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Abstract

This Ph.D. thesis investigates the Schrödinger-Poisson system as a model for dark matter dynam-
ics, conceived as an aggregate of self-gravitating particles. The dark matter density distribution is
represented by the squared modulus of a matter field, while the self-interactions are described by
a gravitational field. The two components evolve in a coupled manner: the matter field accord-
ing to a Schrödinger equation, and the gravitational potential according to Poisson dynamics. The
model is applied to dark matter halos in galaxies, describing both their dynamics and equilibrium
configurations. It also provides predictions for rotation curves, which represent the most significant
observational data in this context.

Specifically, this thesis explores the connection between the Schrödinger-Poisson system and estab-
lished physical theories, showing how it can equivalently emerge from different foundational assump-
tions. A heuristic approach to the problem is presented, illustrating how general physical hypotheses
about the nature of dark matter naturally lead to the identification of the mathematical structure
of the problem, suggesting characteristic parameters and rescalings needed to express the system in
dimensionless form.

Through numerical calculations, the structure of spherically symmetric stationary states of the
system is systematically analyzed, and a set of heuristic laws is identified that describe how their
fundamental features depend on the excitation index. The same analysis is extended to the rotation
curves predicted from the stationary states. The relevance of these heuristic laws for model applica-
tions is demonstrated through the construction of fits to experimental rotation curves. In particular,
it is shown how the presence of these laws facilitates the fitting process by significantly reducing the
required computational effort.

A possible relativistic extension of the model, the Klein-Gordon–Wave system, is then addressed.
The typical regimes of this system are described, and it is shown how in the low-energy limit and
weak field limit it reduces to the previously described Schrödinger-Poisson system. The connection
between the two models is formalized through perturbative techniques typical of Hamiltonian sys-
tems, showing how the Schrödinger-Poisson system emerges from the first-order truncation of the
Hamiltonian normal form of the Klein-Gordon–Wave problem.

Finally, the thesis concludes with some observations on the stability of the Schrödinger-Poisson
and Klein-Gordon–Wave systems. The challenges arising from nonlinearity are highlighted, and the
linearized version of the perturbed Klein-Gordon–Wave system is examined both analytically and
numerically, showing that its stationary states exhibit spectral instability.
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Chapter 1

Introduction

The underlying problem that motivates this thesis is one of the most compelling in modern astro-
physics: dark matter. This type of matter interacts gravitationally but remains inert with respect to
electromagnetic interactions, making direct observation through telescopes impossible. The informa-
tion we possess regarding its presence and the aggregates it forms is therefore entirely indirect: we
measure the effects of gravitational attraction that it exerts on ordinary matter and draw inferences
based on these observations. Starting from this limited set of information, heuristic models are hy-
pothesized to describe the dynamics of dark matter: how it distributes in space, under which regimes
it forms aggregates, and which of these configurations are stable. These models must simultaneously
be consistent with fundamental physics principles by finding their place within recognized theories,
while providing plausible predictions of experimental physical data. The result is often models with
clear physical interpretation and good predictive power, but whose mathematical properties are only
partially known. This opens extensive avenues for research, often complicated by the nonlineari-
ties typical of the problem and therefore developed in parallel using both analytical and numerical
techniques.

In this thesis, we focus on a particular class of dark matter aggregates, those identified on galactic
scale, and on a specific mathematical model used to describe them, the Schrödinger-Poisson model.
The research we propose develops around this system, interweaving its physical and mathematical
aspects and employing different approaches, both numerical and analytical. Rather than focusing on
a single aspect of the problem, our contribution develops on multiple fronts, proposing a series of
advances that can serve as a foundation for more targeted and specific future developments.

In this introduction, we provide a general overview of the problem, highlighting the open questions
that characterize it and that have guided our research. We hope to clarify the holistic mindset with
which we have approached the problem, based on a broad, interdisciplinary vision that respects
the various lines of research currently active on this topic. Given the profound connection between
the Schrödinger-Poisson model and the physical application we primarily refer to, we begin with a
brief presentation of the physical context, whose specificities justify the choice of the system under
examination as the base model and allow us to understand its interpretation and structure. We then
move to a more accurate description of the Schrödinger-Poisson system, illustrating its mathematical
structure, the Lagrangian and Hamiltonian formulations, and the symmetries that characterize it.
Finally, we provide a brief overview of the research, illustrating the structure of this thesis, and
highlighting the open questions it addresses and its main results.

1.1 Physical Context: Rotation Curves

The fundamental scenario we consider is that of spiral galaxies. Spiral galaxies, such as the Milky Way,
consist of a flat disk of stars, often endowed with a small central spherical bulge and embedded with
a cloud of interstellar gas and dust. This whole cluster of matter rotates around its center, causing
the flat distribution to form characteristic spiral arms. The rotational velocity of the aggregate can
be measured through telescopic observations: starting from the center and progressing outward, one
can probe the visible galaxy up to beyond its dimension and measure, for each radial position, the
rotational velocity of a test object in orbit, such as a star or a portion of gas. By plotting these
rotational velocities at different radial positions, we obtain the so-called rotation curves, which are a
key experimental measurement in galactic studies.

Given the low velocities involved, predictions for this type of curve are provided by classical
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2 CHAPTER 1. INTRODUCTION

Newtonian physics: the test object is maintained in orbit by a centripetal force, which is given by
the gravitational attraction exerted on the test object by galactic matter:

V (R) =

√︄
G 4π

∫︁ R
0
P (S)S2 dS

R
. (1.1)

where R is the position of the test object, G is the gravitational constant, and the integral M(R) =

4π
∫︁ R
0
P (S)S2 dS is the mass contained in a sphere of radius R, expressed in terms of the spherically

symmetric matter density distribution P (S). The latter is understood as an effective density, averaged
over angular components to maintain a purely radial dependence. Note that the relationship between
velocity and mass distribution would be more correctly expressed in terms of time averages, which
describe well the physical state of a virialized system. However, in the case of quasi-circular orbits it
is possible to remove the averages and write the relationship as in (1.1).

Thus, according to this description, the velocity of a test object is completely predictable given the
density distribution P (S) of matter content in the galaxy. The latter can be estimated experimentally
by collecting luminosity measurements through telescopic observations and converting them, up to
proportionality constants, into measurements of the amount of visible mass in the galaxy. Using these
estimates, one can therefore provide a prediction for the rotation curve of each galaxy. In the case of
spiral galaxies, on which we focus, the measured densities have a finite central density and a finite
extent, mathematically represented by P (0) < ∞ and by a long-range decay for P (R) faster than
R−3. This results in a predicted velocity that is approximately linear in the short range, and with a
Keplerian decay V (R) ∼ R−1/2 beyond the finite extent of the matter distribution.

Curiously, in all observed galaxies the rotation curve predicted from luminosity data is strongly
incongruent with the experimental curve, which extends to much larger radial positions before showing
the Keplerian decline, often not even reached by the measurements. See Figure 1.1 for an example,
taken from Salucci [128]. The most natural explanation for this incongruence is the presence of
a large quantity of mass not detected by luminosity observations because it lacks electromagnetic
interactions: dark matter.

Figure 1.1: Observed rotation curve (yellow and blue data) compared to physical prediction (dashed
line). Figure from Salucci [128].

The systematic measurement of these rotation curves has provided the first heuristic observations
on its nature, exposed in the brilliant pioneering work of Burstein and Rubin [33]. First, “The
dark matter is clumped around galaxies and is not just an extension of the background matter of the
universe” [33]. This suggests that it is reasonable to restrict ourselves to the galactic scale and study
a localized model, centered around the visible matter. Second, “The dark matter is less centrally
concentrated than the luminous matter” [33], suggesting that in the central zone of the galaxy the
luminous matter is relevant in determining the profile of the curves, while dark matter becomes
dominant for larger radial positions. With the exception of the central region, it therefore becomes
reasonable to neglect the contribution of visible matter as a first approximation and study a model for
dark matter alone. Third, “Rotation curve forms are similar for spirals of very different morphologies,
from which we infer that the distribution of the dark matter is independent of galaxy type” [33]. It
follows that the model describing it must be unique for all galaxies, and that dark matter aggregates
on galactic scale have a universal character.

These observations have guided the identification of the fundamental characteristics of the system
under examination: an aggregate of non-visible particles, inert with respect to electromagnetic forces,
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which aggregate by gravity and form galactic-scale structures, incorporating visible matter at the
center and having a universal structure independent of the specific galaxy under analysis.

Based on these assumptions, a wide variety of models have been defined to describe the dynamics
of dark matter, trading off between a connection with established physical theories and the need to
obtain consistent predictions for rotation curves. In the broad landscape of theories that emerged
in this context, in this thesis we focus on one of the most successful, the Scalar Field Dark Matter
model, according to which dark matter consists of ultralight bosonic particles with masses of the order
of 10−24 eV (10−57 g), clustered in the same fundamental state at minimum energy in a so-called
Bose-Einstein condensate. The mathematical description of this system involves a scalar matter field,
whose squared modulus represents the density distribution of dark matter particles, and a coupled
gravitational potential field, which acts on the particles and whose dynamics is influenced by the
distribution of particles itself. In the limit of low energies and in the non-relativistic regime, this
model reduces to the celebrated Schrödinger-Poisson system, which will be the main object of study
of this thesis.

1.2 Schrödinger-Poisson Model

The Schrödinger-Poisson model describes the dynamics of a particle density distribution |ψ|2(t, x)
under self-gravity. Formally, it defines the evolution of the complex-valued scalar matter field ψ(t, x)
via the Schrödinger equation, subjected to the real-valued scalar gravitational potential ϕ(t, x). The
gravitational potential, in turn, satisfies the Poisson equation, with |ψ|2(t, x) as the source term,
realizing the coupling. Additional external sources ρ(x) may optionally be considered, in view of
physical applications. In non-dimensional units, and assuming x ∈ R3 for physical reasons, the
Schrödinger-Poisson model reads: {︄

i∂tψ = −∆
2 ψ + ϕψ

∆ϕ = |ψ|2 + ρ
. (1.2)

To avoid handling numerical factors in the denominator, we can consider an alternative formulation
of system (1.2), equivalent and widely used, which is obtained by rescaling the time t → 2t. This
yields: {︄

i∂tψ(t, x) = (−∆+ 2ϕ(t, x))ψ(t, x)

∆ϕ(t, x) = |ψ|2(t, x) + ρ(x)
. (1.3)

We will use the first formulation (1.2) in the study of the Lagrangian and Hamiltonian structure of
the system, while in the work on stationary states we will refer to formulation (1.3).

Lagrangian Formulation

This system admits a Lagrangian formulation. Let ψt ≡ ∂tψ and ψxj ≡ ∂xjψ for j = 1, 2, 3 denote
the partial derivatives with respect to the time t and space coordinates x ≡ (x1, x2, x3) ∈ R3. The
appropriate Lagrangian density is the following functional of the fields ψ, ψ∗, ϕ and their partial
derivatives:

L ≡ i

2
(ψ∗ψt − ψψ∗

t )−
1

2
|∇ψ|2 − 1

2
|∇ϕ|2 − ϕ|ψ|2 − ρϕ . (1.4)

The associated action functional is S =
∫︁

L d3x dt. To derive the equations of motion, we apply the
principle of stationary action δS = 0, namely we look for the functions ψ, ϕ that let the differential of
the action δS vanish for any increment δψ and δϕ. These critical points of the action are characterized
as the solutions of the following Euler-Lagrange equations:

∂L

∂ψ∗ −
3∑︂
j=1

∂

∂xj

∂L

∂ψ∗
xj

− ∂

∂t

∂L

∂ψ∗
t

= 0 ,

∂L

∂ϕ
−

3∑︂
j=1

∂

∂xj

∂L

∂ϕxj
− ∂

∂t

∂L

∂ϕt
= 0 ,

which, assuming that ϕ depends on time only through ψ, coincide exactly with the Schrödinger-
Poisson system (1.2).
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Symmetries and Conserved Quantities

The Schrödinger-Poisson system (1.2) exhibits four fundamental symmetries. Its Lagrangian density
(1.4) is invariant under three transformations involving space and time coordinates: time translation
t→ t+ s, for any s ∈ R; space translation x→ x+ y for any y ∈ R3; and space rotation x→ Ax, for
any A ∈ SO(3). The problem is also invariant under the gauge transformation of the field: ψ → eiαψ
for any α ∈ R.

According to Noether’s theorem, each symmetry corresponds to a conservation law. The Schrödinger-
Poisson dynamics thus preserves the following quantities: the energy functional, associated with time
translation

H =

∫︂ [︃
|∇ψ|2

2
+

|∇ϕ|2

2
+ |ψ|2ϕ+ ρϕ

]︃
d3x , (1.5)

the total momentum, associated with space translation

P =

∫︂
i

2
(ψ∗∇ψ − ψ∇ψ∗) d3x ,

the angular momentum, associated with space rotation

L =

∫︂
x ∧ i

2
(ψ∗∇ψ − ψ∇ψ∗) d3x ,

and finally the particle number, associated with the gauge symmetry:

N =

∫︂
|ψ|2 d3x .

In addition, as first noted by Lieb [100], the Schrödinger-Poisson system (1.2) is invariant under
scaling:

x̃ = N−1x , t̃ = N−1t , ψ̃ = N2ψ , ϕ̃ = N2ϕ . (1.6)

This scaling preserves the equations (1.2), while modifying the Lagrangian, so that the transformed
functions ψ̃, ϕ̃ still solve the Schrödinger-Poisson problem but with different values of the constants
of motion. For example, the number of particles in the transformed variables is scaled by a factor N :∫︂

R3

|ψ̃|2(t, x̃) d3x̃ = N

∫︂
R3

|ψ|2(t, x) d3x . (1.7)

Hamiltonian Formulation

The Schrödinger-Poisson system (1.2) also admits a Hamiltonian formulation. To cast the system in
Hamiltonian normal form, let us treat ψ and ψ∗ as canonical conjugate variables, with the Poisson
bracket:

{F,G} =
1

i

∫︂ (︃
δF

δψ

δG

δψ∗ − δF

δψ∗
δG

δψ

)︃
d3x .

The Hamiltonian functional H =
∫︁

H d3x coincides with the conserved energy (1.5) derived from
time translation symmetry, expressed as a function of the conjugate variables ψ and ψ∗ and of the field
ϕ. The resulting Hamilton equations, ∂tψ = {ψ,H} and its complex conjugate, yield the Schrödinger
equation in (1.2). For the real-valued potential ϕ, we consider it as a Lagrange multiplier imposing a
constraint. Letting the functional derivative with respect to ϕ vanish precisely results in the Poisson
equation in (1.2).

Stationary States

Among the fundamental characteristics of a dynamical system we find its stationary states, namely
solutions that do not depend explicitly on time. In the case of the Schrödinger-Poisson system (1.2),
the invariance with respect to the gauge transformation ψ → eiαψ suggests that a solution is defined
up to a phase. It is therefore useful to extend the definition of stationary state by admitting the
possibility of an oscillating phase in time, that is, considering steady state solutions of the form
(eiεtf(x), ϕ(x)), with ε an energy parameter and f(x) a real-valued field. This choice is typical of
problems subject to gauge invariance, particularly those of Schrödinger type. In this case, even though



1.3. OUTLINE OF THE RESEARCH 5

the field oscillates in time, the matter density |ψ|2 is independent of it, thus resulting in a stationary
quantity. Solutions in this form solve the following stationary Schrödinger-Poisson problem, obtained
from formulation (1.3): ⎧⎪⎨⎪⎩

∆f = (ε+ 2ϕ)f

∆ϕ = f2∫︁
R3 f

2(x) d3x = 1

. (1.8)

In the definition we have included a choice for the L2(R3) norm of the matter field f , necessary to
uniquely identify a specific stationary state. Indeed, due to invariance under transformations (1.6),
for every stationary state solving (1.8) with a unitary norm of the matter field there exists an infinite
family of solutions, obtained through transformations (1.6), which solve the same problem with norm
N , thus introducing the need to declare the norm to avoid ambiguity.

Solving the Poisson equation in problem (1.8) and substituting in the equation for f(x) results in
the so-called Choquard equation:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∆f +
1

2π

(︃∫︂
R3

f2(y)

|x− y|
d3y

)︃
f = εf (1.9a)

ϕ = − 1

4π

∫︂
R3

f2(y)

|x− y|
d3y . (1.9b)∫︂

R3

f2(x) d3x = 1 (1.9c)

The Choquard equation (1.9a) is a nonlinear eigenvalue problem, with ε representing the eigenvalue,
f(x) the eigenfunction, and where the nonlinearity is due to coupling with the Poisson equation. The
associated potential ϕ(x), defined by (1.9b), will be referred to as the eigenpotential. Most works
in the literature on the stationary Schrödinger-Poisson problem focus on spherical stationary states,
for which an infinite discrete family of solutions exists [100, 101]: {εn, fn(r), ϕn(r)}∞n=0 with n ∈ N.
Given their strong analogy with the radial eigenfunctions of the hydrogen atom problem [136], these
solutions are often termed “excited”, with n representing the excitation index and n = 0 the “ground”
solution. Even though the nonlinearity of problem (1.9) prevents a spectral decomposition, making
this terminology slightly inappropriate, we follow a common approach (see e.g. [58, 71, 73]) and use
it freely in the thesis.

Stability

Once the stationary states have been identified, it is fundamental to study their stability to understand
which configurations are preserved by the dynamics and from which instead the system moves away. In
the case of the Schrödinger-Poisson system, the problem of stability of stationary states is particularly
difficult to treat. The main issue stems from the nonlinearity of the problem, caused by the coupling
between the matter field and the gravitational field. It makes the application of the main analytical
strategies for stability studies rather difficult, and most works on this topic are therefore developed
with numerical techniques. These studies, repeated with increasingly refined techniques and extended
also to non-spherically symmetric cases, suggest that the excited eigenstates of the Schrödinger-
Poisson system are unstable and tend to expel mass until falling back to the ground state, which is
instead considered stable. This phenomenon is known as gravitational cooling [66].

1.3 Outline of the Research

In this section, we summarize the main content of the thesis, focused on the study of the Schrödinger-
Poisson system. This presentation aims to guide the reader through the work, exposing the main
open problems that have guided our research and reporting the main results obtained. As already
mentioned, the work develops on several fronts, deepening novel aspects and laying the foundations
for future developments.

Schrödinger-Poisson: physical foundations

The mathematical study of the Schrödinger-Poisson system can develop completely independently of
its physical interpretation. However, we believe that it is important to have a complete understanding
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of the underlying physical problem, for a dual motivation. On the one hand, the interest of the
scientific community for this system has always been strongly linked to its physical applications,
which go well beyond its use in the context of dark matter. It follows that an understanding of the
main physical arguments associated with this system facilitates its study, allowing one to fully grasp
the most relevant works that have historically laid its foundations. On the other hand, the interest
of the physics community for this system is still strong, making it a current problem not only in
the context of dark matter but also on other fronts, such as the investigation of quantum theory
foundations [43, 120, 119] or studies of optomechanics [60, 21], Bose-Einstein condensates [55, 108],
non-linear optics [113] and much more [117]. This vivid interest guides the need to deepen some
aspects of the problem, including mathematical ones. Mathematical research can therefore serve
these demands, clarifying key aspects and providing broader and more solid knowledge to support a
deep understanding of the physical world.

It is for these reasons that we dedicate Chapter 2 of this thesis to clarifying the physical foundation
of the Schrödinger-Poisson system. As a description of quantum matter interacting through gravity,
the model is strictly related to the two main established physical theories – general relativity and
quantum physics – and is affected by the deep discussions concerning their irreconcilability. Briefly
reporting the necessary basic notions, we clarify how the system connects to these two theories, and
how it emerges invariably, in the limit of low energies and weak gravitational field, starting from very
different points of view – both with a quantum gravity approach and with a semiclassical gravity one.
Despite obtaining the same system (1.2), the underlying physical interpretation and the relationship
with the fundamental systems of which the Schrödinger-Poisson is the effective approximation changes
notably with the adopted approach.

Illustrating this complex landscape allows one to understand more deeply the model for galactic
dark matter we study in this thesis – the Scalar Field Dark Matter model, reducing in specific limits to
the Schrödinger-Poisson system. In particular, in Chapter 2 we show how few reasonable and rather
general physical assumptions – dark matter particles are quantum bosons in a virialized, completely
condensed cluster – allow us to derive the typical quantities of the problem, obtaining directly the
non-dimensional version of the problem and deriving the fundamental parameters that govern its
regime. In particular, in the case of the many-body Schrödinger-Poisson problem our approach
rigorously justifies the standard scaling of the interaction term by the total number of particles,
demonstrating that such scaling arises naturally from the underlying physical principles. Moreover,
a governing parameter µ2 is identified, which ensures that the system’s energy is compatible with the
non-relativistic regime. This parameter will have an important role in Chapter 5, where we study
a relativistic extension of the Schrödinger-Poisson system. Our analysis, which we propose with a
personal point of view, shows the strong connection between physical assumptions and mathematical
structure, allowing one to grasp the deeper motivations that underlie the definition of the model.

Schrödinger-Poisson: numerical characterization of excited eigenstates

A central part of this research, reported in Chapter 3 and in two companion papers Marangon et al.
[104, 103], is dedicated to the analysis of excited spherically symmetric eigenstates {εn, fn(r), ϕn(r)}∞n=0

of the Schrödinger-Poisson system. The state of the art is advanced by providing them with a com-
prehensive numerical characterization: through numerical computation of highly excited eigenstates,
novel heuristic laws are proposed, which describe how their fundamental features scale with the
excitation index n. Key characteristics of the eigenfunctions include: the effective support, which ex-
hibits a parabolic dependence on the excitation index; the distances between adjacent nodes, whose
pattern varies regularly with n; and the oscillation amplitude, which follows a power law with an
exponent approaching −1 for large n. Similar laws are also provided for the eigenpotential. Based on
eigenfunctions, eigenvelocities are conveniently defined, which represent the numerical counterpart of
the experimental rotation curves. They exhibit a mid-range oscillatory region with an average linear
trend, whose slope approaches zero in the large n limit; and they are characterized by heuristic scaling
relationships with the excitation index n, revealing an intrinsic universal behavior. The model is then
extended to account for the presence of external sources. Numerical computations are performed,
selecting different external density profiles – exponential, hard-sphere and truncated Plummer – and
letting their parameters vary to observe their effect on the computed eigenstates.

Schrödinger-Poisson: fit of excited eigenstates to SPARC data

In Chapter 4, we address an important aspect for the study of any physical model: its validation
against experimental data. In the case of the Schrödinger-Poisson model, and particularly regarding
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its excited eigenstates, validation against experimental rotation curves is a rather delicate matter.
Indeed, given the numerical evidence of their instability, the direct use of excited eigenstates to
describe galactic dark matter configurations is currently disfavored, while more complex combinations
that include, for example, multimodal states or rotational or temperature effects are preferred.

Without delving into the various modifications proposed by the scientific community, whose study
would merit dedicated work that goes beyond our mathematical objectives, we maintain our focus
on the excited eigenstates of Schrödinger-Poisson and adopt a slightly different point of view. Rather
than aiming to obtain reliable information on the physical parameters involved, which is difficult in
our case for the reasons outlined above, we perform a model fit to the experimental data with the
purpose of demonstrating the role of the mathematical structure of eigenstates in a fitting procedure.

The scaling laws derived in Chapter 3, in fact, play a fundamental role in model fitting procedures,
significantly optimizing parameter space exploration and thereby enhancing computational efficiency.
The main problem they solve is that of testing different combinations of free parameters in an im-
plicit model, where calculating a prediction requires the numerical solution of a system rather than
the simple evaluation of an expression. The detailed knowledge that these laws provide allows for
an advance estimation of some of the free parameters, based only on appropriate experimental refer-
ences and considerably limiting the parameter space to be tested, which results in a largely reduced
computational effort.

The methodology is successfully implemented in the fitting process of two sample rotation curves
from the SPARC database [94], concerning galaxies with and without bulge and accounting for the
presence of external sources. This process demonstrates how knowledge of the mathematical structure
underlying a problem considerably facilitates comparison with experimental data.

Beyond Schrödinger-Poisson: the Klein-Gordon–Wave model

The Schrödinger-Poisson system, obtained in the weak-field and low-energies limit, is completely non-
relativistic. Aiming to generalize the system in a relativistic framework, we introduce a new model
that maintains the effective nature and simple mathematical structure of the Schrödinger-Poisson
system but is Lorentz invariant, thus being compatible with a special-relativity context.

The system we analyze is a Klein-Gordon–Wave model, in which the matter field u(t, x) satisfies
a Klein-Gordon equation while the gravitational field ϕ(t, x) solves a wave equation, maintaining a
Hamiltonian structure and minimal coupling similar to that of the Schrödinger-Poisson system:{︄

□u = (µ2 + 2ϕ)u

□ϕ = u2
.

In Chapter 5, we study this new model in detail, analyzing its fundamental properties in analogy
to what was observed for the Schrödinger-Poisson system and identifying the regimes in which it op-
erates. We find that the main parameter µ2 governing the system dynamics is the same characteristic
parameter identified in Chapter 2 for the Schrödinger-Poisson system, associated with the system’s
energy and depending on the mass and number of particles in the cluster. In the case of small clus-
ters with massive particles, a relativistic regime is observed, potentially leading to the formation of
stationary states. This regime is compatible with the characteristic scales of primordial black holes,
a prominent candidate for dark matter.

Conversely, for large clusters with ultralight particles at typical galactic scales, the Klein-Gordon–
Wave model reduces approximately to a Schrödinger-Wave system, exhibiting dynamics similar to
the Schrödinger-Poisson model and sharing the same stationary states. This similarity is formalized
using perturbative Hamiltonian techniques, which show that a Schrödinger-Wave Hamiltonian can
be obtained as the first-order truncation of the Klein-Gordon–Wave Hamiltonian, with the square
inverse ε ≡ µ−2 of the governing parameter µ2 as the perturbation parameter. The Schrödinger-
Poisson system is further obtained in the ε → 0 limit. This result is non-trivial, since it extends the
standard Normal Form procedure to a case where the unperturbed Hamiltonian has a component
with unbounded flow. This particular condition is handled by adapting the definition of normal form
and the averaging principle procedure used to obtain it.

The study we propose therefore has dual significance: on the one hand, it extends the class of
problems that can be studied with normal form techniques, proposing a new constructive approach;
on the other hand, it offers a new point of view on how the Schrödinger-Poisson system and the
Klein-Gordon–Wave system relate to each other, clarifying how Lorentz covariance is gradually lost
and a conservation law is gained in the approximation process. These results, illustrated in Chapter
5, are also presented in the paper Marangon et al. [102].
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Considerations on stability

The final topic of this research, addressed in Chapter 6, concerns the stability of stationary states.
In the Schrödinger-Poisson case, this problem has been extensively studied, predominantly through
numerical investigations that have long indicated instability for all excited stationary states, with
only the ground state appearing to be stable. In this work, we focus on the Klein-Gordon–Wave
case, for whose stationary states – to the best of our knowledge – no numerical or analytical stability
analysis exists.

Addressing the complete nonlinear stability problem analytically presents considerable challenges.
To illustrate how these difficulties manifest, we provide some preliminary analytical considerations
that demonstrate why a standard approach based on level sets of first integrals for confining the
dynamics fails in our case, thus necessitating less conventional strategies.

Given the difficulty of treating the complete problem, we restrict our investigation by studying
the linearized evolution of perturbations to stationary states, focusing on spectral stability. An
analytical approach suggests that the spectrum of the linearized perturbation problem associated
with each eigenstate – including the ground state – contains at least one unstable eigenmode. We
then further narrow our scope to the radial case to test this result numerically. The negative part
of the spectrum of the radial linear perturbation problem for the n-th eigenstate is computed for
several excitation indices n. Our calculations reveal that it includes n+ 1 unstable eigenmodes, and
we visualize both the eigenvalues and the profiles of the corresponding eigenfunctions. This numerical
study confirms our analytical intuition that linear perturbations to all stationary states, including
the ground state, exhibit unstable modes.



Chapter 2

Physical Background

2.1 Introduction

The profound uncertainty about dark matter’s nature and origin makes it extremely difficult to
define its fundamental characteristics and to identify the physical theories needed to describe it. The
main difficulty stems from its link with two main established physical theories: General Relativity,
which is necessarily involved in describing particles interacting mainly through gravity; and Quantum
Mechanics, which is considered the fundamental description of every form of matter. Indeed, the
currently unresolved dichotomy between these two theories is particularly pressing when investigating
the nature of dark matter, and the attempts to reconcile different aspects result in a variety of models,
differing in the underlying approach and involving a vast physical background.

On one hand, General Relativity provides the most complete, fundamental description of the grav-
itational interactions which dominate dark matter dynamics. Based on a characterizing geometrical
formalism, it models classical dark matter as a massive field coupled to an evolving spacetime metric,
with a dynamics ruled by the Einstein-Klein-Gordon (EKG) equations. In the non-relativistic limit,
which provides a good approximation for dark matter’s current behavior, the EKG equations reduce
to the Schrödinger-Poisson system, thus suggesting a first possible justification for the adoption of
this simpler system.

On the other hand, dark matter’s quantum character must also be addressed. By analogy with
ordinary matter, dark matter’s fundamental constituents are assumed to be particles, of still unknown
nature, that aggregate according to quantum mechanical laws. They are therefore fundamentally
described by quantum field theory, with a formalism based on operator-valued distributions and
states of the Fock space. Once we define the fundamental theory that describes the phenomenon
exactly, we still seek effective theories that describe the system’s average behavior through simpler
models, and even in this case the Schrödinger-Poisson system is naturally derived in the low-energy
and weak field limit.

While we do not propose an exhaustive description of these wide and complex topics, in this
chapter we collect some fundamental notions of General Relativity and quantum field theory to
facilitate understanding of the relevant literature on dark matter, with a specific focus on galactic-scale
applications. We pay particular attention to the Schrödinger-Poisson system, the main object of study
in this thesis. This system emerges recurrently despite different underlying assumptions: it stems
from purely classical General Relativity, from a quantum gravity approach, or from a semiclassical
gravity approach. In each case, the mathematical form of the final system is identical, but the
different origins provide profoundly different interpretations, sometimes even changing the meaning
of the quantities involved. Although mathematical works on this topic have transversal validity, it is
important to understand the physical framework behind them to track the possible implications of
the results and guide research in directions useful for potential applications.

In Section 2.2 we present useful elements of General Relativity. Starting from the differential geom-
etry notions that constitute its basis, we define Einstein’s field equation and its coupling with classical
matter, then restrict ourselves to the specific case of linearized gravity, deriving the Schrödinger-
Poisson system in the Newtonian limit of weak gravitational fields.

In Section 2.3 we describe the mathematical structure underlying quantum field theory. By
defining the function space typical of this theory and the fundamental operators that characterize
it, we build the foundations for scalar field quantization – the procedure that allows us to rewrite
classical matter dynamics in terms typical of quantum field theory.

9
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Finally, we conclude the general overview of these two theories with Section 2.4, which presents the
most common approaches to incorporate them and write coupled dynamics for a quantum matter field
and the geometric structure incorporating gravity. We highlight the difference between a quantum
gravity approach, in which gravity is fundamentally quantum, and a semi-classical gravity approach,
in which it remains fundamentally classical. We show how both result, in the appropriate limits, in
a Schrödinger-Poisson system, albeit with profound interpretative differences.

The last Section 2.5 deals more specifically with dark matter, showing how the theories described
above converge in a particularly promising model: the Scalar Field Dark Matter model. After a
general presentation of the theory, aimed at showing how the approaches described above apply to
dark matter on galactic scales, we propose a heuristic analysis of the model. Through our own
personal revisitation, we retrace the fundamental heuristic hypotheses that lead to the definition of
Scalar Field Dark Matter theory. This analysis highlights how the model’s characteristic parameters
and its dimensionless description derive directly from these hypotheses, creating a clear, elegant and
intuitive bridge between the physical theory and the model’s mathematical structure.

2.2 Notes on General Relativity

We start by summarizing some notions of General Relativity, with the aim of facilitating the un-
derstanding of those works in the literature on dark matter that involve this theory. We focus in
particular on the underlying mathematical structure, gradually defining the objects necessary to
write the main physical equation of relativity, the Einstein’s field equation. We then briefly present
its coupling with a matter field in a classical context, recovering the famous Einstein-Klein-Gordon
system, and we derive its Newtonian limit, showing how the Schrödinger-Poisson system studied in
this thesis emerges naturally.

2.2.1 The geometric setting

Lorentzian manifold

In General Relativity, motions occur along a 4-dimensional differentiable manifold M named the
spacetime, which represents the space and time dimensions needed to describe the dynamics. Such
manifolds are described by differential geometry, which provides a whole set of mathematical concepts
to formalize the intuitive idea of motions along a curved space. A full description of these notions
can be found, for example, in the reference textbook by Misner et al. [110], (see also the excellent
lecture notes by Tong [138]), while in the following we just recall the concepts that are more strictly
related to the Einstein-Klein-Gordon equations.

In General Relativity, manifolds are equipped with a metric g. It represents the core concept of the
whole theory, bridging between physics and geometry. Indeed, in Einstein’s theory the gravitational
force is mediated precisely by the metric, which is an evolving quantity: massive objects generate
gravitational attraction by modifying the metric g of the spacetime; in turn, variations of the metric
g affect the spacetime geometry and thus the trajectories of massive objects. Unlike that of the other
fundamental forces, the action of the gravitational force is thus modeled as a modification of the
underlying geometry, rather than as an interaction with an external field. In this Section we define
the physical rules governing the metric evolution, giving a precise mathematical description of the
involved quantities.

The first assumption we introduce is that of a Lorentzian metric g, that is a metric with exactly
one negative entry. Observe that this definition is independent of the choice of coordinates, as
guaranteed by Sylverster’s law of inertia [138]. A manifold M equipped with such a metric g is called
a Lorentzian manifold (M, g). The simplest example of a Lorentzian manifold is the Minkowski space
(R4, η) consisting of the Euclidean space M = R4 with a diagonal metric:

η = −dx0 ⊗ dx0 + dx1 ⊗ dx1 + dx2 ⊗ dx2 + dx3 ⊗ dx3 ,

where xµ denotes the coordinates, µ = 0 representing the time and µ = 1, 2, 3 the space, while
η00 = −1, η11 = η22 = η33 = +1 are the non-vanishing components of the metric η. The Minkowski
space represents a flat spacetime and is characteristic of special relativity. In General Relativity, in-
stead, more general Lorentzian manifolds (M, g) are allowed, introducing the possibility of a curved
spacetime.
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Connections and covariant derivatives

Once a metric is selected for a given manifold, it defines a natural connection on it. Recall that a
connection represents a natural way to differentiate tensor fields on curved manifolds, generalizing the
notion of partial derivatives from flat space. Formally, a connection is a map ∇ : X(M)× X(M) →
X(M), where X(M) denotes the space of vector fields on M. Its action, denoted by ∇(X,Y ) = ∇XY ,
must satisfy the following properties for all vector fields X, Y , and Z, and all smooth functions f
and g:

∇X(Y + Z) = ∇XY +∇XZ,

∇fX+gY Z = f∇XZ + g∇Y Z,

∇X(fY ) = f∇XY + (∇Xf)Y,

where ∇Xf = X(f) represents the directional derivative of the function f along X. For a fixed vector
field X, the operator ∇X is called the covariant derivative with respect to X and intuitively reflects
the concept of partial derivative on a curved manifold. Given a coordinate basis {eµ}, the connection
can be expressed in components Γµρν by writing the associated covariant derivatives along the basis
vectors ∇µ ≡ ∇eµ :

∇ρeν ≡ ∇eρeν = Γµρνeµ,

The covariant derivative of a vector field Y along the basis vector eν can also be expressed in com-
ponents:

(∇νY )µ = ∂νY
µ + ΓµνρY

ρ,

where ∂ν denotes the ordinary partial derivative with respect to the coordinate xν . In this description,
covariant differentiation is often denoted by semicolons ∇νY

µ = Y µ;ν , while commas denote partial
differentiation: ∂νY

µ = Y µ,µ.
From any connection, we can construct two fundamental tensors that characterize its geometric

properties. The torsion tensor T is a rank (1, 2) tensor defined by its action on vector fields X and
Y and one-forms ω:

T (ω;X,Y ) = ω(∇XY −∇YX − [X,Y ]),

where [X,Y ] denotes the Lie bracket of the vector fields, [X,Y ](f) = X(Y (f)) − Y (X(f)). A
connection with vanishing torsion T = 0 is called torsion-free.

The curvature tensor, also known as the Riemann tensor, is a rank (1, 3) tensor R defined by

R(ω;X,Y, Z) = ω(∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z).

The Riemann tensor satisfies the fundamental Bianchi identity. Denoting by Rρσµν the Riemann
tensor components, this identity reads:

∇λR
σ
ρµν +∇σR

σ
ρλν +∇ρR

σ
λσν = 0. (2.1)

The Levi-Civita connection and Einstein’s tensor

The definition of a connection on a manifold is not unique – infinitely many connections can be defined
on any given manifold. However, when the manifold is equipped with a metric tensor gµν , there exists
a natural and canonical choice. The fundamental theorem of Riemannian geometry (which also holds
for Lorentzian geometries) states that there exists a unique torsion-free connection that is compatible
with the metric, where metric compatibility means that the covariant derivative of the metric tensor
vanishes for all vector fields X:

∇Xg = 0 .

This unique connection is called the Levi-Civita connection, and its components Γµρν , called the
Christoffel symbols, can be computed explicitly from the metric tensor:

Γµρν =
1

2
gµλ (∂ρgλν + ∂νgλρ − ∂λgρν) .
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The Christoffel symbols are symmetric in their lower indices: Γµρν = Γµνρ, reflecting the torsion-free
property of the Levi-Civita connection.

Once the Levi-Civita connection is established, we can construct two relevant quantities from
its associated Riemann tensor. The Ricci tensor Rµν is obtained by contracting the first and third
indices of the Riemann tensor:

Rµν = Rρµρν ,

while further contraction with the metric tensor yields the Ricci scalar, which represents the trace of
the Ricci tensor and provides a measure of the overall curvature of the spacetime manifold at each
point:

R = gµνRµν . (2.2)

The Bianchi identity (2.1) has an interesting implication for the Ricci tensor and the Ricci scalar.
By appropriately contracting the identity and by using the symmetries of the Riemann tensor, it
results in the contracted Bianchi identity:

∇µRµν =
1

2
∇νR.

This identity suggests the natural definition of the so-called Einstein tensor:

Gµν = Rµν −
1

2
Rgµν ,

which, due to the contracted Bianchi identity, is automatically covariantly constant, or divergence-
free:

∇µGµν = 0.

This property will be fundamentally important in the construction of Einstein’s field equations, en-
suring their consistency with the conservation of energy and momentum. Indeed, the Einstein tensor
encodes the information about the metric that is relevant for Einstein’s field equations, providing the
geometric side of the fundamental relationship between matter and spacetime geometry.

2.2.2 Einstein’s field equations

The vacuum Einstein’s field equations

Up to now we have defined the notion of spacetime as a Lorentzian manifold, analyzing the main
geometric quantities that the metric induces on it. We now incorporate physics into this geometric
framework, defining the fundamental laws governing the evolution of the metric on a Lorentzian
manifold. The transition from pure geometry to physical dynamics is accomplished through the
action principle, which provides the most elegant and powerful framework for describing classical
field theories. This principle consists of formulating the dynamics through action minimization: a
functional S, named action, is defined as the integral over the manifold of a Lagrangian density,
which depends on the fields of interest and their derivatives; then, this functional is required to be
stationary under variations of the fields. This condition results in the Euler-Lagrange equations of
motion, which describe the dynamical evolution of the field of interest.

To construct an action functional, we must integrate a scalar quantity over the manifold M.
This requires the specification of a volume form among the infinitely many that can be defined on a
manifold. However, selecting a metric g induces a canonical volume form for integration:

v =
√︁
−det gµν dx

0 ∧ dx1 ∧ dx2 ∧ dx3 ,

with the minus sign accounting for the negative determinant of a Lorentzian metric. This volume form
is intrinsic to the metric itself and remains invariant under coordinate transformations, ensuring that
physical quantities computed through integration do not depend on our choice of coordinates. The
factor

√
−g ≡

√︁
−det gµν provides a natural measure that weights different regions of the manifold

according to their geometric properties. Intuitively, the regions where the metric is “stretched”
contribute more heavily to integrals, while the regions where it is “compressed” contribute less.



2.2. NOTES ON GENERAL RELATIVITY 13

Once the volume form is established, the construction of an action reduces to selecting an appro-
priate scalar function to integrate. For gravitational dynamics, the simplest non-trivial choice is the
Ricci scalar R, which yields the Einstein-Hilbert action:

SEH =
c3

16πG

∫︂
M
R
√
−g d4x,

where the factor c3/(16πG) provides the dimensions of energy by time required for an action, c
being the speed of light and G Newton’s gravitational constant. To derive the field equations from
the Einstein-Hilbert action, we apply the variational principle by introducing small variations in the
metric – gµν(x) → gµν(x) + δgµν(x) – and by computing the corresponding change δS in the action:

δSEH =
c3

16πG

∫︂
d4x

[︁
(δ
√
−g)gµνRµν +

√
−g(δgµν)Rµν +

√
−ggµνδRµν

]︁
.

We omit the lengthy but straightforward calculations of the terms, which can be found, for example,
in [138]. Under appropriate boundary conditions and using the inverse metric variation δgµν =
−gµαgνβδgαβ rather than the direct variation δgµν , the variation of the action reads:

δSEH =
c3

16πG

∫︂
d4x

√
−g
(︃
Rµν −

1

2
Rgµν

)︃
δgµν .

Demanding that the action be stationary, δS = 0, for arbitrary variations δgµν yields the vacuum
Einstein field equations:

Gµν ≡ Rµν −
1

2
Rgµν = 0, (2.3)

where Gµν is the Einstein tensor. Contracting with gµν gives R − 2R = 0, which implies R = 0.
Substituting back into the field equations, we find that the vacuum Einstein equations are equivalent
to the requirement that spacetime be Ricci flat:

Rµν = 0.

Among the simplest solutions of the vacuum Einstein equations (2.3) we have the Minkowski metric:

ds2 = −dt2 + dx2 + dy2 + dz2

and the Schwarzschild metric:

ds2 = −
(︃
1− 2GM

r

)︃
dt2 +

(︃
1− 2GM

r

)︃−1

dr2 + r2 dθ2 + r2 sin2 θ dϕ2.

Observe that, just like most other actions considered in physics, the Einstein-Hilbert action is
second-order in derivatives of the metric – loosely speaking, Rµν ∼ ∂Γ + ΓΓ, while the Levi-Civita
connection itself is Γλµν ∼ ∂g. In principle, it is possible to include higher-order derivatives in the
action, and careful combinations of them would still result in equations of motion of the second order
(Lovelock’s theorem, see [138]). However, including such additional higher derivative terms becomes
relevant only for fast-varying fields, while they are generally neglected for standard purposes in Gen-
eral Relativity, in favor of the simpler vacuum Einstein equations (2.3).

Another more interesting alternative option in the definition of the gravitational action consists
in including an additional constant value:

SEH =
c3

16πG

∫︂
M
(R− 2Λ)

√
−g d4x, (2.4)

This modification was originally motivated by Einstein’s desire to find static cosmological solutions,
thus justifying the name of cosmological constant for Λ. Variation of this modified action yields the
Einstein field equations with cosmological constant:

Rµν −
1

2
Rgµν = −Λgµν , (2.5)



14 CHAPTER 2. PHYSICAL BACKGROUND

or, in the rephrased version:

Rµν = Λgµν .

