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CHAPTER 1

Vector fields and nilpotent Lie algebras

1. Vector fields, flows, exponentials

Let © be an open subset of R™. A wvector field X on € is a first-order differential operator on €2 without
0-th order term,

(1.1.1) X = iaj(x)amj .

For xz € ), we set
Xy = (a1(2),...,an(2)) ,

the vector determining the directional derivative that the vector field computes at x.

We shall assume that the vector field is real and smooth, i.e. that the coefficients a; are real-valued
C*°-functions on Q.

Given a point zg € Q, the Cauchy problem

"t) =X
’Y(O) =20,
admits a local solution 7 : (—¢,e) — € for some € > 0. The following result is well known.

THEOREM 1.1.1. Let X be a smooth vector field on Q2. Then

(i) for every xo € Q the problem (1.1.2) has a unique solution 7y, (t) defined on a mazimal open interval
I, containing O
(ii) given K C Q compact, there is e > 0 such that 7, is defined for |t| < ex for every x € K;
(iii) the map ®x (x,t) = 75 (t) is smooth on its domain D = {(z,t) : t € I };
(iv) more generally, if

X, = Z aj(z,y)0z,
j=1

is a family of vector fields with coefficients depending smoothly on x and on a parameter y € R™, and
Vy,m0 (t) 15 the solution of the Cauchy problem (1.1.2) relative to X, then the map (z,y,t) — vy 2(t)
ts smooth in all variables.

Notice that (ii) is a consequence of (i) and (iii); it is stated for better clarity.
For fixed t € R, let ©; C ) consist of the elements = such that ¢ € I, and let px; : s — Q be given by

ox(x) = 7a(t) -
Then (), is open and ¢x; is smooth. The following properties hold:

(i) ¢x,0=1d;
(ii) PXtOPXt = PX t+t, when defined;
(iii) in particular ¢x ; is invertible on €, and w}}t =Qx,_t;

1



2 1. VECTOR FIELDS AND NILPOTENT LIE ALGEBRAS

The last identity is equivalent to saying that, if @’ = ~,(t), then 7,/ (t) = v, (¢t + ¢'), which follows from
uniqueness of solutions of Cauchy problems..

The maps ¢x,; form the flow of the vector field X on €.

When analyzing the flow of a vector field locally, that is on a compact subset K of €, it is sometimes
convenient to replace the vector field X by X' = nX, with n € D(Q) and identically equal to 1 on a
neighborhood of K. Then the flow of X’ coincides with that of X on K, but has the advantage that the
map (z,t) — @x/¢(x) is defined for every = and every ¢. When this happens, we say that a vector field is
complete.

The uniqueness of the solution of Cauchy problems gives the following characterization of the flow.

PROPOSITION 1.1.2. Let Q be an open set and § > 0. For each t € (—6,0), let py : Q. — Q be a smooth
map, with Q; C Q, and assume that
(1) Q=9 and po =1d;
(ii) for each compact subset K of Q there is §(K) > 0 such that
o K C Sy for |t] < 6(K),
e the composition p; oy is defined on K for |t| + |[t'| < §(K),
o for |t| +[t'| <O(K), propy =riv on K;
(iii) the map ®(x,t) = pi(x) is smooth on its domain.
For every f € C*(Q), let
d
(1.1.3) Xf= £‘t:0fog0t .
Then X is a smooth vector field on S, and p; coincides with the flow of X restricted to §y.

PRrROOF. Let K C Q be compact and z € K. For [t| < §(K), let v,(t) = ¢¢(x) and define X, as the
tangent vector 7, (0). The definition does not depend on the choice of K containing z. Formula (1.1.3)
follows from the chain rule.

To prove that the curves «, are integral curves of X, fix xg € K, |t| < 6(K) and let © = 7, (t) = @+(x0).
Then

.1
Voo () = }lllg}) 7 (peen(x0) — @i(z0))

.1

- ot~
.1

= Jimy 5 (O (h) — )

= Xm - X»on(t) .

Since v4,(0) = o, Vs, is the (possibly non-maximal) solution of (1.1.2). O

We will use the following simple property, a direct consequence of the chain rule.

LEMMA 1.1.3. Let X be a smooth vector field on Q@ with flow {px,.}. Then the flow of the constant
multiple sX of X is psx.1(x) = @x,st().

DEFINITION. We call exponential of t X the operator exp(tX) acting on a function f compactly supported
in § as

(1.1.4) exp(tX)f(x) = f(pxa(@)) -
We also denote by D(K) the space of smooth function on R™ supported on K.

LEMMA 1.1.4. Given K C Q compact, exp(tX)f is defined for |t| < dx and f € D(K). The exponential
of X satisfies the following properties:

(i) exp(0X)f = f;
(i) exp(—tX) = exp(tX)~!;
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(iii) exp ((t + S)X) Xp(tX)eXp(sX)
(iv) exp (t(s )) xp ((t5)X);

v) if fis Ct, 4 & exp( X)f Xexp(tX)f =exp(tX)Xf;
(vi) if f e D(K) and k € N

(1.1.5) exp(tX) f Z Xjf )+ Ot )

where the remainder term, as an element of D(QY), depends continuously on f and X.

PROOF. By the remark following Theorem 1.1.1, we can assume that X is complete. Statements (i) and
(iii) follow directly from the corresponding identities for the flow of X. Then (ii) is a direct consequence.
(iv) follows from Lemma 1.1.3.

In order to prove (v), observe that for every function f and x in the domain of ¢x 4,

Xf) = 5 floxa@)

Hence p p
GeR(0f(@0) = 1 e ((s+0X)flo)
= %I . exp(sX) exp(tX)f(x)
= X (exp(tX)f)(z) ,
but also p p
p exp(tX)(z) = &5 exp(tX) exp(sX)f(x)
=exp(tX)X f(x) .
Finally (vi) follows easily from (v). O

‘We consider now two smooth vector fields
n

X = zn:aj (2)0q; , Y = ij(x)azj
j=1

Jj=1

on € and we want to understand the interactions between their exponentials.
Some key remarks come from the analysis of the composition

exp(sX)exp(tY) exp(—sX) ,
i.e. the conjugation of exp(tY’) by exp(sX).
Observe that
exp(sX) exp(tY) exp(—sX)f(x) = f(px,—s 0 ¢y 0 px,5(2))

and that for fixed s, the maps . (z) = px _spyox,s(x) satisfy the hypotheses of Proposition 1.1.2 with
replaced by some subdomain €25 C 2. Therefore there is a smooth vector field Y on €2, such that ¢; = ¢y, 4,

ie.
(1.1.6) exp(sX) exp(tY) exp(—sX) = exp(tYs) .
We call Y, the adjoint of Y by exp(sX) and write
Y, = Ad (exp(sX))Y .
The expression of Y is obtained by differentiating in ¢ at ¢ = 0:
Y, = exp(sX)Y exp(—sX) .
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Hence, for f smooth,
[Ad (exp(sX))Y] f(z) = exp(sX)Y exp(—sX) f(z)
= (Y(fOSDX,fs)) (SDX,S(CC)) .

Since the map (s,t,2) — ©x,_s@y.t¢x,s(x) is smooth, it follows that the map

(1.1.7)

(s,z) — Ad (exp(sX))Y f(x)
is also smooth. We can therefore define a new vector field,
d
ad (X)Y = 5| Ad (exp(sX))Y .
S|s=0

Because the domains of exp(tY) and exp(sX) invade Q as s,t — 0, ad (X)Y is defined on all of 2. By
(1.1.7) we obtain the following description.

ProrosiTION 1.1.5. We have

ad(X)Y = XY - VX ¥ [x,V] .

Observe that, even though XY and Y X are separately second order differential operators, their difference
is only first order, more precisely a vector field:

X, Y] => ( (a0, b; — bkaxkaj)> O, -
j=1 \k=1

PROOF. Let
h(u,v,z) = exp(uX)Y exp(vX) f(z) .

Since the right-hand side is smooth in « and v,

ad (X)Y f(z) = £‘ h(s,—s,0) = (On — 0»)h(0,0,2) .
‘We have
0,h(0.0.) = 4 exp(uX)Y f(a)
= XY f)(z) .
Moreover,
0,h(0,0, ) = d%‘ Y exp(uX) f(2)
—v L ep(uX)f(a)
=Y exp(v x
=Y(X[f)(z) ,
since for each v the coefficients of Y are evaluated at x. Hence,
ad (X)Y f(z) = (XY - YX)f(x) . a

PROPOSITION 1.1.6. The following are equivalent:

(i) exp(sX)exp(tY) = exp(tY) exp(sX) for |s|,|t| < & for some 6 > 0 (and hence every & for which the
exp are defined);
(ii) Yexp(sX) = exp(sX)Y for every s (as above);
(iii) XY =Y X;
(iv) exp(sX)exp(tY) = exp(sX + tY) for every s and t (as above).
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%28

ProOOF. If (i) holds,
exp(tYs) = exp(tY)
for every t. Differentiating at ¢ = 0, we obtain that Yy = Y, which gives (ii).
From (ii), we obtain (iii) differentiating in s at s = 0.
Going backwards, if (iii) holds, differentiating in s at any s,
d d
£Ad (exp(sX))Y = s exp(sX)Y exp(—sX)
= exp(sX)XY exp(—sX) — exp(sX)Y X exp(—sX)
= exp(sX)[X,Y]exp(—sX)
=0.
Therefore Ad (eXp(sX))Y does not depend on s, hence it is constantly equal to Y, its values at s = 0.
This gives (ii).
Now, if (i) holds, then Ad (exp(sX))Y =Y, and (1.1.6) gives (i).
Suppose now that (iii) holds. Then [X,aY] = [X,X + aY] = [aY, X + aY] = 0 for every a € R. By
(i), the product T'(s) = exp(—sX)exp (s(X + aY')) exp(—saY’) does not depend of the order of the three
factors. Therefore,
T'(s)=(X+aY =X —aY)T(s)=0.
Hence T'(s) =1d, i.e.
exp (s(X + aY)) = exp(sX) exp(saY) ,
which gives (iv).
Conversely, if (iv) holds, T'(s) is constant, so that
T'(s) = —exp(—sX)X exp (s(X + aY)) exp(—saY)
+ exp(—sX) exp (s(X + aY))(X + oY) exp(—saY)
— aexp(—sX) exp( (X +aY) )Y exp(—saY)
= —exp(—sX)X exp (s(X + aY)) exp(—saY)
+ exp(—sX) exp (s(X + aY)) X exp(—saY)
=0.
Therefore, X exp (s(X +aY)) = exp (s(X + aY)) X, which implies that [X, X + Y] = o[X,Y] = 0 for
every a. This gives (iii). O

All the results of this Section remain valid if  is replaced by a smooth (i.e. C°°) manifold M and
a vector field X on M is defined as an operator which acts on smooth functions on M and which can be
expressed as in (1.1.1) in any set of local coordinates.

2. Lie algebras and the Baker-Campbell-Hausdorff formula

The space of smooth real vector fields on a manifold has a natural linear structure; in addition, the
operation

(1.2.1) [X,)Y]=XY-YX,
called the commutator of X and Y, is defined on this space.
We concentrate our attention on some algebraic notions connected with this operation.

DEFINITION. A Lie algebra over R (resp. C)! is a real (resp. complex) vector space g, endowed with a
bilinear map (called Lie bracket)

[,]:gxg—g

1We shall mainly be interested in real Lie algebras.
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such that
(i) [z,y] = —[y, 2] for every z,y € g;
(ii) the Jacobi identity
(1.2.2) [z, 9], 2] + [[y, 2], 2] + [[z,2), 9] =0

holds for every x,y,z € g.

Since the commutator of vector fields satisfies the Jacobi identity, smooth vector fields on a given manifold
M form a real Lie algebra (similarly, complex vector fields on M form a complex Lie algebra). In general,
this is an infinite-dimensional Lie algebra. Here are a few examples of finite-dimensional Lie algebras.

EXAMPLES 1.
(a) On M = R? consider the vector fields

X=0,, Y=u10,, Z=0,.

Since [X,Y] = Z and [X, Z] = [Y, Z] = 0, the 3-dimensional vector space that they generate is closed
under commutator, and therefore a Lie algebra.
(b) On M =R let
X =d/dx , Y =zd/dx .

Then [X,Y] = X, so that X and Y span a 2-dimensional Lie algebra.

(c) On R3, let
X1 =230y, — 2204, , Xo =210y, — 230, , X3 =290y, — 210, .

Their linear span is a Lie algebra.

(d) The notion of Lie algebra is abstract, and a Lie algebra need not consist necessarily of vector fields. For

instance, every associative algebra becomes a Lie algebra under the commutator [z,y] = 2y — yz. In
particular, this is true for the algebra of n x n real (or complex) matrices.

DEFINITION. A Lie algebra g is called abelian if [z,y] = 0 for every x,y € g. It is called nilpotent if
there is a k such that every iterated Lie bracket

(123) ["'[[$0,$1],$2} axk} .
is zero. If k is the smallest integer for which this happens, one says that g is nilpotent of step k.

A subalgebra of a Lie algebra g is a linear subspace which is closed under the Lie bracket. If S = {x;}icr
is a subset of g, the subalgebra generated by S is the smallest subalgebra of g containing S.

Clearly, the Lie subalgebra generated by S contains all iterated Lie brackets (1.2.3) with the z; € S. It
also contains Lie brackets of Lie brackets, like

“[mlv 'TQ]v xB} ) [x4v :C5]} )

or more complicated expressions of this kind. It is possible, however, to reduce such expressions to linear
combinations of iterated commutators.

LEMMA 1.2.1. The subalgebra generated by S is the linear span of the iterated Lie brackets (1.2.3) of
elements of S.

PrOOF. By induction on the number of nested brackets, it is sufficient to verify that, by the Jacobi
identity,

[[a, 0], [c, d]] = “[a,b],c],d] — [[[a,b],d],c] . 0

We go back to vector fields and their exponentials.

Let X and Y be two smooth vector fields on a manifold M. We have seen in Section 1 that the identity
exp(sX) exp(tY) = exp(sX +tY) does not hold in general, unless [X, Y] = 0. It turns out that one can obtain
good approximations of the product exp(sX)exp(tY') for small values of s and ¢ by single exponentials. We
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shall not give proofs, but we try at least to motivate some formal identities. For a closer insight, see the
appendix.
Consider the formal power series

exp(tX) = — Xk
k=0
derived from the Taylor expansion (1.1.5), and observe that the expansions of the two expressions (with
non-commuting variables)

t
exp(sX)exp(tY) , exp (SX +tY + %[X, Y])
coincide up to terms of degree 2.

A more concrete statement (whose proof we skip) is that

810y (exp(sX) exp(tY) f (@)

|s=t=0

= Qzaf(exp (SX +tY + %t[X, Y])f(x))

[s=t=0

for j+k <2
A longer computation shows that exp(sX)exp(tY’) and
t t2 %t
exp (sX + v + 2 Y]+ 2 [1X YL Y) - 2 Y],X])

have the same formal expansion up to terms of degree 3.
This formal procedure can be pushed to any degree. In this way one constructs a formal power series

(1.2.4) S(s, 5 X,Y) =sX +tY + Y /" Z;4(X,Y) ,

Gk>1
where each Z; ;(X,Y) is a fixed linear combination of iterated commutators of X and Y, containing X j
times and Y k times. This power series satisfies the formal identity

(1.2.5) exp(sX)exp(tY) = exp (S(s,t; X,Y)) .
This is the (formal) Baker-Campbell-Hausdorff formula.

THEOREM 1.2.2. Let X and Y be smooth vector fields on a manifold M. For any integer N, let
Sn(s,t; X,Y) be the sum (1.2.4) truncated to j+k < N. Then, given any compact subset K of M, there is
e =¢(K,N) >0 such that exp (Sn(s,t; X,Y)) f(z) is well defined for v € K and |s|, [t| < . Moreover

8§8§(exp(sX) exp(tY)f(x)) = 8585 (exp (SN(S, t; X, Y))f(x))

|s=t=0 ‘s:t:()

for j+k <N, so that
exp(sX) exp(tY) f(x) = exp (Sn(s,6; X, V) f(x) + O(|s[[|(|s[ + [¢)V ") -

This statement is useful for many purposes, but it is very weak in terms of exact identities. For instance,
by itself, it does not even imply that exp(sX)exp(tY) = exp(sX + tY) when X and Y commute.

We state, without proof, an important sufficient condition. It involves the Lie algebra generated by the
two vector fields X and Y. This is of course the linear span of them and of their iterated commutators.

THEOREM 1.2.3. Assume that X and Y generate a finite dimensional Lie algebra. For any relatively
compact open subset U of M there is € = €(U) > 0 such that, for x € U and |s|, |t| < €, the series of vector
fields

sX +tY + Y st Zk(X)Y) = S(s, 4, X,Y)
G k>1
is convergent on U and
exp(sX)exp(tY) f(z) = exp (S(s, t: X, Y))f(x) .
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We mention for future reference that the associative law (eXe¥ )e? = eX (e¥ e?) is respected by the formal
power series (1.2.4). This means that, taking for simplicity s = ¢ = 1 and setting S(X,Y) = S(1,1; X, Y),
(1.2.6) S(S(X,Y),2) = S(X,5(Y, 2)) .

The situation described above becomes even simpler if the Lie algebra generated by X and Y is not

only finite dimensional, but also nilpotent. In this case, in fact, the series (1.2.4) contains only finitely many
terms.

Finally, other formal identities can be given a precise content, along the same lines of Theorems 1.2.2
and 1.2.3. Examples of these are

2
(1.2.7) exp(sX) exp(£Y) exp(—sX) = exp (tY +StX, Y] — 715 (X, Y], X] + - ) ,
st st?
(1.2.8) exp(sX)exp(tY)exp(—sX)exp(—tY) = exp <st[X, Y] - 5 [X,Y],X] - 35 [X, Y], Y]+ ) .

3. Lie groups and Lie algebras

Finite-dimensional Lie algebras of vector fields on a manifold M naturally appear when the flows are
required to satisfy special properties, such as being isometries (if M has a Riemannian structure), or being
holomorphic (if M has a complex structure).

Another important case occurs when M has a group structure and the flows consist of group translations.
In fact there is a strict relation between the theory of finite-dimensional Lie algebra and the theory of Lie
groups.

DEFINITION. A Lie group is a smooth manifold G, which is also a group and the map from G x G to G
that assign to the pair (z,y) the element xy~! is smooth.

ProroOSITION 1.3.1. The following transformations on a Lie group G are smooth:

(i) the inversion z +— x7!;

(ii) the left translations ¢, (x) = ax and the right translations r,(x) = za™!, with a € G.
Consequently, the following operators transform smooth functions into smooth functions:

(i) the “check” operation f v~ f, where f(z) = f(z=1);

(ii) the left and right translation operators L, f(z) = f(a™'x), Rof(z) = f(za).

Observe that the definitions of ¢,,r,, Ly, R, are given in such a way to respect in each case the multi-
plicative rule o, = £y ly, Tap = 14T, €te.

At this point we must recall the notion of tangent vector at a given point x on a manifold M. The idea
is that once a coordinate system near x has been chosen, each tangent vector corresponds to a directional
derivative at x.

In order to give an intrinsic definition (i.e. independent of the coordinates), one must define a tangent
vector at x as a real linear functional v defined on smooth real functions in a neighborhood of z, such that

(i) v(f) =wv(g) if f and g coincide on a neighborhood of x;
(i) v(fg) = v(f)g(z) + f(x)v(g) for every f and g.
Clearly tangent vectors at « form a vector space, denoted by T, M. We assume that n = dimM.

PROPOSITION 1.3.2. Let ¢ : Q@ — M, Q C R"™, define a coordinate system near x, with x = ¢(0). For
every v € Ty M there is a unique real n-tuple (aq,...,ay,) such that

v(f) = a;9;(f o 9)(0) .
j=1
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In particular, the dimension of T, M is n.

(We omit the proof.)
If X is a smooth vector field on M and f is a smooth function, the value of X f at a given point x defines
a tangent vector at x, that we call X,.

We return now to Lie groups.
DEFINITION. A wvector field X on G is called left-invariant (resp. right-invariant) if

La(Xf) = X(Laf) , (resp. Ra(X[) = X(Raf))
for every a € G.

PROPOSITION 1.3.3. Given any tangent vector v at the identity element e of G, there are a unique left-
invariant vector field X such that X, = v, and a unique right-invariant vector field X' such that X! = v.
They are given by
(1.3.1) Xf(x)=v(Ly—f), X'f(z) =v(Ref) -

PRrROOF. Since X f(z) = L,-1(X f)(e), in order that X be left-invariant, it must be X f(z) = X (L,-1 f)(e),
so that the first identity in (1.3.1) is forced. We must prove now that (1.3.1) actually defines a left-invariant
vector field. Given a € G, we have

La(Xf)(m) = Xf(a_lx) = U(melaf) = ’U(melLaf) = X(Laf)(x) :
The proof for X’ is similar. O

The commutator of two left-invariant (resp.right-invariant) vector fields is also left-invariant (resp.right-
invariant).

DEFINITION. The Lie algebra g of left-invariant vector fields on G is called the Lie algebra of G, also
denoted by Lie (G).

By Proposition 1.3.3, dim(Lie (G)) = dim(G).

Because of the identification between left-invariant vector fields and tangent vectors at e, it is customary
to take T.G as the underlying vector space for Lie (G). The computation of the Lie bracket [v,w] of two
tangent vectors at e then involves their extension to left-invariant vector fields and the computation of the
commutator of these. We must remark that if one extends v and w to right-invariant vector fields instead,
the result is different (even though the resulting Lie algebra on TG is isomorphic to g).

Another consequence of Proposition 1.3.3 is that the left translations by x establishes a natural 1-1
correspondence between tangent vectors at e and tangent vectors at x, given by

(1.3.2) v € T.G +» v where v'(f) = v(L,-1 f) € T,G .

We discuss now the flow on G generated by a left-invariant vector field X.

DEFINITION. A one-parameter group in G is a smooth map v : R — G such that y(s+1t) = v(s)y(t) for
every s,t € R.

It can be proved that the weaker assumption that v be continuous implies that ~ is smooth.

THEOREM 1.3.4. Let {¢:} be the flow on G generated by a left-invariant vector field X. Then o4 is
defined on all of G for every t € R. Moreover v(t) = ¢i(e) is a one-parameter group and

(1.3.3) pr(x) = (1)

for every x € G and t € R.
Conversely, given any one-parameter group y(t) in G, there is a left-invariant vector field X whose flow
is given by (1.3.3).
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PROOF. By Theorem 1.1.1, v(t) is defined at least on some interval (—d,d). For 2 € G, consider

& D) = (L ) (1(6)

=X (L, f)((¢))
=L, (Xf)(7(t))
= X f(z7()) -

)
)

Therefore

(=) f(er(0)) =0

this implies that the expression in parenthesis is constantly equal to f(x), so that

exp(tX)f(z) = f(27(t)) -
This gives (1.3.3) for |¢| < ¢. In particular, for |t| < J, ¢ is defined on all of G. The identity w1+ = Ys0p;
allows a unique extension of the definition of ¢, to t € R such that this property is preserved. It follows
from Proposition 1.1.2 that this extension is the flow generated by X. Also,

V(s +1) = gsile) = ws(we(e)) = @5 (v(1) = v()7(5) ,
i.e. v is a one-parameter group.

To prove the converse, let v be a one-parameter group. Then the maps ¢:(z) = xy(t) satisfy the
assumptions of Proposition 1.1.2. Therefore they give the flow generated by a vector field X. We must show
that X is left-invariant. But

d

X(Laf)(z) = @ltzoLaf(M(t)) T dt),

= Xf(ail-f) = La(Xf)('r) ’
for every a € G. -

fla™lan (1)

COROLLARY 1.3.5. There is a one-to-one correspondence between left-invariant vector fields on G and
one-parameter groups in G. It assigns to every one-parameter group (t) the vector field X generating the

flow pi(x) = zv(t).

4. The group exponential

Let G be a Lie group, v a tangent vector at e, X the left-invariant vector field such that X, = v, and
v, (t) the corresponding one-parameter group, according to Corollary 1.3.5. At this stage it is convenient to
use T.G as the underlying vector space of g = Lie (G).

DEFINITION. The exponential map exps : g = G is given by
expg (v) =7 (1) -
The connection with the exponential of a left-invariant vector field is given by the identities
exp(tX)f(z) = f(z expg(tv)) = Rexpg (o) f(2)

Xf(x) = %lt:of(a: expg (tv)) -

Observe that
exp(sX) exp(tY)f(x) = RexpG(sXe)RexpG(tYe)f(w) = RexpG(sXe)expG(tYe)f(m) P

so that the two exponential notations are consistent. As a matter of fact, since exps is defined on the
“abstract” Lie algebra, it is as well correct to write exp(X) instead of exps(X,), once the Lie algebra is
thought of as consisting of left-invariant vector fields. It is also customary to drop the subscript in expg
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(unless more than one group is present). This makes the notation exp(X) ambiguous, but it works fine in
most cases.

