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Introduction

In this thesis we study different problems related to the theory of conservation laws.
Part 1 consists of four chapters (Chapters 1, 2, 3 and 4) and deals with problems
of regularity and decay of solutions, as well as differentiability properties of the solution
operator.

In Chapter 1 we introduce a Lagrangian representation for multidimensional scalar
balance laws, in the framework of solutions with finite entropy production. We then use
the representation to prove that, in the one-dimensional case and for a class of genuinely
nonlinear 2 x 2 systems of conservation laws, including the isentropic system of gas dy-
namics with exponent v = 3, the entropy dissipation measures are concentrated on a
1-rectifiable set. Moreover, regularity results are proved for the isentropic system.

In Chapter 2 we consider 2 x 2 systems of conservation laws. We observe that
bounded vanishing viscosity solutions of 2 x 2 systems obtained with the compensated
compactness method satisfy a pair of (nonlocal) kinetic equations, and we use it to obtain
a dispersive estimate in the case of genuinely nonlinear systems.

In Chapter 3 we consider the problem of endowing the semigroup operator associ-
ated to a scalar conservation law with a differential structure. We prove that first order
perturbations satisfy a continuity equation, and we observe that this is not enough to
define a duality with integral functionals. We then introduce a finer framework, which is
the correct one for computing variations of this type of functionals.

In Chapter 4 we introduce a class of intermediate domains P,, 0 < a < 1, lying
between L and BV for which the BV norm of solutions decays like t~®. A key ingredient
of the analysis is a “Fourier-type” decomposition of functions of P, into components which
oscillate more and more rapidly.

The second part, Part 2, focuses on various aspects of scalar conservation laws with
discontinuous flux. We introduce a notion of backward operator, and we completely
classify the attainable states at a positive time 7" > 0. We also prove new regularity and
stability properties of solutions.

We now describe more in detail the content of each chapter.

Part I

Lagrangian Representation and Applications to Regularity

In Part 1, Chapter 1, we start by considering a scalar, multidimensional conservation
law, which is, in an open subset Q C R x R?, the PDE

Opu +div, f(u) = 0 in 2, ,(Q), f:R— R (1)
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When (1) is supplemented with a source term in the right hand side, we speak more
generally of balance law.

In Section 1.1, we start by recalling the notion of finite entropy (or finite energy)
solution: a finite entropy solution to (1) (Definition 1.1.1) is a function u : © — R such
that the distribution u, € Z;, defined by

= On(u) + div, q(u)

is a locally finite measure in €) for every entropy-entropy flux pair n, q, that is, every pair
of smooth functions such that ¢’ = 7'f’. Notice that, without additional requirements,
a finite entropy solution only satisfies a balance law, i.e. we need to consider a measure
source term in (1). A by now-classical result first proved in [80] for entropy solution (with
nonpositive entropy production), and extended in [56] for finite entropy solutions, states,
in a slightly modified form, that every finite entropy solution u > 0 (since solutions to
a scalar conservation law satisfy a maximum principle, up to a translation this is not a
restrictive assumption if we work with L initial data) satisfies a kinetic formulation of
the form

Ox + F (0)0px = Oppr + o, X(t, 2, v) = Lyypult, z,v) (2)
where p1, fio are locally finite measures in . (€2 x R) and hyp u denotes the hypograph of
the function u : 2 — R. Although entropy solutions provide a satisfactory mathematical
theory, solutions with finite entropy production arise as interesting models in different
areas of physics, such as micromagnetism, liquid crystals, thin film-blistering. We refer
to [57] for more details on this topic.

In Section 1.2 we introduce the Lagrangian representation for finite entropy solutions,
that is one of the main tools used throughout the chapter. This kind of representation
can be thought as the development of the method of characteristics for finite entropy
solutions but at the level of the kinetic formulation (2), rather then the original equation
(1). Tt was introduced in [34] in the entropic setting, and in [84] in the setting of finite
entropy solutions without source terms. In both cases the existence of the Lagrangian rep-
resentation is proved via an explicit construction resembling Brenier’s transport-collapse
scheme [39], of which the Lagrangian representation is the measure-theoretic counterpart.
In our setting, a Lagrangian representation for a finite entropy solution u is a measure
w € AT (), where T is a space of curves:
= {([W,y) } vy=0"") 1, = (ti,ti) — RY x RY, ~"is Lipschitz, 4" is in BV(IW)}
that satisfies the following properties: w is concentrated on characteristic curves, i.e.
curves such that 4%(t) = f'(v°(¢)) for a.e. t € L, the function y can be recovered as the
superposition of the curves selected by w: for a.e. t >0

x(t, ) L Pl = (er)sw, ee: ' =R, el(y, 1) =~(t)

plus additional bounds (see (3) of Definition 1.2.2), essentially related to the variation of
the map ¢ — 7*(t) and to the starting/ending points of the intervals I, = (¢},#2). In our
setting, with the presence of a source term in (2), there are no additional key difficulties,
other then observing that, while the variation measure Dv" will be related to the measure
p1 in (2), the starting/ending points ¢!,¢2 must be related to the source term g (for

example, if pg = 0, then t; =0 and t% = +oo for w-a.e. 7 € I'). In fact, a key feature of
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the Lagrangian representation is that it allows to represent the dissipation measure (see
the representation formula (1.2.10)).

In order to obtain a finer control on the representation, we use another approach to
prove its existence. In Section 1.2 the main result is Theorem 1.2.15, in which we rely on
a theorem of Smirnov [96] and on a reparametrization argument to obtain a Lagrangian
representation starting from a solution to (2).

In Section 1.3 we focus on the problem of concentration of entropy dissipation for
finite entropy solutions, in the 1-d case. The starting point of the literature on this
problem is the paper [56], in which it is proved that the set J defined by

v (B.(t, )

J = {(t,x) € Q| limsup y > 0}, v = (pea)sltn]

rl0 r

is d-rectifiable, where p, , is the canonical projection on the ¢,z variables and (p;)s|p1|
denotes the usual push-forward measure defined by

(peo)ilin|(A) = [1|(A x R) ¥V measurable A C R®.

This obviously proves that viJ is concentrated on a d-dimensional rectifiable set, but
a-priori the possible presence of higher dimensional parts of v prevents to prove that the
full measure v is concentrated on J, and this problem remains open. Partial results in one
dimension are obtained in [36], [57], and in general dimension in [95]. A first, complete
answer came in [37] for entropic solutions in 1-dimension, for general Lipschitz fluxes,
in which the authors prove that the above concentration property holds. In the setting
of finite entropy solutions in one dimension, for the Burgers equation f(u) = u?/2, in
[86] the same result is obtained. The same question is relevant for systems of 2 x 2 of
conservation laws, for solutions obtained via the compensated compactness method (in
Section 1.5 we answer to this question for a very special class of systems, including the
isentropic system of gas dynamics with v = 3).

The main result of this section is the extension of the rectifiability result of [86], using
the Lagrangian representation to prove that the same result holds for fluxes that are
weakly genuinely nonlinear:

THEOREM 1. Let d = 1. Assume that [ satisfies L ({v : f"(v) = 0}) = 0 and let

u be a finite entropy solution to (1). Then there are countably many Lipschitz curves
{0i}ien C Lip(R; R) such that v is concentrated on

J = {(t,x) €|z = ai(t)}.
ieN
In Section 1.4 we apply the Lagrangian representation to prove a regularity result
for Burgers equation with a measure source term. In particular, assume that u is a finite
entropy solution to Burgers equation f(u) = u?/2. Assume that the function x satisfies
(2) with a measure ;i that has a definite sign (in particular, if p; > 0, this corresponds to
the situation of an entropic solution with source term). Then Theorem 1.4.2 shows that

u belongs to the Besov space Biflolc(Q)
In Section 1.5 we consider 2 x 2 systems that satisfy the following assumption: the

i-th eigenvalue \; depends only on the i-th Riemann invariant: letting w, z be Riemann
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invariants, with corresponding eigenvalues A;, Ay, we assume
A(w, 2) = M (w) Vw,zeW
Ao(w, z) = Aa(2) Vw,zeW (3)
L ({v | Nj(v)=0})=0  fori=1,2.

This is the class of systems such that for smooth solutions the system completely decouples

into two scalar, independent, equations and such that the eigenvalues are weakly genuinely
nonlinear. An example of this systems is the system of isentropic gas dynamics with v = 3:

Oip + Orpu = 0, A
I (pu) + 0, (pu + p*/12) = 0. (4)
to which various authors dedicated some attention due to its particular structure ([100],

[69] and some results of [79]). Here this systems is inserted in the general class of systems
satisfying (3), and the following Theorem is proved.

THEOREM 2. Assume that the system satisfies assumption (3). Let U be a general
vanishing viscosity solution obtained with the compensated compactness method (so that
only a-priori L™ bounds are assumed). Then there are countably many Lipschitz curves
{oi}ien C Lip(R; R) such that for every entropy n, the measure

ty = 0m(U) + 9:q(U)
18 concentrated on

J = {(t,:c) €|z = ai(t)}.

ieN
Moreover, if v — \;(v) is uniformly increasing, then the i-th Riemann Invariant belongs
1/2,1
to BOOJOC.

The proof of the theorem is based on the observation (see Section 1.5 for more details)
that the Riemann invariants of solutions obtained with the vanishing viscosity method
are finite entropy solutions, with non-zero source terms.

Kinetic Formulation and Decay for 2 x 2 Systems

In Chapter 2 we study 2 x 2 systems in L*°. In this setting, under a prior: L>
bounds on the vanishing viscosity approximations, starting from the work of DiPerna (see
e.g. [59]) using the compensated compactness method, it is possible to prove existence
of solutions in L*>°. However, results about structure and regularity of this solutions
are completely absent from the literature and at the present moment seem difficult to
achieve. Regularity results at the moment exist only in the setting of solutions with small
oscillation (i.e. the initial datum U, satisfies ||Uy — UljL~ < € for some constant U)
starting from the work of Glimm and Lax [68] (see also [35]). In those papers it is proved
the existence of solutions whose total variation decays, in particular at any given time
t > 0 the solution U(t,-) is in BV. Additionally, in the context of solutions with small
oscillations, a recent and notable result [67] demonstrates that solutions constructed with
the front tracking method retain fractional-BV regularity.

In this Chapter, we consider solutions in L*°, without bounds on the initial oscillation.
In this setting, tools such as the front tracking method, very effective in the small L*>
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setting, cannot be exploited (due to the fact that it is likely that the total variation of a
solution can be infinite, see [43]). It seems that different methods and techniques should
be developed to deal with merely bounded solutions.

Motivated by this observation, in Section 2.1, we first observe that the Riemann
invariants associated to a vanishing viscosity solution (obtained via compensated com-
pactness) satisfy a pair of (nonlocal) kinetic equations. A fundamental block is the con-
struction of singular entropies, performed by Perthame and Tzavaras in [91] and [97], that
we briefly recall here. To build singular entropies (say, of the first type) one constructs,
for every £ € [w, W] (here we are assuming for simplicity that in Riemann invariants our
domain is a square W = [w, W] X [z,Z]), smooth entropies O[¢] : W — R that can be cut
along a curve {(w, z) | w = £}: by this we mean that the functions

X[g] (wa Z) = 6[5] (w> z) - 1{w25}(w7 z)
and
i[g] (w7 Z) = 9[5] (w7 Z) ’ 1{w§§}(w7 Z)
will still be (discontinuous) weak entropies (satisfying the entropy equation in the sense

of distributions), for some discontinuous entropy fluxes ¥[¢£], 9[¢]. The main theorem of
the section (Theorem 2.2.4) is stated informally below.

THEOREM 3. Let U be a vanishing viscosity solution to a strictly hyperbolic 2 X 2
system obtained with the compensated compactness method. Then the following kinetic
formulation holds

Ox[ENU) + OA[EJ(U) = Oepa + pr0 - in D, ¢
where puy, po are locally finite measures, and py is positive.

In Section 2.3, we use the kinetic formulation to obtain a dispersive estimate on
vanishing viscosity solutions for genuinely nonlinear systems.

THEOREM 4. Let U :RT x R — U C R? be a bounded vanishing viscosity solution to
a genuinely nonlz’near system. Assume that for some U € U it holds U(0,-) — U € L' .
Then, with w(U) = w, we have the estimate

+o0 ~ -~
// (t,2) ~ @) dedt < O1) - |U = Ol (141U = T ).

Differential Structure for Scalar Conservation Laws

In Chapter 3 we consider the problem of endowing the semigroup associated to a
scalar conservation law with a differential structure. We refer to Section 3.1 for a detailed
explanation of the results of this chapter, here we present only a brief summary. Let
u € L*®°(RT x R), u > 0, be the entropy solution to the Cauchy problem

atu + a:cf(u) = 07 n @1;:3
u(0,-) = up € L=(R).
The flux is any ¢! function f : R — R such that f does not have nontrivial linear interval

in which it is affine. One of the possible motivations for the problems considered in this
chapter is the derivation of necessary conditions for minimizers of integral functionals

(5)
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defined on solutions to scalar conservation laws. Let us illustrate this point with an
example: let ¢ : L>((0,7) x R)) — R be a functional of the form

G (u) = /OT/Rg(t,z,u(t,x)) dz dt (6)

and let us look for necessary conditions for optimality by computing the variation of ¢
in u along a sequence of perturbations u" such that

sup hH|u"(0, ) — u(0, )|l < +oo.
h

We consider two different but related objects: the perturbation

h
h. U —U 2
= %
P h

and its lift in the kinetic variable (cfr. (2))

1
WL )2 ) = Lpaltn ),

Assume that both the limits p,v of p" and v, exist weakly in the sense of measures
as h — 0. We then claim that to compute the variation of ¢ along such a sequence of
perturbations it is necessary not only the limiting measure p, but also the finer information
given by v. Letting p = (p:,)3|v| we disintegrate

V=, QP

Then we compute
X T
;}E&ﬁ(g(“ )—%(u)) = hhj{)l+/0 /R/Ravg(t,:c,v) dvp(t, z,v)

:/OT/R/R@vg(t,x,v) da; . (v)dp(t, z).

We see that to compute the variation the additional information about the disintegration
a; , is needed. In this Chapter we then study two main problems:

(7)

(1) Derive an evolution equation for p, p.
(2) Study the structure of the disintegrations a,,, for general perturbations.

As of problem (1), formally, for smooth solutions, any limit measure p satisfies the
continuity equation

Oip + Ou(f'(u)p) = 0.

We thus expect then when shocks are present, one should replace f’ by the speed of the
shock in the continuity equation. In particular, for every (¢, z) we define the characteristic
speed

)\(t x) B f/(u)7 if u(t, :p—) = u(t, 1‘—}—)7 (8)
’ —f(quii(,ui), if w has a jump u(t,z—) = u~ #u™ = u(t,x+).

Then, stated informally, we have
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THEOREM 5. Any perturbation p solves the Cauchy problem for the continuity equation
Op + 0.(Ap) =0, in Dy . ©)
p(07 ) = po-

Theorem 5 is essentially a consequence of the Kuratowski convergence of the graphs
of u" to the graph of u, and is proved in §3.4: a fundamental tool is the one of admissible
boundary, developed in [37].

Now we can use information that we have about problem (1) to study problem (2).
At the end, the main theorem can be stated informally as follows.

THEOREM 6. For p -a.e. (t,z) continuity point of u, it holds a;, = dy@z). For p
-a.e. (t,x) of jump of u (i.e. u= = (t,x—) # u(t,z+) = ut) the disintegration a;, is an

absolutely continuous measure in the open interval I , = (u™ Aut,u™ Vu't):
At = g- gl m It,LI:'

Most importantly, g is a nonincreasing (BV) function, and the derivative measure Dg is
concentrated on the set & where the flux f touches the chord between u™,u*:

{v € Iwh,u) | f(v) — fut) = Mo —ut) = o}.

We notice that Theorem 6 can be seen as a generalized shift differentiability theorem.

In fact, we will prove in Theorem 3.1.11 that from Theorem 6 it follows that, at the

first order, asymptotically near a shock point (¢, ) of u, the perturbation u" looks like a

“composite shift” (see Definition 3.1.10). In particular, we prove the following Theorem,
which completely classifies the blow-ups:

Ut,z) = lim u"(h(t — %), h(z —T)) (10)

h—0t

Crucially, here we are rescaling with rate h, since ||u”(t) — u(t)||p: ~ h.
THEOREM 7. For p-almost every (t,z) € RT x R it holds
u(h(t =), Wz = 7)) — Usquaoy8eam] 0 Ly, (R?)

where Us(0)})[8(t.2)] @5 the composite shift with parameters p({(t,x)}), 8w (see Defini-
tion 3.1.10).

Differentiability results for the semigroup associated to scalar conservation laws that
are analogous to Theorem 3.1.1 are present in the literature only in the case of a convex
flux ([98], [44], [45]). In this case one can take advantage of the fact that the flow
generated by A is monotone (as in [45]) or Hamilton-Jacobi formulations ([98]) to obtain
that the limiting p is a duality solution (see again [45] and the references therein) with a
monotone vector field A. Instead in [44] a finer differentiability is studied, more similar
to our Theorem 3.1.6: they prove that the semigroup associated to a convex flux is “shift
differentiable”. In essence, this means that locally near shock points, every perturbation,
at the first order, is a translation of the limiting shock in some direction, we refer to [44)]
for more details.

The Chapter is organized as follows.

In Section 3.1 we provide a detailed road map of the results and a sketch of the
proofs.
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In Section 3.3 we recall some objects and results introduced in [37], related to the
concept of admissible boundaries, and to their properties. We then use these results to
study graph-convergence properties of entropy solutions with the topology induced by the
Kuratowski convergence for sets.

In Section 3.4 we prove Theorem 5. The fundamental tool is the graph convergence
result proved in the previous section.

In Section 3.5 we prove Theorem 6. This is the most technical part of the chapter.
We use the results of Section 3.4 to study various properties of the disintegration {a; .},
that at the end will yield Theorem 6.

In Section 3.6 we prove Theorem 7. The results of Section 3.5 are used to identify
the candidate blow-up limits (composite shifts). Here we show how the properties of the
disintegration {a;.} established in Section 3.5 transfer in a natural way to the blow up
limits U (10). A final argument, again using admissible boundaries (Section 3.3), is the
key point to conclude the proof of Theorem 7.

Intermediate Domains for Scalar Conservation Laws
In Chapter 4 we consider a scalar conservation law
ug + fu), =0, (11)

with strictly convex flux. By a classical result [51, 76|, there exists a contractive semi-
group S : L'(R) x R, — L'(R) such that, for every initial datum

u(0,-) =u € L'(R), (12)

the trajectory t — wu(t) = Syu is the unique entropy weak solution of the Cauchy problem.

It is well known that, even for smooth initial data, the solution can develop shocks
in finite time. Taking an abstract point of view, consider the operator Au = a% fu)
which generates the semigroup. Then there exists data @ € Dom(A) in the domain of the
generator, such that S,u ¢ Dom(A) for some 7 > 0. In other words, the domain of the
generator is not positively invariant. To address this issue, the paper [52] introduced a
definition of “generalized domain” D for the operator. This consists of all initial data u for
which the map ¢ — Syu is globally Lipschitz continuous. Notice that for the conservation
law (11) one has

L'NnBV CD.

Using the fact that the semigroup is contractive, it is easy to show that this generalized
domain is positively invariant. Indeed, the quantity

HSt"(‘Eﬂ - StﬂHL1

lim sup
e—0+ 5

is a non-increasing function of t. The aim of this chapter is to study intermediate domains
D, C L'(R), 0<ac<l, (13)
related to the decay properties of the corresponding trajectories of (11). As in [7] we
define
D, = {a € L'(R); sup +°|| Syt — il < +oo}. (14)
1

0<t<
X



We also consider the domains (slightly different from the ones considered in [7])
D, = {E e L'(R) NL=(R); sup '~ - Tot.Var.{S;u} < —I—oo}. (15)
0<t<1

The domains D,, arise naturally in connection with balance laws:

ue+ fu)e = g(t, ). (16)
Indeed, as shown in [7], one has

PROPOSITION 1. Let f € C* with f"(u) > ¢ > 0 for all u € R. Consider a compactly
supported solution u = u(t,z) of (16), and assume that the source term satisfies

Then for every 0 <t < T, one has u(t,-) € Dy/s.

We remark, however, that some of the functions u(t,-) can be unbounded. In partic-
ular, they can have infinite total variation.

In the theory of linear analytic semigroups [71, 81], intermediate domains arise natu-
rally as domains of fractional powers of sectorial operators. The faster decay of solutions
is usually related to higher Sobolev regularity of the initial data. In particular, this theory
applies to semilinear equations of the form

u — Au = F(z,u, Vu), u(0,-) = 1. (18)

Under natural assumptions (see [71] for details), this Cauchy problem is well posed pro-
vided that the initial datum @ lies in the domain of some fractional power (—A)® of the
generator.

Our eventual goal is to develop a similar theory of intermediate domains for nonlinear
semigroups generated by conservation laws. In particular, we conjecture that the Cauchy
problem for a genuinely nonlinear 2 x 2 hyperbolic system with L initial data [35, 68|
is well posed within an intermediate domain such as (14) or (15).

As a first step in this research program, here we focus our attention on the scalar
conservation law (11), seeking conditions on the initial data u € L'(R) that will imply
u€eDyorue ﬁm respectively. Assumptions that imply w € D, can be readily formulated
in terms of fractional Sobolev regularity. On the other hand, conditions that guarantee a
faster decay rate of the total variation are more subtle. Here we consider the assumption

(P,) For every A €]0,1], there exists an open set V(\) C R such that the following
holds.
LYV (V) <O, (19)
Tot. Var{uw;R\ V(\)} <C X, (20)
for some constant C' independent of \.

Roughly speaking, @ can have unbounded variation, but most of its variation should be
concentrated on a set with small Lebesgue measure. Our main result establishes is the
following.

THEOREM 8. We have the following two cases:
(1) If 1/2 < a < 1, then

u satisfies (Py) = u € D, (21)
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(2) If 0 < a < 1/2, the above implication is false.

The proof of (21) relies on a structural result for functions satisfying (P,), which
is of independent interest. Indeed, Theorem 4.4.1 provides a nonlinear “Fourier-type”
decomposition of such functions, in components which oscillate more and more rapidly.

In addition to genuinely nonlinear conservation laws, several other examples of nonlin-
ear semigroups with regularizing properties are known in the literature, see in particular
(28, 32, 53, 93].

Chapter 4 is organized as follows.

In Section 4.1 we describe a general class of metric interpolation spaces, for functions
defined on a set Q C RY. This yields a natural way to formulate conditions such as (P,),
in a general setting.

Section 4.2 contains some examples. The first one (Fig. 1) shows how to construct an
initial datum uw with unbounded variation, such that w € D, for any given 0 < a < 1. We
then consider initial data consisting of a packet of triangular waves (Fig. 3). By suitably
choosing the size and distance of these triangular blocks we show that, if 0 < o < 1/2,
then there exists an initial datum @ that satisfies (P,) and yet @ ¢ Dy for any 3 €]0, 1[.
As stated in Proposition 4.2.2, the implication (21) thus cannot hold for o < 1/2.

Section 4.3 is concerned with the intermediate domain D,,. For 0 < o < 1 we prove
that any one of the conditions: (i) @ lies in the fractional Sobolev space W*!(R), or (ii) u
satisfies (P,), implies u € D,. These results are valid for any flux f € C!, not necessarily
convex.

Section 4.4 establishes further properties of functions which satisfy (P,), proving
a useful decomposition result, stated in Theorem 4.4.1. Finally, in Section 4.5 we prove
our main theorem, showing that for 1/2 < « < 1 the property (P,) implies that u €
15a. To simplify the exposition, the proofs will first be given for Burgers’ equation. In
Remark 4.5.2 we observe that all results remain valid for a conservation law with uniformly
convex flux.

Part 11

Conservation Laws with Discontinuous Flux

In Part II, we consider the initial value problem for the scalar conservation law in one
space dimension

u+ f(r,u), =0, zeR, t>0, (22)
u(z,0) = ug(x), r € R, (23)
where v = u(z,t) is the state variable and the flux f is a space discontinuous function
given by
<0
frw), x> 0.

We assume that f;, f. : R — R are twice continuously differentiable, uniformly convex
maps that satisfy
(), fi(u) >a>0 (25)
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with critical points respectively ;,6,. Conservation laws with discontinuous flux serve
as mathematical models for: oil reservoir simulation [65, 66]; traffic flow dynamics with
roads of varying amplitudes or surface conditions [88]; radar shape-from-shading prob-
lems [90]; blood flow in endovascular treatments [63, 47]; and for many other different
applications (see [9] and references therein).

We recall that problems of this type do not possess classical solutions globally defined
in time (even in the continuous flux case when f; = f,), since, regardless of how smooth
the initial data are, they can develop discontinuities (shocks) in finite time because of
the nonlinearity of the equation. To achieve existence results, one has to look for weak
distributional solution that, for sake of uniqueness, satisfy the classical Kruzkov entropy
inequalities away from the point of flux discontinuity, and a further interface entropy
condition at the flux-discontinuity interface z = 0.

Various type of interface-entropy conditions have been introduced in the literature
according with the different physical phenomena modelled by (22) (see [20, 23]). Here, as
in [9], for modellization and control treatment reasons we employ an admissibility criterion
involving the so-called interface connection (A, B), which yields the Definition 5.1.2 of
AB-entropy solution (cfr.[4, 27]). A connection (A, B) is a pair of states connected
by a stationary weak solution of (22), taking values A for x < 0, and B for z > 0,
which has characteristics diverging from (or parallel to) the flux-discontinuity interface
x = 0 (see Definition 5.1.1). The admissibility criterion for an AB-entropy solution can
be equivalently formulated in terms of an interface entropy condition or of Kruzkov-
type entropy inequalities adapted to the particular connection (A, B) taken into account
(cfr. [4, 25, 27]). Relying on these extended entropy inequalities and using an adapted
version of the Kruzkov doubling of variables argument, one can establish L!-stability
and uniqueness of AB-entropy solutions to the Cauchy problem (22)-(23) (see [27, 64]).
We shall adopt the semigroup notation u(x,t) = St[ABHuo(x) for the unique solution
of (22)-(23).

Here we are concerned as in [2, 9] with a controllability problem for (22) where one
regards the initial data as controls and study the corresponding attainable set at a fixed
time 7" > 0:

AAB(TY = LSy, - g € LY(R)} (26)

In the same spirit of [60, 61, 70, 78] we introduce a backward solution operator (see
Definition 5.1.16)

S L2 (R) — L¥(R), wis S, (27)

and we characterize the attainable targets for (22) at a time horizon 7' > 0 as fixed-points

Z[FAB]—f— 0 SlABI-

of the composition backward-forward operator S T , as stated in our first main

result:

THEOREM 9. Let f be a flur as in (24) satisfying the assumption (25), and let (A, B)
be a connection. Then, for every T > 0, and for any w € L>*(R), the following conditions
are equivalent.

(1) w e AHUB(T),
(2) w= cS’f[pAB]Jr o S}AB]_oJ.
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Moreover, if (A, B) is a non critical connection, i.e. if A # 6;, B # 0,., then the condition
(2) is equivalent to

(1) we Al[)fB}(T), where
ARP(T) = {SEP Mg+ up € BVine(R)}, (28)

and it holds true
AAPIT) = ARPAT). (29)

Clearly the main content of Theorem 9 are the implication (1) = (2) and (1)’
— (2), since the reverse implications are straightforward once we define the back-

ward operator ST[ABF and verify that, in the case of a non critical connection, one has
ST[AB]qu € BV,(R) for all up € L*(R). This last property is an immediate consequence
of Proposition 5.5.1, since the backward operator ST[AB]f is defined in terms of the forward

operator Et[BAH (see Definition 5.1.16).
The proof of (1) = (2) and (1) = (2) are obtained in two steps:

(I) First, we show that any attainable profile w € AMBI(T) belongs to a class of
functions &/ C BVjo.(R\ {0}) which satisfy suitable Oleinik-type inequalities and
pointwise constraints related to the (A, B)-connection in intervals containing the
origin (see Theorem 5.3.3, 5.3.11, 5.3.14).

(IT) Next, we prove that any element of o is a fixed point of the composition

backward-forward operator SC[FAB]”L o ST[AB}_

construct an initial datum uy € L*(R) such that w
show that indeed uy = SF}AB}_w.

These two steps are firstly carried out in the case of a non critical connection (A, B) and
of attainable profiles w € AMB(T) N BVj,.(R). The proofs are obtained exploiting as
in [9] the theory of generalized characteristics by Dafermos [55], applied to the setting
of discontinuous flux, and relying on the duality property of the backward and forward
solution operators. Next, we address the case of a critical connection and of attainable
profiles w € AMBI(T) relying on the L'-stability of the map (A, B,ug) St[ABHuo (see
Theorem 5.1.8).

. Namely, for any given w € &/ we

= S;ABHUO, and then we

Some remarks are here in order.

e The results of Theorem 9 extend to the present setting of space discontinuous fluxes the
similar characterization of attainable profiles in terms of the backward solution operator
obtained in [50, Theorem 3.1, Corollary 3.2] and [70, Corollary 1] for conservation laws
with strictly convex flux independent on the space variable.

e The characterization of A“PI(T) obtained here unveils the presence of a class of at-
tainable states for mon critical connections that were not detected in [2, 9], see Re-
mark 5.3.18.

e The characterization of attainable profiles for (22), (24) in terms of unilateral con-
straints and Oleinik-type estimates provides a powerful tool to investigate regularity
properties of the solutions to (22), (24). In particular, we build on such a characteriza-
tion to derive uniform BV bounds on AB-entropy solutions with initial datum in L
(in the case of non critical connections), and on the flux of AB-entropy solutions (for
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general connections). This is a fairly non-trivial result since it is well known [1] that

the total variation of AB-entropy solutions may well blow up in a neighborhood of the

flux-discontinuity interface x = 0. Thanks to these uniform BV bounds, we can then
establish the L, _-Lipschitz continuity in time of AB-entropy solutions.

e The proof that Theorem 9 holds for critical connections once we know that Theorem 9
is verified by non critical connections relies on a perturbation argument for attainable
profiles. This construction yields an approximate controllability result since it provides a
general explicit procedure to approximate an attainable profile for a critical connection

by attainable profiles for non critical connections.

Note furthermore that, by the backward-non uniqueness of (22) (due to the possible
presence of shocks in its solutions), there may exist in general multiple initial data ug that
are steered by (22) to w € AMB(T). In fact, an important control problem related to
the one considered here is the inverse design, which has the goal to reconstruct the set of
initial data ug evolving to a given attainable target w (see [50, 70, 78| for conservation
laws with convex flux independent on the space variable, and [61] for Hamilton-Jacobi
equations with convex Hamiltonian). On the other hand, when a target state w is not

attainable at time 7" > 0, the image of w through the backward-forward operator S %ABH o

ST[AB]_ represents a natural candidate to construct a reachable function which is “as close
as possible” (in an appropriate sense) to the observed state w (see [60] in the case of
Hamilton-Jacobi and Burgers equations).

The results of the present chapter provide a key building block to address both of these
problems, namely the characterization of the aforementioned set of initial data leading to
a given attainable target w for (22), and the analysis of the properties of the backward-

forward operator S :[FAB s oST[ABlf related to optimization problems for unattainable target
profiles, which are pursued in the forthcoming paper [19].

In the case of non-convex flux, an explicit characterizations of the attainable set in
terms of Oleinik-type estimates seems difficult to obtain and only partial results are
present in the literature, see for example [21]. For systems of conservation laws, the
problem has been considered in [22] (triangular systems) and in [48] (chromatography
system). For a characterization of the attainable set in terms of fixed points of a backward-
forward operator, a key point would be to provide a proper definition of backward operator
in these more general contexts, which is lacking at the moment, making also the analysis
of the inverse design problem nontrivial.

The Chapter is organized as follows. In Section 5.1 we recall the definitions of inter-
face connection (A, B), of AB-entropy solution and of AB-backward solution operator.
We also collect the stability properties of the L-contractive semigroup of AB-entropy
solutions. In Section 5.2 we establish the duality property of the backward and forward
solution operators, which constitutes a fundamental ingredient of the proof of Theorem 9.
Section 5.3 collects the precise statements of the results on the characterization of the at-
tainable set A4P!(T) via Oleinik-type inequalities and state constraints. We also include
the statement of Theorem 5.3.17 which contains the equivalence of conditions (1), (2)
of Theorem 9 with the characterization of AMP/(T) in terms of Oleinik-type inequalities
and unilateral constraints. In Section 5.4 we carry out the rather technical and involved
proof of Theorem 5.3.17. At the beginning of the section, for reader’s convenience, we

XV



provide a roadmap of the proof of Theorem 5.3.17, where we also highlight the key in-
novative parts of the argument. In Section 5.6 we establish the Ll-stability properties
of the semigroup of AB-entropy solutions with respect to time and with respect to the
connections. We also derive uniform BV bounds on AB-entropy solutions in the case of
non critical connections, and on the flux of AB-entropy solutions for general connections.
In Section 5.7 we provide, for sake of completeness, a simple proof of the non existence
of rarefactions emanating from the interface x = 0, which is a distinctive feature of AB-
entropy solutions. Finally, in Section 5.8 we derive some lower /upper L-semicontinuity
property for solutions to conservation laws, used to recover the proof of Theorem 5.3.17
in the case of critical connections once we know the validity of Theorem 5.3.17 for non
critical connections.

We conclude the introduction with some references:
e Chapter 1, 3 are contained in [13], [14],
e The kinetic formulation of Chapter 2 is part of [15],
e Chapter 4 is contained in [8],
e Chapter 5 is contained in [11] (see also the related [12]).

xXvi



Part 1

Regularity, Decay, Differentiability
for Solutions to Conservation Laws






CHAPTER 1

Lagrangian Representation and Applications to Regularity

1.1. Kinetic Formulation of Finite Entropy Solutions

Let a smooth flur function f : R — R? be given. Given an open set Q C R, our
aim is to study balance laws of the form

O +div, f(u) = v in Z/,(Q). (1.1.1)
In such case we say that u is a distributional (weak) solution to the balance law with
flux f, and measure source term v. Most of the times we will take Q = [0, 7] x R for

some T" > 0. Among weak solutions of (1.1.1), a particularly relevant class is the one of
finite entropy (or finite energy) solutions. We remark that, since we will always consider
solutions in L it is not restrictive, up to a translation and a dilation, to assume that
any solution takes values in the interval [0, 1].

DEFINITION 1.1.1. We say that u € L>°(£; [0, 1]) is a finite entropy solution with flux
f if for every entropy-entropy flux pair (1, q), with n € €*(R), there exists a locally finite
measure p, € #(2) such that

Om(u) +divy q(u) = p,  in Z,(Q). (1.1.2)

Since in particular the pair (19, g,) defined by 7y(u) = u, go(u) = f(u) is an entropy-
entropy flux pair, if « is a finite entropy solution we find that w solves (1.1.1) with v = p,,.

REMARK 1.1.2. The more classical concept of entropy solution to the conservation
law

Owu + div, f(u) =0
can be obtained by requiring, in addition, that p,, = 0 and that for every conver entropy
n, the corresponding entropy measure y, is nonpositive.

In [80], Lions, Perthame and Tadmor characterize entropy solutions via a kinetic
formulation. In particular, they prove that u is an entropy solution to a conservation law
if and only if, with
1 if 0 <o <u(t,x),

0 otherwise

X[u](t, z,v) = x(t, z,v) = {

then there exists a positive measure p € () such that
Ox+ f'(v)-Vex =0 in Z'(QxR). (1.1.3)

In [56], it is shown how to adapt the kinetic formulation to finite entropy solutions as in
Definition 1.1.1. In particular, the defect measure p does not have a definite sign, and the
presence of a source term is encoded in the fact that p need not have compact support in

3



1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

(L 2

Here we use a slightly different formulation, that immediately follows from the one
of [56]. We write its proof for completeness.

PropPOSITION 1.1.3 ([56]). A function u € L>*(Q;[0,1]) is a finite entropy solution
in the sense of Definition 1.1.1 if and only if, with there exist locally finite measures
o, 1 € A (Q x R) with supp p; C Q % [0,1], such that

X + F'(v) - Vax = 0ppn + o0 in Z'(2 X R). (1.1.4)

REMARK 1.1.4. Clearly the measures g, i1 such that (1.1.4) holds are not unique.
It is possible to choose the measures jiy, 4o such that their support is contained in the
boundary of the hypograph of u:

supp p; C dhypu 1=0,1.

However, later on we will need to make an ever finer choice on the measures g, 41, that
in particular implies the above condition.

PROOF. We first show that if u satisfies (1.1.4), then u is a finite entropy solution. Let
(n, @) be any entropy-entropy flux pair. Let U € 2 and for every test function ¢ € Z(Q),
with supp ¢ C U, we can compute, omitting the variables (t, z),

/Q oen(u) + Ve - q(u) dedt = / / gzﬁm )+ Veon'(v) f/(v)> dvdx dt

:/Q/Rgbn’ duo(t,x,v)—/g/Rgbn” dps (1 2, v) da .

In particular, letting Cyy = ||pto||.z(vy + ||f41]].2v) and defining the distribution
T, = 9m(u) + V.q(u)
we obtain the bound
(T, &) < Culdlleo [0 ller Vo€ 2(Q)  withsuppg C U. (1.1.5)

By Riesz theorem, T), can be identified with a locally finite measure.
Conversely, assume that u is a finite entropy solution as in Definition 1.1.1. Define a
distribution 7" € 2'(Q2 x R) by

(T, 60) = / o) + Vap-q(u)dzdt Ve D), o€ IR

where we define the entropy-entropy flux pair associated to p

9= [ [ o [ 1o

We again consider any U € 2 and for any ¢ € Z(U) we define a linear functional

0) = / Pino(u) + Vg - q,(u) dzdt.
U

Each functional Ly is bounded, and therefore also continuous, since it holds

[Lo(0)] < Cugllollee Vo€ C(R)
4



1.2. LAGRANGIAN REPRESENTATION

for some constant Cp 4 depending only the set U and the C! norm of the function ¢. Since
u is a finite entropy solution, we deduce that the family of functionals Ly is pointwisely
bounded, because

mmuaws/ﬂwA
U

¢€2(U)
lo|<1

Therefore, by the uniform boundedness principle, the family L, is uniformly (norm)
bounded, that is

sup  |Lo(o)| = swp  |{T,00) < Civ (1.1.6)
¢€2(U) pe2(U)
|#1<1, o<1 |#1<1, o<1
We also notice that by definition of Ly, it holds
Ly(0)=0  Vpe C(R) withsupppe C R\ [0,1]. (1.1.7)

Combining (1.1.6), (1.1.7) with the Riesz representation theorem, we then obtain the
existence of a locally finite measure pu; € (€2 x R), with supp p; C € x [0, 1], such that

Tooo) = [ [ etoewdmttos)  Voea(Q), oe9®).
QJR
Finally, we calculate, for any ¢ € 2(2) and ' € Z(R),
<8tx + f(0)Vax, ¢n/> = <8t>< + f'(v)Vax, ¢(n' — 77’(0))>
+ (00 + £1(0)Vax, on(0))

= _/ / o(t, x)n" (v) dpy + 1'(0) / P(t, ) dpy, .
o Jr Q
The result follows by setting iy = py, X do. O

1.2. Lagrangian Representation

In this section we introduce the concept of Lagrangian representation of finite entropy
solution to the balance law (1.1.1), which is the main tool that we will use throughout
the rest of this chapter. This kind of representation was introduced for the first time in
[34] for entropy solutions to scalar conservation laws:

By + div, f(u) = 0. (1.2.1)

The approach is inspired by the so-called transport-collapse scheme, introduced by Y.
Brenier in [39]. Brenier’s idea is to approximate any solution of (1.2.1) via an operator-
splitting method. First, one fixes a small parameter At. Then define a free transport
operator, called Tras, defined on sets that are hypograph of functions u : R4 — [0, 1], by

Tra¢[hypu] = {(x,v) | v <u(z— Atf’(v))} c R x [0, 1].

The key point is that now the transported set as defined above need not to be an hypo-
graph of a function: to restore this property, one defines a collapse operator, defined on
sets £ C RY x [0, 1], by

ClE] = {(x,v) ‘ reRY we [O,%ﬂl(Ex)]}

5



1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

where £, = {v € [0,1] | (z,v) € E} is the a-section of E. Note that now, C[E] is an
hypograph of a function. Starting with an initial datum uy € L*®°(R?), one then defines
approximate solutions ua; to (1.2.1), that at some time ¢ > 0 are defined by

t
uai(t) = hyp~! o CoTrppo...0 CoTray [hypuo]’ k= LEJ )

Vv
k times

As shown in [39], the approximate solutions ua; converge to the unique entropy solution
of (1.2.1) with initial datum w.

THEOREM 1.2.1 ([39]). For every ug € L®(R% [0,1]), one has the convergence
ua¢(t) — Spug in L, (RY)  as At — 0T,

The Lagrangian representation of [34] is a far reaching, measure-theoretic version, of
the transport-collapse scheme of Brenier, that allows one to track the movement of each
particle of the hypograph of an entropy solution u. In fact, it can be thought as the
method of characteristics but applied at the level of the kinetic equation (1.1.3). In [34],
the authors use the Lagrangian representation to prove that continuous solutions to the
conservation law (1.2.1) do not dissipate any entropy.

In [84] the Lagrangian representation is introduced also for solutions with finite en-
tropy production to the conservation law (1.2.1) (i.e., no source terms are present, but
the measures p, can change sign) and later on, in [86], it is used to prove that, in the one
dimensional case and for Burgers equation f(u) = u*/2, the entropy dissipation measures
are concentrated on a 1-rectifiable set. In this case the existence of a Lagrangian repre-
sentation was proved via an explicit approximation procedure, similar to the transport-
collapse scheme. In our setting, to handle the source terms, we adopt a different approach
based on Smirnov’s Theorem on the representation of 1-currents. This method provides
finer control over the behavior of the Lagrangian curves, which will be essential in the
subsequent analysis.

1.2.1. Definition of the Lagrangian Representation. In this subsection we de-
fine what is a Lagrangian representation for a finite entropy solution to the balance law
(1.1.1). In the following, we denote by I' the space of curves

r= {([7,7) ‘ v=""1"): I, > R, x R}, ~"is continuous and ~" is in BV(I,Y)}
where I, = (t],#2) is the domain of definition of a curve 7.

DEFINITION 1.2.2. A Lagrangian representation of a finite entropy solution u to (1.1.1)
is a positive finite measure w € .Z*(I") such that:

(1) it holds

XL = / (i, 7): 2L de() (12.2)
r
(2) w is concentrated on the set of curves v = (7y*,7") € I such that
¥ = f'(v"(¢)), for L'-ae. t €L, (1.2.3)

6



1.2. LAGRANGIAN REPRESENTATION

(3) the following integral bound holds: for every compact K C R? and T > 0, one
has

/FTot.Var.(yv, [ti,T)) . 1{793(16}{)6[(}(’7) dw(y) < Ckr
) ) (1.2.4)
Sw({ver |ty (#) € (0.7) x K}) < Cxr

=1

The link between the notion of kinetic solution and Lagrangian representation is given
by the following proposition.

THEOREM 1.2.3. A function v € L>*(Q, [0,1]) is a finite entropy solution of (1.1.1)
if and only if admits a Lagrangian representation.

We prove that if v admits a Lagrangian representation, then w is a finite entropy
solution. The opposite implication is deeper: the proof, which relies on the structure of
1-dimensional normal currents in R”, is carried out in the next subsection (see Theorem
1.2.15).

PROOF. Assume that u admits a Lagrangian representation w. We have to show the
existence of a pair of locally finite measures pg, u; € 4 (€2 x R) of Radon measures such
that (1.1.4) holds. To do so, we consider the distribution

S=0x+ f'(v) - Vaux
and calculate, for every test functions ¥ € Z(R) and ¢ € 2(12),

—(S,1'¢) // x(t,2,0)[pe(t, x) + f'(v) - Voo(t, z)] dvda di

e e F(0) + F () - Vadlt, 7 (1)) dt du()
- Ly (1.2.5)
= // T )67 (0) +57(0) - Voo (t,77 ()] dt dw ()

= [ [ woran et o)atdet),

Now we compute more explicitly the integrand in the last line: in particular, since n'¢
has compact support, by (3) we deduce that for almost every v the function ¢ — g, (t) =
n' (7" (t)e(t,v*(t)) is in BV (1,). Let J, be the jump set of 7", defined by

Ty ={te L[ 7°(t+) #7°(t-) }.
By Volpert’s chain rule we obtain that Dg, € .#(I,) is given by

ot (1) - L+ ()17 (1) - Dy (1)

+ () =0 (37 (t=))) - oA (2)) - 6

te,

Dg =1 (7"(t))
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where 137” denotes the diffuse part of the derivative of 4. Therefore, using the chain rule
in (1.2.5), we obtain

[ erengot @i = [ b,
- / (" ()(t, +* (1)) ADr (1) (1.2.6)
— ) () =10 (v (t=))) - o(t, 4" (2)).

For every v € T', define the measure pu] € .Z (2 x R) as

1] = —(I,7)yDy"

— N (t,z,v) | (=) S v <A(t+), ted} (1.2.7)
+ Nt 2, 0) | Y (t+) <v<A(t-), te )
and the measure puj € #(Q x (0,1)) as
Ho = Ot yen)) — Oz ye2))- (1.2.8)
Then inserting (1.2.6) in the last line of (1.2.5), we obtain
~(8f9) = [ (= ieydwt)+ [ we)dwtn.  (1:29)
r r
This shows that setting
= [idwt), o= [ adet) (1.2.10)
r r
it holds
S = Opp1 + fio, in 2'(Q2 x (0,1)) (1.2.11)

which proves the claim. Finally, notice that uq, o are locally finite measures, by as-
sumption (3) in Definition 1.2.2. Therefore u is a finite entropy solution by Proposition
1.1.3. OJ

Motivated by the above discussion, we give the following definition.

DEFINITION 1.2.4. We say that a Lagrangian representation w induces a pair (p, 1)
if (1.2.10) holds, with u, g defined in(1.2.7), (1.2.8), and moreover

| = / ildw(y), ol = / 3] dw() (1.2.12)

Condition (1.2.12) says that there are no cancellations (e.g. no curves are created in
the same point where others are destroyed).

REMARK 1.2.5. Not every couple (p1, f10) is induced by a Lagrangian representation.
For example, every couple which (p1, po) corresponds to x = 0, i.e. g + Oypq = 0, is not
induced by any Lagrangian representation.



1.2. LAGRANGIAN REPRESENTATION

1.2.2. Existence of Lagrangian Representations. In this subsection we use a
Theorem of Smirnov [96] about the decomposition of 1-currents into currents of the form
[7] to derive “generalized” Lagrangian representation for all couples i, pg. As a by
product, we obtain a proof of the remaining implication of Proposition 1.2.3.

1.2.2.1. Preliminaries About the Theory of Currents. For an introduction to the sub-
ject we refer for example to [75]. The space Z5(R?) of k-dimensional currents is the dual
of the space Z,(R?) of all smooth k-differential forms with compact support in R%.

Given a k-current T € Z5(RY), its mass M(T) is defined as

M(T) = sup{(T ,w) |w € 2*(RY), |w| <1}

REMARK 1.2.6 (1-currents with finite mass). The space of 1-currents with finite mass
can be identified with Radon vector measures T € .Z(R?%)?, and we will often identify a

1-current with finite mass with the associated vector measure. The duality of a 1-current
with finite mass T = (Ty,..., T4) with a vector field ® = (®!,..., &%) € C*(R?, RY) is

(T, q>>=2/ ' dT;
i—1 /R4

Analogously, the space of O-currents with finite mass can be identified with the space of
Radon measures on R

ExXAMPLE 1.2.7 (Rectifiable k-currents). Let a k-rectifiable set M C R? oriented by
a unit k-vector 7, and a measurable multiplicity function € be given. Then we denote by

[M, 7, 0] the k-current defined by

([M, T, 0], w) :/ 0(z)(1(z), w(z))dH*(x), Ywe ZFRY

M
The boundary of a k-current T is a k — 1-current 9T € Z;_1(R?) defined as

(0T, w)y =(T, dw), Vwe "R
where d : 2 1(R?) — 2*(RY) is the De Rham’s-Cartan differential.

DEFINITION 1.2.8 (Normal Currents). We say that a k-current T € Z;(R?) is normal
if both T and JT are of finite mass.

DEFINITION 1.2.9 (A-cyclic currents). Let T € Z,(R?) be a k-current. We say that
(1) A current C € Z,(R?) is a subcurrent of T, and we write C < T, if M(T) =
M(T — C) + M(C).
(2) A current C < T is a cycle of T if 9C = 0.
(3) T is a~cyclic if its only cycle is C = 0.

REMARK 1.2.10. In general, given T, C € Z;(R%), it is clear by the definition of mass
of a current that it holds M(T) < M(T — C) + M(C). Therefore C is a subcurrent of T if
and only if M(T) > M(T — C) + M(C). In particular, if T is of finite mass, C must be of
finite mass.

EXAMPLE 1.2.11 (Structure of 1-subcurrents). Let T € 2;(R%) be a l-current with
finite mass, and let ||T|| € .ZT(R?) be its total variation measure. By the polar decom-
position of vector valued measures (see [6]) there exists a unit measurable vector field

9



1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

S : R? - R% defined ||T|l-a.c., such that T = S - ||T||. It is easy to sce that every
subcurrent C € Z;(R?) of T has the form

C=S5-[Cl, €I <|IT|l as measures

EXAMPLE 1.2.12 (1-currents associated with Lipschitz curves). The most important
example for the following of this section is the case of 1-rectifiable currents

[7] = [0, 1)], 7- 3171, #° (v (2))] € Zu(RY)

associated with a Lipschitz curve v : (0,1) — R® Notice that |§(x)| > 0 for v[(0, 1)]_#"-
a.e. x, so that the tangent unit vectors 4-|§|! are well defined, while 5#°(y~!(z)) counts
how many times the curve v passes through the point x. The action of [y] on 1-forms
(which can be identified with vector fields ® € C°(R? R?)) can be explicitly written as
(see the Area Formula in [6])

— 0(.—1 7)) - l . 1
01 @)= | A0 w) (@) Ak

1
— [(@ae), srar Ve ecr@!rY
0
In particular [y] has finite mass since
1
(b1 #) < [ Bldr = A'0(0.1), Yo ecHRIRY, [o<1
0

The boundary of the 1-current [y] € 2;(R?), satisfies

OBl ¢) = [ ol =o0) ~ 960, VueCT(RY

so that I[v] = d5(1) — d5(0) € A (R?). Therefore [7] is a normal 1-current. Moreover, a
l-current [v] € 21(R?) is a cycle if and only if v(1) = ~(0), otherwise it is an a-cyclic
1-current.

1.2.2.2. Smarnov’s Theorem for Normal Currents. The following Theorem of Smirnov
yields a decomposition of 1-normal currents into superposition of currents associated to
Lipschitz curves.

THEOREM 1.2.13 (Smirnov, [96]). Let T € 2,(R?) be a normal, a-cyclic 1-current in
R®. Then there exists a positive measure ) € .4+ (Lip((0,1); RY)) such that

= [ (bledn),  Ywe @) (12,13
Lip((0,1);R?)
Furthermore, the mass of T decomposes as

M(T) = / M([]) dn(7) (1.2.14)
Lip((0,1);R9)

and the boundary measure T decomposes as

(OT)" = (e)sm,  (OT)" = (co)em (1.2.15)
10



1.2. LAGRANGIAN REPRESENTATION

REMARK 1.2.14. Let T = S - ||T|| be the polar decomposition of the vector measure
T. From the formula of decomposition of the mass it follows that the curves on which n
is concentrated are such that S(v(7)) is parallel to 4(7) for £* a.e. 7. In fact, since T
is of finite mass, we can use S as a test vector field in equation (1.2.13) (see for example

[75]). This yields

-,

1
MT =T $= [ (S = [ [, Satr)drdae)
Lip((0,1);R4) Lip((0,1);R%) J0
(1.2.16)
But on the other hand, by equation (1.2.14), it also holds

v(m = | o MED dm() = / o | pelaranty

Since S is a unitary vector, it holds
(3(7), S(() < ()], for L ae. 7€ (0,1)

Therefore combining (1.2.16), (1.2.17) one obtains that 4(7) must be parallel to S for £!
a.e. 7 € (0,1), for g a.e. yeT.

We fix some notation that we will need for the following proposition. We let I" be as
above, and as usual elements of I' will be denoted by v = (7*,v"). Instead, we let

' = Lip((0,1), R x R? x R).
Elements of I are denoted by
O(r) = (8'(1),0%(1),0%(1)) € A xR, 7€ (0,1).

THEOREM 1.2.15. Let u be a finite entropy solution and let (po, 1) € A (2 x R)?
be as in Proposition 1.1.3. Then there exists a Lagrangian representation w € #*(T)
of u. Moreover, letting (fig, fi1) be the pair induced by w as in Definition 1.2.4, it holds

|Fio| < |pol and
i < pf, < py, as measures. (1.2.18)

PrOOF. 1. Define the 1-current T € 2;(2 x R) as
T
T= (x L X f o2, _,U1> € (0 xR). (1.2.19)

In this step we prove that T is a normal, a-cyclic current. When testing T against a
smooth vector field, we obtain

(T, CI>>:/Q Rx~[<bt+<b’”~f/(v)]dtd:cdv—/ﬂ D dyiy

xR
<1170 [ xdtdsdo+ il (1.2.20)
QxR
VO eCr(QxRR"), |9 <1

11



1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

The boundary of T is, by equation (1.1.4), the measure pg, plus the boundary terms at
t=0and t="1T. In fact it holds

<8T,¢>=/Q Rx-[8t¢+V¢x-f’(v)]dtd$dv—/Q B

—— [ sl [ ()-0T) = x(0) - 6(0) e 1221)

=— (¢, o) + <5T ® x(t) - L — 6 ® x(0) - L4, ¢>,
Ve C®(Q x R).

Therefore T is a normal 1-current. .

Finally, we prove that T is a-cyclic. Let T = S - ||T|| be the polar decomposition of
the current (vector measure) T. Moreover, we choose A C Q0 x R measurable such that
= p§ + pf = pcA 4 ppc A is the decomposition of py with respect to the Lebesgue
measure into absolutely continuous and singular part respectively. In particular, we can
choose A such that £42(A°) = 0. We let p : Q x R — R be the density of u¢, i.e.

pd = pL2. Then the unit vector S is given by

(VI+IF@F + ) (£ @), plt,2,0)7, 0 A

— — — —

(5%, 87, 8%) =
(0,0,0)7, in A¢

where uf = o ||pf||, o € {—1,1} uj-a.e., is the polar decomposition of y3.

As a preliminary step we prove that for every subcurrent C < T such that C = C; + Cy
with 0 # C; < TLA and Cy; < TLA®, then 0C # 0. Let R > 0 be such that suppT C
[0,7T] x Bg(0) C Q x R. Choose a test function ¢ € C(Q2 x R) such that

o(t,z,v) =t, if (t,z,v) € [0,T]xBg(0), o(t,z,v) =0, if (t,z,v) € [0,T]xBar(0)*
Then it holds
€. vo)= [ Sdjcl>o
QxR

because St(z) > 0 for||Cy|| a.e. z € QxR. To conclude that T is a-cyclic, we need to prove
that for every 0 # C < TL A, it holds OC # 0. In this case, one has C = (0,0, —fiy), with
f1 < py (as O-currents), and 0C = 0 corresponds to 0,11 = 0 in the sense of distributions.
But since fi; is compactly supported in v, this implies i1 = 0, and therefore C = 0, as
wanted.

2. Thanks to Step 1, we can apply Smirnov Theorem 1.2.13, which gives a measure
n € A" (T') such that (1.2.13) holds. Expanding the relation, this means that for every
vector field @ = (®f, % P”) € C(Q2 x R), we have

/ Y[ (F(0) - )] Lt / " dyi
e o (1.2.22)

_ /f/ol O(r) - B(O(r)) dr dn(O).

12



1.2. LAGRANGIAN REPRESENTATION

By Remark 1.2.14 the measure n € .4 +(f) given by Smirnov Theorem is concentrated on

curves © € I' such that ©(7) is parallel to S(6(7)) for a.e. 7 € (0,1). In particular, this
means either © travels vertically along v, or the velocity of the first component positive.

3. Given the measure n € .# +(f) in Step 2., in order to get a Lagrangian represen-
tation in the sense of Definition 1.2.2, we want to eliminate a specific set of “bad” curves.
In particular, define A C I' as the set of curves such that ©;((0,1)) is a singleton. These
are the curves whose support is contained on a single fiber {(¢,z)} x R, C © x R. The
new measure will be defined by

n=mn(T\A).
Notice that in any case, by the shape of the vector field S , all the curves satisfy @t(T) >0

for a.e. 7 € (0,1). For curves in f\A such that the first component ©* is non-decreasing,
it is well defined a reparametrization map R : T'\ A — T" defined as

R(O)(t) = O(7(t)), 7(t) = inf{r € (0,1) : t < O'(7)}. (1.2.23)

Here 7(t) is just the pseudo-inverse of the increasing Lipschitz function ©*(7). The domain
of the curve R(O) will be int[©!((0,1))] (the interior). Therefore we are now allowed to
consider the pushforward measure

w iRﬁﬁ € //+(F)

which is a good candidate to be a Lagrangian representation in the sense of Definition
1.2.2.

4. Finally, we prove that w is a Lagrangian representation. We verify that w is a
Lagrangian representation. The second condition in Definition 1.2.2 is trivial. For the
first condition, we need to verify that

[ w2 er] aRsita) = x- 2, (1.2.24)
r
Therefore consider any test function ¢ € C°(£2 x R) and calculate
/ o(t, z,v) d[(I,7)s L L] (¢, x,v) ARy (v // o(t,~(t)) dt dRym(7)
QxR

/ A P(O(7(t))) dt dn(©)

//¢ Y (r) dr dig(©)
//¢ () dr dn(©),

(1.2.25)
where the last equality holds because

// 7y drdo = // 7)dr dij = 0



1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

since (©')'(1) = 0 for every 7 € (0,1) if © € A, therefore we are allowed to substitute 7
with . Moreover, for n-a.e. © € I'; by the last observation in Step 2., it holds
(OY(1) - 14:(6(7)) = 0, for #t-a.e. 7€ (0,1)

Therefore we obtain

// 6(0(1))(0Y) (7) dr dn(© // H(O(1))(O1(7) - 14(6()) dr dn(O). (1.2.26)
Define the vector field
d(t,r,v) = (4(t,r,v),0,0) - 14(t, z,v) € CZ([0,T] x RT™).

Using ® as a test function in the representation of Step 2, we obtain

/r/ol ¢(0(1))(0") (1) - 14(O(7)) dT dn(©) = (T, ®) = (x - L2, ¢) (1.2.27)
as wanted. O

1.2.3. Epigraph and Simultaneous Lagrangian Representations. We conclude
this section with the proof of some useful properties of Lagrangian representations.

1.2.3.1. Lagrangian representation for the epigraph. Given a finite entropy solution of
the balance law (1.1.1), we constructed a Lagrangian representation for the function ¥,
which is the characteristic function of the hypograph of u. In an entirely similar way, we
can give the definition of Lagrangian representation for the epigraph of u.

DEFINITION 1.2.16. We say that w, is a Lagrangian representation for the epigraph
of w if conditions (2), (3) of Definition 1.2.2 hold, and condition (1) is replaced by:

Xe - L2 = / (id, 7);ZL" L, dw.(7) (1.2.28)
r
where
1, ifu(tr) <ov <,
L= 1.2.29
X {0, if 0 <wu(t,z) <v < ( )

The existence of such a representation follows from Proposition 1.2.15: in fact, define
u(t,z) =1—u(t,z), glv)=—-f(1-v)
Then, if X(¢,z,v) = lnypa(t, z,v), @ is a solution of the kinetic equation
X +g'(v) - VoX = 0y [ayn] — aypo,  in 7,

where a1 Q x (0,1) — Q x (0,1) is defined as «a(t,z,v) = «a(t,z,1 — v). Proposition
1.2.15 then yields a Lagrangian representation of u, which we call w. Now, letting the
map T : ' — I be defined as

T()(@) =aly(@), tel,
it is easy to see that the measure
w, = Tiw
is a Lagrangian representation of the epigraph of .
14



1.2. LAGRANGIAN REPRESENTATION

1.2.3.2. Simultaneous Lagrangian Representations. Let u a kinetic solution be given.
To keep the notation as clear as possible, when we need to consider simultaneously La-
grangian representations of the hypograph and of the epigraph, we will call them w;, and
w,, respectively. Moreover, we will let

Xh = 1hyp U Xe = 1epiu
It is clear that, if y, satisfies (1.1.4) for some pg, 11, then x. = 1 — yy, satisfies (1.1.4)
with (—po, —p1). Motivated by this observation, we give the following definition.

