an epimorphism of sheaves, in particular

1= CoEqg " (Dx (1) 3 Dx(0)),
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where the two morphisms are the two projections.

Proof. Showing that a morphism of sheaves is an epimorphism requires to show (by definition) that for any
object (U,T) € (X/S);,; there is a covering {(U;,T;)}ier s.t. the sheaf morphism computed at (U;,T;) is
surjective.

Let (U,T) be an object in (X/S5)

U; — T; is nilpotent of finite order n; and we have a diagram

then there is a covering {(U;,T;)}ier s.t. for each i € I the map

inf?

S

, —— X

X

Hee—

By smoothness of X we get that there is a map
gi:Ti — X

s.t. the diagram is still commutative; via the Lemma we get an element g; € Dx (0)(U;,T;), therefore
the unique map into 1(U;,T;) = {*} is surjective for each i € I. We get that Dx(Y) — 1 is an epimorphism
of sheaves.

Observe that by Lemma |1.1.9
Dx(l) = Dx(X Xg X) = HOHI(X/S)mf ( - 7)( Xs X) = HOHI(X/S)“‘f ( - 7)()2 = Dx(O) Xfinf Dx(O),

where we used that the product in a category with terminal object is the fibered product in this category

along the terminal object. Since Dx (0) — 1 is an epimorphism, then
1 = CoEq™™ (Dx(0) x3™ Dx(0) = Dx(0)) 2 CoEq™™ (Dx (1) = Dx(0))

and we conclude the proof. O

Definition 1.1.11. Given a sheaf F in the topos X, we define the global sections of F as the set

I (X, F) := Homy, , (1, F)

inf
Proposition 1.1.12. Let F be a sheaf in the topos Xint, there is a canonical isomorphism
T (Xing, F) 2 lim B¢ (F(X,X) 3 F(X, Py))
ne
where the morphisms in the equalizer are induced by the two projections maps.

Proof. We have this chain of natural isomorphisms

I (Xint, F) = Homy,,, (1,F) 2 Homy,,, (CoEq™™ (Dx (X x5 X) = Dx(0)),F)

inf

~ Homy, , (colim CoEqX‘“f (h(X,p;) =1 h(X,X)) ,.7:)
— neN

= lim Eq®* (Homy,,, (h(x,x), F) = Homx,, (hx,py), F)) 2 lim Eq°“ (F(X,X) 3 F(X,PR))
ne ne

where the two morphisms in the equalizers are the two restriction morphisms of F induced by the two
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projection maps
(idx,p5 (1)), (idx.pi(1)): DX (1) = (X, Py)y) 3 (X, X) = D%(0)

O

If X is not smooth but there is a smooth variety ¥ and a closed morphism X — Y one can compute

global sections of a sheaf F € Xt as
[(Xint, F) 2 lim Eq™ (F(D%(Y)) 3 F(DX (Y x5Y)).
ne

For the details see the Lemma 2.2.6 of [Guo21].

1.2 Crystals

In this Section we introduce the notions of quasi coherent sheaf and crystal in the infinitesimal topos. We
use the description of sheaves over the infinitesimal site done in the Lemma [1.1.6 We also introduce the
notions of differential operators and connections in order to give a more computable description of the global
sections of a crystal.

Let f: X — S be a smooth rigid space over S = Sp(K).

Definition 1.2.1. Let Ox, , be the structural sheaf in the topos Xi,¢ defined by OXM’(U,T) := Or together

with the restriction morphisms
o -1
P(ap) B Or > Ony

induced by g for any (a, ) : (U1, T1) - (Uz,T2) € (X/S)

inf*
Definition 1.2.2. An Ox, ,-module is a sheaf F € Xj¢ s.t. for each (U,T") € (X/95)
an Op-module and for each (o, 8) : (U1,11) = (Uz, T2) € (X/S)

the sheaf F(y 7y is

inf?
ings the morphism

d)ihﬂ) :’871‘7:([]21712) - ‘7:(U1>T1)

is 371 Or,-linear; where F,,m) is a B71Or,-module via the ring morphism ¢8¥, ) induced by 8 and the
Or,-module structure.

A quasi-coherent/coherent sheaf in the topos Xinr is an Ox
coherent /coherent Op-module for each (U,T) € (X/S)

me-module F where Fyry is a quasi
inf*

Observe that for an Ox._.-module F the restriction morphisms induce the morphisms

inf

Clapy B Fwnm) = B Fw,m) ®p-10m, Ory — Fuymy)

(z®a)+ > GQ/{Q,[;)(»T)

of O, — module

Definition 1.2.3. A crystal in Xj,¢ is a coherent Ox, ,-module F € Xjys s.t. the morphisms gof; g) are
isomorphisms for each morphism («, 8) € (X/S)

inf*

Let F € Xinr be a crystal, then the morphisms (for ¢ = 0,1)

(idx,p;’ (1)) : Dx (1) 3 Dx(0) = (X, X)
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induce P%-linear isomorphisms (by definition of a crystal)

~1 n “ =3 = n *
= (em) owm, 105 (1) Fix,x) — Foyy — p(1) Frx x)-

It is good to have in mind that, as P%-module
o (1) Fix,xy = Fx,x)®ox Px and pi(1)"Fix.x)=Px ®0x F(x,x)-
Remark 1.2.4. If F € Xj,¢ is a crystal and X is smooth over S, then
I'(Xing, F) ={ze F(X,X) | ef(pg(l)*m) =p7(1)*z for all n e N}.
Observe that the Remark follows from the Proposition indeed for any n € Ny
{ee F(X,X) | e, (5 (1) ) = pi (1) *a} < {z e F(X, X) | ey (p5 ™' (1) 2) = py ™' (1)},

F o _F n
because €,_; = €, mod I".

Now we would like to prove that for a crystal over a smooth adic space X the global sections are
T (Xint, F) = {z € F(X, X) | ex(po(1)*x) = p1 (1)*a}. (1.1)

i.e. if ¥ € F(X,X) satisfies € (pp(1)*x) = p?(1)*x with n = 1, then it satisfies the condition for all n € N.
In order to proof the formula above we have to define what a differential operator of a certain order is and

investigate some properties.

1.2.1 Differential operators over a smooth rigid space

Here we will define what a stratification {€ } ey over an Ox-module F is and differential operators of certain

orders between two O x-modules. Moreover given a stratification we will define a ring homomorphism
Diff* (Ox,0x) — Diff* (F,F).

We will use these tools in order to prove the formula (1.1)) that computes global sections of a crystal. We

will use the infinitesimal neighbourhood of X in the self product of X, moreover we denote
s k+1
P:=0x®p10,0x = A Oxyyx, P(k):=0x%0s = NGO e

they are sheaves of rings over X. With a little abuse of notation we denote I(k) := A;*I(k) ¢ P(k) and
I:=1I(1). Recall that for any k,n e N,

PR (k) =P(k)/I(k)""", P%=P%(1), Px:=limP¥.

P% (k) have a structure of P(k)-algebra and k + 1 structures of Ox-algebra given by the multiplication by
elements of Ox in the different components, i.e. if 7 € N¢g and p; : X5 5 X is the projection on the i —th

component, then the morphism

Ox = A;'p; ' Ox — A0k = P(F)
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gives the i — th structure. We will refer to the left and right structure of P as (respectively) the 0th and the

1st structure. The sheaf of differentials is Qﬁc/s = 1/1%

Let F,G be two Ox-modules, then they are f~'Og-modules. Let D : F - G be an f~!Og-linear morphism
of sheaves.

When we write P ®p, F or P§ ®0, F we tensor w.r.t. the right Ox-module structure of P, Py and we
use the left O x-module structure of P, P% in order to consider these sheaves as Ox-module. Let

tr:F —— P®oy F
r—— (1ol)®x

tr is Ox-linear w.r.t. the right module structure of P ® o, F. Observe that D is Ox-linear if and only if it

factors through P/I ®p, F, i.e. if an Ox-linear dot arrow exists in the diagram below.

F—2——g¢
|

|i-

Pe®o, F — PlI®o, F=F

A differential operator is a quasi Ox-linear morphism, in the sense that it is a morphism that factors

through a higher power of I.

Definition 1.2.5. An f 'Og-linear morphism of Ox-modules D : F — G is a differential operator of
order n if D factors through P% ®o, F, i.e. if an Ox-linear map D": P% ®o, F = G exists s.t. the diagram

F—"—G

b et

Poo, F — Py ®o, F
is commutative. We denote the set of such operators as Diff"(F,G)(X) and

Diff*(F,G)(X) = | Diff"(F,G)(X)

neN
Observe that if D" exists it is unique, indeed D" ((a ®b) ® z) = aD' (t#(bx)) = aD(bz).
Remark 1.2.6. There is an isomorphism
Diff" (F,G)(X) —— Home, (P% ®0y F,G)

-—n

D y D

with inverse D+ D' o tp.
Remark 1.2.7. The rules

U+ Dift" (F,G)(U) = Dift" (Fjir, G )(U)
and

U = Dift*(Fiu, Gu ) (U), (1.2)

where U c X is any open, define sheaves of O x-algebras Diff" (F,G) and Diff*(F,G), where the O x-algebra’s

structure is induced via the Ox-module structure on G.
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Lemma 1.2.8. Since X is smooth, there is an affinoid open covering {U; = Sp(A4;)} of X with each A; of
the following form

A:K<x11"'7‘rd7y17"'7ys >T1,...,T57 det(afk

- eA*, Ty,....ToeK<zq,...,0q>;
(f17af81) 8y] )(kd)

in particular Qllji/s =0pdz; ®...0pdxg and Pf;, = Oy, [dzy,...dzg]<"; wheredx; == (1®x;—2;®1)mod I>.

Proof. Since X is smooth over S, then (by Corollary 1.6.10, Proposition 1.7.1, Corollary 1.7.2 in [Hub96] )
there is an open affinoid covering {U = Sp(A)}yeas of X s.t. A is in the same form as in the statement. If

A=K <uxy,...,x4>, then A®x A=K <x1,...,24,2%,...,25 > and
A A
xp=a+ (z) —xy) =z +day;

hence

A !
K<zy,...,xq,21,..., g >= K <z1,...,24,d2xy1,...,dzg >

and going modulo I™*! one gets the result for this special case.

For the general case, observe that the map K < x1,...,x4 > — A. is étale, then Q}4/K = @leAdxi. In

particular one can express each dy; mod I? in terms of dz1,...,dz4. By induction we get that
dy; e P(dzy,...,dzg) + Q(dxy,...,dzg,dyi,...,dys) + "

where P and @ are polynomials with coefficients in A and @ is homogeneus of degree n. Using that we can

express each dy; in terms of dz; and that () has no terms of degree < n we conclude that
dy; € P'(day,...,dag) + I,
then Py = Oy, [day,...,dag]s". O

Lemma 1.2.9. For each n,m €N the map of Ox-algebras (with respect to both left or both right Ox -module

structures)
§:P—— Pgo, P

a®br—— (a®1)®(1®b)

induces an Ox-linear map (with respect to both left or both right Ox-module structures )
Jrm P — PR @0, PY.
Proof. One has to show that I"*™*! is in the kernel of the composition

8
P> P®o, P->P%®0, PY,

n+m g/ .

I"*™*1 is generated by elements [T d’a;

where the second map is the projection morphism. The ideal
with d'a; = (1®a;) - (a; ® 1). (Observe that d’a modulo 1% is da € I/I* = Qk/s, this justifies the notation).

Moreover

§(da)=((1®1l®l®a)-(1®l®a;®l)+((1®a;®101)-(; ®1®1®1)),
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we used that the tensor product in the middle is over Ox, then 1®¢; ® 1®1=1®1®a; 1.
So

n+m+1 n+m+1 n+m+1
(5( H d'ai) = H 6(d'ai) = H (1 ®1 ®d'ai) + (d'ai ®1l® 1)
i=0 i=0 i=0
If one expands the product each term has at least n + 1 of d’a; on the right or m + 1 of d’a; on the left, then
n+m+1
5( I1 d'ai) €el"®o, P+P®p, I™
i=0

is sent to zero via the projection P ®p, P - P% ®0, P¥. O

Thanks to this Lemma we can say that a composition of two differential operators Dy, Dy of order ny,no

na

. . . . . . == N1+ . N1
is a differential operator of order n; + ny and we can give a description of Dy o Dy in terms of D;  and

—no

Dy
Lemma 1.2.10. If F,G,H are three Ox-modules, for each n,m € N the composition map
Diff"(F,G) x Diff (G, H) - Diff """ (F,H)
sending (Da,D1) to Doyo Dy is well defined. If Dy and Do are global sections mmmz is the composition

- S @idy n m id/p;( ®D71m . D—2n
PX ®0Xf — PX®OXPX®OXJ: — PX®(9XQ*>'H.

if D1, Ds are defined on an open U c X, then

ni1+ng

Dy o Dy :ﬁzno(idp;‘U ®D71m)0(63’m®2'd]:w).

Proof. Without loss of generality we can prove the Lemma for global sections D; € Diff ™" (F,G)(X) and
D, e DIff"(F,G)(X). Let’s consider the diagram

F > H

n+’n;L 5"’m®id}- n m idp}@ﬁ"n .
PYmeF —— Py @Py®G —— Py oH

It is commutative, indeed

a(Dyo Di)(be) =D5" ((a@1) oDy " (1@ bew))
=D," o (idpy ®D1") ((a® 1) & (10b) @ 2)
=Dy o (idp; ®Em) o (0" @idr) (a®b®x)

and the Lemma follows. O

Definition 1.2.11. A stratification on an Ox-module F is a collection {€, }ney of P-linear isomorphism

en Pl (1)*"F =Py @0y F — F®0o, Px =py(1)*F
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with the following properties:

e (compatibility) for all n < m the following diagram commutes

PY ®ox F —" F @0y PR

| |

PL oy F — F®o, P

where the vertical maps are induced by the projections;

e (cocycle condition) for all n e N
(P5.1(2) €n) o (97 2(2)"€n) = 15.2(2) " €n. (1.3)

e (identity) €g is the identity.
The cocycle condition is well defined because
PE2(2) P (1) F = (p5 (1) 0 p12(2)) F = (p1(1) 0 p51(2))" F = p31 (2) PP (1) F,

and similarly
Pr2(2)"pr (1) =pp2(2)"pr(1)" and  pg,(2)"pg(1)" = pgo(2) 6 (1)"

The identity condition is well defined through the identification P% = Ox.

Given a stratification {e, }ney on F we want to define a ring homomorphism
Diff*(Ox,Ox) — Diff*(F, F).
Let 9 € Diff"(Ox,Ox)(X), then we can consider the map

F .7:®(9XOX:.7:

ltf ids @"T

PL ooy F —"— F®0, P

By definition €, is P-linear, then
v (0) = (id}- ®5n) o€

is Ox-linear w.r.t. the left structure, then
V"™ (9) := V() o tx € DIff"(F, F)(X).

We can do the same on open subsets U c X, hence we just defined a morphism
v":Diff"(Ox,Ox) — Diff " (F, F).

Via the compatibility of {€, }neny the V™ agrees and there is a morphism

Vv : Diff*(Ox, Ox) — Diff*(F, F).
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Proposition 1.2.12. Given a stratification {€, }nen over an Ox-module F, the morphism
V: Diﬁ.(OX, Ox) — Diﬁ'(f,f)

defined above is a morphism of Ox-algebras, where the Ox-modules structures are the ones defined in the

Remark [1.2.7.

Proof. As before we prove the statement globally and one can use the same proof for any open U c X. Let
0 e DiIff" (Ox,0x) (X). The map Vx is a morphism of Ox (X )-modules since 9" is (left-)O x-linear and €,
is P-linear.
Showing that V is an algebra morphism requires the cocycle condition on {€, }ney. Let 81,02 € Diff*(Ox, Ox)(X)

of order n and m. Let’s consider the following diagram

PEm @0, F —2—— PL @0y PY ®0y F

lidp}é R€m
id(P;‘( ®.7-') ®3,"

P oo, F®o, PU —’ 3 Pleo, F

l&n ®id7>;? Jgn
idrgpn @3, 3"

idr@s™™ idr®0
Foo, Py 22 & Feo, Pi®o, P¥ —— Foo, Py 222 F

By the Lemma applied to 91 0 93 and V(01) o V(J2) we know that the path on the bottom of the
diagram is V(91 o &) and the path on the upper part of the diagram is V(9;) o V(92). Hence we have to
check that the two squares in the diagram are commutative.

The first square is commutative by the compatibility and the cocycle condition on the stratification.

The second square is commutative because €, is right (and left) Ox-linear. O

Lemma 1.2.13. The Ox-algebra Diff*(Ox,Ox) is locally generated by the elements of degree 1.

Proof. Since the statement is local, let’s assume that we have a system of coordinates z1,...,z4. We get that
Pr =@ Sym*(I/1%) = Ox[dxy,...dag]*o<".
k=0
Remember that
Diffn((/)x, Ox) = HOHI@X (’P;é, Ox)

as Ox-modules. For a g € N let’s denote D, € Homo , (P%, Ox) the dual element of d 29 := (dz1)? ... (dzq)% €
P% and 0, the dual element of dz;.

Via the isomorphism above Diff"(Ox,Ox) is generated as module (hence as algebra) by all the D, with
d
lgl1 = Z%‘ <N
i=1
Define ¢! := Hle ¢i!. One can check via the composition formula|l1.2.10} as in [BOT§]|, that

(@O +q)! =——

Dy ODq’(dxq”) = q! Dq+q’(dxq”)~

So ,
+
Dgo Dy = (q qq )Dq+fI"
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Then the elements 9,, commute and by induction one get that for any ¢ € N¢

1 &
Dy=—=T]04,
q' i
and Diff! (Ox,Ox) generates the whole algebra of differential operators as stated. O

1.2.2 Connections

Definition 1.2.14. A connection on an Ox-module F is an f~!Og-linear morphism
V:F > Fooy, Ux/s

s.t. V(ax) =aVzx+z®da for each z € F(U), a € Ox(U) and U c X open.
In what follows we will not write U in order to simplify the notation. Observe that a connection is a
differential of order 1:
V(abz) = aV(bz) + bV (azx) — abV (),

hence
V(eb®r-a®br-b®ar+1®abx)=0

and V(I? ®p, F) =0.

Definition 1.2.15. For each k € N,g define
vk F ooy Q])C(/S —— F®oy Q])C;/g
TOW H—— V(JC)/\w+x®dkw

The map K := V! 0 V is called the curvature of V. The connection V is said to be integrable if K = 0.

By explicit computations, similar to the ones given before for v, the morphisms V¥ are differentials of order
1 for each k € N,g. Locally, where there are coordinates x1,...,xq on U c X, the sheaf Q%]/S = EB?ZI Opdx;
and the connection v, : 7, = F|, ®o, Qllj/s is given by

d
Vip (z) = Z; Vo () d;

for some maps Vgg, : Fj, — Fj, uniquely determined by the coordinates. We can also write these local

formulas for V*:

d
Vﬁ](l‘@&)) = Zlvax(x) do; nw+z d¥w.