Thus, in the presence of a cosmological constant, spacetime is no longer Ricci flat but instead has a
Ricci tensor proportional to the metric. Physics does not suggest a clear value for the cosmological
constant Λ and the solutions of Einstein equations (2.5) can take a very different form depending on
its sign. For Λ = 0 we recover the equations (2.3), with solutions such as the Minkowski metric or
the Schwarzschild metric. For Λ > 0, a common solution is the de Sitter space:

ds2 = −
(︃
1− r2

R2

)︃
dt2 +

(︃
1− r2

R2

)︃−1

dr2 + r2 dθ2 + r2 sin2 θ dϕ2,

while for Λ < 0 we have the anti-de Sitter space:

ds2 = −
(︃
1 +

r2

R2

)︃
dt2 +

(︃
1 +

r2

R2

)︃−1

dr2 + r2 dθ2 + r2 sin2 θ dϕ2.

Matter field equations on a curved space

The vacuum equations (2.5) derived from the Einstein-Hilbert action involve only geometric infor-
mation, encoded in the Ricci scalar in the action and in the Einstein tensor in the field equations.
To describe gravity comprehensively, we must formalize how matter interacts with this geometrical
framework, namely, how to characterize their coupling, also called backreaction.

We begin by addressing how to describe matter and its evolution on curved spacetime. Within
a classical framework, which is common in astrophysics and cosmology, matter is represented as
scalar fields whose dynamics is governed by a Lagrangian formulation. This classical description
constitutes an approximation, since matter is fundamentally quantum. However, quantum effects
typically become negligible due to the macroscopic length scales involved in gravitational phenomena,
thereby justifying the classical limit ℏ → 0. We proceed with this classical treatment, while the
alternative quantum approach and its implications are examined in Section 2.4.

In analogy to the variational principle employed for metric evolution, the equations of motion for
scalar matter fields can be derived through a variational approach. In flat spacetime endowed with
the Minkowski metric, the action assumes the form

SM =

∫︂
d4x

[︃
−1

2
ηµν∂µϕ∂νϕ− V (ϕ)

]︃
,

where ηµν denotes the Minkowski metric, ϕ is the scalar field and V (ϕ) its potential energy. Variation
of this action yields the standard Klein-Gordon equation of motion of special relativity:

ηµν∂µ∂νϕ− ∂V

∂ϕ
= 0.

In the presence of curved spacetime, this action can be generalized by replacing the Minkowski
metric with the general metric gµν , upgrading partial derivatives to covariant derivatives and incor-
porating the appropriate volume element:

SM =

∫︂
d4x

√
−g
[︃
−1

2
gµν∇µϕ∇νϕ− V (ϕ)− 1

2
ξRϕ2

]︃
. (2.6)

Here we have introduced an additional coupling term proportional to the Ricci scalar R, where ξ is
a dimensionless constant. This term vanishes in Minkowski spacetime since R = 0, thus reducing to
the flat space action, while allowing for a broader generalization of the metric metric gµν ̸= ηµν .

Demanding stationary variations of the action with respect to the field ϕ while keeping the metric
fixed, we obtain the equation of motion for a scalar matter field on a curved spacetime:

gµν∇µ∇νϕ− ∂V

∂ϕ
− ξRϕ = 0. (2.7)

As a special case, we may consider scalar matter fields ϕ that are free of any self-interactions. In
this particular case, the potential is quadratic in the field, V (ϕ) = (m2

0ϕ
2)/2, with m0 indicating the

rest mass of a field particle. In addition, we may consider the case ξ = 0. By defining □ ≡ gµν∇µ∇ν ,
we recognize in the above equation of motion the familiar Klein-Gordon equation on curved spacetime:

(□−m2
0)ϕ = 0. (2.8)
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The Einstein field equations with matter

The scalar field action (2.6) governs the evolution of matter fields in curved spacetime. To complete
the gravitational theory, we must allow matter to serve as a source in the evolution of the metric
itself. Since the scalar field action (2.6) already couples both the matter field and the metric, we
combine it with the Einstein-Hilbert action (2.4) to obtain the total action:

S = SEH + SM =
1

16πG

∫︂
d4x

√
−g(R− 2Λ) +

∫︂
d4x

√
−g
[︃
−1

2
gµν∇µϕ∇νϕ− V (ϕ)− 1

2
ξRϕ2

]︃
.

When computing variations of this combined action with respect to the metric, a new contribution
emerges from the matter sector. This contribution can be conveniently characterized by defining the
energy-momentum tensor:

Tµν ≡ − 2√
−g

δSM
δgµν

.

With this definition, variation of the total action yields the following coupled system of equations:{︄
Gµν + Λgµν = 8πGTµν ,

gµν∇µ∇νϕ− ∂V
∂ϕ − ξRϕ = 0

. (2.9)

The second equation represents precisely the evolution of the matter field on curved spacetime
described previously. The first equation constitutes the Einstein field equations in the presence of
matter, where the energy-momentum tensor acts as the source term and realizes the coupling – or
backreaction – between matter and geometry. This backreaction represents the fundamental principle
that matter tells spacetime how to curve, while curved spacetime tells matter how to move.

The cosmological constant term can be absorbed into the energy-momentum tensor by defining
an effective energy-momentum tensor that includes the vacuum contribution:

T eff
µν = Tµν −

Λ

8πG
gµν .

With this redefinition, the Einstein field equations assume their most commonly encountered form:

Gµν = 8πGT eff
µν . (2.10)

An alternative formulation, known as trace-reversed form, consists in taking the trace of equation
(2.10), i.e. contracting it with gµν , and substituting this back in (2.10) to express it in terms of the
Ricci tensor, with T ≡ gµνTµν :

Rµν = 8πG

(︃
Tµν −

1

2
Tgµν

)︃
2.2.3 Linearized gravity and Newtonian limit

Linearized gravity

In astrophysical and cosmological applications, situations frequently arise in which spacetime is ap-
proximately flat. In these cases, the Einstein field equations can be safely approximated by letting the
metric deviate only slightly from the Minkowski background. For simplicity, we assume Λ = 0 and
write the metric gµν as a small perturbation of the Minkowski metric ηµν = diag(−1,+1,+1,+1):

gµν = ηµν + hµν ,

where the perturbative components hµν satisfy the smallness condition |hµν | ≪ 1.
In this regime, the Einstein equations can be systematically expanded to linear order in the

small perturbation hµν [110]. This linearization procedure is significantly simplified by imposing an
appropriate gauge condition, the de Donder gauge, defined in analogy with the Lorentz gauge in
electromagnetism:

∂µhµν −
1

2
∂νh = 0,

where h = ηµνhµν denotes the trace of the perturbation. This gauge choice can always be achieved
through an appropriate coordinate transformation and leads to substantial simplifications in the
Einstein field equations, which assume the form:

□hµν −
1

2
□hηµν = −16πGTµν .
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These equations can be further simplified by introducing the trace-reversed perturbation: h̄µν =
hµν − 1

2hηµν , which satisfies h̄ = ηµν h̄µν = −h. In terms of this new variable, the linearized Einstein
equations reduce to a set of decoupled wave equations:

□h̄µν = −16πGTµν , (2.11)

where □ = ηµν∂µ∂ν represents the d’Alembertian operator. Equivalently, we could maintain the
variable hµν and rewrite the equation in trace-reversed form:

□hµν = −16πG

(︃
Tµν −

1

2
Tηµν

)︃
. (2.12)

In both cases, the equations can be solved explicitly [110]. The expression for the trace-reversed
perturbation h̄µν reads:

h̄µν(t, x) =

∫︂
4Tµν(t− |x− y|, y)

|x− y|
d3y . (2.13)

It consists of a retarded integral, in which the value of the perturbation h̄µν at a given time t depends
on the value of the energy-momentum tensor Tµν throughout the whole past history of the system.

Simultaneously, the Klein-Gordon equation for scalar matter fields (2.7) is simplified in the lin-
earized regime. We do not report the explicit expression here, as we perform computations directly
in the Newtonian limit case, where the result is more meaningful.

Newtonian Limit

When matter exhibits low density and fields evolve slowly compared to the speed of light, an additional
approximation can be implemented, reducing the linearized equations of General Relativity to the
familiar framework of Newtonian gravity [110]. Under these conditions, the energy-momentum tensor
is dominated by the rest mass density ρ(x), while the off-diagonal and spatial components become
negligible:

T00 = ρ(x), T0i = Tij = 0 . (2.14)

Due to the slow evolution of the fields, the temporal retardation in (2.13) characterizing the trace-
reversed metric perturbation h̄µν(t, x) can be neglected. The wave operator in Einstein field equations
(2.11) is formally replaced by the three-dimensional Laplacian: □ → ∆, and they simplify consider-
ably:

∆h̄00 = −16πGρ(x), ∆h̄0i = ∆h̄ij = 0.

With appropriate boundary conditions requiring the perturbations to vanish at spatial infinity,
the solutions are:

h̄00 = −4Φ(x), h̄0i = h̄ij = 0, (2.15)

where Φ(x) is the Newtonian gravitational potential satisfying Poisson’s equation:

∆Φ = 4πGρ(x). (2.16)

Thus, in the Newtonian limit, the only non-vanishing component h̄00 of the trace-reversed pertur-
bation h̄µν coincides with the standard Newtonian gravitational potential up to a scaling factor of −4.

Consider now the Klein-Gordon equation (2.7) for the massive field ϕ [62]. For simplicity, assume
ξ = 0, neglecting the term proportional to R, and assume the massive field to be free, V (ϕ) =
(m2

0ϕ
2)/2. In the linearized gravity case gµν = ηµν + hµν , combined with the Newtonian limit where

only h00 = −4Φ is non-vanishing, the metric assumes a much simpler form:

ds2 = −(1 + 2Φ) dt2 + (1− 2Φ)(dx2 + dy2 + dz2)

and the Klein-Gordon equation (2.7) becomes

−(1− 2Φ)∂2t ϕ+ (1 + 2Φ)∆ϕ−m2
0ϕ = 0 .

With no loss of generality, we write a WKB-type ansatz for the matter field:

ϕ(t, x) = ψ(t, x)e−imt ,
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we plug it into the Klein-Gordon equation, compute the derivatives, drop the exponential, and divide
by m2ψ:

−2Φ + 2i(1− 2Φ)
∂tψ

m0ψ
+ (1− 2Φ)

∂2t ψ

m2
0ψ

+ (1 + 2Φ)
∆ψ

m2
0ψ

= 0 .

We finally recall the weak potential assumption and the low-density, slowly varying fields hypothesis:

Φ ∼ O(ε) ,

⃓⃓⃓⃓
∂tψ

m0ψ

⃓⃓⃓⃓
∼ O(ε) ,

⃓⃓⃓⃓
∂2t ψ

m2
0ψ

⃓⃓⃓⃓
∼ O(ε2) ,

⃓⃓⃓⃓
∆ψ

m2
0ψ

⃓⃓⃓⃓
∼ O(ε) .

With these orders, and dropping the ε2 terms, the matter field equation reduces to the Poisson
equation

i∂tψ = − ∆ψ

2m0
+m0Φψ .

Thus, in the Newtonian limit, the Einstein-Klein-Gordon equations (2.9) reduce to the Schrödinger-
Poisson problem (1.2).

2.3 Notes on Quantum Field Theory

According to our current understanding, matter is fundamentally quantum in nature. While classi-
cal descriptions of matter provide adequate models for macroscopic phenomena, they fail to capture
essential physics at the microscopic scale, where quantum behaviors emerge as dominant features.
Quantum mechanics provides the correct mathematical formalism to describe these behaviors. In
standard quantum mechanics, classical degrees of freedom are promoted to operators that act on ele-
ments of a Hilbert space, called wave functions, which describe the state of the system by representing
particles as wave-like rather than point-like objects.

Although quantum mechanics appropriately describes a wide range of physical phenomena, this
framework becomes less effective for modeling processes at even smaller scales, where the number of
particles is not conserved. Below a characteristic length threshold, known as the Compton wavelength
λC = h(mc)−1 (where h is Planck’s constant, m is the particle mass and c is the speed of light),
particle-antiparticle pairs may spontaneously appear from the vacuum or be annihilated, and the
concept of a single point-like particle breaks down completely.

To describe such phenomena, the appropriate theoretical framework is Quantum Field Theory,
which models particles as excitations of underlying quantum fields that permeate all of spacetime.
In this picture, the annihilation and creation of particles is understood as the emergence and disap-
pearance of excitations in a unified field, and their common origin explains why quantum particles of
the same type are fundamentally indistinguishable.

In this Section, we recall some fundamental concepts of Quantum Field Theory, which serve
as a preliminary basis for understanding several relevant works on dark matter. A more thorough
description can be found in the textbooks by Combescure and Robert [40] (chapter 10) and Berezin
and Shubin [23] (chapter 5), while a concise but effective presentation is given in the excellent lecture
notes by Tong [137] and in the work by Alcubierre et al. [2].

2.3.1 The Fock Space

The quantum field formalism is specifically designed to model systems with a varying number of
particles. Instead of working with a single one-particle Hilbert space, the fundamental state space is
a Fock space, which, loosely speaking, consists of infinitely many stacked n-particle Hilbert spaces.
In this way, as the number of particles varies, the state of the system remains described by an element
of the same comprehensive Hilbert space.

Formally, a Fock space is defined by the following hierarchical construction. Let h denote a one-
particle Hilbert space with orthonormal basis {ei}∞i=1 and with inner product ⟨ψ, ϕ⟩h for any ψ, ϕ ∈ h .
Elements in this space represent the state of a single particle.

An n-particle Hilbert space is constructed as the n-fold tensor product of h with itself:

h⊗n ≡ h ⊗ . . . ⊗ h (n times) ,
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with basis elements in the form {ei1 ⊗ · · · ⊗ ein}∞i1,...,in=1. The single basis elements represent all
possible configurations in which n particles can be placed in the infinitely many one-particle basis
states {ei}∞i=1. Loosely speaking, the element ei1 ⊗· · ·⊗ ein represents a state where the first particle
is the state ei1 , the second is the state ei2 , up to the n-th particle which is the state ein , each one-
particle state ei1 , . . . , ein belonging to the basis of one-particle space h . Elements of the n-particle
space are defined as linear combinations of the basis elements and are denoted as

Ψ(n) =

∞∑︂
i1,...,in=1

ci1...inei1 ⊗ · · · ⊗ ein ,

while the inner product is induced from the one-particle Hilbert space:

⟨ei1 ⊗ · · · ⊗ ein , ej1 ⊗ · · · ⊗ ejn⟩h⊗n ≡ ⟨ei1 ⊗ ej1⟩h . . . ⟨ein ⊗ ejn⟩h ,

and is then generalized by linearity to any Ψ(n),Φ(n) ∈ h⊗n. This n-particle space h⊗n represents
the n-particle sector of a Fock space.

As a last step, the Fock space F (h) is defined as the direct sum of infinitely many n-particle
sectors

F (h) = ⊕n≥0h⊗n ,

where h⊗0 = C represents the zero-particles vacuum space. This introduces the possibility of collecting
in a unique state configurations with different number of particles and grants the opportunity of
switching between n-particle sectors while remaining in the same Hilbert space. Elements in the
Fock space F (h) take the form

Ψ = (Ψ(0),Ψ(1), . . . ,Ψ(n), . . . ) ,

with basis elements (0, . . . , 0, ei1 ⊗ · · · ⊗ ein , 0, . . . ), with indices i1, . . . , in spanning the basis of each
n-th sector. The natural inner product is induced from that of the n-sector:

⟨Ψ,Φ, ⟩F =
∑︂
n≥0

⟨Ψ(n),Φ(n)⟩h⊗n .

Bosonic Fock space

In quantum mechanics, particles are classified into two fundamental families: bosons and fermions,
distinguished by their statistical behavior and specifically by the sign change (or lack thereof) in
the system’s state when two particles are exchanged. To account for these two distinct natures,
specialized Fock spaces are constructed in which states follow the prescribed sign behavior under
particle permutation. We focus here on the bosonic case, which is particularly relevant in our work.

Bosonic particles preserve the state sign under particle exchange. Thus, a bosonic Fock space
must account for the symmetry with respect to all permutations of particles. This is realized by

considering a symmetrization operator Sn that acts on Ψ(n) ≡ Ψ
(n)
1 ⊗ · · · ⊗Ψ

(n)
n ∈ h⊗n by combining

all possible permutations:

Sn(Ψ
(n)
1 ⊗ · · · ⊗Ψnn) =

1

n!

∑︂
σ∈Sn

Ψ
(n)
σ(1) ⊗ · · · ⊗Ψnσ(n) ,

where Sn is the set of all permutations of n objects. This symmetrization operator defines a modified
n-particle sector in the form h⊗n

B ≡ Snh⊗n, which is invariant under permutation of the one-particle

constituents Ψ
(n)
1 , . . . ,Ψ

(n)
n of each state.

The basis of the bosonic n-particle sector h⊗n
B is in the form: {ei1 ∨ · · · ∨ ein}∞i1,...,in=1, with ∨

denoting the normalized symmetric tensor product:

ei1 ∨ · · · ∨ ein =

√︃
n!

i1! . . . in!
Sn(ei1 ⊗ · · · ⊗ ein) .

Given the symmetry characterizing bosons, each element ei1 ∨ · · · ∨ ein can be rearranged, listing all
one-particle basis elements and raising them by an index denoting the number of particles in that
state: eα1

1 ∨ eα2
2 ∨ · · · ∨ eαkk ∨ . . . , where αk is the number of particles in the k-th one-particle state

ek and
∑︁∞
k=1 αk = n is the total number of particles. Multi-indices α ≡ (α1α2 . . . αk . . . ) collect
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the so called occupancy numbers, and basis elements in this form are also denoted by the so-called
occupancy number notation:

|α1α2 . . . αk . . . ⟩ ≡ eα1
1 ∨ eα2

2 ∨ · · · ∨ eαkk ∨ . . . . (2.17)

Given the bosonic n-sector, the construction of the complete bosonic Fock space FB(h) proceeds
analogously to the general case, maintaining the direct sum structure over all particle number sectors.

2.3.2 Annihilation and Creation Operators

A Fock space can be populated by defining a vacuum vector representing a state with no particles
and by letting two special operators act on it – the so-called annihilation and creation operators,
which model the vanishing and emerging of a particle in a specific state. The iterated application of
these operators to the vacuum vector allows us to progressively define a complete basis of the Fock
space, thus providing a description of every state in the Fock space.

Formally, an annihilation operator and a creation operator can be defined for any function f ∈ h
in the one-particle space, and they are denoted a(f) and a†(f), respectively. Their definition can be

given for the basis elements {ej}∞j=1 of h , simplifying the notation to a†j ≡ a†(ej) and aj ≡ a(ej),
and then it can be extended to any function f ∈ h by anti-linearity for the annihilation operator
a(f) and by linearity for the creation operator a†(f). Each couple of operators a†j and aj is defined

on the Fock space and returns an element of the Fock space, a†j , aj : F (h) ↦→ F (h). Their action

on the element Ψ = (Ψ(0),Ψ(1), . . . ,Ψ(n), . . . ) can be described component-wise, defining how they
transform an element Ψ(n) of the n-th sector. To this aim, it is sufficient to describe how they act on
each basis function ei1 ⊗ · · · ⊗ ein of the n-th sector and to extend the definition by linearity. The

action of the annihilation and creation operators a†j and aj on each basis function ei1 ⊗ · · · ⊗ ein ,
denoted by the same symbols with abuse of notation, is expressed through the following conditions:

ajΨ
(0) = 0, a†jΨ

(0) = ej ,

aj(ei1 ⊗ · · · ⊗ ein) =
√
n+ 1⟨ej , ei1⟩hei2 ⊗ · · · ⊗ ein (2.18)

a†j(ei1 ⊗ · · · ⊗ ein) =
1√
n
ej ⊗ ei1 ⊗ · · · ⊗ ein

where Ψ(0) is the normalized basis element of the 0-particle space h⊗0, also called the vacuum state.
Loosely speaking, the annihilation operator aj takes a state with n particles and annihilates a

particle in the state ej , resulting in a space of n − 1 particles; while the creation operator a†j takes
a state with n particles and creates a particle in the state ej , resulting in a space of n+ 1 particles.

Indeed, the action of the operators aj , a
†
j varies the number of particles in a state, providing a way

to move across different n-sectors of the Fock space. Their definition is intrinsically based on the hi-
erarchical structure of the whole Fock space, and their action, while leaving the Fock space invariant,
is fundamentally non-trivial, since it cannot be restricted to a single n-sector.

In the case of bosonic Fock spaces, the above definition (2.18) can be adapted to ensure that
the operators are well defined on FB(h), preserving the space. This is performed using the usual
symmetrization operator Sn, which is conveniently promoted to act on the entire Fock space. The
component-wise action of the modified operators reads:

(aB)j = ajSn , (aB)
†
j = a†jSn .

For Bosonic Fock spaces, the definitions (2.18) ensure that the operators (aB)j , (aB)
†
j satisfy the

commutation relations:

[(aB)j , (aB)
†
k] = ⟨ej , ek⟩1 , (2.19a)

[(aB)j , (aB)k] = [(aB)
†
j , (aB)

†
k] = 0 (2.19b)

where [A,B] ≡ AB − BA denotes the commutator. Together with the property (aB)jΨ
(0) = 0

that the vacuum vector is annihilated by all annihilation operators (aB)j , these relations provide a

characterization of the two sets of operators {(aB)j}∞j=1 and {(aB)†j}∞j=1.
In the following, we will focus on bosonic spaces, omitting subscripts B for a simpler notation

when no ambiguity arises.
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Based on the definitions (2.18), adapted to the bosonic case, the iterated application of the creation

operators {a†j}∞j=1 can be used to construct a whole basis of each n-particle sector:

|α1α2 . . . ⟩ ≡
(a†1)

α1

√
α1!

(a†2)
α2

√
α2!

. . .Ψ(0) . (2.20)

We recognize here the standard basis of the n-sector of the Fock space in the occupancy number
notation (2.17), with each αj representing the number of particles in the one-particle state ej and
with

∑︁∞
j=1 αj = n the total number of particles. The commutation relations (2.19) ensure that the

basis functions |α1α2 . . . ⟩ are normalized and mutually orthogonal.

This constructive approach provides a complete characterization of Fock spaces. Indeed, a Fock
space can be abstractly described as a Hilbert space F equipped with operators {aj}∞j=1 and {a†j}∞j=1

satisfying the canonical commutation relations (2.19), together with a normalized vector Ψ(0) that is
annihilated by all ai and such that the vectors constructed as in (2.20) form a complete orthonormal
basis. If these conditions are satisfied, the Hilbert space is called a Fock space, with Ψ(0) representing
the vacuum vector and {ai, a†i}∞i=1 the annihilation and creation operators.

In addition, there exists a unique unitary isomorphism between any two such spaces, which identi-
fies the vacuum vectors and the corresponding operators {aj}∞j=1 and {a†j}∞j=1. Thus, we can identify
different Fock spaces, regarding them as different realizations of the same abstract Fock space.

2.3.3 Quantization of a scalar field

A standard way to define a quantum field system consists in starting from a classical problem and
promoting it to the quantum field formalism. This is performed through canonical rules known as
second quantization, in contrast to the first quantization rules that allow to write classical problems
in terms of standard quantum mechanics.

In view of creating a connection with the Einstein-Klein-Gordon equations, we present here the
case of a classical massive scalar field ϕ satisfying the free Klein-Gordon equation, as derived in
Section 2.2.2:

(□−m2
0)ϕ = 0 , (2.21)

where □ ≡ gµν∇µ∇ν is the curved D’Alembertian operator and m0 is the inverse Compton length of
the field, playing the role of particle rest mass in the field theory.

To construct the quantum field analogue of this problem [2], we first consider the space of real
solutions to the equation (2.21) and extend it to complex solutions. This space, denoted by X , can
be equipped with an inner product. Given two complex-valued solutions ϕ1, ϕ2 ∈ X , we can define
the map (·, ·):

(ϕ1, ϕ2) ≡ −i
∫︂
Σt

[ϕ1∂tϕ
∗
2 − (∂tϕ1)ϕ

∗
2]
√︂

det(γij)d
3x (2.22)

where ϕ∗1(x) denotes the complex conjugate of ϕ1(x), Σt is a Cauchy hypersurface at time t (a fixed-
time leaf of a foliation of the spacetime manifold), ∂t denotes the time derivative, and

√︁
det(γij)d

3x is
the volume element on the hypersurface. For solutions of equation (2.21) that decay sufficiently fast
at spatial infinity, the quantity (ϕ1, ϕ2) does not depend on the choice of the Cauchy hypersurface.

The map (·, ·) defined by (2.22) and acting on X does not yet represent an inner product, since
the quantity (ϕ, ϕ) = 2Im

∫︁
Σt
ϕ∂tϕ

∗√︁det(γij)d
3x may fail to be positive definite. To ensure that this

expression truly defines an inner product, we assume that the space X can be decomposed as

X = X+ ⊕X ∗
+ ,

where X+ consists of solutions with positive norm and its complex conjugate space X ∗
+ is orthogonal to

it, such that (f, g∗) = 0 for all f, g ∈ X+. This decomposition ensures that the restriction of the map
(·, ·) defined by (2.22) to the space X+ is indeed positive definite and defines a proper inner product.
Although this assumption is quite strong, the existence of a preferred decomposition ensuring the
proper definition of an inner product is valid for a wide variety of spacetime manifolds, particularly
static or stationary ones, as discussed by Ashtekar et al. [7].

The space h ≡ X+ equipped with the inner product (2.22) defines a one-particle Hilbert space. It
can be used to construct the Fock space F(h) as described in Section 2.3: given an orthonormal basis
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{ej}∞j=1 of the one-particle Hilbert space h , we can define for each basis function the annihilation and

creation operators {aj}∞j=1 and {a†j}∞j=1 as in (2.18), and these operators in turn populate the Fock
space by constructing the basis functions (2.20).

The field operator ϕ̂ is then defined as

ϕ̂(x) =

∞∑︂
j=1

[ajej(x) + a†je
∗
j (x)] (2.23)

and in the bosonic case it inherits the commutation relations:

[ϕ̂(x), ϕ̂
†
(y)] =

∞∑︂
j=1

ej(x)e
∗
j (y) = δ(x− y) , [ϕ̂(x), ϕ̂(y)] = [ϕ̂

†
(x), ϕ̂

†
(y)] = 0 .

With definition (2.23), the field operator ϕ̂ is an operator-valued distribution parametrized by points

x in spacetime, each ϕ̂(x) at fixed x representing an operator on the Fock space F(h). The dependence
on the spacetime coordinate that determines the field nature of ϕ̂ is encoded in the coefficients ej(x)

and e∗j (x), while the operator-valued nature of ϕ̂ is given by the operators aj and a†j , which are
independent of space and time. The field operator encodes the fundamental quantum processes of
particle creation and annihilation, localizing them at each point x of spacetime. When ϕ̂(x) acts on a
quantum state, it can modify the particle content through the action of the creation and annihilation
operators, while the spacetime functions ej(x) and e

∗
j (x) determine how these processes are distributed

across different spatial and temporal locations. Observe furthermore that the field operator (2.23) is

self-adjoint, ϕ̂
†
= ϕ̂, for {ej}∞j=1 real functions.

Given this definition, the action of the annihilation and creation operators on a generic function
f =

∑︁
j cjej ∈ h can be equivalently described in terms of the field operator, by integrating out the

dependence on the spacetime coordinates through the inner product (·, ·) defined in (2.22):

(ϕ̂, f) =

∞∑︂
j=1

aj(ej , f) =

∞∑︂
j=1

cjaj = a

⎛⎝ ∞∑︂
j=1

cjej

⎞⎠ = a(f) ,

−(ϕ̂, f∗) = −
∞∑︂
j=1

a†j(e
∗
j , f

∗) = −
∞∑︂
j=1

cja
†
j = a†

⎛⎝ ∞∑︂
j=1

cjej

⎞⎠ = a†(f) ,

where we used the orthogonality of the basis functions and the decomposition property (f, g∗) = 0
for all f, g ∈ X+, together with the linearity of a(f) and the anti-linearity of a†(f). This relationship
demonstrates how the field operator collects and organizes all the annihilation and creation operators,
providing a unified description of particle creation and annihilation processes throughout spacetime.

To better clarify the creation and annihilation components in the field operator Φ̂ (2.23), they are
often denoted with specific symbols:

Φ̂(x) = Ψ̂(x) + Ψ̂
†
(x) , Ψ̂(x) ≡

∞∑︂
j=1

ajej(x) , Ψ̂
†
(x) ≡

∞∑︂
j=1

a†jej(x) . (2.24)

For bosonic fields, they satisfy the commutation relations:

[Ψ̂(x), Ψ̂
†
(y)] =

∞∑︂
j=1

ej(x)e
∗
j (y) = δ(x− y) , [Ψ̂(x), Ψ̂(y)] = [Ψ̂

†
(x), Ψ̂

†
(y)] = 0 (2.25)

It is important to note that the definition of the field operator is not unique, since it depends
on the choice of the orthonormal basis functions {ej}. However, different choices of basis lead to
field operators that are related through unitary transformations. Specifically, if {gk} is another
orthonormal basis related to {ej} by a unitary transformation gk =

∑︁
j Ukjej , then the corresponding

creation and annihilation operators are related by bk =
∑︁
j Ukjaj , where the matrix U is unitary.

The resulting field operators represent the same physical field and are connected by an isomorphism
between the corresponding Fock spaces. In this sense, while the mathematical expression of the field
operator depends on the chosen basis, the physical field it represents is unique and well-defined.

Once the field operator ϕ̂(x) is defined from the classical problem (2.21), the dynamics of the phys-
ical system can be described in the Heisenberg perspective by letting the field operator evolve. Since
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the dependence of ϕ̂ on the spacetime coordinates is encoded in the coefficients {ej(x), e∗j (x)}j=1∞

that solve the classical problem (2.21) by construction, the field operator ϕ̂(x) will in turn satisfy the
free Klein-Gordon equation in the second quantization formalism:

(□−m2
0)ϕ̂(x) = 0 (2.26)

Thus, there is a profound relationship between the dynamics of the field operator and the cor-
responding classical dynamics. In particular, although the quantum description is the valid one at
the fundamental level, under specific conditions it is legitimate to reduce to classical dynamics. This
occurs, for example, in the case of stationary spacetimes with energies below a certain threshold.
Under these conditions, the number of particles is conserved, and one can reasonably restrict oneself
to a fixed n-sector of the Fock space, where the dynamics describes the evolution of the coefficients
{ej(x), e∗j (x)}∞j=1 and is governed by the classical problem (2.21) This reduction therefore justifies
the use of classical equations in a fundamentally quantum context – the classical equations hold and
describe the evolution of the coefficients {ej(x), e∗j (x)}∞j=1 of the underlying quantum field ϕ̂(x) given
by (2.23).

The Schrödinger picture

The second quantization procedure we just described is constructed in the so-called Heisenberg pic-
ture, in which the dynamics lets the operators evolve while the states are considered fixed. In our
case, in fact, the dynamics is defined on the matter field Φ̂, which is an operator-valued distribution
that depends explicitly on time and does not concern the states of the Fock space. The alternative
approach, which is completely equivalent for the purpose of describing experimental phenomena, is
the so-called Schrödinger picture, in which the operators are fixed while the states are evolved through
a Schrödinger equation.

In this case, the prescription for the second quantization consists in considering the Hamiltonian
description of the classical problem and in promoting it to the Quantum Field Theory formalism. In
our problem, this is performed by expressing the classical Klein-Gordon equation as the Hamilton
equation of a given Hamiltonian:

H =

∫︂
d3x

[︃
1

2
π2(x, t) +

1

2
(∇ϕ(x, t))2 + 1

2
m2ϕ2(x, t)

]︃
where ϕ(x, t) is the classical scalar field and π(x, t) = ∂tϕ(x, t) is the associated canonical momen-
tum. These quantities represent the fundamental degrees of freedom of the problem in the classical
Hamiltonian description, whose inherent structure is characterized by the Poisson brackets:

{ϕ(x, t), π(y, t)} = δ3(x− y) , {ϕ(x, t), ϕ(y, t)} = {π(x, t), π(y, t)} = 0 .

The fundamental assumption in constructing the quantum dynamics is that the whole Hamiltonian
structure should be preserved in the Quantum Field Theory formalism: the fundamental degrees of
freedom ϕ(x, t) and π(x, t) are promoted to self-adjoint operators Φ̂(x, t) and Π̂(x, t), while the Poisson
brackets result in the canonical commutation relations:

[Φ̂(x, t), Π̂(y, t)] = iℏδ3(x− y) , [Φ̂(x, t), Φ̂(y, t)] = [Π̂(x, t), Π̂(y, t)] = 0 .

The Hamiltonian is then expressed in operator terms:

Ĥ =

∫︂
d3x

[︃
1

2
Π̂

2
(x, t) +

1

2
(∇Φ̂(x, t))2 +

1

2
m2Φ̂

2
(x, t)

]︃
(2.27)

and, in analogy with the classical rule df
dt = {f,H}, each generic operator Ô would evolve according

to the Heisenberg equation:
dÔ

dt
=
i

ℏ
[Ĥ, Ô] . (2.28)

Finally, in the Schrödinger picture, the evolution is transferred from the operators to the states.
This is based on the assumption that the only observable quantities are the averages of the operators
on the states, ⟨ψ|Ô|ψ⟩, and the evolution of these averages can be equivalently described either by
letting the operators evolve while fixing the states or by letting the states evolve while fixing the
operators. Formally, the evolution of the average in the Schrödinger picture is written as

d

dt
⟨ψ(t)|Ô|ψ(t)⟩ =

⟨︃
dψ(t)

dt

⃓⃓⃓⃓
Ô

⃓⃓⃓⃓
ψ(t)

⟩︃
+

⟨︃
ψ(t)

⃓⃓⃓⃓
Ô

⃓⃓⃓⃓
dψ(t)

dt

⟩︃
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By imposing that it is equivalent to its Heisenberg picture analogue:

d

dt
⟨ψ|Ô(t)|ψ⟩ =

⟨︃
ψ

⃓⃓⃓⃓
dÔ

dt

⃓⃓⃓⃓
ψ

⟩︃
=
i

ℏ
⟨ψ|[Ĥ, Ô]|ψ⟩

for all operators Ô, it results in the Schrödinger equation:

iℏ
∂

∂t
ψ(t) = Ĥψ(t) . (2.29)

This equation is thus simply a consequence of promoting the Hamiltonian structure to the Quan-
tum Field Theory formalism and of writing the dynamics on the states rather than on the operators.
This description is completely equivalent to the previous construction in the Heisenberg picture,
and the underlying Fock space structure still holds, as described above. The only difference con-
cerns the dynamics, which now affects only the states while keeping the matter field operators Φ̂
time-independent.

Restriction to the n-sector

In certain regimes, such as when the energies are sufficiently low, particle creation and annihilation
processes do not occur, and the number of particles is conserved along the motion. This implies
that n-sectors are invariant and the dynamics on the Fock space reduces to dynamics on each fixed
n-sector. The latter can be expressed in the familiar form of first quantization – that is, in the
Schrödinger picture, as dynamics on the n-particle wave function ψ(n)(r1, . . . , rn).

The relation between the n-particle state |Ψ(n)⟩ in the Fock space and the n-particle wave function
ψ(n)(r1, . . . , rn) in first quantization is expressed as in [9] by

|Ψ(n)⟩ = 1√
n!

∫︂ n∏︂
i=1

d3ri ψ
(n)(r1, . . . , rn)Ψ̂

†
(r1) · · · Ψ̂

†
(rn)|0⟩ (2.30)

At this point, the action of a Fock space operator on the state |Ψ(n)⟩ can be explicitly calculated
and expressed in terms of the wave function ψ(n)(r1, . . . , rn). We report the example of the operator
Ψ̂(x), namely the destructive part of the field operator Φ̂(x) defined in (2.24). The calculation is
performed by recalling the commutation relations (2.25), and the property of the operator Ψ̂(x) to
annihilate the vacuum vector: Ψ̂(x)|0⟩ = 0. With these notions, one can proceed in the calculation
recursively, gradually moving the operator Ψ̂(x) to the right using the commutation rules until it acts

against the vacuum operator. At each commutation between Ψ̂(x) and the j-th operator Ψ̂
†
(rj), the

commutation rules produce two terms:

Ψ̂(x)Ψ̂
†
(rj) = δ3(x− rj) + Ψ̂

†
(rj)Ψ̂(x)

In the term δ(x − rj), the operator Ψ̂(x) no longer appears, and the contribution is in its final

form, which does not require further elaboration; in the term Ψ̂
†
(rj)Ψ̂(x), the operator Ψ̂(x) is shifted

one step to the right, and the calculation proceeds recursively. At the (n− 1)-th final commutation,
the operator Ψ̂(x) acts against the vacuum vector and the contribution vanishes. Overall, therefore,
the contributions consist of each j-th term with δ(x− rj). The explicit calculation takes the form:

Ψ̂(x)|Ψ(n)⟩ = Ψ̂(x)
1√
n!

∫︂ n∏︂
i=1

d3xi ψ
(n)(r1, . . . , rn)Ψ̂

†
(r1) · · · Ψ̂

†
(rn)|0⟩

=
1√
n!

∫︂ n∏︂
i=1

d3xi ψ
(n)(r1, . . . , rn)Ψ̂(x)Ψ̂

†
(r1) · · · Ψ̂

†
(rn)|0⟩

=
1√
n!

∫︂ n∏︂
i=1

d3xi ψ
(n)(r1, . . . , rn)δ

3(x− r1)Ψ̂
†
(r2) · · · Ψ̂

†
(rn)|0⟩

+
1√
n!

∫︂ n∏︂
i=1

d3xi ψ
(n)(r1, . . . , rn)Ψ̂

†
(r1)Ψ̂(x)Ψ̂

†
(r2) · · · Ψ̂

†
(rn)|0⟩

=
1√
n!

n∑︂
j=1

∫︂ ∏︂
i ̸=j

d3xi ψ
(n)(r1, . . . , xj−1, x, xj+1, . . . , rn)

× Ψ̂
†
(r1) · · · Ψ̂

†
(xj−1)Ψ̂

†
(xj+1) · · · Ψ̂

†
(rn)|0⟩ . (2.31)
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2.4 Quantum and semiclassical gravity

The two theories we have just briefly presented – General Relativity (GR) and Quantum Field Theory
(QFT) – are fundamentally different in their mathematical structure and approach to physics. Both
are extremely elegant in form and predict experimental results with remarkable precision, making it
extremely difficult to question their validity. Yet when attempts are made to combine them, profound
and extremely challenging difficulties arise that have so far thwarted efforts to formulate a unified
theory of everything.

On one hand, General Relativity provides an excellent description of gravity, formulating gravita-
tional interaction in geometric terms and placing the dynamics of matter, assumed to be classical, in
a fundamentally curved spacetime that evolves in response to matter. On the other hand, Quantum
Field Theory provides an accurate description of physics at the microscopic level, assigning matter
a fundamentally quantum nature and describing its interaction with fundamental forces in terms of
a restricted number of particle families, classified by an extremely elegant framework - the Standard
Model. Although QFT has been successfully combined with the formalism of special relativity, which
reasons in terms of spacetime but does not consider it curved and evolving, the combination with GR
gives rise to much more significant difficulties.

The most logical step to address this division would be to find an alternative formulation for
the descriptive elements of GR, such as spacetime and the metric, expressing them in terms of new
concepts more compatible with the Hilbert space formalism typical of QFT. Attempts of this kind
fall under the name of Quantum Gravity and represent a research field that remains among the most
studied, although it has not yet led to generally accepted formulations. Examples in this sphere
include string theory, supersymmetry, and loop quantum gravity. While a thorough discussion of this
topic is out of the scope of this work, in Section 2.4.4 we show how the Schrödinger-Poisson system
may emerge from a quantum gravity approach, in the Newtonian limit and in an effective many-body
sense.

Faced with the enormous formal difficulties that emerged with this approach, researchers have
questioned whether it is truly necessary to quantize gravity, or whether gravity might instead be
fundamentally classical. In this second scenario, known as semiclassical gravity, it is assumed that
gravity has a fundamentally different nature compared to other fundamental forces: while these are
essentially mediated by particles of quantum fields, gravity is purely classical and therefore it makes
no sense to force its formalism into terms different from those already proposed by General Relativity.

In the case of semiclassical gravity, the choice to keep gravity classical while describing matter in
terms of field theory forces a revision of how their coupling is formulated. The reference equations
for the dynamics of a system of gravitating particles would be the Einstein’s field equation (2.10),
originally expressed for classical matter:

Gµν = 8πGTµν

and the Klein-Gordon equation, formulated in the Heisenberg picture in terms of field theory (2.26):

(□−m2
0)ϕ̂(x) = 0 .

Regarding the matter field equation, the coupling with Einstein’s equation consists of transitioning
from a d’Alembertian operator □ = ηµν∂µ∂ν written in terms of the Minkowski metric ηµν to a
d’Alembertian operator □ = gµν∇µ∇ν referred to a more general curved metric gµν . Analogously,
in a Schrödinger picture in which the states evolve according to the Schrödinger equation (2.29) the
coupling is encoded in the Hamiltonian, which is written in terms of the curved metric gµν (here,
the interpretation of the time derivative in the Schrödinger equation requires particular caution, and
has to be referred to a specific spacetime foliation). Even with a fixed metric – that is, neglecting
the backreaction of Einstein’s equation that would cause the metric to evolve in a coupled manner
– the study of QFT on curved space is inherently challenging and defines a research line known as
Quantum Field Theory in Curved Spacetime (QFTCS), which we briefly discuss in Section 2.4.1.

Once we understand how to treat QFT on curved spacetime, the problem of formalizing the cou-
pling arises: while the classical Einstein equation involves the classical energy-momentum tensor Tµν
as a source, in the case of matter described by quantum fields the tensor would be promoted to an
operator T̂µν . This different mathematical structure prevents its direct use in Einstein’s equation,
introducing the need for new assumptions about how to define the source. The predominantly used
approach consists of using as a source the expectation value over a certain state Ψ ∈ F (h) of the
energy-momentum operator: ⟨T̂µν⟩Ψ ≡ ⟨Ψ|T̂µν |Ψ⟩. In this way, the evolution of the metric will
depend on the state of matter, and the matter state will in turn be affected due to the involvement
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of the metric in the Klein-Gordon equation. We will treat this approach in depth in Section 2.4.2.

The semiclassical approach has formal and interpretative consequences that are profoundly dif-
ferent from the quantum gravity approach. As we show in Sections 2.4.3 and 2.4.4, the fundamental
distinction lies in how non-linearity emerges in the dynamics: while in the quantum gravity case it
results from effective approximation of an underlying linear theory, in the semiclassical approach the
dynamics is non-linear at a fundamental level.

This difference had interesting consequences for the wave function collapse problem – a funda-
mental behavior in quantum theory whose origin remains widely debated. Since this phenomenon is
necessarily non-linear, the semiclassical Schrödinger-Poisson system has been a prominent candidate
in explaining this mechanism, although it finally proved insufficient for the purpose, still requiring the
support of collapse theories to model the stochastic part of the process, and presenting considerable
difficulties in managing potential superluminal effects. For a thorough discussion, see Bahrami et al.
[9] and the references cited therein.

In addition, the two approaches have profound differences on the interpretative level, particularly
regarding the meaning to be assigned to the wave function: while the standard quantum mechanical
approach gives a probabilistic interpretation to the square of the wave function, reading it as a
probability distribution for observing the particle, the semiclassical approach naturally suggests a
more literal interpretation, in which the square of the wave function represents the matter distribution
of the particle, which is spatially organized in a wave packet rather than being concentrated in a point-
like object. This motivates the considerable caution with which the results on the Schrödinger-Poisson
systems presented in this thesis should be addressed: even though the same mathematical structure
emerges from different approaches, its physical interpretation could be profoundly different based on
the underlying assumptions.

Given the conspicuous distance between these two approaches, semiclassical gravity has been
strongly criticized and often judged inconsistent, although no unanimous agreement has been reached
on the validity of these criticisms, ultimately leaving the final judgment to comparison with experi-
mental data [9].