DEFINITION 1.2.17. We say that a pair (po, 1) is simultaneously induced by La-
grangian representations wy, w, of the hypograph and of the epigraph respectively if
(o, pr1) is induced by wy, and (—pg, —p1) is induced by we..

It is useful to introduce the following relation < between pairs (uo, pt1) that belong to
the set
P, = { (o, 1) € A4 (2 x R) | (1.1.4) holds}.

DEFINITION 1.2.18. Given (o, pt1) and (fio, i11) in Py, we write

ui < uf, ay < uy as measures

g (1.2.30)
[110] < | ol

(To, 1i1) = (po, 1) = {

Note that < is the natural relation respected by the application of Theorem 1.2.15.
This allows to prove the following proposition, which states the existence of simultaneously
induced pairs.

PROPOSITION 1.2.19. Let u be a finite entropy solution. Every pair (fig, it1) € P,y
which s manimal with respect to = is simultaneously induced by some wy, w,.

PROOF. Let (o, f11) be a minimal element of P,, for the relation < (for example, a
minimizer for the function (o, p1) — ||p1]l.#). Now apply twice Proposition 1.2.15 first
to u with the pair ([, 111) and then to u (with the reversed flux g(v) = —f(1 — v)) with
the pair (—fig, —fi1). The new couple of pairs induced by the Lagrangian representations
wp, and w, must coincide with the starting one, by minimality for the relation <. ([l

REMARK 1.2.20. We proved that any minimal pair (uo, p1) for the relation “<" is
simultaneously induced. This proves that if a pair is efficient enough, then it is simulta-
neously induced. A partial converse holds: if a pair is simultaneously induced by wy,, w,
then it is “efficient” in the sense that

supp po U supp pn C 0 (hyp u).

1.2.3.3. Good Selection of Curves. Given a Lagrangian representation w € .Z*(T),
we can select a good set of curves on which it is concentrated. In this direction, with the
same proof contained in [86], we have the following Lemma.

LEMMA 1.2.21. For wy-a.e. v € T it holds that for £*-a.e. t € [0,T)

(1) (t,v*(t)) is a Lebesgue point of u,

(2) 77 (t) < u(t,y"(t))
We denote by I'y, the set of curves v € I" such that the two properties above hold. Similarly,
for we-a.e. v € T it holds that for £'-a.e. t € [0,T]

15



1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

(1) (t,v*(t)) is a Lebesgue point of u,
(2) 77 (t) > u(t, 7" (t))
and we denote by I, the set of curves v € I' such that the two properties above hold.

1.3. Structure of the Kinetic Measures

1.3.1. Rectifiability of J. Throughout this section, we will use the following struc-
tural assumption about the nonlinearity of the flux f.

DEFINITION 1.3.1. We say that a flux f : [0, 1] — R? is weakly genuinely nonlinear if
$1<{v €(0,1)[7+&-F(v) = o}) =0, V(1) esH (1.3.1)

In [56], the structure of the dissipation measures p; has been studied in general di-
mension, when py = 0. These results directly apply also to the case when a source term
Mo is present, although some extra care must be used when choosing the representative
(po, 1) € 2. We summarize below the results that are obtained directly from [56], in
our setting. We first recall some definitions.

DEFINITION 1.3.2. In connection to a pair (po, 1) € Py,
(1) we denote by vy, v, the (¢,2) marginals of the total variation of uy, po:

vo = [Prals || ol V1 = [perals ||l (1.3.2)

where p;, : ©Q x (0,1) — € is the natural projection on the (¢, z) variables. We
also let
vV=1y+ 1.
(2) we denote by J C € the set of points (¢, ) of positive % density of v:

B..(t,
J = {(t, r) € (0,T) x R? limsupy(—(dm)) > O} (1.3.3)
10 r
(3) we say that u :  — (0, 1) has vanishing mean oscillation at a point (¢, z) if
lim T_d_l/ lu(s,y) —u,(t,z)|dsdy =0 (1.3.4)
0 B, (t.2)

where @,.(t, ) is the mean of u in the ball B, (¢, z).

(4) Let J C R be a rectifiable set of dimension n — 1 with unit normal 7. We call
two Borel functions v, u" : J — R left and right traces of u on J with respect
to 7 if, for s%a.e. (s,y) € J,

1
lim — (/ lu(t,z) —u (s,y)| dtdx —i—/ lu(t, z) — ut(s,y)| dtdx) =0,
O T NS By (s.9) B (s.y)

where BE(s,y) .= {(t,z) € B,(s,y) | £((t,z) — (s,y)) - 5(s,y) > 0}.
Summarizing, in our context, the results of [56], yields

THEOREM 1.3.3 ([56]). Let d € N and f be weakly genuinely nonlinear. Let u be a
finite entropy solution of (1.1.1), and let (po, pt1) be a minimal pair in P,. Then the set

J is d-rectifiable and
16
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(1) u has vanishing mean oscillation at every point (t,z) € J¢,

(2) u has left and right traces on J.

(3) pord = ((n(u™), q(u®)) — (n(u™),q(u"))) - B T, where u™ denotes the traces on
J and ni denotes the normal to J.

For BV solutions (1) and (3) can be improved to

(1’) every (t,x) ¢ J is a Lebesgue point;

(37) py = ((n(u"), q(w™)) = (n(u”),q(u7))) - ALd.

Establishing (1’) for general weakly genuinely nonlinear fluxes is an open problem at
the time of writing, but in [95] the author considered the case of entropy solutions with a
power-type nonlinearity assumption on f, and in this setting he proved that every point
(t,x) ¢ J is a continuity point, providing a positive answer about (1’) in this particular
case. Moreover, in [84] the author showed that, for general finite entropy solutions, the
set of non-Lebesgue points has Hausdorff dimension at most d, also providing a partial
answer to (1). Also, for entropy solutions in one space dimension both (1’) and (3’) have
affirmative answers: see [37].

In the following section, we prove that property (3’) holds for finite entropy solutions
in one space dimension.

1.3.2. The One-Dimensional Case. An important point that is left open in [56]
is the structure of that part of v; that is more diffuse than the d dimensional Hausdorff
measure. A first complete answer for entropic solutions in one space dimension came
with [37], where the authors prove that the entropy production is concentrated on a 1-
rectifiable set. In [86], for case of Burgers equation f(u) = u?/2 using the Lagrangian
representation, it is proved that v; is concentrated on the set J, i.e. vy does not posses
lower dimensional parts, also for finite entropy solutions. Aim of this section is to extend
the result to general genuine nonlinear fluxes in one space dimension. In particular, we
will prove the following Theorem.

THEOREM 1.3.4. Let d =1 and f satisfy (1.3.1). Let u be a finite entropy solution of
(1.1.1), and let (po, 11) be a minimal pair in P,. Then, in addition to Theorem 1.3.3, 14
18 concentrated on J, i.e.

vV = [I/l]LJ (135)

For convenience, recall that = (0,7) x R, and in the following we denote X =
Q x (0,1). The strategy of the proof is as follows. From Proposition 1.2.19 we know that
if (10, 1) is @ minimal pair, then it is simultaneously induced by some wj,, w. Lagrangian
representations of the hypograph and the epigraph of u, respectively. The rectifiability
of the full measure v; will follow by the rectifiability of both the measures [p;,]zp; and
[pt.e]spry . Therefore first we prove the result for [p;.]sui, and the other case will follow
by symmetry.

1. We introduce the measures wj;, @ p™, w, @ u"~ € 4 (T x X), i.e. the measures
defined as, for G € B(I'), A € B(X),

wn ® (G x A) = / 1 (A) dwn (),
¢ (1.3.6)
we ® U] (G x A) = /G 17 (4) dew (7).

17
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Since (po, p11) is simultaneously induced by wy, and w,, it will be possible to choose a
transport plan 7+ € .4 ((I' x X)?) which transports wj, ® p"" to w, ® ]~ and which is
concentrated on the set

G = {(ta,0,9, 0 ' v) € (D x X)? |
(1.3.7)
(o) = (@), v=0, vep ()7 (t=)] N (t=), 7" (t+)] |

This follows from the following Lemma.

LEMMA 1.3.5 ([86], Lemma 8). Denote by Py, Py : (I' x X)? — (T x X) the standard
projections. Then there exists a plan 7 € 4 ((T x X)?) with marginals

[Pt = wh @ g7,
[Polym™ = we @ iy
concentrated on the set G defined in (1.3.7).

(1.3.8)

2. In this step, we decompose the plan 7" constructed in Step 1 into a countable sum
of components. First, consider the set I = {v : f”(v) = 0}, and its complement (0,1)\ /.
Since (0,1) \ I is an open set, we can write it as the union of countably many disjoint
intervals A;:

0, )\ I= UAl’ A; C (0,1) disjoint intervals
I=1

Then we will “decompose” 7t as

rt <Y w4 (1.3.9)
leN

where, loosely speaking, m;" is supported in the set (v,¢,z,v,7/, ¢, z,v") where at the point
(t,x) the curves 7,7 jump inside the same interval A;, while 7} represents the remaining
curves. In the following of this step we formalize this discussion.

By definition, the measure wy, ® p? (recall also (1.2.7)) is concentrated on the set

Gi = {(%t,x,v) ET x X ‘ V() =, v € [7”(t+),7”(t—)]}. (1.3.10)
Analogously, the measure w, ® ;" is concentrated on the set
g, = {(’y’,t’,x’,v’) el'x X ) YEt) =z, ve [’y“(t—),fy”(t+)]}. (1.3.11)
We define the sets, for each [ € N,
Gy = { (rtm,0) € G [ 4=) () € A,

(1.3.12)
Gey = {(7’,t’,x’,v’) € G | y(t—),y(t+) € Al}.

and the sets
Gty = {(rt,w,0) € G [ (=) > ()},

ey = {((v’,t’,x’,v’) €g, |(t-) < 'y(t—i—)}.
18
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1.3. STRUCTURE OF THE KINETIC MEASURES

Finally we define
7rl+ = 7T+|_(Q,f;l X Q;l), 7r}r = 7r+L(g,j X Q;J) U (QZFJ xG.) (1.3.14)
By Step 1 it holds
< Zﬂf+7r}“+7r}“
leN
where

7r;r = 7T+|_(g,t1 X Q;I)

Gpp = {(%t,x,v) € g,f]y(t—) = y(t+) € 1}

Gor = { (.80 ) € Gly(t=) =(t+) € 1}
We claim that 77 = 0 so that actually
at < Z o+t
leN
This follows by the following Lemma about functions of bounded variation.

LEMMA 1.3.6. Letv : (a,b) — (0,1) be a BV function. Then, if Dv is the diffuse part
of the measure Dv, for any set I C (0,1) of zero £ measure, it holds

Dv(v™(I)) =0

3. Using the construction of Step 2, we prove that for every [ € N, the measure
vy = [Palym (1.3.15)

is concentrated on a l-rectifiable set, where B, : (I' x X)? — (0,7 x R is the projection
on the first two variables (v,t,z,v,~,t',2',v") — (¢, x).

We fix [ € N, and prove that v;" is concentrated on a l-rectifiable set. Without loss
of generality we can assume that A; C (0,1) is such that f”(v) > 0 for every v € A,.
The other case is completely symmetric. We start with some preliminary results, that are
proved in [86].

LEMMA 1.3.7. Let (7,15) € Iy and let (a,b) C I, be such that ¥°((a,b)) C A;. Let
moreover G C T'. be a set of curves (v, I,) such that there exist a < 5,1y < 3% < b with

v(s3) >A(sy), A(s]) <A(s5),  A(s5.80) C A (1.3.16)
Then
we(G) =0 (1.3.17)

The proof of the Lemma can be found in [86] in the case of Burgers equation, but it
is the same for strictly convex fluxes, therefore we omit the proof.

Let G’fg@ C I'y, be the set of curves (v, I,) such that t € I, v*(t) € A;, and v*(¢) < .
Analogously, let G7, C I'c be the set of curves (v, I,) such that ¢ € I,, 7(f) € A;, and
() >z

Now we construct the candidate Lipschitz curves on which v, is concentrated.
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1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY
LEMMA 1.3.8. To each (v,1,) associate the time t', € (1,12] defined as
l n v n
tL=sup {t € [£,£) | 7°(s) e AV s € (E,t)}

Define the curve

fia(t) = sup v(t), te[tT)
{yeG%i cte(t, )}

and its upper Lipschitz envelope f{li 6, T) =R
fio=1nf {f| f: [, T] - Ris |f'|-Lipschitz and f > fi, in [£,T)} (1.3.18)

Then, for every t € [t,T), it holds
wn({7 € Gha [ 7)) > flalt), te[E)]}) =0
we({7 € Gia [ 7(t) < i), telLi)}) =o.

The following Lemma is a general result about functions of bounded variation.

(1.3.19)

LEMMA 1.3.9. Let v : (a,b) — R be a BV function and denote by D~v the negative
part of the measure Dv. Then for D™ v-a.e. T € (a,b) there exists a 6 > 0 such that

v(z) >v(z) Yre(z-—19,71), v(z) <v(z) VYze (z,z+)9)
Now that we have all the elements, we divide the proof of Step 3 into further substeps.
3.1. Fix (£,7) € (0,T) x R. Define the sets G, fé CI'x X as

Gh={(v,t,z,v) €Ty x X 1 te (b)), ~(f) <z}

t.z

ol g (1.3.20)
Gip = {(v,t,z,v) €T x X ¢ te(tty), ~() > z}.
Define the measure
e = m (G x G)

The main contribution of this step is to show that, if ﬁ}lj = (idy, féj)(f, T)C (0,T) xR,
then

the measure (P, )7, is concentrated on %/ . (1.3.21)
Let Qé; be the two connected components of (0,77) x R\ 9}1@, the left (—) and the right

(+) one, respectively. By definition of Q%l and of ﬂ}l@, it holds
wi ® p LG (57 % (0,1)) =0 (1.3.22)
Moreover, one has
[Pualamss < [Pralym/ (G5 (T x X))
(1.3.23)
= [prale(wn ® p30G77)
It follows from (1.3.22), (1.3.23) that
[P olim (1) =0 (1.3.24)
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1.3. STRUCTURE OF THE KINETIC MEASURES

In an entirely similar way, we prove

[P alem)7,(255) = 0 (1.3.25)

f:f
Finally, we claim that [Py /]sm, . = [P.)ym, .. In fact, the transport plan
[Pra X Pyalym € A (((0,T) x R)?)

is concentrated on the graph of the identity, because 7+ is supported in G. Therefore we
conclude that
[Palem ((0,T) x R\ (Q7F upl)) =0 (1.3.26)

which means that [P, ,]y7," . is concentrated on .Z} .

3.2. We prove that for 7, -a.e. pair (v,t,z,v,7', ¥, 2',v') there exists a § > 0 such
that
(1) for every s € [t — 0,t) it holds v*(s) < v (s),
(2) v¥(s) € A, for all s € (t —9,1],
(3) v"“(s) € A, for all s € (t' — 0, 1'].
In order to prove it, we proceed as follows. By definition of 7;", it holds

for 7" -a.e. pair (v,t,z,v,7,t',2',v") it holds:

7Y (t=) > ~4U(t+) and 7 (t—), 7" (t+) € A, (1.3.27)
YU (=) < A(t+) and vV (t—), "V (t+) € A

Therefore there exists a do3 > 0 such that (2), (3), are satisfied. To prove (1), we first
prove the following claim:

for yu--a.e. (t,7,v), there exists a § > 0 such that 7"(s) > v for every s € (t —6,1)
(1.3.28)
An application of Lemma 1.3.9 provides a D~ ~-negligible subset N, C I, such that for
every t € I, \ N, there exists a ¢ such that 7"(s) > ~"(t+) for every s € (t — 6,1).
Moreover, for every t € I, in which 7" has a negative jump, for each v € [y*(t+),7"(t—))
there exists a 0 > 0 such that for every s € (t — ¢, ¢) it holds (s) > v. Let

E,={(t,z,v) : ¥(t—) =v>~"(t+)}

Since F, is at most countable and uj has no atoms, it follows that uj (EW) = (. Therefore

PJ;F (Ev U (Hv’Y)(NV)) =0
and (1.3.28) is proved. Therefore, using also (2), we obtain the following statement: for
wp, @ pt-a.e. (7,t,2,v), there exists a 6, > 0 (9, < d2) such that

for every s € (t — 4y, t) it holds v”(s) > v, and hence 7*(s) < x — (t — s)f'(v)
(1.3.29)
where we used the strict convexity of f in A; and the characteristic equation for
(1.2.3). In an entirely analogous way we prove the symmetric statement: for w, ® oy -a.e.
(7,t,x,v), there exists a 6, > 0 (J. < d3) such that

for every s € (t — 9y, t) it holds v”(s) < v, and hence y*(s) > x — (t — s)f'(v)
(1.3.30)
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1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

To conclude is sufficient to notice that since 7" is concentrated on G (1) holds with
§ = min(dy, &) for m -a.e. (v,t,z, v+, ', 2, v').

3.3. From Step 3.2, we deduce that for 7, -a.e. pair (v,t,2z,v,7/,¢,2/,0v'), there exists
a rational pair (¢,z) € ((0,7) N Q) x Q such that
(’Y,t,.T,’U,")/,t/,.Z’/,’U)Eg gr
This shows that ;" is concentrated on
U oo

te(0,7)NQ
zeQ

h,l el
Pralimi = ) uam(ﬁm%@xgm) (1.3.31)

te(0,7)NQ
zeQ
by Step 3.1 it follows that [P, ,];m;" is concentrated on the 1-rectifiable set

U #.c071) xR

7e(0,1)NQ

Since holds

4. As a final step, we prove that the remaining part
yf’J = [Py (1.3.32)

is concentrated on the set J of Theorem 1.3.3, and therefore is concentrated on a 1-
rectifiable set.

For v € (0,1), we introduce the following functions which measure the nonlinearity of
f near a point v. For § > 0, define

b (7,8) == Sup{h>0‘$1((@—5,@)ﬂ{v 1f(0) — f(v)] > 2h}) >h} >0

b+ (3, 8) == sup {h >0 ‘ L @,5+6)N{v : |f(0) = fv)] > 2n}) > h} >0
If the flux is genuinely nonlinear in the sense of Definition 1.3.1, it holds
0 < b*(v,6) <6, §>0 (1.3.33)
For example, if f(v) = v?, then for every v € (0, 1) one has h*(v,5) = §/3.

LEMMA 1.3.10. Let (v,1,) € Ty, lett € I, and set T = v*(t). Let v = ~*(t—) VA" (t+).
Then there exists a constant ¢ depending only on || f"||o such that for every d€(0,1) at
least one of the following holds true.

ZL*{(t,x) € Bp(t, @) | u(z) > — 0}

hrﬁ%)nf = >c-h(v,0)
B 7 -
lim sup vo(Br(t, 7)) >c-bh(0,0)? (1.3.34)
rl0 r
B 7 -
lim sup n(Br(t, 7)) > ¢ b (3,0)>.
rl0 r
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1.3. STRUCTURE OF THE KINETIC MEASURES

PRrOOF. Without loss of generality, we assume that v = 3°(t—). We let §; > 0 be
such that for every t € (f — d1,t) it holds

f'(37@) = f(0) <b (©,9)/2,  F(t) >v—h (0,0)/2
Moreover, for 7 small, and for every r < 7, the curve (t%, t) 2t — (t,5%(t)) has a unique
intersection with 9B,.((¢,T)), at a point that we call ¢,.

1. (Existence of a big transversal interval). In this step we show the existence of an
interval J C (v—6,0—h7(v,d)/4) of length ~ b~ (v, ) and in which f’is ~ h~ (v, 0)-distant
from f'(v) (see (1.3.35) for the precise statements).

Define the set

Ii={ve(0-00-b7(2,0)/4) : |f(0) = f(v)| =267 (5,)}
and

[={ve@-061-b(0,8)/4) : |f'(®) = f()>b (5,0}
and notice that by definition of h~(v,d) they are not empty. Write the open set I as the
union of its connected components (open intervals)

~:[j]n

and let {I;}xer, Z C N, be the set of the intervals I which intersect the set I. Notice
that there are at most a finite number of them because for any I, k € Z, such that there
exist ki, ky € T with () # In, < Iny < Iy, # () (here if I, I are two intervals by I; < I
we mean max [; < min ), it holds

1
1"l
Therefore up to a relabeling, we call them I, ..., I, and without loss of generality assume
L <...<I

Notice that the intermediate ones (if they exist) satisfy

L > —— 5 (5,0), i=2,...,2—1

||f”||

If I,, I,, are small, we remove them: in particular, denote

K:={ie{0,a}]| | <b (v,6)/4}
and define the new set of intervals
{(I,....I,Y=3:={I, - ie{l,...,a}\ K}
Notice that this new set of intervals is not empty: in fact, the starting set of intervals

I,... Iy satisfies |I)| + ...+ |I| > 3h7(v,4) (by definition off) (v,0)), therefore the new
set of intervals I, ..., 1, satlsﬁes

1
I+t ] > 357(5,9)
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1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY
Choose any of these intervals, and call it J. By construction, we have
|f'(©) = f'(v)| > b7 (v,8), VveJ

(5.6). (1.3.35)

1
J>—" K-
2 a1

2. (Transversality argument). Since ¥ € 'y, and 4%(t) > v — h~(v,0)/4, it holds, for
some € > 0 possibly depending on r, that

_ b~ (v,9)
4

u(t,z) > v —

32{(15, x) € S:,

} >er,  where S., := (ids, 7*)((¢, 1)) + B(0).

(1.3.36)

"”7,t;7’+)N7 of the connected

For every (v,1,) € T' consider the nontrivial interiors (¢; i1
)_

)
components of (7¥)~!(J) which intersect
(i) (S.y x J) € I,

where J is the central interval of J of length |J|/3. Notice that we have the estimate

3
N, <1+ mTot.Var.v”

For every 7 € N, consider the set
Iy ={(.1,) : Ny=j}
and consider the measurable restriction map
Ry :T; =T, (v,L)— (v, (], 1]7))

Define the measure
o

@n =Y (Ry)y(w.Ty)

j=1

By an elementary transversality argument, for wy-a.e. curve (v, I,) it holds

- 2e
Ltel, | y(t) €S, xJp < 1.3.37
{E"/fy()e 7>< }—b_<1—}76) ( )
By construction, it holds
/ (idy, )L L Ay, > $3L{(t,x, V) €8y x J ‘ ult, ) > v} (1.3.38)
r

The measure of the set in the right hand side of (1.3.38) is at least re|J|, therefore
combining (1.3.37), (1.3.38), we obtain

r| 716 (3, 6) (1.3.39)
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We let ' =1y UT', UT'3, where
Do={(nL) ||| >}

Ty ={(v.L) ||| <r, ~°(0L,)NnadJ+#0}

I's = {(%Iv) | |Iv| <, 7”(8@) NoaJ = 0}

For @p-a.e. (v,1,) € I'y it holds
LYte | (t,7(t) € By(t,7) x J} > 7

For wp,-a.e. (v,1,) € I'y it holds

V(L) C By (t, ) x J, Tot.Var.y” > |J|/3
For @y-a.e. (v,1,) € I's it holds

(t:7(t)), (£5,7(8)) € Bay(t,7) x J
Then it follows that one of these condition holds:
o) = OO gy ()

If the first condition holds, we deduce that

22({(t.2) € Bu(0.7) | ult.2) > - 5}) > %7«2@—(@,5)

If the second condition holds, we deduce that

,ah(rg)zw. (1.3.40)

_ 1
By, (t, T ~(9,0)?
|| (B (t,7) x J) > 97 max{4, Hf//”m}sz (v,9)
If the third condition holds, we deduce that
_ 1
Bo,(t,%) x J ~(v,6)°
’MU’( 2 ( 7‘7:) X ) > 9max{4, Hf//Hoo}rh (U7 )
This proves the result. U

The symmetric statement holds for the epigraph: the proof is identical, therefore is
omitted.

LEMMA 1.3.11. Let (v,1,) € I, lett € I, and set & = ~*(t). Let v = v"(t—) Ay"(t+).
Then there exists an absolute constant ¢ depending only on ||f"|« such that for every
d € (0,1) at least one of the following holds true.

22{(t,2) € Bp(,z) | u(z) < u— )

. . . + —
111%%)Hf = >c-h"(v,0)
Bgr(t, T
lim sup vo(Brlt, 7)) >c-ht(v,0)? (1.3.41)
rl0 r
Bgr(t, T
lim sup M >c-ht(v,0)%.
rl0 r

The following proposition concludes the proof of Step 4.
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1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY
PROPOSITION 1.3.12. For v{ j-a.e. (t,z) € (0,T) x R, it holds

B
lim sup —V( (7))

>0 (1.3.42)
rl0 r

In particular, the measure vy ; is concentrated on the 1-rectifiable set J of Theorem 1.3.5.

PROOF. For 1] ; a.e. (t,x) one of the following holds:
(1) there exists (v,t,2,v) € G ; and (v, t,2',v") € G such that
(t,z) = (t',2) and (=) >v =10 >7"(t-)
(2) there exists (v,¢,x,v) € G, and (v, ¢, 2',v") € G_; such that
(t,x) = (¢,2') and ~"(t=) <v=1"<9"(t-)

Since the proof is symmetrical, assume the first condition holds. We apply Lemma 1.3.10
to the curve v and Lemma 1.3.11 to the curve 4/ with

5= (b (=) — ol}

Then either the second or the third condition holds in at least one of the two Lemma
1.3.10 , 1.3.11, or the first condition holds in both Lemmas. But in this case, (¢, x) cannot
be a point of vanishing mean oscillation. Therefore by Theorem 1.3.3, it must holds
(t,x) € J. O

5. From the previous steps, we conclude that v} is concentrated on a 1-rectifiable set.
In fact, one has

vl = (pra)s(wn @ p") < (Po)ynt = v+ Z 2
leN

From Step 3 and Step 4 we deduce that v is concentrated on a l-rectifiable set. The
same argument holds for v;, therefore the proof is completed.

1.4. Regularity of Burgers’ Equation

In this section we provide a first application of the Lagrangian representation to obtain
a regularity result for Burger’s equation with a measure source term. We first recall the
Definition of the Besov spaces B2%  (R).

oo,loc

DEFINITION 1.4.1. A function u : R — R belongs to B . (R) if
» - uw(x + h) —u(z)
L

Then we have the following regularity result in terms of Besov spaces.

p
dr < 400, VK CR compact. (1.4.1)

THEOREM 1.4.2. Let u be a finite entropy solution to Burgers equation such that in
addition py given by Proposition 1.1.3 s a signed measure. Then for every K C R compact
and § > 0 there exists a constant Cg such that

T CK
¢ dt < —————
/5 [Ju( )”BiéQ’l(K) max{J, 1}
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1.4. REGULARITY OF BURGERS’ EQUATION

1/2,2
0o,loc

REMARK 1.4.3. One can prove, using a regularization procedure, that if u € B
(instead of just B!

00,loc

Ox +v0;x =, we A((0,7) xR x(0,1)). (1.4.2)

), then x = 1py, (¢, 2, v) satisfies a kinetic equation of the form

In turn, this would imply the existence of a Lagrangian representation w for y whose
curves are segments in the (¢, x,v) space with a constant v-component.

Proor. Up to a symmetry in the v, we can assume that p; is a positive measure.

Moreover, up to choosing a different pair (i, ft1) smaller than (ug, 1) for <, we can
assume that w), is a Lagrangian representation of the hypograph of u (Definition 1.2.2)
that induces (po, p1) as in Definition 1.2.4. Thanks to Proposition 1.2.19, we can also
assume that (1, pt1) is simultaneously induced (Definition 1.2.17) by wj and w,, where
w, is a Lagrangian representation of the epigraph of u (Definition 1.2.16). This second
step is not really necessary but makes the proof easier. A key point is that these operation
preserve the sign of p, by definition of the relation <. Finally, we denote by I'y,, I'. the
set of curves selected by Lemma 1.2.21.

1. Fix At > 0 and for ¢ > At consider the set of curves

A= {’yh el | t, <t- At}

HAl = {% el | t,<t- At}
Define the measures
XtaAf = ey (thFZ’At) < Xh(tv K )KQL(R X <07 1)) n ‘%GR X (07 1))7

(1.4.3)
Xoae 1= ey (Wl THA) < xe(t, -, )L (R x (0,1))  in .#Z(R x (0,1)).
Finally, we define the functions
a®(t, ) := sup {v € (0,1) ‘ (v, x) € supp XZAt}7 VreR
(1.4.4)

b2 (t, z) := inf {v €(0,1) | (v,2) € supp sz}, Vel

Notice that the L' distance between a®(¢,-) and u(t, ) can be estimated in terms of the
source juo. In fact, by definition of a®*, we have

/ la®(t, x) — u(t,z)|dz = wh{'yh el ‘ tel,, t, e(t- At,t)}
: (1.4.5)

< i ((t— A1) x R x (0,1))
which implies, integrating in (0,7") and using Fubini’s Theorem:

T
/ /|aAt(t,x) ot 2)| dedt < At |, (1.4.6)
0 R
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Entirely symmetrical statements holds for the distance of v from b2t

/R a2, 2) — ult, )] dz < po((t — At 1) x R x (0, 1),

T (1.4.7)
/ /\bm(t,x) ot 2)| dedt < A o],
o Jr
By triangular inequality, the difference a®!(t, z) — b (¢, x) lies in L' as well and
/ @ (t, ) — b2 (t,2) | de dt < |luol|((t — At 1) x R x (0, 1)),
* (1.4.8)

T
/ / la®(t, z) — b2t x)| do dt < At|pg).
0o Jr

2. Now fix z < y and € > 0 small. Take a curve 7, € I'"* such that |3,(t) —

(y,a*(t,y))| < e. Since py is positive and (y,a® (¢,y)) € supp x’a., by (1.2.7) we can
assume that t — 3Y(t), t € I,, is decreasing. By definition of 2! there exist positive
measure set of curves G C T4 such that

e(t) = (2,65 (¢, 2))| <e.
By Lemma 1.3.7, it holds
we{% €G | lt—AH) >t —At) and y.(t) < wh(t)} ~0 (1.4.9)

Moreover, since p1 > 0 and again by (1.2.7), I, 2 ¢t — 72(t) is increasing for w.-a.e.
ve € G. Therefore, thanks to the characteristic equation (1.2.3), it holds

FE(t — At) <y — At-a®(t,y) + 2

VIt — At) > 2 — At - bR (t, 1) — 2e,  for we-a.e. 7, € G. (1.4.10)
Then, combining (1.4.9) with (1.4.10) and letting ¢ — 0 we obtain
a®(t,y) — b (t,x) < %7 for every x < y (1.4.11)
Setting h = y — = and integrating in an interval [—M, M|, for some M > 0, we obtain
/M (a®(t,x + h) — b (t, )" de < 2MhAL™" (1.4.12)
-M

At 1At
, b

Moreover, combining with the inequality above the L> bounds for a , and the in-

equality (1.4.8) of Step 1, we obtain

—/ (®(t, 2+ ) — Bt 7))~ da = —/ (@®(t, 2 + ) — Bt 2))* da

—M —-M

4 / b ™y de A1)

> —2MhAt™ — 2h — ||| (t — At t)
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1.4. REGULARITY OF BURGERS’ EQUATION

which in turn yields the bound

M
/ a2t (¢, 2+ h) — b (¢, 2)| da < C(hAfl ol (t — At,t)), for all £ > 0 and At < ¢

M
(1.4.14)
with C' depending only on M.

Step 3. Fix 6 > 0 and h'/? < §. Then, for every At < §, we estimate the L' norm of
the difference u(t,z) — u(t,z + h) by

// t:c+h|dxdt<// lu(t, z) — b2 (t, x)| dz dt+

+/ / b2 (t, ) — a®'(t, z + h)|da dt+
é —-M
T M
+/ / la® (t, x4+ h) — u(t,z + h)| dadt
é -M

T M
< 2At - ol +/ / la®(t, x + h) — b(t, x)| da dt
é —M

(1.4.15)
where the inequality in the last line follows by (1.4.6), (1.4.7). By (1.4.14), since for
€ (0,T) one has At < § < t, we obtain

T
/ / (¢, 7+ B) — bt 7)) de dE < C(RAE + Af)
5 JR
so that in total, for another constant C' depending on M, T and |uo|, we obtain

/ / u(t,r) —u(t,z + h)|drdt < C(hAt! + At), VAt <6 (1.4.16)

Choosing At = h'/? (which is possible since h'/2 < § by assumption), we obtain

M
/ / [u(t, z) hl/; W gt <20, Wb suchthat B2 <8 (1417)

Instead if A2 > §, we obtain trivially

M
lu(t, =) —u(t,z + h)| 2M
/ / h1/2 dz dt < = (1.4.18)

This proves that

(¢, u(t, h C
SUP/ / ult, 2) z+h) drdt < —K, V K C R compact. (1.4.19)
h>0 h1/2 o

O

We conclude by quoting a result about the existence of characteristics. It is proved in
[49] when g = 0, but the proof does not depend on the presence of a source term.
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1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

PROPOSITION 1.4.4 ([49]). Let u : Q — R be a finite entropy solution, with d =1 and
with strictly convex flux f. For any xg € R, there exists a generalized characteristic of u
starting at xo, that is, a Lipschitz curve x: [ty,T] — R such that (0) = xy and

o' (t) = f(uF(t,x(t))  for ae t€[0,T] s.t. ut(t,x(t)) =u (t,z(t)),
where u®(t,z(t)) denote the left and right traces of u along (t, z(t)).

1.5. Applications to Some 2 x 2 Systems

1.5.1. Preliminaries about 2x2 Systems of Conservation Laws. A 2x2 system
of conservation laws is a system of two equations of the form
Ut,z): + f(U(t,x)), =0, (t,z) e R* xR (1.5.1)

where U C R? is an open bounded connected set U, U = (uy,us) € U C R? is a state
vector of conserved quantities and the flux f is a smooth function f : & — R2. The
system (1.5.1) is called strictly hyperbolic if the matrix V f has distinct real eigenvalues

MU) < X(U)  YUeU

with corresponding eigenvectors r1(U), ro(U). We also let ¢4, ¢ be the corresponding left
eigenvectors, normalized so that

We say that the i-th field is genuinely nonlinear if
VNU)-r;(U)>c>0 VUel.

It is well known that weak solutions to hyperbolic systems of conservation laws are not
unique, therefore in order to select physically relevant solutions, one is usually interested
only in entropic solutions of (1.5.1).

DEFINITION 1.5.1 (Entropies). A scalar function n : 4 C R? — R is an entropy for
(1.5.1) if there exists some ¢ : U C R? — R such that

Vn-Vf=Vq (1.5.2)

Admissible solutions of (1.5.1) will be the ones that dissipate the family of convex
entropies:

DEFINITION 1.5.2 (Entropy solutions). A function U : (0,7) x R — U is called an
entropy weak solution of (1.5.1) if it satisfies

om+0.¢q<0 in2(0,7T) xR) (1.5.3)
for all convex entropies 7.

The relevance of this definition lies in the fact that the viscous approximations to
(1.5.1)

Us(t,x) + f(U(t,2)), = €U, (1.5.4)
produce entropy admissible weak solutions of (1.5.1) in the limit e — 0. Since the system
(1.5.1) is a 2 x 2 system, it admits at least one uniformly convex entropy F : U — R, i.e.
an entropy FE such that for some a > 0

ald < V?E(U) VUeU (1.5.5)
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in the sense of symmetric matrices. We have the following classical energy bound on
vanishing viscosity solutions.

PrRoOPOSITION 1.5.3. Let Uy € L*> with ImUy C U. Let U€ be a sequence of solutions
of (1.5.4) with ImU*® C U, U(0,z) = Up(x). Then for every compact K C RT x R there

exists a constant C'i such that it holds

sup //K (\/EU;)2d:E dt < Cg. (1.5.6)

e>0

PrROOF. We define a trapezoid of the form, for M > 0,

AMi{(t,:v)‘M—I—XtS:BSM—/Xt, t>0}

where ) is a big positive constant. Let 1 be any entropy for (1.5.1) and take the scalar
product of (1.5.4) with Vn(U¢) and use the chain rule to obtain

(U + q(U), = e V(UUE, = en(US) e — € (V2(U) - US, UE) (1.5.7)

Let E be a positive uniformly convex entropy (satisfying (1.5.5)). Integrating in x and in
t, we obtain the bound

e//A/(VQE(UE)'U;, U;>dxdt§/_ZE(UE(O,x))dx.

Then, by (1.5.5), we obtain that
2 1 M
// (VeUs) dzdt < —-/ EU0,z))dz (1.5.8)
A a J_om

Therefore (\/E U;)2 is locally uniformly bounded as a measure, i.e. for every compact
K C RT x R there exists a constant Cx such that it holds

sup // (\/EU;)de dt < Ck. (1.5.9)
e>0 K
as wanted.

OJ

REMARK 1.5.4. If there exists U such that Uy — Ue L2, then choosing the entropy F

~

such that F(U) = 0 and passing to the limit for M — 400 in (1.5.8)

sup/ (VeUs) dadt < O(1) - |U = T2 (1.5.10)
RtxR

€

1.5.2. A Class of 2 x 2 Systems. Being a 2 x 2 system, (1.5.1) admits a coordinate
system of Riemann invariants w, z. The latter are functions defined by

Vu(U) = 6(U),  Vz(U)=6U) YU elU. (1.5.11)

Without loss of generality, we can assume that w(U), z(U) > 0 for all U € U. Then, for
smooth solutions, the system (1.5.1) can be diagonalized via the mapping

U:W-—=U, W = (w, 2)(U) C R?
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1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

defined by w(U(w,z2)) = w, 2(U(w,z)) = z. In fact, if U is smooth, take the scalar
product of (1.5.1) with Vw, Vz to obtain
w(U)+MU)wU), =0,

2(U) + X(U) 2(U), =0, V (t,z) e R x R.

Similarly, the viscous system (1.5.4) can be diagonalized

w(U)y + M(U)w(U), = ew(U) e — € (V2w (U) - US, US),

, (1.5.12)
AUy + MU 2(U)y = € 2(U) gy — € (V22(U°) - US, US).

Thanks to the bound (1.5.6), the second term in the right hand side is locally uniformly
bounded in .Z (R* x R). Consider the following assumption on the system (1.5.1):

A (w, z) = A (w) Vw,zeW
Ao(w, z) = Ma(2) Vw,zeW (1.5.13)
L {v| Nw)=0})=0  fori=1,2.

where with an abuse of notation we regarded the eigenvectors as functions of the Riemann

invariants. A notable example in this class is the isentropic system of gas dynamics with
~v = 3, which reads

Op + Oppu = 0,

1.5.14
O(pu) + 0, (pu2 + p3/12) =0, ( )

where we assume that (p,m) = (p, pu) takes values in a bounded connected open set
U C (pmin, +00) X R for some ppin > 0. Then, for such systems, we have the following
Proposition.

PROPOSITION 1.5.5. Assume that (1.5.13) holds. Then any weak entropy solution U to
(1.5.1) which is pointwise a.e. limit of vanishing viscosity approximations (1.5.4) is such
that its Riemann invariants w,z : Q@ — R are finite entropy solution (1.1.1). Moreover,
the measure py in Proposition 1.1.3 can be chosen to be a signed measures.

REMARK 1.5.6. In particular, it follows that solutions U as above satisfy the same
structural properties of scalar finite entropy solutions stated in Theorem 1.3.3.

PrROOF. We prove the Proposition for w, the proof for the other Riemann invariant z
being entirely similar. Assume that w® — w strongly in L(Q). Define
X(t> €, U) = ]-hypw(t> €, U)
and the distribution
T =0x+M)0x  in%,,
We test T against a test function of the form
o(t,x,v) =t 2)-7'(v), 7" >0
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where ¢, is smooth and compactly supported. We obtain

o= ' e [ron@as e, [xeme) dv] dudt

v v

:_/O /R gptn(w)‘i‘SOxQ(w)] dz dt (1.5.15)

T
i [ lmm wq(wﬁ)] dudt
e—0 0 R

where ¢ is defined by ¢’ = \; 7’ and we assumed without loss of generality n(0) = ¢(0) = 0.
By multiplying (1.5.12) by n/(w®) we obtain
n(w); + q(w) = en(w)pe — e (w) (w); — en/ (W) (V2w (U) - Uy, Us) (1.5.16)

The first term in the right hand side converges to zero, while the second and the third
terms can be estimated by

en’/(w) (w)2 < Cr-(VeUsPmax v, enf (') (Vw(U)-US, U) < Co(v/e US> maxyf.

where C1, Cy depend only on the flux f. Moreover, the first term is positive, since n” > 0.
Define the map (id, w®) : R* x R - RT x R x R by (id, w)(¢, z) = (¢, z,w(t,x)). Then,
the bound (1.5.6) above shows that the measures

i = G w) [(Vews)? - 28], s = (i, w)y [(e VP (U) - UL, UF) - 22

are locally uniformly bounded in ¢, i.e. for every compact set K C €2 it holds

sup |ps|(K) < 400 for i =0, 1.

Furthermore, combining (1.5.15) with (1.5.16) we find that
1 € € . /
T = llilé (&,ul + ,uo) in 7,

tx,v*

Since pig, p1 are locally uniformly bounded, up to subsequences we can assume that pj —
11 weakly in the sense of measures, with p; a locally finite measure, and the same for p.
Moreover, p; is positive. Then we conclude that

T = Oypt1 + Lo, Hos 1 € Mg, 1 >0

as wanted. O

Therefore, from Theorem 1.3.4 and from Proposition 1.5.5, the following theorem
follows immediately

COROLLARY 1.5.7. Assume that f satisfies (1.5.13). Then any weak entropy solution
U to (1.5.1) which is pointwise a.e. limit of vanishing viscosity approzimations (1.5.4)
satisfies the following: for every entropy-entropy fluzx (n, q) the entropy dissipation measure

prn =n(U) +q(U)y € My
1s concentrated on a 1-rectifiable set.
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1. LAGRANGIAN REPRESENTATION AND APPLICATIONS TO REGULARITY

By Proposition 1.4.4, we also have the following result about regularity and the ex-
istence of characteristics under the assumption that v — \;(v) are strictly convex (in
particular this is satisfied by the system of isentropic gas dynamics (1.5.14)).

COROLLARY 1.5.8. Assume that f satisfies (1.5.13) and that v — \;(v) are strictly

convezr. Then U belongs to the Besov space Biﬁ(’)lc(K), for every K C Q compact. More-

over, for any xo € R, there exists 1 and 2 generalized characteristic of U starting at xy,
that is, Lipschitz curves z' : [to, T| — R, i = 1,2 such that z*(0) = zo and

(M) (t) = A (w(t, z())) fora.e. t €10,T] s.t. w(t,z(t)—) = w(t,z(t)+),
(@) (t) = g (2(t, 2(1))) for a.e. t €10,T) s.t. z(t,x(t)—) = z(t,z(t)+),

REMARK 1.5.9. The results of this section can be extended with no additional difficulty
to n x n rich systems such that the eigenvalues satisfy the assumption (1.5.13).
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CHAPTER 2

Kinetic Formulation and Decay for 2 x 2 Systems

2.1. A Kinetic-Type Equation for General 2 x 2 systems

In this section, we establish a system of two kinetic equations that is satisfied by
the Riemann invariants of all vanishing viscosity solutions obtained via the compensated
compactness method (see Proposition 1.5.3). The derivation does not impose specific as-
sumptions on the system under consideration, nor does it require any smallness conditions
on the solutions, other than their boundedness in L.

This derivation is strongly inspired by the construction of singular entropies developed
in the works of Perthame and Tzavaras [91] and [97], where, among other things, the
authors derived a kinetic formulation for the system of elastodynamics. The authors
exploited specific properties of the systems, allowing them to identify families of convex
entropies, which in turn provided a kinetic formulation that characterizes the entropy
solutions. A similar kinetic formulation was previously developed by Lions, Perthame,
and Tadmor [79] for the system of isentropic gas dynamics, where the authors also utilized
the specific structure of the system to derive a corresponding kinetic equation.

We show that by potentially introducing a source term, consistent with the framework
established in previous sections, it is possible to derive kinetic equations that are satisfied
by all vanishing viscosity solutions to 2 x 2 systems. As expected, the resulting kinetic
equation will be non-local, a characteristic feature shared with all the kinetic equations
derived for 2 x 2 systems in the mentioned works.

Although our kinetic equation does not characterize entropy solution, we would expect
that some of the regularity properties of solutions to 2 x 2 systems are retained by solutions
to the kinetic equation. As a first application, we prove a result about the decay of L*
norms of solutions for a class of genuinely non-linear systems.

2.2. Entropies, Kinetic Formulation

2.2.1. Construction of Singular Entropies. In this subsection we recall the con-
struction of singular entropies performed in [91], [97]. From now on, it is convenient to
work on a domain that is a square in the Riemann Invariants:

W = [Q, U_J] X [g, Z]

and to employ a relaxed concept of entropy-entropy flux pair. In particular, a weak
entropy-entropy flux pair is a pair of functions 7,q : Y — R that solves in the sense of
distribution

Vq(U) — DFU)VH(U)=0  in 2'(U). (2.2.1)
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2. KINETIC FORMULATION AND DECAY FOR 2 x 2 SYSTEMS

Let g, h be the unique solutions to
)\Qw /\lz
= h , = — ,
Y D v
They can be computed explicitly as

oo = [ [ 5 o

) =eo | |55 )

and they are uniformly positive on W. It is then classical (see e.g. [94, Section 9.3]) that
1 is a smooth entropy if and only if, in Riemann coordinates,

9- P :

Nz = —Nw +—1; W,

g h
Following [91], we first construct a family of smooth entropies ©I¢, bo)(w, z), depending
on two parameters: a scalar £ € [w,w] and a smooth function by : [w,w] — R. These
entropies are constructed so that they can be “cut” along a line {w = £}. By this we
mean that

o h(w, z) =1, g(w,z) = 1. (2.2.2)

X[§7 bO](w7 Z) = 9[57 bova z) ’ 1{w2§} (w7 Z) (2'2°3)
and

52[5’ bo](wv Z) = @[57 bOva Z) ’ 1{w§§} (w> Z) (2'2'4)
will still be (discontinuous) weak entropies.

DEFINITION 2.2.1. We denote by ©[, by] the entropy constructed as the unique solu-
tion to the Goursat-boundary value problem (see Figure 1)

( .
O,. = £0, + %0, W

O(w, z) = by(w), Vwe [w,w)

O(&,2) =bo(§)g(€,2) Vzelz7.

Since ¢g(&,z) = 1, the two boundary conditions are compatible (continuous) at the
point (&, z), by construction. Since h,g are smooth and bounded away from zero, the
existence of a unique, smooth solution ® to the above boundary value problem is standard.
For a proof of this fact, see e.g. [94, Section 9.3], in which it is proved that solutions to
the Goursat problem are at least as smooth as the data and as the coefficients g./g, hy/h.
Moreover, it also follows that

w, z,& — O, bo(w, 2)

is smooth as a function of three variables w, z,&. Now for fixed &, by we consider the
entropy flux 2 = E[¢, by associated with @ = O[¢, by]: we have that

2.(6:2) = (€ 90.(6.2) =~ op s HEEL (6. 2) = (M6 )0 ).
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O[¢, bo

Wl

e

[

w $ w
FIGURE 1. Goursat problem for the entropy ©[¢, by]. The data are given
along the thick lines.

where the first equality follows from applying (2.2.1) to ©,E, and by taking the scalar
product with 75(U), while the second equality follows from the fact that ©(§,z) =
bo(€)g(&, z) for every z € [z,Z] and by (2.2.2). Therefore up to an additive constant
in the entropy flux we can assume that

B 2) =M(2)0(E,2)  Vzelzz. (2.2.5)
Thanks to (2.2.5), we see that (x, ), and ()~(,1,7J), where
Qp[g? bO] = E[é? bO] ' 1{1025}7 ,’;Z’[éy bO] = 5[57 bO] : 1{w§§} (226)

are entropy-entropy flux pair solving (2.2.1).

The entropies O[¢, by] depend on a number ¢ € [w, w] and on a function by. To obtain
a “one dimensional” kinetic formulation for the first Riemann Invariant, for every & we
need to make a choice of by. Following [91], we choose

bo(w)y=1 Vwée [w, w0

and with this choice we rename the entropy ® omitting the dependence on by, which is
now fixed:

Of](w, 2) = O[¢, 1(w,2) V&€ [w ]
and the same for x[¢], ¥[¢] = x|, 1], ¥[¢,1]. The following proposition contains some
structural results for the entropies x.
PROPOSITION 2.2.2. There exists positive 7,c > 0 such that, for every (w,z) € W,
the following holds:
(1) Strict positivity of the entropies:
x[€](w, z) > ¢ >0, V & w,z such that £ <w < {4T.
(2) If A1 is genuinely nonlinear, then we have the monotonicity of the kinetic speed:
d

d—g)\l[f](w,z)20>0 VESw<E+T
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2. KINETIC FORMULATION AND DECAY FOR 2 x 2 SYSTEMS

where
Yp[¢](w, 2)
x[¢](w, )

REMARK 2.2.3. The numbers 7, ¢ are uniform in the choice of £ € [w, w].

Ai](w, 2) = VE<w<EA4T.

PROOF. Fix £. Since the entropy x[¢] is uniformly positive along the boundary data
curve {(w,z) € W | w = &}, there exists §(§) > 0,¢; > 0 such that

x[¢](w, z) > ¢ >0, vV (w,z) €W, E<w<EH+T.
Then, since the function (&, w,z) — O[¢](w,z) is in particular continuous and since
¢ € |w, w] which is compact, there exists uniform 7, ¢ > 0 (not dependent on &) such that

(1) holds. Furthermore, for every w > &, the entropy flux 1[¢] associated to x[¢] can be
computed as

PlE](w, 2) = (o, 2)X(EN(E ) + /£ "M (0, )36 (0, 2) do
(2.2.7)

= M (w, 2)x[&](w, 2) — /gw A (v, 2)x[€](v, 2) dv.

where the first equality follows from the fundamental theorem of calculus and (2.2.1), and
the second follows by integrating by parts. Therefore, if the first eigenvalue is genuinely
nonlinear the kinetic speed A;[¢](w, z) is monotonically increasing in & if € is close to w:
in particular, for some ¢3 > 0

d

d—é)\l[ﬁ](w,z)202>0 V(w,z) €W, E<w < E+T
The existence of uniform r, ¢ such that (2) holds is again ensured by the smoothness of
all the functions involved. O

A completely symmetric construction can be made for entropies that can be cut along
the second Riemann invariant; for these entropies, for { € [z, z], we let v[(](w,z) be
entropy symmetric to x[¢](w, z), and ¢|[(](w, z) for the corresponding entropy flux, sym-
metric to ¥Y[¢](w, z).

2.2.2. Kinetic Formulation. We can now state the main theorem of this section,
according to which if a function U : 2 — U is a vanishing viscosity solution, then it satisfies
a suitable pair of kinetic-type equations. In the following, given a function U : 2 — U,
we define

xu(t,z, &) = x[EJ(U(t,x)) V(¢ z,8) € Qx (ww0),
vy(t,z, Q) = v[CJ(U(t,z) V() €Qx(z72)

and analogously for 1, and ¢;.

(2.2.8)

THEOREM 2.24. Let U : Q — U be a vanishing viscosity solution to (1.5.1), and
assume that (1.5.1) admits a uniformly convex entropy. Then there are locally finite
measure i, 11 € A (2 X (w,w)) and vy, vy € M (2 X (2,2)) such that

Orxy(t,2,8) + 0y (t, x, &) = Oepun + o in 7'(Q x (w, w)) (2.2.9)

Oy (t,z, Q) + Oupy(t,x, () = Ocvr + 1 in @’(Q X (z, 2)) (2.2.10)
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2.2. ENTROPIES, KINETIC FORMULATION
Moreover 1 and vy are positive measures, and for some constant C' > 0, we have

(Pea)elto] + (Pra)slvol < C (pra)spn + (Pra)svr-

Here p;, denotes the canonical projection on the ¢,z variables. We recall that given
a measurable map f : X — Y between measure spaces X,Y, for any p € X x Y the
pushforward measure fyu € #(X) is defined by

fip(A) = u(f71(A)) V measurable A C X.

PROOF. We prove the Theorem for (2.2.9), since (2.2.10) follows from an entirely
symmetrical argument.

1. For every smooth £ — p(&), we can consider a smooth entropy 7, where the entropy
x[€] appears with density o(¢):

nolU) = /R W€ de,  q,U) = /R PIE)(U) ol€) dé. (2.2.11)

Then 7,, g, is a smooth entropy-entropy flux pair. In fact, clearly is a solution of (2.2.1),
since each x[¢],¥[€] is, and the equation is linear. The fact that it is smooth comes from
the fact that g is smooth since an explicit calculation yields that the gradient of 7, is

w(U)
Vin(U) = / VO[E](U)e(§) d§ + o(w(U)) - Ow(U)]U) - Vw(U) VU el

where we recall that w : U — [w, w] is the map that sends U to its first Riemann invariant
w(U).

2. Now multiply from the left equation (1.5.4) by Vn,(U¢) to obtain
V(U [UF + J(U)a] = eV (U)U,

w(U€)
= 6/ VOE](U)e(§) dE Uy, + eo(w(U*))Ow(U)|(US) Vu(U) Uy,

B (2.2.12)
where from now on the symbol V will be reserved to denote the gradient of a function in
the U variable. We calculate the first term:

[ verwete aevs, = [c |

w w

w(U¢)
VelE(U)el(©) ds U]
(2.2.13)

[ [ verwae i ve

w

and the second term:
cow(U) @ (U)(UY) - Vuo(UUL, = [eow(U)OLu(U)(UF) - V(U]

— |co(w(U))O(U)(U*) - Vu(U)] UL

(2.2.14)
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2. KINETIC FORMULATION AND DECAY FOR 2 x 2 SYSTEMS
The second term in the right hand side of (2.2.14) can be calculated as
[co(w(UN U (UF) - Vu(U)] Us = [ed (w(U)w(U)Ow(UI)(UF) - Tuw(U")] - Us
+ co(w(U))(D(Ow(UI)(U) - V(U U, Us)
= (UL [Vedu(w)]
+ co(w(U))(D(Ow(U)(UF) - Ve (U) ) U, U)

(2.2.15)
Therefore we have
No(U ) + 4o(U)a = Vi (U) [Uf + F(U)s]
w(U€)
——e[ [ velwie e v:
— TN O (U] (U) [Vedru(t)] (2210
— co(w(U))(D(OLw(UI)(UF) - Ve (U*) U, Us)
+ 9,
where
w(U¢)
s = e [ VeI d U] + [eolw LU - Vu vz

We notice that g is going to zero in distributions as ¢ — 07. In fact, using (1.5.6), we
deduce that for every compact K C 2

w(U¢)
e / VOLE|(U)ol€) dE U

w

= 0(1) - flelleo - Ve |[VeUel ey

LY(K)

=0(1) - [lollco - \/EH\/EU;”U(K)
—O() ol - ve-C2 — 0 ase—s 0",

where O(1) is a constant depending only on the compact set K. The same estimate shows
that also the second term in ¢° is going to zero in distributions.

3. Define the distribution 7¢ € 2'(Q2 x (w, w))

(T, o) = — / / / X (82.6) + ol aiby.(2,9)] o(€) € dodt
://ng(amg(UE)Jrazqg(UG) dz dt

for all smooth ¢(t,x), 0(§), this is sufficient because by the Stone-Weierstrass theorem
finite sums ZZ]\LI ©;0; are dense in C* for every k € N. Notice that since U¢ — U in L}

loc)

also X e, Wy converge in L} to X, ¥ and T¢ converges to the left hand side of (2.2.9)

loc
in the sense of distributions.
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Thanks to (2.2.16), we have that
T = iy + Do + S

where f€is going to zero in distributions, pf, ¢ are locally uniformly bounded measures,
and in particular:

(1) f€is defined by

(f,p0) = (g5, 0)  Vsmooth p(t,x), 0(§);
(2) p§ accounts for the third line in (2.2.16) and

i = (i, w ) [Ow(UWU) (Vew(Ur),)* - 22| € 4
where
(id,w) : RT x R — R" x R x [w, w], (id, w) (¢, z) = (¢, z, w(t, x)).
In particular uf is positive (because by definition @[w(U)](U¢) > 0) and it
satisfies the bound
51 (K) < sup|©] - sup [Vul? - (VeUs)* = O(1) - Ci 22.17)

where O(1) is independent on €, and the last equality follows from (1.5.6).
(3) g accounts for the second and the forth lines of (2.2.16) and is given by

pg = —elid, w); [ (D(O[w(U)(UF) - Veo(U) ) U, U)
+ (VOL(U))(U*) & Vu(UF) - U, Uf) | - 2
—(V?O[(U)U;, Uy) - £°{€ > w(U)}.
The same type of estimate leading to (2.2.17) shows also that

ol (K) = O(1) - Ck

independently of e. Therefore up to subsequences the measures ), py weakly converge
to limiting measures o and pq > 0 that satisfy (2.2.9). O

REMARK 2.2.5. The measures p1, po (and vq,14) are not uniquely determined by the
left hand sides of (2.2.9), (2.2.10).

2.3. Dispersive Estimates

Using the kinetic formulation, in this section we obtain a decay estimate of dispersive
character for all vanishing viscosity solutions to genuinely nonlinear systems. The only
assumption is boundedness, so that the results of the previous section can be applied.

The dispersion mechanism is induced by Proposition 2.2.2, in particular by the fact
that the speed A;[¢](w, z) is monotone (in a uniform way) with respect to &, when & is
close to w. We start by defining appropriate localizations of x, that are needed to obtain
a localized estimate in strips Rt x R x [¢, ¢ + r] of width r > 0 where Proposition 2.2.2
holds. Given ¢ € [w, W — r|, we define

X" (t.,€) = x[E(U(t, 7)) - Lip<e<ern (€)- (2.3.1)
1



2. KINETIC FORMULATION AND DECAY FOR 2 x 2 SYSTEMS

In the following Lemma, we observe that x"* satisfies a kinetic equation with a monotone
speed. One has to add additional source terms to take into account the flux through the
boundaries of the strip, namely R* x R x {{} and R* x R x {¢+r}.

LEMMA 2.3.1. In the notation introduced above, xX"* satisfies, for some positive, locally
finite measures f™, fout,

A [E)(U) + 0 (M) - X (V) = Dl - Lececern]

o (232)
+ po 1{é<£<é+r} + 1:in - fout n @t,rf'

Moreover, if there is U € U such that Uy — U € L'(R), it holds

// dm@@gﬁmw%_mm,// At ) < 6(1) - |Uo — Tl (2.3.3)
RtxR RtxR

PROOF. For 0 < € < 6, define an ¢ !-Lipschitz function h. by

(0 ife </

(€ —0)e? if<&E<l+e
he(§) =<1 ifl+e<E<l—e

(€+r—§) il r—e<E<l+r

L0 iftE>0+r.

For any test function (¢, z, &) we compute

J[[ Teact+ ey Jagaae = tim [[[ fohoct + oube (hix)  d€ doa

:1%L/[/—@mg+@¢myml+/V/¢mdM,
(2.3.4)
We now compute
/ 1 1
- /// phedpy = — /// Olipce<erey(§) dpn + - /// Oliprr—e<e<erry(§) din

We now compute the limits in the right hand side. We start with the first term. Define
a test function

0 if & </
g(&) = (€= HfL<E<le
1 if 0+e<¢.