PROPOSITION 1.4.1. The group exponential is a smooth map, and it is a diffeomorphism from a neigh-
borhood of 0 in g onto a meighborhood of e in G.

Before giving the proof, we recall the notion of differential at to € R™ of a smooth map ¢ from a
neighborhood 2 of ¢y to a manifold M. It is the linear map dp(to) : R™ — T,;,)M that assigns to u € R"
the tangent vector v defined by

v(f) = Ou(f o ¢)(to)

for f smooth on a neighborhood of ¢(tp).
Of course, R™ can be replaced by any finite-dimensional vector space (g in the present instance).

PRrOOF. In the notation of Theorem 1.1.1 (iv), the map
(x,v,t) — 7y 2 (t) = Texpg(tv)

is smooth, because the left-invariant vector fields X, depend linearly on v. Restricting this map to = = e
and ¢t = 1, we obtain the first part of the statement.

By the inverse mapping theorem, the second part of the statement follows if we show that dexpq(0) :
g — T.G ~ g is invertible. For v € g and f smooth on G, we have

(dexpe(0)) () = 5 Flexpatsu) = u(f)

Hence dexp(0) =1d. O

It follows that the exponential mapping defines a system of local coordinates on G near e. These are
called canonical coordinates of the first kind. There are other ways to use the exponential mapping in order
to define coordinate systems near e.

The general canonical coordinates of the second kind are defined as follows. Decompose g as the direct
sums of linear subspaces,

g=b1 b Dby,
and define ¢ : g — G as

o(vy +v2 + - +vg) = expe(v1) expa(v2) - - - expea(vk) |

if v; € b; for every j.
The previous proof shows that dyp(0)u = u for u € h;, so that again dp(0) =1Id.

A basic fact in Lie theory is that every (abstract) finite dimensional real Lie algebra is isomorphic to
the Lie algebra of a Lie group. We shall not prove this fact in general, but only for nilpotent Lie algebras.
Let then g be a finite-dimensional nilpotent Lie algebra over R. For x,y € g, let

Sa,y) =+ + glel + 15[ uly] - g5 [lm,u)a] + .
= Z Z',k(xvy)

jHk>1

be the formal expression in (1.2.4) for s = ¢ = 1. Since g is nilpotent, the sum is finite, so that S is a
polynomial mapping from g x g to g. This means that if we introduce linear coordinates on g, and write
x = (x1,...,2,) etc., then

S(J?,y) = (Sl(xvy)a""sn(xay)) )

where each S; is a polynomial in z and y.
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THEOREM 1.4.2. Introduce on g the composition law
(1.4.1) z-y=9S(x,y) .

This defines a Lie group structure having g as its underlying manifold. If we denote by G this Lie group,
then Lie (G) is isomorphic to g.

PROOF. The composition law is associative by (1.2.6). Clearly, S(0,z) = S(x,0) = 0, so that 0 is the
identity element. Since [z, —x] = 0, S(x, —x) = 0, so that =1 = —x. Similarly, we obtain that

(sv) - (tv) = S(sv,tv) = (s + t)v

showing that (tv) = tv is a one-parameter group. By Theorem 1.3.4, these are all the one-parameter groups
in G. Moreover expq(tv) = tv.
For v € g, let X, be the left-invariant vector field

Xof(@)= g flo- ()

= %Itzof($+tv+ %[.’L‘,’U] + f2 [[l‘ U] v} 1t2 [[33 ’U] x] + ) .

If 0, f denotes the directional derivative of f in the direction u, we have
1 1
X — _ _ .

(1.4.2) k
iL’) + Z aZjﬁl(x,v)f(x) .

j=1

It must be understood that the first term involves a derivative in the same direction v independently of
x, whereas each term in the sum contains a derivative in a direction depending on x. For better clarity, let
us introduce linear coordinates on g, so that 9, f(z) = (u, Vf(x)) and

k
(143) Xof(@) = (v, V@) + g {le,0], VI@) + D Zia(w0), V)
j=2

Hence the first term is a constant coefficient operator, the second term has linear coefficients in z, and,
similarly, the j-th term in the sum has coefficients which are homogeneous polynomial of degree j.

In order to prove that the Lie algebra of G is isomorphic to g, we show that the map v — X, is an
isomorphism. Clearly, this map is linear. It is also bijective, because X, is the unique left-invariant vector
field such that (X,)o = 0,. It remains to prove that [X,, X,| = X[y, for every v,w € g. Equivalently, we
must prove that [X,, Xy]f(0) = 0jy,u) f(0).

Since X, g(0) = 9,9(0) for every g, and keeping in mind that all terms involving second-order derivatives
must cancel with each other, we have

[vaXw]f(O) = avaf(O) - 8vaf(0)

k
= S (@l w])_ VIO) + 2<(avzj,1<x,w>),x VIO

k
1
- §<(a’w[z7v])|$=0 ZZ a Z]l Z,v )l =Oavf(0)> .
Since [z, w] is linear in z, J, [z, w] = [v,w]. On the other hand, Z;(z,w) is an n-tuple of homogeneous

polynomials of degree j, so that 0,7 1(z,w) is an n-tuple of polynomials homogeneous of degree j — 1, and
they will vanish at the origin. Ultimately,

(X0, X1 0) = 5 ([0, ], VFO) = 5[], VSO) =y f0) . O
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It can be shown that the group G so constructed is the “universal covering” of every connected Lie group
having a Lie algebra isomorphic to g, in the following sense.

THEOREM 1.4.3. Let G’ be any connected Lie group whose Lie algebra is isomorphic to the nilpotent Lie
algebra g. Then G’ is isomorphic to a quotient of the group G of Theorem 1.4.2, modulo a central discrete
subgroup of G. If G’ is also simply connected, then it is isomorphic to G.

A Lie group is also called nilpotent if its Lie algebra is nilpotent.

EXAMPLES 2.

(a) If g is abelian, then S(v,w) = v + w, and G coincides with g itself with the abelian group structure
underlying its linear structure. Hence G ~ R", and every other n-dimensional abelian, connected Lie
group is isomorphic to R¥ x T"~* for some k, 0 < k < n.

(b) The smallest non-commutative nilpotent Lie algebra is the three-dimensional Heisenberg algebra b1,
spanned by a basis eq, e, e3 satisfying the following relations:

[e1,e2] = ez, le1,e3] = [e2,e3] =0 .
If v = ze; +yes + teg and w = x’e; + y'es + t'e3, then
1 1
S(v,w) =v+w+ i[v,w] =(x+2)er + (y+y)es + (t +t + 5(333/ - x’y))eg .

The corresponding connected and simply connected Lie group H;, called the three-dimensional
Heisenberg group can then be regarded as R3 with product

1
(1.4.4) (z,y,t) - (2,0, 1) = (x +2y+y t+t + E(ch' - x'y)) )
The basis of left-invariant vector fields X,Y,T on H; such that Xo = 0, Yo = 0y, To = 0; is

(1.4.5) X:az—gat, Y:@ﬁgat, T=0.

5. Generating systems of vector fields

Let M be an n-dimensional smooth manifold, and let Xi,... Xy be smooth vector fields on M (with
no relation between k and n). Let also £(X71,..., X)) be the Lie algebra of vector fields on M that they
generate. We also set

Lo(X1,o, Xp) = {Ya: Y € L(Xy,..., X3)} ST, M .

DEFINITION. We say that the set {X1,..., Xy} is a generating system of vector fields on M (or that it
satisfies the Hormander condition) if, for every x € M, L, (X1,..., X)) =T. M.

EXAMPLES 3.
(a) The vector fields X,Y in (1.4.5) form a generating system on R3.

(b) The vector fields X; = 9, and Xy = f(z)d, form a generating system on R? if and only if for every
z € R there is a k such that f(*)(x) # 0.

The interest in generating systems comes from two different (but not completely unrelated) properties,
one being of geometric nature, the other more strictly analytic. Since both properties are local, we shall
restrict ourselves to M = {2, an open connected subset of R™.
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5.1. Sub-unitary curves and control distance.
If I = (ig,i1,%2,...,1;) € {1,...,k}7T! we denote by X[] the j-th order commutator
XU = [ [ X, Xiy ) Xay ], X, ]

We also set |I| = j and let N; the number of distinct commutators XU with |I| < j. If the X, form a
generating system, for each € Q there is m such that (X!1), with |I| < m span R™.

LEMMA 1.5.1. Let {X1,..., Xk} be a generating system of vector fields on Q. Given x € Q, let m be
such that the commutators X! with |I| < m generate R™. Then the map

®(tr,...,tN,,) = Pxlnl g, ©°00 (‘DXUNW],tNm (2)
is, for § > 0 small enough, a C* surjection from the ball |t| < § in RNm onto a neighborhood of x in 2.

PROOF. Since ® is smooth on a neighborhood of ¢ = 0, it is sufficient to prove that D®(0) has rank n.
But this is immediate, since d;,®(0) = (XY, O

LEMMA 1.5.2. Let X,Y be two vector fields in Q0 and let x € Q). Then the curve
y(t) = Py,vi° Px,vi° Py, —vi° ‘PX,—\/E(x)
is C1 on some interval [0,9) and v'(0) = [X,Y],.
PRrROOF. Clearly, v is continuous and C'*° for ¢t > 0. If f is a smooth function on €2,

F(v(1)) = exp(—VtX) exp(—VtY) exp(VEX) exp(VIY) f () ,

hence
%f(v 21t(—exp _VEX) X exp(—VEY) exp(VEX) exp(VEY)
— exp(—VEX) exp(— VY)Y exp(VEX) exp(VEY)
+ exp(—VtX) exp(—V1Y) X exp(VIX ) exp(V1Y)
+ exp(—ViX) exp(— V1Y) exp(\/ZX)Yexp(ﬁY)) (@)
= exp(—V1 X)2 \[( X exp(—VtY) + exp(—VtY ) X) exp(VIX) exp(VEY) f (z)

+ exp(—V1tX) exp(—VtY)

for t > 0. Moreover

2L\/Z( — Y exp(VEX) + exp(VEX)Y) exp(VtY) f(z) |

tl_if(l)hgi\/{( X exp(—VtY) + exp(—\/iY)X)
= tl—i>I(IJl+ %\/%( Y exp(VtX) + exp(\/fX)Y)
=Y
so that
Tim 2 f(3(0) = [X.Y]f(@)
Therefore J
G 100) = XY@

and the derivative is continuous at t = 0.
For f(x) = z;, we then have
d

%\tzo (W(t) : ej) = [Xv Y]m “€5
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since Vf = e;. O

Denote the curve  above as 7% y(t). Then 7% _y(—t) is C* on (—6,0] and its tangent vector at t =0
is again [X,Y]. Therefore we can extend 7% y to a C* curve on (—4,6) as

PY;(,Y(t) = /Y(xsgnt)X,Y(|t|) :
More generally, for fixed 5 € (0,1), define

V() = Qyus 0 Px -5 0 Py 45 0 Px _p-5 ()

for ¢ > 0 and 'yﬁlz,(t) = ’yfgyﬁ_y(—t) for ¢ < 0. The same proof as above shows that ’yf(/; is C!' on some
interval (—4, ) and its tangent vector at ¢t =0 is [X,Y].
We omit the proof of the following fact.

LEMMA 1.5.3. The function wf(,y(aj,t) = 'yffﬁy(t) is C in both variables.
We now extend the above construction to higher order commutators of vector fields. For a third-order
commutator [[X7 Y], Z}, start with

x,1/3
W[X,{/]’Z(t) = Pz11/3 © PIx,v],12/3 O Pz,—1/3 © P[X Y],—2/3 () (t>0),

(and similarly for ¢ < 0).

Adopting the notation 1/)?( ya(lz) = wf( y (z,t) replace the factors ¢[x y) 2/ by 1/1;(/;9/3 to obtain a new
curve,

1/2 1/2
Vxy,z(t) =z 0 w;éy;tz/s CPz,—t1/8 0 @/J)(/,y;,tz/s(x)
= Pz1/3 0 Py 1/3 O Px 41/3 O Py, _41/3 O Px _41/3
OPz _11/3 0Py 1/3 0O Px _41/3 O Py, _41/3 O ‘PX,tl/3($> .

An application of the Baker-Campbell-Hausdorff formula shows that this curve is C'' on some interval

[0,6) and satisfies 7/(0) = [[X, Y], Z]. It follows from Lemma 1.5.2 that
Uxy,z(x,t) = vy y z(t)

is C! in both variables.

Let Xi,..., X be a given set of vector fields. For any I = (i1,...,1,), we define inductively 77 (¢) and
Yr(z,t) as follows?.

If |I| = 1, we set v¥(t) = ¢i(z,t) = px, (x,t). If p=|I| > 1, calling I’ = (i1,...,4ip—1), We set

'le(t) = ’(/J[(ZE,t) = Px;,t1/p ° q//[';,f(p—l)/p °¥x,,,—t/r ° 7/71';7,*,(?—1)/1) (1')
for t > 0, and
Vi(6) =Y1(x,t) =0 x, /e O V-0 © O_x, —jt)1/e © Vpri— g o-1/p (T)

for t < 0.

One can also see inductively that the explicit expression of 17 (x, t) contains the composition of a number?
q = q(p) of factors @, 1 |y1/p-

It remains true that ¢; is C! in both variables. We can then conclude as follows.

PROPOSITION 1.54. Let {X1,..., Xk} be a generating system of vector fields on ), and let x € Q. Let
also I, ..., I, with |I;| < m for every j, be such that (X™),,...,(X™), form a basis of R". Then the map

(1.5.1) oty .o tn) =tr 4, 0 011, 1, ()
is, for 6 > 0 small enough, a C*-diffeomorphism of the ball [t| < & onto a neighborhood U, of  in ).

2We keep the notation Yr(x) = Yr(z,t).
3Precisely, q(p) =3-2P71 2,
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COROLLARY 1.5.5. Let p; = |I;|. Every element y = U, (t1,...,t,) € Uy can be written as
‘1/1’_7’1 (.13) )

where s = q(p1) + -+ q(pn), and for 1 <€ <s, 1<i; <k, 1 <j,<nande; = +1.

(1.5.2) Y= Pxi ety e OO Px

i1 7€1|t]'1

We have the tools now to present the control distance on 2.

DEFINITION. Let {X1,..., Xk} be a generating system of vector fields on Q. A sub-unitary curve in
is a piecewise smooth curve y such that v'(t), whenever defined, can be expressed as a linear combination

k
Y1) =) WX -

Jj=1
with Y c5(t) < 1.

THEOREM 1.5.6. Assume that ) is connected, and let {X1,..., X} be a generating system of vector
fields on Q. Then every pair of points in Q can be joined by a sub-unitary curve.

ProOF. Consider first two points x,y with y = W, (t1,...,¢,) € U,. From (1.5.2) we obtain a sub-
unitary curve 7 : [0,7] — U joining x and y as follows.
Take T' = [t;,|/P1 + -+ + |t;,|'/P+, and split [0, 7] into adjacent subintervals [rp—1,7¢] with 7 — 701 =
|te|'/Pe. Calling
yz = SDXi[ O+++0

LN/ @Xilyel‘tj]‘l/pjl( )

ety
we set v(0) = z, and, inductively,
7(7—) = SDEeXi[,T*Tﬁ,—l(ygfl) ’
for 7o—1 <7 < 7. In other words, on the interval [7,_1,7¢], v follows the integral curve of +X;, joining ye_1
to yy. In particular, v is sub-unitary.
So the subset of points in §2 that can be joined to a fixed point zq is open and non-empty. But also its
complement is open. Since () is connected, every point can be joined to xy by a sub-unitary curve. O

DEFINITION. Let I'y ,, be the family of all sub-unitary curves v : [0,T] — Q joining x and y. The control
distance d(z,y) on Q, induced by the system {X1,..., Xy}, is the infimum of the lengths T of the domain
of all the y € T'y .

DEFINITION. The control distance is a true distance, and it induces the euclidean topology on €. More
precisely, given x € Q, let m be such that the vectors (X1), with |I| < m span R"™. Then there are constants
c1, ¢ such that, for y in a sufficiently small neighborhood of x,

1
alr -yl < d(z,y) < calw -yl .

PRrROOF. Let B be a Euclidean closed ball centered at x and contained in 2. By compactness, there is
M > 0 such that |(X;).| < M for every j and every ' € B. It follows easily that, for every sub-unitary
curve v, |¥'(t)] < VM = M’ whenever ~(t) € B.

Let 7 be a sub-unitary curve joining = and y, defined on the interval [0, T]. If 7 is entirely contained in
B, then the Euclidean length of v is not larger than M'T, so that
[z —y

M

Otherwise, let Ty be the smallest ¢ such that () on the boundary of B. Then 7 = Vi

contained in B, so that, by the previous argument,

T>

o1y 18 entirely

if r is the radius of B. It follows that
min{|z —y|,7}
— M/ .
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This proves the first inequality. To prove the second inequality, suppose that y € U, = ¥, (B (0, (5)),
with § < 1, and consider the curve ~ introduced in the proof of Theorem 1.5.6. Then d(z,y) < T =

[tj, [/Pr 4|t |V/Pe. Since [t;,| < |t] = |(t1, e 7tn)‘ < 1 and py < m for every ¢, we have that
d(z,y) < slt]V/™ .
On the other hand, since ¥, is bi-Lipschitz in z, |z — y| ~ |¢|. a

A small refinement of the argument given above shows that, given any compact K C {2, an inequality
of the form ¢;|z — y| < d(x,y) < calx —y 7 holds for all z,y € K, with m, c1, co depending on K.

EXAMPLES 4.

(a) Consider the control distance in R? induced by the vector fields X1 = 8,, X2 = 29,. If a curve v goes
through the point P = (x,y) with x # 0 and has a tangent vector vp = (v1,v2) at this point, then the
components of vp w.r. to (X1)p and (X2)p are v; and 22 respectively.

Suppose, for instance, we want to compute the distance between two points on the y-axis, e.g.

O = (0,0) and A = (0,a). Any sub-unitary curve, defined on [0,7] and joining O to A must have a

horizontal tangent vector at both these points. Let y(t) = (v1(t),72(t)) be such a curve. Then

o2, ()
N 71(t)? =

for all but a finite number of values of ¢t. In particular, |y (¢)| < 1, so that |y1(t)| < |¢| for every ¢. It

follows that |v5(t)| < |y (¢)| < |t], hence |y ()] < % for every ¢. So, in order to have v (T) = a, we

must have T > v/2a.

On the other hand, let v be formed by three segments, the first joining O to (b,0) with tangent
vector (1,0) in time b, the second joining (b,0) to (b, a) with tangent vector (0,b) in time ¢, and the
third joining (b, a) with tangent vector (—1,0) in time b. This is a sub-unitary curve, and the total time
is T = 2b+ %, which is minimal for b = y/a/2, with T = v/8a. Therefore

V2a < d(0,A4) < V8a .

5.2. Hypoelliptic operators.

The results that we state here are due to L. Hérmander®.

The Sobolev norm of order s € R of a smooth function f on R™ with compact support is given by

1/2
(15:3) Il = ([ 7P+ g2 ae)
The Sobolev space H*(R"™) is the completion of D(R™) w.r. to the Sobolev norm of order s. Clearly,
(1.5.4) H* (R™) C H*(R™) C L*(R") ,

if 0 < s < s'. If k is an integer, the Plancherel formula shows that H* consists of the L2-functions whose
distributional derivatives are L? up to order k, and that

(1.5.5) Il ~ D 0% ll2 -
| <k
If X is a vector field on 2 C R™, it is pretty obvious that for every compact K C € there is a constant
C(K) > 0 such that, for every smooth f supported on K,

X fll2 < CUE) [ flly -

The next statement says that a generating system of vector fields is sufficient to control some Sobolev
norm.

4The proof can be found in L. Hérmander, Hypoelliptic second-order differential equations, Acta Math. vol.119 (1967),
p.147-171. See the Appendix for a proof.
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THEOREM 1.5.7. Let {X1,..., Xk} be a generating system of vector fields on Q. Let m be such that,
at every x € Q, the iterated commutators (X1), with |I| < m span R"™, and let s < 1/m. Then, for every
compact K C Q, there is a constant C(K) > 0 such that, for every smooth f supported on K,

k
1l < CE) (Il + 3215 £12) -
j=1

A closely related issue is hypoellipticity of differential operators obtained by composition of vector fields.

DEFINITION. Let L be a linear differential operator on Q with smooth coefficients. Then L is said to
be hypoelliptic if for any distribution u € D'(Q) and any Q' C Q, the condition Lu € C*(Q') implies that
u € C®().

For a distribution u € D'(Q), the singular support of u, denoted by sing supp u, is defined as the comple-
ment of the largest open set 2’ where u is C*°. Then the hypoellipticity condition is equivalent to requiring
that
(1.5.6) sing supp u C sing supp (Lu) .

The terminology comes from the fact that elliptic linear operators with smooth coefficients satisfy (1.5.6).
However there are non-elliptic hypoelliptic operators, such as the heat operator 9; — A, on R**! (with t € R
and z € R™).

THEOREM 1.5.8. Let {X1,..., Xk} be a generating system of vector fields on Q). Then the operators

k k
— 2 _ 2
Li=Y X}, Li=Xi-)Y X
j=1 =2

are hypoelliptic.

An operator of the form L is given different names: sub-Laplacian, Hérmander sum of squares, or
others. Among the operators of the form Lo, particularly important are the heat operators 9, — L1, defined
on 2 x R, L as above.

In Chapter 5 we will prove hypoellipticity of L1, following Héormander’s original proof.



CHAPTER 2

Structure of nilpotent Lie algebras and homogeneous groups

1. Central series and filtrations

We call a Lie bracket of order k in a Lie algebra an expression of the form
["'I:[x()a xl}v :I:Q] e 7xk)] .

DEFINITION.

(i) A subalgebra b of a Lie algebra g is called an ideal if [x,y] € b for every x € g and y € b.
(ii) If b is an ideal of g, the quotient Lie algebra is the quotient space g/h with bracket

(2.1.1) [x+b,y+b] =[x,y +5b.

(iii) The center of a Lie algebra g consists of those elements © such that [x,y] = 0 for every y € g.
(iv) A nilpotent Lie algebra g is called step k (or of length k) if k is the smallest integer for which all Lie
brackets of order k are zero.

The requirement that h be an ideal in the definition of a quotient Lie algebra is necessary, in order that
(2.1.1) be a good definition.

We define the descending central series of a Lie algebra g.

We use the following notation: if V, W are linear subspaces of a Lie algebra g, we denote by [V, W] the
linear subspace of g spanned by the Lie brackets [v, w] with v € V, w € W. We also tend to reserve gothic
letters to subspaces that are also Lie subalgebras.

We define inductively

g'=9, ¢ =lo¢];
i.e. g7 is the subspace spanned by the Lie brackets of order j — 1.
Clearly, g’t! C g’. Hence each g’ is an ideal of g. Moreover,

o', '] C o™
The following statement is a direct consequence of the definitions.

PROPOSITION 2.1.1. A Lie algebra g is nilpotent if and only if there is k such that g¥ = {0}. If this is
the case, the step of g is the largest m for which g™ # {0}.

An example where the condition in Proposition 2.1.1 is not verified is the following. Let g be R® with
the wedge product, i.e., [x,y] = 2 Ay. It is easily verified that [g,g] = g, hence g/ = g for every j. A Lie
algebra satisfying the condition [g, g] = g is called semisimple.

The descending central series of a nilpotent Lie algebra is useful to identify natural generating systems
of g.

PROPOSITION 2.1.2. Let g be a nilpotent Lie algebra and let W be a linear subspace of g complementary
to [g,9], i.e., g =W @ [g,9], and let {e1,...,er} be a basis of W. Then {e1,...,ex} generates g.

19
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PROOF. By the direct sum decomposition in the statement, any element = € g decomposes uniquely as
r = w+ry with w € W and ro € [g,g] = g°>. Then ry is a finite sum of terms of the form [y}, Y7 ], with
/

Y5, yj € g. Decompose, as above, y; = w’; + 2} and y] = w} + 27 with w},w] € W and 2}, 27 € g2. Then

[y}, 4] = [w), w/] + terms in g° ,
hence
T=w +Z[w§,w§-’] +ry, with r3 € g° .
J

This procedure can be iterated obtaining, at each step, higher order Lie brackets involving elements of W
plus a remainder term r; € g’. When we arrive at j = m + 1 the remainder term is zero. The last step is
the expansion of any element of W in terms of the basis {e;} and use of bilinearity of the Lie bracket. [

The descending central series is a notable example of a descending filtration (or simply a filtration) of a
Lie algebra g. By definition is a finite family {v,}1<;j<m+1 of subspaces such that

(i) vj+1 Coj for 1 < j<m;
(ii) v1 =g, V41 = {0} (one then allows v, = {0} also for k > m + 1);
(iii) for every 4,j, [0;,0;] C v,4;.
The definition implies that each v; is in fact an ideal of g. By induction,
(2.1.2) g’ Coj,
so that filtrations only exist in nilpotent Lie algebras and the length of a filtration cannot be smaller than
the step of the Lie algebra.