Locally the connection is given by

d d d d
K, (z)=v' (Z Vo, () dxi) = Y Voa, 0 Vou,(z) dojadz; =) Y [Vos,, Voz,] dzjada,.
i=1 i,j=1 j=1li=1

Then K|, =0 if and only if Vg,, commutes. Via the local formulas of V"“U one can check that if K|, =0, then

Vﬁ}” o V‘kU = 0.It can be checked on elements of the form = dz;, A---Adx,,, so that d* w vanishes. Hence if
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V is an integrable connection over F, we get a complex

2

\Y% 1 v! 2 v
F—F oy Uxjs — F®ox Uy — .- .
Now we want to define the stratification attached to an integrable connection. Let’s consider the map

€1: Py ®oy F » F®oy Pk

(a®b)r ——— (a®b)(Vz+z0®(1®1)) =abr® ((a®b)Vx +ax db)
Lemma 1.2.16. If V is an integrable connection, the P-linear isomorphism
e1:Px ®ox F — F ®0, Px,
satisfies the cocycle condition for a stratification @, where n =1.

Proof. The fact that €; is an isomorphism could be seen by the explicit computations above: €;z(z) = z@ Vr

and 61|1/12®OX_7:(da ®y)=0®y®da, then one can write explicitly the (local) inverse as

d
q'(zoyeda)=ro(da®y- ). dz; ® Vo, (2)),
i1

where z1,...,x4 are local coordinates, indeed
d d
€1 (x@(da@y—dei(@VaIi(x))) =z@oVr+0oy®da-00 ) z@dz; =zdyeda.
i=1 =1

The P-linearity is immediate by definition. The cocycle condition could be checked locally, so let’s assume

that X has coordinates x1, ..., x4, then we have to check that the following diagram commutes (notations as

in (1.3) and in §1.1.2)

Pia(’a Pha@ e
(P®oy Pox F)[1(2) —— (P®oy Feoy P)[1(2) ——— po.1(2)pp(1)"F

(P®OXP®OX‘¢)/I(2) (‘7:®OXP®OX P)/I(2) ’

Po2(2)p1(1)*F > Po.2(2) o (1) F

pé,Q(z)*El

Since the morphisms are P®p, P-linear we can check the equality on elements of the form (1®1)®(1®1)®,
with € F. Let’s denote 1:=1® 1 € P. Following the second row we get

d
1eler~z0lel+y (Vs 7)o (loler,—z;01a1)
i=1

d
—z@lel+y (Vo z)e(lelex-—z;0lel).
i=1

The first row is a similar computation, observing that (; ® (; € I(2), where (, =1® z; — 2, ® 1 € P, we get

d
10lezr~z0lel+) (Vo )0 ((0l+18().
i=1
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Hence the difference is 0 modulo I(2). O

Lemma 1.2.17. If V is an integrable connection we can define Ox -linear isomorphisms
€ Py ®oy F —— F®o, P% ,

for each n € N, where ey = idr and €1 is the map described above.

Locally, on U c X with coordinates x1,...,xq the morphism €, is defined by

en P ®o, F ———— FRo, P

(a®b)@x —— al| > Vp,(l|b
0<lq|1<n
qud

Proof. Let 0 e Home, (77}(,(9)() = Diff! (Ox,0x), then we get a map

idr®0
Vo: Py ®o, F = Feo, Pk 2> F.

We get an Ox-linear morphism
Diff' (Ox,0x) — Homo, (P ®o, F,F) = Diff' (F,F).
Locally, on U c X with coordinates z; ... x4, we can extend this morphism to a unique O x-algebra morphism
Diff* (Ox,Ox) (U) — Diff* (F,F) (U)

sending Dy = %Hil 0% to the element il‘[?ﬂ va > since the elements Vp, commute and we use that

Diff* (Ox,Ox) is generated in degree 1. In order to see that this morphism extends to a unique morphism
v_ : Diff* (OX7OX) — Diff* (f,]:) R

we have to motivate that the local morphism does not depend on the choice of coordinates. The point is
showing that if 9y, 09,07, 05 € Diff* (Ox,Ox) with 9y 0 9 = 01 © 0, then Vg, 0 Vs, = Vo; 0 Vg, And this
could be checked by the formula |1.2.10| using the cocycle condition for €; proved in the previous Lemma.

Let’s consider the map

F ——=—— Homp, (Diff" (F,F),F)

l(ﬁn)\}— lvi

.7:®(9X P?( 4;) Homox (Diffn (Ox,Ox) ,f)

The first map is the evaluation map and the third map is the isomorphism given by the fact that P is locally

free. We claim that (e, ), is linear with respect to the right structure, then it extends P-linearly to a map
€n I'P;L( R0y .7:—>.7‘—®(9X 'P;l(.

The fact that (e,)), is linear and that e, is an isomorphism could be checked locally. Let’s assume that X
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has coordinates x1, ..., x4, we use notations as in [1.2.13| Let (; := d x;, hence

en(az)= Y Vp,(ax)(?= > Vp, (2)(%a=e,(x)a.

0<|glisn 0<|q|i<n
qud qENd

So the morphism (€,)),. is linear as claimed. It follows by definition, or by the local formulas for €, (az) with

|=
a =1, that €, modulo I" is €,_1, i.e. that {€, }ney is compatible. Since €, is P-linear, the restriction

pn = (en)isymn (1/12)00 , 7 * Sym" (I/T%) ®o, F — F ®0, Sym™(I/1)

is well defined. By induction it suffices to prove that p,, is an isomorphism. But for an element (? with

|‘J|1 =n

pu(Cl) = S Vp,(2)¢" =t

0<|g’l1<n

where the last equality follows by the fact that if a polynomial has degree > n, then it is zero in P%. So p,

is the identity and the Lemma follows. O

Lemma 1.2.18. Given an integrable connection V, the collection of isomorphisms defined in the Lemma

{€n}nen,o U {€0 :=idr} is a stratification on F.

Proof. The conditions of the stratification could be checked locally, then we can suppose that X has coordi-
nates r1,...xq. The identity and compatibility conditions follow immediately via the local computation of
€n given above. We have to verify the cocycle condition for n > 1 (for n = 1 we already proved the cocycle
condition in the Lemma . We proceed via induction on n. Via direct computations

Po2(2en(l®l®a) = Z VD, ng

0<|qlign

where we denote ({ , = M, (1eler-z;©1e1)" and

(PE1(2)*(en) 0P} 2(2) (e)) (L@ 1@2) = Y (Vp, 0V, )(x) (® ("

0<[ql1,lg’l1<n

Observe that ¢4 ® (7 =0 if n < g1 +|¢'|1. Via induction we have to show that

(Vb,, 0Vp,) (@) ¢'e¢’ = ¥ Vp,(l,

lg”1+]g’'[1=n lgli=n

Butl®lee,-z;91®1=1®dx; +dx; ® 1, hence

d
Z Vp,T C872= Z Vp,T H(]l@da:i+dxi®]l)qi

lali=n lgli=n i=1
d
¢! ; v
=X Vpr ) o [J(edz)" (due1)f
lgli=n |q’\1+|q"|1=nQ' q - =1
q! - a; a;
= Y o Vpet [JA@de)" (dze1)
gl +lg"h=n 4> 4 i=1

= 3 (qu,, o qu,) (z) "o .

lg”|1+lg’|1=n
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1.2.3 Global sections of a crystal
Proposition 1.2.19. If f: X — S is a smooth rigid space and F € Xt is a crystal, then

D (Xing, F) = {2z e F(X, X) | ] (pp(1)*x) = p1(1)"}.

Proof. We have to show that for any x € F(X, X), if ¢ (p}(1)*z) = pi(1)*z, then ¢ (p(1)*x) = p(1)*x for
every n € Nyj.

I step. Observe that {e,} ey is a stratification on F(x x), i.e.
e (identity) € is the restriction associated to id(x, x), then it must be the identity of F(x x);

e (compatibility) holds via the cocycle condition of the restriction morphisms of F applied to the following

morphisms for i =0, 1.

X X

BRI

Py
pp—— pp 8y

e (cocycle condition): via the cocycle condition of the restriction morphisms it follows that the diagram

PQL(Q)*}_(X,X) —= fD;;(2) = p8(2)*-7:(x,x)

T~ 1

P?(2)*}—(X,X)

is commutative and the cocycle condition on {€, }nen follows by the following equalities

P3(2)" =p12(2) 1 (1)" = p52(2)"pr (1)
Pr(2)" =pr2(2)"po (1) =p5, (2)"PT (1)
P (2)" =p5,1(2)"po (1)" =p52(2)"pg (1)

Since {€y }nen is a stratification on F(x x), via the Proposition [1.2.12] there is a homomorphism of sheaves
of Ox-algebras
v_:Diff* (Ox,Ox) — Diff* (f(X,X)aj:(X,X)) .

IT step. For each open U c X, the following equality holds:

{we Fix ) (U) | ] (1)) =pi (1) z} = () {zeFxx)(U)|(Va) () =0}
0eD1(U)
where D'(U) := Diff' (Ox, Ox)(U) ~ Diff’(Ox, Ox ) (V).
Since the two sets (letting U varying) are defined by local conditions, they define subsheaves of F and
we can check the equality locally. Let U be an open where there are y1,...,yq € Ox(U) coordinates on U,

without loss of generality we assume that X = U. Since dy;,1®1 is a basis of P, we can write

d
€1 (p(l)(l)*x) =20+ in ®dy;.
i=1
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Observe that x = €y(z) = x¢ since € is the identity on F and €; = ¢g modulo I. Moreover
—1 d
007 (e o)
i=1
Then (V) () =0 for each 9 € D'(X) if and only if x; =0 for each i = 1,...,d and the 2nd step follows.
IIT step. For each n € Nyg and any open U c X

{z e Fix, ) (U) | en(pg (1) 2) = pi (1) *a} = {2 € Fix x) (U) [ ea(pp(1)"w) = pi(1)*a}.

One inclusion is true in general (by the compatibility condition).
For the other inclusion as in the previous step we can work locally where we have coordinates 1, ..., yq.
We shall show this fact by induction on n € Ny1. Fix an x € Fx, x)(X) with e;(pg(1)*z) = pj(1)*z. Denote

en(po()*2) =2+ Y z,® (dy)?.

lgli=n

where ¢ e N and (dy)?:= (dy1)? ... (dy;)? via the identification
P;l( = Ox[dyl, . ,dyd]degSn.
But now observe that for each ¢, € N% with |g.|; =n

70, =Dy, (x > @@ (dw) = (V0, (@) = (Vs e o)) = 1(

qs!

K3

d
150,00 -0

where we used that Dy, (dy)? = 6% - (dy)? for each g € N with |g| = |g|1; the fact that Diff” (Ox,Ox) is
(locally) generated as Ox-algebra in degree 1; the fact that V_ is a ring homomorphism and the IT step. [

1.3 Linearization and delinearization

The linearization was introduced by Grothendieck in [Gro68|] and developed by Berthelot—Ogus in [BOT8] for
schemes of arbitrary characteristic with power structures. We follow these works in order to associate to an
Ox-module F with integrable connection a crystal F;,s and the linearized de Rham complex. We will show
that also in our setting there is a “de-linearization” functor u, that brings the linearized de Rham complex

into the de Rham complex that preserves the cohomology.

1.3.1 Linearization

Let F be an Ox-module. As before I ¢ P := Ox®;-10,0x is the ideal corresponding to the diagonal

immersion.

Definition 1.3.1. The linearization of F is the P-module
L(F) :=lim L, (F),
neN
where the projective system is {L,,(F) := P% ®0y F }neny with morphisms

Lp1(F)=P/I"? ®p, F — P/I"' ®0, F = L,(F).
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Remark 1.3.2. As we observed locally, where x1,...,x4 are coordinates of X, we can write
P% = Ox[G1,. -, Ca) P05,
where (; =1Q®z; —x; ® 1 € [ ¢ P and the map
P~ PR
corresponds to the projection of polynomials of degree < n + s into polynomials of degree < n. Hence
Px = EQ%P} = Ox[[C15- -+ Call-

Observe that L(F) = Px®o,F, where the completion is taken with respect to the the ((1,...,C(q)-
topology.

Lemma 1.3.3. If D:F — G is a differential operator of degree n € N, then there is a P-linear map
L(D): L(F) - L(G)
limit of the morphisms Ly (D) for k € N, defined by
(z‘dpi ®E") o (*" @ idp) : P @0 F — Pk @0y Ph ®0y F — Pk 80y G.
Proof. Since
Homp (L(]-'), lim P4 @0, g) - lim Homp (L(F), P} ®o, 0)

we have to show that there are compatible P-linear maps L(F) — P% ®0, G. We consider the P-linear
morphisms as in the statement:
L(F) > PX" ®0x F > Px ®0, G.

Let k,s € N, then the diagram
L(F) — P oo, F

\ l
Pf;rn R0y F

commutes by definition of limit. Let’s consider the following diagrams

k shts.n b k idpk+s ®D" k
phrsn 800 phisgo P PR o0, Ph@oy F PE @0, G

| ! | !

k,n id,,®D"
P s Ph oo, Ph Pk @0y Py @0y F —— Pk ®0, G

where the vertical maps are induced by projections. Observe that the two diagrams are commutative and
this system gives us a P-linear map
L(F) — L(G).

O

Remark 1.3.4. Observe that if D € Diff"(F,G), then D e Diff"**(F,G) for any k € N. At this point one
should check that D" and D™" give the same map L(D) : L(F) - L(G).
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Lemma 1.3.5. If F,G,H are Ox-modules, Dy € Diff " (F,G) and Dy € Diff"*(G,H), then
L(DQ o Dl) = L(Dz) o L(Dl) : L(]:) —> L(H)

Proof. This Lemma is a consequence of the formula computed in the Lemma [1.2.10| and the description of
L(D;) in terms of D; . O

Corollary 1.3.6. Let F be an Ox-module with an integrable connection V, then there is a complex

L(V) L(v") L(V?)
L(F) —= L(F 80y Q) — L(F 00, /5) — ...

Now we would like to show that this complex is exact. In order to do this let’s consider the map
d: OX - Q%(/S’

it is a connection:
d(ab) =adb+bdaeQy s = Ox ®0y Vs,

moreover it is integrable since d*da=d'(1®da)=d1ada=0.

Lemma 1.3.7. For any k € N, locally on X, where there are coordinates z1,...,xq, the map
L(d) : Px&0, x5 = Px®0, Qs

1s the completion of the map

Ox[[Gr- -, Cal] ®oy OV jg — Ox[[G1s---, Cal] @0y s

fewr—m f®dkw+2f=1(%f)®dxi/\w

where ¢; = (1®x;) — (2, ®1), we identified Px with a submodule of the polynomial ring as z'n and d° = d.

Proof. We prove the Lemma for & > 0, for k£ = 0 the proof is the same but the notation does not agree.
In order to simplify the notation sometimes we write a ® bw: we do not write the tensors over Ox for the
elements. Observe that the map L(d) is, by definition, the limit of

1 k st 1 podrn ed" k4l
¢n: PX" ®0x Qy/g > Pk ®ox Px ®0x Uy > Pk ®@ox 0Y)g

(a®@b)®@w — (a®1)®(18bh) ®w — (a®1) ®d*(bw)

Hence L(d*)(a ®w) = (a® 1) d"w, and we proved the formula for polynomials of degree 0.

Let w=dz;, ndxzi, - Adax;, with 1 <41,49,...,7 <d, recall that (; =1®x; —z; ® 1. Then
L(d*)(¢w)=(1®1)dzw-(z;©1)d1lAw=(1®1)dz; Aw.
Now observe that if y; = a1 ® az, y2 = a2 ® by € Py

L(dk)(ylygw) =a1a9 ®b1dby Aw+aja; ®bydby Aw = ylL(dk)(wa) + ygL(dk)(ylw).
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Hence by induction on [ € N and the previous computations
L(d")(Giw) =16 L(Gw) = 1¢ d g Aw.

Then

k k k
L(d’“)(g (fw) = Il Cin(dr)(Chw) + qlL(dk)(U Cliw)

fﬁ L(d*)(¢lw) = Z(H jJ%i)dww

=1 \i#j=1

k o k .
:Z(acnq)dxi/\w. (1.4)

i=1

But each element is a sum of elements of the form f ® w, where f is a monomial and w as above. Since the

expression in the statement and the map are additive we conclude the proof of the Lemma. O

Observe that a € Ox inside P% is seen as a ® 1, since in the other way the inclusion would not be

O x-left-linear.

Proposition 1.3.8. The complex

L(d) L(d* ) L(d )
L(Ox) — L(Q} /s) L(Q /s)
is exact, moreover
Ker(L(d)) =
Proof. The statement is local, hence we can suppose that x1,..., x4 are coordinates of X.

Maybe one can follow §6.12 in [BOT8|; we will give another (more explicit, but longer) proof. Observe
that the projective system Py ®p Q];( /s is done by surjective maps (the projections). Hence it satisfies the
Mittag—Leffler condition and we can prove the exactness of the sequence for any n € N,;. Let ke N

Step I. Consider the sequence

k+2

k k+1
Cl¢iy- -+, )" ®c ACY - C[Cuy ..., Ga]" P ®c A C? - ClGr, -+, Ca]" o A C

We claim that this sequence is exact. But over the complex numbers any polynomial is a holomorphic
function on the simple connected domain C¢, hence an element fw; € C[(1,..., ¢S @c A*1C? is closed
if and only if there is a holomorphic function g : C¢ - C and ws € AFC? with Lc(dk)(gwg) = fwy. But if
we expand ¢ at 0 € C? we see that it must be a polynomial, since its derivatives are polynomial. Hence by
complex analysis we conclude that also the sequence above is exact.

Step II. Let’s analyze the situaton over Q. We claim that the sequence

k+2

k k+1
Q[¢1,- -, ] ®a AQ? > QG .-, G ®g A Q7 > Q[¢1, ..., a]™" ®g A Q7

is exact. Consider a closed element fw; € Q[(1,...,Ca]s"" ®g A" Q?; then it is reached by an element
g®wa € C[¢,. .., ] ®g A*Q? by the previous step. But looking at the Taylor expansion of g one gets
that g — ¢(0) must have rational coefficients, since his derivatives have rational coefficients and we conclude
the II step.
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III Step. Now we do the general case. Observe that 2} x/s 2 = 04 < since we are working locally, hence

k
OX ®Q Q[Cla ceey Cd]grﬁl ®Q /\Qd = OX |:<1, sy Cd]gn-’.2 QX/S
and by the previous step we conclude that
OX[C1, ceey gd]<n+2 ®0X Q])C(/S — Ox[gl, e 7<d]sn+1 ®@X Q?&{g — OX[CL e ,Cd] ®oX Q];;/?g

is locally exact, since we are working in characteristic 0.
The statement on the kernel is immediate: if f € Ox[[(1,---,Cq]] is such that 6 f 0foranyi=1,...,d,

then f is constant, i.e. f € Ox. Here we are using again that Ox is a Q—algebra. O

The same statement holds for any flat O x-module with integrable connection.