Now, for every ¢ € C}(R] x R,) and p € C'(R¢), we test ppg. against (2.2.9), so that we
obtain (omitting the dependence on (t,x)):

/// pPENg.di = /// #e(E))geduo + /// X [E)(U) + 0 [E)(U) pl&) ge(€) da de €



2.3. DISPERSIVE ESTIMATES

Now taking the limit we obtain

lirgg///sop ulLNJre ///wlu §) duo

+ ][ (ext )+ et @) 1e-a(6) dwarde.
(2.3.5)
Therefore we deduce that the limit
A |
1:out = 61_1>r(I)1+ E:ull—(gu 0+ 6)

exists in the sense of distributions; moreover, since p; it is a positive measure, the limit
must be a positive distribution and therefore is a locally finite measure fo,;, € . (R?).
Next, we estimate the norm of fo,: when Uy — U € L!. We assume, without loss of

generality, that ¢ > @ = w(ﬁ ); the other case will be symmetric. We choose (appropriate
regularizations of)

Qp(tw%') = 1(O,T)><IR(tax) v l,x € R* x Ra p(f) =1 Vf eR

and we compute, using (2.3.5)

///dfout(x,t,g) = lim |uol((0,7) % R?)) —//gze(x[f](U(T, z)) dx dé

//M r))dzd¢ < O(1) - |U = Ul|ps

where, to estimate the size of 1o(IR?), we used the bounds in Theorem 2.2.4 in the case
U-Uel”
An entirely similar argument proves that

1
fm - hm 1{€+r<f<€r+e}(£) H1-

—0t €
and
[finll.e < O(1) - [|Up — Ullps.
OJ

In the following Proposition we prove a preliminary decay estimate for the “localized
solution” between ¢ and ¢ + r:

w(t,z) ifl<w(t,x)—0<Ll+r,
gt x) =40 if w(t,z) <Y, (2.3.6)
r if w(t,x) > (.

The underlying idea is rather easy to visualize, therefore we take a few lines to explain
the main point. We introduce a functional 2 whose decrease at time ¢ is at least the L*
norm of the Riemann invariant in the strip S = R x [¢, ¢ + r]. The functional takes the

form
/// (€= &) x" (L2, )x"(t, 2’ £) da’ d¢ du de.
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C+r

(x €)

i

FIGURE 2. For any (z,&) € hypw, the decrease of 2 is due to the fact that
in a small interval of time At, that part of x contained in a triangle (the
dark-shaded area) of area of order (£ — £)?>At stops to approach the point

(,8).

We thinks of two pairs (z,&), (2/,&') € S as approaching if x < 2’ and £ > £'. The
functional 2 measures the set of approaching pairs, weighted with the vertical distance
(€ —¢&'). Since the speed A;[¢](U) is monotone in &, and in a first approximation U is
locally constant, in a small interval of time At, at least a triangle of area ~ At - (£ — £)?
of points (2, &’) stop to be approaching points with the point (z, &) (see Figure 2). Then,
if all the graph of the Riemann invariant w is contained in the strip S, and if pg, uy = 0,
we would get

(E-0At

9() < —C’/R(w(t,x) ) da

If the functional 2 is initially bounded, this yields a bound on the time integral of the
right hand side above. Of course, errors are present due to the fact that pug, uy are not
zero, and due to the fact that if w(t,z) > ¢ + r, the speed is not monotone anymore.
Then, we obtain the following result.

PROPOSITION 2.3.2. Let U : Rt x R — U be/g bounded vanishing viscosity solution
to (1.5.1) with an initial datum Uy such that Uy— U € L. Assume that the eigenvalue X\
is genuinely nonlinear. Then, recalling the definition of g"* in (2.3.6),

/0+<><> /R (¢"(t,2)) " dzdt < 6(1) - (HUO —Ulls + (100 - (7“”)2>

(2.3.7)
+o(1) -.,2”2({(75,3:) e R* x R |w(t,z) > €+r}>.

PROOF. First, for a given positive interaction kernel 0 < ¢ € CL(R?), we define
smoothed interactions 2, as

////M &, &)X (e, )x (12", €) dw dg da’ €.

Next, we convolve (2.3.2) with a standard, rescaled at scale 0, smoothing kernel o5(t, , §),
to obtam .
05" + 05" = O} + pg+ T — M VE>0, z,EER
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2.3. DISPERSIVE ESTIMATES
where we set
X(r;7€(t7 x’ 5) : th * Q(S(t’ x? 5)7 :576(-[;’ m) g) : ¢r7€ * 95(t7 :L‘, 5)

10 = pu; * o5(t,x, &) fori=0,1,s.
Then we compute

25 dt/[[/¢37§x &) x5 (82, x5 (8,2, ¢) dw dg da’ d¢’

:[U“%@gm@w%mom@wé>

(01, €) (D (8,2, €) + bt ,€) + (B2 — (1,2, )) x5 (1,4, €)) do d€ da’ €

/// b (0, &, 2, €NVt 2 €)X (8, 0, €)

(0, €) (Beml(t, ! €) + (e €) + (B — F)(1,2',€)) X5 (¢, 2, €) du dé da d€

Estimating the parts related to dissipation and source terms, and using the sign of ¢ and
of £, we get

G20 < [[[[swer e on .o

+ oz, &2 Ny (2 €)X (¢, 2, €) de dé da’ d¢ (2.3.8)
+O(1) - sup ([Veed| + 191) - (1130l + 11y (Ol + 1Uo — Ullr)

Now we choose a sequence of interactions ¢¢ of the following form: set

1 ifr<0
he(r)=<1—r/e if0<r<e
0 ifr>e¢

and define
¢ (2,6,2', &) =h(z—2a')- (=€) V(& ¢) eRY

Next, using ¢¢ in (2.3.8) and passing to the limit as ¢ — 0%, and then for § — 07, we

obtain
’ = r.d AV N4
o< [ f[reoe-omienenna
— "y, )X (ty, )] dEdg dy dt + O(1) - [|Uy — Ullpe.

and using Proposition 2.2.2, we further estimate the right hand side above and obtain

////1{%5 MU Y)

— MU EY)] - Xy, )Xy, €) - Lw(ray<ers) dE A€’ dy dt
+ﬁu),z%{u@)eR+xR|w@x)ze+5n

+0(1) Uy — Ul
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where we used the fact that if £ < w(t,z) < £+ 0, then
Py, €)X (8,9, €) — M (L y, X (ty, €)
= [M[ENUE ) = MEUE )] (8 y, )X (¢, 9. €)-
Now Proposition 2.2.2 yields
NNV y) = MUy ] (E 5, X (1 y, ) < —e(€ = €)X (ty. )X (L, ).

therefore, for some positive constant C' > 0, we obtain

2(s)— 2(0) < O// (g"(t, z))* dy dt

o(1) 32({@ z) € R* x R | w(t, :p)>£+5}>+6’ 1) U — Ul

(2.3.10)
Rearranging, and letting s — 400, proves the result. O

We now prove the main theorem of this section.

THEOREM 2.3.3. Let U : RT xR — U be a bounded vanishing viscosity solution to
(1.5. 1) wzth an, initial datum Uy such that Uy — U € LY for some constant U € U, with

w= . Assume that the eigenvalue \1 is genuinely nonlinear. Then, it holds
“+o0o
/ / (t,z) Ydrdt < o) - (HUO—UHL1+(HUO—UHL1)2>- (2.3.11)
ProOF. We first prove that
+o0 . N
/ / w(t,r) — a]*) dedt < 6(1) - <||U0 — Ul + (10 — U||L1)2>. (2.3.12)
The estimate for the negative part is entirely symmetric and is accordingly omitted. Define
k€ N,r>0 by
w— W w— W
k= = .
=
Then r-k = w and 0 < r <¥. Define points €o, {1, ..., log_1) by
o= @, éiiwﬂ-%, i=1,....2(0k—1).

Proposition 2.3.2 yields, by setting ¢ = /;,

/+OO/ tdedt < 6(1) - (100 = Ol + (10 — Tllua)”)

(2.3.13)
+o(1) -32({(75,:;;) eR* xR | w(t,z) > b + r}).
Now, for every i =0,...,2(k — 1) — 1, using Markov’s inequality, we estimate
1 +oo
52({@@) ER" xR|w(t,z) >4 + r}) <o) 5 / / ("5 (t,x)) " da dt.
0 R
(2.3.14)
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Then, starting from ¢ = 0, and applying the estimates above repeatedly, we obtain

/OM/R (g (@) " dwat < 2(k = 1) (1) - (Vs = Tllea + (100 = Tllea)°)

+0(1)- 22({(t.2) € R* xR | w(t,) 2 by +1}).
(2.3.15)
But now notice that f5;,_1) +r = w, and by assumption w(t,z) < w for a.e. (¢, z).
Moreover, we clearly have

/OJFOO/R ([w(t,z) — @]*)4dxdt <O(1)- %/:OO/R(gr,eo(t’x)ydxdt

Therefore we conclude that

[ [t - a1 dwae < o) (100 - Ol + (100~ O )?)

and this proves the result. O
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CHAPTER 3

A Differential Structure for Scalar Conservation Laws

3.1. Introduction

We consider the following problem: let u € L*°(RT x R), u > 0, be the entropy
solution to the Cauchy problem

Ou + 0, f(u) =0, in 7,

u(0,-) = up € L*(R). (3.1.1)

The flux is any ¢! function f : R — R such that f does not have nontrivial linear interval
in which it is affine. Consider a family {v{},>o C L(R) such that for some py € .#(R)

hvp € L (R), vy — po € M (R) weakly in .Z (R). (3.1.2)

Here .#(R) is the space of finite Radon measures on R and the weak convergence is
in duality with respect to the space of bounded, continuous functions (see §3.2). By the
Theorem of Kruzhkov [76] , if u” is the entropy solution to the problem with initial datum

up = g + ho (3.1.3)

then

sup hH|u"(t, ) — u(t, )| < sup||v¥|lL:. (3.1.4)
h>0 h>0

Then, since ||v}||p1 remains bounded for h — 07, {h=(u"(t)—u(t))} is relatively compact
in the space of measures endowed with the weak topology, and formally, for smooth
solutions, any limit measure p satisfies the continuity equation

Oip+ 0:(f (u)p) = 0.

Recall that a shock connecting v~ and ut with speed A is a function of the form

_ _ _ o Ju, ifx <0,
u(t, ) = up(z — At), uo(z) = {u+ £ 0 (3.1.5)

The function @ is a distributional solution to (3.1.1) if and only if the Rankine-Hugoniot

condition holds:
Flut) — flu)

ut —u~
We thus expect then when shocks are present, one should replace f’ by the speed of the
shock in the continuity equation. In particular, for every (¢, x) we define the characteristic
speed

At x) = {f’(u), if u(t,x—) = u(t, x+),

—f(q‘+):£(,“7), if u has a jump u(t, z—) =u~ # u" = u(t,r+).

ut

A\ =

(3.1.6)
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3. A DIFFERENTIAL STRUCTURE FOR SCALAR CONSERVATION LAWS

As explained in §3.3, a consequence of the results in [37] is that the one sided limits
u(t, z+£) can be defined everywhere, so that also the speed A(t, z) can be defined at every
point (¢,z) (then in particular p-almost everywhere), and the product A\p € .4 (]R+ X ]R)
is well defined. Given ug € L*°(R), u the entropy solution of the Cauchy problem (3.1.1)
and py € 4 (R) we define

uh—u

D(ug, po) = {p € A4 (RT xR) | I{v)} as in (3.1.2) such that —p,

u" entropy solution with u"(0,-) = ug + hvé”}.

THEOREM 3.1.1. Let u be the entropy solution of (3.1.1) with ug € L>*(R). Then any
p € D(ug, po) solves the Cauchy problem for the continuity equation

Op + 0:(Ap) = 0, in 9!

t,xo
’ 3.1.7)
p(0,-) = po. (

Theorem 3.1.1 is essentially a consequence of the Kuratowski convergence of the graphs
of u" to the graph of u, and is proved in §3.4.

REMARK 3.1.2. Notice that the convergence h=!(u" — u) — p holds in .Z(R* x R).
Nevertheless, since A is bounded, the map t — p; = p(¢,-) is continuous with respect to
the weak topology and there holds

uh(tv ) — u(tv )
h

— Dt weakly in .Z (R).

REMARK 3.1.3. In an ideal situation the set D(ug, po) would be a singleton, which
means, once we fix pg, the perturbation p(¢,-) is uniquely determined also at later times.
It turns out, that this is a too strong of a property to hold, already in the easy case of a
convex flux, as shown in the following example. Consider Burgers equation

2

dru+ 0, (%) =0 (3.1.8)

with the initial datum

() = -1, ifx <0,
TN, ife >0

and notice that the solution u(¢,z) is constant —1 and 1 at the left and at the right of
the region —t < o < t, where u has a centered rarefaction wave u(t,z) = x/t. Consider

two different sequences of perturbations v , as in (3.1.3) defined by

1 L 1
vl () = ﬁ L oy vy () = ﬁ Lo.vmy-
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3.1. INTRODUCTION
We notice that it holds v ; — dp. On the other hand, the corresponding solutions u/f

can be calculated explicitly: for example, one has

—1, if 2 < —vVh—t,

b if —vVh—t<z<-—vVh—(1-Vh,
u(t,2) =S =1+ +vh, if —vVh—(1—=vVh)t<z<—(1-Vhit<uz,
if —(1—Vh)t<z<t,

, if x>t

(

\
In particular this implies that
U’l(t, ) _ ’LL(t, )
h
An analogous computation shows that
u}-iL-<t’ ) - u(t’ )
h

This is related to the uniqueness/non-uniqueness of solutions to the continuity equation
(3.1.7). Tt is clear that, for Burgers equation, the only source of non-uniqueness are
rarefaction waves starting at ¢ = 0. For more general (non-convex) fluxes, the issue is
deeper: one can have two different elements in p, p € D(ug, po) and some ¢ > 0 such that
p(t,-) = p(t,-) if and only if ¢t € (0,1).

— 0y weakly in . (R) for all ¢ > 0.

— O weakly in .Z (R) for all ¢t > 0.

Lifting and Disintegration of the Density. The evolution of p describes the
evolution of a perturbation at the macroscopic level of the conservation law (3.1.1). We
aim at a further description of the structure of this perturbation. It is well known that
entropy solutions to (3.1.1) satisfy a kinetic equation (see [80])

Ox + f(0)x=0pu  In9,, (3.1.9)
where y € AT (RT x R x R)
Xt z,v) = 1y u(t, T, v), (t,z,v) ERT x R x R.

Here hyp ¢ denotes the hypograph of a function g > 0:
hyp g = {(t,x,v) eERT xR*|0<v< g(t,fﬂ)}.

Let also

1
Uy = E(Xh —X) -2 X"t 2, 0) = Ly (7, 0). (3.1.10)

One can recover u from y (or u” from x") via integration in the variable “v”

/X(t, z,v)dv = u(t, x) for a.e. t,x.
R

The vy, are positive measures with mass

1
/ dvp|(t, z,v) = —/ [u(t, z) — u(t,z)| do dt < sup ||vf]|L:.
(0,T)xRxR h (0,T)xR h
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3. A DIFFERENTIAL STRUCTURE FOR SCALAR CONSERVATION LAWS

As a consequence, since the family {v}}s~o is bounded in L!(R), the sequence vy, is
relatively compact in .# (RT x R?). Define the set of lifts

D(ug, po) = {1/ e (RY x R?) | 3{v}}; as in (3.1.2) such that v, — v
u™ entropy solution with u"(0,-) = ug + hvg}.
We will denote by p the positive measure
p= ’llii%h_lmh —ul.
The following definition selects pairs (p, v) that come from the same sequence {v{}.

DEeFINITION 3.1.4 (Compatible Pairs (p,v)). We say that (p,v) is a compatible pair
if there exists a sequence {v}},~o such that, if u” is the entropy solution with u"(0,-) =
ug + hol, it holds

h
~ .Ut =u - 1 )
Ph:’ h "324% Vh:ﬁ(xh_@"ggéy in A

Since projections commute with weak-limits, for a compatible pair one has p = py|v/,
pr = py|vn| where p is the canonical projection on the space-time variables. Recall that
pilv| is the push-forward of the measure |v|, defined by py|v|(A) = |v|(p~'(A)) for all
measurable A C Rt x R. In particular, the following diagram holds

+
[va] == |v|

4l |

pn —= .
From now on we then fix a compatible pair (p,v). If y = (¢,7), we denote by u*(y)
the left-right limits u(¢, z%). Since for a compatible pair we have p;v = p, we can consider
the disintegration {a,}, of v w.r.t the projection p, as recalled in Theorem 3.2.2

v(y,v) = a,(v) @ ply) € A (R x R, x R,). (3.1.11)

In Lemma 3.5.2, we show that every measure v € ﬁ(uo, po) is concentrated on the graph
of w. This is again a consequence of the Kuratowski convergence of the graph of u" to
the graph of u, and it implies that a, are probability measures concentrated on the set
conv{u~ (y),u*(y)} for p-a.e. y.

As a consequence of the fact that a, is the disintegration of a limit of multiples of the
Lebesgue measure restricted to the region between the graphs of u and of u”, in Lemma
3.5.3, we show that {a,}, has the following additional structure: when restricted to the
open interval I(u~,u") with endpoints (u~(y),u"(y)), it is absolutely continuous with
non-increasing density g, € L'(I(u~,u™)):

(a ) I(u",ut) =g, - £ Dg, <0 for p-a.e. y.
Moreover, in Lemma 3.5.5, it is shown via a transversality argument, that for p a.e. y

: - _ ft ) = flu () o T (mascu- . ut}) —
f(maxtu”, ut}) # My) = == 2rh— 2™ = o] max{u”, ")) =0
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3.1. INTRODUCTION

QILJr U1 u-
FIGURE 1. Example of the set .#(u~,u™) for an admissible shock u =, u™.
In this case S (u,u") = (v, u1) U (ug,u”).

and that symmetrically

f(min{u",u*}) # Ay) = f(u;f?;; : Zgzéy)(y» = [a,] (min{u",u"}) =0

Combining Lemma 3.5.3 with Lemma 3.5.5 we thus obtain
Fu), £t £ \y) = (av a, <0 in @;) for Fa.e. v. (3.1.12)

In parallel, combining the information coming from Theorem 3.1.1 with the kinetic equa-
tion (3.1.9), we deduce that a, must be distributed in a way that the mean speed of par-
ticles, if we regard a particle located at height v as travelling with speed f’(v), matches
the speed given by the continuity equation (3.1.7), which is just the Rankine-Hugoniot
speed, obtaining:

/f’(v) da,(v) = Ay) for p-a.e. y. (3.1.13)

Recall that @ in (3.1.5) is also an entropy solution (see Definition 3.3.2) if and only if
uw>ut = fo) < fluh)+Av—ut) Vove (utu) (3.1.14)
u<ut = fu)>flwh)+Av—u") Voe (ut,u). o

In such case we say that u~, u™ are connected by an entropy admissible shock with speed .
The following Definition will be fundamental to understand the structure of the measures
ay(v) (and hence of v).

DEFINITION 3.1.5. Let u~ > u™ be connected by an entropy admissible shock with
speed X\. We let

I (u,ut) = {U € (ut u) | fv) = flu) = Av —ut) < o}. (3.1.15)
and
E(u,ut) = {U € {u,ut}]| f'(v) # )\}.
Finally, we set
H(u™,ut) = (uum)\ I
fu <u', L(u,ut), &u ,ut) and (v, u") are defined symmetrically.
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Combining now (3.1.12) with (3.1.13), a simple Fubini’s argument shows that in order
for both of them to be satisfied, the density g, must almost saturate the constraint (3.1.12)
by being constant on each connected component of .#(y)

[Dg,(#(y) =0 for p-a.e. v, (3.1.16)

where
Iy) =W (y),u (y) E)=EW (y),u"(y)

For the same reason, it also follows that a, (& (y)) = 0 for p-a.e. y. We have thus obtained
the following Theorem.

THEOREM 3.1.6. Any compatible pair (p,v) disintegrates
v=a,(v)@ply) € A(R* xRxR),  suppa, CI(u (y),u*(y))

where, for p-almost every y

(1) (ay)LI(u_(y),u+(y)) = g, L, where gy € BV (I(u™(y),u"(y))) is nonincreas-
ing.

(2) Dg, € A (I(u(y),u"(y))) is concentrated on the set H (u™(y), u"(y)).

(3) ay(€(y)) = 0.

It is interesting to see how Theorem 3.1.6 specializes in the simple situations of a
quadratic or a cubic-like flux.

COROLLARY 3.1.7 (Convex flux). Let f be strictly convex or concave. Any compatible
pair (p,v) disintegrates

v=a,v)®ply) € #R" xR xR)

where

1
a, ==+ LI (ut(y), u or p-almost every y.
Y |U_<y) _ u+(y)| ( (y) (y)) f p gy

In particular, for every p € D(ug, po) there exists a unique lift v € 5(u0,pg) such that
(p,v) is a compatible pair.

For the cubic flux the set ¢ is always empty, as for the quadratic flux, but contact
discontinuities (i.e. shocks in which A = f’(u~) or A = f’(u™)) are present, therefore & is
not empty, in general. Therefore specializing Theorem 3.1.6 in this case we obtain

COROLLARY 3.1.8 (Cubic flux). Let f(u) = u. Any compatible pair (p,v) disinte-
grates

v=a,v)®py) € #R" xR xR)
where for some measurable functions y — g1(y) € R, y— g+(y) € R, we have
ay =gi1(y) LI (u(y),u” (y) + 8+(y) - Opury +8-(y) - 6p-y  for p-ace.y

and

Fut@) #Ny) = gily)=0  for p-a.c. y.
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Necessary Conditions for Minimizers. The study of the elements in D is also
motivated by the fact that they are the objects needed to describe variations of integral

functionals. For the sake of illustration we provide an example of such functional below.
Let ¢ : L*>°((0,7) x R)) — R be a functional of the form

G (u) i/o /Rg(t,x,u(t,x))dxdt (3.1.17)

and let us look for necessary conditions for optimality by computing the variation of ¢
in u along the sequence of perturbations u”. One has

lim 1(54(&)-%(@) ~ fim /0 ' /R /R Dvg(t, 2, 0) dun(t, 2,-) - L (v) da dit

h—0+ h h—0t

:/OT/R/Ravg(t,x,v) dag . (v) dp(t, ).

To compute the variation one needs to understand what are all the possible “lifts” of p
in the additional variable v. Theorem 3.1.6 provides a general structure of such a lift.

(3.1.18)

REMARK 3.1.9. Theorem 3.1.6 has a very concrete meaning: assume you are testing
the optimality of a shock u~,u". In order to do this, you might perturb it in many
ways, for example by “opening” the shock and dividing it into several smaller shock, each
corresponding to a connected component #(u~,ut): more components of & (u",u")
correspond to more possible perturbations. For strictly compressive shocks, i.e. for shocks
u™,u" such that #(u~,u") = I(u~,u"), one can produce only one possible perturbation
that looks like a “shift” (a translation) of the shock in some direction. This is always the
case for convex fluxes.

Asymptotic Structure of the Perturbations, Existence of the Shift. To con-
clude the paper, we prove that Theorem 3.1.6 allows to detect the asymptotic structure of
perturbations near a point (¢,7). Given a sequence of perturbations u” as above, consider
the rescalings at a point (£,7) € Rt x R

Vit a) =t F+ht =D, 2+ he ) U @) = VO Ee)  (3.119)

in which w has a jump v~ = u(f,T—) # u(t,Z7+) = u' and which is of approximate jump
for u, meaning that
fllin%) u(t+h(t —1),z +th(z —T)) = ulx — \t), in L],
—
where
To(x) = u” Lpco + uF 1pso.
We then consider any limit points V., U of (3.1.19), and by the results in §3.3, it will follow
that Im V', Tm U C I(u*, u") for 7#'-almost every point (£, ). It is shown in Lemma 3.6.1
that the function U has the property that its level sets are distributed according to the
density gz ; given by Theorem 3.1.6:

7 ({x ER | W(z) <v< U(x)}) = pi({7}) giz(v) for a.e. v € R. (3.1.20)

This is in fact the main link between the structure of the disintegration obtained in
Theorem 3.1.6 and the structure of blow ups V,U. We then exploit the fact that the
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u UZ

pe({X}) - g7z _ /_/ T

S ~ e

—| I R

N

<
|
|

— v
ut v u= ut
FI1GURE 2. Left: Graph of the absolutely continuous part of the disintegra-
tion pr({X}) - gzz- Right: Graphs of the shock @, compared with the graph
of the time section U (%, -). Each vertical blue line in position ¥ must have
the same length as the sum of the horizontal segments at height v.

derivative of g is concentrated on J# (point (2) of Theorem 3.1.6) to deduce from (3.1.20)
that

ImU C 2 U{u,ut}. (3.1.21)

At this level, all that we know about the function U is that its suplevel sets are dis-

tributed according to (3.1.20). This amounts to say (see Figure 2) that the length of the
vertical blue lines is the same as the sum of the corresponding horizontal segments. The
main difficulty of this section is actually to prove that the horizontal segments are con-
nected (and so there is only one segment), which amounts to prove that U is a monotone
function. This would be trivially true, by the entropy conditions, if we knew a priori
that all the shocks in V must be entropic at the fixed time section V(0,z) = U(x), but
this is in general not the case for a general entropy solution. To do this, we need to
use the additional property (3.1.21) together with ImV C I(u*,u™). In Lemma 3.6.3,
we show that in fact U must have a very rigid structure: if we also add a condition like
U(+o0) = u*, then (3.1.21) and ImV C I(u*,u~) imply that z — U(x) is a monotone
function and that

Vit,z) = Uz — \t).

In particular, all the level sets are connected, and given p({z}) and g, there exists a unique
function U(,1)[g] with connected level sets satisfying condition (3.1.20) (see Figure 3).
Below we formalize the results of this discussion.

DEFINITION 3.1.10 (Composite Shifts). Let u~ > u' be connected by an entropy
admissible shock. Let p € RT be a positive number and let 0 < g € BV}OC((u*,u’))
nonincreasing such that Dg is concentrated in J# (u™,u™).

(a) We denote by g™ : [O, g(u++)] — [u™, u”] the pseudoinverse of g, defined by

g (V) =sup {v € ut,u) ‘ g(v+) > 19}.
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<

’LL+ x

FIGURE 3. Time sections of the function U,[g]. The level sets are all connected.

(b) We define the function U,[g] as

u”, if x < \t,
Unlel(t o) = gt (p 7w = M), i A< @ <+ pglu),
ut, if z > At + pg(u™).

By the Volpert’s chain rule for BV functions and by the choice of g, the function
U,[g] is an entropy solution to (3.1.1) on the whole R2.

For u~ < u™ the definition is given symmetrically.
THEOREM 3.1.11. For p-almost every (t,x) € RT x R it holds

Vi — Upquaplges] i L (R?)

loc
and

t,x .

U, — Upqeap8ean]t, ) in L, (R).

REMARK 3.1.12. Theorem 3.1.11 can be viewed as a shift differentiability result, for
a conservation law with any flux which is not constant on any non-trivial interval. In
fact, the mass of the level sets of U,[g] — @ (or, the length of the blue lines in Figure 3) is
precisely the amount of which one has to “shift” the graph of u to produce a perturbation
that is, at first order precision, equivalent to {u"};~¢.

3.2. Preliminaries

3.2.1. General Measure Theory. In the following, we consider measures defined
on the o-algebra of Borel sets B(X) of some complete, separable metric space X. The
total variation of a measure p is defined on every F € B(X) by

k k
[ul(E) = SUP{ZW(EJ‘ | EinE;=0fori#j, UEz =E, E€ B(X>}-
i=1 i=1

We denote by .#(X) the space of finite measures, namely the set of all measures p such
that |u](X) < oo, endowed with the norm ||u||., = |u[(X), and we denote by .Z*(X)
the subset of positive measures. By weak topology on .#(X) we mean the topology on
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A (X) induced by the duality with the space of bounded and continuous functions Cy(X).
In particular, given a sequence {fi, tnen C A (X), we write p, — p if and only if

Jdim [ ple) dia) = [ pla) dute) Ve € CX)

We say that a sequence {i,}, is tight if for every € > 0 there exists a compact set K.
with
sup || (X \ K:) <e.

We will often use the following classical Theorem.

THEOREM 3.2.1 (Prokhorov). Let X be a complete, separable metric space. If a se-
quence {pn} C A (X) is tight and uniformly bounded, there exists a subsequence {ny }y
and pn € A (X) with p,, — pu.

We say that a measure p is supported on a set £ C X if |u[(X \ E) = 0. Given a
measurable function g : X — R, we denote by ¢ - u the measure defined by

(g w)(E) = / g(z)du(z) YV E € BX).

E
We will always use the notation 15 : X — {0, 1} to denote the characteristic function of

aset £ € B(X)
1 ifxekl
1p(x) = ’
5() {0 ifr ¢ E
and the notation puL F to denote the restriction of the measure p to the set E

If we are given another metric space Y and a measurable map g : X — Y, we denote by
gzt the push-forward of p by ¢

l9:1(B) = u(g™(E)) Y E€BY).
A measurable function g € BV(R"™) if and only if the distributional gradient Dg belongs

to the space of finite measures .Z (R"). Given a measurable function f : (a,b) — R, the
function g : R — R defined by

g(v) = $1<{x € (a,b)] f(x) < v})

is bounded and nondecreasing, hence g € BV (R). We will sometimes use the following
convenient formula to compute the push-forward f;,. 21 (a,b)

£L" @) = [

E

dp[gl({x € (a,b)| f(z) < v})] (v) VEeBR) (32.1)
which readily follows by observing that for every set E of the form (—oo, z| it holds
L' (@, b))(~00,2]) = 2" ({r € (a.b) | fx) < =}) = /( ADg(w)

We momentarily restrict to the Euclidean setting X = R", and we denote by .Z" the
Lebesgue measure on R” and by J#* the k-dimensional Hausdorff measure. The next
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theorem holds in much more generality, but we will use only the following Euclidean
version (see for example [6]).

THEOREM 3.2.2 (Disintegration of measures). Let A, B be open sets of R", R™ re-
spectively, v € M (A X B), m: Ax B — A the canonical projection on the first factor and
p = m|v|. Then there exists a Borel family {vy}yea C A (B) such that ||vy|.0 =1 for
p-a.e. x € A and v can be decomposed as v = v, @ p, which means

W(E) = /A V(B dp(z) ¥ E € B(Ax B)

E,={y€ B | (z,y) € E}.

If X =T'r, where I'r is a space of curves defined on sub-intervals [0, 7]
I'r = {7 |7:[0,t,) = R, ~ Lipschitz curve}
we endow it with the metric

dr(v,72) = sup  [3(t) — (t)] + [ty — b

(0t Atyg)

The space 'y has natural evaluation maps (or projections) e; : I';y — R defined by
6,5(/7) = f}/(t) v v € FT7 te [07t’y]

If T'= 400, we simply let I' = ['.

3.2.2. Continuity Equation, Superposition Principle. Given a bounded mea-
surable vector field b : R x R? — RY, we say that v : [0,¢,] — R? is an integral curve of
b if

Y(t) = b(t,y(t))  for a.e. t € R, (3.2.2)

We consider measure valued solutions p € .Z (R x R) of the continuity equation with
vector field b and measure source g € 4~ (RT x R)

O+ 0, (b(t,x)p) =g  in 7, (3.2.3)
The ordinary differential equation (3.2.2) and (3.2.3) are related by the following Theorem.

THEOREM 3.2.3 (Ambrosio, Smirnov). Let p € # (Rt x R) solve the continuity
equation (3.2.3). Then the following are equivalent:

(1) There exists a measure n € #(T") concentrated on integral curves of b, satisfy-
mg

pe = (e)ym  VteR" (3.2.4)

(2) 1 is a solution of the continuity equation (3.2.3) for some g € M4~ (Rt x R).
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3.2.3. Convergence of Sets. We recall the notion of Kuratowski convergence. Let
(X, d) be a metric space and (K, ),en be a sequence of subsets of X.

DEFINITION 3.2.4. We define the upper limit and the lower limit of the sequence K,
respectively by the formulas

limsup K, = {x € X | liminfd(z, K,,) = O},

n—+o0 n—+00

liminf K,, = {1’ € X | limsupd(z, K,) = O}.

n—r+00 n—-+o00

We say that the sequence (K,,)nen converges to K C X in the sense of Kuratowski if

K =limsup K,, = liminf K,

n—+00 n—+oo
and we denote it by
K, K, o K=K-lmK,.
n—oo

The following compactness result holds (see [30]).

THEOREM 3.2.5 (Zarankiewicz). Suppose that X is a separable metric space. Then
for every sequence K, of subsets of X there exists a convergent subsequence in the sense
of Kuratowski.

In the following we consider Kuratowski convergence of closed sets arising as boundary
of hypographs.

DEFINITION 3.2.6. Let Q C R be an open set and u : Q — R be a function. We set
G(u) = 0 (hyp(u))

the topological boundary of the hypograph hyp(u) = {(y,v) € Q x R : v < u(y)}. We
refer to G(u) as the completed graph of u.

REMARK 3.2.7. If we denote by @ and u the upper lower semicontinuous envelope and
the lower semicontinuous envelope of u, then G(u) = {(y,v) C QxR : u(y) < v <u(y)}.
In particular G(u) reduces to the graph of u for continuous functions.

The Kuratowski convergence is induced by the Hausdorff metric in compact metric
spaces (see for example [31]). Tt is easy to check that the following version holds for closed
subsets of R%:

LEMMA 3.2.8. Let (K,)nen and K be closed subsets of RY. Then K, XK if and
only if for every R > 0 and every € > 0 there is N € N such that for every n > N it holds

K,NBr C K+ B, and KNBr CK,+ B.,

where Br, B: denote the open ball centered at the origin of radius R and € respectively.
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3.3. Graph Convergence of Entropy Solutions

3.3.1. Structure of Entropy Solutions, Generalized Characteristics and Ad-
missible Boundaries. We consider the following Cauchy problem

{atu +0,f(u) =0 inR* xR,

3.3.1
u(0, ) = ug in R, ( )

where the flux f is a ¢! function and we assume in the whole paper that there are no
non-trivial intervals where the restriction of f is affine.

DEFINITION 3.3.1. We say that (7, ¢) is a convex entropy-entropy fluz pair if n : R — R
is convex and ¢ : R — R satisfies ¢ =/ f’.

DEFINITION 3.3.2. A bounded function u € C°([0, +o0); Lt .(R)) is the entropy solu-
tion of (3.3.1) if it satisfies the initial condition and for all convex entropy-entropy flux
pairs (n,q) it holds

i = () + Bug(u) < 0 (33.2)

in the sense of distributions.

The well-posedness of the Cauchy problem for entropy solutions with bounded initial
data is a classical result [76].

See for example [37, Corollary 4.6] for the following proposition on the structure of
entropy solutions.

PROPOSITION 3.3.3. Let u be the entropy solution of with initial datum uy € L.
There exists a representative of u such that the following holds. Then for every (t,x) €
R* x R the following limits exist:

u (t,z) = x/lgl;_ u(t, z'), ut(t,z) = x/hg; u(t, z').

Moreover there is a set J C RT x R and countably many curves o; € Lip(R™) such that
(1) the following inclusion holds:
J |t o() st e RT Y
jeN
(2) u is continuous for every (t,r) € RT x R\ J;
(3) for every j € N and £*-a.e. t € R it holds
o) St ifut =u",
%) = | s @AWt =,
where ut and u™ denote respectively lim,_,o )+ u(t, x) and lim,_,, - u(t, ).
(4) for every j € N and £'-a.e. t € RT, (t,0(t)) is point of approzimate jump of u
(u™,ut, \), which means
1
lim —/ u(s,y) —u(t+r(s—t),z+r(y—2))|dyds=0  VR>0.
Br

r—0+ T2

where W is defined as in (3.1.5).
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Relying on the previous proposition we can define generalized characteristics associated
to entropy solutions of (3.3.1) with initial data in L°°.

DEFINITION 3.3.4. We say that v € Lip(R") is a generalized characteristic of u if for
Llae. t € R it holds

: f'(u®) if ut =7,
’7(75) = /\(t”Y(t))7 where A(t ZE) {f(u;?_u(_u) if ut 7& u,

and ut and u~ denote respectively lim, ,,+ u(t,y) and lim,_,,_ u(t,y).

In order to describe the characteristics structure of entropy solutions u of (3.3.1), we
recall the definition of admissible boundary and two related results from [37].

DEFINITION 3.3.5. Let v : R — R be Lipschitz, w € R and 7 > 0. Define the domains
a={telrxRlz<r®}  &={t2)eclr]xR]z>0)]

We say that (v, w) is an admissible boundary for u in the interval [0, 7] if the two restric-
tions w; = u_q, and u, = u_q, solve the initial-boundary value problems

Opup + O, f(w)) =0 in €, Oty + O f(u,) =0 in Q,,
w0, )=uw() i (—oo(0), and  Qu(0)=ul) i (~00,(0))
u(t,y(t)) =w in (0,7) u(t,y(t)) =w in (0,7).

where here the boundary condition u(¢,y(¢)) = w must be understood in the hyperbolic
sense of [29]. It is useful to exploit the definition of solution of the initial boundary value
problem given in [29] to characterize admissible boundaries in terms of entropy inequalities
for traces (see [37, Definition 2.12]): for every k € R we define the entropies

() = (uw—k)" o (u) = (u—k)”
with the corresponding entropy fluxes
G (1) = Ly (u) (f(u) = f(R)), g (u) = Voo (u) (f(k) — f(u)).
Here 15 denotes the characteristic function of the set E:

(u) = 1 ifuekF,
X =N0 ifud B

We have therefore

LEMMA 3.3.6. Let v : R™ — R be Lipschitz and let w € R, and 7 € R". Then (v, w)
is an admissible boundary for w in the time interval [0, 7] if and only if the following
inequalities hold for £*-a.e. t € (0,7):

—Ant(u gi(u”)>0 Yk>w,
)+ ) > .
=¥ (W) + g (u) =0 VE<w,
where u~ = u” (t) = lim, - u(t, ). And symmetrically for £* a.e. t € (0,7)
—Anf(ut) + ¢ (ut) <0 VE>w,
ke o) 5o
—Fmp (W) + g (W) <0 Vi <w,

62



3.3. GRAPH CONVERGENCE OF ENTROPY SOLUTIONS
where v = ut(t) = lmy_ )+ u(t, x).
The following stability result is proven in [37, Proposition 2.13].

PROPOSITION 3.3.7. Let u" be entropy solutions of (3.3.1) and (4™, w™) admissible
boundaries for u" in the time intervals [0,7"]. Assume that
-u" = u in LY(RT x R),
-w' —=wiin R,
-1 =717 1in R,
- " — v locally uniformly in RT.
Then (y,w) is an admissible boundary for w in the time interval [0, 7).

The next proposition relates G(u) (recall Definition 3.2.6) with the admissible bound-
aries for w.

PROPOSITION 3.3.8. Let u be an entropy solution of (3.3.1). The following hold:

(1) for every (t,z,v) € G(u) there is an admissible boundary (vy,w) for uw on the
time interval [0,t] such that 7y is a generalized characteristic of u and it satisfies
y(t) =z and w = v;
(2) if (v, w) is an admissible boundary for u in the time interval [0, 7], then for every
€ (0,7) it holds
w e I(u™ (A (8), u* (1,1 (1). (3:3.5)
In particular (t,v(t),w) € G(u).
PRrROOF. Point (1) is a particular case of [37, Theorem 3.8]. We prove Point (2). By
Lemma 3.3.6 we have that for #'-a.e. ¢t € (0,7) the inequalities in (3.3.3) and (3.3.4)
hold: we check that they imply (3.3.5).

We consider first the case u™ = u~ and we denote the common value by u. Assume
by Contradiction that w # u, then for every k € I(u,w) \ {u} we have that (3.3.3) implies

y < LeJk) ) k ) and (3.3.4) implies 4 > LW=/k) ) ( . Therefore for every k € I(w,u) \ {u} we
have

_ fuw) = f(F)

 u—k

Since the left-hand side does not depend on k € I(w,u) \ {u}, this implies that f is affine
in I(w,u), in contradiction with the assumption on f.

We now consider the case u™ # u~, up to removing a negligible set of times ¢ € (0, 7)
we can assume that 4 = f("ui)—u by the Rankine-Hugoniot conditions. Assume by
contradiction that w ¢ I(u~,u™). It is not restrictive to assume u~ < ut < w, the other
cases are analogous: then for every k € I(u™,w) the second inequality in (3.3.3) implies
that —y(k —u™) + f(k) — f(u™) > 0, namely (k, f(k)) lies above or exactly on the secant
of f through v~ and u™. Similarly the second inequality in (3.3.4) implies that (k, f(k))
lies below or exactly on the secant of f through v~ and u*. This means that f must be
affine on I(u,w) and that is a contradiction.

The argument above proves (3.3.5) for Z!-a.e. t € (0,7). In order to conclude the
proof it remains to extend (3.3.5) for every ¢t € (0,7). We assume by contradiction that
thereis ¢t € (0,7) for which w ¢ I(u~,u") and we prove that there is a ¢’ > 0 such that for
every s € (t,t+¢') the condition (3.3.5) does not hold, providing a contradiction since we
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know that (3.3.5) holds for £*-a.e. t € (0,7). Let ¢ =  min{|u™—w/, [u"—w|} and let § >

0 small enough so that u(t,-) in the interval (y(¢) —d,v(t) 4+ §) takes values in the interval
I. = (min{u™,u*} — g, max{u,u"} +¢). If we denote by A = SUD|_ e full o] |.f']s DY
the maximum principle it follows that u takes values in I, also in the triangular shaped
region

Tﬁ{@JﬂGﬁﬁaﬂXR:%@—5+MS—ﬂ<x<7@+ﬁ—&@—ﬂ}

Choosing ¢§' = ﬁ we have that (s,7v(s)) € T for every s € (¢,t + ) so that (3.3.5) cannot
hold. This provides the desired contradiction and concludes the proof. O

In the next corollary we compare the time sections of G(u) with the completed graphs
of the time sections of u: more precisely for every t > 0 we set

G(u)y =A{(z,v) : (t,z,v) € G(u)}
and
G(u(t,)) = 0 (hyp(u(t,-)))
COROLLARY 3.3.9. There is a countable set N C RT such that for every t € Rt \ N

it holds
G(u)r = G(u(t, ) = {(z,v) s v € I(u(t,x),u”(t,2))} .
In particular for every t € RT™ \ N it holds

Glu(s,")) == G(u(t,”)) ass—t.
PrOOF. We prove the following one-side limits:

G(u)y = K=lim G(u(s, -)), G(u(t,-)) = K=limG(u(s,-)). (3.3.6)
s—t— s—tt
In particular there is an at most countable set A such that the two limits are equal for
every t € R\ V| so the conclusion follows by (3.3.6).
1. The inclusion G(u); C K—liminf G(u(s,-)) follows immediately from Proposition
s—t—
3.3.8.

2. We now prove G(u); D K—limsup G(u(s,)). Since G(u(s,-)) C G(u)s and G(u) is

s—t—
closed, then

K—limsup G(u(s,-)) C K—=limsup G(u)s C G(u);.

s—t~ s—t~
The two inclusions above prove the first equality in (3.3.6).

3. We next prove G(u(t,-)) C K—liminfg(u( ). Let (z,0) €
prove that for any sequence s, — t* there is a sequence (z,,v,) approaching (z,v) with
).

(X, vn) € G(u(sp,+)), namely with v, € I(u™ (Sp,xy),u" (sp, xy,)). If (¢, Z) is a continuity
point of u, then v = u(t,z) and any sequence (z,, (s, x,)) with

(Sp,2n) ERT X R\ J, z, > 7T

satisfies the requirement. It remains to consider the case (t,z) € J: now v € I(u™ (¢, Z),u™ (¢, 7)).
Let € > 0 and let 2~ € (Z — ¢,Z) be such that

(t,z7) e RT xR\ J, and  |u(t,z”) —u (t,7)] <e.
64

G(u(t,-)); we want to



3.3. GRAPH CONVERGENCE OF ENTROPY SOLUTIONS

Similarly let * € (Z,Z + ¢) be such that
(t,z7) e RT xR\ J, and  |u(t,z") —ut(t,7)] < e.

Since (t,z7), (t,2™) are continuity points of u there are two sequences (z;, )Jnen, (T, Jnen
approaching T~ and ' respectively with

(5p,2,), (S, 2f) € RTY xR\ J  and  u(s,, x7) — u(t, 2¥).
For n sufficiently large we have =, < x and |u(s,,z) — u(t,z*)| < e. Moreover, since
G(u(sp,-)) is connected, for every v € I(u(sp,x,}), u(s,,x,)) there is x € [:L‘n,x;[] with
(x,v) € G(u(Sy,)). In particular, by construction we can choose v,, € I(u(sy, "), u(sp, ;)
with |v, — 9| < 2¢ for n large enough. Therefore there is x, € [z, 2] with (z,,v,) €
G(u(sn,-)) and |z, — Z| < 2e. Since £ > 0 is arbitrary we can conclude by a diagonal

argument.
4. Eventually we prove G(u(t,-)) D K—limsup G(u(s,-)). By Point (2) in Proposition

s—tt
3.3.8, it follows that
K—limsup G(u)s C G(u(t,-)).

s—tt

The conclusion follows recalling that G(u(s,-)) C G(u)s. O

The following Proposition shows that L{ . convergence of bounded entropy solutions
implies the stronger Kuratowski convergence of the associated completed graphs.

PROPOSITION 3.3.10. Let u” be a sequence of equi-bounded entropy solutions to (3.3.1)
such that
u" = u  strongly in L, (R x R).

Then G(u") AN G(u) as subsets of (0,4+00) x R x R. Moreover for every t € RT \ N it
holds G(u"(t,)) - G(u(t,-)), where N is defined in Corollary 3.3.9.

Recall that A does not depend on the sequence u”, but only on the limiting entropy
solution wu.

ProOF. Up to subsequences, we can assume by Theorem 3.2.5 that G(u") converges
to some set G C RT x R? in the sense of Kuratowski. The inclusion G(u) C G is a direct
consequence of the Li . convergence of u” to u. Indeed let (£,7,7) € Rt x R?\ G, then by
the definition of Kuratowski convergence there is a neighborhood O of (¢,Z,v) such that
for all h small enough

onNGu") =10.
Since u" — w in L} _ we deduce that O N G(u) = 0, in particular (¢,7,7) ¢ g(u)

We now prove that G C G(u): for every (¢,7,9) € G, there is a sequence (", 2", ") €
G (u") converging to (£, Z,v). By Proposition 3.3.8 ( 1nt (1)) there are (’y ,wh) adm1ss1b1e
boundaries for u" on time intervals [0,#"] with w" = " and such that 4" are generalized
characteristics with (") = z". Since 7" are generalized characteristics and u" are equi-
bounded, then 7" are equi-Lipschitz; up to taking a further subsequence we may assume
that v* — ~ uniformly on [0, #] for some Lipschitz curve . By Proposition 3.3.7, (v, ) is
an admissible boundary on [0, ] and () = Z, and by Proposition 3.3.8 (Point (2)) this
implies (¢,%,0) € G(u).
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We then prove that for every + € R* \ AV it holds G(u"(t,-)) — G(u(t,-)). Again we
can assume that G(u"(¢,-)) — G in the sense of Kuratowski for some G C R?. Since
ul(t, ) = u(t,) in L (R), then G(u(t,-)) C G. Moreover, since G(u") — G(u), then we

have G C G(u);. For t € RT \ N it holds G(u(t,-)) = G(u);, therefore we deduce that
G = G(u(t,-)) and this concludes the proof. O

An immediate consequence of Proposition 3.3.10 is that, if u is continuous on some
open set 2 C R* x R, then u" converges uniformly to u on compact sets K C €. The
following Lemma shows that if u has shocks, we can obtain a quantitative estimate of the
region where the uniform convergence of u” to u fails, if we assume that

sup h™H|ug — uf|| < +oo. (3.3.7)
h>0
LEMMA 3.3.11. Let u be an entropy solution to (3.3.1) and let (t,z) € J be a point of

approximate jump of u (recal_l Proposition 3.5.3). Assume that (3.3.7) holds. Then, for
every € > 0 there exists r,C,h > 0 for which

{y € Bu(x) | W (t,y) — ult,y)| > g} C Benlx) VYO<h<h. (3.3.8)
PROOF. First, we choose r > 0 small enough so that
u(t, y) — u(t,z—)| < % Vye(@—mrz), |ulty)—ultat)] < % Vye (z,x+r).

(3.3.9)
Assume by contradiction that for every C,h > 0 (3.3.8) does not hold. Then, for every
J € N, there exists 0 < h; < j~' such that

{ve B.@ |l ty) —ut.y)l >} ¢ B, (o).

In particular, by Proposition 3.3.8, there exists a point y; € B,(z) \ Bjn,(z), together
with an admissible boundary (7y;, w;) of u”i, such that

v () = yj, lwj —u(t,v; ()] > e.

Up to extracting a subsequence, we can assume that the sequence {y;}; satisfies y; >
for all j € N, being the opposite can completely analogous. Using the second in (3.3.9),
we thus obtain

€ .
pEB@\ B, @), =y, w-ultab)]>5  VieN  (3310)
Next, define a scaling parameter ¢; = |y; — z| and consider the rescalings
Uj(S,y) = U(t + gj(s - t),ZL’ + é](y - .17)), Zj(87y) = uhj(t + Ej(‘s - t)a x+ Ej(y - "L‘))

Since (¢, x) is a point of approximate jump of u, the rescalings v; converge to the function
win (3.1.5). On the other hand, ||u(s,-) —u" (s, )1 = O(1) - h;, where O(1) is given by
(3.3.7), for every s € RT, so that
_ _ . _ 1
lvj (s, ) = 2i(s, e = & [ul@G (s = 1)) = uM (5 (s = ), )l < €5 hy < G
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3.3. GRAPH CONVERGENCE OF ENTROPY SOLUTIONS

Therefore by triangular inequality we deduce also that v; — @ as j — +o0 in L},.(R?).
The scaled boundary (7;,w;) defined by

vi(s) = 5-_1 (7j(t + st;) — x)

is an admissible boundary of the solution 2"7. The important observation is that 7;(0) = 1
for every 7, therefore passing to the limit, up to a subsequence, using Proposition 3.3.7,
it converges uniformly to an admissible boundary (7, w) of @ satisfying

~ g
7(0) = 17 |Wj - u+‘ > 5

This is a contradiction with Proposition 3.3.8. 0

3.3.2. Riemann Problems with Boundaries. We conclude this section by a dis-
cussion on a class of entropy solutions to generalized Riemann problems with moving
boundaries.

Let T > 0 and consider a domain of the form

0= {(t,x) € (0,7) x R | (1) <x<72(t)} (3.3.11)

where 1,72 : [0,7] — R are Lipschitz ;3 < 75 and 7,(0) = 72(0). Given two numbers
a,b € R, there exists a unique entropy solution u in €2 with boundary conditions a on
v and b on 7,. As shown in [37], the solution u admits a representation in terms of
the following length minimization problem. For every (t,Z) € Q consider the length
minimization problem

t
min / V1+9/(t)2dt, where Az = {7 € Lip([0,]) | 1 <7 < 72,7(F) = f}
0

VEA; &
(3.3.12)
For every (f,Z) € Q the minimizing curve v5% in (3.3.12) exists and is unique and we set

u(t, ) =4 ().

We assume that a < b, being the opposite case analogous using concave envelopes
instead of convex ones. To obtain the entropy solution u from the above minimization
problem, first denote by conviy f : [a,b] — R the convex envelope of f in [a,b] and let
[A7, A*] the image of its derivative. The function (convi,y f)’ is non decreasing, we denote
its pseudo-inverse by ¢ : [A\7, A\*] — [a, b]. For every (¢,7) € 0, define

a if v(t,7) < A7,
u(t,z) =< g(v(t,z)) ifv(t,z) € (A7, A1), (3.3.13)
b if v(t,z) > A*.

The following Proposition states that u is the unique solution of the boundary value
problem in € and describes some of its properties.

PROPOSITION 3.3.12 ([37]). The function u defined by (3.3.13) is the unique entropy
solution of the boundary value problem in €.
Moreover, there exist two Lipschitz curves v~ , v such that

(1) for every t € [0,T], n(t) <y~ (t) <y (1) < (),
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3. A DIFFERENTIAL STRUCTURE FOR SCALAR CONSERVATION LAWS
(2) u(t,z) = a for every (t,x) in
Q" ={(t,z) € Q) <z <~y ()}
and u(t,z) = b for every (t,x) in
O = {(t2) € Q4 (t) < 2 < D))

(3) if () < v~ (t) < y2(t) then 4 (t) = A~ and similarly if v (t) < v7(t) < 72(t)

then At (t) = AT,
(4) w and f"ow are strictly increasing in

Q™ ={(t,x) e Qv (t) <z <~ (1)}.

Moreover [’ o is locally Lipschitz in Q™;
(5) for L1-a.e. t € (0,T) such that v~ (t) = y1(t), it holds 4~ (t) > \~; similarly for
Lae. t €(0,T) such that y*(t) = v2(t), it holds ¥ (t) < AT.

We conclude the section with a Lemma that refines Proposition 3.3.12 when the
boundaries 7,7, are part of a complete family of boundaries of an entropy solution
u:RT xR — R. For a proof see ([37], Remark 4.9).

LEMMA 3.3.13. Let u be an entropy solution to (3.3.1) and let (y1,a), (72,b) € K be
admissible boundaries of u such that for some T > 0 it holds v1(t) < va(t) for allt € (0,T)
and v1(0) = 12(0). Then, in the notation of Proposition 3.3.12, Q = Q™.

3.3.3. A Technical Lemma. Let u~,u" be a entropy admissible shock with = >
ut and assume that
fw™) = fu?)

u- —ut

A=

< fl(u™). (3.3.14)
Define
I {max%(u‘,uﬂ it A (u=,ut) #0,

U otherwise.

By (3.3.14), one has, recalling the definition of ¢ (u~,u") in Definition 3.1.5, that
U, < U . (3.3.15)
Moreover, by continuity of f and f’, for every o > 0 arbitrarily small there exists ¢ > 0

such that the following holds:
o for every u~ € u~ + B.(0), there exists Uy, € Uy, + Ba(0) such that (U™, u,,) is
an entropy admissible shock.

Therefore from now on fix > 0 and € > 0 accordingly. We prove a property of the
solution u(t, z) = Syu(x) to the Cauchy problem with an initial datum @(x) of the following

form:
. Ju(z), ifx <0,
i) = {u*(x), ifx>0
where
sup |u” (z) —u | <¢, sup [ut(z) —ut| <e.
z<0 >0
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3.4. EVOLUTION OF THE PERTURBATION DENSITY

LEMMA 3.3.14. With the notation introduced above, let o~ (t) denote the minimal
forward characteristic starting at (0,0), defined by

o~ (t) = sup {x | 3 (v,w) € K such thaty(t) =z, ~(s) < O}.

Then
u(t,o” ()+) < Uy + Vit>0.

PROOF. In a symmetric way to o, define also the maximal characteristic starting
(0,0), that we call . Then it holds 0~ (0) = ¢7(0) = 0. Then by monotonicity of the
family of boundaries, we remark that whenever v € K, and o~ (t) < v(t) < ot (t), it must
hold ~(0) = 0. By contradiction, assume that for some ¢ > 0, it holds

u(t, o (t)) > um, + a.
Then, by Proposition 3.3.8, there must be an admissible boundary (7, u,, + «) with
o (t) <7(t) < o™ (t).

Moreover, consider the boundary (7,u~ — €) and notice that Y(¢) € (¢~ (¢),07(t)) and
7(0) = 0. Then, by Proposition 3.3.12 it must hold 5(s) = F(s) for every s € (0,1),
otherwise the solution would be constant in (7(s),7(s)), but this is prohibited by Lemma
3.3.13. Then there is an admissible boundary (7, w) for every w € (u,, + «,u"¢). We now
show that 7 = o~. In fact take any ¢ > 0 and consider a sequence of points z,, — J(t)~,
together with boundaries (v,,w,) with 7,(t) = x,. Then, with the same argument as
above, we must have v,(s) < 7(s) for every s € (0,¢). But by monotonicity of the family
of boundaries this implies o~ (t) = 7(¢), as wanted. O

Using finite speed of propagation, the following Corollary readily follows.

COROLLARY 3.3.15. Assume that u™,u™ are as above and that u is an entropy solution

to (3.1.1) with
u(s,x”)=u", u(s,zt) =u".
Then, if o~ : [s,+00) — R is the minimal characteristic exiting from (s,x), one has

| e
Jim ut, o™ (1)+) <

3.4. Evolution of the Perturbation Density

In this section we prove that the perturbation density satisfies a continuity equation
with the characteristic speed as velocity field, namely, we will prove Theorem 3.1.1.
Given a sequence u” of entropy solutions, we consider set-valued velocity fields

ANt z) = { F1(@) | @ € conv {a(t, z), u(t, x), @ (t, ), u(t, x)}} CR. (3.4.1)
We also define a set valued vector field associated with the limiting entropy solution u as
Alt,z) = { F/(@) | @ € conv {a(t, z), u(t, x)}} cR. (3.4.2)
IfQCR?Yand © : Q — R is a set valued map, we define the graph of © as
Graph(©) = {(y,v) |y € 2, v e O(y)}.

This should not be confused with the completed graph of a function introduced in (3.2.6).
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3. A DIFFERENTIAL STRUCTURE FOR SCALAR CONSERVATION LAWS

The following Lemma shows that whenever a family of entropy solutions u" converges

to u in L!, then the graph of A" converges to the graph of A(t,z) in the sense of Kura-
towski, and is an immediate consequence of the convergence G(u") ANy (u) and of the
continuity of f’.

LEMMA 3.4.1. Let u” be a sequence of equi-bounded entropy solutions to (3.3.1) such

that
h Tl (Tt
u' = u  strongly in Ly . (RT x R).

Then Graph(Ay) AN Graph(A) as subsets of (0,+00) x R x R.

PROOF. By Definition of Kuratowski convergence (Definition 3.2.4), we need to show

limsup Graph (A;) C Graph (A) C liminf Graph (Ap).
h—0+ h—0+

Consider a point (t,z,v) € limsup Graph (A;). Then there exists a subsequence {hy}y

and points (tg, xx, vr) € Graph (Ap,) such that (tx,xk,vx) — (t,z,v). By definition of
Ay, , for every k there exist

uy € conv {u(ty, z1), u(ty, ve)}, up € conv {u" (ty, ), u™ (L, 1)}

)=

and 6, € [0,1] such that v, = f/(6yuj, + (1 — 6;)ui). Up to subsequences, we can assume
that ug, us, 6 converge to limiting values u', u? and 6, respectively. Since f’ is a continuous
function, passing to the limit we obtain v = f'(fu' + (1 — 6)u?). Since G(u") BN
(Proposition 3.3.10), we obtain that u' € conv {u(t,z),u(t,z)} for i = 1,2. This implies
that v = f'(u) where @ € conv {u(t, z),u(t, )}, which means (¢,z,v) € Graph (A). This
proves the first inclusion.

For the second inclusion, we first notice that since G(u") LN G(u), it immediately
follows that
Graph (A) = {(t,z,v) |v = f'(4), @ € conv{u(t,z),u(t,z)}
.. ol ~ —h h
C lzrgégf{(t,x,v) |v=f'(a), @€ conv{w"(t,z),u"{t x)}}
C liminf {(t,z,v) | v = f'(a), @€ conv{@"(t,z),u"(t,z),u(t,x),u(t,z)}}.

h—0+

This proves the Lemma. 0
The following Lemma is a (classical) stability result for set valued maps.