One also defines the ascending central series of a Lie algebra g as follows. We start with the center of g,

3@ ={reg:[r,y=0Vyecg},
and define inductively
g1=300), gn={reg:lrycg Vyeca}.
Using the Jacobi identity, one proves by induction that each g; is an ideal of g and that g; C g;41 for
every j. Introducing the quotient algebras h; = g/g; with canonical projection ;, it can easily be verified

that m;41(g;) = 3(h;+1) for every j.
PROPOSITION 2.1.3. A Lie algebra g is nilpotent if and only if there is k such that g, = g. If this is the

case, the step of g is the smallest m for which g,, = g.

PROOF. Assume that g is nilpotent, and that all iterated k-fold brackets are zero. Then the center 3(g)
contains all the Lie brackets of order k. It follows that g; = g/3 is nilpotent of step < k — 1. The converse
is also true, as one can see immediately.

By induction, the fact that g is nilpotent of step < k is equivalent to g = {0}. The conclusion follows
easily. (Il

2. Dilations and homogeneous groups

Let G1, G4 be Lie groups and ¢ : G; — G2 be a smooth group homomorphism. If v is in the Lie algebra
g1 of G, then 1(expg, tv) is a one-parameter group in Gy. By Corollary 1.3.5 of Chapter 1, there is a
unique v' = 9, (v) € g2 such that ¥ (expg, tv) = expg, (tv').

LEMMA 2.2.1. The map ¥, : g1 — g2 is a Lie algebra homomorphism, i.e. it is linear and

Vs ([, 0]) = [the (), e (v)] -

If G is connected, 1. uniquely determines 1.
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PROOF. The fact that 1, (sv) = s1.(v) for s € R is obvious. Let X be the left-invariant vector field' on
G such that X., = v, and let Y be the left-invariant vector field on Gg such that Y, = v' = ¢, (v).
Since

X(foulw) =5 Fov(aexpe, (i)

_4d
o dt)

— G F@@ e, ()

=Y f(¥(2))
for every smooth function f on Gs, the following identity holds:
(2:21) X(fow)=(Yf)ouw.
Moreover Y is the only left-invariant vector field on Gy for which this identity holds, because (2.2.1)
implies that

1 (@) (expe, (t0))

Yf(er) = G5 fowlenpe, () = G Flexpa, (1) = (1)

It follows directly from (2.2.1) that if X’ is another left-invariant vector field on Gy and Y is the
corresponding vector field on G, then X + X’ corresponds to Y + Y and [X, X'] to [Y,Y].

Suppose now that Gy is connected, and 1,7 are smooth homomorphisms from G; to G5 such that
s = M. Then

¥ (expg, (tv)) = expg, (1 (v)) = n(expg, (tv)) -

By Proposition 1.4.1 of Chapter 1, the image of the exponential map of G; contains a full neighborhood
U of the unit element e;. Therefore v» = n on U. It follows that 1) = n on the subgroup H of G, generated
by U. If x € H, then 2U C H, so that H is open. But

Gl \H = U zH 5
cZH
which is also open. Since Gy is connected, H = G;. O

One says that the Lie algebra homomorphism v, is induced by the group homomorphism . Observe
that 1, is nothing but the differential of 1 at the identity of G;.

It is not true in general that any homomorphism from g; to go is induced by a group homomorphism
from G; to G2. This statement becomes true if we assume that G is connected and simply connected. We
give the proof for nilpotent groups.

PROPOSITION 2.2.2. Let G1,G4y be connected nilpotent Lie groups, with Lie algebras g1, g2, and let Gy
be simply connected. If A : g1 — g2 is a Lie algebra homomorphism, then there is a unique smooth group
homomorphism ¢ from Gy to Gy such that 1. = .

Proor. We assume first that also Gy is simply connected. We identify G; with g; endowed with the
product (1.4.1) in Chapter 1, and define ) = A. It is clear that
because Zj 1, is a linear combination of iterated Lie brackets. Therefore

S()\(x),)\(y)) = )\(S(ac,y)) ,
which says that 1 is a group homomorphism. Smoothness is obvious and uniqueness follows from Lemma
2.2.1.
If Z is a central discrete subgroup of G and 7 is the canonical projection of Go onto Go/Z, then 7o 1)
is a smooth homomorphism whose differential is A. By Theorem 1.4.3 in Chapter 1, this covers the general
case. ]

Here we are implicitely identifying g with the tangent space T.G.
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Let V be a real vector space. A family {0;}+~0 of linear maps of V to itself is called a set of dilations on
V if there are real numbers A\; > 0 and subspaces W) of V' such that V' is the direct sum of the W), and

(01w, =tM1d

J

for every j.

DEFINITION. Let g be a Lie algebra and {6t }1>0 be a set of dilations on its underlying vector space. If
each d; is an automorphism of g, then the pair (g, {5t}) 18 called a homogeneous Lie algebra.

A homogeneous Lie group is a connected Lie group G endowed with a family {D;}iso of automorphisms
such that its Lie algebra g is homogeneous under the §; = (Dy)..

It must be observed that the same Lie algebra can have different homogeneous structures.

EXAMPLES 5.

(a) If g is abelian, any set of dilations on it makes it a homogeneous Lie algebra.
(b) Let b, be the (2n+1)-dimensional Heisenberg algebra, with basis ey, ..., e, f1,..., fn, h and Lie brackets

(222) [eiaej] = [fwfj} =0 ) [€Z7fj] = 6’i,jh ) [eiuh] = [fﬂh] =0 )
for every i, j. Setting
6t(ej) = tajej ) 5t(fj) = tﬁjfj 5 5t(h) =t"h )

with a;, 3,7 > 0, the {0;} make b,, a homogeneous algebra if and only if «; + 5; = v for every j.
(c) Let g be the Lie algebra consisting of the real upper triangular matrices

0 a2 -+ ain

0 0 - as,
A= . . . . )

0 0 0

with Lie bracket [A, B] = AB — BA. Then
5i(A) = (' aiy)

is a set of dilations on g.

LEMMA 2.2.3. A homogeneous Lie algebra is nilpotent. A homogeneous Lie group is simply connected.

PRrROOF. Let x € Wy, and y € W), . Then

dilz,y) = [0:(2), 0 (y)] = 3" [z,

ie. [z,y] € Wy, 4a,. This implies that if m min A\; > max A;, any Lie bracket of order m in g is zero.
Assume now that G is homogeneous. By Theorem 1.4.3 in Chapter 1, we can assume that G = G /Z,
where G has the same Lie algebra of G, it is connected and simply connected, and Z is a discrete normal
subgroup of G.
The dilations D; on G induce dilations d; of g, and these in turn induce dilations D; on G, by Proposi-
tion 2.2.2. If 7 is the canonical projection of G onto G, we claim that

(2.2.3) Dyom=moD,,

for every t. This follows from Lemma 2.1, once we observe that 7. is the identity map of g, so that
(Diom)y = (w0 Dy)s.
But (2.2.3) implies that D;(Z) C Z for every t. Since Z is discrete, it must be trivial. O
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Let G be a homogeneous Lie group, and let X be a left-invariant vector field such that X, =v € W,;.
The left-invariant vector field Y such that Y, = §,v = tYv is clearly t% X .
Therefore, by (2.2.1),

(2.2.4) X(f 0 Dy)(w) = 15 (X £)(Dia)
which generalizes the identity

d /

= fltr) = tf (1)

for functions of one variable.

3. Graded and stratified algebras

DEFINITION. A gradation on g is a decomposition of g as the direct sum of linear subspaces {W;}1<j<m
such that (W;, Wi] C Wity (or [W;, Wi] = {0} if j +k > m). A Lie algebra endowed with a gradation
is called a graded Lie algebra, and the associated connected and simply connected Lie group a graded Lie
group.

From a gradation {W;}, one constructs a filtration {v,} setting
(2.3.1) 0, =W, & W, .

However, not every filtration can be obtained from a gradation as in (2.3.1). An example is given by the
filtration v3 C vy C v1 on the Heisenberg algebra ho, with

v =bha, vy=span{es,h}, v3=Rh.
The proof is left to the reader.
If {W;} is a gradation of g, the dilations
Si(x) =ta if v e W;

are automorphism, so that g canonically inherits a homogeneous structure.
Conversely, if the dilations §; on a homogeneous Lie algebra have eigenvalues ¢/ (i.e. with integer
exponents), the eigenspaces W; relative to the eigenvalues ¢! form a gradation of g.

A nilpotent Lie algebra may admit more than one gradation, but there are nilpotent Lie algebras that
cannot be graded. In fact, there are nilpotent Lie algebras that even do not admit any set of (automorphic)
dilations. As a curiosity, the lowest dimensional nilpotent Lie algebra without dilations is spanned by
elements e, . .., e; with the following non-trivial Lie brackets among the basis elements:

[e1,ej] =€jr1 (27 <6), [ea,es] =e6, [e2,ea] =[e5,e2] = e, ea] =7 .
DEFINITION. A stratified Lie algebra is a graded Lie algebra g such that W1 generates g.
If g is stratified, then
(2.3.2) W= [ W, W], Wy -] .

j times
Examples of stratified Lie algebras are:

e the Heisenberg algebra b,,, with Wi = span {e;, f;}1<j<n;
e the algebra in Example 5(b) of Section 2, with W1 consisting of the matrices (a; ;) such that a; ; = 0
unless j =i+ 1.

2See R. Goodman, Nilpotent Lie groups: Structure and Applications to Analysis.
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4. Free Lie algebras

Given two integers m > 1 and n > 2, there is a canonical way to construct an m-step nilpotent Lie
algebra with k generators. This is called the free nilpotent Lie algebra f, ., and satisfies a universal property
that we will see below.

Given a set E = {ey, ..., e,} with n elements, let Ag be the free associative algebra generated by E over
R. This may be viewed as the linear span of all the “monomials”

I
e = eileig "'eik )

where n is an arbitrary integer, I = (i1, ..., ) is a k-tuple of indices, 1 < 4; < n. The product is the natural
multiplication with non-commuting variables.

Observe that Ag admits an infinite gradation: if Ay is the linear span of the monomials of degree k,
then Ak.A] - Ak+j.

As any associative algebra (see Example 1(d) in Chapter 1), Ag is a Lie algebra with bracket [z,y] =
zy — yx. Clearly, [Ag, A;] C Ak,

Let gg be the Lie subalgebra of Ag generated by E, i.e. the linear span of the iterated Lie brackets
of elements of F. Since E C Aj, any k-fold iterated Lie bracket belongs to Aj. Therefore, if we set
Wi = gg N A, we have that

g = @ Wi,
k=1

and [Wj, Wk] C Wiy
Let b, be the sum of the Wy, with k& > m. Then bh,, is an ideal in gg, and the quotient Lie algebra
9r/bm is clearly finite dimensional and nilpotent of step m.

DEFINITION. The Lie algebra f,m = gE/bm is called the free nilpotent Lie algebra of step m with n
generators.

It follows from the construction that the projections Wi, of the W), with & < m in 9r/bm give a
stratification of f,, .

Computing the dimension of §, ,, requires computing the dimension of each Wj,. For k = 2 this equals
n(n — 1)/2, because a basis is given by the elements e; ; = e;e; — eje; = [e;,e;] for i < j. For k > 3
the computation is harder, because one has to take into account the linear dependence relations among the
iterated Lie brackets produced by the Jacobi identity.

A better “model” for §, o is the direct sum V & A%V, where V = W, is an n-dimensional vector space
and A2V = W, is its exterior product, with Lie bracket

[v,0' ] =v AV

from Wy x Wi to Ws.
Observe that f3 2 is isomorphic to the Heisenberg algebra b;.

We state without proof the following result®.

LEMMA 2.4.1. Let ¢ be any function from the set E to a Lie algebra g'. Then ¢ extends uniquely to a
Lie algebra homomorphism from gg to g'.

From this we derive the following consequences.

THEOREM 2.4.2. Let ¢ be any function from the set E to an m-step nilpotent Lie algebra g'. Then ¢
extends uniquely to a Lie algebra homomorphism from fu m to g'.
Every m-step nilpotent Lie algebra g’ with n generators is isomorphic to a quotient of f, m .

3It can be found in N. Jacobson, Lie algebras.
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PRrOOF. It follows from Lemma 2.4.1 that ¢ extends uniquely to a homomorphism ¢ : g — g’. Since
g’ is m-step nilpotent, (W) = {0} for & > m. Therefore ¢ factors modulo b,,.

If z1,...,x, generate ¢, take ¢ : E — ¢’ as ¢(e;) = z;. The induced homomorphism from f, ., to g’ is
clearly surjective. O

5. Homogeneous norms

DEFINITION. Let G be a homogeneous group with dilations {D:}. A homogeneous norm on G, relative
to the given dilations, is a continuous function | | : G — [0,4+00) such that

(i) |z| = 0 if and only if © is the identity element;
(i) |z~ = |z| for every z;
(iii) |Dy(x)| = t|z| for every x € G and t > 0.
The existence of homogeneous norms on any homogeneous group G can be shown by the following
argument.
We can assume that G has its Lie algebra g as underlying manifold, with the product xy = S(z,y). In
this setting, 0, = (D). = D;. Let W, be the eigenspaces of each §;, with eigenvalues t%i. If || ||; is any
vector space norm on W, and z; denotes the Wj-component of x € g, we define

- 1/X;
(2.5.1) ol = > flay ;™
j=1

The properties of a homogenous norm are easily checked.

PROPOSITION 2.5.1. Every homogeneous group G admits a homogeneous norm that is smooth away from
the unit element.

Two homogeneous norms | | and | |" on G are mutually equivalent, in the sense that there are constants
A, B > 0 such that

Alz| < x| < Bla|

for every x in the group.
If | | is a homogeneous norm on G, there is a constant C > 0 such that

(2.5.2) lzy] < C(lz| +[yl) ,
for every xz,y € G.

PROOF. As before, we can restrict ourselves to the case of a homogenous Lie algebra g with product
xy = S(x,y).For every j choose a Euclidean norm || ||; on W; and let

m 1/2
(25,3 lell = (X ls12)

j=1
and consider the function

F(t,z) = [|De(2) > = Y 2|5 -
j=1
For fixed x # 0, F(¢,x) is continuous and strictly increasing in ¢, it tends zero for ¢ — 0 and to infinity

for ¢ — oco. Therefore there is a unique ¢ > 0 such that ||D;z|| = 1. Define
(2.5.4) le| =t71 .

But F(t,z) is smooth from (0, +00) x (g\{0}) to (0, +00) and |x| =t is the implicit function for F(t,z) = 1.
Since 0y F(x,t) is always different from zero, the implicit function is smooth.
Setting |0| = 0, the properties of a homogeneous norm are satisfied, and this proves the first statement.
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For the second statement, it is sufficient to prove that any homogeneous norm is equivalent to (2.5.4).
Observe that the unit sphere ¥ in the Euclidean norm (2.5.3) coincides with the set where |z| = 1 for the
homogeneous norm (2.5.4).

If | |' is any other homogeneous norm, its restriction to 3 is never zero. By compactness, there are
constants A, B > 0 such that

A<|z]'<B,
for any x € X. If y # 0, let t—1 = |y|, so that D;(y) € ¥. Then
A< |Dt(y)|l <B ’

and the conclusion follows.

For the last statement, consider the closed unit ball B = {|z| < 1}. It follows from the previous proof
that this is a compact set for any homogeneous norm. Because the product map zy = S(z,y) is continuous,
the set B?> = {zy : 2,y € B} is also compact. Therefore there is a constant C' > 0 such that |zy| < C for
every z,y € B.

Let 2,y € g. If both of them are 0, there is nothing to prove. If not, let t=! = |z| + |y| > 0. Then D;(z)
and Dy (y ) are in B, so that

tley| = [Di(xy)| = |Di(2) De(y)| < C,
and this concludes the proof. (|

Let | | be a homogeneous norm on G. Then

(2.5.5) d(z,y) = [z~ "y|
satisfies the following properties:
(1) d(z,y) = d(y,x) for every z,y € G;
(2) d(xz,y) =0 if and only if x = y;
(3) d(z,2) < C(d(z,y) +d(y, ) Tor every z,y,7 € G;
( ) d(zz, zy) = d(x y) for every z,y,z € G;
d(Dy (y)) =td(z,y) for every z,y € G and t > 0.

Such a functlon d is the left-invariant homogeneous quasi-distance induced by the given norm. Clearly,
every left-invariant homogeneous quasi-distance on G is induced by a homogeneous norm through (2.5.5).

The function

d'(z,y) = oy~

is obviously a right-invariant homogeneous quasi-distance.

It is natural to ask if a homogeneous group G admits a left-(or right-)invariant homogeneous distance,
i.e. satisfying the quasi-triangular inequality (3) with C' = 1. This is equivalent to asking if G admits a
homogeneous norm such that |zy| < |z| + |y|.

As we are going to see, this is true for stratified groups and can be proved using control distances.

As a preliminary remark, observe that if y(¢) is a smooth curve, its tangent vector v/ (¢o) is the element
of T, (1,)G such that

V)= TOW).

It will be convenient for us to identify the tangent vector with an element of the Lie algebra. We therefore
use (1.3.2)in Chapter 1 to “transport” +'(¢p) to T.G as

(2:5.6) (o) (f) = &

By, ] O (1) .G

This will allow us to apply any norm defined on the Lie algebra to tangent vectors at any point.

We assume now that the homogeneous structure on G derives from a stratification {W;} of g.
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THEOREM 2.5.2. Let {X1,..., Xk} be a basis of Wy, and let d(z,y) be the induced control distance on
G. Then d is a left-invariant homogeneous distance.

PROOF. We must only prove properties (4) and (5). As to (4), it is sufficient to prove that, if y(s) is a
sub-unitary curve, then also v;(s) = zy(s) is sub-unitary for every z € G. But, applying (2.5.6), we see that

T(s) =7'(s)
for any s, and the conclusion is immediate.

In order to prove (5), given a sub-unitary curve v(s), we prove that y2(s) = Dy (y(s/t)) is also sub-unitary
for every ¢ > 0. By (2.5.6) we have

Bl =5 Flaals0) ()
— 4 1o Di(atso/) (5/1)
= T DG/ w)
= 25/ (s0/0)(f 0 DY)
= L0 o/ ) ()

Hence, 45(so) € Wi and its norm is not larger than 1. This provides a 1-1 correspondence between the
sub-unitary curves joining x and y and those joining D;x and D;y. The lengths of corresponding curves
coincide up to a factor ¢. O

6. Integration on nilpotent groups

As in Theorem 1.4.2 of Chapter 1, we parametrize the elements of a connected and simply connected
nilpotent Lie group G by the elements of its Lie algebra g with the product xy = S(z,y).

The first result we are going to prove is the fact that the Lebesgue measure on g is invariant under both
left and right translations of G. It is a well-known fact that every locally compact group (in particular any
Lie group) admits a positive, regular Borel measure that is invariant under left translations, called the left
Haar measure, which is unique up to scalar multiples; similarly such a group admits a unique, up to scalar
multiples, right Haar measure. For general groups, right and left Haar measures do not always coincide.

The existence of a Haar measure on G which is both left- and right-invariant is expressed by saying that
G is unimodular.

Let {v;}1<j<m+1 be any filtration on g. We construct a basis of g as follows.
For each j < m, we fix a subspace W; such that v; = v;,1 ®© W, so that

g=W1 oW @®--- W, .
We write z € g as o = ' + -+ + 2™ with 27 € W;. Recalling that

(2:6.1) ry=Sy) =r+y+ S Zirla,y)

£k>1
and that each Z; ;(z,y) is a linear combination of iterated Lie brackets containing ¢ times z and k times y,
we see that

L otk s

Zf,k(xv y) €g
by (??). Therefore, if (zy)? and Z} , denote the Wj-components of the indicated objects, we see that Zj , = 0
if j < £+ k. In particular,

(oy)! =+
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The Ws-component is

1 1
(2y)? =a® + 9" + S o,y =2 +¢* + St y']

because of the bilinearity of the Lie bracket and the fact that [z%, y/] € v4;.
For the general component, we must observe that

Z@,k(x7y) = Ze,k(xl +e +xm7y1 + e +ym) )

being a combination of iterated Lie brackets, decomposes by multilinearity into a sum of terms, each of them
being an iterated Lie bracket containing ¢ times components of z and k times components of y. In order
that an individual term have a non-trivial component in Wj, it is necessary that the sum of the indices of
the various components be at most equal to j. This implies that, for ¢,k > 1, only the i-th components with
i < j can appear. Therefore we can write

(2:6:2) (ey) = +y + Py, Y
where P; is a polynomial function® from Wy x --- x Wj_1 x Wy x --- x W;_1 to W.

THEOREM 2.6.1. The Lebesque measure dr on g satisfies the following property: if f is an integrable

function on G and a € G, then
/Gf(xa)de/Gf(ax)dxz/Gf(x)dx.

ProoF. By (2.6.2),

/f(xa)d;v:/f(:rl—|—a1,x2+a2+P2(xl,a1)7x3+a3+P3(x1,x2,a1,a2),...
G g

con ™ a™ 4 P2t a™ et am_l)) det - da™ .

The consecutive changes of variables
Y™ =2 +a™ 4 Pzt 2™ et a™ Y
y" =" e P (2t 2™ et a™ )
etc.
show that
/ f(za)dx = / f(z)dx .
G G

The other identity is proved in the same way. O

REMARK. It is convenient to have a more abstract interpretation of this result. The notion of Haar
measure on a Lie group is intrinsic and does not depend on the choice of coordinates. From this point of
view, Theorem 2.6.1 is not an intrinsic statement, but relative to a particular choice of coordinates on a
connected and simply connected nilpotent Lie group G.

To be more precise, let g be the Lie algebra of G. The fact that

expg(7) expg (y) = expg (S(2,y))
means that the product (2.6.1) is the product on G expressed in the canonical coordinates of the first kind.
Therefore, the “intrinsic” formulation of Theorem 2.6.1 is that the Haar measure on a connected and simply
connected nilpotent Lie group is equal to the Lebesgue measure on its Lie algebra, once expressed in canonical
coordinates of the first kind.

It is not difficult to prove that, if we use instead the canonical coordinates of the second kind on G
relative to the decomposition of g in the subspaces W; as above, the product on g takes a form similar
to (2.6.2), only with different polynomials. Therefore the proof of Theorem 2.6.1 applies, and the Haar
measure on G is again expressed by the Lebesgue measure on g.

4This means a map that is expressed by polynomials with respect to linear coordinates in the domain and in the codomain.
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An interesting example connected with this remark is the following. Consider the canonical coordinates
of the second kind on the Heisenberg group H; induced by the decomposition of h; into Wi = Rey, Wy =
span {ez, e3} (in the notation of Example (4.b) in Chapter 1). The product on R3 then becomes
(2.6.3) (z,y,2)(2, ', 2) = (x+ 2", y+y,2+ 2 +xy) .

If we represent (z,y, z) by the matrix
1 z =z
0 1 y

0 0 1
then (2.6.3) is the ordinary matrix product. This given an alternative (and frequent) description of Hj.
It is straightforward to verify that the Haar measure is represented by the Lebesgue measure also in these
coordinates.

Assume now that G is homogeneous, with dilations {D;}, and let t*t,... #+* be the eigenvalues of
01 = (Dy)+, with eigenspaces W7, . .., W,,. For every Lebesgue-measurable set E C g,
(2.6.4) m(6:(E)) = t“m(E) ,
with

Q=>_ \dimW; .
j=1

The number @ is called the homogeneous dimension of G with respect to the given dilations. It follows
from (2.6.4) that for any integrable function f on G,

(2.6.5) /Gf(Dt(x)) de =19 /G flz)dz .

PROPOSITION 2.6.2. Let | | be a homogeneous norm on G. The integral

/ |x| = dx
|z|<1

is convergent if and only if a < Q, and the integral

/ |x| =% dx
|z|>1

PROOF. Let ¢ =m({z:1 < |z| <2}). Then ¢ > 0 and

is convergent if and only if a > Q.