Proposition 1.3.9. Let F be an Ox-module with integrable connection V, then the complex

L), L L(V*)
L(f) L(.7:®(9X X/S) L(.7:®OX X/S) —_— ...
s isomorphic to the complex
idraL(d) id ®L(d id ®L(d )
Foo, L(Ox) T=="F80, L(Q 1s) 7> Foo, L(0% ) — ... .

In particular if F is flat the two complexes are exact with kernel
Ker(L(V)) =z F.

Proof. Let n € N, by Lemma [1.2.18| we know that there is a stratification {e,}ney on F attached to the

connection V, i.e. a compatible system of P-linear isomorphisms where
€n:Px ®oy F — F Qo Px
with €y = id# and cocycle condition. The map e€; is defined as
€1: Py ®y F ————— F®oy, Py
(a®b)®@r —— (a®b) - (V(z)+2®101)
Now we want to show that the maps ¢, induce a map between the two complexes, i.e. that

Ly,
PE 00, F @0y Uk g LoD, P10, F ooy, Ay

€n+1Qid i €, ®id k41
J " x/s l mEes

idr®L,, (d*)
Foox P! @0y O s ——— F @0y Pk ®0x U5/

is commutative for each n, k € N. Once we show this commutativity, since ¢, is an isomorphism we conclude

the first statement of the Proposition.

The statement now is local, hence we can suppose that X has coordinates z1,...,24. Let y:=1® 2z @w
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where z € F and w=dx;, A...dz;,. Then

d
(en ® idQ,?/lS) o Ln(V¥)(y) = (en ® idQ?/ls) (; 1®(Ve,,x) dz; A w)

and

The two expressions are equal (via a change of variable ¢ in the summation).

For the last two assertions observe that JF is flat, hence locally (we tensor a s.e.s. used in the proof of
Proposition with F) the s.e.s.

idF®Lyp.1(d®)
f@ox Ox[ﬁ, .. .,Cd]gn+2 ®0y QI;{/S ihguiioG .7:®(9X OX[Cl, .. .,gd]<”+1 R0y Q’;gr/ls

idr@Ly (d*") k+2
- -7:®(’)x OX[Clv"'»Cd]sn Box QXJr/S

is exact for each n,k € N. Hence
0 Ker(Ln:1(d")) = F ooy Ox[C1,- .-, 6] @0y O )5 > Ker(Ln(d*')) -0

is exact for each n,k € N, since Ker(L,,1(d*)) satisfies the M-L condition, kernel and limit commute, then

we can conclude. O

1.3.2 Crystal associated to a sheaf with stratification and the linearization func-

tor

In this section we describe how to build crystal Fiys on (X/S), . by the data of an Ox-module F with a
stratification {€}ney. Moreover we describe the linearization functor L(-)iys and some relations between
the sheaves Finr and L(F)int.

inf

Let F be an Ox-module with a stratification {€, }nen. We have already seen in Lemmathat (X,X)
covers 1, i.e. that for any object (U,T) € (X/S),,; there is a cover {(U;,T;)}ier with maps g; : T; - X s.t.
the following diagram commutes

U — X

v

for any i € I. Hence locally we can define the sheaf Fin¢ (v, 1) = g; F; we have to use the stratification

in order to glue these sheaves. We can suppose that the map g; is nilpotent of order n; € N. Let i,j € I,
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U;; =U;nU;, T; j :==T; nT; and n;,n; <n €N, then there is a diagram

the map g; ; splits through a map h; ; : T; ; - Py, the proof of this fact is similar to the proof of the Lemma,
using that g;oc; ; = gjoa; ; the elements of I are sent to elements in Or, ; that differs via an n-nilpotent

element, hence the two morphisms coincide modulo I™. For any n;,n; <n € N we get a diagram

Qg
Uij —— Tij

/ lgﬁx .
gi o D
: pp MO x

X <
po (1)

We can glue the sheaf F.¢ (v, 1,) over T; and the sheaf Fint,(v;,1;) over T} via the isomorphism given by the
stratification:
(gzj)*e

GigigiF = (g0 o () F —5 (g1) pr (1) F = g F.

The compatibility condition ensures that this procedure could be done with any n € N bigger than n;,n;,
the cocycle condition ensures that the composition of two gluing is the right gluing, the identity condition
(together with the cocycle condition) ensures that ; ; = ;1 Hence we can glue these sheaves to a unique
sheaf Fiyf (v,ry. For any map (o, 8) : (Uy,T1) - (Uz,T2) there is a canonical isomorphism * Fine (v, 1) &
Fint,(Us, 1)+ if locally on T we have the maps 91(2) : Tp; - X, then we get maps gi(l) = 91'(2) o 3; and
Fint,(Uy,,Ty0) & (gi(l))*}' 2 B Fint,(Us1,1.,) Dy definition; where ; is the right restriction of 3, {(Uz:,T2:)}
is a cover as above of (U, T5) and {(Uy,;,T1,) = (Of_l(UQ,i)7ﬁ_l(T27i))}.

We define the restriction morphism as the composition

B Fint (Ua,12) = B Fint (Us,15) ®p-107, O1, 2 B Fint (U, 1)

One can check that the conditions of the Lemma are satisfied (via the identity, cocycle condition of the

stratification).

We denote with O;l(if I —mod the category of Ox-modules F with differential maps of a certain order as

morphisms. Now we can prove the following Lemma:

Lemma 1.3.10. If F is an Ox-module with a stratification {€, }nen, then there is an associated crystal Fing
in the infinitesimal site. Moreover there is a linearization functor
L(-)int : (’);{éff —mod — Ox, . — mod

inf

Proof. The constriction of the sheaf Fi,¢ is the presented above.

Now we build the linearization functor. Firstly for each n € N we define L(F ), int € Ox,,,, then we will

define

inf)

L(]:)inf = han L(f)n,inf-

In order to build the sheaves L(F), inf we use the construction made in the Lemma [1.3.10, Let F be an
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Ox-module, let’s consider his n-linearization L(F), = P% ®o, F, it has a canonical stratification given by

61{:{,%@" 1 PY ®ox L(F)n = » L(F)n @0y PY

(a®b)®(c®d)r ——— (a®dzx)® (1®bc) = (1®dx) ® (a® be)

Via this canonical stratification we get the crystal L(F), int. Moreover via a differential map D : F — G of
order n we get a linearized map L(D),, : L(F),, — L(G),. For any tickening (U,T) with a section g: T - X

we can define

L(D)n,inf,(U,T) = g*L(D)n : L(}-)n,inf,(U,T) = g*L(}—) - L(g)n,inf,(U,T) = g*L(g)

moreover the following diagram commutes

F,can

po(1)*L(F)n —— p"(1)*L(F)n
e, e

G,can

PE (1) LG~ p} (1) L(G)n
indeed following the upper path we get
(a®bx)®(c®d) (a®D(bx))®(c®d) ~ (ac®d) ® (1 ® D(bx))
and following the other path we get
(a®bx)®(c®d)r (ac®d) @ (1®bx) ~ (ac®d) ® (1® D(bx)).
Hence the morphism L(D),, ¢ glues on intersections and we can define L(D)iys as the limit of the maps

L(F)int—L(F)n,int — L(G)n,int-

Observe that if F is an O x-module with an integrable connection V, we have a stratification on F given by
the connection (see the Lemma|1.2.17)). This observation allows us to define Fiy¢ € Xin¢ via the construction
of the Lemma|1.3.10, Now we can define a linearization of F;,¢ in the infinitesimal topos.

Definition 1.3.11. If F is an Ox-module with an integrable connection V, the linearization of F in the

infinitesimal topos is the sheaf
Fint®L(Ox) := ngl\} (F®0x L(Ox)n)int

where the stratification is given by the isomorphisms

em®idpn idr@ecam,

PY ooy (Foo, L(Ox)n) — "~ Fo (PR e L(0x),) — (FO®L(Ox),) ®Py¥

and the limit is done in the category of sheaves in Xj,r.
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Analogously one can define for any k € N the sheaf
Fint®L(Xx g )int = lim (F @0 L(Qx/s)n),,

where the stratification isomorphisms (as before) are given by the composition of the stratification on F

given by the connection and the canonical stratifications on L(Q’)f( / $In-

Proposition 1.3.12. For any Ox -module F with connection V, there are two complexes of sheaves f‘inféL(QB(/S)inf
and L(F ® Q5 /S)mf that are isomorphic.

Proof. The first complex is given via the (limit) maps of the following morphisms

(idF®L(d*)y).

‘me®L( X/S)lnfﬁ(f®L(QX/S)n+1) of - o (f®L(QI§(+/%S')n+1)inf'

In order to show that this morphism is well defined we have to check that it glues, i.e. that the maps
“commutes with the stratification”, i.e. that the following diagram commutes

PR @ Fe L% g 228 FoPL e LY s ot (F @ LQY ) ) © PR
J{id@é"J@id J{id@é"J@id
PR ® FoP% ® Px ® /g (FePy®Px0Qk/s)®PY
J{id@L(dk)l J{id@L(dkh@id
em®1d e

id®e,, ),
PR @ FoPy @ Qs =5 FPY @ LY s)n —3 (F e L(Q%)/5)n) ® PY

where {€,, } men is the stratification attached to F relative to V. The commutativity could be checked locally
where X has coordinates x1,...,x4 and we denote (; := dx; and (? = ]'[?:1 ¢l for any ¢ € N¢. We denote
1:=1®1and D, := % Hf;l 0. Observe that all the maps are O x-linear with respect to the left multiplication
and

(1oa)ezre (bec)ow=(101)®ar®(101)®cwe Py o F o L(Q% /8 )n+ls

computing the arrows of the diagram one gets

182®1®w — ¥ ,vd gcn (VD,2) ®CT @ 10w — ¥, ((Vp,z) @ low) ® (!

| !

l1er®led'w— ¥, (Vp,z)®¢?'®led" w— ¥, ((Vp,z)®1l®d" w)®(*

Hence the complex Fins®L(Q% /S)inf is well defined.
The complex L(F ® Q}/S)inf is well defined via the functoriality of L(-)inr and the fact that V* are

differential morphisms (of degree 1).

Now we want to check that the two complexes are isomorphic. Remember that
(]:® QX/S)lnf = th(]:® QX/S)n inf, ﬁnféL(Q];(/S)inf,(U,T) = Lig\}f-inf ® L(Q?(/S)n,infv

where the two crystals on the limits are built via their stratification as in Lemma [1.3.10} Then it suffices to

show that for each n € N there is an isomorphism

L(j:®(9x Ql)c(/S)n = F ®ox L(Q])c(/S)n
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commuting with the two stratifications and then check that this isomorphism commutes with the complex
maps. The isomorphism is the following:

€n®idgk

L(F @0y Wx/s)n =P @ F®Q 15y — FOPY 05 =F&L(Q%/s)n-

In order to check the compatibility of the stratification with the isomorphism we have to show that the
following diagram is commutative.

Py o L(FoQ%s), i L(FeQ%s) ®P%

idpm ®em®id
P m k
J{ X ﬂx/s

em®id x n
ak oP%

ProFeL(Preys) 22 FePrePro 0, tos (FePY ok ) e Py
The commutativity could be checked locally and could be checked in the case n = m via the compatibility
condition on the stratifications and the surjectivity of the projection morphisms. We use the same notations
as above for coordinates and differentials and as in the Lemma [1.2.18| for the elements (J,. Computing the

two maps one gets

(em ®id ®P;z) 0el (101® (z®w))

X/s

= (em®id%/s®p;)(l®(m@w))@]l :( > (Vqu)®<q®w)®]1

qeN? |gl<n

and

(idr @ ™) 0 (en ®id) o (idpy ® e @idge ) (1@ 16 (v w))

/s

= (idf®ew”)o(en®id)(]1® > (Vp,z)e ®W)

q1€N9 |q1[<n

= (idr ® eca”)( > (V/:)q2 VDqlx) ®C" e ®W)

lq1l<n, |g2|<m

:(idf®e“m)( 3 (qux)®gg,2®w):( > (VDq:C)®Cq®w)®]l

qeNd,|g|<n qeN?|,g|<n

where we used the computation in the proof of the Lemma [1.2.18|for the equality

Z (VDQQvDﬂx)@CqI ®C‘12 Qw = Z (Vqu)®Cg,2®w'

|g1|<n,|g2|<m qeN? |gl<n

The last thing that we have to show is that the isomorphisms just built commute with the two complexes.
This could be checked locally and only on (X, X), the diagram over a tickening is (locally) the pullback of
the diagram over (X, X). The diagram is the following:

L(vk)7n+1

P}L{l@f@ﬂ’;ﬁs LA LULE Pm®}“®9’§{+/15

lﬁm®id9§/s lemébidﬂl)?/g .

id ") m
FePp e, TN Fo Py ol
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The commutativity of this diagram follows by the computations done in the Proposition [1.3.9 O

We can define the complex L(Q% /S)inf; as in the Proposition we get an exact sequence.

Theorem 1.3.13. The sequence
0 Ox,,e = L(Qx/s)int

is exact, moreover if F is a flat Ox-module with a connection V, the sequences
0 - Finr — ﬁnf@’L(Q}(/s)inf and 0= Fing > L(F ®0y Qx/g)int

are exact.

Proof. A sequence in the infinitesimal site is exact if and only if the sequence of sheaves associated to any
tickening (U, T') is exact in the rigid topos of T. We can work locally, where (U,T) has a section g: T - X

and the sequence becomes

X X g L(d) g*L@d")
0-9"0x > g"L(Oxys) " = ¢"L(Qxs) " = " g"L(Qxs) = -

Locally, where we have coordinates x1,...,x4 of X, the sequence is

0-> 01— OT[[Cl,. . .,Cd]] - OT[[Ch . ~7<d:|:|®oxﬂ,1¥/5 =

Via the explicit computations done in the Proposition the complex above is exact.
In order to see that
0— ‘7:inf - ﬁnf‘éL(Q;(/S)inf
is exact; one can work locally and, as in the Proposition [1.3.9] this sequence is limit of exact sequences that

(locally) satisfy the M—L condition. O

1.3.3 Delinearization and the comparison Theorem

The main goal of this section is to introduce a morphism of topoi
ux/s : Xinf —> Xrig
and to show that for a flat Ox-module F with an integrable connection there is a canonical isomorphism
H' (Xint, Fint) & Hip (X, (F,V)).

Firstly we define what a morphism of topoi is.

Definition 1.3.14. Given two topoi C and D, a morphism of topoi f :C - D is an adjunction pair f* & f,
with
fe:C>D, f*:D->C

such that f* commutes with finite limits.

Observe that an adjunction pair is s.t. f* commutes with arbitrary co-limits and f. commutes with
arbitrary limits. We denote with
Xing,x = Sh ((X/9)int,(x,x))
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where ((X/9)inf,(x,x)) is the category of the morphisms g: (U,T) - (X, X) in (X/S),,; and a covering of
g is a collection of morphisms {g; = g}ier, where g; : (U;, T;) — (X, X)) such that (U;,T;),; is an admissible
covering of (U,T) in (X/S),,;- A sheaf G € Xjn¢ x is a compatible collection of sheaves G, on T, where T
and g vary between all the morphisms of thickenings g: (U,T) — (X, X).

Definition 1.3.15. Let ¢ : Xins,x = Xyig be the morphism of topoi given by
ot Xy ———— Xinr.x ©x  Xinf,x ——— Xirig
E —— {B7'E} W)~ (x,x) G ={9s} g, r)-(x.x) > Gidx x
Let j: Xins, x = Xinr be the morphism of topoi defined by
Jt Xing ———————— Xinr x
F = {j:(U,T)}(U,T) — {]:(U,T)}(U,T)a(X,X)
and the sheafification of

4 s Xint,x — PSh(X/S)

inf

G={Gtewm-xxy—{ Il  Golwm

g:(U,T)~(X,X)
We denote the sheafification of ;! as j.. Let u: Xinf — X,ig the morphism of topoi given by
u*: Xpig — Xing Uy Xing —— Xiig
E—— {t:&, hrvor F=A{Funr}wr — LUt F, v |
Remark 1.3.16. The pairs in the above definitions define morphisms of topoi, indeed

o An feHomx,, (@‘18,}') corresponds to a compatible choice of morphisms f, : 7' - F, for each
g=(a,8):(UT)— (X, X), the cocycle condition says that for a morphism g as before, the following

diagram should commute:
B_lfid(XYX)
—

gle B Fiaix x,
H f \I,res]: ’
ge —b 7,

hence f, is determined via the restriction morphism of  and fiq . , and the association f ~ fig y v,

gives the adjunction;

e For the map j one can refer to the Proposition 5.23 in [BO78|. More explicitly if f € Homx,; (j’lG, .7:),
i.e. a collection of compatible morphism f, : Gy — Fy, we can (locally, where we have sec-

tions g) build the family of morphisms hyry = H fo: Gwr) ~ H Fg4. Since locally any
g ¢(UT)>(X,X)
tickening (U,T") has at least a section ¢ : (U,T) - (X,X), then this procedure gives a bijection

HomXinf,X (j_lgvf) = HOmXinf (g,j:}—),

e BEvery f € Homx,, (€,u.F) is a compatible collection of morphisms fy : &, — (u+F)),. For each

rig
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nilpotent tickening ¢ : U — T there is an arrow

Hom(-y,,, (1, F (o)) = Hom >.nf((h(UT>)\( e ? (>mf)

of sheaves in Uig, remember that h(y 1y denotes the sheaf associated to (U,T) via the Yoneda’s em-

bedding. Via the pushforward ¢, we get a morphism
— t*f
swry s (W) wr) =&, > teHomey,, (LFy,,) > Fum.

This association is bijective since ¢ is nilpotent, hence ¢, : Uz = T} is an equivalence of categories.
The inverse is given by taking a morphism s = {5y 7y}. For any section x € £(U) we get an element
rw,ry = sw,ry(r) € F(U,T) for each (V,T') and V c U, this family 2y 1y gives a morphism fy(z) €

Homy, (]l,]—'Umf). Varying U c X, 2 € £(U) we get the morphism [ : & —» u,F associated to s.

inf

We get a diagram
mf X *> Xrlg

b

One should check that u*,j*,¢™! commute with finite limits, this could be done using that (notations as

before) t, is an equivalence of category and 37! commutes with finite limits.
Lemma 1.3.17. The diagram above is commutative.

Proof. If an adjoint functor exists it is unique (up to natural isomorphism), then we can reduce to compute
that (uoj)* =¢p!
Let € € X, then for any g = (o, 8) : (U,T) - (X, X)

((uof)*€), = ([ u"E), = (WE) 1) =t&lu,

where t: U - T'. Moreover
(p718),=p7E.