2.4.1 Schrödinger-Poisson from Quantum Field Theory on Curved Space-
time

As suggested by its name, Quantum Field Theory on Curved Spacetime (QFTCS) is concerned with
studying the properties of QFT on curved space with a fixed metric, ignoring the backreaction in
Einstein’s equation that would cause the curvature of spacetime to evolve. In this framework, matter
represents a kind of test system for probing the gravitational field. This is typical, for example, of
quantum optical experiments, where optical setups are used to simulate the effects of a fixed curved
spacetime in the laboratory [60, 21]. Studies of this kind, edging between the Newtonian and the
relativistic descriptions of gravity, allow for experimental and theoretical investigation of the so-called
post-Newtonian effects of gravity on quantum systems, that is, those phenomena that are explainable
as corrections to successive orders of Newtonian gravity.

To understand the typical context of this kind of research, consider the case of stationary space-
times with limited energy levels, where the particle number is conserved and one can restrict to
classical (or first-quantized) dynamics on a fixed n-sector. In the Newtonian limit where all relativis-
tic effects are neglected, the dynamics would be governed by the Schrödinger equation subject to a
background Newtonian gravitational potential:

iℏ∂tΨ =

(︃
− ℏ2

2m
∆+mΦ

)︃
Ψ .

When relativistic effects begin to manifest, corrections should be made to this equation by including
new couplings to obtain a still approximate but more accurate description that takes into account first-
order relativistic effects. While these modifications can be introduced through heuristic approaches,
more systematic studies are necessary to guarantee the completeness and independence of the new
information, i.e. to ensure that no relevant corrections are lost and that no redundant ones are
written. QFTCS therefore deals with deriving these effective post-Newtonian corrections starting
from fundamental laws, providing a solid theoretical foundation for the heuristic descriptions. Once
appropriately justified, these approximate models are then used in practical situations, such as the
above-mentioned quantum optical experiments, to simplify the complicated quantum field formalism
without losing the post-Newtonian corrections.
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In this regard, see the interesting works [57, 56] by Giulini and collaborators, who start from
classical relativistic quantum equations and formally expand them through a WKB-inspired approach,
deriving a Schrödinger equation with post-Newtonian corrections.

2.4.2 The semiclassical approach

The most delicate point in formulating a theory of semiclassical gravity consists in defining the
coupling, or backreaction, between the spacetime metric, assumed to be fundamentally classical, and
matter, described by a quantum field. Formally, the difficulty lies in writing the source in Einstein’s
field equation, finding an appropriate substitute for the classical energy-momentum tensor Tµν when

this, in the context of a quantum matter field, is promoted to an operator T̂µν .
In the quantum formalism, the energy-momentum operator is expressed as:

T̂µν = (∇µΦ̂)(∇νΦ̂)−
1

2
gµν [(∇αΦ̂)(∇αΦ̂) +m2

0Φ̂
2
]

following a form analogous to the classical energy-momentum tensor Tµν and promoting the classical

field ϕ to the self-adjoint operator Φ̂. The mathematical definition of this operator is delicate due
to the presence of quadratic terms like ϕ2, whose promotion to operator products Φ̂Φ̂ is not well-
posed. In this work, we do not include a complete discussion of this problem, for which we refer
to Alcubierre et al. [2] and the references cited therein. We just follow the standard prescription –
namely, the Wick normal ordering – according to which all creation operators are moved to the left
of all annihilation operators. With this assumption, and using the field operator definition (2.23),
the energy-momentum operator becomes:

T̂µν =
1

2

∑︂
j,k

[︂
(a†jak + a†kaj)Tµν(ej , ek) + H.c.

]︂
where H.c. stands for Hermitian conjugation and Tµν(ej , ek) represents the classical energy-momentum
tensor for complex scalar fields ej(x) and ek(x):

Tµν(ej , ek) ≡ (∇µej)(∇νek) + (∇νej)(∇µek)− gµν [(∇αej)(∇αek) +m2
0ejek] .

The critical step consists of deriving from this operator an effective source for Einstein’s field
equation, of a form compatible with its classical structure. The most common choice consists of using
as the source the expectation value calculated over a certain state Ψ ∈ F(H) of the energy-momentum
operator: ⟨T̂µν⟩Ψ ≡ ⟨Ψ|T̂µν |Ψ⟩. Einstein’s field equation for semiclassical gravity is thus written as:

Gµν = 8πG⟨T̂µν⟩Ψ

When this is coupled to an equation for the matter field, as in the case of the Einstein-Klein-Gordon
system, the expectation value that serves as the source evolves according to the equation for the matter
field, either because the state Ψ is the current-time solution of the dynamics (Schrödinger picture), or
because the operator T̂µν is constructed from the field operator Φ̂ that solves the dynamical equation
at the current time (Heisenberg picture). The system is therefore completely coupled, according to a
scheme that represents the physical situation well but is technically difficult to study. For this reason,
a standard procedure consists in writing the state Ψ as a linear combination of an appropriate basis of
the Fock space. If the choice of basis is well designed with respect to the form of the energy-momentum
operator, the backreaction can be approximated in a convenient way, for example, through controlled
truncations that maintain the dominant terms while neglecting higher-order ones.

Among the possible choices of bases, we cite two that are particularly used: the standard basis
in occupancy number notation and coherent states. The basis in occupancy number notation (2.17)
describes states in which the number of particles in each single-particle state is known. In this case,
the contributions to the expectation value ⟨α|T̂µν |α⟩ calculated on a single element |α⟩ ≡ |α1α2 . . . ⟩
of the basis are of types ⟨α|a†jak|α⟩ = αjδjk and ⟨α|ajak|α⟩ = 0, so that the expectation value of the
energy-momentum tensor reduces to:

⟨α|T̂µν |α⟩ =
∑︂
j

αjTµν(ej , ej)

where Tµν(ej , ej) represents the classical energy-momentum tensor calculated for the j-th mode func-

tion. The expectation value ⟨T̂µν⟩|α⟩ of the operator T̂µν on an element |α⟩ of the occupancy number
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basis (2.17) is therefore given by a sum, weighted by the occupation numbers, of the classical energy-
momentum tensors Tµν(ej , ej) calculated for each basis function ej . In this sense, it is as if n =

∑︁
j αj

independent complex classical fields contributed to the source of Einstein’s field equation. According
to this analogy, it is natural to interpret the mode functions ej as the wave functions of quantum
particles, and the semiclassical equations are equivalent to the classical Einstein-Klein-Gordon sys-
tem for a family of non-interacting, complex, free, minimally coupled scalar fields, which form an
orthonormal set of basis functions of the subspace X+ of positive norm solutions of the Klein-Gordon
equation.

Another basis that is particularly used for expanding the state Ψ in the expectation value is that
given by coherent states. Coherent states, denoted here with the same symbol |α⟩, are defined as the
eigenstates of the annihilation operators:

aj |α⟩ = αj |α⟩

and play a very important role in the framework of Fock spaces. See the excellent review by Zhang
et al. [147] for a clear and thorough description. Coherent states are characterized as the states with
minimum uncertainty relationship:

⟨α|(q̂ − ⟨q̂⟩)2|α⟩ ⟨α|(p̂− ⟨p̂⟩)2|α⟩ =
(︃
1

2

)︃2

where q̂ ≡ (a + a†)/
√
2 and p̂ ≡ (a − a†)/(i

√
2) are the coordinate and momentum operators and

⟨f̂⟩ ≡ ⟨α|f̂ |α⟩ denotes the expectation value of an operator f̂ on the state. In this sense, by saturating
the quantum uncertainty principle, they behave as close as possible to classical field excitations. When
calculating the expectation value of the energy-momentum operator on a coherent state, the relevant
contributions take the form ⟨α|a†jak|α⟩ = α∗

jαk and ⟨α|ajak|α⟩ = αjαk, resulting in:

⟨α|T̂µν |α⟩ =
1

2
Tµν(ϕcl, ϕcl) (2.32)

where ϕcl =
∑︁
j [αjej(x) + α∗

je
∗
j (x)] represents the classical analogue of the quantum field operator.

In this way, the expectation value of the energy-momentum operator on a coherent state coincides,
up to a factor of 1/2, with the classical energy-momentum tensor calculated for the classical matter
field ϕcl. Therefore, it is as if the latter were solely responsible for generating the source in Einstein’s
field equation, and the semiclassical system is identical to the classical Einstein-Klein-Gordon system
for the single, real, free, minimally coupled scalar field ϕcl.

Thus, through the choice of convenient basis functions, the semiclassical EKG system – which
still describes matter as fundamentally quantum – can be equivalently written as the corresponding
classical problem, where the role of the classical matter field is played by different objects depending
on the choice of the basis – for example, by a set of independent complex fields in the case of the
occupancy number basis, or a single real field in the case of the coherent states.

2.4.3 Schrödinger-Poisson from Semiclassical Gravity

In Section 2.2.3 we showed that in standard General Relativity, where matter is treated as classical, the
Schrödinger-Poisson equations emerge as the Newtonian limit of the Einstein-Klein-Gordon equations.
In this Section, we extend the same approach to the semiclassical case, in which gravity remains
fundamentally classic, while matter is described in a second quantization formalism. Even in this
case, the Schrödinger-Poisson equations emerge in the same limit, under the assumption of low
energies resulting in a constant number of particles. The presentation follows the excellent work of
Bahrami et al. [9].

We consider the case of an approximately flat spacetime, in which the metric is described by a
perturbation of the Minkowski metric, gµν = ηµν + hµν , and in which linearized gravity provides a
good approximation. In the semiclassical framework, we write the classical Einstein field equations
for linearized gravity in trace-reversed form as in (2.12), using as the source term the expectation
value of the energy-momentum operator in a given state, ⟨Ψ|T̂µν |Ψ⟩, where T̂µν is an operator. We
obtain:

□hµν = −16πG

c4
⟨Ψ|T̂µν |Ψ⟩ − 1

2
ηµν⟨Ψ|ηρσT̂ ρσ|Ψ⟩ .

In the Newtonian limit of a low-density slowly-evolving matter field, the Poisson equation can be
obtained in complete analogy to the classical case (2.16):

∆V =
4πG

c2
⟨Ψ|T̂ 00|Ψ⟩ ,
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where the potential V is related to the dominant component of the metric perturbation by V ≡
− c2

2 h00. Note that, due to the semiclassical assumption, the potential has a classical form and
depends on the state |Ψ⟩, which appears in the expectation value.

In the semiclassical framework, the equations of motion for the matter field are expressed in the
second quantization formalism. Following Bahrami et al. [9], we work in the Schrödinger picture,
where the evolution of the Fock state |Ψ⟩ ∈ F(H) is governed by the Schrödinger equation. The
Hamiltonian in the second quantization formalism is obtained by promoting the classical Hamiltonian
to operator form, as in Section 2.3.3, and by including the interaction term Ĥ int. In the Newtonian
approximation, the latter involves the dominant component of the metric perturbation h00 and of the

energy-momentum operator T̂ 00 ≡ mc2Ψ̂
†
Ψ̂. Given that the former is related to the solution of the

Poisson equation, the interaction term reads:

Ĥ int = −1

2

∫︂
d3xh00T̂ 00 = −Gm2

∫︂
d3x

∫︂
d3x′

⟨Ψ|Ψ̂
†
(x′)Ψ̂(x′)|Ψ⟩
|x− x′|

Ψ̂
†
(x)Ψ̂(x) ,

so that the equation of motion for the matter quantum state is expressed as:

iℏ
∂

∂t
|Ψ⟩ =

[︃∫︂
d3xΨ̂

†
(x)

(︃
− ℏ2

2m
∆

)︃
Ψ̂(x)+

−Gm2

∫︂
d3x

∫︂
d3x′

⟨Ψ|Ψ̂
†
(x′)Ψ̂(x′)|Ψ⟩
|x− x′|

Ψ̂
†
(x)Ψ̂(x)

]︄
|Ψ⟩ .

Observe that due to the involvement of the state |Ψ⟩ in the Poisson equation, the Schrödinger
equation for the state |Ψ⟩ in the Fock space is fundamentally nonlinear.

At this point, we impose the additional assumption that the energy is low enough to prevent
variations in the number of particles. We can then restrict the full dynamics on the Fock space to
the dynamics within a fixed N -particle sector, as described in Section 2.3.3. By substituting the
expression (2.30) for the N -particle state |Ψ(N)⟩ of the Fock space, the expectation value in the
interaction term becomes:

⟨Ψ(N)|Ψ̂
†
(x)Ψ̂(x)|Ψ(N)⟩ =

N∑︂
j=1

∫︂ ∏︂
i̸=j

d3xi

⃓⃓⃓
ψ(N)(x1, . . . ,xj−1,x,xj+1, . . . ,xN )

⃓⃓⃓2
Using the same expression (2.30), the dynamics of |Ψ(N)⟩ reduces to that of the N -particle wave

function ψ(N)(x1, . . . ,xN ), and results in the N -body Schrödinger-Poisson equation:

iℏ
∂

∂t
ψ(N)(x1, . . . ,xN ) =

⎡⎣− N∑︂
j=1

ℏ2

2m
∆j −Gm2

N∑︂
j<k

∫︂ N∏︂
l=1

d3x′l
|ψ(N)(x′

1, . . . ,x
′
N )|2

|xj − xk|

⎤⎦ψ(N)(x1, . . . ,xN )

In the one-particle case, the Schrödinger-Poisson equation we are studying in this thesis follows
immediately.

2.4.4 Schrödinger-Poisson system from Quantum Gravity

Given that the Schrödinger-Poisson emerges as the Newtonian limit of the EKG equations both in the
classical General Relativity and in Semiclassical Gravity, it is natural to wonder if the same occurs in
the Quantum Gravity case. In this Section we investigate this topic, applying the same approaches
and highlighting the differences with respect to the semiclassical case. The presentation follows the
excellent work of Bahrami et al. [9].

As in the previous Section, we consider the case of an approximately flat spacetime, in which
the metric is described by a perturbation of the Minkowski metric, gµν = ηµν + hµν , and in which
linearized gravity holds in good approximation. Assuming that gravity is fundamentally described
by a quantum theory, both the energy-momentum tensor Tµν and the metric perturbation hµν are

promoted to operators, T̂µν and ĥµν . The classical Einstein field equations for linearized gravity,
expressed in trace-reversed form as in (2.12), become:

□ĥµν = −16πG

(︃
T̂µν −

1

2
ηµν T̂

)︃
,
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where T̂ ≡ ηρσT̂ ρσ, and ĥµν is now a linear quantum operator. In the Newtonian limit of a low-
density slowly-evolving matter field, the Poisson equation can be obtained in complete analogy to the
classical case (2.16):

∆V̂ =
4πG

c2
Ψ̂

†
Ψ̂, (2.33)

where the gravitational potential V̂ is an operator, as well. Observe that, in contrast to the semi-

classical case, the Poisson equation involves the creation and annihilation parts Ψ̂
†
, Ψ̂ of the matter

field rather than the state |Ψ⟩ of the system. This difference captures the core distinction between
the semiclassical and the quantum approach, the former introducing an expectation value computed

on the current state and the latter concerning solely the matter field components Ψ̂
†
, Ψ̂.

The equations of motion of the matter field are also expressed in the second quantization for-
malism. In the Schrödinger picture, the evolution of the Fock state |Ψ⟩ ∈ F(H) is still ruled by the
Schrödinger equation, as in the semiclassical case. In this case, the interaction term Ĥ int involves
the dominant component of the metric in operator form ĥ00, which is still related to the potential V̂
solving the Poisson equation:

Ĥ int = −1

2

∫︂
d3x ĥ00T̂ 00 = −Gm2

∫︂
d3x

∫︂
d3x′

Ψ̂
†
(x′)Ψ̂(x′)Ψ̂

†
(x)Ψ̂(x)

|x− x′|
.

The equation of motion for the matter quantum state thus read:

iℏ
∂

∂t
|Ψ⟩ =

[︄∫︂
d3x Ψ̂

†
(x)

(︃
− ℏ2

2m
∆

)︃
Ψ̂(x)−Gm2

∫︂
d3x d3x′ Ψ̂

†
(x′)Ψ̂(x′)Ψ̂

†
(x)Ψ̂(x)

|x− x′|

]︄
|Ψ⟩ .

Observe that due to the absence of the state |Ψ⟩ in the Poisson equation, the Schrödinger problem
ruling the evolution of |Ψ⟩ in the Fock state is fundamentally linear. In this, the Newtonian limit
of the EKG equations in Quantum Gravity is profoundly different from its Semiclassical Gravity
analogue, in which the non-linearity already appeared at this stage.

As in the semiclassical case, we proceed by assuming that the energy is sufficiently low to prevent
variations of the number of particles. We can then restrict the full dynamics on the Fock space to
the dynamics of a fixed N -particle sector, as we did in the previous Section. In this case, however,
the different structure we have derived results in a different N -body Schrödinger equation:

iℏ
∂

∂t
ψ(N)(x1, . . . ,xN ) =

⎡⎣− N∑︂
j=1

ℏ2

2mj
∆j −Gm2

∑︂
i<j

1

|x̂i − x̂j |

⎤⎦ψ(N)(x1, . . . ,xN ), (2.34)

The interaction term in the N -body problem is strongly different from that derived in the semi-
classical equation: while there the N -particle density

∫︁
d3x1 . . . d

3xN |ψN (x1, . . . ,xN )|2 is included,
involving the N -particle wave function ψ(N)(x1, . . . ,xN ) and thus making the equation non-linear,
the interaction term in the quantum gravity case involves only the reciprocal distances between
the particles, thus preventing self-interactions of the state ψ(N)(x1, . . . ,xN ). Thus, the N -body
Schrödinger-Poisson problem in the Quantum Gravity scenario is still linear.

Since the dynamics can be observed on a fixed N -sector of the Fock space, we can work in a
many-body perspective. This approach is very common, and paves the way for condensed matter
approaches to the study of gravitational systems [20, 45, 109, 97].

Following this approach, we can consider the case of a large number of particles N → ∞, all
having the same mass m. As described by Bardos et al. [20] (see also [45, 109]), we can compute the
mean-field limit of the N -body Schrödinger equation and obtain the non-linear Hartree equation:

iℏ
∂

∂t
ψ(t,x) =

(︃
− ℏ2

2m
∆−Gm2

∫︂
d3x′ |ψ(t, (x′))|2

|x− x′|

)︃
ψ(t, r), (2.35)

which in the gravitational case is exactly the Schrödinger-Poisson equation.
In contrast to the semiclassical case, this derivation required taking a mean-field limit, so that

the Schrödinger-Poisson equation in quantum gravity represents only an effective description of the
system. Only at this point do the equations involve a non-linearity.
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This observation represents a key point for supporters of the semiclassical gravity approach, and
in particular for those studies that seek to explain wavefunction collapse through gravity, for which
the emergence of non-linearity is necessary at a fundamental level and not only as an approximation
of a fundamentally linear theory [9].

2.5 Scalar Field Dark Matter

Among the theories currently used to describe dark matter, one of the most widespread and promising
is Scalar Field Dark Matter (SFDM) [73]. According to the SFDM model, dark matter consists of
ultralight particles with masses in the range 10−24–10−22 eV (10−57–10−55 g), with zero spin and
thus mathematically represented by a scalar field. This characteristic classifies them as bosons, and
ensures that they can all be arranged in the same fundamental state at minimum energy, forming a
Bose-Einstein condensate (BEC).

The characteristic scales of this theory are consistent with the formation of aggregates, whose
structure is strongly linked to their quantum nature but whose dimensions are comparable with
astrophysical scales. The ultralight nature of these particles, in fact, endows them with an enormous
Compton wavelength [132], λC ≡ h(mc)−1 ∼ 10 pc (with h the Planck constant, c the speed of light
and m the particle mass)1. At the same time, their number density is estimated to be very high,
resulting in a much shorter interparticle distance, of the order 10−13 cm [132]. Their wave functions
therefore overlap heavily, allowing the formation of a condensed state in which they move collectively
and form a coherent wave, with a de Broglie wavelength comparable to the galactic scale, λB ∼ 1 kpc.
The resulting single entity is rather heavy, so that the system is often assumed to be non-relativistic.

The SFDM model has aroused strong interest and has been developed simultaneously in multiple
directions and with different variants. It is therefore known under various names, each highlight-
ing slightly different aspects of the theory: ultralight DM, BEC DM, superfluid DM, fuzzy DM,
quintessential DM, ultra-light axion (ULA), and wave/ψ-DM, among others [88, 105]. A complete
treatment of the SFDM model can be found in excellent reviews, such as Ureña-López [141], Ferreira
[49], Lee [88], Matos et al. [105] and Salucci [128].

In this work, we focus only on some key aspects of this theory, exploring the hypotheses from which
it emerges and the consequences for the mathematical structure of the problem. In the remainder of
this section, in Section 2.5.1 we briefly present the main features of scalar field models in astrophysics
and cosmology, highlighting their connection with the theories of General Relativity and quantum
field theory presented previously and showing the main elements that can vary within the model.
Then we focus on their application to the galactic dark matter case, completing the overview. In
Section 2.5.2, we address the heuristic description of the SFDM model: proceeding with our own
personal reconstruction, we illustrate how a series of simple physical hypotheses lead to deducing the
orders of magnitude of the fundamental scales of the system, naturally suggesting the parameters
that govern its regime. In addition to recovering the scales of magnitude reported in the literature,
we derive a characteristic length that allows writing the model in dimensionless form and gives a
direct and elegant justification of the mathematical structure commonly used in many-body theories.
A second parameter is derived, which incorporates information about the energetic regime of the
system and which will play a key role in Chapter 5, in the definition of a relativistic extension of the
SP model.

2.5.1 Scalar Field Models

The study of SFDM is based on a series of early works that since the 1960s have investigated the char-
acteristics of scalar fields in astrophysical and cosmological contexts, not necessarily with reference
to dark matter.

The foundations of this research were laid by Ruffini and Bonazzola [126], who first conducted a
systematic study of systems of self-gravitating particles in the ground state, establishing the formal
basis and studying their equilibrium configurations. In this work, the authors consider two possible
scenarios: in the case of bosonic particles with spin 0, the matter field is of scalar type and satisfies a
Klein-Gordon equation; while in the case of fermionic particles with spin 1/2 (which we do not treat
in this thesis), the field is of spinorial type and satisfies a Dirac equation. In both cases, the dynamics
is described according to a semiclassical approach, as described in Section 2.4: the matter field is
described by a second-quantized free field, while the self-gravitating character is given by coupling

11pc ∼ 3.26 light-years is approximately the distance between the Sun and the nearest star, Proxima Centauri.
Galaxy diameters typically range from 1 to 100 kpc.
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with Einstein’s field equation, with a source term given by the mean value of the energy-momentum
tensor operator constructed from the matter field. The system is described by the coupled Einstein-
Klein-Gordon equations in the bosonic case, and by Einstein-Dirac equations in the fermionic case.

The study by Ruffini and Bonazzola [126], and particularly the bosonic case, opened the way to a
series of works that investigate the behavior of scalar fields in astrophysical and cosmological contexts.
As well explained in Guzmán and Ureña López [66], there are two possible scenarios for aggregates of
this type: real scalar fields, used for neutral particles, and complex scalar fields, which generalize to
potentially charged particles. As already in Ruffini and Bonazzola [126], the fundamental equations
are those of Einstein-Klein-Gordon, with an energy-momentum tensor that accounts for the real or
complex nature of the field.

In both cases, spherically symmetric equilibrium configurations are studied, namely the nontrivial
solutions of the spherically symmetric EKG system that are regular everywhere, asymptotically flat,
and for which the scalar field is confined to a finite region. In the case of complex fields, these
solutions are known as boson stars. Expressed in the form ϕ(r, t) = ψ(r)e−iωt, with ψ(r) a real
function and ω the fundamental frequency of the boson star, they result in metric functions that
are time independent. Under appropriate assumptions of regularity and boundary conditions, they
solve an eigenvalue problem, generally studied numerically. This is a much-studied model, including
the non-spherically symmetric case. See Schunck and Mielke [131] for a comprehensive review and
[98, 2, 123] for some more recent works.

In the case of real fields, it is not possible to construct stationary and regular solutions that make
the metric time independent. The easiest alternative is therefore to Fourier expand the field and
the metric and transfer the dynamics to the coefficients of this expansion. To avoid a system of
infinite equations, a cut-off is generally introduced, neglecting modes that exceed a certain threshold.
Solutions of this type, studied numerically under appropriate regularity and boundary conditions, are
known as oscillatons. They are very similar in form to those obtained for complex fields, so the two
cases show very similar properties [66].

The study of both types of scalar field can be specialized to the case of weak field, applying the
Newtonian limit as described in 2.2.3. In this case, the solutions described above take the name of
Newtonian boson stars and Newtonian oscillatons. Both are derived with a similar procedure, of
post-Newtonian type. The only difference lies in the number of variables involved, which is greater
in the case of oscillatons to account for the real nature of the field. In both cases, however, the
fundamental dynamics is described by a Schrödinger-Poisson system, so that the properties of the
two types of aggregate remain very similar even in the Newtonian limit.

Another variable element in the study of scalar fields is the type of potential assumed for the
matter field [105]. As seen in Section 2.2.2, in addition to the gravitational potential that emerges
from coupling with Einstein’s equation, matter is generally subject to its own potential V (ϕ), which
determines the type of self-interaction between particles. In the simplest case of a non-interacting
field, it is of type V (ϕ) = 1

2m
2ϕ2. In more general cases, it could have other forms, which can be

suggested by the physical theory assumed as the origin for the scalar field. In the case of dark matter,
for which proposals on the origin span widely, we find, for example, the potential V (ϕ) = f sin(bϕ)
proposed for QCD axions, or V (ϕ) = A[cosh(bϕ)−1] derived from superstring theory [105]. In general,
it is physically reasonable to assume that the potential has a minimum around which it oscillates. In
this case, the potential expanded around the minimum takes the form

V (ϕ) = V0 +
1

2
m2ϕ2 +

λ

4
ϕ4 +O(ϕ6) ,

where the quadratic term is the contribution of the non-interacting field and (λ/4)ϕ4 is the first
correction for a weakly interacting field. A potential of this type is the simplest solution for studying
a self-interacting field, a type of system of wide interest [89, 67, 31, 36].

Scalar Fields: a Cosmological Point of View

The effective equations derived for Newtonian scalar fields are appropriate on astrophysical scales (up
to about ∼ 10 Mpc) in which isolated clusters of matter are studied. However, on cosmological scales
(beyond ∼ 100 Mpc), matter is typically seen as a single aggregate described by a homogeneous and
isotropic fluid, an assumption known as Cosmological Principle. In this fluid, small almost-Gaussian
initial perturbations grow through merging to create complex structures, originating all the objects
seen in the Universe. As shown in Schaller et al. [129], the fluid is typically described by a phase space
density distribution f(x, v, t), representing how matter is distributed in space, velocity and time. The
spatial density is obtained by integrating over velocity, ρ(x, t) =

∫︁
f(x, v, t) d3v, and perturbations
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are defined by subtracting from it the average density, δρ(x, t) = ρ(x, t)− ρ̄(t). Following the Liouville
theorem and assuming that the only relevant force is the gravitational potential ϕ(x), the appropriate
dynamics for the fluid is given by the Vlasov-Poisson system:{︄

∂f
∂τ + v

a(τ)
∂f
∂x − a(τ)∇ϕ∂f∂v = 0

∆ϕ = 4πGa2(τ)δρ
,

where G is the gravitational constant, x, v are comoving coordinates and velocities, τ is the conformal
time and a(τ) is the cosmic scale factor that encodes the mean expansion of the Universe and is subject
to the Friedmann equation [121, 129].

Exact solutions to the Vlasov-Poisson system are extremely difficult to compute, mainly because
of the high dimensionality of the phase space, involving both space and velocity. To handle this
problem, the standard strategy consists in defining a parallelism with quantum dynamics, in which
a single wave function ψ(x, t), independent of velocity, collects all the information [129, 145]. This
parallelism is set through the Wigner distribution function

f(x, v) ≃
∫︂
ei
vy
ℏ ψ∗

(︂
x+

y

2

)︂
ψ
(︂
x− y

2

)︂
d3y ,

which maps the Vlasov-Poisson dynamics in a Schrödinger-Poisson dynamics. To ensure the orig-
inal complexity of the distribution function is not lost during the transformation, a whole set of
wavefunctions {ψn(x, t)}n is often used, leading to the many-body Schrödinger-Poisson problem:{︄

iℏ∂τψn = − ℏ
2a2(τ)∆ψn + ϕψn

∆ϕ = 4πGδρ
.

Observe that, in a cosmological context, the parallelism with quantum mechanics is merely intended as
a mathematical trick to solve the “true” classical Vlasov-Poisson system. The ℏ constant is intended
as a numerical parameter, not related to the Planck constant, while the wavefunction is interpreted
in a purely classical manner, as a matter distribution [129].

This numerical approach recovers the Schrödinger-Poisson problem even on cosmological scales.
Two relevant differences compared to the astronomical SP problem are worth noting. First, the
expansion of the universe is taken into account through the cosmic scale factor a(τ). Second, only
perturbations of the density generate gravitational potential, so that a background term needs to be
subtracted from the density on the right-hand side of the Poisson equations [129]. These variations are
essential to study large-scale structures (beyond ∼ 100 Mpc). However, they can be safely neglected
on astrophysical scales (up to about ∼ 10 Mpc), which will be the main focus of this thesis.

We conclude the overview on the use of SP in cosmology with one final comment. While the
SP system is considered a useful approximation of the Vlasov-Poisson problem, in some situation
an alternative formulation is preferred, to remark the fluid-like nature of the system. This fluid
description is obtained by applying the Madelung transformation to the SP problem. Setting ψ ≡√
ρeiS the complex matter field ψ is expressed in terms of the real density field ρ ≡ |ψ|2 and of

the real action or phase function S, whose gradient defines the bulk velocity v ≡ ∇S. In terms
of the hydrodynamic variables ρ and v, the complex Schrödinger equation corresponds to the real
continuity and Euler equations of a quantum hydrodynamic fluid, so that the Schrödinger-Poisson
system becomes: ⎧⎪⎪⎨⎪⎪⎩

∂tρ+∇ · (ρv⃗) = 0

∂tv⃗ + (v⃗ · ∇)v⃗ = −∇ϕ− 1
2∇
(︂

∆
√
ρ√
ρ

)︂
∆ϕ = ρ

.

This type of description is widely used for cosmological simulations and structure formation studies
[28, 38, 50, 139].

Scalar Field models for Dark Matter

The idea of using scalar fields as a model for dark matter dates back to Baldeschi et al. [11], who
first compared models for self-gravitating particle systems, bosonic or fermionic, with galactic scales,
deriving an estimate of the single particle mass between 10−24 eV and 10 eV in the bosonic case.

Sin [132] first proposed a direct comparison with experimental rotation curves, suggesting the
use of excited states of SP rather than the ground state to reproduce the experimentally observed
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plateau. The same study was extended to account for the presence of baryonic matter in galaxies
[78] and to include the possibility of self-interactions [89], with potential in the form V (ϕ) = λϕ4/4.
Similar studies were also developed independently by Guzmán and Matos [69].

In the same years, the study of the SP system emerging from the SFDM assumption was also
advanced using numerical techniques. Widrow and Kaiser [145] first used the SP model to numerically
approximate the Vlasov equation for a collisionless fluid, showing the possible formation of aggregate
structures. Later, Guzmán and his collaborators dedicated a series of works [65, 66, 67] to the study
of numerical stability of the stationary states of the SP system, in view of their application to the dark
matter problem. They found that the ground state or zero-node configuration is intrinsically stable,
while the excited states are unstable and tend to collapse to the ground state by emitting scalar matter.
The latter process, called gravitational cooling, is so efficient as to allow any initial configuration to
decay into a zero-node Newtonian scalar soliton. While for large objects this gravitational cooling is
long enough to explain the existence of galaxy clusters, for smaller masses it is too short to explain the
shape of galaxies. This result discouraged the use of single excited stationary states as descriptions
of galactic dark matter halos and led to modified versions of the SP model, including for example
rotational effects or combining the ground and the excited state into multimodal configurations [140,
68, 3]. Other studies also accounted for temperature effects [122] or random potentials [70]. With
these modifications, stability is generally improved, providing a more reliable description of galactic
halos.

Another important development in dark matter modeling on galactic scales is represented by
three-dimensional numerical simulations. Schive et al. [130] first proposed simulations of this type for
the SP model, performing them at an unprecedentedly high resolution. These and other subsequent
simulations, see [105] and references therein, have clarified the processes of structure formation on
galactic scales, showing how matter tends to aggregate into core-tail halos, namely distributions char-
acterized by a flat, oscillating core surrounded by an envelope of highly energetic granular structures,
which continuously fluctuate in density and velocity. From these works effective models are built
to describe matter density distributions averaged over time or solid angle. Models of this type are
often heuristic and include the ground state of SP as the core, combined with density profiles defined
on-demand for the halo [80, 19, 24].

2.5.2 Heuristic Analysis of Scalar Field Dark Matter

In this section, we analyze the underlying assumptions of the SFDMmodel on galactic scales, retracing
the heuristic steps that led to its definition [11, 132, 89]. We proceed by gradually imposing a set of
physical hypotheses, showing how they naturally define the characteristic dimensions of the model,
such as the ultralight mass or the large particle number.

The object of our description is a gas of quantum particles that attract each other gravitationally,
forming an aggregate. Let R be the average extension of the aggregate, ℓ the average interparticle
distance, N the total number of particles, m the mass of each particle, and p its momentum. In
view of giving a rough, order-of-magnitude estimate of the characteristic dimensions of the problem,
we can think of the aggregate as a sphere of radius R and the average volume of each particle as a
sphere of radius ℓ. The total volume of the particles must coincide with the volume of the aggregate,
Nℓ3 ∼ R3, namely:

ℓ ∼ R

N1/3
. (2.36)

The first assumption we make is that the gas is virialized, meaning that the kinetic and potential
energies are comparable on average over time. This assumption is natural for stable aggregates, in
which the dispersive effect of kinetic energy is balanced by the collapse effect due to potential energy,
resulting in an object of approximately stable dimensions. For simplicity, in view of an order-of-
magnitude argument, we omit temporal averages, assuming that the current state of the system is
approximately equal to its mean state. Equating the total kinetic energy Np2m−1 and the potential
energy G(Nm)2R−1, we obtain:

N
p2

m
∼ G

(Nm)2

R
. (2.37)

The second assumption is that the gas is made of quantum particles. Each particle is described
by a wave function with characteristic wavelength λ, which is related to the particle’s momentum p
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through the de Broglie relation:

p ∼ ℏ
λ
. (2.38)

We then assume that the wave functions of individual particles overlap, forming an aggregate state
known as Bose-Einstein condensate. This assumption provides the wavelength with a lower bound –
it must be greater than the interparticle distance to allow overlap; and an upper bound – in the case
of completely overlapping wave functions, their wavelength equals the radius of the aggregate:

ℓ ≲ λ ≲ R . (2.39)

In particular, for a completely condensed gas with λ ∼ R the above relationships (2.37) and (2.38)
can be combined to obtain

R ∼ ℏ2

m3GN
=
ℓP
N

(︂mP

m

)︂3
, (2.40)

with ℓP ≡
√
ℏGc−3 and mP ≡

√
ℏcG−1 the Planck length and mass, respectively. Thus, the char-

acteristic radius of a virialized self-gravitating boson gas that forms a complete condensate depends
only on the number of particles N and on the mass m of the single gas particle.

In the same spirit, we can compute the kinetic energy for the complete condensate to understand
whether it is compatible with a classical regime or requires a relativistic treatment. The relativistic
energy of a free particle is computed through the relativistic dispersion relation:

K =
√︁
p2c2 +m2c4 = mc2

(︃
1 +

1

2

p2

m2c2
+O

(︃
p4

m4c4

)︃)︃
= mc2 +

1

2

p2

m
+O

(︃
p4

m3c2

)︃
.

where mc2 is the rest mass – a constant that does not affect the classical theory – while p2/(2m) is
the classical kinetic energy. This expression is derived by expanding the kinetic energy in terms of
ε ≡ p2(mc)−2 assumed small, ε≪ 1. Based again on the hypothesis of complete condensation λ ∼ R
and on the relationships (2.37) and (2.38), this quantity is expressed as:

ε ≡ p2

m2c2
(2.38)∼ ℏ2

R2m2c2
(2.40)∼ ℏ2

m2c2

(︃
m3GN

ℏ2

)︃2

= N2

(︃
m

mP

)︃4

(2.41)

The parameter ε ruling the energy regime of the condensate – classical for ε ≪ 1 and relativistic
otherwise – does therefore depend only on the number of particles N and on the mass m of the single
gas particle, in a way similar to the characteristic radius R (2.40).

Up to now, the assumptions concern a generic condensate, without specifying the physical problem
under consideration. As a final hypothesis, we specialize to the galactic scale, assuming that the
aggregate has characteristic dimensions such as to explain the inconsistencies in the rotation curves.
Recall that rotation curves are obtained by measuring the velocity v with which a test object orbits
around the galaxy at a distance r from its center. We can apply the virial theorem, equating, on
temporal average, the kinetic energy of the test object and the potential energy that attracts it toward
the center of the galaxy:

⟨v2⟩ =
⟨︃
G
M(r)

r

⟩︃
,

whereM(r) represents the mass contained in a sphere of radius r, whose gravitational action maintains
the test object in orbit. In the case of nearly circular orbits, the time average can be removed, and
the relation holds robustly. We finally assume that the dark matter aggregate we are describing is
solely responsible for the rotation velocity of the test object, and we neglect, in an order-of-magnitude
approach, the effect of baryonic matter. At a distance r ∼ R, which encompasses the entire mass of
the aggregate M(R) = Nm, the expression for the velocity V ≡ v(R) reduces to:

V 2 ∼ G
Nm

R
. (2.42)

We now combine all the assumptions in the galactic-scale case. They consist of four equations
(2.36), (2.37), (2.38) and (2.42) plus the bounds (2.39), and they involve five unknowns ℓ, N , m, p
and λ, plus two parameters R, V that can be estimated from experimental rotation curves. We first
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elaborate on them to express the bounds (2.39) in terms of the particle mass m, and then specialize
to a limiting case to derive explicit estimates of the quantities involved.

The virial relation (2.37) can be combined with the de Broglie relation (2.38) – letting the wave-
length λ appear instead of p; and with the assumption on galactic scales (2.42) – letting the rotation
curve dimensions V , R appear instead of N . The result is a relation between the condensate param-
eters λ and m, involving the velocity V as an experimental parameter:

λ ∼ ℏ
V m

.

Using this relation, the upper bound in (2.39) on λ can be expressed in terms of m:

m ≳
ℏ
V R

. (2.43)

The lower bound in (2.39) can analogously be expressed in terms of m using the same expression for
λ and the geometric consideration (2.36) to eliminate ℓ, combined with the assumption on galactic
scales (2.42) to further eliminate N . The result is:

m4 ≲
ℏ3

GV R2
. (2.44)

Recalling that the orders of magnitude of the experimental parameters are R ∼ 10 ÷ 100 kpc and
V ∼ 100 km/s, the bounds on the particle mass (2.43) and (2.44) read:

10−24 ÷ 10−23 eV ≲ m ≲ 10÷ 10 eV .

Let us finally specialize to the case – rather common in the literature – of complete condensation,
in which the wavelength λ coincides with the extent of the aggregate R. Under this assumption, all
characteristic quantities can be estimated, following the relations (2.36), (2.37), (2.38) and (2.42):

m ∼ ℏ
V R

≃ 10−24 ÷ 10−23 eV (≃ 10−57 ÷ 10−56 g) , (2.45a)

N ∼ V 3R2

Gℏ
≃ 10100 ÷ 10102 , (2.45b)

λ ∼ R ≃ 10÷ 100 kpc , (2.45c)

p ∼ ℏ
R

≃ 10−29 ÷ 10−28 eV/c , (2.45d)

ℓ ∼ R

N1/3
≃ 10−11 cm , (2.45e)

ε ∼ N2

(︃
m

mP

)︃4

≃ 10−4 (2.45f)

Observe that the resulting estimate for the total dark matter mass mN ∼ 1044 ÷ 1045 g has an
order of magnitude comparable to and slightly larger than that of the total baryonic matter, which
is about 109÷ 1012M⊙ ≃ 1042÷ 1045g. This is consistent with the hypothesis that dark matter is the
dominant attractor of an orbiting test object, which led to the relation (2.37).

In addition, the parameter ε is actually small, ε ∼ 10−4 ≪ 1, confirming that the complete
condensate compatible with the galactic scales has a classical rather than a relativistic behavior.

Heuristic analysis and the N-body problem

In Section 2.4.4 we have shown how dynamics for the matter field in second quantization can be
reduced, in the low-energy limit, to dynamics on the N -particle sector. In this space, a generic
N -body Hamiltonian dynamics with pairwise interactions is described by a Hamiltonian of the type:

HN =

N∑︂
j=1

Tj +
1

N

∑︂
1≤k<l≤N

Wkl

with Tj the kinetic energy of the j-th particle and Wkl the potential acting on the pair (k, l) of
particles [97]. The 1/N parameter is necessary to ensure that the scaling with N of the total kinetic
energy is comparable to that of the total potential energy, which would grow as N2. With the



36 CHAPTER 2. PHYSICAL BACKGROUND

prefactor 1/N , the two energies scale with N in the same way, and the dispersive effect of the kinetic
energy balances the interaction effect of the potential energy, ensuring that the system can assume,
on average, stable configurations. While its presence is formally necessary, its physical meaning is
rather counterintuitive, since there is no apparent reason for which the potential energy between two
particles should scale as 1/N .

In the case of the Schrödinger-Poisson problem discussed in this thesis, the presence of this
parameter naturally results from rescaling the physical problem to the corresponding non-dimensional
problem, using the scaling given by the characteristic dimensions derived from the heuristic analysis.

Consider the Hamiltonian of the N -body Schrödinger-Poisson problem (2.34), expressed in phys-
ical units:

HN =

N∑︂
j=1

(︃
−
ℏ2∆xj

2m

)︃
−G

∑︂
1≤k<l≤N

m2

|xk − xl|
.

The associated dynamics is given by the Schrödinger equation iℏ∂tψ(N) = HNψ
(N) or, for stationary

states of the form ψ(N) = e−iEt/ℏΦ(x), by the time-independent Schrödinger equation HNΦ = EΦ.
Consider the latter case for simplicity, although the procedure holds in both cases.

In order to rescale the problem to non-dimensional form, let us introduce the change of variables
xj = Ryj for all space coordinates j = 1, . . . , N , while a rescaling to the non-dimensional field ϕ does
not affect the problem by linearity. It results:⎡⎣− N∑︂

j=1

ℏ2∆yj

2mR2
− G

R

∑︂
1≤k<l≤N

m2

|yk − yj |

⎤⎦ϕ = Eϕ .

The kinetic energy is naturally proportional to R−2, while the gravitational energy is a homogeneous
function of degree −1 in R, and therefore is proportional to R−1.

Assuming that our system is a virialized and completely condensed boson gas, our heuristic
analysis provides a natural estimate of the characteristic length R to be used, that is, equation
(2.40). With this scale factor, the non-dimensional problem becomes:⎡⎣− N∑︂

j=1

∆yj

2
− 1

N

∑︂
1≤k<l≤N

1

|yk − yj |

⎤⎦ϕ = Eϕ ,

with E ≡ EmR2/ℏ2. In this form, the factor 1/N emerges naturally, and the problem is written
in a familiar non-dimensional form [97]. This occurrence is not accidental, but rather derives from
the fact that the characteristic length R (2.40) was obtained precisely by requiring the system to
be virialized, that is, the kinetic and potential energies of the system balance on average. In other
words, the reasoning simply demonstrates how the idea of energetic equilibrium of a system (in the
virial sense) can be incorporated through an appropriate rescaling, which leads straightforwardly
to the desired non-dimensional formulation and to the necessary 1/N prefactor. This role of the
characteristic length R (2.40) highlights its importance in the study of dynamics, as a bridge between
the intrinsic mathematical structure of the problem and its physical origin, which is encoded in R in
the form of the characteristic parameters N , m.