/ x|~ dx ~ 277 m({z: 27 < |z| < 27F1}) = 29(Q7)
27 <|e|<2+1

where ~ denotes that the two sides bound each other up to a multiplicative constant.
The conclusion follows by summing over j < 0 in the first case and over j > 0 in the second case. ]






CHAPTER 3

Homogeneous hypoelliptic operators on homogeneous groups

1. General properties of hypoelliptic operators

Let K be a compact subset of R”. We denote by Dy.(K) the space of C* functions on R" supported on
K, with the C*norm, and by
= ﬂ Dy(K)

kEN
the space of C*° functions on R™ supported on K. It is well-known that D(K) is a Fréchet space under the
family of C* norms, for k € N.

LEMMA 3.1.1. For every C*° function f supported on a ball of radius v and every k € N,
1k <27 flle+a -

PROOF. We can assume that the support of f is contained in the cube @ = [—r,r]™. For any multi-index
a=(ay,...,a,) of length |a] <k, let &' = (an +1,...,0p). Tz e€Q,
z1

0% f(z)| = 0% f(t,@a,... ) dt

-Tr

<270 fll o
so that || f|lx < 27| fllk+1- .

Let now L be a linear differential operator with smooth coefficients on an open subset 2 of R™. Denote
by ‘L, the transpose of L, the operator such that

(3.1.1) /Lf dx—/f )'Lg(x)

for every pair of test functions f,g. If
Lf(z)= Y aa(2)0f(x),
la]<m

then

i)=Y 0%aaf)(@)= Y balx)0*f(x),

a|<m la|<m
where the b, are linear combinations of derivatives of the a,, in particular smooth functions.
For K a compact subset of Q2 and v € N, define

VY(K)={fe€D,(K):Lf e D(K)} .

Observe that if v is smaller than the order m of L, Lf is defined as a distribution:

(Lt /f ) Lo (x)
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for ¢ € D(Q).
Consider the family of norms
(3.1.2) 1fllve e = [1f 1l + 1L
on V¥(K).
LEMMA 3.1.2. V¥(K) is a Fréchet space. If L is hypoelliptic, V¥ (K) = D(K).

PRrROOF. Let {f;} be a Cauchy sequence with respect to each one of the norms (3.1.2). In particular, the
fj converge, in the C¥-norm, to a function f € D,(K), and, by the completeness of D(K), the Lf; converge
to g € D(K) in every C*-norm.

In order to prove the first statement, we must show that g = Lf as a distribution on . If ¢ € D(Q),

then
(Lf, ) = (f, 'Lp)

— [ $@) Loty do
K
= Jim [ @) () do

= lim [ Lfj(z)p(z)dz
j—=oo J i
If L is hypoelliptic and f € V¥(K), then f itself is C* on Q. But it is supported on K, so that
f € D(K). The inclusion D(K) C V¥(K) is obvious. O

THEOREM 3.1.3. Let L be hypoelliptic in Q. Given x € Q and k € N, there are a compact neighborhood
Ui of z in Q and k' € N such that, for every f € D(Uy),

11k < CrllZf NIk -
PROOF. We can assume that £ > 1. If K is a compact neighborhood of x, the identity map
i:D(K) — VFY(K)

is obviously continuous and, by Lemma 3.1.2, is onto. By the open mapping theorem
It follows that the inclusion

1§ is a homeomorphism.

j:VFYEK) — Di(K)
is continuous. Hence there are &' € N and C' > 0 such that
11k < Cr(lfllk—1 + I Zfllx)

for every f € D(K). Let Uy C K be a ball centered at = with radius » < 1/4Cy. By Lemma 3.1.1, if
fe D(Uk),

1
Crll fllk—1 < §||fHk ;

so that
£l < 2Ck|ILf g - O

COROLLARY 3.1.4. If L, x and Uy are as in Theorem 3.1.3, then L is injective on D(Uy).
As a direct consequence of Theorem 3.1.3, we prove a result concerning local solvability of ‘L.

DEFINITION. Let L be a linear differential operator with smooth coefficients on Q). We say that L is
locally solvable at x € Q if, for every k, x has an open neighborhood Vi, such that, for every distribution
€ D.(Q), there is a distribution v € D' (V') such that Lu = ¢ on V.

IFor the validity of the open mapping theorem for continuous linear maps between Fréchet spaces, see Tréves, Topological
Vector Spaces, Distributions and Kernels.
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THEOREM 3.1.5. Let L be hypoelliptic in Q. Then L is locally solvable at every point of ).
PROOF. Given z € €, let Uy be a compact neighborhood of z. Given ¢ € D’(Q), there are k € N and
C > 0 such that

(¥, )] < ClIfllx
for every f € D(Up). Let U = Uy, be as in Theorem 1.3. We can assume that U C Up.
Let

X={Lg:geDU)} CDQ) .
Define the linear functional A : X — C as
A(Lg) = (¥, 9) -
This is a good definition by Corollary 3.1.4. By Theorem 3.1.3,
[A(Lg)| < Cligllx < C"| Lyllw -

By the Hahn-Banach theorem, A extends to a continuous linear functional A on Dy (U). fV =2 U and
g € D(V), there is a distribution u on V', of order k', such that A(f) = (u, f) for f € D(V); in particular

(u, Lg) = MLg) = (¢, 9) ,
for every g € D(V'). This means that ‘Lu =1 on V. (|

2. Convolution on nilpotent groups

Let G be a connected and simply connected nilpotent Lie group.

We may regard G as its Lie algebra g with the product zy = S(x,y). Hence the spaces D(G) and S(G)
of test functions on G are well defined, as well as their dual spaces D'(G) and S’'(G) of distributions and
tempered distributions respectively.

We fix a Lebesgue measure dx on g, which also serves as a Haar measure on G. The spaces LP(G) are
referred to this measure.

The convolution of two functions f, g on G is given by

(3.2.1) frg(x /ffvy ! y)dyz/Gf(y)g(y !

In general, if G is non-commutative, f x g # g * f.
We state without proof some basic facts?.

THEOREM 3.2.1. The integral (3.2.1) is absolutely convergent for almost every x if f € LP(G), g € L1(G),
and 1/p+1/q > 1. If these conditions are satisfied, and

1 1 1
(3.2.2) o1 i
r p q
then fx g € L"(G) (and continuous if r = co) and the Young inequality holds:
(32.3) 1 *gllr <1 £lplgllq -
If p,q € (1,00) are such that 1/p+1/q > 1, f € LP(G), and g satisfies the weak-L? condition
(3.2.4) sup s'm ({9: )| > s}) —|lgll4_, < o0,
then f* g€ L"(G) with r as in (3.2.2), and the generalized Young inequalities hold:
(3.2.5) 1f = glle < flpllglw—q ,  llg* Flle < 1 flpllgllw—q -

Concerning smoothness properties of convolutions, we give the following statement.

2The proofs are almost the same as in R™. One can find them in any good textbook on distribution theory.
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PROPOSITION 3.2.2. If f,g € D(G), then f g € D(G), and the map (f,g) — f * g is continuous from
D(G) x D(G) to D(G). The same statement remains true if we replace D(G) by S(G).

If ® € D'(G) and f € D(G), one defines®

dx f(x) = (O, L, f) ,
f*®(x)=(®, R, f) .
The same definitions make sense for ® € §'(G) and f € S(G).

THEOREM 3.2.3. If ® € D'(G) and f € D(G), then ®x f and f*® are C* functions on G. If ® € §'(G)
and f € S(G), they are C* functions with polynomial growth, together with all their derivatives.

The rule

(3.2.6)

supp (f * g) C (supp f)(supp g)
is respected also by convolution between a function and a distribution.
Relevant identities are:

(i) 0q * f = Laf, f % 0s = Ry—1f for every a € Gj in fact,
0a* [(2) = (a, Laf) = Lo f(a) = f(a™"2) = Laf(2) ,
and similarly for the other identity.
(i) f = (0udo) = X, f, where u € g(= ToG) and X, is the corresponding left-invariant vector field. In fact,

f * (auéo)(l') = <au§0>Rx*1fv> = _au(Rxflfv)(O)
_8u(Lz*1f)v(0) = au(szlf)(O)
=X, f(x) .

The convolution of two distributions is not always defined. However, if ®, ¥ € D'(G) and one of them,
say @, has compact support, then one can set, for f € D(G),

<‘I)*\I/,f>:<\ll,‘i)*f>,
<\IJ*q)7f>:<\I/7f*é>7

(3.2.7)

where ® is the distribution such that 5
(@, 1) = (2, f) -
Then ® «+ ¥ and ¥ x ® are in D'(G). If ¥ € §'(G), then they are also in §'(G). If any two of the
distributions @, ¥, A have compact support, then the associative property holds:

(PxT)x A=Dx(TxA).
For @ € D'(G), define L,®, R,® by
<La¢>f> = <(I)aLa*1f> ) <Raq>7f> = <(I)7Ra*1f> .

This definition is motivated by the fact that, by the invariance properties of the Lebesgue measure, for
any pair of test functions,

(Lotg) = [ Ha 0@ dr = [ f@gta) de = (1. Luvsg)
and similarly for right translations.

PROPOSITION 3.2.4. L,® =0, %P, R, ® = P x,-1.
If X is a left-invariant vector field and u = Xo, then X® = & % (9,0¢) and the following identities hold:

(3.2.8) (X0, f) =—(2,Xf),
(3.2.9) X(@xU)=x(XT) |
whenever the convolution is defined.

3As in Proposition 1.3.1 in Chapter 1, we set f(z) = f(z~1).
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PROOF. The first statement follows immediately from (i) above.
By invariance of the Lebesgue measure, if f, g € D(G), the integral

/;j(xakﬂxa)dx

does not depend on a. Taking a = exp(tu) and differentiating at ¢ = 0, we obtain that

/G (X f(z)g(z) + f(z)Xg(x))dz =0,

so that

<Xfag> = 7<fan> )
ie.
(3.2.10) X=-X.

By definition,
(X, f)=(2,Xf)=—(2,X[).
Hence, by (ii) and (3.2.7),
(X®, f) = =(®, f * (9ubo))
_<(I) * (aufso)? f>
(@ (0udo), f) -
This also proves (3.2.8), and (3.2.9) follows easily. O

Consider a convolution operator of the form
Tf=f+K,
where the kernel K is a tempered distribution and f € S(G). This satisfies the identity
T(Laf) = La(Tf)
for every a € G, i.e. it commutes with left translations, or, otherwise said, it is a left-invariant operator. In

fact,
T(Lof) = 0axf)*« K =0,%(f*xK)=Lo(Tf) .

The following theorem, that we shall not prove, says that the converse is also true, under very mild
hypotheses.

THEOREM 3.2.5. Let T : D(G) — D'(G) (resp. T : S(G) — S'(G) ) be a left-invariant operator. Then
there is K € D'(G) (resp. K € §'(G) ) such that Tf = f x K.

3. Homogeneous distributions on homogeneous groups

Let G be a homogeneous group with dilations {D;}+~0, homogeneous dimension @, and Haar measure
dx.
If ® is a distribution on G, we define ® o D, as the distribution such that for every test function f

(3.3.1) (@ oDy, f) = (®,t7foD,1) .
This definition is justified by the fact that, if ® is a locally integrable function ¢, i.e.

<®ﬁ=éw@ﬂ@w,

then
/w(Dta:)f(x)d:c:t‘Q/ () f(Dy-1) da .
G

G
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DEFINITION. A distribution ® on G is homogeneous of degree a € C if
PoD =t*P
for every t > 0.

EXAMPLES 6.

3.3.a If | | is a homogeneous norm and Ra > —@Q, then ®(x) = |x|® is a locally integrable distribution,
homogeneous of degree «.

3.3.b Let t*,... t* be the eigenvalues of the dilations d; = (Dy). on g, and denote by Wy, be the
corresponding eigenspaces. We fix a basis {ej,...,e,} of g such that each e; belongs to one of the
Wi, .

]Let Si(z,y) be the components of xy = S(z,y) with respect to this basis. If e; € W), then 5;,
as a function on g x g, is homogeneous of degree ;. Since S; is a polynomial, this means that each
monomial appearing in it must have degree A;.

3.3.c The Dirac delta §y at the unit element is homogeneous of degree —@Q.

3.3.d Let u € Wy, (i.e. &(u) = t¥u for every ¢ > 0), and let X, be the corresponding left-invariant vector
field. If a distribution ® is homogeneous of degree «, then X, ® is homogeneous of degree ov — A;. In
fact, using (2.2.4) in Chapter 2,

(Xu®) o Dy, f) = t7UXu®, f o D) = —t~ @, Xu(f 0 Dy-1))
QN (X f) 0 Dyr) = —t=N (@0 Dy, X f)
= N (D, X, f)
— A (X, ®, f) .

THEOREM 3.3.1. Let Tf = f x K be a left-invariant operator, with f € S(G). Then
(3.3.2) T(f o D;) = t~*(Tf) o D,
if and only if K is homogeneous of degree —Q + .
PROOF. Assume that K is homogeneous of degree —Q + «. Then
T(foDi)(x) = (K,Ry-1(f o Dy)) .
But Ry-1(f o Di)(y) = R(p,s)-1 f(D1y), so that
T(f o Dy)(x) = (K, (R(p,a)-1 f) 0 Dt)
=t"%K o Dy-1, R(p,s)-1 f)
=t K, R(p,)-1.f)
=t Tf)(Dyx) .
Conversely, if T' satisfies (3.3.2), then
(K, foDy) =T(foD;)(0) =t"*(Tf)(0) =t (K, f),

which means that K is homogeneous of degree —@Q + a. O

4. Left-invariant differential operators

Let G be a connected and simply connected nilpotent Lie group. For simplicity, we assume that G is its
own Lie algebra g with the product xy = S(x,y).

If Xq,..., X} are left-invariant vector fields on G, then L = X7 X5 --- X} is a left-invariant differential
operator on GG, and such is any linear combination of compositions of this kind. We shall prove the converse
statement.
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We fix a basis (e1, ..., e,) of g, and denote by X; be the left-invariant vector field such that (X;)o = 0.
If a = (a1,...,a,) € N* we set

X*=XM"X32. X0
THEOREM 3.4.1. (Poincaré-Birkhoff-Witt)* Let L be a left-invariant differential operator on G. Then L
can be written in one and only one way as
(3.4.1) L= )Y caX".
|| <m
PROOF. Let (21,...,x,) be the coordinates on g induced by the fixed basis. Then
LI(0)= Y aad*f(0).
lee|<m
The proof goes by induction on m. If m = 0, then Lf(0) = af(0) and
LF@) = Ly (LF)(0) = L(Lys £)(0) = aLy— £(0) = af (z) -
Ifm=1,

Lf(0) =" a0, f(0) +agf(0) .
j=1

If ) = L—37_ a;X;, then L' f(0) = ao f(0). Since L' is also left-invariant, it follows that

L:Zanj+aO .

j=1
Assume that the statement is true for m — 1. We set
L'=L- Z Ao X .
lal=m

Observe that for each 7,
X] = 837]' —+ Z bj’k(l')awk ,
k=1
where every b; , vanishes at the origin. Therefore

X f(w) = 0% f (@) + -

where the other terms either vanish at 0 or are lower-order terms. Hence X®f(0) = 0%f(0)+ lower-order
derivatives of f at 0.

It follows that L' f(0) is a combination of derivaties of f at 0 of order not exceeding m — 1, and we can
use the inductive assumption.

The proof shows that the coefficients ¢, in (3.4.1) coincide with a, if |&| = m. By induction, the
representation (3.4.1) is unique. O

The uniqueness part of Theorem (3.4.1) depends heavily on the fact that the vector fields X, have been
ordered and that this ordering is respected when composing the monomials X ®. If this restriction is removed,
then the same operator L can have more than one representation as in (3.4.1). If, for instance, X5 = [X7, X5]
and L = XX, its correct expression according to (3.4.1) is

L=X1X;—X;5.

4Theorem (3.4.1) is valid on any Lie group, and the proof is essentially the same. The only reason for restricting to
nilpotent groups is that we can take advantage of a global coordinate system.
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5. Fundamental solutions

Let G be a connected and simply connected Lie group.

DEFINITION. Let L be a left-invariant differential operator on G. A distribution K on G is called a
(global) fundamental solution of L if LK = §.. A distribution Ko on a neighborhood V' of 0 is called a local
fundamental solution of L if LKy =y on V.

LEMMA 3.5.1. If L has a global fundamental solution K, then for every ¢ € D'(G) with compact support
the convolution

u=1*x K

satisfies Lu = on all of G.
L has a local fundamental solution if and only if it is locally solvable at any point of G.

PROOF. As to the first statement, it is sufficient to observe that, by (3.2.9),
Ly K)=1=(LK)=1.

If L is locally solvable at 0, by definition, there are a neighborhood V of 0 and Ky € D'(V) such that
LKQ = (50 on V.

Assume now that L has a local fundamental solution Ky € D(V).

Take n € D(V) such that n(z) = 1 on a neighborhood V’ of 0, and set K' = nK,. If ¢ € D(V’),

<LK/7<)0> = <K0’77tL<)0> = <K0’ tL<p> ’
because 7 is identically 1 on the support of Ly. Therefore

(LK', ) = (LKo, ) = (0) ,

so that LK’ = §y on V.
Observe that K’ can be regarded as a distribution on G with compact support, because, for ¢ € D(G)
we can set

def
<K/7(10> _e>: <K0a77()0> )
which makes sense since ng € D(V). Then LK’ is defined on all of G, and
(3.5.1) LK' =6y +®

where @ is a distribution whose support does not intersect V.

Let now W be a neighborhood of 0 such that W=1W C V', and let 7 € D(W) be equal to 1 on a
neighborhood W' of 0.

If now ¢ € D'(G), the convolution u = (7¢) * K’ is well defined by (3.2.7). By (3.2.9) and (3.5.1),

Lu = (7)) * LK’ = ij + (7)) % @ .

The last term is supported on W(G'\ V'), and this set does not intersect W by the assumption W=1W C
V'. Therefore Lu = 711) on W, hence Lu = 1) on W’. O

PROPOSITION 3.5.2. Let L be a left-invariant hypoelliptic operator on G. Then 'L is also left-invariant
and it has a local fundamental solution.

PRroor. The first statement follows easily from the definition of L, and the second from Theorem 3.1.5.
O



6. GLOBAL FUNDAMENTAL SOLUTIONS OF HOMOGENEOUS HYPOELLIPTIC OPERATORS 39

6. Global fundamental solutions of homogeneous hypoelliptic operators

Assume now that GG is a homogeneous group. We say that a left-invariant differential operator L is
homogeneous of order u if it satisfies (3.3.2) with o = p, i.e. if
(3.6.1) L(foDy) =t"(Lf)o Dy .

It follows from (2.2.4) that if X is a left-invariant vector field with X, in some eigenspace Wy of the
dilations, then X is homogeneous of order A.
Let {Xi,...,X,} be a basis of g consisting of homogeneous vector fields, with orders A,...,\,, not
necessarily all different.
The operator
X¥=XP"X32. . X

is homogeneous of order
(3.6.2) d(a) = aj); .
j=1

The following statement is a direct consequence of the Poincaré-Birkhoff-Witt Theorem.

ProPOSITION 3.6.1. A left-invariant differential operator L is homogeneous of order u if and only if

L= Z ca X .

d(a)=p

EXAMPLE 1.

3.6.a On the Heisenberg group Hy, let X, Y, T be the vector fields in (1.4.5). The operators X2+Y?2 XY +T
and T are all homogeneous of order 2 with respect to the dilations Ds(z,y,t) = (sz, sy, s?t). The last
two ones are homogeneous of order 3 with respect to the dilations Dy(x,y,t) = (sx,s?%y,s%). The
operator X2 + Y2 + T? cannot be homogeneous under any set of (automorphic) dilations.

THEOREM 3.6.2. Let L be a left-invariant differential operator on G, homogeneous of order p < @,
where Q s the homogeneous dimension of G. Assume that L and L are hypoelliptic. Then L has a global
fundamental solution, which is smooth away from the origin and homogeneous of degree —Q + .

PRrROOF. By Proposition 3.5.2, L has a local fundamental solution H, defined on some neighborhood V'
of 0. Since L is hypoelliptic and LH = 0 on V' \ {0}, then H is C*° away from 0. As in the proof of Lemma
3.5.1, we take n € D(V') which is identically 1 in a neighborhood of 0, and set K1 = nH. Then K is defined
on all of G, is smooth away from 0 and, as in (3.5.1),

LK1 =6+ 9,
where the support of ® is compact and does not contain 0. Because of the smoothness of K1, ® € D(G).
If | | is a homogeneous norm on G, there are a,b > 0 such that

supp® C {z:a < |z| < b} .
We set
K, =t""C9K 0D , O, =t %DoDy1 .
By (3.6.1),
LK, =t 9(LK,) 0o D;-1 = 6y + @ ,
because §p is homogeneous of degree —Q). Now
supp ®; = D, (supp ®) C {z : ta < |z| < tb} ,

so that K; is also a local fundamental solution of L. Observe that

lim &, =0,
t—o0



40 3. HOMOGENEOUS HYPOELLIPTIC OPERATORS ON HOMOGENEOUS GROUPS

in the sense of distributions, so that, if we prove that lim;_,., K; = K exists in the sense of distributions,
then K will be a global fundamental solution. Furthermore, we will have

s®PK oD, = lim s° "K, oD, = lim Kys=K,
t—o0 t—o0
showing that K is homogeneous of degree —Q + p.
For t > 1, we want to write

t
dK
ds
s

(3.6.3) K=K +/
1

but we must first discuss that the integrand is a well defined distribution.
We begin with the derivative Ki of K at s = 1. If ¢ € D(G),

1 1
lim (Ks — K1, ) = lim ——(Ky,s"poDs — )
1 s—1s—1

s—1 8§ —
=(Ki,— (s*poDy)
b (18‘5:1 90 ° .

Let (x1,...,7,) be coordinates on G such that Doz = (s*xq,...,5z,). Then

d

£| @(sz) = Z)‘jxjaxj@(x) = E(p(l‘) ,
s=1 =

a modified Euler operator. Hence

d

a5 (Ks, ) = (K1, pp + Eg)

i.e.
K| =uK, + 'EKy = (n— Q)K1 — EK; .

We next show that K] € D(G). We have
LK, =

d

— LK
dS\Szl( :)
d

= — 0o + @,
d8\5:1(0+ )
=-Q®-FED,

which is a smooth function.
Since L is hypoelliptic, this implies that K7 is smooth on G. Clearly, Kj has compact support.
At this point, at any s > 1,
dK 4 d

= Ksu
ds 5 du |-

- 3*1%‘“15”*@1@ 0Dy
="K oD, .
If o € D(G),
/j(s“_Q_lK{ oDg-1,0)ds = /j sh—@—1 /GK{(Dsflx)ga(x) drds .
Since u < @,
[ st [ RiD wlipte)] dads < Cllh

showing that the integral in (3.6.3) has a limit in the sense of distributions for t — co.
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Finally, the smoothness of K away from 0 follows from the hypoellipticity of L, or otherwise, from the
fact that, for = # 0,

K(z) =K1(x)+/ QIR (Do) ds O
1

Obviously, in the hypotheses of Theorem 3.6.2, also ’L has a homogeneous global fundamental solution,
smooth away from the origin.

COROLLARY 3.6.3. The fundamental solution K of L constructed in the proof of Theorem 6.2 is its only
homogeneous fundamental solution.

PROOF. Let H be a fundamental solution of L, homogeneous of degree «. For f € D(G),
foDy=(L(f*H))oDy
=t"L((f*H)oDy)
=197 L((f o D;) xt“H)
— tQ—u+af oD, ,

which implies that « = —Q + p.
Hence K — H is also homogeneous of degree —Q + p < 0 and satisfies L(K — H) = 0. Since L is
hypoelliptic, K — H must be smooth also at the origin. Necessarily K — H = 0. 0

7. Sub-Laplacians on stratified groups

The considerations developed in the last sections apply in particular to the case where G is a stratified
group and

k

_ 2

(3.7.1) L= § X5,
j=1

assuming that the X, form a basis of the generating subspace W7 of g. The operator (3.7.1) is called a
sub-Laplacian on G.

Under the natural dilations on G as a stratified group, L is homogenous of order 2. By virtue of
Hérmander’s Theorem, L is hypoelliptic. By (3.2.10) 'L = L, so that the assumptions of Theorem 3.6.2 are
satisfied.

If @ > 2, then L admits a unique fundamental solution K on G which is homogeneous of degree —Q) + 2.

In general, one does not have explicit formulas for K. A sporadic example of an explicit fundamental
solution on a non-abelian group can be given for the Heisenberg group. Before giving the construction, we
recall the abelian case, i.e. G = R™.