Since t is a nilpotent tickening ¢! and t, are equivalences of categories and
(p7'E)g =tut ' BTIE =16, = ((uoj)*E),.
O

Definition 1.3.18. Let j,Ab : Xiﬁ?,x — XA? be the functor that associates to an abelian sheaf G € XA?

inf X the
abelian sheaf defined by

inf,

(j!Abg)(U,T) = @ Gy -

g:(U,T)~ (X, X)

Let ji: Xint, x = Xinr be the functor that associates to a sheaf G € Xjn¢ x the sheaf defined by

(r Dw,ry = LI Gy -

g:(U,T)~(X,X)

Observe that the functors j, and j* restrict to a pair of functors

* N4
Xlnf - Xlan Jx
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that are adjoint. Observe that jIAb % j* are adjoint. Indeed a morphism f € HomX_A? (j!Abg,}') is a collection
of morphisms fy 7y : @4y - Fw,r) and it corresponds to a collection of morphisms f, : G, > Fy,ry =

(5" F)g-
Analogously ji = j*.

Remark 1.3.19. j{!’ 5 j* & j. hence the functor j* commutes with limits and colimits, then j* is exact.

Lemma 1.3.20. If £ € XA is an abelian sheaf, then for each i € N

inf
H' (Xint,x,j*€) 2 H' (X, X),€).
Proof. For ¢ =0 the proof is an easy computation:
I'((X,X),€) = Homx,, (h(x,x),€) = Homx,,, (711,€) = Homx,,, , (1,5*€) =T (Xint,x,5*E) -

For i > 0 observe that j!Ab is exact, hence his right adjoint j* takes injectives to injectives and it is exact by
the Remark |1.3.19] hence we can take an injective resolution Z* of £ and

H'((X,X),&) =H'(T*(X, X))
moreover (by the previous observations) j*Z* is an injective resolution of j*&€ and
H' (Xing, x5 E) = H' ((7"T°) (id(x x))) = H' (Z°(X, X)).

In the last equality we used the computation with 4 = 0. O

Observe that o, ™! restrict to a pair of functors between abelian sheaves (that we also denote with ¢,
and ¢~1). Moreover also the pair
-1. yAb Ab
® s X§ <__>‘X—'nf,X:(a0*

rig i
is a pair of adjunction.

Proposition 1.3.21. For any F € Xiyt we have that ¢.j*F = F(x x), moreover ¢, is exvact and for any
abelian sheaf F € XAt

inf

Hi ((X7X)af) = Hi (Xrigyf(X,X))'

Proof. For F € Xjy¢, then
0xJ F = (G Fidcx.xy = F(x,X)

@, preserves limits since it is right adjoint to the functor ¢~'. Moreover ¢, preserves epimorphisms: f :
F1 — F» is an epimorphism of abelian sheaves Fi, F € Xiﬁ?,X iff for each g: (U,T) - (X, X) the map f, is
an epimorphism of sheaves in Tiig, hence if f is an epimorphism, then . f = fiq y y, 1S an epimorphism too.
Hence ¢, preserves limits and epimorphisms, then it preserves all exact sequences and it is exact.

For the last part of the statement let F € X/, observe that ¢! commutes with colimits (since it is left

adjoint) and finite limits, hence it is exact. Hence ¢, brings injectives into injectives and it is exact, then

the spectral sequence
RPF (Xrigv _) ° Rq@* = Rp+q (‘P* ol (Xrig7 _)) = Rp+q (F (Xinf,Xa _)) -

degenerates to
(R'T (Xiig,—)) 0 s 2 R (T (Xint,x, ) -
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Ab
inf

Hence for any F € X

H (X, X),F) 2 H(Xint x,j " F) 2 H (Xyig, 02§ F).

Corollary 1.3.22. For any G ¢ Xiﬁ?,x the abelian sheaf j.G is acyclic for u,.

Proof. The functor j* commutes with colimits and finite limits, then it is exact, hence j. brings injective

objects to injective objects and there is a spectral sequence
RPu, RYj, = RP* 9 (uoj), 2 RPF9p,.

But j} is also exact via the explicit description and the fact that locally any (U,T') has a section (U,T) -

(X,X). Moreover ¢, is exact, hence the spectral sequence degenerates to
(R'u.) .G =0

for any i >0 and G € Xinr x - O

Now we give another description of the functor j7.

Definition 1.3.23. Let j. : Xinr, x — Xins be the functor that sends a sheaf G € Xj.¢ x to the sheaf
3+G = {lim (p7), Gpy }

where pi. : Pg/UXST - T and p% : D;(U xg T') - (X, X) are the two projections.

Lemma 1.3.24. There is a natural isomorphism j. = j.; in particular for any G € Xiﬁfc”x, the sheaf j.G is
acyclic for u,.

Proof. Firstly we want to describe, for a thickening (U,T'), the sheaf j*hy ). Let g: (U, T') - (X,X) €
(X/9) then the set

inf|X7
(j*h(U,T)) (UlvT,) = 'H'O"’n(X/S)irlf ((U,7T,)7 (U7 T))

corresponds to the set of commutative diagrams between (U, T") — (X, X) and (U, UxsT) - (X, X); thanks
to the Lemma we get

(" hw,m) (U, T") = colim _ Hom(x/s) (U, T) » (X, X),Dp(UxsT) - (X,X)).

inf|yx
Then j*h,ry=colim  Hom(x,sg). 0 (=, D (U xsT) - (X, X)) is colimit of representable objects.
— neN X
Let G € Xinr,x, then for any thickening (U,T) we get

(];g)(Uv T) = Homxmf (h(U,T)vj*g) = Homxmf,x (jilh(U,T)v g)
S limG (D (U x5 T) = (X, X)) = (1.G)(U. ).

O

Observe that . restricts to a functor

0+ Ox,p x —mod — Ox,,, —mod ,

rig
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we can define ¢*, an analogue of ot

Definition 1.3.25. Let ¢*: Ox
£ the OX

—mod — Ox —mod be the functor that associates to an Ox-module

rig inf, X

-module defined by

inf, X

(¢7€)g:=p"E

where g = (o, 8) : (U,T) - (X, X).
One can prove that ¢* & ¢, following the proof of the adjunction ¢t < ¢,.

Theorem 1.3.26. For any flat Ox-module £ € X,iz there is an isomorphism
L(g)inf = j*sa*gv

in particular L(E )it is acyclic for uy.

Proof. For any object g = (o, 8) : (U, T) - (X, X) € (X/S)inf‘x one can define the morphism

G*L(ENur), = I B L(E), » B L(E) = B*E = (£°€),.
Since
HomXinf (L(g)inﬁj*(p*g) = HomXinf,X (j*L(g)infv 410*5) s
the previous morphism corresponds to a morphism g : L(E)ins — j*E, we check (locally) that this morphism

is an isomorphism. Let (U,T) € (X/S);,; with a section §:T — X, then

. * : n * . n n o\ * . O ® O
(3" &),y =Im(p7)« (97E),n =lim(py)«(px)*E = lim {Or 80, Ov) e o) ®0x
neN X neN neN IU/U><T

where I{};}MT =Ker (Or ®0, Oy - Oy). On the other side

. Or®p, O
L(S)inf,(U,T) = ng\} (W ®ox gU) 3
UJUXU

where I{};’,lij =Ker (Oy ®p4, Oy - Ov).

The morphism p

1im((OT ®os OU) ®0y €|U) — lim((OT ®os OU) ®0x 5|U)

n+1
neN neN IU/UxU

corresponds to the natural projection map, that via the Corollary is an isomorphism. O

Proposition 1.3.27. Given a flat Ox-module F over X with an integrable connection V
Ue (L(F)ing) 2 F.

Proof. The proof is a consequence of the Proposition [1.2.19 More in detail, denote F' := L(F) with
the canonical connection; for the Proposition [1.2.19]and by definition of Fi,¢, for any open U c X, there are
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canonical identifications

T (Usat, (Bt ) 2 {z € (Bup),, (UU) | e, (6(1)*@) = p} (1))
= {x € Fur(U,U) | e, (po(1)"2) = pi(1) "}
= {z € Fur(U,U) | e (ph(1)*2) = p} (1)},

But by definition of €k we have that
T (Uints (Fap)y,, ) 2 Ker(L(V) (V).
This isomorphism is functorial on U and, via the Proposition [1.3.9] we get
Uy (Finr) 2 Ker(L(V)) = F.

O

In the proof we used that the stratification {€} }ney attached to the sheaf (Finf)(x,x) = F' defined in
is equal to the stratification {€}}neny that we used to define Fipy.

Theorem 1.3.28. If F is a flat Ox-module with integrable connection V, then there is a canonical isomor-
phism
Hi (Xinfaj:inf) = H}iR (va)

Proof. Observe that if F is flat, then F ®¢ Q’)“(/S is flat too for any k € N, then via the Proposition |1.3.27
we get

u.L(F ®0y Ux/s). 2 F 80y /s

inf
The sequence
0= Fint > L(F ©Q%/s)

inf

is exact via the Theorem|1.3.13| then Fj,¢ is isomorphic to L (.7-' ® 0% / S). . in the derived category. Moreover
mn
via the Theorem [1.3.26| L(F ® 0, Q;(/S)inf is done by acyclic objects for u, and the Lerray spectral sequence

RPT (X,-) Ru, (L (Feo Q}/S)inf) = RPMT (Xing, -) (L (F®Qy)s) )

inf
degenerates, then
RT (Xint, =) (Fint) = BT (Xont, =) (L (F © % 5),. )

inf

= RIT (X, =) ou. (L(F & 0%q), )2 BT (X,-) (Fe0yq).

inf

O



Chapter 2

BGG-decomposition for de Rham

sheaves

2.1 BGG for infinite dimensional g-modules

In this Section we describe a modification of the BGG-theory for infinite dimensional modules with a filtration
given by the action of n~. Let K be a finite extension of Q, and g’ be a finite semisimple split Lie algebra
defined over K. Choose a maximal toral subalgebra b’ c g’ and a simple basis of roots A’ and fix the notation
as in the Appendix Ewith the “’”. We assume that n”" and n”~ are abelian Lie algebras.

Let S be a completed Banach algebra over K, suppose that S is a domain and let g:= S ®x g’. When we
remove the “’” from an object defined over K we mean that we make the base change to S.

Let 2022 be an S-module and a g-module with an S-linear g-action: (aX).v = X.(av) for any a € S, v €

Qﬁilg, X e g. Suppose that Qﬁilg has an increasing filtration
0=FycF CF2c~~cFic-~~cQﬁzlg

of S-modules that is exhausting, i.e. 2028 = colim  F; and that there is a system of projections {2728 —
— 4eN

F,}sen. Suppose that each Fj; is a free S-module of finite length. Suppose that the filtration is preserved by

b: for any X € b, then X.F; c F;. Assume that n~ increases the filtration by one: for any Y € n~ we have

Y.F; c F;+1. Moreover suppose that for each ¢ € N the diagram

. l l
Y :9pals —— qpels

| |

Y F, —— F;1

induced by the projection commutes. This hypothesis forces n~ to increase the filtration: via the projection
morphisms Fj,; 2 F; @ F;11/F;; and this hypothesis tell us that Fj.q1/F; ¢ Fy4q is sent into Fipo/Fip1 € Fipo,
i.e. that “it is no more in Fj.{”.

Let x:h — S be a S-linear morphism and suppose that 202 has a highest weight vector v* € F} c 02!e
of weight x (see Definition [B.3.4). Moreover suppose that each F; has a weight decomposition:

Fi= @ F
A:p—>S

51
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Let M*® := Homg(Fy, S) for any s € N, observe that
seN

M := Homg (2%, S) = Homg (colim F,, S) = lim M*.
—> seN

The S-module M has a g-action via (X.f)(v) := —f(X.v) for any v € W& fe M, X eg. In this way M? is

a projective system of b-modules. For any Y e n™ and f € M* one can define the function Y.f € M*~! via
(YV.f)(vs-1) = =f(Ywsy) for any wve_q € Fs_q.

The definition of X.f is compatible w.r.t. the projective system.

Since we suppose that u~ is abelian we get the exhausting increasing filtration
Un™)":=Sym§" n~ c Symgn~ =U(n").

Let M~ := {0}, for any j,n,s € N we consider the map

d™*7 UM ®s M® ®s Ahn~ U )" es M @s AL n”
a®b® (Yin-AY;) — Zg;l(—l)i(Yi.a®b—a®Yi.b)®(Y1/\---/\Yi_l/\YiH/\-n/\Yj)
Hence for any s,n € N we get the complex U(n")""* @ M*** ®@g Agn:
0->UN ) ©s M" ®5 /Z\n‘ — s UM T e M @ nT » UMT) @5 M®

In order to get a complex that does not depend on n, s one can do the colimit on n and the limit on s; there

are two possible ways. The first way is the following;:
D* = col_i)mn lign UN)" 0 M &5 /;\n_ ~ C(Emnl/{(n_)”_' ®s M ®g /;\n_
=Un")es M ®s /;\ﬂ_ =U(g) ®u(r) M ®5 /;\(g/b)~
Via the Lepowsky—Garland Theorem the complex
0 U(g) @ugey M es \(a/o) > M =0
is exact, where the last map U(g) ® s M — M is defined sending X ® v into X.v. Hence we get that

M if0=1

HY(D*) = .
0 if0<i

The other way to assemble the complex is doing the limit in the other order:

C*:=limcolim U(n")"*®s M*"* ®s An” 2limU(n")®s M*"* @5 An".
s — n S s S

Now we cannnot exchange the projective limit with the tensor product since U(n~) is not finite over S, but

there is a natural map between the two limits: £°: D*® — C°.

Observe that if Fy = @, F, », where each A is a weight A : h — S; then M* = @, M?,. Hence v, =



2.1. BGG FOR INFINITE DIMENSIONAL &-MODULES 53

(v*)‘VF' € M* is a lowest weight vector of M* of weight x~'. The action of the center Z(g) on Fj is given by
the character x, : Z(g) - S (see §B.3.3)), hence the action of Z(g) on M? is given by the character —,.

We define F* as the sub-complex of C* with generalized eigenspace x:
F'=C,, ={veC" [forall TeZ(g) thereis neN s.t. (1-x,)" .v=0}.

Let G* :=C*/F*. Then we get a commutative diagram of exact sequences

where * is the composition of £* and the projection on G*. We want to prove the following Theorem:
Theorem 2.1.1. H*(y*) =0 for each i €N.

Thanks to this Theorem and the delinearization we will “geometrize” the BGG computations. Indeed,

Vv,cont fDo,\/,cont —

after a “continue” dualization — and a delinearization functor u,, we will get an equality wu,
u,C*V>¢°™  This Theorem will allow us to say that u,C*"*°™ gives no contribute to the cohomology of

u, D*V:co" hence that the map u, F*V:°™ — 4, C*V>°" is a quasi isomorphism.

2.1.1 Proof of the Theorem [2.1.1

Before proving the Theorem we need some technical results on the modules
Ao = U 95 M7 05 A = U(@) 8wy (11”5 Aate).
s s

Lemma 2.1.2. Let D be a finite U(b)-module free over S with basis di,...,ds of weights p1,...,us:h—S.
Suppose that for any 1<14,5 <s if p; < p;, then i< j.

Let E:=U(g) ®up) D and E; c E be the U(g)-submodule generated by 1®dy,...,1®d;.

Then E;[E;_1 = M(u;) is the Verma module of weight ;. In particular

E = EB Ey

XE{XM }?:1

Proof. Let D; := @:_, Sd;. Observe that U(b)d; c Dy, since the action of (b) increases the weight, hence it
decreases the index of the basis by hypothesis. Hence

0=DycDice-cD,=D
is a filtration of ¢ (b)-modules with the property that U(n)D; c D;_y. Since D; are U(b)-modules
E; =U(g) ®u vy Di 2U(n") ®s D;
is a free U(n~)-module with basis {1®d;};_,. Hence
Ei|Ei=2UMW)(1®d;)

is the Verma module of weight p; and the filtration computes the Jordan—Holder decomposition of the U(g)-
module E. O
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Lemma 2.1.3. Let x: Z(g) - S be a character. For any m € N there is an N € N s.t. for any t,s € N with
N,, < s <t the projection
(), ~ (Asm),

is an isomorphism. Let (Am)y = (Anm )y, then

F"=(Am)x., ™= lim P (An)y,
A c ®X6A
finite

where © is the set of all the characters of Z(g) with x # x, and A varies over all the finite subsets of ©. In
particular C* = F* & G°.

Proof. 20%8 is a highest weight module; then for any weight A the module (F), stabilizes in s € N, i.e. there
isan Ny € Ns.t. (Fy)x = (Fu,)x for any Ny < s € N. Hence for any weight A the module (M* &) /\m(g/b))/\

stabilizes in s.

Via the Lemma one gets that the characters that appear in the decomposition of A, ,,, = U(g) ®y(v)
(M?* ®s Ng' n) are the characters associated to the weights of M* ®y() A (g/b).

Fixing a character x as in the statement of the Lemma, there is a finite number of weights associated to
this character x. Hence the module (A, ), stabilizes in s.

So the module (A,,)y = limgey A, is well defined and it stabilizes in s. We get

c™ = 1ir§As,m =lim @ (Asm)y=lim @ (An)y= N lim B (An)y,

# xeOu{xx} = xe®,u{xx} _fmqtteeu{x“}XEA

where O, = {x €O | (Asm)y = (Am)y}- -

For any character x : Z(g) — S let I, := Ker(x : Z(g) - S); it is a prime ideal since S is a domain.

Lemma 2.1.4. Let L:=5(Y1,...,Y,), where Yy,...,Y, are transcendental independent variables over S and
n =dimg b'. Then there is an element 7 € I, Z(g®s L) s.t. T acts invertibly on G'®s L®g frac(S) for each
0<q.

Proof. Via the Harish-jChandra isomorphism Z(g) = Sym(h)" < Sym(h), where W is the Weyl group of g.
Then there is a finite map
m: A§ = Spec(Sym(h)) — Spec(Z(g)) = Ag/W,

Let O :=Uyeo 7 (1) NA%(S) and {PB;}iL, := 771 (L) nA%(S). Observe that there is a section of 7 given by
e ﬁ Soew 75 hence 771 (1) N A%(S) # @ for each x € © U {x,} c Spec(Z(g))(S). The proof proceeds
by steps.

1. There is f € PB1 Symy,(h ®s L) \ Upeor B Sym (h ®s L).

Since P is defined by a section of S, if Hy,..., H, € b is a basis, then
g’Bl SymS(h) = (Xla . 7X’ﬂ) c S[Xla .. aX’rL] = S[Zl7 v >Zn:| = Syms(b)>
where X; = Z; - x«(H;). Let f:= X1V +---+ X,,Y,, € Symg(h). For any 3 € ©' one has that

%Syms(b) 2(Xi-a1,..., Xn—an), a;=(x—Xx)(H;).
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Since x # x, one gets that (aq,...,a,) € S™ {0} and

f mod PSymy(h®sL)=> a;Y;e L=S(Y1,...,Y,)
i=1

is not zero since Y; are independent, hence we finish the first step.
2. Thereisatel, Z(g®s L)\ Uyeo IyZ(g®s L).
Let f as in the previous step, fix

=[] f7eSym,(hesL)" =Z(g®s L).
oceW

If by contradiction f7 €3 Sym; (h ®g L) for some B € ©', then f e o~ (P) Sym, (h ®s L), that is false
by the property of f, indeed 7(*f) = (o1 (*B)). Since P is prime we get that 7 ¢ P Sym; (h ®g L) for
each P € O’.