LEMMA 3.4.2. Let O, 0 : (0,+00) X Q — [-M, M| be set valued maps with convez,
compact values. Assume that

Graph(©y) AN Graph(©) as k — +oo

as subsets of (0,400) X Q x [-M, M]. Let v : RT — R be an integral curve of Oy, that
18

Fe(t) € O(t, vi(t)) for a.e. t>0.
Assume that
Yo — v locally uniformly in RT.
Then ~ is an integral curve of ©.
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3.4. EVOLUTION OF THE PERTURBATION DENSITY

PROOF. By contradiction, assume that t is a Lebesgue point of 4 and that
Y(t) € O(t, (1))
By assumption, there exists & > 0 and € > 0 such that
dist (Graph®y, (t,7(t),¥(t))) > ¢ Yk >k (3.4.3)
In particular,
dist ( U{v | (s,y,v) € Graph®y, (s,y) € Bepa(t,v(t)}, (t)) > €/2.
k>k
In fact, assume that (s,y) € B./2(t,v(t)). By (3.4.3) we deduce that
e <|(s,9,0) = (&, (), YO < [(s,9,0) = (5,5, 7(E)] + (5,1, 7)) — (£, ~7(), (1))
<|[(s,9,0) = (8,4, Y(E) +€/2 = Jo = ¥(H)[ + /2.
But now we have for every s € (t —¢/(2M),t +¢/(2M))
fi(s) € Cr = | J{v | (s,y,v) € Graph®y, (s,y) € B.pa(t,y(t))} Vi >k.
k>k
Notice that C7 is a convex set; since we have the weak convergence
Y — in (t—e/(2M),t+¢/(2M))
we obtain that
Y(s) € O foraese (t—e/(2M),t+¢e/(2M)).
This is a contradiction since ¢ is a Lebesgue point of 4 and 5(t) ¢ Cr. O

LEMMA 3.4.3. Let u" be a sequence of equi-bounded entropy solutions to (3.3.1) such
that

u" — u  strongly in L (RT x R).

Assume that vy, are integral curves of Ay, that converge locally uniformly to ~v. Then v is
an integral curve of \.

Proor. We use Lemma 3.4.2, and Lemma 3.4.1, to obtain that ~ is a integral curve
of A. By the structure of u (see Proposition 3.3.3) and by definition of A, we readily
deduce that

A(t) = A(t, (1)) for every ¢ such that (¢t,~(t)) ¢ J.
On the other hand, consider the set I C R* of times
I={teR"|~(t) e J}
By Proposition 3.3.3, we know that
Jc | J{(t,o;(t) |t eRT}
jEN
where o; : Rt — R are countably many Lipschitz curves that satisfy
a;(t) = A(t,o4(t)) for a.e. t € RT.
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We then partition the set I as
1=\, L={teR"|y(t)=0;(1)}
J

and deduce that
F(t) = a;(t) = A, 04(t)) = A(t,v(t)) for a.e. t € I
which implies
A(t) = A(t, (1)) for a.e. t € 1.
This concludes the proof of the Lemma. 0

We can use the previous Lemma to show the main Proposition of this section.

PROPOSITION 3.4.4. Let u" be a sequence of equi-bounded entropy solutions to (3.3.1)
such that
R (w(0,-) —u(0,-)) " — o, € 4T (R)
A (u"(0,+) — u(0,))” = pon € AT (R)
and
(" — u) " =5, weakly in A (R" x R)

At (u" —u)” — Py weakly in A4 (R x R).
Then there is g € M4~ (R x R) such that p,, p, solve the Cauchy problems
aifi)\p + ax ()\ﬁp) =g imn -@75/@7 ﬁp(oa ) = b\O,p
atﬁn + az ()‘/p\n) =g in @;z’ ﬁn(oa ) = ﬁO,n'

PROOF. It is enough to prove the result in [0,7] x R, for every T > 0. First, notice
that p, = h~(u" — u) satisfies the continuity equation

at/)h + aa: ()\h(ta x)ph) =0

(3.4.4)

where

I (u) if u" =u.

The vector field A, is defined only on continuity points of u”,u, but since the density py,
is absolutely continuous the product \,pp is well defined. Then, by the L! contraction
given by the Theorem of Kruzhkov, the positive and negative parts

)+a ﬁh,n = h_l(uh - u)_

fn)=i@) g p
)\h(t,l‘) :{ wh—u I U 7£U

ﬁh,p = h_l(uh —u
satisfy the continuity equation
atﬁh,p + ax ()‘h(ta x)ﬁh,p) = gn

atl/o\h,n + am ()\h(t7 x)ﬁh,n) = ghn
where g, are negative, finite measures uniformly bounded in h.
Let us focus now on the positive density p,,. By the (2) = (1) of the superposition
principle (Theorem 3.2.3), there exists a measure n" € .Z*(I'r) on the space of curves

I'r = {’y : [, — R |y Lipschitz curve}
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3.4. EVOLUTION OF THE PERTURBATION DENSITY

that is concentrated on integral curves of the velocity field \* such that

(Php)e = (er)sm" for all t > 0.

h h

Since the solutions u" are equi-bounded and f is Lipschitz, then the measures n" are
concentrated on a set of uniformly Lipschitz curves with Lipschitz constant at most L > 0.
We then claim that for every € > 0, there exists a compact set

KcTr
and h > 0 such that
"y \K)<e VYO0<h<h.
Since (eo)ﬁ"lh = vl is converging weakly to py in . (R), there exists M > 0 and h>0
such that
(eo):n"(R\ [-M,M])<e  VO<h<h
We then define K as

K ={yelr|4(0)€[-M M|, sup |4 <L}
t€[0,T

If v € K, it holds the L*> bound

sup |[y(t)] < |y(0)| + LT
te[0,T]

therefore, by the Ascoli-Arzela theorem, the set K is compact in I'y. Moreover,
n"(Cr\ K) =n"{y € Tz | [(0)| > M}
= (eo)y"(R\ [-M,M]) <e VYO<h<h.
Therefore we deduce that the measures " are tight. Then, up to a subsequence, by
Prokhorov’s Theorem 3.2.1, the measures n" converge weakly to a limiting measure 1 €
A (T'7) with the property
(Prp)e = (e)sm for all t € [0, T].

From the weak convergence n" — 1, we deduce that for every v in the support of n, there
exists a sequence of curves 7" in the support of " converging uniformly to ~. Therefore,
by Lemma 3.4.3, we deduce that m is concentrated on integral curves of the velocity

field A\. Again by the superposition principle Theorem 3.2.3 (this time, we use the other
implication, (1) = (2)), we deduce that the first in (3.4.4) holds. O

As a Corollary, we obtain the Theorem about the evolution of the perturbation density
p. In fact, we can decompose p = p, — p,, and using (3.4.4) we readily obtain:

THEOREM 3.4.5. Let u” be a sequence of equibounded entropy solutions to (3.1.1) such
that sup;, h=1||u”(0, ) — u(0,-)||L1 < +oo. Assume that

= (u™(0,-) — u(0,-)) — po weakly in A (R)
and that
At (u —u) —p weakly in A (R x R).
Then p solves the Cauchy problem
O+ 9:(Ap) =0, p(0,-) = po. (3.4.5)
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3.5. Structure of v

We prove some preliminary Lemmas.

LEMMA 3.5.1. Let (p,v) be a compatible pair. Then v is supported on the closed set

G(u).

PROOF. Let ¢ € C.((0,+00) x R x (0,1)) be any continuous function with compact
support such that

suppp C (0,400) x R x RT\ G(u).
Since ¢ has compact support and G(u) is locally compact, there exists € > 0 such that
dist (g(u), supp go) > €.
By Proposition 3.3.10 and Lemma 3.2.8, there exists h. such that
Gu"YNK CGu). VO<h<h,.
where K is a compact set containing the support of . In particular this means that
supp (Xh(t,x,v) — X(t,x,v)) C G(u)e V0<h<h,.
But this implies

/ o(t,z,v)dv(t,z,v) = lim o(t, x, v)(Xh(t, x,v) — x(t, z, v)) dvdxdt
R+ xRx(0,1) h=0+ Jr+xRx(0,1)
= hlg& o, o(t,z,v)dvdzdt = 0.
(3.5.1)
[

An immediate consequence is the following.

COROLLARY 3.5.2. Let {a;,}i.. be the disintegration associated with a compatible pair
(p,v). Then ay, is supported on the interval I(u™(t,x),u™ (t,x)) for p-almost every (t,x).

The following Lemma is a consequence of the fact that v is the limit of uniform
measures " supported on the region between the graph of u and the graph of u”

LEMMA 3.5.3. Let {a; }+. be the disintegration associated with a compatible pair (p,v).
Then for p-almost every (t,z) the following holds. There exists a nonincreasing function

gio: I(u,ut) >R
such that
aroll(u,ut) =g - LI (u,uh)].
In particular a; . I(u~™,u") is absolutely continuous with respect to the Lebesgue measure.

REMARK 3.5.4. In the statement we are excluding the endpoints of the interval
I(u=,u™), for which a separate analysis will be necessary since in principle dirac masses
can be present.
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1 ' >
T >

T — Oc T + O

FIGURE 4. The situation considered in Lemma 3.5.3.

PROOF. Let t € R \ N be fixed, where N as in Corollary 3.3.9, and is countable. If
u™(t,z) = ut(t,z) there is nothing to prove. Otherwise, it means that (¢, ) is a shock
point. Being the opposite case entirely symmetric assume that v~ > u*. For every e

there exists d, > 0 such that
u(t,z) >u (t,x) —¢ Vze(r—ig,ux),
(t.2) > u(t,2) (@ d.a) 952
ut,z) <ut(t,x)+e  Vz€ (r,2+0).

Consider any test functions p(z), ¥ (v) with ¢, > 0,
supp ¢ C Bs_(x), supp vy C (u+(t, x)+e, u (tx)— 8).
By (3.5.2) and the assumption on the support of ¢, it holds

. ' (0)e(y)x(t,y,v)dy = /w’(v) dv /x o(y)dy =0

On the other hand, we have
RNt g0 dody = [ o) dy 2 0
R R

By taking the difference and dividing by h we obtain

/ Xh(t,y,v) B X(tvy7v)
¥ (v)e(y) .

We pass to the limit as h — 0" to obtain that

0</2/} y) dv(y,v) = pr({z}) /w )dat . (v) VO<tyelut +e,u” —e).

dydv >0 in 7, (vt +e,u” —¢).

Repeating the argument for every ¢ > 0 proves that a,, satisfies
(at,x(v)), <0 in2(utu)
which implies the result. O

LEMMA 3.5.5. Let I 5 s — o(s) be a shock curve defined in a time interval I and let
u~,u" be the left and right traces. The following hold.
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(a) Let I~ C I be defined by

o . fu”(t) = flu™(t) +
I —{tel‘f(u (t)) > ) =) u (t) >u (t)}

Then az;x)({u*(t)}) = 0 and ay ,({u"(t)}) = 0 for p-almost every (t,z) €
Grapho - C RT x R.

(b) Let IT C I be defined by

N / flu () — flut(@)) -
It = {t el|f(ut(t)) < P ut(t) > u (t)}.

Then az;x)({u*(t)}) = 0 and a; ,({u™(t)}) = 0 for p-almost every (t,z) €
Grapho+ C RT x R.

PROOF. We prove only point (a), since the proof of (b) is entirely symmetrical. First,
defining the measure v as

V= (a;,_x)Hu*(t)} ® p|Graphou_ € %(R+ X R x R)

we note that (a) is equivalent to say that 7 = 0 (and similarly for a; ). From now on we
focus only on showing that 7 = 0, since the analogous statement for a,, follows from a
symmetry.
Let I~ C I~ be the set of Lebesgue points of 1;-(¢) and of the traces u™ (), u™ (t). We
show in the Steps below that for every s € I~ it holds
v([s, s + At] x R?)

i =0. 3.5.3
Atli%+ At ( )

This will prove 7 = 0. From now on, s € I~ will be fixed. We define the minimal
characteristic starting at (s, o(s)) by

o~ (t) = sup {x | 3 (v, w) € K such that y(t) =z, ~(s) < a(s)}, t>s
and we define the measure
v = (at,x)|{u(t,x—)} X P|Graph o~ S %GR—F x R x R)

The advantage in working with the measure 7~ rather then with 7 is that the left trace
of 07 is taken in L*°, as will be clear later in the proof.

1. In this step, we show that o coincides with o~ outside a set of times whose measure
is asymptotically smaller then At:
lim At’lfl{t € [s,5+ At | oft) £ a’(t)} ~0. (3.5.4)
At—0+
Since s € I ~, it is in particular a Lebesgue point of the left trace u~ along the curve o.
By Corollary 3.3.15, we have
i - < 0.
tl_l)rg u(t,o” (t)+) < up, (3.5.5)
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where u,, is defined by (3.3.15). Since s is a Lebesgue point of w~, it holds

1 s+At
Al}:glo E/S |u™(t) —u~|dt = 0. (3.5.6)

For all At is sufficiently small, by (3.5.5), we have

(a(t) #o (1) = u (t) <up+ w> Ve (s,s+ At).
Therefore by Markov’s inequality we get
1 . B 2 1 s+At B B
. A < . _ )
N Z{te[s,s+ f|olt) #0 (t)}_|u__um’ = / () — | dt

Then, using (3.5.6), we obtain (3.5.4).

2. Here we show that

7([s, s + At] x R?) v ([s, s + At] x R?)

A At = A, At =0 (8:5.7)
Noting that for every t such that o(t) = o~ (t) we have ||[7||., = |7/ ||.#, We can
estimate
7([s, s + At] x R? _ stat
( At ) = At 1-/8 |7¢]]. dt
_ Al — —1 . —
o At {t€(5,5+At) ||Vt ||% dt _'_ At {te(s,s+At)} ||VtH% dt
o (=0 () o™ (W (1)

s+At
<A / 177 1
S

+ A p(0, )L .Zl{t € [s,5+ At | oft) £ a_(t)}.

Then passing to the limit as At — 0 in the above expression, using Step 1., we obtain
the claim.

In light of Step 2, the following steps are dedicated to the proof of

7 At] x R?
i L Bs A XRY (3.5.8)
At—0+ At

from which the Lemma will follow.

Before moving to the next step, we introduce some notation. We let \ be an upper
bound for the characteristic speed and define the trapezoids

Q= {(t,x) [t (s,5+ AL, o(s)—6+A\t—s) <z <o(s) +5—X(t—s)}.
where R
0=3-\-At.
Let a > 0 sufficiently small (to be chosen later). By Corollary 3.3.15, it is possible to
7
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g

QF Qr
Le
I 1
o(s) o(s)+4

F1GURE 5. Trapezoids used in the proof of Lemma 3.5.5.

g

o(s)— 4

choose At > 0 such that
u(t,o” (t)+) < um + a, Vit € (s,s+ At). (3.5.9)
We define the left and right parts of Q with respect to o~:
Of = {(t,x) cQ|r< 0_(75)}, O = {(t,x) cQ|z> a-(t)}
and the separating boundary
= {(t,a:) |lz=0"(t), s<t< S—i—At}.

Consider now the measures v? € .4 (Qg), vt e M (QT) defined by

. Y, L.
Vi = lim 1,7 VP = lim v, *

h—0 h—0
¢
where v, 1, are defined by
lp - h + ™p h +
v = [a,] v = Yo, ]

We also define the corresponding projections on the (¢,z) coordinates

(4 0

with the corresponding disintegrations
i — af;g ® pé,p’ P — a;g ® pP.
Notice that, since v is absolutely continuous with respect to .#2, we have
h 1t Z, , + 2, :
[l/lg} =" +u,7, (Vo] " < VPP, (3.5.10)
Therefore in particular we have

aZx({u(t,x—)}) < af;i({u(t,x—)})—i—a;:g({u(t,a:—)}) for p-almost (¢t,z) € I'. (3.5.11)

3. In this step we prove that
arh({u(t,z—)}) =0 for p-almost (t,z) € T. (3.5.12)
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3.5. STRUCTURE OF v

Notice that from (3.5.12) and (3.5.11) it follows that

a;,({u(t,z—)}) < afﬁ({u(zﬁ,x—)}) for p-almost (t,z) € I. (3.5.13)
Fix t € (s,s+ At) and recall that by (3.5.9), we know u(t,0™ (t)+) < u™ + . Let § >0
be so small that
|u™ — Wy
4 )
4 )
Take ¢(y), ¥ (v) positive test functions such that

ult, y) — um| < Vye (o (t),0(t)+9)

|u”

ut,y) —u”| < Vye (o (t)=d,07 (1)

U™ — Uy

4 ’+°°)'

suppy C Bs(o™ (1)),  suppy C (um +

Then, as in the proof of Lemma 3.5.3, we obtain

0< tim [ ¢/(0)ely) d” < Al{a)) / ¥/(v) daf® (v)

h—0+ R2

in %’,(Um + w, —|—oo).

It then follows that
U™ — Un
4
is absolutely continuous for p-almost every (¢, z) € I'. In particular this implies
agh({u(t,z—)}) =0  for p"P-almost (t,z) € T".

This proves the claim.

(et

at”I)‘(um'F@,—l-oo) <K glL(um +

,+00)

3. (Transversality argument) Owing to (3.5.13) if we can show that

afjg({u(t,x—)}) =0 for p“P-almost (t,x) € T (3.5.14)
the Lemma is proved. In this step, will prove the slightly stronger statement
pP(I) =0 (3.5.15)

via a transversality argument. Consider

pr? = [(on)jae] "

and notice that pfl’p — pP. Recall that pfl’p satisfies a continuity equation with a negative
source term g € 4~

0upy” + Os (W : pf;”) =g in 2,0 (3.5.16)

By (3.5.9), u(t,oc=(t)—) € v~ + B-(0) and Corollary 3.3.15 we find that the speed 5~
satisfies

o (t) < A+0(1) - (e+a) Vite(s,s+ At). (3.5.17)
Consider a thin strip of width €, with At > € > 0 expanding to the left of o~:

I, = {(t,a:) €eQ]o(t)—e<a< a*(t)}.
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3. A DIFFERENTIAL STRUCTURE FOR SCALAR CONSERVATION LAWS

Notice that by Proposition 3.3.10 there exists A > 0 such that u/(¢,2) < u(t,z) + ¢
for all (t,z) € Q. Then, up to choosing «, ¢ sufficiently small, there exists a positive
constant ¢y > 0 (depending only on the flux and on the states (u~,u™)) such that for
every 0 < h < h, using also (3.5.17),

uh(t,x) — u(t, x)
This means that the speed appearing in the continuity equation (3.5.16) is transversal to

the speed of the curve ¢~. Then, by a standard transversality argument, we have the
bound

>co+ 0 (t) for a.e. (t,z) € Q. (3.5.18)

peP (D) < ‘. sup || o7 (s, )| for all 0 < h < h. (3.5.19)
Co  h>0
Passing to the limit h — 0, we obtain
(L) < pP(0) = lim gy (T) < O(1) -c.
Since € > 0 is arbitrary, this concludes the proof. 0]

The following Lemma states that a,, € .#(R) must be distributed in such a way that
the mean speed of particles is equal to the characteristic speed (or Rankine-Hugoniot
speed).

LEMMA 3.5.6. Let {a;.}t. be the disintegration associated with an admissible pair
(p,v). Then

/ f'(v) dar(v) = At, ) for p-almost every (t,x) € RT x R. (3.5.20)
R

Proor. By Theorem 3.1.1 p solves the continuity equation
Op+0,(A\p) =0  inZ,

Moreover, vy, satisfies the equation

atl/h + ax (f,(U>Vh) - 81) <N’h _ Iu) in gzg,z,'u

h
Integrating in v and passing to the limit as A — 0 we obtain
Op + ax</ f(v)dv(-, -, v)) =0 in 2,, (3.5.21)
R

Notice that

p=( [ doa(0))s
R
so that combining the equation for p with (3.5.21) we obtain that it must hold
690(/ f(v)ydv(, -, v)) = 9.(\p) in 2;,
R
or equivalently
[ @0 =xotelt)
R
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3.5. STRUCTURE OF v

Since v, p are finite measures, we deduce that ¢(t) = 0, so that

( /R () dam(v)> — A\(t,7) ( /R dat,x(v)) for prace. (t,z) € J. (3.5.22)
0

The following Lemma states that the possible presence of positive masses in u(t, x)
or negative masses in u(t, x) is irrelevant for the balance equation (3.5.23). Define the
measures

Are = [t fuayae)) — 106w meey 0T p-almost every (t,x) € J.

LEMMA 3.5.7. Let {a1.}t. be the disintegration associated with an admissible pair
(p,v). Then

/R f(v) dag.(v) = At x) - /Rdfim(v) for p-almost every (t,z) € RT x R. (3.5.23)

PROOF. For p-almost every (t,z) € J, it holds
max{u(t,z+),u(t,z—)} = u(t,z), min{u(t,z+),u(t,z—)} = u(t, z).
We claim that
laca] " ({u(t, 2)}) - f/(@(t, 2)) = A(t,2) - [ars] " ({u(t, 2)})  for p-ae. (t,z) €J

laez]”({ult, 2)}) - f/(u(t, 2)) = At 2) - [aea]”({u(t, 2)})  for p-ae. (t,x) € J.
(3.5.24)
In fact, by Lemma 3.5.5, for p a.e. (t,x) € J such that f(u(t,z)) # A(t,z), it holds
ai,({u(t,2)}) = 0, and similarly, for p a.e. (t,z) € J such that f'(u(t,x)) # A(t, ), it
holds a;,({u(t,z)}) = 0.
To conclude the proof of the lemma, we subtract both equalities in (3.5.24) from
(3.5.22), to obtain precisely (3.5.23). O

PROPOSITION 3.5.8. Let {at s}t be the disintegration associated with a compatible
pair (p,v). Then

|\D gt7x|(f(u(t,a:’),u(t,x+)) \ %(t,x)) =0 for p-a.e. (t,x).
Moreover
at(E(t,x)) =0 for p-a.e. (t,x).

ProoOF. Consider the set J~ of all (t,z) € J such that u(t,z+) < u(t,z—). All the
following statements hold for p-a.e. (t,z) € J~. Recalling Lemma 3.5.3, we can write

Qo = 8o - LA (uub) + ¢, 0ur — ¢y -0~ for prace. () € J ™.

Write g; , = g;rx — g, Since g;fx is nonincreasing, we can decompose it as

+o0
g (v) = / 1,5 (v)dY, for a.e. v e (ut, u”)
0

where
AF = {v eR, | gf,(v) > 19}
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3. A DIFFERENTIAL STRUCTURE FOR SCALAR CONSERVATION LAWS

and most importantly the level sets are all connected intervals containing u™ as initial
point, say
Ay =" vg), v €uu]

Analogously, we decompose

+oo
g.v) = / 1,-(v)dv, for a.e. v e (ut, u)
0
where
a7 ={veRr, | g >0}
The level sets are all connected intervals containing u~ as final point, say
Ay =(vg,u7), vy € [uh ult,a—)]

Then we can write
0= [ (7/0) = Mt.) dia(w) = [ (£0) = Mt 0)ga(v) o

+ (f/(u+) - )‘(tu SL’)) ' cz_x - (f/(u_> - )\(tu l’)) ' cz;:v'
(3.5.25)
We claim that all terms in the right hand side are nonpositive, and therefore they must
be all zero. In fact, using Fubini’s Theorem we obtain

Juro =aeaopgiwar= [ [0 - Ao 0 dode

n (3.5.26)
[ [ - Mo ) dea.
0
For any ¢ > 0, by the entropy conditions (3.1.14) for the shock ™, u* we find
vy
Jue =t @ar= [ e =) 5520

= fvg) = f(u") = Aoy —u") <0.

With the same calculations, we obtain also

/(f’(v) — A(t,7))g; ,(v)dv > 0. (3.5.28)

This implies that the first term in the right hand side of (3.5.25) is nonpositive. By the
entropy conditions, we also obtain

Fw™) = At z) > f/(uh),
therefore, also the second and third terms are nonpositive. But then this implies that all
the terms in (3.5.25) are zero. In particular, the vanishing of the second and third term

of (3.5.25) together with Lemma 3.5.5 yields the second part of the statement, while from
the vanishing of the first term

f3) — flut) = Avy —u") =0  for L'-ae. v. (3.5.29)
which means
vy € {v € u]| f(v) = fluh) = Av—u") = 0} for Zt-a.e. v.
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3.6. STRUCTURE OF BLOW-UPS

By the theory of BV functions (see [6]), this implies that Dg,;, is concentrated on
H(u(t,z”),u(t,x*)). The set J© of points (¢,x) with u(t,x*) > wu(t,z”) is treated
symmetrically, and this concludes the proof. ([l

3.6. Structure of Blow-Ups

In this section we study the structure of blow-ups made simultaneously with the limit
h — 07. The result will be a proof of Theorem 3.1.11.

In the following, we fix a point (¢,z) € J with ¢ ¢ N in which (4) of Proposition 3.3.3
holds for u. We know that the complement of this points is ##!-negligible. Consider the
dilation maps centered at (t, z)

an(s,y) = (t+h(s—1t), z+ h(y — x)), h >0
and the functions
Vh(37 y) = uh(ah(87y>)
together with the time sections at s = ¢:
Uh<y> = Vh(t7y>
By Proposition 3.3.10 every limit points V = limy_,e0 Vi U = limy_00 Uy, satisty
ImV C I(u,u'), ImU C I(u,u"). (3.6.1)

The following Lemma relates the structure of the level sets of U with the probability
measure a;, of Theorem 3.1.6, in particular with its absolutely continuous part g; ,.

LEMMA 3.6.1. Let U : R — R be such that there exists a sequence hj, — 0 with
U= lim U,  inL,.(R).

k—+4o00 loc

Then for a.e. v € R it holds
2 ({yer|uly) <v<TW)}) -2 ({veR| T <v<aw)}) = al{e)) (o)
(3.6.2)
PRrOOF. Consider the region delimited by the graph of Uy, and the graph of u(t, hy(-—
x)):
Hy, = {(.0) € B [ult,z + by —2)) < v < Un (1) .
e = {(,0) € R |Un, () S v < ult, o + hily — ) .

Let p, : R, x R, — R, be the canonical projection the second variable. We make the
following trivial but key observation: for every C' > 0 and for every k € N, one has

(po)t ('(x — Ch,z + Ch) x R)
= (po); ((1Hhk — 15, )L (1 = Ca+C) X R) in . (R,)
which holds because by definition one has
Ly, L% =15, L% = (Bu)svf
where [}, is the scaling only in the y-variable

6h<y77}) = (I+h_1(y_$)7v) ‘v’y,v
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3. A DIFFERENTIAL STRUCTURE FOR SCALAR CONSERVATION LAWS

so that in particular the distribution of mass in the variable v is unchanged. Next, by
Lemma 3.3.11, for every € > 0 there is a constant C' > 0 such that for every C' > C’ it
holds

lim z/f (ac — Chy, =+ C’hk) X (u+ +e,u — 5) = p{z} X at7z(u+ +e,u — 5).

k—o0

Then, we have

(pv)g pr{z} X at7x|_(u+ +e u — e) = (py)s klim V[LkL(.Z' — Chy, x + C’hk) X (u+ +e u — e)
—00

= lim (p, )y ((IH,”c - 117;%)"%2"(1; —C,z+0)x (U 46 u — e))

k—o0

Letting

H = {@.v)|ay) <v<Ty)} H={@0)|0k <<y}
we thus have obtained
p{a})  aa(ut + e um —€) = (p,); ((1H 1)L (- Cx+C) x (ut +¢, u” — e))
This holds for every € > 0 and C' > C, therefore we have obtained
pe{a}) - are (ut u”) = (po)y (1m — 15)27
But this is equivalent to the statement in the Lemma. O
COROLLARY 3.6.2. Let U be as in Lemma 3.6.1. Then
Uly) € I(u",u™)\ I for L'-a.e. y €R. (3.6.3)

PROOF. As observed in (3.6.1) we already know that ImU C I(u~,u"). Using (3.2.1),
we deduce that if £ C I(u™,u™)\ A (ut,ut),

gl({yeR|U(y)eE}> = —/]ﬂdecfl({yER*]vSU(y)})

+/EdDU.$1<{y €R [v=T(y)})
~~pl{a}) [ D) =0

where the penultimate inequality holds by Lemma 3.6.1, and the last equality holds by
Proposition 3.5.8. This proves the Corollary. 0

LEMMA 3.6.3. Assume that u™,u™ are connected by an entropy admissible shock with
speed \. Assume that V(s,y), with U(y) = V(0,y), is an eternal entropy solution in R?
such that

(1) ImV C I(u=,ut);

(2) ImU C I(u=,ub)\ & (u=,ut);

(3) liminf, , |U(y) —u~| =0 and liminf, ., [U(y) — u*| = 0.
Then U is monotone nondecreasing if u~ < ut and monotone nonincreasing if u= > u*
and

V(s,y) = Uly — As).
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PROOF. Assume that u~ > u™, being the opposite case entirely analogous. For any

point y € R the left /right limits Uy = U(y+) exist by Proposition 3.3.3. We define 7~ as
the minimal backward admissible boundary passing through y in the following way:

v~ = max {fy } F(v,w) € Lwith~(0) < y}

The maximum exists being I a closed set. In particular, v~ can be obtained as a uniform
limit 4~ = lim,, v,,, with (y,,w,) € K and 7,,(0) = y~. Since U(y—) = U_, one necessarily
has that w,, — U_, and therefore by Proposition 3.3.7, (7=, U_) is an admissible boundary
for V. Now choose 7 < y and consider any admissible boundary (7, w) with (0) = 7. By
contradiction, assume that there exists some 7" > 0 such that v(—7) = 7(—T'). Notice
that in this case, Proposition 3.3.8 gives the explicit solution in the region

Q= {(t,x) |36 < = < (), —Tgtgo}.

Ifw < U_, it follows from Proposition 3.3.8 that either U is constant in (7(0), v(0)) or that
ImU ¢ I(u™,u™)\ & (u",u") The second case cannot happen by our assumption, while
the first case is excluded by Lemma 3.3.13. Then assume that w > U_. By monotonicity
of the family of boundaries and by (2), there exists another boundary (7,w) such that
w e I(u,ut)\ L (u,ut), 7(0) € (5(0), v(0)) and such that for some 0 < T < T it
holds 5(=T) = v(=T). Then Proposition 3.3.8 readily implies that U is constant in the
interval (7(0),~(0)). Again by Lemma 3.3.13 this is not possible.

We thus have proved the following: for every (7, w) with 7(0) < =, it holds ¥(¢) < ~(t)
for all ¢ < 0. On the other hand, since v is the minimal boundary passing through (0, y),
every sequence 7, with 7,(0) — y— must converge locally uniformly to . Then, by
(Lemma 4.1, [37]), v is a straight line with speed A. The exact same argument works for
~T, so that in particular we obtain

) =Tt =y+tX  Vt<O.

This shows that it must hold U_ > U,. Moreover, this also shows that every admissible
boundary is a straight line with speed A for ¢ < 0, which proves the second part of the
Lemma. 0

PROOF OF THEOREM 3.1.11. Any limit points U, V of Uy, V}, satisfy (3.6.1), there-
fore (1) of Lemma 3.6.3 is satisfied. Moreover, (2) of Lemma 3.6.3 holds by Corollary
3.6.2, while (3) holds because U — u is in L'. Therefore by Lemma 3.6.3, using also
Lemma 3.6.1, we deduce that V = Up(2})[8t,2); as wanted. O
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CHAPTER 4

Intermediate Domains for Scalar Conservation Laws

4.1. A Family of Metric Interpolation Spaces

Consider an open set 2 C R™ and let X be a Banach space contained in the set L°(Q)
of Lebesgue measurable functions f : €2 +— R. Let 0 < a < 1 be given. A distance
function d(-,-) : L%(Q) x L°(2) — [0, +o0] can be defined as follows. For any A €]0, 1],
we begin by setting

d\(f,9) = d*(f - g,0), (4.1.1)
d(f,0) = inf {C >0 | there exists f € X such that
_ N (4.1.2)
1fllx <CAeY, quapﬂ@¢ﬂ@}gcv}
Finally, we define
d(f,g) = sup d(f.g). (4.1.3)

0<A<1
By possibly identifying couples of functions f,g, such that d(f,g) = 0, we claim that
(4.1.3) yields a distance on the set of Lebesgue measurable functions f € L%(Q2) for which
d(f,0) < oo. This is usually a strictly larger set than X.

LEMMA 4.1.1. Let 0 < o < 1 be given, and let d(-,-) be as in (4.1.1)-(4.1.8). Then
the following properties hold.

(1) d(f,g) = d(g, f) = 0.
(1) If f € X, then d(f,0) < [|f||x.
(iii) d(f,h) < d(f,g)+d(g,h).
ProOOF. 1. Part (i) is trivial. If f € X, choosing f = f in (4.1.2), we see that
d (f,0) < ||f|lx for every A > 0. This yields (ii).

2. We now check that each d*(-,-), 0 < X\ < 1, satisfies the triangle inequality. Toward
this goal, let f1, fo be measurable functions such that

ANfp0)=Cp  i=1,2.
We then need to show that
A(fr, o) = dMf1 — f2,0) < C1 + Co. (4.1.4)

Given ¢ > 0, by assumption there exist functions fl, ﬁ € X such that

Ifillx < Cxtre,  2YaeQ | file) # file)) < CX*+e,  i=1,2. (4.1.5)
Then the function ﬁ — f; satisfies

I1fi = follx < (Cr+ Co)X*! + 26,
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gn{m € Q| fix) - falz) # filx) - fQ(x)} < (C) + Co) A + 2¢.

Since € > 0 was arbitrary, this proves (4.1.4).

3. In turn, the triangle inequality (iii) follows from

d(f —g,0) = sup d*(f —g,0) < sup (dk(fy 0) +dk(g,0)>

A€)o,1] A€]0,1]
< sup d*(f,0)+ sup d*(g,0) = d(f,0) +d(g,0).
€0,1] A€]0,1]

O

REMARK 4.1.2. One should keep in mind that, in general, the balls {g € L(Q) ; d(g, f) <
r} are not convex. Moreover, the function f +— d(f,0) is not a norm.

REMARK 4.1.3. Let {f.}nen C L%(Q) be a sequence of measurable functions and
assume that

Z fulz) converges for a.e. x € Q.
Then f =3, fn € LO(;;) and it holds
+o0
d(f,0) <> d(f,0)
In fact, it is sufficient to prove that -
d* (f,0) < iocﬁ (fa0)
n=1

for every A €]0, 1]. Assume that :2 d* (fn,0) is finite, and fix ¢ > 0. For every n € N
we choose a function f,, such that

1 Fallx < (d)\ (fn: 0) + n> A meas{z € Q; fn(z) # fn(x)} < (d/\ (fn,0) + i) e

2n
N _ (4.1.6)
Define f = ;’3 fn. Notice that this sum is well defined: in fact, one has
Z f = Z — fa) + fa
n=1

and ) f, converges by assumption, while Zn(f;Z — fn) converges because, using that
> d*(f,,0) is finite, we deduce from the second inequality in (4.1.6) that almost every

x € Q belongs to at most a finite number of sets {f,, # f.}. Therefore we have:

+o0o +oo
1Fllx < Z 1 Fallx < (Z d* (£,,0) +e> A
meas{z € Q; f(z (2)} < Zmeas{x € fu(z) # fn (Z d* (fn,0) ) ;
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and the claim follows by letting ¢ — 0.

In connection with (P,) (recall (19), (20)), for 0 < a < 1 we consider the distances
d*(f,g) as in (4.1.1), where now

d*(f,0) = inf {C’ > 0: there exists f € L!(R) N BV(R) such that

Tot.Var.{f} < CA*!, meas{z € R; f(z)# f(z)} < C’)\a}.

(4.1.7)
We notice that this is consistent with the definition in (4.1.2) for the Banach space X =
L'(R) N BV(R) endowed with the norm Tot.Var.{-}. Finally, given u € L'(R) N L=(R),
we define

[allp, = sup d*(@,0) (4.1.8)
0<A<1

and write © € P, if ||ul|p, < +oo. Notice that this holds provided that u satisfies the
condition (P,). Throughout the following, we shall use ||@||p, as a convenient notation.
However, as already pointed out in Remark 4.1.2, one should be aware that || - ||p, is not
a norm.

LEMMA 4.1.4. Given u € L°(R) we have that ||u|p, < +oo if and only if T satisfies
the condition (P,). Moreover, it holds

inf {C' : u satisfies (P,) with constant C'} = |[ul|p,.
PROOF. Let @ satisfy (P,) with a constant C' > 0. We show that
dMw,0) < C VY \€|o,1]. (4.1.9)

Let V/(A) C R be an open set satisfying (19)-(20). The open set V() is a countable union
of disjoint open intervals

VO‘) = U ]akv bk[a

k>1

we define a new function f by replacing @ with an affine function on each interval [a;, b;l,
namely

_ u(z) if 2 ¢ Ugla, bil,
f<$> = (bj — x)ﬂ(aj) + (f — aj)ﬂ(bj) TR [a. b]
b, —a, 520l

This implies
Tot.Var.{f} = Tot.Var.{u; R\V(\)} < CAX*"L
Using also (19), we deduce (4.1.9), so that in particular it holds

|@l|p, = sup d*(w,0) <inf{C : u satisfies (P,) with constant C'}.
0<A<1
On the other hand, assume that uw € P,. Then, for every 0 < A <1 fixed, letting fbe as
in (4.1.7) (with f =), and
V) ={zeR : f(z) #u(x)}
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4. INTERMEDIATE DOMAINS FOR SCALAR CONSERVATION LAWS
it follows that meas(V (X)) < [[ulp, A* and
Tot.Var.{u; R\ V(\)} < Tot.Var.{f;R} < [allp, A*. (4.1.10)
Therefore C' = ||ul|p, is an admissible constant in the definition of (P,), so that
inf {C' : w satisfies (P,) with constant C'} < ||ul|p,
and this concludes the proof. O

4.2. Examples

We present here some examples, to motivate the results proved in later sections. We

consider Burgers’ equation
2
e+ (%) ~ 0. (4.2.1)

Throughout the following, we use the semigroup notation ¢ — Syu to denote the solution
of (4.2.1) with initial data (12).

EXAMPLE 4.2.1. Fix 8 > 0 and consider the decreasing sequence of points z,, = n=?,
n > 1. As shown in Fig. 1, define the piecewise affine function

0 it x¢0,1],
() = (4.2.2)

LT—Tn+41 :
P if rp<z<a,.

We claim that this initial data lies in some of the subdomains 50“ depending on the
exponent 5. Indeed, fix a time ¢ €]0,1]. Consider the position xj(t) of the shock which
is initially located at xx. By Oleinik’s inequality, the total variation of the solution u(t, -)
can be estimated by

wi(t)

el
On the other hand, for = > x4 (t), we can calculate explicitly the solution, to obtain the
estimate

Tot.Var.{u(t,-); [0,z4(t)]} < 2 (4.2.3)

Tot.Var.{u(t, ) ; [z(t), z1(t)]} <2 21(t) — i (1)

+ u(t, xp(t)) — u(t, x1(t))

- (:Ek_l—il?k)—i-t (424)
<9 x1(t) — xp(t) "y
- (xk—l — l‘k> +t
Observing that
zi(t) < ap +t, r1(t) — (t) < 1+¢,
from (4.2.3)-(4.2.4) we deduce
T+ 1 1+¢ T, 2
Tot.Var.qu(t, ) <2 +2 +1<5+2—+ . (4.2.5
{ ( )} t (wk—l — l’k) +1 t (xk—l — LL'k) +1 ( )
Since we are assuming x, = k~°, the previous estimate yields
2k=P 2

Tot.Var.{u(t,-)} <4+

t + Bk—P—1 +t°
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4.2. EXAMPLES

Here k > 1 is arbitrary. Choosing k ~ t~7, we obtain

7 1
. =) = el —(B+1)
Tot.Var.{u(t,-)} < O(1) ( ; + D —i—t> =0(1) (t V=14 )
Here and throughout the sequel, the Landau symbol O(1) denotes a uniformly bounded
quantity. The two terms on the right hand side have similar magnitude if v = (1 +28)"%.
With this choice, we obtain

B+1

Tot.Var.{u(t, )} < O(1) -t 251,

hence B4l 5
~ +
u € D,, ith =1- =
u e w1 « 25+1 25+1

where we recall the definition of D, in (15).

0 X, X, X, x1:1 X

FIGURE 1. The initial data considered in Example 4.2.1.

In the next examples we consider initial data consisting of one or more triangular
blocks. As shown in Fig. 2, left, the most elementary case is

2y .
w0, =y = { 1A e 0

0  otherwise.
At time ¢ = ¢/(2h), a shock is created in the solution at the point ¢ > 0. Characteristics
originating from points 0 < x < ¢/2 start impinging on the shock, and the solution has a
right triangle shape:

(4.2.6)

2hx :
wit,z) = { e e el LE), (4.2.7)
’ 0 otherwise

Conservation of mass implies that the shock at time ¢ > ¢/(2h) is located at
14
L(t) = \[5 @Rt +0). (4.2.8)
Always for t > £/(2h), we thus have

Tot.Var {S;w} = 2p(t), p(t) =h (4.2.9)
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4. INTERMEDIATE DOMAINS FOR SCALAR CONSERVATION LAWS

We notice for later use that the (decreasing) function p(t) satisfies the lower bound

p(t) > };—f for all t > ¢/2h. (4.2.10)
and that the (increasing) function L(t) satisfies the upper bound
L(t) < v2Lht  forall t>{/2h. (4.2.11)

We also consider initial data containing packets of triangular blocks, shifted by different
amounts so they do not overlap with each other. See Fig. 2, right.

hi

<

v(t)

0 I L(t) 0 L X

FIGURE 2. Left: the elementary solution to Burgers’ equation considered at
(4.2.6)-(4.2.7). Right: the superposition of several shifted copies of the same
solution.

In the following proposition we denote by C%?(R) the space of Holder functions % :
R — R with exponent 0 < ¢ < 1, equipped with the norm

[@lleo.r = [[llco + [w]co
|T|coe = sup M
ey |y — ]
PROPOSITION 4.2.2. There exists a compactly supported function w : R — R with the
following properties:

(1) w € P, for every 0 < o < 1/2;

(2) u € C™(R) for every 0 < o < 1;

(3) U ¢ Dy for any 0 < B < 1. Namely:

limsup '~ - Tot. Var.{S;u} = +oo Vo< B <l (4.2.12)
t—0+

REMARK 4.2.3. The function uw constructed in Proposition 4.2.2 does not belong to
any P, if 1/2 < a < 1. This suggests that a = 1/2 is a critical exponent for the decay of
solution with initial data in P,. In fact, this surprising behavior will be later confirmed
by Theorem 4.5.1.

REMARK 4.2.4. By part 2. of Proposition 4.2.2 and by the embedding C%(R) —
WP(R) for every 0 < s < o < 1, p > 1, we obtain that

loc
Ws’p(R)¢65 forevery 0 <s<1,1<p<oocand 0 < < 1.
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On the other hand, the inclusion W*!(R) C D,, does hold for every 0 < o < 1, as proved
in Proposition 4.3.2.

The proof of Proposition 4.2.2 is based on the following lemma.

LEMMA 4.2.5. For every fized t € (0,1), there exists a function u : R — R satisfying

u(z) € 0,1]  ifx €[0,1],
4.2.1
{ i) =0 ifr¢[0.1] (42.13)
lt|lp, < Co, VOo<a<1/2 Tot. Var.{S,u} > Coi (4.2.14)
()77
|t]|co.r < Cyp = <e2 > for all o €]0,1[. (4.2.15)

Here Cy is a constant independent of t.
We postpone the proof of the lemma, and begin by showing that it implies the previous
proposition.

PROOF OF PROPOSITION 4.2.2. Let (¢;);>1 be a sequence decreasing to 0 sufficiently
fast (to be specified later). Let

7j—1
ro=0, z;=>» 2:-27F  L=[ya,), =012
k=0

Let u; be a function satisfying the properties (4.2.13)-(4.2.14) in Lemma 4.2.5 for ¢ = ¢,.
Consider the rescaled functions
wj(z) =270 (2(x — ), j=0,1,2...

Notice that ||w;||p, = 277]|u||p,. By Lemma 4.2.5, the corresponding rescaled solution of
Burgers’ equation satisfies

1
Co2it;
Here we used the fact that if w is a solution to Burgers’ equation then the functions defined
by

Tot.Var.{S;,u;} = 27/ Tot.Var.{S, u;} >

1
ux(t,z) = Xu(t, AT)

solve Burgers’ equation as well. Define the initial datum

a=>S 1. (4.2.16)
=0
Notice that
supp ;(t, ) C [z, 2; + 277 (1 + 1)) C I for ¢ € [0, 1].

In particular for every ¢ # j and ¢t < 1 the supports of S;u; and Syu; remain disjoint.
Choosing t; < 277 we thus obtain

(Sy,u) (z) = (Sy,u;) (x) Vo e 1.
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Since every u; satisfies (4.2.14), for 0 < a < 1/2, by the triangle inequality of Remark

4.1.3 it now follows
[, < Il

j=0 7=0

P < Co Y 277 < fo0.

This implies that u satisfies assumption 1. of Proposition 4.2.2. By (4.2.15) of Lemma
4.2.5, we infer that

1% co.r < 2707 ||| o0 < Cp 277N,
Therefore since the supports of @; are all disjoint, the function u belongs to all the Holder

spaces C% for 0 < o < 1. Finally, choosing for example ¢; = exp(—27), for any 0 < 8 < 1
we obtain

limsup t° Tot.Var.{S;z} > lim t° Tot.Var.{S; @} > lim t’ Tot.Var.{S, a,}
t—0+ j——+o0 J J j—+o0 J J

1
Co2it]

completing the proof of 3. of Proposition 4.2.2. 0

PROOF OF LEMMA 4.2.5. 1. Let t > 0 be a fixed positive time. Given a sequence of
positive numbers {£}};, satisfying £, < 27 (to be chosen later), and an integer k > 1, we
construct a packet of triangular waves by setting

Ne
v = Zwi, (4.2.17)
j=1

where wi = wg(x — j L) are translations by j Ly > 0 of elementary triangular blocks as
in (4.2.6), with width ¢, and height

hy = 250, < 1. (4.2.18)

The distance L between the supports of two blocks is chosen large enough so that the
supports of the corresponding solutions remain disjoint up to the given time ¢. By (4.2.11),
it is sufficient to separate these elementary blocks by a distance Ly = \/2hy l} t, see Figure
3. With this choice, the support of v, is contained inside an interval I with length

LI < NpLy = V2t 282 Nyt (4.2.19)

Moreover, since the elementary blocks do not interact with each other up to time ¢,
assuming ¢ /(2hy) < t, by (4.2.10), one has

hyl 2. 282y
Tot.Var.{ Sy} = 2Nipi(t) > V2N - 4/ ’;’“ _ V2 7 "Ny (4.2.20)

We now choose
O, =27 .27k R, Ny =271 27k2. gt — gk (4.2.21)
and notice that, by (4.2.18), this implies
Tot.Var.{vy} = 2Nhy = 2/,
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Nk blocks Nk,blocks

FIGURE 3. A family of triangular wave packets.

2. We put next to each other all the wave packets vy, for k1 < k < ko, where ki, ky € N
will be chosen later (see Figure 3), and define

k2
ﬂ = Uk([E — Lk) . (4.2.22)
k=k;
where Ek
Ly =) L;N,
j=k

Recalling (4.1.7)-(4.1.8), we now show that, for o = 3, the above construction yields a
uniform bound

tl|», < C, (4.2.23)

with a constant C independent of ki, ks. As a consequence, the same bound holds for
a €0, 1.

To prove (4.2.23), let A €]0,1] and choose k such that A €]27% 27%+1]. Set V/()) in
(19)-(20) to be the support of 211?:1; vg. By (4.2.21) the following estimates hold:

k/2 \/§ —k/2 1/2
<2Nk€k— 22 2\/__ -2 <C())\ ,

k-1 k-1 1 2k/2
Tot.Var. {Z Uk, R} < Z Nkagk < = 5 \/_ OO )\_1/2.

k‘=k1 k= k'l

This proves (4.2.23). A more general result will be obtained in Proposition 4.4.3, to which
we refer for additional details.
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3. In view of (4.2.19), (4.2.21), the support of u is contained in an interval I whose length
is

kg k2
LN <Y LML) =) V2ALPN, = \/g(z@ — ki +1). (4.2.24)
k1 k1

We now compute the total variation of the corresponding solution S;u at a given time
t>0.Ift >271.277 e if ky > log,(1/2t), then at time ¢ all the elementary solutions
appearing in the blocks vy, kK > k1, have a right triangle shape and we can use the estimate
(4.2.20). Since these blocks do not interact with each other, we have

k2 k?
2 1
Tot.Var.{S;u} = ZTot.Var.{Stvk} > \/;Z k2N, = Hﬂ(kg — k1 +1). (4.2.25)
k1 kl

Using the notation [a] to denote the smallest integer > a, we now choose k1 = [log,(1/t)]

and ky = k1 — 2+ [\/% By (4.2.24) we deduce that the support of @ is contained in the
interval I whose length is

gl(])ﬁ\/g(lﬁ—]ﬁ%”l):\/g({ %“ —1) <L

By (4.2.25), Siu has total variation

Tot.Var.{S;u} > \/;(kz —k+1)= % ({\/g} — 1) > % {%} > % : %

where ¢ > 0 is an absolute constant.
Finally, by (4.2.18), (4.2.21), the function u satisfies

-~ o~ _1 —
sup uly) — u(z)| < sup (k,—(l—a)lc ] 2k> < <621—o)(1*0)€
<y ’y - x’a k

1

9

since the function k — k~(1=9)% . 9k attains its maximum in R at k = Qﬁefl. O

4.3. The Intermediate Domains D,

We consider entropy solutions to the scalar conservation law (11) and let S : L'(R) x
R, — LY(R) be the corresponding semigroup of entropy weak solutions. Notice that
in this section the convexity assumption of the flux f is not necessary. The goal of this
section is to study the subdomains D, C L'(R) N L*(R) defined by

D, = {ﬂ e L'(R) NL¥(R) ; sup ¢~ [|Su — ullp < +OO}- (4.3.1)
0<tL1

Since the semigroup S; is nonlinear, the domains D, are not vector spaces. However, we
can ask if they contain some classical linear spaces, such as fractional Sobolev spaces.

Let 1 < p < 400 and 0 < a < 1 be given, together with an open set 2 C R. The
fractional Sobolev space W*?(Q)) is defined by (see for example [58])

Wer(Q) = {u e L7(Q); w € L7(Q x Q)}, (4.3.2)
r —y|r
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equipped with the norm

(4.3.3)

1
. ju@) = ul)l -\’
Jalles = ulls + ( [ ey )

As it is well known, functions in Sobolev spaces can be approximated by smooth
functions by taking mollifications. Let 7 : R — [0, 1] be a symmetric, C*° mollifier with
compact support, so that

n(s) =n(—s) € [0,1] if se[-1,1],
n(s) =0 it |s| > 1, /n(s) ds = 1. (4.3.4)
‘n’(s)‘ <2 Vs € R,

Here and in the sequel, the prime ' denotes a derivative. For h > 0, define the rescaled
kernels by setting

1 S
nu(s) = 7 (ﬁ) . (4.3.5)
For v € L}

loc?

consider the convolution u, = w % n,. The rate of convergence of these
mollifications depends on the regularity properties of the function wu.

LEMMA 4.3.1. Assume u € W*Y(R) for some 0 < a < 1. Then, for every h > 0, the
convolution up = u *ny, satisfies

1
[ = unllpr < [luflwer - A%, lubllee < Cllullwes - 7= (4.3.6)

for some constant C' independent of w.

PRrROOF. A direct computation yields

[ @)~ @)l do < [ 1u(o) = )iy — o) dody
- / %n(s/h) / u(z + ) — ule)| deds

< /_}; (%/’u(%—i—S) —u(:c)\dx) ds

o [[ b o) i)

BED dxds

= [l - B,
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Moreover, the total variation of uy is bounded by

[@ide= [ | [uwito —m)dy\ x
// x4 8)n ds‘dx

_/h_ (x—l—s) (s/h) ds’dx
1

h
lu(z 4+ s) —u(z — s)|
<C/h1 a/ glta dsdx

< C H'LLHW& 11—

7 (s/h)(u(z + s) —u(x — s))ds|dx

h —a’
Notice that the constant C' depends only on the mollifying kernel 7.
O

PROPOSITION 4.3.2. Let (11) be any conservation law with continuously differentiable
flur. For every a €0,1] we have the inclusion L>®(R) N W*(R) C D,.

PROOF. Let u € L*®(R) N W*!(R) and consider the mollifications uj, = 7, *u. By
Lemma 4.3.1 it follows

[Shun — unllw < [ (un) Lo b - Tot.Var{up} < C || f'[|ee|[llwaa b,
where the L norm of [’ is taken on the interval [—||@||p~, ||@||L~]. Therefore
19nT —ullr < [[Sht — Spunl[ts + [[Shun — unlles + [Jun — [
< @2+ C|f llee) [[allwarh®

The second result in this section is formulated in terms of the property (P,).

PROPOSITION 4.3.3. Let (11) be a conservation law with continuously differentiable
fluz. For any 0 < a < 1, ifu € L*(R) satisfies (P,), thenu € D,.

PROOF. Let @ satisfy (P,). Given ¢t €]0,1], set A = ¢ and let V(A) C R be an open
set satisfying (19)-(20). Observing that this open set V'(¢) is a countable union of disjoint
open intervals

V(t) = J)as, bil,
k>1
we define a new function ¥ by replacing @ with an affine function on each interval [a;, b;].
Namely,
_ u(x) if @ ¢ Uglag, bil,
U(T) =\ ayita)+(a-a,)u0,)

bj—a;

if xe [Clj,bj] .
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This implies
Tot.Var.{v} < Tot.Var.{u; R\ V(t)} < Ct*,
[o — e < 2fall - L1V (#) < 2|[allie - Cte.
We thus obtain
||Stﬂ - ﬂHLl S ||Stﬂ - StgHLl + ||St6 - @HLI —|— ||ﬂ - UHLl

< |[v =1l +t-|f||Le - Tot.Var{v} + ||v — @11
< Al Ot + || f']Lee Ct,

where the L*> norm of f’ is taken on the interval [—||@|/pe, ||T]|L=]. Since the same
constant C'is valid for all £ €]0, 1], this proves that w € D,. d

4.4. A Decomposition Property for Functions u € P,

In this section we study properties of functions that lie in the metric space P, intro-
duced at (4.1.8). These are functions that satisfy the property (P,) at (19)-(20). Our
main result provides a decomposition of a function w € P,, as the sum of countably many
components with different degrees of regularity.

THEOREM 4.4.1. Letw: R — R be a measurable function and let 0 < o < 1 be given.
Then u € P, if and only if it can be decomposed as

u(zr) = ka(:ﬂ) for a.e. x € R, (4.4.1)

where the vy, satisfy the following properties. For some constant C' = O(1) - ||[u||p, one has

(i) Bounds on the support and on the total variation:

Tot.Var.{vy} < C, (4.4.2)

Tot.Var.{v;} < C .20~k L ({op £0}) < C-27*% forall k > 1. (4.4.3)
(i1) One-sided Lipschitz bound:
vp(2) — vp(zy) < 28 - (20 — 21) Vo, < xy. (4.4.4)

(i1i) A further decomposition:
For each k > 1 we can further decompose
v = sz
p=1
so that the following conditions hold: the functions vy satisfy (4.4.4), their sup-
ports have disjoint interiors, and setting ¢} = meas(supp v}) it holds

‘vi(mﬂ < b =2k V x € supp vt ,
and
d <2k, (4.4.5)
p=>1
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The proof of Theorem 4.4.1 will be achieved in three steps. We first show in Lemma
4.4.3 that the existence of a decomposition as in (4.4.1) which satisfies property (i) is
equivalent to the statement that w € P,. Next, in Lemma 4.4.6 we show that this
decomposition can be refined so to satisfy also property (ii), still with some constant C'
of the same order of ||@||p,. Finally, Lemma 4.4.7 shows that (iii) is an easy consequence
of (i) and (ii) .

Before starting the proof of Theorem 4.4.1, we provide a remark about the embedding
and scaling properties of the space P,.

REMARK 4.4.2. Let u € P, and K C R be a fixed compact set and let u,, =
|K|~" [, u. We can estimate

“+o0 —+o00
1T — s || Lr (i) < Z Ve = Uk l|Le () < Z (lvrllLe) + 1vkmllLe)) + lvo = vomllLe),
k=0 P

where vy, ,,, is the average of v on K. We can estimate for k£ > 1

Tot.Var.{vy; R} - meas({vy, # O})%

N | —

1
[okllLr ) < florlleemeas({vg 7 0})» <

< & ciimgr—a—ap)
=73

(4.4.6)

)

. OV/pok(l—a—ap™t)

Y

o Q

lokmlloue) < 1K1 7 losluoe < lellzeuo <

where C' = O(1) - |[u||pa. Instead, for k =0
v — Vomlo(ry < Tot.Var.{vg; R} - |K|'P < C- |K|P.

Then, provided 1 — o — % < 0, namely if p < 1%, it holds

_ _ _nl —1 1
7~ ey < () - ma{ e, 5 by

so that we have the embedding P, < L?  up to subtracting the average. In particular

loc?

P, — L} if a > 1/2. Notice that this is consistent with the scaling property

loc
. . l-o
ullp, = [Juull». with  w,(z) = p = u(px) for p > 1.

More generally, if p < 2=, and we have a sequence u,, bounded in P, with equi-bounded
averages on a compact set K, then (u,),en admits a convergent subsequence in LP(K).

Indeed, denoting by {v} }ren the functions appearing in the decomposition of w,, by a
diagonal argument using Helly’s compactness theorem one extracts a subsequence {n;};en
such that v;* converges in LP(K), for every k. By (4.4.6), for every € > 0 we can choose
N € N sufficiently large so that

o0
4
D
k=N

therefore u,, is converging in L?(K).

<e Vi € N,
L7 (K)
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LEMMA 4.4.3. Let u : R — R be a measurable function. Then u € P, if and only if
it can be decomposed as (4.4.1), where the vy satisfy (4.4.2) and (4.4.8). The smallest
constant C' for which (4.4.2) and (4.4.3) hold for every k > 1 is of the same order of

[ll», -
PROOF. 1. Assume that @ admits a decomposition as in (4.4.1)-(4.4.3). We show that
[allp, = O1) - C.

Consider the case where A €0, 1] is of the form A = 279 for some integer ¢ > 1. Then we

set
q
v = E Vk
k=0

and estimate

q q
Tot.Var.{v} < Z Tot.Var.{v,} < C - 22(170‘)'“ = 0O(1)-C - 204,

k=0 k=0

Moreover

+00
L4t} <C- > 2 =0(1)-C-27
k=q+1
This proves
supd® (@, 0) = O(1) - C.

q>1

A simple argument now shows that the estimate holds when the supremum is taken over
all0 <A < 1.

2. Assume now that w € P,. By the definition of || - ||p, at (4.1.7)-(4.1.8), choosing
A =27 for every k > 0 we obtain a function u; such that

Tot.Var.{u} < ||a|p, - 2, meas ({H # uk}) < |lalp, - 27" (4.4.7)

We define the functions {vy}r>1 by setting
Vo = Ug, Vk = Uk — Uk—1 Vk Z 1. (448)

By the second inequality in (4.4.7) it follows that meas <{H # uk}> is summable in £ and

therefore

lim wuy(x) =u(x), pointwise for a.e. z € R.
k——+o0

Using a telescopic sum one obtains
N

u(x) = Nl_i):rJI:Oo un(z) = Nl_i)r}rlOOka(x) pointwise for a.e. z € R.

We conclude by observing that
Tot.Var.{v;} < Tot.Var.{ug} + Tot.Var.{us_,} < 2-|al|p, - 20-*

and
101



4. INTERMEDIATE DOMAINS FOR SCALAR CONSERVATION LAWS

meas({uy # wp—1}) < meas({¥ # w1 }) + meas({m # w}) < (2% +1) - |[ullp, - 27
([

We will show in Lemma 4.4.6 that one can choose the decomposition in Lemma 4.4.3
in such a way that all functions vy are one-sided Lipschitz. In order to do so, we introduce
a notion of lower one-sided p-Lipschitz envelope and we prove some of its properties: given
f € BV(R) and p € R with p > 0 let us denote by

L,f(x) = sup{ue): w:R = R, uly) < f(y), uly)—uly) < ply—y)Vy.y R, y <y},

The function £, f is the largest one-sided p-Lipschitz function whose graph lies below the
graph of f. Denoting by Tot.Var."{g} the positive variation of a function g

Tot.Var."{g} = sup Z l9(z)—g(zi-1)] ", [9(z)—g(zi1)] " = max {0, g(z:)—g(zi1)},

we have the following result.

LEMMA 4.4.4. Let f € BV(R) and assume that f is continuous from the left, namely
f(x) =lim, .- f(y). The following relations hold:

Tot. Var™{L,f} < Tot.Var*{f},

meas{x eER; L,f(x) < f(x)} < - Tot.Var*{f}, (4.4.9)
Tot. Vart{f — L,f} < Tot.Var{f}.