The general sub-Laplacian is then an elliptic constant coefficient operator,

k
L= 0= aijdns ,
Jj=1 2%}
where the vectors v; span R™ and hence the matrix (a; ;) is poditive definite. By a linear change of variables,
one reduces to the case where L = A is the ordinary Laplacian. Since @) = n, we shall impose that n > 3.

LEMMA 3.7.1. The homogeneous fundamental solution of A in dimension n > 3 is

(3.7.2) K(z) = ‘xl% ,
for some® ¢ < 0.

5The value of the constant can be computed explicitly, but we will not need it.
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PROOF. The operator A is invariant under rotations, i.e.

(Af)op=A(fop)
for any orthogonal transformation p of R™. This implies that if K is a fundamental solution of A, then also

K o p is a fundamental solution. By Corollary 3.6.3, the unique homogeneous fundamental solution of A

must be a radial function, i.e.
C

K(:c):W.

Clearly ¢ # 0. Assume that ¢ > 0 and let x be the characteristic function of the unit ball. If u = x * K,
it is clear that u assumes its maximum at x = 0. Since Au = x, w is smooth for |z| # 1, and therefore
(ﬁju(()) < 0 for every j. But this is in contradiction with the fact that Au(0) = x(0) = 1. O

If n = 2, all the fundamental solutions of A have the form
K(x) = clog|a| + h(z) ,

where h is any harmonic function on R? and c is a positive constant. This example shows that the hypothesis
that the order of the operator be smaller than () in the statement of Theorem 3.6.2 cannot be removed.

Consider then the Heisenberg Lie algebra §,, of Example 2.2.b and the corresponding connected and
simply connected Lie group H,, i.e. R?"*! with product

1
(LC,y,t)(l’/,y/,t/) = <.’£+£L'/,y+yl,t+t/ + i(xy/ —iL'/ y)) )

where z,y,2’,y’ € R™ and - denotes the Euclidean inner product.
A basis of left-invariant vector fields is given by

Y T
ijaxj—éat, szﬁy1+?j&5, T:at,

with 1 < j < n. The subspaces Wy =span{X;,Y; : 1 < j <n} and W, = RT give a stratification of §,, and

L= (X}+¥)
j=1

is a sub-Laplacian. Since the homogeneous dimension of H,, under the dilations associated to the given
stratification is QQ = 2n + 2, there is a fundamental solution of L homogeneous of degree —2n.
THEOREM 3.7.2. Writing z = x + iy € C", the homogeneous fundamental solution of L is

1
K(zt) =c———
(|2]* + 1662)"/

for some ¢ < 0.
PROOF. The explicit expression of L is

2 + [yl

(xj Oy, — Y;0a, ) O + 4

1

2
atv

(3.7.3) L=> (02 +0;)+
Jj=1 J

n

where the terms x;0,, — y;0,, are the angular derivatives in the plane (z;,y;).

We shall exploit another invariance property of L, which is better expressed by introducing complex
coordinates z; = x; + 1y;. The group law becomes

1
(2, 1) (2", 1) = (z F bt — 5%m(z|z'))

on C" x R, where (| ) is the Hermitian product

(2|12) = 212) + -+ + 207, .
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If p is a unitary trasformation of C", i.e. a linear transformation preserving the Hermitian product, then
the map
Vp(2,t) = (p(z),t)
is a group automorphism.
In particular, this is true for
Yo(z,t) = (€121, ..., €% 2, 1)
where § = (04, ...,0,) € [0,27)". Then

(Lf) oo =L(f o) ,
just because each term in (3.7.3) satisfies the same identity.

Therefore, if K is the homogeneous fundamental solution, K oy = K for every . This implies that K
is radial in each variable z;, and the angular derivatives of K are zero. Hence, for (z,t) # (0,0),

|2

(3.7.4) LK = A K + T&f[( ,

where A, is the Laplacian in the z,y variables.
But then it is clear that
(LK) o, =L(K o1,)
for every unitary transformation p.
Therefore, K o1, = K for every p. This implies that K is radial in z, and we can write

(3.7.5) K(z1) = H(%,t) .

Then H(s,t) is a smooth function on the half-plane of R? where s > 0, continuous for s > 0 and
(s,t) # (0,0), and homogeneous of degree —n with respect to the isotropic dilations d,(s,t) = (us, ut).
We want to express the condition LK (z,t) = 0 for (z,t) # (0,0) in terms of H. By (3.7.4), we just have

to Obser\/e that
z L j§ . 2;UZ; L’

S (2 (5 )

1

Hence
(3.7.6) sO2H +ndH + s0?H =0 .

The first two terms correspond to the radial part of the Laplacian in n + 1 dimensions. In fact, consider
on R™*! a radial function f(y) = g(|y|), and set s = |y|. Then

Af(y) =g (|yl) + Z0:9(ly]) -

This means that, if we define W(y,t) = H(|y|,t) on R"™2, then AV = 0 for y # 0. Observe that ¥ is
continuous on R"*2\ {0}. By standard argument involving the mean value theorem, this implies that ¥ is
smooth on its whole domain and AV = 0.

Since ¥ is homogeneous of degree —n, its Laplacian as a distribution is a homogeneous distribution of
degree —n — 2 supported at the origin. The only possibility is that A¥ = adg. The constant « cannot be
zero, since otherwise ¥ would be smooth at the origin. By Lemma 3.7.1, there is a constant ¢ such that

C
\I/(y;t) = (|y|2+t2)n/2 .

Hence H(s,t) = c¢(s*> 4+ t2)~"/2, and K is as stated.
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As in the proof of Lemma 3.7.1, the fact that ¢ < 0 can be proved by contradiction. Suppose ¢ > 0, and
let x be the characteristic function of the set B where |z|* + 16t? < 1. Then u = x * K is continuous on H,
and smooth for |z|* 4 16t2 # 1, since Lu = x. O

8. The strong maximum principle

In this section we will present the strong maximum principle for an operator

k

L=>) X7,

Jj=1

where the X; are smooth vector fields on a connected open set £2 C R"™ forming a generating system®.
To begin with, we observe that the following weak form of the maximum principle holds.

LEMMA 3.8.1. Let u be a function on Q attaining a local mazimum at a point xo. Then Lu(zg) < 0.

PrOOF. If v; = X,;(xz¢), then
Xj =0y, + Zaj7k(x)8xk )
k=1

with a; x(z9) = 0. Therefore

k k
(3.8.1) Lu(xg) = Z agju(xo) + first-order terms = Z iju(mo) )
j=1 j=1
and this is non-positive because such are all pure second derivatives at a maximum point. O

The strong form we are interested in is the following.

THEOREM 3.8.2. Assume that Lu > 0 on 2, and that u takes its maximum at a point xg € Q. Then u
is constant.

The proof is based on a lemma, that we do not prove here, and whose statement requires a couple of
definitions.

DEFINITION. Let F' be a closed subset of Q and let xy € F. We say that a vector v € R™ is normal to
F at xg if there is r > 0 such that the closed ball of radius v and center xg + rv intersects F only at xg.
A wvector w is said to be tangent to I at xq it it is orthogonal to all normal vectors to F' at xg.

LEMMA 3.8.3. Let F be closed in Q, and let X be a smooth vector field. If X (x) is tangent to F for
every x € F, then every integral curve of X intersecting F' is entirely contained in F.

PROOF OF THEOREM 3.8.2. Let F be the set where u attains its maximum. We claim that each of the
X is tangent to F' at any of its points. If this is not true, there are zy € F' and v be normal to F' at z,
such that X (zo) - v # 0. We set v; = X,(x).

Let yo = o +1v and B = {z : |z — yo| < r} be such that F N B = {x¢}. The function

2 —ar?

pla) = el

6See7 J.-M. Bony, Principe du mazimum, inégalité de Harnack at unicité du probléeme de Cauchy pour les opérateurs
elliptiques dégénérés, Ann. Inst. Fourier Gren. 19 (1969), 277-304.
Here it is sufficient that X be Lipschitz (see the reference above).
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is strictly positive on —» B and negative outside. By (3.8.1),

k
=92 (o
j=1
Lk
=e Z (4@2((1:0 —Y0) - vj)2 - 2a|vj|2)

Jj=1

_ ( iv v;) —2azvj|>

Since the coefficient of a2 is strictly positive, we can take a large enough so that Ly > 0 in a closed
neighborhood U of zg.

For A > 0, consider the function & = w + Ap on U. Then Lu > 0. By a compactness argument,
we can find A small enough so that @ < u(xg) on the part of the boundary of U intersecting B. Clearly,
4 < u < u(xg) on the remaining part of the boundary of U. Hence @ attains a maximum in the interior of
U, but this is in contradiction with Lemma 3.8.1.

By Lemma 3.8.3, the integral curves of the vector fields X; intersecting F' are all contained in F. It
follows from Proposition 1.5.4 that, if x € F, then F' contains a full neighborhood of z. Hence F' is both
closed and open. O

This fact has a series of consequences for sub-Laplacians on stratified groups.

COROLLARY 3.8.4. Let L be a sub-Laplacian on a stratified group G, and let K be its homogeneous
fundamental solution. Then

(i) If f € D(G), then (Lf) x K = f;
(i) K = K;
(iii) K(z) <0 for every x # 0.

PROOF. The function g = (Lf) % K tends to zero at infinity. In fact, assume that the support of f, and
hence of Lf, is contained on the set where |z| < r, w.r. to some homogeneous norm. Then

lg(2)] </ |K(y )| dy < C ly a9t dy .
y|I<r

lyl<r

Let ¢ > 0 be the constant in the triangular inequality for the norm. Then
ol < eyl +ly~'al)
so that, if |z| > 2cr and |y| < r,
ly™al > 2ol ~ Il > -l
x| > —|z| — — x| .
Y T c 4 2c
Hence, if || > 2cr, |g(z)| < C,|z|~9F2.
Consider the function h = f — g. It tends to zero at infinity and
Lh=Lf—(Lf)*(LK)=0.

By Theorem 3.8.2 it must be zero. This proves (i).
In order to prove (ii), take f,g € D(G). Then, using (i),

(fr9) =((Lf) x K,g)
= (Lf,g% K)
= (f.L(g * K)) .

This shows that L(g*K) = g for every g € D(G), i.e. LK = 6y. Hence K is a homogeneous fundamental
solution of L. By Corollary 3.6.3, K = K.
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To prove (iii), we first show that K(z) <0 for all  # 0. Suppose K(zg) > 0, and let U be a symmetric
neighborhood of the origin such that K(x) > 0 for every x € Uxg. Let ¢ > 0 be a non-trivial smooth
function supported in U. Then

¢ x K(z0) = /Uw(y)K(y’lxo) dy>0.

Since p* K (x) tends to zero at infinity, it would attain a maximum at some point. But L(p*xK) = ¢ >0
on all of G, so it would be constant, in fact identically equal to zero, and this is a contradiction.

If we had now K(xg) = 0 for some zy # 0, it would be a maximum of K on Q@ = G\ {0}. Hence K
would be identically zero, which is again a contradiction. O



CHAPTER 4

Sub-elliptic estimates for homogeneous hypoelliptic operators
on homogeneous groups

1. LP-norm inequalities for convolutions with homogeneous distributions

Let G be a nilpotent Lie group, K a distribution on G, and T the operator Tf = f * K. Initially, T is
defined only on D(G) and takes values into the space of C'* functions on G.

Assume we know that, for every f € D(G), T'f € LI(G) for some ¢ € [1,00], and that there is p € [1, 00)
such that

(4.1.1) ITfllg < Clifll

for some C' > 0. Then T extends by continuity to a continuous operator from LP(G) to L1(G).
The next statement says that only the case p < ¢ is interesting.

PROPOSITION 4.1.1. Assume that (4.1.1) holds for every f € D(G), and that p > q. Then T =0, i.e.
K =0.

The proof is based on the following lemma.
LEMMA 4.1.2. Let f € LP(QG), with 1 < p < co. Then
Tim [|f = Lo fllp = 277 fp -

PROOF. Assume first that f is continuous with compact support, and let E be its support. For = € G,
L, f is supported on xE. Therefore, if + ¢ EE~!, f and L, f have disjoint supports, and

1/p
\f = Loflly = ( [ e [ Elf(xly)l”dy>

=2 fl, -

Given now a generic f € LP(G) and € > 0, there is f., continuous with compact support E., such that
I f — fell, <e. For x ¢ E.E- 1,

1f = Lafllo =221 f o] < IF = Lafllp = 2721 fello] + 27| fellp = 11 £l
<|f = Lafllp = 1 fe = Lafellp| +2"P11f = fllo
< ”f - La:f - fe + foe”P + 21/p€
<Nf = fellp + I Laf — Lo fellp + 2'/Pe
< (2+2YP)e . 0
PROOF. Proof of Proposition 4.1.1 Since T o L, = L, o T, it follows that
|LTf = Tfllg = IT(Laf = F)llg < ITUILoS = Flp

47
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For every f € D(G) and x € G. In our hypotheses, both p and ¢ are finite, so that, letting = go to
infinity on both sides, we obtain that

2Y9|Tf|q <||TII2"7||£]lp -
But then ||T'|| < 2Y/P=14||T||. But 2/P~1/9 < 1, hence T = 0. O

Assume now that G is homogeneous, and K is homogeneous of degree —@Q + . We know from Theorem
4.1 that

(4.1.2) T(foD,)=t"*(Tf)oD;,
for f € D(Q).
PROPOSITION 4.1.3. Assume that T satisfies (4.1.1) and (4.1.2) for every f € D(G). Then
1 1 Rea
p g Q

PROOF. This depends on the fact that

_Q
1 © Dillp = =% [ fllp -
If T = 0, there is nothing to prove. Assume therefore that T' # 0. By (4.1.2),

_Q _Rea—<
T fllg < 7 TN Ml

hence 0 o
||| < e~ Rt )|
for every t. Since ||T'|| > 0, this forces the exponent of ¢ to be zero. O

We will be concerned only with real values of a.

Combining together Proposition 4.1.1 and Proposition 4.1.3, we see that it makes sense to restrict one’s
attention to the values of a with 0 < a < Q.

The case a = 0 is the most delicate and we leave it aside for the moment. We shall discuss instead the
case 0 < a < Q, assuming that K coincides with a continuous function away from the origin?.

THEOREM 4.1.4. Let K be a distribution homogeneous of degree —Q +«, with 0 < o < @ and continuous
away from the origin. Then K is a locally integrable function, satisfying the inequality

C

(4.1.3) |K(2)] < [Z[@—=

for some constant C > 0.

Ifl<p<qg<oo, and (1/p) — (1/q) = a/n, then T is bounded from LP(G) to LI(G).

PRrOOF. Let Ky be the function detrmined by K on G\ {0}. Then Kj is obviously homogeneous of
degree —Q + «, and it follows easily that it satisfies (4.1.3). Hence it is locally integrable on G, and defines
a distribution on G.

Consider therefore K’ = K — K. This is a distribution supported at the origin, also homogeneous of
degree —Q + . Due to the compact support of K’, |(K’, f>| is controlled by some C* norm of f on a fixed
small neighborhood of the origin. But, because of its homogeneity,

(K', f) =t*(K', f o Dy) .
Letting ¢ tend to 0, the C* norms of f o D; remain bounded, so that (K’, f) = 0. This shows that
K = K,.
For the second part, in view of Theorem 3.2.1, it is sufficient to prove that K satisfies (4.2.4) there, with
q= % But, if s > 0 and |K(z)| > s, then |z| < s~@ =, and the volume of the ball with this radius has

. _Q
volume equal to a constant times s~ @-«. O

Hf o = Q, (4.1.1) can only hold for p = 1 and ¢ = co. If K is continuous and homogeneous of degree 0, then it is bounded
and (4.1.1) is easily verified.
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Theorem 4.1.4 has interesting applications to homogeneous hypoelliptic operators. Hypoellipticity means
that regularity of L f on some open set implies regularity of f on the same set. The definition involves C'*°-
regularity, but one can measure different degrees of “regularity” considering different scales of function
spaces.

For instance, Sobolev spaces take into account the order of differentiability in L2, Lipschitz-Hélder spaces
describe the continuity properties, and LP spaces the order of integrability.

We give results concerning Lebesgue spaces. This type of estimates are called sub-elliptic estimates.

COROLLARY 4.1.5. Suppose that L is a homogeneous operator of homogeneous order p < @, with both L
and 'L hypoelliptic. Let {X1,..., X} be a basis of g consisting of homogeneous vector fields. In the notation
of Section 6 of Chapter 2, let

X® = Xloél "'XS"
be homogeneous of order d(a), with 0 < d(a) < p.
If p < %@, and

given f € D'(G) with compact support,
Lfel’(G)= X*f e LIQG) .

If L = Zj ij s a homogeneous sub-Laplacian on a stratified group, under the same conditions on p and
q, corresponding to u =2 and d(a) = 0,1, we alos have the estimate

X fllr < CILSlp
for some C > 0 independent of f.

PROOF. Let K be the homogeneous fundamental solution of L. The distribution X*K is then homoge-
neous of degree —Q + p— d(«) and sommoth away from the origin. By Theorem 1.4, (Lf)* (X*K) € L1(G).
Take g = f — (Lf) * K. Since Lg = Lf — Lf =0, g is a C* function. Hence

Xf =X+ (Lf) * (X°K)
is locally in L9. But it has compact support, so it is in LI(G).
If L is a sub-Laplacian, we can use Corollary 3.8.4 to say that f = (Lf) « K. Hence

Xf = (Lf) » (X°K) ,
and the conclusion follows again from Theorem 4.1.4. O

The second result is a refinement of the previous one, of a local nature.

COROLLARY 4.1.6. In the hypotheses of Corollary 4.1.5, assume that u € D'(G) and Lu coincides with

an L. . function on some open set 0, with p < %. Then X®u € L (Q), with
1 1 p—dla)
P g Q

The proof requires a preliminary lemma.

LEMMA 4.1.7. Let ® be a distribution on G which coincides with a smooth function away from the origin,
and let W be a distribution with compact support. Then W x ® is smooth away from the support of W.

PROOF. The assumption on ® is that there is a smooth function ®(z) on G \ {0} such that

(@, f) = / B(a)f () d

whenever f € D(G) and 0 ¢ supp f.
Let now E be a compact set disjoint from F = supp ¥. Since 0 ¢ F~1E, we can take n € D(G) equal to
1 on a neighborhood U of F~!E and equal to 0 on a neighborhood of 0.
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If g € D(E), then ¥ % g € D(G) and its support is contained in F~'E. Hence
(U ®,9) = (P, T xg)

= /@(m)\il * g(x) dx

= /@(w)n(m)@ x g(x)dx
= (U x(n®),g) -

Therefore ¥  ® and ¥ * (n®) coincide on > E. Since n® € D(G), also ¥ * (n®) € D(G). Hence ¥ x &
is C>® on > E. O

PROOF OF COROLLARY 4.1.6. Fix g € Q, and let ¢ € D(G) be supported in Q and equal to 1 on
a neighborhood V' of zy. If we prove that X*(pu) € LI(W) for some sub-neighborhood W of V, then
X% € LYW). Because X*(pu) = L(pu) * (X*K) plus a smooth function, it is sufficient to prove that
L(pu) x (X*K) € LY(V).

Applying Leibniz’s rule, one sees that L(pu) = ¢Lu plus terms containing derivatives of . Therefore,
all these other terms are zero on V', so that

L(pu) = pLu+ V¥,

where U is a distribution with compact support contained in G\ V.
Then

(4.1.4) (L(pu)) * (X“K) = (pLu) * (X“K) + ¥ % (X*K) ,
where K is the homogeneous fundamental solution of L. Since pLu € LP(G), it follows from Theorem 1.4
that (pLu) * (X*K) € LI(G). B

By Lemma 4.1.7, ¥ % (X*K) is smooth on V. Hence, if W is a neighborhood of g with W C V, we
conclude that L(pu) * (X*K) € LY(W). O

2. Principal value distributions

In Corollaries 4.1.5 and 4.1.6 we estimated L™ norms of “derivatives” X%u in terms of LP norms of Lu,
under the assumption that d(«) be smaller than p, the homogeneous order of L. This was mainly a technical
restriction, beacuse we wanted the derivative X“K of the homogeneous fundamental solution of L to be
locally integrable.

It is possible, however, to extend the scope of Corollaries 4.1.5 and 4.1.6 so to include also the limiting
case d(a) = p. In this case the distribution X*K is homogeneous of degree —@Q and must be handled with
special attention. It is one of the situations where the notions of “function” and of “distribution” tend to
diverge and confusion between the two may lead to wrong or contradictory statements.

Consider a function K(z), smooth? on G \ {0} and homogeneous of degree —Q . The question we pose
concerns the existence of a distribution on G, that we temporarily denote by K, such that

(4.2.1) (K, f) = /K(x)f(x) dx |

whenever 0 € supp f and f € D(G). An equivalent way of stating the question is the following. The function
K defines a distribution on G \ {0} (i.e. a linear functional on D(G \ {0})) by ordinary integration. Can
this functional be extended to D(G) as a homogeneous distribution?

One first remark is that, if such an extension exists, it is not unique. The reason is that the Dirac delta
8o at the origin is homogeneous of degree —Q, so that if K is a distribution satisfying (4.2.1) when 0 is not
in the support of f, the same is true for K + ¢y for any constant c.

2Smoothness is not a necessary requirement. Local integrability away from the origin would be sufficient at this stage.



2. PRINCIPAL VALUE DISTRIBUTIONS 51

The other remark is that the answer is negative in general. A simple example is given by the function
K(z) = 1/|x|?, defined in terms of some fixed homogeneous norm on G. Assume that K exists. Homogeneity
of degree —(@) means that

<K7fth> = <I~(7f> s

for every t > 0 and every f. Take f € D(G), with 0 < f(z) < 1, identically equal to 1 on a neighborhood U
of the origin, and supported on DyU. Then f — f o Dy > 0, is not identically zero, and it is supported on
DyU \ Dy ,U. Hence

<kvf—fOD2>=/]de>0,

in contrast with the fact that
(K,f —foDs)=(K,f)—(K,foDs)=0.

In order to specify the conditions under which the answer to our question is positive, we must first
present a “polar decomposition” of the Lebesgue measure”.

LEMMA 4.2.1. Let | | be a homogeneous norm on G, and let S be the unit sphere. There is a positive
Borel measure o on S such that

/Gf(x)dx:/ooo/sf(Dt(x)) do(z) 191 dt |

for every integrable function f.

ProoF. If F is a Borel subset of S, let

Ef={Dz):zcE, t<1},
and define
o(E) = Qm(E?) .
For 0 < a < b, let
Eup={Di(z):x € E, a <t <b}=Dy(E*)\ Du(E*) .
Then
bR — q@

m(Eqp) = ————0(E) = / 9 ldt do .
Q EXx|a,b]

Standard measure-theoretic arguments give the conclusion. O

If K(x) is a homogeneous function of degree —@, locally integrable away from the origin, we can then
talk of its mean value on S. We show that its value does not depend on S (i.e. on the fixed homogeneous
norm).

LEMMA 4.2.2. Let K(x) is a homogeneous function of degree —Q, locally integrable away from the origin.
The integral

(4.2.2) / K(z)do(x) = u(K)
s
does not depend on the homogeneous norm.

PROOF. It follows from Lemma 4.2.1 that, if 0 < a < b,

/<| » K(z)dx =log(b/a)u(K) .
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Let | |" be another homogeneous norm. By Proposition 2.5.1, there is r > 0 such that the ball B!
centered at the origin and with radius = in the norm | | is contained in the unit ball B; in the norm | |.

Then
/ K(z)dx:/ K(z)dxf/ K(z)dx
Bs\B1 B\ B!, B1\B!.

:/ K(x)dx—!—/ K(x)dx—/ K(z)dx .
B2\Bj, B3, \B. Bi\B.

But, setting 2z = Dyx’, we see that

/ K(ac)dx:/ K(z)dx .
B2\Bj, B1\B!

/ K(x)dx:/ K(z)dx ,
r<|z| <2r 1<|z|<2

and this gives the conclusion. O

Hence

PROPOSITION 4.2.3. Let K be a smooth homogeneous function of degree —Q on G\ {0}, and let | | be a
homogeneous norm on G. Then K extends to a homogeneous distribution on G if and only if u(K) = 0.

The proof requires a preliminary lemma.

LEMMA 4.2.4. Let | | be a homogeneous norm on G(=g), and || || a vector space norm on g. There is a
constant C' > 0 such that

[zl < Clz[*if 2] <1,

where v = min; \;.