Let x € ©, let P e O na'(I,), then 7 could not vanish in I, Z(g®s L) = 71, (P Sym, (h ®s L)), hence

we prove the second step.

3. The action of 7 on G' ®g L is invertible for each 0 < i.

Via the Lemma [2.1.3| we know that G* = lima c ©@yea(A;)y. For each x € © there is s € N s.t.

finite

I(Ai)y = 0. But 7= (7 - x(7)) + x(7), where x(7) € L~ {0} by the previous step. Hence 7 acts on

(A;)yx ®s L as a sum of a nilpotent and a non-zero element, since L is a domain and L®g frac(S) is its
fraction field, we get that the action of 7 is invertible on (4;)y ®s L ®g frac(S); by the decomposition

of G* the Lemma is proved.

O

Proof. of the Theorem. Observe that H*(D*) =0 for 0 <i and H°(D®) = M, then for each x € H'(D®) there
is n e N with I) .z =0. Taking L and 7€ I, Z(g®s L) as in the Lemmam

0=H'(y)(r"(z®1)) =71". (Hl(w)(x) ® 1)
then (H'(y)(z)®1)=0e H(G*) ®s frac(S)(Y1,...,Y,), hence
(H'(v)(z)®1) =0e H'(G*) ®s frac(S).

Via the explicit description of G as a projective limit of free S-modules we get that also H'(y)(z) =0. O

2.1.2 The dual Theorem

Let’s consider a morphism between bounded complexes of S-modules p, : Ay - B,. Suppose that the
morphism and the objects are defined over K (see Definition m ); in this Subsection we will prove that if
H(p,) =0 for any i € Z, then also the cohomology of the dual map ¢} : BY - AY vanishes, i.e. H'(¢?) =0
for each i € Z.

The main consequence of the results in this Subsection is the following Proposition.
Proposition 2.1.5. With the notation as in the previous Subsection, H'(y">*) = 0 for each i € N.

For technical reasons we need the following definitions.
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Definition 2.1.6. A morphism between complexes of S-modules ¢, : Ay - B, is defined over K if there
are complexes of K-modules A,, B, with Ay = Ae ®x S, Be = B, ®k S and . = ¢, ®k S for a K-linear
morphism ¢, : A, - BL.

A complex of S-modules (A,,d2) is splitting if for any i € Z the morphism

EZ AZ/KGI‘(CZ?) d Ai+1,
induced by df, splits over S i.e. if there is a projection p; 1 : A;41 — Ai/Ker(df‘) s.t. pis1 o@ =1id 4,/ Ker(d4)-

In order to prove the vanishing of the dual cohomology we introduce a pairing.

Lemma 2.1.7. Let Ay > A, 4 As be a complex of S-modules. Let Ay % AY % Ay be the dual complex, then
there is an S-linear pairing
<, > H(A)xH(AY)— S

where H(A) = If;r((f)) and H(AY) := I?r?lr((ﬂavv))' If

AO —2 A1 i) A2
lsﬁo l@l ltpz
By — B, L} By
is a commutative diagram of S-modules, where § o € = 0; then the maps
H(p): H(A) -~ H(B), H(¢"):H(B")~H(AY)
are adjoint w.r.t. the two pairings, i.e.
<H(p)(a),b>p=<a, H(p" (D)) >4,

for each a € H(A) and be H(BY).

Suppose that the sequence Ay 5S4 5 As is splitting, we get the following property:
fixbe H(AY), if <a,b>=0 for each a € H(A), then b=0.

Proof. For any a € H(A), be H(AY) we define < a,b >=: ¢(z) where z € A; and ¢ € A} are representative
elements of a and b. Observe that the pairing does not depend on the representative elements: if a(z) =y €
Im(a) and BY(n) =1 € Im(B"), then

(p+9) (@ +y) = d(x) + d(a(2)) +n(B(z +y)) = ¢(x)

since z,y € Ker(8) and ¢ € Ker(a").
Let a € H(A), be H(BY) and choose some representatives x € A; and ¢ € BY, then

<H(p)(a),b>p=d(1(x)) = (#1(9)) (x) =< a, H(¢" (b)) >a .

Let a¥ € H(AY) and ¢ € A} be an element representing a”. If < a,a” >= 0 for any a € H(A), then
@(z) = 0 for any z € Ker(8), then Ker(8) c Ker(¢) and we can define a morphism §’ : A;/Ker(8) - S s.t.
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the following diagram commutes

AIL;S

5 -
-

Ay Ker(B)

The fact that the sequence A, is splitting tell us that there is a decomposition As = Az & Im(A;) = A3 @
A;1/Ker(B). Then we can extend ¢’ to a S-linear function 0 : Ay — S and we get that ¢ = 8Y(J) € Im(5Y)
and a" = 0. O

We get as corollary the result we claimed at the beginning of this Subsection.

Corollary 2.1.8. Let f,: Ae = B, be a morphism between bounded complexes of S-modules with H*(fs) =0
for each i € Z. Suppose that A, is splitting. Then H'(fY) =0 for each i€ Z.

Proof. We can suppose that the two complexes are concentrated on 0 <4 < n, i.e. that A; = B; =0 for each
1 < 0 and for each n <i. By the Lemma we get two pairings for each 7 € N with 0 <i < n:

<, >atHY(A)xH"™(AY) — S, <, >p:H(B,) x H"(B)) — S.

One can conclude via the property of this pairing and via the adjunction property. Indeed for any b e
H"(BY) and a € H'(A,), then

<a, H"'(f)(b) >a=< H'(f)(a),b>p=<0,b>p=0

hence H"*(f))(b) = 0. O
The proof of the Proposition is an immediate application of the Corollary

2.1.3 The continuous dual Theorem

For any s,n € N we define the complexes
B;%s = L{(g)gni' ®u(b) M**re ®s /\(g/b)
s
By definition and by the Lemma we have that

D*=colim limB;, and G*=lim P (colim By S) :
— neN seN ’ seN xe@ \ — neN Iy

In the previous Subsection we proved that the map G*¥ — D*" induces the zero map between the cohomology

groups. For geometric reasons that we will explain in §2.3.3| we are interested in the map between the

continuous dual with respect to the limit topology, i.e. on the map

\%
AVt s colim (@ (colim By s) ) — limeolim  (By,).
— neN /[y N ’

— seN |\ ye0 neN  — se



58 CHAPTER 2. BGG-DECOMPOSITION FOR DE RHAM SHEAVES
Observe that there is a diagram of complexes

v Q ,V,cont
colim (@Xee (colim B,'L,S) ) — 5 limpey colim (B;Li)
seN neN X

- - — seN

l l (2.1)

v LAY, v
g"vz(nmseNeaxee (cotim B;,s)) ]
neN X -

- seN

*V.cont vanish. We

In this Subsection we will prove that the maps induced on the cohomology groups by v
need only to prove that the canonical map ¢* induces injective morphisms between the cohomology groups;
indeed the vanishing of H* (7"\”007”) will follow by the diagram above and the vanishing proved in the

Proposition of the cohomology of v*V

Lemma 2.1.9. Let {A2, d%}sen be a projective system of complexes of S-modules, i.e. A% is a complex of
S-module with morphisms d? and for any s € N there is a map of complexes fq,,: A% — AS.

Suppose that for any k € Z, s € N the map fX, + Ak, - A¥ is surjective and that there is a section
v :A’; < limgen AS of the projection map limgen AS - Al;. Suppose that the sections gf are compatible with

the morphisms df, i.e. that the diagrams

dlc
k s k+1
A ————— 4§

k k+1
s s

. limgen d® .
hmseNAfj = hmseNAf+1

are commutative. Then the map of complexes colim  (A2)Y — (limgey A,)” induces a morphism in cohomol-
— seN

gy .,
H* (colim (A;)V) - H* ((hm A’) )
— seN seN

that is injective for any k € Z.

Proof. Let k € Z, s €« N and ¢ € Ker (colim dlj’l’v). Then there is an s. € N such that ¢ € Ker (df:l’v).

—> seN
Suppose that the image of ¢ is zero in cohomology, i.e. that there is a J € (limsgN A’S”l)v such that the
diagram
limg d

limgen Ak 4 limgery A’”l

k+1

b

Ak Ak+1

\_/

@
commutes. Observe that
(p:éo(gier&ldg) (50gk+1)odk —dkv((;ogf:l).
Hence ¢ is zero on cohomology and the Lemma is proved. O

Corollary 2.1.10. For any n € N the map

\
¢ colim  (BYY) - (lim B S)
’ seN

— seN
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induces an injective morphism on the cohomology groups.

Proof. The filtration by hypothesis admits a system of projections g; : 209 — F;. We remind that for any
Y en” the diagram
Y pals s gpale

lgi lgi-#l

Y F, —— F

commutes by hypothesis. The projections induce sections M*® - M =limgsy M?, hence sections
k <n—k k A <n—k k A
gs: UM T es M @5 AnT > lim UNT) P os M eg An .
s € s

j'sl is defined in terms of the n™-action and the projections commute
B,k

n,s

Since the Koszul complex df”f : BZ’S - Bk
with this action; we get that the sections are compatible with the morphisms d.

Lemma 2.1.9]

and we can apply the

O

Lemma 2.1.11. Let {A?, d? }new be a projective system of complexes of S-modules. Suppose that the complex

limpend;, splits, i.e. for each k € Z the short exact sequence

li Ak
0 —» Ker (lim dﬁ) — lim AfL — MneN 2, 0
neN

— Ry N
neN Ker (limyen dk)

splits, i.e. there is a projection h* : lim,ey Aiﬁ — Ker (limneN dﬁ) Suppose that for each n € N and k € Z there

is a section gk : AF - lim,ay A of the canonical projection. Then
H* (lim A;L) o Tim H*(A°)
n neN
s an injective morphism.

Proof. Let x = (z,)pen € Ker (lim,,(d¥)) with z,, € Ker (d¥) c A% the n-th projection of z. Suppose that
[ Jnen € limy,ey HY (A?) vanishes, i.e. that for each n € N there is a z, € A~ such that d*~1(z,,) = z,,. We
want to show that also [2] € H* (lim,ey A?) is zero. A priori the system z, is not compatible, but we know

that the map lim,, df{l splits, then we can define

wy = ph (gh(zn) = B¥gh(2n))

where pF : lim,,ey A — A% is the canonical projection. Observe that for each n € N we get that d* (w,) = z,,
and the system w,, is a compatible system. Then the element (w,)ney € lim,ey A¥71 is well defined and his

image is z. O
Corollary 2.1.12. The map

\%
AVt colim (@ (colim By S) ) — lim colim (B, )
seN ’ X ’

- X0 neN — seN

vanishes on the cohomology groups.
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Proof. We can apply the Lemma [2.1.11] to the projective system

° \%
colim (B2.)" = (U(n )" g (Qnglg o5 (/\n—) ) .
— seN ’ S
Indeed the maps of the complex are defined over K, then they split and by the isomorphism ¢ (n™) = Symg (n™)
we get the sections (U(n‘)gn‘k)v - (U(n7))". Then
H* (lim colim (B;l\é)) o lim H* (colim (B:l’\é)) .
’ neN ’

neN —> geN — seN

Using that the limit commutes with kernels and the fact that H k(c;L) is injective all n, k € N by the Corollary
2.1.100 one gets that

lirlr\ll Ji (colim

(B:;Z)) < lim (colim B; S)V =p*
seN ’ neN — seN ’

is injective. We can conclude as it was explained at the beginning of this Subsection: we use the diagram
(2.1), the vanishing of H(7*") and the injectivity of H(c®) that we have just proven. O

2.2 A local description of W,

2.2.1 The group ¢

Let G := GLo, T c G be the torus of of diagonal matrices, B the Borel of upper triangular matrices in G and
N be the unipotent group of upper triangular matrices with 1 on the diagonal.

Fix n € Z,o, let T}, be the group scheme over Z, defined by
Tn(R) := {diag(t1,t2) [t1 =1 mod p"}.
We define B c G the p-adic analytic groups over Spa(Qy,Z,) that represent the following functors:

(RR*).—»B(R,R*):=Tn(R+)N(R+)=(1+p”R+ R );

0 (R™)"

(R,R+)»—>Q(R,R+)::{geG(R+)|gE((1] :) modan+}.

2.2.2 The G-representation W

Let K/Q, be a finite extension, (S,5") be a Huber pair over (K,Ok) with S = K ®p, S*, F© =V :=
S*eg® STey and X :=Spa(S,5*). Let A= Og[[Z]] the Iwasawa algebra and with W := Spa(K ®0, A,A),

let X -— W be a map of adic spaces defined over K s.t. the composition
kL5 O (W) » Of(X) = S

is analytic on (1+Z)nZy = 1+p"Z,, where aS* =Z c S* is an ideal of definition and W is the weight space,
i.e. there is a u e S™ s.t.
k(t) = exp(ulog(t)) =:t* for each tel+p"Z,.

We define s1 := e; mod p”; it is a marked section of V' (see Definition [C.1.2)).
Then we can build the sheaves fv,.Oyvy and fov,«Ovy,(v,s)- As S*-module they are related to the
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following morphism
fraOfy(X) = 8T < XY > —— 8* < Z,Y >= fo,v,. 0 (. (&)

X ¢ s 1+aZ

Y ¢ > Y

For a € 1+7 the action * defined inis compatible w.r.t. the morphism above. Let WX := Jov« Oy, (v,s)[K] 2
XS < % >. See §§ for more details.

Now we describe a G(S)-action on W¥%. The key idea is that G acts on the functor V(V') without
changing the value modulo Z on the marked section. Let Z = Spa(R,R*) be an affine formal scheme
over X, then GLa(R") acts on V(V)(Z) = Homg-+ (V, R*) via the transpose action on V. Briefly for any

A B
g= ( ) € GLy(R*Y), f e V(V)(Z) and v = xe; ® yeq € V the action is given by

C D
(g-f)(v)::f(( () ) g(y))

Observe that the GLy(R*)-action induced on the module fy,,V(V) ®s+ R* is given by
g:RF<X)Y> — R" <X, Y >

Xr— AX+CY

Y ——  BX+DY

If ge G(R,R*) and
peVo(V.s)(Z2)={feVo(V)(Z)| f(e1)=1 mod p"R"}

we get that g-p e Vo(V,s)(2). Indeed we can write p = aey + bey for some a € p"R*, be R* and
(g-p)(e1) = (Aae} + Bbey) (e1) = Aa mod p"R* =1 mod p"R*.
Hence we get a G-action on fo,v,+ Oy, (v,s). Explicitly the GLy(S™)-action extends on fy,o, Oy, (v,s) via
g:8*"<Z)Y> — StT<Z)Y>
Zr———— AZ+ Sy + 41
Y+—aBZ+DY+B

As in 11, we denote with 7" the p-adic analytic torus and with * its action on fov,+ Oy, (v,s) and fy,.V(V).
The G-action preserves the x-action of T: for any a € T(R,R*), ge G(R,R"), f€Vo(V,s)(Spa(R,R")), one
can check that a» (¢g- f) =g-(a* f). Indeed

(ax(g-)(X.Y)=f(a(AX +CY),a(BX + DY)) = (g- (a~ f)) (X,Y),

hence the G-action restricts to an action on WE Now we are interested in the action of the Lie algebra of G
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on W9, Observe that

Lieg ®g+ S = g[g(S),
since G is an open of GLy. We can compute the sly(S)-action on W? induced by the G-action. Let

0 1 0 0 1 0
U':= , U= , H:= :
0 0 10 0 -1
Then the action on f e W¥ is given by:
+ -4 LA 4 - ﬁ)
UTS(X.Y) = 4 M( - ) V) = 5| FEAX+Y) - (Xay (X,Y).
. . 10 1+A 0
Using the matrices one gets
Al 0 (1+2)7t
_ of of of
U .f=Y—, Hf=X—-Y—=.
/ X’ ! 0X aYy
One can consider an algebraic and not completed version of Wg :
S,al . S u-ny,n u Y
WS = | Fil, WS = @ S XY™ = X s[f].
neN neN X
By an easy computation
XU X +)\)-r(X r(l1+2)-1
PRSP C Sl CONP I Chb Sl e
0X A=0 Ak (X) A=0 2
‘”g;n = (u-n)X*™ and

where we used that (%/@) (1) =u. Then X
HX“"Y" =Y"(u-n)X"" -nX""Y" = (u-2n)X""Y".

Then W2+218 is h-split over S and it is a direct sum of spaces of weight (u—2n) with n € N, where we identify
Homg (h(S),S) = S using the basis {H} of h. In particular W28 is the Verma module for sly(S) with

highest weight .

2.2.3 The G-representation 207

Fix the notations as in the pevious Subsection. Let (R, R*) be a Huber pair over (S,5%). Denote with

kgr+: 1+ p"R* - R* the analytic extension of the character k to R*. For any diag(7,72) = 7 € T,,(R") we
can define k(7) = kp+ (7175 ). The character k could be also extended to B(R, R") defining x(7n) := k(T)

for any ne N(R*).
Definition 2.2.1. The G-representation representation ‘JBE is defined as the analytic induction

D)REE (Indg)an (k) ={f:G - A" | f(b7'g) = k(D) f(g) YbeB, geGwith f analytic}.

Proposition 2.2.2. There is an isomorphism 202 = Wf as S-modules that preserves the G-action.
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Proof. Let my : Pr+ s > X = Spa(S,S*) be the functor defined by

1 dp"st=1,
Pf+’s:(R’R+)'_’{(e,1a€’2){eiyelz}basis of V with {€1<S> mod p }

e5(s) mod p"S*t =0

Observe that (e],e}) € Pr+ s(R, R*) if and only if
el e(1+p"R*)ef + R ey and e)ep"R'e} +(RY) ey.

This functor has a G-action given on points by

A B
( ¢ v ).@3,6;): (Ac} + Beh, Ol Dl

In this way Pz+ s is a G-torsor over X. Choosing the canonical basis (€7, ey ) we get Pr+ ; 2 G. Moreover there
is a G-equivariant map m : Pr+ s > Vo(V,s) defined by (€], e5) — e]. Observe that my(e],eh) = ma(ef, ef) if
1 0

. | with (ef,el) =g-(e],eh). Hence Pr+ 4 is
"R (RY) (ef,e3) =g-(e},€3) Ft,s

and only if there is a matrix g of the form g =

an N-torsor over Vo(V,s). We get that

WS = (1.0 K1 2 (((m), Op,, ) ) [] = (1), OF ) [5] 2 205

Observe that
(nd%)™" (k) = (nd)™" (x) = WX

where % c B and 4 c G are defined as the subgroups of matrices with determinant 1. The isomorphism is

1+p"R* 0 an
given by the restriction, indeed G = ( +]()) (R % and for any f € (Inng) (k) we can extend the
function f on G as

1+p"A 0 _ Kk(1+p"A)

for any A,D € R".