Complete condensate hypothesis and experimental rotation curves

Estimates (2.45) are derived under the assumption of complete condensation of the aggregated gas
and yield a prediction of the mass m of individual particles that depends exclusively on the values R
and V . The latter – representing respectively the mean size of the aggregate and the rotation velocity
of a test object at distance R from the galactic center – are assumed to be known experimentally. If
the dark matter particle has a unique nature and uniformly has mass m, then the prediction in (2.45)
should yield approximately the same result across the galaxies, namely the product V R should be
nearly constant. This hypothesis could be tested experimentally.

Drawing from a sufficiently large database of rotation curves, one could extract the values Ri
and Vi for each i-th curve and create a sample of estimates {mi = ℏ(ViRi)−1}Ngal

i=1 , where Ngal is
the number of galaxies. Expecting a constant value, we could create a histogram with these values
and observe whether the resulting distribution is indeed peaked around a mass value consistent with
the estimate in (2.45). Alternatively, the hypothesis of a constant product RiVi could be tested by
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linearly fitting the log-log plot of the values {Ri, Vi}
Ngal

i=1 , checking the agreement with the prediction
in (2.45).

Although large databases of rotation curves are available, such as the SPARC database [94], ro-
tation curves are generally incomplete and do not reach the expected Keplerian decline for distances
beyond the extension R of the galactic halo. If this part of the curve were visible, one could unam-
biguously extract the desired values Vi and Ri and construct the aforementioned histogram. In the
absence of this information, however, the treatment becomes rather approximate.

We nevertheless report an example histogram, solely as a placeholder pending more accurate
experimental data on which to perform the analysis.

To construct an approximate histogram, we consider the rotation curves tabulated in the SPARC
database [94]. As described more thoroughly in Chapter 4, these curves exhibit approximately linear
behavior at intermediate radii, before a final Keplerian decline – often not reached by the measure-
ments – which should begin precisely at the radius Ri we seek. A linear fit to the experimental
data points in an arbitrary region [0.2Robs,i, 0.8Robs,i] of the measurement domain Robs,i provides an
approximate estimate of the relationship between the quantities Vi and Ri that we wish to estimate.
Once the value Ri is defined, the estimate of Vi is obtained as the corresponding value at Ri in the
linear fit.

The problem thus reduces to estimating Ri. Since it is impossible to predict where the Keplerian
decline will begin, we can only assume that Ri is proportional to the measurement domain Robs,i,
and use the latter as reference data. The resulting histogram is illustrated in Figure 2.1a. A tentative
relationship Vi(Ri) across different galaxies is also illustrated in Figure 2.1b. The latter suggests that

the constant quantity is not the product ViRi, but rather (roughly) the quantity ViR
−1/2
i . While

far from thorough, such results indicate that further analysis on this topic – combining analytical,
heuristic and experimental considerations – might still yield relevant novel information.

(a) Histogram. (b) Vi(Ri) log-log plot.

Figure 2.1: Histogram of the dataset {mi = ℏ(ViRi)−1}Ngal

i=1 (left) and log-log plot of the Vi(Ri)
relationship (right). Data are derived from the SPARC database [94].





Chapter 3

Numerical simulation of excited
stationary states

3.1 Introduction

Stationary states represent one of the main features characterizing a dynamical system, and analyzing
their existence and uniqueness, their stability properties and their behavior is fundamental to gain a
complete understanding of the system, particularly in view of physical applications.

In the Schrödinger-Poisson case, the wide popularity of the system led to a conspicuous series of
works exploring the analytical and numerical properties of its stationary states. Most of these studies
focus on spherically symmetric stationary states, which are known to comprise an infinite, discrete
family of solutions ranged by an excitation index n. Although many of their properties have been
discussed, as we review in Section 3.1.1, a complete understanding of their mathematical structure
has not yet been achieved. Indeed, no analytic expressions currently exist for these stationary states,
which are therefore mainly known through numerical simulations and asymptotic estimates. The
aim of this chapter is to present a rigorous characterization of their structure, based on numerically
derived heuristic laws that describe how their main properties scale with the excitation index n.

In view of the physical application to the problem of galactic dark matter distributions, we ex-
tend the analysis of scaling behaviors to the eigenvelocities, namely the theoretical counterparts in the
Schrödinger-Poisson model of experimental rotation curves. This characterization provides a more
refined understanding of the mathematical structure of the problem and facilitates comparison with
physical intuitions and expectations. More specifically, as will be described in Chapter 4, the heuris-
tic laws we provide can then be straightforwardly compared to the observed features they predict,
promoting the identification of optimal values for the free parameters of the model.

The connection between the matter field and the potential in the stationary states is further ex-
plored through a formal analogy with the WKB approximation, usually applied to linear problems.
Although purely numerical, the formal comparison we conduct shows that the WKB approach pro-
vides a good approximation of our numerically simulated stationary states, suggesting that further
analytical investigations in this direction might be promising.

In order for the study to be more effective in modeling physical problems, we include simulations
of the stationary states in presence of external gravitational sources, which in the case of galactic
dark matter distributions account for the baryonic mass components.

Observe that, while our analysis is mainly oriented to the application of excited Schrödinger-
Poisson stationary states as models for galactic dark matter distributions, their role in this context
has been gradually reconsidered, favoring their combination with other more complex features. Al-
though we do not delve into these variations of the model, in Section 3.1.2 we discuss this point,
presenting the main concerns on the application of the excited stationary states and their current
role in constructing predictive models.

In the remaining part of this preamble, we briefly define the stationary states, revising the relevant
literature and summarizing our main results (Section 3.1.1); then, we discuss the motivation support-
ing excited Schrödinger-Poisson stationary states as models for galactic dark matter distributions,
specifying their role in the current literature (Section 3.1.2). In addition to this preamble, this chap-
ter includes four sections: in Section 3.2 we present the numerical implementation of the stationary
Schrödinger-Poisson problem, through which we simulated stationary states up to high excitations;

39
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Section ?? collects the heuristic laws characterizing the scaling with the excitation index n of the
stationary states; Section 3.3 presents the formal analogy with the WKB approach; while Section ??
explores the excited stationary states behavior in presence of external gravitational sources.

3.1.1 Excited stationary states: structure and literature comparison

The form in which stationary solutions of a dynamical system are expressed depends on the specific
features of the problem. As mentioned in Chapter 1, the gauge invariance in the Schrödinger-Poisson
equations suggests that the stationary states should include an oscillating phase, so we express them
in the form (eiεtf(x), ϕ(x)), with ε representing the associated energy parameter. Without loss of
generality, the spatial component f(x) of the matter field can be assumed real. Moreover, we focus
on states with a unitary matter field L2-norm, thus fixing the degree of freedom arising from the
scaling invariance (1.6).

The stationary Schrödinger-Poisson problem with unitary norm condition, reported here for ease
of reference, reads: ⎧⎪⎨⎪⎩

△f(x) = (ε+ 2ϕ(x))f(x)

△ϕ(x) = f2(x)∫︁
R3 f

2(x) d3x = 1

. (3.1)

Solving the Poisson equation and substituting in the equation for f(x) results in:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

△f(x) + 1

2π

(︃∫︂
R3

f2(y)

|x− y|
d3y

)︃
f(x) = εf(x) (3.2a)

ϕ(x) = − 1

4π

∫︂
R3

f2(y)

|x− y|
d3y . (3.2b)∫︂

R3

f2(x) d3x = 1 (3.2c)

where the Choquard equation (3.2a) is a nonlinear eigenvalue problem, with ε representing the eigen-
value, f(x) the eigenfunction, and where the nonlinearity is due to the coupling with the Poisson
equation. The associated potential ϕ(x), defined by (3.2c), will be referred to as the eigenpotential.

In this thesis we focus on the spherically symmetric stationary states of the Schrödinger-Poisson
problem, for which there exists an infinite discrete family of solutions {εn, fn(r), ϕn(r)}∞n=0 with
excitation index n ∈ N [100, 101]. An example of such eigenstate - including an associated velocity
profile vn(r) to be defined below in a dedicated paragraph - is reported in figure 3.1 for n = 8.

Comparison with literature and results - eigenfunctions

Pioneering work on the stationary Schrödinger-Poisson problem (3.2) was conducted by Lieb [100],
who established the well-posedness of the ground state, and Lions [101], who first proved that problem
(3.2) admits an infinite discrete family of spherically symmetric solutions {εn, fn(r), ϕn(r)}∞n=0, with
excitation index n ∈ N. These eigenstates, which represent the main focus of this chapter, have been
widely studied in the later literature. Bernstein et al. [25], Moroz et al. [112], Harrison et al. [71]
performed valuable numerical investigations of low-excitation states (n ≲ 15), providing significant
qualitative insights into the eigenfunction properties. They showed that the eigenfunctions display
oscillatory behavior, featuring n nodes and n+ 1 local extrema of alternating sign with diminishing
amplitudes, monotonically decaying to zero beyond the last oscillation. An example of simulated
eigenstate for n = 8 is reported in figure 3.1.

Subsequent work provided partial analytical support for these numerical observations. Tod and
Moroz [136] demonstrated the smoothness and boundedness of the eigenfunctions, while Tod [135],
focused on the construction of bounds, proving that all eigenvalues are negative1. Greiner and Wunner
[58] established connections with quantum defect theory and Kiessling [82] investigated the long-range
behavior of the eigenfunctions.

However, due to the difficulties in handling the nonlinearity, no exact analytical expression for
the eigenfunction has been derived yet. To overcome this issue in the practical application of the
model, ad hoc density functions such as ρ(r) = sin(r)r−1 were proposed as alternatives to |ψ(t, x)|2
[105, 29]. While these approximations are widely adopted in physical applications, they are inadequate

1We use a different sign convention, so in our presentation all eigenvalues are positive.
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(a) Eigenfunction f8(r). (b) Eigenpotential ϕ8(r).

(c) Eigenvelocity v8(r). (d) Three-dimensional section of |f8(r)|.

Figure 3.1: Example of spherically symmetric eigenstate (fn(r), ϕn(r), vn(r)) for n = 8, including: the
eigenfunction f8(r) (top left panel), the eigenpotential ϕ8(r) (top right panel), the eigenvelocity v8(r)
(bottom left panel) and a three-dimensional section of the matter distribution (bottom right panel).
For visualization purposes, in the three-dimensional figure the modulus |f8|(r) is shown rather than
the actual predicted matter density |f8|2(r). The structure exhibits 9 shells of decreasing density
separated by 8 voids (shown in dark blue).

to capture both the irregular nodal spacing and the precise power law decay of the eigenfunctions,
highlighting the need for deeper structural understanding. More generally, a comprehensive analysis
of how the properties of the eigenstates scale with the excitation index n remains lacking. To address
this gap, we propose quantitative heuristic laws derived from numerical simulations of highly excited
stationary states (n ≤ 80), with the aim of providing foundations for future analytical and physical
studies. Specifically, we analyze the structure of the eigenfunctions characterizing them as oscillatory
functions modulated by a power law. The radial position of the last oscillation, which approximately
defines the eigenfunction support, exhibits a clear parabolic dependence on n, characteristic of Ke-
plerian problems like the Bohr model for the hydrogen atom (see e.g. [59]). The spacing between
adjacent nodes increases with the radial position, following a consistent pattern across increasing
n values – showing modest increases at small radii and more pronounced increases at larger radii.
This behavior constitutes a key correction to the sin (r)r−1 approximation, which fails to account for
irregular nodal spacing. Finally, the power law governing amplitude modulation is characterized by
fitting local extrema at small radial positions, with deviations observed near the last extremum. The
power law exponent approaches −1 asymptotically as n increases, recovering the r−1 approximation
in the large n limit.

Comparison with literature and results - eigenvelocities

Given a predicted matter density distribution f2n(r) , one can calculate the tangential velocity of a
test object in circular orbit at radius r from the distribution’s center. This calculation assumes that
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velocity is determined by the gravitational force exerted by matter within a sphere of radius r:

vn(r) =

√︄∫︁ r
0
f2n(s)s

2ds

r
. (3.3)

This type of prediction is typical of galactic dark matter models, as in this context it can be compared
with experimental rotation curves of spiral galaxies [132, 94, 80, 70, 64, 26], providing both model
validation and deeper physical insights into the problem. In this framework, observed rotation curves
typically show mid-range oscillatory behavior with an approximately linear trend, forming a plateau.
This plateau generally exhibits a near-flat slope, although both positive and negative slopes have also
been documented (see e.g. [124, 133, 94]). Moreover, physical intuition suggests that galactic-scale
dark matter clusters, which are responsible for these rotation curves, might exhibit some kind of
universal behavior [125, 33], possibly in an average sense [3]. Sin [132] first noted that the key fea-
tures displayed by the eigenvelocities in the Schrödinger-Poisson model align well with these physical
observations, especially when taking into account the presence of a baryonic bulge [78].

Building on the work by Sin [132] and Ji and Sin [78], in this chapter we provide numer-
ical simulations for the eigenvelocities (3.3) associated with the Schrödinger-Poisson eigenstates
{fn(r), ϕn(r)}∞n=0. An example for n = 8 is reported in figure 3.1. We extend the scaling analysis to
the eigenvelocities and show how their key features behave with the excitation index n, providing a
comprehensive quantitative description of their structure. These results are particularly relevant in
view of physical applications, where they considerably facilitate the process of fitting the model to
experimental data by providing optimal estimates for the free parameters (see Chapter 4).

In interpreting our results, we note that the large-n approximation fn(r) ∼ r−1 derived from the
local extrema fit implies an approximately constant eigenvelocity (3.3), consistent with an expected
flat plateau. Our systematic results refine this intuition, showing how the slopes of the mid-range
eigenvelocities decay with n according to a power law. In addition, the velocity at the last local
oscillation exhibits a clear dependence on its radial position, which itself varies with n. This relation-
ship reveals appropriate scaling laws under which all predicted eigenvelocities converge to a similar
shape, independent of n, exhibiting an intrinsic universal behavior that might be useful in modeling
configurations with (possibly on average) common features.

The interpretation of our results is to be intended with the due caution. Indeed, the analysis
of Schrödinger-Poisson eigenvelocities and their straightforward comparison with experimental data
are motivated by the assumption that single Schrödinger-Poisson eigenstates are a valuable model
for galactic dark matter distributions, an assumption that has been gradually reconsidered in the
literature. A more detailed discussion of this point is reported in the next Section 3.1.2.

3.1.2 Model motivation

The use of excited Schrödinger-Poisson stationary states as models for ultralight galactic dark matter
distributions and the approximate behavior of the corresponding rotation curves were explored in a
series of works [132, 78, 89], matching some relevant physical expectations [33, 124, 125]. However,
their role was reconsidered after the discovery of numerical instability [66] and the development of
more detailed three-dimensional simulations of the Schrödinger-Poisson system (1.2) [130]. The latter
showed the formation of a flat, oscillating core surrounded by an envelope of highly energetic granular
structures, which continuously fluctuate in density and velocity. The solid angle averages and the
time averages of the resulting anisotropic time-dependent density configurations provide a universal
density profile, whose core is well fitted by the ground state of the Schrödinger-Poisson problem (1.2)
and whose halo resembles the Navarro-Frenk-White profile of standard CDM [130, 3]. The subsequent
literature aimed to construct on-demand density profiles describing such average behaviors and to
study their stability with simulations [3], eventually fitting them to experimental data [94, 80]. The
excited Schrödinger-Poisson stationary states are still used in some contemporary descriptions of dark
matter density profiles, which assume simultaneous occupation of several states resulting in stable
multimodal configurations [140, 68, 3].

Despite the nonlinearity of the problem, which complicates the use of knowledge on excited sta-
tionary states to study superposed configurations, a refined understanding of the properties of such
states may be of interest. Indeed, even though instability issues may discourage their application
as physical models, let us observe that the instability of a stationary state does not imply unob-
servability. Indeed, as is well known, a dynamical system can spend a large amount of time in the
neighborhood of an unstable (hyperbolic) equilibrium before moving away from it. Regarding dark
matter, this possibility has often been considered, starting with the early works of Sin [132] and Lee
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and Koh [89], then with Guzmán and Ureña López [66], up to more recent works such as Roque et al.
[123], who observed that “the shortest living unstable mode for each n (i.e., the one with the largest
real part) has a lifetime that increases with n. In this sense, higher excited states are less unstable
than lower excited ones”. This comment refers to the exponential growth factor eλnt characterizing
instability, with λn the positive real part of the stability eigenvalues representing the reciprocal of
the characteristic instability time τ = λ−1

n . From the numerical simulations reported by Roque et al.
[123] (see Figure 4 therein), the value λn seems to approach zero for n→ ∞, implying that the char-
acteristic instability time τ = λ−1

n may diverge. Based on this, we stress in particular the results we
obtain for large-n asymptotic behaviors, for which the instability issue might have a reduced impact.
Further discussion on the topic is beyond the scope of this work. We limit ourselves to observing that
instability may not be a limitation for physical applications and that our work may still be useful in
supporting future analytical and physical developments in different areas.

3.2 Implementation

In this Section we present the numerical implementation of the stationary SP problem (3.1), through
which we compute stationary states up to high excitations. The MATLAB code used for the simulations
is available at https://github.com/GaiaMarangon/PhD---SP-Eigenstates.git.

The implementation is based on the work by Bernstein et al. [25], which is briefly reported in
Section 3.2.1. Using this procedure, simulations were pushed up to high excitation, with the due
caution in tuning the parameters and in checking the robustness of the algorithm, so as to ensure the
quality of the simulation. A brief report on the results of the tests we performed on the numerical
implementation is reported in section 3.2.2.

3.2.1 Numerical procedure

Based on the reference work [25], we simulate spherically symmetric solutions of the stationary SP
problem (3.1). In this Section 3.2 we slightly modify problem (3.1) using the norm scalings (1.6) to set
the L2-norm of the matter field to N = 4π, a choice that is particularly convenient for implementing
the spherically symmetric case. In presenting the results of the simulations in the other sections we
will return to the unitary norm N = 1, which is the standard choice in more general studies. To
simplify the notation, we drop the tilde in the new variables (1.6), so that the reference problem in
this section reads: ⎧⎪⎨⎪⎩

△f = (ε+ 2ϕ)f

△ϕ = f2∫︁
f2(x) d3x = 4π

. (3.4)

Observe that this notation is slightly different from the one adopted in Bernstein et al. [25]. For
comparison with the original notation (εB , fB , ϕB) adopted in that work, it is sufficient to set ε =
−2εB , f =

√
4πfB and ϕ = ϕB .

We now focus on the spherically symmetric case. Again, with a slight abuse of notation, we use
the same symbols for the radial functions f(r) and ϕ(r) as for the general stationary states f(x)
and ϕ(x). In the spherically symmetric case, the Laplace operator acts as (△f)(r) = 1

r (rf)
′′, with

f ′(r) denoting the derivative with respect to r; while for the potential, we write more conveniently:
(△ϕ)(r) = 1

r2 (r
2ϕ′)′, with the same notation for the first derivative. The system (3.4) thus reads:⎧⎪⎨⎪⎩

(rf)′′ = (ε+ 2ϕ)rf

(r2ϕ′)′ = (rf)2∫︁
f2(r) r2 dr = 1

.

The unknown f can be conveniently redefined as:

g ≡ rf ,

so that the system reads: ⎧⎪⎨⎪⎩
g′′(r) = (ε+ 2ϕ)g

(r2ϕ′)′ = g2∫︁
g2(r) dr = 1

. (3.5)

https://github.com/GaiaMarangon/PhD---SP-Eigenstates.git
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Regarding the boundary conditions, they are set at r = 0 and at r → ∞, similarly to [25]. Specifically,
two Dirichlet conditions are set for g(r), which correspond to analogous Dirichlet conditions on the
original unknown f(x); whereas a Neumann and a Dirichlet conditions are set on the potential ϕ(r):⎧⎪⎪⎪⎨⎪⎪⎪⎩

g(0) = 0 (equivalenty: f(0) = f0 )

limr→∞ g(r) = 0 (equivalenty: limr→∞ rf(r) = 0 )

ϕ′(0) = 0

limr→∞ ϕ(r) = 0.

. (3.6)

With the given boundary conditions, the equation on ϕ(r) can be solved explicitly. Integrating
both sides from 0 to r, and using the Neumann boundary condition at r = 0, we get:

ϕ′(r) =
1

r2

∫︂ r

0

g2(s) ds .

Denote by I(r) ≡
∫︁ r
0
g2(s) ds the integral on the right-hand side. By performing a second integration

from r to ∞ to exploit the Dirichlet condition limr→∞ ϕ(r) = 0 and by integrating the right-hand
side by parts, we obtain:

ϕ(r) = −
∫︂ ∞

r

1

s2
I(s) ds

= −
[︃
−1

s
I(s)

]︃∞
r

+

∫︂ ∞

r

(︃
−1

s

)︃
I ′(s) ds.

Recall the definition of I(s) and observe that lims→∞ I(s) = 1, due to the normalization condition
imposed on g(r). Adjust the extremes of integration to start from zero. The resulting expression for
the potential is:

ϕ(r) = −1

r

∫︂ r

0

g2(s) ds−
∫︂ ∞

r

g2(s)

s
ds

= −1

r

∫︂ r

0

g2(s) ds−
∫︂ ∞

0

g2(s)

s
ds+

∫︂ r

0

g2(s)

s
ds ,

so that the system to be solved numerically is:⎧⎪⎨⎪⎩
g′′(r) = (ε+ 2ϕ)g

ϕ(r) = − 1
r

∫︁ r
0
g2(s) ds−

∫︁∞
0

g2(s)
s ds+

∫︁ r
0
g2(s)
s ds∫︁

g2(r) dr = 1

. (3.7)

The goal is therefore to implement a procedure for solving system (3.7) together with bound-
ary conditions (3.6). We already know that substituting the expression for ϕ(r) in the equation
for g(r) results in the Choquard equation, which admits an infinite discrete family of eigenstates
{εn, gn(r), ϕn(r)}∞n=0; and we already know from [100, 101] that the eigenvalues are monotonically
decreasing to zero for growing n. We thus structure the numerical solver to find the n-th solution
{εn, gn, ϕn} to system (3.7) according to the order given by the eigenvalues.

Solver implementation

The numerical procedure to solve problem (3.7) with boundary conditions (3.6) consists of two nested
iterations. The external one is needed to fix the problem of representing r → ∞ numerically, when
imposing the boundary conditions. This problem is handled by iteratively fixing the extent of the
domain [0, R], solving the problem with approximate boundary conditions g(R) = 0 and ϕ(R) = 0,
and then extending the domain R → R + dR for the next iteration. This procedure is iterated until

the currently computed eigenvalue ε
(j)
n differs from the previous-iteration value ε

(j−1)
n by less than a

certain tolerance tolExt; at this point the approximation R ∼ ∞ and the corresponding solution are
considered sufficiently accurate and the external iteration is interrupted.

At each external iteration, an internal iterative procedure is used to solve the system (3.7) at fixed
domain [0, R]. The internal iterations are needed to fix the problem of the coupling of the equations:

first, an initial guess g
(0)
n (r) is set for the function gn(r); then, the unknowns are iteratively corrected:

at the i-th internal iteration, g
(i−1)
n is substituted in the second equation of (3.7), which is solved to
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get ϕ
(i)
n (r); and ϕ

(i)
n (r) is substituted in the first equation of (3.7), which is solved to get g

(i)
n . As

before, this progressive correction is iterated until the currently computed eigenvalue ε
(i)
n differs from

the previous-iteration value ε
(i−1)
n by less than a certain tolerance tolInt; at this point the solutions

are considered sufficiently accurate and the internal iteration is interrupted.

Once the iterative procedures are completed and the numerical solution {εn, gn, ϕn} is found, the
original unknown fn(r) can be recovered by: fn(r) = gn(r)r

−1.

Poisson equation

Within the internal iterative process, we need to compute ϕn(r) in (3.7) with fixed g(r) = g
(i−1)
n and

in the approximation R ∼ ∞. The integrals are performed with the corrected trapezoidal rule:

I[u] ≡
∫︂ b

a

u(r) dr ∼ CTh[u] ≡
m−1∑︂
j=0

h

2
(u(rj+1) + u(rj))−

h2

12
(u′(b)− u′(a)) .

with {rj}mj=0 representing the evenly discretized nodes of the domain and h denoting the stepsize.
The first derivatives at the internal points are approximated by the second-order centered formula,
whereas at the boundaries r = 0, r = R they are approximated by the second-order forward and
backward formulas, respectively:

u′(rj) ∼
1

2h
(u(rj+1)− u(rj−1)),

u′(0) ∼ 1

2h
(−3u(0) + 4u(h)− u(2h))),

u′(R) ∼ 1

2h
(3u(R)− 4u(R− h) + u(R− 2h)).

In this way, the final algorithm to compute ϕ(r) has an error O(h4, R−4) [25].

Eigenvalue problem

Within the internal iterative process, we need to solve the first equation of (3.7) with fixed ϕ(r) =

ϕ
(i)
n (r) and with boundary conditions (3.6). To this aim, the second derivative is discretized via the

second-order centered formula:

g′′(rj) =
g(rj+1)− 2g(rj) + g(rj−1)

h2
,

with {rj}mj=0 representing the evenly discretized nodes of the domain and h denoting the stepsize.
The equation results in a linear eigenvalue problem:

Ag = εg ,

with:

A =

⎡⎢⎢⎢⎢⎣
. . .

. . . 0. . .

. . .
. . .

β α β
. . .

. . .
. . .

0
. . .

. . .

⎤⎥⎥⎥⎥⎦ g =

⎡⎢⎣ g(r0)...
g(rm)

⎤⎥⎦ with

{︄
αj = − 2

h2 − 2ϕn(rj)

β = 1
h2

The system is solved on internal points, while the boundary conditions (3.6) are naturally satisfied,
requiring no further correction. To solve the problem, a dedicated built-in MATLAB function is used
and the solutions are sorted by descending eigenvalues to select the n-th one. As a last step, before
proceeding with the internal iterative process, the eigenfunction gn(r) is normalized to satisfy the
norm requirement in (3.7):

gn → gn

(
∫︁ R
0
gn(s)2 ds)

1
2

where the integral is computed via the corrected trapezoidal rule, as before.
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3.2.2 Algorithm Sensitivity

In order to test the reliability of the algorithm, we perform a sensitivity analysis, investigating how
variations on the numerical parameters impact the result. We report here the results concerning the
mesh size, which is the most influential numerical parameter. The mesh size h, which determines how
finely the spatial domain is represented, is tuned specifically for each n-th eigenstate and is gradually
reduced to obtain more and more refined discretizations, computing each time the corresponding n-th
stationary state (εn, fn(r), ϕn(r), vn(r)). For each n-th stationary state we test five values of mesh
size {hi}5i=1, and we quantify the variations on the results using the following metrics. First, we
compare the eigenvalues εn(h) and compute their difference for successive values of h, relative to the
eigenvalue with higher refinement:

∆εn(hi) :=
εn(hi)− εn(hi−1)

εn(h5)
, for i = 2, . . . , 5 . (3.8)

Then, we focus on the eigenfunctions and check the radial position rOut(hi) of the outermost local
extremum, and the corresponding absolute value of the eigenfunction fOut := |fn(rOut)|. Again, we
compute the relative difference for successive values of h:

∆rOut(hi) :=
rOut(hi)− rOut(hi−1)

rOut(h5)
, for i = 2, . . . , 5 , (3.9a)

∆fOut(hi) :=
fOut(hi)− fOut(hi−1)

fOut(h5)
, for i = 2, . . . , 5 . (3.9b)

The results on the outermost local maximum of the eigenvelocities are quite similar, so we do not
report them. Instead, we focus on the innermost local maximum (rinn, vinn) of the eigenvelocity
vn(r), which plays a key role in our fitting procedure. As usual, we compute the relative differences
for decreasing values of h:

∆rinn(hi) :=
rinn(hi)− rinn(hi−1)

rinn(h5)
, for i = 2, . . . , 5 , (3.10a)

∆vinn(hi) :=
vinn(hi)− vinn(hi−1)

vinn(h5)
, for i = 2, . . . , 5 . (3.10b)

In table 3.1, we report the results for two different stationary states, one with a low excitation index
n = 5 and one with higher excitation index n = 80.

Table 3.1: Results of the sensitivity test, collecting the relative differences of some reference quanti-
ties for variation of the mesh size parameter h. Reference quantities include: eigenvalues εn, outer-
most local extremum of the eigenfunction (rOut, fOut), innermost local maximum of the eigenvelocity
(rinn, vinn). Relative differences are computed as in equations (3.8), (3.9) and (3.10). Consistently
with these definitions, mesh sizes are reported for i = 2, . . . , 5, while the largest mesh side h1 is
included in the label. Results are reported for two different values of excitation index, n = 5 and
n = 80.

(a) Sensitivity results for n = 5 (h1 = 1.08).

h ∆εn ∆rOut ∆fOut ∆rinn ∆vinn
0.91 -1.28·10−6 1.48·10−4 -1.58·10−6 -5.84·10−4 -1.76·10−6

0.78 -8.15·10−7 -6.84·10−5 -1.03·10−6 1.75·10−3 -1.49·10−6

0.65 -6.90·10−7 3.42·10−5 -9.50·10−7 -4.38·10−4 -1.17·10−7

0.56 -3.90·10−7 2.28·10−5 -5.77·10−7 -5.84·10−4 -8.10·10−8

(b) Sensitivity results for n = 80 (h1 = 123).

h ∆εn ∆rOut ∆fOut ∆rinn ∆vinn
107 -7.32·10−5 1.95·10−5 -9.28·10−5 -4.94·10−3 -7.13·10−5

90 -6.27·10−5 6.82·10−5 -8.02·10−5 9.88·10−3 -2.10·10−4

82 -2.74·10−5 5.85·10−5 -3.52·10−5 -1.73·10−2 4.75·10−5

74 -2.49·10−5 2.92·10−5 -3.20·10−5 1.23·10−2 -4.66·10−5
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3.3 Comparison with WKB approximation

The stationary SP problem (3.2) is a nonlinear Schrödinger equation, with the nonlinearity arising
from the coupling with the Poisson equation. This property makes the problem rather difficult to
handle, so that its solutions are estimated numerically, but an exact analytical expression is not
currently available. In such cases, it is natural to look for approximations, based on wise ansätze. A
relevant tool in this framework is the well-known WKB method, independently developed by Wentzel
[144], Kramers [86] and Brillouin [30]. The original method refers to the linear Schrödinger equation
for particles of mass m subjected to an external potential U(x). The typical unidimensional problem,
presented for example by Fermi and Schluter [48] and describing stationary states of the Schrödinger
equation in the form eiEtu(x), is expressed as:

u′′ +
2m

ℏ2
(E − U(x))u = 0. (3.11)

Problem (3.11) has a formal similarity with the Choquard equation (3.2a), from which it differs in
the form of the potential, that is external in the former case and depending on the unknown function
in the latter. Based on this similarity, one could be tempted to apply the same type of tools. However,
a thorough adaptation of the method would be subtle to handle, due to the difficulties arising from
the nonlinearity. Thus, we just consider a formal analogy, assuming the eigenpotential ϕn(r) and
the eigenvalue εn as known and using their numerical values to approximate the eigenfunction fn(r).
Although far from exhaustive, this partial analysis gives an interesting insight on the relation between
eigenfunction, eigenpotential and eigenvelocity, showing how the transition between the oscillating
region and the final monotonic decay in the eigenfunction occurs when a specific relation between
eigenvalue and eigenpotential is satisfied. In addition, the comparison with the numerically simulated
eigenstates suggests that the WKB method tightly approximates the actual function, with deviation
just in the small region around the transition point. Thus, the formal analogy with the linear case
seems to be fruitful even in the nonlinear case, suggesting a promising research line for future work.

In this section we adopt the same notation used in [48], highlighting in the final part how to
connect to our stationary SP problem (3.2).

WKB approximation in the linear case

Starting from equation (3.11), Fermi and Schluter proceed as follows. First, the coefficient of u is
collected in a function g(x), whose physical interpretation is related to the kinetic energy. In fact,
recall that the difference between total and potential energy E − U(x) can be interpreted as the
kinetic energy 1

2mV (x)2, with V (x) denoting the classical velocity.

u′′ + g(x)u = 0 , g(x) ≡ 2m

ℏ2
(E − U(x)) =

m2V (x)2

ℏ2
. (3.12)

At this point, a distinction is introduced on the sign of the function g(x) and two cases are analyzed
separately. For each case, an approximate solution is derived. Being (3.11) a second order equation,
each approximate solution will be obtained by combining two approximate sub-solutions, which in
turn are derived based on suitable selected guessed.

Let us first assume g(x) > 0. Without loss of generality, the function u(x) can be written either
in the form u = eiy(x) or in the form u = e−iy(x). We consider the former first, and then apply an
analogous procedure for the latter. Substituting the expression for u into the equation (3.12) recasts
the problem in the form:

(y′)2 − iy′′ = g(x) .

We consider an approximate relation between y(x) and g(x):

y′ ≈ √
g .

Calculating y′′ ≈ g′(x)

s
√
g(x)

, substituting into the equation for y(x) and dividing by g(x) results in the

approximate equation:

1− i
g′(x)

2g(x)
3
2

= 1 ,
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suggesting that the approximation is fair when:⃓⃓⃓⃓
g′

g

⃓⃓⃓⃓
≪ 2g1/2 .

This informal consideration helps in setting a more formal guess. Without loss of generality, we define
ε(x) as:

y′ =
√
g + ε . (3.13)

We compute y′′ = g′(x)

s
√
g(x)

+ ε′(x) and substitute in the equation for y(x) to obtain:

g + ε2 − 2ε
√
g − i

g′

2
√
g
− iε′ = g .

We then introduce the actual approximation, by assuming a small (ε≪ 1) and slowly varying (ε′ ≪ 1)
deviation. Neglecting the ε2 and ε′ terms, we find:

g + 2ε
√
g − i

g′

2
√
g
= g ⇒ ε =

ig′(x)

4g(x)
.

The resulting approximate expression can be substituted back into the equation (3.13) relating y′

and g. We integrate it and obtain:

y ≈
∫︂ (︃√︁

g(x) +
ig′(x)

4g(x)

)︃
dx =

∫︂ √︁
g(x)dx+

i

4
ln g(x) ,

which can finally be substituted back to obtain an approximation for the original variable:

u(x) = eiy(x) ≈ 1

g(x)1/4
ei

∫︁ √
g(s)ds .

Analogous considerations can be set starting from the alternative form u(x) = e−iy(x), resulting
in the approximated expression:

u(x) = e−iy(x) ≈ 1

g(x)1/4
e−i

∫︁ √
g(s)ds .

Combining the two approximate sub-solutions we derive an approximation of the complete solution:

u(x) ≈ 1

g(x)1/4
sin

(︃∫︂ √︁
g(s)ds+ const

)︃
. (3.14)

An analogous procedure can be applied in the alternative case g(x) < 0. Based on the intuitive guess
y′(x) ≈

√︁
−g(x), we obtain the two solutions:

u ≈ 1

−g(x)1/4
e±i

∫︁ √
−g(s)ds . (3.15)

Comparison with stationary states of SP

Consider now the stationary states of the SP system (3.2), {fn(r), ϕn(r)}∞n=0. Assuming ϕn(r) is
known, the function rfn(r) satisfies problem (3.12) with g(r) = −(εn+2ϕn(r)). Based on the known
properties of ϕn(r), considerations can be made about the sign of g(r) in different region of the
domain, so to apply approximations (3.14) and (3.15). In particular:

g(r) > 0 ⇒ ϕ(r) < −εn
2

and g(r) < 0 ⇒ ϕ(r) > −εn
2

Observe that in our definition εn > 0 and recall that the potential is a negative function, monotonically
decaying to zero at r > 0. This behavior suggests that g(r) > 0 will occur for small radial positions
r < R and g(r) < 0 for large radial positions r > R, with R defined by ϕn(R) = εn

2 . If the
approximation is fair, WKB would suggest for rfn(r) – and therefore for fn(r) – a short-range
oscillatory behavior and a large-range exponential decay. This is precisely the situation observed in
numerical simulations.
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Thus, it is natural to make a comparison between numerically simulated functions rfn(r) and
the corresponding predictions from the WKB approximation. The predictions, given by equations
(3.14) and (3.15) with g(r) = −(εn + 2ϕn(r)), are estimated from the numerical values found for the
eigenvalue εn and the eigenpotential ϕn(r). Observe that such approximations are defined up to a
multiplicative factor, which can be adjusted by hand when setting the comparison. An example with
n = 24 is shown in figure 3.2. The matching between the WKB prediction and the numerical curve
is quite tight, exception made for a very small region around the critical value R, showing that the
approximation is fair. The comparison for large r > R, better appreciated in log-scale, is deteriorated
just in the very last part of the domain, where the numerical necessity of enforcing a finite domain
in computing the eigenstates results in a faster truncation of the function.

(a) rfn(r). (b) rfn(r), log scale and zoomed.

Figure 3.2: Comparison between numerically computed rfn(r) function and WKB approximations,
for n = 24. The left panel plots the complete behavior, while the right panel shows the same graph
in log scale, zoomed in the large range region r > R.

3.4 Conclusions

This Chapter focuses on the excited stationary states of the SP problem. Through numerical imple-
mentation, we analyzed the main features characterizing the eigenstates and derived heuristic laws
to describe their dependence on the excitation index n.

The heuristic laws are accurate and capture well the behavior displayed by numerical computa-
tions, as can be appreciated from the figures in Section ??. Key characteristics of the eigenfunctions
include: the effective support, which exhibits a parabolic dependence on the excitation index; the
distances between adjacent nodes, whose pattern varies regularly with n; and the oscillation ampli-
tude, which follows a power law with an exponent approaching −1 for large n. The characterization
of the associated eigenpotential focuses on the central value and on two distinct decay regions, the
first of logarithmic type and the second described by a power law. Finally, the eigenvelocities exhibit
a mid-range oscillatory region with an average linear trend, whose slope approaches zero in the large
n limit; and they are characterized by heuristic scaling relationships with the excitation index n,
revealing an intrinsic universal behavior.

This characterization offers a double advantage. On the one hand, it may support future analytical
studies, which may provide a rigorous derivation of the heuristic laws derived here. On the other
hand, it may facilitate the application of the SP system to model experimental data, as exemplified
in Chapter 4 for galactic rotation curves.

Concerning the analytical derivation of the heuristic laws, an interesting approach could consist
in further developing the parallelism with the WKB-like approximation, as outlined in Section 3.3.
While the comments reported in this thesis are only formal, since they consider eigenvalues and
eigenpotentials as fixed and use numerical results to approximate the eigenfunctions, the remarkable
agreement between the approximation and its computational counterpart suggests that this approach
may lead to interesting results. This research line is rather challenging, since the problem is non-
linear, which introduces considerable difficulties in defining a rigorous technique. For these reasons,
although we do not treat the problem more thoroughly in this thesis, we consider this topic highly
worth further investigation.

Regarding the application of the heuristic laws to the experimental data, let us highlight the
relevance of the study of the SP stationary states in the presence of external sources. The results
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reported in Section ?? suggest that the presence of a constant additional source in the Poisson equation
has a limited impact on the shape of the eigenstates, which are roughly stretched or contracted
but are not subjected to strong local deformations. Although this thesis is limited to a graphical
representation of these behaviors, we believe that an heuristic characterization of the eigenstates
would be possible even in the presence of external sources. The features analyzed in this Chapter
are still well defined, and the heuristic laws defined in Section ?? could be computed even in this
case, checking how their parameters vary with the profile of the external source. This would be an
interesting direction for future developments, which would shed more light into the inner structure
of the stationary SP problem.



Chapter 4

Fitting Rotation Curves

4.1 Introduction

In the previous Chapter 3 we thoroughly studied the properties of the excited Schrödinger-Poisson
eigenstates and derived a comprehensive set of heuristic laws describing their structure. We now wish
to fit these stationary states to experimental data. Such comparison represents the natural step for
testing a model’s predictive abilities: experimental data are selected, fits are performed to estimate
optimal parameter values, and prediction quality is evaluated through appropriate metrics.

In the Schrödinger-Poisson case, setting a fit is a delicate problem. Indeed, due to the instability of
the excited eigenstates, their role in modeling galactic dark matter distributions has been reconsidered,
and their direct application is currently judged physically questionable. In this work, we include the
fitting analysis to complete our model study, demonstrating how our mathematical description can
reduce computational costs in the fitting procedure. Our focus is thus on the technical advantages
of our mathematical approach rather than on the physical interpretation of the fitting results, which
we leave as an open question.

This Chapter demonstrates how the heuristic laws derived in Chapter 3 can be used to set a
comparison with experimental data, namely the rotation curves. The main limitation to performing a
fit lies in the fact that the eigenstates of the Schrödinger-Poisson model are defined in an implicit form,
so that solving system (3.2) is required whenever a prediction for a given set of free parameters must
be computed. This represents a major computational disadvantage compared to models that provide
explicit predictions, where a simple expression evaluation suffices – a much less expensive operation.
This problem is elegantly overcome exploiting the mathematical description we presented in Chapter
3: the heuristic laws we derived can be used to explicitly express some reference features, which
can then be compared with their experimental counterparts without solving the complete implicit
problem. This comparison between heuristic law approximations and experimental data allows us to
evaluate a priori the feasibility of each candidate set of free parameter values, enabling a substantial
pre-selection. Only for the selected parameter sets – dramatically reduced in number – do we solve the
implicit problem and calculate predicted curves. This approach enormously reduces computational
cost while achieving good fits through a fully automated and computationally affordable procedure.

In the remainder of this introduction, Section 4.1.1 presents the typical reference experimental
data – rotation curves – providing a brief description of the data structure and explaining how they
are generally used to derive information about dark matter distributions. We also present SPARC,
the reference database in this field, highlighting the specific characteristics of the collected data and
the uncertainties affecting them. Section 4.1.2, instead, reviews the relevant literature on rotation
curves, presenting recent works and focusing in particular on fitting techniques.

The other Sections of the Chapter detail the construction process for fitting experimental data.
Section 4.2 reports our analysis of the experimental data, illustrating how we derive the effective
density distributions for galactic luminous components to account for their presence as external
gravitational potential sources in our model.

Section 4.3 describes the fitting procedure itself. We first express the Schrödinger-Poisson model
in terms of physical quantities, and we introduce the rescalings that are needed to rewrite it in
the dimensionless form we studied in Chapter 3. Through this procedure, the free parameters of
the Schrödinger-Poisson model emerge, and their physical interpretation and their role in the model
are highlighted. We then present the fitting procedure steps: identifying reference elements in the
experimental data, establishing analytical correspondence between experimental elements and their

51
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predicted counterparts, obtaining a priori estimates of the model’s free parameters, and describing
the metric for evaluating fit quality. The complete procedure is schematized at the end of the Section,
which also reports the implementation setting.

Finally, Section 4.4 presents fitting results for two sample galaxies: UGC02953, with bulge; and
NGC5055, without bulge. The results include optimal predictions with associated free parameter sets
and a parameter study in which individual parameters are varied around optimal values to observe
their effects on the predicted curves and on the metric quantifying the quality of the fit.