PRrROOF. Let W), be the eigenspaces of the dilations on g, with eigenvalues t* . We can assume, without
loss of generality, that
/X
2| =D ||V
J

and that

Izl =" 1l
i

if 2; denotes the component on = in W,. If [z| < 1, then [[z;]| < 1 for every j. Hence

Yy
el < 3 flzs 77 < c(z ||xj||1”f) el
J J

as required. 0O

PROOF OF PROPOSITION 4.2.3. If f € D(G), we claim that the limit

exists and is finite. We check the Cauchy condition for 0 < & < &’:

K(w)f(x)dx—/ K(2)f(z)do /< K@) b

lz|>e’

’ lz|>e

’ /s<|x|<€, K(2)(f(x) - f(0)) do

= /MKE, |K ()| f(z) = f(0)] da .
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The mean value theorem implies that

|f(@) = FO)] < IV fllooll]l ,
which implies, for |z| < 1, that
|[f(@) = FO)] < CIIV flloola]™ .

Hence, if ¢’ < 1,

K(2)f(2) dz — / K(2)f(x) da

‘ lz|>e

|z|>e’
(4:29) <CIfle [ el
e<|z|<e’
<OV Sllee™ -
This implies the Cauchy condition.
We can then define, for f € D(G),
(4.2.4) (K, f) = lim K(z)f(z)dx .

e—0 |I|>E

This is clearly a linear functional. We must prove that it is continuous. Restricting to f € D(F), with
E compact in G, we have, by (4.2.3),

[ wes@a<| [ k@@l [ K@i
|z|>e e<|z|<1 |z|>1
< OVl +C f )] de
|z|>1,z€E
< CB)|fler -

To prove the “only if” part, assume that a function K, with u(K) # 0, extends to a homogeneous
distribution K. We can decompose K as

M(K ) -Q
K(z) = Ko(z) + —=|x ,
(z) o(@) + #(9) ||
where (Kp) = 0. Since also K extends to a homogeneous distribution, the same would be true for |z|~<,
in contradiction with our previous remark. (|

REMARK. Even though the condition p(K) = 0 is independent of the homogeous norm, the distribution
defined in (4.2.4) depends on the particular norm. As an example, consider the function
cos 46
r2
on R?(= C), the dilation D; being scalar multiplication by ¢. Take |z+iy| = (x2+y?)'/? and |z+iy| = |z|+|y).
Denoting by B, and B! the balls of radius ¢ in the respective norms, we have

/| K@@= [ K@) e | K@f@ds

Be\B{

K(re') =

|z|>e
- [ K@iea)de,
B1\Bj
which tends to
f(O)/ K(x)dx .
B1\Bj]

Simple geometric considerations show that this integral is strictly negative. Therefore the two distrib-
utions defined by (4.2.4) in terms of the two norms differ by a non-zero multiple of d;.
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The distribution (4.2.4) is called a principal value distribution, denoted by
pv.K(x) .

Even though the notation is ambiguous unless a homogeneous norm is specified, this ambiguity is irrele-
vant for the purpose of discussing boundedness on LP of the corresponding convolution operator. Observe in
fact that, by Proposition 4.1.3, we have to consider ¢ = p. The Dirac delta produces the identity operator,
and its presence does not make any difference. The same harmless ambiguity is present in the following
statement.

THEOREM 4.2.5. Let K be a distribution on G, homogeneous of degree —@Q and smooth away from the

origin, and let Ko be the corresponding homogeneous function on G\ {0}. Then u(Ky) =0 and
K =puv.Ky+ cdy .

PRrOOF. By Proposition 4.2.3, u(Kp) = 0. Then H = K — p.v.Kj is also homogeneous of degree —Q
and supported at the origin. We adapt the proof of Theorem 4.1.4.

Take f € D(G) with f(0) = 0. Due to the compact support of H, |<H, f>| is controlled by some C*
norm of f on a fixed small neighborhood of the origin. But, because of its homogeneity,

<H7f> = <H7fth> :
If t tends to 0, the C* norms of f o D; tend to 0, so that (K, f) = 0.
Fix now ¢ € D(G) with ¢(0) = 1. If f is a general function in D(G),
(H, f)=(H, [~ [0)p) + [0)(H, ) = fO)H, ) .
Hence H = (H, ¢)do. O

3. The almost orthogonality principle

For convolution operators by distributions homogeneous of degree —( it makes sense to discuss bound-
edness from LP(G) to itself. In this section and in the next one we will develop the tools that will allow
us to prove boundedness on L? for principal value distributions that are smooth away from the origin and
homogeneous of degree —Q.

In this section we present the almost orthogonality principle for general linear operator on Hilbert spaces.

Let {T}}rez be a sequence of continuous linear operators from a Hilbert space H to itself, with
(4.3.1) 1Tl < C,
for every k. Let

Vi = (ker T)*" Wy, =T.H ,
and assume that
(4.3.2) Vi L Vi, W; LWy,
for j # k.
Observe that the two conditions in (4.3.2) are respectively equivalent to
(4.3.3) ;T =0, T;T;=0.

Let Sy = ZleN Ty,. For v € H, calling Pj, the orthogonal projection onto Vi, we have

2
ISvol> = | Y Two| = D IITwol?
|k|<N |k|<N
= > ITP|><C Y ||Pwl?
|kI<N |kI<N

< Cllo)*,
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because the Pyv are mutually orthogonal. Hence || Sy|| < C, independently of the number of operators. The
same proof shows that {Syv} is a Cauchy sequence in H.
We then have proved the following “orthogonality principle”.

PROPOSITION 4.3.1. Let {T}} be a sequence of linear operators on H satisfying (4.3.1) and (4.3.2).
Then the series
> T

keZ
converges in the strong topology to an operator S satisfying ||S|| < C.

Motivated by these considerations, we can formulate the almost orthogonality principle.

THEOREM 4.3.2. Let {Ty}rez be a sequence of bounded linear operators on H, and let a = {a(n)}nez be
a summable sequence of positive numbers.
Assume that

(4.3.4) IT; Tl < a(G = k), ITTENY? < alG - k)

S

k€EZ

for every j, k. Then the series

converges in the strong topology to an operator S satisfying ||S|| < A = |la|1.
PROOF. We recall that, for any bounded linear operator T on H, | T*T| = |T||>. The inequality
17T < |77 = [T
is obvious, and on the other hand, denoting the inner product in H by ( | ),

7T = sup  |(T*Twlw)|
lvlI<1,flw|| <1

= sup |(Tv|Tw)|
ol <1, llwl<1

> sup (Tw|Tv)
lvll<1

=TI -
In particular,
Tl = I TE Tl < a(0) < A
Let U = S%Sn. Since U = U*, it follows that |U?| = ||U]|?, and inductively, [|U?" | = ||U]]*", i.e.

IS3Swl = [[(Sxesmw)?™ " .
Setting n = 2", we have
(SySw)" = > LT T, T,
—N<i1yiz,seeyign <N
Each summand can be majorized in two different ways:
T3, Ty - - Ty, | S T3 Tl -+ - (1T, T |
< a(iy —i2)%a(is —is)? - alizn_1 — i2s)*
T3 Tiy - - T, || < T3 T, T - - 1T

T3, 2n |
< A?a(iy —i3)* - alizn_2 — i2n-1)°
Moltiplying side by side and extracting square roots, we obtain

|17 Tiy - Ty, || < Aaliy —id2)alia —i3) -+ - alizn—1 — i2n) -
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Therefore, summing first over i1, then over iy, etc., we have

I(SxSV)" || = > 1T, s, - - T,

—N<iq,i2,...,i2n <N

< A Z a(i1 — iQ)CL(iQ - iS) e a(iQn—l - i2n)

—N<iq,ig,..i2n <N

< A? Z a(ia —i3) - -~ a(ton—1 — t2n)

—N<iz,...,ian <N

< AP Z aizn—1 — i2n)
_N§i2n—17i2n§N
< (2N +1)4%" .
Hence
ISk Sxll < (2N + 1)1/ A%
Taking the limit for m — oo, we see that ||SiSn|| < A2, ie. ||Sn| < A for every N.

We prove now that, for every v € H, {Syv} is a Cauchy sequence. Assume first that v = T’}u for some
ue H. Ifwe Hyand M < N,

|((Sy = Su)vlw)| < Z |(Tkau|w)|

MA1<|k|<N
<lulllwl > a(k—j)?
M+1<|k|<N
< Alfullllwl > alk—j) .
M+1<|k|<N

Hence,
ISy = Syl < Allul S ath)
|k|=M+1-|4]|
which can be made smaller than any € > 0 by taking M large enough.
By linearity, {Snv} is a Cauchy sequence for every v € Hy = 3
€ > 0 there is v/ € Hy with |jv — ¢'|| < e. Then

(S = Sar)v|| < ||(Sn = San)v'|| + 24¢

and this implies that {Syv} is again a Cauchy sequence.

ez TFH. 1f we take now v € H, given

Finally, every v € H decomposes as v = v1 + vy, with v; € Hy and vy € Fol. But, for every j € Z and
w € H,
(Tjv2|w) = (v2| Tjw) =0,
so that Tjvy = 0. Hence Syv = Syv; and the proof is complete. O

4. Convolution with principal value distributions

Let K be a distribution on G, homogeneous of degree —() and smooth away from the origin. We are
interested in the convolution operator Tf = f x K.
We know from Section 2 that® u(K) = 0, and that, once we fix a homogeneous norm | | on G, the
distribution K equals
p.v. K(x) + ¢dg

3With an abuse of notation, we use the same letter K to denote the distribution on G and the function on G \ {0}.
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for some constant ¢. We can then concentrate our attention on the first term, i.e. we will assume that
K =p.v.K(z).
Then, if f € D(G),

T f(x) = lim flay™ " K(y)dy .
e—0 ly|>e
If we set
Dp={x:27F <z <27} Ky(z) = K(v)xp, (z) , Thf = f* Ky,
then
Tf=> Tuf .
kEZ

We shall show that the almost orthogonality principle applies to the T} as operators on L?(G). But
before, we must establish a mean value theorem for homogeneous functions.

Even though this is not strictrly necessary, we assume that the homogeneous norm satisfies the triangular
inequality

lzy] < || + |yl -

LEMMA 4.4.1. Let f be a C' function on G\ {0}, homogenous of degree o € R. There is a constant
A >0 such that, if ly| < |z|/2, then

|[f(zy) = f(x)| < Aly|"]a|*™,
where v = min; \;.

PRrROOF. Take z with |z] = 1 and |y| < 1/2. The map y — f(zy) — f(z) is smooth, it vanishes for
y = 0, and depends smoothly on x. By the mean value theorem and compactness,

|f(zy) = f(@)] < Clyll
where C' is independent of z and || || is a vector space norm on g. By Lemma 4.2.4,
|[f(wy) = fx)] < Alyl™ .
For general x # 0, let ¢ = |z| and 2’ = D;-12z. Then
|f(zy) = f(2)] = t*]f(2'Dyry) - (')
< At|Dy-ry|?
< ARl . D

THEOREM 4.4.2. Let K be a distribution on G, homogeneous of degree —Q and smooth away from the
origin. Then the operator Tf = f * K is bounded on L*(G).

PRrOOF. We prove that the T}, satisfy the hypotheses of Theorem 4.3.2. Since K € L'(G) for every k,
each T}, is bounded on L*(G), and

1Tl < |1 Kk]l1

=/Dk 1K (2)] da

:/ |K (2)|dx
Do
= [[Kol|1

(4.4.1)

We shall now concentrate our attention on the first of the two conditions (4.3.4), the second admitting
an identical proof.
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In order to describe T}, we consider that, for f,g € D(G),
(T flg) = (f|Tkg)
= (f,g* Ky)
= (f = (K&).9) -

Hence, if

Ki(z) = Kp(z71)

we see that T) f = f* K. In order to prove the first condition (4.3.4), we observe that 7T f = f* Ky * K7,
so that

(4.4.2) |75 Te|l < [ Kk = K1

and we are led to estimate this L' norm.
For |j — k| < 1 we use Young’s inequality, i.e.

15 K5 |l < [ Kkl K [l = (1Kol
so that we can take a(0) = a(£1) = || Ko||1-

We consider now the case [j — k| > 2. We show how to estimate || K} * K||1 when k — j > 2, the other
estimates being quite similar. The proof is based on the following lemma. O

LEMMA 4.4.3. Let o, be two integrable functions, and assume that

(i) suppy C B(0,7) and [, ¢(x)dz = 0;
(ii) there are constants C,6 > 0 such that, if ly| <,

[ W) - v e <l
Then |j¢ * ¥[l1 < Crolell.

PROOF. Since ¢ has integral zero,

o*p(z) = /G o)y ) dy
- /G o) (V(y™ ) — () dy

Hence

llo |1 z/(;‘/cw(y)(w(y‘lx)—w(fv)) dy| dx
< /yl<r|so<y>| /G o (y~") — (x| do dy

<C lo(y)|lyl° dy
lyl<r

<Crlel - 0
]

We apply Lemma 4.4.3 to ¢ = K}, and ¢ = K7. Condition (i) is satisfied with 7 = 27%+1. In order to
verify (ii), we first take j = 0 and show that, for |y| < 1/2,
(14.3) [ 1K) = Kj()| de < Bl

where § = min{1,~}, v being as in Lemma 4.4.1.

We simplify the notation observing that, if we change z into 271,

/ {Kg‘(y_lac) — K(j‘(ac)| dx = / |K0(xy) — Ko(x)’ dz .
G G
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The integral is extended to Dy U (Dgy~!), and we split it as

/ |K(xy)fK(:c)|dx+/ |K (2)| da
DoN(Doy~1) Do\(Doy~1)

-|-/ |K(xy)| dzx
(Doy=1)\Do

:/ |K () —K(x)\dxm/ K ()| de .
DoN(Doy~1) Do\(Doy~1)

For the first integral we apply Lemma 4.1 to obtain

/ [Ka) — K@ de <y [ 121t
Doﬁ(Doyfl) Do
<Cly|".
For the second integral, observe that
Do\ (Doy™") C{a: 1~y < Ja| <1},

/ |K(z)|dz < C |z|~@ dx
Do\(Doy™1) I—lyl<|z|<1

c//1 dt
1y t

<2C'fy| .

This proves (4.4.3). Going back to condition (ii), observe that, if 3 € supp K}, then |Dyjy| < 2975+ <
1/2. Then, changing variables and using the homogeneity of K,

/G |K;(y~'z) — K (z)] do = /G |K§ (Dayy)~'2) — K (a)| dae
< B2y’ .
Hence (ii) is verified with C' = B279. It follows from Lemma 4.4.3 that
Kk« K7l < 2°B27 %99 K || < B2~ (=99

so that

Finally, taking a(n) = B’2-°/" if |n| > 2, and the assumptions of Theorem 4.3.2 are satisfied.
We state without proof the following sharper result. Its proof requires an adaptation of the Calderén-
Zygmund theory of singular integrals, that we cannot present here?.

THEOREM 4.4.4. Let K be a distribution on G, homogeneous of degree —Q and smooth away from the
origin. If 1 < p < 0o, the operator Tf = f * K is bounded on L?(QG).

Using Theorem 4.4.4 instead of Theorem 4.1.4 in the proofs, we can then extend Corollaries 4.1.5 and
4.1.6.

COROLLARY 4.4.5. The conclusions in Corollaries 4.1.5 and 4.1.6 extend to d(a) = p, r =p € (1,00).

41t can be found in E.M. Stein Harmonic Analysis.






CHAPTER 5

Proof of Hormander’s theorem for sublaplacians

Ouraim is to prove Theorem 1.5.7 for sub-Laplacians (i.e., operators of the form L;). The proof is based
on a comparison between Sobolev and Lipschitz norms.

1. Lipschitz, Besov and Sobolev norms

Let 0 < o < 1. The p-Lipschitz norm of order « of a function f € LP(R™) is defined as

(5.1.1) 1fllaz = 11£llp +sup (R ™m0 f = flls
h#£0

where we have set 75, f(z) = f(x — h). The space AL (R") is defined as the subspace of those functions in
LP(R™) for which || f||xz < oo.

Notice that, for every a > 0, one obtains an equivalent norm on A (R™) by replacing sup,, ., with
SUDg<|p|<q- This follows easily from the fact that, for |h| > a, [h|*|[7nf — fll, < 2a7[| f]|,-

PROPOSITION 5.1.1. The space AS° consists of the bounded Hélder-continuous functions of order a.

PRrROOF. It is quite clear that bounded Holder-continuous functions of order o belong to AS*(R™). Sup-
pose therefore that f € AS°(R™). If we prove that f is continuous, the rest follows easily.
Let ¢ be a continuous function supported on the unit ball and with fRn ¢ = 1. The functions ¢.(z) =

—n

e~"p(e~1a) form an approximate identity for & — 0. Since [, ¢ = 1,
froe@) ~ @) = [ (flo=1) = F@)elw)dy
— [t = 1@)eet)dy
so that

1 oo — flloo g/ 17 f = Flloclee(v)] dy -

Rn
From the inequality
HTyf — flloo < ||fHA3°|y|a )

and the fact that ¢, is supported on the ball of radius €, we obtain that

15 e = Floe < Wfllaze® [ ol dy = Ifllaze” [ lotwldy

This gives the uniform convergence of f % ¢. to f. Since the ¢. are continuous, the same is true for

I O
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REMARK. We motivate the restriction 0 < a < 1. If the quantity in (5.1.1) is finite for some a > 1,
then f = 0. The exclusion of a = 1 is less simple to explain. An indication that some problems arise with
(5.1.1) is in Proposition 5.1.2 below, whose statement is false' for o = 1.

A more general class of norms are the (p, q)-Besov norms of order .. For 1 < q < 0o, one sets?

o dh \ 7
(5.1.2) £ llaze = 11 £1l, + (/h|<1 (1=l f = £llp) IhI") :

and the Besov space AZ4(R™) is defined as the space of LP-functions for which (5.1.2) is finite. For ¢ = oo,
one sets AL (R"™) = A2 (R™).

We shall be mainly interested in the case p = 2, with ¢ =2 or ¢ =

PROPOSITION 5.1.2. For 0 < a < 1, A%22(R") coincides with the Sobolev space H*(R™) and the two

norms are equivalent.
n .
= / flx)e ™S da
R

the Fourier transform of f, then ;h\f(f) = e~ f(¢). Hence, for f € L2(R™) and using Plancherel’s formula,

dh
2 2
gz~ W8+ [ s = 118 s

‘efzhf 1|
/ |2d€+/n/n (] — e dedn

Interchanging the order of integration, we are led to consider first the integral

|efih-§_1|2

Using the inequalities |e~"¢ — 1| < |h]|¢| for |h| small, and |e=#¢ — 1| < 2 for |h| large, we see that the
integral is convergent for 0 < o < 1.

Obviously, I(0) = 0. If € # 0, decompose ¢ in polar coordinates as £ = |{|w, with w in the unit sphere.
Changing variable, |{|h = k', we find that

T _ 2a |e_ih/'(lJ — 1|2 dh/ _ 2@[
(5) - ‘f' R |h,|n+2a - |§| (W) N

If A is an orthogonal transformation of R™, the change of variable h’ = Ah” shows that I(w) = I(Aw).
Hence I(w) is constant, and its constant value is non-zero. Putting this in (5.1.3), we find that

111322 ~ /Rn ISP+ 16P*) dE ~ |1 fllay - O

PROOF. Observe that, denoting by

(5.1.3)

LEMMA 5.1.3. We have the following continuous inclusions®

AZ(R™) € AZ™(R™) € AF*(R™) ,

For o = 1 it is more appropriate to replace the “first-order difference” 7, f — f with the “second-order difference”
Tonf — 21 f + f. With this modification, Proposition 5.1.2 becomes true also for &« = 1, and in fact it can be extended to all
« < 2. For larger values of o, one must use higher-order differences.

2As for Lipschitz norms, the restriction |h| < 1 in the domain of integration can be replaced by |h| < a for any a positive
or even infinite.

3More generally, one has the following continuous inclusions:

AR (R™) C AR (R™)

if g1 < g2, and
ARS(R™) C AR
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if0< f<a<l.

PROOF. Take f € A%22(R™). From the inequality |e® — 1| < C,[t|*, we have
I f — £II2 ~ / FOPle e — 112 de
< / FOP IR de

<IN f T -

This gives the first inclusion by Proposition 5.1.2.
Take now f € A2°°(R™). Then

ITnf = Fllz < ([ fllxz0 [P

Therefore,
-2 2 dh 2 2(a—B)—n
("N f = fllz 7 < [1f11 52000 |h dh
Ihl<1 I 7 Jin<a
S I -
Adding the L2-norm, one gets to the conclusion. |

COROLLARY 5.1.4. If s < a <1, A2(R") C H*(R"™), and the inclusion is continuous.

2. Lipschitz norms defined in terms of flows

Lipschitz and Besov norms are defined in terms of the translations 77,. One can interpret translations in
R™ as generated by the flow of n very special vector fields.
Ifh=(hi,...,hyn) = hie1 + -+ + hpen, then 7, = T e, 0+ 0 Th e, setting X; = —0,,

Thjej = exp(thj) 5

and
Th = exp(h1X1) - - exp(hn Xy) -
We shall discuss how more general vector fields can be used to introduce adapted Lipschitz norms, and to
compare these among themselves and with the standard Lipschitz norms presented above. We shall restrict

ourselves to p = 2.
Let © be an open set, X a (smooth) vector field on 2, and let K, K’ be two compact subsets of { with

K c3 K'. We fix a = a(X, K, K') > 0 small enough so that
(i) the flow px () is defined on K for |t| < a;
(ii) for |t| < a, px .+ maps K diffeomorphically into K.
For f € L?(Q) with supp f C K, we define the norm

(5.2.1) Ifllx.a = IFl2+ Sup [t exp(tX)f = fll2 -

LEMMA 5.2.1. Given K, the norm (5.2.1) does not depend, up to equivalence, on the choice of a, as long
as (i) and (ii) are satisfied, for some K', by both a and a'.

PrROOF. For the purpose of this proof, let us specify the value of a in (5.2.1) and write || f|/x,a.a-
Obviously, if a <, || fllx,a.a < [[fllx,a0-

if B < a. These are the relevant inclusions with p fixed. See E.M. Stein, Singular integrals and differentiability properties of
functions, Chap. V, Sect. 5.
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On the other hand, let K}, be a compact subset of ) such that (ii) is satisfied for |¢| < b. For a < [t| <,
we use the trivial majorization ||exp(tX)f — fll2 < [|exp(tX)f|l2 + || f|l2. Noticing that supp (exp(tX)f) =
@}}t(supp f) € K, we have

| exp(tX)f|2 = /K 1 (ox0(@))] d = /K @) Py (2)da |

By compactness, J,, _, is bounded on K uniformly for [t| < b. Therefore,
(5.2.2) lexp(tX)fll2 < ClIf]2 -
This easily gives the inequality || f||x,a6 < C'[|f|lx,a.a- O

We shall not mention the choice of @ in (5.2.2) unless it will be necessary.
Notice that, with 2 = R" and X; = —0,,, the 2-Lipschitz norm || f|[2 is equivalent to Z?Zl Ifllx; 0

The first comparison we make is between the Lipschitz norms associated with a vector field X and those
associated with a modified vector field X = nX, for some n € D(Q).

We expect that the trajectories 4, (t) of the flow generated by X are contained in the trajectories Ya (t)
of the flow generated by X, only travelling at a different speed. To be more precise, we expect that there is
a real-valued function 7(x,t) such that

(5.2.3) '?:E(t) =Yz (T(.’l?,t)) )

and 7(x,0) = 0. Differentiating in ¢, we obtain the equation

X5,y = O (2, 8) X5, 1) -
If X5, () # 0, this means
(5.2.4) nove(r(x,t) = Ot (z,t)

and surely (5.2.4) implies (5.2.3). For « € Q fixed, the function 7 satisfies (5.2.4) if and only if 7,(¢) = 7(x,t)
is a solution of the one-dimensional Cauchy problem

%Ta: =Tmno '79:(7-90)

By Theorem 1.1.1 (iii), 7, (¢) is smooth in both x and ¢. It follows from (iv) in the same theorem that
(5.2.5) has a unique solution which is smooth in both z and ¢.
It will be convenient soon to set the notation

ox(x,t) = pxi(r) = 72(t) -

PROPOSITION 5.2.2. Given K and n € D(Q), there is a constant C = C(K,n) such that, for every
a € (0,1) and f € L*(Q) supported on K,

1fllnx.a < Clifllx.a -
PROOF. If s,t are small enough and |s| < |¢],
lexp(tnX)f — fll2 < [[exp(tnX)f — exp(sX) fll2 + || exp(sX) f — fl2
< [lexp(tnX)f — exp(sX) fll2 + [¢[*]f|x.c -
Hence
lexp(nX)f = flla < 71 L+ inf, [lesp(tnX)S = exp(s )]
We have reduced matters to proving that

(5.2.6) it [lexp(tnX)f = exp(sX) Sl S 14 o -
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‘We have
Juf llexp(tnX)f — exp(sX) f|3
. 2
(5.2.7) = inf [ [fopx(z,7(x,t)) = fopx(x,s)| da
[sI<It| Jq

1 2
= 2|t/|s|gt|/g|fowx(x’7(x’t)) _f°90x($,8)| dx ds .