2.3 BGG on the modular curve

In this Section we describe how we can use the local BGG decomposition in order to get a global BGG

decomposition on the modular curve.

2.3.1 Overconvergent modular forms

In this Subsection we want to resume the construction of the sheaves of overconvergent modular forms with
p-adic weight in order to fix the notations. More completed descriptions are in the paper [AIP18] or in [AI21].
For a nice introduction I suggest also the reading of the PhD thesis [Pan19] of S. Panozzo that I found in the
net.

Let N > 5 be a natural number and p > 3 be a prime number with (N,p) = 1. We denote X1(N) the
modular curve over Z, which classifies generalized elliptic curves with a structure of level I'y (N). The formal

scheme obtained via the formal completion along the special fiber is denoted by X;(N). We denote 7 : E —



64 CHAPTER 2. BGG-DECOMPOSITION FOR DE RHAM SHEAVES

X1 (N) the universal generalized elliptic curve. Let Spf(R) c X1(/V) be an open where wg := W*QllE/xl(N) is
lent (" The ideal Hdg c Oy, (n) is defined, locally on Spf(R), as the
ideal of R generated by p and the Hasse invariant Ha(E . . /Spf(R),wr). For an r € N with 1 < r, one

trivializable and wg be a basis of (wg)

would like to “select” the elliptic curves with order of vanishing of the Hasse invariant lower than %: let B
be the formal admissible blow-up of X (V) with respect to the ideal (p,Hdg") and X, c B is defined as the
formal open sub-scheme defined by the condition that the ideal (p, Hdg") is generated by Hdg". Then X, is
a formal model for the rigid open of X1(N) defined by the condition that
vp(Hdg) < M.
r

The universal generalized elliptic curve E — X,. has a canonical cyclic subgroup H,, c E[p™] of order p™,
where m € N depends on 7, see App. A in [AIP1§] for the construction and §3 in [AI21] for the dependence
of m on r. For example if 2 <7 and 5 <p or 4 <r and p = 3, then we can take m = 1. We denote with X, the
adic space associated to X, HL := Hom (H,,,G,,) the Cartier dual of H,, and ZG,, . := Isom(Z/p™Z, HE)

m

the Igusa variety defined as the space over X, of the trivializations of H2. Then the map
7T :Igm,r - Xr

is finite étale and has Galois group (Z/p™Z)*. We denote with J&,, , the formal model of ZG,, , obtained
by the normalization of X, in ZG,, ,. The importance of the canonical subgroup is to give a morphism of
order p in the elliptic curve that lifts the Frobenius in zero characteristic. We resume some properties proven
in [AI21], Appendix A. Observe that in the multiplicative group G, there is a canonical differential given
by %, hence for a point P € HE one can define dlog(P) := P*% € wg,, . With a little abuse of notation we
denote Hdg also the sheaf over J&,, , defined by the pullback of the sheaf Hdg over X, via the projection
3G, = X,

Proposition 2.3.1. e The canonical subgroup H,, of the universal elliptic curve E over 3&,, ;. is a lifting

m

of Frobenius modulo —L—r;
Hdg »-1

e There is an isomorphism E[p]/H,, = HE defined by the Weyl pairing E[p™]xE[p™] = ppm. We denote

with P be the canonical section given by the trivialization of HE over 316, 5

m
e The inclusion Hy, c E induces a map f:wg — wg,, with kernel —Lmw—wg, hence we get a canonical

Hdg r-1
section
s’ :=dlog(P""") e H* | 36, wg/——=wE |.
Hdg »1
We denote = := % c Oy6,,.,., observe that this ideal generates the p-adic topology on Ossg,, , .-

Hdg r-1
The idea now is to define the sheaf of overconvergent modular forms thanks to the VBMS machine. In [AI21]

they use the marked section s’ , but they have to modify the line bundle wg since the lifting of s does not
generate the whole line bundle wg. Let Qg be the Oj¢,, -submodule of wg generated by all the local liftings
of s'. We denote s € H° (Jﬁmm, QE/émQE) the canonical element determined by s’. By definition of Qg the

pair (g, s) is a sheaf with marked section on (jﬁmm 1:= @m) Let Hg be the sheaf on J&,, ;. defined by
H]E : (E,S) ind HéR (E/S)7

where E is a generalized elliptic curve over S with a I'1(N)-structure and H}p (E/S) is the sheaf over
S given by the de Rham cohomology of E/S. Similarly to the case wg we define a submodule Hg. Let



2.3. BGG ON THE MODULAR CURVE 65
Hg& = Qp + 0P Hg c Hg. Then (Qp,s) c (HEE, s) is an inclusion of locally free sheaves of rank 1 and 2 with a
compatible marked section.

Observe that Tt := Z, (1 + ﬁm) acts on the morphisms of formal schemes
vy :VO(H]f,s) - X, and v:Vy(Qg,s)—>X,:

Z, acts by multiplication of the marked section and 1 + gm acts by multiplication on the choordinate of the
marked section as explained in Observe that Z; could change the marked section modulo gm, hence
it acts non trivially over J®,, ,., instead 1 + ém acts trivially on the Igusa variety since it does not affect the
marked section s. The T¢!-action is trivial over X,. Let x : Z, — R* be an n-analytic weight, i.e. Ris a
p-adically completed separated ring and & is a group morphism with the property that there is an element
u € R with

k(t) = exp(ulog(t)) =:t* for every tel+pZ,.

Via the analicity of &, it can be extended on T¢*!, since the exponential converges on 1 + ém. Then we get

two T-actions on
Vs (OVO(QH%S)@ZPR) ’ UH,x (OVo(HTE#,S)(éZpR)

and we can define
" = v, (Oyy(s.6)®2, R) [£] € 0. (Oyy(04.5)®2, R)

the submodule generated by the elements x ® a such that (t*z)®a = z® (k(t)a). Analogously we can define

WH ‘= VH,* (OVO(HS#,S)@ZPR) [Ii]

2.3.2 A variant of the Grothendieck—Messing period map

Let (S,S*) be an Huber pair over a finite extension K of Q, as in §2.2.2, 1<n e N and x: Z5 - (S)* be

an n-analytic weight, i.e. group morphism such that there is a u € S* with
k(t) =t* foreach tel+p"Z,.

We denote with £ : m(H;*)v — J&,, . the torsor of local basis e}, e} of (Hgé)v satisfying (6’1 mod ﬁn) (s)=1¢€
\%
Os6,.,/B, . The locally split filtration Qg ¢ Hj defines a locally split map ¢ : (Hg&) - QY. Let 8= Sp(R)

be an affinoid open of P, where 5* (Qg),, is trivializable and let x be a basis of 8* (&), , then one can
E
define

[p(e)) (@) = p(eh) (2)] € P,

If one changes the basis this value does not change, hence there is a map
. 1
(15 . m(Hf)v - ]P)Zp
defined on the two coordinates X1, X5 of P%p by

X1 (e (@), Xomp(ey)(x).
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Now we consider the generic fibers of the formal schemes above and we get the diagram of adic spaces

¢ 1,an
P(H[f)v — P

I

ZGn,r

Theorem 2.3.2 (Messing). Locally on IG, , there are sections g of B such that maa = ¢ o g is an étale

morphism of adic spaces.

Proof. TG, , - X, - Spa(Q,,Z,) is a composition of a finite étale and a smooth morphism, then there is
an open affinoid covering U’ of ZG, , such that for each U € U’ there is an étale map ¢y, : U — Adan (see
Corollary 1.6.10, Proposition 1.7.1, Corollary 1.7.2 in [Hub96]) , where d =1 is the dimension of ZG,, ,. Let
U be an open affinoid covering of ZG,, ,. that refines U’ such that for any U € i the module HEE is free of rank
2 on U, the inclusion Qf, c Hg splits and Hdg is free on U. Let U := Spa(R,R*) e and b’ := @?J#(T) € R,
where T € Ogmd is the coordinate. Let N € N be such that p" | pr’ in R*; we can define oy : U — Alaed
such that ¢y (T) = pVb' = b. The morphism is still étale: if db’ generates Qép /i then also db generates it.
Let {w,es} be a basis on U of HE& such that w is a basis of Qf lifting s. Define e; := w - bes and let g be the
section of 3 defined on U by the basis {e}, ey} of (Hf;é )V. Observe that the basis defines a section since

ey (s) mod p" =e(w) mod p" =ef(er +bey) mod p" =1.

X2 we get that

If we consider the affine open on P1%¢ given by the coordinate T = X

SR

X
(@0 9)* (1) = (6o9)* ()
1
Hence ¢po g = ¢y and ¢ o g is étale. O
Let Bc G =GLgy and N~ c GL; as in §2.2.1] We denote b := Lie(B) c g := Lie(G) and n™ := Lie(N 7).
Corollary 2.3.3. Let U cZG,, , be an open affinoid where there is a section mgyr given by|2.3.2. Then
Q}&Lad/@p = (Tl_)v ®Qp OAl,ad and WZJM ((‘(‘l_)v ®Qp OAl‘ad) = Qllj/(@p

Proof. The second isomorphism follows by the first one and by the fact that the map wgys is étale; in
particular the pullback of the sheaf of differentials via wgs is isomorphic to the sheaf of differentials.
Observe that G/B 2 P! and A' * G, @ N~ = N"B/B c G/B. Hence the tangent space of P! and A! at

the origin is the Qp-vector space g/b = n~ . Hence the sheaf of differentials is
Q}%l,ad/@p = ('ﬂi)v ®Q, Optad
as stated. O

Thanks to the Grothendieck-Messing map we get a local description of the sheaf Wy on ZG, , s :=
ZGn.r *Spa(Q,,z,) Spa(S; ST). We denote

7o * VO(H]}?Ev 5) ><Spa((@p,Zp) Spa’(sa S+) - Ign,r,S-
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Theorem 2.3.4. Let Qﬂ‘gé = (Indg)an (k) ® OAls,ad, where K : Z,; — (ST)* is an n-analytic weight, let
mam 2 U — Ab% be the Grothendieck—Messing map defined on an open affinoid U c ZGnrs and W, :=
((70)* (OVO(H]E#,S) ®Q, S)) [k]. Then

- (ans) = (W),
as g-modules.

Proof. On U there is a section g: U — P(H#)V with mgp = mog. Let U = Spa(R, R*), the section g gives an
E

\
R* basis {ef,e5} of (Hf) where e](s) mod p™ =1, hence g gives an isomorphism

" 2
(72 2,57 o1 = (méar (5 1)
1%
Then via the Proposition and the functoriality of the VBMS construction we conclude that
* Al * * * * * A
(W), 2memWe® 2min f Wi 2memlt QBE = TemWi®

where we denoted Wﬁé the pullback of the S*-module WX | defined in 3., via the definition morphism
f:A5* - Spa(s, S*). O

2.3.3 Main application

In this subsection we get a covering of the modular curve &, s = X, Xgpa(q,,z,) SPa(S,S") where we can
compute the de Rham cohomology H (}R (Z/{ , (Wm)m); for a technical reason we will restrict our attention to
the unnecessary conditon that S = K is a field; now let S be as in As explained in the Introduction,
the strategy is the following:

e trivialize the vector bundle W, with a g-action defined over and his g-action on a covering of X, g,

getting the vector bundle W¥ over Spa($, S*), see the Theorem [2.3.4}

e use the BGG decomposition of the Corollary [2.1.12] getting the linearized de Rham complex and the
linearized BGG complex associated to W2 with his g-action over the space P! = G/B;

e use the étale Grothendieck—Messing map introduced in the Theorem [2.3.2]in order to bring the linearized

information to a covering of X, s;

e apply the functor u, getting that the delinearized BGG complex and the de Rham complex associated
to W, are quasi-isomorphic; in particular we show that we can cut the infinite dimensional vector

bundles of the de Rham complex getting a sequence of one finite dimensional (line) bundle.

Since ZGy, r s = A g is a finite torsor and we are working locally, we can study the de Rham cohomology
of W, directly on ZG,, ,s. Let Spa(R,R") =U c ZG,,, s be an affinoid open such that there is the étale
Grothendieck—Messing morphism wgas : U — Pls. Remember that

" AL
TapuWe® = (W),

In we considered the complexes of S-modules

—> neN seN

k k
D" :=colim  1limi(g)*" " ®u(v) (Mﬁk ®s /\g/b) =U(9) ®u(v) (M ®s /\E/b) ;
s s

k k
ck = 1ir§wolim Nu(g)s””“ ®ui(b) (MSHIc ®s /\g/b) = li%ﬂ/{(g) ®ui(b) (MSHIC ®s /\g/b) ,
se — ne s se s
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we built a BGG decomposition C* = F* & G* and we showed that the induced map °* : G* - D* is zero on

the cohomology groups. Now we consider the continuous dual of C*, G*, F* and D* as we did in §2.1.3] We
\%
do not want to take just the dual since WX-al9 ¢ ((WKK’“ZQ)V) =M". Let
v
g/b) );

o))

neN — ge

* n-— v s
@Z,\/ := lim colim NWGA{OG/B ®s (Z/{(g)\ k) ®M(b) ((M +k)v ®s (

w > n >

Q:ZI;’V := colim limﬂ'avMOG/B ®s (U(g)én_k)v ®u(b) ((Ms+k)v ®s (

— seN neN

In order to recover the BGG decomposition of @Z’V we observe that

@Z’V ~ colim NWEMOG/B ®s (Z/I(g)v ®u(b) ((Ms+k)v®s)) = colim Nﬂ'é;]u@g/B ®s Adik .k
- s - se

€

~ colim
— seN

\%
16mOc/B ®s ((As-%—k,k)XN & (@ (As+k,k)x)) :
X€O

Then we can define

&y = colim _ mrOcyp ®5 D (W(9))" 8uw) (Fils W2 ©5 Qcypys)) s

- se x€© X

S = colim NTFZ:MOG/B ®s ((U(El))v Bu(b) (FilsmWi’alg ®s Q%G/B)/s))x~

S€

getting QZZ’V = @Z’v ® SZV. Observe that

112

SZ’Vzcolim L((Fils+k (WZZQ) ®s Q’Z{/s) )
— seN lee X

S

L(((WVfg)m ®sfﬁbs)xn);

@Zvv ~ @ L(((Wzlg)lu ®s QZ’f{/S) )
X

In the isomorphism above reguarding 65’\/ we used that the limit of the dual is the dual of the colimit, that
for any s,k € N there are only finite x € © with (As+k,k)x # 0 and that (As+k7k)x stabilizes in s (see Lemma
2.1.3).

Another reason to consider the continuous dual is that we get some linearized sheaves; hence we can
define these sheaves also in the infinitesimal topos associated to a rigid model &l of U. At this point we should
assume that S = K is a field of characteristic zero, since we studied the infinitesimal locus of a smooth rigid
variety over such a field. One can remove this condition but there is no time to change it in the Thesis. The
full result will hopefully appear in a joint work with F. Andreatta and A. Iovita.

Q:ﬁ:\i/nf := colim L(F’LZSHCWE ®s Qﬁ/s)inf — ,‘DZ’,Ynf =1 (Wg,alg ®s QZ/S)

seN inf

and

St = L(((720), s 0lys) ) 5 Wl @ £(((we), es9lys) )

inf x€© X/ inf

kv o ~k,v k,v
We get that Qu,inf = Sint @ Qiu,inf' Moreover
kv _ 1 I k
Ciine = Oul[Qy5]] ®0, Wi @0, Qg

is the non complete linearization of We9. Then its delinearization is

kv o kv o alg k
WD g = U C e 2 W @0, Qg
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Here we used that W9 ®0y Qﬁ /s is a flat sheaf with an integrable connection together with the Proposition

1.1.12] and the Proposition |1.3.27

Proposition 2.3.5. The map &3 ; - D1, composition of the embedding &5 - €\ ¢ and the canonical

TRY; R .
map Q:u,inf - Qu,inf vanishes on cohomology.

Proof. Let (U = Sp(A),T = Sp(R)) be an affinoid pair in the infinitesimal topos over i, we have to check

that the map (Q:;Ev\i/nf)(UT) - (QZonf)(UT) is zero on cohomology. Once we prove that the representation

Wf“lg respects the hypothesis formulated in the Section we can apply the Corollary [2.1.12] over the
ring R.
We know that Wald ~ xug [%] has a filtration with

Y <
F'liWS"”g:X“S[—] .
7 K X

As we computed in §2.2.2]the action of g is given by
HX""Y" = (u-2n)X""Y"; U XYY" =pXv Dyl - xunyn o (y—n)y"

Hence the b-action preserves the filtration and the n™-action increases the filtration by one. The compatible

system of projections Wﬁ’“lg - F iliWZlg is given by the canonical projection

gi+ X SI:?:I_)X S[X] .

These projections are compatible with the n™-action, indeed
i
Ji+1 (U_~ > anXu_nYn) = gi+1 ( > (u- n)anXu_(n+l)Yn+l) = (u- n)a, X -yl
neN neN n=0

and

U .gi ( D anX“‘”Y”) =U. Y ap XY™ = Y (u-n)a, XDy

neN n=0 n=0

O

In our GLs-case, the vanishing of this map follows also by the fact that the complex QSZl’Vinf is exact. One

can check this exactness by explicit computations of the BGG-resolution.

Theorem 2.3.6. Let K be a p-adic field and X be the rigid analytic space associated to the modular curve
Xy X8pa(Q,.z,) SPUK, Ok ). Let k: Zy - Of be an n-analytic map; then there is a covering {4} of X s.t.

Hip (8 Wi9) 2 HY (84,0800 ) 2 H (4 (W), 80, Qi) )

X
Proof. We know that u DY e r (4,65 oY ) and the ma
. g inf = UGy ing = \ U O ing @ Vs ing p
k,v k,v
u*gu,inf - U*®u,inf

is zero on cohomology by the Proposition 2.3.5] The Theorem follows via the Theorem [I.3.28] and the
Proposition [1.3.27 O

Observe that in order to prove the Theorem we used the de Rham cohomology on W29 induced by the
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Koszul complex. But the infinitesimal site computations tell us that any connection gives the same de Rham

cohomology, since all the linearized connections are isomorphic to the canonical one id ® d°.



Appendix A

Algebra Lemmas

Lemma A.0.1. Let My, My be two A-modules, I ¢ A an ideal, Iy ¢ My, Iy c Ms be two A-submodules s.t.
I-M;cI;,i.e. sothat M;/I; is an A/I-module with the structure induced via the A-module structure on M;.