4.1.1 Rotation curves

Rotation curves V (R) represent the reference experimental data for dark matter halos in galaxies
and are commonly used as a benchmark to test the quality of predictive models. The typical rotation
curve consists of a sample {Rj , (V ExpTot )j ± σj}Kj=1 of K points measuring the radial distance Rj from

the center of the galaxy and the associated velocity (V ExpTot )j of a test mass orbiting around the galaxy,
with σj the experimental error. As anticipated in Chapter 1, fundamental physics suggests that the
velocity VTot of a test object orbiting around the galaxy depends only on the radial distance R from
the center of the galaxy and on the total amount of matter MTot(R) encompassed in a ball BR of
radius R, which provides the gravitational attraction necessary to maintain the test object in circular
motion. Expressing the matter distribution in terms of density PTot(X), the test object velocity at
a radius R reads:

VTot(R) =

√︃
GMTot(R)

R
=

√︄
G
∫︁
BR

PTot(X) d3X

R
. (4.1)

The total amount of matter MTot(R) in a galaxy includes contributions from four different sources:
the stellar bulge, highly dense and concentrated at the center of the galaxy; the stellar disk, less
dense and spreading for a wider distance; a gas component, aggregated around the stellar part; and
a dark matter halo. Denoting by PD(X), PB(X), PG(X), PDM (X) the mass density distributions of
the disk, bulge, gas, and dark matter components, the total density distribution PTot(X) of matter
in the galaxy is obtained simply by superposition:

PTot(X) = PD(X) + PB(X) + PG(X) + PDM (X) .

With this decomposition, the velocity of a test object orbiting around the galaxy can be written as:

VTot(R) =

√︄
G
∫︁
BR

(PD(X) + PB(X) + PG(X) + PDM (X)) d3X

R
(4.2)

=
√︂
V 2
D(R) + V 2

B(R) + V 2
G(R) + V 2

DM (R) , (4.3)

where the velocity contribution of each single source is defined in analogy to (4.1):

VJ(R) =

√︄
G
∫︁
BR

PJ(X) d3X

R
, J ∈ {D,B,G,DM} . (4.4)

The first three matter components – stellar disk, stellar bulge, and gas – are of luminous nature,
and can be observed via brightness measures, which allow reconstructing the respective contributions
to the velocity curve: VD(R) for the disk, VB(R) for the bulge, and VG(R) for the gas. Once the
luminous components are known, equation (4.3) can be inverted to get an experimental estimate of

the dark matter component of velocity V ExpDM (R), to be compared with the predicted counterpart
V PredDM estimated from the model under analysis.

The reconstruction of velocity contributions from luminous sources is based on experimental sur-
face brightness profiles Σ(R), which describe the luminosity per unit surface of each stellar component
in a galaxy (disk, bulge, gas) as a function of the distance R from the galaxy center. Luminosity
distributions coincide approximately with mass distributions up to a proportionality constant Υ, the
mass-to-light ratio. This ratio, which is different for each luminous component, is usually assumed
to be ΥG = 1M⊙/L⊙ for the gas, while its value for the disk ΥD and for the bulge ΥB is still un-
known. However, this proportionality constant is considered rather consistent over a broad range of
galaxy masses and morphologies, in particular for measures collected in a luminosity band of 3.6 µm,
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which is therefore the preferred setting for the collection of photometric data [94]. Moreover, Stellar
Population Synthesis (SPS) models suggest a relationship between the two constants: ΥB = 1.4ΥD,
and fiducial values are available [107, 95]:

ΥfidD = 0.5M⊙/L⊙ , ΥfidB = 0.7M⊙/L⊙ .

The remaining uncertainty is usually accounted for by defining a free parameter Q, representing the
deviation factor from the fiducial values [111]:

ΥD = QΥfidD , ΥB = QΥfidB . (4.5)

Up to this factor Q, surface brightness profiles can therefore be converted to surface mass profiles.
Once surface mass profiles are known up to factors ΥD(Q) and ΥB(Q), volumetric mass distri-

butions PD(X), PB(X), PG(X) are reconstructed. This is performed through careful methods, such
as that presented in Casertano [35], which need to account for the axial symmetry of the galactic
components. Since these methods elaborate on surface brightness profiles, they estimate volumetric

luminosity densities P
(L)
D (X), P

(L)
B (X), P

(L)
G (X), while the corresponding volumetric mass densities

are defined up to the usual mass-to-light ratios:

PD(X) = ΥD P
(L)
D (X) , PB(X) = ΥB P

(L)
B (X) , PG(X) = ΥG P

(L)
G (X) . (4.6)

Once these mass densities are known, they can be used to compute the corresponding velocity com-
ponents VD(R), VB(R), VG(R), as in (4.4). A standard choice in tabulating the data consists of re-

porting the velocity components V
(L)
D , V

(L)
B , V

(L)
G computed assuming ΥD = ΥB = ΥG = 1M⊙/L⊙.

In this way, once a reliable assumption is made on the value of the mass-to-light ratios ΥD, ΥB
(ΥG = 1M⊙/L⊙), the actual velocities contribution VD, VB , VG can easily be obtained from the
tabulated values:

VD =
√︁
ΥDV

(L)
D , VB =

√︁
ΥBV

(L)
B , VG =

√︁
ΥGV

(L)
G . (4.7)

The SPARC database

SPARC [94] (Spitzer Photometry & Accurate Rotation Curves) is a publicly available sample of 175
nearby galaxies with two types of data: surface photometry at 3.6 µm and high-quality rotation curves
collected from previous studies. It spans a broad range of luminosity, surface brightness, rotation
velocity, and Hubble type, forming a representative sample for testing galaxy formation models in
the nearby Universe.

Surface photometry data include surface brightness profiles for the two stellar components of each
galaxy – the stellar disk and the stellar bulge, if present – while no photometric data are reported
for the gas component. The typical surface brightness profile consists of a sample {Rj , (ΣI)j}Kj=1 of
K points measuring the radial distance Rj from the center of the galaxy and the associated surface
brightness (ΣI)j for the disk (I = D) and the bulge (I = B). The data are collected at 3.6 µm, so
that the mass-to-light ratios are approximately constant across the galaxies.

Surface brightness profiles are used to reconstruct velocity contributions {Rj , (V (L)
I )j}Kj=1 for the

disk (I = D) and the bulge component (I = B), using the method presented in Lelli et al. [94].
Concerning the gas component, for which no surface brightness profiles are available, the velocity
contribution is calculated using the method presented by Casertano [35], which solves the Poisson
equation for a disk with finite thickness and arbitrary density distribution, accounting for the axial
symmetry of the problem. Observe that with this reconstruction VG(R) can sometimes be negative
in the innermost regions: this occurs when the gas distribution has a significant central depression
and the material in the outer regions exerts a stronger gravitational force than that in the inner parts
[94]. To account for this fact, SPARC adapts the expression for rotation curves decomposition (4.3),
so as to preserve the information on the sign:

|VTot|VTot = |VD|VD + |VB |VB + |VG|VG + |VDM |VDM , (4.8)

where the radial dependence has been omitted to lighten the notation.

On this basis, the SPARC database tabulates the velocity contributions V
(L)
D , V

(L)
B , V

(L)
G , comput-

ing them with ΥD = ΥB = 1M⊙/L⊙ so that the actual contributions VD, VB , VG can be recovered
as in (4.7) once the mass-to-light ratios are estimated.
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The second type of data in SPARC – the high quality rotation curves – include sets of K data-
points {Rj , (V ExpTot )j ± σj}Kj=1, with Rj the same radial distances from the center tabulated in the

surface brightness profiles, (V ExpTot )j the corresponding rotation velocity measured for a test object
orbiting around a galaxy, and σj the measure error.

In addition to the measure error, the measured radial positions and velocities are affected by the
uncertainties in the inclination angle i of the galaxy and in the galaxy distance D, which are involved
in the definition of the experimental velocity curves {Rj , (V ExpTot )j ± σj}Kj=1 [99]. The values of i and
D used to compute the tabulated rotation curves are reported alongside the other information of each
galaxy, and if different values i′, D′ are deemed more reliable, the SPARC documentation provides
formulas to correct radial positions and velocities accordingly:

(V ExpTot )′j = (V ExpTot )j
sin(i)

sin(i′)
, σ′

j = σj
sin(i)

sin(i′)
, R′

j = Rj
D′

D
, (VI)

′
j = (VI)j

√︃
D′

D
,

with I ∈ {D,B,G} as usual. Based on this, the inclination angle i and the galaxy distance D
are sometimes treated as free parameters, and their value is decided along with that of the other
free parameters during the fit ([99, 98, 81]). Such uncertainties are relevant in analyzing specific
relationships, such as the radial acceleration relation or RAR [99], but may generally be neglected
in favor of a reduced number of fitting parameters. Adopting this approach, we assume that the
tabulated values of i and D are reliable, and we use the corresponding rotation curves without
introducing further corrections.

Other cautions in using the data concern the quality of the curves. Some of them are commonly
rejected from the analysis for the following reasons:

1. poor quality, as reported in the database itself, namely “the rotation curve does not trace the
equilibrium gravitational potential” [106, 96, 81]. We perform the same selection;

2. insufficient number of data points, for example, fewer points than the number of free parameters
[81] or fewer points than fixed threshold (7 in [41], 5 in [80]). We adopt a threshold of 8;

3. lack of radial profiles for gas distribution [111]. We do not adopt this criterion;
4. inclination angle i < 30◦, causing too large uncertainties in Vobs as discussed above [80, 106, 96].

We perform the same rejection.

4.1.2 Literature on Rotation Curves and their Fit

Since the earliest studies on dark matter, experimental data on rotation curves have served as a
fundamental tool for testing the quality and predictive ability of models. As increasingly numerous
and accurate experimental data have been collected, particularly with the publication of the SPARC
database, systematic fitting has become possible, making comparison with rotation curves increasingly
significant.

Currently, extensive literature exists on models for rotation curves, based on slightly different
assumptions and tested with excellent results against experimental data (see Matos et al. [105] for
an excellent review). The main aim is to construct a model that describes the average distribution of
dark matter in galaxies. Such models approximate the complicated behavior emerging from numerical
simulations – where dark matter distributions oscillate and continuously evolve – to effectively predict
corresponding rotation curves. The first attempts at effective distributions were constructed either
on an empirical basis, such as the Burkert profile [98, 81], or following N-body numerical simulations,
such as the popular Navarro-Frenk-White (NFW) profile [80, 98, 81].These early proposals focus on
reproducing oscillating behavior that dampens at large radii, resulting in a wide variety of profiles
(see Matos et al. [105] for a more complete list).

Among the most recent models, a frequent choice involves adopting a “soliton+halo” scheme [24,
19], in which the density distribution comprises two components: the ground state of the Schrödinger-
Poisson system (“soliton”) is used in the central region, while different profiles, such as the NFW,
are adopted in the outer regions (“halo”).

Following studies on the numerical instability of excited Schrödinger-Poisson eigenstates [66, 67],
other potentially more stable variants have been considered. Models of this type include, for example,
rotation effects [64, 70], thermal noise [122], or self-interaction [41]. An interesting recently proposed
line of research involves assuming that dark matter is organized in a superposition of excited states
(multistate model) [140, 122, 24, 3]. Finally, rotation curves are sometimes predicted without assum-
ing the existence of dark matter, but instead by assuming specific modifications to Newton’s law of
gravity (modified Newtonian dynamics, MOND) [111].
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Determining rotation curve fits serves both to find the optimal values of a given theory [41, 70,
111], and to compare alternative models by quantifying their ability to reproduce experimental data
[24, 98, 81]. The most widely used approach for this purpose is the Bayesian method [80, 24, 81],
which estimates the posterior probability density of the model parameters based on prior knowledge of
these parameters and the observed experimental data. Let M denote the model, θ its free parameters,
and d the experimental data. Let π(θ,M) represent the prior probability density, namely the density
distribution assumed a priori for the parameters θ. Let P (d|θ,M) be the likelihood of the data,
namely the probability of observing the data d given model M and fixed parameter values θ. Finally,
let P (d|M) be the evidence, obtained by marginalizing the likelihood with respect to the parameters
P (d|M) =

∫︁
P (d|θ,M)π(θ,M)dθ. This represents the probability of observing the data d given

the model M, averaged over all possible parameter values according to the prior. Bayes’ theorem
defines the posterior probability density of the model parameters P (θ|d,M), namely the probability
of having the parameters θ given model M and observed data d, as:

P (θ|d,M) =
P (d|θ,M)π(θ,M)

P (d|M)
=

P (d|θ,M)π(θ,M)∫︁
P (d|θ,M)π(θ,M)dθ

, (4.9)

The likelihood probability density, which models the errors introduced during measurement, is usually
assumed to have Gaussian form:

P (d|θ,M) =
∏︂
j

1√
2πσj

exp

⎛⎜⎝−

(︂
V Expj − V Pred(rj ; θ,M)

)︂2
2σ2

j

⎞⎟⎠ , (4.10)

where V Expj is the observed rotational velocity at radius rj , σj is the uncertainty in its determination,

and V Pred(rj ; θ,M) is the rotational velocity predicted by model M with parameters θ at the
radial position rj . The prior π(θ,M) is selected according to the assumed prior knowledge for each
parameter. Once the likelihood and priors are defined, the parameter values are selected to maximize
the posterior.

Regarding the definition of the priors, when there is a priori knowledge of a parameter’s expected
value and there are no asymmetries, a Gaussian prior is generally chosen. This applies, for example, to
the mass-to-light ratios ΥD and ΥB , for which fiducial values are typically adopted as the expectation
with a standard deviation of 0.1 dex [98]; or to the inclination angle i and the galactic distance D, for
which the expectation is set equal to tabulated values [98]. When no prior information is available,
maximally wide uniform priors are preferred, requiring minimal assumptions [80, 98, 81].

Once priors are chosen, various standard algorithms are available to compute the posterior (4.9),
such as the popular Markov Chain Monte Carlo (MCMC) method [80, 99, 98, 24], or dynamic nested
sampling [81]. These algorithms provide not only an estimate of the optimal parameter values θ,
but also an estimate of their entire posterior probability distribution. This approach therefore yields
highly informative results and enables both fitting the free parameters of a model and comparing
different models by analyzing the obtained posteriors to evaluate which model has the highest prob-
ability of explaining the data.

The fundamental advantage of the Bayesian approach is that it exploits prior knowledge of the
problem. When no prior knowledge is assumed, it may be more convenient to use direct methods that
estimate optimal parameter values without necessarily calculating the entire posterior distribution.
A widespread method involves defining a metric for the deviation of predictions from experimental
data and searching for parameter values that optimize this metric. The most standard choice [99, 24,
41, 111] involves minimizing the χ-squared statistics:

χ2 =
1

K − k

K∑︂
j=1

(V Expj − V Predj )2

σ2
j

which involves the squared differences between observed values V Expj and predicted values V Predj ,

normalized by the squared error on observed data σ2
j when available, or by predicted values if errors

are not available [70]. Normalizing by the number of degrees of freedom, computed as the difference
between the number of data points K and the number of model parameters k, results in the so called
reduced χ-square.

During the minimization process, additional requirements can be enforced. In the case of rotation
curves, for example, it is possible to establish ranges for free parameters [41], or to impose particular
physical constraints, such as monotonic behavior for certain functions [41] or the positivity of specific
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values [99]. Subsequently, the fit quality metric is optimized using standard algorithms, such as the
nonlinear least-squares (NLLS) method [70], or genetic algorithms [41] and the optimal values of the
free parameters are computed.

Applying the statistical tools we just described – particularly the Bayesian approach – is con-
siderably facilitated by the availability of explicit expressions for model predictions V Pred(rj ; θ,M).
Indeed, the vast majority of tested models falls into this category [24, 98, 41, 70, 81, 111]. In the
absence of such explicit expressions, executing these algorithms – particularly the MCMC method
– remains possible, but becomes much more difficult to implement due to excessive computational
costs.

In comparing our model with experimental data, we must therefore handle the difficulty of having
predictions in implicit form, which require solving a system of equations for calculation. Given this
limitation, we adopt a non-Bayesian approach based on minimizing a metric rather than calculating
the entire posterior probability distribution. Furthermore, to reduce computational effort, we employ
a strategy based on a priori estimation of parameter validity, allowing upstream selection of parameter
sets to be tested. This strategy, based on the heuristic laws obtained in Chapter 3, is described in
detail in Section 4.3.

4.2 Effective density distributions from the SPARC database

Based on the experimental data in the SPARC database, we wish to reconstruct volumetric mass

densities for disk ΥDP
(L)
D , bulge ΥBP

(L)
B and gas ΥGP

(L)
G (ΥG = 1M⊙/L⊙). These densities are

not directly available in the database, but we need to estimate them to allow our model to account
for external sources of gravitational potential. Consistent with the symmetry assumptions we made
for the Schrödinger-Poisson eigenstates, we would like to estimate effective spherically symmetric
densities, neglecting the actual axially symmetric geometry of the distributions to focus on their
overall effect on dark matter.

One option for defining these densities would be to start from the photometric data, adopting
the same procedure used by Lelli et al. [94] to define the rotation curves. However, this approach
requires careful geometric considerations both in reconstructing the actual axisymmetric distribution
[35, 19] and in defining the reshaping to spherically symmetry. The latter issue is particularly sub-
tle, being rather arbitrary. A naive approach to this reshaping would be to assume that at every
radius R the spherical distribution contains the same mass as the axisymmetric distribution with
larger characteristic dimension equal to R (overspreading the actual mass). Alternatively, we could
assume that at every radius R the spherical distribution contains the same mass as the axisymmetric
distribution with smaller characteristic dimension equal to R (shrinking the actual mass). Finally,
any intermediate option trading off between these two assumptions could improve reliability, but no a
priori guideline is available for defining this procedure, which is therefore subject to considerable ar-
bitrariness. In addition, such surface density distributions are reported only for disk and bulge, while
gas data are not directly reported in the database [19, 111]. This makes direct use of experimental
surface densities a hardly viable option.

The second option for defining effective external densities is based on rotation curves. The SPARC
database reports, for every galaxy, estimated velocity contributions for each luminous component,

V
(L)
D , V

(L)
B and V

(L)
G . Such contributions to rotation curves incorporate, in some sense, the effective

description of mass density we wish to retrieve. The most straightforward way to define each luminous

density distribution P
(L)
I (R), with I ∈ D,B,G, is to write the definition of rotation curve originating

from a spherically symmetric density:

V
(L)
I (R) =

√︄
4πG

R

∫︂ R

0

P
(L)
I (S)S2 dS ,

and to invert it, finding a definition for the effective spherically symmetric luminosity density:

P
(L)
I (R) ≡ 1

R2

d

dR

(︄(︁
V

(L)
I

)︁2
R

4πG

)︄
=

1

4πG

(︄(︁
V

(L)
I

)︁2
R2

+ 2
V

(L)
I

R

dV
(L)
I

dR

)︄
.

Observe that since the rotation curves V
(L)
I (R) are known at a set ofK sample points {Rj , (V (L)

I )j}Kj=1,

the corresponding densities will be calculated at the same radial positions, {Rj , (P (L)
I )j}Kj=1. In ad-

dition, velocities are expressed in km/s and radial positions in kpc, so we select the units for the
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physical constant G to express the luminosity densities in 109L⊙/kpc
3 (see Section 4.3.2 for more

details on the adopted physical units). The data points we obtain are approximately compatible with
exponentially decaying functions:

P
(L)
I (R) = AIe

− R
R0,I . (4.11)

where the characteristic density AI and the characteristic length R0,I are estimated by standard
fitting techniques.

Two examples of fitted densities are reported in figure 4.1 for galaxies UGC02953 and NGC5055,
which are used later in this Chapter to test the fitting procedure. The figure reports both the log

plots of the effective densities {Rj , (P (L)
I )j}Kj=1 on which fits are performed, and the rotation curves

{Rj , (V (L)
I )j}Kj=1, comparing the experimental data and the velocity profiles reconstructed from the

exponential fitted densities. The plots confirm that the exponential density profiles are rather effective
in reproducing the rotation curves, even though, especially for the gas component, they do not capture
exactly the oscillations of the experimental data points.

(a) UCG02953, experimental and effective densities. (b) NGC5055, experimental and effective densities.

(c) UCG02953, experimental and effective rotation
curves.

(d) NGC5055, experimental and effective rotation
curves.

Figure 4.1: Top panels: fit of effective densities for two sample galaxies, UCG02953 (left) and
NGC5055 (right), in log scale. Bottom panes: experimental velocity profiles are compared with
rotation curves resulting from the effective exponential densities.

Once the mass densities ΥIP
(L)
I (R) are estimated from experimental data up to the free parameter

Q, they can be used in the model as external sources of gravitational potential, after convenient
rescalings to express them in non-dimensional form (see Section 4.3.2).

In addition, it is also possible to calculate the total luminous mass ML, which will be used as a
reference quantity in the fitting procedure. We perform the computation based on the exponential
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form of the densities (4.11):

ML(R) ≡ 4π

∫︂ ∞

0

ΥDP
(L)
D (S)S2 dS + 4π

∫︂ ∞

0

ΥBP
(L)
B (S)S2 dS + 4π

∫︂ ∞

0

P
(L)
G (S)S2 dS

= 8π
(︁
ΥDADR

3
0,D +ΥBABR

3
0,B +AGR

3
0,G

)︁
. (4.12)

4.3 The fitting procedure

We now present the procedure we use to fit the excited eigenstates of the Schrödinger-Poisson model
to the experimental rotation curves from the SPARC database. First, the Schrödinger-Poisson system
is expressed using physical quantities and conveniently rescaled to its dimensionless form (Section
4.3.1). Then, after selecting suitable units for such rescalings (Section 4.3.2), we describe the fitting
procedure itself, detailing how we define and enforce a priori estimates of the free parameters of the
model (Section 4.3.3).

4.3.1 From physical to non-dimensional quantities

We report here the construction of conversion factors from physical quantities, denoted with capital
letters, to non-dimensional quantities, denoted with lowercase letters. The physical Schrödinger-
Poisson system, together with matter field normalization, reads:⎧⎪⎪⎨⎪⎪⎩

iℏ ∂TΨ =
(︂
− ℏ2

2m∆X +mΦ
)︂
Ψ

∆XΦ = 4πGm|Ψ|2 + 4πGP∫︁
|Ψ|2 d3X = MDM

m ≡ N

, (4.13)

with ∆X denoting the Laplacian in the physical space coordinates X, ∂T the time derivative, ℏ the
reduced Planck constant, G the gravitational constant, m the mass of each dark matter particle,
MDM the mass of the whole dak matter cluster, and N ≡ MDM/m the number of particles in the
cluster. The aim is to scale space X, time T , matter field Ψ(T,X), gravitational potential Φ(T,X)
and external density P (X) in order to express them as non-dimensional quantities x, t, ψ(t, x), ϕ(t, x),
ρ(t, x), so that the Schrödinger-Poisson system (4.13) reduces to our usual (1.3), without any physical
constants and parameters. We report it here for ease of reference:⎧⎪⎨⎪⎩

i∂tψ(t, x) = (−∆+ 2ϕ(t, x))ψ(t, x)

∆ϕ(t, x) = |ψ|2(t, x) + ρ(x)∫︁
|ψ|2(t, x) d3x = 1

. (4.14)

To obtain this non-dimensional system, we set a generic change of variables:

X = [x]x, T = [t]t, Ψ = [ψ]ψ, Φ = [ϕ]ϕ, P = [ρ]ρ

and we choose the scales [x], [t], [ψ], [ϕ],[ρ] to progressively adjust the equations in (4.13). Rearranging
the matter field normalization as in (4.14) sets the matter field scale to [ψ]2 = N [x]−3; writing the
Poisson equation as in (4.14) sets the density scale to [ρ] = m[ψ]2 = mN [x]−3 and the gravitational
potential scale to [ϕ][x]−2 = 4πGm[ψ]2, namely [ϕ] = 4πGmN [x]−1; while to obtain the Schrödinger
equation in (4.14), we substitute the scalings:

iℏ[t]−1∂tψ =

[︃
− ℏ2

2m

1

[x]2
∆+m[ϕ]ϕ

]︃
ψ,

i∂tψ =

[︃
− [t]ℏ
2m

1

[x]2
∆+

[t]m

ℏ
4πGmN

[x]
ϕ

]︃
ψ

and we adjust the two factors on the right-hand side, setting [t]ℏ(2m[x]2)−1 !
= 1, which fixes the time

scale to [t] = 2m[x]2ℏ−1, and [t]4πGm2N(ℏ[x])−1 = 2[x]4πGm3Nℏ−2 !
= 2, which fixes the space scale

to [x] = ℏ2(4πGm3N)−1.
Interestingly, the resulting scaling factors can be written as functions of the Planck scale ℓP , tP

and mP giving the dimensionality, of the mass parameter m appearing in powers of the mass ratio
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mPm
−1, and of the number of particles N . Overall, the scalings read:

X = [x]x, [x] =
1

4π

(︂mP

m

)︂3
N−1 ℓP , (4.15a)

T = [t] t, [t] =
2

(4π)2

(︂mP

m

)︂5
N−2 tP , (4.15b)

Ψ = [ψ]ψ, [ψ] = (4π)
3
2

(︂mP

m

)︂− 9
2

N2 ℓ
− 3

2

P , (4.15c)

Φ = [ϕ]ϕ, [ϕ] = (4π)2
(︂mP

m

)︂−4

N2 GmP

ℓP
, (4.15d)

P = [ρ]ρ, [ρ] = (4π)3
(︂mP

m

)︂−10

N4 mP

ℓ3P
, (4.15e)

where we recall:

ℓP ≡
√︃

ℏG
c3

, tP ≡
√︃

ℏG
c5

, mP ≡
√︃

ℏc
G
. (4.16)

Analogously, a velocity scale is required to convert the non-dimensional prediction vn(r) defined in
(3.3) to the corresponding quantity in physical units, VDM (R):

VDM (R) =

√︄
Gm 4π

∫︁ R
0

|Ψ|2S2 dS

R
, (4.17)

where we accounted for the 4π factor from angular integration that we omitted in (3.3). The unit
conversion scale for velocity is set by combining its definition with the known scalings for space and
matter field, yielding a scaling [v] =

√
Gm 4π[ψ][x]. Consistently with the other quantities, the result

can be expressed in terms of a power of the mass ratio mPm
−1, of N and of a standard physical

constant giving the dimensionality:

V = [v]v, [v] = 4π
(︂mP

m

)︂−2

N c . (4.18)

4.3.2 Selecting units

We now focus on the quantities that are explicitly involved in the comparison with experimental data:
velocities, radii, and volumetric mass densities. In order to work with more interpretable variables,
we define the ratio ξ between the total dark matter mass MDM ≡ mN and the total luminous mass
ML accounting for all visible components in a galaxy:

ξ ≡ MDM

ML
=
mN

ML
.

We use this ratio instead of N as a free parameter of the model, which is considerably easier to
interpret. In terms of ξ, and adjusting the expressions to let the parameter m appear only in mass
ratios for ease of interpretation, the scalings for the relevant quantities are:

X = [x]x, [x] =
1

4π

(︂mP

m

)︂2 (︃
mP

ML

)︃
1

ξ
ℓP , (4.19a)

P = [ρ]ρ, [ρ] = (4π)3
(︂mP

m

)︂−6
(︃
ML

mP

)︃4

ξ4
mP

ℓ3P
, (4.19b)

V = [v]v, [v] = 4π
(︂mP

m

)︂−1
(︃
ML

mP

)︃
ξ c . (4.19c)

Once we have defined the unit conversion scales in terms of known physical constants and pa-
rameters, we must express them in convenient physical units. On galactic scales, the radial positions
are naturally expressed in kpc, the velocities in km/s, and the volumetric densities in 109M⊙/kpc

3.
Moreover, the natural units for the total luminous mass ML is 109M⊙, while we express the dark
matter particle mass m in units of 10−56 g.
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To handle such units, let us first report the numerical values for the main physical constants in
cgs, together with some relevant units conversions from astrophysical units to cgs:

G = CG 10−8 g−1cm3s−2 , CG = 6, 67 ,

ℓP = CLP 10−33 cm , CLP = 1.62 ,

mP = CMP 10−5 g , CMP = 2.18 ,

kpc = CPC 1021 cm , CPC = 3.09 ,

M⊙ = CMS 10
33 g , CMS = 1.99 .

In the physical units suited for our problem, the relevant physical constants read:

G =
CGCMS

CPC
103

[︃
1

109M⊙

km2

s2
kpc

]︃
, Gastro ≡

CGCMS

CPC
,

ℓP =
CLP
CPC

10−54 [kpc] , ℓkpc ≡
CLP
CPC

,

mP = CMP 1051 [10−56 g] , m56g ≡ CMP ,

mP =
10CMP

CMS
10−48 [109M⊙] , m9⊙ ≡ 10CMP

CMS
,

where the units for G are suitable for connecting velocities and densities in their respective natural
units, while the two expressions for the Planck mass mP allow us to compare it both with the dark
matter particle mass m and with the total luminous mass ML, so to construct the required ratios.
The unit conversion scales (4.19) for radial positions, densities, and velocities thus read:

[x] = xsc
1

m2ξ
, xsc =

1

4π

m2
56gm9⊙ℓkpc

ML
[kpc] , (4.20a)

[ρ] = ρscm
6ξ4, ρsc = (4π)3

M4
L

m6
56gm

3
9⊙ℓ

3
kpc

[︃
109M⊙

kpc3

]︃
, (4.20b)

[v] = vscmξ, vsc =
√
4π

102
√
4π ccML

m56gm9⊙

[︃
km

s

]︃
, (4.20c)

where the dependence on the free parameters m, ξ has been isolated in view of the fitting procedure.

4.3.3 Fitting procedure

Our model includes four free parameters: the parameter Q arising from the experimental data, the
excitation index n selecting the state to be used for predictions and the physical parameters ξ and m
involved in the conversion from physical to non-dimensional units. We need to define a convenient
procedure to obtain optimal values for these parameters, where optimality means that the prediction
for the total velocity V PredTot (R) should be as close as possible to the experimental curve V ExpTot (R)
according to a suitable metric, while the computational effort should not be too large.

As anticipated in the introduction to this Chapter, the main difficulty we need to face compared to
other literature works consists of the lack of explicit expressions for the predicted dark matter velocity
component V PredDM (R), which prevents us from using standard approaches, such as the popular MCMC
method. Our prediction is defined implicitly by the stationary Schrödinger-Poisson problem (??) and
we need to solve it for every candidate set of free parameters to get a prediction. This constraint
is rather demanding in terms of computational effort. Simply testing a uniform grid of values for
the free parameters without assuming any prior knowledge is not an efficient choice, since many
combinations would result in bad predictions that do not match the experimental scales. In order to
save computational effort, we need a way to estimate a priori the rough behavior of our predictions,
so to reject in advance unviable combinations of parameters. An efficient tool to perform this task is
represented by the heuristic laws we derived in Chapter 3, which bridge the gap between having an
implicit model and needing explicit predictions.

The core idea is to select some features of the eigenvelocities that are described by heuristic laws
and to constrain them to match their experimental counterparts, so as to get a priori estimates of
the free parameters. The available features include: the innermost local maximum (r̃0(n), ṽ0(n));
the slope and intercept of the averaged mid-range region σ(n), q(n); the outermost local maximum
(r̃2n(n), ṽ2n(n)). Each of these features could be rescaled to physical units with conversion factors
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(4.20) involving the free parameters Q, ξ, m, and the resulting value could be constrained to match
its experimental counterpart. These features are not equally suitable for this task. For example,
the eigenvelocities associated with excited Schrödinger-Poisson eigenstates only result in positive
mid-range slopes, whereas experimental data admit even vanishing or negative slopes, preventing a
consistent analytical comparison. Thus, for the sake of generality, we focus on the other features. The
experimental counterpart of the innermost local extremum can be detected and enforced in the model,
fixing the value of two of the free parameters. The experimental counterpart of the outermost local
extremum, instead, is in general not detected by the measurements, which stop before the onset of
the final Keplerian decline. We can thus assume that the experimental counterpart of the outermost
local maximum occurs beyond the last measured point (Rlast, Vlast), namely at a larger radius and
velocity. This results in two other constraints on the free parameters, not fixing their values but
helping in rejecting unfeasible combinations of parameters.

In the following, we detail how the required reference features are detected in the experimental
data, describe how to enforce them to obtain estimates and constraints on the free parameters, and
select a convenient metric to test the quality of the fits.

Detecting reference features

We start by analyzing the experimental data to detect the required reference features. The first step
consists of subtracting from the total velocity V ExpTot (R) the contributions VD(R), VB(R), VG(R) due

to luminous sources, thus getting an experimental estimate of the velocity contribution V ExpDM (R) due
to dark matter. This is performed by computing:

|V ExpDM |V ExpDM (R) = |V ExpTot |V ExpTot − (|VD|VD + |VB |VB + |VG|VG) (4.21)

where the absolute value follows the sign conventions described in [94]. Recall that, as explained

in Section 4.2, contributions VD(R), VB(R) are proportional to tabulated curves V
(L)
D (R), V

(L)
B (R)

through the factors ΥD(Q), ΥB(Q) that depend on the free parameter Q. Thus, the estimate of the

dark matter contribution V ExpDM (R) from the experimental data can be computed only for a given
value of the parameter Q. For simplicity, we select a uniform range of values for Q and run through
them, performing the rest of the procedure for each given value of Q and applying our constraints on
the other free parameters n, ξ, and m.

Once the dark matter contribution V ExpDM (R) is estimated from the experimental data, we can
analyze it to detect our reference features. The last measured point (Rlast, Vlast) is obtained without
any ambiguity. On the other hand, the definition of the point (R̃0, Ṽ 0) representing the experimental
counterpart of the innermost local maximum (r̃0, ṽ0) requires more caution, since the experimental

curve V ExpDM (R) might not present a clear local maximum. We thus define the point (R̃0, Ṽ 0) as
the onset of the mid-range region in the following sense. We perform a linear fit V = CR + D in
the central part of the curve V ExpDM (R), using an arbitrary portion of the domain [0.2Rlast, 0.9Rlast];

we define R̃0 as the innermost radius at which the curve V ExpDM (R) grows larger than the linear fit,

V ExpDM (R̃0) ≥ CR̃0+D; and we define Ṽ 0 as the corresponding velocity in the linear fit, Ṽ 0 = CR̃0+D.

Observe that with this strategy, the definition of the reference inner point (R̃0, Ṽ 0) accounts for the
average behavior of the entire curve, which encompasses more information than the simple detection
of a local maximum. An example of the detected reference points for the two galaxies UGC02953
and NGC5055 is reported in figure 4.2, showing the effectiveness of our definitions.

Enforcing the constraints

Once the reference points (R̃0, Ṽ 0) and (Rlast, Vlast) are detected, we can enforce a match with the
corresponding predicted points (r̃0, ṽ0) and (r̃2n, ṽ2n). Recall that the scales [r], [v] converting from
non-dimensional to physical units depend on the free parameters ξ, m as in (4.20), with Q assumed
to be fixed in performing this procedure; while the non-dimensional quantities r̃0, ṽ0, r̃2n, ṽ2n depend
only on n, as expressed by the heuristic laws derived in Chapter 3 and reported here:

r̃0(n) = m0 n+ q0 , m0 = 40.1 , q0 = 124 ,

ṽ0(n) = β0 r̃0(n)
α0 , β0 = 1.94 , α0 = −1.14 ,

r̃2n(n) = a2n n
2 + b2n n+ c2n , a2n = 133 , b2n = 245 , c2n = −185 ,

ṽ2n(n) = β2n r̃2n(n)
α2n , β2n = 0.27 , α2n = −0.5 .
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(a) Galaxy UGC02953, Q = 0.85. (b) Galaxy NGC5055, Q = 0.8.

Figure 4.2: Dark matter velocity contribution V ExpDM (R) for two sample galaxies, defined according to
(4.21) for given values of Q. The plots report the linear fit V = CR +D performed on an arbitrary

central part [0.2Rlast, 0.9Rlast] of the domain, the radius R̃0 at which the curve V ExpDM (R) first grows

larger than the linear fit, and the corresponding velocity Ṽ 0 = CR̃0 + D, together with the last
measured point (Rlast, Vlast).

Based on this, we define the constraints, forcing exact matches for the inner point and inequalities
for the outer point: ⎧⎪⎪⎪⎨⎪⎪⎪⎩

R̃0 = [r] r̃0 = rsc
1

m2ξ (m0n+ q0)

Ṽ 0 = [v]ṽ0 = vsc ξmβ0(m0n+ q0)
α0

Rlast ≤ [r] r̃2n = rsc
1

m2ξ (a2nn
2 + b2nn+ c2n)

Vlast ≤ [v]ṽ2n = vsc ξmβ2n(a2nn
2 + b2nn+ c2n)

α2n

.

The two equations can be arranged to express the parameters ξ and m as functions of the excitation
index n, while the two inequalities are rephrased as constraints on the value of n:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

m = rsc
R̃0

vsc
Ṽ 0
β0(m0n+ qo)

α0+1

ξ = rsc
R̃0

(︂
vsc
Ṽ 0

)︂2
1

β2
0(m0n+qo)2α0+1

a2nn
2+b2nn+c2n
m0n+q0

≥ Rlast
R̃0

β2n

β0

(a2nn
2+b2nn+c2n)

α2n

(m0n+q0)α0
≥ Vlast

Ṽ 0

(4.22)

Observe that in the approximation α0 ∼ −1, the exponent α0 + 1 in the expression for m would
vanish. This suggests that the parameter m depends rather mildly on the excitation index n and
that its value is mainly determined by the experimental data R̃0, Ṽ 0 and by the free parameter Q,
which is involved in the scales rsc, vsc through the total mass ML =ML(Q) (4.12).

Together with these requirements, representing the core of our fitting procedure, we also set a
maximum value ξmax on the parameter ξ, arbitrarily modeling the physical intuition that the total
amount of dark matter in a galaxy should not be exceedingly larger than the total amount of luminous
matter.

Enforcing the match between experimental and predicted features provides an estimate for the
free parameters ξ, m – with a threshold check on ξ – and two constraints on n. Observe that these
estimates are rough, both due to the intrinsic ambiguity in the definition of the experimental reference
points and due to the fact that the heuristic laws were derived in the absence of external source, while
we are now computing the excited eigenstates in the presence of luminous sources. Thus, we use the
estimates of ξ, m as reference values and include small variations in defining the parameter sets to
be tested.

Predictions and optimality

The constraints we defined allow us to select feasible combinations of parameters a priori. Once
the selection is performed, the combinations are tested, computing in each case the eigenstate
(fn(r), ϕn(r), vn(r)) in the presence of non-dimensional external sources. The eigenvelocity is ex-
pressed in physical units to obtain the predicted dark matter contribution VDM ≡ [v]vn and the
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latter is then combined with the velocity contributions from the luminous components to get the
total predicted rotation curve V PredTot (R):

|V PredTot |V PredTot = |VD|VD + |VB |VB + |VG|VG + |VDM |VDM . (4.23)

Thus, we get a whole set of predictions, each derived from a different feasible combination of
parameters, and we need to define a metric to measure the quality of each fit, deciding which are the
optimal predictions and the optimal set of values for the free parameters. Consistent with a common
choice in the literature, we rely on the χ2-metric, a standard global metric that accounts for the quality
of the fit at all points [99, 41, 111]. Let {Rj , (V ExpTot )j ± σj}Ki=1 be the set of data points defining an

experimental rotation curve, with Rj the radial position, (V
Exp
Tot )j the corresponding rotation velocity

of a test object, and σj the experimental error, and let {Rj , (V PredTot )j}Kj=1 be the corresponding
prediction from the Schrödinger-Poisson model, computed at the measured radial positions. Then
the χ2 metric evaluating the quality of the fit is defined by:

χ2 ≡ 1

K − k

K∑︂
j=1

[(V ExpTot )j − (V PredTot )j ]
2

σ2
j

, (4.24)

where K is the number of data points and k = 4 is the number of free parameters in the theory. The
χ2-metric measures the global deviation of the prediction from the experimental data, so the optimal
fits are those with minimum χ2 value.

Implementation scheme and parameters

The fitting procedure described above is implemented in MATLAB, resulting in an automated procedure
that can be run for every galaxy in the SPARC database. Before presenting the results we obtained
for two sample galaxies, UGC02953 and NGC5055, we collect here the parameters we adopted in the
analysis, summarizing schematically the implemented fitting procedure.

First, a set of test values is fixed for the free parameter Q. In our fit examples, we use:

Q ∈ {0.75, 0.8, 0.85, 0.9, 1.0, 1.1, 1.25} .

For every value of Q, the following quantities are computed: the mass-to-light ratios ΥD, ΥB (4.5);
the velocity components VD(R), VB(R) (4.7); the total luminous mass ML (4.12); the experimental

dark matter curve V ExpDM (R) (4.21); and its reference points (R̃0, Ṽ 0) and (Rlast, Vlast).
Second, we fix a set of test values for n. In our case, we use:

n ∈ {2, 3, 4, . . . , 12} .

For every couple (Q,n), the inequalities in (4.22) are evaluated, and the couple is accepted or rejected.
Third, for every accepted couple (Q,n), the equations in 4.22 yield estimated values ξest and mest

for the free parameters ξ and m, and a small set of values close to these estimates is tested. In our
example, ξ is rounded up and down to an integer number and we test the neighbor values:

ξ ∈ {⌊ξest⌋ − 1, ⌊ξest⌋, ⌈ξest⌉, ⌈ξest⌉+ 1} ,

checking that these values are below the threshold ξ ≤ ξmax, set to ξmax = 100; while m is rounded
to the second digit, and some neighbor values are tested:

m ∈
{︃
⌊100mest⌋

100
− 0.01,

⌊100mest⌋
100

,
⌈100mest⌉

100
,
⌈100mest⌉

100
+ 0.01

}︃
.

For each accepted combination (Q,n, ξ,m), the following quantities are computed: the unit con-
version factors (4.20); the non-dimensional parameters defining the external sources ρD(r), ρB(r),
ρG(r), obtained by rescaling the corresponding physical quantities defined in (??); the n-th eigenstate
(fn(r), ϕn(r), vn(r)), accounting for the presence of the external sources; the dark matter velocity con-
tribution in physical units VDM (R) (4.18); the total predicted rotation curve V PredTot (R) (4.23); and
the χ2 metric (4.24).

With this procedure, a large set of viable combinations of parameters is tested and the resulting
predicted curves are ordered according to the standard global metric χ2. The optimal results for the
two sample galaxies we use as a test are reported in the following Section.
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4.4 Results

We report here the results obtained by fitting our model to the rotation curves of two sample galaxies:
UGC02953, with bulge; and NGC5055, without bulge. The results, obtained with the implementation
setting described in Section 4.3.3, are as follows.

Figure 4.3 compares for each galaxy the experimental rotation curve V ExpTot (R) with the five op-
timal predictions V PredTot (R), where optimality is defined according to the χ2 metric (4.24). The
corresponding optimal sets of free parameters and the value of the χ2 metric are also reported. In
addition, the disk, bulge (if present), gas, and dark matter contributions to velocity are detailed for
the optimal combination to appreciate their relative impact.

In both galaxies, the optimal parameter combinations favor a value of Q ∼ 0.8, with slightly
higher values for the UCG02953 galaxy, and slightly lower values for the NGC5055 galaxy. This
value would result in mass-to-light ratios of ΥD = 0.4M⊙/L⊙ and ΥB = 0.56M⊙/L⊙, consistent
with the literature values [107]. The optimal values for the excitation index n are slightly different
for the two galaxies, but they are in an intermediate range 4 ≲ n ≲ 9, while lower values {2, 3} and
higher values {10, 11, 12} seem to be disfavored. Consistently, the values for the mass ratio ξ are
in the range [35, 55] for the UCG02953 galaxy and [20, 35] for the NGC5055 galaxy, suggesting that
the content of dark matter is rather large compared to luminous matter. Finally, the values favored
for the dark matter particle mass m, expressed in units of 10−56 g, are constant across the five best
predictions in the UGC02953 galaxy, m = 0.12 · 10−56 g, while they are slightly lower and spread
more for the NGC5055 galaxy, m ∼ [0.09, 0.11] · 10−56 g.

Concerning the optimal prediction, the visual comparison between the different velocity contribu-
tions suggests that they are comparable, that is, their density is similar in the central regions of the
galaxy, while only at larger radial distances dark matter persists while the other components become
negligible.

(a) UCG02953, total velocities. (b) NGC5055, total velocities.

(c) UCG02953, velocity components. (d) NGC5055, velocity components.