We fix a compact subset K’ of Q containing K in its interior, and we impose that |s|, |t| < ¢, with §
small enough so that K C {¢x (z,7(z,t)) 1z € K',|t| <6} and K C {¢x(,5):x € K',|s| < 6}

For each t € [—4,0], we want to make a change of variables (z,s) — (y,u) in such a way that the
integrand becomes |f o o x (y,u) — f(y)’2 We must then set y = ¢x(z,s). Observing that the identity
OX uts = Pxu O Px,s can be written as

@X(:Cau_F S) = ¥pXx (QDX(':E?S)?U) = @X(yau) )

we must also set u = 7(x,t) — s. The change of variables is then

(yau) = (Dt(xa 5) = (@X(xa 5)3 T(‘T,t) - 5) s
which is a smooth function in all variables x, s, t.
The Jacobian matrix J, ;®; in the variables z, s is

Jrox(x,8) Xoy(zs
Jos®i(2,5) = ( Vﬂ((m)) ol >> :

Att =0, 7(z,0) = 0 for every z, therefore V,7(x,0) = 0. At s =0, ¢x(z,0) = z, so that J,px(z,0) = I.

Therefore
det J; s@o(z,0) = —1.

It follows that for |s|, |¢| smaller than some §’ > 0, the determinant of J, ;®,(z, s) is bounded from below
in absolute value, uniformly in z € K’. Hence, for each point 2 € K’ there is a neighborhood U, X (=0, 0z ),
with d, < ¢’, on which every ®; with || < d, is invertible. By compactness, it is possible to cover K’ with
a finite number U, ..., U, of such neighborhoods.

If {4;}L, is a smooth partition of unity on K’ subordinated to the Uy, we set f; = fi;. We then
choose a final 6, smaller than ¢’ and &,, for every j, such that supp f; o ¢x,s C Uy, for |s| < 4. Notice that
§ does not depend either on f or «, but only on K.

Also notice that, since 7(x,0) = 0, there is a constant A such that |7(x,t)| < A|t| for |t| < ¢" and z € K.
Therefore |u| < (A 4+ 1)|t|. Putting everything together, we have

1 2
st [ [ 15eex(er@n) - o extes) deds
2[t| Jisi<pe Joo
1 9 1
= 514 / |fjo<,0X(y,U)_fj(y)| |deth,s(I)t\ 1 dydu
2t Jjw<as e Jo a7 (v
S osup  JlexpuX)f; - fill3

[ul<(A+1)¢]
S S5l x 0 -
Summing over j and noticing that || f[|x,a ~ >_; [[fj|lx,a, We obtain the same inequality for f. This and
(5.2.7) imply (5.2.6). O

We show next that, on compact sets, the norm (5.2.1) is controlled by the A2-norm. This will follow
from the following general lemma, that shall be used again later on.

LEMMA 5.2.3. Let K' be a compact neighborhood of K in Q, and let p(z,t) be defined on K' x [0,6] C
Q x R, with values in Q, such that

(i) ¢ is C* in x, and all its derivatives are continuous in t;
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(ii) (z,t) — 2z = O(t") as t — 0 uniformly in x, for some p € RT.

Then there is a constant C = C(K,K',¢) such that, for a € (0,1), t small enough and f € L?(f2)
supported on K,

[ 17000 - f@P dr < cerf3;
Q
PROOF. In analogy with the previous proof, we first notice that, taking ¢ small and h € R™ with |h| < t#,

/ If o p(a,t) — f(2)]? de < / |f op(a,t) = flx —h)Pde+ | f — fII3
Q Q
and therefore

/ 1f o o(a,t) — f(z)P da
Q

St”n/ |[fop(a,t) = fla = h)? do+ 2| £]13, -
|hl<tr JQ :

For t fixed, we set # — h =y and ¢(z,t) =y + u. If ®(x,h) = (z — h,p(z,t) — x + h), we have

I —I
o n®i(2,h) = (J;csﬁ(:c,t) -1 1) :

Since ¢(x,0) = x, Jyp(x,0) = I and therefore det J, ,®o(z,h) = 1. The proof can be concluded as
before, once we observe that

lul <lp(x,t) — 2| +[h] S U
]

PROPOSITION 5.2.4. Given a smooth vector field X on Q and K compact in ), there is a constant
C = C(X,K) such that, for every f € L?(Q) supported on K,

Ifllx.a < Clfllaz -
PROOF. Apply Lemma (5.2.3) with = 1 and ¢ = . -

3. Variations on the Baker-Campbell-Hausdorff formula

At this stage we introduce an algebraic formalism. We work with “abstract” non-commuting indetermi-

nates x1, dots, ;. We are allowed to construct formal power series in x1, ..., xx, keeping track of the order
of factors in each monomial. We set [z,y] = zy — yz. Formal power series can be added amd multiplied
among themeselves, and multiplied by scalars®*. We denote as Rz, ..., xx], or briefly as A, the algebra of
formal power series generated by x1,...,x. For any a € A, the exponential series
1
e = Z Ean
n>0

is well defined and gives an invertible element of A, with (e%)™! = e~®. The Baker-Campbell-Hausdorff

formula says that, for a,b € A,
(5.3.1) eeb = e5(@0)

)

where s is itself a formal power series, containing only commutators
s(a,b) = Z zj.x(a,b)
(5.3.2) k=21

:a+b+%[a,b]+%[[a,b],b] f%[[a,b],a] +

4The scalar field can be R or C, but consider real scalars here.
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where each z; 1, (a, b) denotes a fized linear combination of iterated commutators of a and b, each containing a

j times and b k times. When (a,b) = (x,y), we shall usually drop the arguments (x,y), and write z; ; as well

as wj, rn etc. to denote expression involving commutators of  and y in fized finite or infinite combinations.
A first instance of identity derived from (5.3.2) is the following conjugation formula:

(5.3.3) eeVe® = VUt zabn
where each b, is a linear combination of commutators of x and y of order n (see (1.2.7)).

We shall perform some manipulations of this formula aimed to obtain expressions of el*¥ and e**¥ as
products of exponentials, where each exponent contains either = or y alone, or, alternatively, commutators
of z and y of a sufficiently high order.

We first reduce the problem concerning the sum to a problem concerning commutators °.

LEMMA 5.3.1. There are two sequences of elements w; and rn of A such that
(i)
(i) rv =D e nt1 ul(cN), where each u
(iii) for every N,

(5.3.4) etV = eTeVe2 ... eWN N

each w; is a (finite) linear combination of commutators of x and y of order j;

éN) is a linear combination of commutators of x and y of order k;

Proor. Calling z, = ZHk:n Zj k, we have

etel¥ = eanl Zn ,

and each z, is a linear combination of commutators of x and y of order n.
For N = 1, multiply both sides sides by e"*~¥ on the left. By the same formula,

efzfyemey — e*I*yeﬂH-y-ﬁ-anz Zn
Y DI
= e2nz2%n

where each z/, is again a linear combination of commutators of x and y of order n. Therefore
€Y = eTeVe Tnz2n |

This proves the case N = 1.
Inductively, suppose that (5.3.4) holds for a given N, with rx as in (ii). Then there are elements uECNH)
as in (ii) and such that
6_“§VN+)1 e"N — 6—“§VN¥1 62k2N+1 uch)
— eZk2N+2 chN+1)

This concludes the proof. O

For exponentials of commutators, we have the following initial result. We change the notation slightly,
writing x1, z2 in place of z,y.

LEMMA 5.3.2. Let ¢, = [ S P ) PR ,JL‘p], with p > 2. Then
(535) efr = eizil eiIiQ Ce eixiq ezn2p+1 v
where iy, ... i, € {1,...,p}, ¢ = 3-2P"1 =2, and each v,&p) a linear combination of commutators of x1,...,xp
of order n.

5A simpler equivalent statement of Lemma 3.1 would consist in the following identity:
o0
etV = %Y H eVi
Jj=2

with the w; as in (i). For our purposes it is preferable to focus on the properties of the remainders ry such thate™ =
H;').;N-ﬁ-l e
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PRrROOF. From (5.3.3) we obtain that

1 ,T2 ,— %1 ,—T2 _ ,To+[T1,@2]+D 55 bn ,—22 _ [@1,@2]+> 55 b,
efle®2e le 2 —¢ n>3°"e 2 —e n>3 no

where the b/, have the same properties as the b,,. Therefore,
e—[or@al g1 gwa = o=w2 _ (Tns b
which easily gives (5.3.5) with ¢ = 4.
Inductively, assume that (5.3.5) holds up to some p. Here we explicitly write P (z1,x2) to emphasize
that each v is a fixed expression in x1,z2. Then cpy1 = [¢p, Tp+1]. We apply (5.3.5) with p = 2 to obtain
Pl — Cp Tl g—Cr e Tpt1 D nza Vs (CpoT2)

Since U»ELU(CP,Z'Q) is a commutator of ¢, and x,11 of order n, it follows from Lemma 1.2.1, that

1 o L
s )(cp, Zp+1) Is a linear combination of commutators of x1,...,zp41 of order at least p +n — 1. Hence

efr+tl — ecpexlﬂrle_cpe_mp+1ezk2p+2 di (21, Tpt1) .

We then insert the expansion (5.3.5) of e®» and e~ . If each expansion contains ¢ factors equal to et

. . . (»)
for some j, we obtain altogether 2q + 2 factors of this kind, plus two factors et Znzpra Vil placed among
them.
We can then shift these extra terms to the far right using the conjugation formula

e*wjeap+l+znzp+2 an oTj — eap+1+2n2p+2 ay, ,
derived from (5.3.3) (notice that the leading term in the series remains unchanged). After doing so, we
obtain that
efrt+l — eiwil eiajiz - eixi2q+2

(») ()
X evpil','znzwrl a"e_vpil"’_znZzH? ﬁ”'ezk2p+2 dr

!
= eiwil eiwiz - eimiqurz ezk2p+2 dj, ,

with o, = ap(21,...,2ps1) ete. This gives (5.3.5). O
COROLLARY 5.3.3. Let ¢, be as above, and let N > p+ 1. Then there is ¢ = q(p, N) such that

(5.3.6) ef = @iwh ei’%z - ei%'q eznzN Un ,

where i1,...,iq € {1,...,p}, and each v, = vép’N) a linear combination of commutators of x1,...,z, of

order n.

PROOF. We use induction on N. The case N = p+ 1 is Lemma 5.3.2. Suppose (5.3.6) holds for N. We
use the usual argument to extract the leading term vy from the last exponent:

!
e VN eznzN Un ezn2N+1 Un ,

so that
!
er — eT%iy iy .. pETTig VN eZn2N+1 Un

We write vy = Z;:1 Ajcj, where the c¢; are commutators of x1,...,x, of order N, and the coefficients
Aj do not depend on z1,...,x,. Making repeated use of (5.3.4) with N = 1, we obtain that

VN — e)\lcl . e>\r07~62522 Ue ,

where each wuy is a linear combination of commutators of ¢1, ..., ¢, of order £, hence a linear combination of
commutators of x1,...,x, of order greater than or equal to 2N. Hence,

ecP e eiI’il eiw’l? - eixiq e>‘1C1 e e)‘T'C"'eEn2N+1 U;Ll .
We next expand each factor e*% according to Lemma 5.3.2 to derive the conclusion. O

In the same way we prove the following improvement of Lemma 5.3.1.
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COROLLARY 5.3.4. For every N,p > 2 there are an integer ¢ = q(N,p) and a sequence {w,(lN)}nzN of
linear combinations of commutators of x1,...,xp of order n such that
6x1+..-+xp _ eizileimiz . 6:|:£Ifiq eZTLENw‘ELN)

with iy, ..., ig € {1,...,p}.

4. Operations on vector fields and Lipschitz norms

If X,Y are two commuting vector fields on €2, it is quite easy to establish the inequality

flx+v.a < CE)(Iflx.a + [1f]lva)
when f is supported on a compact subset K. It is sufficient to observe that, by (5.2.2),

[exp (H(X +Y))f = f|l, = |l exp(tX) exp(tY) f — fl
< |lexp(tX) (exp(tY) f — f)||, + lexp(tX) f — ]2
S CE)|[exp(tY)f = fll2 + [[exp(tX)f — fll2
< CE*(Ifllxa + 1 £lva) -

The situation is much more complicated if X and Y do not commute. In this case we are also interested
in norms like || f{|ix,y],o and similar with higher-order commutators.

We shall use the formulas obtained in the previous section. When applied to exponentials of vector
fields, these formulas do not make sense as such, because they contain infinite series that do not converge in
general.

At each stage, we must replace infinite sums by truncations of sufficiently high order and introduce
remainder terms, in complete analogy with the use of Taylor expansions with non-analytic functions. The
starting point is the formulation of the Baker-Campbell-Hausdorff formula given in Theorem 2.2 in Chapter
I. We must also introduce a parameter ¢ tending to zero to which compare the remainders. An indeterminate
x is then replaced by t X, with X a given vector field. Notice that a commutator of order p+1 is then replaced
by the same commutator of the involved vector fields, multiplied by tP*1.

We then obtain the following formulations of Corollaries 5.3.3 and 5.3.4.

COROLLARY 5.4.1. Let Xy,..., X, be smooth vector fields on 0.
(i) IfC, = [ [ Xy, Xa), - ,Xp] and N > p+1, let q, i1,...,iq € {1,...,p} be as in Corollary 5.3.3. For
any compact K C Q there is 6 > 0 such that, for |t| < § and f € D(Q) supported on K,
exp(t’W) f(x) = exp(+tX;, ) exp(£tX;,) - - - exp(£2X;, ) f ()
(5.4.1) oM.

uniformly in x.
(ii) Given N > 2, let q, i1,...,iq € {1,...,p} be as in 5.8.4. For any compact K C Q there is § > 0 such
that, for |t| < ¢ and f € D(Q) supported on K,
oxp (H(X1 + -+ X)) f(z) = exp(£tX;, ) exp(£tXy,) - exp(£tX;, ) f(2)
+O0(tN) .
Before applying these formulas, we must add some considerations on the transformations of €2 induced

by the corresponding compositions of flows.
Let us consider (5.4.1) on a compact set K’ D K in Q. It can be rewritten as

(5.4.3) exp(FtX;,) - - - exp(FtX;,) exp(FtX;, ) exp(tPCy) f(2) = f(x) + O(N) .
Composition of the flows in each factor gives rise to a function ¢(x,t), smooth on K’ x (—4,d) and with
values in €2, such that

(5.4.4) exp(FtX;,) - - - exp(FtX;,) exp(FtX;, ) exp(tPW) f(z) = f(p(z,1)) .

(5.4.2)
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Take f € D(Q), supported on K’ and equal to a coordinate function z; on K. Plugging it into (5.4.3),
we see that the j-th component ¢; of ¢ satisfies

(5.4.5) @;(x,t) =z; + O(tY) .
This shows that ¢ satisfies the hypotheses of Lemma 5.2.3.

THEOREM 5.4.2. Let X1, Xs be smooth vector fields on Q. Given o € (0,1), we have the following
estimates, for every a < 1 and f € L*(Q) supported on K :

(i) if W is a commutator of X1, Xs of order p,

(5.4.6) Ifllw.2 < Cpo (Ifllx1a + 11 x20) + C'llllaz
(i)
(5.4.7) 1111+ x2.0 < Co(Iflx1.0 + [1fllxai0) + C Nl fllaz -

The constants Cp o, in (5.4.6) and Cy in (5.4.7) do not depend on o or on the specific vector fields
X1, Xo.

PROOF. We prove only (5.4.6) only. Take N such that No > 1, and let ¢ the function in (5.4.4); for |¢|
small,

exp(t"W) f(z) — f(x)

= exp(£tX;,)---exp(£tX;, ;) eXp(itXiq)f(ap(x, t)) — f(x)

— exp(HX,) - exp(H X, ) exp(Xs,) (£ (p(w.1) - f()
+exp(£tX;,) - exp(£t Xy, ) (exp(£tX;,) f(x) — f(2))
+ . o
+ exp(+1X5, ) f(x) — f(x) .

Choosing [t| < § small enough and using (5.2.2), we obtain that
lexp(t*W)f = fll2 < 2a(I fllxva + 1fxz0) [H® + Cnll flaz eV

q = q(p, N) being as in Corollary 5.3.3. Since |¢| is small, Cn[t|V < |¢t|*. This shows that, for s > 0 and
small enough,

exp(sW)f = fll2 < 2q([1fllx1.a + [ fllxsa)s? + | fllazs® .

For s < 0, it is sufficient to notice that —W is also a commutator of X1, Xs of order p (just interchange
X1 and X5 in the innermost Lie bracket). O

We can proceed now to the proof the main result about Lipschitz norms, which will be preceded by a
lemma.

LEMMA 5.4.3. Let 0 < f < a < 1. Given € > 0, there is a constant C. such that
1fllaz < Cellfllz+ell fllaz -

PRrROOF. Fixa > 0. If 0 < § < a,

1fllaz < [[fll2+ sup 2|72l f = fllz + sup b =P |l7nf — fl2
0<|h|<a |h|<d
< (@425 fll2 + 077 ‘1}511|1p(s \hI=* | f = fll2
<

<@ +207 7)1 fll2+ 621 fllaz -

It is then sufficient to take § = sa%ﬁ. O
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THEOREM 5.4.4. Let K be a compact subset of 2, and suppose that the smooth vector fields X, ..., Xk,
together with their iterated commutators X' with |I| < m, span R™ at each point of K. Then, for every
a € (0,1), there is a constant Cy, such that, for every f € L*(Q)) with support contained in K,

k
(5.4.8) 1£llaz, < Ca D Ifllx0 -

j=1

PROOF. Given z € K, there are multi-indices I, ..., I,, with |I;| < m for each k, such that the vectors
{X+} form a basis of R™. By continuity, the same holds for the vectors {X iﬁ} for each 2’ in a neighborhood
U, of x. By the inverse function theorem, there are smooth functions 7; ; on U, such that

Ou; = Y _miwl@) X,
k=1

onU,, forj=1,...,n.
Covering K with a finite number of such neighborhoods, and with the aid of a subordinated partition
of unity, we then conclude that there are smooth functions 7; ; on a neighborhood U of K such that

O, = Z (@)X
[]<m

on U, for j =1,...,n. By restricting € if necessary, we can as well assume that U = (.
Denote by Ej; the coordinate vector field d,,. Applying (5.4.7) and Proposition 5.2.2, we obtain that

£z s < Co D Mflln, xr,a +Cllflaz
[I|<m

< Cxyxis D Illxre +CNIf az

[ I|<m "
for every o > 0. Since |[I| < m, we also have, by (5.4.6)
1£llxr,e < Clfllxr, g < Como (Ifllx1a + 1 flx2a) + Cllfllaz -

[T]

Since

n
1Fllaz, ~ D l1fllmy e
j=1

m

we conclude that
1£llaz, < Cxy,oxio ([1F 11,0 4 [1f 1 x200) + ClI fllaz -

We finally fix 0 < % and apply Lemma 4.3, with 3 = o, a replaced by = and ¢ = %, to majorize the

last term. 0

Theorem 1.5.7 is now an immediate consequence of this result, once we observe that

1fl1x5.0 < C(>LFlz + 11X £1l2)
for any o < 1. This follows from the mean value theorem, because
t
| exp(t,)f(2) ~ £(&)| < [ |exp(s)X; ()] ds
0

so that, for [¢| < a,
| exp(tX;)f = fl, < Call X;fll2 -
Given s < %, choose a such that s < = < %, and apply Corollary 5.1.4.
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5. Hypoellipticity of sub-Laplacians: preliminaries

We adopt the following notation. If D is a differential operator with smooth coefficients in €2, denote by
D* the formal adjoint of D, i.e. the differential operator such that

/Q D* f(2)g(x) de = /Q f(2)D
for f,g € D(Q).

Suppose that X = {X7,... X} is a generating system of vector fields on . Let

k
=-> X7.
j=1

Introduce the norm

N|=

k
170 = (103 + D2 15713
j=1

on D(2). For ' open in £, we consider also the dual norm

lul’ o = sup [(u, f)]
FED@)ilflx <1

on D'(Q)). Clearly,
(5.5.1) 1% 0 < Ifll2 < 0l

whenever applicable.

The reason for introducing these norms is the following.

First of all, notice that, by definition of hypoellipticity, L is hypoelliptic on  if and only if it is
hypoelliptic on every relatively compact subdomain. Let £’ be one such subdomain.

If
Xj= Zaj,f($>awz )
{=1

then, for functions f,g € D(Y),

v =1
== | f@)ds,(aje(@)9(x)) do
=17
== | J@)(X; 4 bi(w))g(x) de .
with b; = >, 0z,a;,. In other words, X7 = —X; —b;j. Notice that the functions a;, and b; are real

valued.
Next, denote by (, ) the inner product in L?()'). For f € D(Q),

k
(Lf, f :ZXf, (X; +b)f)

k
ZHX f||2+ZXf,bf

j=1
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Hence,

=

k
Re(Lf, f) Z 1X5 115+ > Re(X; £, f) -
7j=1 j:l
Now,

Re(X; f,b;f) = = (X5 f,0;F) + (b; f, X, f))

1<

DN = DN =

(X;b; + 09, f)

1
— _5/9/(1)? + X;b;)|f|? dx .

It follows that

E

I£1% = 1£115 + Re(LS, £) Z (X3 £,05)

:1/ (2+ b3 + X;0;)|f|* dw + Re(Lf, f)
2 Ql

< CIIFIIE + 1L W o If e -
Using the inequality || f]|3 < || fllzlfllx we can simplify by a factor || f]|x, obtaining that

Ifllx <

Observe that the hypotheses of Theorem 5.4.4 are satisfied on all of " with the same m = m(€') and
the same constants. By Theorem 1.5.7, it follows that, for f € D(2') and s < %,

(5.5.2) 1fllsy < Cs(llfll2 + DL o) -

The hardest part of the proof will be the extension of (5.5.2) to general L?-functions on 2 with compact
support. This will be done in Section 7. In Section 6 we introduce calculus and estimates with Bessel
potentials.

Once this is done, we shall prove a “bootstrapping” argument which extends this implication to Sobolev
norms of arbitrary orders. This will be done in Section 8, and it will easily lead us to the conclusion of the
proof.

6. Bessel potentials and pseudo-differential operators

For v € R, let K., be the distribution defined as the inverse Fourier transform of (1 + [£[?)?, i.e. such
that

1
(Kn0) = e [ (IR E(€) de
for ¢ € S(R™). The convolution operator
(5.6.1) pr—r Kyxp=F 1 ((1+[E7)9(€))

maps S(R™) continuously onto itself. By duality, it also maps S’'(R™) onto itself continuously.
Notice that K. * K. * ¢ = K¢ and that, for j € N,

Kixp=(1-A)yp.
For this reason the operator (5.6.1) is denoted by (1 — A)? for arbitrary® 4. The identity
(L =A)9) (&) = (1 +[€*) (€

6A1l we said is true also for complex exponents, but we shall not need them here.
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extends from integer to real values of ~.
The operator (1 — A)~2 is called the Bessel potential of order s.
The following facts follow directly from the definition of Sobolev spaces and the Plancherel formula.

LEMMA 5.6.1. The Sobolev space H*(R™) consists of those f € S'(R™) such that (1 — A)z f € L2(R").
In other words,

H*(R™) = (1—-A)"2 (L*(R")) .

If f € L*(R") and 0 < |a| < s,

(5.6.2) [ —=a)=20%f|, < lI£]= -

In particular, (1 — A)~3 is bounded on L*(R™) for s > 0.

The properties of Bessel potentials that we shall need can be better understood in the more general
context of pseudo-differential operators (“ipdo” in short). More precisely, we will consider “localized” versions
M, (1 — A)~% of the Bessel potential, where M, is the multiplication operator by a function y € D(f2).
Localized Bessel potentials of order s are examples of pseudo-differential operators of order s. In order to
understand the definition of a do, consider first a differential operator D = Z\a|gm aq(2)0* of order < m
with coefficients a, € S(R™). Passing to the Fourier transform, we have, for f € S(R"™),

Df(e) = > illay « (€2 f)(e)

lae|<m
= / > g€ —mm® f(n)dn .
R’n
lee|<m
Denote, as usual, by F the Fourier transform, and set
k(& m) = Y i®lag©n .
la]<m
We have shown that D is the conjugation D = F~'T}, F, where T}, is the integral operator with kernel
k(€ —mn,n). Tt is easy to verify that k satisfies the estimates
(5.6.3) |07k )| < Con(L+ 1)V (L + o)™

for every multi-index 8 and every N > 0.