PROOF. Since f is continuous from the left, then £,f is continuous from the left.
Denote by A, = {z € R: L,f(z) < f(x)}. We first observe that = € A, if and only if
there is y < = : f(z) — f(y) > p(x — y). Indeed, since £, f is one-sided p-Lipschitz, if
there is y < = : f(x) — f(y) > p(x — y), then we have L, f(z) < L,f(y) +p(z —y) <
f(y)+p(x—y) < f(x). Viceversa, if for every y < x it holds f(z) — f(y) < p(z —y) then
f(x) = L, f(x) by the definition of L, f.

Since f is continuous from the left, if the above characterization of A, holds for some
x,y with y < x then the same holds for every z,y with z in a left neighborhood of x. In
particular A, is the union of at most countably many intervals of the form |a, b[ or ]a, b].

By maximality of £,f, on each connected component of A, the function £, f is affine
with derivative equal to p, therefore

[D(Spf)] +(Ap) = p-meas(4,),
where the left hand side is the positive part of the measure D(E,f).
For every connected component I of A, with endpoints a,b we have

fla) = Lyf(a) < Lyf(a) +p(b—a) =L,f(b) < f(b),
in particular
Tot.Var. ™ {L,f; I} = p(b — a) < Tot.Var. " {f; I'}. (4.4.10)
In order to estimate
Tot.Var.* {L,f} = sup > [L,f(x:) — Lpf(xi1)]”,
20<...<Tn i=1
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it is not restrictive to assume that x; does not belong to the interior of A, for every
i, indeed if for some ¢, the point z; is in the interior of A,, we can replace it with the
endpoints of the connected component of A, containing x;. The first inequality in (4.4.9)
follows from this observation, the estimate (4.4.10) and the fact that f = £,f on R\ A,
The second inequality in (4.4.9) follows since

meas(A4,) [D(Epf)]+(Ap) < }9 - Tot.Var{L,f} < }? - Tot.Vart{f}.

1

p

Since on each connected component I of A,, the function £, f is affine function with
derivative p > 0, we have

Tot.Var. " {f — L, f; I} < Tot.Var."{f; I}.
Therefore, using again f = £,f on R\ A,, we deduce the third inequality in (4.4.9). O
REMARK 4.4.5. The assumption of left continuity of f in the Lemma above is not

strictly needed, but it allows to avoid unnecessary pathological cases since we can always
assume to take the left-continuous representative of a BV function of a real variable.

We now show that one can choose the decomposition in Lemma 4.4.3 in such a way
that all functions v, are one-sided Lipschitz.

LEMMA 4.4.6. Consider any function uw € P,. Then, it is possible to choose the
functions vy, in (4.4.1)-(4.4.3) in such a way that the additional one-sided Lipschitz bound

(4.4.4) holds.

FIGURE 4. The lower one-sided p-Lipschitz envelope L£,f. Here the straight
lines have slope p.

PROOF. 1. Let {p}}:ren be positive numbers (to be chosen later) such that
lim p; =400  Vk>0, (4.4.11)

i—+o00
and consider the decomposition (4.4.1) constructed in Lemma 4.4.3. As an intermediate
step, we claim that for every k > 0, the function vy can be further decomposed as

+00
vg(x) = Zv,i(x) for a.e.x € R, (4.4.12)
i=0
where each v} is one-sided pi-Lipschitz and satisfies
] 2]6(1704) )
Lt #£0)) <O F—nr, Tot.Vart{vi} < C-20=9% if j 4k +£0,

Tot.Var.{v]} < C,
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with C' = O(1) - ||u||p,, as in Lemma 4.4.3. For k > 0, we first prove the claim assuming
v > 0. Define

vy = L0 (vk).
By (4.4.9) one has
Tot.Vart{v)} < Tot.Var{v,} < C - 20~k for all £ > 0.
L) A0 < L {u £0}) <C-27%%  forall k > 1.

Setting 1y = v, — v and using again (4.4.9) we get

1
L' {go#0}) <C- 0 20—k Tot.Var {1y} < C - 2079k,
k

Defining vy = L1409 we obtain

1
L {o £0}) <C-— - gl-ak, Tot.Var{v}} < C - 20~k
Dy,

By induction, assume we are given v;_o and U,i’l = Epiqwi,g, t > 2, both with positive
variation < C' - 209k We then define ¢; ; = 1;_» — v; ' and v} = Ly ;1. This yields

1
gl({wi_l 7£ O}) S C- -1 2(1_a)k, Tot.Var.J“{z/)i_l} S C- 2(1—a)k
Dy
and hence
2(17a)k

i—1
k

L' {vh #£0}) < C- Tot.Vart{vi} < C - 2072k, (4.4.14)

Therefore, by induction (4.4.14) holds for every i and every k.
Finally, we prove that (4.4.12) holds. Indeed, by the second inequality in (4.4.9) it

follows .
i* ' 1
Zt ({vk%2v2}> < — - Tot.Var. v, Vit > 1.
i=0

Dy,
Letting ¢* — 400, this proves our claim in the case vy > 0.
2. Next, we show how to handle the general case where v, = v;” — v, has a positive and
a negative part. We already know how to decompose the positive part v;".

We treat the negative part v, in the same way, but using instead the lower one-sided
Lipschitz envelope, defined by

£, flw) = supfu(e) suy) < fy) uly) = uly) = =y =)V vy € Ry <y},

This yields a decomposition
o0
v, = Z w,ic
=0

where w}, are positive one sided Lipschitz functions which satisfy the same inequalities as
in (4.4.13), and whose distributional derivatives satisfy Dw? > —pi.

104
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Then . .
(o) = v (2) = 0 (@) = Y vkla) + Y (<)

is the desired decomposition.

3. We now conclude the proof of the lemma, relying on (4.4.12)-(4.4.13). Defining

q
Ty=> Uy, (4.4.15)
=0

we obtain
+oo
u = Vg - (4.4.16)
q=0
Next, we choose
) 6 2k+z
Pr= 2 12

By (4.4.13), for every ¢ > 1 we obtain

2 q . 2 2 4 /. 2
1/~ T w 29 (i +1) T a (i+1) Y
L ({p #0}) < £C-2 Q§__O:mg?c-2 q'§._0: S = O(1)-C-27.

Moreover, always for ¢ > 1, the one-sided Lipschitz constant for v, is estimated by
q q
Dy, < % ;pé-i < 2q% 2 ﬁ < 21,
The one-sided Lipschitz property and the estimate on the support of v, readily imply
Tot.Var.{7,} = O(1) - C - 21794,
If ¢ = 0, by definition we have v, = v, so that by (4.4.13)
Tot.Var. {vg} < C, Dy < p) < 1.
The conclusion of the lemma is achieved by renaming v, = v,, with ¢ = k. 0

LEMMA 4.4.7. For every k > 0, the function vy constructed in Lemma 4.4.6 salisfies
3 of Theorem 4.4.1.

PROOF. Since vy is one-sided Lipschitz, the set {vy # 0} has at most countably
many connected components, that we denote by {I}},>1. Consider then the restrictions

vy = vy IP' On every interval I}, having length ¢}, since vy is one-sided 2F_Lipschitz, one
k

has
o ()] < 2808 = hE Vaeel,
Therefore
> =2 ({o, #0}) < C27°,
p>1
which proves (4.4.5). O
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4.5. Decay Rate of the Total Variation

In this section we prove that if 1/2 < a < 1, then the conjectured decay of the total
variation with rate t*~! holds.

THEOREM 4.5.1. Consider a bounded, compactly supported initial datum w € P, with
1/2 < a < 1. Then the solution to Burgers’ equation (4.2.1) satisfies

I (tlfa TV ST ) < ¢, Mol 45.1
1£(S]Ep { tu} = 05 ( )
where Cy is some absolute constant.

PROOF. 1. Let u = u(t, ) be a solution of Burgers’ equation and let ¢t > 0 be given.
Denote by J; C R the jump set of u(t, ). By the Lax-Oleinik formula, for every z € R\ J,

there is a unique backward characteristic from the point (¢, z) along which the solution is
constant: namely

u(t,z) = u(s,x — u(t,x)(t — s)) Vs €l0,t]. (4.5.2)
If (4.5.2) holds we say that the couple
(z0,v) = (z — u(t,z)t, u(t,z))
survives up to time t, and we denote by Q(t) the set of couples which survive up to time ¢.
The point zg is the starting point of the characteristic passing through (¢, x) and v is the
value of u along the characteristic. Notice however, for example in the case of a centered

rarefaction, that we can have u(xy) # v. Indeed, (4.5.2) does not extend to ¢t = 0, in
general. We will estimate Tot.Var.{S;u} by means of the equality

Tot.Var.{Sm;R} = Tot.Var.{Stﬂ;R \ Jt} = sup Z |v; — vi_1], (4.5.3)

21 <<,
(wi,v:)€Q(t)

where in the last sum we assume that if z; | = x;, then v;_; < v;. By the Lax formula,
the constraint (zg,ug) € Q(t) is satisfied if and only if

/ymz)—[uo—%(z—xo)}dzzo vy =,
. 1 (4.5.4)
/y E(z)—[uo—g(z_%)}d'zgo vy <o

Equivalently:

[ o252 ez [ [ (- 252)] e aze 5

Zo Zo

[ (02 o< [ (025 ae vz 650

where we used the notation
[2]* = max{z, 0}, [2]” = —min{z,0}.

The interpretation of (4.5.5) is that for every y > x¢ the area of the hypograph of @ in
[0, y] that lies above the line passing through (xg,ug) with slope —1/t must be bigger
than the area of the epigraph lying below the same line. Analogously, the interpretation
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of (4.5.6) is that for every y < x the area of the hypograph of @ in [y, o] that lies above
the line passing through (z,wuy) with slope —1/t must be smaller than the area of the
epigraph lying below the same line.

2. It suffices to prove the decay estimate (4.5.1) for all times of the form ¢ = 27% &k > 1.
We thus need to estimate the quantity

limsup 2@~k Tot.Var.{SQ_kﬂ}
k——+o0
In the following we fix a time ¢t = 27% and show that

2(1—a)k
Tot.Var.{Sz_kﬂ} <c- 90 — 1

where ¢ is some constant depending only on ||||p.
Let uw = Z;io vy be a decomposition satisfying all the properties listed in Theorem
4.4.1. We write u as the sum of two terms:

Nl (4.5.7)

k—1 00
U= v,+ Y vy =Ty + T (4.5.8)
q=0 q=kK

We regard the function uy, as the reqular part of @, in the sense that it has total variation
that is bounded, of size O(1) - 23=%*_In fact, since each v, is one-sided Lipschitz with
constant 29 and with total variation bounded by C20-%4 the function %y is one-sided
Lipschitz with constant 2¥ and with total variation bounded by C2(1=®)*,

We recall that C' is the constant coming from Lemmas 4.4.3 and 4.4.6, of the same
order of ||@l|p, -

3. To simplify the exposition, we first give a proof under two additional assumptions:
(H1) the regular part uy is zero, i.e.

U= v, = (4.5.9)

(H2) All functions v, are positive:
vg(x) > 0 Vel
This implies that all the functions v¥ constructed in Lemma 4.4.7 are positive as
well,

Assuming (H1) and (H2), let 9 < 2y < --- <z, and vy, ..., v,, be such that (z;,v;) €
Q(27%). One should not confuse this numbers v; with the functions v, in the decomposition
(4.5.9). According to (4.5.3), it suffices to estimate the total variation over these points:

n
Z |Ui — 'Ui,1|.
i=1

Since u is compactly supported, it is enough to estimate the negative variation, namely

n

> i —vina] (4.5.10)

i=1
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slope = —2F

P
bumps vl

FIGURE 5. The configuration considered in the estimate for i € J, in step 5 of
the proof.

The set of downward jumps
N = {Z e{l,....n};v; < Uz‘—1}-
can be partitioned as N' = Z U J, where
7= {z € N3 laior, 2] C {Tn # 0}}, J=N\T.

In the next two steps, the negative variation (4.5.10) will be estimated by considering the
terms 1 € 7 and ¢ € J separately.

4. Let i € Z. Since the characteristics starting at ;, ;.1 do not cross up to time t = 2%,
this implies
Vi1 — v < (3 — i) - 28

Summing over Z one obtains
Z [Ui—l — Ui] S 2k Z(I'Z - ZEi_l) S 2k . gl ({ﬂk 7é 0}) S 2C - Qk . 2—ak = C C- 2(1—04)]4:7
1€T 1€l
(4.5.11)
where we used the inequalities

L (e #£0}) <> LN ({ug #0}) <CY 270 <

(e}

20 —1

C .27k,

5. Next, consider the case where ¢ € J. As shown in Fig. 5, consider the triangle
T = {(x,v) ER*;z; <z <z v;<v<wg—28x— xi,l)}.
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with height §; = v;_; — v; and base of length §;27%.
In the following, we denote by U, C R? the region below the graph of y:

ﬁk = {(x,v) cRZ:0<v< ﬂk(x)} c R2

By (4.5.5), the fact that (x;_1,v;_1) € Q(27%), implies that the area of the triangle 7; is
bounded by the area of Uy in the strip [z;_1,z;] X R:

Area(T;) = 2~ (D62 < 22 (ﬁk N ([wim1, 2] x R))
This implies
1/2
5, < 2'% ,,2”2(Uk (s, 2] R)) . (4.5.12)

For each i € J, we now consider the set of indices Z(i) C N x N defined by

Z(i) = {(p,Q) eN?;q >k, suppv?Nlay, 2 # @},

This is the set of all functions v% in the decomposition of U, whose support intersects the
open interval |z; 1, x;].
At this stage, we make an important observation:

e For any couple (p,q) with ¢ > k, there can be at most two indices i € J such
that (p,q) € Z(i)

Indeed, assume that this were not the case, i.e. for some i; < iy < i3 one had (p,q) €
Z(i1) N Z(ig) N Z(i3). Since the set {v? # 0} is connected, we would have

Vi1 22, |C {02 # 0} C {7 # 0},

But this is a contradiction because i ¢ 7.
As in Lemma 4.4.7, call £ = meas (supp U”). By (4.5.12) it follows

/2
5ig\/§.2’f/2.< Soow zp) <v2 22 Y (hg-zg)l/Q.

(P.9)€Z(i) (p.a)€Z(i)

Summing over i € J, and using the fact that each couple (p,q) can appear in the sum at
most twice, we obtain

PIUESCRPALED S ( >

ieJ i€J (p,q)€Z(3)

< 23/ .Qk/2.z Z (hg.g§>

q=k peN

(4.5.13)

where we recall that h? are as in (iii) of Theorem 4.4.1. Observing that

1/2
(a5-n) " =22
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and using (4.4.5), from (4.5.13) we obtain

Z 5; < 23/2.9k/2. Z Z 2(1/2@; < 232.0 . 9k2. Z 91/29—0q
eJ q=k peN q=Fk

(4.5.14)

L owz que-ak _ o L

. 2(1—a)k
— 2« 200 — 1 ’

SCQC’ 1

where ¢y is another absolute constant. Combining (4.5.11) with (4.5.14), we obtain the
desired decay rate, under the additional assumptions (H1)-(H2).

6. In the remaining steps we complete the proof of the theorem, removing the assumptions
(H1)-(H2).
Recalling the decomposition (4.5.8), we observe that the function w; is one-sided 2*-
Lipschitz, because each v, is one-sided 2¢ Lipschitz.
Let 7o <z <...<x, and v;, i =0,...,n be such that (z;,v;) € Q(27%). As before,
it suffices to estimate the negative variation, i.e.
Z [Ui—l - Ui:la
ieN
where

N = {Z S {1,...,’”};1)1' < Ui—l}-
We partition the above set of indices as N'=Z U J, where

T= {z e Nz, z[C U{vq%()}}, J=N\T.

>k
Set
(5Z-ivi,1—vi VZEN
We further partition J = J; U Js, by setting
L. ~ 0; - 0; .
Jr = {Z €J | ur(ziz1) > viey — 3 and U (z;) < v; + g}, To=T\T.
We will estimate the quantity
SIS WIS IS W
ieN i€l i€ i€J2

by providing a bound on each term on the right hand side, in the following three steps.

7. (Estimate of the sum over ). With exactly the same argument as in Step 4., we
obtain the estimate
Z [Ui—l - Ui} S Cy - C- 2(1—a)k (4515)
ieT
where ¢; is an absolute constant.

8. (Estimate of the sum over Ji). In this case (see Figure 6), by definition of J; the
variation of uy on [x;_1,x;] is at least one third of ;. Therefore the jump J; is controlled
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Uk; A

FIGURE 6. Illustration of the case ¢ € J;. At least one third of the variation is
due to the regular part uy.

by the variation of uy, which is the regular part. More precisely, from the definition of J;
it follows

) ~ 0 _ 0; _ _ 20;
0 = vi— —v; < (Ukz(%‘—ﬁ + g) — <Uk($z) — g) < Up(wi—g) — ugz;) + 5
and therefore
Summing over i € J; we obtain
D> 6 <3 (k(wima) — (i) < 3Tot.Var {ig} < ¢y - C - 207%, (4.5.16)

€1 1€J1

9. (Estimate of the sum over J5). The idea here is that we reduced to a situation where
we can proceed as in the simplified case of the previous section, up to a modification
of the definition of the triangles 7; that takes into account the presence of wy, which is
one-sided 2*-Lipschitz. Since i € J, at least one of the following inequalities is true:

Oi

_ - 0;
(o) < vi—q — 3 or ug(z;) > v; + 3 (4.5.17)

The proof splits in two cases depending on which one is true. To fix ideas, we assume
that the first inequality holds. The second case is entirely similar. It can be handled by

the same argument, in connection with the reversed initial datum: v(x) = —u(—=x).
Assuming that the first inequality in (4.5.17) holds, define the triangle:

i
Ti = {(Lv) ER? | v € (zi1,1)), Uz‘—1—§+($—$i—1)'2k <v < —($—$¢—1)2k},

as shown in Fig. 7. We let U C R? be the hypograph of u:
U= {(x,v) eR*;v < ﬂ(x)} C R?%,
and let Uy, be the hypograph of wy:
Up = {(m,v) €eR*;v < ﬂk(x)} C R%
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slope = —2*

FIGURE 7. The estimate for ¢ € J5. From the fact that the value v;_1 survives
up to time 2%, we deduce that the area of the yellow triangle can be controlled
by the L' norm of all the v} in the interval (z;_1, z;).

The fact that the couple (x;_1, v;_;) survives up to time ¢ = 27* already implies that
LATN\T,) < 32{(3:, v) € (U\Ty) o € [a:i,l,xi]} = A, (4.5.18)

Actually, we claim that (NJk N7T; = 0. In fact, u, is one-sided 2*-Lipschitz and satisfies
Up(iq) <wvimg — %. This implies

- i
ug(x) Svi—§+(x—xi_1)-2k Vel _q,z.
By definition of the triangle 7;, this means that the hypograph of uy lies entirely below

the lower side of 7;. Hence Uy NT; = (. From (4.5.18) it thus follows

LT < A (4.5.19)
On the other hand, the area of the triangle 7; is
52

Area(T;) = 6—14 27k, (4.5.20)

Combining (4.5.19) with (4.5.20) we obtain
§; <822, A2, (4.5.21)

The area A; on the right hand side is bounded above by the sum of the areas of the blocks
v? whose support intersects the interval |z, 7;,1[. More precisely, for each i € J5, define
the set of indices

2(i) = {(p, q) €N | g>k, suppvbN]m_y, x| # @}.

With the same argument used in step 5. we obtain that, for every couple (p,q) with
q > k, there can be at most two indices i € J5 such that (p, q) € Z(7).
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By (4.5.21) we now obtain

/2
5i§8-2k/2-< > ow ep) <8¢ Y- (hg-£g>1/2.
(

p,q)€Z(1) (p,9)€2(3)

Summing over i, and using the fact that each (p,q) appears in the sum at most twice, we
obtain

o823 S (w KZ)WS16.2k/2.iz<h§.62>1/2. (4.5.22)

1€J2 i€J2 (p,q)€Z(i) g=k peN

/2
Observing that (65" : hp> = 29/2(% and using (4.4.5), we finally obtain

D 6 <1625 Z S 202 <16 242 C Z 94/29—aq

1€J2 q=k peN

(4.5.23)

< cjg- 1 . ||ﬂ”73 ok/2  9(1/2—a)k _ cs - 1 . HEH79 .9(1-a)k

- 200 — 1 ° 200 — 1 ° ’
where c¢3 is an absolute constant. Combining the three estimates (4.5.15), (4.5.16) and
(4.5.23), the proof is completed. O

REMARK 4.5.2. If Burgers’ equation is replaced by a general scalar conservation law
with a C?, uniformly convex flux f, so that f” > ¢ > 0, from the Hopf-Lax formula we
obtain that (xg,uo) € Q(t) if and only if

[ - (e -] aox [ foe - oy (s - 252)] e
for all y > 2o, and

[ [0 -y (r - 252)] @< [ [ - 0y (v - 5] o

for all y < x(. Here

JH(u) = ilelﬂg{uv — f(v)}

denotes the Legendre transform of f. By a well known property of the Legendre transform
(see e.g. [46, 62]) we have

(f*)l(f/(uo)) = Ug .

By uniform convexity it thus follows

uo—é(z—xo)S(f*)'(f’(uo)—z_txo> Vz>a,

(') (' (o) -
Using the inequalities above, the above proof remains valid up to minor modifications.

Therefore, Theorem 4.4.1 remains valid for any uniformly convex flux f.
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Part 2

Structural Properties for
Conservation Laws with Discontinuous Flux






CHAPTER 5

Conservation Laws with Discontinuous Flux

5.1. Basic definitions and general setting

In this chapter we study conservation laws with discontinuous flux, see (22) and the
following for the general setting and general introduction to the topic.

5.1.1. Connections and AB-entropy solutions. We recall here the definitions and
properties of interface connection and of entropy admissible solution introduced in [4].

DEFINITION 5.1.1 (Interface Connection). Let f be a flux as in (24) satisfying the
assumption (25), and let 6;, 6, denote the unique critical points of f;, f,, respectively. A
pair of values (A, B) € R? is called a connection if

(2) A<, and B > 0,.
We will say that connection (A, B) is critical if A =6, or B = 6,..

Observe that condition (2) is equivalent to: f/(A) < 0, f/(B) > 0. Therefore, if
(A, B) is a connection, then the function

A, <0
ABay=q 7 "7 5.1.1
¢ (x) {B’ 2> 0 (5.1.1)

is a weak stationary undercompressive (or marginally undercompressive) solution of (22),
since the characteristics diverge from, or are parallel to, the flux-discontinuity interface
(see Figure 2). In relation to the function ¢*” the adapted entropy nap(z,u) = |u —

¢*B(z)| is introduced in [27]. Then, in the spirit of [26], the entropy n4p is employed
in [27] to select a unique solution of the Cauchy problem (22)-(23) that satisfies the

/)

A 9, 9, B

f

FIGURE 1. An example of connection (A, B) with f;, f, strictly convex fluxes
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FIGURE 2. The stationary undercompressive solution ¢4%.

interface entropy inequality
!u - CAB|t + [sgn(u — APY(f(x,u) — f(x,cAB))]x <0, in D, (5.1.2)
in the sense of distributions, which leads to the following definition.

DEFINITION 5.1.2 (AB-entropy solution). Let (A, B) be a connection and let ¢ be
the function defined in (5.1.1). A function u € L*(R X [0, 4+00[) N C°([0, +00), Lj.(R))
is said to be an AB-entropy solution of the problem (22),(23) if the following holds:

(1) w is a distributional solution of (22) on Rx |0, 00|, that is, for all test functions
¢ € C!} with compact support contained in Rx ]0, +o0[, it holds true

/Z/OOO {ugy + f(z,u)p, } dzdt = 0. (5.1.3)

(2) wis a Kruzkov entropy weak solution of (22),(23) on (R \ {0})x ]0, +oo[, that is the
initial condition (23) is satisfied almost everywhere, and:
(2.a) for any non-negative test function ¢ € C! with compact support contained in
| — 00,0[ x ]0,+o00], it holds true

/OO/O {lu— k|¢ + sgn(u — k) (fi(u) — fi(k)) ¢} dadt >0, VEeR;  (5.1.4)
0 —0o0

(2.b) for any non-negative test function ¢ € C}! with compact support contained in
10, +00[ x ]0, +00], it holds true

//{!u—k|¢t+sgn(u— k) (fr(u) = fo(k)) ¢p}dadt >0, VkeR.  (5.1.5)

(3) u satisfies a Kruzkov-type entropy inequality relative to the connection (A, B), that
is, for any non-negative test function ¢ € C! with compact support contained in
R x]0, 400, it holds true

/ / {|u— ABM +sgn(u— c*P) (f(z,u) — f(z,c*P)) ¢} dzdt > 0. (5.1.6)

REMARK 5.1.3. Since an AB-entropy solution w is in particular an entropy weak
solution of a scalar conservation law with uniformly convex flux, on | — oo, 0] x |0, +0o0],
and on |0, +oo[ x |0, +oo] (by property (2) of Definition 5.1.2 and assumption (25)), it
follows that u(-,t) € BV o.(R\ {0}) for any ¢ > 0. Here BVjo.(R\ {0}) denotes the set
of functions that have finite total variation on compact subsets of R \ {0}. On the other
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hand, relying on a result in [92] (see also [99]), we deduce that u admits left and right
strong traces at x = 0 for a.e. ¢ > 0, i.e. that there exist the one-sided limits

w(t) =u(0—,1), ur(t) = u(0+, 1), fora.e. t > 0. (5.1.7)

We point out that a consequence of the characterization of attainable profiles provided
by our results (Theorems 5.3.3, 5.3.9, 5.3.11, 5.3.14) will be that these limits are actually
defined at every time ¢ > 0 (not only at almost every time). Moreover, since u is also
a distributional solution of (22) on Rx |0, 4+o00| (by property (1) of Definition 5.1.2), we
deduce that v must satisfy the Rankine-Hugoniot condition at the interface x =0 :

flw(®) = fi(u(t),  forae. t> 0. (5.1.8)

In (5.1.7) and throughout the paper, for the one-sided limits of a function u(z) we use
the notation

u(z£) = lim wu(y). (5.1.9)

y—r+t

In relation to a connection (A, B) consider the function

% (ug, uy) = sgn(u, — B) (fo(uy) = fo(B)) —sgn(w — A) (filw) = fi(A),  w,u, €R,

(5.1.10)
which is useful to characterize the interface entropy admissibility criterion. In fact, by
the analysis in [27, Lemma 3.2] and [25, Section 4.8], it follows that, because of condition
(1) of Definition 5.1.2 and assumption (25), the following holds.

LEMMA 5.1.4. Let u € L>®(R x [0, +00)) be a function satisfying conditions (1)-(2) of
Definition 5.1.2. Then, condition (3) is equivalent to the AB interface entropy condition

(3)
T2B (wy (), u, (1)) <0 fora.e. t>0. (5.1.11)

LEMMA 5.1.5. Let (A, B) be a connection. Then, for any pair (u;,u,) € R?, the
conditions

filw) = fr(uy), I (wg, u,) <0, (5.1.12)

are equivalent to the conditions
fl(ul) = fr(ur) > fl(A) = fr(B)a

(5.1.13)
(ulgel, UTZQT) — w=A, u =B8B.

The first condition in (5.1.13) tells us that, when we choose a connection (A, B) and
we employ the concept of AB-entropy solution, we are imposing a constraint (from below)
on the flux at the interface x = 0. In order to achieve existence, we need to compensate for
this constraint with an additional freedom in the admissibility criteria. In fact, the second
condition in (5.1.13) prescribes the admissibility of exactly one undercompressive wave at
the interface, given by ¢# in (5.1.1). This rule corresponds to the (A, B) characteristic
condition in [27, Definition 1.4].
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REMARK 5.1.6. In view of (5.1.8), we can extend the classical concept of genuine char-
acteristic for solutions to conservation laws with continuous fluxes (see [55]) by considering
also characteristics that are refracted by the discontinuity interface x = 0. Thus, we will
say that a polygonal line 9 : [0,7] — R is a genuine characteristic for an AB-entropy
solution u if one of the following cases occurs:

(i) 9(t) < 0 for all t €]0, T, and ¥ is a characteristic for the restriction of u on | —
00,0[ % ]0,T7;
(ii) ¥(t) > 0 for all ¢ €]0,T[, and ¥ is a characteristic for the restriction of u on
0, +00[ x]0,T;
(iii) there exists 7 €]0, T, such that:
-9(t) < 0 for all ¢t €]0,7[, and ¥ is a characteristic for the restriction of u on
| —00,0[ x]0, 7],
- 9(t) > 0 for all ¢t €]7,T[, and ¥ is a characteristic for the restriction of u on
0, +oo[ x 7, TT,
or viceversa.

- fl(ul(T)) = fr(ur<7—)) and IAB(ul(T)>uT(T)) S 0’

where we are using the term “characteristic” for a classical genuine characteristic of a
solution to the conservation law w; + fj(u), = 0 on {z < 0}, or to the conservation law
ut + fr(u), =0 on {z > 0}.

REMARK 5.1.7 (Local solutions). Throughout the paper we say that a function u €
L>(Q) is a (local) AB-entropy solution of (22) on a domain

Q={(t,z) |t €[a,b], m(t) <z <)} CRx]0,+o0]

where 71 < 7, : [a,b] — R are Lipschitz curves if it satisfies the conditions of Defini-
tion 5.1.2 localized on 2. Namely, if the following holds:

(1) For any test functions ¢ € C!(Q) with compact support contained in €, it holds
true (5.1.3).
(2) The map ¢ > u(-,t) is continuous from I = {t > 0 : (z,t) € Q} to L (),
O ={z : (z,t) € Q}, and it holds:
(2.a) for any non-negative test function ¢ € C}(Q) with compact support con-
tained in Q2N (] — 0o, 0[ x |0, +00]), it holds true (5.1.4);
(2.b) or any non-negative test function ¢ € C;(2) with compact support contained
in QN (]0, +oo[ x ]0, +00), it holds true (5.1.5).
(3) For any test functions ¢ € C}(€) with compact support contained in Q, it holds
true (5.1.6).

We will sometimes implicitly use the following fact: assume that two local AB-entropy
solutions uy, ug, of (22) are given on two disjoint domains €2y, {29, such that 0Q2; NIy =
I, where I is the graph of a Lipschitz curve v : [a,b] — R, with Q; C {z < ~(t)},
Qy C {z > ~(t)}. Moreover, assume that uy(t,y(t)—) = ua(t,y(t)+) for a.e. t € [a,b]
such that v(¢) # 0, and that

fi(u1(0—,1)) = fr(ua(0+,1)), I8 (uy (0—, 1), us(0+,1)) <0,
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for a.e. t € [a,b] such that v(¢t) = 0. Then, by standard arguments one can deduce that
the function

Sz, t) i (x,t) € Q,
uz, ) = {uz(a:,t) if (2,4) € O,

is an AB-entropy solution of (22) on €.

It was proved in [4, 27] (see also [25, 64]) that AB-entropy solutions of (22),(23)
with bounded initial data are unique and form an L!-contractive semigroup. Moreover,
we will show that they are L-stable also with respect to the values A, B of the connection.
This type of stability, beside being used to extend our main results from the case of non
critical connections to the critical one, has an interest on its own. We will also prove that
AB-entropy solutions of (22),(23) are L'-Lipschitz continuous in time. This property
is an immediate consequence of the BV regularity of such solutions in the case of non
critical connections. Instead, in the case of critical connections where A = 6, or B = 0,,
and f;(0,) # f.(0,), the total variation of an AB-entropy solution may well blow up in
a neighborhood of the flux-discontinuity interface x = 0, as shown in [1]. However, we
recover the L1-Lipschitz continuity in time also in this case exploiting the BV regularity
of the flux of an AB-entropy solution, which is established relying on the analysis pursued
in this paper. We collect all these (old and new) results in the following statement:

THEOREM 5.1.8. (Semigroup of A B-Entropy Solutions) Let f be a flux as in (24)
satisfying the assumption (25), and let (A, B) be a connection. Then there exists a map

SWUBI . [0, +00[ x L(R) — L™(R), (t,uo) — SHAP Ty, (5.1.14)
enjoying the following properties:
(i) For each uy € L*(R), the function u(z,t) = St[ABHuO(x) provides the unique
bounded, AB-entropy solution of the Cauchy problem (22), (23).
(1) SO[ABHUO = up, ST o St[ABHuO = Ss[ffHuo, for all t,s >0, uy € L™(R).

(111) For any ug,vy € L®(R), there exists a constant L > 0, depending on f and on

|luol|Loe, |vollLee, such that, for any R > 0, it holds:

||St[AB]+u0 . St[AB]+

) < Huo forall t>0.

UOHLl([—R,R] - UOHLl([—R—Lt,R—&-Lt])’
(iv) For any uy € L*(R), and for any R > 0, it holds:
AB A'B’
”St[ Hup — St[ HuOHLl([fR,R]) <2t ‘fr(B) - fr(B,M?
for all connections (A, B), (A', B’), and for all t > 0.
(v) For any uy € L>*(R), and for any R > 0, there exists a constant Cr > 0
depending on f, ||uo||Lr, R, and on the connection (A, B), such that it holds:

”St[ABH“O - SS[ABH“UHLl([—R,RD <

s—t|, foralls>1t>0.
The proof of the new properties (iv)-(v) is given in Appendix 5.6.

REMARK 5.1.9. Most of the literature on conservation laws with discontinuous flux as
in (24) considers fluxes f;, f,. satisfying

f1(0) = £(0),  fi(1) = f(1), 6, >0, 6,<1. (5.1.15)
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However the existence of an L!-contractive semigroup of AB-entropy solutions of the
Cauchy problem (22), (23), remains valid also without this assumption as shown for
example in [64]. On the other hand, by a reparametrization of the fluxes, one can always
reduce the problem to the setting where the critical points of f;, f,. satisfy (5.1.15). In
fact, given f;, f,., for any pair of invertible affine maps ¢;, ¢, : R — R, we can observe that
a map u(z,t) is an ¢, ' (A)p-(B)-entropy solution of (22), (24) with fluxes f;, f, if and

only if '
-1 if
ety = 4 0 (W) e <0,
¢ (u) if x>0,

T

is an AB-entropy solution of (22), (24) with fluxes f; o ¢y, f, o ¢,.

REMARK 5.1.10. By the analysis in [64, §3.1] (see also [9, Remark 4.1]) it follows
that, for every M > 0, there exists Cy; > 0 such that, if ||ug|lp~ < M, and A, B < M,

then HSt[ABHuOHLoo < Cyy, for all t > 0.

COROLLARY 5.1.11. Let {(An, Bn)}n be a sequence of connections that converges in R?
to a connection (A, B), and let {u, 0}, be a sequence of functions in L (R) that converges
in L, to ug € L®(R). Let upy, u,, denote, respectively, the left and right traces at x =0

of up(z,t) = S}A"B"]+un70(x), defined as in (5.1.7). Similarly, let u;,u, denote the left and
right traces at v = 0 of u(x,t) = St[ABHuo(x). Then, we have:

fl(un,l) - fl(ul)a fr(un,r) - fr(ur) weakly in LI(R+) : (5‘1'16>
The proof of the Corollary is given in Appendix 5.6.

REMARK 5.1.12. We point out that, differently from (5.1.16), in general the L'-
convergence Uu,; — w; and u,, — u, fails due to the possible formation of stationary
boundary layers at the interface x = 0, as one can see in the following

ExAMPLE 5.1.13. Consider a non critical connection (A, B) and the sequence of initial
data

A, ifz<-—nl,
Uno(z) =< A, ifze]—n10]
B, ifx>0,
with
A= (fl|[al,+oo[)_1°fl(14)a B= (fr\]fooﬂr})_lofr(B)v (5.1.17)

where f|; denotes the restriction of the function f to the interval I. One can immediately
check that the AB-entropy solution of (22), (23), with initial datum w,, o is the stationary

= St[ABHun,O(x) = Uy 0(z) and that u, converges in L' to

(2.1) A if <0,
u(x,t) =< _
B i z>0.

solution u,(t, x)

Moreover, one has u,;(t) = A and w(t) = A for every t > 0.
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5.1.2. Backward solution operator. In this section we shall first review quickly
the concept of backward solution operator for conservation laws with flux depending only
on the state variable, and then we will introduce the definition of backward solution
operator associated to a connection (A, B), for spatially discontinuous flux as in (24).

5.1.2.1. Backward solution operator for conservation laws with space independent fluz.
The use of the backward-forward method to characterize the attainable set for conserva-
tion laws was first proposed in [70, 78] (see also [60] in the framework of Hamilton-Jacobi
equations). Because of the regularizing effect of the nonlinear dynamics of a conservation
law

u + f(u), =0, reR, (5.1.18)

with uniformly convex flux f(u), the only restriction to controllability of (5.1.18) at a
fixed time 7" > 0, when one regards as controls the initial data

u(z,0) = up(x), r €R, (5.1.19)

is the decay of positive waves. Therefore it is by now well known the characterization of
the attainable set

A(T) ={w : w=wu(-,T), u entropy weak solution of (5.1.18)-(5.1.19) with ug € L*},
(5.1.20)
in terms of the Oleinik-type inequality

1
i
DD S Tty
where Dw denotes the upper Dini derivative of w (see (5.3.9)). Similar results in the
case of boundary controllability were obtained in [3, 16, 17, 73]).

A different perspective to address this controllability problem was introduced in [70,
78], and consists in constructing initial data leading to attainable targets w at a time
horizon T' > 0, through the definition of an appropriate concept of backward solution
to (5.1.18). Namely, letting S; ug(x) denote the (forward) entropy weak solution of the
Cauchy problem (5.1.18)-(5.1.19) evaluated at (x,t), it was defined in [78] an appropriate
backward operator Sy : L — L*, and proved that a profile w belongs to A(T) if and
only if w = 8} oSy w, i.e. if and only if it is a fixed point of the backward-forward operator
St oSy (see [70, Corollary 1]). Moreover, for w € A(T), the solution defined as

u*(z,t) = 8 (Spw)(x), reR, tel0,T], (5.1.22)

VzeR, (5.1.21)

is the unique solution to (5.1.18) that is locally Lipschitz on the strip Rx]0, T'[, and yields
w at time T'. Equivalently,

uy = Spw (5.1.23)

is the unique initial datum that produces a solution to (5.1.18) locally Lipschitz on |0, 77,
yielding w at time 7'. The operator S, , for ¢t > 0, is defined as follows

S, w(z) =8 (w(=+))(—2) reR, t>0. (5.1.24)

In words, we use w(— -) as initial datum for the forward operator S;", we compute the
(forward) solution to (5.1.18), and then we reverse the space variable.
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REMARK 5.1.14 (Classical solutions). Throughout the paper by a classical solution to
a conservation law with space independent flux u; + f(u), = 0 we mean a locally Lipschitz
function u : Q@ — R, Q C Rx |0, +00[, such that

u(t,z) + f(u(z,t), =0 for a.e. (t,x) € Q.

Any classical solution is an entropy admissible weak solution. The function (5.1.22) is a
classical solution to (5.1.18). Sometimes in the literature classical solutions are denoted
as strong solutions.

REMARK 5.1.15. One can easily verify that the function w(z,t) = S; w(z) is the
entropy weak solution of the Cauchy problem

{Wt—f(w)mzo, reR, t>0,

w(z,0) = w(z), r € R. (5.1.25)

In fact, by definition (5.1.24) it follows that w(z, ) is a distributional solution of (5.1.25),
since it is obtained from the distributional solution S;" (w(— -))(z) of (5.1.18) by the
change of variable x +— —x. On the other hand, since every shock discontinuity of
S (w(— +))(z), connecting a left state u~ with a right state u™, must satisfy the Lax
condition u~ > u™ (equivalent to the entropy admissibility criterion since the flux f(u)
in (5.1.18) is convex, e.g. see [54, 76]), it follows that the left and right states u~,u*t of
every shock discontinuity in w(xz,t) must satisfy the reverse condition u~ < u™*, which is
the Lax admissibility condition for (5.1.25), since the flux —f(w) is concave. Finally, we
can observe that w(z,0) = Sf (w(— -))(—z) = w(z), for all z € R, which completes the
proof of our claim.

This procedure to characterize the attainable profiles is motivated by the following
observation. Given a target profile w, if we know that for any ¢ €]0,7[, the map = —
v(z,t) = 8§ (w(— -))(z) is locally Lipschitz on R, it would follow that u(x,t) = v(—z, T —
t) = S;_,w(x) is a classical solution of (5.1.18) which attains the target profile w at
time ¢ = 7', and starts with the initial datum wuf in (5.1.23). Since classical solutions
of (5.1.18) are entropy admissible, by uniqueness of entropy weak solutions of the Cauchy
problem for (5.1.18) it would follow that u(z,t) = S uj(z) = u*(z,t). However, if v
admits shock discontinuities, the function v(—xz,T — t) fails to be an entropy admissible
solution of (5.1.18), despite still being a weak distributional solution of (5.1.18). The
one-sided Lipschitz condition (5.1.21) is precisely equivalent to the property that the map
z — v(z,t) = 8} (w(— +))(x) is locally Lipschitz on R, for all t €]0, T (e.g. see [10, 16]),
and thus one obtains the characterization of the elements of A(7') as fixed points of the
backward-forward operator.

5.1.2.2. Backward solution operator in the spatially-discontinuous flux setting. Given
a flux f as in (24) satisfying the assumption (25), and a connection (A, B), let S5+ be
the forward semigroup operator associated to the connection (A, B), as in Theorem 5.1.8.
Observe that, letting A, B be as in (5.1.17), the pair (B, A) turns out to be a connection
for the symmetric flux

- _ ) fi(w), =<0,
flz,u) = {fz(u), >0 (5.1.26)

124



5.1. BASIC DEFINITIONS AND GENERAL SETTING

\_ /)

A B A B

(see Figure 3).

fi

FIGURE 3. The connection (B, A) of the symmetric flux f(z,u) defined in (5.1.26).

Then, letting gt[BAHuO(x) denote the unique B A-entropy solution of
u+ f(r,u), =0 x€R, t>0,
u(z,0) =up(xr) xR,

evaluated at (z,t), we shall define the backward solution operator associated to the con-
Tt

(5.1.27)

. : <[BA
nection (A, B) in terms of the operator St[B as follows.

DEFINITION 5.1.16 (AB-Backward solution operator). Given a connection (4, B),

the backward solution operator associated to (A, B) is the map S([?B}_ : [0, 400) X
L>*(R) — L*(R), defined by

S () =S (w(= ))(~2)  zeR, t>0. (5.1.28)

REMARK 5.1.17. One can show that the function w(z,t) = St[AB]_w(x) is the A B-

entropy solution of the Cauchy problem
{Wt flz,w), =0, reR, t>0, (5.1.20)

w(z,0) = w(x), x e R.

Notice that in (5.1.29) the flux is — f(x, w), which is a discontinuous function that coincides
with the uniformly strictly concave maps —fi(w), —f.(w), on the left and on the right,
respectively, of x = 0. As observed in [9, §7], in the case of a two-concave flux as — f(z, w),
one replaces the < sign with the > sign, and viceversa, in the Definition 5.1.1 of interface
connection. Thus, (A4, B) is indeed a connection for the flux — f(x, w). The A B interface
entropy admissibility condition for w(x,t) is formulated as in (5.1.11). In order to verify
the claim that w(z,t) is the A B-entropy solution of the Cauchy problem (5.1.29) we
proceed as in Remark 5.1.15. We first observe that w(z,t) is a distributional solution
of (5.1.29), and that it is entropy admissible in the regions {z < 0}, {z > 0}. In fact, by

definition (5.1.28), w(x, t) is obtained from EFZH (w(— -))(x) with the change of variable

x +— —z, and we have w(z,0) = E(EBAH(w(— ))(—z) = w(z), for all z € R. Next, we
check that w(w,t) satisfies the A B entropy condition (5.1.11) for the two-concave flux
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—f(x,w), i.e. that, letting w;(t), w,(t) denote the left and right traces of w(z,t) at x = 0,
it holds true

sgu(w,(t) = B) (= fr(w:(t)) + fr(B)) —sgn(wi(t) — A) (= filwi(t)) + fi( A)) <0
for a.e. ¢ > 0.
B (5.1.30)
Observe that the left and right traces w;(t), u,(t) of gt[BAH (w(—=+))(z) at z = 0, satisfy
the B A entropy condition (5.1.11) for the flux f in (5.1.26), that reads

Sgn(ur(t) _Z) (fl(ur(t)) - fl(z)) - Sgn(ul<t> - E) (fr(ul(t)) - fr(E)) S 0

5.1.31
forae. t>0. ( )

On the other hand, since one obtains w(z, t) from gt[EZH (w(= +))(z) reversing the space
variables, we have wu;(t) = w,(t), u,(t) = w;(t) for all ¢ > 0. Hence, we recover (5.1.30)
from (5.1.31), thus completing the proof of the claim.

REMARK 5.1.18. We observe that if w is an attainable state in AMEN(T), it will follow

from our results that the solution v(z,t) = gt[BAH (w(— -))(x) related to the backward
solution operator may well contain a shock discontinuity exiting from the interface z =0
at a time 7 < T. As a consequence here, differently from the space-independent flux
setting, the map x +— wv(z,t) is in general not locally Lipschitz outside the interface
{x = 0}. In turn, this implies that, for w € AMB/(T), the (forward) AB-entropy solution
defined by

wt(z,t) = ST (SHP W) (), weR, teo,T], (5.1.32)
will be in general different from v(—xz, T —t) on Rx [0, 7. However, exploiting the duality

property enjoyed by the forward and backward solution operators (see § 5.2), one can still

prove that u*(x,T) = v(—x,0) = w(z) for all x € R, which shows that w is a fixed point

of the backward-forward operator S%ABH o ST[ABF as stated in Theorem 9.

5.2. Technical tools for characterization of the near-interface wave structure

In this section we introduce some technical tools needed to characterize the pointwise
constraints satisfied by the attainable profiles of (22) in intervals containing the origin.
Throughout the section, f: R — R will be a twice continuously differentiable, uniformly
convex map, and we let 6 be its unique critical point, f'(6) = 0. Set

AMu,v) = M, u,v €ER, u#v, (5.2.1)
v—u
and observe that, by the convexity of f one has
f(u) < AMu,v) < f'(v) Vu<veR. (5.2.2)
5.2.1. Left backward shock (Figure 4, left). Forevery B > 6, 0 <R < T f'(B),
we define here:
- two constants t[R, B, f], u[R, B, f];
- a function t — y[R, B, f](t), t € [t[R, B, f], T;
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which enjoy the following properties that will be justified in the sequel (see § 5.2.4, 5.4.5),
but that we highlight here to clarify the purpouse of their introduction. Let (A, B)
be a connection for a flux as in (22), and let A, B be as in (5.1.17). Then, the map
t = y[R, B, f.](t) identifies the location of a shock curve in a BA-entropy solution of u, +
f(x,u), =0, with f as in (5.1.26), defined on some domain €2 C]—o00,0] x [0, +00[. Since
a BA-entropy solution of (5.1.27) is associated to the backward solution operator (5.1.28),
we will say that y[R, B, f,| identifies the location of a left backward shock.

This curve starts from the interface {z = 0} at time ¢ = ¢[R, B, f,], and reaches the
point © = y[R, B, f.](T') at time t = T". Such a shock discontinuity has, at time ¢t = T,
left state u[R, B, f,] and right state B. The point (—R,0) is the center of a rarefaction
fan located on the left of the curve =z — (y[R, B, f,](t),1).

We proceed to introduce these definitions as follows. Set

R —
R, B, f]=—— B = (fij)—0) "0 f(B). 2.
t[R. B, f] 7B (fi1—001) ™ © f(B) (5.2.3)

Then, consider the Cauchy problem

YO =AU B), =R B ],

y(t[R, B, f]) = 0.
By (5.2.1), the differential equation in (5.2.4) ensures that, for all ¢ > ¢[R, B, f], the pair
((f )*1(y(t)T+R), B) satisfies the Rankine-Hugoniot condition with slope y/(t) for the con-
servation law u, + f(u), = 0. Observe that, since g(t,y) = A((f")"}(28), B) is locally

Lipschitz continuous in y, by classical arguments it admits a unique solution y(t) defined
on some maximal interval [t[R, B, f], 7[. On the other hand, because of (5.2.2) we have

g(t,y) > f'(B) Vte [tR,B, f], min{r, T}, y > —-R+T- f(B), (5.2.5)
and hence, since f'(B) < 0, it follows that
y(t) > (min{r, T} —t[R, B, f]) - f'(B)

> min{r, T} - f'(B)

In turn, (5.2.6) implies that 7 > T". Then, we will denote by
yR.B, f]: [tR, B, f. T| = ]-00,0[, t—=y[R B, fl1),

the unique solution to (5.2.4) defined on the interval [t[R, B, f1, T}. Notice that ¢ —
Ly[R, B, f](t) is strictly decreasing, and Ly[R, B, f](t) < 0 for all ¢ € [¢[R, B, f], T).
Hence, by (5.2.6) with min{r, 7} = T, the terminal point satisfies y[R, B, f|(T) €]T -
f'(B),0]. Next, we set

(5.2.4)

Vite [tR,B, fl, min{r,T}[. (5.2.6)

R+y[RaB>f](T)) _ (5.2.7)

N

Observe that, by construction, y[R, B, f|(T) and u[R, B, f] depend continuously on the
parameters R and B, and that we have

B<u[R B, f]<B. (5.2.8)
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5.2.2. Right backward shock (Figure 5, right). Symmetrically to § 5.2.1, for ev-
ery A < 0,
T-f'(A) <L <0, we define here:

- two constants s[L, A, f], v[L, A, f];

- a function ¢t — x[L, A, f](t), t € [s]L, A, f], T);
which enjoy the following properties that we highlight here as in § 5.2.1 to clarify the pur-
pouse of their introduction (but we will justify them in the sequel, see § 5.2.5, 5.4.5). The
map t — x[L, A, f;]() identifies the location of a shock curve in a BA-entropy solution of
us + f(z,u), = 0, with f as in (5.1.26), defined on some domain © C [0, +oo[ x[0, +o0] .
Since a BA-entropy solution of (5.1.27) is associated to the backward solution opera-
tor (5.1.28), we will say that @[L, A, f;] identifies the location of a right backward shock.

This curves starts from the interface {x = 0} at time ¢t = s[L, 4, f], and reaches the
point z = x[L, A4, f;](T) at time ¢ = T. Such a shock discontinuity has, at time t = T,
left state A and right state v[L, A, f;]. The point (—L,0) is the center of a rarefaction fan
located on the right of the curve t — (x[L, A, fi](1),1).

We proceed to introduce these definitions as follows. Set

ﬁ’ A= (flio1e0) 0 f(A). (5.2.9)

Then, let z[L, A, f] : [s]L, A, f],T] — ]0,+oo[ denote the unique solution to the Cauchy
problem

s[L, A, f] =

P =AM EGE),A), e [slLAf), T,
z(s[L, 4, f]) = 0.

By (5.2.1), the differential equation in (5.2.10) ensures that, for all ¢ > s[L, A, f], the pair
(A, (f )_1(@) ) satisfies the Rankine-Hugoniot condition with slope #/(t) for the con-

servation law u; + f(u), = 0. The terminal point @[L, A, f|(T) depends continuously
on the parameters L, A, and satisfies x[L, A, f|(T) € }O,T . f’(A)[ Moreover, the map
t— %.’Iz[L, A, f](t) is strictly increasing. Next, we define the quantity

(5.2.10)

L L, A, fI(T
olt . = () (SRR (2.11)
which depends continuously on L and A, and satisfies
A<wvlL A f] < A. (5.2.12)

5.2.3. Duality of forward and backward shocks. The definitions of backward
shocks given in § 5.2.1-5.2.2 turn out to be dual one of the other, as clarified by the
following;:

LEMMA 5.2.1. With the notations introduced in § 5.2.1-5.2.2, for every B > 0, the
following holds. The maps

z[-, B, fI(T):]T- f'(B),0[ = 10,T- f(B)[, L z[L,B, fI(T)
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t
t

y[R, B, f] B

FIGURE 4. The  dual  solutions  y[R, B, f](-)  (left)  and
z[y[R, B, f](T), B, f](-) (right) of the Cauchy problems (5.2.4), (5.2.10).
This represents the statement of Lemma 5.2.1

7X[L7 A, f](T) -L

FicurRE 5. The dual  solutions  «[L, A, f](-) (right) and
ylz[L, A, fl(T), A, f]() (left) of the Cauchy problems (5.2.4), (5.2.10).
This represents the statement of Lemma 5.2.1

are increasing, and one is the inverse of the other, i.e. it holds true

R==x[y[R B, fI(T),B, f|(T), VRelo,T-f(B)]

_ _ (5.2.14)
L:y[iL‘[L,B,f](T%B,f}(T), VLG]Tf/(B)>O[
Moreover, one has
Jm IR B fI(T) =T f(B), lm yRB fIT)=0,
lim «[L, B, f|(T) =T - f(B), lim [, B, f](T) = 0. (5:2.15)
L—0— L—T-f'(B)+
PROOF.

1. We will prove only the first equality in (5.2.14), the proof of the second one being
entirely similar. Fix R €]0,7 - f’(B)][, and consider the polygonal region (the blue set in
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Figure 4) defined by
A = A1 U AQ)
Ay = {(x,t) €] —00,0[x]0,T[: L—(T—=t)- fl(u) <z <L—(T—1t)-f'(B), t<t< T},
Ay = {(m,t) €] —00,0[x10,T[: L—(T —t)- f'(w) <a < (t—t)-f'(B), Ogtgt},

(5.2.16)
where u = u|[R, B, f] is the constant in (5.2.7), t = t[R, B, f] is defined as in (5.2.3) and
(T).

L =y[R, B, f] Observe that the function v : A — R defined by
B it A(t) <z <0,
v(z,t) = R 5.2.17
(1) (7! (a: Jtr ) otherwise, ( )

is locally Lipschitz continuous and satisfies the equation (5.1.18) at every point (z,t) €
A outside the curve v(-) = y[R, B, f](-). Moreover, because of the construction of
y[R, B, f](+), u satisfies the Rankine-Hugoniot conditions along the curve 7. There-
fore v(x,t) is a distributional solution of (5.1.18) on A. Hence, applying the diver-
gence theorem to the piecewise smooth vector field (v, f(v)) on A, and setting 7, =

T —y[R, B, f]/f'(B), we find

0= (f(B) = Bf (B))T = 1)+ (uf'(u) - f(u)T+
(f(B)=Bf(B))t+ f(B)(r—1).

Then, observing that f(B) = f(B) and that f/( B)t = R, we find
By[R, B, fl(T)+ BR— (u f'(u) — f(u))T — f(B)T =0. (5.2.18)

Since f'(u) = (y[R, B, f](T))+R) /T, and because the Legendre transform f* of f satisfies
the identity

F W) =uf(u) = flu)  Vu,

(e.g. see [§A.2][46]), we derive from (5.2.18) the identity

BylR, B, f|(T)+BR—f* (y[R’ B, Q(T) + R) T-f(B)YT=0 ¥Rel0,T-f(B)).
(5.2.19)
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2. Next, consider the polygonal region (the red set in Figure 5 with A = B and A = B)
defined by

I'=T17UT}y,
Iy = {(2,0) €10, +00[ x 10, [ : @[y[R, B, (1), B, [{(T)~(T ~1)- ['(B) < = <

< a[ylR, B, fI(T). B, f](1)~(T ~1)- f'(v), s <t <T},

rfiﬁ%wemﬁ@qujq:@—@¢%§)<x<

< a[yR, B, fI(T), B, f](1)~(T =) - f'(v), 0<t < s},
(5.2.20)
where v = v[y[R, B, f](T), B, f] is the constant defined as in (5.2.11), with L = y[R, B, f|(T),
A= B and s = s|L, A, f]. Observe that the function v : I' — R defined by

B it 0<z<y(t),

e =8 (a:+y[R7tB,f](T)

(5.2.21)

) otherwise,

with y(t) = z[y[R, B, f](T), B, f](t), is a distributional solution of (5.1.18) on I for the
symmetric arguments of the previous point. Then, repeating the same type of analysis of
above for the piecewise smooth vector field (u, f(u)) on I', one finds the identity

Ba[y[R, B, f(T), B, f](T) + ByIR, B, f)(T)+

_p (w[y[R,B,fKT),E f1(T) + y[R, B, fI(T)
T

YR €]0,T-f(B))[.

)T-ﬂmTzo

(5.2.22)
Notice that, by definition of the function y[R, B, f](-) in § 5.2.1, the terminal value satisfies
y[R, B, fl(T) €]T - f'(B),0[, for all R €]0,T - f/(B))[. In turn, from the definition of
z[L, A, f] in §5.2.2, with A = B, and L = y[R, B, f](T), it follows that

z[y[R, B, f|(T), B, f](T) €]0,T - f'(B)][, VRel]0, T f'(B))]. (5.2.23)

3. We fix now R €]0,7- f'(B))[, and we consider the map Y : 0,7 - f'(B)[ — R, defined
by

y[R B, fI(T) + =
T

Observe that, by (5.2.19), (5.2.22), (5.2.23), one has

nm:T@@mﬂjmeﬂaﬂ:o. (5.2.25)

Hence, it is sufficient to show that T admits only one zero in the interval ]0,7 - f'(B)]
to conclude the proof of the first equality in (5.2.14). To this end, differentiating T and
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recalling the well known property of the Legendre transform (e.g. see [46, §A.2]),
(f)p)=()"w) Vo,

we find

R R

= () o (UREEEEY

(5.2.26)

Since y[R, B, f|(T) < 0, x < T - f'(B), and because f’ is strictly increasing as f’, we
deduce from (5.2.26) that Y'(z) > 0 for all z €]0,7 - f/(B))[. Therefore T is strictly
increasing in the interval |0,7 - f'(B))[, completing the proof of of the first equality in
(5.2.14).

4. We show now that the map R — y(R) = y[R, B, f](T) is strictly increasing in the
interval |0,7" - f'(B)[. Differentiating (5.2.19) with respect to R, we obtain

5o () R = (W) -5 vRelT B

T T
_ (5.2.27)
Since T- f'(B) < y(R) < 0and 0 < R < T - f(B), because f’ is strictly increasing we

deduce
B< () (U < () (PR < (B) < 8,

which, together with (5.2.27), implies that ¢'(R) > 0 for all R €]0,T - f'(B))[, as wanted.
In turn, since L — x[L, B, f](T) is the inverse of R + y[R, B, f](T), this implies that
L — x[L, B, f](T) is strictly increasing as well in its domain, and that the image of the
maps y[-, B, f)(T), [, B, f](T), in (5.2.13) are the sets ]0,T - f/(B))[ and 0, T - f'(B)],
respectively. This, together with the monotonicity of the maps y[-, B, f|(T), z[-, B, f](T),
in particular implies the one-sided limits in (5.2.15), thus concluding the proof of the
Lemma. U

REMARK 5.2.2. As a consequence of Lemma 5.2.1 and of the monotonicity of f’, we
find that the maps

R u[R, B, f], L o[L, A, f], (5.2.28)
defined as in (5.2.7) and (5.2.11), are strictly increasing, and that we have
Jim u[R B, f] = B, RHTl}ﬁB)f’M[R, B, f] = B,
_ (5.2.29)
Llir(r)l v[L, A, f] = A, lim w[L, A, f]=A.
50—

LT f(A)+
This implies that the functions
ul-, -, f1:10,T- f/(B)[x]0,+00[ = R,
ol f1:]T - f'(A),0[x]0, +oo[ > R
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can be extended to continuous function on [0, 7 f'(B)]x |0, 4occ[ and [T-f'(A),0]x |6, +o0],
setting

u[()’Baf]:E? U[T'f,<B)’B7f]:Ba
_ (5.2.30)
,U[O?Aaf]:Aa /U[Tf/(A)aAaf]:A
Moreover, one has
u[R, B, f] < B VRel]0, T f(B),
(5.2.31)
v[L,A f] > A VLe|T- f'(A),0].