Then the kernel of the morphism
¢ My ®a My~ My/11 ® g1 M2/ I

18 the A-module
Ker(¢)) =11 ®4 M+ M ®1I5

Proof. Let K :=Ker(¢) and let’s denote ¢; : M; — M;/I; the two projections. Then
¢ = (idas, 1, ® ¢2) 0 (¢1 ®idas,) -
Since the tensor product is exact on the right we have that the sequences
M|y ®a Iy —— Mi[Iy ® 4 My —— My/I; ® 4 M/,

I1 ®AM2 —_— M1 ®A M2 _— Ml/Il ®A M2

are exact. Let k € K, then k= (¢ ®iday, ) (k) € Ker(idaz, /1, ® ¢2), via the first exact sequence above there
is an element ky € My ®4 Iz s.t. (¢1 ®4 idpg, ) (k) = k.
Then = - k; € Ker(¢; ® idpy,) and via the second exact sequence above k — k1 = ko € I} ® 4 My and we

conclude that
k=ki+tkoe M ®41ls+11 ® 4 M.

Observe that (in order to simplify the notation) sometimes we have identified the modules M; ® 4 I and
I ® 4 My with their image in M; ® 4 M>, as in the statement. O

Lemma A.0.2. Let ¢; : R; - R;/I; be ring projections with I =0 for i =0,1,2. Let 8; : Ry = R; a ring
homomorphism s.t. 8;(Iy) c I;, where i =1,2. Then the kernel of the map

¢:R1®r, Ry > R1/I1 ®p, 1, R2/I2
s nilpotent.

71



72 APPENDIX A. ALGEBRA LEMMAS
Proof. Via the Lemma [A.0.1] we get that the kernel of the map is
K:=Ker(¢)=1 ®4 Ro + R1 ®4 I5.
Observe that for iy € I, i € Is, 71 € Ry and 79 € Ry
(i1®re)" =il ®ry =0 and (r1®iz)" =0.

Then K is generated by nilpotent elements, but sum of (commuting) nilpotent elements is nilpotent, then K

is nilpotent. O

Lemma A.0.3. If A is a commutative K-algebra, J c A is an ideal with JN =0, denote p: A - AlJ = B

the projection and suppose that there is a ring morphism i: B - A, with poi=1idg. Denote

mp

mpo id
IlzzKer(B®KB—>B) and IQ::Ker(A®KB polrg B)B),

where mp is the multiplication map. Then

B B A B
limA®; B BK ~ i BK
neN I{L neN I;L
Proof. Observe that
A®i B A ®i.B B®B

I}  (JepBexB+Aepl)"
via the Lemma [A.0.1] and
B®g B _ A®LBB®B

A®;
B AepI!

When we write quotient by Z?" := A®@p I and I3 := (J®3 B®K B+ A®p I;)" we mean the quotient of
A®,; p B® B by the sub-modules generated by their image. We have to prove that {Z{'} and {Z3} are cofinal;
via the explicit description Z7' c Z3'. But

N-1

=Y Jrepepli ™ cAey D - 7pm (VD
k=0
for any n > N - 1, where we used that JV =0. O

Corollary A.0.4. With the hypothesis of the previous Lemma, for any B-module M

Bex B Aoy B
EOKE gp M =lim 22K 2 g .

lim A ®;
neN “B Il neN I;L
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Lie algebras and the BGG theory

This Chapter is about Lie algebras. We would like to explain how to build the BGG resolution of some

g-modules, where g is a split, finite semisimple Lie algebra.

B.1 Preliminaries on semisimple Lie algebras

In this Section we will recall some basic constructions and results with the Lie algebras in order to fix some
notations. A nice introduction of the subject is given in the first three chapters of the book [Hum72a] or in
the book [Hall5]. Let g be a finite semisimple split Lie algebra over a field K of characteristic zero. Choose
a maximal toral subalgebra b c g, then g = @yepv go Where h¥ = Hompg (b, K) and

o ={Xeg|[H,X]=a(H)X for all H €b}.

Let’s denote
@ :={aeh" | ga # 0}« {0}

the root system of g associated to . Choose an ordered subset of simple roots A = {ay,...,a;} ¢ ®, then

one can define

!
d*:={aed|a==) na, neN}
i=1

the sets of positive and negative roots; one has that ® = ®*[[®~. The choice of the simple basis gives

some canonical Lie sub-algebras of g:

n+:n::@gaa ni:@ga» b::baan‘

aedt aed-

These sub-spaces are Lie sub-algebras since [ga, 93] € ga+s. For two elements A, 1 € h¥ we say that A < p if
p—AeNO* ={aeh” |a=i22:1@iai, n e N,
The Lie algebra structure of g gives automatically a representation that is called the adjoint represen-

tation:
adg: g — gl(g) := Endx (g)
X —— (Y adg(X)(Y):=[X,Y])

73
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The Killing form is the symmetric K-bilinear pairing on g defined by
kigxg — K
(X,Y) —— trace(adg(X) cadg(Y))

The restriction of the Killing form to b is non degenerated, in particular it induces an isomorphism b = "
and a pairing
(=,-):pYxph" > K.

For any a € @, let s, € Autg(hY) be the reflection

(A, a)

Sa(A)=A- Q(a,a)

a= -<\a>a, AehY,

where < A\, p >:= 28% € K for any A\, u € hY. Let W < Autg(hY) be the subgroup generated by all the

reflections s,, with « € ®. This group is the Weyl group of g; observe that W depends on the subgroup h

but not on the choice of simple roots A c ®. It is a well known fact that W is generated by the elements s,

with « € A. Each element w e W of the Weyl group has a length:
l(w):=min{n eN|w =54, 0-+- 0384, with a; € ® for all 1 <i<n},

one sets I(idyv) := 0. For any i € N we denote W) c W the subset of elements of length i.

Let V be a K-vector space, we denote with gl(V') := Endg (V) the Lie algebra with the Lie bracket given
by
(o, ¥]=potp—tpop.

A g-representation is a Lie algebra morphism
¢: g~ gl(V) = Endg (V)

i.e. a K-linear morphism s.t. ¢ ([X,Y]) = [¢(X),¢(Y)] for all X,Y € g. Usually we denote X.v := ¢(X)(v)
foraveV and X eg. For any A e b

Vii={veV|Huv=\H)v}

is the subspace of weight A. Observe that the notation is coherent with g, if we consider g as g-module via
the adjoint representation. Let

[TV={\eb’|V\0}

be the space of weights of V' and the multiplicity of X is the K-dimension of V}.

B.2 Universal enveloping algebra

The main goal of this Section is to describe briefly the universal enveloping algebra and the Poincaré-Birkhoff—
Witt Theorem, usually cited as PBW Theorem. For a more detailed explanation look at the fifth Chapter of
[Hum?72a]. The idea is building an associative, unitary (non necessary commutative) algebra U(g) generated
as algebra by 1 and the elements of g and that satisfies the relations XY - Y X = [X,Y] for any X,Y €g.
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For any Lie algebra [ let
U =T/ J,
where T(I) := @,y X" is the tensor algebra of [ and J is the two-sided ideal generated by the relations
XeY-YeX-[X,Y]
for any X,Y el. Observe that there is a canonical K-linear morphism i : [ - U(I) satisfying
i([X,) Y] =i(X)®i(Y)-i(Y)®i(X)+J
The center of the universal enveloping algebra is denoted as U(l) = Z(U(I)). The algebra U([) is “universal”

with respect to the following property.

Proposition B.2.1. Universal property of the universal enveloping algebra. For any unitary, associative,

not necessary commutative K-algebra A and any K-linear morphism ¢ : | - A such that

P([X,Y]) = p(X)o(Y) —p(Y)p(X)  for any X,Y €;

Then there is a unique algebra morphism ¢ :U(L) > A such that poi = and ¢(1) =14.

Observe that via the universal property of U(l) any [-representation corresponds uniquely to a left U(I)-
module.

The PBW Theorem allows to understand how the algebra U([) is done if we know a basis of the Lie
algebra .

Theorem B.2.2. Poincaré-Birkhoff-Witt. If X;,...,X,, is an ordered K-basis of |, then the set
{zj0)®2j02)®... 0@z 0y +J eU() | keN, j(1)<j(2) <---<j(k)}

is a K-basis of U(T).

A nice corollary is that if [ = [; @ [, where [;, [y are Lie sub-algebras of [, then U(l) = U(l;) U(lz). In
particular if one has the decomposition of a semisimple Lie algebra g as in the previous Section g=n"®hén,
then

U(g) =UW™) U(h) U(n).

Moreover observe that f is a commutative Lie algebra, i.e. if [, h] = {0}, then U (h) = Sym, b.

B.3 Verma modules and the O-category

The main goal of this Section is to explain how to build the BGG resolution of some g—modules built in
[BGGT75]. In order to do this we investigate some basic properties of the highest weight modules, Verma
modules and in general of the g-modules in the O-category. We follow the exposition of the book [Hum72b]

presenting only the results that we need.

B.3.1 The O-category

Let g be a finite semisimple split Lie algebra, we use the notation as in the Section

Definition B.3.1. An U(g)-module V is in O if
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(01): Vis afg U(g)-module;
(02): V is h—split: V = ®repv Vi;
(03): For each v € V, the K-vector space U(n).v has finite dimension over K.

Lemma B.3.2. IfV € O, then V is a noetherian U(g)-module, it is finitely generated as U(n~)—module and

it satisfies:
(04): dimg V) is finite for each A e f¥;
(05): TIV cUxes A= NO* | where S is a finite subset of Y.

Proof. Since V is finitely generated as U(g)-module and U(g) is noetherian, then V' is noetherian. Moreover,
since V' is h-split, one can choose a finite set of U(g)-generators {v;}iesr s.t. v; has weight A; € h¥. In
addiction the space U(n).v; is finite dimensional for any i € I, then by PBW V is finitely generated also as
U(n")-module. Let {v;};c; be a finite set of generators of V' as U(n~)-module s.t. v; has weight A;. If
Y1,...,Ysisa K-basis of n~ of weight a1, . .., o, then V is generated over K by the vectors Y] .Y5"2. ... Y* v,

that have weight A\; —niaq —noag —--- = ngas with ny,na,...,ns € N. Hence

[TV cUA, -No*

jeJ
and there are only finitely many polynomials that bring a vector v; in a specific weight. O
Observe that the highest A—weight module generated by a vector is in the O-category.

Proposition B.3.3. Let V € O; then for any v € V the subspace Z(g).v is K-finite dimensional. Moreover
the category O is abelian, closed under finite direct sums, submodules and quotients. For any U(g)—module
L that is K-finite, the exact functor

Loy —:0-=0

s well defined.

Proof. Look at the proof of the Theorem 1.1 in [Hum72b]. O

Definition B.3.4. Let A e h¥. A U(g)-module V # 0 is a highest A-weight module generated by a vector

ot if:
o U(g)v" =V;
o vt eV
e eIV, then p< A
Proposition B.3.5. Any highest A—weight module V is in O. Moreover for any V € O there is a filtration

OcVicVoc--ocV, =V

where V;[Viiq is a highest weight module.

Proof. For the proof we refer to [Hum72b], §1.2. O



B.3. VERMA MODULES AND THE O-CATEGORY 7

B.3.2 Verma modules

Fix a weight A € h¥. Let J(A) cU(g) be the left ideal
J(A) :=U(g)(H - A(H)1) ey +U(g) U(n).

The Verma module of weight X is the U(g)-module M (X) :=U(g)/J(N). Let vy € M(X) be the class of the
element 1 €U(g).
Observe that
Hol = (H - (H))vi + \(H)vy = AX(H)vy, X} =0.

Hence v} is an element of weight A and, via the PBW Theorem, the module M () is K —generated by elements
Yoi, with Y et/ (n”). Then
H M()\) c A-No*

and M () has only weights < A\. Hence M ()) is a highest A-weight module generated by the vector v§, in
particular by the Proposition M(X) € O. The Verma module M () has a unique maximal sub-module
N(X) ¢ M()\) and a unique simple quotient L(A) = M (A)/N(X). Moreover the Verma module is a “universal”

highest A-weight module in the following sense:
Lemma B.3.6. If V is a highest A—weight module generated by v*, then V is a quotient of M(\).

Proof. Let ¢ : U(g) - V be the U(g)-linear map sending 1 to v*. This map is surjective since V is
U(g)—generated by v*. Moreover the U(g)-generators of J(A) are sent to 0:

©o(H-XNH)1)=Huv"-XH)v" =0, ¢(X)=X0"=0.
Hence p(J(A)) =0 and there is a surjective U (g)-linear morphism M(\) - V. O
Proposition B.3.7. IfV € O is simple, then V = L()\) for some A€ hY. Moreover for any A, p€h”
dim g Homy(g) (L(p), L(N)) = 6.

The simple module L()\) is finite K-dimensional if and only if < X\, a > N for all o € ®*. This is the case if
and only if
dimg L(A), =dimg L(A)w, forall peb’, weW.

Proof. See Theorem §1.3 and §1.6 in [Hum72b]. O

Let V be any finite K-dimensional g-module V' that splits over K, i.e. V = @yepvV; then V € O.
Moreover up to extending the scalars all the finite dimensional g—modules split, then this Proposition gives
a way in order to characterize all the finite dimensional irreducible representations of g.

Another way in order to build the Verma module M (A) is the following. Let K be the 1-dimensional

representation of b given by the character A:
b=hon-h3 K =gl(K).
Then K is a U (b)-module and one can define
M'(X) =U(g) @) Kx.

It is easy to verify that also M’()\) satisfies the universal property [B.3.6] hence M’(\) = M ().
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B.3.3 The central character

Let V be a highest A-weight U(g)-module generated by v* € V). Let Z € Z(g), then for any H € b
H.Zv'=Z Hot=\H)Zv".
Hence Z.v* € V), but dimg V), = 1, then there is x»(Z) € K s.t. Zv* = xx(Z)v". Observe that the map
xx:Z(g) > K

is a K-algebra morphism. Since each highest weight module is a quotient of the Verma module, one gets
that the character y, actually does depend only on A and not on the representation V. Moreover since each
highest weight vector is U(g)-generated by a single vector v*, we get that the center Z(g) acts via x on the
whole space, i.e. for each v € V there is X eU(g) s.t. v=X.v* and

Zv=2Xv"'=X.Zv" = Xx\(2)vy = x2(2).

One could ask when x» = x,, for some X, € h¥. The dot action of the Weyl group gives us a partial answer.
Let we W,

1
w-p=w(p+p)-p and pi=g >
aedt
Two weights A\, u € b are said to be linked if w- A = u for some w e W
Lemma B.3.8. A\, uehY are linked if and only if xx = X,-
Proof. Look at Theorem §1.10 in [Hum72b] or Proposition 8.5 in [BGGT5]. O

The idea now is that any V' € O could be written as V' = @ ¢pv VX* where VX* is the generalized eigenspace

of x. More precisely:
Definition B.3.9. For any U(g)-module V and for any K-algebra morphism x : Z(g) - K,
VX:={veV| foreach Z € Z(g), 3neN s.t. (Z-x(Z))".v=0}.

Let O, be the full sub-category of O of all the objects V € O s.t. V =VX,

Proposition B.3.10. O = @, O, where x varies in Homg_ 14 (Z2(g),K). Moreover in the coproduct there
are only the x of the form x for some X € hY.

For any X € hY there is an exact projection functor
Tyr 1V EO VX O, .
Proof. See Proposition §1.12 in [Hum?72b|] or Proposition 8.5 in [BGGT5|. O

Observe that any highest A-weight module V is in O,,.

B.4 The BGG resolution

Fix A e h¥ s.t. < A\ a > N for each a € ®*. In this Section we will describe the BGG resolution of the
U(g)-module L(A). We skip the proofs that one can find in [BGGT75] or in [Hum72b].
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The BGG resolution is an exact sequence
Om d2 o1
0-Cp > Cpr... > C1 >y (BGG)

with Coker(d1) = L(A), Ck = ® e M(w-A) and m = dimg n.
The importance of this resolution is that each Cj, is a free U (n~)—module, hence it is a projective resolution
of L(\) as U(g/b)-modules.

B.4.1 Case \=0

Let k € N, we consider the b-module A% g/b, where the action on the elementary tensors is given by the

Leibnitz rule and the adjoint action:
k
X(X1 /\XQ /\"'/\Xk) = ZXI /\"'/\Xi—l A [X,Xl] /\Xi+1"'/\Xk.
i=1

Observe that if X, X; € b, then [X, X;] € b, then the action is well defined on the quotient. Observe that if
Yi,...,Y,, is a basis of n” = g/b with Y; € g_,, then {Y; A AY] }ig <ip<o<i <m gives a basis of NI
and the element Y; A---AY; has weight — Z?;l ;. Then A% g/b is h-split with weights that are the sum of

distinct roots in ®~. If k = m, then AR g/b is one-dimensional and the only weight is —2p, where

aedt

is the special weight. Let Dy := U(g) ®y () Ak g/b, then
D 2U(g) ®u(o) K20 2 M(=2p); Do =U(g) Su(v) Ko = M(0).

The weak BGG resolution in the A = 0 case is given by the maps (see §6.3 of [Hum72b] or §9 in [BGGTH]):

Oy,

U(g) ®u(oy Nic 8/b U(g) ®u(ey Nic " g/b

X@X A AXpy —m——— Y (D)X o XA AXin.. Xk
~Yraijear (DX @ [Xi, XjJAX A X Ao AXG A A X
and €: D(0) 2 M(0) - L(0). As usual the hat in a product indicates that the term is omitted.

Theorem B.4.1. The sequence

O Oma1 O
0- Dy, 3 Dpy = .. 53 Dy (%)

is an exact sequence of U(g)—modules with Coker(dy) = L(0) wia €.
Proof. See Theorem 9.1 in [BGGT5H) setting a =g and p = b. O

The weak BGG resolution for A = 0 is also called Koszul complex. It is larger than (BGG)), in order
to obtain a smaller resolution one has use the fact that cutting by the central character is an exact functor
that preserves L(0) € O,,.

Definition B.4.2. The BGG resolution of L(0) is m,(*):

0 50711 0 67077,—1 6? 0
0-D,, > D, = ...= D (0-BGG)



80 APPENDIX B. LIE ALGEBRAS AND THE BGG THEORY

where 8} = my, 0y and DY) := DX° = m, Dy,
Theorem B.4.3. There is an isomorphism of U(g)—modules

P M(w-0)=zD}
weW (k)

and the resolution (0-BGG) is of the form for A=0.

B.4.2 General case

Let A e hY s.t. <A, a>eN for each a € ®*. There are two possible ways in order to build the resolution with
respect to the weight A, for more details see §6.2 in [Hum?72a]. We present only one of these two ways.
The weak A-BGG resolution is (0-BGG)®x L(\) and the A-BGG resolution is defined as the projection

on O,, of the weak A-BGG resolution. In formulas let
Cp = (DYex L), 6 = (6 8xidryy) s

then the resolution
S,

A Omoa 8
0-Cp=Cr 1 5 ...=>C) (A-BGG)
is the claimed (BGG):

Theorem B.4.4. There is an isomorphism of U(g)—modules

P Mw-\)=Cp

weW (k)

and the resolution is of the form .