Figure 4.3: Best fits obtained for the UCG02953 galaxy (left) and the NGC5055 galaxy (right). Top
panels show the total rotation curves in the experimental data and in the five best predictions, sorted
by increasing χ2 value. The corresponding estimated parameters (Q, n, ξ, m) and the resulting χ2

values are reported in the plots. Bottom panels focus on the optimal fit, detailing the experimental
velocity contributions from the luminous sources (disk, bulge, gas) and the predicted dark matter
velocity contribution.

In order to study the effect of each free parameter on the resulting predicted rotation curve, figures
4.4 and 4.5 let them vary one by one, while the other free parameters are kept fixed at their optimal
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values. The overall results show that the non-dimensional eigenstate is very little affected by the
luminous sources, which, with the tested values of free parameters, become negligible once scaled to
non-dimensional units. On the other hand, their contribution to the rotation curve is clearly visible,
and we can visually appreciate the difference in the predicted curve V PredTot (R) as the parameters vary.

The last Figure 4.6 completes the study on the effect of each single free parameter by plotting
the value of the χ2 metric in six different panels, each constructed by letting two of the four free
parameters vary and keeping the other two fixed at their optimal value. The construction of this plot
involved testing a uniform grid of parameters around the optimal values, which required computing
additional predictions, since the combinations analyzed with our fitting procedure did not cover
systematically a uniform neighborhood of the optimal values, as required by this type of graph. This
representation allows to appreciate how optimal regions generally favor intermediate values of the
free parameters, confirming the results reported in the initial part of our analysis.

4.5 Conclusions

In this Chapter, we fit the stationary states of the SP problem to some sample experimental rotation
curves from the SPARC database. This task is rather challenging due to the implicit form in which
the SP eigenstates are defined, which causes parameter space exploration to be computationally very
expensive. Instead of introducing approximations to express our predictions in explicit form, we re-
duce computational cost by exploiting the heuristic laws derived for the eigenvelocities to guide the
parameter space exploration. Indeed, by comparing reference features of the experimental curves to
their prediction according to the heuristic laws, we are able to recognize in advance viable combina-
tions of parameter values, so to restrict the number of computations to be run. This represents a
great computational advantage compared to testing all uniform combinations of parameters, which
would be the natural choice in absence of heuristic laws: in that case, a large number of computa-
tions would fail to match even the roughest scales of experimental curves, resulting in an unnecessary
computational effort.

On the other side, observe that more complete collections of data would improve even more the
computational efficiency through the applications of the heuristic laws: if the experimental measures
were spanning the whole extent of dark matter halos and the outermost peak were detected, then
two further equalities could be written instead of the inequalities in constraint (4.22), and all four
free parameters could be estimated a priori, minimizing the computational effort in performing the
fit. Since this is not the case, there is still a certain arbitrariness in defining the optimal set of
fitting parameters, which requires further physical considerations to be fixed. This, however, is out
of the scope of this thesis, which is limited to showing the potential of heuristic laws in physical and
numerical applications.
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(a) fn(r), varying Q. (b) VTot(R), varying Q.

(c) fn(r), varying n. (d) VTot(R), varying n.

(e) fn(r), varying ξ. (f) VTot(R), varying ξ.

(g) fn(r), varying m. (h) VTot(R), varying m.

Figure 4.4: Galaxy UGC02953. Panels report eigenfunctions fn(r) (left) and total rotation curves
V PredTot (R) (right) for one-by-one variations of each parameter: Q, n, x, m (from top to bottom). The
optimal combination {Q = 0.85, n = 7, ξ = 38, m = 0.12} is used as a reference.
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(a) fn(r), varying Q. (b) VTot(R), varying Q.

(c) fn(r), varying n. (d) VTot(R), varying n.

(e) fn(r), varying ξ. (f) VTot(R), varying ξ.

(g) fn(r), varying m. (h) VTot(R), varying m.

Figure 4.5: Galaxy NGC5055. Panels report eigenfunctions fn(r) (left) and total rotation curves
V PredTot (R) (right) for one-by-one variations of each parameter: Q, n, x, m (from top to bottom). The
optimal combination {Q = 0.8, n = 5, ξ = 30, m = 0.1} is used as a reference.
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(a) UCG02953

(b) NGC5055

Figure 4.6: Values of the χ2 metric for slices of the tested parameter space. Plots are reported for
the UCG02953 galaxy (top) and the NGC5055 galaxy (left).



Chapter 5

A Relativistic Extension: the
Klein-Gordon-Wave Model

5.1 Introduction

The Schrödinger-Poisson system analyzed in this thesis is not Lorentz invariant. As described in Chap-
ter 2, it is obtained in the weak field and low energy limit from the Einstein-Klein-Gordon system,
and the structure that characterizes it is not compatible with a relativistic formalism, lacking even
Lorentz covariance. In this Chapter, we consider alternative models to Schrödinger-Poisson that share
the same basic idea – a simple mathematical structure for an effective description of a system of self-
gravitating particles – but that present a semi-relativistic or relativistic structure, positioned halfway
between the fundamental Einstein-Klein-Gordon system and the effective Schrödinger-Poisson ap-
proximation.

In the past decades, wide research efforts have been dedicated to the definition and the analysis of
classical semi-relativistic or non-relativistic approximations of the Einstein-Klein-Gordon equations.
The emerging systems, among which Schrödinger-Poisson, share the same common intuition: mod-
eling the evolution of a scalar matter field and a scalar gravitational potential field, coupled through
a Yukawa interaction. The differences lie in the specific assumptions made for the two fields, such
as the inclusion of a massive term for the gravitational field or the adoption of a Lorentz covariant
structure for the two evolution equations. Different assumptions may result in extremely different
dynamical properties, including the existence and uniqueness of the solutions of the associated initial
value problems, the stability near the equilibria or the number of conservation laws. Most of these
systems share an underlying Hamiltonian structure, which enables the application of Hamiltonian-
specific tools to explore their connection. A valuable example is the construction of Hamiltonian
normal forms through which a Hamiltonian system can be expressed in a simpler, more controllable
way and can be approximated at a given order, neglecting the higher-order remainder to obtain a
new system displaying the most relevant properties of the dynamics.

In this Chapter, we refer to two of these systems, which complement Schrödinger-Poisson. The
first is a Klein-Gordon–Wave (KGW) model, which assumes a Klein-Gordon dynamics for the massive
field u(t, x) and a wave dynamics for the massless gravitational field ϕ(t, x):

{︄
□u = µ2u+ 2ϕu

□ϕ = u2
, □ ≡ ∆− ∂2t , (5.1)

with µ2 ∈ R+
0 a parameter of the model. This model has the distinctive feature of being Lorentz

covariant, that is, having a structure compatible with a special relativity framework. Among systems
with this characteristic, it is as similar as possible to Schrödinger-Poisson, having a Hamiltonian
formulation and presenting the same coupling between the matter field and the gravitational field.
Unlike Schrödinger-Poisson, however, the Klein-Gordon-Wave dynamics does not preserve the L2(R3)-
norm of the matter field, which represents the amount of mass in the system.

The second model we consider is a Schrödinger-Wave (SW) model. This system, with intermediate
properties between Schrödinger-Poisson and Klein-Gordon-Wave, assumes a Schrödinger dynamics for

69
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the matter field ψ(t, x) and a wave dynamics for the gravitational potential ϕ(t, x):{︄
i∂tψ = − 1

2∆ψ + ϕψ

□εϕ = |ψ|2
, □ε ≡ ∆− ε∂2t (5.2)

with ε a parameter of the model, often set to ε = 1. The SW system (5.2) is semi-relativistic, assuming
Lorentz covariance for the gravitational field but not for the matter field. Thanks to this structure,
its dynamics preserves the L2(R3)-norm of the matter field, as happens in Schrödinger-Poisson, while
having a Hamiltonian structure that is closer to that of the KGW problem.

Our research investigates the relationship between these three models, based on their Hamiltonian
formulation and the above-mentioned normal form techniques. In particular, we derive the second-
order Hamiltonian normal form of the Klein-Gordon-Wave system and we show that its first-order
truncation results in the Schrödinger-Wave model, which further reduces to the Schrödinger-Poisson
system in the singular limit of a vanishing perturbative parameter. Our constructive technique offers
a new point of view on how these systems relate to each other, clarifying how Lorentz covariance is
gradually lost and a conservation law is gained in the approximation process.

From a normal form perspective, the approach we use for the Klein-Gordon-Wave problem is
nontrivial. Unlike other standard problems with bounded unperturbed flow – such as the Birkhoff-
Gustavson problem, which describes a set of harmonic oscillators with higher-order couplings – the
unperturbed flow of the Klein-Gordon-Wave system includes an unbounded contribution of free-
particle type. This prevents the direct application of standard averaging procedures in the definition
of normal form. To address this issue, we construct the normal form only with respect to the un-
perturbed contribution with bounded flow, a restriction that reflects in a non-trivial modification of
the standard computations. The resulting procedure is, at present, still formal, but its versatility,
together with the understanding it provides on the connection between well-studied physical systems,
attests its validity in supporting research on physically relevant dynamical systems.

In the remainder of this preamble, in Section 5.1.1 we briefly present the KGW and SW models,
illustrating the contexts from which they emerge and describing the most relevant literature work on
them. In the same Section, we summarize the main results of our research on this topic and place
them within the broad literature on normal forms of Hamiltonian systems.

In Section 5.2, we give a more thorough description of the KGWmodel, highlighting its Lagrangian
and Hamiltonian formulations and the symmetries and conservation laws that characterize it. We also
illustrate its construction from physical assumptions, highlighting the connections with the heuristic
presented in Chapter 2 and the interpretation that emerges for the µ2 parameter. We observe how the
latter has a governing role, determining two regimes in which the KGWmodel can operate. In the first
regime, when µ2 = O(1), the system admits stationary states, and these formally coincide with the
stationary states of the Schrödinger-Poisson system. In the second regime, when µ2 ≫ 1, stationary
states are not admitted, but it is possible to approximate the system with Hamiltonian perturbative
normal form techniques. We briefly illustrate the physical meaning of the two regimes, showing the
physical situations with which they are compatible and clarifying the physical interpretation of the
governing parameter µ2. Finally, we introduce some preliminary notions for the normal form study
of the models.

In Section 5.3, we present in detail the results of our analysis, showing the normal form obtained
for the KGW Hamiltonian and illustrating the systems that emerge from its truncation at the first
and second order (Sections 5.3.1, 5.3.2), with a specific focus on the limit recovering the SP system
(Section 5.3.1). A discussion of the interpretation of the KGW system as a set of harmonic oscillators
and free particles with higher-order coupling is also included (Section 5.3.3).

Section 5.4 is dedicated to explicit computation of the first- and second-order normal form, each
step being first performed in algebraic form and then specialized to the KGW problem. Remarks on
the extension of the procedure to higher orders are also included (Section 5.4.5).

5.1.1 Comparison with previous works and main results

The KGW system (5.1) we analyze in this Chapter emerges as a particular case of a class of problems
introduced by LeFloch and Ma [91] and Ionescu and Pausader [74] as a simplified version of the
Einstein–Klein–Gordon equations of general relativity, with the aim of studying their global nonlinear
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stability. Problems in this class take the form:{︄
(−□+ 1)u = ϕBαβ∂α∂βu+ Eϕu

−□ϕ = Aαβ∂αu ∂βu+Du2
,

with u representing the massive scalar field, ϕ replacing the deviation of the Lorentzian metric from
the Minkowski metric, and Aαβ , Bαβ , D,E real constants. This system is obtained by expressing
the Einstein–Klein–Gordon equations of general relativity in harmonic gauge, and by retaining only,
schematically, quadratic interactions that involve the massive scalar field [74]. In this work, we
specialize to Aαβ = Bαβ = 0 and adjust the remaining constants to obtain the KGW system (5.1).

This class of problems has attracted considerable interest, initiating a series of sophisticated
mathematical works that have studied their global nonlinear stability. The latter was first proved in
the case of small, smooth and compactly supported perturbations using the hyperboloidal foliation
method [91, 93] (see also [90] for a detailed description of the method) and then extended with dif-
ferent techniques to relax the compact support hypothesis [74, 76]. Later studies focused on specific
configurations of this class of problems [44, 116]. This series of works provided a solid foundation for
analyzing the same results for the more general Einstein-Klein-Gordon system [92, 75, 76, 143].

In the µ2 ≫ 1 regime, the KGW system (5.1) can be approximated to the leading order, as
detailed below, by the Schrödinger-Wave system (5.2). This system, mostly studied in the literature
for ε = 1, is a particular case of the more general Schrödinger-Klein-Gordon (SKG) model, which
assumes the gravitational field ϕ(t, x) to be massive:{︄

i∂tψ = − 1
2∆ψ + ϕψ

(□+m)ϕ = |ψ|2
.

The analytical properties of the Schrödinger-Klein-Gordon system have been thoroughly analyzed.
The global well-posedness of the associated Cauchy problem was first established by Fukuda and
Tsutsumi [51] on a bounded domain; then it was extended by Baillon and Chadam [10] to the case
x ∈ R3 (see also [72]); while Bachelot [8] relaxed the smallness assumption on the initial data and
addressed a larger class of couplings, overcoming the limitations of standard fixed-point techniques by
exploiting the L2(R3)-norm conservation of the matter field rather than the energy conservation. More
recent results by Colliander et al. [39], Pecher [118] (see also [1]) extended the global well-posedness
to solutions with different regularity. Ginibre and Velo [54] specialized to the SW system (5.2) with
a massless gravitational field to prove the existence of wave solutions and study their asymptotic
behavior in time, while Ohta [115] first focused on the orbital stability of the ground standing wave
solution, a result that was then thoroughly discussed in a series of works for the massive gravitational
field case [84, 85, 83].

The wide interest in the Schrödinger-Klein-Gordon and Schrödinger-Wave models is motivated
by their connection with the Nelson model, a consistent quantum field theory constructed by Nelson
[114] that describes the Yukawa-like interaction of a non-relativistic nucleon field with a relativistic
meson field. Ever since the introduction of the Nelson model, the SKG system is considered the
classical limit of this theory, a result later proved by Ammari and Falconi [5]. Based on preliminary
studies [47, 4], the latter authors manipulate the classical Schrödinger-Klein-Gordon system through
Hamiltonian normal form techniques: using the flow of a suitably defined generating Hamiltonians
as change of variables, they rewrite the system in a form that is suitable for quantization, avoiding –
even in infinite-dimensional spaces – the incurrence of divergences and thus the necessity of cutoffs.

The technique we use in our work to show that the SW system (5.2) approximates the KGW sys-
tem (5.1) in the µ2 ≫ 1 limit is based on Hamiltonian perturbation theory. More precisely, we rely
on normal forms, which express dynamical systems – not necessarily Hamiltonian – highlighting their
underlying hierarchical structure and facilitating their qualitative and quantitative understanding
[6, 52, 37]. Through normal forms, the functionals defining the problem – such as the Hamiltonian,
or the vector fields for generic PDEs and ODEs – are first expressed as series of terms, each rep-
resenting a higher-order correction to the order zero, and then manipulated to shift the corrections
to higher orders. This structure is often interpreted in terms of perturbations, with a perturbative
parameter – either naturally present in the problem or manually added as an auxiliary bookmark –
discriminating the order of the corrections. The zero-order term is referred to as the unperturbed
term. In the final form, low-order contributions that cannot be removed have the special property of
being preserved by the flow of the unperturbed term. Once in normal form, approximations of the
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system can be constructed by truncating higher-order residual terms, that are small in the perturba-
tive parameter. Thus, systems with different mathematical properties can be connected, interpreting
one as an approximation of the other at a given order, with explicit estimates on the higher-order
corrections. In our case, we construct the normal form of the KGW Hamiltonian to the second order
in ε = µ−2 and show that its first-order truncation results in the SW Hamiltonian.

The construction of normal forms is based on the iterative application of near-identity variable
transformations, each bringing the functional, in our case the Hamiltonian, to a successive order of the
normal form. According to the Poincaré procedure [52], the transformations are often expressed as a
conveniently selected series expansion with unknown coefficients, which are determined by requiring
the transformation to map the problem into normal form.

For Hamiltonian systems, such a transformation does not ensure canonicity and could modify the
symplectic structure of the problem. A more convenient choice, known as the Lie transform method
[14], consists of defining the variable transformations as flows of auxiliary generating Hamiltonians to
be determined, ensuring canonicity. The unknown Hamiltonians are found by requiring the transfor-
mation to map the problem into normal form. This step reduces to solving a homological equation
at each order, which has as unknowns the new normal form correction term and the generating
Hamiltonian. The homological equations can be solved either through appropriate series expansions
with unknown coefficients or via the so called averaging principle [53], a procedure that consists of
appropriately averaging the homological equations to derive the unknowns without any assumption
on their specific form. The advantage of the latter procedure, which is purely algebraic, lies in its
independence from the choice of coordinates, which facilitates the interpretation of the results.

The averaging principle is based on the hypothesis that the unperturbed flow is bounded, which
is necessary to construct well-defined time averages along the unperturbed flow. This condition is
satisfied for integrable systems and in particular for Birkhoff systems (Birkhoff-Gustavson problem
[27, 63]), consisting of perturbations of N harmonic oscillators with frequencies {ωk}Nk=1, whose

unperturbed dynamics preserves the actions Ik and evolves the angles on a torus, θ̇ = ωk, with
Hamiltonian

∑︁N
k=1 ωkIk [22]. A simple but meaningful extension of the Birkhoff problem consists of

adding M free particles to the system, decoupled from the oscillators in the unperturbed problem.
The resulting Hamiltonian reads:

K0 =

N∑︂
k=1

ωkIk +

M∑︂
k=1

p2k
2

(5.3)

and the associated Hamiltonian dynamics θ̇ = ωk, qk̇ = pk is bounded in the angles but not in the free
particle coordinates, which undergo a linear unbounded growth. This unboundedness prevents the
computation of the time averages along the unperturbed flow, that would be necessary to compute
the Hamiltonian normal form according to the standard techniques [53].

Indeed, the unperturbed Hamiltonian of the KGW system (5.1) is an infinite-dimensional ver-
sion of the Hamiltonian (5.3) (see Sec. 5.3.3 for a detailed description) and our study extends the
Hamiltonian normal form construction to any problem where the unperturbed flow has two decou-
pled components, one with bounded flow and one with unbounded flow. In particular, we address
this issue by computing time averages only along the bounded component of the unperturbed flow
while keeping the free particle component fixed, a modification that reflects in a nontrivial way in the
computations. Although our system is completely resonant (ωk = 1 for all k), the same procedure
can also be applied in the presence of resonant frequencies, with due caution in treating possible small
divisors.

A major problem in Hamiltonian perturbation theory consists of controlling the remainders: they
should be estimated to verify their smallness, and in neglecting them, the difference between the so-
lutions of the original system and those of the truncated system should be controlled. These controls
are extremely delicate even when dealing with finite-dimensional systems. Notable work in this regard
can be found in [142, 77, 148, 149, 134, 127, 32]. The extension to the infinite-dimensional case is
even more delicate as it requires controlling possible divergences on an additional level. Remarkable
examples in this direction can be found in [87, 61, 79, 16, 17, 13, 15, 18, 12]. In the case addressed in
this work, we limit ourselves to giving a formal definition of normal form for the Klein-Gordon-Wave
problem, deferring the careful analysis of its well-posedness to a more technical work. The focus of
this study is on showing how standard procedures can be adapted to include unperturbed flows with
an unbounded component and on demonstrating, in our specific case, how they can relate dynamical
systems of physical relevance.
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5.2 Model

In this Section we give a thorough presentation of the KGW system, intended as the relativistic
generalization of the SP system analyzed in the previous Chapters. We first detail its mathematical
structure, showing its Lagrangian and Hamiltonian formulations and presenting its symmetries. Then,
we show its heuristic derivation from physical principles, describing the scalings needed to write it
in non-dimensional form and elucidating the physical meaning of the governing parameter µ2. Based
on its value, we identify the two main regimes in which the system operates, showing which physical
situations they are compatible with.

5.2.1 Mathematical Structure of the KGW system

The KGW system (5.1) describes the coupled evolution of a real massive field u, satisfying a Klein-
Gordon equation, and of a real massless field ϕ, satisfying a wave equation. As usual, the square of the
massive field u2 represents the number density distribution of a cluster of particles, while the massless
field ϕ models the gravitational potential generated by the particle distribution and acting on the
particles themselves. Their coupling is compatible with a Lagrangian and a Hamiltonian formalism.

Lagrangian Formulation

The KGW system (5.1) admits a Lagrangian formulation. Let ut ≡ ∂tu and uxj ≡ ∂xju for j = 1, 2, 3
denote the partial derivatives of the matter field u with respect to time t and space coordinates
x ≡ (x1, x2, x3) ∈ R3. A similar notation is adopted for the gravitational field ϕ, namely ϕt ≡ ∂tϕ
and ϕxj ≡ ∂xjϕ for j = 1, 2, 3. The appropriate Lagrangian density is the following functional of the
fields u, ϕ and their partial derivatives:

L ≡ u2t − µ4u2 − |∇u|2

2
+
ϕ2t − |∇ϕ|2

2
− u2ϕ . (5.4)

The associated action functional is S =
∫︁

L d3x dt. To derive the equations of motion, we apply the
principle of stationary action δS = 0, namely we look for the functions u, ϕ which let the differential of
the action δS vanish for any increment δu and δϕ. These critical points of the action are characterized
as the solutions of the following Euler-Lagrange equations:

∂L

∂u
−

3∑︂
j=1

∂

∂xj

∂L

∂uxj
− ∂

∂t

∂L

∂ut
= 0 ,

∂L

∂ϕ
−

3∑︂
j=1

∂

∂xj

∂L

∂ϕxj
− ∂

∂t

∂L

∂ϕt
= 0 ,

which coincide exactly with the KGW system (5.1).

Symmetries and Conservation Laws

The KGW system (5.1) exhibits three fundamental symmetries. Indeed, there are three transforma-
tions involving space and time coordinates that leave its Lagrangian density (5.4) invariant: time
translation t → t+ s, for any s ∈ R; space translation x → x+ y for any y ∈ R3; and space rotation
x→ Ax, for any A ∈ SO(3).

According to Noether’s theorem, each symmetry corresponds to a conservation law. The KGW
dynamics thus preserves the following quantities: the energy functional, associated with time trans-
lation

H =

∫︂ (︃
u2t + µ4u2 + |∇u|2

2
+
ϕ2t + |∇ϕ|2

2
+ u2ϕ

)︃
d3x , (5.5)

the total momentum, associated with space translation

P =

∫︂
(ut∇u+ ϕt∇ϕ) d3x ,

the angular momentum, associated with space rotation

L =

∫︂
x ∧ (ut∇u+ ϕt∇ϕ) d3x .
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Unlike the SP problem, the KGW problem is not invariant under any gauge transformation of the
matter field. As a consequence, the particle number

∫︁
u2(t, x) d3x, namely the L2(R3)-norm of the

matter field, is not preserved by the dynamics.
A slight difference with respect to the SP case occurs also for the scaling:

x̃ = N−1x , t̃ = N−1t , ũ = N2u , ϕ̃ = N2ϕ , µ̃2 = N2µ2 , (5.6)

which is the analogue of the SP transformation (1.6). While in the SP case the scaling preserved the
equations while modifying the Lagrangian, resulting in a family of solutions with different constant
of motions, the scaling (5.6) of the KGW problem also involves the governing parameter µ2, which
was not present in the SP problem. Thus, selecting a given value of µ2 already uniquely identifies
the solutions u, ϕ, avoiding the degeneracy that occurred in the SP case.

Hamiltonian Formulation

The KGW system (5.1) also admits a Hamiltonian formulation. Let (u, pu ≡ ∂tu) and (ϕ, pϕ ≡ ∂tϕ)
be the canonical conjugate variables, with the Poisson bracket:

{F,G} ≡
∫︂ (︃

δF

δu

δG

δpu
− δF

δpu

δG

δu

)︃
d3x+

∫︂ (︃
δF

δϕ

δG

δpϕ
− δF

δpϕ

δG

δϕ

)︃
d3x ,

equivalently expressed by the non-vanishing Poisson brackets on the fundamental variables:

{u(x), pu(y)} = δ(x− y) , {ϕ(x), pϕ(x)} = δ(x− y) .

The Hamiltonian functional H =
∫︁

H d3x coincides with the conserved energy (5.5) derived from
the time translation symmetry, expressed in terms of the conjugated variables:

H =

∫︂
H d3x =

∫︂ [︄
p2u + µ2u2 + |∇u|2

2
+
p2ϕ + |∇ϕ|2

2
+ ϕu2

]︄
,

where, with a convention that we adopt throughout the Chapter, we omit the d3x symbol for space
integration.

The resulting Hamilton equations⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂tu = δH

δpu
= pu

∂tpu = − δH
δu = −µ2u+∆u− 2ϕ

∂tϕ = δH
δpϕ

= pϕ

∂tpϕ = − δH
δϕ = ∆ϕ− u2

coincide exactly with the Klein-Gordon-Wave system (5.1).
The integrals of motion derived with the Lagrangian formulation can be expressed in canonical

variables, and their Poisson bracket against the Hamiltonian density H vanishes denoting preserva-
tion along the flow. Conversely, the Poisson bracket {

∫︁
u2, H} does not vanish, since the L2-norm of

the massive field is not a conserved quantity.

5.2.2 Physical derivation and scaling to non-dimensional formulation

The KGW system in physical units can be defined through few heuristic assumptions, which naturally
lead to a Lorentz covariant formalism. Denote with U , Φ the massive and massless fields in physical
units and with T , X the physical time and space variables. The construction of the system consists
in considering a relativistic dispersion relation for both fields, massive for U and massless for Φ, and
in first-quantizing the energy and momentum, E = iℏ∂T and p = −iℏ∇:

E2 = p2c2 +m2c4 ⇒ −ℏ2∂2T (·) = −ℏ2c2∆(·) +m2c4(·) ⇒ ∂2TU = c2∆U − m2c4

ℏ2
U

E2 = p2c2 ⇒ −ℏ2∂2T (·) = −ℏ2c2∆(·) ⇒ ∂2TΦ = c2∆Φ

The resulting Klein-Gordon and wave equations are then coupled through a minimal Yukawa inter-
action, with prefactors adjusted to preserve the underlying Hamiltonian formulation. This results in
the KGW system, expressed in physical units:{︄

□U = m2c2

ℏ2 U + 2m
2

ℏ2 ΦU

□Φ = GmU2
, □ ≡ ∆− c−2∂2T . (5.7)



5.2. MODEL 75

In addition, recall that the squared massive field U2(T,X) physically represents the number density
distribution of the particles, and that the total number of particles

∫︁
U2(T,X) d3X is not preserved

by the dynamics. We can still fix a time t = 0 and use the total number of particles at that moment
as a physical reference parameter, to keep the analogy with the SP problem:

N ≡
∫︂
U2(T,X)

⃓⃓
T=0 d

3X .

To cast the problem in non-dimensional units, we can proceed as we did in Chapter 4 (Sec. 4.3.1)
for the SP system, defining generic transformations for all quantities:

X = [x]x, T = [t]t, U = [u]u, Φ = [ϕ]ϕ

and choosing the scales [x], [t], [u], [ϕ] to progressively remove all physical parameters and constants
from the equations (5.7). The time scale [t] = c−1[x] removes the constant c from the D’Alembert
operator; the matter field scale [U ] =

√
N [x]−3/2 ensures a non-dimensional unitary normalization

condition; the gravitational field scale [ϕ] ≡ GNm[x]−1 adjusts the wave equation; while the space
scale [x] ≡ ℏ2(m3GN)−1 removes the physical constants from the interaction term in the Klein-
Gordon equations. The linear term in the Klein-Gordon equation is naturally non-dimensional, with
the remaining physical constants and parameters collected in a single, non-dimensional governing
parameter µ2 ≡ [x]2m2c2ℏ−2 = ℏ2c2G−2m−4N−2. The physical system (5.7) thus reduces to the
non-dimensional system (5.1).

Some remarks on these scalings are in order. Their definition, expressed purely in terms of the
Planck constants ℓP ≡

√
ℏGc−3, tP ≡

√
ℏGc−5, mP ≡

√
ℏcG−1, of the mass ratio mPm

−1 and of the
initial number of particles N , reads:

X = [x]x, [x] =
(︂mP

m

)︂3
N−1 ℓP , (5.8a)

T = [t] t, [t] =
(︂mP

m

)︂3
N−1 tP , (5.8b)

U = [u]u, [u] =
(︂mP

m

)︂− 9
2

N2 ℓ
− 3

2

P , (5.8c)

Φ = [ϕ]ϕ, [ϕ] =
(︂mP

m

)︂−4

N2 GmP

ℓP
. (5.8d)

First, we notice that the scalings for space [x], matter field [u] and gravitational field [ϕ] are the
same (4.15) we derived in Section 4.3.1 for the SP problem1. The only different scaling is that on
time [t], which is now in line with the relativistic formalism we are adopting.

Second, as in the SP case, the space scale [x] coincides with the characteristic length R (2.40)
we derived in Chapter 2 (Sec. 2.5.2) for a virialized, completely condensed cluster of bosonic self-
gravitating particles. This highlights the physical meaning underlying the KGW system: it encodes
these heuristic assumptions and represents a virialized bosonic gas in complete Bose-Einstein conden-
sation, whose characteristic extension depends only on the mass of the particles and on their number
at a given instant of time. At the same time it displays a Lorentz covariant formalism that was
lacking in the SP case, offering a generalization to that popular system.

Third, we derived a physical definition for the parameter µ2 involved in the Klein-Gordon equation.
Analogously to the typical scales, it depends solely on the mass ratiomPm

−1 and on the initial number
of particles N :

µ2 ≡ 1

N2

(︂mp

m

)︂4
. (5.9)

Similarly to the characteristic length R, its role is strictly related to the heuristic description of the
system as a virialized, completely condensed bosonic gas, deeply influencing the interpretation of its
dynamic behavior.

5.2.3 Two regimes of the KGW system

The parameter µ2 defined in (5.9) has a fundamental role in determining the regimes in which the
KGW system operates. To understand this point, consider again the heuristic study of Chapter 2 (Sec.

1Exception made for the 4π factors, that we included in the physical SP problem (4.13) in view of the comparison
with the experimental data and that we omitted in the KGW model to simplify the notation.



76 CHAPTER 5. A RELATIVISTIC EXTENSION: THE KLEIN-GORDON-WAVE MODEL

2.5.2) for a virialized and completely condensed bosonic gas, and recall the parameter ε = p2(mc)−2

we derived there (2.41). This parameter was defined as the square of the ratio between two energies:
the relativistic kinetic energy pc and the rest mass energy mc2 of the system. Its value defined
the energetic regime of the system: for high values of ε, the system exhibited relativistic behavior,
while for low values the energy was sufficiently reduced to allow for a non-relativistic treatment. Our
heuristic analysis showed that this parameter could be expressed in terms of the number of particles
N and of their mass m (2.41).

The expression (5.9) we just derived for the KGW parameter µ2 coincides exactly with the inverse
of that parameter, µ2 = ε−1. Its role in the KGW framework is therefore analogous: µ ∼ mcp−1

represents the ratio between rest energy and momentum energy of the clustered matter, and its square
µ2 serves as a ruling parameter, with a non-relativistic regime when µ2 ≫ 1 and a relativistic regime
otherwise, µ2 = O(1).

The dependence of the parameter µ2 on the number of particles N in the cluster and their mass
m suggests that the amount of mass in a system is closely linked to the energetic regime in which
it operates. Lighter masses m characterize low-energy systems, and for a given mass m – whose
influence if greater than that of N due to the higher power – it is a low number of particles that
favors a non-relativistic system.

Relativistic regime µ2 = O(1): stationary states

We consider the case µ2 = O(1), where the dimensionless parameter µ2 assumes values of order unity
or smaller. In this case, the system is in the relativistic regime, and the dynamics cannot be further
simplified. In this regime, it is possible to investigate the presence of stationary states.

In the absence of gauge invariance, stationary states are time-independent solutions of the KGW
system, (u(x), ϕ(x)), denoted for convenience with the same symbols as their time-dependent counter-
parts. Moreover, by construction of the rescaling to non-dimensional quantities (5.8), the L2(R3)-norm
of the matter field u is unitary at time t = 0, and by stationarity this condition is preserved for all
times. The stationary KGW problem therefore becomes:⎧⎪⎨⎪⎩

∆u = µ2u+ 2ϕu

∆ϕ = u2∫︁
u2(x) d3x = 1

. (5.10)

This system is formally identical to the stationary SP problem (1.8) introduced in Chapter 1. All
known results from the literature and the observations of Chapter (3) are therefore valid for KGW
stationary states as well. In particular, the system (5.10) can be written by explicitly solving the
equation for the gravitational field and substituting the result into the equation for the matter field,
which assumes the known form of the Choquard equation:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

∆u+
1

2π

(︃∫︂
R3

u2(y)

|x− y|
d3y

)︃
u = µ2u (5.11a)

ϕ = − 1

4π

∫︂
R3

u2(y)

|x− y|
d3y . (5.11b)∫︂

R3

u2(x) d3x = 1 (5.11c)

The Choquard equation (5.11a) is still a nonlinear eigenvalue problem, with the matter field as
eigenfunction and µ2 as eigenvalue. Unlike the SP case, the latter now has a well-defined physical
meaning, being linked to the number of particles N and their mass m through (5.9). Let us examine
the consequences of this change.

When restricting to the spherically symmetric case, there exists an infinite discrete family of sta-
tionary states {µ2

n, un(r), ϕn(r)}∞n=0 whose eigenvalues µ2
n are positive and decrease monotonically to

zero for growing n [101]. Given the physical interpretation of µ2 in the KGW case, this means that
stationary states are realized only for specific amounts of mass in the system, i.e., the values of N
and m must be such as to realize one of the eigenvalues, µ2 ∈ {µ2

n}∞n=0. Given the monotonicity of
these eigenvalues, the ground state eigenvalue µ2

0 represents a threshold: for values of µ2 > µ2
0, it is

impossible to realize stationary states. This condition is consistent with the definition of regimes we
have given, specifying that only in the relativistic regime µ2 = O(1) is it possible to realize stationary
states.
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It is interesting to ask whether this regime is compatible with physically observed systems. On
this point, we limit ourselves to speculation, without advancing concrete physical proposals. We
consider, for example, the case of primordial black holes, which are aggregates formed in the early
phases of the universe and surviving to the present day as relics, remnants of an evaporation process.
These objects were proposed by Carr and Hawking [34] as candidates for dark matter – a hypothesis
that was highly regarded at the time – and were studied extensively. Their characteristic mass is
of the order of the Planck mass m ∼ mP , so that an aggregate with N ∼ O(1) particles would
have a parameter µ2 compatible with our regime. One can imagine that the evaporation process
that led to their formation consisted of mass loss through diffusion, with mechanisms compatible
with KGW, and that this process concluded once stationarity was reached, i.e., when the amount of
mass was such that µ2 ∈ {µ2

n}∞n=0. A model like KGW could therefore potentially explain, with an
effective approach, cooling processes such as the evaporation of primordial black holes [34] and their
stabilization around specific mass values.

Non-relativistic regime µ2 ≫ 1: perturbative setting

We now turn our attention to the second regime, µ2 ≫ 1, in which the kinetic energy of the system
is sufficiently low to justify non-relativistic behavior. As illustrated in Chapter 2, this regime is
particularly relevant in the study of galactic-scale aggregates, for which the characteristic quantities
lead to a value µ2 ∼ 104 ≫ 1 compatible with this regime. In this case, it is possible to exploit
the Hamiltonian structure of the KGW system to derive an approximation, using the inverse of the
governing parameter, ε ≡ µ−2, as a small perturbative parameter. We lay the foundations of this
approach here, then we formalize and develope it in detail in the following Sections.

We start our analysis by rewriting the KGW equations (5.1) highlighting time derivatives and
performing a time rescaling, namely:{︄

∂2t′u+ u = 1
µ2 (∆u− 2ϕu)

∂2t′ϕ = 1
µ2 (∆ϕ− u2)

, t′ = µt (5.12)

With this manipulation, the parameter ε ≡ µ−2 ≪ 1 (small in the µ2 ≫ 1 regime) appears in both
right-hand sides. This endows the KGW equations with a perturbative structure: in the limit ε→ 0 –
henceforth referred to as the unperturbed limit – the Klein-Gordon equation reduces to the harmonic
oscillator equation ∂2t′u+u = 0, while the wave equation becomes the free-particle equation ∂2t′ϕ = 0.
The Laplacian terms and the interaction terms appear as corrections of order ε. The time rescaling
preserves the Hamiltonian structure, which is now realized with conjugate variables (u, p′u ≡ ∂t′u)
and (ϕ, p′ϕ ≡ ∂t′ϕ). From now on, we work with this set of variables and neglect the superscript of
time and momenta to simplify the notation. The Hamiltonian now reads:

Hε =

∫︂
p2u + u2 + p2ϕ

2⏞ ⏟⏟ ⏞
H0

+ε

∫︂
|∇u|2

2
+

|∇ϕ|2

2
+ ϕu2⏞ ⏟⏟ ⏞

H1

, ε ≡ 1

µ2
, (5.13)

where we highlighted the unpertubed Hamiltonian H0 and the first-order perturbation H1. Observe
that the unperturbed component H0 includes two decoupled contributions: a harmonic oscillator
Hamiltonian h in the massive field coordinates and a free particle Hamiltonian k in the massless field
coordinates:

H0 = h+ k , h ≡
∫︂
p2u + u2

2
, k ≡

∫︂
p2ϕ
2
, {h, k} = 0 . (5.14)

The first-order correction H1 has a polynomial structure. It involves a contribution Q1(u) which
scales quadratically with the massive field, a contribution Q2(ϕ) which scales quadratically with the
massless field, and an interaction contribution C(u, ϕ) which is cubic in the variables, depending
quadratically on the massive field u and linearly on the massless field ϕ:

H1 = Q1(u) +Q2(ϕ) + C(u, ϕ) ,

Q1(u) ≡
∫︂

|∇u|2

2
, Q2(ϕ) ≡

∫︂
|∇ϕ|2

2
, C(u, ϕ) ≡

∫︂
ϕu2 .

We now perform a further change of variables on the massive field coordinates, which is suited
for harmonic oscillators. Observe that, while convenient for computations, this change of variables is
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not strictly necessary since the whole normal form construction is actually coordinate-free. The only
assumptions, explained in detail in Section 5.3, concern the underlying structure of the unperturbed
Hamiltonian H0, described in (5.14) and independent of the specific choice of coordinates. We thus
introduce the complex fields:

ψ =
u+ ipu√

2
, ψ∗ =

u− ipu√
2

, (5.15)

which are an infinite-dimensional analogue of the complex Birkhoff coordinates for the harmonic
oscillator [27]. The Hamiltonial in the new variables – still denoted by Hε with abuse of notation –
reads:

Hε =

∫︂ [︄
|ψ|2 +

p2ϕ
2

]︄
⏞ ⏟⏟ ⏞

H0

+ε

∫︂ [︃
|∇ψ +∇ψ∗|2

4
+

|∇ϕ|2

2
+
ϕ(ψ + ψ∗)2

2

]︃
⏞ ⏟⏟ ⏞

H1

, (5.16)

where now h =
∫︁
|ψ|2 and k =

∫︁ p2ϕ
2 . Observe that the change of variables is non-canonical, so the

Poisson brackets need to be updated:

{ψ(x), ψ∗(y)} = −iδ(x− y) , {ϕ(x), pϕ(x)} = δ(x− y) . (5.17)

These coordinates are suitable for studying the flow of the unperturbed system, which is fundamental
in the application of the averaging principle discussed below. The unperturbed equations are:⎧⎪⎪⎪⎨⎪⎪⎪⎩

i∂tψ = ψ

−i∂tψ∗ = ψ∗

∂tϕ = pϕ

∂tpϕ = 0

(5.18)

and the associated flows are easily obtained:

Φsh(ψ,ψ
∗, ϕ, pϕ) = (e−isψ, eisψ∗, ϕ, pϕ) ,

Φsk(ψ,ψ
∗, ϕ, pϕ) = (ψ,ψ∗, ϕ+ pϕs, pϕ) ,

(5.19)

and the flow along the unperturbed Hamiltonian H0 is the composition of the flows along the two
commuting components h and k: ΦsH0

= Φsh+k = Φsh ◦ Φsk.
Observe that the unperturbed flow Φsh of the harmonic oscillator Hamiltonian h is bounded,

since it involves only phase shiftings. In contrast, the flow Φsk of the free particle Hamiltonian k is
unbounded, growing linearly with time. The presence of an unbounded component in the flow of
the unperturbed Hamiltonian represents the main difference with respect to the ordinary Birkhoff
problem, and the main obstacle to the application of the standard averaging principle technique.

5.2.4 Preliminaries to the Normal Form Result

Before stating our main result on the perturbative regime, let us report some standard definitions
and properties that are common in Hamiltonian normal form techniques and that will be used in the
following.

Definition 5.1 (Lie derivative operator). Let K be an Hamiltonian, with XK the associate Hamil-
tonian vector field. The Lie derivative LK of a functional F along the vector field XK is defined by
[6]:

LKF ≡ {F,K} = XK · ∇F .

Observe that with this definition, the operator LK inherits all the properties of the Poisson brack-
ets, such as linearity (LK1+K2 = LK1 +LK2) and antisymmetry (LK1K2 = −LK2K1). In addition, if
two Hamiltonians commute, {K1,K2} = 0, then the corresponding Lie derivative operators commute:
LK1

LK2
= LK2

LK1
.

Lemma 1 (Flow composition). The composition of a functional F with the flow ΦsK of the Hamil-
tonian K can be expressed as:

F ◦ ΦsK = esLKF = (1 + LK +
1

2
L2
K + . . . ) , (5.20)

where the exponential form of the flow composition allows for a formal Taylor expansion.
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Definition 5.2 (Time average along the flow). The time average of a functional F along the flow
ΦsK of the Hamiltonian K is defined as

F
K ≡ lim

t→∞

1

t

∫︂ t

0

F ◦ ΦsK ds = lim
t→∞

1

t

∫︂ t

0

esLKF ds .

For periodic flows ΦsK with fundamental period T , the definition is equivalent to averaging on the
period:

F
K

=
1

T

∫︂ T

0

esLKF ds .

Observe that in this study we will need to compute only time averages along the 2π-periodic flow
of the unperturbed Hamiltonian component h defined in (5.14). To simplify the notation, we will
omit the superscript h, denoting only by F the time average along the flow Φsh:

F = F
h
=

1

2π

∫︂ 2π

0

esLhF ds .

Definition 5.3 (Deviation from the average). Let h be the Hamiltonian defined (5.14). The difference
of a functional F with respect to its time average along the flow Φsh is denoted by:

δF ≡ F − F (5.21)

Lemma 2. Let h be the Hamiltonian defined in (5.14) and Lh = {·, h} its Lie derivative. For any
functional F , the solution of the equation:

LhG = δF

is given by:

G = G + L−1
h δF = G +

1

2π

∫︂ 2π

0

sesLhδF , (5.22)

where G is an arbitrary element of kerLh, i.e. any function satisfying {G, h} = 0.

The proof of this Lemma can be found in [53].

5.3 Main Result

In this section we state the main result of this part of our research, namely the construction of the first-
and second-order Hamiltonian normal forms for the KGW problem, and we study the Hamiltonian
equations obtained by truncating the higher-orders.

As mentioned in Section 5.2, the novelty of our problem lies in the presence of an unbounded
component Φsk in the unperturbed flow ΦsH0

. To handle this new feature, we first adapt the stan-
dard concept of normal form to define it only with respect to the component h of the unperturbed
Hamiltonian. In other words, we only require all corrections to commute with h, rather than with
H0.

Definition 5.4 (Normal Form). Let H0 = h+k be an Hamiltonian with two decoupled components,
{h, k} = 0, both integrable, with bounded flow for h and unbounded flow for k. A Hamiltonian Hε

is said to be in normal form to order n with respect to h if it is in the form

Hε = H0 +

n∑︂
j=1

εjZj +Rn+1

where {Zj , h} = 0 for any j = 1, . . . , n, and Rn+1 is of order εn+1.