5.2.4. Right forward shock-rarefaction wave pattern (Figure 4, right). For
every B>6, 0 <R <T- f'(B), we define now:

- a constant 7[R, B, f];
- a function (z,t) — u[R, B, f](z,t), (z,t) € IR, B, f];

with the following properties. When f = f,., the function u[R, B, f](z,t) defines a (for-
ward) solution associated to the operator S B+ which contains a shock starting from the
interface {z = 0} at time t = 7[R, B, f,]. The location of such a shock is given by the map
t — xz[y[R, B, f,](T), B, f;](t), where y[R, B, f,] and z[L, B, f,] with L = y[R, B, f,](T),
are the backward shocks of a backward solution associated to the operator S A5~ intro-
duced in § 5.2.1-5.2.2. Because of Lemma 5.2.1, the shock t — a:[y[R, B, £ )(T), B, fr} (1)
reaches the point x = R at time t = T. We can regard a:[y[R, B, f.)(T), B, f,,] as the
“dual shock” of the backward shock y[R, B, f].

We proceed to introduce these definitions as follows. With the same notations of
§ 5.2.1-5.2.2, for every B >0, 0 <R < T - f'(B), we set

7[R, B. f] = s[y[R. B, f{(T), B, f] = %

Notice that, by the construction in § 5.2.1, and because of Lemma 5.2.1, 7[R, B, f] depends
continuously on the parameters R, B, the image of the map R — 7[R, B, f], R €]0,T -
f'(B)[, is the set ]0,T[, and R — 7[R, B, f] is decreasing.

Next, we denote by I'[R, B, f] C (0,T) x R the polygonal set (the pink set in Figure 4)

I'R, B, f] = I'1[R, B, f]UT:[R, B, f], (5.2.33)

(5.2.32)

with
Y[R, B, f] = {(:B,t) €10, +00[x]0,T[: R—(T —t)- f'(B) <x <R—(T—1)- f(u[R, B, f]),

7R, B, f] <t<T},

2[R, B, f] = {(Iﬂf) €10, +o0[x]0,T[ : —(7[R, B, f]=1)-f'(B) <z <R—(T —t)- f'(u[R, B, f]),

0<t< T[R,B,f]}.
(5.2.34)
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Then, set y(t) = z[y[R, B, f|(T), B, f](t), and denote by u[R, B, f] : T'|R, B, f] — R the
function defined by
B it 0<z<(t),

ulR, B, fl(x,t) = () (x —R+T- f'(u[R, B, f]) (5.2.35)

t

Notice that, by (5.2.10) and (5.2.14), one has (7[R, B, f]) = 0, v(T') = R. Moreover,
by the same arguments of the proof of Lemma 5.2.1 it follows that u[R, B, f](x,t) is a
distributional solution of (5.1.18) on I'[R, B, f]. Furthermore, since ¢ — +/(¢) is strictly
increasing as observed in § 5.2.2, it follows that also the map
() —R+T- f'(u[R, B, f])

t
is strictly increasing. Therefore, by virtue of (5.2.14), and relying on (5.2.31), we find

lim u[R, B, fl(z,t) < lim u[R,B, f|(z,T)

> otherwise.

t—

z—y(t)+ z—=y(T)+
= lim u[R, B, f|(z,T)
=u[R,B, f] < B
= lim u[R B, fl(z,t) Vtel[r[R B,f],T],
z—y(t)—

which shows that the Lax entropy condition is satisfied along the curve (¢,v(t)), t €
[T[R, B, f],T]. Since the flux in (5.1.18) is strictly convex, this proves that u[R, B, f](z,t)
provides an entropy weak solution of (5.1.18) on the region T'[R, B, f]. Notice that,
by (5.2.2), from (5.2.36) we deduce in particular that f'(B) > A(u[R, B, f], B) = v/(T),
which in turn, by the strict monotonicity of 4(t), yields

f'(B)>4'(t) VtelrR,B,f],T]. (5.2.37)
Hence, relying on (5.2.37), we find
/ V(T) _7(T[R7Baf]) _ R
f'(B) > T—+RBf| T-7REJf (5.2.38)

5.2.5. Left forward rarefaction-shock wave pattern (Figure 5, left). Sym-
metrically to § 5.2.4, for every A < 60, T - f'(A) <L <0, we define here:

- a constant oL, A, f];

- a function (z,t) — v[L, A, f](z, 1), (z,t) € A[L, A, f];
with the following properties. When f = f;, the function v[L, A, f](x,t) defines a (for-
ward) solution associated to the operator S5+ which contains a shock starting from
the interface {x = 0} at time t = o[L, A, f]. The location of such a shock is given
by the map ¢ — y[z[L, A, fi)(T), A, fi](t), where z[L, A, f)] and y[R, 4, fi] with R =
x[L, A, fi](T), are the backward shocks of a backward solution associated to the op-
erator SB~ introduced in § 5.2.1-5.2.2. Because of Lemma 5.2.1, the shock ¢t —
y[z[L, A, [i](T), A, f](t) reaches the point z = L at time t = T. We can regard
y[az[L, A, f(T), A, fl] as the “dual shock” of the backward shock z|[L, A, fi].
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We proceed to introduce these definitions as follows. With the same notations of

§ 5.2.1-5.2.2, for every A <6, T - f'(A) <L <0 we set

. = z[L, A, fI(T)
olL, A, fl=t|z[L, A, f|(T), A, f|l=—"=—=. (5.2.39)
By the construction in § 5.2.2, and because of Lemma 5.2.1, a[ L, A, f] depends continu-
ously on the parameters L, A, the image of the map L — 0'[ f] LelT- f'(A),0], is

the set |0,7'[, and L — a[L,A, f] is increasing.
Next, we denote by A[L, A, f] C (0,7) x R the polygonal set (the blue set in Figure 5)
AL A, f1= AL A, flU AL A, f], (5.2.40)
with
AL A, f] = {(x,t) €]—00,0[x]0,T[: L—=(T—=1t)- f'(W[L, A, f]) <z <L—(T—1)-f'(A),

olL, A, f] <t<T},

AQ[LvA’f] = {<x>t> E] _OO>O[X]0>T[ : L_(T_t)'f/(v[L’A7f]) <r< _(J[LvAaf]_t) f’(ﬁ),

0<t<olL, A f]}.
(5.2.41)
Then, set y(t) = y[:c[L,A, fIT), A, ﬂ (t), and denote by v[L, A, f] : A[L, A, f] — R the
function defined by

A if () <z <0,

VLA fl(zt) =S, [z —L+T- f(v]L, A, f])
() /

Observe that, by (5.2.4) and (5.2.14), one has vy(o[L, A, f]) = 0, v(T)) = L. With the

same arguments of § 5.2.4, it follows that v[L, A, f](z,t) provides an entropy weak solution
of (5.1.18) on the region A[L, A, f], and that we have

T) -yl Af) L
T—olL, A, f] T-olL A f]
REMARK 5.2.3. The constant u[R, B, f] defined in § 5.2.1 is crucial to characterize
the jump of an attainable profile w € A AB]( ) at the point
R=inf{R>0:2-T-f(w(®+)) >0 Vaz>R},

when R €]0,7 - f/(B)[. The state u[R, B, f] is constructed so to be the largest right state
that one can achieve at (R,T) with a shock that isolates the interface {x = 0} from the
semiaxis {x > 0}. In fact, the constant u[R, B, f] with f = f,, identifies a unique state u
< B that has the property:
-lfw= ST[ABHUO, and u(t,z) = St[AB]+u0(1:) admits a shock generated in {x > 0} at
some time ¢t = 7, and reaching the point (R, T), then letting y(t), t € [r,T], denote
the location of such a shock, one has

Uy = tl_i}rjp_ ult,y)+) < (f)""R/T) = wu,<u. (5.2.44)

(5.2.42)

) otherwise.

f(4) < it (5.2.43)
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In particular, one has u, = w in (5.2.44) only in the case where St[ABHuO coincides in
the polygonal region I'|R, B, f]| with the right forward shock-rarefaction pattern described
in section 5.2.4. By definition of u, it follows that either w(R+) = u,, or else there is
another jump connecting u, with w(R+) which must satisfy the Lax entropy condition
w(R+) < u,. Therefore, as a consequence of (5.2.44) we find a necessary condition for
the attainability of w at time T given by

w(R+) <w[R, B, f,], (5.2.45)

(see (5.3.13) of Theorem 5.3.3 and the proof in § 5.4.2.3). The interesting fact is that, in
the case R €]0,T - f/(B)][, condition (5.2.45), together with the condition

w(x) > B vV z €]0,R[, (5.2.46)

(see (5.3.14), (5.3.15), of Theorem 5.3.3), is also sufficient to guarantee the existence of
an AB-entropy solution wu(z,t) that satisfies

u(z, T) = w(x) vV x €]0,R], uw(R,T) = w(R+). (5.2.47)

To illustrate this claim, in view of the definitions introduced in the previous sections we
proceed as follows.

- By solving (5.2.4) one determines the end point y[R, B, f,|(T) of a “left backward
shock” (Figure 4, left). The map ¢ — y[R, B, f,|(t) represents the position of a shock
in a BA-entropy solution (which is associated to the backward solution operator
SABl= see Definition 5.1.16);

- given the final position y[R, B, f,] of the “backward shock” , one considers the so-
lution t — v(t) = z[y[R, B, f,], B, f,](t) to (5.2.10), when L = y[R, B, f,], A = B,
f = [, (see Figure 4, right). This map represents the position of a shock in a “for-
ward solution”, i.e. in an AB-entropy solution associated to the (forward) operator
SABI+ in (5.1.14). Actually, we will show in §5.4.5, using the results of this section,
that (¢,7(t)) is the location of a shock of St[ABHuo, with ug = St[AB]foJ.

- once determined the point y[R, B, f,|(T"), one defines u[R, B, f,] as the state realizing
the slope (y[,B, f;](T) +R)/T (see (5.2.7)):

y[R, B, f](T) + R,
T )
- thanks to Lemma 5.2.1, we know that the final position at time 7" of the shock (%)
satisfies

fr(u[R, B, f;]) =

v(T) =R.

Using this procedure, if a profile w satisfies the conditions (5.2.45)-(5.2.46), we will
show in § 5.4.4-5.4.5 that we can construct admissible AB-shocks that produce at
time T the given jump in the profile w at position R.

Entirely symmetric considerations hold for the state v[L, A, f] defined in § 5.2.2 (see
Figure 5). As a byproduct of this analysis we will obtain that attainable profiles are fixed
points of the backward forward solution operator, as stated in Theorem 9.
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5.3. Statement of the main results

Conditions (1), (2) of Theorem 9 will be shown to be equivalent by proving that they
are both equivalent to a characterization of the attainable set A“Z(T) in (26) via Oleinik-
type inequalities and state constraints. To present these results we need to introduce some
furhter notations.

Given a flux f(x,u) as in (24), we will use the notations flj_l = (fiy(—ooe) ™ L=
( fm(_ooﬂr])_l, for the inverse of the restriction of f;, f, to their decreasing part, respec-
tively, and fl_i = (fipr400) [ = (fr(o,,+00)) "> for the inverse of the restriction of
fi, fr to their increasing part, respectively. Then, we set

. -1 . -1 . -1 l . -1
ﬂ-l,:i::fhiofla 7T7‘,:|::fr,:|:o Ty W;ﬂ::fhiof’r‘a ﬂ-'r,:t:fr,:tofl'

(5.3.1)
Moreover, in connection with a function w : R — R we define the quantities

Rw, f]=inf{R>0:2-T- f/(w(z)) >0 Vaz >R},

(5.3.2)
Liw, fil =sup{L <0 : 2—T- f/(w(z)) <0 Va<L},
and, if L{w, fi] €]T - f/(A),0[, we set
Rlw, fi. fro A, Bl = (T — o [Llw, fil. A, fi]) - fA(B), (5.3.3)
while, if Rlw, f.] €]0,T - fl(B)[, we set
E[wa fh .f?“>A7 B] = (T - T[R[wa fr]>Ba fr}) ’ fl/<A) (534)

where o[L, A, fi|, 7[R, B, f.], denote the shock starting times introduced in § 5.2.4-5.2.5.
Recalling (5.2.15), (5.2.32), (5.2.39), we can extend by continuity the definitions (5.3.3),
(5.3.4), setting

Rlw, fi, f, A, Bl =0, if Lw,f]=0
Llw, fi, fry A, Bl =0, if  Rlw, f,]=0.
Such quantities are used to express the pointwise constraints satisfied by w in intervals

containing the origin whenever w is attainable. Next, to express the Oleinik-type inequal-
ities satisfied by the attainable profiles it is useful to introduce the functions,

flw(@) [fromh_(w(x))]?

(5.3.5)

glw, fi, [:)(x) = [f”OWT_( (x))} [f(w(z ))] (T fl(w(z)) _3;) _|_3;[f' o7r ((,u(g;))}2 l,/(w(a:))>
‘ [f om (w x))f
hw7 L Jr]\2) = ? ’
[ f f]( ) [ l//oﬂ—l?:—&-(w(x))} [f;(OJ( ))] ( ’(UJ(LL’)) ) x[fl/O’/Tl?:_i_(W(-’E))] f;’(w(a:))
(5.3.6)

defined for x € |L|w, fi],0[, w(z) < A, and for x €0, R[w, f.][, w(z) > B, respectively.

REMARK 5.3.1. The definitions of the functions g, h are meaningful in their domains.
In fact, the maps 7. _, @} in (5.3.1) (that appear in the definitions of g,h) are well
defined if w(z) < A, and w(z) > B, respectively. Moreover, by definition (5.3.2), we have

Tfiw(x))—r<0,  filw(@)<0 Vazellw, fil,0],
Tf(w(z)) — x>0, fr(w(z)) >0 V2 €]0, Rlw, f][
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5. CONSERVATION LAWS WITH DISCONTINUOUS FLUX

Hence, relying also on (25), we deduce that the denominator of g is strictly negative for
x €]L[w, fi],0[, while the denominator of h is strictly positive for z €]0, R[w, f][. The
functions ¢, h will provide a one-sided upper bound for the derivative of w only in the
interval |L|w, f],0[, assuming w(z) < A, and on the interval |0, R[w, f.][, assuming w(z) >
B, respectively.

Since by Remark 5.1.3 we know that AAB(T) € BV..(R\ {0}), we can partition the
attainable set as

APB(T)y = ] (APP(T) N atR), (5.3.7)
where o
AR = {w € (L N BV )(R\{0}) : Liw fil=L, Rlw,f]= R} . (5.3.8)

The characterization of the attainable profiles in &R will be given in:
- Theorem 5.3.3, if L <0, R>0, and (A, B) is non critical;
- Theorem 5.3.9, if L<0,R>0,and (A, B) is critical;
- Theorem 5.3.11, if L<0,R=0 or L=0,R > 0;
- Theorem 5.3.14, if L=0,R=0.

REMARK 5.3.2. Any element of 27" is an equivalence class of functions that admit
one-sided limit at any point x € R, and that have at most countably many discontinuities.
Therefore, for any element of /"R, we can always choose a representative which is left
or right continuous. For sake of uniqueness, throughout the paper we will consider a
representative of w that is right continuous.

Throughout the following

D~ w(z) = lim inf wlzh) ~ wiz) ., DTw(z) =limsup wizth) - w<x>»
h—0 h hes0 h

(5.3.9)

will denote, respectively, the lower and the upper Dini derivative of a function w at .

THEOREM 5.3.3. In the same setting of Theorem 9, let (A, B) be a non critical con-
nection, let AP T), T > 0, be the set in (26), and let w be an element of the set </“R
in (5.3.8), with L < 0, R > 0. Then, w € AUBNT) if and only if the limits w(0%) ewist,
and there hold:

(i) the following Oleinik-type inequalities are satisfied

1
+CL} x —_— xr — 00
D*uw(x) ! V. €]R, +ool.

< -
T f(w()
Moreover, letting g, h be the functions in (5.3.6), and letting L= E[w,fl,fT,A, B,

E = Rw, 1, f+, A, B], be the constants in (5.3.3), (5.3.4), if R €]0,T - f(B)[, and if
L > L, then one has

DYw(z) < glw, fi, f](z) Vaxell, L[, (5.3.11)
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while, if L €T - f/(A),0[, and if R < R, then one has
Dtw(z) < hlw, fi, /,](z)  VzeR, R[. (5.3.12)

(i1) letting u[R, B, f,], v[L, A, fi], be constants defined as in (5.2.7), (5.2.11), the following
pointwise state constraints are satisfied

- w(l—) >v[L, A, fi] > w(L+),
(5.3.13)
— WRH) <uR B, 1] <w(R-).

LelT- fi(A).0]
Rel0,T- fi(B)

[L e]T - f/(A),0] and R< ﬁ] or  L<T fi(A)

[RG]O,T-f;(B)[ and ESL} or R>T-f/(B) — wx)=A VazellL0],

(5.3.14)
([ w(z)=B vV x €]0,R],
Le]T-f/(A),0] and R<R = w(R+) = B,
| w(z) > B vz €]R, R,
(5.3.15)
((w@)=A Vazell 0,
Rel0,T f(B) and L<L = w(l—) = A,
| w(z) <A Vaxell, L],
(5.3.16)
L<T-f/(A) — w(l=) > w(L+), .
R>T- f/(B) —  w(R—) > w(R+). (5:8.17)

FIGURE 6. Case 1.
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5. CONSERVATION LAWS WITH DISCONTINUOUS FLUX

FIGURE 8. Case 3.

w L A B R

TVINY W

FIGURE 9. Case 4.

REMARK 5.3.4. Notice that conditions (5.3.14), (5.3.15) imply w(R—) > B. On the
other hand, if R < T - f/(B), by virtue of (5.3.13), and because of (5.2.31), we have
w(R+) < B. Hence, because of (5.3.17), it follows that the inequality w(R—) > w(R+)
is always satisfied. With similar arguments we deduce that also the inequality w(L—) >

w(L+) is always verified.
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5.3. STATEMENT OF THE MAIN RESULTS

REMARK 5.3.5. If Rjw, f,] €]0,T - f/(B)[, applying (5.2.38) with f, in place of f and
R = Rw, f;], and recalling (5.3.3), we derive

R[wva] T _ R B :E[w7fl7fT7A7B] 5.3.18
rip) < T IRl FL B =T (5318
Similarly, if Lw, fi] €T f/(A),0[, applying (5.2.43) with f; in place of f and L = L|w, fi],
and recalling that f/(A) < 0 we find
L};:g] <T—ollw fil,A fi]. (5.3.19)
Hence, if L[w, fi, f», A, B] > Lw, f;], combining (5.3.18), (5.3.19), we deduce
% <T—olLlw fi],A fi], (5.3.20)
which, in turn, by (5.3.3) yields
Rlw, f,] < Rw, fi, fr, A, B]. (5.3.21)

With entirely similar arguments one can show that, if ﬁ[w, fi, fry A, B] < Rw, f,], then
one has B

Llw, fi] > Lw, fi, f,, A, B]. (5.3.22)
Therefore, when L{w, fi] €7 - f/(A),0], and Rw, f.] €]0,T - f/(B)[, we have

Lw, fi, fr, A, B] > Llw, fi] = Rlw, fi, fr, A, B] > Rlw, f,],
ﬁ[w7fl7fr7AaB] S R[wafr] — E[waflafT7A7B] < L[wafl]'
These implications, in particular, show that it can never occur the case where
E[w7flafTaA7B] Z L[wafl] and ﬁ[w’flafT7A7B] S R[wvf’r] (5324)

REMARK 5.3.6. Notice that by condition (5.3.14) in Theorem 5.3.3, and because
of (5.3.3), it follows that if L[w, fi] €]T - f/(A),0[, and Rlw, f,] < Rw, fi, fr, A, B], then
one has Rlw, f.] <T - f/(B). Therefore, we have
Llw. fl €T (4,00 and Riw.f]=T-f(B)] = Rw.f;] > Rlw, fifr A, B).

(5.3.25)

(5.3.23)

Similarly, one can show that, by (5.3.3), (5.3.14), we have

R, £ €10, T [(B)] and L, AIST- fi(A)] = L, fi) < T, fi, frs A, B].
(5.3.26)

Then, relying on (5.3.23), (5.3.25), (5.3.26), we deduce that, for non critical connections,

we can distinguish six cases of pointwise constraints prescribed by condition (ii) of Theo-

rem 5.3.3, which depend on the respective positions of the points L = L[w, fi], R = Rlw, f],

and L = Lw, f,, f», A, B], R=R[w, fi, f,, A, B]:

CASE 1: If L< T f/(A) < 0,0 < R< T f/(B) (Figure 6), then L > L, and it holds true

wl=) > w(l+), w@) <A Vze]lL[, w(l-)=A4, wz)=A Vazell,0[,
(5.3.27)
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5. CONSERVATION LAWS WITH DISCONTINUOUS FLUX

wx)=B Vzelo,R[, w(R+) <u[R, B, f,] < B; (5.3.28)
CASE 2: If T- f/(A) <L <0,0<R<T-f(B),and L >L, R>R (Figure 7), then it
holds true (5.3.28) and

wl=)>v[LLA fil>A, wx)<A Vee]llLlL[, w(l-)=A4, w@) =A Vzell,0[;
(5.3.29)

the symmetric ones:
CASE 1B: If T- f/(A) <L < 0,0 < T- f/(B) <R, then R < R and it holds true that

wx)=A Vuze]lL 0], w(l=)>w[L, A fi] > A, (5.3.30)
w(z)=B Yuzelo,R], w(R+) = B, w(z)>B VYazelRR[; (53.31)

CASE 2B: If T f/(A) <L < 0,0 <R<T-f(B),and L <L, R <R, then it holds
true (5.3.30) and

wiz)=B VYze€lo,R[, w(R+)=B, w(@) >B VzeclRR w(R+)<ulR B, f]<B:

and the remaining ones:

CASE 3: If T- fl(A) <L <0,0<R<T-f(B),and L <L, R >R (Figure 8), then it
holds true (5.3.28), (5.3.30);

Case 4: IfL<T- f/(A) <0and R>T - f/(B) > 0 (Figure 9), then it holds true

wlx)=A VuzellL,0[, w(l—) > w(L+),

w($) =B Vo 6]0, R[, W(R—) > W(R—l—) ‘ (5333)

The six cases are depicted in Figure 10. One can regard the intervals |T"- f/(A), 0] and
10,7 f/(B)[ as “active zones” for the presence of shocks in an AB-entropy solution that
attains w at time 7" as soon as L belongs to |- f/(A), 0] or R belongs to |0, T f/(B)[, it
is needed a shock located in {z < 0} or in {z > 0}, respectively, in order to produce the
discontinuity occurring in w at L or R.

REMARK 5.3.7. When the connection is not critical and L = L[w, fi] < 0, R =
Rlw, f] > 0, the analysis of attainable profiles w € A4Z(T) pursued in [2] catches only
the profiles described in Cases 3 and 4 of Remark 5.3.6. In fact, the characterization of
AAB(T) established in [2, Theorem 6.1] requires that all profiles w € A“B(T) satisfy the
equalities

wx)=A VYuzell0, w(x)=B  Vaxzel0,R[.

Therefore, such a characterization in particular excludes all attainable profiles w that
either satisfy conditions (5.3.27) or (5.3.29), of Cases 1 and 2, with

w(z) < A for some z €]L, L],
or satisfy conditions (5.3.31), (5.3.32), of Cases 1B and 2B, with

w(z) > B for some z €]R,R[.
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0 T(B) R
(2), (2B) 1B
@) | (1B)
Tfl'(A) .................. ....................
(1) (4)
L v

FI1GURE 10. The different cases of Remark 5.3.5.

REMARK 5.3.8. Notice that, if A = 6, or R = 0, by definition (5.3.4), and because

of (5.3.5), it follows that L = 0. Similarly, if B = 6,, or L = 0, we have R = 0. Thus, in
the case of critical connections, or whenever L =0 or R =0 (for critical and non crltlcal
connections), the characterization of the profiles w € A45(T) N &7“R will not involve the

constants L, R.

THEOREM 5.3.9. In the same setting of Theorem 5.3.3, let w be an element of the set
/YR in (5.3.8), with L < 0, R > 0, and assume that (A, B) = (0;, B) (connection critical
from the left). Then, w € AABYT) if and only if B # 6,., the limits w(0%) exist and there
hold:

(i) the following Oleinik-type inequalities are satisfied

Tw(z L relToe
D ( ) < T. f[’(w(q;)) v E] 7 L[7 (5334)
Dfw(z) < . Vi e]R, 400

T- f(w(z))
Moreover, letting g be the function in (5.3.6), then one has
Dtw(z) < glw, fi, f-](z) Vazell,0]. (5.3.35)

(ii) letting u[R, B, f,|, 7[R, B, f], be constants defined as in (5.2.7), (5.2.32), respectively,
the following pointwise state constraints are satisfied

(f)! (T — T[CF; B,fr]) <w(x) <6, VYae]Lo, (5.3.36)
w(l=) > w(l+), w(0-) =6, (5.3.37)
w(z)=B VYaz€|0,R][, Re]0,T- f/(B), (5.3.38)
w(R+) < ulR, B, f,] <w(R-). (5.3.39)
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F1GURE 11. Typical profile of Theorem 5.3.9 for connections critical at the
left (6,, B).

Symmetrycally, assume that (A, B) = (A,0,) (connection critical from the right). Then,
w € AUBIT) if and only if A # 0;, the limits w(0%) exist and there hold:

(i)’ the following Oleinik-type inequalities are satisfied

1
Dfw(z) < ————F——  Vaz€]-o0, L[,
T fw(x)) (5.3.40)
D*tw(z) Vx €lR, +ool.

D —
— T frw(x)
Moreover, letting h be the function in (5.3.6), then one has

DYw(z) < hlw, fi, f;](x) vV z €]0,R][. (5.3.41)

(11)’ letting v[R, B, f.], o[L, A, fi], be constants defined as in (5.2.11), (5.2.39), respectively,
the following pointwise state constraints are satisfied

w(l—) > v[L, A, fi] > w(L+), (5.3.42)
w(x)=A Vaze]lL0[, LelT- f/(A),0], (5.3.43)
w(0+) =6, w(R=) > w(R+), (5.3.44)

0, <w(x) < () (T LA fz]) V2 €]0,R[. (5.3.45)

REMARK 5.3.10. For critical connections, whenever L < 0 < R we can distinguish
two cases of pointwise constraints prescribed by Theorem 5.3.9 on an attainable profile
w, which depend on the side in which the connection is critical.

Case 1: f A=6,,and L <0< R<T- fl(B) (Figure 11), then it holds true

(fl/)l(zr_f[; B fr]> swi@)<b,  Veelo,  w(0-)=6,
w(x)=B Vuze€|0,R], w(R+) <wulR,B, f,] < B;
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CASE 2: If B=46,,and T- f/(A) <L <0 <R, then it holds true

wx)=A Vazel0, A>v[L A fi] > w(l+);
b <) < (gmaiag)  YOORL wlon =6

In both cases an AB-entropy solution that attains w at time 7' must contain a shock
located in {z > 0} (in CASE 1), or in {x < 0} (in CASE 2), in order to produce the

discontinuity occurring in w at R or L.

THEOREM 5.3.11. In the same setting of Theorem 5.3.3, let w be an element of the

set VR in (5.3.8), let g, h be the functions in (5.3.6), and let u[R, B, f,],

v[L, A, fi], be

constants defined as in (5.2.7), (5.2.11). Then, if L <0, R =0, w € AABUT) if and only

if the limits w(0+t) exist, and it holds:
(i) the following Oleinik-type inequalities are satisfied

D w(z) < W Vze|—oo, L[,
Dtw(z) < m V2 €]0, 400,

Drw(z) < glw, fi, fr](x)  Vze]L0[.

(i1) the following pointwise state constraints are satisfied:

{w(x)gA §OA<h L

wx)<A if A=46,

w(0+) <7t (w(0-)).

and
LelT - f/(A),0] — w(l=) >v[L, A, fi] > w(L+),
L<T-f/(A) — w(l—=) > w(L+).

Symmetrically, if L= 0, R > 0, then w € AABNT) if and only if it holds true:

(i)’ the following Oleinik-type z'nequalz’tz’es are satisfied

Dtw(z) < T)) Vzel-oo, 0],
Dtw(z) < m V2 €]R, +ool,

Drw(z) < hlw, fi, f-](x)  Vaxe]o,R[.
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FI1GURE 13. Theorem 5.3.11 when L <0, R=0and L <T - f/(A).

(ii)" the following pointwise state constraints are satisfied:

w(x)>B if B>0,,
{w(x) - B if B=0. Vxel0,R[, (5.3.54)
w(0—) > m , (w(0+)), (5.3.55)
and
Rel0,T- f.(B)| — w(R+) <wu[R, B, f;] <w(R-), (5.3.56)
R>T-f/(B) — w(R+) < w(R-). (5.3.57)

REMARK 5.3.12. Notice that the implications (5.3.50)-(5.3.51), (5.3.56)-(5.3.57) can
be extended

toL =T- f/(A) and to R = T - f/(B), respectively. In fact, by definition (5.3.2)
of L = Ljw, fi], one has f/(w(L—)) > L/T. Hence, if L = T - f/(A) it follows that
fl(w(L=)) > f/(A) which yields w(L—) > A by the monotonicity of f/. Thus, recalling
that by (5.2.30) we have v[T" - f'(A), A, f] = A, we derive

w(T'- fi(A)=) = v[T- fi(A), A, fi]. (5.3.58)
On the other hand, since (5.3.48) implies w(T - f/(A+) < A, we deduce from (5.3.58) that
(T FI(A) =) = (T f(A)). (5.3.59)
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With entirely similar arguments one can show that we have
w(T - f{(B)+) <u[T- f{(B),B, f], (5.3.60)
w(T- fi(B)+) <w(T- fi(B)-). (5.3.61)

Hence, relying on (5.3.48), (5.3.50), (5.3.51), (5.3.54), (5.3.56), (5.3.57), and on (5.3.59),
(5.3.61), with the same arguments of Remark 5.3.4 we deduce that the inequalities
w(L—) > w(L+), w(R—) > w(R+) are always satisfied.

REMARK 5.3.13. Relying on Remark 5.3.8, we can view the conditions that charac-

terize the pointwise constraints of attainable profiles in Theorem 5.3.11 as limiting cases
of the conditions of Theorems 5.3.3, 5.3.9, classified in Remarks 5.3.6, 5.3.10. Namely:

- For non critical connections, the case L €]T - f/(A),0[, R = 0 (Figure 12), is the
limiting situation as R — 0 of CASE 2 in Remark 5.3.6. For critical connections
with A < 6;, B = 0,, if the constraint (5.3.48) is satisfied with the equality, the case
Le]T-f/(A),0], R =0, is the limiting situation as R — 0 of CASE 2 in Remark 5.3.10.

- For non critical connections, the case L < T'- f/(A), R =0 (Figure 13), is the limiting
situation as R — 0 of CASE 1 in Remark 5.3.6. For critical connections with A = 6,,
B > 0,, the case L < T'- f/(A), R =0, is the limiting situation as R — 0 of CASE 1
in Remark 5.3.10

Symmetrically, we have:

- For non critical connections, the case L = 0, R €]0,T- f/(B)][, is the limiting situation
as L — 0 of CASE 2B in Remark 5.3.6. For critical connections with A =6,, B > 0,,
if the constraint (5.3.54) is satisfied with the equality, the case L =0, R €]0,T"- f/(B)]
is the limiting situation as L — 0 of CASE 1 in Remark 5.3.10.

- For non critical connections, the case L = 0, R > T f/(B), is the limiting situation
as L — 0 of CASE 1B in Remark 5.3.6. For critical connections with A < 6;, B = 0,,
the case R > T'- f/(B) is the limiting situation as L — 0 of CASE 2 in Remark 5.3.10.

Notice that, for non critical connections, no limiting situation of CASE 3 or of CASE 4
in Remark 5.3.6 arises as characterizing the pointwise constraints of attainable profiles in
Theorem 5.3.11.

The same type of conditions discussed in Remark 5.3.6 require the presence of shocks
in an AB-entropy solution that attains at time T a profile satisfying the conditions of
Theorem 5.3.11. In fact, for such profiles it is needed a shock located in {x < 0} (in {z >
0}) to produce the discontinuity in w at © =L (at = R) if and only if L €]T" - f/(A), 0],
and R=0(L=0and R€]0,T - f/(B)[).

THEOREM 5.3.14. In the same setting of Theorem 5.3.3, let w be an element of the
set /YR in (5.3.8), withL =0, R=0. Then w € AABT) if and only if the limits w(0+)
exist, and it holds true:

(i) the following Oleinik-type inequalities are satisfied

D*w(m)< Vae]—oo, 0,

(w( )
1

T f(w(z))
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(5.3.62)

Drw(z) < vV €]0,+ool.
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F1GURE 14. Structure of profiles described by Theorem 5.3.14.

(i1) the following pointwise state constraints are satisfied:

w(0—) > A, w(0+) < B, (5.3.63)

REMARK 5.3.15. Recalling that by (5.2.30) we have v[0, 4, fi] = A, u[0, B, f,] = B,
we can rephrase the constraint (5.3.63) as

w(0-) > v[0, A f],  w(0+) < ul0,B, f]. (5.3.64)
Any profile w satisfying the conditions of Theorem 5.3.14 is attainable by AB-entropy

solutions that don’t contain shocks in {x < 0} or in {z > 0}.
Since by Lemma 5.2.1 we have

li R, f..Bl=B li L, f,Al=A
Jm ulf fo B =B i vl fi Al =4,

and because of Remark 4.8, we can recover the conditions that characterize the pointwise
constraints of attainable profiles in Theorem 5.3.14 as limiting cases of the conditions of
Theorems 5.3.3, 5.3.9, classified in Remarks 5.3.6, 5.3.10. Namely:

- For a non critical connection, the condition (5.3.63) is the limit situation as L,R — 0
of the CASE 2 of Remark 5.3.6.

- For a critical connection with A = 6;, B > 0,., the second condition of (5.3.63) is is the
limiting situation as R — 0 of CASE 1 in Remark 5.3.10. The first condition of (5.3.63)
is trivially satisfied, because A = #;, and since L = 0 by definition (5.3.2) implies
w(0—) > 6;. The case of a critical connection with A < 6;, B = 0, is symmetric, and
can be recovered as limiting situation as L — 0 of CASE 2 in Remark 5.3.10.

REMARK 5.3.16. By Remarks 5.3.13, 5.3.15, the conditions that characterize the point-
wise constraints of attainable profiles provided by Theorems 5.3.3, 5.3.9 are essentially
“dense” in the set of all conditions characterizing the pointwise constraints of any profile
w € AMBIT) (in the sense that the further conditions provided by Theorems 5.3.11,
5.3.14 can be recovered via a limiting procedure as the parameters L,R — 0).

Combining Theorems 5.3.3, 5.3.9, 5.3.11, 5.3.14, with Theorem 9, we obtain:

THEOREM 5.3.17. In the same setting of Theorem 9, let (A, B) be a connection. Then,
for every T' > 0, and for any w € L*(R), the following conditions are equivalent.

(1) w € AAB(T).
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(2) Sq[prr o ST[AB]fw =w.
(3) w is an element of the set @/“R in (5.3.8), with L < 0, R > 0, that satisfies the
conditions of Theorem 5.3.3, 5.3.9, 5.3.11, or 5.3.14.

Moreover, if (A, B) is a non critical connection, i.e. if A # 6;, B # 0,., then the conditions
(2) and (3) are equivalent to

(1) w e Al[;;‘B}(T), where
A (T) = {SF P Fug = up € BVioe(R)}, (5.3.65)

and it holds true
AABI(TY = AP (5.3.66)

REMARK 5.3.18 (Comparison with previous results). Theorems 5.3.3, 5.3.9, 5.3.11,
5.3.14 yield the first complete characterization of the attainable set at time T > 0 in
terms of Oleinik-type inequalities and unilateral constraints, for critical and non critical
connections. Partial results in this direction have been recently obtained for strict subsets
of AAB(T). In particular, we refer to:

e the work [9], where it is characterized only the subset AAB(T) C AAB(T) given by
AiAB} (T) = {w € AUBY(T) | 3 AB-entropy solution u € Lip,..((0, T)xR\{0}) : w(T,z) = w}.

In particular, all the profiles w for which L € ]T"- f/(A),0[ or R €]0,T- f/(B)[ are missing
in the characterization provided in [9]. In fact, as observed in Remarks 5.3.6, 5.3.10,
5.3.13, an AB-entropy solutions leading to such profiles at time 7" must contain a shock
located in {z < 0} or in {x > 0}, respectively, in order to produce the discontinuity
occurring in w at L or R.

e the work [2], in which, whenever either L = 0, or R = 0, the set AMP/(T) is fully
characterized in terms of triples (a monotone function and a pair of points) related to
the Lax-Oleinik representation formula of solutions (obtained in [5] via the Hamiton-
Jacobi dual formulation). Instead, in the case of critical connections, all attainable
profiles with L < 0 and R > 0 described by Theorem 5.3.9 are missing in [2]. On
the other hand, when L < 0, R > 0 and (A, B), is a non critical connection, only the
profiles of CASEs 3, 4, discussed in Remark 5.3.5, are characterized in [2], while the
ones of CASES 1, 2, 1B, 2B are missing. In fact, the profiles constructed in [2] with
L < 0, R > 0 for non critical connections, satisfy always the condition w(z) = A for all
z € (L,0), and w(z) = B for all z € (0,R), which is in general not fulfilled by profiles
of CASEs 1, 2, 1B, 2B (cfr. Remark 5.3.7).

We point out that, as a byproduct of the characterization of A4B(T) via Oleinik-type
estimates, one can establish uniform BV bounds on solutions to (22), (24) in the case of
non critical connections, and on the flux of solutions to (22), (24) for general connections
(see. Proposition 5.5.1 in Appendix 5.6). In turn such bounds yield the Llloc—Lipschitz
continuity in time of AB-entropy solutions (see the proof of Theorem 5.1.8-(v)) in Ap-
pendix 5.6).

5.4. Proof of Theorem 5.3.17

5.4.1. Proof roadmap. Observe that if (A, B) is a non critical connection, then
recalling Definition 5.1.16, and relying on Proposition 5.5.1 in Appendix 5.6, we deduce
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that ST[AB]fw € BVj,(R) for all w € L*(R). Hence setting ug = ST[AB]fw, we deduce
immediately the implication (2) = (1)’. On the other hand, since ALZ‘B] (T) c AUBI(T),
from the implication (1) = (3), one deduces that (1)’ = (3) holds as well.

Therefore, in order to establish Theorem 5.3.17 it will be sufficient to prove the
equivalence of the conditions (1), (2), (3). We provide here a road map of the proof
of (1) = (2) = (3) = (1). There are three main parts, which are somewhat independent
one from the other.

Part 1. The case of a non critical connection (1) = (3). In Sections 5.4.2-5.4.3
we prove the implication (1) = (3) of Theorem 5.3.17 when (A, B) is a non
critical connection. The proof has a bootstrap-like structure, and it is divided
in two steps. We first prove that (1) = (3) under the regularity assumption (H)
formulated below, and next we show that this regularity property always holds
true.

e Part 1.a - (1) = (3) for non critical connections assuming (H). This is the
first fundamental block of our proof. We prove in § 5.4.2 the implication (1) =
(3) for profiles w € ANBI(T) that satisfy the BV condition:

Jup e L°R) : w=8" Ty, and S uy e BVe(R) Vi>0.  (H)

The derivation of the conditions of Theorem 5.3.3, 5.3.11, and 5.3.14 is obtained
exploiting as in [9] the non crossing property of genuine characteristics in the
domains {z > 0,t > 0}, {z < 0, ¢t > 0}, together with the non existence of
rarefactions emanating from the interface (cfr. Appendix 5.7 and [2]). Two key
novel points of the analysis here are:

- a blowup argument, possible thanks to assumption (H), to derive the Oleinik-
type inequalities satisfied by w in regions comprising points with characteristics
reflected by the interface x = 0, and points with characteristics refracted by
xz=0.

- a comparison argument (based on the duality of forward and backward shocks
of § 5.2.3, and on the property of the states u[R, B, f.], v[L, 4, fi], defined in
§ 5.2.1, 5.2.2) to establish the unilateral inequalities satisfied by w at points of
discontinuity generated by shocks that isolate the interface {x = 0} from the
semiaxes {x < 0}, {z > 0} (cfr. Remark 5.2.3).

e Part 1.b - (1) = (3) for non critical connections without assuming (H). We
prove in § 5.4.3 the implication (1) = (3) for every w € A*5(T) by showing
that every w € AAP(T) actually satisfies condition (H), and then the conclusion
follows by Part 1.a. This is achieved: considering a sequence of functions w,, o €

BV (R) that L -converge to uy € L*(R); observing that St[ABHumo € BV(R)

loc

(see [1, 64]); deriving uniform BV bounds on Sj[jABHumo based on the Oleinik-
type inequalities enjoyed by & C[FABHun,O because of Part 1.a; relying on the L{ -

stability of the semigroup map ug — S}AB}+u0 (see Theorem 5.1.8-(iii)) and on
the lower semicontinuity of the total variation with respect to L-convergence.

Part 2. The case of a non critical connection (3) = (2) = (1). The implication
(2) = (1) of Theorem 5.3.17 immediately follows observing that, by virtue of (2),
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one has w = S;ABHUO e ANBUT), with ug = ST[AB]fw. Hence, in Sections 5.4.4-
5.4.5 we prove only the implication (3) = (2) of Theorem 5.3.17, in the case of
a non critical connection (A, B). This is the second fundamental block of our
proof, which consists in first showing that (3) = (1), and next in proving that

(3) = (2).

e Part 2.a - (3) = (1) for non critical connections. Given w € o/“R satisfying the
condition of Theorem 5.3.3, we construct explicitly in § 5.4.4 an AB-entropy
admissible solution w(z,t) = St[ABHuo(x), uy € L*(R), such that u(-,T) =
w. The case where w € /"R satisfies the condition of Theorem 5.3.11, or
5.3.14 is entirely similar or simpler. The construction of uy and u follows a
by now standard procedure (see [9], [16]) in regions of {x < 0} or of {z > 0}
that are not influenced by waves reflected or refracted by the interface x =
0. Namely, in these regions, one construct the solution u along two type of
lines that correspond to its characteristics: genuine characteristics 9, ending
at points (y,T'), where u = w(y), in the case w is continuous at y; compression
fronts 7. connecting points (z,0) and (y,T), where u = (f/)"'(4%), if y <
0, and v = (f))""(4%), if y > 0, in the case w is discontinuous at y. A
key novel point of the analysis here is the construction of u in two polygonal
regions around the interface x = 0, which relies on the properties of the shock-
rarefaction/rarefaction-shock wave patterns established in § 5.2.4-5.2.5, which
in turn are based on the duality properties of forward /backward shocks derived
in 5.2.3. Thanks to this construction, one can in particular explicitly produce
AB-entropy solutions that attain at time 7" the profiles of CASES 1, 2, 1B, 2B
discussed in Remark 5.3.5, that are not present in [2] (cfr. Remark 5.3.18).

o Part 2.b - (3) = (2) for non critical connections. Given w € /"R satis-
fying the conditions of Theorem 5.3.3, we show in § 5.4.5 that w is a fixed
point of the backward-forward operator S%ABH o ST[ABF. The case where

w € /YR satisfies the condition of Theorem 5.3.11, or 5.3.14 is entirely simi-

lar. Building on the analysis pursued in the previous part, in order to prove

that w = S%ABH e ST[AB]fw it is sufficient to show that, if ug is the initial
datum of the AB-entropy solution u(z,t) constructed in Part 2.a, then one

has uy = S[TAB]fw. This is again achieved exploiting the duality properties of
forward /backward shocks derived in 5.2.3, and the structural properties of the
shock-rarefaction/rarefaction-shock wave patterns established in § 5.2.4-5.2.5.

Part 3. The case of a critical connection (1) < (2) < (3). In Sections 5.4.6, 5.4.7,
5.4.8 we recover the equivalence of the conditions (1), (2), (3) of Theorem 5.3.17
in the case of critical connections, invoking the validity of this equivalence for
non critical connections established in Parts 1-2. The proof is divided in three
steps.

o Part 3.a - (1) < (2) for critical connections. In § 5.4.6 we prove the implication
(1) = (2), relying on the L{ -stability of the maps (A, B, ug) S;ABHUO,

(A, B,ugp) — S}AB]_UO (see Theorem 5.1.8-(iv) and Definition 5.1.16). The
reverse implication is immediate as observed in Part 2.
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o Part 3.b - (1) = (3) for critical connections. In § 5.4.7 we prove the implication
(1) = (3), relying on the L'-weak stability of the maps (A4, B) — fi(w),
(A, B) = f.(u,), where u;, u, denote, respectively the left and right states of
u(z,t) = St[ABHuo(x) at x = 0 (see Corollary 5.1.11), and on the lower/upper
L!-semicontinuity property of solutions to conservation laws with uniformly
convex flux (see Lemma 5.8.1 in Appendix 5.8).

e Part 3.c - (3) = (1) for critical connections. In § 5.4.8 we prove the implication
(3) = (1) exploiting again the L', -stability of the semigroup map of Theo-
rem 5.1.8-(iv), and using a perturbation argument. Namely, given w € o LR
satisfying the conditions of Theorem 5.3.9, 5.3.11, or 5.3.14, we construct a

sequence {wy,}, of perturbations of w with the property that w, L—1> w, and
wyp € AAnBa(T) | for a sequence of non critical connections {(A,, B,)},. This
is another key point of our analysis, since it provides a general explicit proce-
dure to approximate an attainable profile for a critical connection by attainable
profiles for non critical connections.

REMARK 5.4.1. In the case of critical connections, one may provide a direct proof
of the implications (2) = (1), (3) = (1), (3) = (2) of Theorem 5.3.17 with similar
arguments as the ones used in the case of non critical connections. Only the implication
(1) = (3) in the case of critical connections cannot be directly established with the same
line of proof followed in § 5.4.2 for non critical connection. The reason is twofold. On one
hand we cannot rely on the property of non existence of rarefactions emanating from the
interface, since we establish in Appendix 5.7 this property only in the case of non critical
connections. On the other hand we cannot exploit the uniform BVj,. bounds to perform
the blowup argument of § 5.4.2.6, since they are enjoyed by AB-entropy solutions only
when the connection is non critical (see § 5.5). An alternative, direct proof of (1) = (3)
can be obtained relying on the property of preclusion of rarefactions emanating from the
interface derived in [2] for general connections. Using this property, it seems reasonable
that one may then establish the Oleinik-type estimates that characterize the attainable
profiles for critical connections performing a longer, technical analysis of the structure of
characteristics that avoids the blow up argument of § 5.4.2.6.

5.4.2. Part 1.a - (1) = (3) for non critical connections assuming (H). In this
Subsection, given an element w of the set AMB/(T) for a non critical connection (A, B),
assuming that w satisfies (H), we will show that w fulfills condition (3) of Theorem 5.3.17.
Recalling (5.3.7), this is equivalent to show that, letting

L= Lw, fi], R =Rw, f,], (5.4.1)

be quantities defined as in (5.3.2), it holds true that:

2a-1) If L < 0, R > 0, and if w satisfies (H), then w satisfies the conditions of Theorem
5.3.3;
2a-ii) If L = 0, R > 0 or viceversa, and if w satisfies (H), then w satisfies the conditions
of Theorem 5.3.11;
2a-iii) If L = 0, R = 0, then w satisfies the conditions of Theorem 5.3.14.
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We will prove 2a-i) in § 5.4.2.1-5.4.2.6, while 2a-ii) is proven in § 5.4.2.7, and 2a-iii) is
discussed in § 5.4.2.8. The further assumption that w satisfies (H) is needed only to ensure
the existence of the one-sided limits w(0+), and to show that w satisfies (5.3.11)-(5.3.12)
in case 2a-i), and (5.3.47), (5.3.53) in case 2a-ii).

Throughout the subsection we will assume that
w=8""u,,  up e L¥(R), (5.4.2)

and we set u(z,t) = S ug(z), € R, t > 0. Under assumption (H) there exist the
limits u(0+£,¢), for all ¢ > 0. We let w;(t),u,(t) denote the left and right traces at x = 0
of u(z,t), t > 0.

5.4.2.1. (L <0, R> 0, proof of (5.3.17)). The inequalities w(L—) > w(L+), w(R—) >
w(R+) are the Lax conditions which are satisfied since u is an entropy admissible solution
of the conservation law u; + fi(u), = 0, on z < 0, and of u; + f.(u), = 0, on z > 0, and
the fluxes fi, f, are convex.

5.4.2.2. (L < 0, R > 0, proof of (5.3.10)). By definition (5.3.2), (5.4.1) of L, R, it
follows that backward characteristics for u starting at (x,T'), with x €] — 0o, 0[U|R, +00],
never crosses the interface x = 0. Thus, we recover the Oleinik estimates (5.3.10) as a
classical property of solutions to conservation laws with strictly convex flux, which follows
from the fact that genuine characteristics never intersect in the interior of the domain (e.g.
see [9, Lemma 3.2]).

5.4.2.3. (L <0, R > 0, first part of the proof of (5.3.13)). Letting u[R, B, f,.] be the
constant defined as in (5.2.7) with f = f,, we will prove the implication

Re€l0,T-f(B)] = w(R+)<u[R B, (5.4.3)

assuming
R €]0,T- f'(B)], w(R+) > u[R, B, f,], (5.4.4)

and showing that (5.4.4) leads to a contradiction. To complete the proof of (5.3.13) we
will show in § 5.4.2.5 that

Rel0,T-f(B)] = wulR B,f]<wR-). (5.4.5)

The proof of the first implication in (5.3.13) is obtained in entirely similar way.
We divide the proof of (5.4.3) in two steps. In the first step we construct the leftmost
characteristic curve fR that starts on the interface x = 0 and reaches the point (R, T),

remaining in the region {x > 0}, with the property that all maximal backward character-
istics starting on SR don’t cross the interface x = 0. In the second step, we show that f’R is

located on the left of the shock curve @ constructed as in § 5.2.4 that emanates from the
interface © = 0 and reaches the point (R, 7). Thanks to the assumption (5.4.4) this leads
to a contradiction in accordance with the characterizing property of u[R, B, f,] discussed
in Remark 5.2.3.
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Step 1 Consider the map £ : [1.,T] — [0, +-00[ defined by setting

() =inf {R>0: z—t flu(z,t)) >0 Ya>R}, t>0,

» (5.4.6)
TR:mf{tG[O,T] D &e(s) >0 Vselt,T]}.
Notice that by definition (5.4.6) we have
E(r)=0  &(T)=R  £(1)>0 Vel 1] (5.4.7)

and that £ is a backward characteristic for u starting at (R, T), so that it holds true (e.g.
see [55])

Filul, (), i (€, (t)—t) = u(, (t)+1),
€ (t) = | (5.4.8)
R )\"“ (u<§R(t>_7 t)v U(£R<t)+, t))) if u(ﬁR(ﬂ_a t) 7é U(fR(t)‘i‘, t) )
where
Ar(u,v) = w, u,vE€R, u#wv. (5.4.9)

We shall provide now a lower bound on the slope of §,- Let o G]TR,T |, and observe

that by definition (5.4.6) it follows that the minimal backward characteristic starting
at (€. (to), o) must cross the interface z = 0 at some non-negative time. Since such a

characteristic is genuine and has slope f;(u({ (to)—,t0)) = 0, and because of the AB-
entropy condition (5.1.13), it follows that f(u({_(to)—t0)) = f,(B) and u(&,(to)—,t0) =
.. Hence, it holds true
w( (to)—t0) = B. (5.4.10)
On the other hand, by definition (5.4.6) we have
FL((E, (t0) +10)) < £ (t0) o (5.4.11)

Thus, letting Ugg(1),+ denote the maximal backward characteristic starting at (& (to), to),
because of (5.4.11) it holds true

Ven(to),+(0) = & (to) — to - fr(u(&, (to)+,t0)) > 0, (5.4.12)

and (5.4.7) implies
Q9€R(t0)7+(t) >0 Vite ]0, to] . (5413)

Moreover, observe that by the properties of backward characteristics, and by defini-
tion (5.4.6), the maximal backward characteristics Jg 4 starting at (R, T") satisfies

E(0) SUralt)  Vitelr,T],

and, in particular, one has

€ (to) < Ir+(to) - (5.4.14)
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Since maximal backward characteristics cannot intersect in the interior of the domain, it
follows from (5.4.14) that

€ (o) — to - FL(u(E (to)+10)) = Veg(u+(0) < U (0) = R— T~ fl(w(R+)). (5.4.15)
In turn, (5.4.15) yields
§() =R+ T fiw(R+)) <to - fr(u(€(to)+,t0)) - (5.4.16)

Moreover, one has
& (to) — U +(0) / /
i <Vg, = frw(R+)). (5.4.17)

Since the definition (5.3.2) of R and (5.4.4) imply f/(w(R+)) < R/T < f/(B), we deduce
from (5.4.17) that

& (t) = R+T- fl(w(R+)

to
By the monotonicity of f/, in turn the estimates (5.4.16), (5.4.18) yield

& (to) = R+T - fl(w(R+))

< fi(B). (5.4.18)

(7! . < (g (to)+ o)
(5.4.19)
& (to) = R+T - fl(w(R+))
(f)~ - < B.

Therefore, recalling (5.4.8), (5.4.9), and because of the convexity of f,, we derive from (5.4.4),(5.4.10),
(5.4.19), that

( <£R(to> —R+T- fl(u[R, B, fr})) )
& (to) > A | (F)7 B Vi elr T]. (5.4.20)

to

Step 2 (Comparison with an extremal shock). Let y[R, B, f.](-) be the function defined
in § 5.2.1 with f = f,, set
L= y[R B, £,)(T). (5.4.21)

and consider the function
z[L, B, f,](t), te[s[L,B, f].T], (5.4.22)

defined as in § 5.2.2, with A = B (B as in (5.1.17)), and f = f,. By definition (5.2.10),
and applying Lemma 5.2.1, it holds true

ZB[L,F, fr](S[L,E, fr]) =0, ZB[L,E, fr] (T) =R, (5423)

—z[L, B, f,](t) = T((f;)1($[L’B’€T](t)“>,3>, te [slL,B, fl.T]. (5.4.24)
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Cr,+(0) -L Co,+(0) 7

FiGUurEe 15. Mlustration of the proof in § 5.4.2.3. The black lines are char-
acteristics of the solution u, that cross inside the domain and therefore lead
to a contradiction. The blue lines are the comparison curves.

Moreover, because of (5.2.7), (5.4.21), we have
L="T-f(u[R, B, f]) —R. (5.4.25)
Recall that by (5.4.7), (5.4.23), it holds
&R(T)=R==z(L, B, ().
Then, by virtue of (5.4.20), (5.4.24), a comparison argument yields
&) <@L, B, f](t), Vte [max{r, s[L,B,f]} T[. (5.4.26)

Notice that, if s[L, B, f,] > T, then because of (5.4.23), (5.4.26), and since {_(¢) > 0, for
all t € [7_,T], we find the contradiction 0 < £R(8[L,§, fr]) < 0. Hence it must be

s[L, B, f;] < 7. (5.4.27)

Next, observe that by definition (5.4.6) and because of (5.4.7), we have u(0+,7.) < 6,.

Thus, by virtue of the AB-entropy condition (5.1.13), it follows that u(0+,7,) < B. Then,

letting
o+ ¢ [0,7] = [0,+00[ denote the maximal backward characteristic starting at (0,7_),

one has
o4 (0) = =7 fi(u(0+,7)) = =7, f1(B). (54.28)
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On the other hand, by virtue of (5.4.4), (5.4.21), (5.4.27), and recalling the defini-
tions (5.2.7), (5.2.9) of u[R, B, f,], s[L, B, f], we find that the maximal backward char-
acteristic 9g 4 : [0,7] — [0, +00[ from (R, T) satisfies

Ur+(0) =R=T" fl(w(R+)) <R=T- fi(u[R, B, f;])

= _y[R? B, fr](T)
= —s[L B, f,]- /() (5429
< -7 fi(B).
Thus, we deduce from (5.4.28)-(5.4.29) that
Ur+(0) < Co,+(0), (5.4.30)
while (5.4.14) yield
Ur+ (1) > 0= Co+ (7). (5.4.31)

The inequalities (5.4.30)-(5.4.31) imply that the genuine characteristics (y -+, U + intersect
each other in the interior of the domain, which gives a contradiction and thus completes
the proof of the implication (5.4.3).

5.4.2.4. (L < 0, R > 0, proof of (5.3.15)-(5.3.16)). We will prove only the implica-
tion (5.3.16), the proof of (5.3.15) being entirely similar. Let L = L|w, f;, f,, A, B] be the
constant in (5.3.4), and assume that

Rel0,T- f(B)|, L<L. (5.4.32)

Step 1. (proof of: w(z) < Ain]L,0[).

By definition (5.3.2), (5.4.1) of L, it follows that backward genuine characteristics starting
at points (z,T), with = € ]L, 0 of continuity for w, must cross the interface z = 0 at some
non-negative time. Since such characteristics have slope f/(w(z)) < 0, and because of
the AB-entropy condition (5.1.13), it follows that fj(w(z)) > fi(A) and w(z) < 6, at any
point z € ]L, 0] of continuity for w. Hence, we have w(z+) < A for all x €]L,0[.

Step 2. (proof of: w(z) = A in IL, 0[).
In a similar way to (5.4.6), consider the map € [TL, T| —] — 00,0 defined symmetrically

by setting
fL(t) isup{L <0 :z—t fllu(x,t)) <0 Vz< L}, t>0,
_ (5.4.33)
T = inf {t € (0,77 : {(s)<0 Vse t. T} .
Notice that by definition (5.4.33) we have
(1) =0, §(T) =L, {)<0 Vielr, Tl
We claim that
<17, = T1.<7R B[] (5.4.34)
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where 7[R, B, f,] is the constant defined as in (5.2.32), with f = f,. We will prove the
implication (5.4.34) with similar arguments to the proof of (5.3.13) in § 5.4.2.3, assuming

T <T 7. > TR, B, fi], (5.4.35)

L= 'R’
and showing that (5.4.35) lead to a contradiction.
Since 7 < 7, by definitions (5.4.6), (5.4.33), and by virtue of the AB-entropy condi-
tion (5.1.13), it follows
(w(t),ur(t)) = (A, B) vielr,T], (5.4.36)
which in turn implies
w(E(t)—t) =B vielr, T]. (5.4.37)
Let (o, Ver(t)+» be the maximal backward characteristic starting at (O,TR), and at
(£R(t), t), t e ]TR, T, respectively. Relying on (5.4.12), (5.4.28), and since maximal back-

ward characteristics cannot intersect in the interior of the domain, we find

e F1(B) € G (0) < e (0) = &0 — 1 g D 0) . (5438)
In turn, (5.4.38) together with (5.4.35), yields
b e (0+,0) S €0+ TR B fi(B) Vel T, (5.4.39)

since f'(B) < 0. By the monotonicity of f’ we deduce from (5.4.39) that
€R(7f) + T[Rv B, fr] ) f;(E)
t

u(& (H)+1) < (f)7 (5.4.40)

Therefore, recalling (5.4.8), (5.4.9), and because of the convexity of f,., we derive from (5.4.37),
(5.4.40) that

&)+ 7R B.f] - f(B)

gy < M) . B vitelr,T]. (5.4.41)

On the other hand, letting x[L, B, f,](-) be the function defined in § 5.2.2, with L as
in (5.4.21), A= B, and f = f,, we have (5.4.23), (5.4.24). Moreover, because of (5.2.32),

(5.4.21), it holds true
L=7[R,B,f]- f(B), slL,B, f,] =T[R,B, f,]. (5.4.42)

r

Then, by virtue of (5.4.7), (5.4.41), and because of (5.4.23), (5.4.24), (5.4.35), (5.4.42),
with a comparison argument we deduce

&) >zl B, f,lt) Vtelr,T]. (5.4.43)

But (5.4.43), together with (5.4.7), (5.4.35), (5.4.42), and recalling (5.2.10), implies
0= gR(TR) >z, B, fT](TR) > z[L,B, f,](r[R,B, f;]) = 0, (5.4.44)

which gives a contradiction, proving the claim (5.4.34).
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Relying on the implication (5.4.34), we show now that w(x) = A in ]I: 0[, considering
two cases:

Casg 1: 7 < 7 . Then, by definitions (5.4.6), (5.4.33), and by virtue of the AB-entropy
condition (5.1.13), it follows

(w(t),u,(t)) = (A, B) Vte ]TL, T]. (5.4.45)
Observe that the maximal backward characteristic ¥, ; starting at (L,T") crosses the
interface = 0 at time T'— L/f/(w(L+). Since ¢ is a backward characteristic starting
at the same point (L,7") and crossing the interface x = 0 at time 7., one has T <

T — L/f/(w(L+). This implies that the backward genuine characteristics from points
(,T), x €]L,0[, impact the interface z = 0 at times ¢, > T —L/ f/(w(L+) > 7, . Since the

value of the solution w is constant along genuine characteristics, we deduce from (5.4.45)
that w(z) = A for all = €]L,0[. Hence, by (5.4.32) in particular it follows that w(z) = A
for all x €]L,0].