DEFINITION. We call special ypdo of order m € R an operator if D = F~ Ty F, where

(5.6.4) Tef(€) = [ Kk(E—mnmn)f(n)dn,

R?L
and k is a smooth function on R™ x R™ satisfying (5.6.3) for every 8 and N.
This definition is ad hoc, in the sense that our hypotheses are stronger than in the general theory. © The
following remarks are rather obvious.

(1) Differential operators with coefficients in S(R™) are special 1do of the same order.
(2) For x € S(R"*) and v € R, M, (1 — A)" is a special 1do of order 2.

"One usually defines a ¢do as an operator of ther form

Df(@) = @2m)™" [ alam)fn)e™* dn,

Jrn
where the function a (called the symbol of D) satisfies the condition

020 a(z,m)| < Ca,p(1+ )™~ P!,

for every pair of multi-indices «, 8. The kernel k appearing in our definition is

k(&,m) = /]Rn a(z,n)e” " da .
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(3) As a particular case of the previous two, pointwise multiplication by a Schwartz function is a special
1do of order 0.
(4) If k satisfies (5.6.3) for some m, then 35/4 satisfies (5.6.3) with m replaced by m — |3].

LEMMA 5.6.2. Let D be a special ¥do of order m. Then D maps S(R™) into S'(R™) continuously, and
its adjoint D* : S(R™) — S'(R™), defined by the condition®
(D*f,9) = (f.Dg)
for f,g € S(R™) is also a special ypdo of order m.

PROOF. Let D = F~ T, F, with k as in (5.6.4), Because the Fourier transform is a homeomorphism of
S(R™) and S'(R™), it is sufficient to prove that T} is continuous from S(R™) to &’(R™). But, for N > n,

ITwf(€)] < Cn /Rn(l 1€ =)@+ )™ f ()l dn

< Cy sup (14 [n)™ |7 (n |/ (147N dr

neRrn

< Cx sup (1+ [n)™|f(n)
nern”

where the right-hand side is one of the norms defining the Schwartz topology. Therefore, T}, is continuous
from S(R™) to L*°(R™). Since the inclusion of L*>°(R™) into S&’(R™) is also continuous, we have proved the
first statement.

Using the extended Parseval identity (®, f) = (27)~™(®, f) and setting

k’*(&n) = k(_gvn + f) ’

we have

(D'f,g9) = 2m) " (T f, 9)
= // (& —n,m)f(n)dng(€)de

= [ | e n0)a@ ddn

— 0 [ fo) / €05 de
= (2m) " (f, T F ' g)
= {(f,F 'T}-Fg) .
Then for every N,
Ok (& m)] < On(L+ €)M (1 + |+ &)™ 17T
If |¢] < 1 7 then | +¢&| ~ ||, and (1 + |+ &)™ ~ (1 + |n)™ for m both positive and negative.
It |¢] > I3 and m — 5] > 0,
(L+ DN+ In+ €™ 1< (L4 [€)™N (A + [n] + [y 17!
< 3mflﬁ|(1 + ‘§|)7N+m*|lﬂ
< 3m L (g ) TNF IO - )T

8We use here the sesquilinear pairing (®, f) = (f, ®) = ®(f) between a distribution ® and a function f.
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If ¢ > 2 and m — (8] < 0,
A+ DN+ In+e)m < @+1eh™
< —N-m+l (1 4 11
< (1+1¢) (1+7)
< 27mHBl(] 4 gy~ NFmIBl(q 4 |py)m1Bl
Since N is arbitrary, k* satisfies (5.6.3). O

COROLLARY 5.6.3. If D is a special ¥do of order m, then D(1 — A)Y and (1 — A)YD are special vdo of
order m + 2.

PrOOF. If D = F~ 1T} F, then D(1 — A)Y = F YT F, with k'(&,7) = k(& n)(1 + |n|?)?, and the
verification of (5.6.3) with m replaced by m + 2+ is fairly simple.

For the other operator, it is sufficient to consider its adjoint, equal to D*(1 — A)7, and we are therefore
in the previous situation. ([l

The composition of two do’s D1 = F T}, F and Dy = F 1T}, F can be formally defined as D Dy =
F~ Y, Ty, F. Tt is not clear however that this formal definition corresponds to the actual composition of
the individual factors when applied to Schwartz functions. In order to settle this point, we show that special
1do’s can be continuously extended to Sobolev spaces of any order.

THEOREM 5.6.4. A tdo D of order m extends to a bounded operator from H?®(R™) to H*~™(R") for
every s € R.

m—|B|

PROOF. We first prove that a special ¥»do of order 0 extends to a bounded operator on L?(R"). By the
density of S(R") in L?(R") and the Plancherel formula, this is equivalent to proving that if k(&, n) satisfies
(5.6.3) with m = 0, then T} is bounded on L?(R"). If N > n,

Tef(E)] < CN/ (L +[€=n)"N[fm)dn=Cn(@+]- )V *|f](€) -

R

Therefore,
Tl < Cxlifll [ (116~ de
< Cnlifllz -
For general m and s, we have to show that Dy = (1 — A)"2" D(1 — A)~% is bounded on L*(R"). Tt
follows from Corollary 6.3 that Dy is a tdo of order 0. O

PROPOSITION 5.6.5. Let D1, Dy be special 1pdo of order my, mso respectively, then Dy Ds is a special ¥ do
of order my + mo.

PRrROOF. If ki1, ko are the kernels associated to D1, Da respectively, we consider the composition T, Tk,
If f e S(R™),

Tle/@f({) = k1 (67 T)Tka(T) dr

Rn

N / / k(€ =7, 7)ka(m —n,m) f(n) dndr

:/n (/n k1(§—T,T)kz(T—n,n)dT>f(n)dn

= [ ([ mate=n=rr e matrnar) s o
This shows that Ty, Ty, = Tj,, with

(5.6.5) R(em) = / k(€ =77+ e, m) dr
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We have to show that & satisfies (5.6.3) for m = my + mo. By (5.6.3) applied to &, ko,
k(& m)| < Cn(1+ |n))™ /R A+ le=7) N0+ fr+ )™ A+ |7)" N dr .

If |7] < @7 then 1+ |7+ n| ~ 14 |n|, so that

/ In
I7|< 3

A+IE=r)™A+|r+a)™ @+ )"V dr

S@rlh™ [ @l NN ar

[Tl<F

<@+ |n|>““/ (L4 [€— )N+ |r) N ar.

R

If we split the last integral in two parts, according to whether |7| is bigger or smaller than |{ — 7|, and
make the change of variable 7/ = £ — 7 in one of the two, we see that

/na =) N+ )N dr = 2/ A+ le—7) N1+ )N dr .

ITI<|€=7]
Since |£] < || +|€ — 7|, if |7| < |€ — 7] then | — 7| > @, and therefore
-N
/ (L+E—r)Na+|r)) Ndr < (1+@) / (L+|r)) Ndr
7 <lé=7] 2 "
< COn(1+1[€)~" .

We have so proved that, for any N,

(5.6.6) /T|<

If |7] > %, we separate the case m; > 0 from the case m; < 0. If m; > 0, we use the fact that
|7+ n| < 3|7|, so that

Chal e TN+ I+l (A [) TN dr

< COn(L+ D)™™+ )™

J o 0D O ™ (0 )V e

S R e L
7>

2

S [ Qrle-rh )Y

~

S L+ gh=Vem
< (L+1ED N (L )™

If my < 0, we use the fact that (14 |74+n|)™* < 1, together with the fact that (14 |7])™ < (1+|n|/2)™*,
to obtain the inequality

/I \>m(1 + (€ —T|)*N(1 +r+)™ 1+ |7_|)7N 0

S R

S [ @sle-rh N )N ar
Ir1>3

S L+ )™M @+ D)™
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The two cases can be combined together to give the inequality

/ (1+|€_T‘)_N(1+|T+n‘)ml(1+\T|)_Nd7—
(5.6.7) S
<Cpn(1+ |f‘)7N+|m1\(1 + )y
Putting (5.6.6) and (5.6.7) together, we have that
[FEm] < On(L+1e) N Hml@ 4 [gymtme

for any V. B
Consider now a derivative of k in 7,

OFR(E ) = 3 o [ O3a(E — T+ 00 ha(rm)dr

asp

By remark (4) above, each term can be treated as before, with m; replaced by m; — |«| and mq replaced
by ma —[B] + |e. 0

PROPOSITION 5.6.6. Let D1, Dy be special vdo of order my, mg respectively. Then [Dy, D] is a special
do of order my + mgo — 1.

PrROOF. Let ki, ks be the kernels associated to Dq, Do, and let /NC, k' be such that T, = Ty, Th,, T}, =
Ty, Tk, Then k is given by (5.6.5), and

Ve = [ kale—rr+nhiinads
= [ ka6~ s
= /n k1(§ —1,m)ka(T,& — T+ n)dT .
Therefore,
Bem ~Fiem = [ (e~ rr +nka(rn) dr
- /n ky(& —1,n)ka(T, & — T+ n)dr
= [ (e =rrtn) = ke = ron)ka(ri dr

+ / k(€ — ) (Ba(rom) — hal(r, € — 7+ 1)) dr
- h1(€777) + hz(fﬂ?) .

We prove that each of hy and hy satisfies (5.6.3) with m = my + mo — 1. The proof requires some
modifications to that of Proposition 5.6.5.
For hy, we first integrate for |7| < @ Since [t7 + 1| ~ |n| for 0 < t < 1, by the mean value theorem

|k1(& =77 +n) — k(€ —7.m)| < 7| sup |Vyki(€§ — 7,87+ )|
o<t<1

< ONITI(L+ 1€ = 7)) (L + )™
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Therefore,

-/II ) k1§ — 7,7 +n) — k(= 7.0)||k2(,m)| dr
)<l

<Cn(1+ |77Dm1+m2_1/ A+g=r) N +[rhNar

|r|<lgt
< On(L+ [NV + [plymtmeTt

[n|

Passing to the integral for |7 > S, we write

/|. bm’kl(f —7,74n) — k(& —7,0)||k2(7,m) | dT
: /|T>'; [k1(€ = 7,7+ )] lk2 (7, m)| dT

w [ el i
T>%

and estimate the two terms separately, distinguishing between the cases m; > 0 and m; < 0. The proof

goes as in Proposition 5.6.5°. The derivatives of h; are estimated in a similar way.

For hg, the integral must be split according to whether | — 7| < @ or |£ — 7] > @, and there is no

substantial difference. O

Bessel potentials can be used to approximate L2-functions by H®(R™)-functions with s > 0.
For § > 0, the operator (1 — 62A)" is naturally defined by

((1=0%2)70)"(€) = (1 +8*IE*)p(€) -
LEMMA 5.6.7. Let s > 0. If f € L*(R™), then (1 — §°A)~3 f € H*(R™) and
i (0= 828)727 = g, =0

PROOF. The first statement follows from the trivial estimate (1 + 62|¢]?)~3 < Cs(1 + [£]?)~2. By
Plancherel’s formula,

s 1 2 .
1—62A)"2f — 2:27r"/ ’75—1‘ 2de .
Since ‘% — 1’ <2, § — 0, the integral tends to 0 by dominated convergence. O
(1+621€1%) 2

For 6 < 1, the constant C5 appearing in the proof above is of the order of §~°. This means that, whereas
the L2-norms of (1 — 62A)~3 f remain bounded as 6 — 0, the H*-norms can blow up, at most like 6. In
the same way, one can see that intermediate H™-norms (i.e. with 0 < r < s) of (1 — §2A)~3 f can blow up
at most like 67". In particular, if |a| < s,

|0%(1 —82A)5 f||, < Colol

for § small.
The following statement is a generalization of this fact.

PROPOSITION 5.6.8. Let D be a special 1do of order m, 0 < m < s. For every f € L*(R") and every
0 <1,

(5.6.8) D1 —62A)"5f]l, < Co™|flla . ||(1—82A)"EDS]|, < C6™|f]l2 -

9Notice that at this stage of the proof of Proposition 5.6.5, the factor (14 |n|)™! was introduced by brute force. The same
can be done here with the exponent m; — 1.
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PROOF. Since ((1 — 62A)_%D)* = D*(1 — §%2A)~3, it is sufficient to prove the first estimate. If D =
FUTLF, then (1 — 62A)~3 = F-'T FDF !, with
K'(&m) = k(& n)(1+82[n*) 7% .

Hence, for every N,

, (1+ )™
kK n) <C -
W&l < O e (1 oy
1
<Cno ™™
M@+ )N+ gl
1
<CNO™"—— .
M@y
Therefore,
1
Tw f(E)| < C 5-m/ —_|f(n)|dn .
T f(§)] < Cn . (1+I£—nl)N‘ ()| dn
Fixing N > n, this implies that
T fll2 < C5~™|f]l2 - O

PROPOSITION 5.6.9. Let D be a differential operator on R™ of order 1 and with coefficients in D(R™).
For every f € L*>(R™) and every 6 < 1,

(5.6.9) [[@—=06*A)"" DIf||, < Clifll2 -
PROOF. Let v = (1 — §2A)~1f. Then
[(1—06°A)""D]f=(1-6*A)"'Df —D(1 - §*A)"'f
=(1-0°A)"1(D(1 - 6°A)v — (1 — 6°A)Dv)
=0%(1-6%A)"A, Dv .

As we have observed, [A, D] is a differential operator of order at most 2. Applying Proposition 6.8 twice,
we obtain that

111 = 62A)7, D] f|, < Cllvllz = C||(1 = 2A) 7 £]|, < C?[Ifll2 - O

7. Back to L

Recall from (5.5.2) that, for f € D(Q) and s < 1,

1£llesy < Cs(llfll2 + N1LF I 0) -
We first extend it to f € H2(R™) with supp f C .

LEMMA 5.7.1. Suppose that f € H*(R™), with supp f C &, and that || Lf|’ o < co. Then (5.5.2) holds
fors < %

PROOF. Let ¢ € D(R™) be supported on the unit ball and with fRn p(x)de = 1. For ¢ > 0, let
(1) = e "p(e71x), and set f. = @, x f.
If ¢ < d(supp f,0), f. € D(Q') C H*(R™). Moreover, for |a| < 2,

(5.7.1) lim [|0°F — 0% f.]]o = lim [|9°f — @ % 9°f|s = 0 ,
e—0 e—0

since the ¢. form an approximate identity for ¢ — 0. We have so proved that f. — f in H?(R"), hence in
H*(R™), since s < 2.
From (5.7.1) we also obtain that
lim |[Lf — Lfell2=0,
e—0
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just because L is a second-order operator with bounded coefficients on 2. By (5.5.1),
tim [ILf ~ Lf- [y = 0.
We can then apply (5.5.2) to the f. and pass to the limit. O

LEMMA 5.7.2. Let K be a compact subset of V. If f € L*(R™), with supp f C K, and 1L A% o < oo,
then, for s < %, f e H*(R™) and (5.5.2) holds with a constant Cs k also depending on K.

PROOF. We can assume that the vector fields X; have compact support in Q (if not multiply each of
them by a function in D() which is identically equal to 1 on a neighborhood of €V'; since we will apply
the X; and L only to functions compactly supported in €', this modification will not affect our operations).
This modification allows us to extend the X; and L to all of R™ (setting them identically equal to 0 outside
of ) and to regard them as special ¥do’s.

For § > 0 define

fs=(1—520)7'F .

The discussion at the beginning of Section 7 shows that f5; € H2(R"). If xy € D(Q) is identically equal
to 1 on a neighborhood of K, then also xfs € H?(R"). Applying Lemma 5.7.1 to xf5, with K replaced by
K’ = supp x, we have that

(5.7.2) Ixfslls) < Cs (I fsllz + IExFslx o) -
We prove that the norms || Lx fs|’y o are uniformly bounded for § small. Since f = xf = x(1 — 52A) fs,
Lf = Lx(1 - 6*A)fs
= (1= 8°A)Lxfs — 6°[Lx, Al fs -
Applying (1 — 62A)~! to both sides, we obtain that
Lxfs = (1=6*A)"'Lf +6°(1 = 02A) Y [Lx, Al fs

so that
(5.7.3) ILx fslle 0 < |1 = 52A)*1Lf|||;(79, +0%||(1—6%A)" Ly, A]J%|||'X,Q, :
Now,
(1= 8*A) 'Ll 0 = sup [((1=02A)""Lf, ¢)|
PED(Q):flellx <1
= sup [(Lf,(1-6%A)"" )|
»€D():flellx <1
= sup (Lfox(1—028)"" g
PeD():flellx <1
< WL o sup Ix(1 = 6%A) " ollx -
v€D(Q):]lellx <1
By (5.6.6),

Ix(@ = 822) " oll2 < llell2 -
Moreover, setting D;g = ijg, we can apply Proposition 5.6.9 and obtain that, for § small,

[ Xx(1=028)" o) ||, = 1D;(1 = 6A) ¢l
< (1 =82A)"'Djplla + ||[Dy, (1 = 6°A) g,
< Ok (IIDjell2 + llvll2)
< Cr(IXx)¢ll2 + [IxXjellz + llell2)
< Ckllell x

(notice that the constant depends on the choice of ¥, i.e. on K).
Therefore,

Ix'(1 = 6*A)ollx < Cillellx
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and hence

(5.7.4) 11— *A) "' Lfl o < CrllLfl% 0 -
Consider now the last term in (5.7.3),

k
0211 = 02 A)Ex Al g < 02 10— 02 A) T XX ALy g

Each summand in the right-hand side can be estimated as follows:

1(1=622) "1 (X Alfs |y

= pene oy [ XTI =028 )
(5.7.5) = s (A (= 02A) A (X1 — 62A) L)
pED(Q):lellx <1
<l sup (1= 62A) A (X2 - 62A) Ly, -

w€D(Q):flellx <1
We have that
(A, X(X})?] = Ax(X ) (X]*) A

= [AXI(X))? + x(A(X))? = (X7)%A)

[AX ([ , X*-l-X (A, X’-‘])

= [AX(X;)7 + x (204, X71X; + [X], A, X7]])
= DlXj +D2 )

where D1, D5 are second-order operators with compact support in €. Therefore
(1 HA XX = 82A) 1|,
< 0= ) DX - )
(1= 828) 7 Dy(1 — 2A) ]
< H(l —62A)7ID(1 - 8%2A )_1X’f‘<p ’2
+[](1 = 6*A) "Dy X5, (1 - 6A) e,
(1= 828)71D5 (1 — 628) g5
Since X, D1 and Dy depend only on the choice of y, i.e. on K, we have, by Proposition 5.6.8,
I Di(1=6"A) 7" XFel|, < [[Di(1 = 0°A) " X,
< Oxd™ | XS e,
< Cro([lell2 + 11X;4]l2)
< Ok 0 (llellz + 1X;ll2)
< Oxd ol -

Similarly,
[(1 = 62A) 7 D2 (1 = 82A) " Hpll2 < Oxd2|lgll2 < Cro?[lpllx -
Finally, by Proposmons 5.6.8 and 5.6.9 together,
(- 28) D11 (- 828) g, < Cea 25, (1 - °4)
< Ckd~ 2H<PH2
< Oxd 2l -
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Putting these various estimates into (5.7.5), we have

(5.7.6) 10— 82 2) 7 XF, Alfs |y < CrelIf ] -

Then (5.7.4) and (5.7.6) give that

ILfsll% o < Cx (ILFI% 0 + 11 f1l2)

and from (5.7.2) we have

(5.7.7) Ixfsllis) < Core (1Nl + NLF N ) -

It follows that the norms ||x fs]|(s) are bounded for 0 small. Let {d;} be a sequence tending to 0 such
that x fs, have a weak limit g in H*(R"). The norm of the weak limit is not larger than the right-hand side
in (5.7.7). By compactness of the inclusion H*(R") C L*(R™), xfs, tend to g in L?(R™). But, by Lemma
5.6.7, x f5, tend to f in L*(R"). Hence f = g, so that f € H*(R") and satifies (5.5.2). O

8. Hypoellipticity of L

Recall that, for r € R,
H™(R") = (1-A)"2(L*[R")) .

The following statement has the effect of “translating” (5.5.2) from the level of HY(= L?)-functions to
the level of H"-functions. The exponent r can be both positive or negative.

LEMMA 5.8.1. Let K be a compact subset of ', and let x € D(’Q’) be identically equal to 1 on a
neighborhood of K. If f € H"(R™), with supp f C K and ||x(1 — A)gLf|||’X7Q/ < oo, then, for s < %,
f e H™$(R") and

1 sy < Core (IF ey + X (@ = A)ELS I o) -

PROOF. The statement follows immediately if we show that Lemma 5.7.2 can be applied to to g =
x(1 = A)z f, with K replaced by K’ = supp x C .

By assumption, g € L?(R™) and suppg C K’. We have to show that
(5.8.1) Lg% o < oo .

Assuming, as in the proof of Lemma 5.7.2, that the X; and L are compactly supported in €2, in our
hypotheses, (5.8.1) is equivalent to

1@ = A)2, L] fly o < o0 .

As in the proof of 5.7.2,

1@ = 2% L]y

= sup [(f L5, (1= A)2x] )|
peD( @ )illpllx <1
peD( @ )illpllx <1
<Ifllmy sup [(1=A)"5[L* (1 - A)2x]e, -

PED(Q):flell x <1
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Now,

k
[, (1=A)2x] = > [(1-A)%x, (X;)?]

j=1
k k
- Z [(1—A)2y, X7 X+ ZX;‘ [(1—A)2x, X]]
j=1 j=1

k k
=23 [(1- A5 X;]X; + ) x5, [0 - 2)x, x7]]

—~
—
\
b
[SIR]
= o

By Proposition 5.6.6, [

Xj*] is a special 1do of order r, and Corollary 5.6.3 implies that its

composition with (1 — A) . Therefore, by Theorem 5.6.4,
(1= A)"5[(1 - A)2x, X7] X ||, < ClXSella < Cligllx -

For the same reason,

NI
—
0
o
=

vy O
=

o,
]
[
o

- 2075 x5, [0 - 5w 551, < el
Therefore,
r /
1= 2)2x, L] £y < Cllfllery

and we are finished. |
We can now prove the final theorem.
THEOREM 5.8.2. L is hypoelliptic in ).

PROOF. Let u € D'(Q) be such that Lu coincides with a C°°-function on an open subset Q. We can
assume that ' is relatively compact. Multiplying, if necessary, u by a function in D(Q2) that is identically
equal to 1 on a neighborhood of ¥, we can also assume that u has compact support in . We then extend
u to all of R™, by imposing that it vanishes on R™ \ K. Since any distribution with compact support has
finite order, there is r € R such that v € H"(R").

For a fixed ball B in €', we choose two functions y, x’ € D()') such that x is identically equal to 1 on
a neighborhood of B, and X’ is identically equal to 1 on a neighborhood of supp x. In particular yx’' = x.

If we prove that [[x'(1 — A)2L(xu)|y o < o0, it follows from Lemma 5.8.1 that yu € H"*(R") for
s < % We can then reapply Lemma 5.8.1 repeatedly to conclude that yu € H™ (R") for every N. By the
Sobolev embedding theorem!®, yu € C®(R"), i.e. u € C*=(B), and we are finished.

We consider separately each summand coming from application of Leibniz’s formula

k
L(xu) = xLu + (Lx)u — QZ(ij)Xju )

For the first term, notice that yLu € D(R"™) by hypothesis. Therefore, applying x'(1 — A)? to it, we
obtain a function in every Sobolev space, i.e. a C>°-function, which also has compact support. Therefore

(1 = A)F (Ll o < [IX'(1 = A)F(xLu)|, < oo .
For the second term, we observe that (Lx)u € H"(R"), i.e. (1 — A)2((Lx)u) € L*(R"), and we are

done.

wDirectly, we have
[ R+ )2 de < o
for every N. Applying Schwartz’s inequality,
9% (xu) (€) = (i€) xu(e) € L' (") ,

for every multi-index c. Therefore % (xu) is continuous.
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For each of the other terms, setting Xj = (X;x)X;, we must then prove that, for some constant C' > 0
and every ¢ € D(€)),

(X' (1= A)E X u, )| < Cllellx -

<X/(1 - A)%X]uv <P> = <XJ (X/(]- - A)%U),QD> + <[XI(1 - A)%an]u’ 50>
= (1= 2)2u, X' Xjp) + (X' (1 - 8)%, Xj]u, )

‘We have

Then R R
(1= A)2u, X' X5 o) | < lJull o | X ulls < Cllullallllx -

Since [x'(1 — A)g,f(j} is a special ¥do of order r,
Cllulla-llellz -
Putting everything together, we obtain the desired estimate. O
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