Proof. See Corollary §6.5 in [Hum'72b|] or Theorem 10.1 in [BGGT5]. O

B.4.3 The Lepowsky—Garland Theorem

For a b—module M there is a little modification of the Koszul complex

(u(g) ®u(b) /;\(g/b)) ®s M - M.

Indeed one can consider the complex

(@) suw (M85 At/ 1
where the morphisms are defined using the U (b)-module structure of M:

J
X®Y®X1/\-"/\Xj eLl(g) ®L{(h) (M@S/\(g/b)) =4
S

k j-1
Z(—l)k (Xi.X®Y—X®X7;.Y) ® (X1 Ao ANXic1 AX /\'“/\X]') Eu(g) ®M(b) (M Rs /\(g/b)) .
S

i=1

Lepowsky and Garland in the Proposition 1.7 of |[GL76] give an isomorphism (U(g) ®ui(b) /\g (g/b)) ®s M =
U(9) ®ui(p) (M ®s /\{g (g/b)) and in Proposition 1.9 they say that these isomorphisms induces an isomorphism
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between the exact sequences

(u(w) s Ala/t) o5 1 - M) - (u<g> o) (M o /;\(g/w) . M).

B.5 The Koszul and de Rham complexes

Let G be a reductive semisimple affine group over scheme over K and let g := Lie G. Choose a maximal torus
T and a Borel B in G, let U = U* < B be the unipotent radical. This defines also b := LieT', b := Lie B and
n:=LieU.

Let’s consider the complex (), it is isomorphic as ¢(g/b)-modules to

U(g/b) < U(g/b) ®x 8/b < U(g/b) ®x Nic8/b... < U(g/b) ®x NE 8/b 0

where m = dimg g/b. The isomorphism is a consequence of the PBW Theorem and the fact that we do not
care about the b-action. Observe that if Y7,...,Y,, is a basis of g/b, then U(g/b) = @,enm K Y™ and

k k
Hom g ((U(E/b) ® 4{\9/[’) ; OG/B) = Og/p[[Y]] ®K 4{\(9/[’)V = Oa/8[[2 ey k1] ®06,5 UaysyK-

The dual complex HOI’HK(,Og/B), as written in §9 Remark 2 of [BGGTH|, is the linearized de Rham
complex for Og/p:

OG/B [[Q%G/B)/K]]éoc/s QI(CG/B)/K - OG/B[[Q%G/B)/K]]QAZ)OG/B Q]ggl}B)/K

F D R A e D Y 101 afiév ®Y) AY A AY

Let 7 : G/B — Spec(K), and W be a K-finite dimensional irreducible g-representation, then the dual
WY := Homg (W, K) is an irreducible K —finite dimensional g—representation. Let A be the maximal weight

of WYV. Then we can consider the exact sequences
(A-BGG) c (0-BGG) @ WY c ()@ WY,

All these sequences are quasi-isomorphic and compute the cohomology of WY as g/b—module. Now we can

dualize these complexes, applying Hom g (—, Ogy B) getting the following sequences of Og,p-modules

Ly pyx) @x W = L(Q ¢y py k) ®oc)s W —
Homp ((0-BGG) @ x WY, 0g/5) —» Homg ((A-BGG) @ x WY, 0¢/5)

where W := 7*W. The strategy in Chapter |2|is to recover information of the linearized de Rham complex
L (W ®0c/s QZG/B)/K) via the dual BGG resolution Homg ((A-BGG) ®x WY,0g/5).
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Appendix C

Sheaf with marked sections

C.1 The construction

In this section we would like to resume the vector bundle with marked section (VBMS) construction presented
in [AI21]. We will work with an adic setting, instead of the formal schemes point of view in the original
construction. The two constructions are compatible.

Let X be an adic space over Spa(Qp,Z,) with Z c O% an ideal of definition and n € N such that
INnZy=p"Zy, Let £ be alocally free O%-module of rank 1 < r < 2. Let Spa/X be the category of adic
spaces v : Z - X over X s.t. v*Z c OF is an invertible ideal (locally free and locally generated by one
element). We suppose that X has a formal model X and the sheaf £* is the analytification of a sheaf €.

Let £:= Ox ®01, E*, we associate to the pair (€,£") the following controvariant functor

V(€): (Spa/X) » Ab
(v:Z2->X) ——— Homoy (v°€7,0%) = HY (Z,(v*ET)Y)

Lemma C.1.1. The functor V(&) is representable by an adic space X : the formal vector bundle associated

to (E,E%).
Proof. The space that represents the functor V(&) is
Spa (Syme , (€),Syme (7)) = X,
where the hat means that we have to complete by the topologies induced by the Z-adic topology. Indeed

V(s)("y) = HOm(QZ (7*5+7OZ) = HOmOX (5+77*OZ)
= Homo, (Symo (€7),7:0z) = Homspax (Z,Spa (mox (5)a%ox (£9))-

O

Observe that we can cover X with admissible opens U c X', where gIZ =@, Oyt; and
V(&) =Spa(Oy << X; [1<i<r>>,0f << X; [1<i<r>>).

We denote fe the morphism fe: V(E) > X
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Definition C.1.2. A section s € H? (X,E%/ZEY) is a marked section of £ if locally on X this set could
be completed to an O% /Z-basis of £¥/ZE™.

Observe that if 7 = 1 a marked section is simply a basis of £7/ZE* and if r = 2 a section s € H? (X,E¥/ZEY)

is a marked section if and only if the cokernel of the inclusion
k k
@Ox/1+8i - ®5+/Ig+
i=1 i=1

is a locally free O% /ZO%-module. Let (£*,5s) be a locally free O%-module of rank r with a marked section.
Following the Definition 2.3 in [AI21] we define the following functor:

Vo(€,s): (Spa/X) ——— > Ab
(V:Z2->X) —— {peV(E)(7) | p(y"s) =1}

where p:=p mod v*I: v*EY |V Iy*ET - Oz /v L Oz. Then Vy(E,s) is a sub-functor of V(&).
Lemma C.1.3. The functor Vo(E,s) is representable by an adic space over X.

Proof. One can proceed as in Lemma 2.4 in [AI21], consider the ideal J c %DX/I (€/Z¢€) generated by the
element s —1. Let J c S/yzlo . (€) the pre-image of J. Then the functor (defined in the same way, but on
formal schemes, see loc. cit.) Vo(€&,s) is represented by a sub-variety of the blow up in V(&) with respect
to the ideal J. The functor V(&,s) is represented by the analytification of Vy(&,s).

Locally if SIZ = @i_; Oyt; is a trivialization of £* on U c¢ X' with s = t; mod T and Z;,, = aOy is freely
generated; then

Spa(Oy << Z, X2 >>,00, << Z, X9 >>) > U ifr=2;
Spa (Oy << Z >>,0; << Z >>) - U ifr=1

represents the functor Vo(€,s)),,, the map Vo(€,s1,...,s1),, ¢ V(E)), corresponds to the map

l+aZ 1<i=1
i = .
X2 t=r=2

C.2 Action of the torus on VBMS

We denote with A := Z,[[Z)]] the Twasawa algebra and with W := Spa(Q, ®z, A, A) the weight space defined
over Spa(Q,,Z,). Let
KUY g e Zj > [a] € A = O3, (W)

be the universal weight. Suppose there is a morphism X — W of adic analytic spaces s.t. the restriction at

L+p"Zy = (1+Z)NnZ, of the composition

kuniv

Ly, — Ow(W) — Ox(X)
is an analytic function. Via analycity we can extend this composition to an analytic function

K:1+Z - O%(X).
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Moreover for any map of adic space Z — X one can extend k to the ideal 1 +~v*Z c Oz.

The p-adic analytic torus over X" is the adic space 7 that associates to a map v: Z - X of adic spaces
s.t. v*Z is an invertible ideal; the ideal T () := 1 +~*Z. Observe that 7 acts on the functor V(&). For any
~ as before, a € T(y) and p € V(&), the action is given by the multiplication a * p = ap. Observe that if
peVo(E,s), then axp(s) =ap(s) = p(s) = 1; hence the action of T on V(&) extends to an action on Vo (&, s).
The induced action on fg .Oy(gy locally is given by

RY << X;|1<ig<r> 2= R << X;|1<i<r>>

[ > f(aX)
and on fg 0.+ Oy,(g,s)
R <<Z> 25 RtV << Z>> R << Z,Xy>> X5 R << Z, X5 >>
f'—>f(aZ+‘%1), f'—>f(az+%,aX2),

where %1 € Oy is well defined since Zy is a free Oy-module generated by « and a — 1 € Z;y. The action

extends the previous one since aZ = X — 1:

a-1

a*aZ:oz(aZ-k ):aozZ+a—1:aX1—1:a>+(X1—l).

[0

In a less precise way we can deduce the action from the following (not rigorous) equality

X;-1 X;-1 -1
axZ=ax 2t = 241 —aZ+ 0
@ @ Q@

C.3 Filtration associated to VBMS

Let £* be a rank 2 locally free O%-module with a marked section s € HO(X,E%/Z £7). Let F* c £ alocally
free sub-module of rank 1 with the property that {s} is a basis of F*/ZF*. Observe that on fg/}-7*(9§,(£/f> =

Syme+ (€7/F7) there is an increasing filtration given by Symé}i (E*/F*), moreover the inclusion V(E/F) <
X
Vo(€,s) induces a map fg,o’*O{;O(g 5 fg/7:7*(’){](5/}.) and the pre-image of the increasing filtration on

fg/f7*(9{,(g/}-) gives an increasing filtration on fS,O,*OQIO(g,S)

Proposition C.3.1. There are two compatible increasing filtrations Fil.fgyo,*(){}o(g s and F'ils fe 0+ Oy, ()
with graded pieces

Grife0.+0%, (e.0) = [7.0:0%, (5.0 @0t Sym" (ET[F")
Grife0+O0vy(,s) 2 [7,0,+Ovy(F,s) ®Ox Sym" (€] F).

Moreover if Spa(R,R*) =U c X is an open where F* has a basis {e} lifting the basis {s}, if E* has a basis
{e, f} and T is freely generated by an element, then

fs,o,*O\*,o(g’s)(L{) =R" << Z)Y >>» R* << Y >>= fg/g*(?{,(g/f)(U)
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and the filtration is given by the polynomial degree in'Y, i.e.
Fily fe,0.+0%,.0U) = BT << Z,Y >>dev<h,

And it holds the analogue statement for the filtration on fe 0+Ovy,(g,s)-

Via the functoriality of V, Vi and via the explicit descriptions one gets a diagram

V(EJF) —— Vy(&,s) —— V(&)

| |

Vo(F,s) — V(F) —— X

The two closed inclusions of V(E/F) in Vo(&, s) and V(&) induce an action on them. Observe that this action
is trivial over Vo (F,s) and V(F). Moreover locally, where there is a splitting of the sequence F c & - £/F,
one has that

V(&) 2 V(F) xx V(EIF), Vo(&,5)2Vo(F,s)xx V(EIF).

hence V(&) is a V(&/F)-torsor over V(F) and Vy(&,s) is a V(E/F)-torsor over Vo(F,s).

C.4 Connection associated to VBMS

Let m: X - S = Spa(A, A"), where A = A*[%] and A" is a Z,-algebra 7T-adically completed and separated,
where 7 € A*. Suppose that X — Spf(A*) is a morphism of finite type and X has the T-topology. Suppose
that there is an integrable connection V on the sheaf & over the formal model X of X. Suppose that the

section s is horizontal w.r.t. the connection V, i.e.
V(s):=(V modZ)(s)=0.

Then in §2.4 in [AI21] it is described how to extend the connection to two compatible connections on
f@*OV(@)[%] c f@#OVO(@}S)[%]. We denote with V' and Vo the corresponding connections on fg .Oyg) €

fﬁ',*OVO(S,s)-

Proposition C.4.1. With the assumptions as before, suppose that § c € is a locally free Ox-module of rank
1 s.t. the marked sections form an Ox[ZOx-basis for the sheaf F/IF. Let V be an integrable connection on
& s.t. the marked sections are horizontal w.r.t. V.

Then the connection V could be extended canonically on the two sheaves fe Oy(ey and fe 0,+Ovyy(g.s), i-€-

there exist V',V s.t. the following diagram is commutative:

g ——T s £ ooy, Vs

| |

v’ A
fe O3y — f&*O{r/(g)@O}Qic/s

| |

+ Vo + S 1
Je.0:05 ey — fe050%,(,5)®04 Qx/s

Moreover the connection Vg satisfies the Griffith’s transversality property w.r.t. the filtration Fils fe 0.« Oy, (g, s)-
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The induced map gr;, (Vo) that makes the following diagram commute

grp (Vo) .
Grife,040%) 8,0y~ Grni1fz.0.05 s,y ®0t Vn/s

g7} (Vo)
f]:yo,*OQO(}-’S) ®0 5 Symg)} (5*‘/]—'*—) L> f]’yOy*O\to(}‘,s) ®045( Symg; (E+/_’F+>

is Symg,  (E/F)-linear.

The Proposition is proved for the formal schemes in loc. cit., and we are taking the analytification. We

want to resume the local description of the maps in the Proposition.

If £* is trivialized on Spa(R, R*) =U c X by e1, e, let’s denote with w ; € Q}%/A s.t.
Ves=€1®uws1+ea®uwso for s=1,2..

Then the connection is extended on ( fg,*O{/( 5))‘ by the Leibnitz rule and
u

R* << X1, X3 >> —— R* << X1, X5 >> ®pe Q}%/A
X ———— X, ® ws,1 + X5 ® ws,2

Let €], e5 be another O% basis of £* on U, in order to see that the definition of the connection on (fg7*(9§,(5) )lu

does not depend on the basis of £*, let A = (as,)1<s,i<2 be the matrix s.t. Ae=¢’. Then
2 2 (2
Ve; =V Z At s€s = Z (Z at,s€; ®ws,i) tes®dags
s=1 s=1 \i=1
Let’s denote X := Z?:l at,s X s, then
2 2 /2
V,Xt, = V’ Z at’sXS = Z (Z at,SXi ®w377;) + Xs ®dat,s~

s=1 s=1 \i=1

Hence the definition of V' does not depend on the choice of the basis and it glues.

Now we explain how to extend V also to fg70,,.0§}0(£ s Let € be as before with s € HO(X,ET]TEY)
marked section. We require that the marked section is horizontal with respect to the connection V = V
mod Z. Let ey, ez be a basis on Spf(R, R*) =U c X' s.t. s =e; mod T and let « be a generator of Z;,,. Then

Yiqae;®y,; s=1
ves = )
Yi1€i®wa; §=2

observe that a7y, ; = wi,;. We can define Vo on U via the Leibnitz rule and via
+ Vo (U), + 5 1
R << Z, Xo>> —— R << Z,X2>> ®p+ QR/A
L 2071+ X2®M1,2

Xor——— (aZ+1)Qwa + Xo®wa 2
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In order to define VoZ we used:
VX1 =V (X1-1)=Vo(aZ)=aVoZ+Z&da,
but da=0¢ Q}%/A. Indeed p" = o" for some r’ € N, since p € R* then also « and 7’ are invertible in R and
0=dp" =d(a”) =r'a" da.

If there is a subsheaf F c £ as in then the connection Vg satisfies Griffith’s transversality property with
respect to the filtration Fil, fe 0.+ Oy, (g,s), -

Vo (Filn fe.0.-0%,(e.5)) € Filhs1 fe.0.+0%, (.00t Qs

Indeed the degree on X5 could increase at most by 1. The morphisms V(i) glue on X. Since V satisfies the
Griffith’s transversality property, it induces a morphism on the graded pieces, the fact that the map gr}, (Vo)

is Sym*(€/F)-linear follows: via induction; via the local explicit computations and via the Leibnitz rule.

C.5 The sheaf W, (&, 5s)

Let kK :1+Z — O% be as in We defined a T-action on the functors Vo(&,s) c V(E). Observe that
the 1 + Z-action on the polynomials of a certain degree d € N is the multiplication by the power to the d: if
feR<<X;|1<i<r>>%9x"4 and gel +7,,, then a * f =af. Hence if kg:1+7 — O% is the map defined

by kq(a) := a?, then

Sym%} E"  fenOygylkal = {f € fe +Ofey | a* f=ra(a)f, for all ae (1+1)}.

This idea gives us a way in order to build a family of sheaves that interpolate the symmetric powers.

Let k:1+Z — O% as before. For a sheaf £ with a marked section we define the sheaf

We = fe0.Ove,s)[6] ={f € fe0+Ove,s)|ax f=k(a)f, forallael+T}.

We denote Wz := fE,O,*OQI(g,s)[K]'

The morphism k is analytic, then there is t € Oy s.t.
#(a) = exp(tlog(a)) =ta’ for each a € 1+Z.

Hence we can define, locally on X, where the ideal Z is generated by a single element «, the power series
Xt:=k(X):=k(l+aZ) e R* << Z >>. For any u € O} we can define the character k, that is the power to
u, i.e.

Ky il+Z —— Op

a — > exp (ulog(a)) = a"

This character converges Z-adically since log is well defined on 1+ Z, moreover log(1+Z) € Z and exp is well
defined on Z. Observe that X*™% = Xt X%, In particular one has that X ™ € R* << Z >> is well defined for

any n e N.

Example C.5.1. Ifr=k=1, then Wg .., = E®¢ for any d € N and if k is not a N-power one gets that We
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18 locally free of rank 1 locally generated by the power series
X'i= k(X)) = k(1 +aZ) = exp(t log(aZ)).
Where exp and log are the well-known power series and t € Oy s.t.
k(a) = exp(tlog(a)) forany ael+Z.

The idea is that, thanks to the change of variable X1 = 1 +«aZ we can define a p-adic power of X1 as a power

series that does not converge in X1 but it does in Z.

Proof. The fact that a » X' = (aX)' = k(a) X" is true by definition of X*. We want to show that X' locally

generates the whole module W¢ .. The point is to show that
R<<Z>>*"={feR<<Z>|axf=fforallael+aR"}=R.

Once this equality is proven then for any f € R << Z >> with a x f = k(a)f, then f/X' = fX ' e R <<
Z >>*7"= R hence f e R X*.

Let f e R << Z >>*7" for any x € 1 + T we have that f(z) =z * f(1) = f(1) and f is constant, hence
feR. O

Example C.5.2. If k=1<r =2, then FilgWg ., = Symdé' and if k is not a N-power Wg ,. is an infinite

dimensional Ox-module with an increasing filtration locally isomorphic to

X2

H(Xl)R<<X )) cR<< Z,Xo>>.

1
In order to simplify the notation, in this case we denote X := X1, Y := X5 and V := Xo/X;.

Proof. The proof is similar to the one for the r =1 case, with the difference that
R<<Z)Y >>* =R << Y/X >>= R<<V >>.

Indeed if f € R<< Z,Y >>*74 then f(x,y) = % * f(x,y) = f(1,2) forany x € 1 +Z and y € Ox. O
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