Casg 2: 7, < 7. Then, because of (5.4.34) we have 7. < 7[R, B, f,]. Observe that by

Step 1 we have w(z) < A for all z €L, 0[. Relying on the monotonicity of f/, this implies
that the backward genuine characteristics starting from points (z,7"), x €L, 0], impacts

the interface x = 0 at times
T

@) =T ————— >T— 5.4.46
U (070 R eV o440
On the other hand, recalling definitions (5.3.4), (5.4.1), we have
e o (@ TRBADHA) ]
fl/(A) Z T fl/(A) T[R7 B7 fT’] Z R 9 (5447)

for all  €]L,0[. Combining (5.4.46), (5.4.47), we deduce that the backward genuine

characteristics starting from points (x,7), x E]L 0[, cross the interface x = 0 at times
T(z) > e Hence, relying again on the property that the solution w is constant along

genuine characteristics, we infer from (5.4.36) that w(z) = A for all z €]L, 0] also in this
case, thus completing the proof of Step 2.

Step 3. (proof of: w(l—) = A).

We know by Step 1 and Step 2 that w(L—) < A and w(L+) = A. On the other hand

the Lax entropy condition (see § 5.4.2.1) implies w(L—) > w(L+) = A. Therefore one has

A > w(l—) > w(L+) = A which yields w(L—) = A. This concludes the proof of (5.3.16).
5.4.2.5. (L <0, R> 0, proof of (5.3.14) and completion of the proof of (5.3.13)). We

will prove only the second implication in (5.3.14), the proof of the first one being entirely
symmetric. Assume that

[R €l0,7- f/(B)] and L<L| or R>T-f(B), (5.4.48)

and let 7, , 7 be the constants defined in (5.4.6), (5.4.33), in connection with the character-
istics §L, fR. As observed in Step 2 of § 5.4.2.4, the fact that §L is a backward characteristic
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starting at (L,7’) and crossing the interface x = 0 at time 7, implies

L

T < TJF(L)iT_W'

(5.4.49)

We claim that (5.4.48) implies
T, < T(L). (5.4.50)

Since (5.4.49) clearly implies (5.4.50) when 7 < 7 , it will be sufficient to prove the claim

under the assumption T, < Ty Let’s consider first the case that

Relo,T-f(B) and L<L. (5.4.51)
Observe that, because of (5.4.34), 7, < 7, implies

7. < 7[R, B, f;]. (5.4.52)

Moreover, by Step 1 of § 5.4.2.4, one has w(L+) < A. Therefore, recalling the defini-
tion (5.3.4), and because of the monotonicity of f/, we deduce from L < L that

(T —7[R,B, f,]) - fllw(l+) <L, (5.4.53)

which, together with (5.4.52), yields (5.4.50), under the assumption (5.4.51). Next, con-
sider the case that

R>T-f(B). (5.4.54)
Observe that by the analogous argument of Step 1 of § 5.4.2.4 for (5.3.15), one has
w(R—) > B. Moreover, if w(R—) = B, by definition (5.3.2) of R it follows that f/(B) >
R/T, which together with (5.4.54), implies f/(B) = R/T. In turn, f/(B) = R/T implies
that the minimal characteristic starting at (R,7’) reaches the interface = 0 at time
t = 0, and by definition (5.4.6), it coincides with fR. Therefore, one has T, = 0, which

proves (5.4.50). Hence, it remains to consider the case (5.4.54) when w(R—) > B. Notice
that, if
L - R
filw(t+)) = fllwR=))
it follows that the minimal backward characteristic Jg — from (R, T") crosses the interface
=0 at a time

(5.4.55)

R
—(R) =T - ——Fc—— 5.4.56
A R (540
strictly greater than the time 7, (L) at which the maximal backward characteristic 9|
from (L,T") crosses the interface x = 0. On the other hand, since Jg_ is a genuine

characteristic, it follows that u,(7_(R)) = w(R—) > B. Because of the AB-entropy
condition (5.1.13) this implies that u;(7_(R)) > 6;. Thus we can trace the minimal
backward characteristic starting at (0, 7_(R)) and lying in {x < 0}, which has slope
f{(w(7—(R)) > 0, and hence it will intersect the characteristic J| ;. at a positive time
t* > 74(L), giving a contradiction. Therefore, w(R—) > B implies
L < R
flw(t+)) = flwR=))
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On the other hand, since §R is a backward characteristic starting at (R,7) and crossing

the interface x = 0 at time Teo it holds true
7. <7_(R). (5.4.58)

Hence, (5.4.56), (5.4.57), (5.4.58) together yield (5.4.50). This completes the proof of
the Claim that (5.4.48) implies (5.4.50). Then, by definitions (5.4.6), (5.4.33), relying
on (5.4.49), (5.4.50), and by virtue of the AB-entropy condition (5.1.13), we find that

(w(®),u, () = (A, B)  Vtelr(L), 1. (5.4.59)

Since backward genuine characteristics starting from points (z,T), z €]L,0[, cross the
interface z = 0 at times ¢, > 7, (L), we infer from (5.4.59) that w(z) = A for all z €L, 0[.
This concludes the proof of the second implication in (5.3.14).

Concerning (5.3.13), we prove now the implication (5.4.5). To this end observe that,
because of (5.3.14) and (5.3.15) (established in § 5.4.2.4), we have

Rel0, T f(B)) = w(x)>B Vauze€|0,R],
and hence
Rel0, T f(B)] = w(R-)>DB. (5.4.60)

Thus, relying on (5.2.8) with f = f,., we deduce (5.4.5) from (5.4.60), which completes
the proof of the second implication in (5.3.13).

5.4.2.6. (L < 0, R > 0, proof of (5.3.11)-(5.3.12)). We will prove only (5.3.11), the
proof of (5.3.12) being entirely similar. Then, assume that (5.4.32) holds as in § 5.4.2.4.

Step 1. For every point x € ]L,E[ where w is continuous, consider the map

B(8) = {x — (T —1t) - fl(w(x)), it 7(x) <t<T, (5.4.61)
(t—7(x))- floml _(w(x)), if0<t<7(x),
with N
() =T @)’ (5.4.62)
and set
B(x) = 0,(0) = —r(2) - flo!_(wlx). (5.4.6)

Observe that
Ua|)r@)r)  1s @ genuine characteristic for u in the halfplane {z < 0},

Uzljo2); 18 & genuine characteristic for u in the halfplane {z > 0} if u.(7(z)) < B,

(5.4.64)
and thus 9, is a genuine characteristic for u as AB-solution (see Remark 5.1.6) only in the
case where u,(7(x)) < B. Note also that 7(x) is the impact time of 9J, with the interface
x = 0, and that the function 7 has at most countably many discontinuity points as w.
Since genuine characteristics cannot intersect in the interior of the domain, it follows that
the right continuous extension of 7 is a nondecreasing map. On the other hand, because
we are assuming that w satisfies (H) and that (A, B) is a non critical connection, we know
by Proposition 5.7.3 in Appendix 5.7 that no pair of genuine characteristics can meet
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together on the interface x = 0. Hence, we deduce that the right continuous extension of
the map 7 is actually increasing on L, L[.
We will next show that the right continuous extension of the map ¢ is nondecreasing
n L, L.
Step 2. Consider two points L < 27 < x5 < L of continuity for w. By Step 1 we know
that 7(x1) < 7(x9). Moreover, by (5.3.16) (established in § 5.4.2.4) we have w(x) < A for
all z €L, E[ Then, we shall provide a proof of

P(x1) < P(x2) (5.4.65)

considering different cases according to the fact that w(x;) = A or w(x;) < A, i=1,2.

CASE 1: w(z;) < A, i = 1,2. Since u is constant along genuine characteristics, and
because of the AB-entropy condition (5.1.13), it follows that u,(7(z;)) = 7. _(w(z;)) < B,
i = 1,2. Therefore, by (5.4.64) U;,]10.+(z:)[, ¢ = 1,2, are genuine characteristics in the half
plane {z > 0} starting at (0, 7(z;)), which cannot intersect at positive times. This implies
¢(21) = U, (0) < U, (0) = d(x2).

CASE 2: w(x;) = A, i = 1,2. By definition (5.4.61) we know that U, |10z, = 1,2,
are parallel lines (possibly not characteristics for u) with slope f/(7!_(A)) = fi(B),
starting at (0, 7(z;)). Hence, 7(z1) < 7(22) implies ¢(z1) = 9., (0) < U4,(0) = p(x2).

CASE 3: w(z1) = A, w(xe) < A. Notice that, by the monotonicity of f], f/, the map

)= oe, () M@/ D] 30 = (T = =) - fromt (0

is decreasing. Then we have

dla1) < — (T - m) rom-(ulz) (5.4.66)

g—(T—ﬁi%EQ-ﬂoﬁxm@»zw@»

CASE 4: w(zg) = A, w(xy) < A. Since w(z2) = A, it follows with the same arguments
as above that u(7(z2)) = A and that either u,(7(z3)) = B or u,(r(23)) = B. In the
first case, because of (5.4.64) one can proceed as in Case 1 to deduce that ¢(x;) < ¢(z2).
Then, assume u,(7(x9)) = B, and set (see Figure 16)

nf{ 7() | (wi(s), ur(s)) = (A, B) Vse[t,T(xg)]}. (5.4.67)

Notice that since 7(z1) < 7(x2) and because w(7(z1)) < A implies u,(7(z1)) < B, it
follows that ¢ € ]7(x1), 7(x2)]. We claim that it must hold

u.(t)=B. (5.4.68)

Towards a proof of (5.4.68), notice first that, since w(z) < A for all z €]L, L[, it follows
that w;(t) < A for all t € [r(x1),7(22)]. Because of the AB-entropy condition (5.1.13)
and by definition of ¢, this implies that there exists a sequence of times t,, 1 ¢ such that
u,(t,) < B. Then, since (A, B) is a non critical connection, we trace the backward
characteristics from points (0,t,), with slope f’(u,(t,)) < f'(B). Using the stability of
characteristics with respect to uniform convergence (see for example the proof of Lemma
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5.8.1), we thus find that there is a backward characteristic with slope < f/(B) starting
from (0,¢). This immediately implies that

u.(t) < B. (5.4.69)
Then, consider the blow ups
u,(z,t) = u(px,t + p(t — 1)) reR, t>0, (5.4.70)

of u at the point (0,7), as in the proof of Proposition 5.7.3. When p | 0, the blow-ups
u,(+,t) converge in LYy,., up to a subsequence, to a limiting AB-entropy solution v(-,t),
for all t > 0. Moreover, we have

- w(t), ifz<0,
t) = - 5.4.71
v, ) {ur(t), if x > 0. ( )
By definitions (5.4.67), (5.4.70), it holds true
_ —t
(tpa(t), (1)) = (A, B) vieli i+ Tlza) I (5.4.72)

where wu,;(t), u,(t) denote the left and right traces of u,(-,t) at 0. Taking the limit
as pJ 01in (5.4.72), and invoking Corollary 5.1.11 (with (A,, B,) = (A, B) for all n), we
deduce that

v(0—,t) € {A, A} v(0+,t) € {B,B}, Vt>t, (5.4.73)
while (5.4.69), (5.4.71) imply
v(x,t) =u.(t) < B, Vao>0. (5.4.74)

By a direct inspection we find that, if an AB-entropy solution of a Riemann problem
for (22) with initial datum (5.4.71) at time , enjoys the properties (5.4.73)-(5.4.74), then
the initial datum on {(z,t), = > 0} must be v(z,t) = u,(t) = B, thus proving (5.4.68).

T T2 w

7(22)

7(21) RS NN I

oe1) —i-fUB) o)

FIGURE 16. The situation described in Case 4.
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Relying on (5.4.68) we can now complete the proof of (5.4.65). Since u,(7(z1)) < B, we
know by (5.4.64) that ¥,, is a genuine characteristic in the halfplane {x > 0} starting
t (0,7(x1)). On the other hand, because of (5.4.68) and since (A, B) is a non critical
connection, we can trace the maximal backward characteristic from (0,¢) in {z > 0},
which has slope f’(B) and reaches the z-axis at the point —% - f/(B). Such a (genuine)
characteristic cannot intersect at a positive time the genuine characteristic 1J,,. Therefore,
one has
P(x1) = 9., (0) < —F- f1(B). (5.4.75)
7k,

Moreover, since ¢ < 7(z3), and because 7. _(w(z)) = 7. _(A) = B, we deduce

~t- f1(B) < —T(962) - fr(B) = o(x2),
which together with (5.4.75), yields (5.4.65). This concludes the proof of the nondecreas-
ing monotonicity of ¢ on |L,L[. Invoking Lemma 4.4 in [9], this is equivalent to the
inequality .
DYw(z) < glw, fi, f](2), Vxell L],

where g is the function in (5.3.6). This concludes the proof of (5.3.11), and thus the proof
that w satisfies conditions (i)-(ii) of Theorem 5.3.3 is completed.

5.4.2.7. (L < 0, R = 0 or viceversa, proof of conditions (i)-(ii), or (i)’-(ii)’, of Theo-
rem 5.3.11). We consider only the case L < 0, R = 0, the other case L = 0, R > 0 being
symmetrical. The proofs of (5.3.46), (5.3.47), (5.3.48), (5.3.50), (5.3.51) in this case, are
entirely similar to the proofs of (5.3.10), (5.3.11), (5.3.16), (5.3.13), (5.3.17), respectively,
in the case L < 0, R > 0. We provide here only the proof of (5.3.49), which is the only
new constraint arising in the case L < 0, R = 0, that was not present in the case L < 0,
R > 0. Notice first that by (5.3.16) (established in § 5.4.2.4) we know that w(z) < A
for all x €]L,0[. Hence, since the connection (A, B) is non critical, tracing the backward
characteristics (with negative slope) in the half plane {x < 0} from any sequence of points
(xn, T), x, €]L,0[, 2, T 0, we deduce that there exists the one-sided limit «;(7'—) and it
holds true

w(T—)=w(0-) < A. (5.4.76)

Then, we will distinguish two cases.

CASE 1: Assume that u,.(t) > B for all t € |7, T, for some 7 < T'. Then, by the AB-
entropy condition (5.1.13), and because of (5.4.76), we deduce that w(0—) = w,(T—) = A.
On the other hand, since (A, B) is a non critical connection, by definition (5.3.2) it
follows that R = 0 implies f/(w(0+)) < 0. Therefore we have w(0+) < B = 7., _(A) =
7l _(w(0—)), proving (5.3.49).

CASE 2: Assume that there exists a sequence of times ¢,, T T such that u,(t,) < B
for all n, and such that lim, u,(t,) = u*, for some u* < B. By the AB-entropy condi-

tion (5.1.13) we may also assume that u,(t,) = 7. _(u(t,)) for all n. Therefore, relying

n (5.4.76), we find u* = lim, 7. _(w(t,)) = 7. _(w(0—)). On the other hand we have
w(04) < u*, since otherwise backward genuine characteristics issuing from points (z,,, T'),
x, J 0, would eventually cross backward genuine characteristics in the half plane {z > 0}
starting from points (0, ¢,). In fact, if w(04) > «* then we can find points (z,,T), z, > 0
(2, point of continuity for w), and (0,t,), t, < T (¢, point of continuity for w, ), such that
w(xy) > u,(t,), which would imply that the backward characteristic starting from (x,,,T)
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with negative slope f/(w(z,,T)) intersect the backward characteristic starting from (0, ¢,)
with slope f/(u,.(t,)) < fl(w(z,,T)). Therefore it must be w(0+) < u*, which together
with u* = 7, _(w(0—)), yields (5.3.49).

This concludes the proof of (5.3.49), and thus the proof that w satisfies conditions (i)-
(i)
(or (i)’-(ii)") of Theorem 5.3.11 is completed.

5.4.2.8. (L = 0, R = 0, proof of conditions (i)-(ii) of Theorem 5.3.14). The proofs
of (5.3.62), (5.3.64), are entirely similar to the proofs of (5.3.10), (5.3.13), in the case
L <0, R >0, and of (5.3.49), in the case L = R = 0, respectively. Further, (5.3.63) can
be established with the same arguments of the proof of (5.3.13) in the case L < 0, R > 0,
recalling Remark 5.3.15. This completes the proof that w satisfies conditions (i)-(ii) of
Theorem 5.3.14.

5.4.3. Part 1.b - (1) = (3) for non critical connections without assuming (H).
In this Subsection, given an element w of the set AMP/(T) for a non critical connection
(A, B), we will show that w satisfies (H). In view of the analysis in § 5.4.2, this will
imply that w fulfills condition (3) of Theorem 5.3.17, thus completing the proof of the
implication (1) = (3) of Theorem 5.3.17.

Then, given w € AUBN(T) with

W= S[TABHuo, uy € L*(R), (5.4.77)

set u(z,t) = SHABIT

BV (R) such that

up(x), v € R, t > 0. Next, let {un0}, be a sequence of functions in

Uno — U n Llloc (R) )
and define u,(x,t) = St[ABHun?O(x). Then, by Theorem 5.1.8-(iii) it follows
Up(,t) = wu(,t) in Li(R) Vt>0. (5.4.78)

Since (A, B) is a non critical connection and because the initial data u, are in BV,
invoking the BV bounds on AB-entropy solutions provided in [64, Lemma 8] (see also [1,

Theorem 2.13-(iii)]), we deduce that u,(-,t) € BV(R) for all ¢ > 0, and for all n. There-
fore,

un (-, t) € AMBl(t) . and satisfies (H) Vt>0, Vn.

Hence, relying on the analysis in § 5.4.2, and recalling (5.3.7), we know that, setting

Ln(t) = Llun(- 1), fi] Rn(t) = Rlun(-,1), fi], (5.4.79)

each u, (-, t) satisfies the conditions stated in:

- Theorem 5.3.3 if L,(t) <0, R,(t) > 0;
- Theorem 5.3.11 if L,(t) <0, R,(t) =0 or viceversa,;
- Theorem 5.3.14 if L,(t) =0, R,(t)=0.
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5. CONSERVATION LAWS WITH DISCONTINUOUS FLUX

Thus, in particular, u,(-,t) satisfies the Oleinik-type inequalities
< 1

— ot f (un(a, 1)
DT un(2,1) < glun(-1), fis fol(x)  in JLa(#),0[, if L.(t) <0,

DY, (z,t) in J—o0,L,(?)],

(5.4.80)
DY, (z,t) < hlu,(-,t), fi, fr](x)  in J0,R,(¢)[, if R.(t) >0,
Dtu,(z,t) < ) in  |R,(t),+o0],
and the constraints
up(z,t) <A Vae]l,(t),0],
(5.4.81)

up(z,t) > B Y €|0,R,(t),
for all ¢ > 0. Since (5.4.81) implies f/(u,(z,t)) > f.(B) for all z €]0,R,(¢)[, by the
monotonicity of f/, we find

. (B . (B
Eefun(a,t) — 7 > # Ve [0, min {Rn(t), #} { L (5.482)
Therefore, recalling definition (5.3.6), setting A = sup|, < max{|f;(2)|, [ f/(2)[}, with M
being a uniform L*> bound for u,, and letting a be the lower bound on f/’, f given in (25),
we deduce from (5.4.82), that, if

2
then for all n it holds true
A 2 A
hiu, (-, 1), fi, fr < < —- Vrel0,R,(1)],
a0 0 1) = e ) — ) (7em)  vreRl
(5.4.83)
while if
t- (B
then for all n it holds true
A P A\’ o
< = vz e |o, f1(B) 7
a fi(B)(t- fi(un(z,t)) —x) ~ at (f#(B)) ! [ 2 ]
h[un('at)7fl7f7’](x) S -
A 2A 11/ (B)
el r R
ra at-f'(B) Ve [ 2 n(t>[
(5.4.84)
Hence, we derive from (5.4.80), (5.4.83), (5.4.84), the uniform bounds
2A A
Dt u,(x,t S—-max{l,—} in |0,R, ()], if R,(t)>0,
@S B ) B D0 e
D+un(x7t> < t_ in ]Rn<t)7+oo[7
-a

166



5.4. PROOF OF THEOREM 5.3.17

for all n. Since (A, B) is a non critical connection, for every fixed 6 > 0, the one-sided
uniform upper bounds provided by (5.4.85) yield uniform bounds on the total increasing
variation (and hence on the total variation as well) of w,(t), t > 0, on bounded subsets
of [0,400[. Thus, by the lower-semicontinuity of the total variation with respect to the

L. convergence, and because of (5.4.78), we find that
u(-,1) € BVie([0,+00[),  Vit>4. (5.4.86)
With the same type of arguments, relying on (5.4.80), (5.4.81), we can show that
u(-,t) € BVigo(]— 00,0]),  Vt>4. (5.4.87)
Therefore, we deduce from (5.4.86), (5.4.87), that
u(-,t) € BVie(R)  Vit>0, (5.4.88)

which shows that the function w in (5.4.77) satisfies condition (H), thus completing the
proof of the implication (1) = (3) of Theorem 5.3.17 in the case of a non critical connec-
tion.

5.4.4. Part 2.a - (3) = (1) for non critical connections. In this Subsection,
given

we ok L=L[w, fi] <0, R=Rw,f]>0, (5.4.89)
(«/"R being the set in (5.3.8)), assuming that
w satisfies conditions (i)-(ii) of Theorem 5.3.3, (5.4.90)

we will show that w € A4B(T) by explicitly constructing an AB-entropy solution attaining
w at time T'. With entirely similar arguments one can show that the same conclusion hold
assuming that w € @bR:

- satisfies the conditions of Theorem 5.3.11, if L = 0, R > 0 or viceversa;
- satisfies the conditions of Theorem 5.3.14, if L =0, R = 0.

Then, consider w satisfying (5.4.89), (5.4.90). By Remark 5.3.5 we can distinguish six
cases of pointwise constraints on w, prescribed by condition (ii) of Theorem 5.3.3, which

depend on the respective positions of the points L, R, and L, R, defined in (5.3.2)-(5.3.4).
We shall consider here only the CASES 1 and 2 discussed in Remark 5.3.5. The CASES
1B, 2B are symmetrical to CASES 1, 2, up to a change of variables x — —x, while the
CASES 3, 4 are entirely similar or simpler.

Notice that, by Remark 5.3.5, in CASE 1 it holds true (5.3.27), (5.3.28), and in
particular we shall assume that

w(R+) < ulR, B, f,]. (5.4.91)

while in CASE 2 it holds true (5.3.28), (5.3.29), and we shall assume that (5.4.91) is
verified together with

w(l—) > v[L, A, fi]. (5.4.92)
The cases in which w(R+) = u[R, B, f,] or w(L—) = v[L, 4, f;] can be treated with entirely
similar or simpler arguments. Moreover, in both CAsSES 1 and 2 we have
L>L, w(L—) = w(L+). (5.4.93)
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5. CONSERVATION LAWS WITH DISCONTINUOUS FLUX

The construction of the initial datum wug so that the corresponding AB-entropy solution
solution u(x,t) = St[ABHuO(x) attains the value w at time 7" follows a by now standard
procedure (see [9], [16]), that we describe in § 5.4.4.4-5.4.4.5 below. To this end we first
introduce some technical notations in § 5.4.4.1-5.4.4.3.

5.4.4.1. Characteristics of compression waves. We introduce a class of curves connect-
ing two points (z,0), (y,7T), that will be treated as characteristics of compression waves
generating a shock at the point (y,T'). In particular, in the case y < 0 < z, such curves
will be characteristics of a compression wave that starts at time ¢ = 0 on the half plane
{z > 0}, and generates a shock at time ¢t = T after being refracted at the discontinuity
interface. Given any y < 0, consider the continuous function

= 00, () W/T)) 2w hy(w) = = (T = 0 ) - flomt _(u).
fi(u) ’
Notice that, by definition (5.3.1) and since f/, f/ are increasing functions, it follows that
u— —(T —y/f{(w), u— floml_(u) are decreasing maps, and hence the map h, is
decreasing as well. On the other hand we have lim h,(u) = 400, hy,((f]) " (y/T)—) = 0.
U——00

Therefore by a continuity and monotonicity argument, it follows that, for every z > 0,
there exists a unique state u, ., < (f/)"*(y/T), such that

hy(uy.) = 2. (5.4.94)

Moreover, the map 2z — w, ., z > 0 is continuous. Then, for every pair y < 0 < z, we
denote by 7, . : [0,T] — R the polygonal line given by

My (1) = {y e fl/fuy’zl) | Sors stst (5.4.95)
(t =7(y,2)) - from _(u,.), if 0<t<7(y,2),
where
N y
T(y,2) =T — ) (5.4.96)

Next, for every pair y, z < 0, or y, z > 0, we denote by 7, : [0,7] — R the segment

) - (?J;Z)

Notice that, in the case y < 0 < z, if we consider a function u(x,t) that assumes the
values

() =y — (T — VO<t<T. (5.4.97)

U= Uy, on the segment 1, ,(t), 7(y,z) <t <T,

u=rl_(uy.) on the segment 1, .(t), 0 <t <7(y,2),

then the states w; = uy ., u, = 7Tf¢7_(uy7z) satisfy the interface entropy condition (5.1.13)

at time ¢ = 7(y, 2), and 7, . enjoys the properties of a (genuine) characteristic for u as
an AB-entropy solution (see Remark 5.1.6). Similar observations hold for 7, . in the case
y,z < 0, considering a function u(z,t) that assumes the value (f/)'((y — 2)/T) = uy..
along the segment 1), ., and in the case y, z > 0, considering a function u(z, t) that assumes
the value (f))"'((y — 2)/T) = u,, along the segment 7, ..
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5.4. PROOF OF THEOREM 5.3.17

5.4.4.2. Mazimal/minimal backward characteristics. We introduce a class of curves
with end point (y,T") that will be treated as maximal and minimal backward characteris-

tics starting at (y,7"). For every y €] — oo,[] U]R, 4o0[, we denote by ¥, 1 : [0,7] = R
the segments or polygonal lines

y—(T—t fl(w(yt)), if y<L, 0<t<T,
—(T—1t)-f ((yi)), if L<y<L, mu(y)<t<T,

Pyt () = (t —7e(y)) - flomt _(w(yE)), if L<y<L, 0<t <_7'i(y>, (5.4.98)
(T —1t)- f;((i)), if y>R, 0<t<T,
where
o Y
Te(y) =T o) (5.4.99)

We will write 0, (t) = 9, 4(t) for all t € [0, 7], whenever w(y—) = w(y+). In particular,
because of (5.4.93), we have Jp(t) = Jp . (¢). Further, for y = R, we denote by Jr 4 :
[0,7] — R the segment

Up+(t) =R—(T—1t)- fi(w(R+)) VO<t<T. (5.4.100)

Notice that, because of definition (5.3.2), (5.4.89), whenever y € | — oo, L[U]R, +o0], the

curves U, 1 are segments that never cross the interface {x = 0}, instead for all y €L, L],
Y,.1 are polygonal lines that are refracted at {z = 0}. Moreover, at every point of
discontinity y €] — oo, L[U]R, 400 of w, conditions (5.3.10), (5.3.11) imply the Lax
condition w(y—) > w(y+), which in turn, by the monotonicity of f/, f/, implies

v,-(0) <9, +(0) Vye]—o0o,L[U]R,+ool. (5.4.101)
As in § 5.4.4.1, observe that in the case L < y < L, if we consider a function u(z,?)

that assumes the values
u = w(yt) on the segment 9, (), 7(y) <t <T,
u = 7r (w(yx)) on the segment 3, ¢(t), 0 <t < 74 (y),
than 9, + enjoys the properties of a maximal/minimal backward characteristic for u as
an AB-entropy solution that attains the value w at time 7T'. Similar observations hold for
¥y 4+ in the case y < L or y > R, considering a function u(z,t) that assumes the value
w(yx) along ¥, 4.
5.4.4.3. Partition of R. The initial datum will be defined in a different way on different
intervals of the following partition of R (see Figure 18):

T = {x ER| I (0) <z < 19L=+(0)}’

rER| —y[R B, £(T) <z <R-T- flw(R+)},

TR\ (LLUTR) | HyeR : 19y+(0):x0r19y7_(0):x}, (5.4.102)

<=
7o
{xER\ (ZLUZR) |y <z : 19y7+(0):19z7_(0):a:},
=

TER\(LLUTR) | yeR : 19y+()—xor19y,,(0):x},
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5. CONSERVATION LAWS WITH DISCONTINUOUS FLUX

where y[R, B, f.](T') is defined as in § 5.2.1 with f = f.. Notice that the set Zg is non
empty because the increasing monotonicity of f, together with (5.2.7), (5.4.91), implies
R+yR B, f|(T
fiwRe) < (B 1) = YR DL,

I
IR T \\\\\\\\*\
IR mm\\\\\\\\\\\\\\\\\
IR T N

I (TN

N
OO\
N \\\\ \\\\\\\\
AT RN

N\

\

F1GURE 17. Partition of R in Case 1. The picture displays some connected
components in Zy UZg UZe U Zyy,.

INREEE I

FI1GURE 18. Partition of R in Case 2. The picture displays some connected
components in Z; UZg UZe UZyy.

The elements of this partition enjoy the following properties.
- In the CASE 1, the set Z consists of the starting points of a compression wave

that is partly refracted by the interface, and that generates a shock at the point
(L, 7). In the CASE 2, only the subsets of Z, given by |J. _(0), —o[L, A, fi] -
fI(A), and J(L/f/(A) = T) - f{(B), 94 (0)[, consist of the starting points of
compression waves with center at the point (L, 7). In the complementary sets of
Ti: 1 —o[L A, fi]- f/(A), O] and 10, (L/f/(A)=T)- f(B)[, the initial datum will
assume the constant values A and B, respectively. Here o[L, A, f;] is the constant

defined as in § 5.2.5, with f = f;.
- The set Zg consists of the starting points of a compression wave that generates a

shock at the point (R, T).
- The set Z¢ consists of the starting points of compression waves that generate a

shock at points (y,T), y €] — oo, L[U]L, L[U]R, +00[. The set Z¢ is a disjoint
union of at most countably many open intervals of the form
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I[L:]Z‘T_”:E:[, 137:5:19%7:&(0), yne]—oo,L[,
Ig =lag,orl, ay =0y, £(0),  yn €]R, 4o00f, (5.4.103)
f(_l:]$;w$i[7 xf:ﬁyn,i(o)v Yn E]LaE[7

which are non empty because of (5.4.101).

- The set Zr, consists of at most countably many points that are the centers of
rarefaction waves originated at time ¢ = 0.

- The set Zyy consists of the starting points of all genuine characteristics reaching
points (y,T"), y €] — oo, L[U]L, L[U]R, 4o0[.

5.4.4.4. Construction of AB-entropy solution on two regions with vertexes at (L, T)
and at (R, T). Consider the two polygonal regions

AL = {(x,t) ERx[0,T] : 9 _(t) <z < 19L,+(t)},
(5.4.104)
T = {(:z:,t) ER X [0,T] : I(t) <z < ﬁR,+<t)}.

In the CASE 2 (see Figure 7), letting AL, A, fi] be the region defined as in § 5.2.5, with
f = fi, we can express A as

AL=AL A, f] U UAL@, (5.4.105)
where
- —00,0[x[0,T] : 9 _(t) <z <L—(T—1)- fl(v[L, A, fz])},
:{ 00,0 x [0,T] : &> (t—o[L, A fi))- fi(A)},
Aua = {(a,1) €10, +00[x [0,7) & 7 < ap(®) .
Aus = {(@t) €R X [0,T] : myam)(®) <o < 98],
(5.4.106)
with oL, 4, f;] as in (5.2.11) taking f = f;, and
2(A,B) = (L/f{(A)=T) - f{(B) > 0. (5.4.107)

Similarly, in both CASES 1, 2 (see Figures 6-7), letting I'[R, B, f,], be the region defined
as in § 5.2.4, with f = f,., we can express I'g as

'k =T[R,B, f,] U UFRZ, (5.4.108)
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where

Pry = {@;,t) €] — 00,00 x [0,T] : I¢(t) <;c},
Tra = {(2,4) €10, +00[ x [0,T] : # <R~ (T ~1)- f/(B)},

Prg = {(2.) €10, +00[ x [0,7] : R= (T —1)- fi(u[R, B, f]) <& < I+ ()},
(5.4.109)
with u[R, B, fi] as in (5.2.7), taking f = f,.

Now, consider the function u; : AL — R defined by setting for every (z,t) € A :
in CASE 1:

u (z,t) = {(m_l(%)’ tz <0, (5.4.110)

7l (u.), if © =mn,(t), for some z >0,

r,—

where v , is defined as in § 5.4.4.1, with y = L;

in CASE 2:

( fl’)_l(;;_“’;), if (z,t) € AL1UALy, <0,
m_(uL,), if (z,t) € ALa, x=mn,(t), for some z >0
uL(,t) = V[, A, fil(x,1), if (z,t) € AL, A, fil, (5.4.111)
A, if (z,t) € Ao,
| B, if (z,t) € ALs.

where v[L, A, f;] denotes the function defined in (5.2.42), with f = f;.

By construction, because of (25), and relying on the analysis in 5.2.5, it follows that in
both CASES 1, 2, the function wu(x,t):

- is locally Lipschitz continuous on (AL \ A[L, A4, f;] ) N (R \ {0}) x]0,T[), and it is
continuous on the boundary dA[L, A, f;] \ ({0} x]0,T);

- is a classical solution of u; + fi(u), = 0 on (AL \ A[L, 4, fi]) N (] — o0,0[x]0,T7),

and of u; + f(u), =0 on AL N (]0,+o00[ x]0,T7]);

- is an entropy weak solution of u; + fj(u), = 0 on A[L, A, fi];

- satisfies the interface entropy condition (5.1.13) at any point (0,t), ¢ < 7, (L).
Therefore, by Definition 5.1.2, we deduce that w_ is an AB-entropy solution of (22) on
AL

Next, consider (for both CASEs 1, 2) the function ug : I'r — R defined by setting for
every (z,t) € I'r:

A, if (z,t) € I'ry,

B N L S
u[R. A, f)(a,t), if (a,) € T[R B, f,].
()1 (B2, if (z,t) € I'rg,
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where u[R, A, f,] denotes the function defined in (5.2.35), with f = f.. By construction
and relying on the analysis in § 5.2.4, we deduce as above that ug provides an AB-entropy
solution of (22) on I'r. Moreover, because of (5.3.27), (5.3.28), (5.3.29), we have

ur(z, T) = w(x) vz e]L,R]. (5.4.113)

5.4.4.5. Construction of AB-entropy solution on whole R x [0,T]. Observing that,
because of (5.4.102), (5.4.104), we have AL N{x =0} =Z;, 'r N {z = 0} = IR, we define
the initial datum on Z, U Zg as

u(zx,0 it zel,
() = (@,0) ' : (5.4.114)
ur(z,0) if z € Zg.
where, in CASE 1,
N(2), ifzeZ, <0,
u (z,0) = U~ () _ b (5.4.115)
wfqyf(uuz), if v € 7y, x=mn_.(0), for some z >0,

while, in CASE 2,

(), i x €] -(0), L=T" fi(v[L, A, fi])[,

Za if .]]G]L—T‘fl/(’U[L,A,fl]), 0[?
UL<w>O) = \= .
B, if @ 6]07 nL,z(A,E)(())[v
7T£=,J”L,z)a if ze [UL,z(A,E) (0), VL4 (0)[, =mL.(t), for some z >0,
(5.4.116)
and, in both CASES 1, 2,
ur(z,0) = (f)7'(35%), if z€Zx. (5.4.117)

In view of the observations in § 5.4.4.1-5.4.4.2, the construction of the A B-entropy solution
on (R x [0,7]) \ (AL UTR), and the corresponding definition of the initial datum on
R\ (Z._ U IR), proceed as follows:

- For any y €] — oo, L[U]L, L[U]R, 4+00[, we trace the lines ¥, . starting at (y,7") until
they reach the z-axis at the point ¢4 (y) = 9, +(0). Since conditions (5.3.10), (5.3.11)
of Theorem 5.3.3 is equivalent to the monotonicity of the map ¢(y) = 9,(0) (see |9,
Lemma 4.4]), it follows that 9, + never intersect each other in the region Rx ]0,77.
Then, if y €] — 0o, L[U]R, 400, we define a function u(z,t) that is equal to w(y+)
along the segment ¥, ;. Instead if y € |L, L[ we define u to be equal to w(y+) along
the segment 9, + (), 7+ (y) <t < T, and to be equal to . _(w(y=£)) along the segment
Jy(t), 0 <t < ay).

- For any z € Z[* U I, we trace the line n,, ., y,, €] —o00,L[U]R, +00[. By construction
the lines 7, . never cross each other in the region Rx ]0,7[. Then, if y,, €] — oo, L[,
we define u(z,t) to be equal to (f])"'((y — 2)/T) = wu,. along the segment 7,, .,
instead if y, €]R, 00|, we define u(x,t) to be equal to (f/)~'((y—=2)/T) = u,. along
the segment n,, ..

- For any z € ff, we trace the polygonal line 7, ., y, €]|L,L[. By construction the
lines 7, . never cross each other in the region Rx ]0,7[. Then, we define u(z,t) to
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be equal to (f})*((yn — x)/(T —t)) = u,. along the segment n,, ., 7(y,2) <t < T,
and to be equal to 7. _(u,.) along the segment n,, ., 0 <t < 7(y, 2).
Therefore, we define the the function

w(yt), if ©=1,.(t) for some ye]—o0,L[U]R,+o0],
w(yt), if ©=1,.(t)<0 forsome ye]L, L[,
ml_(w(yx)), if x=19,4(t) >0 forsome yelL, L,
(f)) M (==2), if z=mn,,.(t) for some z e I,
u(z,t) = (f)7H(2=2), if z=mn,,.(t) for some z € If, (5.4.118)
7R, if m=mn,,.(t) <0 for some z e1r,
7l _(uy, ), if & =mn, .(t)>0 forsome z eIy,
u (z, 1), if (t,2) € A,
ur(z,t), if (t,z) € I'g,
and the initial datum
(w(yj:), if xeZy, x=40,.(0) for some y €] — o0, L[U]R,+o0],
! (wyx)), if x€ Ty, v=0,.(0),y€]L, L[,
(), i se
wle) = § (£)7(2), it we T,
7k (Uy, ), if ©elr
u(x,0), if el
L ur(z,0), if x e Ig.

5.4.119

Notice that ug is not defined on the countable set Zr, which is of measure z<er0, anc>1
clearly ug € L*°(R). By construction, the function u(z,t):

- is locally Lipschitz continuous on (Rx]0,7[) \ (AL UTr U ({0} x]0,T])), and it is
continuous on the boundary d(AL UTR) \ ({0} x 10, T7);
is a classical solution of u; + fi(u), =0 on (] —o00,0[x]0,7[) \ AL UTk;
- is a classical solution of u; + f.(u), =0 on (]0,+00[x]0,T[) \ ALUTk;
is an AB-entropy solution of (22) on A U I'g;
satisfies the interface entropy condition (5.1.13) at any point (0,¢), t €]0,T7.
Thus, by Definition 5.1.2, it follows that the function u(z,t) in (5.4.118) provides an AB-
entropy solution to (22) on R x [0, T]. Moreover, because of (5.4.113), (5.4.118), (5.4.119),
we have

u(z,0) = ug(x), w(z, T) = w(x) for a.e. z €R. (5.4.120)

This proves that

w = SHPTy (5.4.121)

and thus w € A4B(T), which completes the proof of the implication (3) = (1) of Theo-
rem 5.3.17 in the case of a non critical connection.
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5.4.5. Part 2.b - (3) = (2) for non critical connections. As a byproduct of the
construction described in § 5.4.4, we show in this Subsection that, if w satisfies (5.4.89),
(5.4.90), then w verifies condition (2) of Theorem 5.3.17, i.e. w is a fixed point of the

map w S[TAB]Jr o S}AB]_w. We shall assume that w satisfies the pointwise constraints
of CASE 1 discussed in Remark 5.3.5, the other cases being simmetric, or entirely similar,

or simpler.

In order to verify that S%ABH o SZLABFOJ = w, because of (5.4.121) it is sufficient to

prove that, letting ug be the function defined by (5.4.115), (5.4.117), (5.4.119), it holds
true
up =S w. (5.4.122)
In turn, recalling the definition (5.1.28) of AB backward solution operator, the equal-
ity (5.4.122) is equivalent to the equality
wp(—z) =8y " (w(=))@x) zeR, (5.4.123)
where o
(,8) = S (w(= ) () (5.4.124)
denotes the unique B A-entropy solution of
{vt + f(z,0), =0 z€R, t>0,

0(2,0) =w(—z) zeR (5.4.125)

f(z,v) being the symmetric flux in (5.1.26).

Towards a proof of (5.4.123), we will determine the solution of (5.4.125) on R X
[0, 7] relying on the construction in § 5.4.4 and on the properties of the left forward
rarefaction-shock wave pattern derived in § 5.2.5. Observe that the function u(z, t) defined
by (5.4.118) for CASE 1, with i, ug defined by (5.4.110), (5.4.112), respectively, is:

- locally Lipschitz continuous in the region
Z = (Rx]0,T[) \ ({0} x]0, T[) UT(R, B, f,])

where T'[R, B, f,], is defined as in § 5.2.4, with f = f, (the region . is the complement
of the pink region and of the axis {x = 0} in Figure 6);

- a classical solution of u; + fi(u), =0 on | —o00,0[ x]0,T[;

- a classical solution of u; + f,(u), = 0 on (]0,400[ x]0,T[) \ 'R, B, f.];

- satisfies the interface entropy condition (5.1.13) at any point (0,t), t €]0,T7.

Therefore, if we define the transformation (z,t) — a(z,t) = (—x,T — t), the function
v(z,t) =u(—z, T —t), (o,t)€a(Z)\ ({0}x]0,T]), (5.4.126)
is:
- an entropy weak solution of v; + f.(v), = 0 in the open set a(.Z) N {z < 0};
- an entropy weak solution of v; + fj(v), = 0 in the open set o(.Z) N {x > 0}.

On the other hand, letting Aly[R, B, f+], B, f,] denote the region defined in (5.2.40) with
L=y[R,B, f,], A= B, and f = f,.. one can directly verify that

a(TR, B, f]) = Aly[R, B, f,], B, f;] €] —inf,0[x 0, TT. (5.4.127)
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Notice that (R x [0,7]) \ ({0} x]0,T]) is the disjoint union of a(.Z) \ ({0} x]0,T7)
and of o(T'[R, B, f,]). Then, letting v[y[R, B, f,], B, f;](z,t) denote the function defined
in (5.2.42), with L = y[R, B, f,], A = B, and f = f,, consider the function v : R x [0, T —
R defined by setting
oy = JUEBT =), if () € a(Z)\ ({0} 10, T]),
v(z,t) = _ . —
V[y[RaB7fT]7BJfT](x7t)7 lf (x7t>€A[y[R7Bafr]7BafT']
By construction and because of the analysis in § 5.2.5, the function v(z,t) :
- is locally Lipschitz continuous on (Rx]0,T[)\ (A[y[R, B, f.], B, f,] U ({0} x]0,T)),
and it is continuous on the boundary d(Aly[R, B, f,], B, f.]) \ ({0} x]0,T);
- is a classical solution of v; + f,(v), = 0 on (] —o00,0[x]0,T[) \ Aly[R, B, f,], B, f,];
- is an entropy weak solution of v; + f,(v), = 0 on A[y[R, B, f.], B, f];
- is a classical solution of v, + fi(v), = 0 on ]0, +o00[ x]0,T7 ;

(5.4.128)

- satisfies the BA interface entropy condition, namely, setting v;(t) = v(0—, 1), v,(t) =
v(04,t), and considering the function

154 (v, v,) = sgn(v, — A) (filv,) = fi( A)) —sgn(v, = B) (f(vr) — f(B)) .
it holds true

fr(ui(t)) = filv.(t)), Iﬂ(vl(t),vr(t)) <0, for a.e. t €]0,T7. (5.4.129)
Notice also that, because of (5.4.120), (5.4.127), (5.4.128), it follows
v(x,0) = u(—2z,T) = w(—x) for a.e. z€R. (5.4.130)

Therefore, by Definition 5.1.2, we deduce that the function v(z,t) in (5.4.128) provides
the B A-entropy solution to (5.4.125) on R x [0, 7], and hence we have

(@ t) =S (W= N@)  zeR tefo,T]. (5.4.131)
Moreover, by (5.4.120), (5.4.128), it holds true
E;BAH (w(= ))(z) = u(—=,0) = uo(—x) reR,
which proves (5.4.123), and thus concludes the proof of the implication (3) = (2) of
Theorem 5.3.17 in the case of a non critical connection.

5.4.6. Part 3.a- (1) < (2) for critical connections. In this Subsection we rely on
the fact that the equivalence of conditions (1), (2) of Theorem 5.3.17 holds for connections
which are non critical (by the proofs in § 5.4.2, 5.4.3, 5.4.4, 5.4.5), and we will show that
it remains true also for critical connections. To fix the ideas, throughout this and the
following subsections we shall assume that the connection (A, B) is critical at the left, i.e.
that

A=0, (5.4.132)

the case where one assumes that B = 6, being symmetric. Notice that the assumption
A = 60, does not prevent the connection to be critical also at the right, i.e. B = 6, it
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might or might not happen. Notice that there exists a sequence {A,,, By}, of non critical
connections that satisfy
lim(A,, B,) = (A, B). (5.4.133)

We will show only that (1) = (2), since the reverse implication is clear (see § 5.4.1).
Then, given w € AMBI(T) with

w=8""u,,  up e L¥(R), (5.4.134)

set

wy = SE Py (5.4.135)

Hence, since w, € AMA»Ba(T), by the validity of Theorem 5.3.17 in the non critical case
it holds

Wy, = JS':[F’L‘"B”]Jr o SZ[FA”B”}_wn Vn. (5.4.136)

Notice that by definition (5.1.28) it follows that the L

loc

stability property (iv) of Theo-
rem 5.1.8 holds also for the AB-backward solution operator S[TAB]_, so that we have

S[TAan}—wn N S[TAB}fw in LL.(R). (5.4.137)

loc
Hence, we deduce that

[Thm 5.1.8-(
w =

D iy g CA8O i) Gl Bal o GlAnBal= (T 51800 and (54137)) GlABL GlABI-

which proves (1) = (2). O

5.4.7. Part 3.b - (1) = (3) for critical connections. In this Subsection we rely
on the fact that the implication (1) = (3) of Theorem 5.3.17 holds for connections which
are non critical, and in particular we know (by § 5.4.2, 5.4.3, 5.4.4) that Theorems 5.3.3,
5.3.11, 5.3.14, are verified for non critical connections. We will prove that, for a critical
connection (A, B), any element w € A4P(T') satisfies the conditions of Theorem 5.3.9, or
of Theorem 5.3.11, or of Theorem 5.3.14. We divide the proof in nine steps.

Step 1. Let {A,, B,}, be a sequence of non critical connections as in Part 3.a. Given
w € AYB(T) as in (5.4.134), and w,, as in (5.4.135), set

w(z, t) = S ug(2), t>0, zeR, (5.4.138)
and consider the sequence u,, of A, B,-entropy weak solutions defined by
up(x,t) = S,S[A"B"Huo(x), t>0, xzeR. (5.4.139)

Let uy;, u,, denote, respectively, the left and right traces of w, at = 0 defined as
in (5.1.7), and let u;,u, be the left and right traces of u at x = 0 (whose existence
is derived in Steps 5, 8). Then, by Theorem 5.1.8 and Corollary 5.1.11, and because
of (5.4.133), it follows

un(,t) — wu(,t) in LL.(R) Vte[0,T], (5.4.140)
filuny) = filw) in L'([0,7)), (5.4.141)
frluny) = folu,)  in LY([0,T]), (5.4.142)

and hence, in particular, we have
wp — w in Li (R). (5.4.143)
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In order to prove that w satisfies condition (3) of Theorem 5.3.17, letting
L=Lw,fi], R = Rw, f], (5.4.144)

be quantities defined as in (5.3.2), we need to show that:

- If L =0, R > 0 or viceversa, then w satisfies the conditions of Theorem 5.3.11;

- If L=0, R=0, then w satisfies the conditions of Theorem 5.3.14.

- If L <0, R > 0, then w satisfies the conditions of Theorem 5.3.9.
We shall first address the two cases L = 0,R > 0, and L = 0, R = 0 (the analysis of the
case L < R = 0 being entirely similar to the one of L = 0 < R). Next, we shall analyze
the third case L < 0 < R. Throughout the subsection we let L,,. R,, denote the objects
defined as in (5.4.144) for wy,:

L, = Liwn, fi] R, = Rlwn, f] . (5.4.145)

Observe that by Remark 5.1.10, and because of (5.4.143), the functions w,, have a uniform
bound

|wn|lLe < C v n, (5.4.146)
for constant C' > 0. Hence, by definition (5.3.2), the constant |L,| are bounded by
T - supy,<¢ | fi(u)], and the constant R, are bounded by T - supy, <z | f;(u)]. Thus, up to
a subsequence, we can define the limits

L= lim L, R= lim R,. (5.4.147)
n—oo n—oo
We claim that R R
L<L, R>R. (5.4.148)

By definition (5.3.2), (5.4.144) of R, in order to prove the second inequality in (5.4.148),
it is sufficient to show that

R—T- fi(w(R+))>0. (5.4.149)
Observe that by Definition 5.1.2 u,, and u are entropy weak solutions of
u+ fr(u), =0 x>0, tel0,T] (5.4.150)

that, because of (5.4.140), (5.4.142), satisfy the assumptions (5.8.2), (5.8.3) of Lemma 5.8.1
in Appendix 5.8. Thus, applying (5.8.4), and recalling (5.4.134), (5.4.135), we find

w(R+) < liminf w, (y+). (5.4.151)
y—>§,y>0
Since (5.4.147) and the liminf property imply
li%iogf wn(y+) < lin%infwn(Rn—l—) : (5.4.152)
y—R,y>0
we derive from (5.4.151) that

w(R+) < liminfw,(R,+) . (5.4.153)
On the other hand, by definition (5.3.2), (5.4.145) of R,, it holds
Rn
wn(Ru+) < (f)71 <?) : (5.4.154)
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Hence, from (5.4.153), (5.4.154) and (5.4.147) we deduce

D . n—1 R n—1 R
oRe) < tim ()7 () =) <T> , (5.4.155)
which yields (5.4.149). This completes the proof of the second inequality in (5.4.148),
while the proof of the first one is entirely similar.

Relying on (5.4.148), we will show in Steps 2-7 the existence of w(0+), and that w
satisfies the conditions (i)’, (i)’ of Theorem 5.3.11 in the case L = 0, R > 0. Namely, in
Step 2 we prove (5.3.54), in Step 3 we prove (5.3.56), in Step 4 we prove (5.3.57), in
Step 5 we prove (5.3.53) and the existence of w(0+), while in Step 6 we prove (5.3.55).
Finally, in Step 7 we prove (5.3.52), concluding the proof of conditions (i)’, (ii)" of The-
orem 5.3.11. The proof of the existence of w(0+), and that w satisfies conditions (i), (ii)
of Theorem 5.3.11 in the case L < 0, R = 0 is entirely similar to the case L = 0, R > 0,
although the symmetry is broken (because of assumption (5.4.132)), and it is briefly dis-
cussed in Step 8. Next, in Step 9 we will show that w satisfies conditions (i), (ii) of
Theorem 5.3.14 in the case L = 0, R = 0. Finally, in Steps 10-13 we will show that w
satisfies conditions (i), (ii) of Theorem 5.3.9.

Step 2. (L=0, R> 0, proof of (5.3.54): w(z) > B in]0,R]).
Applying (5.3.14), (5.3.15) of Theorem 5.3.3-(ii) or (5.3.54) of Theorem 5.3.11-(ii)’ for wy,
in the case of the non critical connections (A,, B,), we deduce that

wy(z) > B, Vaxelo,R", Vn. (5.4.156)

On the other hand, by virtue of (5.4.143), (5.4.148), we can extract a subsequence of
{wn} that converges to w for almost every x €]0,R[. Then, taking the limit in (5.4.156),
relying on (5.4.133), and because of the normalization of w as a right continuous function
(see Remark 5.3.2), we derive (5.3.54).

Step 3. (L =0, R > 0, proof of (5.3.56): R€]0,T- f{(B)[ = w(R+) <wu[R B, f,] <
w(R-)). ~

Observe first that, in the case R = R, by the continuity of the function w[R, B, f,.] with
respect to R, B (see § 5.2.1), and because of (5.4.133), we find

lim u[R,, By, f.] = u[R, B, f,]. (5.4.157)
n—oo

On the other hand, if R=R € 10,7 f/(B)], we may assume that R,, €10, 7 - f/(B,)], for
n sufficiently large. Hence, applying either (5.3.13) of Theorem 5.3.3-(ii), or (5.3.56) of
Theorem 5.3.11-(ii)’ for the corresponding w, in the case of the non critical connections
(A, B,), we deduce

h,?ii;}fwn(Rn*) < lim u[R,, By, fr] - (5.4.158)

Then, combining (5.4.157), (5.4.158), with (5.4.153), and recalling (5.2.8) with f = f,,
we derive

w(R+) <wulR,B, f,] < B, (5.4.159)
which, together with (5.3.54) (established in Step 2), proves (5.3.56) in the case R=R.

Thus, because of (5.4.148), it remains to analyze the case R > R. Let 9, denote
the minimal backward characteristic for u,, starting from (R,,7) and lying in the domain
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x > 0. Recalling the definition (5.3.2), (5.4.145) of R,, this is amap 9,, : |7,, 7| — |0, 4+o0[,
T, > 0, with the property that lim,,, 9, (t) = 0. By possibly taking a subsequence,
we may assume that {7,}, converges to some 7 > 0. Observe that ¥, are genuine
characteristics which, up to a subsequence, converge to a genuine characteristic v~
|7, T] = 10, +oo[ for u, starting from (9=(T),T) = (R,T) (see proof of Lemma 5.8.1 in
Appendix 5.8). The trajectory of ¢~ is a segment with slope f1(w(R=,T)) = f(w(R=)).
Therefore, if 7 > 0, it follows that f;(w ( -)) > /Ii/T which by definition of R implies
R > R contradicting the assumption R >R Hence, it must be 7 = 0, lim; o9~ (¢) = 0,
and the trajectory of = is a segment joining the point (R, T') with the origin (0,0). Since
R < R and because backward characteristics cannot intersect in the domain = > 0,t >0,
this in turn implies that the slope f/(w(R+)) of the maximal backward characteristic
for u starting at (R,7") must be greater or equal than R/T. On the other hand, by
definition (5.3.2), (5.4.144) of R, we have f/(w(R+)) < R/T, and hence it follows that
f1(w(R+)) =R/T. (5.4.160)
Observe now that, applying Theorem 5.3.3-(ii) or Theorem 5.3.11-(ii)’ for w,,, in the case
of the non critical connections (A,, B,,), we know that (5.4.156) is verified. Moreover,

because of R < R = lim,, R, we may assume that R < R, for n sufficiently large. Hence,
by virtue of (5.4.143), we can extract a subsequnce of {w, } that converges to w for almost
every x €]0,R[, and thus we derive from (5.4.133), (5.4.156) that w(R+) > B. This
inequality, together with (5.4.160), yields

R>T-f/(B), (5.4.161)
proving the implication (5.3.56) also in the case R > R.
Step 4. (L=0, R> 0, proof of (5.3.57): R>T- f/(B) = w(R+) < w(R-)).
By virtue of (5.4.133), (5.4.148), we may assume that
R,>T f/(B) Vn. (5.4.162)
Then, applying (5.3.17) of Theorem 5.3.3-(ii) or (5.3.57) of Theorem 5.3.11-(ii)’ for w,

and the non critical connections (A, B,), we derive

wn(Ry—) > wn(Ru+) Vn. (5.4.163)

On the other hand, if R = R, invoking (5.8.4), (5.8.5) of Lemma 5.8.1 in Appendix 5.8,
we deduce as in Step 3 that

w(R—) > limsup w,(R,—), w(R+) < liminf w,(R,+). (5.4.164)

Then, (5.4.163)-(5.4.164) together yield w(R—) > w(R+), proving (5.3.57) in the case

R = R. Instead, if R > R, we can assume that R, > R for all n sufficiently large.
Then, observe that applying (5.3.12), (5.3.14), (5.3.15), of Theorem 5.3.3, or (5.3.53) of
Theorem 5.3.11, for w,, and the non critical connections (A,, B, ), we deduce

wn(R=) > wn(R+) V. (5.4.165)
Hence, with the same arguments of above we find that
w(R—) > limsupw,(R—), w(R+) < liminf w,(R+), (5.4.166)

n

180



5.4. PROOF OF THEOREM 5.3.17
which, together with (5.4.165), yields w(R—) > w(R+), completing the proof of (5.3.57).

Step 5. (L =0, R > 0, proof of (5.3.53): D*w(x) < hlw, fi, f,](z) in ]0,R[, and of the
existence of w(0£) ).

Applying Theorem 5.3.3-(i) or Theorem 5.3.11-(i)" for w, in the case of the non critical
connections (A, B,,), we know that

D*w,(z) < hlwn, fi, f](x) Vxelo,R,[. (5.4.167)

As shown in [9, Lemma 4.4], the inequality (5.4.167) is equivalent to the fact that the
maps

x
On(x) = —Tp(x)- flom] , (wn(x)), To(x) =T————, x €]0,R,[, (5.4.168
are, respectively, nondecreasing and decreasing. Since by (5.4.148) it holds lim, R,, > R,
relying on (5.4.143) we deduce that, up to a subsequence, {w, }, converges to w for almost
every x € ]0,R[. In turn, this implies that the sequences {¢y, } ., {70 }n, converges for almost

every x €]0,R[ to the maps

o(x) = —7(x)- flo w£+(w(x)), T(z) =T —

fiw(z))’

Then, the monotonicity of each map ¢,(z) and 7,(z), imply the same monotonicity of
the maps ¢(z), 7(z) defined in (5.4.169). Namely, ¢ is a nondecreasing map and 7 is a
decreasing map. But this is equivalent to the inequality (5.3.53), relying again on |9,
Lemma 4.4]. Next, we observe that the monotonicity of the maps x — ¢(z), x — 7(x),
readily implies the existence of the one-sided limit w(0+). In fact, since ¢ and 7 are
monotone, it follows that the limits ¢(0+), 7(0+) do exist. On the other hand, observing
that the map w +— f/ o7] , (w), w > B, is invertible, by (5.4.169) we can write

- x
w(m):[fl/om’:J 1(—%) vV €]0,R].