Observe that {H0, h} = 0 as well, due to the decoupling {h, k} = 0, so that the commuting
property characterizing the normal form holds even at order zero.

The definition 5.4 of normal form has a relevant consequence: the condition {Zj , h} = 0 implies
that all the truncated normal form Hamiltonians obtained by neglecting the remainder Rn+1 will
commute with h. As a consequence, h is preserved along the flow of the truncated normal form
Hamiltonian. In our case, since h =

∫︁
|ψ|2, this means that the L2(R3)-norm of the massive field ψ

is an integral of motion for the approximated dynamics to any order.
We can now state the following theorem.
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Theorem 3 (Normal Form for KGW). There exist two generating Hamiltonians G1, G2 and a canon-
ical transformation

C−1 ≡ ΦεG1
◦ Φε

2

G2

mapping the Hamiltonian Hε of the KGW problem, defined in (5.16), into a new Hamiltonian:

˜︁Hε = Hε ◦ C−1 = H0 + εZ1 + ε2Z2 +R3 (5.23)

which is in normal form to order 2 with respect to h, according to Definition 5.4. Its components are
defined by:

Z1 ≡ H1 , Z2 ≡ F2 , F2 ≡ LG1H1 +
1

2
L2
G1
H0 , (5.24)

with explicit expressions:

Z1 =

∫︂ [︃
|∇ϕ|2

2
+

|∇ψ|2

2
+ ϕ|ψ|2

]︃
,

Z2 =− 1

8

∫︂
|∆ψ|2 + 1

4

∫︂
ϕ (ψ∗∆ψ + ψ∆ψ∗)+

+
i

16

∫︂
pϕ [ψ

∗∆ψ − ψ∆ψ∗]− 1

2

∫︂
ϕ2|ψ|2 + 1

16

∫︂
|ψ|4 .

The generating Hamiltonians are defined by:

G1 ≡ (1 + L−1
h Lk)

−1L−1
h δH1 , δH1 ≡ H1 −H1 , (5.25)

G2 ≡ (1 + L−1
h Lk)

−1L−1
h δF2 , δF2 ≡ F2 − F2 , (5.26)

with explicit expression for G1:

G1 =

∫︂ [︃
i

8
((∇ψ)2 − (∇ψ∗)2) +

i

4
ϕ(ψ2 − ψ∗2) +

1

8
pϕ(ψ

2 + ψ∗2)

]︃
.

An explicit expression for G2 is reported in Section 5.4. Notice that G2 is not involved in the
explicit computation of Z2, its expression becoming necessary only at higher orders. The proof of the
theorem is given in Section 5.4.

5.3.1 First Order Hamilton Equations

We now truncate the normal form Hamiltonian (5.23) at first-order, neglecting all contributions of
order ε2. We get:

˜︁H(1) ≡ H0 + εZ1 =

[︄∫︂
|ψ|2 +

∫︂
p2ϕ
2

]︄
+ ε

[︃∫︂
|∇ϕ|2

2
+

|∇ψ|2

2
+ ϕ|ψ|2

]︃
.

The associated Hamilton equations read:⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
i∂tψ =

δ ˜︁H(1)

δψ∗ = ψ + ε
[︁
1
2 (−∆ψ) + ϕψ

]︁
i∂tψ

∗ = − δ ˜︁H(1)

δψ = ψ∗ + ε
[︁
1
2 (−∆ψ∗) + ϕψ∗]︁

∂tϕ =
δ ˜︁H(1)

δpϕ
= pϕ

∂tpϕ = − δ ˜︁H(1)

δϕ = ε
[︁
∆ϕ− |ψ|2

]︁
.

The second equation is just the complex conjugate of the first equation, so we omit it. The ψ term
in the first equation is removed by the gauge transformation ψ → e−itψ, and the equations on ϕ and
pϕ are combined into one second-order-in-time equation, to obtain:{︄

i∂tψ = ε
[︁
− 1

2∆ψ + ϕψ
]︁

∂2t ϕ = ε
[︁
∆ϕ− |ψ|2

]︁ .
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We can perform a final time scaling, similar the one we applied at the very beginning, t′′ = εt (overall,
we performed t′ = µt, with ε = µ−2 (see (5.12)) and then t′′ = εt′ = µ−1t). Thus, the equations read:{︄

i∂t′′ψ = − 1
2∆ψ + ϕψ

ε∂2t′′ϕ = ∆ϕ− |ψ|2
. (5.27)

Here, we recognize the SW system (5.2). As mentioned in the introduction 5.1, in the singular limit
ε → 0 the SW system (5.2) reduces to the SP system (1.2). This intuition is refined by solving the
second equation in (5.27) by Fourier transform:

−εω2ϕ̂ = −|k|2ϕ̂− ˆ︃|ψ|2 ,
ϕ̂ = − 1

|k|2
1

1− ε ω
2

|k|2

ˆ︃|ψ|2 = − 1

|k|2

(︃
1 + ε

ω2

|k|2
+ ε2

ω4

|k|4
+ . . .

)︃ˆ︃|ψ|2 .
This expression for the solution, which can be mapped back to ϕ with an inverse Fourier transform,
highlights its hierarchical structure. The factor |k|−2 represents in the Fourier transform the inverse
∆−1 of the Laplace operator, so that, at order zero, we recognize the solution of the Poisson equation.
Higher-order corrections involve the parameter ω2 and its powers, representing time derivatives in
the Fourier transform. To preserve the perturbative structure in ε, the parameter ω should be O(ε0),
or equivalently, the field ψ should avoid strong oscillations in time. In this case, we could safely take
the ε→ 0 limit, approximating the wave equation with a Poisson equation.

5.3.2 Second Order Hamilton Equations

We now truncate the normal form Hamiltonian (5.23) at second-order, thus getting:˜︁H(2) =H0 + εZ1 + ε2Z2

=

[︄∫︂
|ψ|2 +

∫︂
p2ϕ
2

]︄
+ ε

[︃∫︂
|∇ϕ|2

2
+

|∇ψ|2

2
+ ϕ|ψ|2

]︃
+

+ ε2
[︃
−1

8

∫︂
|∆ψ|2 + 1

4

∫︂
ϕ (ψ∗∆ψ + ψ∆ψ∗)+

+
i

16

∫︂
pϕ [ψ

∗∆ψ − ψ∆ψ∗]− 1

2

∫︂
ϕ2|ψ|2 + 1

16

∫︂
|ψ|4

]︃
.

The associated Hamilton equations read:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

i∂tψ =
δ ˜︁H(2)

δψ∗ = ψ + ε
[︁
1
2 (−∆ψ) + ϕψ

]︁
+

+ε2
[︁
− 1

8∆(∆ψ) + 1
4 (ϕ(∆ψ) + ∆(ϕψ))+

+ i
16 (pϕ(∆ψ)−∆(pϕψ))− 1

2ϕ
2ψ + 2

16ψ
2ψ∗]︁

∂tϕ =
δ ˜︁H(2)

δpϕ
= pϕ + ε2

[︁
i
16 (ψ

∗∆ψ − ψ∆ψ∗)
]︁

∂tpϕ = − δ ˜︁H(2)

δϕ = ε
[︁
∆ϕ− |ψ|2

]︁
+ ε2

[︁
− 1

4 (ψ
∗∆ψ + ψ∆ψ∗) + ϕ|ψ|2

]︁
.

As in the first-order analysis, the ψ term in the first equation is removed by the gauge transformation
ψ → e−itψ and the time can be rescaled to t′′ = εt:⎧⎪⎪⎪⎨⎪⎪⎪⎩

i∂t′′ψ =
[︂
−∆ψ

2 + ϕψ
]︂
+ ε

[︂
−∆(∆ψ)

8 + ϕ(∆ψ)+∆(ϕψ)
4 +

i(pϕ(∆ψ)−∆(pϕψ))
16 − ϕ2ψ

2 + |ψ|2ψ
8

]︂
ε∂t′′ϕ = pϕ + ε2

[︂
i(ψ∗∆ψ−ψ∆ψ∗)

16

]︂
∂t′′pϕ =

[︁
∆ϕ− |ψ|2

]︁
+ ε

[︂
−ψ∗∆ψ+ψ∆ψ∗

4 + ϕ|ψ|2
]︂ .

The equations on ϕ and pϕ can be combined into one second-order-in-time equation. This is performed
by computing the time derivative of the equation for ϕ: on the right-hand side we get a ∂t′′pϕ
contribution, as in the first-order, and a new contribution, that could be explicitly computed by
plugging it into the equation for ψ. This second contribution is of order ε2, so we can simply write:⎧⎨⎩ i∂t′′ψ =

[︂
−∆ψ

2 + ϕψ
]︂
+ ε

[︂
−∆(∆ψ)

8 + ϕ(∆ψ)+∆(ϕψ)
4 +

i(pϕ(∆ψ)−∆(pϕψ))
16 − ϕ2ψ

2 + |ψ|2ψ
8

]︂
ε∂2t′′ϕ =

[︁
∆ϕ− |ψ|2

]︁
+ ε

[︂
−ψ∗∆ψ+ψ∆ψ∗

4 + ϕ|ψ|2
]︂ ,

where the remainder O(ε2) has been omitted by consistency.
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5.3.3 Harmonic oscillators and free particles

In describing the KGW model in Section 5.2 we remarked that the unperturbed Hamiltonian H0 is
composed of a harmonic oscillator Hamiltonian h and a free particle Hamiltonian k. To further clarify
this statement, let us write the fields ψ,ψ∗ and ϕ, pϕ as linear combinations of a given orthonormal
basis {φk}∞k=1:

ψ(t, x) =

∞∑︂
k=1

√︁
Ik(t)e

−iθk(t)φk(x) , ϕ(t, x) =

∞∑︂
k=1

qk(t)φk(x) , pϕ(t, x) =

∞∑︂
k=1

pk(t)φk(x) (5.28)

where the Fourier expansion in action-angle variables has been used for the complex field ψ and for its
complex conjugate ψ∗, not reported for simplicity. In these variables, the unperturbed Hamiltonian
– still denoted H0 with a slight abuse of notation – reads:

H0 =

∞∑︂
k=1

Ik +

∞∑︂
k=1

p2k
2
.

With this notation, we can interpret the KGW Hamiltonian Hε = H0 + εH1(θ, I, q) as defining an
infinite set of harmonic oscillators, described by variables {θk, Ik}∞k=1, and of free particles, described
by variables {qk, pk}∞k=1, coupled at higher orders in the perturbative parameter ε. In our case, all
harmonic oscillators share the same frequency ωk = 1 and all the free particles share the same mass
mk = 1. By relaxing this condition, the unperturbed KGW Hamiltonian can be generalized to:

K0 =

∞∑︂
k=1

ωkIk +

∞∑︂
k=1

p2k
2mk

.

Adding higher-order perturbations to this unperturbed Hamiltonian, K = K0 + K1(θ, I, q, p), we
can define a more general Hamiltonian dynamics, that can be analyzed with the same techniques
we developed in this work. We highlight that in this extension small divisors issues may arise when
specific conditions on the frequencies {ωk}∞k=1 are met (see e.g. [146] for more details on the topic).

In this work we derive the normal form for the KGW in a formal way. A more detailed study
would include a check on the analytical details of the computation, such as the existence of the
flow of the generating Hamiltonians or the explicit dependence on ε of the remainder R3. To check
these properties, the most convenient way exploits again the expanded notation (5.28): choosing a
convenient basis, it is possible to introduce a cutoff, neglecting the contributions with index k higher
of a given threshold N , then to study the desired properties in the resulting finite-dimensional space,
and finally to recover the original problem by letting N → ∞. This procedure, presented for example
by Bambusi [13], is extremely delicate, and its application to the present problem is postponed to
future works.

5.4 Normal Form Computation

As prescribed by the standard averaging principle, computing the normal form to second-order re-
quires looking for a canonical transformation in the form:

C−1 = ΦεG1
◦ Φε

2

G2
, (5.29)

with G1, G2 two generating Hamiltonians and with times ε, ε2 of different order in ε. This canonical
transformation maps the original Hamiltonian Hε into a new Hamiltonian in the form:

Hε ◦ C−1 = eε
2LG2 eεLG1 (H0 + εH1)

= (1 + ε2LG2
+O(ε4))(1 + εLG1

+
ε2

2
L2
G1

+O(ε3))(H0 + εH1)

= H0 + ε (LG1
H0 +H1)⏞ ⏟⏟ ⏞
Z1

+ε2 (LG2
H0 + LG1

H1 +
1

2
L2
G1
H0)⏞ ⏟⏟ ⏞

Z2

+O(ε3) , (5.30)

where we use Lemma 1 to write the flow composition in algebraic form, expand the transformed
Hamiltonian and collect the contributions based on the perturbative parameter ε. We can thus
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denote by Z1, Z2 the first- and second-order terms in the transformed Hamiltonian. Recalling the
antisymmetry of the Poisson brackets, which implies LGnH0 = −LH0

Gn, we set the so called first-
and second-order homological equations:

−LH0
G1 +H1 = Z1 , (5.31)

−LH0G2 + F2 = Z2 , F2 ≡ LG1H1 +
1

2
L2
G1
H0 , (5.32)

having the generating Hamiltonians G1, G2 and the first- and second-order corrections Z1, Z2 as the
unknowns.

Observe that the generating Hamiltonians G1, G2 enter the equations only through the action of
the LH0

operator. This means that they are defined up to terms in the kernel of LH0
= {·, H0}. Thus,

for example, we are free to add terms depending only on |ψ|2, due to the gauge invariance of the
unperturbed equations. This freedom can be used to require that G1, G2 satisfy specific properties,
such as having zero average with respect to the flow of h, i.e. G1 = 0 and G2 = 0.

Computing the normal form thus reduces to solving the two homological equations (5.31) and
(5.32). Observe that due to the distinct time orders ε, ε2 in the canonical transformation (5.29) the
two homological equations are hierarchically decoupled: the first-order homological equation (5.31)
sets G1, Z1, and once they are known, the second-order homological equation (5.32) allows to compute
G2, Z2. We can therefore focus on the two homological equations separately, adapting the standard
averaging principle to our case to derive the desired unknowns.

5.4.1 First order correction Z1

In order to find the first unknown Z1, we compute the average of the first-order homological equation
(5.31) along the flow of h. This allows to impose the definition 5.4 of normal form: we require
{Z1, h} = 0, which implies that Z1 is invariant with respect to the average flow of h, i.e. Z1 = Z1.
We thus have:

−LH0
G1 +H1 = Z1 . (5.33)

Then, we elaborate on the first term of the left-hand side to show that it vanishes. We write explicitly
the definition of time average, recalling that the unperturbed flow of h is periodic of period T = 2π.
We use the identity LH0

= Lh + Lk and we recall that the operators Lh, Lk commute. The Poisson
bracket Lk is independent from the time s of the flow of h, so it can be brought outside the integral:

LH0
G1 =

1

2π

∫︂ 2π

0

esLhLH0
G1 ds =

1

2π

∫︂ 2π

0

esLhLhG1 ds+
Lk
2π

∫︂ 2π

0

esLhG1 ds . (5.34)

In the last integral we recognize the average of G1 along the flow of h. We exploit the freedom we
have in defining G1 to require it has vanishing average: G1 = 0. The last integral is therefore zero. As
for the first integral, observe that we can reconstruct a total derivative in the integrand and trivially
solve the integral, which vanishes by periodicity:

1

2π

∫︂ 2π

0

esLhLhG1 ds =
1

2π

∫︂ 2π

0

d

ds

(︁
esLhG1

)︁
ds =

1

2π

[︁
esLhG1

]︁2π
0

= 0 . (5.35)

The homological equation, averaged on the flow of h, thus reduces to:

Z1 = H1 , (5.36)

a result which is analogous to the standard averaging principle, but involves only the average on the
flow of h rather than on that of the complete H0. The first-order normal form correction Z1 is thus
equal to the original first-order term H1 averaged along the flow Φsh of the h contribution in the
unperturbed Hamiltonian.

Explicit computations in the KGW case

To perform the explicit computation of Z1 = H1 we use coordinates (ψ,ψ∗, ϕ, pϕ). Recall that this
choice is arbitrary, since the normal form procedure is independent from the specific coordinates used
for computations. In our case, the result is straightforward: it is sufficient to recall that the flow Φsh
acts only on ψ,ψ∗ by shifting the phase and that the only non vanishing terms in the integration are
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those invariant under phase shifting, which remain unchanged. As a result, recalling the definition of
H1 and denoting (∇ψ)2 ≡ ∇ψ · ∇ψ, we have:

H1 : =

∫︂ (︃
|∇ϕ|2

2
+

|∇ψ +∇ψ∗|2

4
+
ϕ

2
(ψ + ψ∗)2

)︃
=

∫︂ (︃
|∇ϕ|2

2
+

|∇ψ|2

2
+ ϕ|ψ|2

)︃
+

∫︂ (︃
(∇ψ)2 + (∇ψ∗)2

4
+
ϕ

2
(ψ2 + ψ∗2)

)︃
,

from which it is immediate to derive:

Z1 = H1 =

∫︂
|∇ϕ|2

2
+

|∇ψ|2

2
+ ϕ|ψ|2 .

This gives the first-order correction in the Hamiltonian normal form 5.4 and defines one of the two
unknowns of the first-order homological equation (5.31).

5.4.2 First order generating Hamiltonian G1

To find the second unknown of the first-order homological equation (5.31), we substitute in it the
result (5.36) obtained for Z1 and we reconstruct the deviation of H1 from its average along the flow
of h:

LH0
G1 = H1 − Z1 = H1 −H1 =: δH1 .

In order to solve for G1, we need to invert the LH0
operator. Let us first proceed formally, in analogy

to what observed in the standard averaging principle procedure. In order to exploit the structure of
our problem, we use LH0 = Lh + Lk and collect the Lk contribution, before formally inverting to
solve for G1:

Lh(1 + L−1
h Lk)G1 = δH1 ,

G1 = (1 + L−1
h Lk)

−1L−1
h δH1 . (5.37)

Observe that from Lemma 2 we already have a definition for the L−1
h operator. Thus, in order to

compute G1 we need to understand how to describe the action of the operator (1 + L−1
h Lk)

−1. To
this aim, let us proceed by formally expanding it in series:

(1 + L−1
h Lk)

−1 = 1− L−1
h Lk + (L−1

h Lk)
2 + . . . (5.38)

In this way, the problem reduces to compute successive (potentially infinite) applications of the
operators Lk and L−1

h , which are already defined.

Explicit computations in the KGW case

In order to perform explicit computations, let us focus again on coordinates (ψ,ψ∗, ϕ, pϕ). Using the
definition of H1 and the computed average H1 it is immediate to obtain:

δH1 = H1 −H1 =

∫︂
(∇ψ)2 + (∇ψ∗)2

4
+
ϕ(ψ2 + ψ∗2)

2
.

As a next step, we need to understand how to describe the action of the L−1
h and Lk operators, to

be iteratively applied to δH1.

Action of L−1
h . Consider first the L−1

h operator, which is a time average along the periodic flow
Φsh = (e−isψ0, e

isψ∗
0) weighted by time s, as described in Lemma 2. Observe that the composition

with this flow modifies only the coordinates ψ,ψ∗. Thus, if a given functional F is polynomial in these
coordinates, each term in eshF = F ◦Φsh will depend on s only through a phase ei(−nψ+nψ∗ )s =: e±ins,
with exponents nψ, nψ∗ denoting the degree of ψ, ψ∗ in that term, and n ≡ |nψ−nψ∗ |. The integration
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in time s will therefore focus on the weighted phases se±ins only. For example, for F = δH1:

L−1
h δH1 =

1

2π

∫︂ 2π

0

sesLh
[︃∫︂

(∇ψ)2

4
+

(∇ψ∗)2

4
+
ϕψ2

2
+
ϕψ∗2

2

]︃
ds

=
1

2π

∫︂ 2π

0

[︃∫︂
se−i2s

(∇ψ0)
2

4
+ se+i2s

(∇ψ∗
0)

2

4
+ se−i2s

ϕψ2
0

2
+ se+i2s

ϕψ∗2
0

2

]︃
ds

=

∫︂ [︃(︃
1

2π

∫︂ 2π

0

se−i2s ds

)︃
(∇ψ0)

2

4
+

(︃
1

2π

∫︂ 2π

0

se+i2s ds

)︃
(∇ψ∗

0)
2

4

+

(︃
1

2π

∫︂ 2π

0

se−i2s ds

)︃
ϕψ2

0

2
+

(︃
1

2π

∫︂ 2π

0

se+i2s ds

)︃
ϕψ∗2

0

2

]︃
.

Integration in time s thus involves only terms in the form:

1

2π

∫︂ 2π

0

se±ins ds =
1

2π

[︃
s
e±ins

±in

]︃2π
0

− 1

2π

∫︂ 2π

0

e±ins

±in
ds = ∓ i

n
for n ̸= 0 ,

1

2π

∫︂ 2π

0

se±ins ds =
1

2π

∫︂ 2π

0

sds =
1

2π

[︃
s2

2

]︃2π
0

= π for n = 0 ,

which is easily solved through integration by parts in the case n ̸= 0. Thus, the operator L−1
h acts

on a functional F that is polynomial in (ψ,ψ∗) by adding a proportionality factor to each term: π
for terms invariant under phase shifting (n = 0), and ±in−1 to other terms, where the exponent
n = |nψ + nψ∗ | accounts for the degrees nψ, nψ∗ of ψ, ψ∗ in that term. Note that in our case
the operator L−1

h is always applied to deviations from averages, which by definition have vanishing
average with respect to the flow of h. Thus, the case n = 0 never occurs. Schematically, in our case
we only need:

• for terms proportional to ψnψ , the integrand has a phase e−inψs and integration yields a pro-
portionality constant +i/nψ;

• for terms proportional to ψ∗nψ∗ , the integrand has a phase einψ∗s and integration yields a
proportionality constant −i/nψ.

To conclude our example, the application L−1
h δH1 yields:

L−1
h δH1 = − 1

2i

∫︂
(∇ψ)2

4
+

1

2i

∫︂
(∇ψ∗)2

4
− 1

2i

∫︂
ϕψ2

2
+

1

2i

∫︂
ϕψ∗2

2

=

∫︂
i

8
((∇ψ)2 − (∇ψ∗)2) +

i

4

∫︂
ϕ(ψ2 − ψ∗2) ,

where the subscript 0 for the initial conditions has been omitted for simplicity. We adopt the same
notation in the following.

Action of Lk. Consider now the Lk operator. Its action on a generic functional F (ψ,ψ∗, ϕ, pϕ) is:

LkF ≡

{︄
F,

∫︂
p2ϕ
2

}︄
.

Observe that, since Lk involves only pϕ, the only non-vanishing contributions in F are those depending
on ϕ. In our case we just need: {︄∫︂

ϕn,

∫︂
p2ϕ
2

}︄
=

∫︂
nϕn−1pϕ ,

which lowers the degree of ϕ and raises that of pϕ. Observe that if F is a polynomial of degree n in
ϕ, only n applications of Lk will give a non-vanishing result. Thus, in this case, only a finite number
of contributions will actually matter in the series (5.38) representing the (1 + L−1

h Lk)
−1 operator.
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With this information, we can actually compute the first-order generating Hamiltonian G1 by
successive applications of the operators L−1

h , Lk:

L−1
h δH1 =

∫︂
i

8
((∇ψ)2 − (∇ψ∗)2) +

i

4
ϕ(ψ2 − ψ∗2) ,

Lk L
−1
h δH1 =

∫︂
i

4
pϕ(ψ

2 − ψ∗2) ,

L−1
h Lk L

−1
h δH1 = −

∫︂
1

8
pϕ(ψ

2 + ψ∗2) ,

Lk L
−1
h Lk L

−1
h δH1 = 0 .

Therefore, we conclude the computation of the first-order generating Hamiltonian:

G1 = (1 + L−1
h Lk)

−1L−1
h δH1

= (1− L−1
h Lk) L−1

h δH1

=

∫︂ [︃
i

8
((∇ψ)2 − (∇ψ∗)2) +

i

4
ϕ(ψ2 − ψ∗2) +

1

8
pϕ(ψ

2 + ψ∗2)

]︃
.

5.4.3 Second order correction Z2

Similarly to the first-order, we average the second-order homological equation (5.32) along the flow
Φsh of the harmonic unperturbed Hamiltonian h. The computation is exactly as in the first-order,
and the LH0

G2 term vanishes by requiring G2 to have zero mean along the flow of h. Thus, we have:

Z2 = F2 .

To simplify the computation of F2, let us first manipulate its definition, by plugging in the first-order
homological equation:

L2
G1
H0 = LG1(LG1H0) = LG1(H1 −H1) ,

F2 ≡ LG1
H1 +

1

2
L2
G1
H0 =

1

2
LG1

H1 +
1

2
LG1

H1 .

When averaging, the last term vanishes, since we required G1 to have zero average along the flow of
h:

LG1
H1 = {H1, G1} = {H1, G1} = {H1, 0} = 0 ,

and we can use the same trick in the remaining term, by adding and subtracting the average H1 to
reconstruct δH1 ≡ H1 −H1:

F2 =
1

2
LG1H1

=
1

2
{H1 −H1, G1}+

1

2
{H1, G1}

=
1

2
{δH1, G1} .

Calculating this is usually simpler than computing F2. However, the latter is still necessary if we want
to compute the generating Hamiltonian G2 as well. Thus, in this work, we proceed by computing F2

and averaging along h.

Explicit computations in the KGW case

To obtain F2,it is necessary to compute the Poisson bracket LG1
(H1 +H1) = {H1 +H1, G1}. The

required calculations are postponed to a dedicated Section 5.4.6 at the end of this Chapter and the
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final result reads:

F2 =
1

2
LG1

(H1 +H1)

=− 1

8

∫︂
|∆ψ|2 + 1

4

∫︂
ϕ (ψ∗∆ψ + ψ∆ψ∗) +

i

16

∫︂
pϕ [ψ

∗∆ψ − ψ∆ψ∗] +

− 1

2

∫︂
ϕ2|ψ|2 + 1

16

∫︂
|ψ|4+

− 1

8

∫︂ (︁
(∆ψ)2 + (∆ψ∗)2

)︁
+

1

8

∫︂
|ψ|2(ψ2 + ψ∗2) +

1

2 · 16

∫︂
(ψ4 + ψ∗4)+

− 1

8

∫︂
(∆ϕ)(ψ2 + ψ∗2) +

1

2

∫︂
ϕ (ψ∆ψ + ψ∗∆ψ∗)− 1

2

∫︂
ϕ2(ψ2 + ψ∗2)+

− i

8

∫︂
pϕ(ψ∆ψ − ψ∗∆ψ∗) +

i

4

∫︂
ϕpϕ(ψ

2 − ψ∗2) .

The second-order correction Z2 is finally computed by averaging along the flow of h, which – we recall
– acts only on ψ,ψ∗ by shifting the phase, so that through integration it lets all terms vanish except
for those invariant under phase shifting, which remain unchanged:

Z2 ≡ F2 =− 1

8

∫︂
|∆ψ|2 + 1

4

∫︂
ϕ (ψ∗∆ψ + ψ∆ψ∗) +

i

16

∫︂
pϕ [ψ

∗∆ψ − ψ∆ψ∗] +

− 1

2

∫︂
ϕ2|ψ|2 + 1

16

∫︂
|ψ|4 .

5.4.4 Second order generating Hamiltonian G2

Let us finally compute the second-order generating Hamiltonian G2. To this aim, we proceed as for
the first-order, by inverting the homological equation and expanding in series the operator:

G2 = (1− (L−1
h Lk) + (L−1

h Lk)
2 + . . .)L−1

h δF2 .

We can proceed directly with the explicit computations.

Explicit computations in the KGW case

Let us first write the difference δF2 ≡ F2 − F2:

δF2 =F2 − F2

=− 1

8

∫︂ (︁
(∆ψ)2 + (∆ψ∗)2

)︁
+

1

8

∫︂
|ψ|2(ψ2 + ψ∗2) +

1

32

∫︂
(ψ4 + ψ∗4)+

− 1

8

∫︂
(∆ϕ)(ψ2 + ψ∗2) +

1

2

∫︂
ϕ(ψ∆ψ + ψ∗∆ψ∗)− 1

2

∫︂
ϕ2(ψ2 + ψ∗2)+

− i

8

∫︂
pϕ(ψ∆ψ − ψ∗∆ψ∗) +

i

4

∫︂
ϕpϕ(ψ

2 − ψ∗2) .

The remaining computation now consists in successive applications of the operators L−1
h and Lk,

whose action has already been described in the first-order analysis. In this case, observe that δF2

has at most a quadratic dependence on the ϕ coordinate, meaning that three successive applications
of the Lk operator will let all contributions vanish. The only relevant contributions are computed as
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follows:

L−1
h δF2 =− i

16

∫︂ (︁
(∆ψ)2 − (∆ψ∗)2

)︁
+

i

16

∫︂
|ψ|2(ψ2 − ψ∗2) +

i

4 · 32

∫︂
(ψ4 − ψ∗4)+

− i

16

∫︂
(∆ϕ)(ψ2 − ψ∗2) +

i

4

∫︂
ϕ (ψ∆ψ − ψ∗∆ψ∗)− i

4

∫︂
ϕ2(ψ2 − ψ∗2)+

+
1

16

∫︂
pϕ(ψ∆ψ + ψ∗∆ψ∗)− 1

8

∫︂
ϕpϕ(ψ

2 + ψ∗2) ,

LkL
−1
h δF2 =

i

4

∫︂
pϕ(ψ∆ψ − ψ∗∆ψ∗)− i

4

∫︂
2ϕpϕ(ψ

2 − ψ∗2)− 1

8

∫︂
p2ϕ(ψ

2 + ψ∗2)+

− i

16

∫︂
(ψ2 − ψ∗2)∆pϕ ,

L−1
h LkL

−1
h δF2 =− 1

8

∫︂
pϕ(ψ∆ψ + ψ∗∆ψ∗) +

1

4

∫︂
ϕpϕ(ψ

2 + ψ∗2)+

− i

16

∫︂
p2ϕ(ψ

2 − ψ∗2) +
1

32

∫︂
(∆pϕ)(ψ

2 + ψ∗2) ,

LkL
−1
h LkL

−1
h δF2 =

1

4

∫︂
p2ϕ(ψ

2 + ψ∗2) ,

(L−1
h Lk)

2L−1
h δF2 =

i

8

∫︂
p2ϕ(ψ

2 − ψ∗2) .

The second-order generating Hamiltonian thus reads:

G2 =(1 + L−1
h Lk)

−1L−1
h δF2

=(1− L−1
h Lk + (L−1

h Lk)
2)L−1

h δF2

=− i

16

∫︂ (︁
(∆ψ)2 − (∆ψ∗)2

)︁
+

i

16

∫︂
|ψ|2(ψ2 − ψ∗2) +

i

4 · 32

∫︂
(ψ4 − ψ∗4)+

− i

16

∫︂
(∆ϕ)(ψ2 − ψ∗2) +

i

4

∫︂
ϕ(ψ∆ψ − ψ∗∆ψ∗)− i

4

∫︂
ϕ2(ψ2 − ψ∗2)+

+
3

16

∫︂
pϕ(ψ∆ψ + ψ∗∆ψ∗)− 3

8

∫︂
ϕpϕ(ψ

2 + ψ∗2)

+
3i

16

∫︂
p2ϕ(ψ

2 − ψ∗2)− 1

32

∫︂
(∆pϕ)(ψ

2 + ψ∗2) .

5.4.5 Remark on Higher Orders

Observe that the construction suggested in this work can be extended to compute the normal form
to higher orders. By composing the (n− 1)-th order canonical transformation with a new flow Φε

n

Gn
,

the transformed Hamiltonian can be studied to construct the n-th order normal form. This is done
by setting n-th homological equation:

−LH0
Gn + Fn = Zn , (5.39)

with unknowns Gn, Zn and with the term Fn depending only on known previous-orders contributions.
In analogy with the computations performed in this work, the n-th order correction Zn can be obtained
by averaging the n-th order homological equation (5.39), resulting in:

Zn = Fn ,

while the generating Hamiltonian Gn is defined by substituting this result in the n-th order homo-
logical equation (5.39), reconstructing the difference δFn and solving for Gn:

Gn = (1 + L−1
h Lk)

−1L−1
h δFn , δFn ≡ Fn − Fn .

Analogously to the first- and second-order, the explicit computation of the inverse operator (1 +
L−1
h Lk)

−1 can be performed with the algebraic expansion:

(1 + L−1
h Lk)

−1 = 1− L−1
h Lk + (L−1

h Lk)
2 + . . .

involving the iterated application of the L−1
h , Lk operators described in this work. As already

observed, when applying this operator to a functional δFn with a polynomial dependence on ϕ only a
finite list of terms will result in a non-vanishing contribution. The series defining the inverse operator
would thus reduce to a finite number of terms, allowing for an explicit computation of Gn.
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5.4.6 Computing F2

We report here the calculations needed to compute:

F2 =
1

2
LG1

(H1 +H1) .

To begin with, let us report here the definitions we have from the first-order:

H1 =

∫︂
(∇ϕ)2

2
+

|∇ψ|2

2
+ ϕ|ψ|2 +

∫︂
(∇ψ)2 + (∇ψ∗)2

4
+
ϕ

2
(ψ2 + ψ∗2)

H1 =

∫︂
(∇ϕ)2

2
+

|∇ψ|2

2
+ ϕ|ψ|2

H1 +H1 =

∫︂
(∇ϕ)2 + |∇ψ|2 + 2ϕ|ψ|2 +

∫︂
(∇ψ)2 + (∇ψ∗)2

4
+
ϕ

2
(ψ2 + ψ∗2)

G1 =

∫︂
i

8

(︁
(∇ψ)2 − (∇ψ∗)2

)︁
+
i

4
ϕ(ψ2 − ψ∗2) +

∫︂
pϕ
8
(ψ2 + ψ∗2)

We are now ready to compute the required Poisson brackets. We obtain:

LG1(H1 +H1) =

= {H1 +H1, G1}

=

{︃∫︂
(∇ϕ)2, 1

8

∫︂
pϕ(ψ

2 + ψ∗2)

}︃
+

+

{︃∫︂
|∇ψ|2, i

8

∫︂ (︁
(∇ψ)2 − (∇ψ∗)2

)︁
+
i

4

∫︂
ϕ(ψ2 − ψ∗2) +

∫︂
pϕ
8
(ψ2 + ψ∗2)

}︃
+

+

{︃
2

∫︂
ϕ|ψ|2, i

8

∫︂ (︁
(∇ψ)2 − (∇ψ∗)2

)︁
+
i

4

∫︂
ϕ(ψ2 − ψ∗2) +

∫︂
pϕ
8
(ψ2 + ψ∗2)

}︃
+

+

{︃
1

4

∫︂
(∇ψ)2,− i

8

∫︂
(∇ψ∗)2 − i

4

∫︂
ϕψ∗2 +

∫︂
pϕ
8
ψ∗2

}︃
+

+

{︃
1

4

∫︂
(∇ψ∗)2,

i

8

∫︂
(∇ψ)2 + i

4

∫︂
ϕψ2 +

∫︂
pϕ
8
ψ2

}︃
+

+

{︃
1

2

∫︂
ϕψ2,

i

8

∫︂ (︁
(∇ψ)2 − (∇ψ∗)2

)︁
+
i

4

∫︂
ϕ(ψ2 − ψ∗2) +

∫︂
pϕ
8
(ψ2 + ψ∗2)

}︃
+

+

{︃
1

2

∫︂
ϕψ∗2,

i

8

∫︂ (︁
(∇ψ)2 − (∇ψ∗)2

)︁
+
i

4

∫︂
ϕ(ψ2 − ψ∗2) +

∫︂
pϕ
8
(ψ2 + ψ∗2)

}︃

LG1
(H1 +H1) =

=
1

8

∫︂
(−2∆ϕ)(ψ2 + ψ∗2)+

+ (−i)
[︃
i

8

∫︂
[−(∆ψ∗)(2∆ψ∗)− (∆ψ)(2∆ψ)] +

+
i

4

∫︂
ϕ [(∆ψ∗)(2ψ∗) + (∆ψ)(2ψ)] +

1

8

∫︂
pϕ [−(∆ψ∗)(2ψ∗) + (∆ψ)(2ψ)]

]︃
+

+ (−i)
[︃
2i

8

∫︂
ϕ [ψ∗(2∆ψ∗) + ψ(2∆ψ)] +

2i

4

∫︂
ϕ2 [−ψ∗(2ψ∗)− ψ(2ψ)] +

+
2

8

∫︂
ϕpϕ [ψ

∗(2ψ∗)− ψ(2ψ)]

]︃
+

2

8

∫︂
|ψ|2(ψ2 + ψ∗2)+

+ (−i)
[︃
− i · 2
4 · 8

∫︂
(2∆ψ)(2∆ψ∗)− i

4 · 4

∫︂
ϕ [−(2∆ψ)(2ψ∗)− (2∆ψ∗)(2ψ)]

+
1

4 · 8

∫︂
pϕ [−(2∆ψ)(2ψ∗) + (2∆ψ∗)(2ψ)]

]︃
+

+ (−i)
[︃

i

2 · 8

∫︂
ϕ [(2ψ)(2∆ψ∗) + (2ψ∗)(2∆ψ)] +

i · 2
2 · 4

∫︂
[−ϕ2(2ψ)(2ψ∗)]+
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+
1 · 0
2 · 8

∫︂
ϕpϕ(2ψ)(2ψ

∗)

]︃
+

[︃
1

2 · 8

∫︂
ψ2(ψ2 + ψ∗2) +

1

2 · 8

∫︂
ψ∗2(ψ2 + ψ∗2)

]︃

LG1
(H1 +H1) =

=− 1

4

∫︂
(∆ϕ)(ψ2 + ψ∗2)+

− 1

4

∫︂ (︁
(∆ψ)2 + (∆ψ∗)2

)︁
+

1

2

∫︂
ϕ (ψ∆ψ + ψ∗∆ψ∗)− i

4

∫︂
pϕ (ψ∆ψ − ψ∗∆ψ∗)+

+
1

2

∫︂
ϕ(ψ∆ψ + ψ∗∆ψ∗)−

∫︂
ϕ2(ψ2 + ψ∗2) +

i

2

∫︂
ϕpϕ(ψ

2 − ψ∗2)+

+
1

4

∫︂
|ψ|2(ψ2 + ψ∗2)− 1

4

∫︂
|∆ψ|2 + 1

2

∫︂
ϕ [ψ∗∆ψ + ψ∆ψ∗] +

+
i

8

∫︂
pϕ [ψ

∗∆ψ − ψ∆ψ∗]−
∫︂
ϕ2|ψ|2 + 1

16

∫︂
(ψ2 + ψ∗2)2 .

Thus, collecting first the terms invariant under phase shifting, F2 reads:

F2 =
1

2
LG1(H1 +H1)

=− 1

8

∫︂
|∆ψ|2 + 1

4

∫︂
ϕ (ψ∗∆ψ + ψ∆ψ∗) +

i

16

∫︂
pϕ [ψ

∗∆ψ − ψ∆ψ∗] +

− 1

2

∫︂
ϕ2|ψ|2 + 1

16

∫︂
|ψ|4+

− 1

8

∫︂ (︁
(∆ψ)2 + (∆ψ∗)2

)︁
+

1

8

∫︂
|ψ|2(ψ2 + ψ∗2) +

1

2 · 16

∫︂
(ψ4 + ψ∗4)+

− 1

8

∫︂
(∆ϕ)(ψ2 + ψ∗2) +

1

2

∫︂
ϕ (ψ∆ψ + ψ∗∆ψ∗)− 1

2

∫︂
ϕ2(ψ2 + ψ∗2)+

− i

8

∫︂
pϕ(ψ∆ψ − ψ∗∆ψ∗) +

i

4

∫︂
ϕpϕ(ψ

2 − ψ∗2) .

5.5 Conclusions

In this Chapter, we derive the Hamiltonian normal form for the KGW problem (5.1), to second
order, in a regime where the parameter µ2 (5.9) is large. We write the Hamilton equations obtained
by neglecting the remainders and analyze the first- and second-order approximations of the KGW
system in a normal form sense. We observe that a SW system emerges as a first-order approximation,
which can be further approximated by a SP equation in the limit ε = µ−2 → 0, provided that the time
oscillations of the complex massive field (Ψ) are not too large. We also provide the explicit second-
order corrections to the SW system. Our constructive procedure - a modification of the standard
averaging principle that admits a component with unbounded flow in the unperturbed Hamiltonian
- could be iteratively applied to compute higher-order approximations.

The perturbative scheme used here preserves, by construction, the L2 norm of the complex massive
field to all orders. Such a result is obviously relevant from a physical point of view. For example,
in the dark matter problem, it corresponds to the conservation of the total dark mass in the system
to any perturbative order. In turn, this means that, with respect to the original KGW dynamics,
the total mass is approximately conserved over long time scales (1/εn to order n), even when the
original dynamics and the approximating one are far apart from each other (which typically occurs
on the time scale 1/ε). Another important point concerns the possibility of explaining the cooling
mechanism of dark matter, i.e. why, starting with a relativistic dynamics, particles of extremely small
mass that interact gravitationally move according to approximate, non relativistic equations (as the
SW and the SP equations).

We observe that interpreting the KGW system as a set of coupled harmonic oscillators and free
particles proves useful when studying the analytical details of the normal form procedure. Moreover,
such an idea could be applied to physical systems having nothing to do with those considered here,
but that can be reduced - from a mathematical point of view - to normal modes coupled with free
particles.



Chapter 6

Stability Analysis

6.1 Introduction

One of the most challenging aspects of the Schrödinger-Poisson system is the analysis of stability for its
stationary states. This problem is particularly complex due to its infinite-dimensional and nonlinear
nature, which has led numerical approaches to become the dominant methods for its investigation.

Pioneering work in this area was developed by Guzman, who conducted a series of studies focused
on the radial case, examining the system in its original form [66] and in the presence of self-interaction
[67]. As described in Chapter 3, his results demonstrate that dynamics starting near excited states
leads to mass radiation, and the remaining matter collapses to the ground state – a phenomenon
termed gravitational cooling. In parallel work, Harrison et al. [71] obtained similar results, examining
even stationary states with axial symmetry rather than spherical symmetry. His findings also revealed
the collapse of excited states toward the ground state. These initial works were followed by much more
sophisticated and computationally intensive simulations that investigated the full three-dimensional
dynamics without symmetry restrictions. These studies revealed that the evolution continues without
reaching a clear equilibrium, and that radial profiles resembling stationary states can only be recovered
when averaged over time and space.

Analytical studies remain scarce due to the inherent complexity of this infinite-dimensional, nonlin-
ear problem. Notable analytical work includes that of Ohta [115], who focused not on the Schrödinger-
Poisson system but rather on the Schrödinger-Wave system and its Schrödinger-Klein-Gordon variant.
We cite this work because it remains relevant to this thesis, given the connections between the KGW,
SW, and SP systems outlined in Chapter 5. Ohta’s analysis centers on the ground state and proves
that the energy attains a strict minimum at this configuration. This result guarantees the existence
of a neighborhood around the ground state where the energy level sets are compact, ensuring that
dynamics starting sufficiently close remain confined near the ground state. The proof relies on both
energy conservation and conservation of the L2(R3)-norm of the matter field, and applies only to the
ground state. Subsequent interesting developments have extended these ideas to the Schrödinger-
Klein-Gordon system [84, 85, 83].