Therefore, since the limit for x — 0+ of the right hand side exists, it follows that the
limit w(0+) exists as well. Finally, concerning the existence of w(0—), given any sequence
{zn}n C] — 00,0[ of points of continuity for w such that x, — 0, consider the backward
genuine characteristics ©,, for u starting at (z,,7). Because of the assumption L =
0, and by definition (5.3.2), (5.4.144) of L, it follows that ¥J),, never cross the interface
x = 0. Observe that {J,}, is a sequence of Lipschitz continuous functions with a uniform
Lipschitz constant, defined on [0, 7] and lying in the semiplane {z < 0}. Hence, by Ascoli-
Arzela Theorem, we can assume that, up to a subsequence, {9, }, converges uniformly
to some Lipschitz continuous function 9 : [0,7] — ] — 00, 0[. Therefore, with the same
arguments of the proof of Lemma 5.8.1 in Appendix 5.8, since uniform limit of genuine
characteristics is a genuine characteristic, and because genuine characteristics cannot
intersect in {x < 0}, we deduce that ¢ is the minimal backward characteristic for u
in {z < 0} starting at (0,7"). Moreover, 9 has slope ¢ = lim, ¥/, = lim,, f/(w(x,)). In
turn, this implies that lim, w(z,) = (f/)~'(#’). Since this limit is independent on the
choice of x,, we deduce that the one-sided limit w(0—) exists and w(0—) = (f;)~1(#).
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Step 6. (L =0, R> 0, proof of (5.3.55): w(0—) > a]_ (w(0+)).
Let x €]0,R] be a point of continuity for w, and consider the backward genuine charac-
teristics for u starting at (x,T'), defined by

Pe(t) =2 — (T —t) - fl((w(z)) telr(x),T], (5.4.170)
with .
T(x) =T - (@)’ (5.4.171)

so that one has lim;,;(;)U(t) = 0. Observe that the inequality (5.3.53) (established
at Step 3) implies that the function 7(x) is decreasing. On the other hand, because
of (5.4.146), the slopes of ¥, are uniformly bounded by sup,,< | f;(u)|. Therefore, letting
{z,}» C]0,R[ be a sequence of points of continuity for w, such that x,, — 0, it follows
that

lim7(x,)=T. (5.4.172)

Notice that, since 1, are genuine characteristics, we have
w(zn) = up(7(z,)) Vn. (5.4.173)

Since, by definition (5.3.1) one has 7], (u) > 6, for any u, we may assume that, up to a
subsequence, either

(@) =0,  Vn, (5.4.174)
or
Ty (w(zn)) > 0 Vn. (5.4.175)
In the first case (5.4.174) we deduce that
4+ (w(04)) = lim 7, (w(zn)) = 01, (5.4.176)

which yields (5.3.55) observing that, by definition (5.3.2), (5.4.144), L = 0 implies f](w(0—)) >
0, which is equivalent to w(0—) > ;. In the second case (5.4.175) observe that, since the
map 7 in (5.4.171) is decreasing, and because x, are points of continuity for w, then
7(z,) are points of continuity for u,. Hence, by the interface entropy condition (5.1.13) it
follows that 7(z,) are points of continuity also for u;. Then, we can trace the backward
genuine characteristics for u starting at (0, 7(z,)), that, because of (5.4.173), are defined
by

Un(t) = (t = 7(2n)) - fl o7 4 (w()), te0,7(x,)]. (5.4.177)

Notice that {1, }, is a sequence of Lipschitz continuous functions with a uniform Lipschitz
constant, defined on uniformly bounded intervals [0, 7(z,)]. Hence, by Ascoli-Arzela The-
orem, and because of (5.4.172), we can assume that, up to a subsequence, {¥, }, converges
uniformly to some Lipschitz continuous function ¢ : [0,7] — [0, +o00[. Therefore, with
the same arguments of the proof of Lemma 5.8.1 in Appendix 5.8, since uniform limit of
genuine characteristics is a genuine characteristic we deduce that v is a backward genuine
characteristic starting at (0,7), that has slope f/ o 7/, (w(0+)). On the other hand the
minimal backward characteristic starting at (0,7") has slope f/(w(0—)). Since the slope of
the minimal backward characteristic is larger than the slope of any other backward char-
acteristic passing through the same point, it follows that f/(w(0—)) > f/ o 7] (w(0+)),
which implies (5.3.55). This concludes the proof of this step.
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Step 7. (L = 0, R > 0, proof of (5.3.52): D'w(z) < m in |—o00,0[, and
Dtw(x) < m in |R, +oof ).

Observe that, by definition (5.3.2), (5.4.144) of L, R, and since L = 0, backward charac-
teristics starting at points (x,T'), with z €] — 00, 0[U]R, +00[ do no intersect the interface
x = 0. Hence, we recover the Oleinik estimates (5.3.52) as a classical property of solutions
to conservation laws with strictly convex flux, which follows from the fact that genuine

characteristics never intersect at positive times. This completes the proof of the existence
of w(0+) and that w satisfies conditions (i)’-(ii)’ of Theorem 5.3.11.

Step 8. (L < 0, R = 0, proof of the existence of w(0+), and of conditions (i)-(ii) of
Theorem 5.3.11).

The Oleinik-type inequalities (5.3.46), (5.3.47), and the existence of w(0+) can be estab-
lished with the same arguments of Steps 5, 7. The proofs of (5.3.48), (5.3.49), are entirely
similar to the proofs of (5.3.54), (5.3.55), in Steps 2 and 6, respectively. Since A = §;, and
hence f/(A) = 0, the implication (5.3.50) is trivially verified. Finally, with the same ar-
guments of the proof of (5.3.57) in Step 4 one can recover the inequality w(L—) > w(L+),
thus proving the implication (5.3.51). Therefore the proof of the existence of w(0+) and
that w satisfies the conditions (i)-(ii) of Theorem 5.3.11 is completed.

Step 9. (L =0, R=0, proof of (5.3.62): DTw(z) < m in ]—o00,0[, and Dtw(x) <
m in ]0,4o0[, of the existence of w(0%): w(0—) > 77, (w(0+), and of (5.3.63):
w(0—) > A, w(0+) < B).

Since L = 0, R = 0, by definition (5.3.2) it follows that backward characteristics starting
at (z,7T), x €] —00,0[U]0, +00[, never intersect the interface x = 0. Thus, as observed in
Step 7, the Oleinik estimates in (5.3.62) are a classical property of solutions. Moreover,
with the same arguments of Step 5 one deduces the existence of w(0+£). Furhter, the
inequality w(0—) > 77, (w(0+) can be established with the same proof of (5.3.55) in Step
6. Finally, the inequality w(0+) < B is obtained with the same arguments of the proof
of (5.3.56) in Step 3, observing that by Remark 5.2.2 we have u[0, B, f.] = u[0+, B, f.] =
B. The other inequality w(0—) > A can derived in entirely similar way. Therefore the
proof of the existence of w(0+) and that w satisfies the conditions (i)-(ii) of Theorem 5.3.14
is completed.

Step 10. (L < 0 < R, proof of condition (i) of Theorem 5.3.9 and of the existence of
w(0—)).
The Oleinik inequalities (5.3.34) are a classical property of solutions to conservation laws
with strictly convex flux as observed in Step 7. The proof of the Oleinik type inequal-
ity (5.3.35) can be recovered with the same limiting procedure of Step 5, passing to the
limit the monotonicity of the maps

l x

On(x) = —T0(2)- flom, _(wn(x)), To(x) = T—m, x €|L,,0[, (5.4.178)

ensured by the Oleinik type inequalities satisfied by w,, € AA»B=(T), and relying on (5.4.143),
(5.4.148). This also shows that the one-sided limit w(0—) exists, using the monotonicity
of the limiting maps ¢(z) = lim,, ¢, (z), 7(z) = lim,, 7,,(z), = €]L,0[, as in Step 5.
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Step 11. (L <0 <R, proof of (5.3.37): w(L—) > w(L+), w(0—)=4§,).

The proof of the first constraint in (5.3.37) can be obtained with the same procedure of
Step 4 (with L in place of R). Concerning the second constraint in (5.3.37), notice first
that we have w(0—) < 6, since otherwise we may consider a sequence {z,},, of continuity
points for w, such that x,, 1 0, and for n sufficiently large the backward characteristics
for u from (z,,7T) would intersect in {x < 0} the maximal backward characteristic for u
from the point (L, 7"), which gives a contradiction. Next, assume that the strict inequality
w(0—) < 6, holds. Then, let z < 0 be a continuity point of w sufficiently close to 0 so
that w(z) < 6, and consider the time

x
=T )

at which the backward (genuine) characteristic for u from (z,7") impacts the interface
x = 0. Since z is a continuity point for w, by the strict monotonicity of the map 7 on
JL,0[ (derived in Step 9 as in Step 5) it follows that w;(7(z)) = w(z) < ;. Using also
the AB-entropy conditions (5.1.13) we then deduce that u,(7(x)) = 7l _(w(z)) < 6,.
But this implies that the maximal backward characteristic for v from (0, 7(x)) intersects
in {x > 0} the minimal backward characteristic for u from (R,T’), which again gives a
contradiction, and thus completes the proof of (5.3.37).

Step 12. (L < 0 < R, proof of (5.3.38): w(z) = B'in]0,R[, R€]0,T fi(B)[, of B # 6,,
and of (5.3.39): w(R+) < u[R, B, f,] < w(R-)).

Towards a proof of (5.3.38), first notice that the maximal backward characteristic for u
from (L,7") must intersect the interface x = 0 at a time

L R

=T ek T-+&RT (5.4.179)
In fact otherwise, we could consider a point x > L of continuity for w sufficiently close
to L, so that 7(z) > T'— R/f/(R—). But then, by the analysis in Step 11, the maximal
backward characteristic for u from (0,7(x)) would intersect in {z > 0} the minimal
backward characteristic for u from (R,7T), thus giving a contradiction. Next, observe
that at any point z €10, R[ of continuity for w we have w(z) > 6,, since otherwise the
backward characteristic for u from (x, T') would intersect in {x > 0} the minimal backward
characteristic for u from the point (R, T"), which gives a contradiction. By the AB-entropy
conditions, and because of the strict monotonicity of the map

x
T(x)=T @)’ z €]0,R[,
(that can be established with the same limiting procedure of Steps 5, 10), it then follows
that w(x) > B for all x €0, R[. Assume now that w(z) > B for some z € |0, R[ continuity
point for w. Observe that, because of the non crossing property of characteristics in
{z > 0}, and by (5.4.179), the backward characteristic for u from (z,7) impacts the
interface x = 0 at time

R
T(x) > T — —f,((R—) > 7.
Then, relying on the strict monotonicity of the map 7, and using the AB-entropy con-
ditions (5.1.13), we deduce that u,(7(7)) = w(z) > B, w(7(z)) = 7, (w(x)) > ;. But,
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because of (5.4.180), this implies that the minimal backward characteristic for u from
(0,7(z)) intersects in {z < 0} the maximal backward characteristic for v from (L,7")
which again gives a contradiction. Hence we have shown that w(z) = B in |0,R[. By
definition (5.3.2) of R, and because of (5.4.180), this implies that R €]0,7 - f/(B)[, and
thus completes the proof of (5.3.38). This also shows that we must have B # 0,. Fur-
thermore, we can derive (5.3.39) with exactly the same arguments contained in the proof
of (5.3.56) in Step 3.
Step 13. (L <0 < R, proof of (5.3.36): (fl')*l(m) <w(z) <6 in ]L,0[ ).
Let L,,, R,, be the constants defined at (5.4.145) as in (5.3.2) and, according with (5.3.4),
define B

L, = (T — 7[Ru, Bn, [+]) - f{(An). (5.4.181)
Since (5.4.132), (5.4.133) imply lim,, f/(A,) = 0, and recalling that R,, are bounded (see
Step 1), it follows that lim, L,, = 0. Thus, recalling also that the limit Rof a subsequence
of {R,,}, satisfies (5.4.148), we may assume that L, < L, < 0 < R,, for n sufficiently large.
Then, applying (5.3.14) or (5.3.16) of Theorem 5.3.3 for w, in the case of the non critical
connections (A, B,,), we deduce that

wa(z) <A, Vel L, wn(Lyt) = A, . (5.4.182)

Therefore, by (5.4.181) the backward characteristic for u,, starting at (L,, T') reaches the
interface x = 0 at time 7,, = T[R,,, By, f-]. In turn, this implies that, for every = € |L,,, Zn[
point of continuity for w,, the backward characteristic starting at (x,7") must cross the
interface x = 0 at a time smaller or equal than 7, = 7[R, B, f], since otherwise it would
intersect the backward characteristic for u, starting at (L,,7) in the domain {z < 0},
which gives a contradiction. Thus we have

T <r. (5.4.183)

filwn(z)) —
for every x G]Ln,zn[ point of continuity for w,. On the other hand, recall that by
Lemma 5.2.1 the map R — y[R, B, f,](T) < 0 is strictly increasing, and hence by (5.2.32)
the map R — 7[R, B, f,] is strictly decreasing. Therefore, since 7[R, B, f,] depends con-
tinuously on the parameters R, B (see § 5.2.4), and because of (5.4.148), we deduce that

lim7, = 7[R, B, f,] < 7[R, B, f.]. (5.4.184)

Hence, taking the limit in (5.4.183) as n — oo, and relying again on (5.4.143), (5.4.148),
we derive .
— < .e. . 4.

T (@) = 7[R, B, f] for a.e. z €]L,0] (5.4.185)
In turn, the inequality (5.4.185) yields the first inequality in (5.3.36). On the other hand,
if w(xz) > 6, for some x €]L,0[, with the same arguments of Step 11 one deduces that
the backward characteristic for u starting from (z,7") must intersect in {x < 0} the
maximal backward characteristic for u from the point (L, 7T), which gives a contradiction.
This shows that also the second inequality in (5.3.36) is satisfied. Therefore, the proof
of the existence of w(0£) and that w satisfies the conditions (i)-(ii) of Theorem 5.3.9 is

completed. This concludes the proof of the implication (1) = (3) for critical connections.
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5.4.8. Part 3.c - (3) = (1) for critical connections. In this Subsection we rely
on the fact that Theorem 5.3.17 holds for connections which are non critical, and in
particular we know (by § 5.4.2, 5.4.3, 5.4.4) that Theorems 5.3.3, 5.3.11, 5.3.14, are verified
for non critical connections. We will prove that if w € /"R satisfies the conditions
of Theorem 5.3.9, 5.3.11, or of Theorem 5.3.14, then w € AAPN(T) also for a critical
connection (A, B) satisfying (5.4.132).

Step 1. Given an element w of the set &/“R in (5.3.8), assuming that:

- if L < 0, R > 0 or viceversa, w satisfies the conditions of Theorem 5.3.9;
- if L =0, R > 0 or viceversa, w satisfies the conditions of Theorem 5.3.11;
- if L =0, R = 0, w satisfies the conditions of Theorem 5.3.14;

we will construct a sequence {w, }, of suitable perturbations of w with the property that:

wy € AAB(T) v p, wp —w in Li (R), (5.4.186)
for a sequence of non critical connections {(A,, B,)}, satisfying (5.4.133) and
A, < A, B,> B V. (5.4.187)

The conditions in (5.4.186) in turn will imply that w € AAP/(T). In fact, by the validity
of Theorem 5.3.17 in the non critical case, and because of (5.4.186), it holds

wy = Bkt g glnBel=y, 0y (5.4.188)

On the other hand, relying on the stability property (iv) of Theorem 5.1.8, and thanks
to (5.4.186), one finds as in § 5.4.6 that

GinBelt o glnBnl=, - S o SIHP, i L (R). (5.4.189)
Hence, combining together (5.4.186), (5.4.188), (5.4.189), we derive
o — S[TAB]+ o S[TAB]fw’

which clearly yields w € AMBI(T). Therefore, to establish the implication (3) = (1)
of Theorem 5.3.17 for non critical connections, it remains to produce a family {w,},
that satisfies (5.4.186). We shall construct such perturbations of w € &/“R as suitable
“(An, By) admissible envelopes” of w.

We will first consider in Steps 2-8 the case L = 0, R > 0, while the symmetric case
L < 0, R =0 is entirely similar. Next, we will consider separately the case L < 0,R > 0,
in Step 9.
Step 2. We shall assume throughout Steps 2-8 that
L =Lw, fi] =0, R=R[w, f,] >0, (5.4.190)
and that: w satisfies the conditions of Theorem 5.3.11 if R > 0; w satisfies the conditions
of Theorem 5.3.14 if R = 0.
We will perturb w to obtain an attainable profile w,, for the (A,, B,) connection by:
- shifting w on the right of x = 0 by a size 4, and on the left of z = 0 by a size
52,n;
- choosing d; ,, so to satisfy the admissibility condition (5.3.56) at x = R + 01, (if
R+ 51771 > 0),
- lifting w to the value B, of the connection when it is below, in the interval
10,R + d1,,], so to satisty the admissibility condition (5.3.54) (if R + 61, > 0);
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FI1GURE 19. The “candidate” characteristics of w and of its admissible
A™B™ envelopes w” (dashed).

- inserting a profile of a rarefaction in the interval | — da,,,0[, so to satisfy the
Lax-type admissibility condition (5.3.55) at = = 0.

Namely, consider the function

(w(x — 61,), if >R+ 01,
max{w(R+), By}, if 2 €]R,R+3d1,],
() = max{w(z), By}, it z€]0,R], (5.4.191)
4+ T - f/(max{w(0-), A, .
(A O DY e
(w(z + d2.n), if o< —dyp.

with
81 = inf {5 >0 : either R+d>7T-f/(B,),

or R+6<T- f,/,(Bn> and W(R+) < U[R+57 Bn>fr]}>

0o =T - fi(max{w(0-), A.}) =T fi(w(0-)),
(5.4.192)
where A, is defined as in (5.1.17). Recalling the definitions (5.3.2), and because of (5.4.190),
we deduce that

L, = Llw,, fi] =0, R, = Rlwy, f;] = R+ 01, Vn. (5.4.193)
Notice that the assumption that w satisfies conditions (ii)’ of of Theorem 5.3.11 or con-
ditions (ii) of Theorem 5.3.14, together with (5.4.133), imply that
lim 6y, = lim d5, =0. (5.4.194)
n—o0

n—oo

In fact, if R < T'- f/(B), relying on conditions (5.3.56), (5.3.60) of Theorem 5.3.11 or
on condition (5.3.64) of Theorem 5.3.14 we deduce that w(R+) < w[R, B, f.]. Moreover,
we know by Remark 5.2.2 that u[-, -, f,] is continuous in the first two entries. Therefore,
because of (5.4.133), we derive from definition (5.4.192) that, if R < T - f/(B), then
lim, 01, = 0. On the other hand, if R > T'- f/(B), then it follows from definition (5.4.192)
and (5.4.133), that 0,, = 0 for sufficiently large n. Next, observe that, since L = 0,
by definition (5.3.2) one has w(0—) > 6;. On the other hand by assumptions (5.4.132),
(5.4.133) it follows that lim,, A, = 6;. Therefore, by definition (5.4.192) we deduce that
hmn 52,71 = 0.
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Because of (5.4.133), and relying on conditions (ii) of Theorem 5.3.11 or of Theo-
rem 5.3.14, we deduce that the limit (5.4.194) implies the L{ . convergence of w, to w
as n — oo. Hence, in order to show that w, satisfy (5.4.186) it remains to prove that
wp € AABI(T) for all n. Since we are assuming in particular the validity of the im-
plication (2) = (1) of Theorem 5.3.17 for non critical connections, in order to establish
wyp € AABal(T) it will be sufficient to show that: if R, = 0 then w, satisfies conditions
(i)-(ii) of Theorem 5.3.14; if R,, > 0 then w,, satisfies conditions (i)’-(ii)” of Theorem 5.3.11.
This is established in the steps below distinguishing the cases where R =0 or R > 0 and

R, =0 or R, > 0. Notice that, by definition (5.4.191), we always have
wn(Ry—) > wn(R,4+) . (5.4.195)

Step 3. (Rn > 0, R =0, proof that w, satisfies condition (ii)” of Theorem 5.3.11).
By definition (5.4.191) one has

wn(0—) = max{w(0-), 4, }, wn(04) = max{w(0+), By}, wn(Ry+) = w(0+),
(5.4.196)
and
wn(z) > By, Vo €]0,R,[, (5.4.197)

while definition (5.4.192), together with (5.4.193), (5.4.196), (5.4.197), and (5.2.8) with
f =1, yield

R, €]0,T- f(B,)] = wn(Ry+) < ulRy, By, fr] < wn(Ry—). (5.4.198)
Since m]_ (B,) = Ay, from (5.4.196) we deduce
7] 4 (wn(04)) = max{m]  (w(0+)), 4, }. (5.4.199)
Hence (5.4.196), (5.4.199), imply
wn(0—) > 7, (wn(0+)) . (5.4.200)

Therefore, if R, > 0 and R = 0, then conditions (5.4.195), (5.4.197), (5.4.198), (5.4.200)
show that w,, satisfies condition (ii)’ of Theorem 5.3.11.

Step 4. (Rn > 0, R > 0, proof that w, satisfies condition (ii)’ of Theorem 5.3.11).

By definition (5.4.191) one has

wn(0—) = max{w(0-), A, }, wn(04) = max{w(0+), B, }, wn(Ry+) = w(R+),
(5.4.201)
and
wn(x) > By, Vo €]0,R,[, (5.4.202)

while definition (5.4.192), together with (5.4.193), (5.4.201), (5.4.202), and (5.2.8) with
f = f-, yield the implication (5.4.198). Since we are assuming that w satisfies condi-
tion (5.3.55) of Theorem 5.3.11, relying on (5.4.201) we deduce as in Step 4 that (5.4.199),
(5.4.200) hold. Therefore, if R, > 0 and R > 0, then (5.4.195), (5.4.198), (5.4.200),
(5.4.202) show that w,, satisfies condition (ii)’ of Theorem 5.3.11.

Step 5. (R, = R =0, proof that w, satisfies condition (ii) of Theorem 5.3.14).
By definition (5.4.191), we have

wn(0—) = max{w(0-), A,} > A,, wn(0+) = w(04), (5.4.203)
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while deﬁnition (5.4.192) yields w(0+) < w[0, B, f.]. Since by Remark 5.2.2 we have
ul0, B,,, f,] = B, (B, as in (5.1.17)), it follows that

wn(04) < B,,. (5.4.204)

Moreover, by virtue of (5.4.203) we deduce (5.4.200). Hence, if R, = 0 and R = 0, then
conditions (5.4.200), (5.4.203), (5.4.204) show that w, satisfies condition (ii) of Theorem
5.3.14.

Step 6. (Rn > 0, R > 0, proof that w, satisfies (5.3.52) of Theorem 5.3.11).

Since we are assuming that w satisfies either the Oleinik estimates (5.3.62) of Theo-
rem 5.3.14 (in case R = 0), or the Oleinik estimates (5.3.52) of Theorem 5.3.11 (in case
R > 0), computing the Dini derivative of w,, in (5.4.191), we find

1 1
DYw,(x) = DYw(z — 6,,) < Vz>R,,
()= Do =) S Tt =) T i@
1 1
Dtw,(z) = D w(x + 65, - Vao<—ba,,
() = DRt don) S G g 5) T eon(®) .
1
Dfwy(z) = ——— Vaoel|—06,,0|.
= T @) ol
(5.4.205)
Observing that w, is continuous at © = —ds,,, we deduce from (5.4.205) that w, satisfies

the Oleinik estimates (5.3.52) of Theorem 5.3.11.

Step 7. (Rn > 0, R > 0, proof that w, satisfies (5.3.53) of Theorem 5.3.11).
Observe that by definition (5.4.191) w,, is constant in |R, R,,[. Therefore, since it holds (5.4.195),
in order to show that w, satisfies the estimate (5.3.53) on |0, R,[ it will be sufficient to
show that (5.3.53) is verified on |0, R[, assuming that R > 0.
As observed in Step 5 of § 5.4.7, the assumption that w satisfies condition (5.3.53) of
Theorem 5.3.11 is equivalent to the fact that the maps
x

¢(x) = —7(z) - flom  (w()), T(z) =T - @)’

are, respectively, nondecreasing and decreasing. Then consider the corresponding maps
for w,
x

6ulw) = =rala) - flom wn(@), () =T - s

and compare their values in two points 0 < x; < x5 < R, of continuity for w and w,:

- if wy(z;) = w(z;) for i = 1,2, then one clearly has that ¢, (1) = ¢(z1) < ¢(x3) = Pp(x2),
Tn(.fCl) = T(LC1> > 7'(.’13’2) = Tn(QZQ)

- if wy () # w(x;) for i@ = 1,2, then by definition (5.4.191) we have w,(z;) = B, for
i = 1,2 and therefore one has ¢n(x1) < On(x2), To(z1) > T0lT2);

- if wy (1) = w(zy) and wy(x2) # w(z2), then by definition (5.4.191) we have w,(z1) > B,
wn(T2) = By, which implies f/(w,(x2)) < fl(wn(z1)). Moreover, since w(x) > 0,., w,(x) >
0y, it follows that f o 7]  (wn(71)) > fj o 7], (wn(22)). Hence, we derive that ¢, (z;) <
On(12) Tn(21) > To(2);

- if wp(z1) # w(xy) and w,(x2) = w(xg), then by definition (5.4.191) we have wy,(z1) =
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B,, > w(x1), which implies f/(w,(z1)) > fl(w(z1)). Notice that by definition (5.3.2) of
R it follows that w(z1) > 6,. Since also wy,(x1) > 6,, we deduce that f] o w£+(wn(x1)) >
f O7TZ:+((,L)(.T1)). Thus, it follows that ¢, (1) < ¢(z1) < @(x2) = dp(x2), T (x1) > T(21) >

T(.%Q) = Tn($2>.
Hence, extending the above estimates to the right limits of w,, in its points of discontinuity,
we have shown that it holds true

On(r1) < @n(e), To(x1) > To(22) VO<z <x9 <R. (5.4.208)
In turn, the monotonicity (5.4.208) of ¢,, 7, is equivalent to the fact that w, satis-
fies (5.3.53), by the same arguments of Step 5 of § 5.4.7.

Step 8. (Rn = R =0, proof that w, satisfies (5.3.62) of Theorem 5.3.14).
The proof is entirely similar to the one of Step 6, under the assumption that w satisfies
the Oleinik estimates (5.3.62) of Theorem 5.3.14.

Step 9. Finally, let us assume
L=Llw, fi] <0, R=Rw, f,] >0, (5.4.200)
and (because of (5.4.132)) that w satisfies the conditions (i), (ii) of Theorem 5.3.9. Hence,
by virtue of (5.4.133) we may assume also that, for n sufficiently large there hold
L<T- f(A), R<T- fl(B,). (5.4.210)
In a similar way to what is done in Step 2, we will perturb w to obtain an attainable
profile w, for the (A,, B,) connection by:

- shifting w on the right of x = 0 by a size 1,

- choosing d; ,, so to satisfy the admissibility condition (5.3.13) at x = R+ 1 ,;

- dropping w to the value A,, of the connection when it is above, in the interval
|L, 0], so to satisfy the admissibility condition (5.3.16).

Namely, consider the function

w(@ — 1), if >R+ 01,,

min{A4,,w(z)} if =z €]L,0],
w(z) if = <L,
with
S =inf {6 E€R : TR+6,B,, f,] = TIR B, f]}. (5.4.212)

Notice that the definition (5.4.212) is meaningful since the map R — 7[R, B,,, f,] is strictly
monotone and continuous, and because the image of the maps

T['?B>f7“] :]OvT'f,(B)[ - ]O>+Oo[a
T[, Bu, f] 210,T - f/(Bn)[ = ]0,+00[,

is the set 0, T (see § 5.2.4). Then, recalling the definitions (5.3.2), (5.3.4), and because
of (5.4.210), we deduce that

L, = Lwn, fi] =L, R, = Rlwy, fi] = R+ 1, (5.4.213)
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and

Lo = Llwn, fil = (T —7) - fi(An) = (T —7) - fi(An), (5.4.214)
where

Tn = T[R+ 61,0, B, f7], T =71[R, B, f,]. (5.4.215)
Relying on (5.4.133) and since 7[R, B, f,] depends continuously on the parameters R, B
(see § 5.2.4), one deduces that lim,, 6;,, = 0, that lim,, [n = 0, and that w,, converges to w
in Lj_ asn — oo. Hence, as in Step 2 above we conclude that, in order to show the validity
of (5.4.186) it remains to prove that w, satisfies conditions (i)-(ii) of Theorem 5.3.3.

Assuming that L, €]L,0[ for n sufficiently large, in order to show that w, satis-
fies (5.3.16) of Theorem 5.3.3 it will be sufficient to prove that

A, <w(@)  VYazell,,ol], A, < w(L—). (5.4.216)

To this end observe that, by definition (5.4.214), we have (fl’)_l(m) > A, for all

2 €]L,,,0[. Thus, the first inequality in (5.3.36) satisfied by w implies that w(z) > A,
for all x €]L,,0[, which proves the first condition in (5.4.216). Next observe that, since
L, €]L,0[, from the first inequality in (5.3.36) and by definition (5.4.214) it follows

- L,
FATm)) > 22 > (A,
which implies w(L,—) > A,. This completes the proof of (5.4.216) and thus that w,
satisfies (5.3.16). The verification that w, satisfies the remaining conditions in (i)-(ii)
of Theorem 5.3.3 is entirely similar to the one performed in Steps 4, 6, 7 above, and is
accordingly omitted. This concludes the proof of the implication (3) = (1) for critical
connections.

REMARK 5.4.2. Whenever Tot.Var.(w) < +oo, the perturbed profiles w, approxi-
mating w constructed in Step 2 and in Step 9 of § 5.4.8 may possibly have larger total
variation than the one of w. However, w, have always local bounded variation, even in
the case where Tot.Var.(w) = +o0. In fact, assuming (5.4.190) and that w satisfies the
conditions of Theorem 5.3.14, suppose that w has unbounded total variation on a right
neighborhood of x = 0. Then, letting {(A,, B,)}» be a sequence of non critical connec-
tions satisfying (5.4.133), (5.4.187), there should exist a sequence of positive values p,, | 0,
so that

w(zr) < By, vV x €l0,pn, (5.4.217)
for all n sufficiently large. If this is not the case, then there should exist p > 0 and 7
so that w(z) > By > 6, for all  €]0,p]. But this in turn would yield uniform upper
bounds on D*w (and hence on the total variation of w as well) on bounded subsets K
of [0, +oo[, with the same type of analysis of § 5.4.3. Therefore, because of (5.4.217), by
definition (5.4.191) we have

wy (1) = By, Vaxe€l0,p, (5.4.218)

for all n sufficiently large. The property (5.4.218) has precisely the effect to cut the possible
large oscillation of w occurring in a right neighborhood of z = 0, and hence to ensure that
Tot.Var.(w,,, K) < +oo for all n large. Clearly, we will have that lim,, Tot.Var.(w,, K) =
+oo. With entirely similar arguments one can show that, if w satisfies the conditions (i),
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(ii) of Theorem 5.3.9, then the profile w,, defined by (5.4.211) has always local bounded
variation.

5.5. BV bounds for AB-entropy solutions

We collect in this section the BV bounds for solutions, and for the flux of the solutions,
that arise as a corollary of our analysis.

PROPOSITION 5.5.1. In the same setting of Theorem 5.1.8, for every uy € L>®(R),
and for any bounded set K C R, the following properties are verified.

(1) For any non critical connection (A, B), there ezists a constant Cy = C1(A, B, ||up||Le=, K) >
0 such that it holds true

C
Tot.Var. (8" ug, K) < == V¢ >0. (5.5.1)

In particular, any attainable profile w = S%ABHUO, ug € L*(R), T > 0, enjoy the
property (H) stated in § 5.4.1-Part 1.

(i1) There ezists a constant Cy = Co(||ug||Le, K) > 0 such that, for any connection
(A, B), it holds true

Tot.Var.(fl oSt[ABHuO, Kn] - oo,O]) < %7
ct* Vi>0, (5.5.2)
Tot.Var. (f, o S ug, K N[0, +00]) < 72

where the inequalities are understood to be verified whenever K N] — 00,0] # 0, or
K N[0, +oo[# 0, respectively.

PROOF. Since 87 My, € ANP (t) and thanks to the implication (1) = (3) of Theo-

rem 5.3.17, we know that St[ABHuO satisfies the conditions stated in Theorem 5.3.3, 5.3.9,
5.3.11, or 5.3.14, that cover all possible cases. We divide the proof in four steps.

Step 1. (proof of (i)).

In the case of a non critical connection (A, B), it is well known that for initial data uy €
BV(R), one has St[ABHuO € BV(R) for all t > 0 (see [64, Lemma 8] and [1, Theorem 2.13-

(iii)]). On the other hand, for initial data uy € L>*(R), we know that St[ABHuO satisfies the
Oleinik-type inequalities stated in Theorem 5.3.3, 5.3.11, or 5.3.14. Thus, since (A, B) is

a non critical connection, by the analysis in § 5.4.3 we deduce that D+(St[ABHu0) satisfies
one-sided uniform upper bounds as the ones provided by (5.4.85). In turn, such bounds
yield the existence of uniform bounds on the total increasing variation (and hence on the

total variation as well) of S4B 0 on bounded subsets K of [0, +00], which depend on the
connection (A, B), on the set K, and on ||ug||L~. By similar arguments we derive bounds

on the total variation of S/*”" gy on bounded subsets of | — 0o, 0], which yields (5.5.1),
completing the proof of (i).

Step 2. (proof of (ii) when St[ABHuO satisfies the conditions of Theorem 5.3.14).
Since SL[ABHuO satisfies the Oleinik-type inequalities (5.3.62) of Theorem 5.3.14, we imme-
diately deduce a uniform bound on the total increasing variation of SEABHUO on bounded
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sets, which does not depend on the values f/(A), f/(B). In turn, such bounds yield the
existence of uniform bounds on the total increasing variation (and hence on the total
variation as well) of 5P 4y on bounded subsets K of [0, 400[, which depend on the
set K and on ||ug||p~. By similar arguments we derive bounds on the total variation of

SHP% 4y on bounded subsets of | — 00, 0], which yields (5.5.1), with a constant C} that
depends only on the set K and on |Jug||L=. In turn, (5.5.1) yields (5.5.2) relying on the
Lipschitzianity of f;, f, on the set [—M, M|, with M = ||ug||L~. This completes the proof

of (ii) in the case where S}ABHUO satisfies the conditions stated in Theorem 5.3.14.

Step 3. (proof of (ii) when St[ABHuO satisfies the conditions of Theorem 5.3.11).

To fix the ideas, we assume that w = S}ABHUO satisfies the inequalities (i)’ and the
pointwise constraints-(ii)’ stated in Theorem 5.3.11. Notice that, by the same arguments
of above, (5.3.52) yields the estimate (5.5.1) (and hence also (5.5.2)) for bounded set
K C|—o00,0] or K C [R,400[. Then consider a set K C [0,R], with R = R[w, f,| defined
as in (5.3.2), and assume that the inequalities (5.3.53), (5.3.54), are satisfied. Observe
that, by the uniform convexity (25) of fi, f., we have

i o 7TT U
% >e,  ffw)>ea, Yl < |wlie, (5.5.3)
[fz o 7rl,+<u>]

for some constant ¢; > 0 depending on ||w||p~. Moreover, by definition (5.3.2) of R it
holds true
t-fllw(x) >z VYazel0,R[, t>0. (5.5.4)
Hence, recalling the definition (5.3.6) of the function h, and relying on (5.3.53), (5.3.54),
(5.5.3), (5.5.4), we derive
D (frow)(z) = fi(w(x)) D w(x)
< fr(w(@)) hlw, fi, fr](z)

)P 059
= @Rl fw@) D) taz 00RO
Towards an estimate of (5.5.5), consider the map
() s
o) = { P fiw) =) + @ T LeDRL =0,
0, if u=240,,
(5.5.6)

By direct computations one finds
fr) £ (u) (22 — t[fl(w)]*)
(Lrr(t- fi(w) = 2) + )

Hence, since f/(u) > 0 for all u > 6,, and because f/(u) > 0 for all u, we deduce that,

setting
we= (Y5 (5:57)
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for all =, > 0 it holds true

>0 if welf,uLy,
Ugs > Oy, O, (v, t,u){ 6 (5.5.8)
<0 if u>uyy.

In turn, (5.5.7), (5.5.8) imply that u,, is a point of global maximum for the map u —
O (z,t,u), u > 6,. On the other hand, because of (5.5.8) we have

teflugy) > = x<V2t. (5.5.9)
Thus we find
1 1 /2
(I)(l',t,U) < (I)(‘Tatauz,t) = 2 5 < 3_<_> ) Vi< \/it, u > 97‘7
i)
(5.5.10)
and
/ 2
O(z,t,u) < /()] < %, Va>vV2t 6, <u<|w|ie, (5.5.11)
x

for some constant ¢y depending on ||w|lp~. Then, relying on (5.5.4), (5.5.5), (5.5.6),
(5.5.9), (5.5.10), (5.5.11), we derive

S i x<2t ze[0R[,
Jr t3
DY (f,ow)(z) < (5.5.12)
(;—3 if ©>+2t, xel0,R],

for some other constant c3 depending on |w||L=~. Hence, recalling Remark 5.1.10, we
deduce that, given a bounded set K C [0, R], we have

/ D*(f, oSt[ABHuO) (z) dx < %,
K

for some constant C' depending only on ||ug||p~, K, which yields (5.5.2). This com-

pletes the proof of (ii) in the case where S,[ABHUO satisfies the conditions stated in Theo-
rem 5.3.11.

Step 4. (proof of (ii) when St[ABHuO satisfies the conditions of Theorem 5.3.3 or of
Theorem 5.3.9).

Since St[ABHuo satisfies the Oleinik-type inequalities (5.3.10) of Theorem 5.3.3 (or (5.3.34),
(5.3.40) of Theorem 5.3.9), with the same analysis of Step 2 we deduce the uniform bound
in (5.5.2) for bounded subset K of | — oo, L] or of [R,+oo[. Next, for sets K C [0,R] or
K C [L, 0], relying on the Oleinik-type inequalities (5.3.11), (5.3.12), of Theorem 5.3.3 (or
(5.3.35), (5.3.41) of Theorem 5.3.9), we recover the bound in (5.5.2) performing the same
analysis of Step 3. This completes the proof of (ii) in the case where St[AB]JruO satisfies
the conditions stated in Theorem 5.3.3 or in Theorem 5.3.9, and concludes the proof of
the proposition. O
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5.6. Appendix A: Stability of solutions with respect to connections and BV

bounds

We provide here a proof of Properties (iv)-(v) of Theorem 5.1.8, which seems to be
absent in the literature. To this end we first recall a by now classical technical lemma,
useful for the analysis of stability of discontinuous conservation laws (e.g. see [26], [64,
Proposition 1]). For sake of completeness we provide a proof below.

LEMMA 5.6.1. Fiz a connection (A, B) and let I'® be the map in (5.1.10). Then, for
any couple of pairs (uy,u,), (v;,v,) € R? that verify

I8 (uy,u,) <0, I*B(v,0,) <0, (5.6.1)
and
filw) = fr(w),  filw) = fr(vr), (5.6.2)
setting
a<ul>u7‘7 UhUT) = Sgn(uT - UT) ’ (fr(ur) - fr(vr)) - Sgn(ul - Ul) ’ (fl<ul> - fl(Ul)) ) (563)
it holds true
a(up, up, v, vp) <0 (5.6.4)

PROOF. Observe that, if u, = v, or u; = v, then the left hand side of (5.6.4) is zero
and (5.6.4) is verified. Hence, without loss of generality, we may assume that u, > v, and
w # v If u; > vy, the left hand side of (5.6.4) is again zero, because of (5.6.2). Thus,
assuming that u; < v;, we have

a(ug, up, v, v0) = 2(fr(ur) — fr(vy)). (5.6.5)
If we suppose, by contradiction, that (5.6.4) is not verified, it would follow by (5.6.5), that
fr(uy) > fr(v,). Moreover, because of assumptions (5.6.1)-(5.6.2), and applying Lemma
5.1.5, we know that f.(u,), fr(v.) > f.(B). Since u, > v,, these inequalities together
imply that u, > B. On the other hand, by (5.6.2), it also holds fij(w;) > fi(v;). Relying
again on (5.6.1)-(5.6.2) and Lemma-5.1.5, we deduce that fi(w), fi(v;) > fi(A), which,
coupled with w; < vy, fi(w;) > fi(v;), implies u; < A. Hence, by Lemma 5.1.5 it follows
that u, = B and u; = A, and then we would have

a(up, up, v, v,) = (A, B,u,v,)
=sgn(B —v;) - (f(B) — fr(vr)) —sgn(A —vp) - (fi(A) = filvi)))  (5.6.6)
= I"'B(v,v,) <0
which is a contradiction. Therefore (5.6.4) is satisfied, and the proof is concluded. U

In order to obtain stability with respect to perturbations of the connection, the follow-
ing quantitative version of Lemma 5.6.1 will be useful. A general version of this Lemma
can be found in [25, Proposition 3.21] (see also [24, Proposition 2.10] for the case f; = f,).

LEMMA 5.6.2. Let (A, B), (A', B") be two connections. Then, for any couple of pairs
(ug, ur), (v, v,) € R? that verify

I8 (uy,u,) <0, I8 (v,0,) <0, (5.6.7)
and (5.6.2), it holds true
a(ug, up, v, v,) < 2| f(B) — f(B)]. (5.6.8)
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ProOOF. With no loss of generality assume that B’ > B. Then, applying Lemma 5.1.5,
one deduces that B’ > B, together with (5.6.2) and I"?'(v;,v,) < 0, implies that one of
the following two holds:

(1) I*8(v;,v,) <0,
(2) (v, v) = (A, B').
If (1) holds, then by Lemma 5.6.1 we have a(u, u,, v, v,) < 0, and therefore (5.6.8) is

verified. Otherwise, (2) holds. In this case, we can add and subtract the non positive
quantity 148 (u,u,), and rewrite a as

alug, up, A', B = ap(uy) — ag(uy) + TP (ug, u,) < o (uy) — ou(wy), (5.6.9)
where
ar(uy) = sgu(u, — BY) - (fi(ur) — f+(B)) — sgn(u, — B) - (fr(ur) — fr(B)),
ay(w) = sgn(u — A) - (filw) = fiA)) = sgn(u — A) - (filw) — fi(A)).
)

We provide separately an estimate on «,(u,) and on o;(u;). We consider first the term
a,., and we distinguish three cases.

(1) u, > B’. Then one has

O‘T(“T) = fr(uv’) - fr(B,) - fr(ur) + fr<B) = fr<B> - fr(B/>‘
(2) u, € [B,B’]. Observe that, applying Lemma 5.1.5 and relying on (5.6.2) and
I4B (uy, u,) <0, we deduce f,.(u,) > f,(B). Then one has

o (up) = = fr(u) + fo(B') = fr(uy) + f(B)
= (fr(B) + fr(B/) - 2f1"(u7‘)) < (fr(B/) - fr(B))
(3) u, < B. Then one has
OCr(”r) = _fr<ur> + fr(B/) + fr(ur> - fr(B) < fr(B/) - fr(B)

In every case, we obtain

ar(uy) < |fo(B') = fr(B)]. (5.6.10)
Analogously, and thanks to (5.6.2), we can prove that
a(w) = = [fi(A) = filA)] = = |f(B') — f(B)] (5.6.11)
which in turn, together with (5.6.10), implies
a(uy,u., A", B") <2|f.(B") — f(B)], (5.6.12)
and this concludes the proof of the lemma. O

PROOF OF THEOREM 5.1.8-(iv)-(v). Set
w(z, t) = S ug (), wla,t) = S Py (2). (5.6.13)

Relying on property (2) of Definition 5.1.2, with standard doubling of variable arguments
(e.g. see [41, §6.3]) one obtains that, for every non-negative test function ¢ € C! with
compact support contained in | — oo, 0] X |0, +00[, it holds true

/_ /OOO {lu = vls +sgn(u —v) (fi(u) = fi(v)) ¢s } dzdt > 0, (5.6.14)
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and, for for every non-negative test function ¢ € C}! with compact support contained in

10, +00[ x , it holds true

//{\U—v|¢t+8gn(u—v)(ﬂ() fr(v)) ¢, } dwdt > 0. (5.6.15)

Hence, with the same arguments, one deduces that, for every non-negative test function
¢ € C} with compact support contained in Rx ]0, 4+o0], it holds true

+oo  pFo00
/0 / {|lu—v| ¢ +sgn(u—v)(f(z,u) = f(z,0))p, } dzdt > —E,  (5.6.16)

where E is the extra boundary term at x = 0 (due to the fact that, differently from (5.6.14)-
(5.6.15), ¢ will not vanish in general at x = 0 ) given by

E:/D ) [sen(u(z, t) — (@, ) (f (@, ulz,t) — fz,v(z, )]0 ¢(0,t)dt,

with []°=5" denoting the limit from the right minus the limit from the left at z = 0.
Observe that letting u;, u, denote the one-sided limit of w in x = 0 as in (5.1.7), and

denoting v, v,., the corresponding ones for v, recalling (5.6.3) we can rewrite the quantity
E as

E= /0 +°° aus(t), ur (t), vi(t), v, (£)) (0, ) dt . (5.6.17)

On the other hand, since u;, u,, and v;, v, satisfy the Rankine-Hugoniot condition (5.1.8),
together with the inequality (5.1.11) related to the (A, B), and (A’, B') connection, re-
spectively, applying Lemma 5.6.2 we deduce that it holds true

a(w(t(u(t), u(t), v (1)) < 21f(B") — f(B)| for a.e. t > 0. (5.6.18)
Thus, combining (5.6.16) with (5.6.17), (5.6.8), we find
+00

/0+oo /joo { |u —v| petsgn(u—v)(f(z,u)—f(z,v))d, } dzdt > —=2|f.(B)—f.(B)| 6(0, 1) dt

0

(5.6.19)
Now fix 7 > 75 > 0, R > 0, and consider the trapezoid = {(z,t) : 70 <t < 7, |z| <
R+ L(r — 1)}, where L = sup, <y max{|f;(2)[,|f/(?)|}, with M being a uniform L>
bound for w and v. Then, by a standard technique (e.g. see [41, §6.3]), one can construct
a sequence of test functions ¢, € C!, with compact support contained in Rx |0, +oo,
that approximate the characteristic function of 2 when n — co. Employing (5.6.19) with
¢n, and letting n — oo we obtain

/|<R ‘u(x, 7)—v(x, 7')‘ dx < / |u($, 70)—v(x, 7'0)‘ dx+2(7’—7'0)|‘fT(B)—fr(B/)‘ .

|x|<R+L(T—70)
(5.6.20)
Relying on the L!-continuity of u and v at 7o = 0 (property (2) of Definition 5.1.2), and
letting R — oo in (5.6.20), we obtain the estimate of Theorem 5.1.8-(iv) for t = 7.

To establish property (v) of Theorem 5.1.8 observe that, if (A, B) is a non critical con-
nection, then by Lemma 5.5.1-(i) one has SBuy € BVjo(R) for all ¢ > 0, and for any uy €
L>°(R). Therefore, in this case, relying on this property we immediately recover the L. -
Lipschitz continuity of
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t = SMBuqy by standard arguments (e.g. see [41, proof of Theorem 9.4]). On the other
hand, in the case of a critical connection (A, B), we derive the L;, -Lipschitz continuity

of t — S#Puy applying Lemma 5.5.1-(ii) and following the same arguments in [54, proof
of Theorem 4.3.1]. O

PROOF OF COROLLARY 5.1.11. Relying on Theorem 5.1.8-(iv) we deduce that

u,(-t)  — wu(,t) in L (R) Vt>0, (5.6.21)
which in turn implies that there exists 7 > 0 such that
frlun(@, ) = fo(u(@,))  in Ly ([0, +oc). (5.6.22)

Then, observe that by Definition 5.1.2 u,, and u are entropy weak solutions of u;+ f,.(u), =
0 on ]0,+o00[ x [0,+00[. Hence, by a general property of weak solutions (e.g. see [41,
Remark 4.2]), for every fixed s > 0 one has

/ fr(us(s))ds —/ fr(u(z,-))ds + /Ozu(z,T)dz — /Ozu(z,O)(z)dz,

/ fr(tn, (s ds—/ fr(un (T ds+/ un(z,T)dz—/ un(z,0)dz Vn.
0 0

Since we are assuming that {u,(-,0)}, converges to u(-,0) in Ll _, taking the limit as
n — oo in (5.6.23) we deduce from (5.6.21), (5.6.22), (5.6.23) by standard arguments

that

(5.6.23)

fr(un,) —  fo(u,) weakly in L'(RT). (5.6.24)
With entirely similar arguments one derives also the other convergence in (5.1.16). O

5.7. Appendix B: Preclusion of rarefactions emanating from the interface

A distinctive feature of the structure of AB-entropy solutions is the fact that no
rarefaction wave can emerge at positive times from the interface x = 0. This property was
established in [2] exploiting an explicit representation formula for AB-entropy solutions
a la Lax-Oleinik. A different, rather technical proof, based on a detailed analysis of the
structure of AB-entropy solutions was derived in [9], under the additional assumption
that the traces of the solution at x = 0 admit one sided limits. Here, we provide a much
simpler proof that establishes this fact in the case of a non critical connection (A4, B),
and for a BV, AB-entropy solution. The proof relies on the properties of solutions of
Riemann problems and on a blow-up argument. Namely, the key point is to show that
Riemann-type initial data from which rarefaction waves emerge are not attainable by an
AB-entropy solution at any positive time ¢ > 0. Next, by contradiction and performing a
blow-up analysis, we prove that if a rarefaction emerges from an AB-entropy solution at
some time ¢ > 0, then there exists a Riemann-type datum u that generates a rarefaction
and which is attainable by an AB-entropy solution at time ¢.

One can recover this property of preclusion of rarefactions emanating from the in-
terface (for any AB-entropy solution and general connections) as a byproduct of the
characterization of attainable profiles w € AP/(T) provided by Theorems 5.3.3, 5.3.9,
5.3.11, 5.3.14 (see Remark 5.7.4).
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DEFINITION 5.7.1. We say that an AB-entropy solution u(z,t) to (22) has a rarefaction
fan emerging at the right (at the left) from the interface x = 0 at time ¢, if there exists
d > 0 and two continuity points 0 < 21 < xo for u(-,t + J) such that

1 — O0f (u(zy,t+9)) =9 — 6f (u(xe,t+0)) = 0.

Notice that Definition B.1 does no require to know that the solution u admits one-sided
limits at = 0, and it is invariant with respect to the scaling (z,t) — (pz,t + p(t — 1)),
p > 0. This definition is equivalent to say that there exists an outgoing rarefaction fan
emerging at time ¢, at the right, if there exist two distinct genuine characteristics located
in {x > 0} for times ¢ €t, + ¢], § > 0, that emerge from the point (0, 7).

PROPOSITION 5.7.2. Let (A, B) be a connection, consider a Riemann data

u, x<0
U= ’ ’ 5.7.1
“ {zﬁ, x>0, ( )

and assume that the solution St[ABHﬂ(x) contains a rarefaction wave located in the left
halfplane {x < 0}, or in the right one {x > 0}. Then for every T > 0 it holds u ¢
AMBI(T).

PrROOF. By contradiction, suppose that St[ABHﬂ(.T) contains a rarefaction wave lo-

cated in {z > 0}, and assume that uw € AMBI(T), i.e. that there exists an AB-entropy
solution solution u(z,t) of (22),(23), such that u(-,7) = w. Then, by uniqueness, one
has u(x, T +t) = S}ABHH(x) for all z € R, ¢t > 0. Since S}ABHH(x) is a solution of a
Riemann problem containing a rarefaction with nonnegative characteristic speeds, and
because of the admissibility conditions (5.1.13), it then follows that the right trace w,
of u at x = 0 satisfies B < u,(t) < w(T,z) = u' for every t > T, x > 0. Tracing
the backward characteristics from points (7, z), z > 0, we find that u.(t) = vt > B
for every t €]0,T[. Therefore, because of the admissibility conditions (5.1.13), one has
w(t) = mj , (u*) (with 7], defined as in (5.3.1)), for every ¢ €]0,T[. Then, letting £, &
denote the minimal and maximal backward characteristics starting at (0,7"), we deduce
that f/(u~) = E_(T) > &.(T) = fl(@l (u')), which in turn implies v~ > a7 (u"),
7T£7 +(u™) > u". Observe now that the AB-entropy solution of a Riemann problem with
initial data (5.7.1) satisfying v~ > 7L (u"), and u* > B, consists of a single shock lo-
cated in the halfplane {z > 0}, and connecting the left state 7. , (u™) with the right state

u™. This is in contrast with the assumption made on St[ABHﬂ(x), thus completing the
proof.
O

PROPOSITION 5.7.3. Let (A, B) be a non critical connection, and let u be an AB-
entropy solution to (22) that satisfies u(-,t) € BVioc(R), for allt > 0. Then u does not
contain rarefaction waves emerging from the interface x = 0 at times t > 0.

PROOF. Assume by contradiction that the solution u has a rarefaction wave, say
located in {z > 0}, which emerges from the interface at some time ¢ > 0. Let 0 < p < ¢/3,
and for any p > 0, set

I,={xeR: |z| <p}. (5.7.2)
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5. CONSERVATION LAWS WITH DISCONTINUOUS FLUX

Observe that the domain of dependence of u(z,t), for (z,t) € I; x [t — p,t + pl, is
the trapezoid Q = {(z,t) : |z| < p+A-(t+p—1),t € [t —2p,t+ P}, where A =
SUp|, < max{|f;(2)|,[f/(2)[}, with M being a uniform L> bound for u. Therefore, since
the total variation of u(t, ) on I;,, I, = |z| < p+ A - (t +p —t), is bounded, and because
(A, B) is a non critical connection, we can invoke the uniform BV bounds on AB-entropy
solutions established in [64, Lemma 8] (see also [1, Theorem 2.13-(iii)]) to deduce that

Tot.Var.(u(-,t), I;) < C(M + Tot.Var.(u(-, ¢ — 2p), [142n)5))  Vtiet+1;, (5.7.3)

for some constant C' > 0. Next, consider the blow-up of u at the point (0,7 ):

u,(z,t) = u(pz,t + p(t — 1)) reR, t>0, (5.7.4)
with 0 < p < p/t, and observe that it holds true
Tot.Var.(u,(-, t), Iz/,) < sup Tot.Var.(u(-,7), I5) vo<t<i+?l. (5.7.5)
TEL+I; P

Combining (5.7.3), (5.7.5), we find a uniform bound on the total variation of u,(-,t) on
the interval I, for all t <t +7/p, and 0 < p < p/t. Moreover, observe that because of
the finite speed of propagation A, by standard arguments (e.g. see [41, §7.4]) one deduces
that

lp(s1) = (o 8)llaqr,) S K- (E—s)  VO<s<t<i+?l, (5.7.6)

p
for all 0 < p < p/t, and for some constant A. Notice that the sets I;, x [0,7 + p/p]
invade R x [0, +oo[ as p — 0. Therefore we can apply Helly’s compactness theorem [41,
Theorem 2.4] to the sequence {u,}o, <5z, and deduce the existence of a function v €
L>*(R x [0,400[), so that, up to a subsequence, u,(-,t) converges to v(-,t) in Lty as
p — 0, for all £ > 0. By Definition 5.1.2 it follows that also v is an AB-entropy solution
of (22)-(23), with uy = v(-,0). Notice that

limu,(z,t) =u(z) = {u(O—i—,f) ?f v (5.7.7)
p—0 u(0—,t) if =<0,
and thus we find
v(-,t) =1,
which implies
e ANPI(T) (5.7.8)

On the other hand, observe that the rarefaction wave which emerges in the solution u at
time ¢ is preserved by the blow-ups u, in (5.7.4), because it is self similar for the scaling
(x,t) = (px,t + p(t —t)). Therefore there will be a rarefaction wave emerging at time
t, and located in {z > 0}, also in the solution v. This in turn implies that the solution
SABu(z) to the Riemann problem with initial datum % contains a rarefaction emerging
at t = 0 and located in {z > 0}, since S{*Pu(x) = v(t + t,z) for all x € R, ¢t > 0.
This, together with (5.7.8), is in contradiction with Proposition 5.7.2, thus completing
the proof. O

200



5.8. APPENDIX C: SEMICONTINUITY PROPERTIES OF SOLUTIONS TO CONVEX
CONSERVATION LAWS

REMARK 5.7.4. In the case of a general connection (A, B), relying on the characteriza-
tion of AAPl(t), t > 0, provided by Theorems 5.3.3, 5.3.9, 5.3.11, 5.3.14, we can show that
no rarefaction can emerge from the interface z = 0 at any time ¢ > 0 for any AB-entropy
solution u to (22), as follows. Suppose, by contradiciton, that a rarefaction is generated in
a time interval [, + 4], for some § > 0, and that lies in the semiplane {z > 0}. In partic-
ular this means that there exist two genuine characteristics &,& : [t + 0] — [0, +o0],
such that & (¢) =& (1) =0, T =& (T +0) < Ty = &(t+ 0). We may also assume that
&= fl(w(m)),i=1,2. Let w =u(-,t+9), R =Rw, f,] (see def (5.3.2)), and consider the
time 7(z) = (t+9)—z/ fl(w(x)), x €]0,R[, at which the characteristic starting at (x, t+4),
with slope f/(w(x)) impacts the interface = 0. Notice that 7(Z1) = 7(T) = t. Moreover,
thanks to Lemma 4.4 in [9], the Oleinik estimates satisfied by w (because of condition (i)
or (i) of Theorems 5.3.3, 5.3.9, 5.3.11, 5.3.14) imply the strict monotonicity of the map
x — 7(x), x €]0,R[. In turn, the strict monotonicity of 7 implies 7(Z;) # 7(Z2), thus
contradicting the assumption 7(Z1) = 7(T2) = t.

5.8. Appendix C: Semicontinuity properties of solutions to convex
conservation laws

Solutions to conservation laws with convex flux enjoy a lower and upper semicontinuity
property with respect to the L! convergence as stated in the following

LEMMA 5.8.1. Given a uniformly convexr map f, and T > 0, let {u,}, be a sequence
of entropy weak solutions of

w+ flu), =0 x>0, tel0,T], (5.8.1)

that admit a strong trace u,(0+,t) = lim, o4 u,(z,t) at x =0, for allt € [0,T), and let u
be an entropy weak solution of (5.8.1) that admits a strong trace u(0+,t) = lim, o4 u(x,t)
at x =0, for allt € [0,T]. Assume that {u,}, are uniformly bounded in L>°, that

un<7t) — U(,t) in Llloc(]07+oo[)7 Vie [OvT] ) (582)
and that
Then, for every x > 0, it holds true
u(z+,T) < liminf w,(y+,T). (5.8.4)
y—ax,y>0

If we assume that u,,u, are entropy weak solutions of uy+ f'(u), =0 onx <0, t € [0,7],
and that the convergences (5.8.2), (5.8.3), hold in L} (] — 00,0[), and for the left traces

loc
in x =0, respectively, then for every x <0, it holds true

uw(x—,T) > limsup u,(y—,T). (5.8.5)
yﬁzé’f%o

Proor. We will establish only the inequality (5.8.4), the proof of (5.8.5) being entirely
similar. Given z > 0, T' > 0, consider a sequence {y,}n, yn > 0, converging to x, and
such that

h;nun(yn#—, T) = liminf u,(y+,7). (5.8.6)
y—T
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5. CONSERVATION LAWS WITH DISCONTINUOUS FLUX

Let 9 : |1,,T] — ]0,4+00[, 7, > 0, denote the maximal backward characteristic for
u, starting from (y,,T), with the property that either 7,, = 0, or lim,,,, 9, (¢t) = 0.
By possibly taking a subsequence, we can assume that either 7,, = 0 for all n, or that
limy,,, U} (t) = 0 for all n. We recall that a maximal backward characteristic for u,
passing through (y,,T), y > 0, is a genuine (shock free) characteristics whose trajectory
is a segment with constant slope f’(u,(y,+,T)) (e.g. see [54]). Notice that {¢}, is a se-
quence of Lipschitz continuous functions with a uniform Lipschitz constant sup, <, f’ (u)
(M being a uniform L bound on w,), defined on uniformly bounded intervals |, T].
Hence, by Ascoli-Arzela Theorem we can assume that, up to a subsequence, {¥;}}, con-
verges uniformly to some Lipschitz continuous function ¥ : |7, 7] — ]0,400], such that

T = O, if Tpn = 0V n,
7= lim 7,, limJ(¢t) =0, it lmd () =0 Vn,
t—T t—Tn

n—oo

(5.8.7)

and such that ¥(T) = z. By a general property of characteristics, the uniform limit of
genuine characteristics is also a genuine characteristic. This can be easily verified in this
context observing that the trajectory of a genuine characteristic passing through a point
(y,t), y > 0, is a segment connecting (y,t) with the point (0,7(y,t)) or with the point
(2(y,1),0), where 7(y,t) and z(y,t) denotes the points of minimum for the functionals
involved in the Lax-Oleinik representation formula of solutions for the boundary value
problem (see [77]), and that such functionals are L' continuous with respect to the initial
datum and and weakly continuous in L' with respect to the flux-trace of the solution
at © = 0. Therefore it follows that ¢ is a genuine characteristic with constant slope ¥
satisfying

9 = lim (9}) = ILm I (un(yn+,T)), ¢ > flu(z+,T)). (5.8.8)

n—oo

Since f’ is increasing, we deduce from (5.8.8) that
lim w, (y,+,T) > u(z+,T), (5.8.9)

which, together with (5.8.6), yields (5.8.4).
U
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