Given the difficulties inherent in treating excited states for the Schrödinger-Poisson system, re-
searchers often study restricted cases that can first be developed analytically and then complemented
with numerical solutions. The simplest such problem studies radial perturbations of spherically sym-
metric stationary states, often linearized to examine first-order contributions. This spectral analysis
provides insight into the existence of stable or unstable characteristic modes – directions along which
perturbations oscillate, decay, or grow over time. However, this approach is limited by the lineariza-
tion itself. While in finite-dimensional systems linearized dynamics can provide good approximations
to the full problem under appropriate conditions, as guaranteed by the Großman-Hartman theorem,
the infinite-dimensional case is far more complex. The relationship between linearized and complete
dynamics becomes much harder to establish, and a linearized problem exhibiting certain stability
properties might correspond to a complete nonlinear system with entirely opposite behavior.

This Chapter aims to collect observations on the stability of stationary states in the Klein-Gordon-
Wave problem, for which, to our knowledge, no specific results yet exist. Given the complexity of
the problem, we present only a preliminary study rather than attempting a complete and exhaustive
analysis, which would require dedicated independent research.

In Section 6.2, we develop analytical considerations regarding the stability problem, demonstrating
why standard strategies based on the compactness of level sets of first integrals fail to apply. Through
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counterexamples, we show that stationary states do not serve as energy minima but rather behave
like saddle points. Moreover, the application of standard approaches like Ohta’s method is further
complicated by the absence of L2(R3)-norm conservation for the matter field, which reduces the
number of available first integrals and thus limits the possibility of establishing confinement results
for the dynamics.

In Section 6.3, we focus on linearized perturbations around Klein-Gordon-Wave stationary states,
restricting our analysis to the first-order contributions. We begin with analytical considerations on
unstable modes, which suggest the existence of unstable directions along which perturbations can
grow over time. By exploiting known properties of the problem’s stationary states, which serve as
background configurations for the perturbation dynamics, we lay the foundations for a complete proof
of this result.

We complement this analytical work with numerical studies restricted to radial perturbations.
Focusing on the unstable modes, we find numerical confirmation of our theoretical insights. All
spherically symmetric stationary states of the KGW system – both ground and excited states –
possess directions along which perturbations grow. For a stationary state with excitation index n, we
identify n+ 1 unstable modes. Our numerical calculations not only allow us to study the problem’s
spectrum but also to examine the profiles of the associated eigenfunctions, which we compare with
the examples derived from our analytical study.

The work presented here represents only the initial stage of what could become much more exten-
sive research on stability. While our analysis of the linearized perturbation problem does not provide
information about stability in the full nonlinear case, we hope this study will strengthen intuition
about the problem and provide a foundation for future systematic and comprehensive investigations.

6.2 Analytical Considerations on stability

Intuitively, investigating the stability of a system around a stationary state fn(x) means considering
initial conditions f(t = 0, x) ≡ f(x) which are close in some norm to the stationary state fn(x), and
checking if the distance between the associated flow f(t, x) and fn(x) – computed in the same norm –
remains finite as long as the flow exists. Formally, this intuitive notion can be formulated in different
definitions of stability, depending on the selected norm and on the domain of existence of the flow. In
our study on the stability of the KGW system, we start by reviewing the structure of equations with
the goal of defining the domain of its dynamical variables. This suggests a natural norm for the state
of the system, which we use to formulate a definition of stability. Based on this notion of stability,
we recall the most commonly used method to prove it, which relies on studying the level sets of the
first integrals of the problem, and we show how this is not applicable in the case of stationary states
of the KGW problem. These observations are a typical feature of the KGW problem, and distinguish
it from other systems where the characterization of level sets of first integrals is more accessible. We
emphasize that what we adopt is only one of the possible approaches, and that different notions of
stability, for example associated with a different choice of norm, could highlight different behaviors
from those we present.

To define an appropriate norm for the KGW system, we consider the mathematical structure of
the problem, and formulate reasonable assumptions for the domain of the fields that describe it. We
recall from Chapter 5.2 that the KGW problem is of Hamiltonian type, with conjugate variables
(u, pu ≡ ∂tu) for the matter field and (ϕ, pϕ ≡ ∂tϕ) for the gravitational potential, which we denote
globally as f ≡ (u, ϕ, pu, pϕ). We report the system Hamiltonian for convenience:

H =

∫︂ [︄
p2u + µ2u2 + |∇u|2

2
+
p2ϕ + |∇ϕ|2

2
+ ϕu2

]︄
. (6.1)

In order for the Hamiltonian to be well defined, momenta pu and pϕ need to be in L2(R3), the
field u in H1(R3) and the potential ϕ be such that ∇ϕ ∈ L2(R3), even though ϕ itself may not be in
L2(R3). We assume ϕ to be in L6(R3), overall resulting in:

f ≡ (u, ϕ, pu, pϕ) ∈ X X ≡ H1(R3)× {ϕ |ϕ ∈ L6(R3),∇ϕ ∈ L2(R3)} × L2(R3)× L2(R3) .

While the domains for u, pu and pϕ are standard Banach spaces with associated natural norms, the
domain for the ϕ component is taken as the intersection of two Banach spaces: L6(R3) with natural
norm ∥ · ∥6 and {ϕ | ∇ϕ ∈ L2(R3)} with natural norm ∥∇ · ∥2. The intersection of two Banach spaces
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is still a Banach space, with natural norm defined as the maximum of the two natural norms. In
the present case, the Gagliardo-Nirenberg inequality can be applied to control the L6(R3)-norm of
the function with the L2(R3)-norm of its grandient: ∥ϕ∥6 ≤ CGN∥∇ϕ∥2, with optimal Gagliardo-
Nirenberg constant CGN ≡ 41/3/(31/2π2/3) < 1 [42]. In particular max (∥ϕ∥6, ∥∇ϕ∥2) = ∥∇ϕ∥2 is
the natural norm for ϕ, so that we can define:

∥f∥2X ≡ ∥u∥2H1 + ∥∇ϕ∥22 + ∥pu∥22 + ∥pϕ∥22 . (6.2)

The ∥ · ∥X norm is therefore a natural choice for the KGW problem. Denote with fn(x) ≡
(un(r), ϕn(r), pu(r) = 0, pϕ(r) = 0) the n-th excited spherically symmetric stationary state and
consider the KGW dynamics (5.1) with µ2 = µ2

n. Assuming existence and uniqueness of the KGW
flow in [0, T ], we consider the following definition of stability:

Definition 6.1 (Stability). The KGW problem (5.1) is stable around its stationary solution fn if:

∀ε > 0 ∃δ > 0 s.t.: f solves (5.1) with ∥f(0, ·)− fn∥X < δ ⇒ ∥f(t, ·)− fn∥X < ε, ∀t ∈ [0, T ] .

A common strategy to prove stability consists in analyzing the structure of the constants of motion,
in this case the energy functional H (6.1). If its level sets are compact, at least in a neighborhood of
fn, then all the flows starting from that neighborhood will remain confined for all times, since they are
constrained in the level set selected by the initial condition. A typical way of proving compactness
of energy level sets consists in showing that the energy functional is either a strictly growing or
a strictly decreasing function of the distance from fn. This is typically achieved by checking the
variations of the energy functional. Let δf ≡ f − fn be the difference between a generic f ∈ X
and the n-th stationary state fn, and denote by ∆Hn(δf) ≡ H(fn + δf) − H(fn) the difference of
the corresponding energies. The latter can be computed using a Taylor expansion around fn, which,
being H(f) polynomial, involves only terms up to the third order:

∆Hn(δf) ≡ H(fn + δf)−H(fn)

= H ′(fn)δf +H ′′(fn)δf
2 +H ′′′(fn)δf

3

=
1

2

∫︂
R3

(︁
(δpu)

2 + (δpϕ)
2
)︁
d3x+

1

2

∫︂
R3

(︁
|∇δu|2 + |∇δϕ|2

)︁
d3x+

µ2
n

2

∫︂
R3

(δu)2 d3x+

+

∫︂
R3

2un δuδϕ d3x+

∫︂
R3

ϕn(δu)
2 d3x+

∫︂
R3

δϕ(δu)2 d3x . (6.3)

Observe that the first order variation of the energy is zero in correspondence of a stationary state,
H ′(fn) = 0. Among the non-vanishing integrals in expansion (6.3), the first three are non-negative
for every variation δf , whereas the last three – originating from the second and third order variations
of the interaction part

∫︁
ϕu2 – may have both positive and negative sign.

Given the energy difference (6.3), a sufficient condition to prove stability 6.1 is given by:

∃C1, C2 > 0 s.t.: ∀ε > 0, 0 < ∥δf∥X < ε ⇒ C1∥δf∥2X ≤ |∆Hn(δf)| ≤ C2∥δf∥2X (6.4)

Condition (6.4) ensures that variations of the energy functional in a neighborhood of fn are either
strictly positive or strictly negative, with the lower bound preventing the case of null energy difference
along some directions δf . This would imply the existence of compact level sets of the energy near
the stationary state, and thus stability in the sense of Def. 6.1.

Unfortunately, condition (6.4) does not hold in the KGW case, as can be seen through appropriate
counterexamples:

Lemma 4. The KGW problem does not satisfy condition (6.4). In particular:

(1) ∀ε > 0 ∃δf∗, 0 < ∥δf∗∥X < ε, s.t.: ∆Hn(δf∗) = 0,

(2) ∀ε > 0 ∃δf+, δf−, 0 < ∥δf+∥X < ε, 0 < ∥δf−∥X < ε, s.t.: ∆Hn(δf+) > 0,

∆Hn(δf−) < 0 .
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In particular, the first property of Lemma 4 ensures the existence of a direction δf∗ along which
the energy functional vanishes. This prevents us from writing the lower bound in condition (6.4),
more explicitly:

∀C1 > 0, C1∥δf∗∥2X > ∆Hn(δf) .

Moreover, the second property of Lemma 4 ensures the existence, in the same neighborhood of fn,
of two directions δf+ and δf− yielding positive and negative energy differences, respectively. This
suggests that the stationary states behave as saddle points for the energy functional H (6.1).

Proof of Lemma 4. Let us first define δf∗ such that the energy difference is equal to zero. A simple
choice consists in choosing a matter field component proportional to the matter field un of the
stationary state fn, while all other components are zero :

δf∗ ≡ (ε∗un, 0, 0, 0).

Its norm is strictly positive, and there always exists a choice of ε∗ so to satisfy the hypothesis:

∥δf∗∥2X = ε2∗∥ un∥2H1 , 0 < ∥δf∗∥X < ε provided that: ε∗ <
ε

∥ un∥H1

,

where the existence of such ε∗ is guaranteed by the fact that, being fn ∈ X , the norm ∥ un∥H1 is
finite. The energy difference associated to such δf∗ is equal to zero, ending the first proof:

∆Hn(δf∗) = ε2∗

[︃
1

2

∫︂
R3

(︁
|∇un|2

)︁
d3x+

µ2
n

2

∫︂
R3

u2n d
3x+

∫︂
R3

u2nϕn d3x

]︃
= ε2∗

[︃
1

2

∫︂
R3

(︁
|∇un|2 + µ2

nu
2
n + 2u2nϕn

)︁
d3x

]︃
= 0 .

where the last equality is guaranteed by the stationary Klein-Gordon equation in the definition (5.10)
of stationary state.

Let us now define δf− such that the energy difference is negative. A simple choice, obtained as a
modification of the previous counterexample, is:

δf− ≡ (ε∗un, ε∗ϕn, 0, 0).

With considerations analogous to the previous counterexample, one can prove that its norm is strictly
positive, and there always exists a choice of ε∗ so to satisfy the hypothesis:

∥δf−∥2X = ε2∗(∥ un∥2H1 + ∥ ∇ϕn∥22), 0 < ∥δf−∥X < ε provided that: ε2∗ <
ε2

∥ un∥2H1 + ∥ ∇ϕn∥22
,

When computing the energy difference, the terms which are common to the previous counterexample
still give a null contribution, whereas the new terms contribute negatively:

∆Hn(δf−) =
ε2∗
2

∫︂
R3

(︁
|∇ϕn|2

)︁
d3x+ 2ε2∗

∫︂
R3

u2nϕn d
3x+ ε3∗

∫︂
R3

u2nϕn d3x

=

(︃
3

2
ε2∗ + ε3∗

)︃∫︂
R3

u2nϕn d3x < 0 .

where the stationary wave equation in the definition (5.10) of stationary state has been used, and
where the sign is determined by the fact that stationary states have strictly negative potential ϕn < 0.

Finally, the case of positive energy difference can be set by considering a potential with strictly
positive sign:

δf+ ≡ (ε∗un,−ε∗ϕn, 0, 0) .

The norm is the same as for the δf+ case, and analogous computations prove that energy difference
is positive.

The counterexamples presented in the proof of Lemma 4 suggest that in the neighborhood of
fn, defined according to the X -norm, the energy difference ∆Hn(δf) may assume both positive
and negative values, depending on the choice of δf . Observe that the terms in ∆Hn(δf) which
are responsible for sign determination are not restricted to third order terms. The presence of
possibly negative second order terms suggests that instabilities may emerge even at the first order
approximation of the system, when considering its linearized form.
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6.3 Linear perturbations in KGW

A standard approach to the stability of dynamical problems consists of studying the perturbation
problem, that is, to consider small variations of the eigenstates of the system and to check how
they evolve over time. When non-linearity is involved, this problem is often linearized, focusing on
first order contributions to detect stable and unstable directions along which the perturbations may
oscillate, collapse or diverge. This type of analysis is known as linear or spectral stability.

In the finite-dimensional case, the stability or instability of the linear problem often reflects the
behavior of the complete system in the neighborhood of the equilibrium: the Hartman-Großman
theorem ensures that the behavior of a dynamical system in a domain near a hyperbolic equilibrium
point is qualitatively the same as the behaviour of its linearization near this equilibrium point, where
hyperbolicity means that no eigenvalue of the linearization has real part equal to zero.

In the infinite-dimensional case the problem is more difficult to treat, since the results obtained
for the linearized problem in the neighborhood of an equilibrium may differ considerably from their
nonlinear counterparts. Nevertheless, given the difficulty of studying the stability for the complete
KGW problem, we restrict to studying the stability of the linearized perturbation problem. This
problem is interesting by itself and if future works were to shed more light on the stability properties
of the complete KGW problem, then a comparison with our results would clarify the role of the
nonlinear contribution, isolating it from the effects of the linear part.

Let us consider the usual KGW problem, reported here for ease of reference:{︄
□u = (µ2 + 2ϕ)u

□ϕ = u2
. (6.5)

In order to study the spectral stability of the problem, consider small variations of the n-th stationary
solution (µ2

n, un, ϕn): {︄
u(t, x) ≡ un(x) + δu(t, x)

ϕ(t, x) ≡ ϕn(x) + δϕ(t, x)

and plug these expressions in the KGW system (6.5) with µ2 = µ2
n. Recalling the definition of

stationary states, that lets all terms without perturbations (δu, δϕ) vanish, we get:{︄
△ (δu)− ∂2t (δu) = µ2

n(δu) + 2ϕn(δu) + 2un(δϕ) + 2(δu)(δϕ)

△ (δϕ)− ∂2t (δϕ) = 2un(δu) + (δu)2
,

which expresses the KGW problem (6.5) in terms of the variations δu(t, x), δϕ(t, x), while un(r),
ϕn(r) play the role of background functions. At this point, let us approximate the problem, by
neglecting higher order terms in the variations. The linearized KGW perturbation problem reads:{︄

△ (δu)− ∂2t (δu) = µ2
n(δu) + 2ϕn(δu) + 2un(δϕ)

△ (δϕ)− ∂2t (δϕ) = 2un(δu)
. (6.6)

Due to the second-order temporal character of the Klein-Gordon equation, we consider perturbations
in the harmonic form:

δu(t, x) ≡ U(x)eiωt , δϕ(t, x) ≡ Φ(x)eiωt , (6.7)

where the spatial functions U(x) and Φ(x) can be chosen to be real without loss of generality. The
system becomes: {︄

△U + ω2 U = µ2
nU + 2ϕnU + 2unΦ

△Φ+ ω2 Φ = 2unU

or, in matrix form: [︃
−△+ µ2

n + 2ϕn 2un
2un −△

]︃(︃
U
Φ

)︃
= ω2

(︃
U
Φ

)︃
. (6.8)
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For fixed µ2
n, (un, ϕn), system (6.8) is a linear eigenvalue problem in the form Av = ω2v. The

operator A is real and symmetric – observe that it involves the ∆ operator, that is also symmetric
– resulting in real eigenfunctions U , Φ and real eigenvalues ω2 ∈ R. In particular, the sign of the
eigenvalue determines the nature of the frequency parameter ω: if ω2 ≥ 0 the frequency ω is real,
ω ∈ R; otherwise, if ω2 < 0, the frequency is purely imaginary, iω ∈ R.

This distinction determines the behavior of the linearized perturbation problem: if ω2 ≥ 0 and
thus ω ∈ R, then the variations δu(t, x), δϕ(t, x) defined in (6.7) would oscillate in time and their norm
would remain confined, neither diverging nor collapsing; if ω2 < 0 and iω ∈ R, then the variations
δu(t, x), δϕ(t, x) would collapse to zero along iω < 0 directions (absolute spectral stability), or diverge
to infinity along iω > 0 directions (spectral instability).

In the following, we study the sign of the eigenvalue ω2 of the linear perturbation problem (6.8)
in order to investigate the existence of unstable modes ω2 < 0. First, we address the problem from
an analytical point of view, characterizing the eigenvalues ω2 through an appropriate functional and
proving it admits negative values along specific directions. This suggest that all stationary states
of the KGW problem – ground included – admit unstable perturbations. Then, we complement
the study with a numerical computation of the negative part of spectrum, restricted to the radial
perturbation case. The numerical results confirm and refine the analytical considerations, specifying
that the n-th stationary state of the KGW problem admits n+ 1 unstable eigenmodes, along which
the linearized perturbations diverge. The numerical approach also offers the possibility of visualizing
the eigenmodes profiles, and to appreciate the similarity with the example suggested by the analytical
study.

6.3.1 Analytical approach to the linear perturbation problem

Adopting an analytical approach, we study the sign of ω2 through considerations on the weak form of
the linearized problem (6.8). Starting from the problem in matrix form, we left multiply both sides
by the row vector [U,Φ], integrate and apply integration by parts to obtain an equivalence in the
form ⟨v,Av⟩ = ω2⟨v, v⟩:∫︂ (︁

|∇U |2 + |∇Φ|2 + µ2
nU

2 + 2ϕnU
2 + 4unUΦ

)︁
d3x = ω2

∫︂ (︁
U2 +Φ2

)︁
d3x . (6.9)

Based on this weak form of the eigenvalue problem, and extending to generic, possibly complex-valued
functions U , Φ, let us define the functional:

Q[U,Φ] =
N [U,Φ]

D[U,Φ]
≡
∫︁ (︁

|∇U |2 + |∇Φ|2 + µ2
n|U |2 + 2ϕn|U |2 + 2un(UΦ+ UΦ)

)︁
d3x∫︁

(|U |2 + |Φ|2) d3x
, (6.10)

where the
∫︁
4unUΦd3x term in (6.9) has been substituted by

∫︁
2un(UΦ + UΦ) d3x to account for

the eventual complexity of U , Φ. This functional provides a natural rephrasing of the eigenproblem
(6.8) in its weak form, characterizing the solutions (U,Φ) associated with a given ω2 as the functions
satisfying:

Q[U,Φ] = ω2 , (6.11)

Using this formulation of the problem, we aim to prove the existence of a negative eigenvalue ω2
∗ < 0

and of functions U∗,Φ∗ solving problem (6.11) with ω2 = ω2
∗. According to the considerations

described above, this would imply spectral instability, with perturbations δu(t, y) = U∗(y)e
iω∗t,

δϕ(t, y) = Φ∗(y)e
iω∗t diverging with a characteristic time ω−1

∗ .

In order to prove the existence of a negative eigenvalue, we may demonstrate that the functional
Q[δu, δϕ] is lower bounded and coercive, which ensures the existence of a minimum [46]. Then, we
may prove that there exists a specific choice of functions (U,Φ) for which the functional Q[U,Φ]
is negative valued. This implies that the minimum is also negative valued, and we would prove
our thesis. In this work, we limit ourselves to prove the lower boundedness of the functional and the
existence of negative values Q[U,Φ] < 0. This is not sufficient to complete the proof, but supports the
intuition on the nature of the problem. We conclude by corroborating these analytical considerations
with a numerical study, that confirm the existence of negative eigenvalues ω2 < 0 for all stationary
states of the KGW problem, ground included.
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Lower bound

Let us start by proving that the functional Q[U,Φ] defined in (6.10) is lower bounded. In the
numerator, the bound on square contributions is easily set, recalling that µ2

n > 0:∫︂
(|∇U |2 + |∇Φ|2 + µ2

n|U |2) d3x ≥ 0 ,

while the term involving the eigenpotential ϕn can be estimated by recalling that ϕn(y) < 0 is negative
valued and that ϕn ∈ L∞ [100]:∫︂

2ϕn|U |2 d3x = −2

∫︂
|ϕn| |U |2 d3x ≥ −2 sup

x∈R3

|ϕn(x)|
∫︂

|U |2 d3x = −2∥ϕn∥L∞∥U∥2L2 .

The last term in the numerator of the functional (6.10) is bounded using un ∈ L∞ together with the
Cauchy-Schwarz (CS) and the Young (Y) inequality:∫︂

2un(UΦ+ UΦ) d3x ≥ −4

∫︂
|un| |UΦ|d3x ≥ −4∥un∥L∞

∫︂
|UΦ|d3x

CS
≥ −4∥un∥L∞∥U∥L2∥Φ∥L2

Y
≥ −2∥un∥L∞(∥U∥2L2 + ∥Φ∥2L2)

Overall, the lower bound on the functional (6.10) reads:

Q[U,Φ] ≥
−2∥ϕn∥L∞∥U∥2L2 − 2∥un∥L∞(∥U∥2L2 + ∥Φ∥2L2)

∥U∥2L2 + ∥Φ∥2L2

≥ −2∥ϕn∥L∞
∥U∥2L2

∥U∥2L2 + ∥Φ∥2L2

− 2∥un∥L∞

≥ −2∥ϕn∥L∞ − 2∥un∥L∞

where in the last inequality we used ∥Φ∥2L2 ≥ 0 to let the fraction simplify.

These inequalities are not sharp and might be improved to get a reliable estimate of the charac-
teristic instability time τ = (iω∗)

−1. Nevertheless, they are sufficient to prove the lower boundedness
required for our purposes.

Existence of negative value

We now prove that there exists a specific choice of functions U,Φ for which the functional Q[U,Φ]
is negative valued. As a preliminary observation, notice that the numerator in (6.10) has some
similarities with the energy variations ∆Hn(δf) we studied in Section 6.2, suggesting that the con-
struction we need here might be similar to the counterexamples we set there. In particular, the choice
U = un, Φ = 0 still allows one to recover the definition of eigenfunction un in the numerator, thus
letting the functional vanish:

Q[un, 0] =

∫︁ (︁
∆un + µ2

nun + 2ϕnun
)︁
un d

3x∫︁
u2n d

3x
= 0

This result is not surprising. When applied to the original eigenstate (µ2
n, un, ϕn), the perturbation

we consider does not affect the eigenpotential and modifies the eigenfunction only by a proportion-
ality factor. Thus, the perturbed state still solves the stationary KGW problem (6.5), although
with a different normalization, meaning that it is still a fixed point of the KGW dynamics. Thus,
the perturbation is preserved, and naturally solves the (linearized) perturbation problem with ω2 = 0.

Following the same intuition, we maintain a perturbation U = un on the eigenfunction and we
tune Φ to yield Q[un,Φ] < 0. A natural choice, consistent with the counterexamples of Section 6.2,
would be to set Φ = ϕn and use the stationary Poisson equation, which would lead to a negative
valued numerator in (6.10):

N [un, ϕn] =

∫︂ (︁(︁
∆un + µ2

nun + 2ϕnun
)︁
un + (−∆ϕn + 4u2n)ϕn

)︁
d3x = −3

∫︂
u2n|ϕn|d3x < 0
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However, this choice is not viable, since the perturbation Φ needs to be in L2(R3) in order for the
denominator of (6.10) to be well defined, and the eigenpotential ϕn does not satisfy this requirement.
We therefore introduce a regularization, and define the family of functions:

ϕεn(x) = − 1

4π

∫︂
e−ε|x−y|

|x− y|
u2n(y) d

3y

which solve the following equation:
(∆− ε2)ϕεn = u2n (6.12)

and have the required regularity ϕεn ∈ L2(R3), while reducing to the stationary state potential ϕn(r)
in the limit ε→ 0. By choosing U = un, Φ = ϕεn and by using the regularized equation (6.12) instead
of the Poisson equation to simplify the numerator, we get:

N [un, ϕ
ε
n] = −3

∫︂
|∇ϕεn|2 d3x− 4ε2

∫︂
(ϕεn)

2 d3x < 0 ,

which is negative valued. Due to the improved regularity ϕεn ∈ L2(R3), the denominator D[un, ϕ
ε
n] is

also well defined, and we can state the desired result:

Q[un, ϕ
ε
n] =

−3
∫︁
|∇ϕεn|2 d3x− 4ε2

∫︁
(ϕεn)

2 d3x∫︁
(|U |2 + |Φ|2) d3x

< 0 .

6.3.2 Numerical approach to the radial linear perturbation problem

A standard option for studying the spectral properties of the system consists of numerically solving
system (6.8). As a preliminary study, we restrict to the radial case: we assume spherically symmetric
initial conditions and this symmetry is preserved by the dynamics, so we can write U(r) = U(x),
Φ(r) = Φ(x). Recalling that the Laplace operator acts on a radial function f(r) as ∆f = r−1∂2r (rf),
let us define a convenient change of variables:

V (r) ≡ rU(r), W (r) ≡ rΦ(r) .

The linear perturbation problem (6.8) can then be restated considering only the radial part:[︃
−∂2r + µ2

n + 2ϕn 2un
2un −∂2r

]︃(︃
V
W

)︃
= ω2

(︃
V
W

)︃
. (6.13)

As for the boundary conditions, we assume perturbations to share the same regularity properties of
the stationary states. At r = 0, both U(r) and Φ(r) have finite values, implying V (0) = W (0) = 0.
Instead, their asymptotic behavior with r is different. While U(r) decays superlinearly, causing
V (r) → 0 as r → ∞, the eigenmode Φ(r) associated with the gravitational potential admits an
approximately linear decay, Φ(r) ∼ 1/r as r → ∞, which would imply a non-vanishing counterpart
W (r) = O(1). More specifically, in the asymptotic limit of large r the equation for Φ(r) in (6.13)
simplifies, due to the vanishing of the coupling V (r) ≈ 0, and reduces to:

∂2rW (r) + ω2W (r) = 0 for large r .

The asymptotic solution thus depends on the sign of the eigenvalue ω2:

W (r) ≈ A cos(|ω|r) +B sin(|ω|r) for ω2 > 0,

W (r) ≈ Ce−|ω|r for ω2 < 0,

where the additional term De+|ω|r is not included in the last equation since is would result in a
non-physical non-vanishing behavior for Φ(r). This suggests that eigenmodes W (r) with positive
eigenvalue ω2 > 0, namely those associated with oscillatory behavior in time, have a non-vanishing
sinusoidal behavior for large r. On the other side, eigenmodes with negative eigenvalue ω2 < 0,
namely those admitting spectral instability, vanish exponentially for large r.

In our numerical study, aiming to test the existence of unstable eigenmodes, we focus on the latter
case ω2 < 0 and we write W (r) → 0 as r → ∞ as the last boundary condition. We thus need to solve
(6.13) with: {︄

V (0) =W (0) = 0

V (∞) =W (∞) = 0
(6.14)



6.3. LINEAR PERTURBATIONS IN KGW 99

Implementation

In order to solve the problem numerically, we choose a range [0, L] for r, regarding r = L as being
at infinity for the purpose of setting boundary conditions. We set the outer boundary L equal to
the numerical domain of the background functions un(r), ϕn(r), additionally testing larger values to
ensure the robustness of the implementation. We consider a uniform discretization of [0, L] into N -
points {ri}Ni=0, with h ≡ L/N the mesh size. The background functions un(r), ϕn(r) are evaluated on
the grid, forming the vectors un ≡ {un(ri)}Ni=0, ϕϕϕn ≡ {ϕn(ri)}Ni=0 and the eigenfunctions V (r), W (r)
are also approximated by their evaluation points, v ≡ {vi = V (ri)}Ni=0, w ≡ {wi = W (ri)}Ni=0. We
approximate the second order derivative with a centered difference scheme, ∂2rf(ri) = h−2(f(ri+1)−
2f(ri) + f(ri−1)). The discretized system (6.13) reads[︃

−D2 + µ2
nI + 2Iϕϕϕn 2Iun

2Iun −D2

]︃(︃
v
w

)︃
= ω2

(︃
v
w

)︃
, (6.15)

with D2 a tridiagonal matrix

D2 =
1

h2

⎡⎢⎢⎢⎢⎢⎣
−2 1 O
1 −2 1

. . .
. . .

. . .

1 −2 1
O 1 −2

⎤⎥⎥⎥⎥⎥⎦
and with I the identity matrix, so that µ2

nI is a diagonal matrix with non-vanishing entries µ2
n, and

Iun, Iϕϕϕn are diagonal matrices with non vanishing entries {un(ri)}Ni=0 and {ϕn(ri)}Ni=0 respectively.
The Dirichlet boundary conditions for both v and w are set simply by excluding the boundary

points from the system. More explicitly, we delete the corresponding rows and columns in the matrix
and the entries in the eigenvectors, and we solve the system on the interior points, setting a posteriori
v0 = vN = 0 and w0 = wN = 0.

The problem is implemented in MATLAB and solved with the built-in function eig(). The resulting
eigenvectors are normalized to one, their L2(R)-norm being computed on the evaluation points and
using the mesh size h as the local weight, dr ∼ h. The resulting eigenvalues are then classified
as stable, unstable, or zero depending on their sign, with a tolerance tol= 10−10 to detect possible
zero eigenvalues. Only unstable eigenvalues and their eigenmodes are considered, as the boundary
condition (6.14) are not appropriate for stables ones. The number of computed eigenmodes coincides
with the rank of the matrix, 2N − 4. They may include points of the discrete spectrum, samples of
the discretized continuum spectrum and possibly spurious modes. In order to identify the reliable
physical information, we perform the analysis with different refinements N ∈ {1000, 1050, . . . , 1500}
and check the convergence of the results.

Results

We tested perturbations around the ground state and excited stationary states up to n = 30, which
could be further extended by allowing for larger computation times. The computations are repeated
varying the number N of discretization points, N ∈ {1000 + 50j}10j=0, to check the quality and
reliability of the results.

The spectrum of the radial linear perturbation problem (6.13) includes n+1 negative eigenvalues
{ω2

k}nk=0 for each n-th background stationary solution, belonging to the discrete spectrum and con-
ventionally sorted in descending order. Examples for n ∈ {20, 22, . . . , 30} are reported in figure 6.1.
Each set {ω2

k}nk=0 displays a smooth dependence on k, with a moderate growth for higher eigenvalues
and a steeper growth for more negative eigenvalues. However, fits with the most common functions
(exponential law, logarithmic law, power law, parabolic law, and cubic law) do not provide a good
match. Smooth behavior is also observed for increasing n, with higher eigenvalues for more excited
background states. Thus, the most negative eigenvalue is obtained for n = 0, for which ω2

0 ≃ −0.0013.

Figure 6.2 tests the convergence of the spectrum as the mesh is progressively refined, to verify the
robustness of the method. It includes a low excitation example n = 3 and a higher excitation example
n = 30. In each case, the left panel reports the negative part of the spectrum for an increasing number
of discretization points N , corroborating its discrete nature. Denoting with ω2

k(Nj) the eigenvalue
obtained for the j-th value of N , we compute and plot in the right panels the differences between
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Figure 6.1: Negative eigenvalues {ω2
k}nk=0 of the radial linear perturbation problem (6.13), sorted

in descending order and plotted for different excitations n of the background stationary state
{µ2

n, un(r), ϕn(r)}.

(a) Spectrum as N varies, n = 3. (b) Relative differences, n = 3.

(c) Spectrum as N varies, n = 30. (d) Relative differences, n = 30.

Figure 6.2: Convergence of the negative part of the spectrum for the radial linear perturbation
problem (6.13) as the number N of discretization points varies. Top and bottom panels are relative to
the n = 3 and the n = 30 background stationary states, respectively. Left panels show the spectrum,
while right panels plot the corresponding eigenvalue differences between successive refinements relative
to the coarsest eigenvalue ω2(N0), as defined in (6.16). For visual simplicity, the differences in the n =
30 case are reported only for the last (i.e. with most negative eigevalue) eigenmodes k = 24, . . . , 31.

successive refinements, relative to the coarsest eigenvalue ω2(N0):

∆k(Nj) =
ω2
k(Nj)− ω2

k(Nj−1)

ω2
k(N0)

. (6.16)

We further fit the computed differences ∆k(N), finding that for every fixed k they decay parabolically
as N increases. The resulting fits are also plotted in the right panels of figure 6.2.

Figure 6.3 focuses on the eigenmodes {Vk(r),Wk(r)}nk=0 of the radial linear perturbation prob-
lem (6.13) computed for the n-th background stationary state {µ2

n, un(r), ϕn(r)}. It includes a low
excitation example n = 3 and a higher excitation example n = 30.

The eigenmodes Vk(r) associated with matter field perturbations, plotted in the left panels, display
a considerable similarity with the function r un(r) defined for the matter field un(r). They share the
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same oscillatory behavior and the same number of nodes. This similarity is consistent with the
observations of Section 6.3.1, that showed how the matter field un(r) is a natural choice to construct
an unstable eigenmode. To have a visual comparison, both Vk(r) and the corresponding r un(r) are
plotted, rescaling the latter to match the last local oscillation. In all cases, a slight mismatch is
detected, suggesting that the eigenmodes Vk(r) are very similar to but do not coincide with r un(r).
In addition, the first eigenmodes Vk(r) computed for n = 3 (top left panel) are very similar to the
first eigenmodes Vk(r) computed for n = 30 (central left panel), exception made for a different scale
factor. This might be due to the fact that the corresponding eigenvalues ω2

k computed for n = 3 and
n = 30 are rather similar for low values of k (see figure 6.1).

The eigenmodesWk(r) associated with gravitational perturbations, plotted in the right panels, do
not display any similarity with the functions associated with the n-th stationary state of the KGW
problem. They display an oscillating behavior, but nodal patterns and amplitude modulations are
more difficult to guess. In addition, differently from the Vk(r) eigenmodes, the firstWk(r) eigenmodes
associated with high excitations n = 30 are not similar in their shape to the corresponding eigenmodes
associated with low excitations n = 3. On the contrary, it is the last Wk(r) eigenmodes associated
with high excitations n = 30 that may share a qualitative “on average” similarity with the Wk(r)
eigenmodes of the n = 3 case. Nevertheless, the underlying structure is rather difficult to identify
and would require a dedicated study.

(a) n = 3, eigenmodes V (r) = rU(r). (b) n = 3, eigenmodes W (r) = rΦ(r).

(c) n = 30, first eigenmodes V (r) = rU(r). (d) n = 3, first eigenmodes W (r) = rΦ(r).

(e) n = 30, last eigenmodes V (r) = rU(r). (f) n = 30, last eigenmodes W (r) = rΦ(r).

Figure 6.3: Eigenmodes Vk(r) (left panels) and Wk(r) (right panels) for the radial linear perturba-
tion problem (6.13). Top panels are computed for the n = 3 excited background stationary state
{µ2

3, u3(r), ϕ3(r)} and report all computed eigenmodes, k = 0, 1, 2, 3. The remaining panels are com-
puted for the n = 30 excited background stationary state {µ2

30, u30(r), ϕ30(r)}, central panels plotting
the first eigenmodes k = 0, 1, 2, 3 (with higher eigenvalues) and bottom panels plotting the last eigen-
modes k = 27, 28, 29, 30 (with more negative eigenvalues).
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6.4 Conclusions

In this Chapter, we collect some relevant observations on the stability of the KGW problem. After
developing analytical considerations to show how standard strategies fail to apply to our case, we focus
on linearized perturbations around Klein-Gordon-Wave stationary states, restricting our analysis to
the first-order contributions. Our analytical insights on the problem suggest the existence of unstable
modes for each background state, while a complementary computational analysis – restricted to the
radial case – confirms this result and provides quantitative support to the analytical study.

The work presented in this Chapter is a preliminary study and may be further developed to gain
more solid understanding of this difficult problem. On the computational side, the research could be
extended to the stable modes, completing the overview of the linearized radial problem, and could
be gradually generalized to relax the simplifying hypotheses, e.g. by considering the angular part
of the problem or the higher orders of the perturbations. Of course, these approaches would be
very challenging even from the computational point of view, due to the complexity of the non-linear
problem under consideration, and would require a careful design of the solver to maintain an affordable
computational cost. Computational studies of this type would provide relevant quantitative insight
into the stability problem, which could effectively support more rigorous and thorough analytical
studies.



Conclusions

The content of this thesis is highly varied in contents and approaches. Motivated by the physical
problem of describing the dynamics of galactic dark matter halos, we have explored several features
of the Schrödinger-Poisson model, the system most widely employed in the physics community.

Through a broad overview of the physical foundations of the Schrödinger-Poisson system, we have
illustrated its connection to General Relativity and Quantum Mechanics, showing its derivation in
the Newtonian limit and highlighting the different interpretative nuances that the problem acquires
depending on whether one adopts a quantum gravity or semiclassical gravity framework. The pre-
sented discussion aims to emphasize how delicate and subtle the physical interpretation of this system
and its related results can be. Acknowledging this complexity, we have sought to support the tech-
nical aspects of the problem by developing its mathematical study and providing results that are
transversal and independent of the chosen interpretation, which we leave open.

We then examined the foundational assumptions underlying the system, showing how a few heuris-
tic principles allow one to derive its essential characteristics. Considering the dark matter cluster as a
virialized and fully condensed gas of bosonic particles, we demonstrated how its characteristic length
scale and its energy regime depend solely on the amount of mass in the system, particularly on the
number of particles and the mass of each individual particle. We then showed how these assumptions
apply to galactic dark matter halos by discussing the orders of magnitude of the involved quantities.
We also applied the same assumptions to the Schrödinger-Poisson many-body problem, providing a
justification to the rescaling of the potential by the number of particles. An interesting aspect of
this analysis is that it is carried out independently of any specific choice of dynamics. Although
based on an order-of-magnitude approach – more intuitive than rigorous – it yields the most essential
relations among the physical quantities involved. These same relations are later reflected in both
the Schrödinger-Poisson and Klein-Gordon–Wave dynamics, providing in both cases the rescalings
needed to write the system in dimensionless form and assign physical meaning to the parameters
governing the dynamics. In this sense, our approach proves particularly effective in capturing the
physical content of the problem, condensing it into a few dominant parameters and isolating it from
the mathematical structure, which can then be studied independently.

In a subsequent part of the research, we numerically studied the highly excited spherically symmet-
ric stationary states of the Schrödinger-Poisson problem. By separately focusing on eigenfunctions,
eigenpotentials, and eigenvelocities, we identified their dominant features and explored their depen-
dence on the excitation index, aiming to compensate for the lack of explicit expressions for these
states. The analysis is both complete and accurate, and reveals an underlying highly regular struc-
ture which could be further investigated using analytical tools, based on the numerical results we
have presented. Moreover, the heuristic laws we identify seem to reflect features considered desirable
in a galactic dark matter model: the support of the matter distribution exhibits parabolic growth
with the excitation index, characteristic of Keplerian systems; the amplitude of the oscillations in
the eigenfunctions decreases following a power law with an exponent asymptotically approaching −1;
correspondingly, the mid-range region of the eigenvelocity is on average linear, with a slope that tends
asymptotically to zero, reproducing the behavior of many observed rotation curves; finally, through
appropriate rescalings, we find that the excited states share a universal character.

We included in the analysis of excited eigenstates a comparison based on a WKB approach. This
study is preliminary in nature and limited to constructing an analogy with the linear Schrödinger case
– analytically treatable via the WKB method – by assuming known eigenvalues and eigenpotentials
to formulate a prediction for the eigenfunctions. Although partial, the result is very encouraging,
showing how the analogy with the WKB method in the linear case can yield numerically accurate
outcomes. This observation invites further investigation by applying the WKB method, suitably
adapted, to the analysis of the full nonlinear problem. This direction, both promising and challenging,
remains open as a future line of research.

103
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We finally extended the numerical study of excited eigenstates to the case of stationary external
sources contributing to the gravitational potential. By testing various types of sources and systemat-
ically varying the parameters that define their profile, we showed that the eigenstates vary in a rather
regular fashion, again suggesting that an analytical study of the problem might not be out of reach.
This part of the research has been developed in view of fitting experimental data, although further
advancement is possible. As a future direction, one could numerically quantify how the heuristic laws
we derived change as the profile of the external source is varied. As in the source-free case, such
studies could serve as a foundation for further analytical developments concerning the explicit form
of stationary states in the Schrödinger-Poisson system.

Once the heuristic laws characterizing the excited eigenstates were identified, we applied them
to fit the model to experimental rotation curves. Although the study was performed in the most
realistic way possible, using available information from the SPARC database and processing it for
our purposes, we stress that our goal was not to extract reliable physical information, since the
direct use of excited eigenstates as a model for galactic dark matter is largely disfavored due to
their instability. Rather, we aim to demonstrate the usefulness of having explicit heuristic laws when
dealing with a fitting problem for an implicitly defined model. The study is intended to show how
such auxiliary laws allow one to predict the viability of a certain combination of free parameters
without solving the full model. One can thus perform a preliminary exploration of the parameter
space, significantly reducing the portion to investigate and thereby lowering the computational cost.
In this sense, the problem we address is a particular case of a broader class of problems, consisting in
optimizing, as efficiently as possible, a model defined implicitly. In this thesis, we have investigated
one possible approach, but the space for exploration remains vast, making further research in this
open problem entirely viable.

We then proposed a possible relativistic extension of the Schrödinger-Poisson model: the Klein-
Gordon–Wave system. By illustrating its main features, we showed that it operates in two regimes:
a high-energy regime where stationary states can be observed, and a low-energy regime where a
non-relativistic approximation of the problem is possible. We treated the latter by employing per-
turbative techniques typical of Hamiltonian systems. In particular, we wrote the Hamiltonian of the
Klein-Gordon–Wave system in second-order normal form and showed that its first-order truncation
yields the Hamiltonian of the Schrödinger-Wave system, which further reduces to the Schrödinger-
Poisson case in the limit of a vanishing perturbative parameter. This analysis is interesting from two
perspectives. Physically, it provides a clear, quantitative, and interpretable account of the connection
between different physical systems. Analytically, it proposes a first example of a normal form study
in the presence of an unperturbed system whose flow has an unbounded component. We showed how
in this case it is possible to slightly modify the definition of the normal form by referring only to the
bounded component of the unperturbed flow, and to adapt the classical procedures for computing it
in a natural yet non-trivial way. Our study is for now purely formal. Its translation into rigorous
terms, and in particular the control of the remainder terms, represents a challenging but promising
line of research for the future.

The final part of our work aims to offer a small contribution to a highly complex open problem:
the stability of stationary states in the Klein-Gordon–Wave system. Drawing inspiration from analo-
gous studies on the Schrödinger-Poisson case, we analyzed the linearized perturbation problem using
both analytical and numerical approaches, showing that each stationary state, including the ground
state, exhibits directions of instability. The possibilities for future developments on this topic are
vast, given the limited literature on the stability of this specific system. The challenges involved in
addressing such studies for a nonlinear problem are well known, and advances of this kind – both
numerical and analytical – could generate considerable interest.

The variety of approaches adopted in this thesis reflects our strong belief in interdisciplinarity
and in the benefits arising from the merging of different skills and perspectives. In this spirit, we
hope that the work carried out, though not exhaustive, may spark interest and stimulate further
boundary-crossing research in this challenging and fascinating field.
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sentita a casa. Un grazie particolare ad Alessandra, per l’onestà con cui ci siamo conosciute, a
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